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Geotechnical Engineering—
A Historical Perspective

1.1

For engineering purposes, soil is defined as the uncemented aggregate of mineral
grains and decayed organic matter (solid particles) with liquid and gas in the empty
spaces between the solid particles. Soil is used as a construction material in various
civil engineering projects, and it supports structural foundations. Thus, civil engi-
neers must study the properties of soil, such as its origin, grain-size distribution, abil-
ity to drain water, compressibility, shear strength, and load-bearing capacity. Soil
mechanics is the branch of science that deals with the study of the physical proper-
ties of soil and the behavior of soil masses subjected to various types of forces. Soils
engineering is the application of the principles of soil mechanics to practical prob-
lems. Geotechnical engineering is the subdiscipline of civil engineering that involves
natural materials found close to the surface of the earth. It includes the application
of the principles of soil mechanics and rock mechanics to the design of foundations,
retaining structures, and earth structures.

Geotechnical Engineering Prior to the 18th Century

The record of a persons first use of soil as a construction material is lost in antiquity.
In true engineering terms, the understanding of geotechnical engineering as it is
known today began early in the 18" century (Skempton, 1985). For years, the art of
geotechnical engineering was based on only past experiences through a succession
of experimentation without any real scientific character. Based on those experimen-
tations, many structures were built — some of which have crumbled, while others are
still standing.

Recorded history tells us that ancient civilizations flourished along the banks of
rivers, such as the Nile (Egypt), the Tigris and Euphrates (Mesopotamia), the Huang
Ho (Yellow River, China), and the Indus (India). Dykes dating back to about 2000 B.C.
were built in the basin of the Indus to protect the town of Mohenjo Dara (in what
became Pakistan after 1947). During the Chan dynasty in China (1120 B.C. to 249 B.C.)
many dykes were built for irrigation purposes. There is no evidence that measures
were taken to stabilize the foundations or check erosion caused by floods (Kerisel,
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Figure 1.1 Leaning Tower of Pisa, Italy

1985). Ancient Greek civilization used isolated pad footings and strip-and-raft foun-
dations for building structures. Beginning around 2750 B.C., the five most important
pyramids were built in Egypt in a period of less than a century (Saqqarah, Meidum,
Dahshur South and North, and Cheops). This posed formidable challenges regard-
ing foundations, stability of slopes, and construction of underground chambers. With
the arrival of Buddhism in China during the Eastern Han dynasty in 68 A.D., thou-
sands of pagodas were built. Many of these structures were constructed on silt and
soft clay layers. In some cases the foundation pressure exceeded the load-bearing ca-
pacity of the soil and thereby caused extensive structural damage.

One of the most famous examples of problems related to soil-bearing capacity
in the construction of structures prior to the 18" century is the Leaning Tower of
Pisa in Italy. (See Figure 1.1.) Construction of the tower began in 1173 A.D. when the
Republic of Pisa was flourishing and continued in various stages for over 200 years.
The structure weighs about 15,700 metric tons and is supported by a circular base
having a diameter of 20 m (= 66 ft). The tower has tilted in the past to the east, north,
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Figure 1.2 Tilting of Garisenda Tower (left) in Bologna, Italy

west and, finally, to the south. Recent investigations showed that a weak clay layer
exists at a depth of about 11 m (= 36 ft) below the ground surface compression, which
caused the tower to tilt. It became more than 5 m (= 16.5 ft) out of plumb with the
54 m (= 179 ft) height. The tower was closed in 1990 because it was feared that it
would either fall over or collapse. It recently has been stabilized by excavating soil
from under the north side of the tower. About 70 metric tons of earth were removed
in 41 separate extractions that spanned the width of the tower. As the ground grad-
ually settled to fill the resulting space, the tilt of the tower eased. The tower now
leans 5 degrees. The half-degree change is not noticeable, but it makes the structure
considerably more stable. Figure 1.2 is an example of a similar problem. The towers
shown in Figure 1.2 are located in Bologna, Italy, and they were built in the 12" cen-
tury. The tower on the left is usually referred to as the Garisenda Tower. It is 48 m
(= 157 ft) in height and has tilted severely.

After encountering several foundation-related problems during construction
over centuries past, engineers and scientists began to address the properties and



Chapter 1

1.2

Geotechnical Engineering—A Historical Perspective

behaviors of soils in a more methodical manner starting in the early part of the 18™
century. Based on the emphasis and the nature of study in the area of geotechnical
engineering, the time span extending from 1700 to 1927 can be divided into four ma-
jor periods (Skempton, 1985):

1. Pre-classical (1700 to 1776 A.D.)

2. Classical soil mechanics —Phase I (1776 to 1856 A.D.)
3. Classical soil mechanics — Phase 1T (1856 to 1910 A.D.)
4. Modern soil mechanics (1910 to 1927 A.D.)

Brief descriptions of some significant developments during each of these four peri-
ods are discussed below.

Preclassical Period of Soil Mechanics
(1700-1776)

This period concentrated on studies relating to natural slope and unit weights of var-
ious types of soils, as well as the semiempirical earth pressure theories. In 1717 a
French royal engineer, Henri Gautier (1660-1737), studied the natural slopes of soils
when tipped in a heap for formulating the design procedures of retaining walls. The
natural slope is what we now refer to as the angle of repose. According to this study,
the natural slope (see Chapter 11) of clean dry sand and ordinary earth were 31° and
45°, respectively. Also, the unit weight of clean dry sand (see Chapter 3) and ordi-
nary earth were recommended to be 18.1 kN/m? (1151b/ft*) and 13.4 kN/m? (851b/ft%),
respectively. No test results on clay were reported. In 1729, Bernard Forest de Beli-
dor (1671-1761) published a textbook for military and civil engineers in France. In
the book, he proposed a theory for lateral earth pressure on retaining walls (see
Chapter 12) that was a follow-up to Gautier’ (1717) original study. He also specified
a soil classification system in the manner shown in the following table. (See Chap-
ters 3 and 4.)

Unit weight
Classification kN/m? Ib /ft®
Rock — —
Firm or hard sand 16.7 to 106 to
Compressible sand 18.4 117
Ordinary earth (as found in dry locations) 13.4 85
Soft earth (primarily silt) 16.0 102
Clay 18.9 120
Peat — —

The first laboratory model test results on a 76-mm-high (= 3 in.) retaining wall
built with sand backfill were reported in 1746 by a French engineer, Francois Gadroy
(1705-1759), who observed the existence of slip planes in the soil at failure. (See
Chapter 12.) Gadroy’s study was later summarized by J. J. Mayniel in 1808.
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Classical Soil Mechanics—Phase | (1776 -1856)

During this period, most of the developments in the area of geotechnical engineer-
ing came from engineers and scientists in France. In the preclassical period, practi-
cally all theoretical considerations used in calculating lateral earth pressure on re-
taining walls were based on an arbitrarily based failure surface in soil. In his famous
paper presented in 1776, French scientist Charles Augustin Coulomb (1736-1806)
used the principles of calculus for maxima and minima to determine the true posi-
tion of the sliding surface in soil behind a retaining wall (see Chapter 12). In this
analysis, Coulomb used the laws of friction and cohesion for solid bodies. In 1820,
special cases of Coulomb’s work were studied by French engineer Jacques Frederic
Francais (1775-1833) and by French applied mechanics professor Claude Louis Ma-
rie Henri Navier (1785-1836). These special cases related to inclined backfills and
backfills supporting surcharge. In 1840, Jean Victor Poncelet (1788-1867), an army
engineer and professor of mechanics, extended Coulomb’s theory by providing a
graphical method for determining the magnitude of lateral earth pressure on vertical
and inclined retaining walls with arbitrarily broken polygonal ground surfaces. Pon-
celet was also the first to use the symbol ¢ for soil friction angle (see Chapter 11).
He also provided the first ultimate bearing-capacity theory for shallow foundations
(see Chapter 15). In 1846 Alexandre Collin (1808-1890), an engineer, provided the
details for deep slips in clay slopes, cutting, and embankments (see Chapter 14).
Collin theorized that in all cases the failure takes place when the mobilized cohesion
exceeds the existing cohesion of the soil. He also observed that the actual failure sur-
faces could be approximated as arcs of cycloids.

The end of Phase I of the classical soil mechanics period is generally marked by
the year (1857) of the first publication by William John Macquorn Rankine (1820—
1872), a professor of civil engineering at the University of Glasgow. This study pro-
vided a notable theory on earth pressure and equilibrium of earth masses (see
Chapter 12). Rankine’s theory is a simplification of Coulomb’s theory.

Classical Soil Mechanics—Phase Il (1856-1910)

Several experimental results from laboratory tests on sand appeared in the literature
in this phase. One of the earliest and most important publications is one by French
engineer Henri Philibert Gaspard Darcy (1803-1858). In 1856, he published a study
on the permeability of sand filters (see Chapter 6). Based on those tests, Darcy de-
fined the term coefficient of permeability (or hydraulic conductivity) of soil, a very
useful parameter in geotechnical engineering to this day.

Sir George Howard Darwin (1845-1912), a professor of astronomy, conducted
laboratory tests to determine the overturning moment on a hinged wall retaining sand
in loose and dense states of compaction. Another noteworthy contribution, which
was published in 1885 by Joseph Valentin Boussinesq (1842-1929), was the develop-
ment of the theory of stress distribution under loaded bearing areas in a homoge-
neous, semiinfinite, elastic, and isotropic medium (see Chapter 9). In 1887, Osborne
Reynolds (1842-1912) demonstrated the phenomenon of dilatency in sand.
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Table 1.1 Important Studies on Clays (1910-1927)

Investigator Year Topic
Albert Mauritz Atterberg 1911 Consistency of soil, that is, liquid,
(1846-1916), Sweden plastic, and shrinkage properties
(Chapter 3)
Jean Frontard 1914 Double shear tests (undrained) in
(1884-1962), France clay under constant vertical load
(Chapter 11)
Arthur Langtry Bell 1915 Lateral pressure and resistance of
(1874-1956), England clay (Chapter 12); bearing capacity

of clay (Chapter 15); and shear-box
tests for measuring undrained shear
strength using undisturbed specimens

(Chapter 11)
Wolmar Fellenius 1918, Slip-circle analysis of saturated clay
(1876-1957), Sweden 1926 slopes (Chapter 14)
Karl Terzaghi 1925 Theory of consolidation for clays
(1883-1963), Austria (Chapter 10)

Modern Soil Mechanics (1910-1927)

In this period, results of research conducted on clays were published in which the
fundamental properties and parameters of clay were established. The most notable
publications are given in Table 1.1.

Geotechnical Engineering after 1927

The publication of Erdbaumechanik auf Bodenphysikalisher Grundlage by Karl Ter-
zaghi in 1925 gave birth to a new era in the development of soil mechanics. Karl Ter-
zaghi is known as the father of modern soil mechanics, and rightfully so. Terzaghi
(Figure 1.3) was born on October 2, 1883 in Prague, which was then the capital of
the Austrian province of Bohemia. In 1904 he graduated from the Technische Hoch-
schule in Graz, Austria, with an undergraduate degree in mechanical engineering.
After graduation he served one year in the Austrian army. Following his army ser-
vice, Terzaghi studied one more year, concentrating on geological subjects. In Janu-
ary 1912, he received the degree of Doctor of Technical Sciences from his alma mater
in Graz. In 1916, he accepted a teaching position at the Imperial School of Engineers
in Istanbul. After the end of World War I, he accepted a lectureship at the American
Robert College in Istanbul (1918-1925). There he began his research work on the
behavior of soils and settlement of clays (see Chapter 10) and on the failure due to
piping in sand under dams (see Chapter 8). The publication Erdbaumechanik is
primarily the result of this research.

In 1925, Terzaghi accepted a visiting lectureship at Massachusetts Institute of
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Figure 1.3 Karl Terzaghi (1883-1963) (Photo courtesy of Ralph B. Peck)

Technology, where he worked until 1929. During that time, he became recognized as
the leader of the new branch of civil engineering called soil mechanics. In October
1929, he returned to Europe to accept a professorship at the Technical University of
Vienna, which soon became the nucleus for civil engineers interested in soil me-
chanics. In 1939, he returned to the United States to become a professor at Harvard
University.

The first conference of the International Society of Soil Mechanics and Foun-
dation Engineering (ISSMFE) was held at Harvard University in 1936 with Karl
Terzaghi presiding. It was through the inspiration and guidance of Terzaghi over the
preceding quarter-century that papers were brought to that conference covering a
wide range of topics, such as shear strength (Chapter 11), effective stress (Chapter 8),
in situ testing (Chapter 17), Dutch cone penetrometer (Chapter 17), centrifuge test-
ing, consolidation settlement (Chapter 10), elastic stress distribution (Chapter 9),
preloading for soil improvement, frost action, expansive clays, arching theory of earth
pressure, soil dynamics, and earthquakes. For the next quarter-century, Terzaghi
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Figure 1.4 Ralph B. Peck

was the guiding spirit in the development of soil mechanics and geotechnical engi-
neering throughout the world. To that effect, in 1985, Ralph Peck (Figure 1.4) wrote
that “few people during Terzaghi’s lifetime would have disagreed that he was not
only the guiding spirit in soil mechanics, but that he was the clearing house for re-
search and application throughout the world. Within the next few years he would be
engaged on projects on every continent save Australia and Antarctica.” Peck con-
tinued with, “Hence, even today, one can hardly improve on his contemporary as-
sessments of the state of soil mechanics as expressed in his summary papers and
presidential addresses.” In 1939, Terzaghi delivered the 45" James Forrest Lecture
at the Institution of Civil Engineers, London. His lecture was entitled “Soil Me-
chanics — A New Chapter in Engineering Science.” In it, he proclaimed that most of
the foundation failures that occurred were no longer “acts of God.”

Following are some highlights in the development of soil mechanics and geo-
technical engineering that evolved after the first conference of the ISSMFE in 1936:

e Publication of the book Theoretical Soil Mechanics by Karl Terzaghi in 1943
(Wiley, New York);
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e Publication of the book Soil Mechanics in Engineering Practice by Karl Terzaghi
and Ralph Peck in 1948 (Wiley, New York);

e Publication of the book Fundamentals of Soil Mechanics by Donald W. Taylor
in 1948 (Wiley, New York);

e Start of the publication of Geotechnique, the international journal of soil me-
chanics in 1948 in England;

e Presentation of the paper on ¢ = 0 concept for clays by A. W. Skempton in
1948 (see Chapter 11);

e Publication of A. W. Skempton’s paper on A and B pore water pressure param-
eters in 1954 (see Chapter 11);

e Publication of the book The Measurement of Soil Properties in the Triaxial Test
by A. W. Bishop and B. J. Henkel in 1957 (Arnold, London);

e ASCE’ Research Conference on Shear Strength of Cohesive Soils held in
Boulder, Colorado, in 1960.

Since the early days, the profession of geotechnical engineering has come a long
way and has matured. It is now an established branch of civil engineering, and thou-
sands of civil engineers declare geotechnical engineering to be their preferred area
of speciality.

Since the first conference in 1936, except for a brief interruption during World
War 11, the ISSMFE conferences have been held at four-year intervals. In 1997, the
ISSMFE was changed to ISSMGE (International Society of Soil Mechanics and Geo-
technical Engineering) to reflect its true scope. These international conferences have
been instrumental for exchange of information regarding new developments and on-
going research activities in geotechnical engineering. Table 1.2 gives the location and
year in which each conference of ISSMFE/ISSMGE was held, and Table 1.3 gives
a list of all of the presidents of the society. In 1997, a total of 30 technical commit-
tees of ISSMGE was in place. The names of these technical committees are given in
Table 1.4.

Table 1.2 Details of ISSMFE (1936-1997) and ISSMGE (1997-present) Conferences

Conference Location Year
1 Harvard University, Boston, U.S.A. 1936
11 Rotterdam, the Netherlands 1948

111 Zurich, Switzerland 1953
v London, England 1957
A Paris, France 1961
VI Montreal, Canada 1965
VII Mexico City, Mexico 1969
VIII Moscow, U.S.S.R. 1973
IX Tokyo, Japan 1977
X Stockholm, Sweden 1981
XI San Francisco, U.S.A. 1985
XII Rio de Janeiro, Brazil 1989
XIII New Delhi, India 1994
X1V Hamburg, Germany 1997
XV Istanbul, Turkey 2001

XVI Osaka, Japan 2005




Table 1.3 Presidents of ISSMFE (1936-1997) and
ISSMGE (1997-present) Conferences

Year President
1936-1957 K. Terzaghi (U. S. A.)
1957-1961 A. W. Skempton (U. K.)
1961-1965 A. Casagrande (U. S. A.)
1965-1969 L. Bjerrum (Norway)
1969-1973 R.B. Peck (U.S. A))
1973-1977 J. Kerisel (France)
1977-1981 M. Fukuoka (Japan)
1981-1985 V. F. B. deMello (Brazil)
1985-1989 B. B. Broms (Singapore)
1989-1994 N. R. Morgenstern (Canada)
1994-1997 M. Jamiolkowski (Italy)
1997-2001 K. Ishihara (Japan)
2001-2005 W. F. Van Impe (Belgium)

Table 1.4 ISSMGE Technical Committees for 1997-2001 (based on Ishihara, 1999)

Committee
number Committee name
TC-1 Instrumentation for Geotechnical Monitoring
TC-2 Centrifuge Testing
TC-3 Geotechnics of Pavements and Rail Tracks
TC-4 Earthquake Geotechnical Engineering
TC-5 Environmental Geotechnics
TC-6 Unsaturated Soils
TC-7 Tailing Dams
TC-8 Frost
TC-9 Geosynthetics and Earth Reinforcement
TC-10 Geophysical Site Characterization
TC-11 Landslides
TC-12 Validation of Computer Simulation
TC-14 Offshore Geotechnical Engineering
TC-15 Peat and Organic Soils
TC-16 Ground Property Characterization from In-situ Testing
TC-17 Ground Improvement
TC-18 Pile Foundations
TC-19 Preservation of Historic Sites
TC-20 Professional Practice
TC-22 Indurated Soils and Soft Rocks
TC-23 Limit State Design Geotechnical Engineering
TC-24 Soil Sampling, Evaluation and Interpretation
TC-25 Tropical and Residual Soils
TC-26 Calcareous Sediments
TC-28 Underground Construction in Soft Ground
TC-29 Stress-Strain Testing of Geomaterials in the Laboratory
TC-30 Coastal Geotechnical Engineering
TC-31 Education in Geotechnical Engineering
TC-32 Risk Assessment and Management
TC-33 Scour of Foundations

TC-34

Deformation of Earth Materials
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Origin of Soil and Grain Size

2.1

In general, soils are formed by weathering of rocks. The physical properties ol a soil
are dictated primarily by the minerals that constitute the soil particles and. hence.
the rock from which it is derived. This chapter provides an outline of the rock cycle
and the origin of soil and the grain-size distribution of particles in a soil mass.

Rock Cycle and the Origin of Soil

The mineral grains that form the solid phase of a soil aggregate are the product of
rock weathering. The size of the individual grains varics over a wide range. Many of
the physical properties ol soil are dictated by the size. shape. and chemical compo-
sition of the grains. To better understand these factors, one must be familiar with the
basic types ol rock that form the carth’s crust, the rock-forming mincrals, and the
weathering process.

On the basis of their mode of origin. rocks can be divided into three basic types:
igneous, sedimentary, and metamorphic. Figure 2.1 shows a diagram of the formation
cycle of dilfcrent types of rock and the processes associated with them. This is called
the rock cycle. Briel discussions of cach clement of the rock cycle follow.

Igneous Rock

Igncous rocks are formed by the solidification ol molten magma cjected from deep
within the earth’s mantle. After cjection by either fissure eruption or volcanic erup-
tion, some of the molten magma cools on the surlace of the earth. Sometimes magma
ceases its mobility below the carth’s surface and cools to form intrusive igneous rocks
that are called plutons. Intrusive rocks formed in the past may be exposed at the sur-
face as a result of the continuous process of erosion of the materials that once cov-
cred them.

The types of igneous rock formed by the cooling of magma depend on factors
such as the composition of the magma and the rate of cooling associated with it. Af-
ter conducting several laboratory tests, Bowen (1922) was able to explain the relation
of the rate of magma cooling to the formation of different types of rock. This expla-
nation — known as Bowen's reaction principle — describes the sequence by which new

13
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Table 2.1 Composition of Minerals Shown in Bowen’s Reaction Series

Mineral Composition
Olivine (Mg. Fe),SiO,
Augite Ca. Na(Mg. Fe. Al)(Al Si,0)
Hornblende Complex ferromagnesian silicate of
Ca. Na. Mg. Ti, and Al

Biotite (black mica) K(Mg, Fe);AlSi;0,,(OH),

. calcium feldspar Ca(ALSi,0y)
Plagioclase {sodium feldspar Na(AISi;0y)
Orthoclase (potassium feldspar) K(AI1Si;0y)
Muscovite (white mica) KALSHO,(OH),
Quartz Si0,

minerals are formed as magma cools. The mincral crystals grow larger and some of
them settle. The crystals that remain suspended in the liquid react with the remain-
ing melt to form a new mincral at a lower temperature. This process continues until
the entire body of melt is solidified. Bowen classified these reactions into two groups:
(1) discontinuous ferromagnesian reaction series, in which the mincerals formed arc
different in their chemical composition and crystalline structure. and (2) continuous
plagioclase feldspar reaction series, in which the minerals formed have different
chemical compositions with similar crystalline structures. Figure 2.2 shows Bowen’s
reaction series. The chemical compositions of the mincerals are given in Table 2.1.

Thus. depending on the proportions of mincrals available. dilferent types of ig-
neous rock are formed. Granite, gabbro, and basalt are some of the common types
of igneous rock gencrally encountered in the field. Table 2.2 shows the general com-
position of some igneous rocks.

Table 2.2 Composition of Some Igneous Rocks

Name Mode of

of rock occurrence Texture Abundant minerals Less abundant minerals
Granite Intrusive Coarse Quartz, sodium feldspar, Biotite, muscovite,
Rhyolite Extrusive Fine potassium feldspar hornblende
Gabbro Intrusive Coarse Plagioclasc, Hornblende,. biotite,
Basalt Extrusive Fine pyroxines, olivine magnetite
Diorite Intrusive Coarse Plagioclase, Biotite. pyroxenes
Andesite Extrusive Fine hornblende (quartz usually absent)
Syenite Intrusive Coarse Potassium feldspar Sodium feldspar,
Trachyte Extrusive Fine biotite, hornblende
Peridotite Intrusive Coarse Olivine, pyroxenes Oxides of iron
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Weathering

Weathering is the process of breaking down rocks by mechanical and chemical pro-
cesses into smaller picces. Mechanical weathering may be caused by the expansion
and contraction of rocks from the continuous gain and loss of heat, which results in
ultimatc disintegration. Frequently, water seeps into the pores and existing cracks in
rocks. As the tempcrature drops, the water freezes and expands. The pressure ex-
erted by ice because of volume cxpansion is strong cnough to break down even large
rocks. Other physical agents that help disintegrate rocks arc glacier ice. wind. the run-
ning water of streams and rivers. and occan waves. It is important to realize that in
mechanical weathering, large rocks are broken down into smaller picces without any
change in the chemical composition. Figure 2.3 shows several cxamples of mechani-
cal erosion duc to occan waves and wind at Ychliu in Taiwan. This arca is located at
along and narrow sca cape at the northwest side of Keelung, about 15 kilometers be-
tween the north coast of Chin Shan and Wanli.

In chemical weathering, the original rock mincerals are transformed into new
minerals by chemical reaction. Water and carbon dioxide from the atmosphere form
carbonic acid, which reacts with the existing rock mincerals to form new minerals and
soluble salts. Soluble salts present in the groundwater and organic acids formed from
decayed organic matter also cause chemical weathering. An example of the chemi-
cal weathering of orthoclase to form clay minerals, silica, and soluble potassium car-
bonate follows:

H,O + CO, > H,CO, >H' + (HCO,)

Carbonic acid

2K(AISIHOL) + 2H' + H,0 > 2K ' + 4Si0, + ALSi,Os(OH),

Orthoclase Silica Kaolinite
(clay minceral)

Most of the potassium ions released are carried away in solution as potassium car-
bonate is taken up by plants.

The chemical weathering of plagioclase [eldspars is similar to that ol ortho-
clasc in that it produces clay minerals. silica. and different soluble salts. Ferromag-
nesian minerals also form the decomposition products of clay minerals, silica, and
soluble salts. Additionally. the iron and magnesium in ferromagnesian minerals re-
sult in other products such as hematite and limonite. Quartz is highly resistant to
weathering and only slightly solublc in water. Figure 2.2 shows the susceptibility of
rock-forming minerals to weathering. The minerals formed at higher temperatures
in Bowen's reaction series are less resistant to weathering than those formed at lower
temperatures.

The weathering process is not limited to igncous rocks. As shown in the rock
cycle (Figure 2.1). sedimentary and metamorphic rocks also weather in a similar
manner.

Thus, from the preceding brief discussion, we can see how the weathering pro-
cess changes solid rock masses into smaller fragments of various sizes that can range
from large boulders to very small clay particles. Uncemented aggregates of these
small grains in various proportions form different types of soil. The clay minerals,
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which are a product of chemical weathering of feldspars, ferromagnesians, and mi-
cas, give the plastic property to soils. There are three important clay minerals: (1) kao-
linite, (2) illite, and (3) montmorillonite. (We discuss these clay minerals later in this
chapter.)

Transportation of Weathering Products

The products of weathering may stay in the same place or may be moved to other
places by ice, water. wind, and gravity.

The soils formed by the weathered products at their place of origin are called
residual soils. An important characteristic of residual soil is the gradation of particle
size. Fine-grained soil is found at the surface, and the grain size increases with depth.
At greater depths, angular rock fragments may also be found.

The transported soils may be classified into several groups, depending on their
mode of transportation and deposition:

. Glacial soils— formed by transportation and deposition of glaciers

Alluvial soils — transported by running water and deposited along streams

. Lacustrine soils— formed by deposition in quict lakes

Marine soils— formed by deposition in the scas

Acolian soils— transported and deposited by wind

. Colluvial soils— formed by movement of soil from its original place by gravity,
such as during landslides

S s

Sedimentary Rock

The deposits of gravel, sand. silt, and clay formed by weathering may become com-
pacted by overburden pressurc and cemented by agents like iron oxide, calcite, dolo-
mite, and quartz. Cementing agents are gencrally carried in solution by ground-
water. They fill the spaces between particles and form sedimentary rock. Rocks
formed in this way are called derrital sedimentary rocks. Conglomerate, breccia, sand-
stone, mudstone, and shale are some examples of the detrital type.

Sedimentary rock can also be formed by chemical processes. Rocks of this
type are classified as chemical sedimentary rock. Limestone, chalk, dolomite, gyp-
sum. anhydrite, and others belong to this category. Limestone is formed mostly of
calcium carbonate that originates from calcite deposited either by organisms or by
an inorganic process. Dolomite is calcium magnesium carbonate [CaMg(COs),]. Itis
formed either by the chemical deposition of mixed carbonates or by the reaction of
magnesium in water with limestone. Gypsum and anhydrite result from the precipi-
tation of soluble CaSO, becausc of evaporation of ocean water. They belong to a
class of rocks generally referred to as evaporites. Rock salt (NaCl) is another ex-
ample of an evaporite that originates from the salt deposits of seawater.

Sedimentary rock may undergo weathering to form sediments or may be sub-
jected to the process of metamorphism to become metamorphic rock.

Metamorphic Rock

Metamorphism is the process of changing the composition and texture of rocks, with-
out melting, by heat and pressure. During metamorphism, new minerals are formed
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and mineral grains are sheared to give a foliated texture to metamorphic rocks. Gran-
ite, diorite, and gabbro become gneisses by high-grade metamorphism. Shales and
mudstones are transformed into slates and phyllites by low-grade metamorphism.
Schists are a type of metamorphic rock with well-foliated texture and visible flakes
of platy and micaceous minerals.

Marble is formed from calcite and dolomite by recrystallization. The mineral
grains in marble are larger than those present in the original rock. Quartzite is a meta-
morphic rock formed from quartz-rich sandstones. Silica enters into the void spaces
between the quartz and sand grains and acts as a cementing agent. Quartzite is one
of the hardest rocks. Under extreme heat and pressure, metamorphic rocks may melt
to form magma, and the cycle is repeated.

Soil-Particle Size

As discussed in the preceding section, the sizes of particles that make up soil vary
over a wide range. Soils are generally called gravel, sand, silt, or clay, depending on
the predominant size of particles within the soil. To describe soils by their particle
size, several organizations have developed particle-size classifications. Table 2.3
shows the particle-size classifications developed by the Massachusetts Institute of
Technology, the U.S. Department of Agriculture, the American Association of State
Highway and Transportation Officials, and the U.S. Army Corps of Engineers and
U.S. Bureau of Reclamation. In this table, the MIT system is presented for illustra-
tion purposes only. This system is important in the history of the development of the
size limits of particles present in soils; however, the Unified Soil Classification Sys-
tem is now almost universally accepted and has been adopted by the American So-
ciety for Testing and Materials (ASTM).

Gravels are pieces of rocks with occasional particles of quartz, feldspar, and
other minerals. Sand particles are madc of mostly quartz and feldspar. Other mineral

Table 2.3 Particle-Size Classifications

Grain size (mm)

Name of organization Gravel Sand Silt Clay
Massachusetts Institute of Technology >2 210 0.06 0.06 to 0.002 <0.002
(MIT)
U.S. Department of Agriculture >2 210 0.05 0.05 to 0.002 <0.002
(USDA)
American Association of State 76.2 to 2 20 0.075 0.075 to 0.002 <0.002
Highway and Transportation
Officials (AASHTO)
Unified Soil Classification System 76.2 to 4.75 4.75 t0 0.075 Fines
(U.S. Army Corps of Engineers, U.S. (1.e.. silts and clays)
Bureau of Reclamation. and American <0.075

Society for Testing and Materials)

Note: Sieve openings of 4.75 mm are found on a U.S. No. 4 sieve; 2-mm openings on a U.S. No. 10 sieve; 0.075-
mm openings on a U.S. No. 200 sieve. See Table 2.5.
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grains may also be present at times. Silts are the microscopic soil fractions that con-
sist of very fine quartz grains and some flake-shaped particles that are fragments of
micaceous minerals. Clays are mostly flake-shaped microscopic and submicroscopic
particles of mica, clay minerals, and other minerals.

As shown in Table 2.3, clays are gencrally defined as particles smaliler than
0.002 mm. However. in some cases. particles between 0.002 and 0.005 mm in size are
also referred to as clay. Particles classified as clay on the basis of their size may not
necessarily contain clay minerals. Clays have been defined as those particles “which
develop plasticity when mixed with a limited amount of water” (Grim, 1953). (Plas-
ticity is the puttylike property of clays that contain a certain amount of water.) Non-
clay soils can contain particles of quartz. feldspar, or mica that are small enough to
be within the clay classification. Hence, it is appropriate for soil particles smaller
than 2 microns (2 um), or S microns (5 um) as defined under diffcrent systems, to be
called clay-sized particles rather than clay. Clay particles are mostly in the colloidal
size range (<! wm). and 2 um appcars to be the upper limit.

Clay Minerals

Clay minerals are complex aluminum silicates composed of two basic units: (1) silica
tetrahedron and (2) alumina octahedron. Each tetrahedron unit consists of four oxy-
gen atoms surrounding a silicon atom (Figure 2.4a). The combination of tetrahedral
silica units gives a silica sheet (Figure 2.4b). Threc oxygen atoms at the base of each
tetrahedron are shared by neighboring tetrahedra. The octahedral units consist of
six hydroxyls surrounding an aluminum atom (Figure 2.4¢). and the combination of
the octahedral aluminum hydroxy! units gives an octahedral sheet. (This is also called
a gibbsite sheet— Figure 2.4d.) Sometimes magnesium replaces the aluminum atoms
in the octahedral units: in this casc, the octahedral sheet is called a brucite sheet.

In assilica sheet, each silicon atom with a positive charge of four is linked to four
oxygen atoms with a total negative charge of cight. But each oxygen atom at the base
of the tetrahedron is linked to two silicon atoms. This means that the top oxygen atom
of each tetrahedral unit bas a negative charge of one to be counterbalanced. When
the silica sheet is stacked over the octahedral sheet as shown in Figure 2.4e, these oxy-
gen atoms replace the hydroxyls to balance their charges.

Of the three important clay minerals, kaolinite consists of repeating layers of
elemental silica-gibbsite sheetsin a 1:1 lattice as shown in Figures 2.5 and 2.6a. Each
layer is about 7.2 A thick. The layers arc held together by hydrogen bonding. Kaolin-
ite occurs as platelets, each with a lateral dimension of 1000 to 20,000 A and a thick-
ness of 100 to 1000 A The surface area of the kaolinite particles per unit mass is about
15 m?/g. The surface area per unit mass is defined as specific surface. Figure 2.7 shows
a scanning electron micrograph of a kaolinite specimen.

I1lite consists of a gibbsite sheet bonded to two silica sheets — one at the top and
another at the bottom (Figures 2.8 and 2.6b). It is sometimes called clay mica. The
illite layers are bonded by potassium ions. The negative charge to balance the potas-
sium ions comes from the substitution of aluminum for some silicon in the tetrahedral
sheets. Substitution of one element for another with no change in the crystalline



22 Chapter 2 Origin of Soil and Grain Size

@ & Silicon

(a) (b)

O & \/‘\l Hydroxyl o Aluminum

(c) (d)

O Oxygen

' Hydroxyl
o Aluminum
@ O Silicon

(e)

Figure 2.4 (a) Silica tetrahedron; (b) silica sheet; (c¢) alumina octahedron; (d) octahedral
(gibbsite) sheet; (e) elemental silica-gibbsite sheet (after Grim, 1959)
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Figure 2.5 Atomic structure of kaolinite (after Grim, 1959)
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Figure 2.9 Atomic structure of montmorillonite (after Grim. 1959)

form is known as isomorphous substitution. llite particles generally have lateral di-
mensions ranging from 1000 to 5000 A and thicknesses from 50 to 500 A. The specific
surface of the particles is about 80 m”/g.

Montmorillonite has a structure similar to that of illite — that is, one gibbsite
sheet sandwiched between two silica sheets. (See Figures 2.9 and 2.6¢). In montmo-
rillonite there is isomorphous substitution of magnesium and iron for aluminum in
the octahedral sheets. Potassium ions are not present as in illite, and a large amount
of water is attracted into the space between the layers. Particles of montmorillonite
have lateral dimensions of 1000 to 5000 A and thicknesses of 10 to 50 A. The specific
surface is about 800 m*/g.

Besides kaolinite, illite, and montmorillonite, other common clay minerals gen-
erally found are chlorite, halloysite, vermiculite, and attapulgite.
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Figure 2.10 Diffuse double layer

The clay particles carry a net negative charge on their surfaces. This is the re-
sult both of isomorphous substitution and of a break in continuity of the structure at
its edges. Larger negative charges are derived from larger specific surfaces. Some
positively charged sites also occur at the edges of the particles. A list of the recipro-
cal of the average surface densities of the negative charges on the surfaces of some
clay minerals follows (Yong and Warkentin, 1966):

Reciprocal of average
surface density of charge

Clay mineral (A?/electronic charge)
Kaolinite 25
Clay mica and chlorite 50
Montmorillonite 100
Vermiculite 75

In dry clay, the negative charge is balanced by exchangeable cations like Ca®",
Mg?*, Na*, and K" surrounding the particles being held by electrostatic attraction.
When water is added to clay, these cations and a few anions float around the clay
particles. This configuration is referred to as a diffuse double layer (Figure 2.10a).
The cation concentration decreases with the distance from the surface of the particle
(Figure 2.10b).

Water molecules are polar. Hydrogen atoms are not axisymmetric around an
oxygen atom; instead, they occur at a bonded angle of 105° (Figure 2.11). As a result,
a water molecule has a positive charge at one side and a negative charge at the other
side. It is known as a dipole.

Dipolar water is attracted both by the negatively charged surface of the clay
particles and by the cations in the double layer. The cations, in turn, are attracted to
the soil particles. A third mechanism by which water is attracted to clay particles is
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hydrogen bonding, where hydrogen atoms in the water molecules are shared with
oxygen atoms on the surface of the clay. Some partially hydrated cations in the pore
water are also attracted to the surface of clay particles. These cations attract dipolar
water molecules. All these possible mechanics of attraction of water to clay are shown
in Figure 2.12. The force of attraction between water and clay decreases with dis-
tance from the surface of the particles. All the water held to clay particles by force
of attraction is known as double-layer water. The innermost layer of double-layer
water, which is held very strongly by clay, is known as adsorbed water. This water is
more viscous than free water is.

Figure 2.13 shows the absorbed and double-layer water for typical montmoril-
lonite and kaolinite particles. This orientation of water around the clay particles gives
clay soils their plastic properties.

It needs to be well recognized that the presence of clay minerals in a soil aggre-
gate has a great influence on the engineering properties of the soil as a whole. When
moisture is present, the enginecring behavior of a soil will change greatly as the per-
centage of clay mineral content increases. For all practical purposes, when the clay
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Figure 2.13 Clay watcr (redrawn after Lambe, 1958)

content is about 50% or more. the sand and silt particles float in a clay matrix, and
the clay minerals primarily dictate the engineering properties of the soil.

2.4 Specific Gravity (G,)

Specific gravity is defined as the ratio of the unit weight of a given material to the unit
weight of water. The specific gravity of soil solids is often needed for various calcu-
lations in soil mechanics. It can be determined accurately in the laboratory. Table 2.4
shows the specific gravity of some common minerals found in soils. Most of the
values fall within a range of 2.6 to 2.9. The specific gravity of solids of light-colored
sand, which is mostly made of quartz, may be estimated to be about 2.65; for clayey

and silty soils, it may vary from 2.6 to 2.9.
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Table 2.4 Specific Gravity of Common Minerals

Mineral Specific gravity, G,
Quartz 2.65
Kaolinite 2.6
Ilite 2.8
Montmorillonite 2.65-2.80
Halloysite 2.0-2.55
Potassium feldspar 2.57
Sodium and calcium feldspar 2.62-2.76
Chlorite 26-29
Biotite 2.8-32
Muscovite 2.76-3.1
Hornblende 3.0-3.47
Limonite 3.6-4.0

Olivine 3.27-3.7

Mechanical Analysis of Soil

Mechanical analysis is the determination of the size range of particles present in a
soil, expressed as a percentage of the total dry weight. Two methods are generally
used to find the particle-size distribution of soil: (1) sieve analysis — for particle sizes
larger than 0.075 mm in diameter, and (2) hAydrometer analysis— for particle sizes
smaller than 0.075 mm in diameter. The basic principles of sieve analysis and hy-
drometer analysis are briefly described in the following two sections.

Sieve Analysis

Sieve analysis consists of shaking the soil sample through a set of sieves that have
progressively smaller openings. U.S. standard siecve numbers and the sizes of open-
ings are given in Table 2.5.

The sieves used for soil analysis are generally 203 mm (8 in.) in diameter. To
conduct a sieve analysis, one must first oven-dry the soil and then break all lumps
into small particles. The soil is then shaken through a stack of sieves with openings
of decreasing size from top to bottom (a pan is placed below the stack). Figure 2.14
shows a set of sieves in a shaker used for conducting the test in the Jaboratory. The
smallest-size sieve that should be used for this type of test is the U.S. No. 200 sieve.
After the sotl is shaken, the mass of soil retained on each sieve is determined. When
cohesive soils are analyzed, breaking the lumps into individual particles may be
difficult. In this case, the soil may be mixed with water to make a slurry and then
washed through the sieves. Portions retained on each sieve are collected separately
and oven-dried before the mass retained on each sieve is measured.

1. Determine the mass of soil retained on each sicve (i.e., M, M5, --- M,) and in
the pan (i.e., M,).
2. Determine the total mass of the soil: My + My + -+ M; + -+ M, + M, =
OSM e
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Table 2.5 U.S. Standard Sieve Sizes

Sieve no. Opening (mm)

4 4.75

5 4.00

6 3.35

7 2.80

8 2.36

10 2.00

12 1.70

14 1.40

16 .18

18 1.00
20 0.850
25 0.710
30 0.600
35 0.500
40 0.425
50 0.355
60 0.250
70 0.212
80 0.180
100 0.150
120 0.125
140 0.106
170 0.090
200 0.075
270 0.053

3. Determine the cumulative mass of soil retained above cach sieve. For the ith
sieve,itisM, + M, + -+ M,

4. The mass of soil passing the ith sieve is2 M — (M, + M, + --- + M)).

5. The percent of soil passing the ith sieve (or percent finer) is

CEM (M My M)

2
=M

X 100

Once the percent finer for each sieve is calculated (step 5), the calculations are
plotted on semilogarithmic graph paper (Figure 2.15) with percent finer as the ordi-
nate (arithmetic scale) and sieve opening size as the abscissa (logarithmic scale).
This plot is referred to as the particle-size distribution curve.

Hydrometer Analysis

Hydrometer analysis is based on the principle of sedimentation of soil grains in wa-
ter. When a soil specimen is dispersed in water, the particles settle at different ve-
locities, depending on their shape, size, and weight, and the viscosity of the water.
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Figure 2.14 A sct of sieves for a test in the laboratory
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Figure 2.15 Particle-size distribution curve



32

Chapter 2 Origin of Soil and Grain Size

For simplicity, it is assumed that all the soil particles are spheres and that the veloc-
ity of soil particles can be expressed by Stokes’ law, according to which

Ps — Pw
_ D 2.1
v 181 (2.1)

where v = velocity
p, = density of soil particles
p, = density of water
1 = viscosity of water
D = diameter of soil particles

Thus, from Eq. (2.1).
18nv 18 L
D= J - J 7 \[— (2.2)
I)‘\ - pll' p,\ - p'l' [

Distance L
where v = —2— = —,
me t
Note that

I

py = Gipy (23)
Thus, combining Eqgs. (2.2) and (2.3) gives

AR
P NG - mi @9

If the units of n are (g - sec)/cm?®. p,.isin g/em®, Lisin cm, tisin min, and D is in mm,
then

D(mm) \/lSn[(g-scc)/cmz] \/ L (cm)
10 N(G, = Dp(glem®) N 1 (min) X 60

T30 ’
b J 30m \ﬁ
(G, = Dp, NV 1

Assume p,. to be approximately cqual to 1 g/em?, so that

or

D B L (cm)
(mm) = K £ (min) (2.5)
where
K= 0 (2.6)

(G.v - 1)
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Table 2.6 Values of K from Eq. (2.6)*

Temperature G,

{°C) 2.45 2.50 2,55 2.60 2.65 2.70 2.75 2.80

16 0.01510 0.01505 0.01481 0.01457 0.01435 0.01414 0.01394 0.01374
17 0.01511 0.01486 0.01462 0.01439 0.01417 0.01396 0.01376 0.01356
18 0.01492 0.01467 0.01443 0.01421 0.01399 0.01378 0.01359 0.01339
19 0.01474 0.01449 0.01425 0.01403 0.01382 0.01361 0.01342 (0.01323
20 0.01456 0.01431 0.01408 0.01386 0.01365 0.01344 0.01325 0.01307
21 (.01438 0.01414 0.0139] 0.01369 0.01348 0.01328 0.01309 0.01291
22 0.01421 0.01397 0.01374 0.01353 0.01332 0.01312 0.01294 0.01276
23 0.01404 0.01381 0.01358 0.01337 0.01317 0.01297 0.01279 0.01261
24 0.01388 0.01365 0.01342 0.01321 0.01301 (.01282 0.01264 0.01246
25 0.01372 0.01349 0.01327 0.01306 0.01286 0.01267 0.01249 0.01232
26 0.01357 0.01334 0.01312 0.01291 0.01272 0.01253 (.01235 0.01218
27 0.01342 0.01319 0.01297 0.01277 (.01258 0.01239 0.01221 0.01204
28 (0.01327 0.01304 0.01283 0.01264 0.01244 0.01225 0.01208 0.01191
29 0.01312 0.01290 0.01269 0.01249 0.01230 0.01212 0.01195 0.01178
30 0.01298 0.01276 0.01256 0.01236 0.01217 0.01199 0.01182 0.01169

“After ASTM (1999)

Note that the value of K is a function of G, and 7. which are dependent on the tem-
perature of the test. Table 2.6 gives the variation of K with the test temperature and
the specific gravity of soil solids.

In the laboratory. the hydrometer test is conducted in a sedimentation cylin-
der usually with 50 g of oven-dried sample. Sometimes 100-g samples can also be
used. The sedimentation cylinder is 457 mm (18 in.) high and 63.5 mm (2.5 in.) in di-
ameter. It is marked for a volume of 1000 ml. Sodium hexametaphosphate is gener-
ally used as the dispersing agent. The volume of the dispersed soil suspension is in-
creased to 1000 ml by adding distilled water. Figurc 2.16 shows an ASTM 152H type
of hydrometer.

When a hydrometer is placed in the soil suspension at a time ¢, measured from
the start of sedimentation it measures the specific gravity in the vicinity of its bulb at
a depth L (Figure 2.17). The specific gravity is a function of the amount of soil par-
ticles present per unit volume of suspension at that depth. Also, at a time ¢, the soil
particles in suspension at a depth L will have a diameter smaller than D as calculated
in Eq. (2.5). The larger particles would have settled beyond the zone of measure-
ment. Hydrometers are designed to give the amount of solil, in grams, that is still in
suspension. They are calibrated for soils that have a specific gravity, G, of 2.65; for
soils of other specific gravity, a correction must be made.

By knowing the amount of soil in suspension. L, and t, we can calculate the per-
centage of soil by weight finer than a given diameter. Note that L is the depth mea-
sured from the surface of the water to the center of gravity of the hydrometer bulb
at which the density of the suspension is measured. The value of L will change with
time ¢t. Hydrometer analysis is effective for separating soil fractions down to a size of
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Figure 2.16

ASTM 152H hydrometer
(courtesy of Soiltest, Inc.,
Lake Bluff. Illinois) Figure 2.17 Decfinition of L. in hydrometer test

about 0.5 um. The value of L (cm) for the ASTM 152H hydrometer can be given by
the expression (see Figure 2.17)

L=1L + %(Lz - %) (2.7)
where L, = distance along the stem of the hydrometer from the top of the
bulb to the mark for a hydrometer reading (cm)
L, = length of the hydrometer bulb = 14 cm
V, = volume of the hydrometer bulb = 67 cm?
A = cross-sectional area of the sedimentation cylinder = 27.8 cm?

The value of L, is 10.5 cm for a reading of R = 0 and 2.3 cm for a reading of R = 50.
Hence, for any reading R,

(10.5 — 2.3)

L, =105 —
! 50

R = 10.5 — 0.164R (cm)
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Table 2.7 Variation of L with Hydrometer Reading —
ASTM 152H Hydrometer

Hydrometer Hydrometer
reading, R L {cm) reading, R L {cm)
0 16.3 31 11.2
1 16.1 32 11.1
2 16.0 33 10.9
3 15.8 34 10.7
4 15.6 35 10.6
5 15.5 36 10.4
6 15.3 37 10.2
7 15.2 38 10.1
8 15.0 39 9.9
9 14.8 40 9.7
10 14.7 41 9.6
11 14.5 42 9.4
12 14.3 43 9.2
13 14.2 44 9.1
14 14.0 45 8.9
15 13.8 46 8.8
16 13.7 47 8.6
17 13.5 48 8.4
18 13.3 49 8.3
19 13.2 50 8.1
20 13.0 51 7.9
21 12.9 52 7.8
22 12.7 53 7.6
23 12.5 54 74
24 12.4 55 7.3
25 12.2 56 7.1
26 12.0 57 7.0
27 11.9 58 6.8
28 11.7 59 6.6
29 11.5 60 6.5
30 11.4

Thus, from Eq. (2.7),

1 67
L =105 — 0.164R + 2( 14 27.8) 16.29 - 0.164R (2.8)
where R = hydrometer reading corrected for the meniscus.

On the basis of Eq. (2.8), the variations of [. with the hydrometer readings R
are given in Table 2.7.

In many instances. the results of sieve analysis and hydrometer analysis for
finer fractions for a given soil are combined on one graph, such as the one shown
in Figure 2.18. When these results are combined, a discontinuity generally occurs in
the range where they overlap. This discontinuity occurs because soil particles are
generally irregular in shape. Sieve analysis gives the intermediate dimensions of a
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Unified classification

Sand Silt and clay

Sieve Sieve analysis Hydrometer analysis
no. 10 16 3040 60 100 200
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Figure 2.18 Particle-size distribution curve — sicve analysis and hydrometer analysis

particle: hydrometer analysis gives the diameter of an equivalent sphere that would
scttle at the same rate as the soil particle.

Particle-Size Distribution Curve

A particle-size distribution curve can be used to determine the following four pa-
rameters [or a given soil (Figure 2.19):
1. Effective size (D,,): This parameter is the diameter in the particle-size dis-
tribution curve corresponding to 10% finer. The effective size of a granular
soil is a good measure to estimate the hydraulic conductivity and drainage

through soil.
2. Uniformity coefficient (C,): This parameter is defined as

Dy
C,=— 2.9
Dy )
where D¢, = diameter corresponding to 60% finer.
3. Coefficient of gradation (C,): This parameter is defined as
DZ
C 2 (2.10)

zzﬁ
Dgy X Dy
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Figure 2.19 Definition of D, Dy, D+, Do, and D,

4. Sorting coefficient (S,): This parameter is another measure of uniformity and is
generally encountered in geologic works and expressed as

Dys
S) =/ = 2.11

The sorting coefficient is not frequently used as a parameter by geotechnical
engineers.

The percentages of gravel, sand. silt, and clay-size particles present in a soil can
be obtained from the particle-size distribution curve. As an example, we will use the
particle-size distribution curve shown in Figure 2.18 to determine the gravel, sand,
silt, and clay-size particles as follows (according to the Unified Soil Classification
System — see Table 2.3):

Size (mm) % finer
762 100 100 — 100 = 0% gravel
4.75 100
0.075 62 100 — 62 = 38% sand
- 0 62 — 0 = 62% silt and clay

The particle-size distribution curve shows not only the range of particle sizes
present in a soil, but also the type of distribution of various-size particles. Such types
of distributions are demonstrated in Figure 2.20. Curve I represents a type of soil in
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Figure 2.20 Different types of particle-size distribution curves

which most of the soil grains arc the same size. This is called poorly graded soil.
Curve Il represents a soil in which the particle sizes are distributed over a wide range.
termed well graded. A well-graded soil has a uniformity coefficient greater than about
4 for gravels and 6 for sands. and a coefficient of gradation between 1 and 3 (for grav-
clsand sands). A soil might have a combination of two or morc unilormly graded frac-
tions. Curve 11 represents such a soil. This type of soil is termed gap graded.

Example 2.1

Following are the results of a sieve analysis. Make the necessary calculations and
draw a particle-size distribution curve.

Mass of soil retained

U.S. sieve size on each sieve (g)

4 0

10 40

20 60

40 39

60 140

80 122

100 210

200 56

Pan 12

Solution
The following table can now be prepared.
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Mass Cumulative mass
u.s. Opening retained on retained above Percent
sieve {mm) each sieve (g) each sieve (g) finer
(1) (2) 3) (4) {5)
4 475 0 0 100
10 2.00 40 0+ 40 =40 94.5
20 0.850 60 40 + 60 = 100 86.3
40 0.425 89 100 + 89 = 189 74.1
60 0.250 140 189 + 140 = 329 549
80 0.180 122 329 + 122 = 451 38.1
100 0.150 210 451 + 210 = 661 9.3
200 0.075 56 661 + 56 = 717 L7
Pan - 12 717+12=729=3M 0
SM— col. 4 729 — col. 4
@ X 100 = - ——— X 100
M 729
The particle-size distribution curve is shown in Figure 2.21. a
100
80
g 60 )-———— e —
=
= |
= [
g Deo = 0.27 mm!
& a0t |
30 mm e l'- --
20 - Dy = 0.1 7: mm
9 g B
D= ().} Smml
() L Il 1 | — L
10 5 3 1 0.5 0.3 0.1 0.05

Particle size tmm)

Figure 2.21 Particle-size distribution curve

Example 2.2

For the particle-size distribution curve shown in Figure 2.21, determine

a. Dw, D3(). and D50
b. Uniformity coefficient, C,
¢. Coefficient of gradation, C,
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Solution
a. From Figure 2.21,
Dl() = 0-15 mm
DJU = 0.17 mm
D60 = 0-27 mm
Dy, 027
C,=—=—7=18
b. . Dy, 0.15
Dj3 0.17)?
C1:$:—(—~)—=0.71 .
Dy, X Dy, (0.27)(0.15)
Example 2.3

For the particle-size distribution curve shown in Figure 2.21, determine the per-
centages of gravel, sand, silt, and clay-size particles present. Use the Unified Soil
Classification System.

Solution
From Figure 2.21, we can prepare the following table.
Size (mm) % finer
72',275 igg 100 — 100 = 0% gravel
0‘0’75 17 100 — 1.7 = 98.3% sand
T 0' 1.7 = 0 = 1.7% silt and clay
]
Particle Shape

The shape of particles present in a soil mass is equally as important as the particle-
size distribution because it has significant influence on the physical properties of a
given soil. However, not much attention is paid to particle shape because it is more
difficult to measure. The particle shape can generally be divided into three major
categories:

1. Bulky
2. Flaky
3. Needle shaped

Bulky particles are mostly formed by mechanical weathering of rock and min-
erals. Geologists use such terms as angular, subangular, rounded, and subrounded
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Figure 2.22 Elcctron micrograph of some fine subangular and subrounded quarts sand

to describe the shapes of bulky particles. Figure 2.22 shows a scanning clectron
micrograph ol some subangular and subrounded quartz sand. The angularity, A. is
defined as

Average radius of corners and edges

= - 2.12

Radius of the maximum inscribed spherc ( )
The sphericity of bulky particles is defined as
D,

S = T (2.13)

, . . . [ov
where D, = equivalent diameter of the particle = ’ .

V' = volume of particle
L, = length of particle

P

Il

Flaky particles have very low sphericity — usually 0.01 or less. Thesc particles
are predominantly clay minerals.

Needle-shaped particles are much less common than the other two particle
types. Examples of soils containing needle-shaped particles arc some coral deposits
and attapulgite clays.
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Summary

In this chapter, we discussed the rock cycle, the origin of soil by weathering, the par-
ticle-size distribution in a soil mass, the shape of particles, and clay minerals. Some
important points include the following:

1. Rocks can be classified into three basic categories: (a) igneous, (b) sedimen-
tary, and (c) metamorphic.

2. Soils are formed by chemical and mechanical weathering of rocks.

3. Based on the size of the soil particles, soil can be classified as gravel, sand, silt,
or clay.

4. Clays are mostly flake-shaped microscopic and submicroscopic particles of
mica, clay minerals, and other minerals.

5. Clay minerals are complex aluminum silicates that develop plasticity when
mixed with a limited amount of water.

6. Mechanical analysis is a process for determining the size range of particles
present in a soil mass. Sieve analysis and hydrometer analysis are two tests
used in the mechanical analysis of soil.

Problems

2.1 For asoil with Dy, = 0.42 mm, D5, = 0.21 mm, and D,, = 0.16 mm, calculate
the uniformity coefficient and the coefficient of gradation.

2.2 Repeat Problem 2.1 with the {ollowing values: D, = 0.27 mm, D+, = 0.41
mm, and Dy, = 0.81 mm.

2.3 Following arc the results of a sieve analysis:

Mass of soil retained

U.S. sieve no. on each sieve {(g)
4 0
10 18.5
20 53.2
40 90.5
60 81.8
100 92.2
200 58.5
Pan 26.5

a. Determine the percent finer than each sieve size and plot a grain-size dis-
tribution curve.
b. Determine Dy, Dy and Dy, from the grain-size distribution curve.
c. Calculate the uniformity coefficient C,,.
d. Calculate the coefficient of gradation, C..
24 Repeat Problem 2.3 with the following results of a sieve analysis.
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Problems

Mass of soil retained

U.S. sieve no. on each sieve (g)
4 0
10 41.2
20 55.1
40 80.0
60 91.6
100 60.5
200 35.6
Pan 21.5

Repeat Problem 2.3 with the following results for a sieve analysis.

Mass of soil retained

U.S. sieve no. on each sieve (g)

4 0
6 ()

10 20.1

20 19.5

40 210.5

60 85.6

100 22.7

200 15.5

Pan 23.5

The particle-size characteristics of a soil are given in this table. Draw the
particle-size distribution curve.

Size (mm) Percent finer
0.425 100
0.033 90
0.018 80
0.01 70
0.0062 60
0.0035 50
0.0018 40
0.001 35

Determinc the percentages of gravel, sand, silt, and clay:
a. According to the USDA system.

b. According to the AASHTO system.

Repeat Problem 2.6 with the following data:

Size (mm) Percent finer
0.425 100
0.1 92
0.052 84
0.02 62
0.01 46
0.004 32

0.001 22

43
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2.8 Repeat Problem 2.6 with the following values:

Size (mm) Percent finer
0.425 100
0.1 79
0.04 57
0.02 48
0.01 40
0.002 35
0.001 33

2.9 Repeat Problem 2.6 with the following data:

Size (mm) Percent finer
0.425 100
0.07 90
0.046 80
0.034 70
0.026 60
0.019 50
0.014 40
0.009 30

0.0054 20
0.0019 10

2.10 A hydrometer test has the following results: G, = 2.7, tempcerature of water =
24°C, and L = 9.2 cm at 60 minutes after the start of sedimentation. (See
Figure 2.17.) What is the diameter D of the smallest-size particles that have
settled beyond the zone of measurement at that time (that is, t = 60 min)?

2.11 Repeat Problem 2.10 with the following values: G, = 2.75, temperature of
water = 23°C, ¢t = 100 min, and L = [2.8 cm.
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Weight-Volume Relationships,
Plasticity, and Structure of Soil

3.1

Chapter 2 presented the geologic processcs by which soils are formed, the descrip-
tion of limits on the sizes of soil particles. and the mechanical analysis of soils. In nat-
ural occurrence, soils are three-phase systems consisting of soil solids, water, and air.
This chapter discusses the weight—volume relationships of soil aggregates, along
with their structures and plasticity.

Weight-Volume Relationships

Figure 3.1a shows an element of soil of volume V and weight W as it would exist in a
natural state. To develop the weight-volume relationships, we must separate the
three phases (that is, solid, water, and air) as shown in Figure 3.1b. Thus, the total
volume of a given soil sample can be expressed as

V=V+V.=V+tV,+V, (3.1)

where V. = volume of soil solids
. = volume of voids
V.. = volume of water in the voids
. = volume of air in the voids

Assuming that the weight of the air is negligible, we can give the total weight of the
sample as
W=W, + W, (3.2)
where W, = weight of soil solids
W, = weight of water
The volume relationships commonly used for the three phases in a soil element

are void ratio, porosity, and degree of saturation. Void ratio (e) is defined as the ratio
of the volume of voids to the volume of solids. Thus,

(33)

(41
I
i<

45
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>

Arr Va

Total o 4 . Total W, Water Vi

weight | ) ‘ " volume v
-w Y

() (b

Figure 3.1 (a) Soil element in natural state: (b) three phases of the soil element

Porosity (n) is defined as the ratio of the volume of voids to the total volume. or

-0 34
n= (3:4)

The degree of saturation (S) is defined as the ratio of the volume of water to the vol-
ume of voids. or

S == (3.5)

It is commonly expressed as a percentage.
The relationship between void ratio and porosity can be derived from Eqgs.

(3.1), (3.3), and (3.4) as follows:
<V'>
1% n

e=L= 0 - (3.6)

Also, from Eq. (3.6),

(3.7)

n =
1+e
The common terms used for weight relationships are moisture content and unit
weight. Moisture content (w) is also referred to as water content and is defined as the
ratio of the weight of water to the weight of solids in a given volume of soil:
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W,
= 3.8
YW, (3.8)
Unit weight () is the weight of soil per unit volume. Thus,
- E (3.9
YTy 9)

The unit weight can also be expressed in terms of the weight of soil solids, the mois-
ture content, and the total volume. From Egs. (3.2). (3.8). and (3.9).

Wi+ |
wowW+W, W, - W+ w) (3.10)
LY v v y -
Soils engineers sometimes refer to the unit weight defined by Eq. (3.9) as the maoist
unit weight.
Often. to solve earthwork problems, one must know the weight per unit volume
of soil, cxcluding water. This weight is referred to as the dry unit weight, y,. Thus,

Ya = (3']1)

W,
Vv
From Eqgs. (3.10) and (3.11). the relationship of unit weight, dry unit weight, and mois-
ture content can be given as

Y
o= —— (3.12)

1+
Unit weight is expressed in English units (a gravitational system of mcasure-
ment) as pounds per cubic foot (Ib/[t}). In ST (Systeéme International). the unit used
is kilo Newtons per cubic meter (kN/m*). Because the Newton is a derived unit, work-
ing with mass densities (p) of soil may sometimes be convenient. The S1 unit of mass
density is kilograms per cubic meter (kg/m'). We can write the density equations
{similar to Egs. (3.9) and (3.11)] as

M
p "7 (313)
and
M,\
pi=" (3.14)

where p = density of soil (kg/m?)
pq = dry density of soil (kg/m?)
M = total mass of the soil sample (kg)
M, = mass of soil solids in the sample (kg)

Il

The unit of total volume, V, is m’.
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3.2

The unit weight in kN/m? can be obtained from densities in kg/m® as

X
N gp(kg/m’)
¥ (kN/m?) 1000
and
gp(,(kg/mx)
N 3y — 7

where g = acceleration due to gravity = 9.81 m/sec’.
Note that unit weight of water (y,,) is equal to 9.81 kN/m* or 62.4 Ib/ft* or
1000 kgf/m*.

Relationships among Unit Weight, Void Ratio,
Moisture Content, and Specific Gravity

To obtain a relationship among unit weight (or density), void ratio, and moisture
content, let us consider a volume of soil in which the volume of the soil solids 1s one,
as shown in Figure 3.2. If the volume of the soil solids is one, then the volume of voids
is numerically equal to the void ratio, e [from Eq. (3.3)]. The weights of soil solids
and water can be given as

W\' = G.\"yll'
W, = wW, = wGyy,,

where G, = specific gravity of soil solids
w = moisture content
v, = unit weight of water

Weight Volume
Arr
I T V,=¢
V., =wG
W =uwG W \
" " C\Y\\ Wa[er

| Eais

W, =G, - Solid” i 2 Cov=d

r

Figure 3.2 Three separate phases of a soil element with volume of soil solids equal to one



3.2 Relationships among Unit Weight, Void Ratio, Moisture Content, and Specific Gravity 49

Now, using the definitions of unit weight and dry unit weight [Eqs. (3.9) and
(3.11)], we can write

W W+ W, Gy, + wGy, (1 +w)Gy, (3.15)
YTV T TV T T T 1ve T 1+te ‘
and
WS GS"Y?{)
=t W 3.16
Ya Vv 1+e (3.16)
or
GYow
e=———1 3.17
v, (3.17)

Because the weight of water for the soil element under consideration is wG.y,,,
the volume occupied by water is

W[l' /ll)G\“Y'll'
V== = = G,
’YN‘ yll'
Hence, from the definition of degree of saturation [Eq. (3.5)].
G- Vi wG,
=V =
or
Se = wG, (3.18)

This equation is useful for solving problems involving three-phase relationships.

If the soil sample is saturated — that is, the void spaces are completely filled with
water (Figure 3.3) — the relationship for saturated unit weight (., ) can be derived in
a similar manner:

W W+W, Gy,tevn (G +e)y,
Vv VvV  14+e  1+e

Ysar = (3.19)

Also, from Eq. (3.18) with § = 1,
e = wG, (3.20)

As mentioned before, due to the convenience of working with densities in
the SI system, the following equations, similar to unit-weight relationships given in
Egs. [3.15], [3.16], and [3.19], will be useful:
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: Weight Volume
W e Water VisVy=e
i V=1-¢
V=1

Figure 3.3 Saturated soil element with volume of soil solids equal to one

(1 + w)G.p,

Density = p = = -
e
. G\'plf
Dry density = p, = It e

. (G\ + €)pu'
Saturated density = p., = T
()

where p, = density of water = 1000 kg/m.

(3.21)

(3.22)

(3.23)

Equation (3.21) may be derived by referring to the soil element shown in Fig-
ure 3.4, in which the volume of soil solids is equal to 1 and the volume of voids is

) Air
A
‘] . Vi=e
M. =wG p, | Water :
|
v |
Y yo=
i ¥

M\ = pr”> "

Figure 3.4 Three separate phases of a soil element showing mass-volume relationship
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equal to e. Hence, the mass of soil solids, M,, is equal to G,p,,. The moisture content
has been defined in Eq. (3.8) as

W,  (mass of water) - g

W= W, N (mass of solid) - g
M,
M

where M, = mass of water.
Since the mass of soil in the element is equal to Gp,,, the mass of water

Mu' = /LUM.\' = U)Gst
From Eq. (3.13). density
. M _ MA\ + M‘N" _ Gspu' + wG.\'pl“

PV T vrv 1 +e
_ (1 +w)Gp,
B 1 +e

Equations (3.22) and (3.23) can be derived similarly.

Relationships among Unit Weight,
Porosity, and Moisture Content

The relationship among unit weight, porosity, and moisture content can be developed
in a manner similar to that presented in the preceding section. Consider a soi! that
has a total volume equal to one, as shown in Figure 3.5. From Eq. (3.4),

V,
n=—
Vv
Weight Volume
Y
Air
T
V., =n
W, =wGy, (1 -n) Water
‘-
1 B e e
N Dt b ;

W\:G\"{““'Vl) i

Figure 3.5 Soil element with total volume equal to one
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Weight Volume

A
W w = MY

W, =Gy, (l-m |,

Figure 3.6 Saturated soil element with total volume equal to onc

If Visequal to 1. then V| is equal to n, so V, = | — n. The weight of soil solids (W,)
and the weight of water (W,)) can then be expressed as follows:

W, = Gy, (1 - n) (3.24)
W, = wW, = wGy, {1 - n) (3.25)

So. the dry unit weight equals

— K _ (;\)'yll‘(l n)

— = (1 - 3.2
Ya % 1 G.\‘YII( n) ( 6)
The moist unit weight equals
W, + W,
y= = G- (L w) (3:27)

Figure 3.6 shows a soil sample that is saturated and has V' = 1. According to this
figure,

W, + W, (1 -nGy, + ny,
Ysat = v = 1 = [(] - }’Z)G\ + nb’w (3.28)

The moisture content of a saturated soil sample can be expressed as

W,

w n’Y?U n

sv - (1: nly,ugx - (]7_ n)G, (3.29)

w =
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3.4 Various Unit-Weight Relationships

In Sections 3.2 and 3.3, we derived the fundamental relationships for the moist unit
weight. dry unit weight, and saturated unit weight of soil. Several other forms of re-
lationships that can be obtained for vy, y,. and vy, are given in Table 3.1. Some typical
values of void ratio. moisture content in a saturated condition, and dry unit weight
for soils in a natural state are given in Table 3.2.

Table 3.1 Various Forms of Relationships for vy. y,. and vy,

Moist unit weight (y) Dry unit weight (y,) Saturated unit weight (y,,)
Given Relationship Given Relationship Given Relationship
I+ w)Gy,, G, + e)y,
w,G,.e (7 )Gy - Y, W . G, e (‘i
1 +e¢ 1+ 2w 1 +e
G, + Se)y,. Gy, G,.n 1 = n)G, + nly,
5.Gue (G )Y Goe Gy (1 = n)G, + nly
| +¢ | +e¢ G ( 1+ W G
(1 +w)Gy, Gy.n Gyl = n) Pt \ T w,G, )T
w, G, S — — . )
“7(;\ - , (l\"YIl‘ e 1+ Wy
+ — Gow, S —_— _— e, Wy — |y
A) - (w(:\> »a Wen 1+ e w
w,G, n Gy (1 = n)(l + w) A (1 + 'wm)
. n.w, n\ — w
S,G.n Gy (1l —n) + nSy, ew. S eS8y ! Weyg Y
T (1 + e)w P
> +{— |y,
) €Y Y- € Ya ( 1 +e >7u’
ysula ¢ ‘Y\‘nl - l + (:
Yar 1 Ya + ny,.
Years 1 Yar 7 MY ]
(Yo = ¥u)G. Y S L=G Jrat Yo
Yaats (;\ 7*7(v _ l‘ !
( 7 ) Yitr Weat '}’,1(1 + wﬂm)

Table 3.2 Void Ratio. Moisture Content, and Dry Unit Weight
for Some Typical Soils in a Natural State

Natural moisture

tent in a : ;
Void c::turated Dry unit weight, y4
Type of soil ratio, e state (%) b /ft3 kN/m?

Loose uniform sand 0.8 30 92 14.5
Densc uniform sand 0.45 16 115 18
Loose angular-grained

silty sand 0.65 25 102 16
Dense angular-grained

silty sand 0.4 15 121 19
Stiff clay 0.6 21 108 17
Soft clay 0.9-1.4 30-50 73-93 11.5-14.5
Loess 0.9 25 86 13.5
Soft organic clay 2.5-3.2 90-120 38-51 6-8

Glacial till 0.3 10 134 21
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Example 3.1

For a soil, show that

(55
Ysat = w 1+e Yw

Solution
From Egs. (3.19) and (3.20),
(G, + e)vw
[
and
e = wG,
or
G, = %

Combining Egs. (a) and (b) gives

Ysat =

OB

1+e

(a)

(b)

Example 3.2

The mass of a moist soil sample having a volume of 0.0057 m* is 10.5 kg. The mois-
ture content (w) and the specific gravity of soil solids (G,) were determined to be

13% and 2.68, respectively. Determine

a. Moist density, p (kg/m®)

b. Dry density. p, (kg/m*)

¢. Void ratio, e

d. Porosity, n

e. Degree of saturation, S (%)

Solution
a. From Eq. (3.13).
M 105
P =V T 00057
b. From Egs. (3.21) and (3.22),
_ P 1842
S l+w 13
I+ ——
100

= 1842 kg/m?*’

iy = 1630 kg/m’
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c¢. From Eq. (3.22),
GV 1= (2.68)(1000)

= Zstw ~1 =064
04 1630 6
d. From Eq. (3.7),
e 0.64
" Tve T1+o06s 0¥
e. From Eq. (3.18),
S(%) = 29 5 100 = QA8 00— saav
( 0) - e - 0.64 = 4 /0 -
Example 3.3

The saturated unit weight, y,,,, of a soil is 19.5 kN/m?, and the specific gravity of
soil solids is 2.65.

a, Derive an expression for vy, in terms of vy, v,, and G..
b. Using the expression derived in part (a), determine the dry unit weight of
the soil.

Solution
a. From Eq. (3.19),

GYu t+ eYu
Ysat = 1 +e
_ - Gsﬂ)/w T ey, _ - G$y1u teYw = Yuw ~ €Y _ YM‘(GS - 1)
Ysat Yw | +e Yu 1 +e 1+e
_ - ‘Yw(Gs - ])G, - yd(GJ - 1)
Ysat = Y (1 + )G, G,
or
_ (7sal - 'YW)GS
Yo = T ATy

G.— 1
b. Given that v, = 19.5 kN/m? and G, = 2.65,

(Yo = 70)Gs _ (19.5 — 9.81)(2.65)

= - - 3
Y= e e 15.56 kN/m .
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Example 3.4

In its natural state, a moist soil has a volume of 0.33 ft* and weighs 39.93 Ib. The
oven-dried weight of the soil is 34.54 1b. If G, = 2.67, calculate

. Moisture content (%)

. Moist unit weight (Ib/ft®)
Dry unit weight (Ib/ft?)

. Void ratio

. Porosity

Degree of saturation (%)

meo oo TH

Solution
a. From Eq. (3.8),

W,  39.93 — 34.54

w = (100) = 15.6%

W, 34.54
b. From Eq. (3.9),
_W 3993 3
=V " 033 121 1b/ft
¢. From Eq. (3.11),
W, 3454 3
Y=y T 033 104.7 1b/ft
d. The volume of solids is
W, 34.54
V, = > = 0.207 ft

Gow  (2.67)(62.4)
Thus,
V,=V -V, =033 — 0207 = 0.123 ft’

The volume of water is

W, 39.93 — 34.54
V, = —% = 2200 200 - 0,086 £t
= o 0.086 ft
Now, refer to Figure 3.7. From Eq. (3.3),
V, 0.123
¢~y “o207 "
e. From Eq. (3.4),
V, 0123
v o MY

f. From Eq. (3.5),

_V, 0086 _ e
S=3 =0 - 6% = 699%
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Weight (Ib) Volume (ft3)

2

f f-om
W, =539 Water v :o_osol
Y { Y -
W =30.03 5, B V=033
W, = 3454 | o wngil et
' :Solid V, = 0.207
Y Y

Figure 3.7 Diagram for Example 3.4

Example 3.5

For a saturated soil, given w = 40% and G, = 2.71, determine the saturated and
dry unit weights in 1b/ft* and kN/m®.

