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Preface

This book contains a selection of advanced topics suitable for final
year undergraduates in science and engineering, and is based on
courses of lectures given by one of us (G. S.) to various groups of third
year engineering and science students at Imperial College over the
past 15 years. It is assumed that the student has a good understanding
of basic ancillary mathematics. The emphasis in the text is principally
on the analytical understanding of the topics which is a vital
prerequisite to any subsequent numerical and computational work. In
no sense does the book pretend to be a comprehensive or highly
rigorous account, but rather attempts to provide an accessible working
knowledge of some of the current important analytical tools required
in modern physics and engineering. The text may also provide a useful
revision and reference guide for postgraduates.

Each chapter concludes with a selection of problems to be worked,
some of which have been taken from Imperial College examination
papers over the last ten years. Answers are given at the end of the
book.

We wish to thank Dr Tony Dowson and Dr Noel Baker for reading
the manuscript and making a number of helpful suggestions.

G.S.

Imperial College, L.ondon
P.M.R.

University College London
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Notes to the reader

1. The symbol In denotes logarithm to base e.
2. The end of a worked example is denoted by

xi






1

Suffix notation and tensor
algebra

1.1 Summation convention

We consider a rectangular cartesian coordinate system with unit
vectors i, j and k along the three coordinate axes x, y and z
respectively. For convenience, we relabel these unit vectors e,, e, and
e; and denote the coordinate axes by x,, x, and x; (Figure 1.1). A
typical vector a with components a,, a, and a; in cartesian
coordinates can then be written as

3
a= E ae;. (11)
i=1

Instead of writing the summation sign in (1.1) every time we have an
expression of this kind, we can adopt the summation convention:
whenever an index occurs precisely twice in a term, it is understood
that the index is to be summed over its full range of possible values
without the need for explicitly writing the summation sign Y. Hence
(1.1), with this convention, is

a=aqa;e,;, (1.2)

where summation over i is implied (i =1, 2, 3). Since the components
a; of a are given by the dot-product of a with each of the unit vectors
e, thenag;=a.e; (i=1,2,3) and (1.2) can be written

a=(a.e)e;, (1.3)

again adopting the summation convention.
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Example 1 If vectors ¢ and d have components ¢; and d; (i=1, 2, 3)
respectively, then

c.d= 2 Cidizcid,'. ‘ (14)

Example 2

2
Z AX, = 01X+ arX, = a;x;. M (1.5)
s=1

Example 3 Consider the term a;b;b; in which i and j both occur twice.
The summation convention implies summation over i and j
independently. Hence, if i and j run from 1 to 2,

a,-jb,»bj = allblbl + a12b1b2 + a21b2b1 + 022b2b2 (16)
=a11b%+a22b%+b1b2(a12+a21). ‘ (1.7)

The usual rules apply when the summation convention is being used,
that is,
a:b; = ba; (1.8)
and
ai b, + ¢;)=ab; + a;c,. (1.9)

We see in (1.9) that although i occurs three times in the left-hand side
it only occurs twice in each ferm and therefore summation over i is
implied. Also

(a;:b;)(c;d;) = (aic;)(bidy), (1.10)

Figure 1.1

€

€
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that is, the order of the factors is unimportant and summation is
implied over both i and j. It would be wrong, however, to write (1.10)
as a;b,c;d; since the index occurs four times and therefore no
summation over i would be implied.

(

Using the summation convention we can write this as

2 2
(2 a,-x,-)(E a]x]> = a,'xiajx]', (113)
i=1 j=1

where both i and j appear twice and consequently are both summed
over the values 1 and 2.

Example 4

2
asxs) = (a1x; + axx,)* (1.11)

“
i Me
KA

= a%x% + 2a1a2x1x2 + a%x%. (1. 12)

1.2 Free and dummy indices
Consider the following set of n linear equations for the quantities
X1, X2, ..., X, with  (constant) coefficients a,;, ap, ..., dy,,
Azps - o o5 Qypt
allxl + a12x2 +...+ al,,x,, = C],
a21x1 + a22x2 +...+ az,,x,, = Cz,
. . . . (1.14)
A X1+t apx,+...ta,,x,=c,,

where ¢, ¢5, . . ., ¢, are given constants. This set of equations can be

written as
R

aljx,- =<y,

N

1

~.
i

M=

Ay X; = Co,
AR (1.15)

-~
Il

n
2 anjx]' =cC,.
j=1 J

By introducing the index i, (1.15) can be expressed in the more
compact form

2ax=c, (=12...,n) (1.16)
j=1
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Using the summation convention, we can write (1.16) as
a,']*x' =C;. (1.17)

7
Indices which occur twice, so that summation over them is implied (j
in (1.17)), are called dummy indices, while indices which can have any
value (i in (1.17)) are called free indices. We note that (1.17) could
equally have been written as a,,x, =c,, where summation over the

dummy index ¢q is implied and p is free.

Example 5 Suppose we are given constants a; (i, j =1, 2, 3) and the
function ¢ = a;x;x; (where summation over both i and j is implied).
We wish to calculate the quantities 3¢/3x,, where s is a free index
(equal to 1, 2 or 3). Then by the chain rule for differentiation

o¢ ox; ox;
Since the x; are independent variables, Ox;/3x, is 1 if i =5 and zero
otherwise. Hence in the first term the i-summation has only one
non-zero term (when i =s). Similarly the j-summation in the second
term has only one non-zero term (when j = s). Thus

a(l)/axs = aiji + a; X;, (1 19)

where j is summed in the first term and i in the second. These dummy
indices can be given any letter we choose so that, replacing the dummy
index j by i in the first term of (1.19),

9¢
ox,

where i is now the dummy index and s is the free index. If a is
symmetric so that a; = a,; then

=dgX; + a;x; = (asi + ais)x,', (1.20)

3¢ /3x, =2a;x;, (1.21)
whereas if a;; is skew- (or anti-) symmetric so that a, = —a, then
¢=0 and 9¢/ox,=0 .- (1.22)

1.3 Special symbols

1. Kronecker delta
The Kronecker delta symbol §;; is defined by
{1 if i=j,

- 1.
0 if i#j. (1.23)
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We note that §,e; = 6,;¢; + 5,,e, + 6;3¢; and that only one of these
three terms is non-zero depending on i; for example 6,,=1,
012 =013=0. Hence 6,e; =e;. Also, as in (1.3),

a=(a.e)e;=(a.e;d;)(e:x) (1.24)
Consider the quantity 6,;6;. Then
0;0u = (€. ¢;)(e; . €) (1.25)
=(e;.e))(e;.e)+ (e;.e;)(e;.e,)
+(e;.e;5)(e;. €;). (1.26)

Now if i # k, then at most one of the two brackets in each term can be
non-zero and hence each term is zero. If i = k then one term has both
brackets non-zero and equal to 1. Hence 6,6, is zero if i #k and is 1
if i = k. This is just the definition of J; (see (1.23)) and so

0,0k = . (1.27)

Further consider the expression 6,,A4,,, where r, p and g are free
indices. Then

6rsqus = 6,.1qu] + 6,.2qu2 + 6,3qu3. (1.28)

Only one of these terms is non-zero depending on the value of r. Hence

O, Apgs = Apgr (1.29)
2. The alternating symbol
The alternating symbol €, is defined as
Gi['k =€ . (e, X ek). (1.30)

Hence if i, j and k are all different, then e; X e, = te;, the plus sign
being taken if i, j, k form a cyclic permutation of 1, 2, 3 (1, 2, 3 or 3,
1, 2 or 2, 3, 1) and the minus sign if they form an anticyclic
permutation (3, 2, 1 or 2, 1, 3 or 1, 3, 2). Hence, from (1.30),
€ = +1if i, j, k are all different and cyclic, and €, = —1if i, j, k are
all different and anticyclic. If j =k, then the cross-product is zero in
(1.30) and consequently so is €. If either j or k equals i then e; X e, is
at right-angles to e; and €, will again be zero. We have finally

+1 if i, j, k are a cyclic permutation of 1,2, 3,
€x =19 —1 1if i, j, k are an anticyclic permutation of 1,2,3, (1.31)
0 if any two (or all) indices are equal.
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Hence cyclically permuting the indices i, j, k leaves €, unaffected,
whereas interchanging any two indices changes its sign:

€,~jk = Gkij = ejki) (1.32)

= — € (1.33)

i

1.4 Vector identities

Consider the vector product ¢ =a X b. Then from (1.2)
c= (a,»e,-) X (bjej) = a,-bj(e,- X e,) (1.34)

Now, in general, ¢=(c.e.)e, using (1.3). Hence substituting for ¢
from (1.34) gives

c=aXb=(ab;(e; Xe;).e.)e, (1.35)
= a;bj€ i€k, (1.36)

using (1.30). In (1.36), summation over the indices i, j and k is implied
so that

axXb=abe e, +abje,; e, +abje; e, (1.37)

and the rth component of a X b is therefore

(aXxXb), =€, ab;, (r=1,2,3). (1.38)
For the scalar triple product
(aXxXb).c=(abje; X e;).ce, (1.39)
=a;bjcie; . (e; X e)) (1.40)
= €;a;bjcy. (1.41)

Using (1.32), we have finally
(a X b) «C= 6,-,~ka,-b,~ck. (142)
The scalar triple product does not depend on the order of the dot
and cross operations since a.(bXc)=(bXc).a=¢,,b,ca, =
€90,b,c,=(aXDb) . c.
We can use a result from vector algebra to derive an important

identity involving the Kronecker delta and the alternating symbol. We
have the standard result

(axXb).(exd)=(a.c)(b.d)—(a.d)(b.c). (1.43)
Putting a=e;, b=¢;, c=¢;, and d=¢,, then

(e:Xe) . (exXe)=1(e; .e)(ej.e)—(e.e)(e.e) (1.44)
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Now since for any vector A, A =(A.e,)e, (asin (1.3)),

(e; X e)=[(e; X &) .e,le, = €€, = €€, (1.45)
Similarly
(ex X €) = €p€,. (1.46)
Hence the left-hand side of (1.44) becomes
(e; X €) . (e X €)= €;,€xp€, €, (1.47)
= €;jm€xipOmp (1.48)
= €im€iim> (1.49)

using (1.23) and (1.29). Substituting this into (1.44) and expressing all
the dot-products on the right-hand side using (1.23), we have

€iim€xim = 5:/: 5:15 (1.50)

Example 6 A matrix ¢ has elements
i = niny + €y, (1.51)

where n; are the components of a unit vector. Show that the elements
of the matrix ¢? are given by

(¢2)ij =2n;n; — 5. (1.52)
Now
(¢2)i/ = Qudi; = (niy + €ny)(nin; + €4,minty,) (1.53)
= g + (€qmng)n;
+ (EtomjTuP )i + €t € il (1.54)
Since €,,, is an antisymmetric symbol under interchange of any two

indices, quantities such as €;,nmn, are zero because for any pair of
values / and k, two terms (with opposite signs) result from the
summations over / and k (for example, €;,n,n, cancels with

€,1N,1, = —€;1,n11,). Hence, since nyn, =1,
(%) = R + €se€amjtiN, (1.55)
=nn; + €tk € mjrc My, - (1.56)
Using (1.50), (1.56) becomes
(¢2)ij = n,'nj + (6,',"61]' - 6,'[61,”)”[” (1.57)
= n,nj + n,n 6 n,n, 2n n 6,']', (1.58)

as required. .«
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1.5 Vector operators
Defining the operator V; by

3
V.=— 1.5
Yoo (1.5
and the vector operator V by
V=eV, (1.60)
the gradient of a scalar function ¢ = ¢(x,, x,, x3) is
d¢ d¢ o¢
d¢=Vop=eVp=¢e,—+e,—+e;—. 1.61
grad ¢ p=eVip=e ox, € ax, €; o, ( )

We note that the quantities Ox;/dx, in Example 5 above can be
written

ax,'/axs = st,' = 6[_;. (162)
The divergence of a vector function a(x,, x,, x3) is
oa, , %4, 943

d' =V. =Vii= .
VA A ok, ox,  Oxs

(1.63)

The curl of a vector function a(x,, x,, x;) can be expressed, using
(1.38), as

3
(Vxa), =€ Va, = Eijkﬂ( , (1.64)
ox;
giving
curla=VXa=ee; Va. (1.65)

The curl of a vector (in cartesian coordinates) can easily be written
down in terms of determinants as follows: if in (1.41) a.(bXc¢) is
written out in full using the definition (1.31) of €, we find

a. (b X c) = fijkaibjck (1.66)
= a1b203 - alb3C2 + azb3C1 - azb1C3 + a3b1C2 - a3b201, (167)

which can be written as the determinant

a, a, as
a.(bxe)=1b; b, bs|. (1.68)
i € €3
Hence
VXa=¢;eVa (1.69)
€, € &€
=1V, V, V4. (1.76)

a a, as
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Various identities involving the vector operator can be derived using
the above results (and the summation convention). We illustrate this
with three examples.

Example 7
div(b¢o) = V,(b;¢) (1.71)
=¢V,b,+ (b;V;¢) (1.72)
=pdivhb+(b.V)p. (1.73)
Example 8
curl(bg) = e;€,,V,;(bi ) (1.74)
= ¢e;(€; V;bi) + €€ (V)b (1.75)
= ¢ curlb + e;€,;; (V)b (1.76)
=¢ curlb+ (Vo) Xb, 1.77)

where in the last term we have used (1.38) with a=V¢. .

Example 9
curl curl A = e;e;, V;(curl A), (1.78)
= €€ V;(€xumViA,n) (1.79)
= €€k €xmViViAnm (1.80)
= €€ €rmi VIV;A,, (1.81)
= e{(040;m — 8:mOy)V,V;A,, (1.82)
=¢;Vi(V,.A,.) —V;V,eA; (1.83)
= grad(div A) — VA, (1.84)
where
V=VV = CANA -

Ax?  ax3 axi’

1.6 Orthogonal coordinate systems

So far we have considered only cartesian coordinates x;, x, and x;. We
will require, in later chapters, expressions for the operator div grad
(=V?) in coordinate systems based on cylindrical and spherical polar
coordinates.

Consider two points with cartesian coordinates (x,, x,, x;) and
(x, + dxq, x5+ dx,, x5+ dx;), where dx; are small displacements. The
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infinitesimal distance ds between these two points is given by

(using the summation convention). We now transform to a new
coordinate system, say q;, ¢, and g3, the x; being functions of the g;.
If ds? can be written in the form

ds® = hi dq} + h3dq5 + h3 dq3 = hi dgq, (1.86)

then the new coordinates form an orthogonal coordinate system. For
cartesian coordinates b, =h,=h,;=1and ¢;=x; (i =1, 2, 3). We now
give, without proof, expressions for the gradient, divergence and curl
in the new coordinate system in terms of the quantities ;.
If @ is a scalar and A = ¢;A; is a vector then
e, 0P e, 0P e;0P

radp=Vo=——+—-"—+—-— 1.87
g hi3q, h,3q, h;9q; ( )

3
diV A = [ ( 2h3A1) + (h h3A2) + (h h2A3)]
hihshs
(1.88)
hlel hzez h3e3
curlA = 1 9 9 9 . (1.89)

hihyhs | 994 0q, 9q;

It is important to realise that in the above expressions the vectors e;
are unit vectors which are directed along the three new coordinate
axes and point in the direction of increasing coordinate values. Further

Pon L[ 2 (R38O (hih3By O (ko))
hihyhs LOg \ hy 9q, 0q,\ h; 9q, 9q;\ hy 9q; '

(1.90)

We now specialise these results to two particular coordinate systems
which are of importance in later chapters.

1. Cylindrical polar coordinates

We specify z, the distance of the point from the x,, x, plane, and the
polar coordinates p and ¢ of the projection of the point in this plane.
Thus ¢, = p, g, = ¢, g:= z (see Figure 1.2). The vectors e; point in the
directions of increasing p, ¢ and z. The relationships between
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cartesian and cylindrical polar coordinates are

X;=pcos¢, x,=psing, x;=z.

Hence
3 ) 3
dx1=—ﬂd + );;d¢+ 14
=cos ¢pdp — psin ¢ do.
Similarly
dx,=sin ¢ dp + pcos pdo,
dx:; = dZ.
Hence

= dx; dx; = (cos ¢ dp — p sin ¢ d¢p)?
+ (sin ¢ dp + p cos ¢ do)* + dz*

=dp*+ p*d¢* + dz%.

This is therefore an orthogonal coordinate system with

h1=1, h2=p, h3=1.
Hence, from (1.87)-(1.90),
3P e, 00 8<I>

Vo = —+———
€ a¢
. 1 8A2 0A,
d A=—[ A -+ -—-—],
VA= (pA) + 5 s TP 5
€ pe; €
cria=1]2 & 2
op J¢ oIz
A, pA; A
Figure 1.2

X3
eZ
A

‘T ®

€

—» X

X
e,=¢,e,=¢€,€e =¢

11

(1.91)

(1.92)
(1.93)

(1.94)
(1.95)

(1.96)
(1.97)

(1.98)

(1.99)

(1.100)

(1.101)
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and

1{;}( 8<I>> 18°® @] (1.102)

Vo == V4284 .
o pap p 8¢* P52

2. Spherical polar coordinates

The coordinates specify the distance r of the point from the origin, and
the ‘latitude’ € and longitude ¢, so that g, =r, g.=6, g;= ¢ (see
Figure 1.3). The relationships between cartesian and spherical polar
coordinates are

x;=rsinfcos¢p, x,=rsinfsin¢g, x;=rcosf. (1.103)

Hence
ox, ox, oxy
=ldr+—do+— .
dx, 3 dr 30 de 3¢ d¢ (1.104)
=sin 0 cos pdr+rcos O cos ¢ d6 —rsin Osin pd¢p.  (1.105)
Similarly

dx, =sin 0sin ¢ dr +rcos O sin ¢ dB +rsin O cos pd¢, (1.106)

dx;=cos 8dr —rsin 8d6. (1.107)
From (1.105)-(1.107)
ds* = dx; dx; = dr* + r* d6* + r*sin* 0 d¢>. (1.108)
This is therefore an orthogonal coordinate system with
hy=1, hy=r, hz;=rsin6. (1.109)
Figure 1.3
X3 e
A
e¢
€y
)
o —» X
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Hence, from (1.87)—(1.90),
D e,00 e; oD

Vh=e —+2—+ = 1.110
“or T 56 rsin6og’ (1.110)
. 1 . ] a . 3A
dWA=rzsin6[Smga_r(r2A1)+r55(Sln9A2)+r8_¢3]’ (1.111)
e, re, rsinfe;
1 g 2 )
1A= _— — — 1.1
WA= Gne |or 30 99 (1.112)
A, rA, rsin@A,
and
1 2] od 2] oP 1 3%
V2<I>=———[‘ 9—(2—)+—(' 0—)+———]. 1.113
Fane 05\ 5 ) Tae 050 ) T aer) (1Y

1.7 General coordinate transformations

The tensor notation and the summation convention developed and
used in the preceding sections is useful especially in the general theory
of tensors. This is a large topic and here we only give a brief
introduction.

Tensor theory is concerned with the way particular mathematical
quantities transform under general coordinate transformations.
Suppose we have an n-dimensional coordinate system (the x-system),
a point in this space having coordinates x,, x,, . . ., x,,. Now suppose
that we carry out a transformation of these coordinates to a new
coordinate system (the x-system) where %, is related to the x-
coordinates by

X =filxy, X2, -0, X)) (1.114)
Similarly,
Xo=flxy, X2, .o, X)),
Do (1.115)
Xn=fulx1, X2, ..., X0),
where fi, 5, . . ., f, are functions specifying how the coordinates %; are

related to the coordinates x;. Using a free index i, (1.114) and (1.115)
may be written

ii =ﬁ-(X1, X2y 0 v ey xn)’ (l = 1) 2! ct n)’ (1116)
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or more compactly,
=fix), (s,i=1,2,...,n). (1.117)

For example, the transformations (1.91) from cylindrical polar coordi-
nates (p, ¢, z) to cartesian coordinates (x,, x,, x3) are of this form, as
are those in (1.103) from spherical polar coordinates (r, 6, ¢) to
cartesian coordinates (x;, X5, X3).

Now assuming that the functions f; are differentiable (up to whatever
order we require), we can differentiate (1.117) to obtain

__ 9 of ofi
4% =T gy, + L g, + .+ g .
5= a3 S 4o (1.118)
of;
=—dx;, 1.11
an x] ( 9)
or
__ oK
dxi=(—9}-dx,-, (1.120)

where, using the summation convention, summation is over the index j
(from 1 to n). Using (1.120), we have n equations for the d¥; in terms
of the dx;. In order that the dx; may be uniquely expressed in terms of
the di;, we must require that the Jacobian determinant J (with
element 9%;/3x; in the ith row and jth column) satisfies

J = 3%,/ 3x;| #0. (1.121)

When this condition is satisfied, the coordinate transformation (1.117)
is called an allowable transformation. It then follows that we can solve
(1.120) to give

d,-—ad' (i=12,...,n). (1.122)
Geometrically, we can easily see the significance of these transfor-
mations. Suppose in the x-coordinate system P is a point with
coordinates x; and Q is a neighbouring point with coordinates x; + dx;.
Then the quantities dx; are the components of an infinitesimal vector
joining P to Q. When the coordinate system is transformed to the
x-coordinates, P has coordinates X; and Q has coordinates x; + dx;.
Then (1.120) represents how the vector d¥; from P to Q in the
X-system is expressed in terms of the vector dx; in the x-system.
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1.8 Contravariant vectors
We now use the basic form of the transformation law (1.120) to define
a contravariant vector. It is convention that the indices on the x;
and ¥; in (1.120) are raised into superscript position so that we write
(1.120) as

dx’ =5;,de (1.123)

Definition A set of functions A’ of the coordinates is said to form a
contravariant vector if under coordinate transformation from x‘ to &,
A’ transforms to A* where
ol
A= gi].Af, (i=1,2,...,n) (1.124)
With this definition we see that the dx’ of (1.123) form a contravariant
vector.

Quantities with indices in the superscript position are contravariant
objects and a quantity with one free index (A’) is called a tensor of
rank one, the rank being equal to the number of free indices.
Accordingly, if (1.124) holds, A is a contravariant tensor of rank one,
a rank one object of this type being a vector.

1.9 Kronecker delta symbol

We now define the Kronecker delta symbol (see (1.23)) by putting one
index into superscript position so that

aely 4 13t
Then, using the summation convention,

64 = A, (1.126)

6;0) = 6, (1.127)

8i=n (the dimension of the space). (1.128)

Using the Kronecker delta, we can now invert the transformation
(1.124) for a contravariant vector as follows: multiplying (1.124) on
both sides by 8x*/3x' (and summing over i), we have

axk . axkar

A=A (1.129)
a
LA SkAl = (1.130)

ox J
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Hence

A="" 4 (1.131)

BETS

is the inverse transformation of (1.124) (provided that (1.121) holds).

1.10 Scalars and covariant vectors

Any quantity ¢(x’) (a function of the coordinates x’) which has the
same value under the transformation of coordinates from x‘ to &', in
the sense that

P(x') = p(¥), (1.132)

is called a scalar quantity. We say that a scalar is invariant under
coordinate transformations.
Now consider

A, =03¢/x’ (1.133)
and
A;=03¢/3%. (1.134)
Then by the chain rule of differentiation,
5b_spar'_ oo o
ox' ox’axt ox’ ax'’

(1.135)

using (1.132) (summation over j is implied). Hence the objects A;
defined by (1.133) transform as

7

A, =%Aj, (i=1,2,...,n). (1.136)
Such an object is called a covariant vector. We note the difference
between (1.124) and (1.136). However, if we transform from one
rectangular cartesian coordinate system to another, linearly related to
the first, it can be shown that there is no distinction between covariant
and contravariant tensors. Such tensors are called cartesian tensors.

The inverse of (1.136) may be easily obtained, since

7 7 Q)
% 'i=%z—;,~fh (1.137)
=8, A; = Ay, (1.138)
whence
ox'
Ay =— (1.139)

axkr
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Suppose A’ is a contravariant vector (or contravariant tensor of rank
one) and B, is a covariant vector (or covariant tensor of rank one).
Then, using (1.124) and (1.136),

_._ o' oxP
A'B;=—A°"—B,, 1.140
oaxt ot ( )
where summation over both s and p is implied. Hence
A'B,= 8°A°B, = A’B, = A'B,, (1.141)

since p is a dummy index and may be written as i. The quantity A'B; is
therefore equal to A’B; under coordinate transformation and hence is a
scalar called the scalar product of the vectors A’ and B;. Sometimes
this scalar is called the inner product of A’ and B;, whereas the object
A'B; is not a scalar but a tensor of rank two and is called the outer
product of A* and B;. In elementary discussions, a vector is defined as
an object which has both magnitude and direction. Strictly speaking, a
vector (or tensor) is defined in terms of its transformation properties
as in (1.124) or (1.136).

Example 10 Show that the vector A’ with components
Al=x+y, A’=y-x, A’=0 (1.142)

has the same form under rotation about the z-axis.
Under rotation about the z-axis, the coordinates x, y and z
transform to

X=xcos f+ysin8, (1.143)

y=—xsin 6+ ycos b, (1.144)

Z=2z. (1.145)
With

xl=x, x*=y, x’=z (1.146)
and

i=x i*=y, =3 (1.147)

we now use the transformation law (1.124) to obtain
-, Ox % ox
Al=—A"+ —A*+—A° 1.
ox ay oz (1.148)
=(x+y)cos 8+ (y —x)sin 6 (1.149)
=(xcosB+ysinB)+ (—xsin 8 +ycos 6) (1.150)

=% +7. (1.151)
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Similarly
A’=5-x%, A’=0. (1.152)

Equations (1.151) and (1.152) are of the same form as (1.142), as
required. .of

1.11 Tensors of higher rank

Tensors of higher rank (meaning more than one free index) may be
defined by a simple extension of the transformations (1.124) and
(1.136), so that every superscript index transforms as (1.124) and every
subscript as (1.136). For example, the objects with the following
transformation laws are all tensors of rank two, but of different types:

=i A=j
_ ox' ax’ _,

-
axkax'”

(contravariant, rank 2) (1.153)

=i ALl
_,._ax ox’

i—yg_j I (mixed, rank 2) (1.154)

T;= 5 57 T, (covariant, rank 2) (1.155)

where the mixed tensor has one contravariant and one covariant
index. Tensors of higher rank may be defined in an obvious way.

The algebra of tensors is straightforward since we may readily define
the sum and difference of two tensors using the basic transformation
laws. For example,

ax'

(4 BY), (1.156)

At B'=—
ox

so that if A* and B’ are contravariant vectors their sum and difference
are also contravariant vectors. Similarly, it can be seen from the
appropriate transformation law that the sum and difference of two
tensors of the same type are tensors of that type.

An important property of all tensor equations is that if the
components of a tensor are zero in one coordinate system, then they
remain zero in any other coordinate system (as can be seen from the
transformation laws).

The calculus of tensors, which we omit here, involves another
quantity called the affine connection which does not possess tensorial
properties: it may have zero components in one coordinate system but
non-zero components in another.
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Finally, we consider the infinitesimal distance ds between two
neighbouring points. In cartesian coordinates, ds? is given by (1.85). In
a general coordinate system, we may write

ds* =g, dx' dx’, (1.157)

where g; is a covariant rank two tensor. Expression (1.157) is known
as the metric and the elements g; (i, j=1,2, ..., n) are the metric
coefficients. Consider a coordinate transformation from x’ to °. Then
using (1.123) and (1.155),

_oxfox!  ax ox/
a ]gkl ax? dxpﬂdxq (1.159)
% ox' %’
—‘éx—ﬁajﬂgk, dx? dx? (1.160)
= 6 61 a8kt dx? dx9 (1.161)
= g, dx* dx' = ds®. (1.162)

Hence, the quantity ds is a scalar since it is invariant under a general
coordinate transformation.

Tensor algebra and its associated calculus are important tools in the
study of continuum mechanics and in the general theory of relativity.

Problems 1

1. Write out a;x.x, in expanded form, assuming a; =a,;, and
iLk=1,23.

2. Over which indices (if any) in the following expressions is
summation implied?
(i) a;b;, (ii) a;by, (iii) a;b;, (iv) a; =b;.

3. Find the values of 6;0;, 8;0yx0xm0im, €ArA;, and Oy€y,,, all
indices ranging from 1 to 3.

4. Evaluate €;,€;, and €;,€;;., all indices ranging from 1 to 3.

5. The object T; is related to S; by the relation

T; = (04 + BO%0;)Su,

where « and B are constants. Find S in terms of T;, all indices
ranging from 1 to 3. (Hint: first evaluate T;;.)

6. The square matrices A and B have elements a; and b,
respectively. Use the suffix notation to show that (4B)" = BTA",
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10.

11.

12.
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where T denotes the transpose operation. If A is a 3 X 3 matrix
show that €;a,,a,,a:, = €,,, |A|, where |A| denotes the deter-
minant of A.
Show that the ith component of the vector a X (b Xa) may be
written as c;b;, where b; are the components of b. Determine the
form of c; in terms of the components of a and show that it is a
symmetric object.
Use the suffix notation to show that

(i) div(AXB)=B.curl A— A.curl B,

(ii) curlAXB)=AdivB-BdivA+ (B.V)A—-(A.V)B,
where A and B are vectors.
If fi = x;x;€ + XXX, show that

O/ 3%y = 2x,x; + X,x; 6y

Find also &%f,/3x, dx,, and deduce that 8%f,/dx2 = 2x, + 4x,0,,, NO
summation over s being implied. Verify the last result directly for
thecases k=1,s=1,and k=1, s=2.

If A, =x,x,X,,X,,Xc, show that

OAK/ 3%, = QXXX X + X0 X X X Oppp,
and determine the constant «. Show also that
BAL X = BXuXp Xy Xom

and determine B for the cases (i) when all indices range from 1 to
3, and (ii) when all indices range from 1 to 7.
Using the form

div(f grad ¢) = a—i— (f%)

and assuming that both f and ¢ are functions of u =x,x, only,

show that
- _a, 8 (90 d¢
div(f grad ¢) =4u i (fdu) + 2fdu 0.

Verify that, if ¢(x;) satisfies the equation V>¢ + K*¢ =0, where K
is a constant, then the second-order tensor

T = (Vin - 6ikV2)¢:
where V, = 3/3x;, is a solution of

fijkfilmvjvm Ty, — Klep =0.
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The symmetric tensor g is related to the three-index object I';
which is symmetric in its last two indices (that is, I';; = I';;) by the
relation

agik/axm - gisrskm - gskr:im =0.
Show that

1/0g; %) Jg;
(B8, B O,

==
Ermstsik =5\ Bk, | ox, ox,,
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Special functions

2.1 Origins

This chapter is principally concerned with some of the special
functions which occur in the solution of differential equations both
ordinary and partial. These functions are more complicated than those
met in elementary mathematical methods (for example, the sine,
cosine, exponential and logarithmic functions) and often arise in the
solutions of linear second-order differential equations of the form

d’ dy
p(x) 5 5+q(x) -+ rlx)y =0. (2.1)
For example, the equation
dy dy
JCZW-F)CCE"F(XZ—VZ)_Y:O, (2.2)

where v is a constant, is called Bessel’s equation, the solutions of
which are the Bessel functions. We discuss the solution of this
equation in detail in Section 2.5 and derive various properties of the
Bessel functions in order to illustrate the general methods of solution.
These methods may be employed to derive the properties of other
special functions and, rather than repeating the analysis, we will
simply list some of their important properties for reference purposes
and for use in later chapters. For an extensive account of special
functions and their tabulated values, the reader should consult a
standard reference work’. By building up an extensive list of such

¥ M. Abramowiiz and I. A. Stegun, Handbook of Mathematical Functions
(Dover, New York, 1964).

22
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special functions and their properties, we may regard a problem or
equation as being solved if its solution can be expressed in terms of
these functions.

Besides arising as solutions of differential equations, other special
functions are defined in terms of integrals. These occur in some of the
analysis which follows in later chapters. The next three sections deal
briefly with these functions.

2.2 The gamma-function

We define the gamma-function I'(x) by
I'(x) =f et dt, (2.3)
0

where, in order for the integral to converge, x >0. Now consider
I'(x + 1). Integrating by parts, we have

3

Fx+1)= f tre 'dt=—t'e '[g+x f e dt. (2.4)
0 (]

In (2.4), the integrated term is zero because at the upper limit the
exponential dominates the t* term, while at the lower limit +* is zero
since x > 0. Hence, using (2.3),

0

Fx+1)=x j t*le " dt =xI(x). (2.5)

(¢

Equation (2.5) is a recurrence relation which connects T'(x +1) with
I'(x). Now suppose that x = n, where n = 1 is an integer. Then

[(n+1)=nl(n)=n(n—DI(n—1)=...=n!T1). (2.6
But
r(1)= f erdr=1, 2.7)
so that 0
T(n+1)=n! (2.8)

Sometimes I'(x + 1) is denoted by x! and referred to as the factorial
function. Hence we may define 0! =I'(1) = 1. Another useful value to
calculate is

rg)= f t~le ™' dt=2 f e du=Vn. (2.9)
0 0
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Here we have transformed the variable of integration to u, where

t = u?, and used the standard result

Jje‘““2 du = %\/<§), (a>0).

Hence, from equations (2.5) and (2.9),
r@)-ire) -
I =3} =3ivx,

and so on for other half-integer arguments.

(2.10)

(2.11)
2.12)

The recurrence relation (2.5) may be used to define the gamma-

function for negative values of its argument. Taking

I(x) = I"(xx+ 1)

we have
ré

-4 =3 =2l -1 o 3

(2.13)

(2.14)

(2.15)
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From equation (2.13), we see that I'(x) becomes infinite at x =0 and
hence also at x = —1, —2, =3, ... as shown in Figure 2.1. Using the
gamma-function, it is possible to evaluate various integrals, as shown
by the following two examples.

Example 1 Consider

- L (/o] d. (2.16)
Putting x =¢e™’, we find
L= fo “derdr = r¢)=3Vn, (2.17)
using (2.12). -
Example 2 Consider
L= fo e d. (2.18)
Putting x> =y, we find
L=1[ yeray=ireh) =i (2.19)

using (2.9). -

Other properties of the gamma-function are also of interest.
Differentiating (2.3) with respect to x we have

dl;(x) —T'(x) = f - (t")—dt (2.20)
Now
d x _i xIngy xInt __ x
o (t) = (") =(Un5)e*"™ =¢t"Int (2.21)
Hence, from (2.20),
I'x)= fmt“‘(ln He'dr. (2.22)

Evaluating this at x = 1 gives

r'(1)=[ e*lntdt=—vy, (2.23)
0
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where y is called Euler’s constant and has the value (to four decimal
places) 0-5772. This value can be obtained either by numerical
integration in (2.22) or from the alternative definition

1
'y=lim<1+%+%+%+..‘+;—lnn>. (2.24)

A property of the gamma-function, which we give without proof, is
T'(x)I'(1 = x) = x/sin(mx) (2.25)

which is known as the reflection formula.
Related to the gamma-function is the integral

B(m, n) = jlx'”_l(l —x)" " ldx, (2.26)

with m >0, n > 0. This is called the beta-function. It is straightforward
to show (see reference on page 22) that

_ImI(n)

“Temtn)" (2.27)

B(m, n)

An alternative form of B(m, n) can be found from equation (2.26) by
letting x = sin” 6. Then, since dx =2 sin 6 cos 6 d0, we have

/2
B(m, n) = 2] sin®"~! 6 cos* ! 0.d6. (2.28)
0

Example 3 Consider

/2

I= f V(tan 0) dé. (2.29)
0
Then
/2 . ,
I= J' sinz 6 cos™2 6d6 =1B(3, ). (2.30)
0

Using (2.27), and I'(1) = 1, this can be written

_ T _7
T 2sin(w/4) V2’
where we have used (2.25) with x =1.

I=3TAIrQ) (2.31)

The incomplete gamma-function I'(x, a) is defined by

I(x, a) = f e dt, (2.32)
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where a =0, x > 0. This can be written as

I(x, a)=J t"'le"dt—j t*le ' dt (2.33)
0

0
=F(x)—f t"le7dt. (2.34)
0

Finally we obtain an approximation to I'(x + 1) for large x known as
Stirling’s formula. Consider, from (2.3),

Cx+1)= f e dt. (2.35)
0

We change the variable of integration from ¢ to 7, where t =x + Vx.
Then

x+1)= r\/ (x + TVx) e ¢t VN/x dr. (2.36)

This can be written

Tx+1) [~ e_ﬂ/x(H \TT>X dr (2.37)

e—xxx+% A X

= f:/xexp[—t\/x +x ln<1 + \/_tx)] dr. (2.38)

Writing (2.38) as the sum of two integrals and replacing the logarithm
term by its MacLaurin expansion in ~Vx < 7 <Vx, we have

Te+D)_ vxxexp[—r\/x +x<i—-r~2+. . )] dt

et )y x 2x

+f exp[—-r\/x +x ln(l +—T~>] dr. (2.39)
Vi Vx
For large x, the second integral has a vanishingly small range of

integration, whilst the first integral gives

rx+1)

e—xxx+% -

e " dr =\V(2n), (2.40)

where we have again used the standard result (2.10). When x =n, a
positive integer, T'(n + 1) = n! so that, from (2.40), an approximation
to n! for large n is

n!=VQ@m)e "n"*, (2.41)
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This result is surprisingly accurate even for modest values of n. For
example, if n =3, n! = 6 compared with an approximate value of 5-836
from (2.41). Similarly, when n = 10, n! = 3 628 800 compared with the
approximate value from (2.41) of 3 598 695-618, which is within 1% of
the exact value.

2.3 The exponential integral and related functions

The three integrals E(x), Ci(x), and Si(x) are defined for x >0 by

E\(x)= f e (2.42)
Ci(x) = — f w%“ dt, (2.43)
Si(x) = j sin (2.44)

The graphs of these functions are shown in Figures 2.2(a) and 2.2(b).
These integrals arise in the Laplace inversion of logarithmic functions,
in particular

P(E(at)} = —ln(s : “) (2.45)
P(Ci(at)} = —z—lsl (s%) (2.46)

where £ denotes the Laplace transform (see Chapter 7). It is
important to realise that the definitions (2.42)—(2.44) vary slightly
between texts. Ci(x) is sometimes defined without the minus sign.
There also exists a function Ei(x) which must not be confused with
E(x), and the function si(x) defined by

si(x) = Si(x) - g =— f 0L, (2.47)

2.4 The error function

The error function, denoted by erfx, is defined by the integral

2 (F _.
f =—f ™ du. 2.4
erfx Vr Oe u (2.48)
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Again using the standard result (2.10), we see that erfx— 1 as x — .
The graph of the error function is shown in Figure 2.3.
The complement of the error function, denoted erfc x, is defined by

2
etfcx =1—erfx =— j e " du (2.49)
V),
(see also Figure 2.3). Both of these functions arise from the solution of
partial differential equations and are connected with the Laplace

transforms of particular functions (see Chapters 7 and 8).
It is relatively easy for these functions to generate what is called an

Figure 2.2

== g x

(a)

Six)

®
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asymptotic series. We first give a definition of such a series. The series
a, a a,
SE)=ap+—+S+. .. +—+..., (2.50)
X x X

where ay, 4;, 4, . . . are constants, is said to be an asymptotic series of
the function f(x), written f(x)~ S(x), provided that, for any n, the
error involved in truncating the series at the term a,/x" tends to zero
faster than a,/x" as x — ». In other words we require

lim x"[f(x) = S(x)]=0. (2.51)

Asymptotic series may be added, multiplied and integrated to obtain
asymptotic series for the sum, product and integral of the correspond-
ing functions. It is instructive to point out the difference between a
convergent series and an asymptotic series: a convergent series tends
to the corresponding function f(x) as n—  for a given x, whereas an
asymptotic series tends to f(x) as x—o for a given n (that is,
truncating the series at the term a,/x").

