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CONVERSIONS BETWEEN U.S. CUSTOMARY UNITS AND SI UNITS

Times conversion factor

U.S. Customary unit Equals SI unit
Accurate Practical

Acceleration (linear)

foot per second squared f/s? 0.3048* 0.305 meter per second squared  m/s?

inch per second squared in./s? 0.0254% 0.0254 meter per second squared m/s?
Area

circular mil cmil 0.0005067 0.0005 square millimeter mm?

square foot ft2 0.09290304* 0.0929 square meter m?

square inch in.2 645.16* 645 square millimeter mm?
Density (mass)

slug per cubic foot slug/ft® 515.379 515 kilogram per cubic meter  kg/m?
Density (weight)

pound per cubic foot Ib/fi? 157.087 157 newton per cubic meter N/m?

pound per cubic inch Ib/in.3 271.447 271 kilonewton per cubic

meter kN/m?

Energy; work

foot-pound ft-1b 1.35582 1.36 joule (N-m) J

inch-pound in.-1b 0.112985 0.113 joule J

kilowatt-hour kWh 3.6% 3.6 megajoule MJ

British thermal unit Btu 1055.06 1055 joule I
Force

pound Ib 4.44822 4.45 newton (kg-m/s?) N

kip (1000 pounds) k 4.44822 4.45 kilonewton kN
Force per unit length

pound per foot Ib/ft 14.5939 14.6 newton per meter N/m

pound per inch Ib/in. 175.127 175 newton per meter N/m

kip per foot k/ft 14.5939 14.6 kilonewton per meter kN/m

kip per inch k/in. 175.127 175 kilonewton per meter kN/m
Length

foot ft 0.3048%* 0.305 meter m

inch in. 25.4% 254 millimeter mm

mile mi 1.609344* 1.61 kilometer km
Mass

slug 1b-s2/ft 14.5939 14.6 kilogram kg
Moment of a force; torque

pound-foot Ib-ft 1.35582 1.36 newton meter N-m

pound-inch Ib-in. 0.112985 0.113 newton meter N-m

kip-foot k-ft 1.35582 1.36 kilonewton meter kN-m

kip-inch k-in. 0.112985 0.113 kilonewton meter kN-m




SELECTED PHYSICAL PROPERTIES

Property SI USCS

Water (fresh)

weight density 9.81 kN/m? 62.4 b/ft?

mass density 1000 kg/m? 1.94 slugs/ft®
Sea water

weight density 10.0 kN/m? 63.8 1b/fi

mass density 1020 kg/m? 1.98 slugs/ft?
Aluminum (structural alloys)

weight density 28 kN/m? 175 Ib/ft?

mass density 2800 kg/m? 5.4 slugs/ft?
Steel

weight density 77.0 kN/m?3 490 Ib/f?

mass density 7850 kg/m? 15.2 slugs/ft?
Reinforced concrete

weight density 24 kN/m?3 150 Ib/fe?

mass density 2400 kg/m? 4.7 slugs/ft
Atmospheric pressure (sea level)

Recommended value 101 kPa 14.7 psi

Standard international value 101.325 kPa 14.6959 psi

Acceleration of gravity
(sea level, approx. 45° latitude)

Recommended value 9.81 m/s? 32.2 fi/s?
Standard international value 9.80665 m/s? 32.1740 fus?
SI PREFIXES
Prefix Symbol Multiplication factor

tera T 1012 = 1000 000 000 000

giga G 10?0 = 1 000 000 000

mega M 100 = 1 000 000

kilo k 100 = 1 000

hecto h 102 = 100

deka da 100 = 10

deci d 107! = 0.1

centi c 1072 = 0.01

milli m 1073 = 0.001

micro I 10-% = 0.000 001

nano n 1079 = 0.000 000 001

pico p 10712 = 0.000 000 000 001

Note: The use of the prefixes hecto, deka, deci, and centi is not recommended in SL.



