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Preface

Sporadic simple groups are the most fascinating objects in modern alge-
bra. The discovery of these groups and especially of the Monster is
considered to be one of the most important contributions of the classi-
fication of finite simple groups to mathematics. Some of the sporadic
simple groups were originally realized as automorphism groups of cer-
tain combinatorial-geometrical structures like Steiner systems, distance-
regular graphs, Fischer spaces etc., but it was the epoch-making paper
[Bue79] by F. Buekenhout which brought an axiomatic foundation for
these and related structures under the name “diagram geometries”. Build-
ings of finite groups of Lie type form a special class of diagram geometries
known as Tits geometries. This gives a hope that diagram geometries
might serve as a background for a uniform treatment of all finite simple
groups.

If G is a finite group of Lie type in characteristic p, then its Tits
geometry 9(G) can be constructed as the coset geometry with res-
pect to the maximal parabolic subgroups which are maximal over-
groups of the normalizer in G of a Sylow p-subgroup (this normalizer
is known as the Borel subgroup). Thus %4(G) can be defined in abs-
tract group-theoretical terms. Similar abstract construction applied to
sporadic simple groups led to maximal [RSm80] and minimal [RSt84]
parabolic geometries, most naturally associated with the sporadic sim-
ple groups. Notice that besides the parabolic geometries there are a
number of other nice diagram geometries associated with sporadic
groups.

Tits geometries are characterized by the property that all their rank 2
residues are generalized polygons. Geometries of sporadic groups besides
the generalized polygons involve ¢-geometries (which are geometries of
vertices and edges of complete graphs), the geometry of the Petersen

ix
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graph, tilde geometry (a triple cover of the generalized quadrangle of
order (2,2)) and a few other rank 2 residues.

In the mid 80’s the classification project of finite Tits geometries at-
tracted a lot of interest, motivated particularly by the revision program
of the classification of finite simple groups (see [Tim84]). It was natural
to extend this project to geometries of sporadic groups and to try to char-
acterize such geometries by their diagrams. For two classes of diagrams,
namely

P
o0 G- O
2 2 2 2 1
and
o——-—-—- e G o}
2 2 2 2 2

the complete classification under the flag-transitivity assumption was
achieved by S.V. Shpectorov and the author of the present volume
[ISh94b]. Geometries with the above diagrams are called, respectively,
Petersen and tilde geometries. A complete self-contained exposition of
the classification of flag-transitive Petersen and tilde geometries is the
main goal of the two volume monograph of which the present is the first
volume.

To provide the reader with an idea what sporadic group geometries
look like we present the axioms for the smallest case.

A Petersen geometry of rank 3 is a 3-partite graph ¢ with the partition

=909 Vg

which possesses the following properties. For a vertex x € ¢ let res(x)
denote the subgraph in ¢ induced on the set of vertices adjacent to x.
For x; € ¥, 1 < i < 3, the following hold:

res(x;) is the incidence graph of vertices and edges of the Petersen graph
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res(x,) is the complete bipartite graph K33

res(xs) is the incidence graph of seven points and seven lines of the
Fano plane

The geometry 4 as above is flag-transitive if its automorphism group
acts transitively on the set of maximal complete subgraphs (such a
subgraph contains one vertex from each part).

It was shown by S.V. Shpectorov in [Sh85] that there exist exactly two
flag-transitive Petersen geometries of rank 3. Their automorphism groups
are isomorphic respectively to the automorphism group Aut Maty; of the
Mathieu group Maty; and to a non-split extension of Aut Maty, by a
subgroup of order 3. This was the first step in the classification project
of Petersen and tilde geometries.

Our strategy of classification, first implemented in [Sh85], is based on
analysis of amalgams of maximal parabolic subgroups and calculation of
the universal covers and consists of two principal and rather independent
steps.

Step 1. To describe all known pairs (¥4, G) where ¥ is a Petersen or tilde
geometry and G is a flag-transitive automorphism group of ¥, calculate
the universal cover of ¥ and determine its flag-transitive quotients.

Step 2. To show that the amalgam of maximal parabolic subgroups,
corresponding to a flag-transitive action on a Petersen or tilde geometry
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#, is isomorphic to such an amalgam corresponding to a pair (4,G)
described in Step 1. By a standard principle this means that # is a
flag-transitive quotient of the universal cover of 4.

The main goal of the present volume is to realize Step 1. The local
analysis of amalgams needed for Step 2 will be given in the second
volume. Here we also discuss various applications and implications of
the classification of flag-transitive Petersen and tilde geometries.

In Chapter 1 we start with a review of the main notions and prin-
ciples concerning the diagram geometries and their flag-transitive au-
tomorphism groups. Then we formulate and discuss the results of the
classification project for flag-transitive Petersen and tilde geometries. In
Chapter 2 we prove the existence and uniqueness of the (binary) Go-
lay code and the Steiner system S(5,8,24). Our approach is a mixture
of the approach of Conway (in [Con71]) who constructs the Golay
code as the quadratic residue code over GF(23) and the approach in
Liineburg (in [Liin69]) who treats the Steiner system S(5,8,24) as an
extension of the projective plane of order 4. The approach provides us
with a strong background to define the Mathieu groups and to study
their subgroup structure. In Chapter 3 we define and study geometries
of the Mathieu groups. We refer to computer calculations performed
independently in [Hei91] and [ISh89a] to claim the simple connectedness
of the tilde geometry ¥(Maty4). The simple connectedness proofs for the
Petersen geometries ¥(Maty;) and ¥(Mat,;) which we present here are
basically the original ones from [Sh85] and [ISh90a]. In Chapter 4 we
follow [Con69] and [KKM?91] to establish the existence and uniqueness
of the Leech lattice. This approach immediately gives the order and basic
properties of the automorphism group of the Leech lattice. We present
a detailed study of the action of Co; on A4 and of an orbital graph
associated with this action. This graph is the collinearity graph of the
tilde geometry %(Co1). We present the simple connectedness proofs for
%(Coz) and %(Coy), originally given in [Sh92] and [Iv92a], respectively.
At the end of Chapter 4 we discuss geometries of certain subgroups in
the Conway group Co;. In Chapter 5 we prove the simple connectedness
of the tilde geometry ¥(M) of the Monster. We start with an amalgam
# similar to the amalgam of maximal parabolics associated with the
action of the Monster on its tilde geometry and consider a faithful com-
pletion G of .#. We define a number of subgroups in G associated with
certain subgeometries in %(M). Applying the simple connectedness of
these subgeometries originally established in [Iv92c], [Iv94] and [Iv95]
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we identify in G the subgroups 3 - M(24) and 2 - BM. By considering the
subgeometry in 4(M) formed by the fixed points of an element of order
7, we construct the tilde geometry ¥(He) of the Held group. We define
a graph I" on the set of Baby Monster subgeometries in ¥(M) (called
the second Monster graph) and study its local properties. We apply the
triangulability of I proved in [ASeg92] to establish the simple connect-
edness of 4(M). In Chapter 6 we follow [ISh93a] to construct an infinite
family of tilde geometries associated with some non-split extensions of
symplectic groups over GF(2). In the last section of Chapter 6 we follow
[ISh90a] to prove the non-existence of tilde analogues of the exceptional
C;-geometry 9(Alt7). In Chapter 7 we construct the Petersen geometries
associated with the non-split extensions

3-Aut Matyn, 32-Co,, 3%1.BM

and prove their 2-simple connectedness following [Sh92] and [ISh93b]. In
Chapter 8 we discuss the identification proof of Ysss with the Bimonster.
In this proof the simple connectedness of 4(M) plays an essential role.
In Chapter 9 we consider locally projective graphs and show how the
classification of the flag-transitive Petersen geometries implies description
of a class of locally projective graphs of girth 5. Originally this reduction
was proved in [Iv88], [Iv90] (see also a survey [Iv93a]). In this volume we
do not treat the fourth Janko group J4 and its Petersen geometry %4(Jy),
and refer the reader to [IMe93] where the group and its geometry are
constructed and characterized starting with very basic principles.

I would like to thank S.V. Shpectorov for the fruitful cooperation on
the classification project for flag-transitive Petersen and tilde geometries
which led to its completion. I am grateful to B. Baumeister, S. Hobart,
G. Glauberman, C.E. Praeger, C. Wiedorn who read various parts of pre-
liminary versions of the volume and suggested a number of corrections.
I am glad to acknowledge that many suborbit diagrams presented in the
volume have been computed by D.V. Pasechnik.






1

Introduction

In this introductory chapter we collect basic definitions, formulate main
results and discuss some of the motivations and consequences. In Sec-
tion 1.1 we start with an informal review of classical geometries in order
to motivate the general notion of geometry as introduced by J. Tits in
the 50’s. In Section 1.2 we discuss morphisms of geometries and two
of their most important special cases, coverings and automorphisms.
Our main interest is in flag-transitive geometries. By a standard princi-
ple a flag-transitive geometry ¢ can be uniquely reconstructed from its
flag-transitive automorphism group G and the embedding in G of the
amalgam &/ (defined in Section 1.3) of maximal parabolic subgroups
corresponding to the action of G on . In Section 1.4 we formulate a
condition under which an abstract group G and a subamalgam & in G
lead to a geometry. In Section 1.5 we formulate the most fundamental
principle in the area which relates the universal cover of a flag-transitive
geometry ¥ and the universal completion of the amalgam of maximal
parabolic subgroups corresponding to a flag-transitive action on 4. In
Section 1.6 we discuss parabolic geometries of finite groups of Lie type.
These geometries belong to the class of so-called Tits geometries charac-
terized by the property that all rank 2 residues are classical generalized
polygons. We formulate the local characterization of Tits geometries
which shows a special rdle of C;-geometries. We also formulate a very
useful description of flag-transitive automorphism groups of classical Tits
geometries due to G. Seitz. A very important non-classical Tits geometry,
known as the Alt;-geometry, is discussed in Section 1.7. In Section 1.8 we
apply the characterization of Tits geometries to C,(2)-geometries which
play a very special rdle in our exposition. In Section 1.9 we mimic the
construction of C,(2)-geometries of symplectic groups to produce a rank
5 tilde geometry of the Monster group. In Section 1.10 the classification
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result for flag-transitive Petersen and tilde geometries is stated, which
shows in particular that the Monster is strongly characterized as a flag-
transitive automorphism group of a rank 5 tilde geometry. In Section 1.11
we introduce and discuss a very important notion of natural representa-
tions of geometries. Section 1.12 contains a brief historical essay about
the classification of flag-transitive Petersen and tilde geometries. In Sec-
tion 1.13 we present some implications of the classification including the
identification of Y -groups. In the final section of the chapter we fix our
terminology and notation concerning groups, graphs and geometries. The
terminology and notation are mostly standard and we start using them
in the earlier sections of the chapter without explanations.

1.1 Basic definitions

We start this chapter with a brief and informal review of the geometries of
classical groups in order to motivate the general definition of geometries.

Let G be a finite classical group (assuming the projective version).
The group G itself and its geometry can be defined in terms of the
natural module which is an n-dimensional vector space V = V,(q) over
the Galois field GF(q) of order q. Here ¢ is a power of a prime number p
called the characteristic of the field. There is a sesquilinear form ¥ on V
which is either trivial (identically equal to zero) or non-singular and the
elements of G are projective transformations of ¥V which preserve ¥ up to
multiplication by scalars. If W is trivial then G is just a projective linear
group associated with V. If ¥ is non-singular, it is symplectic, unitary
or orthogonal and G is the symplectic, unitary or orthogonal group of a
suitable type determined by n, g and the type of W. We have introduced
the trivial form in the case of linear groups in order to treat all classical
groups uniformly.

For a subspace W of V we can consider the restriction of W to W.
The subspaces on which ¥ restricts trivially play a very special rdle and
they are called totally singular subspaces of V with respect to . Clearly
every subspace of a totally singular subspace is also totally singular and
in the case of linear groups all subspaces are totally singular. If W is a
non-singular form then by the Witt theorem all maximal totally singular
subspaces have the same dimension known as the Witt index of V.

The geometry ¥ = %(G) of a classical group G is the set of all
proper totally singular subspaces in the natural module V with respect
to the invariant form ¥ together with a symmetrical binary incidence
relation * under which two subspaces are incident if and only if one of
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them contains the other one. In the case of a linear group we obtain
the projective geometry associated with the natural module and in the
remaining cases we obtain various polar spaces.

By the definition every element of a classical group geometry is incident
to itself which means that the relation * is reflexive. One can consider
% as a graph on the set of elements whose edges are pairs of incident
elements. Since two subspaces of the same dimension are incident if and
only if they coincide, one can see (ignoring the loops) that the graph
is multipartite. Two vertices are contained in the same part if and only
if they have the same dimension as subspaces of V. It is natural to
define the type of an element to be the dimension of the corresponding
subspace. The Witt theorem and its trivial analogue for the case of linear
groups imply that every maximal set of pairwise incident elements of 4 (a
maximal clique in graph-theoretical terms) contains exactly one element
of each type. This construction suggests the definition of geometry as
introduced by J. Tits in the 1950s.

Geometries form a special class of incidence systems. An incidence
system is a quadruple (¥4,*,t,I) where ¢ is the set of elements, * is
a binary reflexive symmetric incidence relation on ¢ and ¢t is a type
function which prescribes for every element from ¥ its type which is an
element from the set I of possible types; two different elements of the
same type are never incident. We will usually refer to an incidence system
(9,+,t,I) simply by writing ¢, assuming that *, ¢t and I are clear from
the context. The number of types in an incidence system (that is the size
of I) is called the rank. Unless stated otherwise, we will always assume
that I = {1,2,..,n} for an incidence system of rank n and write ' for
the set of elements of type i in %, that is for t~1(i).

An incidence system ¢ of rank n can be considered (ignoring loops) as
an n-partite graph with parts ¢!, .., 4". An incidence system is connected
if it is connected as a graph.

A set ® of pairwise incident elements in an incidence system is called a
flag. In this case |®| and #(®) are the rank and the type of ®, respectively.
If 4 is an incidence system of rank n over the set I of types then n — |®|
and I \ ¢(®) are the corank and the cotype of ®, respectively. Let ® be a
flag in an incidence system 4. The residual incidence system res¢(®) of ®
in ¢ (or simply residue) is the quadruple (9o, *o, to,[p) where

Yo={x|x€Y x*yforeveryy c ®}\ D,

Iy =1\ D), *¢ is the restriction of * to g and tg is the restriction of ¢
to Yo The notion of residue corresponds to that of link, more common
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in topology. For a flag consisting of a single element x its residue will
be denoted by resg(x) rather than by resg({x}). It is easy to see that one
can construct an arbitrary residue inductively, producing at each step the
residue of a single element.

Definition 1.1.1 A geometry is an incidence system (9, *,t,1) for which the
following two conditions hold:

(i) every maximal flag contains exactly one element of each type;

(ii) for every i,j € t(%) the graph on %' U %/ in which two elements
are adjacent if they are incident in 9 is connected, and a similar
condition holds for every residue in 9 of rank at least 2.

The graph on the set of elements of a geometry ¢ in which two distinct
elements are adjacent if they are incident in ¥ is called the incidence graph
of 4. The incidence graphs of geometries of rank n are characterized as
n-partite graphs with the following properties: (i) every maximal clique
contains exactly one vertex from each part; (ii) the subgraph induced by
any two parts is connected and a similar connectivity condition holds
for every residue of rank at least 2. It is easy to see that a residue of a
geometry is again a geometry.

Let (%41, *1,t1,11) and (95, *;3,12,1;) be two geometries whose sets of
elements and types are disjoint. The direct sum of ¥, and ¥, is a
geometry whose element set is %) U %,, whose set of types is I1 U Iy,
whose incidence relation and type function coincide respectively with *;
and t; when restricted to ¢; for i = 1 and 2 and where every element
from ¥, is incident to every element from %,.

The above definitions of residue and direct sum have the following
motivation in the context of geometries of classical groups. Let G be a
classical group with a natural module V and the invariant form ¥. Let
% = %(G) be the geometry of G as defined above. Let W be an element
of ¥ that is a totally singular subspace of V with respect to P. It is
easy to see that resg(W) is the direct sum of two geometries resg (W)
and res} (W), where the former is the projective geometry of all proper
subspaces of W and the latter is formed by the totally singular subspaces
containing W and can be described as follows. Let

Wi={v|veV,¥ow)=0 forevery we W}

be the orthogonal complement of W. Then W < W+ and ¥ induces
on U = WL/W a non-singular form ¥'. The elements of res(W) are
the subspaces of U totally singular with respect to ¥ with the incidence



1.2 Morphisms of geometries 5

relation given by inclusion. So res;(W) is the geometry of the classical
group having U as natural module and W’ as invariant form. Certainly
resg(W) or resf;(W) or both can be empty and one can easily figure out
when this happens. In any case the observation is that the class of direct
sums of geometries of classical groups is closed under taking residues.
By introducing geometries of classical groups we started considering
the totally isotropic subspaces of their natural modules as abstract el-
ements preserving from their origin in the vector space the incidence
relation and type function. It turns out that in most cases the vector
space can be uniquely reconstructed from the geometry and moreover
the geometry itself to a certain extent is characterized by its local prop-
erties, namely by the structure of residues. The theory and classification
of geometries can be developed quite deeply without making any as-
sumption on their automorphism groups. But our primary interest is in
so-called flag-transitive geometries to be introduced in the next section.

1.2 Morphisms of geometries

Let o# and ¢ be geometries (or more generally incidence systems). A
morphism of geometries is a mapping ¢ : # — ¥ of the element set of
H# into the element set of ¥ which maps incident pairs of elements onto
incident pairs and preserves the type function. A bijective morphism is
called an isomorphism.

A surjective morphism ¢ : # — ¥ is said to be a covering of ¥ if for
every non-empty flag @ of # the restriction of ¢ to the residue resy-(®)
is an isomorphism onto resg(@(®)). In this case 5 is a cover of ¥ and
% is a quotient of #. If every covering of ¥ is an isomorphism then ¢
is said to be simply connected. Clearly a morphism is a covering if its
restriction to the residue of every element (considered as a flag of rank 1)
is an isomorphism. If y : g->%isa covering and G is simply connected,
then y is the universal covering and @ is the universal cover of 4. The
universal cover of a geometry exists and it is uniquely determined up to
isomorphism. If ¢ : # — ¥ is any covering then there exists a covering
X & — # such that p is the composition of y and ¢.

A morphism ¢ : # — % of arbitrary incidence systems is called an
s-covering if it is an isomorphism when restricted to every residue of rank
at least s. This means that if ® is a flag whose cotype is less than or
equal to s, then the restriction of ¢ to res,(®) is an isomorphism. An
incidence system, every s-cover of which is an isomorphism, is said to be
s-simply connected. The universal s-cover of a geometry exists in the class
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of incidence systems and it might or might not be a geometry. In the
present work we will mainly use the notion of s-covers either to deal with
concrete morphisms of geometries or to establish s-simple connectedness.
For these purposes we can stay within the class of geometries. It must
be clear that in the case s = n— 1 “s-covering” and “covering” mean the
same thing.

An isomorphism of a geometry onto itself is called an automorphism.
By the definition an isomorphism preserves the types. Sometimes we will
need a more general type of automorphisms which permute types. We
will refer to them as diagram automorphisms.

The set of all automorphisms of a geometry % obviously forms a
group called the automorphism group of ¥ and denoted by Aut%. An
automorphism group G of ¢ (that is a subgroup of Aut%) is said to be
flag-transitive if any two flags @; and @ in 4 of the same type (that is with
t(®;) = t(®,)) are in the same G-orbit. Clearly an automorphism group is
flag-transitive if and only if it acts transitively on the set of maximal flags
in 4. A geometry ¥ possessing a flag-transitive automorphism group is
called flag-transitive.

A flag-transitive geometry can be described in terms of certain sub-
groups and their cosets in a flag-transitive automorphism group in the
following way. Let 4 be a geometry of rank n and G be a flag-transitive
automorphism group of 4. Let ® = {xj,x,..,X,} be a maximal flag in
% where x; is of type i. Let G; = G(x;) be the stabilizer of x; in G.
The subgroups Gy, G, ..., G, are called the maximal parabolic subgroups
or just maximal parabolics associated with the action of G on 4. When
talking about n maximal parabolic subgroups associated with an action
on a rank n geometry we will always assume that the elements which
they stabilize form a maximal flag. By the flag-transitivity assumption G
acts transitively on the set %' of elements of type i in 4. So there is a
canonical way to identify ¢’ with the set of right cosets of G; in G by
associating with y € &' the coset G;h such that x* = y. This coset consists
of all the elements of G which map x; onto y (assuming that action is
on the right). Now with y as above let z be an element of type j which
corresponds to the coset Gjk. By the flag-transitivity assumption y and z
are incident if and only if there is an element g in G which maps the pair
(x:,x;) onto the pair (y, z). It is obvious that g must be in the intersection
Gih N Gjk and each element from the intersection can be taken for g.
Thus y and z are incident if and only if the cosets G;h and Gjk have a
non-empty intersection. Notice that if the intersection is non-empty, it is
a right coset of G; N G;. In this way we arrive at the following,
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Proposition 1.2.1 Let % be a geometry of rank n over the set I = {1,2,...,n}
of types and G be a flag-transitive automorphism group of 4. Let ® =
{x1,X2,..,Xs} be a maximal flag in 4 and G; = G(x;) be the stabilizer of
x; in G. Let 9(G) be the incidence system whose elements of type i are the
right cosets of G; in G and in which two elements are incident if and only
if the intersection of the corresponding cosets is non-empty. Then %4(G) is
a geometry and the mapping

n:yw— Gh

(where y € 4 and x! = y) establishes an isomorphism of % onto %(G). O

1.3 Amalgams

Discussions in the previous section and particularly (1.2.1) lead to the
following.

Definition 1.3.1 A (finite) amalgam o/ of rank n is a finite set H such
that for every 1 < i < n there are a subset H; in H and a binary operation
*; defined on H; such that the following conditions hold:
(i) (Hi,*;) is a group for 1 <i<n;
(i) H=U, Hi
(i) (V. Hi #0;
(iv)ifx,ye HinHjforl<i<j<nthenx*y=x%y.

We will usually write & = {H; | 1 <i < n} for the amalgam &/ as in
the above definition. Whenever x and y are in the same H; their product
x*; y is defined and it is independent of the choice of i. We will normally
denote this product simply by xy. Since B := (., H; is non-empty,
one can easily see that B contains the identity element of (H,,*;) for
every 1 < i < n. Moreover, all these identity elements must be equal. The
reader may notice that a more common definition of amalgams in terms
of morphisms is essentially equivalent to the above one.

If (G,*) is a group, Hy,..,H, are subgroups of G and *i,..,*%, are
the restrictions of * to these subgroups, then o = {H; | 1 <i < n} is
an amalgam. This is the most important example of an amalgam, but
at the same time it is not very difficult to construct an example of an
amalgam which is not isomorphic to a family of subgroups of a group.
The amalgam &/ as above is said to be isomorphic to an amalgam
&' ={H| |1 <i < n} if there is a bijection of H onto H' which induces
foreveryl <i<n.

an isomorphism of (H;, *;) onto (H/, *;
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Definition 1.3.2 A group G is said to be a completion of an amalgam
o ={H;| 1 <i<n} if there is a mapping ¢ of H into G such that

(i) G is generated by the image of ¢,
(ii) for every 1 <i < n the restriction of ¢ to H; is a group homomor-
phism with respect to *; and the group operation in G.

If ¢ is injective then the completion G is said to be faithful.

Thus an amalgam ./ is isomorphic to a family of subgroups of a
group if and only if o/ possesses a faithful completion. If G is a faithful
completion of </ then we will usually identify o/ and its image in G.

There is a completion U(«) of o/ known as the universal completion,
of which any completion is a homomorphic image. The group U(«/)
has the following definition in terms of generators and relations: the
generators are all the elements of H; the relations are all the equalities
of the form xyz~! = 1 where x and y are (possibly equal) elements
contained in H; for some i and z = x *; y. It is easy to see that U(«)
is a completion of &/ with respect to the mapping y which sends every
x € H onto the corresponding generator of U(«/). Moreover, if G is an
arbitrary completion of ./ with respect to a mapping ¢ then there is a
unique homomorphism y : U(2/) — G such that ¢ is the composition of
w and y. Finally, o/ possesses a faithful completion if and only if U(%/)
is a faithful completion.

Let G, ¢ and the G; be as in (1.2.1). The amalgam .o/ = {G; | 1 <i < n}
is called the amalgam of maximal parabolic subgroups in G associated with
the flag ®. The geometry %(G) should be denoted by %(G, o) since its
structure is determined not only by G by also by the amalgam .« and by
the embedding of o/ in G. We can reformulate (1.2.1) as follows.

Proposition 1.3.3 Let G be a flag-transitive automorphism group of a ge-
ometry 4 of rank n and of = {G; | 1 < i < n} be the amalgam of maximal
parabolic subgroups associated with a maximal flag. Let %(G, /) be the
incidence system whose elements of type i are the right cosets of G; in G
and in which two elements are incident if and only if the intersection of the
corresponding cosets is non-empty. Then % and %(G, .o/) are isomorphic. O

Notice that by the above proposition the residues of ¢ are uniquely
determined by the amalgam /. That is, resg(x;) is isomorphic to (G, o#;)
where o, = {G;NG; |1 <j<n, j+i}.

For a subset J = I = {1,2,..,n} let G; = [);c; Gi be the elementwise
stabilizer in G of the flag {x; | i € J}. The subgroup G; is a parabolic
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subgroup of rank r where r = |I| —|J|. For i, j € I we write Gj; instead of
Gy; j;- The parabolic subgroups of rank n—1 are the maximal parabolics.
The parabolic subgroups of rank 1 are known as minimal parabolics and
the subgroup B = G is called the Borel subgroup. We will usually write
P; to denote the minimal parabolic Gj\;y and P;; to denote the rank 2
parabolic Gp\(; j;.

1.4 Geometrical amalgams

In view of (1.3.3) the following question naturally arises.

Q. Let G be a group, Gy, Ga,..,G, be subgroups of G and & = {G; |
1 <i < n} be the amalgam formed by these subgroups. Under what
circumstances is the incidence system ¢ = %(G, &) a geometry and
the natural action of G on ¥ flag-transitive?

Below we discuss the answer to this question as given in [Ti74].

The set ® = {Gy,Ga,..,G,} is a flag in ¥ since each G; contains the
identity element and ® is a maximal flag since for I <i<nand g€ G
either Gig = G; or GigN G; = 0. A set ¥ = {Gj hy, ..., Gy hn} is a flag in
¢ if and only if Gy h;j N Gyl # O for all j,k with 1 < j,k < m (which
implies particularly that i; # ix). We say that the flag ¥ is standard if
the intersection ﬂ}';l G, h; is non-empty and contains an element h, say.
In this case ¥ = {G;,, ..., G, }*, which means that ¥ is the image under h
of a subflag in ®. This shows that every standard flag is contained in a
standard maximal flag and G acts transitively on the set of standard flags
of each type. Clearly G cannot map a standard flag onto a non-standard
one. Thus the necessary and sufficient condition for flag-transitivity of
the natural action of G on ¥ is absence of non-standard flags.

The proof of the following result uses elementary group theory only
(compare Sections 10.1.3 and 10.1.4 in [Pasi94]).

Lemma 1.4.1 The incidence system 4(G, /) does not contain non-standard
flags if and only if the following equivalent conditions hold:

(i) if J, K, L are subsets of I and g, h, f are elements in G such that
the cosets Gyg, Gk h, GLf have pairwise non-empty intersection, then
Gjgn Gghn GLf 7& @;

(i) for i,j €I and J = I\ {i,j} if g € Gy and G; N G;g # O then
GJﬂGiﬂng%Q). O
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One may notice that, in general, existence of non-standard flags in
%(G, ) depends not only on the structure of ./ but also on the structure
of G.

The connectivity condition in (1.1.1 (ii)) is also easy to express in terms
of parabolic subgroups. By the standard principle the graph on 4 U %/
is connected if and only if G is generated by the subgroups G; and G;.
This gives the following

Lemma 1.4.2 The incidence system %(G, «/) satisfies the condition (ii) in
(1.1.1) if and only if for every 2-element subset {i,j} = I the subgroups G;
and G; generate G. |

Finally let K be the kernel of the action of G on %(G, /). It is
straightforward that K is the largest subgroup in the Borel subgroup
B =()i.; Gi, which is normal in G; for all i with 1 < i < n (equivalently,
normal in G). In particular the action of G on 4(G, %) is faithful if and

only if the Borel subgroup contains no non-identity subgroup normal in
G.

1.5 Universal completions and covers

The fact that the structure of residues in (G, «¢) is determined solely by
& plays a crucial r6le in the description of the coverings of 4(G, .«).

Let 4 be a geometry, G be a flag-transitive automorphism group of
% and & = {G; | 1 <i < n} be the amalgam of maximal parabolic
subgroups associated with the action of G on 4. Then on the one hand
% = 9(G, ) and on the other hand G is a faithful completion of o7. Let
G’ be another faithful completion of o/ and let

0:G -G
be an o/-homomorphism, i.e. a homomorphism of G' onto G whose

restriction to ./ is the identity mapping. As usual we identify o/ with its
images in G’ and G. The following result is straightforward.

Lemma 1.5.1 In the above terms the mapping of 9(G', /) onto 4(G, )
induced by ¢ is a covering of geometries. m]

In the above construction we could take G’ to be the universal com-
pletion U(«/) of /. The following result of fundamental importance was
proved independently in [Pasi85], [Ti86] and an unpublished manuscript
by S.V. Shpectorov.
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Proposition 1.5.2 Let 4 be a geometry, G be a flag-transitive automorphism
group of 4 and </ be the amalgam of maximal parabolic subgroups asso-
ciated with the action of G on 4. Then 4(U(f), &) is the universal cover
of 4 = 9(G, ). O

By the above proposition a flag-transitive geometry ¢ is simply con-
nected if and only if a flag-transitive automorphism group G of ¥ is the
universal completion of the amalgam of maximal parabolic subgroups
associated with the action of G on %.

We also present a condition for 2-simple connectedness of a geometry.

Proposition 1.5.3 Let 4 be a geometry, G be a flag-transitive automor-
phism group of ¥ and # = {P;; | 1 <i < j < n} be the amalgam of rank 2
parabolics associated with the action of G on 9. Then 9 is 2-simply con-
nected (as an incidence system) if and only if G is the universal completion
of &. ]

1.6 Tits geometries

In view of (1.3.3) and Section 1.4 a flag-transitive geometry can be
constructed starting with a group G and an amalgam & of which G is
a faithful completion. In these terms the classical geometries possess the
following very natural description.

Let G be a classical group defined over a field of characteristic p. Let
S be a Sylow p-subgroup of G and B = Ng(S). Let Gy,.., G, be those
maximal subgroups of G which contain B and

o ={G|1<i<n}

be the corresponding amalgam in G. Then the classical geometry %(G)
defined in terms of totally singular subspaces in the natural module of
G is isomorphic to %(G,.«/). This observation shows that the natural
module is not needed for defining 4(G) and enables one to associate
geometries with exceptional groups of Lie type as well. We believe that
this was the main motivation of J. Tits for introducing the notion of
geometries. The geometry %(G,.«/) will be called the parabolic geometry
of G.

Let us discuss residues of 4(G). Similarly to the case of geometries of
classical groups, the class of direct sums of parabolic geometries of Lie
type groups is closed under taking residues. Let us consider the smallest
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non-trivial residues, the residues of rank 2. We know that the residue
#;; of type {i, j} is isomorphic to

%(Pyj, {P;, P;}).

As mentioned, J;; is either the direct sum of two geometries of Lie
type groups of rank 1 or the parabolic geometry of a Lie type group of
rank 2. In the former case #;; is a complete bipartite graph while in the
latter case it is a classical generalized m-gon for m > 3.

Definition 1.6.1 4 generalized m-gon of order (s,t) is a rank 2 geometry
X in which the elements of one type are called points, the elements of the
other type are called lines, such that

(i) every line is incident to s+ 1 points, every point is incident to t + 1
lines,

(i) the incidence graph of £ has diameter m and its girth (the length
of the shortest cycle) is 2m.

If T is a generalized m-gon, then the geometry in which the rdles
of points and lines are interchanged is a generalized m-gon dual to X.
Sometimes we do not distinguish generalized m-gons from their duals,
and identify them both with their incidence graphs.

If G is a Lie type group of rank 2 whose Weyl group is isomorphic
to the dihedral group D;, of order 2m, then the parabolic geometry of
G is a generalized m-gon. The generalized m-gons arising in this way are
called classical.

Notice that a complete bipartite graph is a generalized 2-gon (also
called a generalized digon). A generalized 3-gon (a generalized triangle)
is the same as a projective plane. In this case s = t is the order of the
plane.

Let ¥ be a generalized m-gon of order (s,t). If s =t = 1 then X is
the ordinary m-gon, which clearly exists for every m. If s > 1 and ¢ > 1
then X is said to be thick. The class of thick generalized m-gons (also
called generalized polygons) is rather restricted, as follows from the Feit
— Higman theorem [FH64).

Theorem 1.6.2 Finite thick generalized m-gons exist if and only if m €
{2,3,4,6,8}. O

For every m € {3,4,6,8} there exists a classical generalized m-gon.
Since generalized triangles are just projective planes, there are many non-
classical ones. Similarly there are many non-classical generalized 4-gons
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(also called generalized quadrangles.) So far no non-classical examples of
generalized 6-gons (hexagons) or 8-gons (octagons) have been constructed.

Spherical Coxeter diagrams :

A, o- o o o o
C, o~ o I <
D, o o o 0

Eg: o o
|

E;: o o
l

Eg: o o o
l

Fy: o 0 o o

H;: o S o

Hy: o —3 5

Ip: o—M o

Let A be the diagram of %(G), which is a graph on the set I of types
with nodes i and j being joined by an edge with multiplicity (m;; —2) (or
just by a simple edge labelled by m;) if the rank 2 residues in 4(G) of type
{i, j} are generalized m;;-gons. This means particularly that there is no
edge between i and j if the residues of type {i, j} are generalized digons.
Then A is the Dynkin diagram of the Lie algebra associated with G and
also the Coxeter diagram of the Weyl group W of G. This means that
W has the following presentation in terms of generators and relations:

W=(eicl|e =1, (iey)™ =1).
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Since G is finite, W is a finite Coxeter group, ie. the diagram A is
spherical. Recall that a Coxeter group is a Weyl group of a finite group
of Lie type if and only if its diagram is spherical and each m;; is from
the set {2,3,4,6}.

In a similar way one can associate with an arbitrary (flag-transitive)
geometry ¢ the diagram A(%) whose nodes are the types of ¥ and the
edge joining i and j symbolizes the residues of type {i, j} in 4. Under the
node i it is common to put the index g¢; such that the number of maximal
flags containing a flag of type I \ {i} is ¢; + 1. Sometimes above the node
we write the corresponding type but usually the types on the diagram are
assumed to increase rightward from 1 up to the rank of the geometry. A
geometry all of whose rank 2 residues are generalized polygons is called
a Tits geometry.

Throughout the book all geometries are assumed to be locally finite
which means that all the indices g; are finite. If all the indices are greater
than 1 then the geometry is said to be thick.

If # is the residue in ¢ of an element of type i then the diagram A(#)
can be obtained from A(%) by omitting the node i and all the edges
incident to this node. Notice that if ¥’ — ¥ is a 2-covering of geometries
then ¢’ and ¢ have the same diagram.

It turns out that many properties of 4(G) can be deduced from
its diagram and in many cases the diagram of %(G) (including the
indices) specifies 4(G) up to isomorphism. Without going into details,
this important and beautiful topic can be summarized as follows.

Existence in G of the Weyl group W as a section imposes on 4 an
additional structure known as a building. The buildings of spherical type
(i.e. with underlying geometries having spherical diagrams) were classified
in [Ti74] by showing that they are exactly the parabolic geometries of
finite groups of Lie type. Later in [Ti82] it was shown that under certain
additional conditions the structure of a building can be deduced directly
from the condition that all rank 2 residues are generalized polygons.
That is the following result was established.

Theorem 1.6.3 Let 4 be a Tits geometry of rank n > 2. Then ¥ is covered
by a building if and only if every rank 3 residue in ¥ having diagram

Cy: o o or H3: o 50

is covered by a building. m]
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We should emphasize again that in view of the main result of [Ti74]
the buildings of spherical type are exactly the parabolic geometries of
finite groups of Lie type.

We formulate another important result from [Ti82].

Theorem 1.6.4 Every building of rank at least 3 is 2-simply connected. O

If G is a finite group of Lie type then its parabolic geometry %(G)
is a building and hence it is 2-simply connected by the above theorem.
In view of (1.5.3) this means that G is the universal completion of the
amalgam of rank 2 parabolic subgroups associated with the action of
G on %(G). This reflects the fact that G is defined by its Steinberg
presentation. In fact every Steinberg generator is contained in one of the
minimal parabolic subgroups associated with a given maximal flag and
for every Steinberg relation the generators involved in the relation are
contained in a parabolic subgroup of rank at most 2. Thus the Steinberg
presentation is in fact a presentation for the universal completion of the
amalgam of rank 2 parabolics.

The last important topic we are going to discuss in this section is the
flag-transitive automorphism groups of parabolic geometries of groups
of Lie type. Let G be a Lie type group in characteristic p, ¥ = %(G) be
the parabolic geometry of G, B be the Borel subgroup and U = O,(B).
An automorphism group H of ¥ is said to be classical if it contains
the normal closure U% of U in G. In this case if G is non-abelian, then
H contains the commutator subgroup of G. The following fundamental
result [Sei73] (see Section 9.4.5 in [Pasi94] for the corrected version) shows
that up to a few exceptions the flag-transitive automorphism groups of
classical geometries are classical.

Theorem 1.6.5 Let & be the parabolic geometry of a finite group of Lie
type of rank at least 2 and H be a flag-transitive automorphism group of
%. Then either H is classical or one of the following holds:

(i) ¥ is the projective plane over GF(2) and H = F rob%;
(ii) % is the projective plane over GF(8) and H = Frob),;
(iii)) ¥ is the 3-dimensional projective GF(2)-space and H = Alt;;
(iv) 9 is the generalized quadrangle of order (2,2) associated with Sp4(2)
and H = Altg;
(V) 9 is the generalized quadrangle of order (3, 3) associated with Sp4(3)
and H is one of 2% : Alts, 2* : Syms and 2* : Frob};
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(Vi) % is the generalized quadrangle of order (3,9) associated with Us(3)
and H is one of L3(4).2y; L4(3).25 and L3(4).22;
(vil) & is the generalized hexagon of order (2,2) associated with G»(2)
and H = G5(2) = Us(3);
(viil) & is the generalized octagon of order (2,4) associated with 2F4(2)
and H 22F4(2) (the Tits group). o

1.7 Alt;-geometry

Let us discuss the exceptional rank 3 residues from (1.6.3). By (1.6.2)
there do not exist any thick generalized 5-gons, so as long as we are
interested in thick locally finite Tits geometries we should not worry
about the Hj-residues. On the other hand there exists a thick flag-
transitive Cs-geometry which is not covered by a building. This geometry
was discovered and published independently in [A84] and [Neu84] and
can be described as follows.

Let Q be a set of size 7 and G = Alt; be the alternating group of Q. Let
7 be a projective plane of order 2 having Q as set of points. This means
that = is a collection of seven 3-element subsets of Q such that any two
of the subsets have exactly one element in common. Let G; = Altg be
the stabilizer in G of an element o € Q. Let G, be the stabilizer in G of a
line of 7 containing «, so that G, = (Syms X Syms)® where the superscript
indicates that we take the index 2 subgroup of even permutations. Finally
let G5 be the stabilizer of 7 in G, so that G;3 = L3(2) is the automorphism
group of n.

Let & = {G1,G»,G3} and ¥ = 9(G, &). Then ¥ is a Tits geometry
with the following diagram:

A S

If {x1,x3,x3} is a maximal flag in % where x; is of type i then resg(xs)
is canonically isomorphic to m, resg(x,) is the complete bipartite graph
K33 and resg(x;) is the (unique) generalized quadrangle of order (2,2)
associated with Sps(2) on which G; = Altg acts flag-transitively (1.6.5
(iv)). Notice that G;NG; = Symy for 1 <i< j <3 and B = Ds.

The Cs-geometry ¥(Alt;) was characterized in [A84] by the following
result (see also [Tim84], p. 237).

Theorem 1.7.1 Let 9 be a flag-transitive Cz-geometry such that the residue
of an element of type 1 is a classical generalized quadrangle and the residue
of an element of type 3 is a Desarguesian (classical) projective plane.
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Then % is either a classical Tits geometry (a building) or isomorphic to
G(Alty). ]

It is implicit in the above theorem that %(Alt7) is simply connected.

In [Yos96] with use of the classification of finite simple groups it was
shown that 4(Alt;) is the only non-classical flag-transitive C;-geometry.
This result together with some earlier work on Tits geometries implies
that %(Alt;) is the only thick non-classical Tits geometry with spherical
diagram of rank at least 3.

1.8 Symplectic geometries over GF(2)

In this section we apply the results on classical geometries discussed
in the preceding sections to symplectic geometries over the field GF(2)
of two elements. These geometries will play an important rdle in our
subsequent exposition.

Let V be a vector space of dimension 2n, n > 1, over GF(2) and let ¥
be a non-singular symplectic form on V. If {vl,..,vl,03,..,v2} is a basis
of V then up to equivalence ¥ can be chosen to be

W (of,v}) = 80k 31

(here and elsewhere 6;; is the standard Kronecker symbol). A subspace
U of V is totally singular with respect to ¥ if ¥(u,w) =0 for all u,w € U.
Since P is symplectic, every 1-dimensional subspace is totally singular. All
maximal totally singular subspaces have dimension n and V, = (v},...,v})
is one of them.

Let & be the set of all non-zero totally singular subspaces in V with
respect to P, * be the incidence relation on ¥ with respect to which two
subspaces are incident if one of them contains the other one (we say that
* is defined by inclusion), t be the mapping from ¥ into I = {1,2,..,n}
which prescribes for a subspace its dimension. Then ¥ = (4,*,t,I) is a
geometry. Let V;, 1 <i < n, be subspaces in V, such that dim V; =i and
V; is contained in V; whenever i < j. Then ® = {V,.., V,} is a maximal
flag in 4.

For 1 <i < j<nput ®; =0\ {V;,V;}. Then resg(Dy;) = #; U H#;,
where 5, is the set of I-dimensional totally singular subspaces in V
incident to every subspace from @;;. If i is less than k := j—1 then every
subspace U € #; contains Vj while every W € #; is contained in Vj,
which means that U < W and hence resg(®;;) is a generalized digon.
Ifi=j—1 and j < n then 5#; and #; correspond to all 1- and 2-
dimensional subspaces in the 3-dimensional GF(2)-space Vj,1/V;-2 and
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resg(®;;) is the projective plane of order 2. Finally,if i=n—1and j=n
then #; and #; correspond to 1- and 2-dimensional subspaces in the
4-dimensional space V- ,/V,_, that are totally singular with respect to
the symplectic form on this space induced by ‘¥ In this case resg(®;)) is
the generalized quadrangle of order (2,2) associated with Sps(2). Since
all indices in ¥ are equal to 2, we observe that ¥ is a C,-geometry with
the following diagram, where as usual the types increase rightward from
1 to n:

GO g 3

Let H be the group of those linear transformations of V which preserve
Y. Then H = Sp;,(2), the action of H on ¥ is flag-transitive and H is
the automorphism group of 4. The flag-transitivity follows from the
transitivity of H on the set of maximal totally singular subspaces and
from the fact that the stabilizer in H of such a subspace induces on the
subspace its full automorphism group L,(2). The geometry constructed
above will be denoted by %(Sp2,(2)).

Let G be any flag-transitive automorphism group of ¥ = %(Spz.(2)).
Since H is simple for n > 3 we conclude from (1.6.5) that either G = H
orn=2and G = Alt,.

Let B, P; and P;; be the Borel subgroup, minimal and rank 2 parabolics
in G associated with @ (here 1 < i < j < n). Then B is a Sylow 2-subgroup
in G and P;; = (P, P;). If G = H then P;; acting on resg(®;;) induces the
automorphism group of the residue isomorphic to Syms x Syms, L3(2) or
Spa(2) depending on i and j. The kernel Q;; of this action is contained
in B which is a 2-group. This shows that Q;; = O01(P;;). Thus G and its
parabolic subgroups of rank 1 and 2 satisfy the following conditions:

(WP1) G is a group generated by its subgroups P;, 1 <i < n, where
n=2;
(WP2) for 1 <i < j < n the intersection B := P;N P; is a 2-group,
which is independent of the particular choice of i and j;
(WP3) P;/O»(P;) = Syms for 1 <i < n;
(WP4) if P;j = (P, P;) for 1 <i< j<nand Q;; = O,(P;) then B is
a Sylow 2-subgroup of P;; and
Syms x Symz  if j—i>1,
(*) Pij/Qi;= { Ly(2) ifi=j—1land j<n,
Spa(2) or Altg ifi=n—1, j=n;
(WP5) if N< B and N is normal in P; forall 1 <i<n,then N=1
(the identity subgroup).
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By (1.6.4) the geometry ¢ is 2-simply connected and by (1.5.3) this im-
plies that G is the universal completion (and in fact the only completion)
of the amalgam € = {P;; | 1 <i < j < n} of rank 2 parabolics. But in
fact the conditions (WP1)—(WP5) show that (G;{P; |1 < i< n})is a
so-called weak parabolic system and by Theorem 3.2 in [Tim84] we have
the following.

Theorem 1.8.1 Let G be a group, P;, 1 <i <n, n> 2, be subgroups in G
and suppose that conditions (WP1)—(WP5) hold. Let G;= (P, |1 <k <
n, k#i)and o ={G;|1<i<n}. Then %G, ) is a Tits geometry of
rank n with diagram C,(2) on which G acts faithfully and flag-transitively
50 that one of the following holds:

(i) 9(G, o) = 9(Spwm(2)) and either G = Span(2), or n =2 and G =

Altg;
(i) 9(G, )= 9(Alt7) and G = Alty. ]

We formulate a related result from [Tim84] which we will often use.

Theorem 1.8.2 In the notation of (1.8.1) suppose that the condition (*) in
(WP4) is changed to

). A~ Syms X Syms l'f]'—l'>1,
Py/Qij = { L3(2) otherwise.

Then %(G, A) is the projective GF(2)-space of rank n and either G =
Lny1(2) or n=3 and G = Alt;. ]

1.9 From classical to sporadic geometries

Let us mimic the construction of geometries of symplectic groups for the
largest sporadic simple group, the Monster.

Let G = M be the Monster group. Let B be a Sylow 2-subgroup of
G, whose order is 2%. There are exactly five subgroups Py,..,Ps in M
which contain B as a maximal subgroup. If we put P;; = (P;, P;) for
1 <i< j<S5, then the conditions (WP1)—(WPS5) from the previous
section hold with (*) in (WP4) being changed to the following (where n
is assumed to be 5).

Sym3 X Sym3 ifj—i > 1,
# Py/Q;=q Li(2) ifi=j—1andj<n,
3-Sps(2)or3-Alty ifi=n—1j=n

Here 3-Spa(2) and 3-Altg are non-split extensions by subgroups of order
3 of Spa(2) = Symg and Altg, respectively. In fact Pys/02(Pas) = 3-Sps(2)
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in the Monster group. The rank 2 geometry %(Pss,{Ps, Ps}) is a triple
cover %(3-Sp4(2)) of the generalized quadrangle %(Sp4(2)) of order (2,2).
This cover is denoted by the diagram
T, : o;—o
2 2
and called the tilde geometry of rank 2.
Let Gi=(Pk |1 <k <5 k+#i),={G|1<i<5} and
Y(M) = 4(G, ). It was shown in [RSt84] that ¥(M) is a geometry on
which M acts flag-transitively and which has the following diagram:

Ts: o o— o o o
2 2 2 2 2

Thus the Monster group M acts flag-transitively on a geometry (M)
whose local properties (rank 2 residues) are similar to those of %(Spi10(2)).
In view of (1.8.1) it is natural to pose the following question: “To what
extent is the Monster characterized by the property that it is a flag-
transitive automorphism group of a tilde geometry of rank 5?”

Notice that ¥(M) contains, as residues, tilde geometries of rank 3 and
4 associated with sporadic simple groups Mat»4 and Co;. It also contains
a number of other nice subgeometries and one such subgeometry can be
described in the following way.

Let  be a Baby Monster involution in M, in which case Cy(t) = 2-BM
where BM is the Baby Monster sporadic simple group. Then a subset
of the set of elements in 4(M) fixed by t (here we do not define this
subset precisely) forms a geometry 4(BM) on which BM = Cy(t)/(r)
acts flag-transitively and which has the following diagram:

P

Ps: o o )
2 2 2 2 1

Here the rightmost edge denotes the geometry %(Syms) of edges and
vertices (the left and the right type on the diagram) of the Petersen
graph. The vertices of the Petersen graph are the 2-element subsets of a
set of size 5 with two vertices subsets being adjacent if they are disjoint.
In other terms let S; = Dg and S; = Syms X 2 be subgroups in S == Syms
such that S N S; = 22. Then %(Syms) = 4(S,{S1,5,}). By (1.6.2) there
are no thick generalized 5-gons. Speaking informally the Petersen graph
is as close as one can get to such a 5-gon in terms of girth (which is 10)
and diameter (which is 6).

We say that 4(BM) is a Petersen geometry of rank 5. As residues
%(BM) contains Petersen geometries of rank 3 and 4 associated with
sporadic simple groups Maty; and Cos.
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1.10 The main results

The main aim of this monograph is to present the detailed exposition of
the classification of flag-transitive Petersen and tilde geometries whose
completion was announced in [ISh94b]. In this section we formulate and
briefly discuss the final result of the classification.

Theorem 1.10.1 There exist exactly eight flag-transitive Petersen geometries
of rank at least 3, whose diagrams and full automorphism groups are the
following :

P 9 0 P ° Aut Maty,, 3 - Aut Maty;;

. P 23, .

Py ;—‘ 2 S <1> Maty;, Coy, 3 Coy, Ja;

Ps: o P, BM, 3%".BM. O
2 2 2 2 1

In what follows we will write 4(G) for a geometry of which G is the
commutator subgroup of the automorphism group.

The geometries ¥(Maty,), 4(Co;) and 4(BM) in (1.10.1) are not 2-
simply connected and their universal 2-covers are, respectively, 4(3 -
Maty,), 9(3% - Co,) and 9(3%"! - BM).

Theorem 1.10.2 There exist an infinite family of flag-transitive tilde geome-
tries (which contains one geometry of rank n for every n > 2) and four
exceptionals. Every flag-transitive tilde geometry is 2-simply connected. The
diagrams and full automorphism groups are the following:

T : o =5 Mat He;
3 S S 0 %, ;
Ts: o =5 Co;
4 2 2 2 2 1
Ts : o =—»5 M;
2 2 2 2 2

T,: o— o --- ~ > 3Gk - Spy(2). O

(S]]
O
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It follows from the classification that whenever H is a flag-transitive
automorphism group of a Petersen or tilde geometry ¢, of rank at least
3, then either H = Aut¥, or ¢ is a rank 3 Petersen geometry and H is
the commutator subgroup of Aut%.

Geometry Subgeometry
%(Maty,) %9(Spa(2))
%(3 - Maty,) 9(3- Sp4(2))
%(Maty3) 9(Alty)
%(Coy) %(Sps(2))
%(3% - Coy) %(37 - Spe(2))

%(Js) 9(Matsa)
%(BM) 4(Sps(2))
%(3%71 - BM) %(3% - Sps(2))
%(Matys) %(Maty,)
%4(Coy) %(Co)
4(M) 4(BM)

The Petersen and tilde geometries are closely related to each other and
also to C,(2)-geometries. Every Petersen geometry of rank n > 3 contains
either a C,_;(2)-geometry or a tilde geometry of rank n — 1. In addi-
tion some tilde geometries contain Petersen geometries as subgeometries
(see table above). These mutual embeddings between Petersen and tilde
geometries were used essentially in their classification.
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By (1.10.2) the Monster group is indeed rather strongly characterized
by the property that it is a flag-transitive automorphism group of a rank
5 tilde geometry, since we have the following.

Theorem 1.10.3 Let G be a group for which conditions (WP1)—(WPS5) in
Section 1.8 hold for n = 5 with (*) in (WP4) being changed to (#) from
Section 1.9. Then G is a flag-transitive automorphism group of a rank 5
tilde geometry and either G = M or G = 3!% - Sp1o(2). m]

The next characterization involves terms more common for the Mon-
ster group.

Theorem 1.10.4 The Monster is the only group which is generated by three
subgroups C, N and L which satisfy the following:

(i) C ~21¥?4.Co; and 05(C) contains its centralizer in C;
(ii)) N/O2(N) = Sym; x Matys, L/O»(L) = L3(2) X 3 - Syms;
(iii) [N: NNC]=3,[L:LNN]=[L:LNC]=7[L:LNNNC]=
21. ]

In the above statement the subgroups C, N and L correspond to the
stabilizers in M of pairwise incident elements in ¥(M) of type 1, 2 and
3, respectively.

In what follows P-geometry or T-geometry will mean, respectively,
flag-transitive Petersen or tilde geometry. In case we want to specify
the rank n, we talk about P,- and T,-geometries. Thus all our P- and
T-geometries are flag-transitive unless explicitly stated otherwise.

1.11 Representations of geometries

We say that a geometry ¢ of rank n belongs to a string diagram if all
rank 2 residues of type {i, j} for |i— j| > 1 are generalized digons. In this
case the types on the diagram usually increase rightward from 1 to n.
The elements which correspond, respectively, to the leftmost, the second
left, the third left and the rightmost nodes on the diagram will be called
points, lines, planes and hyperplanes:

X Y 4
o, O - - - 00—
points lines planes hyperplanes

A graph on the set of points of ¢ in which two points are adjacent if
and only if they are incident to a common line is called the collinearity
graph of 4.
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When constructing the geometry ¢ associated with a classical group
G we started by treating the (totally singular) subspaces in the natural
module of G as abstract elements. We have seen in Section 1.6 that
in many cases ¥ is uniquely determined by the structure of its rank 2
residues. This means that in these cases there is a strong possibility of
reconstructing from ¥ the vector space V. It is natural to look for a more
direct way to recover from ¥ the vector space V.

In a more general setting the question can be posed in the following
form. Given a geometry 4 and a vector space V, is it possible to define
a mapping ¢ from the element set of ¢ onto the set of proper subspaces
of V, such that dim ¢(x) is uniquely determined by the type of x and
whenever x and y are incident, either @(x) < ¢@(y) or ¢(y) < @(x)?
This question leads to a very important and deep theory of presheaves
on geometries which was introduced and developed in [RSm86] and
[RSm89]. A special class of the presheaves, described below, has played
a crucial r6le in the classification of P- and T-geometries.

Let 4 be a geometry with elements of one type called points and
elements of some other type called lines. Unless stated otherwise, if ¢
has a string diagram, the points and lines are as defined above. Suppose
that ¢ is of GF(2)-type which means that every line is incident to exactly
three points. Let P and L denote, respectively, the point set and the line
set of ¢. In order to simplify the notation we will assume that every line
is uniquely determined by the triple of points it is incident to. Let V
be a vector space over GF(2). A natural representation of (the point-line
incidence system associated with) ¢ is a mapping ¢ of P UL into the set
of subspaces of V such that

(NR1) V is generated by Im ¢,

(NR2) dimp=1forpe P anddim!=2forl €L,

(NR3) if l € L and {p,q,r} is the set of points incident to I, then
{@(p), 9(q), 9(r)} is the set of 1-dimensional subspaces in ¢(l).

If ¢ possesses at least one natural representation then it possesses the
universal natural representation ¢y such that any other natural represen-
tation is a composition of ¢¢ and a linear mapping. The GF(2)-vector—
space underlying the universal natural representation (considered as an
abstract group with additive notation for the group operation) has the
presentation

V(%)= (vp, pEP |20, =0; v,+4vy=14+0, for p,q € P;

vp+v,+0, =0, if {pq,r}=1€L)
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and the universal representation itself is defined by
@ :p—v,forpe P
and
@0 : L (vp,vq,0,) for {p,q,r} =1€ L.

In this case V(%) will be called the universal representation module of
%. The following statement is rather obvious.

Lemma 1.11.1 Let ¥ = %(L,(2)) be the projective space of rank n—1 over
GF(2). Then V(%) is the n-dimensional natural module for L,(2). 0O

The next result, which is also rather standard, was originally proved in
[Ti74] in a more general form.

Lemma 1.11.2 Let ¥ = %(Span(2)) be the symplectic geometry of rank n.
Then V(%) is the (2n + 1)-dimensional orthogonal module of Sp,(2) =
024+1(2)- ]

Natural representations of geometries usually provide a nice model
for geometries and “natural” modules for their automorphism groups.
Besides that, in a certain sense natural representations control extensions
of geometries. Below we explain this claim.

Let 4 be a geometry of rank at least 3 with a string diagram such
that the residue of type {1,2} is a projective plane of order 2, so that the
diagram of ¥ has the following form:

X

el O
2 2

Let G be a flag-transitive automorphism group of 4. Let x; be a point of
% (an element of type 1), G, be the stabilizer of x; in G and ¢ = resg(x;).
Then the points and lines of J# are the lines and planes of ¥ incident to
x1. Let Q) be the kernel of the action of G, on 4. Then clearly G,/Q,
is a flag-transitive automorphism group of . Let R; be the kernel of
the action of Q; on the set of points collinear to x; (incident with x; to
a common line) and suppose that U = Q,/R; is non-trivial. Let x; be
a line incident to x; and {x;,y1,2z1} be the points incident to x,. Since
every q € Q, stabilizes both x; and x,, it either stabilizes x, pointwise
permutes y; and z;. Moreover the latter possibility must hold for some
q since G is flag-transitive and U # 1. Thus U is an elementary abelian
2-group and the module U* dual to U is generated by 1-dimensional
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subspaces, one for every point in #. Now if x3 is a plane incident to x;,
then the points and lines of ¢ incident to x3; form a projective plane « of
order 2. It is easy to deduce from the flag-transitivity and the condition
U # 1 that the stabilizer of x3 in G induces the automorphism group
L3(2) of #. In its turn this implies that the action induced by Q; on the
set of points incident to x; is of order 4 and we have the following.

Proposition 1.11.3 In the above notation if U = Q, /Ry is non-trivial, then
it is an elementary abelian 2-group and the module U" dual to U supports
a natural representation of # = resg(x1), in particular U" is a quotient of
the universal representation module V(). m]

When we follow an inductive approach to classification of geometries,
we can assume that # and its flag-transitive automorphism groups are
known and we are interested in geometries ¥ which are extensions of #
by the projective plane edge in the diagram. Then the section Q1/R; is
either trivial or related to a natural representation of . In particular
this section is trivial if # does not possess a natural representation. In
practice it often happens that in this case there are no extensions of #
at all.

For various reasons it is convenient to consider a non-abelian version of
natural representations. The universal representation group of a geometry
% with 3 points on every line has the following definition in terms of
generators and relations:

R(%)=(z,, pe P | zg =1, zpzyz, = 1if {p,q,r} =1 € L).

It is easy to observe that V(%) = R(%)/[R(¥), R(¥)]. Notice that gen-
erators z, and z; of R(¥) commute whenever p and g are collinear. It
is straightforward from this observation that R(%(L,(2))) = V(9(L.(2))).
Less trivial but still not difficult to prove is the equality R(%(Sp»n(2))) =
V(%(Sp2n(2))). There are geometries whose universal representation
groups are non-abelian. In particular the geometries 9(J;), 9(BM) and
%(M) have non-trivial representation groups while their representation
modules are trivial.

1.12 The stages of classification

Our interest in P- and T-geometries originated from the classification
of distance-transitive graphs of small valencies. In [FII86] within the
classification of distance-transitive graphs of valency 7 we came across
the intersection arrays i(1) and i(2):
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2 1

2
T 1 TNS LN 4 6
1 7 42 168 112
O NN /4

2 2 1 2 2

6 1 1 2

A graph I'(Maty,) with intersection array i(1) was discovered in [Big75].
The vertices of this graph are the blocks of the Steiner system S(5, 8,24)
missing a pair of points; two vertices are adjacent if the corresponding
blocks are disjoint. The automorphism group of I'(Maty,) is isomorphic
to Aut Maty, where Mat,, is the sporadic Mathieu group of degree 22.
Every graph with the intersection array i(2) must be a 3-fold antipodal
cover of a graph with intersection array i(1). An example I'(3 - Mat,,) of
such a graph was constructed in [FII86]; its automorphism group is a
non-split extension of Aut Mat,, by a normal subgroup of order 3.

Let H = Maty, or 3 - Maty,. It can be deduced directly from the
intersection arrays i(1) and i(2) (Section 4 in [Iv87]) that I'(H) contains
a Petersen subgraph. Let 4(H) be the incidence system whose elements
of type 3, 2 and 1 are respectively vertices, edges and Petersen subgraphs
in I'(H) and where incidence relation is via inclusion. Then %(H) is a
geometry with the diagram

P

Py: o
303 2

and %(3 - Maty,) is a cover of 9(Maty,).

It was proved in [Sh85] that ¥(Mat,,) and %(3- Mat,,) are the only P;-
geometries (recall that in the present volume all P- and T-geometries are
flag-transitive by definition). In [Sh85] for the first time ever the strategy
for classification of geometries in terms of their diagrams based on
consideration of amalgams of parabolic subgroups and their completions
was applied. By now this is a commonly accepted strategy for studying
groups and geometries.

By the result of the classification of P3-geometries, every flag-transitive
automorphism group of a P,-geometry for n > 4 must involve Mat,, as
a section. Using this clue rank 4 geometries ¥(Mat;), 4(Co,), 4(J4) and
a rank 5 geometry 4(BM) were constructed in [Iv87]. The geometries
%(Maty;) and 9(J4) as well as ¥(Mat,,) were mentioned in [Bue85]. The
point residues in ¥(Mat,3) and 4(Co,) are isomorphic to ¥(Mat,,) while
in %(J4) they are isomorphic to 4(3 - Maty,).

Let 4 be a P,-geometry for n > 3 and G be a flag-transitive automor-
phism group of 4. The derived graph A = A(%) has the elements of type

-0
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n in ¢ as vertices and two vertices are adjacent if they are incident to a
common element of type n — 1. The graph A is locally projective of type
(n,2) (as defined below) with respect to G, the girth of A (the length of
a shortest cycle) is 5 and unless ¥ = %(Mat,s), the kernel Gy(x) at every
vertex x is non-trivial. A graph I is said to be a locally projective graph
of type (n, q) with respect to a subgroup G in its automorphism group if
G is vertex-transitive and for a vertex x the stabilizer G(x) of x in G acts
on the set I'(x) of neighbours of x in I" as L,(q) (possibly extended by
some outer automorphisms) acts on the set of 1-dimensional subspaces
of an n-dimensional GF(q)-space. The kernel of the action of G(x) on
I'(x) is denoted by G;(x).

Locally projective graphs of girth 4 with non-trivial kernels at vertices
were classified in [CPr82] and it was believed for a while that no such
graphs of girth S exist. In [Iv88] and [Iv90] the classification problem of
locally projective graphs of girth 5 with non-trivial kernels at vertices was
reduced to the classification of P-geometries. This brought an additional
interest in P-geometries and their derived graphs.

The local analysis needed for the classification of P4-geometries was
carried out in [Sh88]. It was shown that the amalgam of maximal
parabolic subgroups associated with a flag-transitive action on a P4-
geometry is isomorphic to one of five amalgams &/ = {G/ | 1 <i < 4},
1 <j<5. Here o, &2 and <73 are realized in the actions of Matys,
Co; and J4 on P-geometries associated with these groups. For k = 1 and
2 the amalgam /3% possesses a morphism onto /¥ whose restriction
to G3** is an isomorphism onto G* for 2 < i < 4 and whose restriction
to G3** is a homomorphism with kernel of order 3. More precisely G3*
is the universal completion of the amalgam {Gk NG | 2 < i < 4}, so
that 0%(G3t*/0,(G3™)) = 3 - Maty, while 0%(GY/0,(G%)) = Maty,. This
means that every geometry ¢ corresponding to «/>t* (if it exists) has
point residues isomorphic to %(3 - Mat»,) and the universal cover of ¢ is
the universal 2-cover of ¥(Maty;) or 4(Coy) for k =1 or 2, respectively.

Thus the main result of [Sh88] reduces the classification of Py4-
geometries to calculation of the universal 2-covers of ¥(Matas), 4(Co3)
and %(Js). The former of the geometries was treated in [ISh90a]. This
geometry contains a subgeometry J# = %(Alt;). Using the simple con-
nectedness result for the subgeometry it was shown that the geometry
itself is simply connected. Furthermore, if 4 is a proper 2-cover of
%(Matys;) (i.e. a 2-cover which is not a cover) then a connected com-
ponent of the preimage of # in % is a T3-geometry which possesses a
morphism onto %(Alt;). Using coset enumeration with a group given in
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terms of generators and relations it was shown that no tilde analogue of
9(Alt;) exists and hence no proper 2-cover of %(Matys3) exists either.

The universal 2-cover of %(Co;) was determined in [Sh92]. First, by
triangulating cycles in the collinearity graph of the geometry the latter
was proved to be simply connected. Let ¢ : G — %(Co,) be a proper 2-
covering of geometries. Then a connected component # of the preimage
in ¢ of a subgeometry # = %(Sps(2)) in %(Co,) is a Tz-geometry
and ¢ induces its morphism onto 5. The amalgam 2 of maximal
parabolics in a flag-transitive automorphism group of # (particularly
in the action on 3¢ of its stabilizer in a flag-transitive automorphism
group of ?) is specified up to isomorphism. It is possible to write down
an explicit presentation for the universal completion U(2) by modifying
the Steinberg presentation for Sps(2). By means of coset enumeration
on a computer it was shown that U(2) = 37 - Sps(2). Based on this
result a 2-cover %(3% - Coy) of 9(Co,) was constructed and its 2-simple
connectedness was established.

The geometry %(J4) contains the T3-geometry ¥(Maty,) as a subgeom-
etry and the simple connectedness question for %(J4) heavily depends on
that for ¥(Mat,4). First the amalgams of maximal parabolics associated
with flag-transitive actions on T3-geometries have been classified and then
by means of coset enumeration on a computer the universal completions
of these amalgams were found. The result (presented in an unpublished
preprint [ISh89b]) was the complete list of T3-geometries: %(37 - Sps(2))
as in the above paragraph and the sporadic geometries ¥(Mat4) and
%(He) constructed in [RSt84]. In the case when the stabilizer of a point
induces Symg on the corresponding residue an independent classification
was achieved in [Hei91]. Earlier it was shown in [Row89] and indepen-
dently in [Tim89] that in this case the order of the Borel subgroup is
either 2°, realized in %(37 - Spe(2)) or 210, realized in ¥(Mat,4) and %(He).
If the stabilizer of a point induces Alts on the corresponding residue, then
the geometry must have a l-covering onto the exceptional Cs;-geometry
%(Alty). It was proved in [ISh90a] (see also [GM93]) that tilde analogues
of %(Alt;) do not exist.

After ¥(Matys) was proved to be simply connected, the simple connect-
edness question for %(J;) was attacked in [Iv92b]. In that paper instead
of trying to triangulate cycles in the collinearity graph of the geometry
a different graph X called the intersection graph of subgeometries was
considered. The vertices of T are the ¥(Maty4)-subgeometries in %(J4)
with two of them being adjacent if they have the maximal possible num-
ber (namely 7) of common points. Using the simple connectedness of
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the subgeometries it was shown that every covering ¢ of %(J4) induces
a covering ¢' of £ with respect to which all triangles are contractible.
Finally it was shown that every cycle in £ can be triangulated, which
means that ¢’ and ¢ must be isomorphisms. About the same time the
triangulability of ¥ was established in [ASeg91] within the uniqueness
proof for J,.

The idea of studying triangulability of cycles in intersection graphs
of various families of simply connected subgeometries turned out to be
rather fruitful. In [Iv92d] the simple connectedness of the Ty-geometry
%(Co,) was established using its simply connected subgeometry 4(Co,).
The geometry was constructed in [RSt84] based on the maximal parabolic
geometry S (Cop) of the same group constructed in [RSm80]. The sim-
ple connectedness of #(Co;) was shown in [Seg88]. The Baby Monster
geometry 4(BM) contains C4(2)-subgeometries %(Sps(2)) and also Fy-
buildings associated with the groups 2E¢(2). Consideration of the inter-
section graph X with respect to the latter family of subgeometries led to
the simple connectedness proof for ¥(BM) in [Iv92c]. Detailed informa-
tion about the structure of T from [Seg91] has played an important r6le
in the proof. Finally the simple connectedness of the Ts-geometry 4(M)
of the Monster was shown in [Iv91a] via consideration of the intersection
graph with respect to the ¥(BM)-subgeometries. The triangulability of
that graph was established in [ASeg92].

A question which for a while looked rather intractable is the one
about the universal 2-cover of the Baby Monster geometry 4(BM). If
G - %(BM) is a proper 2-covering, then a connected component #
of the preimage in g of a %(Sps(2))-subgeometry from 4(BM) must
be a Ty-geometry possessing a morphism onto %(Sps(2)). Motivated by
this observation all T-geometries which possess morphisms onto C,(2)-
geometries were classified in [ISh93a]. It turned out that there is one
family of such geometries containing one T,-geometry for every n > 2.
The full automorphism group of this T,-geometry is a non-split extension
of an elementary abelian 3-group of rank [;], = (2" — 1)(2"! —1)/3
by Spas(2). Thus the only possibility for # is to be isomorphic to
%(3% - Sps(2)). It was decided to try to construct a 2-cover of 4(BM)
similarly to the way %(32* - Co,) was constructed. The following question
turned out to be crucial for the construction. Let G5 = 25+10+10+5 1 ((2)
be the stabilizer in BM of an element of type 5 in 9(BM) and E =
2-2E4(2).2 be the stabilizer of an F4-subgeometry. Is there always an
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element ¢ € 03(Gs) such that ¢ € E \ E’'? The affirmative answer to
this question was given in [ISh93b] and was independently checked in
[Wil93] using computer calculations. This enabled to construct a proper
2-cover 4 of 9(BM). After that a very tight bound on the order of
the automorphism groups of any such 2-cover was established and it
became possible to deduce that ¥ = (34" - BM) is in fact the universal
2-cover. ‘

Let us turn to the local structure (the structure of amalgams of maximal
parabolics) in P,- and T,-geometries for » > 4. In [Sh88] important
information on the structure of the subgroup G,, including a bound on its
order, was deduced for the case of P-geometries. Later it was realized that
these results can be extended word for word to the case of T-geometries.
The structure of amalgams of maximal parabolic subgroups of flag-
transitive T,-geometries was studied in [Row91], [Row92] and [Par92].
In [Row91] it was shown that if G is a flag-transitive automorphism
group of a T,-geometry such that the Borel subgroup of the action of
G, on the Ts-residue has order 2!°, then the Borel subgroup of G has
order 22! (which is the order of a Sylow 2-subgroup of Co;) or 2%. In
[Row92] it was shown that if G is a flag-transitive automorphism group
of a Ts-geometry and the Borel subgroup of the action of G; on the
residual T4-geometry has order 22!, then the Borel subgroup of G is of
order 2% (which is the order of a Sylow 2-subgroup of the Monster).
Proceeding by induction and assuming that all P- and T-geometries of
smaller rank are known, in view of (1.11.3), certain information on the
possible structure of a Gy-parabolic can be deduced from the knowledge
of natural representations of residual P- and T-geometries.

The universal natural representations of P- and T-geometries were
studied even before their importance for the local analysis was noticed.
It was shown in [ISh89a]} that ¥(Maty;) has no natural representation,
V(%(Maty,;)) is the 11-dimensional Golay code module while V(%(3 -
Maty)) is the direct sum of V(%(Maty;)) and the natural 6-dimensional
GF(4)-module for SUg(2) (the latter contains 3 - Maty;). It was shown in
[RSm89] that V(¥(Maty,)) is also the universal representation module
for %¥(Maty,). In [ISh94a] the universal representation module for %(Co,)
was identified with a 23-dimensional section of A = A/2A where A is the
Leech lattice. Using this result it was not difficult to show in [Iv92a] that
A itself is the universal representation module for 4(Co,). The equality
V(%(Coy)) = A was independently proved in [Sm92]. After that it was
shown that P- and T-geometries associated with “large” sporadic groups
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do not have natural representations. In [ISh90b] it was proved that there
are no such representations for %(J4). In [ISh94a] 4(BM) was proved
to have no natural representation. Since ¥(BM) is a subgeometry in
%(M), the latter has no natural representations either (the question about
existence of such representations was posed in [Str84]). The universal
representations of the T-geometries from the symplectic series were
determined in [Sh93], where the equality V(%4(3% - Coy)) = V(%4(Co2))
was also established. The latter equality was used in [ISh94a] to show
that 4(3%*7!- BM) does not have a natural representation. For a long time
the geometry %(He) was known to possess a natural representation in
a 51-dimensional irreducible GF(2)-module [MSm®82]. It was established
by B. McKay (private communication) using computer calculation that
V(%(He)) is in fact 52-dimensional.

Let G be one of J4, BM and M, and 4 = %(G). Then the elements
of type i in ¥ are certain elementary abelian 2-subgroups in G of rank
i with the incidence relation defined via inclusion. From this description
it is immediate that G is a quotient of R(%). The non-triviality of the
representation group of ¥ explains in a sense why the original proofs
for the triviality of V(%) were rather complicated. It turned out to be
easier to work with the whole representation group R(%) and to show
the equality [R(%), R(%9)] = R(%) (which is of course equivalent to the
triviality of V(%)). Recently the precise structure of R(%) was determined
in [IPS96] and [ISh97]: R(%(G)) is J4, 2- BM and M for G = J4, BM
and M, respectively.

Let & = {G; | 1 <i < n} be the amalgam of maximal parabolics
associated with a flag-transitive action of a group G on a P- or T-
geometry %. Since the lists in (1.10.1) and (1.10.2) are known to be closed
under taking universal covers, in order to complete the classification it
is sufficient to show that </ is isomorphic to the amalgam associated
with an action on a geometry from these lists. This statement was proved
in [ShSt94] for the case when % is a T-geometry having %(37 - Sps(2))
as a residue. Using the results from [Sh88], their generalizations for
T-geometries and the results from [Row91], [Row92], [Par92], one can
deduce some detailed information on the structure of a G,-parabolic,
which restricts considerably the possibilities for its chief factors. Let us
assume that the residue 3 = resg(x;1) is known (as well as its natural
representations) and let Q; and R, be as in (1.11.3). Since the dual
of Q1/R, supports a natural representation of # we have only a few
possibilities for the structure of this factor. In particular Q; = R, if
H# does not have natural representations (which happens when J# is



1.13 Consequences and development 33

one of 9(Matys), 9(Js), 9(BM), $(3**"' - BM) and %(M)). The equality
01 = R; must also hold in the case s# = %(He) since otherwise the Borel
subgroup of G would be of order at least 26! which contradicts [Row91].
On the other hand the equality @; = R leads to a contradiction with
the information on the chief factors of G,. Thus Q,/R, is non-trivial and
we are left with the following four possibilities: (a) ¢ is a T4-geometry
and G; ~ 2''.Maty; (b) ¢ is a Ps-geometry and G; ~ 21t?2.Coy; (c)
% is a Ps-geometry and G; ~ (21?2 x 3%).Co,; (d) 4 is a Ts-geometry
and G; ~ 25_+24.C01. For the former three cases the uniqueness of the
amalgam o/ was proved in an unpublished work of S.V. Shpectorov while
for the latter case it was established in [Iv92a].

1.13 Consequences and development

In this section we discuss some results which were proved either using
the classification of P- and T-geometries or under the inspiration of this
classification.

Maximal parabolic geometries

Let G be one of the following sporadic simple groups: Maty, Co;,
M, M(24), Maty,, Coy, BM and Jy. Let 3#(G) be the maximal parabolic
geometry of G as introduced in [RSm80] with one of the following
diagrams:

.#(Maty) : O y o)
6 2 2
[m]
.#(CO]) . Oo— J D
2 6 2 2
a
'#(M) . o, O >— )} o)
2 2 6 2 2
.#(M(24)) : O— —O— T 7 xe)
6 2 2 2
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d % i t
”(Matzz) :

2 2
5
d t
H(Cor) : o— o}
2 2 2
a/ >\t
H(BM) : o o
2 2 2 2
5
d t
”(J4) : O— O O
6 2 2
Here ?—tg denotes the geometry of 2- and 1-element subsets in

a set of size 5 in which two subsets of different size are incident if they

are disjoint. The elements of type 1 in the geometry with the diagram

g=d=<5> are the maximal totally isotropic subspaces in the natural

symplectic module V of Spy(2), the elements of type 2 are the cosets of
the hyperplanes in V, an element S of type 1 and an element H + v of
type 2 are incident if § < H. The semidirect product V : Sp4(2) induces
on this geometry a flag-transitive action.

Let o/ be the amalgam of maximal parabolic subgroups associated
with the action of G on #(G). If G = Maty,, Co; or M then «/ contains
the amalgam # of maximal parabolic subgroups associated with the
action of G on the T-geometry %(G) and if G = Maty, Co, BM
or J; then & contains the amalgam of maximal parabolic subgroups
associated with the action of G on the P-geometry %(G). Furthermore
in both cases # generates the universal completion of /. By (1.10.1)
and (1.10.2) G is the universal completion of # and hence it is also the
universal completion of /. The simple connectedness of the geometry
K (M(24)) was established in [Iv95]). Thus we have the following result
which was proved in [Ron82] for G = Maty; and in [Seg88] for G = Coy
and which answers the question posed at the end of [RSm80].
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Theorem 1.13.1 Let G be one of the following groups:
Mat24, CO], M, M(24), Maty,, COz, BM, J,.

Then the maximal parabolic geometry #(G) of G is simply connected. O

Locally projective graphs of girth 5

As we mentioned in the previous section, our interest in P-geometries
originated from the classification problem of locally projective graphs of
girth 5. As a direct consequence of the reduction results in [Iv88], [Iv90]
together with (1.10.1) we have the following.

Theorem 1.13.2 Let T be a locally projective graph of type (n,q), n = 2,
with respect to a group G. Suppose that the girth of T is 5 and Gy(x) # 1
at every x € I'. Then q = 2 and one of the following holds:

(i) T is the derived graph A(%) of a P-geometry 4 of rank n and G
is a flag-transitive automorphism group of %, where ¥ is one of the
following %(Syms), 9(Mat), 4(3 - Maty), %4(Coz), 933 - Co,),
4(J4), 9(BM) and 9(3¥"' - BM);

(ii) n =5, G = J4, the vertices of T are the imprimitivity blocks of size
31 of G on the vertex set of A = A(%(J4)) in which two blocks are
adjacent in I if their union contains a pair of vertices adjacent in
A. a

The locally projective graphs of girth 5 with G;(x) = 1 were studied in
[IP98] (see (9.11.6)) and it turns out that the graph A(%(Mat»;)) occupies
a very specific position in the class of such graphs.

Uniqueness of sporadics and their extensions

The existence of the geometry %(G) for G = J4, BM or M was proved
starting with very basic local properties of the group G. The information
on G needed is the structure of the centralizer C = Cg(t) of a central
involution 7 in G and the fact that 7 is conjugate in G to involutions from
0,(C)\{z}. The maximal parabolic geometries of J4 and M were predicted
to exist in [RSm80] even before the groups themselves were constructed.
For this reason the classification of P- and T-geometries immediately
provides a uniform uniqueness proof of G as a group possessing the
properties needed to deduce the existence of 4(G) [Iv91b].
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Theorem 1.13.3 Let G be a non-abelian simple group containing an invo-
lution t such that C := Cg(7) is of the shape

241123 . Aut Maty,, 2422.Cop or 21%.Co.

Suppose that Cg(02(C)) < 02(C) and that 1° N 05(C) # {t}. Then in
each of the three cases G is uniquely determined up to isomorphism and is
isomorphic to Jy, BM or M, respectively. m]

Other uniqueness proofs can be found in [Nor80], [ASeg91] for J,,
[LSi77], [Seg91] for BM and [Nor85], [GMS89] for M.

Within the classification of P- and T-geometries and their natural
representations we have proved some interesting facts about linear repre-
sentations and non-split extensions of sporadic groups. As an illustration
we formulate the following result which can be deduced from [ISh93b].

Theorem 1.13.4 Let F be a field whose characteristic is not 2. Then BM
has a unique faithful representation of dimension 4371 over F which is
irreducible. If the characteristic of F is not 3 then the extension of BM by
the corresponding 4371-dimensional F-module always splits, and for F =
GF(3) there is a unique non-split extension. O

Generators and relations

The classification of P- and T-geometries enabled us to obtain char-
acterizations of certain sporadic simple groups, stronger than the char-
acterization by the centralizer of an involution. The groups were proved
to coincide with the universal completions of certain of their subamal-
gams. This provided us with presentations of the groups involved (the
geometric presentations as they were termed in [Iv91a]). In the case of J4
the geometric presentation was proved in [Iv92b] to be equivalent to a
presentation for J4 conjectured by G. Stroth and R. Weiss in [StW88].

In the case of BM and M the result establishes the correctness of the so-
called Y -presentations for these groups. The Y -presentations ((CCNPW],
[CNS88], [Nor90]) describe groups as specific factor groups of Coxeter
groups with diagrams having three arms originating in a common node.
The most famous is the Ysss diagram (below).

After the announcement of the geometric presentation of M at the
Durham symposium “Groups, Combinatorics and Geometry” in July
1990 [Iv92a] S.P. Norton [Nor92] proved its equivalence to the corre-
sponding Y -presentation. This resulted in the proof of the following
theorem conjectured by J.H. Conway [Con92].
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Theorem 1.13.5 The Coxeter group corresponding to the Ysss diagram sub-
ject to a single additional relation

(ablclabzczab3C3)1° =1

is isomorphic to the wreath product M2 of the Monster group and a group
of order 2 (this wreath product is known as the Bimonster). O

1 f2

a

b;

C3
ds
€3

f3

The correctness of the Y -presentation for BM is proved in [Iv94].
Construction of J,

As a consequence of the classification of P- and T-geometries we
have the following. Let G be one of the sporadic simple groups Mat,s,
Matyy, He, Cos, Coy, J4, BM and M. Then G is the universal completion
(and because of its simplicity it is the unique faithful completion) of
the amalgam & = {G; | 1 < i < n} of maximal parabolic subgroups
associated with the action of G on %(G). In addition, unless G = Maty
or He, the isomorphism type of &/ is uniquely determined by the chief
factors of the G; and by the indices kij = [G; : Gi N G;]. This means
that G can be defined as “a faithful completion of an amalgam .« with
given chief factors and indexes k;;”. Hence (at least in principle) one can
start from this definition to establish the existence of G and to deduce all
its properties including the simplicity. This would give an independent
construction of G together with its uniqueness proof. In its full extent
the approach was realized in [IMe93] for the fourth Janko group Jy.
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In [IMe93] the amalgams .# = {M;, M>, M3} such that
My ~ 2" Matyy, My ~21°Ls(2), M;~ [2Y].(Syms x L1(2))

and

[Ms : Mpp| =31, [M3 : M3] =35, [M3 : My3] =10, [Mp; : Bl =3

where M;; = M;NM; and B = M; N M, N M3 have been studied.
An amalgam with these properties is contained in J4, where M; is the
stabilizer of a ¥(Maty,)-subgeometry in %(J4), M, is the stabilizer of a
vertex in the graph T" as in (1.13.2 (ii)) and M3 is the stabilizer of a
Petersen subgraph in I'. These subgroups are universal completions of
their intersections with the amalgam of maximal parabolic subgroups
corresponding to the action of J4 on %(Jy).

It was shown that up to isomorphism there exists exactly one amalgam
4 as above. After that it was shown that .# has a faithful completion.
This was done by constructing an isomorphic embedding of .# into
GLy333(C) (notice that 1333 is the dimension of the smallest faithful
complex representation of J4). Next it was shown that if G is a completion
of #, then the subgroup M; when it acts naturally on the set of its
right cosets in G has exactly seven orbits, whose lengths [;, 1 < i < 7,
were explicitly calculated (so that these lengths are independent of the
particular choice of the completion G). Thus every completion G of .#
has the same order |[M;| - 21'7=1 I; which turns out to be

221.33.5.113-23-29-31-37-43.

Moreover G is non-abelian and simple and Cg(z) ~ 2£r+12.3 - Aut Maty,
for an involution z in G. This means that G is the fourth Janko group
Js4 according to the standard definition of the latter. Originally J; was
constructed on a computer as a subgroup of GL;15(2) [Nor80].

Extended dual polar spaces

Another interesting class of geometries admitting flag-transitive actions
of sporadic simple groups is formed by extended (classical) dual polar
spaces. An extended dual polar space (EDPS for short) of order (s, t) has
diagram

c

o ——— o o o
1 s t t t t

where the leftmost edge denotes the geometry of all 1- and 2-element
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subsets of an (s + 2)-element set with respect to the natural incidence
relation; the residue of a point is a classical thick dual polar space.

Flag-transitive EDPS’s of rank 3 were classified in [BH77], [DGMP],
[WY90] and [Yos91]. The representations of rank 3 flag-transitive EDPS’s
were described in [Y0s92]. Rank 4 EDPS’s with the property that the sta-
bilizer of a point in a flag-transitive automorphism group acts faithfully
on the residue of that point were classified in [Yos94]. Further progress
in the classification of flag-transitive EDPS’s was achieved in [Iv95],
[ISt96], [IMe97], [Iv98b], [Iv98a] and [Iv97]. An EDPS & is called affine
if it possesses a flag-transitive automorphism group G which contains a
normal subgroup T acting regularly on the set of points of &. In this case
T is called the translation group of & with respect of G. The following
characterization of affine EDPS’s is proved in [Iv98a].

Theorem 1.13.6 Let & be an affine EDPS of rank n > 3 and 9 be the
residue in & of a point. Then

(1) s =2, so that D is the dual polar space associated with Spip,—3(2)
or Uzn—2(2),
(ii) there is a 2-covering & — & where & is an EDPS which is 2-simply
connected and affine,
(iii) the translation group of & (as above) with respect to its full auto-
morphism group is the universal representation group R(2D) of the
residual dual polar space 9. a

Thus the above result reduces the classification of affine EDPS’s to
the calculation of the universal representation groups of the dual polar
spaces associated with Spyn(2) and Uanm(2). The precise structure of these
representation groups is known only for m = 2 and 3 but some partial
results are available also for larger m (see [Iv98a] for details).

In [Iv97] it is shown that there are exactly 19 flag-transitive EDPS’s
which are not 2-covered by affine ones.

Theorem 1.13.7 Let & be an EDPS of rank at least 3 which possesses
a flag-transitive automorphism group whose Borel subgroup is finite. Then
one of the following holds:

(i) there is a 2-covering & — & where & is affine;
(ii) & is isomorphic to one of the 19 exceptional EDPS’s whose diagrams
and full automorphism groups are given in the table.
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c o ')
t1> 9 S Symg, U4(2).2
c .0}
° : ° Sps(2) x 2, Spe(2)
c . ) 2 2
° " 0 3-U4(3).25, Us(3).2
c .8}
° 0 ° Us(2).2
o—2F o McL.2
1 3 9
o—2F o HS.2, Suz.2
1 9 3
oo o o Sps(2), 3- M(22).2, M(22).2
C
(1> ¢ o 3 C02 X 2, C02
c o
O N M4
C o
IS S T M4
o—2F o- o M
1 9 3 3
o C o o——o M(23) o
1 2 2 2 2

In what follows &(E) will denote the EDPS for which E is the commu-
tator subgroup of the automorphism group. In case we need to specify
the order (s,t) of the EDPS, we write &,,(E). Let & be an exceptional
EDPS from (1.13.7), G be the automorphism group of & and H be a
subgroup of G. Unless & = &(HS) the action of H is flag-transitive if
and only if H contains the commutator subgroup of G; Aut HS is the
only flag-transitive automorphism group of £(HS).

The classification strategy implemented in [Iv97] is the one developed
within the classification project for P- and T-geometries. This strategy is
based on studying the amalgams of maximal parabolics, representations
of residual geometries and the simple connectedness question. In addition
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the following direct connections (A), (B) and (C) between EDPS’s and
P- and T-geometries have played essential r6les in the classification.

(A) Let & be an EDPS of rank n > 4 in which the residual rank 3
EDPS’s are all isomorphic to £(U4(2)), so that s =t = 2. Let A be the
graph on the set of elements of type 2 in & in which two elements are
adjacent if they are incident to a common element of type 3 but not to
a common element of type 1. Then every connected component of A is
the derived graph of a Petersen geometry of rank n — 1. In this way the
EDPS’s £(M(22)), (3 - M(22)) and &(M(23)) are related to P-geometries
%(Maty), 4(3 - Maty,) and ¥(Matys), respectively.

(B) The EDPS £4,(M(24)) is closely related to a geometry (M (24))
with the same automorphism group and diagram

e 0O o
2 2 2 2

The point residues in J#(M(24)) are isomorphic to the T;-geometry
%(Matys). In [Iv95] the simple connectedness of J#(M(24)) was proved
first and then use this result in the simple connectedness proof for
&42(M(24)). It is worth mentioning that there is a geometry (3 - M(24))
with diagram

~ ~
a e ro)

2 2 2 2

possessing a morphism onto 3#(M(24)) whose simple connectedness was
also established in [Iv95].

(C) The EDPS &(M) of the Monster group was constructed in [BF83]
and [RSt84]. The simple connectedness proof for &(M) in [IMe97] re-
duces the problem to the simple connectedness of the Ts-geometry of
the Monster. That is, we show that the universal completion U of the
amalgam of maximal parabolic subgroups corresponding to the action of
M on &(M) contains subgroups C, N and L as in (1.10.4) which implies
that U = M. It was noted in [Iv96] that 3-local and 2-local parabolics
in the Monster are related via a subgeometry #(2%* - Co,) in &(M) with
diagram

c c

o) O o]

1 1 9 3

acted on flag-transitively by C/Z(C). In [IMe97] it was shown that the
universal cover of &(M) also contains #(22*- Co;) as a subgeometry. At
this stage we applied the main result of [ISt96] which proves the simple
connectedness of the EDPS &;3(M(24)) which is also a subgeometry
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in &(M). It is worth mentioning that the geometry #(2%* - Co;) is not
simply connected since it possesses a double cover [ISh98] (which might
or might not be universal).

1.14 Terminology and notation

In this section we fix our terminology and notation concerning groups
and their actions on graphs and geometries.

Let G be a group. Then 1 is the identity element, G* = G\ {1}, Z(G)
is the centre, G’ = [G, G] is the commutator subgroup and AutG is the
automorphism group of G. Let g be an element in G (written g € G) and
H be a subgroup of H (written H < G). Then (g) is the subgroup of G
generated by g, Cs(g) and Cg(H) are the centralizers in G of g and H,
Ng(H) is the normalizer of H in G. If Ng(H)/Cs(H) = AutH then H
is said to be fully normalized in G. By G/H we denote the set of right
cosets of H in G. In the case where H is normal in G (written H < G), by
G/H we also denote the corresponding factor group. The core of H in G,
denoted by coreg(H) is the largest normal subgroup of G contained in
H, so that coreg(H) is the intersection of the conjugates of H in G. The
smallest normal subgroup in G which contains H is the normal closure of
H in G. Let p and q be different primes. Then O,(G) is the largest normal
subgroup in G which is a p-group (i.e. whose order is p* for some k),
0,4(G) is the preimage in G of 04(G/0x(G)), OP(G) is the smallest normal
subgroup in G with the property that the corresponding factor group is a
p-group. By p* we denote the elementary abelian group of this order, so
that p also denotes the cyclic group of order p. When we write [p"], we
mean a group of order p"; 21+2* denotes the extraspecial group of order
221 of type ¢ € {+,—}. Recall that a maximal abelian subgroup of 2.+
has rank n+ 1 if ¢ = + and n if ¢ = —. The symmetric and alternating
groups of degree n we denote by Sym, and Alt,, respectively. If we want
to specify the underlying set X of size n, we write Sym(X) and Al¢(X),
respectively. In the case where H is a group, naturally identified with a
subgroup in Sym, (say if H = Sym,, X Sym,_p, for some 1 < m < n), then
H¢ denotes the subgroup of even permutations in H, i.e. H® = H N Alt,.

If we write G ~ A.B we mean that G has a normal subgroup isomorphic
to (and identified with) 4 such that G/A is isomorphic to B (written
G/A = B). When we write G ~ A - B we mean that G does not split over
A, i.e. there is no subgroup H in G such that HNA =1 and H = B.
Finally by writing G = A : B we mean that G is a semidirect product
of A and B with respect to a homomorphism of B into AutA which
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is either clear from the context or irrelevant. If the homomorphism is
trivial we have the direct product 4 x B.

If V is a vector space of dimension n over the field GF(q) of q elements,
where ¢ = p® for a prime p, then I'L{(V), GL(V) and SL(V) denote
respectively the group of semilinear, linear and linear with determinant 1
bijections of V onto itself. A group G is said to be a linear group of V if

SL(V)d G <TL(V),

in which case V is said to be the natural module of G. When interested in
groups only we write I'L,{q), GL,(q) and SL,(q). By AT'L,(q), AGL,(q)
and ASL,(q) we denote the affine groups which are semidirect products of
V (considered as an elementary abelian p-group) and the corresponding
linear group. The actions of the groups I'L,(q), GL,(q) and SL,(q) on
the set of subspaces of the underlying vector space V are denoted by
PI'L.(q), PGL,(q) and L,(q), respectively. By PXL,(q) we denote the
extension of L,(q) by the field automorphisms. A group H is said to be
a projective linear group if H is the image in PI'L,{(q) of a linear group
of V. The (doubly transitive) permutation action of a projective linear
group on the set of 1-dimensional subspaces of the underlying vector
space is said to be the natural permutation representation of the projective
linear group. By Spam(q) and Un(q!/?) we denote the projective special
symplectic and unitary groups. By O%,(g) we denote the orthogonal group
of dimension m and type ¢ € {+, —}; its commutator subgroup is denoted
by Q.(9).

Let £ be a set on which a group G acts by permutations (i.e. there
is a homomorphism of G into the symmetric group of X clear from
the context). The image of x € £ under g € G is denoted by x8. If
E = {x, y,..} is a subset of £ then G[E] = G[x, y,...] and G(E) = G(x, y,...)
denote the setwise and the elementwise stabilizers of 2 in G. If g € G(X)
then g is said to fix X and if g € G[X] then g is said to stabilize X.
Similar terminology applies to subgroups of G. If H < G[E] then H=
denotes the permutation group induced by H in E. Suppose that G acts
transitively on Z. Then an orbit of G on the set of ordered pairs of
elements of X is called an orbital. The orbitals containing (x, y) and (y, x)
are said to be dual to each other. An orbital which coinsides with its
dual is called self-dual.

For a set T let 2% be the power set of Z, i.e. the set of all subsets of .
The symmetric difference operator

XAY =(XUY)\(XNY)
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provides 2% with a GF(2)-vector-space structure. If G is a permutation
group on X then 2% is the permutational GF(2)-module of G. Let F be
the binary function on 2% taking values in GF(2) and defined by

0 if  XNY]|iseven,
F&x.Y)= { 1 otherwise.

Then F is non-singular and bilinear and will be called the parity form
on 2%, The parity form is invariant under every permutation group G
on Z and if G = Sym(Z) then F is the unique invariant form which is
non-singular and bilinear. A subset of T will be called even if it contains
an even number of elements.

A partition of Z is a set & = {S4,...,Sp} of subsets of T such that every
o € X belongs to exactly one S;. If 7 = {T,..., T} is a partition of T
such that every §; is the union of some T; then we say that J refines
& and that & is refined by 4. Sometimes we identify a subset S <« X
with the partition {S,Z\ S}. We write (n’lcl n’éz...) for a multiset of integers
in which n; appears k; times, n, appears k, times etc., where normally
ni > ny > ... and n; is written instead of nil.

We will follow the terminology and notation concerning actions of
groups on geometries as introduced in Section 1.3 with the following
addition. Let ¢ be a geometry of rank n with a string diagram on which
types increase rightward from 1 to n and let x; be an element of type
i where 1 < i < n. Then res;(x;) and resg(x;) are the residues in ¢ of
a flag of type {1,2,..,i} and a flag of type {i,i + 1,..,n} containing x;,
respectively. If G is a (flag-transitive) automorphism group of ¢ and
G; = G(x;) is the stabilizer of x; in G then G; denotes the action induced
by G; on resg(x;), Gi denotes the kernel of the action of G; on res‘sg(xi)
for {¢,0} = {+,—}.

Let I" be a graph, which is assumed to be undirected and locally finite.
The latter means that every vertex is adjacent to a finite number of other
vertices. The vertex set of I" will be denoted by the same letter I" and we
will write E(I") and AutT for the edge set of I" and for its automorphism
group, respectively. The vertices incident to an edge will be called the
ends of the edge. For a positive integer s an s-arc (or an arc of length s)
in T is a sequence (xp, X1, ..., Xs) Of s+ 1 vertices such that {x;_;,x;} € E(T')
for 1 <i<sand x; # xi—2 for 2 <i < s. Such an arc is said to originate
at xg, to terminate at x; and to join x¢ and x;. If xo = x; then the arc
is called a cycle of length s or simply an s-cycle. The girth of a graph is
the length of its shortest cycle. A graph whose vertices are the edges of
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I" with two of them adjacent if they are incident to a common vertex of
I" is called the line graph of T.

The graph is connected if any two its vertices can be joined by an arc.
A graph I is called n-partite or multipartite if its vertex set possesses a
partition {I" | 1 < i < n} whose members are called parts such that if
{x,y} € E(T') with x € I'" and y € I/ then i # j. 2-Partite graphs are also
called bipartite. It is a standard fact that a graph is bipartite if and only
if it does not contain cycles of odd length.

For x,y € T let d(x,y) denote the distance between x and y in the
natural metric of I, that is, the number of edges in a shortest arc joining
x and y. If 2 and A are subsets in the vertex set of I' then the distance
d(E,A) between E and A is the minimum among the distances d(x,y)
for x € 2 and y € A. The diameter d of I" is the maximum of distances
between its vertices. Put

IN(x)={y|yeTl,dx,y)=i} for 0<ix<d.

We will usually write I'(x) instead of I'y(x).

The number of vertices adjacent to x, that is {I"(x)|, is called the valency
of x. If k = |I'(x)| is independent of the choice of x € I" then I' is called
regular of valency k.

Let E be a subset in the vertex set of I'. The subgraph of I induced on
Z has E as set of vertices and its edges are all the edges of I" with both
ends contained in E. A subgraph in which any two vertices are adjacent
is called a clique; a subgraph in which no two vertices are adjacent is
called a coclique. Let A be a graph. Then a graph I is said to be locally
A if for every x € T" the subgraph in I" induced by I'j(x) is isomorphic
to A.

A cycle (xg, X3, ..., X5) is said to be non-degenerate if for every i, j with
0 <i< j<s, the distance d(x;,x;) in I is equal to the distance between
x; and x; in the cycle, which is

min {j —i,i+s— j}.
Let E be an induced subgraph in I'. Then E is said to be geodetically
closed if whenever x,y € B with d(x,y) = i, all arcs of length i joining x
and y in I are contained in E. If in addition E contains all arcs of length
i+1 joining x and y then E is called strongly geodetically closed. A graph
I" can be considered as a 1-dimensional simplicial complex [Sp66]. The
Jundamental group of I is by definition the fundamental group of the

corresponding complex.
If T and I"” are graphs then a surjective mapping ¢ : I" — T is called
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a covering of graphs if for every x’ € I'" the restriction of ¢ to I''(x) is a
bijection onto I'(¢(x')). Let x € I'. Then for every x’ € ¢~ '(x) and an s-
arc X = (xo = X, X1, ..., Xs) originating at x there is a unique s-arc X 1(x)
originating at x’ which maps onto X. Here X~}(x) = (xj = x/, X}, ..., X})
and x] is the unique vertex in ¢ '(x)NI'(x_;)for 1 <i<s IfXisa
cycle then X~1(x’) might or might not be a cycle. If X~!(x’) is a cycle for
every x' € ¢~ 1(x) then X is said to be contractible with respect to ¢. A
covering is characterized by the subgroup in the fundamental group of
the graph generated by the contractible cycles [Sp66].

Suppose that X = (xo, x,....,Xs = xp) isan s-cycleand for 0 <i< j<s
let Y = (yo = xi,y1,...y: = x;) be an arc joining x; and x;. Then
we say that X splits into X1 = (x0,...Xi, Y1, er V=1, Xj» Xj41, - Xs) and
X5 = (Xi, Xig1, oo X, Vo1 - Y1, Xi) (in this case X is the sum of X; and X,
modulo 2). It is easy to see that if both X; and X, are contractible then
X is also contractible. If in its turn X; splits into cycles X3 and Xy, then
we say that X splits into the cycles X5, X3 and X4. Thus inductively we
can define the splittings of X into any number of cycles. If X splits into a
set of triangles then X is said to be triangulable. A graph is triangulable
if every of it cycles is triangulable. If I is triangulable and every triangle
in I" is contractible with respect to ¢ then ¢ must be an isomorphism and
hence I' is triangulable if and only if its fundamental group is generated
by the triangles. The following sufficient condition for triangulability is a
straightforward generalization of Lemma 5 in [Ron81a).

Lemma 1.14.1 Let " be a graph of diameter d and suppose that for every
i,2 <i<d, the following two conditions hold:

(1) if y € T'i(x) then the subgraph in T" induced by T'(x) N T'i_1(y) is
connected;

(i1) if y,z € T'i(x) and z € T'(y) then d(T'(x) NTi-1(y), F(x)NTi-1(2)) <
1.

Then T is triangulable, which means that its fundamental group is generated
by the triangles. The condition (ii) is implied by the following:

(iii) if y € T'i(x) then every vertex from I'(x) \ I'i_1(y) is adjacent to a
vertex from I'i_j(y) N I'(x). m|

Let G < AutI” be an automorphism group of I'. Then G is said to be,
respectively, vertex-transitive, edge-transitive or s-arc-transitive if it acts
transitively on the vertex set, edge set or set of s-arcs. In these respective
cases I is also called vertex-transitive, edge-transitive and s-arc-transitive.
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If the action of a group is s-arc-transitive but not (s + 1)-arc-transitive,
we will say that it is strictly s-arc-transitive. Notice that if G acts 1-arc-
transitively on I' then I can be identified with a self-dual orbital of the
action of G on the vertex set of the graph. For x € I" let G(x) be the
stabilizer of x in G. The permutation group G(x)'™ is known as the
subconstituent of G on I'. For an integer i define

G(x)= [ 6

d(x,y)<i

which clearly is a normal subgroup of G(x). Then G(x)'™ is abstractly
isomorphic to the factor group G(x)/Gi(x). If {x,y} is an edge, we put
Gi(x,y) = Gi(x) N Gi(y).

Let I be a graph and G be a vertex-transitive automorphism group of
I'. Suppose that G preserves on I' an imprimitivity system 4. Define A to
be a graph whose vertices are the imprimitivity blocks from % and two
such blocks Bj, B are adjacent if there is {x, y} € E(I') such that x € B;
and y € B,. Then A is said to be constructed from I' by factorizing over
the imprimitivity system 8.

The standard double cover 2-T of I' is a graph on 2T := {(x,a) | x €
I',a € {0,1}} with vertices (x,«) and (y, 8) being adjacent if and only if
{x,y} € E(T') and « # . Then ¢ : (x,) > x is a covering of 2-I" onto
I. If C is a cycle of length m in ' then ¢~!(C) is a disjoint union of two
cycles of length m when m is even and it is a cycle of length 2m if m is
odd. This means that a cycle in I' is contractible with respect to ¢ if and
only if it has even length. In particular I and 2 - T have the same girth if
the girth of I" is even. Furthermore, if I" is bipartite and connected then
2-T consists of two connected components, each isomorphic to I'. If I" is
non-bipartite and connected then 2 - I' is bipartite and connected. If G is
a vertex-transitive automorphism group of I then the group G generated
by the automorphisms g : (x,a) — (x8,a) for every g € G together with
the automorphism ¢ : (x, ) — (x, 1 —a) is isomorphic to G X 2 and it acts
vertex-transitively on 2 - I'. The pairs {(x,0), (x, 1)} form an imprimitivity
system of G and T can be reconstructed from 2 -T by factorizing over
this system.

The action of a group G < AutI” on I is distance-transitive if for every
0 < i < d the group G acts transitively on the set

l—‘i = {(x,y) | X,y S r,d(x,y)=l}

A graph which possesses a distance-transitive action is called a distance-
transitive graph. If T" is distance-transitive then for every i, 0 < i < d,
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the parameters
¢ =) NI, a=Li(y)NT X)), b = |Tir1(y) N T(x)|

are independent of the choice of the pair x,y € I' satisfying d(x,y) = i.
Clearly in this case I is regular and ¢; +a; +b; = |I'(x)| = k is the valency
of I'. The sequence

iT') = {bo =k, by,...ba_15¢1 = 1,¢3, ..., Ca}

is called the intersection array of the distance-transitive graph I'. If we
put k; = |[T'y(x)| for 1 <i < d then
k-by-.. b
k= L Tt
C1:°C2'..." €
To represent the decomposition of a distance-transitive graph with respect
to a vertex we draw the following distance diagram:

a az a; a4

We draw similar diagrams for non-distance-transitive actions. Let G
be a group acting on a graph I' and x be a (basic) vertex. The suborbit
diagram (with respect to x) consists of ovals (or circles) joined by curves
(or lines). The ovals represent the orbits of G(x) on the vertex set of T
Inside the oval which represents an orbit X; (the Z;-oval) we show the
size of X; or place its name explained in the context. Next to the X;-oval
we show the number »; (if non-zero) of vertices in Z; and adjacent to a
given vertex y; € ;. On the curve joining the ;- and Zj-ovals we put
the numbers n;; and nj (called valencies.) Here n;j (appearing closer to
the Z;-oval) is the number of vertices in Z; adjacent to y;. Clearly

|Zi| - ny; = |Z5] - nyi

and we draw no curve if n;; = nj; = 0. Normally we present the valencies
n; and n;; as sums of lengths of orbits of G(x, y;) on the vertices in Z; and
Z; adjacent to y;. When the orbit lengths are unknown or irrelevant, we
put the valencies into square brackets. Generally the suborbit diagram
depends on the orbit of G on I' from which the basic vertex x is taken.
Even if a graph is not necessarily distance-transitive, we use the notation
¢i, a;, b; if the corresponding parameters are independent of the choice
of a pair of vertices at distance i.
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Mathieu groups

In this chapter we construct the Mathieu groups and study their basic
properties. We construct the largest Mathieu group Mat,4 as the automor-
phism group of the (binary extended) Golay code defined in Section 2.1.
In Section 2.2 we construct a Golay code as the quadratic residue code
over GF(23). In Section 2.3 we show that a minimal non-empty subset in
a Golay code has size 8 (called an octad). Moreover the set of all octads
in a Golay code forms the block set of a Steiner system of type S(5, 8, 24).
The residue of a 3-element subset of elements in a Steiner system of type
S(5,8,24) is a projective plane of order 4. In Section 2.4 we review some
basic properties of the linear groups and in Sections 2.5 and 2 6 we define
the generalized quadrangle of order (2,2) and its triple cover which is the
tilde geometry of rank 2. In Section 2.7 we prove uniqueness of the pro-
jective plane of order 4 and analyse some properties of the plane and its
automorphism group. This analysis enables us to establish the uniqueness
of the Steiner system of type S(5, 8,24) in Section 2.8. The Mathieu group
Mat,4 of degree 24 is defined in Section 2.9 as the automorphism group
of the unique Golay code. The uniqueness proof implies rather detailed
information about Maty4 and two other large Mathieu groups Mat;; and
Maty,. In Section 2.10 we study the stabilizers in Mat,4 of an octad, a
trio and a sextet. In Section 2.11, analysing dodecads in the Golay code
and their stabilizers in Mat,4, we introduce the little Mathieu groups.
In Sections 2.12, 2.13 and 2.14 we classify the subgroups in Matys of
order 2 and 3 and determine octads, trios and sextets stabilized by such
a subgroup. In Section 2.15 we study the action of the large Mathieu
groups on the Golay code and on its cocode. Finally in Section 2.16
we describe the generalized quadrangle of order (3,9) in terms of the
projective plane of order 4.

49
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2.1 The Golay code

Let X be a finite set of elements. A binary linear code € based on X is a
subspace of the power set 2% (considered as a GF(2)-vector-space).

