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Preface

Without knowing that both of us were there, the authors of this volume
were random-walking on the streets of London in 1966 when, due to
a theorem of Pdlya, they met. Obviously this occasion called for a beer
and a chat about mathematics. The beer turned out to be good enough
to suggest that we should work together, and the idea of writing this book
was born then. We are deeply indebted to the inkeeper for his hospitality
on this occasion.

At that time we did not really know each other, though we had a common
root in that both of us were students of Alfréd Rényi. The first named
author actually studied mathematics at McGill University in Montreal
and never took any courses from him. It was the papers and book of
Rényi at that time, however, which influenced him most, and moulded
his interest in doing research in probability-statistics. This also led to
meeting him several times personally, thus directly benefiting from his most
stimulating and unique way of thinking about mathematics. The second
named author was a student of Rényi, indeed taking his courses in Budapest,
and learning the secrets of doing research in probability directly from him.
Rényi’s great enthusiasm for the beauty of doing mathematics has inspired
him to also try his hands at it. Both of us are deeply convinced that, without
his lasting influence and help while we were young, we could have never
written this book.

Our real collaboration began in 1972. During these past years we were
fortunate enough to be able to visit each other several times, working in
Ottawa where M. Csodrgd is located and in Budapest where P. Révész is.
This intensive collaboration would have been impossible without the under-
standing and support of our respective home institutions, the Department
of Mathematics at Carleton University and the Mathematical Institute of
the Hungarian Academy of Sciences.



10 Preface

Generous financial support was received in Canada: National Research
Council Operating Grants throughout these years, Canada Council Leave
Fellowship (1976-1977), The Carleton University Norman Paterson Centre
(1976-1977, 1979), Canada Council Killam Senior Research Scholarship
(1978-1980) and in Hungary: The Bolyai Janos Mathematical Society
throughout these years, the Institute of Cultural Relations (1976-1977).
We are deeply indebted to all these institutions and can only say that
without their support our work together could have never taken place.

In various stages of development, preprints of the different chapters of
this book have been distributed to a number of prominent mathematicians
who have commented on a large number of topics involved. Many of their
valuable remarks were incorporated in the final version. We express our
best thanks to all of them, and we especially appreciate the help of M. D.
Burke (University of Calgary), A. H. C. Chan (Ontario Hydro), S. Cstrgb
(University of Szeged), I. A.Ibragimov (University of Leningrad) and
R. J. Tomkins (University of Regina).

The thankless task of reading the semi-final version of all the chapters
fell to the referees of our book, I. Berkes (Mathematical Institute of the
Hungarian Academy of Sciences) and K. Tandori (University of Szeged).
Their expert, inquisitive reading of our manuscript in a very short time,
resulted in their listing a large number of misprints, oversights and mistakes
in our text. We are more than grateful to them and our sincere thanks
are recorded here with much appreciation. We also express our gratitude
to Mrs. Gill S. Murray of Ottawa for her expert and patient typing of
the many versions of our manuscript. Similar thanks are due to the
Hungarian printers of our book.

While trying to correct all the mistakes of our manuscript which we have
noticed and/or had been pointed out to us, we must have also left a few in and
introduced some further ones. We should be very happy to learn of any
found by the reader together with whatever his or her comments might be.

Ottawa, October 13, 1979

M. Csirgd P. Révész

Department of Mathematics Mathematical Institute of the
Carleton University Hungarian Academy of Sciences
Colonel By Drive H-1053 Budapest

Ottawa Redltanoda u. 13-15

Canada Hungary



Introduction

Let X;, X,, ... be iid.r.v. with EX;=0, EX?=1 and let F be their
distribution function. Let Y;, Y,, ... be i.i.d. normal r.v. with mean zero

and variance one (¥1€47(0,1)) and put S,= 21 X;, T,,=i2'1 Y, with
So=T,=0. The classical central limit theorem states

¥y
©.1) P 1S, 5}~ 0() = —= [ e~*idu
4 —o00

V2

for any real" y as n—oo. Since

P{n 12T, =y}=®(G) (n=1,2..),
the central limit theorem can also be stated as follows:
0.2) P{p2S, = y}—P{n 12T, = y} -0,

which, roughly speaking, means that the limiting behaviour of S, and
T, is the same. In other words, as time goes on, S, forgets about the
distribution function F where it has come from. However, it is also true
that observing the sequence S, S,,... (or, only S,, S,,;,... from any
fixed n on), one can determine F with probability one via the Glivenko-
Cantelli theorem.

Thus one can say that each individual S, forgets about F but the
complete sequence {S,;n=1,2...} (or a tail of it) remembers F. One
of the main goals of this book is to investigate to what extent can S, re-
member F and to what extent can it forget about it.

The first questions of this type were formulated by Erd6s and Kac (1946)
(cf. also Kac (1946)). They wanted to evaluate the limit distributions

@ G,(y) = lim P(n~*" max S, = y),

(i) Gy(») = lim P(n~* max |5 = ),
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(iii) Gs(y) = lim P [n—= st y],
nsoo k=1

@iv) G, (y) = lim P{n“*’/2 Z"’ IMES y).
noo k=1

Erdds and Kac realized that these limit distributions can be easily evalu-
ated for some special distributions F. For example (i) and (ii) can be
immediately evaluated if F is the distribution P(X;=+1)=P(X;=—1)=
=4, while for (iii) and (iv) the normal law turns out to be a good starting
point. Hence a program for finding the limits (i}-(iv) may be carried
out in two steps. First, they should be evaluated for any specific distri-
bution function F, and then one should show that the functionals of {S,},
in any one of the cases (i)~(iv), do not remember the initially taken distri-
bution.

Indeed, Erd8s and Kac proved that the ability of S, to forget is strong
enough for the above program, that is, they proved that the limit distri-
butions (1)-(iv) exist and they do not depend on the initial distribution
of X;. They called this method of proof the invariance principle, and their
paper has initiated a new methodology for proving limit laws in probability
theory.

The first step in this general development was taken by Donsker (1951).
Donsker’s idea was that from the partial sums S, Sy, ..., S, one should
construct a sequence of stochastic processes {S,(t); 0=¢=1} on C(0, 1)
as follows:

(0.3) S, (&) = 0 Sp+ Xppy 2 (0~ [m2])).

Clearly S, (%]:S,,/}/r_z, and S,(¢) is the linear interpolation of the latter

for —nli<t<f—n+—l. The advantage of the map (0.3) is that one can study
the limiting behaviour of the sequence S/Vn via that of S,(t) on C(0,1).
Indeed, using a multivariate version of the central limit theorem, one can

immediately say that
0.4) (Sp(tD), Sy(ta), -vs Sult)) 2> W (), W (tD, ..., W (1)

for any fixed sequence O=f<f<..<f;=1 as n—-c, where W(t)
is a standard Wiener process. This would then suggest that the distri-
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butional properties of {S,(r); 0=¢=1} should coincide! with those of
{W(t); 0=t=1} as n—c. One possible way of saying this precisely is:

Theorem 0.1. (Donsker 1951). We have
©.5) h(S,(0) >+ h(W (1))
Jor every continuous functional h: C(0, 1)—~R™.

We note here that (0.4) only suggests that (0.5) should also be true and
a precise proof of it was not at all easy to produce. Indeed, if {X, ()},
is a sequence of stochastic processes taking values from a function space
M endowed with a metric ¢, and

©6) (X0, X, (1, ..., X,(8)) = (Xo(), Xo(ta)s ..., Xo(1)
for any fixed sequence #<t,<...<t;, then the statement that

©on h(X, (1)) 2~ h(X(1))

should hold for every continuous functional 4: M—R}, is not necessarily
true. A complete methodology for proving (0.7), assuming that (0.6) is
true, was worked out by Prohorov (1956) and Skorchod (1956).

In fact they proved a stronger statement to the effect that, under some
conditions, the sequence of probability measures generated by {X,(¢)}
converges (in the so-called weak topology) to the measure generated by
Xo(t). An excellent summary and further development of these ideas
and techniques can be found in the books of Billingsley (1968) and Partha-
sarathy (1967).

Replacing the functional 2 in Theorem 0.1 by .

h(f) = 0ssg;salf(t), he(f) = Sup, £,

h(N = [ra0yd, h(N= [1f@)la,

and taking into account that these functionals are continuous with respect
to the topology of C(0, 1), Theorem 0.1, in particular, also implies that

1 In this connection we should also mention that Kolmogorov (1931, 1933a) and
Khinchine (1933) investigated the problem of evaluating the asymptotic probability of the
event f,(1)<S,()=f,(¢+) for two functions f,(¢#)<0<f,(¢), and proved that under
some conditions on these functions the latter probability is equal to P{fl(t)< W)=
=/, (t)}. Their approach is based on the heat equation.
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G;(x) (i=1,2,3,4) of (i)~(iv) do not depend on F. That is to say the
invariance principle of Erd6és and Kac follows from Donsker’s theorem
and, at the same time, the latter can also be applied for any other con-
tinuous functional. '

After the development of the theory of weak convergence of probability
measures on metric spaces, a completely new form of the invariance principle
was introduced by Strassen (1964). He proposed to construct a Wiener
process W(t) on the very same probability space where the r.v. {X;}
live in such a way that |S,— W(n)] would be small in the sense that the
relation :
IS,,—'W(H)I a.8.

g(n)

should hold for a suitably increasing function g. In fact the possibility
of such a construction depends not only on the distribution F but also
on the structure of the basic space. Hence the question in a more adequate
form is the following:

Given a distribution function F with [xdF=0, f x%dF=1, can we
construct a probability space {Q, o, P}, a sequence {X;} of iid.r.v.
with P(X;=y)=F(y) living on @, and a Wiener process W(¢) also
defined on @, such that (0.8) should hold?

Answering this question Strassen (1964) proved the following

0

0.8)

Theorem 0.2.

0.9) [Sy—W(n)| as.

Vnloglogn

That is to say for ariy F with f xdF=0, f x%dF=1, one can construct
a probability space where the i.i.d. sequence {X;} and a Wiener process
W(t) can be realized such that (0.9) holds.

In order to get a form of Theorem 0.2 resembling that of Theorem 0.1,
we give the following reformulation of the former.

0.

Theorem 0.2*.
(0.9%) sup lSn(t)_n—lmW("t)l a.s.

e 0.
0=r=1 Vloglogn

Comparing Theorems 0.1 and 0.2 (or 0.2*), a great advantage of the
latter is that is speaks about almost sure convergence instead of convergence
in distribution.
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Strassen used his strong invariance principle (Theorem 0.2) to prove
the law of iterated logarithm for i.i.d.r.v. with finite second moment (the
Hartman-Wintner theorem (1941)) via first proving such a theorem for the

n~Y2W (nt) }
—;0=r=1
V2loglogn
of stochastic processes, Strassen also obtained a deeper insight into the
—-————._____S"(t) ;Oétél} (cf. Theorem 1.3.2).
Y2loglogn

In this spirit then Theorem 0.2 is like Theorem 0.1, the latter being
applicable to prove weak convergence theorems for i.i.d.r.v. using distri-
butional properties of the Wiener process, while the former is useful for
proving strong theorems via similar properties of the Wiener process.

Theorem 0.2, however, does not imply Theorem 0.1, and this is because
the rate of convergence in (0.9) is not strong enough. Should one be able
to prove (0.8) with g(n)=o0(n'%), then clearly we could also get (0.5) as
a consequence of such a strong invariance principle. Chapter 2 of this
book is mainly devoted to the question of the best possible rate in (0.8).

The precise connection between weak and strong invariance principles
was established by Strassen (1965a) (cf. also Dudley (1968) and Wichura
(1970)) via the so-called Prohorov distance of probability measures. In fact
these results state a kind of equivalence between these two forms of in-
variance. '

Wiener process. In fact studying the sequence {

properties of the sequence {

Our book is mainly devoted to the overall question of strong invariance
theorems.

Our reason for concentrating on strong invariance methodology (instead
of the weak one) can, perhaps, be justified by the fact that this approach
has developed so much in recent years that it was capable of producing
a number of results in probability and statistics which, in spite of the above
mentioned equivalence of the two principles, would have been quite difficult
to produce by the usual weak convergence methodology.

When talking about the origin of the invariance principle, another,
independent source should be also mentioned besides the 1946 paper of
Erdds and Kac. Itis the paper of Doob (1949), entitled ‘“Heuristic approach
to the Kolmogorov-Smirnov theorems”. The idea of this paper is the
following: Let U, U,,... be a sequence of i.i.d.r.v., coming from the
uniform U(0, 1) law. Let

En(x) =n"1 ké; I(O.x](Uk)
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be the empirical distribution function, and let
%, (%) = n'3(E,(x) —x)

be the empirical process. Observe that the limit of the joint distribution
of  a(x), op(x0)s ooy o,(xp) (O=Sxy<Xp<..<x,=1; k=1,2,..)) is the
corresponding finite dimensional distribution of a Brownian bridge; that
is to say

0.10) {0, (x), % (3o, .., G (K)}—=> {B(xp), B(xo), ..., B(x0}

as n—~oo, where B(x) is a Brownian bridge. This then suggests that the
limit properties of the empirical process o,(x) should agree with the
corresponding properties of a Brownian bridge. For example, the limit
distribution of sup a,(x) (resp. sup l(x)[) should agree with the distri-
bution of sup B(x) (resp. sup B|(x)]). Since the direct evaluation of the
limit distribution of sup (%) (resp. sup le(x)]) is rather complicated,
while the evaluation of the distribution of sup B(x) (resp. sup |B(x)])
is easier, the above sketched approach is obviously useful. Indeed, besides
posing the above invariance argument, Doob (1949) proceeded to evaluate
the distribution of these latter functionals of B(x), leaving the problem
of justification of his approach open. Donsker (1952) was the first one again
who attacked this latter problem and succeeded in justifying and extending
Doob’s heuristic approach.

Comparing this problem to that of Theorem 0.1, we can see that a
difficulty is coming from the fact that the sample functions of «,(x) do not
belong to C(0, 1). This difficulty was again solved by Prohorov (1956)
and Skorohod (1956), while working on the so-called D(0, 1) function
space. Naturally, an analogue of Theorem 0.1 is also true for a continuous
approximation of a,(x) on C(0,1).

In the light of Strassen’s strong invariance principle, it was only natural
to look for analogous approximations also for the empirical process o,(x).
This task turned out to be quite difficult and it took a bit of time to get
results. The first one of them is due to Brillinger (1969), and reads as
follows:

Theorem 0.3. Given independent U(0,1) rw. Uy, U,, ..., there exists
a probability space with sequences of Brownian bridges {B,(x); 0=x=1}
and empirical processes {G,(x); 0=x=1} such that

0.11) {g,(x); 0=x= 1}i {0,(x); 0=x=1} foreach n=12,..,
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and
0.12)  sup |&,(x)—B,(x)| == O(n~"*(log n)**(log log n)"/9).
0=x=1

This theorem immediately implies the above mentioned analogue of
Theorem 0.1. Namely, in terms of weak convergence, we have

(0.13) o, (+) —2~ B(-).

On the other hand, in spite of the indicated a.s. convergence in (0.12),
Theorem 0.3 is not really a strong approximation theorem like Theorem 0.2
is. The reason for this is that in (0.12) we only have an approximation
for each n, and only for a version &,(x) of «(x). More precisely then,
while Theorem 0.3 is a good first step in the right direction, it does not
succeed in bringing together the stochastic processes {a,(x); O0=x=1,
n=1,2,..) and {B,(x); 0=x=1, n=1,2,...}. Consequently, no strong
law type behaviour of the process o,(x), say like the law of iterated loga-
rithm, can be deduced from (0.12).

Kiefer (1969b) was the first one to call attention to the desirability of
viewing the empirical process o,(x) as a two parameter process and that
a strong approximation theorem for a,(x) should be given in terms of an
appropriate two dimensional Gaussian process. He also succeeded in giving
a first solution to this problem (Kiefer 1972; cf. Theorem 4.3.1). Preceding
this work, Miiller (1970) proved a corresponding two dimensional weak
convergence of «,(x), using Rényi’s (1953) exponential representation of
the empirical process.

In the present book we intend to summarize and elaborate on a number
of recent strong invariance type results for partial sums and empirical
processes of i.id.r.v., putting an emphasis on the applicability of strong
approximation methodology to a variety of problems in probability and
statistics. This is why, in the title, we use the expression “‘strong approxi-
mations” instead of “strong invariance principles”.

In Chapter 1 we study the Wiener process together with some further
Gaussian processes derived from it. In fact, in this Chapter we have intended
to collect mostly those theorems for Gaussian processes which can be
extended to partial sums and empirical processes of iid.r.v. via strong
approximation methods.

Chapter 2 is addressed to the problem of best possible strong approxima-
tions of partial sums of i.i.d.r.v. by a Wiener process, and it contains those
theorems which tell us a complete story of this problem.
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The content of Chapter 3 can be summarized in one sentence: Take
“almost” any theorem of Chapter 1 concerning the one-time parameter
Wiener process, then it can be extended to partial sums of ii.d.r.v. via the
results of Chapter 2. In most of the cases when the approximation methods
do not work we can also conclude that the corresponding results cannot be
extended at all. This Chapter does not intend to give a full systematic
treatment of the asymptotic behaviour of partial sum processes and we
concentrate only on those properties which can be deduced from invariance
principles. For a detailed discussion of sums of random variables we refer
to Petrov (1975) and Stout (1974).

Chapter 4 contains strong approximation theorems (in terms of suitable
Gaussian processes) for the empirical and quantile processes based on
iid.rv.

The role of Chapter 5 in the theory of empirical and quantile processes
is similar to that of Chapter 3 in the theory of partial sums of i.id.r.v.
Namely, in this Chapter we show that by applying the results of Chapter 4,
the theorems of Chapter 1 concerning Brownian bridges and the so-called
Kiefer process are also valid for empirical and quantile processes. This
phenomenon of inheriting properties from appropriate Gaussian processes
is not so complete here as in the case of partial sums of i.i.d.r.v. and, to
some extent, we also touch upon the problem of similar and non-similar
behaviour beyond invariance (cf. Remark 5.1.1). For a recent and more
detailed discussion of this topic we refer to the survey paper of Gaenssler
and Stute (1979).

In Chapter 6 we show that suitably defined sequences of empirical
density, regression and characteristic functions can be approximated by
appropriate Gaussian processes. Here it will be seen that some results
on Gaussian processes can be extended also to these by strong approxima-
tion methods.

The aim of Chapter 7 is to demonstrate that strong approximation
methodology can also be applied to study weak and strong convergence
properties of random size partial sum and empirical processes.

A common property of Chapters 3, 5, 6 and 7 is that their respective
topics are treated only so far as one can see them via strong approximation
methods, and we did not aim at completeness at all in treating them.

The subject of this book is restricted to i.i.d.r.v. when the time and state
parameters belong to the real line. There is an exception in Chapter 1,
when we also study certain properties of two-time parameter Wiener and
Kiefer processes. Our reason for this is due to the fact that certain properties
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of the empirical process o,(x) can only be described and handled via
viewing it as a two-time parameter process in x and n.

We intend to study the problems of strong approximation of multi-time
parameter partial sum and empirical processes by appropriate multi-time
parameter Gaussian processes in the second volume of this book.

The case when the state space is also a higher dimensional Euclidean
space (or a Banach space) has been investigated by several authors (cf. e.g.
J. Kuelbs 1973, J. Hoffman-Jargensen—-G. Pisier 1976, Garling 1976) and
it should be the subject of a third volume. The subject of a fourth volume
should be the case of non-independent and/or non-identically distributed
r.v. (for a preliminary version we refer to W. Philipp and W. Stout (1975),
an excellent survey of the present situation of this topic). However, the
authors have realized that the lifetime of a human being is not only a
one-dimensional but also a strictly bounded r.v. Hence, they do not
intend to write the mentioned third and fourth volumes, though they
would be glad to live long enough to read these by someone else.



1. Wiener and some Related Gaussian Processes

1.0. On the notion of a Wiener process

The English botanist Brown observed in 1826 that microscopic particles
suspended in a liquid are subject to continual molecular impacts and
execute zigzag movements (Brownian motion). Einstein found (1905) that
these movements can be analysed by laws of probability. One of the simplest
models for a one dimensional Brownian motion can be given in terms of
the coin tossing or random walk model. Suppose that a particle is moving
on the real line, starting from the origin. In each time unit it can only
move one step to the right, or to the left, with probability one half, and
these steps are assumed to be independent. Say the ith step of the particle
is X;; then Xj, X,, ... are iid.r.v. with

(1.0.1) PX,=+1)=PX,=-1)=1/2,

and after n steps the particle will be located at S,=X;+X,+...+X,.
The thus created path S,,S,,... imitates Brownian motion quite well
if the time unit and steps are short enough.

In a more realistic model of a Brownian motion the particle makes
instantaneous steps to the right or to the left, that is a continuous time scale
is used instead of a discrete one, and the Jengths X; of steps are normally
distributed instead of the distribution (1.0.1). In the next section the defini-
tion of a Wiener process takes into account the just sketched definition of
a Brownian motion.

1.1. Definition and existence of a Wiener process

A stochastic process {W(t; w)=W(t); 0=t<oo}, where w€Q, and
{Q, o, P} is a probability space, is called 2 Wiener process if
(D) W(@)—W(s)eA'(0,t—s) for all O=s<t<e and W(0)=0,
(ii) W(¢) is an independent increment process, that is W(t,)— W(z),
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W(t)—W(t), ..., W(ty)—W(ty;_;) are independent r.v. for all 0=¢<
<lLBlh<l=..Sly_<ly<e (i=2,3,..),

(iii) the sample path function W({(?, ) is continuous in ¢ with proba-
bility one.

We note that (i) and (ii) imply that the covariance function of a Wiener

process is
R(s,t) = EW(S)W () = sAt.

Remark 1.1.1. Conversely, a Gaussian process having the latter co-
variance function must also satisfy properties (i) and (ii), that is to say,
a continuous or at least separable Gaussian process with the above covariance
function is a Wiener process.

The aim of this section is to give a constructive proof for the existence
of this process. Towards this end, let {r,} be the sequence of positive
dyadic rational numbers (i.e., numbers of the form %/2°, k=1,3, ...,
n=1,2,...) andlet {X; } beindependent A47(0, 1) r.v. defined on a proba-
bility space {2, &/, P}. On this probability space we construct a Wiener
process as follows:

For any positive integer k, let

W(k) = X1+X2+..0+Xk
and
W(k)+W(k+1)+Xk+1/z
2 V4
Now we wish to define W(k/2") for k=1, 3, ... and n=1, 2, ... . Assume
that it is already defined for k=1,2,... and n=1,2, ..., n,. Then, for
k=1,2,... and n=ny+1, let

(&)
2 + ‘Xv(2k+ 1)2—" .

W (k+3)=

W 2k+1y 2"

( 20 ) - 2 y2r et

Whence, by induction, we have defined our Wiener process at every dyadic

rational point r,. For an arbitrary 0<t=k§' 8,‘2(:) (80()=0,1,2, ...;
=0

&(1)=0,1; k=1,2, ... andg(r) should not be identically 1 from some
k on) we define

W(r) = lim W(2"1)/2") = lim W ()

= W(eo(0)+ fim 30V ()W (),
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with f,= Z’s {()/2/. The existence of the above limit follows immediately

from Kolmogorov s Three Series Theorem for every fixed ¢>0. However,
the exceptional set of probability zero, where this latter a.s.—convergence
might not hold, can depend on the particular fixed ¢. This, however,
presents no problems, because there exists a set Q,cQ of probability

zero such that the series Z’m (w(t)— W(t,—1)) converges for every ¢ when-
k=1

ever w€Q—0Q,. In fact, we are going to prove the stronger statement that
the above limit representation of W(¢) holds uniformly in ¢ with proba-
bility one. In order to see this, it suffices to show

oo

2, sup W)Wl <= as,

k=10xt=1

which, in turn, is simplied by the well known estimation (cf. Feller 1968,
p- 175)

—x2/2
2

(1.1.1) —}—(Slc-—-%)e“"zlzél—di(x)§y_l e x =0,

VZZ—n- 2nx

as follows. First, we have
P{ sup [W(E)—W(t-)l = uk—lr_} = 2Ke W2,
o=t=1 ]/K

where K=2* and u,=C)2logK, C=const.>1. Consequently, with
%
LeC Zl/ 2 log2 ’

= = 2
P{3 sup Wy -Wapl =L} = 3 oy
k=10=¢=1 k=1
2

=2w_—1—_?'1-—>0 as C->°°,

gives the desired a.s. convergence.

A little calculation now shows that the thus defined process {W(¢);
0=t<e<o} satisfies conditions (i) and (ii). Condition (iii), however, is not
immediate at all. The rest of this section is devoted to proving and
further elaborating on condition (iii) for the above constructed process
{W(t); 0=t<-os}. The following lemma plays a key role in doing this.
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Lemma 1.1.1. For any ¢>0 there exists a constant C=C(e)>0 such that
the inequality

(1.1.2) P{ sup sup. W (s+t)— W(s)f>vl/h}<ce e

0=s=1-h0<t=

holds for every positive v and h<1.

‘Proof. Using again the above notation, for a positive real number s and
integer r, let 5,=[2"s)/2"= Zrej(s)/Zj. Also write R=2". Clearly, for each
i=0
weQ and s, t, r fixed, we have
W (s+6)—W(s) = [W((s+1),)— +W (s+0) =W ((s+1),)|
HIW ()W) = W ((s+1),)—W(s,)|

+ jé:; lW((s+t)r+j+1) _W((s+t)r+j)|

+ 5 IW(sr+j+1)"W(5r+j)|-

Since sup |(s+1),—s,|=h+R7Y, sup. |64 1) jrr— (4 1)y | =270+

0<t=sh

and W((s+1),)— W(s)eA (0, (s+t) s) for any positive #,u, x; and
integers r,j we have
P{ sup sup. [ ((s+2),)—W (s,)] =z u)h+1/R}
0=s=1-h0=<
=2e "2 R(Rh+1),
1
R e )
= 2e—x§/22r+i+1’
and similarly
1
P w —-W S, = X;—————o=
{052151119 LS00 W (s o) =W isra )l = x; V2'+J+1}
= De~*i2or+itt
Whence
(1.1.3) P{ sp  sup [W(s-+1)=W (9] = uVhF1/R+2 2

O=s=1—hO<t= }/2"”+1 }

= 2R(Rh+1)e— 48R 3 2e~*3",
<o
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Put x,-=l/2j +u* and R such that 2R>K/h=R, where K is a positive
constant and will be specified later on. Then

8R 52je—x312 = .S_K 2'”(2/9)je—-u’/2 — ilge_us/z’
j=0 h j=0 h
where
A=8 3 (2]ey
J=0
and
Xj — 2]
wBFTR+2 3 2o = ufRF 1R 2 | 2 2| 2V 2+ sz

Vh+ _,_21/—[34.“0] 1/71{ [VH— +2GV%+2BV%},

where
=1/ 2j = 1
= — and G= —_—.
jg:] 2 jg(; V2!

Letting now v=u [J1+2/K+2GV1/K]+2BV1/K we get by (1.1.3) that

P{ sup sup. W (s+t)—W(s)| = Vho}

O0=s=1—-h0<t=

AK

- 2K —udf2y T L —utf2 __ _1..

e "22K(K+1)+4K] = %—1— e~vii@te)

where the last inequality follows from the inequality

_ U—ZBVT/—-K - v
VI+2/K+2GVIK ~ Vite2 '

which, in turn, is true for all v=1 and any given £>0 upon taking K large
enough. This proves our lemma with v=1, while it is trivially true for
v€(0, 1), since, in the latter case, the right hand side of (1.1.2) is larger
than one for C big enough.

With the help of our Lemma 1.1.1 we can also prove now that the above
constructed {W(¢); 0=t<oo} is continuous in ¢ with probability one,
that is condition (iii) is also satisfied. This will immediately follow from
the next theorem, which also gives more, namely the modulus of continuity
of the Wiener process.
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Theorem 1.1.1 (P. Lévy 1937, 1948). We have
sup sup |W(s+1)—W(s)|
h

1.1.4) lim PEs=ich 0=k 2%
( b0 V2hlogi/h
and
sup hIW(s+h)—W(s)|
(1.1.5 L L 2% 1.
) lim Vahlog 1k
Proof. Let
(1.1.6) A,= sup sup [W(s+2)—W(s).

0=s=1-h0<t=h

First we prove

(1.1.7) A

m— . =1
h~0 Y2hlog 1/h
We apply the inequality of (1.1.2) with v=(1+¢)J2log /A, ¢>0. Then

P{_LZI+3} = .(_j_exp —

a.s.

2(10g%] (142

= CK.

V2hlogl/h — T h 2+e
Take T>1/¢ and let A=h,=n"T. Then
©o Ah oo T
2 Pl——r—=1+4¢} = Cn~ 't <o
n=1 |V2h,logl/h, n=1

and the Borel-Cantelli lemma implies that

Ab, 1+& a.s.

lm —F_— =
n~e Y2h,logl/h,
Let us take h,,,<h=<h,. Then, for each w€Q, we have
A A
M ——=t—— = lim ]
b=0 Y2hlogl/h ™= V2h, . logl/h,

m Ahn VZhn log llhn
pee Vzhnlogl/hn V2hn+1 IOg 1/h»+1

=1+4eg, as,

for all ¢=0, and whence we have (1.1.7).
Next we show
(1.1.8) lim sup LCEN-WOL
B0 0=s=x1—k V2hlogl/h

a.s.
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We have by (1.1.1)

<(1-¢)

‘W k+1) [ )

o] 1

T n'7* Yerlogn

Consequently, by property (if)

(1.1.9) SP{ max IW(If-ir:l] [ ]l (1—2) Zlogn}

n=1 O0=k=n-1 |

210gn}

et 1 1 n > n®
,.é; n'=* Y8xlogn ] né; P [ V8nlogn ]

Also, for almost all w€ Q

. W (s+1/n)—W(s)]
(119 R Amiogn

- ()-w ()
= lim osiip—1 Z L
oo Y2(1/n) logn
by (1.1.9).

Considering now h,,,<h<h, with h,=1/n, we get

1)

1

tim W (s+h)~W(s)

su
hedomsmin  J2hlog 1k

1 1
. IW(s+n+l]—W(s)| V2n+1
= lim sup

':o 0<s<1——1—— 1 V _1_
arl 2n+110g(n+1) 2nlogn

log(n+1)

s s PEED WG

n—oo 1 1 1
0<s<1—m Oétém 1/2 _; lOg n

where the latter r.v. is 2% o(1) by (1.1.7), and the first one is a.s.=1
by (1.1.10). Hence we get (1.1.8).
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Remark 1.1.2. The following trivial generalizations of Theorem 1.1.1 are
easily obtained:
sup  sup W (s+1)—-W(s)

]i ass=b0<r=

B0 (2h Tog 1/h)!?
sup sup [W{(s+#)—W(s)|

a.s. 1 as=s=b0<t=h

= (hlog 1/h)\7
sup (W(s+h)—W(s))

a.s. li asss

=i (hlog )
sup W (s+h) = (s)|

a.s. li a=s=b as. 1

=W Qhlogl/h)™®

for any O=g<b<eco,

In fact, in the above relations the statements with two sups can be
obtained directly from the corresponding statements with one sup. For
example, (1.1.4) can be obtained as a consequence of (1.1.5). In order
to see this, it is enough to prove that (1.1.5) implies

An

(1.1.11) M Ghog 1Ry

]l/\

1 as,
where A, is defined by (1.1.6). Moreover, the following stronger statement
is also true:

(1.1.12) im sup sup |W(s+t)——W(s)I§1 a.s.

0 0=s=1—ho<r=h (2tlog1/t)1/?

By (1.1.5) for all &¢=0 and for almost all w€Q there exists an
ho=hy(w, £)=>0 such that

W (s+y; w)—W(s; w)| = (1+&)(2y log 1/p)'*

for all 0=s=1, and for all O=<y=4,; that is to say

= 1l+e,

W(s+x; 0)—W(s; o)
su su
O§s§11)—h o<xgh (2xlog1/'®

provided h=h,. This clearly implies (1.1.12) which, in turn, implies (1.1.11).

Throughout this Chapter we will several times formulate similar state-
ments with two sups and with one sup. The above sketched idea, which is
saying that a statement with two sups follows from the corresponding



Wiener and some Related Gaussian Processes 29

statement with one sup, can be applied also in those cases. Our only reason
for spelling out also statements with two sups is the fact that the proofs
of these are generally simpler if we already have the inequality (1.1.2). We
emphasize however that the inequality (1.1.2) itself does not follow from
the corresponding inequality with one sup (cf. also Supplementary Remarks
to Section 1.1),

1.2. How big are the increments of a Wiener process?

In Theorem 1.1.1 we saw how large the increments of a Wiener process
over subintervals of length 4 of the unit interval can be when 4 is smull.
In this section we are going to study the similar problem of how large the
increments of a Wiener process over subintervals of length ar of the
interval [0, 7] can be when T+ and a; is a non-decreasing function
of 7. These two problems are closely related to each other and can be
studied from the same source of information, namely from Lemma 1.1.1.
Towards this end we first extend the statement of the latter from the unit
interval to any finite interval of the positive half-line (Lemma 1.2.1). From
this latter lemma the main result (Theorem 1.2.1) of this section will follow
just like Theorem 1.1.1 did from Lemma 1.1.1. This then shows that
Theorems 1.1.1 and 1.2.1 are closely linked. They do not seem to follow
directly from each other though (cf., however, Supplementary Remarks,
Section 1.2).

The above mentioned immediate analogue of Lemma 1.1.1 is

Lemma 1.2.1. For any £>0 there exists a constant C=C(g)=>0 such that
the inequality

v3

(12.1)  P{ sup sup [W(s+)-W(s) z=ovVh} = -Ch—Te_m
h

O=ss=T—-h0st=

holds for every positive v, T and O<h<T.

Proof. This lemma follows from (1.1.1) and from the following

Observation. For any fixed T=0 we have

W(s); 0=s= T}i{ﬁw(—}); 0= ng}.



30 Strong Approximations

Theorem 1.2.1 (Csorgs, Révész 1979b). Let ay (T'=0) be a monotonically
non-decreasing function of T for which

(i) O<ar=T,

(ii) T/ay is monotonically non-decreasing.

Then

(1.2.2) Im sup BrlW(t+ap-We)lZ1,
T~ 0st=T—ap

(1.2.3) 7]?15 BrlW(T+ap)—W(T)
ZTm sup BrW(T+s)-WI) =1

T—+oo 0Ss=ay
and
(1.2.4) Im sup sup BrlW(+s)-W(@)| 21,
Twoo 05t=T—qp 0=s=ar
Wwhere

T -1/
Br= (ZaT [loga——i-loglog T]] .
T

If we have also

(iii) Jim (log T/az)(loglog T) ™! ==,
then
1.2.5) lim  sup BrW(+ap)—-W()| 1
T-roo 05t=sT—ar
and
(1.2.6) lim sup sup BrIW(t+s)—-W() £ 1.

T+oo 05t=T—ay 0=s=ag

Remark 1.2.1. The proof of this theorem will show that statements
(1.2.2)~(1.2.6) remain true if any one, two or all of 7, ¢ and s are running
over all the integers, or if we omit the absolute value signs in these statements.
Also, because of the symmetry of W, if we replace the lim sup by lim inf
and sup by inf in (1.2.2)-(1.2.6), then the above results will be true with
—linstead of + 1, when also omitting the absolute value signs. For example

(1.2.2%) lim  inf ﬁr(W(t‘*'ar)—W(f)) as

T+ 0=t=T—ap

if conditions (i)~(ii) hold true and

(1.2.5%) im _inf (W (t+an)~W ()2 1

1
Toco0mtsT—

if conditions (i)-(iii) hold true.
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Choosing a; as clog T, ¢T and 1 respectively, the following corollaries
are immediate.

Corollary 1.2.1. For any ¢=0 we have

(1.2.7) lim sup UHclogD) W) 4 V_'i-

T-roo 0t=T—clogT clogT

This latter statement is the Erd8s-Rényi (1970) law of large numbers
for the Wiener process (cf. also Theorem 2.4.3).

Corollary 1.2.2. For 0<c=1 we have
W(t+cT)—W (@) as. |

= %

1.2.8 m sup AR A
( ) T+ 0st=T—cT J2cT loglog T

T 0mtsT—cToss=cr (26T loglog T)1/2

(1.2.8) and (1.2.8*) also follow from Strassen’s law of iterated logarithm
(1964). In Section 3 of this Chapter we will, however, follow the opposite
road, proving Strassen’s law via (1.2.8%).

Corollary 1.2.3. We have
(1.2.9) lim sup IW(H-_ D) 1.
T—+oo 0st=T—1 V2 logT

This is a well-known result which (when 7 and ¢ run over the integers;
cf. Remark 1.2.1) in terms of the order statistics X (i=1,2,...,n)
of n independent A7(0,1) r.v. reads

T Xn(’l) a.s.
(1.2.10) lim =2 1.

Proof of Theorem 1.2.1. The proof is formulated in three steps, which
together will imply our statements.

Step 1. Let
A(T)= sup sup BrW(t+s)—-W()l
0st=T—ay 0sSs=ay

Suppose that conditions (i), (ii) of Theorem 1.2.1 are fulfilled. Then
(1.2.11) }:ia AT)=1 a.s.
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Proof. By Lemma 1.2.1 we have for any &=>0
T T
PAT)z=V1+e) = C;— exp {—(1 +¢) [loga—+loglog T]}
T T

—cfer) L
"C(T] (log T)t+e *
Let T,=6* (6=>1). Then

kgp(A(Tk) = V17e) <o
for every &>0, 6=>1. Hence by the Borel-Cantelli lemma
(1.2.12) kfiﬁo ATy =1.
We also have
(1.2.13) 1 g-ff—*-ge
Ti+1

if k is big enough.
Now choosing # near enough to one, (1.2.11) follows from (1.2.12) and
(1.2.13), because B 4(T) is non-decreasingand B is non-increasingin T.

Step 2. Let
B(T) = B W(T)-W(T—ay)].

Suppose that the conditions (i), (ii) of Theorem 1.2.1 are fulfilled. Then
(1.2.14) }Tﬁ B(T)=1.

Proof. For any £>0, by (1.1.1), we have

exp {——(1 —g)? [log ?T—+log log T]}
T

(1215 P(B(I)z=1-g§= = [2 [log_gr_,-l_log tog T]]llg

1-~-8
_Ar _
(T logT )

if T is big enough. Let T;=1 and define T, ., by

I

Tini—or,,, =T if e<1

and
Tyyr = 641 if ¢g=1,


file://-/TlogT
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where 6>1 and lim a;/T=g¢. (We note that our conditions (i) and (ii)
imply that a; is a continuous function of 7T and that T'—a; is a strictly
increasing function if p<1.)

In case of g<1, (1.2.14) follows from the simple fact that

1—g
5 _a___] e
kg; [ T log T,
and that the r.v. B(T,) (k=1,2,...) are independent.
In order to see the divergence of the above series, we have

1-—-e
l d 1 1 S 4T,
g(Tklong) ‘=2 T, (logT)t~® — (logT,,)1 ‘kz; T’

and, because —log (1 —x)=K,x for all x€(0, 1—4) and some K;=>0,

log 7, = Z’log = —kzn;log[l—a;") = K; b1
= k

T,
Y ¥=2 T

These two statements combined give the stated divergence.

In case of ¢=1, ar,  =T,,—T; (if k is big enough), hence

B(Ty41) Z B, W (Ti - W (T —Br,,, sup W)Wl

OsusvosT,
By Step 1,
(1.2.16) [im Br, ., sup W @) —W (u)| = 26712,
k-o0 0sSu=v= k
We also have by (1.1.1)
8
~(1—2)% =
P{r, W (Tus)-W(T) = 1—c}=0(k = o),

Now for any given ¢=>0, choosing 8 big enough and applying the Borel-
Cantelli lemma we get

(1.2.17) I B, W (Tes)-W (T = 1—2 as,

Whence combining (1.2.17) and (1.2.16), and choosing again 8 big, we get
(1.2.14).

We note that ¢=1 if and only if a,=T, i.e., in this case (1.2.2) and
(1.2.4) reduce to the well-known laws of the iterated logarithm.

Step 3. Let
C(Ty= sup PrlW(t+ap)-W().

0=t=T—ar

Suppose the conditions (i)-(iii) of Theorem 1.2.1 are fulfilled. Then
(1.2.18) lim C(T)=1 a.s.

T—+co
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Proof. Since the r.v.
Br |W((k+1)aT)—-W(kaT)[ (k=0,1,2,...,{T/a;]—D
are independent, by (1.2.15) we have
Br | ((k+Dar)—W (kap)| = 1 —&}

P {OSkS[TIa I~1

—e\(T/ay] 2 1—¢
=(lrier) ) =2t () ()
TlogT ap/) \logT

By condition (iii) we have

Zool () l) ==

and whence, so far, we have proved

(1.2.19) 11m C(j)=lim max ﬂjlW((k-i—l)ai)-—W(kaj)l =1 as

J—=oo 0sk=[jla]}—~1
Considering now the case of in-between-times j=T<j-+1, we first
observe that 0=a;—a; and that, by condition (ii), 0§aT—aj§—a},1§ da;
for any 6>0, if j=T<j+1 and j is big enough. (The latter inequality

ar T
is immediate, since — T —=- Ij by (ii), and so, via ar=a; —, we have ay—aq;=
J

éaj(JZ— 1] é%.) Whence, for j=T<j+1 and j large, we have

(1.2.20) C(T) = By oa W ((k+1)ay)—W (ka))|

05"5[1/0 }-1

— sup  sup Br{W(+s)-W()l.

0=t=T—dap 0ss=dayp
On the other hand, by Step 1 we have
im  sup sup fr W (t+5)—W(s)l

T—oo 0zmt=T—day 0=s=dar

T 1/2
(ZéaT [Iog Ex—+log log T]]
= [im I = 52,

Troo

T 1z
(ZaT [log = +loglog T]]
T

This, by (1.2.20) and (1.2.19), also completes the proof of (1.2.18) upon
observing also that B;../B;,~1 as j—eoo.
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Remark 1.2.2. It is possible to prove that in (1.2.2) and (1.2.4) the
[im cannot be changed to a lim, if condition (iii) fails, that is to say in the
latter case (1.2.5) and (1.2.6) cannot be true. In fact Deo (1977) has shown
that
(1.2.21) lim sup sup BriW(t+s)—- W) <1 as.

T—+oo 0St=ST—ay 0=s=ap

as well as

(1.2.22) im sup BrW(E+ap)—-W(@E)| <1 as,
Twoo 0=t=T—ay

provided

THE (log T/ap)(loglog T) ™! <eo.

This result suggests the following problem: find the normalizing factor
dr=07(ay) such that the left hand side r.v. of (1.2.21), resp. that of (1.2.22),
should be equal to one almost surely, with J; replacing By in them.
A partial answer concerning (1.2.22) was given by Book and Shore (1978),
who showed that

N7
lim sup  BrW(+an) w2 ()

T+oo 0st=T—ay r+1

provided lim log (TazY/loglog T=r, 0=r= o
The similar question in connection with (1.2.21) was studied by Csaki
and Révész (1979), who proved that

187'= lim sup sup Sr|W(E+s)—-W ()| =46 as.,

Troo 0=t=T~ap 0=s=ar

2
where J;=(2ay log (1+%[Ta;1]/log log T))"Y2. The general question
of finding the exact value of the above lim statement appears to be

T—+co
a difficult one. However, if one also has lim log (7a;')/logloglog T=c

T—+oo

then the just mentioned lim is equal to one.

Tow

The special case of ar=T of these questions was studied by Chung (1948)
(cf. also Section 1.7) and Hirsch (1965) who evaluated the normalizing
factor pry resp. vy for which

lim sup p W ()2 Lim sup v |W()| 2 1.

T+ 0=t=T To+oo 0=t=sT

It should be emphasized that u, and v; are very different, which is
not the case when studying the im instead of the lim of these functionals.
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1.3. The law of iterated logarithm for the Wiener process

Taking ar=T in (1.2.2) or, equivalently, c=1 in (1.2.8) we get P. Lévy’s
famous law of iterated logarithm:

Theorem 1.3.1 (P. Lévy 1937, 1948).
W (T)|

1.3-1 e g—._i:‘ 1
(1.3.1) T== 2T loglog T
In fact (1.2.4) with a,=T, also gives
Theorem 1.3.1%,
(13.2) fim @)

raw omer V2T loglog T
= lim sup IW(XT)I as.
TorowSys]————————————— == 1.

_ V2T loglog T

Remark 1.3.1. Our Remark 1.2.1 is applicable here and says that (1.3.1)
and (1.3.2) hold true if 7 and/or t run over the integers. It also says
that if we replace fim by lim, sup by inf and omit the absolute value
signs, the right-hand side of (1.3.1) and (1.3.2) will be —1.

A more complete description of the behaviour of W(xT),0=x=1, T+,
was first given by Strassen. This section is devoted to proving his funda-
mental theorem.

Let & be the set of absolutely continuous functions (with respect to
Lebesgue measure) such that

1
f@=0 and [(f'(x)pdx=l.

The set % is compact and this follows from the following (cf. also
Suppiementary Remarks, Section 1.3):

Lemma 1.3.1 (Riesz, Sz.-Nagy 1955, p. 75). Let f be a real valued function
on {0, 1). The following two conditions are equivalent:

1
(i) f is absolutely continuous and f (fPdx=1,

-y

ii =1 forany r=12, ...
(i) é, Tr for any

and f is continuous on [0, 1].
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Define
n"(x) = _.__.W_/_(_'lx)_.
V2nloglogn

for x€[0,1]. Then {y,(x)} is a sequence of stochastic processes with
sample paths almost surely in C(0, 1). In this setup Strassen’s theorem is

Theorem 1.3.2 (Strassen 1964). The sequence {n,(x)} is relatively compact
in C(0, 1) with probability one, and the set of its limit points is .

The meaning of this statement is that there exists an event Q,cQ of
probability zero with the following two properties:

(i) for any w¢ 2, and any sequence of integers n,<mny,<... there
exist a subsequence nkj=nkj(cu) and a function f€% such that

r],,,lj(x; ®) -~ f(x) uniformly in x€[0, 1],

(ii) for any fc¢& and w{¢ £, there exists a sequence n,=m(w,f)
such that
M, (%, ®) ~ f(x) uniformly in x€[0, 1].

Remark 1.3.2. Since |f(1)|=1 for any function fe&, and f(x)=x€S,
Theorem 1.3.2 implies Theorems 1.3.1 and 1.3.1%,
The proof of Theorem 1.3.2 will be based on the following simple

Lemma 1.3.2. Let d be a positive integer and a,, d,, ..., %, be a sequence
of real numbers for which

d
2ai=1.
i=1

Further let

Sy = o, W(n)+aa(W(2n) W (n))+ ... +a,(W (dn) ~W ((d — ) n)).
Then

S,

(1.3.3 m —2 2% ]

) n~-= VY2nloglogn
and
(1.3.39 lim S 2
n~ }2nloglogn
Proof. In the first step we prove that

IS4

(1.3.4) r~= V2nloglogn
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In order to do this, by (1.1.1) we observe that for any &=>0

Sl
1.3. Pl —— =14l = —————— |
(135 { V2nloglogn } (log m)+o*
since S,€A47(0,n). Set N,=[0*] (0=1). Then (1.3.5) implies
(1.3.6) Z”P{———'i——____”'i__zua}«o.
<1 |V2N,loglog N,

Applying Theorem 1.2.1 one gets

5 max max PRGN
koo 1= j=d Nyy=n<Ny ., Vsz loglog N,

= lim sup sup 'WI = yd({-1),

koo 05t=dN, 0ss=aN, (0~ V2N, loglog N,

and hence

S,—S,
(1.3.7) Im sup 1SSl
koo Npsn<Np o,y VZN;‘ lOg lOg Nk

= 2d%%)9—1.

Choosing & near enough to 1 (1.3.6) and (1.3.7) imply (1.3.4).
Now we turn to the second step and prove

S,

1.3.8 I{El e ——————
( ) n~= 2nloglogn

I
©

Put N,=60* where, given O<g<1, we assume that f is an integer
and 8=>d/e. Put also

S§ = oy (W (N —W(dN,_D) + (W (2N) W (N) +...

g (WANY)—W (d—1) Ny).
Then
E(S{)P? = (3+... +a) N+ (N —dN ) = Ny —afdN, 4

= Nk(l—%] = N.(1—¢).

Whence, by (1.1.1),

{ S,f =1 } e—(1—2)Ploglog Ny,
=]—¢

V2N, (1 —¢)loglog N, 2y2rloglog N, ~

v
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which, in turn, implies by the Borel-Cantelli lemma that
*

H?ﬁ- _——"_S_‘———k—

k== 12N, log log N,

Since ¢ is arbitrarily small, (1.3.8) now follows from (1.3.1) and (1.3.9).
In this way we have (1.3.3) and symmetry of W combined with the latter
statement implies (1.3.3%).

Now we introduce some notations. For any real valued function f€ C(0,1)
and positive integer d, let f@ be the linear interpolation of f over the
points i/d, that is

1069 =1(5)+a () (2)) (--3)

i_ o _ i+l . _)
(g:xz_d—,l—(),l,.u,d 1 .

(1.3.9)

= (1 —¢g)*2.

Let
Cy = {f?: f€CO, D} <= CO, 1),
Sy = {f(d): fe y}’
where cC% by Lemma 1.3.1.
The statement of Lemma 1.3.2 easily implies:

Proposition 1.3.1. The sequence {n®(x)} is relatively compact in C; with
probability one, and the set of its limit points is 9.

Proof. By Theorem 1.3.1 and continuity of the Wiener process this
Proposition holds when d=1. We prove it for d=2. For larger d the
proof is similar and immediate. Let Z,=(W(n), W(2n)— W(n)) (n=1,2,...)
and «, f be real numbers such that Ja?+4f2=1. Then by Lemma 1.3.2
and continuity of W the set of limit points of the sequence

LY :
B - {aW(n)+f3(W(2n)-W(n)) }
V2nloglogn L=1 ¥V2nloglogn

is the interval [—1, +1]. This implies that the set of limit points of the

Z,
sequence {———————m—=—
q {VZn loglogn
of the unit circle belongs to this limit set.

Now let Zy=(W(n), W(2n)— W(n), W(3n)— W(2n)). In the same way

Z*
as above one can prove that the set of limit points of {-—;———____1'__———-}
V2nloglogn

n=1

} is a subset of the unit circle and the boundary
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is a subset of the unit sphere of R® which contains the boundary of this
sphere. This fact in itself already implies that the set of limit points of

Z, . . . . .
———————1 i3 the unit circle of R? and this, in turn, is equivalent
V2nloglogn

to our statement.
Proof of Theorem 1.3.2. For each w€Q we have

sup [7,(x)=nP(x)| = sup sup |n,(x+5)—7n,(x)l,
0=x=1 o= /d

x¥=10=s=1

hence, by Corollary 1.2.2, we get
Im sup [n,(x)—nP ()| =d"% as.
1

neoo 0=x=
Consequently we have the theorem by Lemma 1.3.1 and Proposition 1.3.1,
where we also use the fact that Lemma 1.3.1 guarantees that & is closed.
The discreteness of n is inessential in Theorem 1.3.2 and, if we define

W (tx)

(%) = ==, x€[0,1],
1 V2tloglogt [0, 1]

we have
Theorem 1.3.2* (Strassen 1964). The net n,(x) is relatively compact in
C(0, 1) with probability one, and the set of its limit points is .

We should also mention another version of the law of iterated logarithm

Theorem 1.3.3 (P. Lévy 1937, 1948).

W@ as lim su WS as gy
~0 V2tloglog 1/t o e V2sloglog1/s

This theorem is an immediate consequence of Theorem 1.3.1 and the
following

(1.3.10)

Lemma 1.3.3. Define
tw(ljey if t=0,
(1.3.11) W(t) = {0 § =0

where {W(t); 0=t<co} is a Wiener process. Then W(t) is also a Wiener
process.

Proof. The three properties (i), (i) and (iii) of Section 1 of a Wiener
process are easily verified for the above defined stochastic process.
Clearly Theorem 1.3.3 can be formulated in the following form too:



Wiener and some Related Gaussian Processes 41

Theorem 1.3.3*. For any t,>0 we have

m [W (to+h) —W (t,)| as. |

t3
(1.3.10% »~0 V2ohloglogl/h

It is interesting to compare Theorems 1.1.1 and 1.3.3*. The latter one
states that the continuity modulus of W(r) for any fixed 1y is not more
than (2 log log 1/A)Y2 (local continuity modulus). On the other hand,
(1.1.5) of Theorem 1.1.1 tells us that at some random points the continuity
modulus can be much larger, namely (24 log 1/h)'/2 (global continuity
modulus). This means that the sample paths of a Wiener process violate
the law of iterated logarithm at some random points. A paper of Orey and
Taylor (1974) investigates “How often on a Brownian path does the law
of iterated logarithm fail?”.

1.4. Brownian bridges

A stochastic process {B(t); 0=t¢=1} is called a Brownian bridge if
(i) thejoint distribution of B(%,), B(ty), ..., B(t,) O=t,<t,<...<t,=1;
n=1,2,...) is Gaussian, with EB(¢)=0,
(i) the covariance function of B(¢) is

R(s, t) = EB(s) B(t) = sAt—st,

(iij) the sample path function of B(¢; w) is continuous in ¢ with
probability one.

We note that (ii) above implies B(0)=B(1)=0 a.s.

The existence of such a Gaussian process is a simple consequence of the
following:

Lemma 1.4.1. Let {W(t); 0=t<o} be a Wiener process. Then

(1.4.1) B(t)y=W@t)—tW(l) O0=t=1)

is a Brownian bridge.

Proof. The above three conditions are easily verified for the represen-
tation (1.4.1).

Moreover, the continuity modulus of B(¢) can also be obtained from
(1.4.1). Namely we have:
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Theorem 1.4.1.
(142 1im sup sup BCHD=BONas o o 1BEHRH - B))
r~00=s=1-ho<t=k J2hlogl/h n~oo=s=1-k J2hlogl/h
2 T sup |Blsp+1)—BGso)| as. = [B(o+H)—B(so)| as.

e00<t=k  J2hloglogl/h _ n~o V2hlogloglh
where s,[0, 1—H] is fixed.

Proof. (1.4.2) follows immediately from (1.4.1) and from our earlier,
similar, results for a Wiener process.

(1.4.1) exhibits a useful relationship between the Wiener process and the
Brownian bridge. Now we display two further connections for the sake
of later reference. The first one is

Proposition 1.4.1. Let {B;(¢)}2, be a sequence of independent Brownian
bridges and let X,=0 and {X;};2, be a sequence of independent (0, 1)
r.v. which is also independent of {B,(t)}. For any fixed O=ty<t;<t,<...
define the stochastic process

(143) W)= 2V.+1 Xt ==

—_— —t
o1tV —1;B; [ 4 )
V j+1 ]+1 V Jj+1 tj+1_tj
if 4=t=¢t,,0=0,1,2,...). Then {W(t); O§t<oo} is a Wiener process.

Proof. The three properties (i), (ii) and (iii) of a Wiener process in
Section 1 (or, equivalently, the covariance function of W) are easily
verified for the above defined stochastic process {W(?); 0=t<<}.

The second connection between a Wiener process and a Brownian bridge
is a special form of Doob’s transformation (1949).

Proposition 1.4.2. Let B(t) be a Brownian bridge and define

(1.4.4) W(t) = (t+1)B(t—J’;T] (t = 0).
Then W(t) is a Wiener process.

Proof. Check again the three properties or the covariance function of
a Wiener process.

Remark 1.4.1. (1.4.4) clearly implies

(1.4.5) B(t) = (1 —t)W(l—’_—t—] ©0=1<1).
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1.5. The distributions of some functionals
of the Wiener and Brownian bridge processes

For the sake of further reference we summarize here some classical
distribution results.