CONVERSIONS BETWEEN U.S. CUSTOMARY UNITS AND SI UNITS (Continued)

Times conversion factor

U.S. Customary unit Equals SI unit
Accurate Practical

Moment of inertia (area)

inch to fourth power in4 416,231 416,000 millimeter to fourth

power mm*

inch to fourth power in.* 0.416231 X 1076 0.416 X 107° | meter to fourth power m*
Moment of inertia (mass)

slug foot squared slug-ft2 1.35582 1.36 kilogram meter squared kg-m?
Power

foot-pound per second ft-1b/s 1.35582 1.36 watt (J/s or N-m/s) w

foot-pound per minute ft-1b/min 0.0225970 0.0226 watt w

horsepower (550 ft-1b/s) hp 745.701 746 watt w
Pressure; stress

pound per square foot psf 47.8803 47.9 pascal (N/m?) Pa

pound per square inch psi 6894.76 6890 pascal Pa

kip per square foot ksf 47.8803 479 kilopascal kPa

kip per square inch ksi 6.89476 6.89 megapascal MPa
Section modulus

inch to third power in3 16,387.1 16,400 millimeter to third power ~mm?

inch to third power in3 16.3871 X 107° 16.4 X 1070 meter to third power m3
Velocity (linear)

foot per second ft/s 0.3048* 0.305 meter per second m/s

inch per second in./s 0.0254* 0.0254 meter per second m/s

mile per hour mph 0.44704%* 0.447 meter per second m/s

mile per hour mph 1.609344* 1.61 kilometer per hour km/h
Volume

cubic foot ft3 0.0283168 0.0283 cubic meter m3

cubic inch in.3 16.3871 X 1076 16.4 X 1079 cubic meter m3

cubic inch in3 16.3871 16.4 cubic centimeter (cc) cm?

gallon (231 in.3) gal. 3.78541 3.79 liter L

gallon (231 in.%) gal. 0.00378541 0.00379 cubic meter m?

*An asterisk denotes an exact conversion factor
Note: To convert from SI units to USCS units, divide by the conversion factor

Temperature Conversion Formulas  7(°C) = —S—[T(f’F) —32]=T(K) — 273.15

T(K) =

T(°F) =

5

SITCR) = 321+ 273.15 = T(°C) +273.15

%T("C) +32= %T(K) —459.67
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Preface to the SI Edition

This edition of Engineering Mechanics: Dynamics has been adapted to
incorporate the International System of Units (Le Systéme International
d’Unités or SI) throughout the book.

Le Systeme International d’ Unités

The United States Customary System (USCS) of units uses FPS (foot-
pound—second) units (also called English or Imperial units). SI units are
primarily the units of the MKS (meter-kilogram-second) system. However,
CGS (centimeter-gram-second) units are often accepted as SI units, especially
in textbooks.

Using SI Units in this Book

In this book, we have used both MKS and CGS units. USCS units or FPS units
used in the US Edition of the book have been converted to SI units throughout
the text and problems. However, in case of data sourced from handbooks,
government standards, and product manuals, it is not only extremely difficult
to convert all values to SI, it also encroaches upon the intellectual property
of the source. Also, some quantities such as the ASTM grain size number
and Jominy distances are generally computed in FPS units and would lose
their relevance if converted to SI. Some data in figures, tables, examples, and
references, therefore, remains in FPS units. For readers unfamiliar with the
relationship between the FPS and the SI systems, conversion tables have been
provided inside the front and back covers of the book.

To solve problems that require the use of sourced data, the sourced val-
ues can be converted from FPS units to SI units just before they are to be used
in a calculation. To obtain standardized quantities and manufacturers’ data
in ST units, the readers may contact the appropriate government agencies or
authorities in their countries/regions.



xii

Preface to the S| Edition

Instructor Resources

A Printed Instructor’s Solution Manual in ST units is available on request.
An electronic version of the Instructor’s Solutions Manual, and PowerPoint
slides of the figures from the SI text are available through www.cengage.com/
engineering.

The readers’ feedback on this SI Edition will be highly appreciated and
will help us improve subsequent editions.

The Publishers


www.cengage.com/engineering
www.cengage.com/engineering

Preface

Statics and dynamics are the foundation subjects in the branch of engineering
known as engineering mechanics. Engineering mechanics is, in turn, the basis
of many of the traditional fields of engineering, such as aerospace engineer-
ing, civil engineering, and mechanical engineering. In addition, engineering
mechanics often plays a fundamental role in such diverse fields as medicine
and biology. Applying the principles of statics and dynamics to such a wide
range of applications requires reasoning and practice rather than memoriza-
tion. Although the principles of statics and dynamics are relatively few, they
can only be truly mastered by studying and analyzing problems. Therefore, all
modern textbooks, including ours, contain a large number of problems to be
solved by the student. Learning the engineering approach to problem solving
is one of the more valuable lessons to be learned from the study of statics and
dynamics.