In general a linear code over GF(q) is a triple (V,X,%) where V is a
GF(q)-vector—space, X is a basis of V' and € is a subspace in V. It is
obvious that in the case ¢ = 2 this definition is equivalent to the above
one. In what follows unless explicitly stated otherwise, when talking about
codes we always mean binary linear codes.

The size of X is called the length of a code € based on X. A code
is even (respectively doubly even) if the number of elements in every
non-empty subset in € is even (respectively divisible by 4). The minimal
weight of € is the number of elements in a smallest non-empty subset
in €. The dual code ¢* of ¢ is the orthogonal complement of ¥ with
respect to the parity form:

¢ ={A|Ae2%,|ANB|is even for all B € €}.

Since [ANB| = %(lAI +|B|—|AAB|), every doubly even code is contained
in its dual.

If € = €* then the code is called self-dual. The following characteriza-
tion of self-dual codes is immediate since the parity form is non-singular
and bilinear.

Lemma 2.1.1 A code € is self~dual if it is totally singular with respect to
the parity form and dim € = |X|/2. O

By the above lemma the length of a self-dual code is always even.

Definition 2.1.2 A code € is called a Golay code (extended binary Golay
code) if € is self-dual of length 24 with minimal weight greater than or
equal to 8.

By (2.1.1) a Golay code is 12-dimensional and we will denote it by €,.

We will show that up to isomorphism there exists a unique Golay
code whose automorphism group is the sporadic Mathieu group Matyy
and that the Golay code is doubly even. We start in the next section by
constructing a Golay code as the quadratic residue code over GF(23).
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2.2 Constructing a Golay code
In this section we give an elementary construction of a Golay code.
That is, we will construct such a code as the quadratic residue code over
GF(23). The construction is elementary since quadratic residue codes
over GF(q) can be constructed for all ¢ = —1 mod 8.

Consider the field GF(23) of size 23 whose elements will be denoted by
integers from O to 22 so that the field operations are the usual addition
and multiplication modulo 23. The set GF(23)" of non-zero elements in
GF(23) is the union of the set Q of squares and the set N of non-squares,
where

0=1{1,2,3,4,6,8,9,12,13,16,18},

N ={5,7,10,11,14,15,17,19,20,21,22}.

Let 2 be the projective line over GF(23) considered as the union of
GF(23) and the formal symbol co. The group L = L,(23) acts on # by
means of transformations

ax+b
X —
cex+d
where ad — bc € Q. We introduce three elements of L:

t:x—x+1; s:x—2x; 7:x— —1/x.

Let T and S be the subgroups of L generated by ¢ and s, respectively.
The following statement is immediate.

Lemma 2.2.1
(i) T is cyclic of order 23 acting regularly on GF(23) = 2\ {o0};
(ii) S is cyclic of order 11, it acts regularly on Q and N, normalizing
T,
(iii) S is the elementwise stabilizer in L of the pair {o0,0};
(iv) the stabilizer L(c0) of oo in L is the semidirect product of T and S
and it acts transitively on the set of unordered pairs of elements of

GF(23);
(v) 7 is an involution which normalizes S, maps c onto 0 and Q onto
N. ]

The following result is also rather standard, but we present a brief
proof for the sake of completeness.

Lemma 2.2.2
(i) L is generated by t, s and 1;
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(ii) L acts doubly transitively on # and has order 24 -23 - 11;

(iii)) L acts transitively on the set of 3-element subsets of P, and the
elementwise stabilizer in L of every such subset is trivial;

(iv) the setwise stabilizer in L of a 3-element subset of 2 is cyclic of
order 3 acting fixed-point freely on 2.

Proof. Since L(oo) acts transitively on 2 \ {co} and 7 does not fix oo
we have (i) and (ii). By the double transitivity every L-orbit on 3-element
subsets of 2 contains a triple {00,0,a} for some a € GF(23)". Under the
action of S the triples of this shape split into two orbits depending on
whether a € Q or a € N. Since 7 stabilizes {c0,0} and permutes Q and N,
these two orbits are fused and we obtain (iii). Finally (iv) follows from
(iii) and the order of L. m]

Forac GF(23)put Ny={n+a|necN}U{a}andlet /' ={N,|ac
GF(23)}.

Lemma 2.2.3

(i) L(o0) preserves A" as a whole and acts on A" as it acts on GF(23),
in particular L(o0) acts transitively on the set of unordered pairs of
subsets in N°;

(ii) every element b € GF(23) is contained in exactly 12 subsets from
N

(iii) any two subsets from N~ have intersection of size 6.

Proof. It is straightforward that N} = N,.; and N = N»,, which imply
(i). Since L(o0) acts transitively on GF(23) and preserves A", the number
of subsets in A" containing a given element b € GF(23) is independent of
the choice of b and (ii) follows. Now counting in two ways the number
of configurations (a, {4, B}) where a € GF(23), A,B € # and a € AN B,
we obtain (iii). O

Let € be the code based on £ generated by 4" and the whole set 2.

Lemma 2.24 % is stable under L.

Proof. By (2.2.3 (i)) ¥ is stable under L(co). Hence by (2.2.2) it
is sufficient to show that € is stable under 7. Clearly #* = 2 and

5 = ?ANp. Now one can check directly or consult [MS77], p. 492 for
a general argument that for a # 0 we have

N = N_1/,AN AD.
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Lemma 2.2.5

(i) ¥ is totally singular with respect to the parity form;
(ii) dim € =12;
(iii) a non-empty subset in € has size at least 8;
(iv) € is a Golay code.

Proof. By (2.2.3 (ii), (iii)) the intersection of any two subsets from
A U {2} has an even number of elements and (i) follows. The code %
is a faithful GF(2)-module for the cyclic group T of order 23 and #
generates in 4 a 1-dimensional submodule. On the other hand 11 is the
smallest number m such that 2™ — 1 is divisible by 23. Hence /(%) is at
least 11-dimensional. By (i) € is at most 12-dimensional and we obtain
(ii).

In view of (i) in order to prove (iii) we have to show that ¥ does not
contain subsets of size 2, 4 and 6. Let D be a subset in € of size d.

(a) Let d = 2. Then by (2.2.2 (ii)) ¥ contains all 2-element subsets of &
and hence all even subsets. This is impossible since the dimension of
% is only 12.

(b) Let d = 4 and E be a 3-element subset of D. Let g be an element of
order 3 in L which stabilizes E as a whole (compare (2.2.2 (iv))). Since
g acts fixed-point freely on 2 it cannot stabilize D as a whole. Hence
|DAD#| = 2 which is impossible by (a).

(c) Letd = 6. Let E and F be any two 3-element subsets in D and g be an
element from L which maps E onto F (2.2.2 (iii)). Then DN D# contains
F and must be of even size. Hence it is of size 4 or 6 and in the latter
case D¢ = D. If the intersection is of size 4 then |DAD?| = 4 which
is impossible by (b). Thus D must be stable under all such elements
g. This means that the setwise stabilizer of D in L acts transitively on
the set of 3-element subsets of D. Since the number of such subsets is
divisible by 5, by (2.2.2 (ii)) this contradicts the Lagrange theorem.

Now (iv) follows from (i), (ii), (iii) and (2.1.1). a

2.3 The Steiner system S(5, 8,24)

In this section £ is an arbitrary set of size 24 and %1, is a Golay
code based on #. Eventually we will show that %1, is unique up to
isomorphism, in particular it is isomorphic to the code constructed in the
previous section.

Let @ be the set of cosets of € in 22, so that &, is a 12-dimensional
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GF(2)-space. For 0 < i < 24 let &; be the set of i-element subsets in 2,
|| = (2;‘ ), and let %12(i) be the set of cosets in %1, having non-empty
intersection with 2;. If D and E are distinct subsets from 2% contained
in the same coset from %12 then DAE is a non-empty subset from %2
and hence its size is at least 8. This immediately gives the following.

Lemma 2.3.1 Let D and E be distinct subsets of # contained in the same
coset from €12, such that D € #;, E € P; with0<i,j<4. Theni=j=4
and DNE = 0. 0

Since there can be at most six pairwise disjoint 4-element subsets of &
we obtain the next result.

Lemma 232 If 0 < i < j < 4 then %15()) 0 12(j) = 9; [@120i)| = (2;‘)
and |%124) = (%) /6. 0

Now one can easily verify the following remarkable equality:

o () () () ()

Since the right hand side in the above equality is the total number of
cosets in %, and the summands in the left hand size are the lower bounds
for |€12(i)|, i = 0,1,2,3 and 4, given by (2.3.2), we have the following.

Lemma 2.3.3 €, is the disjoint union of the €1,(i) for i =0,1,2,3 and 4;
|%12(4)| = (2: ) /6, which means that for every S € P, there is a partition

of 2 into six subsets Sy = §,52,..,8¢ from P4 such that S;US; € € for
l<i<j<é. m]

By the above lemma the minimal weight of a Golay code is exactly 8.
A subset of size 8 in a Golay code will be called an octad. A partition of
2 into six 4-element subsets such that the union of any two is an octad
will be called a sextet. The elements from 2, will be called tetrads. In
these terms by (2.3.3) every tetrad is a member of a unique sextet.

Lemma 2.3.4 Every element F € Ps is contained in a unique octad.

Proof. Let S be a tetrad contained in F and {S; =S, S, .., S¢} be the
unique sextet containing S. Let {x} = F\ S and let j, 2 < j < 6, be such
that x € §;. Then O = S; U S; is the octad containing F. If there were



2.3 The Steiner system S(5,8,24) 55

another octad O’ containing F then O AO’ would be a non-empty subset
in %y, of size at most 6, which is impossible. ]

Definition 2.3.5 Let t,k,v be integers with 1 <t <k <wv. A Steiner system
of type S(t,k,v) is a pair (¥,B) where & is a set of v elements and B is a
collection of k-element subsets of & called blocks such that every t-element
subset of & is contained in a unique block.

Lemma 2.3.6

(i) The minimal weight of a Golay code €, is 8 and the subsets of
size 8 (called octads) are the blocks of a Steiner system of type
S(5,8,24);

(ii) €12 is generated by its octads as a GF(2)-vector—space.

Proof. Immediately from (2.3.4) and (2.3.5) we have (i). Let 2 be
the subspace in €, generated by the octads. To prove (ii) it is sufficient
to show that |22/9| < 2!2. Let E = 2. We claim that the coset of 2
containing E contains a subset of size at most 4. In fact, suppose that
|E| = 5 and D is a 5-element subset in E. Then the symmetric difference
of E and the (unique) octad containing D is smaller than E and the
claim follows by induction. Also it is clear that the tetrads from a sextet
are equal modulo 2 and the result follows from the equality given after
(2.3.2). a

By the above lemma, to prove the uniqueness of the Golay code it
is sufficient to establish the uniqueness of the Steiner system of type
S(5,8,24).

It is easy to see that the number of blocks in a Steiner system of type
S(t,k,v) is (*)/(*). The next two lemmas are standard and easy to prove.

Lemma 2.3.7 Let (Z,%) be a Steiner system of type S(t,k,v) with t > 2
and Y be an m-element subset of & where m <t. Let

BY)={B\Y |Be€ %Y < Bj}.
Then (F\Y,AB(Y)) is a Steiner system of type S(t —m,k —m,v —m) called
the residual system of (X, %) with respect to Y. m|

Lemma 2.3.8 Let (%, %) be a Steiner system of type S(2,n+ 1,n* +n+1)
and let 9 be the incidence system whose points are the elements of ¥, whose
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lines are the elements of # and where incidence relation is via inclusion.
Then % is a projective plane of order n. m]

Thus the residue of a 3-element subset in a Steiner system of type
5(5,8,24) is a projective plane of order 4. In the next section we prove
uniqueness of this plane and study its basic properties to be prepared for
the uniqueness proof for the Steiner system of type S(5, 8, 24).

2.4 Linear groups

In this section we summarize some standard properties of linear and
projective linear groups. We refer the reader to [AB95], [Tay92] and
Section 9.3 in [BCN89] for proofs and further details.

Let V = V,(q) be an n-dimensional GF(q)-vector—-space where n > 2
and g = p™ where p is a prime. Let G be a linear group on V and put
G° = G N GL(V). First of all we have the following.

Lemma 2.4.1 The group SLyu(q) is perfect and the group Ly(q) is non-
abelian and simple, unless (n,q) = (2,2) or (2,3); GL»(2) = Sym; and
GL,(3) = 212 : Syms. m]

Let # = P(V) be the projective geometry of rank n — 1 associated
with V, i.e. the set of all proper subspaces of V' with type function being
the dimension and incidence relation defined via inclusion. Let 2 be the
set of i-dimensional subspaces in 2. Then |?| = [:.']q where the latter is
the g-ary Gaussian binomial coefficient:

[n] _ (qn _ 1) . (qn—-l _ 1) _ (qn—i+1 _ 1)
ilg (@-1)(g'-1..-(g—1)

An isomorphism between two projective geometries is also called a
collineation; a correlation is a product of a collineation and a diagram
automorphism. Let W be a hyperplane in ¥ and w be a non-zero vector
in W. A transvection t = t(w, W) with centre w and axis W is a linear
transformation defined as follows:

ot — v ifveWw,
v+w otherwise.
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Lemma 24.2 Let {V; | 1 <i < n— 1} be a maximal flag in P, where
V; € &, G; be the stabilizer of V; in G and B = (\._; G; be the Borel
subgroup. Then

(i) the G; are pairwise different maximal subgroups in G,
(ii) V; is the only proper subspace of V stabilized by G;,
(iii) G; induces linear groups on both V; and V /V;,
(iv) the G-orbit containing a given pair (U, W) of subspaces in V is
uniquely determined by the dimensions of U, W and UNW,
(V) ifGNGj<H<Gthen H=Gy fork=iorj
(vi) B = Ng(S) where S is a Sylow p-subgroup in G and the index of S
in B divides (g —1)" - m,
(vil) G induces non-equivalent doubly transitive actions on 2! and on
gl ]

The next lemma contains important information on the structure of the
parabolics G;. Notice that since & possesses a diagram automorphism,
we have G; = G,_;.

Lemma 243 For 1 <i < (n—1)/2 let U,_; be an (n — i)-dimensional
subspace of V with trivial intersection with V; and L; be the stabilizer of
U,_i in G;. Then

(1) G; = Qi (L where Qi = Op(Gi),

(i1} if i = 2 then L; contains a characteristic subgroup K; = SL(V;) x
SL(U,—;) and Q; is a GF(q)K;-module isomorphic to the dual of
Vi® U,_;,

(iii) L contains a characteristic subgroup K| = SL(U,—1) and Q1 is a
GF(q)K -module isomorphic to the dual of U,_4,

(iv) if R; is the kernel of the action of G; on resg(V;) then Q; < R;
R; < G® and R;/Q; is a cyclic group whose order divides ¢ —1. O

The next two lemmas provide further details on the structure of G;. We
follow notation introduced in (2.4.3); in addition for an element U € %2
incident to V; let L(U) denote the set of elements from 2! other then V;
incident to U, so that L(U) is a g-element subset of 2!,

Lemma 2.4.4 The subgroup GiNG° induces PGL,_1(q) on resg(V1). If Uy,
U, are different elements from P? incident to Vy then Q, induces a regular
action of order q on both L(U;) and L(U,) and an action of order q* on
L(Uy) VU L(Uy). O
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Lemma 2.4.5 Let N # 1 be a normal subgroup in G,. Then N contains Q;.
If N is not contained in R, then either N :== NR, /R, contains L,_,(q), or
(n,g) =(3,2) and N =3, or (n,q) = (3,3) and N = 22, m]

In order to simplify the notation put ¥, to be the zero subspace in V
and V, to be the whole space V. Let {ey,es,...,e,} be a basis of ¥ such
that V; = (e, e,...,e;) for 0 <i < n. Let /\i V be the i-th exterior power
of V turned into a GF(q)G-module, 0 < i < n. Recall that /\i V is of
dimension (%) and has a basis

{ekl ANep Ao Ney | 1<k <ky. <k < n}.

This shows that the elements of 2 correspond to certain 1-dimensional
subspaces of /\i V so that V; corresponds to {e; Aex A ... A e;). We will
use the following characterization of exterior powers which generalizes
Lemma 1 in [CPr82] and Lemma 2.10 in [IMe93].

Proposition 2.4.6 Let G be a linear group of an n-dimensional GF(q)-space
V where q = p™. Let W be a GF(q)G-module. Suppose that for some
i, 1 < i< n—1, there is an injective mapping @ of %' into the set of
1-dimensional subspaces of W such that

(i) W is generated by the image of o,

(ii) @ commutes with the action of G,

(iii) if Ey, .., Eq41 are the subspaces from P contained in Viy, and con-
taining Vi_y, then {(@(E;) | 1 <i < gq+1) is a 2-dimensional subspace
in W which is the natural module for the chief factor SL(Viy1/Vi-1)
of Gi—1 N Giyy.

Then W is isomorphic to \'V.

From the above proposition it is straightforward to deduce the structure
of the permutational GF(2)-module of L,(2) acting on the set of 1-
dimensional subspaces (on the set of non-zero vectors) of the natural
module.

Lemma 24.7 Let V be the natural module of G = SL,(2) = L,(2) and
P be the projective geometry of V. Let P be the point set of P (the set
of 1-dimensional subspaces) and V, =V > V,_y > .. > V| be a maximal
flag in P where V; is identified with the set of points it is incident to. Let
W be the power set of P. Then W, as a GF(2)G-module, possesses the
decomposition

w=w'owe,
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where W' = {0, P} and W€ consists of the even subsets of P. Moreover,
W¢ is uniserial,

We=W;>W;>..> Wy >W,={0},

where W; is spanned by the images under G of P\V; and W;/ W = /\i v,
I1<ig<n—1 a

2.5 The quad of order (2,2)

In this section we present a description of the classical generalized quad-
rangle (or simply quad) %(Sp4(2)) = %,(2) of order (2,2) and study its
basic properties.

Let Q be a set of size 6. Let & = (P,L) be a point-line incidence
system whose point set P is the set of all 2-element subsets of Q and
three such points form a line if they are pairwise disjoint. Thus the line set
L is the set of partitions of Q into three pairs. It is an easy combinatorial
exercise to check that & is a generalized quadrangle of order (2,2).

The symmetric group H of Q isomorphic to Symg acts naturally on
&. Moreover the points can be identified with the transpositions in
H and the lines can be identified with the fixed-point free involutions
(which are products of three pairwise commuting transpositions). In these
terms a point and a line are incident if and only if they commute and
the action of H on & is by conjugation. It is well known [Tay92] that
H = Symg possesses an outer automorphism 7 which maps transpositions
onto fixed-point free involutions. Since 7 is an automorphism of H it
maps commuting pairs of involutions onto commuting ones. This means
that t preserves the incidence in & and hence it performs a diagram
automorphism. It is well known and straightforward to check that (H,t)
acts distance-transitively on the incidence graph I' of % and that I" has
the following distance diagram:

By the construction I' is bipartite with parts P and L. Let E! and E? be
graphs on P and L, respectively, in which two vertices are adjacent if they
are at distance 2 in I'. In other terms Z! is the collinearity graph of &.
Since & possesses a diagram automorphism, ! and E? are isomorphic.
The group H acts distance-transitively on Z' for i = 1 and 2 and the
distance diagram of Z' is the following:
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@6 1@4 3@

The vertices of E! are the 2-element subsets of Q and two vertices
are adjacent if they are disjoint. For & € Q there are five vertices in =!
which contain o and these vertices form a coclique (a maximal induced
subgraph with no edges). Such a coclique will be called standard. Define
a coclique in 22 to be standard if it is an image of a standard coclique
in Z! under a diagram automorphism.

Lemma 2.5.1 For i = 1 and 2 we have the following:

(i) every S-vertex coclique in &' is standard;
(i) H = Symg is the full automorphism group of E';
(iii) the stabilizer in H of a standard 5-vertex coclique is isomorphic to
Syms and acts transitively on the vertex set of >~ and on the set
of standard 5-vertex cocliques in =31,

Proof. Since E! = Z? we can assume that i = 1. Then (i) is an
elementary combinatorial exercise. Let A be the automorphism group of
E1. There are six standard cocliques and by (i) they are permuted by A.
Let X be a standard coclique and B be the stabilizer of X in 4. Then a
vertex from Z! \ X is adjacent to exactly three vertices in £ and different
vertices are adjacent to different triples. This shows that the action of B
on X is faithful, hence

|4l < |B}- 6 < |Syms]| - 6 = |Symg|
and (ii) follows. Finally it is an easy exercise to check (iii). m|

Notice that if £ is a standard 5-coclique in E' for i = 1 or 2 stabi-
lized by B = Syms then the subgraph in E' induced on &'\ X is the
Petersen graph and B acts on it as the full automorphism group. Such
subgraphs will be called standard Petersen subgraphs. The following result

is straightforward.

Lemma 2.5.2 For i = 1 and 2 every 2-path (x, y,z) in E' with d(x,z) =2 is
contained in exactly two non-degenerate 5-cycles and in a unique standard
Petersen subgraph. a

Let Vi(2) = 22 considered as a 6-dimensional GF(2)-space. Then it
is easy to see that Vg(2) contains exactly two proper H-submodules:
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V1(2) = {0,Q} and V5(2) = {X | X = Q,|X| = 0 mod 2} (of dimension 1
and 5, respectively) with V1(2) < Vs(2).

Let ¢ be a mapping of P U L into the set of subspaces of Vs5(2) defined
as follows: if p € P (here p is a 2-element subset of Q) then ¢(p) = Q\p
and if | = {p,q,r} € L then ¢(I) = (p(p), p(q), ¢(r)). It is easy to check
that @(p) + @(q)+ @(r) = 0 and hence ¢ is a natural representation of &.

Consider V4(2) = V5(2)/V1(2) and let y be the natural homomorphism
of V5(2) onto V4(2). The parity form induces on V4(2) a non-singular
symplectic form ¥. The composition of ¢ and y is a natural representation
of & in V4(2). Moreover the images of points are all 1-dimensional
subspaces in V4(2) and a 2-dimensional subspace in V4(2) is an image
of a line if and only if it is totally singular with respect to ¥. Hence
& is the classical generalized quadrangle 4(Sp4(2)) = %,(2) and H is
the set of all linear transformations of V4(2) which preserve ‘P, reflecting
the remarkable isomorphism Sp4(2) = Symg. Notice that Vs(2) is the
orthogonal module for Sp4(2) = 0s5(2) and by (1.11.2) ¢ is the universal
natural representation of 4(Sp4(2)). Applying (1.6.5) or analysing the
maximal subgroups in Symg one can see that Symg = Spy(2) and Alt¢ are
the only flag-transitive automorphism groups of 4(Sp4(2)). The following
lemma is easy to deduce from elementary properties of symmetric groups.

Lemma 2.5.3 Let E = E! be the collinearity graph of 4 = %(Sp4(2)) and
G be a flag-transitive automorphism group of 4. Let x € E be a vertex,
G(x) be the stabilizer of x in G, K(x) = 02(G(x)) and Z(x) = Z(G(x)).
Then G = Altg or G = Symg = Sp4(2), and the following assertions hold:

(i) G(x) = Symy x 2= 2% : Syms if G = Symg and G(x) = Symy =
22 :Syms if G = Altg;
(ii) G(x) induces on resg(x) the natural action of Syms with kernel
K(x);
(iii) G(x) induces on E(x) the group Symy in its action of degree 6 with
kernel Z(x);
(iv) the pointwise stabilizer in G(x) of any two lines from resg(x) is
contained in Z(x);
(v) K(x) is elementary abelian of order 2® or 2* and K(x) N G(y) = 1
for y € Ba(x);
i) Z(x) =1 if G = Altg and Z(x) is of order 2 acting fixed-point
Jreely on Ba(x) if G = Symg;
(vii) every subgroup of index 15 in G is the stabilizer of either a vertex
or a triangle in E. O
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There are 16 quadratic forms f on V4(2) associated with ¥ in the sense
that

¥(u,0) = f(v +u) + fv) + f ()

[Tay92]; 10 of these forms are of plus and 6 are of minus type. If f is of
minus type then the set of 1-subspaces totally singular with respect to f
is a standard coclique in Z!. This reflects another important isomorphism
Syms = 07 (2).

Let B be a Sylow 2-subgroup in G = Symsg, so that B = Dg x 2.
There are exactly two proper subgroups in G (say P; and P;) properly
containing B. Here P; = P, 2 Symy x 2 and P; = Ng(R;) for i = 1,2
where Ry and R; are two elementary abelian subgroups of order 8 in B.
Then in accordance with the standard principle we have the following.

Lemma 254 9(G, {Py, P2}) = 9(Sps(2)). u)

2.6 The rank 2 T-geometry

The incidence graph I' of the generalized quadrangle %(Sp4(2)) possesses
a distance-transitive antipodal triple cover I. The graph T is known as
the Foster graph ([BCN89], Theorem 13.2.1) and it has the following
distance diagram:

@3 IOZ IOZ I@ 64\22::12.12.13.

Define (3 - Sps(2)) to be a geometry whose points are the vertices in
one of the parts of f, whose lines are the vertices in another part and the
incidence relation corresponds to the adjacency in T'. Then %(3- Sps(2))
is the rank 2 tilde geometry (or simply T>-geometry) with the diagram

~
[oe—0o——-. 9]
2 2

The collinearity graph E of %(3 - Spa(2)) is an antipodal triple cover of
the collinearity graph E of %(Sp4(2)) and it has the following distance
diagram:

3 1

The following information comes from Theorem 13.2.1 in [BCN89].
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Lemma 2.6.1 Let G be the full automorphism group of 9(3 - Spa(2)). Then

(i) G acts distance-transitively on g,
(i) 0%(G) is a perfect central extension of Alts by a subgroup Y of
order 3,
(iii) every element from 6\02(6) inverts Y and 6'/ Y = Symg = Spa(2),
(iv) H < G acts flag-transitively on 9(3-Spa(2)) if and only if H contains

0%(G),
(V) 9(3 - Spa(2)) possesses a diagram automorphism T and (G,7)/Y =
Aut Symg. O

An explicit incidence matrix of T can be found in [[to82]. We will give
constructions of %(3 - Sp4(2)) in terms of the projective plane of order
4 (2.7.13), in terms of the Steiner system S(5,8,24) (2.10.2 (v)) and in
terms of subamalgams in a group 3% : Symg (6.2.2). The last construction
will also provide us with a characterization of %(3 - Sp4(2)) and of its
automorphism group. The following lemma specifies 4(3 - Sps(2)) as a
coset geometry.

Lemma 2.6.2 Let G be as in (2.6.1) and let B be a Sylow 2- subgroup of
G. Then B x~ Dg X 2; there are exactly two subgroups P, and P, such
that B < P, <G and Pl N'Y = 1. Moreover, P1 = Pz = Symy X 2 and
9(3 - Spa(2)) = 9(G, (P, P2}). o

It follows directly from the distance diagrams of Z and  that every
non-degenerate 5-cycle is contractible with respect to the natural antipo-
dal covering ¢ : E — E. Since the fundamental group of the Petersen
graph is clearly generated by its 5-cycles, we have the following.

Lemma 2.6.3 If Il is a (standard) Petersen subgraph in E, then ¢~1(II)
is a disjoint union of three isomorphic copies of I1 (called the standard
Petersen subgraphs of ). m|

The next lemma is also a direct consequence of the distance diagram
of B.
Lemma 2.6.4 Every 2-path (X,9,%Z) in g with d(X,y) = 2 is contained
in exactly two non-degenerate 5-cycles and in a unique standard Petersen
subgraph. m|

Proposition 2.6.5 The fundamental group of E is generated by the cycles
of length 3 and by the non-degenerate cycles of length 5.
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Proof. The distance diagram of = shows that if n is the length of a non-
degenerate cycle then n € {3,5,6,7,8}. Hence, proceeding by induction,
it is sufficient to show that every non- degenerate n-cycle for 6<n<8§
is decomposable into shorter cycles. Let x € E, y € _3(x), _(y) {z |
1 <i < 6}. We assume that the {zi,2i41} are edges for 1 =1,3,5 and that
z6 € 24(x), which forces zs € E5(x). Put {u;} = Ex)nE@z) forl <i<4
and let C;; denote the 6-cycle (y, z;, ui, X, uj,z;,y) for 1 <i < j < 4. Since
the {z;,z;+1} are edges, it is easy to see that for i = 1 and 3 the cycle
C;i+1 is degenerate. Let ® be the unique (standard) Petersen subgraph
containing the 2-path (y,z1,u;). Since ® has diameter 2, valency 3 and
does not contain triangles, it contains zs5 as well as one of z3 and zj.
Without loss of generality we assume that z; € ©. In this case d(u,z;) = 2
for i = 3 and 5, which implies that C;; and all 7-cycles are degenerate.
The cycle Cy4 is the sum of the cycles Cj3 and Ci4, both degenerate.
In view of the obvious symmetry we conclude that every 6-cycle splits
into triangles and pentagons. By similar arguments it is easy to prove
decomposability of the 8-cycles and we suggest this as an exercise. |

As a direct consequence of (2.6.3), (2.6.4) and (2.6.5) we obtain the
following.

Corollary 2.6.6 The subgroup of the fundamental group of E corresponding
to the covering ¢ : E — Z is generated by the cycles of length 3 and by
the non-degenerate cycles of length 5. m]

2.7 The projective plane of order 4

Let IT = (P, L) be a projective plane of order 4 where P is the set of
points and L is the set of lines. We follow [Beu86] to show that II is
unique up to isomorphism. Since there exists the Desarguesian plane
formed by 1- and 2-dimensional subspaces in a 3-dimensional GF(4)-
space we only have to show that up to isomorphism there exists at most
one projective plane of order 4. Recall that the automorphism group of
the Desarguesian plane of order 4 is isomorphic to PT"L3(4).

First of all we have that |P| = |L| = 4* + 4+ 1 = 21. As usual we
identify a line of IT with the set of five points it is incident to. A subset
of points is called independent if every line intersects it in at most two
points. Dually a family of lines will be called independent if every point
is on at most two lines from the family. We are going to describe the
maximal independent sets of points.
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An easy counting argument gives the following.

Lemma 2.7.1 There are exactly (21 - 20 - 16 - 9)/4! = 2520 independent
4-sets of points in II. ]

Let Q = {41, 42, 93,44} be an independent 4-set of points. Every pair of
points in Q determine a unique line containing these points and since Q
is independent, different pairs determine different lines. Thus the set M
of lines intersecting Q in two points has size 6. Two lines from M have
a common point outside @ if and only if these lines are determined by
disjoint pairs of points in Q. Hence there are three points, say py, p2, p3,
outside @ which are intersections of lines from M and these points

correspond to partitions of Q into disjoint pairs (see the figure below).
a b

D2

It is easy to calculate that the union of lines in M contains exactly 19
points and hence there are exactly 2 points, say a and b, which are missed
by every line from M. The following lemma is an easy combinatorial
exercise (see also [Beu86])).

Lemma 2.7.2 The set | = {py,p2,p3,a,b} is a line of TI. O

Lemma 2.7.3 The following assertions hold:

(i) Q@ = QU {a,b} is a maximal independent set of points, called, a
hyperoval,

(ii) every independent 4-set of points in II is in a unique hyperoval and
there are exactly 168 hyperovals in II,

(ii)) if A = QU {p1,p2,p3} and B =M U {l}, where | = {py,p2,p3,a,b},
then (A, B) is a Fano subplane in II with respect to the incidence
relation induced from 1II,
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(iv) every independent 4-set of points in Il is in a unique subplane and
there are exactly 360 Fano subplanes in 11,

(V) a subset of points in Il is the point set of a Fano subplane if and only
if it is the symmetric difference of a hyperoval and a line intersecting
the hyperoval in 2 points.

Proof. An independent set containing Q must not contain points
outside Q on lines from M. Thus such a set is contained in Q = QU{a, b}.
By (2.7.2) the line ! containing a and b misses Q and this immediately
implies that Q is independent and (i) follows. By the construction Q
(which is an arbitrary 4-set) is in a unique hyperoval. By (2.7.1) there
are 2520 independent 4-sets in II and every hyperoval contains 15 of
them. Hence the total number of hyperovals is 2520/15 = 168 and
we obtain (ii). It is straightforward to check the axioms of the Fano
plane to see (iii). An arbitrary Fano subplane in IT must contain an
independent 4-set, say Q, the lines M intersecting Q in 2 points, the
intersections of the lines from M outside Q and the line through these
intersection points. By (2.7.2) such a subplane can be uniquely constructed
starting with an independent 4-set. Since every Fano subplane contains 7
independent 4-sets, (iv) follows. Finally (v) follows directly from the above
constructions. ]

We proceed with the uniqueness proof for IT. Let Q be a hyperoval
and let ¥ be the generalized quadrangle constructed starting with Q as
in Section 2.5. Let Z! and =? be the point graph and the line graph of
@, respectively, so that the vertices of 2! are the 2-element subsets of Q
and the vertices of Z2 are partitions of Q into three disjoint pairs. For
i = 1,2 let © be the set of (standard) 5-cocliques in E'. Then |@| = 6
and the cliques in @' are identified with the elements of . Notice that
every vertex of E' is in exactly two cocliques from ©'.

Let L; be the set of lines intersecting Q in i points. For a point p € Q
each of the five points in Q \ {p} determines a line from L, incident to
p and these lines are pairwise different since Q is independent. Hence all
five lines containing p are in Ly, and we have L = Ly U L. Put Pp = Q
and P, = P\ Q. Then

|Po| = |Lo|l =6, |P2| =|Ly| = 15.

Lemma 2.7.4 There exists a unique bijective mapping ¢ of P U L onto
Elu @! U E? U @7 satisfying the following:

(i) @ restricted to Py = Q is the identity mapping onto ®! = Q;
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(ii) o(Ly) =EL, o(Py) = &2, o(Lo) = ©%;

(iii) two distinct elements x,y € P U L are incident in 11 if and only if
either o(x) € B and @(y) € B>~ are incident in %, or p(x) € B is
contained in (y) € @, i=1,2.

Proof. We are going to construct ¢ satisfying the required conditions.
By (i) ¢ is defined on Po. If I € L, we put ¢(l) =1 NQ € EL. Then
l is incident to p € Q if and only if ¢(!) is contained in the coclique
corresponding to p. Let g € P,. Since L, is empty, every line incident
to g either is disjoint from Q or intersects Q in exactly two points and
since two lines in IT intersect in a single point the latter intersections are
pairwise disjoint. Hence there are three lines, say Iy, b, I3, containing g
and intersecting Q in two points. Thus {QN}; | 1 < i < 3} is a partition of
Q and we define this partition to be the image of ¢ under ¢. In this case
l € L, and q € P; are incident if and only if ¢(l) and ¢(q) are incident
in 4. Let m € Ly and let {ry,..,rs} be the points (from P,) incident
to m. We claim that ¢(r;) and ¢(r;) are non-adjacent in E? whenever
i # j. In fact if they are adjacent then there is a pair « € E! adjacent
to them both. In this case ¢~!(«) is a line from L, incident to r; and
rj. This is a contradiction since m is the unique line incident to r; and
r;. Hence {@(r1), .., ¢(rs)} is a (standard) coclique in Z2 which we define
to be the image of m under ¢. Now it is easy to see that ¢ is bijective,
the conditions (i)—(iii) are satisfied and the uniqueness follows from the
construction. ]

Lemma 2.7.5 The following assertions hold:

(i) let ITI and II' be projective planes of order 4, let Q and € be hy-
perovals in II and IT', respectively, and let ¢ be a bijection of Q
onto ' ; then there is a unique isomorphism of II onto II' whose
restriction to Q coincides with

(ii) all projective planes of order 4 are isomorphic;

(iii) G = AutlIl acts transitively on the set of hyperovals in X1 and the
stabilizer H of a hyperoval is isomorphic to Symg;

(iv) H acting on P has two orbits with lengths 6 and 15;

(V) there is a correlation t of II such that (H,t) = Aut Syms.

Proof. (i) follows directly from (2.7.4) while (ii) and (iii) are straight-
forward from (i). It is easy to see that in the terms introduced before
(2.7.4) the set Ly is a hyperoval in the dual of I1. Let 7 be a correlation
of IT which sends Py onto Ly (such a correlation exists by (i)). Since H is
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also the stabilizer of Lo in G, T normalizes H. It is easy to observe that
7 induces a diagram automorphism of the generalized quadrangle % of
order (2,2) and (v) follows. m]

Thus up to isomorphism the projective plane IT of order 4 is unique
and it is Desarguesian. By (2.7.5 (iii)) and (2.7.3 (ii)) we have

|AutIl| = 168 - 6! =27-3%.5.7
which is of course the order of PI'L3(4).

The following result is easy to deduce from the order of AutIl, (2.7.3
(iv)) and (2.7.5 (iii)).

Lemma 2.7.6 The group G = Autll acts transitively on the set of Fano
subplanes in I1. The stabilizer F of such a subplane is isomorphic to L3(2) x
2 and F acting on P has two orbits with lengths 7 and 14. |

Let us discuss a relationship between I1 and the affine plane @ of
order 3. Recall that an affine plane of order n is the rank 2 geometry of
elements and blocks of a Steiner system of type S(2,n,n2). An affine plane
of order g is formed by vectors and cosets of 1-dimensional subspaces in
a 2-dimensional GF(q)-space.

Let T be a triple of independent points in I1. Let I}, [, and I3 be the
lines intersecting T in two points and let A = (l; Ulb Ul3)\ T. Then A4 is
of size 9 and every line intersecting A in at least two points intersects it
in three points. It is easy to check that the set B of lines intersecting 4
in three points has size 12 and that ® = (A4, B) is an affine plane of order
3. This construction goes back to [Edge65] and it is called the deleting
procedure.

Lemma 2.7.7 Every affine subplane of order 3 in I1 can be constructed by
the deleting procedure.

Proof. Let A « P, B =« L be such that ® = (4, B) is an affine plane
of order 3 with respect to the incidence relation induced from II. Let
i, b, I; be parallel lines in ®. If these lines are independent then ®
can be obtained by the deleting procedure starting with the triple of
their pairwise intersection points. Suppose this is not the case and that
pehinhnls Let {gi} =L\ (4U{p}) and {p1,p2,p3} = L, N A. Then for
i=1, 2 and 3 the line containing ¢, and p; must intersect /5 in g3, which
is impossible. o

As an implication of the proof of (2.7.7) we see that every affine
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subplane @ of order 3 in IT can be constructed by the deleting procedure
starting with exactly four different triples Tj,..., T4 corresponding to the
classes of parallel lines in ®. It is clear that T; U T; for i # j is an
independent set of size 6, that is, a hyperoval. Moreover, by (2.7.1), (2.7.3
(i1)) and (2.7.5 (iii)) T; U T», Ty U T3 and T U T4 are all the hyperovals
containing T;. So we have the following.

Lemma 2.7.8

(i) There are exactly 280 affine subplanes of order 3 in Il and the
automorphism group of Il permutes them transitively;

(ii) the symmetric difference of 2 hyperovals in Il intersecting in 3 points
is a hyperoval. O

Let us turn to the automorphism group G = PI'L3(4) of II. Let
G' = PGL3(4) and G = L;(4) be normal subgroups in G. The cosets
of G? in G! are indexed by the non-zero elements of GF(4) and the
unique proper coset of G! in G contains the field automorphism. Hence
G/G? = Sym;. The preimage in G of a subgroup of order 2 in G/G? is
PXLs(4).

Lemma 2.7.9 Let # be the set of hyperovals and & be the set of Fano
subplanes in I1. Then

(i) G? acting on H# has three orbits, each of length 56 with stabilizers
isomorphic to Altg,

(i) G? acting on F has three orbits, each of length 120 with stabilizers
isomorphic to L3(2),

(iii) G/G? = Syms permutes the orbits of G* in # and the orbits of G?
on & in the natural way,

(iv) there is a unique bijection between the orbits of G* on # and the
orbits of G* on & which is stabilized by G.

Proof. By (2.7.5 (iii)) and (2.7.6) G acts transitively on s and on ¥
with stabilizers isomorphic to Syms and L3(2) x 2, respectively. By the
fundamental theorem of projective geometry G is transitive on triples
of independent points and we know that each such triple is in exactly
three hyperovals. Hence G has on # one or three orbits. In the former
case the stabilizer in G?> of a hyperoval is a normal subgroup of index
6 in Symg. Since there are no such subgroups we obtain (i). By (i) and
(2.7.3 (v)) there are one or three orbits of G? on #. Since there are no
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index 6 subgroups in L3(2) x 2, (ii) follows. Finally (iii) follows from the
paragraph before the lemma and implies (iv). O

Applying (2.4.1), (2.4.2), (2.4.3) to the case (n,q) = (3,4) we obtain the
following.

Lemma 2.7.10 Let | be a line of Il identified with the set of points it is
incident to and let p € l. Then the following assertions hold:

(i) G*(1) is elementary abelian of order 24, it acts transitively on P \1;
01(G%(p)) has order 2*; two points from P \ p are in the same orbit
of 02(G*(p)) if and only if they belong to the same line passing
through p; 0,(G?*(p)) N G*(l) is of order 2% and its set of orbits on
P\ | coincides with that of 02(G*(p));

(ii) G?[1] induces on | the natural action of Alts = Ly(4) and it acts
transitively by conjugation on the set of non-identity elements of
GA(l);

(iii) G!(l) is an extension of G*(l) by a group of order 3 acting fixed-
point freely on G*(l);

(iv) the elements from G[I] \ G'[l] induce odd permutations on | and
invert GY(1)/G*(l) = 3, so that G[l] = 2*(3 x Alt5).2 and G[I]
induces on | the natural action of Syms == PI'L,(4);

(v) G? = L3(4) is non-abelian and simple and all involutions in G* are
conjugate. 0

Let us discuss the structure of the stabilizer in G of an affine subplane
® of order 3 in II. It follows directly from the deleting procedure that
the elementwise stabilizer of @ is trivial. It is a standard fact that the
automorphism group F of ® is isomorphic to 3% : GL,(3) = 3% : 21+2 .
Syms. In particular F possesses a unique homomorphism onto Sym; with
kernel 3% : 2!+2, Since G? is transitive on triples of independent points,
by (2.7.7) it is transitive on the affine subplanes of order 3 in II. Now
comparing the order of G and the number of subplanes given by (2.7.8)
we obtain the following.

Lemma 2.7.11

(i) G? acts transitively on the set of affine subplanes of order 3 in 11
with stabilizer isomorphic to 3% : 2!+2;

(ii) the stabilizer of ® in G induces on ® its full automorphism group
isomorphic to 3% : GL,(3). m]
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The automorphism group of ® induces Symy on the set of four parallel
classes of lines in @ and hence also on the set of triples of points in IT
from which @ can be constructed by the deleting procedure.

The next lemma contains a standard result and we present a sketch of
the proof for the sake of completeness.

Lemma 2.7.12 The group SL3(4) is a non-split extension of L3(4) by a
centre of order 3. Every element from T'L3;(4) \ GL3(4) inverts the centre
Of SL3(4).

Proof. Let D = 32 : 2142 be the stabilizer in G? of an affine subplane
of order 3. It is easy to check that D/O;(D) acts transitively on four
elementary abelian factor groups of O;(D) having order 3. This shows
that D does not have faithful GF(2)-representations of dimension less
than 8. On the other hand the GF(2)-dimension of the natural module
of SL;(4) is 6. Hence SL3(4) does not split over its centre (of order 3).
The second statement in the lemma is obvious. O

Since the full preimage HinS L;(4) of the~ stabilizer in G? of a hyperoval
contains a Sylow 3-subgroup of the latter, H does not split over the centre
of SL;(4). This, (2.7.12), (2.7.9) and (6.2.2) give the following.

Lemma 2.7.13 The full preimage H in TLs(4) of the stabilizer in G of a
hyperoval satisfies Hypothesis 6.2.1 so that H is the automorphism group
of the rank 2 T-geometry. m]

The subgroup H=3-8§ ymg preserves in the natural module of I'L;(4)
a code known as the hexacode. The natural module of I'L;(4) considered
as a GF(2)-module for H will be called the hexacode module. Let us
discuss the orbits of H on the vectors of the hexacode module.

Lemma 2.7.14 The subgroup Hasin (2.7.13) acting on the non-zero vectors
of the natural module of T'L3(4) has two orbits with lengths 18 and 45 and
stabilizers isomorphic to Syms and Symy X 2, respectively. O

2.8 Uniqueness of S(5,8,24)

Let (#,%) be a Steiner system of type S(5,8,24). In this section we
follow [Liin69] to show that (£, %) is unique up to isomorphism. Since
we have an example formed by the octads of the Golay code constructed
in Section 2.2, all we have to show is that there is at most one possibility
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for the isomorphism type of such a system. Although we do not assume
a priori that (2, #) comes from a Golay code, the blocks from £ will be
called octads.

For a 3-element subset Y in £ put

B =B(Y)={B|BecB|BNY|=i.

Lemma 2.8.1 |%;| = 21, 168, 360 and 210 for i = 3, 2, 1 and 0, respectively.

Proof. Since #4 = 0, proceeding by induction for a given i we can
assume that |%;| is known for j > i. Let n; denote the number of triples
(B,K,L), where Be 4, K <« BNnY, L < B\Y, such that |[K| =i and
L] = 5 —i. Since K U L is contained in a unique octad, we have

- ()-(2)

By the inductive assumption we can calculate the number of triples with
[BNY| > i Since every octad from %; corresponds to exactly (gj)
triples, it is straightforward to calculate |4;|. a

By (2.3.7) and (2.3.8) IlY) :=(2\Y,{B\Y | B € %3}) is a projective
plane of order 4.

Lemma 282 Let A= #\Y. Then A= B\Y for some B € %, if and
only if A is a hyperoval in TI(Y).

Proof. Recall that two different octads have at most four elements in
common. Let B € %4, and B’ € #5. Then [BNB' ' NY| = 2 and hence
|[BN B\ Y| <2, which shows that B\ Y is an independent set of points
in I(Y'). Since the size of B\ Y is 6, it is a hyperoval by (2.7.3). Clearly,
different octads from %, correspond to different hyperovals. On the other
hand by (2.7.3 (ii)) and (2.8.1) |4,| is exactly the number of hyperovals
in II(Y) and hence the result. ]

Lemma 2.8.3 Let By, B, € # with |B; N By| =4. Then BiAB, € #.

Proof. Lety; € Bi\ B,y € B\ By, y3 € BjNByand Y = {yl,yz,y3}.
Then By,B; € #,(Y) and in view of (2.8.2) B \'Y and B, \ Y are
hyperovals in II(Y ) intersecting in three points. By (2.7.8) A := BiAB,\Y
is a hyperoval and by (2.8.2) there is an octad B; € %,(Y) such that
A=B3\Y.Fori=1and 2 we have |B; N B;\ Y| = 3 and hence
|B; N B;NY| < 1, which is possible only if B; N Y = B;AB,NY. Hence
B; = BiAB,. O
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Lemma 284 Let A= #\Y. Then

(i) an octad B € %, with A = B\'Y exists if and only if A is the point
set of a Fano subplane in TI(Y),

(ii) A € % if and only if A is the symmetric difference of a pair of
lines in TI(Y).

Proof. Choose By € %3 and B, € %, so that B1\Y is a line intersecting
the hyperoval B, \ Y in two points. Then |B; N B;| = 4 and by (2.8.3)
B3 := B;AB; is an octad. Clearly B; € %, and by (2.7.3 (v)) B3\ Y is
the point set of a Fano subplane in I1(Y). Also by (2.7.3 (v)) every Fano
subplane can be obtained as the symmetric difference of a hyperoval and
a line intersecting the hyperoval in two points. By (2.7.3 (iv)) and (2.8.1)
|48, is exactly the number of Fano subplanes in I1(Y'), hence (i) follows.

Let By, B; € %#5. Since any two lines in I1(Y') intersect in a single point,
we have |B; N By| = 4 and by (2.8.3) B3 = B1AB; is an octad. Clearly
By € %y and B3 = (B \ Y)A(B2\ Y). It is easy to check that different
pairs of lines in II(Y) have different symmetric differences. By (2.8.1)
|%| is exactly the number of unordered pairs of lines in I1(Y) and (ii)
follows. m|

Lemma 2.8.5 Let By and B, be different octads. Then |By N B;| € {0,2,4}.

Proof. Without loss of generality we can assume that 0 < |B;NB;| < 4.
Lety, € BiNBy, y2,ys € Bj\Byand Y = {yl,yz, y3}. Then B, € %5(Y),
B; € #,(Y). Hence B, \ Y is a line, while B, \ Y is a subplane in IT(Y).
Now it is an easy exercise to show that a line intersects a Fano subplane
in one or three points, which implies the result. m|

As a direct consequence of (2.8.5) we obtain the following.
Lemma 28.6 Let B € #,(Y) and let B’ be an arbitrary octad. Then
BNY =B ifand only if | BN B\ Y| is odd. a
Now we are ready to prove the central result of the section.
Proposition 28.7 Let (?,%) and (#,#') be Steiner systems of type
5(5,8,24). Let Y = P, Y' = & with |Y| =|Y'| = 3. Let v be a collin-

eation of II(Y) onto II(Y'). Then there exists a unique isomorphism ¢ of
(P, B) onto (P, B') such that the restriction of ¢ to II(Y) coincides with .

Proof. We are going to construct the isomorphism ¢ satisfying the
required condition. The action of ¢ on #\ Y is determined by that of
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p. By (2.8.2) and (2.8.3) y(4) = B’ \ Y’ for some B’ € #' if and only if
A = B\Y for some B € 4. Let By, B;, B; be octads from %#,(Y) such
that B;NY # B;NY for i # j. It is easy to see, arguing as in the proof
of (2.8.1), that such a triple exists. Let Bj, B3, B; be octads from #/(Y’)
such that B/\ Y’ = ¢(B;\ Y). If ¢ is an isomorphism of Steiner systems,
then ¢(BiNY)=B/NY' for 1 <i < 3 and this condition specifies ¢
uniquely. We claim that, defined in this way, ¢ is in fact an isomorphism.
Let B € # and let B’ € #' be such that B\ Y’ = w(B\ Y). By (2.8.6),
for1<i<3B;NY = Bifandonlyif |[BNB;\ Y| is odd. Since p is a
bijection of # onto #' the latter condition holds if and only if |[B'NB}\ Y|
is odd, in which case B;NY' = B’ by (2.8.6). Hence ¢(B) = B’ and the
claim follows. a

In view of (2.3.6) the above proposition immediately implies the fol-
lowing corollary as well as substantial information on the automorphism
group of the Golay code which will be discussed in the next section.

Corollary 2.8.8 Up to isomorphism there are a unique Steiner system of
type S(5,8,24) and a unique Golay code. m]

Notice that the above uniqueness proof could be slightly simplified
if we would assume that the Steiner system comes from a Golay code.
In this case (2.8.3) and (2.8.5) would be immediate. Also it is worth
mentioning that for B, B’ € & the equality BNY = B'NY holds if and
only if B\'Y and B’\ Y are in the same orbit on {B\'Y | B € #} of
the Lj(4)-subgroup in AutII(Y) = PT'L;(4). Using this observation one
could (if one wished to) obtain an explicit model of the Steiner system
of type S(5,8,24).

2.9 Large Mathieu groups
Let (#,4%) be the unique Steiner system of type S(5,8,24), €12 be the
unique Golay code generated by the octads from . The automorphism
group of €1, (equivalently of the Steiner system) is known as the Mathieu
group Maty, of degree 24.

Lemma 2.9.1 Let G = Matyy and Y be a 3-element subset of P. Then
(i) G acts transitively on the set of 3-element subsets of ? and G[Y] =
AutIl(Y) = PTL;(4),
(ii) G(Y) =¥ L3(4) and G[Y]/G(Y) = Syms;,
(iii) G acts 5-fold transitively on 2,
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(iv) |G| =219-3%-5-7-11-23,
(v) G contains a subgroup isomorphic to Ly(23).

Proof. (i) is an immediate consequence of (2.8.7). Since G[Y] =
AutII(Y) acts transitively on the set of hyperovals in II(Y), it is easy
to see that G[Y] acts transitively on Y. On the other hand by (2.7.10) if
y is a homomorphism of PI'L;(4) onto a transitive subgroup of Syms,
then Im v = Syms and ker p = L3(4). Hence we have (ii). By (i) and (ii)
the action of G on & is 3-fold transitive and by (2.4.2 (vii)) G(Y) acts
doubly transitively on £ \ Y which implies (iii). By (i) we have

6= (%) i)

and (iv) follows. Finally, é1, is isomorphic to the Golay code constructed
in Section 2.2 which is invariant under L,(23). ]

Letd=Yyc Y, cY,c V3=Y c & where Y; is of size i and let
Mat,,_; denote the elementwise stabilizer of Y; in Maty,.

Lemma 2.9.2

(i) Matys; acts (5 — i)-fold transitively on P\ Y;.
(i) Maty = L3(4); |Maty| = 27-3%-5-7-11; |Maty;| = 27-32-5-7-11-23.
(iii) Matys—; is non-abelian and simple for 0 < i < 3.

Proof. By (2.9.1 (i), (iii), (iv)) we obtain (i) and (ii). To prove (iii)
we proceed by induction. For i = 3 the result follows from (2.7.10).
Suppose that 0 < i < 2, that Matys—;—; is simple and N is a proper
normal subgroup in Matys ;. Since the action of Maty; on 2\ Y, is
doubly transitive and hence primitive, the action of N on this set is
transitive. If N N Matys_;—1 # 1, then by the simplicity of Matys_;_; we
have N > Maty;.;—; which implies N = Maty4_;. This shows that the
action of N on 2\ Y; is regular, in particular |[N| = 24 — i. It is well
known that if L is a regular normal subgroup in a doubly transitive
group H then L is elementary abelian of order p?, say, and Cy(L) = L.
In particular |H| < p* - |GL4(p)}. In the situation considered 24 —i is a
prime power only if i = 1 but in this case we also reach a contradiction
since |[Matys| > 23 - 22. O

The groups Matys, Maty; and Maty, are sporadic simple groups called
the Mathieu groups. Two more Mathieu groups will appear later as
subgroups of Mat,.
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Lemma 2.9.3 The setwise stabilizer G[Y2] of Y> in G = Matas contains
Maty, as an index 2 subgroup and elements from G[Y2] \ Maty induce
outer automorphisms of Maty,.

Proof. By (2.9.1 (iii)) G[Y>] contains Mat, properly. Since Matj, acts
transitively on £ \ Y, there exists g € G[Y2] \ Maty; which stabilizes Y3
as a whole. Then g induces on L3(4) = Maty; < Maty, a conjugate of
the field automorphism which is outer. m|

In fact G[Y>] is the full automorphism group Aut Maty, of Mat,; while
Mat,; and Mat4 are perfect.

By (2.3.7) the residual system of (£, %) with respect to Y; is a Steiner
system of type S(5—i, 8 —i, 24 —i). Since the residue of Y3 is the projective
plane of order 4, it is easy to see that Mat,; and Aut Mat,, are the full
automorphism groups of the residual systems of Y; and Y, respectively.

By arguments similar to those in Section 2.8 one can prove the following
[Liin69].

Lemma 294 For i =0, 1, 2 and 3 a Steiner system of type S(5 —i,8 —
i,24 — i) is isomorphic to the residue of Y; in (P, RB). a

2.10 Some further subgroups of Maty

We continue to use notation and terminology introduced in Sections 2.8
and 2.9. Till the end of this chapter and throughout the next chapter G
denotes the Mathieu group Mat4.

Lemma 2.10.1 Let B € #, Gy, = G[B] and Qp = G(B). Then

(i) there are 759 octads and G permutes them transitively,
(ii) Qp is elementary abelian of order 2* and it acts regularly on #\ B,
(iii) Gy induces on B the alternating group Alt(B) = Alts,
(iv) Gp/Qp induces the full automorphism group L4(2) of Qb and Altg =
La(2),
(v) Gp = AGL4(2).

Proof. Since every 5-element subset of £ is in a unique octad, (i) is
implied by (29.1 (iii)). We assume that Y < B. Then B\ Y is a line in
IKY) and (ii) follows from (2.7.10) and (2.9.1 (ii)). Since two octads share
at most four elements, G, induces a 5-fold transitive action on B and by
(2.7.10) the elementwise stabilizer of Y in this action is isomorphic to
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Alts. This gives (iii). G induces a non-trivial action on Q, since so does
its intersection with Mat,; by (2.7.10). Since Altg is simple the action
is faithful, and we observe (iv) comparing the orders of Altg and L4(2).
Finally, since Qp acts regularly on £ \ B, for p € & \ B the subgroup
Gy N G(p) is a complement to Qp in Gy and (v) follows. O

By (2.3.3) and the uniqueness of the Steiner system of type S(5, 8,24),
every 4-element subset S of & is contained in a unique sextet which is a
partition of £ into six 4-element subsets S; = S, S, ..., S¢ called tetrads,
such that S; U S; is an octad for 1 < i < j < 6. Notice that S U §; for
2 <i < 6 are all the octads containing S.

Lemma 2.10.2 Let T = {S1,S2,..,5¢} be a sextet, G5 be the stabilizer of T
in G, K; be the kernel of the action of Gs on the set of tetrads in ¥ and
Qs = 02(Gy). Then

(i) there are 1771 = (2:) /6 sextets and G permutes them transitively,

(ii) G; induces the natural action of Symg on the tetrads in Z,

(iii) K induces the natural action of Altsy on the elements in each §;
1<i<6,

(iv) Qs is elementary abelian of order 2% and K is an extension of Q;
by a group X of order 3 which acts on Q; fixed-point freely,

(v} Gs/Qs is isomorphic to the automorphism group of the rank 2 tilde
geometry %4(3 - Symg),

(vi) Gs is isomorphic to the full preimage in AT'L;(4) of the stabilizer
in PTL3(4) of a hyperoval in the corresponding projective plane of
order 4, 50 that Qs is the hexacode module for G/ Qs,

(vil) if 1 <i< j <k <6 then Qs acts faithfully on S;US; U §;.

Proof. The 5-fold transitivity of the action of G on £ implies (i) and
also the transitivity of G; on the tetrads in Z. We assume that Y c §;
and let {p} = S;\ Y. Let H be the setwise stabilizer of S; in G and let F
be the intersection of H with the setwise stabilizer of Y, isomorphic to
PT'L;(4). Clearly H is contained in G; and induces on the points of S; the
symmetric group Symy. On the other hand, F is the stabilizer in PT'L3(4)
of the point p in TI(Y), so that F = PX[L3(4). Since S; U {p},2 <i <6,
are all the lines in II(Y ) passing through p, we see from (2.7.10 (iv)) that
F induces Syms on these lines and hence (ii) follows. The subgroup K; is
contained in H and its intersection with F is the elementwise stabilizer
in PT'L3(4) of the lines passing through p. By (2.7.10) this intersection
is an extension of an elementary abelian group R of order 2* by an
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order 3 group X; acting on R fixed-point freely. By (2.9.1 (ii)) X; acts
transitively on Y. Since p is an arbitrary element from S; we obtain (iii).
Now Q; induces on each S; an elementary abelian group of order 22 and
the kernel is of order 2*. Hence Q; is elementary abelian of order 2¢. The
subgroup X; acts fixed-point freely both on R and on Q;/R, hence (iv)
follows. Clearly the image of X; in G;/Q; is normal and the action of X
on Q; induces on the latter the structure of a 3-dimensional GF(4)-space.
Let I, denote the projective plane of order 4 associated with the dual
of this space. For 1 < i < 6 let R; be the elementwise stabilizer of S;
in Q;. Then ® = {R,R,,..,R¢} is the set of points of IT; and by (ii)
the setwise stabilizer of © in the automorphism group of IT; induces on
@ the action of Syms which shows that @ is independent and hence it
is a hyperoval in IT;. Moreover by (2.7.5) G;/Q; is the full preimage in
I"L3(4) of the stabilizer of this hyperoval in AutII;. Now (v) follows from
(2.7.13). Since X; acts fixed-point freely on Q,, by the Frattini argument
Ng,(X;) is a complement to Q; in G;. This observation and (v) imply (vi).
If 1 <i<j<kx<S5then {R,R;, Ry} is a GF(4)-basis of II; and (vii)
follows. m|

Since # is the set of all 8-element subsets in the Golay code %,
whenever B; and B, are disjoint octads, the complement B3 of their
union is an octad (disjoint from B; and B;). A triple of pairwise disjoint
octads is called a trio.

Lemma 2.10.3 Let T = {By, B, B3} be a trio. Let G, be the stabilizer of
T in G, K, be the kernel of G, acting on the set of octads in T and let
Q. = 01(G,). We adopt for B = By the notation introduced in (2.10.1) and
let 7 (B) be the set of trios containing B.

(i) |7 (B)| = 15 and the action of Gy on J (B) is doubly transitive with
kernel Q,
(ii) there are 3795 trios and G permutes them transitively,
(iii) for i =2 and 3 the subgroup K, acts on B; as an elementary abelian
group of order 23 extended by L;(2),
(iv) G, induces Syms on the octads in T,
(v) Q: is elementary abelian of order 2% and Q, N Q, is a hyperplane in

b,

(vi) there is a subgroup X, of order 3 in G, which permutes the octads
in T transitively, such that G, is the semidirect product of Q, and
NG,(Xt) x SyM3 X L3(2),
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(vil) G, is isomorphic to the full preimage in AT L3(4) of the stabilizer in
PT'L3(4) of a Fano subplane in the corresponding projective plane
of order 4,

(viii) Q;, as a module for G,/Q, = L3(2) X Syms, is isomorphic to the
tensor product of the natural module Dy for Ly(2) = Syms and the
natural module D, for L3(2),

(ix) there is a bijective mapping y of J (B) onto the set of hyperplanes
in Qp such that with T as above B, and B3 are the orbits of y(T)
on #\ B.

Proof. We assume that Y < B = Bj, so that B € %#3. Then the
octads B, and B; are in %y. Moreover the lines in I1(Y) of which B;
is the symmetric difference intersect in a point on the line I := B\ Y.
On the other hand the symmetric difference of 2 lines intersecting in a
point on ! misses B. An easy calculation now shows that there are 30
octads disjoint from B and hence |7 (B)| = 15. In AutII(Y) the setwise
stabilizer D of I induces Syms on the points on ! and for such a point
p the stabilizer of p in D induces Symy on the lines passing through p
other than I. This shows that G, and even its intersection with G[Y] act
transitively on the octads disjoint from B. Since 15 is an odd number,
QOp is in the kernel of the action of G, on (B) and G,/Qp = L4(2)
acts on 7 (B) as it acts on the cosets of a parabolic subgroup. By (2.4.2)
the action is doubly transitive. An element from Q,, either stabilizes each
of B, and B3 or switches them. So we have (i) and (ii): The subgroup
Oy NK, is a hyperplane in @;. Hence the image of K, in Gp/Qp = L4(2)
is of index 15 and by (2.4.3) it is isomorphic to 23 : L3(2). This gives (iii).
Let {Si,5,,...S6} be a sextet. Then {S; U S, 83 US4, S5 U Sg} is a trio and
(iv) follows from (ii) and (2.10.2 (ii)). The subgroup K, contains Q, and
induces on B the action of 23 : Ls(2) with kernel Q, N K, of order 2° so
we have (v). Thus G, = 2°.L3(2).Syms. Since L3(2) does not possess an
outer automorphism of order 3 there is a subgroup X, in G, whose image
in G,/Q; is normal. Then X, induces a GF(4)-vector—space structure on
the commutator [X,,Q;] and this structure is preserved by G,/Q;. The
L3(2)-factor of K, acts faithfully on @, N @, and on Q,/(Q, N Q). Since
L3(2) is not involved in PT"Ly(4), this implies [X,, Q;] = Q;; so that the
action of X; on @, is fixed-point free. An element inverting X, can be
found inside @, in particular commuting with the Lj;(2)-factor of K,,
which implies (vi). The action of X; on Q, defines on the latter a GF(4)-
structure so G, is a subgroup in AI'L3(4). Now it is easy to check that
the GF(4)-subspaces in Q, having non-trivial intersection with Q, N Q,
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form a Fano subplane in the projective plane of order 4 associated with
Q;. In view of (v), (vi) and (2.7.6) this implies (vii) and (viii). Finally (ix)
is immediate from (iii) and (v). a

In what follows B, £ = {S},S5,..,5¢} and T = {Bj, By, B3} are typical
octad, sextet and trio and unless explicitly stated otherwise we adopt
for them and their stabilizers in G notation as in (2.10.1), (2.10.2) and
(2.10.3), although a priori we do not assume any relationship between B,
Zand T.

Lemma 2.10.4 Let B be an octad and let O; denote the set of octads
intersecting B in exactly i elements. Then

(i) |@o] = 30, Gy acts transitively on Oy with stabilizer 23.23.L3(2)
which is an index 2 subgroup in the normalizer in G, of a hyperplane
in Qb,

(ii) |04] = 280, Gy acts transitively on O4 with stabilizer 26.3.Sym;,
contained in a conjugate of G,

(iii) |O,] = 448, G}, acts transitively on Oy with stabilizer isomorphic to
SyM5.

Proof. We obtain (i) directly from (2.10.3 (i), (vii)). If B, B’ € # and
S := BN B’ is of size 4, then we can choose notation so that B =S U S;,,
B’ = S US; where {S = S§;,55,...,56} is the sextet containing S. Since G
acts transitively on the set of sextets and the stabilizer of a sextet induces
Symg on the set of the tetrads in the sextet, the transitivity assertion
follows. Thus the number of pairs of octads intersecting in 4 points is
the product of the number of sextets (which is 1771) and the number
of pairs of 2-element subsets of a 6-element set (of tetrads in a sextet)
intersecting in a single element (which is 60). Since G acts transitively
on the set of octads and there are 759 of them, we can calculate |04].
There are 759 octads altogether and 311 of them are in Og U @y U Oy.
By (2.8.5) the remaining 448 octads are in 0y. G, induces Altg on the
elements in B and hence it acts transitively on the set of 2-element subsets
of B. The stabilizer in Altg of such a subset is Syms. Hence there are
16 = 448/(5) octads intersecting B in a given 2-element subset. Let us
show that Q, acts regularly on these 16 octads. Suppose to the contrary
that a non-trivial element g € Q, stabilizes an octad B’ intersecting B in
2 elements. By (2.10.1 (ii)) ¢ fixes all elements inside B and no elements
outside B. Hence ¢ induces on B’ an odd permutation, which contradicts
(2.10.1 (iii)). 0
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Lemma 2.10.5 Let X be a sextet and B = S; U S,. Then there is a unique
2-dimensional subspace U in Qp (such that G, N G; = Ng,(U) and S;,
3 < j<6) are the orbits of U on #\ B.

Proof. The subgroup H := G, N G; is the stabilizer in G, of the
partition {S;,S,} of B. Since [G, : H] = 35, H contains Q, and H/Q,
is a parabolic subgroup in L,s(2) = G/Q,. Comparing the orders, we
conclude that H = Ng, (U) for a 2-dimensional subspace U in Q. Let Y
be a 3-element subset in S; and {p} = S;\ Y. Then {p}US;, 2 <i < 6, are
the lines in TI(Y ') containing p. By (2.7.10 (i)) the elementwise stabilizer W
of {p}US, in G(Y) is of order 2? and S}, 3 < j < 6, are the orbits of W on
#\ B. Comparing the orders, we obtain the equality W = Q, N Q;, which
shows that W is normalized by H. Since U is the unique 2-dimensional
subspace in @, normalized by H, we have W = U and the result follows.
O

Now by (2.10.3 (iii), (ix)) and (2.10.5) we have the following.

Lemma 2.10.6 In terms of (2.10.3) let F = 23 : L3(2) be the action induced
by K, on B. Let S be a tetrad contained in B and let T be the sextet
containing S. Then X refines T if and only if S is an orbit on B of a
subgroup of index 2 in Oy(F). a

2.11 Little Mathieu groups

From the construction of the binary Golay code in Section 2.2 we know
that ¢, contains 12-element subsets which will be called dodecads. By
now we know that %y, contains the empty set, the set 2, 759 octads and
759 complements of octads. Since 2!2 — 2 - 759 — 2 = 2576 we have the
following.

Lemma 2.11.1 €, contains exactly 2576 subsets of size greater than § and
less than 16. m|

We are going to show that all of the remaining subsets are dodecads.
Clearly the complement of a dodecad is a dodecad. If a dodecad should
contain an octad then their symmetric difference would be of size 4,
which is impossible in the Golay code.

Lemma 2.11.2 A4 dodecad never contains an octad. O
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Clearly, the symmetric difference of two octads intersecting in two
points is a dodecad.

Lemma 2.11.3 Let D be a dodecad.

(i) If By, B, B3, B4 are pairwise distinct octads such that BiAB; =
B3AB4 = D then By N B, # B3N By,
(ii) there are exactly 66 ways to present D as the symmetric difference
of 2 octads intersecting in 2 elements,
(iii) there are exactly 2576 dodecads in €12 and G = Matys permutes
them transitively.

Proof. For B, 1 <i <4, as in (i) suppose that BjNB; = B3NBy = X.
Then X is contained in B; N B3. Suppose that By N B; = X. Then
B3 = X U(D\ B;) = B;, which is a contradiction. Hence B; N Bj is of size
4 and it contains X properly. Then Bs := B, AB; is an octad completely
contained in D, which contradicts (2.11.2) and hence (i) follows. Now we
see that the number of presentations of D as the symmetric difference of
two octads is at most the number of 2-element subsets in £ \ D, which
is 66. Thus we can produce at least (759 - 448)/(2 - 66) = 2576 different
dodecads as symmetric differences of pairs of octads. Now (2.11.1) implies
(ii). By (2.10.4 (iii)) G acts transitively on the pairs of octads intersecting
in two elements and (iii) follows. ]

As a direct consequence of (2.11.1) and (2.11.3 (iii)) we have the
following,

Proposition 2.11.4 The Golay code €\, is doubly even. O

We are going to study the setwise stabilizer in G = Mat,4 of a dodecad
D. First let us define a certain structure on D. Let 2 denote the set of
6-element subsets of D (blocks) which are intersections of D with octads.
If an octad B intersects D in six points then D is the symmetric difference
of B and the octad B’ = DAB, also intersecting D in six points. This
and (2.11.3) imply

Lemma 2.11.5 2 is of size 132 = 66 - 2 and it is closed under taking
complements. a

Two octads never share a 5-element subset and the same is certainly
true for the blocks from 2. Since 132 = 152)/ g), every 5-element
subset of D is in a unique block from 2 and we have the following.
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Lemma 2.11.6 2 = (D, 2) is a Steiner system of type S(5,6, 12). O

Let Mat;> denote the stabilizer in Maty, of a dodecad D. Let § =
Yoo Yy €« Y, « Y3 « D where Y; is of size i. Let Mat,_; denote the
elementwise stabilizer of Y; in Maty;. Let C, and C; be disjoint blocks
of the Steiner system 2 of type S(5,6,12) defined on D.

Lemma 2.11.7

(i) Mat> permutes transitively the blocks of 9,

(ii) the setwise stabilizer H of C; in Mat,; is isomorphic to Symg and
it induces on C; and C, two faithful inequivalent 6-fold transitive
actions, an element from Mat > which maps C; onto C; induces an
outer automorphism of H,

(iii) Maty> acts faithfully and 5-fold transitively on D,

(iv) Matyz-; acts (5 —i)-fold transitively on D\ Y;,

(v) |Matyp| = 28-3%-5-11; |Matyy| = 2*-3%2-5-11; |Matyo| = 2*-3%-5;
|Maty| = 2% - 3%,

Proof. By (2.104 (iii)) we have (i). Let X be the unique 2-element
subset of 2\ D such that B = C; UX and B’ = C; U X are octads. By
(2.10.4 (iii)) the subgroup of G which stabilizes each of B and B’ as a
whole is isomorphic to Syms and induces faithful 6-fold transitive actions
on C; and C,. Let S be a 4-element subset of C; and let {S; = S, S, ..., S}
be the sextet containing S. Since S is in four blocks of 2, it is easy to
see that for 2 < i < 6 the intersection |S; N D| is of size 2 or 0. This
means that a 4-element subset of C; corresponds to a partition of C;
into three 2-element subsets and we have (ii). Every 5-element subset E
of D is contained in a unique block C of 2. By (i) Mat,, is transitive
on blocks of 2 and by (ii) the stabilizer of C acts 6-fold transitively on
its points. So we have (iii) and (iv). The elementwise stabilizer of E is
contained in the stabilizer of C and obviously must be trivial. In view of
(iv) this means that |[Maty>_;| = (12—1i)-...- 8 and we obtain (v) by direct
calculations. O

By (2.11.3) there is a correspondence between 2-element subsets of
2\ D and pairs of complementary blocks of 2. A subset X corresponds
to a pair {Cy, C>} if and only if C; UX and C, U X are octads. Since two
distinct octads intersect in no, two or four points, it is easy to see the
following.
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Lemma 2.11.8 Suppose that X and Z are 2-element subsets of # \ D
corresponding to the pairs {Cy,C,} and {C3,C4} of complementary blocks,
respectively. Then up to renaming the blocks the following hold:

() if I XNZ| =1 then |C,NCs| =|C2N C3| =3,
(i) f IXNZ| =0 then |C1 N C3| = 4 and |C; N C3| = 2. s

We are going to study in more detail the structure of the groups
Mat,_; for0<i<3.

Lemma 2.11.9

(i) Maty = 3? : Qg is the stabilizer in L3(4) of an affine subplane of
order 3 in II(Y),

(ii)) Matyo is an index 2 subgroup in AutSymg = PI'Ly(9) in which
Matq is the normalizer of a Sylow 3-subgroup,

(iii) Maty, is a non-abelian simple group, it acts 3-fold transitively on
P \ D with point stabilizer isomorphic to Ly(11),

(iv) Mat; is non-abelian and simple; it contains two conjugacy classes
of Maty,-subgroups permuted by an outer automorphism of Mat,
realized by an element of Matys4 which maps D onto 2\ D.

Proof. The residual system of & with respect to Y; is a Steiner system
of type S(5 —i,6 —i,12 — i) by (2.3.5). For i = 3 we obtain an affine
subplane of order 3 in the residual projective plane I{(Y ) of order 4.
By (2.11.7 (v)) and (2.7.11) Maty is the full stabilizer of this subplane in
Mats = Li(4) and (i) follows. Let D' = 2\ D and &' be the Steiner
system of type S(5,6,12) defined on D’. Let Mat4.2 denote the setwise
stabilizer of Y> in Mat;» which clearly contains Mat;y with index 2. Since
Y, corresponds to a partition of D’ into 2 blocks of &' we obtain (ii)
from (2.11.7 (ii)). It is easy to see that Mat;; acts transitively on D’ which
is of size 12. Y; is contained in 11 2-element subsets of D. These subsets
determine a collection & of 22 blocks of &’ forming 11 complementary
pairs. By (2.11.8) any 2 blocks from different pairs have intersection of
size 3. For p € D' let §(p) = {B\ {p} | B € &,p € B}. Then (D' \ {p}, 6(p))
is the unique 2-(11, 5,2)-design whose automorphism group is isomorphic
to Ly(11) [BJL86]. Computing the orders we see by (2.11.7 (v)) that the
latter is the stabilizer of p in Mat,; and (iii) follows. Since Mat;; acts
5-fold transitively on the set D of size 12 with point stabilizer being
Maty; which is simple, Mat,> is also simple (see the proof of (2.9.2 (iii))).
The stabilizer in Mat;, of any point from £ is isomorphic to Mat;; but
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the stabilizers of p € D and p’ € D’ are conjugate only in the extension
of Maty; by an element from Mat,4 which permutes D and D’. O

The groups Mat;; and Mat,, are two further sporadic simple Mathieu
groups. The group Maty is an index 2 subgroup in AutSymg = PI'L,(9),
distinct from two other such subgroups Syms and PGL,(9). Let Mat,.2
denote the setwise stabilizer in Maty, of a pair of complementary do-
decads. By (2.11.9 (iv)) it contains Mat, with index 2 and it induces on it
an outer automorphism. In fact Mat;,.2 is the full automorphism group
of Mat,.

We observed that the residual system of £ with respect to Y; is a
Steiner system of type S(5—i,6—i,12—i). It is not difficult to show using
(2.11.9) that Matyy.2, Maty; and Mat,, are the full automorphism groups
of these systems for i = 2, 1 and 0, respectively. Each of these systems is
unique up to isomorphism ([Wit38], [HP85], [BJL86]).

Lemma 2.11.10 For 0 < i < 3 any Steiner system of type S(5—i,6—i, 12—i)
is isomorphic to the residual system of 2 with respect to Y;. O

2.12 Fixed points of a 3-element

In this section we calculate the normalizer in G of a subgroup X; of
order 3 and analyse the octads, sextets and trios fixed by X;.

We start by studying the orbits of G on the set of 6-element subsets
of #. Since such a subset might or might not be contained in an octad,
clearly there are at least two orbits. On the other hand G acts on 2
5-transitively and hence all 5-element subsets form a single orbit and if D
is such a subset then G[D] induces on D the full symmetric group Syms.
There is a unique octad B which contains D and in terms of (2.10.1) we
have the following.

Lemma 2.12.1 Let D be a 5-element subset of ? and B be the unique octad
which contains D. Then

(i) GID]/G(D) = Syms,
(ii) G(D) is the elementary abelian group Qy of order 2* extended by a
fixed-point free subgroup X; of order 3,
(iii) G(D) acts transitively on B \ D with Q, being the kernel and on
P\ B with X; being the stabilizer of a point. O
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By the above lemma the G-orbit which contains a given 6-clement
subset E depends only on whether or not E is contained in an octad and
the following lemma holds.

Lemma 2.12.2 If E is a 6-element subset of #, then G[E]/G(E) = Syms.
Moreover, if E is contained in an octad then G(E) is elementary abelian of
order 2%, otherwise G(E) is of order 3. m|

If E is contained in an octad then the exact structure of G[E] follows
from (2.10.1).

Lemma 2.12.3 If E is a 6-element subset of # which is not contained in
an octad, then there is a sextet T = {Sy,..,S¢} such that G[E] = Ng(X;)
where G is the stabilizer of £ in G and X; is a Sylow 3-subgroup in
0,3(Gy). In particular G[E] = Ng(X;) = Ng(X;) = 3 - Symg is the auto-
morphism group of the rank 2 T-geometry.

Proof. Let X be a sextet and let G; and X; be defined as above. Then
by (2.10.2) for every 1 < i < 6 the subgroup X; stabilizes S; as a whole
and it fixes exactly one element in S;. Thus the set E of elements in &
fixed by X; is of size 6. Since Ng,(X;) clearly stabilizes E as a whole, the
result follows from (2.12.2) and (2.10.2 (iv)). m]

Let E be a 6-clement subset of 2 not contained in an octad and
X; = G(E), so that X; acts fixed-point freely on # \ E. Let D be a
5-element subset in E. Then the unique octad B’ which contains D is
stabilized by X; and hence B* = DU T where T is an orbit of X; on
2 \ D which gives the following.

Lemma 2.12.4 There is a bijection y between the elements in E and the
orbits of X; on @ \ E such that (E \ {p}) U x(p) is an octad for every
peE. 0

Let E = {py,...p¢} and let Ty,..,Ts be the orbits of X; on 2\ E
indexed so that B; := (E\ {p;})U T; is an octad. For 1 < i< j <6
the octads B; and B; have four elements in common and hence their
symmetric difference B;; = {p;,p;} U T; U T} is also an octad.

Lemma 2.12.5 The subgroup X; stabilizes exactly 21 = 6 + 15 octads,
namely the octads from the sets {B;|1 <i <6} and {B;j|1<i< j<6}.
These sets are the orbits of Ng(Xj).
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Proof. Let B’ be an octad stabilized by X;. Then X; fixes 5 or 2
elements in B’ and in any case X; stabilizes a 5-element subset in B’.
But one can check that every 5-element subset of £ stabilized by X is
already in one of the 21 octads counted. a

Let us turn to the trios stabilized by X;. Since X; is not fixed-point
free on 2, whenever it stabilizes a trio, it stabilizes every octad in the
trio. Thus all we have to do is to decide how many trios can be formed
by the octads stabilized by Xj.

Lemma 2.12.6 There are exactly 15 trios stabilized by X; and permuted
transitively by Ng(X;). These trios are indexed by the partitions of E into
3 subsets of size 2, in particular {Bi2, B34, Bss} is such a trio. ]

Again, since X; is not fixed-point free on 2, whenever X stabilizes
a sextet, it stabilizes at least one tetrad in the sextet. Thus in order to
describe the sextets stabilized by X; we have to decide for each 4-element
subset stabilized by X; which sextet it belongs to. The result is in the
following.

Lemma 2.12.7 There are exactly 16 sextets stabilized by X;, namely the
sextet T = {{p;}UT; | 1 < i< 6} and the sextets Z;; containing the tetrads
E\ {pp;}. TiU{p;}. TjU{p} for 1 <i < j < 6. Moreover N¢(Xj)
stabilizes £ and permutes transitively the X,;. m]

The final result in this section can be deduced for instance by compar-
ing the centralizers of X; in the Golay code and Todd modules dual to
each other (Section 2.15).

Lemma 2.12.8 There are exactly 20 dodecads stabilized by X;, namely the
dodecads

(E\ {pi,Pj,Pk}) UT;V Tj uT:

Jor 1 <i < j <k < 6. These dodecads are transitively permuted by
NG(XS). O

2.13 Some odd order subgroups in Mat»4

In this section we determine the conjugacy classes of subgroups of order
3 in G and calculate the normalizer of a subgroup of order 7. First we
recall a useful general result from [Alp65].
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Lemma 2.13.1 Let H be a finite group, F, K be subgroups of H with
K < F. Put

A ={h'Kh|he Hh'Kh<F}
and let A 'y, A 3, ..., X m be the orbits of F acting on " by conjugation. Put
A={Fh|he H,Fhk = Fh for all k € K}

and let Ay, Ay, ..., A; be the orbits of Ny(K) on A. Then | = m and under a
suitable ordering

|Ai] = [Nu(K;) : Np(Ki)]
Jor 1 <i<m, where K; € X'; (notice that Ny(K;) = Ng(K)). O

In the previous section we discussed a subgroup X; of order 3 in G
such that Ng(X;) = Ng,(X;) = 3-Symg. The subgroups in G conjugate to
X, will be called 3a-subgroups. Let X, be as in (2.10.3). Since Ng,(X,) =
Syms x L3(2), X, is not a 3a-subgroup. The G-conjugates of X, will be
called 3b-subgroups. We will show that every subgroup of order 3 in G is
either 3a or 3b and that Ng(X,) = Ng,(X,). We start with a preliminary
lemma.

Lemma 2.13.2

(i) All subgroups of order 3 in L3(4) are conjugate,

(ii) if E is a set of size 6 and D = Sym(E) = Symg, then D has
two classes of subgroups of order 3, say 3A and 3B, so that 3A-
subgroups are generated by 3-cycles; these two classes are fused in
Aut D.

Proof. If D is the stabilizer in L3(4) of an affine subplane in the
projective plane of order 4, then O3(D) is a Sylow 3-subgroup in L3(4)
and (i) follows from (2.7.11 (i)). In (ii) everything except possibly the
fusion is obvious. Since the product of two non-commuting transpositions
is always a 3A4-subgroup, the classes are not stable under an outer
automorphism of D. m|

Lemma 2.13.3 The following assertions hold:

(i) every subgroup of order 3 in G which fixes an element from 2 is a
3a-subgroup,
(ii) all 3a-subgroups in Ng,(X;) other than X, are conjugate,
(iii) all 3b-subgroups in Ng,(X;) are conjugate and every subgroup of
order 3 in G is either 3a or 3b,
(iv) Ng(X:) = Ng,(X,).
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Proof. Put N = Ng,(X;). Every subgroup of order 3 in G which is
not fixed-point free on 2 is contained in G(Y) = L3(4) for a 3-element
subset Y of 2. Since G is 5-fold transitive on 2, (i) follows from (2.13.2
(i)). Since N = G,/Q; any two subgroups of order 3 are conjugate in
N if and only if they are conjugate in G;. By (2.12.7) and (2.13.1) there
are exactly two classes of 3a-subgroups in G; and we obtain (ii). For
U = 34 and 3B let C(U) be the set of subgroups of order 3 in N,
which maps onto the class of U-subgroups in N/X; = Sym(E) where
E is the 6-element subset of 2 fixed by X;. Clearly C(34) and C(3B)
are unions of conjugacy classes of subgroups in N. Since every subgroup
from C(3A4) fixes an element from E, it must be a 3a-subgroup by (i).
Hence by (ii) every 3a-subgroup in N is contained in X; U C(34), all
subgroups in C(34) are conjugate and C(3B) consists of 3b-subgroups.
Since N is the automorphism group of the rank 2 T-geometry, we know
from (2.6.1) that it possesses an outer automorphism t which induces an
outer automorphism of N/X; = Syms. By (2.13.2 (ii)) t permutes C(34)
and C(3B). In view of (ii) this means that all subgroups in C(3B) are
conjugate in N and (iii) follows. Thus G acts transitively by conjugation
on the set of pairs (4, B) where A and B are respectively 3a- and 3b-
subgroups and [4, B] = 1. Let us calculate the number of 3a-subgroups
commuting with a given 3b-subgroup, say X;. When acting on 2, X, has
eight orbits of length 3, in particular it does not stabilize an octad. Hence
if E is the union of any two X,-orbits, then E is a 6-element subset not
contained in an octad. Clearly X; commutes with the 3a-subgroup which
is the elementwise stabilizer of E. This shows that X, commutes with
(g) = 28 3a-subgroups. Since |C(34)| = |C(3B)| = 60 we obtain

|NG(X;)| - 28
60
and (iv) follows. ]

IN6(X:)| = =2%.3%-7=|Ng,(X,)|

Lemma 2.13.4 Let X; be a 3b-subgroup in G. Then

(i) X; fixes 7 sextets transitively permuted by Ng(X;),
(ii) there are 15 trios fixed by X;; Ng(X;) fixes one of them and per-
mutes transitively the remaining ones.

Proof. It is easy to check (for instance diagonalizing the corresponding
matrices) that all non-central subgroups of order 3 in SL;(4) are conju-
gate and the centralizer in the natural module of such a subgroup is of
order 22. By (2.10.2 (vi)) and (2.10.3 (vii)) this means that for x =t or s
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if A is a subgroup of order 3 in G, but not in 033(Gy), then Cg (4) = 22,
We know that Ng (X;) contains 60 3b-subgroups forming a conjugacy
class and (i) follows from (2.13.1). It is easy to see that G; contains 3
conjugacy classes of subgroups of order 3. By (2.12.6) one of these classes
consists of 3a-subgroups and it is easy to observe that such a subgroup
can be found in the Lj(2)-factor of a complement to Q,. Now (2.13.1)
and straightforward calculations imply (ii). a

Lemma 2135 Let S < G, be a subgroup of order 7. Then Ng(S) =
Ng,(S) = Frob% X Syms. In particular S is not fully normalized in G.

Proof. Acting on 2 the subgroup S has three orbits of length 7 and
three fixed elements. Hence S fixes at most three octads and, since S < G,,
it fixes exactly three octads forming the trio stabilized by S. Hence the
result follows directly from (2.10.3). m]

2.14 Involutions in Matyy

In this section we study subgroups of order 2 (or rather involutions) in
G. We determine the conjugacy classes of involutions, their centralizers
and also octads, trios and sextets fixed by a given involution. For this
purpose it is helpful to know the G-orbits on octad-sextet pairs.

Let B be an octad and X be a sextet. Let v = v(B,X) be the multiset
consisting of |[BN §;| for 1 < i < 6. We assume that [BN S;| > |[BN S;| if
i<j.

Lemma 2.14.1 The G-orbit containing the pair (B, L) is uniquely determined
by the multiset v = v(B, Z) and one of the following holds:

(i) v = (4%°0%), Gy N G, contains both Qy and K and has order 21°- 32,
(ii) v = (31°), Gy N G, = (Sym3 x Syms)®,
(iii) v = (2°0%), Gy N Gs ~ [26].Syms and |Qp N G| = 2.

Proof. Since the union of any two tetrads in X is an octad and any
two octads have four, two or no elements in common, it is easy to see
that the possibilities for the multiset v are those given in the lemma. (i)
follows directly from (2.10.5). In case (ii) clearly Q» < G, NG[B N S] acts
transitively on 2 \ B and the transitivity assertion follows. Furthermore,
Gy N Gs = Gy N G[B N Si] N G(p) where {p} = S; \ B and we obtain
(ii). In case (iii) H := G, N G[B N $;] contains Qp and H/Qp = Syms
acts transitively by conjugation on the set of non-trivial elements of Q,.
Hence H acts doubly transitively on 2 \ B which implies the transitivity
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assertion. There is exactly one involution in @, which stabilizes S; \ B
as a whole and this involution generates Qp N G;. Since X is uniquely
determined by any of the tetrads Sy, S», S3 and S4 the number n of sextets
T with v(B, ) = (2*0?) for a fixed B is given by

8 16
() ()
and (iii) follows. ]

By (2.10.1) all involutions from Qp are conjugate in Gp. The G-
conjugates of the involutions from @, will be called 2a-involutions.

Lemma 2.14.2 Let q be a 2a-involution contained in Qp and let C = Cg(q).
Then

(i) C = Cg,(q) =27° : L3(2),
(ii) an involution which fixes an element from 2 is a 2a-involution,
(iii) g fixes 71 octads, 99 trios and 91 sextets.

Proof. Since B is the set of elements from £ fixed by ¢, Cs(g) < Gp
and (i) follows from (2.10.1). Let r be an involution which fixes an element
from 2. Then there is a 5-element subset D of 2 which r stabilizes as a
whole (and fixes an element in D). Without loss of generality we assume
that B is the unique octad containing D. Since G, induces Altg on B, r
fixes 4 or 8 elements in B and in any case r is contained in G(Y) = L3(4)
for a 3-element subset Y < B and (ii) follows from (2.7.10 (v)). By (2.104
(iii)) Q5 acts fixed-point freely on ¢,. By (2.10.3) an octad from 0y is an
orbit on 2\ B of a hyperplane R in Q. Clearly such an octad is fixed
by ¢ if and only if ¢ € R. By (2.10.5) if B’ € (4 then B’ \ B is an orbit
of a subgroup U of order 22 in Q3. Then B’ is fixed by q if and only if
g € U. These observations and basic properties of G, show that g fixes
142-748:7="71octads. If T = {By, B,, B3} is a trio stabilized by g,
then since g is an involution, g stabilizes at least one of the octads in T,
say B;. Furthermore, if B} = Bs, then B, N B} = @ and since q fixes B
elementwise, this means that By N B = §. Hence either B; = B or every
octad in T is fixed by q. Now an easy calculation shows that g fixes 99
trios. Since @, is the kernel of the action of G, on the set of sextets
such that v(B,X) = (4%,0), q fixes each of these 35 sextets. By (2.14.1)
if v(B,Z) = (2*0%) then X is fixed by exactly one involution from Q.
Since there are 840 sextets with v(B,X) = (2*0?) (transitively permuted
by Gp) and 15 involutions in @Qp, altogether we have 91 sextets fixed
by gq. O
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By (2.7.13) and (2.10.2 (vi)) G,;/Q; acting on the set of involutions in
Qs by conjugation has two orbits with lengths 18 and 45 and if ¢ is
contained in the former of the orbits then Cg,(f) = 25.Syms. Hence ¢ is
not a 2a-involution. The G-conjugates of t will be called 2b-involutions.

Lemma 2.14.3 Let t be a 2b-involution and C = Cq(t). Then

(i) every involution in G is either 2a or 2b,
(ii) all 2b-involutions in Gy, are conjugate and there are 630 of them,
(iii) there is a unique sextet X(t) such that t € Q; where Qs = 03(Gs)
and Gy is the stabilizer of X(t) in G,
(iv) C = Cq,(t) = 2° : Syms and C acts transitively on 2,
(v) t fixes 15 octads, 75 trios and 51 sextets.

Proof. Since G;, contains a Sylow 2-subgroup of G, every involution in
G is a conjugate of an involution from G,. If s € Gy is an involution which
is not a 2a-involution, then by (2.14.2 (ii)) s acts fixed-point freely on 2
and particularly on B. This means that the image of s in G,/Qp = L4(2)
is one of the 105 transvections. Let p € 2\ B and let H = G, N G(p) be
the corresponding complement to @, in G. Then every element r € #\ B
is identified with the unique element g € @ such that p? = r. In this way
p is identified with the identity element, Q) acts on £ \ B by translation
and H acts by conjugation. Let sy be a transvection in H with centre r
and axis R. Then Cg(so) coincides with the stabilizer in H of the pair
(r,R) and it permutes transitively the involutions in R\ {r}. If ¢ € Q,
then soq is an involution if and only if sy centralizes g, i.e. if ¢ € R. The
elements so and r induce the same action on £ \ (B U R) which means
that sr is a 2a-involution. On the other hand if u is an involution from
R\ {r}, then sou acts fixed-point freely on . By the transitivity of Cy(so)
on the involutions in R\ {r} all these involutions are conjugate in Gj,
hence they are 2b-involutions and we obtain (i) and (ii).

Let o be the partition of B into the orbits of so. There is a unique orbit
of length 3 of Cg(so) on the set of 2-dimensional subspaces in Q. This
orbit consists of the subspaces containing r and contained in R. These
3 subspaces correspond to the partitions of B into 2 4-sets refined by
o. Let u be an involution from R\ r, so that t = sou is a 2b-involution.
Then t acts on R as u and on Qp \ R as ur. Hence U = (r,u) is the
unique 2-dimensional subspace in Q, whose orbits on & \ B are unions
of the orbits of ¢ on this set. Let Z(t) = {Si,S5,...,5¢} be the partition of
2 such that {S;, S;} is the partition of B which corresponds to U and S;,
3 < i< 6, are the orbits of U on 2\ B. Then X(t) is a sextet by (2.10.5)
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and by the construction t stabilizes every tetrad in Z(t). We claim that Z(t)
is the unique sextet with this property. Let £’ = {57, S, .., S¢} be a sextet,
let v = v(B,X’) be the multiset as in (2.14.1) and suppose that every S/ is
stabilized by t. If v = (4%0%) then T = Z(t) by the above construction of
Z(z). Notice that the set S; N B, if non-empty, must be a union of subsets
from ¢. By this observation v # (31°) and if v = (2*0?) then we can
assume that {S/NB |1 <i <4} =o0. Let A be the set of all sextets X’
such that {§/ | 1 <i <4} =0 and let M be the set of all 2b-involutions
in 50Qp. Then |A| = 8, |[M| = 6 and (Qp, H) acts transitively on both A
and M. Let © be a graph on AU M in which £’ € A is adjacent to
t € M whenever t stabilizes every tetrad in Z’. By the above mentioned
transitivity, if @ contains at least one edge then every X’ € A is adjacent
to at least 3 involutions in M, which is impossible since |Q, N G| = 2 by
(2.14.1 (iii)) where G, is the stabilizer of ¥’ in G. Hence ¥’ = Z(t) and
(iii) follows. By (2.7.14) we obtain C = 25 : Syms. Let II be the projective
plane of order 4 formed by the subgroups in Qs normal in K;. Then by
(2.10.2) and the proof of (2.7.5) G,/K; stabilizes a hyperoval Q in IT and
a hyperoval Q" in the dual of I1. The points on Q* are the kernels of Q;
on the §; for 1 <i < 6. The subgroup CK;/K; is the stabilizer in G;/K;
of a point on Q which is the normal closure of ¢t in K;. By (2.5.1 (iii)) C
permutes transitively the tetrads in 2(¢). In addition C contains Q; which
acts transitively on every tetrad in Z(t), so (iv) follows. By (2.13.1), (ii)
and (iv) there are 15 octads stabilized by ¢ and transitively permuted by
Cg(t). Clearly they are exactly the octads refined by Z(¢t). Since ¢t is an
involution, whenever it stabilizes a trio T, it stabilizes at least one octad
in T. If ¢ stabilizes every octad in T, then by the above T is one of the
15 trios refined by X(¢). Consider the trios containing B and stabilized
by t. By (2.10.3 (ix)) the trios containing B are in a bijection with the
hyperplanes in Q3. Since tQ,/Q; is a transvection, t fixes 7 hyperplanes
and 3 of them correspond to trios refined by Z(t). Hence altogether ¢
stabilizes 15 + 4 - 15 = 75 trios. Since there are 15 octads refined by a
given sextet and t is an involution, whenever t stabilizes a sextet X', it
stabilizes at least one octad, refined by X¥'. By (2.10.5) the sextets refining
B are in a bijection with the 2-dimensional subspaces in Q5. Since tQ5/Qp
is a transvection, it stabilizes 11 2-dimensional subspaces. One of these
subspaces, say U, corresponds to Z(t). Let £’ corresponds to one of the
remaining 10 subspaces, say to W. Since U and W are stabilized by a
transvection, (U, W) is a hyperplane which determines a trio containing
B and refined by Z(t) and X'. Hence there are 1+ (10-15)/3 = 51 sextets
stabilized by ¢. O
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In the table below we summarize the normalizers, the numbers of
elements in &, octads, trios and sextets stabilized for various subgroups
of order 2 and 3 in Maty,.

Class Normalizer & Octads Trios Sextets

2 21 :132) 8 ! 99 91
2b 26:Syms 0O 15 75 51
3a 3-Syms 6 21 15 16

3b Sym3 X L3(2) 0 0 15 7

Lemma 2.144 Let X be a subgroup of order 3 and s be an involution in
G such that [Y,s] = 1. Then one of the following holds:

(1) X is a 3a-subgroup and s is a 2a-involution,
(ii)) X is a 3b-subgroup and s is a 2b-subgroup.

Proof. One can observe from the above table that whenever s is an
involution, a Sylow 3-subgroup of Cg(s) is of order 3 and hence all these
subgroups are conjugate. With X and s as above if s is a 2g-involution
then X stabilizes the octad formed by the elements of # fixed by s. Hence
X is a 3a-subgroup. On the other hand if X is a 3a-subgroup, then all
involutions in Cg(X) = 3 - Alts are conjugate. a

The following lemma describes the distribution of involutions inside

s, Q; and Q.

Lemma 2.14.5

(i) Qp is 2a-pure,
(ii) Q: contains 21 2a-involutions and 42 2b-involutions,
(iii) Qs contains 45 2a-involutions and 18 2b-involutions.

Proof. The 2a-involutions are central while 2b-involutions are not.
For x = b, t and s the subgroup G, contains a Sylow 2-subgroup of G
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and hence every involution from an odd-length orbit of G, on Q¥ must
be a 2a-involution. In addition Q; contains a 2b-involution by (2.14.3
(iii)) and we obtain (i) and (iii). In view of the above to prove (ii) it is
sufficient to show that Q, contains a 2b-involution. It follows from the
proof of (2.13.4 (ii)) that there is a 3b-subgroup X in G; not contained
in 023(G,). Then Cy,(X) is of order 22 and it is 2b-pure by (2.14.4). O

2.15 Golay code and Todd modules

As above let €1, be the unique Golay code based on a set # of size
24 and %, = 2%/%, be the cocode. When considering %1, and €,
as GF(2)-modules for Maty, and its subgroups we will call them 12-
dimensional Golay code and Todd modules. The modules €, and €, are
dual to each other. In fact, if V is a 1-dimensional subspace in €, then
the orthogonal complement V< of V in 22 with respect to the parity
form has dimension 23 and %12 < V* since %, is totally singular. This
means that the image of ¥+ in €, is a hyperplane.

There is a 1-dimensional submodule V; = {§, 2} in %2; the quotient
%12/V1 is called the 11-dimensional Golay code module and is denoted
by #1;. Dually %, contains a submodule €;; of codimension 1 known
as the 11-dimensional Todd module. Since G does not stabilize non-zero
vectors in €12, both %1, and %, are indecomposable.

Arguing as in (2.2.5 (ii)) one can see that if H is a subgroup of
Maty, whose order is divisible by 23, then %;; and %, are irreducible
GF(2)H-modules.

We can now describe the orbits of G = Maty, on the non-zero vectors
in %12, ¥11, €12 and %y;. By (2.3.3), (2.11.3) and (2.11.9) we have the
following.

Lemma 2.15.1 The actions of G on %12 and €y, are indecomposable and

(i) G acting on ‘6#2 has four orbits: the octads, the complement of
octads, the dodecads and the set P itself,

(ii) G acting on €%, has two orbits indexed by the partitions of 2 into
an octad and its complement and by the partitions of & into two
dodecads; the stabilizers are Gy = 2* : L4(2) and Mat,.2, respec-
tively,

(iii) G acting on @, has four orbits: €15(i) for i = 1,2,3 and 4 with
stabilizers Maty;, Aut Maty;, PTL3(4) = Maty;.Sym; and G =
26 . 3. Symg (the vectors in %12(4) are naturally indexed by the
sextets ),
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(iv) the submodule €1, of €12 contains the zero vector, the orbit €12(2)
(the pairs from P) and the orbit €12(4) (the sextets). |

Let ', be a graph on the set of vectors in %, in which two vectors are
adjacent if their sum is contained in €;2(1). Then T, is a quotient of the
24-dimensional cube, %, : Maty, acts distance-transitively on I'; and the
distance diagram of the graph is the following:

24 1/ N\ 23 2/ N\ 2 3 m 24 Q
1 24 276 2024 1771
Q NG U/

Let I'; be the graph on the set of vectors of €, in which two vectors
are adjacent if their sum is an octad. The suborbit diagram corresponding
to the action of €12 : Maty on I'y is the following:

280 280
759 1 30 30 1 759
o e (o))
448 48
132 132
495

Let Yy« Y « Y; = & where Y; is of size i and let Maty;, Aut Maty,
PT'L;(4) be the setwise stabilizers in Mat»4 of Y;, Y> and Y3, respectively.
We are going to specify the structure of %;; and %,; considered as
GF(2)-modules for these subgroups of Maty.

By the above remark %;; and %, are irreducible under Mat»;.

Lemma 2.15.2

(i) Maty; acting on %fl has three orbits with lengths 253 (the octads
containing Y, ), 506 (the octads not containing Y1) and 1288 (the
dodecads containing Y;) with stabilizers 2* : Alt;, Altg and Mat,,,

(i) Maty acting on @fl has three orbits with lengths 23 (pairs con-

taining Y1), 253 (pairs not containing Y1) and 1771 (the sextets)
and with stabilizers Maty,, PEL3(4) and 2* : (3 x Alts).2. m]
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As a GF(2)-module for Aut Maty, €, is indecomposable; it contains
a l-dimensional submodule W; generated by the image of Y. The
quotient %y;/W; is irreducible, called the 10-dimensional Todd module
and denoted by €. Dually %;; has a Aut Maty-submodule € of
codimension 1 known as the 10-dimensional Golay code module.

Lemma 2.15.3

(i) Aut Maty, acting on Q?fo has three orbits with lengths 77 (octads
containing Y, ), 330 (octads disjoint from Y,) and 616 (dodecads
containing Y,) and with stabilizers 2* : Syms, 2* : L3(2) and
AutSymg;

(i) Aut Maty, acting on Q?fo has three orbits with lengths 22, 231 and
770 with stabilizers PXL3(4), 2° : Syms and 2*(Sym3 ) Sym;). O

As a GF(2)-module for PT'L3(4) %, is indecomposable; it contains a
2-dimensional submodule W, generated by the pairs contained in Y3. The
quotient €11/ W, is irreducible, called the 9-dimensional Todd module and
denoted by %,. Dually €;; has a PT"L3(4)-submodule %5 of codimension
2 known as the 9-dimensional Golay code module. s is isomorphic to
the module of Hermitian forms in a 3-dimensional GF(4)-space.

Lemma 2.15.4 Let I1 = I1(Y3). Then

(i) PT'L3(4) acting on %f has three orbits with lengths 21 (the lines of
I1), 210 (the pairs of lines) and 280 (the affine subplanes of order
3),

(ii) PT"L3(4) acting on Q_ﬁf has three orbits with lengths 21 (the points
of I1), 210 (the pairs of points) and 280 (the affine subplanes of
order 3). ]

2.16 The quad of order (3,9)

In this section we establish a relationship between the projective plane I1
of order 4 and the generalized quadrangle of order (3,9) associated with
the group Uy(3) = Qg (3). This relationship is reflected in (1.6.5 (vi)).

We consider IT as the residue I1(Y') of the Steiner system (2, #), where
Y ={a,b,c} is a 3-element subset of #. For x = a,b and ¢ put

H*={HcP|HUY \ {x} € B}.

Then 5%, #°, #° are the orbits of G(Y) = L;(4) on the set of hyperovals
in IT of length 56 each (2.7.9). If H and H’ are two hyperovals then by
(28.5 |[HNH'|is 0 or 2 if H and H’ are from the same G(Y )-orbit and
it is 1 or 3 otherwise.
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Let H € #* for x = a,b or c. Then by counting arguments as in the
proof of (2.8.1) one can see that #* contains 45 hyperovals intersecting
H in 2 points and 10 hyperovals disjoint from H. Let I'* be the graph on
H#* in which 2 hyperovals are adjacent if they are disjoint. This graph is
known as the Gewirtz graph.

Let @ be an affine subplane of order 3 in II and Tj,..,T; be the
triples of points in IT from which ® can be constructed by the deleting
procedure (the paragraph before (2.7.8)). Then the set

H@) ={Dy =TiUTj|1<i<j<4)

consists of hyperovals such that D;; and Dy are in the same G(Y )-orbit
if and only if {i, j} N {k,I} = @. Hence #(®) contains a single edge of
I'™ for x = a,b and c. By (2.7.11) this means that the action of G(Y) on
the Gewirtz graph is edge-transitive. In fact it is well known and easy to
check that the action is distance-transitive and the distance diagram is
the following:

10 1 9 2
1 10 45
© © ®)

By the basic axiom of (2, %) a 3-element subset from #\Y is contained
in a unique hyperoval from #* for x = a,b and ¢. This means that for
H € #° the set T?(H) of hyperovals in I'® intersecting H in three
elements has size 20 and it is in the natural bijection with the set of
3-element subsets in H. Hence two vertices in I'°(H) are adjacent in I'®
if and only if they correspond to disjoint subsets in H. Let A be the
graph on #° U #° in which two hyperovals are adjacent if they either
are disjoint or intersect in 3-elements and let F be the setwise stabilizer
of A in G[Y] = AutIl, so that F = PXL;(4). Then the action of F on
A is vertex-transitive and it is easy to deduce from the above that the
suborbit diagram is the following:
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One can see from the diagram that if K is a maximal clique in A then
|K| = 4 and there is an affine subplane ® such that

K = #(®) N (#° L #?).

By the remark after (2.7.11) one can see that the stabilizer of ® in F
induces on K a transitive action of Dg. This and the suborbit diagram of
A show that A is the point graph of a generalized quadrangle of order
(3,9) on which F induces a flag-transitive action. It is known (5.3.2 (iii)
in [PT84]) that every such quadrangle is isomorphic to the classical one
associated with the group U4(3) = Qg (3) and we have the following.

Proposition 2.16.1 Let I1 be a projective plane of order 4 and Fy = AutIl.
Let #°, 3", #° be the orbits of the L3(4)-subgroup in Fy on the set of
hyperovals in TI, let A = #° U H#?® and let F = PXL;(4) be the setwise
stabilizer of A in Fo. Let % be a rank 2 incidence system whose points
are the hyperovals in A, whose lines are the affine subplanes of order 3 in
I1, a hyperoval H and a subplane ® being incident if H € H#(®). Then
U is a generalized quadrangle of order (3,9) on which F induces a flag-
transitive action. Furthermore, % is isomorphic to the classical generalized
quadrangle associated with the group U4(3) = Qg (3). ]
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Geometry of Mathieu groups

In this chapter we study geometries of the Mathieu groups. Construction
of the Mathieu groups as automorphism groups of Steiner systems which
are extensions of the projective plane of order 4 (for large Mathieu
groups) and of the affine plane of order 3 (for little Mathieu groups)
leads to geometries discussed in Section 3.1. In Section 3.2 we construct
and study the geometry s (Mat,4) whose elements are octads, trios and
sextets with the incidence relation defined via refinement. We investigate
this geometry via the octad graph I' whose vertices are the octads and
two of them are adjacent if they are disjoint. The geometry #(Matys)
belongs to a locally truncated diagram and this reflects the fact that
I' does not contain a complete family of geometrical subgraphs. In
Section 3.3 we follow a strategy developed in Chapter 2 to construct a
graph of smaller valency with a complete family of geometrical subgraphs
and the same abstract automorphism group Matys. In this way we
obtain the rank 3 tilde geometry %(Mat,s). In Section 3.4 considering
the actions on the octad graph of Mat,; and Aut Mat,, we construct the
P-geometries ¥(Maty3) and %(Maty;) of rank 4 and 3, respectively. In
Section 3.5 we show that %(Mat,;) possesses a triple cover %(3 - Maty,)
which is simply connected. In Section 3.6 we establish the 2-simple
connectedness of %(Maty;). In Section 3.7 we calculate the suborbit
diagrams corresponding to the action of Mat;4 on its maximal parabolic
geometry. In Section 3.8 we analyse the structure of the Golay code as
GF(2)-module for the maximal parabolics associated with the action of
Maty4 on s#(Matas). In Section 3.9 we calculate the suborbit diagrams
of the maximal parabolic geometry of AutMat,;. In Section 3.10 we
calculate the lengths of orbits of the parabolic subgroups of Mat,s on
the set of sextets.