Theorem 1.5.1. Let {W(T); 0=t<<} be a Wiener process and {B(t);
0=t=1} a Brownian bridge. Then, for u=0, we have

(1.5.1) P{oilgTW(t) >u) = 2PW(T) = u)=2 [1 - [7;:]]

(1.5.2)  P{ sup [W()] = u} = f 3 (= Dexp (Jx_—;ﬁ*)_] dx
o (T}
- 12 SERT o (- Ck 1)
(1.5.3) P{sup B(t) = u} = e,
0=t=1
(1.5.9) P{ sup |B(t)| = u} = > (- [)e+1 o2kt
o=t=1 P

These statements are usually proved by the so-called reflection principle
(cf. Doob 1949, Billingsley 1968) and their proof will not be repeated here.
Some further distribution results for functionals of a Wiener process
and a Brownian bridge follow without proof. The first one gives the

1
distribution of the square integral w?= f B%(x)dx of a Brownian bridge.

The second one characterizes the maximal deviation »x=sup B(x)—inf B(x)

of a Brownian bridge. The third one is the celebrated arc sine law of P. Lévy.

Theorem 1.5.2 (Smirnov 1937, Anderson-Darling 1952).

t2u

P - 2 2’.0( e %n T3 p
W=wy=1-— — —dt
T x=1 (%fl)nm

5 () e 5 ()

where by,(+) is the Bessel function of parameter 1/4.
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Theorem 1.5.3 (Kuiper 1960).
Prx=u)y=1- Z’m 2(4(ju)3— 1) et
Jj=1

Theorem 1.54 (P. Lévy 1937, 1948). Let U=A{t: W(#)=0, 0=t=1} and
V=sup {t: W(t)=0, 0=t=1}. Then

P{U=x}=P{y=x} =7z1—f =—arcsnnV—, O<x<l

Vs(l s)

Theorem 1.5.5 (Qualls, Watanabe 1972). For —co<y<+ o we have

lim P{ sup (W(t+1)-W(0))=a(y,T)} =exp(—e™?),

Trroco O=t=T

lim P{ sup [W(t+1)-W(1)| =a(y, T)} = exp(—2e7?),

T 0=st=T

where

a(y, T) = (y+2logT+3loglog T—%log n)(2log T) 2

1.6. The modulus of non-differentiability of the Wiener process
In this section we intend to prove the following analogue of Theorem 1.1.1.

Theorem 1.6.1 (Csérg8, Révész 1979a).

lim inf sup V§-13§—h-—1W( +6)-W(s)| =

h+00ss=1-k0=t=xhk
This theorem implies the well-known

Theorem 1.6.2. Almost all sample functions of a Wiener process are nowhere
differentiable.

Theorem 1.6.1 actually gives the exact “modulus of non-differentiability”
of a Wiener process.

The proof of Theorem 1.6.1 is based on the following lemma which,
in turn, is a simple consequence of (1.5.2).
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Lemma 1.6.1.

1

_2_ e—n'/Gx’ < i (e—nﬂls.\:'____ e—9n’/8x’]
T =n 3

T
= P{ sup T-VA (1)) = x} = = e~ 0,
0=t=T i

The proof of Theorem 1.6.1 will be presented in two steps.

Step 1. For any &¢>0 we have

-1
(1.6.1) lim inf sup I/S—IOgTh——IW(s+t)—W(s)]§1—s a.s.
h+00=s=1—h0<t=h nZh

Proof. Put
§; = ih(log h-_l)-_3 (i = O, 1’ 23 Teey Qh)s

where g,=[A"(log ~~1)3]. Then, by Lemma 1.6.1, we have

—1yVl/2
P{ min sup (s—lg-gzi——) W(si+t)—-W(s) < l—s}
0=i=g, 0<t=h T h
= (o + l)i exp {———1——— logh“l} = O(K (log h™1)?)
= Ak 7 (1—g)? i

where 6=(1—¢)"%—-1=0.
Now let h,=n~T where T'>§1. Then the above inequality implies:

. . ~1\1/2
(1.62) lim min sup [ﬂ‘ﬂ_) W(s+)~W(s) = 1—¢ as.

n--oco 0=i=e), 0<1=h, n? hn
where
s; = ih,(log hy 1) ™2,

Consider the interval s;=s=s,;,,. Then applying Theorem 1.1.1 with
3
h,,/ (log —1—) instead of h, we get

h,
—1y2,1/2
m max sup [ao—gzzll] W(s)—W(s)l =1 as.

nroo 0Ei=g) s;Ss<5;,.4
n

which, together with (1.6.2), implies

—1n\1/2
(1.63) lim inf sup [§_l;2g_hh,,_] W(s+t)—W(s)=1—¢ as.

n—+co OEs=1—h, 0<t5h,
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Finally, choosing #,,,=h<#h, and taking into account that A,/h, 1
(n—<o) and that

-1 1/2
it sp (SR - o)
0=s=1—h,,  0=rsh, nth
—1 1/2
= inf sup (ﬁggzh—] W (s+1) =W (3)],
oss=1~homizh\ A

we get (1.6.1).

Step 2. For any ¢>0 we have

8logh~

12
— ] W(s+t)-W(s) =14e as.

(1.64) Im inf sup[

h—+0 0=s=]-hO<t=h

Proof. Put
=th ((=0,1,2,...,[h72)).

Then, by Lemma 1.6.1, we have

12
P{ min sup (SIOgZ ) |W(si+t)—W(si)[>1+s}

0=i=[h~1] O<t=h

—1n1/2 [1/h]+1
<[l ) -1
0<tSh
<[ 2ol gt "= (-2
= [1—;—exp TP log A = |1 p- h

eof-20[2])

where 6=(1+¢)"2?<1. Now let A,=n"' Then the above inequality
implies

8logh;t

1/2
=h, ] W(s+1)—W(s)

(1.6.5) im inf sup [

noo 0SsS1-h, O<t=h,

8logh;t

1/2
=Ilm mi 1) —W (s,
im min sup [ ik ] W (s;+1)—W(s)]

R->oo O=ixfhy ] 0<sShy,

=l+e
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Finally, choosing 4,,,=h<Hh, and taking into account that #,/h, ,—~1
{(n—o) and

—1z1/2
inf  sup (Slo—gzh—] W (s+1)—W (s)|
0sss1-ho<t=h \ T°h
1 12
s _nf  sup (81&"—] W (s +0)-W(s)l,
osss1-h 0<izh, \ TR

we get (1.6.4).

1.7. How small are the increments of a Wiener process?

The connection between the results of this Section and those of Section 2
is similar to that between Theorem 1.6.1 and Theorem 1.1.1.

Let

F1=5(1) = W(t+ap)-W()l
and
S =S() = \ sup [W(@E+s)-W()l.
<$§=ap

Now the increment %, can be much smaller than the increment .4.
In this section we investigate only the question “How small are the
increments 4,(¢) (0=¢=T-a;)?”’ and, as an answer to it, we prove

Theorem 1.7.1 (Csorgd, Révész 1979a). Let ar be a non-decreasing
Junction of T for which

() O=ar=T (T=0),
(ii) ay/T is non-increasing.

Then
(1.7.1) lim y, I(T) 2= 1,
T—+oo
where
KT) = 0§t1§n1f—aTj2(t)
and
_ ( 8(logTazt+loglog T) ]1/3
1= nlar )
If we also have
(iii) logTjar .,

loglog T
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then
(1.7.2) Tlgn yel(@T) 2 1.

The following examples illustrate what this theorem is all about.

Example 1. aT=;8E log 7. Then yr—1 and our Theorem 1.7.1 says

that for all T big enough, for any £=>0 and for almost all @ there exists
a 0=r=¢(T, ¢, w)=T—a; such that

sup (W (E+)—W() =1+,

0§s§%loﬂ'
but, for all 7€[0, T—ay], with probability 1,
sup |W(E+s)—W(t)|=1—e.

0=s=—log T
T

At the same time our Theorem 1.2.1 stated the existence of a ¢¢[0, T - a,]
such that, with probability 1,

\W(t+%logT}—-W(t)’ = [%—s) log T,
and hence

sup [W(i+s)-W@)l= [%vs] logT

Oésé%log T
n

but, for all #€[0, T—ayl],
4
sup W (@E+s)-W (@) = [—n-+ s] logT.

O<s=—zlogT
n

Example 2. Let a;=T. Then our Theorem 1.7.1 says

12
lim [MJ sup W@ =1 as,

T o 2T 0=r=T

T—+oo

which is the law of iterated logarithm of Chung (1948) when it is applied
to the Wiener process.

8 12
Example 3. Let ap=(log T)V2. Then yrw(?ylog T) , and our
Theorem 1.7.1 says that for all 7" big enough, for any &>0 and for



Wiener and some Related Gaussian Processes 49

almost all w there exists a #=¢(T, ¢, 0)€[0, T—ay] such that

sup  [W(E+s)—-W()| = (1 +.'5)V—(logT)“1/4

ﬂssé(logT)

That is to say the interval [0, T—a;] has a subinterval of length (log T)'2
where the sample function of the Wiener process is nearly constant ; more pre-
cisely, the fluctuation from a constant is so small as (1+¢)n8~2/2(log T)~/4.

This result is sharp in the sense that for all T big enough, and all
t€[0, T—ay], we have with probability 1

sup |W(t+5)— W(t)l>(1—8)V—(10gT) i,

0=s=(log T)1/2

Just like that of Theorem 1.6.1, the proof of Theorem 1.7.1 is also based
on Lemma 1.6.1 and will be presented in three steps.

Step 1. For any £¢>0 we have

(1.7.3) im yI(T)=1~¢ a.s.

T—+co

Proof. Let T,=0" (1<0<(1—¢)7?), ¢(T)=log Ta;'+loglog T and
ti = ti(") == iaT"(QJ(Tn))_a (l = 0, 1, 2, aeey QT,.)’

or, = [Tn+laT,, ((D(Tn))s]
Then by Lemma 1.6.1 we have

[E;Pa_(a_)—]llle(tﬁS)—W(ti)] = 1_8}

L Tn+r

where

P{ min  sup

0§i§QTH 0§S§aTn

= (or, + D~ exp |- (1—8)-2a e gz}

Tn+1

8 T, .
= 20 (0P exp |~ 0T

1

= O(l)(logn)*n G-a7

. .. a
where the inequality —L»— =

Tnst

—2 was applied.

Hence we get

1/
(1.7.4) lim min sup [SZZ(T")] W (t;+s)—W()| =1—e, a.s.

n—~eo O=i=or, O=s=say, The
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Consider now the interval #;=t<z,,;. Then by Theorem 1.2.1 we get
almost surely that

3
[im max sup (2(7,) v
ST N o o et e

XWwE)-wl =1,

which, together with (1.7.4), implies
1/2
(1.7.5) lim inf sup [ﬁ‘ﬂ)—] W(t+s)-W(@)|=1—-¢ as.

oo 05t=T, a7, | O=ssap n*ar,,,
Finally, choosing T,=T=T,,, and taking into account that

¢(T)a Zq)( )aT,H.l’ T—aT Tn+1 AT, 1

and
sup |W(+s)—W(i) = sup |W(E+s)—W(@),
O<s=ap OéséaT"
we get (1.7.3) by (1.7.5).
Step 2. Let
B(T)= ?TO sup |W(T—ar+s)—W (T —ay)|.
ss=ap

Then for any ¢=>0 we have
(1.7.6) lim BT)=1+¢ a.s.

T—+oo

Proof. By Lemma 1.6.1 we have

1

P(B(T)=1+2) = %e"p { (1+a)2 aFar T )} (T 11: T)(HE)"

Since conditions (i) and (ii) imply that T—a; is a continuous non-
decreasing function of 7, we can define the sequence {7,} as follows:
Let T;=1 and define T, ., by

Tk+1-aTk*1=Tk if %Z“—FQ<1,

. a
Typq = ektDlogG+d if _TT_ -go=1

In case of ¢<1, (1.7.6) follows from the simple fact (cf. Step 2 of Theorem
1.2.1) that

1

S
k=2 \T;log T}

and that the r.v.’s B(T}) (k=1, 2, ...) are independent.
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In case of ¢=1, ar, =T;,,—T;. Hence

B(Ty+) = v1,,,  sup W ()-W(T)I

Tp=s=Ty 4y

+ P10, SUP W(T)—W(s)l.
0=s=T,

By the law of iterated logarithm
m yr,,, sup [W(TY)-W(s)l=0 as.
k-+co 0ss=T,

and by Lemma 1.6.1
P{ka+1T sup  [W()—W(T)| = 1+¢e}
1

K =SST
1

1 ](1+e)’

2 [ 1 Tir T4 . gy
%—;exp{ ————loglog T, ., ————{ = Const. Klogk

(1+¢)? Tis1
The latter combined with our preceding two statements imply (1.7.6)
if g=1.
Step 3. For any ¢=0 we have
(1.7.7) E yrI(T)=1+¢ as.,

provided (iii) holds true.
Proof. Choose the sequence T, (n=1,2,...) such that

and put
ti = iaT"H (i = 0, 1, 2, cesy QT,‘)’

where QT"=[T,,a,‘."1+ J
Then by Lemma 1.6.1 we have

8log T, a7},

1/2
P{ min  sup ( g ) W (t,+5)—W () >1+s}
T,

0§i§0Tn 0<s§aT"+ N

-1 \1j2 +1
é[p{ sup [W__ar_) 1W(s)|>1+a}]""

O<ssap nfar,

n

Orn
= (l _2 exp {—(1 -H:)"zﬁ2 log(T, 4 a7t )}]
T aTn ntl

a
_h (1+e)-3 e
T,

= {1 ——z-(ffr;‘] T } "= exp (—O(1)nt-U+a-t+o),
n+1
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where the last line follows from observing that aT"“/aT"—»l, which, in
turn, follows from 7,,.,/7,—~1 by the definition of 7, in this proof.
In order to see that T7,.,/T,—1, let

logTjar _
loglogT ~— b(T),

1
and recall that b(T) e by condition (iii). Then T,=exp (n*Tn).
Whence

1 1 1

1
Toss =exp ((n+1)"Tnsd) — b TD) =exp ((n+ 1)MTD —nbT)

T,

1
1 1T L
= exp [n”‘Tn) [(1 +-n-] - IJ] sexp(n?@dn) ~1 as n-—oo.
Hence we get
8log T, a7),,

Iim min sup :
nar,

n—-co O=i=er O<s=ar

]112|W(t,-+s)——W(t,~)l =1+¢ a.s.

This implies (1.7.7) immediately.

In Section 1.2 and in the present Section we studied the properties of
some increments of a Wiener process. In order to present some further
problems, let

I () = W (t+ar)-W(Q),
ISP {)= sup [W(t+s)—W (),

SO =W(t+ap)—W(),
ISP = sup W(+s)=W (@),

O<s=ay

VYT = sup FP@) (=12;j=12),

O<t=T—ay

19Ty = inf FO@) (=1,2; j=12).
O<t=T—ayp

Now, our question is to find the normalizing factors u;(i, j, k) and
vr(i, j, k) (i=1,2;j=1,2; k=1, 2) for which

TEEI #T(L j’ k) Il(j’k) (T) =1 as.

and
lim vy (i, j, IO (T) =1 as.

T+o0
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Of the here mentioned eight lim sup problems four were solved in
Section 1.2, namely the cases: k=1, i=1,2, j=1,2. One of the eight
mentioned liminf problems is solved in the present section, namely the case
of (k=2,i=2, j=1). For a partial solution of the case (i=2,j=1,k=1)
we refer to Remark 1.2.2. Also, for small a; i.e. when condition (iii) of
Theorem 1.7.1 holds, the lim sup = the liminf in the just mentioned
completely solved five cases. Thus, for a; satisfying (i) and (i), five and,
for a; satisfying also (iii), ten of the above problems are completely solved.

1.8. Infinite series representations of the Wiener process
and Brownian bridge

Our construction of a Wiener process in Section 1.1 can be slightly
modified so that it also gives an infinite series representation of W. In
order to see this, we restrict our procedure to the unit interval [0, 1]. In this
setup then, the construction of Section 1.1 uses a sequence of independent
Ir.v. X,nEM (0, 1), where r, runs over the dyadic rational numbers of
the form £/2" (k=1,3,5,...,2"-1; n=0,1,2,..)). In the first step we
defined W(r) at t=1 by W({l)=X;. Now, instead of the latter, we say
that the first approximation of W(¢) should be

We@)=tX; 0=t=1).

In the second step, there we defined W(3)=1X;+1X;,,. Now we say
that this step should be replaced by the approximation

Wl(t) = tX1+h1(t)X1/2 = ho(t)X1+h1(t)X1/2,
where
t
b= [w@dx=1 0=t=1,
0

and

@)= [ medx= {” 0=r=1

¢ 1—t, +=r=1,

with w; standing for the jth Walsh function.
Our third step in Section 1.1 resulted in the definition of W(}) as

W) = W@ =X =3 W+

X]/4_ X3/4

2V8

X1/4 +X3/4

2V8

+
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Now we say that this third approximation of W should be replaced by

X=X _
V2

X+ X
V2
= ho(t)Yo+h ()Y +hy(t) Yo+ hy(t) Yy,

Wa(t) = ho(8) Xy + by (1) Xyyo+ o (1) +hy(1)

where
L, O=tr=1%
t
i—-t, t=t=14
h,(t) = w.(x)dx =
2(1) 0f2<) iy 1sr=3
1-1, 3§=t=1,
t t, Oétéﬁ:
hs(t)= [ we()dx=14—t, $=t=}
e t—1, 3=r=1
and
X+ X, Xy~ X,
Yo=2X;, Yi=DXy, Yy="2__3A vy —TU8 "4

)

We observe also that Y,, Y;, Y, ¥, are independent 47(0, 1) r.v.
Reformulating each step of our construction in Section 1.1 as indicated
above, the nth approximation of W(z) is

n n 4
(1.8.1) W)= 3 )= >, [ wi(x) dx,
= = 0
where Y,, ¥, ..., Y, are independent A4°(0,1) r.v. Moreover,
W(Ek;] =Wy (%] whenever N =2"-—1,

where W(-) is the Wiener process as constructed in Section 1.1. Whence,
applying the fact that our construction of W(.) in Section 1.1 is a
uniformly (in ¢) convergent one (with probability one), it follows that
(1.8.1) is also uniformly (in ¢) convergent with probability one. This, in
turn, implies the following infinite series representation of W

(1.8.2) W(z):kf Y, [ w@)dx,
=0 0

where Y,, Y;, ... is a sequence of independent A47(0, 1) r.v.
Since the Walsh functions {w,} form a complete orthonormal system,
it is only natural to ask whether {w,} in (1.8.2) could be replaced by any
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other complete orthonormal system {¢p,}. Indeed, it 1s clear that, for any
such system of functions {¢;}, the series Z’ Y f @i(x)dx converges

with probability one for each fixed t€[0, 1]. Itis also clear (direct calcula-
tions) that the covariance function of the latter series is that of a Wiener
process. On the other hand, it is not clear at all that the latter convergence
should hold uniformly in z. However, Ito and Nisio (1968) showed that it is
so for any complete orthonormal system {¢,} and also that the thus
defined limit is a Wiener process, i.e., we have with probability one and
uniformly in #€[0, 1] that

o t
(1.8.3) W(t)=kz0 Y, [ o) dx,
= 0
for any sequence {Y;} of independent A°(0,1) r.v.
As an important special case of (1.8.3), we take {p(x)=1, ¢, (x)=

=V§ cos mkx; 0=x=1, k=1,2, ...} as our complete orthonormal system
on [0, 1], and get

- t
(1.8.4) W(t)=Y,t+V2 3 Y, [ cosknxdx
k=1 0

sin km‘
kn

= Yot +V2 ZYk

the classical representation of W by Paley and Wiener (1934).

The latter representation immediately implies a similar representation
for a Brownian bridge. Since W(1)=Y, by (1.8.4), and B()=
=W(@)—tW(1l) by (1.4.1), we get

sin knt

(1.8.5) B(t)=1V2 2 Y,

1.9. The Ornstein—Uhlenbeck process

Consider the Gaussian process {V(t)=W(t)/l/?; O<t<o}. Then
EV(t)=0, EV¥t)=1 and EV(t)V(s)=Vs/t, s<t. The form of this co-
variance function immediately suggests that, in order to get a stationary
Gaussian process out of V(¢), we should consider

(1.9.1) Uty =V(e®), —co<t=<+co (xfixed >0).
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This latter process is a stationary Gaussian process, for EU,(t) U(s)=
=e~*=sl " and it is called the Ornstein-Uhlenbeck process. We will
use the notation U(t)=U,(¢), and mention, without proof, the following

Theorem 1.9.1 (Darling, ErdGs 1956).

(1.9.2) lim P{ sup U(t) = a(y, T)} = exp(~e™?),
Tvco 0=r=T

(1.9.3) lim P{ sup [U(¥)] = a(y, T)} = exp(—2e7?),
Toco 0=t=T

where

a(y, TY=(y+2logT+31loglogT—Ltlogn) Qlog T) Y2, —w<y<oo,

It follows from definition (1.9.1) that several properties of the Wiener
process are inherited by U,(¢). For example, the latter process is also
continuous, non-differentiable and Markovian,

Remark 1.9.1. Darling and Erdés (1956) evaluated the limit distribution
of Jnax Sk~12 and that of lrgﬁ(nlS,,lk'l/z, where S, is the kth
partiEl sum of i.i.d.r.v. with mean zero, variance one and finite third moment.
Doing this, they have actually proved Theorem 1.9.1, without stating

it explicitly. It is not difficult to see that Theorem 1.9.1 can be proved
easily from their main results:

(1.9.9 lim P{IIE’?.;(" k=28, = a(y, logn)} = exp(—e~?),
(1.9.5) lim P{llll’?;( k=12[S} = a(y, log n)} = exp (—2e™?),
o —oo<< P <x+oo,

The above introduction of the Ornstein—Uhlenbeck process via a Wiener
process suggests a similar investigation of the standardized Brownian

bridge {B(»)/Vy(1—y); 0<y<1}. First we observe

]/1—_3’ AN <}_w_{&. - <}
(1.9.6) { : W(l_y],o y 1_m, 0<y<1},

via checking the respective covariance functions. Letting now e’=y(1—y»)7,
we get

(.97 {U@®; —oo<t<+oo}i{(l+e’)e‘”28(liet]; —oo<t<+°°}.

Consequently, we have also
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Corollary 1.9.1. Let ¢, be a decreasing sequence of numbers such that
e,~0. Then, with —oo<y< + o, we have

(1.9.8) lim P{ sup 2()

g, <x<l—g, v X(l —X)

=a [y, 2log 1“8"}} =exp(—e?),

n—oco n

n—»oco

(1.9.9) limP{ sup _llf(i)lz =a (y, 2log 1—_5;1)} =exp(—2e?).
e, <x<l—g, Vx(l —X) &

Proof. By (1.9.6), (1.9.7) and stationarity of the Ornstein—Uhlenbeck
process U(?) we have

limP{ sup —ﬁ(ﬁ)—: =a [y, 210g_1_—f’1]}
ta<x<1-s, | x(1—X) &,

n-+oco

= lim P{ sup U)=a (y, 2log —l—éﬂ)}
[N 1—eg,

=0 n
log

<t=<log
1—¢, &,

= lim P{ sup Ut)=a (y, 2log _1___3")}
1~ n

-0 &,

0<t<2log

Hence (1.9.8) follows from (1.9.2) and a similar argument yields (1.9.9).

1.10. On the notion of a two-parameter Wiener process

Consider the lattice points n=(m,n) (;=0,1,2,...; i=1,2) of
R® =[0, «)X[0, o). Foreach n definear.v. X, such that the r.v. X, are
independent with

P(X,=+1)= P(X,=-1=1]2.
Further let
S, = Xi_ =2 Z Xir, s (l' = (ny, ny))-
h=1liz=1

is=n

This model is a natural two-parameter analogue of the random walk model
of Section 1.0 and a continuous version of it will serve as a model of the
two-parameter Wiener process.
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1.11. Definition and existence of a two-parameter Wiener process

Let X(z) (z=(x, y)€R%) be a two-parameter stochastic process and
consider the rectangle R=[x;, X;) X[y, )T RE (0=x3<xy<oo, 0=y, <
<yy=<-eo). Define the “X-measure” X(R) of R by

X(R) = X(x3, y2) — X(x1, yo) = X (X2, 1)+ X (31, ¥1)-

A stochastic process {W(z),z€R%} is called a (two-parameter) Wiener
process if

(@) WREN (0, (R)) for all R=[xy, x)X[y;, y) where A(R)=
= (%~ x)(y2—»1)s

(i) WO, »=W(x,0)=0 (0=x, y<<),

(iii) W(z) is an independent increment process, thatis W(R,), W(R,), ...
s W(R,) (n=2,3,..) are independent r.v. if R,, R,, ..., R, are disjoint
rectangles,

(iv) the sample path function W(z; w) is continuous in z with proba-
bility 1.

We note that (i)—(iii) imply that the covariance function of a Wiener
process W(z) is

R(zy, z5) = EW(2)W (z2) = (s Ax2) (1A p2)

where z,=(x1, y1), zs=(x,, yo)-

We also note that for any fixed 0<x,<oo the process {x,Y2W(x,, »),
0=y~ oo} is a (one-parameter) Wiener process and the same can be said
about {y,; EW(x, y,), 0=x<oo}.

The aim of this Section is to give a constructive proof for the existence
of the two-parameter Wiener process. The idea of construction will be
mainly that of Section 1.1. The existence of the one-parameter Wiener
process will be also used.

Let {r,} be the sequence of positive dyadic rational numbers and let
{W, (x)} be independent one-parameter Wiener processes. For any positive

integer k, let
W(x, k) = Wy (x)+Wo(x)+...4+ W, (x)
and
W(x, ky+W(x, k+ 1)+ Wk+1/2(x)

2 Va4
Now we wish to define W(x, k2" for k=1,2,... and n=1,2,....
Assume that it is already defined for k=1,2,... and n=1,2,..., 7.

W(x, k+1/2) =
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Then for k=1,2,... and n=n,+1 we let

W(x, zi] +W [x, k—+1—) War+1(x)
2"

2k+1) o A
W[x’ 7 )= 2 ot

Whence, by induction, we have defined our Wiener process at every
(x,r), 0=x<<, where r is a non-negative dyadic rational number. For
an arbitrary y>0 we define

W) = lim w5 2],

where the existence of the limit on the right hand side immediately follows
from Kolmogorov’s Three Series Theorem exactly the same way as in
Section 1.1. Also, the problem of uniform convergence can be posed and
settled exactly the same way here, namely via showing that

oo 2r
3 sup W) -Wee )<= as. [n=21).
r=0(x,y)€r?
The thus defined process obviously satisfies conditions (i)-(iii). In the
rest of this Section we intend to prove that our process also satisfies (iv).
At first we prove the following analogue of Lemma 1.1.1.

Lemma 1.11.1. For any =0 there exists a constant C= C{g)=>0 such that
the inequality
o®
(L.11.1) P{ sup sup [W(x,y+s5)—W(x,y)| = vh”z} =Ch™le 2+
0=s=h (x,)ER

holds for every positive v and O<h<1.

Proof. Using the notations introduced in the proof of Lemma 1.1.1
we have

W (x, y+)—W(x, y)| = [W(x, y+5)—W(x, (y +5),)|
+W (x, 0 +8))=W(x, y)|+ W (x, y)=W(x, y)|

= |W(x, (}’+S)r)_W(xa yl‘)| +j§ ‘W(x: 6 +s)r+j+1) —W(x :(}’+S)r+j)l

+j§) IW(x’ yr+j+l)—'W(x’ yr+j)l.
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Now, by (1.5.1) and (1.1.1) for any positive 4, u, z; and integers r, J,
we have

P{ sup sup_ |7 (x, (v +9),)—W(x, y,)

0=s=h (x,y)¢cI?

= R(Rh+ 1)P{011;;<)1 [ (x, (p+h),) =W (x, y,))| = u(h+R~1)"2}

= u(h+RH2}

= 4¢~“2R(Rh+1),
and

P{ sup sup . W (x, 0+ s j4) =W (%, 7+ 8),4 )] = 2,27+

0=s=h (x,y)e?
= r+it3p—202
From here on the proof is pretty much the same as that of Lemma 1.1.1.

Hence the details will be omitted.
Lemma 1.11.1 easily implies

Lemma 1.11.2. We have

lim sup sup W G, y+3) —W(x, y)l as.

B0 055k (x,3) €12 V2hlogl/h

Proof is the same as that of Theorem 1.1.1, and will be omitted.

This lemma clearly means that, for almost all w, W(x, y) is continuous
in y (0=y=1), with the usual modulus of continuity (2% log 1/h)'2,
for every x€[0, 1]. The next lemma will say that, for almost all w, W (x, y)
is continuous in x and y, where x€[0,1] and y is running over the
dyadic rationals of [0, 1].

Lemma 1.11.3. We have

lim sup sup |[W(x+s, »)—W(x, y) 20
k—+00=s=h xGIEOII
yel,

where I, is the set of the dyadic rationals of [0, 1].
Proof. This lemma is a straight consequence of the above construction
of W(x, y) and the following elementary

Lemma 1.11.4. Let Wi(x), Wy(x), ... be a sequence of independent Wiener
processes. Then

lim sup Wa@Il s

n-—oo 0=x=1 10 n
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Lemmas 1.11.2 and 1.11.3 together prove that our above constructed
process W(x, y) is continuous with probability 1. Thus, it also satisfies
condition (iv). Hence this W(x, y) is indeed a Wiener process. While
Lemmas 1.11.2 and 1.11.3 prove the continuity of W, they do not say
anything about its modulus of continuity. A kind of modulus of continuity
will be evaluated in Section 1.13, where we give an analogue of Theorem
1.1.1. An analogue of Theorem 1.2.1 is presented in the next section.

1.12. How big are the increments of a two-parameter Wiener process?

In order to formulate a possible two-time parameter analogue of Theorem
1.2.1 we introduce the following notations:
Let Ry=R(e;) be the set of rectangles

R=1[x, XIX[y1, yil O=x<x,=T"3 0=y, <y, =T

for which A(R)=(x;—x))(y;—y)=a;. Let R3=R*(ay)cR; be the set
of those elements R of R; for which A(R)=a;.

Theorem 1.12.1. Let W(x, y) (0=x, y<oo) be a Wiener process and let
ar be a non-decreasing function of T satisfying conditions (1)-(ii) of
Theorem 1.2.1. Then

(1.12.1) im sup Br W (R)| & T'_ sup BrIW(R)| 1
T+ RER T +o RE
where Br=(2ar(log Ta;*+loglog T))~2.
If ar also satisfies condition (iii) of Theorem 1.2.1, then

(1.12.2) lim sup BrIW(R)| 2% lim sup BrIW(R)| 2=
T—+o RE T—+oco RCR T
It is clear that this theorem can be considered as an analogue of Theorem
1.2.1 in the 2-parameter case. However it does not imply the law of
iterated logarithm for the multi-parameter Wiener process in its full richness.
Especially the following result does not follow from our Theorem 1.12.1.

Theorem 1.12.2 (Paranjape-Park 1973, Park 1974, Pruitt-Orey 1973,
Wichura 1973, Zimmermann 1972). We have

NN L4C%))
x~e Ydxyloglog xy

y—+eoo

a.s.
2%,
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that is to say
lim sup el 2.

T-=x=T }/4xy loglog xy
»y=T

It is somewhat surprising that in this theorem the usual constant 2 of the
denominator is replaced by 4. Some explanation of this phenomenon is
given in Park (1974) and our Theorems 1.12.3 and 1.12.4 will provide
further explanation. We also emphasize that in Theorem 1.12.2 it is assumed
that both x and y go to infinity simultaneously. It is natural to ask
what happens if this is not the case. Our next theorem is somewhat stronger
than Theorem 1.12.2 and gives an answer to the latter question.

Theorem 1.12.3. For any a=1% we have

1123) T sup — W s g OO sy
T~ eby V4T loglog T T—e (s, yen% V4T loglog T
where
Dr=D;(TH={(x,y): xy=T,0=x=T% 0=y =T",

=D T ={xy): xy=T,0=x=7T% 0=y =T%.

Applying this theorem for a=1, it can be seen that it is not necessary
to assume in Theorem 1.12.2 that both variables go to infinity (cf. also
Consequence 1.12.2). In order to see that Theorem 1.12.3 implies Theorem
1.12.2, we note that for a=1 in the former we get [T, «)X[T, <)
c U Dy, and for a=0.6, say, Ugjﬂ Dy C[T, ) X[T, «). In our next

Uz=T?
theorem we investigate the question of how the function T* of Theorem

1.12.3 can be replaced by an arbitrary increasing function b;. We have

Theorem 1.12.4. Let by=T""2 be a non-decreasing function of T and define
yr = (2T [log (log by T =2+ 1)+log log T]) 1,
Dr=Dr(bp) ={(x,y): xy=T, 0=x=by, 0=y = by},
5 =Di(b) = {(x,)): xy =T, 0=x= by, 0=y = by}.
Suppose that

(1) yr is a non-increasing function of T,
(ii) for any e=>0 there exists a 0,=0,(e)>1 such that

Tm 22 < 14¢
k—+oo 79!:

if 1<0=6,.
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Then

(1.12.4) Tm  sup yr[W(x, )2 m  sup yr[W(x, y)| 2= 1.
T—+eo (x,y)€ Dy T—+e (x,)€ D},

If we also have

. log(logbrT'2+1)
(i) fim loglog T -

oo,

then

(1.12.5) lim sup p¢[W(x, )| 2= lim  sup yW(x, y)| 2= 1.
T—+oo (x,y)€ED T—~co (x,y)€ D}
‘We mention some special cases of Theorem 1.12.4:
1° if bp=T"2, we get the simplest form of the law of iterated logarithm
(the constant in the denominator is the usual 2);

20 if by =TW2e0sT? (3= 0),

then yr~(2(y+1)Tloglog T)~'"2, that is to say for y=0 we get again
the law of iterated logarithm with the constant 2 and the constant is in-
creasing as y is increasing; we get the constant 4 of Theorem 1.12.2 (or
Theorem 1.12.3) when y=1;

3 if by=eT then yp~(2Tlog T)~'/2; that is even the order of mag-
nitude of y; has changed now. In this case (iii) of Theorem 1.12.4 holds,
that is (1.12.5) holds true;

4 if br=e" then yp~27VETL

Clearly, Theorem 1.12.4 is a generalization of Theorem 1.12.3 (and,
a fortiori, that of Theorem 1.12.2). However, it is not a generalization of
Theorem 1.12.1. Now we formulate our main result, which is a generaliza-
tion of both Theorems 1.12.4 and 1.12.1.

Theorem 1.12.5 (Csorgd, Révész 1978). Let 0<ap=T, by=T"2 be non-
decreasing functions of T and define

o7 = (2ar(log Taz'+log (log braz V2 +1) +loglog T))~ V2

Further let Ly=Ly(ar, by) (resp. Ly=L}ay, by)) be the set of rectangles
R=[x;, %] X[y, vyl Dy(by) for which A(R)=ay (resp. M(R)=ay).
Suppose that
(1) 87 is a non-increasing function of T,
(i) Taz' is a non-decreasing function of T,
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(iii) for any e>0 there exists a 0,=80y(e)>1 such that

if 1<=0=8,.
Then

(1.12.6) Tim Sup SrIW(R) £ im sup 71w (R)| 2= L.

T+ R T—+c ReL¥ b

If we also have
log Taz+log (log brat Y2+ D _

@) 71}_{2 loglogT
then
1.12.7) lim sup 67 [W(R)| 22 lim sup 6;|W(R)| 22 1.
T-eo RE€Ly T~e RELY

The proof of this Theorem is based on an inequality, which is an analogue
of (1.1.2) and is formulated in the following way.

Theorem 1.12.6. For any &¢=>0 there exists a C=C(e)>0 such that
(1.12.8) P{ sup [W(R)| = ua¥?}
R¢Ly
= c-al (1 +1og TazV) (1 +log brazl/®) e-C+d (4 > ),
T
where Lr=Ly(ar, by) is the class of rectangles defined in Theorem 1.12.5

and ay and by also satisfy the conditions of the latter.

At first we introduce some notations and prove a lemma.
Let u=pu(T) be the smallest integer for which

4 =logbragplf®

and, for any integer ¢, let Q=0(g)=2? Define the following sequences
of real numbers

z; = z;(q) = z(q, T) = a¥?? (i=0,%1,£2, ..., £0p),
x,()=x;G,T)=jzQ™ (j=0,1,2..),
yi()=y;G, T)=jarzr'Q™" (j=0,1,2,..),
and the following rectangles
R, = Ri(q) = Ri(4,0,0) = [0, 2] X[0, arz],
Ri(G, ) = Ri(g, J, D = R+ (x; (D, 11 (D)) = {(x, )2 (x—x,(D, y—3.())ER}.
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Let L* = L}(q) be the set of rectangles R,(g, j, [) contained in the domain

Dy(by). Forany R=[x,, x;)X[y1, yo]J€ Ly define the rectangle R(q)€L7(q)
as follows: let #,=i(R) denote the smallest integer for which: z, =x,—x,
and let jo=jy(R), ly=I(R) denote the largest integers for which x; (ip)=x,,
y,e)=y, and now let

R(q) = Riu(q’ jo’ lo) = (xjo(io): ylo(i()))+[09 Z,JX[O, aTzi_ol]-

Lemma 1.12.1.
(1.12.9) card L1(q) = 80Q® Taz(1 +log Taz*)(1 +log braz'’?),

(1.12.10) for each REL} we have A(RoR(q))=6a;Q71, where A is the
Lebesgue measure and the operation o stands for symmetric
dif ference,

(1.12.11) A(R)=ay for each REL3(q).

Proof. At first we evaluate the number of rectangles R,(g, j, /) belonging
to L}(g) for a fixed i. Clearly if Ry(g,j,!) belongs to the set L}(g)
then its right-upper vertex belongs to the domain

A={xy): zi=x=z;Tat" arzit = y = Tx~1}.

Let M,;(i) be the number of elements of the double array (x;()), »,(})),
(j=0,1,2,...;1=0,1,2,...), contained in 4 and N, (i) be the number
of those pairs (j, /) for which we have

[x; (), x; 41 (DIX Dy (3), y142(0)] < A.

Then
Np() (%5 01() =%, D) Drs1 (D= 1)) = NT(:); 5
=i(4) = Tlogl,
ar
that is
. T T
Nz(i) = szloga—T-.
We also have
MT(I)_NT(I.) = (Zi—]:-~zi]g+1 = Eﬁg"'l,
ar Zj ar

and hence

M) = 2Q2 [Iog—+ 1]
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That is for a fixed i the number of rectangles R;(g,/, /) belonging to
L}(q) is not more than M(i). Since the number of possible values of
i is not more than 2Qu+1=1+2Q(logbraz?+1)=4Q(logbra; 2 +1),
we get (1.12.9).

Now (1.12.10) resp. (1.12.11) simply follow from the definition of R(q)
resp. that of L%(g).

In the proof of Theorem 1.12.6 the following result will also be used:

Lemma 1,12,2 (Pruitt, Orey 1973). Let R=[xy, X1 X[yy, y2] be any
rectangle and let S=[s;, $:]X[t1, ] O=x,=85,<5=X,, 0=y, =6, <, =),).
Then we have for any u=-0,

P{sup W (S)| = u} = 4P{W (R)| = u}.
SCR

Now we turn to the

Proof of Theorem 1.12.6. For any REL;p, the symmetric difference
R(g)oR(g+1) is the sum of at most 4 rectangles say R(q)oR{g+1)=
= RO(g)+ R®(g)+ R®(g)+ R¥(g). Denote this class of rectangles RY(g)
(i=1,2,3,4) by IL*(g). Since R(g)-R as g—o for any R in L},
we have

(1.12.12) sup W(R)| = sup sup |W(S)l+42 sup sup {W(S)|,
i= URGLT(q-H)SCR

where S is a rectangle with edges parallel to the coordinate axes.
Then by Lemmas 1.12.1 and 1.12.2 we have

(1.12.13)  P{ sup sup|W(S)| = xa}?} = 4card L} (g)e™**

ReL%.(q) SCR
and
1.12.14)

P{ sup sup|W(S)| = y(6ar Q12" ‘)1/2} 4 card Ik (g +i)e i,
Rel}(g+DScR

Since card Li(g+i)=4card L¥(g+i), by (1.12.12), (1.12.13) and
(1.12.14) we get

(1.12.15) { sup |W(R)| = xa¥®+4 é:') y,~(6aTQ’12"')1’2}

= 4card L¥(g)e /416 2 card L (g+i)e %,
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Choosing y,=(6i+x%)!2, we have

(1.12.16) xa}?+4 3 y,(6arQ-12-H1/2
i=0

= xa¥2{1+4(6Q‘1)1/2 fz—'/2}+24a¥2g-1/2 > 2-iy
i=0 i=0
= xa}?(14-Q"Y24)+a¥?Q~12B = (1 +¢&) xa¥?,
provided that Q is big enough and x=1, where 4=4}6 iZ 27 and
=0
B=24 3 (i2-y2; further, by (1.12.9),
=0

(L1217)  4card LE(q)e~*2+16 > card Li(g+i) e
i=0

= CTaz'(1+log TazV)(1+log braz'/®)e >3,

Now given u=>1 we let (14+¢)x=u, and (1.12.8) follows from (1.12.15),
(1.12.16) and (1.12.17); otherwise, i.e., when u=1, (1.12.8) is trivially true.

Proof of Theorem 1.12.5. This will be given in three steps.

Step 1. Let
A(T) = sup or|W(R)I.
ReLy

Suppose that conditions (i), (ii), (ii) of Theorem 1.12.5 are fulfilled. Then
(1.12.18) Tﬁ_tﬁ AT)=1 a.s.

Proof. By Theorem 1.12.6 we have
PAD) =1+e}=C [%@]z(l +log Tag)(1+log brar ®~*(log T) .
Let T,=6% (6=1). Then
é PLA(T) =1+e} <o
for every &>0, 8=1, hence, by the Borel-Cantelli lemma,
(1.12.19) kTiE ATY=1 as.
Since Rs;xjg |W(R)| is non-decreasing in T and

(1.12.20) 1=055l, sup dr=20dp/dy,,=1+e

T =STSTyy;
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for any ¢=>0 if 8 is near enough to 1, (1.12.18) follows from (1.12.19)
and (1.12.20).

Step 2. Suppose that conditions (i), (i), (iii) of Theorem 1.12.5 are sarisfied.
Then for any ¢=0
(1.12.21) fim sup rIW(R)|=1-s.

T-+eo R¢LY

Proof. First we assume that hm—%=g<1. Given any O<g<]1, define

the sequence {7,} by Ty=1 and Ty a=e(Ty—ar), k=2,3,.... (The
latter definition of T is feasible, since, just like in the case of Theorem
1.2.1, T—ay is a continuous non-decreasing function of 7.) Define also
L=L(k) to be the largest integer for which we have
TkL+1
—_—t =
Ty—ar,) by,
and the rectangles

by, for any given k,

Si(k) = [x1 (1), % (DX [y (D), y2 ()]

= [( Tk aTk ]'+1b ( Tk_aTk ]lb ] [ Tk lTk.+1 Ti+1 ]
Tk T Tk T (Tk aTk) +1ka ( —aTk) ka

where i=0, 1, ..., L=L(k).
‘We observe that
Ty = %, () y1 () < x.(D) o (D) = T,
0<x(i) <x() =bg, O<y() <y (D=Dby,, i=0,1,...,L=0L(Kk).

Hence

S'(k) C DTk ——DTk—l

and, for each k, the S;(k) are disjoint rectangles. From the definition
of T, (k=1,2,...) it also follows that

(1.12.22) (1—gar, = (%) —x1D)(y2(i) —».()) = ar, for all i.
Whence we have for each &
(1.12.23) P{max o, [W(S:(k))| = 1 -2}

= 1-2{1—o(YT—¢(2(log TkaT1+log(longkaT”2+1)+loglong))1/2)}L+1
1 1~egyL+1
= (P ) |
T, logbrarl?+1 logT,

1-e
1 ar, 1 1 ] }
=1 exp{ T, logbr.ar}®+1logT, (L+Dy-
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It follows from the definition of L that

L+l=Lk)+1= L

and a simple calculation shows that the exponentlal lower bound of (1.12.23)
has its minimum at by, = T}'%. Whence, by (1.12.23), we have

(1.12.24)

ar, 1-¢
Pl o P (S00)] =18} = Const. (5]

1
(log TyJar )"

1—e
Since 2[ 7o gT) (log Ty/ar )~ =9 diverges (which can be shown

1—2
exactly the same way as the divergence of Z[ﬁliog—n—] in Step 2
of Theorem 1.2.1), we get (1.12.21) when g¢<1 by the Borel-Cantelli
lemma, (1.12.22) and Step 1 of this proof.

Considering now the case of lim ar/T=g=1 (or, equivalently, the
case of ar=T), define T,=6* (9>1) and L=L(k) as the largest integer
for which we have

THPMIH = a}PMIH! =< by,

where 1<M<f is a given fixed number. Define also the rectangles
S; (k) =[x, (D), % (DI X [¥1 (D), y2(D)]

=[THM:, T MY X[ T T Y23M 8 THAM -1, i=0,1, ..., L(k).

We observe that
Ti-1 = (D y1(0) < % (D) o ()) = T,

O0<x () <=x:() =bp,, 0=y, () <y ()=br,, i=0,1,.., L(k).
Hence, S;(k)cDy —Dy__ , and the S;(k) are disjoint rectangles for
each k. Choosing now M and 8 big enough so that M/8 is small

enough, it follows that (1.12.22) and (1.12.23) hold again. Our present
definition of L gives that

L+2=L(k)+2= log br arl®.

1
log M
From here on this proof continues along the lines of that of g<1 above.

Step 3. Suppose that conditions (i)-(iv) of Theorem 1.12.5 are satisfied.
Then for any £=>0 we have

(1.12.25) lim sup 6;/W(R)|=1—¢ a.s.
T~ ReLY
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Proof. Let ¢ be as in Step 2 and let L=L(T) be the largest integer

for which we have
TL+1

(T—ap)tbr
APME = TR < by if o=1.

<bT if Q<1,

Define the rectangles
Sy = Sy(T) = [x, (D), 1 (DI X [x2(D), y= ()]

L) o (C2 oy
— [( T bT’ bT 0 (T—— aT)ibT if o< 1,

[TllaMi, TI/ZMH-I]X[O’ T1/2M i— 1] if 0= 1’
i=0,1,..,L=L{T).

We observe that
0=x)y() <x@Dy() =T
0 < x;,(i) < x,(0) = by
0=y D)<y ()=by, i=0,1,...,L=L(T),

and (1.12.22) also holds.
Since the sets S(7) (i=0,1,2,..., L) are disjoint, we have

P{max 6-[W(S(T))| = 1-¢}

=(1-o(1 —&[2(log Tar* +log (log braz'*+1)+loglog T)]”z))"“,

and from here on the proof is completed along the lines of Step 3 of

Theorem 1.2.1.

In the sequel we are going to need such a version of Theorem 1.12.5
where the symmetric domain Dy=Dy(b;) is replaced by the non-sym-
metric one:

Dy r =D, 1 (P, b)) ={(x,»): xy=T, 0<x=bP,0<y=bP}

Hence, we formulate

Theorem 1.12.7, Let O<ap=T, bPbP=T be non-decreasing functions of
T and define

Aayio) —12
Gy 7 = [ZaT (Iog aLT +log (log Vé-%abTT + 1] +loglog T]] .
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Further let Ly 1 =L, r{ar, bP, bP) (resp. L r=L; ;(ar, bP, b)) be the set
of rectangles R=[xy, x;]X[y1, yol< Do for which A(R)=ar (resp.
A(R)=ayg). Suppose that conditions (i), (ii) and (iii) of Theorem 1.12.5
hold when &y is replaced by &, p in them. Then

(1.12.26) Tim sup &, 7|W(R)| = Tim sup 3y, 1 IW(R)| 2=

T~eo RELy ¢ T+ R¢L} ¢
If we also have

M pE
log Taz'+log [log ]/b—%a—b—;— + 1]
T

W) }1—2 loglog T =

then

(1.12.27) lim sup 8y, 7 IW(R)| == lim sup 5o, 7 W (R)| 22

T+ REL, T—+oo REL ’ T

The proof of this theorem is similar to that of Theorem 1.12.5 and will
not be repeated here.

In our previous theorem we considered the class L, (resp. L;'T)
of all rectangles belonging to the set D, r having an area less than (resp.
equal to) ar. Now, we replace the above class L, ; (resp. L;’ ) by the
class L, r (resp. L;'T) containing rectangles of some special shape only.
We let

* *
Ly, = Ly r(ar, b9, bR, P, ¢®), (resp. Ly 1 = L p{ar, b, bP, P, )

be the set of rectangles R=[x;, xs] X[y, sl Dy ¢ for which x,—x;=cP,
Yo—yn=c® and A(R)=ay (resp. A(R)=ay).

Theorem 1.12.8. Let O<ap =T, bP6P=T, ¢(P=bP, P =bP, (PcP=a,
be non-decreasing functions of T and define

T "W -2
03,7 = |2ar (log-a—T-+log (log . — l]+log log T] .

Suppose that conditions (i), (ii) and (iii) of Theorem 1.12.5 hold when &, is
replaced by 03 1 in them. Then

(1.12.28) T__ m sup 83,7 W (R)| 2= fim sup 3, [ (R)| 221

ELB; T_N”RG a T
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D@
log Taz'+logllog —%—4—1
T

If we also have

1 1' =0
®) T loglog T :
then
(1.1229) lim sup & 7IW(R) X lim sup & W (R)| = 1.
T~eo RELy, ¢ T+ Relj r

The proof of this theorem is again similar to that of Theorem 1.12.5 and
will be omitted.

We note that in case of ¢P’=5 and P=5@, Theorem 1.12.8 implies
Theorem 1.12.7. Also, if b{P=5P =5y, then Theorem 1.12.7 reduces to
Theorem 1.12.5,

Choosing specific forms for the parameters of the above theorems of this
Section, we list a few consequences of them.

Corollary 1.12.1. Let by be a function of T satisfying the conditions of
Theorem 1.12.4 and define

Dy = Dr(by) = st)TD§
with D¥ as in Theorem 1.12.3. Then

lim sup 7, /W(x &1
T-oo (x,5)€Dr
The domain D, seems to be a rather artificial one. However using this
corollary one can get similar results for many concrete domains. As an
example we give:

Corollary 1.12.2, Let
Ey={xy: x=1,y=U}

Then
(1.12.30) lim sup I sy
U~e (x)€Ey [ 4xy log log xy
or equivalently
(1.12.30% i sup P oD ae g
y+ x=1 V4xy log log xy

Proof. (1.12.30) follows from Corollary 1.12.1 and from the trivial

relationship
Dy (T%*) < Ey < Dy(U)

if T is big enough (for example if T=U*.
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Corollary 1.12.3. Let O<ar=T and Tla; be non-decreasing functions.
Then

(1.1231) Tim sup  sup sup

Tveo 0my=T—ap 0=s=ap 0=x;<Xp=1
W (x, y+5)—W (%1, y+8)—W (xg, ) +W (x1, Y| as |
V 2ar (log l+log log T]
ar

If, in addition, we also have log (T/ar)/loglog T—+~o as T—o, then the
TTi_rﬁ in (1.12.31) can be replaced by lim.

Proof. Let bP=T,bP=1,cP=1 and cP=a; in Theorem 1.12.8.

Corollary 1.124. Let O<ar=T and T/ar be non-decreasing functions.
Then

W (x, y+5)-W(x, y)

V 2ay (log al+log log T]
T

b=

(1.12.32) Tim  sup sup sup

T+ 0=2y=sT—ar 0=s=ap 05xs1

If, again, log(T/a;)/loglog T+ as T-o, then the Tﬁ:rrl in (1.12.32)
can be replaced by Tlim .

Proof. Apply Corollary 1.12.3 with x,=0, x,=x, and Theorem 1.2.1
to the process W(l, y).

Corollary 1.12.5. Let f(y) be a non-decreasing function of y tending to o,
define g(x)=xf(x) and

(1.12.33) 6w = [Zu (log [log + 1] +loglog u]]—llz.

v g(u)

Assume that 6(u) is a non-decreasing function of u and for any ¢>0 there
exists a 8,=0,(e)=>1 such that

fm 2" <14e if 1<0=0,.

k—+co (59k+1
Then
(1.12.34) lim sup. 6(xy)lW(x,y)I“1

y—+oo 1sxs
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or, equivalently,

(1.12.35) lim sup &(xy)IW(x, )| 21,
Tvoo (x,3)EV

where Vi={(x, y): 1=x=f(y), y=T}.

Proof. Let BP=T, bP=T/invg(T), a,=T. Then the appropriate
conditions of Theorem 1.12.7 are satisfied and we have also

Dy, (b, bP) = Vr < U D,,,(bY, bP).
uzTf(T) u=T

Whence we have (1.12.35) by Theorem 1.12.7.

1.13. A continuity modulas of W(x, y)
In this section an analogue of Theorem 1.1.1 is given.

Theorem 1.13.1 (Pruitt, Orey 1973). Let R(k) (resp. R*(h)) be the set of
rectangles

R=[x, %] X[yl O=x3<x,=1;0=p,<p,=1)

with A(R)=h (resp. A(R)=h). Then

lim su __IW.(L)I_
r-0 ReR® V2hlogl/h
.&._i lim su IW('R)l a.s.

h~0ReR*) V2hlogl/h -

The proof of this theorem is based on the following analogue of Lemma
1.1.1, which is a more natural and stronger analogue of the latter than
Lemma 1.11.1 is.

Lemma 1.13.1. For any £>0 there exists a constant C=C(g)>0 such that
the inequality

v2

(1.13.1) P( sup |W(R)| = vh'/®) = Ch~Y(logh~1)?e 2+t
RER()

holds for every positive v and h<1.
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Proof. Choosing bp=T'2 and ap=7Th, this lemma follows from
Theorem 1.12.6 and from the following trivial

Observation. For any fixed T=0 we have
Wx); 0=x=T"0=sy=TYV} 2L
(T2 (xT-12, yT-12); 0= x =TV, 0=y = T}

The proof of Theorem 1.13.1 follows the lines of that of Theorem 1.1.1
and will not be presented here.

1.14. The limit points of W(x, y) as y—+~<

Several extensions of Theorem 1.3.2 can be formulated in the multivariate
case (cf. Wichura 1973). We concentrate on one of these, which will be
applied when investigating similar properties of the empirical process

(cf. Chapter 5).

Theorem 1.14.1. Consider the process

W& o=x=1,y=3

)= V2yloglogy

as a function of y, taking valuesin C(0, 1). Then £,(x) (y— =) is relatively
compact in C(0, 1) with probability one and the set of its limit points is &.

Here, & is again that set of absolutely continuous functions which was

defined in Section 1.3.
The proof of Theorem 1.14.1 will be based on a number of lemmas.

Lemma 1.14.1. Let {X,} and {Y;} be two sequences of r.v. with EX;=
=FY;=0, and assume that X,., and Y,., are both independent of
XX Y, .., Y). Pt S,=X1+..+%,, T,=Y,+...+Y, and
M,=max (|S,|, |T,]). Then the sequence {M,} is a sub-martingale sequence,

i.e., we have
EM, My, ... M)=M, a.s.

Proof. It suffices to show that

EM, Xy, o, X, Yy, Y ) =M, as,
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since the o-algebra generated by X, ..., X,, Y3, ..., ¥, is larger than that
generated by M, ..., M,. We have
EM, X, ..., X,, Y1, .., 1)

= E{max('Sn+Xn+1|a |Tn'+Yn+l’)|X1s crey A,n, Yla “ees Y,,)}

= E(‘Sn+‘X;1+ll |X17 reen Xrn Yl, reey Yn)

= E(1S,+X,.1l|S) = |E(S,+ X, S)I = |S,]  as.
One shows similarly, that

EM,1|X1, ..o Xo Ve, -, Y) = (T, as,

and our lemma is proved.