Solution
For saturated soil, from Eq. (3.20),

e = wG, = (0.4)(2.71) = 1.084
From Eq. (3.19),

G, +e)y, (271 + 1.084)62.4
© *e)rn _ | 24 _ 1136 Wit

Yet T T e T 1+ 1.084
Also,
9.81
= (113.6)( == ) = 17.86 KN/m®
Yo = ( 6)( 62‘4) 17.86 kN/m

From Eq. (3.16),

_ Gy, _(71)(624) ;
“l+e 1+iosa  SLlvit

Ya

Also,

i 981\ s
Y= (81.1)( 62‘4) - 1?.75 kN/m
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3.5

Example 3.6

The mass of a moist soil sample collected from the field is 465 grams, and its oven
dry mass is 405.76 grams. The specific gravity of the soil solids was determined in
the laboratory to be 2.68. If the void ratio of the soil in the natural state is 0.83,
find the following:

a. The moist density of the soil in the field (kg/m?)

b. The dry density of the soil in the field (kg/m®)

¢. The mass of water, in kilograms, to be added per cubic meter of soil in
the field for saturation

Solution
Part a

M, 465 - 40576 _ 59.24

= = 00
M, 405.76 405.76 14.6%

w =

From Eqg. (3.21),
Gpu + WGp,  Gepull +w) _ (2.68)(1000)(1.146)

p= 1 +e - 1 +e 1.83

= 1678.3 kg/m®

Part b
From Eq. (3.22),
_ Gyp,, _ (2.68)(1000) s

Pa = T+e 183 = 1468.48 kg/m
Partc
Mass of water to be added = p,, — p
From Eq. (3.23),

Gp, + ep, p(G:+e) (1000)(2.68 + 0.83)

= = L = —_ 3
Psat l+e 1+e 183 1918 kg/m

So the mass of water to be added = 1918—1678.3 = 239.7 kg/m>.

Relative Density

The term relative density is commonly used to indicate the in situ denseness or loose-
ness of granular soil. It is defined as

D, = M_ (3.30)

€max ~ €min
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where D, = relative density, usually given as a percentage
e = in situ void ratio of the soil
emax = void ratio of the soil in the loosest state
emin = void ratio of the soil in the densest state

The values of D, may vary from a minimum of 0% for very loose soil to a max-
imum of 100% for very dense soils. Soils engineers qualitatively describe the granu-
lar soil deposits according to their relative densities, as shown in Table 3.3. In-place
soils seldom have relative densities less than 20 to 30%. Compacting a granular soil
to a relative density greater than about 85% is difficult.

Table 3.3 Qualitative Description of Granular Soil Deposits

Relative density (%) Description of soil deposit
0-15 Very loose
15-50 Loose
50-70 Medium
T0-85 Dense
85-100 Very dense

The relationships for relative density can also be defined in terms of porosity, or

M max
Crax — (33])
I = Mvax
_ ‘l/lmin - (3 32)
Ein = s Min .
n
= 3.33
e=1, (3.33)

where n,,, and n,,;,, = porosity of the soil in the loosest and densest conditions, re-
spectively. Substituting Egs. (3.31), (3.32), and (3.33) into Eq. (3.30), we obtain

(1 - nmin)(nmax - I’l)
(nmax - ”'min)(1 - n)

D = (3.34)

By using the definition of dry unit weight given in Eq. (3.16), we can express rela-
tive density in terms of maximum and minimum possible dry unit weights. Thus,

)~ L3
D = Y d(min) Ya _ { Ya = Yd(min) :||:y(1(max):|
! {J :| _ |:‘1*:| Ydmax) — Yd(min) Ya

Y d(min) y(l(max)

(3.35)

where ¥ min, = dry unit weight in the loosest condition (at a void ratio of e,,,)
vq = in situ dry unit weight (at a void ratio of e)
Yamax) = dry unit weight in the densest condition (at a void ratio of eg,)



60

Chapter 3 Weight-Volume Relationships, Plasticity, and Structure of Soil

ASTM Test Designation D-2049 (1999) provides a procedure for determining
the minimum and maximum dry unit weights of granular soils so that they can be used
in Eq. (3.35) to measure the relative density of compaction in the field. For sands, this
procedure involves using a mold with a volume of 2830 cm® (0.1 ft*). For a determi-
nation of the minimum dry unit weight, sand is loosely poured into the mold from a
funnel with a 12.7 mm (5 in.) diameter spout. The average height of the fall of sand
into the mold is maintained at about 25.4 mm (1 in.). The value ol y,,, can then be
calculated by using the following equation

W,

y:l(min) = 7 (336)

m

where W, = weight of sand required to fill the mold
V,, = volume of the mold

The maximum dry unit weight is determined by vibrating sand in the mold for
8 min. A surcharge of 14 kN/m? (2 Ib/in?) is added to the top of the sand in the mold.
The mold is placed on a table that vibrates at a frequency of 3600 cycles/min and that
has an amplitude of vibration of 0.635 mm (0.025 in.). The value of y,,.x) can be de-
termined at the end of the vibrating period with knowledge of the weight and vol-
ume of the sand. Several factors control the magnitude of y .., the magnitude of
acceleration, the surcharge load. and the geometry of acceleration. Hence, one can
obtain a larger-value ..y, than that obtained by using thc ASTM standard method
described earlier.

Example 3.7

For a given sandy solil, e, = 0.82 and e,,;, = 0.42. Let G, = 2.66. In the field, the
soil is compacted to a moist density of 1720 kg/m’ at a moisture content of 9%.
Determine the relative density of compaction.

Solution
From Eq. (3.21),
(1 +w)Gep,
p= 1+e
or
Gypu(l + 2.66)(1000)(1 + 0.09)
= Gl bw) | (266)(1000X )| = 0686
p 1720

From Eq. (3.30),

Cnx — € 0.82 — 0.686
Crax — €mn  0.82 — 0.42

D, = = 0.335 = 33.5%



3.6

3.7

3.7 Liquid Limit (LL) 61

Solid Semisolid Plastic ‘ Liquid
Shrinkage Plastic limit, Liquid Moisture
limit. SL PL limit, LL content
increasing
1 !
SFress—strnin - ” ”
diagrams at 8 3 )
. = & =]
various states 12} %) "
Strain Strain Strain

Figure 3.8 Atterberg Limits

Consistency of Soil — Atterberg Limits

When clay minerals are present in fine-grained soil, the soil can be remolded in the
presence of some moisture without crumbling. This cohesive nature is caused by the
adsorbed water surrounding the clay particles. In the early 1900s, a Swedish scientist
named Atterberg developed a method to describe the consistency of fine-grained
soils with varying moisture contents. At a very low moisture content, soil behaves
more like a solid. When the moisture content is very high, the soil and water may flow
like a liquid. Hence, on an arbitrary basis, depending on the moisture content, the
behavior of soil can be divided into four basic states —solid, semisolid, plastic, and
liquid— as shown in Figure 3.8.

The moisture content, in percent, at which the transition from solid to semi-
solid state takes place is defined as the shrinkage limir. The moisture content at the
point of transition from semisolid to plastic state is the plastic limit, and from plastic
to liquid state is the liquid limit. These parameters are also known as Atterberg lim-
its. In the following sections, we describe the procedures for laboratory determina-
tion of Atterberg limits.

Liquid Limit (LL)

A schematic diagram (side view) of a liquid limit device is shown in Figure 3.9a. This
device consists of a brass cup and a hard rubber base. The brass cup can be dropped
onto the base by a cam operated by a crank. To perform the liquid limit test, one must
place a soil paste in the cup. A groove is then cut at the center of the soil pat with the
standard grooving tool (Figure 3.9b). By the use of the crank-operated cam, the cup
is lifted and dropped from a height of 10 mm (0.394 in.). The moisture content, in
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(a)

| S0 mm —>

| . ‘“i o », )(__‘v,:—'-',-,’ i\z-lo llrfm H '}_‘2 mm
Ve eedced Y f

(b)
Section
P Ty -y
T e o ";’
SIS, "‘\3“"
Plan

Figure 3.9 Liquid limit test: (a) liquid limit device; (b) grooving tool: (c) soil pat before
test; (d) soil pat after test
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Figure 3.10 Liquid limit test device and grooving tools (courtesy of Soiltest, Inc.. Lake
Bluft. Illinois)

percent. required to close a distance of 12.7 mm (0.5 in.) along the bottom of the
groove (see Figures 3.9c and 3.9d) after 25 blows is defined as the liguid limit.

It is difficult to adjust the moisture content in the soil to meet the required 12.7
mm (0.5 in.) closure of the groove in the soil pat at 25 blows. Hence, at least three
tests for the same soil are conducted at varying moisture contents, with the number of
blows, N, required to achieve closure varying between 15 and 35. Figure 3.10 shows
a photograph of a liquid limit test device and grooving tools. The moisture content
of the soil, in percent, and the corresponding number of blows are plotted on semi-
logarithmic graph paper (Figure 3.11). The relationship between moisture content
and log N is approximated as a straight line. This line is referred to as the flow curve.
The moisture content corresponding to N = 25, determined from the flow curve,
gives the liquid limit of the soil. The slope of the flow line is defined as the flow index
and may be written as

'u)l - wz
()
og N,
where I = flow index

w; = moisture content of soil. in percent, corresponding to N, blows
w, = moisture content corresponding to N, blows

I, = (3.37)
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Figure 3.11 Flow curve for liquid limit determination of a clayey silt

Note that w, and w are exchanged to yield a positive value even though the slope of
the flow line is negative. Thus, the equation of the flow line can be written in a gen-
cral form as

w=—IlogN +C (3.38)

where C = a constant.

From the analysis of hundreds of liquid limit tests, the U.S. Army Corps of En-
gineers (1949) at the Waterways Experiment Station in Vicksburg, Mississippi, pro-
posed an empirical equation of the form

N tan 8
LL = wy ( 25) (3.39)

where N = number of blows in the liquid limit device for a 12.7 mm (0.5 in.)
groove closure
wy = corresponding moisture content
tan B = 0.121 (but note that tan B is not equal to (.121 for all soils)

Equation (3.39) generally yields good results for the number of blows between 20 and
30. For routine laboratory tests, it may be used to determine the liquid limit when only
one test is run for a soil. This procedure is generally referred to as the one-point
method and was also adopted by ASTM under designation D-4318. The reason that
the one-point method yields fairly good results is that a small range of moisture con-
tent is involved when N = 20 to N = 30.

Another method of determining liquid limit that is popular in Europe and Asia
is the fall cone method (British Standard — BS1377). In this test the liquid limit is de-
fined as the moisture content at which a standard cone of apex angle 30° and weight
of 0.78 N (80 gf ) will penetrate a distance d = 20 mm in 5 seconds when allowed to
drop from a position of point contact with the soil surface (Figure 3.12a). Due to the
difficulty in achieving the liquid limit from a single test, four or more tests can be con-
ducted at various moisture contents to determine the fall cone penetration, d. A
semilogarithmic graph can then be plotted with moisture content (w) versus cone
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Figure 3.12 (a) Fall cone test (b) plot of moisture content vs. cone penetration for determi-
nation of liquid limit

penetration d. The plot results in a straight line. The moisture content corresponding
to d = 20 mm is the liquid limit (Figure 3.12b). From Figure 3.12(b), the flow index
can be defined as

w, (%) — wi (%)

I = 3.40
ke log d, — log d, (340)

where w,, w, = moisture contents at cone penetrations of d; and d,, respectively.

Plastic Limit (PL)

The plastic limit is defined as the moisture content in percent, at which the soil
crumbles, when rolled into threads of 3.2 mm (3 in.) in diameter. The plastic limit is
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Figure 3.13 Plastic limit test: (1) equipment; (2) beginning of test: (3) thread being rolled;
(4) crumbled soil (courtesy of Soiltest. Inc.. Lake Blufl, Illinois)

the lower limit of the plastic stage of soil. The plastic limit test is simple and is per-
formed by repeated rollings of an ellipsoidal-size soil mass by hand on a ground glass
plate (Figure 3.13). The procedure for the plastic limit test is given by ASTM in Test
Designation D-4318.

As in the case of liquid limit determination, the fall cone method can be used
to obtain the plastic limit. This can be achieved by using a cone of similar geometry
but with a mass of 2.35 N (240 gf ). Three to four tests at varying moisture contents
of soil are conducted, and the corresponding cone penetrations (d) are determined.
The moisture content corresponding to a cone penetration of d = 20 mm is the plas-
tic limit. Figure 3.14 shows the liquid and plastic limit determination of Cambridge
Gault clay reported by Worth and Wood (1978).

The plasticity index (PI) is the difference between the liquid limit and the plas-
tic limit of a soil, or

PI=LL - PL (341)

Table 3.4 gives the ranges of liquid limit, plastic limit, and activity (Section 3.11)
of some clay minerals (Mitchell, 1976; Skempton, 1953).
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Table 3.4 Typical Values of Liquid Limit, Plastic Limit, and Activity of Some Clay Minerals

Mineral Liquid limit, LL Plastic limit, PL Activity, A
Kaolinite 35-100 20-40 0.3-0.5
lite 60-120 35-60) 0.5-1.2
Montmorillonite 100-900 50-100 1.5-7.0
Halloysite (hydrated) 50-70 40-60 0.1-0.2
Halloysite (dehydrated) 40-55 30-45 0.4-0.6
Attapulgite 150250 100125 0.4-1.3
Allophane 200-250 120150 04-1.3

Burmister (1949) classified the plasticity index in a qualitative manner as follows:

Pl

Description

0

1-5

5-10
10-20
2040
>4()

Nonplastic
Slightly plastic
Low plasticity

Mecdium plasticity

High plasticity
Very high plast

icity

The plasticity index is important in classifying fine-grained soils. It is funda-
mental to the Casagrande plasticity chart (presented in Section 3.12), which is cur-
rently the basis for the Unified Soil Classification System. (See Chapter 4.)

Sridharan et al. (1999) showed that the plasticity index can be correlated to the
flow index as obtained from the liquid limit tests (Section 3.7). According to their

study,

PI(%) = 4121, (%)

and

P[(O/O) = 0.74[[:(‘(0/0)

(3.42)

(3.43)
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3.9
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Figure 3.15 Definition of shrinkage limit

Shrinkage Limit (SL)

Soil shrinks as moisture is gradually lost from it. With continuing loss of moisture, a
stage of equilibrium is reached at which more loss of moisture will result in no fur-
ther volume change (Figure 3.15). The moisture content, in percent, at which the vol-
ume of the soil mass ceases to change is defined as the shrinkage limit.

Shrinkage limit tests (ASTM Test Designation D-427) are performed in the
laboratory with a porcelain dish about 44 mm (1.75 in.) in diamcter and about
12.7 mm (3 in.) high. The inside of the dish is coated with petroleum jelly and is then
filled completely with wet soil. Excess soil standing above the edge of the dish is
struck off with a straightedge. The mass of the wet soil inside the dish is recorded.
The soil pat in the dish is then oven-dried. The volume of the oven-dried soil pat is de-
termined by the displacement of mercury. Because handling mercury may be haz-
ardous, ASTM D-4943 describes a method of dipping the oven-dried soil pat in a
melted pot of wax. The wax-coated soil pat is then cooled. Its volume is determined
by submerging it in water.

By reference to Figure 3.15. the shrinkage limit can be determined as

SL = w; (%) — Aw (%) (3.44)
where w; = initial moisture content when the soil is placed in the shrinkage limit
dish
Aw = change in moisture content (that is, between the initial moisture content
and the moisture content at the shrinkage limit)

However,

M, ~ M
w, (%) =‘T22>< 100 (3.45)
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Figure 3.16 Shrinkage limit test: (a) soil pat before drying: (b) soil pat aftcr drying

where M, = mass of the wet soil pat in the dish at the beginning of the test (g)
M, = mass of the dry soil pat (g) (see Figure 3.16)

Also,
Vi = Videw

Aw (%) = X 100 (3.46)

2

where V; = initial volume of the wet soil pat (that is. inside volume of the dish, cm?)
= volume of the oven-dried soil pat (cm?)
p. = density of water (g/cm®)

Finally, combining Eqgs. (3.44), (3.45). and (3.46) givcs

N
!

SL = (M—‘M_Zﬂ)(m)) - (V"A;ZV’)(p,,,)(mO) (3.47)

Another parameter that can be determined from a shrinkage limit test is the
shrinkage ratio, which is the ratio of the volume change of soil as a percentage of the
dry volume to the corresponding change in moisture content, or

) G

SR = = = 3.48
(M) 7 (800 Vi (349
where AV = change in volume
AM = corresponding change in the mass of moisture
[t can also be shown that
1
G =—Fa~ (3.49)

1 _ <_S£>
SR\ 100

where G, = specific gravity of soil solids.
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3.10

Example 3.8

Following are the results of a shrinkage limit test:

o Initial volume of soil in a saturated state = 24.6 cm®
¢ Final volume of soil in a dry state = 15.9 cm?

o [nitial mass in a saturated state = 44 g
¢ Final mass in a dry state = 30.1 g

Determine the shrinkage limit of the soil.

Solution
From Eq. (3.47),

SL = (—@#)(wm - (V"A;zyf)(p,‘,)(m())

M, = 44g V[ = 24.6 cm® Puw = 1 g/cm3
M, = 30.1g V, = 159 cm’
44 — 30.1 246 — 159

= 46.18 — 28.9 = 17.28%

Liquidity Index and Consistency Index

The relative consistency of a cohesive soil in the natural state can be defined by aratio
called the liquidity index, which is given by

(3.50)

where w = in situ moisture content of soil.

The in situ moisture content for a sensitive clay may be greater than the liquid
limit. In this case (Figure 3.17),

LT >1

{ ' Li>1|
‘ ( Moisture
PL LL content, w
l~— P| —> Figure 3.17 Liquidity index
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These soils, when remolded, can be transformed into a viscous form to flow like a
liquid.

Soil deposits that are heavily overconsolidated may have a natural moisture
content less than the plastic limit. In this case (Figure 3.17),

LI <0

Activity

Because the plasticity of soil is caused by the adsorbed water that surrounds the clay
particles, we can expect that the type of clay minerals and their proportional amounts
in a soil will affect the liquid and plastic limits. Skempton (1953) observed that the
plasticity index of a soil increases linearly with the percentage of clay-size fraction
(% finer than 2 um by weight) present (Figure 3.18). The correlations of P/ with the
clay-size fractions for different clays plot separatc lines. This difference is due to the
diverse plasticity characteristics of the various types of clay minerals. On the basis of
these results, Skempton defined a quantity called acrivity, which is the slope of the
line correlating P/ and % finer than 2 um. This activity may be expressed as

PI
A= 3.51
(% of clay-size fraction, by weight) (3:51)

where A = activity. Activity is used as an index for identifying the swelling potential
of clay soils. Typical values of activities for various clay minerals are given in Table 3.4.

100 —

L © Shellhaven clay
30 A=133
London clay
A =095
>
5 60 -
RS ‘
%‘ | Weald clay
g ‘ A=0.63
=40 -
[ ‘\
|
20
0 1l \ 1 !
0 20 40 60 80 100

Percentage of clay-size fraction (<2 pm)

Figure 3.18 Activity (based on Skempton, 1953)
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3.12

Plasticity index

0 10 40
Percentage of clay-size fraction (<2 pm)

Figure 3.19 Simplified relationship between plasticity index and percentage of clay-size
fraction by weight (aftcr Seed, Woodward, and Lundgren. 1964b)

Seed, Woodward. and Lundgren (1964a) studied the plastic property of several
artificially prepared mixtures of sand and clay. They concluded that although the re-
lationship of the plasticity index to the percentage of clay-size fraction is linear, as ob-
served by Skempton, it may not always pass through the origin. Thus, the activity can
be redefined as in Eq. (3.52), viz.,

Pl

A=— — 3.52
% of clay-size fraction — C’ ( )

where C' is a constant for a given soil. For the cxperimental results of Seed et al.
(1964a), C" = 9.

Further works ol Sced, Woodward, and Lundgren (1964b) showed that the re-
lationship of the plasticity index to the percentage of clay-size fraction present in a
soil can be represented by two straight lines. This finding is shown qualitatively in
Figure 3.19. For clay-size fractions greater than 40%, the straight line passes through
the origin when it is projected back.

Plasticity Chart

Liquid and plastic limits are determined by relatively simple laboratory tests that
provide information about the nature of cohesive soils. Engineers have used the tests
extensively for the correlation of several physical soil parameters as well as for soil
identification. Casagrande (1932) studied the relationship of the plasticity index to
the liquid limit of a wide variety of natural soils. On the basis of the test results, he
proposed a plasticity chart as shown in Figure 3.20. The important feature of this
chart is the empirical A-line that is given by the equation P/ = 0.73(LL — 20). An
A-line separates the inorganic clays from the inorganic silts. Inorganic clay values lie
above the A-line, and values for inorganic silts lie below the A-line. Organic silts plot
in the same region (below the A-line and with L.L ranging from 30 to 50) as the in-
organic silts of medium compressibility. Organic clays plot in the same region as
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60 -

Inorganic clays
501 of high plasticity

»

L

2 40 i

> Inorganic clays of

:; medium plasticity

Z 301 Inorganic silts of

& Inorganic high compressibility
20 - clays of low and organic clays

plasticity
Inorganic silts of
~—f——  medium compressibility
and organic silts

| | | |
20) 40 60 80 100

10~
Cohesionless

soil

Inorganic silts of Liquid limit

low compressibility

Figure 3.20 Plasticity chart

inorganic silts of high compressibility (below the A-line and LL greater than 50).

The information provided in the plasticity chart is of great value and is the basis for

the classification of fine-grained soils in the Unitied Soil Classification System. (Sce
Chapter 4.)

Note that a linc called the U-line lics above the A-line. The U-line is approxi-
mately the upper limit of the relationship of the plasticity index to the liquid limit for
any currently known soil. The equation for the U-line can be given as

Pl =09(LL - 8) (3.53)

Soil Structure

Soil structure is defined as the geometric arrangement of soil particles with respect
to one another. Among the many factors that affcct the structure are the shape, size,
and mineralogical composition of soil particles, and the nature and composition of
soil water. In general, soils can be placed into two groups: cohesionless and cohesive.
The structures found in soils in each group are described next.

Structures in Cohesionless Soil

The structures generally encountered in cohesionless soils can be divided into two
major categories: single grained and honeycombed. In single-grained structures, soil
particles are in stable positions, with each particle in contact with the surrounding
ones. The shape and size distribution of the soil particles and their relative positions
influence the denseness of packing (Figure 3.21); thus, a wide range of void ratios is
possible. To get an idea of the variation of void ratios caused by the relative positions
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) <— Soil solid "= 2o 7 «— Soil solid

(a) (b

Figure 3.21 Single-grained structure: (a) loose: (b) dense

Figure 3.22 Mode of packing of equal spheres (plan views): (a) very loose packing
(e = 0.91); (b) very dense packing (¢ = 0.35)

of the particles, let us consider the mode of packing of equal spheres shown in Fig-
ure 3.22.

Figure 3.22a shows the case of a very loose state of packing. If we isolate a cube
with each side measuring d, which is equal to the diameter of each sphere as shown
in the figure, the void ratio can be calculated as

Vv, V-V,

TV,

where V = volume of the cube = d*
V, = volume of sphere (i.e., solid) inside the cube

Noting that V = d* and V, = wd*/6 yields

3_17i3>
d(6

e=—7———=091

()
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Soil <olid

Void

Figure 3.23 Honeycombed structure

Similarly, Figure 3.22b shows the casc of a very dense state of packing. Figure
3.22b also shows an isolated cube, for which cach side measurcs dV2. It can be
shown that. for this case. ¢ = (.35.

Real soil differs from the cqual-spheres model in that soil particles are neither
equal in size nor spherical. The smaller-size particles may occupy the void spaces be-
tween the larger particles. thus the void ratio of soils is decrcased compared with that
for equal spheres. However. the irregularity in the particle shapes generally yields an
increase in the void ratio of soils. As a result of these two factors. the void ratios en-
countered in real soils have approximately the same range as those obtained in cqual
spheres.

In the honcycombed structure (Figure 3.23). relatively fine sand and silt form
small arches with chains of particles. Soils that exhibit a honeycombed structure have
large void ratios. and they can carry an ordinary static load. However, under a heavy
load or when subjected to shock loading. the structure breaks down, which results in
a large amount of settlement.

Structures in Cohesive Soils

To understand the basic structures in cohesive soils, we need to know the types of
forces that act between clay particles suspended in water. In Chapter 2, we discussed
the negative charge on the surface of the clay particles and the diffuse double layer
surrounding each particle. When two clay particles in suspension come close to each
other, the tendency for interpenctration of the diffuse double layers results in repul-
sion between the particles. At the same time, an attractive force exists between the
clay particles that is caused by van der Waals forces and is independent of the char-
acteristics of water. Both repulsive and attractive forces increase with decreasing
distance between the particles, but at different rates. When the spacing between the
particles is very small, the force of attraction is greater than the force of repulsion.
These are the forces treated by colloidal theories.

The fact that local concentrations of positive charges occur at the edges of clay
particles was discussed in Chapter 2. If the clay particles are very close to each other,
the positively charged edges can be attracted to the negatively charged faces of the
particles.

Let us consider the behavior of clay in the form of a dilute suspension. When
the clay is initially dispersed in water, the particles repel one another. This repulsion
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(a) (b)

(<)

Figure 3.24 Scdiment structures: (a) dispersion: (b) nonsalt flocculation: (¢) salt floccula-
tion (adapted from Lambe. 1958)

occurs because with larger interparticle spacing. the forces of repulsion between the
particles are greater than the forces of attraction (van der Waals forces). The force
of gravity on each particle is negligible. Thus. the individual particles may settle very
slowly or remain in suspension. undergoing Brownian motion (a random zigzag mo-
tion of colloidal particles in suspension). The sediment formed by the scttling of the
individual particles has a dispersed structure, and all particles are oriented more or
less parallel to one another (Figure 3.24a).

If the clay particles initially dispersed in water come close to one another dur-
ing random motion in suspension, they might aggregate into visible flocs with edge-
to-face contact. In this instance, the particles are held together by electrostatic at-
traction of positively charged edges to negatively charged faces. This aggregation is
known as flocculation. When the flocs become large, they settle under the force of
gravity. The sediment formed in this manner has a flocculent structure (Figure 3.24b).

When salt is added to a clay-water suspension that has been initially dispersed,
the ions tend to depress the double layer around the particles. This depression re-
duces the interparticle repulsion. The clay particles are attracted to one another to
form flocs and settle. The flocculent structure of the sediments formed is shown in
Figure 3.24c. In flocculent sediment structures of the salt type, the particle orientation
approaches a large degree of parallelism, which is due to van der Waals forces.

Clays that have flocculent structures are lightweight and possess high void ra-
tios. Clay deposits formed in the sea are highly flocculent. Most of the sediment de-
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Figure 3.25 Soil structure: (a) arrangement of peds and macropore spaces: (b) arrange-
ment of domains and clusters with silt-size particles

posits formed from freshwater possess an intermediate structure between dispersed
and flocculent.

A deposit of pure clay minerals is rare in nature. When a soil has 50% or more
particles with sizes of 0.002 mm or less. it is gencrally termed clay. Studies with scan-
ning ¢lectron microscopes (Collins and McGown, 1974: Pusch. 1978: Yong and Shec-
ran. 1973) have shown that individual clay particles tend to be aggregated or floccu-
lated in submicroscopic units. These units are referred to as domains. The domains
then group together. and these groups are called c/usters. Clusters can be seen under
a light microscope. This grouping to form clusters is caused primarily by interpar-
ticle forces. The clusters, in turn. group to form peds. Peds can be seen without a mi-
croscope. Groups of peds are macrostructural features along with joints and fissures.
Figure 3.25a shows the arrangement of the peds and macropore spaces. The arrange-
ment of domains and clusters with silt-size particles is shown in Figure 3.25b.

From the preceding discussion, we can see that the structure of cohesive soils is
highly complex. Macrostructures have an important influence on the behavior of soils
from an engineering viewpoint. The microstructure is more important from a fun-
damental viewpoint. Table 3.5 summarizes the macrostructures of clay soils.

Table 3.5 Structure of Clay Soils

Item Remarks

Dispersed structures Formed by settlement ol individual clay particles. More or
less parallel orientation (sce Figure 3.24a).

Flocculent structures Formed by scttlement of {locs of clay particles (see
Figures 3.24b and 3.24c¢).

Domains Aggregated or flocculated submicroscopic units of clay
particles.

Clusters Domains group to form clusters. Can be seen under light
microscope.

Peds Clusters group to form peds. Can be seen without microscope.
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3.14

Summary

This chapter discussed three major components in the study of soil mechanics. They
are (a) weight-volume relationships (Sections 3.1 to 3.5), (b) plasticity of soil and re-
lated topics (Sections 3.6 to 3.12), and (c) structure of soil (Section 3.13).

Weight-volume relationships include relationships among parameters such as
void ratio. porosity. degree of saturation, moisture content, and unit weight. The pa-
rameters are fundamental to the study of geotechnical engineering.

Liquid limit, plastic limit, and shrinkage limit tests of fine-grained soil are in-
dicators of the nature of its plasticity. The difference between the liquid limit and
plastic limit is called the plasticity index. Liquid limit and plasticity index are re-
quired parameters for classification of fine-grained soils.

The structure of cohesionless soils can be single grained or honeycombed.
Honcycombed structures are encountered in relatively fine sands and silts. The
macrostructure of clay soils can be broadly divided into categories such as dispersed
structures, flocculent structures, domains, clusters, and peds.

Problems

3.1 For a given soil, show that
a. Yoat = %1 + ”‘YII‘

b o <] + Wy
s Yo — 1 . Y

satl

where w_,, = moisture content at saturated state
e vy =- eSYe
T+ e)w
3.2 For a given soil, show that
_ Yt = Ya
o =t Fd
Yad T Vs + Y
3.3 For a given soil, show that
G‘ — AY\'M

Yie — u}gul(‘}’sul - YII')
3.4 For a given soil, show that
nYIl'
y\&ll - 'I‘YII‘
3.5 For a moist soil, given that
* Volume of moist soil = 0.25 ft*
e Weight of moist soil = 30 Ib
Weight of dry soil = 26.1 1b
G, =263
calculate
a. Moisture content
b. Moist unit weight
¢. Dry unit weight
d. Void ratio

Wy =

sat
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e. Porosity

f. Degree of saturation

For a moist soil, given that Volume = 5660 cm®; Mass = 10.4 kg: Moisture
content = 10%: G, = 2.7, calculate the following:

a. Moist density (kg/m®)

b. Dry density (kg/m?)

¢. Void ratio

d. Porosity

e. Degree of saturation (%)

f. Volume occupied by water (m*)

The saturated unit weight of a soil is 126 I1b/ft*. The moisture content of the
soil is 18.2%. Determine the following:

a. Dry unit weight

b. Void ratio

c. Specific gravity of soil solids

The unit weight of a soil is 14.9 kN/m’. The moisture content of this soil is
17% when the degree of saturation is 60%. Determine

a. Saturated unit weight

b. Void ratio

¢. Specific gravity of soil solids

For a soil, the following are given: G, = 2.67, moist unit weight y = 17.6
kN/m?, and moisture content w = 10.8%. Determine

a. Dry unit weight

b. Void ratio

¢. Porosity

d. Degrce of saturation

Refer to Problem 3.9. Determine the mass of water, in kilograms, to be
added per cubic meter of soil for

a. 80% degree of saturation

b. 100% degree of saturation

The moist unit weight of a soil is 105 Ib/ft*. Given that w = 15% and G, =
2.7, determinc

a. Dry unit weight

b. Porosity

¢. Degrec of saturation

d. Weight of water, in Ib/ft*, to be added to reach full saturation

The dry density of a soil is 1760 kg/m®. Given that G, = 2.66, what would be
the moisture content of the soil when saturated?

The porosity of a soil is 0.35. If G, = 2.69, calculate

a. Saturated unit weight (kN/m?)

b. Moisture content when moist unit weight = 17.6 kN/m?

A saturated soil has w = 28% and G, = 2.66. Determine its saturated and
dry unit weights in Ib/ft>.

A soilhase = 0.75, w = 21.5%, and G, = 2.71. Determine

a. Moist unit weight (Ib/ft?)

b. Dry unit weight (Ib/ft?)

¢. Degree of saturation (%)
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3.16
3.17

3.18

3.19

3.20

3.21

3.22

3.23

3.24

Repeat Problem 3.15 with the following: e = 0.6, w = 6%, and G, = 2.65.
The moist densities and degrees of saturation of a soil are given in the fol-
lowing table:

plkg/m3) S (%)
1690 50
1808 75
Determine
a. G,
b. e

Refer to Problem 3.17. Determine the weight of water, in kg, that will be in

70.8 X 107* m? of the soil when it is saturated.

For a given sand, the maximum and minimum void ratios are 0.78 and 0.43,

respectively. Given that G, = 2.67, determine the dry unit weight of the soil

when the relative density is 65% (in Ib/ft).

For a given sandy solil, e, = 0.75, e, = 0.46, and G, = 2.68. What will be

the moist unit weight of compaction (kN/m?) in the field if D, = 78% and

w=9%"?

For a given sandy soil, the maximum and minimum dry unit weights are

108 Ib/ft* and 92 Ib/ft’, respectively. Given that G, = 2.65, determine the

moist unit weight of this soil when the relative density is 60% and the mois-

ture content is 8%.

A loose, uncompacted sand fill 2 m in depth has a relative density of 40%.

Laboratory tests indicated that the minimum and maximum void ratios of

the sand are 0.46 and 0.90, respectively. The specific gravity of solids of the

sand is 2.65.

a. What is the dry unit weight of the sand?

b. If the sand is compacted to a relative density of 75%, what is the decrease
in thickness of the 2 m fill?

A soil at a constant moisture content shows the following properties when

compacted:

Degree of Dry unit
saturation (%) weight (Ib /ft%)
40 92.1
70 113.7

Determine the moisture content of the soil.
Following are the results from the liquid and plastic limit tests for a soil:
Liquid limit test:

Number of Moisture
blows, N content (%)
15 42
20 40.8
28 39.1

Plastic limit = 17.2%
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a. Draw the flow curve and obtain the liquid limit.
b. What is the plasticity index of the soil?

3.25 Refer to Problem 3.24 Determine the liquidity index of the soil when the in
situ moisture content is 30%.

3.26 Repeat Problem 3.24 with the following values:

Number of Moisture
blows, N content (%)
13 33
18 27
29 22

Plastic limit = 15.5%

3.27 Dectermine the liquidity index of the soil referred to in Problem 3.26 when
the in situ moisture content is 14%.

3.28 A saturated soil used to detcrmine the shrinkage hmit has initial volume,
VvV, =202 em”, final volume. V, =143 em’, mass of wet soil, M, =34 g, and
mass of dry soil, M, = 24 ¢. Determine the shrinkage limit.
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Engineering Classification of Soil

4.1

Different soils with similar properties may be classified into groups and sub-groups
according to their engineering behavior. Classification systems provide a common
language to concisely express the general characteristics of soils, which are infinitely
varied, without detailed descriptions. Currently. two elaborate classification systems
are commonly used by soils engineers. Both svstems take into consideration the
particle-size distribution and Atierberg limiis. Thev are the American Association
of State Highwav and Transportation Oftficials (AASHTO) classification system and
the Unified Soil Classification System. The AASHTO classification system 15 used
mostly by state and county highwav departments. Geotechnical engineers generally
prefer the Unified svstem.

AASHTO Classification System

The AASHTO system of soil classification was developed in 1929 as the Public Road
Administration Classification System. It has undergone several revisions, with the
present version proposed by the Committee on Classification of Materials for Sub-
grades and Granular Type Roads of the Highway Research Board in 1945 (ASTM
designation D-3282; AASHTO method M145).

The AASHTO classification in present use is given in Table 4.1. According to
this system, soil is classified into seven major groups: A-1 through A-7. Soils classi-
fied under groups A-1, A-2, and A-3 are granular materials of which 35% or less of
the particles pass through the No. 200 sieve. Soils of which more than 35% pass
through the No. 200 sieve are classified under groups A-4, A-5, A-6, and A-7. These
soils are mostly silt and clay-tvpe maternials. The classification system is based on the
following critiera:

1. Grainsize
a. Gravel: fraction passing the 73-mm (3-in.) sieve and retained on the No. 10
(2-mm) U.S. sieve
b. Sand: fraction passing the No. 10 (2-mm}) U.S. sieve and retained on the
No. 200 (0.075-mm) U.S. sieve
- ¢. Silt and clay: fraction passing the No. 200 US. sieve

83
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Table 4.1 Classification of Highway Subgrade Materials

General Granular materials
classification {35% or less of total sample passing No. 200)
A-1 A-2
Group classification A-1-a A-1-b A-3 A-2-4 A-2-5 A-2-6 A-2-7
Sieve analysis
(percentage passing)
No. 10 50 max.
No. 40 30 max. 50 max. 51 min.
No. 200 15 max. 25 max. 10 max. 35 max. 35 max. 35 max. 35 max.
Characteristics of frac-
tion passing No. 40
Liquid limit 40 max. 41 min. 40 max. 41 min.
Plasticity index 6 max. NP 10 max. 10 max. 11 min. 11 min.
Usual types of sig- Stone fragments, Fine Silty or clayey gravel and sand
nificant constituent gravel, and sand sand
materials
General subgrade Excellent to good
rating
Silt-clay materials
General classification {more than 35% of total sample passing No. 200}
A-7
A-7-5¢
Group classification A-4 A-5 A-6 A-7-6°
Sieve analvsis (percentage passing)
No. 10
No. 40
No. 200 36 min. 36 min. 36 min. 36 min.
Characteristics of fraction passing No. 40
Liquid limit 40 max. 41 min. 40 max. 41 min.
Plasticity index 10 max. 10 max. 11 min. 11 min.
Usual types of significant constituent materials Silty soils Clayey soils

General subgrade rating

Fair to poor

“For A-7-5.PI < LL — 30
bFor A-7-6, PI> LL — 30

2. Plasticity: The term silty is applied when the fine fractions of the soil have a
plasticity index of 10 or less. The term clayey is applied when the fine fractions

have a plasticity index of 11 or more.

3. If cobbles and boulders (size larger than 75 mm) are encountered, they are ex-
cluded from the portion of the soil sample from which classification is made.
However, the percentage of such material is recorded.

To classify a soil according to Table 4.1, one must apply the test data from left
to right. By process of elimination, the first group from the left into which the test
data fit is the correct classification. Figure 4.1 shows a plot of the range of the lig-
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Figure 4.1 Range of liquid limit and plasticity index for soils in groups A-2, A-4. A-5. A-6,
and A-7

uid limit and the plasticity index for soils that fall into groups A-2. A-4. A-5. A-6,
and A-7.

To evaluate the quality of a soil as a highway subgrade material, one must also
incorporate a number called the group index (G1) with the groups and subgroups of
the soil. This index is written in parentheses after the group or subgroup designation.
The group index is given by the equation

GI = (Fyp — 35)[02 + 0.005(LL — 40)] + 0.01(Fye — 15)(PI — 10)  (4.1)

where Fyy, = percentage passing through the No. 200 sieve
LL = liquid limit
P = plasticity index

The first term of Eq. (4.1) — that is, (Fyg — 35)[0.2 + 0.005(LL — 40)]— is the partial
group index determined from the liquid limit. The second term — that is, 0.01(F,g —
15)(PI — 10)—is the partial group index determined from the plasticity index. Fol-
lowing are some rules for determining the group index:

1. If Eq. (4.1) yields a negative value for GJ, it is taken as 0.

2. The group index calculated from Eq. (4.1) is rounded off to the nearest whole
number (for example, G/ = 3.4 is rounded off to 3; GI = 3.5 isrounded off to 4).

3. There is no upper limit for the group index.

4. The group index of soils belonging to groups A-1-a, A-1-b. A-2-4, A-2-5, and
A-31s always 0.
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5. When calculating the group index for soils that belong to groups A-2-6 and
A-2-7. use the partial group index for P/, or

GI = 0.01(Fyg — 15)(PI — 10) (4.2)

In general, the quality of performance of a soil as a subgrade material is inversel
gener q yolp g
proportional to the group index.

Example 4.1

The results of the particie-size analysis of a soil are as follows:

Percent passing through the No. 10 sieve = 100
Percent passing through the No. 40 sieve = 80
Percent passing through the No. 200 sieve = 58

The liquid limit and plasticity index of the minus No. 40 fraction of the soil are 30
and 10, respectively. Classify the soil by the AASHTO system.

Solution
Using Table 4.1, since 58 % of the soil is passing through the No. 200 sieve, it falls
under silt-clay classifications.— that is, it falls under group A-4, A-5, A-6, or A-7.
Proceeding from left to right, it falls under group A-4.

From Eq. (4.1).

GI = (Fy = 35)[0.2 + 0.005(LL — 40)] + 0.01(Fyo — 15)(P1 — 10)
(58 — 35)[0.2 + 0.005(30 — 40)] + (0.01)(58 — 15)(10 — 10)
=345=3

So, the soil will be classified as A-4(3).

Example 4.2

Ninety-five percent of a soil passes through the No. 200 sieve and has a liquid limit
of 60 and plasticity index of 40. Classify the soil by the AASHTO system.

Solution
According to Table 4.1, this soil falls under group A-7. (Proceed in a manner sim-
ilar to Example 4.1.) Since

40 > 60 — 30
T
PI LL
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fhis is an A-7-6 soil. Hence,
GI = (Fyp — 35)[0.2 + 0.005(LL — 40)] + 0.01(Fg — 15)(PI - 10)
= (95 — 35)[0.2 + 0.005(60 — 40)] + (0.01)(95 — 15)(40 — 10)
=42
So, the classification 1s A-7-6(42).

Example 4.3
For a soil, given
Sieve No. Percent passing
4 90
10 76
200 34

Liquid limit = 37
Plasticity index = 12
Classify the soil by the AASHTO system.

Solution
The percentage passing through the No. 200 sieve is less than 33, so the soil is a
granular material. From Table 4.1, we see that it is type A-2-6. From Eq. (4.2),

GI = 0.01(Fy — 15)(PI - 10)
.For this soil, Fyq = 34 and P/ = 12, so
Gl =001(34 - 15)(12 - 10) =038 =0

.“Tﬁ_us, the soil is type A-2-6(0).

Unified Soil Classification System

The original form of the Unified Soi} Classification System was proposed by Casa-
grande in 1942 during World War II for use in airfield construction undertaken by
the Army Corps of Engineers. In cooperation with the U.S. Bureau of Reclamation,
the Corps revised this system in 1952, At present. it is widely used by engineers
(ASTM desigration D-2487). In order to use the classification system, the following
points must be kept in mind:

1. The classification is based on material passing a 75 mm (3 in.) sieve.
2. Coarse fraction = percent retained above No. 200 sieve = 100 = Fapy = Ruy.
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Table 4.2 Unified Classification System (Based on Materials Passing 75 mm (3 in.) Sieve (Based on ASTM-2487)

Group
Major division symbol Criteria
Fa < 50 Gravels GW Fop<5C,z41=C, =3
GP Foyp < 5; Not meeting the GW criteria of C, and C,
R 05 GM Fae > 12; PI < 4 or plots below A-line (Fig. 4.2)
Ry GC Fop > 12; PI > 7 and plots on or above A-line (Fig. 4.2)
GM-GC Foy > 12; PI plots in the hatched area (Fig. 4.2)
GW-GM 5 = Fop = 12; satisfies C, and C, criteria of GW and meets the P
criteria for GM
GW-GC 5 = Fy = 12; satisfies C, and C, criteria of GW and meets the PJ
criteria for GC
GP-GM 5 = Foy = 12; does not satisfy C, and C, criteria of GW and meets
the PI criteria for GM
GP-GC 5 = Fyp = 12; does not satisfy C, and C, criteria of GW and meets
the PI criteria for GC
Sands SW Fon<5C,z61=C.=3
Sp Fay < 5; Not meeting the SW criteria of C, and C,
{05 SM Fo > 12; PI < 4 or plots below A-line (Fig. 4.2)
200 SC Fop > 12; PI > 7 and plots on or above A-line (Fig. 4.2)
SM-SC Fyy > 12; PI plots in the hatched area (Fig. 4.2)
SW-SM 5 = Fypp = 12; satisfies C, and C, criteria of SW and meets the P
criteria for SM :
SW-SC 5 = Fyp = 12:satisfies C,, and C. criteria of SW and meets the PJ
criteria for SC
SP-SM 5 = Fypo = 12; does not satisfy C, and C, criteria of SW and meets
the PI criteria for SM
SP-SC 5 = Fyg = 12; does not satisty C, and C, criteria of SW and meets
the PI criteria for SC
Fopo= 50 Silts and ML PI < 4 or plots below A-line (Fig. 4.2)
Clavs CL PI>7 and plots on or above A-line (Fig. 4.2)
LL <50 CL-ML PIplotsin the hatched area (Fig. 4.2)
L, A
oL Lhvensict) _ 25 py plots in the OL area in Fig. 4.2
LL(not dried)
Silts and MH FIplots below A-line (Fig. 4.2)
Clays CH PI plots on or above A-line (Fig. 4.2)
LL =50 L Lioven dried) .
OH ——— < 0.75: PI plots in the OH area in Fig. 4.2
Lme dried)
Highly Pt Peat
organic
matter
: C, = uniformi ff"t-gﬂ = coefficient of gradation = D
Note: C, = uniformity coefficient = Do & coefficient of gradation = m
LL = liquid limit on minus 40 sieve fraction

PI = plasticity index on minus 40 sieve fraction
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3. Fine fraction = percent passing No. 200 sieve = Fiq.
4. Gravel fraction = percent retained above No. 4 sieve = R

According to the Unified Soil Classification System, the soils are divided into two
major categories:

1. Coarse-grained soils that are gravelly and sandy in nature with less than 50%
passing through the No. 200 sieve (that is, Foy < 50). The group symbols start
with prefixes of either G or S. G stands for gravel or gravelly soil, and S for
sand or sandy soil.

2. Fine-grained soils with 50% or more passing through the No. 200 sieve (that is,
Fyp0 = 50). The group svmbols start with prefixes of M, which stands for inor-
ganic silt, C for inorganic clay. and O for organic silts and clays. The symbol Pt
is used for peat, muck, and other highly organic soils.

Other symbols used for the classification are:

e W —well graded

e P —poorly graded

* L —low plasticity (liquid limit less than 30)

* H —high plasticity (liquid limit more than 50)

Table 4.2 gives the details of the soil classification system to determine the group
symbols.

More recently, ASTM designation D-2487 created an elaborate system to as-
sign group names to soils. These names are summarized in Figures 4.3, 4.4, and 4.5.
In using these figures, it is important to remember that. in a given soil, percentage of
gravel = R, and percentage of sand = R,y — R,.

3
j / OH '
‘ 2 B /
Ny {
CL KQ'\\/ y\\\\?’,\ ,"y®
T / ' ,x(/
I OL / Q\ : % >
AN ; RA{(

ol

W
o

»
o

w
(=]
N\
|

Plasticity index

CL-ML
[

L i ﬁ
0 \‘!'\:_:—'7/‘( Oolr‘ f !

10 1620 30 40 30 60 70 80 90 100
Liquid limit

E[“ i
l

o

Figure 4.2 Plasticity chart
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Group Symbol Group Name

GW - <13% sand —— Well-graded gravel
\ =15% sand —— Well-graded gravel with sand
GP Y: <15% sand —— Poorly graded gravel

=15% sand —— Poorly graded gravel with sand

GW —GMiZ <15% sand ———» Well-graded sand with silt
=15% sand —— Well-graded gravel with silt and sand
GW-GC ~ <15% sand —— Well-graded gravel with clay (or silty clay)
=15% sand —— Well-graded gravel with clay and sand (or silty clay and sand)

GP-GM i: <15% sand —— Poorly graded gravel with silt
=15% sand —— Poorly graded gravel with silt and sand
GP-GC -i: <15% sand — Poorly graded gravel with clay (or silty clay)
=15% sand —— Poorly graded gravel with clay and sand (or silty clay and sand)

GM ?: <15% sand —— Silty gravel

=15% sand —— Silty gravel with sand
GC ~<: <15% sand Clayey gravel

=15% sand Clayey gravel with sand

GC-GM i: <15% sand —— Silty clayey gravel

=15% sand —— Silty clayey gravel with sand

S\Ni: <13% gravel — Well-graded sand

=13% gravel — Well-graded sand with gravel
SP "?: <15% gravel — Poorly graded sand
=>159% gravel — Poorly graded sand with gravel

SW-SM - <15% gravel —— Well-graded sand with silt
=15% gravel —— Well-graded sand with silt and gravel
SW-SC ~ <15% gravel —— Well-graded sand with clay (or silty clay)
% gravel —— Well-graded sand with clay and gravel (or silty clay and gravel)

SP-SM <: <15% grave]l —— Poorly graded sand with silt
=15% gravel — Poorly graded sand with silt and gravel
SP-SC — <15% gravel — Poorly graded sand with clay (or silty clay)
=15% gravel — Poorly graded sand with clay and gravel (or silty clay and gravel)

SM ~—— <15% gravel— Silty sand

T =15% gravel —— Silty sand with gravel
SC Y <15% gravel — Clayey sand
=15% grave] — Clayey sand with gravel
SC-SM ~ <15% gravel — Silty clayey sand
Figure 4.3 Flowchart group names for gravelly and sandy soil. Source: From “Annual Book

of ASTM Standards, 04.08.” Copyright © 1999 American Society for Testing and Materials.
Reprinted with permission.
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Example 4.4

Figure 4.6 gives the grain-size distribution of two soils. The liquid and plastic lim-
its of minus No. 40 sieve fraction of the soil are as follows:
Soil A Soil B
Liquid limit 30 26
Plastic limit 22 20

Determine the group symbols and group names according to the Unified Soil Clas-
sification System.

No. 200
100 ~ Soil B sleve

80

T

60 (e~~~ — = 5

Percent hner

0L 1 I (ol ] 1 [ ' L |
1.0 0.1 0.01 0.001
Paricle diameter (mm)

Figure 4.6 Particle-size distribution of two soils

Solution

Soil A _
The grain-size distribution curve indicates that Fyy = 8. So this is a coarse-grained
soil, and

From Figure 4.6, R, = 0; therefore,

R, 0
e == .
R 92 05

Hence, it is a sandy soil (Table 4.2). From Figure 4.6, Dy, = 0.085 mm, Dy =
0.12 m, and D¢ = 0.135 mm. Thus,
Dgy 0135 .
Cu = N T T e T S
Dy 0085 <6
Dy  (012)

C. = =
* Dy X Dy (0.135)(0.085)

=125>1
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With LL = 30 and PI = 30 — 22 = 8 (which is greater than 7), it plots above the
A-line in Figure 4.2. Hence, the group symbol is SP-SC:;

In order to determine the group name, we refer to Figure 4.3..
Percentage of gravel = R, =0 (which is <’ 15%)
So, the group name is poor}y graaed sand with clay.-

Soil B .

From the’ gram size dxstnbutxon curve, ono 61. Hence, this] 1s_a ﬁne-gramcd soil.
Given: LL = 26 and Pl 26 20 6. In Flgure 4 2, the P] plots in the hatchcd
area. So, from Table 42, the group symbol is. CL:ML:

For group name, assuming that the soil is inorganic, we goto F igure 4.4 and obtain
Plus No. 200 sieve = Ry0 = 100 — Fop = 100 — 61 = 39 (which is greater than 30)
Percentage of gravel = R; = 0; percentage of sand = R,y — Rs = 39

Thus, because the percentage of sand is greater than the percentage of gravel, the

soil is sandy silty clay. =
Example 4.5
The grain-size analysis for a soil is given next:
Sieve no. % passing
4 94
10 T 63
20 21
40 10
60 7
100 5
200 3

Given that the soil is nonplastic, classify the soil by using the Unified Soil Classifi-
cation System.

Solution
Foo=3
Ry =100 — 3 =97
R,=100~ F, =100 -9 =6

R

K8 s

Thus, this soil is sandy. The grain-size distribution is shown in Figure 4.7. From
this figure, we obtain

Dy =141mm  Dy=09mm  Dj=04lmm
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Percent finer

Grain size (mm)

Figure 4,7 Grain-stze distribution curve

Thus,
_ Dgy 141

C, =2 =" =344
“ DlO 0.41

o Db _ 098 _
27 D X Dy 141 X 041

1.59

From Table 4.2, we see that the group symbol is SP. For this soil. Ry = 6. Refer-
ring to Figure 4.3, we find that the group name is poorly graded sand.

Summary and Comparison between
the AASHTO and Unified Systems

Both soil classification systems, AASHTO and Unified, are based on the texture
and plasticity of soil. Also, both systems divide the soils into two major categories,
coarse grained and fine grained, as separated by the No. 200 sieve. According to the
AASHTO system, a soil is considered fine grained when more than 35% passes
through the No. 200 sieve. According to the Unified system, a soil is considered fine
grained when more than 50% passes through the No. 200 sieve. A coarse-grained soil
that has about 33% fine grains will behave like a fine-grained material. Thisis because
enough fine grains exist to fill the voids between the coarse grains and hold them
apart. In this respect. the AASHTO system appears to be more appropriate. In the
AASHTO system. the No. 10sieve is used to separate gravel fromsand:in the Unified
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svstem. the No. 4 sieve is used. From the viewpoint of soil-separate size limits, the
No. 10 sieve is the more accepted upper limit for sand. This limit is used in concrete
and highway base-course technology.

In the Unified system. the gravelly and sandy soils are clearly separated; in the
AASHTO system, they are not. The A-2 group, in particular, contains a large variety
of soils. Symbols like GW, SM, CH, and others that are used in the Unified system
are more descriptive of the soil properties than the A symbols used in the AASHTO
system.

The classification of organic soils as OL. OH, and Pt is provided in the Unified
system. Under the AASHTO system, there is no piace for organic soils. Peats usu-
ally have a high moisture content, low specific gravity of soil solids, and low unit
weight. Figure 4.8 shows the scanning electron micrographs of four peat samples col-
lected in Wisconsin. Some of the properties of the peats are given in Table 4.3.

Liu (1967) compared the AASHTO and Unified svstems. The results of his
study are presented in Tables 4.4 and 4.5.

PORTAGE PEAT FCXD DU LAC PEAT

—
100

Figure 4.8 Scanning electron micrographs for four peat samples (after Dhowian and Edil,
1680)
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Table 4.3 Properties of the Peats Shown in Figure 4.8

Moisture Unit weight Specific Ash

content gravity, content
Source of peat (%) kN/m? Ib /ft? G, (%)
Middleton 510 9.1 57.9 1.41 12.0
Waupaca County 460 9.6 61.1 1.68 15.0
Portage 600 9.6 61.1 1.72 19.5
Fond du Lac County 240 10.2 64.9 1.94 39.8

Table 4.4 Comparison of the AASHTO System with the Unified System*

li‘;‘fég#g Comparable soil groups in Unified system
system Most probable P3ssible Possible but improbable
A-l-a GW.,GP SW. Sp GM. SM
A-1-b SW.SP. GM. SM GP —
A-5 SP - SW. GP
A-2-4 GM. SM GC. SC GW, GP. SW, SP
A-2-5 GM. SM — GW, GP. SW, Sp
A-2-6 GC.SC GM. SM GW. GP. SW, SP
A-2- GM. GC.SM.SC — GW. GP. SW.SP
A4 ML. OL CL.SM. SC GM. GC
A-D OH. MH.ML. OL — SM. GM
A-b CL ML OL. SC GC.GM. SM
A-7-3 OH. MH ML.OL.CH GM, SM. GC.SC
A-7-6 CH, CL ML, OL. SC OH. MH. GC, GM, SM

* After Liu (1967)

Table 4.5 Comparison of the Unified System with the AASHTO System*

Soil group Comparable soil groups in AASHTO system
in Unified
system Most probable Possible Possible but improbable
GW A-l-a — A-2-4, A-2-5, A-2-6, A-2-7
GP A-l-a A-1-b A3, A-2-4, A-2-5. A-2-6, A-2-7
GM A-1-b, A-2-4, A-2-5, A-2-7 A-2-6 A-d A-5, A-6. A-7-3, A-7-6, A-1-a
GC A-2-6, A-2-7 A-2-4 A-d, A-6, A-7-6, A-7-5
SW A-1-b A-l-a A-3.A-2-4, A-2-5, A-2-6, A-2-7
P . _A3A-Tb. - A-l-a A-2-4, A-2-5. A-2-6, A-2-7
SM A-1-b, A-2-4, A-2-5, A-2-7 A-2-6. A-4 A-5. A6, A-7-5, A-7-6, A-1-a
SC A-2-6, A-2-7 A-2-4 A-6. A-4, A-T7-6 A-7-5
ML A-4, A-> A-6. A-7-5.A-7-6 —
CL A-6, A-7-6 A-d —
oL A-4, A-S A-6. A-7-50A-7-6 -
MH A-7-5, A-3 — A-7-6
CH A-7-6 A-7-5 —
OH A-7-5, A-5 - A-7-6
Pt — - —

* After Liu (1967)
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Problems

4.1 The sieve analysis of 10 soils and the liquid and plastic limits of the fraction
passing through the No. 40 sieve are given in the following table:

Sieve analysis, % finer

Liquid Plastic

Soil No. 10 No. 40 No. 200 limit limit
1 95 79 53 36 21
2 100 95 78 65 26
3 100 80 62 - 35 20
4 90 55 45 28 ’ 20
5 90 71 60 40 26
6 95 65 32 25 16
7 100 55 8 — NP
8 96 82 65 40 24
9 85 60 23 20 " 15

10 100 92 86 70 38

Classify the soils by the AASHTO classification system and give the group
indices for each.

4.2  Classify the following soils using the AASHTO classification system, and
give the group indices:

Sieve analysis, % finer

Liquid Plastic

Soil No. 10 No. 40 No. 200 fimit limit
A 62 30 8 - NP
B 90 67 35 32 8
C 90 76 34 37 12
D 100 78 8 - NP
E 85 68 45 38 9

4.3  Classify the following soils using the AASHTO classification system, and
give the group indices also:

Percent passing

Sieve size A B C D E
No. 4 94 98 100 100 100
No. 10 63 86 100 100 100
No. 20 21 50 98 100 100
No. 40 10 28 93 99 94
No. 60 7 18 88 95 a2
No. 100 5 14 83 90 66
No.200 3 10 77 86 45
0.01 mm — — 65 42 26
0.002 mm - - 60 47 21
Liquid limit — — 63 55 36

Plasticity index NP NP 25 28 22
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Classify soils 1-6 given in Problem 4.1 using the Unified classification sys-

4.4
tem. Give the group svmbols and the group names.
4.5  Classify the soils given in Problem 4.3 using the Unified classification system.
Give the group symbols and the group names.
4.6  Classify the following soils using the Unified classification system:
. o g
Sieve analysis, % finer Liquid Plasticity
Soil No. 4 No. 200 limit index
A 80 32 30 8
B 79 435 26 4
C 91 80 60 32
D 95 75 41 12
E 82 41 24 2
Give the group svmbols and the group names.
4.7  For an inorganic soil, the following grain-size analysis is given:
uU.s. Percent
sieve no. passing
4 100
10 90
20 64
40 38
80 LS
200 13
For this soil. LL =23 and PL = 19. Classify the soil according to
a. the AASHTO soil classification system:
b. the Unified soil classification system. Give group names and group
symbols.
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5.1

In the construction of highway embankments, earth dams, and many other engineer-
ing structurcs, loose soils must be compacted to increase their unit weights. Com-
paction incrcases the strength characteristics of soils, which increase the bearing ca-
pacity of f[oundations constructed over them. Compaction also decreases the amount
of undesirable settlement of structures and incrcases the stability of slopes of em-
bankments. Smooth-wheel rollers, sheepstoot rollers, rubber-tired rollers, and vi-
bratory rollers arc generally used in the ficld for soil compaction. Vibratory rollers
arc uscd mostly for the densification of granular soils. Vibroflot devices are also used
for compacting granular soil deposits to a considerable depth. Compaction of soil in
this manner is known as vibroflotation. This chapter discusses in some dctail the
principles of soil compaction in the laboratory and in the ficld.

Compaction— General Principles

Compaction, in gencral. is the densification ol soil by removal of air, which requires
mechanical energy. The degree of compaction of a soil is measured in terms of its dry
unit weight. When water is added to the soil during compaction, it acts as a soften-
ing agent on the soil particles. The soil particles slip over cach other and move into
a densely packed position. The dry unit weight after compaction first increases as the
moisture content increases. (See Figure 5.1.) Note that at a moisture content w = 0,
the moist unit weight (y) is equal to the dry unit weight (y,), or

Y = ‘)/I/(ll""”) =Y

When the moisture content is gradually increased and the same compactive effort is
used for compaction, the weight of the soil solids in a unit volume gradually increases.
For example, at w = wy,

=72
However, the dry unit weight at this moisture content is given by

Yaw=w) = Ydoe=0) T A¥y
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Figure 5.1 Principles of compaction

Beyond a certain moisture content w = w, (Figure 5.1). any incrcase in the moisture
content tends to reduce the dry unit weight. This phenomenon occurs because the
water takes up the spaces that would have been occupied by the solid particles. The
moisture content at which the maximum dry unit weight is attained is generally re-
ferred to as the optimum moisture conient.

The laboratory test generally used to obtain the maximum dry unit weight of
compaction and the optimum moisture content is called the Proctor compaction test
(Proctor, 1933). The procedure for conducting this type of test is described in the fol-
lowing section.

Standard Proctor Test

In the Proctor test, the soil is compacted in a mold that has a volume of 944 cm” (3 ft).
The diameter of the mold is 101.6 mm (4 in.). During the laboratory test. the mold
is attached to a baseplate at the bottom and to an extension at the top (Figure 5.2a).
The soil is mixed with varying amounts of water and then compacted in three equal
layers by a hammer (Figure 5.2b) that delivers 25 blows to each layer. The hammer
has a mass of 2.5 kg (5.5 Ib) and has a drop of 30.5 mm (12 in.). Figure 5.2c is a pho-
tograph of the laboratory equipment required for conducting a standard Proctor test.

For each test, the moist unit weight of compaction, vy, can be calculated as
w
= — 5.1
Y % (5.1)

ni)

where W = weight of the compacted soil in the mold
= volume of the mold [944 cm® ( 55 ft*)]

=
!
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Figure 5.2 Standard Proctor test equipment: (a) mold: (b) hammer (c) photograph of labo-
ratory equipment used for test
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Figure 5.3 Standard Proctor compaction test results for a silty clay

For each test, the moisture content of the compacted soil is determined in the labo-
ratory. With the known moisture content, the dry unit weight can be calculated as

_ Y
Ya = w (%) (5~2)

+
1 100

where w (%) = percentage of moisture content.

The values of vy, determined from Eq. (5.2) can be plotted against the corre-
sponding moisture contents to obtain the maximum dry unit weight and the optimum
moisture content for the soil. Figure 5.3 shows such a plot for a silty-clay soil.

The procedure for the standard Proctor test is elaborated in ASTM Test Desig-
nation D-698 (ASTM, 1999) and AASHTO Test Designation T-99 (AASHTO, 1982).

For a given moisture content w and degree of saturation S, the dry unit weight
of compaction can be calculated as follows: From Chapter 3 [Eq. (3.16)], for any soil,

G‘\"YTU

Y= The

where G, = specific gravity of soil solids
Y = unit weight of water
e = void ratio

Il
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5.3

and, from Eq. (3.18).

Se = Gaw
or
TS
Thus,
Gyya
=0 53
Yd G.w (5.3)
1+ —
S

For a given moisture content. the theoretical maximum dry unit weight is ob-
tained when no airisin the void spaces — that is, when the degree of saturation equals
100%. Hence, the maximum dry unit weight at a given moisture content with zero
air voids can be obtained by substituting § = 1 into Eq. (5.3). or

G\"Y'Il} 'y'w
Y = ‘ = (5.4)
zan 1+ 'l,UG“‘ w + ,L
G,
where vy.,. = zero-air-void unit weight.
To obtain the variation of vy, with moisturc content, use the following

proccdure:

1. Determine the specific gravity of soil solids.

2. Know the unit weight of water (y,,).

3. Assume several values of w, such as 5%, 10%. 15%. and so on.
4. Use Eq. (5.4) to calculate y.,, for various valucs of w.

Figure 5.3 also shows the variation of y.,, with moisture content and its relative
location with respect to the compaction curve. Under no circumstances should any
part of the compaction curve lie to the right of the zero-air-void curve.

Factors Affecting Compaction

The preceding section showed that moisture content has a strong influence on the
degree of compaction achieved by a given soil. Besides moisture content, other im-
portant factors that affect compaction are soil type and compaction effort (energy
per unit volume). The importance of each of these two factors is described in more
detail in the following two sections.
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Figure 5.4 Typical compaction curves lor four soils (ASTM D-69%)

Effect of Soil Type

The soil type — that is. grain-size distribution. shape of the soil grains, specific grav-
ity of soil solids, and amount and type of clay minerals present —has a great influ-
cnce on the maximum dry unit weight and optimum moisture content. Figure 5.4
shows typical compaction curves obtained from four soils. The laboratory tests were
conducted in accordance with ASTM Test Designation D-698.

Note also that the bell-shaped compaction curve shown in Figure 5.3 is typical
of most clayey soils. Figure 5.4 shows that for sands. the dry unit weight has a gen-
eral tendency first to decrease as moisture content increases, and then to increase to
a maximum value with further increase of moisture. The initial decrease of dry unit
weight with increase of moisture content can be attributed to the capillary tension
effect. At lower moisture contents, the capillary tension in the pore water inhibits the
tendency of the soil particles to move around and be densely compacted.

Lee and Suedkamp (1972) studied compaction curves for 35 soil samples. They
observed that four types of compaction curves can be found. These curves are shown
in Figure 5.5. Type A compaction curves are those that have a single peak. This type
of curve is generally found [or soils that have a liquid limit between 30 and 70. Curve
type B is a one-and-one-half-peak curve, and curve type C is a double-peak curve.
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Compaction curves of types B and C can be found for soils that have a liquid limit
less than about 30. Compaction curves of type D do not have a definite peak. They
are termed odd shaped. Soils with a liquid limit greater than about 70 may exhibit
compaction curves of type C or D. Such soils are uncommon.

Effect of Compaction Effort
The compaction energy per unit volume used for the standard Proctor test described
in Section 5.2 can be given as

Number Number Weight Height of
of blows | X of X of X [ drop of
er layer layers hammer hammer
£ o= periay y A (5.5)

Volume of mold

or, in SI units,

2.5 X 9.81
(25)(3)( 1000 kN)(O.SOS m)
- =5 - 3~ - 3
E 944 X 10 °m® 94 kKN-m/m” = 600 kN-m/m

In English units,

5.5
E = w = 12,375 ft-Ib/ft* = 12,400 ft-1b/ft?
()

If the compaction effort per unit volume of soil is changed, the moisture-unit weight
curve also changes. This fact can be demonstrated with the aid of Figure 5.6, which
shows four compaction curves for a sandy clay. The standard Proctor mold and ham-
mer were used to obtain these compaction curves. The number of layers of soil used
for compaction was three for all cases. However, the number of hammer blows per
each layer varied from 20 to 50, which varied the energy per unit volume.
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Figure 5.6 Effect of compaction cnergy on the compaction of a sandy clay

From the preccding observation and Figure 5.6, we can see that

1. As the compaction effort is increased, the maximum dry unit weight of com-
paction is also increased.

2. As the compaction effort is increased, the optimum moisture content is de-
creased to some extent.

The preceding statements are true for all soils. Note, however, that the degree of
compaction is not directly proportional to the compaction effort.

Modified Proctor Test

With the development of heavy rollers and their use in field compaction, the standard
Proctor test was modified to better represent field conditions. This revised version is
sometimes referred to as the modified Proctor test (ASTM Test Designation D-1557
and AASHTO Test Designation T-180). For conducting the modified Proctor test,
the same mold is used with a volume of 944 cm® (1/30 ft*) as in the case of the stan-
dard Proctor test. However, the soil is compacted in five layers by a hammer that has
amass of 4.54 kg (10 1b). The drop of the hammer is 457 mm (18 in.). The number of
hammer blows for each layer is kept at 25 as in the case of the standard Proctor test.
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The compaction energy for this type of compaction test can be calculated as
2700 kN-m/m?* (56,000 ft-1b/1b?).

Because it increases the compactive effort, the modified Proctor test results in
an increase in the maximum dry unit weight of the soil. The increase in the maximum
dry unit weight is accompanied by a decrease in the optimum moisture content.

In the preceding discussions, the specifications given for Proctor tests adopted
by ASTM and AASHTO regarding the volume of the mold and the number of blows
are generally those adopted for fine-grained soils that pass through the U.S. No. 4
sieve. However, under each test designation, there are three suggested methods that
reflect the mold size, the number of blows per layer, and the maximum particle size in
asoil aggregate used for testing. A summary of the test methods is given in Table 5.1.

Table 5.1 Summary of Standard and Modified Proctor Compaction

Test Specifications (ASTM D-698 and D-1557)

Description Method A Method B Method C
Physical Data  Material Passing No. 4 sicve Passing 9.5 mm Passing 19 mm
for the Tests (& in.) sicve (1in.) sieve
Use Used if 20% or less Used if more than 20% Used if more than 20%

Standard
Proctor Test

Modified
Proctor Test

Mold volume
Mold diameter
Mold height
Weight of
hammer
Height of drop

Number of
soil layers

Number of
blows/laycr
Weight of
hammer
Height of drop

Number of
soil layers

Number of
blows/layer

by weight of material
is retained on No. 4
(4.75 mm) sicve

944 em® ( 4, )
101.6 mm (4 in.)
116.4 mm (4.584 in.)

244N (5.51b)

305 mm (12 in.)
3

25

445N (10 Ib)

457 mm (18 in.)
S

25

by weight of material is
retained on No. 4

(4.75 mm) sieve and 20%
or less by weight of
material 1s retained on
9.5 mm ( §in.) sieve

944 cm* (4 fY)
101.6 mm (4 in.)
116.4 mm (4.584 in.)

244N (5.51b)

305 mm (121in.)
3

25

445N (101b)

457 mm (18 in.)
5

25

by weight of material
is retained on 9.5 mm
(% in.) sicve and less
than 30% by weight of
material is retained

on 19 mm ( jin.) sieve

944 em* ( 4 1tY)
101.6 mm (4 in.)
116.4 mm (4.584 in.)

244N (5.51b)

305 mm (12 in.)
3

56

445N (101b)

457 mm (18 in.)
S

56
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Example 5.1

For a compacted soil, G, = 2.72, w = 18%, and y,; = 0.9y,,,. Determine the dry
unit weight of the compacted soil.

Solution
From Eq. (5.4),

Y 9.81 3

= = = 17.9 kKN/m’

Yzav i 13 . 1 1 /m
YT 100 2m

Hence, for the compacted soil,
Ya = 0.9y,,, = (0.9)(17.9) = 16.1 kN/m°

Example 5.2
The laboratory test results of a standard Proctor test are given in the following table:
Volume Moisture
of mold Weight of moist content, w
(ft%) sail in mold (Ib) (%)
1:(, 3.63 10
0 3.86 12
3]3 4.02 14
= 3.98 16
%5 3.88 18
& 3.73 20

Determine the maximum dry unit weight of compaction and the optimum mois-
ture content.

Solution
The following table can be prepared:

Volume of Weight of Moist unit Moisture Dry unit

mold, V soil, W weight, y  content, w weight, vy,
(ft%) (Ib) (Ib /§£3)" (%) {Ib /%) ?
% 3.63 108.9 10 3 99.0
W 3.86 115.8 12 103.4
& 4.02 120.6 14 -103.8
% 3.98 119.4 16 102.9
% 3.88 116.4 18 98.6
% 3.73 111.9 20 93.3
y =WV

Py = YL+ [w (%)/100]}
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The plot of y, versus w is shown in Figure 5.7. From the plot, we see that the max-
imum dry unit weight (Y max)) = 106 Ib/ft? and that the optimum moisture con-
tent is 14.4%. ]

Structure of Compacted Clay Soil

Lambe (1958) studied the cffect of compaction on the structure of clay soils, and the
results of his study arc illustrated in Figure 5.8. If clay is compacted with a moisture
content on the dry side of the optimum, as represented by point A, it will posscss a
flocculent structure. This type of structure results because, at low moisture content,
the diffuse double layers of ions surrounding the clay particles cannot be fully de-
veloped; hence, the interparticle repulsion is reduced. This reduced repulsion results
in a more random particle orientation and a lower dry unit weight. When the mois-
ture content of compaction is increased, as shown by point B, the diffuse double
layers around the particles expand. which increases the repulsion between the clay
particles and gives a lower degree of flocculation and a higher dry unit weight. A con-
tinued increase in moisture content from B to C expands the double layers more.
This expansion results in a continued increase of repulsion between the particles and
thus a still greater degree of particle orientation and a more or less dispersed struc-
ture. However, the dry unit weight decreases because the added water dilutes the
concentration of soil solids per unit volume.

At a given moisture content, higher compactive effort yields a more parallel
orientation to the clay particles, which gives a more dispersed structure. The par-
ticles are closer and the soil has a higher unit weight of compaction. This phenome-
non can be seen by comparing point A with point E in Figure 5.8

Figure 5.9 shows the variation in the degree of particle orientation with mold-
ing water content for compacted Boston blue clay. Works of Seed and Chan (1959)
have shown similar results for compacted kaolin clay.
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Figure 5.11 Pneumatic rubber-tired roller (courtesy of David A. Carroll, Austin, Texas)

112
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Field Compaction

Compaction Equipment

Most of the compaction in the field is done with rollers. The four most common types
of rollers are

1. Smooth-wheel rollers (or smooth-drum rollers)
2. Pneumatic rubber-tired rollers

3. Sheepstoot rollers

4. Vibratory rollers

Smooth-whecl rollers (Figure 5.10) are suitablc for proof rolling subgrades and
for finishing operation of filis with sandy and clayey soils. These rollers provide 100%
coverage under the whecls. with ground contact pressures as high as 310 to 380 kN/m?
(45 to 55 Ib/in?). They are not suitable for producing high unit weights of compac-
tion when used on thicker layers.