100
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3.1 Extensions of planes

In the previous chapter the large Mathieu groups have been constructed
as automorphism groups of extensions of the projective plane of order
4 and the little Mathieu groups as automorphism groups of extensions
of the affine plane of order 3. These constructions can be interpreted in
terms of diagram geometries as follows.

Let & = (#,4#) be the Steiner system of type S(5,8,24). Define
&(Maty4) to be an incidence system of rank 5 whose elements of type i
are the i-element subsets of & for 1 < i < 4, the elements of type 5 are
the octads from # and the incidence is by inclusion.

Lemma 3.1.1 The incidence system & = &(Maty) is a geometry with the
diagram

SMatz) g3
The group Matys acts on &(Matys) flag-transitively with the stabilizer of
an element of type i being Maty;, Aut Maty, PT'L3(4), 28 : 3 : Syms and
24 . Ly(2) for i = 1,2,3,4 and 5, respectively.

Proof. Since every 4-clement subset of & is contained in an octad, it
is easy to see that every flag is contained in a maximal one. Since the
incidence relation is via inclusion, & belongs to a string diagram. Let Y| =
Y, € Y3 = Y4 = B be a maximal flag in & where |Y;| =i and B € #. Then
the elements of type 4 incident to Y; are in the natural correspondence
with the elements in & \ Y3 and the elements of type 5 incident to Y3
are the blocks from %3(Y;). Hence res}(Y;) = (2 \ Y3, %(Y3)) which is
the projective plane II(Y3;) of order 4. The remaining rank 2 residues
in & are even more obvious. Since Maty4 acts transitively on # and
the stabilizer of an octad induces Altg on the elements in the octad, the
flag-transitivity of Maty4 on & follows. The structure of stabilizers follows
from the definition of Mat;; and Aut Maty,, together with (2.9.1) and
(2.10.2) (notice that the stabilizer of Y4 is of index 6 in the stabilizer of
the sextet determined by Yj). ]

Let 2 = (D, 2) be the unique Steiner system of type S(5, 6, 12). Define
Z (Mat) to be an incidence system of rank 5 whose elements of type i
are the i-element subsets of D for 1 < i < 4, the elements of type 5 are
the blocks from 2 and the incidence relation is by inclusion. The proof
of the following statement is similar to that of (3.1.1).
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Lemma 3.1.2 The incidence system & (Maty;) is a geometry with the dia-
gram

p. ) ~ . c Aff*

#(Maty) : ? 1 1 2 K

The group Mat, acts on F flag-transitivity with the stabilizer of an el-
ement of type i being Mat(y, Mat.2, Maty.Syms, Matg.Syms and Symg
fori=1,2,3,4 and 5, respectively. a

Let Y =« Y, « Y3 = Y4 = Q be a maximal flag in &#. The uniqueness
results for &, 2 and their residues can be reformulated in the following
way.

Lemma 3.1.3 Each of the following geometries is characterized by its
diagram including indices: & = &(Maty), ress(Yy), resf(Y2), F(Maty),
resg(Yy), resh(Y2). o

3.2 Maximal parabolic geometry of Mat),

In this section we study the geometry #(Matys) whose elements are
sextets, trios and octads of the Steiner system & in which two elements
are incident if one refines the other one as partitions. It is convenient to
define first a graph associated with the geometry.

Let I' = I'(Maty4) be the octad graph which is a graph on the set of
octads in which two octads are adjacent if they are disjoint. Then the
octads contained in a trio form a triangle while the octads refined by
a sextet induce a 15-vertex subgraph (called a quad) isomorphic to the
collinearity graph of the generalized quadrangle 4(Spa(2)).

Lemma 3.2.1

(1) T has diameter 3 and two of its vertices are at distance 1, 2 and
3 if and only if as octads they have intersection of size 0, 4 and 2,
respectively,

(i) Matys acts distance-transitively on T and the distance diagram of
Tis

1 3 15

30 1 /7. \28 3 24 15 Q
1 30 280 448
Q \_/ U

(iii) every pair of vertices at distance 2 is contained in a unique quad
and every quad is strongly geodetically closed,
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(iv) whenever x is a vertex and T is a triangle, there is a unique vertex
in T nearest to x.

Proof. First of all the action of G on T" is vertex-transitive. Let B
be an octad. By (2.10.4) O3 = {B}, Oy, Os and O, are the orbits of G,
on the vertex set of I'. By definition @y consists of the octads adjacent
to B. Let By, B, be a pair of octads from @y. For i = 1 and 2 let H;
be the hyperplane in Qp such that B; is an orbit of H; (compare (2.10.3
(ix)). Then By N B, = § if H; = H, and |B; N B,| = 4 otherwise. Hence
a; =1, by = 28 and 4 is the set of vertices at distance 2 from B. Since
G, acts transitively on @4 this implies ¢; = 3. Let B; € ¢4 and U be
the 2-dimensional subspace in Q; such that Bs; \ B is an orbit of U and
let By, H; be as above. Then either U < H,, in which case B, is refined
by the sextet determined by B N Bs, i.e. B; is contained in the quad
containing B and B; or U N H, is of order 2 and B; N B3 is an orbit of
this intersection. This implies (i) and (ii). Now (iii) and (iv) follow directly
from the distance diagram of T". (]

Because of the properties of I' in (3.2.1 (iii), (iv)) it is a so-called near
hexagon [ShY80].

For a vertex x € I define =, to be the geometry whose points are the
triangles containing x, whose lines and planes are 3- and 7-element subsets
of points whose setwise stabilizers in G(x) contain Sylow 2-subgroups
of the latter. Since there are 35 quads containing x and transitively
permuted by G(x), it is easy to see that 3 triangles containing x form a
line in =, if and only if they are contained in a common quad. By (2.10.3
(ix)) and (2.10.5) the trios containing B correspond to the hyperplanes
and the sextets refining B correspond to the 2-dimensional subspaces in
Q». This shows that =, is isomorphic to the rank 3 projective geometry
associated with the dual of 0,(G(x)).

Let T = {x,y,z} be a triangle in T". A quad X containing T determines
a line [,(Z) in ©, and a line /y(Z) in . The mapping vy, defined by

Pxy - L(Z) = 1 (Z)

for every quad X containing T is the unique mapping of the residue of
T in m, onto the residue of T in 7, which commutes with the action of
G(x, y).

The local projective space structures m, enable us to introduce the
notion of geometrical subgraphs. A subgraph E in T is called geometrical
if
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(a) whenever = contains a pair of adjacent vertices it contains the unique
triangle containing this pair,

(b) if x € E then the set ¥ of triangles containing x and contained in =2
is a subspace in =,

(©) GIE] N G(x) = G[¥] N G(x).

The geometrical subgraph as above will be denoted by E(x, V). Since
G(x) induces the automorphism group of n, and in view of the mapping
Pyy, arguing as in Section 9.5, one can easily show that if Z(x, ¥) exists
then it is unique. Moreover, a quad is a geometrical subgraph E(x, ¥)
where ¥ is a line in n,.

Lemma 3.2.2 Let ¥ be a plane in .. Then the geometrical subgraph
Z(x, ¥) does not exist.

Proof. Suppose to the contrary that E(x, V) exists. Since G acts on
I' vertex-transitively and G(x) induces the automorphism group of x,,
for every x’ € T and every plane ¥ in =y the geometrical subgraph
E(x', V') exists. Let .# be the set of all such geometrical subgraphs. Let
Z be a quad containing X, so that £ = E(x, ®) for a line ® of =n,. Let \¥;,
1 <i < 3, be the planes in =, containing ®. Then Z(x,¥;), 1 < i < 3,
are the geometrical subgraphs from .# containing X. Since G(x) N G[®]
induces Syms on {¥; | 1 <i < 3} we conclude that G[Z] induces Sym;
on {E(x,¥;) | 1 <i < 3}, which is impossible, since G[Z] = 2 : 3 - Syms
does not possess a homomorphism onto Syms;. m]

One may notice a similarity between the local structure of T'(Mataq4)
and that of the dual polar graph of ¥(Spg(2)); the difference is that the
latter graph contains a complete family of geometrical subgraphs.

Define # = s#(Maty4) to be the rank 3 geometry whose elements of
type 1, 2 and 3 are the sextets, trios and octads, where two elements
are incident if one refines another one as partitions of 2. Equivalently
the elements of # are the quads, triangles and vertices of T" and the
incidence relation is via inclusion. It is easy to deduce from the above
that 4 is in fact a geometry and to prove the following.

Lemma 3.2.3 Let {xi,x3,x3} be a maximal flag in 3 where x; is of type i.
Then resy(x1) = %(Spa(2)), resx(x2) = K37 and resy(x3) is the geometry
of 1- and 2-dimensional subspaces in a 4-dimensional GF(2)-space. m]
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By the above lemma s#(Matys) belongs to the following diagram:

O

o
6 2 2

The leftmost node is a convention to indicate that the residue of an
element of type 3 (that is of an octad) is a truncation of the rank 3
projective geometry over GF(2). The elements corresponding to this node
can be defined locally (in the residue) and by (3.2.2) it is not possible to
define them globally.

The following result was established in [Ron81a].

Proposition 3.2.4 The geometry 3 (Matys) is simply connected.

Proof. Let ¢ : # — A be the universal covering of # = H#'(Matz)
and let T be a graph on the set of elements of type 3 in Jf in which
two elements are adjacent if they are incident to a common element of
type 2. Since ¢ is a covering, the vertices in I incident to a given element
of type 2 form a triangle and the vertices incident to a given element of
type 1 induce a quad (the collinearity graph of %(Sp4(2))). Since a pair
of elements of type 3 in J# are incident to at most one element of type
2, arguing as in (6.3.3), we conclude that ¢ induces a covering of T onto
I' = I'(Mat,4) (denoted by the same letter ¢) and in view of (3.2.1 (iii)) all
cycles of length 3, 4 and 5 in I" are contractible with respect to ¢. Since
the diameter of I' is 3, to prove the proposition it is sufficient to show that
every non-degenerate cycle in I' of length 6 or 7 is decomposable into
shorter cycles. Let x € I, y € T'3(x) and {z; | 1 <i < 15} = I'(y) N 'x(x).
For 1 <i,j < 15, i # j, let Cij = (x,u;,2:,),2j,u;,X) be a 6-cycle. It
is easy to see that the decomposability of C;; is independent of the
particular choice of u; and u;. Moreover, whenever C(z;,z;) and C(zj, z)
are decomposable, so is Cy. By (2.104 (iii)) G(x,y) = Syms = Spa(2).
This means that G(x,y) acts primitively on the point set of 7, and in
view of (3.2.1 (iv)) also on I'(y) N I'z(x). Thus to show that all 6-cycles
are decomposable it is sufficient to show that at least one such cycle
is decomposable. Let (y,z1,u;) be a 2-path, where 4y € I'(x), and X be
the unique quad containing this path. Then there is another path, say
(¥, z2,41), joining y and u; in X. This shows that C; is decomposable into
shorter cycles and hence so is any other 6-cycle. Finally, by (3.2.1 (iv)),
every cycle of length 7 splits into a triangle and two (possibly degenerate)
6-cycles, so the result follows. O
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3.3 Minimal parabolic geometry of Maty,

By (3.2.2) the octad graph I' = I'(Matz4) does not contain a complete
family of geometrical subgraphs. In Section 9.5 we will learn in general
how to construct in such circumstances a graph of smaller valency with a
complete family of geometrical subgraphs with the same abstract group
of automorphisms. We start with a helpful lemma.

Lemma 3.3.1 Let Z be a sextet identified with the quad in T induced by
the octads refined by Z, x € Z, @y be the line in ny such that £ = E(x, ®y)
and let ¥y be a plane containing ®,. Then G[Z] = G;, G(Z) = K and
G(Z) N G[¥x] = Qs

Proof. Everything except the last equality follow from (2.10.2) and the
definition of the octad graph. The group G(x) induces L4(2) on n, and
the stabilizer in L4(2) of the line ®, induces Sym; x Syms; on the set of
points and planes incident to ®@,. On the other hand G(x) N G[®,] induces
Sym4 x 2 on Z. Hence G(Z) permutes transitively the three planes in 7,
containing ®, and the result follows. |

Let Q be a graph whose vertices are the pairs (x, ¥) where x € I' and
¥ is a plane in =, two such vertices (x, ¥) and (x’,¥') are adjacent if x
and x’' are adjacent in I, the triangle determined by the edge {x,x'} is
contained in both ¥ and ¥ and (W) = ¥'. By (3.2.2) and a statement
analogous to (9.6.4) Q is connected of valency 14 and G = Maty4 acts
naturally on Q.

We use notation as in (3.3.1); in addition let T = {x,y,z} be a triangle
contained in ®,. Let ®, and ¥, be the images under y,, of ®, and ¥,
and let ®, and ¥, be defined similarly.

Then R = {(x, ¥,), (v, ¥y),(z,'¥;)} is a triangle in Q and every edge of
Q is in a unique triangle. Put

H, = G(x) N G[q)x] N G["Px]a
Hy = G[T] N G[®, U®, UD,] N G[¥x U'¥, U¥,].

Lemma 3.3.2

(i) Hi = G;NG((x,¥x)); H2 = G;NG[R],
(i) HyNH, contains a Sylow 2-subgroup of G;, in particular it contains
QS’
(iii) H,/Q;s is a complement to K;/Q; in (Gs N G(x))/Qs and H2/Qs is a
complement to K;/Qs in (Gs N G[T])/Qs,
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(iv) (Hy,Hz) = G,

(v) the subgraph © in Q induced by the images of (x,¥.) under G is
a geometrical subgraph isomorphic to the collinearity graph of
9(3 - Spa(2)).

Proof. Since X is a geometrical subgraph, we have G(x) N G[Z] =
G(x) N G[®,] and (i) follows. Now (ii} and (iii) follow directly from
(3.3.1). Since G;/Q; does not split over K;/Q;, we obtain (iv). By (2.10.2
(v)) G5/Q; is the automorphism group of %(3 - Sp4(2)). By (i), (ii) and
(iii) {H:1K/K, H,K/K;} is the amalgam of maximal parabolics of the
action of G;/K; = Sps(2) on %(Sps(2)). By (2.6.2) this implies that
{Gs/Qs, {H1/Qs, H2/Qs}} is isomorphic to %(3 - Sp4(2)) and (v) follows. O

Below we present the suborbit diagram of the action of G = Maty4 on
Q computed by D.V. Pasechnik.

Let ¥ = ¥(Maty4) be the rank 3 incidence system whose elements of
type 1 are the geometrical subgraphs in Q as in (3.3.2 (v)), the elements
of type 2 and 3 are the triangles and vertices of Q; the incidence relation
is via inclusion. We obtain the following result directly from (3.3.2).
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Lemma 3.3.3 ¥(Matys) is a geometry with the diagram

~

I o]
2 2 2

and G = Matyy is a flag-transitive automorphism group of 9(Maty). O

Let us analyse the amalgam of maximal parabolics corresponding to
the action of G on %. We continue to use notation as in (3.3.1) and (3.3.2);
in addition assume that x = B, T = {B; = B, B,, B3}, B = §; U S. Then
A = {G;s, G, Gp} is the amalgam of maximal parabolics corresponding to
the action of G on J#(Maty4) and associated with the flag {Z, T, x}. Put
G1 = G[O®], G2 = G[R], G; = G((x,¥x)). Then o/ = {Gy, G, G3} is the
amalgam of maximal parabolics corresponding to the action of G on ¢
and associated with the flag {®, R, (x, ¥,)}.

Lemma 3.3.4 The following assertions hold:

(1) Gl = Gs,
(ii) Gz = Cg, (1) = Cg(t) where T is an involution from QN QN Q;, so
that G3 = 21%6 : L3(2) and [Gy : G3] = 15,
(i) G2 = Ng,(E) where E = 22 is the normal closure of T in 0,3(Gy),
so that Gy = 25 : (Syms x Symy) and [G, : G3] = 7.

Proof. (i) follows directly from (3.3.2 (iv)). There is a bijection ¢ of
the set of planes in =, onto Qf such that ¢@(¥) is the unique involution
in Qp which fixes elementwise every triangle in ¥. By (2.14.2 (i)) this
implies that there is a mapping y from the vertex set of Q onto the set
of 2a-involutions in G such that G(v) = Cg(x(v)) for v € Q. Let U be the
subgroup of order 22 in Q, which corresponds to the partition {S;,S,}
of B (2.10.5). It is easy to see that U = @, N Qs = @5 N Q; N @5 and
¢(¥x) € U which implies (ii). Since Gy = G[R], we have Gy = Ng(E)
where E is generated by the images under y of the vertices in R. Let X
be a subgroup of order 3 in 0,3(G;). Since X permutes transitively the
vertices in R, it acts transitively by conjugation on the set of generators
of E. Since 7 € Q; and X acts on Q, fixed-point freely, E = 22 and (iii)
follows. |

By the above lemma we could first define &7 as an abstract subamalgam
in # and then define ¥ as the coset geometry 4(G, ).

There is yet another way to construct the minimal parabolic geometry
% of Maty, from its maximal parabolic geometry 5. The point is that
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the elements of type 1 in both 5 and ¢ are the sextets. Moreover, an
element of either of these two geometries can be identified with the set of
sextets it is incident to, so that the incidence relation is via inclusion. In
their turn the sextets are identified with the quads in the octad graph, so
an element of type 2 or 3 in J# is the set of quads containing a triangle
or a vertex of I', respectively. In order to define the collections of sextets
corresponding to elements of type 2 and 3 in € it is convenient first to
describe the orbits of G on the pairs of sextets.

Let £ = {S,S2,...5} and X' = {S], S}, ..., S;} be distinct sextets. For a
tetrad S let u(S) be a non-increasing sequence consisting of the non-zero
values from the set {|SNS;| | 1 < j < 6} and let y = u(Z,X’) be the
lexicographically largest among the sequences u(S;) for 1 <i < 6. For a
sequence o let n(uo) be the number of sextets ' with u(Z,X’) = yp for
a given sextet X.

Lemma 3.3.5 The G-orbit containing (,X') is uniquely determined by u =
WZ,Z’) and one of the following holds:

(1) u=1(2,2), n(p) = 90, there is a unique trio refined by £ and ¥',
(ii) = (3,1), n(u) = 240, there is a unique octad refined by £ and ¥,
(iii) u=(2,1,1), n(u) = 1440, there are no octads refined by T and X'.

Proof. We claim that ¢ = (1,1,1,1) is not possible. Suppose the
contrary. Then u(S}) = (1,1,1,1) for every 1 < i < 6. We can assume
without loss of generality, that for 1 < j < 4 we have [S{ N S;| = 1 and
that |S; N 81| = |S; N Ss| = 1, in which case |(S]US;) N(S1USs) =3, a
contradiction with (2.8.5). Hence u is one of the sequences in (i), (ii} and
(iii). We assume that g = u(S{) = (|1S; N Sil,...,|1S] N S;|) where r = 2 or 3.
Let B = S; US;. Suppose first that r = 2, so we are in case (i) or (ii). Since
B is an octad containing Sj, B \ S| is another tetrad from X’ which we
assume to be S;. It is easy to see that in this case u(S;) = p. Since Gy N G;
induces (Sym4 X Symy4)° on the set of elements in B, it is easy to see that it
acts transitively on the set of tetrads S with [SNS;| = [SNS;| =2 and on
the set of such tetrads with |[SNS;| = 3, [SNS>| = 1. Hence the transitivity
assertions for (i) and (ii) follow. Let U and U’ be the subgroups of order
22 in Q,, corresponding to the partitions {Si, S} and {S], S}, respectively.
It follows in particular that U N U’ is of order 2 in case (i) and trivial
in case (ii). Thus in case (i) if an orbit of U and an orbit of U’ have a
non-empty intersection then the intersection is of size 2; £ and X’ refine
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the trio containing B and corresponding to the hyperplane (U, U’) in Qp;
W(S]) = pu for 1 < i < 6 which gives n((2,2)) = 90. In case (ii) if an orbit
of U and an orbit of U’ have a non-empty intersection, the intersection
is of size 1. Hence u(S]) = (1,1,1,1) for 3 < i < 6 and n((3,1)) = 240.
Let us turn to the case (iii). Clearly G, N G; acts transitively on the set of
triples Y with |Y NSj| =2 and |Y N S| = 1. In addition Q, stabilizes B
elementwise and permutes transitively the elements in 2\ B. This implies
the transitivity assertion in (iii). Since the total number of sextets is 1771,
by (i) and (ii) we obtain n((2, 1,1)) = 1440. m|

It follows from the proof of the above lemma that G; acts transitively
on the set of tetrads S with u(S) = (2,2), (3,1) and (2,1,1).

Definition 3.3.6 The sextet graph is a graph on the set of sextets with two
sextets X and X' being adjacent if W(Z,X') = (2,2).

Let & be the sextet graph. Then the vertices of 4 can be considered
as quads in the octad graph and in these terms two quads are adjacent
if they intersect in a triangle. Also, in view of (2.15.1 (iii), (iv)) the vertex
set of & can be identified with a G-orbit on the set of non-zero vectors
in %);. Let I, ¥’ be adjacent sextets as in the proof of (3.3.5). Then
S/ = S1AS] is of size 4 and the sextet Z” determined by S{ is adjacent to
both Z and ¥'. Thus there is a binary operation (denoted by *) defined
on the pairs of adjacent vertices in & such that x * y is a vertex adjacent
to x and y. Here x * y is the sum of x and y, considered as vectors in
%11. A clique (a complete subgraph) K in & will be called *-closed if
whenever K contains x and y, it contains x * y. Since a *-closed clique
is the set of non-zero vectors in a subspace in %11, it contains 2" — 1
vertices for an integer n. Clearly a *-closed clique of size 3 is of the form
{x,y,x * y}, where x and y are adjacent vertices in &. We are going to
classify all *-closed cliques in & and start with the following.

Lemma 3.3.7 For every clique in the sextet graph & the corresponding
quads in the octad graph contain a common vertex.

Proof. It is sufficient to show that whenever three quads pairwise have
common triangles then all three of them have a common vertex. Let X,
X, be quads such that £; N Xy = T where T is a triangle and let x € T.
Let X3 be a quad such that T; = X; N Z3 is a triangle for i = 1 and
2. Then by (3.2.1) T; contains a vertex, say y;, adjacent to x. Since X3
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contains y; and y,, it contains the path (v, x, ;). Hence x € X3 and the
result follows. |

By the above lemma in order to classify the cliques in & it is sufficient
to consider the quads containing a given vertex in the octad graph.
The 35 quads containing x = B can be identified with the lines in =, or,
equivalently, with the 2-dimensional subspaces in Q5. Two such subspaces
U, and U, are adjacent (as vertices of &) if U; N U, is 1-dimensional,
equivalently if (U, U,) is a hyperplane. In this case U, * U, is the unique
2-subspace other than Uy and U, which contains U;NU; and is contained
in <U 1s U 2).

Lemma 3.3.8 A maximal clique K in & has size 7, it is *-closed and G[K]
induces on K the natural action of L3(2). The group G acting on the set of
maximal cliques in & has two orbits A", and A"y such that | A ",| = 3-|A .
Moreover,

(i) if K € A", then there are a unique vertex x in the octad graph
and a plane ¥, in m, such that K corresponds to the lines of n,
contained in ¥,

(ii) if K € A", then there is a unique triangle T in the octad graph (a
trio) such that K corresponds to the quads containing T.

Proof. It follows from the general description of the cliques in the
Grassmann graphs [BCN89] or can be checked directly, that a maximal
set of pairwise intersecting lines in 7, is of size 7 and consists either of
the lines containing a given point or of the lines contained in a given
plane. In view of (3.3.7) this implies the result. a

Now directly from (3.3.2), (3.3.3) and (3.3.8) we obtain the following
combinatorial characterization of ¥(Matyy).

Lemma 3.3.9 Let 2 be a rank 3 incidence system whose elements of type 1
are the vertices of & (the sextets), the elements of type 2 are the *-closed
cliques of size 3 and the elements of type 3 are the cliques from the G-orbit
A, where the incidence relation is via inclusion. Then 9 is isomorphic to
Y(Maty). 0

On the following page we present the suborbit diagram of the sextet
graph with respect to the action of Mat4. It is straightforward to deduce
this diagram from the diagram D;(Matz4) proved in (3.7.3).
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By (3.3.9) the elements of type i in 4(Matz4) can be identified with
certain i-dimensional subspaces in %1, so that the incidence relation is
via inclusion. This defines a natural representation of %(Maty4) in ;.
The following result was established in [RSm89].

Proposition 3.3.10 The respesentation of 4(Maty,) in €y, is universal and
it is the only representation which is invariant under the action of Mat4.0

In fact €/, is the universal representation group of %(Maty4) [IPS96].

In was shown in [Hei91] and independently in {ISh89a] using coset
enumeration on a computer that Maty, is the universal completion of the
amalgam of maximal parabolics corresponding to its action on ¥(Maty,).
By the standard principle (1.5.2) this is equivalent to the following.

Proposition 3.3.11 The geometry 4(Matys) is simply connected. a

3.4 Petersen geometries of the Mathieu groups

In this section we construct a rank 4 P-geometry ¥(Maty;) possessing
the Mathieu group Mat,; as a flag-transitive automorphism group and
a rank 3 P-geometry 4(Mat;,) as a residue. The latter residue possesses
Aut Mat;; as a flag-transitive automorphism group.

Let Y7 be a 1-element subset of 2 and let H = Mat;; be the stabilizer of
Y; in G = Maty,. Since the stabilizer in G of an octad B acts transitively
both on B and on £\ B, we conclude that H, acting on the vertex set of
the octad graph I, has two orbits I9 and I'! with lengths 253 and 506,
consisting of the octads containing and not containing Yj, respectively.
It is easy to deduce from (2.10.1) that the stabilizer in H of an octad
from I'? or I'! is isomorphic to 23 : L3(2) or Altg = L4(2), respectively.
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Let T! denote also the subgraph in I' induced by that orbit. We
assume that x = B is a vertex-octad contained in I'!. Then for a trio
T = {B) = B, By, B3} containing B exactly one of B, and B; is contained
in T'!. Hence the valency of T'! is 15 and H(x) = L4(2) acts doubly
transitively on I'!(x) as on the point set of m,. Let m, denote also the
projective space having I'!(x) as its point set and preserved by H(x). Let
T be a quad containing x. Then by the remark before (2.52) ZTNT?° is
a standard 5-coclique and ZNT! is a Petersen subgraph. It is easy to
deduce from the structure of the octad graph that *NI'! is a geometrical
subgraph, corresponding to a line in 7. We are going to show that I'!
contains a complete family of geometrical subgraphs.

Let Y2 be a 2-element subset of & containing Y; and disjoint from
B. Let F = Aut Maty, and F® = Maty be the setwise and elementwise
stabilizers of Y» in G, respectively. Let I'? be the subgraph in T" induced
by the octads disjoint from Y,. One can easily deduce from (2.8.1) that
IT?| = 330. Since G, acts doubly transitively on 2 \ B, both F and
F act transitively on I'? with stabilizers isomorphic to 23 : L3(2) x 2
and 23 : L3(2), respectively. The direct factor of order 2 in F[B] is the
unique subgroup W of order 2 in Q, such that Y, is a W-orbit. Let
T = {B1 = B,B;,B;} be a trio containing B and corresponding to a
hyperplane D in Q. Then Y; = B; for i =2 or 3 if and only if W < D.
This shows that I'> N T'\(x) is a plane in 7, corresponding to W, so that

H(x)NH[I? nTY{(x)] = F*(x)

and hence I'? induces in I'! a geometrical subgraph corresponding to a
plane in n,. Thus I'! contains a complete family of geometrical subgraphs
and by (9.8.1) we obtain the following.

Lemma 3.4.1 Let 9(Maty;) be a rank 4 incidence system whose elements
of type 1 and 2 are the geometrical subgraphs in T'! of valency 7 and 3,
respectively, whose elements of type 3 and 4 are the edges and vertices of
I'! with the incidence relation via inclusion. Then 9(Maty) is a geometry
with the diagram

P
e O
2 2 2 1
and Matyy is a flag-transitive automorphism group of this geometry. O

The geometry ¥(Maty;) can be defined directly in terms of the Steiner
system S(5,8,24): the elements of type 1 are the 1-element subsets X of
2\ Y), the elements of type 2 are the 3-element subsets Z of # \ Y},
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the elements of type 3 are the pairs {B;,B,} of disjoint octads both
missing Y; and the elements of type 4 are the octads B; disjoint from Y;.
The incidence relation between these elements is given by the following
conditions where Z is the sextet containing Y; UZ:

XcZ,; Xﬂ(31UBz)=¢;XﬁB3=¢;

= refines By and B,; I refines B3; Bj € {By, By}.

It is an easy combinatorial exercise to check that this definition of
%(Maty;) is equivalent to the one given in (3.4.1). Notice that G[B;] N
G[B,] N G[Y1] induces on 2 \ (B; U B, U Y;) the natural action of L3(2)
on the point set of a projective plane © of order 2. By the above and in
view of (2.10.6) an element Z of type 2 is incident to {By, B,} if and only
if Z is a line of =.

The description of ¥(Mat,3) in terms of the Steiner system S(5, 8,24)
enables us to define an important subgeometry. Let B be an octad
containing Y. Define a rank 3 subgeometry & in %(Mat,;) containing
the elements of type 1 and 2 which are subsets of B and the elements
{B1, B2} of type 3 such that {B, By, B,} is a trio. The incidence relation is
induced by that in ¥(Mat,3).

Lemma 3.4.2 The subgeometry & is isomorphic to the Cs-geometry 4(Alt;7);
the group G[B] N G[Y] = 2* . Alt; acts flag-transitively on & with
G(B) = 2* being the kernel.

Proof. A trio T containing B corresponds by (2.10.3) to a hyperplane
in Qp and T induces on B\ Y; a structure n(T) of a projective plane
of order 2. The Alt;-subgroup in Gp/Qp = L4(2) acts flag-transitively
on the projective geometry associated with @, (compare (1.6.5)). In
particular it permutes transitively the 15 trios containing B. Thus the
corresponding 15 projective plane structures n(T) form an Alt;-orbit.
Now the result follows directly from the definition of the Alt;-geometry
given in Section 1.7. m]

Fori=1,2,3 and 4 let H; be the stabilizer in H = Mat); of an element
of type i in ¥(Mat,3). In view of the description of ¥(Mat,;) in terms of
the Steiner system we have the following:

Hi = Matyy; Hy = 2% : (Alts x 3).2; Hy = 2% : L3(2); Hy = Alts.

Here H, is the stabilizer in G of an element from #. The structure of
H; deserves a further comment.
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Lemma 3.4.3 H; = Aut AGL3(2), in particular O»(H3) is an indecompos-
able module for H3/0,(H3) = L3(2).

Proof. Let {By, B:;} be the element of type 3 stabilized by H;. Put
B = B; = #\(B;UB3). For i = 2 and 3 K, induces the group AGL3(2) =
23 : L3(2) on the elements in B; and the kernel, which is elementary
abelian of order 23, acts regularly on B. Hence K; N H = AGL3(2) acts
faithfully on B;. Since B, and Bj; are orbits of a hyperplane D in @5, an
element from D stabilizes both B, and B; while an element from Q; \ D
switches them. This shows that H; = (K, N H, Q) and since Hj stabilizes
B, Oy < Hs. On the other hand H[B] = 2* : Alt; and H[B]/Q, = Alt
acts flag-transitively on the projective space associated with Q5. It follows
from elementary properties of Alt; that the stabilizer of a point and the
stabilizer of a plane are non-conjugate subgroups isomorphic to L3(2)
(and conjugated in Syms). Since L3(2) = (K, N H)Q»/Q» < H[B]/Q» =
Alt; and K, N H normalizes the hyperplane D, it does not normalize
subgroups of order 2 and hence Q; is indecomposable under H3/Qs.
Thus an element from Qp \ D permutes the classes of complements to D
in K, N H. Since there are two classes of such complements [JP76}, H; is
the automorphism group of AGL3(2). m|

The residue in ¥(Maty3) of an element of type 1 is a rank 3 P-geometry
with the diagram
P

o o}
2 2 1

denoted by ¥%(Mat,;). This geometry can also be described directly in
terms of the Steiner system S(5,8,24). Specifically, the elements of type
1 are sextets T = {51,5,,..,5¢} such that Y, < S; for some 1 < i < 6,
the elements of type 2 are the pairs {B;, B;} of disjoint octads, both
disjoint from Y> and the elements of type 3 are the octads B; disjoint
from Y,. The incidence between these elements is given by the following
conditions:

T refines By and B,; X refines Bs; B; € {B, B,}.

There is a natural bijection ¢ between the set of 2-element subsets Z of
2\ Y, and the set of elements of type 1 in ¥(Mat,;) where ¢(Z) is the
unique sextet containing Y, U Z. An element B; of type 3 in ¥(Maty)
is incident to @(Z) if and only if Y, and Z are different orbits of a
subgroup of order 2 in G(B3) = 24,

The stabilizer in Mat,; of an element of type 1 in ¥(Maty3) induces on
%(Maty,) the group F? = Maty, and it is clear from the above description
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that ¥(Maty,) also admits Aut Maty; as a flag-transitive automorphism
group.

For i = 1,2 and 3 let Fib and F; be the stabilizers in F® and F of an
element of type i in ¥(Maty). Then from the above we can easily deduce
the following:

Flb ~ 04 : Syms; sz ~ 04 :Symy; Fg ~ 23 : L3(2);
Fi1 =2 :Syms; F,=2%:(Symsx2); F322%:L32) x2.

The residue of an element of type 1 in the Alt;-subgeometry & in
%(Maty;) is a subgeometry 2 in ¥(Mat,;) isomorphic to the generalized
quadrangle of order (2,2). This subgeometry can be described in the
following way. Let B be an octad containing Y,. Then £ consist of the
elements of type 1 contained in B and of the elements {By, B,} of type 2
such that {B, By, B,} is a trio. The stabilizers Q* and Q of 2 in F* and F
are the elementwise and the setwise stabilizers of Y, in G isomorphic to
24 : Altg and 2* : Syms, respectively. Clearly 0»(Q) = Qy is the kernel of
the action of Q on 2. We formulate this as follows.

Lemma 3.4.4 Every octad B containing Y, corresponds to a rank 2 sub-
geometry 2 in %(Maty) isomorphic to the generalized quadrangle
%(Spa(2)). a

Recall that if 4 is a P-geometry of rank n then the derived graph A(%)
of % is a graph on the set of elements of type n in 4 in which two
elements are adjacent if they are incident to a common element of type
n— 1. In these terms the subgraphs in the octad graph I' induced by the
orbits I'! and I'? are the derived graphs A(%(Maty;)) and A(%(Maty)),
respectively. It is well known [BCN89] and can be easily deduced from
(3.2.1) that these two graphs are distance-transitive with the following

respective distance diagrams.
2 6

15 1/ O\14 1 12 9 @
1 15 210
2

2 2 1
71 6 1,7\ 4 1@4 6
1 7 42 168——(::)
Q NGV

We conclude this section with the following.

Lemma 3.4.5 4(Maty) is a subgeometry of 9(Matay).
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Proof. We consider ¥(Mata4) as described in (3.3.9). Then the set of
elements of type 1 in ¥(Maty,) is a subset of the set of elements of type
1 in 9(Mat,,). Let B be an element of type 3 in ¥(Maty,), i.e. an octad
disjoint from Y,. Let W be the setwise stabilizer of Y, in @, = G(B),
so that W is the unique subgroup of order 2 in Qp, such that Y; is
a W-orbit. If X is a sextet which refines B then X is determined by a
tetrad which is an orbit on 2 \ B of a subgroup U of order 2? in Q.
Furthermore, Y, is contained in a tetrad of X if and only if W < U. In
terms of (3.3.8) this means that the set L of elements of type 1 incident
to B is a maximal clique in the sextet graph from the orbit %",. Hence
L is an element of type 3 in %(Maty,). Clearly B is uniquely determined
by L. In a very similar way one can show that an element of type 2 in
%(Maty,) is uniquely determined by the set M of sextets incident to it
and that M is an element in ¥(Matyy). o

3

346412

By (3.4.5) the sextet graph contains the collinearity graph of ¥(Matz)
as a subgraph, The suborbit diagram of the latter graph as given above
is easy to deduce from the diagram D,(Matj2) proved in (3.9.6).

3.5 The universal cover of ¥(Mats,)

In this section we show that ¥(Maty,) possesses a triple cover 4(3- Maty;)
which is simply connected.

We start by proving a result established by S.V. Shpectorov in [Sh85]
which gives an upper bound 1898 for the number of elements of type 3
in a P-geometry of rank 3.

Let & be a P-geometry of rank 3 and A = A(¥) be the derived graph
of 4. An element y of type 2 in ¢ corresponds to an edge in A whose
ends are the elements of type 3 incident to y. We claim that different
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elements of type 2 correspond to different edges. In fact, suppose that y;
and y, are different elements of type 2 incident to the same pair {xy, x2}
of elements of type 3. Since y; and y» are lines in the projective plane
resg(xy), there is a point z in this plane (an element of type 1 in %)
incident to both y; and y,. Since resg(z) is the geometry of edges and
vertices of the Petersen graph, which does not contain multiple edges,
we reach a contradiction. Thus the elements of type 2 in ¢ are identified
with the edges of A. Similarly an element z of type 1 corresponds to
a subgraph E (which is not necessarily an induced subgraph) formed
by the vertices and edges incident to z. Clearly E is isomorphic to the
Petersen graph. Since a point in a projective plane is uniquely determined
by the set of lines it is incident to, different elements of type 1 correspond
to different subgraphs. Throughout this section when talking about a
Petersen subgraph in A we always mean a subgraph formed by vertices
and edges incident to an element of type 1.

For x € A let n, denote the projective plane structure having A(x) as
the point set and dual to resg(x). A triple {u,v, w} of vertices from A(x)
is a line of =, if there is a Petersen subgraph E containing x, such that
{u,v,w} = E(x). If (y,x,z) is a 2-arc in A then the points y and z in 7,
determine a unique line and hence there is a unique Petersen subgraph
Z(y,x,z) in which (y,x,z) is a 2-arc. Dually, if E and E’ are Petersen
subgraphs containing a common vertex x, then E(x) and E'(x) are lines
in , which must have a point in common. Hence whenever two Petersen
subgraphs have a common vertex, they have a common edge incident to
this vertex.

As usual, for a vertex x of A and an integer i by A;(x) we denote the
set of vertices at distance i from x in A and A(x) = A (x). In addition
put

A'(x) = {x} UA(x) U ... UAi(x)

In this section the meaning of the parameters b; and ¢; slightly differs
from that in the rest of the book. To wit, we put

bi = max {|Ai1(x) NAY)l | x €A, y € Ax)},

¢ =min {|Ai1(x) NAY)| | x €A, y € Ax)}.

The following lemma generalizes some well-known properties of
distance-transitive graphs.

Lemma 3.5.1 Let 1 < i < d where d is the diameter of A. Then
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() bi+c<Tand ¢; = 1,
(i) if 1 < j<ithen b; > b; and ¢; = cj,
(iii) |Air1(X)| < (bi/civ1) - [A(X)].

Proof. Since |A(y)| is the number of points in the projective plane m, of
order 2, which is 7, (i) follows. Let x € A, y € Ay(x) and z € A;_j(x)NA;(y).
Then

Aiy1 () NA(Y) € Aji(2) N A(Y),
Aj_1(z) N A(Y) = Ai—1(x) N A(y),

and we obtain (ii). Let D be the set of edges {u,v} such that u € Ay(x),
v € Ai11(x). Then every vertex from A;(x) is incident to at most b; edges
from D while every vertex from A;41(x) is incident to at least ¢;;; edges
from D. Hence

|Ai(x)| - bi 2 |D| = |Ai1(x)] - Civt

and (iii) follows. m]

Lemma 3.5.2 b, < 4.

Proof. Let (x,y,z) be a 2-arc such that z € Ay(x) and E = E(x, y, z).
Since E is of diameter 2, E(z) = A%(x) and |A3(x) N A(z)| < 7 — |E(z)| =
4, m|

Lemma 3.5.3 If y € Ay(x) then there is a Petersen subgraph Z containing
y such that E(y) < A*(x). Furthermore |E(y) N As(x)| = 2, in particular
cq =2

Proof. Let (x,u,z,v,y) be a 4-arc in A joining x and y. Put & =
Z(z,v,y) and ® = E(x,u,z). Since E and ® have a common vertex z, they
have a common edge, say {z,w}. Since both E and ® have diameter 2,
w € Ay(x) N Ax(y) and E < A*(x). Both E(y) N E(z) and E(y) N E(w) are
non-empty while E(z) N E(w) is empty since there are no triangles in =E.
Hence |E(y) N As(x)| = 2. m|

Lemma 3.54 bs < 1.

Proof. Let y € As(x) and suppose to the contrary that z; and z, are dif-
ferent vertices from A(y)NAg(x). Let a € A(y)NA4(x). Let A = E(z1,¥, 22),
®; = E(a,y,z;) for i =1 and 2 and let E be the Petersen subgraph con-
taining a and contained in A*(x) whose existence is guaranteed by (3.5.3).
Since a Petersen subgraph has diameter 2, for i = 1 and 2 the subgraph
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®; intersects E in an edge which joins a to a vertex x; in E(a) N A4(x). By
(3.5.3) |2(a) N A3(x)| = 2 and hence x; = x,. This means that the 2-arc
(x1,a,y) is contained in ®; and in ®@,, so ®; = ®,. Since {z;,y} is an
edge of @, and {y,z,} is an edge of ®,, we obtain ®; = ®, = A and
hence {y,a} is an edge in A. Since a was taken to be an arbitrary vertex
from A(y) N A4(x), we have A(y) N Aq(x) < A(y). Since the valency of A
is 3 and zy,2z, € A(y) N Ag(x) we must have |A(y) N Aq(x)| = 1, which is
impossible, since |A(y) N Ag(x)| = ¢s = ¢4 and ¢4 = 2 by (3.5.3). m|
Now we are ready to establish the upper bound.

Proposition 3.5.5 4 P-geometry of rank 3 (possibly not flag-transitive)
contains at most 1898 elements of type 3.

Proof. Using (3.5.1), (3.5.2) and (3.5.3) we obtain |A¢(x)| = 1, |A(x)| =
7, |Ax(x)] < 42, |As(x)] < 168, |A4(x)] < 336 and |As(x)] < 672. By
(3.5.1 (ii))), (3.5.3) and (3.54) |Ai(x)] < 5 - |Ai(x)| for i > 5. Hence

,_6|A (x})| < |As(x)| < 672 and the result follows. 0O

The existence of a triple cover 4(3 - Maty;) of ¥(Maty,) can be estab-
lished using the following result (see [Maz79] and references therein).

Lemma 3.5.6 There exists a group F ~ 3 - Aut Maty, having a normal
subgroup Y of order 3, such that F /Y = AutMaty. The commutator
subgroup Fb of Fisa perfect central extension of F? = Maty, by Y and
G(Y). If DV is the preimage in F of a subgroup Maty; = Li(4) in
F l’, then Db = SL3(4) and an element from N»I;(Db) \ D® induces on D’ a
field automorphism. m|
Let F ~ 3 - AutMaty, and F® ~ 3- Maty, be as in (3.5.6) and let
@ : F — F be the canonical homomorphism. Let o = {F? |1 <i < 3}
be the amalgam of maximal parabolics corresponding to the action of
F? on %(Maty,). For i = 1,2 and 3 let F! = ¢~!(F’) be the preimage
of F,-[’ in Fb. Since a Sylow 3-subgroup of F,.[’ is of order 3 and every
such subgroup is inverted in its normalizer, we conclude that T’}’ splits
over Y and since 03(F,!’ ) = F}’ we obtain the following direct product
decomposition:
Fl =0’ x v,
where O3(F?) = F!. Let o = {O%(F?) | 1 < i < 3). It is easy to check
thatfor 1 <i< j<3
O*F)NOXF)=0¥F nF)=F nF

and hence ¢ induces an isomorphism of & onto <.
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Lemma 3.5.7 Let (3 - Maty,) be the coset geometry 9(Fb, ). Then ¢
induces a (3-fold) covering of 4(3-Mata;) onto 9(Maty) which is universal.

Proof. Since ¢ induces an isomorphism of & onto &, it induces a
covering

@ G, o) —> G(F°, o) = 9(Maty,)

(denoted by the same letter ¢). Notice that %(3 - Maty;) is connected
since F? does not split over Y. Since %(3 - Maty,) is a triple cover of
%(Maty,), it contains 990 = 330 - 3 elements of type 3. A flag-transitive
(in particular the universal) cover of %(3 - Maty,) has 990 - n elements of
type 3, where n is either an integer or infinity. Since 990-2 > 1898, (3.5.5)
implies the simple connectedness of %(3 - Maty,). ]

We could define 9(3-Maty,) to be the coset geometry g(f’ , {NF(03(E")) |
1 <i<3}) and this shows that it admits F as a flag-transitive automor-
phism group.

The derived graph of %(3 - Maty;) is a triple antipodal cover of the
derived graph of g(Matzz) and it has the following distance diagram:

1 2 2

71 6 1 1 6 1 7
oo oNcE oo RIoWoRe

Let 2 = %(Sp4(2)) be the subgeometry in ¥(Maty,) and Q = 2% : Syms
be the stabilizer of 2 in F. Recall that Q is the stabilizer in G &= Matyy of
an octad B and a 2-element subset Y> in B. In particular 03(Q) = Q; acts
regularly on # \ B and hence for p € 2 \ B the subgroup Q(p) = Syms
is a complement to Qp in Q. Since Q(p) acts naturally on the 6-element
set B\ Yy, it is easy to see that B \ Y is a hyperoval in TI(Y; U {p}) and
Q(p) is its full stabilizer in G[Y, U {p}] = PT'L3(4).

Lemma 3.58 Let 2 be the preimage of 2 in 9(3 - Maty,) and Q be the
preimage of Q in F. Then 2 is the rank 2 tilde geometry and Q induces the
automorphism group of 2.

Proof. It is clear that 02@) = 05(Q) = 24 Let @(p) be the preimage
of Q(p) in F, which is clearly a complement to 02@) in @ By (3.5.6),
(2.7.13) and in view of the discussion before the lemma, Q(p) = 3 - Sym
is the automorphism group of the rank 2 T-geometry. Let {xl,xz} be a
flag in 2 and Q; be the stabilizer of X; in F, i = 1,2. Then 0,(Q) 4 0;
and Q, / 02(Q) Symy x 2 is a complement to Y in the stabilizer in F of
Xi. Now the result follows directly from (2.6.2). O
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It is clear that the stabilizer of 2 in F¥ = 3 - Maty, is isomorphic to
24 13- Altg and it induces on 2 a flag-transitive action.

3.6 9(Maty;) is 2-simply connected

Let o = %(Maty;) be the rank 4 P-geometry of the Mathieu group
H == Matjy; with the diagram

P
o o
2 2 2 1

Let # ={H;|1<i<4}and #={P;j|1<i< j< 4} be the amalgams
of maximal and rank 2 parabolics corresponding to the action of H
on J# and associated with a maximal flag {x;, x2, x3, x4} where x; is of
type i. In this section we follow [ISh90a] to show that 5 is 2-simply
connected by proving that H coincides with the universal completion U
of the amalgam #. First we show that U is a completion and hence the
universal completion of /. After that we prove the simple connectedness
of .

For k = 2,3 and 4 the residue resx(x;) is 2-simply connected which
means that Hy is the universal completion of the amalgam #® = {P;; |
1<i< j<4,i#k,j+#k} of rank 2 parabolics corresponding to the
action of Hy on resy(xy). Since the amalgam &' = {H; | 2 < k < 4}
contains # and is generated by the elements in %, we have the following,

Lemma 3.6.1 U is the universal completion of the amalgam /1. a

The amalgam 2 = {P34, P24, P23} is the amalgam of maximal parabolics
corresponding to the action of H; = Matjy; on resy(x;1) = 9(Maty) and
by (3.5.6) the universal completion of 2 is isomorphic to 3 - Mat;;.

Lemma 3.6.2 Let D be the subgroup in U generated by 9. Then D = H, =
Maty.

Proof. We know that D is isomorphic either to H; or to the universal
completion of 2 which is 3-Matz. Let & = %(Alt7) be the subgeometry in
S asin (3.4.2) and S = 2* : Alt; be the stabilizer of & in H. Assuming
without loss of generality that {xi,x;,x3} is a maximal flag in &, let
S; = SNH; denote the stabilizer of x; in S. Let & = {SinNS; | 1 < i< j < 3}
be the amalgam of minimal parabolics corresponding to the action of S
on &. Since S;NS; < Py, whenever {i, j,k,1} = {1,2,3,4}, & is contained
in # and hence also in U. Let E be the subgroup in U generated by
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€ and for i = 1,2,3 let T; be the subgroup in E generated by S; N S;
and S; N Sk where {i, j,k} = {1,2,3}. Since H is the universal completion
of % for k =2 and 3 we have T, = S, and T3 = S3. If D = H,
then T} & S; and if D & 3 - Maty,, then by (3.5.8) T) = 2* : 3 - Alt;.
In the latter case I = %(E, {T\, T», T3}) is a flag-transitive rank 3 tilde
geometry possessing a morphism onto & = ¥%(Alt;) which commutes
with the flag-transitive action. By (6.11.4) there are no such geometries
and the result follows. a

Since %(Alt7) is simply connected by (1.7.1), the proof of (3.6.2) has
the following implication.

Lemma 3.6.3 In the above terms E = S = 2% : Alt; and T = & = 9(Alty).
O

By (3.6.2) U contains ./ and hence it is the universal completion of <.
This means that the universal 2-cover of J# coincides with its universal
cover.

Lemma 3.6.4 The geometry # = 9(Matys) is simply connected.

Proof. Lety : # — A be the universal covering of #. We are going
to show that ## and s have the same number of elements of type 1,
which is 23. By (3.6.3) a connected component of the preimage in #
of the subgeometry & = %(Alt;) is isomorphic to <. Let ® be a graph
on the elements of type 1 and 2 in 5 in which 2 distinct elements are
adjacent if they are incident in # and let © be the analogous graph
associated with . Since p is a covering of geometries, it induces a
covering of ® onto © (denoted by the same letter ). Recall that the
elements of type 1 and 2 in J# are the elements and the 3-element
subsets of £\ Y), respectively, with Lhe incidence relation via inclusion.
Let X be an element of type 1 in # and x = y(X) (where x is also
considered as an element from 2 \ Y;). Since resy(x) = %(Maty,), there
are 231 - (3 — 1) = 462 2-arcs in ® originating in x and, since p is a
covering, the same number of 2-arcs in ) originate in X. Let

C= (X, {x9y9a}9ya {X,y, b},x)

be a 4-cycle in @, where y,q,b are distinct elements from £ \ Y;. There
is an octad B which contains Y; U {x,y,a,b}. Hence C is contained in
the %(Alt7)-subgeometry associated with B and C is contractible with
respect to . Since C was taken to be an arbitrary 4-cycle containing
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x, we have |(§2(3E)|~= |®,(x)] = 462/21 = 22. This implies in particular
that for any 3,2 € ©,(X) there is an element {X,¥,Z} of type 2 in J#. Let
¥,z € O3(x) and let

C' = (x,{x,y,a},y,{y.2,a},2,{x,2,a},x)

be a 6-cycle where a € 2\ (Y; U {x,y,z}). Then C’ is contained in the
%(Alt7)-subgeometry determined by the octad containing Y; U {x,y,z,a}.
Hence C’ is contractible, which means the following. Whenever 2 elements
of type 1 in # are joined by a 4-arc in ©, they are joined by a 2-arc.
Since © is connected, in view of the above this means that altogether
there are 23 elements of type 1 in 5 and the result follows. ]

Now combining (3.6.2) and (3.6.4) we obtain the final result of the
section.

Proposition 3.6.5 The geometry 9(Maty3) is 2-simply connected. ]

3.7 Diagrams for s#(Matys)

Consider the maximal parabolic geometry # = 3 (Maty4) as a 3-partite
graph with the partition {J#, #;, # s} where 5 is the set of octads, trios
and sextets for x = b,t and s, respectively. In this section we calculate
the suborbit diagrams of s with respect to the action of G = Maty,.
For x,y € {b,t,s}, by N, we denote the orbit of G, on J#, of length N.
It turns out that in all cases x is uniquely determined by the pair (N, y),
so that there is no need to mention x explicitly. The suborbit diagram
with the base vertex taken from #, will be denoted by D,(Matys). In
Dx(Maty4) the valencies of N, will always be given as sums of lengths
of orbits of Gx N G(Y) for Y € N,. The diagrams D.(Matz,) together
with similar diagrams for the maximal parabolic geometry of Aut Mat;,
(to be calculated in Section 3.9) are of crucial importance for studying
geometries of larger sporadic groups, especially of J4. We identify the
elements of # with vertices, triangles and quads in the octad graph I'
and when talking about distances we mean the distances in I". As usual
B, T = {B1,B,B3} and X = {8},5,,...,5¢} are typical octad, trio and
sextet, respectively.

To calculate the diagrams D,(Matys) it will be helpful to analyse the
action of Q on the J#,. Since the distribution of classes of involutions in
Qx is given in (2.14.5) and for an involution its permutation character on
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#y, can be taken from (2.14.2 (iii)) and (2.14.3 (v)), it is straightforward
to calculate the number of orbits of Q, on 5. In order to find out
how many Q,-orbits are contained in a given Gy-orbit, we will use the
following rather obvious lemma.

Lemma 3.7.1 Let F be a group acting transitively on a set ® of sizen =2"-
m where m is odd and suppose that |0,(F)| = 25. Then there is t < min{r, s}
such that every Oy(F)-orbit on ® has length 2' and F/O,(F) permutes these
orbits transitively. In particular the maximal number of Oy(F)-orbits is m
and if F(x) is the stabilizer in F of x € ® then F(x)O(F)/Ox(F) is the
stabilizer in F/0,(F) of the Oy(F)-orbit containing x. a

We start with the easiest diagram Dy(Matx).

Lemma 3.7.2 The following assertions hold:

(i) Gy has four orbits on ), with lengths 1, 30, 280 and 448,
(ii) Gp has three orbits on A, with lengths 15, 420 and 3360,
(iii) Gy has three orbits on H#; with lengths 35, 840 and 896,
(iv) if T € 840; then there is a unique octad B’ adjacent to T such that
(Gb N Gs)Ks =GN G[Bl],
(v) the diagram Dp(Matys) is as given below.

Dy(Mata)
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Proof. Part (i) follows from (3.2.1). It is easy to deduce from the
proofs of (3.2.1) and (3.2.4) that if B’ € I'(B) for i = 1,2 and 3
then G, N G[B'] acts transitively on I'(B')NTyB) for j = i—1, i
and i + 1. This immediately implies (ii) together with the valencies
between the N; and N,. By (2.14.1) and straightforward calculations
we obtain (iii)). To prove (iv) notice that by (2.14.1 (iii)) there is a
unique octad B’ adjacent to X and disjoint from B. Specifically, if
[ BNS| =2for1 <i < 4, then B = S5U Ss. Hence G, N G; <
G[B'] and since G, N G; ~ [2°].Syms, it is sufficient to show that
|G, N K| < 2%. Since BN S is not stabilized by an element of order
3 from K;, G, N K; < Q;. Let R; be the kernel of the action of Q;
on §;. Since Q;/R; are the points on a hyperoval on the GF(4)-space
dual to Q; (2.10.2), Ry " R, N R; = 1. On the other hand for i = 1,
2 and 3 the stabilizer of S; N B in the action of order 22 induced
by Qs on S; is of order 2, hence |G, N K | < 2° which implies that
(G, NG;)/ (G, NK5) = Symy x 2 and (iv) follows. Now the valencies of N
are straightforward from the possible shapes of the multiset v in (2.14.1).
The information on the stabilizers G, N G; contained in (2.14.1) and (iv)
shows that the orbit under G, N G[Z] of an element adjacent to X is
uniquely determined by the orbit of G, containing this element. This
gives (V). m]
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Lemma 3.7.3 For X' = {S],5),..,5¢} € #;\ Z let G, be the stabilizer of
¥ in G, K; = 02,3(G;) and Q; = 02(G;). Then

(1) Gs has four orbits on #; with lengths 1, 90, 240 and 1440,
(ii) Gs has three orbits on ), with lengths 15, 360 and 384,

(i) L(Z') :==(GsNG,)K}/K] is the stabilizer in G;/K] of a point from
resx(X') if £' € 90; and L(X') is the stabilizer of a line in this
residue if ' € 240, U 1440,

(iv) Gs has four orbits on 3, with lengths 15, 180, 720 and 2880,

(v) the diagram Dy(Matys) is as given above.

Proof. Part (i) follows from (3.3.5) while (ii) follows from (2.14.1). Let
4 be the 6 x 6-matrix whose (i, j)-entry is |S; N Sj|. It is easy to deduce
from the proof of (3.3.5) or otherwise that A is of the form

220000 310000 200011
220000 130000 020011
002200 001111 002011
002200 | > | oo1111 or 000211
000022 001111 111100
000022 001111 111100

if u=1(2,2),(3,1) or (2,1,1), respectively. From this it is straightforward
to calculate the valencies between the N; and N, (but not necessarily
the decompositions of the valencies into sums of orbit lengths). Direct
calculation with the data in (2.14.5), (2.14.2 (iii)) and (2.14.3 (v)) shows
that Qs has 105 orbits on 4 \ . Since 90 = 45 - 2, 240 = 15 - 2* and
1440 = 45 - 2°, by (3.7.1) we conclude that Q, has 45, 15 and 45 orbits
on N; for N = 90, 240 and 1440, respectively. Since K;/Qs d G;/Q;,
the action of K;/Qs on the set of Qs-orbits on Nj is either trivial or
fixed-point free. In view of (2.12.7) we conclude that the action is trivial
if and only if N = 240. Hence K has exactly 15 orbits on N for N = 90,
240 and 1440. By (3.7.1) and (2.5.3 (vii)) L(Z’) is the stabilizer in G,/K]
of an element a from resx(Z’). The matrices A given above now show
that a is a point if £’ € 90; and a line otherwise, so (iii) follows. By (iii)
G/, acts transitively on the set of octads adjacent to ¥’ and contained
in N unless N = 360 in which case there are 2 orbits with lengths 1
and 6.
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Recall that B € N, for N = 15, 360 and 384 if v(B, Z) = (420%); (2°0?)
and (3 1°), respectively, where v(B,Z) is the multiset as in (2.14.1). For a
trio T = {By, B;, B3} clearly the set A(T) = {v(B;,Z) | 1 <i < 3} is an
invariant of the G,-orbit containing T. Certainly every trio is refined by
some sextet. Thus, considering for each of the 3 matrices 4 given above all
possible partitions of the set of columns into 3 pairs and summing up the
pairs of columns, we obtain the following exhaustive list of possibilities
for A(T):

J = {(@70%), @0%), @0%), 2, = {4%0%),(2°0), (2°0%)},

3 = {(2'0%),(2%0%), 2'0%)}, 44 = {(2'0%),31°),31%)}.

For 1 < i < 4 let ©; denote the set of trios T such that A(T) = A;. Within
the analysis of the partitions of columns of the matrices A we also obtain
the numbers of trios in ®; adjacent to a sextet £’ depending on i and on
the Gs-orbit containing ¥'. In view of (iii) these numbers (as on Dy(Maty4)
below) show that for every i the subgroup G, acts transitively on the set
of trios in @; adjacent to X'. This implies that for every 1 <i < 4 the set
©; is a Gs-orbit. In addition the number of octads in N, adjacent to a
given T € O; is readily seen from the shape of A;. Let us determine the
sizes of the ;. Since v(B, Z) = (420%) if and only if B (as a vertex of I')
is contained in the quad X, we conclude that ©; consists of the trios (the
triangles in I') contained in X while ®; consists of the trios intersecting
X in a single vertex. This gives |@;| = 15, |®;| = 180. All the 15 trios
adjacent to an octad from 384, are contained in @4 while every trio from
Q4 is adjacent to 2 octads from 384,. Hence |®4] = 2880 and since the
total number of trios is 3795, we have |®3;] = 720 and (iv) follows. To
complete the proof of (v) it remains to show that if T € ®; = 720, then
the stabilizer of T in G; permutes transitively the octads in 360, adjacent
to T and we suggest this as an exercise. n|

Lemma 3.7.4 The following assertions hold :

(i) G, has three orbits on Sy with lengths 3, 84 and 672,
(ii) G, has four orbits on 3’5 with lengths 7, 84, 336 and 1344,
(iii) L(XZ) = (G, N G)K/K; is the stabilizer in Gs/K; of a point from
res(X) if T € 7, U 336, and L(Z) is the stabilizer of a line from
this residue if T € 84, U 1344,
(iv) G, has four orbits on H#,\ T with lengths 42, 56, 1008 and 2688,
(v) the diagram D(Matys) is as given below.
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Dy(Maty)

Proof. (i) is dual to (3.7.2 (ii)) while (ii) is dual to (3.7.3 (iv)). Notice
that B € N, for N = 3, 84 and 672 if and only if the distance between
T and B is 0, 1 and 2, respectively. Similarly, £ € 7 if X contains T,
Xz € 84; if X intersects T in a vertex, X € 336, if every octad in T is at
distance 1 from Z and Z € 1344, if exactly 1 octad in T is at distance 1
from X. This shows that a sextet from 7; or 84, is adjacent, respectively,
to 3 or 1 octads in 3, while a sextet from 336, or 1344; is adjacent,
respectively, to 3 or 1 octads from 84;. To prove (iii) consider the action
of Qs on #; (compare Ds;(Maty)). By (2.14.5), (2.14.2 (iii)) and (2.14.3
(v)) Qs has 150 orbits on ;. Since 15 = 15-2°, 180 = 45-22, 720 = 45-24
and 2880 = 45 - 26, by (3.7.1) Qs fixes 15; elementwise and has 45 orbits
on N; for N = 180, 720 and 2880. In view of (2.12.6) we conclude that
K; fixes 15; elementwise and acts fixed-point freely on the set of orbits
of Qs on N, for N = 180, 720 and 2880. Hence K has 15 orbits on each
of the N;. By (2.5.3 (vii)) and the above established partial information
on the valencies between the N; and N, on D,(Mat,4) we obtain (iii) and
easily calculate the remaining valencies between the N5 and N,.

Consider the action of G; on #;\ T. For T' = {B},B5, B} # T put
o(T,T’) = " where e = d(T, T') (the distance in the octad graph) and
m is the number of pairs (i, j) such that d(Bi,B}) = e. By (3.2.1 (iii), (iv)),
for every 1 < i < 3 there is a unique octad in T’ nearest to B; and every
4-cycle in I' is contained in a quad. In view of these observations it is
easy to see that (T, T') is one of the following:

o1 =0 w=1% w3=1'; w=2%
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Let Q; be the set of T' € 5, \ T such that (T, T') =w; for1 <i < 4.
Since Gj acts doubly transitively on the set of trios containing B, Q is
a Gy-orbit of length 42. Since every 4-cycle in T is in a unique quad,
o(T,T’) = w; if and only if T and T’ are disjoint but contained in a
common quad. Since G, permutes transitively the pairs of disjoint trios
in I, Q, is a G-orbit of length 56. Let T € 1344, so that exactly 1 octad
from T is at distance 1 from X. Then 3 trios from X are in Q; and 12
are in Q4. On the other hand by (iii) G; N G; acting on the set of trios
contained in X has 2 orbits with lengths 3 and 12. Hence Q3 and Q4 are
G,-orbits. It is easy to calculate that [Q;] = 1008, so that Q4] = 2688 and
(iv) follows. Now the rest of D,(Maty,) is straightforward except possibly
for the transitivity of the stabilizer in G, of T’ € 2688, on the octads
contained in T’ and we suggest this as an exercise. ]

3.8 More on Golay code and Todd modules

In this section we analyse the structure of 11-dimensional Golay code
%11 and Todd €11 modules as GF(2)-modules for Gy, G; and G;. In order
to simplify the notation, we put X = %11, Y = €.

Letx = b, t ors. Since X and Y are GF(2)-modules, Q;, acts trivially on
each irreducible composition factor of G, in X or Y. In particular every
minimal G,-submodule in X or Y is contained in Cx(Q) or Cy(Qx),
respectively. In addition, since X and Y are dual to each other, Cx(Q5)
is dual to Y /[Y, Q] and Cy(Qy) is dual to X/[X, @,]. So it is natural to
calculate first the centralizers of the Q, in X and Y. We start with the
following.

Lemma 3.8.1 If x = b, t or s then Q. does not stabilize pairs of comple-
mentary dodecads.

Proof. Let {D, D'} be a pair of complementary dodecads stabilized by
Q.. Then a subgroup of index at most 2 in @, stabilizes D. It is easy
to deduce from (2.10.1), (2.10.2) and (2.10.3) that for every subgroup of
index 2 in Q, a union of size 12 of its orbits always contains an octad, a
contradiction with (2.11.2). m]

Lemma 38.2 For x = b, t and s put Ax = Cx(Qx) and B, = Cy(Qy).
Then G, acts irreducibly on Ax and B, and the following hold:
@) 145l =2, By = A’ @,
(ii) in terms of (2.10.3 (viii)) A, = Dy and B, is the dual of D,
(iii) A; is the natural symplectic module of Gs/K; = Sp4(2) and |Bs| = 2.
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Proof. The dimensions of the A, and B, are straightforward from
(2.15.1), (3.8.1) and the diagrams D,(Mat,4). The sextets in 35; are indexed
by the 2-dimensional subspaces in Qp. Applying (3.3.8) and (2.4.6) we
obtain (i). The non-zero vectors in A, are indexed by the octads in T and
their sum is zero, hence A, = D;. If B = B; then D3 = Qy N Q,. The non-
zero vectors from B, are indexed by 2-dimensional subspaces in D, and
(ii) follows. The non-zero vectors of A, are indexed by the octads in the
quad X. The sum of the vectors corresponding to octads in a triangle is
zero. Hence A; supports a natural representation of resy(X) = 4(Spa(2))
and (iii) follows by (1.11.2). m]

By (3.8.2),if Z = X or Y then Cz(Qy) and [Z, Q,] are, respectively, the
only minimal and the only maximal proper G,-submodules, in particular

Cz(0x) < [Z, Qx] In addition [X, 0x]/Cx(Qx) and [y, 0x]/Cy (Qx) are
dual to each other.

Lemma 3.8.3 For x = b, t and s put Cx = [X,0x]/Cx(Qx). Then Gy acts
irreducibly on Cy and the following hold:

(i) Cy is dual to Qp,
(ii) C; is dual to Q,,
(iii) C; is isomorphic to Q;.

Proof. By (3.8.2) the dimension of C, is 4, 6 and 6 for x = b, t and s,
respectively. It is easy to see that Cp is generated by the images of octads
from 30, and these images are indexed by the trios containing B. Since
the setwise stabilizer in @), of such a trio is a hyperplane in Q,, (i) follows.
For x =t and s let U, be a Sylow 3-subgroup in 0,3(Gx). Comparing
the dimensions of the centralizers of U, in 2%, Cx(Qx) and Cy(Qy),
we conclude that C,, as a module for N, := Ng (Uy), is isomorphic to
[U, X]. We claim that the action of N on C, is faithful. In fact for
x = t it is immediate from the dimension of the centralizer in X of
an element of order 7 and for x = s it follows from the fact that N,
does not split over U,. Hence C, is an irreducible 3-dimensional GF(4)-
module for N. It is well known and easy to check that every subgroup
in PT'L3(4) isomorphic to Syms or L3(2) x 2 stabilizes a hyperoval or
a Fano subplane in the corresponding projective plane of order 4. This
shows that C, is isomorphic to @, or to its dual. Since a hyperplane in
Cp is contained in C,, (i) implies (ii). From the diagram Ds(Matys) we
observe that [Y,Q;]/Cy(Qs) (which is dual to Cy) is generated by the
images of sextets from 90; and these images are indexed by the *-closed
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triangles in the sextet graph. Since the elementwise stabilizer in Q; of
such a triangle is a hyperplane in Q, (iii) follows. m]

Thus we have the following main result of the section.

Lemma 3.84 For Z = %y or €11 and x =Db, t or s
1<Cz(Qx)<[Z2,0:]<Z

is the only composition series of Z as a module for Gy; the composition
factors are as in (3.8.2) and (3.8.3). m]

In terms of (3.8.4) let X, be a Sylow 3-subgroup in G,. Then clearly
Z= CZ(XS) @ [Z,Xs]

and using (3.8.2) and (3.8.3) one can easily show the following.

Lemma 3.8.5 Cz(X;) is an reducible indecomposable 5-dimensional mod-
ule for G;/023(Gs) = Sps(2). Moreover Cg, (X;) contains the natural 4-
dimensional symplectic submodule while Cz (X) contains a 1-dimensional
submodule. m]

3.9 Diagrams for s (Maty,)

An element of type 2 in %(Maty;) is a pair {By, B} of disjoint octads,
both disjoint from Y>. Such an element determines a unique octad

B=2\(B1UB,)

containing Y>. In its turn B determines a %(Sp4(2))-subgeometry con-
taining {By, B2}. Thus an element of type 2 is contained in a unique such
subgeometry. The maximal parabolic geometry #(Maty;) introduced in
[RSm8&0] can be defined as follows. The elements of type 1 and 3 to-
gether with the incidence between them are as in ¥(Mat,;); the elements
of type 2 are the %(Sp4(2))-subgeometries with an element of type 1 or 3
being incident to an element of type 2 if in ¥(Mat,;) it is incident to an
element of type 2 in the subgeometry. Notice that an element of type 1
is incident to an element of type 2 in a subgeometry if and only if it is
contained in the subgeometry. In order to distinguish between %(Mat;)
and J#(Maty;), the elements of type 1, 2 and 3 in the latter geometry will
be called pairs, hexads and octets, respectively. The diagram of s#(Maty,)
is the following:
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octets

pairs ; © hexads

In this section we calculate the suborbit diagrams of s# as a 3-partite
graph with the partition

H=H,UH,U K,

where 5p, ' and S, are the pairs, hexads and octets, respectively. The
diagrams are with respect to the group F = Aut Maty acting naturally
on ). If {F,,Fy,F,} is the amalgam of maximal parabolics associated
with the action, then

F, =25 :Syms, F=2*:Syms, F,=2x2%:Ls(2).

A typical pair, hexad or octet will be denoted by P, H or O, respectively.
For x = p, h or o put Q, = O,(F,).

To calculate the diagrams it is helpful to know the conjugacy classes
of involutions in F and their distributions inside the Q,.

Lemma 3.9.1 The group F = AutMaty has 3 classes of involutions: 2a,
2b and 2c; an involution from F is contained in F? if and only if it is a
2a-involution. Furthermore,

(i) a 2a-involution s can be chosen so that s € Qy and Cp(s) = Cr,(s) =
2% 1 (Symy x 2), s fixes 23 pairs, 13 hexads and 26 octets,
(ii) a 2b-involution t can be chosen so that t € Q, and Cp(t) = F,, t
fixes 35 pairs, 21 hexads and 50 octets,
(i) a 2c-involution u can be chosen so that u € Q, and Cr(u) =
Cr,(u) = 2° : Frobt, u fixes 11 pairs, 5 hexads and 10 octets.

Proof. It is clear that the classification of involutions in F (resp. in
F?) is equivalent to classification of the orbits of Cg(t) on the set of 2-
element subsets of & stabilized (resp. fixed) by t for various involutions
7 in G = Maty. In view of this observation the classes of involutions
in F and the corresponding centralizers are immediate from (2.14.2) and
(2.14.3). The number of pairs stabilized by an involution v € F follows
directly from the cyclic shape of » on £\ Y,. Let 7 be a 2a-involution in
G and let B be the octad formed by the elements of £ fixed by . Then
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the set of octads stabilized by 7 consists of B, 14 octads disjoint from B
which are orbits of the hyperplanes in Q, containing t and 56 octads B’
such that [BNB’| =4 and B’ is refined by a sextet containing an orbit on
2\ B of a subgroup of order 4 on Qp containing T (compare the proof
of (2.14.2)). Using this description it is straightforward to calculate the
numbers of hexads and octets stabilized by the involutions s and t. The
octads stabilized by u (which is a 2b-involution in G) are exactly those
refined by the sextet which contains the tetrad Y, UP where P is the pair
stabilized by F,. Since 5 of these octads contain Y, and 10 do not, (iii)
follows. a

Lemma 3.9.2

(i) Qy is 2a-pure,
(ii) Q, contains 7 and 8 2a- and 2b-involutions, respectively,
(iii) Qp contains 15, 10 and 6 2a-, 2b- and 2c-involutions, respectively.

Proof. Since Qy, is the natural symplectic module for F,/Qp = Sp4(2),
(i) follows. The structure of F, implies that F,/Q, acting on the set of
involutions in Q, by conjugation has three orbits with lengths 1, 7 and 7.
One of the orbits of length 7 is formed by the involutions contained in
Q, N F?. By (3.9.1) a 2c-involution never commutes with an element of
order 3 and hence (ii) follows. One can deduce from (2.7.14) or otherwise
that the orbits of F,/Q, on the set of involutions in Q, are of lengths 15,
10 and 6 (in particular Q, is indecomposable). The former of the orbits
consists of the involutions contained in @, N F’. Since an involution from
the orbit of length 10 is centralized by a 3-element, (iii) follows. a

In Chapter 7 we will make use of the following result.

Lemma 3.9.3 For x = p, h and o put F? = F? N F,. Then the following
assertions hold:

(1) Oy(Fp) acting on 2\ Y, has one orbit of length 2 (the pair) and
five orbits of length 4, 02(Fg) fixes every element in the pair and
acts transitively on every 0,(Fp)-orbit of length 4,

(ii) Oy(Fn) and 02(F,L’ ) has the same orbits on P\ Y, namely, one orbit
of length 16 (the complement of the hexad) and three orbits of
length 2,

(iii) 0y(F,) and O,(F}) have the same orbits on P \ Y,, namely, one
orbit of length 8 (the octet) and seven orbits of length 2,

(iV) Fy = NF(OZ(Fx))-
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Proof. In view of the definition of %(Mat,;) in terms of subsets of
P\ Y, the assertions (i)—(iii) follow directly from (3.9.1) and (3.9.2).
These assertions immediately imply (iv). m|

For x = p, h and o by D.(Maty;) we denote the suborbit diagram
corresponding to the action of F on #(Maty;) with the base point taken
from #,.

Lemma 3.9.4 The following assertions hold:

(i) Fy has two orbits on 3, \ H with lengths 16 and 60; if H € N,
then |(HN H')\ Y2| =0 and 2 for N = 16 and 60, respectively,
(ii) Fy has three orbits on H#, with lengths 30, 60 and 240,
(iii) Fy has three orbits on #, with lengths 15, 96 and 120,
(iv) (Fa N F,)Q,/Qp is isomorphic to Symy, Alts and Symy x Symy for
P taken from 15,, 96, and 120, respectively,
(V) the diagram Dp(Maty) is as given below.

Dy(Maty;)

Proof. Suppose that Y, € B so that H = B is a hexad and consider B
as a vertex of the octad graph I'. Then F;, is the stabilizer of Y3 in Gy,
in particular it contains Q. By (2.10.4) and its proof Q; has 15 orbits of
length 2 on I'(B) and these orbits are indexed by the hyperplanes in Q.
If B’ € T{(B) for i = 2 or 3, then the Qj-orbit of B’ (of length 4 or 16) is
uniquely determined by B’ N B (of size 4 or 2). Hence F;, acts transitively
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on the set of 30 octets in I'(B) and the orbit under F; of B’ € I'y(B) for
i =2 or 3 is uniquely determined by i and |B'N Y>|. This means that there
are 60 hexads and 60 octets in I'>(B), 16 hexads and 240 octets in I'3(B)
and Fj acts transitively on each of these 4 sets. From this information
we easily deduce (i), (ii) and the valencies between the N, and M, on
Dn(Mat,).

Since the actions of F, on B\ Y, and £\ B are doubly transitive while
the action of Qp on £ \ B is transitive, we conclude that the orbit of a
pair under F; is uniquely determined by the size of its intersection with
H which implies (iii). Dualizing (iii} we obtain that F), has 3 orbits on 5
with lengths 5, 32 and 40. By (3.9.1) and (3.9.2) Q, has 17 orbits on £
and it is easy to deduce from (3.7.1) that Q, fixes 5, elementwise, has 2
orbits on 32, and 10 orbits on 40;. Since Syms = F,/Q), has a single class
of subgroups of index 5 (isomorphic to Syms) and a unique subgroup of
index 2 (isomorphic to Alts), to complete (iv) we have to show that for
P € 120, (Fy, N Fp)Qp/Q, is isomorphic to Syms x Sym; rather than to
Alts. If H' is a hexad from 16, and D is the stabilizer of H' in Fy, then
D is a complement to Qp in Fj, and hence it permutes transitively the 15
pairs in H'\ 3. This means that a pair from 120, is incident in 5#(Mat3;)
to 2 = 16-15/120 hexads from 164 and (iv) follows from the obvious fact
that Alty does not have orbits of length 2 in the natural action of Syms
of degree 5. Now using the divisibility it is straightforward to reconstruct
the remainder of Dy(Matz;). O

Lemma 3.9.5 The following assertions hold:

(i) F, has three orbits on 3#) with lengths 7, 14 and 56 consisting of
the hexads intersecting O in no, four and two elements, respectively,

(ii) for a hexad H we have (FyNFy)Qn/Qn = Symy and F,NFy, stabilizes
a pair in H if and only if H € 14, U 56,

(iii) F, has four orbits on #,\ O with lengths 7, 42, 112 and 168,

(iv) if O’ € N, then F,[0'1Q,/Q, is isomorphic to Syms, Dg, Alts and
Dg for N =17, 42, 112 and 168, respectively,

W) if 0’ € 1,U112, then F,[0'] stabilizes a hexad incident to O’,
(vi) F, has four orbits on ), with lengths 7, 28, 84 and 112,

(vii) if P € N, then (F, N Fp)Q,/Q, is isomorphic to Sym; x Sym;,
Syms x Symy, Dg and Symy for N =17, 28, 84 and 112, respectively,
(viii) the diagram D,(Maty,) is as given below.
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D,(Maty)

Proof. (i) is dual to (3.9.4 (ii)). By (3.9.1), (3.9.2) and (3.7.1) Q4 has
15 orbits on N, for N = 30, 60 and 240 (the diagram Dy(Matz,)) hence
(Fo N Fy)Qn/Qn = Symy for every hexad H. If H € 56, then F, N Fy
stabilizes the pair H N O and if H € 14, then F, N F, stabilizes the
pair H\ (HNO)UY2). On the other hand if H € 7, then F, N F,
permutes transitively the 3 pairs incident to both O and H, so we have
(ii). Part (iii) follows from the distance diagram of A = A(¥%(Matz;))
given before (3.4.5). The proof of (vi) is similar to that of (ii). Since on
the distance diagram of A we have ¢y = a3 = 1, if O’ € 7, U 112, then
F,[O'] stabilizes an octet 0" adjacent to O’ in the derived graph. Hence
it also stabilizes the hexad # \ (0’ U 0”) and (v) follows. The group F,
acts triply transitively on the elements in O; F,/Q, = L3(2) permutes
doubly transitively the 7 orbits of Z(F,) on £ \ (O U Y;) and hence Q,
stabilizes each of these 7 orbits as a whole. This implies that F, acts
transitively on the pairs in O; on the pairs intersecting O in one element;
on the orbits of Z(F,) on #\ (O U Y;) and on the remaining pairs in the
latter set, so that (vi) follows. The proof of (vii) is similar to that of (ii).
Now with this information in hand it is straightforward to reconstruct
D,(Mat2). m]

Every statement in the next lemma either is dual to a statement in
(3.9.4) and (3.9.5) or can be deduced by similar methods.
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Dp(Matzz)

Lemma 3.9.6 The following assertions hold:

(i) Fp has three orbits on 3}, with lengths 5, 32 and 40,

(i) if H € N, then (F, N Fy)Qn/Qp is isomorphic to Symy, Alts and
Symy for N =5, 32 and 40, respectively,

(i) Fp, has three orbits on ', with lengths 30, 40 and 160,

(iv) Fp has four orbits on 3, with lengths 10, 40, 120 and 160,

(V) if O € N, then (Fp N\ F5)Q0/Q, is isomorphic to Syms, Syms, D
and Alts for N = 10, 40, 120 and 160, respectively,

(vi) the diagram Dy(Maty;) is as given above. 0

3.10 Actions on the sextets

In this section we describe the orbits of a few subgroups of G on #;,
that is on the set of sextets.

Lemma 3.10.1 Let Y be a 3-element subset of #. Then G[Y] = PTL;(4)
acting on s has three orbits with lengths 21, 630 and 1120 consisting
of the sextets X such that Y intersects i tetrads in X for i = 1, 2 and 3,
respectively.

Proof. It follows from (2.10.2) that the orbit under G; of a 3-element
subset X is uniquely determined by the multiset {{ X N S;| | 1 < i < 6}.
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Now the result follows from the obvious duality and straightforward
calculations. m]

Lemma 3.10.2 Let {D;,D;} be a complementary pair of dodecads and
R = Maty,.2 be the setwise stabilizer in G of this pair. Then R acting on
H's has three orbits with lengths 396, 495 and 880.

Proof. For a sextet T = {5,,S55,..,8¢} put mj; = |[D; N §;| for j = 1,2,
1 < i <6, and suppose that m is the maximum of the mj. Then
m € {4,3,2} and we are going to show that each value of m corresponds
to a single orbit Q, of R on ;. Notice that because Golay subsets
always have even intersection, all the values mj; have the same parity.
Suppose first that m = 4. By (2.11.2) D; does not contain octads and
hence for j = 1 and 2 at most one of the values m; can be equal to 4
and in order to meet the total balance exactly one of the mj; must be 4.
Since the action on D; of its stabilizer in R is 5-fold transitive, €4 is an
R-orbit and || = (%) = 495.

If m = 3 then for j = 1 and 2 exactly three of the mj; are equal to
3 and three to 1. By (2.11.9 (iii)) the stabilizer in R of an element from
D, induces on D; a 3-fold transitive action of Mat;; and hence Q3 is an
R-orbit and Q| = (‘32) 121 =880,

Finally, if m = 2 then all the mj; are equal to 2. For 1 < i < 6
put A = §;N Dy and B = §; N D,. By (2.11.3) A determines a partition
{Ty, T>} of D such that both AU Ty and A U T, are octads. If B < T
then T, \ B is a tetrad in Z, which is impossible since m = 2. Hence
B intersects both T; and T,. Since the elementwise stabilizer of 4 in R
induces two inequivalent actions of Symg on T} and T3, Q, is an R-orbit
and 07| = () -6-6- 4 = 396. o

Lemma 3.10.3 The subgroup G; = 2};"6 : L3(2) acting on 35 has six orbits
with lengths 7, 28, 56, 336, 448 and 896.

Proof. By (3.3.4) G3 has index 15 in G, it contains Qp and G3/Qp
is the stabilizer of a point in the natural action of G;/Qp = L4(2) on
the rank 3 projective geometry n of the proper subgroups in Qp. Thus a
Gs-orbit on 3 is a union of Qp-orbits and is contained in a Gp-orbit.
By (2.14.1) and (3.7.2) Gp acting on 3#; has three orbits ®;, ®, and
O3 with lengths 35, 810 and 896; Q,-orbits on ®; have lengths 1, 8 and
16, respectively. Furthermore, if ®; is the set of Qp-orbits on @;, then
Gy/Qp = L4(2) acts on ©; as it acts on the set of lines in 7, on the



140 Geometry of Mathieu groups

incident point-hyperplane pairs in = and on 3-element subsets of B for
i = 1,2 and 3, respectively. This and elementary geometric arguments
show that G3/Q) has two orbits on ®; with lengths 7 and 28, three orbits
on ©, with lengths 7, 42 and 56, and acts transitively on @;. The latter
follows from the 3-fold transitivity of G3/Qp = 23 : L3(2) on the octad B
stabilized by G,. O
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Conway groups

The largest Conway sporadic simple group is the quotient over the centre
of order 2 of the automorphism group of the Leech lattice (the unique
even unimodular lattice of dimension 24 without roots). In Section 4.1
we recall some standard results concerning construction of lattices from
binary codes. In Section 4.2 we discuss some symmetries of the lat-
tices coming from the binary code construction. In Section 4.3 we follow
[Coné9] to prove the uniqueness of the Leech lattice A; the proof immedi-
ately gives the order of the automorphism group Cog of A. In Section 4.4
we introduce the standard coordinate system for the Leech lattice and
describe explicitly the Leech vectors of length up to 8. In Section 4.5 we
discuss the action of Cog on the Leech lattice modulo 2 (denoted by A)
as well as on the Leech vectors of small length. In this way we introduce
the sporadic Conway groups Co;, Co; and Cos. In Sections 4.6 and 4.7
we study the action of Co; on the images in A of the Leech vectors of
length 8 and calculate the suborbit diagram of the Leech graph which
is the smallest orbital graph of this action. In Section 4.8 we study the
structure of the centralizer in Co; of a central involution which we use
in Section 4.9 to construct the tilde geometry %(Co;) and the Petersen
geometry 4(Co,). In order to establish the simple connectedness of these
geometries in Section 4.12, in Sections 4.10 and 4.11 we study the affine
Leech and the shortest vector graphs in terms of their suborbit diagrams.
In Sections 4.13 and 4.14 we discuss some further geometries possessing
natural descriptions in terms of the Leech lattice.

4.1 Lattices and codes

Let n be a positive integer, let R” be an n-dimensional Euclidean vector
space and for x,y € R” let (x,y) denote the inner product of x and

141
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y. A lattice of dimension n is a subset L < IR" with the property that
there exists a basis # of R” such that L consists of all integral linear
combinations of vectors from 4. In this case 4 is said to be a basis of
L. A lattice L ¢ V = R" and a lattice L' = ¥V’ = R" are isomorphic if
there is an isomorphism ¢ : V — V' of Euclidean spaces which sends L
onto L'.

Let L be a lattice of dimension n. The dual lattice L" of L is defined as
follows:

L'={y|yeR"(y,x) € Z for every x € L} .

A lattice L is integral if L < L*, which means that the inner product of
any two vectors from L is an integer; L is even if (x,x) € 2Z for every
x € L. Since

1
(x,}") = §(x+y,x+}’)—(x,x)—(y,.}’),

every even lattice is integral. Let # be a basis of an integral lattice L and
let A denote the Gram matrix of 2. The absolute value of the determinant
of A is independent of the choice of # and it is called the discriminant of
L, written as disc L. It is known [Ebe94] that disc L = |L*/L|. A lattice
L is unimodular if L* = L, in which case disc L = 1. We will write x? for
the (squared) length of a vector x, that is for (x,x). If x> = 2 then x is
called a root. We are mainly interested in even unimodular lattices. It is
known [Ebe94] that the dimension of such a lattice is divisible by 8. A
Leech lattice is an even unimodular lattice of dimension 24 which does
not contain roots. We will see in due course that there exists a unique
Leech lattice which has a certain remarkable group of automorphisms.

Let L and M be integral lattices of dimension n and suppose that
M < L. Then clearly L € M* so that L corresponds to a subgroup in
the finite abelian group M*/M. We will discuss a family of lattices which
contain specific sublattices and show that this family possesses a natural
description in terms of binary codes.

Let &, be a basis of R” consisting of pairwise orthogonal roots. This
means that &, is of size n, a®> = 2 for every a € &, and (a,b) = 0 for all
a,b € #, with a # b. Then for x € R" we have

1
X = Z E(x, a)a.
acR,

Let & = Z(4A,) be the lattice having &, as a basis. It is easy to see the
following.
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Lemma 4.1.1 The lattice & = ¥(&») is n-dimensional and even with
discriminant 2". a

For e =0 or 1 put

L= LoRn) = { > maa

aER,

m, €Z, Zma=smod2}.

acR,

Then % is a sublattice of index 2 in & and %, is the only proper coset
of &%y in &. We will study the lattices which contain %p. In order to
understand these lattices it is helpful to have a description of the duals
#* and %, which is rather straightforward and given in the lemma
below.

Lemma 4.1.2 The following assertions hold:

(i) & is a lattice with the basis {1a|a € R,};
(ii) x,y € &* are in the same coset of & if and only if for every a € &,
we have (x,a) = (y,a) mod 2;
(ili) x € £y \ £ if and only if(x,a)el+%for every a € Ry,. a

The above lemma possesses an easy reformulation in terms of coor-
dinates of vectors in the basis #,. To wit, x € " if and only if every
coordinate of x is either an integer, or a half integer, x,y € %" are in the
same coset of £ if and only if x and y have the same set of non-integer
coordinates (which are half integers), x € £\ &" if and only if every
coordinate of x is an odd integer divided by 4.

For a vector x € ¥* put
X(x)={a|ae Rn, (x,a) €2Z + 1},

so that a € X(x) if and only if the corresponding coordinate of x in the
basis %, is not integral. By (4.1.2 (ii)) we have X(x) = X(y) if and only
if x and y are in the same coset of & in #". Since |¥*/¥| =disc & =
2" = 2%, the mapping

o x— X(x)

induces a bijection of #*/.% onto 2% and for X < &, we have

1
-1 — _
0 (X)) =% +ex, where ex_'z'E a

aeX

Lemma 4.1.3 Let x,y € &*, then
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@) @(x+y) = o(x)Ae(y) = X(x)AX(y),
(ii) (x,y) € Z if and only if | X(x)NX(y)| € 2Z, i.e. if and only if X(x)
and X(y) are orthogonal with respect to the parity form,
(iii) if X < R, then &% = %lX |, in particular ex is a root if and only if
|X| =4,
(iv) if x € &* then x* = eg((x) + 21 for some | = 0.

Proof. Let z = x-+y and a € #,. Then (z,a) = (x,a) + (y,a) and
hence a € X(z) if and only if a is contained in exactly one of the sets
X(x) and X(y). So X(z) = X(x)AX(y) and (i) follows. To prove (ii) put
X =ex(x) +aand y = ex) + b for a,b € £. Then

(x,¥) = (ex(x) ex(y)) + (ex(x) b) + (ex(y)> ) + (4, b).
Since exx), ex(y) € ", the last three terms on the right hand side of the
above equality are integers and, since (ex(x),ex(y)) = %|X (x) N X(y)|, (ii)
follows. The assertion (iii) comes by direct calculations. In (iv) if we put
X = ex(x) + a for a € Z, then
x2= eg((x) + 2(ex(x), a) + a,

where a? is even since £ is even. In addition it is easy to see that for
XcAR,andac R,

(ex,a)= min |(x,a)
and hence (iv) follows. a

For € < 2% put

L46) =97 (®) = | J (L +ex)
Xe¥

(the A-construction in [CS88]).

Lemma 4.1.4 The set £4(%) is a lattice if and only if € is a (binary
linear) code. If € is a code then

(i) LA(¥) is integral if and only if € is contained in its dual,
(i) LA(F) is even if and only if € is doubly even,
(iii) LA(¥) is unimodular if and only if € is self-dual.

Proof. If #4(%) is a lattice then it is closed under addition and by
(4.1.3 (i)) this happens exactly when % is closed under taking symmetric
differences, i.e. when % is a code. On the other hand if ¥ is a code then
F4(%¥) is closed under addition, and it is always closed under negation.
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Hence #4(%) is a subgroup of finite index in .#* which means that it is
a free abelian group of rank n. This implies that £4(%) is a lattice. Now
(i) holds by (4.1.3 (ii)) while (ii) holds by (4.1.3 (iii), (iv)). If € is a code
then the index of #4(¥) in #* equals the index of ¥ in 2% In view of
(4.1.1) L4(%) is unimodular if and only if it is of index 2*/? in #* and
by (2.1.1) the index of % in 2% is 2"/2 if and only if € is self-dual. O

The above lemma reduces the classification of even unimodular lattices
containing £(#,) to that of doubly even self-dual codes based on £,.
Notice that all these lattices contain roots, since so does £(%,). Let us
turn to the lattices which contain % but do not contain .# starting with
those contained in &*. For X = £, the coset .Z + ex splits into two
Lo-cosets Ly + ex and #1 + ex. A lattice which contains %y but does
not contain .¥ may contain at most one of these two .Zy-cosets. Let
% < 2% and let B be a {0, 1}-valued function on %. Put

Z2%.8) = | J (L) + ex)
Xe¥

(B-construction in [CS88]).

Lemma 4.1.5 The set #3(%,pB) is a lattice if and only if € is a code and
for all X,Y € € we have

BXAY)=(BX)+HY)+|XNY|)mod 2.

If £B(%,P) is a lattice then

(i) ZB(%,p) is integral if and only if the code € is contained in its
dual, in which case B is a linear function on €,
(i) LB(%,PB) is even if and only if € is doubly even,
(iii) if £B(%,p) is integral then disc LB(€,B) = 4 with the equality
holding if and only if € is self-dual,
(iv) if £B(%,B) is integral then we can change the signs of some of the
vectors in &, so that B becomes the zero function.

Proof. Since

ex +ey =exay + Z a
acXny
and the latter sum is contained in % if | X N Y| is even and it is in &
otherwise, we obtain the condition for #3(%, B) to be a lattice. The proofs
of (i) and (ii) are analogous to proofs of (i) and (ii) in (4.1.4). Since %y
is of index 2 in %, its discriminant is 2"*2 and if ¢ < €”, then the order
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of € is at most 2%/2 and (iii) follows. Let us turn to (iv) and suppose that
#B(%, B) is integral which means that € is totally singular with respect
to the parity form and B is linear. Put €y = {X | X € ¢,5(X) = 0}.
If €90 = € then we are done, otherwise there is Y = %, such that
Y+ N& =%, Now it is easy to see that the change of signs of vectors in
Y transfers § to the zero function. a

By (4.1.5 (iv)), if € < €", then we can (and will) assume that the signs
of vectors in &, are chosen in such a way that g is the zero function and
write .#B(%) instead of £53(%, B), so that

28@) = (Lo +ex).
Xe¥

Let M be an even unimodular lattice which contains %, and does not
contain &. Since | L/ Ly| = | %o/ L"| = 2, we have IM/(M N L) < 2.
On the other hand disc(M N #*) > 4 by (4.1.5 (iii)). Hence we must
have IM/(M N £*)| = 2 and disc(M N £*) = 4. By (4.1.5 (ii), (iii)) and
in view of the above notational convention the latter equality and the
fact that M is even imply that M N ¥* = #B(%), where € is a doubly
even code (of length n). Since disc #3(%¥) = 4, there are three proper
cosets of LB(%¥) in £B(¥)". Since FB(¥) = #*, clearly ¥ = £B(%¥)".
The vector %egpn (whose coordinates in the basis 4, are all equal to %) is
contained in % \ £* and since € is doubly even, (%egpn, ex) € Z for all
X € ¥. This shows that the proper cosets of #3(%) in #B(¥)" are the
ones containing

1 1
£, Lo+ Eegpn, and ¥ + Eegpn.

Since M is unimodular, it must contain one of these cosets and not %,
since in that case it would contain the whole of %.

Lemma 4.1.6 If x € &, + jea, for e =0 or 1, then

2_ ("
X" = (8 +8) mod 2.

Proof. It is straightforward to check that (3eq,)* = 3, (Jeq, —a)* =
g+ 1forae R, and (%egpn,x) € 2Z for x € %y. Since £, + %egn
Po—a+ %egpn, the result follows. ]

For ¢ = § mod 2 put

250 = 2°6) 0 (256) + Lo+ Jea,).
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(C-construction in [KKM91]). By (4.1.6) and the arguments before that
lemma we have the following,

Lemma 4.1.7 If € is a self-dual doubly even code of length n then £(%¥)
is an n-dimensional even unimodular lattice and up to isomorphism every
even unimodular lattice which contains ¥ and does not contain & can be
obtained in this way. m|

Using (4.1.3 (iii)) it is not difficult to check that for n > 24 #€(%¥) does
not contain roots if and only if the minimal weight of € is greater than
4. In view of (2.8.8) and (2.11.4) this gives the following.

Lemma 4.1.8 Let €12 be the unique Golay code. Then ¥£C(%12) is a Leech
lattice and up to isomorphism it is the unique Leech lattice which contains
Lo(R24). |

4.2 Some automorphisms of lattices

Recall that an automorphism of a lattice L = R” is a linear transfor-
mation of R” (i.e. an element of GL,(IR)) which stabilizes L as a whole.
In this section we show that ¥ and ¥, have the same automorphism
group isomorphic to 2" : Sym, and also calculate the stabilizers of %
in the automorphism groups of the lattices #4(%), #2(¥) and £(%)
(depending on the code ¥).

Let #,, & and ¥, be as in the previous section. It is easy to see that

F ={tal|a€ R}

is the set of roots in . and such a subset in IR” will be called a frame.

Let M be an integral lattice of dimension n and & be a frame. Then
M is said to be of type 4, B or C with respect to & if the following
conditions hold:

type A: L = M,

type B: ¥NM=%ypand M c &°,

type C: ¥NM =%yand MN L #+ M.

The following proposition is a reformulation of (4.1.4), (4.1.5) and
4.1.7).

Proposition 4.2.1 Let M be an integral lattice in R" which is of type A, B
or C with respect to a frame % . Suppose also that in the type C case M
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is even and unimodular. Let
C={X< Ry | (&L +ex)NM + 0}

Then % is a code and possibly after changing the signs of some vectors in
Ry, we have M = LAE), LB(®) or LC(¥), respectively. m]

Lemma 4.2.2 Let D = Aut #. Then D = 2% : Sym(®,) = 2" : Sym,.

Proof. Let & be the frame formed by the roots in #. Since # contains
the basis %, of IR", the action of D on & is faithful. Let us say that two
roots in & are equivalent if they are scalar multiples of each other. The
group D preserves this equivalence relation (with » classes of size 2 each)
and induces on the set # of equivalence classes a subgroup of Sym(%).
Furthermore, the kernel of the action of D on & is an elementary abelian
2-group of rank at most n. On the other hand each permutation of %,
can be extended to a linear transformation of R"” (which stabilizes ¥)
and for a subset Y = %, the mapping which sends a € %, to y(Y,a) - a,
where y(Y,a) = —1 if a € Y and y(Y,a) = 1 otherwise, defines a linear
transformation of IR” which stabilizes every equivalence class in & as a
whole. m|

Lemma 4.2.3 The lattices & and ¥ have the same group of automor-
phisms.

Proof. It follows from the proof of (4.2.2) that every automorphism
from D = Aut.Z stabilizes £y. So in order to prove the equality it is
sufficient to show that there is a canonical (i.e. basis independent) way
to reconstruct % from %,. Let A be the set of vectors which are sums of
pairs of non-collinear vectors from . It is easy to check that A is in fact
the set of all vectors of length 4 in #,. Define on A a graph (denoted
by the same letter A) in which two vectors are adjacent if they are equal,
collinear or orthogonal. Let us say that two vectors from A are equivalent
if they have the same support in the basis #,. This equivalence relation
can be described in the internal terms of %y as follows: two vectors are
equivalent if and only if in the graph A they are adjacent to the same
set of vectors. Now it is sufficient to observe that the roots from & are
halves of sums of pairs of equivalent but not collinear vectors from A.O

We would like to describe the stabilizers of & in the automorphism
groups of the lattices #4(%), #2(%) and £C(%) in terms of the code ¥
and its automorphism group.
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Let V = V' = R" be two n-dimensional Euclidean vector spaces, £,
and &, be bases in V and V' consisting of pairwise orthogonal roots
and let & = Z(&,) and &' = L(A&,) be the lattices formed by integral
linear combinations of vectors from %, and &, respectively. By (4.2.2)
the linear transformations of V onto V' which map % onto ¥’ are
parametrized by the pairs (Y,0) where Y < #, and o is a bijection of
R, onto &, If 1(Y, ¢) is the transformation corresponding to such a pair
and a € Z,, then

(Y,0) :a— y(Y,a) o(a),

where y(Y,a)=—1ifa€ Y andy(Y,a)=1ifa ¢ Y.

Lemma 424 Let € be a code based on #, and €' be a code based on
R, Let M = FA€) and M' = F4(€") be the lattices obtained by A-
construction using € and €', respectively. Then

(i) ©1(Y,0) maps M onto M’ if and only if ¢ maps € onto €',
(ii) Aut LYF)N Aut ¥ = 2% : Aut%b.

Proof. Let X € € so that ¥ + ex = M. Then

(Z+ex) T =L e~ Y, d=Ltem
aeo(Y )Na(X)

and this coset belongs to M’ if and only if ¢(X) € %’. So (i) follows and
immediately implies (ii). a

Lemma 4.2.5 Let € be a code based on R, and €' be a code based on
R,. Let M = ¥B(6) and M' = £B(€’) be the lattices obtained by B-
construction using € and €', respectively. Then

(i) 1(Y,0) maps M onto M' if and only if ¢ maps € onto €' and
Y € ¢,
(i) Aut ZB(@)NAut ¥ =% : Aut¥.

Proof. Let X € € so that ¥y + ex < M. Then

(,?0 + ex)T(Y’a) = 36 + €q(X) — Z d
aea(Y)Na(X)

and this coset belongs to M’ if and only if 6(X) € € and |6(Y)No(X)| =
|Y N X] is even. The latter condition holds for all X € € if and only if
Y € €". So (i) follows and implies (ii). m|
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Lemma 4.2.6 Let € be a doubly even self-dual code based on &, and €'
be a code based on #,. Let M = ¥€(€) and M' = £C(€') be the lattices
obtained by C-construction using € and €', respectively. Then

(i) ©(Y,0) maps M onto M' if and only if ¢ maps € onto €' and
Ye¥¢' =¢,
(i) Aut Z€(E)NAut Z =€ : Aut%.

Proof. Let N = MN%* = £B3(¥) and N' = M'n.¢" = ¥B(¥"). Since
1(Y,0) maps & onto &', it maps &* onto .#"*. Hence if ©(Y,s) maps M
onto M’, it maps N onto N'. By (4.2.5) the latter happens exactly when
o maps € onto ¥’ and Y € ¢* (in our case ¥* = ¥). Assuming that
these conditions hold let us show that 7(Y,s) maps M onto M’. Since ¢
is doubly even and self-dual, by the argument before (4.1.6) we conclude
that M\ N is the only coset of N in N* which contains even vectors only
and does not contain .%. Similarly M’\ N’ is the only coset of N’ in N”
which contains even vectors only and does not contain #}. Since ©(Y, o)
maps %1 onto ] and preserves the lengths of vectors, it indeed sends
M onto M’ and (i) follows. Now (ii) is immediate with the remark that
%* = € because of the self-duality assumption. m|

Since the Golay code %, has no subsets of size 4, all roots in £4(%12)
are contained in the frame %. Hence & is the only frame for which
Z4(C1p) is of type A and by (4.2.4) Aut L4(%12) = 22 : Maty.

The stabilizer in Aut #€(%),) of the frame & is isomorphic to 212 :
Matys by (4.2.6) and we will see in the next section that it is a proper
subgroup in Aut £¢(%12).

In view of the above discussion and by (4.2.6) we have the following.

Proposition 4.2.7 Let A be a Leech lattice and & be a frame. Then A
cannot be of type A or B with respect to & and if A is of type C then
A = FC(%12,) for a basis R4 consisting of roots from F. Furthermore, if
F' is another frame for which A is of type C then the automorphism group
of A contains an element which maps & onto F'. ]

4.3 The uniqueness of the Leech lattice

In this section we follow the brilliant article [Con69] by J.H. Conway to
show that the Leech lattice is unique up to isomorphism.

Let A be a Leech lattice. It can be deduced from the general theory of
integral lattices that for every r the number N, of vectors of length r in
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A is the same for all Leech lattices and can be computed explicitly. The
situation is the following.

Let L be an integral lattice. The theta function ®; of L is a power
series in a formal variable q defined as follows:

e o]

OLlg) =Y ¢"*=> Ng"

x€L r=0

where N, is the number of vectors of length r in L.

The following fundamental result is known as Hecke’s theorem ([Ser73],
[Ebe94]).

Theorem 4.3.1 Let L be an even unimodular lattice of dimension n. If q in
the above expression for ®1(q) is replaved by e** where z is a variable
taking values in the complex upper half plane then ®y(z) is a modular form
of weight n/2, which means that

OL(z) = (cz + d) "0y, (‘ZI Z) for (Z Z) € SLy(Z).

Thus in the case of a Leech lattice A the theta function ®@,(z) is a
modular form of weight 12. It is known [Ser73] that the space of modular
forms of weight 12 is 2-dimensional. On the other hand ®,(z) satisfies
two additional conditions: Ny = 1 (true for all lattices) and N, = 0 (since
there are no roots in A). These two conditions turn out to be independent
and they are satisfied by a unique modular form of weight 12. Hence
this unique form is the theta function of a Leech lattice. The coefficient
of ¢*" in the power series expansion of this form is

65520
Non = =51

where a11(m) is the sum of 11th powers of the divisors of m and t(m) is
the Ramanujan function defined by

(o11(m) — t(m)),

q [ —am*=>"tmyq".
m=1 m=1

Let A, denote the set of vectors of length 2m in A. Then |A,| = N3, and
by the above for a given m we can calculate the size of A,, explicitly. In
particular we have the following.

Proposition 4.3.2 Let A be a Leech lattice and let A, be the set of vectors
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of length 2m in A. Then |Ao| =1, |A4] =0,
|Az] = 196 560, |As| = 16773120 and |A4| = 398 034 000.

Let A = A/2A be the Leech lattice A taken modulo 2, so that A is an
elementary abelian 2-group of rank 24. If A € A and M < A then 1 and
M denote the images in A of 1 and M, respectively.

One may notice a similarity between (2.3.1) and the following lemma.

Lemma 4.3.3 Let A and v be distinct vectors in A with 1 = ¥ such that
A€AN,veEAjfor0<ij<4 Then either A= —v,ori=j=4and
(4,v)=0.

Proof. Clearly 1 and —A have the same image in A, so we assume
that 1 # —v. Replacing A by —4, if necessary we can assume that (4, v) is
non-negative. Since both A and v have length at most 8§ we have

A=v?=2=24v)+v2 <16

with the equality holding if and only if A and v are orthogonal vectors
from A4. Since 2 = ¥ and A # —v, there is a non-zero vector u in A such
that A —v = 2u. Since A is a Leech lattice the length of u is at least 4
and hence

(A—v)? =447 > 16.
So (A —v)? = 16 and the result follows. O

A maximal set of pairwise orthogonal 1-dimensional subspaces in a 24-
dimensional Euclidean space is obviously of size 24 and each 1-subspace
contains exactly two vectors of any given positive length (in particular
of length 8). In view of this observation (4.3.3) implies the following.

Lemma 434 If0 < i < j < 4 then AiNA; = 0, |Aj| = LA)| and
A4l = Z5|A4l. m]

By direct calculation with numbers in (4.3.2) one can easily check the
following equality:

Wal | As] 1Al _
1+ =+ + g =2

Since the right hand side is exactly the order of A we have the following.
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Lemma 4.3.5 A is the disjoint union of the A; for i =0,2,3 and 4; |A4| =
%|A4|, which means that for every A € A4 there is a unique R**-basis 9
consisting of pairwise orthogonal vectors from A4 such that A € {fo|a €
2} and whenever o and B are distinct vectors from 9 then a+ B = 2u for
some u € Ay, in particular |9| = 1. ]

Let A € A4 and let 9 be as in the above lemma. Put %24 = {a | 2a € 2}
and F = {fa | a € R2}. Then Ry is a basis of R* consisting of
pairwise orthogonal roots and by (4.3.5) the sum of any two (possibly
equal) vectors from & is contained in A. This immediately implies that
ZLo(#24) < A and by (4.2.7) we obtain the following.