In this, our third edition of Statics and Dynamics, we have made
every effort to improve our presentation without compromising the following
principles that formed the basis of the previous editions.

» Each sample problem is carefully chosen to help students master the
intricacies of engineering problem analysis.

¢ The selection of homework problems is balanced between “textbook”
problems that illustrate the principles of engineering mechanics in a
straightforward manner, and practical engineering problems that are
applicable to engineering design.

e The number of problems using U.S. Customary Units and SI Units are
approximately equal.

* The importance of correctly drawn free-body diagrams is emphasized
throughout.

* Whenever applicable, the number of independent equations is compared
to the number of unknowns before the governing equations are written.

* Numerical methods for solving problems are seamlessly integrated into
the text, the emphasis being on computer applications, not on computer
programming.

* Review Problems appear at the end of each chapter to encourage
students to synthesize the topics covered in the chapter.

Both Statics and Dynamics contain several optional topics, which are
marked with an asterisk (*). Topics so indicated can be omitted without
jeopardizing the presentation of other subjects. An asterisk is also used to



xiv

Preface

indicate problems that require advanced reasoning. Articles, sample prob-
lems, and problems associated with numerical methods are preceded by an
icon representing a compact disk. g9

In this third edition of Dynamics, we have made what we consider to
be a number of significant improvements based upon the feedback received
from students and faculty who have used the previous editions. In addition,
we have incorporated many of the suggestions provided by the reviewers of
the second edition.

A number of articles have been reorganized, or rewritten, to make the
topics easier for the student to understand. For example, the discussion of the
work-energy method in Chapter 18 has been streamlined. Also, Chapter 20
(Vibrations) has been reorganized to provide a more concise presentation of
the material. In addition, sections entitled Review of Equations have been
added at the end of each chapter as an aid to problem solving.

The total numbers of sample problems and problems remain about the
same as in the previous edition; however, the introduction of two colors
improves the overall readability of the text and artwork. Compared with the
previous edition, approximately one-third of the problems are new, or have
been modified.

New to this edition, the Sample Problems that require numerical solu-
tions have been solved using MATLAB®, the software program that is
familiar to many engineering students.

Ancillary  Study Guide to Accompany Pytel and Kiusalaas Engineering
Mechanics, Dynamics, Third Edition, J.L. Pytel and A. Pytel, 2009. The goals
of this study guide are two-fold. First, self-tests are included to help the stu-
dent focus on the salient features of the assigned reading. Second, the study
guide uses “guided” problems which give the student an opportunity to work
through representative problems, before attempting to solve the problems in
the text.

Acknowledgments We are grateful to the following reviewers for their
valuable suggestions:

Hamid R. Hamidzadeh, Tennessee State University

Aiman S. Kuzmar, The Pennsylvania State University—Fayette,
The Eberly Campus

Gary K. Matthew, University of Florida
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Introduction to Dynamics

&

11.1 Introduction

Classical dynamics studies the motion of bodies using the principles established
by Newton and Euler.” The organization of this text is based on the subdivisions
of classical dynamics shown in Fig. 11.1.

*Sir Isaac Newton is credited with laying the foundation of classical mechanics with the publication
of Principia in 1687. However, the laws of motion as we use them today were developed by Leonhard
Euler and his contemporaries more than sixty years later. In particular, the laws for the motion of finite
bodies are attributable to Euler.

Sir Isaac Newton (1643—1727) in
his treatise Philosophiae Naturalis
Principia Mathematica established
the groundwork for dynamics with
his three laws of motion and the
universal theory of gravitation,
which are discussed in this chapter:
(Time & Life Pictures/Getty Images)
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Absolute motion

— Kinematics

Particles Relative motion

Classical dynamics

|— Force-mass-acceleration method

Rigid bodies —  Kinetics |— Work-energy method

Impulse-momentum method

Fig. 11.1

The first part of this text deals with dynamics of particles. A particle is a mass
point; it possesses a mass but has no size. The particle is an approximate model of
a body whose dimensions are negligible in comparison with all other dimensions
that appear in the formulation of the problem. For example, in studying the motion
of the earth around the sun, it is permissible to consider the earth as a particle,
because its diameter is much smaller than the dimensions of its orbit.