Lemma 1.14.2. For every e>0 there exists an A=A(e)=0 so that for any
u=>0 we have

(1.14.1) P{ sup sup sup |W(x+t,n):W(x,n)| %uﬁ}

1=n=N 0=x=1—h 0sr=h YN

u?
— e_2+8

f

where n and N run over the positive integers.

Proof. First we observe that, by a straightforward generalization of
Lemma 1.14.1,

M,= sup sup |[W(x+t; n)—W(x; n)|

n
0=x=1-h0=st=h
is a sub-martingale, that is to say
EM, (| My, M, .y, ..., M))=M, as.

2
Consequently, exp {TTN} (z>0) is also a submartingale. Now observe that

- . tM,?} "
(1.14.2) P{I;EgNM,,quhN}—P{ sup exp{hN = ¢ }

1=n=N

2
= e""“Eexp{t}]:]l\I;}

by the sub-martingale inequality (cf. Doob, 1953, p. 314). Also by Lemma
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2
t}?}l\;} is bounded above whenever 7<%, and hence we have

our statement.

1.1.1, Eexp{

Lemma 1.14.3. With the notation of Lemma 1.14.2 we have

MN a.s.

N~ /2Nhloglog N

Jor any O0<h<1.
Proof. First we prove that

HE —:MN——— =1 a.s.
N~=2Nhloglog N

Let N,=[64, 0=1, and u=}2(1+35)loglogN. Then, by Lemma 1.14.2
for any =0, we have that the series

(1.14.4)

f P{ sup M, =V2(1+0)loglog N, VNyh}

k=1 1=n=N,

converges. The desired estimation for N¢[N,_,, N,] is carried out the

usual way, taking 6 near to 1. Whence (1.14.4) is proved. The converse

inequality follows by applying (1.3.2)totheprocess {W(h, n)/Vh; n=1,2,...}.
The next lemma is due to Helen Finkelstein (1971).

Lemma 1.14.4 (Finkelstein 1971). Let Z,, Z,, ... be independent identically
distributed random vectors with values in d-dimensional Euclidean space
R? with EZ,=0 and assume that the components of Z; (i=1,2,...) are
independent N (0, 1) random variables. Let

22
i=1
V2nloglogn’

Then with probability 1 the sequence {U,} is relatively compact and the set
By of its limit points is the d-dimensional unit ball

U =

B, = {xeR: ||x]| =1}
where || .|| is the Euclidean norm in R°.

Proof. This lemma is true if d=1 (see Theorem 1.3.1 and Remark 1.3.1).
We prove it for d=2. For higher dimensions the proof is immediate.
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Let Z,=(Z,,2Z;) (i=1,2,..) and «,f be real numbers such that
a*+p%=1. Then aZ;+pZ, are independent A47(0,1) r.v. So (applying
Theorem 1.3.1) the set of limit points of the sequence

__an' (©Zy+BZy
6=

is the interval [—1, +1]. This implies that the set of limit points B, of
the sequence {U,} is a subset of the unit circle and the boundary of the
unit circle belongs to B,.

Let now {Z;} be a sequence of independent A7(0, 1) r.v. assumed to
be independent from the given sequence {Z;}. Let Z}=(Z;,, Z;, Z;3) and

2 Zf
i=1

* _

V2nloglogn )

In the same way as above one can prove that the set of limit points of
{U}} is a subset of the unit sphere of R® which contains the boundary
of this sphere. This fact in itself already implies that B, is equal to the
unit circle of R? as stated in the lemma.

The above Lemmas 1.14.3 and 1.14.4 play the same role in the proof
of Theorem 1.14.1 as Corollary 1.2.2 and Proposition 1.3.1 do in the proof
of Theorem 1.3.2 respectively.

In the same way as we proved Theorem 1.3.2, we can now prove that
E.(x) is relatively compact in C(0, 1) with probability one, and the set
of its limit points is %. This, in turn, easily implies Theorem 1.14.1 (cf.
Theorem 1.3.2* vs. Theorem 1.3.2).

For later use we present a further analogue of Theorem 1.1.1.

Theorem 1.14.2 (Chan 1977). Let {h,} be a sequence of positive numbers
Jor which

: loghy? _
@ nw loglogn —
Then
(1.14.5) Lm  sup 3, W(+h, m)—W(, m) 22 1

n~+oc 0=St=1—h,
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and

(1.146)  lm sup sup 3, W (t+s,n)-W(t,n)| 21,

Novoo 0mt1—h, Os=h,
where y,=(2nh, log 1/h,)~1/2,

Remark 1.2.1, regarding the question of omitting the absolute value
sign and changing the sup to inf, holds true in this case too.

The proof of this theorem and that of Theorem 1.2.1 are quite similar.
Hence only the main steps will be presented here.

Proof of Theorem 1.14.2.

Step 1. For any &=>0 and 0=0(e)>1 let

A(k)= _ sup sup sup  yplW (¢+s, m)—W (s, n)l.
[8F|=n<[o*+1} 0=t=1—higky 0=Ss=hpgr)
Then
(1.14.7) PE Ak)y=1+¢ as.

provided 0 is near enough to one.

Proof. By Lemma 1.14.2 and condition (i) we have

kZ’ PAKYz=V1i+e) = Jhip <o
=1 k=1

and this proves (1.14.7).

Step 2. Let
B(n) = 03X, T W ((k+ Dh,, n)—W (kh,, n)).
Then
(1.14.8) lim B(n)=1 a.s.

n—+oo

Proof. Clearly we have

;f; PBMW=YT—0)= 3

n=1

hi-e 1/h,
(1 —"—] <o
6Vlogi/h,

and this proves (1.14.8).
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1.15. The Kiefer process

Let W(x, y) be a two-parameter Wiener process. A Kiefer process

{Kxy);0=sx=1 0=y <}
is defined by
K(x, y) =W(x, y)—xW(l, p).

This definition immediately implies the following properties of a Kiefer
process:

(i) for any O0<x,<l1

— K(xo;}’) =
W(») e Y (=0

is a Wiener process,

(i) for any y,>0
K(x, yo)

V.Vo
is a Brownian bridge,
(iii) B, (x)=K(x,m)—K(x,n—1) 0=x=1; n=1,2,..)) is a sequence of
independent Brownian bridges,
(iv) EK(x, y)=0 and the covariance function of K(x, y) is
EK(xy, K (x5, yo) = (x1AXs— X1 %) (1A Vo),

(v) the sample path functions of K(x, y) are continuous with proba-
bility 1,

(vi) Wx, y)= (x+1)K( oy ), xz=0,y=0,

B(x) = O=x=1)

(vii) K(x,y)—(l—-x)W( = ,y] 0=x=<1,y=0.

In establishing (vi) and (vii), we should also use (1.4.4) and (1.4.5).
Consider the process
K(x,y)

=) (O0=x=ly=3
V2yloglogy =3

1y(x) =
as a function of y taking values in C(0, 1). Then we have

Theorem 1.15.1. The process {n,(x)} is relatively compact in C(0,1)
with probability 1 and the set of its limit points (as y—~<o) is F where
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FcC(0,1) is the set of absolutely continuous functions f for which

fO=f0)=0 and [(fXPdx=1

Proof. This theorem is a straight consequence of Theorem 1.14.1.
From the latter theorem we get

Corollary 1.15.1.

Sup [K(x, y)l "
i LS T}
7= Yyloglogy /

Theorem 1.15.2. The statements (1.14.5) and (1.14.6) of Theorem 1.14.2
remain true if W{(x,n) is replaced by K(x,n) in them.

Proof. This theorem is a straight consequence of Theorem 1.14.2.
Applying property (vi) (or (vii)) of the Kiefer process and (1.12.30%),
we immediately get the following analogue of the latter.

Corollary 1.15.2.

(1.15.1) Fm sup IK(x, Yl as |
y+o0<x=<1 Y4x(1—x)yloglog y/x(1—x)

On the other hand, Theorem 1.15.1 implies

Corollary 1.15.3. For any O<g<} we have

(1.15.2) Tm sup K (x, Y as |
y-w s<x=<1-¢ J2x(1 —x) y loglog y

Comparing (1.15.1) and (1.15.2), it is natural to ask: how does a Kiefer
process behave on an interval e¢,<x<1-—g,, when g, is a non-increasing
positive function? An answer to this question is our next corollary which
follows from Corollary 1.12.5.

Corollary 1.154. Let 0<eg,<% be a non-increasing function of y and
1
define f(y)=s——1 and g(x)=xf(x). Then

y

(1.153) Tm  sup [2yx(1—~x) []og(log y S +1J
y+oo gy=xEl—¢, . -
x(1 x)mvg(———x(l_x)]

—1/2
y a.s.
+loglog =0 =) ]] IK(x, y)] = 1.
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Especially if e,=e~18" (0=y=1), then

—1/2
(LS4 TE  sup  (2%(1-x)+1)loglog Lo x)] K(x, y)] 251,

y>oo e ExsEl—t,

and if g,=dy~loglogy, d>0, then

—1/2
im - —r as.
(1.155) Im sup [4yx(l x)loglog = —x)] [K(x, )| = 1.

y>oo cyéxél—a,

Supplementary remarks

Section 1.0. A Wiener process is frequently called a Brownian process
or Brownian motion. The latter terminology was used only in a physical
sense by us and the idealized version is called the Wiener process throughout.

Section 1.1. In the definition of a Wiener process condition (i) can be
replaced by the weaker condition

(i W(@O)=0, EW()=0, EW(t)=t (t=0).

For a proof of this fact see for example Ito’s book (1960).
A Wiener process generates a measure on the Borel sets of C(0, 1) in
a natural way. Several authors consider this measure as the Wiener process.
Our inequality (1.1.1) is far from being best possible. Our method is
capable of producing also the following stronger inequality
(S.1.1.1) P{ sup sup |[W(t+s)—-W()| = vh"z} Cvih~te— "2
0=t=1—-h0Oss=h
where C is a positive constant. If we are interested only in the distribution
of sup |W(t+h)—W(t)], then a theorem of Qualls and Watanabe

0=t=1-h

(1972) implies the sharper inequality
(8.1.1.2) P{ sup |W(t+h)— W(t)|>vh1/2} Coh~-le—2

ost=1—h
with a positive constant C (cf. also Theorem 1.5.5).

In Lévy’s books (1937, 1948) a little bit weaker form of Theorem 1.1.1
is formulated. For this form we refer to Orey and T-vlor (1974) or Pruitt
and Orey (1973). For describing the behaviour of sup (W(t+h) W)

0=t=1-—
in a more exact manner than as it is done in Theorem 1. 1 1, we refer to the

so-called Chung, Erdss, Sirao (1959) test, cf. also Révész (1979a).
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Another way of describing the increments of a Wiener process is via
the following quadratic variation theorems:

Theorem S. 1.1.1 (Lévy 1940, Baxter 1956).

G113 lim 3R (k- D2

Theorem S. 1.1.2 (Dudley 1973). Let 0=x{P<xP<..<x{’=1 be a
sequence of partitions of the unit interval with k, / = and assume that

max |x{™; — x| = o(1/log n).

0=i=k,—
Then
k,—1
($-1.14) lim 3 (7 Gl ~W ()22 1.

Section 1.2. The statements of (1.2.3) were also proved by Lai (1973)
under somewhat stronger restrictions on ar.

Applying the method of proof of Theorem 1.2.1, the following, somewhat
more general theorem can be also proved.

Theorem S. 1.2.1. Let 0<ar=by and assume that br/ar is a non-decreasing
function of T. Assume also that one of the following three conditions
holds true:

(S.1.2.1) by/ 4, ar isnon-decreasing,
(8.1.2.2) bylay />~ and ar,by are non-increasing,
(S.1.2.3) b\ 0, arN\ 0,

as T—~oo, Then

(S5.1.2.9) Im sup sup 7y |W(t+s)—W ()|

T+oo 0=St=bp—ar 0=s3ay

= Tm sup yprW(+ap-WQ) 1,

T—+oo 0Stsbyp—ar

—1/2
where Y= [2a,- (logZ—:+log (log by|+ 1))] - If we also have log [51) ’
T

«(log (log b7|+ 1)1 >0 as T—oco, then (S.1.2.4) holds with TILIE instead
of Iim.

T-voo
We note that this theorem is a generalization of our Theorem 1.2.1 and
that it also contains two classical theorems, namely Theorems 1.1.1 and
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1.3.3. Indeed, if b;=T we get Theorem 1.2.1, if by;=1 and a,=1/T
then Theorem 1.1.1 follows and, when br=a;=1/T, then Theorem 1.3.3
is obtained.

Section 1.3. In the book of Riesz and Sz.-Nagy (1955) Lemma 1.3.1 is
formulated in a slightly different way. Using the same method of proof
the quoted form can also be obtained.

In connection with Theorem 1.3.1 we should note that stronger results
are also available in terms of the so-called upper and lower classes of
functions, introduced by P. Lévy (cf. Supplementary Remarks to Sec-
tion 3.2).

Exactly the same way as Theorem 1.3.2 is a generalization of Theorem
1.3.1, the following two theorems are Strassen type generalizations of
Theorem 1.2.1.

Theorem 8. 1.3.1. Assume conditions (i), (ii) and (iii) of Theorem 1.2.1.
Let & be as in Theorem 1.3.2. Then, for every &=>0, f€Y, for almost all
W€ Q and for all T large enough there exists a t=t(w, f, &, T) such that
0=t(w, f, e, T)=T—a; and

W(t+xar)—W(t)

S.1.3.1 su s
( ) o§x§1 V2a; (log Taz* +loglog T) ()| <.

Conversely, for every e=0, every t€[0, T—ay] and for almost all w<Q,
there exists an f€ such that (5.1.3.1) holds true whenever T is large
enough.

Theorem S, 1.3.2. Assume only the conditions (1) and (i) of Theorem 1.2.1.
Then, for every £>0, f£¢ & and for almost all w€ Q there exist T=T(e, 0, f)
and t=1(g, w, [)E[0, T—ay] such that (S.1.3.1) holds true. However, the
converse statement of Theorem 8.1.3.1 is true as stated.

We note that the important difference between Theorems S.1.3.1 and
S.1.3.2 is the fact that in the former we state that for every T big enough
and for every f€5 there exists a #€[0, T'—a;] such that the function

W(t+xap)—W(t)

, x€[0,1
V2ar(log Taz' +loglog T) 5.1

Iy r(x)=

approximates the given f, while in Theorem S.1.3.2 we only state that
for every fc& there exists a T (in fact there exists infinitely many T)
and a #€[0, T—ay] such that I', ;(x) approximates the given f.
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For a preliminary version of Theorem S.1.3.2 we refer to Chan, Csérgd,
Révész (1978) and for the here quoted form to Révész (1979D).

Rates of convergence results in the context of Theorems 1.3.1 and 1.3.2
are also available (cf. Supplementary Remarks of Section 3.2).

Section 1.4. A Brownian bridge is frequently called tied-down Brownian
motion or tied-down Brownian process.

Section 1.6. Our Theorem 1.6.1 is related to a result of Dvoretzky (1963)
and that of Taylor (1974).

Theorem S. 1.6.1 (Dvoretzky 1963). There exists a universal constant
C=0 such that
(S.1.6.1) inf Tim XD =W )

=C a.s.
0=t=1h0 hi/2

Our Theorem 1.6.1 clearly implies

. 8logh™t
(S. 1 .6.2) H—lﬁ inf (W

B 00=t=1-h

1/2
) WE+h)—W(@) =1 as.

Comparing the respective statements of (S.1.6.1) and (S.1.6.2), the former
states that every neighbourhood of every #€[0, 1] contains a point z+4(¢)
such that [W(¢+h(t))—W(z)| is at least so big as ChV%(¢). On the other
hand, (S.1.6.2) states that for all A=0 small enough there exists a z=¢(h)

. n*h Y2
such that |W(t+h)—W(2)| is so small as (W] .
Now the mentioned result of Taylor is

Theorem S. 1.6.2 (Taylor 1974). There exists a universal constant C=0
such that

inf sup W) —W(u)| 2 C.

O=t=1-ht=u<v=tth
It follows from our Theorem 1.6.1 that Taylor’s constant C=r/}2.

Section 1.7. It is an interesting question to pose whether Chung’s law
of iterated logarithm (cf. Example 2 of Section 1.7) had also a functional
form, like Theorem 1.3.2 is a functional form of Theorem 1.3.1. A solu-
tion of this problem was given by Donsker and Varadhan (1977) in terms
of local times of a Wiener process. For another approach and solution
to this problem we refer to Csdki (1981).
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Section 1.9. Comparing Theorems 1.5.5 and 1.9.1 we observe that the
asymptotic behaviour of the processes sup |[W(t+1)—W(r)] and
O0=t=T
osupT[U(t)] and that of sup (W(+1)—W(t)) and sup U(z) is the
== 0 0=t=T

=t=T

same. This surprising fact is due to the following general

Theorem S. 1.9.1 (Qualls, Watanabe 1972). If {X(¢); 0=t<c} is a
Stationary Gaussian process with

EX(t)=0, E(X(z‘+s)—-X(t))2 >0
and

EX()X(@t+1) =0(®) =1-}1]+0@x® as |[1] -0,

and also with
-+ o0

f 0*(t)dt <o or }im g(t)logt =0,

—oa

then
lim P{ sup X(¢) = a(y, T)} = exp(—e™?),
T 0=st=T
lim P{ sup |X(2)| = a(y, T)} = exp(—2e7?),
T—woo 0st=T
where a(y,T) (—oo < y-~<+oo) is as in Theorem 1.9.1.

Obviously, the two processes W(t+1)—W(t) and U(?) satisfy the
conditions of Theorem S.1.9.1, and whence Theorems 1.5.5 and 1.9.1 are
special cases of the latter.

Section 1.10. The process W(x, y) is sometimes called the Yeh process
(cf. Yeh 1960 and Cencov 1956) or Brownian (Wiener) sheet.

Section 1.12. As it stands now, Theorem 1.12.8 is comparable to Theorem
1.2.1. It would be desirable to extend the former the same way as Theorem
S.1.2.1 is an extension of the latter.

Section 1.14. Theorems 1.14.1 and 1.15.1 are closely related to Finkel-
stein’s theorem on the empirical process, and both of them can be considered
as her results. The idea of using the martingale technique in the proof
of Lemma 1.14.2 is borrowed from a paper of Csaki (1968).

A natural generalization of Theorem 1.14.2 is
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Theorem S. 1.14.2 (Chan 1977). Let O<hr=1,0<ar=T be functions ot
T so that Tlay,ar are non-decreasing and hy is non-increasing. Lef
R=R(x, y; s, =[x, x+sI1X[y, y+t]. Then
(5.1.14.1) Tim sup sup sup sup BrlW(R)| 1,

T~co 0Sy=T—ay 0=x=1—hy OStSary 0OSsshy

—1y2
where Br= [Zhrar (log +loglog T)] .

If we also have

arhy

log (T/arhy) e
T-~ loglogT

L

then TH_.E in (S.1.14.1) can be replaced by }Lﬂ;lo

Section 1.15. The Kiefer process appears in a paper by Kiefer (1972)
proving the first strong embedding theorem for the empirical process.
A weak convergence version of Kiefer’s theorem was given by Miiller (1970).

An analogue of Theorem S.1.14.2 can be stated also for a Kiefer process.
Namely we have

Theorem S. 1.15.1 (Chan 1977). Let O<ep<4, O<ar=T be functions of
T such that ¢r and ap/T are non-increasing and ar is non-decreasing.
Define  K((xy, Xl, t)=K(x,, 1) —K(x;, 1) (0=x;<x,=1). Then

(S.1.15.1)
fm sup sup  sup Pr|K((x, x+s], t+a5)—K((x, x+s], t)|

T-+oo 0%t=T—gp 0=xS1—2p O=s=ep

=Fm sup  sup BrlK((n xed t+ar)—K((x xed 1) 221,

T 0=t=T—qa, 0=x=l—etp

~12
where Br = [ZaTeT(I —&7) (log T +loglog T)] .
grar
If we also have

log—;;

(S.1.15.2) Am ogTog T ==

then Tﬁ_ﬁ in (S.1.15.1) can be replaced by dim ,



2. Strong Approximations of Partial Sums
of LLI.D.R.V. by Wiener Processes

2.0. Notations

Throughout this Chapter X, X,, ... will denote a sequence of i.i.d.r.v.
with EX,=0, EX}=1. S,=X;+X,+...+X, (n=1,2,...), S,=0 stand
for the partial sums and S,(¢) is defined by (0.3).

2.1. A proof of Donsker’s theorem with Skorohod’s embedding scheme

In the Introduction we formulated Donsker’s invariance principle
(Theorem 0.1). In this Section we present a proof of this theorem. This
proof is different from the original idea of Donsker and produces a some-
what stronger result (Theorem 2.1.2). The basic tool of the present proof is the
so-called Skorohod embedding scheme. The idea of proving Donsker’s
theorem via Skorohod’s embedding scheme is due to Breiman (1968).

Skorohod’s theorem (1961) essentially states that for any distribution
function F with first moment 0 and finite second moment, one can define
a probability space (9, &, P) with a Wiener process W and a stopping
time 7 with finite expectation such that the distribution function of W(z)
isthe given F. (Ther.v. 7 iscalled a stopping time, if the event {w: T(w)=1}
is an element of the o-algebra generated by {W(s); s=t}) We need
the following general form of this theorem.

Theorem 2.1.1 (Skorohod 1961). There exists a probability space (Q, o, P)
with a Wiener process {W(t); 0=t<} and a sequence 7y, 73, ... of non-
negative i.i.d.r.v. defined on it such that

@ W +...+1); k=1,2, ..} Z {S; k=1,2,...},
@) {ry+...+7: k=1,2,...} is a stopping time sequence,
(iti) Er,=1.

Also, if EX? <o then Etj<ee (v=1,2,..).
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We do not prove this theorem here. For an elegant proof of it we refer
to Breiman’s book (1968). Using his proof one can also get the following
version of Skorohod’s theorem.

Theorem 2.1.1*. There exists a probability space with a Wiener process
{(W(t); 0=t<o} and a triangular sequence {7, ..., ©™} of non-negative,
r.. defined on it such that

@ &, ..., ) are iidro. for each n, and 1 Z <P, n=1,2, ...

(n) (n)
i) {W[’1—+—n+—’£-] k=1,...,n}i

i{Sk/ﬂ; k=1,..,n} foreach n=1,2, ...,
and the natural analogues of the further statements of Theorem 2.1.1 also hold.

We emphasize that this theorem of Skorohod has opened a completely
new chapter in the area of invariance theorems. Already Skorohod (1961,
Chapter 7.3) uses it to prove (0.5) with a rate of convergence for a special
functional #. It provided also the basic tool for Strassen (1964) to prove
his famous strong invariance principle.

In order to prove Donsker’s theorem we first prove

Theorem 2.1.2. There exists a probability space with a Wiener process
{W(t); 0=t=1} and a sequence of stochastic processes {S,(¢); 0=t=1}
such that

(2.1.1) §.); 0=t=1} 2 (S,¢); 0=t=1}
Jor each n=1,2, ..., and

(2.1.2) sup |S,(1)-Ww(@)| =<~ 0.
0=r=1

Proof. Using the notation of Theorem 2.1.1%, let

S = W(___Tgw Ll +Tf.'31] + W[_T%") + ---+T[‘,’.'3]+1]
n n n
_W('c{”)+...j-t[(,,",§
n

)] (nt—[nt]).

Then the relationship of (2.1.1) holds, because of Theorem 2.1.1* (ii).
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Now to verify (2.1.2) it suffices to show

(») (n)
(2.1.3) sup. W[-’-l-—i'—';fﬂ) —W(t)| -2 0
and -
M4 1@
2.1.4 s W[fl—————“]*—l]
( ) 0;21 [ n

Z.o.

) (n)
W (T_l_i'_n_"'flﬂl]] (nt—[nt])

To show that (2.1.3) holds true, we note that, via Theorem 2.1.1* (i),
we have

r{">+...+z{;,',’]_t
n

sup ~£.0.

0=r=1

This latter statement combined with continuity of the Wiener process W(-)
(cf. Theorem 1.1.1) gives (2.1.3). One can verify (2.1.4) in a similar way.
This theorem implies Donsker’s invariance principle as follows:

Proof of Theorem 0.1. From (2.1.2) it follows that

(2.1.5) h(S,() -~ h(W ()
and from (2.1.1) we have
(2.1.6) h(S, (1) = h(S,())

for every continuous functional A: C(0, 1)>R!. Now (2.1.5) and (2.1.6)
together imply (0.5).

Remark 2.1.1. If t=1, we get, from (2.1.1) and (2.1.2), that

(2.1.7) S.()-2wes©,1)
and
(2.1.8) S(MZs,1)=S,/fn foreach n.

This, however, does not imply that S,/Vn itself converges to a r.v. The

reason for the different behaviour of S,(1) from that of S,//n (i.e., 2.1.7)
does not necessarily hold for the latter one) is that the relationship

S, (1); n=1,2,.. 3 Z{S/Vn; n=1,2, ...}
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is not true. In fact, S,/Jn cannot converge in probability to any random
variable. This follows easily, for example, from the following:

Theorem 2.1.3 (Rényi 1958). For every event A of positive probability
we have

P{S,/Vn= yld} ~ o).

In order to see how the latter implies that S,,/Vr_z cannot converge to

a r.v., assume that S,/¥n L. X, and apply Theorem 2.1.3 with A=
={w: X(w)=0}. This results in a contradiction.

2.2. The strong invariance principle appears

As we have already mentioned in the Introduction, Strassen (1964) was
the first one who introduced the notion of strong invariance principle, when
proving Theorem 0.2, which we now restate as follows:

Theorem 2.2.1 (Strassen 1964). A probability space (Q, o, P) with a
sequence {S,} and a Wiener process {W(t); 0=t<<} on it can be so
constructed that

(2.2.1) {($;n=1,2.32{5,;n=12.)
and
(2.2.2) 15— @)l .

Vnloglogn ~— 0.

Remark 2.2.1. If we are given a probability space {Q, s/, P} with
a sequence Xj, X,, ... of ii.d.r.v., then it is not sure at all that a Wiener
process W(t) can be defined on the underlying Q for which the relationship

lSn'—W(n)l a.s.
Vnloglogn

would be true. This is the reason why, as a first step, we define a new
probability space and a new sequence of r.v. (on this new space) which is
equivalent to the original one in the sense of (2.2.1), and then the statement
(2.2.2) can be stated for this new sequence. Having only (2.2.2), we can
still prove any result for S, itself which (2.2.2*) could have directly pro-

(2.2.2% 0
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duced. Indeed, for this very reason, and for the sake of simplicity, we will
simply say from now on that S, (itself) can be approximated by a Wiener
process. That is to say, from now on, we will state our results along the
lines of (2.2.2*) instead of those of (2.2.2), and we ask the reader to re-
member that they will be meant 4 la the latter.

In order to illuminate the relationship of Theorems 2.1.2 and 2.2.1,
we restate the latter in the following form:

Theorem 2.3.1%. There exists a Wiener process W(.) such that

0.

—p-1/2
up 15O W@ s

o=e=1 Vloglogn

Caution! Remark 2.2.1 must be applied to understand (2.2.3) correctly.

(2.2.3)

Remark 2.2.2. Comparing Theorems 2.1.2 and 2.2.1* we note that
a disadvantage of the former is that only in-distribution type statements
can be obtained from it. On the other hand, a disadvantage of (2.2.3) is that
the rate of convergence in it is weaker than that in (2.1.2). Consequently,
Donsker’s theorem does not follow from Theorem 2.2.1*. (Cf. also
Theorem 2.2.3.)

We know (Theorem 2.1.3) that S,(¢) cannot be approximated by a single
Wiener process W(¢) such that

sup |8, (1) =W (0)] = 0
0=r=1

should hold. Applying the law of iterated logarithm to S,(1), one sees
immediately that the sequence W, (t)=n"12W(nt) cannot be replaced
by a single Wiener process in (2.2.3) either. However, it 1s crucial in (2.2.2)

or in (2.2.2*) that S, is approximated by a single Wiener process
{W(1); 0=t <o}

Proof of Theorem 2.2.1. The proof of this theorem again hinges on
Skorohod’s embedding scheme. Let

2.2.4) S, =W +...+1), n=12,..,

with the 7; as in Theorem 2.1.1. Using Kolmogorov’s strong law of large

numbers we can write: t,+...+1,=n-+1,, where g, == o(n). With this
definition of S,, (2.2.2) follows from Theorem 1.3.2 ((2.2.2) also follows
easily from Theorem 1.2.1).
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Proof of Theorem 2.2.1*. Using our definition of S, in (2.2.4), in order
to verify (2.2.3), it suffices to show

(22.5) sup lS[,,,]"‘W([Ht])‘ a.s. O,

osi=1 Vnloglogn
sup lW(nt)—W([nt])l a.s.

2.2.6 0,
( ) o=sis1 }nloglogn
(2.2.7) sup JSwm1r1— S (1= [1D}_as

0st=1 Vnloglogn

The statement of (2.2.5) immediately follows from that of (2.2.2), while
(2.2.6) and (2.2.7) are trivial.

We have already remarked that the rate of convergence in Theorem 2.2.1
is not strong enough to prove Donsker’s theorem from it. Indeed to achieve
this, one needs to replace the denominator of (2.2.2) by »'/2 at least.
This, however, is impossible (cf., however, Supplementary Remarks,
Section 2.2, Theorem S.2.2.1) if we assume only the existence of the second
moment of X;, for Breiman proved

Theorem 2.2.2 (Breiman 1967). There exists a distribution function F with
mean O and variance 1 such that for any i.id. sequence {X;} having
this distribution and for any Wiener process W(t) we have

lim —I§"——1V/K2£n—)l— =0 as,
fi-v'oo n
A stronger result of this type was obtained by Major (1976b) who proved
that the rate in (2.2.2) cannot be improved if we assume the existence of
two moments only. His result says

Theorem 2.2.3 (Major 1976b). For any sequence {a,} of real numbers with
a, /oo there exists a distribution function F with mean 0 and variance 1
such that for any iid. sequence {X;} having this distribution F and
for any Wiener process W(t) we have

1S =W ()] s, _
nre " (n log log n)1/2 o )

The above results suggest that one should investigate the possibility of
getting better rates for (2.2.3) when higher than second moments are assumed
for X;. Towards this end we prove
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Theorem 2.2.4. Giveni.idro. Xy, X,, ... with EX;=0, EX}=1, E|X,|’ <o,
2<p=4, there exists a Wiener process W such that

S —W a.s. s
(2.2.8) ,,'1 ™ log 532!2 0 if 2<p<4,
(229) ISn_W(n)l a.s. 0(1) lf P=4

(nloglog n)*(log n)'? —

The statement of (2.2.8) (resp. (2.2.9)) was proved by Breiman (1967)
(resp. Strassen (1965b)), using again the Skorohod Embedding Scheme.
We do the same here, proving both (2.2.8) and (2.2.9) at the same time.
In the proof we need the following

Lemma 2.2.1 (Lo¢ve 1963, p. 243). Let 11, T, ... be i.id.r.v. with ET,=0
and E|T)9<oce, 1=g<2. Then

Tl+"'+Tn a.s.
n]-/‘l

(2.2.10) 0.

Proof of Theorem 2.2.4. Again, we define S, as in (2.2.4). Now the
role played by Kolmogorov’s law of large numbers in the proof of Theorem
2.2.1 is taken over here by the above lemma when proving (2.2.8), while
in the case of (2.2.9) it is replaced by the Hartman-Wintner law of the
iterated logarithm for i.id.r.v. with finite second moment (cf. (3.2.6)).
After this, the proof follows the line of thought of that of Theorem 2.2.1,
definitely using now Theorem 1.2.1.

We give some details for 2<p<4. Applying Lemma 2.2.1 with T,=1,—1,

a.s. a.s.

we get T,4...+7, 2= n+n,, where 5, 2= o(n*?). Hence it suffices to
show that
W (n+o0(n¥P)—W(n)| as.

nt?Ylogn

Towards this end we note that for every ¢=>0 there exist Q,ccQ and
a sequence of positive numbers a,=o(n?'?), satisfying the conditions of
Theorem 1.2.1, such that

In)=a, if weQ, and P(Q)=l-c

Thus Theorem 1.2.1 implies (2.2.8).

A Theorem 2.2.1* type version of Theorem 2.2.4 is immediate and from
it the statement of Donsker’s theorem follows when assuming the in-
dicated higher than second moments.

0.
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Since Lemma 2.2.1 is not true for gz=2, it is clear that the method of
proof of Theorem 2.2.4 will not give a better rate than that of (2.2.9) no
matter how many moments are assumed to exist. In fact Strassen con-
jectured that the rate of (2.2.9) could not be improved with any further
conditions and posed the

Question (Strassen 1965b). Let X, X,, ... be ii.d.r.v. with mean zero
and variance one, and let {W(r); 0=f<<} be a Wiener process such that

(2.2.11) 1S, —W (n)| & o((n loglog n)"* (log n)*/%).

Is then the distribution of the X; standard normal?

Similar questions were asked by Breiman (1967) and also by Borovkov
(1973). As to the question of Strassen, Kiefer (1969a) proved that the order
of (2.2.9) is indeed the best, provided the S, are constructed via a Skorohod
type stopping time procedure.

In the light of Strassen’s problem, one can also ask the

Question. Should there exist any f(n) oo such that
(22.12) 1S, —W (@) 2= o(f(n))

should imply normality of the X,?

2.3. The stochastic Geyser problem as a lower limit
to the strong invariance principle

Rényi (1962) posed a problem which has nothing to do with our
question of (2.2.12). A solution of a more general form of it, however,
turned out to be also an answer to our problem. The original question of
Rényi went like this: Let X;, X,, ... be i.i.d. positive and bounded r.v.,
let {S,} be their partial sum sequence; can one then determine the distri-
bution function of the X; with probability one, observing only the sequence
{{S.J}? This problem was motivated by the following story: Robinson
Crusoe had a geyser on his island, which kept on erupting at random time
points. After he had observed the number of eruptions per day for a long
time, it occurred to him that he should now be able to predict the geyser’s
behaviour, i.e., he should be able to estimate the distribution function of
the time length between two eruptions.
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We now formulate a more general form of the geyser problem. Let
X, X,, ... be iid.rv. and let F(.) be their distribution function. Put

Vy,=S,+R,,

where {R,} is also a random variable sequence, not necessarily independent
of §,. Then we can ask whether it is possible to determine the distribution
function F(.) with probability one via some Borel function of
{V,; n=1,2,...}. In statistical terminology {R,; n=1,2,...} can be
viewed as a random error sequence when trying to observe S, in order
to estimate F(-). Answering this question Bartfai proved

Theorem 2.3.1 (Bartfai 1966). Assume that the moment generating function
R@)= f e*dF(x) of X, exists in aneighborhood of t=0and R, 2= o(log n).
Then, given the values of {V,; n=1,2, ...}, the distribution function F(-)
is determined with probability one, i.e., there existsar.v. L(xX)=L(Vy,V3,...; X)
measurable with respect to the o-algebra generated by V,, V,, ... such that

for any given real x, L(x) 2 F(x).

The proof of this theorem is given in the next section. Here we show
why Bartfai’s result is also an answer to the question of (2.2.12), via stating
the following

Theorem 2.3.2. Let Xy, X,, ... be iid.r.v. with mean zero and variance
one. Denote their distribution function by F(-) and let {W(t); 0=t< oo}
be a Wiener process such that

(2.3.1) S, —W (1) 2% o(log n).
Then F(-)=®(-).

Proof. Let R,=W(@n)—S,. Then W(n)=V,=S,+R, and, assuming
the existence of the moment generating function of the X; in a neighborhood
of zero, we should be able to determine F(:) by Theorem 2.3.1 with
probability one, having observed {W(n); n=1,2,...}. This, however,
is impossible unless F(+)=&(.).

In order to complete our proof we show that (2.3.1) is also impossible
if the moment generating function of X; does not exist. Assume then that
for any t>0, Ee*1=co. Then

w 1 -
ZP{e‘X">n}=2P{X,,>clogn}=oo, for any ¢ =0,
n=1

n=1
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and the Borel-Cantelli Lemma implies that the inequality S,.,— S,>clogn
occurs infinitely often with probability 1. On the other hand W(n+1)—
—W(n)=2 ylogn with probability one for all but finitely many » (cf.
(1.2.3)). Consequently S,—W(n)=clogn infinitely often, for any c¢=0,
with probability one.

The second part of our proof followed the lines of Breiman (1967).

We note also that the last lines of our proof above show that, for whatever
W{(t), one has

@23.2) iz S W) as.
n log n

provided R(f) does not exist for any 7=0.

2.4. The longest runs of pure heads and the stochastic
Geyser problem

In connection with a teaching experiment in mathematics, T. Varga posed
a problem which has nothing to do with the Stochastic Geyser Problem.
A solution of a more general form of it, however, turned out to be also an
answer to the latter. The experiment goes like this: his class of secondary
school children is divided into two sections. In one of the sections each
child is given a coin which they then throw two hundred times, recording
the resulting head and tail sequence on a piece of paper. In the other section
the children do not receive coins but are told instead that they should try
to write down a “random” head and tail sequence of length two hundred.
Collecting these slips of paper, he then tries to subdivide them into their
original groups. Most of the time he succeeds quite well. His secret is
that he had observed that in a randomly produced sequence of length two
hundred, there are, say, head-runs of length seven. On the other hand, he
had also observed that most of those children who were to write down an
imaginary random sequence are usually afraid of putting down runs of
longer than four. Hence, in order to find the slips coming from the coin
tossing group, he simply selects the ones which contain runs longer than five.

This experiment led T. Varga to ask: What is the length of the longest
run of pure heads in »n Bernoulli trials?

An answer to this question was given by Erd&s and Rényi who proved

Theorem 2.4.1 (Erdés, Rényi 1970). Let X;, X,, ... be iidr.w., each
taking the values *1 with probability }. Put S4=0, S,=X;+...+X,.
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Then for any c€(0, 1) and for almost all w€ Q2 there exists an ny=nyc, v)
such that

(2'4' 1) max (Sk +[clogan] ™ Sk) = [C 10g2 n]’

0=k=n—[cloggn]
if n>n,.

That is, this theorem guarantees the existence of a run of length [c log, 1]
for every c€(0, 1) with probability one if n is large enough.

On the other hand, they also showed for c¢>1 that the equality of
(2.4.1) can only hold for a finite number of values of # with probability
one. They proved

Theorem 2.4.2 (Erd3s, Rényi 1970). With the above notation one has

S )
2.4. k + [clogan] k _as.
( 2 Oékglil;l—a[)éloga n [clog, n] a(c),

where oc)=1 for c=1, and, if c¢=>1, then o{c) is the only solution of
the equation

1
(24.3) - = l—-h(

1+oe)
2 bl

with h(x) =—xlog, x—(1—x)log, (1 —x), O0<x<1; the herewith defined
of+) is a strictly decreasing continuous function for c=>1 with ch\IAI} a(c)=1
and ch»rg a(c)=0.

As to the problem of the longest runs of pure heads, these two theorems
do not give a complete answer (for example, they do not say anything
about the existence of pure head-runs of length [log, n]; cf. the Supple-

mentary Remarks of Section 2.4). A generalization of Theorem 2.4.2 also
produced a new proof of the stochastic geyser problem.

Theorem 2.4.3 (Erdds, Rényi 1970). Let Xy, X,, ... be i.id.r.v. with mean
zero and a moment generating function R(t)=Ee™r, finite in a neigh-

bourhood of t=0. Let
g(x) = irtlf e~ R(r),

the so-called Chernoff function of X,. Then for any ¢=0 we have

Sk+ [clogn] — Sk a.s.
2.44) ogkslr)}—a[)élogn] [clogn] (),
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where
(2.4.5) a(c) = sup {x: o(x) = e~}

Remark 2.4.1. Since ¢(0)=1 and g¢(x) is a strictly decreasing function
in the interval where o(x)=0, a(c) is well defined for every ¢=0 by
(2.4.5), and it is a continuous decreasing function with clﬂ a(c)=0.

The proof of Theorem 2.4.1 is elementary and will not be given here.
The statement of Theorem 2.4.2 is a special case of that of Theorem 2.4.3.
This can be seen immediately, for in this case R(t)=1% (¢'+e~*) and

(14x)-0+D2( —x)=CG-D2 if 0= x<1
e() = 0 if x=1.

Remark 2.4.2. In case of X6 4°(0,1) one gets easily that a(c) of
(2.4.5) is equal to ¥2/c for all ¢>0. This, naturally, agrees with Theorem
1.2.1 when taking ay=clogN, ¢=0.

The proof of Theorem 2.4.3 is based on

Theorem 2.4.4 (Chernoff 1952). Under the assumptions and notations of
Theorem 2.4.3 we have

(2.4.6) P(S, = nx) = o"(x)
and
2.47 (P(S, = nx))" — g(x)

for any x=0.
Proof of Theorem 2.4.3. As a first step we prove
St — Sk

(2.4.8) im max =a as.

h>oo 0sk=mn—1,

where /,=[clogn] and a=oa(c). Put

An = An(c, g) = {05%11,3(_1 -S"_'Hl"_ﬂ = (X+8}

and

* __ 4% — Sk+l,."Sk — }
An = An (C, 8) == {Oél'{l;}_’n——lm—— =utef.

Then by (2.4.6) we have
P(4,)=nP [% = oz+a] = no'n(a+8).

n
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Applying the definition (2.4.5) it follows that there exists a =0 such that
o(a+e)=exp [—l:i] . Hence

i+
¢

P(A4,) =nexp (— J [clog n]) ,

and if T is the smallest integer for which 76>1, then

8

(2.4.9) P(4,7) <oo.

n

I

This means that only finitely many of the events 4,r can occur with proba-
bility 1. Similarly one can see that

(2.4.9)* 2 P(Ayr) <o,
n=1
Taking into account the trivial inequality /[, ,,r—/r=1 for n big,
we get (2.4.8).
Our second step is to prove

(2.4.10) lim max ﬂiiﬂlls—"za a.s.

n—+oo O=k=n—I, n

Put
B, = B,(c,&) = { max Skt Sk _ a—a}.

o=sk=n—1I, L,
Since g(a—g)=>e~¥°, for any ¢>0 and c¢=>0 there exists a 6=d(c, &)>0
such that g(z—e&)—d=exp [—1—;2) Then by (2.4.7) we obtain

Il (g _§
P(B,) = dl_jl P[ﬂ—[ﬂ’: < a—s)

LI
= [1 —P(—‘%’L = cx—e)]
? 1-8 [nfi,}
= (1—(e(a—e)—8)n)"l = [1 —exp [_T l,,]]
872
0o (255

if n is big enough. This proves the convergence of the series > P(B,)

n=1

which, in turn, implies (2.4.10).
(2.4.8) and (2.4.10) together prove the theorem.
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It is clear that w(c) of Theorem 2.4.3 is uniquely determined by the
moment generating function R(¢) of X;. The converse of this statement is
also true and we have

Theorem 2.4.5 (Erd3s, Rényi 1970). The function a(c) of Theorem 2.4.3
uniquely determines the distribution function of X.

Proof. Definition (2.4.5) shows that the function a(c) uniquely deter-
mines the Chernoff function g(x). Further, the Chernoff function g(x)
uniquely determines the moment generating function R(r) (cf, e.g.,
Bartfai (1977)). Finally, it is well known that the moment generating
function R(¢) uniquely determines the distribution function F of X;.

Now we are in the position to give a

Proof of Theorem 2.3.1. For any ¢>0 we have

. V -7
lim max =~ -xtlclognl Tk
n+w 0sk=n—fclogal  [clogn]

. S -5
2% fim max ~ —ktlelognl Pk 23,00,
n~ 0=ksn—iclognl  [clogn]

Hence the sequence ¥, determines a(c) with probability one which, via
Theorem 2.4.5, also terminates our proof,

In passing we note that the way we have proved Theorem 2.3.1 does not
provide an immediate handle for the construction of the there mentioned
r.v. L. Thus we can say that, while Theorem 2.3.1 theoretically solves
the so-called stochastic geyser problem, it does not provide a sequence
of estimators for F.

2.5, Improving the upper limit

When talking about Strassen’s question of (2.2.11), we have already
mentioned that Kiefer (1969a) proved that the rate of convergence of (2.2.9)
cannot be improved if one were to use the Skorohod Embedding Scheme,
no matter what further restrictions we might put on the distribution func-
tion F(.) of the ii.d.r.v. Hence an improvement could only have come
from a different method of construction. Such a method was developed
by us (Csorgd, Révész (1975), cf. also Supplementary Remarks to Section 2.5
of this Chapter) when, via improving the rate of convergence of (2.2.9),
we gave the first negative answer to Strassen’s question, proving the following
counterexample.
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Theorem 2.5.1 (Csorg8, Révész 1975). Given iidro. Xi, X,, ... with
a continuous distribution function F(-),
EX;=EX}=0, EX;=1, EX{°<e and ltTliﬁ |Ee"™| < 1,
then there exists a Wiener process {W(t); 0=t<oo} such that

|Sn _W(n)' a.s.

nl/ﬁ (log n)13/2 0

(2.5.1)

As a preliminary step to the proof, we wish to approximate S,/Vn,
for each given n, by a r.v. N,6.4°(0,1). Define N, by

(2.5.2) N, = inv & (F,(S./Vn)),

where F,(-) is the distribution function of S,/Yn. Then N,€4°(0, 1),
and knowing, by the central limit theorem, that F,(+) is near to &(.)
for n large, one expects that our N, should be also close to S,/)n.
Indeed one would hope that a good rate of convergence of F,(-) to @(-)
should also result in a “good nearness” of N, to S,/Vn. As to a good rate
of convergence of F,(+) to ®(-) we have

Theorem 2.5.2 (Cramér 1962, p. 220). Assuming the conditions of Theorem
2.5.1 we have

s BT Py

F()~8(x) = e};;_::z $om (1)

uniformly in x, where Q;(x) (i=1,2,...,8) is a polynomial of degree i+3
with coefficients depending only on the first ten moments of F(-). (Here
Q:(x)=0, as a result of our assumption EX?=0.)

Applying this theorem of Cramér the following nearness of N, to S,/Vn
is attained:

Lemma 2.5.1. With the conditions of Theorem 2.5.1 and N, as in (2.5.2)
we have

(2.5.3) |N,—58,/Vn| = 0[

b

(log n)t1/2 )
n

provided that |S,,/ﬁ| =c}logn, 0<c<V6.

The next two lemmas are needed in the proof of the latter lemma.
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Lemma 2.5.2. With the conditions of Theorem 2.5.1 we have

glj(xn) ~= Fn(xn) and 1 '—¢(xn) ~ 1 _Fn(xn),
provided that {x,} is a sequence of real numbers with |x,|=c}logn, 0<c<V8.

Proof. This is a simple consequence of Theorem 2.5.2 (cf. also Rubin,
Sethuraman 1965 and Michel 1974).

Lemma 2.5.3. Let {a,} and {b,} be two sequences of real numbers for
which O0<a,<1, 0<b,<1, a,~b, and 1—a,~1-b,. Then, as n-—oo,
we have

(inv @(a,))2—(inv ¢(b,))* ~ 0.

The proof is via elementary calculations.
Proof of Lemma 2.5.1. By Lagrange’s mean value theorem we have

linv &(F, (1)) —t| = |inv &(F,(¢))—inv &(&(2))|

OO I
= 1B~ 00| sy
where

min (F,(¢), ¢(r))=¢&,=max (F,(t), &()). Suppose that [t|=
=c(log n)'2, 0<c=<}8. Hence, by Lemma 2.5.2 £~ ®() and 1—§ =~

~1—&(t). By Lemma 2.5.3 we have (inv #(£))2—#2~0, and this com-
bined with Theorem 2.5.2 implies

, - e~ r(logn)t1/? 1 .
|inv @ (F,(1))—¢t| = [ o 0[ - ]+O(F)] V2ret2

oftee)

n

Thus, so far, we have approximated S, by Vn N, well enough for each .
Our aim, however, was to construct a Wiener process {W(r); 0=t< o}

such that {W(n); n=1,2, ...} should be near to {S,;n=1,2,...}. Asto
our ¥n N, we only have

{(VnN}Z W), n=1,2, ...
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instead of the desired equality
(2.5.4) {(VnNy; n=1,2, .32 Wwn); n=1,2,..),

which we have no reason to believe in at all. If it were to be true by any
chance, however, we would havge also achieved our aim already. Though
(2.5.4) is not disproved, it seems that it cannot be true in general. Thus,
our desired Wiener process has yet to be constructed.

Towards this end we now construct a sequence U, such that it will be
a good approximation of S, for a subsequence of integers n,=[k"] (x>1)
and, also, we will have

(2.5.5) U k=1,2,..} ZWm); k=1,2,..).
Define

ko
Uk = 2 ij.Rj,
j=1
where m;=n;—n;_y~aj*"* (j=1,2,..), R;=inv ®(F(Z)),

X,

Z _ j-1+l+X;lj-1+2+"'+Xn
3=

Vi ! and Fi(t)=P{Z;=1}.
m;

Since the R;€.A4°(0,1) are independent r.v. we immediately have our
desired relation (2.5.5). As to the nearness of the thus constructed U, to
S, , we prove:

>

Lemma 2.5.4.
'Uk - Snkl a.s.
2—a
n2 (log nk)lslz

(2.5.6) 0, 1<o=<2.

Proof. Let e;=R;~Z;, 0<c<V6

;o 1Z,] > cVlogm,
#7710 otherwise.

First we evaluate the variance of e;. Consider
Eé% = E& L+ Eej(1-1).
Then, by Lemma 2.5.1

Eet(1-1)= O[UL’;’;JE].

7
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Since we are assuming EX'<w, Ee’=0(1) and Hdlder’s inequality
implies
Ee3T; = (Ee®)S(EIHY = 0(1)(P{1Z, = cVlogm,})¥*®

4
= 0(m_, 2 5).
Hence
11 —
E=0 (-(lqg—n::f)—], provided l/5 =c= ]/8-
J
Now let
_ e;jm;
;= (log mj)u/z
and

_ (log mpt/2 2 1og j
Vm;

Then Eg;=0, EQ? =0(1), and Kolmogorov’s Three Series Theorem implies

that the series

2—-a
/lj =0 ((log j)13/2 jﬂ-

-] Q oa m e.
Z J — 2 ,‘Lj J
Jj=1

& jtlogy J

converges with probability one. Since a<2, i; is strictly increasing and
Kronecker’s lemma implies that

This also completes the proof of our lemma, because

k —_
0(%) ;; Vm;e; = 2—€]k SL
T k® (loghkys”

Proof of Theorem 2.5.1. Let By(x), By(x), ... (0=x=1) bea sequence of
independent Brownian bridges which is also independent from the given
sequence {X;}. Clearly it is not sure that such a sequence {B;(x)} can be
constructed on the probability space where the r.v. {X;} live. However,
it is easy to redefine the sequence {X;} on a new probability space where
the desired construction is available (cf. Remark 2.2.1). Now we construct
a Wiener process W(¢) via joining the points (#;_,, U;_;) and (»n;, U)
by the independent Brownian bridges B;(x) (i=1, 2, ...) (cf. Proposition
1.4.1).
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Then U,=W(n,), and Lemma 2.5.4 gives
W) —Sul  as.

2—a
nkza (1 og nk)l:!/ 2

In order to complete the proof of our theorem we have to study Wn)—S,
when m,=n<n,,. Clearly,

W(n)—S, =Wn)—Wn)+Wn)— S, + S, —S,
and, by Theorem 1.2.1,

0.

2.5.7

W (m) =Wl _as.

(2.5.8) sup —

meSn<m mG (lOg mk)m/z
Also,
(259) sup |Sn —Snkl a.s.

M En<y 4y Vﬁ(l()g mk)13/2

This latter statement can be checked easily via elementary calculations, or
apply Theorem 2 of Michel (1974).
Choosing now a=;3, (2.5.1) follows from (2.5.7), (2.5.8) and (2.5.9).

Remark 2.5.1. The above proof hinges on the choice of the sequence {;}.
The larger we choose a>1 in n;=[;%], the better is the normal approxima-
tion for our blocks X,,J+1+...+X,,j“. The random fluctuation of the
Brownian bridges B;(x) connecting the points (1;-,, U;_;) and (n;, Uj)
however, tends to destroy the gains produced by « too large. The choice

8

a=z is obtained as a compromise.

2.6. The best rates emerge

Re-examining the method of the proof of Theorem 2.5.1 it becomes
clear that, for any given £=0, there exist further moment conditions which,
when assumed, enable one to prove

ISn_W(n)I a.s.
nt

instead of (2.5.1) of Theorem 2.5.1.
Recalling also Theorem 2.3.2 it is reasonable to ask whether there should
exist any distribution function F(:)=®(-) such that

(2.6.1) 0

(2.6.2) 1S, — W ()| %% O (log ),
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for a suitably constructed W(.). Itisclear from (2.3.2) that, if such a distri-
bution function F(.) were to exist, then it must have a moment generating
function. Indeed, the surprising fact that (2.6.2) holds for all those distri-
butions which do have a moment generating function turned out to be true
as a result of

Theorem 2.6.1 (Komlds, Major, Tusniddy 1975, 1976). Assume that
R(t)=Ee™1 exists in a neighborhood of t=0. Then there exists a Wiener
process {W(t); 0=t<oo} such that (2.6.2) holds.

This theorem is a consequence of the following sharp result:

Theorem 2.6.2 (Komlés, Major, Tusnddy 1975, 1976). Given the conditions
of Theorem 2.6.1, there exists a Wiener process W such that for all real
x and every n we have

(2.6.3) P{g@ |Sx—W (k)| > Clog n+x} < Ke=**,

where C, K, A are positive constants, depending only on the distribution
Sfunction of X,.

As we have already seen, Theorem 2.6.1 is the best possible in the sense
that no further restrictions on the distribution function of X; can improve
the rate of (2.6.2), unless X; is already a 47(0, 1) r.v. It is also the best
possible in the sense that the assumption that the moment generating
function of X; should exist, cannot be dropped (cf. (2.3.2)). Returning,
however, to (2.6.1) we can still ask what minimal set of moment-assumptions
should guarantee the there indicated rate for a given &£=0. The answer
to this question is given by

Theorem 2,6,3 (Komlds, Major, Tusnady 1975, 1976 and Major 1976a).
Replacing the assumption of Theorem 2.6.1 that the moment generating
Junction exists by E|Xy|P <eo, p=>2, we have

]Sn —W(n)| a.s.

75 0.

(2.6.4)

Notice that the latter theorem is an improvement of Theorem 2.2.4
in the case of 2<p=4. In fact it is not only an improvement in this interval
but it gives also the best possible rate for all p>=2. The fact that this is
indeed true follows from
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Theorem 2.6.4. Let p=2. Then

S,,—W n) as.
(2.6.5) m _—nl_’v(_) L

Jor whatever W(.), provided E|X,|’ does not exist.

This was proved by Breiman (1967), using the method we have also
utilized in the proof of Theorem 2.3.2 (cf. (2.3.2)).

A common generalization of Theorems 2.6.1 and 2.6.3 would be achieved
if we could answer the

Question. Given a function H(x)=0 (x=0) such that EH(|X;|)< <,
what is the best possible order of the strong invariance principle?

Such a question was first studied by Breiman, who, using the Skorohod
Embedding Scheme, proved

Theorem 2,6.5 (Breiman 1967). Let H(x)>0 (x=0) be a continuous
Sunction such that x~2H(x) is non-decreasing and for some r=0, H(x)x™**"
is non-increasing. Assume that EH(|X,|)<oc. Then there exists a Wiener
process such that
S, —W(n) _as.

g(n)

where g(n)=inv H(n) Vlogy(n) and (n) is any non-decreasing function
such that for some m=0, 3 (inv Hm) 2(y(n)) <.