Proposition 4.3.6 Let A be a Leech lattice. Then

(i) A= 2%%0n),
(ii) there is a one-to-one correspondence between the set Ay and the set
of frames for which A is of type C,
(ili) AutA acts transitively on the set A4 of size |A4|/48 = 8292375 =
3653713 with stabilizer isomorphic to 2'2 : Matyg,
(iv) |AutA| =2%2-3%-54-72-11-13-23. m]

4.4 Coordinates for Leech vectors

In the remainder of the volume A is the unique Leech lattice in IR,
the vectors in A will be called Leech vectors. In order to carry out more
or less explicit calculations in A it is convenient to choose a basis £ in
R?* such that A = #€(%),) with respect to &4 = {4a | a € #}. In this
case the coordinates of a Leech vector are integral. Moreover, a vector
4 € R* whose coordinates {AMa) | a € 2} in the basis 2 are integral is a
Leech vector if and only if for m = 0 or 1 the following three conditions
hold (we assume that %, is based on £):

(A1) A(@) = m mod 2 for every a € 2,
(A2) {a| Ma) = m mod 4} € %12,
(A3) X" cp Ma) = 4m mod 8.

Here m =0 if 1 € #(#2)" and m = 1 otherwise.
Notice that if A,v € A and 4 € A; then

(hv) = é > Ma)v(a) and i= 11—6 > Ma).

acP? acP?



154 Conway groups

In this chapter when talking about a Golay code and a Steiner system
we always mean the code %1 based on 2 and the system formed by the
octads in %, respectively.

We write G for the ‘automorphism group of A (also denoted by .0
and Cop). Let Gy = G N Aut £(#24). By (4.2.6) G, consists of the
transformations induced by the mappings

WY,0) :a— y(Y,a) o(a) for a€ 2,

where 6 € Aut%12, Y € 12 =91, 7(Y,a)=—1ifac Y andy(Y,a) =1
otherwise. Thus G, is the semidirect product of

01={AY,1)| Y €%} =2V

and

L; = {i(®,0) | 6 € Aut%y,} = Maty.
with respect to the natural action.

We are going to describe the orbits of ?;1 on A;, A3 and A4. For this
purpose we represent the coordinates of a Leech vector A in the basis
2 by a triple (N(1), P(2), X(1)) where N(A) is the multiset of absolute
values of coordinates of A, P(4) is an ordered partition (Py,, Pp,, ..., Pp,)
of 2 such that a € Py, if and only if |A(a)| = n; for 1 <i< j <, and
finally X (1) is a subset of 2 such that A(a) is negative if and only if
a € X(A). It is clear that the coordinates of A (and hence A itself) are
uniquely determined by the triple (N(2), P(1), X(2)). The multiset N(4) is
called the shape of A. Notice that if 1 and v are in the same al-orbit,
then they have the same shape; if they are in the same @rorbit, then
P(2) = P(v) as well. In the case of short vectors it often happens that the
shape of A uniquely determines the G1-orbit containing A. It is common
to denote by A} the vectors in A; for which n is the maximum of the
absolute values of coordinates. If A € A? then i and n are determined
by the shape of A, which means that A} is a union of G, -orbits. If there
more than one al-orbit in A7, we denote these orbits by A7, A;‘b,

Lemma 4.4.1 The orbits of ?;1 =212 : Matys on Ay, Az and Ay, the shapes
of vectors they consist of, their lengths and the corresponding stabilizers
are as given in the table below.
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A;  Orbits Shapes Lengths Stabilizers
Ay A (4202) (224) .22 [219] : Aut Maty,
A3 (313) 24212 Maty;
A2 (2306 759 - 27 [2°] : (2* : La(2))
As A (512) 24212 Maty
A4 @23019) 759 - 16 - 28 [2] - La(2)
A3 (3*12) (%) 22 PTLs(4)
A} (212012 2576 - 211 [2] x Mat,,
Ae A} (80%) 242 2] : Matz;
AS (6270') 759 -8 -2 [25] : (2* : Alty)
A Ry (¥)327 PELs(4)
Ale (440%°) (%;‘) 24 [28:(2% :3 : Syms)
A% @20y 7159 (%)-2 [21:@x2 L)
Al @220y 2576-12- 212 Maty;
A (35119) (254) 212 24 (Symy x Syms)’
A (21608) 759 - 211 [2] :2* : La(2)
AR (21608) 7591521 [21.2478 : Ls(2)

Proof. Given i € {2,3,4} we first determine the possible shapes of
vectors in A;. If A € A; and N(A) = (n’lcl n’z‘z...n;") is the shape of A, then

ki +ky+..+k =24 and kyn? + kom3 + ... + kyn? = 16 i.

By (A1) the numbers n; have the same parity and in the even case by (A2)
the sum s of the k; with n; = 2 mod 4 is the size of a Golay subset (i.e.
a subset from %,), that is s € {0,8,12,16,24}. Having these conditions



156 Conway groups

it is not difficult to list the possible shapes as in the third column of the
table. We will see below that for every shape in the table the signs can
be chosen so that (A3) is satisfied.

If N(2) is as above then P(A) = (P, Py,,.. ,P,.,) and |Py,| = k; for
1 <i < l. We claim that for every shape in the table 61 / Q1 Aut¥, =
Maty4 acts transitively on the set of corresponding ordered partitions.
In fact for shapes (42022), (3 12), (512), (3312), (80%), (53212, (4*0%)
and (3°1') this follows from the 5-fold transitivity of Maty on 2 (2.9.1
(iii)), for shapes (280'°), (4 230%%), (6 270'6), (42280'4) and (2'90®%) from the
transitivity of Maty in the set of octads and the double transitivity of
the stabilizer of an octad B on B and on & \ B (2.10.1) and finally for
shapes (2120'%) and (4 2!20!') from the transitivity of Mata4 on the set of
dodecads and the (5-fold) transitivity of the stabilizer of a dodecad D on
D and on 2\ D (2.11.7).

Now it remains to analyse the possibilities for the signs of coordinates.
For a multiset N from the table and an ordered partition P corresponding
to N put

®=®N,P)={i|ie AN(J)=N,P() =P}

We consider even and odd cases separately, starting with the latter
one. Thus assume first that all the integers in N are odd (so that there
are five possibilities for N from the table). Let uo be a vector such that
N(uo) = N, P(uo) = P and po(a) = 3 mod 4 for all a € 2. Then one
easily checks that in each of the five cases we have Y., po(a) = 4 mod 8,
which means that yy is a Leech vector and hence py € ®. Since uo has
been chosen so that |ug(a)| = |uo(b)| implies po(a) = po(b), the stabilizer
of pp in G, is contained in the complement L. The isomorphism type
of this stabilizer as in the last column of the table follows directly from
(2.9.1), the definition of Maty; and (2.10.1). For an arbitrary vector 4 € ®
put Y = X(po)AX(4). Then A can be obtained from po by changing signs
in the coordinates in Y, ie. 1 = ’(Y’l) On the other hand Y is the set
of coordinates of l equal to 1 modulo 4 and by (A2) we have Y € %y.
Hence 7(Y,1) € Ql, which shows that Q1 acts regularly on @ and the
analysis of the odd case is completed.

Let us turn to the even case which is slightly more delicate. Let N be an
even multiset from the table, P = (Pg, P, P4, P2, Py) be the corresponding
partition (where some of the P; can be empty) and let ® = ®(N, P)
be as above. Notice that by (A2) Ps U P, is a Golay set. Let y be a
vector such that N(uo) = N, P(u) = P and po(a) < O if and only if
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a € Pg. Then g is a Leech vector unless N = (4280'%) or (42!20!!). We
postpone the analysis of these two cases and assume that yy is a Leech
vector. Then py is stabilized by 7(Y,0) € G, if and only if Y < Py and ¢
stabilizes the partition P. Thus if pg is stabilized by such a 7(Y,¢) then
it is stabilized by both 7(Y, 1) € 0; and 7(9,s) € L,. Hence Gy(uo) is the
semidirect product of @1(;10) (consisting of the Golay subsets contained
in Py) and Zl(yo) which is the stabilizer of P in L,. The structure
of al(yo) is given in the last column of the corresponding row in the
table in the form [@1(;10)] : Zl(uo). It is not difficult to deduce these
structures from Athe properties of Mats4 and %12 contained in Chapter 2.
A vector A = u(’,(y’l) belongs to @ if and only if |Y N (Pg U P;)| is even.
This enables us to calculate the size of ®. Comparing this size with
[@1 : al(uo)] we conclude that @1 : Zl(yo) is transitive on @ in all cases
under consideration except for the case N = (21908). In the latter case
the orbit A® containing uo does not contain all the Leech vectors of
this shape. This is seen by the following argument. Let 1 € ®((21°0%), P)
and | X(1)| = 2. Then py cannot be mapped onto 1 by an element from
Gy. In fact, P, is the complement of an octad B and we know ((2.8.5)
and (2.11.4)) that a Golay set cannot intersect it in two elements. Let us
calculate the stabilizer in G, of such a vector 1. Clearly @1(/1) is of order 2
and 7(B, 1) is its only non-identity element. Let ¢ be the unique involution
in L, which stabilizes B elementwise and X (1) setwise (compare (2.10.1
(ii))). We claim that G,(1)0; = G (c)Q1 In fact, if T(Y, o) stabilizes A
then either ¢(X (1)) = X(1) and Y C Pyor s(X(A))NX(A)=0and Y is
an octad such that Y NP, = X(1)Ua(X(1)). Notice that by (2.10.5) for a
2-clement subset Z € P, \ X(A) an octad which intersects P, in X(1) UZ
exists if and only if Z is an orbit of c. Since ¢ is uniquely determined by
any of its orbits on P;, the claim follows. Now direct calculations show
that A2* U A2 contains all Leech vectors of the shape (21608).

Let us turn to the pair of multisets left out before. If N(1) = (42120'!)
and X(A) consists of a single element from P,, then A is a Leech vector.
We calculate the stabilizer Gy(1). By (2.11.2) 0;(1) = 1. We claim that
6'1(/1)@1 = f,l(P)@l. In fact f,l(/l) is the stabilizer in L, of the partition
(P4, X(2), Py \ X (1), Py) (this stabilizer is isomorphic to L,(11) by (2.11.9
(iii))). Let B be an octad such that [BNP,| =2, X(A) = B, P,NB =0
(such an octad exists by (2.15.1)) and let ¢ be an element which stabilizes
(P4, P2, Py) and maps X (1) onto B\ (BN(PyUX(A)). Then T(B, 6) stabilizes
A, which means that 61(/1)@1 acts transitively on {+a | a € P,} and the
claim follows. By (2.11.7) Gl(/l) Maty;.
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Finally let N(1) = (4280%%) and suppose that X (1) consists of a single
element from P,. Then A is a Leech vector. Let us calculate its stabilizer in
Gi. There are exactly 15 octads disjoint from P4UP; and hence 0, (1) = 24,
Clearly il(l) is the stabilizer in L, of the partition (P4, X (1), P2\ X (1), Py)
which is isomorphic to Alt; by (2.10.1). Arguing as in the previous
paragraph we show that Gy(4) acts transitively on {xa| a € P,}, which
implies that al(l) ~ 2% L4(2). A more detailed analysis shows that the
extension does not split. m|

45 Coy, Co, and Cos

Our nearest goal is to show that G acts transitively on A, and Aj. Notice
that Leech vectors with all their coordinates in the basis £ divisible by 4
form the sublattice ¥ (#%,4) and those with all their coordinates divisible
by 2 form the sublattice A N £ (#,4)°. We should emphasize that 2 is a
basis of R? and not a basis of the lattice A. By (4.2.6) and (4.3.6) G
is the intersection of G and Aut %(%,4). In view of (4.2.3) this means
that Gl is the stabilizer in G of the sublattice ZLo(#>4) and also of the
sublattice AN .%(%24)". Since G, is a proper subgroup in G, by (4.3.6 (iii))
these two sublattices are not stable under G and we have the following.

Lemma 4.5.1 Let Q = Lo(%#24) or Q = AN L(R4)°". Suppose that M is
an orbit of Gy on the set of Leech vectors such that M = Q and Q = {mv |

m € Z,v € M}. Then the orbit of M under G contains a vector outside
Q. o

Lemma 4.5.2 G acts transitively on A,.

Proof. By (4.4.1) A4, A3 and AZ are the orbits of G; on A,. The vectors
in A% are the shortest vectors in %o(Z%4) and hence A% generates Lo(%#54)
over the integers. The orbit AZ is contained in (A N L(%24)*) \ Lo(R24).
Since the Golay code is generated by its octads as a GF(2)-space, A2
generates A N L (#24)° over the integers. Now the result is immediate
from (4.5.1). m]

Lemma 4.5.3 G acts transitively on As.

Proof. By (4.4.1) the orbits of Gl on A; are A3, A‘;, A?g and A3. The
second and the last of the orbits are contained in AN ¥ (%,4)". Since the
Golay code is generated by its octads as well as by its dodecads as a
GF(2)-space, each of A‘; and A% generates A N.%(%4)" over the integers.
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Suppose that the action of G on Aj is not transitive. Then in view of
the above and by (4.5.1) the orbit of A% under G is one of the following
four sets: AU A3; AJUAS; AYUAS UAZ; and AU A3 UA2. But the size
of each of the four sets is divisible by a prime number which does not
divide the order of G given in (4.3.6 (iv)). Hence we get the result. 0O

The set Aj consists of a single element which we will denote by 4. By
(4.3.5) Gy is the stabilizer of 4y in G. Let K be the kernel of the action
of Gon A =A/2A.

Lemma 4.5.4 K = (%(®,1)) is of order 2 and G does not split over K.

Proof. Since G; = 6(10) clearly K < G:. Since (2, 1) multiplies every
(Leech) vector by minus 1, it is contained in K. Every normal subgroup
in Gy which properly contains (7(2,1)) contains the whole of 0;. We
claim that 0, is not contained in K. Let a,b € 2, a # b, and v be such
that v(a) = v(b) = 4 and v(c) =0 for c € 2\ {a,b}. Then (A1)—(A3) are
satisfied and hence v is a Leech vector. It is clear that there is a subset
X € %> which contains @ and does not contain b. Since

%(V?X’l) —v)=—4a

is not a Leech vector, the claim follows. By (2.15.1) %, is indecomposable
under Mat,4 and hence G does not split over K. 0

The action induced by G on A is the first Conway sporadic simple
group denoted by Co;. By (4.3.6 (iv)) and (4.5.4) we have

|Coy| =221 -3%-5%.72.11- 13- 23.

The stabilizers in G of vectors from Aj and Ajz are the second and .
the third Conway sporadic simple groups denoted by Co, and Cos,
respectively. By (4.5.2) and (4.5.3) we have Co; = |6| /|Ail. Hence (4.3.2)
and (4.3.6 (iv)) give

|Cop| =2'8-3%.5%.7-11-23,

|Cos| =210-37-5%.7-11-23.

For the remainder of the chapter G will denote the first Conway group
Co, isomorphic to the action induced by G on A. The image Gy of G, in
G is the semidirect product of Q; = 0;/(x(<, 1)) which is the irreducible
11-dimensional Golay code module and the (bijective) image L; of L
in G. The elements 7(Y,0) and T(#2 \ Y,0) have the same image in Q,
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and we denote this image by ©(Z, 0) where Z is either Y or 2\ Y. Since
neither Co, nor Co; contains T(#, 1), they map isomorphically onto their
images in Co; and will be identified with these images.

Directly from (4.3.5), (4.3.6 (iii)), (4.5.2) and (4.5.3) we obtain the
following.

Lemma 4.5.5 The group G = Co, acting on A* has three orbits A;, As
and A4 with lengths 98280, 8386 560 and 8292375 and stabilizers Co,
Cos and Gy = 2! Maty,, respectively. m]

Let 6 be a mapping of A onto GF(2) such that
A2 =2-6(1) mod 4

for 4 € A. Then 8 induces on A a quadratic form (denoted by the same
letter 8), which is clearly preserved by G, here

0(1) = 1 if 1 € A; and 6(1) = 0 otherwise.
Let B denote the bilinear form on A associated with 6:
B, %) = 0(2) + 6(3) + O(1 + ¥).

For a quadratic form on a 24-dimensional GF(2)-space the numbers of
isotropic and non-isotropic vectors are known [Tay92]; comparing these
numbers with the numbers in (4.5.5) we have

Lemma 4.5.6 The form 0 is the only non-trivial quadratic form on A pre-
served by G. m]

4.6 The action of Co; on A4

In this section we study the action of G = Co; on the set A4. By (4.3.6
(iii)) this action is transitive and G; is the stabilizer of the element
20 € A4 such that A = {o}. Thus the action under consideration is
of G on the cosets of G; or equivalently of G on the cosets of 61. For
every element v € A4 the 48 vectors in A4 which map onto ¥ under the
natural homomorphism ¥ : A — A belong to 24 pairwise orthogonal
lines (1-dimensional subspaces) in R?*. Furthermore, Q(3) := 02(G(¥))
is the image in G of the kernel of the action of @(v) on these 24 lines.
Notice that Q; = Q(Jo).
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Lemma 4.6.1 The group G; acting on A4 has six orbits 1_\2 Jor a =
8,6,5,4a,4b and 4c. The preimages of these orbits in A4, their lengths
and element stabilizers are as given in the table below.

Orbits Preimages Lengths Stabilizers
AS ®AS 1 [211] : Maty
A§ EAS + 5A 26-759 [25] : (2* : La(2))
A 1S+ AA3 1. (234) PT'Ly(4)
Ap XA 2-1771 [219] : (2¢ : 3 - Symg)
Ay  HAP+EAR 27-15-759 [24].24%6 - L3(2)
A¥ =AY 2111288 Maty.2

In the second column corresponding to an orbit N by writing #M + %L
we mean that ¥ € N is the image of m vectors from the orbit M of Gy on
A4 and of | vectors from the orbit L.

Proof. If A} is an orbit of G; on A4 then A} (which is the image of
A} in A) is an orbit of G; on A4. Furthermore, for v € A}, the set

v A, = {u we Np=7)

is an imprimitivity block of G, on A} and Gy(¥) is the image in G of
the setwise stabilizer of p~!1(¥) N A} in Gl. We say that two vectors in
A4 are equivalent if they have the same image in A. We know that each
equivalence class consists of 48 vectors and that every vector is equivalent
to its negative.

We adopt the following strategy of the proof. For every a € {8,6,5,
4a,4b,4c} we choose a representative v € Af and find 48 vectors in A4
equivalent to v. This will show in particular that every vector u € Af for
B € {3,2a,2b} is equivalent to a vector from A} with « as above. As in
the proof of (4.4.1) we represent the coordinates of a Leech vector A by
the triple (N(A), P(4), X(1)).

For o = 8 everything is clear. Let v € A so that Pe(v) U P,(v) is an
octad B of €)1, and let X(v) = Pg(v). If p € AS, u # v, X(u) = P(n)
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and Ps(u) U P2(#) = B then A := (v + p) € A3 with P(4) = B and
X(A) = Pg(v) U Pg(u). Since every vector is equivalent to its negative this
gives 16 vectors in A§ equivalent to v. Let » be a vector from A2* such
that P,(w) = 2\ B and X(w) is a Golay set disjoint from B. Then
A= %(v + w) € A3 with P3(4) = Ps(v) and X(1) = X(w). Since there
are 32 possibilities for X(w) (including the empty set), we obtain 32
vectors in A% equivalent to v. It is now easy to see that the stabilizer
of p~1(F) N A§ in G, is the semidirect product of the stabilizer in @1 of
the pair {v,—v} (of order 2) and L,[B] = 2 : L4(2) which gives the
structure of G1(¥) as in the table. Notice that Q;(v) = [Q;,0,(L1[B])]
(3.8.4) and that 7(B,1) = t(£ \ B,1) is the only non-trivial element in
Q1 N Q(¥).

Let v e Aj and v(a) =3 mod 4 foreverya€ 2. If p€ A, u# v,
wa) = 3mod 4 for all a € # and Ps(u) U P3(u) = Ps(v) U P3(v) then
%(v — p) € A} and in this way we obtain 6 vectors in A} equivalent to v.
If u € A} with p(a) = 3 mod 4 for all a € 2 and P;3(v) U Ps(v) U P3(p)
is an octad then 2(v — u) € A3. Since there are 21 octads containing a
given 3-element subset of 2, we obtam 42 vectors 1n A} equivalent to v.
The stabilizer of y~}(¥) N A in G, is contained in L, and coincides with
the stabilizer of Ps(v) U P3(v), isomorphic to PT"L3(4).

Let v € AP, X(v) = 0 and T = {§; = Py(v),S,,..,5} be the sextet
containing P4(v). If u € Aﬁ" with Py(u) = S; for some i, 1 < i < 6,
and |X(u)| even, then 2(v + p) is contained in A} if i = 1 and in
A} if i # 1. Thus all the 48 vectors equivalent to v are in A The
stabilizer of p~!(¥) N A% in G is the semidirect product of the subgroup
{T(Y,1) | |Y N P4(v)| is even} of index 2 in 0; and the stabilizer in L,
of the sextet Z. This implies the structure of G(v) as given in the table.
Notice that Q1(¥) = [@1, 02(L1[Z])] and that

(QNQEN* ={"(Y,1)| Y =S;US;,1<i<j<6}

Let v € A so that B = P,(v) is an octad and let X(v) be of size 1 and
contained in P4(v). Let ¢ be the unique involution in L;(B) = 2* which
stabilizes P4(v) as a whole and let Ry = P4(v), Ry, ..., Rg be the orbits of ¢
on #\ B. If u is a vector from Ajb such that P(u) = B, P4(u) = Py(v)
and X(u) = P4(v)\ X(v) then %(v — ) € A%. In addition if P»(p) = B, for
2 <i < 8wehave Py(u) = R;, | X (1)NPy(p)} = 1 and RiURU(X{p)NP2(p))
is an octad, then 1(v+p) € A and altogether we obtain 32 vectors in A
equivalent to v. Let @ be the vector from Aﬁb such that Py(w) = 2\ B
and X(w) = P4(v). Then A := %(v + w) € A3 with P3(A) = X(v). Similar
results will be achieved if instead of w we consider its image under 7(Y, 1)
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where Y is one of the 7 octads disjoint from P»(v) U P4(v). Including the
negatives this gives 16 vectors in A3’ equivalent to v. Comparing this
with the information in the table from (4.4.1) we conclude that Q,(¥) is
of order 24, 01 NQ(7) =1 and G1(7)Q1/Q1 = C,(c)Q1/0Q1.

Finally let v € A so that D = Py(v) is a dodecad and suppose that
| X (v)| = 2 with P4(v) = X(v). Recall that by (2.11.3) for every 2-element
subset T in 2\ D there is a unique partition {E;(T), Ex(T)} of D such
that E{(T)UT and Ex(T)UT are both octads. Let ¢ be a vector from A§
such that Px(u) = Pa(v), Pa(p) # Pa(v), Pa(p) = X(p) and X(p) N Po(p) =
X(V)AE{(P4(v) U Py(u)) for i =1 or 2. Then A = %(v — ) € A} with
P>(2) = Ei(P4(vYUP4(11))UP4(v)UP4(u). Thus (including v and its negative)
we obtain 24 vectors p in A with Py(u) = P2(v) equivalent to v. Now
let @ be a vector from A such that Py(w) = 2 \ Py(v), X(w) = P4(v)
and Py(w) = X(v) N Py(v). Then A := %(v + w) € A3 with P3(1) = P4(v)
and A(a) = 1 mod 4 for all a € . In this way we obtain the remaining
24 vectors from Af equivalent to v. It is clear that Q;(7) = 1 and that
G1(¥)01/01 < SQ1/Q1 where S = Maty,.2 is the stabilizer in L; of the
partition {D,# \ D}. On the other hand al(i) contains al(v) = Maty,
with index 48 which implies that G;(7) = S. a

We summarize (4.6.1) and its proof in the following.

Lemma 4.6.2 For o« = 4a, 6, 4b, 4c and 5, respectively, the following two
assertions hold:

(i) Q(Zo) = Q1 acts on AZ with orbits of length 2, 26, 27, 2!! gnd 2!,

(ii) G1/Q1 = Maty acts on the set of Qy-orbits in A as it acts on

the set of sextets, octads, elements of type 3 in 4(Maty,), 3-element
subsets of # and complementary pairs of dodecads.

If v € A then Q(o)NQ(¥) is of order 2* with non-identity elements being

7(B, 1) for the octads B refined by the sextet corresponding to the Qy-orbit

of ¥; if v € A§ then Q(J) N Q(¥) is of order 2 containing ©(B,1) where B

is the octad corresponding to the Qy-orbit of v; Q(Zo) N Q(¥) is trivial in

the remaining cases. a

4.7 The Leech graph
For a € {8,6,5,4a,4b,4c} and ¥ € A4 let f\ﬁ(ﬁ) denote the image of
A¢ under an element g € G such that 4§ = ¥. Since A} is an orbit of
G = G(Jp), this definition is independent of the particular choice of
g with the above property. In this section we study a graph I on A4
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(called the Leech graph) such that I'(¥) = A$*(¥). We will use this graph
to construct a rank 4 tilde geometry %(Co;) associated with the Conway
group Co;. In fact T is the collinearity graph of ¥(Co;). We are going
to sketch the calculation of the suborbit diagram of the Leech graph I
based at Ay given below.

AS AS

35 21+630+1120

1792 21
211.2024

2111288

7+56+56+672 495+792

x Adc
AP A4

Since a Sylow 2-subgroup in G; has order 22!, directly from (4.6.1) we
obtain the following.

Lemma 4.7.1 If ,fi € A4 with ¥ # [ and |G(¥) N G()| is divisible by 2!
then v and §i are adjacent in T'. o

In view of (4.6.2) there is a mapping ¢ of A3® onto the set of sextets
which commutes with the action of G;. Recall that the sextet graph
defined in (3.3.6) is the collinearity graph of %(Mat,4).

Lemma 4.7.2 Let %, € A} with ¥ + fi. Then
(i) G1(¥) acting on AJ*\{¥} has 4 orbits ®;, ®,, ®; and ®4 with lengths
1, 180, 480 and 2880, respectively,
(i1) [ is adjacent to v in T if and only if i € ®; U D,
(iii) the orbit of . under Q(¥) = 02(G(¥)) has length 2¢ if i € ®3 and
2" if p € ®s.
Proof. Consider the action of Q; on I'(Ap) = /_\2“. Each orbit has
length 2, corresponds to a sextet ¥ and the kernel is [Q;, 02(L[Z])]
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which is dual to the subgroup of order 2 in the irreducible Todd module
€\11. Since different sextets correspond to different subgroups in the Todd
module, the kernels at different orbits are different. This implies that
the G,(¥)-orbit of i is uniquely determined by the (G1(¥)Q:/Q;)-orbit
of () and by (3.7.3) we get (i). Furthermore, ®; U {¥} is a Q;-orbit
and g(®;) consists of the sextets adjacent to g(v) in the sextet graph.
If o € ®; U®,, then |G(¥) N Gy(7t)| is divisible by 2%, hence ¥ and &
are adjacent by (4.7.1) and we have established the “if” part of (ii). By
(4.6.1) and (4.6.2) we have G(¥) ~ 2*+6.26.3- Syms, |01 N G1(7)| = 2'° and
01N Q(¥)| = 2*. By the obvious symmetry |Q(7)N G1(7)| = 2'° and hence
(Q(F)N G1)Q1/Q1 = 02(L1(¥))Q1/Q:1. By the proof of (3.7.3) the orbits of
01(L1(¥)) on o(®3) and o(®4) are of length 2* and 23, respectively. Since
every orbit of Q(¥v) on I'(¥) must be of length 2, ¥ is not adjacent to
vertices from ®; U ®4 and we obtain the “only if” part of (ii). In view
of (3.8.2) it is easy to see that Q1 N Q(¥) equals to Cg,(02(L1[e(7)])) and
it is generated by the elements (B, 1) for the octads B refined by o(¥).
The matrices given in the proof of (3.7.3) show that for u € ®; U @,
there is an octad refined by ¢(¥) which has odd intersection with a tetrad
from g(f). Hence the orbits of Q(¥) N G, on ®; and ®, are of length 23
and 29, respectively. If ®; = {1} then 1 is fixed by G; N G(¥) and by the
proof of (i) {19, A} is an orbit of Q(¥). By (i) 1 is not adjacent to vertices
from ®; U ®4 and hence the latter set is disjoint from its image under an
element from Q(¥) \ G;. In view of the above this gives (iii). m|

By the above lemma, for every edge {¥,i} of I there is a unique vertex
2 such that T = {¥,71,} is a triangle and T \ {&} is an orbit of Q(a)
for every & € T. Such triangles will be called lines. It follows from the
tables in (4.4.1) and (4.6.1) that 1 is the unique element in A* stabilized
by G(v, i) which implies the following.

Lemma 4.7.3 If T = {¥,},1} is a line then v+ 5+ 1 =0. m]

In the notation introduced in the proof of (4.7.2) let i € ®; for i = 3
or 4. Then by (4.6.1) and (4.7.2 (iii)) z € A§(¥) if i = 3 and it € AP () if
i = 4. This gives the valencies between A2 and A§ for « = 6 and 4b as
on the diagram.

In order to calculate the remaining data on the suborbit diagram we
adopt the following strategy. Notice that the subdegrees of G on A4 are
pairwise different, hence i € A(¥) if and only if ¥ € A¥(z). In order to
calculate the valencies on the diagram, for all «, § € {8,6,5,4a,4b,4c} we
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have to determine the number n,g of vertices in A(¥) contained in A%
for a given vertex ¥ € AZ. Since the orbitals are self-paired, nyg is equal
to the number of vertices in A3 N AS(7). Hence the numbers n, can be
calculated using the following lemma.

Lemma 4.7.4 Let v be a preimage of v in A} and p, ..., pag be the preimages
of i € A in AY® such that pyay; = —p for 1 <i < 24. Then the multiset
consisting of the values -};(ui,v) for 1 < i < 24 is the shape of v in the
basis {%ui | 1 < i < 24}. By (4.6.1) this multiset determines the orbital
containing {Vv,fi}. m]

Below we apply this lemma for the remaining cases. We start with two
remarks concerning the action of G; on A}

Lemma 4.7.5 The group L, acting on A}® has two orbits Oy and O, such
that 9(0;) = o(A$®) for i=1 and 2.

Proof. Clearly L; acts transitively on g(A$?). Let v; and v, be vectors
from A#® such that |X(v1)| and | X(v2)| have different parities. Then v; # ¥,
and since L, preserves multisets of coordinates, ¥; and ¥, are in different
L-orbits. O

Lemma 4.7.6 Let B be an octad, R be an orbit of Q; on A}® and T = g(R),
where T = {81, 5>, .., S¢} is a sextet. Then t(B, 1) is not contained in Q1(R)
if and only if u(B,Z) = (3 1°) in the notation of (2.14.1).

Proof. Let Vi and v, be vectors from A}® such that R = {¥;,¥,} and

suppose that v’(B Y = v,. Then P4(vi) = Ps(v;) = S; for some 1 <i <6,
{X(v1)| and |X(v;)| have different parities and hence |B N S;| must be odd.
Now the result is immediate from (2.14.1). O

Lemma 4.7.7 Let v € AS. Then G1(¥) has four orbits on A}® with lengths
35, 35, 1680 and 1792 which are contained in ]\:(v) for o =4a, 6, 4b and
S, respectively.

Proof. Let B be the octad such that Ll(v) L [B]. Then by (2.14.1)
and (3.7.2) G(¥) acting on g(A}?) has 3 orbits ¥,, ¥, and ¥; with lengths
35, 840 and 896 containing the sextets such that u(B,Z) = (4%0%), (240%)
and (3 1%), respectively. Let ¥; be the preimage of ¥; in A% for 1 <i < 3.
We claim that the kernel of Q; on its orbit R contains Q;(¥) if and only
if R = '¥;. By the proof of (4.6.1) Q1(¥)* = {t(By,1) | |B; N B| € {0,8}}.
A sextet from P refines B and hence Q1(¥) is in the kernel of R when
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R = ;. If R = ¥; then (B, 1) is not in the kernel by (4.7.6). Suppose
that Q;(v) is in the kernel of R if R = ¥,. Then by (4.7.6) the action of
7(B, 1) on 1_\2" coincides with that of t(Bj, 1) where |B; N B| = 0 which is
impossible and the claim follows. Thus the actions of G1(¥) on ¥, and
¥; are transitive. On the other hand we know that v is adjacent in T to
exactly 35 vertices in 1_\2". Hence there are 2 Gy-orbits in ¥; of length 35
each.

Let v be a preimage of ¥ in A§ so that P,(v) U P¢(v) = B and suppose
that X(v) = Pg(v). Let 1 € A}® with Pg(v) = P4(1) = Pr(v) U Pg(v) and
X(4) = Pg(v). Then 1 € ¥, and §(v,4) = 6, which shows that one of the
G1(v)-orbits in ¥; is contained in A§(¥) (the other one is known to be
contained in 1_\2"). Now let 1 € Aﬁ" with Pg(v) = P4(A), |Ps(A)NPy(v)| =2
and X (1) N (Py(v) U Pg(v)) = Pg(v). Then A € W3, %(v,,l) = 5 and we
have W3 = A3(¥). By similar calculations we can deduce that ¥, < A
but we can also apply a different argument. In the notation of (4.7.2) a
sextet from ¢(®;) is adjacent in the sextet graph to a sextet from o(®d3)
(the diagram Dg(Maty4)) and hence ¥ must be adjacent to some vertices
in 1_\21’. Since we are left with only one G,(v)-orbit to locate, the result
follows. O

Lemma 4.7.8 Let v be a vector from A} such that v(a) = 3 mod 4 for all
a€ P and put Y = Ps(v)U P3(v). Then
(i) G1(¥) acting on Q(l_\ﬁ") has three orbits Zl, A, and 33 with lengths
21, 630 and 1120,
(ii) G1(¥) acting on A® has six orbits with lengths 21, 21, 630, 630, 1120
and 1120 contained in f\ﬁ(ﬁ) Jora = 6,5,4b,5,4c and 5, respectively.

Proof. By (3.10.1) we obtain (i) and also that A; consists of the sextets
Z such that Y intersects i tetrads in . Let A; be the preimage of A;iin 1_\2"
for 1 <i < 3. It was established in the proof of (4.6.1) that G,(v) = L,(¥)
and by (4.7.5) A; N 0, and A; N O, are the orbits of Gy(Vv) on A;. Now
considering representatives i from the orbits A;N0;, 1 <i<3, j=1,2,
and calculating the inner products of v with the vectors u, 1 < k < 48,
from the preimage of i in A}® and using (4.7.4) we obtain (ii). 0O

Lemma 4.7.9 If v € A¥, then
(i) G1(¥) = Maty2.2 acting on g(A3®) has three orbits @4, @3 and @2
with lengths 495, 880 and 396, respectively,

(ii) G1(¥) acting on A3 has four orbits with lengths 495, 495, 792 and
1760, contained in A%(¥) for a« = 4b,4c,4c and 5, respectively.
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Proof. Let D; = Py(v), which is a dodecad, and let D, = 2\ D; be the
complementary dodecad. By the proof of (4.6.1) the action of G(¥) on
0(A%®) is similar to that of the stabilizer F in L; of the partition {Dy,D,}.
Hence by (3.10.2) we obtain (i) and also that ©,, consists of the sextets
2 = {8},82,.., 56} such that

m = max |D; N §j.
=12
1<i<6

Let ©,, be the preimage of ©,, in A%. Then by (4.7.7) ®3 must be a single
G1(¥)-orbit contained in A3(¥). By (4.7.4) and straightforward calculations
we see that @, consists of two G,(¥)-orbits contained in A‘“’(v) and A4°(v)
respectively. Similarly (4.7.4) shows that ©; is contained in 7\20(6) and
it only remains to show that G;(¥) acts on ©; transitively. Let 1 be a
vector from A§° such that P,(4) = Py(v), P4(A) # P4(v), P4(2) < X(4) and

= (X(2) N P2(4)) U P4(v) U Po(2)

is an octad. Then by the proof of (4.6.1), or otherwise, one can see that
A =7. Let p € A with P4(v) U P4(4) S Py(p) = Pa(v) U Py(1) U Pr(v),
[Pa()NPr(A)NX(A)] =1and X (u) 0. Then BE ®,. It can be shown (the
proof of (3.10.2)) that there is 5= 7(B,0) € G, such that Py(u)° = Pa(p)
and v = A. Then |B N P4(u)] = 3 and hence for p; = p® we have i # i
and the result follows. O

Lemma 4.7.10 If v € AP, then

(i) G1(¥) has six orbits on g(A3®) with lengths 7, 28, 56, 336, 448 and
896,

(ii) G1(¥) has eight orbits on /_\4“ with lengths 7,7, 56, 56, 56, 672, 896
and 1792 contained in A%(v) for o = 4a,4b,4b,6,4b,4b,4c and 5,
respectively.

Proof. (i) is immediate from the proofs of (4.6.1) and (3.10.3). Let
{Q | 1 < i < 6} be the set of Gy(¥)-orbits on Q(A4“) assuming that
|Q,| < |Q,| for i < j and let Q; be the preimage of Q in A4" By (4.7.8)
Q¢ is a Gj(v)-orbit contained in A3(¥); by (4.7.9) Qs is a Gy(¥)-orbit
contained in A{(¥). By (4.7.7) and its proof ¥ is adjacent in I" to 56
vertices from A$. Furthermore, if 7t is one of them and {7, 1, } is a line
then 1 € A, This shows that Q3 consists of 2 Gy(¥)-orbits contained in
A$(v) and Af(%), respectively. By the paragraph after (4.7.3) Q; consists
of 2 Gy(v)-orbits contained in A$*(7) and A(¥), respectively. By the
above @, and Qq are contained in Ajb(v). It only remains to show that
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G1(¥) is transitive on each of these 2 sets and we suggest this as an
exercise. m|

4.8 The centralizer of an involution

A clique in the Leech graph I" will be called *-closed if together with an
edge it contains the line containing this edge. By (4.7.3) if L is a *-closed
clique then its vertices form the set of non-zero vectors of a subspace
V(L) in A, particularly |L| = 2° — 1 where a is the dimension of V(L).
This means that the vertices and *-closed cliques contained in L form
the projective geometry of V(L) with respect to the incidence relation
defined via inclusion.

Lemma 4.8.1 If L is a maximal clique in T, then L is *-closed, it contains
15 vertices and G[L] induces on L a transitive action. There are 2 orbits
&L, and £, of G on the set of maximal cliques in T and |ZL,| =3 - |&,|.

Proof. By (4.7.2) a maximal clique L containing Ay is of the form
{0} U (¢"1(K)) where K is one of the maximal cliques in the sextet
graph described in (3.3.8). Thus the maximal cliques in I" containing Ao
are in two Gi-orbits bijectively corresponding to the classes /", and X,
of maximal cliques in the sextet graph. Since {#,| = 3 - |4 | and G
acts transitively on the vertex set of I, there are two G-orbits, %, and
&, on the set of maximal cliques in I" so that if 1y € L € %, then
o(L\ {2o}) € A, for & = v or t. Also because of the transitivity of G on
the vertex set of I', G[L] is transitive on the set of vertices in L. By the
above, whenever L contains an edge incident to Ao, it contains the line
determined by this edge. Hence the transitivity of G[L] on L implies that
L is *-closed. a

It is clear that a *-closed clique of size 3 is a line. A *-closed clique of
size 7 is the intersection of a clique from %, and a clique from %, ; such
a clique containing Ao is of the form Ao U ¢~!(M) where M is (the set of
sextets incident to) an element of type 2 in ¥(Matyy).

Lemma 4.8.2 For i = 1, 2 and 3 let U; be the subspace in A generated by
A§, A UAP and ASUASU AP UAY UAY, respectively. Then

1<U<U<Us<A

is the only composition series of A as a module for G, and the following
assertions hold:
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(i) Uy = Cx(Q1) and Us = [A, Q1]

(i) Uy/Uj is the centralizer of Q, in A/Uj,
(iii) Up/U; = %y and Us /Uy = €y,
@(iv) UL = Us, UL = U,.

Proof. For i = 1 and 2 let M; be a *-closed clique in the Leech
graph of size 2! — 1 containing 19. Then V(M;) is an (i + 1)-space in
A containing U; so that V(M;)/Uyj is an i-space in U,/U;. Furthermore
p(M; \ {Ao}) is a sextet (an element of type 1 in ¥(Maty)) if i = 1
and it is a *-closed clique of size 3 in the sextet graph (an element of
type 2 in %(Maty,)) if i = 2. This means that U,/U; supports a natural
representation of %(Matys) invariant under Maty. Hence U,/U; = €13
by (3.3.10). Since G, preserves the quadratic form 6 on A as in (4.5.6), the
remaining assertions are straightforward from (4.4.1) and (4.6.1), noticing
that Uj- = U; and Us- = U,, as stated in (iv). w

The following result will play an essential role in Section 5.6.

Lemma 483 Let E; = {v € A}, |X(v)| = 1}, E4 = {v € AP, X(v) = 0},
E; = {V € A3,X(v) = P3(v)} and E = {0} UE; UEy4. Then

() L, = Maty, stabilizes E; setwise fori=2,3and4,

(ii) L1 = Matyy acts on E; as it acts on the set of ordered pairs of
element subsets from 2, on the 1-element subsets of ? and on the
set of sextets, for i =2, 3 and 4, respectively,

(ili) E is a complement to U; in U,,

(iv) E3 =E*nA.

Proof. The assertions (i) and (ii) are immediate. A Leech vector and
its negative have the same image in A; if v, v, € E4 and P4(v;), P4(v2) are
tetrads from the same sextet then ¥; = ¥,; by the proof of (3.7.3) in any
two sextets there are tetrads intersecting in at least two elements. Using
these facts it is easy to see that E is closed under addition which implies
(iii) since |E| = 2!1. Finally (iv) follows directly from the definition of the
invariant quadratic form 6. a

Lemma 4.8.4 Let B be an octad, ¥ be the set of sextets which refine B,
W be the preimage of ¥ in A}® and W = Oy(L;[B]). Then

(i) W is the kernel of the action of L,[B] on ‘P,
(ii) [Q1, W] is the kernel of the action of Q1 on P.
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Proof. By (2.14.1) W is the kernel of L;[B] on ¥ and by (4.7.5) we
obtain (i). If By is an octad such that |[B N By| € {0, 8}, then B; has even
intersection with the tetrads in every sextet from ¥ and 7(By, 1) is in the
kernel of Q; on ¥ by (4.7.6). The elements t(Bj, 1) as above generate the
commutator subgroup [Q;, W] of order 2°. Since the action of Q; on ¥
is non-trivial and by (3.8.4) Q;/[Q1, W] is irreducible as a module for
Ly[B], (ii) follows. m]

By (2.15.1) Gy, acting on Qf by conjugation, has two orbits with
lengths 759 and 1288 containing elements (Y, 1) where Y is an octad
and dodecad, respectively (recall that t(Y,1) = ©¢(# \ Y,1)). By (4.6.2) if
Y is a dodecad then Jy is the only element fi € A4 such that 7(Y,1) €
Q(R) = 0x(G(p)).

For an octad B and é = t(B, 1) put

® =) ={|feh,dcQ@)}

and let D be the setwise stabilizer of @ in G. Then by the above paragraph
and (4.6.2) we have the following.

Lemma 4.8.5 The action of D on ® is transitive and D = Cg(5). The set ®
consists of Ao, the 35 Qq-orbits on A}® corresponding to the sextets which
refine B and the Qq-orbit on A§ which corresponds to B in the sense of
(4.6.2 (ii)). In particular

|®| =142-354+26=135
and ® NT (1) = ¥ in the notation of (4.8.4). |

Let R be the kernel of the action of D on ® and D = D/R, V; be the
subspace in A generated by ® and V, = R/Z(R). We continue to follow
notation introduced in (4.8.4).

Lemma 4.8.6 The following assertions hold:
@ D=0},
(i) R =[Q1,W]: W, Z(R) = [R,R] = {t(B,1)) and R =2},
(ili) V1 = C4(R) and V, is the natural module for D,
(iv) V¥ consists of ®, 64 elements from A} and 56 elements from A4,
(v) V2 = Vi where o is a diagram automorphism of D.

Proof. Let 2 be an incidence system whose elements of type 1, 2,
3 and 4 are the vertices, the lines, the cliques from %, and the cliques
from %,, respectively, contained in ®. A clique from %, and a clique
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from &, are incident if their intersection is (a *-closed clique) of size
7 and the remaining incidences are via inclusion. Let {xi, X3, x3,x4} be
a maximal flag in 2 where x; is of type i and x; = Jo. Let U be the
subspace in A generated by W. Then by (4.8.2) U/U; is the centralizer
of W in Uy/U, = %y, and by (3.8.2) U/U; = A’ W. This shows that
the *-closed cliques of size 2' — 1 containing 1o and contained in ® are
in a bijection with the totally singular subspaces of dimension i — 1 in
U/U; with respect to the unique quadratic form of plus type on U/U;
preserved by Li[B]/W = L4(2) = Q}(2). This shows that resg(x;) is
the projective rank 3 geometry over GF(2) and also that for a *-closed
clique N of size 7 such that 2o € N < ® there are a unique element of
type 3 and a unique element of type 4 in 9 which contain N. By the
latter observation, for j = 3 and 4 the residue resg(x;) is isomorphic to
the rank 3 geometry of proper subspaces of V(x;). Hence 2 is a Tits
geometry with the following diagram:

By (1.6.3) 2 is the parabolic geometry of QfF (2) and by (1.6.5) the latter
group is contained in D. Since QF (2) is the automorphism group of its
parabolic geometry (i) follows. By basic properties of & the stabilizer of
Jo in D acts faithfully on W. This gives the first equality in (ii) because of
(4.8.4). By (3.8.2) (t(B, 1)) is the centralizer of W in [Q;, W] and also the
commutator subgroup of [Q;, W] and W. Hence noticing that [Q;, W]
is elementary abelian of order 2° we obtain the remaining equalities in
(ii). By the construction V; supports a natural representation of 2 and
hence it is the 8-dimensional natural module for D. From (4.4.1) and
the table therein it is easy to see that R, besides the elements in @,
stabilizes 56 elements in A} which are images of vectors from A} with
P4 < B and 64 elements in A2 which are images of vectors from A2 with
P, = B. Thus (iii) and (iv) follow. Since V; = R/Z(R) is 8-dimensional it
is isomorphic either to V; or to its image under a diagram automorphism
of D. Since [Q;, W]/Z(R) is a 4-dimensional subspace in ¥, normalized
by the stabilizer D N G; of the vector Ay from V; we have the latter
possibility as stated in (v). a
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We will use the same letter @ to denote the subgraph in I' induced
by ®. Let k be the orthogonal form (of plus type) on Vi preserved by
D. Then ® = V; N Ay is the set of isotropic and V; N A; is the set of
non-isotropic vectors in V; with respect to « and we have the following.

Lemma 4.8.7 The following assertions hold:

(i) f L€ Aand 2 € Vy then k(1) =0if 2 =0 mod 8 and k() =1 if
22 =4 mod 8,

(ii) D acts transitively on ViNA, with stabilizer isomorphic to Spg(2). O

By (4.8.7) @ is a graph on the set of vectors in V; isotropic with respect
to x in which two such vectors are adjacent if they are perpendicular.
Hence the suborbit diagram of ® with respect to the action of D is the
following:

1+36 35

70 1T\ 2 35
1 2-35 26
@ (2:39) )

Comparing this diagram with the suborbit diagram of the Leech graph,
we observe that whenever v, i are non-adjacent vertices in ®, ['(v)NI'(z) =
®. On the other hand, since (¥, i) is non-singular, Vi = (¥, ) & (¥, p)L,
where by (4.8.7) the latter summand is (C'(¥) N ['(#)). This gives the
following.

Lemma 4.88 Let v € A4 and i € A§(¥). Let V1(%, 1) = (3, i, T(%) N T (7))
(a subgroup in A) and ®(¥, i) be the subgraph in " induced by the vertices
contained in Vi(v, i). Then

(i) Vi(¥,p) = VE and ®(¥, ) = ®¢ for some g € G,
(11) Vl(v, ,u) = <v3 ,u, UZ(v) N UZ(,D)) d

4.9 Geometries of Co; and Co,

The maximal parabolic geometry of Co; can be defined in terms of
the Leech graph and some of its subgraphs. To wit, let #(Co;) be an
incidence system of rank 4, whose elements of type 1, 2, 3 and 4 are the
vertices, triangles, maximal cliques from the class %, and all images under
G of the subgraph @ defined before (4.8.5), respectively. The incidence
relation is via inclusion.
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Lemma 4.9.1 The incidence system 3 (Coy) is a geometry with the diagram

|

O T D
2 6 2 2

and G = Coy acts on H#(Coy) flag-transitively.

Proof. Since the incidence relation is via inclusion, it is easy to see that
H#(Coy) is a geometry with a string diagram. By (3.3.8) and (4.8.1) we
identify the residue in #(Co;) of an element of type 1 (say of Zg) with
the maximal parabolic geometry 5#(Maty4) of the Mathieu group. Then
by (4.8.5) the residue of an element of type 4 (say of ®) is isomorphic
to the geometry of totally isotropic 1-spaces, 2-spaces and one class of
4-spaces in the natural module of D = Q}(2). In other terms this residue
is a truncation of the Tits geometry of the latter group and the result
follows. m]

If {H; | 1 <i< 4} is the amalgam of maximal parabolics associated
with the action of G on J#(Co;), then

Hy = Gy =2 : Matyy, H, 224123 Syms x Syms),

Hy = 2212 (L,(2) x Syms), H,y =D =218.0%(2).

In order to obtain a diagram without fake nodes, similarly to the
case of Mat,4 we define the minimal parabolic geometry 4(Co,;), whose
elements of type 1 and 2 are the same as in J#(Co;). The elements of
type 3 are the *-closed cliques of size 7 in I while the elements of type
4 are the cliques from %,. The incidence relation is via inclusion.

Lemma 4.9.2 4(Co,) is a rank 4 tilde geometry with the diagram

~
I o)
2 2 2 2

and G = Coy acts on it flag-transitively.

Proof. First notice that a clique from ., is contained in a unique
subgraph which is an element of type 4 in J#(Co;) while a clique from
£, is contained in three such subgraphs. By (3.3.9) the residue in 4(Co)
of an element of type 1 is the tilde geometry ¥(Maty4) while the residue
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of an element of type 4 is the rank 3 projective GF(2)-geometry of proper
*-closed subgraphs contained in the corresponding maximal clique. O

Let {G;| 1 <i < 4} be the amalgam of maximal parabolics associated
with the action of G on 4(Coy). Then

Gy = Hy =2!' : Maty,, G, = H, =2%'2(3-Symg x Syms),
G3 = 221283 (L3(2) x Syms),  Gg 2 214446 14(2)

(notice that G4 is the preimage in D of a maximal parabolic subgroup in
D which is the stabilizer of a maximal totally isotropic subspace in the
natural module).

Directly by the definition of the Leech graph we obtain the following.

Lemma 4.9.3 The Leech graph is the collinearity graph of both #(Co,)
and 9(Coy) and each of the geometries possesses a natural representation
in A. m]

For v € A and j =0,2,3 or 4 put
I_\j(V)=/-\j+V = {j. | IEI—\,5+IEI_\]'},
so that A; = A;(0).
Let us fix a vector yo € Az and let F denote the stabilizer G(jig) of Jio

in G, which is isomorphic to Co, by (4.5.5) and will be identified with
G(uo) in view of the remark before that statement.

Lemma 4.9.4 For j =2, 3 and 4 the action of F on AsNAj(J) is transitive
with stabilizers isomorphic to

2'0: AutMaty;, Maty; and 2° : 2% : Ly(2) = 2178 1 Ly(2),
respectively.

Proof. Notice that for j = 4, 3 and 2 we have A} = Az N Ax(%o) for
k =2, 3 and 4, respectively. Since G acts transitively on both A; and Ay,
in view of this observation the result is immediate from (4.4.1) and the
table therein. a

We study the subgraph ® = ©@(fip) of the Leech graph I" induced by
A4 N Ax(fp). First notice that

1©] = |Aql - |AY] - |1Aa|~! = 46 575.

In order to work with the coordinates for Leech vectors introduced in
Section 4.4, it is convenient to assume that fip € A} (so that iy € ©). If
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in addition we assume that X(uo) = @ and put {a,b} = Pa(po) then an
element A € Ay is contained in @ if and only if 1 is the image of a vector
A € A4 such that A(a)+ A(b) = 8. There are exactly two choices for A when
7 is fixed (in view of the transitivity of F on @ it is sufficient to check this
for 1 = o). Furthermore, F; := F(Ao) = G1(Ji) is the semidirect product
Q1(f10) : L1(jro) where Qy(fip) consists of the elements 7(Y,1) for Golay
sets Y containing Ps(uo) and Li(fio) = Ly[a, b] = Aut Mat,;. By (2.15.3)
this shows that Qi(fip) = O(Fy) is isomorphic to the 10-dimensional
Golay code module.

Lemma 4.9.5 The group F; acting on © has five orbits ® N A% for o =
8,6,5,4a and 4b. Their lengths and element stabilizers are given in the table
below. The group F1/02(F;) = Aut Maty, acts on the set of O,(F1)-orbits
in ®ﬂf\§ for « = 4a,6,4b and 5 as it acts on the elements in #p, #), and
H, of the geometry #(Maty;) and on the elements of the Steiner system
S(3,6,22), respectively.

Orbits Lengths Stabilizers
ONAS 1 [219] : Aut Mat,,
ONAS§ 25-77 [25] : (2% : Syms)
ONA; 210.22 PZL3(4)
ONAY 2-231 [29] : (23 : Syms)
O NAY 26-330 [241.2 x 2% : Ls(2))

Proof. We have seen that A € @ if and only if A is the image of A € A4
with A(a) + A(b) = 8. This immediately shows that @ N A¥ = 0, @ N A§
consists of the images of A € A§ with Pg(d) = {a,b} = Pg(d) U Py(4),
for § = 4a and 4b the set ® N /_\g consists of the images of A with
Ma) = A(b) =4 and O N /_\3 consists of the images of 1 with Ps(1) <
{a,b} = Ps(A)U P3(A). The transitivity of F; on ®n]\§ can be established
in the following way. Choose an appropriate pair 4,v € A such that
Ma) + A(b) = v(a) + v(b) = 8 and 1 = 7; calculate the stabilizer H of
{4,v} in F; and observe that the order of H equals the order of F;
divided by the size of ® N A% (notice that F = Co, splits over the centre
of G = Coy). Along these lines we also obtain the structure of element
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stabilizers. For this purpose (4.4.1), its proof and the table there are very
useful. 0

Lemma 4.9.6 The suborbit diagram of the graph © corresponding to the
action of F is as given after the proof.

Proof. It is straightforward to calculate the diagram using (4.9.5),
methods and results from Section 4.7, particularly (4.7.4) and the dia-
grams for #(Maty;) calculated in Section 3.9. ]

15

2L 214210

7+28+168

Let 49(Co,) be the subgeometry in %(Co;) formed by the elements
(*-closed cliques) contained in .

Lemma 4.9.7 9(Co,) is a rank 4 Petersen geometry with the diagram
P

o o o
2 2 2

1
and F = Co, acts on 9(Co2) flag-transitively.

Proof. Using (3.4.5) and the remark after its proof, we identify the
residue in %(Coz) of an element of type 1 with the rank 3 Petersen
geometry %(Maty;). For an element of type 4 its residues in %(Maty))
and %(Mat,4) are the same. Finally, since F acts transitively on the vertex
set of ® and F) acts flag-transitively on the residue of 1y in %(Coy), we
conclude that the action of F on %(Co,) is flag-transitive. ]

Let {F; |1 < i < 4} be the amalgam of maximal parabolics associated
with the action of F = Co; on %(Co;). Then

Fy =2 : AutMaty, F, =219 (Syms x Syms),
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Fy 2746 ([4(2) x 2),  Fy 21446 1,(2).

Let B be an octad containing P4(to) and 6 = (B, 1). By (4.8.7 (ii))
Cr(8) = Cg(6) N G(jap) is the preimage in D = Cg(d) of the stabilizer of
fio in D, so that Cp(8) = 21+8.5pe(2). By (4.8.7 (i)) ¥ := ®(3) N @ is the
set of isotropic vectors in V; = Cz(02(D)) orthogonal to fip with respect
to the bilinear form associated with x. Furthermore the elements of type
1, 2 and 3 in %(Co3) contained in ¥ correspond to totally singular 1-,
2- and 3-dimensional subspaces in the natural orthogonal module iz
for Sps(2) = 07(2) and hence they form a subgeometry # in 4(Coy)
isomorphic to the classical Cs(2)-geometry %(Sps(2)) with the diagram

e 0
2 2 2

The residue of Ay in # is the Sp4(2)-subgeometry in reSg(coy (o) =
%(Maty,) as in (3.4.4). This can be summarized as follows.

Lemma 4.9.8 Let 6 be an involution in F = Co, conjugate to an involution
from the orbit of length 77 of F1/03(F,) on Os(F;). Then the elements of
type 1, 2 and 3 in 9(Co,) which are pointwise fixed by 0(Cp(3)) form
a subgeometry R isomorphic to 4(Spe(2)) on which Cp(d) = 2L+8.S P6(2)
induces a flag-transitive action of Sps(2). ]

Notice that the orthogonal complement of fiy in V; with respect to
the quadratic form x as in (4.8.7) supports the universal 7-dimensional
natural representation of Z.

Let & be %(Co;) or 4(Coz) and let Z be the collinearity graph of
& (that is I" or ©®). Any two points in & are on at most one line and
every triangle in Z is contained in a plane. Hence & is simply connected
if and only if the fundamental group of Z is generated by triangles.
The latter can be established directly using the suborbit diagram of #
and this strategy was realized in [Sh92] for the case of 4(Co;). Here we
follow the strategy developed in [Iv92d} which enables us to deal with
a smaller number of cycles. In order to implement the strategy we need
some further information about Co; and its action on A.

4.10 The affine Leech graph

The semidirect product A : Co; acts naturally on A. By (4.5.5) the orbit
of a pair 4,7 € A under this action is uniquely determined by the value
i such that 2+ 9 € A;, where i = 0,2,3 or 4. Let A; denote also the
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corresponding orbital graph on A, so that A;(¥) is the set of elements in
A adjacent to ¥ in the graph A;. Let pf] be the intersection parameter
defined by

o =#{n| ke M), € A7)}
for 1 € Ax(¥). Since all the orbitals are self-paired i.e., 2 € Ax(¥) if and
only if ¥ + 1 € A, we have the following:

Pl ="l and Al bl = 1Al P
We are particularly interested in the graph A; and call it the affine
Leech graph. In this section we calculate the suborbit diagram of A,.
As above 1y denotes the element in A4 stabilized by G; = Q; : Ly, so
that {ip} = A§. By the tables in (4.4.1) and (4.6.1) and in view of (4.5.6)
we obtain the following result which gives the valencies of A4 on the
diagram of A, (as well as on the diagrams of A3 and Ay).
Lemma 4.10.1
Aoy = A3 UAS UAS,
As(o) = A3 UAZUASUA;,
A4(Ao) = AAUASUAF UAY UAY.
11178437950

8386 560 As

98 280 1
1

8292375

?I

48576

Lemma 4.10.2 The intersection parameters of A, are as on the above dia-
gram.
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Proof. By (4.5.6) the graph Asj is the graph on the set of vectors of the
24-dimensional GF(2)-space A in which two vectors are adjacent if their
sum is non-singular with respect to the non-degenerate quadratic form 6
of plus type. This graph is well known to be strongly regular [BCN89],
which means that p; = p%;. On the other hand by (4.10.1) we have

P = A3+ 1A3L, Pl =AYl - |A4l/IAz),
and hence
P% = |As| — p2; — P2y = 47104,

Now the remaining intersection parameters follow from the obvious
identities in which they are involved. ]

To complete calculating the diagram there remains to show that G(v)
acts transitively on A»(7) N A, and on Ax(¥) N A; if ¥ € A, and that G(7)
has two orbits on Az(¥) N Az if 7 € As.

Lemma 4.10.3 The following assertions hold:

(i) the subgraph in A induced by A4 has the following suborbit diagram
with respect to the action of Gi

1+1+42 42

(ii) Gy acts on this subgraph vertex- and edge-transitively with the ver-
texwise stabilizer of an edge being isomorphic to 2° : L3(4);
(iil) if 91,72 € A} and ¥, € Ax(1), then %1 + ¥, € A}

Proof. The orbits of Q; on A% are all of length 2 and there is
an obvious mapping from the set of these Q;-orbits onto the set of
2-element subsets of Z which commutes with the action of G;. Two
elements from A} are adjacent in A; if their Q;-orbits are different and
correspond to intersecting pairs from £, which gives (i). Let o and
o be as introduced in the paragraph before (4.9.5), so that py € A%
with P4(uo) = {a,b} and X(uo) = 0. Let ¢c € 2\ {a,b} and let y1, w2
be vectors in A3 such that Py(u;) = {b,c}, X(11) = 0, Ps(u2) = {a,c},
X(u) = {c}. Then f1, iz € Ay and py — 3 = up, which means that
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T = {jip,fu1,Ji} is a triangle in the graph A,. In particular {fio, i1}
is an edge in the subgraph induced by Aj. It is easy to check that
G(%o, Jig, 1) is the semidirect product (Q;(fi0) N Q1(fi1)) : Ly(a,b,c), where
Q1(@0) N Q1(f1) consists of the elements (Y, 1) where Y is a Golay set
containing {a,b,c} and Li(a,b,c) = L3(4). In view of (2.15.4) (ii) follows.
Now (iii) is straightforward. a

Lemma 4.104 Let T = {fip, ju, o} S A} and fio+ u + 2 = 0. For i = 1
and 2 put U(i) = G(fuw, jt;) and Z(i) = Aa(jig) N Az(i;) N Ag. Then

(i) U() acts transitively on Z(i) with stabilizer isomorphic to 2° : L3(4),
(i) U(1) = U(Q2) and E(1) = E(2).

Proof. By (4.10.3 (ii)) G, acts transitively on the set of ordered pairs
(@,7) of elements from A} with @ € Ax(7j) and hence (i) follows. It is
clear that U(1) = G(jw, 1) = G(jio, i1 + i) = U(2). Hence in view of (i)
in order to prove the second equality in (ii) it is sufficient to show that
E(1) N E(2) # @, but since A} = A, N A,(Ap), we have o € E(1) NE(2). O

In view of the above lemma we put U = U(i) and E = E(i) for i = 1
or 2. Taking i = 1 we observe that an element 1 € A4 is contained in Z if
and only if it is the image of 1 € A4 such that A(a)+A(b) = A(b)+A(c) = 8.
By (4.4.1) and (4.6.1) we conclude that E N A consists of the images of
the A with A(a) = A(b) = A(c) =4 for a = 4a, Ma) = Hc) =2, A(b) =6
for o = 6, A(a) = Ac) = 3, Mb) = 5 for & = 5, and EN AL is empty for
B = 4b and 4c. Arguing as in (4.9.6) we obtain the following.

Lemma 4.10.5 The suborbit diagram of E corresponding to the action of
U is the following:

1 5 21
' : 1 . : : . - - .

The action of Uy = Gy N U = 2° : Ly(4) on Z is faithful and transitive on
ENAS for « = 4a, 6 and 5 with 0(U,) having orbits of lengths 2, 2* and
2%, respectively. m|

Lemma 4.10.6 The group U is isomorphic to Ug(2) and it acts on E as on

the set of maximal totally singular subspaces in the natural 6-dimensional
GF(4)-module.
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Proof. Let Y = {a,b,c}. Recall that ¢ is a mapping from A} onto the
set of sextets which commutes with the action of Gy. Then g(ENA$?) are
the sextets containing Y in a single tetrad and they are identified with
elements from the set Z\ Y which is the point set of the projective plane
II(Y) of order 4 as in (2.9.1). Let B be an octad containing Y, so that B
corresponds to a line in II(Y), let § = ©(B,1) and D = Cg(J). Then by
(4.8.7 (i)) T is (the non-zero vectors in) a minus 2-space in V; = C3(02(D))
and Y := EN®(J) is the set of isotropic vectors orthogonal to T. Hence
the vertices and lines of I" contained in Y correspond to 1- and 2-
dimensional totally singular subspaces in the 6-dimensional orthogonal
space T+ of minus type. By (4.8.7 (ii)) Cy(d) contains O»(D) = 2+ and
induces on Y a flag-transitive action of Qg (2) = U4(2). This shows that
the vertices and lines contained in E together with the images of Y under
U form (with respect to the incidence relation defined via inclusion) a
Cs-geometry & with the diagram

T 4 a
on which U induces a flag-transitive action. By [Ti82] & = %(U¢(2)) and
the result follows. m]

Since p%z = 4600 is exactly the index of U in G(fi) = Co, we have the
following.

Lemma 4.10.7 If v € A, then G(¥) acts transitively on Ax(V) N Ay with
stabilizer isomorphic to Ug(2). m]

It is easy to observe that if T is as in (4.10.4) then the setwise stabilizer
of T in Gy is of the form 2° : PT'L3(4) and it induces on T the natural
action of Syms. On the other hand the automorphism group of the C;-
geometry associated with U is PT'Ug(2) = Ug(2) : Syms and hence we
have the following.

Lemma 4.10.8 Let jip be an element from As, Ii1 be an element from AN
Aax(fio) and iy = fig + fir. Let T = {fio, ju, 2}, U be the setwise stabilizer
of Tin G and E = Ay N Ax(T). Then
(i) T is a triangle in the affine Leech graph and T < A,
(ii) U induces on T the natural action of Syms,
(ii1) U is the Sfull stabilizer in G of the subgraph in the Leech graph T
induced by E,
(iv) U = AutE = PTUg(2) ~ Ug(2).Sym;. 0
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Notice that the stabilizer in F = Co, of the subgraph E coincides with
the stabilizer of fip in U and it is isomorphic to PZUg(2) ~ Ug(2).2.

Before continuing the calculation of the parameters of the affine Leech
graph we would like to mention an important subgeometry of the ge-
ometry %(Us(2)) as in the proof of (4.10.6). Let K = PI'L;(4) be a
complement to 05(G,[T]) in G[T] = 2° : PT'L3(4) and let w be an
involution in K which realizes the field automorphism. Then @ induces
on T an action of order 2. Furthermore, Cx(w) = L3(2) x 2 and the
centralizer of w in 02(G,[T]) is of order 2°. Hence by (19.9) in [ASei76]
Cﬁ(w) = Spe(2) x 2. Using (4.10.5) and the paragraph before that lemma
it is not difficult to identify the subgraph in E induced by the vertices
fixed by @ with the dual polar graph of Sps(2) with the following suborbit
diagram:

1 3 7
14 1 12 3 8 7
2.7

Lemma 4.10.9 The following assertions hold:

(i) up to conjugation G[T] contains a unique involution w which com-
mutes in G[T] with an element of order 7, and induces on T an
action of order 2,

(i) Cg(w) = Spe(2) x 2,

(iii) the points, lines and quads in E fixed by ® form a geometry iso-
morphic to the Cs-geometry 9(Sps(2)),

(iv) @ is conjugated in G to an element t(B,1) from Q, where B is an
octad.

Proof. By (19.9) in [ASei76] w is as in the paragraph before the
lemma, which gives (i), (ii) and (iii). By (4.10.7) G acts transitively on
the triples {¥,¥;,¥2} such that % € Ay N Ay(¥;) for 0 <i < j <2 and
Vo + ¥1 + ¥2 = 0. Let vo € A3 with X(vo) = P3(vo), B be an octad disjoint
from P3(vo) and v, be the image of vy under 7(B, 1). The v» := vo+v; is in
A3 (with Py(v;) = B and X(v;) = §). By the construction 7(B, 1) permutes
vo and vy, stabilizes v,, and the centralizer of 7(B,1) in a(vo, vy, V) is
isomorphic to Altg (in particular has order divisible by 7). By (i) @ and
7(B, 1) are conjugate and (iv) follows. |
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Let us continue the analysis of the affine Leech graph. For d € 2
let w; be a vector in A such that Ps(wg) = {d} and X(wy) = @ and
put

¥i(d) = {u € A3 | d € Py(u), X (1) = 0},
¥o(d) = {n € A} | P3(u) = X(p) # {d}},
¥i(d) = {u € A} | d € Py(u), X () = 0},

Wi(d) = {n € A} | Ps(u) = {d}, | X(w)| = 7}

Notice that if u € W4(d) then P3(u) U X(u) is an octad. Then |¥y(d)| =
¥2(d)| = 23, [¥3(d)| = [Wa(d)| = 253 and Gi(ws) = Li(d) = Matx
acts transitively on Wi(d) for i = 1,2,3 and 4. In addition if y; €
Yi(d), w» € Wad) with Py(p;) = {d} U P3(u2) then p; + u2 = wq
and similarly if u3 € W3(d), us € Wa(d) with P2(u3) = P3(us) U X(uq)
then u3 + us = wy. Hence if W(d) is the union of the W;(d), then
P(d) = Ay N Ax(wg). Tt is easy to see that different vectors from W(d)
have different images in A and since |W(d)| = 552 = p3, we have the
following.

Lemma 4.10.10 ¥(d) = A,nAa(@4); the action of Gy(wg) = Ll(d) Maty;
on Yi(d) is similar to its action on P \ {d} for i = 1,2 and to the action
on the set of octads containing d for i = 3,4. m]

There is an equivalence relation on ¥(d) with classes of size 2 with
respect to which 2 distinct vectors y, v are equivalent if y+v = wy. Let
be a graph on ¥(d) such that u,v are adjacent if they are not equivalent
and i+ 7 € A;. One can check that whenever {u;, 12} and {v;,v;} are
2 distinct equivalence classes there is a bijection ¢ of {1,2} onto itself
such that y; and v; are adjacent if and only if j = o(i) (so that X is a
double cover of the complete graph on 276 vertices). In view of this rule
all the adjacencies in ¥ are determined by the following 3 conditions:
¥i(d) is a coclique; u € Wi(d) and v € ¥;(d) are adjacent exactly
when Py(u) N Py(v) = {d}; p1,pu2 € W3(d) are adjacent exactly when
{Pa(p1) N Pa(u2)] = 2. It is straightforward to reconstruct the suborbit
diagram of ¥ based at u € Wi(d), with respect to Gi(wa, ) = Maty,
(one might find useful the diagrams for s#(Mat,s) and #(Maty) from
Chapter 3).
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16 16
60 60
77 77
1 1
80 ' 80

22 1 21

77 56 21\ 56 77

176 120 120 176

Now for a 3-element subset D in £ let wp be a vector from A% such
that P3(wp) = X(wp) = D and put

®;(D) = {1 € A3 | Pa() < Ps(wp), X (1) = 0},
®y(D) = {n € A3 | P3(1) = X (1) < P3(wp)},
@3(D) = {1 € A] | Py(wp) = X(1) S P2(w), 1X ()| = 4},
@4(D) = {n € A} | P3(i) & P3(wp), Ps(wp) = X (p), IX (1) = 7},
@s5(D) = {1 € A | 1X(1)| = 2, X(4) = Pa(s) N P3(wp)},

®(D) = {u € A} | P3(p) = P3(wp), | X ()| = 9}.

Let ®(D) be the union of the ®;(D). Then |®;(D)| = |®(D)| = 3,
|®3(D)| = |@4(D)| = 105, |®5(D)| = |Pe(D)| = 168, Gi(wp) = L1[D] =
PT"L;(4) acts transitively on each of the ®;(D) and we have the following
result similar to (4.10.10).

Lemma 4.10.11 &D) = A, N Ay(@p); the action of Gy(wp) = L{[D] =
PT L3(4) on ®;(D) is similar to its action on the elements in D for i= 1,2,
on the maximal flags in II(D) for i = 3,4, on the hyperovals in II(D) for
i=5,6. O

Recall that by (2.8.2) and (2.9.1), for an octad B intersecting D in two
elements, H = B\ D is a hyperoval in II(D) and two such hyperovals
H; = B;\ D and H, = B; \ D are in the same orbit of f,l(D) =~ [5(4)
if and only if Bj "D = B, N D. This shows that if y € ®y(D) then
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al(wp, 1) = PXL3(4) acting on ®(D) has exactly two orbits of length [
forl=1, 2, 56, 105 and 112.

Lemma 4.10.12 Let & € Az and 1,5 € Ay N Ax(®) with p — v ¢ {0,®}.
Then
(i) G(®) acts transitively on Ay N Ax(®),
(i) G(@, i, v) = Us(3),
(ili) G(@, ) is the sporadic McLaughlin group McL of order 28-3%-5%-
7-11.

Proof. Since G is transitive on A3 we can assume that ® = @®;. For
the same reason there is g € G which maps @w; onto wp and hence
gal(wp)g‘l is a subgroup of G(wg) which acts on ¥(d) as G(wp) acts on
®(D). Comparing the orbit lengths of G(wg) on W(d) given in (4.10.10)
and of a(wp) on ®(D) given in (4.10.11), we immediately conclude that
G(wy) acts transitively on the 276 equivalence classes of vectors in ¥(d).
Now, comparing the suborbit diagram of £ and the orbit lengths of
a(wp, u) on ®(D) (for u € ®1(D)) given in the paragraph after (4.10.11),
in view of the above we conclude that for every v € W(d) the action
of G(wg,v) on X(v) (which is the set of vertices adjacent to v in X) is
transitive. Since Z is not bipartite we obtain (i).

Let u be the vector in W(d) at which the suborbit diagram of X is
based, let v be a vector from W»(d) which is not equivalent to x and let
Y = P4(u) N P3(v). Then one can see from the description of £ and from
its suborbit diagram that the vectors in X(u) N Z(v) are indexed by the
hyperovals constituting two orbits of zl(Y) on the set of all hyperovals
in TI(Y); two vertices are adjacent if and only if the corresponding
hyperovals have no or three common elements. Hence Z(u) N Z(v) is the
point graph of the generalized quadrangle % as in (2.16.1) and by (2.16.1)
it is the classical one associated with the group Uy(3). By the above we
have

|Cos|
552-275

It is easy to see that the action of a(wd, 1, v) on I(u) N X(v) is faithful
and hence by (1.6.5 (vi)) it contains U4(3). Since |a(wd, wv)| = |Us(3)|
we obtain (ii).

It is an easy combinatorial exercise to check that the subgraph induced
by Z(u) is a strongly regular graph known as the McLaughlin graph.
The group a(wd, u) induces on it a rank 3 action corresponding to the
following suborbit diagram:

|G(wa, p, v)| = =28.36.5.7,
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30 56

2 6
11 1 112 81 5 162

Alternatively one can (as we do) consider (iii} as a definition of the
McLaughlin group McL. ]

Lemma 4.10.13 Let Q be the McLaughlin graph and let H = McL act
naturally on Q. Let x,y be a pair of vertices at distance 2 in Q. Then
H(x,y) = L3(4) acting on Q\ {x,y} has three orbits of length 56 and one
of length 105.

Proof. We identify Q with the subgraph in X induced by X(u). Then we
can assume that u = py, x = up + wp, y = p3 + wp, where {uy, us, u3} =
®((D). Then H(x,y) contains G(wp, i1, 2, 43) = L3(4) and by (4.10.12)
H(x,y) = G(wp, 11, 42, 43) and the orbit lengths follow from (4.10.11). O

The graph X represents the two-graph on 276 vertices as in [GS75].
The geometry whose elements are vertices, edges, triangles and maximal
cliques (of size 6) in X is a doubly extended generalized quadrangle of

order (3,9) with the diagram
c c
O 9]
1 1 3 9

whose full automorphism group is isomorphic to Cosz x 2; the residue of
a vertex is the exceptional EDPS from (1.13.7) associated with McL.

Now there remains to show that G(®) has two orbits on A3 N Ay(®@)
with lengths given on the diagram.

Lemma 4.10.14 For 7§ € A3 N Ay(®@) suppose that
() Y = AN Ay @) N AxF) # 9.
(i) Glo,7] # G(a,7).
Let K be the elementwise stabilizer of Y in G and A be the automorphism

group of the subgraph in A; for i = 2,3 or 4 induced by Y. Then |G(&,7)| <
1
31K - 14]. o

Proof. It is clear that G[@®,#] is contained in G[Y] and the order of
the latter group is at most K| - |A4|. [}

We assume that @ = @g. If e € 2\ {d} then w; — w, € A} so that we
can put j = @,. Clearly there is an element in L; which permutes wy
and w,. Hence (ii) in (4.10.14) holds and Y as in (4.10.14 (i)) is the image
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in A of the union of the Y := ¥;(d) N W;(e) for i = 1,2,3 and 4. It is
straightforward to check that Y4 = @, while

Y = {u€ A} | Py(p) = {d,e}},
Y, ={ueA}| Pi(u)=X(p) ¢ {de}},

Y3 ={p€ A} |{d e} = Py(n).X(n) = 6},

so that |Y| =1 4+ 22 + 77 = 100. If we assume that the base vertex u
in the suborbit diagram of X is in Y, then besides u the set Y contains
the 22-orbit of al(co, @) = Maty, in the neighbourhood of u and the
77-orbit at distance 2 from pu. The vectors in Y, are identified with
the elements in &2 \ {d,e} while that in Y3 with the octads containing
{d, e}; the adjacency relation is via inclusion. Thus (Y3, Y3) is the residual
Steiner system S(3,6,22). By (2.9.3) and the remark after its proof the
stabilizer of u in the automorphism group of the subgraph in A, induced
by Y is isomorphic to fl[d, e] = Aut Mat,,. It is not difficult to show
that the elementwise stabilizer of Y in G is trivial and we suggest this as
an exercise. Accepting this fact, by (4.10.14) we obtain the following.

Lemma 4.10.15 If | is the length of the orbit of @, under G(&®,) then

|Cos
I>lp:=———=11178
=7 100 - [Matyp)|
and the equality holds if and only if G(&g,@.) is transitive on the set Y of
size 100. ]

Let D, wp, @wp be as in (4.10.11) and suppose that D = {d,e, f}
so that d € D. If A = wg — wp then N(1) = (8420%"), Ps(1) = {d},
Py(A) = {e,f}, X(2) = 0. Hence if v € A} with Py(v) = {d,e} and X (v) = §,
then 4 —2v € A}, which shows that 1 € A, and hence @p € As3(@q).
Using the description of the sets W(d) and ®(D) it is straightforward
to check that Y := Ay N A(@4) N A(@p) is of size 4 (in particular @,
and @p are in different G(@,)-orbits), consisting of the images of vectors
ti, 1 < i < 4, such that py € A} with Py(py) = {d,e}, X(1a) = 9,
Ha = Wa— 1, B3 = @p+ iy, p4 = wa— pi3. In fact {gy, py} = ¥1(d)N®y(D),
{t2, u3} = Wa(d) N @y(D). Since fi + i = @y, the elementwise stabilizer
K of Y in G is contained in G(@;) and by (4.10.12 (ii)) K = Uy4(3). The
subgraph in A, induced by Y has two edges {fi;,fus} and {f,, i3}, so
its automorphism group is Ds. Furthermore, if G contains an element h
which induces on Y an element of order 4 then h permutes @; and @p.
By an obvious generalization of (4.10.14) we obtain the following.
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Lemma 4.10.16 If m is the length of the orbit of ®wp under G(@®;) then

|Cos)

———— = 37950.
4-|U4Q3)l

mzmy =
0

Since @, and @p are in different G(@,)-orbits and p33 = lyp + my where
Ip and myp are as in (4.10.15) and (4.10.16), we have the following.

Lemma 4.10.17 If ® € A3 then G(@) has two orbits Q; and Q; on A; N
Aa(®@4) and the following hold, where Y = Ay N Az(@) N Aa(#):

(i) if 7 € Qq then |Y| = 100, G[®,7] induces the full automorphism
group of the subgraph in A; induced by Y and G(@, 7}) is the Higman—
Sims sporadic group HS of order 2°-3%-5%-7-11,

(ii) if 7 € Qy then Y is of size 4 and G(®,7) ~ Uy(3).2% ]

We consider (i) in the above lemma as a definition of the Higman—Sims
group, the subgraph on 100 vertices is known as the Higman-Sims graph.

4.11 The diagram of A

In this section we study the subgraph A in A, induced by the neighbours
of the zero element. In other terms A is a graph on A; in which ¥ and
i are adjacent exactly when ¥ — i € A,. We call A the shortest vector
graph. We use the suborbit diagram of the affine Leech graph to deduce
the suborbit digram of A with respect to the action of G, as given below.

27542025

A (f0)

A¥(f1o)

2464
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We follow notation introduced before (4.9.5): uo € A%, F = G(jip) =
Coy, X(1o) = 0, {a,b} = Py(m). For v € A = A, we put A/(¥) = ANA ().

Directly from (4.10.1), (4.10.12 (iii)), (4.10.6) and (4.10.17) we obtain
the following.

Lemma 4.11.1 For j = 2, 3 and 4 the action of F on AJ(fiy) is transitive
with stabilizers isomorphic to Ug(2), McL and 2'° : Aut Maty, respectively.
O

Let iy € AXiw), iz = fio + 1, T = {fio,u, j2} and T* = T U {0}.
Then by (4.10.8) T is a triangle in A and it will be said to be a singular
triangle. Thus every edge of A is in a unique singular triangle and the
set of all singular triangles is clearly preserved by G. In terms introduced
before (4.9.5) we have the following.

A*(fi) == A2(0) U Au(fio) = (Az(fio) N Aa(0)) + fio = © + o
Let E = O(f1)N®(f11). Then by (4.10.4) we have E = A4(0)NA(T*\ {0})

and hence B+ fi; = Ag(f) N A2(T*\ {f;}) for i = 0, 1 and 2. Thus in view
of (4.10.5) and (4.10.8) we have the following

Lemma 4.11.2 Let fiy € A(fip). Then
(i) AX(F) N A% (o) = E + fio (of size 891),
(i) A%(f0) N A% () = {fi2} U (B + i) where i = fig + . o

Lemma 4.11.3 Let 7 € A’(fip). Then

(i) F(7) = McL acts transitively on the set A%(fip) N A*(7}) of size 275
with stabilizer isomorphic to Uy(3),
(ii) the subgraph in A induced by A%(fip) N A%(#) is the complement of
the McLaughlin graph (which is connected of valency 162 ),
(iii) if By € A*(fio) then F(fy) acts transitively on the set A*(fig) N A%(fiy)
of size 2816.

Proof. Let @ € As, fip,7j € Az N Ax(@). Then fip — 7 € A, if and only
if 7 is at distance 2 from iy in the graph X defined after (4.10.10). In
the latter case @ + fip € A*(f), 7 + fio € A%(fio) N A%(@ + Jip) and (i)
is immediate from (4.10.12), while (ii) follows from the definition of the
McLaughlin graph, given in the proof of (4.10.12). Finally (iii) is a direct
consequence of (i). O

Lemma 4.11.4 Let v € A*(jiy). Then
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@) for j = 2, 3 and 4 the subgroup F(v) = 2'° : AutMaty; acts
transitively on the set A*(fio) N AJ(V) of size 88, 2048 and 2464
with stabilizer isomorphic to 2° : Li(4), Maty, and 2° : 2% : Syms,
respectively,

(ii) the subgraph induced by A*(fip) N A%(¥) is connected,

(ili) every i € A%(fio) is adjacent to a vertex from A%(fio) N A%(¥).

Proof. (i) For j = 2 the result is by (4.10.3). We assume that ¥ = Ao+]io.
Then A*(fip)NA%(¥) = (ONAS)+io and the case j = 4 follows from (4.9.5)
and the table therein. With ¥ as above let w € A3 with P3(w) € Pa(uo) and
X(w) = P3(w). Then @ € A%(v) N A3(fip) and F(v,®) = Ly(a,b) = Matx,
and the case j = 3 follows. The assertion (ii) is immediate from (4.10.3),
its proof and the diagram there. If ; € A%(fip) N A%(7), then by (4.11.2)
and (4.10.5) F(¥,f11) = 2° : L3(4) has three orbits, say Q,, Q3;, Q4, on
A%(fip) N A%(f1) \ {Bo + 1} with lengths 42, 512, 336. By the diagram in
(4.10.3) and the divisibility condition we have Q; <= A%(fip) N A*(¥) for
k =2, 3 and 4, so that (iii) follows. O

Lemma 4.11.5 Let #j € A%(jip). Then F(7) = McL acting on A3(fio) N A%(7)
has two orbits: (A*(fip) N A%(7)) + 7 for k = 2 and 4 with lengths 275 and
2025 and stabilizers isomorphic to U4(3) and Maty), respectively.

Proof. By (4.11.4) A*(fio) N A%(R) is of size
2025 = 2048 - |A*(mo)| - |A3 (o).

If @ is the quadratic form as in (4.5.6) then for & € A we have 6(j1, &) = 1
if and only if & € A3(jip). Hence every singular triangle which intersects
A3(fip) must intersect it in two vertices. Since 275 + 2025 = %IAz(ﬁ)l, the
result follows. i

Now by (4.11.1), (4.11.2), (4.11.3), (4.11.4) and (4.11.5) we have the
complete suborbit diagram of A. In what follows we will make use of the
following.

Lemma 4.11.6 Let 7§ € A (o), i € A%(jio) N A%(). Then F(ij, i) = Us(4)
acting on A*(fio) N A%(#f) has three orbits with lengths 162, 567, 1296 and
stabilizers isomorphic to L3(4), 2* : Alts, Alts, respectively.

Proof. It follows from the paragraph after (4.10.10) that if v €
A*(io) N A(77) then G(7, fio, V) = Maty; has three orbits on A%(fip) N A%(7)
with lengths 22, 77 and 176. Hence the result follows from the obvious
duality. m|
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The following useful statement can be checked directly.

Lemma 4.11.7 Let p € A, and i # fiy. Then it € Ai(jiy) for j =2, 3 and
4 if and only if (u, o) = 12, +1 and 0, respectively. m]

We have deduced the suborbit diagram of A from that of the affine
Leech graph. In a similar way (using (4.11.2), (4.11.3), (4.11.6) and sug-
gesting the reader fill in some minor details) we obtain the following.

Lemma 4.11.8 The subgraph I in A induced by A%(fi) has the following
suborbit diagram with respect to the action of F = G(jiy) = Co,:
336

1

336

O

There is an equivalence relation on the vertex set of I with classes of
size 2 with respect to which two distinct vertices are equivalent if together
with fip they form a singular triangle. Let IT be the quotient of I with
respect to this equivalence relation. Then immediately from (4.11.8) we
obtain the following.

Lemma 4.11.9 The group F = Co, induces on Il a rank 3 action and the
distance diagram of Il is the following:

424336 567
891 mﬂ 324
@ (‘891) 1408
Us(2).2 219 : PXL5(4) Us(3).22

O

Let I’ be a graph on A%(jip) in which #; and 7, are adjacent if
il € AY#1). Then IT' and II are the point graphs of the exceptional
extended dual polar spaces &(Co; x 2) and &(Co,) with the diagram

c
O O
1 2 4 4
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from (1.13.7) whose full automorphism groups are isomorphic to Co, x 2
and Co,, respectively. Notice that the residue of an element of type 4 in
&(Co, x 2) is the universal (double) cover of the corresponding residue
in &(Co,). The following result was established in [Ron81a).

Lemma 4.11.10 The geometries £(Co,) and &(Coy X 2) are simply con-
nected and &(Co, x 2) is the universal 2-cover of &(Coy). m]

4.12 The simple connectedness of 4(Co,) and %(Co)

In this section we establish the simple connectedness of the Ps-geometry
%(Co,) and the 2-simple connectedness of the Ts-geometry 4(Coy). We
will see in (7.4.8) that 4(Co;) is not 2-simply connected.

Let ¢ : F — F be the universal covering of # = 4(Co,), F be the
universal completion of the amalgam of maximal parabolics associated
with the action of F = Co, on % and let © be the collinearity graph of Z.
Then F acts naturally on # and on ©. Furthermore (the last paragraph
in Section 4.9), ¢ induces a covering ¢; of © onto the collinearity graph
O = O(fiy) of 4(Co,) and every triangle from © is contractible with
respect to ¢i.

Let & be the %(Sps(2))-subgeometry of 4(Co,) as in (4.9.8). By (1.6.4)
& is simply connected and hence every connected component & of the
preimage of & in & is isomorphic to &, which implies the following.

Lemma 4.12.1 If ©(¥) and (:)(.57 ) are the subgraphs in © and O induced
by the  point-sets of & and &, respectively, then @y induces an isomorphism
of ©(Z) onto O(¥) and FIO(¥)] = F[O(¥)] = 2118.8ps(2). m]

Let & = O(fip) N O(fi;) be the subgraph in @ as in (4.10.5) (so that E is
isomorphic to the dual polar graph of Ug(2)) and assume (the proof of
(4 10.6)) that Q = ENO(¥) is a quad in E. This means that the subgraph

E induced by Q is the point graph of the generalized quadrangle of
order (2,4). By (4.10.8) F[E] = Ug(2).2 (the extension of Ug(2) by a field
automorphism). Since the dual polar space of Ug(2) is simply connected
by (1.6.4), we have the following,

Lemma 4.12.2 Let E"vbg a connected component of the preimage of E in 2)
such that Q := E N O(F) is non-empty. Then

(i) 1 induces an isomorphism of E onto E,
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(ii) Qisa quad in g
(iii) F[E] = F[E] = Uq(2).2. 0

Let x be a vertex of © contained in Q (we can assume that x = 1y, so
that F(x) = G; N F = 21° : Aut Maty,). Then by (4.10.5) O,(F(x) N F[E])
has index 2 in 0,(F(x)), which shows the following,

Lemma 4.12.3 The graph 1 as in (4.11. 9) is a graph on the set of images
of E under F in which two such images &' and " are adjacent if they are
distinct and there is y € & NE” such that " is the image of E' under an
element from O,(F(y)). ]

Let II be a graph on the set of i images of & Z (as in (4.12.2)) under F
in which two such images & & and & are adjacent if they are distinct
and there is 3 € & N &” such that & is the image of & under an
element from 02(F (¥))- By (4.12.2) and the paragraph before (4.12.3) the
valency of IT is the number of vertices in & (which is 891) and hence ¢
induces a covering ¢, of M onto I1. We are going to show that ¢; is an
isomorphism.

The definition of IT in (4.12.3) shows that there is a bijection ¢ from
the set of neighbours of E in IT and the vertex set of E such that
a(Z') = y if and only if E is the image of E under an element from
0,(F(y)). Comparing the suborbit diagram of E in (4.10.5) and the
suborbit diagram of IT in (4.11.9), we obtain the following.

Lemma 4.12.4 Let E' and E” be distinct vertices adjacent to E in I1. Then
&' and E” are adjacent in 11 if and only if the distance between o(Z') and
o(B"YinZis1or2 O

Let ©() and ©(¥) be as in (4.12.1) while Q and Q are as in (4.12.2).
Let X and X be the subgraghgv of IT and IT induced by the images of &
and E under F[O(¥)] and F[O(¥)], respectively.

Lemma 4.12.5 The following assertions hold:

(i) both X and T are cliques of size 28,
(i1) every triangle in Il is contractible with respect to .

Proof. In terms of (4.8.7) and (4.10.6) F[®(%)] is the stabilizer in
D = 21*3.04(2) of a non-isotropic 1-subspace (fio) in V; while F[E]NF[Q]
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is the stabilizer of a minus 2-space (fio, ). Hence
|Z| = [Spe(2) : Ua(2).2] = 28

and F[®(¥)] acts on ¥ doubly transitively. Furthermore, if x € &(%¥)
then F[®(¥)] N F(x) contains a Sylow 2-subgroup of F(x) and hence
it contains O,(F(x)). This implies that ¢~1(x) is contained in = and the
latter is a clique. By (4.12.1) and (4.122) £ is a clique isomorphic to X
and (i) follows. It is easy to see that the restriction of ¢ to X\ {E} is
a bijection onto Q. In view of this observation (ii) follows from (i) and
(4.124). a

In the next chapter we will make use of the following result.

Lemma 4.12.6 Let S = F[X] = 2*%.Sps(2) (the stabilizer in F = Co, of
a %(Sps(2))-subgeometry from 4%(Co)). Then

(i) S has three orbits: Z, Xy and I, on the vertex set of I1 with lengths
28, 2016 and 256, respectively, where X, is the set of vertices at
distance 1 from X,

(ii) O02(S) acts transitively on X, with kernel Z(02(S)) so that the sta-
bilizer is of the form 2.Spe(2).

Proof. Clearly X is an orbit of S. If y € X then the set =\ {y} corre-
sponds to the points incident to a plane = in the residue of y in &£(Co,)
isomorphic to %(Ug(2)). Let u € II(y)\ Z, so that u corresponds to a point
outside #. It is well known and easy to check that the stabilizer of n in
Ug(2).2 permutes transitively the points outside z. This shows that S is
transitive on the set X; of vertices at distance 1 from X. One can see from
the intersection diagram of the collinearity graph E of 9(U¢(2)) (4.10.5)
that there are exactly 1 vertex in # adjacent to u in E and 10 vertices at
distance 2. By (4.12.4) this implies that u is adjacent to exactly 12 vertices
from Z and hence |Z;| = 2016. Thus in order to prove (i) it remains to
show that S is transitive on the set X, :=IT \ (£ U X;) of size 256. By
(4.11.4) F; = 2'° Aut Maty, has 3 orbits on I with lengths 44, 1024 and
1232. If we assume that the element of type 1 stabilized by F, is contained
in the subgeometry stabilized by S, then T := F; NS ~ 219.24 Sym¢ and
it is easy to see (compare the diagram Dj(Maty;)) that T has 6 orbits on
IT with lengths 12, 32, 1024, 16, 256 and 960. In view of the above this
immediately shows that X, is an S-orbit. Since 0,(S) = {[0:(T), 2], Q)
where Q is a complement in O(T) to O(F;), (ii) is easy to deduce
from (4.11.4). (]
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Below we present the orbit diagram of IT with respect to the action
of S.

27 [783]) 135
864 12 96 756
2016 256
215.Us(2).2 [2°1.5p4(2) 2.5p6(2)

The following result was proved in [Sh92].

Proposition 4.12.7 The geometry %(Co,) is simply connected.

Proof. By (4.12.5 (ii)) it is sufficient to show that IT is triangulable.
Let « € I1, B € Iy(«); we put @ = IT(«) N II(B) and identify @ with the
subgraph in I induced by this set. Then by (4.11.9) ® and IT(«)\ ® are the
orbits of F(a, B) = Us(3).2 with lengths 324 and 567, respectively. Since
the diameter of I1 is 2, in order to apply (1.14.1) all we have to show is
that @ is connected and that every vertex from Il(«) \ @ is adjacent to a
vertex from ®. Let y € @ and assume that y = E. Then by (4.12.4) o(x)
and o(f) are at distance 3 in E and ¢ € II(y) is contained in @ if and
only if ¢(6) is at distance 1 or 2 from both ¢(a) and &(f). For a pair
x,y of vertices at distance k in E let p{‘] denote the number of vertices
at distance i from x and at distance j from y. The numbers p" can be
calculated from the intersection parameters of Z in (4.10.5) [B184]. In
view of the above

®(y) = p}, + P}y + P2 =21+ 21 + 105 = 147.

Since the valency of @ is larger than one third of its size, there are at most
two connected components. By (4.11.3 (ii)) and (4.11.8) O?*(F(a, B)) =
U4(3) (which is the only index 2 subgroup in F(a, §)) has two orbits, @
and @,, on @ of length 162 each and the action on ®; is similar to the
action of Uy(3) on the set of vertices at distance 2 from a given vertex in
the McLaughlin graph. Since the valency of @ is 147, by (4.10.13) ®; can
not be a connected component of ® and hence the latter is connected.
Since the valency of @ is less than the valency of the subgraph induced
by II(2) and F(z, f) is transitive on I1(a) \ @, every vertex from the latter
set is adjacent to a vertex from ® and the result follows. a

Let us turn to the simple connectedness question for ¥ = %(Coy). Let
Y . 4 — 4 be the universal covering, G be the universal completion of
the amalgam of maximal parabolics corresponding to the action of G on
% and T be the collinearity graph of 4. Then by the remark in the last
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paragraph of Section 4.9 ¢ induces a covering y; of I onto the Leech
graph I' and the triangles in I" are contractible with respect to ;.

Let ® = ©O(fip) be the subgraph in I' defined after the proof of (4.9.4)
and let E = O(f1ip) N O(fiy) be as in (4.10.5). Since O is the collinearity
graph of the geometry %(Co,) which is simply connected by (4.12.7), we
have the following.

Lemma 4.12.8 Let O bea connected_component of the preimage of © in
F Then the restriction ¢ of y; to © is an isomorphism onto © and if
= ¢~1(2) then G[B] = G[O] = Co, and G[E] = G[E] = Us(2).Syms. O

If F = G[O] then F[Z] = Ug(2).2 has index 3 in G[E] = Us(2).Syms
and hence we have the following.

Lemma 4.12.9 The shortest vector graph A is the graph on the set of images
of ® under G in which two such images are adjacent if their intersection
is an image of E. a

Let A be the graph on the set of images of © under G in which
two images are adjacent if their intersection is an image of E. Then
by (4.12.8) and the remark before (4.12.9) the valency of A is twice the
number (which is 2300) of images of E under F. Hence A and A have
the same valency 4600 and y induces a covering y» of A onto A.

We assume that 1y € E and let 4y be the preimage of 1o in E. Let ¥
and ¥ be the subgraphs in A and A induced by the images of ® and
e contalmng Ao and /'Lo, respectlvely Since G[®] is transitive on ® and
G[@] is transitive on ®, ¥ and ¥ consist of the i images of ® and © under

= G(4) and G(Ao). This shows that |¥| = |'~I’| = 552 and hence y;
induces a bijection of ¥ onto V. Furthermore, if @',0” € ¥ and @ N@"
is an image of E, then, since E is connected, the preimages of ® and ©”
in ¥ intersect in an image of & and hence 2 induces an isomorphism
of ¥ onto ¥. One can see from the suborbit diagram of A that F has
two orbits on the set of triangles in A (one of the orbits is formed by
the singular triangles). On the other hand ¥ is just the subgraph in A
induced by A3 and from its suborbit diagram in (4.10.3) we observe that
¥ contains both singular and non-singular triangles, which gives

Lemma 4.12.10 Every triangle in A is contractible with respect to y,. O

Proposition 4.12.11 The geometry %(Coy) is 2-simply connected.
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Proof. By (1.6.4) and (3.3.11) every residue in %(Co,) is 2-simply
connected and hence we only have to show that ¥(Co;) is simply con-
nected. By (4.12.10) in order to prove the simple connectedness of %(Coy)
it is sufficient to show that A is triangulable. We apply (a version of)
(1.14.1). If i is at distance 2 from Jip in A, then the subgraph induced by
A%(fip) N A%(R) is connected by (4.11.3 (ii)) if & € A3(jy) and by (4.11.4
(ii)) if &z € A*(iy). Hence the quadrangles in A are triangulable. Let
C = {fio, fu1, 2, i3, fia} be a non-degenerate 5-cycle in A. We say that C
is of type 1 if i; € A*(j42) for some 0 < i < 4 (where addition of
indices is modulo 5). Suppose that C is of type 1 and assume without
loss of generality that i, € A*(fip). In this case by (4.11.4 (iii)) there is a
vertex ¥ € A%(Jip) N A%(fip) which is adjacent to fis. Hence C splits into the
triangle {jw, 7, s} and the quadrangles {fio, fis, fiz, ¥}, {12, i3, 4, 7}. Thus
the S-cycles of type 1 are triangulable. Suppose now that C is not of
type 1 which means that fi, i3 € A3(fio). Then by (4.11.5) the third vertex
fis = iz + B3 in the singular triangle containing the edge {ji, i3} is con-
tained in A*(fi) for k = 2 or 4. If k = 2 then C splits into a triangle and
two quadrangles while if k = 4 then C splits into the triangle {fi, fi3, fis}
and two 5-cycles of type 1: {fio, fi1, fi2, Iis, fic} and { o, fia, i3, fis, flg} Where
fis € A%(jip) N A%(i5). In any case C is triangulable and so is A. m]

4.13 McL geometry

In this section we discuss a geometry related to the Petersen graph and
associated with the McLaughlin group. By (4.11.4 (i)) if # € A3(fio) then
G(jip,7) = McL acts transitively on the set A%(7) N A*(fio) of size 2025
with stabilizer isomorphic to Mat;;. We analyse this action in further
detail calculating in the Leech lattice, rather than in the Leech lattice
modulo 2.

Let uo be as above (ie. uo € A3, X(uo) = 0, Ps(io) = {a,b}), let
n € A3 with Py(n) = X(n) = {a}, ® = po+1, so that w € A3 with
X(w) = 8, Ps(@) = {b}. Put M® = G(uo,n) = G(uo,®), M{ = M° N Gy.
Since 7j € A¥(jip), by (4.11.1), M° = G(jip, ) = McL and it is easy to see
that M§ = fl(a, b) = Maty,. Let vy € A3 with P4(vo) = {a,b}, X(v) = {a}
so that vo = A9 — po for Ao € A with Pg(do) = {b} and X(Jp) = 0. Then
o € A*(jip) N A*(7) and hence by (4.11.7) the set Q (of size 2025) of
images of vo under M¢ is the following:

Q={v|veAy,(um)=0(,n) =2}

Using (4.4.1) and the table therein it is straightforward to check that M}



4.13 McL geometry 199
has the following three orbits on Q \ {vo}:
Q1 ={v|v € AL,X(v) = P(v)N{a,b} = 0},

Q, ={v|veA{ab} = P,(v),X(v) = {a,c},c # b},

Q; ={v|veAdv(a=—1vb)=1,X() < Pi(v),|X(v)| = T}.

Then v € €; can be identified with the octet Po(v) if i = 1, with the hexad
P>(v) \ {a,b} having a distinguished element X(v) \ {a} if i = 2 and with
the hyperoval X(v) \ {a} in the residual projective plane II(P3(v)U {a, b})
ifi=3.

Let Q also denote the graph on this set which is invariant under the
action of M¢ and such that Q(vg) = Q;. In other terms two vectors from Q
are adjacent if they are perpendicular. Then straightforward calculations
using the diagrams for #(Maty;) in Section 3.9 show that the suborbit
diagram of Q with respect to the action of M¢ is the following:

20

24 Alts

40+160

42+112

15+60

1232 | Alts

[210}

Two vertices in Q; are adjacent if the corresponding octets are disjoint.
Hence the subgraph induced by Q; is isomorphic to the derived graph
A(%(Matyy)) of the P3-geometry ¥(Matyy). Thus the elements of type 1,
2 and 3 in %(Mat,,) are identified with the Petersen subgraphs, edges
and vertices in the subgraph induced by Q; so that the incidence relation
is via inclusion and M{ is a flag-transitive automorphism group of
%(Maty,). This means that M{ = M¢*(v¢) acts transitively on the set of
Petersen subgraphs in Q; = Q(vg) and if ®; is such a subgraph then
M{[©,] = 2* : Syms. We are going to construct in Q a family of locally
Petersen subgraphs.
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Recall that the complement T(n) of the triangular graph of order n is
a graph on the set of 2-element subsets of an n-element set in which two
such subsets are adjacent if they are disjoint. The Petersen graph is T'(5)
while T(6) is the point graph of %(Sp4(2)). It is easy to see that T(n)
is locally T(n — 2), in particular T(7) is locally Petersen. The incidence
system #(Alt;) whose elements are the triangles, edges and vertices in
T(7) with the incidence relation via inclusion is a geometry with the
following diagram:

P

o o}
2 1 1

The groups Alt; and Sym; are flag-transitive automorphism groups of
H (Alt7) with vertex stabilizers isomorphic to Syms and Syms x 2, respec-
tively.

Consider 7' € A3 with {a,b} N Px(n’) = {b}, X(n') = P»(n') and put
o' = po+7'. Then o’ € A} with Py(o') = {a}, b € P»(v’) and X(') =
Py(w')\ {b}. Let Q be a graph on

1V € A, (v o) = 0,00, 1') = 2}

in which two vectors are adjacent if they are perpendicular.

It follows from (4.4.1) and its proof that al(uo,n’) is a semidirect
product of the subgroup in Q; formed by the elements F(Y,1) for the
Golay sets Y disjoint from P4(w’)U Py(w’) and of Li(a,b)NL, [Py ()] =
Alt;.

Lemma 4.13.1 Let @' = {y/ | ¢ € A$, X(¢) = P4(y) € X(')}. Then

(i) the subgraph in Q induced by @' is isomorphic to T(7),
(ii) al(uo,n’ ) induces on ®' an action isomorphic to Alt; with kernel
24,

Proof. The mapping ¢ : ' — P4(u') establishes a bijection of @ onto
the set of 2-element subsets of the set X(w') of size 7. Furthermore,
(W, 1) =0 if and only if (') N E(u”) = @, which gives (i). The assertion
(ii) is immediate by the paragraph before the lemma. ad

Since (uo,71') = (uo,n) = —1, by (4.11.7) there is an element g €
G(uo) which maps 7’ onto 5. Clearly such a g maps ' onto Q. Since
M¢ = a(uo,n) acts transitively on the vertex set of Q, the element g
can be chosen in such a way that vy is contained in the image ® of
©’ under g. By (4.13.1) ® = T(7) which is locally Petersen. Hence
M[® N Q] =2*: Syms and by (4.13.1) this is exactly the stabilizer in
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al(m, n') of a vertex of ©'. This means that 8'1(;40, n')8 =24 : Alty is the
full stabilizer of ® in M°.

Define ¥(McL) to be an incidence system of rank 4 whose elements
of type 1 are the images of ® under M, elements of type 2, 3 and
4 are the triangles, edges and vertices of Q and the incidence relation
is via inclusion. Then the residue of vy is isomorphic to 4(Maty;) and
the residue of @ is isomorphic to %(Alt7). Since the incidence relation
is via inclusion, 4(McL) belongs to a string diagram and we have the
following.

Lemma 4.13.2 4(McL) is a geometry with the diagram

P
G G- O
2 2 1 1
and M€ induces on 4(McL) a flag-transitive action. O

The geometry ¥(McL) was first constructed in an unpublished work
of A. Neumaier (see [Bue85], [ISh88]). It has been shown in [BIP98] that
%(McL) is simply connected and that it possesses a 2-cover associated
with a non-split extension 3% - McL.

Let us define in ¥(McL) a subgeometry. By (4.11.6) a subgroup U,(3) in
M¢ = McL has three orbits on Q with lengths 162, 567 and 1296. We are
interested in the orbit of length 567 and particularly in the subgraph in
Q induced by thls orbit. Consider p; € A2 with X (1) = 0, {a,b} = P>(11)
and put U = G(w, po, 1), Uy = U N Gy. Since iy € Az(po) N A%(n),
by (4.10.12 (ii)) we have U = Uy(3). It is easy to see that U is the
stabilizer in M{ = Li(a,b) = Mat,, of the hexad Pa(u1) \ {a, b}, so that
U, = 2% : Altg (which is the stabilizer in M7 of the subgeometry 2 as in
(3.4.4)), in particular the set ¥ of images of vo under U is of size 567
and in fact

Y={|veQ(,m)=2}

We calculate the orbits of Uy on ¥\ {4} in the way we have calculated
the orbits of M{ on Q\ {4o} and obtain the following four orbits:

¥ ={v|veQy,Pv)NPap1) =B},
¥y = {v | v € Qz, P2(v) N Po(1) = {b}},
W3 = {v|veQ,|P(v)NPa(iy)| = 3,X(v) = P2(111)},

Wy = {v |v € Qs P3(v)N Pxu) = {b}},
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of length 30, 96, 120, 320, respectively. Having the suborbits it is straight-
forward to calculate the suborbit diagram of the subgraph in Q induced
by ¥:

Notice that ¥ is the set of vertices in the derived graph of ¥(Maty)
incident to the edges (elements of type 2) contained in the %(Sp4(2))-
subgeometry 2 stabilized by Uj.

Let ¥ be the sextet used in the definition of the element ©® of type
1 in ¥(McL) and assume that P(u;) = S; U S;. Then the subgraph
Y induced by ® N'¥ is the point graph of the generalized quadrangle
%(Spa(2)). Let 9(Us(3)) be a geometry whose elements of type 1, 2 and
3 are the vertices of ¥, the triangles in ¥ and images of Y under U,
respectively; the incidence relation is via inclusion. Then %(U4(3)) is a
GAB, a (geometry which is almost a building) described in [Kan81] with
the following diagram:

Q O

2 2 2

The residue of {io} (as an element of type 3) can be identified with
the subgeometry 2 in ¥(Maty,) and the residue of Y (as an element
of type 1) is the geometry of vertices and triangles in Y. The universal
cover of 4(U,(3)) is an infinite affine building ([Kan81], [Ti82]). An outer
automorphism of U,(3) performs a diagram automorphism of %(U4(3))
permuting the sets of elements of type 1 and 3.