Pneumatic rubber-tired rollers (Figure 5.11) are better in many respects than
the smooth-wheel rollers. The [ormer are heavily loaded with several rows of tires.
These tires are closcly spaced — four to six in a row. The contact pressure under the
tires can range from 600 to 700 kN/m? (85 to 100 Ib/in?), and they produce about 70
to 80% coverage. Pnecumatic rollers can be used for sandy and clayey soil compac-
tion. Compaction is achicved by a combination of pressure and kneading action.

Sheepsfoot rollers (Figure 5.12) are drums with a large number of projections.
The arca of cach projection may range from 25 to 85 cm? (= 4 to 3 in®). These rollers

Figure 5.12 Sheepsfoot roller (courtesy of David A. Carroll. Austin. Texas)
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Figure 5.13 Principles of vibratory rollers

are most effective in compacting clayey soils. The contact pressure under the pro-
jections can range from 1400 to 7000 kN/m?* (200 to 1000 Ib/in?). During compaction
in the field, the initial passes compact the lower portion of a lift. Compaction at the
top and middle of a lift is done at a later stage.

Vibratory rollers are extremely efficient in compacting granular soils. Vibra-
tors can be attached to smooth-wheel, pneumatic rubber-tired, or sheepsfoot rollers
to provide vibratory effects to the soil. Figure 5.13 demonstrates the principles of vi-
bratory rollers. The vibration is produced by rotating off-center weights.

Handheld vibrating plates can be used for effective compaction of granular
soils over a limited area. Vibrating plates are also gang-mounted on machines. These
plates can be used in less restricted areas.

Factors Affecting Field Compaction

In addition to soil type and moisture content, other factors must be considered to
achieve the desired unit weight of compaction in the field. These factors include the
thickness of lift, the intensity of pressure applied by the compacting equipment, and
the area over which the pressure is applied. These factors are important because the
pressure applied at the surface decreases with depth, which results in a decrease in
the degree of soil compaction. During compaction, the dry unit weight of soil is also
affected by the number of roller passes. Figure 5.14 shows the growth curves for a
silty clay soil. The dry unit weight of a soil at a given moisture content increases to a
certain point with the number of roller passes. Beyond this point, it remains approxi-
mately constant. In most cases, about 10 to 15 roller passes yield the maximum dry
unit weight economically attainable.

Figure 5.15a shows the variation in the unit weight of compaction with depth
for a poorly graded dune sand for which compaction was achieved by a vibratory
drum roller. Vibration was produced by mounting an eccentric weight on a single ro-
tating shaft within the drum cylinder. The weight of the roller used for this compac-
tion was 55.6 kN (12.5 kip), and the drum diameter was 1.19 m (47 in). The lifts were
kept at 2.44 m (8 ft). Note that, at any given depth, the dry unit weight of compac-
tion increases with the number of roller passes. However, the rate of increase in unit
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Figure 5.15 (a) Vibratory compaction of a sand — variation of dry unit weight with number
of roller passes; thickness of lift = 2.45 m (8 ft); (b) estimation of compaction lift thickness
for minimum required relative density of 75% with five roller passes (after D’ Appolonia,
Whitman, and D’Appolonia, 1969)
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5.7

weight gradually decreases after about 15 passes. Another fact to note from Fig-
ure 5.15ais the variation of dry unit weight with depth for any given number of roller
passes. The dry unit weight and hence the relative density, D,, reach maximum values
at a depth of about 0.5 m (1.5 ft) and gradually decrease at lesser depths. This de-
crease occurs because of the lack of confining pressure toward the surface. Once the
relationship between depth and relative density (or dry unit weight) for a given soil
with a given number of roller passes is determined, estimating the approximate
thickness of each lift is casy. This procedure is shown in Figure 5.15b (D’ Appolonia,
Whitman. and D"Appolonia, 1969).

Specifications for Field Compaction

In most specifications for earthwork, the contractor is instructed to achieve a com-
pacted field dry unit weight of 90 to 95% of the maximum dry unit weight deter-
mined in the laboratory by either the standard or modified Proctor test. This is a
specification for relative compaction, which can be expressed as

Ydiel
R(%) = —20 % 100 (5.6)
y{l(ln ax —lab)

For the compaction of granular soils, specifications are sometimes written in
terms of the required relative density D, or the required relative compaction. Rela-
tive density should not be confused with relative compaction. From Chapter 3, we
can write

’Y(l(l'icld) ~ Yd(min Ya mix)
D” N I’ ) ( )}|j ( } (5.7)
L y{l(lllil‘) - yfl(lﬂiﬂ) ytl(l'icld)

Comparing Eqgs. (5.6) and (5.7), we see that

R = Ry 5.8)
“1-D(-R) e
where
74/(min)
R, = 5.9
! Yr[(max) ( )

On the basis of observation of 47 soil samples, Lee and Singh (1971) devised a
correlation between R and D, for granular soils:

R =280+ 02D, (5.10)
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Line of
optimum

Yil(mux)'

Ry,

dtmax )“_

Dry unit weight. y,

L — & - & >
Moisture content, w

Figure 5.16 Most cconomical compaction condition

The specilication for field compaction based on relative compaction or on rel-
ative density is an end-product specification. The contractor is expected to achieve a
minimum dry unit weight regardless of the field procedure adopted. The most eco-
nomical compaction condition can be explained with the aid of Figure 5.16. The
compaction curves A, B, and C arc for the same soil with varying compactive effort.
Let curve A represent the conditions of maximum compactive effort that can be ob-
tained from the existing equipment. Let the contractor be required to achieve a min-
imum dry unit weight of y i) = R¥maxy- T0 achieve this, the contractor must en-
sure that the moisture content w falls between w, and w,. As can be seen from
compaction curve C, the required y,.10) can be achieved with a lower compactive ef-
fort at a moisture content w = w;. However, for most practical conditions, a com-
pacted field unit weight of gy = RYamax) cannot be achieved by the minimum
compactive effort. Hence. equipment with slightly more than the minimum com-
pactive effort should be used. The compaction curve B represents this condition.
Now we can see from Figure 5.16 that the most economical moisture content is be-
tween wy and wy. Note that w = wy is the optimum moisture content for curve A,
which is for the maximum compactive effort.

The concept described in the preceding paragraph, along with Figure 5.16,
is historically attributed to Seed (1964). who was a giant in modern geotechnical
engineering. This concept is elaborated on in more detail in Holtz and Kovacs
(1981).

Table 5.2 gives some of the requirements to achieve 95-to-100% relative com-
paction (based on standard Proctor maximum dry unit weight) by various field com-
paction equipment (U.S. Department of Navy, 1971).
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5.8

Determination of Field Unit Weight of Compaction

When the compaction work is progressing in the field, knowing whether the specified
unit weight has been achieved is useful. The standard procedures for determining
the field unit weight of compaction include

1. Sand conc method
2. Rubber balloon method
3. Nuclear method

Following is a brict description of each of these methods.

Sand Cone Method (ASTM Designation D-1556)

The sand conc device consists of a glass or plastic jar with a metal cone attached at
its top (Figurc 5.17). The jar is filled with uniform dry Ottawa sand. The combined
weight of the jar. the cone, and the sand filling the jar is determined (W)). In the field,
asmall hole is excavated in the area where the soil has been compacted. If the weight
of the moist soil excavated from the hole (W,) is determined and the moisture con-
tent of the excavated soil is known, the dry weight of the soil can be obtained as

W,
Wi = w (%) (5-11)
1+

100

where w = moisture content.

Figure 5.17 Glass jar filled with Ottawa sand with sand cone attached
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Ottawa sand

Metal
. Valve N
plate
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Cone —»

X__ Hole filled with
Ottawa sand

(a)

(b)

Figure 5.18 Field unit weight determined by sand cone method: (a) schematic diagram:
(b) a test in progress in the field
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After excavation of the hole, the cone with the sand-filled jar attached to it is
inverted and placed over the hole (Figure 5.18). Sand is allowed to flow out of the jar
to fill the hole and the cone. After that, the combined weight of the jar, the cone, and
the remaining sand in the jar is determined (W,), so

Ws =W, - W, (5.12)

where W5 = weight of sand to fill the hole and cone.
The volume of the excavated hole can then be determined as

V=—">-=" 5.13
Y d(sand) ( )

where W, = weight of sand to fill the cone only
Yasanay = dry unit weight of Ottawa sand used

The values of W, and vy gy are determined from the calibration done in the labo-
ratory. The dry unit weight of compaction made in the field can then be determined
as follows:

Dry weight of the soil excavated from the hole W,

Ya = Volume of the hole Y (.14

Rubber Balloon Method (ASTM Designation D-2167)

The procedure for the rubber balloon method is similar to that for the sand cone
method; a test hole is made and the moist weight of soil removed from the hole and
its moisture content are determined. However, the volume of the hole is determined
by introducing into it a rubber balloon filled with water from a calibrated vessel,
from which the volume can be read directly. The dry unit weight of the compacted
soil can be determined by using Eq. (5.14). Figure 5.19 shows a calibrated vessel that
would be used with a rubber balloon.

Nuclear Method

Nuclear density meters are often used for determining the compacted dry unit
weight of soil. The density meters operate either in drilled holes or from the ground
surface. The instrument measures the weight of wet soil per unit volume and the
weight of water present in a unit volume of soil. The dry unit weight of compacted
soil can be determined by subtracting the weight of water from the moist unit weight
of soil. Figure 5.20 shows a photograph of a nuclear density meter.



Figure 5.19

Calibrated vessel used with rubber
balloon (not shown) (courtesy of
John Hester, Carterville, Hllinois)

Figure 5.20
Nuclear density meter (courtesy of
David A. Carroll, Austin, Texas)
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Example 5.3
Laboratory compaction test results for a clayey silt are given in the following table:
Moisture Dry unit weight
content (%) {(kN/m?)
6 14.80
8 17.45
9 18.52
11 18.9
12 18.5
14 16.9

Following are the results of a field unit weight determination test performed on
the same soil by means of the sand-cone method:

¢ Calibrated dry density of Ottawa sand = 1570 kg/m’
¢ Calibrated mass of Ottawa sand to fill the cone = 0.545 kg
e Mass of jar + cone + sand (before use) = 7.59 kg
e Mass of jar + cone + sand (after use) = 4.78 kg
e Mass of moist soil from hole = 3.007 kg
¢ Moisture content of moist soil = 10.2%
Determine

a. Dry unit weight of compaction in the field
b. Relative compaction in the field

Solution
a. In the field,

Mass of sand vsed to fill the hole and cone = 7.59 kg — 4.78 kg = 2.81 kg
Mass of sand used to fill the hole = 2.81 kg ~ 0.545 kg = 2.265 kg
2.265 kg

Dry density of Ottawa sand

_ 2.265kg

1570 kg/m’

Mass of moist soil
Volume of hole

3.007

Volume of the hole (V) =

= 0.0014426 m*

Moist density of compacted soil =

0.0014426 23084.4 kg/m
. Lo . (2084.4)(9.81) %
Moist unit weight of compacted soil = W = 2045 KN/m’
Hence,
20.45
-)/d p Y = = 18-56 kN/mJ

w (%) : 10.2

1+ T
100 100
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20

19 KN/m? €===-—

Ya (KN/m?)

0 4 8 12 16 20
w (%)

Figure 5.21 Plot of laboratory compaction test results
b. The results of the laboratory compaction test are plotted in Figure 5.21.
From the plot, we see that . = 19 kN/m?. Thus, from Eq. (5.6),
Va(iie 18.56
R = Ydiied)

— = 97.7%
'Yd(max) 19.0 ’ -

Compaction of Organic Soil and Waste Materials

The presence of organic materials in a soil reduces its strength. In many cases. soils
with a high organic content are generally discarded as fill material; however. in cer-
tain economic circumstances, slightly organic soils are used for compaction. In fact,
organic soils are desirable in many circumstances (e.g., for agriculture, decertifica-
tion, mitigation. and urban planning). More rccently, the high costs of waste disposal
have sparked an interest in the possible use of waste materials (e.g.. bottom ash ob-
tained from coal burning, copper slag, paper mill sludge. shredded waste tires mixed
with inorganic soil, and so forth) in various landfill operations. Such use of waste ma-
terials is one of the major thrusts of present-day environmental geotechnology. Fol-
lowing is a discussion of the compaction characteristics of some of these materials.

Organic Soil

Franklin. Orozco, and Semrau (1973) conducted several laboratory tests to observe
the effect of organic content on the compaction characteristics of soil. In the test pro-
gram, various natural soils and soil mixtures were tested. Figure 5.22 shows the ef-
fect of organic content on the maximum dry unit weight. When the organic content
exceeds 8 to 10%, the maximum dry unit weight of compaction decreases rapidly.
Conversely, the optimum moisture content for a given compactive effort increases
with an increase in organic content. This trend is shown in Figure 5.23. Likewise, the
maximum unconfined compression strength (see Chapter 10) obtained from a com-
pacted soil (with a given compactive effort) decreases with increasing organic con-
tent of a soil. From these facts, we can see that soils with organic contents higher than
about 10% are undesirable for compaction work.
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Figure 5.22 Variation of maximum dry unit weight with organic content (after Franklin,
Orozco, and Semrau, 1973)
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Figure 5.23 Variation of optimum moisture content with organic content (after Franklin,
Orozco, and Semrau, 1973)
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Soil and Organic Material Mixtures

Lancaster et al. (1996) conducted several modified Proctor tests to determine the
effect of organic content on the maximum dry unit weight and optimum moisture
content of soil and organic material mixtures. The soils tested consisted of a poorly
graded sandy soil (SP-SM) mixed with either shredded redwood bark, shredded
rice hulls, or municipal sewage sludge. Figures 5.24 and 5.25 show the variations of

18

16 - L & Redwood bark
DN m Rice hulls

14 - N S < Sludge

Maximum dry unit weight (kN/m3)

6 -

4
-

2L

ol - — I L L R j
0 20 40 60 80 100

Organic content (%)

Figure 5.24 Variation of maximum dry unit weight of compaction with organic content —
soil and organic material mixtures. Source: After “The Effect of Organic Content on Soil
Compaction.” by J. Lancaster. R. Waco, J. Towle, and R. Chaney, 1996. In Proceedings,
Third International Symposium on Environmental Geotechnology, p. 159. Used with permis-
sion of the author.

26
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|Figure 5.25 Variation of optimum moisture content with organic content — soil and organic
Imaterial mixtures. Source: After “The Effect of Organic Content on Soil Compaction,” by
IJ. Lancaster, R. Waco. J. Towle, and R. Chaney, 1996. In Proceedings, Third International
ISymposium on Environmental Geotechnology, p. 159. Used with permission of the author.
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maximum dry unit weight of compaction and optimum moisture content, respec-
tively, with organic content. As in Figure 522, the maximum dry unit weight de-
creased with organic content in all cases (see Figure 5.24). Conversely, the optimum
moisture content increased with organic content for soil mixed with shredded red-
wood or rice hulls (see Figure 5.25), similar to the pattern shown in Figure 5.23. How-
ever, for soil and municipal sewage sludge mixtures, the optimum moisture content
remained practically constant (sec Figure 5.25).

Paper Mill Sludge

Paper mill sludge. despite a high walter content and low solid contents, can be com-
pacted and uscd for landfill. The states of Wisconsin and Massachusetts have both
used paper mill sludge to cap landfills. Moo-Young and Zimmie (1996) provided
the standard Proctor compaction characteristics for several paper mill sludges, and
these are shown in Figure 5.26. The physical properties of these sludges are shown
in Table 5.3.

Bottom Ash from Coal Burning and Copper Slag

Laboratory standard Proctor test results for bottom ash {rom coal-burning power
plants and for copper slag arc also available in the literature. These waste products
have been shown to be environmentally safe for use as landfill. A summary of some
of these test results is given in Table 5.4

Standard Proctor
compaction test
8 - A Sludge A
0O Sludge B
— ° ® Sludge D
& O Sludge E
Z2 'r
-
£
-
£
<)
'U
S
z Sh
=2
)
E
5L
o
[}
3L
2 1 1 | | |
0 50 100 150 200 250 300

Moisture content (%)

Figure 5.26 Variation of dry unit weight of compaction with moisture content for paper mill
sludge. Source: From “Geotechnical Properties of Paper Mill Sludges for Use in Landfill

Covers,” by H. K. Moo-Young, T. F. Zimmie, 1996. Journal of Geotechnical Engineering, 122
(9). p. 768-775. Copyright © 1996 American Society of Civil Engineers. Used by permission.



Table 5.4 Standard Proctor Test Results of Bottom Ash and Copper Slag

5.10 Special Compaction Techniques 129

Table 5.3 Physical Properties of Sludges Shown in Figure 5.26

Moisture Organic Specific gravity Plasticity

Sludge content (%) content (%) of solids, G, index
A 150-250 45-50 1.88-1.96 191
B 200-250 56 1.83-1.85 15
D 150-200 44 1.93-1.95 117.5
E —

150-200 35-44 1.96-2.08

Maximum Optimum
dry unit moisture
__ weight content
Type Location kN/m? Ib /ft3 (%) Source
Bottom ash — Fort Martin 134 &5 248 Seals. Moulton, and Ruth
bituminous coal Kammer 16.0 102 13.8 (1972)
(West Virginia) Kanawha River 11.4 72.6 26.2
Mitchell 183 116.6 14.6
Muskingham 14.3 91.1 22.0
Willow Island 14.5 92.4 21.2
Bottom ash — Big Stone Power 16.4 104.4 20.5 Das, Selim, and Pfcifle
lignite coal Plant, South Dakota (1978)
Copper slag American Smelter and 19.8 126 18.8 Das, Tarquin, and Joncs
Relinery Company, (1983)

El Paso. Texas

5.10

Special Compaction Techniques

Several special types of compaction techniques have been developed for deep com-
paction of in-place soils, and these techniques are used in the ficld for large-scale
compaction works. Among these, the popular methods are vibroflotation. dynamic
compaction, and blasting. Details of thesc methods are provided in the following
sections.

Vibrofilotation

Vibroflotation is a technique for in situ densification of thick layers of loose granu-
lar soil deposits. It was developed in Germany in the 1930s. The first vibroflotation
device was used in the United States about 10 years later. The process involves the
use of a Vibroflot 5.27 (also called the vibrating unir), which is about 2.1 m (=7 ft)
long. (as shown in Figure 5.27.) This vibrating unit has an eccentric weight inside it
and can develop a centrifugal force, which enables the vibrating unit to vibrate hori-
zontally. There are openings at the bottom and top of the vibrating unit for water
jets. The vibrating unit is attached to a follow-up pipe. Figure 5.27 shows the entire
assembly of equipment necessary for conducting the field compaction.
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Power
! / supply
‘ Water
& pump
a % )
Follow-up i A
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soil

B
Cylinder of compacted
material, produced by a
single vibrotlot compaction

Figure 5.27 Vibroflotation unit (after Brown, 1977)

The entire vibroflotation compaction process in the field can be divided into

four stages (Figure 5.28):

Stage 1: The jet at the bottom of the Vibroflot is turned on and lowered into
the ground.

Stage 2: The water jet creates a quick condition in the soil and it allows the vi-
brating unit to sink into the ground.

Stage 3:  Granular material is poured from the top of the hole. The water from
the lower jet is transferred to the jet at the top of the vibrating unit.
This water carries the granular material down the hole.
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Stage 4

Stage 3

Figure 5.28 Compaction by vibroflotation process (after Brown, 1977)

Table 5.5 Types of Vibroflot Units*

75 kW electric

Motor type and hydraulic

23 kW electric

a. Vibrating tip

Length 2.1 m (7.0 1)
Diameter 406 mm (16 1n.)
Weight 17.8 kKN (4000 Ib)

Maximum movement when full
Centrifugal force

12.5 mm (0.49 in)
160 kN (18 ton)

b. Eccentric

Weight 1.2 kN (260 1b)
Offset 38 mm (1.5 in)
Length 610 mm (24 in)
Speed 1800 rpm

¢. Pump

Operating flow rate
Pressure

d. Lower follow-up pipe and extensions

305 mm (12 1n.)
3.65 kN/m (250 Ib/ft)

Diameter
Weight

0-1.6 m*/min (0—400 gal/min)
700-1050 kN/m? (100-150 1b/in?)

1.8%6 m (6.11 )
28T mm (151n)
17.8 kN (4000 Ib)
7.6 mm (0.3 1n.)
89 kN (10 ton)

0.76 kN (170 1b)
32 mm (1.25 in)
390 mm (15.25 in.)
1800 rpm

{)--0.6 m*/min (0—150 gal/min)
700-1050 kN/m?> (100—150 th/in?)

305 mm (12 in.)
3.65 kN/m (250 1b/ft)

*After Brown (1977)

Stage 4: The vibrating unit is gradually raised in about 0.3 m (=1 ft) lifts and
held vibrating for about 30 seconds at each lift. This process compacts

the soil to the desired

The details of various types of

unit weight.

Vibroflot units used in the United States are

given in Table 5.5. Note that 23 kW (30-hp) electric units have been used since the
latter part of the 1940s. The 75 kW (100-hp) units were introduced in the early 1970s.
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Probe
spacing

)

Zone of influence
for each probe

Figure 5.29 Probc spacing for vibroflotation

The zone of compaction around a single probe varies with the type of Vibrofiot
used. the cylindrical zone of compaction has a radius of about 2 m (=6 ft) for a 23 kW
(30-hp) unit. This radius can extend to about 3 m (=10 ft) for a 75 kW (100-hp) unit.

Compaction by vibroflotation is done in various probe spacings, depending on
the zone of compaction. This spacing is shown in Figure 5.29. The capacity for suc-
cesstul densification of in situ soil depends on several factors, the most important of
which is the grain-size distribution of the soil and the type of backfill used to fill the
holes during the withdrawal period of the Vibroflot. The range of the grain-size dis-
tribution of in situ soil marked Zone | in Figure 5.30 is most suitable for compaction
by vibroflotation. Soils that contain excessive amounts of finc sand and silt-size par-
ticles arc difficult to compact, and considcrable effort is necded to rcach the proper
relative density of compaction. Zone 2 in Figure 5.30 is the approximate lower limit
of grain-size distribution for which compaction by vibroflotation is effective. Soil de-
posits whose grain-size distributions fall in Zone 3 contain appreciable amounts of
gravel. For these soils. the rate of probe penctration may be slow and may prove un-
economical in the long run.

Unified Sotl Classification System

100 Gravel | Coarse sand | Fine sand | Silts and clays
80
£ 00
= Zone |
3]
g 40
a
20
0 . i
100 10 I 0.1 0.01 0.001

Grain size (mm)

Figure 5.30 Effective range of grain-size distribution of soil for vibroflotation
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The grain-size distribution of the backfill material is an importan
controls the rate of densification. Brown (1977) has defined a quantit
suitability number for rating backfill as

3 1 1
Sv = 1.7\/ 5.15
¥ (D) " Da) T (D) 6-15)

where D5y, D»y, and Dy, are the diameters (in mm) through which, respectively, 50,
20, and 10% of the material passes.

The smaller the value of Sy, the more desirable the backfill material. Follow-
ing is a backfill rating system proposed by Brown:

Range of S, Rating as backfill
0-10 Excellent
1020 Good
20-30 Fair
30-50 Poor
>50 Unsuitablc

Dynamic Compaction

Dynamic compaction is a techniquc that has gained popularity in the United States
for the densification of granular soil deposits. This process consists primarily of drop-
ping a heavy weight repeatedly on the ground at regular intervals. The weight of the
hammer used varies over a range of 80 to 360 kN (18 to 80 kip), and the height of
the hammer drop varies between 7.5 and 30.5 m (2.5 and 100 ft). The stress waves
generated by the hammer drops aid in the densification. The degree of compaction
achieved at a given site depends on the following three factors:

1. Weight of hammer
2. Height of hammer drop
3. Spacing of locations at which the hammer is dropped

Leonards, Cutter, and Holtz (1980) suggested that the significant depth of
influence for compaction can be approximated by using the equation

D = (3)VWyh (5.16)

where D = significant depth of densification (m)
W,; = dropping weight (metric ton)
h = height of drop (m)

In English units, the preceding equation takes the form
D = 0.61VWyh (5.17)

where the units of D and A are ft, and the unit of Wy 1s kip.
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Blasting

Blasting is a technique that has been used successfully in many projects (Mitchell,
1970) for the densification of granular soils. The general soil grain sizes suitable for
compaction by blasting are the same as those for compaction by vibroflotation. The
process involves the detonation of explosive charges such as 60% dynamite at a
certain depth below the ground surface in saturated soil. The lateral spacing of the
charges varies from about 3 to 10 m (10 to 30 ft). Three to five successful detonations
are usually necessary to achieve the desired compaction. Compaction up to a relative
density of about 80% and up to a depth of about 20 m (60 ft) over a large arca can
easily be achieved by using this process. Usually, the explosive charges are placed at
a depth of about two-thirds of the thickness of the soil layer desired to be compacted.

Example 5.4

Following are the details for the backfill material used in a vibroflotation project:

L DlO = 036 mm
L4 DZ() = 052 mm
L4 D50 = 1.42 mm

Determine the suitability number Sy. What would be its rating as a backfill
material?

Solution
From Egq. (5.15),

3 1 1
Sy = 1.7\/~ + +
N (Dso)? * (Dw)*  (Dy)?

il

1 7\/ 3 + 1 + 1
"N (1.42)7 7 (0.52)2 T (0.36)?
= 6.1

Rating: Excellent

Example 5.5

For a dynamic compaction test we are given the following: weight of hammer =
15 metric tons and height of drop = 12 m. Determine the significant depth D of
influence for compaction, in meters.

Solution
From Eq. (5.16),

D= (3)VWyh = (1)V(15)(12) = 6.71m
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Summary and General Comments

Laboratory standard and modified Proctor compaction tests described in this chap-
ter are essentially for impact or dynamic compaction of soil; however, in the labora-
tory, static compaction and kneading compaction can also be used. It is important to
realize that the compaction of clayey soils achieved by rollers in the field is essen-
tially the kneading type. The relationships of dry unit weight (vy,) and moisture con-
tent (w) obtained by dynamic and kneading compaction are not the same. Proctor
compaction test results obtained in the laboratory are used primarily to determine
whether the roller compaction in the field is sufficient. The structures of compacted
cohesive soil at a similar dry unit weight obtained by dynamic and kneading com-
paction may be different. This difference, in turn, affects physical properties such as
hydraulic conductivity, compressibility, and strength.

For most fill operations, the final selection of the borrow site depends on such
factors as the soil type and the cost of excavation and hauling.

Fill materials for compaction are generally brought to the site by trucks and
wagons. The fill material may be end-dumped, side-dumped, or bottom-dumped at the
site in piles. If the material is too wet, it may be cut and turned to aerate and dry be-
fore being spread in lifts for compaction. If it is too dry, the desired amount of water
is added by sprinkling irrigation.

Problems

5.1 Given G, = 2.72, calculate the zero-air-void unit weight for a soil in Ib/ft’ at
w=5%,8%, 10%, 12%, and 15%.

5.2 Repeat Problem 5.1 with G, = 2.62. Plot a graph of y,,,, (kN/m?) against w.

5.3  Calculate the variation of dry unit weight (kN/m?) of a soil (G, = 2.65) at
w = 10% and 20% for degree of saturation () = 80%, 90%, and 100%.

5.4  The results of a standard Proctor test are given below. Determine the maxi-
mum dry unit weight of compaction and the optimum moisture content.

Weight of

Volume of wet soil Moisture

Proctor mold in the mold content
{ft%) (Ib) (%)
1/30 3.26 8.4
1/30 4.15 10.2
1/30 4.67 12.3
1/30 4.02 14.6
1/30 3.63 16.8

5.5 For the soil described in Problem 5.4, if G, = 2.72, determine the void ratio
and the degree of saturation at optimum moisture content.

5.6  The results of a standard Proctor test are given in the following table. Deter-
mine the maximum dry unit weight of compaction and the optimum mois-
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5.7

5.8

5.9

5.10

5.11

ture content. Also, determine the moisture content required to achieve 95%
Of Y(I(max)'

Mass of

Volume of wet soil Moisture

Proctor mold in the mold content
{em?) (kg) (%)
943.3 1.68 9.9
943.3 1.71 10.6
943.3 1.77 12.1
943.3 1.83 13.8
943.3 1.86 15.1
943.3 1.88 17.4
943.3 1.87 19.4
9433 1.85 21.2

A field unit weight determination test for the soil described in Problem 5.6
yielded the following data: moisture content = 10.2% and moist unit

weight = 16.7 kN/m*. Determine the relative compaction.

The in situ moisture content of a soil is 18% and the moist unit weight is

105 Ib/ft. The specific gravity of soil solids is 2.75. This soil is to be excavated
and transported to a construction site for use in a compacted fill. If the speci-
fications call for the soil to be compacted to a minimum dry unit weight of
103.5 Ib/ft* at the same moisture content of 18%, how many cubic yards of
soil from the excavation sitc are nceded to produce 10,000 yd® of compacted
fill? How many 20-ton truckloads are nceded to transport the excavated soil?
A proposed embankment fill requires 5000 m* of compacted soil. The void
ratio of the compacted fill is specified as 0.7. Four borrow pits are available
as described in the following table, which lists the respective void ratios of
the soil and the cost per cubic meter for moving the soil to the proposed con-
struction site. Make the necessary calculations to select the pit from which
the soil should be bought to minimize the cost. Assume G, to be the same at
all pits.

Borrow pit Void ratio Cost ($/m°)
A (.85 9
B 1.2 6
C 0.95 7
D 0.75 10

The maximum and minimum dry unit weights of a sand were determined in
the laboratory to be 104 Ib/ft* and 93 Ib/ft*, respectively. What would be the
relative compaction in the field if the relative density is 78%?

The maximum and minimum dry unit weights of a sand were determined in
the laboratory to be 16.5 kN/m® and 14.6 kN/m?, respectively. In the field, if
the relative density of compaction of the same sand is 70%, what are its rela-
tive compaction (%) and dry unit weight (kN/m?)?
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The relative compaction of a sand in the field is 94%. The maximum and
minimum dry unit weights of the sand are 103 Ib/ft®> and 95 Ib/ft?, respec-
tively. For the field condition, determine

a. Dry unit weight

b. Relative density of compaction

c. Moist unit weight at a moisture content of 10%

Laboratory compaction test results on a clayey silt are given in the following
table:
Moisture Dry unit
content (%)}  weight (kN/m?)
6 14.80
8 17.45
9 18.52
11 18.9
12 18.6
14 16.9

Following are the results of a field unit weight determination test on the
same soil with the sand cone method:

 Calibrated dry density of Ottawa sand = 1667 kg/m’

¢ (alibrated mass of Ottawa sand to fill the cone = 0.117 kg
e Mass of jar + cone + sand (before use) = 5.99 kg

* Mass of jar + cone + sand (after use) = 2.81 kg

¢ Mass of moist soil from hole = 3.331 kg

¢ Moisture content of moist soil = 11.6%

Determine

a. Dry unit weight of compaction in the field

b. Relative compaction in the field

The backfill material for a vibroflotation project has the following grain
sizes:

e Diy=011lmm

e Dy, = 0.19 mm

e Dy, = 1.3mm

Determine the suitability number, Sy, for each

Repeat Problem 5.14 using the following values:

Dy, = 0.09Y mm

D5y, = 0.25 mm

Dy, = 0.61 mm
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Permeability

6.1

Soils are permeable due to the existence of interconnected voids through which wa-
ter can flow from points of high energy to points of low energy. The study of the flow
of water through permeable soil media is important in soil mechanics. It is necessary
for estimating the quantity of underground seepage under various hydraulic con-
ditions, for investigating problems involving the pumping of water for underground
construction, and for making stability analyses of earth dams and earth-retaining
structures that are subject to seepage forces.

Bernoulli’'s Equation

From fluid mechanics, we know that, according to Bernoullis equation, the total head
ata point in water under motion can be given by the sum of the pressure, velocity. and
elevation heads, or

h= — + + Z (6.1)
Y 2g
T T T
Pressure  Velocity  Elevation
head head head

where h = total head
1t = pressure
v = velocity
g = acceleration due to gravity
v,. = unit weight of water

Note that the elevation head. Z, is the vertical distance of a given point above or be-
low a datum plane. The pressure head is the water pressure, u, at that point divided

bv the unit weight of water. v,,..

[f Bernoulli's equation is applied to the flow of water through a porous soil

139
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Y ) Darum l Y

Figure 6.1 Pressure, elevation. and total heads for flow of water through soil

medium, the term containing the velocity head can be neglected because the seepage
velocity is small, and the total head at any point can be adequately represented by

u
h=—4+7 6.2
’)/'ll,‘ ( )

Figure 6.1 shows the relationship among pressure, elevation, and total heads
for the flow of water through soil. Open standpipes called piezometers are installed
at points A and B. The levels to which water rises in the piezometer tubes situated at
points A and B are known as the piezometric levels of points A and B, respectively.
The pressure head at a point is the height of the vertical column of water in the pie-
zometer installed at that point.

The loss of head between two points. A and B, can be given by

Ah=h,—hy= (”—’* + z:,,) - (ﬂ + ZB> (6.3)
w ’)/Tl‘
The head loss. A, can be expreséed in a nondimensional form as
Ah
P = 6.4
P== (6.4)

where / = hydraulic gradient
L = distance between points A and B—that is, the length of flow over
which the loss of head occurred

In general. the variation of the velocity v with the hydraulic gradient 7 is as
shown in Figure 6.2. This figure is divided into three zones:

1. Laminar flow zone (Zone I)
2. Transition zone (Zone II)
3. Turbulent flow zone (Zone 11I)
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Zone 11
i Turbulent flow zone
Zone I
i Transition zone

Zonel Y
Laminar flow
zone

Velocity, v

Hydraulic gradient, {

Figure 6.2 Nature of variation of v with hvdraulic gradient. ¢

When the hydraulic gradient is gradually increased. the flow remains laminar in
Zones [ and 1. and the velocity, v, bears a linear relationship to the hydraulic gradi-
ent. Atahigher hydraulic gradient, the flow becomes turbulent (Zone III). When the
hydraulic gradient is decreased, laminar flow conditions exist only in Zone 1.

In most soils, the flow of water through the void spaces can be considered lam-
inar: thus. '

v L (6.3)

In fractured rock, stones, gravels. and very coarse sands. turbulent flow conditions
may exist, and Eq. (6.5) may not be valid.

Darcy’s Law

In 1856, Darcy published a simple equation for the discharge velocity of water
through saturated soils, which may be expressed as

v = ki (6.6)
where v = discharge velocity, which is the quantity of water flowing in unit time
through a unit gross cross-sectional area of soil at right angles to the
direction of flow
k = hydraulic conductivity (otherwise known as the coefficient of

permeability)

This equation was based primarily on Darcy's observations about the flow of
water through clean sands. Note that Eq. (6.6) is similar to Eq. (6.5): both are valid
for laminar flow conditions and applicable for a wide range of soils.

InEg.(6.6), visthe discharge velocity of water based on the gross cross-sectional
area of the soil. However, the actual velocity of water (that is, the seepage velogity)
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Area of soil
specimen = A
Flow rate. ¢

[ Arez of void in the
i cross section = A,,

g Area of soil solids in
the cross section = A

Figure 6.3 Derivation of Eq. (6.10)

through the void spaces is greater than v. A relationship between the discharge ve-
locity and the seepage velocity can be derived by referring to Figure 6.3, which shows
a soil of length L with a gross cross-sectional area A. If the quantity of water flowing
through the soil in unit time is g, then

q=vA= A (6.7)

where v, = seepage velocity
A, = area of void in the cross section of the specimen

However.
A=A + A (6.8)

where A, = area of soil solids in the cross section of the specimen.
Combining Eqs. (6.7) and (6.8) gives

q = U(Al’ + A!) = Al'v.(

or
VWA, + A, A, + AL oV, +V,
y, = ( o ( .)7= ( ) (69)
AL‘ AllL 1/1
where V, = volume of voids in the specimen
V, = volume of soll solids in the specimen
Equation (6.9) can be rewritten as
Va
v 1+
v = v| ——2L =v< “’>=3 (6.10)
Vi e n
VS

where e = void ratio
n = porosity

Darcy’s law as defined by Eq. (6.6) implies that the discharge velocity v bears a
linear relationship to the hydraulic gradient i and passes through the origin as shown
in Figure 6.4. Hansbo (1960), however, reported the test results for four undisturbed
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A ,
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d 7 | .
‘ 7 _ Figure 6.4
iy Variation of discharge velocity
Hydraulic gradient, { with hydraulic gradient in clay

natural clays. On the basis of his results, a hvdraulic gradient i (see Figure 6.4) ap-
pears to exist, at which

v = k(i — iy) (fori =1i") (6.11)
and .

v = ki" (fori <1") (6.12)

The preceding equation implies that for very low hvdraulic gradients, the relation-
ship between v and { is nonlinear. The value of /2 in Eq. (6.12) for four Swedish clays
was about 1.5. However. several other studies refute the preceding findings. Mitchell
(1976) discussed these studies in detail. Taking all points into consideration. he con-
cluded that Darcy’ law is valid.

Hydraulic Conductivity

Hydraulic conductivity is generally expressed in cm/sec or m/sec in SI units and in
ft/min or ft/day in English units.

The hydraulic conductivity of soils depends on several factors: fluid viscosity,
pore-size distribution, grain-size distribution, void ratio, roughness of mineral par-
ticles, and degree of soil saturation. In clayey soils, structure plays an important role
in hydraulic conductivity. Other major factors that affect the permeability of clays
are the ionic concentration and the thickness of layers of water held to the clay
particles.

The value of hydraulic conductivity (k) varies widely for different soils. Some
typical values for saturated soils are given in Table 6.1. The hydraulic conductivity of
unsaturated soils is lower and increases rapidly with the degree of saturation.

Table 6.1 Typical Values of Hydraulic Conductivity of Saturated Soils

k
Soil type cm /sec ft/min
Clean gravel 100-1.0 200-2.0
Coarse sand 1.0-0.01 2.0-0.02
Fine sand 0.01-0.001 0.02—-0.002
Silty clay 0.001-0.00001 0.002—-0.00002

Clay <0.000001 <0.000002
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The hydraulic conductivity of a soil is also related to the properties of the fluid
flowing through it by the equation

k=% (6.13)

where y,, = unit weight of water
7 = viscosity of water
K = absolute permeability

The absolute permeability K is expressed in units of L? (that is, cm?, ft?, and so forth).

Equation (6.13) showed that hydraulic conductivity is a function of the unit
weight and the viscosity of water, which is in turn a function of the temperature at
which the test is conducted. So, from Eq. (6.13),

kr, N7, \ [ Vo,
kr, N7,/ \ V(7o)
where k7 . ky, = hydraulic conductivity at temperatures 7, and 75. respectively

N7, M, = Viscosity of water at temperatures 7, and 75, respectively
Yuqry Yar = unit weight of water at temperatures 7, and 75, respectively

Itis conventional to express the value of & at a temperature of 20°C. Within the range
of test temperatures. we can assume that yur ) = vy, So. from Eg. (6.14)

L
‘77 a,
ke = kn%mi)kwc (6.15)

The variation of 7ypc/Mac With the test temperature 7 varying from 15 to 30°C 1s
given in Table 6.2.

Table 6.2 Variation of nypc/nagec

Temperature, T Temperature, T
(°C) Nre/Maoc {*C) Mre/ 20
15 1.135 23 0.931
16 1.106 24 0.910
17 1.077 25 0.889
18 1.051 26 0.869
19 1.025 27 0.850
20 1.000 - ) 28 0.832
21 0.976 29 0.814

22 0.953 30 0.797
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Figure 6.5 Constant-head permeability test

Laboratory Determination of Hydraulic Conauctivity

Two standard laboratory tests are used to determine the hydraulic conductivity of
soil — the constant-head test and the fulling-head test. A brief description of each
follows.

Constant-Head Test

A typical arrangement of the constant-head permeability test is shown in Figure 6.5.
In this type of laboratory setup, the water supply at the inlet is adjusted in such a way
that the difference of head between the inlet and the outlet remains constant during
the test period. After a constant flow rate 1s established, water is collected in a grad-
nated flask for a known duration.

The total volume of water collected may be expressed as

Q= Auvt = A(kip (6.16)
where O = volume of water collected
A = area of cross section of the soil specimen

r = duration of water collection

And because

i=n (6.17)
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where L = length of the specimen, Eq. (6.17) can be substituted into Eq. (6.16) to
yield

0= A(k%) t (6.18)

or

(6.19)

Falling-Head Test

A typical arrangement of the falling-head permeability test is shown in Figure 6.6.
Water from a standpipe flows through the soil. The initial head difference h, at time
t = 0 is recorded. and water is allowed to flow through the soil spe¢imen such that
the final head difference at time ¢ = 1, is A,.

The rate of flow of the water through the specimen at any time ¢ can be given by

/ d

Porous
stone ~_kvey?

Soil
specinen
N E

Porous .
stone o

Figure 6.6 Falling-head permeability test
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where g = flow rate
a = cross-sectional area of the standpipe
A = cross-sectional area of the soil specimen

I

Rearrangement of Eq. (6.20) gives

al dh
dr = v (*'{) (6.21)

Integration of the left side of Eq. (6.21) with limits of time from 0 to 7 and the right
side with limits of head difference from A, to h, gives

Ly,
FT Ak 0% A
or
al h,
k = 2303 — log 6.22)
A 510 h‘z (
Example 6.1

Find the flow rate in m*sec/m length (at right angles to the cross section shown)
through the permeable soil layer shown in Figure 6.7 given H = 8m, A, = 3m, h =
4m, L = 50m, « = 8°, and k = 0.08 cm/sec.

*t Direction
of flow

Figure 6.7 Flow-through permeable layer
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~ Solution
Hydraulic gradient (i) = ——

L .
cos o ¢

. From Egs. (6.’17) and (6.18),

hcos a
kA—k
SR (_.L

)(chOSaXI)
(008><10‘2m/s )(4";”8)(3 58°><1)

= 0.19 x 1073 m*/sec/m

Example 6.2

The results of a constant-head permeability test for a fine sand sample having a
diameter of 150 mm and a length of 300 mm are as follows:

Constant head difference = S00 mm
Time of collection of water = 5 min
Volume of water collected = 350 ¢m?®
Temperature of water = 24°C

Find the hydraulic conductivity for the soil at 20°C.

Solution
For constant-head permeability test,
_oL
Aht
Given that QO = 350 cm®, L = 300 mm, A = (7/4)(150)* = 17671.46 mm?
h =500 mm, andr =5 X 60 = 300 sec, we have

change to mm?®

1
(350 x 10%) x 300

T 17671.46 x 500 X 300
3.96 X 1073 cm/sec

= 3.96 X 107? mm/sec

T

kayy = 2y
720
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From Table 6.2,

T~ o1

Tho
S0, ky = (3.96 X 107%) X 0.91 = 3.6 X 107 cm/sec. .
Example 6.3

For a variable-head permeability test, the following are given: length of speci-
men = 15 in,, area of specimen = 3 in.?, and k = 0.0688 in./min. What should be
the area of the standpipe for the head to drop from 25 t0 12 in. in 8 min.?

Solution
From Eq. (6.22),

al h
k=2303 — logmh—;

a X 15 25
1203 (215) g ()

a = 0.15 in.? n

0.0688

i

V&)

Example 6.4

The‘hydraulic conductivity of a clayey soil is 3 X 1077 cm/sec. The viscosit_j{ of
water at 25°C is 0.0911 X 107 g - sec/cm?. Calculate the absolute permeability X
of the soil. ' -

Sqlutioh
From Eq. (6.13),

k= %-IZ =3 X 1077 cm/sec

SO
1 p/em? _
3% 1077 = (——g Sk )K
0.0911 % 107*
K = 0.2733 % 10" " em? n
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65

Empirical Relations for Hydraulic Conductivity

Several empirical equations for estimating hydraulic conductivity have been pro-
posed in the past. Some of these are briefly discussed in this section.

For fairly uniform sand (thatis, sand with a small uniformity coefficient), Hazen
(1930) proposed an empirical relationship for hydraulic conductivity in the form

e (emisec

oLk )= DYy (6.23)

where ¢ = a constant that varies from 1.0to 1.5
D,y = the effective size, in mm

i

Equation (6.23) is based primarily on Hazen’s observations of loose, clean, filter
sands. A smalil quantity of silts and clays, when present in a sandy soil, may change
the hydraulic conductivity substantially.

Casagrande proposed a simple relationship for hydraulic conductivity for fine-
to-medium clean sand in the form

k= 1'4€2k0.85 (624)
where & = hydraulic conductivity at a void ratio e
kogs = the corresponding value at a void ratio of 0.85

Another form of equation that gives fairly good results in estimating the hy-
draulic conductivity of sandy soils i1s based on the Kozeny-Carman equation. The
derivation of this equation is not presented here. Interested readers are referred to
any advanced soil mechanics book (for example, Das, 1997). An application of the
Kozeny-Carman equation vields

&3
l1+e

k (6.25)
where k = h_vdraulic' conductivity at a void ratio of e. This equation can be re-
written as

2°

k=C,
1+e

(6.26)

where C, = a constant.

Mention was made at the end of Section 6.1 that turbulent flow conditions may
exist in very coarse sands and gravels. and that Darcy’s law may not be valid for these
materials. However, under a low hydraulic gradient, laminar flow conditions usually
exist. Kenney, Lau, and Ofoegbu (1984) conducted laboratory tests on granular soils
in which the particle sizes in various specimens ranged from 0.074 to 25.4 mm. The
uniformity coefficients, C,, of these specimens ranged from 1.04 to 12. All perme-
ability tests were conducted at a relative density of 80% or more. These tests showed
that for faminar flow conditions,

K (mm?) = (0.05 to 1)D3} (6.27)
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Sand Gravel
[ Fine | Medium | Coarse Fine

Legend
o 1-3
1 A 1-3
10 o6
@ 6
A g
v 12
1072 +_ Noted in
U.S. Corps of
Engineers. 1933
O & Krumbein &
Monk, 1943
10—.3 i .
0.01 0.1 1 10 100
Ds (mm)
()
10
Legend
C!l
o 1-3
a 1-3
® 6
A 8 =6
v 12 i
10~ Noted in :
U.S. Corps of ;
Engineers,
1953 :
O Krumbeia &
10-2 Monk. 1943 1
Sand . Gravel l Figure 6.8
10°3 Fine | Medium | Coarse Fine |'  Results of permeability tests on which
0.001 0.01 0.1 1 10 Egq.(6.27) is based: (a) results for C, = 1-3;
Ds (mm) (b) results for C, > 3 (after Kenney, Lau, and
(®) Ofoegbu, 1984)

where D5 = diameter (mm) through which 5% of soil passes. Figures 6.8a and 6.8b
show the results on which Eq. (6.27) is based.

On the basis of laboratory experiments, the U.S. Department of Navy (1971)
provided an empirical correlation between k (ft/min) and Dy, (mm) for granular soils
with the uniformity coefficient varying between 2 and 12 and D,,/Ds < 1.4. This cor-
relation is shown in Figure 6.9,
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10 ! | /740

2 W/V C,-2112
1 oA

L | S/ 7717

04 /1]

0.4

0.2 :
/)

0.1 :

0.08

0.06 /
oos |/ AN
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Hydraufic conduclivity, k(ft/min)

Figure 6.9 Permeability of granular soils (after U.S. Department of Navy, 1971)

According to their experimental observations, Samarasinghe, Huang, and
Drnevich (1982) suggested that the hydraulic conductivity of normally consolidated
clavs (see Chapter 10 for definition) can be given by

k= C, <“ > (6.28)

where C; and n are constants to be determined experimentally. This equation can be
rewritten as

loglk(l +e)] =logCy + nloge (6.29)

Hence, for any given clayey soil, if the variation of k with the void ratio is known, a log-
log graph can be plotted with k(1 + e) against e to determine the values of Cyand 7z

Some other empirical relationships for estimating the hydraulic conductivity in
sand and clayey soils are given in Table 6.3, One should keep in mind, however, that
any empirical relationship of this type is for estimation only, because the magm‘tude
of k is a highly variable parameter and depends'on several factors. -~

Tavenas et al. (1983) also gave a correlation between the void ratio and‘the hy-
draulic conductivity of clayey soil. This correlation is shown in Figure 6.10. An irr-.
portant point to note, however, is that in Figure 6.10, PJ, the plasticity index, and Cf,
the clay-size fraction in the soil, are in fraction (decimal) form.
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Table 6.3 Empirical Relationships for Estimating Hydraulic Conductivity

Type )
of Soil Source Relationship* Comments
3
"y e
Sand Amer and Awad (1974) k= C3D152C8'61—+—e
3
Shahabi. Das. k= l.ZC?‘njD%wleT Medium to
Tarquin (1984) ¢ fine sand
Clay ' Mesri and logk = A’loge + B’
Olson (1971)
ey — €
Taylor (1948) log k = log ky — DC Fore < 2.5,
I3

Ck = 0.560

? D,y = effective size

C, = uniformity coefficient

C, = a constant

ko = in situ hydraulic conductivity at void ratio e,
k = hydraulic conductivity at void ratio e

C, = permeability change index

Void ratio, e

0.8

04

‘10—]1

Kk (m/sec)

Figure 6.70 Variation of void ratio with hydraulic conductivity of clayey soils (based on

Tavenas et al., 1983
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Example 6.5 ' -

The hydraulic conductivity of a sand at a void ratio of 0.8 is 0.047 cm/sec. Estimate
the hydrauhc conductivity of {hIS sand ata vmd ratio of 0 5. Use Eq. (6.24).

Solutaon L
From Eq (6.24), k=14 ezkm Thus »

koa (0 8)2 .

(0 5)2
So - ) . .:-'—
' o (08N 0.5
_. k_o,s-ko_a(o's) 0047(08)
= (0.018 cm/sec =

Example 6.6

Redo Example Problem 6.5 using Eq. (6.26).

Solution
From Eq. (6.26),

k =
Cll + e

So

o)

kog _ L1+08) 0284 .
kos [ 0.5° } 0.083
1+05

Hence.

k 0.047

kos = % =34 0.014 cm/sec ]

Example 6.7

The void ratio and hydraulic conductivity relation for a normally consolidated clay
are given below.

Void ratio k (cm /seg)
12 0.6 x 1077
1.52 1.519 x 1077

Estimate the value of k for the same clay with a void ratio of 1.4.
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N Solution
| From Eq. (6.28)

n

| {et
| - ko 1+e

" "
; 1+62

| ' Substitution of e¢; = 1.2, k; = 0.6 X 1077 cm/sec, e, = 1.52, k, = 1.519 x 1077
cm/sec in the preceding equation gives

06 < 12 )“(2.52)
\ 1.519 1.52 2.2

\ or

| Again, from Eq. (6.28),

| 1+12
" or
E C; = 0.581 X 1077 cm/sec
So
wE
\ k = (0.581 X 1077) < ) cm/sec
o 1+e

\ . -Now, substituting e = 1.4 in the preceding equation yields

N 14% :

‘ k = (0.581 x 10~ : = 1. 7

“_ (0.58 10 )(14_1.4) 1.1 X 10 cm/se<_: =
‘_

\‘ 6.6 Directional Variation of Permeability

Most soils are not isotropic with respect to permeability. In a given soil deposit, the

| - magnitude of k changes with respect to the direction of flow. Figure 6.11 shows a soil
R layer through which water flows in a direction inclined at an angle « with the verti-

| cal. Let the hydraulic conductivity in the vertical (¢ = 0) and horizontal (a = 90°) di-
| - rections be &y-and &, respectively. The magnitudes of ky, and ky in a given soil de-
“ - pend on several factors.including the method of deposition in the field. Basak (1972)
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Flow direction /

Figure 6.11 Directional variation of permeability

and Al-Tabbaa and Wood (1987) conducted laboratory tests on kaolin to determine
the variation of the anisotropy ratio, r, = ky/ky, with the void ratio. The specimens
for these tests were subjected to unidimensional (oedometric) consolidation. The
variations of r, and void ratio (¢) from the tests of Basak, and from those of Al-
Tabbaa and Wood. are shown in Figure 6.12. Similar test results on a sand (C, = 3.5,
emax = 0.824.and ey, = 0.348) were provided by Chapuis, Gill, and Baass (1989). The
specimens for these tests were prepared by unidimensional static and dynamic com-
paction. The variations of r, with e for these tests are also shown in Figure 6.12.

4L
e Kaolin (Al-Tabbaa and Wood, 1987)
s 3f
£ emin  Static compaction—sand
E (Chapuis. Gill. and Baass. 1989)
g 2
< \O Dispersed
emm Ny kaolin
L G u, (Basak, 1972)
i I \
- - -7 A emm
Chapuis, Gill, Dynamic compaction—sand
and Baass, (1989)
0 { 1 { | | )
0 0.4 0.8 1.2 1.6 20 2.4 2.8

Void rauo. e

Figure 6.12 Variation of anisotropy ratio with void ratio for various soils
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According to Fioure 6.12. the following three general conclusions can be drawn:

1. For static compaction conditions. the magunitude of ; decreases with the in-
crease in void ratio.

2. For sand. the anisotropy ratio is equal to one ate = em.

3. Forsand, with e < e_,.. the magnitude of r, is greater than one when the speci-
mens are formed by unidimensional static compaction. However. for dynami-
cally compacted sand, r, may be less than one for e < ¢g,,.

Equivalent Hydraulic Conductivity in Stratified Soil

In a stratified soil deposit where the hydraulic conductivity for flow in a given di-
rection changes from layer to laver. an equivalent hyvdraulic conductivity can be
computed to simplify calculations. The following derivations relate 1o the equivalent
hydraulic conductivities for flow in vertical and horizontal directions through multi-
layered soils with horizontal stratification.

Figure 6.13 shows n lavers of soil with flow in the horizontal direcrion. Let us
consider a cross section of unit length passing through the n layer and perpendicular
to the direction of flow. The total How through the cross section in unit time can be
written as

g=uv1-H
=u L Hp e Lo He = e Lo Hy o g Lo H, (6.30)
where v = average discharge \elocity
vy, V3, V3. ... . U, = discharge velocities of flow in lavers denoted by the subscripts

L 7 o - ky,
= R 43 - ky, .
Direction ¢ e
of flow T
) Hy ko i
¢ —
L ]
o
S ] : |

-
3
.

Figure 6.13 Equivalent hydrautic conductivity determination — horizontal flow in
stratified soil
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If ky . ky.ky. ... ky arethe hydraulic conductivities of the individual layers
in the horizontal direction and kg is the equivalent hydraulic conductivity in the
borizontal direction, then, from Darcy’s law,

v = kH(cq)icq; vy = kH’i]; Uy = kH:iZ; V3 = kH:l3; .. V= anln

Substituting the preceding relations for velocities into Eq. (6.30) and noting that
leg =1y =iy =13="-- = resultsin

(6.31)

Figure 6.14 shows n layers of soi] with flow in the vertical direction. In this case,
the velocity of flow through all the layers is the same. However, the total head loss,

h, 1s equal 10 the sum of the head losses in all layers. Thus,

vEu =y ===y, (6:32)
and
h="h +hs+ hs+ -+ h, (6.33)
Using Darcy's Jaw. we can rewrite Eq. (6.32) as
/
A“’[CQJ(ﬁ) = kl‘il = /\'\':i: = kl‘:”} == k\ill’" (634)

Direction of flow

Figure 6.14 Equivalent hydraulic conductivity determination — vertical flow in
stratified soil
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where ky, ki k-, . ...k are the hydraulic conductivities of the individual lavers in
the vertical direction and Ky(eq 15 the equivalent hvdraulic conductivity.

Again, from Eq. (6.33),
h= Hi, + Hyiy + Hsiy =+ Hyi, (6.33)
Solving Eqs. (6.34) and (6.35) gives
H
(6.36)

T (B
kvl kV: kvs kyq

An excellent example of naturally deposited lavered soil is varved soil, which is
a rhythmically layered sediment of coarse and fine minerals. Varved soils result from
annual seasonal fluctuation of sediment conditions in glacial lakes. Figure 6.15 shows
the variation of moisture content and grain-size distribution in New Liskeard, Can-
ada, varved soil. Each varvey is about 41 to 31 mm (1.6 to 2.0 in.) thick and consists
of two homogeneous Javers of soil — one coarse and one fine — with a transition layer

between.
Moisture content Grain size
7,3 e —
S
o
Q
5 4
=
Lo
s
e | < ‘
e 12 3=
-1 o
§ £
Q| 3 ,
s | 2 =
i 2
[~ {
T o 2 T
s 2 ;
= | 2 ‘
2 | 2 ; |
a a i
| & i |
o | 1 — ;
_g, o ; Boring no. |
S It Sample no. 14
Depth, 53.0 fr
o ! Elevation, 370.5 ft . :
20 30 40 50 60 70 80 0 50 100
Motsture content (%) Percent less than

Figure 6.15 Variation of moisture content and grain-size distribution in New Liskeard
varved soil. Source: After “Laboratory Investigation of Permeability Ratio of New
Liskeard Varved Clay,” by H. T. Chan and T. C. Kenney, 1973, Canadian Geotechnical
Journal, 10(3). p. 433-472. Copvright © 1973 National Research Council of Canada.
Used by permission,
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6.8

A layered soﬂ s shown in Flgurc 6 13 Gwen that Sl

K H,—lm k = 10‘4cn1/sec .
* H,=15m k2—32)(10"2cm/sec
Y Hz =2m k=4 1% 10'5 cm/sec

estunate lhc Latlo of cqualem permcablhry

. .- —-‘__ Se ek X » —k‘_’(;‘-
Solutmn = g g )
meEq (6 31)
k"(”” U‘H Hy+ iy + )
_ ;_1_[
(1+15+2)
= 107.07 X 10~ cmm/sec
Again, from Eq. (6.36),

(107)(1) + (3.2 X 1073)(1.5) + (4.1 x 107°)(2)]

H

Ky(eqy = A ]
(&) +(2)+ ()

B 1+15+2

(o9) ) )
1074 32 % 1072 41 % 10°°

0.765 X 10~*cm/sec

Hence,

Kheqy  107.07 X 107

= ~ 14
kyeg ~— 0.765 x 107 140 .

Hydraulic Conductivity of Compacted Clayey Soils

It was shown in Chapter 5 (Section 5.5) that when a clay is compacted at a lower mois-
ture content it possesses a flocculent structure. Approximately at optimum moisture
content of compaction, the clay particles have a lower degree of flocculation. A fur-
ther increase in the moisture content at compaction provides a greater degree of par-
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Figure 6.16 Tests on a clay soil: (a) Standard and modified Proctor compaction curves;
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(b) variation of k with molding moisture content. Source: After “Influence of Clods on Hy-
draulic Conductivity of Compacted Clay,” by C. H. Benson and D. E. Daniel, 1990, Journal
of Geotechnical Engineering, 116(8), p. 1231-1248. Copyright © 1990 American Society of

Civil Engineers. Used by permission.

ticle orientation; however, the dry unit weight decreases because the added water di-

lutes the concentration of soil solids per unit volume.

Figure 6.16 shows the results of laboratory compaction tests on a clay soil as
well as the variation of hydraulic conductivity on the compacted clay specimens. The
compaction tests and thus the specimens for hydraulic conductivity tests were pre-
pared from clay clods that were 19 mm and 4.8 mm. From the laboratory test results

shown, the following observations can be made:

1. Forsimilar compaction effort and molding moisture content, the magnitude of

k decreases with the decrease in clod size.
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Figure 6.17 Contours of hydraulic conductivity for a silty clay. Source: After “Permeability
of Compacted Clay.” by J. K. Mitchell, D. R. Hooper, and R. B. Campenella, 1965. Journal
of the Soil Mechanics and Foundations Division, 91 (SM4), p. 41-63. Copyright © 1965
American Society of Civil Engineers. Used by permission.

2. For a given compaction effort, the hydraulic conductivity decreases with the in-
crease in molding moisture content. reaching a minimum value at about the op-
timum moisture content (that is, approximately where the soil has a higher unit
weight with the clay particles having a lower degree of flocculation). Beyond
the optimum moisture content, the hydraulic conductivity increases slightly.

3. For similar compaction effort and dry unit weight, a soil will have a lower hy-
draulic conductivity when it is compacted on the wet side of the optimum
moisture content. This fact is further illustrated in Figure 6.17, which shows a

summary of hvdraulic conductivity test results on a silty clay (Mitchell. Hooper
and Campanella, 1965).

6.9 Considerations for Hydraulic Conductivity
of Clayey Soils in Field Compaction

In some compaction work in clayey soils, the compaction must be done in a manner
so that a certain specified upper level of hydraulic conductivity of the soil is achieved.
Examples of such works are compaction of the core of an earth dam and installation
of clay liners in solid-waste disposal sites.

To prevent groundwater pollution from leachates generated from solid-waste
disposal sites, the U.S. Environmental Protection Agency (EPA) requires that clay
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liners have a hvdraulic conductivity of 1077 cm/sec or less. To achieve this value, the
contractor must ensure that the soil meets the following criteria (Environmental Pro-
tection Agency. 1989):

1. The soil should have at least 20% fines (fine silt and clay-size particles).

2. The plasticity index (PI) should be greater than 10. Soils that have a P[ greater
than about 30 are difficult to work with 1n the field.

3. The soil should not include more than 10% gravel-size particles.

4. The soil should not contain any particles or chunks of rock that are larger than
25t0 SO0 mm (1 to 2 in.).

In many instances, the soil found at the construction site may be somewhat non-
plastic. Such soil may be blended with imported clay minerals like sodium bentonite
to achieve the desired range of hydraulic conductivity. [n addition. duning field com-
paction, a heavy sheepsfoot roller can introduce larger shear strains during compac-
tion that create a more dispersed structure in the scil. This type of compacted sol.
will have an even lower hydraulic conductivity. Small lifts should be used during com-
paction so that the feet of the compactor can penetrate the full depth of the lift.

The size of the clav clods has a strong influence on the hydraulic conductivity
of a compacted clay. Hence. during compaction. the clods must be broken down me-
chanically to as small as possible. A very heavy roller used for compaction helps to
break them down.

Bonding between successive lifts is also an important factor: otherwise. perme-
ant can move through a vertical crack in the compacted clay and then travel along
the interface between two lifts until it finds another crack, as is schematically shown
in Figure 6.18. Bonding can substantially reduce the overall hydraulic conductivity
of a compacted clay. An example of poor bonding was seen in a trial pad construc-
tion 1n Houston in 1986. The trial pad was 0.91 m (3 ft) thick and builtin six. 15.2 mm
(6 in.) lifts. The results of the hydraulic conductivity tests for the compact soil from
the trial pad are given in Table 6.4. Note that although the laboratory-determined
values of k for various lifts are on the order of 1077 1o 107° cm/sec. the actual overall
value of & increased to the order of 107" For this reason, scarification and control of

Figure 6.18 Pauern of flow through a compacted clay with improper bonding berween hits
(af_ler Environmental Protection Agency. 1989)
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6.10

6.11

Table 6.4 Hydraulic Conductivity from Houston Liner Tests*

Location Sample Laboratory k {cm /sec)
Lower lift 76 mm (=3 in.) tube 4x107°
Upper lift 76 mm (=3 in.) tube 1x107°
Lift interface 76 mm (=3 in.) tube 1 %1077
Lower lift Block 8§ x107°
Upper lift Block 1x1078

Actual overall k = 1 X 107% cm/sec

* After Environmental Protection Agency (1989)

the moisture content after compaction of each lift are extremely important in achiev-
ing the desired hydraulic conductivity.

Moisture Content—Unit Weight Criteria
for Clay Liner Construction

As mentioned in Section 6.9, for construction of clay liners for solid-waste disposal
sites, the compacted clay is required to have a hydraulic conductivity of 1077 cm/sec
or less. Daniel and Benson (1990) developed a procedure to establish the moisture
content — unit weight criteria for clayey soils to meet the hydraulic conductivity re-
quirement. Following is a step-by-step procedure to develop the criteria:

1. Conduct modified, standard, and reduced Proctor tests to establish the dry unit
weight versus molding moisture content relationships (Figure 6.19a). Modified
and standard Proctor tests were discussed in Chapter 5. The reduced Proctor
test is similar to the standard Proctor test, except the hammer is dropped only
15 times per lift instead of the usual 25 times. Modified, standard, and reduced
Proctor efforts represent, respectively, the upper, medium, and minimum levels
of compaction energy for a typical clayey soil liner.

2. Conduct permeability tests on the compacted soil specimens (from step 1), and
plot the results, as shown in Figure 6.19b. In this figure, also plot the maximum
allowable value of k (that is, k).

3. Replot the dry unit weight—moisture content points (Figure 6.19¢) with differ-
ent symbols to represent the compacted specimens with k > k,; and k < k.

4. Plot the acceptable zone for which 4 is less than or equal to k,, (Figure 6.19c).

Permeability Test in the Field by Pumping from Wells

In the field, the average hydraulic conductivity of a soil deposit in the direction of
flow can be determined by performing pumping tests from wells. Figure 6.20a shows
a case where the top permeable layer, whose hydraulic conductivity has to be de-
termined, is unconfined and underlain by an impermeable layer. During the test. -
water is pumped out at a constant rate from a test well that has a perforated casing.
Several observation wells at various radial distances are made around the test well-
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Figure 6.20 (a) Pumping test from a well in an unconfined permeable layer underlain by an
impermeable stratum. Figure 6.20 continued on page 167.
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Continuous observations of the water level in the test well and in the observation
wells are made after the start of pumping, until a steady state is reached. The steady
state is established when the water level in the test and observation wells becomes
constant. The expression for the rate of flow of groundwater into the well, which is
equal to the rate of discharge from pumping, can be written as

h
qg= k(%)%ﬂ‘h (6.37)

or

Thus,

23039 logyg (%) f
k — 3 2
w(ht — H3)

(6.38)

From field measurements. if q, ry, 5. /1y, and h, are known, the hydraulic conductiv-
ity can be calculated from the simple relationship presented in Eq. (6.38). This equa-

tion can also be written as
~nn n
2.303q log;ol —

!
147w (hi — h3)
where ¢ 1s in gpm and h, and A, are in ft.
Figure 6.20b shows the drawdown versus distance plots for a field pumping test
in a deposit of coarse to fine sand, as reported by Ahmad, Lacroix, and Steinback
(1975). For this test, the depth of the test well = 100 ft and g = 1515 gpm. From the

plot. if we assume that steady stale was reached at time 1 = 6064 min, we can calcu-
late the hydraulic conductivity as follows:

k (cm/sec) = (6.39)

2 {F2) r(ft) Drawdown (ft} h (ft)
1,000 31.6 35 100 - 5 =95
10,000 100 3.5 100 — 3.5 =96.5

From Eq. (6.39).

(2.303)(1515) log (%)

(14.7)(7)(96.5% — 95%)

The average hydraulic conductivity for a confined aquifer can also be detert-
mined by conducting a pumping test from a well with a perforated casing that pene-
trates the full depth of the aquifer and by observing the piezometriclevelina number
of observation wells at various radial distances (Figure 6.21). Pumping is continued
at a uniform rate g until a steady state is reached.

= 0.132 cm/sec
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Because water can enter the test well only from the aquifer of thickness H, the
steady state of discharge is

g=k (%) YorH (6.40)
or
fn h,
J dr _ J 2wk H m
7y T h q

This gives the hydraulic conductivity in the direction of flow as

T3 q_loglq r_z ik
PN o B
T 2727H(hy = hy) (6.41)

Example 6.9 Lo e, LR
Consider the case of pumping from a well in an unconfined pe'rmeabié::!ég'ér un-
derlain by an impermeable stratum (see Figure 6.20a). Given that B

e g = 0.74 m°/min
e hy=6matr, =60m
o h2=5.2matr2 =30m

calculate the hydraulic conductivity (in m/min) of the permeable layer.

Solution
From Eq. (6.38),

2.303g log g (:—:) (2.303)(0.74) logye (%)

7T(h% _ ]‘L%) - 77‘(62 — 5‘22) ) = 0.018 ft/min . n

k =

6.12 In Situ Hydraulic Conductivity

of Compacted Clay Soils

Daniel (1989) provided an excellent review of nine methods to estimate the in situ hy-
draulic conductivity of compacted clay layers. Three of these methods are described.

Boutwell Permeameter

A schematic diagram of the Boutwell permeameter is shown in Figure 6.22. A holé
is first drilled and a casing is placed in it (Figure 6.224). The casing is filled with water



6.12 in Situ Hydraulic Conductivity of Compacted Clay Soils 169

- s
.d- ,d\

A
=

> | _

|

i"ij
v

R b
h v !
7l -
£4 )
e ‘1
YOES _
>y
S
Compacted 5, Compacted
clay 4 ¥ clay

(a) tb)

Figure 6.22 Permeability test with Boutwell permeameter

and a falling-head permeability test is conducted. Based on the test results, the hy-
draulic conductivity 4, is calculated as

=" <f’~‘-> (6.42)
mD{t; — 1)) 15

where d = diameter of the standpipe
D = diameter of the casing
h, = head at time ¢,
h, = head at time 1,

After the hydraulic conductivity is determined, the hole is deepened by au-
gering, and the permeameter is reassembled as shown in Figure 6.22b. A falling-
head hydraulic conductivity test is conducted again. The hydraulic conductivity is
calculated as

A’ h
kr = 57 In (;‘) (6.43)
where
, , L N "" L 2‘|
A =d {ln[B‘ L \i/l -+ (B) J} (644)
SN S P R -
B WSDD(@ [1){1 0,362expt~1.37<3>” (6.45)

The anisotropy with respect to permeability is determined by referring to
Figure 6.23, which is a plot of &vk, versus m (m = Vk,lk,) for various values of
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12

m

kafky

Figure 6.23 Variation of ku/k; with m [Eq. (6.46)]

L7/D. Figure 6.23 can be used to determine m using the experimental values of ky/k;
and L /D. The plots in this figure are determined from

ky In[(L'/D) + V1 + (L'/D)?]

— = m (6.46)
ki In[(mL'/D) + m]
Once m i1s determined, we can calculate '
ky = mk, (6.47)
and A‘
ky = & (6.48)

m

Constant-Head Borehole Permeameter

Figure 6.24 shows a constant-head borehole permeameter. In this arrangement a
constant head h is maintained by supplying water, and the rate of flow g is measured.
The hydraulic conductivity can be calculated as

q

k= (6.49)
PVRE-1[F + (B/AT)]
where
rR=" (6.50)
r
4117(1 - R?) ]
F= (6.51)
" (R + VR - 1) - [1 — (UR)]**
4280
F = (6.52)
R+ VR - 1)
1 s ]
A" = 5 ar (6.33)

Typical values of « range from 0.002 to 0.01 cm™' for fine-grained soil.
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Porous Probes

Porous probes (Figure 6.25) are pushed or driven into the soil. Constant- or falling-
head permeability tests are performed. The hydraulic conductivity is calculated as
follows:

The constant head is given by

q -
L, — 1 54
k Fh (6.54)
The falling head is given by
wd*l4 hy
b =———In| — 35
F(t, = 1) n<h:> (633)

=

Figure 6.25 Porous probe: (a) test with permeable base: (b) test with impermeable base
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613

For probes with permeable bases (Figure 6.25a),
277L1

F = (6.56)
In[(Ly/D) + V1 + (L,/D)?)
For probes with impermeable bases (Figure 6.25b),
2wl
2.8D (6.57)

F= -
In[(Ly/D) + V1 + (L,/DY]

Summary and General Comments

In this chapter, we discussed Darcy’s law, definition of hydraulic conductivity, labo-
ratory determination of hydraulic conductivity and the empirical relations for it,
and field determination of hydraulic conductivity of various types of soil. Hydraulic
conductivity of various soil layers 1s highly variable. The empirical relations for hy-
draulic conductivity should be used as a general guide for all practical consider-
ations. The accuracy of the values of k determined in the laboratory depends on sev-
eral factors:

Temperature of the fluid

Viscosity of the fluid

Trapped air bubbles present in the soil specimen
Degree of saturation of the soll specimen
Migration of fines during testing

Duplication of field conditions in the laboratory

QU R W

The hydraulic conductivity of saturated cohesive soils can also be determined by
laboratory consolidation tests. (See Example 10.10.) The actual value of the hydraulic
conductivity in the field may also be somewhat different than that obtained in the
Jaboratory because of the nonhomogeneity of the soil. Hence, proper care should be
taken in assessing the order of the magnitude of k for all design considerations.

Problems

6.1 A permeable soil laver is underlain by an impervious layer, as shown in
Figure 6.26. With k = 4.8 X 107* cm/sec for the permeable layer, calculate
the rate of seepage through it in m*hr/m width if # = 3mand = 5°.

6.2  Refer to Figure 6.27. Find the flow rate in m*sec/m length (at right angles to
the cross section shown) through the permeable soil layer. Given H = 6 m,
H =25m h=28m,L =40m, a = 10°, k = 0.05 cm/sec.

6.3  Refer to the constant-head arrangement shown in Figure 6.5. For a test, the
following are given:

e L =24in.

» A = area of the specimen = 4 in.?

¢ Constant head difference = h = 30 in.

e Water collected in 3 min = 25.1 in.?
Calculate the hydraulic conductivity (in./min).
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6.4

In a constant-head perméabi]ity test in the laboratory, the following are
given: L = 300 mm and A = 110 cm”. If the value of k = 0.02 cm/sec and a
flow rate of 140 cm’/min must be maintained through the soil, what is the
head difference, A, across the specimen? Also, determine the discharge ve-
locity under the test conditions.