Remark 2.6.1. This theorem clearly implies Theorem 2.2.1 and (2.2.8)
of Theorem 2.2.4, but it does not imply (2.2.9) of the latter. It is also clear
that this theorem is not strong enough to imply any of the strong invariance
principles of this Section or that of Section 2.5.

Komlés, Major and Tusnady have also contributed greatly towards the
solution of the above formulated question, proving

(2.6.6) 0,

Theorem 2.6.6 (Komlods, Major, Tusnady 1975, 1976 and Major 1976a).
Let H(x)=0 (x=0) be a non-decreasing continuous function such that
x"2"YH(x) is non-decreasing for some y=0 and x~*log H(x) is non-
increasing. Assume that EH(X,|)<oce. Then we have

(2.6.7) S,—W(n) 22 O(inv H(n)). -

Remark 2.6.2. Taking H(x)=e", we immediately get Theorem 2.6.1.
As to Theorem 2.6.3, it does not follow so immediately. However, the



Strong Approximations of Partial Sums of I.1.D.R.V. 109

following two simple lemmas will show that it is also a consequence of the
above theorem.

Lemma 2.6.1. Let H(+) be a function as in Theorem 2.6.6 with EH(|Xy])<
<oo, Then there exists a function h(x),/ e (x=0) such that H,(x)=
=h(x)+ H(x) again satisfies the conditions imposed on H(+) in Theorem
2.6.6 and E(Hy(|Xy]))< o

Lemma 2.6.2. Assume that H(x) satisfies the conditions of Theorem
26.6 and h(x) satisfies those of Lemma 2.6.1, i.e., | f Hl(x)dF(x)]=
=|fH(x)h(x)dF(x)|<oo, where F(x)=P(X;=x). Then

(2.6.8) inv Hy(x) = o(inv H(x))
provided
. H(ex)
(2.6.9) l__.U% 165 >0
Jor all ¢=0.

The proof of Lemma 2.6.1 is only routine, that of Lemma 2.6.2 is a little
harder. Hence we present the

Proof of Lemma 2.6.2. Suppose that (2.6.8) does not hold. Then there
exist a 6=>0 and a sequence X, ~ o such that

inv H,(x,) = J inv H(x,).

Consider
x, = H,(inv Hy(x,)) = H(inv H,(x,)) h(inv H,(x,)).
We get
H(inv H,(x,)) = o(x,)
and also

H(6 inv H(x,)) = o(x,).

This, when replacing x, by H(u,), contradicts condition (2.6.9), and proves
the Lemma.
Let now H(x)=x? (x>0, p=2) and let h(x) be as in Lemma 2.6.1.
Then, applying Theorem 2.6.6 with H,(x)=x? - h(x) we get Theorem 2.6.3.
We also note that Theorem 2.6.6 gives nearly the best possible rate in
the sense that if (2.6.7) holds, then

(2.6.10) E(H(\ X)) < =.

This can be proved along the lines of the second part of our proof of
Theorem 2.3.2. However, one does not know in general for what functions
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H(.) of Theorem 2.6.6 would (2.6.10) imply (2.6.7) with o(inv H (n))
instead of O(inv H (n)). We have already seen, for example, that if H(x)=e"%,
then O(-) of (2.6.7) cannot be replaced by o(-), while this can be done
if H(x)=x", p>2. An example of a case when it is not known whether
o(+) can replace O(-) in (2.6.7) is H(x)=¢€", O<r<1.

It is also of interest to find an analogue of Theorem 2.6.2 when (2.6.10)
holds for functions H(+) of Theorem 2.6.6. In this regard we have

Theorem 2.6.7 (Komlds, Major, Tusnady 1975, 1976). Assume the condi-
tions of Theorem 2.6.6. Then

n
(2.6.11) P{llgl?;(n | S, =W (k)| = x,,} = Cgm‘ s

provided inv H(n)<x,<C;(nlogn)'’2, where C,,C, and a are positive
constants depending only on the distribution function of Xj.

It was an advantage of Theorem 2.6.2 that it implied Theorem 2.6.1.
Unfortunately the corresponding statement is not true in the case of Theorem
2.6.7; in fact it does not imply Theorem 2.6.6 and not even Theorem 2.6.3.

It is clear from our discussion so far that we would have to prove only
Theorems 2.6.2, 2.6.6 and 2.6.7 in order to complete the treatment of the
Komlés, Major, Tusnady theorems of this Section. The details of the
proofs of these theorems are very complicated and would take up a lot
of space to give them here. The proof of Theorem 2.6.3 in the case of
2<p=3 is relatively simple. However this special case was not covered
by the original paper of Komlés, Major, Tusnady (1975, 1976), who treated
only the case p>3. The case 2<p=3 was settled by Major (1976a),
whose proof is based on the same construction as that of the proof of
Theorem 2.5.1 but, instead of Theorem 2.5.2, the following moderate
deviation theorem is applied.

Theorem 2.6.8 (Major 1976a). Put

, X if |X]|=<c(nlogn)?
Xi = 0, otherwise,
£, = M BN
VVar X{
o+ X
F,(x) = P[&—V—;—t—" =x)-
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Then for any O<g<p—2 and 0<x<§c-vlogn we have
2+e—p
1-F,() = (1-(®)(1+0(n 2 )

and
2+e—-p

Fy(—x) = o(=x)(1+0@ * ),
provided the conditions of Theorem 2.6.3 hold with 2<p=3.

As mentioned already, the proof of Theorem 2.6.2 is very complicated.
Instead of its details, we will sketch its new ideas as compared to the proof
of Theorem 2.5.1. First we recall that in the proof of the latter we constructed
a Wiener process in terms of the sequence of partial sums {S,} given there.
When proving Theorem 2.6.2 one does the opposite of this. Namely, the
sequence {S;} is constructed in terms of a given Wiener process W.
Also, in Theorem 2.5.1 first we constructed our Wiener process only at the
sequence of points m,=[k%], =5, and then we joined these constructed
points of W randomly, so that after this randomization we should still
have a Wiener process. In the proof of Theorem 2.6.2 one first constructs
the sequence {S,} at the points m,=2% but then these points are not
joined randomly. Rather we continue constructing also the values of
S, for m<n<mny,,. For example, when constructing Sayjs =S, 4u, , y2=
=3 (Sy+ Son) +(Ssnje— 3 (Sy+ Sen)), N=ny, it appears that we should
construct the r.v. Sgy—3(Sy+Sey) in terms of WQ@BN/2D) -3 (W(N)+
+ W(2N)). However, there is a bit of difficulty. Namely, while the r.v.
W(Q3N/2)—3(W(N)+ W(2N)) is independent of the r.v. W(N) and
W(QN), the r.v. Says—3(Sy+Sey) is not independent of the already
constructed r.v. Sy and S,y.

It appears to be reasonable to believe, however, that the r.v.
Sanjz—3(Sy+Szv) should not be effected very much by the already given
values of Sy, Szy. Now the transformation

inv Fy [G[W[%]X]—MEM—]J

where G is the distribution function of the r.v. W (Ezl) -3 (W(N)+ W(2N))
and Fy is the distribution function of Ssnje — 3 (Sy+ San), gives us a r.v.
with the desired distribution Fy. Unfortunately, this latter r.v. is still
not independent of Sy and S,y. Whence the joint distribution of
(Sws Sanjzs San) is not the desired one yet. In order to construct the latter
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properly, Komlés, Major and Tusnady (1975) introduced the conditional
transformation

inv F [G [W (_?.’.g] _w]

where Fy(x|y)=P{Ssn/2—%(Sy+ Sen)=x|Sey— Sy=y}. Continuing along
these lines, in the next step one constructs the r.v. Sy, 4, Syianj, and
then, step by step, all the r.v. §; (j=N+1,...,2N). It is clear, that the
joint distribution of the thus constructed sequence is as desired. In order
to prove now that the constructed sequence S; is so close to the given
Wiener process W(j) as stated in Theorem 2.6.2, one has to prove that
the conditional distribution function Fy(x|y) is appropriately near to
G(x). This means that, instead of Theorem 2.5.2, one now needs a stronger
theorem and that for conditional distributions.

S2N - SN] >

Supplementary Remarks
Section 2.2.

Theorem S. 2.2.1 (Major 1979). Let a distribution function F(x) be given
with [ xdF(x)=0, [ x2dF(x)=1. Define

2 iz
ot= [ xdFx)—( [ xdF()) if 2=k<2, n=12, ...
Yy ¥z ’

A sequence of i.idrv. Xy, X,, ..., having the distribution function F as
above, and a sequence of independent normal random variables Yy, Y,, ...
with EY,=0, EYZ=0; can be constructed in such a way that the partial
sums S,=Xi+..+X,, T,=Y1+...+ Y, n=1,2, ... (S;=T,=0) satisfy
the relation

(8.2.2.1) 1S, —T,| & o (n/2).

Note that in this theorem the partial sum sequence {S,} is approximated
by a Gaussian process {T,} and not by a Wiener process {W(n)}. How-
ever, this rate of approximation is better than that of Strassen’s theorem
(cf. (2.2.2%)). On the other hand, Theorem 2.2.3 states that the rate of
(2.2.2%) is the best possible if S, is to be approximated by a Wiener
process. Also, just preceding Theorem 2.2.2, we complained that Donsker’s
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theorem (cf. (0.5)) could not follow from a strong invariance principle
if S, were to be estimated by a Wiener process. We are happy now to be
able to say that Theorem S.2.2.1 is that strong invariance principle which
implies Donsker’s theorem and also that of Strassen. In order to see this,
define T,(¢t) ala S,(¢) of (0.3), ie.,

T,(t) = n= V¥ {Tyuq+ Y o1 (nt —[nt])},

and a Wiener process such that

-4 _
W(n)—-i=la—i, n—1,2, veee
Since ¢,—+1, we have
(S.2.2.2) sup |T,(2)—n~2W(nt)] - 0,

0=t=1

and, by an appropriate law of iterated logarithm (cf. e.g. Feller 1943)

(S.2.2.3) lim 1= L a5
n+> Vnloglogn

Clearly, (5.2.2.2) implies (0.5) and (8.2.2.3) implies (2.2.2%).

Section 2.4. Concerning the problem of longest runs of pure heads there
is a gap between the statements of Theorems 2.4.1 and 2.4.2. In a recent
paper Erd6s and Révész (1976) proved some further related results.
One of them states: Let X; be iid.r.v. with PX,=0)=P(X,=1)=1,
S,=X;+...+X%X, and o,(k)=[logn—logloglogn+logloge—k], where
the basis of log is two. Then

(i) for any ¢=>0 and almost all w there exists n,=ny(w, &) such that
(Skran2rey—SK) = 2, (2+2),

ma
1=k=n— an(2+ )

provided n=n;;

(i) for any ¢>0 and almost all » there exists a sequence {n,(w, &)}
such that

151‘5:}]—% a- a)(Sk+"n a-a—Sk) < rx,,j(l

Theorem 2.4.3 is somewhat stronger than the original result of Erdés and
Rényi (1970). This form as well as its proof is due to P. Bartfai.

For further developments concerning Erdés-Rényi laws (Theorem 2.4.3)
we refer to Komlés and Tusnddy (1975), Book (1976) and S. Csérgd (1979).
The result in Theorem 2.4.3 remains true if we require the finiteness of
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the moment generating function only in some right hand side neigh-
bourhood of the origin (in this case EX; can even be — o).

Section 2.5. In dealing with the stochastic geyser problem, Bértfai (1966)
used a technique similar to that of the proof of Theorem 2.5.1. Reformulat-
ing his result in strong invariance context, one gets a somewhat weaker
form of Strassen’s result (2.2.9). His work was done independently in about
the same time as Strassen’s. The relatedness of their results, however,
was only realized later on.

The form of Theorem 2.5.1 quoted here, differs slightly from that of
Cs6rgd and Révész (1975a). This version achieves the same goal in giving
a counterexample to Strassen’s conjecture (1965b) and also provides a more
straightforward illustration of our method.



3. A Study of Partial Sums with the Help of Strong
Approximation Methods

3.0. Introduction

The fundamental aim of Chapter 1 was to study the one dimensional
Wiener process, keeping a special eye on properties which might be inherited
by sums of r.v. In this chapter we intend to realize the ones which are
indeed inherited. This goal is going to be achieved with the help of the
invariance principles covered in Chapter 2. It is clear from these invariance
principles that those partial sums whose summands have many moments
will inherit more than those whose summands have fewer moments.

3.1. How big are the increments of partial sums of LL.D.R.V.
when the moment generating function exists?

The message of this section is summarized in the following

Theorem 3.1.1. Let X, X,, ... be a sequence of i.id.r.v. with mean zero
and variance one, satisfying also the condition

(3.1.1) there exists a t,=>0 such that Ee: is finite if |t|<t,.

Let {ay} be a monotonically non-decreasing sequence of integers satisfying
the conditions (i), (i) of Theorem 1.2.1 and assume also that

3.1.2) ayflog N +~o as N oo,
Then for the sums S,=X;+X,+...+X, we have
(3.1.3) 1“:0 (o ax  max BulSprx—Sa =1,
(3.1.49) Dll'i_@o \max BulSntan—Sal == 1,
(3.1.5) lp:ni 1£111‘ax BrlSne— Syl 221,

(3.1.6) Jim B[Sy oy — Syl 22 1
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where

N ~1/2
By = [2aN [log;—%-loglogN]] .
N

If condition (iii) of Theorem 1.2.1 is also satisfied, then

: a.s.
GBG.1.7) 131_11;10 1532%{@ BulSysay—Sal =1
and
(3.1.8) n}l—zrelo 1§r?§l?vx—a,, 1213?.:(,, BrlSuer=Sid = 1.

Proof. Combining Theorems 1.2.1 and 2.6.1 and noticing that (3.1.2)
implies that fylog N-0 as N- <o, the result follows.

Remark 3.1.1. Remark 1.2.1 is also applicable here. That is to say
the absolute value signs can be omitted from formulas (3.1.3)-(3.1.8),
and changing the lim sup resp. max to lim inf resp. min, the +1 on the
right hand sides of (3.1.3)-(3.1.8) will be changed to —1.

Remark 3.1.2. Tt is clear that this theorem plays the same role for partial
sums of ii.d.r.v. having moment generating function as Theorem 1.2.1
does for Wiener processes. However, the extra assumption that ay/log N~
is absolutely crucial here in the sense that if ay=clog N, ¢=0, then,
by Theorem 2.4.3, the left-hand side limit of (3.1.7) still exists, but its value
will depend on ¢ and the distribution function of X,, that is to say this
latter case cannot be explained from any invariance principle. Thus,
Theorems 3.1.1 and 2.4.3 together completely describe the almost sure
behaviour of the increments of length clog N=ay=N of partial sum
sequences when the moment generating function of the summands exists.
The case of ay=o0(log N) does not appear to be known in general; it is
clear, however, that this case also cannot be treated from invariance-
principle-like considerations.

Remark 3.1.3. Besides condition (3.1.2), condition (3.1.1) is also
necessary in Theorem 3.1.1 in the following sense: Let F(x) be a distri-
bution function with mean O and variance 1 not satisfying condition (3.1.1).
Then there exists a sequence {ay} (depending on F) satisfying conditions
(i), (ii) of Theorem 1.2.1 (as well as condition (3.1.2) of Theorem 3.1.1)
such that none of the statements (3.1.3)~(3.1.8) hold true. This fact can be
seen by going through the following simple steps.
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+oo
1) If for every =0 [ e™dF(x)=co (thatis (3.1.1) does not hold true),
then there exists a p—ositive non-increasing function &(x)--0 such that
+o0
[ P dF (x)=co.

2) Let H(x)=e™®. Then the inverse function of H(x) can be written
as inv H(x)=v(x) log x where »(x) is a non-decreasing function, tending
to +oo.

3) Since

é P{|X,| = inv H(K)} = o

infinitely many of the events {|X,|=v(k) log k} will occur with probability 1.

Choosing a,=v(k)logk, we see immediately that the statements
(3.1.3), (3.1.5) and (3.1.8) cannot be true. As to the others not being true,
let m=n(w)<nm=ny(w)<... be a sequence such that |X, |z=v(ny) logn,

and consider the sequence S, ,—S,_, .S, _;—S,_, ,.... The
1 1~ 8py 2 8™ py
independence of S, ,—S, _, and X, for each k now implies our

claim for (3.1.4), (3.1.6) and (3.1.7)

3.2. How big are the increments of partial sums of L.1.D.R.V.
when the moment generating function does not exist?

The aim of this section is to find a theorem which should play the role
of Theorem 3.1.1 when we assume only the existence of a finite number
of moments instead of that of the moment generating function. An answer
to this question is summarized in the following

Theorem 3.2.1. Let X, X,, ... be a sequence of i.id.r.v. with mean zero
and variance one and let H(x), x>0, be a non-decreasing continuous func-
tion for which the following assumptions hold:

(3.2.1) EH(X;]) < <,

. H(ex)
(3.2.2) xh%r; 0

=0 forevery &=>0,

(3.2.3) x~@*IH(x) is an increasing function of x for some ¢>0,
(32.4) x'log H(x) is non-increasing.
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Let {ay} be a non-decreasing sequence of integers, satisfying conditions
(i), (ii) of Theorem 1.2.1 and also assume that there exists a C>0 such that

(inv H(N))?

(3.2.5) aw=C s

Then the statements (3.1.3)~(3.1.6) of Theorem 3.1.1 are true. If we also
assume that condition (iii) of Theorem 1.2.1 is satisfied then the statements
(3.1.7) and (3.1.8) are also true.

Proof. Combining Theorems 1.2.1, 2.6.6 and Lemma 2.6.2 the result
follows, since T_ By inv H(N)< oo,

Remark 3.2.1. The condition (3.2.2) is satisfied by all functions varying
slowly (cf. Feller, 1966, p. 269).

Remark 3.2.2. An important special case of Theorem 3.2.1 is when we
take H(x)=x?, p=2, that is when E|X;|?, p=>2 is finite. Then conditions
(3.2.2), (3.2.3) and (3.2.4) are satisfied and the assumption (3.2.5) is equi-
valent to ay=CN2/P/log N. Hence, for all these latter increments ay,
Theorem 3.2.1 holds. Similarly, if we take H(x)=x"/(log x)*'?, p>2,
then Theorem 3.2.1 is true for ay=N?%P. This latter case was directly
studied by Lai (1974) who proved (3.1.5) and (3.1.6) in the special case when

=N* a=2p~L, p=>2.

Another interesting special case of Theorem 3.2.1 is the function
H(x)=¢*", 0<a<1, i.e. we assume that Eel1"<eo, Then all the moments
of X, exist but not the moment generating function. Again conditions
(3.2.2), (3.2.3) and (3.2.4) are satisfied and the assumption (3.2.5) is equi-
valent to ay=C(log N)¥*~'. Hence, for all these latter increments ay,
Theorem 3.2.1 holds.

Remark 3.2.3. Comparing our Theorem 3.1.1 to Theorem 3.2.1, we see
that the essential difference between them concerns the length ay of the
increments. That is to say, when we only assume the existence of a finite
number of moments instead of that of the moment generating function of
X,, then we impose a stronger restriction on ay, namely the condition
(3.2.5) instead of (3.1.2). This, of course, is technically due to the fact
that in the case when only a finite number of moments exist the rate of
convergence of the strong invariance principle is weaker than in the case
when moment generating function exists (cf. Theorems 2.6.6 and 2.6.1).
On the other hand, the assumption (3.2.1) is the best possible one in the
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following sense: if there exists a function H(x) satisfying conditions
(3.2.2), (3.2.3), (3.2.4) and EH(|X,|)=<= then there exists a C>0 (depend-
ing on H) such that
(inv H(N))?
W =C 5N
and none of the statements (3.1.3)+(3.1.8) holds true. In order to see this
remark, observe that in this case

log (N(inv H(N))~?)
log N

1/2
By~ [Z(inv H(n))y ] = C(inv H(N))™?

and

3 P{IX,| = invH()} = ==

which, in turn, contradicts the statements (3.1.3)«3.1.8) (cf. Remark 3.1.3).

Remark 3.2.4. The case which we have not mentioned so far is that of
H(x)=x2 In order to handle this latter one we have to combine the first
strong invariance principle, namely that of Strassen (Theorem 2.2.1),
with Theorem 1.2.1. This way we get, with ay=cN, O<c=1, that

(3.2.6) fm  max —iomtev—Sil as

N-roo 0zn=N—cN W
which, in the case of ¢=1, reduces to the classical law of iterated logarithm
(Hartman-Wintner 1941). We note that Strassen’s law of iterated logarithm
(Theorem 1.3.2) holds also for partial sums. Indeed, applying Theorem
2.2.1 it follows from Theorem 1.3.2 that

Theorem 3.2.2 (Strassen 1964). Let X, X;, ... be iid.r.v. with mean zero
and variance one. Let S,(t) be defined as in (0.3). Define

_ S0
(3.2.7) 7.(8) = e

Then the sequence {y (1)} is relatively compact in C(0, 1) with probability
one, and the set of its limit points is &, where & is as in Theorem 1.3.2.
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3.3. How small are the increments of partial sums of I.I.D.R.V.?

In Section 2.4. we investigated the length of the longest head run in
a coin tossing sequence of size N. As we have already noted (cf. Supple-
mentary Remarks 2.4), the length of the longest head run in N experiments
is more than

oy = [log N—logloglog N+logloge—2—¢]

(for any e=>0, if N islarge enough) and it is less than
[log N—logloglog N+logloge—1+¢]

for infinitely many N, where the base of log is 2.

Call a run regular if each tail in it is followed by a head and vice versa
(that is a regular run goes like HTHTHT... or THTHT...). In a sense
a converse of the problem of T. Varga (cf. Section 2.4) is to ask for the
length of the longest regular run. It is not hard to see that the answer
to this question is exactly the same as that to the original one.

This remark suggests the following classroom joke. Describe the ex-
periment of T. Varga to the students, and do the experiment in your class
only after this information had been given. Clearly now, head runs of
length seven will occur in both groups. For your selection of students
doing the experiment randomly, pick the ones whose tally would contain
at least one regular run of length seven.

An analogue of the above described result on the length of longest regular
runs can be formulated for partial sums of i.i.d.r.v. as follows:

Theorem 3.3.1. Let X,, X,, ... be a sequence of i.i.d.r.v. with mean 0 and
variance 1, satisfying also the condition (3.1.1). Let {a,} be a non-decreasing
sequences of integers satisfying the conditions (i), (ii) of Theorem 1.7.1 and
assume also that

(3.3.D a,(logn)™3 ~o as n—oo,

Then for the sum S,=X1+X,+...+ X, we have

. . a.s.
(3.3.2) lim min  max ypy|S,.— S =1,
N—+eoo 1=n=N—ay 1=k=ay

where

_ ( 8 logN/a,v+loglogN)1’2
v == .

n? ay
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If condition (iii) of Theorem 1.7.1 is also satisfied, then
(3.3.3) lim _min  max yy|S,..—S, el

N+co l=n=N—ay 1sk=ay

Proof. Notice that (3.3.1) implies yylog N—-0 as N-—-e< and apply
Theorems 1.7.1 and 2.6.1.

In case ay=Clog® N, Theorem 1.7.1 cannot be extended to partial
sums of i.i.d.r.v. via the invariance principle. However, applying a small
deviation theorem of A. A. Mogul’skii (1974) one can generalize Theorem
3.3.1 for a wider class of sequences {ay}. The mentioned result of
Mogul’skif is

Theorem 3.3.2 (Mogul’skii 1974). Let X,, X,, ... be a sequence of i.i.d.r.v.
with mean O and variance 1. Let {t,} be a sequence of positive numbers,
Sfor which
t, >, n7Yi 0.

Then

logP{lrggnlSkl =t)~—

n? n
8
Applying this theorem with

7> n u
= (? loglog n)

and repeating the proof of Theorem 1.7.1, one gets the following sharper
form of Theorem 3.3.1.

Theorem 3.3.1*. Let Xy, X,, ... be a sequence of i.i.d.r.v. with mean 0 and
variance 1. Let {a,} be a non-decreasing sequence of integers satisfying
conditions (i), (ii) of Theorem 1.7.1 and assume also that a,(logn)—t—co.
Then we have (3.3.2). If condition (iii) of Theorem 1.7.1 is also satisfied then
we have also (3.3.3).

Comparing Theorems 3.1.1, 3.2.1, Remarks 3.1.2 and 3.2.3 on one side
and Theorem 3.3.1* on the other side, one should observe that, when
investigating big increments of partial sums of i.i.d.r.v., stronger restric-
tions are required for the sequence {a,} when less is assumed about the
existence of moments, but, in case of small increments, the restriction
a(log n)~t—~< is already sufficient if only two moments exist. In case
of a,=clogn (¢c=0), Theorem 2.4.3 solves the problem of big increments.
The problem of small increments in this case is yet unsolved. For the latter
we formulate the following
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Conjecture. Let F(x) be a distribution function with f xdF=0, f xdF=1.
Let X;, X,,... be a sequence of iid.r.v. with P(X;=¢)=F(t). Then
. . a.s.
AL i X ISk Sl = (o),
where ay=[clog N], and r(c) is a funetion which uniquely determines F.
It is interesting to consider the special case of Theorem 3.3.1* when
a,=n. In this case we have

max |S;| 2= 1.

1=k=n

. ( 8loglogn )1’2
This result was proved at first by Chung (1948) under somewhat stronger
moment restrictions. Jain and Pruitt (1975) were the first to prove tha
(3.3.4) is still true if only the existence of two moments is assumed.

3.4. A summary

In the above sections we investigated how the strong laws proved in
Chapter 1 can be inherited by partial sums of i.i.d.r.v. applying the strong
invariance principles of Chapter 2. We saw that in many cases strong
invariance techniques produced the best results also for partial sums. In
some cases, however, direct methods produced better ones. When using
the technique of strong invariance, we always had to pay special attention
to moment conditions. The question of inheritance is much simpler when
talking about weak convergence. Indeed, we can simply say that once
Donsker’s theorem (cf. (0.5)) is proved, distribution results for given
functionals of a Wiener process (cf. e.g. (1.5.1), (1.5.2) and Theorem 1.5.4)
are inherited by the same functionals of {S;} in the limit. As to inheriting
Theorem 1.5.4 we also refer to Erdés, Kac (1947).

Supplementary remarks

Section 3.1. In connection with the Erd6s-Rényi law of large numbers
(Theorem 2.4.3) Komlds and Tusnidy (1975) studied the question how
frequently the event

ﬁ‘i[?ll‘c’:—;'-zlti =x (k=0,1,2,...,n—[clogn]; x < a(c))
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will occur. They proved that the sequence of indices 0=k;<k,<...
...<k,=n—[clogn] for which the above inequality holds true forms
a Poisson process in the limit as n—o. For further related results we refer
to Book (1976), S. Csérgd (1979), Révész (1978), Steinebach (1979), Csorgd,
Steinebach (1980) and Guibas, Odlyzko (1980).

Section 3.2. In connection with the Hartman-Wintner law of iterated
logarithm ((3.2.6) with ¢=1) it is of interest to investigate the case EX7==co.
This was done by Strassen (1966) who proved that

s 1X+X+...+X) as.
n-=  V2nloglogn

b

if X;,X,,... are iid.rv. with EX;=0, EX}=oo. Later I. Berkes (1972)
has shown that this result of Strassen is the strongest possible one in the
following sense: for any function f(n) with "1_1_12 J(n)y=oc there exists

a sequence X, X,, ... of i.i.d.ru. for which EX;=0, EX}=oc and

. X+ X+ X as.
1i L i iad
me= f(n)Ynloglogn

For further results in this connection we refer to Klass (1976, 1977),
who evaluated the normalizing factor J#, for which

- |X1+X2;...+X,,| e

where EX;=0, EX}=co. This normalizing factor %, depends on the
distribution function F(t)=P(X,=1).

A more detailed characterization of the behaviour of the partial sum
sequence {S,} can be given using the concept of upper and lower classes
introduced by P. Lévy. Lévy says that a function f(n) belongs to the
upper class if the inequality |S,|=f(n) holds with probability 1 for all
but finitely many »# and f(n) belongs to the lower class if the inequality
1S,|=f(n) holds infinitely often with probability 1. Using this terminology
the law of iterated logarithm says that for any £>0 the function f(n)=
=((2+e¢)n log log n)1'2 belongs to the upper class and ((2—&)n log log n)*/2
belongs to the lower class.

Feller (1943) gave a test to decide whether a function belongs to the
upper or lower class in the case when the moment condition E(X} [lo gl X 1[]) <
<o holds true. His theorem states that a function f(n)=n'2¥(n), with
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¥(n) non-decreasing, belongs to the upper class if the series
Zo'o n1Y (n)e-¥Am/2
n=1

converges and f(n) belongs to the lower class if it diverges. For example
for any e>0 the function f(n)=(n(2loglogn+(3+e)logloglogm))/2
belongs to the upper class and f(n)=(n(2 log log n+3 log log log n))'/2
belongs to the lower class. In a sense this result gives the rate of convergence
for the law of iterated logarithm. In fact the original form of the law of
iterated logarithm implies that for any >0 and for all but finitely many
n we have (2nloglogn)™1/2|S,/€(—1—e, 1+¢&) with probability one.
Our last statement implies that (2rloglogn)~12S,|c(—1—¢,, 1+8,)
with probability 1, for all but finitely many n, where

_ (3+¢)logloglogn

"7 4loglogn (¢ >0).

The question of how a rate of convergence for Strassen’s law of iterated
logarithm (Theorem 3.2.2) could be produced was investigated by Bolthausen
(1978). It is not known whether his result is best possible or not.

We should also mention that the above formulated test of Feller could
also be proved by the invariance principle (Theorem 2.6.6) with the stronger
moment condition E[Xj[f+*<o (¢>0), if we had the same test for a
Wiener process.

Section 3.3. In his original paper Chung (1948) assumes the existence
of the third moments but he proves a stronger result than (3.3.4). In fact
he gets the following upper-lower class type result:

n?

iyl
e 8a = oo,

2

. > 1
I if ,,g;na,,

0 otherwise.

P{max |S,| < a,n"? i.0.} =

1=k=n

Hirsch (1965) investigated the properties of the sequence {JE,?S",, Sy=M}}
and proved

1 if Ja,/n=-eo,
n=1

0 otherwise,

P{M;} < a,n? io0}=

when the third moment exists. Replacing M, by M;=— min S,

=k=n

in the formula given above, it clearly remains true.
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Since M,=max |S;/=max (M}, M), formula (3.3.4) implies that
with probability 1 there are only finitely many »n for which

nn ]1/2

n%n 1
+ _ - —_ ——
M <(l s)[ ) and M; <(l1—¢) [810glogn

8loglogn
Roughly speaking this means that if M is small (smaller than (1—¢)-
n2n 1/2 . . bi . : n2n 1/2
~[—————8 loglogn] ) then M. is big (bigger than (l1—¢) (———8 loglogn) )
provided that » is big enough. Reasoning along this line of thought,
1/2

one can expect that if M is much smaller than (1—¢). (—&—)

" 8loglogn
then M, must be much larger. Csaki (1978) proved that this is indeed
true. Let a(t)=0, b(t)=>0 be non-increasing functions such that a(t)>=0
and b(t)=>0 are increasing. Then, assuming the existence of two moments,

o a(n) 2c2n —
P{M; =a(m)Vn and My =biVnio} =1 ¥ Znam® -

0 otherwise,

where c(n)=a(n)+b(n).

The special case a(m)=b(n) of this theorem also gives Chung’s law of
iterated logarithm (3.3.4). Formally this theorem does not contain Hirsch’s
law of iterated logarithm, but Csaki also proved the validity of Hirsch’s
theorem in the case when only two moments exist.

In order to illustrate what Csiki’s theorem is all about we present here an

Example. Put
a(n) = C(loglogn)~¥? (0 < C < Vn?/8)

b(n) = D(loglogn)~*2 (D = 0).

and

Then the series

2"” a(n) e 2C3(ll)

#Zh ncd(n)
is convergent if D<n/y2—C and divergent if D=n/y2-C. Applying
Csaki’s theorem this fact implies that the events
n 1z n v
M*n)<=C [Fgl-(;g_n) and M- (m)<D (Tl—og_log]
occur infinitely often with probability 1 if 0<C<}7%8 and D=n/y2—C.
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However it is not so if D<n/y2—C. Thatis to say if n is big enough and

1/2
+ ___'_‘___) VrE
M (n)<c(loglogn (O<C< 1'[/8),

then it follows that

M-(n) = D( " ]m (0<D<n/y2-C).

loglogn

Csédki also proved an analogue of Strassen’s converse law of iterated
logarithm. In fact he proved that if (3.3.4) holds true then the second
moment of the r.v. X; exists.

As we mentioned already, Csdki’s theorem states that if one of the r.v.
M*(n) and M~—(n) is very small then the other one must be big. It is
interesting to ask what happens if one of the r.v. M*(n) and M~(n)
is very big. Strassen’s law of iterated logarithm (Theorem 3.2.2) easily
implies that for any ¢=>0 the events

Mt(n)= 1—;8 (2nloglogn)? and M~-(n) = —l%f (2n log log n)1/2
occur infinitely often with probability 1 but of the events
M*(n)= 1—-;8- (2nloglogn)? and M-(n) = l—:-;ﬁ (2n loglog n)v/2

only finitely many can occur with probability 1. That is to say if n is
big enough and

M*(n) = 1—13'f (2n log log n)®,

then
1+¢
3

M-(n)= (2nloglog n)'/2,

In general, one can say that for any eé>0 and }=g¢g<1 the events

M+*(n) = (1—-¢g)g(2nloglogn)’? and M~(n)=(1—¢) lzq (2nloglogn)V/2

occur infinitely often with probability 1 but of the events

l1—¢g
2

M*t(n) = (1+e)qnloglogn)’? and M~—(n) = (1+e) (2nloglogm)\/2

only finitely many occur with probability 1.



4. Strong Approximations of Empirical Processes
by Gaussian Processes

4.1. Some classical results

The role and development of the various invariance principles in the
areas of partial sum and empirical processes are similar. Studying the latter,
this chapter plays the same role as Chapter 2 does in the study of the former.

In this introduction we are going to introduce some of the classical defini-
tions and results. Let X, X,, ... be iid.r.v. with distribution function
F(.) and define the empirical distribution function of the sample
X1y ey X, by

F"(x) = —nl— I(—m.x](‘yi)-

n
i=1

One can give an equivalent definition of the empirical distribution func-
tion F,(-) in terms of the order statistics X™M=X"=..=X" of the
random sample Xi,..., X, as follows:

Xl(n) > X,
s Xk(n)§x<A’k('_;_)l, k=12,...,n—1,
1, XM=x

Clearly, for every fixed x, F,(x) is the relative frequency of successes in
a Bernoulli sequence of trials with EF,(x)=F(x) and Var F,(x)=

=nl F(x)(1—F(x)). Consequently, by the classical strong law of large
numbers,

4.1.1) F,(x)—==~ F(x), for x fixed.

Hence, using the language of statistics, F,(x) is an unbiased and strongly
consistent estimator of F(x) for each fixed x.

Viewing {F,(x); —eo<x< <} asa stochastic process, its sample functions
are distribution functions and it is of great importance that F(x) can be
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uniformly estimated by this process with probability one. This is formu-
lated in

Theorem 4.1.1 (Cantelli 1917 and Glivenko 1933).
4.1.2) sup | F,(x)— F(x)| == 0.

oo X 00
This theorem is rightly called the fundamental theorem of mathematical
statistics. It tells us that, sampling ad infinitum, F(x) can be uniquely
determined with probability one. In fact, (4.1.2) is a simple consequence
of (4.1.1).
From a practical point of view it is also of interest to study the rate of
convergence in (4.1.2). Towards this end we define the empirical process

Bu(x) = Vn(F,(0)—F(x)), —oo<x=<co.
The pointwise behaviour of f,(x) Is quite simple. One immediately
has the central limit theorem for each fixed x:
(4.1.3) Ba() = (0, F(x)(1 — F(x))).

As to a rate of convergence in (4.1.2) we have

Theorem 4.1.2 (Kolmogorov 1933 and Smirnov 1939). If F(x) is a conti-
nuous distribution function, then
414 P{ sup |B,(x)| =y} —~K()

— 00 < X << o0

where

> 1Yk ,—2k2y2
K(y)= k=goo( l)e ’ y>0

0, otherwise,

and
@.1.5) P{ sup () =y}~ 50)
where T
1—e=® y=>0,
S0 = {O, otherwise.

A large deviation type result for the rate of convergence in (4.1.2) is also
available:

Theorem 4.1.3 (Dvoretzky, Kiefer, Wolfowitz 1956). There exists a univer-
sal constant C such that, for all n=0 and r=0,

(4.1.6) P{ sup [B,(¥)|=r}=Ce >

— 00 << X< 00
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4.2. Why should the empirical process behave like a Brownian bridge?

As we have seen, the study of f,(x), for x fixed, can be done on tradi-
tional grounds, as a result of its binomial distribution. The global state-
ments (4.1.4), (4.1.5) and (4.1.6), however, cannot be handled easily. The
original proofs of Kolmogorov and Smirnov, for example, are very
complicated (cf. however Feller 1948).

As mentioned already in the Introduction, Doob (1949) suggested a novel
approach for the study of the process {B,(x); —eo<x<o}. In order
to describe Doob’s idea we let U;=F(X)), i=1,2,.... Then the U; are
U(0, 1) r.v. provided F(.) is continuous. Let now E,(y) be the empirical
distribution function of the sample U, ..., U, and denote the resulting
empirical process in this case by

%) =Vn(E,0)-y), 0=y=1

Then Ex,(y)=0 and the covariance function of the process {a,(y); 0=y=1}
is
0(s, 1) = Ea,(s)a,(t) = sAt—st,

which coincides with that of a Brownian bridge {B(y); 0=y=1}. Using
a multivariate version of the central limit theorem one can immediately
say that

4.2.1) (@1, - 0 (7)) =2 (B, ..., B(),

for any fixed sequence 0=y, <y,<...<y,=1. This should then suggest
that the distributional properties of {x,(»); 0=y=1} should coincide
with those of {B(y); 0=y=1} as n—o. Indeed, Doob (1949), on this
heuristic basis, said: “‘...in calculating asymptotic «,(y) process distri-
butions when n—+< we may simply replace the o,(y) process by the
B(y) process.”

At this stage we call attention to the fact that this idea is essentially the
same as the one which led us to Donsker’s theorem (cf. (0.4)). Indeed,
Donsker (1952) was again the first one who justified Doob’s heuristic
approach.

In order to formulate his result, we give a continuous version F,(-)
of the empirical distribution function:

Ff(x) = F,(X")+2 [x_ X" +Xk‘i)1] (Fn (W) —F, (X,f"))) ,

2 X=X
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if
X0+ XD _ G0+ XD
2 - 2 ’
It is clear that
1
sup  |F,(x)—Ff(x)| = -
—00 T X - 00

The corresponding continuous versions f;(x) and «(y) of the empirical
process then become

Br(®) = Vn(Fy () —F(x)), —eco<x<e,
() =Vn(Er()-y), 0=y=L
Theorem 4.2.1 (Donsker 1952). We have

(4.2.2) h(or () -2 h(B()),
for every continuous functional h: C(0, 1)—~RL

We are not going to prove this theorem here. It will, however, follow
from Theorem 4.4.1.

We also note already here that Theorem 4.2.1 and Theorem 1.5.1 together
imply Theorem 4.1.2. This is true because, for every w€ Q, a,(F(x))=p,(x)
and 0sup1 a4, (»)= sup o, (F(x))= sup B,(x), provided F is

sy= - oo —co<x< oo

o <X <

continuous (note: sup is a continuous functional).
0=y=1

4.3. The first strong approximations of the empirical process

In the light of Strassen’s strong approximation result (2.2.2) it was
natural to look for analogous approximations concerning the empirical
process. Indeed, the first one of these is directly based on (2.2.2) and is
due to Brillinger.

Theorem 4.3.1 (Brillinger 1969). Given independent U0, 1) r.v. Uy, U,, ...,
there exists a probability space with sequences of Brownian bridges {B,();
O0=y=1} and processes {%,(y); 0=y=1} such that

4.3.1) E0); 0=y=1}2 {«,(»); 0=y =1}
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for each n=1,2, ..., and
4.3.2) sup |&,(y)—B,(»)| £ O(n~"* (log n)2(log log n)' *).
0=y=1

The fact that such a theorem can be directly based on (2.2.2) is due
to the construction of the process {d&,(y); 0=y=1}, which hinges on the
observation that for each n=1, 2, ...
(4.3.3) U™, 1=k=n} 2 { Sk

Sn+1

where S,=E,+...+E, and the E; are independent exponential r.v.
with mean one. Consequently, for each n, one can define an empirical

; lékén},

distribution function E,(y) in terms of { SS" ; lékén}. Then the
n+1

process &,(»)=Vn(E(y)—y) clearly satisfies (4.3.1) and it is also not
difficult to arrive at (4.3.2) (e.g. via Theorem 2.2.1). Further details of
proof are omitted, for Theorem 4.3.1 will follow from Theorem 4.4.1.

Remark 4.3.1. In the sequel we will not emphasize that a new probability
space should be introduced. That is to say, in an appropriate sense, Remark
2.2.1 should be applied in this Chapter too.

Remark 4.3.2. Naturally, one can replace (2.2.2) by Theorem 2.6.1 in
the above sketched proof of Brillinger’s theorem. His result however will
not be improved by doing so. In fact Theorem 2.6.1 will imply that

&,,[ Si ] is close to B,,[ k
Sn+1 n+

1) , but then we would still have to estimate

1sk=n S,,+1
5.2.1. However, this approach will destroy the gain obtained via Theorem
2.6.1.

It is clear that Theorem 4.3.1 immediately implies Theorem 4.2.1. Also,
it can be immediately generalized to the case of the empirical process
B.(x) with an arbitrary continuous distribution function F(-) via applying
again the equality o,(F(x))=p,(x). Moreover, we also have the following
result with a not necessarily continuous F.

S
sup |&, [—"—]—&,, [{;—]I . One possible way of doing this is via Theorem

Theorem 4.3.1*. Given i.id.rv. Xy, X,, ... with distribution function F(-),
there exists a sequence of Brownian bridges {B,(y); 0=y=1} such that

(4.3.9) sup  |B,(3)—B,(F(x)| 2 O(n~14 (log n)2(loglog n)2).
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Proof. Let Uy, ..., U, be a U(0,1) random sample, and let o,(y)
and B,(y) beasin Theorem 4.3.1. Then, forany U(0, 1) r.v. U, invF(U)
has distribution function F(x). Define X,=inv F(U,), k=1,2,...,n,
and let F,(x) be the empirical distribution function of these r.v. Since
P{X,=x}=F(x), k=1,2,..,n, we have F,(x)=E,(F(x)) for every
w€ Q. Hence B,(x)=Vn(F(x)— F(x))=Vn(E,(F(x))— F(x)) for every w€ Q,
and _ sup |B,(0)~B(F)l=_ sup |Vn(E(F()—F(@)~-B,(F)|=

— <X

= sup ll/n (E (»—y)—B, (y)[— sup Ioc,,(y) B,(y)]; for the Ilatter

. 3 2) holds and whence Theorem 4 3 1* is also true.

We should like to call attention to the fact that though Theorem 4.3.1
might appear as a strong approximation theorem, it is not at all like
Theorems 2.2.4. and 2.6.1 are in the area of partial sum approximation in
Chapter 2. It is rather like Lemma 2.5.1, that is in both of them one has
only an approximation for each n More precisely, in the present case
we have not succeeded in bringing together the stochastic processes
{0,(»»; 0=y=1, n=1,2,..} and ({B,(y); 0=y=1, n=1,2,...}. Thus
no strong law type behaviour of the process a,(y), like, e.g., the Smirnov
(1944), Chung (1949) law of iterated logarithm, can be deduced from
Theorem 4.3.1.

Kiefer was the first one to call attention to the desirability of viewing
the empirical process o,(y) as a two-parameter process and that it should
be approximated by an appropriate two-dimensional Gaussian process.
He also gave a solution to this problem by proving

Theorem 4.3.2 (Kiefer 1972). Given independent U(0, 1) rw. Uy, U,, ...,
there exists a Kiefer process {K(y,1); 0=y=1, 0=t<o} such that

(4.3.5) up. Vo, (v) — K (y, n)| 22 O(n¥/3(log n)/3).

A Theorem 4.3.1*% type analogue of this theorem is immediate.

The above result of Kiefer is the first two-dimensional strong approxi-
mation theorem. Consequently, he had to develop a new technique. He
did this, generalizing Skorohod’s embedding scheme to vectors. An
elementary proof of Theorem 4.3.2 was given in Cs6rgd, Révész (1975b),
using the technique of Theorem 2.5.1 instead of Skorohod’s scheme.
Subsequently Komlés, Major, Tusnady (1975) have succeeded in applying
their one dimensional technique to improve Kiefer’s above theorem, and
the next section is devoted to their corresponding results.
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4.4. Best strong approximations of the empirical process

First we formulate a result, which improves the rate in (4.3.2), giving
also the best possible one.

Theorem 4.4.1 (Komlés, Major, Tusnddy 1975). Given independent U(0, 1)
ro. Uy, U,, ..., there exists a sequence of Brownian bridges {B,(y);
0=y=1} such that for all n and x we have

(44.1)  P{sup |o,(y)—B,(»)| > n"2(Clogn+x)} = Le~*,
0=y=1

where C, L, A are positive absolute constants. ( For example they can be
chosen as C=100, L=10, A=1/50.) Consequently

4.4.2) sup |, (y)—B,(y)| 2= O(n~2logn).
0=y=1

The following three lemmas play a crucial role in the proof of Theorem
4.4.1.

Lemma 4.4.1 (Tusnady 1977b). Let G(x)EN [% %) ie.,

2
2\ 2[“"%)
) few|-—

(4.4.3) G(x) = (—7-5 du.
Then -
k
(4.4.4) G((an)l/z——g-] = ,-g:, ['Jl] 2-"=Gk+1), if k=n/2

Although the proof of this inequality is elementary, it is not at all simple.
It will not be given here however.

Lemma 4.4.2 (Tusnady 1977b). Let Ye A (%, 2"1'] There exists then a
ro. Xe#(n, ¥) such that
2
n
(-3)

and
(-3)
-
(4.4.6) Yoo 2l =X=Y+l, if Yzn2

2n
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Combining these two inequalities we get

4.4.7) [X-Y|= %Zz+l
and

n n
(4.4.8) ‘X——Z—l = lY—-2—|+l,

where Z =2n‘1/2[Y—g], i.e. the standardized version of the r.v. Y.

The role of (4.4.7) will be the same in the sequel as that of (2.5.3) in the
proof of Theorem 2.5.1.

Proof. We will detail only (4.4.5). With G of (4.4.3), define the sequence
of real numbers ¢, <c¢y<...<c, by

Next, we define the r.v. X as follows: X equals to k& when the event
Ay={w: ¢y <Y(@)=c¢} occurs. Since by Lemma 4.4.1

G(cy) = jﬁ [’J’) 2-" = G(k+1),

on the set A4, (k=n/2) we have
Y-1=¢g+l=k=1X%,

and the left hand side of (4.4.5) is proved.

In order to see the right-hand side of (4.4.5), we observe thatif ¥ = —n/2
2
then X=1 and Y+ - :/ 2 +1=1. Hence we can assume that ¥ = —n/2.

By Lemma 4.4.1 for k=n/2 we have

((2kn)1/2——-] =5 [';] 27" = G(cp).

j=o
Hence

(Z(k— l)n)llz‘_% = ck—l

2 2
n n
[ck-1+7] [”"'1‘7]

k—l=——F— =tat—

and so
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The latter inequality implies that on the set A, (k=n/2) we have

() -3

X=k= Ck_1+—T-+1 = Y+—2—n——'+1,

and the proof of (4.4.5) is now complete.
Lemma 44.3. Let X, (k=1,2,...,2"; n=1,2, ...) be a triangular array
of independent A(0,1) rw. Define, for any k,n (1=k=2"),
Sr?.k = an.ko+an—Lk1+ +X22’kn—2+kan~l’

where ky,=k and k,+1=[—l%l] , i=0,1,...,n—2. Then there exists
a C=0 such that
27 ma, S = C) <o
Proof. By Theorem 2.4.4 there exists an absolute constant C=0 such that

2 _
P{]—S’i'—"‘/;ilzcﬁ}ée‘”, k=1,2,..,2% n=1,2, ....
n

Hence
2 _ — n
P{ max l—S"—"Tﬂ = CVn} = (Z] ,
1sk=gn Vn e

and Lemma 4.4.3 is proved.

Proof of (4.4.2). Let us assume that we are given a sequence of Brownian
bridges {B,(»); 0=y=1}. We define, for each n=1,2, ...,

b,(y) = ny+VnB,(»).

Then b, (3)eA (n/2, n/4) and, by (4.4.7), one can define also a binomial
r.v. a,(3)€%(n, %) such that

b, ) —a,(3)| = 3BF3)+1.
In terms of the thus defined binomial r.v. a,(3), we can now define the r.v.
n
an(i) =p~12 (an(i> —7) ]

whose distribution, for each #, is the same as that of a uniform empirical
process at y=4% and, in addition to this, we have

n2a, (1) — B,(3) = $ B} () +1.
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Given this initial step, we define the r.v.

{o,(2k+1)2-m40); £ =0,1,2, ..., 2"~1)}

on the basis of

{B,(k2-™+D); k=0,1,2, ..., 2m+1),

assuming that the r.v.

{e,(k2=™), k=1,

are already constructed.
Before doing this, we put

2, ..

27}

a,(y) = ny+Vna,(y), 0sy=1,

and observe

aol5) + oo (5
2U+1 ! W ) T T
(4.4.9) E[a,,[zmT] a, (‘7"—], l=0, 1, ...,2 ] = 2
k k+13))*
a\l==|+a,| ——
2k+1] "(2"'] ( 2m ) (z] B
(4.4.10) E (2...+1 ~ 5 alzm), 1=0,1
HoBg) el onrr
——Z[a,, —2T' a, Ik k-—O,l,...,Z "‘1,
w1y B [?ﬁ")“? (k;"l)
44.11) r,(k,m)=B [2,,,“] 5
for each k=01,..,2"~—1

is independent of the vector of r.v. {B,,[

Given a( ! ) =0, ..., 2™, we have

/

1o m =V ) 1 (0 (S5 - (25

(4.4.12)

o (5)-alx) o

]; 1=0, ...,2'"].

o

EN 3 ’
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Now we construct
2k+1 (k] [k+1]__ (L] l)
(4.4.13) X, (k, m)—a[2m+1] T ega[ 5w a, )%

in terms of Y,(k, m) of (4.4.12) via Lemma 4.4.2, and then we put

. (2k+1]
2k+1 "2 ) 2k +1
4.4.14) a, [—2m+1] =Vn —— —

=)
Xk, m)+a, (2'" _2k+1

=rn n 2m+1

for k=0,1,...,2"-1, m=0,1,2,..., M, where M is an integer to be
picked later on.

So far we have constructed the process «,(y) at y=I/2" (I=0,1, ...,2™;
m=0, 1,2, ..., M) and our construction (4.4.14) shows that the dlstrlbutlon

of the array of r.v. {a,, (2_1"']’ 1=0,1,...,2™ m=0,1,2, ..., M} is as
desired. Next we show that this array is as close to the given array
{B [ZIM] 1=0,1,...,2"; m=1,2,..., M} as claimed. Towards this end
we first consider

4.4.15)
k+1 k 1
e 2 [ oy (55

= Ik, m)—l/?-mn+2 V%[a"[k;;l) (zlf,,]]r . m)‘
WZ"'“V k+1 . (zﬁ)]r .
ey =)

AL gm+1 2

= Jl+"2’
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where

Yolom) | (2k+1 “[2_’;)+°‘(l€;—m1] o ('kziml]"“" [‘2’%]
ot | oy [l ol ) o)
(4.4.16)

_ IX,,(k, m)—Y,(k, m)
Vn
< 12 (% 27+, (k, m))*+ 1) :
and '

a5 3 ) )
m k+1 k
= [, (k, m)|- 1—V1+2 [a[ 2" ]‘“(z—]]

Vn

= e | (5 - (3
= 22 e 22 (e () ()

We note that the inequality of (4.4.16) is by (4.4.7). Whence we have

= n—1/2(5(2m—z)["2'(k’ m)+3), m=0,1,2,..., M,

where the last inequality is by (4.4.8). The right-hand side term of (4.4.18)

estimates the error incurred in our construction at the mth step for each

k=0,1,...,2"~1. The total error of construction up to M can be esti-

mated by the above error terms. Applying now Lemma 4.4.3 we get
Vn sup

I I
5, (e -2 (5)
(4.4.19) 5 pl—om=2e| T2¥ RO
o M=1 M

=>C| <

for n=1,2,.... Choosing M=logn, we have, so far, proved (4.4.2)
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at the indicated points. As to filling out the gaps in between, we do it via
observing that

B,(x+5)—B,(x)

°',P su su
2 { P : Yn~tlogn

n=1 0sx=s1l—1/n 0=s=1/n

>C}<oo

and

S’P sup Ja, [x+—nl—)—a,,(x) >Clogn} <oo,

on=1 {0§x§1—1/u

where the first convergence is by Lemma 1.1.1 and the second one follows
from elementary calculations. The proof of (4.4.2) is now almost complete
(cf. Remark 4.4.2).

Remark 4.4.1. We note that, in the above proof, we actually proved a bit
more than (4.4.2). Namely we showed that there exists an absolute positive
constant C such that

(4.4.20) ”g P{oil;gl Valo, () —B,()] > Clogn} <.

While this is indeed more than the statement of (4.4.2), it is considerably
less than that of (4.4.1). In order to prove the latter, one would use the
same construction, but instead of Lemma 4.4.3, we would have to estimate
the large deviation distribution of

max_ [S2,—nl/Vn

1sk=2"

a bit more exactly.

Remark 4.4.2. We note also that what we have proved above is some-
what different than claimed in the statement of Theorem 4.4.1. Namely,
there we claimed the existence of sequences {U,} and {B,(y), O0=y=1}
satisfying (4.4.1) and (4.4.2). On the other hand, in our proof of (4.4.2)
we started out with a given sequence of Brownian bridges and constructed,
for each n=1,2,..., a vector {U,;: 1=j=n} of independent U(0, 1)
r.v. such that the empirical process «, of these satisfied (4.4.1) and (4.4.2).
However, we did not say anything about the joint distribution of the
triangular array of vectors {U, ;: 1=j=n}, n=1,2,.... Consequently,
we cannot really say that we have obtained the sequence {U,} of Theorem
4.4.1 as desired. Nevertheless (4.4.20) enables us to conclude also what
we really wanted to say, as a result of the following
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Lemma 4.4.4. Let p(+) be a probability measure defined on the Borel
sets of the Banach space D(0, )X D(0, 1), andlet & (resp.n) be D(0, 1)
valued r.v. defined on (Q,, sy, Py) (resp. on (s, o, Py)) with

P {écA) = u(AXD(,1)) resp. P,{ncA} = p(D(0,1)XA4)

Jor any Borel set A of D(0,1). Then there exists a probability measure
P defined on (£2,X8,, o, Xsfp) such that

P{(w1, 0)€2 X Qy: (E(w)), 1(02))€ B} = pu(B),
Jor any Borel set B of D(0, 1)XD(0, 1).

The proof of this lemma, which is based on standard measure theoretic
methods, will not be given here.

Applying now Lemma 4.4.4 with u=pu,, n=1,2, ..., being the joint
distribution of («,, B,), (where a, and B, are the processes constructed
in our proof), and {=a) being the empirical process defined in terms
of Uy, U, ..., U, of Theorem 4.4.1, via (4.4.20) and the Kolmogorov
extension theorem we get

@420 3 P{sup Vnli(y)—Br()| = Clogn} <e,
n=1 0=y=1

where, for n=1,2, ..., B¥=5 of Lemma 4.4.4.
At the beginning of this paragraph we mentioned that the rate of (4.4.2)
is the best possible one. Now we show that this is indeed so.