There is another geometry associated with W. Let Q = 0,(U)), @, be
an orbit (of length 16) of Q in W5, ®; be the set (of size 10) of vertices in
¥, adjacent to vertices in ® and ® = {49} U®; U®,. Then the subgraph
induced by ® is the Schlifli graph, i.e. the line graph of the generalized
quadrangle of order (2,4). The geometry &(U4(3)) whose elements are the
images of ® under U, the triangles and the vertices of ¥ is the extended
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dual polar space with the diagram
c
O Q
1 4 2

as in (1.13.7) with the automorphism group of the form Uy(3).2%.

4.14 Geometries of 3 - Uy(3)

Let # = #(Coy) and ¥ = %(Co;) be the maximal parabolic and
tilde geometries of G = Co,, respectively. Let {y; | 1 < i < 4} and
{xi | 1 <i < 4} be maximal flags in s# and ¥, respectively, such that
X1 = ¥1 = Ao, X2 = V2, X3  y3, X4 < ys (here the y; and the x; are
considered as vertices, lines and *-closed cliques in the Leech graph). Put
H; = G(y;) and G; = G(x;), Q; = 02(G;) for 1 <i < 4, so that G; = H,,
G, = H,, G3 < H3, G4 < Hy (Section 4.9).

Lemma 4.14.1 The group Gy = 2! : Mat,4 contains two conjugacy classes
of subgroups of order 3 with representatives X; and X, such that

(i) Ne,(Xs) 2= 2%1.3 - Symg and No,(X;)02(Hy N Hy) = Hy 0 Hy,
(11) NGl(Xt) = 23.(Sym3 X L3(2)) and NG,(Xt)OZ(Hl N H3) = H1 N H3,
(iii) X; and X, are not conjugate in G.

Proof. (i) and (ii) follow from (2.12.3), (2.13.3) and (3.8.2) with the
remark that X; and X; map, respectively, onto 3a- and 3b-subgroups in
G1 = Matyy. The elements of order 3 in 3a- and 3b-subgroups in the
complement f,l = Mat,4 have different characters in the 24-dimensional
real representation of G = Coyp in the vector space containing the Leech
lattice, which implies (iii). ]

By the above lemma and (2.13.1) for « = s and t Ng(X,) acts transitively
on the set ®(X,) of vertices in the Leech graph fixed by X,.

The parabolic G, = 24123 - Syms x Syms) induces 3 - Syms on
resj(x2) = %(3 - Syms) and the kernel G5 is of order 2!7 - 3. Let X
be a Sylow 3-subgroup of G;.

Lemma 4.14.2 Ng,(X)/X = 2413 - Syms.

Proof. By the Frattini argument Ng,(X)Q» = G and hence all
we have to show is that Cp,(X) is the natural symplectic module for
G3/0,3(GF) = Spsa(2). Since [Q1 : Q1 N Q,] = 2; @y is the irreducible
Golay code module %1, for G; = Maty, and G12Q,/Q, is the stabilizer of
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a sextet in Gy, we conclude by (3.8.4) that there are three chief factors of
G5 /02 = 3-Symg = 3- Sp4(2) inside Q,; two isomorphic to the hexacode
module and one to the natural symplectic module. Since X acts faithfully
on Q, and XQ,/Q; is in the centre of 0%(G,)/Q; the result follows. O

Since X is contained in G3, it fixes res}(x;) elementwise. Let u be an
element of type j in res}(x;) for j = 3 or 4. Then res(u) is a projective
space of rank j — 2 over GF(2), which contains x; and hence there is a
unique element p(u, X) of type j—1 incident to u which X fixes pointwise.
Here y(u, X) is the centralizer of X in the subgroup of order 2/ which
represents u in A. Furthermore (4, X) and (v, X) are incident if and
only if u and v are incident, and we have the following.

Lemma 4.14.3 Let ¥ = W(x3, X) be the subgeometry in 4 formed by the
elements yp(u, X) for all u € res}(xz). Then ¥ is isomorphic to resy(x2)
(ie. to the rank 2 tilde geometry 94(3 - Symeg)) and Ng,(X) induces on ¥
its full automorphism group with kernel of order 2°. a

If w is an element of type 1 in ¥, then by the above lemma G(w) N
Ng,(X) has index 45 in Ng,(X) and since G(w) is a conjugate of Gy, by
(4.14.1) we have the following.

Lemma 4.14.4 There is an element g € G which conjugates X onto X and
maps ¥(x2, X) onto a subgraph ¥(y, X;) contained in ®(X;), isomorphic to
the point graph of 9(3 - Symg) (here y = x5 ). a

Let us look more closely at the subgraph ®(Xj;) in the Leech graph
induced by the set of vertices fixed by X;. We identify X with a subgroup
of type 3a in the complement L; = Maty to Q; in G;. Concerning the
action of X; on # we follow the notation introduced in Section 4.9.
Recall that ¢ denotes the mapping of I'(g) = A} onto the set of sextets
which commutes with the action of Gy.

Lemma 4.14.5

(i) The subgraph ®(X;) is of valency 32; ®(X;)N AL = ®yU B, where
0(®o) = X and o(®1) = {Z;; | 1 <i < j <6} (in terms of (2.12.7)),
(ii) Ng,(X;) acts transitively on ®@;.

Proof. Directly from (2.12.7) we obtain (i) together with the remark
that @; consists of one or two Ng,(X;)-orbits for j = 0 and 1. Without
loss of generality we assume that the subgraph ¥(y, X;) as in (4.14.4)
contains Ag. Since Ngy)(Xs) induces the (flag-transitive) automorphism
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group of the rank 2 tilde geometry associated with ¥(y,X), we obtain
(ii) together with the remark that ¥(y,X) N A}® < ®@,. a

By the remark after (4.14.1) Ng(X;) is transitive on (the vertex set of)
®(X;) and by (4.14.5) it has two orbits, say € and €, on the set of
lines contained in ®(X;) with |Q;| = 15 - |Qo|. Although 0%(Ng(X;)/Xs)
is still to be identified with 3 - Uy(3), let %(3 - Us(3)) denote the incidence
system of rank 3 whose elements of type 1, 2 and 3 are the vertices in
®(X;), the lines from Q; and the images of ¥(y, X;) under Ng(X;), with
the incidence relation via inclusion.

Lemma 4.14.6 4(3 - Us(3)) is a geometry with the diagram

~
[o - O

2 2 2

and Ng,(X;) induces on it a flag-transitive action with kernel X.

Proof. The group Ng, (X;) acts on the set g(®;) of lines from Q;
incident to Jo as Syme = Sp4(2) acts on the point set of %(Sps(2)). Then
a subset of size 3 in o(®,) is a line of %(Sp4(2)) if and only if its stabilizer
in Ng,(X;) has order 2° - 3. On the other hand ¥(y,X;) contains three
lines from Q; containing Ao and by (4.14.3) Ng,n6(»)(X;) is of order 2.3
Since the vertices and the lines (from Q;) contained in ¥(y, X;) form the
rank 2 tilde geometry, the result follows. a

We are going to construct another geometry on ®(X;). Let B; =
(E\{p:})UT; for some i, 1 <i < 6, so that B; belongs to the orbit of
length 6 of N, (X;) on the set of octads fixed by X;. Let & = ©(B;, 1) be the
corresponding involution in Q; and let ®() be the set of vertices x in the
Leech graph such that § € 05(G(x)), D = C¢(8), R = 05(D), D = D/R
and V; = Cz(R). Then by (4.8.6) and (4.8.7) R = 213 D = 0¥(2) and
the subgraph in the Leech graph induced by ®(d) is the point graph of
the parabolic geometry of QF (2).

Lemma 4.14.7 The subgraph in the Leech graph induced by ®(6) N ®(Xj)
is isomorphic to the Schlifli graph and (D N Ng(X;))/X;s = 2 x Uy(2).2
induces the full automorphism group of the subgraph.

Proof. Without loss of generality we assume that X is contained
in a complement K = Altg = L4(2) in Cg,(6) = 24446 L4(2). Since
Cq,(6) N Ng,(X;) has index 6 in Ng,(X;), we conclude that Nx(X;) =
(Syms x Sym;3)¢. This means that X; acts fixed-point freely on the natural
module of K and has 4-dimensional centralizer in the exterior square
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of the natural module. By (4.8.6) this means that Ngr(X;) = (6) and
Ng(X;5)N0,(Cg,(9)) is of order 2°. Now the result follows either by direct

calculation in the Leech graph or by analysing subgroups of order 3 in
QF (2). O
By the above lemma T := [X|, V1] is a minus 2-space in V; and by the

proof of (4.10.6) T is as in (4.10.4). Hence we have the following ((4.10.5)
and the diagram therein).

Lemma 4.148 If T = [X,, Vy] with T* = {fw, Ju1, iz}, then ®(5) N D(Z;)
is a quad in the subgraph E of the Leech graph induced by Ay(T)N A4.O

Define &(3- Ua(3)) to be the incidence system of rank 3 whose elements
of type 1 are the images of ®(6) N ®(X;) under Ng(X;), the elements of
type 2 are the lines in the orbit Q; and the elements of type 3 are the
vertices in ®(Xj), and the incidence is via inclusion.

Lemma 4.14.9
(1) &3 - U4(3)) is an extended dual polar space with the diagram
o, ° o
1 4 2

on which Ng(X;) induces a flag-transitive automorphism group,

(ii) No(Xs)/Xs~ 3" Us(3).2%,

(iii) &(3 - U4(3)) possesses a 3-fold covering onto the geometry &(U4(3))
constructed at the end of Section 4.13.

Proof. The elements of type 1 and 2 incident to Ay (considered as
an element of type 3) are indexed by the octads B;, 1 < i < 6, and the
sextets 2, 1 < j <k < 6, respectively. Furthermore the element indexed
by B; and the element indexed by Zj are incident if and only if i € {j,k}.
Hence (i) follows directly from (4.14.5) and (4.14.7). The classification of
flag-transitive extended dual polar spaces of rank 3 achieved in [DGMP]
and [Yos91] (the table after (1.13.7)) implies that Ng(X;)/X; must be
isomorphic either to U3(4).22 or to 3 - Us(3).22. By (4.14.3) Ng(X;)/X;
contains a subgroup of the form 23.3.Syms and hence the latter possibility
holds, which implies (ii) and (iii). O

Using (4.4.1) it is not difficult to list all the vectors in ®(X;) and to
describe the action of Ng,(X;) on the set of these vectors which gives
the suborbit diagram of the action of Ng(X;) on ®(X;), which earlier
appeared in [Yo0s92], p. 159. We omit the details of the calculations and
summarize the result in the following.
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Lemma 4.14.10 The group Ng,(X;)/X; = 2°.Symg acting on the set ®(X;)
of vectors in the Leech graph fixed by X; has nine orbits with lengths
1, 2, 30, 60, 96, 192, 320, 360 and 640 which are contained in A% for
o = 8,4a,4a,6,6,5,4c,4b and 5, respectively. The suborbit diagram of the
graph of valency 30 on ®(X;) is as given below. ]

Notice that 03(Ng(X;)/X;) stabilizes every element of type 3 in 4(3 -
U4(3)) and the geometry whose elements are the orbits of O3(Ng(X;)/X;)
on the element set of %(3 - U4(3)) with the induced incidence relation and
type function is isomorphic to Kantor’s GAB %(U4(3)) discussed at the
end of the previous section.

Lemma 4.14.11 Cx(X;) is a 12-dimensional irreducible module for Ng(X;)/
X, the restriction to this module of the quadratic form 0 is non-zero and
03(Ng(X;5)/X;) acts on this module fixed-point freely.

Proof. By (3.8.2)—(3.8.4) the centralizers of X; in the irreducible Golay
code and Todd modules are 5-dimensional. In view of (4.8.2) this shows
that C;(X;) is 12-dimensional. By (4.14.10) ®(X;) contains 1y and some
vertices from Aj, and hence the restriction of 8 to Cz(X;) is non-trivial.
In order to check the irreducibility one could for instance determine all
the vectors in A fixed by X; and describe the orbits of Ng(X;) on these
vectors. O

Arguing as in the above lemma it is easy to check that Cz(X,) is
8-dimensional.

Let us consider the intersection of ®(X;) and the point set @ = O(fip)
of the subgeometry 4(Co;) in 4. We assume that X; stabilizes @, or,
equivalently, that {a, b} := P4(t0) is contained in E. The intersection can
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be calculated either by removing from ®(X;) the vertices which are not
contained in © or by determining the vertices in @ fixed by X, (where
the latter can be considered as a subgroup in F).

The result is certainly independent of the particular way of calculating
and is summarized in the following,

Lemma 4.14.12 The following assertions hold:
(i) the group Nr,(Xs)/Xs = 2*.(Symy4 x 2) acting on the set ® N D(X;)
has six orbits with lengths 1, 2, 12, 24, 32 and 64 contained in A%
Jor o. = 8,6,4a,4b,6 and 5, respectively,
(ii) Np(X;) preserves on @ N®(X;) an imprimitivity system with classes
of size 3 and the graph obtained by factorizing over this system is
the point graph of the generalized quadrangle of order (2,4),
(iil) Nr(X;)/X;s = 2 x Uy(2).2 and the suborbit diagram of the subgraph
in the Leech graph induced by ® N ®(X;) is as given below. a

Notice that the non-empty intersections with @ of the subgraphs
realizing the elements of type 3 in %(3 - U4(3)) are isomorphic to the line
graph of the Petersen graph while the non-empty intersections with @ of
the subgraphs realizing elements of type 1 in &(3 - U4(3)) are isomorphic
to the point graph of the generalized quadrangle of order (2,2).

To the end of the section we discuss the fixed points in the Leech graph
of a subgroup of order 7. Let S be a subgroup of order 7 in G;. Then
by (2.13.5) and its proof S stabilizes exactly three elements in &, say a,
b and ¢, and exactly three octads forming a trio, say T = {B, B,, B3}.
Thus without loss of generality we may assume that S < L; N Hj3. Since S
centralizes exactly three non-zero elements in the irreducible Golay code
module @i, namely the ones corresponding to Bj, B> and Bj, we have
the following.
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Lemma 4.14.13 Ng,(S) = Ng,qn,(S) is the direct product of a subgroup
isomorphic to Symy and Np,apo(S) = Frob3. m]

Since a Sylow 3-subgroup X in Ny, gp,0)(S) fixes a, b and ¢, by (4.14.1)
we can assume that X = X,

Using (4.4.1) it is straightforward to find the set E of vertices in the
Leech graph fixed by S and to establish the following result applying
(2.13.1).

Lemma 4.14.14 The following assertions hold:

(i) the set E is of size 14 consisting of o, three vertices from AS, six
vertices from A’ and 4 vertices from A3,

(ii) the graph on Z in which two vertices v, € E are adjacent if
v € A§(p) is isomorphic to the point-line incidence graph of the
projective plane of order 2,

(ili) Ng(S) induces on E the natural action of Aut L3;(2) with kernel
N1, (a,b,c)(8) = Frob3, Cs(S)/S = L3(2) has two orbits on E of
length 7 each, in particular S is fully normalized in G,

(iv) W = Cx(S) and W is generated by the vertices from E,

(v) W, as a module for Ng(S), is isomorphic to the direct sum of the
natural module for C(S)/S = L3(2) and its dual; the restriction to
W of the quadratic form 6 from (4.5.6) is non-trivial,

(vi) E is contained in ®(X;) where X; is a Sylow 3-subgroup of
NLi@abe)(S)- =



5
The Monster

The Monster is the largest among the sporadic simple groups. It was
predicted to exist independently by B. Fischer and R. Griess in 1973
and it was constructed by R. Griess in 1980. According to its standard
definition the Monster is a simple group M which contains a subgroup
Z, of order 2 such that

G1 = CM(Zl) ~ 2_1._+24.C01,

which means that Q) := 0,(G)) is an extraspecial group of order 2% (...
Z, = Z(Q1), and Q,/Z, is elementary abelian of order 22*) and such that
G1/Q) = Co; acts on Q,/Z,; as it acts on the Leech lattice A modulo
2. Since by (4.9.3) the tilde geometry %(Co,;) of the Conway group Co;
possesses a natural representation in A, this means that the elements of
type i of ¥(Co,) are realized by certain subgroups of order 2'*! in Q,
which contain Z; so that the incidence relation is via inclusion. Let Z,
and Z; realize incident elements of type 1 and 2, respectively, and put
G = NG(Z,'), Q,’ = 02(G,’), G,’ = Gi/Qi, i= 2,3 Then G2 N G3 contains a
Sylow 2-subgroup of Gy,

Gz = Sym; X Matas, G3 = J3(2) x 3 Symg
and
[G2:G1al =3, [G3:Gul=[G3:Gi3]1=17, [G3:G13] =21

(here as usual Gj; = G; N G, etc.) In this chapter we study a group G
generated by an amalgam .# = {Gy, G2, G3} such that the structure of the
G; and the intersection indices are as above. We will call .# the Monster
amalgam. We will show that G acts flag-transitively on a tilde geometry
%(M) of rank 5. Then we construct a number of subgroups of G associ-
ated with certain subgeometries of 4(M). Some of the subgroups involve

210
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other sporadic simple groups. We will determine the structure of these
subgroups and establish the simple connectedness of the corresponding
subgeometries of 4(M). Then we apply the triangulability of a graph
on the set of Baby Monster involutions in the Monster group estab-
lished in [ASeg92] to prove the simple connectedness of ¥(M). We start
by studying some basic properties of .# and constructing the geometry
4(M).

5.1 Basic properties

We start with a couple of definitions. Let .# = {G1,G2,G3} be an
amalgam of rank 3, put Q; = 02(Gy), G = Gi/Q;, 1 <i < 3, G;; = G;NGy,
Tij=Qian forl<i<j<3,Giis=G1NGNG3, Z1 =Z(Qy)

Definition 5.1.1 The amalgam # is called the Monster amalgam if the
following hold:

(i) Qy is an extraspecial group of order 2%;
(i) G1 = Coy acts on Q1/Z; as it acts on the Leech lattice A modulo
2;
(iii)) G123 contains a Sylow 2-subgroup of Gy;
(iV) Gz = Sym3 X Mata4 and Gg, = L3(2) x3- Sym6;
(V) [G2 : G12] = 3;[G3 : G3] = [G3 : G13] = 7;[G3 : G23] = 21;
(vi) for 1 <i< j<3, we have QiNQ; # Q.

Notice that condition (iv) can be deduced from the other conditions
together with certain information on subgroups in Co; and Maty4 con-
taining Sylow 2-subgroups.

In this chapter .# is a Monster amalgam and G is a faithful completion
of 4.

Let  : Q; — A be the homomorphism commuting with the action of
G; whose existence is guaranteed by (5.1.1 (ii)), so that Z; = ker 5. In
what follows we identify a subgroup in A with the set of its non-trivial
elements. There are a quadratic and the associated bilinear mappings
of 01/Z, onto Z; invariant under the action of G; which are defined,
respectively, by p — p? and (p,q) — [p,q] for p,q € Q;. By (4.5.6) there
is a unique Co;-invariant quadratic form on A (denoted by 6) and hence
we obtain the following.
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Lemma 5.1.2 Let p,q € Q1 \ Zy, n(p) € Ay, n(q) € Aj and n(pq) € Ay.
Then

(i) p is an involution if i = 2 or 4 and it is an element of order 4 if
i=3
(ii) p and q commute if and only if i + j +k is even. O

For a subspace A in A let AL denote the orthogonal complement of A
with respect to 8. For S < Q, put

St =n1n(S$)h).

Since 6 is non-singular, when Z; < S we have %|S| 181 = 104]. By (5.1.2)
we have the following.

Lemma 5.1.3 Let q, and q» be different elements of Q; \ Z; having the
same image under n (ie. S = (q1,q2) = n~Y(1) for some A € A), and
let ¢ € Q. Then for i = 1 and 2 we have ¢ 'qiq = q; if ¢ € S* and
47 'q:q = q3_; otherwise. O

Recall that an element of type i in the T-geometry %(Co;) of the
Conway group Coy is an i-dimensional subspace A in A such that A = A4
and A < Al (compare the definition of %(Co;) given before (4.9.2)).
Hence n7!(A) is elementary abelian of order 2°*!. We will identify the
elements of ¥(Coy) with their preimages under 7.

Lemma 5.1.4 G, is the normalizer in Gy of an element Z, of type 1 in
%(Col).

Proof. Since [G; : G12] = 3, we have @ < Gy and by (5.1.1 (iv))
G12/Qy = 2 x Maty,s. Since Gy contains a Sylow 2-subgroup of G it
contains @;. On the other hand Q010,/0Q, is non-trivial by (5.1.1 (vi)).
Then the structure of Gi»/Q, implies that Q10,/0> has order 2 and
hence T, is of index 2 in Q. Since Q; is extraspecial, Ty contains Z;.
Since Gi; normalizes Tiy, it also normalizes Z; = Tllz, where Z, has
order 4 and Z; < Z,. We know that G, contains a Sylow 2-subgroup of
G, but by (4.5.5) A4 is the only orbit of Co; on A* of odd length and
hence 7(Z,) € A4 (i.e. Z, is an element of type 1 in ¥(Coy)). Since Gy
involves a chief factor isomorphic to Mat,4 we have Gi» = Ng,(Z;) and
the result follows. m]

Without loss of generality from now on we assume that 7(Z;) = 1o =
AG.
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Lemma 5.1.5 Gy is the normalizer in Gy of an element Z3 of type 2 in
%(Coy) incident to Z,.

Proof. Since [G3 : G;3] = 7, we have Q3 < Gy3 and X = G13/Q; =
Symy x 3-Symg. Since Q; is not contained in Q3, Q;03/Q5 is a non-trivial
normal 2-subgroup in X and the structure of X immediately shows that
01Q3/0Q5 is of order 22. Since Gy3 contains a Sylow 2-subgroup of Gy, it
contains Q; and hence Tj; has index 22 in Q; and it contains Z;, since
0, is extraspecial. Thus Gy3 normalizes Z3 := Tj5 which is a subgroup of
order 2% in Q; containing Z;. Furthermore, Z3 is normalized by a Sylow
2-subgroup of G; which normalizes Z,. By (4.5.5), for i = 2 and 3 the
size of A; is divisible by 8 and hence 1y = #(Z2) < #(Z3) < A,. Finally,
by (4.6.1) A2 is the only non-trivial suborbit of Co; on A4 whose length
is not divisible by 4 and hence #(Z3) is a triangle in the Leech graph.
Since G3 contains a Sylow 2-subgroup of G; and has a factor group
isomorphic to Syms x 3 - Syms, we have G13 = Ng,(Z3) and the result
follows. |

By (4.5.5) and (5.1.4) we have G12/Q; = 2!! : Mat,, (the semidirect
product of the irreducible Golay code module %1; and the Mathieu group
Maty,). By (4.8.2) Q1/Z,, as a module for G;5/Q,, is uniserial containing
a chief factor isomorphic to %1, a chief factor isomorphic to %1; and two
1-dimensional chief factors, namely Z,/Z; and Q,/Z5". This implies that
Zy, = Z(Q3) and in particular Z;, is normal in G;. In a similar way one
can see that Z3; = Z(Q3). Furthermore, since G;3 contains @y, by (5.1.3)
G3 does not centralize Z3 and the structure of G3 immediately implies
that G3/Cg,(Z3) = L(2).

Lemma 5.1.6 The following assertions hold:

(i) G2/Cq,(Z2) = Syms; G3/Cg,(Z3) = Ls(2);

(ii) Gi13 = Ng,(Z1) = Ng,(Z3); G3 = Ng,(Z2) = Ng,(Z5);
(iii) Z, and Z; are the normal closures of Z; in G, and Gj, respectively;
(IV) lf{l,],k} = {1,2,3} then G; = (Gij, G,'k>.

Proof. Since both Gi;3 and Gy3 have index 7 in G; we obtain (i), (ii)
and (iii) by the arguments before the lemma. In (iv) for i = 1 the result
follows from (5.1.4) and (5.1.5) since the Leech graph is connected; the
remaining cases are immediate from (i) and (ii). a

Let G‘{ and G; be the preimages in G, of the direct factors Mat»s and
Sym; of G, respectively (notice that by (5.1.6) we have GJ = Cq,(Z3)).
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We consider the chief factors of GI inside Q. By (4.8.7)

Ry =Y (AU AL

is the unique subgroup in Q, containing Z, and normal in G} such that
R;/Z, is the irreducible Todd module for G;/Qz. The quotient Q»/R;
involves two irreducible chief factors, both isomorphic to the irreducible
Golay code module. Since G'{ < G, this shows that Ry d G,. Let X be
a Sylow 3-subgroup of G;. By (5.1.6) X acts on Z; fixed-point freely
and by the Frattini argument Ng,(X)Q> = G». By (4.8.7) R = R, and
hence R; is elementary abelian. Since G2/Q» acts irreducibly on Ry/Z,,
since the dimension of Ry/Z; is 11 which is an odd number and since
X/Q> < G2/Q», X centralizes Ry/Z, and we have the following.

Lemma 5.1.7 If X is a Sylow 3-subgroup of G5, then, as a module for
Cg,(X), the subgroup R, possesses the decomposition Ry = Z; & Cg,(X)
where Cp,(X) = %11 a

Let us analyse the structure of Q»/R,. Since Q; is extraspecial, the
commutator subgroup of 22l = Ty, is exactly Z;. Since X does not
normalize Z,, it does not normalize Zzl. If d is a generator of X then
Z3 /R, and (Z5-)*/R; are two abelian normal subgroups in Q»/R; which
have trivial intersection and factorize Q,/R;. Thus we have the following.

Lemma 5.1.8 Q>/R; is an elementary abelian 2-group of rank 22 and as a
module for G, = Syms x Matys it is isomorphic to Z, ® %1;. In particular
CRz (X) = CQz (X) o

The structure of G, specified above can be expressed by writing

Gy ~ 2211422 (Syms x Matys).

Lemma 519 Let Y be a subgroup of order 2 in Zs3, such that Y # Z,,
and suppose that g € G3 conjugates Z, to Y. Then

(i) QF is independent of the particular choice of g and Z(Q%) =Y,
(i) if Y < Z; then Q§ < Gy and Q1N Q} = R,.

Proof. (i) follows directly from (5.1.6 (i)). If Y < Z, then by (5.1.6 (i))
the element g can be chosen from G, in which case Q% < G,. We know
that on the one hand G, normalizes R; and on the other hand Q; and
01(Y) are two extraspecial groups of order 22° with different commutator
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subgroups Z; and Y. Hence their intersection is an elementary abelian 2-
group of rank at most 13, which is exactly the rank of R,. Since R, < 0y
and R, is normalized by G, (ii) follows. o

Let GI and G5 be the preimages in G3 of the direct factors 3 - Syme
and L3(2) of G, respectively. Then by (5.1.6) we have G} = Cg,(Z3) and
hence Gf < GF. In the next lemma we analyse the chief factors of G3
inside Q3.

Lemma 5.1.10 Let R; = coreg,(R;) and T be the normal closure of Ry
in Gi. Then

1<Z3<R3<T3<Q3

is the only chief series of G; inside Q3. Furthermore, Q3/T3 = Z; ® H
where H is the hexacode module for G /Q3 =3 - Symg, T3/Rs = Z; @ V
where V is the natural symplectic module of G%/0,3(G}) = Spa(2) and
R3/Z3 = H* (here U denotes the dual of U).

Proof. Put S =G} NG, so that S/Q, =25 :3- Sym is the stabilizer
of a sextet in GI/Q, = Maty. We call H := 0(S/Q>) the hexacode
module for S/0x(S) to distinguish it from its dual. By (4.8.7), (3.8.2),
(3.8.3), (3.8.4) there are seven non-trivial chief factors of S inside 0(S),
one isomorphic to H*, three isomorphic to H and three isomorphic to
the natural symplectic module V of S/0,3(S) = Sp4(2). In particular
Cr,/z,(02(S)) is the only chief factor isomorphic to H*, which shows that
the preimage Rz of Cg,/7,(02(S)) in Q3 is normal in G3. By (3.8.4) R3 does
not split over Z3. Since R3/Z3 is the only chief factor of S isomorphic to
H*, and R; < Ry, R; is contained in every conjugate of R, in G3. On the
other hand R; is a maximal Gyy3-submodule in R; and in view of (5.1.6
(iv)) R, cannot be normalized by Gi3, since it is already normalized by
G2, and Gy is irreducible on Q;. Hence R; = coreg,(R2).

By (5.1.3) Z;* = Q1 N G} and by (4.8.7) Z;-/Ry is isomorphic to H
(which is dual to R3/Z3) as a GI-module. Hence by (4.8.7) and (3.8.4)
R /R; involves exactly two chief factors of Gf: Ry/R3 and Ry /R;, both
isomorphic to V. Let T3 be the normal closure of R§- in Gs. Then all
chief factors of G} in T3/R; are isomorphic to V. Let E be a Sylow
7-subgroup in Gs;. Then G3 = {G3,E) and hence E does not normalize
Ry. This shows that E acts non-trivially on T3/R; and on the other
hand it centralizes the action of G¥/0,3(G¥) on T3/R;. We have noticed
that Q3 involves only three chief factors of G isomorphic to V. This
shows that T3/R; is elementary abelian and that as a module for Gs it
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is isomorphic either to Z3; ® ¥ or to Z; ® V. Since G23 normalizes R; as
well as the subgroup Z; of order 4 in Z; the latter possibility holds. In a
similar way we identify the structure of Q3;/T; (suggesting the reader fill
in the details). a

Thus the structure of G3 as specified above can be expressed in the
following way:

Gy ~ 236HZHI8 (1 1(2) x 3 - Symg).

5.2 The tilde geometry of the Monster

We follow the notation introduced in the previous section. Let A be a
graph (called the first Monster graph) on the set of right cosets of Gy
in G in which two such cosets are adjacent if their intersection is a
coset of Gyy. The group G acts on A by right translations; let vy be the
coset containing the identity (i.e. G, itself). Then G(vg) = G, and for
v = G1g we have G(v) = g~1G,g. Put Q, = 04(G(v)), Z, = Z(G(v)). Since
[G> : Gy3] = 3, for every coset of G, in G there are exactly three vertices
in A which intersect it in a coset of Gyp3; furthermore these three vertices
form a triangle called a line. The action of G, on the set L(vg) of lines
containing vg is similar to its action on the set of cosets of Gy; in G;. By
(5.1.4) this means that Q, is the kernel of the action and G,/Q; = Co,
acts on L(vg) as it acts on A4. Let

I = {vo, 01,02}

be the line formed by the vertices intersecting G, in cosets of Gy». Then
by (5.1.6) G, induces on ! the natural action of Sym; with kernel G
and Z,, = Z,, Z,,, Z,, are the subgroups of order 2 in Z,. This gives the
following (where as usual A(vg) denotes the set of vertices of A adjacent
to vg).

Lemma 5.2.1 Let & be the set of subgroups X of order 2 in Q) such that
n(X) € A4. Then

(i) the mapping ¢ : v Z, establishes a bijection of A(vg) onto &,
(ii) a triangle {u,v,w} in A is a line if and only if (Z,,Z,,Z,) is of
order 4. a

By the above lemma the orbits of Q; on A(vg) are of length 2 and such
an orbit together with vy forms a line. Thus if I = {vg,v1,0,} is as above,
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then {v;,v2} is an orbit of Q; and the kernel Q;(v1,v2) is Ti» = Z4, so
we have the following.

Lemma 5.2.2 If {uj,uz} is an orbit of Q1 on A(vy) then Qi(uy,uz) =
(@(u1), (u))* ; in particular, kernels at different orbits are different. O

Lemma 5.2.3 Let u,v € A(vo). Then u and v are adjacent in A if and only
if no(u) and no(v) are either equal or adjacent vertices of the Leech graph.

Proof. Let X be the subgraph in A induced by the images of vy under
Gs. Then by (5.1.6) || = 7, £ contains the line ! and G; induces on T
a doubly transitive action of L3(2). Hence X is a clique. Furthermore,
by (5.1.6 (iii)) and (5.2.1 (i)) {@(v) | v € L} is the set of subgroups of
order 2 in Z; and by (5.1.5) 9(Z3) is a line in the Leech graph. Since G,
acts transitively on the vertices and lines of the Leech graph this proves
the “if”” part of the statement. Thus A(vp) N A(v;) contains ¢~ '(Ry N Z)
where R; is defined after (5.1.6) and &, ¢ are as in (5.2.1). By (5.2.1 (1)) if
u € A(vo)NA(vy) then Z,, € @1NQ,, and by (5.1.9 (ii)) the latter intersection
is exactly R, which proves the “only if” part of the statement. a

Recall that a clique N in A is said to be *-closed if together with every
edge it contains the unique line containing the edge. By (5.2.1) and (5.2.3)
we have the following.

Lemma 5.2.4 Let N be a clique in A containing vy. Then

(i) no(N \ {vo}) is a clique in the Leech graph,
(il) N is *-closed if and only if N = ¢~ 'n~Y(L) U {vo} for a *-closed
clique L in the Leech graph. a

Notice that if N is a *-closed clique of size 2! — 1 in A containing v
then Q; normalizes the subgroup Z(N) of order 2! in Q; generated by
n~!(N) and induces on Z(N) an elementary abelian group of order 2/~
By the above we have the following result analogous to (4.8.1).

Lemma 5.2.5 If N is a maximal clique in A, then N is *-closed of size 31
and {@(u) | u € N} is the set of subgroups of order 2 in an elementary
abelian group Z(N) of order 2° contained in Q,, for every w € N. Further-
more G[N] acts on N as GL(Z(N)) = Ls(2) acts on the set of subgroups
of order 2 in Z(N). There are two orbits, /", and N, of G on the set of
maximal cliques in A with |A,| =3 | A" and for « = v or t whenever N
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is a clique from A"y containing vo we have no(N \ {vo}) € L4, where £,
is as in (4.8.1). m]

Define 4(M) to be an incidence system of rank 5 whose elements of
type 1, 2, 3, 4 and 5 are the vertices, lines, *-closed cliques of size 7,
*-closed cliques of size 15 and the maximal cliques from the orbit A",
respectively, and the incidence relation is via inclusion. Then vy, I and
2 (as in the proof of (5.2.3)) are pairwise incident elements in %(M)
stabilized by G, G; and Gs, respectively. The residue of vy is isomorphic
to the tilde geometry 4(Co;) on which G = Co, induces a flag-transitive
action. If N is an element of type 5 in 4(M), so that N € 4", then the
residue of N is the projective geometry of the proper subspaces in Z(N)
and by (5.2.5) G[N] induces the full automorphism group of this residue.
Finally, since the incidence relation is via inclusion, it is easy to see that
%(M) is a geometry with a string diagram and we have the following.

Proposition 5.2.6 The geometry 9(M) is a rank 5 tilde geometry with the
diagram

~
o O e 0

2 2 2 2 2

the group G induces on 9(M) a flag-transitive action and A is the collinear-
ity graph of 4(M). m]

5.3 The maximal parabolic geometry

In this section we construct the maximal parabolic geometry (M) for
the group G. A crucial step is to show that G contains a subgroup D of
the form 2'%+16.Q%(2) containing Q; such that (D N G1)/Q; = Cg,(5) =
2+8.0%(2) where § is a central involution in Gy = Co; as in Section 4.8.

As above, A is the first Monster graph (i.e. the collinearity graph of
%(M)), vg is a vertex of A such that G(vg) = Gy, ¢ : v — Z, = Z(G(v))
is a bijection of A(vy) onto a set Z of subgroups of order 2 in Q; as in
(5.2.1), n is a mapping of & onto the vertex set A4 of the Leech graph T,
commuting with the action of Gy, such that the fibres of 5 are the orbits
of Q;. Then u,v € A(vp) are adjacent if and only if neo(u) and ne(v) are
either equal or adjacent in I'. Furthermore, we assume that {vg,vy,v5} is
a line stabilized by G, and that no(v1) = ne(v;) = 2.

Let u be a vertex from A(vo) such that no(u) € A for o = 6,4b,4c
or 5. Then by (5.2.3) u is at distance 2 from v;. By (5.14) G12/Q; =
G1(Zo) = 2"'.Maty, and by (5.2.2) Q1(v1) # Q1(u). Hence G(vo,v1) = G
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acts transitively on ¢~!n71(A%) for every o as above. Let Aj(vi) be
the orbit of u under G(v1). By the above this orbit is independent
of the particular choice of u. For an arbitrary w € A we put Aj(w)
to be the image of Aj(vi) under an element of G which maps v
onto w.

Lemma 53.1 Let u € A(v), ¥ = no(u) and suppose that v € A% for
o = 6,4b,4c or 5. Then

(W) [Zu,Zo])=2, if a=5 and [Z,,Z,,] = 1 otherwise,

(ii) the orbit of u under Q,, has length 28, 2°, 213 or 213, respectively,

(iii) there are exactly four orbits of G, on Aj(vg), namely the orbits
A3(vg) for o = 6,4b,4c and 5,

(iv) if w € As(vg) then G N G(w) acts transitively on A(vg) N A(w),

(v) if w € A3(vo) then there is a unique vertex v adjacent to both vy
and wand [Z,,,Z,] = Z,,

(vi) if w € A§(vo) for « = 6,4b or 4c then Z,, < Gy and Z,, £ Q1.

Proof. Part (i) follows directly from (4.8.2 (iv)) and (5.1.3). Let Z be the
orbit of ¥ under @,, N G;. Since 02(G12) = (s, N G1)}(Q1 N Gy, ), by (4.6.2)
we have |E| = 2¢, 27, 211 and 2! for « = 6, 4b, 4c and 5, respectively.
Let {u,u1} = ¢~n71(¥). We claim that Q, N Q; contains an element g
which maps u onto u;. By (5.1.3) and (5.1.9 (ii)) an element g from @,
possesses these properties if 7(g) € A3 N Aj(7). Since the orbitals of the
action of Co; on the Leech graph are self-paired, such a g exists if and
only if AJ*(¥)N A} # @ or, equivalently, if there is a vertex in A adjacent
to v in I'. One can see from the suborbit diagram of I' in Section 4.7 that
such a vertex exists for every o under consideration. Hence the orbit E
of u under Q,, N G; is twice as long as E. Since u is adjacent to vp and
not adjacent to v, whenever g is an element from Q, \ G; (which maps
vp onto v;) we have Z N Ef = @ and hence the length of the orbit of u
under Q,, is four times the size of Z and (ii) follows. Now (iii), (iv), (v)
and (vi) follow immediately from (i), (ii) and their proof. a

For u € A(vp) N A$(v1) put
A= A(vy,u) = (Z,, | w € {v1,u, A(v1) N A(u)}).

By (4.8.8) the vertices g = n¢(v;) and ¥ := n¢(u) determine a subgraph
® = ®(o,7) in the Leech graph which is induced by the vertices fixed by
01(Cg,(8)) for a central involution 6 in G; = Co; and ® generates in A
a subspace V; = Vi(lo, ) of dimension 8.
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Lemma 5.3.2 The following assertions hold:

(1) A < (ZUI’ZM’ Q01 N QM>;

(ii) A is an elementary abelian 2-group and the index of ANQ,, in A
is at most 2;

(i) ANQ1 = {n""(@) | R € ®) and |AN Q1| =2°;

(iv) whenever u,v € A(vo) are such that ne(u) and ne(v) are distinct
vertices in ®@ at distance 2 from each other, we have A = A(u,v);

(v) A = A(vo,v) for some v € AS(vo);

(vi) |4] =210

Proof. By (5.2.1) if w € A(v1)NA(u) then Z,, < Q,, NQ, and (i) follows.
By (i) the subgroups Z, taken for all w € A(v;) N A(u) generate in 4
an elementary abelian subgroup centralized by Z,, and Z,. By (5.1.3)
and (4.8.2) we have [Z,,Z,] = 1 and (ii) follows. By (5.1.9) we have
01N Q,, = R, while in terms of (4.8.2) we have R, = n~1(U,(4)). Hence
(i) and (iv) follow from (4.8.8 (ii)) and (i). Since the graph which is the
complement of @ is connected (compare the diagram before (4.8.8)), by
(iv) A = A(w,v) for some w € A(v;) N A(u). By the definition of A it is
normalized by G(v,u) and by (5.3.1 (iv)) G(v;, u) acts transitively on the
set A(v1) N A(u) which contains vy. Hence (v) follows. By (v), (ii) and (ni)
either |A| = 2!° or A < Q;. In the latter case by the obvious symmetry
A must be contained in Q,, which is impossible since Z, is not in Q,,.
Hence (vi) follows. 0O

Let ¥ be the connected component containing vy of the subgraph
induced by the vertices u € A such that 4 = A(u,v) for some v € AS(u)
and put D = G[¥]. Then D is vertex-transitive on ¥ and by (5.3.2 (iii))
W(v9) = ¢~ 1n~1(®) (in particular ¥ is of valency 270 = 2 - 135). Let &
be a geometry whose elements are the vertices, the lines and the *-closed
cliques of size 7 and 31 contained in W. A clique N, € 4, and a clique
N, € A", have different type and they are incident if and only if N, N N,
is a *-closed clique of size 15; the remaining incidences are via inclusion.

Lemma 5.3.3 The following assertions hold:

(i) & is the natural parabolic Ds-geometry of Q},(2);
(ii) D induces the full automorphism group of F ;
(iii) D ~ 2194160 (2) and A = Z(0,(D)).

Proof. By (5.3.2 (iii)) the residue of vy in & is the parabolic geometry
of QF(2) as in the proof of (4.8.6) what particularly implies that for a
*-closed clique J of size 15 and « € {v,t} there is a unique N, € A,
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such that J = N, = ¥. Hence the residue in &% of a maximal clique N
is isomorphic to the rank 4 projective GF(2)-geometry of the *-closed
cliques contained in N. This shows that & is a Tits geometry of type
Ds(2) and (i) follows from (1.6.3). By (5.3.2 (iii), (iv)) D N G, is the full
preimage in G; of G;[®] which acts flag-transitively on resg#(vo). In view
of the vertex-transitivity of D on ¥ this shows that the action of D on &#
is flag-transitive and (ii) follows from (1.6.5). Let K be the kernel of the
action of D on &. Then K is contained in D(vg) and the latter is of the
form 21124 218 OF(2). It is easy to see that A4 is contained in K and that
A is the natural module for D/K = Qj,(2). Hence K /A is of order 2!6
and it involves two irreducible chief factors for D(vg)/02(D(vo)) = QF (2).
Since one of these factors, namely (K N Q1)A/A, is not normalized by D
we obtain (iii) with the remark that K /A4 is the spin module for D/K. O

By the above lemma ¥ is the graph on the non-zero isotropic vectors
in the natural module of Q;(2) in which two vectors are adjacent if their
sum is an isotropic vector. The intersection diagram of ¥ with respect to
the action of D/K = Qf(2) is the following:

1+140 135

270 1 128 135
1 2-135 28
O () )

Comparing the diagram and (5.3.1 (ii)) we observe that ¥ N Az(1p) is an
orbit of Q1 on A$(vo).

Let s/ (M) be an incidence system of rank 5 whose elements of type
1, 2, 3, 4 and 5 are the vertices, lines, *-closed cliques of size 7, *-closed
cliques of size 31 from the orbit 4", and the images under G of the
subgraph ¥ stabilized by D; the incidence relation is via inclusion. Then
by (4.9.1) and (5.3.3) we have the following.

Lemma 5.3.4 The incidence system 3 (M) is a geometry with the diagram

(e O O 1 D
2 2 6 2 2

and the group G acts on # (M) flag-transitively with D ~ 21916} (2) as
the stabilizer of an element of type 5. a

Notice that for i = 1, 2 and 3 the set of elements of type i in ¥(M)
coincides with the set of elements of type i in # (M), so that G;, G,



222 The Monster

and G; are also maximal parabolics of the action of G on #(M). A
clique N, € A", (an element of type 5 in 4(M)) is contained in a unique
element of type 5 in #(M) while a clique N, € 4", (an element of
type 4 in #(M)) is in three such elements. If we put Gs = G[N,] and
H, = G[N;] then

Gs ~ 25+5+10+5+1+10.L5(2), Hy ~ 25+10+20.(L5(2) x Syms).

Finally the stabilizer G4 of an element of type 4 in 4(M) has index 31 in
H,4 and

Gy ~ 24+1+2+12+8+8+4.(L4(2) x Sym3)

5.4 Towards the Baby Monster

As in the previous section let A = Z(02(D)) where D = H; is the
stabilizer in G of the subgraph ¥ which is an element of type 5 in
H = H(M). Then an element II € resy(¥) can be identified with the
subgroup Zy in A generated by the Z, taken for all u € I1. In this way
the elements vy, ! and Z of type 1, 2 and 3 in the corresponding maximal
flag are identified with Z;, Z, and Z3, respectively. For a subgroup
in A the terms “isotropic”, “non-isotropic”, “orthogonal complement”
etc. are with respect to the orthogonal form of plus type preserved by
D/0y(D) = Qfy(2). Let Y; be a non-isotropic subgroup of order 2 in
A contained in the orthogonal complement of Z;. We will study the
centralizer of Y; in the group G; the quotient of this centralizer over Y;
will eventually be identified with the sporadic simple group known as the
Baby Monster.

In view of (5.3.3 (iii)) and the standard properties of the orthogonal
groups [Tay92] we have the following.

Lemma 5.4.1 Let B, = Cp(Yy) and B, = B,/Y;. Then B, = 25+16 Sps(2)
and A/Y) is the orthogonal module for B,/02(B,) = Sps(2) = Q9(2). O

Since Z; < Z3 the subgroup Y; is in the orthogonal complement of
Zy. By (5.3.2 (iii)) the orthogonal complement of Z; is A N Q. Hence
Y; < Q; and since Y; is non-isotropic, #(Y;) € A,. Hence without loss
of generality we can assume that 5(Y;) = fip where yyp is as introduced
before (4.9.5), i.e. o € A3, X(uo) = ® and Ps(uo) = {a,b}.

Lemma 5.4.2 Let B; = Cg, (Y1) and By = B, /Y. Then
() By = 21+?.Co, and 02(By) = (i),
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(ii) By acting on A(vo) has three orbits, ©; = n~'(As N Aj(w)) for

j=2,3and 4,
(iti) if u € Q; then [Y(,Z,] = 1 (equivalently Y < G(u)) if and only if
j=2or4,

(iv) for j = 2,3 and 4 if u € Q; then Bi(1)Q1/Q; = 2!° : Aut Maty,,
Matys and [2°] : (2* : L4(2)), respectively,

(v) if u € Q4 then [Q : Co,(Y1)] = 25,

(vi) vo and Q4 are in different orbits of Cs(Y1) on A.

Proof. Part (i) follows directly from (4.5.5) and (5.1.3) and (ii), (iii),
(iv) from (4.4.1) and the table therein. Let u € €4 and let g be an
element in G; such that u¢ = vy (recall that n(v;) = o). Then i§ € A3.
By (5.1.9) Q; N Q,, is of order 2!* and hence Q,,Q0:1/Q1 = 0x(G1(%))
(where Gy(Ao) == 2!! : Matys). We can see from the table in (4.4.1) that
the orbits of 02(G1(4o)) on A3 are of length 2¢ and we obtain (v). Since
[Q1 : Co,(Y1)] = 2 by (i), we have (vi) by (v). a

Let Ez = Cq,(Y1). In terms of (54.1) Z,Y;/Y; is a 2-dimensional
isotropic subspace in the 9-dimensional orthogonal space A/Y;. Since
B,/03(B,) = Sps(2), the normalizer of Z; in Eo permutes transitively
the three subgroups of order 2 in Z,. This means that B, contains an
element which maps vy onto vy. Let B = (B;,B,) and let ® be the
subgraph in A induced by the images of vy under B. We call B := B/Y;
the Baby Monster group and denote it also by BM. Since B < Cg(Y1)
and B, = Cq, (Y1) we have B(vo) = Bi. By (5.4.2 (ii)«(vi)) we have the
following.

Lemma 543 O(vg) = € and n(§%) is the point set of a 4(Coy)-
subgeometry in 9(Co1) = resgu(vo). m|

Let 4(BM) denote the subgeometry in 4(M) formed by the elements
contained in ® with respect to the induced incidence relation and type
function.

Lemma 5.4.4 4(BM) is a rank 5 Petersen geometry with the diagram
P

e O e O
2 2 2 2 1

and BM acts on 9(BM) flag-transitively.

Proof. By (5.4.3) the residue of vy in ¥(BM) is isomorphic to 4(Coz)
and by (5.2.4) an element N of type 5 in 4(BM) is a maximal clique in @,
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Since B is 1-arc-transitive on ©, the stabilizer of N in B acts transitively
on its vertex set. Furthermore the stabilizer of n(N) in C¢,(Y1)Q1/04
induces L4(2) on the element set of #(N) and since N < (5(Y1))+, @1 N
Cq, (Y1) induces on N an elementary abelian group of order 2. Hence
B1[N]/B1(N) = 2¢.L4(2) and so B[N] /B(N ) = Ls(2). Since the incidence
relation is via inclusion, 4(BM) belongs to a string diagram and the
result follows. a

Let {B; | 1 <i < 5} be the amalgam of maximal parabolic subgroups
associated with the action of BM on 4(BM). Then from the structure of
the maximal parabolics in the group G we can deduce the following:

By ~ 22, Coy, By ~ 2271942 (Symy x Aut Maty,),
3 32 4 1530
B ~ 2°.[2%)(L3(2) X Syms), B ~ 2°.[27].(L4a(2) X Symy),

Bs ~ 25+10+10+5.L5(2).

Notice that because of the choice of the maximal flag in 9(M) we have
Bi=Cg(Y1)/Y1for1 <i<s.

Let ¥ be the subgraph of A introduced before (5.3.3) and isomorphic
to the point graph of the parabolic geometry of Q}(2). Then ¥ N ©
consists of the points contained in the orthogonal complement of ¥y in
A. This complement is clearly an 8-dimensional non-singular symplectic
space and we have the following.

Lemma 5.4.5 The elements in 9(BM) of type 1, 2, 3 and 4 which are
contained in ¥ N O form a Cy(2)-subgeometry %(Sps(2)) whose stabilizer
in B is the subgroup B, = 2°+16.Sps(2) as in (5.4.1). The residue of vy in
this subgeometry is the %(Spe(2))-subgeometry in 9(Co,) as in (49.8). O

Since B; acts transitively on the set of lines in 4(BM) incident to vy,
we have the following.

Lemma 5.4.6 Let x; be an element of type 2 in 4(M) which contains vy.
Then Cg(x,)(Y1) £ Cg,(Y1) if and only if no(x2) € Ax(fo)NAs = (). O

5.5 2E¢(2)-subgeometry

Let Y, be a subgroup of order 4 in A generated by Y; and a non-isotropic
subgroup Y; which is not perpendicular to Y; (so that Y, is a minus
2-space). We assume that Y, is contained in the orthogonal complement
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of Z3 and that n(Y2) = (i, i1, 2) where y; € Aj such that iy == fio + I
is contained in A; (say Py(p1) = {b,c}, ¢ # a and X(y;) = 0).

In view of the choice of Y3, by (5.3.3) and standard properties of the
orthogonal groups we have the following.

Lemma 5.5.1 Let E4 = Np(Ys), E4 = E, /Y, and X be the subgraph of ¥
induced by the vertices y such that Z, is in the orthogonal complement of
Y, in A. Then Eq = 281,(Q5(2) x 3).2 and Y is isomorphic to the point
graph of the natural parabolic geometry of Qg (2). ]

The suborbit diagram of Y with respect to the action of E4/0;3(E4) =
Q5 (2).2 is the following: 1420 ”

54 1 32 27
O €)

Directly from (4.10.8) we obtain the following.

Lemma 55.2 Let E; = Ng,(Y2) and E; = E,/Y,. Then O(Ey) = n~(T+)
(where T is as in (4.10.4)) and E, = 21 Ug(2).Sym;. a

Let Ez = Ng,(Y2). Since Z; is in the orthogonal complement of Y,
the normalizer of Z in E4 permutes transitively the three subgroups of
order 2 in Z,. This means that Ez contains an element which maps vy
onto v;. Put E = (El,Ez), E= E/Yz and let £ be the subgraph in A
induced by the images of vy under E.

Lemma 5.5.3 Z(vo) = 1~ (A4 N Ax(fio) N Ax(ji1)) and the action of E; on
this set is transitive.

Proof. By the paragraph before the lemma E(vp) contains vy and hence
it is non-empty. By (5.5.2) (or rather by (4.10.8)) E, /Cq,(Y2) = Syms =
Aut Y;. This means that Z is also the orbit of vy under En Cs(Y>). Since
Cs(Y2) = Cg(Y1) N Cu(YY), by (5.4.2 (ii), (iv)) we conclude that Z(vg) is
contained in 7~ (A4 N Ay(fio) N Az(fi1)). Finally by (4.10.5) the action of
El on the latter set is transitive and the result follows. ]

Define %(*E¢(2)) (just a name so far) to be the incidence system of
rank 4 such that for 1 < i < 3 the elements of type i are the elements of
type i in ¥(M) contained in E and the elements of type 4 are the images
under E of the subgraph Y, the incidence relation being is via inclusion.

Proposition 5.5.4 The following assertions hold:
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(i) 9(*E¢(2)) is a Tits geometry with the diagram

e e O
2 2 4 4
and E induces a flag-transitive automorphism group of 9(*E¢(2));
(ll) E §2E6(2).Sym3.

Proof. Since the incidence relation is via inclusion, 9(*E¢(2)) belongs
to a string diagram. By the proof of (4.10.6) the residue of vg is the
Cs-geometry of Ug(2) on which E; induces a flag-transitive action while
the residue of Y is the Cs-geometry of Qg (2) on which E, acts flag-
transitively. Hence (i) follows. Since the Cs-residues in %(*E¢(2)) are
buildings, by [Ti82] the geometry itself is a building of 2E¢(2). By (1.6.5)
and (5.5.2) E is the full automorphism group of 9(E¢(2)) and (ii) follows.
O

Below we present the suborbit diagram of E with respect to the action
of E. Notice that Y contains v, 54 vertices from Z(vo) and 64 vertices
from Z5(vp). Furthermore, by (4.10.5) it is easy to observe that in the
notation of (5.3.1) Ej(vo) is contained in Al(vo) for i =5 and 6.

1+84 1+42+672 891

@ 891

{vo}

E$(vo)

Let {E; | 1 <i < 4} be the amalgam of maximal parabolics associated
with the action of E on %(*E¢(2)). Then E; and E,4 are as above and we
have

Ey =20 Ug(2).Syms, Ep = 22918 (PTL3(4) x Syms),
Es = 3H4H12H12 (1,5(2) x 3.8yms), Eq = 28716(Q(2) x 3)2

and because of the choice of the maximal flag in 5 (M), E; is the quotient
over Y, of the normalizer of Y, in Hy = Gy, H» = Gy, H; = G3 and
Hs =D for i =1,2,3 and 4, respectively.
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There is an involution w € E \ O*(E) such that Cg(w) = F4(2) x 2
[ASei76]. The element ® induces on Y, an action of order 2 so that
(Y2,w) = Dg. The vertices in E fixed by @ form a subgraph which is
the collinearity graph of the natural parabolic geometry of F4(2). The
suborbit diagram of this subgraph is presented below.

1+28 1+14+112 135

IT$(vo)

5.6 Towards the Fischer group M(24)

Let X; be a Sylow 3-subgroup in 0,3(G3). Then X; is contained in GgL
and in G, and it maps onto a conjugate of the subgroup in G, introduced
under the same name in (4.14.1). We are going to study the normalizer of
X; in the group G and the connected component A(X;) of the subgraph
in A induced by the vertices which are fixed by X;. Notice that if IT
is the neighbourhood of vy in A(Xj) then in terms of (4.14.10) we have
n(I1) = ®(X;). Let F denote the setwise stabilizer of A(X;) in Ng(X). We
are going to identify F = F/X; with the largest Fischer 3-transposition
group M(24). Our first result follows directly from (4.14.9) and (4.14.11).

Lemma 5.6.1 Ng, (X;)/X, = 2112 : 3. U,(3).22, o

Let X be a Sylow 3-subgroup in G;. Then by (3.8.2) and the Frattini
argument we obtain the next result.

Lemma 5.6.2 Let N = Ng,(X). Then N = 2!1.(Syms x Maty) and O5(N)
is isomorphic to the irreducible Todd module %,. a

Since X is contained in Gj, it fixes res?;(l) = Y(Matys) elementwise
(where ! is the element of type 2 in ¥ = %(M) stabilized by G;). Arguing
as in the paragraph before (4.14.3) we observe that for every element u of
type i in res} (/) there is a unique element y(u, X) of type i—2 incident to
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u which X fixes pointwise (where 3 < i < 5) and we obtain the following
analogue of (4.14.3).

Lemma 5.6.3 The subgeometry W(l, X) in % formed by the elements yp(u, X)
taken for all u € res}(l) is isomorphic to res}(l) = $(Maty) and Ng,(X)
induces on (1, X) the natural action of Maty,. O

Recall that the sextet graph is the collinearity graph of both %(Maty,)
and #(Matyy).

Lemma 5.6.4 There is an element g € G which conjugates X onto X;
and maps the set of vertices in ¥(l, X) onto a subgraph ¥(18,X;) of A(X;)
isomorphic to the sextet graph.

Proof. Let u be an element of type 4 in res}(l) and v = y(u, X). Then
v is of type 2 and X fixes resgz(v) which means that X is conjugate to
a subgroup in Giz. By (5.6.2) and (3.3.4) the order of Ng(X) N G(v) is
222 . 33 Hence the result follows from (4.14.1), (4.14.11) and the remark
after the proof of that lemma. O

By the paragraph before (4.14.6) Ng,(X;) has 2 orbits on the set of
planes (*-closed cliques of size 7) contained in A(X;) and containing vy,
furthermore one of the orbits is 15 times as long as the other one. This
means that F has 2 orbits on the set of planes contained in A(Xj). Let
%(M(24)) be an incidence system of rank 4 whose elements of type 1
and 2 are the vertices and lines of 4(M) contained in A(X}), the elements
of type 3 are the planes from the long orbit of F on the set of planes
contained in A(Xj), the elements of type 4 are the images under F of the
subgraph ¥(I8, X;) as in (5.6.4) and the incidence relation is via inclusion.

Lemma 5.6.5 9(M(24)) is a geometry with the diagram

~
fe! e 0

2 2 2 2

and F induces a flag-transitive automorphism group of 9(M(24)).

Proof. Since the incidence relation is via inclusion, Z(M(24)) belongs
to a string diagram. By (5.6.3) and the paragraph before that lemma
the residue of an element of type 4 is isomorphic to the tilde geometry
%(Maty4). The residue of an element of type 1 is isomorphic to the
geometry 4(3 - Us(3)) by (4.14.6) and the paragraph before that lemma.
The flag-transitivity is straightforward. O
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Let {K;| 1 <i < 4} be the amalgam of maximal parabolics associated
with the action of F on %(M(24)). Then under a suitable choice of the
maximal flag of %(M) we have K; = Ng,(X;)/X; for 1 < i < 3 and
K4 = Ng,(X)/X where X is a Sylow 3-subgroup in 0,3(G,) and we have
the following:

Ky =212 :3.Uy(3).2%, K, = 22842 (Symy x Syms),

K3 = 28454 (13(2) x Syms), K4 =2 Maty,.

The subgraph (I8, X;) in A(X,) which realizes an element of type 4 in
%(M(24)) is the collinearity graph of 3#(Mat,s). An element of type 2 in
H(Maty,) (a trio) is realized by a 7-vertex complete subgraph ®, and
one can see that ©, is a plane of %(M) contained in the short orbit of
F on the set of planes in A(X). An element of type 3 in s (Mat,4) (an
octad) is realized by a 35-vertex subgraph ©; whose vertices are indexed
by the 2-dimensional subspaces in a 4-dimensional GF(2)-vector-space
with two subspaces being adjacent if their intersection is 1-dimensional.
Let 5#(M(24)) be an incidence system of rank 4 whose elements of type
1 and 4 are as in %(M(24)), whose elements of type 2 and 3 are the
images under F of ®, and ®;, respectively, and the incidence relation is
via inclusion. Then 3#(M(24)) is a geometry with the following diagram:

O e Vo 0O
6 2 2 2

The action of F on #(M(24)) is flag-transitive and if {F; | 1 <i < 4}
is the amalgam of maximal parabolic subgroups corresponding to the
action of F on s#(M(24)) then F; = K,, F4, = K4 while

Fp = 2312 (Ly(2) x Symg), F3 & 27¥(L4(2) x Syms).

Let us consider the intersection of A(X;) and the subgraph ¥ intro-
duced before (5.3.3) which realizes an element of type 5 in #(M). Since
Y(vo) = ¢~ 'n~1(®) and we can choose ® to be equal to ®(5) as in the
paragraph before (4.14.7), we can assume that n(*¥(vo) N A(X;) N A(vg))
realizes an element of type 1 in &(3 - U4(3)) as (4.14.9). By (4.14.8), in
this case [A4, X;] is a minus 2-subspace in 4 which can be identified with
Y, as in the first paragraph of Section 5.5. Hence Np(Xj) is contained in
E4 = Np(Y2), Np(X,)/ X, = 28.Q5(2).2 and A(X;) N'¥ coincides with the
subgraph Y as in (5.5.1).

Define £(M(24)) to be an incidence system of rank 4 whose elements of
type 1 are the images under F of the subgraph Y as above, the elements
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of type 2 are the planes from the longer orbit of F on the set of planes
contained in A(Xj), the elements of type 3 and 4 are the lines and points
of 4(M) contained in A(X;) and the incidence relation is via inclusion.
Then by the preceding paragraph and (4.14.9) we obtain the following

Lemma 5.6.6 £(M(24)) is an extended dual polar space with the diagram

c
O O
1 4 2 2
on which F induces a flag-transitive action. m]

By the construction {Np(X;)/X;,K3,K»,K} is the amalgam of maxi-
mal parabolics associated with the action of F on &(M(24)).

In the next lemma we specify the structure of O,(F).

Lemma 5.6.7 Let Q = 02(Fs). Then Q is elementary abelian and as a
module for F4/Q = Matyy it is isomorphic to the 12-dimensional Todd
module.

Proof. Recall that F; = K4 = N/X where N = Ng,(X) and X is a
Sylow 3-subgroup in Gj = 22+11+22 gym; Let P = 0y(N), P = PX/X
and @ be a Sylow 2-subgroup in the preimage of Q in N. Then 0 & 0,
P is a subgroup of index 2 in Q and by (5.6.2) P is the irreducible Todd
module for F4/Q. Since P is an irreducible submodule of codimension
1 in @, it is easy to see that Q is abelian. Furthermore, P is the only
faithful submodule of F4/Q in Q. Hence in order to prove the lemma
it is sufficient to show that F4/Q has an orbit of length 24 in @\ P on
which it acts as on the base set £ of the Golay code (2.15.1). We consider
N as a subgroup in G,. Since Ng,(X)/Ng;(X) = Matys has no normal
2-subgroups, Q is contained in one of the three Sylow 2-subgroups of G;.
Since Gz ~ 21+24.21. Matyy and 05(Gyyp) is a Sylow 2-subgroup in G;
we can assume without loss of generality that O < 0,(Gyz). Moreover,
since P < Ry < 01, 02(G12)(N N Gy2) = G12 and G12/02(G12) = Matyg
acts irreducibly on 0,(G12)/Q1, we conclude that Q < Q;. Now given an
element from Q; we have to decide in what case it normalizes and does
not centralize X. Recall that R, = n~ (A3 U A%%) and P = Cg,(X) is a
complement to Z; in R,. This means that (Ry, X} = (Z2, X)xP = Alt,xP.
Hence if Y is a Sylow 3-subgroup in G, then P= Cr,(Y) if and only if
Y is one of the four Sylow 3-subgroups in (Z,,X). On the other hand
G; contains 2% = [G; : N] Sylow 3-subgroups and R; contains 2?2
complements to Z,. Hence for each complement to Z, in R, there are
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exactly four Sylow 3-subgroups Y in G; such that P = Cpr,(Y) and Z,
acts trans1t1vely on the set of these four subgroups by con]ugatlon In
particular [NGZ(P) N] =4 and an element g from @ normalizes Pifand
only if X1 < (Z,,X) and in this case g normalizes and does not centralize
a subgroup of order 3 in (Z, X} if and only if it does not centralize
Zy ie. if g ¢ Z5". Hence without loss of generality we can assume that
n(P) coincides with the complement E to U; = #(Z;) in U, = n(Ry) as
in (4.8.3). In terms of (4.8.3) let ¥V = ~1(E3). Then by (4.8.3) NGu(P)
stabilizes V setwise. Since E; = A3 we have V ¢ 22 and by (4.8.3 (iv))
vV < PL. By the Frattini argument NGIZ(P)/N(;—(P) Matyy and by
(4.8.3 (ii)) the latter group induces on E3 the natural action of degree 24.
Finally, since the stabilizer of an element in this action (isomorphic to
Maty;) has no subgroups of index 8§ or less we conclude that N/X has
an orbit of length 24 on VX/X and the result follows. ]

Corollary 5.6.8 A subgroup X of order 3 in G; can be chosen in such a
way that for

E3 = {V |v e AS,X(V) = P3(v)}

the set n~1(E;3) is contained in Ng,(X)\ C¢,(X) and it maps onto an orbit
of length 24 of Ng,(X)/X on 03(Ng,(X)/X). ]

5.7 Identifying M(24)

In this section we study the geometry # = #(M(24)) and the action of F
(still to be identified with M(24)) on . Let {y; | 1 < i < 4} be a maximal
flag in S so that {F; = F(y;) | 1 < i < 4} is the amalgam of maximal
parabolics associated with the action of F on 4. Put R; = O,(F)),
Fij =F; nFj, Rij = 02(F,‘j) forl < i,] <4

Lemma 5.7.1 For i=1, 2 and 3 we have Ry = RiRy.

Proof. Comparing the shapes of F; and F, we obtain the following:

Fiq ~ 24712253 - Symg ~ 212.263 - Symg;

Fau ~ P*2(L3(2) X (2 X Syma)) ~ 22.2%(L3(2) x Sym3);

Faq ~ 2718 (L4(2) x 2) ~ 212.2* L4(2).

By (2.10.1), (2.10.2) and (2.10.3) the action of Fi4/Ris on Riy/Ry is irre-
ducible and the result follows. ]
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Let I' = I'(M(24)) be a graph on the set of elements of type 4 in #
in which two such elements are adjacent if they are incident in 3 to
a common element of type 3. For z € 5 of type 1, 2 and 3 let I'[Z]
denote the subgraph induced by the vertices incident to z in 5#. (Recall
that for z € I" of type 4 I'(z) is the neighbourhood of z in the graph
I'.) When talking about octads, trios and sextets we mean those from
resy(ys) = 5 (Mata).

Lemma 5.7.2 The following assertions hold:

(i) F acts on T vertex- and edge-transitively;

(ii) there is a mapping k from I'(ys4) onto the set of octads which com-
mutes with the action of Fy;

(iii) if B is the octad which corresponds to ys, then k~'(B) is an orbit
of length 2 of Ry and T'[y;] = {ys,x"}(B)} is a triangle in T';

(iv) Tly2] is the point graph of 9(Spa(2)) = res}(y2) and x(I'[y2] N
I'(y4)) is the set of octads contained in the trio which corresponds
to y2;

(v) Tly1] is the point graph of (the dual of) 9(Us(3)) = rest,(y1) and
k(I'[y1] N T'(y4)) is the set of octads refined by the sextet which
corresponds to yy;

(vi) the valency of T is 2-759.

Proof. Part (i) follows from the flag-transitivity of the action of F on
. By (5.7.1) the subgroup R4 induces on I'[y;] an action of order 8.
By the basic properties of the generalized quadrangle of order (2,2) this
implies that R4 induces on I'(y4) N I'[y2] an action of order 4. By (5.6.7)
R4 is the 12-dimensional Todd module which is indecomposable. Hence
Ry acts faithfully on I'(y4) with orbits of length 2 and the kernels at these
orbits correspond to one of the two orbits of length 759 of F4/R4 on the
dual of R4 (which is the Golay code module). This implies (ii) and (iii).
For i =1 and 2 there is a unique orbit of Fi4/R; on I'[y;] (with length 30
and 6, respectively) on which Ri/R; acts with orbits of length 2. Hence
(iv) and (v) follow from (iii). Finally (vi) is a direct consequence of (ii)
and (iii). a

In our further considerations a crucial role is played by the observation
that the geometry &(Us(3)) and the geometry dual to 4(U,(3)) have the
same sets of elements of type 2 and 3 (Section 6.13). By this observation
I'[y1] contains the Schlifli graph as a subgraph. More specifically the
following holds. Let £ = {S;y,...,S¢} be the sextet which corresponds to
1, so that {S;US; | 1 <i < j < 6} is the image of I'(y4) N T'[y1] under
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k. Then for every k, 1 < k < 6 there is a unique Schlifli subgraph ® in
I'[y1] containing y4 which is an element of type 1 in &(U4(3)) such that
k(O(ys)) = {SkUSi | 1 <i < 6,i # k}. Notice that Z (and hence y; as
well) is uniquely determined by S;.

Lemma 5.7.3 The graph T’ = T'(M(24)) contains a family & of Schlifli
subgraphs with the following properties:

(i) for every 4-element subset S of the base set 2 of the Golay code
associated with y, there is a unique © € & which contains ys, such
that k(©(y,)) is the set of (five) octads containing S;

(ii) the group F acts transitively on & and

F[O®] ~ 211123 : (Us(2).2 x 2);

(i) F14/023(F14) = Symg has a unique orbit Q of length 6 on the
involutions in 023(F14)/023(Fy) = 25;

(iv) © is (the connected component containing y4 of) the subgraph of
I'[y1] induced by the vertices fixed by an involution from Q.

Proof. The assertions (i) and (ii) follow from the paragraph before
the lemma. Since 073(F14)/023(F;) is of order 2° while by the basic
properties of the Schlifli graph we have F4[@]/F(©) = 2% Syms (4.14.7)
we obtain (iv). Since 0;3(F14)/023(F1) involves the natural symplectic
module of Symg = Sp4(2) we obtain the uniqueness of Q stated in (iii).0

Recall that the Todd module €2 = Ry is the quotient of the power set
22 over the Golay code %1 and that it is generated by the images of the
subsets of size at most 4 (2.3.3). By (5.7.1) and (2.15.1 (iii)) we have the
following.

Lemma 5.74 The unique non-identity element s in Z(Ry) is contained in
Ry and it is the image in Ry = €12 of a tetrad from the sextet which
corresponds to yy and Fy; = Cp,(s) for i =2,3 and 4. ]

For a subset Y of 2 let %12(Y) and %12[Y] denote the subspaces in
%12 generated by the images of the subsets contained in Y and of the
subset having even intersection with Y, respectively.

Lemma 5.7.5 Let z € I'(y4) and x(z) = B (an octad). Then

(i) 02(F4 N F(z2)) = (Ra N F(z))(02(F(z)) N F4)),
(ii) IRsNOx(F(2))| =27,
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(iii) Ry N O2AF(2)) = Z(0xFs N F(z)) = €12(B),
(iv) Ry N F(z) = €12[# \ B].

Proof. By (5.7.2 (iii)) we have Fy N F(z) ~ 2!1.2% L4(2) and applying
(5.7.1) for the case i = 3 we obtain (i) which implies (ii). Since both
R4 and O,(F(z)) are abelian R4 N 0,(F(z)) is contained in the centre of
02(F4 N F(z)) which it is easy to identify with %;2(B), which gives (iii).
By (5.7.2 (iii)) R4 N F(z) is a hyperplane in Ry normalized by F4 N F(z)
and by (2.15.1 (i)) this hyperplane is either ;3[B] or %12[# \ B]. Since
the former does not contain €;2(B) = R4 N 02(F(2)) (iv) follows. a

Lemma 5.7.6 In terms of (5.7.5) suppose that z € T'[y;]. Then

() RsNOx(F(z)) = Z(Rs),

(i) if H is F3 or F4 N\ F(z) then H acting on Z(R3))* has four orbits
with lengths 8, 28, 56 and 35 consisting of the images in Ry = %1,
of the i-element subsets of B for i =1, 2, 3 and 4, respectively,

(i) the action induced by H on its orbit of length 8 in Z(R3)* is iso-
morphic to Altg.

Proof. By (5.7.2 (iii)) we have the factorization F34 = (F4NF(z))R4 and
(i) follows from (5.7.5 (iii)). Since R, is abelian the above factorization
also implies that F3 and F4 N F(z) have the same orbits on Z(R3)* and
hence (ii) and (iii) follow. m]

Let ¢4, t3, t3 and t4 be distinct elements in £ which we identify with the
corresponding involutions in the orbit of length 24 of F4 on Ry. Let Y;
be the union of the ¢; for 1 < j < i and we identify ¥; with the subgroup
(of order 2') in R4 generated by the corresponding involutions. Let ®; be
the connected component containing y4 of the subgraph in I' induced by
the vertices u such that Y; < O(F(u)).

Lemma 5.7.7 The following assertions hold:

(i) a vertex z € I'(y4) is contained in ©; if and only if Y; is contained

in the octad k(z);

(ii) the subgroup F[®;] is contained in Np(Y;) and it acts on ©; vertex-
and edge-transitively ;

(iii) the valency of ©; is 2-253,2-77,2-21 and 2-5 for i=1,2,3 and
4, respectively;

(iv) Nr(Y;)/R4 is isomorphic to Maty;, Aut Maty;, PT'L3(4) and
263.Syms for i = 1,2,3 and 4, respectively.
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Proof. Let z € I'[y3] and ¢t = ¢; for some j, 1 < j < 4. Then by (5.7.5
(iv)) t € F(z) if and only if t € k(z). On the other hand by (5.7.5 (iii))
and (5.7.6 (i) if t € k(z) then t € Z(R3) = R4 N 02(F(z)), hence (i) and
(iii) follow. Since R4y < Np,(Y;) and Np,(Y;) acts transitively on the set
of octads containing Y; (2.10.1 (iii)) the action of Nf,(Y;) on ©;(ys) is
transitive. By (5.7.6 (ii)) Nr,(Y;)R3 = F3 and since ©; is connected (by the
definition), we have F[®;] = (N, (Y:), Nr,(Y;)) and the action of F[®;]
on O; is vertex- and edge-transitive, which gives (ii). Finally (iv) follows
directly by (2.15.1 (iii)). ]

Lemma 5.7.8 The subgraph ©4 belongs to the family & of Schlifli sub-
graphs as in (5.7.3).

Proof. Let T = {S,..,5¢} be the sextet corresponding to y; and
assume that Y4 = S;. Then by (5.7.4) s = t1tst3t4 is the unique non-
identity element in Z(R;). Since s is also the unique element in Y4 which
is the image in R4 of a 4-element subset of &, in view of (5.7.4) we
have Np,(Ys) < Cr(s) = Fi4. By (5.7.6 (ii)) we also have Np,(Y4) <
Cr,(s) = Fi13. Hence we have F[®4] < F; which implies ©4 = I'[y]
in view of (5.7.7 (ii)) and the flag-transitivity of F; on resg(y;). Since
F[O®4] = (NF,(Ys), Nr,(Y4)), the subgroup Yy fixes @4 elementwise. Let
v € T'(ya) NT[]. Then k(v) = S, US; for some kI, 1 <k <1 <6
and by (5.7.5 (iii)) t, € F(v) if and only if kK = 1 (equivalently if
Y4 < x(v)), independently of the choice of m € {1,2,3,4}. Hence Y,
induces on I'[y;] NI'(y4) an action of order 2. Therefore @4 is fixed
by an involution from an orbit of length 6 of Fi4/023(F14) = Syms on
023(F14)/023(F1) = 23. By (5.7.3 (iii), (iv)) we obtain the desired inclusion
O4c . O

Let = J(M(24)) be an incidence system of rank 6 in which the
elements of type i are the images under F of the subgraphs ®; for
i=1,2,3 and 4, the elements of type 5 are the images of I'[y;] under F,
the elements of type 6 are the vertices of I" and the incidence relation is
via inclusion.

Lemma 5.7.9 The incidence system I is a geometry with the diagram

c'
e o
1 1 1 4 4 2

and F induces on it a flag-transitive action.
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Proof. Since the incidence relation is via inclusion it is easy to see that
T is a geometry with a string diagram. The elements in res}-(y4) are the
subsets of £ of size at most 4 and the octads. Since the incidence relation
is via inclusion, this residue is isomorphic to the geometry &(Matys) as
in (3.1.1). By (5.7.8) res}(®,) is isomorphic to the geometry of triangles
and vertices of the Schlifli graph (i.e. to the generalized quadrangle of
order (2,4)), hence the diagram is as given above. The flag-transitivity
follows by (5.7.7 (ii)). m]

Now we are in a position to apply the geometric characterization of
the largest Fischer 3-transposition group achieved in [Mei91].

Proposition 5.7.10
Let T ¢ be a geometry with diagram as in (5.7.9) and Mg be a flag-
transitive automorphism group of 9 ¢. Then one of the following holds:

(i) Mg is the largest Fischer 3-transposition group M(24) of order
222.316.52.73.11-13-17-23-29

or the commutator subgroup (of index 2) of M(24);
(ii)) Ms is the unique non-split extension 3 - M(24) or the commutator
subgroup of 3 - M(24).
In each of the cases (i) and (ii) the geometry T ¢ is uniquely determined up
to isomorphism. m]

5.8 Fischer groups and their properties

Some intermediate results in the proof of (5.7.10) will play an important
role in our subsequent exposition and we discuss these steps in the
present section. Thus let 9 and F be as in the previous section. Let
{s; | 1 <i < 6} be a maximal flag in J, where s; is of type i. For
3<i<5letT; bea geometry whose diagram coincides with that of
res}(ss_,-); let ¢ be a geometry whose diagram coincides with that of
J and for 3 < j < 6 let M; be a flag-transitive automorphism group
of 7. The elements from the left to the right on the diagram of 7
will be called points, lines etc. Let II; be the collinearity graph of 7 ;.
Recall that a group G is said to be a 3-transposition group if it contains
a conjugacy class D of involutions which generates G and such that the
product of any two involutions from D has order at most 3. In this case
the transposition graph of G is a graph on D in which two involutions
are adjacent if their product is of order 2.
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The geometry J 5 is a flag-transitive Cs-geometry in which the residue
of a point is the unique generalized quadrangle of order (2,4), which
is classical, and the residue of a plane is the unique projective plane of
order 4; by [A84] and [Ti82] we have the following.

Lemma 5.8.1 The geometry J 3 is isomorphic to the natural parabolic ge-
ometry of Ug(2), and M3 contains Ug(2) as a normal subgroup. a

Since F(sg) N F(s3) = 2!2.PTL3(4), F(s3) induces on res}(s3) the full
automorphism group of the latter geometry isomorphic to Ug(2).Syms.
The graph IT; is strongly regular with the following suborbit diagram
with respect to the action of Ug(2).Sym;:

3448 135
a 180 1 128 45
()2
28(Ud2) x 3)2 o448 3322 (Us(2) x 3).2

The point graph I14 of J 4 is locally IT; and an important step in the
proof of (5.7.10) is the following characterization of locally IT3-graphs
given in [Mei91] (with [BH77] and {DGMP] being credited).

Lemma 5.8.2 The geometry 4 is uniquely determined up to isomorphism
and M, is either the Fischer 3-transposition group M(22) or the extension
M(22).2 of M(22) by an outer automorphism; I, is the transposition graph
of M(22). a

The suborbit diagram of Il4 with respect to the action of M(22).2 is

the following:
180 567
693 2 126
(D2 (o)

2.Us(2):2 2248 U,(2).2 Us(3).22

In its turn IIs is locally II; and the next step in the proof is the
following (Proposition 6.2 in [Mei91]).

Lemma 5.8.3 The geometry J s is uniquely determined up to isomorphism
and M5 is the Fischer 3-transposition group M(23); Ils is the transposition
graph of M(23). a

The suborbit diagram of Ils with respect to the action of M(23) is the
following:
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693 3159
@ 3510 1/ 3510\ 2816 351 <28 160)
2.M(22) 22.Ug(2) Q:(3)

Finally Il¢ is locally IIs and (5.7.10) (which is Proposition 6.3 in
[Mei91]) completes the picture. In (5.7.10 (i)) Il¢ is the transposition
graph of M(24) while in (5.7.10 (ii)) it is a 3-fold antipodal cover of the
transposition graph with the following suborbit diagram with respect to
the action of 3- M(24) (it is straightforward to deduce from this diagram
that of the transposition graph of M(24)).

3510 28431 3510
31671 1 28 160 1080 2160 28 160 1 31671
825792 63342 @
(D=2 —=ns2) ()
2 x M(23) 22.M(22) Qf(3)2 2.M(22) M(23)

It follows from the above result that the geometries 54, 75 and ¢
as in (5.7.10) are 2-simply connected, a result, originally established in
[Ron81a). An independent proof of (5.8.2), (5.8.3) and (5.7.10) based on
computer calculations can be found in [BW92a] (see also [BW92b]). In
[Pase94] it was shown that the flag-transitivity assumptions in (5.8.2),
(5.8.3) and (5.7.10) can be removed.

Since a Sylow 2-subgroup of F(s¢) = F4 = 2!2.Maty, is of order 222,
by (5.7.10) we have either F = M(24) or F = 3 - M(24). We are going to
show that the former of the possibilities holds by constructing a triple
cover of 7 = T (M(24)).

As in the beginning of Section 5.6 let F be the setwise stabilizer in
Ng(X;) of the connected component A(X;) containing vy of the subgraph
induced by the vertices fixed by X;, so that F = I?/Xs. Forl1 <i<4let
K; and F; be the preimages in F of K; and F,, respectively. Then by the
paragraph after the proof of (5.6.5) we have the following:

Ky =Fy ~ 321112 :3.U,(3).22; Ky = F4 ~ 211 (Sym; x Mats);
Ka ~ 2'1(Syms x 3 - Symg); Fr ~ B+12(L3(2) x 3 - Syms);

K3 ~ 284643 (15(2) x Syms x Syms); F3 ~ 2678 (L4(2) x Syms x Syms).

Since 1?2 is the normalizer in G; of a Sylow 3-subgroup from 0;3(G3),
we observe that 1?2 (and hence F as well) does not split over X;. Since
1?1 N 1?2 contains a section 3 - Symg, 1?1 does not split over X either. On
the other hand 1?3, 1?3 and 1?4 = 1?4 split over X;. More precisely we
have the following. The number of maximal flags in 4(M(24)) is odd
and hence there is an element g in the Borel subgroup of the action of
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F on %(M(24)) which inverts X;. It is clear that ¢ is also in the:\ Borel
subgrcz\up of the action of F on #(M(24)). Let H be one of K3, F3 and
K4 = F4. Then X; is a direct factor of Cg(X;) and

= (0*(Cx(Xy)), 9)

is a complement to X in H. FutherA{nore, KinKgisa cgmglement to
X;in K3NKy. Put & = {Kl,Kz,K3,K4} and &4 = {Fl,Fz,F3, F4}.

Lemma 5.8.4 Let $(3 - M(24)) = 4(F, o), #(3 - M(24)) = %(F, B). Then
(i) ¢(3 - M(24)) is a geometry with the diagram

~ ~
[ o)
2 2 2 2

on which F acts faithfully and Sflag-transitively;
(il) (3 - M(24)) is a geometry with the diagram

O o o

6 2 2

[SXe]

on which F acts faithfully and fag-transitively.

Proof. Since ¥(M(24)) and #(M(24)) are geometries on which F
acts flag-transitively, it is easy to check that the amalgams &/ and %
satisfy the conditions in (1.4.1). Hence 4(3 - M(24)) and (3 - M(24))
are geometries; their diagrams follow from the paragraph before the
lemma. ]

It is obvious that the natural homomorphism ¢ : ] F — F induces
1-coverings of ¥ = %(3- M(24)) onto ¥(M(24)) and of # = H#(3- M(24))
onto ' (M(24)). We will denote these 1-coverings by the same letter ¢.
~Let r= I'(3 - M(24)) be a graph on the set of elements of type 4 in
2 in which two vertices are adjacent if they are incident to a common
element of type 3. Let {y; | 1 < i <4} be a maximal flag in # such that
o(i)=y. Forz e # let T'[Z] denote the subgraph in I induced by the
vertices incident to Z. Since the residue of y4 in # and the residue of Y4 in
H'(M(24)) are both isomorphic to s (Mat,4), we observe that ¢ induces a
covering of T onto I'(M(24)). Furthermore, l:[il] is the collinearity graph
of the geometry %(3- U4(3)) as in (4.14.6) with the suborbit diagram given
in (4.14.10). The morphism ¢ induces also a 1-covering of the residue of
V1 in 3¢ isomorphic to %(3 - U4(3)) onto the residue of y; in #(M(24))
isomorphic to %(U4(3)). It is easy to check that the Schlifli graph does
not possess connected triple covers which are vertex- and edge-transitive.
In view of (4.14.9) this means that ¢ induces a covering of the geometry
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&(3 - U4(3)) associated with the residue of y; in # onto the geometry
&(U4(3)) associated with the residue of y; in #(M(24)). This gives the
following.

Lemma 5.8.5 The graph T contains a family & of Schlifli subgraphs and
under @ a member of ¥ maps isomorphically onto a subgraph from the
Samily & as in (5.7.3). m]

For 1 <i<4let 17, be the subgroup in E such that ?,-XS/XS =Y
(where the Y; are as in the paragraph before (5.7.7)) and let (5 be the
connected component contammg ¥4 of the subgraph in I induced by the
vertices u such that Y, < 0,F (#)). Then 0 maps onto ®; and by (5.8.5)
0, maps onto @4 isomorphically. Let T =903 M(24)) be an 1n01dence
system whose elements are the vertices of T and the i images under F of
f[%], @4, (53, (:)2 and (:)1 with respect to the incidence relation defined
via inclusion. Then 7 is a geometry with the diagram as in (5.7.9) and ¢
induces a covering of 7 onto T (M (24)). Now by (5.7.10) we obtain the
following,

Proposition 5.8.6 The geometry 7 (3 - M(24)) is the universal 2-cover of
T (M(24));

F=3-M(24) and F=M(24).
By (5.8.1), (5.8.2) and (5.8.3) it is easy to deduce the shapes of the

maximal parabolics associated with the action of F on (M(24) (or
equivalently of F on 7 (3 - M(24))):

F(s1) ~2 x M(23), F(s3) ~ (2 x2- M(22)).2,
F(s3) ~ (2 x 2% - Us(2)).Syms, F(ss) ~ 27123 x Uy(2)).2%,
F(ss) = F3 ~ 278 (L4(2) x Sym3), F(ss) = F4 ~ 2'2.Maty,.

Proposition 5.8.7 Let & be one of the following geometries: 3 (3 - M(24)),
H(M(24)), (3 - M(24)), ¥(M(24)) and E(M(24)). Then F is simply con-
nected.

Proof. Let & = #(M(24)) and let v : F > F be the universal
covering. Let T be a graph on the set of elements of type 4 in Z in which
two elements are adjacent if they are incident to a common element of
type 3. For zZ € Z let I'[2] be the subgraph in T induced by the vertices
incident to Z and let {J; | 1 < i < 4} be a maximal flag in & such that
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p(¥:) = yi. Then p induces a covering of Tontol = I'(M(24)) (denoted
by the same letter 1) and the restriction of y to f[’y‘l] is an isomorphism
onto I'[y;]. Since I'[y1] contains a Schlaﬂl subgraph © from the family
& as in (5.7. 3) there is a subgraph ® in T which maps isomorphically
onto ®. Let 7 be an incidence system whose elements are the vertices
of T and the connected components of the preimages of the subgraphs
in I' which realize elements of = 7 (M(24)); the incidence relation is
via inclusion. Then ® is an element of type 4 in T , which shows that
Tisa geometry and that y induces its covering onto 7. By (5.8.6) we
have either 7 =T ot T =T =T (3 - M(24)). In the latter case r
must be I'(3 - M(24)) but since l:[ﬁl] is a proper triple cover of I'[y;] this
is impossible. Hence v is an isomorphism. Almost the same argument
shows that (3 - M(24)) is simply connected.
By the above paragraph F is the universal completlon of {F;|1<

i < 4} and F is the universal completion of {F1,F2,F3,F4} We clalm
that F is also the universal completion of the amalgam {K; | 1 <i < 4}.
First of all K; = F; and K4 = F4. For i = 2 or 3 let P, = 0,(F;). Then
P; < K; and it is easy to check that F; is the unique completion of the
amalgam {Np,(P;),K;, Nr,(P;)}. Hence a completion of {K; | 1 < i < 4}
must also be a completion of {F; | 1 <i < 4} and the claim follows. In
a similar way one can show that F is also the universal completion of
the amalgam {K, K5, K3, K4} and hence both %(M(24)) and %(3 - M(24))
are simply connected. Finally the residue in 4(M(24)) of an element of
type 4 is isomorphic to %(Matj,) and it is simply connected by (3.3.11).
Hence Ky is the universal completion of {K4NK; |1 <i <3} and F is
also the universal completion of {Ky,K>,K3}. Since the latter amalgam
is a subamalgam of the amalgam of maximal parabolics associated with
the action of F on &(M(24)) (the paragraph after (5.6.6)), this implies
that &£(M(24)) is simply connected. a

As in the beginning of Section 5.6 let X; be a Sylow 3-subgroup of
0,3(G3). Since the subgraph A(Xj) is connected by the definition, (5.8.6)
implies the following.

Lemma 5.8.8 The subgroup of the group G generated by Ng,(X;) and
Ng,(X;) is isomorphic to 3 - M(24). a

Let 17, be the preimage of Y; in 17"4 as introduced after (5.8.5),1 <i < 4.
Then F(s;) (which is the preimage of F(s;) in F) is (contained in) the
normalizer of Y; in F. It is easy to see that Y; and Y, are conjugate in
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G to subgroups Y; and Y; as in Section 5.4 and Section 5.5, respectively,
and we have the following.

Lemma 5.8.9 The Baby Monster group B contains the Fischer group M(23)
and E =?E¢(2).Syms contains M(22).2. m]

5.9 Geometry of the Held group

In this section we study the normalizer in the group G of a subgroup of
order 7. More specifically we analyse the subgroup in G generated by the
normalizers in G; and G, of a subgroup S of order 7 from G,. We start
with the following.

Lemma 5.9.1 Let S be a Sylow T-subgroup in G and let E be the subgraph
of A induced by the vertices fixed by S. Then S is of order 7 and
(i) E is of valency 28,
(ii) there is a subgroup T = Frob3 in Gy containing S such that
N¢(S)=Ng(T) fori=1and 2,
(iii)) Ng,(S)/T = 2*.AutL3(2), S is fully normalized in G, and
Ce,(T) = 245 Ly(2),
(iv) S is not fully normalized in G, and Ng,(S)/T = Cg,(T) ~
[23].8ym;3 x Syms.

Proof. A vertex u € E(vy) is fixed by S if and only if n(u) is fixed by
the image § of S in G; = Co; and hence (i) follows from (4.14.14 (1)).
By (4.14.14 (iv)) Cg,(S) is generated by the subgroups n~!(f) taken for
all elements i € A4 fixed by §. From (4.14.14 (v)) it is easy to deduce
that Co,(S) is extraspecial of order 27 and of plus type. This implies in
particular that Z; is the kernel of the action of Cy (S) on E(vg). Let
K be the kernel of the action of Ng,(S) on E(vg) and put T = 0*(K).
Then T = Frob} by (4.14.14 (iii)) and Ng,(S) = Ng,(T). Since T fixes
I, it is contained in G5 and by the Frattini argument it is centralized
by a subgroup of order 3 from G; and hence (ii) follows. Now (iii) is
immediate from (4.14.14 (iii)) and (iv) follows from (2.13.5), (5.1.8) and
(3.8.4). o

By (4.14.14 (iii)) and since Cg,(S) induces a non-trivial action on E,
we conclude that Ng (S) acts transitively on E(vp) while Cg,(S) has
two orbits of length 14 each. Let H = (Cg,(T), Cg,(T)) and E¢ be the
subgraph in A induced by the images of vy under H. By the definition
Z¢ is connected and it is contained in E. Since T is contained in G; and
normalized by H, it fixes E° elementwise. Furthermore by (5.9.1) and the
above discussions we obtain the following.
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Lemma 5.9.2 The following assertions hold:

(i) E® is of valency 14 and it contains the line | stabilized by G;;
(ii) H acts on E° vertex- and edge-transitively;
(iii) there are seven lines incident to vy and contained in E°; Cg,(T)
induces on the set of these lines the natural action of L3(2). a

Let S1 be a Sylow 7-subgroup of G3. Then S; is contained in G and
by (5.1.10) we have the following.

Lemma 59.3 There is a unique subgroup Ty in G3 containing Sy such
that Ng,(S1) = Ng,(T1); S1 is not fully normalized in G3 and Cg,(T) =
Ng,($1)/ Ty = 29 : 3- Symg where 02(Cq,(T1)) is the hexacode module. O

Since $; < Gj, it fixes res;(E) elementwise (where X is the element of
type 3 in ¥ = %(M) stabilized by G3). Recall that the elements of type
iin res;(E) are the *-closed cliques in A containing T of size 2/ — 1 for
i =4 and 5, respectively. Clearly, in such a clique S; fixes a vertex if i = 4
and a line if i = 5. It is easy to see (the paragraph before (5.6.3)) that
these vertices and lines form a subgeometry of ¢ isomorphic to res;(E)
and we have the following.

Lemma 59.4 Let W be the set of vertices of A fixed by S1 and contained
in elements from resj(X). Then the vertices of ¥ together with the lines
contained in V¥ form the rank 2 tilde geometry 9(3-Syms) on which Cg,(Ty)
induces the full automorphism group with kernel 02(Cg,(Ty)) = 26. |

By the above lemma S fixes an incident vertex-line pair (v',!) and
hence S; is a Sylow 7-subgroup of a G-conjugate of Gy2. Thus there is an
element g € G which conjugates S; onto S and maps (v,1') onto (v, ).
Then W# is a subgraph in E° isomorphic to the point graph of %(3-Syms).
Since T; fixes ¥ elementwise, it is easy to see that Tf = T. Hence W% is
stabilized by CG§(T) = 26 : 3. Syms. By (5.9.2 (iii)) there is a structure
7 of a projective plane of order 2 on the set of lines containing vy and
contained in & which is preserved by Cg,(T). Since CG§(T) N Cg,(T)
contains a Sylow 2-subgroup of Cg,(T) we see that the lines containing
vo and contained in W8 form a line in =.

Let 4(He) be the incidence system of rank 3 whose elements of type 1,
2 and 3 are the images of W& under H, the lines contained in &° and the
vertices of E¢, the incidence relation being via inclusion. Then by (5.9.2
(iii)), (5.9.4) and the above paragraph we have the following,



244 The Monster

Lemma 5.9.5 ¥(He) is a rank 3 tilde geometry with the diagram

~
(e 0
2 2 2

on which H induces a flag-transitive automorphism group. m]

Notice that by (5.9.1 (iii)) an element from Ng,(T) \ Cg,(T) induces
an outer automorphism of H (this element is not an automorphism of
%(He)). Since it is well known and easy to check that Matys does not
possesses outer automorphisms we conclude that 4(He) is not isomor-
phic to %(Maty4). The flag-transitive rank 3 tilde geometries have been
classified in [Hei91], giving the following.

Proposition 5.9.6 The group H is the sporadic simple Held group He of
order

210.33.52.73.13
and the geometry 4(He) is simply connected. m]

By (4.14.14 (vi)) the subgroup X; as in Section 5.6 is conjugate to a
Sylow 3-subgroup in T and we have the following.

Corollary 5.9.7 The Held group He is a subgroup in the Fischer group
M(24). o

5.10 The Baby Monster graph

We follow notation introduced in Section 5.4 as follows: Y; is a non-
isotropic subgroup in the orthogonal complement of Z3 in A; B =
(Cg, (Y1), CGz(Yl )); A(Yy) is the subgraph in A induced by the images of
vo under BandB=B /Y1 is the action induced by Bon A(Y)). LetY, bea
minus 2-space containing Y; and contained in the orthogonal complement
of Z3 in A = 2! as in Section 5.5. Put E = (Ng,(Y2), N¢,(Y2)) N B and
E = E/Yy. Then E < B and by (5.54) E = 2-2E4(2).2. The subgraph
Z defined before (5.5.3) is the subgraph of A(Y;) induced by the images
of vo under E. By (5.5.4) E is isomorphic to the point graph of the
natural parabolic geometry of E with the suborbit diagram as given in
Section 5.5. By (5.5.3) and (4.10.8) E; is the full stabilizer of E(vy) in B
and hence E is the full stabilizer of E in B.

Define the Baby Monster graph Q to be the graph whose vertices are
the images of E under B, where two such distinct images E; and E; are
adjacent if there is a A-vertex u in E; N E; such that E; is the image of
E, under an element from O»(B(u)).
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Comparing the structures of By = 21¥22.Co, and E; = 2220.U4(2).2
we observe that

[02(By) : (02(B1) N Ey)] =2

and hence for every vertex u € E there is a unique Q-vertex adjacent to
Z which is Z¢ for g € 0»(By) \ E;. It is well known (and easy to deduce
from the suborbit diagram of E) that the action of E on the vertex set
of E is primitive, which gives the following.

Lemma 5.10.1 The valency of Q is 3968 055 which is the number of vertices
in E and also the index of E, in E. O

Let z denote E as a vertex of Q. By the paragraph before (5.10.1) we
have a bijection

£:0(z) > E

which commutes with the action of E; (here as usual )(z) denotes the set
of neighbours of z in Q). Let ES denote the graph on E in which u,w € E
are adjacent if u € ES(w). The suborbit diagram of Z§, as given below,
can be deduced from that of E using some standard relations between
the parameters of symmetric association schemes ([BI84] and [BCN89])
and these calculations were kindly performed for us by D.V. Pasechnik.

E(vo)

672

43008

[22 596]
{vo} ES(vo) =5(0o) | B
[18710]

24948
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Lemma 5.10.2 Let a,b be vertices from (z) such that &(a) and £(b) are
adjacent either in E or in ES. Then a and b are adjacent in Q.

Proof. Let Y be the subgraph of E defined in (5.5.1). Then the stabilizer
of Y in E is of the form 2°+16.Q;(2).2. By the definition Y is induced by
the vertices y € A such that Z,, is in the orthogonal complement of ¥, in
A. If y € T then since D contains O3(G(y)), D also contains an element
which maps z onto ¢~1(p). This shows that Y¢ = {z} U&~1(Y) is the orbit
of z under B, := Cp(Y1)/Y; = 2°+16 §ps(2). By the above the action of
B, on Y* is similar to the action of Spg(2) on the set of cosets of 5 (2).2.
The latter action is doubly transitive (of degree 120) and in view of the
paragraph after the proof of (5.5.4) we obtain the result. o

Let K, = Y,/Y;. Then K, is the centre (of order 2) of E and it coin-
cides with the kernel of the action of E on E (equivalently on €(z)). For
an arbitrary vertex d € Q put K; = Z(B(d)), so that K, is the kernel of
the action of B(d) on Q(d).

Lemma 5.10.3 Let e € Q(z).Then

(i) [Ke,K:]=1,
(i) if u=¢&(e) then K,.Z,=K,Z,,
(iii) in terms of (5.10.2) if L = (K, | v € Y°) then L = Z(0x(B,)) = 2°.

Proof. Since K, fixes Q(z) elementwise, it is contained in B(e) and,
since K, = Z(B(e)), (i) follows. The definition of the adjacency relation
in Q implies that K, = Y,’/Y; for an element g € Oz(ﬁ(u)) < Q.. Since
Q. is extraspecial with centre Z,, this gives (ii). In order to see (iii) it is
sufficient to prove that L is isomorphic to the orthogonal complement of
Y; in A. (]

We need some further properties of the action of E =2Eg(2).Sym; on
E (the suborbit diagram in Section 5.5). Let ¥(Us(2)) be the C3-geometry
with the diagram

(s O~ O

2 4 4

on which E(vo)/02(E (o)) induces the full automorphism group. If u €
then E(u) = 212.U4(2).Sym; and the centre of E(u) contains a unique
non-identity element (a root element) which we denote by y(u). The
following result is rather standard.

Lemma 5.10.4 Let X be an orbit of E(v) on E\ {vo} and u € X. Then
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for X being, respectively, E(vp), E3(vo), E3(v0) and E3(vo) the following
assertions hold:

(i) the product y(vg) - y(u) has order 2, 2, 4 and 3;
(i) O2(E(vo)) acts on X with orbits of length 2, 25, 211 and 221;
(iii) E(vo)/02(E(vo)) acts on the set of orbits of 02(E(vg)) on X as it
acts on the set of points, planes, points in 4(Ug(2)) and on a 1-
element set. u

We will need some information about involutions in E.

Lemma 5.10.5 Let © be an involution in E =2E¢(2).Syms, such that
T - y(u) is of order 2 or 4 for every u € E. Then

(i) = € E\ B’ and the conjugacy class of E containing t is uniquely
determined,

(ii) C = Cplr) = Fy2) x 2,

(iti) C has two orbits 2@ and E® on E with lengths 69 615 and 3 898 440
and stabilizers of the shape [2!°].Sps(2) and [2'°].U4(2).2, respec-
tively, :

(iv) if u € EY for i =2 or 4, then © - y(u) is of order i,

(v) the subgraph of E induced by E® is connected and it is at distance
1 from 2@,

Proof. Using the computer package [GAP] it is straightforward to
calculate the structure constants p{‘ of the group association scheme of
E. The structure constant has the following meaning. If Cy, C; and C; are
conjugacy classes of E then pé‘j is the number of ways in which a given
element a € C; can be represented as a product b - ¢ where b € C; and
¢ € C;. These calculations give everything except (v) and the structure of
the stabilizers. The remaining information is easy to deduce, comparing
the suborbit diagrams of the collinearity graphs of 4(*E¢(2)) and %(F4(2))
given in Section 5.5. a

The quotient E/K; is a subgroup in E and for u € E the subgroup in
E generated by y(u) is the image of (K, K;-1,)).
Lemma 5.10.6

() Two distinct vertices a,b € (z) are adjacent in Q if and only if
&(b) and &(a) are adjacent either in E or in B, (equivalently if
Y(&(a)) and y(¢(b)) commute);
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(ii) if = = (d,e,f) is a 2-path in Q such that d and f are not adja-
cent then the B-orbit containing n is uniquely determined by the
isomorphism type of (K4,K.,Ky)/K., which is either D¢ = Sym; or
Dg N

(i) E = B(z) has two orbits, Q3(z) and Q4(z), on the set Qux(z) of
vertices at distance 2 from z, if d € Qy(z) and e € Q(z) N Q(d) then
(K4,K;,K.) /K. = Dy for i =3 and 4;

(iv) if y € Qu(z) then B(z,y) acts transitively on Q(z) N Q(y).

Proof. Part (i) follows from (5.10.2), (5.10.3 (i)) and (5.10.4). Notice
that £~'(E3(v0)) € Q3(£ ™ (v0)) and £~ (E3(v0)) = Q3(¢ ' (v0)). Since E(vo)
acts transitively on Z3(vo) and on E3(vo) we obtain (ii), (iii) and (iv). O

As a corollary of (5.10.6 (i)) and the proof of (5.10.2) we have the
following.

Lemma 5.10.7 Let u € ES(vo). Then £~'(u) is contained in a unique 120-
vertex complete subgraph Y¢ which contains z and £~ '(vy). The setwise
stabilizer of Y¢ in B is the stabilizer of a %(Sps(2))-subgeometry in 4(BM)
as in (54.5). m|

Let Z be the graph on the vertex set of Z in which u and v are adjacent
if u € E(v) U ES(v), so that the edge set of E is the union of the edge sets
of E and ES. Then by (5.10.6 (i)) & establishes an isomorphism of €(z)
onto E.

The group E contains M(22).2 as a subgroup (5.8.9). The following
result has been established in [Seg91] (see also Section 5 in [ISa96] and
Section 8 in [Iv92c])).

Lemma 5.10.8 A subgroup in E isomorphic to M(22).2 acting on E has
Sfour orbits X;, i =1,2,3,4, with lengths
3510, 142155, 694980, 3127410
and stabilizers isomorphic, respectively, to
2-Us(2).2, 20 Aut Maty, 27.Sps(2), 2.(2°.PZL;(4)).
Furthermore, if w € Z; for i = 2, 3 and 4, then w is adjacent in E to 22,

126 and 1 + 21 vertices from X, respectively. a

Lemma 5.10.9 Let u € E3(vy). Then the subgraph in E induced by E(vo) N
E(u) is isomorphic to the transposition graph of Ue(2) with the suborbit
diagram given after (5.8.1).
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Proof. Notice that the action of E on the vertex set of E is equivalent to
its action by conjugation on the set {y(w) | w € E}. Let H = E(vo) N E(u).
Then by (5.10.4 (ii)) H is a (Levi) complement to O2(E(vg)) in E(vg), in
particular H = Ug(2).Syms and by the above remark H = Cg(y(vo)) N
Ci(y(w)). One can readily see from the suborbit diagrams of E and E§
that IT := E(vg) N E(u) = ES(vo) N ES(u) is of size 693. On the other
hand by the remark at the beginning of the proof, the set IT is a union
of some conjugacy classes of H. Since |II| is odd, at least one of the
conjugacy classes must contain central involutions. By [ASei76] the only
class of central involutions in H is the class of 3-transpositions of size
693, contained in the simple subgroup Ug(2). Since w,v € E are adjacent
if and only if y(w) and y(v) commute, the subgraph induced by II is
exactly the transposition graph of Ug(2). a

Notice that the elements of the Cs;-geometry %(Us(2)) can be realized
by the maximal cliques (of size 21), by the 5-vertex cliques contained in
more than one maximal clique and by the vertices of the transposition
graph of Ug(2).

Lemma 5.10.10 Let a,b € Q, b € Q3(a) and ¥ be the connected component
of the subgraph induced by Q(a) N Q(b). Then

(1) Y is locally the transposition graph of Us(2),

(ii)) ¥ is isomorphic to the transposition graph of M(22),

(iii) ¥ = Q(a) N Q(b) and B(a,b) = M(22).2,

(iv) every vertex adjacent to a is at distance at most 2 from b,

(v) if (d, e, f,h) is a 3-path in Q such that (K4,K.,Ky)/K, = Sym; then

the distance from d to h is at most 2.

Proof. First assume that z € Q(a) N Q(b) and that &(a) = vg. Then
by the proof of (5.10.6) &(b) € E3(vg) and (i) follows from (5.10.9) and
the fact that ¢ induces an isomorphism of the subgraph induced by Q(z)
onto £ (5.10.6 (i)). By (5.10.6 (iv)) the stabilizer of ¥ in B(a,b) acts
transitively on the vertex set of W. Let % be a geometry formed by the
maximal cliques (of size 22) in W, by the cliques of size 6 contained in
more than one maximal clique, by the edges and the vertices of '¥. Then
by the proof of (5.10.9) B(a,z,b) induces on ¥(z) an action isomorphic
to Ug(2).2. Hence % is flag-transitive and by (5.8.2) we obtain (ii). From
(ii)) we deduce that |¥| = 3510 and that the stabilizer of ¥ in B(a,b)
is isomorphic to M(22).2. Now assume that a = z. Then by (5.10.8) the
image of W in E is the orbit £; and by the last sentence of (5.10.8) every
vertex in Q(z) is adjacent to a vertex from W, which gives (iii). Since
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every vertex from (a) is at distance at most 1 from ¥ = Q(a) N Q(b),
it is at distance at most 2 from b and (iv) follows. Finally (v) is a direct
consequence of (iv) and (5.10.6 (iii)). a

If y € Q3(z) then by the above lemma there is more than one common
neighbour of y and z and in view of (5.10.6) this means that (K,,K,) =
Sym3.

Below, IT will denote the graph on 2300 vertices introduced before
(4.11.9) on which Co; induces a rank 3 action with the suborbit diagram
given in (4.11.9).

Let ©(Z,) be the subgraph in Q induced by the images of z under
By = 21%22.Co,. If y € Q(Z,) then the preimage of K, in B is a conjugate
Y} of Y, under an element b € B. Clearly Y? < Q; and n(Y?) is
a singular triangle in the shortest vector graph containing #(Y;) (this
triangle corresponds to a vertex in the graph IT). On the other hand
Y>Z, contains besides Y, exactly one image Y2b of Y, under b € El (in
fact b can be taken from 02(31)), so that Y2b /Y1 = Kg1(,,). Hence every
vertex of II corresponds to an edge in Q(Z,) and we obtain the following,

Lemma 5.10.11 The following assertions hold :

(i) the subgraph (Z,) contains 4600 vertices;
(ii) every orbit of O2(B1) on Z,) is of length 2;
(iii) there is a mapping 6 from the set of O»(B)-orbits on (Z,) onto
the vertex set of T1 which commutes with the action of B. O

The subgroups K, taken for all y € Q(Z;) generate O»(B;), and since
the latter is extraspecial of type 21*?2 and has different kernels at different
orbits on (Z;), we have the following.