Refer to Figure 6.5, For a constant-head permeability test in a sand, the fol-
lowing are given:

e L =400 mm

* A=135cm?

o J1 =450 mm

o Water collected in 3 min = 640 cm’

¢ Void ratio of sand = 0.54

Determine the

a. Hydraulic conductivitv. k& (cm/sec)

b. Seepage velocity
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6.6

6.7

6.8

6.9

6.10

6.11

6.13
6.14

6.15

6.16

For a variable-head permeability test, the following are given:

e Length of the soil specimen = 20 in.

* Area of the soil specimen = 2.5 in.?

» Area of the standpipe = 0.15in.”

¢ Head difference at time ¢ = 0is 30 in.

e Head difference at time ¢t = 8§ min is 16 in.

a. Determine the hydraulic conductivity of the soil (in./min)

b. What is the head difference at time ¢ = 6 min?

For a variable-head test, the following are given: length of specimen =

380 mm; area of specimen = 6.5 cm?; k = 0.175 cm/min. What should be the
area of the standpipe for the head to drop from 650 cm to 300 cm in 8 min?
The hydraulic conductivity k of a soil is 107® cm/sec at a temperature of

28° C. Determine its absolute permeability at 20° C given that, at 20° C,

¥, = 9.789 kN/m? and n = 1.005 X 107® N.s/m? (Newton second per meter
squared).

The hydraulic conductivity of a sand at a void ratio of 0.58 is 0.04 cm/sec. Es-
timate its hydraulic conductivity at a void ratio of 0.45. Use Eq. (6.24).

The following are given for a sand: porosity (n) = 0.31 and & = 0.062 cm/sec.
Determine k& when n = 0.4. Use Eq. (6.25).

The maximum dry density determined in the laboratory for a quartz sand

is 1650 kg/m?*. In the field, if the relative of compaction is 90%, determine
the hydraulic conductivity of the sand in the field compaction condition
(given that & for the sand at the maximum dry density condition is 0.04 cm /sec
and G, = 2.68). Use Eq. (6.25).

For a sandy soil, the following are given:

e Maximum void ratio = 0.68

* Minimum void ratio = 0.42

» Hydraulic conductivity of sand at a relative density of 70% = 0.006 cm/sec
Determine the hydraulic conductivity of the sand at a relative density of
32%. Use Eq. (6.24).

Repeat Problem 6.12 using Eq. (6.25).

For a normally consolidated clay. the following values are given:

Void ratio, e k {cm/sec)
0.75 1.2 x 107
1.2 28 %1076

Estimate the hydraulic conductivity of the clay at a void ratio e = 0.6. Use
Eq. (6.28).
For a normally consolidated clay. the following values are given:

Void ratio, e k {cm /sec)
0.95 0.2 X 1076
1.6 0.91 x 107¢

Determine the magnitude of & at a void ratio of 1.1. Use Eq. (6.28).
Figure 6.28 shows three layers of soil in a tube that is 100 mm X 100 mm in
cross section. Water is supplied to maintain a constant head difference of
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Figure 6.28

300 mm across the sample. The hydraulic conductivity of the soils in the
direction of flow through them are as tollows:

Soll k {cm /sec)

A 10°° R
B 3x 1077

C 49 x 107"

Find the rate of water supply in cm*/hr.
6.17 For a clay soil. the following are given:

e Saturated unit weight = 121 lb/ft’

e Specific gravity of soil solids (G,) = 2.69

» Liquid limit = 46

e Plastic limit = 24

* Percent finer than 0.002 mm = 62

Estimate the hydraulic conductivity, k. Use Figure 6.10.
6.18 A layered soil is shown in Figure 6.29. Given that

e Hi=1m  k =10""cmiec

e H,=1m 2.8 X 1072 cm/sec

e Hy=2m  ky=235X%X10"%cmikec

Estimate the ratio of equivalent permeability, Kgeq)/Ky(eq)-

K
I

Figure 6.29
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Figure 6.30

6.19 A lavered soil is shown in Figure 6.30. Estimate the ratio of equivalent per-

meability, & peq /K veqy-
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In the preceding chapter, we considered some simple cases for which direct applica-
tion of Darcy’s law was required to calculate the flow of water through soil. In many
instances, the flow of water through soil is not in one direction only, nor is it uniform
over the entire area perpendicular to the flow. In such cases, the groundwater flow is
generally calculated by the use of graphs referred to as flow ners. The concept of the
fiow net is based on Laplace’s equation of continuity, which governs the steady flow
condition for a given point in the soil mass. In the following sections of this chapter,
the derivation of Laplace’s equation of continuity will be presented along with its ap-
plication to seepage problems.

Laplace’s Equation of Continuity

To derive the Laplace differential equation of continuity, let us consider a single row
ofsheet pilesthathave beendrivenintoa permeable soil layer, as shown in Figure 7.1a.
The row of sheet piles is assumed to be impervious. The steady state flow of water
from the upstream to the downstream side through the permeable layer is a two-
dimensional flow. For flow at a point A, we consider an elemental soil block. The block
has dimensions dx, dy, and dz (length dy is perpendicular to the plane of the paper);
itis shown in an enlarged scale in Figure 7.1b. Let v, and v, be the components of the
discharge velocity in the horizontal and vertical directions, respectively. The rate of
flow of water into the elemental block in the horizontal direction is equal to v, dz dy,
and in the vertical direction it is v, dx dy. The rates of outflow from the block in the
horizontal and vertical directions are, respectively,

ov,
(v_\ + dx> dzdy
X

d

and
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Figure 7.1 (a) Single-row sheet piles driven into permeable layer; (b) flow at A

179

Assuming that water is incompressible and that no volume change in the soil mass
occurs, we know that the total rate of inflow should equal the total rate of outflow.

v, dv. 1
[(vx + ;;dx) dzdy + (v: + Fdz) dx dy} — [vedzdy +v,dxdy =0

~

(7.1)



180

Chapter 7 Seepage

7.2

With Darcy's law, the discharge velocities can be expressed as

0, = ki, = iy 2 (72)
0x
and
. dh
v, = kzlz = kz'a‘*z (7.3)

where k, and k, are the.hydraulic conductivities in the vertical and horizontal direc-
tions, respectively.
From Egs. (7.1), (7.2), and (7.3), we can write

(7.4)

ket

If the soil is isotropic with respect to the hydraulic conductivity — that is,
k, = k.— the preceding continuity equation for two-dimensional flow simplifies to

CRh @h
—+-==0 7.5
axt 9z . (75)

Continuity Equation for Solution
of Simple Flow Problems

The continuity equation given in Eq. (7.5) can be used in solving some simple flow
problems. To illustrate this, let us consider a one-dimensional flow problem, as
shown in Figure 7.2, in which a constant head is maintained across a two-layered soil
for the flow of water. The head difference between the top of soil layer no. 1 and the
bottom of soil layer no. 2 is h,. Because the flow is in only the z direction, the conti-
nuity equation [Eq. (7.5)] is simplified to the form

&h
= =0 7.6
8z” (76)
or
h=A4z+ A, (7.7)

where A, and A, are constants.
To obtain Ay and A, for flow through soil layer no. 1, we must know the bound-
ary conditions. which are as follows:

o Conditionl: Atz =0,h=h,.
o Condition2: Atz =H, h=h,.
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. Water supply

Figure 7.2 Flow through a two-layered soil

Combining Eq. (7.7) and condition 1 gives
A: - /11 (78)

Similarly, combining Eq. (7.7) and condition 2 with Eq. (7.8) gives

hy = AH, + h,
or
A = _<,"1[;1h2> (7.9)
Combining Egs. (7.7), (7.8), and (7.9), we obtain
hy ~ h
h=—< H, '>z+/11 (for0=z=H) (7.10)

For flow through soil layer no. 2, the boundary conditions are

e Conditionl: Atz =H, . h=h..
o Condition2: Atz:=H +H, h=0.

From condition 1 and Eq. (7.7),
A= ha = AH, (7.11)
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Also, from condition 2 and Egs. (7.7) and (7.11),
= A(Hy + Hy) + (hy — AH,)
AIHI + AIHQ_ + hz - AIHI =0

or
A= —= (7.12)
So, from Egs. (7.7), (7.11), and (7.12),
hy H |

h = —(H) +h<1+ﬁ;) (for Hy =z = H, + Hy) (7.13)

At any given time, flow through soil layer no. 1 equals flow through soil layer no. 2, so
hl - hz) (h2 - 0>
q 1( H, ky H, A

where A = area of cross section of the soil

ky = hydraulic conductivity of soil layer no. 1
k, = hydraulic conductivity of soil layer no. 2

or

hy = ks (7.14)
0B
1\ 7w " H,
Substituting Eq. (7.14) into Eqg. (7.10), we obtain
h= h(l A ) © " (for 0 =z=H) (7.15)
- "1 kl'HZ + k2H1 ~ '_t—.-‘z —— i ! '

Similarly, combining Eqgs. (7.13) and (7.14) gives

- k_! . o |
JeoHy F IyH, <;=<H +H

P
1

(7.16)
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Example 7.1

Refer to Figure 7.2. Given that A, = 300 mm, A, = 500 mm, and 4, = 600 mm,
and that at z = 200 mm, A = 500 mm, determine A at z = 600 mm.

Solution
We know that z = 200 mm is located in soil layer no. 1, so Eq. (7.15) is valid. Thus,
k,z \
= ] - —F&
" ”‘( G, + ko)
500 600[1 K4(200) J
B k,(500) + k,(300)
or
5 1s
k, )
Because z = 600 mm is located in soil layer no. 2. Eq. (7.16) is valid, yielding
o 1
h;h1 —k(Hi+HZ_Z)
s ()
or
— % 1
h = + 500 ~ = 179.
600 500 + 300 (300 + 500 — 600) 179.9 mm
1.8 :
Flow Nets

The corntinuity equation [Eq. (7.5)] in an isotropic medium represents two orthogo-
nal families of curves — that is, the flow lines and the equipotential lines. A flow line
is a line along which a water particle will travel from upstream to the downstream
side in the permeable soil medium. An equipotential line is a line along which the po-
tential head at all points is equal. Thus, if prezometers are placed at different points
along an equipotential line, the water level will rise to the same elevation in all of
them. Figure 7.3a demonstrates the definition of flow and equipotential lines for flow
in the permeable soil layer around the row of sheet piles shown in Figure 7.1 (for
k, =k, = k).

A combination of a number of flow lines and equipotential lines is called a flow
net. As mentioned in the introduction, flow nets are constructed for the calculation
of groundwater flow and the evaluation of heads in the media. To complete the
graphic construction of a fiow net, one must draw the flow and equipotential lines in
such a way that

1. The equipotential lines intersect the flow lines at right angles.
2. The flow elements formed are approximate squares.
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Sheet pile

R

Flow line o
hky=k.=k /

Equipotential
ine

Jayer :: 2

g
L

Sheet pile

Waler Jevel ..—-/

o 7 e

i[|<

ky=k. =k
Np=4
Ny=
. b=t Ar
Impervious 7
Javer P33

(b)

Figure 7.3 (2) Definition of flow lines and equipotential lines: (b) completed flow net

Figure 7.3b shows an example of a completed flow net. Two more examples of
flow net in isotropic permeable layer are given in Figures 7.4 and 7.5. In these figures,
Nyis the number of flow channels in the flow net, and N, is the number of potential

drops (defined later in this chapter).

Drawing a flow net takes several trials. While constructing the flow net, keep
the boundary conditions in mind. For the flow net shown in Figure 7.3b, the follow-

ing four boundary conditions apply:
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Figure 7.4 Flow net under a dam

Figure 7.5 Flow net under a dam with toe filter

1. The upstream and downstream surfaces of the permeable layer (lines ab and
de) are equipotential lines.

2. Because ab and de are equipotential lines. all the flow lines intersect them at
right angles.

3. The boundary of the impervious layer — that is, line fg— is a flow line, and so is
the surface of the impervious sheet pile. line acd.

4. The equipotential lines intersect acd and fg at right angles.

Seepage Calculation from a Flow Net

In any flow net, the strip between any two adjacent flow lines is called a flow chan-
nel. Figure 7.6 shows a flow channel with the equipotential lines forming square ele-
ments. Let Ay, /iz. fizo heo oo o041, be the piezometric levels corresponding to the
equipotential lines. The rate of seepage through the flow channel per unit length
(perpendicular to the vertical section through the permeable layer) can be calcu-
lated as follows: Because there is no flow across the flow lines,

A= Agy = Mgy = = \q (7.17)
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Figure 7.6
Seepage through a flow channel
with square elements

From Darcy’s law, the flow rate is equal to kiA. Thus, Eq. (7.17) can be writ-

ten as
hy — } hy, — h hy ~ h
Ag = k(‘—”)l, = k(2——3>12 = k<¥)13 = (7.18)
I l 5

Eq. (7.18) shows that if the flow elements are drawn as approximate squares, the
drop in the piezometric leve]l between any two adjacent equipotential lines is the
same. This is called the potential drop. Thus,

H
]11_'}72—h2_113=h3_h4:"'=1_\7_d (719)
and
H
Ag =k— 7.20
9=k (7.20)

where H = head difference between the upstream and downstream sides
N; = number of potential drops
In Figure 7.3a, for any flow channel, H = H; — H, and N, = 6.

If the number of flow channels in a flow net is equal to Ny, the total rate of flow
through all the channels per vnit length can be given by
HN;,

Ny

Although drawing square elements for a flow net is convenient, it is not always
necessary. Alternatively, one can draw a rectangular mesh for a flow channel, as
shown in Figure 7.7, provided that the width-to-length ratios for all the rectangular
elements in the flow net are the same. In this case, Eq. (7.18) forrate of flow through
the channel can be modified to

h — h, h, — ha— h
Aq"‘( " l)’?n”( ¥ h3>bz=k<131 4>b3=--- (7.22)
1 2 3

If by/ly = bally = byll; = -+ = n (i.e., the elements are not square). Egs. (7.20)
and (7.21) can be modified to

li

q=k (7.21)

Ag = kH(%) (7.23)
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Figure 7.7
Seepage through a flow channel
with rectangular elements

or

N,
g = kH(-N*jn (7.24)

Figure 7.8 shows a flow net for seepage around a single row of sheet piles. Note
that flow channels | and 2 have square elements. Hence, the rate of flow through
these two channels can be obtained from Eq. (7.20):

k k 2kH
Agy + Agn=—H +—H=——
¢ 7 ag =g H A H =

3

However, flow channel 3 has rectangular elements. These elements have a width-to-
length ratio of about 0.38; hence, from Eq. (7.23)

k
Aq; 1\/; H(038)

v Water level

g 5 et

Water table

™

——— —

Grou
T

ad surface
G 4 | Ty T Flow channel |

b
Flow channel 3
Lo Figure 7.8
i » & 033 Flow net for seepage
R N e A T 2oy Impervious around a single row of
SN LA = A BRI L8] Jayer :

sheet piles



188 Chapter 7 Seepage
So. the total rate of seepage can be given as

g = Aqy + Agy + Agy = 2.38—

Example 7.2

A flow net for flow around-a smgle row of sheet pﬂcs in a permeable soil Jayer i is
‘shown mFlgure 7.9. Gwen that k= k = k =42.% 107° cm/scc ‘detérmine

a. .How high (abovc the ground su:face) the water will tise if piezometers:

" are placed al points 4, b,¢; and d.

b. The rate of seepage through flow channel II per unit léngth (perpendicu-
lar to the section shown)

Solution
a. From Figure'7.9, we see that Ny=3 and N, = 6. The head difference be-
tween the upstream and downstream sides is 3.5 m, so the head loss for
each drop is 3.5/6 = 0.583 m.

Point a is located on equipotential line 1, which meéans that the poten-
tial drop at ais 1 X 0.583 m. The water in the piezometer at a will rise to
an elevation of (5 — 0.583) = 4.417 m above the ground surface.

Similarly, the piezometric levels for

b =(5—- 2 X 0.583) = 3.834 m above the ground surface
¢ = (5= 5% 0.583) = 2.085 m above the ground surface
d = (5~ 5% 0.583) =2.085m above the ground surface

Sheel pile

v
o .___1_ -

l

Ground surface

Figure 7.8
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b. From Eq. (7.20),

H
Aq = k=
q N,
k=42 %107 cm/sec = 4.2 X 107 m/sec
Ag = (4.2 X 107)(0.583) = 2.45 X 107° m’/sec/m u

Flow Nets in Anisotropic Soil

The flow net construction described thus far and the derived Eqgs. (7.21) and (7.24)
for seepage calculation have been based on the assumption that the soil is isotropic.
However, in nature, most soils exhibit some degree of anisotropy. To account for
soil anisotropy with respect to hydraulic conductivity. we must modify the flow net
construction.

The differential equation of continuity for a two-dimensional flow [Eq. (7.4)] is

) 9}
kS =0
T ox T oz

k

For anisotropic soils, k, # k.. In this case, the equation represents two fami-
lies of curves that do not meet at 90°. However, we can rewrite the preceding equa-
tion as

’h . *h
(k.lke) 0x* a2

0 (7.25)

Substituting x’ = V. /k, x, we can express Eq. (7.25) as

a*h  3*h
pywe + Py 0 (7.26)

Now Eq. (7.26) is in a form similar to that of Eq. (7.5), with x replaced by x’, which
is the new transformed coordinate. To construct the flow net, use the following
procedure:

1. Adopt a vertical scale (that is, z axis) for drawing the cross section.

2. Adopt a horizontal scale (that is, x axis) such that horizontal scale = Vk./k, X
vertical scale.

3. With scales adopted as in steps 1 and 2, plot the vertical section through the
permeable layer parallel to the direction of flow.

4. Draw the flow net for the permeable layer on the section obtained from step 3.
with flow lines intersecting equipotential lines at right angles and the elements
as approximate squares.
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The rate of seepage per unit length can be calculated by modifying Eq. (7.21) to

_ HNy
g=Vik 2 (7.27)
-y
where H = 1otal head loss
Ny and Ny = number of flow channels and potential drops, respectively

(from flow net drawn in step 4)

Note that when flow nets are drawn in transformed sections (in anisotropic
soils), the flow lines and the equipotential lines are orthogonal. However, when they
are redrawn jn a true section, these lines are not at right angles to each other. This
fact is shown in Figure 7.10. In this figure, it is assumed that &, = 6k,. Figure 7.10a
shows a flow element in a transformed section. The flow element has been redrawn
In a true section in Figure 7.10b.

v

k:
kT
Vertical scale = 20 ft
IR

Horizoma] scale =
20(¥6) =49 ft

| S—

(b)

Figure 7.10 A flow element in anisotropic soil: (a) in transformed section: (b) in true section
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Water table

R

" Impermeable layer

0 0.2 0.4 06 03 10
sir

Figure 7.11 Plot of g/kH against §/ T for How around a single row of sheet piles (after
Harr, 1962)

Mathematical Solution for Seepage

The seepage under several simple hydraulic structures can be solved mathematically.
Harr (1962) has analyzed many such conditions. Figure 7.11 shows a nondimensional
plot for the rate of seepage around a single row of sheet piles. [n a similar manner,
Figure 7.12 is a nondimensional plot for the rate of seepage under a dam. In Fig-
ure 7.11, the depth of penetration of the sheet pile is S, and the thickness of the per-
meable soil layeris 7".

Uplift Pressure under Hydraulic Structures

Flow nets can be used to determine the uplift pressure at the base of a hydrau-
lic structure. This general concept can be demonstrated by a simple example. Figure
7.13a shows a weir, the base of which is 2 m below the ground surface. The necessary
flow net has also been drawn (assuming that k. = k. = k). The pressure distribu-
tion diagram at the base of the weir can be obtained from the equipotential lines as
foilows.
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ky=k =k
Impervious
layer
0 =1 =0.75 =0.3 =0.25
X
b
Figure 7.12 Szepage under a2 dam (after Harr. 1962)
_ |l«——jam— i
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L phE N
L eTT= :‘_-v-‘-:.&‘_::t }_‘ ]4m 'I
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D

impermeable
= aver

8y, kKN/m-”

Figure 7.13 (a) A weir: (b) uplift force under a hvdraulic struciure

— — | =

7y, \N/m?

(b)
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There are seven equipotential drops (V) in the flow net, and the difference in
the water levels between the upstream and downstream sides is / = 7 m. The head

loss for each potential drop is H/7 = 7/7 = 1 m. The uplift pressure at

a (left corner of the base) = (Pressure head at a) X (y,,)

= [(7 +2) = Uye =87,
Similarly, the uplift pressure at
b=[9-2)W)]ve=Tve
and at
f=19 =)D ve =37

The uplift pressures have been plotted in Figure 7.15b. The uplift force per unit
length measured along the axis of the weir can be calculated by finding the area of
the pressure diagram.

Seepage through an Earth Dam
on an Impervious Base

Figure 7.14 shows a homogeneous earth dam resting on an impervious base. Let the
hydraulic conductivity of the compacted material of which the earth dam is made be
equal to k. The free surface of the water passing through the dam is given by abcd. 1t
is assumed that a’bc is parabolic. The slope of the free surface can be assumed to be
equal to the hydraulic gradient. It is also assumed that, because this hydraulic gradi-
ent is constant with depth (Dupuit. 1863),

. dz
[ = I (7.28)

Water level
SEAT

Impervious layer

Figure 7.74 Flow through an earth dam constructed over an impervious base
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Considering the triangle cde, we can give the rate of seepage per unit length of the
dam (at right angles to the cross section shown in Figure 7.14) as

g = kiA
i=d—i=tana

A= (ce)(l) = Lsina
So

(7.29)

Again, the rate of seepage (per unit length of the dam) through the section bfis = -
—kiA—k<E>( X 1) = kg — (7.30)
7 dx z Z X ’

For continuous flow,

9Eq.(129) = 9Eq.(7.30)

or
dz
kz— = k[ tan o sin
dx
or
=H rx=d
kzd: = | (kL tan e sin «) dx
“z=Lsina “x=L coso
Y(H® - L*sin*a) = Ltan asin a(d — L cos a)
202 .
H? L’sin’a _ Ld(smza) L Psinta
2 2 cos o
H? cos L cos &
.coja_ 2= Ld - L2cos

2s1n” « 2

or
2
L?cosa — 2Ld + TS5 %
Sin® o
L (7.31)
cos a
Following is a step-by-step procedure to obtain the seepage rate g (per unit
length of the dam): '
1. Obtain a.

2. Calculate A (see Figure 7.14) and then 0.3A.
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3. Calculate 4. ‘
4. With known values of « and d, calculate L from Eq. (7.31).
5. With known values of L, calculate g from Eq. (7.29).

Example 7.3

Refer to the earth dam shown in Figure 7.14. Given that 8 = 45°,« = 30°, B = 10ft,
H =20 ft, height of dam = 25 ft, and k = 2 X 107" ft/min, calculate the seepage
rate q in ft*/day/ft length.

Solution
We know that 8 = 45° and o = 30°. Thus,
2
A= A __2 = 20 ft 0.3A = (0.3)(20) = 6 ft
tan 8  tan 45°
25 - 20 25
d=03s+ B2 5, 2
tan 3 tan «
(25 — 20) 25
=6+——"+ 10 + = 643 ft
S+ Tanas 0 a0 T O
From Eq. (7.31),
. A L :
cos & cosfa  sin"«a

64.3 \/( 64.3 )2 ( 20 )2
= — - =11.7ft
cos 30 cos 30 sin 30

From Eq. (7.29),
g = kLtanasino = (2 X 107%)(11.7)(tan 30)(sin 30)
= 6.754 X 107* ft*/min/ ft = 0.973 ft*/day/ft .

L. Casagrande’s Solution for Seepage
through an Earth Dam

Equation (7.31) is derived on the basis of Dupuit’s assumption (i.e., i = dz/dx). It was
shown by Casagrande (1932) that, when the downstream slope angle « in Figure 7.14
becomes greater than 30°, deviations from Dupuit’s assumption become more no-
ticeable. Thus (see Fig. 7.14), L. Casagrande (1932) suggested that

dz
codT .
{ s Sina (7.32)
P

Xt o+ d-t
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So Eq. (7.29) can now be modified as
g = kiA = ksin a(L sin @) = kLsin’ « (7.33)
Again,
) dz
g =kiA = k(g)(l X z) (7.34)

Combining Egs. (7.33) and (7.34) yields

H 5
J zdz = J L sin® a ds (7.35)
L

Lsina

where s = length of curve a'bc

1 .
E(H2 — L*sin’@) = Lsin’a(s — L)

or
2

With about 4 -5% error, we can write

s=Vd' + H* ' (7.37)
Combining Eqgs. (7.36) and (7.37) vields

=Vd'+ H - Va® - H cot’ o (7.38)

Once the magnitude of L is known, the rate of seepage can be calculated from
Eq. (7.33) as

g = kL sin? «

Example 7.4 .

So]vé;]’;l‘xafhple 73 using L. Casagrande’s mettiod.
Solution
From Example 7.3, d = 643 ft H= 20ft anda =30 So0.

L= \/d2+ H2 : \/d2 ' Hzcot2
= V(64.3).+ (20)2 \/(64 3= 2@ co?30 = 13.17 ft
g=(2% 10“")(13 17)(sii11 30) = 6.585 x 1074 ft3/mm/ft =:0.948 fP/day/ft n
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Summary

In this chapter. we studied Laplace’s equation of continuity and its application in
solving problems related to seepage calculation. The continuity equation is the fun-
damental basis on which the concept of drawing flow nets is derived. Flow nets are
very powerful tools for calculation of seepage as well as uplift pressure under vari-
ous hydraulic structures.

Also discussed in this chapter (Sections 7.8 and 7.9) is the procedure to calcu-
late seepage through an carth dam constructed over an impervious base. Section 7.8
derives the relationship for seepage based on Dupuit’s assumption that the hydraulic
gradient is constant with depth. An improved procedure (L. Casagrande’s solution)
for seepage calculation is provided in Section 7.9.

Problems

7.1 Referto Figure 7.15. Given that
e H =6m D=3m
e H.=15m Dy =6m
draw a flow net. Calculate the seepage loss per meter length of the sheet pile
(at a right angle to the cross section shown).

7.2 Draw a flow net for the single row of sheet piles driven into a permeable
layer as shown in Figure 7.15. Given that
* H =6m D=2m
e H,=1m Dy=5m
calculate the seepage loss per meter length of the sheet pile (at right angles
to the cross section shown).

Impermeable
laver

Figure 7.15
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Impermeable layer Figure 7.16

7.3 Draw a flow net for the weir shown in Figure 7.16. Calculate the rate of seep-
age under the weir.

7.4  For the flow net drawn in Problem 7.3, calculate the uplift force at the base
of the weir per meter length (measured along the axis) of the structure.

Water level y
nidct WA ekl

1

Impervious base Figure 7.17

7.5  Anearth dam is shown in Figure 7.17. Determine the seepage rate, g, in
m*/day/m length. Given: a) = o, = 45°, L, = Sm, H = 10m, H; = 13 m, and
k=2 % 107" cm/sec.

7.6 Repeat Problem 7.5 with the following: a; = 28%, @, = 35°, L, =7m,H = 8m,
H,=12m,and k = 1.5 x 10™* cm/sec.

7.7  Repeat Problem 7.5 using L. Casagrande’s method (Section 7.9).

7.8  Repeat Problem 7.6 using L. Casagrande’s method (Section 7.9).
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In Sltu Stresses

8.1

As described in Chapter 3, soils are multiphase systems. In a given volume of soii,
the solid particlesare distributed randomly with void spaces between. The void spaces
are continuous and are occupied by water and/or air. To analyze problems such as
compressibility of soils, bearing capacity of foundations. stability of embankments,
and lateral pressure on earth-retaining structures, we need to know the nature of the
distribution of stress along a given cross section of the soil profile. We can begin the
analysis by considering a saturated soil with no seepage.

Stresses in Saturated Soil without Seepage

Figure 8.1a shows a column of saturated soil mass with no seepage of water in any
direction. The total stress at the elevation of point A can be obtained from the satu-
rated unit weight of the soil and the unit weight of water above it. Thus,

o= H‘)’w - (HA - H)Ysat (81)

where o = total stress at the elevation of point A
v, = unit weight of water
v = Saturated unit weight of the soil
H = height of water table from the top of the soil column
H, = distance between point A and the water table

The total stress, o, given by Eq. (8.1) can be divided into two parts:

1. A portion is carried by water in the continuous void spaces. This portion acts
with equal intensity in all directions.

2. The rest of the total stress is carried by the soil solids at their points of contact.
The sum of the vertical components of the forces developed at the points of
contact of the solid particles per unit cross-sectional area of the soil mass is
called the effective stress.

This can be seen by drawing a wavy line, a-a, through point A that passes only
through the points of contact of the solid particles. Let P, Py, Ps, . .., P, be the forces
that act at the points of contact of the soil particles (Figure 8.1b). The sum of the

199



200 Chapter 8 In Situ Stresses

Pore water

Solid particle

a

area = A
(a)
ag
a @ az ) e
| el e | e ]
11 11 (3] t1
g, o
~ o — 2y -
1~ o » - ~. L_,. —————
f ! f \
P, P- P Py
| Cross-sectional
B e — =
area=A

(b)

Figure 8.1 (2) Effective stress consideration for a saturated soil column without seepage:
(b) forces aciing at the points of contact of soil particles at the level of point A

vertical components of all such forces over the unit cross-sectional area is equal to
the effective stress o, or

’

Pl(l‘) - PZ(v) + P3(L) T - T Pn('u)
g = e

A

where Py Pagys Pagy o oo Pogy are the vertical components of Py, Py, P, .. ., P,
respectivelv. and A 1s the cross-sectional area of the soil mass under consideration.

Again.if o, 1s the cross-sectional area occupied by solid-to-solid contacts (that
is.a; = ay, + a, ¥ as + - + a,), then the space occupied by water equals (A — a,).So
we can write

(82)

WA ~ a;
c=0 T‘(Z )=a’+u(1—a;) (8.3)
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where « = H,y, = pore water pressure (that is, the hydrostatic pressure at A)
a,= a,/A = fraction of unit cross-sectional area of the soil mass occupied
by solid-to-solid contacts

The value of a) is extremely small and can be neglected for pressure ranges
generally encountered in practical problems. Thus. Eq. (8.3) can be approximated by

oc=0"+tu (8.4)

where u is also referred to as neutral stress. Substitution of Eq. (8.1) for o in Eq. (8.4)
gives

’ EHyIL' + (HA - Hija(] - H,~\71:_.~
= (H.»\ - H)(Yszn - Yw)

= (Height of the soil column) X ' (8.3)

q
il

where y' = v, — v, €quals the submerged unit weight of soil. Thus, we can see that
the effective stress at any point A is independent of the depth of water. H, above the
submerged soil.

Figure 8.2a shows a layer of submerged soil in a tank where there is no seepage.
Figures 8.2b through 8.2d show plots of the variations of the total stress. pore water
pressure, and effective stress, respectively. with depth for a submerged layer of soil
placed in a tank with no seepage.

The principle of effective stress [Eq. (8.4)] was first developed by Terzaghi (1925,
1936). Skempton (1960) extended the work of Terzaghi and proposed the relation-
ship between total and effective stress in the form of Eq. (8.3).

In summary, effective stress is approximately the force per unit area carried
by the soil skeleton. The effective stress in a soil mass controls its volume change and
strength. Increasing the effective stress induces soil to move into a denser state of
packing.

The effective stress principle is probably the most important concept in geo-
technical engineering. The compressibility and shearing resistance of a soil depend
to a great extent on the effective stress. Thus, the concept of effective stress is signifi-
cant in solving geotechnical engineering problems, such as the lateral earth pressure
on retaining structures, the load-bearing capacity and settlement of foundations, and
the stability of earth slopes.

In Eqg. (8.2), the effective stress, ¢, is defined as the sum of the vertical com-
ponents of all intergranular contact forces over a unit gross cross-sectional area. This
definition is mostly true for granular soils; however, for fine-grained soils, intergran-
ular contact may not physically be there, because the clay particles are surrounded
by tightly held water film. In a more general sense. Eq. (8.3) can be rewritten as

oc=0,+u(l —a) - A +R (8.6)

where o, = intergranular stress
A" = electrical attractive force per unit cross-sectional area of soil
R' = electrical repulsive force per unit cross-sectional area of soil

It
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i
H
T
H,
Total stress, & (l)Dore waler pressure, k& 0 Effective stress, g’
U \H Y 0
PP X S
My T f*'
HI + H: > —
(
"‘“—HI‘Yh"Hle:(_’I *‘(H] "H:'J"{“—q . <—H:'Y’—*—l
Y Y 4
Depth Depth Depth
(b) (c) (d)

Figure 8.2 (2) Laver of so1l in a tank where there is no seepage; variation of (b) total stress;
(c) pore water pressure; (d) effective stress with depth for a submerged soil layer without
seepage

For granular soils, silts, and clays of low plasticity, the magnitudes of A’ and R’ are
small. Hence, for all practical purposes,

U =0 =0 ~-u

However, if A" — R' is large, then o, 7 0. Such situations can be encounteicd _ir‘
highly plastic, dispersed clay. Many interpretations have been made in the past to dis-
tinguish between the intergranular stress and effective stress. In any case, the effective
stress principle 1s an excellent approximation used in solving engineering problems.
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Example 8.1

A soil profile is shown in Figure 8.3. Calculate the total stress, pore water pres-
sure, and effective stress at A, B, C, and D.

A

Dry sand
Yary = 16.5 KN/m’3

v
—— Groundwater table

[y

e Clay L
Y = 1925 KN/md

I lmpermeable

Claver

Figure 8.3 A soil profile for calculation of total stress. pore water pressure, and
effective stress

Solution
At A total stress:o 4, = 0
- pore water pressure: u, = 0
effective stress: ¢’y = 0
AtB: : T8 = erypsangy = 3 X 16.5 = 49.5 kN/m?
o up = 0 kN/m?
og’ = 49.5 - 0 = 49.5 kN/m?
ACC Ge = 6Yergoama = 6 X 165 = 99 kN/m?
T uc = 0 kN/m?
oc’' =99 -0 =99 kN/m*
At D b = 6Yanpsand) ¥ 13Vsaqaian)

=6 X 165 + 13 X 19.25

=99 + 250.25 = 349.25 kN/m?
up =13y, = 13 x 9.81 = 127.53 kN/m?
op = 349.25 - 127.53 = 221.72 kN/m?
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0 Toral stress. o gorc waler pressure, u 0 Effective stress, o”
H
}{| +
H| + H:
HiYw + Havsa (Hy + Ha+ hyy, {Hgy' - hy,
Y Y r
Depth Depth Depth

(b © )

Figure 8.4 (a) Layer of soil in a tank with upward seepage; variation of (b) total stress;
(c) pore water pressure; {d) effective stress with depth for a soil layer with upward seepage

Stresses in Saturated Soil with Upwaird Seepage

~ =

It water is seeping. the effective stress at any point in a soil mass will differ from that
in the static case. It will increase or decrease, depending on the direction of seepage.

Figure 8.4a shows a layer of granular soil in a tank where upward seepage is
caused by adding water through the valve at the bottom of the tank. The rate of wa-
ter supply is kept constant. The loss of head caused by upward seepage between the
levels of A and B is h. Keeping in mind that the total stress at any point in the soil
mass is due solely to the weight of soil and water above it, we find that the effective
stress calculations at points A and B are as follows:



8.2 Stresses in Saturated Soil with Upward Seepage 205

At A

e Total stress: o4, = H,7,
» Pore water pressure: uy = Hyy,
e Effective stress:o’y =0,y —ty =0

AtB

e Totalstress:og = Hyv,, + Hoyen
» Pore water pressure: ug = (H, + H, + h)y,
o Effective stress: o3 = 05 — Upg
= Hy(Vsa — Yw) = AV
= Hyy' = hy,

Similarly, the effective stress at a point C located at a depth z below the top of
the soil surface can be calculated as follows:

At C
o Totalstress: o = H,v, + Z%a
h
* Pore water pressure: e = | H, + z + TAIRE
e Effective stress: ¢ = ¢ — u¢
. h
= s = ) T e
, h
=2y~ T Vw
Y H, 7

Note that 4/ H, is the hydraulic gradient i caused by the flow, and therefore,
oc =2y~ iz (8.7)

The variations of total stress, pore water pressure, and effective stress with depth
are plotted in Figures 8.4b through 8.4d, respectively. A comparison of Figures 8.2d
and 8.3d shows that the effective stress at a point located at a depth z measured from
the surface of a soil layer is reduced by an amount izy,, because of upward seepage
of water. If the rate of seepage and thereby the hydraulic gradient are gradually in-
creased, a limiting condition will be reached, at which point

) o, = zy' - ich‘}’w =0 (88)
where i, = critical hydraulic gradient (for zero effective stress).

Under such a situation, soil stability is lost. This situation is generally referred
to as boiling, or a quick condition.

From Egq. (8.8),

\\)

(8.9)

ler

<
g

For most soils. the value of i, varies from 0.9 to 1.1. with an average of 1.
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Example 8.2

A 10-m thick layer of stiff saturated clayis underlam by a 1ayer of sand (Flgure 8. 5)..
The sand is under artesian pressure. Calculate the maxunum dcpth of cut H that
can be made in the clay. : -

",Satu}a(ca cla-y-_‘,‘ g
Pear = 1925 kg/m3 ] 1 0

1]«

Figure 8.5

Solution .
Given that
Psayclay) = 1925 kg/m
we have
1925 X 9.81
Ys.al(nlay) = 1000 = 1888 kN/ID3

Due to excavation. there will be unloading of the overburden pressure. Let the
depth of the cut be H, at which point the bottom will heave. Let us consider the
stability of point A at that time:

o, = (10 - H)')’sa;(c]ay)

A= 6Yu
For heave to occur, o, should be 0. So

s~ Ug = (10 - H)')’sm(clay) - 6_)/1(!

qar
(10 — H)18.88 — (6)9.81 = 0
_ (10)18.88 — (6)9.81 _ (98 _
18.88
8.3 Stresses in Saturated Soil with Downward Seepage

The condition of downward seepage is shown in Figure 8.6a. The water level in the
soil tank is held constant by adjusting the supply from the top and the outflow at the
bottom.
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Total stress, ©

Effective stress. o’

207

>

Hl‘\/\v

H,

RV
Ve T Tl

H] +Z

Pore water pressure. u
0

H|+H2

Y
Depth

(®)

(H\ + Hy= hyf
Y

Depth
(c)

V-{zy' + !r‘(:,

Depth
{d)

Figure 8.6 (a) Layer of soil in a tank with downward seepage; variation of (b) total stress;
(c) pore water pressure; (d) effective stress with depth for a soil layer with downward

seepage

The hydraulic gradient caused by the downward seepage equals i = h/H,. The
total stress, pore water pressure, and effective stress at any point C are, respectively,

= Hle + ZYsat

=(H +z = i)y,
(HIYIU + ;'Ysai) - (Hl +z- iz)?w

If

=zy' Foizy,

The variations of total stress, pore water pressure, and effective stress with
depth are also shown graphically in Figures 8.6b through 8.6d.
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84" Seepage Force

The preceding section showed that the effect of seepage is to increase or decrease
the effective stress at a point in a layer of soil. Often, expressing the seepage force
per unit volume of soil is convenient.

In Figure 8.2, it was shown that, with no seepage, the effective stress at a depth
z measured from the surface of the soil layer in the tank is equal to zy'. Thus, the ef-
fective force on an area A is

Py=2zy'A
(The direction of the force Pjis shown in Figure 8.7a.)

Again, if there is an upward seepage of water in the vertical direction through
the same soil layer (Figure 8.4), the effective force on an area A at a depth z can be
given by

Py =(2y" — izy,)A
Hence, the decrease in the total force because of seepage is
P} — Py =izy, A (8.10)

The volume of the soil contributing to the effective force equals zA, so the

seepage force per unit volume of soil is
- PZ_‘ o I.Z’)’wA
(Volume of soil)  zA

= iy (8.11)

Volume of ;= =-557%>
. S 2YA T

soil=zA  [Lhe, Letel

-.~‘4 :’-\i\.‘; :‘—

NN SN

Volume
of
soil = zA ‘ -
IZYwA =
® I seepage force
TnEnA =
secpagc e

+ »forcc-- ;_1

(c)

Figure 8.7 Force due to (a) no seepage; (b) upward seepage; (c) downward seepage on a
volume of soil
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The force per unit volume, iy,.. for this case acts in the upward direction — that
is, in the direction of flow. This upward force is demonstrated in Figure 8.7b. Simi-
larly, for downward seepage. it can be shown that the seepage force in the downward
direction per unil volume of soil is iy, (Figure 8.7¢).

From the preceding discussions. we can conclude that the seepage force per
unit volume of soil is equal to iy, and in isotropic soils the force acts in the same di-
rection as the direction of flow. This statement is true for flow in any direction. Flow
nets can be used 1o find the hydraulic gradient at any point and. thus. the seepage
force per unit volume of soil.

This concept of seepage force can be effectively used to obtain the factor of
safety against heave on the downstream side of a hydraulhc structure. To see this,
consider the case of flow around a sheet pile (Figure 8.8a). After conducting several
mode] tests. Terzaghi (1922) concluded that heaving generally occurs within a dis-
tance of D/2 from the sheet piles (when D equals the depth of embedment of sheet
piles into the permeable laver). Therefore. we need to investigate the stability of soil
in a zone measuring D by D/2 in cross section. as shown in Figure 8.8a.

The factor of safety against heaving can be given by

FS = v 8.12
S=7 (812)
where FS = factor of safety
W' = submerged weight of soil in the heave zone per unit length of
sheetpile = D{D12)(ys = vu) = (3)D*Y
U = uplifiing force caused by seepage on the same volume of soil

From Egq. (8.11),
U = (Soil volume) X (i,,y,) = %Dziav')/w

where i,, = average hydraulic gradient at the bottom of the block of soil.

Sheet pile

Impermeable Jayer

(a)

Figure 8.8 (a) Check for heaving on the downstream side for a row of sheet piles driven
into a permeable Liver: (h) enlar2ement of heave zone



210 Chapter 8 In Situ Stresses
Substituting the values of W’ and U in Eq. (8.12), we can write

- Fs =1 (8.13)

favYw

For the case of flow around a sheet pile in a homogeneous soil, as shown in Fig-
ure 8.8, it can be demonstrated that
U
0.5v,D(H, — H,)
where C, is a function of D/T (see Table 8.1). Hence, from Eq. (8.12),
W' 0.5D%y’ B Dy’

FS=—2 = =
U O'5C0Y1L'D(H1 - HZ) CO'YIL-D(H] - HZ)

=C0

(8.13a)

Table 8.1 Variation of C, with D/T

DIT c,
0.1 0.385
02 0.365
03 0359
04 0.353
05 0.347
0.6 0.339
0.7 0327
08 0.309
0.9 0.274

Example 8.3 -

Consider the upward flow of water through a layer of sand in a tank as shown in
Figure 8.9. For the sand, the following are given: void ratio (¢) = 0.52 and spec1ﬁc
gravity of solids = 2.67.

a. Calculate the total stress, pore water pressure, and effective stress at
points A and B.
b. What is the upward seepage force per unit volume of soil?

Solution
a. The saturated unit weight of sand is calculated as follows

(G, + €)y.  (2.67 + 0.52)9.81

= = — T /a3
Vsat 1+e 1+ 052 20.59 KN/m
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ll]<

:L? Vaive
i 2 (open)
[nflow ——> J/

Figure 8.9 Upward flow of water through a layer of sand in a tank

Now. the following table can be prepared:

Effective
stress,
Pore water pressure, u o' =0—-u
Point Total stress, o (kN/m?) (kN/m?) (kNi/m?)
A 0.7y, + lya = (0.7)(9.81) 1_5_ 343
+ (1)(20.59) = 27.46 (1 +07) + | — J(1) |ve
= (2.45)(9.81) = 24.03
B 0.7y + 2y, = (0.7)(9.81) (2 + 0.7 + 1.5)y, 6.85
+ (2)(20.59) = 48.05 = (4.2)(9.81) = 41.2

b. Hydraulic gradient (i) = 1.5/2 = 0.75. Thus, the seepage force per unit

volume can be calculated as

iy, = (0.75)(9.81) = 7.36 kN/m’

Example 8.4

Figure 8.10 shows the flow net for seepage of water around a single row of sheet
piles driven into a permeable layer. Calculate the factor of safety against down-
stream heave, given that vy,,, for the permeable layer = 17.7 kN/m>. (Note: thick-

ness of permeable layer 7= 18 m)

Solution

From the dimensions given in Figure 8.10, the soil prism to be considered is

6m X 3 m in cross section.
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Sheet pile

/ Heave zone
R B

Figure 8.10 Flow net for seepage of water around sheet piles driven into permeable layer
The soil prism is drawn to an enlarged scale in Figure 8.11. By use of the flow
net. we can calculate the head loss through the prism as follows:
e At b, the driving head = (H, — H,)

o Atg, the driving head =~ *8(H, - H.)

Similarly, for other intermediate points along bc, the approximate driving heads
have been calculated and are shown in Figure 8.11.

=11

Driving head

Average = 0.36

o
[

Figure 8.11 Soil prism — enlarged scale
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The average value of the head loss in the prism is 0.36(H; — H,), and the av-
erage hydraulic gradient is
) 0.36(H, — H,)
=Ty
Thus, the factor of safety [Eq. (8.13)] is
v’ v'D (177 -981)6

_ = = 1.58
in¥e 036(H, — Hy)y, 036(10 — 1.5) X 9.81

FS =

Alternate solution
For this case, D/T = 1/3. From Table 8.1, for D/T = 1/3, the value of C, = 0.357.

Thus, from Eq. (8.13a),
Dy’ (6)(17.7 — 9.81)

FS = = =159
CovulHy — Ho)  (0357)(9.81)(10 — 1.5)

Use of Filters to Increase the Factor
of Safety against Heave

The factor of safety against heave as calculated in Example 8.4 is low. In practice, a
minimum factor of safety of about 4 to 3 is required for the safety of the structure.
Such a high factor of safety is recommended primarily because of the inaccuracies
inherent in the analysis. One way to increase the factor of safety against heave is to
use a filter in the downstream side of the sheet-pile structure (Figure 8.12a). A filter
is a granular material with openings small enough to prevent the movement of the
soil particles upon which it is placed and. at the same time, is pervious enough to of-
fer little resistance to seepage through it. In Figure 8.12a, the thickness of the filter
material is D). In this case, the factor of safety against heave cah be calculated as fol-

lows (Figure 8.12b).

(a)

Figure 8.12 Factor of safety against heave. with a filter
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The submerged weight of the soil and the filter in the heave zone per unit
length of sheet pile = W' + W, where

IR _Q — —_1_ 2,1

W = (D)< 2 >(753| ')'u-) = 2D Y
D 1 ,

Wi = (Q)(;)(YH = 5 DiDvE

in which yg = effective unit weight of the filter.
The uplifting {orce caused by seepage on the same volume of soil is given by

U =3D%,y,

The preceding relationship was derived in Section 8.4.
The factor of safety against heave is thus

..:' lDz ) . DD ' N 21 '
w! +W’ - Y 1 YF Y D YF

FS = = : (8.14)
U _1_ 2- LavYw
2D IavYw
8.6 Selection of Filter Material

Itis extreme.v important that the filter material mentioned in Section 8.5 be chosen
carefully. taking into consideration that the solil is to be protected. To describe the
selection criteria of a filter. refer to Figure 8.13. Note that, in this figure, the soil to
be protected is referred Lo as the base material. Terzaghi and Peck (1948) suggested
the following criteria for selection of the filter material:

) < 4

!\)

Here. Dygry. D55, = diameters through which 15% of the filter and base
material, respectively, wiil pass
Dygsp, = diameter through which 85% of the base material will pass

Figure 8.13 Definition of base material and filter maternial
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100

co
o

Curvea
~"(base material)

60

Percent finer

40

Grain size, D

Figure 8.14 Filter selection criteria

The first criterion is for prevention of the movement of the soil particles of the base
material (thatis, the soil to be protected) through the filter.

The application of the filter selection criteria just described can be explained
by using Figure 8.14. in which curve a is the grain-size distribution curve of the base
material. From criterion 1. D55, < 4Dgspy. The abscissa of point A is Dgs gy, 50 the
magnitude of 4Dg; 5y can be calculated. and point B, whose abscissa is 4Dgs 5, can be
plotted. Similarly. from criterion 2. D5, gy > 4D, 55,. The abscissas of points C and D
are D5y and 4D 5 4,. respectively. The curves b and ¢ are drawn. which are geo-
metrically similar to curve z and are within the limits of points B and D. A soil whose
grain-size curve falls within the bounds of curves b and c is a good filter material.

Capillary Rise in Soils

The continuous void spaces in soil can behave as bundles of capillary tubes of vari-
able cross section. Because of surface tension force, water may rise above the phreatic

surface.

Figure 8.15 shows the fundamental concept of the height of rise in a capillary
tube. The height of rise of water in the capillary tube can be given by summing the
forces in the vertical direction, or

(% d2>h6yw = 7wdl cos a

_ 4T cos o

8.15
dy, (8.13)

he

where T = surface tension (force/length)

a = angle of contact
d = diameter of capillary tube
Y. = unit weight of water
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a a
~— Atmospheric
_ heY. pressure
d [
<
e |
Capillary |-,
tube “ he Free water
\\‘ ‘ surface
3
4 Pressure
; T+
~——
Y
(a) (b)

Figure 8.15 (a) Rise of water in the capiilary tube; (b} pressure within the height of rise in
the capillary tube (atmospheric pressure taken as datum)

For pure water and clean glass. o = 0. Thus, Eq. (8.15) becomes

4
h = 3L (8.16)
d‘)’?l‘
For water. 7 = 72 mN/m. From Eq. (8.16). we see that the height of capillary rise
1
h, x e (8.17)

Thus. the smaller the capillary tube diameter, the larger the capillary rise. This fact
is shown in Figure 8.16.

Although the concept of capillary rise as demonstrated for an ideal capillary
tube can be applied to soils. one must realize that the capillary tubes formed in soils
because of the continuity of voids have variable cross sections. The results of the

—_—
—>|

‘ h, *
l he
1 s il o Ty =
‘Water

Figure 8.16 Nature of variation of capillary rise with diameter of capillary tube
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0 100

Degree of saturation (%)

(a) (b)

Figure 8.17 Capillary effect in sandy soil: (a) a sotl column in contact with water: (b) varia-
tion of degree of saturation in the soil column

nonuniformity on capillary rise can be seen when a dry column of sandy soil is placed
in contact with water (Figure 8.17). After the lapse ot a given amount of time. the
variation of the degree of saturation with the height of the soil column caused by
capillary rise i1s approximately as shown in Figure §.17b. The degree of saturation is
about 100% up to a height of 45, and this corresponds to the largest voids. Beyond
the height h,. water can occupy only the smaller voids: hence, the degree of satura-
tion is less than 100%. The maximum height of capillary rise corresponds to the
smallest voids. Hazen (1930) gave a formula for the approximation of the height of
capillary rise in the form.

C
€D10

hy(mm) = (8.18)
where D)y = effective size (mm)

e = void ratio

C = aconstant that varies from 10 to 50 mm®

Equation (8.18) has an approach similar to that of Eq. (8.17). With the decrease

of Dy, the pore size in soil decreases, which causes higher capillary rise. Table 8.2
shows the approximate range of capillary rise that is encountered in various types
of soils.

Table 8.2 Approximate Range of Capillary Rise in Soils

Range of capillary rise

Soil type m ft
Coarse sand 0.1-0.2 0.3-0.6
Fine sand 03-1.2 1~4
Sile 0.73-7.5 2.5-25

. Clay 7.5-23 25-75
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Capillary rise is important in the formation of some types of soils such as ca-
liche, which can be found in the desert Southwest of the United States. Caliche is a
mixture of sand, silt, and gravel bonded by calcareous deposits. These deposits are
brought to the surface by a net upward migration of water by capillary action. The
water evaporates in the high local temperature. Because of sparse ramfall the car-
bonates are not washed out of the top soil layer.

Effective Stress in the Zone of Capillary Rise

The general relationship among total stress, effective stress, and pore water pressure
was given in Eq. (8.4) as
oc=0"+u
The pore water pressure u at a point in a layer of soil fully saturated by capil-
lary rise is equal to —vy, A (h = height of the point under consideration measured
from the groundwater table) with the atmospheric pressure taken as datum. If par-
tial saturation is caused by capillary action. it can be approximated as

u = <1go>ywh (8.19)

where § = degree of saturation. in percent.

Example 8.5

A soll profile is shown in Figure 8.18. Note the zone of capillary rise in the sand
layer overlying clay. In this zone, the average degree of saturation and the moist
unit weight are 60% and 17.6 kN/m?, respectively. Calculate and plot the variation
of o, u, and ¢’ with depth.

Clay
Year = 18.9 kKN/m3

TP "i)"l ] e ‘4;\'-. PR \é‘\‘u f"d
) J&'npermea Byer-{(s VI Esey CRAleEY
;u:.‘i.i_‘?‘_l.b-.!.-:iﬂl‘m A4 "a;,;::;_’z_\__,.,_ RS ‘.’f-”v

Figure 8.18 Soil profile with capillary rise
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Toral stress Pore water pressure Effective slgcss
o (kN/m?) u (kN/m?) o (kN/m?)
0 - >
495 N
3o NT2 = 388
4 __________________
29.43
7 ____________ —_— - — —
v r
Z(m) (m)
Figure 8.19 Plot of o, u, and o with depth
Solution
The following table can be prepared:
Depth Effective
below ground Total stress, o Pore water pressure, u stress, o’
surface (m) (kN/m?) {kN/m?) (kN /m?)
0 0 0 0
3
Immediately (3)(16.5) = 49.5 0 49.5
above the
capillary zone
Just inside the (3)(16.5) = 49.5 —(Sy.)(1) = 55.38
capillary zone ‘ —(0.6)(9.81)(1) = —5.88
4 (3)(16.5) + (1)(17.6) =671 0 67.1
-7 : (3)(16.5) + (1)(17.6) + 3y, = (3)(9.81) = 29.43 94.37

(3)(18.9) = 123.8

The plot of o, 1, and ¢’ with depth is shown in Figure 8.19.

Summary and General Comments

The effective stress principle is probably the most important concept in geotechnical
engineering. The compressibility and shearing resistance of a soil depend to a great
extenton the effective stress. Thus. the concept of effective stress is significant in solv-
ing geotechnical engineering problems. such as the lateral earth pressure onretaining

structures, the load-bearing capacity and settlement of foundations, and the stability
of-earth slopes.
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In Eq. (8.2), the effective stress o' is defined as the sum of the vertical compo-
nents of all intergranular contact forces over a unit gross cross-sectional area. This
definition is mostly true for granular soils; however, for fine-grained soils, intergran-
ular contact may not physically be there, because the clay particles are surrounded
by tightly held water film. In a more general sense, Eq. (8.3) can be rewritten as

og=0,+tul—-—a)—-A+FK (8.20)

|

where o, = intergranular stress
A" = electrical attractive force per unit cross-sectional area of soil
R’ = electrical repulsive force per unit cross-sectional area of soil

For granular soils, silts, and clays of low plasticity, the magnitudes of A’ and R’ are
small. Hence, for all practical purposes,

Ty =0 =0 —u

However, if A" — R’ is large, then o, # o'. Such situations can be encountered in
highly plastic, dispersed clay. Many interpretations have been made in the past to
distinguish between the intergranular stress and effective stress. In any case, the ef-
fective stress principle is an excellent approximation used in solving engineering
problems.

Problems

8.1 A soil profile is shown in Figure 8.20. Calculate the values of o. i, and o’ at
points A, B, C, and D. Plot the variation of ¢, u, and ¢ with depth. The fol-
lowing values are given:

Thickness Unit weight
Layer no. (ft) (Ib /#t3)
I H, =5 yg =112
II H,=6 Year = 120
II1 H,=8§ Year = 125

8.2  Repeat Problem 8.1 with the following data:

Thickness Unit weight
Layer no. {ft) {Ib /i)
1 H =5 vq = 100
11 H.=10 Year = 116
111 H;=9 Year = 122

8.3  Repeat Problem 8.1 with the following values:

Thickness Unit weight
Layer no. {m) (kN/m®)
I Hl = 3 Ya = 15
II H,=4 YVea = 16

LI H3 =5 Ysar = 18
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A
g s ‘ ‘T """75
" Layerl C o
Dry sand H
Groundwater table ;

Figure 8.20

8.4

8.6

Repeat Problem 8.1 with the following data:

Layer no. Thickness (m) Soil parameters
I H =4 e=04 G, =262
1 H.=5 e =060.G, = 2.63
11 Hy=3 e=081.G,=273

Repeat Problem §.1 with the following values:

Layer no.  Thickness (m) Soil parameters
[ Hy =4 e=06.G,=26>
11 H,=3 e =052, G, =268
11 Hy=15 w=40%,e=1.1

Plot the variation of total stress, pore water pressure, and effective stress
with depth for the sand and clay layers shown in Figure 8.21 with H, = 3 m
and H, = 4 m. Give numerical values.

Figure 8.21



222

Chapter 8

in Situ Stresses

..Sagux':'i!cti_ cfa);' o

“Gy=212%
cs)qt‘cm’: w ='

Figure 8.22

ahie ey

f:

Figure 8.23

8.7 A soil profile is shown in Figure 8.22.

a. Calculate the total stress, pore water pressure, and effective stress at A, B,
and C.

b. How high should the groundwater table rise so that the effective stress at
C is 105 kN/m??

8.8 A sand has G, = 2.68. Calculate the hvdraulic gradient that will cause boiling

fore = 0.38.0.48.0.6.0.7. and 0.8. Plot a graph for i, versus e.

8.9  Anexploratory drill hole was made in a stiff saturated clay. (See Figure 8.23.)

The sand laver underlying the clay was observed to be under artesian pres-
sure. Water in the drill hole rose 10 a height of 12 ft above the top of the
sand layer. If an open excavation is to be made in the clay. how deep can the
excavation proceed before the bottom heaves?

8.10 A cutismade in a stiff saturated clay that is underlain by a layer of sand.

(See Figure 8.24.) What should be the height of the water. 4, in the cut so
that the stability of the saturated clav is not lost?

-
Portiae e e et

.‘T. Sawrated clay - -
I‘-psa[ = 1900 kg/m:"-' !

1| «

IR |

. Figure 8.24
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DI:y sand
G,=2.66
e=05

Clay
Zone of capillary nse
G;=271;e=0.75

v Groundwater table

Figure 8.25

8.11 Refer to Figure 8.4a. Given that H, = 1.5m. A, = 2.5 m. & = 1.5 m. void ratio
of sand (e) = 0.3. specific gravity of soil solids (G;) = 2.68, area of the tank =
0.6 m?, and hydraulic conductivity of sand = 0.1 cm/sec,

a. What is the rate of upward scepage?
b. If # = 1.5 m. will boiling occur? Why?
c¢. What should be the value of & to cause boiling?

8.12 Referto Figure 8da. If H, = 3 ft. H, = 4 ft. i = 1.5 ft. y,, = 120 1b/fe®, hy-
draulic conductivity of sand (k) = 0.18 cm/sec. and area of tank = 3.2 ft°,
what is the rate of upward seepage of water (ft’/min)?

8.13 A soil profile is shown in Figure 8.25. Given: H, = 6 {t, /» = 4 ft.and H; =
9 ft. plot the variation of o. 1, and ¢ with depth. Assume 50% saturation in
the zone of capillary rise.

8.14 Repeat Problem 8.13 with H, =2 m. H, = 25m.and H; = 3.5 m.

8.15 Find the factor ot safety against heave on the downstream side of the single-
row sheet pile structure shown in Figure 7.9. (Note: The depth of penetration
of sheet piles into the permeable layer is 3 m.) Assume y,,, = 19 kN/m’.

8.16 Repeat Problem 8.15 assuming that a filter 1.5 m thick is placed on the
downstream side. We are given vy, syer) = 20 KN/m’.
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9.1

Construction of a foundation causes changes in the stress, usually a net increase. The
net stress increase in the soil depends on the load per unit area to which the founda-
tion is subjected, the depth below the foundation at which the stress estimation 1s de-
sired. and other factors. It is necessary to estimate the net increase of vertical stress
in soil that occurs as a result of the construction of a foundation so that settlement
can be calculated. The settlement calculation procedure is discussed in more detail
in Chapter 10. This chapter discusses the principles of estimation of vertical stress
increase in soil caused by various types of loading, based on the theory of elasticity.
Although natural soil deposits. In most cases. are not fully elastic. isotropic. or ho-
mogeneous materials. calculations for estimating increases in vertical stress yield
fairly good results for practical work.

Normal and Shear Stresses on a Plane

Students in a soil mechanics course are familiar with the fundamental principles of
the mechanics of deformable solids. This section is a brief review of the basic con-
cepts of normal and shear stresses on a plane that can be found in any course on the
mechanics of materials.

Figure 9.1a shows a two-dimensional soil element that is being subjected to nor-
mal and shearstresses (o, > o,). To determine the normal stress and the shear stress
on a plane EFthat makes an angle 6 with the plane AB, we need to consider the free
body diagram of EFB shown in Figure 9.1b. Let o, and 7, be the normal stress and
the shear stress. respectively, on the plane EF. From geometry. we know that

EB = EF cos @ (5.1)
and
FB = EFsing (9.2)

Summing the components of forces that act on the element in the direction of N and
T, we have

o (EF) = o F)sin’ 6 + a.\.(ﬁ) cos’§ + ZTX_‘,(ﬁ) sin 6 cos 6
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oy
Teov ™
D - ) 4
E > 0
A 'Ak
<+ —
[$Y
(@) (b)

Figure 9.1 {a) A soil element with normal and shear stresses acting on it: (b) free body
diagram of £FB as shown in (a)

or

o, =0,.sin’ 0 + o, cos’ § + 27, sin 6 cos O
or

o, = Jy —; Ux + 7y ; s cos 26 + 7., sin 26 (9.3)
Again,

(EF) = —o (EF)sin@cos § + ,(EF) sin 8 cos
— 7,(EF) cos® 8 + 7,,(EF) sin 6
or
T, = 0,5m0cosb — o,sinfcosd — 7, (cos’ § — sin’6)

or

gy — O.,;r R
T, = —2—— sin 26 — 7, cos 26 (9.4)

From Eq. (9.4), we can see that we can choose the value of 6 in such a way that
7, will be equal to zero. Substituting 7, = 0, we get

27,
tan2 = —-—— (9.5)

o, — 0,
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Forgiven valuesof r,,, o,. and oy, Eq. (9.5) will give two values of 6 that are 90° apart.
This means that there are two planes that are at right angles to each other on which
the shear stress is zero. Such planes are called principal planes. The normal stresses
that act on the principal planes are referred to as principal stresses. The values of
principal stresses can be found by substituting Eq. (9.5) into Eq. (9.3), which vields

Major prin‘ciﬁal stress:
: Uy+ Cl'I A (Uy - o072 -
= =+ —_— .
BRI \[[2} R _
Minor prmapalsrress

9.7)

The normal stress and shear stress that act on any plane can also be determined
by plorting a Mohr’s circle, as shown in Figure 9.2. The following sign conventions
are used in Mohr’s circles: compressive normal stresses are taken as positive, and
shear stresses are considered positive if they act on opposite faces of the element in
such a way that they tend to produce a counterclockwise rotation.

For plane AD of the soil element shown in Figure 9.1a, normal stress equals
+ 0, and shear stress equals +71,,. For plane AB, normal stress equals + o, and shear
stress equals = 7y,.

The points R and M in Figure 9.2 represent the stress conditions on planes AD
and AB. respectively. O is the point of intersection of the normal stress axis with the
line RM. The circle MNQRS drawn with O as the center and OR as the radius 1s the

Shear stress. T

Normal stress, ©

Figure 9.2 Principles of the Mohr’ circle
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Mohr’s circle for the stress conditions considered. The radius of the Mohr’s circle is
equal to

The stress on plane EF can be determined by moving an angle 26 (which is twice the
angle that the plane EF makes in a counterclockwise direction with plane AB in Fig-
ure 9.1a) in a counterclockwise direction from point M along the circumference of
the Mohr's circle to reach point Q. The abscissa and ordinate of point O, respectively,
give the normal stress o, and the shear stress 7, on plane EF.

Because the ordinates (that is, the shear stresses) of points /V and S are zero,
they represent the stresses on the principal planes. The abscissa of point N is equal
to o, [Eq. (9.6)], and the abscissa for point S is o5 [Eq. (9.7)].

As a special case, if the planes AB and AD were major and minor principal
planes, the normal stress and the shear stress on plane £F could be found by substi-

tuting 7., = 0. Equations (9.3) and (9.4) show that o, = 0 and o, = o3 (Figure 9.3a).
Thus,
ot oy 0T 0; 5
o, = > + 5 cos 20 (9.8)
oy — 05 . .
Ty = 5 sin 26 (9.9)

The Mohrs circle for such stress conditions is shown in Figure 9.3b. The abscissa
and the ordinate of point Q give the normal stress and the shear stress, respectively,
on the plane EF.

4 Shear

o) stress

D C
0(0,, 1)
E
03— +—03
' S 0 N | Normal
stress
5]

A £ B

1 (b)

(a)

Figure 9.3 (a) Soil element with AB and AD as major and minor principal planes;
(b) Mohrs circle for soil element shown in (a)
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Examp!e 9.1

A soil element is shown in Figure 9.4. The magnitudes of stresses are 0'
120 kN/ m?, 7 = 40 kN/m?, o, = 300 kN/m?, and 6 = 20°. Dctermme'

a. Magnitudes of the principal stresses - - . ; : ey
b. Normal and shear stresses on plane AB Use Eqs (9 3) (9 4) (9 6 W
and (9.7).

ot .

Figure 9.4 Soil element with stresses acting on it

Solution
a. From Eqs. (9.6) and (9.7),

03}:0‘ + o, \/[0' —JJ .
gy
300+170 300—120
+ (—40)?
2 \/{ 2 } (=40)

oy = 308.5 kN/m?
o3 = 111.5 kN/m”

b. From Eq. (9.3),

oy, to, o,= 0, o
g, = 3 - 5 cos 20 + 7sin 26

300 + -
- 300 5 120 4 30 3 120 cos (2 X 20) + (—40) sin (2 X 20)

= 252.23 kN/m?
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From Eq. (7.4),

g, — Oy
W= sin 26 ~ 7 cos 26
_ 30%;12%“ (2 X 20) — (—40) cos (2 X 20)
= 88.49 kN/m?

Stress Caused by a Point Load

Boussinesq (1883) solved the problem of stresses producsd at any point in a homo-
geneous, elastic, and isotropic medium as the result of a point load applied on the
surface of an infinitely large half-space. According to Figure 9.5. Boussinesq’s solu-
tion for normal stresses at a point caused by the point load P is

P (3137 X = 7 Y
Aa_(=-{”‘—(1—2u) = 1} (9-10)

AR Ll + ) [P,
P (2vz oy =7 Xz J}
Ao, =—{—— — (1 = 2u)| —, + ~5 9.11
7 27{ Rl T S G-41)

and

3P 3P 2

Ao, =-——== ——— 9.12
P 2w P 27 ()'2 + 13)3/2 ( )
where r = V2 + y?
L=VxX+y+72=Vrir+7
L = Poisson’s ratio
X
y
Figure 9.5
Stresses in an
etastic medium
caused by a

point load
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Note that Eqs. (9.10) and (9.11), which are the expressions for horizontal nor-
mal stresses, depend on the Poissons ratio of the medium. However, the relationship
for the vertical normal stress, Ao ., as given by Eq. (9.12), is independent of Poisson’s
ratio. The relationship for Ao, can be rewritten as

. P[3. - UIEEESBEL
Ao, 22{2,‘7 [(7/2)2 + 1]5r2} 22-1 L ( )
where
3 1

]}=‘+

27 (2 + 1 G419

The variation of /, for various values of r/z is given in Table 9.1.

Table 9.7 Variation of [, for Various Values of r/z [Eq. (9.14)]

rfiz I iz Iy

0 0.4775 035 0.1565
0.02 0.4770 0.80 0.1386
0.04 0.4765 0.85 0.1226
0.06 0.4723 0.90 0.1083
0.08 0.4699 0.95 0.0956
0.10 0.4657 1.00 0.0844
0.12 0.4607 1.20 0.0513
0.14 0.4548 1.40 0.0317
0.16 0.4482 1.60 0.0200
0.18 0.4409 1.80 0.0129
0.20 0.4329 2.00 0.0085
0.22 0.4242 220 0.0058
0.24 0.4151 2.40 0.0040
0.26 0.4050 2.60 0.0029
0.28 0.3954 2.80 0.0021
0.30 0.3849 3.00 0.0015
0.32 0.3742 3.20 0.0011
0.34 0.3632 340 0.00085
0.36 0.3521 3.60 0.00066
0.38 0.3408 3.80 0.00051
0.40 0.3294 4.00 0.00040
0.45 0.3011 4.20 0.00032
0.50 02733 4.40 0.00026
0.53 .2466 4.60 0.00021
0.60 0.2214 4.80 0.00017
0.65 0.1978 5.00 0.00014

0.70 0.1762
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Example 9.2

Consider a point load P = 5 kN (Fig. 9.5). Calculate the vertical stress increase
(Aoc)atz=0,2m,4m, 6 m,10m,and 20 m. Givenx =3 mand y = 4 m.

Solution
r=Vx*+y?=V3¥+4 =5m

The following table can now be prepared:

r V4 -

“{m) (m} z I (kN/m?)

5 0 o0 0 0
2 25 0.0034 0.0043
4 1.25 0.0424 0.0133
6 83 0.1295 0.0180
10 0.5 0.2733 0.0137
20 0.25 0.4103 0.0051

9.3 Vertical Stress Caused by a Line Load

Figure 9.6 shows a flexible line load of infinite length that has an intensity g/unit length
on the surface of a semi-infinite soil mass. The vertical stress increase, Ao ,, inside the
soil mass can be determined by using the principles of the theory of elasticity, or

o o 2423 3
4?2 = —Fz + ) (9.15)

g/Unit length

. x Figure 9.6
Line load over the surface of a
semi-infinite soil mass
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Table 9.2 Variation of Ac./(q/z) with x/z [Eq. (9.16)]

x|z Ao, /{g/2) x/z Ao,/lq/2)
0 0.637 1.3 0.088
0.1 0.624 14 0.073
0.2 0.589 1.5 0.060
0.3 0.536 1.6 0.050
0.4 0.473 1.7 0.042
0.5 0.407 1.8 0.035
0.6 0.344 1.9 0.030
0.7 0.287 2.0 0.025
0.8 0.237 2.2 0.019
0.9 0.194 2.4 0.014
1.0 0.159 2.6 0.011
1.1 0.130 2.8 0.008
1.2 0.107 3.0 0.006

This equation can be rewritten as

2q
AG: = 2 2
wz{(x/z)* + 1]
or
Ao, 2

~ = = 5 9.16

@) ey + 17 16

Note that Eq. (9.16) is in a nondimensional form. Using this equation, we can calcu-

late the variation of Ac./(g/z) with x/z. This is given in Table 9.2. The value of Ao,
calculated by using Eq. (9.16) is the additional stress on soil caused by the line load.

The value of Ao. does not include the overburden pressure of the soil above point A.

Example 9.3

Figure 9.7a shows two line loads and a point load acting at the ground surface.
Determine the increase in vertical stress at point 4, which is located at a depth
of 1.5 m.

Solution
Referring to Figures 9.7b through 9.7d, we find that

AUZ = AU‘ZG) + AG':(?_) -+ AUZ(3)
2¢,:2° 29,2 L3P z
7(x] + %) 7r(x3 + z2)2 2 (rz + 22)5’2
t

Eq. (9.15) Eq. (9.13) Eq. (9.12)
3 (2)(15)(1.5)° (2)(10)(1.5)* (3)(30) (1.5)
S A[@PFSPE T Al@) SR @)m) {{B3)+ @)1+ ASyPE
0.825 + 0.065 + 0.012 = 0.902 kN/m?
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q, = 15 kN/m ) gy = 10KN/m
XI { A\'-_.
4 Y é - —_—
Aoy, T | AC.
‘ 1.5m | | !5m
| o
ALY i Ay Y
L J ©
e 2 m — Y =0 - +m I =0
= y:<
() (c)
v
-3
p=down ST Am__
el A
LT 7
r=>3m 3m/ |
-7 g | 15m
- I | T
AG:G)}
e 1

(d)

Figure 9.7 Two line loads and a point load acting at the ground surface
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i~ B >

f———— X — r —>!

Figure 9.8
l ; Vertjcal stress caused by a
flexible strip load
9.4 Vertical Stress Caused by a Strip Load

(Finite Width and Infinite Length)

The fundamental equation for the vertical stress increase at a point in a soil mass
as the result of a line Joad (Section 9.3) can be used to determine the vertical stress at
a point caused by aflexible strip load of width B. (See Figure 9.8.) Let the load per unit
area of the strip shown in Fagure 9.8 be equal to g. If we consider an elemental strip
of width dr, the load per unit length of this strip is equal to g dr. This elemental strip
can be treated as a line load. Equation (9.15) gives the vertical stress increase do, at
point A inside the soil mass caused by this elemental strip load. To calculate the ver-
tical stress increase, we need to substitute g dr for g and (x — r) for x. So
2(q dr)z?

do. Tl =) + 2T (9.17)
The total increase in the vertical stress (Ag.) at point A caused by the entire strip
load of width B can be determined by integration of Eq. (9.17) with limits of r from
—Bl2to +B/2, or

B B f"BQ/zq\ Z3 }
ni Jda:_ J-B/Z K7"){L(J‘ -2+ P a

= %{tan'{ﬁ%} - tan™! )\T_EBH/.Z} (9.18)

Bz[x? - 22— (32/4)] }
Ix2 + 22 _ (32/4)]2 + 3222
Table 9.3 shows the varjation of Ao /g with 2z/B for 2x/B. This table can be

used conveniently for the calculation of vertical stress at a point caused by a flexible
strip load.