Theorem 4.4.2 (Komlés, Major, Tusnady 1975). For any sequence of

 Brownian bridges {B,(y), 0=y=1} on the probability space of our empirical
process {o,(y); 0=y=1} we have

P{sup I () —B,0)| = n"Vilogn} ~ 1.
0=yx=1 6
Proof. Recall (4.3.3). Then, for any ¢>0

nl/g U (Uk(-'}'-)[c lIog n]) — Uy (Uk(n))

4.4.21) sup

1=sk=n—[clogn} [clogn]
-1 n { [clogn] }
— su (St e 10gn] — Sk —[c log n]) — Spi1—D)f -
1§k§n—l[)¢logn] [Clogn] S,.+1 ( k+[clogn] k [ g ]) n ( n+1
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Now Theorem 2.4.3 implies that the limit of the right-hand side of (4.4.21)
is almost surely equal to

. Sk+[clugn]_Sk—[c IOg n]
1 su —1 = a(c),
"Ez lékénfi‘clogn]( ) [C IOg n] ( )

where «(c) is as in (2.4.5). Consequently, (4.4.21) implies

nl/z sup n(Uk+[clogn]) an(U ) P
1=k=n—{[clogn] [c log n]

— afc).

Similarly, one can also show that

su Bn (Uk(i)lc log n]) — Bn (Uk( n)) P
p —
1sk=n—[clogn] [clogn]

'11/2

a*(c),

where o*(¢) is as in (2.4.5). We know that «(c) and «*(c) cannot be
identical. Studying the difference a(c)—a*(c) one finds that for any

appropriate ¢ we will have that % (a(c)—a*(c)) is greater than or equal

to 4. This also completes the proof of Theorem 4.4.2.
As to the two dimensional Kiefer type approximation of the empirical
process we have:

Theorem 4.4.3 (Komlds, Major, Tusnady 1975). Given independent U(0,1)
rv. Uy, U,, ..., there exists a Kiefer process {K(y,t); 0=y=1, 0=t<o}
such that
(4.422) P{sup sup [kV2q,(y)—K(y, k)| > (Clogn+x)logn} < Le=*

1sksn05ys

Jorall x and n, where C, L, A are positive absolute constants. Consequently,

(4.4.23) sup |nY2a,(y)—K(y, n)} 22 O(log?n).
O=y=1
It is clear from Theorem 4.4.2 that the rate of (4.4.23) cannot be improved
beyond O(logn). However, the best possible rate is not yet known in
this case.

Due to its length and complexity, the proof of Theorem 4.4.3 is omitted
here.

Remark 4.4.3. A Theorem 4.3.1* type analogue of Theorems 4.4.1 and
4.4.3 is also true.
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Corollary 4.4.1. Theorems 4.4.1 and 4.4.3 imply
(4.4.29) ISUP lot (W) — JSup, |B,(»)l| = O(n="*log n)

lsup ot (1) — Sup, n=12|K(y, n)]| 2= O(n~"2log? n),

and

(44.25) | f a2(y) dy — f Bi(y)dy

22 0(n=*logn(loglogn)"?)

|f o2(y)dy— ,,-lsz

22 O(n~"2log®n(log log n)1/?).

Proof. The two statements of (4.4.24) follow directly from Theorems
44.1 and 4.4.3. As to (4.4.25), we have

| [ (2()—n~1K3(y, m))dy]

= lf (@ (¥) —n" 2K (y, ) (2 () + 12Ky, n))dy|

= sup |, (y)—n"Y2K(y, n)| sup |la,(»)+n""EK(y, n)|

0s=y=1 0=y=1

22 0(n~"*log? n)O((log log n)*/%),

by (4.4.23) and by applying the law of iterated logarithm twice (cf. Corollary
1.15.1 and Theorem 5.1.1). As to the first statement of (4.4.25), the left-
hand side of the latter is bounded above by

,up, |ot, () — B, (¥)] e lot, (1) + B, (M

= sup e, () — B, (y)l( sup |8, (y)— L, (V) +2 ,up Jet, ()

__y__
£ O(n~'2log n)(0(n~"2log n)+0((log log n)*/?)
= O(n~2log n(log log n)'/%),
on applying Theorem 4.4.1 twice to sup Ia,,( »)—B,( y)[ and the law of
iterated logarithm once to sup |oz,,( y)l (cf Theorem 5.1.1).
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4.5. Strong approximations of the quantile process

In dealing with the empirical process in the first four sections of this
chapter, so far we have emphasized that all the results proved for the
uniform case have an immediate form for the general case with an arbitrary
continuous distribution function F(-) simply by noticing that oc,,(F(x)):
=8,(x). Such a substitution will not work immediately for the quantile
process and we will have to deal with the general case separately. First
some definitions.

Let Uy, U,, ... be a sequence of independent U(0, 1) r.v. and, for each
n=l, let 0=UP=UP=..sUP=U®,=1 denote the order statistics
of the random sample U,, U, ..., U,. Define the uniform quantile function
u»m if ﬂ<y§lc-, k=1,2,..,n

n n
0 if y=0
and the uniform sample quantile process

un(y) = "llz(Un()’)"}’), 0= y =1
Let Xi, X,, ... be a sequence of i.id.r.v. with a continuous distribu-
tion function F(.) and let X™=..=X® denote the order statistics
of the random sample Xj, X, ..., X,,. Define the quantile function

k—1 k

0,0 =Xx" if —<y=-—, k=12..,n,

and the sample quantile process

7,(y) = nV*(Q,(») —inv F(y)), 0<y=1.

This latter process sometimes is called the inverse empirical process.

The pointwise properties of the empirical process (cf. (4.1.1), (4.1.3))
are quite simple and follow from well-known properties of partial sum
sequences of i.i.d.r.v. The corresponding properties of the quantile process
are not so immediate. An analogue of (4.1.3) is

U0 =

Theorem 4.5.1 (cf., e.g., Rényi 1970, p. 490). Suppose that F(x) is ab-
solutely continuous in an interval around inv F(y,). Then, with f=F’,
we have

4.5.1) P{f(invF(yo))—(yoT’f};T"o)j)—ll—2 < t} -~ @) (n—>«)

provided f(inv F(y,)) is positive and continuous at y,.
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The proof of this theorem is elementary and will not be presented here.
Under somewhat stronger restrictions we will approximate the quantile
process by Brownian bridges (Theorem 4.5.6), and the latter approxima-
tion, in turn, will imply the validity of (4.5.1).

In order to give an analogue of (4.1.1), it is easily seen that

lim [Q, (v —inv F(r9] 2 0,

provided inv F(.) is continuous at y,. Otherwise, the above statement
cannot be true.
Towards an analogue of Theorem 4.1.1, we first note that
P{lim sup |Q,(»)—invF(y)| =} =1,

n~oo Q<y<1

unless F has finite support. Given Theorem 4.5.1, it appears to be natural
to consider under what conditions should the statement

lim sup f(inv F())|0,(y)—inv F()| 20

n—oo J<y=

be true. We are not going to study this question directly. However, a law
of iterated logarithm will be proved for the quantile process in Chapter 5.

Now we turn to the problem of approximating the quantile process by
a sequence of Brownian bridges and first we prove an analogue of Theorem
44.1.

Theorem 4.5.2 (Csorgd, Révész 1975¢, 1978b). Given independent U(0, 1)
rv. Uy, U,, ..., there exists a sequence of Brownian bridges {B,(y);0=y=1}
such that for each n=1,2, ..., and for all ]zléc]/ﬁ and c¢=0 we have
4.5.2) P{ sup [u,(»)— B, ()| = n~%(Alog n+z)} = Be~,

_y_

where A, B, C, c are positive absolute constants. Whence we also have

(4.5.3) sup |u,(y)~B,(»)| 2= 0(n~**logn).
0=y=1
k
Praof: PutEk=10g(1/Uk), k=1, 2, cery S0=0, Sk:jZ’EJ’ k=1, 2, ceny and
=1
k-1 k
i - =1 s Ny
0.(y) = Si/Sper if T =YE k=1,2, n
0 if y=0,

#,(y) = n"*T,(»-y), 0=y=1L
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Then the E, are independent exponential r.v. with mean value one and,
for each n=1,2, ... (cf. (4.3.3))

(0,00 0=y=1} 2 {U,()); 0=y=1}.
Whence

454 {@,0);0=y=1Z{u,0);0=y=1), n=12, ...

A simple calculation yields

R e |

S,41 1

Let W(t) be a Wiener process approximating the sequence {S,—n}

at the rate O(logn) (cf. Theorem 2.6.1). Define

4.5.5) B,(y) =n"¥(W(ny)—yW(n), 0=y=1,

and put l+¢,=n/S,,.;. Now consider

(4.5.6)

2 (5)-5.(&) = 2[00 )X (5, -m-wm) L B,

+e, [(Sk—k)——:—(S,,ﬂ—n)]].

We have for all z=0

Alogn+:z

P{ sup n~12|(S, —k)—W (k)| = ( <

1=<k=n

] n‘1/2} = Be~C=,

Alogn+z

P{n‘l’zl(S,,—n)—W(n)I = [ 5

] n‘l/z} = Be~ ¢,

P{n‘l/zE,,+1 = (%) n'”z} = Be~C?,

1/2
P{ sup n-Y2|S,—k| z(ﬁl‘ﬁﬁ?—] }é Be~¢,

1=sk=n 5

Al 1
el = (408052} < e

on choosing 4, B, C appropriately, where in the last two inequalities
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we applied Theorem 2.4.4. Consequently, (4.5.6) and the above inequalities
imply

P{ sup |d, (—g—)—B,, (—S)I > n-Y2(4 logn+z)} = 6Be~ %,

1=k=n
which by Theorem 1.5.1, in turn, gives

457  P{sup |&(y)—B,(»)| > n~'*(4dlogn+z)} = 6Be~ .
0=y=1

Since (4.5.4) holds and the B,(y) of (4.5.5) is a Brownian bridge for each
n, (4.5.7) also completes the proof with applying again Lemma 4.4.4.

Our next theorem is an analogue statement of (4.4.23) for the uniform
quantile process u,(y).

Theorem 4.5.3 (Csorgl, Révész 1975¢). Given independent U(0, 1) r.v.
Uy, Uy, ..., there exists a Kiefer process {K(y, t); 0=y=1, 1=0} such that

(4.5.8)  sup |u,(»)—n"2K(y, n)| = O(n~"4(log log n)'/*(log n)1/?).
0=y=1
The proof of Theorem 4.5.3 hinges on Theorem 1.15.2 and the following

Lemma 4.5.1. Let U, U,, ... be iid. UQ,1) ro. and let {K(p,1);
0=y=1, t=0} be a Kiefer process on the same probability space. Then

sup 22 O((n log log n)*/*(log n)!/%).

1=k=n

KUM, n)—K[E n]

’
]

Proof. Since a, (UM)=— u,,(%) =Vn [nﬁ - U,f")], by the Chung-Smirnov

law of iterated logarithm (cf. Theorem 5.1.1) we have

n'? sup (UM _k

1=k=n
E-I—Be (loglog n)"/2

25 p-1s

Whence, with a@,= sup |U,§”)—~§-| , we have
1=k=n
K(—Z{——{- s, n]—K(—k—, n]
n n

K(—E—Fs, n)—K[E, n)
n n

sup sup

1=ik=n 0=Ss=sa,

= sup sup ,
1/2
I=k=n 0§s§0(1)(|°g]n°g")
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almost surely, for all but a finite number of #. Lemma 4.5.1 now follows

1/2
upon taking 4,=0(1) [_lo_g_lgog_n) in Theorem 1.15.2.

k
Proof of Theorem 4.5.3. First we note that «,(UM)=—u, (;] Hence
(4.4.23) of Theorem 4.4.3 implies

sup 2% O0(n~12log®n).

0=k=n

Combining now this latter statement with that of Lemma 4.5.1 we get

NORE
n n

and Theorem 4.5.3 follows, since

(&)~ n-r2k @, )

sup

0=<k=n

22 O(n~"*(log log n)'4 (log n)*/%),

=n"12 for Zc—%;—l <y<—

u,(¥)—u, [—’;—]

(st
n n

and, by Theorem 1.15.2

im sup sup 12 =1 s
o0 1§k§n0§s§% [2nh,, log _h—]
with A,=1/n.

Remark 4.5.1. Observing again that «,(U®) =—u, (—I’:—], it follows

from the proof of Theorem 4.4.2 that the rate of (4.5.3) is best possible.
As to the rate of embedding of (4.5.8), it is probably very far from being
best in spite of the fact that the nearness of Lemma 4.5.1 is best possible
if K is the Kiefer process of Theorem 4.4.3 (cf. Theorem 5.2.1).

Our aim now is to prove an analogous statement of (4.5.3) and (4.5.8)
for the general quantile process g,(y). As we have already mentioned at
the beginning of this section, there is no such immediate handle in this
case like simply replacing y by F(x) in Theorem 4.5.1. However, the
distance between ¢,(y) and wu,(»), respectively defined in terms of X
and U=F(X™), can be computed accurately enough, so that Theorems
4.5.2 and 4.5.3 can actually be used to obtain strong approximations also
for the quantile process g,(y).

In order to be able to estimate the distance between ¢,(y) and u,(y)
we still have to study the latter for a little while. Csdki (1977) investigated
the limes superior of the sequence

sup  (y(1-y)loglogn)=*2|a,(y)l,

e, =y=l—eg,
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and succeeded in evaluating this lim sup for a wide class of sequences
{e,}, &.\\0. Here we mention only one special case of his many results for
later use.

Theorem 4.5.4 (Cséki 1977). With s,=dn'loglogn and d=0236...
we have

Iim sup (y(1—y)loglogn)=12|a,(y)| 2= 2.

n-+co g Sysl—e,

For further details we refer to Theorem 5.1.6 and Remark 5.1.1.

Our next step is to prove an analogue of this theorem for u,(y). Actually,
this analogue is going to be weaker than Theorem 4.5.4. Applying Csiki’s
method, however, it does not seem to be too difficult to get complete
analogues. The herewith presented one suffices for our purposes in the
sequel.

Theorem 4.5.5 (Csorgd, Révész 1978b). With 5,=25n""1 log log n we have

im sup (y(1—y)loglogn)=*2|u,(y)| =4 aus.

B—+co 5 =y=1-4,

Proof. Let
x = x,(y) = y—4(y(1—y)n~" loglog n)"2,
Xy = %5(y) = y+4(y(1—y)n~'loglog n)V2.
Then, for n=3
4.5.9 g, =x <X,=1—¢,, provided §,=y=1-9,,

where again ¢g,=dn"!loglogn (d=0.236...). In order to see that (4.5.9)
holds for n=3, we note that

Xy = (%—s,,] + (;—:— y12—4(n~tloglog n)1/2) y2=0,
and similarly, 1—x,—¢,=0. Hence for x, as defined at the beginning
of this proof and n large, Theorem 4.5.4 gives
nF,(x) = nx; +2(x; (1 —x) n loglog n)V2(1+0(1))
= ny—4(y(1—y)n loglogn)*”2 '
+2(x,(1—x,)n loglog n)2(14+0(1)) = ny

almost surely if n is large enough, where, for n large, the last inequality
follows from the inequality x;(1—x,)(1+0(1))=4y(1—y). The latter,
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in turn, is true since x;<y and
1 -3 y . ]1/2 -
T2 = (1+0(1) [1+4(1_y n-tloglogn| | =

= (I+o(D)(1+4(1/25)2) < 4

if n islarge enough. Similarly we have nF,(x,)=ny, that is to say we now
have nF,(x,)=ny=nF,(x;). Hence, for n large, x;=U,(y)=x, whenever
8,=y=1-4,, since F,(-) is monotone non-decreasing. This, in turn,
is the statement of Theorem 4.5.5.

Now we are in the position to estimate the distance between ¢,(y)
and u,(y). Namely we have

Theorem 4.5.6 (Csérgd, Révész 1978b). Let Xy, X,, ... be iid.r.v. with
a continuous distribution function F which is also twice differentiable on
(a, b), where —oo=a=sup {x: F(x)=0}, +<z=b=inf {x: F(x)=1} and
F'=f+#0 on (a, b). Let the quantile process q,(y) resp. u,(y) be defined
in terms of X{™ resp. UM =F(X™). Assume that for some y=>0,

f()
(x)

(4.5.10) sup F(x)(1 —F(x))

=y.

Then, with 8, asin T heorem 4.5.5

@.5.11) Tim —1— sup  |f(inv F(») g, —u,(M| =K as,
R—co gn 8,sy=1-9,

where K=289y 727,
If, in addition to (4.5.10), we also assume that

(4.5.12) f is non-decreasing (non-increasing) on an interval
e to the right of a (to the left of b),

then

(4.5.13) O(n~Y2loglogn) if y<1

sup |£(inv F(3)) gu(») —u, ()| 22 {O(n~(loglogn)?) if y=1
0<y=<1 O(n"llz(log log n)"(log n)(1+e)(7—1))
if v=1,
where €>0 is arbitrary. The respective constants of the = 0(4) of
¥
(4.5.13) may be taken to be: (46\/25 1%}7]2+K if y=<1,51 if y=1 and
arbitrarily small if y>1 and £=>0 is fixed.

The following Lemma is going to be useful in the sequel.
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Lemma 4.5.2. Under condition (4.5.10) of Theorem 4.5.5 we have

f(inV F(J’l)) yiVy: 1=iApd Y
4.5.14 - = .
(4519 f(inv F(y,)) { 1A ye 1—(y1Vy2)}
for every pair y,, y,€(0, 1).

Proof. (4.5.10) implies

d . , - o d
a logf(inv F(»)| = y(y(1-)) =g log1 =
Whence, if y,>y,, then

f(inv F (Y1))
& F v Fow) =7 8T

and, if y,<y,, then

o f(inv F()’l))
f (inV F (yz))

Hence (4.5.14) is proved.
Proof of Theorem 4.5.6. For k-

Ve i l=y,
—vlo =vlog—
Y gl_ =y gyzl_y1

)’

Va Y1 2 1=y
=vylo —vlo =ylog=2 .
v gl—)’z v g1~y =7 gyll—yz

<y§—n—

f(inv F() q,(y) = n*2f(inv F(y))(inv FUM) —inv F(3))
= n'2f(inv F(y))(inv F(y + n=2u,(y))—inv F(y))

= 1) =4~ ) iy FO) L L

b

where ¢ is between y and UP=y+n—Y2,(y), ie. |[E—y|=n"2u,(p).
Hence

. _ . f'(inv F(&))
— - 1/2,,2 A e S A
(@519 |f(inv FO) ()~ ()| = 2020V f iy FO) | v m Gy |-
Theorem 4.5.5 implies that, uniformly for 8,=y=1-9,, the right-hand
side of the above inequality is almost surely majorized for large n by

(4.5.16) 8n~Y*(loglogm)y (1 —y)f(inv F(y)) %%%] (1+o(1))
A y(1—y) lf (inv FE) [ f(inv F())
= 8n~12(loglogn) [—*é(l —f)] [6(1 —&) v FQ) ] Ty F(é))] 1+o(1)

with |&—y|=4(y(1—y)n~1log log n)*’*(1+o(1)).
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First we estimate H . Since &=y —4(y(1 —y)n—tlog log n)’*(1 +o(1))

and y=4,, for n large enough we have

4(y(1—y)n'loglog n)*(1+0(1))
y—4(y(1—y)nloglog n)*(1+o0(1))

45(1+0())  _
1—45(1+o(D)) —

y
Y=+
¢

4(y 2 —y)ntloglogn)?(1+o(1)) _ L+

=1+ 1—4(y~*(1 —y)n~'loglogn)?(1+o(1)) ~

Now applying the inequality &é<yp+4(p(1—yp)n~"loglogn)V%(1+o(1)),

. . 1—
where y=1-4,, a similar computation yields that for n large 4

1-¢

=6.

Hence for large enough »n

y(1=p)/E-¢) = 36,
and by condition (4.5.10)

¢(1-9)
Finally by Lemma 4.5.2

flinvF(») _[¢0d-y)  y(1=9 75 y
f(invF@) — [y(l—é) * é(l—y)] =72

From these statements and from (4.5.16) it follows that for large n the
left-hand side of (4.5.15) is bounded above by 289y 727 n—1%(log log n),
and (4.5.11) follows.

In order to prove (4.5.13), it suffices to show that

f(inv F(©)/f*(inv F(&))| = y.

,Sup |f(inv FO)g ()=, ()] and  sup {f(inv F()) 4, () = ()

are = O(-) as indicated on the right-hand side of (4.5.13). We demonstrate
this only for the first one of these sups since for the second one a similar
argument holds. First of all we show that for » large
(4.5.17) sup lu, (V)| = 46n"12loglogn a.s.

0=sy=4

n

The proof of (4.5.17) is as follows: for O0=y=§,

(4.5.18)  |u,) = Vn|U,(»)—y|l = Vny = 25n~'2loglogn,

whenever y = U,(y), and |4, (»)| = Vn|U,(»)—yl = VnU,(») = VaUL,,
whenever y = U,(y).
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In the latter case we consider

(4.5.19)
n2(U" 1—~6,)+n'26, = (14+0(1))4(5,loglog n)*'2+25n~121log log n
= 46n""2loglogn a.s. for n large,

where the above a.s. inequality follows from Theorem 4.5.5. Now (4.5.18)
and (4.5.19) combined, imply (4.5.17).

Restricting attention then to the region O<y=4,, we assume that
f(inv F(y)) is non-decreasing on an interval to the right of a (cf. (4.5.12)).

-1 <y§§. If UP=y,

Let

uf™ L.,
45200 |f(inv F(»)g. ()| =nv2 %%;% du = u,(y),

where the inequality on the right-hand side results from the assumption
that f(inv F(y)) is non-decreasing on an interval to the right of a.
If UM<y, then

. Y flinv F
s oo [ S

k

y Y
1/2 _y_(_l — u) )
=n U,?f)(u(l_y) du, by (4.5.14)

¥ ?
_own {(2)a
U,(‘") u

1_ynllzy if y=<l

271 2y (UM)-0-D  §f y =1

2n1/2ylog$ if y=1

Hence (4.5.20) (with the help of (4.5.17)) and (4.5.21) (via 0<y=4, and
in view of lim U™ -n(logn)**®=c for every e>0) together imply

n-voo

(4.5.13). This also completes the proof of Theorem 4.5.6.
A careful investigation of the proof of Theorem 4.5.6 also shows that
(4.5.11) gives the best possible result in the following sense:
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Assume that the conditions of Theorem 4.5.6 hold and also assume that
f is twice differentiable with |f"|=C and |f’|z¢=0 on a finite interval
@, byc(a, b). Then we have

n1/2

T S oaTogm P, |f(inv F(»)) g,(») —u,(»)] > K= 0 as,,

where the constant K depends on f.

Remark 4.5.2. Using Theorems 4.5.5 and 4.5.6, a Theorem 4.5.5-type
result could be proved also for the general quantile process f(inv F( y)) 7,(»).
1t would be more desirable, however, first to produce complete analogues
for the uniform quantile process u,(y) according to Csaki (1977) and then
to use these exact analogues, instead of our Theorem 4.5.5, in combination
with Theorem 4.5.6 to prove the same complete Csdki-type analogues
for the general quantile process f(inv F(3))g,(»). That is to say Theorem
4.5.6 may be viewed and can be used as a strong invariance theorem for
studying the problem of what kind of a.s., in-probability and in-distribution
properties of u,(y) should be inherited by f(inv F(»))g,(y). For example,
it follows from (4.5.3) and (4.5.13) that f(inv F(»))g,(») 2~ B(»), a
Brownian bridge on [0, 1], given the conditions (4.5.10) and (4.5.12).
Some further examples are given in Chapter 5, and our next theorem is
also of this nature.

Having now Theorem 4.5.6 at our disposal, our desired analogue of
(4.5.3) and (4.5.8) for the quantile process g¢,(y) is immediately at hand
as follows:

Theorem 4.5.7 (Csorgs, Révész 1978b). Let X, X,, ... be iid.r.v. with
a continuous distribution function F which is also twice differentiable on
(a,b), where —oo=a=sup {x: F(x)=0}, +o=b=inf {x: F(x)=1} and
F’'=f##0 on (a, b). One can then define a Brownian bridge {B,(y);0=y=1}
Sor each n, and a Kiefer process {K(y, t); 0=y=1, 0=t} such that if condi-
tion (4.5.10) of Theorem 4.5.6 is assumed then

(4.5.22) sup , \f(inv F(y))q,,(y)—B,,(y)] 22 0(n2logn)

n=y=1-—

and
(4.5.23)

sup ln1/2f(inv F(»)g,(»)—K(y, n)| 2% O((nloglog n)4(log n)1/?),

3, =y=1-9,

Where 6, is as in Theorem 4.5.5.
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If, in addition to (4.5.10), condition (4.5.12) of Theorem 4.5.6 is also
assumed, then

(4.5.24)
) s [O(n™2logn) if y<2
oil;Bl lf(ll‘lV F(y))q,,(y) - Bn (y)j = {0(” '1/2(loglog n)y (log n)(1+e)(r—1))
if y=2,

where y is asin (4.5.10) and £=0 is arbitrary; also
(4.5.25) sup {nl/"’f(inv F(yNa, () —K(y, n)| 22 O((nloglogm)**(log n)1/?).
O<y<l

Proof. Let UMP=F(X{) and define u,(y) in terms of these uniform
order statistics. Let B,(y) resp. K(y,t) be as in Theorem 4.5.2 resp. in
Theorem 4.5.3. Then Theorem 4.5.2 resp. Theorem 4.5.3 holds for the
thus defined u,(y) and combining them with Theorem 4.5.6 we get Theorem

4.5.7. The = O(n—12 log n) rate of (4.5.24) for y<2 holds because of
-1 @f

the first two — O(-) rates of (4.5.13), and by taking 8<y—11
l<y<2) in the 2O(n‘l”!(log log n)? (log )**20=Y) rate of (4.5.13).

Supplementary remarks

Section 4.2. Donsker’s original formulation is slightly different from the
one given in (4.2.2) in that he works on what is called the D(0, 1) space
today.

The idea of studying the empirical process via appropriate Gaussian pro-
cesses can be also found in the papers of Kac (1949), Bartlett (1949) and
Kendall’s remark to the latter. The just quoted paper of Kac is also
discussed in Chapter 7.

Section 4.4. The herewith presented proof of Theorem 4.4.1 is different
from the original proof of Komlds, Major and Tusnady (1975). This
proof is based on the one given by Tusnady in his dissertation (1977b).

We note also that Theorem 4.4.1 when combined with the Erd3s—Rényi
law (cf. Komldés, Major and Tusniady 1975a and Tusnady 1977) gives
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the rate O(log n/n'/2) for the Prohorov distance of probability measures

generated by «,(y) and B,(») Z B(y), and that the latter rate of log n/n'/?
turns out to be also best possible in this case.

Section 4.5. The non-uniform quantile process was also studied by
Shorack (1972a, 1972b). Under somewhat different conditions than ours
he proved a number of results. The sharpest one of them reads as follows
(Shorack 1972b, Corollary 1):

a0V F(3))g,(y) - B,(y)|
p
n-lsysl—p-! g(»)
for certain functions g.
In a recent paper (Csorgd, Révész 1980a) we noted that the condition

(4.5.12) of Theorems 4.5.6 and 4.5.7 can be replaced by the following
conditions:

=o0(1)

(S.4.5.1) A=lmf(x) <, B=limf(x)=<e,

(S.4.5.2) one of the following conditions hold
() min(4, B)=>0,
(b) ifA=0 (resp. B=0) then f is non-decreasing (resp.
non-increasing) on an interval to the right of a (resp.
to the left of b).

In the sequel we will often refer to Theorems 4.5 6 and 4.5.7 as well
as to (4.5.12). Whenever we do so, the just mentioned two conditions
are to replace (4.5.12).



5. A Study of Empirical and Quantile Processes
with the Help of Strong Approximation Methods

5.0. Introduction

The role of this chapter in relation to Chapters 1 and 4 is similar to that
of Chapter 3 to Chapters 1 and 2. This is why, in addition to studying
the Wiener process, in Chapter 1 we also studied certain distributional
and almost sure fluctuational properties of Brownian bridges and the
Kiefer process with the aim that they might be directly inherited by the
empirical and quantile processes via the invariance principles covered in
Chapter 4. A look at these strong invariance principles makes it clear
that, unlike in the case of sums of r.v., the number of finite moments of
the original r.v. sequence does not play a role as to what might be inherited
by the empirical and quantile processes themselves. Thus, in the latter
sense, our job of sorting out almost sure inheritance is somewhat easier here.
On the other hand, the job of sorting out in distribution-type inheritance
is made somewhat more difficult by the numerous statistical-type questions
one can ask and answer in terms of these processes. Indeed, apart from the
first three sections, this chapter is entirely devoted to tackling these latter
problems.

5.1. The law of iterated logarithm for the empirical process
Let X, X,, ... be a sequence of i.i.d.r.v. with distribution function F.
A trivial consequence of the simplest form of the law of iterated logarithm

{Theorem 3.2.2 or Remark 3.2.4) is:

Let x be any real number for which 0<F(x)<1. Then

n2|F,(x)— F(x)| as.
(5.1.1) ,@ (2F(x)(I—F(x))loglogn)2 —
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This implies:

Suppose that F is a distribution function for which there exists a real
m such that F(m)=%. Then

(5.1.2) fm sup () —FO

=212 8.
hm S ogiog )™ 3

Formulas (5.1.1) and (5.1.2) suggest the question: how can the rate of
convergence of sup |F,(x)— F(x)| to 0 (cf. Theorem 4.1.1) be estimated?

An answer to this question was obtained by Smirnov (1944) and, inde-
pendently, also by Chung (1949). Their result says:

Theorem 5.1.1 (Smirnov 1944, Chung 1949). Suppose that F is continuous.
Then

1/2
(5.1.3) ,.HE (T(Elnc;—g_n.) s |F,(x)— F(x)] 2% 212,

(This Theorem will be a consequence of Theorem 5.1.2 and is also
a consequence of Theorem 4.4.3 and Corollary 1.15.1.)

As we saw in Chapter 3, having the law of iterated logarithm, a natural
next step was to look for the accumulation points of the functions y,(¢)
(of Theorem 3.2.2). In the case of the empirical process this was done by
Finkelstein (1971), who proved:

Theorem 5.1.2 (Finkelstein 1971). Let F be a continuous distribution over
the real line. Then the sequence

B.(y) = ,(inv F(y))

12
n .
Y= @loglogn)® = ( 2loglogn ] (Falinv FG)—y), 0=ys=1,

is relatively compact with probability 1, and the set of its limit points (with
respect to the sup norm) is the set F<C(0,1) of absolutely continuous
functions, defined in Theorem 1.15.1.

Proof. This theorem is a straight consequence of Theorems 1.15.1
and 4.4.3.

Studying the properties of the set &# by standard calculus of variation
methods, Finkelstein proves:
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Lemma 5.1.1, We have

(5.1.4) sup sup |f(x)| =}%
p fEF O=x=1
an
(5.1.5) sup [ f2(x)dx=n""
SeF §

(5.1.4) and Theorem 5.1.2 clearly imply Theorem 5.1.1. Similarly (5.1.5)
and Theorem 5.1.2 together imply

Theorem 5.1.3. Let F be an arbitrary continuous distribution function. Then
+ oo

im (F,— F)dF®%: n~2,

m—"
n+oe 2loglogn _~£

Relation (5.1.1) suggests that, having studied §,(») (cf. Theorem 5.1.2),
we should also study the behaviour of the sequence of processes

(Y — n2(F,(x) = F(x))
B = QF® - F(x)loglogn)™ °

As a straight consequence of (1.15.2) and Theorem 4.4.3, we get

Theorem 5.1.4. Let F be a continuous distribution function. Then for any
0<e<% we have

(5.1.6) lim sup |BF(x)| 22 1.

B—+oo g<F(X)<li—2

The latter suggests that we should also be interested in the properties

of the sequence
sup 185 (x)),

£, SF(x)=1—¢,

where O<g,<3} is a sequence tending to O in a given order. Applying
(1.15.4) as well as Theorem 4.4.3, we get

Theorem 5.1.5. Let F be a continuous distribution function and let
e,=¢exp (—(logn)) 0=c<1,0<e<4%). Then
Tm  sup  IBTG)| 22 (c+ DM

n+oo g, SF(x)=1—e¢,
In case ¢=0, we obtain Theorem 5.1.4 as a special case.

When proving Theorem 5.1.5, in the application of Theorem 4.4.3 we
needed to apply the relation g,n(log n)~3—o. The case of ¢,=n"'(logn)®
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cannot be treated via strong approximation methods, since they do not
imply that the processes

KF@.m . n(E(x)-FE)
FEU-F@* ¢ FOU-F@)~

are near enough to each other when F(x)=eg¢,=o0(n"1log?n). Surprisingly
enough, in spite of this fact, the limiting behaviour of the suprema of
these processes are the same if dgp~lloglogn=F(x)=1—dpn'loglogn,
where d,=0.236...; they behave differently when F(x) is outside this
interval, In fact Csaki (1977) proved the following:

Theorem 5.1.6 (Csaki 1977). If F is a continuous distribution function
and ¢,=dn"'loglogn, then

(5.1.7) im  sup B} (x)| 2= max {21/ 2 [—dz—]w bs— 1)}

nwoo g, <F(x)=1—c¢,
where by>1 Iis the solution of the equation
by(logb,—1) =d~*(1—=d).

Remark 5.1.1. One gets by simple numerical methods that d/2(b;—~1)=2
if d=d,=0.236..., which means that the limiting behaviour of the Kiefer
process and that of the empirical process is the same if ¢,=dyn ™! log log n,
and different if &,=(d,—e)n~'loglogn (0<e<d,) (cf. also (1.15.5)).

In Chapter 3, besides the law of iterated logarithm (Remark 3.2.4),
we also presented Chung’s theorem (cf. (3.3.4)). An analogue of the latter
one for empirical processes was found by Mogul’skii (1977), who proved

Theorem 5.1.7 (Mogul’skii 1977). Let F be a continuous distribution
Sunction. Then

(5.1.8) lim (nloglogn)2sup |F,(x)— F(x)| = 8~ 12x

n—~co x

and

1

(5.1.9)  lim (nloglog ([ (F,(x)— F(x))*d F(x))"/* 2 8172,
Linahad 0

The proof will not be presented here.
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5.2. The distance between the empirical and the quantile processes

Bahadur (1966) was the first to investigate the distance between the
empirical and quantile processes in the case when the sample is coming
from the uniform U(0, 1) distribution. The best result, concerning this
problem, is due to Kiefer (1970). He proved

Theorem 5.2.1 (Kiefer 1970). Let X, X, ... be iidrov. with a twice
differentiable distribution function F on the unit interval. Let f=F’,

R,= Sup |(F(inv F(y))— y)—(inv F(y) —Q,(») f(inv F())|

and assume that inf f(x)=0 and sup |f'(x)|<ee. Then
0=x=1

0=x=1
lim n R, 2014
n—o (log m)¥2(loglogn)*/¢ " '
Applying this theorem in the uniform case and our Theorem 4.5.6, we
immediately get the following extension of the former.

(5.2.1)

Theorem 5.2.2. Let X,, X,, ... be i.idruv. with a continuous distribution
function F which is also twice differentiable on (a, b), where —o=a=
=sup {x: F(x)=0}, +ooz=b=inf {x: F(x)=1} and F'=f=0 on (a,b).
Assume that F also satisfies conditions (4.5.10) and (4.5.12) of Theorem
4.5.6. Then the statement of (5.2.1) is still true.

Remark 5.2.1. We wish to emphasize here that the conditions (4.5.10)
and (4.5.12) of Theorem 4.5.6 are much weaker than those of Theorem 5.2.1.
Especially it is not assumed here that a and b are necessarily finite.
"We should, however, also emphasize that Theorem 5.2.1 in the uniform
case is applied in the proof of Theorem 5.2.2.

Studying the properties of R,, Kiefer (1970) also obtained the limit
theorem:

Theorem 5.2.3 (Kiefer 1970). Under the conditions of Theorem 5.2.1 we have

(5.2.2) lim P{n¥4(logn)~12R, >t} =2 3 (=1)"+te ™" (1 =0).
n-»co m=1

As a matter of fact, (5.2.2) states that, under the conditions of Theorem
5.2.1, n*(logn)~Y2R, has the same limiting distribution as the square
root of the Kolmogorov—Smirnov statistic D,=n/2 sup |F,(x)— F(x)|

(cf. Theorem 4.1.2). Indeed, Kiefer proved (5.2.2) via the more fundamental



Empirical and Quantile Processes 161

Theorem 5.2.4 (Kiefer 1970). Under the conditions of Theorem 5.2.1,
as n—oo,

n3/4 Rn IS
(D, log ny"? -

The latter theorem implies (5.2.2) at once. Kiefer (1970) also noted that
(5.2.3) was actually true with probability one, but did not publish his proof.

Applying this theorem in the uniform case and our Theorem 4.5.6,
we can extend the former again to the case when only the weaker conditions
of the latter are assumed. However this extension is not so immediate as
in the case of Theorem 5.2.1. In fact Theorem 5.1.7 will be also applied
in the proof of

(5.2.3) L

Theorem 5.2.5. Under the conditions of Theorem 5.2.2 on F, the statement
of (5.2.3) and hence also that of (5.2.2) are still true.

Proof. Let UP=F(X™) and define U,(y) in terms of these uniform
order statistics. Put k,=n»*%D,logn)~%2. Then, applying Theorems
4.5.6 and 5.1.7, we get

(524)  lim sup |(y~U, ()~ (inv FO) -, ) (inv F)| k,

na+oo f<y<

im nt2 sup (v —U,(»)—(inv F(») — 0, (»)) f(inv F(»))|

n—+-oo Q<y<
(lim (loglog n)""*D,)"”

Bwco

{IA

- 4 (logn)~2(log log n)t* Z£ 0,
For k,R,, we have the following estimation

Sup |(Fy(inv F(») — y)—(y — U, ()| ks

= sup \(y—U.0))—(inv F(y)— Q,()f (inv F(»))| k, = k, R,
= sup |(F.Ginv F(3)) —y)— (y =T, ()| ks

+ 011;121 |(y U, () — (invF(»)—Q,(») f(inv F ()] kn-

Taking the in-probability limit as »—<, and applying Theorem 5.2.4 in
the uniform case and the above (5.2.4), we get Theorem 5.2.5.

Remark 5.2.1. An application of the almost sure version of (5.2.3) pro-
duces an almost sure version of Theorem 5.2.5.
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5.3. The law of iterated logarithm for the quantile process

In Section 4.5 we called attention to the fact that the analogue of the
Glivenko—-Cantelli theorem for the quantile process does not hold true
without further restrictions. In this section we intend to point out that most
of the strong laws proved for the empirical process are also true for the
quantile process if we assume the conditions (4.5.10) and (4.5.12) of
Theorem 4.5.6. We can do this in three ways: (i) apply Theorem 4.5.7
saying that the quantile process is near to a Kiefer process and deduce that
theorems proved for a Kiefer process are also true for the quantile process;
(ii) apply Theorem 5.2.2 saying that the quantile process is near to an
empirical process and deduce that theorems proved for empirical processes
are also true for quantile processes; (iii) apply Theorem 4.5.6 saying that
a quantile process is near to a suitable uniform quantile process, hence
theorems for the uniform quantile process extend to more general quantile
processes. We followed the latter approach in the proofs of Theorems
5.2.2 and 5.2.5.

Applying any of the methods (i) and (ii) one gets (5.3.1)<(5.3.5) im-
mediately, while method (iii) together with Theorem 4.5.6 implies (5.3.6).
Thus we have:

Theorem 5.3.1. Under the conditions of Theorem 5.2.2 on F we have
(5.3.) im (loglogn)~12 sup f(inv F(y))lg,(y)| == 2712,
n-+»oco O<y=<1

1
(5.3.2) Jiﬁ (2loglogn)~1 f S2(inv F()) g2(y) dy 2= n~2, (cf. Theorem 5.1.3),
0

n—>co

(5.3.3) lim (loglogn)? sup f(inv F(»)|g,(»)| 2= 8~2x, (cf.(5.1.8))
. 0<y<l
(5.34) lim (loglog m)2( f fA(inv F()) g2(y) dy)* 22 8172, (cf. (5.1.9)),

(5.3.5) Jir_n— (loglogn)™¥2 sup (y(1—y))'%f(inv F(3))lq,(y)| == 1.
B g<y<l—g
Assume that conditions (4.5.10), (4.5.12) with y<1 hold true. Then
there exists a C=0 such that

(53.6) Hm sup (y(1—y)loglogn)~2|f(invF(3)¢q,(»)|=C a.s.

B0 § <y<l-—8,

where 3,=25n"1loglogn.
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The version of Theorem 5.1.2 in terms of f(inv F(y))g,(y) is also
straightforward. However the generalization of Theorem 5.1.5 resp. 5.1.6
to the quantile process is not immediate at all. The only such version we
have at present is that of (5.3.6).

5.4. Asymptotic distribution results for some classical functionals
of the empirical process

We have already seen that Donsker’s theorem for the empirical process
(Theorem 4.2.1) is a direct consequence of any one of the Brillinger and/or
Kiefer type approximation theorems of Sections 4.3 and 4.4, and hence
that, for example, Theorem 4.1.2 is implied by (1.5.3) and (1.5.4) of Theorem
1.5.1. Some further Corollary 4.4.1 type results follow here.

Corollary 5.4.1. Consider the empirical process B,(x)=a,(F(x)). Let

y=F(x) be a continuous distribution function and let g(y)#0 be a real
valued function for which we also have

(5.4.1) sup [g ()] <ee.

There exist then a sequence of Brownian bridges {B,(y); 0=y=1} and
a Kiefer process {K(y, t); 0=y=1, 0=t<oo} such that

G42) | sup B()g(F (x))—oi‘:g1 B,(»)g(y)| = 0(n~2logn),
| sup  B(e(F (x))—oiligln‘”"K(y, n)g(y)| &= O(n~"2log?n),
43)| sup  [0)e(FO)|— sup 1B,()g)I| 2= 0w~ log n),

|_°°sup |,B,,(x)g(F(x))| —oilylglln—l/zj((y, n)g(y)|| 2% 0 (n~12logn),

+ oo 1
(5.4.4) | [ B@e(F)dFx) - [ Bi(»)g2()dy|
— oo 0
22 0(n12log n (log log n)'/2),
4o 1
| [ B®e(F@)dFm— [ nK(, gt dy]
—o0 0

as. O(n —12]og?n(loglog n)l/Z)
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and
(54.5)  [maR, — (sup B,(y) g(3) —inf B,() g )| 2 O(n~log )
[m/2R,~(sup 1=K (7, m) g () ~inf 2K (3, m) g ()] £2 O (n~2log?n)

where

R, =Dy +D; = sup (F,(x)— F(x)) g(F(x)) —inf (F, (x)— F(x)) g (F(x)).

Since B,(») = B(y), and also n~12K(y,n) = K@, D Z B(»), a
Brownian bridge for each n, we see that the limit distributions of the
above-presented functionals of the empirical process agree with the distri-
butions of the corresponding functionals of a Brownian bridge. For
example, (5.4.2) and (5.4.3) with g(y)=1 give the asymptotic distribu-
tion of the classical Kolmogorov-Smirnov statistics- (cf. Theorem 4.1.2)
via (1.5.3) and (1.5.4). Again with g(y)=1 and applying (5.4.4), we get
the limit distribution of the Cramér—von Mises statistic. Namely, Theorem
1.5.2 implies

(546)  lim p{ fe B dF(x)=u} = Plo*=u}, uz=0,

where the latter distribution function is given in Theorem 1.5.2. Another
classical result, the distribution of the Kuiper (1960) statistic, can be
obtained from (5.4.5) with g(»)=1 by Theorem 1.5.3. Namely we have

lim P{n'2R, = u} = 1— 3 2(4(juf—1)e=%™", u=0,
j=1

n—+oo

Taking now for example

0 if Osy=e
(547 g:.() = {

y 1 if e<y=1l,
-y if 0=y=/
s0)=] if 6<y=1,
respectively

1—y) 2 if 0<e=y=d=<l
648 sat= [P0 T o=es

otherwise,

in (5.4.2) and (5.4.3), we conclude that the limit distributions of the Rényi
(1953) statistics, respectively those of the Anderson-Darling (1952) statistics
can be evaluated via the distributions of the corresponding functionals of
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a Brownian bridge. We mention only two typical results obtainable this
way. The first one of these is

(5.4.9) lim P{ sup Pr() u} P{supB(Ty) = u}

neo  le=F@m F(x) — ey

P 1/2
=2d)[u[ ] ]—1 u=0, >0
1—e¢

The latter equality is true, since

{Biy) 0<y51}i{W[1—_—‘¥-); 0<y§1},

y
and hence
P{supM = u} = P{supW(l;'}i] = u}
exy Y esy y
=P{ sup W()=u},
0<ts_8.

which by (1.5.1) now gives the desired result. The second one we have
in mind is

(5.4.10) lim P{ sup 1B, = u} = P{iiry)%@l = u}

nee  LsF F(x)

2’ (2k+ 0 exp {—(2k+1)?n2(1 —¢)/8eu?}, u=0, ¢=>0.

The above two results ((5.4.9) and (5.4.10)) were first given by Rényi (1953)
via classical limiting arguments. For a proof of these and some further
similar ones along these lines via the invariance principle, we refer to
Csorgd (1966, 1967).

So far we have seen how strong invariance principles (cf. Corollary 5.4.1)
can be used to prove asymptotic distribution result like e.g., (5.4.6), (5.4.9),
(5.4.10). In proving these results, we have not utilized the rates of approxima-
tion of Corollary 5.4.1 at all, and did not say anything about the problem
of how fast these distribution functions themselves converged to their
limits. The next result gives an answer to this problem.

Corollary 5.4.2 (Komlés, Major, Tusnady 1975a). Let B,, a, be as in
Theorem 4.4.1, and let  be a functional defined on D(0, 1), satisfying
the Lipschitz condition

(5.4.11) W@ -y @)= Loit;gl [u(y)—v(y)|
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with some positive constant L. Assume further that the distribution of the

random variable y(B(y)) 2 Y(B,(») (n=1,2, ...) has a bounded density
with respect to Lebesgue measure. Then

(5412) _sup [PY(an()=x-P{(B0)=4)|=0 [1:%]

The proof of this corollary is similar to that of Corollary 5.4.3 whose
proof is given below.

As to the nearness of the processes «, and B,, Theorem 4.4.1 gives the
best possible rate. It is an open question whether the rate of (5.4.12) is
the best possible or not for any given Lipschitzian functional . For
example, in the Kolmogorov-Smirnov case (that is when  is the sup-
functional) the rate of convergence is known to be O(n~/2) (cf. Gnedenko,
Korolyuk and Skorohod 1960; Bickel 1974).

The rate in (5.4.12) does not hold necessarily for functionals not satisfying
the Lipschitzian condition (5.4.11), but Theorem 4.4.1 might still give us
a handle on occasions. The case we have in mind is that of the Cramér—

1
von Mises statistic wi=[o2(p)dy. Let N(x)=P{oi=x}, NX®=

1 0
=P{f BA(y)dy=x} and put 4,= sup |N,(x)—N(x). We have, of
0 Q<x<oo
course, that lim N,(x)=N (x) for every real x (cf. (5.4.6)) and, in addition
to this, it can be easily deduced from the first statement of (4.4.25), or from
that of (5.4.4) that 4,=0(n"'2logn (log log n)/¥). But, if we are a bit
more circumspect, we can actually prove also

Corollary 5.4.3 (S. Csorgd 1976).
(5.4.13) 4, = 0(n~2logn).

The latter statement is of interest, because it turns out to be a refinement
of the best available result of this kind so far for the distribution of 3.
Namely Orlov (1974) proved that for any &>0 there exists a positive
constant b(e) such that for each n 4,=b(e)n*/n"% For a complete set of
earlier work on this problem we refer to S. Cs6rgd (1976). We should
also remark here that, though the rate of convergence of 4, in (5.4.13)
is the best available one so far, it is probably far away from the best possible
one. Indeed, a complete asymptotic expansion for the Laplace transform
of w? is given by S. Csorgd (1976) and, on the basis of his work, he
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conjectures that 4, has the order of 1/n (concerning this latter problem
we refer also to S. Csérgé and Stachd, 1979). For an improved result in
this direction we refer to Gotze (1979).

1
Proof of Corollary 5.4.3. Let w¥n)= [ B;(y)dy, where {B,(y); 0=y=1}
4]
is the sequence of Brownian bridges for which the statement of Theorem
1
4.4.1 holds true, and let w?= [ B%(y)dy, where B(y) is an arbitrary
0

Brownian bridge. We will use the elementary fact that, if X, Y, Z are
arbitrary r.v. such that P{{X—Y|=>Z}<e¢ for some >0, then, for every
real x,

(54149 P{Y=x—-Z}-e=P{X=x}=P{Y=x+Z}+e

1 1
24 21
= sup |o,(»)—B,(»)| and &,=Dlogn/Yn, we have

0=y=1

In (4.4.1) let x= logn, D=C+ . Then, with the notation D,=

. Pllw;—w*(n)] > e;+2e,0(n)}
= P{| [ (%0)~B.0))(@0)+B,0) dy| = &2+ 26,0(n))

1 1
= P{ [ () =B dy+2 [ 1o, ()= B,)IIB, ()l dy > e +28,0(m)} -

Let the event of the latter probability statement be denoted by E(g,).
Then, from the above inequality,
P{lw?—w*(n)| > e2+2¢,w(n)} = P{E(e,), D, = &,}+ P{D, > ¢&,}

1
= P{e+26, [ |B,())|dy > &3+ 28,0(n)} +n~12L

1
= P{ f By ()] dy > w(m)}+n" 2L

= P{lo(n) > wo(m)}+n12L = n~V2L,
where the last inequality follows from that of Schwartz, and L is the positive
absolute constant of (4.4.1).
Now we apply (5.4.14) with X=0w?, Y=w(n), Z=¢e3+2¢,w(n) and
e=n"*2L, and get
P{4,(x)}—n"V2L = P{w? = x} = P{G,(x)}+n"12L,

where A4,(x)={w?*=x—¢)—2¢,0), G,(x)={w*=x+e+2,0} and x=>0.
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Solving the corresponding quadratic inequalities for the events A,(x)
and G,(x) we find that P{4,(x)}=0 if x=e?, while

Pl{d,(x)} = P{e? = x+e¥—(4e¥x)/?} = P{w? = x-6,), if x=¢2,
and
G,(x) c {®® = x+38,} with &, = 3e2+(8ei+4e2x)12, x =0.

Hence, with §,=0,(x) (x>0) as in the preceding line,

N(x—6,(x))—n~12L = N,(x) = N(x+6,(x)) +n"12L,
and whence

4, = sup P{x—6,(x) < 0*= x+0,(x)}+n"V2L
x+28,(x)

v(V)dy+n~12L =2sup(5,(x) sup o(y)+n"V2L

= sup
x x=y=x+25,(x)

X

=2Ksup(6,(x) sup (y+1)"VH+n12L
x )

x=y=x+28,(x

d,(x) 362+ (8Bed +-4e2 x)V?

= 2ngpm+n—1/2L = 2K51:p Gt I +n-12f
3e2(x+ 1D)V2+ (8 (x+ 1) + 482 (x + 1))V/2
= 2Ks1ip e+ D) ((X-(f‘l)l/z) xr+1)) +n7V2L

= O(e,) = O(n""2logn),

where v(x)=%N(x), and the third inequality for 4, above is by

v(V)(y+DY2=p(3)(32+1)=K uniformly in y€(0, ), since it is known
that not only the density function v(x) of w? but v(x)x''2 too is bounded
on the positive half-line (cf. Lemma 8 in § 5, S. Csérgé 1976).

While Corollary 5.4.1 provides us with weak convergence results for the
classical functionals of the empirical process with weight functions g(y)
satisfying the condition (5.4.1), the weight function g(»)=(y(1—y)2,
O0<y=1, which is probably the most natural one, does not fit into its
framework. An application of Theorem 4.4.1, however, turns out to be
a good initial step also towards this direction of weak convergence problems,
which we are going to consider now.

Let ¥, (x)=n2(F,(x)— F(x))/(F(x)(1 — F(x)))!/2, where F is a continuous
distribution function and, for 0=gc<d&=1, define Ve, 6)= sup V,(x)

e<F(x)<é
and W"(e, 8)= sup |V,(x)]. We note that Anderson and Darling (1952)
g<F(x) <4
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derived the Laplace transform of the asymptotic distribution of W”(e, 9)
with 0<eg<d<1. Itisalso natural to ask how one could choose normalizing
factors for given sequences ¢,, d, so that V"(s,, 8,), W"(e,, ,), V"(0, 1)
and W”(0,1) should have a non-degenerate asymptotic distribution.
Indeed this question was asked and answered recently by Jaeschke (1975)
and Eicker (1976, 1979) and further studied and developed by Jaeschke
(1976, 1979).
For the construction of confidence intervals for F,

) 0, if F,(x)=0or1
Val®) = {nI/Z(Fn ()= FON(E,)( —F, )2, otherwise,

is more convenient than V,(x). It is shown by Jaeschke (1976) that for
¥, the same assertions hold as for V,, including also the case ¢,=0, §,=1.
The latter is also a generalization of the earlier results of Eicker (1976).
Here we formulate these results with ¢,=0, §,=1.

Towards stating these results, let E,(z)=exp (—c exp(—1)) (¢=0) and
a(+, +) be as in Theorem 1.9.1.

Theorem 5.4.1 (Jaeschke 1976). We have
(5.4.15) Rm P{r"(0,1) = a(t, logn)} = E (1)
and

(5.4.16) ’}lm Pwm(0,1) = a(t,logn)} = E,(t), —oo<t<+oo.

Theorem 5.4.2 (Eicker 1976, Jaeschke 1976). Let
Ve, 8) = sup V,(x) and W™(e,8)= sup |V,(x).
s

e<F(x)<d e<F(x)<
Then
(54.17) }im P{P"(0,1) = a(t, log n)} = E,(t)
and

(5.4.18) lim P{W"(0,1) = a(t, logn)} = Ey(t), —oo=t=too.

Just as in the case of the classical empirical process f,(x)=0,(F(x)),
we may from now on take F¢ U(0, 1), since F is assumed to be continuous.
As to the proof of the two theorems formulated above, we give only the
main steps, in order to demonstrate how Theorem 4.4.1 can be applied
in this situation. Here we follow Jaeschke (1976).

The proof of Theorem 5.4.1 is based on the following lemma:
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Lemma 5.4.1 (Jaeschke 1976). For —oo<t<-+4 o we have
(5.4.19) 'km P (0, e )VW*(1—¢,,1) = a(t, logn)} =1,

where g,=n"1log®n.
For a proof of this lemma we refer to that of Lemma 4 in Jaeschke (1976).
Proof of Theorem 5.4.1. Since by Theorem 4.4.1
(loglogn)* sup  [V,(»)—~B,(»/(y(1 —»)

g, <y<l—g,

2= o((Rgee]"] - o0,

Corollary 1.9.1 and Lemma 5.4.1 imply Theorem 5.4.1.
For a similar proof of the second theorem we need two further lemmas.

Lemma 5.4.2 (Jaeschke 1976). For ¢,=n"1logn and a,=(2 log log n)*2
we have

(5.4.20) a,V(e,, 1 —&) 22 a,V"(s,, 1 —¢,) +o(1).
Proof. Due to Theorem 5.1.6 we have

sup  [1—y 1F,(»)| 2 O((loglog nflog n)'/2)

n~llogn<y<l
and

sup  [I—(1=F,(»)/(1-)| 2= O((log log n/log n)V/3).

0<y<l-n-llogn
Whence
a,V™(ey, 1 —¢,) 2= a,V"(g,, | —¢,) (1 + O ((loglog n/log n)/2)).
Again Theorem 5.1.6 implies «,V*(g,, 1 —¢,) = O(loglogn), and this
is the assertion of (5.4.20).