Consider now equation (2.49) for the complement of the error
function and rewrite the integral

T e - 1 2
fx e “du =J; (——2—u>(—2ue‘“ )du. (2.52)
Integrating the right-hand side of (2.52) by parts we have

o 5 1 R XK x 1 2
—u d = [(._._) —u ] _J ——aTu .
L e u )¢ T Yok du (2.53)

e™ (=1 2
= o —f ﬁe_“ du. (254)
Figure 2.3
A
1 =
erf x
erfc x
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The last integral may be integrated by parts as follows:

oG 1 ) o0 1 ,
J' ﬁe_“ du=f (—ZI—;)(—Zue‘“ Ydu (2.55)
1 —u? - 3 ” —u?
= _W ] —zf —¢€ du (256)
e—.xz 3 %X 1 __uz
_Ix'?—z i ;e du (2 57)

Continuing in this way, we eventually find
Jwe_"zdu e_"z[l_i+ 1.3 1.3.5,
; 2x 2)C2 (2x2)2 (QxZ)?,
1.3.5..... 2n-1)
(2x2)n

+ R,,H], (2.58)
where

(71 2
R,.1= (—1)"+11 3.5, (2n + 1)2xe” f We'“ du. (2.59)

Equation (2.58) is the asymptotic series for 1V erfc x since the ratio
of consecutive terms is (2n — 1)/2x* which tends to zero as x — o for a
given n. However, for a given x, the series diverges as n— . By
choosing a suitable n, the resulting finite series is a good approxima-
tion to the integral in (2.58). Accordingly, using (2.49) and (2.58), it is
seen that the behaviour of erfc x for large x and to first order in 1/x is

—x2

erfcx ©
xVrn'

(2.60)

2.5 The Bessel function

The Bessel equation of order v (where v=0 is a constant) is (see

(2.2))
d’y dy
xz-é;-i+xd—x+ x*-vH)y =0. (2.61)
We attempt a series solution of this equation by using the Frobenius
series

3

y=x"(ao+ax +ax*+...)= > ax™", (2.62)
r=0

where, without loss of generality, we shall assume a,+# 0. (If a, were
zero, we could redefine m to preserve the form of the series (2.62).)
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The conditions under which a series solution of this kind is valid are
discussed in Chapter 4. In (2.62), m and the a, are constants which
must be found so that (2.62) satisfies (2.61). By this method, we will
find two possible values of m, giving two solutions of (2.61). The
solutions may not be independent if the values of m are identical or
differ by an integer (see Chapter 4) but the method will always
generate one solution. The method for finding a second solution in this
case will be discussed later. The Frobenius series is more general than
a Taylor or MacLaurin series since m may be found to have
non-integer values and the resulting Frobenius series will then contain
non-integer powers of x. This contrasts with the MacLaurin series
which only contains integer powers of x.
Differentiating (2.62) we obtain

o0

dy

=D a(m+rx"! 2.63
=3 am+n) 2.63)
and
dzy < m+r=2
i 2_:0 a(m+r)(m+r—1)x . (2.64)

Inserting these into (2.61) we have

2D am+r)(m+r—1D)x"" 24 x> a(m+r)mt!
r=0 r=0

o

+@2=v?) D ax™=0. (2.65)

r=0

Collecting together like powers of x gives

i [a,(m +r)(m +r—1)+a(m+r)—via]x"""

£

+ > a,x™ 2 =0. (2.66)

r=0

This simplifies to

=

>oaf(m+rP— v+ D g™t =0, (2.67)

r=0 r=0

Expanding the first summation by writing out the first two terms
explicitly we have

ag(m? = v)x™ + a,[(m + 1)> — v Jx™*!

+ > a[(m+rP—vx™+ > axm =0, (2.68)

r=2 r=0
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The first summation contains powers of x from x*>*” upwards, so that
putting r = s + 2 in this sum gives

> af(m+rP—vpmtr= i a;of[(m +s +2)" = vx™ 7?2 (2.69)

r=2 s=0

=2 a,[(m+r+2)2 = vt (2.70)

r=0

where the dummy index has been changed from s to r. Hence (2.68)
can be written with the two summations combined as

ag(m?* — vHx™ + a\[(m + 1)* — v ]xm*!
+ D {a, H[(m +r+22— v +a,}x" 2 =0. (2.71)
r=0

Now, since a,# 0, we must have m?>— v>*=0 in order that the sole
term in x™ vanishes. Hence

m=z%v. (2.72)
Likewise, the second term is the only one in x”*! so that
a[(m +1)> = v*]=a,(1£2v)=0. (2.73)

Hence a, =0 unless v =}, but as mentioned earlier, this case will have
values of m which differ by an integer and so may need to be
considered separately. Further, from (2.71), the coefficient of the
general term in x™*"*? must vanish giving

ar
_(m+r+2)2—v2

(2.74)

aryp =
forr=0,1,2,....

We now consider the two possible values of the constant m
separately.

Case m =v In this case (2.74) becomes

a a
2 =— . =- - . @7
2 T 2= (r+2)2v+r+2) 2.75)
so that
a,= o &2 o (2.76)

T22v+2) M Tav+4) 2. 42v+2)2v+4)’
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and so on for all values of r. The final result for y(x) is, from (2.62),

x? x*

Tav+2) T2 aav+ v+ 4)

x6

Tl d evi)vidavie)

y(x)= aoxv[l

] (2.77)

To define the Bessel function of order v uniquely it is conventional
to choose a specific value of a,. By taking

ao=1/2"T(v +1) (2.78)

and using the recurrence relation (2.5) for the gamma-function,
I'(v +1) = vI'(v), we may write the series (2.77) as
o (_1)r <x>v+2r

Yo =hix)=3 >

SoriT(v+r+1) (2.79)

where J,(x) is the Bessel function of order v and 0! is unity by (2.8).
When v = n, where n is a positive integer or zero, thenT'(n +r + 1) =
(n +r)! from (2.8), and (2.79) becomes

B 3 © (_l)r (£>n+2r
)’(x)—Jn(x)—go—r! ) \2 . (2.80)
In particular
x2 xt x6
I == Tt m =gt (2.81)
x x° x3 x’
=S+ -~ .
M= -ratree P e es o (%

from which we see that
d.]o(x)/dx = _Jl(x). (283)

From the series (2.80) it is easy to see that all the J,(x) satisfy J,,(0) =0
for n a positive integer, whereas if n =0, J;(0) = 1. The graphs of the
first two, Jo(x) and J;(x), are shown in Figure 2.4.

We now have to consider the second possible value of m obtained
in (2.72).

Case m = —v In this case we obtain the solution by simply changing
the sign of v in (2.77) and (2.79). If v=0, 1, 2, . . . then changing the
sign of v will result in diverging coefficients in (2.77). For example,
(2.77) with v replaced by —v contains coefficients 1/(—2v +4)
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which diverge if v =2. Further, the definition of g, in (2.78)
would be 2¥/T'(—v+1) which is zero if v is an integer. Hence
the cases v=0,1,2,... must be treated separately. If then v #
0,1,2,... we have
o (_l)r X —v+2r
yx)=J-(x) —E,rz M(—v+r+1) (2) ‘

The two solutions (2.79) and (2.84) are independent since (2.79)
contains only positive powers of x whereas (2.84) contains both
positive and negative powers of x. The first is zero at x = 0 (except for
the case v = 0) whilst the second is infinite at x = 0.

If v=n, an integer, then (2.73) still holds and @, =0. From (2.71),
the recurrence relation is

a,.,(r+2)[2n — (r +2)] =a,. (2.85)
Writing out these in full gives

a,.202n —2)=a,,

(2.84)

a;.42n ~4) =a,, (2.86)
ag . 6(2n —6)=a,,
and similar equations for ag, ay, . . . . Only the even values of r need

to be considered since (2.85) with a; = 0 implies that all a, with r odd
are zero. From (2.86) we see that if, say, n =3 then a,=0 which,
working up the list, implies a, and hence a, are zero. In general then
all the a, preceding that for r = 2n are zero. We then have from (2.85)

arn

[P — 2.87
G2 = 50+ 2) (2.87)
02n+2 a2n
- - 2.
Dnid= Ty n+a) 2.42n+2)2n + 4)’ (2.88)
Figure 2.4
A
14 Jo(®)
e

0 3 3 N
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and so on. The series for y(x) is

2n+2 2n+4

—n 2n d X
y(x) = azx [x T22n+2) 2.42nt2)ntd) ] (2.89)
WX x* N
= Gt [1 2n+2) 2.4t ] (2.90)
and hence
hd -1 n+2r
Ja)=a, 3, ﬂ§T+)r_)v (’5‘) . (2.91)

From (2.80) we see that J,(x) and J_,(x) are linearly dependent. We
normally choose a,, so that

J_n(x) = (1) (x). (2.92)
The general solution of the Bessel equation may be written as
y(x)=AJ, (x)+ BJ_,(x), (2.93)

where A and B are constants, only when v is not an integer. When
v =n we need to obtain a second solution (J,(x) being one solution)
using the method in the next section.

2.6 The Bessel function Y,

To find the second solution of the Bessel equation when v=n, we
write
y(x) = u(x)J,(x) (2.94)
and substitute this into the Bessel equation (2.61). This gives
u(xI +xJ, + (x* = vA)J,) + 2x%uJ, + x*'T, +xu'l, =0, (2.95)

where a prime denotes differentiation with respect to x. Since J,
satisfies Bessel’s equation (2.61) the first bracket in (2.95) is zero.
Consequently

u  J, 1

—+2="+-=0. 2.96

o2ty (2.96)

Integrating with respect to x gives
Inu'+InJ2+Ilnx=InA, (2.97)

where for convenience we have chosen the arbitrary constant to be
In A. Hence

u' =A/xJ? (2.98)
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and therefore the second solution, often denoted by Y, (x), is
dx
Y, () = w0 = AL ) [ = (2.99)
xJ5(x)

T'he general solution of the Bessel equation is then
x)=AJ (x + BJ (x), 2.100
y n ]’21( ) n

where A and B are arbitrary constants.
When n =0, for example, we have

Yo(x) = AJo(x) f )%fx). (2.101)

Inserting the series (2.81) for Jy(x) and taking only the first two terms,
we find for small x

Y(x) ~ Alo(x) f % (1 - %2)_2 dx. (2.102)

Performing the integral gives
Yo(x) ~ AJy(x)[In x + P(x)], (2.103)

where P(x) is a polynomial in x. Hence the second solution is
logarithmically divergent at x = 0. In fact, all the Y, (x) are singular at
x = 0. The graphs of the first two are shown in Figure 2.5.

Alternative forms exist for the function Y,(x). Consider the
Neumann or Weber function defined by

_cos(va)J,(x) —J_,(x)
B sin(vr) )

Y. (x) (2.104)

Figure 2.5

A Yo(x)
0.4 1

Yi(x)
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When v #n, this is just a linear combination of J,(x) and J_,(x) and
so is a solution of Bessel’s equation (independent of J,(x)). When
v = n, the numerator and denominator are both zero, so the limit as
v— n must be taken using L’Hopital’s rule. Hence

-z sin(va)J, (x) + [ v 8;:]
=1 ‘
Y, (x) lim 7 cos(var) =1
1 aJ, al_,
_ ; 51_12[ o = ] (2.106)
=—lim | = — (-1)"—|. ’
T vl—r: [av =1 v ] 10

To see why this is a solution of Bessel’s equation consider the solutions
J, and J_,. These satisfy

d’, dl,
xzw+x—d7+(x2— viHJ, =0, (2.108)
., di_,
xzz‘T‘FxW'F (xz— Vz).]_v =0. (2.109)

We differentiate each of these equations with respect to v. Then
multiplying the second by (—1)"*!, where n is an integer, and adding it
to the first, we obtain
2
,d u, du,

X +x
dx*? dx

u, =20, — (-1)_.],  (2.110)

where
8].
V———(— )” > (2.111)

We now let v—n. Then from (2.92), the right-hand side of (2.110)
tends to zero and we find that

u, = lim u, (2.112)

v—n

also satisfies Bessel’s equation and is therefore the required second
solution. Now from (2.107)

1
Y, =— .
=, (2.113)

so that Y, (x) defined by (2.104) is also a solution of Bessel’s equation.
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2.7 Generating function

It is possible to generate Bessel functions of integral order as the
coefficients of particular series. Consider the expansion of the func-

tions > and e~ in powers of ¢:
xt x°f 21 (xey”
=l o —+. .= —(—) .
© 27204 2503) (2.114)
2 @ _l)s x\*
SIS A U S < (—) 2.115
¢ 2" 204 2 (2.115)
Taking the product of the two series gives
x(e—1/1) — < = (_l)S 1 \r+s—s
e => > == (Gx)y*r. (2.116)
r=0 s=o0 '!s!

We now examine the coefficients of various powers of ¢ The
coefficient of {° is obtained from (2.116) by putting r = s and evaluating
the sum of all such terms. The result is

xr Xt

1—?+ﬁ—...=lo(x), (2.117)
using (2.81). Likewise the coefficient of ¢* is J,(x) and that of ™" is
J_.(x). Hence we may write

eB -1 = N 1y (x). (2.118)
The function on the left-hand side of (2.118) is called the generating
function for the Bessel functions and the series on the right is called a
Laurent series (see Chapter 5) rather than a MacLaurin series, since
the summation includes positive and negative powers of t. Various
properties of the Bessel functions can be obtained from the generating
function as follows.

1. Recurrence relations

(a) Differentiating (2.118) with respect to x gives

0

= 1/0e¥ 1" =3 ! (x) (2.119)

or, substituting for the generating function,

@

it—-1/p) i I (x)= D T (x). (2.120)

n=—w n=-—ow
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Hence

o

1Y U -3 D L) = D ).

— n=-—w n=—w

Comparing like powers of ¢ on each side of (2.121) gives

a1 (x) = T ()] = (),
whence
2J0(x) = Jp1(x) = Ty ()

From this relation with » =0, and using (2.92), we have

2J(x) =J_1(x) = Jy(x) = —2Jy(x)
so that
Jolx) = =/i(x)
as in (2.83).
(b) Differentiating (2.118) with respect to ¢ gives

oo

(1 +1/2)e¥ W= pr 1y, (x)

n=-—oo
and hence

@

e D L)+ D L) = D a T (x).

n=-—-oo n=-—ow n=-—oc
Comparing like powers of ¢ on both sides gives

I, (%) + 3xJ, 0 1(x) = nJ,(x),
whence

2n
;Jn(x) =Jn—1(x) +Jn+1(x)'
{c) We have
d , .
o [x"T,(x)] = x"T(x) + nx" ", (x)
= 31" o1 () = Jpsa (0)] + nx" Y, (x),
using (2.123). Substituting for J,,,,(x) from (2.129) gives
d 2n
@] =0 — | 20,0 )|

+ nx" ", (x).

(2.121)

(2.122)

(2.123)

(2.124)

(2.125)

(2.126)

(2.127)

(2.128)

(2.129)

(2.130)

(2.131)

(2.132)
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Hence

d n —_
2y IR = X1 (2). (2.133)

Example 4
I= fszl(x) dx = x*J,(x) + C, (2.134)
where C is a constant, using (2.133). .«

2. Integral formula for Bessel functions

In equation (2.118) we put t=¢€’? to simplify the following analysis.
Since ¢ — 1/t = 2isin 6, we have from this equation

ersinl=> ] (x)= > e, (x). (2.135)
Expanding the final summation and using the relation (2.92) we find
e sinf = Ji(x) + 2[1o(x) cos(20) + Ju(x) cos(46) +. . .]
+ 2i[J,(x) sin 6 + J3(x) sin(36) +. . .]. (2.136)

Taking the real and imaginary parts of (2.136) we have

cos(x sin 0) =Jy(x) + 2 i b, (x) cos(2n8), (2.137)
sin(x sin ) =2 i Jan+1(x) sin[(2n 4+ 1)6]. (2.138)

Multiplying (2.137) by cos(m8) and (2.138) by sin(m8), where m is an
integer, integrating with respect to 6 from 0 to & and using the
standard integrals

f cos(m8) cos(nB) do = f sin(m0) sin(n8) d6 = ind,,,, (2.139)
0 0

(where 9,,, is the Kronecker delta symbol defined in (1.23)), we have

J.(x) when m is even

1 (" '

1 in 6 6) d6 = { 140

nJ; cos(x sin 6) cos(m6) 0 when m is odd, (2.140)
1" when m is even

1 . in 0) si 0)do= { 2.141
- L sin(x sin 8) sin(m9) J.(x) when m is odd. ( )
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Hence, for all n, we have

J.(x) = % fn[cos(x sin 8) cos(n6)

(]

+ sin(x sin 6) sin(n0)] d6 (2.142)
1 T
= [ cos(n@ — x sin 6) d6. (2.143)
0

This integral form is useful in evaluating J,(x) numerically and can
also be used to derive other relations. For example, we can obtain
(2.92) from (2.143) by writing

1 T
J_.(x)= p J; cos(—n6 — x sin ) d6 (2.144)
1 24
= ;J cos(nf + x sin 8) d6. (2.145)
0

Now put 8 = — ¢ in (2.145). Then
]
J_.(x)= ]lr f cos[n(r — ¢) + x sin @p](—d¢) (2.146)

1 T
== f cos(x sin ¢ — n¢ + nm) do. (2.147)
0
Now cos(A + nx) =(—1)" cos A, so that

J_.(x)= ]—1t -1 J;”cos(nqb —xsing)de =(~1)"J,(x). (2.148)

2.8 Modified Bessel functions

The general solution of the equation

d’y  dy
xz@ txo ot (K*x* = vy =0 (2.149)
can be found from the standard form (2.61) of the Bessel equation by
writing ¢t = kx. Then (2.149) becomes

d%y

r—=
dr?

d
+ td—f +(2 =)y =0 (2.150)

which has the general solution

y = AJ,(t) + BY,(t) = AJ,(kx) + BY, (kx). (2.151)
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An important case arises in particular physical problems when
k*= —1. We then have the modified Bessel equation

dy  dy
Pt x——(x*+v)y =0 .
ot (x*+ vy (2.152)
with the general solution (since k = i)
y = AJ,(ix) + BY,(ix). (2.153)
We now define a new function
L(x)=1""J,(ix) (2.154)
and use the series (2.79) for J,. Then
. © (_1)r (ix>v+2r
Lx)=i"Y ———r— (= ,
V) =i ,gor! T(v+r+1)\2 (2.155)
s 1 X v+2r
—Z‘ 'F(v+r+1)< ) ’ (2.156)

which is a real function of x. Similar considerations apply to K, (x)

which is the second solution of the modified Bessel equation (2.152).

I(x) and K, (x) are called modified Bessel functions and their

properties can be obtained in a similar way to those of J,(x) and Y, (x).

The main properties of these functions are given in the next section.
We note finally that the differential equation

2y/dx? = (1 — 1/4x?)y (2.157)
can be solved in terms of the modified Bessel functions. Putting
y =x5u, we obtain the equation

,d’u  du

hadlhas 2y =
x* R +xdx xu=0 (2.158)

which, on comparison with (2.152), has solutions I(x) and Ky(x).
Hence the general solution of (2.157) is

y(x) = Axily(x) + BxtK(x). (2.159)

Another equation which we shall meet in later chapters is

d2 V2 _ 1
o (% +— “)y. (2.160)
Again putting y = x?u, we find
d2 d
rxo &+ v =0, (2.161)

d2
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which the substitution ¢=x/2 converts into the modified Bessel
equation in ¢:

d
PLly t—'t‘ — (P +v)u=0. (2.162)
The solutions, from (2.152), are therefore I,(¢) and K,(¢) so that the

solution of (2.160) is
y(x) = Ax}L,(x/2) + Bx!K, (x/2). (2.163)

2.9 Summary of the main properties of special functions

1. Bessel functions
Bessel’s equation of order v is

x? &y

d
2t xd—i) +(x*—v)y=0. (2.164)

The independent solutions when v is not zero or an integer n are J,(x)
and J_,(x), where

_ x (_1)' (x)v+2r
]V(x)_,gor!l"(v+r+ 1) \2 ' (2.165)
When v =n,
J_n(x) = (=1)",(x), (2.166)
X2 x4 x6
Jo(x)=1—§5+22‘42—22.42'62+.... (2.167)
A second solution Y, (x) exists, in particular (see (2.103))
2 X x?
Yo(x) = p [ln<§> + y]Jo(x) + b5
4 6
* 1 d 1,1
—W(1+5)+m(1 +i+H—..., (2168

where y is Euler’s constant (see (2.23) and (2.24)).
The generating function is

eV = N 1 (x). (2.169)

n=-—ow
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Important recurrence relations are

ZJ;I(X) =Jn—l(x) —‘,n+l(x))
2 100 =D 0) + (),

(note dJy(x)/dx = —J\(x)).
The integral form is

JT

1
J.(x)=— f cos(nB — x sin 6) d6.
T Jo

The following are known as the Lommel integrals:

d l
f(, S (pV(ax) dx = 55 [p1, @V (D)~ 4Pl (D)

for p # ¢, and
2

f(:xl,z,(px) dx =IE [J,',z(pl) + (1 —:T;>Jf,(pl)].

2. Modified Bessel functions
The solutions of the equation
d’y dy
2_+ -7 2+ 2 =0
N T g Y
are the modified Bessel functions /,(x) and K, (x), where
L(x)=i"",(ix), K.(x) =§i"+'[iYV(ix) +J,(ix)].

In particular

2 x4 x6

. X
W=l =1+ s+ grp g et

2

Ko(x) = —L,(x)[ln(%) n y] +%+ o

The graphs of [)(x) and Ky(x) are given in Figure 2.6.

3. Legendre polynomials

Legendre’s equation is

2

d’y dy
1.__ PAET AN, —_ 4 =.
( x)dx2 2x » I+ y=0

45

(2.170)

(2.171)

(2.172)

(2.173)

(2.174)

(2.175)

(2.176)

(2.177)

(2.178)

(2.179)
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If [ is not an integer, both solutions diverge at x=+11. If I=n=
0,1,2,... the solutions are polynomials F,(x) called the Legendre
polynomials, where

dn

—_ 2 _ n
P.(x) Tl e (x°=1)~ (2.180)
In particular
P(x)=1, P(x)=x, Py(x)=3i03x*-1). (2.181)
The generating function is
1 o
= t"P,(x). (2.182)

Vad-2x+13) =,

Recurrence relations are

2n+1 n
P + = Pn T 4 th- » .
(%) P (x) n+1P 1(x) (2.183)
P,ii(x) = P,_i(x) = (2n + )P, (x), (2.184)
(1 =x»P,(x) = —nxP,(x) + nP,_,(x). (2.185)
Figure 2.6
s /
2_
Io(x)
14
Ko(x)
—
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The integral form is
1 TT
P(x) == f [x + V(x> + 1) cos 6] db. (2.186)
0

We also have the following integral:

2
Om-
2n+1 "™

1
f P.(x)P,.(x)dx = (2.187)
-1
Graphs of the first three Legendre polynomials are shown in
Figure 2.7.
Further, the associated Legendre functions are defined by

m+n

woryr L e 1), (2.188)

P(x) = e

2"n!

where 0=<m < n. In Chapter 8 we shall meet the equation

s (0 55) = (14 i)
— 06— = . .
sin 6d6 (sm de At sin? 6/ (2.189)
The solutions are bounded only if A= —n(n + 1) and have the form
y = Pl7"\(cos 6). (2.190)
Figure 2.7

A

Py(x) 1

Py(x)
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4. Laguerre polynomials

The Laguerre equation
2

d2+(1 x)—+ny 0, (2.191)
where n=40,1,2,..., has polynomial solutions L,(x), called the
Laguerre polynomials, given by

X dn
L (x)——'d —(x"e™). (2.192)

In particular
Lyx)=1, Li(x)=1-x, Lyx)=3(x*—4x+2). (2.193)

The generating function is

xt/(l 1) @

2 "L, (x). (2.194)

A useful recurrence relation is
xL;(x)=nL,(x) —nL,_(x). (2.195)

We have the following integral:

f e *L,(x)L,(x)dx = 6b,,. (2.196)
0
The associated Laguerre polynomials are defined by
dm
L7 (x) === L,(x) (2.197)

for n = m and satisfy

d*y

dx2+(m+1 x)—+(n—m)y 0. (2.198)

5. Hermite polynomials
The Hermite equation

d2 d
— + 2 .
262 +2ny =0 (2.199)

has polynomial solutions H,(x), called the Hermite polynomials, when
n=0,1,2,..., given by

n

Ho(x) = (~1ye” L

i ). (2.200)
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In particular

Hy(x)=1, H(x)=2, Hy(x)=4x>—-2.

The generating function is

o= 3 Lo
Important recurrence relations are
H, . ,(x)—2xH,(x)+2nH,_,(x)=0,
H,(x)=2nH,_,(x).

We also have the following integral:
j e *H,(x)H,(x) dx =2"Vmn! é,,,.

The Weber—Hermite function
y(x) =e*"H,(x)

satisfies the differential equation

d*y
Lt -y =0,
where

A=2n+1.
If A#2n + 1 in (2.207), then y is not finite as x — *o,

Figure 2.8

A

Bi(x)

j\X/\X/WO 3

49

(2.201)

(2.202)

(2.203)
(2.204)

(2.205)

(2.206)

(2.207)

(2.208)
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6. Airy functions
The Airy equation

d2
Ex_yi =xy (2.209)
has solutions called the Airy functions, Ai(x) and Bi(x), where
Ai(x) = V(x/3)[1_y(3xh) — GxY), (2.210)
Bi(x) = V(x/3)[I_yGx?) + L(3xH). (2.211)

The integral form for Ai(x) is
1 00
Ai(x) = o f cos(3 + xt) dt. (2.212)
0
The graphs of Ai(x) and Bi(x) are given in Figure 2.8.

Problems 2

1. Use the gamma-function to evaluate

00 ooe—m‘
i e dx, (i [ ——dt, >0).
Q[ x G [ Srd @>0)
2. Show that
1
dx
————=T().
3. Show that

1 1_‘(m+1

nk(m+l)/n >; (k, m,n >0),

Lo o]
J’ xme " dx =
0 n

4. Evaluate [}dx/(1 —x)} using the beta-function.
5. Given

00—t

Ew=[ Sa,

show by integration by parts that

e * 1 2t 3
E ~—(1——+———-+...>.
%) x x x* x
6. Use the beta-function to evaluate

/2 /2

() | V(sin 6)d6, (ii)f V(cot 6) de6.
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. Show using equation (2.79) that

Jyx) = \/<%> sinx, J_y(x)= \/<;2;> cos x

o= (2 )
J_3(x) = \/(ﬂix)(—sinx - coxsx)-

Show, using (2.80) with n =0, that, for o >0,

1
\/(a +1)

Hence show that, in the limit a— 0,

and that

j Jo(x)e™ dx =

LmJO(x) dx=1.

Transform the equation

2

d’y

o —=+ (¥ - vy =0,

where v is a constant, by writing z = e*. Hence obtain the general
solution of this equation.
Show that Bessel’s equation

d2 dy
X );+xd—x+ x—-v)y=0
can be transformed into

d’u v2-1
—+ 1_
dx? ( x? )u 0,

where y =x"*u. Obtain the general solution when v =131 Use
this result to show that for x> v> —}

1
J,(x) ~\Tx (Asinx + B cos x).

Show that the general solution of
d%y

dx2+y 0
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12.
13.

14.

is

Evaluate the following integrals using (2.180) and integration by

parts:

Special functions

y = Vx[AL,(2Vx) + BY,(2Vx)].
Evaluate [ J,(x?) dx, using Example 4.

@) f le3(x) dx, (i) f 1 Po(x) In(1 — x) dx.

Show, using the standard integrals

J'°° cosu du = T
o u?  2[(p)cos(ipm)’
J’ *sin u d T
u= R
o uf 2[(p) sin(3pr)

and (2.212), that

(i) Ai(0)=

1
3r@)’

(i) Ai'(0) =

L
3rd)”

0<p<l,

0<p<2,
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Non-linear ordinary differential
equations

3.1 Introduction

The differential equations met in Chapter 2 were linear in the sense
that they were special cases of the general nth order linear equation

dn

fl(x) )y =g(x), G.1)

dnl

where fi, £, . . ., f,,, g are given functions of x. For such equations the
Principle of Superposition applies: an arbitrary linear combination of
individual solutions is also a solution.

Equations which cannot be written in the form of (3.1) are called
non-linear and, for such equations, the Principle of Superposition does
not apply. A typical first-order non-linear equation is

dy>2 2_ .2
(dx y =x° 3.2)
whereas

d* dy

dx)2)+yd—+6y—smx 3.3)

is a second-order non-linear equation.

There is no general method of solving non-linear equations analyti-
cally and numerical procedures are frequently the only techniques
available. However, some limited types can be solved analytically by
special methods. These are discussed in subsequent sections.

53
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3.2 Equations with separable variables
In general, the first-order equation
dyldx =f(x, y)/g(x, y), 3.4

where f(x,y) and g(x,y) are given functions, will be non-linear.
However, if f(x,y) and g(x,y) are separable so that f(x,y)=
X(x)Y(y) and g(x, y) = U(x)V(y), then

dyldx = F(x)/G(y), (3.5)

where F(x) = X(x)/U(x) and G(y) =V (y)/Y(y). If we multiply (3.5)
by G(y) and integrate both sides with respect to x, we obtain

JG(y) dy=fF(x) dx +C (3.6)

where C is a constant.

Example 1
dy cos’y
e . 3.7
Separating the variables gives
d
fseczydy=f})—c+ C, (3.8)

where C is a constant. Carrying out the integrations and writing
C =1In A, where A is another constant, we obtain

tany=Inx+In A 3.9)
so that
y =tan '[In(Ax)]. (3.10)

A case of a first-order non-linear equation which can be reduced to
separable form is

dy/dx = K(y/x), (3.11)
where K is a given function of y/x only. Writing y = xu(x) gives
d
X E;‘- +u=K(), (G.12)
or
du K(u)—u
i (3.13)

This equation is now of separable form.
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Example 2
y_ Yy
== . 3.14
dx x-—y (3.14)
Writing (3.14) in the form of (3.11), we have
dy  ylx
- T=yix (3.15)
Putting y = xu gives
—tu= .
x o tu=1, (3.16)
or
du u?
—= . 3.1
dx x(1—-u) (3.17)
Separating the variables leads to
1-u dx
J oz du=j;+lnA, (3.18)
where A is a constant. Integrating both sides, we have
1
- In u = In(Ax), (3.19)

so that the relationship between x and y is, on substituting for « = y/x,

;—‘+1n(y/x) + In(Ax) =§+ln(Ay) =0. (3.20)

We note that in Example 2 we cannot determine y explicitly in terms
of x. Although the separation of variables and integration can always,
in principle, be carried out for equations of the type (3.5), there is no
guarantee that y may be found explicitly in terms of x.

It may be possible, after a first integration, to reduce a second-order
non-linear equation to a first-order separable type. We now give an
example to illustrate this.

Example 3

x7=(y—1)—, (3.21)

given that y =1 and dy/dx =1 at x =0.
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Since
d dy) d? d’y dy
5t .
dx ( dx dx’ (3.22)
then (3.21) can be written
d dy) dy dy
— = — 1 -, .
( &) a0 DG (3.23)
or, simplifying,
d( dy dy _d |
dx( dx) Y~ m @) (3:24)
Integrating with respect to x gives
dy _ 2
—=3y"+ A, .
xdx 3y (3.25)

where A is a constant. Applying the boundary conditions, we find that
A= —3, so that (3.25) becomes

D
X =3(y*-1). (3.26)
Separating the variables gives
2 f = f —+1In B, 3.27
Vo1 % (3.27)

where B is a constant. The left-hand side can be integrated by
expressing (y>— 1) in partial fractions. We have

f (—_1_1— —;%) dy = In(Bx), (3.28)
or
ln<y;1> = In(Bx). (3.29)
y+1
Hence
y—1=Bx(y +1), (3.30)
or
1+ Bx
y= (3.31)

1-Bx’
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To find B, we again apply the boundary conditions. The condition
y=1 at x=0 is satisfied by (3.31), and to satisfy the condition
dy/dx =1 at x =0 we need to find dy/dx. From (3.31),

dy 2B

= 3.32

dx (1- Bx)* (3-32)
At x =0, 1=2B, giving B =34. The complete solution, from (3.31), is
therefore

y=""" - (3.33)

3.3 Equations reducible to linear form

In some cases a non-linear equation may be reduced to linear form
and hence solved by standard techniques. The substitution p = dy/dx
may help to carry out this reduction.

Example 4 Consider
+—=]In{y +==)+y=0. :
(y dx Y dx) "7 (3.34)

Differentiating with respect to x, we have

dy dzy) ( dy) dy d* dy
+ — - ., .
( Inly + +—+—+—-=0 (3.35)

Eliminating the logarithm between (3.34) and (3.35) gives, on multi-
plying through by y + dy/dx,

dyd’y _(dy\* dy
aaz‘l’Z(d—x) +y d—x—O (336)

Hence either dy/dx =0 or d’y/dx*+2dy/dx +y =0, both of which
are linear equations. The possible solutions are therefore
y=C 3.37)
and
y=e *(Ax + B), (3.38)

where A, B and C are constants.
We now determine the values of these constants so that (3.37) and
(3.38) satisfy (3.34). Inserting y = C into (3.34) gives

ClnC+C=0, (3.39)
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so that C=0 or C=e"'. In the case C =0 the expression ClInC is
undefined. Hence the solution is C =e™' giving

y=e L. (3.40)

For y=e *(Ax + B), y +dy/dx = Ae™. Inserting these into (3.34),
we have

Ae " In(Ae ™)+ e *(Ax + B) =0. (3.41)
Cancelling e ™ and using In(Ae™ ) =In A — x, we find

A(lnA—x)+Ax+ B =0, (3.42)
so that
AlnA+B=0. (3.43)

Substituting back for B, we have a solution
y=e *(Ax — Aln A), (3.44)
where A is an arbitrary constant which can be found by imposing a

boundary condition on y. .«

Example 5 Consider

dzy dy 2
P + 2(5) = yz, (345)

where y =% when x =0 and dy/dx =} when y = 0. Putting

p =dy/dx, (3.46)
we have
d*y/dx*=pdp/dy. (3.47)
Now (3.45) becomes
pdp/dy +2p*=y>. (3.48)
This can be written
35 P+ 2=y (3.49)

which is a linear first-order equation in p°. Putting z =p? in (3.49),
we find

dz/dy + 4z =2y?, (3.50)

which may be solved by multiplying by the integrating factor e*.
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Accordingly,
— (ze"y) 2y%e?, (3.51)
and hence

ze¥ =2 jy2e4y dy + C, (3.52)

where C is a constant. Performing the integration and dividing by
e® gives
z=42—dy+&+Ce™¥. (3.53)

From the boundary conditions, z = (dy/dx)*= {5 when y =0. Hence
C=0and

=Yy’ iy +1 (3.54)
Taking the square root,

p= o= VI -+, (3.55)

the positive sign being chosen so that p =} when y = 0. The variables
may now be separated giving

I
\/2[\/[0 myvorn +A, (3.56)

where A is a constant. Hence

1
\/Esinh-l(y i “) —x+A. (3.57)

4
Now y =1 at x =0, so A =0. The solution for y is therefore

=[1 +sinh(x/V2)]. - (3.58)

3.4 Bernoulli’s equation
A linear equation of the type
dy/dx + P(x)y = Q(x) (3.59)

may be solved, as in Example 5 above, by multiplying by the
integrating factor exp(f P(x) dx). The non-linear equation

dy/dx + P(x)y = y"Q(x), (3.60)
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where n+#0, 1, is often called Bernoulli’s equation. Using the
substitution

1/y" =z, (3.61)
then
dy dz
1—n)y "= :
A=n)y™ = =—", (3.62)
and (3.60) becomes
1 dz
ma‘l’P(x)Z—Q(x). (3.63)

This is now of the linear form (3.59) and hence may be solved by the
integrating factor method.

Example 6 Consider

dy/dx + 2y = xy>. (3.64)
Hence
ldy 2
—=—+==1x, 3.65
y3dx y2 ( )
and therefore
Ly 2 >
2dx y2 y2 =X. ( . )
Writing z = 1/y?, we have
dz/dx —4z = —2x. (3.67)
Multiplying by the integrating factor e~*, we find
e Yz=-2 J’xe_“’t dx + C, (3.68)

where C is a constant. Performing the integration and multiplying by
e* gives
1
z=;=%x+§+€e4"‘ - (3.69)

Sometimes it is not obvious how an equation can be converted into
Bernoulli form. It may be helpful to invert the equation, that is, to
regard it as an equation for x in terms of y (where y is the independent
variable and x is the dependent variable). To illustrate this, we give
the following example.
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Example 7 Consider
d
x1-0) Loy =0, (3.70)
dx

whence

dy _ 2y

de —m. (3.71)

This would seem to be difficult to solve but, by inverting, we obtain

d 1—xy? 2
dx_ _xA-xy)_ x Xy 3.72)
dy 2y 2y 2
and so
d 2
oA L1 (3.73)

dy 2y 2

We see that (3.73) is an equation of Bernoulli type when viewed as an
equation for x in terms of y. Letting z = 1/x, then

dz z y
———=—C, .74
dy 2y 2 (3.74)
for which the integrating factor is y . Hence
zy_5=—f§y"% dy + C, (3.75)
giving
z=—4y2+ Oyt (3.76)
The relationship between x and y is therefore
1
o= -2+ oyt - (3.77)

3.5 Riccati’s equation
Riccati’s equation is
dy/dx = p(x)y*+ q(x)y + r(x), (3.78)

where p, g and r are given functions of x. Suppose one solution of
(3.78) is known, say y = S(x). We then put

y =8(x) +1/u(x). (3.79)
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From (3.79) and the differential equation (3.78), we obtain

L p()S +q()S + r(x) +28), 23, 40) 5 g)
But, since S is a solution of (3.78),
dS/dx = p(x)S* + q(x)S + r(x), (3.81)
and (3.80) becomes
dufdx + [2p(x)S + g(x)]u + p(x) =0. (3.82)

This equation is of standard first-order linear form which may be
solved by the integrating factor method. Here the integrating factor is

v= exp{f [2p(x)S(x) + q(x)] dx}, (3.83)
and consequently u(x) may be obtained.

Example 8 Consider

d 1 1
—y=y2+—y———1. (3.84)
dx x° x
Here y =1 =8(x) is a solution. Hence putting
y=1+1/uy, (3.85)
as in (3.79), we find
dufdx+ Q2+ 1/x)u=-1. (3.86)
For this equation the integrating factor is
exp[f 2+1/x) dx] = xe*, (3.87)
whence
uxe™ = [ —xe*dx + C, (3.88)
where C is a constant. Integrating and dividing by xe*,
C —2x
u=—e2 - (xe? — le*). (3.89)
x x
From (3.85) finally
1
y=1+C—_—1. - (3.90)
e —1+—
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3.6 Special forms of Riccati’s equation

1.
In (3.78) we consider first the case of p(x) = —1 so that
dy/dx + y* = q(x)y + r(x).
Writing
_1d:

so that

(3.91) becomes
d2
g - rw)z =0

63

(3.91)

(3.92)

(3.93)

(3.94)

This is a linear second-order equation for z and appropriate methods
may now be applied (for example, the Frobenius series method used in
Chapter 2 if ¢ and r are simple polynomials). We note that if

p(x)=+1 in (3.78), then the substitution
_ 1ldz

© zdx
will give the equation
d*z
g T4z =0
This is also a linear equation.

2.
Secondly we consider the case of g(x) =0 in (3.78) so that

dy/dx = p(x)y* + r(x).

(3.95)

(3.96)

(3.97)

We now make a change of the independent variable x to x’, where x’

is defined by

dx'/dx = p(x),
or
x’' =fp(x) dx.
Then
dy_dyds_ o dy
dx dx dx P4

(3.98)

(3.99)

(3.100)
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Hence from (3.97) we have

PO) 2= (e + r(0). (3.101)
Equation (3.101) may be written as
dy/dx' =y*+f(x"), (3.102)
where
&) =rlx@))/plx(x))] (3.103)

is found using the relationship (3.99) between x and x' (this may be
difficult to obtain in many cases since x' is explicitly given in terms of
x, but not vice-versa). Equation (3.102) may be transformed to linear
form since it is a Riccati equation with p(x)= 41 as discussed in
1 above.