Lemma 5.10.12 The following assertions hold :

(i) the group By acts on YZ,) with suborbits 1, 1, 2-891 and 2-1408;
(ii) for any two vertices d, f contained in Q(Z,), the subgroup (K4, Ky)
is either abelian (of order 22) or dihedral of order 8 with centre
Z. 0

Lemma 5.10.13 The following assertions hold :
(i) Q2) NQAZy) = &' ({vo} U E(wo));
(ii) u,v € Q(Z,) are adjacent in Q if and only if the distance in 11
between 6(u) and 6(v) is O or 1;
(iii) if u € Q(Z,) is not adjacent to z then u € Q}(z).
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Proof. Consider the intersection ® of Q(Z;) and the subgraph Y* as
in (5.10.7). By (5.10.7) B(z, ¢~ (1)) acts transitively on the set of images
of such a subgraph under B which contain ¢ := {z,¢ !(v)}. Hence this
intersection consists of the images of the edge ¢ under I = B; N B[Y*].
By (5.4.5) the group I is the full preimage in B; of the stabilizer in
B;/02(B;1) = Coy of a 9(Sps(2))-subgeometry in %(Co3) as in (4.9.8).
From standard properties of %(Spe¢(2)) it is easy to deduce that ¢ has
28 images under I and I induces on the set of these images the doubly
transitive action of Sps(2) on the cosets of Qg (2).2 and that {(®\ {z}) =
{vo} U E(vg). Since Y* is a complete subgraph, in view of (5.10.12 (i)) we
obtain (i) and (ii), and the latter implies that the diameter of (Z,) is 2.
Now (iii) follows from (5.10.6) and (5.10.12 (i)). m|

By (5.10.6 (ii)) and (5.10.13 (ii)) every vertex y € Q4(z) is contained in
an image of €(Z,) under an element from B(z).

Lemma 5.10.14 Let y € Q(Z;) N Q4(z). Then

(i) B(z,y) < Bi(z) = B(z,£ (w)),
(i) B(z,y) = 21+°.U,(3).22,
(iii) Q(z) NQy) = Q(Z,) and |Q(z) N Q(y)| = 648.

Proof. It is clear that B(z) N B, = B(z,£ '(vg)) is the centralizer of
Z, in B(z). On the other hand by (5.10.12) Z, is the centre of (K,,K,)
which implies (i). By (5.10.11 (ii)) and (5.10.13 (i)) B(z,y) N O2(B;) has
index 2 in O,(B;) and hence (ii) follows from the suborbit diagram of
II. Finally (iii) is a direct consequence of (i), (ii), (5.10.13 (i)} and the
suborbit diagram of II. m]

The following information can be deduced either from the construction
of the GAB %(U4(3)) in [Kan81] or by means of calculations in the Leech
lattice. Recall that in %(Ug(2)) a point is incident to 21 planes and a
plane is incident to 27 points.

Lemma 5.10.15 Let V = Uy(3).22 be a subgroup in Aut%(Us(2)) =
Us(2).Syms. Then

(i) V has 2 orbits on the set of 891 points of %(Ug(2)) with lengths
324 and 567 and stabilizers PZL3(4) and 2°.Syms,
(ii) V has 2 orbits on the set of 693 planes of 4(U¢(2)) with lengths
126 and 567 and stabilizers Uy(2).2 x 2 and 2°.Syms,
(iii) the point—plane incidence graph has the following diagram with re-
Spect to the orbits of V:
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]

Notice that the subgraph in the point-plane incidence graph of

%(Ug(2)) induced by the union of the two 567-orbits is the point—plane

incidence graph of ¥(U,(3)) while the subgraph induced by the 567-orbit

on points and the 126-orbit on planes is the point—plane incidence graph
of &(U4(3)).

Lemma 5.10.16 Let y € Q3(z) N QZ;). Then B(z,y) = 21+20.U4(3).2?
acting on $Xz) has eight orbits 0;, 1 < i < 8, with lengths 1, 2 - 324,
2-567, 26-126, 26 - 567, 211 - 324, 211 - 567 and 2% so that é‘l({vo}) = (0,
ETNE(mo)) = 02U O3, E71(ES(v0)) = 04 U 05, E71(E3(00)) = 06 U O,
&1 (E3(v0)) = Os and 02 = Q(z) NQ(y).

Proof. Since B(z,y) does not contain K, (which is the kernel of the
action of B(z) on Q(z)), we conclude that 0(B(z, y)) and 02(B(z, £ ~1(v9)))
have the same orbits on Q(z). Hence the result follows from (5.10.4 (ii),
(iii)) and (5.10.15). m]

Lemma 5.10.17 In terms of (5.10.16) let u; € O; for 1 < j < 8. Then

(i) if j=1,2,3,5 6o0r7, then u; is at distance at most 1 from O,
(ii) there is a vertex x € Oy such that (Ky,K,,) = Syms;,
(iii) unless j = 4 the orbit O; is at distance at most 2 from y.

Proof. For j = 1 and 2 the assertion (i) is obvious. For j = 3 (i) follows
from the fact that the subgraph in E induced by E(v¢) is connected, while
for j = 5 it follows from the diagram given in (5.10.15). Let a € E(vo),
b € E3(vo) and let @ and b be the orbits under O,(E(vp)) of a and b,
respectively. Then in view of (5.10.4 (iii)) @ and b are points of %(Us(2)).
One can see from the suborbit diagram of E that whenever a and b are
adjacent in this graph, one has @ = b which implies (i) for j = 6. Similarly
one can see from the suborbit diagram of ES that whenever a and b are
adjacent in E$ the vertices & and b are adjacent in the collinearity graph
of 9(U¢(2)). Since E (b) = O,(E;)E1(b) and the collinearity graph of
%(Ug(2)) is connected, we deduce (i) for j = 7. Let ¢ € ZE3(vg). Then by
the suborbit diagram of E we have |E(vp) N E3(c)] = 891 which is the
number of orbits of O,(E(vg)) on E(vp). Since E(v, c) is a complement to
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0,(E(vg)) in E(vo), we conclude that 03 N ¢~1(Z3(c)) is non-empty, which
implies (ii) in view of (5.10.4 (i)). Finally, since 0> = Q(z) N Q(y), (iii)
follows from (i), (ii) and (5.10.10 (v)). m]

Lemma 5.10.18 Let u € ES(vp), b = £~ '(u), ¥ = Q(b) N XZ,), Y be as
in (510.7) and N = (K,, | w € P). Then
(1) |¥| =56 and ¥ =Y NZy),
(i) N is elementary abelian of order 27 and it contains Z;,
(iii) the orbit of b under Oy(By) has length 28

Proof. Since Y¢ is a complete subgraph, b is adjacent to each of
the 56 vertices in Y* \ é‘l(E‘.g(vo)). By (5.10.13 (i)) and (5.10.14 (iii)) ¥ is
contained in {z}U&({vo} UE(vo)). By the suborbit diagrams of E and =$
we see that in 2 u is adjacent to exactly 54 vertices from Z(v) and hence
(i) follows. By (i) the subgroup N is the orthogonal complement in A of
(Z1,K}) which gives (ii). By (5.10.4 (ii)) the orbit of b under B(z, £~(vp))
is of length 2°. From (5.10.7) and the suborbit diagram of E we observe
that there are 693 images of Y° under B which contain {z,¢~!(v)} and
these images are transitively permuted by B[z, £~!(vg)]. Since the latter
group is contained in B; and contains 0»(B;), we conclude that O»(B;)
stabilizes Y¢ and we obtain (iii). ]

In terms of the above lemma put S = B; N B{Y¢]. Then S is the
full preimage in B; of the stabilizer S = 25_+8.Sp6(2) of a 4(Sps(2))-
subgeometry from %(Co,)). Let R denote the action induced by S on
Ye\ Q(Z;). Then by (5.10.18 (iii)) we have R = 26.Sps(2). Since O2(R)
is the natural symplectic module for R/0»(R) = Spe(2), the latter group
permutes transitively the 63 non-identity elements in O,(R). Let ¢ de-
note the natural homomorphism of O,(B;) onto O3(R). By the above
observation if g € 0(B1) and y(g) # 1 then the length of the orbit of g
under S is divisible by 63. By (4.12.6 (i)) S has 3 orbits Z, Z; and X, on
the vertex set of IT with lengths 28, 2016 and 256, respectively, and the
vertices in X, are at distance 2 from X in II. Let f, il and iz be the
preimages of these orbits under é (5.10.11). Then T =Y°NQ(Z;) and by
(5.10.13 (ii), (iii}) the vertices from %, are at distance 2 from . The latter
implies that < Q3(z). Furthermore since 256 is not divisible by 63 we
have p(K;)=1fory € %,. This means that for every b € Y¢\ Q(Z;) the
subgroups K, and K; commute. In terms of (5.10.16) b ¢ @, and hence
b and y are at distance at least 2. On the other hand b is adjacent to z
and z is at distance 2 from y, hence the distance between b and y in Q is
at most 3. Since [K,, K] = 1 the distance must be 3 by (5.10.6 (iii)) and
by (5.10.17 (iii)) b € 0O,.
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Lemma 5.10.19 The group B(z) acts transitively on the set Q3(z) of vertices
at distance 3 from z. Furthermore

(i) a vertex y € Q‘z‘(z) is adjacent to exactly 8064 = 28 - 126 vertices in
Q3(z) transitively permuted by B(z,y),
(i) if u € Q3(z) then [K,;,K,] =1,
(iii) if v € QZ,) NQY(z) and u € Q3(z) N Q(v), then

B(z) N B(u) N By ~ [2'].5ps(2).

Proof. Parts (i) and (ii) follow from the paragraph before the lemma.
In terms of that paragraph in order to prove (iii) we have to analyse the
structure of By N B(b) N B(y). We know that the latter is contained in
§ ~ 21¥22 2148 §pe(2). By (5.10.18 (iii)) we have [02(B)) : 02(B1)NB(b)] =

6 and it is easy to see that & is the set of vertices in QZ,) fixed by
02(B1)ﬂ B(b). In view of (4.12.6 (ii)) this means that B(b)N O,(S) induces
on £, a regular action of degree 2° and (iii) follows. a

Lemma 5.10.20 The diameter of Q is 3.

Proof. We claim that whenever (xg, x1, X2 = z,Xx3,X4) is a 4-path in
Q, the distance between x¢ and x4 is at most 3. Clearly we can assume
that xo, x4 € Q3(z) U Q4(z). If xo € Q3(z) then z € Q3(xo) and by (5.10.10
(iv)) x3 is at distance at most 2 from xo and the claim follows. Hence we
assume that xo, x4 € Q3(z) and also that £(x;) = vo. Then by (5.10.17 (iii))
unless A = Q(x4) N L(z) is contained in @4, there is a vertex in A which
is at distance at most 2 from x5. We show that the inclusion A = @4 is
not possible. Since x4 € Q3(z), by (5.10.13 (i)) and (5. 10 14 (iii)) A is of
size 648 and contained in ¢71(E(w)) for a vertex w € E. We are going
to show that for every w € E the intersection Z(w) N &(O4) is of size less
than 648. One can see directly from the suborbit diagram of E given in
Section 5.5 that E(w) N E$(vo) is of size less than 648 unless w € E(vo)
(recall that by (5.10.16) £(04) = E3(vo)). If w € E(vg) then by (5.10.15
(iii)) and the diagram therein we observe that w € E(vg) is adjacent in
= to 0 or 192 = 6 - 32 vertices in &(04). This completes the proof of the
claim and also of the lemma. a

Lemma 5.10.21 Let u € Q3(z) and © be the involution generating K,,.
Then

(i) u is adjacent to 69 615 vertices in Q3(z) and to 3 898 440 vertices in
22,
(i) B(s) N B(z) = Cais)(c) = Fa(2) x 2%
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Proof. By (5.10.19 (ii)} T € B(z). By (5.10.19), (5.10.20) and the obvious

duality we have
Q(z) < Qs3(u) U Q3(n)

and hence (compare (5.10.6 (iii)) if y is the generator of K, for v € £(z),
then the product -y is of order 2 if v € Q3(u) and of order 4 if v € Q3(u).
By (5.10.5 (ii)) we have Cp(;)(t) = F4(2) X 22 and from (5.10.5 (iii), (iv))
we deduce the sizes of Q(z)NQ4(u) and Q(z) NQ3(u), which gives (i). Now
straightforward calculations give the equality

1Q3(z)| = [B(2) : Cp()(7)] = 23113728.

Since B(u) N B(z) is obviously contained in Cp(;)(t) the equality proves
(ii). o

By (5.10.6 (i)), (5.10.10), (5.10.14), (5.10.19), (5.10.20) and (5.10.21) we
obtain the main result of the section.
Proposition 5.10.22 The group B is the Baby Monster sporadic simple group
BM of order

241.313.56.72.11-13-17-19-23-31-47
and the suborbit diagram of Q with respect to the action of B is as given
below, in particular Q has 13 571955000 vertices.
1421554694980

Qi(z) ) M(22)2

3510 | 3127410
F4(2) x 22

1782444 352 2097152 69615

3968055 1
®
2420 . 1824768
27.U6(2) 1 2 3898440
663552
648
8064

(2B@)) g2 y,3)22

141134436 28841 161 216+2 097 152
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5.11 The simple connectedness of ¥(BM)

The simple connectedness of 4(BM) can be proved following the strat-
egy developed in Section 4.12 using the properties of ¥(BM) and its
subgeometries established in Sections 5.4, 5.5 and 5.10. In this section we
outline the proof.

Let & = %(BM) be the P-geometry of the Baby Monster, ® =
{x1,..,xs} be a maximal flag in & and # = {B; | 1 < i < 5} be the
amalgam of maximal parabolics associated with the action of B = BM
on %, where B; = B(x;) ((5.4.4) and the paragraph after its proof), and
let ® be the collinearity graph of &. Let ¢ : Z — & be the universal
covering, B be the universal completion of the amalgam % which by
(1.52)is a ﬂag—transmve automorphlsm group of Z. Let o= {X1, s X5}
be a maximal flag in Z such that ¢(®) = ® and let Z = {(Bill<i< 5}
be the amalgam of maximal parabolics associated with the action of the
group B on Z. Then ¢ induces a homomorphism y : B — B whose
restriction to 4 is an isomorphism onto 4, and also a covering y : -0
of graphs where ® is the collinearity graph of Z

Let & be the ¥%(Spg(2))-subgeometry in % containing x4, S ~
29+16 Spe(2) be the stabilizer of % in B and T be the subgraph in
© induced by the images of x; under S. Then ¥ ={SNB; |1 <i<4}
is the amalgam of maximal parabolics associated with the action of §
on & (the kernel of the action is 03(S)) and X is isomorphic to the
collinearity graph of &. By (1.6.4) & is simply connected and hence §
is the universal (and in fact the only) completion of ¥, which gives the
following.

Lemma 5.11.1 Let % be the subamalgam in % which maps tsomorphtcally
onto the subamalgam € in &, let P be the subgroup in B generated by %
and let £ be the subgraph in © induced by the images of X1 under S. Then
the restriction of y to S is an isomorphism onto S and the restriction of X
to £ is an isomorphism onto X. m]

Considering Z (02(S)) as the orthogonal module for S/0,(S) = Sps(2),
let ¢ be a non-isotropic involution in Z(0(S)) which is perpendicular to
Z(02(By)). Put

D = {CBI(O'), CBz(a), CB3(0'), CS(G)}’

let E be the subgroup in B generated by 2 and let E be the subgraph in
® induced by the images of x; under E. Then by (5.5.4) E = 2-2E4(2).2,
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2 is the amalgam of maximal parabolics associated with the natural
action of E on its Tits geometry & = %(*Eq(2)) and E is the collinearity
graph of & with the suborbit diagram given after the proof of (5.5.4). By
(1.6.4) & is simply connected and we have the following.

Lemma 5.11.2 Let 9 be the subamalgam in #US which maps isomor-
phically onto the subamalgam D in BUS, let E be the subgroup in B
generated by 2 and E be the subgraph in © induced by the images of X;
under E. Then the restriction of p to E is an tsomorphtsm onto E and the
restriction of x to E is an isomorphism onto = |

Let Q be the graph whose vertlces are the images of E E under B in
whlch two such distinct images E; and E Ep are adjacent if there is a
O-vertex 7 in their 1ntersect10n such that E; is the image of Z; under
an element from Oz(B(u)). Then since the restriction of y to By is an
isomorphism onto B; and by (5.11.2) we obtain the following.

Lemma 5.11.3 The covering ¢ induces a covering n : Q-0 of graphs. O

Argulng as in the proof of (5.10. 2) one can easﬂy show that the images
of E (considered as a vertex of Q) under § induce in Q a complete
subgraph on 120 vertices and by (5.10.6 (i)) we have the following.

Lemma 5.11.4 Every triangle in Q is contractible with respect to the cov-
eringn : Q — Q. ]

Proposition 5.11.5 The following assertions hold:

(i) the Baby Monster graph is triangulable;
(ii) the geometry 4(BM) is simply connected.

Proof. It is easy to check the conditions in (1.14.1) using (5.10.10),
(5.10.17) and (5.10.21) in view of (5.10.5 (v}). By (i) and (5.11.4) 5 is an
isomorphism which forces ¢ to be an isomorphism and proves (ii). O

In the remainder of the section we study the action on the Baby
Monster graph Q of the subgroup B; = 2!%22.Co, of the Baby Monster.

One can see immediately from the suborbit diagram of the Baby
Monster graph that whenever u and v are distinct vertices of Q, K, # K,.
This enables us to identify u € Q with the non-identity element in K.
In this case B(u) = Cp(u) and u,v € Q are adjacent if and only if the
product uv is a conjugate of the involution in the centre of B;.
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Lemma 5.11.6 The subgroup B = 2L+22.C02 acting on the vertex set of
the Baby Monster graph Q has five orbits denoted by

Q(2qa), QQd), Q4a), Q4d), Q(6a)
with lengths
2300-2, 56925-2%, 46575-2'2, 56925-2!, 2300-2%
and stabilizers of shape
22720 Ue(2).2, [2%1.Sps(2), [2%].Aut Maty,, [2'%].8ps(2), 2- Ug(2).2,

respectively. Here when writing n - 2™ for the length of an orbit Qi) we
mean that Q; = O»(By) acting on Q(ia) has n orbits of length 2™ each.

Proof. If we put Q(2a) = Q(Z,), then by (5.10.11) the properties of
Q(2a) are as stated in the lemma. Consider the B;j-orbits at distance 1
from Q(2a). If u = ¢~ !(vo) then {z,u} is the orbit of z under Q; and
since By = Cg(zu), we have B(z,u) = B(z) N B; and hence by (5.10.4)
the orbits of B(z) N By on Q(z) \ Q(2a) are the £~1(X) for X = ES(vy),
E3(vo) and Ej(vo). Let Q(2d), Q(4d) and Q(6a) denote the orbits of B;
containing ¢~1(X) for X as above. By (5.10.2) if w € £~(X), then w
is adjacent to u only if X = :g(vo). Hence by (5.10.4 (ii)) and (5.10.18
(iii)) the orbits of Q; on Q(2d), Q(4d) and Q(6a) are of length 26, 2!
and 2%, respectively. In particular these 3 orbits are different and we
have the following property. Whenever w is at distance 1 from Q(2a),
the subgroup Bj(w) acts transitively on the set II(w) := Q(2a) N Q(w).
By (5.10.18), if w € £~1(E5(vo)) then II(w) has size 56, consists of 28 Q-
orbits and B;(w) induces on the set of these orbits the doubly transitive
action of Spe(2) on the cosets of Uy(2).2. If w € ¢~1(E3(vo)) then one
can see from the suborbit diagrams of E and E$ that II(w) is of size
44 and Bj(w) preserves on this set an imprimitivity system with classes
of size 2. Using (5.10.4 (iii)) it is not difficult to see that B;(w) induces
on the set of imprimitivity blocks the natural 3-fold transitive action of
Aut Mats;. Finally, by the suborbit diagrams of E and E‘.g we observe that
z is the only vertex in Q(2a) adjacent to a vertex w € £~1(Z3(vp)), which
completes the description of the B;-orbits at distance 1 from Q(2a) and
leaves us with 56925 - 216 vertices whose distance from Q(2a) is at least 2.
We are going to show that the remaining vertices form a single B;-orbit.

By (5.10.21 (i)) a vertex w € Q3(z) is adjacent to 3 898 440 vertices in

Q}(z) while every vertex from Q}(z) is contained in a unique image Q(Z])
of Q(Z,) = Q(2a) under an element from B(z). By the paragraph before
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(5.10.19), if w is at distance 1 from Q(Z]), then it is adjacent to exactly
56 vertices in Q(Z]). Hence w is at distance 1 from 69615 = 3 898 440/56
images of (2a) under B(z). Since there is a natural bijection between
the images of Q(2a) under B(z) and the edges incident to z, one can see
from (5.10.21 (i)) that w is at distance more than 1 from Q(2a) if and
only if u € Qj(w). This in particular shows that B, acts transitively on
the set of pairs (z, w) where z € (2a), w is at distance 3 from z and at
distance more than 1 from Q(2a). Moreover by (5.10.5 (iii)) the stabilizer
of such a pair is of the form [216].U4(2).2 (recall that B(z, w) = F4(2) x 22).
Hence in order to calculate the length of the orbit of w under B it is
sufficient to calculate the number of vertices in £(2a) at distance 3 from
w. Comparing the suborbit diagrams of E and its subgraph induced by
E(Q(z) N Q3(w)) given in Section 5.5, we easily calculate that the set £ of
vertices in £(Q(z) N Q3(w)) adjacent to &(u) in E is of size 27. A more
detailed analysis shows that {~1(Z) U {z} contains all the vertices from
Q(2a) which are at distance 3 from w. Alternatively one can calculate the
structure constants of the group association scheme of BM as in Section
3 in [ISh93a). It can be checked that By(w) induces on {~Y(Z) U {z} the
doubly transitive action of Spg(2) on the cosets of Us(2).2. Since the
length of the B;-orbit containing w turns out to be exactly 56925 - 216
this completes the proof. m|

The notation in the above lemma has the following interpretation. If
7 = zu is the involution in the centre of B; and v € Q(ix) then the product
tv is contained in the conjugacy class ix of BM as in [CCNPW]. The
fact that the product is of order i is easily seen from the above proof.

We sketch the proof of the following result (see [ISh93a] for the details).

Lemma 5.11.7 In terms of (5.11.6) let u € Q(ia) and let B(u) = 2-2E¢(2)
be the commutator subgroup of B(u). Then Q1(u) is contained in B(u) if
and only if in = 2d or 4d.

Proof. It is not difficult to see that B;(u) is not contained in B(u)'. Then
the result follows from the following facts. If ix = 2d or 4d then the quo-
tient By(u)/Q1(u) does not contain subgroups of index 2 while if ix = 2a,
4a or 6a then the quotient By(u)/0,(B;(u)) is not a section in B(u). O

5.12 The second Monster graph

Let us turn back to the group G which is a faithful completion of a
Monster amalgam, its tilde 4(M) and maximal parabolic (M) geome-
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tries and the first Monster graph A which is the collinearity graph of
both 4(M) and s (M). Recall that ® is the subgraph of A induced
by the images of vy under B. By (5.10.22) B is an extension of the
Baby Monster sporadic simple group BM by a group of order 2. As
in Section 5.5 let E be the subgraph of A induced by the images of vo
under E = 22 2E¢(2).Sym3. Notice that E is contained in ® and that
the intersection of E with B is of index 3 in E. Let ' = I'(G) be the
second Monster graph defined as follows. The vertices of I" are the images
of ® under the elements of G; two such images are adjacent if their
intersection is an image of 2. By the above there are exactly three images
of © under E, which gives the following.

Lemma 5.12.1 The valency of the second Monster graph T is twice the
number of vertices in the Baby Monster graph Q. m]

Let t denote © considered as a vertex of I'. The triple T = {t = t1, 1,13}
of images of t under E forms a triangle. This triangle and its images
under G will be called lines. Thus there is a natural bijection between the
lines containing ¢ and the vertices of the Baby Monster graph. The group
G acts naturally on I' with B being the stabilizer of t. For a vertex x of T
put L, = Z(G(x)) (a subgroup of order 2) and for a subset X of vertices
in T put Ly = (Lx | x € X). Then in terms of Section 5.4 L, = Y; and
L7 =Y, (elementary abelian of order 22). This gives the following.

Lemma 5.12.2 Let {x,y} be an edge of I'. Then

(i) there is a unique line X = {x,y,z} containing {x,y},
(i) Lx, Ly and L, are the subgroups of order 2 of the elementary abelian
subgroup Lx of order 22,
(iii) there is a mapping o : I'(t) — Q which commutes with the action of
B and for u € Q the set 6~ (u) U {t} is a line,
(iv) L, fixes I'(t) elementwise. a

Let x,y € ['(t), X and Y be the lines containing {t,x} and {t,y},
respectively, and suppose that X # Y. Let u = o(x) and v = 6(y). Since
K, = Y,/Y; (see the paragraph before (5.10.3)) we have K, = Lx /L, and
K, = Ly/L,, which shows that x and y could be adjacent only if either
v € Qu) or v € Q3(u). We will see below that in the latter case x and y
are not adjacent.

Let D ~ 21%+16. O (2) be as in Section 5.3 and let ® be the subgraph of
I' induced by the images of ¢t under D. Then by (5.4.1) and the definition
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of Y, we observe that @ is a graph on the set of 496 non-isotropic
vectors in A = Z(0,(D)) (which is the natural module for D/0,(D)) in
which 2 vectors are adjacent if they are not perpendicular. Using some
standard properties of strongly regular graphs associated with classical
groups [BvL84] or by means of straightforward calculations one can see
the following.

Lemma 5.12.3 The following assertions hold:

(i) @ is a strongly regular graph with the intersection diagram
1+119 1

28
240 1 119 112
240 255

(ii) D induces on ® a rank 3 action of Qfy(2) on the cosets of Sps(2);
(iii) the subgraph induced by ®(t) is a double antipodal cover of the
complete graph on 120 vertices with the suborbit diagram

64 64
119 1 56 56 1
D ()= ()=

together with a matching which joins the antipodal vertices;
(iv) a,b € ®(t) are antipodal vertices of the graph in (iii) if and only if
t =a+b, equivalently if {t,a,b} is a line in T.. O

Define Q to be a graph on I'(¢) in which two vertices x and y are
adjacent if they are adjacent in I and a(y) € Q(a(x)) (notice that the
latter inclusion implies that o(x) #* a(y)).

Lemma 5.12.4 The mapping ¢ induces a covering of graphs Q-0 (which
we denote by the same letter o). If X = {z,u,v} is a triangle in Q where
u = £ Y(vg), then X is contractible with respect to o if and only if v €

&1(E3(v0))-

Proof. It follows basically by the definition that ¢(®(¢)) is the complete
120-vertex subgraph Y*¢ in the Baby Monster graph as in the proof of
(5.10.2). Since Y¢ N E~1(E(vo)) and Y° N E~1(ES(vo)) are of size 56 and 64,
respectively, the claim follows directly from the intersection diagram in
(5.12.3 (iii)). o

Next we are intesested in the suborbit diagram of Q with respect to
the action of G(t) ~ 2+ BM. Let {Z,Z'} = ¢7(2) so that E = G(1,7) =
222E¢(2) is a subgroup of index 6 in E. The action of G(t) on I'(t)
is equivalent to its action by conjugation on the set {L, | y € I'(t)}.
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Altematlvely this action is similar to that of B = G(t)/L, on the cosets
of B(z) = E/L, = 22E¢(2). Let Q.(z) be an orbit of B(z) on Q\ {z} and
Q,(z) be the preimage of Q,(z) in Q.

Lemma 5.125 If Qa(z) Q(z) or Q3 (z) then Qa(z) consists of two E-
orbits; if Qu(z) = Q3(z) or Qs(z) then E acts transitively on Q4(2).

Proof. Let y € Q,(z) and {3,5'} = o7 (y). First of all it is easy to
see from the suborbit diagram of the Baby Monster graph in (5.10.22)
that in no cases is B(z, y) contained in the commutator subgroup B(z) of
B(z) which means that E acts transitively on Q,(z) and hence there are at
most two E-orbits on Q,(z). Furthermore the number of such orbits is 1
or 2 depending on whether the index n;, of B(z) NB(y) in B(z,y)is 2 or
4, respectively. Again one can see from the structure of stabilizers given
on the suborbit diagram of the Baby Monster graph in (5.10.22) that if
y € Q(z) or y € Q3(2) then B(z,y) = 22+20.U¢(2).2 or B(z,y) = M(22).2,
respectively, and n,, = 2 since there are no subgroups of index 4 in
B(z,y). Alternatively the fact that Q(z) consists of two E-orbits follows
from (5.12.4). If y € Q3(z), then B(z,y) = K, x K, x F where K, is
not in B(z), K; is not in B(y) and F = F4(2) (5.10.5 (i)) which shows
that n,, = 4. Similarly one can show that n,, =4 if y € Q4(2) ((5.12.8)
below). m]

In view of (5.12.5) and (5.10.22) in order to complete the suborbit
diagram of Q with respect to the action of B(t) = 2 - BM it remains to
determine the number of vertices in Q3 {4 ) adjacent to a given vertex from
Qg("). In terms of (5.10.8) in the graph = a vertex from X, is adjacent
to 891 vertices from 2, and a vertex from X3 is adjacent to 24948 such
vertices. Comparing these numbers with the suborbit diagrams of = and
2§ we conclude that in Q a vertex from Q3(Z) is adjacent to 694980
vertices from Q3 >(Z) and to 142 155 vertices from Qg(” ). Thus we obtain

the diagram as given below.

Lemma 5.12.6 If y € Q3(z) then a vertex u € {Z,2'} and a vertex ¥ €
{3,9'} are not adjacent in T.

Proof. Let F be the stabilizer of y in E so that F = Ly x F where
T = {t,2,Z'} and F = F4(2). By (5.12.5) F acts transitively on {3,9'} and
hence an element from F conjugates L~ onto L-,. Since F is non-abelian
simple and L, commutes with L, we conclude that L performes the
conjugation which implies that (L, L) = Dg and the result follows from
(5.12.2 (ii)). a
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By the paragraph after (5.12.2) the above lemma shows that two
vertices from I'(¢) are adjacent in Q if and only if they are adjacent in I’
and not on a line containing .

For ia = 2a, 2b, 3a, 4a, 4b, 6a let I'"*(Z) denote the set of images under
G(Z) of the vertices from Q(Z) U {z}, QE"), BE), QE), (), BE),
respectively. For g € G let I'*(z%) denote the image of I"*(Z;) under g.
Notice that in this case I'?(t) = I'(t) (the meaning of the notation will
be explained after (5.14.1)).

Lemma 5.12.7 Let u € T'*(t), N = (L,,L,) and v € T'(t) N T'(u). Then

() if ix = 2a then N = 2? and all subgroups of order 2 in N are
conjugate to L,

(ii) if ia = 2b then N = 2? and N contains a conjugate of Z,,

(iii) if i = 3a then N = D,

(iv) if ix = 4a then N = Dg and Z(N) is a conjugate of Z,,

(v) if ia = 4b then N = Dy and Z(N) = L,, in particular v is uniquely
determined,

(vi) if ix = 6a then N = Dy and Z(N) = L,, in particular v is uniquely
determined.

In particular T2(t), T34(¢), T%(t), T*(t) and T%(t) are the orbits of G(t)
on I'y(t).
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Proof. Since L, = L;,L,, and in view of (5.12.2), (5.12.5) the result
follows from (5.10.3), (5.10.6) and (5.10.19). O

Let Z be the subgraph of T induced by the images of t under G;. Then
the mapping u — L, establishes a bijection between the vertex set of Z
and the set of subgroups in Q; conjugate to Y; in G;. One may observe
that G; acting on Z preserves an equivalence relation with classes of size
2 with respect to which u,v € Z are equivalent if and only if

L,Z, = L,Z;.

The set of equivalence classes is in a correspondence with the set of
vectors in A; and using (5.12.7) we obtain the following.

Lemma 5.12.8 Let T be the subgraph of T induced by the images of t under
G). Then there is a mapping ¢ : = — A, which commutes with the action of
Gy, the fibres of @ are of size 2 and the quotient of X over these fibres is the
shortest vector graph A as in Section 4.11. Furthermore, if iy = @(t) and
{t,¢} = o7 (M), then {r'} U ¢ (A% (T0)) = T2(1), ™' (A% () = T*(2);
if s € {t,t'} or s € 7} (A (0)) then G(t,s) = G(t) N Gy = 22+2.Co, or
21422 McL, respectively. m|

Let u € I'% and X, = 03({L,, L,)). Then by the paragraph before (5.8.9)
one can see that X; is asin (5.8.8). Let F = (Ng,(X5), Ng,(X5)) = 3-M(24).
Then using the results established in Section 5.8 together with (5.12.7) it
is not difficult to deduce the following.

Lemma 5.12.9 Let I1 be the subgraph of T induced by the images of t under
F = 3- M(24). Then 11 is the antipodal triple cover of the transposition
graph of M(24). Furthermore, TIy(t) U I14(t) < I'3%(t) and T15(t) < I'%(s).
If s € TI5(t) or s € T14(t) then G(t,s) = G(t) N F = 2-M(22) or M(23),
respectively. m|

Now by (5.12.7), (5.12.8) and (5.12.9) we obtain the following.

Lemma 5.12.10 Let u € I'*(t). Then

(i) if ix = 2a then u is adjacent to t and G(t,u) = 22-2E¢(2),
(ii) if ia = 2b then |T(u) N ()] = 9200 and G(t,u) = 22+22.Coy,
(iii) if i = 3a then [T(u) N T(e)| = 31671 and G(t,u) = M(23),
(iv) if ia = 4a then [T () N T(t)] = 550 and G(t,u) = 21*22. McL,
(v) if io = 4b then [T (w) NI (t)] = 1 and G(t,u) = 2.F4(2),
(vi) if ie = 6a then [T(w) NT()] = 1 and G(t,u) = 2 - M(22). 0
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5.13 Uniqueness of the Monster amalgam

In this section we show that all Monster amalgams are isomorphic. The
following result was established in [GMS89], Proposition (2.6).

Lemma 5.13.1 There exist exactly two isomorphism types of groups Gy ~
2-1++24-C01 satisfying (5.1.1 (i), (ii)), where Q) = 01(G,).

Proof. We assume that the reader is familiar with standard properties
of extraspecial groups and their automorphism groups [Gri73]. First
we identify the image G, of Gy in the automorphism group A of Q,
isomorphic to 2% - 03,(2). By (4.5.6) G; = Co, preserves on A & Q,/Z,
a unique quadratic form 6, which shows that the subgroup G /Oz(A)
in A/0>(A) is uniquely determined up to conjugation and hence G, is
uniquely determined in 4 (up to conjugation). Let V be a 2!2-dimensional
vector space over the complex numbers, L = GL(V) and ¢ : Q; — L
be the unique faithful irreducible representation of Q). Then Ny(¢(Q1))
realizes all automorphisms of ¢(Q;) = Q; and hence up to conjugation
L contains a unique subgroup G(ll) which satisfies the hypotheses of the
lemma.

Now it is clear that G, is a perfect central extension of G by a group
of order 2. Let G, be the largest perfect central extension of G, by
an elementary abelian 2-group Y. We claim that Y is of order 4. Let
Y; be the commutator subgroup of Q; := 0,(G;). Then the mapping
(91,92) — [q1,42] for q1,92 € él defines a bilinear map from A = él /Y
onto Y3 invariant under the action of Co;. By (4.5.6) there is a unique
such non-zero form, which shows that Y3 is of order at most 2. Next we
observe that 0,/Y; is a GF(2)-module for Co, which is an extension of A
by some trivial submodules. Since A is self-dual and the first cohomology
group. of A was proved to be trivial in [Gri82], lemma (2.11), we conclude
that Q;/Y> contains a submodule which maps isomorphically onto A.
Factorizing over this submodule we obtain a perfect central extension of
Co;, by Y /Y. It is well known that Coyg is the universal perfect central
extension of Co;, which shows that Y is of order at most 4. Let ¢,
and ¢, be homomorphisms of Cog and G(ll) onto Co; and G(lo) be the
subgroup in the direct product Cog % G( ) consisting of the pairs (a,b)
witha € Cog, b € G( ) and cpl(a) @2(b). Then it is easy to see that G(o) is
a perfect central extension of G1 by a group Y of order 4. Let Y, Y, V3
be the subgroups of order 2 in Y, where Y; is as above and Y; = Z(Coy).
Then G(o)/ Y, = Gm G(z) G(o)/ Y, is the second group satisfying the
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hypotheses of the lemma and G(13) = G(lo) /Y3 is a (non-split) extension
of Co, by an elementary abelian group of order 2%. |

Consider the action of H = Co, on its tilde geometry %(Co,). Let
Hy = 2" Matyy and H, = 24112(3 - Symg x Sym;) be the stabilizers of a
point and a line incident to the point, respectively. Let J be a Sylow 3-
subgroup in 0,3(H2) and U = Cy,(5,)(J). Since O(H,) is the irreducible
Golay code module for H,/0,(H,) = Mat;4 and O,(H;) N H, has index
2 in O,(H,), it follows from (3.8.5) that U is the natural 4-dimensional
symplectic module for § := H,/R = Sps(2), where R is the largest
solvable normal subgroup in H,.

We follow notation introduced in the proof of (5.13.1) and in addition
put G(14) = Co. For 0 < i < 4 let Hg) be the preimage of H, in
G(li) (with respect to the natural homomorphism), J® be a Sylow 3-
subgroup in 03(Hy") and U® = Coy H;a)(J(i)). We assume that the natural

homomorphism sends HY, J® and U® onto H,, J and U, respectively.

Lemma 5.13.2 For exactly one i € {1,2} we have that U is a 5-dimensional
indecomposable module for S.

Proof. Notice that in terms of Section 4.14 J is a conjugate of
03(Ng(X;)) and by (4.14.11) J acts on A fixed-point freely. This shows
that U@ is an extension of U by the subgroup Y which is the centre
of G\”. This shows that U® is centralized by the preimage of R in G,
Furthermore, since S does not preserve a non-zero quadratic form on U,
we conclude that U{O) is abelian and hence can be considered as a GF(2)-
module for S. We assume that U® is a quotient of U@ for 1 <i < 3.
The first cohomology group of U is 1-dimensional [JP76] and since U
is self-dual, this means that U® is decomposable. We claim that U® is
indecomposable. Since J acts fixed-point freely on A, the definition of
G implies that U® is isomorphic to U®. Let H® = 212 Maty, be the
preimage of H; in G¥. Then 0,(H'") is the Golay code module and by
a straightforward calculation we see that U is indecomposable. Hence
one of UV and U is decomposable and the other one is not. m]

Lemma 5.13.3 In a Monster amalgam # = {G,, G>, Gy} the isomorphism
type of G is uniquely determined.

Proof. Let H, be the preimage of H; in Gy, J be a Sylow 3-subgroup
in O023(Hz) and U = Co,m,)(J). By (5.13.1) and (5.13.2) it is sufficient
to show that U is indecomposable with respect to the action of §. We
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adapt our notation so that J contains the subgroup X of order 3 as in
(5.6.2). Then A := Cg,(X)/X = 2! Maty, and O,(A) is the irreducible
Todd module for 4/0,(A) = Matyy. Let 7J be the image of J in A. Then
N4(7)/02(A4) = 3 - Spa(2) and by (3.8.5) Coz(A)(j) is an indecomposable
5-dimensional GF(2)-module for Sps(2). a

In the proof of the next lemma we make use of some argumentation
in [Th79].

Lemma 5.13.4 The subamalgam {Gi,G2} of the Monster amalgam is
uniquely determined up to isomorphism.

Proof. By (5.13.3) the isomorphism type of G is uniquely determined.
It is easy to deduce from the proof of (5.1.4) that up to conjugation
in Gy there is a unique subgroup Z; in Q; whose normalizer in Gy
contains a Sylow 2-subgroup of the latter and by the statement of (5.1.4)
we have Gy = Ng,(Z,). Thus Gy (as a subgroup in Gy) is uniquely
determined up to conjugation. Comparing (5.6.2) and the structure of
G, as given after (5.1.8) we conclude that G, is generated by Gy, and a
subgroup X of order 3 which normalizes G§ = Cg,(Z;) ~ 221+22. Maty,
which is inverted by every element from G, \ G, and by (5.6.2) X can
be chosen so that Cg,(X) ~ 2!'.Maty. Thus to prove the lemma it is
sufficient to show that the image of X in the outer automorphism group
of G¥ is uniquely determined. Suppose that there are two possibilities
X; = {x1) and X; = (x3) for X. By (5.1.8) there are exactly three
elementary abelian subgroups of order 2!! in Q,/R, which are normal in
G;‘/Rz (one of these subgroups is (Q; N G2)/Rz). Moreover, these three
subgroups are transitively permuted by X; and X,. Hence without loss
of generality we can assume that x;x;! normalizes each of these three
subgroups. For i = 1 or 2 put N; = CG;(Xi)- Then by (5.6.2) and our
assumption N; ~ 2!1. Mat,, and O0,(N;) is the irreducible Todd module
for N;/O,(N;) = Matyy. Hence O3(N;) < R,. It is well known that the
first cohomology group of the irreducible Golay code module is trivial,
which enables us to assume that R;N; = RyN>. Since N; is perfect we
have

Ni = (R:Ny) = (RaN2) = N

and hence xlxgl centralizes N; = N,. Since N1R;/R, = Maty acts
irreducibly on (@ N G3)/Rz, we conclude that x1x2‘1 centralizes (@1 N
G3)/R; as well as its images under X;. Finally Z; is the commutator
subgroup of Q; N G2 and hence xlxgl centralizes Z;. Since xlxgl also
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normalizes Z, we conclude that the element xlxz‘l induces the trivial
automorphism of G} and the result follows. a

Proposition 5.13.5 All Monster amalgams are isomorphic.

Proof. Let .# = {G, G2, G3} be a Monster amalgam. Then by (5.13.4)
the isomorphism type of the subamalgam {G,, G,} is uniquely determined.
By (5.1.5) the subgroup Z; is uniquely determined up to conjugation in
G and by (5.1.6) we have Gy3 = Ng,(Z3) and Gy3 = Ng,(Z3). Hence
the subamalgam # = {G13,G2} in {Gy,G,} is determined uniquely up
to conjugation and clearly G; is generated by this subamalgam. Hence
in order to specify the isomorphism type of .# it is sufficient to indicate
the kernel K of the homomorphism onto G; of the universal completion
U of the amalgam #. Let G = Cg,,(Z3). Then Gf ~ 23+6+12+18 3. Gy,
G is normal in both G,3 and G»3 (hence it is normal in U). Furthermore
G13/GT = Gy3/GT = Syms, Gi23/GY = D3 and Z; is the centre of GI.
It is clear that K N Gf = 1, which means that K < Cy(G}) and K
is a complement to Z; in Cy(GT). We claim that there is at most one
such complement. Suppose to the contrary that there are two different
complements, say K; and K,. Then by the homomorphism theorem
Cu(G¥)/Z3(K1NK,) = Z3, which means that if we put L = (G},K;NK;)
then the quotient U := U/L is isomorphic to the semidirect product of
Z3 and L3(2), the latter being the subgroup of the automorphism group
of Z; (in fact the whole automorphism group) generated by the images
of Gi3 and G»;. So we have that U is generated by its subamalgam
{G13/L,Gy/L}. In [Sh88] a very nice lemma was proved asserting that
the semidirect product 23 : L3(2) is never generated by a subamalgam
{P),P,} with P, = P, = Syms and P, N P, = D;. This contradicts
our assumption on existence of two complements. Hence K is uniquely
determined and the result follows. a

5.14 On existence and uniqueness of the Monster

As we have already mentioned, the Monster group M was predicted
to exist in 1973 independently by B. Fischer and R.L. Griess. During
the 70’s many properties of the hypothetical group were established. In
particular it was shown that M involves many sporadic groups known by
that time and that the centralizers in M of certain elements of order 2, 3
and 5 involve new sporadic simple groups. These sporadic groups (now
known as the Fischer Baby Monster BM, the Thompson group Th and
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the Harada—Norton group HN) were constructed before the Monster
itself was proved to exist.

In [Gri76] the number 196883 was proved to be a lower bound on
the dimension of a faithful complex representation of M. In [Th79]
J. Thompson proved the uniqueness of the Monster under certain ad-
ditional assumptions, the most crucial one being existence of a faithful
C-module V of dimension 196 883. The proof consists of two principal
steps. In the first step effectively it was shown that the subamalgam
{G1,G,} in the Monster amalgam is uniquely determined up to isomor-
phism. In the second step it was shown that this amalgam possesses (up
to conjugation) at most one isomorphism into GL(V).

The Monster was constructed by R.L. Griess in [Gri82] as a subgroup
of GL(V) where V is a 196 883-dimensional vector space over the complex
numbers. He started with a rather explicit description of the action of
G, on V which could be the restriction to G; of the action of M on
V, in other words he realized G; ~ 2!*?*.Co; as a subgroup in GL(V).
He then found an additional element ¢ € GL(V) which normalizes
Z, < Gy and together with G2 = Ng,(Z) generates in GL(V') a subgroup
Gy ~ 22411422 (Symy x Matyy) containing Gy with index 3. In constructing
the element ¢ as well as in the identification step a crucial r6le was played
by a non-associative algebra B (the Griess algebra) which is preserved
by G; and G;. The existence of this algebra was earlier pointed out
by S.P. Norton who had calculated the values of the (hypothetical at
that time) character of degree 196883. In the stage of identification,
the reductions of V over primes p > 5 were considered. By studying
these reductions it was shown that G; is the full centralizer of Z; in
the subgroup M of GL(V) generated by G; and G». Finally, application
of results on characterization of groups by their involution centralizers
completed the identification of M with the Monster.

Later, Griess’ construction was modified in different directions. In
[Con85] the subgroup G, was taken as a starting point. This group was
explicitly constructed in terms of a so-called Parker loop. This description
turned out to be convenient enough to define the action of G; on V. It
was shown that Cg,(Z>) possesses inside GL(V') three different extensions
to Gy and in a certain sense these extensions correspond to the involutions
in Z,. The mutual consistency of these extensions was shown and again
an isomorphism of the amalgam {G,, G,} into GL(V) was constructed. In
addition a vector from V (called a transposition vector) was pointed out,
which has only finitely many images under M = (Gy, G,). The action of
M on the set of these images was proved to be faithful and this implies
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the finiteness of M. In [Ti85] it was proved that the full automorphism
group of the Griess algebra is finite and that G; is the full centralizer
of Z; in the automorphism group of this algebra. An exposition of the
construction of the Monster can be found in Chapter 10 of [A94].

In [Iv93b] it was shown that the embedding of the amalgam {G;, G>}
into GL(V) can be easily extended to an embedding of the whole Monster
amalgam .#. That is, it was shown that the subgroup in GL(V) generated
by Ng,(Z3) and Ng,(Z3) is of the form G; ~ 23+6+12+18 (] 3(2) x 3- Syms).

Thus a Monster group which possesses a 196 883-dimensional represen-
tation was constructed in [Gri82] but at that time it was not known that
every Monster group possesses such a representation. This was proved by
S.P. Norton in [Nor85]. He considered the action of a Monster group M
on the conjugacy class of its involutions (2a-involutions) called the Baby
Monster involutions with centralizers 2- BM and established the following.

Proposition 5.14.1 Let I" be the set of Baby Monster involutions in M.
Then

[T’ = 97239461 142 009 186 000

and for t € T the subgroup M(t) = Cu(t) = 2- BM acting on T\ {t}
has eight orbits T"*(t) where ix = 2a, 2b, 3a, 3c, 4a, 4b, 5a or 6a with
stabilizers of the form 2%-2E¢(2), 22*%2.Co,, M(23), Th, 21722 McL, 2.F4(2),
HN or 2-M(22), respectively. The centralizer algebra corresponding to the
action of M on T has a primitive idempotent of dimension 196 883. 0O

Notation in (5.14.1) has the following meaning: if u € I'*(t) then (in
terms of [CCNPW]) the product ¢ - u belongs to the conjugacy class
iz of the Monster; this notation is consistent with that in (5.12.7). It
follows from the general theory of centralizer algebras that the primitive
idempotent in (5.14.1) is a C-module for M.

Let I' = I'(M) be the graph on the set I" as in (5.14.1) in which ¢t
is adjacent to the vertices in I'(¢). Then I'(M) is the second Monster
graph as defined in Section 5.12. In [Nor85] S.P. Norton determined the
orbits of M on the set of all triples {x,y,z} of vertices of the second
Monster graph such that x and y are adjacent. The lengths of these orbits
enabled him to calculate the structure constants of the centralizer algebra
of the action of M on I and these constants in turn provide the ranks of
the primitive idempotents of the centralizer algebra. The paper [Nor85]
contains extremely important information on the structure of the second
Monster graph but most of the information is given without proof.
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An independent uniqueness proof for the Monster M was given in
[GMSR89]. The assumption was that M is a finite group containing invo-
lutions with centralizers of the form 21"'24 Co; and 2- BM. A graph on
the set of involutions of the Baby Monster type was defined which corre-
sponds to the second Monster graph. The conditions on the centralizers
turned out to be strong enough to reconstruct the structure of the graph.
The use of the information on the second Monster graph established in
[GMS89] was essential in [ASeg92] to prove the following.

Proposition 5.14.2 The second Monster graph I'(M) is triangulable. m|

5.15 The simple connectedness of (M)

In this section we establish the simple connectedness of the tilde geometry
% = 9(M) of the Monster group. Let ¢ : % — ¢ be the universal covering
and M be the universal completion of the amalgam of maximal parabolics
associated with the action of M on 4(M). Then Misa ﬂag—trans1t1ve
automorphlsm group of G and ¢ induces a homomorphism y : Mo M.
Then both M and M are faithful completions of the same Monster
amalgam so we can define second Monster graphs I'(M) and F(ﬁ) as
at the beginning of Section 5.12 and observe that y induces a morphism
Y I"(H) — I'(M). By (5.12.4) and (5.12.6) every triangle in I'(M) is
contractible with respect to y. Since I'(M) is triangulable by (5.14.2), we
conclude that yp (and hence ¢ as well) is an isomorphism. Notice that
by (5.12.10) we know that every quadrangle in I'(M) is also contractible
with respect to p, so we only need to know that the fundamental group
of I'(M) is generated by the cycles of length 3 and 4. In any case since
by (5.13.5) all Monster amalgams are isomorphic, we have the following.

Proposition 5.15.1 Let # = {Gy,G>,G3} be a Monster amalgam and G be
a faithful completion of #. Then G is the Monster sporadic simple group
of order

24.3%.59.76.112-133-17-19-23-29-31-41-47-59- 71

(so that Gy = Cg(Zy)), in particular the tilde geometry (M) of the Mon-
ster group M is simply connected. O
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From C,- to T,-geometries

In this chapter we construct an infinite series of flag-transitive tilde ge-
ometries possessing morphisms onto C,-geometries of symplectic groups
over GF(2). For every n > 2 the series contains one T-geometry #(n) of
rank n, whose automorphism group is isomorphic to

3B1: - $p2n(2).

We also prove that these geometries are 2-simply connected. In Section 6.3
we review some known facts about the dual polar graphs associated with
C,-geometries of the symplectic groups. In Section 6.4 we consider the
semidirect product W(n) : Sp,(2) where W(n) is the GF(3)-module
induced from a 1-dimensional non-trivial module of 03,(2) < Sp2,(2).
Using the technique presented in Section 6.1, we show that up to con-
jugation in its automorphism group the semidirect product contains
two subamalgams isomorphic to the amalgam of minimal parabolics
associated with the action of Sps,(2) on its C,-geometry. One of these
subamalgams generates a complement to W(n) while the other one
leads to a T,-geometry #(n) constructed in Section 6.5. Section 6.6
is devoted to a detailed analysis of the rank 3 geometry #(3). This
analysis enables us to identify in Section 6.7 the automorphism group
J(n) of #(n). Since O03(J(n)) is a submodule of the induced mod-
ule W(n), it contains a family of subgroups of order 3 permuted
doubly transitively by J(n)/03(J(n)) = Spin(2). Analysing this family
in Section 6.9 we show that the geometries #(n) are 2-simply con-
nected. In Section 6.10 we characterize the geometries #(n) in terms
of special coverings of the duval polar graphs of the C,-geometries of
symplectic groups. Finally, in Section 6.11 we show that there are no
flag-transitive T3-geometries possessing morphisms onto the C3;-geometry
G(Alty).

272
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6.1 On induced modules

We start with a more detailed (but still a bit informal) discussion of the
strategy for constructing 1-covers of T- and P-geometries implemented
in this chapter.

Let 4 be a T- or P-geometry of rank n and ® = {x1,X2,..,X,} be a
maximal flag in 4. Let G be a flag-transitive automorphism group of ¥,

= {P;| 1 <i < n} be the amalgam of minimal parabolic subgroups
in G, where P; is the stabilizer of the flag @ \ {x;}. Let B = (\_; P
be the Borel subgroup and R; = O(P;)N B for 1 < i < n. Notice that
R; = O,(P;) unless i = n and ¥ is a P-geometry. We assume that ¢ is
a 2-local geometry of G in the sense that B is a non-trivial 2-group and
No(R)=P;forl <i<n.

We consider a group G which possesses a homomorphism onto G with
kernel W being an elementary abelian 3-group. Moreover, as a GF(3)-
module for G = G/ W, the kernel W is induced from a 1-dimensional
module Wy of a subgroup X of G, so that the kernel Xy of W, is of
index 2 in X. In some cases G splits over W, in some cases it does not.

The crucial step in the construction is to classify in G all subamalgams

= {P | 1 < i < n} such that the restriction of ¢ to & is an
1somorph1sm onto & (we assume that qo(ﬁ,«) = P;). We classify these
subamalgams up to conjugation in the automorphism group of G.

Let o/ be such an amalgam and B = " P, so that B maps iso-
morphically onto B under ¢. Since W has odd order, Bisa Sylow
2-subgroup in the full preimage of B in G and the choice of B is unique
up to conjugation.

For every i, 1 <i < n, there is a unique subgroup ﬁ, in B which maps
isomorphically onto R;. Since P; = Ng(R;), it is clear that E- is contained
in N/G\(E) and by the Frattini argument we have the following.

Lemma 6.1.1 N(R) N W = Cw(R;) and Ng(R;)/Cw(R) = P.. o

Thus P; is a complement to Cy(R;) in N/G\(T{;) and if Cw(R;) = 0 then
P; = NA(ﬁ) is uniquely determined.

For each subamalgam & with the prescribed properties we consider
the subgroup G in G generated by &. For 1 < i < n let G; denote the
subgroup in G generated by all the PJ except for P;. Define % to be the
geometry whose elements of type i are all the cosets of G; in G and two
cosets are incident if they have a non-empty intersection. In the final
step of the construction we show that Gisa geometry which possesses a
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1-covering onto ¥ and specify the diagram of 4. The covering is proper
unless G is isomorphic to G. In the case of such an isomorphism G is
a complement to W in G and this is certainly impossible if G does not
split over W.

Thus in order to realize the strategy outlined, we should be able
to construct non-split extensions of groups by induced modules and
to calculate centralizers of various subgroups in such modules. In the
remainder of the section we discuss the necessary machinery.

It is well known that if G is a finite group and U is a GF(p)-module
for G then the non-split extension U - G exists if and only if the second
cohomology group HZ?(G,U) is non-trivial. By the Eckmann-Shapiro
lemma (Shapiro lemma in [Bro82]) the cohomology group of the induced
module is isomorphic to that of the original module. This gives the
following.

Lemma 6.1.2 Let G be a group, X be a subgroup in G. Let Wy be a
1-dimensional GF(3)-module for X and W be the GF(3)-module for G
induced from Wy. Then a non-split extension W - G exists if and only if
there exists a non-split extension Wy - X. a

In the concrete situations we consider, the kernel X, of Wy in X is
a non-abelian simple group and the question about non-split extensions
Wy - X reduces to consideration of the 3-part of the Schur multiplier of
Xo.

Let us turn to the calculation of the centralizers. We consider a slightly
more general situation. Let G be a group, X, Y be subgroups of G, X
be a subgroup of index 2 in X and IF be a field, whose characteristic is
not 2. Let Wy be a 1-dimensional IF-space, turned into an X-module by
the following rule: the elements from X centralize Wy and every element
from X \ Xy inverts Wy. Let W be the module for G induced from W,.
We are interested in the dimension of Cw(Y).

Since W is an induced module, it possesses the direct sum decomposi-
tion

W= W,
i€
where the W; are 1-dimensional IF-spaces indexed by the cosets from
J = G/X. The group G acting on W permutes the subspaces W; in the
way it permutes the cosets in 7. If iy denotes the coset X - 1, then W;, and
W, are isomorphic as X-modules. For an arbitrary coset i =X -ge€
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let X; = X#® be the stabilizer in G of this coset. Then the elements from
Xo; = Xg centralize W; while every element from X; \ Xo; inverts W;.

Let T be an orbit of Y on J and Wr = @,.r Wi

Lemma 6.1.3 Cyw, (Y ) is an IF-subspace in W, whose dimension is 1 if
Y N X; < Xy, for every i € T and 0 otherwise.

Proof. Let Q= J,cr Wi# be the set of all non-zero elements contained
in the subspaces W;. Since Wr is a direct sum of the W, for every
element w € Wr there is a uniquely determined subset Q(w) = Q such
that |Q(w)N W;| < 1 for every i € T and w is equal to the sum of all
elements in (w). Moreover, w € Cw,(Y) if and only if Y stabilizes Q(w)
as a whole. Suppose first that Y N X; is not contained in Xo; for some
(and hence for all) i € 4. Then Y N X; contains an element inverting
W;. Hence if u € W; then the orbit of u under Y contains —u. Thus
in this case there are no non-zero elements in Wy centralized by Y. If
Y NX; < Xo;, then Y N X; centralizes W; and for every non-zero element
u € W; the sum o(u) of all its images under Y is a non-trivial element
from Cy,(Y). Furthermore, for u,v € W; and 4,1 € IF we have

Ao(u) + po(v) = o(lu + uv).

Finally, since T is a Y -orbit, every orbit of Y on Q intersects Wi# and
the result follows. a

Definition 6.1.4 An orbit T of Y on F will be called untwisted if Y NX; <
Xo; for every i € T and twisted otherwise.

By (6.1.3) we have the following.
Lemma 6.1.5 In the above notation Cw(Y) is an IF-subspace in W whose
dimension is equal to the number of untwisted orbits of Y on 7 = G/X. O

Let us give a reformulation of the above result in terms of complex
characters. Notice that the number of untwisted orbits has nothing to do
with the field IF and it is uniquely determined by the triple (X, Xy, Y) of
subgroups in G.

Lemma 6.1.6 In the above terms assume that F = C. Let xo be the char-
acter of Wy and x = x§ be the induced character of W. Then

dim Cw(Y) = (xly,1y).
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When constructing the covers we will always take IF to be GF(3), but
the above lemma shows that the calculations of the centralizers can be
carried out in the complex number field (provided that the corresponding
characters are known). Finally (6.1.5) implies a purely group-theoretical
condition for the triviality of Cy (Y).

Lemma 6.1.7 In the above terms Cw(Y) is trivial if and only if for every
2 € Gwehave YENX +YENX,. |

6.2 A characterization of %(3 - Sp4(2))

In this section we apply the strategy outlined in the previous section to
construct the rank 2 T-geometry %(3 - Sp4(2)) as a 1-cover of the gen-
eralized quadrangle %(Sp4(2)) of order (2,2). This construction provides
us with a characterization of the rank 2 T-geometry as well as with a
background for construction of the infinite series of T-geometries.

Hypothesis 6.2.1 Gisa group having a normal subgroup Y of order 3 such
that G/Y = Syms. The centralizer C of Y in G is a perfect group having
index 2 in G. This means that C is a non-split central extension of Altg by
Y and Y is inverted by the elements of G which map onto odd permutations
of Symg.

We will prove a sequence of lemmas which are of independent interest
and imply the following.

Proposition 6.2.2 There exists a unique (up to isomorphism) group G which
satisfies Hypothesis 6.2.1, and G is the automorphism group of the rank 2
T-geometry 9(3 - Spa(2)).

First observe that by (2.6.1) the automorphism group G of the rank 2
T-geometry satisfies the conditions of Hypothesis 6.2.1.

We are going to construct a group which contains every group satisfying
Hypothesis 6.2.1 as a subgroup. Let G = Symg = Sps(2)), X be a
subgroup in G isomorphic to Syms and Xy be the commutator subgroup
of X isomorphic to Alts. Let Q = {1,2,3,4,5,6} denote the set of cosets
of X in G. Let X; be the stabilizer in G of the coset i and Xgy; be
the commutator subgroup of X; (which is the intersection of X; with
the commutator subgroup of G, isomorphic to Altg). We assume that
X=X
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Let Wy be a 1-dimensional GF(3)-vector—space on which X acts by the
following rule: the elements from X, centralize Wy while every element
from X\ Xy inverts Wy. Let W be the GF(3)-module for G induced from
Wo. Then W possesses the direct sum decomposition

w =P w
ieQ
into 1-dimensional submodules permuted naturally by G. Moreover W,
and Wy are isomorphic as X-modules. Furthermore, X; and Xo; are the
normalizer and the centralizer of W; in G, respectively, for 1 < i < 6.
Notice that whenever an odd element g € G normalizes a subspace W,
g inverts W;.

When restricted to G’ = Altg the module W becomes the permutational
module of G’ acting on Q. The centralizer of G’ in W is a 1-dimensional
submodule Z. A generator z of Z is the sum over the orbit under G’
of a non-zero element from W; for some i € Q. It is clear that Z is a

submodule for G, inverted by every odd element (i.e. by every element
from G\ G').

Lemma 6.2.3 Let G be a group which possesses a homomorphism ¢ onto G
whose kernel is elementary abelian of order 3% and as a GF(3)-module for
G = Symg the kernel is isomorphic to the module W defined above. Then
G is isomorphic to the semidirect product W : G =38 : § ym.

Proof. The 3-part of the Schur multiplier of Alts is trivial and hence
by (6.1.2) G splits over the kernel of ¢ and the result follows. ]

Lemma 624 Let G be a group satisfying Hypothesis 6.2.1. Then G is
isomorphic to a subgroup of the group G defined above.

Proof. By the construction there is an action of G on W. By Hypoth-
esis 6.2.1 there is a surjective homomorphism y of G onto G. Define the
action of G on W so that g € G acts as y(g) € G (in particular Y is the
kernel of the action). Let G be the semidirect product of W and G with
respect to this action. Then Y and Z are normal subgroups of order
3 in G. Each of these two subgroups is centralized by the commutator
subgroup of G and is inverted by every element outside the commutator
subgroup. Let U = (Y,Z). Then U is elementary abelian of order 9 and
besides Y and Z it contains two “diagonal” subgroups of order 3, which
we denote by U; and Us. Then for i =1 and 2 the subgroup U; is normal
in G and U;nW = U;NG = 1. Hence both W and G map isomorphically



278 From C,- to T,-geometries

onto their images in G; := G/U;. It is easy to check that G; satisfies the
hypothesis of (6.2.3) and hence G; = G which means that G contains a
subgroup isomorphic to G. Notice that if ¢ is the automorphism of G
which centralizes G and inverts every element in W, then o(U;) = U3
fori=1 and 2. a

Lemma 6.2.5 Let &/ = {Py, P,} be the amalgam of minimal (which are also
maximal) parabolic subgroups corresponding to the action of G = Sym;
on 9(Sps(2)). Then every group G satisfying Hypothesis 6.2.1 is gener-
ated by its subamalgam o which maps isomorphically onto o under the
homomorphism of G onto G.

Proof. We have Py =X P, = Symyx2and B=P NPy = Dgx2isa
Sylow 2-subgroup of G. Let R; = 0,(P;). Then R; is elementary abelian of
order 23, it contains odd elements of G and P; = Ng(R;) for i =1 and 2.
Let v be a homomorphism of G onto G and let B be a Sylow 2-subgroup
in p~1(B). Then the restriction y; of y to B is an isomorphism onto B.
Let E = tpl_l(R,-) for i = 1 and 2. Since R; contains odd elements of G, we
have Cy(R;) = 1. Now the Frattini argument (compare (6.1.1)) implies
that the subamalgam & = {NE(RI ), NE(RZ)} maps isomorphically onto
k-4 .~Sin0e G does not split over Y, this subamalgam generates the whole
of G. a

Lemma 6.2.6 The group G (up to conjugation in its automorphism group )
contains at most two subamalgams which map isomorphically under ¢ :
G — G onto the subamalgam </ of minimal parabolic subgroups associated
with the action of G on 9(Sp4(2)). One of these subamalgams generates a
complement to W in G.

Proof. Let of = {Pl,Pz} B = PiNP,, R = 0(Py), so that P; = Ng(R;)
for i =1 and 2. Let & = {Pl,Pz} be the subamalgam in G which
maps isomorphically onto .« under ¢. Since G = W : G, at least one
such subamalgam is contained in the complement to W. Notice that
B:=P,NPisa Sylow 2-subgroup in the full preimage of B in G. Hence
B is uniquely determined up to conjugation and without loss of generality
we assume that B is contained in the complement G to W in G. The
restriction ¢; of ¢ to B is an isomorphism onto B. For i = 1 and 2 let
R = o7!(R;) and N; = NE(R,-). Then R; < N; and by Frattini argument
NiNnW = Cw(R) and N;/Cw(R;) = P;. Thus we have to calculate the
centralizers in W of R; and R;.
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Without loss of generality we assume that Py is the stabilizer in G of
the partition Q = {1,2}U{3,4} U{5,6} and P, is the stabilizer in G of the
pair {1,2}. Then the orbits of Ry on Q are the pairs forming the partition.
The transposition (1,2) is contained in Ry and it stabilizes the subspace
W; for i > 3. Since this transposition is an odd element, it inverts every
subspace W; which it normalizes. Since the transposition (3,4) is also in
Ry, it is clear that all orbits of R; on € are twisted.

The orbits of R, on Q are {1,2} and {3,4,5,6}. Since the transposition
(1,2) is contained in R, as well, the orbit of length 4 is twisted. On the
other hand since every odd element from R, switches the elements in the
orbit of length 2, this orbit is untwisted.

Thus P1 N1 is umquely detenmned and it is contained in the
complement G to W in G. But N; is an extension of P, by the subgroup
Cw(Ry) of order 3. Since P, contains the transpos1t10n (3,4), it induces a
non-trivial action on Cy/(R;). This implies that Nz/Rz is an elementary
abelian group of order 32, extended by an involutory fixed-point free
automorphism. By the definition Pz is a subgroup of index 3 in N,
containing the Sylow 2-subgroup B of N, which maps isomorphically
onto P, under ¢. It is easy to see that there are exactly four subgroups
of index 3 in 1\72 containing §, say §j for 1 < j < 4. One of them,
say §4, has non-trivial intersection with W and for this reason cannot
map isomorphically onto P,. Each of the remaining three subgroups
does map isomorphically onto P, and hence forms together with Pia
subamalgam which maps isomorphically onto /. We can assume that S3
is contained in the complement G to W in G and hence {ﬁl, §3} generates
this complement. Let ¢ be the automorphism of G which commutes with
the complement G and inverts every element from W. Then it is easy
to see that o(§,~) = §3_j for j = 1 and 2. Hence up to conjugation in
the automorphism group of G there are two subamalgams &/ which
map isomorphically onto & and one of them generates a complement
to W. m]

Now (6.2.2) follows from (6.2.4), (6.2.5) and (6.2.6). As a corollary we
observe that the subamalgams {ﬁl,gl} and {ﬁ1,§3} are not conjugate
in the automorphism group of G since they generate non-isomorphic
subgroups.

Notice that G = Syms contains two conjugacy classes of subgroups
isomorphic to Syms fused in the automorphism group of G. So there are
two possibilities for the module W which are equivalent with respect to
the automorphism group. On the other hand the outer automorphism of
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G performs a duality of the geometry %(Sp4(2)). In what follows we will
need some information on the action of the parabolics P; and P, on the
module W irrelevant to the above duality. This information is contained
in the following two lemmas. The former one is a reformulation of (6.2.6).

Lemma 6.2.7 Consider %(Sps(2)) as a geometry of 1- and 2-dimensional
totally singular subspaces of a 4-dimensional GF(2)-space V with respect
to a non-singular symplectic form. Let P; be the stabilizer in G = Sp4(2) =
Syms of a totally singular (3 —i)-dimensional subspace and let R; = O»(P;)
fori=1, 2. Let W be a GF(3)-module for G induced from the unique
non-trivial 1-dimensional module Wy for a subgroup X = 0;(2) = Syms
in G which stabilizes in V a quadratic form. Then Cw(Ry) is trivial and
Cw(Ry) is 1-dimensional. O

Lemma 6.2.8 In terms of (6. 27) let G=W :G. Then, up to con]ugatlon
in the automorphism group of G, there are exactly two subamalgams in G
which map isomorphically onto the subamalgam </ of minimal parabolic
subgroups associated with the action of G on 9(Sp4(2)). Moreover, one
of the subamalgams generates a complement to W while the other one
generates a subgroup isomorphic to the automorphism group 3 - Sps(2) of
the rank 2 T-geometry.

Proof. By (6.2.6) up to conjugation there are two subamalgams & inG
with the prescribed properties and one of them generates a complement to
W. The automorphlsm group G of g(3 - Spa(2)) satisfies Hypothe31s 6.2.1
and by (624) G is a subgroup of G. Finally by (6.2.5) G is generated
by a subamalgam & which maps isomorphically onto &/ and the result
follows. m|

6.3 Dual polar graphs

In this section we introduce notation to be used till the end of the chapter
and discuss some further properties of C,(2)-geometries.

Let V be a 2n-dimensional GF(2)-space, n = 3, and ¥ be a non-singular
symplectic form on V. If {v},..,v},0%,..,02} is a (symplectic) basis of V

then we can take
Y (v, v5) = 8031

Let ¥ = 9(Sp»:(2)) be the C,(2)-geometry associated with the pair (V, ¥)
(Section 1.8). Since n > 3, by (1.6.5) G == Sp,,(2) is the only flag-transitive
automorphism group of 4.
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Let I" be the dual polar graph of 4 whose vertices are the elements
of type n in ¥ and two vertices are adjacent if they are incident to a
common element of type n — 1. In other terms the vertices of I are
maximal (n-dimensional) totally singular subspaces in V and two such
subspaces are adjacent if their intersection is (n — 1)-dimensional.

The following result can be found in [BCN89], Theorem 9.4.3.

Lemma 6.3.1 With I" and G as above the following assertions hold:

(i) T is distance-transitive of diameter n with the following intersection
numbers: ¢; = a; = [;]2 bi=2 (['1']2 - [;]2) for0<i<n;

(ii) G acts distance-transitively on I';

(iii) for x,y € T" we have d(x,y) =i for 0 <i < n if and only if
dim (xNy)=n—i;

(iv) every edge of T is in a unique triangle and whenever T is a triangle
and x is a vertex there is a unique vertex y € T such that d(x, T) =
d(x,y);

(v) if x € T then the subgraph induced on T'y(x) is connected. |

Let U be an element in 4 of type n — i where 0 < i < n— 1. Define
I'(U) to be the subgraph of I" induced on the vertices which are incident
to (which means contain) U. It is easy to see that I'(U) consists of a
single vertex if i = 0, otherwise it is isomorphic to the dual polar graph
of the geometry 4(Sp»i(2)) associated with the pair (U*/U, V') where ¥’
is the form induced by ¥ on UL /U. The subgraph I'(U) will be called a
geometrical subgraph of type n—i in I'. The geometrical subgraphs of type
n — 2 are isomorphic to the point graph of the generalized quadrangle
of order (2,2) and will be called quads. The whole graph I' can be
considered as a geometrical subgraph of type 0. Since T'(U) = I'(W)
if and only if W < U, it is easy to see that the mapping U — I'(U)
establishes an isomorphism of 4 onto the geometry whose elements of
type j are geometrical subgraphs in I of type j, 1 < j < n, and the
incidence relation is via inclusion.

Since a geometrical subgraph of type n — i is isomorphic to the dual
polar graph associated with %(Sp.(2)) and since by (6.3.1 (i)) the inter-
section parameters ¢; and a; are independent of n we have the following.

Lemma 632 If x,y € I" with d(x,y) = i then T'(x N y) is the unique
geometrical subgraph of type n — i containing x and y. Every geometrical
subgraph in T is strongly geodetically closed. a
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Proposition 6.3.3 The geometry 9(Sp2.(2)) is 2-simply connected.

Proof. Let & be the incidence system of rank n which is the universal
2-cover of ¥ = %(Sp2,(2)), let ¢ : % — & be the universal 2-covering and
let T be the graph on the set of elements of type n in % in which two such
elements are adjacent if they are incident to a common element of type
n—1. Let {V,..., V,,} be a maximal flag in ¥ where V; is of type i. Since
resg(V,) is a projective geometry, it is 2-siraply connected. In addition any
two elements of type n in ¢ are incident to at most one common element
of type n—1. From this it is easy to conclude that ¢ induces a covering of
T onto T (which we denote by the same letter ¢). Since ¢ is a 2-covering,
the subgraph in T induced by the vertices incident to an element of
type n — 2 maps isomorphically onto a quad in I'. In view of (6.3.2) this
implies that the cycles in T of length 3, 4 and 5 are contractible with
respect to ¢. Thus to prove the proposition it is sufficient to show that
the fundamental group of I' is generated by its cycles of length 3 and 4.
The latter is equivalent to the statement that every non-degenerate cycle
in T can be decomposed into triangles and quadrangles. We proceed by
induction and assume that the statement is true for all geometries under
consideration of rank less than n. By (6.3.2) every non-degenerate cycle
of length 2i or 2i+ 1 is contained in a geometrical subgraph of type n—i
and hence unless i = n it is decomposable by the induction hypothesis.
Let C = (Yo, Y1, s Yn—1»> Vs Vnt1> - Y2n = Vo) be a non-degenerate cycle of
length 2n, which means that y, € T'x(y0), ¥n—1, Vn+1 € In—1(¥0). We claim
that there is a vertex z € I',—2(yo) which is adjacent to both y,_; and
Ya+1. In fact, considering the vertices in C as subspaces in ¥ which are
maximal isotropic with respect to ¥, we can put

z= (yn—l O Yat1s Vn—1 N Ynsa )i N ,Vo)

and it is straightforward to check that z possesses the required properties.
Hence C can be decomposed into a quadrangle and two cycles of length
2n — 2. Now let D = (yy, ..., y2n+1) be a non-degenerate cycle of length
2n+ 1. Then by (6.3.1 (iv)) the unique vertex z adjacent to both y, and
Vn+1 18 contained in I',_1(yo), which shows that D is decomposable into
a triangle and two cycles of length 2n. O

Certainly the above proposition is nothing but a special case of (1.6.4)
and we present a proof for the sake of completeness and to illustrate on
an easy example the technique of decomposing cycles.

As above let ® = {V,V>,..,V,} be a maximal flag in 4. Let & =
{P; | 1 <i < n} be the amalgam of minimal parabolic subgroups in G
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associated with ®, # = {G; | 1 < i < n} be the amalgam of maximal
parabolics and € = {P;; | 1 < i < j < n} be the amalgam of rank 2
parabolics. Let B = (),_, P; be the Borel subgroup. For 1 <k < n let
¢W = {P; |1 <i<j<nk¢{ij}} By (6.3.3) ¢ is 2-simply connected.
Since every rank 2 parabolic P;; is contained in at least one of G,_,, G,—1
and G,, we have the following,

Lemma 6.3.4 In the above terms G = Spy,(2) is the universal completion
of the amalgam € as well as of the amalgam {G,—3,Gn—1,Gp}. If k = n
or n— 1 then the parabolic Gy is the universal completion of the amalgam
&®. m]

Let Q; = 02(G;) and R; = 02(P;) for 1 < i < n. Then Q; is the kernel of
the action of G; on resg(V;) and G;/Q; = Li(2) X Spam-—2i(2) for 1 <i<n
where L;(2) and Spy(2) are assumed to be the identity groups.

The element x = V, is a vertex of I" and G, = G(x) is its stabilizer
in G. We need some more detailed information on the structure of this
parabolic. As usual let G;(x) denote the elementwise stabilizer in G of all
the vertices which are at distance at most i from x in I

Lemma 6.3.5 The following assertions hold:

(i) if y € [n(x) then H := G(x)NG(y) is isomorphic to L,(2), x can be
considered as the natural module for H, in which case y is the dual
of the natural module; G(x) is the semidirect product of Q, and H ;

(i) Go(x)=1;

(iii) Qn is elementary abelian of order 2"+m/2;

(iv) Q, is a quotient of the permutational GF(2)-module of H acting on
the set of non-zero vectors in x;

(v} Q./Gi(x) is isomorphic to x as a module for H;

(vi) Gy(x) is isomorphic to /\2 X as a module for H.

Proof. The group G, = G(x) induces the full automorphism group
L,(2) of the projective space resg(x). The kernel of the action is contained
in the Borel subgroup which is a 2-group. Hence the kernel is exactly
Q.. In terms of the symplectic basis we can put x = (vl,..,0!) and
y = (v?,..,v2) in which case it is clear that G(x) N G(y) = GL(x) = L,(2)
is a complement to @, in G, and (i) follows. One can see from the
intersection numbers of I" that any two vertices in I" have at most three
common neighbours. If g € Gy(x) and z € I';(x) with z8 = z then seven
vertices in I'>(x) N I'(z) must be common neighbours of z and z# which
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is impossible. Hence G2(x) = G3(x) and (ii) follows from (9.1.4). Thus Q,
acts faithfully on {x} UI'(x) UT;(x) i.e. on the union of quads containing
x. Since Q, stabilizes every such quad as a whole, by (2.5.3 (v)) Q, is
elementary abelian. By (i) and (6.3.1 (ii)) Q, acts regularly on I',(x) whose
size is 20" +"/2 and (iii) follows.

Let y € T'y(x). Then there is a bijection ¢ between the non-zero vectors
in x and the vertices in I'(y) N T(x). To wit, for u € x* we have

() = (yNu',u+uy), where u; €y\(ynut).

It is straightforward to check that the transvection t(u, (u)*) is contained
in Q, and maps y onto (u). By (6.3.1 (v)) the subgraph induced by I'(x)
is connected and hence such transvections taken for all non-zero vectors
u in x generate a subgroup acting transitively on I',(x). This subgroup is
clearly Q, and (iv) follows.

Considering the transvections t(u, (u)'), it is easy to observe that
Q./G1(x) is non-trivial. Let IT, be the projective space dual to resg(x),
so that the points of II, are the triangles in I' containing x. For such
a triangle T let K(T) be the elementwise stabilizer of T in Q,. Then
K(T) has index 2 in Q,. Triangles T), T, T3 form a line in IL, if and
only if they are contained in a common quad. By (2.5.3 (iv)), in this case
K(T)NK(T;) < K(T3). Hence the dual of Q,/G(x) supports a natural
representation of IT, and (v) follows from (1.11.1).

By (ii), (iii) and (v) Gi(x) is non-trivial and it acts faithfully on I'x(x).
By (2.5.3 (vi)) the dual of Gi(x) is generated by subgroups of order 2
indexed by the quads containing x, i.e. by the lines of I1,. By (v) such
subgroups corresponding to quads containing a given vertex z € I'1(x)
generate the natural module of (G(x) N G(2))/02(G(x) N G(z)) = L,—1(2),
so (vi) follows from (2.4.6). m]

Notice that in terms of (24.7) Q, is isomorphic to the quotient
W /(W' W3) of the permutational GF(2)-module W of H acting on
1-dimensional subspaces of x.

We formulate the following direct consequence of (6.3.5) and (24.7
(vi)).

Lemma 6.3.6 Let X be the quad in T stabilized by G,—>. Let H be the
full preimage in G,_> of the subgroup of index 2 in G,_2/Qp-2 isomorphic
to L,_2(2) x Altg. Then Q, contains elements which are not contained in
H. m]
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6.4 Embedding the symplectic amalgam

We follow the notation introduced in the previous section. In addition
let A be the set of quadratic forms of minus type on V associated with
¥ in the sense that if f € A then

Y(o,u) = f(v +u)+ f(v) + f()

for v,u € V (notice that since the characteristic is 2 there is no difference
between plus and minus). The group G acts transitively on A; the sta-
bilizer O(f) of f € A in G is the orthogonal group 0;,(2) containing a
subgroup Q(f) of index 2 which is the non-abelian simple group Q. (2).
We have

|A| = [Sp2:(2) : 05,(2)] = 212" —1).

The following result (p. xii in [CCNPW]) enables one to distinguish
the elements from Q(f) and those from O(f) \ Q(f).

Lemma 6.4.1 An element g € O(f) is contained in Q(f) if and only if the
dimension of Cy(g) is even. ]

Recall that Q; is the kernel of the action of Gy on ¥} = VIJ-/ V). Since
¥V, is 1-dimensional, ¥, is (2n — 2)-dimensional, ¥ induces on this space
a non-singular symplectic form ¥ and G,/Q; = Spa._2(2) acts as the full
stabilizer of ¥. Let ¢ be the transvection with centre w and axis (w)',
then it is easy to see that ¢ is in the centre of Q;.

Lemma 6.4.2 Let a be a non-identity element in Q,. Then

2n—1 if a=c;

dim Cy(a) = { 2n—2 otherwise.

Proof. Since a acts trivially on ¥, we have v®—v € V; foreveryv € VIJ-.
Suppose first that a acts trivially on Vi*. Then v* — v € (Vi*)* = V; for
every v € V. Hence a = ¢ and V(a) = Vi-. Now suppose that a acts non-
trivially on V. Then X = Cy(a) N Vi* has dimension 2n — 2. Suppose
that a centralizes a vector v € V \ Vit. Then for every u € Vit \ X we
have ¥(v?,u?) = ¥(v,u + w) #* ¥(v,u) where w is the non-zero element
from Vj. This contradiction shows that Cy(a) = X. a

Let fo € A and O(fo) = 05,(2) be the stabilizer of fo in G. Let Wy
be a 1-dimensional GF(3)-space on which O(fy) acts by the following
rule: all elements from Q(fo) centralize W, and every element from
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O(fo) \ Q(fo) inverts Wy. Then W, becomes the unique non-trivial 1-
dimensional GF(3)-module for O(fy). Let W = W(n) be the GF(3)-
module for G induced from W, Then W possesses the direct sum

decomposition
w=Dw.
feA

where W; is a 1-dimensional subspace whose normalizer and centralizer
in G are O(f) and Q(f), respectively.

Let G = W : G be the semidirect product of W = W(n) and G
with respect to the natural action and ¢ : G — G be the canonical
homomorphism. We are going to classify the subamalgams in G which
map isomorphically onto &/ under ¢. By Section 6.1 in order to classify
these subamalgams we have to describe the centralizers in W of the
subgroups R; for 1 < i < n. We proceed by induction on n noticing that
W (2) is the module for Sp4(2) = Syms as in Section 6.2 and we assume
that n > 3.

Our nearest goal is to describe Cw(Q;). Since Gy is the stabilizer in
G of a 1-dimensional subspace in V, by Witt’s theorem (Theorem 7.4
in [Tay92]), G; has exactly two orbits on A. One of these orbits, say
A, contains all forms from A vanishing on V; and the other orbit, say
A,, contains the remaining forms. We claim that ¢ € O(f) for every
f € A;. In fact, ¢ acts trivially on Vi and for v € V \ Vi- we have
f@°) = f(v + w) = f(v) + f(w) + ¥(v,w). Since both f(w) and ¥(v,w)
are equal to 1, f(x°) = f(x) and the claim follows. By (6.4.1) and (6.4.2)
¢ ¢ Q(f) and hence we have the following.

Lemma 6.4.3 Every Qq-orbit in A; is twisted. o

Now let f € A;. If a € @y then f® coincides with f on V. But one
can easily check that there is a unique form g € A; distinct from f which
coincides with f on Vi and the element ¢ switches f and g. This and
(6.4.2) imply the following.

Lemma 6.4.4 Every Qq-orbit on A, is untwisted and of length 2. i

Every form f € A; induces a quadratic form f of minus type on ¥
and g = f if and only if g = f or g = f°. Hence G; = G;/Q; acts on
the set of pairs {f,f} as it acts on the set of minus forms defined on
71 and associated with . Hence Cw(Q;) is a module for G; induced
from a 1-dimensional GF(3)-module for its subgroup O(f) = 05, ,(2).
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Since G; N O(f) is a maximal parabolic subgroup in O(f) (the stabilizer
of the 1-dimensional subspace V; isotropic with respect to f), it contains
a Sylow 2-subgroup of O(f). This means that A, is a twisted orbit for
G, and the above mentioned 1-dimensional GF(3)-module for O(f) is
non-trivial. This gives the following.

Lemma 6.4.5 As a GF(3)-module for G, = G,/Q; = Span_2(2) the central-
izer Cw(Q1) is isomorphic to the induced module W(n — 1). In particular
dim Cw(Q;) = 2"3(2*1 —1). a

For1 £ j<n-—11let N; =ﬂ{=1G,~ so that Gy = N; > Ny > ... >
Nyn—1 = P,. It is easy to see that O,(Ni11) = 02(N;) and the image of
Nit1 in N;/O2(N;) = Sp2,—2i(2) is a maximal parabolic subgroup which
is the stabilizer of a 1-dimensional subspace in the (2n — 2i)-dimensional
space V;*/V; for 1 <i < n—2. By (6.4.5) this enables us to calculate the
dimensions of the Cy (02(N;)) inductively and we arrive at the following
lemma (recall that R; = 0,(P;)).

Lemma 64.6 dim Cw(0x(N;)) = 2"1(2"% — 1) and in particular
dim Cw(R,) = 1. 0

Notice that Cy(02(N,—3)) is the 6-dimensional module W (2) associated
with N,_2/02(Nyp—2) = Sps(2) and hence the latter equality in the above
lemma is consistent with (6.2.7).

An important role in the subsequent construction will be played by
the following.

Lemma 6.4.7 The parabolic G,_, normalizes but does not centralize C =

Cw(Ry). m

Proof. Let U =V,_;, T be the set of forms in A vanishing on U and

E=Pw;.
fex
Then by the arguments before (6.4.6) Cw(R,) < E. Since the forms in £
are of minus type, U is a maximal totally singular subspace to each of
them. We claim that Q,_; acts transitively on X. Recall that an element
from G is contained in Q,_; if and only if it acts trivially both on U and
on UL/U. Let f,g € Z. Then both f and g vanish on U and equal 1 on
UL\ U. There is a linear transformation a of ¥ which maps f onto g. By
Witt’s theorem there is a linear transformation b of V which preserves
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g and realizes (a|y.)™! on (U1)®. Then ab maps f onto g (and hence
preserves the form W) and acts trivially on U+. Hence ab € Q,_; and the
claim follows.

Since X is a Q,_j-orbit, dim Cg(Q,-1) < 1. On the other hand C <
Cg(Qn_1) since Q,_; < R,. Hence C = Cg(Q,-1). Since E is invariant
under G,_; and Q,_; is normal in G,_;, we conclude that C is invariant
under G,-;. Finally by the arguments as before (6.4.6) the action of G,
on C is non-trivial. ]

Lemma 6.4.8 Cy(Q,) = 0.

Proof. Since V, is maximal totally isotropic with respect to ¥, for
any two forms f and g from A their restrictions to V, have radicals of
codimension 1. Hence these restrictions are equivalent in the sense that
there is a linear transformation of ¥V, which maps one restriction onto
the other. Now arguments similar to those from the proof of the previous
lemma show that there is an element in G, which maps f onto g. Hence
G, is transitive on A and the orbits of Q,, on A are either all twisted or all
untwisted. On the other hand there are twisted orbits since the element
¢ from the centre of Q; acts trivially on V, and hence ¢ € Q,. a

Now we are ready to prove the main result of the section.

Proposition 6.4.9 The group GXW :G= W(n): Spu(2) contains (up to

" conjugation in its automorphism group) at most two subamalgams & which
map isomorphically onto </ under @. One of the subamalgams is contained
in the complement G to W.

Proof. Let of = {1~J | 1 <i < n} be as stated and B be the Borel
subgroup of &. Then B is unlquely determined up to conjugation since
it is a Sylow 2-subgroup of G. We assume that B is contained in the
complement G to W. Let R; be the preimage of R; in B for 1 < i < n. For
1 < i < n—1 R; contains Q, whose centralizer in W is trivial by (6.4.8) and
hence P; = NE(R*) is uniquely determined. By (6.4.6) dim Cy/(R,) = 1 and
arguing as in the proof of (6.2.6) we see that there are three candidates
for P,. One of then, say Si, is contained in the complement to W while
two others, say S, and S, are permuted by the automorphism of G which
commutes with G and inverts W. a

6.5 Constructing T-geometries

We use the notation as in the previous section. Let o = {13,- |[1<i<n}
denote the subamalgam in G which maps isomorphically onto 4 under
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the canonical hgmonprphism ¢ and such that, in terms of that of the
proof of (6.4.9) P, = S,. For k =n and n— 1 put

Jh=(Pll1<is<n i#k).

Lemma 6.5.1 Under ¢ the subamalgam & = {Jus Ju—1} maps isomorphically
onto the subamalgam 2 = {G,, G,_}.

Proof. The preimage Q,, of @, in B is contained and normal in P; for
every 1 <i<n-—1. Hence J, < NE(Q,,) and by (6.4.8) the restriction of
¢ to J, is an isomorphism onto G,. This implies that (P; | 1 <i<n—2)
(which is in J, N J,—;) maps isomorphically onto G, N G,_;. This means
that all we have to show is that J,_; maps isomorphically onto G,_;.
Let C = Cw(R,) and F = (G,_;,C). By (64.7) F = C : G,_; and since
Q.—1 < Ry, C is centralized by Q,—;. Since C is centralized by R, and
normalized by G,—y, it is easy to see that C is centralized by G}_; and
hence the latter is normal in F. Then F/G}_, is an elementary abelian
group of order 9 extended by a fixed-point free involution. Now it is
easy to see that J,_; and P, have the same image in F/G?_, isomorphic
to Syms;. This shows that J,_; maps isomorphically onto G,_; and the
result follows. m|

Lemma 6.5.2 Let
Sn,n—l = (ﬁm ﬁn—l)-

Then the quotient S, ,—1/02(Sn 1) is isomorphic to the automorphism group
of the geometry 4(3 - Sps(2)).

Proof. Let Ql be the preimage of Q; in B. Then by (6.4.5)
N3(01)/01 = Cw(Q1) : (G1/Q1) = W(n—1) : Span_2(2).

Clearly P, and P,_, are contained in Na(él). Thus proceeding by induc-
tion on n, we reduce the calculations into the group W(2) : Sps(2) and
apply (6.2.8). m]

As above let I' be the dual polar graph of 4. Every element U € 4 can
be identified with the geometrical subgraph I'(U) so that the incidence
relation is via inclusion. Let T'® = [(V;). Then I'™ = {x} is a vertex,
™1 is a triangle, "2 is the point graph of the generalized quadrangle
of order (2,2) and for 1 < i < n—3 T’ is the dual polar graph of res}(V;).
Every edge of T is in a unique triangle which represents an element of
type n — 1 incident to both ends of the edge. The parabolic G, is the
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stabilizer of x in G and it induces the natural doubly transitive action of
L,(2) on the set of triangles containing x. For 1 < i < n— 2 the subgraph
') can also be defined as the one induced on all the images of x under
G; and since ¥ is connected we have G; = (G, N G;,G,_1 N G;).

Let J = J(n) be the subgroup of G = G(n) generated by & = {Tns Jn—1}-
By (6.5.1) the restriction ¢; of the canonical homomorphism ¢ to P is
an isomorphism onto 2 = {G,, G,_}. Define J; to be the subgroup in J
generated by ¢71(G,N G;) and ¢7(G,_1NG;) for 1 <i<n—2.LetT be
the graph whose vertices are the cosets of J, in J and two vertices are
adjacent if they intersect in a common coset of J,—;. Then by (6.5.1) the
restriction of ¢ to J induces a covering w of " onto I'. Let I = {%}
be the vertex J, - 1 and I be the triangle formed by the vertices
intersecting J,_; - 1. Then obviously y(%) = x and p(I'®D) = "D Let
' be the subgraph in T induced by all the images of X under J;. Because
of (6.5.1) T® can equivalently be defined as the connected component
containing X of y~1(I'®).

Let # = #(n) be the geometry whose elements are all the vertices and
triangles of I" as well as all the images under J of the subgraphs I'®
for 1 < i < n—2. The incidence relation is via inclusion and the type
function is inherited from %.

Proposition 6.5.3 # = #(n) is a T-geometry of rank n, possessing a 1-
covering onto 4, and J = J(n) acts on ¢ faithfully and flag-transitively.

Proof. The only claim we still have to prove is that # is a T-
geometry. For this we have to show that T2 is the point graph of
%(3 - Spa(2)). Let L be the kernel of the action of G,—, on res}(V,—2).
Then L is the largest subgroup of G, N G,—; which is normal in G,
and G,—»/L = G}, = Sps(2). Let L = @7 (L). Then L is the largest
subgroup of J, NJ,_; normal in J,_5. Then J, /L & Sn,n—lL/L and
Spn_1 N L = 05(S,_1). Hence by (6.5.2) we have J,_»/L 23 Spy(2). O

It follows from the construction that {J; | 1 <i < n} is the amalgam
of maximal parabolics which corresponds to the action of J on #.

6.6 The rank 3 case

Let # = #(n) and J = J(n) be as in (6.5.3). In this and the next
two sections we specify the structure of J and show that ¢ is 2-simply
connected.
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Recall that, if 5# is a geometry, we write 5 for the set of elements
of type i in & and, if ® is a flag in o, then res,(®) denotes the
set of elements of type i incident to ©. Let K be the kernel of the
homomorphism of J onto G = Sp,,(2), which is the restriction of .
Then K = J N W, in particular K is an elementary abelian 3-group. It
is easy to deduce from the proof of (6.5.3) that Gn—2 NK is of order 3.
In view of the flag-transitivity this implies that for every element x of
type n — 2 in # the intersection K, of K and the stabilizer of x in J is a
subgroup of order 3.

Lemma 6.6.1 K = (K, | x € #*72).

Proof. It is clear that L = (K, | x € #"2) is normal in J and
the image in J/L of the amalgam {J,—3,Jn_1,J,} is isomorphic to the
subamalgam {G,_2, G,—1,G,} in G. By (6.3.4) J/L = G = Sp;,(2) and the
result follows. m|

We are intending show that in order to generate K it is sufficient to
take the subgroups K, for all elements x of type n — 2 incident to a
fixed element of type n. For this purpose we use the following result
established in [Hei91] and independently in [ISh89b] (in both cases
computer calculations were used).

Proposition 6.6.2 Let & be a T-geometry of rank 3 and F be a flag-
transitive automorphism group of % . Suppose that F possesses a 1-covering
onto 9(Spe(2)) which commutes with the action of F. Then F is isomorphic
to a non-split extension 37 - Spe(2), O3(F) is isomorphic to the E;-lattice
taken modulo 3 and F/O3(F) = Spe(2) acts irreducibly on O3(F) as a
subgroup of Cox(E7) = Spe(2) x 2. m]

This immediately gives

Corollary 6.6.3 The geometry #(3) is simply connected and J(3) is isomor-
phic to the group F from (6.6.2). m]

In the remainder of the section we deal with the case n = 3 only.
Let y be an element of type 3 in # stabilized by J; in J. Since J3 maps
isomorphically onto a maximal parabolic in Spe(2) and J3 = 26 : L3(2) by
(6.3.5), where 0,(J3) is a direct summand of the permutational module
of J3/02(J3) = L3(2) acting naturally and doubly transitively on the
elements of type 1 incident to y. For x € #! let K, be the subgroup of
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order 3 in K as in (6.6.1). Then J; stabilizes as a whole the set
By = {K, | x € tess(»)'}

of seven such subgroups indexed by the elements of type 1 incident
to y. The subgroup 0,(J3) normalizes every K, € B,. Moreover, g €
0,(J3) inverts K, if and only if g projects onto an odd element in
J(x)/043(J(x)) = Symg and by (6.3.6) there are such elements in 0,(J3).
Since J3/0,(J3) permutes the subgroups in B, doubly transitively, this
shows that different subgroups in B, have different centralizers in O1(J3).
Hence the subgroups in B, are linearly independent and hence they
generate the whole of K.

Lemma 664 Let n = 3 and y € #3. Then the subgroups in the set
By, ={K, | x € res s(y)'} are linearly independent and generate K. ]

The set B, of subgroups from K as in (6.6.4) will be called the special
basis of K associated with y. Of course, in order to obtain a basis in the
ordinary sense one should choose a non-trivial vector from each of the
subspaces in By, but most of our arguments are independent of such a
choice (a similar convention will be assumed for n > 4). In particular
for every cyclic subgroup M € K there is a well defined support of M
with respect to B, which is the set of elements from x € resy(y)! such
that a vector from K, has a non-zero component in a decomposition
of m € M* in the basis consisting of vectors from the K,. By (6.6.2)
there is a quadratic form f on K which is preserved by J/K and one
may observe that in the basis B, the form f can be written as a sum of
squares.

Let x and z be elements of type 1 in # which are in the same K-
orbit. Then, since K is abelian, we have K, = K,. On the other hand
K-orbits on #! are indexed by the elements of %!. Since G = Spg(2) acts
primitively on the set 4! of size 63, we conclude that the set

B={Kx|x€j1}

contains 63 subgroups and we know that 7 of them are in B,.

The structure of O0,(J3) implies that for any subset in B; of even
size there is exactly one element in O,(J3) which inverts every subspace
from the subset and centralizes the remaining subspaces. In addition
there is a unique projective plane structure wn(y) on B, which is pre-
served by J3/0,(J3). This specifies K as a module for J; and enables
one to calculate the orbits of J; on the set of 1-dimensional sub-
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spaces in K. Clearly B \ B, is a union of some of these orbits. The
calculations (which are quite elementary) show that only one union
of orbits has size 56, which is an orbit itself. To wit, for a subgroup
from this orbit its support with respect to By, is a complement of a
line in m(y). For further reference we state this fact explicitly in the
following.

Lemma 6.6.5 Let n=3,y € # and z € #! so that K, ¢ B,. Then the
support of K, with respect to B, is the complement of a line in n(y). O

This lemma provides us with a rule for rewriting one special basis in
terms of another one. Let z € #2 and y, y', y” be the elements of type
3 incident to z. Then | = {K, | x € resg(z)!} is of size 3. It is clear
that | = B, N By N By and that [ is a line in 7(y), n(y’) and n(y"). For
i =1 and 2 let v; be distinct elements of type 1 incident to y’ but not
to z and g; be non-trivial elements from K,,. Since K, is orthogonal to
every subspace in I, by (6.6.5) the support of a; in the basis B, is the
complement of [ in n(y). Since a; and a, are orthogonal, a;a; has two
non-zero coordinates in the basis B,. Finally, the set D of elements in K
whose support is n(y)\! has size 2% and it is closed under taking inverses.
Thus 23 subgroups of order 3 in K have support n(y) \ I. On the other
hand 2* such subgroups are in (B, \ B;) U (B, \ B,) and hence we have
the following.

Lemma 6.6.6 Let n = 3, z € #2 and {y,y,y"} = resg(z)’. Let K,
and K, be distinct subgroups from By \ B,. Let ai and a; be non-trivial
elements from K, and K,,, respectively. Then for i = 1 and 2 the support
of a; with respect to the special basis B, is the 4-element set B, \ By ; the
product ayay in this basis has exactly two non-zero components. Moreover,
every subgroup of order 3 in K whose support is B, \ By is contained in
By/ U Byﬂ. a

6.7 Identification of J(n)

We follow notation introduced in Section 6.5 and assume that n > 4.
By (6.6.2) if u € #"> then res}(u) is isomorphic to #(3) which is the
T-geometry of the group 37 - Sps(2). This implies in particular, that the
subgroups in {Ky | x € res /(u)"_z} generate in K an elementary abelian
subgroup of order 37. Moreover, by (6.6.4), if y is an element of type n
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incident to u then
{Kx | x € 1es s ({u, y})"}
is a special basis for this subgroup.
For an element y of type nin ¢ let
B, = {Ky | x € res#(y)" %}

Let y and y’ be elements of type n which are incident to a common
element z of type n — 1. We are intending to express the non-trivial
elements from every subgroup K, € By in terms of elements contained
in the subgroups from B,. If v is incident to z then K, € B, and the
expression is obvious. So suppose that v and z are not incident. Since
res¢(y') is a projective geometry, in this case there is a unique element
u of type n — 3 which is incident to both v and z. Since u is incident to
z, it is also incident to y and y’. For pairwise incident elements u, z and
y of type n — 3, n— 1 and n, respectively, let B(u,z, y) denote the set of
subgroups K, for all elements x of type n — 2 which are incident to u
and y but not to z. It is easy to see from the diagram of # that B(u,z,y)
contains four different subgroups. Now (6.6.6) gives the following.

Proposition 6.7.1 In the above terms suppose that n > 4. Let z € g"!
and {y,y',y"} = resg(z)". For i = 1 and 2 let v; be an element of type
n — 2 incident to y' but not to z, let u; be the unique element of type
n — 3 incident to both v; and z (so that K,, € B(u;,z,y')) and let a; be a
non-trivial element from K,,. Then

(i) a1 is a product of four non-trivial elements taken from different
subgroups in B(uy,z,y),
(i) if uy # up then B(uy,z,y") N B(up,2,y') =0,
(iii) if u; = uy then aya; is a product of exactly two non-trivial elements
taken from different subgroups in B(uy,z,y),
(iv) if d is any product of four non-trivial elements taken from different
subgroups in B(uy,z,y), then d € K for some K, € B(uy,z,y’) U
B(uy, z,y”). O

Proposition 6.7.2 In the above terms if y € #" and K, = (K« | x €
res #(y)" %) then K = K,.

Proof. By (6.7.1) if )’ is incident with y to a common element of
type n— 1 then Ky < K, and hence Ky = K|, because of the obvious
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symmetry. Now the result immediately follows from the connectedness
of 7. m]

Now we are ready to specify the structure of J(n).

Proposition 6.7.3 If n > 3 then J(n) is a non-split extension of G(n) =
Sp2x(2) by an elementary abelian 3-group K(n) of rank o(n) = [3]2. The
action of J(n)/K(n) on K(n) is irreducible.

Proof. In view of (6.6.2) we can assume that n > 4. Let y be an
element of type n in ¢ stabilized by J, in J. By (6.7.2) K is generated by
the order 3 subgroups from the set B, = {Ky | x € res s(y)"~2} whose size
is exactly a(n). The subgroup J, maps isomorphically onto the parabolic
G, in G. From the basic properties of the latter group it is easy to deduce
(6.3.6) that for every Ky € B, there is an element in 0,(J,) which inverts
K. On the other hand J,/0:(J,) = L,(2) acts primitively on the set
of subgroups in B,. Hence different subgroups from B, have different
centralizers in O»(J,). This implies that the subgroups in B, are linearly
independent and that the action of J, (and hence also of J/K) on K is
irreducible.

There remains to prove that J does not split over K. Let ¢ be an
element of type 1 incident to y and stabilized by J; and let Q = 0,(J;).
Then by the previous paragraph J;/Q is some extension of Spy,_»(2)
by an elementary abelian 3-group of rank o(n — 1). The latter group
is generated by the subgroups K, for x € resg({y,t})"2. Therefore
dim Ckx(Q) = 6(n—1). On the other hand N := J; N J, acting on the set
of subgroups from B, has two orbits consisting of the subgroups K, € B,
with x incident and non-incident to y, respectively. Since Q is normal in
N and acts faithfully on K, it cannot centralize subspaces in both orbits,
so dim Ck(Q) = a(n—1). Hence J; = Ny»)(Q) and if J were split over K,
J1 would split over O3(J1). Now the non-splitness follows by induction
since for n = 2 we have a non-split extension 3 - Symg = 3 - Spa(2). a

6.8 A special class of subgroups in J(n)

We start by constructing a family E = E(n) of subgroups of order 3 in
K = K(n) such that J/K acts doubly transitively on & by conjugation
with stabilizer isomorphic to 03,(2). After that we show that a simi-
lar family of subgroups must exist in the automorphism group of the
universal 2-cover of #.
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Lemma 6.8.1 There is a non-singular quadratic form on K preserved by
J/K.

Proof. For y € #" let us define a quadratic form , to be the sum of
squares in the basis B,. This form is obviously invariant under the action
of the stabilizer of y in J. Since ¢ is connected, to prove the lemma it
is sufficient to show that y,, = x, whenever y and y’ are incident to a
common element of type n — 1. But the equality easily follows from the
rewriting rules given in (6.7.1). |

Corollary 6.8.2 The subgroup K, considered as a GF(3)-module for J/K,
is self-dual. O

Lemma 6.8.3 There is a family & of 1-dimensional subspaces in K, such
that J/K acting on K by conjugation preserves & as a whole and induces
on it a doubly transitive action of Sp1,(2) on the cosets of 03,(2).

Proof. By (6.8.2) it is sufficient to indicate the required family of
subspaces in the module dual to K. Recall that J was constructed as a
subgroup of the semidirect product W : G where G = Sp;,(2) and W is
a GF(3)-module for G induced from a non-trivial 1-dimensional module
for a subgroup O in G isomorphic to 03,(2). So K is a submodule in W.
Since W is an induced module, it possesses a direct sum decomposition
into 1-dimensional subspaces Wy indexed by the cosets of O in G and G
induces on the set of these subspaces a doubly transitive action. Then the
desired set of hyperplanes in K is formed by the kernels of the projections
of K onto the subspaces W;. |

Let us calculate the support with respect to the special basis B, of
a subspace E € &. Let O and J, be the stabilizers in J of E and y,
respectively. Then the orbits of ONJ, on By are the same as the orbits of
@(0NJ,) on the set of elements of type n—2 incident to the image of y in
% = %(Spa(2)). Hence the calculations of the orbits can be carried out in
the latter geometry. In terms of Section 6.4 we can assume that the image
of y in ¢ is the maximal totally singular subspace V¥, and ¢(O) is the
stabilizer O(f) = 03,(2) of a quadratic form f of minus type associated
with the symplectic form W. Then B, is in the natural bijection with
the set of codimension 2 subspaces in V,. Let U = U(f) be the unique
subspace of codimension 1 in ¥V, which is totally singular with respect
to f. Then by Witt’s theorem the orbit under O(f) N G, of a subspace X
of codimension 2 in V¥, depends on whether or not U contains X. Let
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& = £(y,E) be the unique element from res #(y)"~! which maps onto U
under the 1-covering of # onto 4. Thus the following two sets are the
orbits of O N L on By:

©1(3,¢) = {Kx | x € resg(&)" %},  ©s(y,&) = B, \ @1(p, ).

Lemma 6.8.4 In the above terms ©,(y, &) is the support of E € & with
respect to the basis B,.

Proof. Since O N J, acts transitively on @y(y,£) for i = 1 and 2, the
support is either one of these orbits or the whole of B,. Suppose that
@(y,&) is contained in the support. Then E is not orthogonal (in the
sense of (6.8.1)) to any subspace K, € @(y,&). Let {y,y’,y"} be the set
of elements of type n incident to &. It is clear that @(y, &) = ©4(y, &),
hence the support of E with respect to B, contains @2(y’,¢) and E is
not orthogonal to any K, € ®,(y, &) (and similarly for y”). Let u be an
element of type n — 3 incident to ¢ and let wy, ws, w3, ws be the elements
of type n — 2 incident to u and y but not to £. Then by the assumption
made, E is generated by a product e eresesf where e; is a non-trivial
element from K, for 1 < i < 4, and f is an element orthogonal to
(Kw, | 1 <i<4). By (6.7.1 (iv)) the subgroup I generated by the product
ereze5'eg! is contained in ©,(y', &) U @,(y”, £). Since I is orthogonal to
E this is a contradiction. a

6.9 The #(n) are 2-simply connected

The 2-simple connectedness of #(3) follows from (6.6.2) so we assume in
this section that n > 4.

Let ¥ = {Sij | 1 <i < j < n} be the amalgam of rank 2 parabolic
subgroups associated with the action of J on _#. Let J be the universal
completion of &. Then there is a homomorphism ¢ : J — J such that the
composition  of ¢ and the restriction of ¢ to J is a homomorphism onto
G = Spay(2) which maps & onto the amalgam ¥ of rank 2 parabolics
associated with the action of G on ¥.