Lemma 5.4.3 (Eicker 1976, Jaeschke 1976). With g,=n"'logn and
— o< f=x+ oo, we have
(5.4.21) lim P{#"(0, &)V W"(1—¢,,1) = a(t, logn)} = 1.

For a proof of this lemma we refer to that of Lemma 6 in Jaeschke (1976).

Proof of Theorem 5.4.2. A combination of Lemmas 5.4.2, 5.4.3 and
Theorem 5.4.1 yields (5.4.17) and (5.4.18).
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5.5. Asymptotic distribution results for some classical functionals
of the quantile process

On the basis of Theorems 4.5.6 and 4.5.7 it is quite immediate to construct
a Corollary 5.4.1 type statement for the quantile process f(inv F(3))q,()),
provided we assume conditions (4.5.10) and (4.5.12). Such an analogue
of Corollary 5.4.1 immediately implies, among others, the following typical
statements:

(5.5.1) ,}}.ni P{oiljglf(inv FOq.()=u}= P{Diligl B(y) = u}
=1-e"®, uz=0, (cf (1.53)),
(5.52) lim P{ sup. |f(inv F(») g, (»)| = u} = P{ sup [B()| = u}

n—+oo

=1- > (-D)*e® u=0, (cf. (1.5.4)),

k#0

(5.5.3) lim P{®, = u} = P{ sup B(y)— mf B(y)su}

n-oo O<y<l

=1- f 2(4(ju)t—1)e=¥™*, 4 =0, (cf. Theorem 1.5.3),

where R, = sup f(inv F(»)q,()— mf f (inv F(»)) g,(»),
O<y<1
659 tim plapffE0 2 ) = plap 2 = )

12
=20 [u[lis] ]—1, uz0, e>0, (cf. (5.4.9),

and
(5.5.5) '.I_I.I:lg P{igl; lf(mv ngy))qn(y)l = u} — P{s:;ly) IB;_V)I = u}
= — Z 1D exp {—(2k+1)*n2(1 —¢)/Beu?}, u=0, ¢>0
T S k+1) s y

(cf. (5.4.10)).

We again call attention to the fact that the above asymptotic results hold
true, assuming only the reasonably weak conditions (4.5.10) and (4.5.12).
An analogue of Corollary 5.4.2 is also immediate.

Corollary 5.5.1. Let B,, q, be as in Theorem 4.5.7, and let  be defined
on D(0, 1), satisfying the Lipschitz condition of (5.4.11). Assume further
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that the distribution of the rv. Y(B(»)) = Y(B,(») (n=1,2,...) has
a bounded density with respect to Lebesgue measure. Then, under conditions
(4.5.10) and (4.5.12) we have

(5:56) _sup |P{ (f(inv F(»))g,(»)) = x}— P{¥ (B, () = x|

{O(n*l/zlog n) if y<2
— |0(n72(loglog n) (log )M +9G—D) if y=2,

where vy is as in (4.5.10) and £=>0 is arbitrary.

Unlike in the case of «,(y), it does not even appear to be known whether
the Kolmogorov-Smirnov functionals of f(inv F(»))q,(») themselves
have a limit distribution of rate 1/n'/2 in (5.5.6) or not. Hence the rates
of (5.5.6) appear to be the best available. Now in the case of the uniform
quantile process u,(y), the rate of (5.5.6) is O(n~2logn). It is easy
to see that for the Kolmogorov-Smirnov functionals of u,(y) the rate is
O(1/n’?). Hence it is again an open question whether all the Lipschitzian
functionals of u,(y) have a limit distribution of rate 1/#'2 or not.

As to an analogue of Corollary 5.4.3, we have:

1
Corollary 5.5.2. Let o= [(f(inv F())q,(»))*dy. Assume conditions
o
(4.5.10) and (4.5.12). Then
1
5.5.7 up |Pl{o?=x}—P{ [ B:(y)dy =
(5.5.7) sup_[Pof=x) {of )dy = x}|

log n(loglogn)¥2y .
0[ g (ngllzg) ] if y<2

log log n)?+1/2 (log n)+9G-DY
0[(g er) n1§2g) )lfy>='2,

where y is as in (4.5.10) and &0 is arbitrary.

The proof of this corollary goes along the lines of that of Corollary 5.4.3,
but here we use (4.5.24) instead of a possible analogue of (4.4.1) for
f(inv F(3))q,(»), which, in turn, is not yet known. The non-availability
of the latter analogue of (4.4.1) results in the appearance of the extra
factor (loglog n)'/? in the above rates.

We have seen so far that most of the results of Section 5.4 extend im-
mediately to the quantile process. The extension of Theorems 5.4.1 and
5.4.2 is not so immediate and requires some further attention.
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Let
inv F()) 4,0y (A=) 1n<n<1-1/n,
f(inv F(»))4,(») = {f(lnv O (i va=) o{:}lxerwr;se, "

and, for O<e<d<1, define
Q0" &) = sup f(iny FO))4,0)
0, 9) = i‘:gaf (inv F(»))| 4, (»)-

Using the notation of Theorems 5.4.1 and 5.4.2 we have

Theorem 5.5.1 (Csorgd, Révész 1979). Let X, Xs, ... be iid.r.uv. with
a continuous distribution function F which is also twice differentiable on
(a,b), where —oo=a=sup {x: F(x)=0}, +e=b=inf {x: F(x)=1} and
F'=f+0 on (a,b). Assume condition (4.5.10) of Theorem 4.5.6. Then

(5.5.8) lim P{Q"(0, 1) = a(t, log )} = E, (1),
(5.5.9) ,}}.IE, P{O"(0, 1) = a(t, logn)}=E,(t), —oo<t=<+eo.

Towards a proof of this theorem we need four further lemmas.

Lemma 5.5.1. Let ¢,=n"" (log log n)*. Then for auniform quantile process
u,(y) we have

(5.5.10) lim P{ sup  u,(»/(y(1—y)"2 = a(t, log n)} = E, (1),

n-»oo € <y<1-— &,

(5511 lim P{ sup |u,(MI/(y(1=»))"*= a(t, log n)} = Ey(1),

T —oo<< | <o,
Proof. Put
8 {“n(Y)/(En WMA-Em)2 if UM =y<UM,
»(0) = 0, otherwise,

where FE,(y) is the empirical distribution function of a uniform (0, 1)
random sample, and o, (y) =n'/ }(E,(y)—y). First we note that

(5.5.12) sup &,(»)= sup —u,(/(yA-yP2

O<y<l 1n=y=1-1/n
For O0=¢<d=1 we define, as before,

V,(e,8) = sup &,(y) and W,(g )= sup &, (V).

g<y<d
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Concerning these standardized empirical processes with & =n"1logn,
the following statements hold by Corollary 1.9.1, Theorem 4.5.7 and
Lemma 5.4.1.

(5.5.13) Jim PV, (ex, 1—28}) = a(t, logn)} = E,(¢),
(5.5.14) lim P{W,(ex, 1—¢f) = a(t, log n)} = E,(¢),
and

(5515 lim P, (0, 2)VW, (1=, ) S a(t, logm} =1, —w<t<+to.

A combination of (5.5.13), (5.5.14) and (5.5.15) with (5.5.12) now gives
Lemma 5.5.1,

Remark 5.5.1. We note that Lemma 5.5.1 holds even with ¢,=1/n.
The only reason we have defined ¢, as in the statement of Lemma 5.5.1
is just for the sake of the method of proof of our next lemma.

Lemma 5.5.2. Let the quantile processes q,(y) resp. u,(y) be defined
in terms of X resp. UP=F(X®). Under the conditions of Theorem
5.5.1 and with g,=n"'(loglogn)®, we have

4, ()
(anF (J’)) ¢.(»)— (- y))lfz

(5.5.16) m sup = o((loglog n)~1/2),

R g, <y<l—g,

Proof. It follows from (4.5.11) and the definition of &, that

f(inv F(5))§,(») - (yTl"(i%)TE

sup

g, <y<l-e,

sup lf(invF(y)) 30—, ()|

= Gl=e) s o,

as._O(loglog n/n') i
(n -l(log log n)4)1/2 = o((log log n) 1/2)

where §, above is as in Theorem 4.5.5.

Lemma 5.5.3. Let ¢,=n"(loglogn)*. Then

(M| _ 14)
-Ty! (loglogn)/} 0

The proof of this lemma is based on (1.9.5) via using the relationship
(4.5.4).

lim P{ sup
1,

n—+oo In<y=e,
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Lemma 5.54. Let ¢,=n"'(loglogn)*. Then
(5.5.17) lim P{0"(0, eV Q" (1 —¢,, 1) = a(z, log m} = 1.

Proof. Let the quantile process g,(y) resp. u,(y) be as in Lemma
5.5.2, and consider Q"(O g,) (for Q"(l &,, 1) a similar argument holds).
It follows from the definition of a(t,logn) that, in order to show
lim P{Q"(O g,)=a(t, logm)}=1, it suffices to show

n-+co

(5.5.18) lim P{Q(0, 2,) > (log log n)"/2} = 0.

Restricting our attention then to the region 0<y=g,, it suffices to consider

f(inv F(»))q,(»)/»\? instead of f(inv F(»))q,(»)/(y(1 —»))'2. Hence we
are going to show that

(5.5.19) lim P{ sup f(inv F(y))|g,(»)I/y** > (loglog n)/2} =0,

n—+oco
—-< =2,
n ¥

which, in turn, implies (5.5.18).
Now for —! <y< k , by Lemma 4.5.2, we have
(5.5.20)
|f(iav F()) g,(3)/y"%| = n*/2f (inv F(y))|(inv FUP) —inv F(3))/y*|
= n\* f(inv F(y))|(inv F(y+n~V2u,(y)) —inv F(»))/y*"|

u, () | SV FO)) _ |ua() {yV€. 1—(y/\<f)}7
y f(lHVF(é)) Y LYAE 1-(yVE)
() [[yA=8)  SA=P) s ()

= |2 020, L0 ae DL, o),

1/ 2

-y y1-9

where Ié - y|§n‘1/2|u,,(y)l and y€(0, &,).
Hence by (5.5.19) and (5.5.20) we are to show now that

(5.5.21)

yl/ 2

4O’
lim P{ sup l4a ) 4 ni > (loglog n)t/2} = 0,
SR LR BTN O] y
n = nl/2
Fi {u (J’) }
irst we observe that is uniformly bounded in y and

n on any bounded 1nterval containing x=1. This implies that, as 7n-co,
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we have
v+ lus I
1/2
(5.5.22) P sup | ;’ ot ;’ > (log log n)4} — 0,

1
FEVE Y — nirz

where w,=(log log log n)/n.
We observe also that, with the same w,, we have

mnsél;ge”%y;)l - 0, @ #-ee
Hence
v +lu,.9;)l "
(5.523) P ) il;;s)g Iz Ol + yn > (loglog n)'/4; - 0.
n=2=tn y___ﬁﬂ?_

Now Lemma 5.5.3 together with (5.5.22) and (5.5.23) implies (5.5.21), and
this also completes the proof of (5.5.17).

Proof of Theorem 5.5.1. Combining Lemmas 5.5.1, 5.5.2 and 5.5.4 we get
(5.5.8) and (5.5.9).

We note that Theorem 5.5.1 in its present form, and also the weak con-
vergence results of (5.5.1)-(5.5.5), can be used to construct confidence
intervals for f(inv F(»))q,(»)=Vnf(inv F(»))(Q,(»)—inv F(y)) and also
to test the null hypothesis that X; has a given, completely specified density
function f(.). For the sake of confidence intervals for inv F(y) in terms
of Q,(») one should estimate the factor f(inv F(»)) of f(inv F(»))g,(»).

We begin with estimating inv F(y) by the quantile function Q,(»).
First we note that the law of iterated logarithm holds for the process
f(inv F(3))q,(») (cf. (5.3.1)), and hence we have

(5.5.24) sup |Q,(y)—inv F(»)| 2= O((loglog n/n)'%),
f<p<1

provided . lr,,’f; i (inv F(3))=0.

Next we estimate the density function f(-) by any of the empirical
density functions f,{-) of Chapter 6 for which the Glivenko-Cantelli
theorem holds (cf. Theorem 6.2.1):

(5.5.25) sup £, (x)—f (%) 20,

— oo X<+ oo

and prove
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Theorem 5.5.2, Let f,(+) be a sequence of empirical density functions
satisfying the conditions of Theorem 6.2.1 and assume that inf f(x)>0

a<x<b
and sup |f'(x)|<oo over [a, b] of Theorem 4.5.6, assumed to be finite.
a<x<bh

There exists then a sequence of Brownian bridges {B,(y); 0=y=1} such
that, as n-»-s,

(5.5.26) Sup |£:(C. () 2.(») — B, ()| = 0.
=y=s
Proof. By (4.5.22) it suffices to show that

sup, 1£:(C. (") 4,(») —f(inv F(3)) g,(»)| == O.

This, in turn, is true because g,(») = B()/f (inv F(»)) by (4.5.22), and
sup |/£,(@.(»)—f(inv F( y))I -2, 0. As to the latter statement, we write
O=y=1

S |£2(Q@a )~ (inv FO))|
= sup AR R (O L sup, |£(Qu(3))—f (inv F(»)))

and use (5.5.24), (5.5.25) and continuity of f(.) to conclude that the
right hand side of the above inequality goes to zero almost surely as n-—»co,
As a consequence of (5.5.26) we have

(5.5.27) 1. (") 2.(») =~ B(y),

and, hence, distribution free confidence intervals for inv F(y) in terms
of Q,(y) can be constructed under the conditions of Theorem 5.5.2.

In our Theorem 5.5.1 we investigated the Kolmogorov-Smirnov func-
tionals of the standardized quantile process, i.e., that of the quantile process
g.(y) with the weight function f(inv F(»))/}Vy(1—y). Now we are going
to study a Cramér-von Mises functional of the quantile process g¢,(»)
with the weight function (f(inv F(y))“2(inv F(»)*~D2, i=1,2,....
In order to describe the latter, we let

(5.5.28) g8(y) = n*2f(inv F(y))(Q5(») —inv F(y))

k—1 k
o <y= k=1,2,...,n, and define our

where Q%(y)=X if S k=
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Cramér-von Mises type statistic as follows:

(5529 M= 3 {[q,‘.’(nil]]z/ nf [inv F(%)]} [inv Pk 11)}1_

1
()' ’ 21 )s

I+

where it is clearly assumed that f=F’>0.

We note that Q°(») of (5.5.28) is slightly different from Q,(y) of
Section 4.5. The former is introduced here for technical reasons. It is
easy to see that our Theorem 4.5.7 remains true with g¢3(y) replacing

f(inv F())q,(y)=n"%f(inv F(»))(Q,(»)—inv F(y)). Arguing heuristically
with the latter theorem in mind, we should have

(5.530) M)~ M) = [ B(y)a-td(inv FO)), (A=12,..),

which coincides with the usual Cramér-von Mises limit if F(3)e U(0, 1)
and A=1. If FGU(0, 1), M%) is seen to be a Cramér-von Mises type
non-distribution free limit. It can be used to test the completely specified
goodness-of-fit statistical hypothesis saying that a random sample is from
a given F, provided we can also evaluate the distribution of M°(1) for
the underlying F.

Our aim now is to prove that (5.5.30) is indeed true. Towards this, we
first prove

Lemma 5.5.5. Assume that F is absolutely continuous with a density
function f, strictly positive in the interval (a,b) of Theorem 4.5.6 and,
in addition, we also have

(5.5.31) lin‘} yrrlinv F(y)| = }'in}(l —HrinvF(y) =0

¥y -
for some r>J. Then the integral M°(2) of (5.5.30) exists, i.e.,
(5.5.32) P{M°(D)| <+<=}=1, A=12,....

/Proof. Since {B(»); 0=y=1}Z {n12K(y, n); 0=y=1}, n=1,2, ..,
by Corollary 1.15.2 we have

B() O O
P{oil,’i’ly(l—y)loglog(y(l—y))‘1 +} t
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We have also

o < B*(y) .
MO = osyes y(A—y)loglog (y(1—y))

| f y(1=yloglog(y(1 —y))~*d(inv F())|.

Since B(y) is an almost surely continuous function, the statement of lemma
follows from

| [ y(1=y)loglog(y(1—y))~*d(inv F»))|
0

1
= f|va(y)l‘1 [yloglog ]+f|1nvF(y)|‘d[(l— )loglog1 y]

m N2 1
= —;./rd( loglo __)+ 1-— -‘-/'d[ 1—y)loglo ———)+Const.
0_/'y yloglog — "[( y) (1-y)loglog y—

<< 4 oo,

where m is such that inv F(m)=0 and the first inequality is by inte-
gration by parts combined with (5.5.31) and the second one is by the latter.
Next we prove

Theorem 5.5.3. Let X,, X,, ..., X, be a random sample with a continuous
distribution F which is also twice differentiable on (a,b) where a and
b are as in Theorem 4.5.6, and F' =f#0 on (a,b). Assume that F also
satisfies conditions (4.5.10) and (4.5.12) of Theorem 4.5.6 and those of
(5.5.31) with some r=>2A. Then there exists a sequence of Brownian bridges
{B,} such that

(5.5.33)

w0 3l oo () o)

and

2% o(D),

(5.5.34)

20)ANd(inv FO)) |2+ 0, 1=1,2, ...

Proof. We first note that applying condition (4.5.12) we get that the
function (inv F(y))*~'/f(inv F(y)) is monotone on an interval to the
right of a (to the left of b), and by condition (4.5.10) it is bounded away
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from infinity if p is bounded away from @ and b. Let B, be as in
Theorem 4.5.7. Then the left-hand side of (5.5.33) is bounded above by

-l oo o)
qg(nﬁ-l]_*_B"[n-’j-l) /”f["wF( -kH]]}

&
kj{q"(nill B, (nil]i

[va +1]] o

( sup, lgS(»)— B(y)l)( sup, |B,(»)— (y)l+0§;g1 2g ()

zf. k ]“1 : k ]
. kg; [mVF{n+1 nf[lnvF ———]
r-n+1)‘1

&% 0(ry(n))(O(ry(n)) +0((log log n)w))l S d(inv FO))|

[invF(l——i—l)]z [va ( :-1]]11

22 0(ri(m))(loglogn)H/2

o(l) (i=1,2),

by (5.5.31), where the rates r;(n) (=1, 2) are those of (4.5.24), and the
first 2% line above is by (4.5.24) applied twice and by the law of iterated
logarithm for the process ¢X(») (cf. Theorem 5.3.1). Hence (5.5.33)
is proved, and (5.5.34) follows from (5.5.33) combined with Lemma 5.5.5.

A statistic, similar to MJ(4), was studied by DeWet and Venter (1972)

in the special case of F=¢. Their statistic is

2
(5.5.35) L= Z’[X("’—-mvd)( ]:-1)] —al

)

L R ) B
e n+1

o [inv s [_n.i_l.]] .

where

= ;Z(nﬂ]
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DeWet and Venter (1972) proved
(5.5.36) L2 S ky(yi-1),
k=1

where Yi, Y,, ... are independent standard normal r.v.

Remark 5.5.2. Exactly the same way we proved Lemma 5.5.5 and
Theorem 5.5.3, we can prove also with i=1,2,... and =0,1 that

1
(5.5.37) f B(y)(inv F(y))*dy exists with probability one,
0

g o)
- & () (G =
(5:539) [ 3 qz[n_’il][invF nﬁl]]l— f B,()(inv F()Y dy| 2~ 0,
(5.5.40) i 5 {6 [ £ )|
Holwr(e)t

P
— 0,

~ [ B.(3) 5y dliny FG)P

provided all the conditions of Theorem 5.5.3 are assumed.

5.6. Asymptotic distribution results for some classical functionals
of some k-sample empirical and quantile processes

Let X; (1=i=n(j)) be k independent sequences (k=2) of i.i.d.r.v.
with respective distribution functions F,(x) (1=j=k). A classical statistical
problem is to test whether these & samples come from a common popula-
tion with distribution function ¥, whose form might or might not be
given to us. Thus we wish to test the following null hypotheses:

(5.6.1) H,: F, = F, =...= F, (homogenity),
(5.6.2) Hy: F,=F,=...=F,=F (goodness-of-fit).
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The k-sample based empirical processes which we are to study here are
going to be constructed with the null assumptions (5.6.1) and (5.6.2) in
mind. Towards this end let F,f{}) (x)= F,(;(x) denote the empirical distri-
bution functions based on the outcomes of the jth sample X};, Xs, ..., X))
For each vector N=(n(1), n(2), ..., n(k)) of positive integers, we define
the k-sample empirical process Sy(x) by

(5.6.3) Sy(x) = é ¢ (N, DVAT) Faiy (9,

where the coefficients c¢;(N, x) satisfy

k
(5.6.9) 2 ¢i(N,x)¥Vn(j)=0 forall N and x,
=

sup sup [e;(N, x)| <e= forall j=1,2,.., k.

Again for the sake of testing the hypotheses of (5.6.1) and (5.6.2), we define

(565 Zy() =f(invF(y))j§; &N, DY) Guny 00 O <y <1,

where Q,;,=0%, is the quantile function of the X, ..., Xju(;- Then
we have (cf. also Kiefer 1959; Burke, Csérgd 1976b):

Proposition 5.6.1. Given any of the null hypotheses(5.6.1), (5.6.2), assuming
that the true common distribution function F is continuous and that condition
(5.6.4) holds, there exist k independent sequences {BQ)}={B.;} of
Brownian bridges and k independent Kiefer processes K; such that for
Sy(x) of (5.6.3) we have

Sy (x) '—é; ¢;(N, X) B, (F(x))

— 00 «Z X =< 60

(5.6.6) sup

== 0(max, ((n(j)"*log n(j))
and

Se (9 3 (n() e, (N, XK, (F (), n(j))}

j=1

'(5.6.7) sup

— 00 X< o

22 0(max ((n(j)~V*log*n(j)),
as all n(j)—-oo.
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If we also assume (4.5.10) and (4.5.12) of Theorem 4.5.6, then

(5.6.8) sup

O<y<l

k
ZN(Y)“jé; ¢; (N, .V)Bnu)(.V)l

.. (O(max (n(j)~*(logn(j)) i y=<2
{O(IIQJagk (n(j)"V*(loglogn(j)y’ (log n(j)*+90=Y) if y=2,

where v is as in (4.5.10) and £=>=0 is arbitrary; also

k
(5.6.9) JSup, Zn(y)—jé; ¢; (N, ) (n (7)) 72K, (v, n(j))

£2 0(max (n(j) =" (loglog n(j))"*(og n(j)?),

as all n(j)—-oe.

k
Proof. Using (5.6.4), Sy(x) can be written as SN(x)=jZ' ¢;(N, x)Vn(j)-
=1

*(Fn(¥)— F(x)). By Theorem 4.4.1 we can construct k sequences
{B.;»(»); 0=y=1} of Brownian bridges such that

sup [Vr(5) (Fy )y (9) — F(x) = Bo s (F)| 22 O((r ()2 logn ().

Since our k& samples are assumed to be independent, the k£ sequences
{B.(;} can be constructed independently. Now our first assertion follows
from having assumed (5.6.4). The proof of the rest of the statements
goes along similar lines.

Corollary 5.6.1. Suppose that the coefficients c; depend only on x through
F and write ¢;=c;(N, F(x)). Then, under the conditions of Proposition
5.6.1 leading up to (5.6.6) and (5.6.7) we have, when the n(j)- =,

oo

1 2
(5.6.10) ! S,zv(x)dF(x)—f (é; ¢;(N, 1)(n(j)~V2K, (s, n(j)))) dt

oo

2 0(max (n(j) ™ log*n(j)loglog n(j)),

1=j=k

(5.6.11) l sup [S,\,(x)l—osglfg1 é; ¢;(N, t)(n(j))'1/2K,(t,n(j))”

— 00 <« X« -} 0o

22 0(max (n()™2logtn(j)),
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and if we also assume (4.5.10) and (4.5.12) of Theorem 4.5.6, then

1 1/ & *
(5612 | [ Zi(dy— [ (12 ¢;(N, y)(n(f))—uzK,(y,n(j))] dy
o ° =1
£2 O(max (n(j)~""*(oglog n(j))*"*(log n(H)),
(5.6.13) i ’ZN(y)'—oiggl é’; e; (N, »)(n () 2K, (», n(j))“

22 0( max (n(j))~""*(loglog n(j))"*(log n())2).

Proof. The second statement is a direct consequence of Proposition
5.6.1 and of the transformation ¢=F(x), since F is assumed to be
continuous. The first statement is also based on Proposition 5.6.1 and it is
proved like (4.4.25) of Corollary 4.4.1 upon observing that, under the
conditions (5.6.4), the law of iterated logarithm holds for Sy(x) (cf.

k
Theorem 5.1.1) and also for 3 ¢;(N, £)(n(j))~22K;(t, n(j)) (cf. Corollary
J=1

1.15.1). (5.6.12) and (5.6.13) are proved along similar lines.

We note here that the statements of Corollary 5.6.1 could be also stated
in terms of Brownian bridges with logn(j) replacing log?n(;) in (5.6.10)
and (5.6.11). Also, in (5.6.12) the new rate will be

O(max (n(j))~*logn(j)(log log n(j)*'?),

1=jsk

while that of (5.6.13) will be that of (5.6.8).

Corollary 5.6.2. Suppose that the coefficients c; depend only on j and
N and write c;=c;(N). Assume that these {c;(N)}:_, also satisfy, in

k
addition to (5.6.4), the condition 3 c}(N)=1. Then
' j=1

By(r) = 1_51 ¢, (N)(n()) K, (3, n(})) -2 B(®),

a Brownian bridge for each N, and Corollary 5.6.1 holds accordingly.

On the basis of the above results the limiting distributions for the
usual functionals can be written down immediately. We illustrate what
we have in mind with the two sample situation, spelling out only a few
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examples. Applying Corollary 5.6.1 with
N V1 C) _V —n(y . .
2 -—V TOETION €y = ——n(l) T respectively with

n(2) 1 _ .
cl=[l' ainey y J=f@=e=0

0, otherwise,

0, otherwise,

n() 1 _ -
ey = [‘V A 5 J iR =e=0

we get

Corvollary 5.6.3

. n{()n(2) —
(5.6.14) "(n’l'ltg*m P { s |/ FTOFTIO) (Foy®)—Fo g (®) = u}

_ ]/ n(Dn(2) -
= "(l)lig;*m}’{oilylg f (mv Fi (y)) m (Q,.u) () —Cn2 (}’)) = u}

=P{sup B()) =u}=1-e"2, u=z=0,
0=y=1

. n{()n(2) -
(5.6.15) n(l),l,l.(lg-m P{_wilig . V_na)—*-—n(Z)—lF"“)(x) —F, (0} = u}

3 ]/ n{)n(2) -
= "(l)l:g:*mP{ sup f(lnv F(y)) m@na)@)—Qn(z)(J’)l = “}

= P{ sup |B(y)| = u} =1-— Z( 1etle-2%2d 4 =,
0=y=1

6619 tim pfsup [/ IO o o0y =4

a), @)~ l=rF | r(1)+n(2)

= lim P{supf(mv F(») % Y U@y —Cny) = u}

n(1), n(2)~

1/2
=P{supB(y)/yéu}:2(15[14[18 ] ]—1, u=0, ¢=>0,
esy -

. Dn2
(5617 | lim P{ n'('l()l"rf(;) [ (Foay () — F,,(z)(x))zdF(x)<u}

. Dn@2 .
- ol P f (£ FO))@rcty ()~ Qocy 0Dy = )

1
= P{ of BXy)dy =u}, u=0,(cf. Theorem 1.5.2).



186 Strong Approximations

Clearly, the above statements involving the empirical distributions hold
true under the conditions of Proposition 5.6.1 leading up to (5.6.6). The
statements in terms of the quantiles Q,,, and Qs are true if all the
conditions of Proposition 5.6.1 are assumed. All the results (5.6.14)-(5.6.17)
can be used to test the null hypothesis of (5.6.2). The statements of (5.6.14)
and (5.6.15) concerning F,,, and F,, are applicable to (5.6.1). Using
the Glivenko-Cantelli Theorem, it can be easily shown that, in the statement
of (5.6.16) involving F,,, and F,,), F can be replaced by any of F,q,,
Fuoy and (n(1)F,qy+n(2)Fo)/(n(1)+n(2)). Thus modified, it can be
used to test for H, of (5.6.1). Applying the method of Theorem 5.5.2,
we can estimate f(inv F(»)) as there, and then all the statements of
(5.6.14)(5.6.17) which involve the two sample quantile process become
applicable to (5.6.1). As to the application of (5.6.17) in case of the two
sample empirical process to the problem of testing for (5.6.1), we prove

Corollary 5.6.4. Given (5.6.1) and assuming that the common distribution
function F of the two samples is continuous, we have

. n(1)n(2) 5
(5.6.18) nm’li(rg_’mP{n Dy f F, (%) — F, 0y (%))2dF, (x)}

1
= P{f Bi(y)dy = u}, u = 0, (¢f. Theorem 1.5.2)
0

n(l)Fn(l)(x) +n(2)Fn(2)(x) .
n

where n=n(1)+n(2) and F(x)=

Proof. Without loss of generality we can assume that F(x)€U(0, 1).
The same way as we proved (5.6.10), we get

25 . 0.

LI .
WJ(F"‘”—F"<2>)2‘1F""6[ B:dF,

Hence, in order to prove (5.6.18), it suffices to show that for any given
e>0 and 0<d<1 there exists an ny=n,(e, 4) such that

(5.6.19) P{| f B:(»)dF,(y)— f Bg(y)dy| =g} <& whenever nxzm,.
1] 0
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Now for any given integer m, C=>0 and &=>0 we have

(5.6.20)

Given &>0 and §>0, we can choose m so big that P,

1 1
P{lof BOIEG- ] B ay| =}

me1 G+ Dm
=r{Z ] [ BoaE0-) -4
= {3 (:Z)Im (mor-2(%)) amr-9)
B ) a(2)-2] -
=rfnfomms, e, [5G ()
2z o) w3

+P{m sup B,z,(y)[ max

0=y=1 O=<k=m—1

)5
0§k§m—10§s§_l_ m

= P{Z max  sup

+P 2 max sup

I

+P [
Osk§m 1

+P{ sup Bi(y)=>C l/ —8-}
0=y=1 2
osk=m—1| "\ m "\m m cy 2

= P1+P2+P3+P4+P5.

<i and P,<

5 5

Let C>0 be now so big that P4<-§-. For the already given m, C>0 and
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£¢>0 we choose n so big that P3<é

5 and P5<§. This proves (5.6.19)
and hence also (5.6.18).

Remark 5.6.1. In a similar way one can also show via (5.6.10) and an
appropriate extension of (5.6.19) that

(5.6.21) f SE(x)dF,(x) -2~ fl[ S ¢;(N, K, (z, 1)]2dt
% g W=t

where F,(x)= Zk' n(j) Fy;(0)/n, with n=n(1)+...+n(k).

Jj=1

5.7. Approximations of the empirical process when parameters are
estimated

From a statistical point of view, Theorems 4.4.1 and 4.4.3 are useful
to construct confidence intervals for an unknown distribution function
F and also to construct goodness-of-fit tests for a completely specified F.
Most goodness-of-fit problems arising in practice, however, do not usually
specify F completely and, instead of one specific F, we are frequently
given a whole parametric family of distribution functions {F(x; 6);
6€ @ S R*}. From a goodness-of-fit point of view the unknown parameters
8 are a nuisance (nuisance parameters), which render most goodness-of-fit
null hypotheses to become composite ones. There are many possible
ways of “getting rid of 6” so as to reduce composite goodness-of-fit
null hypotheses to simple ones. As far as the empirical process is concerned,
one natural way of doing this is to “‘estimate out 6 by using some kind
of a “good estimator” sequence {f,}, based on random samples
X1 X, o X, (n=1,2,..)) on F(x;0).

Concerning the classical Cramér-von Mises and Kolmogorov-Smirnov
statistics, Darling (1955), and Kac, Kiefer and Wolfowitz (1955) investigated
their asymptotic distributions when the unknown parameters of a specified
distribution function were to be estimated first. Durbin (1973a) considered
the more global question of weak convergence of the empirical process
under a given sequence of alternative hypotheses when parameters of
a continuous wunspecified distribution function F(x;#8) are estimated
from the data. The estimators themselves were to satisfy certain maximum
likelihood-like conditions. Durbin (1973a) showed that, for such a general
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class of estimators, the estimated empirical process converged weakly
to a Gaussian process, whose mean and covariance functions he also gave.

In this section we are going to use the strong approximation methodology
of Chapter 4 to study the problem of obtaining asymptotic in-probability
and almost sure representations, in terms of Gaussian processes, of the
empirical process when parameters are estimated.

For an i.i.d: sequence X;, X,, ... from a family of distribution functions
{F(x; 0); x€R, 0c O S R}, let 8,)=1{0,,, ..., 9np)} be a sequence of
estimators of the row vector 6 based on the random sample X;, X3, ..., X,.
Consider the estimated empirical process defined by

(5.7.1) Bu(x) = n*[F (x)—F(x; 0,)], xR,

where F, is the empirical distribution function of Xj, ..., X,.

First we list the set of all conditions which will be used in our main
theorem (cf. Theorem 5.7.1). We emphasize that only subsets of it will be
used at appropriate places.

(72  wPG-0)=n" UK, 0)-+eu,
Jj=

where 0,=(04, ..., 0y,) is the true value of 9, I(-,0,) is
a measurable p-dimensional row vector valued function,
and &,, converges to zero in a manner to be specified later on.

(i) El(X;, 09)=0.

(i) MO)=E{I(X;, 0 -1(X;, 0y} is a finite nonnegative definite
matrix.

(iv) The vector V, F(x; 8) is uniformly continuous in x and
0€A where A is the closure of a given neighbourhood of 6,.

(v) Each component of the vector function I(x, 6,) is of bounded
variation on each finite interval.

(vi) The vector V,F(x, 8,) is uniformly bounded in x, and the
vector VI F(x;0) is uniformly bounded in x and 0¢A4,
where A is as in (iv).

(vii) lim (s log log 1 [s)"2]|1(inv F(s; Bo), 6,)]| =0
and
lim ((1—s) log log 1/(1—s))"*||/(inv F(s; 6y), 6,)|| =0,

where inv F(s; 8)=inf {x: F(x; 8,)=s}.
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(viii) s]|(@/@s)I(inv F(s; o), Bo)]| =C, 0<s<%
and
(1—5)||@/s)l(inv F(x; 65), )| = C, 3 <s=<1

for some positive constant C, where the vector of partial

derivatives of the components of I(inv F(x; 6,), 0,) with

respect to s, (8/ds)i(inv F(x; ), 0,), exists for all s€(0, 1).

The estimated empirical process J,(x) of (5.7.1) will be approximated
by the two-parameter Gaussian process

(5.7.3) G(x, n) = n~ V2K (F(x; 0,), n)
—{ [ 1x, 80)d,n ™2 K(F(x; 60), n)} Vo F(x; 0o,

where K is the Kiefer process of Theorem 4.4.3 (cf. also Remark 4.4.3),
G has mean function EG(x, n)=0 and covariance function

(574 EG(x, n)G(y, m) = min (n, m) - (nm)~*
-{F(min (x, ); 65)— F(x; 8) F(; 05
—J(x)+ Vo F(y; 00) —J () - Vo F(x; 05)
+Vo F(x; 0o)- M (60)- Vo F(y; 60)1}’

where M(0,) is defined by (5.7.2) (iii) and

J(x) = fl(z, 0o) d, F(z; 0,).

(Here, of course, F(min (x, y); 6,) =min (F(x; 6,), F(y; 6,)).) Since
M (6,) is nonnegative definite, there is a nonsingular matrix D(6,) such that

(51.9) - DEYMEDE) =g o

where I is the identity matrix and rank J=rank M(f,). Hence G(x, n)
of (5.7.3) can be written as

(5.7.6) G(x, n) =n""2K(F(x; 05),n)—n""*W(n)» D71(0y) - Vo F(x; 85),

where W (n)=[I(x, ;) d K(F(x; 0,), n)- D(6,) is a vector-valued Wiener
process with covariance structure: min (z, m) multiplied by (5.7.5).
Clearly we have for each n that

(5.7.7) G(x, n) = D(x) = B(F(x; 6,)
—{ [ 1(x, 80)d, B(F(x; 00))} Vo F(x; 6o,
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where -Z stands for the equality of all finite-dimensional distributions
and B(x) is a Brownian bridge. Thus ED(x)D(y)={ }, where {} is
the right-hand side factor in 5.7.4.

Theorem 5.7.1 (Burke, Csorgd, Csorgs, Révész 1979). Suppose that the
sequence {0,) satisfies (5.7.2) (i), (ii), (iii), and let

e = SUp |B(0)—G(x, n).

—oo <X < oo

Then

(@) &5, —— 0, if conditions (5.7.2) (iv), (v) hold and &, =~ 0;

(b) &, 22~ 0, if conditions (5.7.2) (vi)-(viii) hold and &,==~ 0;

©) e, 2= O{max (A(n), n~* } for some =0, if conditions (5.7.2)
(vi)—(viii) hold and &, 2= O {h(n)}, h(n)>0, h(n)—~0.

Remark 5.7.1. Durbin’s (1973a) result (under his null hypotheses -
Corollary 1 in Durbin (1973a)), i.e., B,(inv F(-, 8,)) -2~ D (inv F(-; 6,)),
follows from part (a) of Theorem 5.7.1, because of (5.7.7). Here —2—
denotes weak convergence in the function space D[0, 1). (This will also
be the case under his sequences of alternatives (cf. Theorem 5.7.3 and
Remark 5.7.4 concerning Durbin’s original setup).) We should point out
that Durbin used conditions (5.7.2) (i)~(iv), with &,,~<—~ 0, to prove this
weak convergence, but not (v). This slight regularity condition (5.7.2) (v)
(satisfied, sure enough, in each practical situation) is the only price we
pay for obtaining our in-probability representation of the limiting Gaussian
process in both x and n. Nevertheless, if one still would like to get rid
of this condition, then the use of Theorem 5.7.1 is still advantageous. As
the proof of part (a) will show, we have (without (v))

(5.7.8) sup |B,(x)— Y, (F(x; 89))| — 0,
where

Y, (s) =n"YV2K(s, n)——{n‘”2 gn' 1x;, 60)} Vo F(inv F(s; 85); 6,)"

In this way we could save a tightness-proof, since the tightness of {Y,}
reduces to the a.s. continuity of the Kiefer process. But one still has to
prove the convergence of the finite-dimensional distributions of Y, to
those of D(+) in (5.7.7), which is, at one hand, again easier than for §,,
but, on the other hand, is essentially a repetition of the proof of Lemma 3
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in Durbin (1973a). We should also note however, that, unlike in Durbin
(1973a), the continuity of F(x,0) in x is not used in Theorem 5.7.1.
Conditions (5.7.2) (iv) and (vi) can be satisfied without the continuity
of F (example: the binomial distribution).

Remark 5.7.2. Conditions (5.7.2) (vi)-(viii) are the extra ones used to
obtain our a.s. representation (in case of part (c) with a rate sequence)
of the limiting Gaussian process in both x and n. The thus gained results
(cf. Theorems 5.7.1 and 5.7.3) are analogues of a Kiefer type approximation
of the empirical process (cf. Theorem 4.4.3), while Durbin’s result (cf.
Remarks 5.7.1 and 5.7.4) is an analogue of Donsker’s theorem (cf. Theorem
4.2.1). Commonly used distributions such as the normal and exponential
and, in fact, all those density functions whose tail behaviour in the sense
of the requirements (5.7.2) (vi)—(viii) is like that of the exponential density,
satisfy these conditions when maximum likelihood estimators are employed.

Introduce the following

(5.7.9) &an(s) = "2 [F,(inv F(s; 0p))—s]—n~"K(s, n),
where K is the Kiefer process of Theorem 4.4.3. We have
ean(F (x5 00)) = n'[F,(x)— F(x; 0] —n~ "2 K(F(x; 6y), n).

Our proof of Theorem 5.7.1 hinges on the following two lemmas.

Lemma 5.7.1 Suppose that the vector function l(x, 8,) satisfies conditions
(5.7.2) (iii) and (v). Then, as n—»oo,

L, = [1(x, 0) dyes(F(x; 0)) 2 0.

Proof. Let T;(x) denote the total variation of the jth component
5;(-, 04 of I(+,0,) on the interval [—x, x], j=1, ..., p, and let T(x)=
=(T1(x), ..., Tp(x)). Clearly we can choose a sequence of positive numbers
u, tending so slowly to infinity that |T(u)|n""2log?n—~0. (If |T@)|
is bounded, then any u,—< sequence will suffice, while if [T (@)| /=,
then we take wu,=inv 7(v,), where v, " so that v,=o {n"*/log?n},
and inv T(y)=inf {x: |T(x)||=»}). With this u, then, consider

L= [ i(x 00) d.n"*[F,(x)~ F(x; 6]
1% >,

— [ I(x, 0) din~ K (F(x; 6), n)
(

x| >,

+ f I(x, 0,) dxsan(F(x; Go)) = Ly,—Lgy+ Ls,.

|*]=u,
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Integrating by parts and using Theorem 4.4.3 one obtains

1ol = || [ 2on(F 5 09) i, 00|+ || Tesn(FOx: 00) 15, 0] |

22 022 log n}T ()] 0.

If the components in L;, and L,, are denoted respectively by L{” and
LY, j=1, ..., p, then we have EL{)=EL{’=0 and

(5.7.10) ELPy =ELPy= [ B(x, 0)dF(x; 0y
[x|>u,
—( [ 109 dF(x; 6] —( [ 1(x 60 dF(x; 00))".

Whence, by the Chebishev inequality with &=>0,

P{ILyll + 1 Lol = 26} = 2 [ B(x, 0) dF(x; 6,),

Jj=1 |%|>u,

and this latter bound tends to zero by condition (5.7.2) (iii), since u,-> o,

Lemma 5.7.2. Suppose that the vector function I(inv F(x; 0,), 6,) satisfies
conditions (5.7.2) (vii) and (viii). Then, as n— oo,

L, = f H(inv F(s; 0,), 8,) deg,(s) 2= O{n—*},

for some >0, where &,(s) is again that of (5.7.9).
Proof. We have

L, = [ £,(s)(0/0s)I(inv F(s; 65), 6,) ds.

This latter equality is correct provided the function g, (s){(inv F(s; ), 8,)
at s=0 and s=1 is almost surely the zero vector. This, in turn, is true
by condition (5.7.2) (vii) and by the fact that the Kiefer process K(s, n)
(cf. Theorem 1.4.1) and the empirical process n/2[F,(inv F(s; 60))—s]
behave like (s loglog 1/5)'/2 and ((1—s)loglog 1/(1—5))"% as s\0 and
s 1, respectively.

Consider now

n-l/B 1/2 1~ n—l/B 1

L"zof r£ 1f + [ =LL+LL+ L+

2 1—n-1/8
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By Theorem 4.4.3 and the first part of (5.7.2) (viii) we have almost surely

1/2
L% = Ofn—Y2log? n} V[ [[@/ds)i(inv F(s; 6,), 0,)|| ds
Hi 12

= 0{n~2]og? n} I/'s‘lds

n-17

= O0{n~2log?n}.
Also,

n-1/3

ILL) = [ |B.(inv F(s; 6,))| - ||0/9s)1(inv F(s; 85), 65)||ds

n-Vs

+ [ In=V2K(s, m)| - [|@/0s) 1 (inv F(s; O), )| .
0

Since by (5.5.1.4)

G711 sup 16, (inv FGs; 09)(s(1~5) 74 £ Oflog ),

and by (1.15.1) .

(57.12) Tm sup [K(s,m)[4ns(1—s)loglog (m/(s(1—s))] 7| 2 1,

oo fcs<

we have by the first part of (5.7.2) (viii)
n-1/3

L) = O{logn} f (loglog (n/s))2s~12ds, as.,
0
207
The terms L, and Lj, are estimated similarly and hence the lemma.

Proof of Theorem 5.7.1. Using the one-term Taylor expansion of F with
respect to 6, we obtain

(5:7.13)  B.(x) = nV3[F,(x)— F(x; 0p)] —nV2[F(x; 8,) — F(x; 6,)]
= n"V2K(F(x; 8y), n)—n'/2(8,—09) Vs F(x; ;) +e5,(F(x; 60))
= n~V2K(F(x; 6,), n)—n~Y2(8,—0,) Vo F(x; 0o +&5,(F(x; O5)) +&4,(x),
where &, is defined by (5.7.9), and by Theorem 4.4.3
(5.7.14) sup |eaa(F(x; 65))| == O{n~Y2log?n},
while |6} —8,]=[|8,—8,] and
84,(%) = nV2(8,—00)(VoF (x; 89)—V, F(x; 67))-
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It follows from (5.7.2) (i), (ii) and (iii) that n/2(8,—6,) is asymptotically
a normal vector, and thus [8,—6,] = 0. Hence, using also (5.7.2) (iv),
we have

(5.7.15) Sup e, ()]~ 0.

Also, by conditions (5.7.2) (i) and (ii)
(5.7.16) nia(0,~0) = n™¥ 3 U(X,, 09+,
=1

= [1(x, 00) dnV2Fy(x) + &1
= [1(x, 6)) d nV2[F,(x)~ F(x; 09)] +e1,
= [1(x, 0) dun =K (F(x; 0), n)+Ly+esn,

where L, is of Lemma 5.7.1. Since the vector V,F(x; 68,) is uniformly
bounded in x by (5.7.2) (iv), part (a) of the theorem follows from (5.7.14),
(5.7.15) and (5.7.16).

To prove parts (b) and (c) we use the two-term Taylor expansion of
F withrespectto 0, in the second term of the first row in (5.7.13). Applying
also (5.7.16), we obtain

Bu(x) = n2K(F(x; 6p), n)—n'2(B,—0,) Vo F(x; 0,)f
~3n12(0,~ 0 V3 F (x, 0;) + &5, (F(x; 6,))
= G(x, n)+(L,+&1,) Vo F(x; 0p)
~3 (0, — 002 Vi F(x, 63) + &5, (F(x; 6y)),
where IIG,‘,‘—GOII§|]9,,—90H. If &,—~>~ 0, then it follows from (5.7.2) (i)
that 6} 2> ;. Hence the vector Vj;F(x; 67) is almost surely uniformly

bounded in x and n by (5.7.2) (vi). Because of (5.7.2) (iii) the law of
iterated logarithm can be applied componentwise to the partial sum
sequence in (5.7.2) (i). Whence we get [|n/%(8,—6,)2] = O {n~'2loglog n},
that is

sup [n12(8,—0,)2VEF (x; 6})|2: O{n—"2log log n}.

Thus, if (5.7.2) (i), (ii), (iii) and (vi) hold and ¢,, — 0, then

B.(x)—G(x,n) 2% esn() +O0{n"2log®n},
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where £5,(x)=(L,+e1)Vo F(x; 0. If (5.7.2) (vii), (viii) hold, then by
Lemma 5.7.2 L, = O {n~*}. Whence by (5.7.2) (vi)

SUP [&5, (x)] == 0,
and if, in addition, &, = O{/(n)}, h(n)=>0, h(n)—0, then

sup |z, (x)] 2% O{max (h(n), n—*)}.

The last sentence also completes the proof of parts (b) and (c) of Theorem
5.7.1,

The limiting Gaussian process G of Theorem 5.7.1 depends, in general,
not only on F but also on 6,, the true value of 8. Thus, in general,
Theorem 5.7.1 cannot be used to test the composite hypothesis

H,: FE{F(x; 0): 6c© < RF}.
In order to give an asymptotic theoretical solution to the latter problem,
we define the process G(x,n) by
(5.7.17) G(x, n) = n~Y2K(F(x; 8,), n)—n=12W (n) - D71(8,) - VoF (x; 0.,

where M(0) (cf. (5.7.2) (iii)) is assumed to exist and is nonnegative definite
for 8¢ A, and D(OY M(0)D(6) is assumed to satisfy (5.7.5). For W(n)
see (5.7.6). We have

Theorem 5.7.2. Suppose that the column vectors q0)=(0/06;)D=1(6)
«VoF(x; 6, 1=j=p, of partial derivatives exist and are uniformly
bounded on RX A. Then, under the conditions (5.7.2) (i), (i1), (iii) and (vi)
(5.7.18) sup |G (x, n)—G(x, n)| = &,
where &g, Zs0if 6,2+ 0, and &, = O(n=°) for some 6=0, if &,2%+0
as n—o. Consequently,

(5.7.19) sup  [B(x)—G(x, n)] = &k,

—wXx<oo

where &, converges to zero like ¢, of (a) or (b) or (c) in Theorem 5.7.1,
G is defined by (5.7.17) and &, by (5.7.2) (i).

Proof. Assume g, —=— 0, for it will be clear from the proof where to
make the obvious changes to arrive at the conclusion of Theorem 5.7.2
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in the case when &, =~ 0. We have
G(x, n)—G(x, n) = n~V2{K(F(x; 8,), n)—K(F(x; 0,), n)}
—n=12W (n){D (B IVeF(x; 0, —D 2 (0)VeF (x; 6,)).
On letting 4,=n"12(loglogn)/2 in Theorem 1.15.2, we have 7,=

= {2(nloglog n)"/2log [n*/2 (loglog n) "2/2]} %2~ {2(nloglog n)V/2logn*/2}—1/2
and hence, using Taylor’s theorem,

(5.7.20) n V2 sup |K[F(x; 8,), 11— K[F(x; 6,), n]|
= n~V2sup |K[F(x; 00)+0,~0)VoF(x; O)
+3(0,—00)2V5 Fx; 63), n]—K[F(x; 6,), n]|
22 0{n—* (loglog n)*"* (log n)/2},
where [[0*—0,]=(8,—0,]. The latter equality of (5.7.20) holds by con-
dition (5.7.2) (vi) and the fact that [8,—6, = 0{n="2(log log n)"/2}
if &, == 0.
Let Q(x, 6) be the pXp matrix whose jth column is the vector g¢;,(0).
Then we have
n=Y2W () - [D7(B,) - Vo F(x; 0,)' —D71(6o) Vo F(x; 6,)]
= n V2 (n)[(,—0y) - Q(x, O
2% 0{n—"21oglogn},
by the law of the iterated logarithm for the Wiener process W{n) and

for the partial sum sequence of (5.7.2) (i), and the uniform boundedness
of Q on RXA, where |8 —6,|=[08,~8,|. This, together with (5.7.20),

implies &g, — O(n~%) for some =0 if g, =%~ 0, and hence the theorem.

Remark 5.7.3. (5.1.9) says that G(x, n) is just as good an approximation
of B, as G(x,n) was. Now let »(8, o) (0<a<1; 6c©) be the number
for which

P{ sup+ |G (x, n; )| > (0, @)} = .
Clearly the function #: (8, o) is uniquely determined in this way and it is
continuous in 6 and «. This implies

a2 lim P{ sup [G(x, n; )| = m(@,, o)}

n—+occ —oo <X~ 400

= limP{ sup 1B, ()| > m(@,, o)},

n-+oco —oco X<+
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provided &, of (5.7.2) (i) goes to zero almost surely. Theoretically, one can
therefore propose the following test of level «: reject the composite
hypothesis Hy: F€ {F(x,0);0¢ @S RP}if sup  |B,(x)|=(8,, @), where

—o<x<+

@, is the numerical value of 8, in a given experiment. We should note,
of course, that the evaluation of (9, oz) itself appears to be quite difficult
for any given F.

Our method can be also applied to give an analogue of Theorem 5.7.1
under a sequence of alternatives. Suppose that the continuous distribution
function of the i.i.d. sequence is F(x; 4, 8), where A is a p;-dimensional
vector of parameters which is assumed to be known, and 6 is a p,-dimen-
sional vector of unknown parameters which is estimated by {8,}, based
on Xi, X,, ..., X,. Consider the null hypothesis

(5.7.21) Hy: (4, 0) = (o, 0),
where 6, stands for the true value of 8. Let
(5.7.22) B,(x) = n#2[F,(x)— F(x; Ay, B,)], x€RY,

where F, is the empirical distribution function. In addition to H,,
we also wish to study f, under a sequence of alternatives {H,} defined
as follows:

Let {,} be asequence of p,-dimensional (nonrandom) vectors satisfying
the condition

(5.7.23) ’ ln E Ao‘*"}’ on "1/2’

where y is a given constant vector. Let A; denote the closure of a given
neighbourhood of A, and let m=min {k; 4,€ 4,, for all n=k=>2}. Then,
consider

(5724 H,: (4, 0) = (4, 0,),
for n=m, m+1,... where 1, satisfies (5.7.23). If we choose A,=4,
forall n, ie., y=0, then H, and H, are identical.

First we list all the conditions whose appropriate subcollections will be

used in Theorem 5.7.3. These conditions are, of course, parallel to those
of (5.7.2).

(5.7.25) (i) Under H,:

nV2(9,—00) = n~Y2 3 1(X}, Ao, Og)+ AV + 2z,
=
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where A is a given finite matrix of order p,Xpy, ! is
a measurable p,-dimensional vector valued function, and
&,, converges to zero in a manner to be specified.

(i) E{I(X;, X, 0)|H,}=0 for n=0 and nz=m.

(i) E{I(X;, Ao, Oo)1(X;, Ao, O)|H,}=M(4,, 6,), a finite non-
negative definite matrix for each n=m which converges to
a finite non-negative matrix M=M(4,, 0,) as n—-oo,

(iv) The vector V,F(x; A,8,) is uniformly continuous in x
and A€A,, and the vector V F(x; 4y, 8 is uniformly
continuous in x and 6€A4,, where A, is the closure of
a given neighbourhood of §,.

(v) Each component of I(x, 14, 0,) is of bounded variation
on each finite interval.

(vi) The vectors V,F(x; A, 8y), VoF(x; 4y, 08,) are uniformly
bounded in x, while the vector VZF(x; 4, 6,) is uniformly
bounded in x and A€A,, and the vector Vi;F(x; i,,6)
is uniformly bounded in x and 8¢ A,.

(vii) Condition (5.7.2) (vii) holds for the vector
I(inv F(s; 49, 6,), Ay, 6,), where inv F(s; 4, 6)
=inf {x: F(x; A, O)=s}.

(viii) Condition (5.7.2) (viii) holds for the vector
I(inv F(s; 49, ), A, B5).

The estimated empirical process f,(x) of (5.7.22), under the sequence
of alternatives {H,} of (5.7.24), will be estimated by the two-parameter
Gaussian process

(5.7.26) Z(x, n) = G(x, n)— Ay Vo F(x; Ay, o) +yV, F(x; 4, 0p)',

G(x, n) = n"YV2K(F(x; 4y, 6o), n)
—{[1(x, 4o, 60)d.n V2K (F(x; Ao, o), n)} VoF(x; 4o, 05)'.

This process G(x, n) is the same process as defined by (5.7.3). The mean

EZ(x,n) = —Ay'VoF(x; Ay, 00) +7V, F(x; Ay, 6o,

and its covariance is given by (5.7.4), with the obvious changes in notation.
On letting

Z(x, n) = G(x, n)— Ay* Vo F(x; Ay, B,Y +9V, F(x; A, B,),



200 Strong Approximations

where G is defined by (5.7.17) (with the notation suitably modified), the
results corresponding to Theorem 5.7.2 continue to hold under the sequence
of alternatives {H,}.

Theorem 5.7.3. Suppose that conditions (5.7.25) (1)-(iii) hold, and let
Egp = SUP lﬁn(x) —Z(x’ n)l-
xeR?

Then, under the sequence of alternatives {H,},

() &, 0, if conditions (5.7.25) (iv), (v) hold and e, £.0;

(b) &g, ==~ 0, if conditions (5.7.25) (vi)~(viii) hold and &, 2=~ 0;

(©) &, = O{max (h(n), n~%)} for some &=0, if conditions (5.7.25)
(vi)-(viii) hold and ¢,, = O{h(n)}, h(n)=0, h(n)—~0.