Example 9 Consider
dy/dx = 2xy* — 2x°. (3.104)

This is a case of (3.78) with g(x) = 0. We therefore change the variable
from x to

x' =f2xdx =x2, (3.105)

following (3.99). Then
dy _dydx’_, dy
dx dx' dx dx'
and substituting this into (3.104) and cancelling 2x gives
dyldx' =y*—x*=y*—x'. (3.107)

This is now a Riccati equation for y in terms of x’ with p(x’) in (3.78)
equal to +1. Following (3.95), we put

1dz

(3.106)

Y= (3.108)
and obtain from (3.107)

d2

sz =x'z. (3.109)

This is Airy’s equation discussed in Section 2.9 and hence a solution
for z in terms of x’ may be found in terms of Airy functions. The
solution for y is then obtained from (3.108) and finally substituting x>
for x' from (3.105). -
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3.7 The Lane—-Emden equation

The form of this equation is
d’y 2dy
—S+-—4y*=0, 3.110
d xdx Y ( )
where « is a constant. Solutions which satisfy the boundary conditions

y=1, dy/dx=0 at x=0, (3.111)

are called Lane—Emden functions. Exact solutions are known when
a =0, 1 and 5. In the cases &« =0 and o = 1, the equation is linear and
the solutions are easily found. When o =5, let

1
x=e, y =\72e"2u(t). (3.112)

Then after some algebra we find
dduldf —u+u’=0. (3.113)
Now writing v = du/dt, so that d°u/dt* = v dv/du, (3.113) becomes
dvdv/du—u+u’=0. (3.114)
This equation may be integrated with respect to u to give
08— 3w+ fut=C, (3.115)

where C is a constant. From the boundary conditions (3.111) and the
transformations (3.112), we see that x =0 corresponds to t— ~ and
hence u and du/dr must tend to zero as t— o, Hence u=v=0 as
t—> o and so, from (3.115), C =0 giving

vi=4u? - Hub, (3.116)
or
v =du/dt=1uV(Q —iu*). (3.117)
Separating the variables and integrating, we have
du
2f———=fdt=t+A, 3.11
uV({1 —u (3.118)

where A is a constant. To evaluate the integral on the left-hand side,
we put u* =3 cos® 0 so that

t+A=—f sec 8 d6 = —In(sec 6 + tan 6). (3.119)
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Taking the exponential of both sides yields, with B =e™*,

Be " =sec 0 + tan 6. (3.120)
Using cos 6 = u?/V/3 and x =e™, we find

V3 3
Bx=—+ (——1), 3.121
X 02 u ( )
the solution of which is
2V3Bx
= — . 3.122
“ \/<1 + Bzx2> ( )

From (3.112), the solution for y is
V3B
=) 3129
Applying the boundary condition (3.111) that y =1 when x =0 gives
B =1/V3 and, finally,

y=1/V(1+ix). (3.124)

3.8 The non-linear pendulum
The non-linear equation
d?0/df* + w*sin =0, (3.125)

where w is a constant, is called the non-linear pendulum equation and
may be solved in terms of a class of integrals known as elliptic
integrals. Multiplying (3.125) by 2 d6/dt and integrating, we have

(d6/dt)* =2w?*cos 6 + C, (3.126)

where C is a constant of integration. Assume, for example, that
d6/dt =0 when 6 = a. Then C = —2w” cos @ and

(d6/dt)* = 2w*(cos 8 — cos ). (3.127)

Taking the square root, separating the variables and integrating, we
have

t= ! J' ’ 46 (3.128)
oV2 Jy V(cos 8 —cos a)’ '
assuming 6 =0 when r=0. If t =T at 8 = 0,, then
1 61 dae
T (3.129)

- wV2Jy V(cos 0 —cosa)
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Using
cos 8 =1-2sin*(6/2), cosa=1-2sin’*(a/2), (3.130)
(3.129) becomes

ro L' 40 . (3.131)
20 )y V[sin¥(«/2) — sin*(6/2)]
Now writing
sin(@/2) = k sin ¢, (3.132)
where k =sin(a/2), then
oT = fo " m, (3.133)

in which & sin ¢, = sin(8,/2). The integral in (3.133) is referred to as
an elliptic integral of the first kind and is usually denoted by

___d¢
V(1 - k?sin® ¢)’

with 0=k =<1. Similarly, the elliptic integral of the second kind is
defined by

]
F(k, ¢,)= fo (3.134)

E(k, ¢,) = fo "NV = K sin ) dop, (3.135)

where, as before, 0 <k < 1. In both cases the elliptic integrals are said
to be complete if ¢, =x/2 and are then denoted by F(k) and E(k),
respectively. Graphs of F(k, ¢,) and E(k, ¢;) are shown in Figures
3.1(a) and 3.1(b). We see that (3.133) gives T explicitly in terms of ¢,
but not vice-versa.

We mention here that other integrals may be expressed in terms of
the above elliptic integrals and hence evaluated by consulting tables of
values (see reference on page 22).

Example 10 Evaluate

/6 dd)

b V(1 —4sin’¢)’
Putting 4 sin” ¢ = sin” 6, we obtain

/2 de
L=%] ————s—= F(l,
T2 V(1 -1sin?6) 2

L= (3.136)

Nl
SRS

) —1F(L). A (3.137)
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Example 11 Evaluate

} dx

Putting x = sin ¢, we obtain
/e cos ¢ do
o V(3—4sin® ¢ +sin* ¢)

However, 3 —4sin® ¢ +sin® ¢ = (3 —sin® ¢)(1 —sin’ ¢) = (3 —sin’ ¢)
cos® ¢. Hence

L= (3.139)

_L(t de 11 a
L=, V(l—%sin2¢)_\/3F<\/3’6>' - (3.140)

3.9 Duffing’s equation

In its simplest form Duffing’s equation is
d’y/dx*+ ay + by’ =0, (3.141)

where a and b are constants. We proceed, as in the case of the

Figure 3.1
F(k.¢1)
A '4
24 1
k=
V2 Ek91)
k=1 A
_ L
k=
1* k=0 1 k=0
k=1
» ¢ » ¢
0 A ! 0 L k
2 2

(@) (b)
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non-linear pendulum equation, by multiplying (3.141) by 2dy/dx.
Then

dy d’y dy
22 _o—ay — by 2. .142
el 2y —by) oo (3.142)
This equation may be integrated directly to give
d 2
<—X) =C —ay*—by*, (3.143)
dx

where C is a constant of integration. Taking the square root of (3.143)
and separating the variables, we find

f\/(C—ay e =t B (3.144)

where B is another constant. For particular values of a, b and C, the
left-hand side can be expressed in terms of an elliptic integral.

Example 12 1f
2yldx* = ~3y + y?, (3.145)
with boundary conditions y =0 and dy/dx =1 when x =0, find the

x-value for which y = 1.
Proceeding as above, we have

dydy . 5 o 54y
2dxdx2_2( 3y +y )dx’ (3.146)
which on integration gives
(dy/dx)*=C —3y*+3y%, (3.147)

where C is a constant. Since y =0 when dy/dx =1, we find C=1 and
dy/dx =V(1—-3y*+ iy*). (3.148)

Separating the variables and using y =0 when x =0,

— = 3.149
f V(1 -3y? + ) ( )
The value of x, x, say, for which y =1 is
——~—————————. (3.150)
J' VA -3y + 1y

Now putting y =sin ¢, we have dy = cos ¢ d¢ and
1-3y?+3y*=4(2 - 3sin® ¢ +sin* ¢) = (1 — 3 sin’ p) cos®* ¢. (3.151)
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Hence

Xo= fo mﬁ(p—) - F(%) (3.152)

using the definition of the complete elliptic integral of the first
kind. -

In general, it is extremely difficult to obtain analytic (closed form)
solutions to Duffing’s equation. However, a technique known as the
phase-plane method is useful in finding the nature of the solutions of
(3.141) for any a and b values and given initial conditions. We define

dy/dx = w, (3.153)

so that (3.141) becomes
dw/dx = —ay — by>. (3.154)
The equations (3.153) and (3.154) are now a particular case of the

general system

dy/dx = P(y, w),} (3.155)

dw/dx=Q(y, w),
where, for Duffing’s equation,
P(y,w)y=w, Q(y,w)=—ay— by’ (3.156)

It is for a system of the form (3.155) that the phase-plane method is
appropriate. By eliminating x from (3.155), we have

dy P(y,
& _PGw) (3.157)
dw  Q(y, w)
In particular, for the Duffing equation,
d
. ¥ (3.158)

dw  ay +by*’

Separating the variables and integrating, we find the solution of
(3.158) to be

lay* + iby* + Iw?=C, (3.159)
where C is a constant determined by the initial conditions. The
(y, w)=(y, dy/dx) plane is called the phase-plane and the nature of
the solution (3.159) of (3.158), as represented by the curves of y and w

in the phase-plane for different values of C, yields some information
about the solution of Duffing’s equation, but does not give the solution
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itself. For example, it can be shown that the existence of simple
(non-intersecting) closed curves in the phase-plane implies the exist-
ence of periodic solutions of the original equation. Specifically,
Duffing’s equation will have periodic solutions if there exist simple
closed (y, w) curves described by (3.159). To illustrate this, we
consider the following values of a and b:

1.a=1 b=2
In this case (3.159) becomes
Yy +w?=2C (3.160)

The graph of this family of curves is shown in Figure 3.2. From
(3.160), we see that it is not possible to have C <0 for any initial
conditions. For any value of C =0, the curve is closed, which indicates
that only periodic solutions of the equation exist for these values of a
and b.

2.a=1,b=-2
In this case (3.159) becomes
yt—yr—w*=-2C. (3.161)

Figure 3.2

1




72 Non-linear ordinary differential equations

The graph of this family of curves is shown in Figure 3.3. If 0s C <3}
both open and closed curves exist in the phase-plane, whereas if C <0
or C=} only open curves exist. Hence, periodic solutions of the
equation exist only if the initial conditions are such that 0< C <4, and
at t=0 the point lies within the shaded region of Figure 3.3. An
example of this is shown for C = 5. The phase-plane method is also of
importance in problems of stability of solutions of non-linear systems
of the form (3.155). The technique requires knowledge of the fixed or
critical points (yo, wp) of (3.155) defined by

P(yo, o) = Q(yo, wo) =0. (3.162)

The stability problem is not central to our discussion of obtaining
solutions of non-linear equations and, accordingly, we shall not pursue
it here.

For the Duffing equation, the differential relation (3.158) defining
the curves in the phase-plane is simple to integrate since the variables
may be separated. This may not be the case for other non-linear

Figure 3.3
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equations. For example, the van der Pol equation

d’y , o dy
b A —1)Z+y=0, 3.163
e pu(y —1) o ( )

where u is a constant, has curves in the phase-plane defined by

dy w

This cannot be integrated by separation of variables but solution
curves can be sketched using, for example, the method of isoclines'.

For a more detailed account of analytic techniques for studying
non-linear differential equations, including stability problems and
chaotic behaviour, the reader is referred to a standard text’. In
general, however, non-linear equations require numerical methods for
their solution.

Problems 3
1. Obtain a solution of the equation
yy'+ ('Y =2,
given y(0) =0 and y'(0) = V2.
2. By writing dy/dx = p, solve
" 1 !
Y ==(y)Y=5%%
y
given y =dy/dx =1 when x = 1.
3. By writing xy’' —y = v(x), solve
X" = (xy’ = y)*
4. By writing e = z, solve

—e¥ = 1
y In x xinx’

S. Show that the equation
Y'=xy +2y°+3

" E. Kreysig, Advanced Engineering Mathematics (Wiley, New York, 1988)
Section 1.10.

* D. W. Jordan and P. Smith, Nonlinear Ordinary Differential Equations,
(0.U.P, Oxford, 1987)
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has a first integral y’ = ix + y%. By finding the general solution of
this Riccati equation in terms of Airy functions, obtain a solution of
the original equation containing one arbitrary constant.

Verify that
e e5)
where C is a constant, satisfies Pinney’s equation
Y +px)y =Cly’,
where u and v are independent solutions of
2"+ p(x)z=0

and W =uv' —vu'. (For equations with no first derivative term
dz/dx, W, the Wronskian, is a constant). Hence show that

y = V(sin?x + 2 cos? x)
is a solution of

Y +y =21y’
Show that

o eyt d)
i [V 8’2‘)23]dx=35(%),

where F and E are elliptic integrals of the first and second kinds,
respectively.
Show that the inhomogeneous Duffing equation

y" +ay + by = A cos(3wt)
has an exact solution
4A\}
y= <7> cos(wt),

provided
w?®=a +3(A%/4)}.



4

Approximate solutions of
ordinary differential equations

4.1 Power series

We begin by recalling briefly some elementary ideas. Linear equations
of the form

dy _
d—x+f(x)y—0 4.1
or
d’ dy _
E’fp(x)d—xﬂl(x))’—() (4.2)

can be solved in many cases by substituting a Taylor series expansion
about some fixed point x, of the form

y= 20 a,(x — xo)". 4.3)

Provided f(x), p(x) and g(x) are also expressible as Taylor series
about x,, then the coefficients of like powers of x — x, may be equated
in the differential equation and, by solving for the coefficients a,, the
solutions of the equation may be obtained. We shall mostly be
concerned here with the case x, = 0 for which the series (4.3) becomes
a MacLaurin series.

Example 1 Consider

dyldx=2e""—y, (4.4)

given that y(0) = 0.
75
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Writing y = X, _¢a,x", substituting this into (4.4), and expanding
e™* as a power series, gives

o x2 x3 Y
Ea,,nx"“1=2<1—x+———+...>—2 a,x". 4.5)
=0 20 3! a0
The lowest power of x on each side is x°, and equating coefficients of
powers of x°, x', x%, x*, . .. gives, respectively,
(11=2—a0, (4.6)
2(12= —2'—01, (4‘7)
2
3a3=i—a2’ (48)
2
4a4= _i—a3) (4‘9)

and so on. Hence, since y(0) =0, a, =0 and therefore

a1=2, az=_2, a3=1, a, = —%, (410)
giving
yx)=22x—2x*+x>—Ixt+. ... (4.11)
The coefficient of x” for n =1 is easily seen to be
2(-)" !
= . 4.12
= =) (4.12)
Hence, applying the ratio test for convergence, we find
|an+l/an| = 1/” (413)

Consequently the series (4.11) converges for all values of x since the
ratio of the (n + 1)th term to the nth is x/n, which tends to zero for
any finite x as n — . The exact solution of (4.4) is easily found by the
integrating factor method to be y(x)=2xe™, of which (4.11) is the
MacLaurin expansion.

This method is equivalent to assuming a MacLaurin series

2

y(x) = y(0) + xy'(0) +% y(0) +. .. (4.14)

and obtaining the derivatives of y by successive differentiation of the
equation. From (4.4),

d’y/dx*= —2e™* — dy/dx (4.15)
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and, in general,

dny B B dn—ly
=(=1)y"12¢™* - . 4.16
== (-l 2e = (4.16)
Hence, at x =0,
y(0) =2(=1)""" = y"=(0). (4.17)

Since y(0) =0, we find from (4.17) that y'(0) =2, y"(0) = —4 and so
on. On substituting these into (4.12) we again obtain the solution
(4.11). -«

Although the power series method is readily justified in the case of
linear equations, it is more difficult to justify its use for non-linear
equations of the type dy/dx = f(x, y). Proofs of convergence and of
the existence of solutions are complicated in the case of non-linear
equations, and power series methods should be used with caution. We
illustrate this with an example.

Example 2 Consider

dy/dx = x — y*, (4.18)

given that y(0) = 0.
Writing, as before, y = ¥,,_o a,x" and substituting in (4.18) gives

a; +2ax +3asx*+. .. =x—(ap+a;x+...)% (4.19)

Comparing coefficients of like powers of x gives

4= —d, (4.20)
2a,=1-2aya,, (4.21)
3a; = —2aqa, — a2, (4.22)
da,= —2a,a, — 2a,a5, (4.23)
Sas= —2a,a;—a:—2aya,, (4.29)

and so on. Since y(0) =0, we have from the original series a,=0.
Hence, from (4.20)-(4.24),

a,=0, a,=3 a;=0, a,=0, as;=—%, (4.25)
and so on. We have finally

yx)=3x— kx> +. ... (4.26)
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Although a series solution can be generated in this way, it is difficult to
find an expression for the general term and hence to prove
convergence. .

4.2 Frobenius series

In the case of the second-order equation

2

%+p(x)%+q(x)y =0, (4.27)
where p(x) and g(x) are given functions, a power series solution does
not necessarily exist. However, provided p(x) and g¢g(x) are
differentiable and single-valued at a point x, (that is, they are regular
at x,), then x, is called an ordinary point of the equation and a Taylor
series centred at x, will provide the solutions. If, however, x, is not an
ordinary point but nevertheless

lim (x — xo)p(x) (4.28)
and
lim (x — x0)’q(x) (4.29)

X—=Xx(

are finite at x,, then x, is called a regular singular point of the
equation and near this point it is possible to find at least one solution
of the form

@

y()= 2, an(x —xo)™"", (4.30)
where m is some number. If (4.28) and (4.29) are not finite, then x, is
an irregular singular point. The series (4.30) is known as a Frobenius
series and has been used in Section 2.5 to develop the solution of the
Bessel equation. In applying this method, certain special cases arise
depending on the two values m,; and m, of m. If these values are
identical or differ by an integer, then only one solution can be found
by this method. This was the case with the Bessel equation of integer
order n for which m;—m, is an integer 2n and (see (2.92))
J_n(x) = (=), (x).

We now give a few examples of equations, taking x, = 0 as the point
of expansion.

d d
i —<+x—+2y=0. .
() » x » y (4.31)



4.3 Picard iterative method 79

For this equation x =0 is an ordinary point and power series
solutions exist.
d’y 3dy 1
(i) =t

dx

- =0. 4.32
xdx  x2? (4.32)
Here x =0 is a regular singular point since lim,_,,x(3/x) =3 and
lim, o x*(1/x*)=1 are finite. At least one Frobenius series
solution exists.

1d
—=+S5—=+xy=0. )
(iii) 2T 0 (4.33)

In this case x=0 1is an irregular singular point since
lim,_,o x(1/x%) does not exist.

We note that x =0 is a regular singular point of the Bessel equation
(2.61) since lim,_ oxp(x)=1lim,_ox(1/x)=1 and lim,_,x’q(x)=
lim,_q (x> — v*) = —v* are finite. The application of the Frobenius
series method follows that of Section 2.5 and we shall not illustrate the
method further.

4.3 Picard iterative method

Consider the standard first-order equation
dyldx =f(x, y), (4.34)
with y(x¢) = y, given. Equation (4.34) has the formal solution
vy =A+ [ ) dx, (439)

where, since y(xo) = yo, A = ¥o.
A sequence of functions yy, y,, . .., y, is generated as follows: first
we insert y, into the right-hand side of (4.34) to get

dy,/dx = f(x, yo). (4.36)
Solving for y; and inserting this into (4.34) gives
dyZ/dx =f(x) )’1), (437)
and so on. Hence we form the sequence by iterating the relation
Yuei) =30+ [ G d (4.38)
where n=0,1,2,..., from (4.35). It can be proved that this

sequence tends to a solution of (4.34) on some interval of x, except in
particular circumstances (see Example 6).
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Example 3 Consider
dy x*+y?
— = 4.39
dx x ( )

given y(0) = 0. (This is a Riccati equation - see Section 3.5.) Then

X .2 + 2
Yurr(X) =0+ f XAyl 4o (4.40)
0 X
Hence
2
X
» ==, (4.41)
24 (x2/2)2 x2 x*
»aAx) = f =2t (4.42)
*x*+ (x2/2 +x*/16)? x> xt x® X8
ys(x) = dx = ERETRETRETYTE (4.43)

Each of these approximations is a finite series. This sequence
approaches the exact solution as n— .

Example 4 Consider

dy/dx =x +siny, (4.44)
with y(0) = /2. Then
yn+1(x)=§+f (x +sin y,) dx. (4.45)
0
Hence
AN n x?
)’1(X)—E+J; (x+1)dx—-§+3+x. (4.46)
However,
Tt (* (T x?
Y2(x)—5+f0 [x+sm(§+3+x>]dx (4.47)

cannot be integrated analytically, and so the next function in the
sequence cannot be found except, perhaps, for sufficiently small values
of x for which the sine term in (4.47) may be expanded. .«

The Picard method of successive approximation may be used on a
system of equations. Suppose we want to solve for y(x) and z(x),
where

dyldx=f(x,y,z), dz/dx=g(x,y,2), (4.48)
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given, say, y(0) =y, and z(0) = z,. Then the iterated sequence is given
by

Yn+1=Yo +f f(xr Yns Zn) dx’ Zpe1 = 20+f g(xr Yns Zn) dx.
0 0
(4.49)
Example 5 Consider

dy/dx=x+z, dz/dcx=x-y? (4.50)
where y(0) =2, z(0) = 1. Then

yl(x)=2+f (x+1)dx=2+x+3x?% (4.51)
(1]

zix) =1 +f (x =29 dx =1—4x + 3x% (4.52)
0
Similarly

yz(x)=2+J (x+1—-dx+3xP)de=2+x—-3x*+ &3 (4.53)
0

"X

zz(x)=1+f (x=R+x+3xP)de=1—-4x —3x>— x> — ix* — Hx°,
0
(4.54)

and so on.

The Picard method does not always provide a non-trivial solution as
we demonstrate in the next example.

Example 6 Consider
dy/dx =Vy, (4.55)

given y(0) = 0. Exact solutions of this equation are y =0 and y = ix*.
Applying the Picard method, we find

$uer) =50+ [ Vinw) v (4.56)

Hence
yl(x)=0+jx0dx=0, (4.57)
Y2(x)=0+fX0dx =0, (4.58)

and so on. For this equation, the Picard method only generates the
trivial solution y = 0. _«f
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The failure in Example 6 to produce the non-trivial solution is
related to the Lipschitz condition which states that for the general
equation (4.34), |3f/3y| must be finite in the range of integration for a
non-trivial solution to be generated. In Example 6, f(x, y) = Vy and
hence |3f/8y| = 1/2Vy which tends to infinity as y — 0.

4.4 Perturbation series

An important technique for solving non-linear ordinary differential
equations is the perturbation method. This method requires that the
equation is non-linear in virtue of a small parameter, say €. By
expanding the dependent variable y(¢), say, as a power series in € we
generate a solution to any desired order in €. Consider the following
typical example.

Example 7 Duffing’s equation (see Section 3.9) has the form
d’y/df* + ay + by*=0. (4.59)

Suppose we take the case where a=1 and b = ¢, where € is a small
parameter. Suppose also that y(0) =1 and y’(0) = 0. We expand y as a
series in €, as follows:

y(O) =yolt) + en() + () +. . ... (4.60)
Substituting this series into (4.59) gives
dyyy dy  ,d%, )
—Dte—+e =+, ..
( ac " af " ¢ ar
+(yot+ ey +€y,+...)+e(yo+ey+...)Y=0. (4.61)

Equating to zero the coefficients of successive powers of € gives

d%yolde* + yo =0, (4.62)
d*y,/dt* + y, + y3 =0, (4.63)
d?*y,/dt* + y, + 3ydy, =0, (4.64)

and so on. Now, given y(0) =1 and y'(0) =0, we have from (4.60) on
equating powers of €, yo(0) =1, y;(0) =0,

y(0)=y(0)=...=0 (4.65)
and
y1(0)=y3(0)=...=0. (4.66)
Hence (4.62) gives
Yo(t) = cost, (4.67)
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whilst (4.63) gives
d?y,/dt* + y, + cos®t = 0. (4.68)

This is a linear equation with constant coefficients which can be solved
by elementary methods. Writing cos® ¢ = }(cos 3t + 3 cost), we find
using (4.65) and (4.66) that

yi(t) = — A(cost —cos 3t) — 2 ¢ sin t. (4.69)

This may be inserted into (4.64), together with (4.67), to give y,(t) and
so on, giving a solution of the form (4.60) to whatever order in € is
required. .

The previous example is only meant to illustrate the general
approach. The method may also be applied to the van der Pol
equation (see (3.163)) where p is a small parameter. To proceed
further would take us too far into technical details (see reference * on
page 73).

4.5 Normal form

In the following sections we shall be dealing with approximation
methods for solving second-order linear differential equations in
normal form for which there is no first derivative term. This is no real
restriction since any second-order linear differential equation can be
cast into normal form as we now show.

Consider the equation

dy dy
W+p(x)a+q(x)y =0. (4.70)
Now let y = u(x)v(x). Then
u'v+2u'v' +uv” + p(uv’ +vu') + quv =0. (4.71)
We now choose u so that the first derivative term in v’ vanishes by
putting
2u’ + pu =0. 4.72)
Hence
u'lu=—3p, (4.73)
giving

u=A exp{—% fxp(x) dx}. (4.74)
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Here A is an arbitrary constant of integration which may be taken
equal to unity without loss of generality since u occurs in every term of
(4.71). Inserting u’ and u", obtained from (4.74), into (4.71), we find

d*v ldp
—+ .
dx? (" 2 dx ”) =0 (475)
Hence the solution of (4.70) may be obtained from (4.74) and the
solution of (4.75), which is an equation in normal form.
Example 8 Reduce
d
—+x—+4xy=0 (4.76)

to normal form and hence obtain its general solution.
Proceeding as above with p(x)=x and q(x)=3x* we find from
(4.74)

u= exp{—% f x dx} =e ¥ (4.77)
and from (4.75),
d*v/dx* + (Gx* =3 - xHv =0 (4.78)
or
d*v/dx* — v =0. (4.79)
Hence
v=Ae"V?+ Be™V? (4.80)
and finally therefore
y =uv =e ¥ (4e”’V? + BeV?), (4.81)

where A and B are arbitrary constants.

4.6 The W.K.B. (Wentzel-Kramers—Brillouin) approximation

This is a method of obtaining an approximate solution to any linear
second-order differential equation in normal form when the second-
order derivative term is multiplied by a small parameter. The form we
shall consider is

2d%y/dx* =f(x)y, (4.82)

where € is a small parameter, f(x) is a given function, and y is given
at, say, two particular x-values in some range. An important occur-
rence of (4.82) is the Schrodinger equation in quantum mechanics. We
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note that, as € — 0, the equation is singular in the sense that the order
decreases from second to zero order when € is set equal to zero. We
must therefore expect the solution to be singular as €—0. For
example, consider

e*d*y/dx*+y =0, (4.83)
subject to y(0) =0, y(1) = 1. This equation has the exact solution

_sin(x/€)

y(x)= sin(l/<)” (4.84)
Both sin(x/€) and sin(1/€) rapidly oscillate as € — 0 for any given x in
the range and (4.84) becomes undefined at € = 0.

For equations of the type (4.82), the W.K.B. method gives an
approximation which is often close to the exact solution over much of
the range. In attempting to find an expression for y(x) as a power
series in €, we must have a series which is singular as e - 0. We adopt

the trial expression for y(x) in the form

y(x)= exp{% fx [So(t) + €5,(2) + €2S:(e) + . . . ] dt}, (4.85)

which is singular as e — 0. Here Sy(¢), S|(¢), . . . are functions which
will be determined by the method. We could have a multiplying
constant in front of the exponential in (4.85) if we wished but, instead,
by leaving the integral as an indefinite one, we can always fix the lower
limit by knowing some initial or boundary conditions on y(x). From
(4.85),

dylds =2[S,(0) + €S0 + (D) +. Iy (486)
and

+ % [So(x) + €S](x) + €285(x) + . . .]}y(x). (4.87)

Hence, inserting (4.87) into (4.82) and cancelling y(x) on both sides,
[So(x) + €S,(x) + €2S(x) +. . .]
+ €[SH(x) + €S1(x) + €2S5(x) +. . .] =f(x). (4.88)

Equating like powers of € on each side of (4.88) gives an infinite set of
equations from which §,, S, S,, . . . can be determined. The first two
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of these are

Sa(x) =f(x), (4.89)
285(x)Si(x) + So(x) = 0. (4.90)
Hence, from (4.89),
So(x) = £[f (), (4.91)
while from (4.90)
Si1(x) = = So(x)/28y(x). (4.92)

In the expression for y(x) in (4.85), we require a term
exp[[* $i(¢) dr]. The integral of S, from (4.92) is simply —3 In[Sy(x)] so
that

eXPUX $it) d’] =[S = [f@)] ™, (4.93)

using (4.91) (apart from constants which again can be combined into
the specification of the lower limit of integration).

The W.K.B. approximation consists of neglecting all terms in (4.85)
of order € and higher, so that only Sy(x) and S;(x) are required.
Hence, using (4.91) and (4.93), we have the two W.K.B. solutions

y@ =l el [ (71 e} (4.94

The general solution of (4.82) within the W.K.B. approximation is
therefore a linear combination of the two solutions:

v =rsmenl [ okaf+ - Zgen] - [ rokal,
(4.95)

where A and B are constants.

The solution (4.95) will differ from the exact solution to (4.82) by
terms of order € whenever f(x)+ 0. However, if points exist where
f(x) =0 (called the turning points of the equation), (4.95) will diverge
at these points whereas a numerical integration of (4.82) will give a
finite solution there. The W.K.B. method, although a good ap-
proximation over much of the range, therefore exhibits the wrong
behaviour close to the turning points. We discuss this is more detail in
Section 4.8. Solutions which are more accurate away from turning
points may be found by including the higher order terms S,(x), S;(x)
and so on. This will not concern us here.
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Example 9 Consider
e dPy/dx® = (1 + )y, (4.96)
subject to y(0) =0 and y(1) = 1. Then f(x) = (1 + x?)* and (4.95) gives

y(x)= Wi—xz) eXp[% fox 1+ dt]

+ﬁexp[ —%f: (1+7) dt], (4.97)

where we have chosen the lower limits of integration to be zero.
Hence imposing y(0) = 0 gives
1 1
0=Aexp[2.0]+Bexp[—E.0] (4.98)
or
A+B=0. (4.99)

Substituting B = —A into (4.97) and performing the integration, we
find

y(x)= V(f:—xz)sinh[é (x+ %x3)]‘ (4.100)
Applying the boundary condition y(1) = 0 gives
1= V2 Assinh(4/3e¢). (4.101)
Hence
A =1/V/2sinh(4/3¢) (4.102)
and from (4.100)
V2

!
YO = A+ ) sinh(4/3¢) Smh[E O+ %"3)]' - (4103)

Example 10 Consider the Airy-like equation
e d’y/dx*+xy=0 (4.104)

(compare (2.209)).
Then f(x) = —x and (4.95) gives

y(x)=%exp(£ fx \/tdt) +§exp<—£f \/tdt>, (4.105)
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whence
A iy 372, B .32
y(x) =;; eZu 13e +Fe—2|x 13€ (4 106)
4 oos( 2 43
=Cx"*cos 3t +4], (4.107)

where C and § are arbitrary constants. .«

4.7 Eigenvalue problems

An important problem in physics and engineering is that of finding the
eigenvalues of a differential equation. Suppose we take

d’y/dx*+ Ay =0, (4.108)

where y(0) =0, y() =0, and A is a constant. Then clearly y=0is a
trivial solution. For particular values of A, non-zero solutions will
exist. These values of 4 are called the eigenvalues and the correspond-
ing solutions are the eigenfunctions. Now the solution of (4.108) is

y(x) = A cos(xV2) + B sin(x V1), (4.109)
so for y(0) =0 we have A =0, whilst y(;r) =0 gives
Bsin(xVA) =0. (4.110)

Now, if we choose B =0, (4.110) is satisfied but, since A =0, the
solution for y is the trivial one. Accordingly, we require

sin(zVA) =0 (4.111)
for a non-trivial solution. Hence VA=n, with n=1, 2, 3, ... and the
eigenvalues are therefore

A=n? (4.112)
where n=1,2,3,.... The -corresponding -eigenfunctions are

sin x, sin(2x), sin(3x), . . . .

The properties of various special functions discussed and listed in
Chapter 2 are often useful in finding the eigenvalues of some types of
linear second-order differential equations. For example

d’y/dx*+ (A —x%)y =0, (4.113)

where —oo<x <, has non-zero solutions which tend to zero as
x— toonlywhenA=2n+1,n=0,1,2,.... These solutions are the
Weber-Hermite functions given by y,(x) =e *"2H,(x), where H,(x)
are the Hermite polynomials (see (2.200)). There is an infinite number
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of eigenvalues. Likewise the equation
d*y/dx* + (A —x)y =0, (4.114)
where 0 <x <o, has solutions which are the Airy functions
y(x)=Ai(x —A), Bi(x — 4) (4.115)

(see (2.209)-(2.212)). As x— o, only the A solution tends to zero
(the Bi solution tends to infinity as x — «). Hence, if we wish to solve
(4.114) subject to the boundary conditions

y(0)=0, y(*)=0, (4.116)
we see that
Ai(=1)=0. (4.117)

This determines the set of A values which are the eigenvalues of the
problem. From tables (see reference on page 22), the A values are
approximately 2.34, 4.09, 5.52,.... There is an infinite number of
values of A for which (4.117) is true (see, for example, the graph of
Ai(x) in Figure 2.8).

In general, although we will not prove it here, any differential
equation of the form

dix [p(x) 3—){] +[gq(x) + Ar(x)]y =0, (4.118)
with y(a) =y(b) =0, where a and b are constants (or *«), has an
infinite number of real positive eigenvalues provided p(x) >0, g(x) =<
0 and r(x)>0. Such a differential equation (with these boundary
conditions) is called a Sturm-Liouville system. The calculation of
exact eigenvalues is difficult, if not impossible, and approximation
techniques are valuable. The following example shows the use of the
W.K.B. method in this connection.

Example 11 Consider

d*y/dx* + Ax*y =0, (4.119)
given y(0) =0, y(x) = 0. Writing this as
1d%
X P = —x2y (4 120)

and comparing with the basic form (4.82), we see that f(x) = —x? and
€”=1/A. Since € is assumed to be small, we expect the method to give
the large eigenvalues A with good accuracy. The general solution of
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(4.119) is, from (4.95),
(X)—iex (iﬁfxtdt>+£ex (—i\ﬁfrdt) (4.121)
y \/x p b \/x P A .
or equivalently,
y(x)= < sin(VA x2/2) + D cos(VA x2/2) (4.122)
Vx Vx ’ )

where A, B, C and D are arbitrary constants. To satisfy the boundary
condition y(0)=0, we must have D =0 in (4.122). The remaining
boundary condition y(s) = 0 then gives

\/in sin(VA 7%/2) =0, (4.123)
or

VA #2/2=nn, (4.124)

where n is an integer (which must be large in order that A itself is
large). Hence approximate eigenvalues are given by

A= (2n/m)%, (4.125)
for large n. -

It should also be mentioned that Sturm-Liouville theory for (4.118)
shows that the eigenfunctions y, can be made, by suitable multiplying
constants, to satisfy the relations

[ 3wt de = o, (4.126)

where 68, is the Kronecker delta (see (1.23)). Such eigenfunctions are
said to form an orthonormal set. Since the W.K.B. method of
Example 11 gives the eigenfunctions ((4.122) with D =0 and A given
by (4.125)) up to an arbitrary multiplicative constant, this constant
may be fixed by (4.126). Hence the eigenfunctions and eigenvalues for
large n are uniquely determined.

4.8 The Liouville-Green technique

This technique is an attempt to transform the normal form equation

d’y/dx® = f(x)y (4.127)
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into another, also in normal form with the same number of turning
points, which is soluble exactly or approximately in terms of known
functions.

In (4.127), we make a transformation from x to a new variable & by
writing x = x(&), and from y(x) to a new dependent variable G(§),
where

G(§)
(&)
with & = d&/dx. The inclusion of the factor (&')"% ensures that the

equation for G(&) is also in normal form, as we now show. From
(4.128),

y(x) = (4.128)

dG d&

5 -1 ’ —% 1"
=(§') dE dr -2(8)78'G (4.129)
G dG —}E) G, (4.130)
Further,
a Y= (&) G 3E)HEVG - HE)EG,  (4.13D)

dg*

the terms in dG/d§ cancelling. Inserting (4.131) into (4.127) and using
(4.128), we find

&G _ (f(x)
P ( e +A>G (4.132)
where
_ﬂ 3&:/2
—23,3 5'4 (4.133)

is commonly called the Schwarzian derivative. We still have to specify
the relationship between x and § from which, in principle, the terms in
brackets in (4.132) can be expressed in terms of & alone. In particular
cases this term can be retained in its entirety and (4.132) solved
exactly, giving an exact solution to (4.127). In others, the function A
can be shown to be small compared to the term f(x)£'~? and may
be neglected, allowing an approximate solution of (4.132), and of
(4.127), to be found. We note here that if A is neglected and &'? is
chosen to be f(x) in (4.132) then the approximate solutions so
generated are precisely those of the W.K.B. approximation. In this
case (4.132) becomes

d°G/dE*=G (4.134)



92 Approximate solutions of differential equations

and hence
G(§)=Aef+ Be & (4.135)

Since £'*=f(x), we have

E= f ) [f(O)] dt. (4.136)

Combining (4.135) and (4.136) with (4.128) gives the W.K.B. result
(4.95) (with e formally equal to 1). However, if the equation (4.127)
has turning points, that is, if f(x) has zeros in the range of interest,
then we clearly should not choose &'*=f(x) since &'? is always
positive whereas f(x) changes sign. This is the origin of the divergence
in the W.K.B. solutions at the turning points of the equation. The
correct way to proceed is to choose some function A(§) having the
same number of zeros as f(x) in the given x-range, and then let

h(E)E" =f(x). (4.137)

The choice of k(&) should be such that A can be neglected in (4.132)
and such that the resulting approximate equation for G(§),

d*G/dE* = h(§)G, (4.138)

is soluble in terms of known functions. We now illustrate various
features of this technique.

Example 12 Consider

d’y/dx* =€y, (4.139)
where —o <x <. Then performing the Liouville—Green transforma-
tion (4.128), we find
d*’G (e
L6_ (< 1 a)a |
o= (gara)o (4.140)

We now choose
E?=¢", (4.141)

which gives on integration
E=2e" (4.142)

Hence, for —o <x <<, we have 0 <& <, From (4.142) the deriva-

tives up to §” can be calculated and substituted into the expression
(4.133) for A. We find

1 1
—16ex=—4—§2. (4143)
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Hence (4.140) becomes

d’G 1

aG_( __)G, 4.144

d§2 ( 4&2 ( )
This equation was discussed in Chapter 2 (see (2.157) and (2.159))
where it was shown that the general solution is

G(§) = AB(E) + BEIK(8), (4.145)

where A and B are arbitrary constants and /, and K, are the modified
Bessel functions. Now, from (4.141) and (4.142), (&) t=e =
(2/&)}. From the inverse transformation (4.128) relating G(&) to y(x),
we have finally

y(x) = Aly(2e"*) + BK(2e*?), (4.146)

where A and B are arbitrary constants.

Example 13 Consider

d?y/dx*=x"y (4.147)
for x > 0. Transforming as before, we find
d’G N
P (g—z + A)G. (4.148)
Now choosing
g% =x* (4.149)
we have
E=1x (4.150)
and, from (4.133),
A=-2/98% (4.151)
Hence (4.147) becomes
d’G 2
—=1- —) G. .
dE° ( 9z (4.152)
Writing & = 6/2, (4.152) becomes
&G [, 2
—=|i—-—]C. .
de? <“ 902) (4.153)

Comparing (4.153) with (2.160) and its solution (2.163), we see that
v? — 1= -3 giving v =}, and the solution of (4.153) is therefore

G(6)=AVO1,(8/2) + BVOKy(6/2) (4.154)

= AVEL(E) + BVEK (). (4.155)
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Using the transformation (4.128) to find y(x), we have

y(x) = CVx Li(3x®) + DVx Ky(3x°). (4.156)
We note here that the general form
d’ydx? =x"y (4.157)

for x >0, n #2, may be solved by the method of this example. Two
simple cases arise:
Case 1 n=0,

y =Asinhx + B cosh x. (4.158)
Case 2 n=—4,

1 1
y=Ax sinh(;) + Bx cosh(;). - (4.159)

Example 14 As we showed in Chapter 3, the Riccati equation

dy/dx =y* —e* (4.160)
can be transformed to linear form by writing
l1dz
=———. 4.161
Y= (4.161)

After some algebra, (4.160) becomes
d’z/dx* = ¢z, (4.162)

which can then be solved as in Example 12, and the result substituted
into (4.161) to find y. This illustrates the use of the Liouville—-Green
technique in solving a non-linear equation. .«

The above examples demonstrated the use of the Liouville-Green
technique in solving equations exactly. In many cases this is not
possible and we now demonstrate its use in solving equations
approximately. We will not discuss equations with no turning points,
since, as shown above, the solutions obtained are the same as those of
the W.K.B. method. We therefore apply the technique to equations
with one or two turning points.

Example 15 Consider
d’y/dx* = N*x(1 + x*)?y, (4.163)

with —o <x <, and N large. This equation has a single turning point
(since the function x(1 + x*)* changes sign only at x = 0). Carrying out
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the Liouville-Green transformation, we find
&G _ [Nzx(l +x?)?
d§2 5/2

We require (4.164) to have one turning point (if possible) and to be

analytically soluble for G if A is small enough to be neglected.
Choosing

+ A]G. (4.164)

E2E = N2x(1+x%)?, (4.165)
we obtain the Airy equation
d*G/dE* = &G, (4.166)
provided A can be neglected. From (4.165), we have
EIEE=N x|} (1+x?) (4.167)
so that on integration,
318 = NG e} +3 lxfb). (4.168)
Hence
E=Nix(1+ 2?3 (4.169)

The solution of (4.166) is
G(&) = CAi(§) + DBIi(&), (4.170)

and hence the approximate solution for y(x) is found from y(x)=
(E")1G (&) since (&')7? can be evaluated in terms of x, and £ can be
substituted using (4.169). Further, from (4.169), A can be calculated.
It is found that A is bounded (that is, finite for all x) and that it has an
overall factor N~%, which is a small quantity for large N. It is therefore
small over the whole range of x, and may be neglected in (4.164).

For problems in which the equation has two turning points, we
consider an important class of eigenvalues problems for which the
equation takes the form

dy/dx*=[-E + V(x)]y, (4.171)

where —o <x <, V(x) is finite for finite x, and y— 0 as x — £,
Here E is the eigenvalue. Transforming equation (4.171), we obtain

d*°GdE* = [15%—2‘5"—) + A]G. (4.172)



96 Approximate solutions of differential equations

By assumption, the function —E + V(x) changes sign twice in the
range. The simplest equation with two turning points which is soluble
in terms of known functions is that satisfied by the Weber—Hermite
functions (see (2.206) and (2.207)),

d>G/dE? = (-1 + E)G, (4.173)

where A=2n+1 (n an integer) for finite G as £— . Hence we
choose

EH—A+E)=—E+V(x) (4.174)

in (4.172). Neglecting A, (4.172) becomes (4.173) which can be solved
in terms of the Weber—Hermite functions. We note, however, that on
taking the square root and integrating (4.174), the relationship
between & and x can only be found implicitly (that is, we cannot write
& explicitly as a function of x). Nevertheless, an approximate formula
giving the eigenvalues E, can be obtained from (4.174). The turning
points, say x, and x,, correspond to &= +V/A. Hence integrating
(4.174) between the turning points after taking the square root gives

+Va X3
f_w V(E2— 1) dE= f VIE — V(x)] dx. (4.175)

Performing the integration on the left-hand side and substituting
A=2n+1, we find

[ VIE - Vel dy=a(n+ ). (4.176)
This is known as the Bohr—Sommerfeld formula. It can also be derived
within the W.K.B. approximation using so-called connection formulae
which are not discussed here. For each value of #n, a value of E, can be
found (if necessary, numerically) and this value is an approximation to
the corresponding exact eigenvalue of the equation. In fact, for a
particular class of potentials V(x), it can be shown that the formula
provides the exact eigenvalues of the equation.