Table 9.3 Variation of Ag./q with 2:/8 and 2¢/B [Eq. (9.18)]

2x/B

2z/B 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.00 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.000
0.10 1.000 1.000 0.999 0.999 0.999 0.998 0.997 0.993 0.980 0.909 0.500
0.20 0.997 0.997 0.996 0.995 0.992 0.988 0.979 0.959 0.909 0.775 0.500
0.30 0.990 0.989 0.987 0.984 0.978 0.967 0.947 0.908 0.833 0.697 0.499
0.40 0.977 0.976 0.973 0.966 0.955 0.937 0.906 0.855 0.773 0.631 0.498
0.50 0.959 0.958 0.933 0.943 0.927 0.902 0.864 0.808 0.727 0.620 0.497
0.60 0.937 0.935 0.928 0.915 0.896 0.866 0.825 0.767 0.691 0.598 0.493
0.70 0910 0.908 0.899 0.885 0.863 0.831 0.788 0.732 0.662 0.381 0.492
0.80 0.881 0.878 0.869 0.853 0.829 0.797 0.7553 0.701 0.638 0.566 0.489
0.90 0.850 0.847 0.837 0.821 0.797 0.765 0.724 0.675 0.617 0.352 0.483
1.00 0.818 0.815 0.805 0.789 0.766 0.735 0.696 0.650 0.598 0.540 0.480
1.10 0.787 0.783 0.774 0.758 0.735 0.706 0.670 0.628 0.380 0.329 0.474
1.20 0.755 0.752 0.743 0.728 0.707 0.679 0.646 0.607 0.364 0317 0.468
1.30 0.725 0.722 0.714 0.699 0.679 0.654 0.623 0.388 0.5348 0.306 0.462
1.40 0.696 0.693 0.685 0.672 0.653 0.630 0.602 0.569 0.534 0.495 0.455
1.50 0.668 0.666 0.658 0.646 0.629 0.607 0.381 0.332 0319 0.484 0.448
1.60 0.642 0.639 0.633 0.621 0.605 0.586 0.562 0.533 0.506 0.474 0.440
1.70 0.617 0.615 0.608 0.598 0.383 0.563 0.544 03519 0.492 0.463 0.433
1.80 0.593 0.391 0.385 0.576 0.563 0.546 0.326 0.504 0.479 0.433 0.423
1.90 0.571 0.369 0.564 0.553 0.543 0.528 0.510 0.489 0.467 0.443 0.417
2.00 0.350 0.348 0.543 0.535 0.524 0.510 0.494 0.473 0.455 0.433 0.409
2.10 0.530 0.529 0.524 0.517 0.507 0.494 0.479 0.462 0.443 0.423 0.401
220 0.511 0.510 0.306 0.499 0.490 0.479 0.465 0.449 0432 0413 0.393
230 0.494 0.493 0.439 0.483 0.474 0.464 0.451 0.437 0421 0.404 0.385
2.40 0.477 0.476 0.473 0.467 0.460 0.450 0.438 0.425 0.410 0.395 0.378
250 0.462 0.461 0.458 0.4352 0.445 0.436 0.426 0.414 0.400 0.386 0.370
2.60 0.447 0.446 0.443 0.439 0.432 0.424 0414 0.403 0.390 0.377 0.363
2.70 0.433 0.432 0.430 0.425 0.419 0412 0.403 0.393 0.381 0.369 0.353
2.30 0.420 0.419 0.417 0413 0.407 0.400 0.392 0.383 0.372 0.360 0.348
290 0.408 0.407 0.405 0.401 0.396 0.389 0.382 0.373 0.363 0352 0.341
3.00 0.396 0.395 0.393 0.390 0.385 0.379 0.372 0.364 0.355 0.345 0.334
3.10 0.385 0.384 0.382 0.379 0.375 0.369 0.363 0.355 0.347 0.337 0.327
3.20 0.374 0.373 0.372 0.369 0.365 0.360 0.334 0.347 0.339 0.330 0.321
3.30 0.364 0.363 0.362 0.359 0.355 0.351 0.345 0.339 0.331 0.323 0.313
3.40 0.354 0.354 0.352 0.350 0.346 0.342 0.337 0.331 0.324 0316 0.308
3.50 0.345 0.345 0.343 0.341 0.338 0.334 0.329 0.323 0.317 0.310 0.302
3.60 0.337 0.336 0.335 0.333 0.330 0.326 0.321 0316 0.310 0.304 0.297
3.70 0.328 0.328 0.327 0.325 0.322 0.318 0.314 0.309 0.304 0.298 0.291
3.80 0.320 0.320 0.319 0.317 0.315 0.311 0.307 0.303 0.297 0292 0.285
3.90 0.313 0.313 0.312 0.310 0.307 0.304 0.301 0.296 0.291 0.286 0.280
4.00 0.306 0.305 0.304 0.303 0.301 0.298 0.294 0.290 0.285 0.280 0.275
4.10 0.299 0.299 0.298 0.296 0.294 0.291 0.288 0.284 0.280 0.275 0.270
4.20 0.292 0.292 0.291 0.290 0.288 0.285 0.282 0278 0274 0.270 0.265
4.30 0.286 0.286 0.285 0.283 0.282 0.279 0.276 0273 0.269 0.265 0.260
4.40 0.280 0.280 0.279 0.278 0.276 0274 0.271 0.268 0.264 0.260 0.236
4.50 0.274 0.274 0.273 0.272 0.270 0.268 0.266 0263 0.259 0.255 0.251
4.60 0.268 0.268 0.268 0.266 0.265 0.263 0.260 0258 0.254 0.251 0.247
4.70 0.263 0.263 0.262 0.261 0.260 0.238 0.253 0.253 0.250 0.246 0.243
4.80 0.238 0.258 0.257 0.256 0.255 0.253 0.251 0.248 0.245 0.242 0.239
4.90 0.253 0.253 0.252 0.251 0.230 0248 0.246 0.24d 0.241 0.238 0.235
5.00 0.248 0248 0247 0.246 0.2435 0244 0.242 0.239 0.237 0.234 0.231

(continued)



Table 9.3 (continued)

2x/B

2z/B 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0
000 0000 0000  0.000 0000 0000 0000 0000 0000  0.000  0.000
010  0.091 0020  0.007 0003 0002 0001 0001 0000  0.000  0.000
020 0225 0091  0.040 0020 0011 0007 0004 0003 0002  0.002
030 0301 0165  0.090 0052 0031 0020 0013 0009 0007 0005
040 0346 0224 0141 0090 0059 0040 0027 0020 0014 0011
050 0373 0267  0.185 0128  0.089 0063 0046 0034 0025 0019
060 0391 0298 0222 0163 0120 0088 0066 0050  0.038  0.030
070 0403 0321 0250 0193 0148 0113 0087 0068 0053 0042
080 0411 0338 0273 0218 0173 0137 0108 008 0069 0056
090 0416 0351 0291 0239 0195 0158 0128 0104  0.085  0.070
100 0419 0360  0.305 0256 0214 0177 0147 0122 0101  0.084
110 0420 0366 0316 0271 0230 0194 0164 0138 0116  0.098
120 0419 0371 0.325 0282 0243 0209 0178 0152 0130 0111
130 0417 0373 0331 0291 0254 0221 0191 0.166  0.143  0.123
140 0414 0374 0335 0298 0263 0232 0203 0177 0155 0135
150 0411 0374 0338 0303 0271 0240 0213 018 0165  0.146
160 0407 0373 0339 0307 0276 0248 0221 0.197 0175  0.155
170 0402 0370 0339 0309 0281 0254 0228 0205 0183  0.164
180 039 0368  0.339 0311 0284 0258 023 0212 0191 0172
190 0391 0364 0338 0312 028 0262 0239 0217 0197  0.179
200 0385 0360  0.336 0311 0288 0265 0243 0222 0203  0.185
210 0379 0356 0333 0.311 0288 0267 0246 0226 0208  0.190
220 0373 0352 0.330 0309 0288 0268 0248 0229 0212 0.195
230 0366 0347 0327 0307 0288 0268 0250 0232 0215  0.199
240 0360 0342 0323 0305 0287 0268 0251 0234 0217 0202
250 0354 0337 0320 0302 0285 0268 0251 0235 0220  0.205
260 0347 0332 0316 0299 0283 0267 025 0236 0221 0207
270 0341 0327 0312 0296  0.281 0266 0251 0236 0222 0.208
280 0335 0321 0307 0293 0279 0265 0250 0236 0223 0210
290 0329 0316 0303 0290 0276 0263 0249 023 0223 0211
300 0323 0311 0.299 0286 0274 0261 0.248 0236 0223 0211
310 0317 0306  0.294 0283 0271 0259 0247 0235 0223 0212
320 0311 0301 0.290 0279 0268 0256 0245 0234 0223 0212
330 0305 0296  0.286 0275 0265 0254 0243 0232 0222 0211
340 0300 0291 0281 0271 0261 0251 0.241 0231 0221 0211
350 0294 0286 0277 0268 0258 0249 0239 0229 0220 0210
360 0289 0281 0273 0264 0255 0246 0237 0228 0218 0209
370 0284 0276  0.268 0260 0252 0243 0235 0226 0217 0208
380 0279 0272 0.264 0256 0249 0240 0232 0224 0216 0207
390 0274 0267  0.260 0253 0245 0238 0230 0222 0214 0206
400 0269 0263  0.236 0249 0242 0235 0227 0220 0212 0.205
410 0264 0258 0252 0246 0239 0232 0225 0218 0211 0203
420 0260 0254  0.248 0242 0236 0229 0222 0216 0209 0202
430 0255 0250  0.244 0239 0233 0226 0220 0213 0207 0200
440 0251 0246 0241 0235 0229 0224 0217  0.211 0205  0.199
450 0247 0242 0237 0232 0226 0221 0215 0209 0203  0.197
460 0243 0238 0234 0229 0223 0218 0212 0207 0200 0195
470 0239 0235 0.230 0225 0220 0215 0210 0205 0199 0194
480 0235 0231 0227 0222 0217 0213 0208 0202 0197 0192
490 0231 0227 0223 0219 0215 0210 0205 0200 0195 0190
500 0227 0224 0220 0216 0212 0207 0203 0198 0193  0.188
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Example 9.4

With reference to Figure 9.8, we are given ¢ = 200 kN/m®, B = 6 m, and z = 3 m.
Determine the vertical stress increase atx = =9, =6, =3, and O m. Plot a graph of

Ao, against x.

’_700 —— P .
160
E 10f-
S
g 80|
<
40}
0 Figure 9.9
-10 Plot of Ao, against
distance x
Solution
The following table can be made:
x{m) 2x/B 2z/B Aa,/q®  Ao,” (KN/m?)
+9 *3 1 0.017 3.4
* *+2 1 0.084 16.8
*3 *1 1 0.480 96.0
0 0 1 0.818 163.6
“From Table 9.3
g =200 kN/m?
The plot of Ao, against x is given in Figure 9.9.
9.5 Vertical Stress Due to Embankment Loading

Figure 9.10 shows the cross section of an embankment of height H. For this two-
dimensional loading condition the vertical stress increase may be expressed as

B, |
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t

|
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| 4, = 1H
|

I

|

Figure 9.10
Embankment loading
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(9.19)

height of the embankment

v = unit weight of the embankment soil

H

where g, = yH

(9.20)
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For a detailed ciérivation of the equation, see Das (1997). A simplified form of
Eq. (9.19) is
Ao. =q,l> (9.22)

where [, = a function of B,/z and B-/z.
The variation of /, with B/z and B./z is shown in Figure 9.11 (Osterberg, 1957).

Example 9.5

An embankment is shown in Figure 9.12a. Determine the stress increase under
the embankment at points A; and A,.

Solution
vH = (17.5)(7) = 122.5kN/m*

Stress Increase at A,
The left side of Figure 9.12 indicates that B; = 2.5 m and B, = 14 m. So

B 2 B, 14
R Y-

o~

z 5 Tz
According to Figure 9.11, in this case, [24= 0.445. Because the two sides in Fig-
ure 9.12b are symmetrical, the value of [, for the right side will also be 0.445. So

Ao, = Aoy + Aoy = CZO[IZ(Laft) + I2(Right)‘*
= 122.5[0.445 + 0.445] = 109.03 kN/m?

‘.4—1_;m-———>‘<—'m r}< 14 m |

| ¢=17.5 kN/m?

= [:-:;.‘ SRR TMESOKIIRRKINSECERNAN 3 TR
~ g < p >
5m 5+m 11.5m 5+m 16.5 m
® [
Ay A
(2)
25m 25m
! . ] | <
J 14m > N amal l4+m
qo = do =
122.5 122.5
kN/m?  kN/m?
—_— Y

(o)

!
i

|

I

i

I

Y
i [ ]

A

(b) o Figure 9.12
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|
90 = *’,'
Sm | (7 m) x /",
"*—*] go=1(2.5m) (17.5
X (17.5 4 KNm3) i
¢ LN/m3 ) = =122.5 ¥ v Y Y v
43.75 kN/m? kN/m?
t i
5m : {
Y AG)) ) 90 =
e b (4.5 m) X
A, A, B (17.5
kN/m3) =
78.75 kN/m? :
I
Acz(?})lx om
142

Figure 9.12 (continued)

Stress Increase at’A, .

(c)

Refer to Figure 9.12¢. For the left side, Bg = 5mand Bi = 0.So

.&~

Z

According to Figure 9.11, for these values of B,/z and B,/z, I, = 0.25. So

B

z S

Aoy = 43.75(0.25) = 10.94 kN/m?

For the middle section,

B, 14
Z

5

Thus, Z, = 0.495. So

2.8, — = —

B, 14
Z 5

= 2.8

A0 o) = 0.495(122.5) = 60.64 kN/m?

For the right side

B,
z

and /, = 0.335. So

Ao, = (78.75)(0.335) = 26.38 kN/m?

Total stress increase at point A4, is

Ao, = Aoy + Adyy) — Aoy = 10.94 + 60.64 — 26.38 = 45.2 kKN/m*
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AT IS
L& " -, -~ Load per unit

-

Figure 9.13
Vertical stress below the center of a uniformly loaded
flexible circular atea

Vertical Stress Below the Center of
a Uniformly Loaded Circular Area

Using Boussinesq’ssolution for vertical stress Ao. caused by a point load [Eq. (9.12)],
one can also develop an expression for the vertical stress below the center of a uni-
formly loaded flexible circular area.

From Figure 9.13, let the intensity of pressure on the circular area of radius R
be equal to g. The total load on the elemental area (shaded in the figure) is equal to
gr dr da. The vertical stress, do, at point A caused by the load on the elemental area
(which may be assumed to be a concentrated load) can be obtained from Eq. (9.12):

_ 3(gr dr da) Pt

z D17 (7‘2 + Z2)5/2

do (9.23)

The increase in the stress at point 4 caused by the entire loaded area can be
found by integrating Eq. (9.23):

~ a=2n7 r=R A 3
/_\U:=Jda:=J J' ﬁ_i’~r = dr da
=0 ‘r=0 Tz

a=0

So

Ao, = q{l - — 1——} (9.24)
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9.7

98

Ao,
q
Table 9.4 Variation of Ac./q with z/R [Eq. (9.24)] 00 02 04 06 08 10

0
z/R Ao, ]
0 1 1 ~
0.02 0.9999 |
0.05 0.9998 ‘
0.10 0.9990 X /
0.2 0.9925
0.4 0.9488 : /
0.5 0.9106 R 3
0.8 0.7562
1.0 0.6465
1.5 0.4240 4
2.0 0.2845
25 0.1996
3.0 0.1436 5
4.0 0.0869
5.0 0.0571

6

Figure 9.14

Stress under the center of a uni-
formly loaded flexible circular area

The variation of Ao /g with z/R as obtained from Eq. (9.24) is given in Table 9.4.
A plot of this is also shown in Figure 9.14. The value of Ao, decreases rapidly with
depth, and at z = SR, it is about 6% of g, which is the intensity of pressure at the
ground surface. )

Vertical Stress at any Point Below
a Uniformly Loaded Circular Area

A detailed tabulation for calculation of vertical stress below a uniformly loaded flex-
ible circular area was given by Ahlvin and Ulery (1962). Referring to Figure 9.15, we
find that Ao, at any point A located at a depth z at any distance r from the center of
the loaded area can be given as

Ao, = g(A’ + B') (9.25)

where A’ and B’ are functions of z/R and r/R. (See Tables 9.5 and 9.6 on pages 244
and 245.)

Vertical Stress Caused by a
Rectangularly Loaded Area

Boussinesq’s solution can also be used to calculate the vertical stress increase below
a flexible rectangular loaded area, as shown in Figure 9.16. The loaded area is lo-
cated at the ground surface and has length L and width B. The uniformly distributed
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:

fac,

Y e

Figure 9.16 Vertical stress below the corner of a uniformly loaded fiexible
rectangular area

load per unit area is equal to g. To determine the increase in the vertical stress (Ao,)
at point A, which is located at depth : below the corner of the rectangular area, we
need to consider a small elemental area dx dy of the rectangle. (This is shown in Fig-
ure 9.16.) The load on this elemental area can be given by

dq = qdxdy (9.26)



Table 9.5 Variation of A’ with z/R and g/R*

r/R
ZIR 0 0.2 0.4 0.6 0.8 1 1.2 15 2
0 1.0 1.0 1.0 1.0 1.0 0.5 0 0 0
0.1 090050  0.89748  0.88679  0.86126 0.78797  0.43015  0.09645  0.02787  0.00856
02 080388  0.79824 077884  0.73483 0.63014  0.38269  0.15433  0.05251  0.01680
03 071265 070518  0.68316 0.62690 0.52081 034375  0.17964  0.07199  0.02440
0.4 06281 062015  0.59241 0.53767 0.44329 031048 018709  0.08593  0.03118
0.5 055279  0.54403 051622  0.46448 038390  0.28156  0.18556  0.09499  0.03701
0.6 04850  0.47691 0.45078  0.40427 033676 025588  0.17952  0.10010
0.7 042654 041874  0.39491 0.35428 0.29833 021727 017124 010228  0.04558
0.8 037531  0.36832  0.34729 0.31243 0.26581 021297 016206  0.10236
0.9 033104 032492  0.30669 0.27707 0.23832  0.19488  0.15253  0.10094
1 029289 028763  0.27005 0.24697 021468  0.17868  0.14329  0.09849  0.05185
1.2 023178 022795 021662  0.19890 0.17626 015101  0.12570  0.09192  0.05260
1.5 016795 016552  0.15877 0.14804 013436 011892  0.10296  0.08048  0.05116
2 010557  0.10453 0.10140 0.09647 0.09011  0.08269  0.07471  0.06275  0.04496
25 007152 0.07098  0.06947 0.06698 0.06373  0.05974  0.05555  0.04880  0.03787
3 005132  0.05101 0.05022 0.04886 0.04707  0.04487 004241  0.03839  0.03150
4 0.02986  0.02976  0.02907 0.02802 0.02832  0.02749 002651  0.02490  0.02193
5 001942  0.01938 0.01835 0.01573
6 0.01361 0.01307 0.01168
7 0.01005 0.00976 0.00894
8 0.00772 0.00755 0.00703
9 0.00612 0.00600 0.00566
10 0.00477  0.00465
* After Ahlvin and Ulery (1962)
Table 9.6 Variation of B’ with z/R and r/R*
r/R
zIR 0 0.2 0.4 0.6 0.8 1 1.2 15 2
0 0 0 0 0 0 0 0 0 0
01 009852  0.10140 0.11138 0.13424 0.18796  0.05388 -0.07899 -0.02672 —0.00845
02 018857  0.19306 0.20772 0.23524 025983  0.08513 -0.07759 ~0.04448 —0.01593
03 026362  0.26787 0.28018 0.29483 027257 010757 -004316 -0.04999 -0.02166
04 032016  0.32259 0.32748 0.32273 026925  0.12404 -0.00766 —0.04535 —0.02522
05 0335777 035752 0.35323 0.33106 026236 013591 002165 ~-0.03455 —0.02651
06 037831 0.37531 036308  0.32822 0.25411 0.14440 004457 —0.02101
07 038487  0.37962 0.36072 0.31929 024638 0.14986 006209 —0.00702 —0.02329
08 038091  0.37408 0.35133 0.30699 023779 015292 007530  0.00614
09 036962  0.36275 0.33734 0.29299 0.22891 0.15404  0.08507  0.01795
1 0.35355  0.34553 0.32075 0.27819 021978  0.15355 009210  0.02814 ~0.01005
12 031485  0.30730  0.28481 0.24836 020113 0.14915 010002  0.04378  0.00023
15 025602  0.25025 0.23338 0.20694 017368  0.13732 010193  0.05745  0.01385
2 0.17889  0.18144 0.16644 0.15198 013375 011331  0.09254  0.06371 0.02836
25 012807  0.12633 0.12126 0.11327 0.10298  0.09130  0.07869  0.06022  0.03429
3 0.09487  0.09394  0.09099 0.08635 0.08033  0.07325 006551  0.05354  0.03511
4 0.05707  0.05666  0.05562  0.05383 0.05145  0.04773 004532  0.03995  0.03066
5 0.03772 0.03760 0.03384 0.02474
6 0.02666 0.02468 0.01968
7 0.01980 0.01868 0.01577
8 0.01526 0.01459 0.01279
9 0.61212 0.01170 0.01054
10 0.00924  0.00879

* Source: From “Tabulated Values for Determining the Complete Pattern of Stresses, Strains, and Deflections Beneath
a Uniform Circular Load on a Homogeneous Half Space,” by R. G Ahlvin and H. H. Ulery. In Highway Research
Bulletin 342, Transportation Research Board, National Research Council, Washington, DC, 1962.
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Table 8.5 (continued)

3 4 5 6 7 8 10 12 14

0 0 0 0 0 0 0 0 0
0.00211 0.00084 0.00042 )
0.00419 0.00167 0.00083 0.00048 0.00030 0.00020
0.00622 0.00250
0.01013 0.00407 0.00209 0.00118 0.00071 0.00033 0.00025 0.00014 0.00009
0.01742 0.00761 0.00393 0.00226 0.00143 0.00097 0.00030 0.00029 0.00018
0.01935 0.00871 0.00459 0.00269 0.00171 0.00115
0.02142 0.01013 0.00548 0.00325 0.00210 0.00141 0.00073 0.00043 0.00027
0.02221 0.01160 0.00659 0.00399 0.0026+4 0.00130 0.00094 0.00056 0.00036
0.02143 0.01221 0.00732 0.00463 0.00308 0.00214 0.00115 0.00068 0.00043
0.01980 0.01220 0.00770 0.00505 0.003+ 0.00242 0.00132 0.00079 0.00051
0.01592 0.01109 0.00768 0.00536 0.00384 0.00282 0.00160 0.00099 0.00065
0.01249 0.00949 0.00708 0.00527 0.00394 0.00298 0.00179 0.00113 0.00075
0.00983 0.00795 0.00628 0.00492 0.00384 0.00299 0.00188 0.00124 0.00084
0.00784 0.00661 0.00548 0.00445 0.00360 0.00291 0.00193 0.00130 0.00091
0.00635 0.00354 0.00472 0.00398 0.00332 0.00276 0.00189 0.00134 0.00094
0.00520 0.00466 0.00409 0.00353 0.00301 0.00256 0.00184 0.00133 0.00096
0.00438 0.00397 0.00352 0.00326 0.00273 0.00241

Table 9.6 (continued)

3 4 5 6 7 8 10 12 14

0 0 0 0 0 0 0 0 0

—0.00210 -0.00084 —0.00042

-0.00412 —0.00166 —0.00083 -0.00024 —0.00015 -0.00010

—0.00599 —0.00245

—-0.00991 —0.00388 —0.00199 -0.00116 —0.00073 —0.00049 -0.00025 —0.00014 —0.00009

-0.01115 -0.00608 ~—0.00344 -—0.00210 —0.00135 -0.00092 -0.00048 —0.00028 —0.00018

-0.00995 -—0.00632 —0.00378 -0.00236 —0.00156 =0.00107

~0.00669 —0.00600 —0.00401 —0.00265 -0.00181 -0.00126 ~—0.00068 ~0.00040 —0.00026
0.00028 -—0.00410 -0.00371 -—0.00278 —0.00202 -0.00148 —0.00084 —0.00050 —0.00033
0.00661 —0.00130 -0.00271 —0.00250 -—0.00201 -—0.00136 -0.00094 —0.00059 -0.00039
0.01112 0.00157 -0.00134 —0.00192 -0.00179 -0.00151 -0.00099 —0.00065 —0.00046
0.01515 0.00595 0.00155 —0.00029 -0.00094 -—0.00109 —0.00094 -0.00068 —0.00050
0.01522 0.00810 0.00371 0.00132 0.00013  —-0.00043 -0.00070 -0.00061 —0.00049
0.01380 0.00867 0.00496 0.00254 0.00110 0.00028  —0.00037 —0.00047 —0.00045
0.01204 0.00842 0.00347 0.00332 0.00185 0.00093  —-0.00002 -0.00029 —0.00037
0.01034 0.00779 0.0055+4 0.00372 0.00236 0.00141 0.00035 -0.00008 —0.00025
0.00888 0.00705 0.00335 0.00386 0.00265 0.00173 0.00066 0.00012 -0.00012
000764 000631 000301 000332 000281  0.00199 N
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The increase in the stress (do) at point A caused by the load dg can be determined
by using Eq. (9.12). However, we need to replace P with dg = g dx dy and r* with
x*+ 2 Thus,

3 3gdxdy 2

- 277@2 + y2 + Z2)5/2

do, (9.27)

The increase in the stress, at point A caused by the entire loaded area can now be
determined by integrating the preceding equation. We obtain

B Y g N
2 C3g(dxdy) i e
- J J odqrldxdy)ie e (9.28)
yR0 Tas0 27r(x+y '_-+‘.'zi)_' o
where
5= _L{ 2mnVm? + nt + 1 <m2 + n? + 2) + tan-! ( 2mnVm?: + nt+ 1 >}
P dr P+ 2+ mi A+ 1\m? + n? an m? 4+ nt— mPnt+ 1
9.29
B (9.29)
m=— (9.30)
<
L
n== (9.31)
<
The variation of /5 with »7 and n js shown in Table 9.7.
Table 8.7 Variation of /5 with n and n [Eq. (9.29)]
) V m
n 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

01 00047 00092 00132 00168 00198 00222 00242 00258  0.0270  0.0279
02 00092 00179 00259  0.0328 00387 00435 00474 00504 00528  0.0547

3 00132 00259 00374 00474 00559 00629 00686 00731 00766  0.0794
04 00168 00328 00474 00602 00711 00801 00873 00931  0.0977  0.1013
05 00198 00387 00559 0071} 00840 00947 01034 01104 01158  0.1202
06 00222 00435 00629 00801 00947 01069 01168 01247 01311  0.1361
07 00242 00474 00686 00873 0103 01169 01277 01365 01436  0.1491
08 00258 00504 00731 00931 01104 01247 01365  0.1461 01537  0.1598
09 00270 00528 00766 00977 01158 01311 01436 01537 0.1619  0.1684
1.0 00279 00547 00794 01013 01202 01361 01491 01598  0.1684  0.1752
1.2 00293 00572 00832 01063 01263 0.1431 01570 01684  0.1777  0.1851
14 00301 00589 00856 01094  0.1300 0.1475 01620 01739 01836  0.1914
1.6 00306 00599 00871 01114 01324 01503 01652 01774 01874  0.1955
1.8 00309 00606 00880 01126 01340  0.1521 01672 01797  0.1899  0.1981
20 00311 00610 00887 01134 01350 01533 01686 01812 01915  0.1999
25 00314 00616 00895 01145 01363 01548  0.1704 01832 01938  0.2024
30 00315 00618 00898 01150 01368 01555 01711 01841 01947  0.2034
40 00316 00619 0091 01153 01372 01560 01717  0.1847 01954 ~ 0.2042
50 00316 00620 00901 01154 01374 0.1561 01719  0.1849  0.1956  0.2044
60 00316 00620 00902 01154 01374 01562 01719  0.1850  0.1957  0.2045
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Figure 9.17 Increase of stress at any point below a rectangularly loaded flexible area

The increase in the stress at any point below a rectangularly loaded area can
be found by using Eq. (9.28). This can be explained by reference to Figure 9.17. Let
us determine the stress at a point below point A’ at depth z. The loaded area can be
divided into four rectangles as shown. The point A’ is the corner common to all four
rectangles. The increase in the stress at depth z below point A’ due to each rectan-
gular area can now be calculated by using Eq. (9.28). The total stress increase caused
by the entire loaded area can be given by

Ao, = q[Ly + Loy + gy 7 Ly (9.32)

where I3y, [52y. I35y, and I3,y = values of /5 for rectangles 1, 2, 3, and 4, respectively.

Table 9.7 (continued)

1.2 1.4 1.6 1.8 2.0 25 3.0 4.0 5.0 6.0
00293 00301 00306 00309 00311 00314 00315 00316 00316  0.0316
00573 00589  0.0599  0.0606 00610 00616 00618  0.0619  0.0620  0.0620
0.0832 00856  0.0871  0.0880  0.0837 00895 00898  0.0901 00901  0.0902
01063  0.094 01114 01126 01134 01145 01150 01153  0.1154 01154
01263 01300 01324 01340 01350  0.363 01368 01372  0.1374 01374
01431 01475 01503 01521 01533 01548 01555  0.1560  0.1561  0.1562
01570 01620  0.652 01672 01686  0.1704 01711 01717 01719  0.1719
01684 01739 01774 01797 01812 01832 01841  0.1847  0.1849  0.1850
01777 01836 01874 01899 01915 01938 01947  0.1954 01956  0.1957
01851 01914 01955  0.1931 01999 02024 02034 02042 02044  0.2045
01958 02028 02073 02103 02124 02151 02163 02172 02175 02176
02028 02102 02151 02184 02206 02236 02250 02260  0.2263  0.2264
02073 02151 02203 02237 02261 02294 02309 02320 02323 02325
02103 02183 02237 02274 02299 02333 02350 02362 02366 02367
02124 02206 02261 02299 02325 02361 02378 02391 02395 02397
02151 02236 02294 02333 02361 02401 02420 02434 02439 02441
02163 02250 02309 02350 02378 02420 02439 02455 02461 02463
02172 02260 02320 02362 02391 02434 02455 02472 02479 02481

102175 02263 02324 02366 02395  0.2439 02460 02479 02486 02439
02176 ~ 02264 02325 02367 02397 02441 02463 02482 02489 02492
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L=B

TAO':
l <

Figure .18 Vertical stress below the center of a
uniformly loaded flexible rectangular area

In most cases the vertical siress increase below the center of a rectangular area
(Figure 9.18) is important. This stress increase can be given by the relationship

Ao, = ql, (9.33)
where
L= g Lt + 2n) + sin”! s’ (9.34)
= — — Sin -
ANt 2 (U + nd)(md + nd) Vmi+ V1 +nd
L
== 0.35)
my B
Z
_z 9.36
ny =3 (936)
b= ifi (9.37)

The variation of I, with m, and n; is given in Table 9.8.
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Table 9.8 Variation of [. with »n1, and n, [Eq- (9.34)]
m,
m 1 2 3 4 5 6 7 8 9 10
020 00594 0997 0997 0997 0997 0997 0997 0997 0997 0.997
040 0960 0976 0977 0977 0977 0977 0977 0977 0977 0977
0.60 0.892 0932 0936 0936 0937 0.937 0937 0937 0957 0.937
080 0800 0870 0878 0880 03881 03881 0881 0881 0.881 0.881
1.00 070t 0.800 0814 0817 0818 0818 0818 081§ 03818 0818
120 0.606 0.727 0748 07353 0754 0.755 Q755 0755 0755 0.755
1.40 0522 0.658 0685 0.692 0.694 0.695 0695 0.696 0.696 0.6%
1.60 0449 0393 0627 0636 0.63% 0640 0641 0.641 0.641 0.642
1.80 0388 0.534 0573 03585 0590 03591 05392 0592 0393 0393
2.00 0336 0481 0325 0540 0.545 0547 0548 0349 0.349  0.549
3.00 0.179 0293 0348 0.373 0383 0389 0392 0395 0399 0393
4.00 0108 0.190 0241 0.269 0.285 0293 0298 0301 0302 0303
5.00 0.072 0.131 0174 0.202 0219 0229 0236 0240 0242 024
6.00 0.051 0.095 G130 0.135 0172 0184 0192 0.197 0200 0202
7.00 0.038 0.072 0100 0.122 0.13% 0.150 0.138 0.162 0168 0.1
800 0.029 0.056 0079 0.098 0.113 0.125 0133 0139 0144 0.147
9.00 0.023 0.045 0064 0.081 0.094 0105 0113 0119 0.124 0.128
10.00 0.019 0.037 0.033 0.067 0.079 0.089 0.097 0.103 0.108 0..12

Example 9.6

'fhe ﬁcx:ible area shown in Figure 9.19 is uniformly loaded. Given that g =

7150 kN/m?, determine the vertical stress increase at point A.

< om -
T 15m=ra.diu/V
im A
Plan
q=lSOkN/m2
T T
'F_‘k’q‘. T4 S RArC il e re e en O T T T T J|“"'".ﬁ .
I
B
Bm:
i )
l}
1
L;__

Figure 9.19 Uniférmly loaded flexible area

{
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R=
A 1.5m
Area ) A5G,
o
1.5m Area2
Aot
}“* gm > J‘AO:('-)
AO:G‘!
Al b o
1.5m Arez3 Figure 8.20 - :
l -+ Division of uniformly loaded flexible area
~< 8m : E
|

into three parts -

Solution o » . . .
The fexible area shown in Figure 9.19 is divided into three parts in Figure 9.20.
AL A, o ’

AO’Z = Ao-z('l.) + AU:(Z) + AU:,(3)

oo~ (3) {1 - i)

From Eq. (9.24),

We know that R = 1.5m, z = 3m, and g = 150 kN/m?, so
150{ 1
Aoy =—m{1 =
74 T 7 [(15/3)2 + 1]

y_,} = 21.3 kN/m?

We can see that Ao,y = Aoy From Eqgs. (9.30) and (5.31),

1.5
m—?~0.5
8
:-—:2_67
73

From Table 9.7, for m = 0.5 and n = 2.67, the magnitude of I3 = 0.'1365. Thus,
from Eq. (9.28), '

AG oy = Ao,y = gly = (150)(0.1365) = 20.48 kN/m?
SO ’ N
' Ao, = 21.3 + 20.48 + 20.48 = 62.26 kN/m*
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Influence Chart for Vertical Pressure

Equation (9.24) can be rearranged and written in the form
./_\O'- =23
LT e

Note that R/z and Ao /q in this equation are nondimensional quantities. The values
of R/z that correspond to various pressure ratios are given in Table 9.9.

Table 9.9 Values of R/z for Various Pressure Ratios [Eq. (9.38)]

Aa,lq R/z Ao,/q R/ z
0 0 0.55 0.8384
0.05 0.1865 0.60 0.9176
0.10 0.2698 0.65 1.0067
0.15 0.3383 0.70 1.1097
0.20 0.4005 0.75 1.2328
0.25 0.4598 0.80 1.3871
0.30 0.5181 0.85 1.5943
0.35 0.5768 0.90 1.9034
0.40 0.6370 0.95 2.5232
045 0.6997 1.00 0
0.50 0.7664

Using the values of R/z obtained from Eq. (9.38) for various pressure ratios,
Newmark (1942) presented an influence chart that can be used to determine the ver-
tical pressure at any point below a uniformly loaded flexible area of any shape.

Figure 9.21 shows an influence chart that has been constructed by drawing con-
centric circles. The radii of the circles are equal to the R/z values corresponding to
Ac,/q =0,0.1,0.2,...,1. (Note: For Ac./q = 0, R/z = 0,and for Ac./qg = 1, R/z = oo,
so nine circles are shown.) The unit length for plotting the circles is AB. The circles
are divided by several equally spaced radial lines. The influence value of the chart is
given by 1/N, where N is equal to the number of elements in the chart. In Figure 9.21,
there are 200 elements; hence, the influence value is 0.005.

The procedure for obtaining vertical pressure at any point below a loaded area
is as follows:

1. Determine the depth z below the uniformly loaded area at which the stress in-
crease is required.

2. Plot the plan of the loaded area with a scale of z equal to the unit length of
the chart (AB).

3. Place the plan (plotted in step 2) on the influence chart in such a way that the
point below which the stress is to be determined is located at the center of the
chart.

4. Count the number of elements (M) of the chart enclosed by the plan of the
loaded area.
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Figure 9.27 Influence chart for vertical
pressure based on Boussinesg’s theory
(after Newmark. 1942)

The increase in the pressure at the point under consideration is given by
Ao, = (IV)gM (9.39)

where /V = influence value
g = pressure on the loaded area

Example 9.7

The cross section and plan of a column footing are shown in Figure 9.22. Find the

increase in vertical stress produced by the column footing at point A.

Solution '

Point A is located at a depth 3 m below the bottom of the footing. The plan of the

square footing has been replotied to a scale of AB = 3 m and placed on the

influence chart (Figure 9.23) in such a way that point A on the plan falls directly
_over the center of the chart. The number of elements inside the outline of the plan

is about 48.5. Hence,

660

Ao, = (IV)gM = 0.005<mj48.5 = 17.78 kN/m’
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Problems

660 kN

Figure 9.22 Cross section and plan of a column footing

0.005 -

Influence value

S
o

Figure 9.23 Determination of stress at a point by use of Newmark’s influence chart
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9.10. Summary and General Comments

This chapter presents the relationships for determining vertical stress at a point due
to the application of various types of loading on the surface of a soil mass. The types
of loading considered here are point, line, strip, embankment, circular, and rectan-
gular. These relationships are derived by integration of Boussinesq’s equation for a
point load.

The equations and graphs presented in this chapter are based entirely on the
principles of the theory of elasticity; however, one must realize the limitations of
these theories when they are applied to a soil medium. This is because soil deposits,
in general, are not homogeneous, perfectly elastic, and isotropic. Hence, some devi-
ations from the theoretical stress calculations can be expected in the field. Only a
limited number of field observations are available in the literature at the present time.
On the basis of these results, it appears that one could expect a difference of =25 to
30% between theoretical estimates and actual field values.

Problems

9.1-9.5  For the soil elements shown in Figures 9.24 -28, determine the maxi-
mum and minimum principal stresses. Also determine the normal and shear
stresses on plane AB. [Note: For Problems 9.1 and 9.2 use Egs. (9.3). (9.4),
(9.6). and (9.7): for Problems 9.3, 9.4, and 9.5 use Mohr's circle.]

9.6  Point loads having magnitudes of 15 kN, 20 kN, and 30 kN act at 4, B, and
C, respectively (Figure 9.29). Determine the increase in vertical stress below
point D at a depth of 5 m.

9.7 Refer to Figure 9.30. Determine the stress increase, Ac,, at 4, given the fol-

lowing data:
g, = 75 kN/m X, =2m z=15m
. g: =0 X, = 1m
9.8 Repeat Problem 9.7 with the following values:
g =0 x; =51t z=5f1t
g» = 300 Ib/ft X, = 3ft
100 kKN/m? 400 1b/ft?
4—» 45 kKN/m? 300 1b/ft? 4—17
4 B
.' 45 kN/m?
__k.‘ B <-T__ 60 KN/m? .% 4% 750 1b/fe?
300 1b/f?
4% 4 %}

Figure 9.24 Soil element for Problem 9.1 Figure 9.25 Soil elememt for Problem 9.2
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80 kN/m? 125 1b/fi2
%»30 KkN/m? 55 1b/ft? ﬁ%
A Iy
B 4 20°
30 kN/m?

B LY
%, 150 KN/m> %» 4&— 300 Ib/fe2
50°

55 b/t
A I
Figure 9.26 Soil element for Problem 9.3 Figure 9.27 Soil element for Problem 9.4
25 kN/m?
—l—» 15 kN/m?
15 kN/m?
_} 5 ﬁ— 10 KN/m?
) ’; 30°
Figure 9.28 Soil element for Problem 9.5 Figure 9.29
Line load = q, Line load = q,

Figure 9.30
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Figure 9.31

9.9 Repeat Problem 9.7 with the following values:

g, = 100 kN/m x;=3m z=2m
g~ = 200 kN/m X, = 2m

5.10 Refer to Figure 9.6. The magnitude of the line load g is 2500 1b/ft. Calculate
and plot the variation of the vertical stress increase Ao . between the limits
of x = =10 ft and x = +10 ft, given that 7 = 5 ft.

9.11 Refer to Figure 9.30. Given that g, = 10 kN/m, x, =3m.x, =2m,and z =
1 m. if the vertical stress increase at point A due to the loading is 3 kN/m?,
determine the magnitude of g5.

9.12 Refer to Figure 9.8. Given that B = 12 ft, ¢ = 350 1b/ft>, x = 9 ft,and z =
5 ft, determine the vertical stress increase, Ao, at point A.

9.13 Repeat Problem 9.12 using the following values: ¢ = 7000 kN/m?, B = 2 m,
x =2m,and z = 2.5m.

9.14 An earth embankment diagram is shown in Figure 9.31. Determine the
stress increase at point A due to the embankment load.

9.15 Figure 9.32 shows an embankment load for a silty clay soi! layer. Determine
the vertical stress increase at points 4, B, and C.

9.16 Consider a circularly loaded flexible area on the ground surface. Given that
the radius of the circular area is (R) = 4 m and the uniformly distributed
Joad is g = 200 kN/m®, calculate the vertical stress increase Ag, at a point
located 5 m (z) below the ground surface (immediately below the center of
the circular area).

9.17 Consider a circularly loaded flexible area on the ground surface. Given that

the radius of the circular area (R) = 6 ft and that the uniformly distributed
load (g) = 4200 Ib/ft?. calculate the vertical stress increase Ao, at points 1.5,
3, 6,9, and 12 ft below the ground surface (immediately below the center of
the circular area).
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75ft 751
[ ]
“
o
~
A o
11 30 fi [

Figure 9.32

9.18 Figure 9.15 shows a flexible circular area of radius R = 4 m. The uniformly
distributed load on the circular area is 300 kN/m?®. Calculate the vertical
stress increase at » = 0,0.8,1.6, 4,6, and 8 m. and z = 4.8 m.

9.19 Refer to Figure 9.33. The circular flexible area is uniformly loaded. Given

' g = 320 kN/m" and using Newmark's chart. determine the vertical stress in-
crease Ao at point A.

9.20 The plan of a flexible rectangular loaded area is shown in Figure 9.34. The
uniformly distributed load on the flexible area, ¢ is 90 kN/m". Determine the
vertical stress increase, Ao _, at a depth of 7 = 2 m below

a. Point A
b. Point B
c¢. Point C
| i |
g =90 kN/m? T
i*——-l.é m 7m
4 —ep
0.8 mI l
————— -o
A C
2]
Plan Figure 9.34

Cross section

Figure 9.33
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9.21 Repeat Problem 9.20. Use Newmark’s influence chart for vertical pressure
distribution.
9.22 Refer to the uniformly loaded rectangular area shown in Figure 9.34.
Estimate the stress below the center of the area at a depth of 3.5 m. Use
Eq. (9.33).
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Compressibility of Goil

10.1

A stress increase caused by the construction of [oundationsor other loads compresses
sol] layers. The compression is caused by (a) deformation of soll particles, (b) reloca-
tions of soil particles, and (c) expulsion of water or air from the void spaces. In gen-
eral, the soil settlement caused by loads may be divided into three broad categories:

1. Immediate settlement (or elastic sertlement). which is caused by the elastic de-
formation of dry soil and of moist and saturated soils without anv change in
the moisture content. Immediate settlement calculations are generallv based
on equations derived from the theory of elasticity:

2. Primary consolidation settlement, which is the result of a volume change in
saturated cohesive soils because of expulsion of the water that occupies the
void spaces. T

3. Secondary consolidation settlemen:, which is observed in saturated cohesive
soils.and 1s the result of the plastic adjustment of soil fabrics. It 1s an additional
form of compression that occurs at constant effective stress.

This chapter presents the fundamental principles for estimating the immediate
and consolidation settlements of soil layers under superimposed loadings.
The total settlement of a foundation can then be given as

Syr=8.+85, +8S,
where Sy = total settlement
S, = primary consolidation settlement

S, = secondary consolidation scttlement
S, = immediate settlement

When foundations are constructed on very compressible clays, the consolidation
settlement can be several times greater than the immediate settlement.

IMMEDIATE SETTLEMENT

Contact Pressure and Settlement Profile

Immediate. or elastic, settlement of foundations (S,) occurs directly after the appli-
cation of a load, without a change in the moisture content of the soil. The magnitude

258
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Contact
pressure
distribution

Settlement
(@) profile

Contact
pressure
distribution

Settlement

®) profile

Figure 10.1 Immediate settlement profile and contact pressure in clay: (a) flexible
foundation; (b) rigid foundation

of the contact settlement will depend on the flexibility of the foundation and the type
of material on which it is resting.

In Chapter 9, the relationships for determining the increase in stress (which
causes elastic settlement) due to the application of line load, strip load, embankment
load. circular load, and rectangular load were based on the following assumptions:

a. The load is applied at the ground surface,

b. The loaded area is flexible, and

c¢. The soil medium is homogeneous, elastic. isotropic, and extends to a great
depth.

In general, foundations are not perfectly flexible and are embedded at a certain
depth below the ground surface. It is instructive, however, to evaluate the distribu-
tion of the contact pressure under a foundation along with the settlement profile un-
deridealized conditions. Figure 10.1a shows a perfectly flexible foundation resting on
an elastic material such as saturated clay. If the foundation is subjected to a uni-
formly distributed load, the contact pressure will be uniform and the foundation will
experience a sagging profile. On the other hand, if we consider a perfectly rigid foun-
dation resting on the ground surface subjected to a uniformly distributed load, the
contact pressure and foundation settlement profile will be as shown in Figure 10.1b:
the foundation will undergo a uniform settlement and the contact pressure will be
redistributed.

The settlement profile and contact pressure distribution described above are
true for soils in which the modulus of elasticity is fairly constant with depth. In the
case of cohesionless sand, the modulus of elasticity increases with depth. Addition-
ally, there is alack of lateral confinement on the edge of the foundation at the ground
surface. The sand at the edge of a flexible foundation is pushed outward, and the
deflection curve of the foundation takes a concave downward shape. The distribu-
tions of contact pressure and the settlement profiles of a flexible and a rigid founda-
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Contact
pressure

distribution

™ Settlement
(a) profile

Contact
pressure
distribution

Settlement
profile

Figure 10.2 Immediate settlement profile and contact pressure in sand: (a) flexible
foundation; (b) rigid foundation

tion resting on sand and subjected to uniform loading are shown in Figs. 10.2a and
10.2b, respectively.

Relations for Imnmediate Settlement Calculation

Immediate settlement for foundations that rest on elastic material (of infinite thick-
ness) can be calculated from equations derived by using the principles of the theory
of elasticity. They are of the form

(10.1)

where S, = immediate settlement

Ao = net pressure applied
B = width of the foundation (= diameter of circular foundation)
&, = Poisson’s ratio of soil

E; = modulus of elasticity of soil

I, = nondimensional influence factor

Schieicher (1926) expressed the influence factor for the corner of a flexible
rectangular footing as

2 !
] = L{mlln<_l__+____n_1::_l_> + In(m, + m)} (10.2)

F
P w iy

where »1) = length of the foundation divided by the width of the foundation.
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Table 70.7 Influence Factors for Foundations [Eq. (10.2)]
lo

Flexible

Shape m, Center Corner Rigid
Circle — 1.00 0.64 079
Rectangle 1 1.12 0.56 0.88
1.5 1.36 0.68 1.07
2 1.53 v 0.77 1.21
3 1.78 0.89 1.42
5 2.10 1.05 1.70
10 2.54 1.27 2.10
20 2.99 1.49 2.46

50 3.57 1.8 3.0
100 4.01 2.0 343

Table 10.1 gives the influence factors for rigid and flexible foundations. Repre-
sentative values of the modulus of elasticity and Poisson’s ratio for different types of
soils are given in Tables 10.2 and 10.3, respectively.

Note that Eq. (10.1) is based on the assumption that the pressure Ao is applied
at the ground surface. In practice, foundations are placed at a certain depth below
the ground surface. Deeper foundation embedment tends to reduce the magnitude
of the foundation settlement S,. However, if Eq. (10.1) is used to calculate settle-
ment. it results in a conservative estimate.

Table 10.2 Representative Values of the Modulus of Elasticity of Soil

E,
Soil type kN /m? Ib/in.?
Soft clay 1,800=3.500 250-500
Hard clay 6.000-14.000 850-2,000
Loose sand 10,000-28.000 1,500-4,000
Dense sand 35,000-70,000 5,000-10,000

Table 10.3 Representative Values of Poisson’s Ratio

Type of soil Poisson'’s ratio, u,
Loose sand 0.2-04
Medium sand 0.25-0.4
Dense sand 0.3-0.45
Silty sand 0.2-04

Soft clay 0.15-0.25

Medium clay 0.2-05




10.3

10.3 Improved Relationship for Immediate Settlement 263

Example 10.1

Estimate the immediate settlement of a column footing 1.5 m in diameter that is
constructed on an unsaturated clay layer, given that the total load carried by the
column footing = 150 kN, E, = 7000 kN/m?, and p, = 0.25. Assume the footing
to be rigid.

Solution
Using Eq. (10.1), we have

ol

1 —ps

S, = AcB z 1,
so =B gy g m?
—(1.5)?
7(13)
From Table 10.1, for a circular rigid foundation, I, = 0.79, so
1—0.23
S, = (84.9)(1.5)| ————(0.79) = 0.013 =135
. = (84.9)(1 3){ =000 }(O 79) = 0.0135m = 13.5mm

Improved Relationship for Immediate Settlement

Mayne and Poulos (1999) recently presented an improved relationship for calculat-
ing the immediate settlement of foundations. This relationship takes into account
the rigidity of the foundation. the depth of embedment of the foundation, the in-
crease in the modulus of elasticity of soil with depth, and the location of rigid [ayers
at limited depth. In order to use this relationship. one needs to determine the equiv-
alent diameter of a rectangular foundation, which is

|4BL
B, = — (10.3a)

wiere B = width of foundation
L = length of foundation

For circular foundations,
B, =B (10.3b)

where B = diameter of foundation.

Figure 10.3 shows a foundation having an equivalent diameter of B, located at
adepth D;below the ground surface. Let the thickness of the foundation be 7 and the
modulus of elasticity of the foundation material be E,. A rigid layer is located at a
depth h below the bottom of the foundation. The modulus of elasticity of the com-
pressible soil layer can be given as

E.=E, + k= (10.4)
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Figure 70.3 Improved relationship for immediate settlement
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10.077]
5.0
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Figure 10.4 Variation of /; with 8
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With the preceding parameters defined, the immediate settlement can be given as

Ao Bl
5, = =51 - ) (10.5)

where I; = influence factor for the variation of E;with depth = f(E,, k, B,, and h)
Iz = foundation rigidity correction factor
I = foundation embedment correction factor
Figure 10.4 shows the variation of /; with 8 = E,/kB,and k/B,. The foundation rigid-
ity correction factor can be expressed as

Il

T 1
= — + - .
Ip A E; 5 \3 (10.6)
46+ 10 ———F— || &
a4 BE B,
E, —2—k
Similarly, the embedment correction factor is
1
Ig=1- (10.7)

B
3.5 exp(1.224, — o.4><~5’i + 1.6>
f

Figures 10.5 and 10.6 show the variations of I and /¢ expressed by Egs. (10.6) and
(10.7).

1.0

0.95

091

= 0.85

3
0.8 K Ef 2t
F= B 5
Ey+ 7—el< B.

0.75F = Flexibility factor |

0.7 ! | i L1l I BN ! Lo L 11
0001 2 4 68001 0.1 1.0 10.0 100.0

Kr

Figure 10.5 Variation of rigidity correction factor, Ir, with flexibility factor, K. [Eq. (10.6)]
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0 5 10 15 20
D
=
B

Figure 10.6 Variation of embedment correction factor. /¢ [Eq. (10.7)]

Example 10.2

Refer to Figure 10.3. For a shallow foundation supported by a silty clay, the fol-
lowing are given:

Length=L =15m
Width=8=1m

Depth of foundation = Dy = 1m
Thickness of foundation =t =023 m
Load per unit area = Ao = 190 kN/m?
E;= 15 % 10° kN/m?

The silty clay soil had the following properties:

h=2m
Hs =03
E, = 9000 kN/m?
k = 500 kN/m*m

Estimate the irnrnediafe settlement of the foundation.
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Solution ‘
From Eq. (10.3a). the equivalent diameter is

B, J-—L%[:= \ﬁﬂl:ﬁ = 1.38 m

Ao = 190 kN/m?
go Lo 9000 g0
kB,  (500)(1.38)
h 2
E =138~ 1.45

From Figure 10.4, for 8 = 13.04 and A/B, = 1.45, the value of 15 = 0.74. Thus,
from Eq. (10.6),

[ = T + 1
F— E 3
Y ogs et —L (%)
Eo + "2"k
=+ : = 0.787
TP S . [21022)
‘ 138\ _ i 1.38
| 9000 + ( > )(JOO)J
From Eq. (10.7),
1
IE =1 - B
3.5 exp(1.22u, — OA)(—e + 1.6)
Dy
: 1
=1- = 0.907

3.5 exp{(1.22)(03) — O4](~l~f—8 + 1.6)

‘From Eq. (10.5),

Ao B,I 1] .
= TR - )
4

=0.014m = 14 mm

_(190)(1.38)(0.74)(0.787)(0.907)
B 9000 (1~

0.3%)
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10.4

CONSOLIDATION SETTLEMENT

Fundamentals of Consolidation

When a saturated soil layer is subjected to a stress increase, the pore water pressure
is suddenly increased. In sandy soils that are highly permeable, the drainage caused
by the increase in the pore water pressure is completed immediately. Pore water
drainage is accompanied by a reduction in the volume of the soil mass, which results
in settlement. Because of rapid drainage of the pore water in sandy soils, immediate
settlement and consolidation occur simultaneously.

When a saturated compressible clay layer is subjected to a stress increase, elas-
tic settlement occurs immediately. Because the hydraulic conductivity of clay is sig-
nificantly smaller than that of sand, the excess pore water pressure generated by load-
ing gradually dissipates over a long period. Thus, the associated volume change (that
is, the consolidation) in the clay may continue long after the immediate settlement.
The settlement caused by consolidation in clay may be several times greater than the
immediate settlement.

The time-dependent deformation of saturated clayey soil can best be under-
stood by considering a simple model that consists of a cylinder with a spring at its
center. Let theinside area of the cross section of the cylinder be equal to A. The cylin-
der is filled with water and has a frictionless watertight piston and valve as shown in
Figure 10.7a. At this time. if we place a load P on the piston (Figure 10.7b) and keep
the valve closed. the entire load will be taken by the water in the cylinder because
water is incompressible. The spring will not go through any deformation. The excess
hydrostatic pressure at this time can be given as

P
Au=— 10.8
u A ( )
This value can be observed in the pressure gauge attached to the cylinder.
In general, we can write
P=PF+P, (10.9)

where P, = load carried by the spring and P,. = load carried by the water.
From the preceding discussion, we can see that when the valve is closed after
the placement of the load 7,

P,=0 and P,=P

Now, if the valve is opened. the water will flow outward (Figure 10.7c). This flow will
be accompanied by a reduction of the excess hydrostatic pressure and an increase in
the compression of the spring. So, at this time, Eq. (10.9) will hold. However,

P;>0 and P,<P  (thatis, Au < P/A)

After some time, the excess hydrostatic pressure will become zero and the system
will reach a state of equilibrium, as shown in Figure 10.7d. Now we can write

P,=P and P,=0
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Valve
+ closed

Valve

At closed

b‘,"

A e

Figure 10.7 Spring-cylinder model

and
P=P + P,

With this in mind, we can analyze the strain of a saturated clay layer subjected
to a stress increase (Figure 10.8a). Consider the case where a layer of saturated clay
of thickness H that is confined between two layers of sand is being subjected to an
instantaneous increase of total stress of Ac. This incremental total stress will be
transmitted to the pore water and the soil solids. This means that the total stress, Ao,
will be divided in some proportion between effective stress and pore water pressure.
The behavior of the effective stress change will be similar to that of the spring in Fig-
ure 10.7, and the behavior of the pore water pressure change will be similar to that
of the excess hydrostatic pressure in Figure 10.7. From the principle of effective
stress (Chapter 8), it follows that

Ao = Ad’ + Au (10.10)

where Ao’ = increase in the effective stress
Au = increase in the pore water pressure

|
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Figure 10.8 Variation of total stress, pore water pressure, and effective stress in a clay layer
drained at top and bottom as the result of an added stress, Ao

270



10.5

10.5 One-Dimensional Laboratory Consolidation Test 271

Because clay has a very low hydraulic conductivity and water is incompressible
as compared with the soil skeleton, at time ¢ = 0. the entire incremental stress, Ag,
will be carried by water (A = Au) at all depths (Figure 10.8b). None will be carried
by the soil skeleton — that is. incremental effective stress (Ag”") = 0.

After the application of incremental stress, Ao. to the clay layer, the water in
the void spaces will start to be squeezed out and will drain in both directions into the
sand layers. By this process. the excess pore water pressure at any depth in the clay
layer will gradually decrease. and the stress carried by the soil solids (effective stress)
will increase. Thus, at time 0 <1 < oc.

Ao = Ao’ + Au (Aoc" >0 and Au < Acg)

However, the magnitudes of Ao’ and Au at various depths will change (Figure 10.8¢),
depending on the minimum distance of the drainage path'to either the top or bottom
sand layer.

Theoretically. at time ¢ = oo, the entire excess pore water pressure would be
dissipated by drainage from all points of the clay laver; thus. Au = 0. Now the total
stress increase. Ao, will be carried by the soil structure (Figure 10.8d). Hence,

Ao = Ad”’
This gradual process of drainage under an additional load application and the

associated transfer of excess pore water pressure to effective stress cause the time-
dependent settlement in the clay soil laver.

One-Dimensional Laboratory Consolidation Test

The one-dimensional consolidation testing procedure was first suggested by Terza-
ghi. This test is performed in a consolidometer (sometimes referred to as an oe-
dometer). The schematic diagram of a consolidometer is shown in Figure 10.9a. Fig-
ure 10.9b. shows a photograph of a consolidometer. The soil specimen is placed
inside a metal ring with two porous stones, one at the top of the specimen and an-
other at the bottom. The specimens are usually 64 mm (= 2.5 in.) in diameter and 25
mm. (= 1 in.) thick. The load on the specimen is applied through a lever arm, and
compression is measured by a micrometer dial gauge. The specimen is kept under
water during the test. Each load is usually kept for 24 hours. After that, the load is
usually doubled, which doubles the pressure on the specimen, and the compression
measurement is continued. At the end of the test, the dry weight of the test specimen
is determined. Figure 10.9c shows a consolidation test in progress (right-hand side).

The general shape of the plot of deformation of the specimen against time for
a given load increment is shown in Figure 10.10. From the plot, we can observe three
distinct stages, which may be described as follows:

Stage I Initial compression. which is caused mostly by preloading.

Stage 11 Primary consolidation. during which excess pore water pressure is
gradually transferred into effective stress because of the expulsion
of pore water.

Stage I1I Secondary consolidation, which occurs after complete dissipation of
the excess pore water pressure, when some deformation of the speci-
men takes place because of the plastic readjustment of soil fabric.
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Dial gauge

Porous
stone

Spzcimen

Porous
Figure 10.9

(a) Schematic diagram of a consolidometer:
(b) photograph of a consolidometer: (c) a con-
solidation test in progress (right-hand side)
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A
LStagc I: Initial compression
A

Stage II: Primary
consolidation

I A

Stage III: Secondary consolidation Figure 10.10
Time-deformation plot during

consolidation for a given load

Time (log scale) increment

10.6 Void Ratio—-Pressure Plots

After the time-deformation plots for various loadings are obtained in the labora-
tory, it is necessary to study the change in the void ratio of the specimen with pres-
sure. Following is a step-by-step procedure for doing so:

1.

Calculate the height of solids, H,, in the soil specimen (Figure 10.11) using the
equation

T A 10.11)
* T AGyy, AGp, (10
where W, = dry weight of the specimen
M; = dry mass of the specimen
A = area of the specimen
G, = specific gravity of soil solids
v, = unit weight of water
P, = density of water
Calculate the initial height of voids as
H,=H — H, (10.12)
where H = initial height of the specimen.
Calculate the initial void ratio, e, of the specimen, using the equation
V. H, H,
oA M (10.13)
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10.7

A T

. H.=H-H,

Initial

height of l
specimen %
=H T

H =1_W£__

§ JVAGST“.

Figure 10.11 Change of height of specimen in one-dimensional consolidation test

4. For the first incremental loading, o, (total load/unit area of specimen), which
causes a deformation AH,, calculate the change in the void ratio as

_AH,
=7
(AH, is obtained from the initial and the final dial readings for the loading).

Ae, (10.14)

It is important to note that, at the end of consolidation, total stress o is equal to ef-
fective stress o).

3. Calculate the new void ratio after consolidation caused by the pressure incre-
ment as

e = ep — AE] (1015)

For the next loading. o, (note: o5 equals the cumulative load per unit area of
specimen), which causes additional deformation AH,, the void ratio at the end of
consolidation can be calculated as

AH,
ey = e —
2 1 H;
At this time, o, = effective stress. o». Proceeding in a similar manner, one can ob-
tain the void ratios at the end of the consolidation for all load increments.
The effective stress o’ and the corresponding void ratios (e) at the end of con-

solidation are plotted on semilogarithmic graph paper. The typical shape of such a
plot is shown in Figure 10.12.

(10.16)

Normally Consolidated and Overconsolidated Clays

Figure 10.12 shows that the upper part of the e—log o’ plot is somewhat curved with
a flat slope, followed by a linear relationship for the void ratio with log o' having a
steeper slope. This phenomenon can be explained in the following manner:

A soil in the field at some depth has been subjected to a certain maximum ef-
fective past pressure in its geologic history. This maximum effective past pressure
may be equal to or less than the existing effective overburden pressure at the time of
sampling. The reduction of effective pressure in the field may be caused by natural
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Void ratio, ¢

) é ! ©: Figure 10.12
Effective pressure. 6’ (Jog scale) Typical plot of ¢ against log o’

geologic processes or human processes. During the soil sampling, the existing effec-
tive overburden pressure is also released. which results in some expansion. When this
specimen is subjected to a consolidation test, a small amount of compression (that is,
a small change in void ratio) will occur when the effective pressure applied is less than
the maximum effective overburden pressure in the field to which the soil has been
subjected in the past. When the effective pressure on the specimen becomes greater
than the maximum effective past pressure, the change in the void ratio is much larger,
and the e-log o' relationship is practically linear with a steeper slope.

This relationship can be verified in the laboratory by loading the specimen to
exceed the maximum effective overburden pressure, and then unloading and reload-
ing again. The e-log o’ plot for such cases is shown in Figure 10.13, in which cd rep-
resents unloading and dfg represents the reloading process.

Void ratio, ¢

Figure 10.13
L - : > Plot of e against log ¢’ showing loading,
Etfecene pravsure, 67 doy seales unloading, and reloading branches
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Void ratio, e

: 5
3 1

Pressure. o’ (log scale)

Figure 70.74 Graphic procedure for determining preconsolidation pressure

This leads us to the two basic definitions of clay based on stress history:

1. Normally consolidated, whose present effective overburden pressure is the
maximum pressure that the soil was subjected to in the past.

2. Overconsolidated, whose present effective overburden pressure is less than
that which the soil experienced in the past. The maximum effective past pres-
sure is called the preconsolidation pressure.

Casagrande (1936) suggested a simple graphic construction to determine the
preconsolidation pressure o, from the laboratory e~log ¢’ plot. The procedure is ds
follows (see Figure 10.14):

1. By visual observation, establish point a, at which the ¢~log ¢’ plot has a mini-
mum radius of curvature.

Draw a horizontal line ab.

Draw the line ac tangent at a.

Draw the line ad, which is the bisector of the angle bac.

Project the straight-line portion gh of the e-log o’ plot back to intersect line ad
at f. The abscissa of point fis the preconsolidation pressure, o;.

RS

The overconsolidation ratio (OCR) for a soil can now be defined as

~

I

OCR =—= (10.17)
Nea

1.

where o = preconsolidation pressure of a specimen

¢' = present effective vertical pressure

I
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Effect of Disturbance on Void
Ratio-Pressure Relationship

A soil specimen will be remolded when itis subjected to some degree of disturbance.
This remolding will result in some deviation of the e~log ¢’ plot as observed in the
laboratory from the actual behavior in the field. The field e-log o’ plot can be re-
constructed from the laboratory test results in the manner described in this section

(Terzaghi and Peck, 1967).

Normally Consolidated Clay of Low to Medium Plasticity (Figure 10.15)

1. InFigure 10.15, curve 2 is the laboratory e—log o’ plot. From this plot, deter-

mine the preconsolidation pressure (o) = o, (that is, the present effective

overburden pressure). Knowing where o, = o, draw vertical line ab.

Calculate the void ratio in the field. ey [Section 10.6, Eq. (10.13)]. Draw hori-

zontal line cd.

3. Calculate 0.4e, and draw line ef. (Nore: fis the point of intersection of the line
with curve 2.)

4. Join points fand g. Note that g is the point of intersection of lines ab and cd.
This is the virgin compression curve.

]

[tis important to point out that if a soil is completely remolded. the general po-
sition of the e-log o’ plot will be as represented by curve 3.

A
_—— _d
e
9 ¢ 1 Virgin
_— consolidation
curve; slope = C,
Consolidation * Laboratory
v curve for consolidation
2 remolded speciimen curve
E
2
2
e
Odegf —— — — — — — T f
|
-

Pressure, G" tlog scale)

Figure 10.15 Consolidation characteristics of normally consolidated clay of low to
medium sensitivity
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_. consolidation
-:.-curye; s1ope = C

Vaoid ralio, e

0.460

Pressure. o" (log scale)

Figure 10.16 Consolidation characteristics of overconsolidated clay of low to
medium sensitivity

Overconsolidated Clay of Low to Medium Plasticity (Figure 10.16)

1. In Figure 10.16. curve 2 is the laboratory e-log o' plot (loading). and curve 3 is

the laboratory unloading. or rebound. curve. From curve 2, determine the pre-

consolidation pressure o,. Draw the vertical line ab.

Determine the field effective overburden pressure op. Draw vertical line cd.

Determine the void ratio in the field. e,. Draw the horizontal line fg. The point

of intersection of lines fg and cd is h.

4. Draw a line Ai. which is parallel to curve 3 (which is practically a straight line).
The point of intersection of lines &i and ab is .

5. Join points j and . Point & is on curve 2, and its ordinate is 0.4¢,.

The field consolidation plot will take a path hjk. The recompression path in the
field is hj and is parallel 1o the laboratory rebound curve (Schmertmann, 1953).

Example 10.3

Following are the results of a laboratory consolidation test on a soil specimen
obtained from the field: Dry mass of specimen = 128 g, height of specimen at
the beginning of the test = 2.54 cm, G, = 2.75, and area of the specimen =
30.68 crm’:
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Fina! height of

Effective specimen at the
pressure, o’ end of consolidation

(ton /ft3) {cm)
0 2.540
0.5 2.488
1 2.465
2 2.431
4 2.389
8 2.324
16 2225
32 2.115

Make necessary calculations and draw an e vs. log o’ curve.

Solution
From Eq. (10.11)
g W, M, 128 g 157
) = = 5 ~ = —1 . Cm
' AGyy., AGp, (30.68 cm®)(2.75)(1 g/em’)
Now the following table can be prepared:
Effective Height at the end
pressure, o’  of consolidation, H H,=H- H,
(ton /ft?) (cm) {cm) e= H,/H,
0 2.540 1.02 0.671
0.5 2.488 0.968 0.637
1 2.465 0.945 0.622
2 2.431 0.911 0.599
4 2.389 0.869 0.572
8 2.324 0.804 0.529
16 2.225 0.705 0.464
32 2.115 0.595 0.390

"The e vs. log o’ plot is shown in Figure 10.17.

0.8 ! .

0.7 ,:
0.6 T

ol \\

; _
g 0 4 [—— ‘ .
N\
0.3 —
0. . Figure 10.17

” —— e
0.1 0.3 ! 3 10 30 100 Variation of void ratio with

N . "y .
Effective pressure. o” iton/i7i-10g scale effective pressure
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109

Cross-sectional area = A ¢ Volume Cross-sectional area = A l Volume

]

Figure 10.78 Settlement caused by one-dimensional consolidation

Calculation of Settlement from
One-Dimensional Primary Consolidation

With the knowledge gained from the analysis of consolidation test results, we can
now proceed to calculate the probable settlement caused by primary consolidation
in the field. assuming one-dimensional consolidation.

Let us consider a saturated clay Jayer of thickness A and cross-sectional area A
under an existing average effective overburden pressure o (. Because of an increase
of effective pressure. Ag’. Jet the primary settlement be S.. Thus, the change in vol-
ume (Figure 10.18) can be given by

AV =V,-V,=HA-(H - S.)A =S.A (10.18)

where V; and V) are the initial and final volumes, respectively. However, the change
in the total volume is equal to the change in the volume of voids. AV,. Hence,

AV = 8,4 =Vy—V, = AV, (10.19)

where V,, and V,; are the initial and final void volumes, respectively. From the
definition of void ratio, it follows that

AV, = AeV, (10.20)
where A¢ = change of void ratio. But

vV,
yo= o A (10.21)
1+ €o 1+ €op

where e = initial void ratio at volume V. Thus, from Egs. (10.18) through (10.21),
AH

AV =S A= AeV, =
1+es

s

or

s = -t (10.22)

1+EO
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For normally consolidated clays that exhibit a linear e~log o’ relationship (see
Figure 10.15),
Ae = Cflog(op + Ao’) — log o] (10.23)
where C, = slope of the ¢=log o’ and is defined as the compression index. Sub-
stitution of Eq. (10.23) into Eq. (10.22) gives

C.H (O'b + AO")
log| ———

Sc=1+60 ,

(10.24)
To

In overconsolidated clays (see Figure 10.16), for oy + Ao’ = o, field e-log o
variation will be along the line Aj, the slope of which will be approximately equal to
that for the laboratory rebound curve. The slope of the rebound curve C, is referred
to as the swell index; so

Ae = CJflog(op + Ao') — log o] (10.25)
From Egs. (8.15) and (8.18), we obtain
C.H op + Acd’
S, = log - (10.26)
1+ €o To

Ifop + Ao’ > o, then

CH o, CH obh + Ad’
S, = log—< + log

10.27
1 +60 bo',o 1 +€O ( )

!

O¢

However, if the e~log o’ curve is given, one can simply pick Ae off the plot for the
appropriate range of pressures. This number may be substituted into Eq. (10.22) for
the calculation of settlement, S..

Compression Index (C.) and Swell Index (C,)

The compression index for the calculation of field settlement caused by consolida-
tion can be determined by graphic construction (as shown in Figure 10.15) after one
obtains the laboratory test results for void ratio and pressure.

Skempton (1944) suggested the following empirical expression for the com-
pression index for undisturbed clays:

C.=0.009(LL — 10) (10.28)

where LL = liquid limit.
Several other correlations for the compression index are also available. They

have been developed by tests on various clays. Some of these correlations are given
in Table 10.4.
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Table 10.4 Correlations for Compression Index. C.*

Equation Reference Region of applicability

C.=0007(LL - 7) Skempton (1944)  Remolded clays

C. = 0.01wy Chicago clays

C,=1.15(ep — 0.27) Nishida (1956) All clays

C. = 0.30(ep — 0.27) Hough (1957) Inorganic cohesive soil: silt, silty clay, clay
C, = 0.0115wy Organic soils, peats, organic silt, and clay
C. = 0.0046(LL - 9) Brazilian clays

C. = 0.75(ep — 0.5) Soils with low plasticity

C, = 0.208¢, -+ 0.0083 Chicago clays

C. = 0.156¢, + 0.0107 All clays

* After Rendon-Herrero (1980)
Note: eq = in situ void ratio; wy = in situ water content.

On the basis of observations on several natural clays, Rendon-Herrero (1983)
gave the relationship for the compression index in the form

: 1 + e \238
C.= 0.141G§2<—-—0> (10.29)
Gs
Nagaraj and Murty (1985) expressed the compression index as

(10.30)

LL (%)
C, = 0.2343| ——— |G,

100

The swell index is appreciably smaller in magnitude than the compression index and
can generally be determined from laboratory tests. In most cases.

C,=1tto3C, : (10.31)
The swell index was expressed by Nagaraj and Murty (1985) as
LL (%) }
C, = 0.0463| ——— 10.32
: °[ 00 ) (1032)

Example 10.4

A soil profile is shown in Figure 10.19. If a uniformly distributed load, Ao, is ap-
plied at the ground surface, what is the settlement of the clay layer caused by pri-
mary consolidation if )

a. The clay is normally consolidated
b. The preconsolidation pressure (o) = 190 kN/m?
c. o, =170 kN/m?

Use C, =1 C.
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Ao = 100 kN/m2
d l"‘,‘* bl .--"le‘.,-. B l“)“'. T 1l
sand = 13K

Ground water table
T 77’"*"4—-‘-1'—"*& TR RSN T AR T

Sand
Ysat = 18 kN/m?

3 '..::-;:.:l..Clay:.; .::‘.“«::"-T. .-
Yo = 19 KN/mY
":.'Void ratio, ¢ = 0.8 ;2
L nLL=40.