Remark 5.7.4. Here the whole content (modified to the present situation)
of Remarks 5.7.1 and 5.7.2 can be repeated. Specifically, Durbin (1973a)
proved the weak convergence of B,(inv F(-;4y,8,), under {H,}, to
a process that can be represented by putting a Brownian bridge B(-) into
the definition (5.7.26) of Z in place of n~12K(-,n). He used conditions
(5.7.25) (i)-(iv) (with &, Z£.0) to prove this (he requires (5.7.25) (iv) in
a slightly stronger form than ours), and the extra condition that F(x; 4, 6)
is continuous in x for all (4, 6) in some neighbourhood of (4,, 8,). If
we want to prove this weak convergence (but not the two-parameter repre-
sentation in (a)) without condition (5.7.25) (v), then the method proposed
in Remark 5.7.1 works again with

Y,(s) = n"12K(s, n)

—{n_1/2 é l(Xj’ }'0’ 90)+A’yt} Vo F(inv F(S, }"0’ 00)’ 110, 60)‘
i=1

+9V, F(inv F(s; Ao, 00); Aq, O,).
Remark 5.7.5. Durbin (1973a) proves the weak convergence of
5,(5) = n2[F,(s)—s], O=s=1,

where F,(s) is the proportion of F(Xy; Ay, 0,), ..., F(X,; %, 0,) which
satisfy F(X;; A, 8,)=s. The processes 5, and J, are asymptotically
equivalent. In order to see this we first note that 8,(s)=p,(inv F(s; 4, 8,)),
where now inv F(s; g, O)=sup {x: F(x; Ao, 6)=s}. Secondly, if we
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assume that we have already carried out the program of the last sentence
of Remark 5.7.4 concerning the finite dimensional distributions of Y,
we prove also easily that

sup |Ba(¥) =Y (F(x; 40, 0,))| =0, as n oo,
Hence on putting x=inv F(s; 4,, 0,), we have
sup 16,(s)—=Y,(s)| =~ 0, as n oo,
0=s=1
which establishes asymptotic equivalence.

The proof of Theorem 5.7.3 is similar to that of Theorem 5.7.1. For
details we refer to Burke, Csorgd, Csorgd, Révész (1979).

Remark 5.7.6. If we assume that the function / possesses not only a finite
second (cf. (5.7.25) (iii)) but a finite absolute moment of order r,r>2,
then we can proceed the following way. Let D(4,, 6,) be the nonsingular
matrix for which D(4,, 0. M(4,, 6,)D(),, 8,) satisfies (5.7.5). Then,
by Theorem 2.6.3,

22 o(ntfn),

SU(X;, Ao, 0)D (L, )~ — W (n)
J=1

where W(n) is a vector-valued Wiener process (cf. (5.7.6)). If the underlying
probability space is still richer (if necessary), then there exists a Kiefer
process K such that W(n)={I(x, d9, 0o)d. K(F(x; Ay, 0g), n) D(4,, 6p).
Let &,=sup |B,()—Z(x,n)|, where Z(x,n) has the same form as
Z(x, n) in (5.7.26) with G(x, n) in place of G(x, n), where

(.7.27) G, n) = n=V2K(F(x; g, 0), 1)
—{fl(x; Ao» 00) don~V2R(F(x; g, 0p), n)} Vo F(x; Ay, 0p).

The above proof shows the following. Under the rth moment condition and
(only) (5.7.25) (i)~(iv) we have &, = 0, if &, —— 0, while under the rth
moment condition and (only) (5.7.25) (i)~(iii), (vi} we have g, ==~ 0, if
& — 0. Moreover, if in the latter case &,=0 {h(n)}, then g, 2=
O {max (h(n), n™7)}, for some t=>0 (cf. Remark 8 in Burke, Csorgs,
Csorgs, Révész (1979)). Naturally, the same type of “results” hold in
the simpler setting of Theorem 5.7.1. These “results” are entirely useless
at the present stage, since we do not know anything about the joint distri-
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bution of X and K in (5.7.27). Since g,--0, it follows from Durbin’s
weak convergence theorem that G(.,n) converges weakly to D(-) of
(5.7.7.). The problem is how to replace K by K in (5.7.27), so that we
should not have to fall back to Durbin’s weak convergence theorem in
order to make sense out of G(x, n). This was achieved in Lemmas 5.7.1
and 5.7.2 by imposing (very mild) extra restrictions on I. However, we
conjecture that this should be possible without the latter restrictions. It
appears that the proof of this conjecture (under the rth moment condition
and only (5.7.25) (i)-(iii)) would require an extension of the proof of

Theorem 4.4.3 to simultaneously approximating f, and Z"'I(X -
i=1

5.8. Asymptotic quadratic quantile tests for composite
goodness~-of-fit

In the previous section we investigated the problem of testing for the
composite goodness-of-fit hypothesis

Hy: FeF = {F(x;0): 6c0 S R?}

via the estimated empirical process and proposed a Kolmogorov-Smirnov
type statistic (cf. Theorem 5.7.2) for the latter H,. It is clear that applying
the method of that section we could have also talked about the estimated
quantile process. Other statistics, like, for example, the Cramér-von Mises
types, could have been also proposed in terms of the estimated empirical
as well as the estimated quantile process. In this section we continue to
study this problem, using the estimated quantile process, and will propose
a Cramér—von Mises type statistic. However, we will restrict ourselves
to the case when we have only scale and shift as nuisance parameters.
A description of this problem now follows.

Let F be a continuous distribution function with unknown location
and scale parameters —eo<p<-+4oo and o>0 respectively, and assume

x—u

that F is of the form F(x; u, 6)=F, ( ], x€ R, where F, is a known

distribution function with mean zero and variance one. Let # be the
class of all continuous distribution functions of this latter form, i.e.,

x—p

(5.8.1) F= {F(x; u, 6): F(x; p, 0) =Fo( ], — oo fl<<+ 0, G > 0}
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where F, is a known distribution function with

+oo +o0 +oo
[ xdf =0, [ ®dF=1, [ xdFj<e.

-0 —_—cc

Further let X;, X,, ..., X, be a random sample from a distribution F.
Our task is to test the composite null hypothesis

(5.8.2) Hy: F¢&F.

In case of the normal family, i.e., when F, of (5.8.1) is equal to &,
the literature is enormous. We intend to give here only those steps of
development concerning this specific problem of testing for normality,
which led us to our approach to the more general problem of (5.8.2).
We begin with the Shapiro-Wilk (1965) approach. In order to describe
the latter, we first note that our random sample is then of the form

(5.8.3) X, =0Z+p (i=1,2,..,n),

where the Z; are iid.r.v. with distribution function Fy=¢. Let the
elements of the ordered random sample be denoted by Z™ and X®
(i=1,2,...,n), the expectation of Z™ by m,, the column vectors with
coordinates Z®™, X™, m, by Z,X,m, and the covariance matrix of
Z by V. The minimum variance linear estimate of &, based on X, is

Ld mylx my1
= : (n) = e————— cen =
(5849 8, i=2; ;X T where (¢, ...,¢p) T
We note that the latter is the same as the minimum variance linear estimator
of ¢ when the mean u is known. The Shapiro-Wilk (1965) statistic for
testing H, of (5.8.2) with Fy=¢@ is

&

(5.8.5) Wy=—>"
i=21 X —X,)?

ith | .
, wit ,,—-;;

In order to evalunate W,, one needs to know the elements of ¥V, which
are evaluated only for sample sizes up to 20 (cf. Sarahan, Greenberg 1956).
In their quoted paper Shapiro and Wilk developed approximations for
calculating the elements of ¥ up to sample sizes 50. They also tabulated
the critical values of the distribution of W, for n=1, 2, ..., 50. Prompted
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by these tabulation difficulties and arguing heuristically that for large n
V should be close to the nXn identity matrix 7, Shapiro and Francia
(1972) proposed to substitute ¥ ! in (5.8.4) by I for large samples and
tabulated the critical values of their new statistic

n 2

[ 2 biXi(n)] '

(5.8.6) Wy=—=t 2 with (by, ..., b)=——o),
> (%,-X,) e
i=1

for 50=n=100. (For a justification of replacing ¥ ~1 by I we refer to
Ali and Chan (1964).) Now only the values of m remain to be known
and they are given by Harter (1961) for sample sizes 2=n=100 and for
some specific » up to 400. W, is closely related to the statistic

n ) _ Y 2
(5.8.7) M=Z€%f&ﬂﬁ,

n
where, as before, m;=E(Z{), and S§=-’172'(Xi—f,,)2. In fact, the
i=1

following relationship can be seen by elementary calculations:
(5.8.8) Ly =2n"2(Z m)"2(1—(n 3 m)2WHH2) +(nt2—( Z mi)/2).

Now using the statistic L/, it is natural to reject the hypothesis H, of
(5.8.2) with Fy=¢ for large values of L/ which is equivalent to rejecting
the same H, for small values of W, resp. for those of W, (cf. (5.8.8)).

DeWet and Venter (1972) proposed to substitute m; of (5.8.7) by
inv @ (71_-}1-_T) , the approximate expectation of Z{ under H,, and introduced
the statistic

‘ n (xX™_X, . [ i ]]2
(589) L,, = 1=Z]_' [—E——IHV¢ m —a,,

where a, is a sequence of norming factors, defined in terms of ¢ (inv &(+)),
whose approximate values they also tabulated. They also derived the
asymptotic distribution of L, with tables provided. The mentioned
asymptotic distribution of L, can be viewed as the first large sample
theory for the Shapiro-Wilk W, and the Shapiro-Francia W, tests for
normality.
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Considerations, similar to those which led us to introduce the statistic
MS(A) of (5.5.29) suggest that, for the family & of (5.8.1), we should
consider the estimated quantile process

(58.10) 40D = 4,(y; X, S)
= n2fo(inv Fo(n)(@0) — XIS, —inv K(), 0<y <1,

and the statistic

(5.8.11)

- e el G o)

. k ] X»-X, . ( k )”. ( k ]]H
f(,[va(,(’H_1 ][ S, mv F, —r. inv Fy — s

A=1,2 ...,

b
1=
!

for testing the composite goodness-of-fit null hypothesis H, of (5.8.2).
An advantage of looking at M,(4) instead of L, isin that no normalizing
factor like a, is needed for the asymptotic distribution of M,(1) to exist.
Hence, the calculation of M,(A) is easier than that of L,. We also note
that, in the definition of M,(1), Fy is not assumed to be the unit normal
distribution.

The main result of this section is

Theorem 5.8.1 (Csorgd, Révész 1980). Let X,, X,, ..., X,, be a random
sample with a distribution function FcF of (5.8.1). Assume that F,
also satisfies conditions (4.5.10) and (4.5.12) of Theorem 4.5.6. Further
assume (5.5.31) with r=>2(A+1) and

v F)| v RG]
G812 il =5 =0, il a5 >0

for some 1 =§ < 3/2,
+ o0
(5.8.13) [ i) dx <+ee,
Then, there exists a sequence of Brownian bridges {B,} such that for

A=1,2, ... we have

(5.8.19) M, () —G,(A)] -2~ 0,
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where

1
(58.15) G,() = [ B(»)i 7 d(inv FO)P +(T TGV (T 1T G+
0

~ATRRGD+ TP~ TITHI®),
and where

(58.16) 77 = [ B,0)d(inv Fp(y), T}= fl B,(y)27*d(inv F,(»))%

1 + oo
(817 J9= [fi(inv F())(inv KO dy = [ fi(x)xdx,
’ T a=a—1,4 441,

1
(5.8.18) 2P = [ B,0)iov RO)Fdy, a=2i-1,A
1]

Remark 5.8.1. We note that by Lemma 5.5.5 and (5.5.37), all the random
integrals occurring in the definition of G,(1) exist on assuming (5.5.31)
with r>2(A4-1) and (5.8.13) implies the existence of the non-random ones.

The proof of this theorem is based on a number of preliminary results.

For the sake of further reference we repeat here our zero mean, variance
one initial conditions on F, of & of (5.8.1) as:

(5.8.19) flinv Fy(y)dy = }mxdFo(x) =0,
1 + oo
(5.8.20) [Gav F)pdy = [ x*dFy(x)=1.
] -0

Lemma 5.8.1. Given (5.8.19) and (5.5.31) with r=>2A, we have

L k
-1 : — —1/2
(5.8.21) n kgivao[n_H]l o(n~12).
Proof.
nt SinvF, [-—k—] =|n-1 Z"'invF( k )—finvFo(y)dyl
k=1 ‘\n+1 =1 ‘\n+l)

1/n 1

= [ linvF()ldy+ [ invF()dy = o(n~13),
[H]

1-1in
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Corollary 5.8.1. If, in addition to (5.8.19) and (5.8.20), F;=f,#0 on
(a, b), where a and b are as in Theorem 4.5.6, then

_ n (n) _
(5.8.22) zz_ﬁ. =n1> X
[ k=1 [

k=1 n+l

=t Z", qﬂ[nil}

K=1 g fo (inv Fy (%))

=n~12104o(n"12),

where I,f’=n“1§,’ i ntl
k=1f invF[ k }
(1] L] n+1

Lemma 5.8.2. Given (5.8.20) and (5.5.31) with r>2(A+1), we have

n (n) __
=pn-1 2’ [#-inv FO [__E_)] +0(n—1/2)

+ o(n—1/2)

, and q) is as in (5.5.28) with F=F,.

n 2
n~! > |inv F, (7%]] —1|=o(n"12).

k=1
Proof. By (5.8.20) and an argument similar to that of (5.8.21).

(5.8.23)

Lemma 5.8.3. Assume that F, of (5.8.1) satisfies condition (4.5.10) of
Theorem 4.5.6. Assume also (5.8.12). Then

k 3
(5.8.24) n-vz ¥ [qg["“)}c 2.0
gt v 5, (7))

Proof. By Markov’s inequality it suffices to show that

] e
(5.8.25) En-12 > "\ntl : i 3 F "Zl
k=1 21 k=1 2
nfs [mv F, (n-HD nfe (mv F, [n+1)]
1-1/n _
~ n-12 y{l—y) dy =o(l).

i fa(inv Fy()
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Now by condition (4.5.10) and (5.8. 12) we have

T y-y) R N
682 [ TEvEon ‘“’ufn Ifo(mVFo(y))l

1-1/n —1/n
=7 [ < )5 dy+y f
1/n
0(log n) if 6= 1
oY) if 1<6<3)2,
which, in turn, implies (5.8.25), and Lemma 5.8.3 is proved.
Lemma 5.8.4. If, in addition to (5.8.19), (5.8.20) and (5.5.31) withr=2(A+1),
Fy also satisfies the conditions of Lemma 5.8.3, then

S,—o
Ca n~Y2 L+ 0p(n "),

)
0
n q"(n+1

k
1 -1 1 —_
where Il=n k=Z1f [ : [ X ]] [anFo[n 1)]
o |inv Fy —

Proof. By Corollary 5.8.1, (5.8.23) and (5.8.24), we have
_ - n (n) __ 2 Y _ 241/2
N R
o n ¥&y g o

={1 3 qﬁ(nil]k ])+inVF°(%f]2

Skl FALTA (invFo —

(5.8.27)

1/2
—(n -1/2 I;(H‘ o(n —1/2))2} —

1 =n [qﬁ.'[;zil)]2

= Fkg;foz(mv - [71%)] +140(n=12)
12
12 2 Z, n Gn ( I—:—l] [inv F (71-[5'—1_]] (10)2 +op(ntHE —1
=] So [inv F, (71——%]]

= (1+2n~Y2 24 0p(n~V2))H2 — 1
= nR I+ 0p (1)
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where o,(n~1/%) of the third equality above results from observing that, by
Corollary 5.8.1, I°n~1=0,(n"17%).

Corollary 5.8.2. If the conditions of Lemma 5.8.4 are satisfied, then the

estimated quantile process c_?,,[ -I:—IJ (cf. (5.8.10)) can be written in terms

k
0 .
of the process q, (n+ 1] as follows:
(5.8.28) ‘(——k ) ’( 0 X, S]
. q?l n+1 q ne n

= 1+:p(1) {qg [nlj- ~Iho [mVF"( )]
~If, [inv F, [7]:_—1)] [inV F, Y ]}+0}=(1)fo [mv Fy ( ﬁ-l)]

+op(1)fy [inv F (7%]] [inv F, [n—’j_—l)] .

Proof. By Corollary 5.8.1 and Lemma 5.8.4 we have

O T = A
q"[n+l]_n f(,[va0 T S inv F P
. k X®—u ( k ] X,—u
— pl/2 — -
" fo(vao[ +1]]S { o inv Fy n+1 ¢
s, : k ]
() (o )}

1 k . k
T Tgnie I} +o0p(n~1%) {q,‘,’ (n+ 1 ) — (2 +0p (D)o [mv F, (m]]

— (B +op(D)f [inv F, [n f 1 ]] [inv F, [;1—%]]}

and the statement of (5.8.28) is proved upon observing also that, by
Corollary 5.8.1, n=12[ =0,(1).
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Proof of Theorem 5.8.1. In the light of Corollary 5.8.2 M,(1) can be
written as

(5.8.29)
= >4 k : : k ) k i-1
M, () = kg; {n 1 [q,. [m]] /fo [mv F, [m])} [an F, [n — ]]
= —1—;;—1»5 {MRQ)+(I8)2 T2~V (T2 JA+D

~ 2R+ RRP — 113 )
+0P(1){Jn(l—-l) +J,$;'+1)}+20P(I){R,(,l'1) __]'l')Jn(J.—l)
—RIPLRPD _[JD 1yt () =1,2,..),

where M2(4),I° and I are respectively defined in (5.5.29), Corollary
5.8.1 and Lemma 5.8.4, and

(5.8.30)
-1 < . k ) k ]“
(2) — 1 _— —_— = A—
B =n kglf“[mF“(nH]][‘“VF°{n+1 ] a=A=-14,2+1,

n k k)
(@) — 5-1 0 i P, = ]
(5.8.31) R} ) ké’l g, (n+1)[anF°(n+l]] , a=AiA~-1,4A
We have already remarked that the integral J@ of (5.8.17) exists,
and hence

(5.8.32) J® -~ J®  ag n oo, (@=Ai-1,4,1+1).
By (5.5.39) and (5.8.18) we also have
(5.8.33) |IR® —AP| L+ 0, as n e, (@=A-1,4).
Hence, in (5.8.29) the terms R (¢=1—1, 1) have limit distributions
and the terms J® (@=A—1, 4, A+ 1) have finite limits. Also, by Corollary

5.8.1, resp. by Lemma 5.8.4, I resp. I} converges in distribution to
a A(0,1)rv.resp. toa A (0, %EX {—%] r.v. These facts together
imply that the term
0p(D{IAD + I 449} 4
+20p({RG—Y — T3~ = BIP + R~ I I P ~ LI}

of (5.8.29) goes to zero in probability for A=1,2,.... Thus, by Theorem
5.5.3, (5.5.40) with 6=0 and 1, and by (5.8.32) and (5.8.33) we get our
statement (5.8.14).
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Theorem 5.8.1 now, in principle, gives the asymptotic distribution of
M,(%). Let

(5.8349) G = f BX(y)i7rd(inv Fo(0))*+ (792 J G-V (T2 g G+V

—2(TORGD L FTIRP _ gog1 JA)
where A=1, 2, ... and

1 1
(5835 7= [ BO)d(inv Fy(y)), 1= [ B(»)2d(inv Fo(»),
0 0

(5.8.36) A = [ B(y)(inv F())dy, a=2—1,A

0

Since, for every n, G,(4) Z G, (4=1,2,..)), we have

Corollary 5.8.3. The conditions of Theorem 5.8.1 imply
(5.8.37) M, -2~ GW), A=1,2,...

In the case when the parameters u and ¢ are known then, naturally,
we use the statistic M?(1) of Theorem 5.5.3 instead of M, (1) of Theerem
5.8.1, and the proof of the latter reduces to that of the former. In fact in
the x4 and ¢ specified case, J," and J;! resp. J° and 7 should be
simply replaced by zero in (5.8.15) resp. in (5.8.34).

We note that the distribution of G(1) does not depend on the unknown
parameters u and o of &, i.e., the nuisance parameters of H, of (5.8.2)
are now eliminated. This means that via Corollary 5.8.3 we have a possibility
of testing for H,, provided we can evaluate the distribution of G(4)
for a given F,. However this task will not be simple in general. We
observe, however, that the distribution of G(1) is somewhat simpler
when F, is symmetric around zero. In the latter case J¥=0 if A is an
odd integer, and J*V=J¥+D=0 if 1 is an even integer; i.c.,

1
(58.38) G() = [ B*(»A~'d(inv Fy(n))* +(TORJG-D 4 (F 1R g ¢+
’ —2(T RV 1),
if A is an odd integer and F, is symmetric around zero, while

(5.8.39)
1
G = [ Bp)A~1d(iny Fy(y)) ~2(T R~V 4 T1D — F0 I D),
0

if A is an even integer and F, is symmetric around zero.
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Further simplifications are gained if one of the parameters u and o
are assumed to be known. If ¢ is assumed to be known, then 71 in
(5.8.34) should be replaced by zero and then (5.8.37) reads

1 .
(5.840) M,()-=~ [ BA(y)A~d(inv Fy(y)) +(FORJO~D 29701,
0

while, if p is assumed to be known, then F° should be taken to be zero,
and then (5.8.37) results in

1
(5.841) M)~ [ B(»)A~td(inv Fy())*+ (DRI 271D,
0
Combining now (5.8.39) with (5.8.40) and (5.8.41), we get
1
(5842 M) [ B()itd(inv F()) —-27°24-Y,
0

if A is an even integer, Fy is symmetric around zero and ¢ is assumed
to be known, and

(5.8.43) M,(}) -2 [ B(y)A~td(inv Fo(p)) -2 A%,

if A is an even integer, F, is symmetric around zero and u is assumed
to be known.

However, it is of no use to combine (5.8.38) with (5.8.40) and (5.8.41),
for then we get again (5.8.40) and (5.8.41) only.

Going back to the definition of M, (4) (cf. (5.8.11)), we observe that it is
a positive r.v. when 4 is an odd integer and it is a real valued r.v. when
A is an even integer (the same observation holds for M2(1) of (5.5.29)).
Hence, if A is an odd integer, we should reject the null hypothesis H,
of (5.8.2) when M,(1) is too large and, if A is an even integer, we should
reject H, when M, (1) is too large or too small. We also observe that,
if 2is an odd integer, and if H, is not true then M,(1) 22+ as n-—»co.
This means that the proposed test is conmsistent against any alternative
hypothesis when A is an odd integer. On the other hand, the proposed
test is not necessarily consistent against all alternatives when A is an even
integer. For example, if F, is symmetric around zero then the proposed
test is definitely not consistent against symmetric alternatives in the case
of A even.
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5.9. On testing for exponentiality

In the definition of the estimated quantile process ¢, of (5.8.10) the
sample mean X, and the sample standard deviation S, were used to
estimate p and o respectively. Any other method of estimation for
1 and o, like for example maximum likelihood estimators, could have
been used. Indeed, it is desirable to work out an analogue of Theorem
5.8.1 in a more general context, like that of Section 5.7, for example. .
Instead of taking this general route, however, in this section we are going
to concentrate only on testing for exponentiality.

We consider the family of exponential density functions

(5.9.1)  Exp(4, B) = {f(x; 4, B): f(x; 4, B) = B~f, [";A)
= B~exp (—(x—A)/B), x > AER', B> 0}.

First we observe that f,(x)=e~*, x>0 is not like F, of (5.8.1) in the
oo 1
sense that here we have [ xfy(x)dx= [ (x—1)*fy(x)dx=1 instead of
(1] 0

mean zero and variance one. However, the methodology of our preceeding
section is applicable.

Let Xy, X,, ..., X, (n=2) be iid.r.v. with a density function f and,
on the basis of this random sample, we wish to test the following composite
null hypotheses

(5.9.2) H": f¢Exp (0, B), B=>0,
and
(5.9.3) H{®: fcExp(4, B), A€R, B=>0.

First we deal with H® of (5.9.2). In this case X;, X,,..., X, are
assumed to be independent positive random variables and, given H, X,
is the maximum likelihood estimator of B of Exp (0, B). It is natural
then to define the estimated quantile process of the family Exp (0, B) by

(5.9.4)

z k]"l/zX’En)' [k] . (k] =
qn[n+1 =n X,, inv F; n—_ﬁ' fo anFo n—'H- , k=1,2,...,n,

where, given H{" of (5.9.2), X (1=k=n) are the order statistics of the
independent Exp (0, B) r.v. X, (0=k=n).
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We note that the above estimated quantile process of (5.9.4) is different
from that of (5.8.10). Also Fy(x) of (5.9.2) is Fy(x)=1-—e"%, x=0, and
hence inquo[

n

_kk 1)=log [1/( 1 —Fkﬁ)] and f, [inv Fo[nLH]] -1 ’571:—1
(1=k=n).

Now the process g1 of the family Exp (0, B) is

- (5.9.9)

kY _ o (k]X,ﬁ")_. [k)
q"(n+1) " f"[""’F" ) BT b))y 1=k=En

and our Theorem 4.5.7 holds for the latter with y=1 in (4.5.10). Also,

since [ xdFy(x)=1, instead of Lemma 5.8.1 we now have
0

2. k
(5.9.6) n-t k;z; inv Fy [n+ ] ]_ 1| = o(n~V2),
and hence
(5.9.7)
Xn__ -1 nX’?:)_ -1 S Xlgn)_- ( k )] -1 [ k )
Z =" 131’3 =n kg'l 5 inv F, P +n Z'vao T

= pn=2104+ 14 0(n13),

where I? is as in (5.8.22), but now defined with g, of (5.9.5).
Consequently we have (cf. (5.9.4), (5.9.5) and (5.9.7))

. [inv F, (n-:fl ]]}fo [mv Fo[ 1 )]

1 of K .
N 1+0p(1){q"(n+1] If“[mVFo ][lnvF0

) o)

)

+op(1)f, [mv F, (

where -)% = via (5.9.7).

1
1+0p(1)
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As to the appropriate analogue of the statistic M,(A) of (5.8.11) with
g, asin (5.9.8), for i=1,2, ... we have

(X 1 2[ k ) R
(599 M, = 2 |5—~log — - 1051_ T
n+1 n+1l

1

= Thor®) (M) + (I = 2R+ 0p (DT A+ +20p(1) -
P

. (Rn(l) _1’? _]"(1+1))’
where MJ(2) is as in (5.5.29), but now defined in terms of ¢¢ of (5.9.5),
JA* s asin (5.8.30) and R is as in (5.8.31) with ¢? of (5.9.5).

Consequently, for M,(1) of (5.9.9) we have the following (5.8.14)
type statement

(5.9.10)

2() 471 d (inv Fy(0) + (T A0 =252 Y = 0p(1),
A=12, ..,

where 7, is as in (5.8.16), J**P s asin (5.8.17) and &P is as in (5.8.18),
all of them in terms of Fy(x)=1—e"%, x=0.
Whence we have

Theorem 5.9.1. Given H® of (59.2), and M,(X) as in (5.9.9), T resp.
AP as in (5.8.35) resp. iP(5.8.36),

(5.9.10)0 M, )2~ {f i B2 (y) At d(inv Fo(n)* +(F02 G0 270%™
1 A-1 A
=6[ 1192_9;) [logﬁ] d +( B(y) dy] f (1-y) (log1 ! ] de

B ( _
2Of dyf B(») logl ] dy, =12, ..
If A=1, then (5.9.10) implies

P B(}’) B(y)
(5.9.11) M,.(l)—-*0 p y+4( -y y]

2f B(y) dyf B(y)[log1 y]dy.
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As to testing for H{" of (5.9.2), we should reject H when M, (%)

is too large, whatever the value of A might be, since inv Fo(y)=log IL >0
(O<y<1). 7

If we are to test H® of (5.9.3), we can make the following transforma-
tion: X;—X, X,— X, ..., X,— X" and delete from it the term which
equals to zero (with probability one there is only one such term). Let us
denote the resulting variables by Y;, Y,, ..., ¥,_;and let Y* V< Y-V |
.. <Y1 be their order statistics. Given H{® of (5.9.3), 13, Y, ..., Y,_,
are independent Exp (0, B) r.v., and the above procedure thus modified,
can now be used also to test for H® of (5.9.3).

We note in passing, that the very first test for exponentiality, which was
proposed by Fisher (1929), can be viewed as a predecessor of our test
statistic M, () of (5.9.9). In order to test for H® of (5.9.2), Fisher (1929)
proposed the statistic X®/nX,, and tabulated its critical values.

Supplementary remarks

Section 5.1. An analogue of Theorem S.1.15.1 for the uniform empirical
process is immediate. Define »((yy, y5])=n"2(a,(y2)—2,(31)). We have

Theorem S. 5.1.1. Let O<ey<%, O<ay=N, where ay is a sequence of
integers, such that ey and ay/N are non-increasir.tg and ay is non-decreasing
in N. Assume also that

(S.5.1.1) ayey(log N)~t=C=0.
Then
(8512) im sup  sup  sup Bupe((y,y+skn+ay)—x%((y,y+sLn)

Norco 1=n=sN-—an0sy=l—ey 0=s=ey

=Tm sup  sup Bylx((y, y+enh ntay)—#(0n y+eal m)| =1,

N-+co 1mp=N—ay 0=p=1—gy

N —1/2
where By = [ZaNsN(l —&y) (log +loglog N]] .
Exay .
If we also have
1 N
lOg-s—"a—
(8.5.1.3) lim N¥ o

NoowloglogN ™~

then hl;iﬁ in (S.5.1.2) can be replaced by lim .
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This result can be viewed as an analogue to Theorem 3.1.1 and the ErdGs-
Rényi law (cf. Theorem 2.4.3). Clearly, one can formulate several other
analogues of these Erd3s—-Rényi-type laws. We do not study this question
here, and for further insight we refer to the paper of S. Csorgd (1979).

The following question, which can be considered as an analogue of
Theorem 5.1.4, was studied in several papers: if g(») is a function on
[0,1], then what are the limit properties of the sequence

IF, ()= F()
cise GUF(M)

Studying the process B, over the whole real line Csaki (1975) proved
also

as n—oo (cf., e.g., James 1975).

Bl Yewwen

310 [ FOU-Fe)) e

provided F is continuous.

Section 5.3. The analogue of Theorem S.5.1.1 for quantile processes
is straightforward.

Section 5.4. The herewith given proof of Corollary 5.4.3 differs slightly
from that in the paper of S. Csérgd (1976). The present version is also
due to him.

Section 5.5. Theorem 5.5.2 proposes a two-step estimation of f (inv F(y)
via estimating f and inv F separately. In a recent paper (Csdrgd, Révész

1980b) we proposed a direct, one-step estimation of for the

1
f(inv F(y))
sake of producing confidence band for inv F(y).

Section 5.7. The special case of Theorems 5.7.1 and 5.7.2 when 8¢ @ S R!
was studied in Csérgd, Komlés, Major, Révész, Tusnidy (1977). For some
further elaboration on this problem under a sequence of alternatives we
refer to Burke, Csérgd (1976).

Maximum likelihood estimators often satisfy (5.7.2) (i) with ¢, =2+ 0
or &,—2» 0 (cf, e.g, Ibragimov, Has’minskil 1972, 1973a) and
I(x, 60) =V, logf(x; 6o) - I7(6,),

where f is the density function of F and I-2(0,) is the inverse of Fisher’s
information matrix:

1(6y) = E (Vo logf(x; 80)) - (Vologf(x; 69).
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For illuminating comments re. this matter (the familiar Cramér-type
conditions) we refer to Section 4 in Durbin (19732). In particular, we
find ourselves in agreement with his suggestion that for any particular
problem a maximum likelihood or other putative efficient estimator should
be first constructed and then the validity of (5.7.2) (i) should be checked
directly. It can be shown, however, that maximum likelihood estimators,
under certain regularity conditions, have a sum representation with

E1p = O(n™®), for some £=0, in (5.7.2) (i), via extending the technique
for 8 one-dimensional of Ibragimov and Has’minskii (1973b) to the
# multi-dimensional case (cf. Burke, Cs6rgd, Csorgd, Révész (1979)).

Durbin (1973b) points out that if 6 is estimated by a sequence of
maximum likelihood estimators based on a randomly chosen half of
X,, X, ..., X,, then the resultant empirical process converges weakly to
a Brownian bridge (cf. also Durbin 1976). This line of thinking was
initiated by K. C. Rao (1972). Let

B.(x) = n'2[F,(x)—~ F(x; 8,)],

where {8,} is a sequence of maximum likelihood estimators based on
a randomly chosen half of Xy, X,, ..., X, and F, is based on the full
sample. Then assuming that &, of (5.7.2) (i) goes to zero in probability,
resp. a.s., B,(x) can be approximated in probability, resp. almost surely,
by a Kiefer process n~12K(F(x; 6,),n), uniformly in x€R. Thus,
B, behaves asymptotically as if 0 were completely specified. For a proof
of this result, we refer to Csorgs, Komlds, Major, Révész, Tusnady (1977)
and to Burke and Cs6rgd (1976). (Cf. also Theorem 4.2 in Burke, Csérgd,
Csorg8, Révész 1979.)



6. A Study of Further Empirical Processes
with the Help of Strong Approximation Methods

6.0. Introduction

Let X;,X,,... be a sequence of iid.r.v. with distribution function
F(x), density function f(x) and characteristic function c(¢). We saw
in Chapters 4 and 5 that the empirical distribution function F,(x) of the
sample X, X,, ..., X,, is a natural estimation of F(x) and also that the
quantile function Q,(y) can play a similarly natural role when estimating
inv F(y). In this chapter we intend to study some related problems
concerning density and characteristic functions. A similar problem arises
when a regression function r(x)=E(Y;|X;=x) is to be estimated from
a sequence (Xi, Y9), (X3, Ya), -.., (X,, ¥;,) of iid.rv.

In the above formulated three estimation problems a fundamental
question is to find the natural estimators. This chapter is divided into
four sections. The first two are on empirical densities, Section 6.3 is
concerned with empirical regression, while Section 6.4 is on empirical
characteristic functions.

6.1. Strong invariance principles and Limit distributions
for empirical densities

Let X;, X3, ..., X, be a sequence of i.i.d.r.v. with density function f(x).

Let K,(a,b) be the number of elements of the sample X,, X,, ..., X,
b

lying in the interval (a, b). Then the probability P(a<X;<b)= [ f(t)dt

a
can be estimated by the relative frequency n~'K,(a, b) (if n is big enough)
and the value of a continuous f(x) (a<x<b) can be estimated by

b
(b—a)~t [ f(¢) dr (if the interval (a,d) is short enough), i.e.,

b
fx) ~ B=a)" [ f(t)dt ~ (n(b—a))"'K,(a, b) (a=<x=<Db).
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(Here the sign ~ does not stand for any precise mathematical statement;
it only indicates an intuitive near equality.)

Hence an empirical density function f,(x), in the interval (g, b), can be
defined as

o =(n(b-a)"'K,(a,b) (a<x=<b).

Roughly speaking this is the idea behind most of the definitions of an
empirical density function. When attempting a definition of this type one
makes two errors. The first one occurs when the function f(x) is estimated

. b
by its integral mean (b—a)™? f f()dt, and the second error, in turn, is
a

b
made when the probability f f(t) dtis estimated by the relative frequency

n~3K,(a, b). The first error is small if the interval is short while the second
one is small if the interval (a, ) contains a large enough number of
elements of the sample, that is when (g, b) is not too short. Hence one of
the main problems is how to find a good compromise between these two
opposing tendencies.

Now we turn to some exact definitions of the empirical density function.
In these definitions and also in the sequel of this chapter, {#,} is a de-
creasing sequence of real numbers tending to 0 and {/,} is an increasing
sequence of integers tending to - o,

Definition 1 (Hystogram). Let
ceeg X_1(n) < x4(n) < x,(n)...
be a partition of the real line such that

XM —x;my=h, (=0, +%1,%2,..)
and define
Sax) = nu) = (nhn)_lKn(xi(n)9 xH-l(n)) if x;(n) <x<x;4.(n).
The basic idea of the next definition is to collect those elements of the

sample which are near to a fixed x.

Definition 2. Let
£,(x) =f®(x) = (nh,) K, (x—%l, x+%) for any x.

This definition can be reformulated as follows: set
1 if -d<x<4,
0 otherwise.

e(x) ={
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Then clearly we have
©.1.1) O = (k) 3 e((e—X)hrY).
i=1

Rosenblatt (1956) (cf. also Parzen (1962)) proposed a generalization
of (6.1.1) so that e(x) should be replaced by an arbitrary density function A.
Whence the following:

Definition 3. Let A(x) be an arbitrary density function and define

+ oo

1) =12 = () UG- = bt [ A(=0)h)dE,0),

where F, is the empirical distribution function based on the sample
X, X3, ..., X,. For an optimal choice of A we refer to Epanechnikov
(1969).

Suppose that the density function f is vanishing outside an interval
—co=A<B=+e< and is square-integrable inside. Let ¢={@;(¥)}im;
be a complete orthonormal sequence defined on (4, B). Consider the
Fourier expansion of f:

é g, (o= [ o()f(x)dx).

The next definition of an empirical density function is based on an estima-
B
tion of the Fourier coefficients ¢;. Since ¢o= [ @4 () f(x) dx=Eg, (X)),
A

we give our

Definition 4 (Cencov 1962, van Ryzin 1966, Schwartz 1967). Let

ln
Ja(x) =fn('p) = k‘=2; Gop(x) A=<x<B)
where

n
G =n"1 3 o (X)).
J=1
Finally we give a very general definition which contains the previous
ones as special cases.

Definition 5 (Foldes, Révész 1974). Suppose that f(x) is vanishing
outside the interval —oco=C<D=+ < andlet ¥ = {ij, (x, y)} bea sequence
of Borel-measurable functions defined on the square (4, B)® where
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(C,D)S(4, B). Then an empirical density function can be defined as
follows:

7 B
f)=fP =07 Z4,(6 X) = [ va(x, ) dF,0).

Choosing now

lﬂ
(6.1.2) Yalx, y) = ,é; @;(x)e; ()
resp.
(6.1.3) ¥u(x, ¥) = B A ((x =) ")

we get our Definition 4 resp. Definition 3. In order to get Definition 1 as
a special case, simply let

+ o
(6.1.4) V() =kt 3 a () (y),
j=—o
where
1 if x,_ (n)§x<x.(n),
(n) — i1 J
4" (%) {0 otherwise

and x;.,(n)—x;(n)=h,.
Now we say that the sequence ¥ ={,(x, »)} (defined on (4, B)?)
produces an asymptotically unbiased estimation of f if for f,=/f®

B B
615)  E,=E [ 0,00 NdE0)= [ .05 )dFQ) ()
A A

for every x€(4, B). The estimator /¥ will be called uniformly asympto-
tically unbiased if the convergence in (6.1.5) is uniform in x. f® will be
called a m=n(n) estimation of f if

(6.1.6) JSup [Efa(x)—f ()| = n(n) = n(n; 4, B).

Suppose that £f¥ is a = es}imator of f. Then, applying Theorem 4.4.1
resp. Theorem 4.4.3 and assuming that the functions ¥,(x, ») have uni-
formly bounded variations, say, sup var Y, (x, »)=V,, and

1
(617 Jim 1, 91|/ FO) toglog

= Lim [y, (x, )| V(l —F() loglogT;—i-v—(W =0, x€(4, B),
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we get
L) =f(x) = (fu—Ef)+(Ef,—f)
=n"12 [ y,(x, y) dnV2(F,() — F(y)) + Ef,—f
A
B
=n"12 [ n2(F,()—FO) d,¥a(x, y)+Ef,—f
A
B
2 012 [ B(F())dyYu(x, »)+ 00V, log n)+Ef,—f
A
2% 07302 [ B,(3)dy 0 (x, inv F())+0(n =V, log n+n(n),
resp.

n2(f,—f) 22 n=12 [ K(F(y), ) d,(x, y)+0(n~V2V, log? n+ni/2n(n))

1
A% p-12 fK(y,n)d,n//,,(x, inv F(y)) +0(n=12V, log n+ n'2x (n)),
1]

where {B,} is a suitable sequence of Brownian bridges and X is a suitable
Kiefer process.
Consider the following Gaussian processes:

6.18) T, = [v.(x v F())dB,(3) = [ B,(3)dy¥,(x, inv F(»)),
0 0
and

(6.1.9)
1 1
T my= [ inv FGY) K@, m) = [ K(p, n)d,¥,(x, inv F(»)),
0 0

where integration by parts is justified by (6.1.7). Then the above results
can be summarized as follows:

Theorem 6.1.1. Let f(x) be a density function vanishing outside an interval
—oo=C<D=+co. Further let y={y,(x, y)} be a sequence of functions
defined on (A, B)? with —c=A=C<D=B=+4 and

(6.1.10) sup v}?r ¥, (x, »)=V,=V,(A, B).
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Suppose f¥ isa n estimator of f. Then

(6.1.11) sup [nV2(f,—f)—I,| = O(n=12¥, log n+n1’27z(n))
and

(6.1.12) sup |n(fy—f)=T'(x, n)| = O(V,log? n-+nu(n).

In order to get concrete results we have to evaluate the value of ¥, and
n(n) in specific cases. This can be achieved by standard methods of classical
analysis and the required results are known for several . We list a number
of these in the sequel.

Lemma 6.1.1 (Révész, 1972). Let ¢ be defined by (6.1.4) and assume that
h,~0 as n—+oo. Then

Ef,(x) > f(x) (n ),

if x is a continuity point of f. If we assume also that f(x) is uniformly
continuous on an interval —oo=A<B=+ o, then for any £>0 we also have

sup  |Ef,(x)—f(x)| - 0.
AtesxsB—e

If f(x) has a bounded derivative on an interval —o~=A-<B=+ o, then
Jor any >0 we have

sup  [Ef,(x)—f(x)| = O(hy).

Ate=x=B-e
Further we have
SEP V?.I' wn(xs y) = Vn = hn—l

(Clearly we mean —oo+-& ==—oc0, +c0—g =+ )
Lemma 6.1.2 (Bochner 1955, Parzen 1962, Révész 1972). Ler s be defined
by (6.1.3). Assume that A(x) is a bounded density function for which
|llmlo xA(x) = 0.

Then
Efy(x) ~f(x) (n—>o),

Jfor any continuity point of f.
If we also assume that:
() f(x) has a bounded second derivative on an interval —eo=A<B=+ o,

(i) Jim x(x) =0
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and
+oo
(iii) [ xxdx=0,

then, for any e>-0, we have
sup  |Ef,(x)—f(x)] = O(hp).

Ate=x=B—s

Further if ) is a function of bounded variation, then we have

sup var ¥, (x, y) = V, = O(h;").
x ¥y

Lemma 6.1.3 (Zygmund 1968, p. 64, Theorem 10G). Let \ be defined by
(6.1.2) where (A, B)=(0, ) and @,(x)=V2/n cos kx. Suppose that f(X)
is differentiable on (0, n) and its derivative has a bounded variation. Then,

for any >0
sup |Ef,—f| =0 (")

s=x=n—2
and

[ (Ef,—frrdx=0(;9.

Further
sup var i, (x, y) =V, = 0(,).

Theorem 6.1.1 and Lemmas 6.1.1, 6.1.2 and 6.1.3 enable us to study
the Gaussian processes I',(x) and I,(x) of (6.1.8) and (6.1.9) instead of
directly studying the process n'2(f,(x)—f(x)), which is usually more
difficult to handle. In order to do so, the following simple theorem for
general Gaussian processes will be useful in the sequel.

Theorem 6.1.2. Let G,(x) (A<x<B;n=1, 2, ...) be a sequence of Gaussian
processes with
EGn(x) =0, R,,(u, U) = EGn(u) G,,(U)
and

B B B
Ef Gi(x)dx = fEG?,(x)dx= fR,,(x, x)dx = m, <+ oo,
A A A

Assume that R, (u,v) ((u, v)E(A, B)2) is continuous at any point (u, u)
(A<u<B), square integrable,

B B B
(6.1.13) Ai=Var [Gi()dx=2 [ [R(u,v)dudo~= (n—<)
A A A
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and
B B
[ ([ R, ) f@)dv)*du
(6.1.14) 4 4 -0 (n—<)
f fRﬁ(u, v) du dv
A A
for any fEL¥A, B).
Then
(6.1.15) 41 [ Giwydx—m,) 2~ # (0, 1).
A

Proof. Define the integral operator £,€L% 4, B)—~L* 4, B) by

Rof = fBRn(u, 0)f(@) dv
A

and let ¢ resp. A" be the sequence of eigenfunctions resp. eigenvalues
of #,. Then the Karhunen-Loéve expansion of G, (cf., e.g., Yeh 1973,
p- 283, Theorem 19.4) is

(6.1.16) G,(x) = Z (A" 2™ (x)N™,

i=1

oo
i=1

where, for any n, {N{
and by (6.1.16) we mean

is a sequence of independent A°(0, 1) r.v,,

B

o 2
f (Gn(x)_ 2 (M2 (x)N;(")] dx 22+ 0 as n—oo.
i=1

A

Now (6.1.16) implies

B oo
(6.1.17) f GE(x)dx = > AM(NM)2
A i=1
and
6.L18) my= 33", 45=2 3 G
i=1 i=1

Since (6.1.14) implies
max A

(3 o)

(6.1.19) 7 =0 ()

we have (6.1.15) by (6.1.16) and (6.1.18) and the central limit theorem.
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Now we are in the position to study the Gaussian process I', of (6.1.8).
First we show that for some ¥ the conditions of Theorem 6.1.2 are satisfied,
so we can conclude that (6.1.15) holds in such cases.

As an initial step, instead of I',, we investigate the Gaussian processes

(6.1.20) r*(x) = f Vau(x, inv F(»))aW (y) (4 <x<B)

where W is a Wiener process. Clearly, the covariance function of the
process I'} is

(6.1.21)
1
Ri(,v) = ETy)Ir(0) = [ ¥,(u, inv FG)a(0, inv F(3)) dy
[

= [ ¥, V(0 DS dy.

The next lemma can be obtained by elementary computations.

Lemma 6.1.4. Let R} (u,v) be defined by (6.1.21). Then for the m, and
4, defined by (6.1.18), and when R, is replaced by R}, we have

Bt if W is defined by (6.1.4),

- fB () du if W is defined by (6.1.3)
A

6.1.22) m, = and J, is square integrable,

B i,
f F0) 2 #50)dy if W is defined by (6.1.2),
; <

h;? ffz(u) du if V is defined by (6.14),
A
B B B
6123 gz ={(Hok? [rdu [( [ AGetn)acdx)dy
if \ is defined by (6.1.3),
B in
S 2@ 3 o3wydu if y is defined by (6.1.2),
A j=1

provided fcL*(A, B).
Let g€ L*(A4, B). Then

(6.1.24) [ ([ R}, v)g()dv)*du=0(1) if y is defined by (6.1.4),
A A

(6.1.3) or (6.1.2).
This lemma and Theorem 6.1.2 together imply
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Theorem 6.1.3. Let I'} be defined by (6.1.20). Then
B
47 [ ()2 dx—m) -2~ 40, 1),
A

where m, resp. A, is defined by (6.1.18) resp. (6.1.13).

Having our Theorem 6.1.3 for I'* and taking into consideration that

n

B(x)=W(x)—xW(l) and that by (6.1.13) A4,—o, by (6.1.24) we get

Theorem 6.1.4. Let I', be defined by (6.1.8) and suppose that  is any
one of the functions defined by (6.1.2), (6.1.3) and (6.1.4). Then

-1 (Afnrf, () dx—m,) 2> 4 (0, 1),

where m, resp. A, is defined by (6.1.18) resp. (6.1.13).

The relationship (6.1.11) stated that #12(f,—f) can be uniformly esti-
mated by the Gaussian process I, if ¥ satisfies some regularity conditions,
that is to say, if V, and =z(n) defined by (6.1.10) resp. (6.1.6) are small
enough. Up to now we have evaluated n(n)=n(n; 4+¢, B—¢) and
V, for some concrete . Now, applying Theorem 6.1.4, the statement
of (6.1.11), Lemmas 6.1.1, 6.1.2 and 6.1.3 for ¥, and n(n) we get:

Theorem 6.1.5. Suppose that f is vanishing outside a finite interval
—oo<C<D <+ oo,

(a) Let  bedefined by (6.1.4) and assume that f has a bounded derivative
on (C, D). Then

(7 fD f2dx)"% [nh, fD (= Pdx—1] 2> # (0, 1),

provided that n~'h;*?log®n—~0 and h3*n—0. For example zf h,=n"*
then it is assumed that 2/5<a-<2/3.
(b) Let  be defined by (6.1.3) and assume that
(i) A is vanishing outside a finite interval (A, B) with Lar, Ax)=C

B

and [ xA(x) dx=
A
(ii) f has a bounded second derivative on (C, D). Then, with

D B B
ot= [fruwdu [ ([ Ax+»ix)dx)dy,
C A A
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we have

h;l%2g—1p [h" ./‘B(f"—f)2 dx— fBlz(X) dX] 2. A0, 1),
i A

provided that (log® myn='h;¥*>0 and nhY*--0. For example if h,=n"*
then it is assumed that 2/9<a<2/3.

(¢) Let  be defined by (6.1.2) where ¢ (x)=V2/m cos kx (0=x=n).
Suppose that f is vanishing outside the interval [0, 7] and absolutely
continuous inside. Suppose also that f’(x) (0<x<n) has a bounded
variation. Then

lnl/z(fﬂ(u)du]"‘ [n1: fn(f,,—f)zdu—l] 2., 0,1,
o 1]

provided that (log2m)n=1I3*~0 and nl;"*—0. For example if I,=n’,
then it is assumed that 2/7<p<2/3.

We note that the proof of (c) also hinges on the following simple facts

n ¥ 1

2 [fweidu~1 and — 3 [F@ei)de~ [ @)
0 1]

1
ng=1 R K=1¢

Remark 6.1.1. In Theorem 6.1.5 we had a great freedom to choose the
sequences {4,} and {/,}, but we did not say anything about their optimal
choice, if any. One possible criterion of optimality could be to choose them

D
so that E [ (f,—f)?dx should be minimum. In this remark it will be
¢

assumed that f is vanishing outside of a finite interval (C, D).

Since E [ (fo—f»=E [ (fu—Ef)*+ [ (Ef,—f)* one can estimate the
two terms of the right-hand side separately. By Lemmas 6.1.1, 6.1.2,
and 6.1.3 we have:

O(h) if  is defined by (6.1.4) and f has a bounded
derivative in (C, D),

O(#)) if  is defined by (6.1.3) and f and A satisfy

[ (Ef.—1)r= the conditions of Lemma 6.1.2,

O(,®) if ¢ is defined by (6.1.2), where @;=}2/n cos jx
and f has a derivative of bounded variation in
(0, m) and vanishing outside the latter interval,
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and, given the above conditions for estimating f (Ef,—f)?, elementary
calculations also yield (cf. Révész 1972)

O(h;'n™Y) if ¢ is defined by (6.1.4),
E [(f,—Ef): ={0(h;'n™) if y is defined by (6.1.3),
O(,n™Y) if ¢ is defined by (6.1.2).

On equating their respective error terms, the above two formulae imply
that the expectation FE f (f,—f)? will be the smallest possible if
() B2=0(h 7Y, ie., b,=0(n"23) in the case of (6.1.4),
(i) =0 *n"Y), ie., b,=0(n""% in the case of (6.1.3),
(iii) 7*=0(,n™Y), ie., I,=0(n") in the case of (6.1.2).

Comparing these optimal choices with the respective bounds in Theorem
6.1.5, one can see that, unfortunately, the results of the latter cannot be
applied when {h,} resp. {/,} are chosen in the best possible way. Indeed,
there are no Theorem 6.1.5 type results available with {#,} and {/,}
chosen optimally.

6.2. Strong theorems for empirical densities
Under very weak restrictions on ¥ one can prove that Definition 5 of

Section 1 produces a uniformly strongly consistent estimator of f; that is
to say sup |f,(x)— f(x)| 22, 0. A simple result of this type is:

Theorem 6.2.1. Let f¥ be a = estimator of f (cf. (6.1.6)) and assume
that (6.1.7) holds, and

62.1) sup var ¥, (x, ) = ¥, = o(n!"*(log log n) /%)
and

6.2.2) n(n) = o(1).

Then

lim sup |f,(x) —f(x)| = 0.
Proof. By (6.1.12) it is enough to prove that

lim sup n~Y I (x, n) 2 0.
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By (6.1.7) and (6.1.9) we have

1
supn=t|F(x, m)| = supn~? [ Ky, m)ld,¥,(x, inv F(7))

=n"1! sup |K(y,n)|-V,,

0=y=1

and our theorem now follows by (6.2.1) and the law of iterated logarithm
for a Kiefer process (cf. Corollary 1.15.1).

It is of some interest to check for the conditions (6.2.1) and (6.2.2) in
some special cases. It will be seen that the latter will hold only over some
restricted intervals (cf. (6.2.3) and (6.2.4)).

Corollary 6.2.1. Let {, be defined by (6.1.4) and assume that f is
uniformly continuous on an interval —o>= A < B =+ oo,

Bt = o(n'2 (loglogn)~%) and h, 0.
Then, for any &=>0
6.2.3) lim sup |f,(x)—f(x)| 0.

‘n+o0 Ate<x<B-g

Corollary 6.2.2. Let s, be defined by (6.1.3) and assume that the conditions
@, (i), (iii) of Lemma 6.1.2 are satisfied, h;'=o(n"*(loglogn)~1?) and
h,—~0. Then 6.2.3 holds true.

Corollary 6.2.3. Let s, be defined by (6.1.2) and assume that the condi-
tions of Lemma 6.1.3 are satisfied, I,=o(n*(loglogn)~%) and I,—cs.
Then for any &=>0 we have

6.2.4) lim sup |[f,(x)—f(x)=0 a.s.

n—+>o0 pX<T—E

Theorem 6.2.1, as well as Corollaries 6.2.1, 6.2.2 and 6.2.3, are far from
being best possible. Especially the restrictions on {4,} and {/,} are too
strong (cf. Révész 1972). A much sharper result will be presented when
Definition 3 of Section 6.1 is used. However, further conditions will have
to be assumed on f for the sake of this sharper result, In order to handle
this case, first we present some further theorems for Gaussian process
which are similar to I,(x) and [(x,n).
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From now on it will be assumed that

l.a. f is vanishing outside the interval [0, 1],
L.b. f is twice differentiable over (0,1) and |f"|=C,
L.c. f is strictly positive on (0, 1), say fz=a=0.

Let A be a density function for which

2.a. A=C,

2.b. A{(—x)=A(x),

2c. lim x*1(x)=0,

2.d. A is twice differentiable on an interval — o =—g<+g =+,

Define the Gaussian process (cf. (6.1.3) and (6.1.7))
1
G =G, = (f) ™2 [ W(FG)d,A((x—y)h™)

= () [ {E—»hr)d,W (F())

= (f())~2 [ A((x—inv F()) R0 W (3).

Then we have

Theorem 6.2.2. For any Q<e<3 there exists a C=C(e)=>0 and an
hy=ho(e)>=0 such that

z3

(6.2.5) P{sup sup |G,(x)|=Ah2z}= Ch—1e 2+e

O<s<hg<x<l-—g

o0
for any O<h<h, and z>0 where A*= [ A%(x)dx.