Problems 4

1. Find the first three non-zero terms in the series solution of the Airy
equation

d’y/dx*=xy,
given y =0 and dy/dx =1 at x = 0.
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. Find the Frobenius series solutions of the differential equation

d’y dy
3x—5—-(1 ——y=0
xdx2 ( x)dx y
in the form
y = Z arxm+r
r=0
Show that, if y(0) =0, then
x  x?
=A %<1——+——....>
Y= T 315

is the solution (A arbitrary).
. Obtain by Picard’s method the first three terms of the series
solution of the equation

dy/dx =1+ 2xy +y*,
given y(0) = 0.
. Obtain by Picard’s method the first three approximations to the
solution of the simultaneous equations

dyldx =2x +z,
dz/dx =3xy + x’z,

given y(0) =2, z(0) =0.
. Use the perturbation series method of Example 7 to obtain a
solution, to first order in the small parameter u, of the van der Pol
equation

d’

dy
+ —D=+y=0
e u(y* - )dt y=0,

taking yo(f) = cos t.
. Reduce the equation

d’y ,dy
+
dx? dx
to normal form, and hence find its general solution.

. Use the W.K.B. method to find approximate solutions of the
equation

+@+x+xy=0

d?y/dx* = N*x%y.
. Use the Liouville—Green transformation to obtain solutions of
%y/dx*=x"y

for x >0, where n is a positive constant, in terms of the modified
Bessel functions. (See Example 13.)
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Contour integration

5.1 Functions of a complex variable

It will be necessary in this chapter to obtain a number of important
results, the applications of which will be discussed in Chapter 6. We
begin with some elementary ideas and lead up to the main topic of
complex integration in Section 5.6.

A complex number has the form

z=x+iy, (51)

where x and y are real and i°=—1, and may be represented
geometrically in the complex (Argand) plane as shown in Figure 5.1.
We shall subsequently consider functions of the complex number z.
One of the many reasons for wanting to do this may be illustrated by
the following example.

Consider the function f(x) =(1+ x*)"", where x is real. The power
series expansion of this function in powers of x only converges for
jx| < 1. This may seem strange since f(x) is finite and well-behaved for
all values of real x. However, in the complex plane, f(z)=(1+z%)~"
diverges as z approaches the points +i and —i which are at unit
distance from the origin. For all z inside the circle |z| =1, f(z) is well
behaved. The radius of convergence of the power series expansion in z
of f(z) is therefore unity. Hence, when z =x (real), the radius of
convergence is also unity. The behaviour of f(x) is more clearly
understood by examining that of f(z) in the complex plane.

From Figure 5.1, an alternative form for z is obtained by writing

x=rcosf, y=rsinb, (5.2)
98
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where 0=< 6 <2m or any other interval of width 2z which includes
6 =0, for example —x < 6 < z. Using Euler’s formula, we have

z =r(cos  + isin ) = re'?*+" ™) (5.3)

where n =0, £1, £2, ..., since each time we change 6 by 2w we
return to the original point. In (5.1), x and y are called the real and
imaginary parts of z and are denoted Rez and Imz, respectively;
r=|z| = V(x*+y?) is the modulus (or magnitude) of z and 6 is the
phase or argument of z, denoted by arg z. We note here that the set of
points x, y satisfying, say, |z} =4 form a circle, centre the origin,
radius 4, whilst those points x, y satisfying, say, [z —2|=1 form a
circle, centre (2, 0), radius 1.

The complex conjugate of z is denoted by z* (or sometimes by Z)
and is defined by changing the sign of i in (5.1) to give

z¥=x —iy. (5.4)
Consequently, using (5.1) and (5.4),

x=3%(z+z%), y=%(z—z*). (5.5)

We define a function of z, f(z), to have the form

o=f(z)=ulx,y)+iv(x, y), (5.6)

where u(x, y), v(x, y) are real functions. In general we have the
modulus of w given by

lw| = f(2)l = V(u? +v?). (5.7

Furthermore,  is single-valued if to each value of z (in some region
of the complex plane) there is precisely one value of w. Consider the
following standard examples:

w=z"=(x+iy)*=(x*—y?) +i(2xy) (5.8)
Figure 5.1
A
P(z)
r y
(& X =
= >



100 Contour integration

or equivalently
w= 22 — r262i(9+2nn)’ (59)

is a single-valued function of z. On the other hand, @ = Vz (z #0) is

not a single-valued function since, writing z = re"®*?*™ we have
0 =Vz =\re® 2, (5.10)
The values n =0 and 1 give two distinct solutions
;= Vre'®?=Vr[cos(8/2) +isin(6/2)] (5.11)

and
w,=Vre®?* ™ =\/r[cos(8/2 + ) +isin(8/2 + x)].  (5.12)

These two functions are called the two branches of @ =Vz, and
w=Vz is termed a multi-valued function. If we give » and 6 a
succession of different values then w, traces out some curve in the
complex plane; w, is obtained by rotating the curve through s about
the origin according to (5.11) and (5.12) (see Figure 5.2). Two values
of Vz exist for all z except z = 0, which is called the branch point. It is
important to realize that the two curves in Figure 5.2 are not the
graphs of @ =Vz but only the paths along which z moves as we
change r and 6 (or equivalently x and y). By analogy with the above,
o =z} will have three branches with a branch point at z =0, while
o = V[(z — a)(z — b)] will have two branches with two branch points
at z=a and z =b. We shall expand the discussion of branch points
and multi-valued functions in Chapter 6.

Figure 5.2

y

A
//
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5.2 Exponential and logarithmic functions
We define

e’ =e" ) =¢%e” =¢*(cos y +isiny), (5.13)

using Euler’s formula. This definition satisfies the obvious requirement
that e” should become e¢* when z is real. Further

JEN
ez=1+z+i+§+.... (5.14)
From (5.13) when x =0,
e¥=cosy +isiny (5.15)
and consequently
e ¥ =cosy—isiny. (5.16)
It follows from (5.15) and (5.16) that
cosy =3(e” +e7V), (5.17)
siny = % (e”—e™), (5.18)

where y is a real variable. We may now extend these formulae to
define the trigonometric functions of a complex variable z by

cos z = 3(e”* +e7¥), (5.19)
: 1 iz _ ,—iz
sin z = (e“—e™). (5.20)

From (5.19) and (5.20), we can immediately define tanz, secz,
cosecz, cotz as in the case of real variable theory. Similarly, the
hyperbolic functions cosh z and sinh z can be defined as

cosh z =4(e* + ™), (5.21)
sinh z = 3(e* —e™?), (5.22)

which reduce to the usual definitions when z is real. The other
hyperbolic functions are defined in an obvious way. It is readily
seen that

sinz +cos’z=1, (5.23)

cosh’ z —sinh*z =1, (5.24)
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with the other identities of real variable theory remaining true when
the real variable x is replaced by the complex variable z.

Closely related to the exponential function e’ is the logarithmic
function In z. If we write

z=¢e? (5.25)
then
w = In z = In(re'®*2"), (5.26)
from (5.3). Hence
w=Inr+i(0 +2nx), (5.27)
where n =0, £1, £2, ..., and we see that @ =Inz is a multivalued
function. Writing @ = u +iv, we have
u=Inr, v=0+2nn (5.28)

for the real and imaginary parts of . Whenn=0and —z<0<nm, 0
takes its principal value and w =In z is then a single-valued function.
Since r = |z| and 6 = arg z, we can write

o =In|z| +i(arg z + 2nx). (5.29)

Sometimes, when the principal value of w is taken, we write @ =Ln z,
the capital letter L. meaning that n has been put equal to zero in
(5.29). We now give examples and include some elementary results.

Example 1

(a) In(=2) =In |-2| + i(arg(—=2) + 2nx). (5.30)

Hence, since —2 =2¢e™, |-2| =2 and arg(—2) = x, and therefore
In(—=2) =1In2 +i(x + 2nx). (5.31)

(b) Ln(—i) =In |—i| +i arg(—1i). (5.32)

Hence, since —i = 1le ™2, |—i| = 1 and arg(—i) = —&/2, and therefore
Ln(—-i)=In1+i(—x/2) = —mi/2. (5.33)
(Similarly Ln(i) = 7i/2).
(c) Complex powers « of z can be established using the relation
z¥=¢e*"? (5.34)
where In z is defined by (5.27). For example the principal value of i is
given by
ii - ei Lni _ ei(.1ti/2) — e—n/Z, (535)

which (surprisingly perhaps) is real.
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Example 2 To determine all possible values of
o=sin"'z (5.36)

when z =2. (We note that for real variables sin' 2 makes no sense
since the sine function is bounded by +1.) Now

. iw __ e—iw eZiw -1
z=sine=————="—7". (5.37)
Hence
e? —2ie'’z — 1=0. (5.38)
This is a quadratic equation for the quantity €'“, so that
e =12iz + V(422 + 4] =iz £ V(1 - 2?). (5.39)
Taking the logarithm of (5.39), we find
io = Infiz £ V(1 - z%)]. (5.40)
Now, putting z =2,
io =In[(2 + V3)i]. (5.41)
Hence
1 AT
0= [ln(2:|:\/3) + 1<5+2nn)], (5.42)

since the points (2 = V/3)i have arguments 7/2. Finally then

o= %’ +2n7 —iln(2 £ V3). (5.43)
Since (2—-V3)2+V3)=1,
In(2-V3)+ 2+ V3)=0 (5.44)
and therefore (5.43) may be written
w=g+2nn:tiln(2+\/3). - (5.45)

5.3 The derivative of a complex function

We say that a function f(z) is analytic at a point z, if it has a unique
derivative at that point. By comparison with the real variable
definition of a derivative, we now write
d +6z) —
f’(zo) =Ef_‘ = lim f(Z() Z) f(ZO) .

Zly=zy 620 oz

(5.46)
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Equivalently, we have

f@@=hmf§tﬁ§9.

5.47
o (5.47)

If in addition f(z,) has a single finite value, and f'(z,) is unique, then
the function is said to be regular at z = z,. In (5.46) and (5.47), the
limit must be independent of the path along which 6z—0 (that is,
z— z). Consider Figure 5.3 and assume f(z) is defined in some
(shaded) region R. Then if z = z,+ 0z is some point in this region it
can be made to approach z, along any one of the infinite number of
paths joining z to z, (C,, C,, and C; are three such paths). If f'(z,) is
to have a unique value, then (5.46) and (5.47) must be independent of
the way z approaches z, (or 8z— 0). We note that in real variable
theory we do not have the freedom that complex variable theory
produces for, if x, is some point on the x-axis, a neighbouring point x
may approach x, in only two possible ways — from the left and from
the right. The requirement that the derivative be independent of the
path in the Argand plane restricts the type of functions which possess a
derivative. On the assumption that f(z) does have a unique derivative
at z,, it follows from (5.47) that it must be continuous at z, in the
sense that

f(zo+02)—>f(z) as 6z—0 (5.48)
along any path. Functions which do not satisfy (5.48) are discon-

tinuous at z,; 2z is then said to be a singularity of the function. We
shall discuss this concept in more detail later.

Figure 5.3

»
>
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5.4 The Cauchy-Riemann equations
We now obtain the conditions under which a function
o =f(z)=u(x, y)+iv(x, y) (5.49)
has a unique derivative as given by (5.46) or (5.47). Writing
8z = 6x + 18y and z, = x, + iy, then
f(z0+ 62) — f(20) = [u(xo + 6x, yo + 6y) — u(xo, yo)l
+i[u(xg + 8x, yo + 8y) — vlxg, yo)] (5.50)

= du + idv. (5.51)
Hence
, . Odu+idv ou +idv
fi(z) = al;To o6z aliTo <6x + iéy)' (5-52)
Sy—0

If the limit is to be path-independent (as required), we can take the
limit in two particular ways: (i) allowing 6x — 0 and then 8y — 0 (path
C, in Figure 5.4), and (ii) allowing 8y — 0 followed by éx — 0 (path C,
in Figure 5.4). We require that the two results should be identical. As

8y — 0, we have from (5.52)
Su+idvy Su v
' — l <—> =—+4+ 1— y .
f'(z) 5:To ox ox lax (5-53)

whereas when dx — 0 we have

Su+idvy Jv  du
) = 1 ( ._>=__-_, 5.54
f(z) ayl—m.o ioy oy ' oy (5-54)
For (5.53) and (5.54) to be identical, we require
du Qv Jv du
poil e 3 i 2’ (5.55)
Figure 5.4
y
{‘ z,+ 0z
<
Y Y
o} C
2 < Cs
» X
9]
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or equating real and imaginary parts (remembering that v and v are
real functions), we find

du/ox = dv/3dy, Ju/dy=—-3v/ox. (5.56)

The equations (5.56) are called the Cauchy—Riemann equations and
are the necessary conditions for the limit expression for the derivative
to have a unique value. However, these conditions are not sufficient
since we have considered only two possible paths out of the infinity of
possible paths joining z, + 6z to z,. It can be proved (although we
shall not do this) that provided the first-order partial derivatives
du/dx, dv/dx, Su/dy, dv/3y are continuous at z, then (5.56) are
necessary and sufficient for the limit expression to be path-
independent and for the derivative to be unique. We now give some
examples of the use of the Cauchy—Riemann equations.

Example 3 The function

=z%=(x +iy)*>=(x*— y?) + 2ixy (5.57)

is analytic since u = x*> — y?, v =2xy, and
du/dx =2x = 3v/ 3y, (5.58)
du/3y = —2y =—3u/ox. (5.59)

The Cauchy—Riemann equations are satisfied and the first derivatives
are continuous. Hence

do du v
—+i—=2x+i2y=2 .
Zoatism 2x +i2y =2z. (5.60)
This is precisely the result which would have been obtained by
differentiating w = z* assuming w and z were real. In fact, the usual
rules of differentiation are still valid when we are dealing with complex

analytic functions. For example, if G = F(w) and w = f(z) then

dG dFdw
5 deds - (5.61)
Example 4 Consider
w=¢e =e""Y=¢"(cosy +isiny). (5.62)
Then
u=e"cosy, v=e siny (5.63)
and
du/dx =¢e* cosy = du/dy, (5.64)

du/3y=—e*siny = —dv/ox. (5.65)
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Again the Cauchy—Riemann equations are satisfied and the derivatives
in (5.64) and (5.65) are continuous. Hence @ =e® is an analytic
function and

d—w—?ﬁ+'@—e"cos +ie” si (5.66)
dz  ox 'ax yrie sy '
="tV =g, (5.67)
Consequently, as expected,
4 (e)=¢". o (5.68)
dz - . .
Example 5 Consider
w=1/z (5.69)
Then
1 x-iy x Y
w—x+iy—x2+y2_x2+y2 1x2+y2' (5.70)
Hence
- A
u"xz_'_yz’ v 4yl (5.71)
and
du y*—x* v
Ax - (x2 + y2)2 - ay » (572)
3 -2x 3
. Y v (5.73)

dy (x*+yd)? ox’
Therefore, the Cauchy—Riemann equations are satisfied except when
x =y =0 (since the derivatives in (5.72) and (5.73) are not defined
there). Consequently, w =1/z is an analytic function everywhere
except at z =0, this point being termed a singularity of the
function. .«

Example 6 The last example illustrated a function which is analytic
everywhere except at one point. Some functions are not analytic
anywhere. Consider

w=2z=x—iy. (5.74)
Then u =x and v = —y, so

dufox=1, dw/3dy=-1, du/dy=0, w/ox=0. (5.75)
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Consequently, du/3x # du/dy and the function is not analytic for any
x and y.
Similarly, consider

w=|zP=zz*=(x +iy)(x —iy) = x>+ y> (5.76)

Hence u = x*+y* and v =0 and the Cauchy-Riemann equations are
therefore not satisfied except at x =y = 0. These results clearly imply
that the limit in the expression for the derivative depends on the path
along which z— z, (or 62— 0). To find the derivative of w = |z|* (see
(5.47)) we need the limit of

22— |zl _ 22* — 2028

5.77
Z—2 Z— 2 ( )
* _ *
T e 1 (5.78)
Z—2
¥ _ ok
—z* 4 z0<z ZO). (5.79)
zZ— 20
Hence, if z — z, = re'?,
* __ % — 2V pei® '
4 29 — (Z 0) - r = = C_ZIG, (580)
Z— 2 Z—=2 re
and
2 1.2
% =z* + z[cos(26) — i sin(20)]. (5.81)
40

As z— z;, the limit depends on 6, the angle at which z approaches
Zy. -

5.5 Derivatives of multi-valued functions

When a function is not single-valued (for example Vz and In z) then
the derivative may be obtained only on a particular branch (see
Section 5.2). If, for example, w =Inz =Inr +i(6 + 2nx), then by
taking a particular value of n (say n=0) we have a single-valued
function z = e®. For this branch

dz/dw =e® (5.82)
which implies
do/dz=¢e"“=1/z, (5.83)

except at z =0 (In z is not analytic at z = 0).
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5.6 Complex integration

We first indicate the meaning to be attached to ff(z) dz, where C is
some path in the complex plane with end points A(z;) and B(z,) (see
Figure 5.5). Since f(z) may be written as f(z) = u(x, y) +iv(x, y) and
dz =dx +idy, then f(z) dz = (u + iv)(dx +idy) and

ff(z)dz=f(udx—vdy)+if(vdx+udy). (5.84)
C C C

Each integral on the right of (5.84) is a real line integral and may be
evaluated by integrating from A to B along the specified path C (the
equation of which will, in general, be given as y = y(x), say). Since the
complex integral can be put in the form (5.84), the usual rules of

integration which apply to real integrals must also apply to complex
ones. Accordingly, we have

0 U@ +s@ndz=[ f@ s+ [ g@rdz 689
where f and g are any two integrable functions;
(ii) fCKf(z) dz =K L £(2) dz, (5.86)
where K is an arbitrary complex constant;
(iii) L fe)dz= L f)dz + LB £(2) dz, (5.87)

where E is some point on the curve C lying between A and B
(see Figure 5.5).
An important result follows if f(z) is analytic in a region R

Figure 5.5

B(z)

A(z1)
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containing the points A(z;) and B(z,). In this case we can show that

[ @ =ik =1 -re, (5.89)

which implies that the integral is independent of the path C since the
result depends only on the values of f(z) at the two end points.
Consider

f £'(2) dz_f (‘Z“+1—)(dx+1dy) (5.89)

using the form for f'(z) given in (5.53). Then
fzzf'(z)dz—j (audx——d)+1rz< dx+———d> (5.90)
5 A ax ox Y '

Now, since f(z) is assumed to be analytic, the Cauchy—Riemann
equations

ou/dx = du/3dy, OSu/dy=-30v/dx (5.91)
hold. Consequently the right-hand side of (5.90) becomes
du = 9v v
f (axdx+5—dy>+lf (axd +<9_dy) (5.92)
=J du+1f dv, (5.93)

since the integrands in (5.92) are the total derivatives of u and v.
Finally, (5.93) integrates to give

I f'(z)dz ={u]Z2 +i[v]Z=[u+iv]Z
=[f (D) =f(z) - f(z). (5.94)

This proves the result that the integral is independent of the path. The
following examples illustrate these ideas.

Example 7 Evaluate

f z%dz, (5.95)
C

where

(i) C =C, is the straight line y = x from A(0, 0) to B(1, 1),

(ii)) C=C, is the x-axis from (0,0) to A(1, 0) and the straight line
from A(1, 0) to B(1, 1),

(see Figure 5.6).
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(i fc

z2’dz = f (x* =y + 2ixy)(dx + idy)
C

1

= fc [(x*— y®) dx — 2xy dy]

+i J [2xy dx + (x* = y*) dy]. (5.96)

Now on C;, y =x. Inserting this into (5.96) we find (using dy = dx)

1
f z22dz =j [(x* — x%) dx — 2x* dx]
(o5 0

+i fo [2xdy + (o — %) da] (5.97)
=(i-1) LIszdx=§(—1+i). (5.98)

(ii) fc 2dz= | (68 -y dr — 21y dy)
+i L [2xy dx + (2 — y?) dy), (5.99)

as in (5.96). Splitting this into two parts, one for each section of the
path C,, we have

|

2

(1,0)
2dz= [ Ul -y dv - 2uy dy)
(0,0)

(1,0)
+ij [2xy dx + (x* — y?) dy]
(

0,0)

(1,1)
+ f [(x* = y?) dx — 2xy dy]
(

1,0)

1.1
+i f [2xy dx + (x* — y?) dy], (5.100)
(

1,0)

Figure 5.6

B(1.1)

Ci &)

0(0,0) G A0
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where the integrals are along the straight lines joining the end points.
Along OA, y =0 and hence dy =0. The first two integrals in (5.100)
therefore give

1 1
fxzdx+if0dx=%. (5.101)
0 0

Along AB, x =1 and dx = 0 and the second pair of integrals in (5.100)
gives
1 1
f —-2ydy+if (A1—-yHdy=—-1+%. (5.102)
0 0
Hence

f 22dz=3—-1+3i=3%(-1+1i). (5.103)
C;

The results (5.98) and (5.103) are the same. This is to be expected
since z°/3 (the function which differentiates to give z?) is an

analytic function and hence the value of the integral is 3(1+i)*=
i(-1+1i). -

5.7 Cauchy’s Theorem (First Integral Theorem)

This may be stated as follows: If f(z) is single-valued and analytic
throughout a simply connected region R (that is, a region without
holes) then, if C is any closed path within R,

jg f(z)dz =0, (5.104)

where the symbol §- denotes integration around a simple (non-
intersecting) closed curve C (see Figure 5.7). To prove this we refer to

Figure 5.7
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(5.84) which states that

if(z) dz = *i(u dx—vdy)+i£(v dx + u dy). (5.105)

Now if, in general, P(x, y) and Q(x, y) are two continuous functions
with continuous first partial derivatives (at least), then
oP 2
%(de+Qdy)— ” (———9) dx dy, (5.106)

where D is the region enclosed by the curve C. This result (called
Green’s Theorem) may be used to transform the right-hand side of
(5.105). Accordingly, we find

3§f(z)dz— ”(—”+—)dxdy+1”(—‘i——y>dxdy (5.107)

Now, since f(z) is analytic, the Cauchy-Riemann equations are
satisfied and each integrand on the right-hand side of (5.107) is zero.
Hence Cauchy’s Theorem (5.104) holds as stated.

Example 8 Evaluate

1= 3€ ze* dz, (5.108)
C

where C is a unit circle, centred at the origin.

Since ze® is an analytic function (as may be checked by verifying
that it satisfies the Cauchy—Riemann equations), I =0 by Cauchy’s
Theorem. .«

Example 9 Consider

dz
L= 3§ , .109
=% 15 (5.109)
where C, is the circle |z| =1 (see Figure 5.8).

Since 1/(z —2) is analytic everywhere except at z =2 (which is
outside the circle |z|{ = 1), I, =0 by Cauchy’s Theorem.

Now consider

dz
L= .
2 izz 5 (5.110)

where C, is a circle, radius p, centred at z =2 (see Figure 5.9).
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Writing

z=2+ pe'’, (5.111)
where 0 < 6 <27, we find using dz = pie® d6,

pieiede_ 25

12 = n
0
c, pe o

1d6 =2mi. (5.112)
The non-zero result arises because 1/(z —2) is not analytic at z =2

and this point lies inside the circle C,, thus violating the conditions of
Cauchy’s Theorem. .«

Example 10 The integral
I= { z"dz, (5.113)

where n is a positive integer, is zero by Cauchy’s Theorem since z” is
analytic in the whole finite plane. Consider the circle, radius a, with
equation |z|=a. Then [ can be evaluated directly using polar

Figure 5.8

A
NP,

Figure 5.9
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coordinates (as in Example 9). Putting z = ae'®, we have

27
1= éaneineaeiei de =an+1iJ' ei(n+1)9 do
0

27
=a"*i | [cos(n+1)0+isin(n+1)0]d6=0, (5.114)
0
since both the cosine and sine terms integrate to zero. .

We now discuss an important result which follows from Cauchy’s
Theorem. Consider two closed curves C, and C, in the complex plane
and a function f(z) which is analytic on the curves and in the region
between them. We form a single closed curve by breaking C; and C,
and joining them by two straight lines AB and EF (see Figure 5.10).
Then, by Cauchy’s Theorem,

fcl+f+fc2+ff(z)dz=0’ (5.115)

since f(z) is analytic on and inside the closed curve where C, is
described anticlockwise and C, clockwise. Now the two straight lines
can be made as close as we please and are integrated along in opposite
directions. In the limit where these lines coincide their contributions to
(5.115) cancel and we have

f(z)dz + 3§ f(z)dz=0. (5.116)

Hence

2 f(z)dz = —£ f(z)dz = . f(z)az. (5.117)

Figure 5.10

G
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The integral of f(z) around any closed path between C; and C, is
therefore independent of the path.

5.8 Cauchy Integral Formula (Second Integral Theorem)
Suppose we now have a function of the form

8(z) =f(2)/(z = o), (5.118)
where f(z) is assumed to be analytic within a region R and z, lies in R.
Assuming f(z,) #0, then g(z) is not analytic at z = z;. An example of
this type of function was considered in Example 9 where we integrated
the function 1/(z —2) (which is of the form (5.118) with f(z) =1 and
2o = 2). The Second Cauchy Integral Theorem states that

fey=r § LD 4

5.119
2m Jez — 2 ( )

where C is any closed curve which lies in R and includes the point z,.
To prove this, we surround the point z, by a small circle C,, radius a.
By the argument at the end of Section 5.7, we have

@ . _§ @

cZ— 2y CIZ“ZQ

, (5.120)
since the whole function f(z)/(z — z,) is analytic between C and C,.
Now let z = z, + ae'® describe the circle C, so that on the right-hand
side of (5.120), dz =iae'? d6 and z — z, = ae'’. Then
2m s il
SGC) gy [T fzo + ae) ‘”:w de, (5.121)
0 a

c; 2~ 29

which, as the small circle C, shrinks to zero, becomes

£(z0) JO i d6 = 27if (20). (5.122)

We have used the fact that, since f(z) is a continuous function,
f(z)—f(z)) as z—z,. Hence, using (5.120) and (5.122), we have
proved the result (5.119). The remarkable property of analytic
functions which follows from this result is that the value of f(z) at any
point inside a closed contour is completely determined by its values on
the contour.

Example 11 Evaluate

eZ
1= .
i -1 dz, (5.123)

where C is the circle |z —2| = 2.
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Clearly the singular point of the integrand is at z =1 which lies
within C (see Figure 5.11). Furthermore f(z) = ¢” is analytic for any
finite point z in the plane. Accordingly, by the Cauchy Integral
Formula,

I= «j@c Ze_ - dz = 27if (2= 1) = 2ic. (5.124)
Example 12 Evaluate
= 2z -1
c(z+1)(z-2)
where (i) C = C, is the circle |z] =4 and (ii) C = C, is the circle |z| =3
(see Figure 5.12).

dz, (5.125)

Figure 5.11

»
>

Figure 5.12
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We first use partial fractions to write the integrand as

-1 _ 1,1 (5.126)
(z+1D)(z=2) z+1 z-2' '
Then
2z -1 dz dz
e =§—+§ . 5.127
3(;6»(24—1)(2—2)2 z+1 Jez—2 (5.127)

(i) For C,, both singular points z=—1 and z =2 lie within C,.
Hence, by the Cauchy Integral Formula,

d d
iﬁi:zm.l, «)ﬁc Z_Zz=2.7ti.l. (5.128)

Hence
I =27i(1+ 1) = 4mi. (5.129)

(ii) For C,, only the singular point z = —1 lies within C,. Hence the
first integral is

d
3§C =i (5.130)

Since 1/(z —2) is analytic within C,, then by Cauchy’s Theorem

4& __, (5.131)

,Z =2
Hence

I=271+0=2mi. (5.132)

5.9 Derivatives of an analytic function

We have from (5.46) with 6z =h

£'(z0) = lim ’M (5.133)
Now, by (5.119),
_ 1 [ f@2)
flzo) = mib—a dz (5.134)
and
flzo+h) =i Ldz. (5.135)

2ri Jez~2z3—h
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Substituting (5.134) and (5.135) into (5.133), we have

f'(zo)=limi£< 11 )f(z)dz (5.136)

h—02Ti z—2z—h z-—2zy/ h

Y f(z)
B },I—T)Zni £ (z—2zo—h)(z—2) dz. (5-137)

Reversing the order of the limit and the integration, we have

1 f(2)

f'(z0) = 27 T G - z)? Z. (5.138)
In a similar way, we can obtain the general result
!
Fz0) =5 @) g, (5.139)

2xi Jo (z =zt

where n is a positive integer and f* denotes the nth derivative. Since
the analytic function f(z) possesses derivatives f'(z), f"(z), ...,
these derivatives must also be analytic functions. Further, if f(z)=
u +iv then the existence of f” implies that f' is differentiable and
hence that du/3x and Jv/3y may be differentiated. From the
Cauchy-Riemann equations (5.56) we then have

8%u/3x* = 3*v/dx 3y = —’u/3dy? (5.140)
so that
2 2
Vou =gx—'§+¥=o. (5.141)
Similarly
v =2V 8, (5.142)
x? 3y

Example 13 Evaluate

eZz

I=d —5 4z,
-1

(5.143)
where C is the circle |z| =2.

Here the singular point of the integrand is at z =1, and f(z) = e*.
Comparing with (5.138), we see that

2z
35 4z =27if'(z0=1) = 2mi . 2¢* = 4mic’. . (5.144)
c(z-1)
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5.10 Taylor and Laurent series

We now state, without proof, two important theorems.

1. Taylor’s Theorem

If f(z) is analytic within and on a circle C of radius R and centre
Zo, then

fd f(n) z \

f@)y=2 # (z = zo)". (5.145)
n=0 .

This series converges within the circle, centre z,, of radius R equal to

the distance from z, to the nearest singularity of f(z). In general,
f™(z,) can be found from (5.139).

Example 14 To find the Taylor series for f(z) = sin z about z, =0, we
first evaluate the derivatives

f'(z)=cosz, f'(0)=1, (5.146)
f(z)=—sinz, f"(0)=0, (5.147)
f"(z)=—cosz, f"(0)y=-1, (5.148)
and so on. Now from (5.145)—(5.148),
= p(n) 3 5 _qyr+12n+1
sinz=zof—n%)—)z"=z~%+§—!—. . +(_(%+21—)!+’ .
(5.149)

which is the familiar series for the sine function.

Example 15 The function 1/z° is not analytic in a region containing
the origin z=0. However, inside the circle |z —1|=1 (see Figure
5.13) the function is analytic and may therefore be expanded as a

Figure 5.13
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Taylor series about z = 1. By differentiation,

(n+1)

[P =)' (5.150)

and hence
™) =(-1)"(n+1)! (5.151)

Accordingly the Taylor series (5.145) gives
n (n + 1)
=3 (1)

n=0

2(1ym+n@—n"(5wm

For convergence, |z —1{ <1 since the distance from the centre of
expansion (z,=1) to the nearest singularity of 1/z° (at z=0) is
unity. .

Before stating the second theorem, we first explain what is meant by
an isolated singularity. Consider a single-valued function f(z) with a
singularity at z = z,. We surround the point z = z, by a circle centred
on z,. If the function is analytic everywhere within some sufficiently
small circle, except at the single point z = z,, then z, is termed an
isolated singularity. For example, f(z)=1/z* has an isolated sin-
gularity at z =0 since within an arbitrarily small circle enclosing this
point the function is analytic except at z = 0. However, consider the
function f(z) = cosec(1/z) = 1/sin(1/z). This function has singularities
atz=0andatz=1/nm, n= 11, £2, . ... If we move along the x-axis
towards the origin, we encounter an ever-increasing density of
singularities, that is, the singularities accumulate onto the point z = 0.
Each of the singularities at 1/n is isolated since an infinitesimally
small circle can be placed around each one so that the circle contains
only one singular point. However, the singularity at z =0 is not
isolated since any circle, however small, centred on z =0 will contain
an infinite number of singular points. For multi-valued functions such
as Vz and In z, the concept of an isolated singularity is not applicable.

2. Laurent’s Theorem

This is an extension of the preceding theorem and states the following:
If f(z) is analytic inside and on the boundaries of the circular annulus
defined by |z —z)| =R; and |z —z| =R, with R, <R, (see Figure
5.14), then f(z) can be represented by the Laurent series

o

f(z)=2 n(z_ZO) +z

n?
=0 )

(5.153)
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where
_1 1)
by G-z dz (5.154)
and
1 f(z)
== ————dz. (5.155)

T 2mi c,(z — z9)~

In the case when 2z, is an isolated singularity of f(z), the series (5.153)
consists of a Taylor series (the a, series, convergent for |z — z)| < R,),
and the a_, series which contains terms which are singular at z,. This
latter series, called the principal part of the Laurent series and
denoted by P(z), converges for all |z —z)| >0 (that is, R, may be
taken to be zero).

Example 16 Consider

f(z)=¢/2", (5.156)
which has an isolated singularity at z = 0. Then since
: 2* 2"

e=1+z+5+‘..+’ﬁ+..., (5.157)

we have, for all z #0,

1 1 1 1 1 =z

f(Z)=?+?+ﬁ+§!—z+4j+§+.... (5.158)

This is the Laurent series expansion (5.153) about z = 0. The principal
part of the series is

1 1 1 1
PR)=—+=5+—+— )
(z) z* + 22 2722 31z’ (5.159)
which is a finite series. .«

Figure 5.14

P

(2
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Example 17 Not all principal parts of Laurent series are finite series.
Consider, for example,

1 1 1
f(z) =ze'* —z<1+ +—— +3' 3+ ) (5.160)
z+1+i+ 1 + 5.161
= TP TP R (5.161)
for all z # 0. This function has
1 1 1
P(Z)=E+ﬁ+...+m+..., (5.162)

which is an infinite series. .«

Example 18 Both the previous examples had singularities at z =0.
Suppose now

f(z)=¢e*/(z = 1)~ (5.163)
Then f(z) is singular at z = 1. Hence let z — 1 = u, say, so that
ez el+u u2 u3
GoIps T\l et gt ) .164
-1 uw u? ( 3! (5.164)

giving

+

f(z)=e[(z—1)2+ I TRANEY

which is the Laurent series expansion of (5.163) about z =1. The
principal part is

1 L 1 (Z'l)+...], (5.165)

1,1
(z-1° (z-1)

P(z)= e[ ] . - (5.166)

Example 19 Consider
1 1 1

P b (5.167)

f@)=

The singularities of f(z) are at z =0 and z = 1. Hence there are two
regions in which the function is analytic and for which we can write a
Laurent series in powers of z: (i) 0<|z|<1 and (ii)) 1<|z|]. We
consider these regions separately.

(i) For 0<|zf <1,

f@)=—1-1-2)" (5.169)
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Now, since 0<|z|<1, the second term can be expanded by the
Binomial Theorem to give

f(z)=—§—(1+z+zz+z3+...). (5.169)
(ii) For |z|>1,
1 1 !
f(z)=—;+;<1—;) . (5.170)

Again, since |z| > 1, the second term can be expanded by the Binomial
Theorem giving

1 1( 1 1 1 )
=——+-{1+-+5+—=+... 5.17
f(2) z z z 2z 7 ( )
1 1 1

In the above we have chosen z, =0 as the centre of expansion. If we
choose instead z, = 1, then we obtain two series in powers of z - 1, one
for 0<|z — 1| <1 and one for |z — 1| > 1. The first of these is obtained
by putting z — 1 = u so that

1 1 1

1
= =——(1—-u+u*-... .
2(z=1) u 1+u u (I-utu ) (5.173)

since |u| <1, giving
1
f@)=r=7-1+GE-D-G-1+..., (5.174)
Similarly, we may obtain the series for |u|>1. -

Example 20 Consider
2

f@)= Ln(1 ‘ 22) (5.175)

for |z] > 1 (recalling that the capital letter indicates the principal value
of the logarithm). Then

f(z)= Ln( : /221 — 1) = Ln(ﬁ;). (5.176)

f(z) =Ln(-1) — Ln(1 — 1/z?). (5.177)

Hence
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The principal value of Ln(—1) is iz while the second term can be
expanded using the series for Ln(1 — 1/z?) since |1/z% < 1. We find

. 1 1 1
f@)=in ( 22 2724 325 )
1 1 1
STttt ... 5.1
i Gttt - (5.178)

5.11 Singularities and residues

We have seen in Section 5.10 that if f(z) has an isolated singularity at
z =z, then in the neighbourhood of this point f(z) can be represented
by the Laurent series (5.153). The principal part of the Laurent series
(the terms with negative powers of z — z;) may contain either a finite
number of terms (as in Example 16 above) or an infinite number of
terms (as in Example 17 above). We have the following definitions in
each case:

Finite number of terms. In this case the singularity at z, is called a
pole of order m, where m is the highest negative power of z — z,.
Hence, in Example 16, f(z) has a pole of order 4 at z =0 whilst in
Example 18, f(z) has a pole of order 2 at z =1. Poles of order 1 are
called simple poles. Hence, in Example 19, f(z) has a simple pole at
z =0 (see the Laurent series (5.169) about z =0 for 0<|z|<1) and a
simple pole at z=1 (see the Laurent series (5.174) about z =1 for
0<|z-1j<1).

Infinite number of terms. When the Laurent series in the neighbour-
hood of a singular point contains infinitely many terms with negative
powers of z —z,, the point z =z, is termed an essential singularity.
For example

1 1
f(Z)=el/z=1+;+W+"' (5179)

has an infinity of terms in negative powers of z. Hence z =0 is an
essential singularity of e'*. Similarly

1 1

(1
f(Z)=Sln(;)=;—3!z3+§;§—... (5.180)

has an essential singularity at z = 0.
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An important number, as we shall see in Section 5.12, is the
coefficient a_; in the Laurent series. This coefficient is called the
residue of the function f(z) at z = 2z, and we now show how it may be
calculated in different cases.

1. Simple poles

Clearly if we have a simple pole at z = z,, then the Laurent series
(5.153) will have the form

fz)=—1+ i a,(z — z,)". (5.181)

a
z—2
By multiplying through by z — z,, we have
z—z)f(2)=a_,+agz—z)+a(z—z)*+.... (5182)
Hence taking the limit as z — z,, we find
jLﬂ;[(Z —z)f(D)]=a_y, (5.183)

which enables the residue to be calculated.

Example 21 To find the residues at z=0 and z =1 of
f(z)=1/z(z—-1). (5.184)

Method 1 In Example 19 above we showed that the Laurent series of
f(z) in the neighbourhood of z =0 is (see (5.169))

1
f(z)=—;—1—z—22—.... (5.185)
The coefficient of 1/z is by definition the residue at z=0 and is
therefore —1. Further we showed (see (5.174)) that the Laurent series
of f(z) in the neighbourhood of z =1 is
1
f(z)=:—1+(z—l)-—(z—1)2+.‘.. (5.186)

Hence the residue at z =1 (the coefficient of 1/(z — 1)) is 1.

Method 2 We now use the formula (5.183). For z =0,

a_,= lim[z ] =-1, (5.187)

z—0

1
z(z—-1)
as before.
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For z =1,

. 1
a_;= ler:[(z -1) 2z 1)] =1, (5.188)

as above. .

Example 22 To show that z = 3x/2 is a simple pole of
f(z)=e*tanz, (5.189)

and to determine the residue there.
Let z —3m/2 = u. Then expressing (5.189) in terms of u we have

f(u) =e***3 tan(u + 371/2)

cQu+3m) sin(u +37/2)
cos(u +37/2)

e (5.190)
smu

We now expand the functions cosu and sinu as power series in u

so that
u? ut
1——+—-
< 20 4 )
= —¢ 37! 2u
fu) ( FERC
u—'g ;-)

eZu u2 u4 u2 u4 -1
= e (1_§+E_'“><1_§+§_‘“> . (5.191)

We may further expand €® as a power series and use the Binomial
Theorem to expand the last factor. Then

fuw)=— 3"[1+2 +(2)2 ...](1—;—!2+Z—:—‘..)

x (1 +‘3‘—!2—. . ) (5.192)

Since all the expansions involve only positive (or zero) powers of u,
the only term with a negative power of u is —e*”/u. Hence the
principal part of the Laurent series of f(z) in the neighbourhood of
z=3x/2is

e3n’
P(Z)=_Z——3—.n'/2' (5193)
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The pole is therefore a simple one. The residue is the coefficient of
1/(z = 37/2), which is —e*".