The second part of this text is devoted mainly to dynamics of rigid bodies.
A body is said to be rigid if the distance between any two material points of
the body remains constant, that is, if the body does not deform. Because any
body undergoes some deformation when loads are applied to it, a truly rigid body
does not exist. However, in many applications the deformation is so small (rel-
ative to the dimensions of the body) that the rigid-body idealization is a good
approximation.

As seen in Fig. 11.1, the main branches of dynamics are kinematics and kinet-
ics. Kinematics is the study of the geometry of motion. It is not concerned with the
causes of motion. Kinetics, on the other hand, deals with the relationships between
the forces acting on the body and the resulting motion. Kinematics is not only an
important topic in its own right but is also a prerequisite to kinetics. Therefore,
the study of dynamics always begins with the fundamentals of kinematics.

Kinematics can be divided into two parts as shown in Fig. 11.1: absolute
motion and relative motion. The term absolute motion is used when the motion is
described with respect to a fixed reference frame (coordinate system). Relative
motion, on the other hand, describes the motion with respect to a moving
coordinate system.

Figure 11.1 also lists the three main methods of kinetic analysis. The
force-mass-acceleration (FMA) method is a straightforward application of the
Newton-Euler laws of motion, which relate the forces acting on the body to its
mass and acceleration. These relationships, called the equations of motion, must
be integrated twice in order to obtain the velocity and the position as functions of
time.

The work-energy and impulse-momentum methods are integral forms of
Newton-Euler laws of motion (the equations of motion are integrated with
respect to position or time). In both methods the acceleration is eliminated by
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the integration. These methods can be very efficient in the solution of problems
concerned with velocity-position or velocity-time relationships.

The purpose of this chapter is to review the basic concepts of Newtonian
mechanics: displacement, velocity, acceleration, Newton’s laws, and units of
measurement.

11,2 Derivatives of Vector Functions

A knowledge of vector calculus is a prerequisite for the study of dynamics. Here
we discuss the derivatives of vectors; integration is introduced throughout the text
as needed.

The vector A is said to be a vector function of a scalar parameter u if the mag-
nitude and direction of A depend on u. (In dynamics, time is frequently chosen
to be the scalar parameter.) This functional relationship is denoted by A (u). If the
scalar variable changes from the value u to (u + Au), the vector A will change
from A(u) to A(u + Au). Therefore, the change in the vector A can be written as

AA =AW+ Au) — A(u) (11.1)
Asseenin Fig. 11.2, AA is due to a change in both the magnitude and the direction
of the vector A.
The derivative of A with respect to the scalar u is defined as

dA . AA . Alu+ Au) — Aw)
= lim — = lim

du = Au—0 Au Au—0 Au

(11.2)

assuming that the limit exists. This definition resembles the derivative of the scalar
function y(u), which is defined as

dy . Ay
— = lim —

. y(u+ Au) — y(u)
= = lum
du Au—0 Au

Au—0 Au (2.3)

Caution In dealing with a vector function, the magnitude of the derivative
|dA/du| must not be confused with the derivative of the magnitude d|A|/du.
In general, these two derivatives will not be equal. For example, if the magni-
tude of a vector A is constant, then d|A|/du = 0. However, |dA/du| will not
equal zero unless the direction of A is also constant.

The following useful identities can be derived from the definitions of deriva-
tives (A and B are assumed to be vector functions of the scalar u, and m is also a
scalar):

d(mA) dA dm

=m— 4+ "A .
Y TRT (2.4)
dA+B) _dA  dB (11.5)
du " du du K
dA-B dB dA
( ):A.—+—-B (11.6)
du du du
A xB B A
dAxB) _, 9B dA o (11.7)

du du du

Derivatives of Vector Functions

Fig. 11.2

3
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41.3 | Position, Velocity, and Acceleration
of a Particle

a. Position

Consider the motion of a particle along a smooth path as shown in Fig. 11.3.
The position of the particle at time 7 is specified by the position vector r(t), which
is the vector drawn from a fixed origin O to the particle. Let the location of the
particle be A at time ¢, and B at time ¢ + At, where At is a finite time interval.
The corresponding change in the position vector of the particle,

Ar =r(t + At) —r() (11.8)

is called the displacement vector of the particle.