The proof of this theorem is based on the following two Iemmas.
Lemma 6.2.1. Using the conditions and notations of Theorem 6.2.2 we have
28
(6.2.6) P{ sup |G,(x)| = Ah2z} = Ch—le e,
g<x<l—eg

Proof. For any e<x<1—¢ we have

EGH(x) = (f(x)) ™! [ 23((x—inv FO)h~Y)dy

1
=(fx) [ 2(x—»h ) () dy = A%h+0(h?)
0
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and
E(Gy(x+4x)— G, (x))* = Const. Ax

if e<x<1-—¢ and O<dx<h=h,.
Let T be a positive integer. Then

zt

(6.2.7) P{ sup |G(TY) =AhV2z} = CTe *+*
e&EiT-1=1-¢
and
(6.2.8) P{ sup |G(G+D27*T) -G (27T Y| = Cx, (2'T) %}
s=i2~*T-151—¢
= cz*Te‘ﬁ.
Since

sup |G(x)|= sup |G@T™Y)
eEiT-1=1—¢

[+ 1+ 300 ]

+3  sup  |G(G+D2FT) -GG+ T,

k=1e=i2-*T-1=1—¢

(6.2.7) and (6.2.8) together imply [ ]

P{ sup |G(x)| = AhViz+T-12C 3 x,‘2""2}
&

ExSl—e k=1
23 oo _ x}
= CTe 8+ 4CT 3 2%e 2+,
k=1
Let T=Mh~'A~% and x,=(4k + z®)'"2, where M is a positive constant,
to be specified later on. Then

AhV2z + CTV/2 2'“ xkz-klz = Aht/2z (1 +CM—V2 f 2—k/2]
k=1

k=1

+ACKBM-V2 3 2k122-k2 < ARVR[z(1 48) +¢]

k=1
if M is large enough. Further

-—'—z:-' hind -—l __,i oo __!L
CTe 2+¢4CT 3 2%e 2ts = CMh 1A "2¢ 2+¢ (1+ > 2e 2+=] .
k=1 =1
By the choice z(1+é&)+e=u, we get (6.2.6).
The next lemma can be proved the same way as the latter one, hence the
details will be omitted.
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Lemma 6.2.2, Let O<Ah<h<h,. Then

22

629) P{ SUP_ |Gy 413~ G,(¥)| = C(4h)/23} = C(4h)~1e 7+,

[+ 3
Proof of Theorem 6.2.2. Let T be a positive integer. Then by Lemmas
6.2.1 and 6.2.2 we have
(6.2.10) P{ sup sup_ ]G,,,T-x(x)l = Ah?z}

0=i=Te=x=1

= P{os?pT sup  |Gyr-1(x)] = AR2T-V2z} = CTh e m
sSisTe=x=1-g

and

(6.2.11) P { sup sup IG(2i+1)h2"‘ -1(x) — Gapa-* p-2(x)|

0<i=2*T z<x<l—

B
= C(h2*T-)2x} = C.2%Th-le +s,

Since
sup  sup [Gy(x)|= sup sup [Gur-1(x)|
O<y<hesx=l-eg 0=i=Te¢sx=1-¢
-] .

+ 2 sup  sup |Gisnypa-kr-1(X) — Gopa-r -2 (X)),
k=10<i=2tTezsx=1—8

(6.2.10) and (6.2.11) together imply

P{ sup sup |Gy(x)| = AhY2z4+C Z(hz—kT—l)llzxk}
E=1

O<y=he=x=l-—¢

2
zl

= CTh e 2+¢4C 222"T2h 1¢7TH,
Let x,=(5k+z®)Y2, Then
A2z 4 C 3 (h2-*T-1yi2x,
k=1

= Ah1/22(1 +CATITR 3 2-"/2] +ChRT-V2 3 (Skyv2p-+e
k=1

k=1
= AhY2z(1+¢)+h12¢
if T is big enough. Further

KL xk 28

CTh-1e 2+:4.C ZZ”‘T"‘h‘le 2+ = CThle 2““’(l-l— 222"Te “‘).

By the choice Az(1+&)+e=uAd, we get (6.2.5).
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Define the Gaussian process

(6212)  Ixy) =(f@) ™ [AE-uwh)dW(F(), y).

Now we prove:

Theorem 6.2.3. We have
(6.2.13) P{sup sup sup [[i(x,))|=AhV2YV2z}

0<ys=Y 0<s=he=x=sl—e
73
= Ch—1le 2+,

Proof. First we observe that

M,= sup sup [[y(x,y)

y O<s=hg=x=l—8
is a sub-martingale (¢f. Lemma 1.14.1), i.e.,
EMJIM,, t=x)=M, as. (y>x).

Consequently e™5 is also a sub-martingale. Now by the sub-martingale
inequality we have

tM}
= (hy)y { ( ,]_ 2}
P{fggM’Z( Yyrdz =P fgge’(p 2Ry ) = CXP 12

2
= e " Eexp (—/tijy—hi] .

M}
A2hy
and hence we have our statement.

With the help of the inequality (6.2.13) it is going to be easy now to prove
a strong theorem for the process I',(x, y). Let {h,} be a sequence of

positive numbers for which the following two conditions hold

By Theorem 6.2.2 FE exp[ Jis bounded above whenever (<%,

3.a. hn \ 0’ nhn /e,
logtin nh3
3:b. nh,log bt * logh 0

and define the Gaussian process (cf. (6.2.12))

1

T (x,n) = (nhy)~ 2T, (x, 1) = (nh, f(X))"2 [ A((x— why ") dW(F (@), n).

0
Then we have
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Theorem 6.2.4. For any ¢>0 we have

(6.2.14) lim (242log h7")""* sup |[(x,m)| 2% 1.

n->co g=x=1—g

Proof. Step 1. Let §>1 and put
A, = sup (2A%loghH)"Y2 sup |[(x, k).
[97]=k<[a"+]] eExsSl—g

At first we prove
(6.2.15) Im4,=1 as.

n-sco

By Theorem 6.2.3 we have
2 P4, =1+e) = > hlm
n=1 n=1

for a suitable §=48(g)=>=0. Our conditions on {h,} imply the convergence

of the series f . Hence we have (6.2.15) by the Borel-Cantelli lemma.
n=1

Step 2. For any e>0 one can find a positive number Q=0Q, and
a density function A,(x) satisfying Conditions 2.a-2.d of this section
such that

}w (A)—A(pdx=e

and 4,(x)=0 if |x|=Q. Put

Iy(x, n) = (nh, f(x))~12 fl L((x—w) by Y4 W (F(u), n),
0

and
— 2 ~-1y—1/2 — -1
B, = ot g‘((%ﬁ,,)-q (24%1og hyH)~V2 I ((2k—1)(4Qh,) 72, n).
Now we prove that

(6.2.16) lim B, = 1.

n--oo

Clearly we have
1

o oo h’ll-—a 20k,
Zro=1-0= Zi-qiagm)

n=1

and this series is convergent by our conditions. Hence we have (6.2.16),
and our theorem follows from (6.2.15) and (6.2.16).
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Theorem 6.2.4 and the trivial relation

(nlog hy )~ 12RY*W (1, )= 0
clearly imply:

Corollary 6.2.4. Let
1

Fx, n) = (nh, f) 2 [ A((x—w)hy*) d,K(F(y), n).
0
Then for any &=>0 we have

6.2.17) lim 242log h;Y)Y2 sup |[(x,m)| & 1.
N+ oo ewx=<l—g
Now we can present a much sharper result than that of Theorem 6.2.1,
but only in the case when Definition 3 is used. Our result is summarized by

Theorem 6.2.5. Suppose that Conditions 1.a-1.c, 2.a-2.d and 3.a, 3.b of
this section are satisfied. Then for any £>0 we have

nh, ]"“ f.)=f(%)
2A2log bt fY23(x)

8

sup

g<x=<l—g

(6.2.18) lim (

+oo
where A*= [ %(x)dx.

Proof. This theorem simply follows from Corollary 6.2.4, Theorem
6.1.1 and Lemma 6.1.2,

6.3. Empirical regression

Let (X, Y),(X;, ), (X, Y,), ... be a sequence of ii.d.r.v. with
6.3.1) 0=sX=1, YER,
(6.3.2) EX| X=x)=r(x) 0=x=1),

where r(x) is differentiable with |r’(x)|=C< oo,
t
(633) PX=0=F@)= [f(x)dx where f(x)=e>0,
0

634) PY-r(X)stlX=x)=G(t) (—w<t<+w,0sx=1),
(6.3.5) E((Y—r(X))le = x) =0¢2=0 0O=x=1,

+oo

(6.3.6) f e*dG(x)<e> on some interval |¢] < ¢,.

e 00
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Here we are interested in introducing and investigating two non-
parametric estimators of the regression function r(x) based on the
sample (X;, YY), (X;, Yy), ..., (X,, Y,).

Our first definition is based on the k,-nearest neighbour method. Let
0<XM<=XP<..<X™ be the ordered sample based on the sample
Xy, X, ..., X,, and let Y be that ¥, which corresponds to X, that
is to say

Yi(”) = Yj if X'i(n) = Xi’

Further let k, be an increasing sequence of even integers for which
(6.3.7) k,n~%*3logn ~0, k;l(logn)® =0 (n —oo).

Now we give the following definition of an empirical regression function

k"
kit j;;_ Yym oif x<Xx®,
i+k,/2—1
TS OYP i X = x< X,

r.(x) = J=i=k,j2
G = kof2, kof2+1, ..., (n+1)—ko/2),

k'S Y™ oif xz=X%, .
J=n-k,+1
Making use of this definition of an empirical regression function we
can get:

Theorem 6.3.1 (Révész 1979). Assume that conditions (6.3.1)-(6.3.7)
are fulfilled. Then
(6.3.8) lim P{k}?c~* sup |r,(x)—r(x)| = a(n/k,, y)}
0=x=1

n—+oo

=exp(—2e7?) (-wo<y<+o),
where
a(u, v) = 2logu+1loglogu—31log n+v)(2log u)~*/2

(u=>e, —o<p<-+oo).

In any possible application of this theorem the major difficulty is coming
from the presence of ¢ in (6.3.8), for o is unknown in most practical
cases. This difficulty can be overcome via introducing the estimator

o=(n 3 (Y,-—r,.(Xi))ﬂ]m

and proving:
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Theorem 6.3.2 (Révész 1979). Assume that conditions (6.3.1)-(6.3.7) are
Sfulfilled. Then

(6.3.9) lim P{k}?q," oitizl 7 () —r ()l = a(nfk,, )} = exp(—2e7?),

n—+oo
(—oe<y<+e).
As to our second definition of an empirical regression function (cf., e.g.,
Nadaraya 1964, 1965), let K(x) (—ec<Xx<- <) be an arbitrary density

function and {a,} be a decreasing sequence of positive numbers tending
to 0. We define
<2
an

Yo (x) = é;
W)=y
Sx(5H

ay

Here we only consider the special case of this definition when K is the
uniform law. Hence we let

e(x)={l if x| =1

0 otherwise

d x—X;
Sre7Y
0n(x) = ;——Tj{—
2027
Theorem 6.3.3 (Révész 1979). Assume that conditions (6.3.1}(6.3.6) are
Julfilled. Also assume

and

(6.3.10) f(x) is differentiable with |f'(x)|=K<oo,

(6.3.11) ainlogn -0, (na,) tlogn—-~0 (n->ow).
Then we have

(6.3.12) lim P{(na,,)l/zcr'1 sup. (fa@)) 2@y (x) ~r(X)] = ala;, y)}

n—sco

=exp(—2e7Y) (—o<y<+),
where

fo() = (na,) Z’ e (x aX:]

Remark 6.3.1. Using a hystogram-type definition of the empirical
regression function, Major (1973) proved a result, similar to the above ones.
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We note that the role of a, in Theorem 6.3.3 is that of k,/r in Theorem
6.3.1.

For further reference we introduce the following notations:

ZM =Y —r(X™ (=12,..,n;n=1,2,..)

and
kn
kL ST rx™) if x= X0,
j=
kgt () () (n)
-1 n 3 n n
f,.(x)= k" j=i—2k,,/2 r(Xj) if Xt §x<Xi+1

(i=kyf2, kof2+1, ..., (n+1)—k,f2),
K13 r(x™) if x= XD
1

n+2—ky*
J=n—k,+

First a few simple lemmas.

Lemma 6.3.1.

m 2 sup  (X@, —X™)=2/e as.

n—voo kn 1=i=n~k,

where >0 is defined in (6.3.3).
The proof of this lemma is trivial.
Applying the above lemma as well as conditions (6.3.2) and (6.3.7), by

Taylor’s expansion one gets
Lemma 6.3.2.
lim (k,logm)? sup |F,(x)—r(x)| == 0.
ool o=x=1

By a simple transformation Theorem 1.5.5 implies

Lemma 6.3.3. For —oo<y<+ <o, we have
lim P{k; 1’201;151;(" W (j+k)—W() = alnfk,, y)} = exp (—2e7?).
Lemma 6.3.4. Under the conditions of Theorem 6.3.1 we have
(6.3.13) tim P{k;2671 sup |r,(x)—F,(x)| = a(nfk,, )} = exp (—2¢7),
nB-vo0 0=x=1

where —oco<y-< - eo.
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Proof. By Theorem 4.4.1 one can construct a sequence of Wiener processes
{W.(x), x=0};>, for which

j
(63.14)  Tm (logm)™ max o~ glz}ﬂ—wn(j) =C as,

where C is a constant depending only on the distribution G of (6.3.4).
Since

k'l
kKt 3z i x < X,
J=1

i+k,/2—1
k-1 Z Z;-") if Xi(") =x= Xi(:)l

rn(x)—;:n(x) = " J=i—k,/2
(i = kof2, knf2+1, oo, (1 1) —k/2),
kKt > Z}") if x= Xn(i)zﬂkn,

j=n—k,+1

(6.3.14), Lemma 6.3.3 and condition (6.3.7) imply (6.3.13).

Proof of Theorem 6.3.1. Lemmas 6.3.2 and 6.3.4 immediately imply
(6.3.8).

Proof of Theorem 6.3.2. Theorem 2.4.4 implies

7|

Now (6.3.9) follows from Theorem 6.3.1 and the above line.

For the sake of the proof of Theorem 6.3.3 we need some further notation
and lemmas.

Let i=i(x) resp. j=j(x) be the smallest resp. largest integer for which

— X _Y(m
e[x— - ) =1 resp. e[ZC—XJ ] =1.
a, a,

0.2
—f—l' = 4n~"2Jog n} =n-2

Let j(x)—i(x)=v,(i)=na, f,(x). Put also

Then we have
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Lemma 6.3.5.
lim (na,logm)* sup (f,(¥))"*1En()—r (9| 22 0.
Liashad 0=sx=s1

The proof is trivial by Taylor’s expansion and condition (6.3.11).
Applying our previous notations we have

Lemma 6.3.6. With F and f asin (6.3.3)

tm o [f (“WF(%]]]_M W["+"“~f (i“"F[;i])]—W@’
=a(a;’, )} =exp(—2e7?) (—e<y<+o).

Proof. This lemma can be obtained by applying Lemma 6.3.3 for small
intervals ie[l %, I+ l)g—] (I=0,1,2,...,d—1 and d is big enough)

. i .
where f [mv F {-n—)] can be viewed as a constant.

The following simple lemma is a consequence of Theorem 6.2.5.

Lemma 6.3.7.
. (na )\ as.
lim “Togn P Ifa()~f ()] = 0.
Lemma 6.3.8. Let {v,(i),i=1,2,...,n; n=1,2,...} be as in the proof
of Theorem 6.3.2. Then
lim P{max (v,(H) 2| (i +v,(D)-W(@)| = aa;, »)}
=exp(—2e7Y) (—ooc<y<-+eoo),
provided that {v(i), i=1,2,...,n; n=1,2,...} and {W(x),x=0} are
independent.
Proof. This lemma easily follows from Lemmas 6.3.6 and 6.3.7.

Proof of Theorem 6.3.3. Applying again the approximation (6.3.14),
one gets (6.3.12) by Lemmas 6.3.5 and 6.3.8.

6.4. Empirical characteristic functions

In the previous sections of this chapter we have seen that empirical
density and regression functions can be defined several reasonably plausible
ways. Empirical characteristic functions have a most natural definition.
It seems to have appeared first in Cramér’s book (1946) and then in



Study of Further Empirical Processes 243

Parzen (1962). A first related weak convergence result was proved by
Kent (1975), whose work was inspired by Kendall (1974). A systematic
study of its limiting behaviour was initiated by Feuerverger and Mureika
(1977) and carried out by S. Cs6rgd (1980).
Let X;, X,, ... be ii.d.r.v. with distribution function F(x) and charac-
400
teristic function c(¢)= [ e"™dF(x). Let F,(x) be the empirical distribution

function based on the sample X;, X, ..., X,,. The empirical characteristic
function ¢,(¢t) of a random sample is defined as

n +eo
64.1) c,()=n"1 D = f e*dF,(x), —oo<t<+oo,
k=1 N
First we prove a Glivenko-Cantelli type theorem.

Theorem 6.4.1 (Feuerverger, Mureika 1977, S. Csorgd 1980). For
arbitrary F we have

(6.4.2) sup  e,()—c(®)] ==+ 0 as n -—oo,
T =t=T1(H
where T,=|T%,|V|T%|=0((n/log log n)2).
Proof. Let 4,= sup e t)—c(2).
T =e=T®

Let 0<e<1, and choose K=>0 so that F(—K), 1—F(K)<e/6. For
(random) large enough » we have by the Glivenko-Cantelli theorem a.s.
that F(—K), 1-F(K)>=¢/6, and hence also |F,(xK)— F(+K)|<¢gf6.
For still larger (if necessary) n, with probability 1,

X
A, =e+ sup |—it f (Fn(x)— F(x)) exp (itx) dxl

1 3
T =1=T1® -x

=&e+2KT, sup |F,(x)—F(x)

— 00 < X 0O
= ¢+3KT,(n"1loglogn)'2,

by the log log law for the empirical process (cf. Theorem 5.1.1).
Next we define the empirical characteristic process Y,(t) by

+ oo

(6.43)  Y,(1) =n"2(c,(t)—c(?)) = f e** dnV2(F, (x) — F(x))

+ oo

= f ei‘xdﬂ"(x), — o< f < oo,

—o0
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It is natural to replace f,(x) in (6.4.3) by its approximating process
B,(F(x)) of Theorem 4.4.1, and compare the Gaussian process

+ oo 1
(6.4.4) z,0)= [ &%d.B,(F(x)= [ UmED 4B (3)
0

1
2 f tUnvF()) dyB(y) =Y(t), —co=<t=<+4oo,
0

where Y(£)=Y(—1), EY(t)=0 and EY(t)Y(s)=c(t+s)—c(t)c(s), to
that of (6.4.3). Clearly we hope that Theorem 4.4.1 should guarantee some
closeness of these processes. Actually this problem of nearness turns out
to be quite complicated, and Y, (¢) is going to be close to Z,(¢) only
if F satisfies some moment conditions. The mentioned difficulty is due
to the fact that, in general, the function "™ ¥0» does not have a bounded
variation. This is demonstrated by the proof of the following:

Theorem 6.4.2. Assume that F has a bounded support, say F(a)=0,
F(b)=1 (—oo<a=<b<+), and is arbitrary otherwise. Then, for any
—oo<i<T,<+ o we have

(6.4.5) sup |Y,(t)—Z,(1)] X% O(n~"logn).

Ty =t=T,

Proof. Clearly we have (cf. Theorem 4.4.1 and Remark 4.4.3)

sp IYu(=Z,()| = sup. | f ¢ d,(B,(x)— B,(F(x))

Ty=t=T,

= sup flﬁ,,(x) B,(F(x))|d e™

Tyst=

= QO(nY2logn) sup var €~
I)st=Tg asx=b

with probability one. Hence the constant of O(r~2logn) in (6.4.5)
depends on the total variation of €', i.e., it depends on a,b and T;, T,.

The above proof shows that if the support of F is infinite, then Theorem
4.4.1 is not enough to prove a (6.4.5)-type result. Indeed, in order to
describe the behaviour of the process Z,(z) vis-a-vis the process Y, (¢),
in addition to Theorem 4.4.1, one also needs a careful investigation of the
influence of the tail properties of F. The best available positive result of
this nature is
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Theorem 6.4.3 (S. Csorgd 1980). Let —oo<T,<T,<o and let h(x)
be a continuous function on (0, «) such that

(6.4.6) -’—lg—)- ST, as X oo,

with some positive a. Assume that
647 h(x)F(—x) =0(1), h(x)(1-Fx)=0() as x —>eco.

Then there exist for each n a Brownian bridge B,(+) and a Kiefer process
K(-, +) such that for the processes

{z.) = fwe""‘ dB,(F(x)); T, = t = Ty},

{k.(0) = fw e d(n~2 K(F(x), n)); Ty = t = Ty}

one has
(648) P{ Sup |Yn(t)_zn(t)] = Clrl(n)} = Lln—(1+6),
(6.4.9) P{ sup ]Y ®—K,()| = Cgrz(n)} Lyn—@+9,

TystsT,

where 6==0 is arbitrary large, and the constants 0<C,, C, depend only on
o, F, T\, T,, while L;,L, on Tg—T;. The rate-functions r(x), k=1, 2,
are defined as

(6.4.10) r (%) = u (x)x2(log x)",

where w(x) is a function, whose inverse invu(x), for large enough x,
is defined by

inv u, (x) _
(6.4.11) T :(x)))2”‘1 = h(x)x2.
From (6.4.8) and (6.4.9) it follows that
(6.4.12) AN = Tsup 1Y, () —Z, (1) 2= O(r:(n)),
1S1=T,
(6.4.13) 4% = sup |Y,(0)—K, ()22 O(r.(n)).
Tlsgs

Applying (6.4.12) or (6.4.13), it is easy to see that (with F asin Theorem
6.4.3) the distribution of appropriate functionals of {Y,(¢); T)=¢=T,}
converge to those of {Y(z); T)=t=T,} of (6.4.4), since for each n

{Z); Ti=t=T} 2 K (); i st=T} L (Y0); Ty =t=T,).
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Let C2=C2(Tl, T2)=C(T1, Tz)XC(Tl, Tg), — OO T1<T2< + o2, Whel'e
C(T;, T,) is the Banach space of continuous functions on [T}, 7] endowed
with the supremum norm.

Corollary 6.4.1 (S. Csdrgb 1980). Consider the following functionals on C?:

) = [ @ dG(),
4
Ty

o) = [ (Reu())dG(r),
4

Ty
Vo) = [ Imu(0)dG(),

where G is some distribution function with support [Ty, T,). Also, let
V.(u) be an arbitrary real-valued functional, for which the Lipschitz condition

[Wa(@)—y ()l = L Sup lu(®)—v()l, u,veC?
1=,

holds with some positive constant L. Suppose that ,(Y) has the density

SJunction fi(x), k=1,2,3,4, with respect to the Lebesgue measure. Then,

under the conditions of Theorem 6.4.3,

(6.4.14)
sup |P{Y(Y,) < x}—P{h(Y) < x}| = O(ri(m)), k=1,2,3,4,

—o X< oo

provided that the functions fy(x), x12f(x), k=1, 2, 3, are bounded.
The proof of this Corollary is similar to that of Corollary 5.4.3.

Corollary 6.4.2 (S. Csorgbé 1980). If h(x)=x" in (6.4.7), with some
positive a, then for ry(n) of (6.4.8), (6.4.12) and (6.4.14) one has

a+1

a
rl(n) apn 2644 (log n)a+2,

and for ryn) of (6.4.9), (6.4.13) one has

__8_ 2041
r:(n) ~ n 2ati(logn)a+?,

Specifically, if f |X|?dF(x)< oo for arbitrary large a, then ry(n)~n~2logn,

ro(m)~n—Y2(log n)?, the respective rate-functions of Theorems 4.4.1 and 44.3.
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S. Csorgd (1980) also showed that the left hand sides of (6.4.12) and
(6.4.13) cannot converge to zero a.s. if the supremum is extended to an
infinite interval. However, it can be extended to an interval [T.%, T
whose end points tend to infinity at a moderate rate. Studying also the
sequence of stochastic processes

{2loglogn) 2K, (t); Ty = t = Ty},

he proves via Theorem 6.4.3 the following

Theorem 6.4.4 (S. Csorgb 1980). Let F be as in Theorem 6.4.3. Then
the sequence
{2 loglogn)™12Y,(1); t€[Ty, Tol}

is a.s. relatively compact in CHTy, T,], and the set of its limit points is

Y(F) = {g(t) = jo exp (itx) df (F(x)), t€[Ty, Tol; f€5"},

where & is the set of those absolutely continuous functions f of C(0, 1)
Jor which we have

fO=f1)=0 and [ (fO))dy=1.

As mentioned already, a Theorem 6.4.3-type statement cannot be proved
without some conditions which make the tails of F behave regularly.
Now for m=2,3, ... and £>0, put

2

(6.4.15) 2.(x) = (log %) [ki log x] ,

1
where log; denotes the j times iterated logarithm and [/ is under-
k=2
stood as 1. Then we have

Theorem 6.4.5 (S. Csorgbé 1980). For each m=2,3,... there exists
a distribution function F such that g, (x) F(—x)=0(), as x--oo, and
any version of the process Y(t)= [ exp (itx)dB(F(x)) is almost surely
discontinuous on each finite interval.

Hence, if Y,(:) is defined with an F as in Theorem 6.4.5, then it
cannot converge weakly in C2? to Y(-).

The proof of Theorem 6.4.5 hinges on constructing a discrete distribution
function F so that the resulting process Y(-) becomes a discontinuous
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random Fourier series. On the other hand, a necessary and sufficient
condition for the sample-continuity of Y(.) is also given by S. Csérgd
(1980) in terms of the behaviour of the characteristic function ¢(¢) around
the origin. This condition is, of course, a necessary one for weak convergence
of Y,(-) to Y(-) and his conjecture that it is also sufficient for the latter
was subsequently proved to be true by Marcus (1980). '

Supplementary remarks

Section 6.1. A number of further empirical density function definitions
are used in the literature. Most of them (like, e.g., the definitions by spline
functions) are special cases of our Definition 5. Here we mention one
which is not a special case of Definition 5.

Definition 6
1) = by (1K= X)) i X = x < XD,

This definition is closely related to Definition 2. Only the length of the
“window™ here depends on x and the sample. The window will be narrow
where the sample is dense. This definition appears to be natural, however
its mathematical treatment is quite complicated. Some results are obtained
by Tusnady (1974) and Cs6rgd, Révész (1980c).

The idea of using the method of strong approximation in the investigation
of the properties of empirical density functions is due to M. Rosenblatt(1971)
(cf. also Bickel-Rosenblatt (1973)). These papers also study the limit
distribution of the maximal deviation via evaluating the limit distribution
of the supremum of I',(x). Our Theorem 6.1.1 gives a framework for the
evaluation of the limit distribution of the maximal deviation in more general
cases than those of Rosenblatt, provided one could only evaluate the limit
distribution of the supremum of I, in these more general situations.
The latter, however, seems to be quite difficult to do. Case (b) of Theorem
6.1.5 is essentially due to Bickel and Rosenblatt (1973).

The proof of Theorem 6.1.2 is based on the Karhunen-Loéve expansion
of a Gaussian process (cf. Karhunen 1946, 1947). This theory was not
covered at all in this book. For details we refer to Yeh ((1973), p. 283)
and here we give a short hint of it. Let {G(x); A<x<B} be a Gaus-
sian process with

EG(x) =0, EG(x)G(y») = R(x,y)
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and assume that
B B

f f Ri(x, y)dxdy <.

A 4
Then we can consider the integral operator

B
af = [ RCe, 9)f(y)dy: L*(4, B) ~ L*(4, B).
A

Let ¢, (u) resp. A4, be the sequence of eigenfunctions resp. eigenvalues of
the operator £. It is well known (cf. Riesz, Sz.-Nagy 1955, p. 243) that
{pu(x); A<x<B, k=1,2, ...} is an orthonormal sequence,

B P B B oo
[ R, x)dx= 3 and [ [ R, y)dxdy= 3.
A k=1 A A4 k=1

The theory of Karhunen-Loéve expansion says that the Gaussian process
G(x) can be written in the form

G(x) = gl A2 (x) Ny,

where {N,} is a sequence of independent .4°(0, 1) r.v. and the nature of
convergence of the above series is meant to be

B m 2
f (Zli/z(pk(x)Nk—G(x)] dx 25+ 0 as m-»o.
A k=1
This expansion of G(x) immediately implies that
B oo
J Gxdx= 3 AN
X K=1

B oo B
E [ G(x)dx= 3 4 = [ R(x,x)dx,
Af W dx= 3% Af(xx)x

oo

B
E(f Gz(x)dx)2=E{2,1,3N,3+2 > l,AkN}‘N,?}
A 1

k= 1=sj<k<oo

—33842 3 A,
k=1 1=<j<k<oo

and

B oo
Var [ G (x)dx=2 3 i
A k=1

Section 6.3. For the consistency of a general class of non-parametric
regression estimators we refer to Stone (1977).



7. Random Limit Theorems via Strong
Invariance Principles

7.0. Introduction and some historical remarks

One of the earliest papers dealing with random sum limit theorems was
published by Kac (1949). He introduced Poisson random-size samples for
the sake of making the problem of weak convergence of the empirical
process easier. His idea of Poissonization turned out to be very useful also
later on, when the need for tackling the problem of strong invariance
principles for multivariate empirical processes became apparent after
Kiefer’s 1972 paper (cf. e.g. Wichura 1973, Csérgd, Révész 1975b, 1975d,
Révész 1976).

Let N, be a Poisson r.v. with mean A and, for every Ai>0, let N,,
U,, U,, ... beindependent r.v., where fori=1, 2, ... the U; are U(0, 1) r.v.

Kac (1949) defines his modified empirical distribution function by the
formula

Na
(7.0.1) Ef(y)=471 z; I, yU), O0=y=1,

where the sum is taken to be zero if N;=0, and his modified empirical
process by

(7.0.2) K0 =Vi(E}()-y), 0=y=1, A=0,

and notes that, for every fixed A, {K,(y);0=y=1} is an independent
increment process and EK,(»)=0, EK}(y)=y. Moreover if 1-eo, then,
for every fixed y, K;(») tends in distribution to a A7(0, y) r.v. He then
writes (cf. Kac (1949), pp. 253-254): “Thus it is natural to expect that the
limiting properties of the process K,(y) will be those of a Gaussian process
X(») (X(0)=0) with independent increments and such that EX(y)=0,
EX?(y)=y. These are characteristics of a Wiener process.” Kac does not
actually prove

(7.0.3) K () -Z>W(-), i-eo.
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Hewever, he proves rigorously that
(7.0.4) sup |K,(»)| -2~ sup WO,
0=y=1 O=y=1

using the fact that K;(y) is an independent increment process. With
proving (7.0.4) however, Kac came pretty close to proving also

(7.0.5) sup |a,(»)| -2+ sup [B(Y)l, as n oo,
O=y=1 0<y=<l

the very question Doob (1949) posed and argued.
Just to see how «,(») and K,(y) hang together, we may write

K,(y) = VLX-‘- VN, (Ex,(0) =) +y (N, = D/VA

= |/ %ri ay, (N +y(N;=DVL, 0sys1l

Since N, is independent of «,(y), by (4.2.2) we have aNA(-)—9—> B(+)
as l—oo, and, since N;/A-2~ 1 as l—o, we also have

(7.0.6) |/ %%(-)—9» B(+), A -—oo.

Also, y(N, = )/Vi 2~ yW (1), where W(1) is a standard normal r.v. and,
since by assumption N, is independent of the sequence {U,}, W(1) is
independent of the Brownian bridge B(-) of (7.0.6). Hence W(y)=
=B(y)+yW (1) is again a standard Wiener process, and so we have
K(+) 2~ W(.). Viewing and getting (7.0.3) this way, also throws further
light on why Kac’s idea works for a direct verification of (7.0.4).

We could, of course, also argue the other way around, saying that
Ki()Z W(+), NyjA 2~ 1and y(N,— 2)/V2 2~ yW(1), and then conclude
that oy (+) 2. B(-). Another simple step now takes us to the statement
#,(+) 2+ B(-) as n—oo.

The example of the process K;(y), the quoted further papers which use
the idea of Poissonization and, indeed, also the very stopping time theorem
of Skorohod itself, show that the notion of randomly stopped processes
has played a significant role in the development of our view of invariance.
One of the aims of this chapter is to call attention to the fact that the now
extensive theory and methodology of strong invariance principles can,
in turn, be applied to studying similar and weak convergence properties
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of randomly selected sequences. We demonstrate this in Section 7.3 for
partial sums of r.v. and, in Section 7.4, for empirical and quantile processes.
In Section 7.2 we review some almost sure and in-probability convergence
statements for randomly selected sequences, which will then be applied
in Sections 7.3 and 7.4.

This whole chapter is based on a recent paper by M. Csérgé, S. Csérgé,
Fischler and Révész (1975), where a somewhat more extensive bibliography
than that of this chapter can be also found (cf. also Karlsson and Szisz
(1974)).

7.1. Laws of large numbers for randomly selected sequences
Let {Z,} be a sequence of random variables and let {v,} be a sequence
of positive integer valued random variables defined on the same probability

space. We have

Theorem 7.1.1. (a) Let r and s be real numbers, r=1 and s=>r+2.
Assume that for any £>0 we have

>8}<oo’

2 P{Z,| > e} <o and n"zP{l—vl—v
n=1 n=1 n

where v is a positive random variable with P{a=v=b}=1 for some
O<a<b<oo. Then

SwiP{|Z, | > e} <o
n=1

(b) Z, 22> 0 and v, 22> o imply ZV"&-O.

(©) Z,22> 0 and v, 2> o imply z, 2,0 .

(d) Z,-2- 0 and v, o do not necessarily imply z, L0

(e Z,L~ 0 and v,/f(n) -2~ v, where v is an arbitrary positive r.v. and

n
f®) S, imply Z, Z. 0, provided that Z,= > X;/n, where Xy, X,, ...
" - i=1
are independent r.v.

Proof. The statements (b), (c), (d) and (e) are well known and immediate.
The proof of (b) can, for example, be found in Csorgd (1968) while that
of () in Csdrgd-Fischler (1970), where we also deal with (d). The statement
(e) was proved by Mogyorddi (1965). Also Révész ((1968), Theorem 10.2)
proves (¢) via replacing the condition v,/ f(n) £ v by the weaker one:
for every &>0 there exist 0<a=a(e)<b=>b(s)<<-> and nye) such that
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Plaf(ny<v,<bf(n)}=1—¢, whenever n=>nye), where f(n) . Hence
we prove only (a) here, which, roughly speaking, says that the total con-
vergence of {Z,} and {v,/n—v} implies that of {Z, }.

Clearly, for any n and e>0, and for g, b as in (a), we have

P{Z, | >¢e}=P{Z,|>¢ n@—e=v,= n(b+a)}+P{|1n'i—v' > 8}

g
)

Given our assumptions in (2), we have P{|Z,|>e}=(1/m)*%0(1) for
s>r+2, r=1. Let 0 be an arbitrary positive number. There exists then
my=my(e, 0) so that, whenever m=m,, we have

§P{ sup IZ,,,|>8}+P{,%—V

m=n(a—e)

L=

S P{z,l> e}+P{'—v,f—v

m=[n{a—¢)]

[IA

oo oo 9
> Pz, =¢ = g

s>r+2, r=1.
m=[n(a—eg)] m=[na—e)] M

Whence, in order to prove (a), it suffices to consider the following problem
of convergence:
& 1

m=[n{a—¢g)] m*- 2

o~ r-23__ 1 r
=0 2n {[n(a—a)]*-“r

n

0 Z‘ nr—2
n=1
1
————_——dx}
[n(z—e)] x'=?

0 = nr-t [ 1 ]
- _
~ (a—eyd ,,g; ns-3 L s=3)
The latter sum is finite for every r=1, provided we choose s>r+2 as

stipulated in our assumptions. This also completes the proof of (a) of
Theorem 7.1.1.

Example 7.1.1. Let X, be a sequence of iid.rv. with EX;=0 and
let S,= 2"' X;, So=0. Let {v,} be a sequence of Poisson r.v. with Ev,=n
k=1
(n=1,2,...). Then we know (cf. Katz (1963)) that the statements

(i) EXl = 0’ Elelr <o, r= ]-’

and

(i) 20 P{S,| > ne} <o for any &=>0

n=
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are equivalent (the equivalence of (i) and (ii) was first proved by Spitzer
(1956) for r=1 and, for r=2, by Erdds (1949, 1950)). Now v,-% 3 ¥,
i=1

where the Y; are i.i.d. Poisson r.v. with EY;=1. Whence, for any r=1,

1 >£}<oo, e>0.

had v,
nm2py 22—
n‘=z; { n
Consequently,

(7.1.1) f n=2P{|S, | > vae} <o,
n=1

provided that, in addition to EX;=0, we also assume ElX;|"<e for
s>r+2, r=1.

We also note that a special case of r=2 of (a) of Theorem 7.1.1 was
proved by Szynal (1973) for a sequence of quantiles of a random-size
sample. Szynal (1972) proved also (7.1.1) for r=2. Example 7.1.1 shows
that (a) of Theorem 7.2.1 always implies an Erdds-Spitzer-Katz type
statement for randomly selected partial sums of i.i.d.r.v., provided the
summands have at least 3+J (6=>0) moments.

Example 7.1.2, Tt is clear from the proof of (a) of Theorem 7.1.1 ‘that
P{|Z, |>¢} converges to zero exponentially fast, provided P{|Z,[>¢}

and P{ Vn
n

>s}, with v as in (a), do so themselves. In the latter case

we have

S gP{Z,| >} <=, £=0,
n=1

for any polynomial function g(n) of »n. An example for this situation is
provided by letting Z, of (a) be Z,=n"12 sup l, (»)|, where o, ()

is the empirical process. Then, by (4.1.6), P{IZ |>e} converges to zero
exponentially fast, and so does also P{|Z, |>¢}, provided that

P{ Vn
n

>s} does the same (e.g. if v, 2 1-2: Y, is as in Example 7.1.1).
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7.2. Invariance (strong and weak) principles for random-sum
limit theorems

While it is true that in this book we deal only with the problem of strong
approximation of partial sums and empirical processes of ii.d.r.v., it will
be seen that the main idea of this section and also that of the next one simply
amount to saying that whatever processes one might have succeeded in
strongly approximating by appropriate Gaussian processes, then weak
convergence propertics of certain randomized versions of the latter will be
also inherited by the former. In order to be able to fully utilize also this
latter type of inheritance for partial sums, we are going to deviate now
somewhat from our i.i.d. setting. Philipp and Stout (1975) (cf. also Berkes
and Philipp (1979)) developed methods to prove almost sure invariance
principles for sums of weakly dependent (e.g. strongly mixing, lacunary
trigonometric, Gaussian, asymptotic martingale difference sequences and
certain Markov processes) random variables. In order to be able to
‘“summarize” their results in a single statement, here we are not going to
make the notion of weak dependence precise but will simply call all those
sequences of random variables weakly dependent for which Philipp and
Stout (1975), and Berkes and Philipp (1979) proved relation (7.2.1) under-
neath. In this setting then, we have:

Proposition 7.2.1. Let X,, X,, be a sequence of weakly dependent r.v.
with EX;=0 and E|X**®<c for some 6=>0, and i=1,2,.... Assume
also that nl_l}g n~ES?=1. Then, possibly under further conditions which,

in turn, would depend on any given specific notion of weak dependence,
there exists a Wiener process {W(t); 0=t<o} such that, with S,= J X,
i=t

we have
(7.2.1) |S,—W ()| & o2,
where n is a positive number, depending only on the sequence {X}.

Combining first (a) of Theorem 7.1.1 with Theorem 2.6.7, we get
Theorem 7.2.1. Let {v,} be as in (a) of Theorem 7.1.1, ie.,
Z”' P { > e} < oo
n=1

Jor some r=1 and any &>0, where v is such a positive r.v. that for some

Yn_y
n
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O<ag<b=<o we have P{a<v<b}=1. Further let X\, X,, ... be iid.rv.
with EX;=0, EX?=1. Assume also that E|X /<o for some p>2r+4
(=6). Then, if the sequences of r.v. {v,} and {X,} are defined on the same
probability space, there exists a Wiener process {W(t); 0=t<-oc} such that,
for any £>=0, we have

(7.2.2) 2.:. n"=2P{| sup Sp,.—W at)| > eVv,} <co.
n=1 0=t=1

Proof. Letting now p/2=s>r+2 and Z,= sup [Sp,— W@t)/Vn,
0=1=1
it follows by Theorem 2.6.7 that
= 0

> C
2 ns—zP{Ian >8}< 8_:- Z np/2~s+2 =2
n=1 n=1

and (a) of Theorem 7.1.1, in turn, implies (7.2.2).
Replacing the conditions of Theorem 7.2.1 on {v,} by v,2%+
as n-— oo, then, by (2.6.4) and (b) of Theorem 7.1.1, instead of (7.2.2), we get

(723) v,,“””osupl IS[v"t]—W(Vnt)I 2, 0’ = 23
=t=

and, if we only assume that v, —— oo as n—oo, then, by (2.6.4) and (c) of
Theorem 7.1.1,

(7.2.4) v,,"l/f’osupl 1Sty =W (1) £~ 0, p=>2.
St=s

Since p=2, (7.2.3) implies

(7.2.5) viY2 sup [Sp, W0 2> 0 as n -,
0=t=1

and (7.2.4) implies
(7.2.6) vil2 sup |S, ,~W ()|~ 0 as n oo,
1

I=t=

Remark 7.2.1. In the sequel we are going to study the question of how
a (7.2.4)-type statement should imply weak convergence of a (properly
normed) sequence of processes {S[V",]; 0=r=1}. We should also note that
(b) of Theorem 7.1.1, (7.2.1) and v, ==+ (n—<o) imply (7.2.5), and (c)
of Theorem 7.1.1, (7.2.1) and v, £ oo (n—~o<) imply (7.2.6), with S, ,
in the general terms of Proposition 7.2.1 both times.

As just mentioned, our aim now is to study how our results so far should
imply weak convergence for randomly selected partial sum type processes.
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A general formulation of the latter problem can be described as follows.
Let {S,} be a sequence of partial sums of any r.v., and let {v,} be a se-
quence of positive integer valued r.v. on the same probability space.
Assuming that n‘-l/zS[,,,] 2, W(.), where {W(t); 0=t=1} is a standard
Wiener process, then for what kind of r.v. is it going to be also true that
vy 1’2S[1,”,] 2., W(-), where it is also assumed that the sequence {v,}
satisfies the

Condition (cf. () of Theorem 7.1.1)

(727  vifm=Z>v, Plv=0}=1, f(n) e as n-—o.

Such a general formulation of our problem was initiated by Billingsley
(1962), and general methods for its solution were given, for example, by
M. Csorgé and S. Csorgd (1973), Fischler (1976) and Rootzén (1974).
A common property of the latter four papers is that, in order to solve the
above problem of weak convergence, they work directly with the random-
sequence of stochastic processes {v; 1/25["..'1; 0=¢=1}. Our thesis now
amounts to saying that the above invariance principles enable one to
work with the generally simpler random sequence of stochastic processes
{v; W (v,t); 0=t=1} in order to obtain a weak convergence statement
for the latter and then to translate the thus obtained weak convergence to
that of {v; 25, ,; 0=r=1}.

As to the Condition (7.2.7), we note that stonger conditions like those of
Theorem 7.2.1 on {v,} are only assumed for the sake of having rate of
convergence statements like, e.g., that of (7.2.2) in mind. In general, the
least we must assume is that v, —— oo as oo, On the other hand, the latter
condition is not enough (cf. pp. 143-144 in Billingsley 1968) if we do not
wish to assume anything re. the independence of {v,} and {S,}. While
the latter independence assumption can be very helpful on occasions
(cf., e.g., Section 0 of this chapter), we do not wish to, and, indeed, we cannot
assume it in general. For this reason we must, therefore, postulate some-
thing about the way v, goes to infinity in probability as compared to
a sequence of numbers f(n) ~ <. Since an example of Rényi (1960) shows
that it is also not enough to require only the convergence in distribution
of v,/f(n) to a positive r.v. v, we can, therefore conclude that (7.2.7)
is indeed the most general and meaningful condition to assume for our
problem at hand (cf. also Aldous 1978).
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Theorem 7.2.2. Let {X;} be such a sequence of r.v. for which (1.2.1)
of Proposition 7.2.1 holds, and let {v,} be a sequence of positive integer
valued r.v. defined on the probability space of the latter. Assume also that
{v.} satisfies Condition (1.2.7). Then

(7.2.8) ViR (3,0 ) 2= W(-),
and whence,
(7.2.9) ViR Sy, o2 W().

The proof of this theorem is based on three lemmas.

Lemma 7.2.1. Under the conditions of Theorem 7.2.2 we have
W) W] e

su = ———— 0 as n—eo,
0210 T, T Vi
Proof. fv;) =v+¢g,. Then by Condition (7.2.7) we have that for any

>0 there exist 0<d=<a<b<-< and an integer n, such that
(7.2.11) Plasv=bl=1—¢ Pl =dtz=1—¢

whenever n=n,.
Now on the set {a=v=>b}N{l,|=06} we have

Wat) _W(f(mvt)

o==1] Vv, Vf(ny
W(f(n)vt+e,f(n)t) . v W(f(nvt)
o=r=1 an_) vteé, Vvf(n)
= o | U@ Haf ) H(fmm)
" omt=1 Vvf(n) Vvf(n)
CA [ (f (mve +e.f (m)t)]
taTs ok ey
= sup e +tW(x)]
0sx=1(0b 05s=5£(n) Vaf(n)
el LA
a3 0§x§l}‘l(n)(b+6) Vaf(n)
=1 (n)+a|i'|6 L(n).
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By (7.2.11) and the above inequalities, we get for any y>0,

Weout) W) |
Ao 5 1 77)

= 28+P{11(n) > -3-}+P{a'8_"'(S L(n) >%}

where P{Il(n) >%} -0 by Lemma 1.2.1, and P{a[?| 3 I(n) >%}—>0 since

&, —— 0. Hence (7.2.10) is now proved.

Lemma 7.2.2. Let A be any event of positive probability. Then
(1.2.12) {K}fiﬂ O=t= 1|A}—"L» W, 0=1=1),
. n

where (7.2.12) means that the sequence of conditional probability measures

generated by the process u;(ft) given A, converges to the Wiener measure.
n

The proof of this lemma is quite simple. Here we mention only that, for
example, the proof of Rényi’s mixing theorem (cf. Theorem 2.1.3) can be
adopted also in this situation. Another possibility is to check that the
conditional finite dimensional distributions of W(nt)/]/;l converge to the
finite dimensional distributions of W and then (7.2.12) follows from
continuity of the latter.

Now Lemma 7.2.2 implies

Lemma 7.2.3. Let v be any positive rv. Then we have

(7.2.13) {W(ﬂt) ;0=t= 1}—9—» Ww@;0=1=1}
Vnv
Proof of Theorem 7.2.2. (71.2.8) follows by Lemmas 7.2.1 and 7.2.3 and
(7.2.9) is a consequence of (7.2.6) (cf. Remark 7.2.1) and (7.2.8).

Remark 7.2.2. Naturally (7.2.9) implies that for every continuous func-
tional A: C(0, 1)~C(0, 1) we have

(7214 ()2 o)
We have also "
(7.2.15) lh [S[vnr] )_h [W(v,,t)] N

Vf(n) Vi)
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provided that h satisfies also the Lipschitz condition of (5.4.11). Let us
now consider the functional A(x(f))=x(1). Then by Lemma 7.2.2, and
given the conditions of Theorem 7.2.2, we have

~ X

(7216)  lim P{S,, s xf2(n)} = [ @(ﬁ] dP{v =y},
— o0 << X <-4 oo,

The latter result is proved for an i.i.d. sequence {X;} by Wittenberg (1964)
with f(n)=n and, independently, also by Mogyorédi (1966) in the above
form. In their case only two moments are needed for (7.2.16) with i.i.d.r.v.
Whence their result does not follow from the more general but 246
moments-setting of our (7.2.16). Indeed in many important theorems
concerning weak convergence of partial sums of r.v. one assumes only
the existence of the second moments of the summands (e.g. Donsker’s
theorem; cf. Theorem 0.1). Hence, results like the randomized version
of Donsker’s theorem (cf. Theorem 17.2 in Billingsley 1968 and also the
predecessor of the latter, namely the random sum central limit theorem of
Mogyorddi 1962 and Blum, Hanson and Rosenblatt 1963), and also the
just mentioned Wittenberg-Mogyorddi theorem as well as S. Csoérgb’s
(1974) random versions of the Erdés-Kac (1946) theorems do not follow
from our Theorem 7.2.2. However, in case of two moments only, it is again
possible to prove a Theorem 7.2.2 type statement for partial sums of
ii.d.r.v. This result will imply also the just mentioned ones. The latter
program is feasible on account of Theorem S.2.2.1.

Corollary 7.2.1 (Horvath 1978). Let X;, X,, ... and Yy, Yy, ... be r.v.
as in Theorem S.2.2.1, and let {v,} be a sequence of positive integer valued
r.v. defined on the probability space of the latter. Assume also that {v,}
satisfies Condition (71.2.7). Then

(1.2.17) V2 sup [Sg,,a—Ti,al — O
Also, =

(7.2.18) VR Ty, 1= W(+),
and, whence,

(7.2.19) ViR Sy, =2 W(+),

where T, is as in Theorem S.2.2.1.
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Proof. Condition (7.2.7) and Theorem S.2.2.1 imply (7.2.17) by (c) of
Theorem 7.1.1. The rest of the proof is similar to that of Theorem 7.2.2.
For details we refer to Horvath (1978).

Remark 7.2.3. We note that in case of two moments only, a direct
approach like that of M. Cs6rg6 and S. Csorgd (1973) and especially that
of Aldous (1978) for example, leads to more general results than the ones
we can deduce from Corollary 7.2.1. We will now see that a more natural
application of our method is to empirical processes with random size
samples.

7.3. Invariance (strong and weak) principles for random size
empirical processes

Qur first theorem is a parallel of Theorem 7.2.1.
Theorem 7.3.1. Let o,(y) and K(y,n) be as in Theorem 4.4.3 and let

{v.} be a sequence of positive integer valued random variables such that
for some number rz=1 we have

Jor any €>0, where v is a positive random variable with P{a=v=b}=1
for some O0<a<b<os, Then

oy

s n'"zP{
ng; n

(7.3.1) > n'~2p{ SUP g, (y)—vy V2 K(y,v,)| > a} < oo,
n=1

0=y=1

Proof. For an arbitrary £¢>0, let x=-§- Vn/logn in (4.4.22). Then,
by the latter inequality, we have (for n large)

.o

Py(e) = P{ sup |x,(»)—K(y, n)/n'? > a} = Le 1?}’,./103,,-
0=y=1

Whence, for any polynomial function g(n) of n, we have

._S" g (1) Py(e) < oo.

The latter combined with (a) of Theorem 7.1.1 now gives (7.3.1).



262 Strong Approximations

Theorem 7.3.2. Let o,(y), u,(3), 9,(»), K(y,n) be as in Theorems 4.4.3,
4.5.3 and 4.5.7 respectively, and let {v,} be a sequence of positive integer
valued random variables, and assume that v, =+ as n-—oo. Then

(71.3.2) sup |z, () —vi Y2 K(p, vl L 0,
0sy=1

(1.3.3) sup lu, () —vi 2K (y, v)| = 0,
O=y=1

(1.3.9) Sup, |f(F1(0))4,, () — v 2K (y, v,)| = 0.

We note that (7.3.2) also holds true with y=F(x) for a,(F(x))=8,(x).
Further, if instead of v, =— o we have that v, 2%+ o, then (7.3.2)~(7.3.4)
also hold true with probability one.

Proof of Theorem 7.3.2. Combining the respective statements (b) and
(c) of Theorem 7.1.1 with (4.4.23), (4.5.8) and (4.5.25), the above statements
follow.

Theorem 7.3.3. If v, of Theorem 7.3.2 also satisfies the condition (1.2.7),
then

(7.3.5) av"(.)_i. B(+),
(1.3.6) f(F1(-)a,(-)Z> B(:).

Proof. First we note that (7.2.7) implies that v, —— co as n—-oo, It follows
then from (7.3.2) and (7.3.4) that, in order to prove (7.3.5) and (7.3.6), it
suffices to show that

(137 V2K (., v,)—— B(:).
Now the proof of (7.3.7) can be done along the lines of that of (7.2.8).

Remark 7.3.1. The first paper on the random sample size empirical
process o, was written by Pyke (1968). He proved (7.3.5) under the
assumption that v,/n - 1. The above method of proof also extends to
empirical processes defined in terms of multivariate random variables
(cf. M. Csérgd, S. Csorgd, Fischler and Révész 1975). As to random sum
limit theorems, one of the first papers was that of Anscombe (1952) (cf.
also Doeblin 1938, 1940).
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Summary of Notations and Abbrevations

This list includes only symbols used systematically throughout the book
in some special way.

Probability Space, Random Variables, Expectation

(Q, o, P) is a probability space, with P a probability measure on a
measurable space (Q, &f). Events (elements of &) are usually denoted
by A, B, ... etc.; » is the generic element of Q. Random variable(s)
(r.v.) are usually denoted by X, ¥, ... etc.,, {X,} is a sequence of r.v. and
for independent identically distributed r.v. we write: i.i.d.r.v. EX denotes
the expected value of the r.v. X. VarX is the variance, while varf(.)
is the total variation of the function f(.). P{X=x) denotes the probabil-
ity of the event {w: X(w)=x}. I, is the indicator function of the event A4
and card 4 is the cardinality of 4.

Distributions, Densities

F, G, ... etc. usually stand for distribution functions, and f, g, ... etc. for
density functions of r.v. A#(y, 6%) stands for the normal family of distribu-
tion functions with mean u€ R! and variance 62>0, where R¥ is Euclidean
k-space (k=1). We frequently write XcA"(u, 62 or FEA (u, 6%), both
having the same meaning and for FeA'(0, 1) we use the notation ¢ with
density function ¢. %(a, b), a and bER?, stand for the family of uniform
distributions on (a, b); Exp (a, b), acRL, b>0 denote the exponential
family of distributions b~1exp (—d~l(x—a)), x=a. #(n,p) is the bi-
nomial family with parameters n=1, 0<p~<1. The inverse of a distribution
function F is denoted by inv F. The derivative of a function f is usually
denoted by f’, f” is the second derivative of f, etc.
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Convergence and Equality in Distribution Notions

2 stands for equality in distribution, -+ means convergence in distribu-

tion, — is convergence in probability, and = resp. =% stands for a.s.
(almost sure) equality resp. convergence of r.v. The symbols o(.), O(.)
are used in the usual, Landau sense. When the corresponding relations
hold in probability, then we frequently write op(.)Op(.). The symbol
as stands for asymptotic equality.

Special Stochastic Processes

W()={W(t); t=0} stands for the standard Wiener process, B(t)=
={B(1); 0=r=1} is the Brownian bridge, W(s, t)={W(s,1); s, =0}
is two parameter Wiener process, K(s, t)={K(s,t); O=s=1; t=0} is
Kiefer process. When emphasizing sample path properties of a stochastic
process X(¢), then we sometimes write X (¢, ).

Special Metric Spaces

C=C(0, 1) is the space of continuous functions x(.) on [0, 1] with the
uniform metric g(x, y)=s9p |x(#)—y(®)|. D=D(0,1) is the space of
functions x(.) on [0, 1], having points of discontinuity of the first kind
only, endowed with the Skorohod topology.

Special Notation for Section 5.7

The transpose of a vector V is V*. The norm | .| on R” is defined by
[(>1s ye, ...,yp)||=,1maxp ly). For a function g(x; 6), where 6=
==

=(6,, 0, ..., 0,)ER?, Vog(x; 6,) denotes the vector of parial derivatives
((9/00:)g (x; 0), .., (9/06,)g(x; 6))

evaluated at 8=46,. Similarly, VZg(x; 6,) denotes the vector
(@061 (x; 0), .., (3%/063)g (x; 6))

evaluated at 6=0,. The matrix [(0%/00,00,)g(x; 6)]; ; is denoted by
8o (x; 0). For a matrix or vector ¥V'=(y;)), |V| denotes the matrix (|v;|),
and [ V stands for (f v,), while ¥’ is meant to be (})).
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