Alternatively, the residue could be calculated using (5.183). We
obtain

a_,= lim [(z —37/2)e* tan z]
z—37x/2
sin z
=1 — 2)e* ——] .
z—gr.r:/Z[(z 3x/2)e cos z (5.194)

Now both z — 3x/2 and cos z tend to zero as z— 37/2. Hence

. z—3m/2 ) . .
lim (———— lim e®*}{ lim sin z)
z—3a/2 COs z z—372/2 z—38/2

lim( 1 >(e3")(—1), (5.195)

z—372\—8INn 2

a_,

where we have used L’Hopital’s rule in the first term. We find
therefore
a =—L3n—=—e3” (5.196)
' —sin(37/2) ’ :

as above. .-

Besides the two methods described above, the residue at a simple
pole may be calculated by another method. Suppose

p(z)
f@)= 5.197
a() G197
and that z = z, is a simple zero of g(z) (that is, g(z) behaves like z — z,
as z— zy). Then z = z; is a simple pole of f(z) provided p(z,) #0 and
that p(z) is not singular at z = z,. Using (5.183) we can now write

—timl (2 — 20 P@] = i p()
4= 215‘30[(2 %) q(z)] B leo[q(z)/(z - zo)]
— i p(z) G
) -4 19
zZ—2z
since q(z,) = 0 by definition. Hence
1
=1
¢ zfz‘op(z)lim[q(Z)—q(ZO)]
z—>2o Z—2
= pla) (5.199)

q'(z0)’
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using the limit definition of the derivative of g(z) at z =z, For a
simple pole, therefore,

a_, = p(20)/q’'(20)- (5.200)

Example 23 Consider
1
1-z%

f(z)= (5.201)

The pole at z=1 is simple (since z=1 is a simple zero of
1-2°=(z—-1)(-1-2z—2%). Hence, since p(z)=1 and gq(z)=
1-23

1

- =1 - 5.202
(329, 0 (5-202)

a_,

2. Poles of order m

The Laurent series (5.153) for a function f(z) with a pole of order m
at z — z, has the form

x

@)= au(z - z0)" +—

n=0 (Z - 20)
a_, a_,,
+.o 5.203
Gz 209
Now multiplying (5.203) by (z — z,)” we have
(z = 20)"f(2) = 2 an(z — 20)" "+ a_y(z — 20)"
n=0
+a_(z—z)" *+...+a_,. (5.204)
To find a_,, we differentiate (5.204) m — 1 times to obtain
dm—l
1 (z~z)"f(D)=(m—-Dla_+mlay(z—-z)+.... (5.205)
Hence
a_,=lim —}——4: [(z = z0)"f(2)] (5.206)
_1—z—>zo(m_ 1)!dz’"_1 0 ) )
When m = 1 we obtain the result (5.183) for a simple pole.
Example 24 Consider
z 2
= . 5.2
f&=(=) (5.207)

Then z =1 is a double pole (pole of order 2). We can obtain the
residue at this point by finding the Laurent series, or by using (5.206).
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Method 1Let z—1=u. Then

z \* (u+1 1+2u+u®> 1 2
(z—l) =S s s L (5.208)
Hence the Laurent series is
1 2
f(@)= +1. (5.209)

-1 -1

The coefficient of 1/(z — 1) is 2 which is therefore the residue at z =1.

Method 2 Using (5.206) with m =2,

T N P (L)]}
”“‘l‘i‘}{l!dz [(Z 2 P (5.210)

—lim-L (22 =2 (5.211)

_z—>1dZ oo )

as in method 1. «d

Example 25 Consider

1
f(z) @ (5.212)

Then f(z) has a pole of order 2 at z = 0. Using the expansion of ¢, we
find

1 1 z 2 1 1
f(z)=(z+zz/2!+m)2=;(1+§+...) —S—ste (G21)

From the Laurent series (5.213), we see that the residue of f(z) at
z =0is —1. Alternatively, using (5.206), we have

= iifé{diz [zz(ez - 1)2]} (5.214)
- m[zz(ez(; 1_)1_)32 zzez] (5.215)

Both the numerator and the denominator of this expression tend to
zero as z— (. The value of the limit may be obtained by expanding ¢*



5.12 Cauchy residue theorem 131

as follows:

— 2 3 2
22(2+%+§+ >—222<1+z+%+ )
a_1=£i2}) - PR 3 - (5.216)
<Z+5+§+...)

[ 3_ 2.4

=53z +. ..
= lim| == ZZ . (5.217)
z—>0 3 z

-z<1+2!+...)

[~ 2

—1—-%5z+...
=1lim % =-1. (5.218)
z—0

@Uﬁ )

Hence the residue of f(z) at the double pole z=0 is —1, as
before. .-

5.12 Cauchy Residue Theorem

We have seen that, in the neighbourhood of a singularity z,, f(z) may
be represented by the Laurent series

©

f@)=3 =2t S 4z -2y, (5.219)

n= 1(2 Zo)" n=0

where the singularity is termed a pole of order m for any finite m, and
an essential singularity for m infinite. Suppose we require

1= 35 f(z)dz, (5.220)

where C is some closed curve surrounding z,. We showed in Section
5.7 that the integral around C is equal to the integral around a circle y
of radius p, centre z,. This was done by cutting C and inserting two
parallel straight lines of equal length joining C to vy, the contributions
from these lines (the cut) cancelling as the lines are brought into
coincidence. Hence

3§C f(z)dz= é f(z)adz. (5.221)

Using (5.221) and (5.219) we have

Sﬁcf(z)dz=3§y[§ a- +2 ,,(z-—zo)"] 2 (5.222)

n=1 (Z zO)n
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The integral of each term in the second summation is zero by Cauchy’s
Theorem since each term is an analytic function. Now consider a
typical term in the first summation, say,

35 e “_‘;0),, dz. (5.223)

Since y is a circle of radius p (say), then on y, z =z, + pe'®, and
(5.223) can be evaluated directly:

a. 2 pe'idl  ia_
n p n
(Z _ zo)n dz = a_n n,in® — _n—1
Y

p-e P
If n # 1, this integral is simply

27
f e in=D0 g9 (5.224)
0

. 27
=== | (cos[(n — 1)8] — isin[(n — 1)8]} d6 =0.  (5.225)
0
If n =1, then
f#; g mia, [ d6=2mi (5.226)
=ia_ =2mia_,. .
v (z — 7)) "o 1
Accordingly,
é f(z) dz =2mia_,. (5.227)
C

From Section 5.11, a_, is the residue of f(z) at the pole of order m at
z = z,. Since we know how to calculate a_, for a given function f(z), it
follows that we can now calculate $.f(z)dz around any closed
contour C surrounding a singularity at z,. The result (5.227), known as
the Cauchy Residue Theorem, may be readily extended to the case
where f(z) has a number of poles zy, 2, z,, . . ., z, within some closed
contour C (the case of three singularities is shown in Figure 5.15).

Figure 5.15
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Forming the cuts in the usual way, we see that the integral around C is
just the sum of the integrals around circles centred on each singularity.
Hence

é f(z)dz=2ai(a_;+b_+c_,+...), (5.228)
C
where a_,, b_,, c_,, ... are the residues at z,, z;, z,, . . . . We there-
fore have
é f(z) dz =21 X (sum of the residues at (5.229)
C

the poles within C).

Example 26 Consider the function
f(z)=¢€*/z(z = 1). (5.230)

Then f(z) has two simple poles, one at z =0 and one at z =1. At
z =0, using (5.183), the residue is

. e*
a_'_ll—rf(l)[zz(z—l)}__l’ (5.231)

whilst at z =1, the residue is

. e’
b_,=££r}[(z—1)z(z_l)]=e. (5.232)

We now evaluate the integral of e®/z(z — 1) around three different
closed curves C,, C,, and C; (see Figure 5.16). Consider first

eZ
i, e (5.233)

where C, is some closed curve not containing a pole. Then the

Figure 5.16
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function is analytic inside and on C, and hence by Cauchy’s Theorem
the integral is zero. On the other hand, by the Cauchy Residue
Theorem,

e’ )
iz =D dz =2ni(-1), (5.234)

where C, encloses the singular point z = 0 (at which the residue is —1)
but not the singular point z = 1. Finally,

eZ
dz =2mi(e — 1), 5.2
igz(z—l) z=2mi(e—1) (5.235)
where C; encloses both poles at z =0 and z =1 at which the residues
are respectively —1 and ¢.

The Cauchy Residue Theorem enables many real definite integrals
to be evaluated without performing any integration. This and other
applications are dealt with in the next chapter.

Problems 5

1. If z=x +1iy, show that, if a >0, |a°|=a”*, where the principal
value of a° is taken.
2. Determine all possible values of

() In(1 —i), (i) tan™"(2i).

3. Show that the function e® has no zeros, and locate the zeros of
cosh z.
4. Given that

u=x*+4x—y*+2y

is the real part of an analytic function f(z), determine the
corresponding imaginary part v and the form of f(z).
S. If f(z) is an analytic function, show that

VIf@P =41f' ()"

Use this result to find the most general forms of g(z) and h(z)
given that g(z) and h(z) are analytic for all z, and that
¢ =|g(z)*+ |h(2)]* is harmonic (that is, it satisfies Laplace’s
equation V¢ = 0).
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11.

12.
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Evaluate [ (z2+1)dz
(i) along the straight line joining the origin, z =0, to z =1 +1,
(ii) along the parabola x =+¢, y =¢* where 0t <1,
(iii) along the straight line from the origin, 2 =0, to z =1, and
then along the straight line from z=1to z=1+1.
Why are the results the same?

(i) Evaluate
% dz
cZ— 2 ’

where C is (a) the circle |z| = 1; (b) the circle |z +i| =4.

(ii) By writing z =¢', evaluate [-Lnzdz and [coz°Lnzdz,
where C is the curve defined by — 7 <0 <.
Evaluate the following integrals using the Cauchy Integral For-
mula, where C is the circle |z]| =

sin z ze?
dz, (i % d
()4; 219 W g Ty
Evaluate the following integrals using the Cauchy Integral For-

mula, where C is the boundary of a square the sides of which are
defined by x = £2, y = £2:

cosz
———dz, (i ———dz,
@ é — mif2 z (i) cz(z*+9) z
an(z/2)
(iii) ¢ —— —5d
c(z=m/2)
Find the Taylor series about z =0 and its radius of convergence
for each of the following functions:

(i) e*%%, (i) sm(1 ), (iii) Ln(1 + ¢%).

-z
Locate the singularities of the following functions and determine
their nature and the appropriate Laurent series about these
points:

() zsin(1/2), (i) c:#;? (iif) (—:—S—;:/;_)i

Find the Laurent series of 1/z(z — 1)? about
(i) z=0,0<z| <1,
(i) z=0, |z| > 1,
(iii) z=1,0< )z - 1| <1,
(iv) z=1,|1z-1}>1.
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13. Find the residues of each function at the specified poles:

. 1
i) o

(ii) cotz at z =3m,

at all the poles,

1
(iii) 2C-1G-2 at all the poles.

14. Locate the poles of z/(1 —ae™**), where a>1 is a real constant,
and hence deduce that

Z
— _dz=0,
fisme

where C is any closed contour in the upper half-plane.
15. Show that

eimz

é > dz =nme™ ™,
czZ°+ 1

where C is a contour lying in the upper half-plane consisting of the

semicircle of radius R > 1, centred at the origin, and the portion

of the x-axis between —R and +R.
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Applications of contour
integration

6.1 Introduction

Using the basic theorems of the last chapter, in particular the Cauchy
Residue Theorem (5.229), we may now apply contour integration to
two specific problems: (i) the calculation of real integrals, and (ii) the
summation of infinite series.

6.2 Calculation of real integrals

1. Integrals of the type [ f(cos 0, sin ) d0

The integrand f(cos 6, sin 8) is first transformed into a function of
z = ¢€'? by writing

e®+e® z41/2
0= = .1
cos > 7 (6.1)

e?—e® 7 _1/z
in 0 = = s 6.2
s 2 2i (6.2)

and dz =ie'?d0 =iz d6. The integral from 6 =0 to 6 =2x is then
equivalent to integrating around the unit circle C, defined by z =¢'°
or |z| = 1, and may be evaluated using the Cauchy Residue Theorem.

Example 1 Evaluate

27
I= .
f 2—cos 6 cos @’ 6.3)

137
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Choosing the unit circle C (as above) for which z = ¢'®, we have

do =dz/iz. (6.4)
Using (6.1) and (6.4), (6.3) becomes
dz/iz 2§ dz
I= %2—2(z+1/z) ilez2—4z+1° ©.5)

Now the poles of the integrand occur where 22— 4z +1=0, that is, at
z=2+V3. Both are simple poles since z’—d4z+1=[z—(2-
V3)][z = (2+ V3)], but only the pole at z=2—V3 is within C (see
Figure 6.1). Hence, to evaluate the integral by the Cauchy Residue
Theorem, we require only the residue at z=2— V3 which is (by
(5.183))

1
i {[z —(2-V3 N eV~ \/3)]}
1

1
= = — . 6
C-Va-c+v3 v 69
Hence
dz )
£ Z—4z+1 2’”( 2\/3>’ 6.7)
by the Cauchy Residue Theorem (5.229). Finally
= de 2. 1 2
o 2—cos8 i ‘(_2\/3>_\/3' - 68)
Example 2 Evaluate
o cos(26)
I= f 5—- 4cos6 (©6.9)

Figure 6.1
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Using the fact that

2i0+ —-2i6 2+ 2
cos2ey =t T H1Z (6.10)

together with (6.1) and (6.4), I becomes

24+1/22 d 1 ‘41
% - +z-/l-zl/z 5=_—§ - dz,  (6.11)
02[5_4< 2 )]

iJe2%(z-3)(z-2)

where the contour C is the circle |z| = 1. The poles of the integrand
are as follows:

(i) a pole of order 2 at z =0;

(ii) a simple pole at z = 3;
(iii) a simple pole at z = 2.
Of these, only the first two lie within C (see Figure 6.2) and hence we
need the residues at these two poles only.

Residue at z = 0 Expanding the integrand as a Laurent series about
z=0, we have

(z* +1)
z?

(z +1)

(z-3) (-2 =701~ 22)7'(1-z/2)""

(zz+1)(1+22+4z +o.)A+z/242%/4+..0). (6.12)

The coefficient of 1/z is therefore 2+ 4 =3, which is the residue at
z =0. Alternatively, since z =0 is a pole of order 2, we could have
used (5.206) with m = 2 to obtain the same result.

Figure 6.2

1z{=1
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Residue at z =% Here the pole is simple and the residue is (by (5.183))

i 1 (z*+1) sl
ilg; [(2_2)22(2—%)@_2)]_%(_3 =% (6.13)

Finally then, summing the two residues within C,

-

2

z*+1 27
——————dz=27i(¢3-) = - =~ .
3& 22(z-D(z-2) 2=2mG=%) 3° (6.14)
and consequently, by (6.11),
2% c0s(20) 1 ( 27ri) 7
, 5_4cos670 &\ 3)"¢ (6.15)

2. Integrals of the type [, f(x) dx
We replace x by z and consider the closed contour C in the upper
half-plane consisting of the semicircle C’ of radius R, for which
z=Re'®, 0< 6 =<u, and the part of the x-axis from —R to +R (see
Figure 6.3). We further assume that the single-valued function f(z)
satisfies two conditions:
(i) f(z) is analytic in the upper half-plane except for a finite number
of poles, none of which lie on the real axis (the case of poles on
the real axis is dealt with in Section 6.4);
(i) |f(z)|<M/R? where M >0 is some constant, as |z| = R tends to
infinity on C’ (the curved part of C).
Now, by the Cauchy Residue Theorem,

ﬁf(z) dz =J:RRf(x)dx +L,f(z) dz

=2mi X (sum of residues at the poles of f(z) inside C).
(6.16)

Figure 6.3
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Further

oo R
f f(x)dx = lim f f(x)dx. (6.17)
—%0 R—x —R
Hence, provided

lim ,f(z) dz =0, (6.18)

R—x

as we expand the contour by letting R— », (6.16) gives (since, as
R — o, the interior of C becomes the upper half-plane)

f f(x) dx =2mi
X (sum of residues at the poles of f(z) in the upper half-plane).
(6.19)
Condition (ii) above is sufficient to ensure that (6.18) is satisfied, for

lim

R—»

J'C'f(z) dz Lﬂf(Reie)iReiedB

= lim
R—o

< limf |f(Re'®)| R dO
R—» Jg

M
=< li —Rd6=0, 6.20
Rl_l;l;lo o RZ ( )
where we have used the fact that the modulus of the integral of a
function is less than or equal to the integral of the modulus of that
function. The vanishing of the modulus of the integral on C' as R— »
implies that the integral itself is zero.

Example 3 To evaluate

*  dx
|5 (21
where a is a real positive constant.
Consider
dz
Rl (6.22)

where C is the closed contour of Figure 6.3. The conditions (i) and (ii)
above are satisfied since f(z)=(z*+a*)"' has simple poles where
z*=—a* and |f(z)| behaves like R™* for large |z| = R. The four poles
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are at
z, = qelTtHEME Ll —0 1,2, 3, (6.23)
and only two of these lie in the upper half-plane:
zo=ae™, z =ae*™, (6.24)

To find the residues at these poles, we use (5.200) with p(z) =1 and

q(z) = z* + a*. Hence the residue at z, = ae'™ is

p(2) 1 | S,
=—| =—5emA 25
q'(z) 1, 42°1, 42> € (6.25)
whilst that at z; = ae*™* is
p(z) _ 1 _i e
7G) 21—423 Zl—4a3e . (6.26)

Finally, using (6.19), we find

©  dx 1 . 1 A
— 2.7'[1(_ e—3.m/4 +— e—9m/4)
f_m x*+a* 4a> 4q®

R SRS

4>l V2 V2
T
=Va - (6.27)

3. Integrals of the type [=.. f(x)e** dx (k> 0)
These integrals occur in the theory of Fourier transforms (see Chapter
7), and can be evaluated using the same contour C as in Figure 6.3.
We assume that
(i) f(z) is analytic in the upper half-plane except for a finite number
of poles, none of which lie on the real axis (as before);
(ii) |f(z)l = M/R, where M >0 is some constant, as |z] = R tends to
infinity on C’.
Condition (ii) ensures that the integral of f(z)e'** on C’ tends to zero
as R— », for
lim

R—>

L, f(z2)e** dz

< lim f |f(Re'®)| |€*R<| R d6
R—x Jg

7T /2

M , .
<lim | e *R"°RdO=2M lim | e *Rs"®4g.  (6.28)

R—x Jg R—= Jg
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Since sin 0 =20/x for 0< @ < /2, the last integral in (6.28) is less
than or equal to
/2

M
2M lim | e %97 4g = lim ;;—’ (1—e*F), (6.29)

R—x 0 R—o

which tends to zero as R— «. The vanishing of the modulus of the
integral on C’ as R— « implies that the integral itself is zero. Using
the Cauchy Residue Theorem for the contour C, as in 2 of this section,
we have finally

f f(x)e** dx = 2mi X (sum of residues of f(z)e'** at the poles of f(z)

in the upper half-plane). (6.30)

Example 4 Evaluate

= cos(kx)
I= .
[ S (6.31)
where k>0, a>0.
Here
1 0 eikx
I=3Re f_m mdx, (6.32)

where Re stands for the real part of the integral. The integral in (6.32)
now has the form of the left-hand side of (6.30). Consequently we
consider

elkz
%C m dz, (6 33)

where C is the contour of Figure 6.3, as before. The conditions (i) and
(ii) are satisfied since |f(z)| = |1/(z* + a®)| behaves like R on |z| =R
as R— «. The poles of f(z) are at z = +ia of which only z =ia lies in
the upper half-plane. The residue at this pole is (using (5.183))

eikz e—ka
i [ S ]S
e (z~ia) (z —ia)(z +ia) 2ia (6.34)
Hence
o eikx . e—-ka T ta
j_w x*+a* dx = Zm( 2ia ) R (6.35)
and, since this is real, (6.32) gives
[=Ze (6.36)

" 2a
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We note here that if k<0 then the integral of (6.33) becomes
unbounded on the curved part C’ since

'eikReiel - e—kR sin 8 (637)

which, for k <0 and 0 < 8 <, diverges as R— . In this case we use
the contour in the lower half-plane (see Figure 6.4), the integral on the
semicircular part tending to zero as R—> by an analysis similar to
that in (6.28) and (6.29). Calculating the residue at z = —ia, we find

JT
I==—ek, k<O0. :
52 € 0 (6.38)

Hence, for all k,

= cos(k
f COSKY) gy = L et g (6.39)

x>+ a’® 2a

6.3 An alternative contour

The contours of Sections 6.1 and 6.2 have been either circles or
semicircles but other contours may be more suitable for a given
integral. The following example shows how a rectangular contour may
be used to obtain the value of an integral from a known result, without
expanding the contour to infinity in all directions.

Example 5 Suppose we want to evaluate
I= I e cos(2ax) dx, (6.40)

where a>0 is a real constant. Attempting the method of the last
section and replacing x by z, we find that on a semicircle z = Re'?,

Figure 6.4

y
A
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le™%* cos(2az)|— « as |z| = R— « when /4 < 8 <3x/4 (since le™%| =
e~ R*cs29 and cos(20) <0 for /4 < @ <3m/4). Hence the integral on
this semicircle cannot tend to zero. Suppose instead we choose a
rectangular contour C as shown in Figure 6.5, where the various
straight portions are denoted by C,, C,, C; and C,. Now consider the
integral

ff e dz. (6.41)
C

The function e ™" has no poles and it follows therefore from Cauchy’s
Theorem that this integral is zero. Hence

0

X1 Y1
é e dz =f e dx +I e+ i dy
C —X1

—x 0

p4]

. — 2 — iv)2 —_—2 _— H 2

since on C,, e Z=e ™" on C;, e = **" and on C,,
—_a2 —(— HY Y4

e" = "M*¥)’ We find, after some algebra, that

X1 24 X1
f e dx — 2e‘xff e sin(2x, y) dy — ey%J' e "G gy =,
—x 0 —x

(6.43)
By putting y, = a and letting x,— %, we have
f e dx =e” f e *[cos(2ax) — i sin(2ax)] dx
=e” f e ™ cos(2ax) dx, (6.44)
Figure 6.5
y
4
—x;+iy xj+iy;

Gy

C, 4' A

v
v
=
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since sin(2ax) is an odd function. But, from (2.10), we deduce

f e dx=Vn (6.45)
and hence

I= f e ¥ cos(2ax) dx = Vme ™. (6.46)
By differentiating with respect to a, we note that

f xe ¥ sinRax) dx = Vrwae ™. (6.47)

6.4 Poles on the real axis: the principal value of integrals

We have assumed in the previous sections that none of the poles of the
integrand lie on the real axis. When a pole does lie on the real axis,
we can still obtain a value for the integral [.. f(x) dx. However, since
we cannot integrate through a singularity (f(x) becomes infinite at a
pole), we must assign a so-called principal value to the integral.
Suppose a pole exists at x = x4 (@ <xo<b). Then the Cauchy principal
value of [2f(x) dx (denoted by P) is defined by

b

P Lbf(x)dx=llsi_£r:] [fo_af(x)dx+ f(x)dx]. (6.48)

xo+ 6

Example 6 The integrand of

“ dx
fo Z-a (6.49)

is singular within the range of integration at x = 2. The principal value
is therefore

PJ: dx =1im(f2_é & [ & ) (6.50)

+
x2—4 8—0 \Jy x2—4 2+5x2—4

(G D) o

1 8 4+6
=1m 3 {m(z=5) +n(5)} (6.52)
1 (4+6
—(l;_l)l})zlﬂ(ét__é)—o. - (6.53)
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We now suppose that [Z_f(x)dx is to be evaluated using the
techniques in 2 of Section 6.2. The function is assumed to have the
same properties as stated in (i) and (ii) of that section, with the
exception that a simple pole is now allowed at x = x, on the real axis.
We indent the contour C by constructing a small semicircle y of radius 8
centred at x, (see Figure 6.6). Now (with C’ being the curved part of C)

3§C f(z)dz = _R_ fwds+ [ @ dee [C, 1@ dz + [ () dz
' T (6.54)
=21 X (sum of residues at the poles of f(z) inside C). (6.55)

To evaluate the last integral in (6.54), we use the Laurent expansion
of f(z) about z = x, in the form

f(Z)“

+ ag+ay(z—x) +. (6.56)
Writing z — x, = 8¢'°, we find

]
ff(z) dz —f Wéle'ede + aof 8ie'?do
+ terms involving higher powers of 6. (6.57)

Consequently,
lim f f(z)dz = —mia_, = —2ni<b>, (6.58)
6—0J, 2

where a_, is the residue at z = x,. The basic results (6.54) and (6.55)
become, as R— » and 6 — 0, using (6.58),

xg— &
lim [ f f(x)dx + f f(x) dx] 2mi X (sum of the residues at the
-R

1;-): xo+ &
s

Figure 6.6

y
A
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poles of f(z) in the upper half-plane) + 2ni<%), (6.59)

since [¢ f(z)dz—0 as R— » (as before). Hence, using (6.48), the
principal value is given by

P f f(x) dx =271 X (sum of the residues at the poles of f(z)

a_,

in the upper half-plane) + 2ni(——2—>. (6.60)
If more than one pole exists on the real axis, (6.60) generalises to

Pfo f(x) dx =2mi

X [(sum of the residues at the poles of f(z) in the upper half-plane)
+ 3(sum of the residues at the poles of f(z) on the real axis)]. (6.61)

Example 7 A standard example is to evaluate
= elmX
—dx, 6.62
| “a (6.62)

where m >0 is a real constant.
Writing the integral in complex form we have

39 iz, (6.63)
C

z

where C is the indented closed contour shown in Figure 6.7. The
integrand has a pole at z =0 and this is outside C because of the
indentation (a small semicircle, radius 6, centred on z =0). The
function €*/z has no poles within C and the residue at z =0 is

lim (zei"”/z) =1. (6.64)
z—0
Figure 6.7
y
4\
C
N, >
0
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Hence, using (6.61), we have, on letting R— « and 6 — 0,
Pf € dx=27i(0+3.1)=ni. (6.65)
—_— x

Taking the real and imaginary parts of (6.65) we find

P f coS(mx) 4 =0 (6.66)
—_—0 x
and
f Sm(x"’x) dx = 7. (6.67)

We note that we have omitted the principal value symbol in (6.67)
since sin(mx)/x does not diverge as |x|—0 and therefore does not
have a pole on the real axis. If m <0, the contribution on the large
semicircle does not tend to zero in the upper half-plane but, as before,
we may use the contour in the lower half-plane shown in Figure 6.8.
We find in the same way, by letting R — o and 6 — 0, that

J > sin(mx)

X

dx=-m, m<Q0. (6.68)

This integral will occur again in Chapter 7 and may be written as an
integral from 0 to o,

= sin(mzx) n/2, m>0

in(mx

f de= 0, m=0, (6.69)
0 —nf2, m<0

since the integrand in (6.68) is an even function of x. -

Example 8 By integrating €"*/z(z*+a*) around a semicircular
contour in the upper half-plane, indented at the origin (see Figure

Figure 6.8

A
- 0 - > X
-« \'/ < >
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6.7), show using (6.61) that

“sin(mx) & ma
[O Tt D) dx = Y (1—e™), (6.70)

where a and m are positive constants.
Since the integrand tends to zero sufficiently fast as R— o,

P J ——i*z dx =2mi X (sum of the residues of the integrand
—=X{(x* +a*) . .
at its poles in the upper half-plane)

+ 7i X (residue of the integrand at z =0). (6.71)

In the upper half-plane there is a simple pole at z = ia with residue

eimz 1
im [(e—i0) S Je Lem
e (z ~ia) 2(z +ia)(z —ia) 2a2°¢ (6.72)
For the simple pole at z =0, the residue is
. eimz 1
fim [z z2(2* + az)] S a (6.73)
We have from (6.71) therefore
e . 1 .\ m
PJ'_gox(x2+az) dx =2m(——2;3e >+;
.7'[1 —ma
=;(1—e ). (6.74)

Taking the imaginary part of each side and noticing that the integrand
is an even function, we have

* sin(mx) T _

———S5-dx=-—(1-e"™). 6.75

IO x(xz + aZ) 2a2( € ) ( )
By differentiating with respect to the parameter m we find

= cos(mx) T
L dy=—e ™ )
b (P+a) T T 2C (6.76)

as in (6.36). .-

6.5 Branch points and integrals of many-valued functions

Consider now, for example,

f . x%f(x) dx, (6.77)



6.5 Branch points and integrals of many-valued functions 151

where « is a constant but not an integer. Writing

§ 2% (2) dz, (6.78)

we notice that z% is a multi-valued function and that z =0 is a branch
point. In Section 5.1, we discussed the functions z* and z*! and found
that if the argument of z is changed by 2 (in other words, if a branch
point is encircled) then we obtain another branch of the function and a
different value from the starting value. In using the contour integration
technique, therefore, the contour must be chosen to exclude the
branch point so avoiding multiple values. Some integrals involving
multi-valued functions can be evaluated using a suitably indented
semicircle, and we illustrate this with two examples.

Example 9 Consider

©
fo 1+ dx, 6.79)
where 0 < a <1.
Accordingly, we evaluate
z @
i 1552 dz, (6.80)

where C is the indented closed contour shown in Figure 6.7. The small
circle, radius 9, centred on z = () ensures that the branch point z =0 is
outside the contour. As R—» on the large semicircle z = Re',
f[[z%/(1 + z%)] dz| behaves like R*~' which tends to zero. On the
small semicircle z = de'®

zat i6a+lei(l+a)6
dz = -
f1+z2 1+ 8%%°

which tends to zero as 6 — 0. Hence

de, (6.81)

Tt ’ x” 1 1 @ 2 .
L 1+x2dx+f_w1+x2dx—2mx[re31due of z%/(1+z%) at z =i].
(6.82)

By changing x to —x =xe™ in the second integral and evaluating the
residue of z*/(1 + z?) at the simple pole z =i, we find

oo xa oo(xeni o ~(eni/2)oc
d +f dx =2m———. .83
fol+x2x b, 1+ T (6.83)
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Finally then

1+ miar ” d = Tia/2 84
( e)f()1+x2x me™ e, (6.84)
giving
enux/z T
. .85
f 1+x2 0 1+eme 2cos(na/2) - (6.85)

Example 10 Consider
“ Inx
L g dx, (6.86)
where a > 0.

Using the same indented semicircular contour (see Figure 6.7) to
avoid the branch point at z =0, we now examine

1
3§ —Zdz. (6.87)

czZ°+a

On the large semicircle, [ |[(Inz)/(z*+ a®)] dz| behaves like R™'In R
which tends to zero as R— «. On the small semicircle z = de'f,
Inz (In 6 +i0)ide'®
22 +a? dz = %49 + 4

do (6.88)

which tends to zero as 6 — 0. Hence
* Inx ® Inx
fo st | aiade=mi
X [residue of In z/(z* + a®) at z =ia], (6.89)
so that changing x to —x = xe™ in the second integral, we obtain

L=} 1 OO
f nx dx+j In(xe™ )d o ln(la)
0

x*+a? b x*+a 2ia

(6.90)

Expanding the logarithms into real and imaginary parts, and taking the
principal value of In(ia) since all arguments within C lie between 0 and
7z, we have

“ Inx L7 dx b 4 T
ZJ(; mdx+m£ m=;<lna+1§>. (6.91)

The real part of (6.91) gives

“ Inx 4
fomdx—z—alna. - (692)
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It should be noted in the above two examples that the integral from
— to 0 included, or was a multiple of, the required integral from 0 to
o, This arose because the single-valued parts of the integrands
(1/(1 + x?) and 1/(x*+ a®), respectively) were even functions of x. If
this is not the case then we require an alternative contour which also
excludes the branch point. A suitable contour is shown in Figure 6.9.
The contour C is made up of the large broken circle (radius R), the
two straight lines along the x-axis separated by an infinitesimal
distance (the ‘branch cut’), and the small broken circle (radius 8)
surrounding the branch point z=0. We shall see that, due to the
multi-valued nature of the integrand, the contributions above and
below the branch cut do not cancel. The following example illustrates
the use of this contour.

Example 11 Evaluate

o \/x
I=]| ——dx. .
fo T+ dx (6.93)
We therefore evaluate
Vz
1+ dz, (6.94)

where C is the contour of Figure 6.9. Both contributions from the
large circle of radius R and the small circle of radius 6 tend to zero (as
R—» and 60— 0, respectively). The contributions from above and
below the cut are, respectively, the required integral I in (6.93) and
(putting z = xe*™ on the line below the cut)

0 \/(xezm) . = \/X
R R
LTt ey =) Tyl (6.95)
Figure 6.9
y

anl
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Hence
35 £3 dz =21 =2mi

cl+z

X [sum of the residues of Vz/(1 + z°) at all its poles]. (6.96)

mi+2kwi

The poles occur at z°=—1=¢ , giving
= eni/3
=e"=—1, (6.97)
Z3= CSMB.

Since these are simple poles, the residues are, by (5.200),
(Vz/32%),_., =3zz}, for k=1, 2, 3. From (6.96) we have therefore

= _7;_1 (e~ 4 =372 4 o=57i2) (6.98)
=?(—i+i—i)=§. - (6.99)

We note here that the integral in Example 9 can also be evaluated
using the cut circular contour of Example 11. However, the logarith-
mic integral in Example 10 cannot be evaluated in this way. We leave
the reader to attempt this and to verify that, although the contribu-
tions from above and below the branch cut do not entirely cancel,
those terms containing the required integral do cancel.

6.6 Summation of series

Contour integration can be used to sum particular infinite series.
Suppose f(z) is a function which is analytic at the integers z =
0, £1, £2, ... and tends to zero at least as fast as |z| 2 as |z|— .
Now consider the function F(z)= 7z cot(stz)f(z). This function F(z)
has simple poles at z=n (n=0, £1, £2,...) with residues (using
(5.200) with p(z) = m cos(nz)f(z) and g(z) = sin(xz)) given by

x cos(mz)f (z)

(d/dz) sin(az) |, T (6.100)

We now integrate s cot(mz)f (z) around a square S with corners at the
points z=(N +3)(£1 i), where N is a positive integer (see Figure
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6.10). Using the Cauchy Residue Theorem,

é 7 cot(nz)f (z) dz = 271 X [sum of the residues at the poles of
s 7 cot(nz)f (z) inside the square]

[sum of the residues of & cot(nz)f (z)
at the poles of f(z) inside the square

=2m{ iv f(n)+ ]} (6.101)

n=—-N
where the first term is the sum of the residues of & cot(srz)f (z) at the
poles of cot(wz). On the horizontal sides of S, z =x +iy where
y=N+1>1 Then

einz +e—inz |einzl + |e—inzl
|cot(.nz)| = eiJ'lrz _ e—in’z = leinzl _ |e—inzl
s zy

=coth(x |y|) <coth(x/2), (6.102)

eV —ev

since y > 3. Further, on the vertical sides of S, z=+(N +3) +iy so
that
|cot(nz)| = [cot{n[£(N + 3) +iy]}| = cot[m(£] + iy)]|
= |tan(sriy)| = |tanh(zy)| < coth(z/2). (6.103)
Hence, from (6.102) and (6.103), cot(xz) is bounded on § as N—
and consequently [ |mcot(nz)f(z)dz| tends to zero on S as N—>x

because of the behaviour of f(z). Letting N— = in (6.101), we see
that the integral on the left-hand side tends to zero giving

+o
S
= —[sum of the residues of & cot(z)f(z) at the poles of f(2)],
(6.104)
Figure 6.10
y
A
AS
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which enables the series on the left-hand side of (6.104) to be
summed. Similarly, if we consider the function = cosec(rz)f(z), we
find that the residues at the integers are (—1)"f(n). The corresponding
result to (6.104) is

S (-1yfm)

n=—w

= —[sum of the residues of & cosec(7z)f (z) at the poles of f(z)],

(6.105)
which enables series with alternating signs to be summed.
Example 12 Consider
S ]' —_ 1 1 1
Eon2+1—1+§+g+m+.... (6.106)

To express this in the form of a sum from — to -+, we write

&1 1y S 1
Eon 1+,.21n =2 2n_§:_mn2+1' (6.107)
Now, using (6.104), we have
+00 1
= —[sum of residues of & cot(srz)/(z*> + 1) at z = +i].
“Zont+1
(6.108)

Both poles at z = *i are simple. The residue at z = +i is therefore

(i
ﬂ"zi(—”‘) - gcoth x, (6.109)
whilst that at z = —i is
t(— i
z co—(zi i) =— gcoth . (6.110)
Hence, from (6.107) and (6.108),
et ki 4
2 =i+ 2 coth . (6.111)
Similarly for the series
Z =1-3+i-%+..., (6.112)
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we write

+

2 (Vs ) (6.113)

nen?+1

n§0n2+

Using (6.104) we have

va—‘
(N1

+x _1 n
> (2 +)1 = —[sum of the residues of & cosec(7z)/(z>+1) at z = *i
Py

(6.114)
Jtcosec(m) 7 cosec(— m)) 4
< 2i =2 sinh 7 (6.115)
Hence, from (6.113),
= (_1y
SEV 4, T 4 (6.116)

2sinh '

Often the series we wish to sum begins with the n = 1 term, and the
function f(z) has a pole at z =0, corresponding to the n =0 term. In
this case, since the n =0 term diverges in the sums on the left-hand
sides of (6.104) and (6.105), we omit the term # = 0 and the residue at
z=0 is included on the right-hand sides. We illustrate this with an
example.

Example 13 Consider
S 1
2—2—1+i+$+%6+.... (6.117)

Then f(z) = 1/z* has a pole at z =0. Hence
1 t
> S5=- [residue osz(nz) at z =0],
n==—o z
n#0
since z = 0 is the only pole of f(z). To find the residue here, we expand

7 cot(nz)/z? as a Laurent series about z = 0:

o

(6.118)

(- )
moot(mz)  mcos(mz) m 2t
22 Z%sin(nz) 22 ( f et )
nz — +...
3!
1 w22 m*2? -1
L(1-mE )T )
23( 2 6
1 n*z? w222
“L-EE, (+ +)
z3< 2 ) 1 6
1 wz?
-2 (i- +) 1
z3< 3 (6.119)
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The residue (the coefficient of 1/z) at this pole (of order 3) is therefore
—x%/3. From (6.118) we have

> 1/n*= 73, (6.120)
ey
so that
2 /n*=m?/ (6.121)
Similarly for the series
S (=1)YnP=1-4+d-%+. .., (6.122)
n=1

we have

> (=1)"/n*= —[residue of & cosec(nz)/z? at z =0]. (6.123)

n#0

Expanding about z =0 to find the residue, we have

mcosec(nz) =« az? -1
—— =5 -+,

z? 2 3!
1 J.,:ZZZ -1
=—(1- +>
z3< 6
1 2.2
=z—3(1+”6z +) (6.124)

Hence the residue (the coefficient of 1/z) is 7%/6 and consequently

* (=1 n—1 % —1)" -71'2
sSEVT_ s E T (6.125)
no1 R ne—w R 12
n#*0
Problems 6

1. Evaluate by contour integration around the unit circle |z| = 1:

2% cos(36) 2% sin’@
@ f 5— 4cos€d9 (i) [ 2—cost9

2. Show by contour integration that

2 de _ 2n
o 1—2acos@+a®> 1-da*’

lal < 1.
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Hence show that

ol de _ 2n
b (1+a%?—4a%cos’0 1-a*’

la| < 1.

. Evaluate, using a semicircular contour in the upper half-plane
centred at the origin,

dx
()L1+x‘” W) ez

(iii) f x2dx (iv) J’ x?dx
iii ——
b (X +1)(x*+4) @+1p
By integrating
eiz
2+ a® (2 +b%)’
where a>b >0, around a semicircle in the upper half-plane
centred at the origin, show that
* cos x gy = — T (e__ﬁ e_“‘)
e (2 + a2+ 0% (a®-b?)

By integrating the function

a

e3iz
(22 +4)*

around a semicircular contour in the upper half-plane centred at
the origin, show that

* cos(3x) ks

b (x*+4)? ST
. Find the principal value of the integral
- dx
e (x+ D(x*+2)°
. Show that, if a # b, the function

-6

has a simple pole on the real axis. By integrating this function
around a suitably indented semicircular contour, show that

J"” cos(bx) — cos(ax)

dx = m(a—b
x2 X JT(a ))

where a and b are positive constants.
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8. Show that the zeros of 1—2e¢™* lie in the lower half-plane
(Im z <0). Evaluate
7= § zdz_. ,
c 1—2e™**

where C is the rectangular contour with corners at the points
(-x,0), (7, 0), (x,iK) and (—mx, iK). Show, by letting K— o,
that

T xsinx

o S—4cosx * 2

za-—l
§ dz,
cl+z
where 0 < @ <1, where C is the contour in Figure 6.9 consisting of
concentric circles of radii R>1 and 6 <1 with centres at the

origin joined by a cut along the positive real axis. Deduce, that, as
R—xand 6—0,

9. Evaluate

J’“’x“‘l 4 7
x = .
b 1+x sin(a)

10. Show, by using the same contour as in Problem 9, that

. * Vx /1 1
@ L 1+ oPd+0 %~ 0n (1 N \72)’
(i) %‘2“—)" P

11. Evaluate

(i) il/(n2+1)2, (ii) i(—l)"/n“.
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Laplace and Fourier transforms

7.1 Introduction

In the mathematical analysis of many linear problems it is often useful
to define an integral transform of a function f(x). The general form of
such a transform is given by

f(s)= f f(x)K(s, x) dx, (7.1)

where f(s) is the integral transform of f(x) with respect to the kernel
K(s, x) (a given function of two variables x and s), a and b being real
constants. There are a number of important transforms (for example,
Laplace, Fourier, Hankel and Mellin) obtained by choosing different
forms for K(s, x) and different values for a and b. The operation of
taking the integral transform, as in (7.1), exhibits a linearity property.
Suppose we let I{ } denote the operation of taking the transform of
whatever function occurs inside the curly brackets. Then

@) =F6)= [ f@KG 0 s (1.2)

and clearly

Haf (x)} = ad{f(x)}, (7.3)

whilst
Hof @)+ Be)} = [ [of () + Bg@IK(s, ) dx (1)

= ol {f(x)} + Bl{g(x)}, (7.5)
161
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where « and B are arbitrary constants. Equations (7.3) and (7.5) show
that /{ } is a linear operator. In order that f(x) may be obtained if
f(s) is given, we now introduce the inverse operator I='{ } which is
such that if

I{f(x)} =f(s) (7.6)
then

fE)=1"Y{f(s)}. (7.7)

Accordingly 117" =1"'I =1 (the unit operator). It can be shown that
I is also a linear operator. In this chapter, we concentrate on two of
the most commonly used transforms — the Laplace transform and the
Fourier transform.