Sand " Figure 10.19

Solution
a. The average effective stress at the middle of the clay layer is

00 = 2Vdry + H Vsagsanay ~ Yios + %[Vsat(cla_v) ~ Yl
or
op = (2)(14) + 4(18 — 9.81) + 2(19 — 9.81) = 79.14 kN/m?
From Eq. (10.24),

C.H oh + Ao
S, = log
1+ €o O"’o

From Eq. (10.28),
C,. = 0.009(LL — 10) = 0.009(40 — 10) = 0.27

So
.‘=-_"(O.27)(4) '10 (79.14 + 100

R T+ 08 7914 ) = 0.213 m = 213 mm

b. oy A’ = 79.14 + 100 = 179.14 kN/m?

o o’ = 190 kN/m?

‘Because o), + Ao’ > o7, use Eq. (10.26) to get
C.H <ab + Ac’\

= — log
o
1+ ep

S

oo
C._ 027

6~ ¢ 00

_ (0.045)(4) (79.14 + 100
.= —T——— log{ ———
1+08 79.14

C, =

> = 0.036 m = 36 mm

283
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c op = 79.14 kN/m?
. op+ Ao’ = 179.14 kKN/m?
oL =170 kN/mg?
Because 0 <.a: < cro + Acr useEq (10 27)

S" = GH: 10 ; np 1 (
T ey Uo~.¢ 1 FegE\T oL
(0.045)(4) " ( 170° ) (@ 27)(4J (179 14)
AN AR P 41.

18 7914) 18 Og 176 ~0046Em

o

7-—468mm'

‘Example 10.5
The Iaboratory consohdanon data for an undisturbed clay spccuncn are as follows:
=11 oy =95 KN/m?
=109  of=475kN/m?
What will be the void ratio for a pressure of 600 kN/m2? (Note: ot < 95 kKN/m?2.)

Void ratio, e

EN 475 600
Pressure. o (log scale) (kN/m2) Figure 10.20

Solution
From Figure 10.20,
ell - 62 _ 1.1 - 0.9 — 0,286
logoy —logoy  log475 — log 95
e; — e3 = C(log 600 — log 95)

es=¢e — C.log 69050

c =

600
= 1.1 — 0.286 logg—o5 = 0.87
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Secondary Consolidation Settlement

Section 10.5 showed that at the end of primary consolidation (that is, after complete
dissipation of excess pore water pressure) some settlement is observed because of
the plastic adjustment of soil fabrics. This stage of consolidation is called secondary
consolidation. During secondary consolidation the plot of deformation against the
log of time is practically linear (see Figure 10.10). The variation of the void ratio, ¢,
with time 7 for a given load increment will be similar to that shown in Figure 10.10.
This variation is shown in Figure 10.21. From Figure 10.21. the secondary compres-
sion index can be defined as

Ae Ae

= = 10.35
“ logs — loge  log(e/ty) (10.33)
where C, = secondary compression index
Ae = change of void ratio
.1 = lime
The magnitude of the secondarv consolidation can be calculated as
L
S, =CLH log<[—> (10.34)
1

Void ratio, e

Time. 1 (log scale)

Figure 10.21 Vanation ofe with log f under a given load increment and definition of sec-
ondary consolidation index
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where

C
Ch=—*= _
T ey (10:35)
e, = void ratio at the end of primary consolidation (see Figure 10.21)
H = thickness of clay layer

The general magnitudes of C, as observed in various natural deposits are as follows:

* Overconsolidated clays = 0.001 or less
¢ Normally consolidated clays = 0.005 to 0.03
¢ Organic soil = 0.04 or more

Secondary consolidation settlement is more important than primary consolida-
tion in organic and highly compressible inorganic soils. In overconsolidated inorganic
clays, the secondary compression index is very small and of less practical significance.

Example 10.6

For a normally consolidated clay layer in the field, the following values are given:

» thickness of clay layer = 8.5 ft

o Void ratio (ep) = 0.8

 Compression index (C,) = 0.28

s Average cffective pressure on the clay layer (o) = 2650 Ib/ft?

e Ac' =970 Ib/it? - S

» Secondary compression i.ndcx (C,) =0.02
What is the total consolidation settlement of the clay layer five years after the
completion of primary consolidation settlement? (Note: Time for' completion of
primary settlement = 1.5 years.)

Solution
From Eq. (10.35),

- C
C;_:' [+
Tl

The value of e, can be calculated as

EP = €p _‘ Aﬂpn'mary
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Combining Egs. (10.22) and (10.23), we find that
’ + / 7
Ae=C. 1Og<0“0 Ao ) _ o8 Iog<2650 + 970)
oo . 2650
= (0,038
AeH  (0.038)(85 X 12)

2.15in.
1+ e, 1+ 08 15n

Primary consolidation, S, =

It is given that e, = 0.8, and thus,
e, = 0.8 — 0.038 = 0.762

Hence,

0.02
L= =00
Ca= T3 0762 = M

From Eq. (10.34),

> = (0.011)(8.5 X 12) log<%) ~ 0.59 in.

b
S, = C,H log| —
I
Total consolidation settlement = primary consolidation (S.) + secondary settle-

ment (S;). So

total consolidation settlement = 2.15 + 0.59 = 2.74 in.

Time Rate of Consolidation

The total settlement caused by primary consolidation resulting from an increase in
the stress on a soil layer can be calculated by the use of one of the three equations —
(10.24), (10.26), or (10.27) — given in Section 10.9. However, they do not provide any
information regarding the rate of primary consolidation. Terzaghi (1925) proposed
the first theory to consider the rate of one-dimensional consolidation for saturated
clay soils. The mathematical derivations are based on the following six assumptions
(also see Taylor, 1948):

1. The clay—water system is homogeneous.

Saturation is complete.

Compressibility of water is negligible.

Compressibility of soil grains is negligible (but soil grains rearrange).

The flow of water is in one direction only (that s, in the direction of compression).
Darcy’s law is valid.

B W

Figure 10.22a shows a layer of clay of thickness 2H,, that is located between two
highly permeable sand layers. If the clay layer is subjected to an increased pressure
of Ao, the pore water pressure at any point A in the clay layer will increase. For one-
dimensional consolidation, water will be squeezed out in the vertical direction toward
thé sand layer. :
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O+ aa_\ dz) dx dv

,
R

Figure 10.22

(a) Clay layer undergoing
consolidation; (b) flow

of water at A during

(0) consolidation

Figure 10.22b shows the flow of water through a prismatic element at A. For
the soil element shown,

Rate of outflow _ Rate of inflow _ Rate of
of water of water  volume change
Thus,
v, aV
v, + —dz |dxdy — v.dxdy = —
( Y0z ) ) d A AY at
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where V = volume of the soil element
v. = velocity of flow in z direction

or
P gredydz =2 (10.36
oz xdydz = y .36)
Using Darcy’s law, we have
ah k du
v.=ki=~k—=—"— 10.37
N 9z Y 02 ( )

where 1 = excess pore water pressure caused by the increase of stress.
From Egs. (10.36) and (10.37),

k o*u 1 oV
T T didvde o 10.3
Yw 02" dx d}:’ d: or - ( 38)

During consolidation. the rate of change in the volume of the soil element is equal
to the rate of change in the volume of voids. Thus.
v av, oV +eV)  av de oV,

=Yt + Vi— + e— (10.39)
dt Jr ar ar or ot

where V, = volume of soil solids
V, = volume of voids

But (assuming that soil solids are incompressible)

Vs
=0
ar
and
1% dxdydz
Vf f—rt = y
1+ep 1+ ep

Substitution for aV,/at and V| in Eq. (10.39) yields
3V _dxdydzoe

ot 1l4e, ot (10.40)
where e, = initial void ratio.
Combining Egs. (10.38) and (10.40) gives
k ou 1 9
—— == - (10.41)

ywazzﬂl+eoat

The change in the void ratio is caused by the increase of effective stress (i.e.,

a decrease of excess pore water pressure). Assuming that they are linearly related,
we have

de = ad(Ao’) = —a,du (10.42)

where 9(A¢’) = change in effective pressure
‘ a, = coefficient of compressibility (a, can be considered
constant for a narrow range of pressure increase)
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Combining Egs. (10.41) and (10.42) gives

k &u a, du du
aE s Trea” ™
where
m, = coefficient of volume compressibility = a,/(1 + ¢o) (10.43)
or,
2
Seald (10.4)
where
¢, = coefficient of consolidation = k/(y,m, (10.45)
Thus,
Cp = k__ k (10.46)

VM, ( a, )
T\ T ¥ eo

Eq. (10.44) is the basic differential equation of Terzaghi’s consolidation theory
and can be solved with the following boundary conditions:

z=0, u=0
:=2H;. u=90

1=0, u=u,

The solution yields

ey 2“0 . MZ)} MT
u= —_— — | |7y 10.47
m=0[ M Sln<Ha‘r ¢ ( )
where m1 = an integer
M = (#/2)(2m + 1)
up = initial excess pore water pressure

C.T
» = 5 = time factor (10.48)
Hdr
The time factor 1s a nondimensional number.
Because consolidation progresses by the dissipation of excess pore water pres-
sure, the degree of consolidation at a distance z at any time t1s
Uy — U. u,
U. = % =] - = (1049)
) Up Uo

where u, = excess pore water pressure at time .
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0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 1.0
Degree of consolidation. ¢ .

Figure 10.23 Variation of . with 7, and z/H,,,

Equations (10.47) and (10.49) can be combined to obtain the degree of con-
solidation at any depth z. This is shown in Figure 10.23.

The average degree of consolidation for the entire depth of the clay layer at
any time ¢ can be written from Eq. (10.49) as

1 24,
S - ~<2H ) J' u,dz
U= % =] Ll u; (10.50)

where U = average degree of consolidation
Sqn = settlement of the layer at time ¢
S. = ultimate settlement of the layer from primary consolidation

Il

Substitution of the expression for excess pore water pressure u. given in
Eq. (10.47) into Eq. (10.30) gives

m=x

2 .
Uu=1- 2> —M—z—e'“’ﬂ (10.51)
m=0Q ¥

The variation in the average degree of consolidation with the nondimensional time
factor, T, is given in Figure 10.24, which represents the case where w15 the same for
the entire depth of the consolidating layer.
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10.13

>

i 2Hy, 0

b { i | {
= o l {

57‘
P
J

o
o
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Average degree of consolidation, U(%)

] One-way |
;] drainage |F
s
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o
o

Different types of drainage
with kg constant

Figure 10.24 Variation of average degree of consolidation with time factor, T, (o constant
with depth)

The values of the time factor and their corresponding average degrees of con-
solidation for the case presented in Figure 10.24 may also be approximated by the
following simple relationship:

7 (U% \*
=0t060%, T,=— 52
ForU o) . T, 4(100) (10.52)
ForU > 60%, T, = 1.781 — 0.933 log(100 — U %) (10.53)

Table 10.5 gives the variation of 7, with U on the basis of Eqs. (10.52) and (10.53).

Coefficient of Consolidation

The coefficient of consolidation ¢, generally decreases as the liquid limit of soil in-
creases. The range of variation of ¢, for a given Jiquid limit of soil is wide.

Fora given load increment on a specimen, two graphical methods are commonly
used for determining ¢, from laboratory one-dimensional consolidation tests. The
first is the logarithm-of-time method proposed by Casagrande and Fadum (1940), and
the other is the square-roor-of-time method given by Taylor (1942). More recently, at
least two other methods were proposed. They are the hyperbola method (Sridharan
and Prakash, 1985) and the early stage log-t method (Robinson and Allam, 1996). The
general procedures for obtaining ¢, by these methods are described in this section.
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Table 10.5 Variation of T, with U

U (%) T, U (%) T, U (%) T,
0 0 34 0.0907 68 0377
1 0.00008 35 0.0962 69 0.390
2 0.0003 36 0.102 70 0.403
3 0.00071 37 0.107 71 0.417
4 0.00126 38 0.113 72 0.431
5 0.00196 39 0.119 73 0.446
6 0.00283 40 0.126 74 0.461
7 0.00385 41 0.132 75 0.477
8 0.00502 12 0.138 76 0.493
9 0.00636 13 0.145 77 0511

10 0.00785 14 0.152 78 0.529
11 0.0095 15 0.159 7 0.547
12 0.0113 16 0.166 80 0.567
13 0.0133 17 0.173 81 0.588
14 0.0154 18 0.181 82 0.610
15 0.0177 19 0.188 3 0.633
16 0.0201 50 0.197 84 0.658
17 0.0227 51 0.204 85 0.684
18 0.0254 52 0.212 86 0.712
19 0.0283 53 0.221 87 0.742
20 0.0314 54 0.230 88 0.774
21 0.0346 55 0.239 89 0.809
2 0.0380 56 0.248 90 0.848
23 0.0415 57 0.257 91 0.891
24 0.0432 58 0.267 92 0.938
25 0.0491 59 0276 93 0.993
26 0.0531 60 0.286 94 1.055
27 0.0572 61 0.297 95 1.129
28 0.0615 62 0.307 96 1219
29 0.0660 63 0318 97 1336
30 0.0707 64 0.329 98 1.500
31 0.0754 65 0.304 99 1.781
32 0.0803 66 0.352 100 00

33 0.0855 67 0.364

Logarithm-of- Time‘ Method

For a given incremental loading of the laboratory test, the specimen deformation
against log-of-time plot is shown in Figure 10.25. The following constructions are
needed to determine c,:

1. Extend the straight-line portions of primary and secondary consolidations to
intersect at A. The ordinate of A is represented by d,y— that is, the deforma-
tion at the end of 100% primary consolidation.

2. The initial curved portion of the plot of deformation versus log 1 is approxi-
mated to be a parabola on the natural scale. Select times ¢, and ¢, on the curved

portion such that s, = 4r,. Let the difference of specimen deformation during
ctime (1, — ) be equal to .
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Deformation (increasing)

1y - Iy 150
Time (log scale)

Figure 10.25 Logarithm-of-time method for determining coefficient of consolidation

3. Draw a horizontal line D E such that the vertical distance BD is equal to x. The

deformation corresponding to the line DE is d; (that is, deformation at 0%

consolidation). , .
The ordinate of point F on the consolidation curve represents the deformation

at 50% primary consolidation, and its abscissa represents the corresponding
time (fsg)-
For 50% average degree of consolidation. 7, = 0.197 (see Table 10.5), so,
_ Gdso
H,

TSO

or
_ 0.197H,

Iso

¢, (10.54)

where H,; = average longest drainage path during consolidation.

For specimens drained at both top and bottom, H,, equals one-half the aver-

age height of the specimen during consolidation. For specimens drained on only one
side, H,, equals the average height of the specimen during consolidation.

Square-Root-of-Time Method

In the square-root-of-time method, a plot of deformation against the square root of
time is made for the incremental loading (Figure 10.26). Other graphic constructions
required are as follows:

1. Draw aline AB through the early portion of the curve. _
2. Draw a line AC such that OC = 1.150B. The abscissa of point D, which is the

intersection of AC and the consolidation curve, gives the square root of time
for 90% consolidation (V).
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Figure 10.26
Square-root-of-time fitting method

For 90% consolidation, 7y, = 0.848 (see Table 10.5), so

Cut90
Ty = 0.848 = —~
90 H2
or
0.848H3, .
Cp = — (10.53)
lyo

H, in Eq. (10.55) is determined in a manner similar to that in the logarithm-
of-time method.

Hyperbola Method
In the hyperbola method, the following procedure is recommended for the determi-

nation of ¢

1.

)
2.

L
AH

PSR

Obtain the time ¢ and the specimen deformation (AH) from the laboratory

consolidation test.
Plot the graph of #/AH against t as shown in Figure 10.27.

Figure 10.27
a Time. s - Hyperbola method for determination of ¢,
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3. Identify the straight-line portion bc and project it back to point 4. Determine
the intercept D.

4. Determine the slope m of the line bc.

5. Calculate ¢, as

2
%:os(mg“> (10.56)

Note that because the unit of D is time/length and the unit of m is (time/length)/
time = 1/length, the unit of ¢, is

1 2
(length)(lengm) _ (length)?

( time > time
length

The hyperbola method is fairly simple to use, and it gives good results for U =
60% to 90%.

Early Stage log-t Method

The early stage log-r method, an extension of the logarithm-of-time method, is based
on specimen deformation against log-of-time plot as shown in Figure 10.28. Accord-
ing to this method, follow steps 2 and 3 described for the logarithm-of-time method
to determine d,. Draw a horizontal line DE through d,. Then draw a tangent through
the point of inflection. 7. The tangent intersects line DE at point G. Determine the
time r corresponding to G, which is the time at U = 22.14%. So

_ 0.0385H3,

Inis

c, (10.57)
In most cases. for a given soil and pressure range, the magnitude of ¢, determined
by using the logarithm-of-time method provides lowest value. The highest value is ob-
tained from rthe early stage log-t method. The primary reason is because the early stage
log-r method uses the earlier part of the consolidation curve, whereas the logarithm-
of-time method uses the lower portion of the consolidation curve. When the iower

&
S
Q

tn

Deformation (increasing)

72214

B L )

: __,  Figure 10.28
Time. 1 (log scale) Early stage log-t method
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portion of the consolidation curve is taken into account, the effect of secondary con-
solidation plays a role in the magnitude of c,. This fact is demonstrated for several
soils in Table 10.6.

Several investigators have also reported that the ¢, value obtained from the
field is substantially higher than that obtained from laboratory tests conducted by
using conventional testing methods (that is, logarithm-of-time and square-root-of-
time methods). Hence, the early stage log-t method may provide a more realistic
value of fieldwork.

Table 10.6 Comparison of ¢, Obtained from Various Methods*

¢, X 10* em?/sec

Range of Logarithm-  Square-root-
pressure o’ of-time of-time Early stage
Soil {kN/m?) method method log t method
Red earth 25-50 4.63 5.45 6.12
50-100 6.43 7.98 9.00
100-200 7.32 9.99 11.43
200-400 8.14 10.90 12.56
400-800 8.10 11.99 12.80
Brown soil 25-50 3.81 4.45 5.42
30-100 3.02 3.77 3.80
100-200 2.86 3.40 3.52
200-400 2.09 2.21 2.74
400-800 1.30 1.45 1.36
Black cotton soil 25-30 5.07 6.55 9.73
50-100 3.06 3.69 478
100-200 2.00 2.50 3.45
200-400 1.15 1.57 2.03
400-800 0.56 0.64 0.79
Illite 25-50 1.66 2.25 250
50-100 1.34 3.13 3.32
100-200 2.20 3.18 3.65
200-400 3.15 4.59 5.14
400-800 4.15 5.82 6.45
Bentonite 25-50 0.063 . 0.130 0.162
50-100 0.046 0.100 0.130
100-200 0.044 0.052 0.081
200-400 -0.021 0.022 0.040
400--800 0.015 0.017 - 0.022
Chicago clay 12.5-25 25.10 45.50 46.00
(Taylor, 1948) 25-50 20.10 23.90 31.50
50-100 13.70 17.40 20.20
100-200 3.18 471 4.97
200-400 4.36 4.40 4.91
400-800 6.05 6.44 7.41
8001600 7.09 8.62 9.09

* After a table from “Determination of Coefficient of Consolidation from Early Stage of
Log ¢ Plot.” by R. G. Robinson and M. M. Allam, 1996, Georechnical Testing Journal, 19(3)
pp- 316-320. Copyright © 1996 American Society for Testing and Materials. Reprinted with
permission. '
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: Example 10 7

© Dy

St
- Higan H Zr(gela)
 140sec _ thad
(o.ozs m>2 ~ (3m)?
2

Igag = 8,064,000 sec = 93.33 days B

Example 10.8

Refer to Example 10.7. How long (in days) will it take in the field for 30% primary
consolidation to occur? Use Eq. (10.52). ‘

Solution
From Eq. (10. 32)

CLIﬁeld
et 2
5 = jv X U

Hfir(xab)
So A
t x U?
a_ Ui
n U3
or

93.33 days 507
tz 302 ;. eee g - .
—336days "
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‘Example 10.9

A 3 ‘n“lk"‘thilck'layer (double drainage) of saturated clay under a surcharge loading
‘underwent 90% primary consolidation in 75 days. Find the coefficient of consoli-
{'datlon of clay for the pressure range.

'Solutlon
vr90
Hdr

A’»Because the clay layer has two-way drainage, H,, = 3 m/2 = 1.5 m. Also, Ty =
0.848 (see Table 10.5). So

T90 =

c,(75 X 24 X 60 X 60)
(1.5 % 100)?

L 0848 X 225 % 10'
* 775 X 24 X 60 X 60

- 0.848 =

= 0.00294 cm?¥/sec : "

Example 10.10

For a normally consolidated laboratory clay specimen drained on both sides, the
followmg are given:
‘ 0'0«—— »3000 1b/£t? . e=g¢g =11
op + Ac’ = 6000 b/ft> e =109

- Thickness of clay specimen = 1 in.
Tune for 50% consohda’non =2 mm

a Determme the hydrauhc conductmty (ft/mm) of th
" ‘range. . .- . :
--b. How long (m days) w111 it take for a 6 ft clay layer m the ﬁel , (dramed on ;
. ‘ome 51de)‘to reach 60% consohdanon? ‘ S

8 Solutlon
PartA Sl
The coefﬁcmnt of compressxblhty is

(Ge)
a  \Acg’
1+ ey 1+ €ay
Ae=11-09=02
= 6000 — 3000 = 3000 1b/ft>

, _l1+09 o
av 2 - .

m, =
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10.74

Soy.k |

From’ TablelOS fér U= 50%, T‘,=0197, ths, 5. b7 s e

Toa3 x0T S

1 71 >< 10 “ftzfmm

) y!
o 197)(2 i)
k= cmive = (1 7% 10”“ft2/111111)(3 33 % 10"5%2/1@(5241"/ ﬁs‘ <

Colan
T6O~ ke
2
Hdr
TeoH 3,
_ te60tLdr
leg =
Cy

From Table 10.5, for U = 60% and T¢, = 0.286,

_ (0286)(6) _ 60.211 min = 41.8d
07 171 x 1074 oo R T AL aays -

Calculation of Consolidation
Settlement under a Foundation

Chapter 9 showed that the increase in the vertical stress in soil caused by a load ap-
plied over a limited area decreases with depth z measured from the ground surface
downward. Hence to estimate the one-dimensional settlement of a foundation, we
can use Eq. (10.24), (10.26), or (10.27). However, the increase of effective stress, Ac”’,
in these equations should be the average increase in the pressure below the center of
the foundation. The values can be determined by using the procedure described in
Chapter 9. '

Assuming that the pressure increase varies parabolically, using Simpson’s rule,
we can estimate the value of Ao, as

av
[ 1 !
AO’, ’T4A0'm + AUb

; (10.58)

1 —
Ao, =

where Ao, Aoy, and Aoy represent the increase in the effective pressure at the top,
middle, and bottom of the layer, respectively.
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Example 10.11

Calculate the settlement of the 10-ft-thick clay layer (Figure 10.29) that will result
from the load carried by a 5-ft-square footing. The clay is normally consolidated.
Use the weighted average method [Eq. (10.58)] to calculate the average increase -
of effective pressure in the clay layer.

o |
|
|

Dry sand 5 fil - “1 Footing size
Ydry=100pct Y F5ftx St
Y _; o !_Ciroundwater table
AT T T =TT T TTTT
‘ Sand
10t Ysar =120 pef

Ysat" HOPd
R eo-‘ 1. 0

;;;;;;

Figure 10.29

, Solu‘tlonf ";l" R
ifFor normally consohdated clay, from Eq. (10.24),
i : C H O'O + Ao'av

S, = 1
¢ 1+30 8 O'IO

€. =0009(LL ~ 10) = 0.009(40 — 10) = 0.27
H =10 X 12 = 120 in.
€o = 10

, , 10
Tp = 10 ft X ’Ydryisand) T 10 ft{’)/m[(sand) - 624] + _—2_[753§(C13y) - 624]

=10 X 100 + 10(120 — 62.4) + 5(110 — 62.4)
= 1814 Ib/ft>
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10.15

FromEq. (1058), . .. -

:0'019 -0, 1552 Ao

Hence, -

_ (027)(120) ‘{@fc',,isu +248

c = 1+ 1 0g - 1814 = 0.9 in. ‘ ™

Methods for Accelerating Consolidation Settlement

In many instances, sand drains and prefabricated vertical drains are used in the field
to accelerate consolidation settlement in soft, normally consolidated clay layers and
to achieve precompression before the construction of a desired foundation. Sand
drains are constructed by drilling holes through the clay layer(s) in the field at regu-
lar intervals. The holes are then backfilled with sand. This can be achieved by several
means, such as (a) rotary drilling and then backfilling with sand; (b) drilling by con-
tinuous flight auger with hollow stem and backfilling with sand (through the hollow
stem); and (c) driving hollow steel piles. The soil inside the pile is then jetted out, and
the hole is backfilled with sand. Figure 10.30 shows a schematic diagram of sand
drains. After backfilling the drill holes with sand, a surcharge is applied at the ground
surface. This surcharge will increase the pore water pressure in the clay. The excess
pore water pressure in the clay will be dissipated by drainage — both vertically and
radially to the sand drains — which accelerates settlement of the clay layer. In Figure
10.30a, note that the radius of the sand drains is r,,. Figure 10.30b shows the plan of
the layout of the sand drains. The effective zone from which the radial drainage will
be directed toward a given sand drain is approximately cylindrical, with a diameter
of d,. The surcharge that needs to be applied at the ground surface and the length of
time it has to be maintained to achieve the desired degree of consolidation will be a
function of r,, d,, and other soil parameters. Figure 10.31 shows a sand drain instal-
lation in progress.
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Surcharge

|

B Ground |
y__water table °

| P Sand drain;
radius = °

! Sand °
o N 17\\-' N * Vertical drainage:. e
‘Sand . T

PR IR
! - Sand drain;
drain ‘ : : radius = r,,

AU o

—«_ Radial Radial
drainage . drainage

Y

" “Vertical drainage- elmrlels

Sand
{a) Section (b) Plan

Figure 10.30 Sand drains

Figure 10.31

Sand drain installation in
progress (courtesy of E. C. Shin,
University of Inchon,

South Korea)
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Polypropylene
core

0
Geotextile "k

fabric

Figure 10.33

Intallation of PVDsin
progress (courtesy of E. C.
Shin, University of Inchon,
South Korea)

Prefabricated vertical drains (PVDs), which are also referred to as wick or strip
drains, were originally developed as a substitute for the commonly used sand drain.
With the advent of materials science, these drains are manufactured from synthetic

- polymers such as polypropylene and high-density polyethylene. PVDs are normally
manufactured with a corrugated or channeled synthetic core enclosed by a geotex-
tile filter, as shown schematically in Figure 10.32. Installation rates reported in the
literature are on the order of 0.1 to 0.3 m/s, excluding equipment mobilization and
setup time. PVDs have been used extensively in the past for expedient consolidation
of low permeability soils under surface surcharge. The main advantage of PVDs over
sand drains is that they do not require drilling and, thus, installation is much faster.
Figure 10.33 shows the installation of PVDs in the field.

- 10.16  Summary and General Comments

In this chapter we discussed the fundamental concepts and theories for estimating
elastic and consolidation (primary and secondary) settlement. Elastic settlement of
a foundation is primarily a function of the size and rigidity of the foundation, the
modulus of elasticity, the Poisson’s ratio of the soil, and the intensity of load on the
foundation.

Consolidation is a time-dependent process of settlement of saturated clay lay-
ers located below the ground water table by extrusion of excess water pressure gen-



Problems 305

erated by application of load on the foundation. Total consolidation settlement of a
clay foundation is a function of compression index (C.), swell index (C,), initial void
ratio, (e,) and the average stress increase in the clay layer. The degree of consolida-
tion for a given soil layer at a certain time after the load application depends on its
coefficient of consolidation (c,) and also on the length of the minimum drainage
path. Installation of sand drains and wick drains helps reduce the time for accom-
plishing the desired degree of consolidation for a given construction project.

There are several case histories in the literature for which the fundamental prin-
ciples of soil compressibility have been used to predict and compare the actual total
settlement and the time rate of settlement of soil profiles under superimposed load-
ing. In some cases, the actual and predicted maximum settlements agree remarkably;
in many others, the predicted settlements deviate to a large extent from the actual
settlements observed. The disagreement in the latter cases may have several causes:

1. Improper evaluation of soil properties

2. Nonhomogeneity and irregularity of soil profiles

3. Error in the evaluation of the net stress increase with depth. which induces
settlement

The variation between the predicted and observed time rate of settlement may
also be due to :

a. Improper evaluation of ¢, (see Section 10.13)
b. Presence of irregular sandy seams within the clav laver. which reduces the
length of the maximum drainage path. H,,

~Problems

10.1 Estimate the immediate settlement of a column footing 4.5 ft in diameter
that is constructed on an unsaturated clay laver. The column carries a load of
20 tons, and it is given that £, = 1500 Ib/in.” and u, = 0.25. Assume the foot-
ing to be rigid. [Use Eq. (10.1).]

10.2 Refer to Figure 10.3. For-a square foundation measuring 3 m X 3 m in plan
supported by a layer of sand and given that Dy = 1.5m, (= 0.25m, £, =
16,000 kN/m?, k = 400 kN/m%m, p1, = 0.3, h = 20 m, E; = 15 X 10° kN/m?,
and Ao = 100 kN/m?, calculate the immediate settlement.

10.3 Following are the results of a consolidation test:

Pressure, o'

e , {ton /ft?)
1.1 0.25
1.085 0.5
1.0585 1.0
1.01 2.0
0.94 4.0
0.79 . 8.0
0.63 16.0

a. Plot the e-log o’ curve.
b. Using Casagrande’s method, determine the preconsolidation pressure.
c. Calculate the compression index C. from the laboratory e-log o curve.
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10.4 Repeat Problem 10.3, using the following values:

Pressure, o’

e : (kN/m?)
1.21 25
1.195 50
1.15 100
1.06 200
0.98 400
0.925 500

10.5 A soil profile is shown in Figure 10.34. The uniformly distributed load on the
ground surface is Ac. Estimate the primary settlement of the normally con-
solidated clay layer, given that

Hy=4ftH, = 6ft, H; = 4ft
Forsand, e = 0.58, G, = 2.67
Forclay,e = 1.1, G, = 2.72, LL = 45
Ao = 1800 Ib/ft*

10.6 Repeat Problem 10.5, using the following data:
H =25m,H,=25m,H;=3m
Forsand, e = 0.64, G, = 2.65
Forclay,e = 0.9, G, = 2.75, LL = 55
Ao = 100 kN/m?

10.7 Repeat Problem 10.5, using the following data:
Ao = 90 KN/m’
H=2mH,=2m,H;=15m
For sand, vy = 14.6 KN/m?, v, = 17.3 kN/m?
For clay, yg = 19.3kN/m?® LL = 38:¢ = 0.75

&

Figure 10.34



Problems 307

Figure 10.35

10.8

10.9

10.10

10.11

10.12

10.13

10.14

A soil profile is shown in Figure 10.35. The preconsolidation pressure of the
clay is 3400 Ib/ft*>. Estimate the primary consolidation settlement that will
take place as the result of a surcharge equal to 2200 Ib/ft*. Assume C, = {C..
Refer to Prob lem 10.6. Given that ¢, = 2.8 X 107® m*/min, how long will it
take for 60% primary consolidation to take place?

The coordmatea of two points on a virgin compression curve are as follows:
e, = 1.82 o} = 200 kN/m-
=1.54 o = 400 kN/m~

a. Determine the coefficient of volume compressibility for the pressure
range stated above.

b. Given that ¢, = 0.003 cm?/sec, determine k in cm/sec corresponding to the
average void ratio.

For the virgin curve stated in Problem 10.10, what would be the effective

pressure ¢’ corresponding toe = 1.77

For the virgin curve stated in Problem 10.10, what would be the void ratio

corresponding to an effective pressure ¢’ that is equal to 500 k\I/mz?

Following are the relationships of ¢ and ¢’ for a clay soil:
e o’ (ton/ft?)
1.0 0.2
0.97 0.5
0.85 1.8
0.75 3.2

For this clay soil in the field, the following values are given: H = 4.5 ft, o =
0.7 ton/ft*, and o)y + Ao’ = 2 ton/ft". Calculate the expected settlement
caused by primary consolidation.

During a laboratory consolidation test, the time and dial gauge readings ob-
tained from an increase in pressure on the specimen from 50 to 100 kN/m?
are given in the following table:
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10.15

10.16

10.17

10.18

10.19

Dial gauge Dial gauge
Time reading Time reading
(min) (mm) {min) {mm)
0 3.98 16.0 4.57
0.10 4.08 30.0 4.74
0.25 4.10 60.0 4.92
0.60 4.13 120.0 5.08
1.0 417 - 240.0 5.21
2.0 4.22 480.0 - 5.28
4.0 4,30 960.0 5.33
8.0 4.42 1440.0 5.39

a. Find the time for 50% primary consolidation (Zs,) using the logarithm-of-
time method.

b. Find the time for 90% primary consolidation (y) using the square-root-
of-time method.

c. If the average height of the specimen during consolidation caused by this
incremental loading was 22 mm and it was drained at both the top and the
bottom, calculate the coefficient of consolidation using 5, and fg obtained
from parts (a) and (b).

Refer to the laboratory test results given in Problem 10.14. Using the hyper-

bola method, determine c,. The average height of the specimen during con-

solidation was 22 mm, and it was drained at the top and bottom.

The time for 50% consolidation of a 25-mm-thick clay layer (drained at top

and bottom) in the laboratory is 150 sec. How long (in days) will it take for a

3-m-thick layer of the same clay in the field under the same pressure incre-

ment to reach 50% consolidation? There is a rock layer at the bottom of the
clay in the field. :

For a normally consolidated clay, the following values are given:

op =2ton/ft e =ey; =121
oh + Ao’ =4ton/fr e =096

The hydraulic conductivity k of the clay for the preceding loading range is

1.8 X 107" ft/day.

a. How long (in days) will it take for a 9-ft-thick clay layer (drained on one
side) in the field to reach 60% consolidation?

b. What is the settlement at that time (i.e., at 60% consolidation)?

A 10-ft-thick layer (two-way drainage) of saturated clay under a surcharge

loading underwent 90% primary consolidation in 100 days.

a. Find the coefficient of consolidation of clay for the pressure range.

b. For a 1-in-thick undisturbed clay specimen, how long will it take to
undergo 90% consolidation in the laboratory for a similar consolidation
pressure range? The laboratory tests’s specimen will have two-way
drainage.

Laboratory tests on a 25-mm-thick clay specimen drained at the top only

show 50% consolidation takes place in 11 min.

a. How long will it take for a similar clay layer in the field, 4 m thick and
drained at the top and bottom, to undergo 50% consolidation?

b. Find the time required for the clay layer in the field, as described in part
(a), toreach 70% consolidation.
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Figure 10.36

10.20 For a laboratory consolidation test on a clay specimen (drained on both
sides), the following results were obtained:
Thickness of the clay soil = 25 mm
oy = 50 kN/m* e, =092
o5 =120kN/m* e, =0.78
Time for 50% consolidation = 2.5 min
Determine the hydraulic conductivity of the clay for the loading range.
10.21 Refer to Figure 10.36. Given that B = 1.5m, L =2.5m, and Q = 120 kN,
‘ calculate the primary consolidation settlement of the foundation.
10.22 Redo Problem 1021 with B=1m, L =3 m,and QO = 110 kN.
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Shéér Strength of Soil

11.1

The shear strength of a soil mass is the internal resistance per unit area that the soil
mass can offer to resist failure and sliding along any plane inside it. One must under-
stand the nature of shearing resistance in order to analyze soil stability problems such
as bearing capacity, slope stability, and lateral pressure on earthretaining structures.

Mohr-Coulomb Fai{ure Criteyrion

Mohr (1900) presented a theory for rupture in materials that contended that a ma-
terial fails because of a critical combination of normal stress and shearing stress, and
not from either maximum normal or shear stress alone. Thus, the functional rela-
tionship between normal stress and shear stress on a failure plane can be expressed
in the following form:

7 = f(o) (11.1)

The failure envelope defined by Eq. (11.1) is a curved line. For most soil me-
chanics problems, it is sufficient to approximate the shear stress on the failure plane
as a linear function of the normal stress (Coulomb, 1776). This linear function can
be written as

=ctotmg (112)

where ¢ = cohesion
¢ = angle of internal friction
o = normal stress on the failure plane
7, = shear strength

The preceding equation is called the Mohr—Coulomb failure criterion.
In saturated soil, the total normal stress at a point is the sum of the effective
stress (o) and pore water pressure (u). or

o= +yu

311
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Table 11.1 Typical Values of Drained Angle
of Friction for Sands and Silts

Soil type ¢’ (deg)
Sand: Rounded grains

Loose 27-30
Medium 30-35
Dense 35-38
Sand: Angular grains

Loose 30-35
Medium 35-40
Dense 40-45
Gravel with some sand 3448
Silts 26-35

The effective stress o’ is carried by the soil solids. The Mohr-Coulomb failure cri-
terion, expressed in terms of effective stress, will be of the form

7;=c + o' tan ¢’ (11.3)

where ¢’ = cohesion and ¢’ = friction angle, based on effective stress.

Thus, Eqs. (11.2) and (11.3) are expressions of shear strength based on total
stress and effective stress. The value of ¢' for sand and inorganic silt is 0. For nor-
mally consolidated clays, ¢’ can be approximated at 0. Overconsolidated clays have
values of ¢’ that are greater than 0. The angle of friction, ¢’, is sometimes referred to
as the drained angle of friction. Typical values of ¢’ for some granular soils are given
in Table 11.1. ,

The significance of Eq. (11.3) can be explained by referring to Fig. 11.1, which
shows an elemental soil mass. Let the effective normal stress and the shear stress on

Ce

Shear stress, T

Mohr-Coulomb
. failore
criteria *

|« o —|

Efféctive normal stress, ¢’
() _ )

Figure 11.7 Mohr-Coulomb failure criterion
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the plane ab be ¢’ and 7, respectively. Figure 11.1b shows the plot of the failure en-
velope defined by Eq. (11.3). If the magnitudes of ¢’ and r on plane ab are such that
they plot as point A in Figure 11.1b, shear failure will not occur along the plane. If
the effective normal stress and the shear stress on plane ab plot as point B (which
falls on the failure envelope), shear failure will occur along that plane. A-state of
stress on a plane represented by point C cannot exist, because it plots above the fail-
ure envelope, and shear failure in a soil would have occurred already.

11.2 Inclination of the Plane of Failure Caused by Shear

As stated by the Mohr—Coulomb failure criterion, failure from shear will occur when
the shear stress on a plane reaches a value given by Eq. (11.3). To determine the in-
clination of the failure plane with the major principal plane, refer to Figure 11.2,
where o and o7} are, respectively, the major and minor effective principal stresses.
The failure plane EF makes an angle # with the major principal plane. To determine
the angle § and therelationship between o} and o%. refer to Figure 11.3, whichis a plot
of the Mohr’s circle for the state of stress shown in Figure 11.2 (see Chapter 9). In
Figure 11.3, fgh is the failure envelope defined by the relationship 7, = ¢’ + o' tan ¢'.
The radial line ab defines the major principal plane (CD in Figure 11.2), and the ra-
dial line ad defines the failure plane (EF in Figure 11.2). It can be shown that Zbad =
20 =90+ ¢', or

-
6=45+ = (11.4)
Again, from Figure 11.3,
ad
% = sin ¢’ (11.5)
_ o + o}
fa=fO+ Oa=c cotd + —‘—T— (11.6a)
' h

Sheur stress

i

|

0 o a G’y
Effective normal stress

Figure 711.2 Inclination of failure plane
in soil with major principal plane ) Figure 11.3 Mohrs circle and failure envelope
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Also,

ad =2 - s (11.6b)

Substituting Eqgs. (11.6a) and (11.6b) into Eq. (11.5), we obtain

o1~ 03
Sin¢' = 2 Y
' ' 017 03
c'cote’ +
2
or
1+ si ' 7 s d’
o = 0<—ﬂ) + 2c<——3ﬁb~——) (11.7)
1 - sing 1 — sin ¢'
However,
1+sing’ - ,( d)’)
———— = tan’| 45 + —
1 - sing¢’ an’| 45 2
and
cos ¢’ @'
——— =tan{ 45 + —
1= sing’ an<5 z>
Thus,

o) = o} tan2(45 + %—) + 2¢! tan<45 + %—) (11.8)

An expression similar to Eq. (11.8) could also be derived using Eq. (11.2) (that
is, total stress parameters ¢ and ¢), or

o, =0y tan2<45 - 3?) + 2¢ tan(45 + %) (11.9)

L

Laboratory Test for Determination
of Shear Strength Parameters

There are several laboratory methods now available to determine the shear strength
parameters (i.e., ¢, ¢, ¢, ¢') of various soil specimens in the laboratory. They are as
follows:

a. Direct shear test

b. Triaxial test

c. Direct simple shear test
d. Plane strain triaxial test
e. Torsional ring shear test
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The direct shear test and the triaxial test are the two commonly used techniques for
determining the shear strength parameters. These two tests will be described in de-
tail in the sections that follow.

Direct Shear Test

The direct shear test is the oldest and simplest form of shear test arrangement. A di-
agram of the direct shear test apparatus is shown in Figure 11.4. The test equipment
consists of a metal shear box in which the soil specimen is placed. The soil specimens
may be square or circular in plan. The size of the specimens generally used is about

~..51mm X 51 mm or 102 mm X 102 mm (2 in. X 2 in. or4in. X 4 in.) across and about

25 mm (1 in.) high. The box is split horizontally into halves. Normal force on the
specimen is applied from the top of the shear box. The normal stress on the speci-
mens can be as great as 1050 kN/m?* (150 1b/in.%). Shear force is applied by moving
one-half of the box relative to the other to cause failure in the soil specimen.

Depending on the equipment, the shear test can be either stress controlled or
strain controlled. In stress-controlled tests, the shear force is applied in equal incre-
ments until the specimen fails. The failure occurs along the plane of split of the shear
box. After the application of each incremental load, the shear displacement of the
top half of the box is measured by a horizontal dial gauge. The change in the height
of the specimen (and thus the volume change of the specimen) during the test can be
obtained from the readings of a dial gauge that measures the vertical movement of
the upper loading plate.

In strain-controlled tests. a constant rate of shear displacement is applied to
one-half of the box by a motor that acts through gears. The constant rate of shear
displacement is measured by a horizontal dial gauge. The resisting shear force of the
soil corresponding to any shear displacement can be measured by a horizontal prov-
ing ring or load cell. The volume change of the specimen during the test is obtained

Normal force

Porous stone

e Shear
force

Shear box

e

Porous stone

W W“ - -
4{{' ,',wﬁ‘}h‘w;{ ’(;l..'n_.?m At

et o )

Figure 11.4 Diagram of direct shear test arrangement
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Figure 11.5 Strain-controlled direct shear test equipment (courtesy of Soiltest, Inc., Lake
Bluff, Illinois)

in a manner similar to that in the stress-controlled tests. Figure 11.5 shows a photo-
graph of strain-controlled direct shear test equipment.

The advantage of the strain-controlled tests is that in the case of dense sand,
peak shear resistance (that is. at failure) as well as lesser shear resistance (that is, at
a point after failure called wlrimate strength) can be observed and plotted. In stress-
controlled-tests, only the peak shear resistance can be observed and plotted. Note
that the peak shear resistance in stress-controlled tests can be only approximated be-
cause failure occurs at a stress level somewhere between the prefailure load incre-
ment and the failure Joad increment. Nevertheless, compared with strain-controlled
tests, stress-controlled tests probably model real field situations better.

For a given test, the normal stress can be calculated as

N f
o = Normal stress = - ormal force - (11.10)
Cross-sectional area of the specimen

The resisting shear stress for any shear displacement can be calculated as

Resisting shear force
7 = Shear stress = . - (11.11)
Cross-sectional area of the specimen

Figure 11.6 shows a typical plot of shear stress and change in the height of the
specimen against shear displacement for dry loose and dense sands. These observa-
tions were obtained from a strain-controlled test. The following generalizations can
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Figure 11.6 Plot of shear stress and change in height of specimen against shear displace-
ment for loose and dense dry sand (direct shear test)

be developed from Figure 11.6 regarding the variation of resisting shear stress with
shear displacement:

1. In loose sand, the resisting shear stress increases with shear displacement until
a failure shear stress of 7,is reached. After that, the shear resistance remains
approximately constant for any further increase in the shear displacement.

-2. In dense sand, the resisting shear stress increases with shear displacement until
it reaches a failure stress of ;. This 7,is called the peak shear strength. After
failure stress is attained, the resisting shear stress gradually decreases as shear
“displacement increases until it finally reaches a constant value called the ulzi-
mate shear strength.

It is important to note that, in dry sand,
and

Direct shear tests are repeated on similar specimens at various normal stresses.
The normal stresses and the corresponding values of 7; obtained from a number of
tests are plotted on a graph from which the shear strength parameters are determined.
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o' (Ibfin?)

200

150 =

100 |

Shear stress, T (kN/m?)
T (Ib/in?)

50 =

) l"_' ‘. M T e B A . O
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Effective normal stress, o' (kN/m?2)

Figure 11.7 Determination of shear strength parameters for a dry sand using the results of
direct shear tests

Figure 11.7 shows such a plot for tests on a dry sand. The equation for the average
line obtained from experimental results is

7, =o' tan ¢’ | (11.12)

So, the friction angle can be determined as follows:

i . T\
¢ = tan~! (—{) S
o

It is important to note that in situ cemented sands may show a ¢’ intercept.

Drained Direct Shear Test on Saturated Sand and Clay

In the direct shear test arrangement, the shear box that contains the soil specimen is
generally kept inside a container that can be filled with water to saturate the speci-
men. A drained test is made on a saturated soil specimen by keeping the rate of load-
ing slow enough so that the excess pore water pressure generated in the soil is com-
pletely dissipated by drainage. Pore water from the specimen is drained through two
porous stones. (See Figure 11.4.)

Because the hydraulic conductivity of sand is high, the excess pore water pres-
sure generated due to loading (normal and shear) is dissipated quickly. Hence, for
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Figure 11.8 Results of a drained direct shear test on an overconsolidated clay. Nore: Resid-
ual shear strength in clay is similar to ultimate shear strength in sand — see Figure 11.6

an ordinary loading rate. essentially full drainage conditions exist. The friction angle,
¢’, obtained from a drained direct shear test of saturated sand will be the same as
that for a similar specimen of dry sand.

The hydraulic conductivity of clay is very small compared with that of sand.
When a normal load is applied to a clay soil specimen, a sufficient length of time must
elapse for full consolidation — that is, for dissipation of excess pore water pressure.
For this reason, the shearing load must be applied very slowly. The test may last from
two to five days. Figure 11.8 shows the results of a drained direct shear test on an over-
consolidated clay. Figure 11.9 shows the plot of 7,against o’ obtained from a number

Overconsolidated clay
T=c'+0'tan ¢’
(c'=0)

f Shear stress at failure

Normally consolidated clay

= c'tan o' (¢'=0)

|<— o —>]
7
©

Effective normal stress, ¢°

Figure 11.9 Failure envelope for clay obtained from drained direct shear tests
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Foundation
material

Interface

Figure 11.10 Interface of a foundation material and soil

of drained direct shear tests on a normally consolidated clay and an overconsolidated
clay. Note that the value of ¢’ = 0 for a normally consolidated clay.

General Comments on Direct Shear Test

The direct shear test is simple to perform, but it has some inherent shortcomings.
The reliability of the results may be questioned because the soil is not allowed to fail
along the weakest plane but is forced to fail along the plane of split of the shear box.
Also, the shear stress distribution over the shear surface of the specimen is not uni-
form. Despite these shortcomings, the direct shear test is the simplest and most eco-
nomical for a dry or saturated sandy soil.

In many foundation design problems, one must determine the angle of fric-
tion between the soil and the material in which the foundation is constructed (Fig-
ure 11.10). The foundation material may be concrete, steel, or wood. The shear
strength along the surface of contact of the soil and the foundation can be given as

2

r=c,+o'tand . (11.13)

i

where ¢, = adhesion
& = effective angle of friction between the soil and the foundation material

Note that the preceding equation is similar in form to Eq. (11.3). The shear
strength parameters between a soil and a foundation material can be conveniently
determined by a direct shear test. This is a great advantage of the direct shear test.
The foundation material can be placed in the bottom part of the direct shear test box
and then the soil can be placed above it (that is, in the top part of the box), as shown
in Figure 11.11, and the test can be conducted in the usual manner.

Figure 11.12 shows the results of direct shear tests conducted in this manner
with a quartz sand and concrete wood, and steel as foundation materials, with o’ =
100 kN/m? (14.5 1b/in.%),
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‘Figure 11.11 Direct shear test to determine interface friction angle
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Figure 11.12 Variatjon of tan ¢’ and tan & with 1/e. [Note: e = void ratio, o’ = 100 kN/m®
(14.5 1b/in.?), quartz sand (after Acar, Durgunoglu, and Tumay, 1982)]
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Example 11 1

i - “See Flcure 11.8

4Determme the relatlonshlps for peak shear strength ) (Tf) an
Strength (f,)

dual shear

Solution . 0 \2 R
Area of the specimen (A) = (7-/4)<1 00 0) = 0.0019634 m*. Now the following
table can be prepared: : ' Do :
Residual
s " shear . . -
Normal Norma! Peak shear _ _ “peak force, - ‘_____4Sm‘du='
Test force, stress, o force, Sy A sm‘dm, SrT A
no. . (N) (kN/mz) (N) CKN/m?) - (kN/m?)
1 150 764 1575 802 22
2 250 1273 1999 1018 -
3 350 1783° - 2576 - 1312 ©
4 550 2801 - 3634 1851 -

| ‘The var1at10ns of Tf and 7 thh o' are plotted in Flour" “11.13 From the plots
we find that , : :

' Peak strenoth o ‘Tf(k'N/ 2 40 + o’ tan 27
Res1dual strength (kN/mz) =g’ tan 146

‘ (Note: For all overconsolzdated clays the res1dua1 shear strength can be ex-
pressed : as : «

T, =0 tanqﬁ,

where q’), = eﬁfectwe resxdual fnctlon angle. )
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Shear stress, T (kN/m?2)

AP | ]
0 . or= 146 . ( ‘ . | Figure 11.13
0 50 100 150 200 250 300 330 Variations of 7¢
Effective normal stress, 6" (kN/m?) and 7, with o’

Triaxial Shear Test (General)

The triaxial shear test is one of the most reliable methods available for determining
shear strength parameters. It is widely used for research and conventional testing. A
diagram of the triaxial test layout is shown in Figure 11.14.

In this test, a soil specimen about 36 mm (1.4 in.) in diameter and 76 mm (3 in.)
longisgenerally used. The specimen is encased by a thin rubber membrane and placed
inside a plastic cylindrical chamber that is usually filled with water or glycerine. The
specimen is subjected to a confining pressure by compression of the fluid in the cham-
ber. (Note: Air is sometimes used as a compression medium.) To cause shear failure
in the specimen, one must apply axial stress through a vertical loading ram (some-
times called deviator stress). This stress can be applied in one of two ways:

1. Application of dead weights or hydraulic pressure in equal increments until
the specimen fails. (Axial deformation of the specimen resulting from the load
- applied through the ram is measured by a dial gauge.)
2. Application of axial deformation at a constant rate by means of a geared or
hydraulic loading press. This is a strain-controlled test.

The axial load applied by the loading ram corresponding to a given axial deforma-
tion is measured by a proving ring or load cell attached to the ram.

Connections to measure drainage into or out of the specimen, or to measure
pressure in the pore water (as per the test conditions), are also provided. The fol-
lowing three standard types of triaxial tests are generally conducted:

1. Consolidated-drained test or drained test (CD test)
2. Consolidated-undrained test (CU test)
3. Unconsolidated-undrained test or undrained test (UU test)
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Figure 11.14 Diagram of triaxial test equipment (after Bishop and Bjerrum, 1960)

The general procedures and implications for each of the tests in saturated soils are
described in the following sections.

Consolidated-Drained Triakial .Test

In the CD test, the saturated specimen is first subjected to an all around confining
pressure, o3, by compression of the chamber fluid (Figure 11.15a). As confining pres-
sure is applied, the pore water pressure of the specimen increases by u, (if drainage
is prevented). This increase in the pore water pressure can be expressed as a non-
dimensional parameter in the form

B = (11.14)

where B = Skempton’s pore pressure parameter (Skempton, 1954).
For saturated soft soils, B is approximately equal to 1; however, for saturated
stiff soils, the magnitude of B can be less than 1. Black and Lee (1973) gave the theo-
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Figure 11.15

Consolidated-drained triaxial test:

(a) specimen under chamber confining
(a) () pressure: (b) deviator stress application”

Table 11.2 Theoretical Values of B at Complete Saturation

Theoretical
Type of soil value
Normally consolidated soft clay 0.9998
Lightly overconsolidated soft clays and silts 0.9988
Overconsolidated stiff clays and sands 0.9877
Very dense sands and very stiff clays at high
confining pressures 0.9130

retical values of B for various soils at complete saturation. These values are listed in
Table 11.2.

Now, if the connection to drainage is opened, dissipation of the excess pore wa-
ter pressure, and thus consolidation, will occur. With time, 1, will become equal to
0. In saturated soil, the change in the volume of the specimen (AV,) that takes place
during consolidation can be obtained from the volume of pore water drained (Figure
11.16a). Next, the deviator stress, Aoy, on the specimen is increased very slowly (Fig-
ure 11.15b). The drainage connection is kept open, and the slow rate of deviator stress
application allows complete dissipation of any pore water pressure that developed as
aresult (Au, = 0).

A typical plot of the variation of deviator stress against strain in loose sand and
normally consolidated clay is shown in Figure 11.16b. Figure 11.16c shows a similar
plot for dense sand and overconsolidated clay. The volume change, AV, of speci-
mens that occurs because of the application of deviator stress in various soils is also
shown in Figures 11.16d and 11.16e.

Because the pore water pressure developed during the test is completely dissi-
pated, we have

total and effective confining stress = oy = o

1
3
and

1

total and effective axial stress at failure = o5 + (Ac,); = o = o}
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Figure 11.16 Consolidated-drained triaxial test: (a) volume change of specimen caused by
chamber confining pressure; (b) plot of deviator stress against strain in the vertical direction
for loose sand and normally consolidated clay; (c) plot of deviator stress against strain in the
vertical direction for dense sand and overconsolidated clay; (d) volume change in loose sand
and normally consolidated clay during deviator stress application; (e) volume change in
dense sand and overconsolidated clay during deviator stress application

In a triaxial test, o} is the major principal effective stress at failure and o} is the mi-
nor principal effective stress at failure.

Several tests on similar specimens can be conducted by varying the confining
pressure. With the major and minor principal stresses at failure for each test the
Mohrs circles can be drawn and the failure envelopes can be cbtained. Figure 11.17
shows the type of effective stress failure envelope obtained for tests on sand and nor-
mally consolidated clay. The coordinates of the point of tangency of the failure en-

~ velope with a Mohrs circle (that is, point A) give the stresses (normal and shear) on

the failure plane of that test specimen.

Overconsolidation results when a clay is initially consolidated under an all-
around chamber pressure of o, (= o) and is allowed to swell by reducing the cham-
ber pressure to o3 (= o). The failure envelope obtained from drained triaxial tests
of such overconsolidated clay specimens shows two distinct branches (ab and bc in
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Figure 11.17 Effective stress failure envelope from drained tests on sand and normally
consolidated clay

Figure 11.18). The portion ab has a flatter slope with a cohesion intercept. and the
shear strength equation for this branch can be written as

Tp = + o’ tan &) (11.15)

The portion bc of the failure envelope represents a normally consolidated stage of
soil and follows the equation 7, = o’ tan ¢’.

A consolidated-drained triaxial test on a clayey soil may take several days to
complete. This amount of time is required because deviator stress must be applied
very slowly to ensure full drainage from the soil specimen. For this reason, the CD
type of triaxial test is uncommon.

1 Normally
Overconsolidated i consolidated c
2 ] 1

2
@
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g b
&2

“ i
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i !
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f !

¢ :

G'3=G'3 O’;"'—U’; O'",

Normal stress

Figure 11.18 Effective stress failure envelope for overconsolidated clay
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Figure 11.19 Variation of sin ¢’ with plasticity index for a number of soils (after Kenney,
1959)

Comments on Drained and Residual Friction Angles of Clay

The drained angle of friction. ¢’, generally decreases with the plasticity index of soil.
This fact is illustrated in Figure 11.19 for a number of clays from data reported by
Kenney (1959). Although the data are considerably scattered, the general pattern
seems to hold. In Figure 11.8, the residual shear strength of clay soil is defined. Also
in Example 11.1, the procedure to calculate residual friction angle ¢, is shown.

Skempton (1964) provided the results of the variation of the residual angle of
friction, ¢;, of a number of clayey soils with the clay-size fraction (=2 pm) present.
The following table shows a summary of these results:

Clay-size Residual
- fraction friction angle,

Soil - {%]) @, (deg)
Selset : 17.7 29.8
Wiener Tegel - 22.8 25.1
Jackfield 354 19.1
Oxford clay 419 16.3
Jari 46.5 18.6
London clay 54.9 16.3
Walton's Wood 67 13.2
Weser-Elbe 63.2 9.3
Little Belt 77.2 11.2
Biotite 100 7.5

At a very high clay content, ¢; approaches the value of the angle of sliding fric-
tion for sheet minerals. For highly plastic sodium montmorillonites, the magnitude
of ¢, may be as low as 3 to 4°.
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Example 11.2

Fora nbrmally consolidated clay, the results of a drained triaxial test are as follows:
Chamber confining pressure = 16 1b/in.?
Deviator stress at failure = 25 Ib/in.?

a. Find the angle of friction, ¢'.
b. Determine the angle 6 that the failure plane makes with the major pr1nc1-

»pal plane.

G’y

2 4______ G Effective stress T
g 4 ’ failure enveiope !
v
5
2 B
\
\
\
5 28
\
) A
0 o3=161b/in* A G’y =41 Ib/in?

Normal stress

Figllre 1 1.20 Mobhr’s circle and failure envelope for a normally consolidated clay

For a nomally consohdated soﬂ the faﬂure envelope equatmn is
A S , Vf*cr tan¢ - (since ¢’ = 0) -
Z;For the tnamal test the effectwe ma;or and minor prmmpal stresses at faﬂure are‘if‘f

(Aad)f =16 + 25 = 41 Ib/in.?

o4 = o5 = 16 1b/in 2

a. The Mohr’s circle and the failure envelope are shown in Figure 11.20,
from which we can write
k (o"l - 0”3>
AB 2

sin ¢’ = oA = ((7,1 " 0’3>
2
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=16
BT

—0438-

and

”and’(i‘“ 58° mto

;the precedmg equatlons we cret

Y16 Al—16 o ommo
4.’1 5 . 5 6 cos(2 X 58) = 23.0 Ib/in*

r —

o = 1;16+41 ;16 os9o VZ&SIb;’m
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Example 11.4

The equation of the effective stress failure envelope for normally consolidated
clayey soil is 7; = ¢’ tan 25°. A drained triaxial test was conducted with the same
soil'at a chamber confining pressure of 80 kN/m?” Calculate the deviator stress at

failure.
Solution
_For normally consolidated clay, ¢’ = 0. Thus, from Eq. (11.8),
o =} tan2<45 + %)

C,b’ —_ 250

2 bl
o) = 80 tan2<45 + -;-) = 197 KN/m?

SO

Example 11.5

The results of two drained triaxial tests on a saturated clay are as follows:

Specunenl 03 = oy = 70 kN/m?
; ) (Acrd)f = 130 kN/m?
Spemmen II = o} = 160 kN/mzy

"iﬁ)étérx‘rﬁ)"’ the shear strencth parameters ¢ " and QS

Solutlon - . A
'?"‘F ‘r specunen I, the prmcxpal stresses at failure are |

. i'(‘,;g'g ;=70 N /m?

| ol = oy = oy + (Aog); = 70 + 130 = 200 kN/m?
Sinlilafly, the principal stresses at failure for specimen II are

oy = o3 = 160 kN/m?
and '

ol =0y =05 + (Agy); = 160 + 2235 = 383.5 kN/m?



332

Chapter 11 Shear Strength of Soil

7 Using the relationship givén by Eq. (11.8), we get

. &‘5 .—;‘0’3 {@2(45 + —2—> + 2¢’ tan

Thus’ ‘for specunen L

200 — 70t tan’ (4’5 +9;—)+zctan( 45 +%—) it

and for Specnmen II

. 45—!—%— : 26' ?an (45 ¥ % :
Solvmo the two _precedmg'v quatlon we. obtam'

¢ =200 ¢ —20kN/m

383 5 =160 tan"(

11.9 Consolidated-Undrained Triaxial Test

The consolidated-undrained test is the most common type of triaxial test. In this test,
the saturated soil specimen is first consolidated by an all-around chamber fluid pres-
sure, s, that results in drainage (Figures 11.21a and 11.21b). After the pore water
pressure generated by the application of confining pressure is dissipated, the devia-
tor stress, Ao, on the specimen is increased to cause shear failure (Figure 11.21c).
During this phase of the test. the drainage line from the specimen is kept closed. Be-
cause drainage is not permitted, the pore water pressure, Au,, will increase. During
the test, simultaneous measurements of Ao, and Au, are made. The increase in the
pore water pressure, Au,, can be expressed in a nondimensional form as

—_ Ay,

A= (11.16)

AO’d

where A = Skempton’s pore pressure parameter (Skempton, 1954).

The general patterns of variation of A, and Au, with axial strain for sand and
clay soils are shown in Figures 11.21d through 11.21g. In loose sand and normally
consolidated clay, the pore water pressure increases with strain. In dense sand and
overconsolidated clay, the pore water pressure increases with strain to a certain limit,
beyond which it decreases and becomes negative (with respect to the atmospheric
pressure). This decrease is because of a tendency of the soil to dilate.

- Unlike the consolidated-drained test, the total and effective principal stresses
are not the same in the consolidated-undrained test. Because the pore water pressure
at failure is measured in this test, the principal stresses may be analyzed as follows:
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" Figure 11.21 Consolidated undrained test: (a) specimen under chamber confining pressure;
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(b) volume change in specimen caused by confining pressure; (c) deviator stress application,
(d) deviator stress against axial strain for loose sand and normally consolidated clay; (e) de-
viator stress against axial strain for dense sand and overconsolidated clay;: (f) variation of
pore water pressure with axial strain for loose sand and normally consolidated clay; (g) vari-
ation of pore water pressure with axial strain for dense sand and overconsolidated clay

— Minor principal stress at failure (total):

Major principal stress at failure (total):

Major principal stress at failure (effective):

oy + (Agd)f =0

oy~ ("—\”d)f =0}

%5

Minor principal stress at failure (effective): o — (Auy); = o
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Figure 11.22 Total and effective stress failure envelopes for consolidated undrained triaxial
tests. (Nore: The figure assumes that no back pressure is applied.)

In these equations, (Au,); = pore water pressure at failure. The preceding deriva-
tions show that

0’1'_'0'3:0';_0'3

Tests on several similar specimens with varying confining pressures may be con-
ducted to determine the shear strength parameters. Figure 11.22 shows the total and
effective stress Mohrss circles at failure obtained from consolidated-undrained triax-
ial tests in sand and normally consolidated clay. Note that A and B are two total
stress Mohr’s circles obtained from two tests. C and D are the effective stress Mohr’s
circles corresponding to total stress circles A and B, respectively. The diameters of
circles A and C are the same; similarly, the diameters of circles B and D are the same.

In Figure 11.22, the total stress failure envelope can be obtained by drawing a
line that touches all the total stress Mohr's circles. For sand and normally consoli-
dated clays, this will be approximately a straight line passing through the origin and
may be expressed by the equation '

Ty = o tan ¢ (11.17)

where o = total stress
¢ = the angle that the total stress failure envelope makes with the
normal stress axis, also known as the consolidated-undrained
angle of shearing resistance

I

Equation (11.17) is seldom used for practical considerations.

Again referring to Figure 11.22, we see that the failure envelope that is tangent
to all the effective stress Mohr’s circles can be represented by the equation 7, =
o' tan ¢, which is the same as that obtained from consolidated-drained tests (see
Figure 11.17).
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y=c+ouano,

Shear stress
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Figure 11.23 Total stress failure envelope obtained from consolidated-undrained tests in
over-consolidated clay

In overconsolidated clays, the total stress failure envelope obtained from con-
solidated-undrained tests will take the shape shown in Figure 11.23. The straight line
a'b’ is represented by the equation

TP = ¢+ otan d, (11.18)

and the straight line b'c’ follows the relationship given by Eq. (11.17). The effective
stress failure envelope drawn from the effective stress Mohrss circles will be similar
to that shown in Figure 11.23.

Consolidated-drained tests on clay soils take considerable time. For this rea-
son, consolidated-undrained tests can be conducted on such soils with pore pressure
measurements to obtain the drained shear strength parameters. Because drainage is
not allowed in these tests during the application of deviator stress, they can be per-
formed quickly.

Skempton’s pore water pressure parameter Z was defined in Eq. (11.16). At
failure, the parameter A can be written as

. s (Aud)f
AT @y

(11.19)

The general range of Zf values in most clay soils is as follows:

e Normally consolidated clays: 0.5to 1
» Overconsolidated clays: —0.5to 0

Table 11.3 gives the values of Ef for some normally consolidated clays as obtained
by the Norwegian Geotechnical Institute.

Laboratory triaxial tests of Bjerrum and Simons (1960) on Oslo clay, Weald clay,
and London clay showed that A becomes approximately zero at an overconsolida-
tion value of about 3 or 4.
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Table 11.3 Triaxial Test Results for Some Normally Consolidated Clays
Obtained by the Norwegian Geotechnical Institute*

Drained

Liguid Plastic Liquidity friction angle, _
Location limit limit index Sensitivity® ¢’ (deg) Ar
Seven Sisters, Canada 127 35 0.28 19 0.72
Sarpborg 69 28 0.68 5 255 1.03
Lilla Edet, Sweden 68 30 1.32 50 26 1.10
Fredrikstad 59 22 0.58 5 - 285 0.87
Fredrikstad 57 22 0.63 6 27 1.00
Lilla Edet, Sweden 63 30 1.58 50 23 1.02
Gota River, Sweden 60 27 1.30 12 28.5 1.05
Gota River, Sweden . 60 30 1.50 40 24 1.05
Oslo 48 25 0.87 4 315 1.00
Trondheim 36 20 0.50 2 34 0.75
Drammen 33 18 1.08 8 28 1.18

* After Bjerrum and Simons (1960)
“See Section 11.15 for the definition of sensitivity.

| Example 11.6

" A consolidated- undramed test onba normally consohdated clay ynelded the fol-’
lowing results: - : :

= 121b/in.2
Dewator stress (Aad) = 9 1 lb/m
Pore pressure (Aud)f = 6 g ib/m~ :

iCalculate the consoli da ted undramed fl’lCtlon angle and the consohdated-dram_ed;
friction ancrle : ; SERRR

,_’Solut:on

U 0'3 = 12 lb/m
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L= 05 — (Aug); = 12 = 6.8 = 521b/in?

3
I

o} = oy — (Auy); = 21.1 - 6.8 = 1431b/in?

From Eq. (11.8), for normally consolidated clay with ¢ = 0,

o] = 03 tan2(45, + %—)

143 = 32tan2(45 + q; )
14.3\%° ;
&’ =2{tan 1< 5;) —43} =27.8° .

Unconsolidated-Undrained Triaxial Test

In unconsolidated-undrained tests, drainage from the soil specimen is not permitted
during the application of chamber pressure o;. The test specimen is sheared to fail-
ure by the application of deviator stress. Ao, and drainage is prevented. Because
drainage is not allowed at any stage. the test can be performed quickly. Because of the
application of chamber confining pressure ¢ ;. the pore water pressure in the soil spec-
imen will increase by u.. A further increase in the pore water pressure (Au,) will oc-
cur because of the deviator stress application. Hence, the total pore water pressure
u in the specimen at any stage of deviator stress application can be given as

=1, + Auy, (11.20)
From Egs. (11.14) and (11.16), 1, = Bo; and Ay = AAo, 50

= BO‘3 + AAoy = Bos + Alo, — 03) (11.21)

This test is usually conducted on clay specimens and depends on a very impor-
tant strength concept for cohesive soils if the soil is fully saturated. The added axial

_ stress at failure (Ao); is practically the same regardless of the chamber confining

pressure. This property is shown in Figure 11.24. The failure envelope for the total
stress Mohr’s circles becomes a horizontal line and hence is called a ¢ = 0 condition.
From Egq. (11.9) with ¢ = 0, we get

ro=co=c, (11.22)

where ¢, is the undrained shear strength and is equal to the radius of the Mohr’s

circles. Note that the & = 0 concept is applicable to only saturated clays and silts.
The reason for obtaining the same added axial stress (Ao)s regardless of the

confining pressure can be explained as follows. If a clay specimen (no. I) is consoli-
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Figure 11.24 Tota] stress Mohr's circles and failure envelope (¢ = 0) obtained from uncon-
solidated-undrained triaxial tests on fully saturated cohesive soil

dated at a chamber pressure o; and then sheared to failure without drainage, the
total stress conditions at failure can be represented by the Mohr’s circle P in Fig-
ure 11.25. The pore pressure developed in the specimen at failure is equal to (Auy)y.
Thus, the major and minor principal effective stresses at failure are, respectively,

r

oy = [os T (Ady)s] — (Auy)y = oy — (Aug),

and

:

03 = 03 — (A“d)f

O is the effective stress Mohr’s circle drawn with the preceding principal stresses.
Note that the diameters of circles P and Q are the same.

Total stress’ 1
Mohr's circle ——""%
}

at failure v\ PP rae
—_ 5 -
P
c

Shear stress

AN

k! G O3 ] Normal stress
[ (A0, I e (P P—
% 3 (ACd)jr “J:
[ ua) =~ l
AGy = A,

Figure 11.25 The ¢ = 0 concept
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Now let us consider another similar clay specimen (no. II) that has been con-
solidated under a chamber pressure o3 with initial pore pressure equal to zero. If the
chamber pressure is increased by Ac; without drainage, the pore water pressure will
increase by an amount Au,. For saturated soils under isotropic stresses, the pore wa-
ter pressure increase is equal to the total stress increase, so Au. = Aoy (B = 1). At
this time, the effective confining pressure is equal to o5 + Aoy — Au, = o3 + Aoy —
Aoy = 5. This is the same as the effective confining pressure of specimen no. I be-
fore the application of deviator stress. Hence. if specimen no. II is sheared to failure
by increasing the axial stress, it should fail at the same deviator stress (Ao ), that was
obtained for specimen no. 1. The total stress Mohr’s circle at failure will be R (see
Figure 11.25). The added pore pressure increase caused by the application of (Ao ),

_will be (Auy)y.
- At failure, the minor principal effective stress is

(o3 + Aos)] = [Aue + (Auy),l = o5 = (Auwy); = 0%
and the major principal effective stress is
[os + Aoy + (Aoy)f] = [Aue + (Awy)r) = [o3 + (Aoy)s] — (Duy)y
= o, — (Au); = o}

Thus, the effective stress Mohr’ circle will still be Q because strength is a function
of effective stress. Note that the diameters of circles £, Q, and R are all the same.

Any value of Aoy could have been chosen for testing specimen no. II. In any
case, the deviator stress (Ao ), to cause failure would have been the same as long as
the soil was fully saturated and fully undrained during both stages of the test.

11.11 Unconfined Compression Test on Saturated Clay

The unconfined compression test is a special type of unconsolidated-undrained test
that is commonly used for clay specimens. In this test, the confining pressure ¢ is 0.
An axial load is rapidly applied to the specimen to cause failure. At failure, the total
minor principal stress is zero and the total major principal stress is o, (Figure 11.26).

o
-

Total stress Mohr's
circle at failure

- O .-——>{
= Shear stress

<

I

[es]

O3 = 0 Gy =4,
Normal siress

Figure 11.26 Uncontined compression test
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id112:

Table 11.4 General Relationship of Consistency and
Unconfined Compression Strength of Clays

QU
Consistency kN/m? ton /fit?
Very soft 0-25 0-0.25
Soft 25-50 0.25-0.5
Medium 50-100 0.5-1
Stiff 100-200 1-2
Very stiff 200-400 2-4
Hard >400 >4

Because the undrained shear strength is independent of the confining pressure as
long as the soil is fully saturated and fully undrained, we have

(11.23)

where g, is the unconfined compression strength. Table 11.4 gives the approximate
consistencies of clays on the basis of their unconfined compression strength. A pho-
tograph of unconfined compression test equipment is shown in Figure 11.27.
Theoretically, for similar saturated clay specimens, the unconfined compres-
sion tests and the unconsolidated-undrained triaxial tests should yield the same val-
ues of ¢,,. In practice, however, unconfined compression tests on saturated clays yield
slightly lower values of ¢, than those obtained from unconsolidated-undrained tests.

Stress Path

Results of triaxial tests can be represented by diagrams called stress paths. A stress
path is a line that-connects a series of points, each of which represents a successive
stress state experienced by a soil specimen during the progress of a test. There are
several ways in which a stress path can be drawn. This section covers one of them.