Lemma 6.9.1 J is a flag-transitive automorphism group of a rank n T-
geometry # possessing a 2-cover o onto #. Moreover, ¢ is an isomorphism
if and only if w is an isomorphism.

Proof. Fork = nand n—1 let J; be the subgroups in J generated by the
subamalgams ¥® = {S;; | 1 <i < j < n,k ¢ {i,j}}. The subamalgams
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™ and £ map under § isomorphically onto the subamalgams
and €™V, respectively. Hence by (6.3.4) each mapping in the following
sequence is an isomorphism:

{:im :in—l} g {Jm Jn—-l} g {Gm Gn—l}-

LetT bea graph whose vertices are the cosets of J, in J with two vertices
being adjacent if they intersect a common coset of J,_;. Then the above
isomorphisms induce the following sequence of graph coverings:

T->ToT.

Define } to be the geometry whose elements are the vertices and the
triangles in T and the connected components of the full preimages of
the subgraphs representing the elements of ¢ in r (equivalently of the
elements of ¢ in I'), where the incidence relation is via inclusion and
the type function is the obvious one. Then } possesses 1-coverings onto
F and 4. Now arguments as in the proof of (6.5.3) show that :}7’ isa

T-geometry possessing a 2-cover w onto _#. a

Let {J | 1 < i< n} be the amalgam of maximal parabolic subgroups
corresponding to the action of J on j We assume that ¢ and 6 map J;
onto J; and G;, respectively. The elements of j will be denoted by letters
with hats; the same letter without a hat will denote the image in #. A
similar convention will be applied to the elements of J.

Let K be the kernel of 6. Then clearly ¢ maps K onto K. Tt is easy to
see from (6.9.1) that J,,_2 NK is of order 3 and hence with every element
X of type n—2 in j we can associate a unique subgroup KA of order 3
in K which stabilizes X. Moreover, KA maps onto K, under g Let U be

an element of type n— 3 in j . Then by (6.6.2) both res}(u) and res ,(u)
are isomorphic to the rank 3 T-geometry of the group 37 - Sps(2) and we

have the following.
Lemma 6.9.2 In the above notation the group
£ ~n—2
(Ks|x € res;(u)” )
is elementary abelian of order 37 and it maps isomorphically onto its image

in K. In particular I?; and I?; commute whenever X and Z are incident to
a common element of type n— 3. a

For an element y of type n in } define

B (13 (T2
B;—{lexeres,(y) }-
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In view of (692) arguing as in (6.7.1) and (6.7.2) we observe that the
subgroups in B« generate the whole of K. Moreover, if y is an element
of type n 1nc1dent with J to a common element of type n— 1 then there is
a canonical way to express elements from the subgroups in ﬁ’y\ in terms

of elements from the subgroups in ﬁ’y\ as in (6.7.1).

Lemma 6.9.3 The homomorphism ¢ : J > Jisan isomorphism if and only
if any two subgroups from B« commute.

Proof. The “only if” part is obvious so suppose that the subgroups
in B« pairwise commute. Since K is generated by these subgroups, we

conclude that K is elementary abelian of rank at most the number of
subgroups in Bs. Since the latter number is the rank of K, this means that

¢ restricted to K is an isomorphism onto K. Since .7/[2 = J/K = Spr(2)
the result follows. ]

Whenever two elements of type n — 2 in } are incident to a common
element of type n they are always incident to a common element of type
n — 4. Thus by the above lemma the isomorphism of J and J for n = 4
would imply the isomorphism for the higher ranks. But we are going to
prove the isomorphism uniformly on n by constructing in K a family
é of subgroups of order 3 similar to the family & in K constructed in
Section 6.8.

For an element Z of typen—1in ;@ put

G RS T\n—2
Y@ = (R; 1% € res;(8)2).
Since res}(E) is a projective geometry, any two elements of type n — 2

incident to Z are incident to a common element of type n—3. Hence ?(Z)
is an elementary abelian 3-group of rank 2"~! — 1 which is the number
of elements of type n — 2 incident to ¢ and it maps isomorphically onto
its image Y (&) in K, where

Y (&) = (K« | x € resg(¢)" ).

By (6.8.4) every subgroup E € & is contained in Y (&) for a unique
element ¢ =¢y,E) of type n—1 1nc1dent to y. In the above terms let
E( ¥) be the unique subgroup in Y(é) which maps ¢ onto E under ¢ (here
é is the unique element of type n — 1 incident to ¥ which maps onto &)
and let 2”(57) be the set of all subgroups obtained in this way. Clearly
3(}7) maps bijectively onto &.
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Lemma 6.9.4 The family &) is independent of the particular choice of y.

Proof. Because of the connectedness it is sufficient to show that
whenever ; is an element of type n incident with y to a common element
Z of type n—1, we have 6’( y') = 6’( ¥). In order to prove. the latter equality
1t is sufficient to show that every subgroup Ee 6’(y) is contained in
6’(y) Thus let E € 6’(y ) and ﬁ be the element of type n— 1 incident to
y such that E is the unique prelmage in Y(ﬁ) of a subgroup E € &. If
T=¢ (equivalently if ¥ is incident to ﬁ) then E € 6’(y) by the definition.
Thus we assume that 7 E Letebea non-trivial element from E. Then
€= d1d2 ds, where s = 2" —1 and the d are non-trivial elements taken
from different subgroups in the set

B(®) = {K; | % € res;(&y2).

Since the subgroups in §(Z) commute pairwise, the factors Zi can be
rearranged in an arbitrary way. Let 7; be the unique element of type
n—2 incident to both Z and Z. Let Wy, ..., W, be the elements of type n—3
incident to 7, where t = 2"~2 — 1. Then for 1 < i < t the element w; is
incident to three elements of type n — 2 incident to E, one of them is 7y
and two others we denote by v and v241. In this case

reSA(ﬁ)” 2={|1<j<2" -1}

Since the subgroups in B(ﬁ) commute pairwise, without loss of generality
we can assume that d; € K;;j for 1 < j < s. Then by the analogue of

(6.7.1 (iii)) the product Zﬁdml is equal to the product ?2,’?2,’.'_1 of two
non-trivial elements taken from different subgroups in the set B; Since

I?a belongs to §; as well, we conclude that ¢ = ?1?2---?5, where the fi are

non-trivial elements taken from different subgroups in §; Then fyf>...fs
is the decomposition of e in the basis By. By (6.8.4) there is an element v
of type n— 1 incident to y such that the f; are non-trivial elements taken
one from each subgroup from {K, | x € res 4(v)"~2}. Hence e € Y (v) and
¢ is the unique preimage of e in Y (¥) where ¥ is the element incident to
¥ which maps onto v. Thus Ee 2’(37) and the result follows. m|

By the above lemma we can denote the family 2’(37) simply by 8.
Lemma 69.5 & is a conjugacy class of subgroups in J: 7 acting on &

induces the doubly transitive action of Span(2) on the cosets of 05,(2) and
K is in the kernel of the action.
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Proof. Let ¢ be the element of type n—1 in j stablhzed by Tet.
Since the latter group maps isomorphically onto Jy-1 and Y(é) maps
isomorphically onto Y (¢), 1t is easy to see that J,_1 stabilizes as a whole
the set of subgroups from & contained in Y(é) Let J be the element of
type n stabilized by J,. It is easy to see from the above that J, stabilizes
&= é”(y) as a whole. Now the result follows from (6.9.4). |

Since the subgroups in & have order 3, none of them can be inverted by
an element from K. Hence by (6.9.5) the subgroups from & are contained
in the centre of K. Thus in order to prove that K 1s abelian, it is sufﬁment
to show that K 1s generated by the subgroups in &. The subgroup Y(é)
for an element é of type n — 1 contains subgroups from & as well as
subgroups KA which are known to generate K. Thus the statement we
need is a d1rect consequence of the following lemma whose proof is very
similar to that of (6.7.3).

Lemma 6.9.6 The stabilizer of EinJ acts irreducibly on 17(2). m|

Thus K is abelian, Jis isomorphic to J and we have the main result
of the section.

Proposition 6.9.7 The geometries #(n) are 2-simply connected for alln > 3.
O

6.10 A characterization of #(n)

We start with an elementary but important result about the point graph
of the rank 2 T-geometry. Let ® and O be the point graphs of %(Sp4(2))
and %4(3 - Sp4(2)), respectively, and let p : © — O be the corresponding
covering of graphs. The following result can be deduced directly from
the intersection diagram of 0.

Lemma 6.10.1 The subgroup of the fundamental group of © associated
with p is generated by the cycles of length 3 and by the non-degenerate
cycles of length 5; it does not contain cycles of length 4. m|

Let I" be the dual polar graph of ¢ and T be the graph on the set of
elements of type nin ¢ and vy : I - T be the corresponding covering
of graphs. Then I is a near n-gon with quads. A quad @ is the subgraph
induced by the vertices incident to a given element of type n — 2. Every
cycle in I" whose length is 4 or 5 is contained in a unique quad. Every
connected component of p~!(®) is the point graph ® of the rank 2
T-geometry.
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Let F be the fundamental group of I'. Let F(4) be the subgroups of
F generated by the cycles of length 4 and F(3,5) be the subgroups of
F generated by the cycles of length 3 and by the non-degenerate cycles
of length 5. It follows directly from the 2-simple connectedness of ¥
that F(4) together with F(3,5) generates the whole of F. By the previous
paragraph we have the following.

Lemma 6.10.2 The subgroups of the fundamental group of I' associated
with ¢ contains F(3,5) and it does not contain F(4). m]

Let y : T' - I be the covering of I' associated with F(3,5). Let 3" be
the geometry whose elements are vertices and triangles of r together with
the connected components of full preimages of subgraphs in I' which
represent the elements of ¢ with respect to the natural incidence relation
and type function. It is clear that F(3,5) is normal in F and it is also
normalized by the action of G on F. Hence every element g € G can be
lifted to an automorphism of I It is clear that all these liftings form
a flag-transitive automorphism group J of 3" which commutes with y,
and the action induced by J on ¥ coincides with G. By (6.10.2) F(4)
is not contained in F(3,5) and in view of flag-transitivity and (6.10.1),
every connected component ® of ¥~ 1(®) is the point graph of the rank
2 T-geometry. Since y is a covering of graphs, this shows that j is a
flag-transitive T-geometry. Also by (6.10.2) we have a covering A : r-T
which induces a 2-covering of j onto #. By (6.9.7) A is an isomorphism
and we have

Lemma 6.10.3 The subgroup of the fundamental group of T associated with
y is exactly F(3,5). m]

Let o be a rank n geometry with the following diagram:

6 - o (~)
2 2 2 2 2

where the rightmost edge indicates that for an element z of type n—2 the
residue res,(z) is either 9(Sp4(2)) or (3 - Spa(2)), possibly depending on
the choice of z. Suppose that J# possesses a 1-covering v onto 4. Let A
be the graph on the set of elements of type n in # in which two elements
are adjacent if they are incident to a common element of type n — 1.
Then v induces a covering @ : A = I' and every connected component
of w™1(®) is the point graph of either %(Sp4(2)) or %(3 - Spa(2)). This
shows that the subgroup of F associated with @ contains F(3,5) and by
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(6.10.3) there is a covering J : I’ > A which induces a covering of 5
onto #. This gives

Proposition 6.10.4 Let 3¢ be a geometry with the above diagram, possessing
a l-cover onto 4. Then 3¢ is a quotient of #. In particular every T-
geometry of rank n (maybe not flag-transitive) possessing a 1-cover onto
%(Sp2n(2)) is a quotient of #(n). a

An example of a quotient T-geometry of # can be constructed as
follows. Let L be a non-trivial subgroups of K which intersects K,
trivially for every element x of type n —2 in #. Let # be the geometry
whose elements are the orbits of L on # with the type function and
incidence relation induced by those in ¢. Then it is easy to see that ¢ is
a T-geometry.

6.11 No tilde analogues of the Alt;-geometry

In this section we show that there are no geometries ¥ satisfying the
following.

Hypothesis 6.11.1 4 is a flag-transitive T-geometry of rank 3, G is a flag-
transitive automorphism group of 9 and there is a 1-covering ¢ : 4 —
%(Alt;) which commutes with the action of G (i.e. the fibres of ¢ are
unions of G-orbits ).

If 4 and G satisfy the above hypothesis then G induces on %(Alt7) its
unique flag-transitive automorphism group which is Alt;. Since 3 - Altg is
the only flag-transitive automorphism group of the rank 2 T-geometry
which possesses a homomorphism onto Altg, it is easy to see that 4 and
G satisfy the following.

Hypothesis 6.11.2 4 is a rank 3 T-geometry; G is a flag-transitive auto-
morphism group of ¥ such that the amalgam # = {Gi, G,, G3} of maximal
parabolic subgroups satisfies the following:

G1=3-Altg; G =(Syms x Symq)®; G3 = L3(2).

(Here Gy is isomorphic to the setwise stabilizer in Alt; of a 3-element
subset.)

Thus the non-existence of geometries satisfying Hypothesis 6.11.1 will
follow from the non-existence of geometries satisfying Hypothesis 6.11.2.
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Lemma 6.11.3 Let 4 and G satisfy Hypothesis 6.11.1. Then the isomor-
phism type of % is uniquely determined.

Proof. Since ¥ is a T-geometry, it is easy to see that G;; :== G;NG; =
Symy for 1 <i < j <4 and that B := GiNG,NG3 = Dy. First, we observe
that all subgroups Symy in G; are conjugate in the automorphism group of
G;. Notice that G, contains three classes of Symy-subgroups and the outer
automorphism group of G, induces Syms on the set of these classes. Since
all automorphisms of Symy are inner this shows that the subamalgam
{G>, G3} is uniquely determined. Hence to complete the proof we have
to show that there is a unique way to adjoin G; to this subamalgam
intersecting it in the subamalgam {Giz, Gi3}. The outer automorphism
group of the latter amalgam has order 2 and it is represented by the
automorphism which centralizes Gy and acts on Gy3 \ G2 by means of
conjugation by the non-trivial element from the centre of B. But this
automorphism can be realized inside the normalizer of {Gi2, G13} in the
automorphism group of G;. m|

It is easy to see that the unique amalgam % from (6.11.3) possesses
a homomorphism (in the obvious sense) on the amalgam of maximal
parabolic subgroups corresponding to the action of Alt7 on ¥(Alt7). This
shows that a simply connected geometry satisfying Hypothesis 6.11.2
possesses a 1-covering onto ¥(Alt;) commuting with the action of its
automorphism group (i.e. satisfies Hypothesis 6.11.1).

We are going to describe a presentation for the universal completion
of the amalgam £ as in (6.11.3), which is due to S.V. Tsaranov (private
communication). All the facts claimed below can be easily verified by
coset enumeration with a computer.

(a) The Coxeter group of the diagram

o—CCc——————0
a az as

is isomorphic to Symy x 2. To eliminate the centre, one can add the
relation (aa2a3)® = 1.
(b) The Coxeter group of the diagram

O >

bl b2 b3

is isomorphic to Alts x 2. To eliminate the centre we put (b1byb3)° = 1.
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(c) The presentation

9] [

(csc1c2)® = (cacrcy)® = 1

C3 C4

defines the group L3(2).

(d) The presentation

d d;

(d3d1da)’ = (dadady)® = 1,
(did3ds)’ = (dadad3)’ = 1

ds ds

defines the non-split extension 3 - Alt.

(e) The presentation

(e3eze1)® = (eseres)’ =1,

(e2e3e4)? =1

€4

defines the group (Syms x Syms)°. Notice that the relation (eze3e4)® =1
reduces the corresponding Coxeter group Cox(d,) = Z? : Syms to the
group Symy = 22 : Sym.
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Now let us consider the group F defined by the following presentation:
fi f2
(faf1f2) = (Fsf2f1) =1,

f3 (fsf2f1)? = (fifafs) =1,
(f2fsfa)’ = (f2fafs) = L.

fa fs

It is easy to see from the above that F is the universal completion of the
unique amalgam % from (6.11.3). On the other hand coset enumeration
on a computer implementing the Todd-Coxeter algorithm shows that
F = Alt;. Since the latter group does not contain 3 - 4ltg this shows that
2 has no faithful completions and we obtain the following,

Proposition 6.11.4 There are no geometries 9 satisfying Hypothesis 6.11.1
or 6.11.2, o



7

2-Covers of P-geometries

In this chapter we construct the univesal 2-covers %(3-Maty,), 9(3%*-Coy)
and 4(3*"! - BM) of the P-geometries 4(Maty,), 9(Coz) and 9(BM),
respectively. The construction goes as follows. We start with a group G
acting flag-transitively on a P-geometry 4 and consider an extension G
of G by an elementary abelian 3-group W. We show that G contains a
subamalgam < which maps isomorphically onto the amalgam of rank 2
parabolics associated with the action of G on 4. Then the subgroup G in
G generated by o isa flag-transitive automorphism group of a geometry
% which possesses a 2-covering onto 4. So in a sense our construction
strategy is similar to that in Chapter 6, the difference being that here G
does not split over W. We identify the structure (particularly the order) of
G by establishing an upper bound on the size of a flag-transitive 2-cover
of 4. This bound also enables us to prove the 2-simple connectedness of
4. We start by reviewing some properties of a generic P-geometry and
of the geometries 4(Mat;;), 4(Co;) and 9(BM).

7.1 On P-geometries
Let 4 be a P-geometry of rank n > 3, i.e. a geometry with the diagram

P
P,: o0——o -+ o o o
2 2 2 2 1
Let ® = {xi,x3,..,Xs} be a maximal flag in ¥, where X; is of type i. Let
G be a flag-transitive automorphism group of 4. For 1 < i < n let G;
and P; be the maximal and minimal parabolics of type i associated with
the action of G on ¥, so that G; = G(x;) and P; is the intersection of the
Giforl<j<nm, j#i Let




308 2-Covers of P-geometries

be the Borel subgroup and let Q; denote the kernel of the action of G;
on resg(X;).

Let A = A(¥) be the derived graph of ¥, which is a graph on the set
of elements of type n in %, in which two such elements are adjacent
if they are incident to a common element of type n — 1. In particular
X is a vertex of A. Let = = m(x,) denote the projective space dual to
resg(x,). This means that the points of © are the elements of type n — 1
in the residue of x,. Then G, = G,/Q, is a flag-transitive automorphism
group of n and by (1.6.5) either G, = L,(2) or n = 3 and G3 = Frob3.
In any case the action of G, on the point set of n is primitive and this
immediately gives the following.

Lemma 7.1.1 If {x,y} is an edge of A then there is a unique element of
type n— 1 incident to both x and y. ]

The above lemma enables us to identify the elements of type n — 1
with the edges of A so that the vertex—edge incidence in A corresponds
to the incidence in %. In this way the set A(x,) of vertices adjacent to
X, is naturally identified with the set of points in n. In fact it is easy
to show [Sh85] that the possibility G3 = Frob} cannot be realized in a
flag-transitive P-geometry, which means that (with respect to the action
of G) A is a locally projective graph of type (n,2) (see Section 9.1 for the
definitions).

For an element y € ¢ let A[y] denote the subgraph in A induced by
the vertices incident to y. By the above, if y is of type n or n — 1 then
A[y] is a vertex or an edge, respectively. Using the diagram of 4 and the
fact that in a projective geometry every element is uniquely determined
by the set of points it is incident to, it is easy to check the following.

Lemma 7.1.2 The following assertions hold:

(i) if 1 <i < n—2 then A[x;] is isomorphic to the derived graph of the

P-geometry res;(xi), in particular A[x,—;] is a Petersen subgraph;

(it) Afz] < A[y] if and only if z and y are incident elements of type i
and j, respectively, and 1 < j<i<n;

(iii) A[x;] N A(x,) is the point set of a subspace in m of (projective)
dimension n — i — 1, in particular A[x;] is of valency 2"7 —1;

(iv) if @ is the point set of a subspace in n of dimension n—i— 1, for
1 <i<n—1, then there is a unique element y of type i incident to
Xn, Such that ® = A(x,) NA[y];
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(V) if u € Ay(xy) then there is a unique element y of type n — 2 which
is incident to both x, and u (equivalently such that the Petersen
subgraph A[y] contains both x, and u). m]

In terms of Sections 9.6 and 9.8 the above lemma says that the
subgraphs A[y] taken for all y € ¢ form a complete family of geometrical
subgraphs in the locally projective graph A. One can also observe from
the lemma that the elements of ¢ can be identified with the subgraphs
A[y] so that the incidence relation is via inclusion and the type of a
subgraph is determined by its valency. Since ¥ is a geometry, the graph
A and all the subgraphs A[y] are connected and, since G is a flag-transitive
automorphism group of ¥, for every 1 < i < n— 2 the action of G; on
A[x;] is 1-arc-transitive, which implies the following

Lemma 7.1.3 G = (G,,Gn—1) and for every 1 <i < n—2 we have G; =
(Gi NG, GiN Gn—l)- ]

Sometimes it is convenient to study 2-coverings of P-geometries in
terms of their derived graphs.

Lemma 7.1.4 Let A be the derived graph of a P-geometry 4. Let ¢ : A—A
be a covering of graphs such that for every element y of type n — 2 in
9 every connected component of ¢~ L(A[y]) is isomorphic to the Petersen
graph. Then A is the derived graph of a P-geometry & which possesses a
2-covering onto 9.

Proof. We define ¢ to be the incidence system whose elements are
the connected components of the preimages in A of the subgraphs A[y]
taken for all y € ¢, the incidence relation is via inclusion and the type
function is induced by that in 4. We claim that % is a P-geometry. Since
the incidence relation is via inclusion ¢ belongs to a string diagram;
since ¢ is a covering of graphs, it is easy to see that for X, € ¢~1(x,) we
have res;(%n) = resg(x,). Finally, by the hypothesis of the lemma, if ¥ is
an element of type n—2 in @ then resl;,(i) is the Petersen graph geometry

and the claim follows. It is clear that ¢ induces a 2-covering of % onto
9. O

Let K be the kernel of the action of G,_ on res"gf(xn_z). Then K is
the largest subgroup in G, N G,_; which is normal in both G, NG,
and G,.2 N G,- and G,_1/K is a flag-transitive automorphism group of
the Petersen graph geometry isomorphic to Syms or Alts. The following
lemma describes some 2-covers of ¢ in group-theoretical terms.
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Lemma 7.1.5 Let G be a group possessing a homomorphism y onto G.
Suppose that

(a) G contains a rank 2 subamalgam % = {Gn, Gn_1} which generates
G and such that the restriction o of W to & is an isomorphism onto
the subamalgam {G,,G,_,} in G.

Put
K =y5'(K) and Gy = (N3 (K),N5_(K)).
Suppose also that
(b) Gu2/K = Gua/K.

Then G is a flag-transitive automorphism group of a P-geometry which
possesses a 2-cover onto %.

Proof. Let A be a graph on the set of (right) cosets of G, in G in
which two such cosets are adjacent if they intersect a common coset of
Gn_l Then G acts 1-arc-transitively on A and by (a) y induces a covering
¢ : A — A of graphs. Let X X denote G, considered as a vertex of A and
let IT be the subgraph in A induced by the images of X, under G,_,.
Then by (b) the restriction of ¢ to IT is an isomorphism onto Alx,_]
and the result follows directly from (7.1.4). a

Notice that the vertices of the Petersen graph can be identified with
the transpositions in Syms so that two vertices are adjacent if and only
if the corresponding transpositions commute.

Lemma 7.1.6 Suppose that Q, is finite and non-trivial. Then the following
assertions hold:

(i) there is q € Qy such that Q, = {q,Qn N Qn_2) and acting on the
Petersen graph resy(x,—z) the element q induces the transposition
from GY_, which corresponds to x,;

(ii) Gu—2 induces Syms on res}(xn—2);

(iii) Qn = 02(Gyn);
(iv) Qu—1 has index 2 in 03(Gy—1) and Q, < Qn—;.

Proof. It is easy to see that Q, is the kernel of the action of G,
on A(x,). By the definition Q, stabilizes the Petersen subgraph A[y]
whenever y is an element of type n — 2 incident to x,. Suppose that Q,
fixes every vertex in such a Petersen subgraph. Then by (7.1.2 (v)) Q, acts
trivially on Ay(x,) which implies the triviality of Q, by (9.1.4). Hence Q,
induces on A[x,_;] an action of order 2 generated by the transposition
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corresponding to x, (recall that A[x,_;] is isomorphic to the Petersen
graph). Hence (i) follows and immmediately implies (ii)). We have seen
that Q, induces a 2-group on Aj(x,). By (9.1.5) Q, is a 2-group itself.
Since 0,(G,/0Q,) = 1 (iii) follows. Since all automorphisms of L,_;(2) are
inner, we see from the diagram of ¢ that G,.,/Q,_1 = L,_1(2) x 2 and
in view of (iii) we obtain (iv). ]

Each of the five P-geometries we have constructed so far, namely
Y(Maty), 9(3 - Maty,), 9(Matys), 9(Coz) and 9(BM),
contains a subgeometry which is a C,,- or T,-geometry, namely
9(Sp4(2)), 9(3-Spa(2)), 9(Alt7), ¥(Sps(2)) and ¥(Sps(2))

((3.4.2), (3.4.4), (3.5.8), (4.9.8) and (5.4.5) and the table in Section 1.10). We
are going to present a systematic way to construct such subgeometries.

Recall that the edge graph of the Petersen graph is an antipodal
distance-transitive graph with the intersection diagram

@4 1@2 1@1 4@

Thus there is an equivalence relation on the set of edges of the Petersen
graph with classes of size 3.

With ¢ and A as above let = be a graph on the set of edges of A in
which two edges are adjacent if they are incident to a common element
y of type n — 2 and if they are equivalent in the Petersen subgraph
Aly]. For any two distinct elements # and v of type n — 2 the Petersen
subgraphs A[u] and A[v] have at most one common edge and hence
every edge of X is contained in a unique triangle which corresponds to
a Petersen subgraph in A. Let ¢ denote the connected component of
which contains x,_;. Let & = %(x,_1) be a geometry whose elements of
type i, 1 < i < n—1, are the non-empty intersections Z° N A[y], where y
is an element of type i in ¥; the incidence relation is via inclusion.

Lemma 7.1.7 In the above terms suppose that n > 4. Then

G if res}?(x,,_3) = Y(Maty) then & is a C,_1-geometry with the dia-
gram
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(i) if resf(xn~3) = 9(3 - Mat,) then & is a Ty_i-geometry with the
diagram

~

o———0 -+ o o
2 2 2 2 2

In both cases the stabilizer of & in G induces on & a flag-transitive
action.

Proof. Since the incidence relation is via inclusion & belongs to a
string diagram. It is easy to observe that there is a natural isomorphism
between the residue of x,_; in & and resz(x,-1), so that both the residues
are projective geometries of rank n — 2 over GF(2). Finally it is an easy
combinatorial exercise to check that in cases (i) and (ii) the geometry
formed by Z¢ N A[x,—3] coincides with the subgeometry as in (3.4.4) and
(3.5.8), respectively. m|

Recall that by the main result of [Sh85] every flag-transitive P-
geometry of rank 3 is isomorphic either to %(Maty;) or to 4(3 - Mata) so
that the cases (i) and (ii) in the above lemma cover all the possibilities.

To the end of the section we discuss the properties of some concrete P-
geometries. The description of the flag-transitive automorphism groups
of P-geometries comes most naturally from the complete classification
(Preface) which gives all the pairs (%, G) where ¢ is a P-geometry and
G is a flag-transitive automorphism group of %. In particular cases
the flag-transitive automorphism groups can be determined by ad hoc
analysis of subamalgams in the amalgam of maximal parabolics in the
full automorphism group. We suggest the reader check the details and
formulate the final result.

Lemma 7.1.8 Let G be one of Maty;, Mat,s, Co, and BM, and %(G) be
the P-geometry on which G acts flag-transitively. Let H be a flag-transitive
automorphism group of 9(G). Then either G = H, or G = Maty, and
H = Aut Maty. 0

Lemma 7.1.9 Let ¢ be isomorphic to %(Mata;), 9(Co;) or 4(BM) and G
be the full automorphism group of 4. Then
G;=Ng(Q;) for i=n—1 and n.

Proof. For ¥ = %(Maty) the result is by (3.9.3 (iv)). For ¥ = %(Co,)
using (4.9.5) and the table therein it is not difficult to check that the sets
of vertices in the collinearity graph © fixed by Q3 and Q4 are exactly the



7.2 A sufficient condition 313

*-closed cliques of size 7 and 15 which represent x3 and x4, respectively.
In the case of the Baby Monster BM we have G; = Cg(Z(Q;)) which
enables us to identify x; with Z(Q;) for 1 <i < 5 and immediately gives
the result. m|

7.2 A sufficient condition

In this section we formulate and prove a sufficient condition for existence
of proper 2-covers of a flag-transitive P-geometry in terms of non-
split extensions of its automorphism group. We start with a preliminary
technical result.

Let F = Syms act naturally on the Petersen graph IT and & = {E;, E»}
be a subamalgam in F consisting of the stabilizers in F of a vertex and
an edge from IT which are incident. This means that E; = 2 x Syms,
Ey=Dgand E|NE, = 22,

Lemma 7.2.1 Let F be a group possessing a homomorphism onto F = Syms
whose kernel is an elementary abelian 3-group U. Suppose that U is the
centre of the full preimage of F' = Alts in F. Let & be a subamalgam in
F which maps isomorphically onto &. Then & generates in F a subgroup
isomorphic to Syms.

Proof. Since the 3-part of the Schur multiplier of Alts is trivial, it
is easy to show that F contains a normal subgroup H isomorphic to
Alts. Consider the image of & in F/H. It is easy to see that this image
generates a subgroup of order 2 and the result follows. m|

Now we are ready to prove the main result of the section.

Proposition 7.2.2 Let 4 be a P-geometry of rank n > 3 and G be a flag-
transitive automorphism group of 4 such that

(a) G;=Ng(Q;)) for i=n—1 and n
Let Gbea group which possesses a homomorphism v onto G whose kernel
W is an elementary abelian 3-group. Suppose further that
i) G does not split over Wi
(ii) the preimage of Q, in G does not centralize non-identity elements
inW,
Then there is a subgroup G of G such that the restriction of y to G is a

non-injective homomorphism onto G. Moreover, G acts faithfully and flag-
transitively on a P-geometry & which possesses a 2-covering onto ¥.
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Proof. First notice that the condition (a) implies that Q, is non- tr1v1a1
and that

(b) Gn N Gn—l - NG,,(Qn—l) = NG,,_x(Qn)-

The minimal parabolic subgroup P, is a 2-group which contains B
with index 2. Let P, be a Sylow 2-subgroup in the full preimage of
P, in G. Then the restriction P to p to P, is an 1somorph1sm onto
P,. Put Q; = py'(Q) for i =n, n—1, n—2 and G; = N4(Q) for
i=n,n—1. By (i) and (7.1.6 (iv)) CW(Q,,) = CW(Q,,_I) = 1 and hence
by the Frattini argument (compare (6.1.1)) G = G; for i = nn— 1.
Also by (b) G, N Gu_y = G, N G,_; and hence the restriction yo of p
to the subamalgam B = {6,,, 6,,_1} in G is an isomorphism onto the
subamalgam # = {Gy, Gs—1} in G. Let G be the subgroup in G generated
by #. We are going to show that G acts faithfully and flag-transitively
on a P-geometry which possesses a 2-covering onto 4. By (7.1.3) the
restriction of y to G is a homomorphism onto G. This restriction must
have a non-trivial kernel, since otherwise 6, would be a complement to
W in G, which is impossible, since by (i) G does not split over W. We
are going to show that condition (b) from (7.1.5) holds.

Let G,_s = (F,, Fn_), where Fj = w5 \(F; j) with F; = G,_2NGj for j=n
and n—1 and y; be the restriction of P to G,,_z Then U= G,,_z NW is
the kernel of ¥2. Notice that Q,,_z =, 1(Q,,_z) is contained and normal
in both F and F,, 1- Hence Q,,_z is normal in G w2 and U £ CW(Q,,_Z)

Let K be the kernel of the action of G,_» on resg(x,,_z). Then K
is the largest subgroup in F, N F,_; normal in both F, and F,—_; and

= {F,/K,F,_1/K} is the subamalgam in G,_»/K = Syms (7.1.6 (ii))
consisting of the stabilizers of incident vertex and edge in the Petersen
graph resf(x,-2) (ie. 2 = {2 x Syms, Dg}). Let K= tpo_l(K) Then K is
the largest subgroup in F, N F,_; normal in both F, and F,_; and v,
induces an isomorphism of 2 = {F,,/K Fu_t /K} onto 2. We claim that
the induced homomorphism

93 : Guea/KW > Gu2/K

is an isomorphism. The kernel of y; equals the kernel U of y; and in
order to apply (7.2.1) it is sufficient to show that U is centralized by the
commutator subgroup of G,_,/K (isomorphic to Alts).

Let g € @, be as in (7.1.6 (i)) and ¢ = yg 1(g). Since Cw(Q,) =1 and
0 = (4, 0n N Qy_2), the element § inverts every element of Cy(Qy—2)
and hence of U as well. On the other hand ¢q induces on resg(x,,_z) the
transposition from G,_»/K == Syms which corresponds to x,. Consider-
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ing other elements of type n incident to x,—2, we conclude that every
transposition from G,_,/K inverts U and hence every even permutation
centralizes U. Thus (7.2.1) gives G,_»/K = Syms, completing the proof.
O

The reader might notice that we did not quite follow the strategy
outlined in Section 6.1 and instead of embeddings of the amalgam &/ =
{P; | 1 < i < n} we consider embeddings of the amalgam # = {G,,G,—1}.
But in fact these embeddings are related since # contains <.

7.3 Non-split extensions

In this section we construct some extensions which satisfy the conditions
in (7.2.2).

Let ¢ be one of the geometries ¥(Mat,;), 9(Co;) and 4(BM), G be the
full automorphism group of ¢ (isomorphic, respectively, to Aut Mat;,
Coy and BM). Let X be a subgroup in G defined as follows. If G =
Aut Maty then X is the stabilizer of an element from £\ Y> (Section 3.4)
and X = PXL3(4). If G = Co; then X is the stabilizer of the subgraph =
in the collinearity graph of ¢(Co,) isomorphic to the dual polar graph of
Us(2) (the remark after (4.10.8)) and X = PEUg(2). Equivalently X is the
stabilizer in Co; of a vertex in the rank 3 graph IT as in (4.11.9). Finally
if G = BM then X is the stabilizer of a vertex of the Baby Monster graph
(Section 5.10), so that X = 2 -2 E¢(2).2. Let X, denote the commutator
subgroup (of index 2) in X.

Let W, be a 1-dimensional GF(3)-module for X whose kernel is Xj.
This means that the elements from X, centralize and the elements from
X \ Xy invert every element of Wy. Let W be the GF(3)-module for G
induced from the module Wy of X. Notice that the dimension of W is
22, 2300 and 13 571955000 (the latter being the number of vertices in
the Baby Monster graph) for G = Aut Mat;, Co, and BM, respectively.

Lemma 7.3.1 In the above terms we have the following:

(i) there exists a group X which is a non-split extension of X by a
subgroup of order 3 isomorphic to Wy as a GF(3)-module for X ;

(ii) there exists a group G which possesses a homomorphism y onto G
such that ker y is an elementary abelian 3-group isomorphic to W
as a GF(3)-module for X and such that G does not split over ker .

Proof. Let U be the natural GF(4)-module of X, so that X = X/Z(X)
acts faithfully on the projective geometry of U and the dimension of U
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is 3, 6 and 27 for X = PXL3(4), PZUs(2) and 2 -2 E¢(2).2, respectively.
Let X be the preimage of X in the group of semilinear transformations
of U. It is a standard fact (proved in (2.7.12) for the case X = PXL3(4))
that X is a non-split extension of X by the multiplicative group of GF(4)
which is centralized by X, and inverted by the elements from X \ X, (the
latter elements act semilinearly but not linearly on U). This gives (i) and
implies (ii) by (6.1.2). m]

Since the 3-part of the Schur multiplier of Xj is of order 3 the extension
X in (7.3.1 (i)) is unique.

Lemma 7.3.2 With 4, G, X and W as above let G, be the stabilizer in G
of an element of type n in % and Q, = 02(Gy). Then Cw(Q,) = 1.

Proof. We discuss the cases G = Aut Maty;, Co; and BM separately.

In the case G = Aut Maty, we apply (6.1.7) by showing that for every
g € G the intersection X¥ N Q3 is not contained in X§ N Q3. In the case
considered X8 is the stabilizer in G of an element from £ \ Y, and
Xg = X8 N G where G’ = Maty, is the commutator subgroup of G. On
the other hand @} := Q3N G’ has index 2 in Q3 and by (3.9.3 (iii)) Q% and
Q3 have the same orbits on 2\ Y, which shows that for every c € 2\ Y,
we have [G(c) N Q3 : G(c) N Q3] =2 and the result follows.

In the case G = Co; we apply (6.1.6). The induced character y of
G is the permutational character of G on the cosets of Xy = U(2)
minus the permutational character of G on the cosets of X. The suborbit
diagrams of these two permutational actions are given in (4.11.8) and
(4.11.9), respectively. Since the former of the actions has rank 5 while the
latter has rank 3, we conclude that y involves two irreducible characters.
Looking at the character table of Co; in [CCNPW] we deduce that the
irreducibles are the ones of degree 23 and 2277. The character table of
G4 = (2176 x 24).L4(2) can be found in GAP computer package [GAP].
Along with the character table comes the fusion map of the classes of G4
into the classes of G. This information enables us to calculate the class
function on Qy4:

(la)l, (2(1)15+70, (2b)1+15+210, (26)840, (4b)336, (40)560,

where (2a)>*7° means that Q4 contains 85 elements from the Co,-class
2a and that these elements form two Gs-classes of size 15 and 70. Now it
is straightforward to check that the restriction of y to Q4 is zero, which
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gives the result. An alternative proof making use of (6.1.7) can be found
in [Sh92].

The case G = BM is more complicated technically (but not conceptu-
ally). The induced character of the action of BM on the complex analo-
goue of W has been calculated by D.G. Higman in [Hig76]. The character
is the sum of three irreducible characters of degree 4371, 63 532485 and
13508 418 144. Thus if the class function on Qs were known, to check the
claim would be a matter of straightforward calculations. The character
table and the fusion pattern of Gs ~ 23+10+10+5 ] (2) are not available
in GAP now, but they probably will be in due course. Meanwhile the
claim has been checked by two different methods. In [Wil92] and [Wil93]
R.A. Wilson has checked the condition in (6.1.7) by explicit calculations
with elements of the Baby Monster represented by 4370 x 4370 matrices
over GF(2). A different strategy was implemented in [ISh93b]. It follows
directly from (5.11.7) that for G; = 21+22.Co, and Q; = 0(G)) the cen-
tralizer C := Cw(Q), as a module for G; = Co,, possesses a direct sum
decomposition

C=CcVeC?gcC®,

where CV and C» are isomorphic to the module W (of dimen-
sion 2300) from the case G = Co, and the module C® (of dimen-
sion 46575) is induced from a 1-dimensional non-trivial module of
G12/Q1 = 219 Aut Maty, (the direct summands correspond to the or-
bits Q(2a), Q(6a) and Q(4a) of G, on the vertex set of the Baby Monster
graph). We have checked that Oy(Gis) has trivial centralizer in C®.
For i = 1 and 2 this follows from the proof of the lemma in the case
G = Co; and for i = 3 the result can be achieved by similar calculations,
since the corresponding induced character (computed by GAP) has three
irreducible components whose degrees are 23, 2277 and 44 275.

Finally we have shown (Lemma 3.10 in [ISh93b]) that in every module
of Gs = Ls(2) induced from any 1-dimensional module of any subgroup
the subgroup, 02(G15/Qs) = 2* has a non-trivial centralizer. This shows
that if Qs had a non-trivial centralizer in W, then 0,(G;s) would have a
non-trivial centralizer as well, which is not the case. O

Now by (7.1.5), (7.2.2), (7.3.1) and (7.3.2) we obtain the main result of
the section.

Corollary 7.3.3 Let ¥ be one of the geometries 9(Maty;), 9(Co,) and
%(BM). Let G be the full automorphism group of ¥ (isomorphic to
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Aut Maty;, Co; and BM, respectively). Then there exist a geometry g
which possesses a 2-covering ¢ : % > ¢, and a [flag-transitive automor-
phism group G- of & which possesses a homomorphism y onto G, and the
kernel K of v is a non-trivial elementary abelian 3-group. Moreover, K
as a module for G is a submodule of the module W induced from a non-
trivial 1-dimensional module of a subgroup X in G isomorphic to PXL;(4),
PXUs(2) and 2 -? E¢(2).2, respectively. ]

In (7.3.3) if ¢ = 9(Maty;) then by (3.5.5) the order of K is at most
(and hence exactly) 3. This shows that ¢ in (7.3.3) is a 3-fold covering
which is universal by (3.5.7) and hence 4 = 4(3 - Matz,).

74 938 - Coy)

In this section we identify the structure of the group G as in (7.3.3) in
the case ¥ = 4(Co»).

Throughout the section ¥ is a P-geometry of rank 4, G is a flag-
transitive automorphism group of ¢ and it is assumed that ¥ possesses
a non-bijective 2-covering ¢ onto 4 = %(Co,) and ¢ commutes with
the action of G. This means that the action G which G induces on %
coincides with the unique flag-transitive automorphism group of % which
is Co; (7.1.8).

By (4.12.7) 4(Co) is simply connected and hence ¢ is not a covering.
Let y denote the natural homomorphism of G onto G induced by ¢ and
let K be the kernel of .

Let ® = {x;,.., x4} be a maximal flag in ¢, where x; is of type i, and
G; = G(x;) be the stabilizer of x; in G. Let X; be the image of x; in &
and G; be the image of G; in G. Since resg(X;) is 2-simply connected for
i=2,3 and 4 and ¢ is not a covering, we conclude that K N G; is trivial
for i = 2, 3, 4 and non-trivial for i = 1. By (3.5.7) the universal 2-cover
of resz(X1) = ¥(Maty;) is its triple cover %(3 - Maty;). Thus we have the
following.

Lemma 7.4.1 resg(x1) = 4(3 - Maty) and K N Gy is of order 3. ]

By the above lemma, for every element » of type 1 in ¢ the subgroup
K, = K N G(v) is of order 3. Since %(Co,) is simply connected, the
subgroups K, taken for all elements v of type 1 in & generate the whole
of K. For an arbitrary element z in ¢ put

B, ={K, | v eresg(z)'}, K,=(K,|v € resg(z)).
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Let & = #(x3) and & = #(X3) be the subgeometries of % and & defined
as in (7.1.7) with respect to the elements x; and X3, respectively. Let S
be the stabilizer of & in G and § be the stabilizer of &% in G. By (4.9.8)
we have

F = %(Spe(2)) and S = 2.+8.8pe(2).

By (7.1.7 (ii)) and (74.1) & is a T-geometry of rank 3 possessing a
1-cover onto %(Spe(2)) which commutes with the action of S. By (6.10.4)

& = #(3) and §/0(S) =37 - Sps(2),

in particular K& := K NS is an elementary abelian 3-group of rank 7.
By (6.6.4) this gives the following.

Lemma 7.4.2 In the above terms K is elementary abelian of order 3" and
it coincides with K,,. In particular, if u and v are elements of type 3 from
the same T-subgeometry, then K,, = K, m]

In what follows, for a subgroup K’ in K the statement “rk(K’) = n”
will mean that K’ is an elementary abelian group of order 3.

Lemma 743 1k(K,,) = 15.

Proof. The set B, has size 15. Since resg(x4) is a projective geometry,
every two elements of type 1 incident to x4 are incident to a common
element of type 3. Hence the subgroups in B,, commute pairwise and
it remains to show that they are linearly independent. The parabolic G4
acts primitively on B,, and Q4 is the kernel of the action. It is easy to
see that the quotient of Q4 over the centralizer of K,, in Q4 has order
more than 2. Hence different subgroups in B,, have different centralizers

in Q4. In particular they are linearly independent and the result follows.
O

Lemma 7.4.4 Let {z1 = X3, 2,23} = resg({x2,x4})>. Then K, = (K;, |1 <
i<3).

Proof. The elements z;, z, z3 are three hyperplanes in resg(x4) con-
taining a common line (which is x;). Hence every point (an element of
type 1 in the residue) is incident to z; for i = 1, 2 or 3. a

Lemma 7.4.5 Let y4 be the element of type 4 other than x4 incident to
x3. Then Ky, N Ky, = Ky,, so that the quotient of (K., K,,) over its
commutator subgroup has rank 23.
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Proof. Let E = B,, \ B),, so that B,, = B, UE, and let X be the
subgroup in K, generated by the subgroups in E. Since G4 induces the
full automorphism group of resg(x4), G(x4)NG(y4) = G34 acts transitively
on By, and on E. Since different subgroups from B,, have different
centralizers in Q4, this implies that K,, and X are the only proper
subgroups in K, normalized by G(x4) N G(y4). Hence either K., NK,, =
K, or Ky, = K,,. In the latter case since ¥ is connected, we immediately
obtain K = Kj,, in particular K is an elementary abelian 3-group of
rank 15. Since the shortest orbit of G;/Q; = Aut Maty, on the set of
hyperplanes of Q; has length 22, G has no faithful GF(3)-representations
of dimension less than 22. Since K cannot be centralized by G either, the
result follows. m|

Lemma 7.4.6 Let U be the subgroup of K generated by the subgroups K,
taken for all elements u € resg(x2)*. Then U = (Ky,,K,,).

Proof. By (7.4.4) both K, and K,, are contained in U, so it is sufficient
to show that (K,,,K,,) contains U. With zj, z3, z3 as in (7.4.4) let zy, z4
and zs be the elements of type 3 incident to both x, and y4. There are
exactly five T-subgeometries in 4 containing elements of type 3 incident
to x; and the elements z; for 1 < i < 5 are in pairwise different such
subgeometries. Hence whenever u is an element of type 3 incident to x,
F(u) = F(z;) for some 1 < i < 5. By (7.4.2) this means that K, = K,
and hence K, < (K;, |1 <i <5) < (Ky,,K},). O

Lemma 7.4.7 tk(K) = 23.

Proof. Let x, y be elements of type 4 in ¥ incident to a common
element z of type 3 and suppose that z is incident to x;. Then by
(74.6) (Kx,K,) = U = (Kx,,K,,). We are going to show that K = U.
Let w be an element of type 4 in 4. Since ¥ is connected, there is a
sequence of vertices wo, wy,...,ws = w such that {wo,w;} = {x4,y4} and
for 0 < i < s—1 the elements w; and w;; are distinct and incident to
a common element of type 3. In this case for every i, 0 < i < s—2,
the vertices w;, w1 and wy, are incident to common element of type
2 which means (7.4.6) that (K,,,Ky,,,) = (Kw,»Kw,,)- This shows that
K, < U. Since this is true for every w € 4%, K = U. By (74.3) and
(74.5) Ky, < Ky, is in the centre of U = K. Since K is generated by the
subgroups K, taken for all elements of type 1, we conclude that K is
abelian. o

It is well known and easy to check that Co, has a unique faithful
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GF(3)-representation of dimension less than or equal to 23, which is the
unique faithful irreducible section L of the Leech lattice taken modulo
3. In the present context the isomorphism between K and L can be
established along the following lines.

Let N be the GF(3)-module for G = Co, induced from the unique
non-trivial 1-dimensional module of the group G; = 21°. Aut Maty,. Then

N=EPN,

uecé!

where the N, are 1-dimensional. Let § = 21*3.Sp(2) be the stabilizer
in G of the Cs;-subgeometry #. Put M = @,z Ny, so that M is a
63-dimensional S-submodule in N. Then M possesses a unique homo-
morphism onto the 7-dimensional S-module which is the E;-lattice taken
modulo 3. Let My be the kernel of this homomorphism and Ny be the
smallest G-submodule in N which contains My. Then by the arguments
almost identical to those for (7.4.2)—(7.4.7) one can show that N/N, has
dimension at most 23. On the other hand both K and L are quotients of
N/Njy and hence K = L.

Proposition 748 Let 4 be a P-geometry of rank 4 and G be a flag-
transitive automorphism group of 9. Suppose that & possesses a non-
bijective 2-cover onto 49(Co,) which commutes with the action of G. Then
the kernel K of the homomorphism of G onto Co, is an elementary abelian
3-group of rank 23 isomorphic to the unique faithful irreducible Co,-section
in the Leech lattice taken modulo 3 and G does not split over K. O

Thus in terms of (7.3.3) G = 323.Co, and the corresponding P-geometry
will be denoted by 4(3% - Co,).

7.5 The rank 5 case: bounding the kernel

Let 4 be a P-geometry of rank 5, G be a flag-transitive automorphism
group of ¢ and suppose that ¥ possesses a non-bijective 2-covering ¢
onto ¥ = %(BM) which commutes with the action of G. In this case
by (7.1.8) the action G induced by G on % is the only flag-transitive
automorphism group of the latter geometry which is the Baby Monster
group BM. Let y be the natural homomorphism of G onto G. For x € 4
or x € G we write X to denote ¢(x) or y(x), respectively.

Let ® = {xi,..,xs} be a maximal flag in ¥, where x; is of type i,
G; = G(x;) be the stabilizer of x; in G, so that #={G; | 1 <i < 5} is
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the amalgam of maximal parabolic subgroups associated with the action
of G on 4. As usual we put G;; = GGNG; for 1 <i< j<5 LetK
be the kernel of v and K; = K NG, for 1 < i < 5. Then the elements
of % can be identified with the orbits of K on ¢ with respect to the
induced incidence relation and type function. Therefore the restriction
of ¢ to resg(x;) associates with every element in the residue its orbit
under K;. In particular the restriction of ¢ to resg(x;) is an isomorphism
if and only if K; = 1. Since resg(x;) is 2-simply connected for i = 3,4
and 5, we have K3 = K4 = K5 = 1. On the other hand by (5.11.5 (1))
%(BM) is simply connected and since ¢ is non-bijective, some of the
K; must be non-trivial. Since resg(x;)” is 2-simply connected for every
1 <i <5, K; must be non-trivial. Hence the restriction of ¢ to resg(x;)
is a non-bijective 2-covering onto resz(x1) = %(Coz). By (7.4.8), this gives
the following:

Lemma 7.5.1

(i) resg(x1) = %(3% - Co,) and K is elementary abelian of order 3%;
(ii) resg(x2)* = %(3 - Maty,) and K, is of order 3. a

Lemma 7.5.2 If v is an element of type 2 in 4 then K, .= K N G(v) is of
order 3. Moreover, the subgroups K, taken for all elements v of type 2 in
% generate K.

Proof. By (7.5.1) we only have to prove the statement about the
generation. It is clear that L := (K, | v € %) is normal in G and
the image in G/L of the amalgam £ is isomorphic to the amalgam %
associated with the action of G on %. Since & is simply connected, this
shows that G/L = G and hence L = K. m]

For an arbitrary element z in ¢ put
B, = {K, | v € resg(z)*}.

If L is a subgroup in K then the statement “rk (L) = n” will mean that
L is an elementary abelian 3-group of order 3". In this case a set of n
subgroups of order 3 in L which generate L will be called a basis of L.

In these terms (7.5.1 (i)) can be reformulated as follows.

Lemma 7.5.3 rk(K,,) = 23 and as a module for G;/0,3(G;) = Co,, K,
is a section of the Leech lattice modulo 3. ]
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Let ¥ = P(%4) and & = F(x4) be the subgeometries of % and ¥
respectively defined as in (7.1.7). Let § and S be the stabilizers of & and
& in G and G, respectively. Then by (5.4.5) we have

Z = %(Sps(2)) and § = 2°*16 5pg(2).

By (7.5.1 (ii)) and (7.1.7 (ii))) & is a rank 4 T-geometry. The restriction
of ¢ to & is a 1-cover onto %. Hence by (6.10.4)

S = #(4) and S/0,(S) = 3% - Sps(2).
By (6.7.2) we have the following.

Lemma 7.54 Let & = %(x4) be the rank 4 T-subgeometry in % corre-
sponding to x4, S be the stabilizer of & in G and Ky = S NK. Then
tk(K ) = 35 and By, is a basis of K. ]

Lemma 7.5.5 Let i = 3, 4 or 5. Then tk(K,) = [5]» (which is 7, 35 or 155,
respectively)) and By, is a basis of K.

Proof. If i = 3 or 4 then the result follows immediately from (7.5.4),
so suppose that i = 5. Since resg(xs) is a projective space over GF(2),
any two elements, say vy and v, of type 2 incident to xs are incident to
a common element of type 4. By (7.5.4) K,, and K,, commute. To prove
linear independence, consider the action of Qs = 0,(Gs) on K ;. Since Qs
is the kernel of the action of Gs on resg(xs), Qs normalizes each K, with
v € resg(xs)?. Let & = P(x4). By (7.5.4), Qs normalizes K. Comparing
the orders of Qs (which is 23%) and 0,(S) (which is 225) we observe that
Qs induces on K, an action of order at least 2°. Since Gs acts primitively
on resg(xs)’, we conclude that By, is a basis of K,.. D

It follows directly from the proof of the above lemma that different
subgroups in By, have different centralizers in 05(Gs).

Lemma 7.5.6 If 3 < i < 5 then By, NBy, is a basis of Ky, NKy,, in particular
tk(Kx, NKy,) =3, 7 and 15 for i =3, 4 and 5, respectively.

Proof. Let D; = By, N By,, E; = By, \ By, and let X; and Y; be the
subgroups in K, whose bases are D; and E;, respectively. Then rk(X;) = 3,
7 and 15 while rk(Y;) = 4, 28 and 140 for i = 3, 4 and 5, respectively.
Clearly X; is contained in Ky, NK,, for 3 < i < 5. The parabolic G;
induces the full automorphism group of the projective space resg(x;)™
and the kernel N; of this action contains O,(Gs). This means that Gy;
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acts transitively on D; and on E; and in view of the remark after the
proof (7.5.5) different subgroups in B,, have different centralizers in N;.
This shows that X; and Y; are the only subgroups in K,, normalized by
Gii. Hence either K, N Ky, = X; or K,, contains K,,. If i = 4 or 5 then
the latter is impossible since the rank of K, is only 23 by (7.5.3). If K,
were to contain K, then since Y3 < Yy, it would contain the whole K,,,
and we have seen that this is impossible. a

Lemma 7.5.7 Let ys be the element of type 5 incident to x4 other than xs.
Then Ky, N Ky, =K;,.

Proof. It is clear that K,, is contained in K, N K,,. Let Z be the
subgroup in K,, whose basis is By, \ By,. Since Gs induces the full
automorphism group of resg(xs), in view of the remark after the proof
of (7.5.5) K, and Z are the only subgroups in K, normalized by Gys.
Hence if K, # K,; NK,, then K,, = K,,. Since ¢ is connected, the latter
equality implies that K, = K (7.5.2), which is impossible since K, is not
contained in Ky, by (7.5.6). O

Lemma 7.5.8 In terms of (71.5.7), Ky, < (Ky,,K),).

Proof. By (7.5.6) and (7.5.7) tk(Kx, N Kyx;) = 1k(Ky, N K,,) = 15 and
tk(Kx, N Ky NK)) = 1k(Kx, N Ky,) = 7. Hence rk(Ky, N (Kx, K),)) =
15+ 15 — 7 = 23 which is the rank of K, by (7.5.3). a

Lemma 7.5.9 Let y, be an element of type 1 other than x; incident to x;.
Then the subgroups K, and K, commute.

Proof. First we analyse the structure of K, as a module for a certain
subgroup in G(x;) N G(y1). By (7.5.3) G, acts on K, as Co, acts on a
faithful section of the Leech lattice modulo 3. If L is the kernel of this
action then

L =Ky, x 02(Gy) =35 x 2}+2,

By (7.5.1 (ii)) and in view of the structure of the maximal parabolic sub-
groups associated with the action of Co, on %(Co,), we have Gy2/Q) =
3.219 Aut Maty,. Let H be the preimage in Gy, of the unique subgroup of
index 2 in G12/Qy, so that H := HL/L = 219 Mat,,. Since there are only
three elements of type 1 incident to x,, H is contained in G(x;) N G(yy).
We claim that K, = K, ® [Ky,,02(H)] and [Ky,,02(H)] is an irreducible
22-dimensional GF(3)-module for H. This can be seen either by restrict-
ing to H the action of Co, on the Leech lattice modulo 3 or directly,
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since the shortest orbit of H/O,(H) on the hyperplanes in O»(H) has
length 22. In view of this decomposition and since K, is contained in
Ky, in order to prove the lemma it is sufficient to find an element in
Ky, \ K, which commutes with K, .

By (7.5.7) and (7.5.5) if ys is an element of type 5 other than xs incident
to x4 then K, is contained in the centre of (Ky,,K,,) and by (7.5.8) the
latter group contains both Ky and K,,. Hence Ky, N K, (which is of
rank 7 by (7.5.6)) commutes with K, and the result follows. a

Let us introduce some notation. Put

Ui(xs) = (K | x € resg(xs)"),

Us(xs5) = (Kx, Ky | {x5,y} = resg(v)’ for some v € *),

so that Uji(xs) and Ux(xs) are the subgroups in K generated by the
subgroups K taken for all elements of type 1 incident to xs and for
all elements of type 5 incident with x5 to a common element of type 4,
respectively.

Since resg(xs) is a projective space, any two elements of type 1 incident
to xs are incident to a common element of type 2. By (7.5.9) this shows
that U;(xs) is abelian.

Lemma 7.5.10 In the above terms Uj(xs) = Ua(xs).

Proof. By (7.5.8) if ys is an element of type 5 other than xs incident to
x4 then Ky < (Kx,,Ky,) and hence Uj(xs) < Uz(xs). Let ys be as above
and a be an element of type 2 incident to ys. Since resg(ys) is a projective
space there is an element x of type 1 in this residue which is incident to
both a and x4 (a line and a hyperplane always have a common point).
It is clear that x is incident to xs. Hence K; < K < Uy(xs). Since K, is
generated by all such subgroups K,, we have Ux(xs) < Uj(xs). m|

Let A be the derived graph of 4 whose vertices and edges will be
identified with the elements of type 5 and 4 in ¥, respectively. For a pair
x, y of vertices in A let d(x, y) be the distance in A between these vertices.
As usual for a vertex y let Ay(y) denote the set of vertices at distance i
from y.

For a vertex y of A put
Vi(y) = (K; | z € V(A), d(z,y) < i).
Then Vo(y) = Ky and Vi(y) = Ui(y) = Ua(y) by (7.5.10).
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Lemma 7.5.11 rk(Vi(y)/Vo(y)) < 248.

Proof. By (7.5.10), Vi(y) is generated by 31 subgroups K, for x €
resg(y)!, each of them has rank 23 and intersects Vo(y) in a subgroup of
rank 15 (7.5.6). Hence rk(Vi(y)/Vo(y)) < 31 -8 = 248. O

Lemma 7.5.12 Let z € Ai(y). Then tk(Vi(z)/ (Vo(y), Vo(z))) < 128.

Proof. Let v be the unique element of type 4 in ¢ which is incident to
both y and z. The group Vi(z) is generated by the subgroups K taken
for all x € resg(z)!. If such an x is incident to v, then K, < (Vo(y), Vo(2))
by (7.5.8). There are exactly 16 elements x which are not adjacent to v,
each of them giving contribution of rank at most 8 (indeed, by (7.5.3)
the rank of K is 23, while the rank of K, NK; is 15 by (7.5.6)). O

If w is a vertex at distance 2 from y in A then K,, is contained in
Vi(z) for the unique vertex z adjacent to both w and x. Hence Vi(y)
and the subgroups Vi(z) taken for all vertices z adjacent to y generate
V>2(y). Since there are exactly 31 such vertices z, by (7.5.12) we obtain the
following.

Corollary 7.5.13 The quotient V>(y)/Vi(y) is generated by at most
31- 128 = 3968 subgroups of order 3. O

By the above result if V2(2) is abelian then rk(V2(y)/Vi(y)) < 3968.

Lemma 7.5.14 Let y be a vertex of A, u be an element of type 3 incident
to y. Let {v1,v3,v3} be the elements of type 4 incident to both u and y; and
fori=1,2 3 let z; be the element of type 5 other than y incident to v;.
Then

Vi(y) = (Vo(p), Vo(z1), Volz2), Vo(z3)).

Proof. In the residue of y the elements v1,v, and v3 are three hyper-
planes having the subspace u of codimension 2 in common. Therefore,
every element x of type 1 incident to y is incident to z; for some i,
1 <i< 3. By (7.5.8), K, < (Vo(y), Vo(z:))- O

Lemma 7.5.15 V3(y) = Va(y).

Proof. Let z € Ax(y). By (7.1.2 (v)) we can find an element u of type 3
in ¢ which is incident to both y and z. Let {v1,v2,v3} be the elements of
type 4 incident to both u and z. For i = 1, 2 and 3 let z; be the element
of type 5 other than y incident to v;. Since resg(u)* is the geometry of
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edges and vertices of the Petersen graph, and since the Petersen graph
has diameter 2, we have

V1(2) < (Vo(2), Vo(21), Vo(22), Vo(23)) < Va(y),
where the first of the inclusions is forced by (7.5.14). ]

Since A is connected, we immediately obtain the following.

Corollary 7.5.16 For every y € 4> we have K = Vy(y). ]

Lemma 7.5.17 K is abelian.

Proof. By (7.5.16), K = V(y). Let us show that Vy(y) is in the centre
of K. Let z be a vertex at distance at most 2 from y in A and a be a
vertex which is at distance at most 1 from both y and z. By the remark
before (7.5.10), Vi(a) is abelian. Hence Vy(y) and Vy(z) commute. By
(7.5.15) the subgroups Vy(z) taken for all vertices z with distance at most
2 from y in A generate K. Hence Vy(y) is in the centre of K. Again using
the fact that K is generated by the subgroups Vo(y) for all the vertices y
of A, K is abelian. ]

Proposition 7.5.18 Let ¥ be a P-geometry of rank 5 and G be a flag-
transitive automorphism group of 4. Suppose that ¥ possesses a non-
bijective 2-cover onto the geometry %(BM) which commutes with the action
of G and let K be the kernel of the action of G on 4(BM). Then K is an
elementary abelian 3-group of rank at most 4371.

Proof. By (7.5.17), K is abelian. By (7.5.5), (7.5.11) and (7.5.13),
tk(K) < 155 + 248 + 3968 = 4371.
(]

7.6 (3% - BM)

Let 4 be the geometry as in (7.3.3) possessing a 2-covering onto %(BM).
Then % and G satisfy the hypothesis of (7.5.18) and hence the intersection
of G and W (which is the kernel of the homomorphism of G onto BM)
is of rank at most 4371.

Lemma 7.6.1 In the above terms let K = G\ W. Then
(i) rk(K) = 4371,
(ii) K is an irreducible GF(3)-module for BM,
(iii) G does not split over K.
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Proof. We are going to analyse the structure of K as a module for
G/K = BM. Let X be an element of type 1 in & and H be the stabilizer of
%in G. Then by (7.5.1) HNK is of rank 23. The quotient H := H/(HNK)
can be naturally identified with the stabilizer in BM of an element of
type 1 from %(BM), so that H = 21722.Co,. By (7.5.3) Q := O,(H) is the
kernel of the irreducible action of H on K N H. Let Z be the centre of
Q which is also the centre of H. Put

Ky =Ck(Q), K;=Ck(Z)N [Ks 0, Kz= [KsZ]

Then clearly K = K; ® K, ® K3 as a module for H. Since K; contains
K N H, by the above rk(K;) > 23. Since H acts faithfully on K, K3 must
be non-trivial. Since Q is isomorphic to 23,_"'22, it must act faithfully on K3,
the rank of the latter is at least 2048 = 2!! which is the dimension of the
unique faithful irreducible GF(3)-representation of Q. From the structure
of ¥(BM) we know that Z is conjugate in BM to a non-central subgroup
Z' in Q which means that Cx(Z) and Ck(Z’) have the same rank. By
definition K is centralized by both Z and Z’. On the other hand since
Z is in the centre of H while Z' is not in the centre, we observe that
Ck,(Z) is trivial while Ck,(Z') is non-trivial. Since the ranks of Ck(Z)
and Ck(Z') are isomorphic, K, must be non-trivial. Since Q is normal in
H and it induces on K, an elementary abelian 2-group Q/Z, Clifford’s
theorem implies that rk(K3) is at least the length of the shortest orbit of
Coy = H/Q on the set of hyperplanes in Q/Z. Since Q/Z is self-dual,
this gives rk(K3) > 2300. Now summing up we obtain

tk(K) = tk(K1) + k(K2) + tk(K3) = 23 + 2300 4+ 2048 = 4371.

Since this lower bound meets the upper bound from (7.5.18), (i) follows.

By the above it is clear that K does not involve trivial composition
factors. For a faithful submodule L in K put L, = C.(Z)N [L,Q] and
L; = [L,Z]. Then by arguments as in the above paragraph both L,
and L3 must be non-trivial of rank at least 2300 and 2048, respectively.
Since the sum of these numbers exceeds half of the rank of K, L
cannot be proper and we obtain (ii). From the proof of (i) we see that
Ky = Ck(Q). Since H = Npp(Q) we conclude that N := Nz(Q)/Q is the
full automorphism group of the residual geometry resz(X) = %38 - Coy).
If G should split over K, N would split over K;, but we know that this
is not the case. |

Thus G = 3*37- BM and the corresponding P-geometry ¢ from (7.3.3)
will be denoted by 9(34"! - BM).
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Proposition 7.6.2 %(3*7! - BM) is the universal 2-cover of 9(BM).

Proof. By the construction 4 := %(3**”! - BM) possesses a 2-cover
onto % := %(BM). Thus to prove the proposition it is sufficient to show
that G is the universal completion of the amalgam % of rank 2 parabolic
subgroups associated with the action of BM on %. Let H be the universal
completion of ¥ and y be the homomorphism of H onto BM. Since ¥
possesses a 2-covering onto % which commutes with the action of 6,
% is also the amalgam of rank 2 parabolic subgroups associated with
the action of G on %. Hence there is a homomorphism 5 of H onto G,
such that y is the composition of # and the homomorphism ¢ of G onto
BM. All proper residues in ¢ are 2-simply connected and hence there
is a subamalgam 2 in H which maps isomorphically under ¢ onto the
amalgam of maximal parabolic subgroups in G associated with its action
on 4. Thus we can construct a P-geometry s# acted on flag-transitively
by H and possessing a covering onto %. To wit, the elements of 5 are
the cosets in H of the subgroups constituting 2. By the construction #
possesses a 2-cover onto 4 which commutes with the action of H. Now
by (7.5.18) the kernel of x has order at most 3**”! and y must be an
isomorphism. m|

Let K be as in (7.6.1). Using the technique developed in this chapter
(Section 6 in [ISh93b] for details) one can show that K is the unique
faithful GF(3)-module of BM of dimension 4371 or less. In particular
if M, is the module obtained by taking modulo p the BM-module
M of dimension 4371 over the rationals, then K = Mj;. We conclude
the section with the following result concerning cohomology of certain
representations of BM.

Lemma 7.6.3 Let G be a group possessing a homomorphism onto BM with
kernel isomorphic to the module M, as above for p = 3. Then either G
splits over M, or G is the automorphism group of the geometry
g(34371 . BM)_

Proof. One can easily check that for every p # 2 the centralizer
in M, of Qs is trivial. Then the result follows from a straightforward
generalization of (7.2.2), for the case when the characteristic of W is
more than 3, and (7.6.2). m]

Let G be the non-split extension of BM by the GF(3)-module W
induced from the non-trivial 1-dimensional module of X = 2‘2E6(2)-Z, so
that G contains the automorphism group G of 4(3*"! - BM). Then G/K
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splits over W /K since G/K is a complement. Similar observations can
be made for the extensions of Co; and Aut Maty,.

7.7 Some further s-coverings
It has been shown in [Wie97] and [BIP98] that the 2-coverings

(3% - Coy) — 9(Coy) and %(3¥"' - BM) — 9(BM)
induce 1- and 2-coverings of certain subgeometries in %(Co;) and 9(BM).

We have seen in Section 4.13 that Co; contains the McLaughlin group
McL as a subgroup and that the latter acts flag-transitively on a geometry
%(McL) with the diagram

P
o o- o o
2 2 1 1

It can be seen that the parabolic subgroups associated with the action
of McL on 9(McL) are contained in the parabolic subgroups associated
with the action of Co, on %(Co,). Let ¢ be the natural homomorphism
of 38 - Co, onto Cos.

Proposition 7.7.1 [BIP98] The full preimage of McL under v, which is a
non-split extension of the form 3% - McL, acts flag-transitively on a geom-
etry 9(3% - McL), and v induces a 2-covering 9(3% - McL) — 9(McL). O

The residues in %(3% - McL) of elements of type 1 and 4 (isomorphic
to (3 - Alt;) and %(Maty)) are the universal (triple) covers of the
corresponding residues in ¢(McL) (isomorphic to 5#(Alt;) and 4(Mats,),
respectively). We do not know whether or not %(3%* - McL) is simply
connected.

Also in Section 4.13 we have indicated in 4(McL) a subgeometry
%(U4(3)) with the diagram

Q o]
2 2 2

on which a subgroup of Co, isomorphic to U(3).2? induces a flag-
transitive action.

Proposition 7.7.2 [BIP98] The full preimage of U4(3).22 under v, which is
a non-split extension of the form 3% - Uy(3).22, acts flag-transitively on a
geometry 9(3% - Uy(3)) with the diagram

~ ~
[e. 0

2 2 2




7.7 Some further s-coverings 331

There exists a covering of 9(3%* - U4(3)) onto the residue of an element of

type 1 in the geometry 4(3 - M(24)) as in (5.8.4). O

We have observed in Section 5.5 that BM contains a subgroup iso-
morphic to F4(2) which is the automorphism group of a Tits geometry
%(F4(2)) with the diagram

e o]
2 2 2 2

Let y denote the natural homomorphism of G = 347! - BM onto BM.

Proposition 7.7.3 [Wie97] Let o/ be the amalgam of minimal parabolics
associated with the action of F4(2) on (F4(2)). Then there is a subamalgam
& in G such  that the restriction of y to o is an isomorphism onto <. The
subgroup in G generated by A is a non-split extension of the form 3833-F4(2)
which acts flag-transitively on a geometry 4(3%3 - F4(2)) with the diagram

G i o}
2 2 2 2
and p induces a 1-covering 4(3%%* - F4(2)) — 9(F4(2)). m]

It is not known up to now whether or not 4(3%33 - F4(2)) is simply
connected.
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Y-groups

In early stages of studying the Monster group M in the 70’s, B. Fischer
had noticed that M can be generated by 15 involutions with pairwise
products of order 2 or 3 corresponding to the following Coxeter diagram
and found a few nice non-Coxeter relations satisfied by the involutions
in the Monster.

Around 1980 J.H. Conway conjectured that 16 involutions satisfying
the Coxeter relations of the Ysss diagram given on the next page together
with the so-called “spider” relation

(abicy aszzab3C3)10 =1

constitute a presentation for a group called the Bimonster, which is the
wreath product M } 2 of the Monster and a group of order 2. Many
people contributed to the proof of Conway’s conjecture which has been
completed in 1990 (1.13.5).

332
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A crucial role in the proof of the Ysss theorem was played by the
simple connectedness result for the tilde geometry of the Monster. In this
chapter we review the original proof of the Ysss theorem and present an
alternative proof based on an inductive approach to Y -groups.

N f2

a

bs

C3
d3
€3

f3

8.1 Some history

We start with the above Coxeter diagram known as the Ysss diagram
and the following relation known as the “spider” relation:

(abiciabacrabycy) = 1.

For 2 < p,q,r < 5 define Yy, be the quotient over the spider relation of
the Coxeter group, whose generators are a and

first p terms from by, ¢;,dy, ey, f1,
first g terms from by, c3,d3, €3, f>,
first r terms from b3, ¢3,d3, e3, f3,

and whose Coxeter relations correspond to the subdiagram of the Yss;s
diagram induced by the generators. A homomorphic image of the group
Yper will be called a Ypg-group and the Coxeter generators of Y, will
usually be identified with their images in a Yp4-group. If Z is a Yp,-
group and x, y,..,z are some Coxeter generators of Z (or rather of Yy, )
then Z|x,y,..,z| denotes the subgroup in Z generated by all its Coxeter
generators except for x, y, ..., z. In these terms if x is the terminal node of
the left arm of the Coxeter diagram of Y,4 and p > 3 then Yp4|x] is a
Y(p—l)qr'group'
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If min{p,q,r} < 2 then we define Yy, as Yp g4 |X,..,z] where py =
min{2,p}, ¢; = min{2,q}, ry = min{2,r} and x, ...,z are the nodes in the
Coxeter diagram of Y,,,,,, Whose removal gives the Coxeter diagram of
Y,qr- Suppose that p — 1,4,7 > 2 and that x is the terminal node of the
left arm of the Coxeter diagram of Y,,,. Then a Yy, -group Z is said to
be strong if Z|x] = Yp—1)qr

If p,q,r > 2 then every defining relation of Y, has even length which
implies the following.

Lemma 8.1.1 Suppose that 2 < p,q,r < 5, that Z is a Ypg-group and that
0%X(Z) = Z. Then the direct product of Z and a group of order 2 is also a
Ypgr-group. ]

The structure of the groups Y, is given in the following table.

pgr Yogr Yoqr : Yip-1)qr]
321 2 x Sps(2) 56
21 2-0fQ):2 240
331 27.(2 x Sps(2)) 128
431 2 x Sps(2) 255
441 QL(2) ;2 528
22 35:Qs3):2 243
322 2 x (3) 728
22 2-0{(3):2 2160
332 2x2-M(22) 28160
432 2 x M(23) 31671
442 3-M(24) 920808
333 2x222E6(Q2) 2370830336
433 2x2-BM 27143910000
443 2x M 97239461 142009 186 000

444 M2 IM| ~ 10%
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The groups above Yy have been identified by means of coset
enumeration on a computer in [CNS88], the group Y has been iden-
tified by D.Z Djokovi¢ also by coset enumeration on a computer and a
computer-free identification, achieved by studying a certain hyperbolic
reflection group, can be found in [CP92]. The group Y333 has been iden-
tified using double coset enumeration performed by S.A. Linton ([Lin89]
and [Soi91]). The isomorphism type of Yiy3 was proved by combining
the results in [Nor90], [Nor92] and in [Iv91a], [Iv92a] (see also [Con92]).
The group Y433 has been identified in [Iv94]. It has been proved in
[Soi89] that the isomorphism Ya3 = 2 x M implies the isomorphism
Yaaq = M 0 2. An independent characterization of Fischer groups as Y-
groups can be found in [Vi97]. The groups Yz, p > 5, were identified
in [Pr89] with certain orthogonal groups over GF(3) (we do not present
these results here). If ¢ > 3, r > 2 then Ys5;, = Yy, while Ye3; and
higher Y-groups collapse to a group of order 2 ((8.5.4) and (8.5.5)). It is
worth mentioning that Y, maps isomorphically onto its natural image
in Ysss except for the groups Ys; and Yap; which lose their centres of
order 2.

8.2 The 26-node theorem

In this section we discuss the 26-node theorem proved in [CNS88] and
related results.

Theorem 8.2.1 The group Ysss contains a set of 26 involutions including
the set of 15 generators from the Ysss diagram, which satisfy the Coxeter
relations given by the incidence graph T of the projective plane of order
3. The subgroup in Ysss which conjugates the vertex set of  onto itself
induces the full automorphism group of T isomorphic to L3(3) : 2. O

Notice that the generators of M discovered by B. Fischer correspond
to a subgraph of X.

By the 26-node theorem (8.2.1) Ysss is a quotient of the Coxeter group,
whose diagram is the projective plane of order 3. L.H. Soicher [S0i91]
found a very simple hexagonal relation which characterizes Ysss as such
a quotient.

Theorem 8.2.2 Let X be the incidence graph of the projective plane of order
3 and let (u,v,w,x,y,z) be a cycle of length 6 in Z. Let C be the Coxeter
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group of T subject to the single additional relation
(uxvywz)4 =1
Then C =% Ysss. ]

By (1.13.5) Ysss is isomorphic to the Bimonster group B = M2
whose commutator subgroup D is isomorphic to the direct product of
two copies of the Monster M. This shows that if p is a vertex of X
then p is not contained in D and Cg(p) = (p) x M. Let ® denote the
set of involutions in ¥ non-adjacent to p. Then every involution from @
commutes with p and the subgraph of X induced by ® is the incidence
graph of the affine plane of order 3. It turns out that the subgroup in
Cpg(p) generated by the involutions from © is isomorphic to the Monster.
In [Mi95] the involutions from © are described explicitly in terms of the
action of M on the Moonshine module so that the Coxeter relations can
be checked, although it is not clear how difficult it would be to check a
non-Coxeter relation, say the hexagonal relation.

The following very elegant characterization of Ysss proved in [CP92]
was used originally for showing that the Bimonster is a quotient of Ysss.

Theorem 8.2.3 Let G be a group (finite or infinite) which contains a sub-
group A = Syms such that C := Cg(A) = Symy,, and if B is a 7-point
stabilizer in the natural permutational action of C then B = A8 for some
g € G. Suppose that no proper subgroup of G possesses the same property.
Then either G = Symy7 or G is a quotient of Ysss. O

In [Nor90] S.P. Norton, using the 26-node theorem in a crucial way,
has determined subgroups of Ysss of the shapes

21+26(224 . COl) and (210+16 x 210+16)‘QR(2)

which correspond to some maximal parabolic subgroups associated with
the action of M on its maximal 2-local parabolic geometry #(M).

It was realized during the Durham Symposium on Groups and Combi-
natorics in July 1990 that the simple connectedness result for the 2-local
tilde geometry 4(M) of the Monster [Iv92a] can be used to identify ¥sss
with the Bimonster. Using his earlier results on Y -groups Simon Norton
proved in the course of the symposium that the derived subgroup of Y43
is generated by a subamalgam {C, N, L} with

C~ 2}'_+24.C01, N~ 22+11+22.(SyM3 x Maty,),

L~ 23+6+12+16.(L3(2) x3- Syms)
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and [N :NNC]=3,[L:LNC]=[L:LNN]=7. Asshown in [Iv92a],
up to isomorphism there is only one such amalgam which consists of
parabolic subgroups of the action of M on %(M) and M is the only
completion of this amalgam. That is how the proof of the Ysss theorem
was achieved.

After that, Y433 remained the only unknown case in the identification
problem for Y -groups. The original proof of the Ysss theorem reduces
the problem (via the 26-node theorem and the simple connectedness of
%(M)) to the triangulation problem for the second Monster graph. It
turns out that there is a more direct way to associate a graph with a
Y-group and to reduce the identification problem to the triangulation
problem for that graph. This approach was realized in [Iv94] for Y433. The
identification problem was reduced to the triangulation problem of the
graph Q as in Section 5.12. The triangulability of Q was proved in [Iv92c]
within the simple connectedness proof for the Petersen type geometry of
the Baby Monster. After that it became possible to apply an inductive
approach to identify all the Y-groups. This approach, which gives an
alternative proof of the Ysss theorem, is discussed in the remainder of
the chapter.

8.3 From Y-groups to Y-graphs

We start this section with a definition. Let A be a graph and G be a
vertex- and edge-transitive automorphism group of A. Let E be another
graph and H be an automorphism group of E which is also assumed to
be vertex- and edge-transitive. As usual, for a vertex o € E by E;(x) we
denote the set of vertices at distance i from « and write E(«) instead of
Z(«), while H(x) denotes the stabilizer of « in H. Then (E, H) is said to
be weakly locally (A, G) if for every o € E there is an isomorphism

¢ : (A, G) — (B(2), H(2))

of permutation groups such that whenever {x,y} is an edge of A,
{@a(x), p«(y)} is an edge of E. Notice that if (&, H) is weakly locally
(A, G) then H is a transitive extension of G ([Su86], p. 545). Identifying
A and E(«) via ¢, we can say that the subgraph in E induced by E(«) is
a union of some orbitals of the action of G on A and this union contains
the orbital formed by the edges of A. When H and G are clear from the
context we simply say that = is weakly locally A.

Suppose that Z is a Yp,,-group, where p > 2, x is the terminal node of
the left arm of the Coxeter diagram of Y, and y is the node adjacent to
x. We are dealing with the left arm just in order to simplify the notation.
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Define a Y-graph I' =T'(Z,x) to be a graph on the set of right cosets
in Z of the subgroup Z|x] in which two cosets Z|x]gi, Z|x]g, are
adjacent if there is an element h; in the former coset and an element h,
in the latter coset such that h, = xh;. In other terms the edges of I are
the images under the natural action of Z of the pair e := {Z|x], Z | x]x}.
If Z(e) is the elementwise stabilizer of the edge e then

Z)=Z|x]NZ|x]"

It is obvious that the latter group contains Z |x,y] and the Y-graph T’
will be called correct if Z(e) = Z |x,y].

Let « = Z|x], B = Z|x]x, y = Z|x|xy, H = (x,y) = Sym; and
suppose that T is correct. Then Z|x| = Z(a) acts on I'(a) as it acts on
the cosets of Z|x,y]. Furthermore, since (xy)> = 1 and y € Z|x| we
have

v =Z|x]xyx = Z|x|yxy = Z|x|xy =y,

which shows that T := {a, §,y} is a triangle in I" on which H induces
the natural action. The images of T under Z will be called Y -triangles.
Thus the action of Z(x) on I'(«) is similar to its action on the vertex
set of A ;= I'(Z|x],y) and two vertices in I'(x) are adjacent whenever
the corresponding vertices in A are adjacent. This shows that I'(Z, x)
is weakly locally I'(Z|x], y) (notice that Z|x| is a Y(y_1),-group). We
summarize the most important case of this observation in the following.

Lemma 8.3.1 Suppose that Z is a strong Yy,-group where p—1,q,r = 2
and that T'(Z, x) is correct. Then I'(Z, x) is weakly locally I'(Y(p—1)gr,y). O

Suppose that both I'(Z, x) and I'(Y,,,, x) are correct. This is the case, for
instance, when I'(Z, x) is correct and Y1), y] is a maximal subgroup
of Y(p—1)qr- Then the natural homomorphism

¢ Yoy > Z
induces a covering
p : T(Yper, x) = T'(Z, x)
of graphs such that the Y -triangles are contractible with respect to .

This gives the following

Lemma 8.3.2 Suppose that Z is a strong Yp,,-group and that both I'(Z, x)
and I'(Ypgr, x) are correct. Suppose further that the Y -triangles in I'(Z, x)
generate the fundamental group of I'(Z,x). Then Z = Yp,,. m]
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The next lemma shows that in some cases examples of Y -groups can
be constructed via their Y -graphs.

Lemma 8.3.3 Let y be the terminal node of the left arm of the Yp_1)g
diagram, where p — 1,q,r > 2 and z be the node adjacent to y. Let E be
a graph and Z be a vertex- and edge-transitive automorphism group of E
and suppose that the following conditions hold for o being a vertex of E.

(i) T(Y(p—1)gr,y) is correct;
(i) (E,Z) is weakly locally (T(Y(p—1)qr, ), Y(p—1)qr) and @, is the corre-
sponding isomorphism;
(iii) if B = @u(Y(p—1)gr|v]) then the setwise stabilizer in Z of {«, B} is
the direct product of Z(x)NZ(B) and a group of order 2 generated
by an element x;

(iv) the setwise stabilizer in Y(p_1)qr of {Y(p—1)qr | V], Yio—1)qr L]y} is the
direct product (y) X Yp—1)qrLy, 2] and (y) is the centre of this sta-
bilizer.

Then Z is a strong Y,g,-group.

Proof. The Coxeter generators of Z are x and the set K of (the images
under ¢, of) the Coxeter generators of Y(,_1)g. By (ii) the generators in K
satisfy the Coxeter relations and the spider relation. By (iii) x commutes
with all the generators in K except for y. The product xy induces an
action of order 3 on the triangle T = {a, §,7} where y = @u(Yp—1)gr V1)
Hence ¢ := (xy)’ is in the elementwise stabilizer L of this triangle. By (i)
L = Y(p_1)¢r Ly, 2], by (iii) and (iv) o is in the centre of L and this centre
is trivial by (iv). Hence (xy)’ = 1 and the result follows. ]

Our inductive approach to Yy, is the following. We consider a group Z
acting vertex- and edge-transitively on a graph E and we show eventually
that E is (Y, x) where x is the terminal node of the left arm of the
Y,4 diagram. First we show that E is weakly locally I'(Y(p—1)gr, ¥) Where
y is the node adjacent to x. Then we check the conditions in (8.3.3) and
conclude that Z is a strong Y,,-group. Finally we show that the Y-
triangles generate the fundamental group of & and conclude from (8.3.2)
that Z = Yp,,. On the last step we often use (1.14.1). In some cases we
will be able to show that the covering of E under consideration induces
another covering of graphs which is known to be an isomorphism. For
this we use the strategy introduced in [Iv94].
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8.4 Some orthogonal groups

In this section we identify Y»,, Y3 and Yiy. The diagram of Yy, is
affine of extended Es-type and hence the generators, when subject to the
Coxeter relations only, produce a group isomorphic to Z° : Qs(3).2. By
carrying out explicit calculations in the latter group we will find out the
effect of adjoining the spider relation.

Let H = Cox(Ys,) be the Coxeter group and let ¥ = R® be a 6-
dimensional real vector space with the natural inner product (, ). Then
H can be realized as a group of affine transformations of V in the
following way.

Let % be the set of Coxeter generators of H. It follows from the general
theory of (affine) Coxeter groups ([Ebe94], [Hum90]) that there exists an
(essentially unique) system {r(x) | x € #} of roots in V such that the
angle between r(x) and r(y) is 120 or 90 degrees whenever x and y are
adjacent or non-adjacent nodes, respectively. To wit, if {i, j,k} = {1,2,3}
then we choose {r(x) | x € % \ {¢;}} to be a fundamental system of roots
in an Eg-lattice I" and

r(c;) = r(c;) + r(ck) + 2r(b:;) + 2r(b;) + 2r(b) + 3r(a)

is the longest root in I' with respect to this fundamental system.

For a root r € V let l(r) be the reflexion with respect to the hyperplane
orthogonal to r. Let L denote the group of orthogonal transformations
generated by the reflexions I(r(x)) for all x € #. Then L is the Coxeter
group Cox(Eg), which is known to be isomorphic to members of a number
of series of classical groups over fields of characteristic 2 and 3:

L=Q5(2).2 = Us(2).2 = Spa(3).2 = Qs5(3).2.

In this chapter we will mainly use the isomorphism L = Qs(3).2. The
roots r(x) generate the Eg-lattice I'. Consider the semidirect product
I' : L with respect to the natural action. Then every element g € T : L
can be uniquely represented by a pair (I(g),t(g)) where I(g) is a linear
transformation of ¥ and t(g) is a translation. In this case the action of
g on V is given by the following:

g:v—1l(g) v+Hg)

where v € V and I(g) - v is the image of v under I(g).

The Coxeter generators of H can be chosen in the following way:
for every x € % we take l(x) = l(r(x)). Furthermore t(x) = 0 if x # ¢3
and t(c3) = r(c3). Then all the Coxeter relations are satisfied, the group
generated is I : L and we obtain the required realization of H.
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Now let us analyse the effect of adjoining the spider relation. This
relation can be written in the form ¢!° = 1 where ¢ = abiciabacrabscs.
We have chosen our generators so that t() = r(c3). Then I(¢!°) = I(¢)!®
and

t(e'%) = Up)’ - r(e3) + .. + Ug) - rle3) + r(ca).

One can easily calculate the roots I(¢) - r(c3) as given below in the basis
{r(x) | x € ¥\ {c1}}, which is another fundamental system of roots in I:

i @) - r(c3)

r(cs)
r(bs)

—r(b1) —r(a) —r(b2) —r(c2)

r(b1) + 2r(a) + 2r(b2) + r(c2) + 2r(bs3) +r(c3)
—=2r(b1) — 3r(a) — 2r(bz) — r(c2) — 2r(b3) — r(cs)
r(b1) +r(a) +r(b2) + r(c2) +7(b3) + r(c3)

—r(b1) —r(a) —r(b2) —1(c2)

r(c2)
r(a) + r(b1) +r(b3) +r(c3)
—=r(b1) —2r(a) — r(b2) — r(c2) — r(c3)

r(cs)

O 00 I AN N b WNN=O

—
o

The above table shows that the orbit of r(c;) under the subgroup
generated by l(¢) is of length 10 and it is easy to see that the vectors
from this orbit generate the lattice I". This gives

Lemma 8.4.1 1(¢)'° is the identity element of L. ]

The expression for #(¢!®) shows that this element is equal to the sum
of all the rows in the above table which gives

1(¢'%) = =3r(b1) — 3r(a) — r(b2) + r(c2) + r(bs) + 2r(c3).

Let K be the kernel of the homomorphism H — Y. By (8.4.1) the
image of K in H/I" = L is trivial and hence K < I'. Since I is abelian,
K is generated by the images of t(¢'®) under conjugation by elements of
L.

Lemma 8.4.2 K = (t(¢'%),3I).
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Proof. By the definition K contains t(¢'®). Let us show that K also
contains 3I". In fact, a direct calculation shows that

1(0™) — l(c2) - (') = 3r(ca).

Of course, the images of 3r(c;) under L generate 3I". To show the reverse
inclusion it is sufficient to show that I(x) - t(¢'°) € (t(¢'?), 3T') for every
x € # \ {c1}. Since I(x) is the reflexion associated with r(x), we have the
following:

1(x) - t(") = (") — ((0"%), r(x))r(x).

One can check that for x € % \ {c;} the inner product (¢(¢'%),7(x)) is
divisible by 3 and hence the result follows. o

Since () does not belong to 3I", we have the following.

Proposition 8.4.3 I'/K = 3% and Yy = 3° : Q5(3).2. ]

There is an orthogonal form on 03(Y222) and Ya/03(Y222) is the full
automorphism group of this form. Then I'(Yz,¢1) is a graph on the
set of all vectors in a 5-dimensional GF(3)-space W with a non-singular
orthogonal form, such that v,w € W are adjacent if (v + w) is a plus
vector, which means that the orthogonal complement (v +w)* contains a
2-dimensional totally singular subspace. It is straightforward to calculate

that the suborbit diagram of I'(Y22, ¢;) is the following
27

24

Let us turn to Y3;;. Let W be a 7-dimensional GF(3)-space with a non-
singular quadratic form and Z = 2 X ;(3) be the full automorphism
group of this form. Let Z be a graph on the set of non-zero isotropic
vectors in W in which two such vectors are adjacent if their inner product
is 1. Direct calculations show that the suborbit diagram is the following
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72 72

If « € E then Z(x) = 3° : Q5(3) : 2 = Yy and 03(Z()) acts regularly
on E(a) which immediately shows that E is weakly locally I'(Yyy,,¢1). It
is easy to check that the remaining conditions in (8.3.3) are also satisfied
and hence Z is a strong Y3,;-group. From the above diagram we see that
all triangles in E are Y -triangles. Direct calculations in the orthogonal
module W enable one to check the conditions in (1.14.1). Thus E is
triangulable, hence Z = Y35, and E = I'(Y3p,,d;) by (8.3.2).

For {i, j,k} = {1,2,3} the nodes a, b;, c;, d;, bj, ¢;, b on the Ysss diagram
induce a spherical E;-diagram, so that the corresponding Coxeter group
is isomorphic to Spg(2) x 2 and its centre is generated by the following
element [CNS88}:

fijk = (ab,-cidibjcjbk )9.

For i = 2 and 3 put X; = Y35,|¢;] and let I; be the subgraph in ['(Y3y,,d;)
induced by the images of Y;»,|d;| under X;. The Coxeter diagram of X;
is spherical of type E7 and since all the Coxeter generators in Y3y, are
pairwise different, either X; = Spe(2) x 2 or X; = Spe(2). In the latter
case |Z;] = 28 and X; acts on X; doubly transitively. By observing that
I'(Y33,,d;) does not contain cliques of size 28, or otherwise one concludes
that X; = Spe(2) x 2 and the suborbit diagram of Z; with respect to the
action of X; is the following:

16 16
27 1 10
70

Comparing the above diagram with the diagram of I'(Y3p,d;), we
immediately deduce that the centres of X, X3 and Y3,, coincide, and in
terms of the above paragraph fi»; = f13.

Lemma 844 If q,r > 2 then the element fi53 = f13, is in the centre of
Yigr.
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Proof. A Coxeter generator of Y3 commutes with fy;; since the latter
element generates the centre of Y33. On the other hand d, and higher
terms clearly commute with f13, and the result follows. D

Permuting the indices p, q, r we obtain obvious analogues of (8.4.4)
(compare the centres of Y -groups in the table).

By the diagram of I'(Y3),c¢3) given below and the list of maximal
subgroups in 7(3) [CCNPW], we have the following.

Lemma 8.4.5 The graph I'(Ys,c2) is the unique orbital graph of valency
288 of Q+(3) acting on the cosets of Spe(2) and every subgroup in Q(3) of
index 3159 is isomorphic to Spe(2). O

216

The last group to be considered in this section is Y. Let W be an
8-dimensional GF(3)-space with a non-singular quadratic form of plus
type. The automorphism group of this form is 2 - QF (3) : 22 [CCNPW].
Let Z be a subgroup of index 2 in the automorphism group which
contains a subgroup H = 2 x ;(3) trivially intersecting the centre.
Then Z ~ 2-Qf(3).2, in the atlas notation. Let O be the orbit of
Z on the set of non-isotropic vectors in W such that H stabilizes a
vector from O and let Z be a graph on O in which two vectors are
adjacent if their inner product is 1. Then ZE has the following suborbit
diagram.
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243 243

728 1 14240 14240 1 728

Performing some easy calculations in the orthogonal module W, we check
that a triangle of E is contained in 72 complete subgraphs on 4 vertices.
In view of the suborbit diagram of I'(Y3,, ¢1) this shows that E is weakly
locally I'(Y322, ¢1). It is straightforward to check the conditions in (8.3.3)
and to conclude that Z is a strong Ys2;-group. Finally the conditions in
(1.14.1) hold, which show the isomorphism between Z and Yg;,.

8.5 Fischer groups as Y-groups

In this section we identify Y33z, Ya3, and Yasr with the groups 2 - M(22),
M(23) and 3 - M(24), respectively, and also discuss the group Y3s3.

In this and next sections by A(M(23)) and A(3 - M(24)) we denote,
respectively the transposition graph of the Fischer group M(23) and
the triple cover of the transposition graph of the Fischer group M(24).
These graphs were introduced in Section 5.8 under the names Ils and
I, respectively. The suborbit diagrams of A(M(23) and A(3- M(24) with
respect to the actions of M(23) and 3 - M(24) can also be found in
Section 5.8.

The following result was proved in [Ron81a).

Proposition 8.5.1 The graph A(M(23)) and the graph A(3 - M(24)) are
triangulable. O

Consider the group Ys3;. By (8.4.4) (f23) is central in both Y33, and
Y3321d1] and hence it is in the kernel of the action of Y33, on I'(Y33,,d)).
Consider the action of Z = 2 - M(22) (the non-split extension) on the
cosets of a subgroup isomorphic to £;(3). One of the orbital graphs (we
denote it by E) with respect to this action has the following suborbit
diagram
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288 288

O 3159 1 630 630 1 3159
1 U 1

[2511]

In view of the above diagram and (8.4.5) we conclude that E is weakly
locally I'(Y332,c¢2). Now it is easy to check the conditions in (8.3.3) and
to conclude that Z is a strong Y33;-group.

One can see from the suborbit diagram of A(M(23)) that the stabilizer
in M(23) of a vertex « € A = A(M(23)) is isomorphic to Z and its
actions on the vertex-set of & and on Aj(x) are similar. Furthermore
the subgraph in A induced by A(«) is also an orbital of valency 3159.
Noticing that the stabilizer in Z of a triangle in E is isomorphic to Sym;
while the stabilizer in M(23) of a triangle in A(M(23)) is of the form
[211].U4(2) (in particular it does not involve Sym;), we have the following

Lemma 8.5.2 The subgraph in A induced by Ay(«) and the graph E with
the above suborbit diagram are two different orbitals of valency 3159 of
the action of 2 - M(22) on the cosets of 7(3). a

Using (8.5.2) and calculating in the graph A(M(23)) it is not difficult
to check that the conditions in (1.14.1) are satisfied for Z, which gives
the isomorphism Y33/(f213) = 2 - M(22). Finally (8.1.1) completes the
identification of Y33,.

Noticing that the Coxeter diagram of Ys33; is affine of type Ej, it is
not difficult to identify Y332\ c3)/(f123, f213) with a maximal subgroup in
M(22) of the form 2° : Spe(2). The subdegrees of M(22) acting on the
cosets of 2% : Spe(2), as calculated in [ILLSS], are the following:

1, 135, 1260, 2304, 8640, 10080, 45360, 143360, 241920

Since Y33z|b3,c3) has index 2304 in 2° : Spg(2) the above subdegrees
show that I'(Y332,¢3) is correct and that it is isomorphic to the unique
orbital graph of valency 2304 of the action of M(22) on the cosets of
2% : Sps(2).



8.5 Fischer groups as Y-groups 347

Let us turn to Ys3;. Put Z = M(23) and let E be the complement of
A(M(23)). Then the vertex stabilizer Z(«) of the action of Z on E is
isomorphic to 2 - M(22) which is the index 2 commutator subgroup of
Y33;. The suborbit diagram of E is

14-31594-21 840 2816
28160 1 3159 25344
(Do
2.M(22) Q:(3) 22.U¢(2)

and by (8.5.2) E is weakly locally I'(Y332,d;). Checking the conditions in
(8.3.3), we conclude that Z is a Y43,-group.

The natural homomorphism ¢ : Y4, := Y432/(f213) = Z induces a
covering

yp :I'(Yasz,e1) > 2

of graphs with respect to which the Y -triangles are contractible. Qur
nearest goal is to show that p induces a covering of A = A(M(23)).

Let ﬁ = (31,%,,3;) be a 2-path in I'(Ys33,e1), P = (51,5,53) be its
image in E and suppose that s; and s; are adjacent in A. Since v is a
covering of graphs the stabilizer of P in Y43, maps isomorphically onto
the stabilizer Hy of P in Z. On the other hand the suborbit diagram of =
and (8.4.5) show that H; == Spe(2). Without loss of generality we assume
that~{§1,§2} = {Y432[e1J, Yy32 [e1Je1}, so that {51,52} = {Z [elj,Z[e1Je1}.
Let X be the set of images of 3, under ¥43,|d,| and X be the set of images
of s, under Z |d;|. Comparing the isomorphism Yy, =2 - 9‘3*(3) :2 and
the list of maximal subgroups in M(23) or otherwise one concludes that
Z|d2] = Q}(3) : 2 and hence |Z| = 1080. Thus the restriction of y to
T is either a bijection, or has fibers of size 2. In either of the cases we
can assume without loss of generality that P < X, PcZand by the
above sentence the stabilizer of {51,533} in Yy3:|d2] has index at most
2 in the stabilizer H, of {s,s3} in Z|d,|. From the suborbit diagram
of I'(Y422,e1) we see that Hy = 2 x 2 - Uy(3) : 2. Thus the stabilizer of
{31,%} in Y43, contains a subgroup isomorphic to Sps(2) and a subgroup
isomorphic to 2 - U4(3). On the other hand the stabilizer in M(23) of an
edge in A, isomorphic to 22 - Ug(2) (a non-split extension), is generated
by any two of its subgroups isomorphic to Sps(2) and 2 - Us(3). Hence
the stabilizer of {3;,3;} in Y43, maps isomorphically onto the stabilizer
of {s1,s3} in Z which shows that y induces a covering

x:Z—»A
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of graphs. Here the vertex set of A is that of I'(Y432,e1) and the edges
are the images of {3;,3;} under Ys3;. Since y is a covering of graphs,
the restriction of p to £ must be a bijection and hence y induces an
isomorphism of the subgraph in A induced by T onto the subgraph in
A induced by Z. The latter graph is the antipodal folding of I'(Y422,e1)
and it is of rank 3. Since this subgraph obviously contains triangles and
M(23) acts transitively on the set of triangles in A, we conclude that all
the triangles in A are contractible with respect to x. But then y and @ must
be isomorphisms since by (8.5.1) the triangles generate the fundamental
group of A. Application of (8.1.1) completes the identification of Yy3».

Analysing the list of maximal subgroups of M(23) [CCNPW] it is
not difficult to identify Ys32|c3] with 2 x Spg(2). Consider the action
of Y435 on I'(Y43z,c3). By (8.4.4) fys1 is in the kernel of the action. The
stabilizer in Y43, of the edge e := {Ya32|c3), Yasz|c3)c3} obviously contains
Ya32|b3,¢3} = Syms. On the other hand the subdegrees of the action of
M(23) on the cosets of Spg(2) were calculated in [ILLSS]. The only
non-trivial subdegree which divides the index 130560 of Syms in Spg(2)
is 13056 and the corresponding 2-point stabilizer is isomorphic to Symo.
Thus I'(Ya32,¢3) is not correct but in fact there is a way to “correct”
the situation by adjoining an additional generator. Let H = Symyo be
the stabilizer in Y43, of the edge e. Then the subdiagram of the Coxeter
diagram of Y43, which is the Coxeter diagram of Yss;|bs,c3) can be
extended to that of H by adjoining a node adjacent to e; or to d,. Since
fa3 is in the centre of Y43, the extra node (denote it by f;) must be
adjacent to ¢;. Since H has no outer automorphisms, f; commutes with
¢3. We claim that f, also commutes with b;. This claim can be checked
by noticing that every edge of I'(Ya3,¢3) is contained in 210 = [Symyo :
Symg x Symy] triangles [ILLSS] and that b is involved in the expression
for the element f»;3 and the latter commutes with fi. Thus Y43 is a
Yss2-group. Furthermore, f; commutes with Ygsz|e] = 2 x 2 - M(22),
the latter subgroup is self-centralized in Y43 and by (8.4.4) its centre is
{f123, f213)- Since e; has product of order 3 with both f; and fi»; we
conclude that the latter two elements are equal.

Lemma 8.5.3 Y535 = Yy3.

Proof. Suppose that Ys3;|f1] is a proper subgroup in Y53, and consider
the action of Y53, := Ys33/(f231) on I'(¥s32, f1). Then the structure of Yy3;,
Y332 and Y,3; show that the elementwise stabilizers of a vertex, an edge
and a triangle in Y543 are isomorphic to M(23), 2 - M(22) and ©;(3),
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respectively. Hence I'(Ys3z, f1) is weakly locally the complement E of
A(M(23)) with the suborbit diagram given in this section. If the diameter
of I'(Ys32, f1) is 1 then the action of Ys3;; on the vertex set of the graph
is doubly transitive and it is easy to show that this is not possible. On
the other hand from the suborbit diagram of E we see that the number
of vertices at distance 2 from a given vertex is at most

31671 - 3510/25 345 < 4500.

Comparing this estimate with the indices of maximal subgroups in M(23)
we conclude that there is only one vertex at distance two. Since the action
of M(23) on E is primitive, this gives a contradiction. a

By the above lemma and the paragraph before it, we obtain the
following

Corollary 8.5.4
Ifq >3 and r > 2 then Ysg = Yag, and f1 = f123 = f1n. o

Consider Yg3; with the obvious meaning. Then the generator corre-
sponding to the terminal node of the left arm of the Coxeter diagram
commutes with fi3 and the order of its product with f; divides 3. By
Corollary 8.5.4 this gives the following.

Corollary 85.5
Y32 and higher Y -groups collapse to a group of order 2. a

In order to identify Y4, consider the action of Z = 3 - M(24) on
A = A(3-M(24)). If « € A then Z (o) = 2 x M(23) = Y,3; and a can be
identified with the unique non-trivial element in the centre of Z(«) (this
element is an involution which maps onto a 3-transposition in M(24)).
In these terms if § € A;(«) then the product af is of order 2, 3, 6 and 3
for i =1, 2, 3 and 4, respectively.

Let B € Ay(@). Then Z(@) N Z(B) = 93(3) 12 = Y432|_d2_|. Since
the commutator subgroup Z’ of Z acts distance-transitively on A, we
conclude that Z (o) N Z(B) is not contained in the direct factor M(23) of
Z (). Since all subgroups in M(23) isomorphic to Qg (3) : 2 are conjugate,
this specifies the action of Z(x) on A;(¢) and in particular shows that
this action is similar to the action of Y43, on the vertex set of I'(Y432,d,).
Since Yasz|c2,dz] = QF (2) : 2 is a maximal subgroup of index 28431 in
Ya32|da] = 93(3) : 2, we conclude that I'(Yy32,d,) is correct of valency
28431. The suborbit diagram of A shows that the subgraph in A induced
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by Ax(x) is also an orbital of valency 28431. We claim that they are
different orbitals. Indeed, by (8.5.4) the stabilizer in Y435 = Y53 of a
triangle in T'(Y432, d2) contains Ysiy|ba, ¢2,d2]| = Symy while the stabilizer
in Z of a triangle in A is of the form 23.Ug(2) and does not involve Syms.
Hence the claim follows.

Notice that the set

O(B) = {y" | v € Aa(e) N A(B)} = Ax(e) N A(B®)

is an orbit of length 28431 of Z(«) N Z(B) on Ay(«) containing vertices
which are at distance 2 from B in A. It follows from [PS97] that the
action of M(23) on the cosets of QF(3) : 2 has subdegree 28431 with
multiplicity one, which means that if

¢ : (T (Yaz, d3), Ya32) = (A2()), Z ()

is an isomorphism of permutation groups which sends Y3:|dz| onto 8,
then ©(p) is the image under ¢ of the set of vertices adjacent to Y432|d>]
in I'(Y432,d3). Thus we have the following,

Lemma 8.5.6 Let E be a graph on the set of vertices of A = A(3 - M(24))
in which two vertices are adjacent if they are at distance 2 in A. Then E is
weakly locally T'(Ya3, dy). 0

Now it is easy to see that the conditions in (8.3.3) are satisfied and
hence Z == 3 - M(24) is a Yyqr-group (by (8.5.4) it is also a Yssp-group).

Our next goal is to show that the natural homomorphism
Q@ Y442 A

induces a covering of A. Let P= (31,%2,33) be a 2-path in T'(Yaq, le1]),
P = (s1,52,53) be its image in E and suppose that s; and s; are adjacent
in A. Since ¢ induces a covering of I'(Ya4, ;) onto E, the stabilizer of P
in Ya4 is isomorphic to QF (2) : 2 which is the stabilizer of P in Z. Let
T be the set of images of Ya|e1] (considered as a vertex of I'(Yas, €1))
under Yslez] and let T be the set of images of Z|e;| under Z|e;].
Since Yapler] = Z|ex] = Yaz = 2 x M(23), X maps bijectively onto X.
Furthermore Yus2|e2]| acts on T with kernel of order 2 and the induced
action is isomorphic to that of M(23) on the vertex set of A(M(23)).
Without loss of generality we assume that P < T in which case it follows
from the suborbit digram of A(M(23)) that the stabilizer of {51,353} in
Yaaz|lea]| is of the form 23.Ug(2). Since the stabilizer of {s1,83} in Z,
isomorphic to 2 x 2 - M(22) is generated by its subgroups isomorphic to
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Q7 (2) : 2 and 2°.U4(2), we conclude that the stabilizer of {31,3:} in Yy,
maps isomorphically onto the stabilizer of {sy,s3;} in Z which implies
that ¢ induces a covering

X:Z-—»A

of graphs. The subgraph in A induced by T maps isomorphically onto the
subgraph in A induces by £ and both these subgraphs are isomorphic to
A(M(23)). Since the latter graph contains triangles and Z acts transitively
on the set of triangles in A, we conclude that the triangles are contractible
with respect to y. Since A is triangulable by (8.5.1), both y and y are
isomorphisms and hence Y, = 3 - M(24). Now analysing the maximal
subgroups in M(24) or otherwise one can check that Y [c3] = Q4(2) : 2.

Finally, let us discuss the group Y333. By (8.4.4) (f123, f213, f312) is central
in Y333 and (f213,f212) is contained in Yi31|d;]. Consider the action of
Z :=2E4(2) on the cosets of M(22) = Yy33/{f213, f312). The intersection
numbers of the centralizer algebra of this action have been calculated
in [ISa96]. These calculations show in particular that there is an orbital
graph Z of valency 694 980 with edge stabilizer isomorphic to a maximal
subgroup of M(22) isomorphic to 2° : Sps(2). Furthermore, every edge
of E is in exactly 13 644 triangles. Since

13644 = 1260 + 2304 + 10080

is the only decomposition of the number of triangles on an edge into the
lengths of suborbits of M(22) on the cosets of 2% : Spe(2), given above,
we conclude that E is weakly locally I'(Y33;,c¢3). It is easy to check the
conditions in (8.3.3). Hence Z is a Y333-group. A possible way to identify
Z with Y333/{f123, f213, f312) would be to show that the fundamental
group of E is generated by the Y -triangles. But this seems to be far too
difficult, since the structure of E is rather complicated and there are many
classes of cycles in this graph. By this reason we refer to the original
identification of Y333 which follow from the double coset enumeration
performed by S.A. Linton ([Lin89], [Soi91]).