7.2 The Laplace transform

We suppose that f(x) is defined for x =0. The Laplace transform of
f(x) is then

2(f)) =)= [ e d. (7.8)

In general, the variable s may be complex. We shall assume, however,
that s is real until 3 of Section 7.8. It can be proved that provided
[f(x)e™ ™| <M as x—> =, where M and « are suitable constants, then
(7.8) will exist. Functions satisfying this condition are said to be of
exponential order. We note that the function e* is not of exponential
order since e*’e”* increases without limit as x — o for all &. It is not
possible, therefore, to define the Laplace transform of this function.
The Laplace transforms of some elementary functions are given in
Table 7.1. The conditions on s given in Table 7.1 ensure that the
integral in (7.8) exists.

The proofs of these results all follow by integration from the basic
definition (7.8), and from use of the linearity properties (7.3)—(7.5).
For example

P{sinh(ax)} = z{e—_ze—} = 1P(e) — L p(em)
1 1 a
_1 _ —
_z(s—a s+a> s?—a*’ (7.9)

using the standard transform of e* (see Table 7.1).
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Table 7.1
f(x) Z{f(x)} =F(s)
1 1/s (s>0)
x"(n=0,1,2,...) n!/s"*' (s >0)
e - (s >a)
. a
sin(ax) T (s >0)
cos(ax) ﬁ (s >0)
sinh(ax) e f e (s >lal)
cosh(ax) 7 j pe (s> |al)

7.3 Three basic theorems

1. The Shift Theorem
This states that if

L)) =Ff(s) (7.10)
then _
Lle ™ f(x)} =f(s + a). (7.11)
Proof Using (7.8),
Fl{e ™ f(x)} = foe’“"e‘”‘f(x) dx (7.12)

= fwe"(s+“)‘f(x) dx =f(s + a), (7.13)

since this integral is again (7.8) with s replaced by s + a.

2.
If i
| Z{f(x)} =f(s) (7.14)
then
L) = (-1 S2F ), (2.19)

wheren=1,2,3....
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Proof Using (7.8),

fls)= fo e f(x) dx (7.16)
so that
d’! - drl Q0
O =5z [ et as (7.17)

-| (e () de = (1 Ff (). (1.18)
Hence (7.15) follows.

3. The Convolution Theorem
This states that if '

Z{f(x)}=Ff(s) (7.19)

and
Z{g(x)} =&(s) (7.20)

then
2| [ 1 - w0 duf =75)26) (.21

(The integral [3f(x —u)g(u)du is usually called the convolution
of f and g and is denoted by f*g. Clearly, from (7.21), £{f*g} =

Z{g*f})

Proof Using (7.8), (7.21) takes the form

Sé’{J:f(x —u)g(u) du} = Lwe"" dx joxf(x —uw)g(u)du, (7.22)

where the region of integration in the (u, x) plane is shown in Figure
7.1. The integration in (7.22) is first performed with respect to u from
u =0 to u = x up the vertical strip and then from x =0 to « by moving
the vertical strip from x =0 outwards to cover the whole (infinite)
shaded region.

We now change the order of integration so that we integrate first
along the horizontal strip from x = u to © and then from u =0 to « by
moving the horizontal strip vertically from « = 0 upwards. Then (7.22)
becomes

jw g(u) du va e *f(x —u) dx. (7.23)
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In the integral farthest to the right in (7.23), u may be regarded as a
constant. Hence putting x — u = ¢, so that dx = dt, (7.23) becomes

f " o(u) du f T e s () at (7.24)

Equation (7.24) can be rewritten as

r)g(u)e‘*“‘ du J-wf(t)e““ dt (7.25)

simply by collecting the terms involving u together. Each integral in
(7.25) is recognizable as the integral defining the Laplace transform.
Hence

2| [ - wg) du = () 2lg)) =T o)), (7.26)
We now give three examples of the use of these theorems.

Example 1 Since
2

${sin(2.x)} = m s

(7.27)

using the standard result of Table 7.1, then the Shift Theorem states
that

—ax _ 2
Z{e™* sin(2x)} “Grapid - (7.28)
Example 2 Since
1
Ple ™} = .
)= (7.29)

Figure 7.1
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from Table 7.1, then the second theorem above states that

Plxe2) = —dis (s i 2) - ﬁ (7.30)
and
Plae >} = :Tzz (s—i—z) - ﬁ - (7.31)
Example 3 Given
I= J:e“" cos[b(x — u)] du, (7.32)

we write f(x —u) = cos[b(x —u)] and g(u) =e®. Then f(x) = cos(bx)
and g(x) = e* so that

§

o) =, 8= (1.33)

Hence by the convolution theorem

N

CTaowTy 4 039

${J:e““ cos[b(x — u)] du} =f(s)g(s) =

7.4 The calculation of an integral

A slightly more sophisticated problem rests on the result (which we
assume without proof)

CSf{J' f(x, u) du}=f ZL{f(x, u)} du, (7.35)
0 0
where £ is taken with respect to the parameter x (x > 0). Consider

x{ f Mazu} = f x{m} du. (7.36)

0 u 0 u

Now

${ sintxu) } = f T SINOW) | (7.37)

u 0 u
1 u 1
Tu <s2+u2> T2+ u (7.38)
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Hence
x{f:%:“)du}#:sziuzdu (7.39)
= % [tan*(-‘sf)]: = 2—’2 . (7.40)
Now since (using Table 7.1) #{x/2} = n/2s, we have, for x >0,
mewt=g. (7.41)

Clearly if x = 0 then

f TsinGew) (7.42)

0 u
and if x <0, from (7.41),

* sin(xu) ) 4
——du=-—. 7.43
[ =au=-3 (7.43)
A convenient way to represent the results (7.41)—(7.43) is by defining

the sign function, sgn x, as

1, x>0
sgnx=9 0, x=0 (7.44)
-1, x<O.
Then
* sin(xu) n
f du =—sgnx. (7.45)
0 u 2

The Laplace transform approach to integration is a useful technique
and may be applied to more complicated integrals.

7.5 Laplace transform of an error function

In Chapter 8 we shall require the Laplace transform of a complemen-
tary error function defined in (2.49) by

2 * 2
erfcy=1—erfy=\/—”J’ e du. (7.46)
y

The particular transform needed is

Fferfc(a/2Vx)}, (7.47)
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where a >0 is a real constant. Now, from (7.46) with y = a/2Vx,

ft’{erfc(ﬁ)} = VZ—J; J:e‘”‘<£zvxe‘“2 du) dx. (7.48)

The region of integration in the (u, x) plane is shown in Figure 7.2.
Instead of integrating with respect to u first (along the vertical strip),
we change the order of integration and first integrate with respect to x
(along the horizontal strip). Then (7.48) becomes

${erfc(—2%)} = \/in Lioe_“z(fx;zmuze'” dx) du (7.49)

= s%r J; e Ve T dy (7.50)
_ 2 ” —(ul+als/du?)
=V fo € du. (7.51)
Now writing
u2+Z—:s2= (u —aVs/2u)?* +aVs (7

and making the substitution

v=u—aVs/2u, (7.53)
we find
u=3w+V(?+2aVs)]. (7.54)
and
vdv
du=3dv+—F——5—. 55
u=2dv V(v?+2aVs) (7.5%

Figure 7.2
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The range 0 <u <o becomes —w <y < (from (7.53)). Hence the
integral in (7.51) transforms to

v [r evans [ 2 ] (7.56)
sVr L), _=V(v*+2aVs) vl )

The first integral has the value Vo (see (6.45)), and the second
integral is zero since the integrand is an odd function of v. Accordingly

from (7.56)
—aVs

${erfc<2—f/—x>} = Pt (7.57)

7.6 Transforms of the Heaviside step function and the
Dirac delta-function
The Heaviside unit step function situated at x = a is defined by

1, x>a
H(x—a)={0 x<a

This is a suitable (discontinuous) function for describing an ‘off—on’
process in physical modelling and is shown in Figure 7.3. If x is a time
variable then prior to x =a the function is zero, whereas after x =a
the function has a non-zero (unit) effect. Due to its occurrence in this
way, we require its Laplace transform (see Example 10 of this
chapter). Consider

(7.58)

F{H(x —a)} =J:H(x —a)e ™ dx (7.59)
= faH(x —a)e ™ dx + JMH(x —a)e™dx (7.60)

=0+ f e dx =e7s, (7.61)
using the definition (7.58).

Figure 7.3

H(x—a)
A

abo———_ -
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Similarly, if y is some arbitrary (Laplace transformable) function
then

F{Hx —a)y(x —a)} = f:e‘”H(x —a)y(x —a)dx (7.62)
= Jme““H(x —a)y(x —a)dx
+ Jme‘”‘H(x —a)y(x—a)dx (7.63)

=0+ f e ¥y(x —a) dx, (7.64)

a

again using (7.58). Now writing x —a = v, the integral (7.64) becomes
j e~ Dy (v) dv = e (s), (7.65)
0

where y(s) is the Laplace transform of y(x). Hence
F{H(x —a)y(x —a)} =e ™ y(s). (7.66)
The Dirac delta-function is defined by 8(x —a) =0, x #4, and

fw S(x—a)dx=1, (7.67)

f 6(x —a)f(x)dx =f(a). (7.68)
The delta-function may be considered as the limit of a sequence of
ordinary functions. For example, defining
8,(x)=V(n/n)e™ (n=1,2,3,...), (7.69)
then

f Vn/me ™ dx =1, (7.70)
using the standard integral [~ e dx = V/(t/n). Hence

lim j 8,(x) dx =I 6(x)dx =1, (7.71)
and the delta-function is seen to be the limit of a sequence of Gaussian
functions with decreasing widths.

If we consider the integral of 6(x —a) over the interval —« to x’,
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then
x 0, ifx'<a
ot -ayis | |
f_w (F=a)dr=]," s (7.72)
=H(x' —a), (7.73)

using (7.58). Hence by formally differentiating each side we obtain
d
6(x-—a)=aH(x—a). (7.74)

This shows that the delta-function is not a proper function in the usual
sense since the right-hand side of (7.74) is the ‘differential’ of a
discontinuous function.

The Laplace transform of the delta-function is easily obtained as
follows:

Z{0(x —a)} = fme_sxé(x —a)dx=e%, a>0, (7.75)

using the property (7.68).

7.7 Transforms of derivatives

One of the main applications of the Laplace transform is to the
solution of differential equations, both ordinary and partial, and we
therefore require the transforms of the derivatives of the dependent
variable. For the purposes of this discussion, we do not go beyond the
second differential coefficient.

1. Ordinary derivatives

Suppose y = y(x) is a Laplace transformable function. Then

dx
= —y(0) + s7(s), (7.77)

where y(s) is the Laplace transform of y(x) and y(0) is the value of y
at x = 0. We have assumed here that ye™*— 0 as x — «. Similarly

” &’y _ (7 .4y , dyl” | [ _.dy
{ }=f —5X e [ —S5X ] + J’ —8X d .
dx? o A ¢ & o s o ¢ (7.78)
dy
=—y'(0) + {—} :
y'(0) +sZ I (7.79)

= —y'(0) +s[sy(s) ~ y(O)], (7.80)

d * d - -
g{_y} = f e iy = [ye‘”] +5 f ye *dx (7.76)
0 dx 4] 0
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Table 7.2
1) #(7)) =F6)
dy _
o s7(s) = y(0)
o £5(5) = 53(0) - ¥'(0)
2 s 565
b (s) ,356)
dx ds* ds
. d{t(y) 25(5) + ()
&y 56, d76)
X e +4s s +2y(s)

using (7.77), where we have assumed e *y’(x)— 0 as x — . Hence
d%y ) ,
22} =556) - sy0) - y0), (7.81)

where y'(0) is the value of dy/dx at x =0.
The transforms of terms of the form x™ d"y/dx" may be obtained
using (7.15). For example

At} 2 (A2 Ero o o

s —y(s). (7.83)
Some of these results are collected together in Table 7.2.

2. Partial derivatives

We now suppose that u(x, £) is an arbitrary function of x and ¢, where
a<x=<b and t=0, a and b being constants. Since ¢ ranges from 0 to
o, we may transform with respect to this variable as follows:

2{8% u(x, t)} = f:e % (7.84)

=[u(x, )e ™™g +s f oou(ac, e dt (7.85)

=si(x, s) ~ u(x, 0), (7.86)
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where i(x, s) is the Laplace transform of u(x, t) with respect to ¢
Further

3? ® L Fulx, 1)
fé’{gt—zu(x, t)} —J; e 3 dt

du(x, t)

= 25 B - ,0 el .
s%i(x, s) —su(x, 0) o |

(7.87)
Again we have assumed that u and its first derivative (with respect to
t) are of exponential order and are such that at infinity the integrated
terms are zero.

Besides the derivatives du/dt and 3%u/dt>, we have the other
derivatives du/dx, 3*u/3x%, and 3%u/dx 3t. For the first of these, we
have

i 7, Oulx, t) __1"‘” .
${axu(x, t)}—f0 e “ar dt—dx A u(x, He > dr (7.88)

= d% a(x, s), (7.89)

where s is treated as a parameter. Similarly

Qu) _ d’a(x, s)
‘Z){EP} ST (7.90)
and
82u d Su d _
g{ax at} =E‘${E} = 7 i (x, s) —u(x, 0)] (7.91)

7.8 Inversion

Before applying the Laplace transform to the solution of differential
equations, it is necessary to discuss in detail how to find f(x) from the
transform f(s). Such a process was indicated in (7.7) but we now need
specific techniques. One of the simplest and most obvious is to read
the inversion from a list of transforms so that from Table 7.1, for
example,

3'1{32 j_ a2} = cos(ax). (7.92)

Other methods use partial fractions, the Convolution Theorem, and
the general inversion formula based on contour integration.
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1. Partial fraction method
When the function f(s) has the form

f(s)=P(s)/Q(s), (7.93)

where P(s) and Q(s) are polynomials in s, the degree of P being less
than that of O, the method of partial fractions may be used to express

f(s) as the sum of terms the inversions of which are readily
found.

Example 4 Consider

. 2s*+3s—4
= . 7.94
=+ s+ (7.94)
Then by partial fractions we may write this as
- 1 s+3
f&) = S ev e+ (7.95)
1 s+1 2
= + + . .
s—=2 (s+1)P*+1 (s+1)*+1 (7.96)
Hence
- 1 s+1
e
fx) TN s=2 (s+1)y°+1
2
ol 2 7
(s+1)*+1 (7.97)
=e*+ e " cosx +2e *sinx, (7.98)

using the standard results of Table 7.1 and the Shift Theorem. .

2. Inversion using the Convolution Theorem

From (7.26) we may write

LHF6O) = [ 1= u)g(w) du. (7.99)
Hence if some function, say F(s), is given which can be written as the
product of two functions f(s) and g(s), the inversions of which are

known, we may then use (7.99) to obtain the inversion of F(s).

Example 5 To evaluate

$-l{sz(—s4;2—)z}, (7.100)
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we write

4 1
=, &(s)

: =G (7.101)

fls)=
Then from the standard results and the Shift Theorem we find

fx)=27{f(s)} = 4x, (7.102)

g(x)=L7Hg(s)} =xe™™. (7.103)

Hence from (7.99), since f(x —u)=4(x —u) and g(u)=ue *, we
have

g_l{sz(s__j-i?} =4 J:(x —u)ue * du, (7.104)

which, by integration by parts, gives

4
L VR |
etz Tt -1 - (7.105)
Example 6 Given that
fx)=27f(s)}, (7.106)
we can show that
1 _ X
££“{;f(s)} = f()dr (7.107)
(V]
Writing
g(s)=1/s, (7.108)
we have that g(x) = 1. Hence, using the Convolution Theorem,
1 _ X
3_'{;f(s)}=f flx—u)g(u) du (7.109)
0
=] f(x—u)du, (7.110)
0

since g(u) = 1. Writing x — u = ¢, we have finally

g-‘{% f(s)} =J:f(t) dr. (7.111)

3. Inversion by contour integration: the general inversion
Jormula

It may be shown in general that

fx)= 1 fﬁime"‘f(s) ds, (7.112)

Zﬂiyi
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where s is now a complex variable. The path of integration is the
straight line L in the complex s-plane with equation s=1y +1iv,
—w <y <, as shown in Figure 7.4, vy being chosen so that all the
singularities of the integrand lie to the left of this line. This line is
known as the Bromwich contour. In practice, we evaluate the integral
in (7.112) by taking a finite straight line, closing the contour in a
suitable way and then letting the closed contour expand to infinity,
while using the Cauchy Residue Theorem. There are a number of
ways of closing the contour. Here we concentrate on the method
shown in Figure 7.5 in which the finite straight line L’ is closed by
means of the part of the circle C, centre the origin. Then, provided
that |f(s)| < aR ™ on s = Re'’, where a and k are positive constants,
the integral of e”f(s) on C tends to zero as R— %, as we now show.
Consider first the part of C which is a semicircle S to the left of the

Figure 7.4
Ims
4 i
°
[
~ — » Res
9] >
°
Singularity @ L
of f(z) {
I
|
Figure 7.5
Ims
A
{‘-\AI
C \
R L
00
0 " # Res
‘/AZ/
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y-axis. On this part s = Re'®, where 7/2< 60 <3a/2. Hence on §
|esxf(s) dS| — |eRx(cos B8+isin B)i‘(ReiO)ReiGi d9|
=eR*s? | f(Re')| R d6. (7.113)

By assumption f behaves as a power of R on this semicircle and
cos 6 <0. Hence as R— o, (7.113) tends to zero since it includes a
decreasing exponential (with R) multiplied by a power of R.

Now consider the upper arc of the circle A, in the first quadrant.
The contribution from this arc to the total integral is bounded as
follows:

7e/2
< f leF (s) ds] < f R0 L pae (7.114)
Ay

e f(s) ds
) ) ) -

where cos 8,=y/R (see Figure 7.5). Now since O, @=sm/2, it
follows that cos 6 < cos 6, = y/R. Hence (7.114) is less than

o /2 a,eyx
e L eV dO = (/2= 6y). (7.115)

In (7.115), the quantity 7/2 — 6,= /2 — cos '(y/R). For small ¢, the
function y = cos™' ¢ has the expansion

t
y=y(0)+Fy’(O)+...=g—t+.... (7.116)

Hence for large R, t = y/R is small and (7.116) gives

7o (1) =T (2oL )Ly
Smeos g )=-5 gt ) g (7.117)

Finally then, for large R, (7.115) behaves as

ae”™ y er
RTR™YTRE

(7.118)

which tends to zero as R — « since k£ > 0.

Similarly the integral on the lower arc A, in the fourth quadrant
tends to zero as R— . By the Cauchy Residue Theorem we therefore
have

J’Ses"f(s)ds+L e”f(s)ds+L e”‘f(s)ds+Le”f(s) ds

=27 X [sum of the residues of e”*f(s) inside the contour]. (7.119)
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Letting R — », the first three integrals in (7.119) tend to zero and the
finite line L' becomes the Bromwich contour L. Further L is chosen to
lie to the right of all the singularities of f(s). Hence

f0) =5 [ Ty d

= [sum of the residues of e”*f(s) at the poles of f(s)], (7.120)

since €™ has no poles.

Example 7 Consider the function
= s

== 7.121
Fo) ==y (7.121)
which has simple poles at s = £2i. Using the formula for the residue at

a simple pole (5.183), we have

sesx eZix
idue at s =2i) = li [ - 2i —]=— 7.
(residue at s = 2i) lim (s —21) G-2)6+2) 5 (7.122)
and
X —2ix
(residue at s = —2i) = sEIPZiI:(s +2i) G- ;)e(s n 2i)] =< 3 (7.123)

Hence
f(x) = (sum of residues) = 3(e** + e72*) =cos(2x), (7.124)
which is the inversion of (7.121) (as can be seen from Table 7.1).

Example 8 Consider the function in Example 5
(7.125)

which has double poles at s =0 and s = —2. Using the residue formula
for double poles ((5.206) with m = 2) gives

d 4e**
(residue at s = 0) = lim — [sz—e—] =x—1 (7.126)

s—ods U s*(s +2)?
and
d 4
(residue at s = —2) = 3211_12& [(s + 2)2m] =(x+1e >
(7.127)
Hence

f(x) = (sum of residues) = (x + 1)e > +x —1, (7.128)
as in (7.105). -
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7.9 Inversions of functions with branch points

When the function to be inverted possesses a branch point, we must
proceed as in Section 6.5 by making a cut in the s-plane so as to
exclude this point from the contour. The method of closing the
Bromwich contour therefore requires modification. Consider the
following example:

Example 9 Suppose we require
F7H1/Vs). (7.129)

We first anticipate the result by evaluating the Laplace transform of
1/Vx by elementary methods.

z{%} = fo w\—}; e dx (7.130)
= ine““ZZM du=2 f:e'wz du= \/G) (7.131)

Hence
L1/ Vs) = 1/V(mx). (7.132)

Now f(s) = 1/Vs has a branch point at s =0. We can allow for this by
cutting the circular closure of the Bromwich contour as shown in
Figure 7.6 and surrounding the branch point at s =0 by a small circle
C’ (radius p). Denoting the large curved part of radius R by C and the
two straight parts defining the cut by L, and L,, then

2—Jlri UL * L * L + L + L} =0, (7.133)

Figure 7.6

Ims

A

C
L
L, c
i — Res
L,
R
C
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since 1/ \/s has no singularities inside the total contour. We showed in
the last section that the integral on C tends to zero as R— o, whilst
that on L’ tends to the required Bromwich integral. We now examine
the remaining three integrals in (7.133).
On C’, we have s = pe'® and
€

I J' \/E eif”2
= f Vp e s 4o, (7.134)

xp(cos B+isin 8)

e ds pie'? d6

Vs ©

which tends to zero as p— 0.
On L,, s =re™ = —r so that Vs = Vre"™? =iV/r. Hence

0 —rx 0 L —rX

L,\/sds_f \/sds_fﬁ;(_dr)=_ij; vy 4 (7139

On L,, s =re” "= —r so that Vs = Vre "2 = —i\/r. Hence

eSX —o0 eSX o0 e—rx ooe—rx
—ds=f —ds=f —F(—dr =—if dr. (7.136
1, Vs o Vs ) —ivr ) b Vr (7.136)
The cut constrains the argument of s to lie between —x and & giving

an argument of 7 above the cut and —x below it. Consequently using
(7.133)~(7.136) we have, as R— « and p—>0

¥ +ioe sx

flx )—; Vs ds=— 2( (7.137)
1 we-rx

=— dr. .

~ fo S (7.138)
Putting rx = u?, say, (7.138) becomes
1( e“ 2u 2 (" _. 1

IRl TP B O H

fx=7 b V) x T wved T Vi) (7.139)

as found in (7.132). -

The following two results have occurred previously and may be
obtained by the contour integration method:
—a\/s

(1) x—l{e - } =1- erf(z—\(;x-) = erfc(Z%), (7.140)
(see (7.57)).
@) 3‘1% ln(s b “)} = Eyat), a>0, (7.141)

(see (2.45)).
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7.10 Solution of ordinary differential equations

It is often convenient to use Laplace transforms to solve ordinary
differential equations using the results of Table 7.2.

Example 10 Consider

dy . dy
at 3 dx
given that y(0) =0 and y'(0) =2.
Taking the Laplace transform of the equation term by term and
using the results (7.61), (7.77), and (7.80), we obtain

+2y=2-2H(x—-1), (7.142)

_ , - - 2 2
s79(s) = sy(0) = y'(0) + 3[s7(s) — y (O] + 25(s) =~ (7.143)
Hence
2 2
(2 +35 +2)5(s) ~2= "~ ° (7.144)
s
so that
_ 1 2(s +1) 26"]
= - 7.145
y6s) (s2+3s+2)[ ) s ( )
2 2e”*
= - . 7.146
s(s+2) s(s+1D(s+2) ( )
Writing this expression in partial fractions, we find
1 1 1 2 1
y(s)=-— —e | -— + . 7.147
y(s) s (s+2) © [s (s+1) (s+2)] ( )

Inverting (7.147) using the Shift Theorem (7.11) and result (7.66), we
have

yx)=1—eZ+H(x—1)[-1+2e" ¢ D—e27D] 4 (7.148)

The attraction of this method is that it enables us to solve the
differential equation by solving only an algebraic equation (7.144) and
using known results for Laplace inversions. It is sometimes convenient
to use the differential equation defining a special function to evaluate
its Laplace transform. Consider the following example:

Example 11 Suppose we require the Laplace transform of the Bessel
function of order zero, Jy(x). The differential equation satisfied by
y =Jy(x) is (see (2.61) with v =0)

d’y dy

xw+d—x+xy=0. (7.149)
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Taking the Laplace transform of this equation, using Table 7.2, we
obtain

[—sz—j—i—Zsj/ +y(0)] + [s7 — y(0)] —%=O, (7.150)
which simplifies to
(s*+ 1)%+sﬁ=0. (7.151)
Separating the variables and integrating gives

S(s) A
y(S)—\/(1 oy (7.152)

where A is an arbitrary constant which must be evaluated. Hence the
Laplace transform of Jy(x) is

A le -]
= 5 dx. .
Va+5) L e Jo(x) (7.153)
Putting s = 0 gives
A= f Jox)dx =1, (7.154)
(1]

using the result of Problem 8, Chapter 2. Hence the Laplace transform
of Jo(x) is 1/V(1 + s%). We note that this result could have been found
by substituting the series for Jy(x) into the Laplace integral and
integrating term by term. Summing the resulting series gives the
expansion of 1/\/(1 + s%). However, using this method, we can prove
convergence only for |s|>1.

7.11 Solution of a Volterra integral equation

The equation

y@) =1+ | " y(u)g (e - ) du (7.155)

is a type of Volterra integral equation for y(x), where f(x) and g(x)
are given functions. The Laplace transform approach is particularly
suited to this form of integral equation since the integral is a
convolution of y and g. Hence transforming and using the Convolution
Theorem (7.21), we have

¥(s) =F(s) + 5(5)8(s), (7.156)
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whence
; f(s)
yE)=—"7-=. (7.157)
1-2(s)
Inverting (7.157) gives y(x).
Example 12 Consider the integral equation
y(x)=sinx + f sinf[2(x — u)]y(u) du. (7.158)
(4]
Taking the Laplace transform gives
'()——1—+L'() (7.159
Y= e Tyt 159)
or
_ (4 +5%) 3 2
= = - . 7.160
y6s) 1+s5)2+5% 1+s> 2+s2 ( )
Inverting gives
y(x)=3sinx —V2sin(V2x). - (7.161)

7.12 The Fourier transform

In this section, we give the corresponding results to the Laplace
transform for the Fourier transform defined by

f(s)= ch(x)e‘“* dx, (7.162)

where the notation F{f(x)} =f(s) denotes the Fourier transform of
f(x). It can be shown that the inverse transform %~ '{f(s)} is given by

FHI6) =1 0) =5 [ Ty as (1.163)

We note that in some books the definitions differ from those above by
having different multiplicative factors in front of the integrals. Any
two such factors the product of which is 1/27 can be used.

1. Even functions

If f(x) is an even function (f(—x)=f(x) in the range —o <x < x)
then we may define the Fourier cosine transform %-{f(x)} as

Fel )} =1es) = | " f(x) cos(sx) dx (7.164)
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with the inversion

FU) =10 =2 [Ty costsmyas. 169

2. Odd functions

If f(x) is an odd function (f(—x)= —f(x) in the range —c <x < )
then we may define the Fourier sine transform %{f(x)} as

W) =) = [ 1) singex) d (7.166)

with the inversion

F o) =10 == [ Ro)sineds. (.16)

These three transforms are linear in the sense of (7.3) and (7.5).
Functions defined for x =0 which are neither even nor odd can be
extended over the whole range by defining them to be either even or
odd, as in the case of Fourier series.

Example 13 Consider the Fourier sine transform of e™ for x >0 (so
that the function is —e” for x <0, thus making it odd). Then

(7.168)

Sagesy = (e sintory dem
<{e ™} Oe sin(sx) dx 711

Using the inversion result (7.167) for the Fourier sine transform, we
have for x >0

N R
e =—f0 s2+1sm(sx)ds. (7.169)

Choosing some constant value of x, say x = k (and calling the dummy s
of integration x) we have for kK >0

“xsin(kx) & _,
J; 41 dx—ze . (7.170)
For k <0 we have
* x sin(kx) 4
Ay = — = .
fo o 5¢€ - (7.171)
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3. Convolution Theorem

The corresponding result to (7.21) is

#{[ 1 -ws dul =Fe)6) (7.172)

where f(s) and g(s) are the Fourier transforms of f(x) and g(x) as in
(7.162). As with the Laplace transform we denote the convolution
integral by

Ec Flx—w)g(u)du=frg (7.173)

with the property
F{f+g}=Flgxf}. (7.174)

4. Transforms of derivatives

(a) Fourier transform If y = y(x), we may obtain the Fourier trans-
forms of the derivatives by simple integration by parts:

d_y} B
9{ Dh=] e (7.175)
=[y(x)e ™ |*. +is f y(x)e ™ dx (7.176)
= is§(s), (7.177)
provided y(x)— 0 as x — £,
Similarly
d’y
9{@} = (is)*5(s) (7.178)
and, in general, provided y"""P(x)— 0 as x — £,
d"y
) ey |
paC (is)"y (s) (7.179)

(b) Fourier cosine transform Using the definition (7.164) and integrat-
ing by parts, we have

dxy} J'() dxy
Ll = -
F { cos(sx) dx ( 180)

=[y(x) cos(sx)]g + s J’wy (x) sin(sx) dx (7.181)

= —y(0) + sys(s), (7.182)
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again assuming that y — 0 as x — o and using (7.166). Further

o7 dzy ' 2=
7 2} = '@ - 55e00) (7.183)
with y(x) and y'(x)— 0 as x — .

(c) Fourier sine transform Here

dy) _("dy .
o] & -
S\dx | dx sin(sx) dx (7.184)

= [y(x)sin(sx)]5 — s ry(x) cos(sx) dx (7.185)

= —s9c(s) (7.186)
and
d2
7| 2} =@ - s9505) (7.187)

provided y(x) and y'(x)—0 as x — .
All the above transformations of derivatives may be extended to
partial derivatives in the same way as in 2 of Section 7.7.

5. Differential equations

The application of Fourier transforms to the solution of partial
differential equations is dealt with in the next chapter.

6. Integral equations

The integral equation
y(x)=f(x) +f y(u)g(x —u) du, (7.188)

where f and g are given, is a type of Fredholm equation (the important
point is that the limits are fixed whereas the Volterra equation of
Section 7.11 has a variable upper limit of integration). Fourier
transforming (7.188) and using the Convolution Theorem (7.172) gives

¥(s)=F(s) + 5(s)&(s), (7.189)
whence

(7.190)
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When f(s) and g(s) are known, j(s) may be inverted to give y(x).

Example 14 Consider the integral equation

[ - wi du=—

et (7.191)

Taking the Fourier transform, we find

9*{ f; F(x = w)f (u) du} —F)f(s) = g(xzi 1). (7.192)

Now
1 = e—isx
‘9;( ) - f X2+1 )
x2+1 X2+ 1 dx (7.193)
cos(sx)
[ .
e 1 (7.194)

The integral in (7.170) and (7.171) is the derivative of that in (7.194)
with k replacing s. Hence

1 b 4
oy =9 a5t
J’(x2+ 1) 226, (7.195)
and from (7.192)
fls)=Vme 12, (7.196)
Inverting (7.196) we have, using (7.163),
1 ( ‘
fx)= > f Ve V2l ds (7.197)
0
(f —s/2+|sxds +J' es/2+isx dS) (7198)

_ (J =D gs 4 f e-s<u+i>ds) (7.199)
2Vn o

2\}:: ( —+ ) (7.200)

(7.201)

ToVa@i+d) (x +1°
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Problems 7
1. Evaluate (i) ${cosh(ax) cos(ax)}, (ii) £{x?}.
2. Use the Shift Theorem to obtain £{e* sin’x}.
3. Find the Laplace inversions of the following functions:

N

. .. 1
O vy W

4. Use the Laplace transform to evaluate

(i) f e *sinxdx, (ii) f e *x sin x dx,
0 0

(iii) [ e "Jo(x) dx.
(1]
5. Show that
L{x*} =T(a+1)/s**,

where o > —1 is a real constant.
6. Use the Convolution Theorem to find the function f(x) such that

*_fw)

A mdu=1+\/x,

for x >0.
7. Use the Convolution Theorem to evaluate [§Jo(u)o(x — ) du.
8. Show that

FL{xH(x — a)} =w,

for a > 0.
9. Solve by the Laplace transform method, where D =d/dx:
(i) (D?>+3D +2)y =4e > with y(0) =1, y'(0) =2,
(i) (D*+4)y =H(x —2) with y(0) =1, y'(0) =2,
(iii) (D + 1)y = 6(x —a) with y(0)=1,4>0.
10. Use the Laplace transform to solve the equations

(D—-2)x+Dy=2,
2D —-1)x—4D -3)y=7
for x(¢) and y(¢), where D =d/dt, with x(0) =0, y(0) = 1.

11. Express the solution of

d’y dy
XEX—§+(1—x)d—;+ly=0,



12.

13.

14.

15.

16.

17.

18.
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where A is a real constant, in the form of an inverse Laplace
transform, and hence find the solution when A = 2.

Use the Bromwich contour method to find the inverse Laplace
transforms of

1 . s
cine-2r WETeo

Find, using the Convolution Theorem, the solution of the integral
equation

(@)

y(x) =sin(3x) + fxsin x —u)y(u) du.

0

Using the result
f e ™ cos(sx) dx = V(t/4A)e ",
0

find the Fourier transform of e *". Hence derive the Fourier
transform of the delta-function d(x) by a limiting process using
the definition

8(x) = lim V(n/m)e .
Show that the Fourier transform of e " (a>0) is 2a/(s* + a°)
and hence derive the transform of xZe™*"!,
Find the Fourier sine and cosine transforms of
() e, (i) 1/x.
Using the first result of Problem 15 with a =1, show from the
Inversion Theorem that

00

cos x o
o1+ x? €

Using the Fourier Convolution Theorem and the first result of
Problem 15, solve the integral equation

[ R

«(x—u)+1 Y4
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Partial differential equations

8.1 Introduction

Partial differential equations occur frequently in the formulation of
basic laws of nature and in the mathematical study of a wide variety of
problems. In general, since we live in a universe of three space
dimensions and one time dimension, the dependent variable, u, say, is
a function of at most four independent variables. Relative to a
cartesian coordinate system, therefore, we have

u=u(x,y, zt). 8.1)

The relationship between u and its partial derivatives u, = du/dx,
u, =3uldxdy,...,

f,y, z, tu, u,, uy, Uy, Uy, ... )=0, (8.2)

where f is some function, is called a partial differential equation. If f is
linear in each of the variables u, u,, u,, u,,, . .. and if the coefficients
of each of these variables are functions only of the independent
variables x, y, z, t, then the equation (8.2) is said to be linear.
Equations which are not of this type are said to be non-linear. In
general, the order of the partial differential equation is defined by the
order of the highest-order partial derivative in the equation.

8.2 Principle of Superposition

As with linear ordinary differential equations (see Section 3.1), the
Principle of Superposition applies also to linear partial differential
equations. As an illustration, consider the one-dimensional wave
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equation
Pu_13u
ox* c*arr’
where c is a constant. It is easily verified that the two solutions of (8.3)
are

(8.3)

u,=f(x+ct), u,=g(x—ct), (8.4)

where f and g are arbitrary functions, at least twice differentiable, of
the arguments (x + c¢f) and (x — ct), respectively. Accordingly, by the
Principle of Superposition,

u=f(x+ct)+glx—ct) (8.5)

is also a solution of (8.3). We shall show in Section 8.6 that (8.5) is, in
fact, the general solution of (8.3).

The Principle of Superposition, however, does not apply to non-
linear equations. There is no general method of obtaining analytical
solutions of non-linear partial differential equations and numerical
procedures are usually required for their solution. Because of the
difficulty in solving such equations, approximations are sometimes
made which linearise the equations. Provided the physical implications
of such approximations are understood, the analytical solutions of the
linearised equation (which are much easier to obtain) often give a
valuable insight into the solution of the original problem.

8.3 Some important equations

Many physical processes are described to some degree of accuracy by
linear second-order partial differential equations and it is principally
the analytical solution of this type of equation with which we shall be
concerned in this chapter. Some of these equations are listed here,
making use of the conventional notation that V* represents the
Laplacian operator which in three-dimensional cartesian coordinates
takes the form

¥ &F &
W + W + :9? .

The form of V? in other coordinate systems has been discussed in
Chapter 1.
(a) The wave equation

V2= (8.6)

1 8%u
Viu=—-2%
“=a2er

(8.7)

where ¢ is a constant.
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(b) The heat conduction, or diffusion, equation

1 du
Veu = X (8.8)
where K is a constant.
(c) Laplace’s equation
Viu =0. 8.9)
(d) Helmholtz’s equation
Viu + Au =0, (8.10)
where A is a constant.
(e) Poisson’s equation
Viu=F(x,y, z). (8.11)
(f) Schrodinger’s equation
Viu+ of[E-V(x,y, 2)ju=0, (8.12)

where « and E are constants and V is the potential function.
(g) The Klein-Gordon equation

Ou+Au=0, (8.13)
where the operator O, the d’Alembertian, is defined by
14
O0=V?>—-=— .
ctar®’ (8.14)

and A is a constant.
Higher-order equations also arise. For example, the biharmonic wave
equation
1 3%
Viu = V3(Vu)= ——

L (8.15)

where K is a constant, describes the transverse oscillations of a thin
plate.
First-order equations of the general form

3 3
P(x,y)a—Z+Q(x,y)a—;=R(x,y)u" (8.16)

also occur in a variety of physical problems (for example, in fluid flow,
kinetic theory of gases, transport processes). We note that (8.16) is
linear in u if n =0 or 1, but non-linear otherwise.
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8.4 Linear second-order equations in two
independent variables

In the previous section, a number of physically important equations
were listed. Many of these equations, when only two independent
variables x and y are present, are special cases of the general linear
second-order equation

u Fu 3*u

ou
——+2h b=+ 2f—+2
Yot ey TP T T

du
oy

+cu=F(x,y). (8.17)

The coefficients of « and its derivatives, namely a, h, b, f, g and c, are
constants or given functions of x and y, and F(x, y) is a given function.
The physical interpretation of the independent variables depends on
the particular situation. For example, Laplace’s equation (8.9) in two
space dimensions, x and y, is a special case of (8.17) obtained by
putting a=1, h=0, b=1, f=g=c=0, F(x,y)=0. On the other
hand, the heat conduction equation (8.8) in one space dimension, x, is
obtained from (8.17) by associating the variable y in (8.17) with time ¢
and then takinga=1, h=0, b=f=¢c=0, g=—-1/2K, F(x,t)=0.

We note that the homogeneous form of (8.17) (obtained by putting
F(x, y) = 0) resembles the equation of a general conic, that is,

ax® + 2hxy + by* + 2fx +2gy + ¢ =0. (8.18)

Equation (8.18) represents an ellipse (the circle being a special case),
parabola or hyperbola if ab —h? is positive, zero or negative,
respectively. Hence we term (8.17) as being of

elliptic type if ab —h>>0, (8.19)
parabolic type if ab—h*>=0, (8.20)

or
hyperbolic type if ab —h*<0. (8.21)

Clearly Laplace’s equation (8.9) for whicha=1, h=0, and b =1 (as
above) has ab — h*=1>0 and is therefore of elliptic type. Similarly,
the heat conduction equation (8.8) in x and ¢ for which (as we have
seen) a=1, h=0, and b=0 has ab—h*=0 and is therefore of
parabolic type. In a similar way, it is found that the wave equation
(8.7) in x and ¢ is of hyperbolic type.