Lambe (1964) suggested a type of stress path representation that plots q'
against p’ (where p’ and g’ are the coordinates of the top of the Mohr’s circle). Thus,
relationships for p’ and g’ are as follows:

L _oitoy

g 29

(11.25)

This type of stress path plot can be explained with the aid of Figure 11.28.. Let
us consider a normally consolidated clay specimen subjected to an isotropically
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Figure 11.27
Unconfined compression test
equipment (courtesy of Soiltest,
Inc., Lake Bluff, Illinois)
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Figure 11.28 S[.“'SS path —plotor ¢ against p’ for a consolidated-drained triaxial test on a
normally consolidated clav
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consolidated-drained triaxial test. At the beginning of the application of deviator
stress, o) = 0% = 03, 50
o3 + 03

pl — 2 — 0-'3 = O3 (11.26)

and
g =———=20 (11.27)

For this condition, p’ and g’ will plot as a point (that is, / in Figure 11.28). At some
other time during deviator stress application, o = o5 + Ao, = 03 + Aoy 03 = 3.
The Mohr’s circle marked A in Figure 11.28 corresponds to this state of stress on the
soil specimen. The values of p’ and ¢’ for this stress condition are

oy + oy (o3t Agy) + o3 Aoy Aoy
[— — = A + — = - — 1.28
P 2 2 ot =t (1128)
and
o3+ Aoy) —o3 A
g = B T80) ~ 0 Aoy (11.29)

2 2

If these values of p' and ¢" were plotted in Figure 11.28, they would be represented
by point D’ at the top of the Mohr’s circle. So, if the values of p’ and g’ at various
stages of the deviator stress application are plotted and these points are joined, a
straight line like /D will result. The straight line /D is referred to as the stress path in
a g'-p’ plot for a consolidated-drained triaxial test. Note that the line /D makes an
angle of 45° with the horizontal. Point D represents the failure condition of the soil
specimen in the test. Also, we can see that Mohr’ circle B represents the failure
stress condition.

For normally consolidated clays, the failure envelope can be given by 7; =
o' tan ¢'. Thisis the line OF in Figure 11.28. (See also Figure 11.17.) A modified fail-
ure envelope can now be defined by line OF'. This modified line is commonly called
the K,line. The equation of the K/ line can be expressed as

¢ =ptana (11.30)

where a = the angle that the modified failure envelope makes with the horizontal.

The relationship between the angles ¢’ and « can be determined by referring
to Figure 11.29, in which, for clarity, the Mohr’s circle at failure (that is, circle B) and
lines OF and OF as shown in Figure 11.28 have been redrawn. Note that O' is the
center of the Mohrs circle at failure. Now,

DO’
00’

= tan o
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and thus, we obtain
’
o
2 oy — 03
tana = —; =
(Tl + 03 Ul T 0'3
2
Again,
CoO’
—— = sin ¢’
o0’
or
gy~ 03
. 2 oy~ 05
sin ¢’ = - =
oy T oy o+ oy
2

Comparing Egs. (11.31) and (11.32), we see that
sin ¢’ = tan « :

or

& = sin"Y(tan )

1
*

343

(11.31)

(11.32)

(11.33)

(11.34)

. - ? ’ »\‘ . .
Figure 11.30 shows a q'-p’ plot for a normally consolidated clay specimen sub-
jected toan isotropically consolidated-undrained triaxial test. At the beginning of the
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Figure 11.30 Stress path — plot of g’ against p’ for a consolidated-undrained triaxial test
on a normally consolidated clay

application of deviator stress, o; = 03 = 0;. Hence, p’ = ojand g’ = 0. This relation-
shipis represented by point /. At some other stage of the deviator stress application,

o1 =03+ Aoy — Auy,

and
oy = 03 — Auy
So
oy + o} A
o= ‘1_5_ . 4:’_‘1_ — Auy (11.35)
and
oy — o A
g =" % 2% (11.36)

2 2

The preceding values of p" and g’ will plot as point U’ in Figure 11.30. Points such as
U'represent values of p' and g’ as the test progresses. At failure of the soil specimen,

(Agd)f .
p =05+ 5~ (Auy)s (11.37)
and
A
g _ Zd)f (11.38)

The values of p’ and g' given by Egs. (11.37) and (11.38) will plot as point U.
Hence, the effective stress path for a consolidated-undrained test can be given by the
curve JU'U. Note that point U will fall on the modified failure envelope, OF" (see
Figure 11.29), which is inclined at an angle « to the horizontal. Lambe (1964) pro-
posed a technique to evaluate the elastic and consolidation settlements of founda-
tions on clay soils by using the stress paths determined in this manner.
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B e

Example 11 7

For a‘normally consolidated cIay, the failure envelope is gwen by the equatlon
7, ="0" tan ¢'. The correspondmg modified failure envelope (¢'-p plot) is glven
by Eqv (11. 30) as ¢’ = p’ tan a. In a similar manner, if the failure envelope is 1=
¢+ o' tan¢’, the correspondmg modified failure envelope is a ¢’-p’ plot'that can
be expressed as ¢’ = m + p’ tan . Express « as a function of ¢’, and give m as a
functlon of ¢ and ¢'.

y=c'+o'and - ---t E

Shear stress

c_—

0 : cs A G Normal stress

;-‘»C’ cot ¢’ ;

Figure 11.37 Derivation of « as a function of ¢' and m as a function of ¢’ and ¢’

Solution |
From Figufe 1131,

“Utane=sing’

" oc = tan"Y(sin ¢")
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1113

Vane Shear Test

Fairly reliable resuits for the undrained shear strength, ¢, (¢ = 0 concept), of very
soft to medium cohesive soils may be obtained directly from vane shear tests. The
shear vane usually consists of four thin, equal-sized steel plates welded to a steel
torque rod (Figure 11.32). First, the vane is pushed into the soil. Then torque is ap-
plied at the top of the torque rod to rotate the vane at a uniform speed. A cylinder
of soil of height & and diameter 4 will resist the torque until the soil fails. The
undrained shear strength of the soil can be calculated as follows.

If T is the maximum torque applied at the head of the torque rod to cause fail-
ure, it should be equal to the sum of the resisting moment of the shear force along™
the side surface of the soil cylinder (M;) and the resisting moment of the shear force
at each end (M,) (Figure 11.33):

T=M+M +M, (11.39)
N
Two ends

The resisting moment can be given as
M= (wdh)c, (d/2) (11.40)
e ee—r’ LR p—

Surface  Moment
area arm

where d = diameter of the shear vane
h = height of the shear vane

For the calculation of M,, investigators have assumed several types of distribu-
tion of shear strength mobilization at the ends of the soil cylinder:

1. Triangular. Shear strength mobilization is ¢, at the periphery of the soil cylin-
der and decreases linearly to zero at the center.

2. Uniform. Shear strength mobilization is constant (that is, ¢,) from the periph-
ery to the center of the soil cylinder.

3. Parabolic. Shear strength mobilization is ¢, at the periphery of the soil cylinder
and decreases parabolically to zero at the center. -

These variations in shear strength mobilization are shown in Figure 11.33b. In
general, the torque, T, at failure can be expressed as

h
2 g

T = TTCU|:

(11.41)

or

(11.42)
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Figure 11.33 Derivation of Eq. (11.42): (a) resisting moment of shear force; (b) variations
in shear strength mobilization
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where 8 = 1 for triangular mobilization of undrained shear strength
B = 3 for uniform mobilization of undrained shear strength
B = i for parabolic mobilization of undrained shear strength

Note that Eq. (11.42) is usually referred to as Calding’s equation.

Vane shear tests can be conducted in the ]laboratory and in the field during soil
exploration. The laboratory shear vane has dimensions of about 13 mm (}in.) in di-
ameter and 25 mm (1 in.) in height. Figure 11.34 shows a photograph of laboratory
vane shear test equipment. Figure 11.35 shows the field vanes recomnmendad by
ASTM (1994). Table 11.5 gives the ASTM recommended dimensions of field vanes.

According to ASTM (1994), if h/d = 2, then

(N/m?) = —L ) (11.43)
m)=-—————"—"——F—"=. .
u (366 X 10-8)d°
T
(cm)
and
(Ib/fe) LRD (11.44)
C, )= . .
! 0.00214°
T

(in.)

In the field. where considerable variation in the undrained shear strength can
be found with depth, vane shear tests are extremely useful. In a short period, one can
establish a reasonable pattern of the change of ¢, with depth. However, if the clay de-
posit at a given site is more or less uniform, a few unconsolidated-undrained triaxial

Figure 11.34 Laboratory vane shear test device (courtesy of Soiltest, Inc., Lake Bluff, Illinois)
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Figure 11.35 Geometry of field vanes [Source: From Annual Book of ASTM Standards,
04.08, p. 346. Copyright © 1994 American Society for Testing and Materials. Reprinted with
permission] '

Table 11.5 Recommended Dimensions of Field Vanes*?

Thickness Diameter

Diameter, Height, of blade, of rod
Casing size mm (in.) mm {in.) mm (in.) mm (in.)
AX / 38.1(13) 76.2 (3) 1.6 (&) 127 (%)
BX 50.8 (2) 101.6 (4) ' 1.6 (1’16) 12.7 (%)
NX 63.5(23) 127.0(5) 32 () 127 1)
101.6 mm (4 in.)® 92.1(33) 184.1 (71) 32 (b 127 ()

* After ASTM, 1994

aGelection of vane size is directly related to the consistency of the soil being tested; that is,
the softer the soil, the larger the vane diameter should be.

®Inside diameter
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11,14

1115

tests on undisturbed specimens will allow a reasonable estimation of soil parameters
for design work. Vane shear tests are also limited by the strength of soils in which
they can be used. The undrained shear strength obtained from a vane shear test also
depends on the rate of application of torque 7.

Bjerrum (1974) showed that as the plasticity of soils increases, ¢, obtained from
vane shear tests may give results that are unsafe for foundation design. For this rea-
son, he suggested the correction

S ‘?u“(:t‘!'csign);' Cn(;g;uc shcaé’j 7 (1145)

where
X = correction factor = 1.7 — 0.54 log(PI) (11.46)
PI = plasticity index
More recently, Morris and Williams (1994) gave the correlations of A as
A =1.18¢70%8"N + 057  (for PI > 5) (11.47)
and
A=7.01e 0L 4 057 (for LL > 20) (11.48)

where LL = liquid limit (%).

Otherl Methods for Determining
Undrained Shear Strength

A modified form of the vane shear test apparatus is the Torvane (Figure 11.36), which
is a handheld device with a calibrated spring. This instrument can be used for deter-
mining ¢, for tube specimens collected from the field during soil exploration, and it
can be used in the field. The Torvane is pushed into the soil and then rotated until the
soil fails. The undrained shear strength can be read at the top of the calibrated dial.

Figure 11.37 shows a pocket penetrometer, which is pushed directly into the soil.
The unconfined compression strength (g,) is measured by a calibrated spring. This
device can be used both in the laboratory and in the field.

Sensitivity and Thixotropy of Clay

For many naturally deposited clay soils, the unconfined compression strength is
greatly reduced when the soils are tested after remolding without any change 1in
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Figure 11.36

Torvane (courtesy of
Soiltest. Inc., Lake Bluff,
Illinois)

Figure 11.37

Pocket penetrometer
(courtesy of Soiltest, Inc.,
Lake Bluff, Illinois)

e g
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Figure 71.38 Unconfined compression strength Figure 11.39 Classification of clays based on
for undisturbed and remolded clay Sensitivity

the moisture content, as shown in Figure 11.38. This property of clay soils is called
sensirivity. The degree of sensitivity may be defined as the ratio of the unconfined
compression strength in an undisturbed state to that in a remolded state, or

S, - QU(undisturbed) ) (1149)

Yy(remolded)

The sensitivity ratio of most clays ranges from about 1 to 8: however, highly floc-
culent marine clay deposits may have sensitivity ratios ranging from about 10 to 80.
Some clays turn to viscous fluids upon remolding. These clays are found mostly in
the previously glaciated areas of North America and Scandinavia. Such clays are re-
ferred to as quick clays. Rosenqvist (1953} classified clays cn the basis of their senst
tivity. This general classification is shown in Figure 11.39.

The loss of strength of clay soils from remolding is caused primarily by the de-
struction of the clay particle structure that was developed during the original process
of sedimentation.
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If, however, after remolding, a soil specimen is kept in an undisturbed state (that
is, without any change in the moisture content), it will continue to gain strength with
time. This phenomenon is referred to as thixotropy. Thixotropy is a time-dependent,
reversible process in which materials under constant composition and volume soften
when remolded. This loss of strength is gradually regained with time when the ma-
terials are allowed to rest. This phenomenon is illustrated in Figure 11.40a.

Most soils, however, are partially thixotropic — that is, part of the strength loss
caused by remolding is never regained with time. The nature of the strength-time
variation for partially thixotropic materials is shown in Figure 11.40b. For soils, the
difference between the undisturbed strength and the strength after thixotropic hard-
ening can be attributed to the destruction of the clay-particle structure that was de-
veloped during the original process of sedimentation.

A
5= Tu(undisturbed)
: Qu(remolded)
qu(undisturbed) Imu.al
S manmemsss i) @anmnann i It undisturbed
E . A =0 i " strength
3 £ S z Sl z
sl = N s 2N = S
- Y & 3Y & =y \.\\‘\
= > 2 S < A
5 5| /¥ A
~ =4 = ~
Remolded
du(remolded) strength
Time
(@)
A
Initial
undisturbed
strength
Strength after
N i R~ I~ thlxo(r(?pic
2 s hardening
5. 2-_” 7 ?’:0 '\QSG ;0 S
5 3 z,& 3 § = ¥
“ sY & 3Y & Y &
Z NS £ s £ &
S D Y \2&
=4 =4 4
Remolded
strength
Time

(b)

Figure 11.40 Behavior of (a) thixotropic material; (b) partially thixotropic material
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Table 11.6 Empirical Equations Related to ¢, and oy

Reference ) Relationship

Remarks

CuVsT)

Skempton (1957) = 0.11 + 0.0037(PI)

70
P = plasticity index (%)
¢yuvsty = Undrained shear

strength from vane shear test

CuvsT)
Chandler (1988) — = 0.11 + 0.0037(PI)
o, = preconsolidation pressure
Jamiolkowski et al. (1985) — =023 = 0.04
a-C
. CU
Mesri (1989) — = 0.22
Go

Ladd et al. (1977)

< C“ >
. t
00 / normally consolidated

OCR = overconsolidation ratio

( & )
t
T / overconsolidated — (OCR)(J%«

For normally consolidated
clay

Can be used in overconsoli-
dated soil; accuracy *25%;
not valid for sensitive and
fissured clays

For lightly overconsolidated
clays

11.16 Empirical Relationships between Undrained Cohesion

(c,) and Effective Overburden Pressure (o)

Several empirical relationships can be observed between ¢, and the effective over-
burden pressure (o) in the field. Some of these relationships are summarized in

Table 11.6.

The overconsolidation ratio was defined in Chapter 10 as

oL
OCR =—

go

where o, = preconsolidation pressure.

Example 10.8

A soil proﬁle is shown in Figure 11.41. The éiay is nofinaﬂj/ oohsolidate.adf Its liquid
limit is 60 and its plastic limit is 25. Estimate the unconfined compression strength
of the clay at a depth of 10 m measured from the ground surface. Use Skempton’s

relationship from Table 11.6 and Eqs. (11.45) and (11.46). -
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Dry sand
G dwat"r
\ a;’e““ © =155 kNm?

H
i Rock
} Figure 11.41
Solution’
For the saturated clay layer, the void ratio is

v e = wG, = (2.68)(0.3) = 0.8
The effective unit weight is

, “<G5——1) (268 — 1)(9.81)
Yy T\ e )T T 1108

The effective stress at a depth of 10 m from the ground surface is
O = 3ans + Tyamy = (3)(15.5) + (7)(9.16)
110-62_kN/:HV1‘2> o

= 9.16 kN/m

il

= 0.11 + 0.0037(PI)

117+ 0.0037(60 — 25)

~ Gy = 2649KNm2

‘Fro ‘Eqs (11 45) and (11 46) Wwe get' Y A

’\CH(VS'D R
[1 7 —0.54 IOO(PI)] CuvsT)

 =[17 — 0.54 log(60 — 25)]26.49 = 22.95 kN/m?

S‘ he unconﬁned compression strenum is ’ ; S

9. = 2¢, = (2)(22. 55) - 45.9 KN/m?®* T
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Shear Strength of Unsaturated Cohesive Soils

The equation relating total stress, effective stress, and pore water pressure for un-
saturated soils, can be expressed as
o' =0 —u, + x(u, — uy) (11.51)
where o’ = effective stress
o = total stress
u, = pOre air pressure
u,, = pore water pressure

]

1

When the expression for ¢’ is substituted into the shear strength equation
[Eq. (11.3)], which is based on effective stress parameters, we get’

= + [0 —u, + x(u, — u,)ltan ¢’ (11.52)

The values of y depend primarily on the degree of saturation. With ordinary
triaxial equipment used for laboratory testing, it is not possible to determine accu-
rately the effective stresses in unsaturated soil specimens, so the common practice is
to conduct undrained triaxial tests on unsaturated specimens and measure only the
total stress. Figure 11.42 shows a total stress failure envelope obtained from a num-
ber of undrained triaxial tests conducted with a given initial degree of saturation.
The failure envelope is generally curved. Higher confining pressure causes higher
compression of the air in void spaces; thus, the solubility of void air in void water i§
increased. For design purposes, the curved envelope is sometimes approximated as
a straight line, as shown in Figure 11.42. with an equation as follows:

Ty=cC+ otan ¢ (11.53)

(Note that ¢ and ¢ in the preceding equation are empirical constants.)

Shear stress

o

Normal stress (total)

Figure 11.42 Total stress failure envelope for unsaturated cohesive soils
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Figure 11.43 Variation of the total stress fallure envelope with change of initial degree of
saturation obtained from undrained tests of an inorganic clay (after Casagrande and
Hirschfeld, 1960)

Figure 11.43 shows the variation of the total stress envelopes with change of
the initial degree of saturation obtained from undrained tests on an inorganic clay.
Note that for these tests the specimens were prepared with approximately the same
initial dry unit weight of about 16.7 kN/m® (106 Ib/m*). For a given total normal stress,
the shear stress needed to cause failure decreases as the degree of saturation in-
creases. When the degree of saturation reaches 100%. the total stress failure enve-
lope becomes a horizontal line that is the same as with the & = 0 concept.

In practical cases where a cohesive soil deposit may become saturated because
of rainfall or a rise in the groundwater table, the strength of partially saturated clay
should not be used for design considerations. Instead, the unsaturated soil speci-
mens collected from the field must be saturated in the laboratory and the undrained
strength determined. '

Summary and General Comments

In this chapter, the shear strengths of grandular and cohesive soils were exam-
ined. Laboratory procedures for determining the shear strength parameters were
described.

In textbooks, determination of the shear strength parameters of cohesive soils
appears to be fairly simple. However, in practice, the proper choice of these pa-
rameters for design and stability checks of various earth, earth-retaining, and earth-
supported structures is very difficult and requires experience and an appropriate
theoretical background in geotechnical engineering. In this chapter, three types of
strength parameters (consolidated-drained, consolidated-undrained, and unconsoli-
dated-undrained) were introduced. Their use depends on drainage conditions.

Consolidated-drained strength parameters can be used to determine the long-
term stability of structures such as earth embankments and cut slopes. Consolidated-
undrained shear strength parameters can be used to study stability problems relating
to cases where the soil initially is fully consolidated and then there is rapid loading.
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y Normally consolidated
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Figure 11.44 Strength anisotropy in clay

An excellent example of this is the stability of slopes of earth dams after rapid draw-
down. The unconsolidated-undrained shear strength of clays can be used to evaluate
the end-of-construction stability of saturated cohesive soils with the assumption that
the load caused by construction has been applied rapidly and there has been little
time for drainage to take place. The bearing capacity of foundations on soft saturated
clays and the stability of the base of embankments on soft clays are examples of this
condition. _

The unconsolidated-undrained shear strength of some saturated clays can vary
depending on the direction of load application; this is referred to as anisotropy with
respect to strength. Anisotropy is primarily caused by the nature of the deposition of
the cohesive soils. and subsequent consolidation makes the clay particles orient per-
pendicular to the direction of the major principal stress. Parallel orientation of the
clay particles can cause the strength of clay to vary with direction. Figure 11.44a
shows an element of saturated clay in a deposit with the major principal stress mak-
ing an angle & with respect to the horizontal. For anisotropic clays, the magnitude of
¢, will be a function of . For normally consolidated clays, ¢,,=90°) > Cua=07): fOr OVer-
consolidated clays, ¢ a=00) < Cu(a=07)- Figure 11.44b shows the directional variation
for ¢,(,)- The anisotropy with respect to strength for clays can have an important ef-
fect on the load-bearing capacity of foundations and the stability of earth embank-
ments because the direction of the major principal stress along the potential failure
surfaces changes.

The sensitivity of clays was discussed in Section 11.15. It is imperative that sen-
sitive clay deposits are properly identified. For instance, when machine foundations
(which are subjected to vibratory loading) are constructed over sensitive clays, the
clay may substantially lose its load-bearing capacity, and failure may occur.

Problems

111 A direct shear test was conducted on a specimen of dry sand with a normal
stress of 200 kN/m?. Failure occurred at a shear stress of 175 kN/m?. The sizc
of the specimen tested was 75 mm X 75 mm X 30 mm (height). Determine
the angle of friction, ¢'. For a normal stress of 150 kN/m?, what shear force
would be required to cause failure in the specimen?
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The size of a sand specimen in a direct shear test was 50 mm X 50 mm X 30 mm
(height). It is known that, for the sand, tan ¢'= 0.65/e (where e = void ratio)
and the specific gravity of solids, G, = 2.68. During the test a normal stress
of 150 kN/m? was applied. Failure occurred at a shear stress of 110 kN/m”*.
What was the mass of the sand specimen?
Following are the results of four drained direct shear tests on a normally
consolidated clay:
Size of specimen = 60 mm X 60 mm
Height of specimen = 30 mm

Normal Shear
Test force force at
no. (N) failure (N)
1 200 155
2 300 230
3 400 310
4 500 385

Draw a graph for the shear stress at failure against the normal stress and de-
termine the drained angle of friction (¢’) from the graph.
Following are the results of four drained direct shear tests on a normally
consolidated clay: '
Specimen size: diameter of specimen = 2 in.
height of specimen = 1 in.

Normal Shear
Test force force at
no. {Ib) failure (Ib)
1 60 37.5
2 90 55
3 110 70
4 125 80

Draw a graph for shear stress at failure against the normal stress and deter-

mine the drained angle of friction (¢') from the graph.

The equation of the effective stress failure envelope for a loose sandy soil was

obtained from a direct shear test as 7, = ¢’ tan 30°. A drained triaxial test

was conducted with the same soil at a chamber confining pressure of 10 1b/in.?

a. Calculate the deviator stress at failure.

b. Estimate the angle that the failure plane makes with the major principal
plane. :

¢. Determine the normal stress and shear stress (when the specimen failed)
on a plane that makes an angle of 30° with the major principal plane. Also,
explain why the specimen did not fail along the plane during the test.

The relationship between the relative density D, and the angle of friction, ¢’,

of a sand can be given as ¢’° = 28 + 0.18 D, (D, is in %). A drained triaxial

test on the same sand was conducted with a chamber confining pressure of

120 kN/m?*. The relative density of compaction was 65%. Calculate the major

principal stress at failure.
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11.7 For a normally consolidated clay, the results of a drained triaxial test are as
follows:

Chamber confining pressure = 15 Ib/in.2
Deviator stress at failure = 34 Ib/in.?
Determine the soil friction angle, ¢'.

11.8 For a normally consolidated clay, it is given that ¢’ = 24°. In a drained tri-
axial test, the specimen failed at a deviator stress of 175 kN/m? What was
the chamber confining pressure, o3?

11.9 For a normally consolidated clay, it is given that ¢'= 28°. In a drained triaxial
test, the specimen failed at a deviator stress at 30 1b/in.? What was the cham-
ber confining pressure, o4?

11.10 A consolidated-drained triaxial test was conducted on a normally consoli-
dated clay. The results were as follows:

oy = 250 kN/m?
(Aog); = 275 kN/m®
Determine the following:
a. Angle of friction, ¢’
b. Angle 8 that the failure plane makes with the major principal plane
c. Normal stress, o', and shear stress, 7, on the failure plane
11.11 The results of two drained triaxial tests on a saturated clay are as follows:
Specimen I:  chamber confining pressure = 70 kN/m?
deviator stress at failure = 215 kN/m?
Specimen II: chamber confining pressure = 120 kN/m?
deviator stress at failure = 260 kN/m?
Calculate the shear strength parameters of the soil.

11.12 If a specimen of clay described in Problem 11.11is tested in a triaxial appa-
ratus with a chamber confining pressure of 200 kN/m?, what will be the ma-
jor principal stress at failure? Assume full drained condition during the test.

11.13 A sandy soil has a drained angle of friction of 35°. In a drained triaxial test
on the same soil, the deviator stress at failure is 2.69 ton/ft2. What is the
chamber confining pressure?

11.14 A deposit of sand is shown in Figure 11.45. Find the maximum shear re-
sistance in kN/m? along a horizontal plane located 10 m below the ground
surface.

11.15 A consolidated-undrained test on a normally consolidated clay yielded the
following results:

o3 = 151b/in.?

Deviator stress, (Ao,); = 11 1b/in.2

Pore pressure, (Aug), = 7.2 Ib/in.2
Calculate the consolidated-undrained friction angle and the drained friction
angle.

11.16 Repeat Problem 11.15, using the following values:

o5 = 140 kN/m?
(Aoy); = 125 kN/m?
(Auy); = 75 kN/m?
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Ground water table

Figure 11.45

11.17 The shear strength of a normally consolidated clay can be given by the equa-
tion 7, = o’ tan 31°. A consolidated-undrained test was conducted on the
clay. Following are the results of the test:

Chamber confining pressure = 112 kN/m?
Deviator stress at failure = 100 kN/m”
Determine
a. The consolidated-undrained friction angle, ¢
b. The pore water pressure developed in the clay specimen at failure

11.18 For the clay specimen described in Problem 11.17, what would have been the
deviator stress at failure if a drained test would have been conducted with
the same chamber confining pressure (i.e., o3 = 112 kN/m?)?

11.19 A silty sand has a consolidated-undrained friction angle of 22° and a drained
friction angle of 32° (¢’ = 0). If a consolidated-undrained test on such a soil
is conducted at a chamber confining pressure of 1.2 ton/ft?, what will be the
major principal stress (total) at failure? Also, calculate the pore pressure
that will be generated in the soil specimen at failure.

11.20 Repeat Problem 11.19, using the following values:

¢ =19°
¢l —_ ‘280
A oy = 85 kN/m?
11.21 The following are the results of a consolidated-undrained triaxial test in a

clay:
Specimen o3 o, at failure
no. (kN/m?) (kN/m?)
I 192 375
I 384 636

Draw the total stress Mohrs circles and determine the shear strength param-
eters for consolidated undrained conditions (i.e., ¢ and c).



362

Chapter 11 Shear Strength of Soil

11.22 The consolidated-undrained test results of a saturated clay specimen are as
follows:
o3 = 97 kN/m?
o, at failure = 197 kN/m?
What will be the axial stress at failure if a similar specimen is subjected to an
unconfined compression test?
11.23 The friction angle, ¢', of a normally consolidated clay specimen collected
during field exploration was determined from drained triaxial tests to be 25°.
The unconfined compression strength, g,,, of a similar specimen was found to
be 100 kN/m?. Determine the pore water pressure at failure for the uncon-
fined compression test.
11.24 Repeat Problem 11.23 using the following values:
¢’ = 23°
g, = 120 kN/m? : :
11.25 The results of two consolidated-drained triaxial tests on a clayey soil are as

follows:
Ul1(failure)
Test no. o (Ib/in.?) {Ib/in.%)
1 27 73
12 48

Use the failure envelope equation given in Example 11.7—that is, g’ = m +
p' tan a. (Do not plot the graph.)

a. Find 7 and a.

b. Find ¢’ and ¢'. _

11.26 A 15-m-thick normally consolidated clay layer is shown in Figure 11.46. The
plasticity index of the clay is 18. Estimate the undrained cohesion as would
be determined from a vane shear test at a depth of 6 m below the ground
surface. Use Skempton’s equation in Table 11.6.

o Lt e

T Dry sand
Ground-water table  y=17 kN/m?

X
3m
Y

Clay
Y sa=19.5 kKN/m3

Figurev 11.46
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12.1

Retaining structures such as retaining walls, basement walls, and bulkheads are com-
monly encountered in foundation engineering as they support slopes of earth masses.
Proper design and construction of these structures require a thorough knowledge of
the lateral forces that act between the retaining structures and the soil masses being
retained. These lateral forces are caused by lateral earth pressure. This chapter is de-
voted to the study of the various earth pressure theories.

At-Rest, Active, and Passive Pressures

Consider a mass of soil shown in Figure. 12.1a. The mass is bounded by a frictionless
wall of height AB. A soil element located at a depth z is subjected to a vertical effec-
tive pressure o, and a horizontal effective pressure ¢j,. There are no shear stresses on
the vertical and horizontal planes of the soil element. Let us define the ratio of o, to
o, as a nondimensional quantity X, or '

K=k (12.1)
) o

o

Now, three possible cases may arise concerning the retaining wall: and they are
described

Case 1. If the wall AB is static — that is, if it does not move either to the right or to
the left of its initial position — the soil mass will be in a state of staric equilibrium. In
that case, o, is referred to as the ar-rest earth pressure, or

]

K=K,=2t (12.2)
Ty

where K, = at-rest earth pressure coefficient.
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Active pressure

" At-rest pressure
A ol
=5 l $3ED Y
o 3 v .
; K,0'y =0 K,0' =0c

=c'+c'tan o’
T=c'+G"tan ¢’

B
(a) (b)

Passive pressure

——-)-i_\Lp[‘<—
A ¢
: .A.' ’ l ‘
[ e B K,0', =0
o
1
- B e
! r=c +c tang
1
1
i
I
I
) .
g

(c)

Figure 12.1 Definition of at-rest, active, and passive pressures (Note: Wall AB is frictionless)

Case 2. If the frictionless wall rotates sufficiently about its bottom to a position of
A'B (Figure 12.1b), then a triangular soil mass ABC’ adjacent to the wall will reach

a state of plastic equilibrium and will fail sliding down the plane BC’. At this time,
= 04, Will be referred to as active pressure. Now,

|

the horizontal effective stress, o,

o, o,
K=K =—=— (12.3)
o, O,

where K, = active earth pressure coefficient.
Case 3. If the frictionless wall rotates sufficiently about its bottom to a position
A"B (Figure 12.1c). then a triangular soil mass ABC” will reach a state of plastic
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12.2

Earth pressure, ¢

Passive pressure, G’y |« — ==~ ————====

At-rest pressure, G,

————— -—| Active pressure, G,

O g S g

P S— AL _—
Wall ilt Lo, ' | Wall tik

H H

Figure 12.2 Variation of the magnitude of lateral earth pressure with wall tilt

Table 12.1 Typical Values of AL,/H and AL /H

Soil type AL, /H AL,/H
Loose sand 0.001-0.002 0.01
Dense sand 0.0005-0.001 0.005
Soft clay 0.02 0.04
Stiff clay 0.01 0.02 .

equilibrium and will fail sliding upward along the plane BC". The horizontal effec-
tive stress at this time will be o, = o,, the so-called passive pressure. In this case,
K=k, =202

0, T

(12.4)

where K, = passive earth pressure coefficient

Figure 12.2 shows the nature of variation of lateral earth pressure with the wall
tilt. Typical values of AL,/H (AL, = A'A in Figure 12.1b) and AL /H (AL, = A"A in
Figure 12.1c) for attaining the active and passive states in various soils are given in
Table 12.1.

AT-REST LATERAL EARTH PRESSURE

Earth Pressure at Rest

The fundamental concept of earth pressure at rest was discussed in the preceding
section. In order to define the earth pressure coefficient K, at rest, we refer to Fig-
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Tr=c¢'+ G tan ¢’

Figure 12.3 Earth pressure at rest

ure 12.3, which shows a wall AB retaining a dry soil with a unit weight of y. The wall
is static. At a depth z,

Vertical effective stress = o), = yz
Horizontal effective stress = o), = K, vz

So

h

o .
K, = — = at-rest earth pressure coefficient

o ’
o
For coarse-grained soils, the coefficient of earth pressure at rest can be esti-
mated by using the empirical relationship (Jaky, 1944)

K,=1—sin¢’ (12.5)
where ¢’ = drained friction angle.

~ While designing a wall that may be subjected to lateral earth pressure at rest,
one must take care in evaluating the value of K|,. Sherif, Fang, and Sherif (1984), on
the basis of their laboratory tests, showed that Jaky’s equation for K, [Eq. (12.5)]
gives good results when the backfill is loose sand. However, for a dense sand backfill,
Eq. (12.5) may grossly underestimate the lateral earth pressure at rest. This under-
estimation results because of the process of compaction of backfill. For this reason,
they recommended the design relationship

K,=(1—sing) + {——”i— - 1}5.’5 (12.6)
Y d(min) o

where y, = actual compacted dry unit weight of the sand behind the wall
Ydminy = dTY unit weight of the sand in the loosest state (Chapter 2)
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12.3
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0|

Ty=c'+c'tan ¢’
Unit weight
=Y

P ke (i (N

B 2 A0 i P Al

|~<— Wl -

N

Figure 12.4 Distribution of lateral earth pressure at-rest on a wall

4’ lf“ KoyH

For fine-grained, normally consolidated soils, Massarsch (1979) suggested the
following equation for K,:

K, = 0.44 + 0.42

For overconsolidated clays, the coefficient of earth pressure at rest can be ap-
proximated as -

(12.7)

Ko(overconsolidated) = Ko(normaﬂy consolidated) v OCR (128)

where OCR = overconsolidation ratio. The overconsolidation ratio was defined in
Chapter 10 as ' :

Preconsolidation pressure, o,
OCR =

; 12.9
Present effective overburden pressure, o, ( )

Figure 12.4 shows the distribution of lateral earth pressure at rest on a wall of
height H retaining a dry soil having a unit weight of . The total force per unit length
of the wall, P,, is equal to the area of the pressure diagram, so

P, =1K yH? (12.10)

i

Earth Pressure at Rest for Partially Submerged Soil

Figure 12.5a shows a wall of height H. The groundwater table is located at a depth
H, below the ground surface, and there is no compensating water on the other side
of the wall. For z = H,, the lateral earth pressure at rest can be given as op= Kyyz.
The variation of o}, with depth is shown by triangle ACE in Figure 12.5a. However,
for z = H, (i.e., below the groundwater table), the pressure on the wall is found from
the effective stress and pore water pressure components via the equation

effective vertical pressure = o, = yH; + y'(z — H,) (12.11)
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Ground- Unit weight of soil =y
water z
table
=
Saturated unit weight
* of soil =,
B G J K
[Ko(yH | +7¥'H2)~| Y2 —|
@ (b)
H,y
= -L —— Ka'{H[ -3
/Iz <
73
< Figure 12.5
I e Distribution of earth
e KolyH + Y H)+ Y Hy —— pressure at rest for partially
(© submerged soil

where v’ = v, — v, = the effective unit weight of soil. So the effective lateral pres-
sure at rest is

o, = Koo, = K[yHy + ¥'(z = Hy)] (12.12)

The variation of ¢, with depth is shown by CEGB in Figure 12.5a. Again the
lateral pressure from pore water is

u = vz = H) (1213)

The variation of « with depth is shown in Figure 12.5b.
Hence, the total lateral pressure from earth and water at any depth z = H, is
equal to :

oy =0t u
= K [yH, +v'(z — H)] + v,(z — H,) (12.14)

The force per unit length of the wall can be found from the sum of the areas of
the pressure diagrams in Figures 12.5a and 12.5b and is equal to (Figure 12.5¢)

Py = 1Ky Hi + Koy HiH, + §(Kpy' + ,)H} (1215)

Area Area Areas
ACE CEFB EFG and [JK
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e e e s e A A e S Y e 8

;“Examp!e 12 1

’ Flgure 12 6a shows a 15 ft- hwh reta1mng wall Th: wa%l is. restramed irom y1eld—
~ing.; Calculate the latéral force P, per unit leng f the waHA]so,deter  the,

' c',,(m/;;i) - ) u(lb/ﬁz)
Sand
¢’'=0
¢'=30°
=100 Ib/f3
1
_v_ Ground water table 10 b oo 500
= Sand ]
¢'=0 2 :
g oo o
= 1224 b/
o I 15 = ———— 1650 312
Y 3
z(ft) z(ft)
Figure 12.6 i
Solution
K,=1—-sin¢’=1-—5n30= 05
Atz=0 o, =0' (T;,=0'ku=0
Atz = 10ft (10)(100} = 1000 lb/ft2

o;, = (o 5)(1000) = 500 lb/ftz

Atz =15ft o

The vanatmns of o} and u thh depth are shown in F1gures 12 6b and 12 60.

Lateral force P Area 1 + Area 2 + Area 3 + Area 4
P, = ( )(10 (500) + (5)

f = 2500 -+ 2500 + 375 + 780 = 6155 lb/ft

L i e A 5 s s 5 e i S e A e e
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The location of the resultant, measured from the bottom of the wall,is

_ S moment of pressure diagram about C
Z et
£,

(25005<5 + ‘1;9> + (2500)@) + (375)@-) + (780)@-)
6155

or

7 =
EA

Lateral Pressure on Retaining Walls from

Surcharges—Based on Theory of Elasticity

Point-Load Surcharge

The equations for normal stresses inside a homogeneous, elastic, and isotropic me-
dium produced from a point load on the surface were given in Chapter 9 [Egs. (9.10),
(9.11) and 9.12].

We now apply Eq. (9.10) to determine the lateral pressure on a retaining wall
caused by the concentrated point load Q placed at the surtace of the backfill as shown
in Figure 12.7a. If the load Q is placed on the plane of the section shown, we can sub-
stitute y = 0 in Eq. (9.10). Also, assuming that u = 0.5, we can write

, O [ 3x°:z
oh = ;( e ) (12.16)
where L = Vx* + 72 Substituting x = mH and z = nH into Eq. (12.16), we have
30 m*n

7

Tp

= > = — 12.17
2mH* (m® + n*)>~ ( )

The horizontal stress expressed by Eq. (12.17) does not include the restraining effect
of the wall. This expression was investigated by Gerber (1929) and Spangler (1938)

- with large-scale tests. On the basis of the experimental findings, Eq. (12.17) has been
" modified as follows to agree with the real conditions:

T (12.18)
Form=04,

L0280 22

Th= (12.19)

H? (016 + n?)?
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@
—— x = mH —
Y
foo
= %}*‘ '
ﬁh
(@) (®)
Strip load =
g/unit area
Figure 12.7
Lateral pressure on a retaining
wall due to a (a) point load,
ON (b) line load, and (c) strip load

Line-Load Surcharge

Figure 12.7b shows the distribution of lateral pressure against the vertical back face
- of the wall caused by a line-load surcharge placed parallel to the crest. The modified

forms of the equations [similar to Egs. (12.18) and (12.19) for the case of point-load

surcharge] for line-load surcharges are, respectively,

———+-—2—)—2- form>04) (12.20)

+ )

(12.21)

where g = load per unit length of the sufcharge.
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Strip-Load Surcharge

Figure 12.7e shows a strip-load surcharge with an intensity of g per unit area located
at a distance m, from a wall of height H. On the basis of the theory of elasticity, the
horizontal stress at a depth z on a retaining structure can be given as

7}, = (B ~ sin cos 2a) (12.22)

The angles « and B are defined in Figure 12.7c. For actual soil behavior (from the
wall restraining effect), the preceding equation can be modified to

o}, = (B — sin 8 cos 2a) (12.23)

|

The nature of the distribution of o, with depth is shown in Figure 12.7c. The force P
per unit length of the wall caused by the strip load alone can be obtained by inte-
gration of o, with limits of z from O to A.

Example 12.2

Consider the retaining wall shown in Figure 12.8a where H = 10 ft. A line load of
800 1b/ft is placed on the ground surface parallel to the crest at a distance of 5 ft
from the back face of the wall. Determine the increase in the lateral force per unit
length of the wall caused by the line load. Use the mochﬁed equatmn gwen in Sec-
tion 12.4. :

a’y (Ib/ft2)

Theoretical
)/ shape

-~

(]

800 Ib/ft

[e—— 5 ft

Depth (1)

’ (a) ®)

F‘ gure 12 8
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12.5

- Solution
- We are given

Refer to the diagré;ﬁ m Flgurel_28b

Area no. o Area

—

(—;—)(2)(60,61) = 60611b/ft |

N

(2)(60.61 + 60.61) = 121.22 Ib/ft

N

(2)(60.61 + 41.05) = 10166 Iblft

W
NS NN

[C R NG P NG ) (N

(2)(4105 + 25.67) = 66721btt. .

A RN

)(2)(25.67 +163)= 41971b/ft

Total = 39218 Ib/ft
- =390Ib/ft

RANKINE’'S LATERAL EARTH PRESSURE

Rankine’s Theory of Active Pressure

The phrase plastic equilibrium in soil refers to the condition where every point in a
soil mass is on the verge of failure. Rankine (1857) investigated the stress conditions
in soil at a state of plastic equilibrium. In this section and in section 12.6, we deal with

Rankine’s theory of earth pressure.
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‘gure 12.9 Rankines active earth pressure

from Figure 12.8b

sing’ =

12.5 Rankine’s Theory of Active Pressure

375

X

Figure 12.9a shows a soil mass that is bounded by a frictionless wall, AB, that
extends to an infinite depth. The vertical and horizontal effective principal stresses
on a soil element at a depth z are o, and o7}, respectively. As we saw in Section 12.2,
if the wall AB is not allowed to move, then o}, = K, o,. The stress condition in the
soil element can be represented by the Mohr’s circle a in Figure 12.9b. However, if
the wall AB is allowed to move away from the soil mass gradually, the horizontal
principal stress will decrease. Ultimately a state will be reached when the stress con-
dition in the soil element can be represented by the Mohr’s circle b, the state of plas-
tic equilibrium, and failure of the soil will occur. This situation represents Rankine’s
active state, and the effective pressure o, on the vertical plane (which is a principal
plane) is Rankine’s active earth pressure. We next derive o in terms of 3, z, ¢’, and ¢’

CD
AO + OC

515
I
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But
) . T~ 04
CD = radius of the failure circle =
AO =c'cot ¢’
and
oc = o, t+ oy
2
So
o, — O,
b = 2
e T a, + o)
¢'cotd + ——
2
or
Ccos o' + o T g To~ Ta
c' cos ¢ 5 sin ¢’ = 3
or )
1 —sing’ cos ¢’
L= O — — 2¢' 12.24
Te 001+sinc,b’ C1+sinq$' ( )
But
o, = vertical effective overburden pressure = yz
1 — si ' 1
————S%n—é- = tan2<45 - 2)
1 + sin ¢’ 2
and
cos ¢’ VAR 3
—_— =t —
I Tsng  Bnl P73 )
Substituting the preceding values into Eq. (12.24), we get
Sl G TR 1295
o, = yztan’| 45 SEX = (12.25)
The variation of o, with depth is shown in Figure 12.9c. For cohesionless soils,
¢’ = 0and

o, = 0, tan2<45 - %) (12.26)

The ratio of o to o7, is called the coefficient of Rankine’s active earth pressure
and is given by 4
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K,=2% = tan (45 - %—) | (12.27)

Again, from Figure 12.9b we can see that the failure planes in the soil make
*(45 + ¢'/2)-degree angles with the direction of the major principal plane — that is,
the horizontal. These are called potential slip planes and are shown in Figure 12.9d.

It is important to realize that a similar equation for o, could be derived based
on the total stress shear strength parameters — thatis, 7, = ¢ + o tan ¢. For this case,

o, = yz‘vtaﬁ(45 - 922) - 2c tan<45';- %) ' (12.28)

Theory of Rankine’s Passive Pressure

Rankine’s passive state can be explained with the aid of Figure 12.10. AB is a friction-
less wall that extends to an infinite depth (Figure 12.10a). The initial stress condition
on a soil element is represented by the Mohrs circle a in Figure 12.10b. If the wall is
gradually pushed into the soil mass, the effective principal stress o}, will increase. Ul-
timately the wall will reach a situation where the stress condition for the soil element
can be expressed by the Mohr’s circle b. At this time, failure of the soil will occur.
This situation is referred to as Rankine’s passive state. The lateral earth pressure o,
which is the major principal stress, is called Rankine’s passive earth pressure. From
Figure 12.10b, it can be shown that

vz tan (45 + i) i+ ZC'tan

z) (12.29)

The derivation is similar to that for Rankine’s active state.
Figure 12.10c shows the variation of passive pressure with depth. For cohesion-

less soils (¢’ = 0),
ol = o, tan2<45 + i)
p o 2

or

!

o B A
A%#Kp':t;anz ,45.»+%-

o

(12.30)

K, (the ratio of effective stresses) in the precedmc equatlon is referred to as the
coeﬁiczent of Rankine’s passive earth pressure.
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Figure 12.10 Rankine’ passive earth pressure

The points D and D' on the failure circle (see Figure 12.10b) correspond to the
slip planes in the soil. For Rankine’s passive state, the slip planes make *(45 — ¢'/2)-
degree angles with the direction of the minor principal plane — thatis, in the horizon-
tal direction. Figure 12.10d shows the distribution of slip planes in the soil mass.

12.7 Yielding of Wall of Limited Height

We learned in the preceding discussion that sufficient movement of a frictionless wall
extending to an infinite depth is necessary to achieve a state of plastic equilibrium.
However, the distribution of lateral pressure against a wall of limited height is very
much influenced by the manner in which the wall actually yields. In most retaining
walls of limited height, movement may occur by simple translation or, more fre-
quently, by rotation about the bottom.
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(b)

Figure 12.11 Rotation of frictionless wall about the bottom

For preliminary theoretical analysis, let us consider a frictionless retaining wall
represented by a plane AB as shown in Figure 12.11a. If the wall AB rotates suffi-
. “clently about its bottom to a position A’B, then a triangular soil mass. ABC’ adjacent
to the wall will reach Rankine’s active state. Because the slip planes in Rankine’s ac-
tive state make angles of =(45 + ¢'/2) degrees with the major principal plane, the soil
mass in the state of plastic equilibrium is bounded by the plane B€', which makes an
angle of (45 + ¢’/2) degrees with the horizontal. The soil inside the zone ABC’ un-
dergoes the same unit deformation in the horizontal direction everywhere, which is
equal to AL,/L, The lateral earth pressure on the wall at any depth z from the
ground surface can be calculated by using Eq. (12.25).

In a similar manner. if the frictionless wall AB (Figure 12.11b) rotates suffi-
ciently into the soil mass to a position A"B, then the triangular mass of soil ABC"
will reach Rankine’s passive state. The slip plane BC” bounding the soil wedge that
is at a state of plastic equilibrium will make an angle of (45 — ¢'/2) degrees with the
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horizontal. Every point of the soil in the triangular zone A BC" will undergo the same
unit deformation in the horizontal direction, which is equal to AL,/L,. The passive
pressure on the wall at any depth z can be evaluated by using Eq. (12.29).

Diagrams for Lateral Earth Pressure
Distribution against Retaining Walls

'y
Backfill— Cqﬁesiopiess Soil with Horizontal Ground Surface

Active Case Figure 12.12a shows a retaining wall with cohensionless soil backfill
that has a horizontal ground surface. The unit weight and the angle of friction of the
soil are y and ¢', respectively.

For Rankine active state, the earth pressure at any depth against the retaining
wall can be given by Eq. (12.25):

o, = K,yz (Nore.'c’ = 0.)

N |
1

Failure
wedge

o2
<
X

(a)

Failure wedge

®)

Figure 12.12 Pressure distribution against a retaining wall for cohensionless soil backfill
with horizontal ground surface: (a) Rankine’s active state; (b) Rankine’s passive state
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Note that ¢, increases linearly with depth, and at the bottom of the wall, it is

o, = K;yH (12.31)

The total force per unit length of the wall is equal to the area of the pressure dia-

gram, so

P, =}KyH’ (12.32)

Passive Case The lateral pressure distribution against a retaining wall of height H
for Rankine’s passive state is shown in Figure 12.12b. The lateral earth pressure at
any depth z [Eq. (12.30), ¢’ = 0] is

o, = K,yH (12.33)

The total force per unit length of the wall is

= LKy (12.34)

Backfill—Partially Submerged Cohensionless
Soil Supporting a Surcharge

Active Case Figure 12.13a shows a frictionless retaining wall of height H and a
backfill of cohensionless soil. The groundwater table is located at a depth of H, be-
low the ground surface, and the backfill is supporting a surcharge pressure of g per
unit area. From Eq. (12.27), the effective active earth pressure at any depth can be

given by

o, = Ko (12.35)

where o, and o, = the effective vertical pressure and lateral pressure, respectively.

Atz =0,

and

JAtdepth z = H,

and
Atdepthz = H,
and

where 'yl = Ysat

o, =0, =g (12.36)

o, =Kuq (12.37)

o, = (q + vH)) (12.38)

o, = K,(q+ vH,) | (12.39)

o, =(q~ vH + v H,) (12.40)
o, = KJ(q =~ vH, + y'H,) (12.41)

— Y- The variation of ¢, with depth is shown in Figure 12.13b.
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Figure 12.13 Rankine’s active earth pressure distribution against a retaining wall with
partially submerged cohesionless soil backfill supporting a surcharge

The lateral pressure on the wall from the pore water between z = 0 and H, is
0, and for z > H,, it increases linearly with depth (Figure 12.13c). Atz = H,

u= ‘}/wHZ

The total lateral pressure diagram (Figure 12.13d) is the sum of the pressure di-
agrams shown in Figures 12.13b and 12.13c. The total active force per unit length of
the wall is the area of the total pressure diagram. Thus,

P, = K,qH + YK ,yH} + K,yH,H, + 3(Koy' + vw)H3 (12.42)
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Figure 12.14 Rankine's passive earth pressure distribution against a retaining wall with
partially submerged cohesionless soil backfill supporting a surcharge

Passive Case Figure 12.14a shows the same retaining wall as was shown in Fig-
ure 12.13a. Rankine’s passive pressure at any depth against the wall can be given by
Eq. (12.30):

o, = K,o,

Using the preceding equation, we can determine the variation of o}, with depth,
as shown in Figure 12.14b. The variation of the pressure on the wall from water with
depthisshownin Figure 12.14c. Figure 12.14d shows the distribution of the total pres-
sure o, with depth. The total lateral passive force per unitlength of the wall is the area
of the diagram given in Figure 10.11d. or

P, = K,qH + 3K, yHi = K,yH Hy + $(K,y' + v,,)H} (12.43)
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Figure 12.15 Rankine’s active earth pressure distribution against a retaining wall with co-
hesive soil backfill

Backfill— Cohesive Soil with Horizontal Backfill

Active Case Figure 12.15a shows a frictionless retaining wall with a cohesive soil
backfill. The active pressure against the wall at any depth below the ground surface
can be expressed as [Eq. (12.25)]

o= K,yz — 2VEK,'

The variation of K,yz with depth is shown in Figure 12.15b, and the variat%on
of 2VK ¢’ with depth is shown in Figure 12.15c. Note that 2VK ¢’ is not a function
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of z; hence, Figure 12.15¢ is a rectangle. The variation of the net value of o, with
depth is plotted in Figure 12.15d. Also note that, because of the effect of cohesion,
o', is negative in the upper part of the retaining wall. The depth ¢, at which the ac-
tive pressure becomes equal to 0 can be found from Eq. (12.25) as

Kyz, = 2VK,' =0

or

_ 2¢’
© " YWVK,

(12.44)

For the undrained condition —that is, » = 0, K, = tan’ 45 = 1, and ¢ = ¢,
(undrained cohesion) — from Eq. (12.28),

o = T 12.45
2= (12.45)

So, with time, tensile cracks at the soil-wall interface will develop up to a depth z,.
The total active force per unit length of the wall can be found from the area of
the total pressure diagram (Figure 12.15d), or

P, =3KyH* = 2VK'H (12.46)
For the ¢ = 0 condition.
P, =3yH* = 2c,H (12.47)

For calculation of the total active force, common practice is to take the tensile
cracks into account. Because no contact exists between the soil and the wall up to a
depth of z, after the development of tensile cracks, only the active pressure distri-
bution against the wall between z = 2¢'/(yV'K,) and H (Figure 12.15d) is considered.
In this case,

o . z {";f_' 2c'
,Pa;—_l Ka H_‘Z-\/_IZ; ’ (H"' it ) .
S e Ny i

=3KyH? - 2VECH + 2%— (12.48)
For the ¢ = 0 condition,
P, =3yH? = 2c,H + 2 (12.49)
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Figure 12.16 Rankine’s passive earth pressure distribution against a retaining wall with
cohesive soil backfill

Passive Case Figure 12.16a shows the same retaining wall with backfill similar to
that considered in Figure 12.15a. Rankine’s passive pressure against the wall at depth
z can be given by [Eq. (12.29)]

o, = Kyyz + 2VE ¢

Atz=290
o, = 2‘\/‘ K’ (12.50)
and at z = H,
o, = K,yH + 2VK ' (12.51)

The variation of o, with depth is shown in Figure 12.16b. The passive force per
unit length of the wall can be found from the area of the pressure diagrams as

P, =3K,yH* + 2VK c'H (12.52)
For the ¢ = 0 condition, K, = 1 and

P, = %"sz + 2¢,H (12.53)
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Example 12.3

An 6 m high retaining wall is shown in Figure 12.17a. Determine -

a. The Rankine active force per unit length of the wall and the location of

the resultant
b. The Rankine passive force per unit length of the wall and the location of

; the resultant

(a)

i
|
|

6m
f \_1039.5 kN/m
=) 1
; !
) . o
{ 71" Figure 12.17
X L. Diagrams for
23.4 kN/m? 3465 kN/m? ST
|~ 346.5 kN/m >} determining active,

(b) (© and passive forces

Solutlon ;
a. Becausec

5’0’ to determme the actxve force we can use Eq (12 27)
0. =Ko, =Kyz : '

sin ¢ 1 =—sin36 026 g,

% e +sm¢> 1+sm 6 —
Atz—oo-_o atz—*‘ém ,‘ ClEmel e R
(O 76)(15) 6) = 234k\I/m

’I_'he press :6_; dzstnbunon diagram is shown i m Flgure 12 17b The active
orce per unit length of the wall is as follows : .

=3(6)(234) = 702 KN/m

o
8

all
I
It
| 8]
g

(3]
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Example 12.4

For the retaining wall shown in Figure l2.18é, determine the force per unit width
of the wall for Rankine’ active state. Also find the location of the resultant.

Ysat = 18 kN/m3

$'=35° T
. ' ¢'=0
(@)
\\\

3f“ 16 N~ 16
x ‘.4: 4\:«
1 . 2 P,=117.15KN/m -
3mo|o . I - B
¢ \ . B "‘-,\H‘ . . 178m r\
.S I B L .
—{13.0 |~— e——29.43 —>| —[13.0 |&—— 361 —]
—| 1967 |=—

<b> ‘ (c) ()

Flgure 12. 18 Retammg waH and pressure d1a9,rams for determmmg Rankme’s actIvc :
earth pressure (Note: The umts of p, essure in (b}, (c) and (d) are kN/m )

. el i L . - J
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Solution .
Given that ¢’ = 0, we known that o = ‘K,07,. For the upper laver of the soil Rank-
ine’s active earth pressure coefficient i is

1 —sin30° 1
K=Ky = 150307~ 3
For the lower layer,
1 — sin 35°
= = ——=0271
K, Ka(ﬁ) 1 + sin 35°

Atz =0,0,= 0 Atz=3m (Just inside the bottom of the upper Iayer) a,=
3 X 16 = 48 kN/m?. So E

O':, = Ka(l)O'; = % X 48 = 16 kN/mz
Again, at z = 3 m (in the lower layer), o, = 3 X 16 = 48 kN/m?, and

o = Kypo, = (0271) X (48) = 13.0 kN/m’

Atz = 6m,
o, =3 X 16 + 3(18 — 9.81) = 72.57 kN/m?
T
Yw
and

oy = Ko, = (0271) X (72.57) = 19.67 kN/m?

The vaﬁafiqp of o, with depth is shown in Figure 12.18b.
~ The lateral pressures due to the pore water are as follows:

Atz“‘O' vau‘—"O
Atz“3m u—'Q ,
Ath =6m: u'=3 xﬁ,wf—3 X 9.81 ~294:I<N/m

The variation of uwith depth is shown in Figure 12. 18(: and that for a-‘z (total ac
twe pressure) is shown in Flgure 12 18d Thus .

TR R L R e LN g Tritiad Lt e

The 'locatxon of the resultant can be found by takmg the moment about thc :

:bottom of the wall T e
24( 3+ = =) +5 =)
. (3 1—‘3> + 39.0(2) + 34‘.15(3);;

117.15 R ;ﬁﬁ,‘i* cEle

a1

= 1.78 m
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y=16.5 kKN/m3
o' =26° -
¢'= 10 kN/m?

'Soiutacn i
vaen thatd) =
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Example 12.6 |

A frictionless retaining wall is shown in Figure 12.20a. Fmd the passive resmtance
( ) ¢ on the backfill and the location of the resultant passive force.

q= 10 kKN/m?

!
I
|

=15 KN/m? ;

0 =26° |

c'=8 kN/mg |‘
| 512KN/m
K
: I m
! M

i 153.6 kN/m? —>|

51.2 kN/m?
(a) (b)

Figure 12.20 (a) Frictionless retaining wall; (b) passive pressure distribution diagram
Solution
Gwen that d) = 26°, it follows that

K 14-smq§ 1 +5sin26°
p 1 —sin d)’ 1 — sin 26°

=256

From Eq (12 29)

cT —Ka +2\/ c

ﬁsure chagram about the bottom of the wall. Thus

'?‘f;,__;j;, (312>( )+ 5153 6)(4) |
' ' 512.18 '

N
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Rankine Active and Passive Pressure
with Sloping Backfill

In Sections 12.5 through 12.8, we considered retaining walls with vertical backs and
horizontal backfills. In some cases, however, the backfill may be continuously slop-
ing at an angle a with the horizontal as shown in Figure 12.21 for active pressure case.
In such cases, the direction of Rankine’s active or passive pressures are no longer
horizontal. Rather, they are inclined at an angle a with the horizontal. If the backfill
is a granular soil with a drained friction angle ¢, and ¢’ = 0, then

o, = vk,
where

Ye

. K, = Rankine’s active pressure coefficien

e 'ifj:{‘;-COS o — T\/COS2 o — C052¢, i

= cosa—— _ (12.54)
sa + Veosa= cos’ ¢
The active force per unit length of the wall can be given as
1 <
P, = EKasz (12.55)

The line of action of the resultant acts at a distance of H/3 measured from the bottom
of the wall. Table 12.2 gives the values of K, for various combinations of « and ¢'".

In a similar manner, the Rankine passive earth pressure for a wall of height H
with a granular sloping backfill can be represented by the equation

P, =3yHK, - (12.56)

Frictionless
J / wall
1 Figure 12.21
& Frictionless vertical retaining wall with
sloping backfill
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Table 12.2 Values of K, [Eq. (12.54)]
&' (deg) —
{ @ (deg) 28 30 .32 34 36 38 40
0 0.361 0.333 0.307 0.283 0.260 0.238 0.217
5 0.366 0.337 0.311 0.286 0.262 0.240 0.219
10 0.380 0.350 0.321 0.294 0.270 0.246 0.225
15 0.409 0.373 0.341 0.311 0.283 0.258 0.235
20 0.461 0414 0.374 0.338 0.306 0.277 0.250
25 0.573 0.494 0.434 0.385 0.343 0.307 0.275
Table 12.3 Passive Earth Pressure Coefficient, K, [Eq. (12.57)]
&' (deg)—
| « (deg) 28 30 32 34 36 38 40
0 - 2.770 3.000 3.255 3.537 3.832 4.204 4.599
5 2.713 2.943 3.196 3.476 3.788 4.136 4,527
10 2.551 " 2.775 3.022 3.295 3.598 3.937 4316
15 2.284 2.502 2.740 3.003 3.293 3.615 3.977
20 1.918 2.132 2.362 2.612 2.886 3.189 3.526
25 1.434  1.664 1.894 2.135 2.394 2.676 2.987
where
. cos a + Veos®a — cos® &’ o
K, = cos (12.57)

is the passive earth pressure coefficient.

cos @ — Vcos?a — cos® ¢’

As in the case of the active force, the resultant force P, is inclined at an angle
a with the horizontal and intersects the wall at a distance of H/3 measured from the
bottom of the wall. The values of X, (passive earth pressure coefficient) for various

values of o and ¢’ are given in Table 12.3.

c’-¢p’ Soil

The preceding analysis can be extended to the determination of the active and pas-
sive Rankine earth pressure for an inclined backfill with a ¢’-¢’ soil. The details of
the mathematical derivation are given by Mazindrani and Ganjali (1997). For a ¢’-¢’

backfill, the active pressure is given by
ol =vyzK, = yzK,; cos a
where K, = Rankine active earth pressure coefficient and

The passive pressure is given by
o, = vzK, = yzK)cosa
where K, = Rankine passive earth pressure coefficient and

(12.58)
(12.59)
(12.60)

(12.61)
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Also,

1

" "o
Ka:Kp - 7 s
cos® ¢

!

2 cos? o + 2(£—)cos ¢’ sin ¢’
Yz

X -1
r\2 '
c 2 L, c .y '
:\/[4 cos? a(cos’ a — cos® ¢') + 4(;) cos® @' + 8<—~)cos2 @ sin ¢’ cos ¢
(12.62)
Table 12.4 Variation of K and K} *
<
Yz -
Q’ .
(deg) KJ/K; 0.0 0.025 0.05 0.1 0.5 1.0 .
a &' =15°
0 Ko 05888 05504 05121 04353  —0.1785 ~0.9474
0 Ko 1.6984 1.7637  1.8287 1.9590 3.0016 4.304%
5 K 0.6069  0.5658  0.5252 0.4449 -0.1804 —-0.951%
5 K7 1.6477 17156 1.7830 1.9169 2.9709 42772
10 K 0.6738  0.6206 05707 0.4769 —0.1861 — 0.9/
10 K 1.4841 1.5641 1.6408 1.7882 2.8799 410713
15 K 1.0000 07762 06834  0.5464 - —0.1962 —1.0047)
15 Ky 1.0000 12506 13702 1.5608 2.7321 4077
b & =20° ‘
0 K 0.4903 0.4553 0.4203 0.3502 —0.2099 —0.04"]
0 Ky 20396 21110 21824 23252 3.4678 48059
5 Ky 05015 04650 04287 03565  —02119  .—0.01%
5 K 1.9940 20669  2.1396 2.2846 3.4353 454419
10 K 0.5394 0.4974 0.4564 0.3767 ~0.2180 0.7
10 K 1.8539 19323 2.0097 2.1622 3.3392 477212
15 K 0.6241 0.5666 05137 0.4165  —0.2287 —0.779
15 K7 1.6024 16962 17856 1.9556 3.1831 44422
¢ & =25
0 K 04059 03740 03422  0.2784 -0.2312 —()_Wg
0 K, 24639 25424 26209 27779 4.0336 54002
5 K; 04133 03805 03478 02826  —0.2332 —0%7 ]g
5 Ky 24195 24989 25782  2.7367 3.9986 5.57
10 Ky 04376 04015 03660 02960  —0.23% —n.f"e';«‘;";
10 Ky 22854 23680 24502  2.6135 3.8950 5470
15 Ki 04860 04428 04011 03211  —0.2503 —0{#‘2"2
15 Kn 20575 21474 22357 2.4090 3.7264 5028

(contrnued )
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Table 12.4 gives the variation of K and K, with «, ¢'/yz, and ¢'.

For the active case, the depth of the tensile crack can be given as

2¢" |1 + sin ¢’

= TN T 12.63
° vy N1 —sing’ ( )
Table 12.4 (continued)
<
vz
44
(deg) K,/K] 0.0 0.025 0.05 0.1 0.5 1.0

d ¢ =30°

0 K} 0.3333 0.3045 0.2756 02179 —0.2440 -0.8214
0 K3 3:0000 3.0866 3.1732 3.3464 47321 6.4641
5 K 0.3385 0.3090 0.2795 0.2207 —0.2460 -0.8260
5 K, 2.9543 3.0416 3.1288 3.3030 4.6933 6.4282
10 K, 0.3549 0.3233 0.2919 0.2297 —0.2522 —0.8399
10 K 2.8176 2.9070 2.9961 3.1737 45794 6.3218
15 K 0.3861 0.3502 0.3150 0.2462 -0.2628 —0.8633
15 K 2.5900 2.6836 2.7766 2.9608 4.3936 6.1489
e ¢ =35°

0 K, 0.2710 0.2450 0.2189 0.1669 ~0.2496 -0.7701
0 K, 3.6902 3.7862 3.8823 4.0744 5.6112 7.5321
5 K; 0.2746 0.2481 0.2217 0.1688 -0.2515 -0.7744
5 K 3.6413 3.7378 3.8342 4.0271 5.5678 7.4911
10 K, 0.2861 0.2581 0.2303 0.1749 —0.2575 ~0.7872
10 K 3.4953 3.5933 3.6912 3.8866 5.4393 7.3694
15 K" 03073 0.2764 0.2459 0.1860 -0.2678 —0.8089
15 K 3.2546 3.3555 3.4559 3.6539 5.2300 7.1715
f ¢ =40°

0 K; 0.2174 0.1941 0.1708 0.1242 —0.2489 -0.7152
0 K, 4.5989 4.7061 4.8134 5.0278 6.7434 8.8879
5 K; 0.2200 0.1964 0.1727 0.1255 —-0.2507 —-0.7190
5 K 4.5445 4.6521 4.7597 4.9747 6.6935 8.8400
10 K, 02282  0.2034 0.1787 0.1296 —-0.2564 -0.7308
10 K, 4.3826 4.4913 4.5999 48168 6.5454 8.6980
15 K, 0.2429 0.2161 0.1895 0.1370 —0.2662 -0.7507
15 K 4.1168 4.2275 4.3380 4.5584 6.3041 8.4669

4

* After Mazindrani and Ganjali (1997)
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12.10

. Example 12 7.

i (2)(10)  1 TR 20. 2

0

¢ 10
7 56D

From Table 12.4, for a = 5°and cr/'yz = 0.1, the magmtude Qf Kﬂ - 0 3565 So' |
(16 3)(6 1)(0 3565)((;03 5°> 35.75 kN/m A : '

Hence,

P, = %(H - z,)(35.75) = %(6.1 - 1.73)(35.75) = 78.1kN/m =

COULOMB’S EARTH PRESSURE THEORY

More than 200 years ago, Coulomb (1776) presented a theory for active and passive
earth pressures against retaining walls. In this theory, Coulomb assumed that the
failure surface is a plane. The wall friction was taken into consideration. The follow-
ing sections discuss the general principles of the derivation of Coulomb’s earth pres-
sure theory for a cohesionless backfill (shear strength defined by the equation 7, =
o'tan @').

Coulomb’s Active Pressure

Let AB (Figure 12.22a) be the back face of a retaining wall supporting a granular
soil, the surface of which is constantly sloping at an angle a with the horizontal. BC
is a trial failure surface. In the stability consideration of the probable failure wedge
ABC, the following forces are involved (per unit length of the wall):
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(2) (b)

Figure 12.22 Coulomb’s active pressure: (a) trial failure wedge; (b) force polygon

1. W, the weight of the soil wedge.
. F the resultant of the shear and normal forces on the surface of failure, BC.
This is inclined at an angle of ¢’ to the normal drawn to the plane BC.
3. P,, the active force per unit length of the wall. The direction of P, is inclined at
an angle § to the normal drawn to the face of the wall that supports the soil. 5 is
the angle of friction between the soil and the wall.

N

The force triangle for the wedge is shown in Figure 12.22b. From the law of
sines, we have

w P,
= . 2.64
sin(900 + 6 +8 — B+ ¢')  sin(B — ¢') (12.64)
or
= sn(p — ) (12.65)
© sin(90+ 6+ 8— B+ ¢) ’
The preceding equation can be written in the form
cos(® — B)cos(f — a)si - @' 1
P=5vH { _cas(0 — )cos(d — esin(p - &) (1266
2 cos*@sin(B — «)sin(90 + 6 + 8 — B + ¢')

where y = unit weight of the backfill. The values of v, H, 6, @, ¢', and 0 are constants,
and B is the only variable. To determine the critical value of 8 for maximum P,, we
have

dP,

ag

=0 (12.67)
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12.11

Table 12.5 Values of K, [Eq. (12.69)] for § = 0°, & = 0°
& (deg) —

1 &' (deg) 0 5 10 15 . 20 25

28 0.3610 0.3448 0.3330 0.3251 0.3203 0.3186
30 0.3333 0.3189 0.3085 0.3014 0.2973 0.2956
32 0.3073 0.2945 0.2853 0.2791 0.2755 0.2745
34 0.2827 0.2714 0.2633 0.2579 0.2549 0.2542
36 0.2596 0.2497 0.2426 0.2379 0.2354 0.2350
38 0.2379 0.2292 0.2230 0.2190 0.2169 0.2167
40 0.2174 0.2089 0.2045 0.2011 0.1994 0.1995
42 0.1982 0.1916 0.1870 0.1841 0.1828 0.1831

After solving Eq. (12.67), when the relationship of B is substituted into Eq.
(12.66), we obtain Coulomb’s active earth pressure as

P, =K yH? (12.68)
where K, is Coulomb’s active earth pressure coefficient and is given by

cos’(¢’ — 6) |

2 sin(d + ¢')sin(¢’ — a) |’
v o+ [EE TR

K,= " (12.69)

Note that when a = 0°.6 = 0°, and 6 = 0°, Coulomb’s active carth pressure co-
efficient becomes equal to (1 — sin ¢")/(1 + sin ¢'), which is the sume as Rankine’s
earth pressure coefficient given earlier in this chapter. .

The variation of the values of K, for retaining walls with a vertical back (6 = 0°)
and horizontal backfill (@ = 0°) is given in Table 12.5. From this table, note that for
a given value of @', the effect of wall friction is to reduce somewhat the active earth
pressure coefficient.

Graphic Solution for Coulomb’s Active Earth Pressure

An expedient method for creating a graphic solution of Coulomb’s earth pressure
theory was given by Culmann (1875). Culmann’s solution can be uscd for any wall fric-
tion, regardless of irregularity of backfill and surcharges. Hence, it provides a power-
ful technique for estimating lateral earth pressure. The steps in Culmann’s solution
of active pressure with granular backfill (¢’ = 0) are described next, with reference
to Figure 12.23a:

1. Draw the features of the retaining wall and the backfill to a convenient scale.

2. Determine the value of s (degrees) = 90 — 6 — §, where § = thc inclinatiQH_Of
the back face of the retaining wall with the vertical, and § = angle of wall friction-
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(a) ib)

Figure 12.23 Culmann’s solution for active earth pressure

3.
4.
5.
6.
7.

10.

11.

13.

14.

Draw a line BD that makes an angle ¢’ with the horizontal.

Draw a line BE that makes an angle ¢ with line BD.

To consider some trial failure wedges, draw lines BC,, BC,, BC;. ..., BC,.
Find the areas of ABC|, ABC,, ABC;, ..., ABC,.

Determine the weight of soil, W, per unit length of the retaining wall in each of
the trial failure wedges as follows:

W, = (Areaof ABC;) X (y) X (1)

W, = (Area of ABGC,) X (y) X (1)

W; = (Area of ABGC;) X (y) X (1)

W, = (Areaof ABC,) X (y) X (1)

Adopt a convenient load scale and plot the weights W), W,, W;, ..., W, deter-
mined from step 7 on line BD. (Note: Bc, = Wy, Be, = Wy, Bes = Wi, .. .,

Bc, = W,.)

Draw c;ci, ¢3C5, €5C3, - - ., CoCy parallel to the line BE. (Note: ¢, ¢5, ¢5,. .., Chy
are located on lines BCy, BC,, BC;, . . ., BC,, respectively.)
Draw a smooth curve through points ¢i, ¢3, ¢3, . . ., ¢,. This curve is called the

Culmann line.

Draw a tangent B'D’ to the smooth curve drawn in step 10. B'D’ is parallel to
line BD. Let ¢, be the point of tangency.

Draw a line c,c; parallel to the line BE.

Determine the active force per unit length of wall as

P, = (Length of c,c,) X (Load scale)
Draw a line Bc,C,. ABC, is the desired failure wedge.
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Note that the construction procedure entails, in essence, drawing a number of
force polygons for a number of trial wedges and finding the maximum value of the
active force that the wall can be subjected to. For example, Figure 12.23b shows the
force polygon for the failure wedge ABC, (similar to that in Figure 12.22b), in which

W = weight of the failure wedge of soil ABC,

P, = active force on the wall

F = the resultant of the shear and normal forces acting along BC,

B = £ C,BF (the angle that the failure wedge makes with the horizontal)

The force triangle (Figure 12.23b) is simply rotated in Figure 12.23a and is rep-
resented by the triangle Bc,c,. Similarly, the force triangles Bc;cy, Bcycy, Beses, .
Bc,c, correspond to the trial wedges ABC,, ABC,, ABCs,...,ABC,.

The preceding graphic procedure is given in a step-by-step manner only to fa-
cilitate basic understanding. These problems can be easily and effectively solved by
the use of computer programs.