8.6 The monsters

In this section we identify Y433, Y443 and Ygqq with 2 x2-BM, 2 x M and
M 2, respectively.

Let Z = 2 - BM be the non-split extension of the Baby Monster BM
by a centre of order 2, introduced in the first paragraph of Section 5.12
under the name B. Let Q be the graph introduced in the paragraph before
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(5.12.5). Then the vertex set of Q is the conjugacy class of involutions in
Z with centralizers of the form 22-2E¢(2) [CCNPW]. The group Z acts
onQ by conjugation, the centre of Z is the kernel and the induced action
is similar to that of BM on the cosets of 2-2E¢(2). The suborbit diagram
of this action is given in Section 5.12. The vertex o antipodal to « is
the product of « and the involution in the centre of Z. By (5.12.7) the
product «f has order 2, 2, 3, 4, 6 and 4 if § is contained in Q), Q(oc’ ),
Qg(a) o 2(), o3 (') and o 3(), respectively. Notice that by joining in ¥
the antipodal vertices we obtain the graph isomorphic to the subgraph
of the second Monster graph induced by the vertices adjacent to a given
vertex.

The group Z(x) = 22-2E4(2) (the commutator subgroup of Y333) acts
on Qg(a) as it acts on the cosets of its subgroup 2- M(22) (the commutator
subgroup of Y33;). Hence this action is similar to the action induced by
Y333 on I'(Y333,d;). The graph I'(Y333,d;) has valency 694 980 and one can
see from the diagram of Q that this is also the valency of the subgraph
of Q induced by Q3 5(a). By [ISa96] the subdegree 694980 appears with
multiplicity one in the action of 2E4(2) on the cosets of M(22). This means
that for g € o >(o) the subgroup Z(x) N Z () has exactly two orbits of
length 694 980 on Q3 5(«), namely o3 () ﬂQ(ﬂ) and ©(B) = Qg(a) ﬂQ(ﬂ“)
If y € ©(B) then By is of order 3 and hence y € o 5(B). We claim that
I'(Y333,dy) is isomorphic to the graph on o 5(2) in which f is adjacent to
O(P). In fact, the stabilizer in Y333/(f213, f312) of a triangle in I'(Y333,d;)
contains Symg while if H is the stabilizer in BM of a triangle in Q then
H / 02(H ) = Uy(2) which does not involve Symg and the claim follows.

E be a graph on the set of vertices of Q in which o and B
are adjacent if g 5(x). By the above paragraph = is weakly locally
I'(Y333,d;) and checking the remaining conditions in (8.3.3) we conclude
that Z = 2 - BM is a Ys3-group. Notice that we have realized the
Coxeter generators of Y433 by involutions inside 2 - BM. By (8.1.1) the
direct product 2 x 2- BM is also a Yy33-group.

We claim that the homomorphism

@ : Yaz3 = Yy33/(f13, f312) = BM

induces a covering y of Q let P = (31,32,%3) be a 2-path in I'(Yy33,€;)
which maps onto a 2-path P = (s1,s;,s3) in & such that s; and s3 are
adjacent in Q. Since ¢ induces a covering of I'(Yy33,e;) onto E, the
stabilizer of P in Y433 maps isomorphically onto the stabilizer of P in
BM and the latter is the edge stabilizer of the subgraph in Q induced by
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Q3(a), isomorphic to 26 . Spe(2). We assume that 5; = Yy33]e;], so that
s; = BM|e;]. Let X be the set of images of §; under Yy33|d>] and let £
be the set of images of s; under BM|d,]. Since

Yi3lda] = BM|dy| = Yasa/(f213) = M(23),

T maps bijectively onto . Furthermore the action of ¥43|ds2] on Z is
similar to that of M(23) on A(M(23)). Assuming without loss of generality
that P = £ we conclude from the suborbit diagram of A(M(23)) that
the stabilizer of {3;,5;} in Y433|dz] is of the form 22 - Ug(2). Finally the
stabilizer of {s;,s3} in BM, isomorphic to 2272.Uy(2) is generated by
its subgroups 26 Spe(2) and 22 - Ug(2) which implies that ¢ induces
a covering x : Q- QO of graphs. The subgraph in Q induced by X
maps isomorphically onto the subgraph in Q induced by X (both these
subgraphs are isomorphic to A(M(23))). Thus the triangles in Q are
contractible with respect to x. It has been proved in [Iv92b] and [Iv94]
that Q is triangulable. Hence both y and ¢ are isomorphisms and V433 =
BM.

Now let Z be the Monster group M and I' be the second Monster
graph as in Section 5.12. Then I' is a graph on the conjugacy class
of 2a- (Baby Monster) involutions in the Monster with two involutions
being adjacent if their product is again a 2g-involution. If « € I" then
Z (o) = 2- BM (the commutator subgroup of Y433) and the subgraph in I'
induced by I'(«) is the graph Q as above together with a matching which
joins pairs of antipodal vertices. This shows that Z has two orbits on the
triangles in I'. Every edge is contained in a unique triangle from one of
the orbits (we call them short triangles) and in 3968 055 triangles from
another orbit (we call then long triangles). The suborbit diagram of T’
has been calculated in [Nor85] and we will use the following result from
that paper.

Lemma 8.6.1 Let « € I and p € I'*%(«). Then Z(«)NZ(B) acts transitively
on the set of vertices y € I'*(a) N T'%%(B) with stabilizer isomorphic to
Sps(2). 0

Let E be a graph on the vertex set of I" in which « and f are adjacent
if B € I'%(a). By (5.12.10 (iii)) the isomorphism

0 : Yaz3 == Yaz3/{fo13) > Z ()

induces an isomorphism of the permutation group (I'(Y433, d3), Y433) onto
the permutation group (Z(2),Z(a)). We denote the latter isomorphism
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by the same letter 6. We claim that whenever u and v are adjacent
vertices in I'(Y433,d3), o(u) and o(v) are adjacent vertices in E. First the
stabilizer of {u,v} in Y433 is isomorphic to Spg(2) and by (5.12.10) we have
o(u) € T'(c(v)) where C is 2a, 3a or 4b. Let us first exclude the latter
possibility. Without loss of generality we assume that u = Ys33|d3]| and
v = Y433ld3]|ds. Then the isomorphism ¢ sends the Coxeter generators of
Ya33lds] into Z (6(u)) and by (5.12.10 (iii)) the images of the generators are
contained in I'(@) NI"(o(u)). The image under ¢ of d; maps ¢(u) onto a(v)
and commutes with the images of the Coxeter generators of Y33lc3,ds3]
which shows that g(u) and 6(v) have at least 9 common neighbours in T’
and by (5.12.10 (v)) 6(v) & T"*(c(u)). Suppose that (v) € I'’?*(¢(u)). Then
by (8.6.1 (iii)) I'(Y433,d3) maps isomorphically onto the subgraph in T’
induced by E(x). We know from the previous section that the stabilizer
in Y433 of a triangle in I'(Yy33,d3) is isomorphic to Symyo. Clearly this
triangle is a long triangle in I', but if H is the stabilizer in Z of a long
triangle then H/O,(H) = Ug(2) and the latter group does not involve
Symyo. This contradiction shows that ¢(u) and o(v) are adjacent in E.
Hence E is weakly locally I'(Ys33, d3). It is easy to check the conditions
in (8.3.3) and to conclude that Z = M is a Ya43-group.

We claim that the homomorphism

¢ : Yaus = Yas/{f32) > M

induces a covering y : I > T of graphs with respect to which all long
triangles are contractible. Consider a 2-path P= (31,%2,33) in I'(Yy43, €1)
which maps onto a 2-path P = (s, 53, 83) in E such that s; and s; are
adjacent in I'. Then by (8.6.1) and since ¢ induces a covering of I'(Yy43,€1)
onto E, the stabilizer of Pin Ya43 is isomorphic to Spg(2). Assume without
loss of generality that §; = Yas3|e;]| and that §; is contained in the orbit
of 3 under Yu3les] = 2- BM. Then the suborbit diagram of Q given in
Section 5.12 shows that the stabilizer of {51,3;} in Yas|e,] is isomorphic
to 2320 Ug(2). Finally since the stabilizer of {s;,s3;} in Z, isomorphic to
22.2F¢(2) is generated by its subgroups isomorphic to 23+2° Ug(2) and
Sps(2) we conclude that ¢ indeed induces a covering y : I > T of
graphs. The subgraph in T induced by the images of 5; under Y3e,] is
isomorphic either to Q or to the subgraph in I" induced by I'(x) and in
any case the long triangles are contractible with respect to y. By (5.14.2)
I" is triangulable. In [Iv94] using this result it was shown that the long
triangle already generate the fundamental group of E. Hence Yy3 = M
and in view of (8.1.1) we have Ya43 =2 x M.
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Let us turn to Ys4. As above, let M be the Monster group, let D be
the direct product of two copies of M:

D={(g,h)|g,he M}; (g1,h)"(g2h) = (g182h2h1)

and define an action of D on M by (g,h) : m+— gmh for everyme M
and (g,h) € D. In this way we realize D as the group generated by the
left and right regular representations of M. Let t be the permutation on
M acting by 7 : m+— m~!. Then t can be considered as a permutation of
D via (g, h)* = (h~1,g7!), in particular T normalizes D and permutes its
direct factors. Let Z = (D,t) be the Bimonster. If Z(1) is the stabilizer
in Z of the identity element of M then Z(1) = (z) x M’ where M’ =
{(g,h) € D | g = h~'} and hence every orbit of Z(1) on M is of the form
C U C' where C is a conjugacy class of M and C’' = {g7! | g € C}.

Let 2 be a graph on M in which m; and m, are adjacent if and only
if mym3! is an element of type 3a in M. Since the class of 3a-elements is
closed under taking inverses, Z acts on E vertex- and edge-transitively.
If ¢ is of type 3a then the stabilizer in Z of the triple T = {1,£,t7'} is

(T) X Npp((£)) =2 x 3- M(24),

which shows that the elementwise stabilizer in Z of the edge {1,¢}
is isomorphic to 3 - M(24) while the setwise stabilizer is of the form
3-M(24) x 2.

Let A = Alty be a subgroup in M with the normalizer of the form
(Altg x Q1(2)) : 2 [Nor98]. Then all the elements of order 3 in 4 are of
type 3a and hence by choosing t; and t, to be suitable such elements,
we obtain a triangle Ty = {1,11,1,} in E whose elementwise stabilizer is
isomorphic to Qi(2) : 2 (notice that T is fixed by the product of an
element in the normalizer of A which inverts both #; and t, and the
element 7). Hence E is weakly locally I'(Yys3,d3) and by checking the
conditions in (8.3.3) we conclude that Z is a Ya4s-group.

Let ¢ : I'(Ysa4,€1) — E be the covering of graphs induced by the
homomorphism of Ys4 — Z and let ® be a graph on M in which my
and m, are adjacent if mlmz_1 is an element of type 2b in M. We are going
to show that i induces a covering y of ® and that certain triangles in @
are contractible with respect to y. Notice that the elementwise stabilizer
in Z of an edge of © is isomorphic to 2 x 2}?*.Co,. Consider in M the
stabilizer P of an element of type 2 in 4(M), so that

P = 221422 (g3, x Matys)

and let s be an element of order 3 in 0,3(P). Then Cp(s) = 2!1.(3x Matyy),
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s is of type 3a and the centre S of Oy(P) is 2b-pure of order 4. Hence
for s; € sS \ {s} we obtain a triple T> = {1,s, s} such that {s,1,5/} is a
2-arc in E and {s,s;} is an edge in ©. The elementwise stabilizer of T, in
Z contains Mat»s. Since y is a covering, there is a pair of vertices {5, 53}
in I'(Ya44, €1) which maps onto an edge of ® and whose stabilizer in Yy
contains Mat;4.

Put H = Z|e3, ] and let T be the set of images under H of the identity
element of M. Then by the previous subsection H = Ya4|e3] =2 x M.
Furthermore if £ is the vertex-set of a connected component of the
subgraph in ['(Y444, €1) induced by v ~!(Z) then the subgraph in I'( Y444, €3)
induced by X and the subgraph in Z induced by = are isomorphic
to I'(Ya3,e1) and H acts on £ with kernel of order 2. Now without
loss of generality we can assume (in terms of the previous paragraph)
that s,s; € T and 3,3 € Z. Then the setwise stabilizer of {s,s1} in H
(isomorphic to the stabilizer of {3,3;} in Y444) is of the form 2 x 22+22.Co,.
Since the stabilizer in Z of an edge in © is generated by any two of its
subgroups isomorphic to Maty4 and 2 x 22t22.Co,, we conclude that the
stabilizer in Ya4 of {5,%} maps bijectively onto the stabilizer in Z of
{s,51} and hence y induced a covering y : ® — ©® of graphs. Notice that
the vertex-set of ® is that of I'(Y444,€3) and the edges are the images
under Ya44 of the pair {3,5;}.

It is clear that the covering x induces an isomorphism of the subgraph
in ® induced by = onto the subgraph in © induced by Z. This means
that every triangle in X is contractible with respect to y. Such a triangle
is formed for instance by the non-identity elements from C. Thus we
conclude that whenever z;,z,,23 are elements of type 2b in M such that
212223 = 1 and z; € 0y(Cum(z;)) for 1 < i,j < 3, then the triangle in ©
induced by {1,zy,2,} is contractible with respect to .

In order to show that x is an isomorphism we apply the result from
[IPS96] that M is the universal representation group of its tilde geometry
%(M). A direct factor M of D acts regularly on ® and hence © can be
considered as a Cayley graph of M so that the corresponding generators
are the 2b-involutions. Let

5:9-0

the covering of ® with respect to the subgroup in its fundamental group
generated by the images under M of the triangles {1,z;,z,} such that
Z1,22,23 = Z1Z) are 2b-involutions and z; € 0x(Cum(zj)) for 1 <i,j < 3.
Let M be the group of all liftings of elements of M to automorphisms
of ®. It is clear that the subgroup of deck transformations acts regularly
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on each fiber and hence M acts regularly on ©. This means that ® is
a Cayley graph of M with respect to generators t(z), one for every 2b-
involution z in M. Since © is undirected the generators are involutions
and since the triangle {1,zy,2,} as above is contractible with respect to 4,
the corresponding generators satisfy the equality t(z;)t(z2)t(z3) = 1. The
following result was proved in [IPS96].

Lemma 8.6.2 Let M be a group generated by involutions t(z), one for every
2b-involution z in the Monster M such that t(z,)t(z2)t(z3) = 1 whenever z,,
23, 23 are 2b-involutions in M such that z; € Oy(Cpm(zj)) for 1 <i,j <3
and z1zyz3 = 1. Then MM O

By (8.6.2) and the paragraph before it d is an isomorphism. Hence y
18 an isomorphism as well and Yyy = M 2.



9
Locally projective graphs

In this chapter we study locally projective graphs. Let I’ be a graph
and G be a vertex-transitive automorphism group of I'. Then I is said
to be a locally projective graph with respect to G if for every x € T
the subconstituent G(x)T™ is a projective linear group in its natural
permutation representation. Incidence graphs of certain truncations of
classical geometries are locally projective graphs with respect to their
full automorphism groups. These examples can be characterized in the
class of all locally projective graphs by the property that their girth is a
small even number. We present a proof of this characterization based on
the classification of Tits geometries and observe how a class of sporadic
Petersen geometries naturally appear in this context via locally projec-
tive graphs of girth 5. In Section 9.1 we review some basic results on
2-arc-transitive actions of groups on graphs. In Section 9.2 we discuss
examples of locally projective graphs coming from classical geometries.
Locally projective lines and their characterizations are discussed in Sec-
tion 9.3. In Section 9.4 we analyse the possibilities for the action of the
vertex stabilizer G(x) on the set of vertices at distance 2 from x. These
possibilities determine the main types of locally projective graphs. In a
locally projective graph there are virtual projective space structures de-
fined on neighbourhoods of vertices. These virtual structures lead to the
notion of geometrical subgraphs introduced in Section 9.5. Analysis of
geometrical subgraphs enables us to specify further the structure of ver-
tex stabilizers in Section 9.7. In Section 9.8 we show that if I" contains a
complete family of geometrical subgraphs then a flag-transitive geometry
with a nice diagram is associated with the graph. In case I' does not con-
tain a complete family of geometrical subgraphs a procedure described
in Section 9.6 enables us to associate with I" a locally projective graph
of smaller valency with a complete family of geometrical subgraphs and

358



9.1 Groups acting on graphs 359

the same abstract group of automorphisms. In the remaining sections of
the chapter we consider locally projective graphs of small girth g. In the
case g = 4 we obtain parabolic geometries of orthogonal groups, in the
case g = 6 the projective geometries and in the case g = 5 the Petersen
geometries.

9.1 Groups acting on graphs
In this chapter we consider pairs (I, G) satisfying the following hypothesis.

Hypothesis LP. I is a graph and G is a 2-arc-transitive automorphism
group of I'. There are an integer n > 2, a prime power q = p™ and a group
H, satisfying

SL(V)< H <TL(V),

where V is an n-dimensional GF(q)-space, such that for every x € T the
action of G(x) on I'(x) is similar to the action of H on the set of 1-
dimensional subspaces of V. In other terms the subconstituent G(x)'™®) is
a projective linear group of V in its natural permutation representation, in
particular

La(g) & G(x)™™ < PTL,(g).

If T satisfies the above hypothesis for a subgroup G in its automorphism
group, it is said to be a locally projective graph of type (n, q) (with respect
to G).

In this section we prove a few standard results concerning actions of
groups on graphs. We start with the following elementary lemma.

Lemma 9.1.1 Let T be a connected graph and e = {x,y} be an edge of
I'. Let K and K, be subgroups of the automorphism group of I" such that
K, stabilizes x and acts transitively on I'(x) while K, stabilizes y and acts
transitively on T'(y). Then the action of K = (K1,K3) is edge-transitive and
it is vertex-transitive if and only if T is not bipartite.

Proof. Let Q be the orbit of K on the edge set of I' which contains
e. We will prove that every edge is contained in Q by induction on the
distance from e. Every edge at distance O from e is either in the K- or
in the K,-orbit containing e and hence it is in Q. Let f = {u,v} be an
edge at distance s > 0 from e in I'. Without loss of generality we assume
that (xo = x, X1, .., Xs = ) is the shortest among the arcs joining a vertex
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from e with a vertex from f, which means in particular that x; # y. Let
h be an element from K; which maps x; onto y. Then f* is at distance
s—1 from e and it is contained in Q by the induction hypothesis. Hence
f is also in Q. If " is bipartite then both K; and K, preserve each part as
a whole and hence K cannot be vertex-transitive. Let z be a vertex of I'.
If there is an arc of even length joining x and z then it is easy to see that
x and z are in the same orbit of K. Suppose that I is not bipartite. Then
it contains a cycle of odd length. Since K is edge-transitive, there is such
a cycle which contains e, say xg = X,X; = y,...,X»4+1 = X. In this case
(x1, X2, ..., X21+1) 18 an arc of even length joining y and x. By the above
observation this implies the vertex-transitivity of the action of K on I'.O

The following elementary result is quite important.

Lemma 9.1.2 Let " be a graph and G < AutI". Suppose that every vertex of
I has valency at least 2. Then the following two conditions are equivalent:

(i) G acts 2-arc-transitively on I';
(ii) G is vertex-transitive and for every x € T the subconstituent G(x)'™)
is a doubly-transitive permutation group.

Proof. (i) — (ii) Let a,x € I'. Since the valencies of both a and x are
at least 2, there are 2-arcs p = (b,a,c) and g = (y,x,2). Let g € G be such
that p8 = q. Then a® = x and we have vertex-transitivity. Let (y;,z;) be
an ordered pair of vertices in I'(x) and ¢q; = (y1, x,z1). Then an element
of G which maps ¢q; onto ¢ stabilizes x and maps (y, z;) onto (), z). This
implies the double transitivity of G(x)I'®.

(ii)) — (i) Let p = (b,a,c¢) and q = (y,x,z) be 2-arcs in I'. By the
vertex-transitivity there is an element g € G such that ¢® = x. Then
(b3, c8) is a pair of distinct vertices from I'(x) = I'(a8). Since G(x)''™ is
doubly transitive, there is A € G(x) which maps (b%,cf) onto (y,z). Then
p®* = q and the action of G is 2-arc-transitive. m]

The next result gives a necessary condition for (s + 1)-arc-transitivity
of an action which is known to be s-arc-transitive.

Lemma 9.1.3 Let I" be a graph, G be an automorphism group of I which
acts s-arc-tranmsitively for s > 0. Suppose that every vertex of I' has valency
at least 2. Then the following two conditions are equivalent:

(i) for an s-arc ps = (xo, X1, -.., Xs) its elementwise stabilizer G(ps) in G
acts transitively on T'(xs) \ {xs_1};
(ii)) G acts (s + 1)-arc-transitively on T.
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Proof. (i) — (ii) Let xs41 be a vertex in I'(x;) \ {Xs_1}, let psyy =
(X0, -s X5, Xs+1) and let ¢ = (yo, ¥1,.., ¥s+1) be an arbitrary (s + 1)-arc
in I". Since G is s-arc-transitive, there exists g € G such that yf = X;
for 0 < i < s. Since G(ps) is transitive on I'(x;) \ {x;—1}, there exists
h € G(ps) which maps y¥ , onto x,.;. Then gh maps ¢q onto psy and
(s + 1)-arc-transitivity follows.

(ii) — (i) Since the valency of every vertex in I is at least 2, every s-arc
is contained in an (s 4+ 1)-arc and the s-arc-transitivity is implied by the
(s+1)-arc-transitivity. Let x{ € I'(xs)\{xs—1} and p, , = (xo, ..., X5, X}, ,)-
Then an element in G which maps p),, | onto p,,, is contained in G(ps) and
maps X, ; onto xs.1. Hence G(p;) acts transitively on I'(xs) \ {xs_1}. O

Lemma 9.14 Let G act vertex-transitively on a connected graph I' and
suppose that for an integer i > 0 and a vertex x € I' the subgroup Gi(x)
acts trivially on T'i1(x), that is Gi(x) = Gi11(x). Then Gi(x) = 1.

Proof. Since G acts vertex-transitively on I', the hypothesis implies
that Gi(z) = Gi1(z) for every z € T. Let y be an arbitrary vertex from
I'(x). Since Gi(x) = Giy1(x), Gi(x) fixes every vertex at distance at most
i from y which means that G;(x) < Gi(y). By the connectivity of I' we
obtain that G;(x) < G;(z) for every z € I', which means that G;(x) = 1. O

Lemma 9.1.5 Let G act 1-arc-transitively on a connected graph T" and
{x,y} € E(T). Suppose that G(x) is finite. Then

(i) if Gi(x)'") is a p-group for a prime number p, then Gi(x) is a
p-group,

(ii) every composition factor of G(x) is isomorphic either to a compo-
sition factor of G(x)/Gi(x) or to a composition factor of Gi(x)/
Gl(x’ y)-

Proof. By (9.14) if G; = G;;; then Gi(x) = 1. Hence for some n the
following is a normal series of G(x):

1 =Gu(x)d .. 4 G1(x) 4 G(x).

In order to prove (i) it is sufficient to show that G;(x)/G;+1(x) is a p-group
for 1 <i < n—1. By the definition G;(x)/G;+1(x) is the action induced by
Gi(x) on T'i1(x). For every u € T'i11(x) there is a 2-arc (w,v,u) such that
w € I'i_1(x) and v € TI'i(x). Then Gi(x) < Gi1(w) and by the hypothesis
G(x)'® < G(w)'™ is a p-group. Hence Gi(x)'+* is a p-group as well
and (i) follows. The assertion (ii) can be proved in a similar way. a



362 Locally projective graphs

Lemma 9.1.6 Let G act distance-transitively on I' and suppose that the
action of G is strictly s-arc-transitive. Then the girth of T is at most 2(s+1).

Proof. Suppose that the girth of I' is greater than 2(s + 1). Then for
every i < s+ 1 there is a natural bijection between the pairs of vertices at
distance i and i-arcs in I'. Hence in this case distance-transitivity would
imply the (s + 1)-arc-transitivity. a

The following lemma shows that regular generalized polygons appear
as extremal cases in s-arc-transitive actions along with the Moore graphs.
Recall that a Moore graph is a regular graph of valency k > 3 and girth
2d + 1 where d is the diameter of the graph.

Lemma 9.1.7 Let G act s-arc-transitively on a graph I of girth g and
suppose that every vertex of I has valency at least 3. Then
(i) g=2s—2,
(ii) if g = 25 — 2 then T is a generalized (s — 1)-gon and the action of
G on T is distance-transitive,
(iii) if g = 2s — 1 then T" is a Moore graph of diameter s — 1 and the
action of G on T is distance-transitive.

Proof. Let (xo,Xi,..,Xg—1,Xg = Xo) be a shortest cycle in I'. For
0 <t < g let G(p,) denote the elementwise stabilizer in G of the arc
Pt = (X0, X1, oy X¢).

(i) Let ¢t be the least integer greater than or equal to (g + 1)/2. Since
the girth of I is g there is a unique arc of length g — ¢ joining x, and
x,. Hence G(p,) stabilizes x,1. By (9.1.3) this means that G cannot act
(t + 1)-arc-transitively on I'.

(ii) Let t = g/2 = s— 1. By (9.1.3) G(p,) acts transitively on the vertices
in I'(x;) \ {x.—1} and one of these vertices, namely X1, is in I',—i(xo).
Hence all the vertices adjacent to x, are in I',_;(x¢). This means that I"
does not contain cycles of odd length (i.e. I" is bipartite) and the diameter
of I' is t = s — 1. So the result follows.

(iii) Let t = (g — 1)/2. Then G(p,) acts transitively on the vertices in
['(x;) \ {x.—1} and one of these vertices, namely x.,, is in I';(xp). Hence
every vertex other than x,_; which is adjacent to x, is in [;(xp). This
means that I" is a distance-transitive Moore graph. |

9.2 Classical examples

In this section we describe a few infinite families of locally projective
graphs associated with classical geometries and present some motivations
for the general interest in locally projective graphs of small girth.
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#/L(q). Consider an (n + 1)-dimensional GF(q)-vector-space V and
form a bipartite graph «/1(q) whose vertices are 1- and n-dimensional
subspaces of V with the adjacency relation defined via inclusion. Then
&)(q) is the incidence graph of the symmetric 2-design having the 1-
dimensional subspaces of V as elements and the n-dimensional subspaces

as blocks. The parameters of this design are v = ["‘1“] , k= ['l']q,
q

A= [”Tl]q. If G is an extension of PGL,,1(q) by a contragredient au-

tomorphism then G acts 2-arc-transitively on 2/}(q), G(x)'™ = PGL,(q)
and |Gy(x, y)| = q. From the description of 2/}(q) as the incidence graph
of a symmetric 2-design it is easy to see that it is distance-transitive of
diameter 3 with the following intersection array:

n n n n—1 . n—1 n
{0t =1 =[], ], -
In particular the girth of «/1(q) is 4.

%, ,(q). Now let V be a (2n — 1)-dimensional GF(q)-space. The
vertices of «/%,_,(q) are all (n — 1)- and n-dimensional subspaces of V
with the adjacency relation defined via inclusion. This graph is known
as the g-analogue of the double cover of the odd graph. The extension G
of PGL;,_1(q) by a contragredient automorphism acts 3-arc-transitively
on /3, ,(q) with G(x)'® = PGL,(q) and with Gi(x) containing a
section isomorphic to SL,_1(q). The action is distance-transitive and the
intersection numbers are the following:

n—i

Cri-l = C2i = [i]q; byt = by = "] ]q -q.

In particular the girth of &/, _,(q) is 6.

24(q). In this case V is a 2n-dimensional GF(q)-space equipped with
a non-singular quadratic form f of Witt index n. The maximal totally
singular subspaces of ¥ have dimension n and they are partitioned into
two classes in such a way that whenever two such subspaces intersect in
an (n — 1)-dimensional subspace, they are from different classes. Every
(n — 1)-dimensional totally singular subspace is contained in exactly two
maximal ones (from different classes). The vertices of 2,(q) are the
maximal totally singular subspaces of V, with two subspaces adjacent if
their intersection is of dimension (n— 1). In view of the above this means
that the graph is bipartite. The extension G of the Lie type group D,(q) by
a diagram automorphism (that is, the group of all linear transformations
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of V preserving f) acts 2-transitively on 2,(q) with G(x)'™ = PGL,(q)
and 0,(Gi(x)), as a GF(g)-module for G(x)/0,(G1(x)), is isomorphic to
/\2 Va(q). The graph is distance-transitive of diameter n with parameters
bi=[11,-[i], a=[i],  for 0<i<n

The above three families of graphs possess a uniform description in
terms of truncations of the corresponding classical geometries. To wit,
the vertices of the graphs are the elements corresponding to the black
nodes in the respective diagrams with the adjacency relation induced by
the incidence relation in the geometry.

1 1 2 3 n—2 n—1 n
A(q): &¥&——66—-0 -+ o—-o—
q q q q q q
2 1 2 n—1 n 2n—3 2n—-2
o) ——3 - et T2
q q q q q q
1 2 n—3 n—2 n—1
Dn(q) : o o
q q

]
|

The graphs «7}(q) and s/%(q) are both isomorphic to the incidence
graph of the projective plane over GF(q) (i.e. to the corresponding gen-
eralized triangle), and we will denote it by 7>(q). Its full automor-
phism group isomorphic to Aut L3(g) acts strictly 4-arc-transitively and
distance-transitively.

There are two more series of rank 2 Lie type geometries possessing
diagram automorphisms. The corresponding graphs are locally projective
lines.

gz(q) . e
q q
The vertices of %,(q) are the totally isotropic 1- and 2-dimensional
subspaces of a 4-dimensional GF(q)-space with respect to a fixed non-
singular symplectic form. So %,(q) is the generalized quadrangle of
symplectic type. The diagram automorphism exists if and only if g is
even (that is, a power of 2). The graph %,(2™) is strictly S-arc-transitive
and distance-transitive.

%2(q) : o

The graph %2(q) is the generalized hexagon associated with the Lie type
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group G»(q). The diagram automorphism exists if and only if q is a power
of 3, and G»(3™) is strictly 7-arc-transitive and distance-transitive.

Another series of locally projective graphs is associated with the Lie
type groups of type F4(q) and in the above terms can be described by
the following diagram:

1 2 3 4
Faq): o o
q q q q

In order for #4(q) to be vertex transitive we need a diagram auto-
morphism. Such an automorphism exists if and only if g is even (that is
a power of 2). The graph % 4(q) is not distance-transitive for any q and
its girth is 8.

The following very elegant result characterizing the graphs «/1(q) and
Pn(q) was proved in [CPr82].

Theorem 9.2.1 Let (I', G) be a pair satisfying Hypothesis LP with Gy(x) #
1 and suppose that the girth of T is 4. Then one of the following holds:
() T = «1(q) and L,11(q)-(t) < G < Aut L,41(q), where t is a dia-
gram automorphism;
(i) T = 2,(q) and Q,(q).(r) < G < AutQ} (q), where t is a diagram

automorphism;
(iii) I = K., is the complete bipartite graph, m = [';]q and L,(q) x
Ln(9) < G < Aut(La(q) x Ln(q)). u

Later in this chapter we will extend the above characterization to
graphs of girth 5 and 6. In the girth 6 case this will provide us with a
characterization of the graphs /2, ,(q). In the girth 5 case a class of
sporadic Petersen type geometries arises. Before proceeding to this let us
discuss another motivation for the interest in locally projective graphs,
especially in those of small girth.

The motivation comes from a general problem of bounding the order
of the vertex stabilizer G(x) for a group G acting 2-arc-transitively on a
graph T in terms of the subconstituent G(x)'™. For an arbitrary doubly
transitive permutation group H it is possible to produce a 2-arc-transitive
action with G(x)'™ = H and G(x) # 1. For this we take I" to be the
complete bipartite graph K,,,, (where m is the degree of H) and G to
be the wreath product H ) 2. However, in all these cases Gi(x,y) = 1.
The situation when Gi(x,y) # 1 turns out to be much more specific
as is shown by the following result known as the Thompson—Wielandt
theorem (see [Wei79a] for the proof of an improved version of it).



366 Locally projective graphs

Theorem 9.2.2 Suppose G acts 2-arc-transitively on I" and Gy(x,y) # 1 for
{x,y} € E(T'). Then Gi(x,y) is a p-group for a prime number p. |

A non-trivial element from Gy(x,y) is called an elation. It is easy
to see from (9.2.2) and (9.1.4) that if G acts 2-arc-transitively on I' and
contains elations then the point stabilizer G(x, y)'™ in the subconstituent
G(x)I'™ is p-local (i.e. it has a non-trivial normal p-subgroup). Using a
case-by-case analysis of the known doubly transitive permutation groups
with p-local point stabilizers, the following result was proved (the survey

[Wei81a)).

Theorem 9.2.3 Let G act 2-arc-transitively on I and suppose that for an
edge {x,y} of T, Gi(x,y) # 1. Then T is locally projective with respect to
the action of G. m]

Thus the problem of bounding the order of G(x) for a 2-arc-transitive
action was reduced to the case of projective subconstituents. A possible
way to solve this problem is to find a constant ¢ such that G.(x) =1 for
every 2-arc-transitive action of G on I' with a projective subconstituent.
(Although there is no a priori reason at all for such a constant to exist.)
The solution along these lines was announced in [Tro91] and some
particular cases are now published in [Tro92] and [Tro94]. The result
says that the constant ¢ exists and ¢ = 6 works.

The next problem of great interest is to describe all the possibilities
for the point stabilizer G(x) coming from 2-arc-transitive actions with
projective subconstituents. For this type of problem it is a standard
strategy to consider actions on trees.

The formalism is the following. Let G act 1-arc-transitively on a graph
T. Then there always exist a tree I" and an automorphlsm group G of "
such that the actions of G on I" and of G on I" are “locally isomorphic”.
We can define I and G in the following manner. Let x € T, {x,y} € E(I),
G(x) be the stabilizer of x in G and G[x, y] be the setwise stabilizer of
{x,y}. Because of 1-arc-transitivity, G[x, y] N G(x) = G(x, y) is of index 2
in G[x,y]. We define G to be the universal completion of the amalgam

= {G(x), G[x, y]}, that is, the free amalgamated product of G(x) and
G[x,y] over the common subgroup G(x,y). Now define the vertices of
I" to be the right cosets of G(x) in G and declare two vertices adjacent
if and only if there exists a right coset of G[x,y] in G which intersects
them both. Since I is connected, G(x) and G[x, y] generate G. This means
that there are a covering ¢ : I’ — I' of graphs and a homomorphism
p : G — G of groups such that the fibres of ¢ are the orbits on I" of the
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kernel of i and the kernel consists of all the elements from G which are
deck transformations with respect to ¢. In other words the vertices of I
can be identified with the arcs in I" originating at x with two such arcs
adjacent in I if and only if one of them can be obtained from the other
one by deleting the terminal vertex. This shows the meaning of the local
isomorphism between the actions of G on I' and of G on I". In particular
G acts s-arc-transitively on I if and only if G does so on I".

In view of the above, as long as we are only concerned about local
properties of a 2-arc-transitive action such as the structure of vertex
stabilizers, the underlying graph can be assumed to be a tree. Eventually
we are interested in actions of finite groups on finite graphs, so only
locally finite actions (with finite vertex stabilizers) have to be considered.
In certain circumstances it is much more convenient to work with actions
on trees, basically because there are no cycles to cause problems. On the
other hand it is known [Ser77] that a locally finite 1-arc-transitive action
is always locally isomorphic to an action on a finite graph. Although a
construction procedure exists for producing a finite graph and an action
on it which is locally isomorphic to a given action, the resulting graph is
usually rather large. However, in practice it often happens that important
actions can be realized on surprisingly small graphs. For instance it turns
out (see (9.3.2) in the next section) that for s > 4 every action which
is strictly s-arc-transitive is locally isomorphic to such an action on a
graph of girth 2(s — 1). At the same time a graph of valency at least
3 is never s-arc-transitive if its girth is less than 2(s — 1) and every s-
arc-transitive graph of girth 2(s — 1) is a generalized (s — 1)-gon (9.1.7).
The fact that every s-arc-transitive action for s > 4 is locally isomorphic
to an action on a generalized (s — 1)-gon has played an important role
in the classification of such actions, particularly in specification of the
corresponding vertex stabilizers ([Wei79b], [DGS85]).

It is believed [Iv93a] that every 2-arc-transitive action with a projective
subconstituent can be realized on a graph with small girth, say up to
8. We consider this to be a motivation for the particular interest in
(9.2.1) and in its generalizations. The fact that sporadic groups and their
geometries appear in this generalization is also quite remarkable.

9.3 Locally projective lines

In this section we present a brief survey of what is known about locally
projective graphs of type (2,q), also known as locally projective lines.
Thus we consider pairs (I', G) where I' is a graph, G is a 2-arc-transitive



368 Locally projective graphs
automorphism group of I and
Ly(g) & G(x)™ < PTLa(q)

for every vertex x € I'. In view of the discussions in the previous section,
when considering local properties of the action of G on I" we can always
assume that the latter is a tree (of valency q + 1).

The graphs which are locally projective lines are of particular im-
portance because of the following result proved in [Wei81b] using the
classification of finite doubly transitive permutation groups.

Theorem 9.3.1 Let G act s-arc-transitively on a graph T" and s > 4. Then
s <7 and T is locally a projective line with respect to the action of G. O

It turns out that every 4-arc-transitive action is locally isomorphic to
an action on a classical generalized polygon ([Wei79b], [DGS85]).

Theorem 9.3.2 Let G act strictly s-arc-transitively for 4 < s < 7 on a
graph T'. Then s # 6 and the action is locally isomorphic either to an s-
arc-transitive action on the generalized (s — 1)-gon «/+(q), %#,(2™), 9.(3™)
for s = 4,57, respectively, or to a 4-arc-transitive action of PGL,(9) on
%,(2). a

Notice that a group which acts s-arc-transitively on a classical gener-
alized (s — 1)-gon contains the corresponding simple group of Lie type
of rank 2 (1.6.5).

The actions on vertex-transitive classical generalized polygons were
characterized in [Wei85] in the context of distance-transitive graphs.

Theorem 9.3.3 Let G act on a graph T distance-transitively and s-arc-
transitively for s > 4. Then T is isomorphic to one of the following:

(i) the generalized polygon </»(q), #2(2™) or %»(3™);
(ii) the incidence graph of the rank 2 tilde geometry %(3 - Sp4(2));
(iii) a cubic distance-transitive graph on 102 vertices with the automor-
phism group isomorphic to Ly(17). a

Some particular cases of the above theorem were known long be-
fore [Wei85). Specifically it was proved in [Glea56] that every distance-
transitive generalized triangle is isomorphic to o7>(q), in [Higé4] that
every distance-transitive generalized quadrangle is isomorphic to %,(2™)
and in [Yan76] that every distance-transitive generalized hexagon is iso-
morphic to %,(3™).
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By (9.3.2) all local properties of an s-arc-transitive action for s > 4 can
be checked for suitable classical generalized polygon. For s =4 and 5 all
calculations are elementary and for s = 7 one can use a model of %»(q)
given in [Kan86).

We will make use of the following result of this type. Let V>(q) denote
the natural 2-dimensional GF(q)-module for the group SL,(q) and let
V1(q) denote the trivial 1-dimensional GF(q)-module for this group.

Lemma 9.34 Let G act on a graph I strictly s-arc-transitively for s > 4,
so that T is locally a projective line over GF(q). Let p be the characteristic
of the field and let W; = 0p(Gi(x))/Giy1(x) for i > 1. Then G(x)/0,(G(x))
contains a characteristic subgroup K isomorphic to SLy(q). Moreover, if
W; is considered as a GF(p)K-module then the following hold:

(i) if s=4 then Wy = V2(q) and W, =1;
(ii) if s =5 then Wy = V,(q), W2 = V1(q) and W3 =1;
(iii) if s = 7 then Wy = W, = Va(q), W3 = Vi(q) and W,y = 1.

In particular |Gy(x,y)| = ¢°~3 and if y,z € T'(x) then Gy(x,y) induces on
T'(z) \ {x} a regular action whose kernel coincides with G(x). O

For the sake of completeness we present the following result whose
proof can be achieved by completely elementary methods.

Lemma 9.3.5 Let G act strictly 3-arc-transitively on a graph which is locally
a projective line. Then Gy(x,y) = 1. O

The following well-known characterization of distance-transitive Moore
graphs (Section 6.7 in [BCN89]) is in a certain sense analogous to (9.3.3).

Lemma 9.3.6 Let I' be a Moore graph of valency k > 3 and diameter
d. Then d = 2 and k € {3,7,57}. If in addition G = AutY acts on T
distance-transitively then one of the following holds:

(i) k =3, I is the Petersen graph, G = Syms acts 3-arc-transitively on
I, G(x)'™ = Syms = Ly(2) and Gy(x) = 2;

(ii)) k =17, U is the Hoffimman—Singleton graph, G = PXLs(5) acts 3-arc-
transitively on T', G(x)T'™ = Sym; and G;(x) = 1. O

It is clear that a 3-arc-transitive graph of girth 4 must be a complete
bipartite graph. Thus by (9.1.7), (9.3.3), (9.3.6) we have the following
result.
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Lemma 9.3.7 Let G act s-arc-transitively on I" for s > 3 and suppose that
the girth g of T is less than or equal to 2s — 1. Then one of the following
holds:

(i) g =4, s =73 and T is complete bipartite;
(ii)) g =2s—2,s =>4 and I is a classical generalized (s— 1)-gon o/5(q),
B(2™) or %2(3™) for s =4, 5 or 7, respectively;
(iii) g = 5, s = 3 and T is either the Petersen graph or the Hoffman—
Singleton graph. m]

In the above lemma distance-transitive Moore graphs together with
vertex-transitive classical generalized polygons appear as extremal cases
of s-arc-transitive graphs of small girth. Notice that the Petersen graph
is locally projective while the Hoffman-Singleton graph is not.

Later in this chapter we will observe that the way in which sporadic
Petersen geometries are built from the Petersen graph is similar to the way
classical geometries are built from generalized polygons. The important
property of the Petersen graph which allows us to build complicated
geometries on its base is the non-triviality of the kernel at a vertex in the
full automorphism group (9.3.6).

9.4 Main types

In this section we consider some basic properties of locally projective
graphs of type (n,q) for n > 3. By considering the action of G(x) on
I'y(x) for a vertex x of the graph we will distinguish the main types of
such graphs.

Let I' be a graph which is locally projective of type (n,q), n > 3,
g = p™, with respect to a group G of its automorphisms. The action of
G(x) on I'(x) induces on the latter the structure of a projective geometry
of rank (n — 1) which we denote by =,. To wit, a subset in I'(x) of size
H]q is an element of type i in 7, if and only if its setwise stabilizer in
G(x) contains a Sylow p-subgroup of G(x). The incidence relation is via
inclusion. In particular the points of n, are the vertices of I'(x). Let Ly
and H, denote the sets of lines and hyperplanes of x,, respectively (these
two sets coincide when n = 3).

For a vertex y € I'(x) let m,(y) denote the set of subspaces of =y
containing y (where y is considered as a point of =,). Let L.(y) and
H,(y) denote the sets of lines and hyperplanes of n, which contain y.
For y,z € I'(x) let l.(y,z) denote the unique line of ©, which contains
both y and z. The set L,(y) can be naturally treated as the point set of a
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projective geometry of rank (n — 2). This geometry (which is the residue
of y in n,) will also be denoted by =n,(y). In what follows we sometimes
identify projective geometries with their point sets.

Let P denote the action of O,(G(x)) on I'z(x) which is abstractly
isomorphic to 0,(G(x))/Gy(x). We will see below that P is non-trivial
whenever Gi(x) # 1. Let £ denote the set of orbits of P on I'(x).
Let G(x) denote the permutation action induced by G(x) on £ and use
similar notation for subgroups in G(x), so that P is the identity group.
Our nearest goal is to determine the possibilities for G(x) (compare

[Wei78]).

Proposition 94.1 Let (I', G) satisfy Hypothesis LP for some n > 3 and
q = p". Suppose that Gi(x) # 1. Let P = 0,(G(x))/G2(x) and let
denote the set of orbits of P on I's(x). Then for S € £ we have |S| = g
and P induces on S an elementary abelian group (of order q).

Let s be the integer such that G acts strictly s-arc-transitively on T" and
let g denote the girth of T'. Then one of the following cases (1) and (2)
holds.

(1) s =3, La(q) X La_1(q9) € G(x) < PT'L,(q) x PTL,_1(q), a projective
geometry 8, of rank (n—2) over GF(q) is associated with x so that
G(x) acts flag-transitively on my X &, there is a mapping @, of T
onto the point set of o, which commutes with the action of G(x)
and for y € I'(x) the restriction of @x to m,(x) is a collineation.
Moreover, either

(1.1) g =4, T is the complete bipartite graph K, where m = [{], or

(12) g>4, X ={S(u,a) | u € ny, o« € 5}, and S(u,a) = I'(y) exactly

whenu=y.

(2) s =2, Ln(q) & G(x) < PTL,(q), for every vertex y € I'(x) there is
an isomorphism p = Yy, of m(y) onto my(x) which commutes with
the action on G(x, y) and for all edges one of the following subcases
oceurs:

(2.1) v is a collineation and either

(21i) g =4, X ={S() | I € Ly}, and S(I) = T'(y) exactly when
L€ L(y), or

(2.1il) g >4, Z = {Swl) | u € ny,l € Ly(u)} and S(u,1) = T'(y)
exactly when u=y;

(2.2) y is a correlation (n > 4) and either
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(22i) g =4, = {S(h) | h € Hy}, and S(h) = T'(y) exactly when
h € H.(y), or

(22ii) g >4, Z = {S(uh) | u € ny,h € Hy(u)}, and S(u,h) = I'(y)
exactly when u=y.

Proof. Let H = G(x, y)'¥. Since G(x)'™ contains as a normal sub-
group the group L,(q) in its natural doubly transitive action, by (2.4.3
(i)) H = A : B, where A = O,(H) is an elementary abelian group of
order ¢"! and SL,_;(q) 4 B < I'L,_,(q) with B acting faithfully and
irreducibly on A. This implies in particular that every nontrivial normal
subgroup of H contains 4. By (2.44) if S is an orbit of 4 on I'(y)\ {x}
then S =1\ {x} for a line | € Ly(x) and the action induced by 4 on S is
of order gq.

Let M = Gi(x)I'W). It is standard that M is non-trivial. Indeed, if
M =1 then since Gy(x) < G(x) and G(x)"™ is transitive, we obtain that
Gi(x)2® = 1. But the latter implies G;(x) = 1 by (9.1.4), a contradiction.
Hence M is a nontrivial normal subgroup in H and M > A by the above
paragraph. Let z € T'(x) \ {y} and suppose that N := G;(x,z)f®) # 1.
Then by (9.2.2) N is of a prime power order. Since N is normal in
M and B acts faithfully on 4, N must intersect A properly and hence
the primes in (9.2.2) and in the present proposition are the same. Since
0,(G(x)/Gy(x)) = 1 this implies that PT¥) = 4 and the first paragraph
of the proposition is proved.

Furthermore, since L,_i(q) 4 HY™ < PT'L,_(q), and M < H, the
action of M on L,(x) is either (1) transitive or (2) trivial. Consider
possibility (1). In this case Gy(x) is transitive on I'(y) \ {x} and applying
(9.1.3) one can see that s > 3. Second, by (2.4.1) the group L,_i(q) is
simple except for the cases (n,q) = (3,2) and (3, 3). Hence we conclude
that either (a) MLY™ > L, ,(q) or (b) (n,q) = (3,2) and ML® =3 or
(©) (n,q9) = (3,3) and ML =22,

We show that the last two cases cannot be realized. With this end in
mind, let us consider the centralizer C(x) of the group G;(x) in G(x)
and its complete preimage C(x) in G(x). We claim that G;(y) < C(x).
Indeed, G1(x)d G(x, y), Gi(y) < G(x, y) and G1(x)NG1(y) = Gi(x,y) < P;
therefore G1(x) N G1(y) = 1, ie. G(x,y) = G1(x) x G1(y). Since G(y)'™
is non-trivial and C(x) < G(x), we conclude that L,(q) < C(x)'™. The
factor group G(x, y)/(C(x) N G(x,y)} is isomorphic to 2 in case (b) and to
3 in case (c). At the same time, by what we said above and since G;(x)
is abelian in both the cases under consideration, we have G(x) = C(x} in
case (b) and [G(x) : C(x)] < 2 in case (c), a contradiction.
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By this we see that Gi(x) contains L,_1(q), and since the centre of the
latter group is trivial, G(x) > G1(x) x C(x). From this it is straightforward
to conclude that

Ln(q) X Ln—1(q) & G(x) < PTLa(q) X PT La,—1(q).

Therefore L, 1(q) & Gi(x) < PT'L,_i(q) and for y € T'(x) the group
G1(x) induces on Ly(x) the natural doubly transitive action. For another
vertex z € I'(x) the action is either (a) isomorphic or (b) dual and there
is an isomorphism ¢, between m,(x) and =,(x) which commutes with
the action of Gi(x). In case (a) it is a collineation and in case (b) it
is a correlation. Since G(x)'™ is doubly transitive, the form of &, is
independent of the particular choice of the pair (y,z). For a third vertex
u € T'(x) the isomorphism £}, can be realized as a product of 5, and &3,
Since the product of two collineations as well as of two correlations is a
collineation we see that £}, must be a collineation for all y,z € I'(x). So
we can define a single projective geometry d, of rank (n—2) and an action
of G(x) on this space so that for every y € I'(x) there is a collineation
xy of my(x) onto o, which commutes with the action of G(x,y). The
points of §, are equivalence classes of orbits from X, where two orbits
are equivalent if their setwise stabilizers in G1(x) coincide. So we have
the desired mapping ¢, of £ onto (the point set of) d,. Let (u,y,x,2,v1)
and (u,y,x,z,v2) be two 4-arcs in I" such that l,(x,u) \ {x} is equivalent
to I(x,v1) \ {x} but not to I;(x,v:)\ {x} with respect to the above defined
equivalence relation. Then clearly these two 4-arcs are in different orbits
of G and so G acts strictly 3-transitively on I'. If the girth of T is 4 it
must be complete bipartite by (9.1.7). Otherwise different pairs (u, «) with
u € I'(x) and o € 8, determine different orbits S(u,«) € X. Thus, case (1)
is completely settled.

Let us turn to case (2). Here ML® = 1, and hence G;(x) = 1. From
this it follows that L,(q) 4 G(x) < PTL,(q). Furthermore, L,_i(q) <
G(x,y) < PT'L,_4(q) induces natural doubly transitive actions on L,(y)
and on Ly(x). Hence there is an isomorphism y,;, between 7n,(y) and
m,(x) commuting with the action of G(x,y). In this case y,, can be
a collineation as well as a correlation. Certainly the type of y,, is
independent of the choice of the edge {x,y}. If the girth of T is at least
5, then we arrive at situations (2.1.i) or (2.2.ii), respectively.

Suppose that I' is of girth 4. We consider here the case of collineation
(the correlation case can be treated quite analogously). Consider the set
Y = {(u]) | u € T(x),l € Ly(u)}. A pair (u,]) € Y determines a unique
orbit from X, namely yy,(I) \ {x}. Since the girth of I is 4 some pairs
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correspond to the same orbits from X and we have an equivalence relation
on Y preserved by the action of G(x). The group G(x) induces on Y an
action of L,(q) 4 G(x)/G1(x) < PT'L,(q) on the cosets of a premaximal
parabolic subgroup with respect to the natural projective geometry. So
it follows from (2.4.2 (v)) that a proper subgroup of G(x)/G;(x) which
contains the stabilizer of (¥,1) € Y must be either the stabilizer of u or
the stabilizer of I. From this we easily see that the orbits from X are in
a bijection with the lines of m,, thus leading to subcase (2.1.i). O

By (9.2.1) if I corresponds to the subcase (1.1), (2.1.1) or (2.2.1) in the
above proposition then it is isomorphic to Ky, Zn(q) or «71(q), respec-
tively. One may notice that the graphs <%, ,(q) and #4(q) correspond
to the subcase (1.2).

We formulate explicitly the following results which are implicit in the
proof of (9.4.1).

Corollary 9.4.2 If s = 2 then for every edge {x,y} of I there is a unique
isomorphism ., of n.(y) onto m,(x) which commutes with the action of
G(x,y). The type of vy, (i.e. whether it is collineation or correlation) is
independent of the choice of {x,y}. ]

Corollary 943 If s = 3 and {x,y} is an edge of T then there is a
collineation x; of my(x) onto 5« commuting with the action of G(x,y). If
{y,x,z} is a 2-arc in T then &= o) Xy is a collineation of my(x) onto
7,(x) which commutes with the action of G(x,y,z). o

For the following corollary compare (2.4.3).

Corollary 9.4.4 If s = 2 then G1(x)/0,(G(x)) is a cyclic group whose
order divides q — 1; if s = 3 then G(x)/0,(G(x)) contains a characteristic
subgroup K isomorphic to SL,1(q) and O,(G(x))/Gi(x,y) is a natural
module for K. ]

9.5 Geometrical subgraphs

For the remainder of the chapter we assume that I is a locally projective
graph of type (n,q), n > 3, ¢ = p™, with respect to a subgroup G in
the automorphism group of I' such that Gy(x) # 1 for x € I'. Let s be
the integer such that the action of G on I is strictly s-arc-transitive. By
(9.4.1) either s = 3 or s = 2 and I is of collineation (case (2.1)) or of
correlation (case (2.2)) type.
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Let x € T'. The action of G(x) induces on I'(x) a projective geometry
structure m,. If s = 3 then the action of G(x) induces on the set of
orbits of 0,(G(x)) on I'y(x) a structure of a direct product m, X dx of
projective geometries. So far these structures are defined virtually in the
sense that they were not attached to the combinatorial structure of I'.
On the other hand, if T" is one of the classical examples /}(q), «/2(q),
2,(q) and F4(q), then with every element of the original geometry we
can associate a subgraph in I" induced by the vertices which are incident
to this element in the geometry. In those cases the structures n, and
7x X 0y are realized by the subgraphs of this type passing through x. We
will attempt to find a similar system of subgraphs in an arbitrary locally
projective graph. It turns out that such a system does not necessarily
exist, but if it does, then it is unique.

Definition 9.5.1 Let T" be a locally projective graph of type (n,q) with

respect to G < AutT'. A connected subgraph E of T" will be called a geo-
metrical subgraph if the following conditions hold:

(G1) for every vertex x € E the intersection E N T'(x) is a subspace in
Tx;

(G2) if s = 2 then for every x € E the subgroup G(x) N G[E N I'(x)]
stabilizes 2 setwise;

(G3) if s = 3 then for every x € E the subgroup G(x) N G[Z N I'y(x)]
stabilizes 2 setwise.

We start by discussing some properties of geometrical subgraphs in
the case s = 2.

Lemma 9.5.2 Let E be a geometrical subgraph in . If s = 2 then for every
edge {x,y} of E we have ENT(y) = p,(ENT(x)).

Proof. By (G1) ¥ := ENT(x) is a subspace in =, containing y and
® .= ENT(y) is a subspace in 7, containing x. It is easy to deduce from
(G2) that ® must be stable under G(x,y) N G[¥] and that ¥ must be
stable under G(x,y) N G[®]. It follows from (9.4.1) and (2.4.2 (ii)) that
this is possible only if ® = y,,('¥) and the result follows. O

Assuming that we are still in the case s = 2, let x be a vertex of ', ¥
be a subspace in 7, and suppose that there exists a geometrical subgraph
Z in I" containing x such that E NI'(x) = V. Since E is connected, for
every z € 2 there exists an arc (xp = x, X1, ..., X; = z) in E joining x with
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z. Put W(x;) = ENT(x;). Then we have the following (9.5.2):
(*) ¥(xo) =Y, xip,xi €W(x) for 1<i<t—1

and

W(xi) = wx_ x(P(xizy)) for 1<i<e

Now let X = (xo = x, X1, ..., X;) be an arbitrary arc in I', originating at x.
Suppose (*) holds for a family of subspaces ¥; in n,,, 0 < i < t. Then
we say that X transfers ¥ to W(x,). Notice that the subspaces W(x;) (if
they exist) are uniquely determined by X and ¥. The following result is
a direct consequence of (9.5.2).

Lemma 9.5.3 In the case s = 2 let x be a vertex of I', ¥ be a subspace
in m, and suppose that there exists a geometrical subgraph 2 containing x
such that ENT(x) =Y. Let z be a vertex in I'. Then z is contained in &
if and only if there exists an arc in T joining x and z which transfers ¥ to
a subspace Y(z) in n,. If such an arc exists then ¥(z) = ENT(z). m]

The following lemma gives necessary and sufficient conditions for
existence of geometrical subgraphs in the case s = 2.

Lemma 954 Let s = 2, x € T and ¥ be a subspace in n,. Then a
geometrical subgraph E containing x such that ENT(x) =Y exists if and
only if T does not contain cycles through x transferring ¥ to subspaces in
7, different from Y. Moreover, if E exists then it is unique.

Proof. Suppose that I" contains a cycle {xp = x, x1,...,x; = x) which
transfers W to a subspace ¥’ in n, and ¥’ £ ¥. Then a vertex u € ¥\ ¥
must be in E by (9.5.3) and it must not be in E since ENI'(x) = V.
Hence E does not exist in this case. Suppose that I' does not contain
cycles passing through x which transfer ¥ to different subspaces in =,.
By vertex-transitivity this is true for every vertex of I'. Let E(x,'¥) be
the set of vertices in I' defined as follows: z € E(x,¥) if and only
if there exists an arc X = (x9 = x,Xj,..,X; = z) in I' which joins x
with z and transfers ¥ to a subspace W(X) in n,. We claim that ¥(X)
depends only on z but not on X. Let ¢t be minimal with the property
that there is another arc Y = (yo = X, y1,.... ¥s = z) with W(Y) # ¥(X).
In view of vertex-transitivity ¢ is independent of x and x,—; # ys.—1 by
the minimality assumption. Let r be the largest index such that x, = y,
for some 0 < g <s5. Then Z = (2 = X, X¢—1, .00 Xr = Vg, Vgt15 s Ys = 2) 18
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a cycle which transfers W(X) to W(Y), a contradiction. Hence ¥(X) is
independent of the choice of the arc and W(X) = E(x, ¥) N I'(z). Since
Z(x, W) is defined only in terms of x and P, it is stable under G(x)NG[¥].
Finally if z € E(x, ¥) and W(z) = E(x, ¥)NI'(z) the connectivity of E(x, V)
implies that E(x, ¥) = Z(z, ¥(z)). This means that Z(x, V) is stable under
G(z) N G[¥(z)] and hence E(x,¥) is a geometrical subgraph with the
required properties. The uniqueness claim is by the construction. a

In what follows, if s = 2, x is a vertex of I and ¥ is a subspace in
7, then E(x,¥) will denote the geometrical subgraph containing x such
that 2N I'(x) = W¥. This subgraph may or may not exist.

Let us consider geometrical subgraphs in the case s = 3.

Lemma 9.5.5 Suppose that s = 3 and let £ be a geometrical subgraph in
. Then for every 2-arc (y,x,z) in E we have ENT(z) = {,(ENT(y)).

Proof. Since Z is a geometrical subgraph containing (y,x,z), ® =
ENT(y) is a subspace in 7, containing x and A := ENT(z) is a subspace
in 7, containing x. The action of G;(x) on d, contains L,_;(g) and hence
by (24.2 (ii)) x;(®) and x;(A) are the only subspaces in J5 stabilized
by Gi(x) N G[®] and Gi(x) N G[A], respectively. Since both of these
subgroups are contained in G[ENTIy(x)], we have x;(®) = x;(A) and the
result follows. a

Still assuming that s = 3, consider a geometrical subgraph E in I'. For
an edge {x,y} in E put ¥ = ENI'(x) and ® = ENI(y). Let z € E and let
(x0 = X, x1,...,x; = z) be an arc joining x and z in E (here x; may or may
not be equal to y). Let A(x;) = ENI'(x;). Then we have the following
properties (9.5.5):

(**) Alxo) =Y, xi—1,xir1 €EA(x;) for 1 <i<t—1, A(x))= ;XI(CD)

and A(xi+1) = (A(xi—y)) for 1 <i<t-—1

Xi
Xi—1Xi+1
In the case x; = y the mapping ¢}, in (*#*) is assumed to be the identity.
Similarly to the case s =2 let X = (x¢ = x, X1, ..., X;) be an arbitrary arc
originating in x, but in this case we assume that ¢ is even. Suppose that
for every i, 0 < i < ¢, there is a subspace A(x;) in =, such that (**) holds.
Notice that if the A(x;) exist, then they are uniquely determined by X, ¥
and ®. In this case we will say that X transfers ¥ to A(x;) with respect
to @.

Now it is easy to prove the following analogue of (9.5.3) and (9.5.4).
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Lemma 9.5.6 In the case s =3 let {uy,u2} be an edge in T. For i =1 and
2 let ¥; be a subspace in m,, containing u3_;. Then

(i) a geometrical subgraph E such that ENT(u;) =; fori=1 and 2
exists if and only if for j = 1 and 2 there is no arc in T transferring
¥; with respect to Wi_; to a subspace in m,, different from ¥, or
to a subspace in w,, different from ¥,

(ii) if E as above exists then a vertex z of T is contained in E if and
only if for i =1 or 2 there is an arc in T which transfers ¥; with
respect to Ws3_; to a subspace A in w,, and if such an arc exists then
A=EnNT(z). m|

In what follows, if s = 3, {x,y} is an edge in I, ¥ is a subspace in 7,
containing y and @ is a subspace in 7, containing x, then Z(¥, ®) denotes
the geometrical subgraph containing {x,y} such that ENnT'(x) = ¥ and
ENT(y) = ®. Similarly to the case s = 2 such a subgraph may or may
not exist. Notice that ¥ can be taken to be the whole space =, or just a
point (similarly for @), in particular E(ny, x) = {x} U T'(x).

Definition 9.5.7 We will say that T" contains a complete family of geomet-
rical subgraphs if either

(i) s = 2 and for every vertex x and every subspace ¥ in m, the geo-
metrical subgraph E(x,¥) exists, or

(i) s =3 and for every edge {x,y}, every subspace ¥ in ny containing
y and every subspace @ in ny containing x the geometrical subgraph
E(¥, D) exist.

We formulate two direct consequences of (9.5.4) and (9.5.6).

Corollary 9.5.8 Suppose that T is a tree which is locally projective with
respect to the action of G < AutT’. Then I contains a complete family of
geometrical subgraphs. m]

Corollary 9.5.9

(i) Let s = 2 and T be of collinearity type. Let ¥ and V' be sub-
spaces in m, and suppose that the geometrical subgraphs E(x,¥)
and E(x, V') exist. Then E(x, ¥ NY') exists and is equal to E(x, ¥)N
E(x,¥'). In particular Z(x,¥) contains E(x,¥’) whenever ¥ con-
tains V'
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(i) Let s=3. Let {x,y} € E(T'), ¥ and V' be subspaces in n, and ®
and @' be subspaces in m,. Suppose that Z(¥, ®) and Z(V', @) exist.
Then E(¥Y "Y', ®ND') exists and is equal to Z(¥, P)NEWV', D). In
particular E(¥, ®) contains Z(V',¥') whenever ¥ contains V' and
® contains . m|

9.6 Further properties of geometrical subgraphs

Let E be a geometrical subgraph of I" and let H be the setwise stabilizer
of E in G. If x € E then the stabilizer H(x) of x in H induces on the
set E(x) of vertices adjacent to x in E the natural permutation action of
L.(g) of degree [';]q = (q" —1)/(q — 1) (the case n = 1 is also included),
possibly extended by outer automorphisms. In particular the action of H
on E is edge-transitive. By (9.1.1) this means that for an edge e = {x, y}
in E the group H* = (H(x), H(y)) acts edge-transitively on E and either
H* = H, or [H : H*] = 2 and E is bipartite. In any case we can
redefine E as the subgraph induced on the set of images under H* of the
vertices on e = {x, y}. This enables us to give a group-theoretical version
of the necessary and sufficient conditions for existence of geometrical
subgraphs.

Lemma 9.6.1

(i) Let s =2, {x,y} be an edge of I, ¥ be a subspace in m containing
y and @ = (V). Put

H* = (G(x) N G[¥], G(y) N G[®)).
Then the geometrical subgraph E(x,V) exists if and only if
H* N G(x) = G(x) N G[¥].

(i) Let s =3, {x,y} be an edge of T, ¥ be a subspace in n, containing
y and @ be a subspace in n, containing x. Put

H* = (G(x) N G[¥] N Gx;(®)], G(y) N G[®] N G[x4(P)))-
Then the geometrical subgraph E(P, ®) exists if and only if
H*™NG(x) = G(x)NG[¥] N Gl ().

Proof. We consider the case (i); the case (ii) can be proved analogously.
Suppose that the geometrical subgraph &E(x,¥) exists and let F be the
setwise stabilizer of Z. Then H* defined as in the lemma is contained
in F and G(x) N G[¥] is the stabilizer of x in F. Hence H* N G(x) =
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G(x) N G[Y]. If E(x,¥) does not exist then by (9.5.4) I" contains a cycle
(x = xp,x1,..., X = x) which transfers ¥ to a different subspace in =,.
This implies that there are subspaces W(x;) in n,, for 0 < i < ¢ for
which (*) holds and ¥(x,) # ¥. Then arguing as in (9.1.1) we can show
that for every i with 0 < i < t the subgroup H* contains an element
which maps x onto x; and conjugates G(x) N G[¥] to G(x;) N G[¥(x;)].
Hence H* contains G(x) N G[¥(x,)] for ¥(x;) # ¥ and by (242 (i)
H* N G(x) = G(x). |

A vertex-transitive geometrical subgraph is locally projective with re-
spect to its setwise stabilizer. The following characterization of vertex-
transitive geometrical subgraphs is quite straightforward.

Lemma 9.6.2 Let T be a locally projective graph with respect to a group
G. A geometrical subgraph E is acted on vertex-transitively by its setwise
stabilizer in G if and only if one of the following holds:

(1) s=2 and T is of collineation type;
(ii)) s =2, I is of correlation type, E = E(x,¥) and ¥ is of dimension
(n—1)/2;

(iii) s =3 and E = E(¥, ®) where ¥ and ® have the same dimension.0

If G acts s-arc-transitively on I" and E is a vertex-transitive geometrical
subgraph in T, then it is easy to see that the action on E of its setwise
stabilizer is t-arc-transitive for ¢t > s. In some cases geometrical subgraphs
happen to have higher degrees of transitivity than the original graph.
Some of those cases are described in the following lemma.

Lemma 9.6.3

(i) Suppose that s =2, T is of collineation type and G1(x) #+ 1 for x €
I'. Let \¥ be a line in =, and suppose that & = E(x, V) exists. Then
the action on E of its setwise stabilizer is strictly t-arc-transitive for
t=3.

(i) Suppose that s = 3 and Gi(x,y) # 1 for an edge {x,y} of T.
Let ¥ € Ly(y) and ® € Ly(x) and suppose that E = E(¥,®)
exists. Then the action on E of its setwise stabilizer is strictly t-arc-
transitive for t > 4.

Proof. (i) Let y € ¥ and ® = y,,(¥). By (94.1) ®\ {x} is an orbit
of 0,(G1(x)) on I'z(x) and @\ {x} = ENT(y) by (9.5.2). So the result
follows directly from (9.1.3).
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(i) Let z € ¥\ {y} and A = £;,(®). Then by (9.4.1) A\ {x} is an orbit
of Gy(x,y) on I'>(x) and A\ {x} = ENT(z) by (9.5.5). So again it is
sufficient to apply (9.1.3). m|

For the remainder of the section let us assume that either s = 3, or
s =2, and T is of collineation type. Let {x,y} be an edge of I', ¥ be
a d-dimensional subspace in n, which contains y, d > 2. Let @ be a
d-dimensional subspace in 7, containing x if s = 3 and put ® = y,(‘¥)
if s=2 Let E =EWY,®) if s =3 and E = E(x,¥) if s = 2. Put
Hy = G[x,y]n G[¥Y VU @] and H, = G(x) N G[¥] N G[x;(P)] if s =3 and
H, = G(x) N G[¥] if s = 2. If the geometrical subgraph E exists then
H = (Hy, H,) is the setwise stabilizer of £ in G with Hy and H, being the
stabilizers of {x,y} and x, respectively. Independently of the existence of
2 define = Q(I',d) to be a graph whose vertices are the (right) cosets
of H, in G with two such vertices adjacent if they intersect a common
coset of Hy in G. Clearly, in this case the edges of Q are indexed by the
cosets of Hy in G. It is possible to describe (I',d) in combinatorial terms
as follows.

If s = 2, then the vertices of (I',d) are all pairs (z, A) where z is a
vertex of I" and A is a d-dimensional subspace in 7, with (z, A) being
adjacent to (z/,A’) if and only if z/ € A and A’ = y,,(A).

If s = 3, then the vertices of Q(I',d) are all triples (z, A, «) where z is
a vertex of I', A is a d-dimensional subspace in %z, and « is a (d — 1)-
dimensional subspace in Jy. This vertex is adjacent to a similar vertex
(z’,N,¢)if and only if 2 € A, z € A, ¥¥(A) = « and x5 (A') = o

It is clear that G acts 2-arc-transitively on Q and with respect to this
action € is a locally projective graph of type (d,q). Let Q° denote the
connected component of Q containing (x, W) and let © be the mapping
of Q onto I" defined by

o:zA)—zifs=2,
o :(z,A, )z if s=3.

Lemma 9.6.4 In the above notation the following three conditions are equiv-
alent:

(i) E exists;
(ii) if H is defined to be (Hy,Hy) then H N G[x,y] = Hy;

(iii) Q is disconnected and the restriction of ® to QF is an isomorphism
onto E.
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Proof. To simplify the notation we only consider the case s = 2. The
equivalence of (i) and (ii) is just the vertex-transitive version of (9.6.1 (i)).
The definition of Q and (9.5.4) imply that E exists if and only if (x, ¥)
and (x,'¥’) are in distinct connected components of Q whenever ¥ # ¥/,
i.e. if and only if (iii) holds. m]

Let us consider in more detail the situation when s = 2 and T is of
collineation type. If E does not exist then H N G(x) contains Hy as a
proper subgroup. Since Hj is maximal in G(x) this means that H contains
the whole of G(x). Since H contains H; as well and I is connected, this
means that H = G and Q is connected. For x € T' the set w~(x) is

. . o e . . _1 _ _1
an imprimitivity system of the action of G on Q and |w™'(x)| = [" P ]

where n — 1 is the rank of n,. The graph I' can be reconstructed from
Q by factorizing over this imprimitivity system. Thus when Z does not
exist we can study Q instead of I' since both these graphs are locally
projective with respect to the same abstract group G. The next lemma
shows that if Q satisfies a certain minimality condition, then it contains
a complete family of geometrical subgraphs.

Lemma 9.6.5 Let s =2, I be of collineation type and let d be the smallest
number such that Z(x, V) does not exist for any d-dimensional subspace ¥
in my. Then Q = T, d) is connected and contains a complete family of
geometrical subgraphs.

Proof. If f < d then the graph ® = (T, f) possesses the following
description in terms of I'. The vertices of @ are triples (z, ®, A) where
z €I, ® and A are f- and d-dimensional subspaces in 7., respectively,
with ® = A and this vertex is adjacent to a similar vertex (z/,®,A’)
if and only if 2/ € ®, @ = y,(®) and A" = y,,(A). Since QT f) is
disconnected by the minimality assumption (9.6.4), it is clear that @ is
also disconnected. m]

Consider the action of H, on the connected component Q° of Q
containing (x,¥). Hy acts on the set of vertices adjacent to (x,'¥) as
it acts on the point set of ¥. By (9.4.4) the elementwise stabilizer of
these vertices induces on the set of vertices adjacent to (y,®) a p-group
extended by a cyclic group whose order divides ¢ — 1. Since the action of
G on Q is 2-arc-transitive, by (9.2.2) the elementwise stabilizer in H, of
the vertices at distance 1 from the edge {(x, ¥), (y,®)} induces a p-group
on £¥. On the other hand, if m is the codimension of ¥ in =, then the
elementwise stabilizer of ¥ in H; induces on the set of subspaces in =,
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containing ¥ an action which contains Ln,(g) as a section. This means
that Q° cannot be the whole of Q if m is at least 2, and we have the
following result.

Lemma 9.6.6 Suppose that s = 2 and that T is of collineation type. If for a
vertex x € I and a subspace ¥ from n, the geometrical subgraph E(x,¥)
does not exist, then ¥ is a hyperplane. |

In the next section we show that E(x,¥) always exists when ¥ is a
line.

It should be mentioned that we know only one example of a locally
projective graph which does not contain a complete family of geometrical
subgraphs. This is a graph of valency 31 related to the fourth sporadic
Janko simple group J4, which is locally projective of type (5,2). This
graph appeared in (1.13.2 (ii)).

9.7 The structure of P

In this section we restrict ourselves to the situation when either s = 3,
or s = 2, and I is of collineation type. Here we study the action of
0,(G(x)) on Ty(x). We will deduce important information about this
action from analysis of vertex-transitive geometrical subgraphs which
are locally projective lines (i.e. of valency g + 1).

We use the notation introduced before (9.4.1). In particular X stays for
the set of orbits of P = 0,(G(x))/G2(x) on I'y(x). For an orbit § €
let P(S) be the elementwise stabilizer of S in P. By (9.4.1) P/P(S) is
elementary abelian of order ¢. This means that the whole of P is an
elementary abelian p-group.

We consider first the case s = 3 and assume as usual that n > 3.
Directly from (9.4.4) we have the following.

Lemma 9.7.1 Let s = 3 and Gy(x,y) = 1. Then P is elementary abelian
of order "' and it is the natural GF(q)-module for the characteristic
subgroup of Gy(x)/P isomorphic to SL,—1(q). 0

Lemma 9.7.2 Let s =3 and Gy(x,y) # 1. Let x € T, ¥ € Ly, u; = y, up,u3
be distinct points on WV and let « be a point of dx. Then
P(S(u1,0)) N P(S(u2,0)) < P(S(u3, %))

Proof. Let @ be the line from Ly (x) such that x}(®) = o. We can and
will assume that the geometrical subgraph 2 = ZE(¥, ®) exists. In fact,
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if it does not exist, then instead of I" we can consider its covering tree
(which contains a complete family of geometrical subgraphs by (9.5.8))
and instead of G the free amalgamated product of G(x) and G[x, y]. The
local properties of the action of G on I' including the one stated in the
lemma are preserved when we switch to the covering tree. By (9.6.3 (ii))
the setwise stabilizer H of Z in G induces on E a 4-arc-transitive action.
Clearly P stabilizes = as a whole and it stabilizes every vertex adjacent
to x in E. Now S(u;, «) is exactly the set of vertices other than x adjacent
to u; in 2 and the result follows by applying (9.3.4) to the action of P on
= a

Let K be the characteristic subgroup in G;(x)/0p(G(x)) isomorphic
to SL,—1(q) (compare (9.4.4)). We are going to specify P as a GF(p)K -
module.

Lemma 9.7.3 As a GF(p)-module for K = SL,_,(q) the group P is the
direct sum of | copies of the natural GF(q)-module and | < n.

Proof. We will identify subgroups in O,(G(x)) with their images in
P. Let Z = {zi,..,z;} be a non-empty subset of I'(x) and put R(Z) =
n£=1 G1(x,z;). Since P fixes I'(x) elementwise, R(Z) is a K-submodule in
P. Let y,z € T(x) with y # z and Q be a submodule in P. Since the
natural module of K is irreducible, either Gi(x,y) N Q = Gy(x,z) N Q
or (Gi(x,y) N Q,Gy(x,2) N Q) = Q. Let Z as above be maximal with
the property that R(Z) is not contained in Gi(x,y). Then R(Z) is a
complement to Gy(x,y) in P. Hence P is the direct sum of natural
GF(q)K-modules. Let Z = {zy,z5,...,z,} be a maximal set of independent
points in 7,, which means that Z is not contained in any hyperplane of
7y Applying (9.7.2) it is easy to show that R(Z) = G»(x) and the result
follows. m|

Let us consider the subgroup of G(x) which commutes with the action
of K on P. Since Gi(x) is normal in G(x) and K is characteristic
in G1(x)/0,(G(x)), the group G(x)/0,(G(x)) acts on K. Let F be the
kernel of this action, that is the centralizer of K in G(x)/0,(G(x)).
Since G(x)'™ contains a normal subgroup isomorphic to L.(q) and
AutSL,_1(q) does not have sections isomorphic to L(q), we conclude
that F contains a section isomorphic to L,(q). This means that the
centralizer in G(x)/0,(G(x)) of the action of K on P contains a section
isomorphic to L,(q). On the other hand the centralizer of the action of
K on its natural module is isomorphic to the multiplicative group of the
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field GF(q) and the centralizer of its action on I copies of the natural
module is isomorphic to GL;(q) by Schur’s lemma. Since SL,(gq) is not
involved in SL;(q) for I < n, the equality holds in (9.7.3) and we have the
following.

Lemma 9.7.4 If s = 3 then P is isomorphic to the tensor product of the nat-
ural GF(q)-module for SL,_,(q) and the natural GF(q)-module for SL,(q).
In particular |P| = q"z"". a

Let us turn to the situation when s = 2 and T is of collineation type.

Lemma 9.7.5 Let s =2, T be of collineation type and Gy(x) # 1. Let P*
denote the dual of P. Then for every incident point-line pair (y,¥) in =,
there is a subgroup P*(y,¥) of order q in P* such that

(i) the subgroups P*(y,¥) taken for all incident point—line pairs in n,
generate P*,
(ii) for a fixed yo € T'(x), P*(y0) := (P*(y0,¥) | yo € V) is the natural
GF(q)-module for the SL,(q)-section of G(x,yo),
(iil) for a fixed Wy € Ly, P*(¥o) := (P*(y,¥o) | y € Wy) is either the
natural GF(q)-module for the S Li(q)-section of G(x)NG[¥y)] or the
trivial 1-dimensional GF(q)-module for this section.

Proof. We define P*(y, ¥) to be the dual of P(S(y,¥)). Then (i) and
(ii) follow directly from (9.4.1). As in the case s = 3 we assume that
I" contains a complete family of geometrical subgraphs. Let ¥y € L,,
Z = E(x, ¥o) and H be the stabilizer of E in G. By (9.6.3 (i)) the action of
H on E is strictly t-arc-transitive for t > 3. Let y = u;,us,u3 be distinct
points on ¥y. Then S(u;, ¥y) contains all vertices other than x adjacent to
u; in 2. Clearly P is contained in H and it stabilizes every vertex adjacent
to x in E. If t = 3 then P(S(u;, ¥)) = P(S(u;,¥)) for all i,j, 1 <i,j <3
by (9.3.5) and if t > 4 then P(S(u1,¥)) N P(S(u2, ¥)) < P(S(u3, ¥)) by
(9.3.4). This implies the result. a

By (9.7.5) and (2.4.6) we have the following.

Lemma 9.7.6 In the notation of (9.7.5) if P*(Wy) is 1-dimensional then P*

is the exterior square of the natural SL,(q)-module, in particular |P| =
qrtmr2, a

Lemma 9.7.7 In the notation of (9.7.5) if the module P*(¥y) is 2-dimen-
sional then |P| > q*"V.
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Proof. Let y and z be distinct points on Wy. We are going to show
that the action of Gy(x,y) on I'(z) coincides with the action of G;(x) on
this set. This will immediately imply the result. Since Gy(y) is non-trivial,
it acts transitively on Wy \ {y} and hence the action of G(x, y,z) on I'(y)
coincides with the action of G(x,y) N G[¥o] on this set. On the other
hand G(x, y) N G[W¢] normalizes in P/Gy(x, y) a unique proper subspace,
namely the dual of P(S(y,W¥s)). Since P induces on S(y, ¥o) U S(z, ¥p)
an action of order g*> we observe that Gy(x, y) induces on S(z,¥o) an
action of order g, in particular Gy(x,y) # 1. But applying the obvious
symmetry between y and z to the above observation, we obtain that the
dual of ﬁ(S (z, Wo)) is the only proper subspace in P /G;(%,z) normalized
by G(x,y,z), so the result follows. a

We conclude the section with the following.

Lemma 9.7.8 Suppose that either s =3, or s =2, and I is of collineation
type. Then I' contains geometrical subgraphs which are locally projective
lines.

Proof. If the claim fails then the graph Q = Q(I',1) defined before
(9.6.4) is connected. The action of G on Q is strictly t-arc-transitive for
3 <t < 7. By the construction the subgroup H; is the vertex stabilizer
of the action of G on Q. By (9.3.4) and since Q is connected, we have
|0,(H2)] = ¢'~2. On the other hand, 0,(H,) contains 0,(G(x)) and by
(9.7.4), (9.7.6) and (9.7.7) the latter has order at least g?"~V. In addition
0,(H>) induces on I'(x) an action of order ¢%*~?. Since n > 2 this is a
contradiction. m|

9.8 Complete families of geometrical subgraphs

If T is a classical locally projective graph, that is «71(q), #2(q), Zx(q)
or #4(q), then I' contains a complete family of geometrical subgraphs.
Moreover, every geometrical subgraph of I' is induced by the vertices
incident to a certain flag in the underlying classical geometry. Conversely,
if I' is an arbitrary locally projective space which contains a complete
family of geometrical subgraphs, then some of these subgraphs can be
considered as elements of a diagram geometry associated with I'. In this
section we specify the diagrams of geometries arising in this way.

Let us start with the case when s = 2 and I' is of collineation type.
Suppose that m, is of rank n — 1 and that for every subspace ¥ in =,
the geometrical subgraph E(x, ¥) exists. We also include the degenerate
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cases. That is, if ¥ = {y} is a point, then E(x, V) is the edge {x,y} and,
if ¥ is empty, then E(x,P) is just {x}. Define s#(I') to be the geometry
of rank n whose set of elements of type i consists of the geometrical
subgraphs E(x,¥) for all vertices x € I" and all subspaces ¥ in n, of
dimension n — i. Two elements are adjacent if one of them contains the
other one considered as subgraphs in I'. This means in particular that
the elements of type n — 1 and n are the edges and the vertices of I'.

Lemma 9.8.1 Let I be a locally projective graph of type (n,q) with respect
to the action of G. Suppose that s = 2 and that T is of collineation type. If
T" contains a complete family of geometrical subgraphs, then G acts flag-
transitively on the above defined geometry 4(I') and the geometry has the
Sfollowing diagram:

1 2 n—2 n—1 X n
o—m0 -+ o o
q q q q 1

where X is the geometry of edges and vertices of a geometrical subgraph
Z(x,V) where ¥ is a line in my.

Proof. Let & = {E; | 1 < ij < .. < in < n} be a flag in %I
where E; is of type i;. Let x be a vertex in E; . Since the incidence
relation is by inclusion, x is contained in ;, for 1 < j <m and without
loss of generality we can assume that E; = {x}. This means that the
subspaces ¥;, = I'(x) N E;; for 1 < j < m—1 form a flag in =, and
hence there is a maximal flag {¥x | 1 < k < n — 1} containing it. Let
@ = {E(x,¥x) | 1 <k <n—1}U{x}. Then by (9.5.9) ®; is a maximal
flag in 9(I') containing ®,. It is clear from the above that 4(I") belongs
to a string diagram and that the residue of x is isomorphic to =,. Let
A={8;|1<j<n—2}be aflagin () where E; is of type j. Then
Ey—2 = B(x,'¥) where ¥ is a line in n,, and the residue of A is formed by
the edges and vertices of E,—, with the natural incidence relation. Finally
it is clear that the action of G on ¥(I') is flag-transitive. |

In order to get closer to the classical diagrams we need I' to be
bipartite. If I" is not bipartite, then instead of I we can consider its
standard double cover 2-T'. If T is not bipartite then 2 - T is bipartite
and connected, otherwise it is a disjoint union of two copies of I'. The
action of 2 x G on 2 - I is locally isomorphic to the action of G on T, in
particular both actions are strictly s-arc-transitive for the same s. In fact
2 - T" shares more properties with I'. For instance if the girth g of I is
even then g is also the girth of 2-T'; 2 x G acting on 2 - I" preserves an
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equivalence relation whose classes have size 2 and intersect both parts.
We will use this property to recognize locally projective spaces which are
standard double covers of other locally projective spaces.

Let I" be as in (9.8.1) and assume in addition that I" is bipartite with
parts I'! and I'2. Let us modify the geometry 4(T") as follows. We exclude
the edges from the element set of the geometry and consider the vertices
from I'! as elements of type n—1 and the vertices from I'? as elements of
type n. The incidence relation is as it used to be, except that two vertices
from distinct parts are incident if and only if they are adjacent in I'. Let
us denote the geometry obtained in this way by #(I'). The proof of the
following result is similar to that of (9.8.1).

Lemma 98.2 Let T be as in (9.8.1) and in addition assume that T is
bipartite. Let G* be the subgroup of index 2 in G preserving the parts of
I'. Then G* acts flag-transitively on the above defined geometry # (). The
geometry #(I') is described by the following diagram:

1 2 3 n—3 n—2 n-1
C O . . . C
q q q q q

q

where X stays for the rank 2 geometry realized by the vertices of the (bi-
partite) geometrical subgraph E(x, W) where ¥ is a line in ©.. The elements
Jfrom G\ G* perform diagram automorphisms of #(I') permuting the types
n—1 and n. m]

Now let s = 3 and suppose that I' is bipartite with parts I'}, I'?
and that I" contains a complete family of geometrical subgraphs. Let us
associate with I" an incidence system %(I') of rank 2n—2 by the following
rule. For 1 <i < n—1 the elements of type i in 4 are the subgraphs
E(ny,®) where x € T! and ® is a subspace of dimension n — 1 — i
in dy; for n < i < 2n — 2 the elements of type i are the geometrical
subgraphs Z(n,, ®) where x € I'> and ® is a subspace of dimension i —n
in J,. This means in particular that the elements of type n — 1 and n
are the subgraphs {x} UT(x) for x € I'* and x € I'?, respectively. Let
&y = B(ny, ®1) and E; = E(ny, @,). If x and y are in the same part then
E; and E, are incident if and only if either &, € &, or &, € &;. If
x and y are in different parts then E; and E, are incident if and only
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if E{ NE; # @. As above let G* be the index 2 subgroup in G which
preserves the parts of I".

Lemma 9.8.3 Suppose that s = 3, I is bipartite and contains a complete
Sfamily of geometrical subgraphs. Then the above defined incidence system
%(T') is a geometry on which G* acts flag-transitively; the diagram of 4(I')
is

1 2 n—2 -1 X n n+1 2n-3 2n—2
— 06 --- o o o 6 -+ o0—o0
q q q q q q q q

where X is the geometry of rank 2 whose incidence graph is E(¥, ®) where
Y and ® are lines. Every element from G\ G* performs a diagram auto-
morphism of 9(I') permuting the type i and 2n—1—ifor 1 <i<n-—1.

Proof. It is an easy exercise to check that ¥ = %(I') is a geometry and
G™ is a flag-transitive automorphism group of 4. Let & = {x} UI'(x) be
an element of type n — 1 in 4. If E; € resyx(E) and E; € res;(E), then
E( = E(ny, ®1) for ®; € ny and E; = E(ny, ®;) for y € T'(x) and ®; € ny.
Since x € E; N E,, the elements E; and =, are incident and resg(E) is
the direct sum of the res(Z) for ¢ € {+,~}. In addition it is easy to see
from the above that res; (E) = 94 and resy(E) = n,. Since the elements of
type n have similar residues, we conclude that ¢ has a string diagram as
above and all we have to do is to specify the residue of a flag of cotype
{n — 1,n}. Notice that an element & = {y} UI'(y) of type n is incident
to E if and only if {x,y} € E(I'). Let ®; and ®; be incident elements of
type n—2 and n + 1, respectively. Then ®; N ©; contains an edge {x,y},
say, and ©; = E(n,,¥) for ¥ € L, and @, = E(n,,®) for ® € L. An
element ® = {z} UI'(z) of type n— 1 or n is incident to both ®; and
®, if and only if z € ®; N @,. On the other hand by (9.5.9) the latter
intersection is exactly Z('¥, ®) and the result follows. ]

9.9 Graphs of small girth

Let T be locally projective of type (n,q), n > 3, with respect to a group
G with Gi(x) # 1 and Gy(x,y) # 1 in the case s = 3. In this section if
s = 2 then I will be assumed to be of collineation type. Then by (9.7.8)
I' contains a family of geometrical subgraphs of valency g + 1 which
are locally projective lines. Suppose that the girth g of I' satisfies the
inequality g < 2s + 1. By (9.1.6) this is always the case when the action
of G on I' is distance-transitive. We are going to show that under these
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circumstances a shortest cycle is contained in a geometrical subgraph of
valency g + 1.

Lemma 9.9.1 Under the above assumptions if the girth g of T satisfies
g < 25+ 1 then a shortest cycle in T can be found inside a geometrical
subgraph of valency q + 1 which is a locally projective line.

Proof. We consider different values of g separately. Let k = [';]q be
the valency of I'.

g = 4. If s = 3 then by (9.3.7) I' is complete bipartite and the claim
is obvious. Let s = 2 and (x,y,z) be a 2-arc (which is contained in a
4-cycle). Let ¥ = l;(x,2), ® = p,(¥) and © = I(x) NI'(z). We know
that ® contains y and at least one extra vertex and that @ is a union of
G(x, y,z)-orbits. There are exactly three orbits of G(x,y) N G[¥] on ['(x),
namely {y}, ®\ {y} and I'(x)\ ®. Since G;(x) acts transitively on ¥\ {x},
the orbits of G(x,y,z) on I'(x) are the same. If there are no 4-cycles in
E(x, D), then ® = {y} U(I'(x) \ ®) and

ITe) - (Tx) —1)  k-(k—1)

which is not an integer if n > 3 and g > 2.

g = 5. Since n = 3 the case s = 3 is impossible by (9.3.7) and we assume
that s = 2. As above let Z be the set of orbits of P = 0,(G(x))/G2(x) on
I'>(x). Since I" contains cycles of length 5, there are vertices u,v € I'2(x)
which are adjacent. Let S;,S; € X so that u € §;, v € S,. Since there are
no triangles in I', we have S; # S,. Moreover, if $; = I'(y) and S = I'(2)
for y,z € I'(x), then y # z since otherwise (y,u,v,z) would be a 3-cycle.
Since P acts regularly on S; and S, we conclude that every vertex from
S) is adjacent to exactly one vertex from S> and hence P(S;) = P(S5).
Thus we obtain a non-trivial equivalence relation on X, defined by

Si~% if and only if P(Sl) = P(Sz),

which is invariant under G(x). Let S = S(w,l) e X forl € Ly(w) and T
be the union of P-orbits equivalent to S. Then G[S] = G(x)NG(w)NG[I]
and G[T] contains G[S] as a proper subgroup. By (242 (v)) either
G[T] = G(x,w) or G[T] = G(x) N G[!] and since clearly the former is
impossible we conclude that S(w,l) ~ S(t,m) if and only if I = m, in
particular the cycle (x,y,u,v,z) is contained in the geometrical subgraph
Z(x, W), where ¥ = [,(y, 2).
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g = 6. In this and the next cases we have s = 3. Let (4, y, x,z) be a 3-arc
in I" contained in a 6-cycle and let ® = I'(z) N I'2(u). Then © contains x
and at least one extra vertex and © is a union of G(v, y, z, x)-orbits. Let
¥ =1l,(u,x) and ¥’ = &}, (¥). Then G(y,x,z) N G[¥] has three orbits on
I'(z), namely {x}, ¥\ {x} and I'(z) \'¥'. Since G;(x, y) acts transitively on
¥\ {x}, the orbits of G(u, y, x, z) on I'(z) are the same. Suppose that there
are no 6-cycles containing (4, y,x,z) and contained in E(¥,®), where
® = I,(y,z). Then © = {x} U(I'(z) \ ¥') and similarly to the case g = 4
we achieve a contradiction with the integrality of

k- (k—1)?

T3 =~

g =7 Let X = (x,y,u,z) be a 3-arc in I" (contained in a 7-cycle) and
let & = Z(1,(x, u), l.(y,z)) be the unique geometrical subgraph of valency
g + 1 which contains X. Then G(X) acting on I'(z) \ {u} has exactly two
orbits, ®; and @, with length g and k—q—1 such that ®,U{u} = T'(z)NE.
If E does not contain 7-cycles then the vertices in ©; are all in I'y(x).
Let Q be the connected component containing z of the subgraph in I’
induced on I'3(x). Then the valency k; of Q is k — g — 1 and its girth is
at least the girth of I' which is 7. Hence Q contains at least

Ltky +ki(ky — 1) +kylky — 1 = k3 —k2 + kg +1
vertices and without loss of generality we can assume that

k3—k?+k +1
0

Let us produce an upper bound on |Q N I'(y)|. We claim that an
element h € Gy(x) N G(z) fixes Q elementwise. In fact, suppose that
v,w € T'3(x) NT'(z) and v* = w. Let (v,t,5,x) be the shortest arc joining
v and x. Since h € Gy(x), 5" = s and (z,v,t,5,t", w,z) is a 6-cycle, a
contradiction to g = 7. Since Q is connected, this implies that A must fix
it elementwise. Let F = G1(x) N G1(y) N G(z), S be the orbit of 0,(G(y))
on I's(y) containing z and ¥ = I,(u,x). Since by (9.7.4) 0,(G(y))/G2(y)
is the tensor product of the natural module for SL,(q) and the natural
module for SL,_i(q), it is easy to show that F fixes elementwise an
orbit T of O,(G(y)) on I'2(y) if and only if T < I'(w) for w € ¥ and
T = &,(S). This shows that F fixes exactly g° vertices in I'2(y) N I'3(x),
which contradicts the above established lower bound on |QN T (y). O

QNI (y) =

By (9.6.3), (9.3.7) and the above lemma we have the following.
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Proposition 99.2 Let T be a locally projective graph of type (n,q), n > 3,
with respect to a group G. Suppose that Gi(x,y) & 1 in the case s = 3,
Gi1(x) # 1 and T is of collineation type in the case s = 2. Suppose also
that g < 25+ 1. Then a geometrical subgraph & in I" of valency q + 1 is
(s + 1)-arc transitive of girth g, so that one of the following holds:

() g=4and E=Kgi14+1;
(ii) g=S5,5s=2,q=2 and E is the Petersen graph;
(iii) g =6, s =3 and E = &»(q). m|

By (9.2.1) in case (i) of the above lemma I is either complete bipartite
or isomorphic to 2,(q). We will show later in this chapter that in case
(i) I is isomorphic to /3, ,(¢) and in case (ii) ' can be constructed
from the derived graph of a P-geometry.

9.10 Projective geometries

In this section we classify the pairs (I', G) which satisfy (9.9.2 (iii)). If
(T, G) satisfies the conditions and I is not bipartite then it corresponds
to the pair (2 - I,2 x G) which satisfies the same conditions (since the
girth of I is even) and the graph is bipartite. On the other hand the pair
(2-T,2 x G) is specified by the property that 2 x G preserves on 2 - I
an imprimitivity system with classes of size 2. We will show that if (I, G)
satisfies (9.9.2 (iii)) and T is bipartite then I' & &%, ,(g). By (1.6.5) and
since G1(x, y) # 1 this will imply that Ly,—1(q) 4 G*. Since Ly,—1(q) does
not preserve on /%, ,(q) an equivalence system with classes of size 2,
there are no non-bipartite examples at all.

Thus we assume that (I', G) satisfies (9.9.2 (iii)) and I" is bipartite.
By (9.8.3) and (1.6.3) to establish the isomorphism I' = &% ,(g) it
is sufficient to show that I' contains a complete family of geometrical
subgraphs.

Lemma 9.10.1 Suppose that (I, G) satisfies (9.9.2(iii)). Then I" contains a
complete family of geometrical subgraphs.

Proof. Let {x,y} € E(I'). In view of (9.5.9) it is sufficient to show
that for every subspace @ in «, the geometrical subgraph E(n,, ®) exists.
Certainly we may assume ® to be a proper subspace. Let A = x;(®)
be the image of @ in é; (compare (9.4.3)) and let Gy(x,A) denote the
largest subgroup in G;(x) which stabilizes elementwise every orbit S €
whose image ¢x(S) in &5 is contained in A. Let ® be the connected
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component containing x of the subgraph in I" induced on the vertices
fixed by Gi(x,A). We claim that ® = E(n,, ®). Since O0p(G(x))/Ga(x)
is the tensor product on natural modules (9.7.4), it is easy to see the
following: if v € I'>(x) and S is the orbit of O,(G(x)) containing v,
then v is fixed by Gi(x,A) if and only if ¢.(S) € A. Thus in order
to establish the claim it is sufficient to show that whenever v is at
an even distance from x in O, there is a subspace M in §, (whose
dimension is equal to the dimension of A) such that G;(x,A) = G, (v, M).
Moreover, since © is connected, it is sufficient to consider the case when
v € I'2(x)N O and in view of the obvious symmetry it is sufficient to show
that Gi(x,A) < G1(v, M). Thus let v € I'2(x)NO and let {y} = ['(x)NT'(v).
We first show that Gy(x,A) < G1(v). Let W = (x,y,v,u) be a 3-arc and
let E be the unique geometrical subgraph of valency g+ 1 which contains
W. Then ¢x(E NT5(x)) € A and hence Gi(x,A) fixes E N I'>(x). Since
2 = &(q), by (9.3.4 (i)) Gi(x,A) < G(E) < G(u), which means that
Gi(x,A) < G1(v).

As above let @ be the largest subspace in 7, fixed elementwise by
Gi(x,A). Then @\ {v} is contained in I'>(x) and the image M of ® in J, is
a subspace whose dimension is equal to the dimension of A. Let z € I'>(v),
z ¢ T'(y) and @,(z) € M. Let us show that G(x,A) < G(z). Towards this
end consider a 3-arc U = (z,w,v,y) where {w} = I'(z) N T'(v) and let &
be the unique geometrical subgraph of valency q + 1 which contains U.
Then ¢.(E'(») \ {v}) = ¢,(z) € M and hence G(x,A) fixes every vertex
adjacent to y and contained in E'. Let us show that G,(x, A) fixes every
vertex at distance at most 2 from y in &. We have noticed that every
vertex t adjacent to y in &' is fixed by G(x, A). The vertex t is contained
in Iy(x) U {x} and it is fixed by Gi(x, A). We have shown in the previous
paragraph that in this case Gi(x,A) < Gy(t) and hence G;(x,A) indeed
fixes every vertex at distance at most 2 from y in E'. Since & = .o/5(q)
this implies that G(x,A) < G(&'), in particular Gi(x,A) < G(z). Thus
G1(x,A) < Gi(x, M) and the result follows. ]

In view of the discussion at the beginning of the section we obtain the
following.

Proposition 9.10.2 Let T be a locally projective graph of type (n,q), n > 3,
with respect to a group G, such that the action of G on I is 3-arc-transitive
and Gi(x,y) # 1 for {x,y} € E(T'). Suppose that the girth of T is 6. Then
=3 ,(q) and Ly,—1(q) 4 G™. ]
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9.11 Petersen geometries

In this section we consider the pairs (I', G) corresponding to (9.9.2 (ii))
and show that there is a P-geometry ¢ on which G acts as a flag-transitive
automorphism group and I either is the derived graph A(%) or can be
obtained from A(%) by factorizing over an imprimitivity system of G. The
following result is immediate from (9.9.2 (ii)), (9.8.1) and the definition
of the derived graph of a P-geometry.

Lemma 9.11.1 Suppose that the pair (I', G) satisfies (9.9.2(i1)) and that T
contains a complete family of geometrical subgraphs. Then #(I") defined
before (9.8.1) is a P-geometry of rank n, G acts on H#(I') as a flag-transitive
automorphism group and T is the derived graph of #(T'). a

Suppose now that I" fails to contain a complete family of geometrical
subgraphs. By (9.6.6) if x € T" and ¥ is a subspace in n, then E(x,'¥)
exists unless ¥ is a hyperplane (i.e. unless the dimension of ¥ is n — 1)
and by (9.7.8) ¥ is not a line, which means that n > 4. Furthermore by
(9.6.5) the graph Q@ = Q(I',n — 1) is connected, locally projective of type
(n — 1,2) with respect to the action of G, and Q contains a complete
family of geometrical subgraphs. Notice that I can be obtained from
Q by factorizing over an imprimitivity system of G with blocks of size
2" — 1. Thus to achieve our goal we have to show that the pair (2,G)
also satisfies (9.9.2 (ii)) which means that the girth of Q is 5.

Lemma 9.11.2 Under the above assumptions the girth of Q is 5.

Proof. Let {x,y} € E(I'), K = {¥; = {y},¥2,.., ¥»—1} be a maximal
flag in 7, containing {y} where ¥; is j-dimensional. Let ®; = y,,('¥;)
for 1 < j<n—1,so that L = {®; = {x},®P,,..,0,,} is a maximal
flag in =, containing {x}. Then « = (x,%¥,—;) and p = (y,®¥,_,) are
adjacent vertices in Q and E = E(x,¥;) = E(y,®;) is a geometrical
Petersen subgraph in I'. Since g = 2, it follows from (2.4.2 (iii)) that G(E)
induces on res; (¥>) the full automorphism group of the latter residue
isomorphic to L, _»(2). Let Q be the stabilizer in G(E) of K (equivalently
the stabilizer in G(E) of L). Then Q is a Sylow 2-subgroup of G(E) and
N¢E)(Q) = Q. Put R = 03(G(x,y)). Since g = 2 and T is of collineation
type, we have G(x,y)/R = L,_,(2), G{x,y]/R = L,_1(2) x 2 and hence
there is an element 7 in G[x,y] \ G(x,y) such that > € R and K* = L.
This means that t stabilizes the edge {«, B} of Q and normalizes Q.
Let C = (x,y,2z,u,0,x) be a 5-cycle contained in E. Since 0,(G(x)) is
a non-trivial subgroup in R, the element 7 can be chosen to induce on
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C the permutation (x,y)(z,v)(u). Let ¢ be an element in G[E] which
induces on G the permutation (x)(y,v)(z,u). Since G(E) induces the full
automorphism group of res} (W), we can choose ¢ to stabilize K and
hence to normalize Q. In this case ¢ stabilizes the vertex o of Q. The
element (10)° fixes C elementwise and since Z is the Petersen graph, it
is easy to see that (1)’ € G(E). By the construction (t¢)’ normalizes Q
and since Q is self-normalized in G(E) we have (16)° € Q. Hence (106)°
stabilizes the vertex « and the subgraph in Q induced on the set of images
of o under (1,0} is a 5-cycle. O

The following lemma handles the graphs of correlation type.

Lemma 9.11.3 Let T be a locally projective graph of type (n,q), n > 4,
with respect to a group G acting strictly 2-arc-transitively with Gy(x) # 1.
If T is of correlation type then g + 5.

Proof. Let u and v be adjacent vertices from I'y(x) and let u € S(y, h),
v € S(z,k) in the notation of (9.4.1). Then arguing as in the proof of (9.9.1)
one can show that h = k. On the other hand G(x, y,u) acts transitively
on the vertices in h other than y and hence for every z € h\ {y} there is
a vertex v € S(z, h) which is adjacent to u. Let X = X (h) be the subgraph
of I' induced on the union of the S(y,h) for all y € h. Then X is of

n—1

valency [”;1] ongqg- [ 1 ] vertices and its girth is at least the girth of
q q
I" which is 5. Since n > 4 this is impossible. m|

Thus we have established the main result of the chapter.

Proposition 9.11.4 Let T be a locally projective graph of type (n,q), n > 3,
with respect to a group G such that Gy(x) # 1 and suppose that the girth
of I is 5. Then q = 2 and there is a P-geometry % of rank m on which
G acts as a flag-transitive automorphism group and either m =n and I' is
the derived graph A(%), or m=n—1 and T can be obtained from A(%) by
factorizing over an imprimitivity system of G with blocks of size 2" —1. O

The classification of flag-transitive P-geometries together with (9.11.4)
provides us with the complete classification of locally projective graphs
of type (n,q), n > 3, with G1(x) # 1 and girth 5, as stated in (1.13.2).

It was shown in [Iv90] using the classification of P;-geometries in
[Sh85] that a distance-transitive graph which is either the derived graph
A(9) of a P-geometry 4 or a quotient of A(%) must be the derived graph



396 Locally projective graphs

of a P3-geometry. This together with (9.1.6), (9.2.1), (9.2.3), (9.3.3), (9.9.2),
(9.11.1) and (9.11.3) gives the following.

Theorem 9.11.5 Let G be a group acting 2-arc-transitively and distance-
transitively on a graph T so that Gy(x,y) # 1 for {x,y} € E(T'). Then T
is locally projective of type (n,q) with respect to G and T is isomorphic to
one of the following graphs:

(i) the point—hyperplane incidence graph s/1(q);

(ii) the g-analogue o3 _,(q) of the double cover of the odd graph;
(iii) the orthogonal graph 2,(q);

(iv) the generalized polygon %2(q), g = 2", or 9,(q), g = 3™;

(v) the incidence graph of the rank 2 tilde geometry %4(3 - Spa(2));
(vi) a cubic distance-transitive graph on 102 vertices with the automor-

phism group isomorphic to Ly(17);

(vii) the derived graph of the P3-geometry 9(Maty;) or 9(3 - Maty;). O

In the above context it is natural to ask for the classification of locally
projective graphs of girth 5 with G;(x) = 1. In [IP98] the classification
problem has been reduced to analysis of a family of Cayley graphs
defined as follows.

For n > 3 let T be the group freely generated by the involutions from
the set

D={t|1<i<[jla}

Suppose that the structure II of an (n — 1)-dimensional projective GF(4)-
space is defined on D, so that {t;,..,ts} is a line. Let A = PGLy(4) be
a subgroup in the automorphism group of IT and G be the semidirect
product of T and A with respect to the natural action. Let R be the
normal closure in G of the element ttst3t4ts. Let W(n) be the Cayley
graph of T/R with respect to the (bijective) image in T /R of the
generating set D. Then it can be seen that W(n) is a locally projective
graph of type (n,4). If T/R is abelian (equivalently if t,t,t5tst4 € R) then
the girth of W(n) is 4, otherwise the girth is 5. The main result of [IP98]
is the following,

Theorem 9.11.6 Let T be a locally projective graph of type (n,q) with
n > 3, and of girth 5, with respect to a subgroup G of automorphisms of
I". Suppose that Gy(x) = 1. Then one of the following holds:

(i) n=4, q =2, T is the derived graph of the P-geometry 4(Maty3),
(ii) n >3, g =4 and T is a quotient of the graph W (n), moreover
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(a) W(3) is of girth 5 and has exactly 2%° vertices,

(b) the regular subgroup T of the automorphism group of W{n) sat-
isfies ([T, T,T] = 1, both T/[T,T] and [T, T] are elementary
abelian 2-groups of rank less than [{]4 and [5]4, respectively, in
particular W (n) is finite. m]

We conjecture that W(n) is of girth 5 for all n > 3. Notice that a
geometrical subgraph of valency 5 in W(3) is isomorphic to the so-
called Wells graph. The Wells graph is a 2-fold antipodal cover of the
folded 5-cube. The automorphism group 2174 : Alts of the Wells graph is
isomorphic to involution centralizers in the sporadic simple Janko groups
Jz and J3.
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Leech, 142 Suzuki, 40
unimodular, 142 Thompson, 269
Leech vector, 153 standard double cover, 47
shape, 154 string diagram, 23
locally projective line, 367 subconstituent, 47
subgraph
minimal weight, 50 geodetically closed, 45
Monster amalgam, 211 geometrical, 103, 375
morphism of geometries, 5 induced, 45
strongly geodetically closed, 45
natural module, 43 suborbit diagram, 48

normal closure, 42 subspace, totally singular, 2, 17
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tetrad, 54 weak parabolic system, 19
Todd module, 95 weakly locally, 337
transvection, 56 Witt index, 2
trio, 78

Y-graph, 338
universal cover, 5 Y-group, 333
universal covering, 5 strong, 334

valencies, 48
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