When a, b and h are functions of x and y, the nature of the equation
may change from one region of the (x,y) plane to another. For
example, the equation y °u/3x*+ 2x 3°u/3x 3y + x 3°u/3y*=0 for
which ab — h* =xy —x*=x(y —x), is elliptic if xy —x*>>0 (that is, if
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x>0 and y—x>0, or if x<0 and y —x <0), and is hyperbolic if
xy —x><0 (that is, if x >0 and y —x <0, orif x <0 and y — x >0).

8.5 Boundary conditions

The general solutions of partial differential equations involve arbitrary
functions (see (8.5)), whereas the general solutions of ordinary
differential equations involve arbitrary constants. This shows that
there is an infinity of possible solutions and only by specifying the
boundary conditions can we obtain a specific solution. For this to
represent a physical situation, we require the problem as defined by
the partial differential equation and its boundary conditions to be well
posed. This criterion is satisfied if (a) the solution is unique, and (b)
small changes in the boundary conditions and the various coefficients
in the equation give rise to only small changes in the solution. When
(b) holds the solution is said to be stable.

Much work has been carried out to determine the various types of
boundary conditions which, when imposed on a partial differential
equation, lead to a unique stable solution. In general, there are three
main types of boundary conditions which arise:

(A) Dirichlet conditions These specify the dependent variable u at
each point of the boundary of the region within which a solution
is required. For example, in two dimensions, u is specified at
every point on a boundary curve C of a plane region R.

The boundary value problem requiring the solution of V’u =0
(in the appropriate number of dimensions) within a region R,
subject to u being given on the boundary of R, is called the
Dirichlet problem.

(B) Neumann conditions In this case, the values of the normal
derivative du/dn on the boundary of R are specified.

(C) Cauchy conditions These arise mainly in time-developing situa-
tions where u and du/dt are specified along the line ¢ = 0. Such
conditions, therefore, are called initial conditions.

Cauchy conditions are generally met in conjunction with hyperbolic
equations, whereas Dirichlet and Neumann conditions relate specifi-
cally to elliptic and parabolic equations. Applying the wrong type of
boundary conditions to a particular equation can lead to an over-
determined system or an under-determined system. We shall not
attempt to discuss these problems here since we are more concerned
with the techniques of solution assuming that the given boundary
conditions are of the appropriate type for a well-posed problem.
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8.6 Method of characteristics

1. First-order equations

The method of characteristics can be applied usefully to both linear
and non-linear equations. To illustrate the technique, we take the
simplest form of (8.16) by letting n =0, so that

P(x, y) + Q(x, y) o= R(x, y). (8.22)
Consider now the family of curves defined by the equation

dx dy

-}-; = 'é‘ dr (say) (8.23)
where we write P=P(x,y) and Q = Q(x, y). Then considering the
infinitesimal triangle (Figure 8.1), where ds is the infinitesimal element
of arc length of a typical curve C of the family given by

ds* = dx* + dy?, (8.24)
we have, using (8.23),
P2
ds*= o dy* + dy* (8.25)
=dx’+ QZ dx? 8.26
- P2 ¢ ( . )
Hence
dx dy ds
—=Z=————>"=dt. .
Now from (8.23), the curves are defined by
dy Q
P (8.28)
Figure 8.1
y
A
ds dy
A
O » X
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Multiplying (8.22) by ds and using (8.27), we have

a
Pds—u+Qd 55, =R (8.29)

and hence
V(P + Q%) dx + V(P + Q%) dy —=Rds. (8.30)
The total differential of u(x, y) is
du —dx+?—'idy (8.31)

and so (8.30) takes the form

R
du=——5—--d .
u VT 0 s (8.32)
Using (8.27) this becomes
du=Radt (8.33)
Finally then (8.23) may be written as
dx dy du
7 0 R (=dp), (8.34)

from which u can be found by integration. This integration is clearly
along any curve C defined by (8.23). These curves form a special
family relating to the given differential equation and are called the
characteristic curves (or, simply, the characteristics). The method of
characteristics requires that the region over which (8.22) is to be
solved should be filled with characteristic curves. The following
examples illustrate the method in some simple cases.

Example 1 To solve
du 3

u
— +y—=2xy, .
xax yay y (8.35)

given u=2ony=x>
The basic equation (8.34) gives (since P=x, Q =y, R =2xy)

dx_dy _ du

== "1 (8.36)

and the characteristics are defined by

dyldx =y[x (8.37)
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(see (8.28)). The solution of (8.37) is the family of curves
ylx=K, (8.38)

where K is a parameter. Hence the characteristics are straight lines
through the origin with arbitrary gradients. From (8.36) we also have
on any characteristic curve

du/2xy = dy/y (8.39)
whence, cancelling y and using (8.38) to obtain dy = K dx, we have

du =2xK dx. (8.40)
Integrating we find

u=Kx*+A, (8.41)

where A is an arbitrary constant of integration. This constant is, in
general, different on each characteristic curve. Further, each charac-
teristic curve has a different value of K. Hence, as K varies, A varies
and we may write A =f(K), where f is an arbitrary function to be
determined. Writing A =f(K) in (8.41) and eliminating K using
(8.38), we see that the general solution of (8.35) is

u=xy+f(y/x). (8.42)
Since on the curve y = x?, u =2 (given), we have
2=x>+f(x). (8.43)
Hence
fx)y=2-x° (8.44)
giving
fly/x)=2—=(y/x)’ (8.45)

Substituting (8.45) into (8.42), we see that the required solution of
(8.35) is
u=xy+2—(y/x)’. (8.46)

Example 2 Consider now the homogeneous equation
du u
2y —+ (x*+y*)=—=0. .47
Yot EENS (8.47)

Equation (8.34) becomes (since R = 0)

& dy du

27);=(x2—+yz)=3' (8.48)
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Hence the characteristics are defined by

Z—i - ———(x:yy ) (8.49)
which on putting y = vx gives
x % = (lg—vvz) (8.50)
Separating the variables and integrating, we find
1-v*=K/x, (8.51)
where K is a parameter, and hence
x2—y2
- Y k. (8.52)
Also (8.48) requires, for finiteness, that
du=0 (8.53)
or
u = constant = f(K), (8.54)

as explained in Example 1. Hence, using (8.52), we find that the
general solution is

x2— y2>
= . 8.55
u=f(= (8.55)
Suppose now that some boundary condition is given, say
u=e"*" when x+y=1. (8.56)
Then
2x—1
e’V = f( ) (8.57)
x
Letting (2x — 1)/x = w, say, we have
fw)y=e"™, (8.58)

which defines the function f. Consequently (8.55) subject to (8.56)
becomes, using the form of f found in (8.58),

u=e""", 4 (8.59)

At the beginning of this section, we considered the simple form of
(8.16) with n =0. Equations of the general type (8.16) can easily be
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1-n

reduced to the form (8.22) by letting u'™" =wv, for n#1, so that

(8.16) becomes

@+Q—_(1—n)R (8.60)

This equation can be solved by the method described in this
subsection. If n =1, then v =Inu will reduce equation (8.16) to the
required form of (8.22). More generally, the method is applicable to
equations where R is a function of x, y and u. We illustrate this by an
example.

Example 3 To solve
x= + =xe ", (8.61)

with u =0 on y = x°.
Following (8.34) with R =xe™™, we have

% = %X = x:'j“ . (8.62)
As in Example 1, the characteristics are
y/x =K. (8.63)
We also have from (8.62)
dx =e* du, (8.64)
which on integration gives
e’ =x + f(K). (8.65)
Hence using (8.63),
e“=x+f(y/x). (8.66)
Now u =0 when y =x?, giving
f(x)=1-x (8.67)
From (8.66), therefore, we have
e“=x+1-y/x, (8.68)

whence
u=In(x+1—-y/x). - (8.69)
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2. Second-order equations

One of the simplest applications of characteristics to second-order
equations occurs when the equation may be factorised into two
first-order equations. We illustrate this by the following example.

Example 4 To solve
u N &u 2 3%u N du
it =+ ==,
ax? dx dy 3y? 3y

given that du/dx =y*onx=0and u =¢e” on x =0.
Consider the operator

Then
(a+xa><a+xa)u 82u+ &u N ,%u du
AL | ATV PP e dagiidag
o “dy/\ox T ay ox? dx 3y 3y?  dy

and hence (8.70) may be written as

L*u=0.
Now writing
Lu=w,
(8.73) becomes
Lu=L(Lu)=Lw=0,
or, using (8.71),
aw aw
—+x—=0.
Sx o dy

The characteristics of (8.76) are found from

dr_dy_dw
1 x 0
whence
y=3ix*+K
Also dw =0 from (8.77), which implies

w=f(K),

(8.70)

(8.71)

(8.72)

(8.73)

(8.74)

(8.75)

(8.76)

(8.77)

(8.78)

(8.79)

where f is an arbitrary function. The general solution of (8.76) is

therefore
w=1(y — ).

(8.80)
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Since du/3x =y* on x =0, we have, from (8.74),

w=%§+x§—;=%=y2 on x=0. (8.81)
Using this in (8.80) gives
y2=f() (8.82)
and hence, again from (8.80), we find
w=(y —3x?> (8.83)

Having found w, we can now find u from (8.74) using the method of
characteristics. Writing out (8.74), using (8.71) and (8.83), we have

u du
—+x—=(y—3x*)? .84
whence
dx dy du
—=— = .85
1% O (®83)
The characteristics are therefore
y=4?+K, (8.86)
where K is a new constant of integration. Also
du=(y —ix?*?dx (8.87)
=(3x°+ K — x¥)?dx = K? dx, (8.88)
whence
u =K +g(K), (8.89)

where g is an arbitrary function. Substituting for K using (8.86) we
have the general solution

w=x(y— )2 +g(y — 3x2). (8.90)
Now u =¢” on x =0 (given) and hence from (8.90)
e’ =g(y). (8.91)
Substituting for g(y) in (8.90), we have finally
u=x(y —ix??+e0 ¥ 4 (8.92)

We now discuss the method of characteristics as applied to second-
order constant coefficient equations which are not factorisable into two
first-order equations as in Example 4. For this purpose we return to
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the general linear form (8.17) and specialise to f =g=c=0and F=0
to obtain
*u u *u
—+2h +b—=0. .
Yo ey 050 (8.93)

This equation, known as Euler’s equation, is of one of the types
described by (8.19)—(8.21). Here we take a, h and b to be constants.
Defining new independent variables

E=px+qy, n=rx+sy, (8.94)
where p, g, r and s are constants, we have

ou_oudk oudn_ ou o

= == + — .
ox otox anox PaE" "oy’ (8.95)
Su _JudE dudn du  du
=+— —+s—. .
3y 9Edy omoy 1€ 'an (8.96)
Hence
Pu 0 (du 3 3 du  du
—==—(=)=lp=+r—)lp=+r .97
ox? 8x<8x) (" oF )( & ) (8.97)
, 8u u u
=p a§2+2p 3% o1 3772, (8.98)
& 3 (d 8 8 2]
Feit bl B O S | (3 I LD
dy* 3y \dy 86 8&
u u Fu
=q* 2= +2 +s52— .
and
u 8 (du 8 8 du  du
=—(— —+s 101
dx 3y 8x(8y> ( 8& )( o0& ) (8.101)
u u u
=pqg——+(rqg + +rs—5. .
P4 552 (rq +sp) s5on oy (8.102)

Using (8.98), (8.100) and (8.102), (8.93) becomes

(ap® + 2hpq + qu) “ i 2[apr + bsq + h(rq + sp)] —

a.fgz 3E a

2

+ (ar* + 2hrs + bsz) —77_ =0. (8.103)
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We may now choose the constants p, ¢, r and s to simplify the
equation. Let p =r =1 and choose g and s to be the two roots A, and
A,, say, of the quadratic equation

a+2hA+bA*=0. (8.104)
Then (8.103) becomes
2[a + (A + Ap) + bAAy] Fu__o (8.105)
1 2 2 ag a - N
From (8.104),
A+ Ay =—2h/b, (8.106)
AMAr=alb. (8.107)
Hence (8.105) finally has the form
4 2 u
3( _h)aga (8.108)

Provided now b+#0 and the equation is not parabolic in nature
(ab — h*+#0), (8.108) becomes

3*u/3& an =0, (8.109)
where, making use of our choices of p, g, r and s,
E=x+4iy, n=x+Mly. (8.110)

Now (8.109) may be integrated immediately, first with respect to, say,
& giving du/3n = m(n), where m(n) is an arbitrary function, and then
with respect to n giving

u=f(&)+gn), (8.111)

where f and g are arbitrary functions. Using (8.110), we have the
general solution

u=f(x+21y)+gx+2iry). (8.112)

The curves of constant § and constant 7 are called the characteristic
curves. Hence

x + A,y =constant, x + A,y = constant (8.113)

are the characteristics of the Euler equation (8.93) with a, b and h as
constants, and the form (8.109) is said to be the canonic form of the
original equation. We see that by choosing particular curves (the
characteristics defined by (8.113)) the equation can be brought into a
simpler form which may be integrated more easily.



204 Partial differential equations

The same type of analysis can be applied when the equation is
parabolic (ab —h*=0), but a different choice of p, g, r and s is
needed to simplify the equation. We shall not discuss this here.

Another feature illustrated by this analysis is that the basic equation
(8.104) defining A clearly has real roots if ab —h*><0 and complex
roots if ab — h* > 0. Hence we see that hyperbolic equations have real
characteristics, whereas elliptic equations have no real characteristic
curves.

We conclude this section with two examples.

Example 5 The wave equation

Fu_15u_ 8110
ax? ol )

is a special case of (8.17) with a=1, h=0 and b =—1/c*. Hence
ab—h*=—1/c*<0 and the equation is therefore hyperbolic (as
mentioned in Section 8.4). Accordingly (8.104) becomes

1-2A%*/c*=0, (8.115)
giving
Ai=c, Ary=-—c (8.116)
The characteristics are therefore
& = x + ¢t = constant, (8.117)
7 =x — ¢t = constant, (8.118)
and the canonic form is
2
8‘2 ;n =0. (8.119)
Using (8.112) we have the general solution
u=f(x+ct)+glx—ct), (8.120)

where f and g are arbitrary functions, as in (8.5). .«

Example 6 Consider the equation
*u u  u
ai— o ay+éy—2=y. (8.121)

Then ab — h*=2—(—3)>=—}<0 and so (8.121) is hyperbolic. The
equation giving the values of A, (8.104), is

2-3A+A2=0, (8.122)
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whence
A=1 or A=2. (8.123)
The characteristic curves are
& =x + 2y = constant, (8.124)
n =x +y = constant. (8.125)

The equation reduces, by (8.108), to the canonic form

4/ 1\ &u

i(-3)zay -y =sn (8:126)
or

Ful/dkdn=n-E& (8.127)
This equation may be readily integrated, first with respect to n giving
du/d8 =4n*— En +f(&), (8.128)
where f is an arbitrary function, and secondly with respect to & giving
u=31§ — 350+ F(§) + G(n), (8.129)

where F and G are arbitrary functions. Expressed in terms of x and y;
using (8.124) and (8.125), we have

u==3y(x+y)x+2y)+F(x +2y) + G(x +y). A (8.130)

8.7 Separation of variables

This method applies only to linear equations and makes use of the
Principle of Superposition (see Section 8.2) in building up a linear
combination of individual solutions to form a solution satisfying the
boundary conditions. The basic approach in attempting to solve
equations (in, say, two independent variables x and y) in this way is to
write the dependent variable u(x, y) in the separable form

u(x, y)=X(x)Y(y), (8.131)

where X and Y are functions only of x and of y respectively. In many
cases the partial differential equation reduces to two ordinary
differential equations for X and Y. Similar considerations apply to
equations in three or more independent variables. The following
examples illustrate the method both for first-order and second-order
equations.
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Example 7 To solve
ou ,du

n Y ey 2¢%yu, (8.132)
given u(x, 0) = cosh x°.
Now writing
u(x, y)=X(x)Y(y), (8.133)
equation (8.132) becomes
X'Y - x*XY' =2}y XY, (8.134)

where the primes denote ordinary differentiation with respect to the
appropriate variable (X'=dX/dx, Y' =dY/dy). Equation (8.134)
may be written as

SVt (8.135)

from which we see that the left-hand side is a function of x only, whilst
the right-hand side is a function of y only. Hence the equation has
been separated with terms dependent only on x on one side and
only on y on the other. For (8.135) to be satisfied, each side must be
equal to a constant (a, say) so that

1Xx’ Y’

P7= a, —Y—+2y=a. (8.136)
This is a pair of ordinary differential equations for the dependent
variables X(x) and Y(y). Integrating the first of the equations in
(8.136), we find

X(x)=Ae*", (8.137)
while integrating the second, we have
Y(y)=Be”™, (8.138)
where A and B are arbitrary constants. Hence, from (8.133),
u(x, y) = X(x)Y(y) = ABe ’e**3*» (8.139)
= Ce e+, (8.140)

where C is an arbitrary constant. We can have an infinity of such
solutions with different choices of C and «. By the Principle of
Superposition, the linear combination

u=e %‘,C Ce*@3+») (8.141)
all
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is the general solution of (8.132). The values of C and « in (8.141) are
arbitrary at this stage and must be found by applying the boundary
condition. It is more convenient, however, to write (8.141) as

u=eV’Fx3+y), (8.142)

since the sum is some function F of x*/3 + y.
Now u(x, 0) = cosh x> so that, from (8.142),

cosh x* = F(x*/3). (8.143)
Letting x*/3 = 6, then
F(6) = cosh(36). (8.144)
Hence
F(x*/3 +y) = cosh(x’ + 3y) (8.145)

and the required solution is, by (8.142),
u=e"" cosh(x®+3y). (8.146)
The separation of a partial differential equation into ordinary
differential equations, as in (8.136), is not always possible, as the

following example shows.

Example 8 To show that the equation

Fu u
@4‘@4‘ (x2+y2)2u =0 (8147)
is not separable in x and y but is separable in plane polar coordinates
(r, 6).
Writing u = X (x)Y(y), (8.147) becomes
XII Y”
el ST 2.2 4_ )
xty xt+ 2%yt 4yt =0 (8.148)
or
XII YII
—+ “>+2x2 2+<—+ “)= . .
<X X y Y y 0 (8.149)

The first bracket is a function of x only and the second bracket a
function of y only, but the product 2x?*y? contains both x and y. Hence
the equation is not separable.

From (1.102), the form of V?u in plane polar coordinates (r, 8) is

Vu

18/ du 1 &u
———( ) (8.150)

3 —_— +__.
ror\ ar) TP ae?
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Hence (8.147) becomes

18/ du\ 13&u

~—(r—=)+5=5+r'u=0. .
rar<' ar) rPaer Y (8.151)

Writing u = R(r)©(60) we have

[r d( dR)+ 6]+142®
——|\r—\)+r —— =
Rdr\ dr O d6?
The terms in square brackets are functions of r only and the remaining
term is a function of 6 only. Hence (8.152) is separable into two
ordinary differential equations for R(r) and ©(8),
rd < dR> s 14’0
——lr— =, ——>5=-a,
Rdr\ dr © do*

=4

(8.152)

(8.153)
where « is called the separation constant. .«

Example 9 The temperature distribution 7'(r, t) in a homogeneous
sphere of radius a satisfies the equation

vr=—=- (8.154)

for0<r=a, t>0, where K is a positive constant and V2 is in spherical
polar coordinates (r, 6, ¢). Show that the substitution u(r, t) =rT(r, ¢)

transforms this equation into
§2_,f _Lou (8.155
ar* Kot 159

and hence that, if T is finite (bounded) at the centre of the sphere and
8T /3r =0 on the surface r = a for t >0, the solution is of the form

1 & 2, .
T(r,t)=A+- >, B.e X sin(w,r), (8.156)
n=1
where A, B, are constants, and w, (n=1,2,3,...) are determined

by the positive roots of
tan(w,a) = w,a. (8.157)

To solve this problem, we use the form of V> in spherical polar
coordinates (r, 6, ¢) given in (1.84). We have, for T =T(s, t),

LL2(aeTy Lot

VT = Ty .
2ar\’ ar) Kot (8.158)
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Hence

T 28T 13T
gl sl on 15
or* rdr Kot (8.159)

Now putting u = rT, we have

T 1du 1
E=;E—’3u (8160)

and
FT 138%u 208u 2
Co=tfE 22, 161
a7 rorr Por v (8.161)

Substituting into (8.159), we find, as required by (8.155),

u 13u
== .162
ar* Kat’ (8.162)
and writing u(r, t) in separable form as
u(r, t) = R(r)S(1), (8.163)
we have
R" 18
E—ETS:— @, (8.164)

where « is the separation constant. For convenience, we write
« = o’ to indicate that the separation constant may be of either sign.
The solution of (8.164) for S with w #0 is

S = AerKo™, (8.165)

In order that the temperature falls off exponentially with time rather
than increasing without limit (a non-physical solution), we must exclude
the solution with the positive sign in (8.165). Hence the solutions of
(8.164) for w #0 are

R = B cos(wr) + Csin(wr), S=Ae X% (8.166)
where A, B and C are constants. Hence, for w #0,
u =B cos(wr) + C sin(awr)]e %%, (8.167)
where the constant A has been absorbed into B and C. For w =0,

S=D, (8.168)
R=Er+F, (8.169)
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where D, E and F are constants, giving
u=FEr+F, (8.170)

where D has been absorbed into E and F.

We may now write the general solution as a superposition of the
infinity of possible solutions, one for each value of w (w =0, and
® = w,, ® = ,, . .. which are yet to be found). Hence

u(r,t)=Er+F+ Y, [B, cos(w,r) + C, sin(w,r)]le X" (8.171)
n=1
Accordingly, since u = rT, we have
F 1C ) Kokt
T(r,t)=E + —+- > [B, cos(w,r) + C, sin(w,r)]e 5. (8.172)
n=1
Now for T to be finite at the centre of the sphere, we must remove any

term behaving as 1/r as r— 0 since this will diverge. Hence F =0, and
B, =0 (for all n) since cos(w,r)/r— » as r— 0. Consequently

1& )
T(r,t)=E +- > C, sin(w,r)e Ko, (8.173)
n=1
and for 3T/8r =0 on r = a, we have
il —xw2, d (sin(w r))]
Kot Z(Z=—2) [ =0 174
[El Cre dr( r rea (8.174)
or
[ro, cos(w,r) — sin(w,7)],-, =0, (8.175)
giving
tan(w,a) = w,a, (8.176)

as required. An infinity of w, values satisfy this transcendental
equation and these values must be used in (8.173) to form the solution
T(r,1).

By imposing some initial condition in the form T'(r, 0) = f(r), we
may determine the constants E and C, as follows. From (8.173),
inserting ¢ = 0, we have

T(r,0)=f(r)=E +% i C, sin(w,r). (8.177)
Hence

rf(ry=Er+ i C, sin(w,r). (8.178)
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Multiplying by sin(w,,r) and integrating from r =0 to r = a gives

r rf(r) sin(w,,r) dr = Er r sin(w,,r) dr

0

+ > | C,sin(w,r)sin(w,,r)dr. (8.179)
n=1J0

Now integrating by parts and using (8.176), we find

f r sin(w,,r) dr =0. (8.180)
0
Further
a . 1/ whd
L sin(w,r) sin(w,,r) dr = > (H—W>6mn, (8.181)
for mn=1,2,3,..., using sin(w,a)=w,a/V(1l+w2a® and

cos(w,a) =1/V(1 + w%a?) from (8.176). Hence from (8.179) we find

Ja £(r) sin(w,r) d 1( 0’ )c (8.182)
rf(r rdr=-{\——— , .
0 " 2\1+ w,z,az m
which determines C,, in terms of an integral.

Similarly, multiplying (8.178) by r and integrating from r=0 to
r =a, we have

f r’f(rydr=E f r’dr+ ), C, f rsin(w,r)dr  (8.183)
(1] 0 =1

n 0

a’E
=—, .184
3 (8.184)
using (8.180). Hence
3 a
E= ;J' r’f(r) dr. (8.185)
(]

Equations (8.182) and (8.185) determine the constants in the solution
(8.173) in terms of the given function f(r).

In many problems, the solution of a partial differential equation
obtained using the separation of variables technique involves some of
the special functions discussed in Chapter 2. The concluding example
of this section is of this type, and concerns the Schrédinger equation of
quantum mechanics (see (8.12)).
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Example 10 To solve
Viu + aEu =0, (8.186)

where « is a constant and E is the energy parameter, subject to the
conditions that u is a single-valued function and is bounded (finite)
everywhere within a sphere of radius a, given u=0on r=a.

Expressing V? in spherical polar coordinates (r, 6, ¢), using (1.84),
(8.186) becomes

2
—l—g(rz%)+ L a(mé)%>+ ! au+ozEu—0

r’or\" 3r/ r’sin 696 86/ ' r*sin® 6 3¢
(8.187)
Writing
u(r, 6, ¢) = R(r)O(6)P(¢), (8.188)
we have
Li( dR)+ 1 _1_d< 01@) 1 1d2cI>+E 0.
Rr*dr\' dr/ r’sin0©de de/) " rsin’0 & d¢>
(8.189)
Letting
1 d*® )
———=—-m .1
® 49 m (8.190)
where m is a constant, we have
= Ae'?, (8.191)

which, provided m =0, £1, £2, . .. is such that for every rotation of
27 we return to the same value of @. This is required by the condition
of single-valuedness of the solution for u. Using (8.190) in (8.189), we
find

dR 1 d de m?
) ooy ot) )
Rdr <r dr) E ©sin 646 sin 6 de sin® (8.192)

The terms in r and 6 have now been separated so we may write

1 d ( sin 0d_®) m”
@ sin 0d6 sin? 6

=4 .
5 , (8.193)

where A is the separation constant. This equation is discussed in
Chapter 2 (see (2.189)) where it is noted that bounded solutions exist
only if

A=-=l(I+1), 1=0,1,2,..., (8.194)
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and that these solutions are given in terms of the associated Legendre
functions

® = BP!"!(cos 0), (8.195)

where |m|</, and B is an arbitrary constant. Finally we solve the
equation for R(r) which, from (8.192) and (8.193), is

1d 2@) [ 1(1+1)]
rdr<r )+ |eE =52 |R =0 (8.196)

This equation may be put into a recognisable form by the substitutions

V(«E)r=s, R(r)= % P(s), (8.197)
giving
‘:I: +s ap +[s2=(+3)HP=0. (8.198)

This is Bessel’s equation of order v =1/ + 4 (see (2.164)) which has the
bounded solution

P(s) = J144(s), (8.199)

the second solution Y, (s) being unbounded as s — 0. Hence
R(r) =§/C—‘;J,+i(\/(aE)r). (8.200)
Combining the results (8.191), (8.195) and (8.200), we finally have
u(r, 8, ¢) = Ke™*P\™(cos 0) \/irJ,ﬂ(\/(aE)r), (8.201)

where K is an arbitrary constant which can be determined by imposing
a further condition on u. In quantum mechanics this requirement is
that

j u*ur*sin @drd0de¢ =1, (8.202)
all space

thus normalising u*u = |u|*> to unity when integrated over all space.
Now if u =0 on r =a, we have

Jiy(V(aE)a) =0. (8.203)

For each given [ value, there will be an infinity of roots r, r;, 135, . . .
such that J,,4(r;) = 0 (the values of the r; being the zeros of the Bessel
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function). Hence
aEa®=r}r3 13, ..., (8.204)

and the energy E therefore takes on an infinite set of discrete values
(this property being known as the quantisation of energy). .«

We conclude this section by remarking that the examples given here
are only representative of a whole variety of problems which can be
solved in this way. For reasons of space, we do not discuss non-
homogeneous equations or non-homogeneous boundary conditions
(but see Problem 9 of this chapter).

8.8 Integral transform techniques

The integral transforms discussed in Chapter 7 are useful in solving a
variety of partial differential equations, the choice of the most
appropriate transform depending on the type of boundary or initial
conditions to be imposed on the equation. The following examples
illustrate the use of the Laplace and Fourier transforms.

1. Laplace transforms

Example 11 To solve the diffusion equation
u 13u
T3S 2
ox* K ot (8.205)

for x >0, ¢t >0 given that u = u, (a constant) on x =0 for ¢ >0, and
u=0forx>0 t=0.
Taking the Laplace transform with respect to ¢ gives
d’ia(x,s) 1 _
e —Ksu(x, s), (8.206)

using (7.86) with u(x, 0) =0. Also
(0, s)= f u(0, He™" dt = uy/s. (8.207)
0

Hence solving (8.206) gives
i(x, s) = A(s)e =YK 4 B(s)erVers), (8.208)

To exclude solutions becoming infinite as x—, we take B(s)=0.
Then using (8.207) we find

A(s) = ugls (8.209)



8.8 Integral transform techniques 215

and hence
u
i(x, s) = —e*VEK), (8.210)
s
The inversion of this function with respect to ¢ is a standard result

which we obtained in Section 7.5. From (7.57) with a =x/VK we
therefore have

x
ulx, )y =u, ¥~ { _"\/(”K)} = u, erfc [Z—W]’ (8.211)
where erfc is defined in (2.49). .«

Example 12 To solve the equation

u  Fu , &

EY iuiewe + S or (8.212)
for x >0, t >0 (K being a real constant) given that
u=0u/dt=0 for t=0, x>0, (8.213)
u=1 for x=0,1>0, (8.213)
u—0 as x—owo, t>0, (8.215)
and to show that
(%)FO =— %Jo(t/K). (8.216)

We recall that the Laplace transform with respect to ¢ of time-
derivatives of u involve precisely the values of u and u/dt at t=0
which are given in (8.213). Hence taking the Laplace transform with
respect to f is an appropriate method of solving the problem.

Using the results of Chapter 7 (see (7.87) and (7.90)), (8.212)
becomes

s“i(x, s) — su(x, 0) — <%>,=o

_da d’ du
K g i) —an 0= () ] 6
= —+ il %id(x, s) — su(x, 0) — A (8.217)
From (8.213), u(x, 0) = (3u/3t),.o=0. Hence (8.217) becomes

d’i 52

1T KR (8.218)
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where i = i(x, s). Solving this equation gives
a(x, s) =A(s)e—sx/\/(1+K2s2)+ B(S)CSX/V(1+K2S2). (8.219)

Since u(x, t)— 0 as x — =, it follows that i(x, s)— 0 as x — «© and we
must therefore have B(s) =0. Accordingly

a(x, s) = A(s)e=/VA+KSD, (8.220)
Now u(0, t) =1 by (8.214), so that

a(o,s)=f 1.e~dt=1/s. (8.221)
0
Therefore in (8.220), A(s) = 1/s and
1 202
a(x, 5) =~ g HVA+KE?), (8.222)

Using the Bromwich contour (see Section 7.8) to evaluate this
integral, we have the solution in the form

_ 1 T —sxIV(1+ K%t o 8.223
u(x, t) vl B -e (8.223)
'y i

From (8.223)

ou 1 y+ie e—sx/\/(1+K2x2)
(3. ‘ﬁ[ varen e, e
1 y+io et
gy - —\/(1 e ds (8.225)
1 v’ +ie s't/K
c (8.226)

-—— ——-d.

2K ) V459 ®

where s’ = Ks. Since the Laplace inversion of 1/\/(1 + 5%) is Jo(x) (see
Chapter 7, Example 11), (8.226) gives

Ju 1
(5;>x=0 =~ ZJlt/K). (8.227)

2. Fourier transforms

Finally we illustrate the use of the Fourier transform in solving
particular types of boundary value problems. In Chapter 7, it was
found that the Fourier sine transform of a second derivative term gave
the result

o 82
j 5;1; sin(sx) dx = —s?is(s, t) + su(0, t), (8.228)
(Y
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whereas the cosine transform gave

0 ~2

0 % cos(sx) dx = —s%c(s, £) — (g—:)x_o, (8.229)
ig and #c being respectively the Fourier sine and cosine transforms of
u(x, t) with respect to x. The choice of a suitable transform is
therefore dependent on the nature of the given boundary conditions.
If u(0, t) is specified, but not (3u/dx),_,, then the sine transform is
appropriate, whereas if (3u/3x),_, is specified but not u(0, ¢) then the
cosine transform is appropriate. We now give an example.

Example 13 To show, using the basic result

f e cos(Au) du = l/zi’ e M, (8.230)
0

that the Fourier sine transform of erfc(ax) with respect to x is
(1—e~*"*"/s, and hence to solve
du_10u
x> K at
for x >0, t>0 given that u = u, (a constant) on x =0 for ¢ >0, and
u=0 for x>0, t=0. (We note that this is the same problem as in
Example 11 which we now solve by taking the Fourier transform with
respect to x instead of taking the Laplace transform with respect
tot.)
Using the definition (2.49),

(8.231)

2 0
erfc(ax) = . Lx e du. (8.232)
Hence its Fourier sine transform is
2 (- ¥ e
Fs{erfc(ax)} = — f sin(sx) f e “ dudx. (8.233)
\/ﬂ 0 ax
Inverting the order of integration, we have
2 S ) ula
F{erfc(ax)} =—— f e du f sin(sx) dx (8.234)
\/JT 0 0
2 [(fe™™ us
[Tl o
v JO P [ cos , du (8.235)
2 \/Jt vn —32/4112)
- Vn< e (8.236)
]- 2, 2.
= (-7, (8.237)

using (8.230).
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Since u(0, t)=u, is specified, the Fourier sine transform is
appropriate in this case. From (8.231), using (8.228), we therefore
have

1dig(s, t)
—s%i(s, t) +su(0, t) = ————= 8.238
sas(s, 0) +su(0, ) =2 =1 (8.238)
or
di
% + Ks?iig = Ksu,. (8.239)
The solution of this equation is easily found to be
as(s, £) = A(s)e " + uy/s. (8.240)

Since u(x, 0) =0, we have i(s, 0) = 0. From (8.240) it follows that

0=A(s) + uols, (8.241)
which determines A(s). Hence
iis(s, 1) = (uo/s)(1 — e 5™). (8.242)
Using the result (8.237), we obtain
u(x, t) = ug erfe[x/2V(Kt)], (8.243)

which was the solution found in Example 11. .«

Problems 8
1. Use characteristics to solve
Ju du
— + =0
(i) Y3 3
given u =cosx on x> +y’*=1,
Ju
+ *—==0
(i) x? 3
given u—¢e” as x = w,
ou du 2
(iii) x Fi P
given u = 1/lnx on x’y =1,
Ju
— —2xy—=2x
(v) 55 =22y 5 = 2eu

given u(0, y) =sinh y/y.
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. Show that the equation

82¢ 3¢ ¢ ¢ 3¢
+ ——xy—S—x—+y—=0
Wt 0o )ww Vo T ey T o
can be written as L,;L,¢ =0, where
3 2] 3 3
Li=x—+y—, Ly=y——x—
T %Y dy V% 3y’

By writing ¢ = L,¢, obtain by the method of characteristics the
solution of the original equation subject to the conditions

¢=13y* on x=1, 3¢/3x=3% on x=1
. Show that the equation

& du S
5§+4 - 82+4u—0
can be transformed into
Fv v
—+—=0
ox? 9y?

by putting u =e *v. Hence obtain the general solution of the
equation for u.
. Solve

au
CLPS-L PP S
ax 8y 4
subject to the condition u(1, y) =1+ y* +e’.
. By writing ¢ = ¢ + 3(x* + y?), solve the equation

xz—(f+yz—j)+ P =x>+y*
subject to the boundary condition
p=e’cosy+3i(1+y?) on x=1.
. Show that v(x, £) = f(£)e**® satisfies the diffusion equation
Fv_o
ox? ot
if f and g are solutions of the equations

d d
Gy o, %

, ———4g?=0.
dt dt &
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Hence show that if v(0, £) = 1/V(1 +¢), then

e~ XA+

vix, )=

1
V(i +1)

7. Prove that if K is a positive constant, any solution u = u(r, t) of
the equation

Fu 1ou_1u

ar* ror Kot
which is of the separable form u(r, t) = R(r)T(¢t) and which tends
to zero as t— « is of the form

u=e X AJ(Ar) + BYy(Ar)],

where A, B and A are constants, and Jy(x) and Yy(x) are the
zero-order Bessel functions satisfying

xy"+y' +xy=0.

Given u(a, t) =0 and u(r, 0) =Jy(wr/a), where w is defined by
Jo(w) =0, find the value of ¢ such that

u(0, £) = 3u(0, 0).

8. An infinite cylinder with circular cross-section has radius a =2
units. The temperature distribution within the cylinder is T(r, 1).
The surface of the cylinder is kept at zero temperature for all
time, and at t =0,

T(r, 0) =Jo(1.27),

where J; is the Bessel function of zero order. Writing the heat
conduction equation

in cylindrical coordinates, show that the temperature distribution
is approximately

T(r, 1) =e "*&J(1.2r).
9. If the diffusion equation
Fu_1ou
ox* Kot

is to be solved for u(x, t) subject to the inhomogeneous boundary
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11.
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conditions
u(0, t) = Uy, t>0,
u(l, )= U, t>0,
where U,, U, and [ are given constants, and
u(x,0)=f(x), 0=sx=|,
where f(x) is a given function, show that the substitution
u(x, ) =v(x) +w(x, t)

can lead to a homogeneous boundary value problem for w(x, t) by
suitably choosing v(x).

Show that the solution of the diffusion equation when U, =0,
U=11I=1and f(x)=01is

="

n

—n2n2Kt

2 =3
u(x, t)=x+ pe > sin{nsx)e
n=1

The function u(r, t) satisfies the wave equation
18°u 3u 26u
cor o ror
within the sphere 0 < r <a where c is a constant and ¢ > 0. Given
u=0 and Odu/dt=1 at t=0;
u=0 on r=a;
u is finite as r— 0,

show, by taking the Laplace transform with respect to ¢, that

_a sinh(sr/c))

a(r, s) = L{u(r, 1)} =s12 (1 r sinh(sa/c)

Using the result

g_l{l sinh(sx)} _ Jit_'_ 2_t: i -n" Sin(fﬂ) Sin('%“),

s?sinh(sa)) a Zon

obtain a series expansion for u(r, ¢).
Show that, if u(x, ) satisfies the differential equation
u du

a§+be_“=§, (x=0,t=0),
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where a, b and ¢ are constants, and the boundary conditions are
u=0 at t=0 forallx;
u—0 as x—o foralli

Ju/dx=0 at x=0 forally
then

L{ulx, )} =i(x, s) =

b ¢ e—x\/(s/a) _ e—cx].

as(c*—s/a) [\/(s/a)

Using the result

1 1
¥ l{_ e—x\/(s/a) — e—x2/4at
Vs ’

V(nt)
find u(x, t).
12. Show that the solution of the heat conduction equation
Fu 1du
—=—— sxslt>
a2 Ko Osx=Lr>0)

subject to the conditions

%=O for x =0, all ¢;
ox

u(l,ty=u, forallt,
has the Laplace transform

Uo cosh[V(s/K)x]
s cosh[V(s/K)I]

By finding the residues of #(x, s)e” at the poles s=0 and

i(x,s)=

s=—02n - 1)*(7*K/4l%), where n=1,2,3, ..., show that
4 hd ( l)n [(2” - l)ﬂx:l - —1\22 2
t 1 + — 2n—-1)’a*Kv/al }
u(x, )= “"{ 2 en-1° u  I°

13. Solve, using the Fourier transform, Helmholtz’s equation
Viu=u,
where —o<x <o, 0=<y=<1, given

(8u/3y),—o=0 for all x;

u(x,1)=e"*" (a positive).
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Show that the solutions to Burger’s equation
ou + u v Su (v = constant)
—tu_—=v— v = cons
o T ox ot

may be obtained from solutions of 36/3t = v 3°6/3x* by making u

proportional to (3/3x)(In 8). Derive this constant of pro-

portionality.

Use this transformation, followed by separation of variables for
the linear 6-equation, to solve Burger’s equation for 0 <x <gq,
¢t >0 with the initial condition

u(x,0)=u,, (0<x=<a),
where i, is a constant, and the boundary conditions

u(0, t)y=u(a, t)=0, (t>0).
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Calculus of variations

9.1 Introduction

One of the elementary uses of differential calculus is in finding the
stationary values of functions of one or more variables. The calculus of
variations considers the more complicated problem of finding the
stationary values of integrals. A simple physical example which
illustrates the general type of mathematical problem involved is as
follows: suppose P(x,, y;) and Q(x,, y,) are two given fixed points in a
cartesian coordinate system (see Figure 9.1). We wish to determine
the equation of the curve joining these two points such that when the
curve is rotated through 2z about the x-axis to form a surface, the
surface area so generated has a minimum value. Suppose y = y(x) is
some curve joining P and Q. Then, if ds is the element of arc length,
the surface area § so formed is given by

Q X2
S=2nm f y(x)ds =2x f yVI[1 + (dy/dx)?] dx. 9.1)

S is not a function in the usual sense since it depends on the form of
the curve y =y(x) in the whole range x, <x <x,. It is commonly
called a functional and is written as S[y(x)], the square brackets
signifying that if the form of y(x) is known then the value of § is
known.

It is relatively straightforward to find the conditions under which
(9.1) takes on a stationary value, but not usually easy to determine
whether this is a maximum or a minimum, or some other type of
stationary value. In many problems, however, the solution may be
seen by physical arguments to be either a maximum or a minimum, and

224
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accordingly we shall not attempt here to give the detailed mathemati-
cal analysis determining the nature of the stationary values.