The Culmann solution provides us with only the magnitude of the active force
per unit length of the retaining wall — not with the point of application of the resul-
tant. The analytic procedure used to find the point of application of the resultant can
be tedious. For this reason. an approximate method, which does not sacrifice much
accuracy, can be used. This method is demonstrated in Figure 12.24, in which ABC
1s the failure wedge determined by Culmann’s method. O is the center of gravity of
the wedge ABC. If aline OO is drawn parallel to the surface of sliding, BC, the point
of intersection of this line with the back face of the wall will give the point of appli-
cation of P,. Thus. P,actsat O’ inclined at angle 6 with the normal drawn to the back
face of the wall.

Figure 12.24 Approximate method for finding the point of application of the resultant
active force
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g e ST

Example 12 8

A la-ft-hl,,h retammg wall wnth a crranular soxl backﬁll is shown in Flgure 12 75 :

e e,
[ O SRR N K

Given that y =1001b/ft%, ¢’ = 35° 9 5° 'ands =107, determme the active thrust i
per foot Iength‘of the waﬂ L , A

Solu’aon : ; _ 4 i i .
For this problem Y= 90 = B & 8 = 90° - 5° - 10° =75, The OTaphlc construc-
tlon 1s shown in F1gure 12 25 The wewhts of the wedges cons1dered are as foﬂows :

Wedge i M_Vnght (Ib)

= h38)(r. 88)(100) 3916
3,916 + [3 (2.36)(18.56)](100) = 6, 106 :
6,106 + [5(2.24)(19.54)](100) = 8295
8295 + [3(2.11)(20.77)](100) = 10,486
710,486 + [ (1.97)(22.22)](100) = 12,675

St { 2.5 ft 251t
< — ~
¢, c2 ‘C CJ Cs

|

Weight (1000 Ib)
i, T oy S e
1 2 3 4 35
P Length (ft)
8=5°

12345

F:gure 12 25 Culmanns soluuon for deterrmmno active thrust per umt Iencth of wall'
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InFigure1225. -~ .

o Boo12,

thrust per unit length of the wa

- 12.12  Active Force on Retaining Walls
with Earthquake Forces

Coulomb’s analysis for active force on retaining walls discussed in Section 12.10 can
be conveniently extended to include earthquake forces. To do so, let us consider a
retaining wall of height H with a sloping granular backfill as shown in Figure 12.26a.
Let the unit weight and the friction angle of the granular soil retained by the wall be
equal to y and @', respectively. Also, let § be the angle of friction between the soil and
the wall. ABC is a trial failure wedge. The forces acting on the wedge are as follows:

1. Weight of the soil in the wedge, W
2. Resultant of the shear and normal forces on the failure surface BC, F

»
tanl

kW

kh “,

(a) (b)

Figure 12.26 Active force on a retaining wall with earthquake forces
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3. Active force per unit length of the wall, Py,
4. Horizontal inertial force, k,W
5. Vertical inertial force, k,W

Note that
: Horizontal component of earthquake acceleration
8
Vertical component of earthquake acceleration
k, = (12.71)

o
[}

where g = acceleration due to gravity.

The force polygon demonstrating these forces is shown in Figure 12.26b. The
dynamic active force on the wall is the maximum value of P,, exerted by any wedge.
This value can be expressed as

P,y = yHY(1 = k,)K, (12.72)

yvhere
K. = ~ cos¥(¢’ — 8 — B)
- cos’ @ cosEc’os(S + 0+ E){l + {Sm(a + @')sm_(:j;’ e B)}m}h
S L cos(8 + 6 + B)cos(f — )
(12.73)
and
(12.74)

Note that with no inertia forces from earthquakes, Bis equal to 0. Hence, K = K,
as given in Eq. (12.69). Equations (12.72) and (12.73) are generally referred to as the
Mononobe-Okabe equations (Mononobe, 1929; Okabe, 1926). The variation of X
with § = 0° and &, = 0O is given in Table 12.6. : ’

Considering the active force relation given by Eqs. (12.72) through (12.74), we
find that the term sin (¢’ — a — B) in Eq. (12.73) has two important implications.
First,if ¢’ —a — B < 0(i.e, negative), no real solution of K} is possible. Physically,
this implies that an equilibrium condition will not exist. Hence, for stability, the lim-
iting slope of the backfill may be given as '

a=<¢ — B (12.75)



Table 12.6 Values of K/, [Eq. (12.73)] with 6 = 0°and k, = 0

¢’ (deg)
ks, 5(deg) « (deq) 28 30 35 40 45
0.1 0 0 0.427 0.397 0.328 0.268 0.217
0.2 0.508 0.473 0.396 0.382 0.270
0.3 0.611 0.569 0.478 0.400 0.334
0.4 0.753 0.697 0.581 0.488 0.409
0.5 1.005 0.890 0.716 0.596 0.500
0.1 0 5 0.457 0.423 0.347 0.282 0.227
0.2 0.554 0.514 0.424 0.349 0.285
0.3 0.690 0.635 0.522 0.431 0.356
0.4 0.942 0.825 0.653 0.535 0.442
0.5 - — 0.855 0.673 0.551
0.1 0 10 0.497 0.457 0.371 0.299 0.238
0.2 0.623 0.570 0.461 0.375 0.303
0.3 0.856 0.748 0.585 0.472 0.383
0.4 - — 0.780 0.604 0.486
0.5 —_ - — 0.809 0.624
0.1 &2 0 0.396 0.368 0.306 0.253 0.207
0.2 0.485 0.452 0.380 0.319 0.267
0.3 0.604 0.563 0.474 0.402 0.340
0.4 0.778 0.718 0.599 0.508 0.433
0.5 1.115 0.972 0.774 0.648 0.552
0.1 &2 5 0.428 0.396 0.326 0.268 0.218
0.2 0.537 0.497 0.412 0.342 0.283
0.3 0.699 0.640 0.526 0.438 0.367
0.4 1.025 0.881 0.690 0.568 0.475
0.5 - —_ 0.962 0.752 0.620
0.1 a2 10 0.472 0.433 0.352 0.285 0.230
0.2 0.616 0.562° 0.454 0.371 0.303
0.3 0.908 0.780 0.602 0.487 0.400
0.4 — —_ 0.857 0.656 0.531
0.5 - — —_ 0.944 0.722
2
0.1 ';:qb 0 0.393 0.366 0.306 256 0.212
0.2 0.486 0.454 0.384 0.326 0.276
0.3 0.612 0.572 0.486 0.416 0.357
04 - 0.801 0.740 0.622 0.533 0.462 ,
0.5 1.177 1.023 0.819 0.693 0.600
0.1 %d) 5 0.427 0.395 0.327 0.271 0.224
0.2 0.5341 0.501 0.418 0.330 0.294
0.3 0.714 0.655 0.541 0.455 0.386
0.4 1.073 0.921 0.722 0.600 0.509
0.5 - — 1.034 0.812 0.679
2 -
0.1 3 ¢ 10 0.472 0.434 0.354 0.290 0.237
0.2 0.625 0.570 0.463 0.381 0.317
0.3 0.942 0.807 0.624 0.509 0.423
0.4 — — 0.909 0.699 0.573
0.5 — — —_ 1.037 0.800
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For no earthquake condition, g = 0°% for stability, Eq. (12.75) gives the familiar
relation

a=¢ (12.76)
Second, for horizontal backfill, @ = 0°; for stability,
B=¢ (12.77)

Because 8 = tan"![k,/(1 — k,)]. for stability, combining Egs. (12.74) and (12.77) re-
sults in

ky, = (1 — k,)tan ¢’ (12.78a)
Hence, the critical value of the horizontal acceleration can be defined as
kh(cr) = (1 - kv)tan dDI (1278b)

where ky (., = critical of horizontal acceleration (Figure 12.27).

Location of Line of Action of Resultant Force, P,,

Seed and Whitman (1970) proposed a simple procedure to determine the location of
the line of action of the resultant, P,.. Their method is as follows:
1. Let
P, =P, + AP, (12.79)

g

where P, = Coulomb’s active force as determined from Eq. {12.68)
AP, = additional active force caused by the earthquake effect

Calculate P, [Eq. (12.68)].
Calculate P,, [Eq. (12.72)].
Calculate AP,, = P,, — P,.

: Y4
oo/

e
7

0 10 20 30 40
Soil friction angle. &' (deg)

™
I

Cal

N\
\

Figure 12.27 Critical values of horizontal acceleration (Eq. 12.78b)
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Figure 12.28 I ocation of the line of action of P,,

5. According to Figure 12.28, P, will act at a distance of H/3 from the base of the
wall. Also, AP,, will act at a distance of 0.6H from the base of the wall.
6. Calculate the location of P,, as

H
P(,(?) + AP(0.6H)
= 12.80
P ( )

where z = distance of the line of action of P,, from the base of the wall.

2]

Note that the line of action of P,, will be inclined at an angle of 6 to the normal
drawn to the back face of the retaining wall. It is very important to realize that this
method of determining P, is approximate and does not actually model the soil
dynamics.

Example 12. 9

For a retammg wall thh a cohesmnless soil backﬁll Y= 15 5 kN/m qb = 30° 6=
15°,8=0°%a=0°H=4m,k,=0,and k, = 0.2. Determme Pae Also determine
the Iocatlon of the resultant hne of actlon of P,,e— that is, ‘

|"'

Sotut!on
To determme PM, we use Eq (12 72)

, o P,= i')’Hz(l '“S )K'
We are gwen thatqb = 30° and é‘ 15° so ‘,. ’ S
2
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Also, 6 = 0°, a = (°, k;, = 0.2. From these values and Table 126 we ﬁnd that the
magmtude of K, is equal to 0.452. Hence, «

P, =1(15.5)(4)%(1 — 0)(0.452) = 56.05 kN/m
, V;We now locate the resultant line of action. From Eq.i (12.68),
| P, =K yH’ |
For ¢’ = 30° and & = 15°, K, = 0.3014 (Table 12.5), so
- P, = 1(0.3014)(15.5)(4)> = 37.37 kN/m
Hence, A P,, = 56.05 — 37.37 = 18.68 kN/m. From Eq. (12.80),

| Pa(—?) +AR(O6H) (37.37)(%) . (18.68’)(2.4’)

z= P = S6.05 =1.69m =

P.. for c’-¢' Soil Backfill

The Mononobe-Okabe equation for estimating P,, for cohesionless backfill de-
scribed in Section 12.12 can also be extended to ¢'-¢’ soil (Prakash and Saran, 1966;
Saran and Prakash, 1968). Figure 12.29 shows a retaining wall of height / with a hor-
izontal ¢’-¢" backfill. The depth of tensile crack that may develop in a ¢’-¢' soil was
given in Eq. (12.44) as

2¢!

PO —

“ yVK,

where K, = tan’(45 — ¢'/2).

Figure 12.29 Trial failure wedge behind a retaining wall with a ¢’-¢’ backfill
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Refering to Figure 12.29 the forces acting on the soil wedge (per unit length of
the wall) are as follows:

1. The weight of the wedge ABCDE, W

2. Resultant of the shear and normal forces on the failure surface CD, F
3. Active force, P,,

4. Horizontal inertia force, k, W

5. Cohesive force along CD, C = ¢(CD)

6. Adhesive force along BC, C' = ¢(BC)

It is important to realize that the following two assumptions have been made:

1. The vertical inertia force (k,W) has been taken to be zero.
2. The unit adhesion along the soil-wall interface (BC) has been taken to be
equal to the cohesion (c) of the soil. ’

Considering these forces, we can show that

Pp = y(H — 2,))N}, = ¢'(H — z,)N. (12.81)
where
cosn’ secf + cos ' seci
N, = i )
((n +0.5)(tan @ + tani) + n*tan 6)[cos(i + ¢') + ky, sin(i + ¢’
Ny, = L( ) ) i N[cos(i + ¢') + Kk, sin(i + ¢')] (12.83)
sin(n" + &)
in which
n=0+i+¢ (12.84)
Lo
nET Z (12.85)

The values of N, and N, can be determined by optimizing each coefficient sepa-
rately. Thus, Eq. (12.81) gives the upper bound of P,,.
For the static condition, &k, = 0. Thus,

P =y(H = 2,)’N,, — ¢'(H — 2,) N, (12.86)

The relationships for N,. and N,, can be determined by substituting k, = 0 into
Egs. (12.82) and (12.83). Hence,

cos n' sec 6 + "sec i ‘
N, =N = 7' sec cos @' seci (12.87)

sin(n' + §8)
N, + 0. )+ n [+ &
N, = Mo _ln+05)(an + @) + o tanoJeosti £ 8) 1) e
A sin(n’ + §)

The variations of N,., N,,, and A with ¢’ and § are shown in Figures 12.30 throngh
12.33.
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Earth pressure coefficient, N,

' (deg)

Figure 12.30 Variation of N,. = N, with ¢’ and @ (based on Prakash and Saran, 1966, and
Saran and Prakash, 1968)

1.0 , ) i :
1
n=0.2 [
z 0.8 i
P
3 -0 =20°
2 06 15°
= (=}
§ 10o
2 _
Z 04
= . P—
g 02 \:
\.-'“‘b———
i —
0 ] ’ |
0 5 10 15 20 25 30 35 40 45

d' (deg)

Figure 12.31 Variation of N,, with ¢" and 8 (n = 0.2) (based on Prakash and Saran, 1966,
ar}fﬂ /Sa}ran{ and Prakash, 1968)
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1.0

o
o0

o
foN

[}
S

Earth pressure coefficient, Ny

e
[

5 30 35 40 45

(S I

0 5 10 15 20
' (deg)

Figure 12.32 Variation of Nay with ¢' and 6 (n = 0) (based on Prakash and Saran, 1966,

and Saran and Prakash, 1968)

Angle of internal friction, ¢’

Figure 12.33 Variation of A with k;, ¢', and 6 (based on Prakash and Saran, 1966, and
Saran and Prakash, 1968)
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Example 12 10

: For aretaining wall, the followmc are given:
H= 28 ft ¢ =210/
6 = +10° =118 1b/ft3
¢ = 20° k,, = 0.1

Determme the magmtude of the active force, P,,.

Solutlon ,
From Eq. (12 44)
2 2 (2)(210)
YVE ta.n(45 - f’;i—) (118)tan(45 ——%Q)
From Eq. (12.85),
S T — Y Y

H-2z, 28-508
From Egs. (12.81), (12.87), and (12.88),
P =y(H = 2,)'(ANyy) — ¢'(H = 2,)Npe
For§ = 10°, ¢’ = 20°, k; = 0.1,and n ~ 0.2,
' N,.=167 (Figure 12.30)
, Na;“~_>,0;375 (Flgure 12. 31)

')L =1. 17 (F}gure 12. 33)

Thus, -

= 19,160 lb/ff._f :

Coulomb’s Passive Pressure

Figure 12.34a shows a retaining wall with a sloping cohensionless backfill similar to
that considered in Figure 12.22a. The force polygon for equilibrium of the wedge ABC
for the passive state is shown in Figure 12.34b. P, is the notation for the passive force.
Other notations used are the same as those for the active case (Section 12.10). In a
procedure similar to the one that we followed in the active case [Eq. (12.68)], we get

P, = 3 ‘eyH% , (12.89)
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(2)

[180—-(90~6+8)~ (B+0")

(b)

Figure 12.34 Coulomb’s passive pressure: (a) trial failure wedge; (b) force polygon

where K, = Coulomb’s passxve earth pressure coefficient, or

cosz(«i)' + 9)

(12.90)

Fora fI‘lCthl’ll&SS waﬂ with the vertical back face suppomng granular soil back-
fill with a horizontal surface (that is, # = 0°, @ = 0°, and § = 0°), Eq. (12.90) yields

1 + sin ¢’ !
K =~———-———S%n¢. =tan2(45+‘¢—)
n 2
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Table 12.7 Values of K, [Eq. 12.90] for 8 = 0°,a = 0°

b (deg} —
L ¢’ (deg) 0 5 10 15 20
15 1.698 1.900 2.130 2.405 2.735
20 2.040 2313 2.636 3.030 3.525
25 2.464 2.830 3.286 3.855 4597
30 3.000 3.506 4.143 4.977 6.105
35 3.690 4.390 5.310 6.854 8.324
- 40 4.600 5.590 6.946 8.8370 11.772

This relationship is the same as that obtained for the passive earth pressure coeffi-
cient in Rankine’s case, given by Eq. (12.30). '

The variation of K, with ¢’ and & (for § = 0° and @ = 0°) is given in Table 12.7.
We can see from this pable that for given value of ¢’, the value of K, increases with
the wall friction.

Passive Force on Retaining Walls
with Earthquake Forces

Figure 12.35 shows the failure wedge analysis for a passive force against a retaining
wall of height / with a granular backfill and earthquake forces. As in Figure 12.25,
the failure surface is assumed to be a plane. P, is the passive force. All other nota-
tions in Figure 12.35 are the same as those in Figure 12.26. Following a procedure
similar to that used in Section 12.12. (after Kapila, 1962) we obtain

P, = %’yf{z(‘l‘ ~ k,)K, (12.91)

pe

s

Figure 12.35
Passive force on a
retaining wall with

earthquake forces
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5

/

Y/
B
7

] ; Figure 12.36

25 30 35 40 Variation of K, with k, for
¢’ (deg) ky=a=0=6=0

- where
cos¥(¢' + 6 — B)

Kp = i "Vgi ! —_ 2 2
’ cos® § cos® B cos(8 — 0 + E){l _ {51“(5 + ¢ )51n£¢ +a ﬁ)}” }
cos(& — 6 + B)cos(a — 6)

(12.92)
in which B8 = tan"1< ki )
1-k,
Figure 12.36 shows a plot of K, with ¢’ for various values of k; (for k, = a =
§=256=0).
- 12.16 Summary and General Comments

This chapter covers the general topics of lateral earth pressure, including the
following:

1. At-rest earth pressure
2. Active earth pressure — Rankine’s and Coulomb’s
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3. Passive earth pressure — Rankine’s and Coulomb’s
4. Pressure on retaining wall due to surcharge (based on the theory of elasticity)
5. Active and passive earth pressure, which includes earthquake forces. This is an

extension of Coulomb’s theory

For design, it is important to realize that the lateral active pressure on a retain-
ing wall can be calculated using Rankine’s theory only when the wall moves suffi-
ciently outward by rotation about the toe of the footing or by deflection of the wall.
If sufficient wall movement cannot occur (or is not allowed to occur) then the lateral
earth pressure will be greater than the Rankine active pressure and sometimes may
be closer to the at-rest earth pressure. Hence, proper selection of the lateral earth
pressure coefficient is crucial for safe and proper design. It is a general practice to as-
sume a value for the soil friction angle (¢’) of the backfill in order to calculate the
Rankine active pressure distribution, ignoring the contribution of the cohesion (¢').
The general range of ¢’ used for the design of retaining walls is given in the follow- .
ing table:

Soil friction
Soil type angle, ¢’ (deg)
Soft clay 0-15
Compacted clay 20-30
Dry sand and gravel 30-40
Silty sand 20-30

In Section 12.5, we saw that the lateral earth pressure on a retaining wall is
greatly increased in the presence of a water table above the base of the wall. Most
retaining walls are not designed to withstand full hydrostatic pressure; hence, it is im-
portant that adequate drainage facilities are provided to ensure that the backfill soil
does not become fully saturated. This can be achieved by providing weepholes at
regular intervals along the length of the wall.

Problems

12.1-12.6 Assuming that the wall shown in Figure 12.37 is restrained from yield-
ing, find the magnitude and location of the resultant lateral force per unit
width of the wall. '

Problem H ¥ @'
12.1 10 ft 110 Ib/fe? 32°
12.2 12 ft 98 Ib/ft3 28°
12.3 18 ft 100 Ib/fe? 40°
12.4 3m 17.6 kN/m? 36°
12.5 4.5 m 19.95 kN/m* 42°
12.6 55m 17.8 kN/m? 37°

12.7 Consider a 5-m-high retaining wall that has a vertical back face with a hori-
zonta: backfill. A vertical point load of 10 kN is placed on the ground surface
at a distance of 2 m from the wall. Calculate the increase in the lateral force
on the wall for the section that contains the point load. Plot the variation of
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4

Sand

Unit weight =y (or density = p)
H g o'

. c'=0
8 (angle of wall friction) =0

T Figure 12.37

the pressure increase with depth. Use the modified equation given in Sec-
tion 12.4. :

12.8-12.11 Assume that the retaining wall shown in Figure 12.37 is frictionless.
For each problem, determine the Rankine active force per unit length of the
wall, the variation of active earth pressure with depth, and the location of
the resultant.

Problem H ¢’ (deg) v
12.8 15 ft 30 105 1b/ft
12.9 18 ft 32 100 1b/ft?
12.10 4m 36 +18 kN/m?
12.11 5m 40 17 kN/m?

12.12-12.14 A retaining wall is shown in Figure 12.38. For each problem, deter-
mine the Rankine active force, P,, per unit length of the wall and the loca-
tion of the resultant.

ull b2
Problem H H, ' ¥ ) Yo (deg) (deg) q
12.12 10 ft 5ft 105 1b/fe? 122 Ib/ft? 30 30 0
12.13 20 ft 6 ft 110 Ib/ft? 126 1b/ft> 34 34 300 Ib/ft

12.14 6m 3m 15.5 kN/m? 19.0kN/m®* 30 36 15 kN/m?

Surcharge = ¢
TR )
B l Sand
455
E 3. H, k!
= o'
= l ¢ =0
3 + Ground water table
e o " -
= =
.2
:‘ﬁ Sand
= Y, (saturated unit weight)
B 0,
cy=0
Y

Figure 12.38
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12.15 A 15-ft-high retaining wall with a vertical back face retains a homogeneous
saturated soft clay. The saturated unit weight of the clay is 122 1b/ft>. Labora-
tory tests showed that the undrained shear strength ¢, of the clay is equal to
350 Ib/fts.

a. Make the necessary calculations and draw the variation of Rankine’s ac-
tive pressure on the wall with depth.

b. Find the depth up to which a tensile crack can occur.

c. Determine the total active force per unit length of the wall before the ten-
sile crack occurs.

d. Determine the total active force per unit length of the wall after the tensile
crack occurs. Also find the location of the resultant.

12.16 Redo Problem 12.15 assuming that the backfill is supporting a surcharge_of
200 1b/ft2. :

12.17 A 5-m-high retaining wall with a vertical back face has a ¢’-&’ soil for back-
fill. For the backfill, y = 19 kN/m’, ¢’ = 26 kN/m? and ¢’ = 16°. Considering
the existence of the tensile crack, determine the active force P, on the wall
for Rankine’s active state.

12.18 For the retaining wall shown in Figure 12.39, determine the active force P,
for Rankine’s state. Also, find the position of the resultant. Assume that the
tensile crack exists.

p = 2100kg/m’, ¢ = 0°, ¢ = ¢, = 30.2 kN/m’

12.19 Repeat Problem 12.18 using the following values:
p =1950kg/m’, &' = 18° ¢’ = 19.4 kN/m"

12.20-12.23 Assume that the retaining wall shown in Figure 12.37 is frictionless.
For each problem, determine the Rankine passive force per unit length of
the wall, the variation of lateral pressure with depth, and the location of the

resultant.

Problem H ¢’ (deg) Y
12.20 8 ft 34 110 tb/fe?
12.21 10 ft 36 105 1b/ft?
12.22 Sm 35 14 kN/m?
12.23 4m 30 15 kN/m?

12.24 For the retaining wall described in Problem 12.12, determine the Rankine
passive force per unit length of the wall and the location of the resultant.

Clay

cc
9,0
density = p

Figure 12.39
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Sand

Unit weight = y (or density = p)
c'=
'=36°
8 (wall friction)

Figure 12.40

12.25

12.26

12.27

|

For the retaining wall described in Problem 12.13, determine the Rankine
passive force per unit length of the wall and the location of the resultant.

A retaining wall is shown in Figure 12.40. The height of the wall is 5 m, and
the unit weight of the sand backfill is 18 kN/m?. Using Coulomb’s equation,
calculate the active force P, on the wall for the following values of the angle
of wall friction:

a. 6 =18

b. 6 = 24°

Comment on the direction and location of the resultant.

Referring to Figure 12.41, determine Coulomb’s active force P, per umt
length of the wall for the followmg cases:

a. H=15ft, =85 n=1,H, =20ft,y = 128 Ib/ft’, p' = 38°, 6 = 20°

b. H=181ft, 3 =90° n=2,H, =22 ft,y = 116 Ib/ft’, ¢’ = 34°,6 = 17°

c. H=55m,=80%n=1H =65m,y=1680keg/m?, ¢’ =30°6 = 30°
Use Culmann’s graphic construction procedure.

Cohesionless soil

Unit weight = vy (or density = p) H,
¢'=0
o'
8 (angle of wall friction)

Figure 12.41
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12.28 Refer to Figure 12.26. Given that H = 6 m, 6 = 0°, a = 0°, y = 15 kN/m’,
¢ =358 =2/3¢, k, =03, and k, = 0, determine the active force P, per
unit length of the retaining wall.

12.29 Refer to Problem 12.28. Determine the location of the point of intersection
of the resultant force P,, with the back face of the retaining wall.

12.30 Repeat Problem 12.28 with the following Values: H = 10 ft, 8 = 10°, « = 10°,
y =110 1b/ft>, ¢' = 30°, 8 = 10°, k, = 0.25, and k, = 0.

12.31 Refer to Figure 12.29. Given that H = 6 m, 6 = 10°, ¢" = 15°, ¢’ = 20 kN/m?,
y = 19 kN/m’, and k, = 0.15, using the method described in Section 12.13,
determine P,,. Assume that the depth of tensile crack is zero.

12.32 Repeat Problem 12.31 with the following Values: H = 10 ft, 6 = 5°, ¢’ = 20°,
¢’ =200 1b/ft?, y = 100 Ib/ft?, and k,, = 0.25.
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13.1

In Chapter 12, we considered Coulomb’s earth pressure theory, in which the retain-
ing wall was considered to be rough. The potential failure surfaces in the backfill were
considered to be planes. In reality, most failure surfaces in soil are curved. There are
several instances where the assumption of plane failure surfaces in soil may provide
unsafe results. Examples of these cases are the estimation of passive pressure and
braced cuts. This chapter describes procedures by which passive earth pressure and
lateral earth pressure on braced cuts can be estimated using curved failure-surfaces
in the soil.

Retaining Walls with Friction

In reality, retaining walls are rough, and shear forces develop between the face of the
wall and the backfill. To understand the effect of wall friction on the failure surface,
let us consider a rough retaining wall AB with a horizontal granular backfill as shown
in Figure 13.1.

In the active case (Figure 13.1a), when the wall AB moves to a position A'B,
the soil mass in the active zone will be stretched outward. This will cause a downward
motion of the soil relative to the wall. This motion causes a downward shear on the
wall (Figure 13.1b), and it is called a positive wall friction in the active case. If & is
the angle of friction between the wall and the backfill, then the resultant active force
P, will be inclined at an angle & to the normal drawn to the back face of the retain-
ing wall. Advanced studies show that the failure surface in the backfill can be rep-
resented by BCD, as shown in Figure 13.1a. The portion BC is cuived, and the pui-
tion CD of the failure surface is a straight line. Rankine’s active state exists in the
zone ACD. :

Under certain conditions, if the wall shown in Figure 13.1a is forced downward
with reference to the backfill, the direction of the active force P, will change as
shown in Figure 13.1c. This is a situation of negative wall friction (—§) in the active
case. Figure 13.1c also shows the nature of the failure surface in the backfill.

The effect of wall friction for the passive state is shown in Figures 13.1d and ¢.
When the wall AB is pushed to a position A’B (Figure 13.1d), the soil in the passive
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Figure 13.1 Effect of wal] friction on failure surface
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13.2

zone will be compressed. The result is an upward motion relative to the wall. The up-
ward motion of the soil will cause an upward shear on the retaining wall (Figure 13.1e).
This is referred to as positive wall friction in the passive case. The resultant passive
force, P, will be inclined at an angle & to the normal drawn to the back face of the
wall. The failure surface in the soil has a curved lower portion BC and a straight up-
per portion CD. Rankine’s passive state exists in the zone ACD.

If the wall shown in Figure 13.1d is forced upward relative to the backfill by a
force, then the direction of the passive force P, will change as shown in Figure 13.1f.
This is negative wall friction in the passive case (—8). Figure 13.1f also shows the na-
ture of the failure surface in the backfill under such a condition.

For practical considerations, in the case of loose granular backfill, the angle of
wall friction 6 is taken to be equal to the angle of friction of soil, ¢'. For dense granu-
lar backfills, & is smaller than ¢’ and is in the range of ¢'/12 = 6 = (2/3)¢".

The assumption of plane failure surface gives reasonably good results while cal-
culating active earth pressure. However, the assumption that the failure surface is a
plane in Coulomb’s theory grossly overestimates the passive resistance of walls, par-
ticularly for 6 > ¢'/2.

Properties of a Logarithmic Spiral

The case of passive pressure shown in Figure 13.1d (case of +§) is the most common
one encountered in design and construction. Also, the curved failure surface repre-
sented by BC in Figure 13.1d is most commonly assumed to be the arc of a logarith-
mic spiral. In a similar manner. the failure surface in soil in the case of braced cuts
(Sections 13.6 to 13.10) is also assumed to be the arc of a logarithmic spiral. Hence,
some useful ideas concerning the properties of a logarithmic spiral are described in
this section.

The equation of the logarithmic spiral generally used in solving problems in
soil mechanics is of the form

o= el (13.1)

where » = radius of the spiral
r, = starting radius at § = 0
¢' = angle of friction of soil
6 = angle between r and r,

I

Il

The basic parameters of a logarithmic spiral are shown in Figure 13.2, in which O is
the center of the spiral. The area of the sector OAB is given by

A= L %r(r de) (13.2)
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Figure 13.2
General parameters of a logarithmic spiral

Substituting the values of r from Eq. (13.1) into Eq. (13.2). we get

6,
A= J _l_ ,8 tan ¢’ d9
) 2

rl'—' r
, 4Vtan¢ :

(13.3)

The location of the centroid can be defined by the distances 7 and 7 (Figure 13.2),
measured from OA and OB, respectively, and can be given by the following equa-
tions (Hijab, 1956):

(13.4)

“lltan (]5' e 'r
J(Qtan’¢’ 1))

(13.5)

Another important property of the logarithmic spiral defined by Eq. (13.1) is
that any radial line makes an angle ¢’ with the normal to the curve drawn at the point
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where the radial line and the spiral intersect. This basic property is particularly use-
ful in solving problems related to lateral earth pressure.

PASSIVE EARTH PRESSURE

Procedure for Determination of Passive Earth
Pressure, P, (Cohesionless Backfill)

'Figure 13.1d shows the curved failure surface in the granular backfill of a retaining

wall of height H. The shear strength of the granular backfill is expressed as
T, =o' tan ¢’ (13.6)

The curved lower portion BC of the failure wedge is an arc of a logarithmic spiral
defined by Eq. (13.1). The center of the log spiral lies on the line CA (not necessar-
ily within the limits of points C and A). The upper portion CD is a straight line that
makes an angle of (45 — ¢'/2) degrees with the horizontal. The soil in the zone ACD
is in Rankine’s passive state.

Figure 13.3 shows the procedure for evaluating the passive resistance by trial
wedges (Terzaghi and Peck, 1967). The retaining wall is first drawn to scale as shown
in Figure 13.3a. The line C;A is drawn in such a way that it makes an angle of (45 —
¢'/2) degrees with the surface of the backfill. BC,D, is a trial wedge in which BC is
the arc of a logarithmic spiral. According to the equation r; = r,e?**"¢, O, is the center
of the spiral. (Note: O,B = r, and O,C, = r, and £BO,C, = 0, refer to Figure 13.2.)

Now let us consider the stability of the soil mass ABC,C} (Figure 13.3b). For
equilibrium, the following forces per unit length of the wall are to be considered:

1. Weight of the soil in zone ABC,C} = W, =(y)(Area of ABC,C})(1).
2. The vertical face, C,C1. is in the zone of Rankine’s passive state; hence, the
force acting on this face is ’

Py = %y(d])2 tan2<45 + %) (13.7)
-where d; = —C_]Z‘_; P4y acts horizontally at a distance of d,/3 measured verti-
cally upward from C;.

3. F,is the resultant of the shear and normal forces that act along the surface of
sliding, BC,. At any point on the curve, according to the property of the loga-
rithmic spiral, a radial line makes an angle ¢’ with the normal. Because the re-
sultant, F;, makes an angle ¢’ with the normal to the spiral at its point of ap-
plication, its line of application will coincide with a radial line and will pass
through the point O;.

4. P, is the passive force per unit length of the wall. It acts at a distance of H/3
measured vertically from the bottom of the wall. The direction of the force P,
is inclined at an angle 6 with the normal drawn to the back face of the wall.

Now, taking the moments of W,, P, Fy, and P, about the point Oy, for equi-
librium, we have

vvl[[\-‘\’(l)] + Pd(])]:ll] + F}[O] = Pl[lP(l)] (138)



13.3 Procedure for Determination of Passive Earth Pressure, P, (Cohesionless Backfill)

Granuiar soil

(a)

Qe [y |y >
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Figure 13.3 Passive earth pressure against retaining wall with curved failure surface
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134

or

1

A=

[WIIW QT Pd(l 1] (13.9)
where Iy, ;. and Ip;) are moment arms for the forces Wi, Py, and Py, respectively.

The preceding procedure for finding the trial passive force per unit length of
the wall is repeated for several trial wedges such as those shown in Figure 13.3c. Let
Py, P,, Ps, ..., P, be the forces that correspdnd to trial wedges 1, 2, 3, .. ., n, respec-
tively. The forces are plotted to some scale as shown in the upper part of the figure.
A smooth curve is plotted through the points 1,2, 3, . . ., n. The lowest point of the
smooth curve defines the actual passive force, P,, per umt length of the wall.

Coefficient of Passive Earth Pressure {Kp)

The passive force per unit length of a rough retaining wall with a cohesionless hori-
zontal backfill can be calculated as

P, = 2yHIK

id - 2 ) 1 (13.10)

P

where K, = passive pressure coefficient.

For the definition of H,, see Figure 13.4. The variation of K, determined by
Caquot and Kerisel (1948) is also shown in Figure 13.4.

Itisimportant to note that the K, values shown in Figure 13.4 are for 6/¢’ = 1.
If 8/¢’ # 1, the following procedure must be used to determine K,

Assume éand @'.

Calculate 8/¢".

Using the ratio of 8/¢’ (step 2), determine the reduction factor, R, from
Table 13.1.

Determine K, from Figure 13.4 for &/¢" = 1.

Calculate K, for the required 6/¢" as

Kp‘: (R)[Kp(5/¢'=])] (13.11)

W

S

Shields and Tolunay (1973) improved the trial wedge solution described in Sec-
tion 13.3 by using the method of slices to consider the stability of the trial soil wedge
such as ABC,Cy in Figure 13.3a. The details of the analysis are beyond the scope of
this text. However, the values of K, (passive earth pressure coefficient) obtained by
this method are given in Table 13. 2 and they seem to be as good as any other set of
values available currently. Note that the values of K, shown in Table 13.1 are for re-
taining walls with a vertical back (thatis, § = 0 in Flgure 13.3) supporting a granular
backfill with a horizontal ground surface. The passive pressure for such a case can be
given as

1
Pp = E}IHZKP
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Table 13.1 Caquot and Kerisels Reduction Factor, R, for Passive Pressure Calculation
8/’
¢ 0.7 0.6 0.5 0.4 0.3 0.2 0.1 0.0

10 0.978 0.962 0.946 0.929 0.912 0.898 0.881 0.864
15 0.961 0.934 0.907 0.881 0.854 0.830 0.803 0.775
20 0.939 0.901 0.862 0.824 0.787 0.752 0.716 0.678
25 0.912 0.860 0.808 0.759 0.711 0.666 0.620 0.574
30 0.878 0.811 0.746 0.686 0.627 0.574 0.520 0.467
35 0.836 0.752 0.674 0.603 0.536 0.475 0.417 0.362
- 40 0.783 0.682 0.592 0.512 0.439 0.375 0.316 0.262
45 0.718 0.600 0.500 0.414 0.339 0.276 0.221 0.174

Table 13.2 Shields and Tolunay’s Values of K, Based on the Method of Slices

3 (deg)
¢’ (deg) O 5 10 15 20 25 30 35 40 45
20 204 226 243 2355 2.70
25 246 277 303 323 3.39 3.63
30 300 343 380 413 440 4.64 5.03
35 3.69 429 484 534 5.80 6.21 6.59 7.25
40 469 544 626 7.05 7.80 8.51 9.18 9.83 11.03
45 583 7.06 300955 1080 12.04 1326 1446 1560  18.01

427
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' a Coulomb s theory o
b curved fallure_surface assumptxon (Caquot and Kerise

I .b': From Eq. (13 10) e A
P, =1K sz f qK ny“ (because e = 0°,H = - 1,

From Figure 13 4 forf) O° slp' =1, and (,‘b' = 30° the Valuek fK is ' _,'
6.4. From Table 13.1, for 8/¢’ = 15/30 = 0.5, the reduction factor R is™
0.746. Thus, per Eq. (13. 11) .

K, = (0746)(64) = 477
so T
| B, =%<477>< 7)3) = 337 KN/m®

c Pp 2 pyH2

: From Table 13 2, for ¢' =30° and 8 = 15" the value of K is 4 1 Hence

p = ( )(4 13)(15 7)(3)2 = 792 kN/m

135 Passive Force on Walls with Earthquake Forces

The passive force on retaining walls with earthquake forces was discussed in Sec-
tion 12.15. In that analysis, the backfill was considered to be a granular soil, and the
failure surface in the backfill was assumed to be a plane. It was shown in Sections 13.3
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Figure 13.5 Logarithmic spiral failure surface for determination of 7,

and 13.4 that for static conditions and when § > ¢'/2. the passive force calculated by
assuming a plane failure surface in the backfill becomes unsafe. For that reason,
Morrison and Ebeling (1995) assumed that the failure surface was an arc of a loga-
rithmic spiral as defined by Eq. (13.1). and they calculated the magnitude of passive
force by including earthquake forces (Figure 13.3). In Figure 13.5. the back face of
the retaining wall is vertical and the backfill is horizontal. Also,

H = height of retaining wall
W = weight of failure wedge
P,, = Passive force per unit length of the wall

& = angle of wall friction

horizontal component of earthquake acceleration

acceleration due to gravity, g

vertical component of earthquake acceleration

k, = : :
‘ acceleration due to gravity, g

Based on Morrison and Ebeling’s analysis, the passive force can be given as

1,
Fp = SYHK, (13.12)

Figure 13.6 shows variation of K, with k; and ¢' for the Mononobe-Okabe solution
[Eq. (12.92)] and for the logarithmic spiral type of failure surface analysis, with 6 =
2¢'13, k, = 0,8 =0° and @ = 0°. As we can see from the figure, for a given value of
ky, the magnitude of K, is always larger when the failure surface is assumed to be a
plane (Mononobe-Okabe solution). This is true for all values of ¢'. Figure 13.7
shows the variation of K, with k;, and & for the Mononobe —Okabe solution and the
logarithmic spiral solution, with k, = 0,¢’ =30°,0 =0°, ¢ = 0°,and 6 = 0, ¢'/2,2¢'/3,
and ¢'.
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12 . : . . .
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0 0.10 0.20 0.30 0.40 0.50 060 k,=0,6=0°anda=0° (based on
kp Morrison and Ebeling, 1995)
12 T T T 3 1
—— Mononobe—Okabe
10 ==~~~ Log spiral i

Figure 13.7

‘ : ! Variation of K, with k, and & (k, = 0,
0 0.10 0.20 0.30 0.40 0.50 0.60 &' =30°6 =0°a=0° (based on
kn Morrison and Ebeling, 1995)

BRACED CUTS

13.6  Braced Cuts—General

Frequently during the construction of foundations or utilities (such as sewers), open
trenches with vertical soil slopes are excavated. Although most of these trenches
are temporary, the sides of the cuts must be supported by proper bracing systems.
Figure 13.8 shows one of several bracing systems commonly adopted in construction
practice. The bracing consists of sheet piles, wales, and struts.
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Sheet pil
Wale

Strut B

(a) (®)

Figure 13.8 Braced cut: (a) cross section; (b) plan (section at X-.X)

Proper design of these elements requires a knowledge of the lateral earth pres-
sure exerted on the braced walls. The magnitude of the lateral earth pressure at var-
ious depths of the cut is very much influenced by the deformation condition of the
sheeting. To understand the nature of the deformation of the braced walls. one needs
to follow the sequence of construction. Construction of the unit begins with driving
the sheetings. The top row of the wales and struts (marked A in Figure 13.8a) is em-
placed immediately after a small cut is made. This emplacement must be done im-
mediately so that the soil mass outside the cut has no time to deform and cause the
sheetings to yield. As the sequence of driving the sheetings, excavating the soil, and
placing rows of wales and struts (see B and C in Figure 13.8) continues, the sheetings
move inward at greater depths. This action is caused by greater earth pressure ex-
erted by the soil outside the cut. The deformation of the braced walls is shown by the
broken lines in Figure 13.8a. Essentially, the problem models a condition where the
walls are rotating about the level of the top row of struts. A photograph of braced
cuts made for subway construction in Chicago is shown in Figure 13.9a. Figures 13.9b
and 13.9c are photographs of two braced cuts — one in Seoul, South Korea, and the
other in Taiwan.

The deformation of a braced wall differs from the deformation condition of a
retaining wall in that, in a braced wall, the rotation is about the top. For this reason,
neither Coulomb’s nor Rankine’s theory will give the actual earth pressure distribu-
tion. This fact is illustrated in Figure 13.10 on page 433, in which AB is a frictionless
wall with a granular soil backfill. When the wall deforms to position AB’, failure sur-
face BC develops. Because the upper portion of the soil mass in the zone ABC does
not undergo sufficient deformation, it does not pass into Rankine’s active state. The
sliding surface BC intersects the ground surface almost at 90°. The corresponding
earth pressure will be somewhat parabolic, like ach shown in Figure 13.10b. With this
type of pressure distribution, the point of application of the resultant active thrust
P,, will be at a height of n,H measured from the bottom of the wall, with n, > 3 (for
triangular pressure distribution n, = }). Theoretical evaluation and field measure-
ments have shown that n, could be as high as 0.55.
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(®)

Figure 13.9 Braced cuts: (a) Chicago subway construction (courtesy of Ralph B. Peck); ‘
(b) in Seoul. South Korea (courtesy of E. C. Shin, University of Inchon, South Koréa); (c)in
Taiwan (courtesy of Richard Tsai, C&M Hi-Tech Engineering Co., Ltd., Taipei, Taiwan)
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Figure 13.70 Earth pressure distribution against a wall with rotation about the top
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Figure 13.11 shows the laboratory observations of Sherif and Fang (1984) re-
lated to the distribution of the horizontal component of the lateral earth pressure on
a model retaining wall with a dry granular backfill rotating about the top. This figure
clearly demonstrates the nonhydrostatic distribution of the lateral earth pressure for
this type of wall movement.

Determination of Active Thrust on Bracing
Systems of Open Cuts in Granular Soil

The active thrust on the bracing system of open cuts can be theoretically estimated
by using trial wedges and Terzaghis general wedge theory (1941). The basic proce-
dure for determination of the active thrust are described in this section.

Figure 13.12ashows a braced wall AB of height H that deforms by rotating about
its top. The wall is assumed to be rough, with the angle of wall friction equal to é.
The point of application of the active thrust (that is, 7,/ ) is assumed to be known.
The curve of sliding is assumed to be an arc of a logarithmic spiral. As we discussed
in the preceding section, the curve of sliding intersects the horizontal ground surface
at 90°. To proceed with the trial wedge solution, let us select a point b;. From b,, a
line b,bj that makes an angle ¢’ with the ground surface is drawn. (Note that ¢’ =
effective angle of friction of the soil.) The arc of the logarithmic spiral, b;B, which
defines the curve of sliding for this trial, can now be drawn, with the center of the spi-
ral (point O;) located on the line b;b]. Note that the equation for the logarithmic spi-
ral is given by r, = r,e® "% and, in this case, O,b; = r, and O;B = r,. Also, it is in-
teresting to see that the horizontal line that represents the ground surface is the
normal to the curve of sliding at the point by, and that O, b, is a radial line. The angle
between them is equal to ¢', which agrees with the property of the spiral.

To look at the equilibrium of the failure wedge, let us consider the following
forces per unit length of the braced wali:

1. W, = the weight of the wedge ABb, = (Area of ABb;) X (y) X (1)
2. P; = the active thrust acting at a point n,/H measured vertically upward from
the bottom of the cut and inclined at an angle & with the horizontal.
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Figure 13.12

Determination of active force on
bracing system of open cut in
cohesionless soil

3. F, = the resultant of the shear and normal forces that act along the trial failure
surface. The line of action of the force Fy will pass through the point O,.

Now, taking the moments of these forces about O,, we have
Wilhyy] + F(0) — Pllpyy] =0

or

(13.13)

where /iy, and lp(1y are the moment arms for the forces W, and Py, respectively.
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This procedure of finding the active thrust can now be repeated for several
wedges such as 4Bb,. ABbs. ..., ABb, (Figure 13.12b). Note that the centers of
the logarithmic spiral arcs will lie on lines b,b3, bsbs, . . ., b,by,, respectively. The ac-
tive thrusts P,. P,, P, ..., P, derived from the trial wedges are plotted to some scale
in the upper portion of Figure 13.12b. The maximum point of the smooth curve
drawn through these points will yield the desired maximum active thrust, P,, on the
braced wall.

Kim and Preber (1969) determined the values of P,/0.5yH* for braced excava-
tions for various values of ¢', §, and n,. These values are given in Table 13.3. In gen-
eral, the average magnitude of P, is about 10% greater when the wall rotation is
about the top as compared with the value obtained by Coulomb’ active earth pres-
sure theory.

Table 13.3 P,/0.5yH* Against ¢, 6. and n, (¢’ = 0) for Braced Cuts*

P, /0.5y H? P./0.5yH?
FYE C s
(deg) (degl n,=03 n,=04 n,=05 n,=06 (deg) (deg) n,=03 n,=04 n,=05 n,=056
10 0 0653 073 0840 0983 35 0 -0247 0267 0290 0318
S 0623 0700 0799 0933 S 0239 0258 0280 0318
10 0610 0685 0783 0916 10 0234 0252 0273 0300
15 0 0542 0602 0679 0778 15 0231 0249 0270 0.296
) > 002 ! 20 0231 0248 0269  0.295
5 0.518 0.375 0.646 0.739 - -
18 >/ 25 0232 0250 0271 0297
10 0505 0559 0629 0719 > 3 25 !
5 01y o oes ouis 30 023 0254 0276 0302
' ’ ' T 35 . 0.243 0.262 0.284 0.312
4 5 622
200004990495 0551 0622y g 108 0213 0230 0252
S 0430 0473 0526 0593 ’
> 093 S 0192 0206 0223 0244
10 0419 0460 0511 0575
) ’ : > 10 0189 0202 0219 0238
15 0413 0454 0504  0.568 0 | 2
0 0dls o 0s0s  oaeo 15 0187 0200 0216  0.236
e : “ 20 0187 0200 0216  0.235
25 0 0371 0405 0447 0499 25 0188 0202 0218 0237
S 035 0389 0428 0477 30 0192 0205 0222 0241
10 0347 0378 0416  0.464 35 0197 0211 0228 0248
15 0342 0373 0410 0457 40 0205 0220 0237 0259
3 372 04 . )
g_g 8;’2}1 g;;b . 4(1)2 8 jgf 45 0 0156 0167 0180  0.196
' : ' : 5 0152 0163 0175  0.190
30 0 0304 0330 0361  0.400 10 0150 0160 0172  0.187
5 0293 0318 0347 0384 15 0148 0159 0171  0.185
10 0286 0310 0339 0374 20 0149 0159 0171 0185
15 0282 0306 0334 0368 25 0150 0160 0173  0.187
20 0281 0305 0332 0367 30 0153 0164 0176  0.190
25 0284 0307 0335 0370 35 0158 0168 0181  0.196
30 0289 0313 0341 0377 40 0164 0175 0188 0204
45 0173 04184  G.i58  0.213

* After Kim and Preber (1969)
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Table 13.4 Values of P,/0.5yH" for Cuts in a ¢-¢" Soil
with the Assumption ¢, = ¢'(tan &/tan ¢’)*

n, =03 n,=0.4 n, =05
13 and and and

{deg) ¢jyH = 0.1 ¢/yH=0.1 clyH=0.1
@' =15°

0 0.254 0.285 0.322

5 0.214 0.240 0.270
10 0.187 0.210 0.238
15 0.169 0.191 0.218
¢' = 20°

0 0.191 0.210 0.236

5 0.160 0.179 0.200
10 0.140 0.156 0.173
15 0.122 0.127 0.154
20 : 0.113 o 0.124 0.140
o' = 25° : )

0 0.138 0.150 0.167

5 0.116 0.128 0.141
10 0.099 0.110 0.122
15 . 0.085 0.095 0.106
20 0.074 0.083 0.093
25 0.065 0.074 0.083
&' = 30°

0 0.093 0.103 0.113

5 0.078 0.086 0.094
10 0.066 0.073 0.080
15 0.056 0.060 0.067
20 0.047 0.051 0.056
25 0.036 0.042 0.047
30 0.029 0.033 0.038

* After Kim and Preber (1969)

Determination of Active Thrust on Bracing
Systems for Cuts in Cohesive Soil

Using the principles of the general wedge theory, we can also determine the active
thrust on bracing systems for cuts made in ¢’-¢’ soil. Table 13.4 gives the variation of
P, in a nondimensional form for various values of ¢, §, n,, and ¢'/yH.

For the ¢ = 0 condition, ¢ = ¢,. For this condition, it can be shown (Das and
Seeley, 1975) that

a* 21 = n,) (0677 . KNC)-yH E (13.14)
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where
CU
N, = <7H> (13.15)
K = f(%—) (13.16)

where ¢, = adhesion along the face of sheet piles.
The values of K are
cd
&)«

0 2.762
0.5 3.056
1.0 3.143

Pressure Variation for Design of
Sheetings, Struts, and Wales

The active thrust against sheeting in a braced cut, calculated by using the general
wedge theory, does not explain the variation of the earth pressure with depth that is
necessary for design work. An important difference between bracings in open cuts
and retaining walls is that retaining walls fail as single units, whereas bracings in an
open cut undergo progressive failure where one or more struts fail at one time.
Empirical lateral pressure diagrams against sheetings for the design of bracing

‘systemns have been given by Peck (1969). These pressure diagrams for cuts in sand,

soft to medium clay, and stiff clay are given in Figure 13.13. Strut loads may be de-
termined by assuming that the vertical members are hinged at each strut level except

-0a=yH(l —%ﬁ‘)

YH ~0,=02vH to 0.4vH

G, =0.65 yHtan3(45 -

[S1i=g

.

for.‘gg >4
+ 1
0.25H 0.25H
s S
DR 0.5H =
0.75H |. l .
B
0.25H
X : : A
Soft to medium clay Stiff clay

@) (b) (©)

Figure 13.13 Peck’s pressure diagrams for design of bracing systems
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D+E-————»«“‘

F >

Figure 13.14 Determination of strut loads from empirical lateral pressure diagrams

the topmost and bottommost ones (Figure 13.14). Example 13.2 illustrates the pro-
cedure for the calculation of strut loads. :

Example 13.2

A 7-m-deep braced cut in sand is shown in Figure 13.15. In the plan, the struts are
placed at s = 2 m center to center. Using Peck’s empmcal pressure diagram, cal-
culate the design strut loads.

T
w
3

Sand
¢'=30°

? A + | y=16 kN/m3

3]
3

2m.
C 1 E
b |

Bottom of cut

N e - e m

Flgure 13.15 Braced cut in'sand ,
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Solution

Sot

Lateral Earth Pressurew(;‘urved Failure Surface

[e]

[S]

B, L

Figure 13.16 Célculétiibﬁlgf strut Ioads from pressure envelope

~ Refer to Figure 13133 Forthelateral earth pressure diagram? .

o, = 0.65vH tani(és_ - 53—) = (0.655(16)(7)tan2<45 - %) = 2427 KN/m?

’Aséume that the sheeﬁng is hihged at strut level B. Now refer to the diagram in
Figure 13.16 We need to find reactions at A, B;, B,, and C. Taking the moment
about By, we have '

24 = (2427)(3)3); A = 54.61kN/m
Hencé, ,

- B, = (24.27)(3) — 54.61 = 18.2kN/m
Again; taking the moment about B,, we have
= 2C = (2427)(4)(3)

C = 97.08 kIN/m

B, = (2427)(4) — 97.08 = 0

The strut loads are as follows:

Atlevel A: (A)s) = (54.61)(2) = 109.22 kN
Atlevel B: (B; + By)(s) = (182 + 0)(2) = 36.4kN
Atlevel C: (C)(s) = (97.08)(2) = 19416 kN "
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Dynamic Earth Pressure Distribution
Behind a Wall Rotating about the Top

Lateral earth pressure on braced cuts is essentially a problem in which the wall rotates
about the top. On the basis of laboratory model test results, Sherif and Fang (1984)
reported the dynamic earth pressure distribution behind a rigid retaining wall (H =
1 m) with dense sand as backfill material and rotation about its top. Figure 13.17
shows a plot of o cos & versus depth for various values of k, (for k, = 0). The mag-
nitude of active thrust, P,,, can be obtained from the equation

e
H
P,.cosd = J (o, cos 8) dz
0
or

ae

1 rH
= — J (o, cos 8) dz (13.17)
cos 8 )

For a given value of k;,, the magnitude of P, is 15 to 20% higher than that obtained
by using Eq. (12.72) (i.e., the case of wall rotation about the bottom).

6',cos 8 (kKN/m?)

— Model test results

in dense sand

(Sherif and Fang. 1984)
¥=15.99 kN/m3 J 10
ko=

i

AN —_
/’ Sand H20 £
] l "

~ — 30

1b/in?

Figure 13.17 Dynamic lateral earth presure distribution behind a rigid model retaining wall rotating
about the top
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1311

With the model test results just described, Sherif and Fang (1984) suggested
that the location of the point of application of P,, with the wall rotating about the
top may be assumed to be 0.55H measured from the bottom of the wall.

Summary

This chapter covers two major topics: (a) estimation of passive pressure using curved
failure surface in soil; and (b) lateral earth pressure on braced cuts using the general
wedge theory and pressure envelopes for design of struts, wales, and sheet piles.

Passive pressure calculations using curved failure surface is essential for the
case in which 6 > ¢'/2, since plane failure surface assumption provides results on the
unsafe side for design. , '

In the case of braced cuts, although the general wedge theory provides the
force per unit length of the cut, it does not provide the nature of distribution of earth
pressure with depth. For that reason, pressure envelopes are necessary for practical
design.

Problems

13.1 Draw a logarithmic spiral according to the equation 7 = r,e?*" %, with §
varying from 0° to 180°. Use ¢’ = 40° and r, = 30 mm.

13.2 Refer to Figure 13.18. If H = 6 m, the density of soil (p) = 1850 kg/m°, and
the angle of wall friction (§) = 17.5°, determine the passive force, P,, per
unit length of the wall. Use Caquot and Kerisel’s solution.

13.3 Repeat Problem 13.2 with the following data: H = 10 ft, y = 1101b/ft>,§ = 14°.

13.4 A retaining wall has a vertical back face with a horizontal granular backfill.
Given that

height of retaining wall = 15 ft
unit weight of soil = 100 1b/ft®
soil friction angle. ¢’ = 30°
6 =2/3¢,
=0
calculate the passive force per foot length of the wall using Table 13.2.

Sand

Unit weight =y (or density = p)
c'=0
¢'=35°
§ (wall friction)

A Y £ A IR RN A PR

Figure 13.18
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13.5 Refer to Figure 13.5. Given that H = 5m, y = l6 kN/m’, ¢' = 30°, 6 = 15°,
k, =0, and k, = 0.3,
a. Calculate P, for the retaining wall using the Mononobe-Okabe solution
(Section 12.15);
b. Calculate P, for the retaining wall using the logarithmic spiral solution
(Section 13.5). '
13.6 Using the theory described in the section on general wedge theory, deter-
mine the active thrust, P,, for the braced wall shown in Figure 13.19.
13.7 The elevation and plan of a bracing system for an open cut in sand are
shown in Figure 13.20. Assuming ynq = 105 Ib/ft and ¢’ = 38°, determine
the strut loads.

e Sitateccins o

!
1
]
1
1
1
i

~

! y=16.0 kN/m?
c¢'=0

0'=30°

B%< 8 fi center
% to center

(a) Section (b) Plan

Figure 13.20
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Slope Stability

An exposed ground surface that stands at an angle with the horizontal is called an
unrestrained slope. The slope can be natural or man-made. If the ground surface is not
horizontal, a component of gravity will tend to move the soil downward as schemati-
cally shown in Figure 14.1a. If the component of gravity is large enough, slope fail-
ure can occur — that is, the soil mass in zone abcdea can slide downward. The driving
force overcomes the resistance from the shear strength of the soil along the rupture
surface. Figures 14.1b and 14.1c show photographs of two slope failures in the field.

Civil engineers often are expected to make calculations to check the safety of
natural slopes, slopes of excavations, and compacted embankments. This check in-
volves determining the shear stress developed along the most likely rupture surface
and comparing it with the shear strength of the soil. This process is called slope sta-
bility analysis. The most likely rupture surface is the critical surface that has the min-
imum factor of safety.

The stability analysis of a slope is difficult to perform. Evaluation of variables
such as the soil stratification and its in-place shear strength parameters may prove to

Soil after
slope failure

(@

Figure 14.1 Slope failure: (a) schematic diagram; (b) a failure in Taiwan (courtesy of
Richard Tsai, C&M Hi-Tech Engineering Co.. Ltd., Taipei, Taiwan); (c) a failure in
Alabama (courtesy of E. C. Shin, University of Inchon, South Korea)
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Figure 74.1 (continued)
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be a formidable task. Seepage through the slope and the choice of a potential slip
surface add to the complexity of the problem.
This chapter explains the basic principles involved in slope stability analysis.

Factor of Safety

The task of the engineer charged with analyzing slope stability is to determine the
factor of safety. Generally, the factor of safety is defined as

i
Td

F = (14.1)

where F; = factor of safety with respect to strength
7p = average shear strength of the soil
T4 = average shear stress developed along the potential failure surface

The shear strength of a soil consists of two components, cohesion and friction,
and may be written as

T,=c + o' tan @’ (14.2)

i

where ¢’ = cohesion
¢’ = angle of friction
4

o’ = normal stress on the potential failure surface

Il

In a similar manner, we can write
Tq = ;1 + ¢’ tan d);[ (143)

where c¢j; and ¢} are, respectively, the cohesion and the angle of friction that develop
along the potential failure surface. Substituting Eqs. (14.2) and (14.3) into Eq. (14.1),
we get

.o '+ o'tang’
-v‘)f;————-—-—-.—.__._?_

= = — 4.
T g (14.4)

Now we can introduce some other aspects of the factor of safety — that is, the
factor of safety with respect to cohesion, F¢, and the factor of safety with respect to
friction, Fy. They are defined as

(14.5)

and

(14.6)
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When we compare Egs. (14.4) through (14.6), we can see that when F, be-
comes equal to F,., it gives the factor of safety with respect to strength. Or, if

¢’ tang’
c; tan ¢
then we can write
F,=F. =Fy (14.7)

When F; is equal to 1, the slope is in a state of impending failure. Generally, a
value of 1.5 for the factor of safety with respect to strength is acceptable for the de-
sign of a stable slope. ‘

Stability of Infinite Slopes

In considering the problem of slopé stability, let us start with the case of an infinite
slope as shown in Figure 14.2. The shear strength of the soil may be given by Eq. (14.2):
7r=c¢ + o' tan ¢’

Assuming that the pore water pressure is zero, we will evaluate the factor of safety
against a possible slope failure along a plane AB located at a depth H below the
ground surface. The slope failure can occur by the movement of soil above the plane
AB from right to left.

Let us consider a slope element abcd that has a unit length perpendicular to the
plane of the section shown. The forces. F, that act on the faces ab and cd are equal and
opposite and may be ignored. The weight of the soil element is

W = (Volume of soil element) X (Unit weight of soil) = yLH  (14.8)

Figure 14.2 Analysis of infinite slope (without seepage)
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The weight W can be resolved into two components:

1. Force perpendicular to the plane AB = N, = W cos 8 = yLH cos B.
2. Force parallel to the plane AB = T, = Wsin § = yLH sin . Note that this is
the force that tends to cause the slip along the plane.

Thus, the effective normal stress and the shear stress at the base of the slope
element can be given, respectively, as

N, vLH cos 3 .
I = = — H os? 149
7 7 Area of base < I ) yH cos” B (14.9)

cos B
and

T, yLH sin 8 .
) B =vH 14.10
T Area of base ( L ) vH cos Bsin 8 ( )

cos B

The reaction to the weight W is an equal and opposite force R. The normal and
tangential components of R with respect to the plane AB are

N, = Rcos 8 = Wcos 8 (14.11)
and
T.= Rsin 8 = Wsin B (14:12)

For equilibrium, the resistive shear stress that develops at the base of the element is
equal to (T,)/(Area of base) = yH sin B cos B. The resistive shear stress may also be
written in the same form as Eq. (14.3):

Ty = cy + o' tan @}

The value of the normal stress is given by Eq. (14.9). Substitution of Eq. (14.9) into
Eq. (14.3) yields

74 = Cy + yH cos’ B tan ¢ (14.13)
Thus,
vH sin B cos B = ¢ + yH cos? B tan ¢

or
i _ . 2 ,
;}-{« = sin B cos 8 — cos” B tan ¢
= cos® B(tanB — tan ¢}) (14.14)
The factor of safety with respect to strength has been defined in Eq. (14.7), from
which we get

tan ¢’
k

tan GS:_{ = and C:i =

TR
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Substituting the preceding relationships into Eq. (14.14), we obtain

e tandi

yH cosfp tang - tanf ( )
For granular soils, ¢’ = 0, and the factor of safety, F;, becomes equal to

(fan ¢')/(tan B). This indicates that in an infinite slope in sand, the value of F; is in-

~ dependent of the height A and the slope is stable as long as 8 < ¢'.

If a soil possesses cohesion and friction, the depth of the plane along which
critical equilibrium occurs may be determined by substituting F; = 1 and H = H,,

into Eq. (14.15). Thus,

Hcr‘zm 2 '
- Y cos” B(tan B — tan ¢')

(14.16)

Stability With Seepage

Figure 14.3a shows an infinite slope. We will assume that there is seepage through the
soil and that the groundwater level coincides with the ground surface. The shear
strength of the soil is given by

Tr=c¢ +o'tan g’ (14.17)

To determine the factor of safety against failure along the plane AB, consider
the slope element abcd. The forces that act on the vertical faces ab and cd are equal

and opposite. The total weight of the slope element of unit length is

W=y, LH (14.18)

where vy, = saturated unit weight of soil.
The components of W in the directions normal and parallel to plane AB are

N, = Wcos B = vy, LH cos B (14.19)
and
T,=WsinB = vy,LHsinp (14.20
The reaction to the weight W is equal to R. Thus,
N, = RcosB = Wcos B = yuLHcos B (14.21)
and

T,= Rsin B = Wsin = vy, LH sin B (14.22)
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The total normal stress and the shear stress at the base of the element are,
respectively,

N
T = Y c05* B (14.23)
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and
T, .
7= I3 = YeuH cOs Bsin B (14.24)
(cos B )
The resistive shear stress developed at the base of the element can also be
given by

Tq=cCy+t o' tan ¢y = ¢y + (o — u)tan ¢y (14.25)

where u = pore water pressure. Referring to Figure 14.3b, we see that ‘
u = (Height of Qater in piezometer placed at f)(yy) = hYw

and

h = efcos B = (H cos B8)(cos B) = H cos® B
sO

= vy, H cos’ B
Substituting the values of o [Eq. (14.23)] and u into Eq. (14.25), we get

74 = ¢y + (veud OS> B — y,H cos’ B)tan &

=cy +y'Hcos’ Btan ¢ (14.26)
Now, setting the right-hand sides of Eqgs. (14.24) and (14.26) equal to each other
gives '
vead cOs Bsin B = ¢+ v H cos’ B tan ¢}
or ‘

i

d
Vsackd

!

= cos? B(tanﬁ ~ 2 tan d)},) (14.27)

sat
where y' = yg,, — v, = effective unit weight of soil.

The factor of safety with respect to strength can be found by substituting
tan ¢y = (tan ¢')/F, and ¢, = ¢'/F, into Eq. (14.27), or

14

S ey tme (14.28)
. YaHcos? Btan B Ve tanf

RV B ST R S S
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Example 14. 1

An mﬁmte slope is shown in Flgure 14 4. There is gxound water seepaoe and the 5
ground water table coincides with the ground surface Determme the factor of

safety, F,.

//./. B= 15

/ ! R gl Ysar™ 17.8 kN/m3
D h [(:’:101(1"1/1?12

Figure 14.4

Solution
Yeu = 17.8kN/m® and 7, = 9.81 kN/m’

So,

From Eq. (14.28), -~ .

Yo =178 - 9.81=799 KN/m®

ti7s it

Finite Slopes— General

When the value of H,, approaches the height of the slope, the slope may generally be
considered finite. For simplicity, when analyzing the stability of a finite slope in a ho-
mogeneous soil, we need to make an assumption about the general shape of the sur-
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face of potential failure. Although considerable evidence suggests that slope failures
usually occur on curved failure surfaces, Culmann (1875) approximated the surface
of potential failure as a plane. The factor of safety, F;, calculated by using Culmann’s
approximation, gives fairly good results for near-vertical slopes only. After extensive
investigation of slope failures in the 1920s, a Swedish geotechnical commission rec-
ommended that the actual surface of sliding may be approximated to be circularly
cylindrical. .

Since that time, most conventional stability analyses of slopes have been made
by assuming that the curve of potential sliding is an arc of a circle. However, in many
circumstances (for example, zoned dams and foundations on weak strata), stability
analysis using plane failure of sliding is more appropriate and yields excellent results.

Analysis of Finite Slopes with Plane
Failure Surfaces (Culmann’s Method)

Culmann’s analysis is based on the assumption that the failure of a slope occurs along
a plane when the average shearing stress tending to cause the-slip is more than the
shear strength of the soil. Also, the most critical plane is the one that has a minimum
ratio of the average shearing stress that tends to cause failure to the shear strength
of soil. -

Figure 14.5 shows a slope of height H. The slope rises at an angle 8 with the
horizontal. AC is a trial failure plane. If we consider a unit length perpendicular to
the section of the slope, we find that the weight of the wedge ABC is equal to

W = 3(H)(BC)(1)(y) = 3 H(H cot6 — H cot B)y

Z%YH{S?“(BfH ' | (14.29)

y=cr ot
Unit weight of soil =y

Figure 14.5 Finite slope analysis — Culmann’s method
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The normal and tangential components of W with respect to the plane AC are
as follows:

sin(B — 6)

Sin B sin 6 }cos 6  (14.30)

: L
" N, = normal component = Wcos § = ;yH{

T, = tangential component = Wsin § =

1 H{sin(ﬁ - 6)

2 sin B sin 6

}sin 6 (14.31)

The average effective normal stress and the average shear stress on the plane
AC are, respectively,

, N, N,
zaam"<H>

sin 8

1 H{sin(ﬁ —-0)

== - : 6 sin 6 4.32
27 smBsmB}COS - (14.32)

and

- % H{M}sinz o (14.33)

The average resistive shearing stress developed along the plane AC may also
be expressed as

T4 = C("i + O"! tan ¢:1
1 [sin(B - 9)} :
B B L ' 14.34
Cat 5y [sinb’sin@ cos 6 sin 6 tan ¢, (14.34)
Now, from Eqgs. (14.33) and (14.34),
1 mm—my, 1 [mw~m} |
ad = lsin’f=c, + = N ’ 4.35
‘ZYH{ sin B sin 6 sin cat 3y sin B sin 8 cos Bsin ftan ¢, (14.35)
or
1 sin(8 — 6)(sin 8 — cos 6 tan ¢;)}
= —vyH (14.3
€a= 57 [ sin B (14.36)

The expression in Eq. (14.36) is derived for the trial failure plane AC. In an ef-
fort to determine the critical failure plane, we must use the principle of maxima and
minima (for a given value of ¢;) to find the angle 6 where the developed cohesion
would be maximum. Thus, the first derivative of ¢, with respect to 8 is set equal to
Zero, or

% _ 0 14.37
0 (14.37)
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Because . H, and j3 are constants in Eq. (14.36), we have

;’% [sin(8 — 6)(sin 8 — cos 6 tan ¢})] = 0 (14.38)
Solving Eq. (14.38) gives the critical value of 6, or
+ !
6, = Pt & (14.39)
2
Substitution of the value of 6 = 4, into Eq. (14.36) yields
H[1 - os
\ [ -~ o6 40 J (14.40)
: sm,Bcos:;Sd SR
The preceding equation can also be written as
t 1 - _ '
L _ m = ,COS(B ¢a) (14.41)
v 4 sin 3 cos ¢y

where 11 = stability number.
The maximum height of the slope for which critical equilibrium occurs can be
obtained by substituting c; = ¢’ and ¢, = ¢' into Eq. (14.40). Thus,

H,=

4c'[  sin Bcosd’ } (14.42)

1 - cos(B - ")

Example 14.2

A cut is to be made in a soil that has y = 16 kN/m?, ¢’ = 28 kN/m? ,and ¢’ = 20°.
The side of the cut slope will make an angle of 45° with the honzontal What‘
should be the depth of the cut slope that will have a factor of safety, F,, of 3 5720

Solution « ,
We are given that ¢’ = 20° and c =28 kN/m If F =

5 ,;ih,f:ri,fﬁon}qu- ,(14-7 )
F. and Fy should both be equal to 3. 5 From Eq (14 SN Gk g e

or
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Siﬁ.l}:iérly, from Eq. 146),

- tan ¢’
Fy= d),
o Vtan (}Sd
T - tan ¢’»__ tan ¢’ _ tan 20
tan ¢y —l - F¢>’.Vf,~ 1:; ’ 3_5 |
tan 20 o
, = 5.9°

Substituting the preceding values of ¢; and ¢ into Eq. (14.40) gives

| H 2 fr_c_f{[ sin 8 cos Aqu)Q } _4x 8[ sin 45 cos 5.9" }
oy L1 —cos(B — ) 16 |1 — cos(45 — 5.9)

=628m o .

14.5 Analysis of Finite Slopes with
Circular Failure Surfaces— General

Modes of Failure
In general, finite slope failure occurs in one of the following modes (Figure 14.6):

1. When the failure occurs in such a way that the surface of sliding intersects the
slope at or above its toe, it is called a slope failure (Figure 14.6a). The failure
circle is referred to as a toe circle if it passes through the toe of the slope and as
aslope circle if it passes above the toe of the slope. Under certain circum-
stances, a shallow slope failure can occur, as shown in Figure 14.6b. ,
When the failure occurs in such a way that the surface of sliding passes at some
distance below the toe of the slope, it is called a base failure (Figure 14.6c).
The failure circle in the case of base failure is called a midpoint circle.

!@)

~ Types of Stability Analysis Procedures

Various procedures of stability analysis may, in general, be divided into two major -
classes:

1. Mass procedure: In this case, the mass of the soil above the surface of sliding is
taken as a unit. This procedure is useful when the soil that forms the slope is
assumed to be homogeneous, although this is not the case in most natural slopes.

2. Method of slices: In this procedure, the soil above the surface of sliding is di-
vided into a number of vertical parallel slices. The stability of each slice is cal-
culated separately. This is a versatile technique in which the nonhomogeneity
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Slope circle A R AT .. - \Midpoint
: : circle

Figure 714.6 Modes of failure of finite slope: (a) slope failure: (b) shallow slope failure; (c) base failure

- 14.6

of the soils and pore water pressure can be taken into consideration. It also ac-
counts for the variation of the normal stress along the potential failure surface.

The fundamentals of the analysis of slope stability by mass procedure and method of
slices are given in the following sections.

Mass Procedure—Slopes in
Homogeneous Clay Soil with ¢ = 0

Figure 14.7 shows a slope in a homogeneous soil. The undrained shear strength of
the soil is assumed to be constant with depth and may be given by 7, = ¢,. To per-
form the stability analysis, we choose a trial potential curve of sliding, AED, which
is an arc of a circle that has a radius r. The center of the circle is located at O. Con-
sidering a unit length perpendicular to the section of the slope, we can give the
weight of the soil above the curve AED as W = W, + W,, where

W, = (Area of FCDEF)(y)
and

W, = (Area of ABFEA)(v)
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:E -

Unit weight of
d = soil =y
N(normal reaction) = Cy

Figure 14.7 Stability analysis of slope in homogeneous saturated clay soil (¢ = 0)

Failure of the slope may occur by sliding of the soil mass. The moment of the
driving force about O to cause slope instability is

M, = Wi, — Wil (14.43)

where /; and /, are the moment arms.

The resistance to sliding is derived from the cohesion that acts along the po-
tential surface of sliding. If ¢, is the cohesion that needs to be developed, the moment
of the resisting forces about O is '

Mg = c(AED)(1)(r) = c;r’® (14.44)
For equilibrium, My = M ; thus,

Cdr29 = VVIZI - W‘:[z

or
Wily — Wal, |
Cq = #_’__.L (14.45)
r<g
The factor of safety against sliding may now be found:
T Cu ‘
FF=—=— ‘ (14.46)
Ca Ca

Note that the potential curve of sliding, A ED, was chosen arbitrarily. The crit-
ical surface is that for which the ratio of ¢, to ¢, is a minimum. In other words, ¢, is
maximum. To find the critical surface for sliding, one must make a number of trials
for different trial circles. The minimum value of the factor of safety thus obtained is
the factor of safe<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>