9.2 Euler’s equation

The simplest problem is to find a function y(x) such that the integral

1y =[ 56y vy ax ©2)

is stationary with respect to small changes in y(x). Here y’' denotes
dy/dx, and x, and x, are given fixed limits. We see that, in the case of
(9.1), the function f(x, y, y') has the form

fxy, y)=2myV(1+y"). (9.3)

Suppose y =y(x) is some curve joining the points P(x,, y;) and
Q(x,, ) as in Figure 9.1. Consider a small variation in y(x) so that
the new curve has the form

y(x, €) =y(x) + en(x), 9-4)

where € is a small parameter and n(x) is an arbitrary function chosen
so that

n(x) = n(x2) =0. (9.5)

In this way the new curve (9.4) also passes through the end points P
and Q. The term en(x) is denoted by 8y and is called the variation of
y. This variation may be one of two types — weak or strong —in the
following sense. Suppose that the curve C, represents y = y(x) (Figure
9.2). The neighbouring curve C, corresponds to a weak variation since

Figure 9.1

» <

Q(Xz»}’2)

-
e

P(xy,y1)

e ——
-

-
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the difference between the gradients of Cy and C,, at any value of x in
the range x, <x <x,, is a small quantity. In other words

by == (3) ©.6)

is small. However, the curve C, (continuous but with a discontinuous
derivative) corresponds to a strong variation since, although dy is itself
small, the derivative oy’ is no longer small due to the abrupt changes
in the slope of the curve. In most cases we deal only with weak
variations, and assume that the curve y(x) + Oy is similar to C, and is
differentiable to all desired orders.

Inserting (9.4) into (9.2) we can write

I(e) =1[y(x) + en(x)]
- [Trwymreiw, v+ erena, 0
whence
Sl(e)y=1(e)—1
[y reny e -fey e 08

Assuming now that the first term of the integrand may be expanded in
powers of €, we have (using Taylor’s expansion of a function of two
variables)

2

ol(e)y=el, + % L, + terms in € and higher orders, (9.9)
where
2 of of
1=f ( —+ ’——)d 9.10
1 » 7] ay r] ay/ X ( )
Figure 9.2
y
A
Q(x2.y2)

Plxi.y)

0 —>
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and
2 2 2
(2 9f of f
L= f ( —5+2 +n"” )d . 9.11
2 e, TI ay 7777 ay ayr 7’ ayl2 X ( )
To the first order in €, the variation 8/(€) is given by
8l(e)= el (9.12)

and the sign of 0/(¢€) therefore depends on the sign of €. The value of
I[y(x)] in (9.2) therefore may increase for some variations and
decrease for others. However, for the integral to have a maximum or
minimum, all variations with respect to € should respectively decrease
or increase its value. This can be achieved by requiring in (9.12) that

I, =0, that is
X2 a
f ( i f)dx 0. (9.13)
x oy "
Integrating the second term in (9.13) by parts we have
vl
- d .
L "5y [" 3y’ Tax\ay ) & ©.14)

However n(x,) = n(xz) =0 (see (9.5)) and the first term on the right of
(9.14) is therefore zero. Inserting (9.14) into (9.13) gives

[wolZ-2(Dlao o

Now n(x) is an arbitrary function, apart from the conditions (9.5).
Hence we may make use of a fundamental result which states that if
n(x) is continuous and has continuous derivatives up to at least second
order in the range x; <x <x, with n(x;) = n(x;) =0 and n(x) # 0 for
x; <x <x,, and if g(x) is itself a continuous function and

J’X2 nx)gx)dx =0 (9.16)

for arbitrary (every) n(x) satisfying the conditions above, then
g(x)=0. Since (9.15) holds for arbitrary 7(x), it follows from the
above fundamental result that a necessary condition for the integral to
be stationary is

of _d (Efi) - (9.17)

dy dx\dy'
This equation is known as Euler’s equation and its solution leads to

the form of y(x) which produces the stationary value of I. The curves
y = y(x) so obtained are called extremals of (9.2).
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Example 1 To find the stationary value of

= [ [(2) -2 4]

where P = (0, 0) and Q = (1, 1).

From (9.18)
[y, y)=y?=2yx +y?
and hence :
of of
—=-2x+2y, —=2y'.

The Euler equation (9.17) is therefore

~2x +2y —%(2y’)=0

or

The solution of this equation is
y =Acoshx + B sinhx + x.
By requiring this curve to pass through P(0, 0), we have
A=0,
while for it to pass through Q(1, 1) we must have

B=0.
Hence
y=x

is the extremal curve.

(9.18)

(9.19)

(9.20)

(9.21)

(9.22)

(9.23)

(9.24)

(9.25)

(9.26)

To evaluate the stationary value of (9.18), we insert (9.26) into the

integrand of (9.18) and integrate. Then

1
I=I (1—2x*+x?%) dx
0

1
=f (1-x)dx=3
0

(9.27)

(9.28)
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9.3 Alternative forms of Euler’s equation

Euler’s equation (9.17) assumes simpler forms when one or more of
the variables x, y or y' are absent from the function f.

Case 11f y is explicitly absent from f then

fG,y,y)=f(x,y") (9.29)
and hence 3f/3y =0. The Euler equation (9.17) now becomes
d/of )
—{==)=0, .
dx <8y' ©-30)
giving
3f /8y’ = constant. (9.31)

Example 2 Suppose we want to find the equation of the curve of
shortest length which joins two points P and Q in the plane. If
y =y(x) is some curve joining P to O, then the element of arc length
along the curve is given by

ds =V(1 +y") dx. 9.32)

Hence the total length of the curve from P to Q is
Q
S = f V(1 +y?)dx. (9.33)
P

We can now apply the Euler equation to this integral and, since the
integrand is explicitly independent of y, we can use the form (9.31).
The Euler equation therefore has the form

3
5y V(1 +y™)]=constant (9.34)
or
yl
Tioon=-C 9.35
V(1 +y'?) (9.35)
Hence
y'=A, (9.36)

where A is a constant, and the equation of the curve of shortest length
joining P and Q is therefore

y=Ax +B, (9.37)

the constants A and B chosen so that (9.37) passes through the end
points P and Q. .«
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Case 2 If y' is explicitly absent from f, then f(x,y, y')=f(x, y).

Therefore 9f /3y’ =0 and the Euler equation (9.17) becomes
of /a3y =0.

Example 3 To find the extremal curve of the integral

1
1=[ @t -wax
0

we use (9.38) to obtain

3f/3y=8y>—x=0
or
y =4t

(9.38)

(9.39)

(9.40)

(9.41)

The stationary value of I, found by inserting (9.41) into (9.39) and

integrating between the given limits, is I = —35.

Case 3 If x is explicitly absent from f then f(x,y,y')=f(y, ') and
hence 3f/3x =0. To see the effect this has on the Euler equation
(9.17), we note that the total differential of f(x, y, y") with respect to x

is given by
d_of Sfdy o d
dx 0Ox Jdydx Jy'dx
3
oy
9y 9y’

(¥

using 8f/3x =0.
Now multiplying Euler’s equation (9.17) by y’, we have

o _ ,_d_(if>_

Eliminating y’ 3f /9y between (9.43) and (9.44) gives
G _ 2y ( f )
dx

dx Y 3y’ dy’
or
of
w7 o)
Integrating (9.46) we find
o _
f y ay, - C’

where C is a constant.

(9.42)

(9.43)

(9.44)

(9.45)

(9.46)

(9.47)
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The following two examples illustrate the use of this form of the
Euler equation.

Example 4 An ancient problem is to find the curve joining two given
points in a vertical plane for which the time of descent of a particle
down the curve (under a constant gravitational field) is a minimum.
Such a curve is called the ‘curve of quickest descent’ or the
brachistochrone (from two Greek words — brachistos meaning ‘shor-
test’ and chronos meaning ‘time’). Suppose a particle starts from rest
at a point O (see Figure 9.3) and slides down the curve OA, frictional
forces being neglected. Then at a typical point P(x, y), the velocity of
the particle is

v=V(2y), (9.48)

where g is the acceleration due to gravity. The time ¢ taken to travel
from P to a neighbouring point P’ is therefore

ot = 8s/V(2gy), (9.49)
where 6s is the length P to P'. Allowing P’ to tend to P, we have

.o ds =\/(1+y’2)
V(2gy) V()

and therefore the total time T from O(0, 0) to A(x,, y,) is

ro_L ["VA+y?
V@2g) b  Vy

We now wish to find y(x) such that T is a minimum. The integrand of
(9.51) is explicitly independent of x and hence we may use the form

d

dx, (9.50)

dx. (9.51)

Figure 9.3

v

* Alxiy)
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(9.47) of the Euler equation. Accordingly, we have

V(a+y?) 8 [V(l +y'2)]
—_y!— = C’ 9.52
VERMEANEY, ©-32)
or
1 +y12> y12
- =C. 9.53
\/< y / VyVA+y) 23
This simplifies to
y(1+y'* =D, (9.54)
where D is a constant.
Making the substitution y’ = cot 8, we have
D D
= =Dsin?@=—=—[1- .
y T+y7? sin > [1—cos(26)] (9.55)
and
dx 1d
If) = }73{0- = D tan 0sin(26) = D[1 — cos(20)], (9.56)
whence
D .
x=7 {20 —sin(26)]. (9.57)

Equations (9.55) and (9.57) give the parametric form of the equation
of the curve, and define a cycloid.

Example 5 We now return to the problem discussed in Section 9.1 of
the generation of a surface of minimum area. The integral to be
minimised is given in (9.1) and has an integrand which is explicitly
independent of x. Hence, using the form (9.47) of Euler’s equation,

we obtain
112

W +y?) ——\7%41 (9.58)

After simplification, this becomes
yi=C*(1+y"), (9.59)

which integrates to give

+A
y=C cosh<x o ) (9.60)
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where the constants A and C must be chosen so that the curve passes
through the end points P and Q. This curve is known as a catenary,
and the surface of minimum area generated by this curve is known as a
catenoid.

9.4 Extremal curves with discontinuous derivatives

When the extremal is found to consist of two or more branches, we
must check whether it is possible for the given end points to lie on one
and the same part of the curve. If this is not possible then the curve is
not the required extremal since the end points are not joined by a
continuous curve. We can illustrate this by the following example.

Example 6 Suppose we require the curve y = y(x) which minimises
e
I=f x%y"% dx, (9.61)
P

where P = (1, 2) and Q = (-2, —1).
The Euler equation, from (9.31), is

2%y’ =C, (9.62)
from which, by integration, we have
y=A/x+B. (9.63)

The curve on which P and Q lie is therefore y =2/x, but P is one
branch of this curve and Q is on the other branch (see Figure 9.4).
Hence this is not the required extremal (in fact, evaluating I with this
curve gives infinity), and no extremal curve of the form (9.63) exists.
However, provided extremal curves with discontinuous derivatives are
allowed, we may obtain an extremal curve joining P to Q by noting
that the integrand in (9.61) is a perfect square and hence its minimum
value is zero. This is achieved by taking y’ =0, or y =constant. A
possible extremal is shown in Figure 9.4, for which y’ =0 except at
x=0 .-

9.5 Several dependent variables

The integral (9.2) and its associated Euler equation (9.17) may be
generalised to n dependent variables y;(x), y,(x), . . . , y.(x) by writing

I[yi(x), y2(x), - - -, yu(x)]

= [ s, 7o), a0 i), Vi), il e (9.6
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Defining (as an extension of (9.4))

yilx, €)=yi(x) + eni(x), (9.65)
where i=1,2,...,n, and where the 1,(x) are n independent ar-
bitrary functions satisfying

n:i(x1) = n:(x2) =0, (9.66)

we obtain, in a similar way to the proof given in Section 9.2, the set of
n Euler equations

if_i(if>

3y, dx\3y! =0, (i=1,2,...,n). (9.67)

All of these equations must be satisfied simultaneously for (9.64) to
have a stationary value.

9.6 Lagrange’s equations of dynamics

Consider a dynamical system made up of a given number of particles.
Let g4, g2, - - - , 4. be n independent quantities (functions of time ¢) in
terms of which it is possible to specify uniquely the position of each
particle of the system. Such quantities are called the generalised
coordinates of the system and may be, for example, distances or
angles, and n is called the number of degrees of freedom of the
system. For a single particle in three-dimensional space we need only

Figure 9.4
y

A 1
]

P(1,2)

0(-1,-2)
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three coordinates to specify uniquely its position at time ¢. Clearly we
could choose ¢, =x, q,=y, q;=2z or, in terms of spherical polar
coordinates (see (1.84)), g, =r, q,= 6, g;= ¢. Similarly, for two
particles we require six coordinates. In the case of a rigid body, say a
solid ellipsoid, six generalised coordinates are required: three to
specify a point in the body, two to specify an axis through the point
and a further one to represent the rotation of the body about this axis.

It can be shown that the Newtonian equations of motion for a
system with kinetic energy T and potential energy V can be derived by
requiring the quantity [ (T — V) dt to be stationary, where T and V
are, in general, functions of the ¢q,,¢,,...,q, and their time
derivatives. It is common to call T —V =L the Lagrangian of the
system. The condition for

f(T—V)dt=J' Ld: (9.68)

to be stationary is (by Section 9.5) that L satisfies the set of n Euler
equations

3L d (8L>=, 9.69)

3q; di\aq,

where L=L(t;91,92,---,49n;91,G2,---,4,) and ¢;=dgq;/dt
Equations (9.69) are known as Lagrange’s equations and provide a
powerful technique for deriving the equations of motion of a dynami-
cal system. This is illustrated by the following two examples.

Example 7 We consider the equation of motion of a simple pendulum
which was discussed in Chapter 3. A particle of mass m is suspended
from a point O by a weightless inextensible string of length / (see
Figure 9.5) and allowed to oscillate in the vertical plane. The position
of the particle at time ¢ is uniquely specified by the angle 6 made by
the string with the vertical and hence the system has one degree of
freedom. We therefore choose 6 as the generalised coordinate to
describe the motion.
The kinetic energy T of the system is

T = imv? =im(16)?, (9.70)

where v=10=1d0/dt is the velocity of the particle. Likewise, the
potential energy measured from the horizontal through O is

V = —mgl cos 6. (9.71)



236 Calculus of variations

Hence
L=T -V =3iml*& + mgl cos 6. (9.72)

Since there is only one generalised coordinate, the single Lagrange
equation (from (9.69)) is

8L d (3L
6 & (5—(;) =0, (9.73)
which, using (9.72), gives
d .
—mgl sin 6 — % (ml’0)=0 (9.74)
or
ae g .
— +5sin 6 =0. .
gz Tsin 6=0 (9.75)

This is the equation of motion discussed in Section 3.9 and has elliptic
integral solutions. .«

Example 8 Three masses m,, m, and m; lie on a straight line and are

connected by two springs of stiffness K for which the potential energy

is (by Hooke’s Law) V = 1K (extension)®. No other forces act. If x,, x,

and x; are the displacements when the system is disturbed from its

equilibrium position then

L=T-V= %ml)if% + %mzx’% + %m3f§ - %K(X2 - x1)2 - %K(X3 —xZ)z.

(9.76)

The Lagrange equations (9.69) give (with g; = x;)

oL d (3L

=_—(Z)=0 .
ox; dt<8x',~> 77

Figure 9.5

[

~_

§enmnnn
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fori=1, 2, or 3, whence

myx, — K(x, — x,) =0, (9.78)
mayi; + K(x; — x1) — K(x3 — x3) =0, (9.79)
m3.f3 + K(X3 _x2) = 0. (9.80)

This coupled set of three second-order differential equations defines
the motion of the system, and elementary methods may be used to
obtain x;, x, and x; as functions of time. .«

9.7 Integrals involving derivatives higher than the first

Suppose we require that

@)= [ ity oy ds ©.81)

where y™ =d"y/dx", should be stationary subject to the end
conditions

y(xi)=ay, y'(x)=as, ..., y" x)=a,, (9.82)
yx)=by, ¥ (x2)=bs, ..., y" (x) =b,. (9.83)

Then by an analysis similar to that of Section 9.3 we find the
generalised Euler equation (given here without proof)

%_dix<8)f>+dx2(8;j’> "‘+(_1)"dxn (aa{”) 0. 084

Example 9 Consider the integral

My@)= [ (=32 -4y} (9.85)
given
y(0)=0, y'(0®)=0, (9-86)
y(x)=0, y'(7)=1. (9.87)
The Euler equation (9.84) now gives
d2
-8y —— ( 6y’ )+ 2 (@) =0, (9-88)
or
4y, 35 dzy — 4y =0. (9.89)

dx4
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The solution of this equation is
y =Ae* + Be ™ + C cos(2x) + D sin(2x), (9.90)

where A, B, C and D are to be found by imposing the given conditions
(9.86) and (9.87). Hence
1 1 sinh &

A=-—-— B

’ =371 A =571 i D = l'
2(1—e”™) 2(1—e™7) 2(1 — cosh ) 4

(9.91)

The stationary value of [ is obtained by inserting (9.90) and (9.91) into
(9.85). -

9.8 Problems with constraints

Many physical problems (especially within the area of control theory)
require that an integral be maximised or minimised subject to
constraints. Such problems are often called isoperimetric, the name
given to the problem of finding the closed curve with a given fixed
perimeter which bounds a maximum area. The solution of this
problem is known to be a circle, a result which may be proved using
the following analysis.
We require that

I[yx)]= f xzf(x, y,y')dx (9.92)

(see (9.2)) be stationary subject to the integral constraint

@)= gty ydr=c, 9.93)

where g(x, y, y') is a given function and C is a given constant. As with
the conventional Lagrange multiplier approach for finding the station-
ary points of a function subject to a constraint, we now form the linear
combination

f+Ag, (9.94)

where A is a constant (Lagrange) multiplier, and determine the
extremals of the integral

I+AJ=r2(f+/1g) dx. (9.95)
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The Euler equation appropriate to (9.95) is

9 d (3(f + Ag)
- (f+4A ——(—>=0, 9.96
3 (f +4g) - 3 (9.96)
which when solved leads to extremal curves of the general form
y=y(x 4, C, C), (9.97)

where C, and C, are constants. The three constants A, C, and C, are
uniquely determined by the three requirements that (9.97) passes
through the end points x; and x,, and that J has the prescribed value C
as given by (9.93).

Example 10 To find the extremal curve y = y(x) of the integral
wl= [ 0 +2) 9.98)
with y(0) =0 and y(1) =0, and where y(x) is subject to the constraint
J:y(x) dx =3, (9.99)

and to determine the stationary value of I[y(x)].
As in (9.95) we now consider the integral

1
J' (y"*+2yy" + Ay) dx. (9.100)
o

Since the integrand of (9.100) is explicitly independent of x, we find,
using (9.47), that the Euler equation is

)
Y72+ 2yy’ + Ay -y'a—y(y’2+ 2yy’ + Ay) = constant. (9.101)

Then
y?=dy=¢C, (9.102)
where C is a constant, so that
Y =V(C+y). (9.103)
Separating the variables and integrating, we have
y=%(x+A)2—%, (9.104)

where A is a constant.
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Now y =0 when x = 0. Hence

AA* C
ERrE (9.105)
Also y =0 when x = 1. Hence
A C
~(1+A)y=—. .
1 1+A4) 7 (9.106)
Solving (9.105) and (9.106) gives
A=-1C=21%16, (9.107)
and consequently
_A ne_A_A o,
yE) =5 =3 - o= (& - x). (9.108)
Now by (9.99) we require
1 A. 1
f y(x)d =—-J (x*—x)dx =1, (9.109)
0 4 Jo

from which we find A = —4. The solution for the extremal curve is
therefore

y=x-x° (9.110)

Inserting (9.110) into (9.98) we obtain the extremal value I =3.

9.9 Direct methods and eigenvalue problems

The Euler equations obtained by requiring integrals to be stationary
are, in general, non-linear ordinary differential equations. These
frequently require numerical solution. An alternative and more direct
approach to finding the minimum value of an integral was first
developed by Rayleigh and Ritz. Suppose we again consider for
simplicity the integral (9.2)

)= [ fey s, ©.111)

where y(x,) = & and y(x,) =B, « and B being fixed. Now consider a
sequence of functions

yl(x)’ y2(x)’ et yn(x)’ R (9-112)

each satisfying the end conditions y,(x,) = «, y,(x,) = B, for all n, such
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that
lim I[y,(x)] =1 (9.113)

and
lim y,(x) = yo(x), (9.114)

where [, is the minimum value of / and ys(x) is the solution of the
Euler equation producing the value l,. The sequence (9.112) is called a
minimum sequence. The simplest case is if & = § =0, and then the end
conditions can be satisfied if each function y, is written as

Ya(x) = C191(x) + C295(x) +. . . + C,9,(x), (9.115)

where ¢,(x), ..., ¢,(x) are n independent functions each satisfying
¢i(x,) = d(x2) =0, and C,, ..., C, are arbitrary constants. Inserting
the nth member of the sequence (9.115) into (9.111) we find

1w = [ £, 3, y2) ©-116)

=F(Cy, Cs, ..., Cy). (9.117)

By the usual methods of determining the maxima and minima, we now
find the stationary value of I[y,(x)] by equating the n partial
derivatives of F with respect to Cy, . .., C, to zero:

9F/3C,=3F[3C,=...=3F/3C,=0. (9.118)

We now have n equations for the »n values Cy, . . ., C,, and the form of
the extremal curve y =y, (x) can then be found from (9.115). Provided
the sequence converges to the correct extremal curve y = yy(x) as
n— o, we can obtain an increasingly accurate approximation to the
true stationary value I,.

Example 11 Consider

Iy ()] = j (y'2 +xy) dr, 9.119)

with y(0) =0, y(1)=0.
Suppose we choose ¢,(x) =x(1-—x) since this satisfies the end
conditions. Then the first member of a minimum sequence is

yi(x) = Cix(1—x). (9.120)
Hence
yix)=C;—2Cyx (9.121)
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and
1
M) = [ G0 = 20+ €1 - )] s
(]
=3Ci+%:C =F(Cy).
Hence
OF _ dF _
aC, dC,
gives
Cl = -—éy

and with this value, (9.123) gives
I[y(x)} = — 15

(9.122)

(9.123)

(9.124)

(9.125)

(9.126)

To find the next member of the sequence y,(x), we now choose
¢,(x) = x*(1 — x) which again satisfies the end conditions. Then

ya(x)=Cix(1 —x) + Cox*(1 —x)
and
y3x) = Cy(1 = 2x) + C,(2x — 3x?).

Calculating I[y,(x)], we find

I[y(0)}=3C; + EC3+3C,Co+ HCy + %Cs.

Hence
oF
and
oF
Solving these two equations for C, and C,, we find
Cl = C2 = —1_1-2’
giving
ya(x) = —12x (1 —x) — H5x°(1 — x) = H(x* — x).

From (9.129) and (9.132), the extremal value of [ is

[y(x)] = — o
We see that the Euler equation for [ in (9.119) is

d ’
x—— @y)=0

(9.127)

(9.128)

(9.129)

(9.130)

(9.131)

(9.132)

(9.133)

(9.134)

(9.135)
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or
y'=3ix. (9.136)
Integrating we have
y' =4+ A (9.137)
and
y =1x’+Ax + B. (9.138)

Applying the end conditions gives B =0, A = —3 and hence we find

y =15(x* — x). (9.139)

This is precisely the function found in (9.133), and hence the value of /
in (9.134) obtained by the Rayleigh—Ritz method is exact in this case.
We emphasise that this depended on our choice of ¢, and ¢,. For this
simple example, the Euler equation gives the extremal curve very
casily, but nevertheless this example illustrates the use of the
Rayleigh—Ritz method when the value of the extremal curve is zero at
both ends. .-

If the end values of the curve are not both zero, then a linear
combination of the form (9.115) can still be written but we must
ensure that each y,(x) still satisfies the end conditions. This usually
results in relationships between the arbitrary constants, thereby
reducing the number of independent constants to less than n. The
stationary value of I[y,] is then found by minimising with respect to
the independent constants remaining. We give an example to illustrate
this.

Example 12 Consider
1
I[y(x)] = f (y'* +xy?) dx, (9.140)
0

with y(0)=0, y(1)=1.

Suppose we choose ¢;(x)=x and ¢,(x)=x> If we first put
yi(x) = C,¢1(x) so that y;(0) =0 then we must have C,=1 in order
that y,(1) = 1. This choice leaves no free constants. Next if we put

ya(x) = Cyx + Cox%, (9.141)
which immediately satisfies y,(0) =0, then at x = 1, we have
»p(1)=1=C+ G, (9.142)
so that
C2 = 1 - Cl‘ (9. 143)
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Hence
ya(x)=Cix + (1 — C)x?, (9.144)

which satisfies the end conditions for all C,. Using (9.144), we find
1
3:0] = [ ([C1+2(1 = CF +x[Cor + (1= CP) dv, - (9.145)
0

and integrating gives

I[y(x)] = %Ci —3C, +3 = F(C)). (9.146)

Hence
dFldC,=3%C - 2= (9.147)

giving
C,=% (9.148)

and the extremal value

1[y(x)] = %. (9.149)

We have therefore generated an approximation to the extremal value
and an approximation to the extremal curve, which from (9.144) and
(9.148) is

ya(x) = Sx + 1x2, (9.150)

We note that the Euler equation corresponding to (9.140) is simply
y"=xy, which has a solution in terms of Airy functions (see Section
2.9). However, although the extremal curve can be found by applying
the end conditions, the evaluation of (9.140) is difficult. .«

We conclude this section with an example to illustrate the use of the
method in evaluating eigenvalues.
Example 13 Consider the simple equation
d*y/dx*+ Ay =0, (9.151)

subject to the boundary conditions y(0) =0, y(1) =0.
The exact solution of (9.151) is

y = A cos(VAx) + B sin(VA4 x). (9.152)
Imposing the boundary conditions, we find A =0 and
A=n’a? (9.153)

where n=1,2,3,.... These values of A (an infinite discrete set) are
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called the eigenvalues of the equation. Now consider

Iy ()] = f (v = Ay?) dx, (9.154)

which has (9.151) as its Euler equation. We choose some trial function
passing through the end points, say

yi(x) = Cix(1—x). (9.155)
Then
I[y:(x)] = CiG — %) = F(C)). (9.156)
Hence
dF/dC,=0=2C,(3 —%A), (9.157)

which gives A =10 as an estimate for the lowest eigenvalue. This is to
be compared with the exact value A =s*=~9.87 obtained by putting
n=1in (9.153).

In order to improve the approximation, we choose, say

ya(x) = Cix(1 = x) + Cox*(1 — x) (9.158)
which also passes through the end points. We now find

I[y:(x)] = 31CT+3C,C+ %C5— A[%C% +%C,C, + T:SC%] =F(C,, Cy).

(9.159)
Hence
BF/3C,=(5 —HBA)C1+ (3 —HA)C,=0 (9.160)
and
OF[3C,=(3 —%A)C, + (5 — #sA)C,=0. (9.161)

Equations (9.160) and (9.161) are a pair of homogeneous linear
equations for C, and C,. For a non-trivial solution we require that the
determinant of the coefficients is zero. This gives

A —52A+420=(A—42)(A-10)=0 (9.162)
and hence
A=10, A=42 (9.163)

The first of these is the value we found above corresponding to n =1
(for which the exact value is 7° =~ 9.87), while the second corresponds
to n =2 (and an exact value of A = 47%>=39.48).
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Problems 9

1. Find the extremal curves and the stationary values of the following
integrals:

Q
0) [ tyrany + 295 -y s,
where P = (0, 0) and Q = (x/2, n/2),
(ii) f ® 2y sinx + (dy/dxY?] d,
P

where P = (0, x) and Q = (=, 0).
2. Find the extremal curve of the integral

o= (212 e

where P=(0, 0) and Q =(1, 2).
3. Find the extremal curves of the integral

Q 2
Mye= [ P

where P = (0, 0) and O = (1, 2).
4. Find the function y(x) which makes the following integral

stationary:
/2

Ily@]=| (?*+2xyy")dx,

0

where y(0) =0, y(2/2) =1, and y(x) is subject to the constraint

/2
ydx=m/2~1.
0

5. Minimise the integral

f " V[ + (dx/dey] di,

to

where the function x(¢) is subject to the constraint
1y
j V[1 + (dx/dt)?] dt = constant.
t

Show that x(¢t) = A + B cosh[(t — C)/B], where A, B and C are
constants.
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6. A curve y =y(x) meets the x-axis at x = +a, and has length 7a
between these points. Show that the curve which encloses maxi-
mum area between itself and the x-axis is the semicircle x? + y? = a2
(y=0).

7. The flight-path of an aircraft lies in the (x, y) plane, and the aircraft
moves with a speed v(y) (that is, a function of y only). If its path
(assumed to be smooth) between two fixed points is such as to
minimise the flight-time, show that the equation of the path is given
by

v(y) dy
Via-vl

where A and B are constants.

8. A particle moving in the (x, y) plane has a speed u(y) depending
only on its distance from the x-axis; its direction of motion makes
an angle 8 with the x-axis which can be controlled to give the
minimum time of transit between two points. If u(y)= use™",
where u, and & are constants, and if the particle, starting at x =0,
y =0, is required to reach (4mh, h) in least time, prove that its
initial and final directions must be 6,=tan"'(1— \/2/e) and
6, =tan"'(eV2—1).

9. Find a functional which has

X

y'+y+x=0

as its Euler equation. Hence obtain an approximate solution of the
equation given y(0) = y(1) = 0 by using the trial functions

(i) y=Cx(1-x),
(i) y=Cix(1 —x) + Cox*(1 - x),

and finding the values of C, C; and C,.
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10.

o k=

10.

12.
13.

248

Chapter 1

ayxi + axx3 + a3x35 + 2(a13% 15 + @1X1 %5 + G53%5X3).

(i) j, (ii) none, (iii) i and j, (iv) i on each side.

3, 3, all three components zero, all three components zero.
26, 6.

1 «
5= [ " (Ba+p) % ""]
C,‘j = 6[japap - aiaj.

fe] 3x, 8x, = 28,.x; + 28;,%, + 20X, .
a=4, (1) p=17, (ii) =11

Chapter 2
(i) T(5) =24, (ii) V(«/a).
27/3V3, using (2.25) and (2.27).
(i) 3B, }), (ii) 7/V2, using (2.25) and (2.27).
AJ,(e*) + BY, (e°).

1
\—/)—C(A cos x + B sin x).

3x3,(h) + C.
@) 0, (i) —3.

Chapter 3
. V2x.
4/(x — 3)~
x
.y=xl + Ax.
y=xmn Cx+1‘ o
—In Inx
SYEm el
_ 1 AAi'(=x/2%) + Bi'(—x/2})

Y =3 24i(—x/25 + Bi(=x/2Y) °

where A is an arbitrary constant.
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11.

. —€

. xilll(n +2)(

Answers to problems

Chapter 4

C x4 x4 s

2
_ 3( XX )
B(1—x), Ax3(1 21+315

x+x3+2x5

. =2+x% z,=3x%

V2=2+ x>+ x> 2, =3x"+ 3x* + x5,
Y3 =2+ x>+ x>+ 5x° + $5x5,
=32+ I+ 80+ ax + x.

. cost+ u[3t cost — i5sint — 35 sin(3¢)].
. € *"[A cos(2x) + B sin(2x)].

1

+Nx¥/3
X

1
n+2

x(n +2)/2) , X%KU(,. +2)( x(n +2)/2>‘

n+2

Chapter 5

(i) 3In2+i(—m/4 +2kx), where k=0, £1, £2, ...,
(ii) /2 + knx +(1/2)In 3, where k=0, £1, £2, .. ..

i(w/2+ kx), where k=0, £1, +2, . ...
v=2xy+4dy -2 +C, f(z)=2*+(4 -2z + C.
g and A constant.
All parts 3 + 3i; 22+ 1 is analytic for all z.

(i) (a) 0, (b) 2ni,

(i) —2ui, 7i/2.

(1) 2xisinh 1, (ii) 4mie/3.

(i) 27, (i) 27i/9, (iii) 27i.

() 1+22+3z*+... (R=w),

(i) sin1+ (cos 1)z +(2cos1—sin1)z%/2+...(R=1),

(iii) In2+ 3z +£z°+... (R=m).

L
5!z

(i) 1-

3122

7~ . . . (essential singularity at z = 0),

249

(i) 1/(z—m)—2(z—n)+3(z—m)’ —... (simple pole at z=r),

N 2 1 1
(iii) e [(z ey A,
at z =m/2).

-Yz—-n/2)+.. ] (double pole
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1
12. (i) ;+2+3z+4z2+...,

3
(ii) =+ 4+?+ <+ ,
(ii) (z—ll)z—(zil)+1_(z_l)+”"
X 1 1 1 1
(iv) (z—1)3—(2—1)4+(z—1)5_(z—1)6+' e
13. (@) -1,
(i) 1,

(iii) simple pole at z =2, residue $,
double pole at z = 1, residue 2,
pole of order 3 at z =0, residue —%4.
14. 2kx —ilna, where k=0, 1, £2,....

Chapter 6
1. () &7, (i) (4—2V3)a
3. (i) 3, (i) =, (iii) 37, (iv) im
6. m/3V2.
8. I=0.
9. 2mie™@~D,
11. (i) 3+ ix*cosech® & + m coth m,
(i) 7.
Chapter 7
s? s
1. (4 iy 3 5).
) [(s —a)* +a*|[(s + a)* +a?]’ (i) 3V(/s’)
) 2
TG-D[-1)2+4])
3. (i) 3[cosx —cos(2x)], (ii)) —1+e* —xe* + 3x%e*.
4. (i) 3, i) %, (i) 1/v2.
6. f(x)=%+1/aVx.
7. sinx.
9. (i) 6™ —Te > +2e7%,

(i) H(x —2){1 — cos[2(x — 2)]} + cos(2x) + sin(2x),
(iii) e [1+e’H(x — a)].
10. x(t)=—1+te' +¢€,y(t)=2+1te’ —¢".



11.
12.

13.
14.

15.

16.

18.

A i

10.

11.

13.

14.

Answers to problems
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y(x)=CZL"{(1-5)*/s'**}, where C is a constant; when A =2,

y=C(1—2x + 3x?).

(i) e +dte* — ¥, (ii) fse™'(1—-26%) + e’ (2t - 1).
ix + § sin(3x).

V(/A)e™"*, F{5(x)} =1.

4a(a’® — 3s%)

(s*+a?*

. K} 2

@ sP+47 s+ 47

(ii) (w/2)sgns, the cosine transform does not exist.
_
2r(1+x%)°

Chapter 8
PR S
(i) u= cos[ \/(.I_XT_L>]’ (i) u = e,

(iii) u=—1/In(x’y?), (iv) u =§ sinh(x> + y).

d=Inx+i(x*+y>-1).

u=e > f(x +iy) + g(x —iy)), f, g arbitrary functions.
u=x*+2Inx+x*+y=

¢ =3+ y?) + (1/x) cos(y/x)e™ ",

t=a’In2/w’K.

u(r, t)= _3‘12_ i gsin(%nv sin(fﬂ).

mlerZy n a
b ¢ (1 _ eac2 g be* s
u(x, £) = —xalt—w) gy 1—e™™).
(x ) c.\/(na) b \/(t—u) 2 ( )
e—s2/4a

1 * 2 isx
u(x, y) = 2V(7wa) Lw cosh V(1 + 5?) cosh{V(1+5%)y]e" ds.

2
u(x, t)= _?v 30/ dx,
where

O(x, 1) =L i

av , =1

os(@>e—vnzn2r/az [1-(=1)e "]

( ul N nznz)
4v: g2
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Chapter 9

1. () y=x,I=32(0+%77),
(i) y=mw—x—sinx, [ =3z

2. y=2.
3. y =sinh(x sinh™!2).
4. y=1—cosx.

9. (1) C='1i8, (li) C1=%, C2=%
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Bessel equation 22, 31, 44, 213

Bessel functions 22, 31-45, 181-2, 213,
215-16

Bessel functions (modified) 42-5

beta function 26

biharmonic equation 192

Bohr-Sommerfeld formula 96

boundary conditions 194

brachistochrone 231

branch points 100, 150-4, 179-80

branches of a complex function 100, 108

Bromwich contour 175-80, 216

calculus of variations 224-45

canonpic form 203

catenary 233

catenoid 233

Cauchy conditions 194

Cauchy Integral Formula 116

Cauchy Residue Theorem 131-4

Cauchy-Riemann equations 105

Cauchy’s Theorem 112-16

characteristics 195-205

Ci function 28

complementary error function 29-31,
167-9, 215, 217-18

complex derivatives 103-8

complex functions 98-136

complex integration 109-12

complex numbers 98-9

constraints 238-40

contour integration 98-136
contravariant vectors 15-18
convolution theorem 164-6, 185
coordinate systems 9-13
coordinate transformations 13-14
covariant vectors 16-18

curl of a vector 8-11, 13

cycloid 232

cylindrical polar coordinates 10-12

differential equations
non-linear 53-73
approximate solution of 75-96
partial 190-218
diffusion equation 192, 208-11, 214-18
Dirac delta functions 170-1
direct methods (in the calculus of
variations) 240-5
Dirichlet conditions 194
divergence of a vector 8-13
Duffing’s equation 68-73
dummy indices 3-4

eigenvalues 88-90, 244-5
elliptic equations 193-4
elliptic integrals 67-70
error function 28-31, 167-9
Euler’s constant 26, 44
Euler’s equation 202-5
in the calculus of variations 225-35
Euler’s formula 99, 101
exponential integral function 28
extremal curve 227, 233

factorial function 23
Fourier cosine transform 183-6
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Fourier sine transform 184-6, 217
Fourier transform 161, 183-7
Fredholm equation 186
free indices 3-4
Frobenius series 31-6, 78-9
functional 224
functions
Airy 50, 89, 244
associated Legendre 47, 213
Bessel 22, 31-45, 181-2, 213, 215-16
beta 26
Ci 28
complementary error function 29-31,
167-9, 215, 217-18
Dirac delta 170-1
error 28-31, 167-9, 21618
exponential (complex) 101-2
exponential integral (E,) 28
factorial 23
gamma 23-8
Heaviside step 169-71
incomplete gamma 26-7
Legendre (associated) 47, 213
logarithmic (complex) 102
Neumann 37
Si 28
sign 167
Weber 37
Weber-Hermite 49, 83

gamma function 23-8

incomplete 26-7
generalised coordinates 234-6
generating function 39, 44, 46, 48-9
gradient of a scalar 8-13
Green’s Theorem 113

heat conduction equation 192, 208-11,
214-18

Heaviside step function 169-71

Helmbholtz equation 192

Hermite polynomials 48-9, 88

hyperbolic equations 193-4, 204

incomplete gamma function 26-7
integral equations 182-3, 186-7
integral transforms 161, 214-18
integration (contour) 98-134, 137-58
inverse transforms 162, 173-80, 183-4
isolated singularity 121

kernel 161
Klein—Gordon equation 192
Kronecker delta 4-5, 15-16

Index

Lagrange’s equations 234-7
Lagrangian 235

Laguerre polynomials 48
Lane-Emden equation 65-6
Laplace inversion 173-80
Laplace transform 161-83
Laplace’s equation 192

Laurent series 120-5

Laurent’s Theorem 121-5
Legendre polynomials 45-7
Liouville-Green technique 90-6
Lipschitz condition 82
logarithmic (complex) function 102
Lommel integrals 45

metric 19

minimum sequence 241
modified Bessel functions 42-5
multi-valued functions 100, 108

Neumann conditions 194

Neumann function 37

non-linear differential equations 53-73
non-linear pendulum 66-8, 235-6
normal form 83-4, 91

ordinary differential equations
special functions 22-50
non-linear 53-73
approximate solution of 75-96
orthogonal coordinate systems 9-13

parabolic equations 193-4, 203
partial differential equations 190-218
perturbation series 82-3
phase-plane 70-3
Picard iterative method 79-82
Poisson equation 192
poles 125-34
principal part (of a Laurent series)
122-5

principal value

of a complex function 102

of an integral 146-50
Principle of Superposition 53, 205

Rayleigh—Ritz method 240-3

recurrence relations 23-4, 39-41, 45-6,
48-9

reflection formula 26

regular functions 104

residue theorem (Cauchy) 131-4

residues (calculation of) 125-31

Ricatti equation 61-4, 80



scalar 16-17, 19

scalar (dot) product of vectors 1

Schrédinger equation 192, 211-14

Schwarzian derivative 91

separation of variables 205-14

shift theorem 163-4

Si function 28

sign function 167

simple poles 126-9

singularities 104, 107, 120-34
isolated 121

special functions 22-50

spherical polar coordinates 12-13

Stirling’s formula 27-8

Sturm-Liouville form 89-90

suffix notation 1-19

summation convention 1-3

summation of series 154-8

Index 255

Taylor series 120-5
Taylor’s Theorem 120-1
tensor algebra 1-19

van der Pol equation 73
vector operators 8-9
vector product 6
Volterra equation 182-3

wave equation 191-2, 204

Weber function 37

Weber-Hermite function 49, 88

Wentzel-Kramers-Brillouin (WKB)
method 84-8
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