Fig.11.3

As indicated in Fig. 11.3, the position of the particle at time ¢ can also be spec-
ified by the path coordinate s(t), which is the length of the path between a fixed
point E and the particle. The change in path length during the time interval At is

As =5t + At) —s(1) (11.9)
Caution The change in path length should not be confused with the distance
traveled by the particle. The two are equal only if the direction of motion does

not change during the time interval. If the direction of motion changes during At,
then the distance traveled will be larger than As.

b. Velocity

The velocity of the particle at time ¢ is defined as
0 = lim 2F = #n) (11.10)
= — =T .
v A}EIO At

where the overdot denotes differentiation with respect to time. Because the veloc-
ity is the derivative of the vector function r(), it is also a vector. From Fig. 11.3
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we observe that Ar becomes tangent to the path at A as At — 0. Consequently,
the velocity vector is tangent to the path of the particle.

We also deduce from Fig. 11.3 that |Ar| — As as At — 0. Therefore, the
magnitude of the velocity, also known as the speed of the particle, is

® =1 |Ar li As $(1) (11.11)
= l1m — = u1um — = .
v At—0 At At—0 At g

The dimension of velocity is [length/time], so the unit of velocity is m/s or ft/s.

c. Acceleration

The velocity vectors of the particle at A (time ) and B (time ¢ + At) are shown
in Fig. 11.4(a). Note that both vectors are tangent to the path. The change in the
velocity during the time interval A¢, shown in Fig. 11.4(b), is

AV =v(t + Ar) — v(t) (11.12)

The acceleration of the particle at time ¢ is defined as
Av
t) = lim — =v() =¥t 11.1
a() = lim —— =v(r) = () (11.13)

The acceleration is a vector of dimension [length/timez]; hence its unit is m/s?
or ft/s>.

Caution The acceleration vector is generally not tangent to the path of the par-
ticle. The direction of the acceleration coincides with Av as At — 0, which, as
seen in Fig. 11.4(b), is not necessarily in the same direction as v.

Path

v(t+A1) X))

V(1) V(1)
(a) (b)

Fig. 11.4

11.4 | Newtonian Mechanics™

a. Scope of Newtonian mechanics

In 1687, Sir Isaac Newton (1642—1727) published his celebrated laws of motion
in Principia (Mathematical Principles of Natural Philosophy). Without a doubt,

“This article, which is the same as Art. 1.2 in Statics, is repeated here because of its relevance to our
study of dynamics.

Newtonian Mechanics

5
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this work ranks among the most influential scientific books ever published.
We should not think, however, that its publication immediately established clas-
sical mechanics. Newton’s work on mechanics dealt primarily with celestial
mechanics and was thus limited to particle motion. Another two hundred or so
years elapsed before rigid-body dynamics, fluid mechanics, and the mechanics
of deformable bodies were developed. Each of these areas required new axioms
before it could assume a usable form.

Nevertheless, Newton’s work is the foundation of classical, or Newtonian,
mechanics. His efforts have even influenced two other branches of mechanics born
at the beginning of the twentieth century: relativistic and quantum mechanics.
Relativistic mechanics addresses phenomena that occur on a cosmic scale (veloc-
ities approaching the speed of light, strong gravitational fields, etc.). It removes
two of the most objectionable postulates of Newtonian mechanics: the existence
of a fixed or inertial reference frame and the assumption that time is an absolute
variable, “running” at the same rate in all parts of the universe. (There is evidence
that Newton himself was bothered by these two postulates.) Quantum mechanics
is concerned with particles on the atomic or subatomic scale. It also removes two
cherished concepts of classical mechanics: determinism and continuity. Quantum
mechanics is essentially a probabilistic theory; instead of predicting an event, it
determines the likelihood that an event will occur. Moreover, according to this the-
ory, the events occur in discrete steps (called guanta) rather than in a continuous
manner.

Relativistic and quantum mechanics, however, have by no means invalidated
the principles of Newtonian mechanics. In the analysis of the motion of bodies
encountered in our everyday experience, both theories converge on the equations
of Newtonian mechanics. Thus the more esoteric theories actually reinforce the
validity of Newton’s laws of motion.

b. Newton’s laws for particle motion

Using modern terminology, Newton’s laws of particle motion may be stated as
follows.

1. If a particle is at rest (or moving with constant velocity), it will remain at rest
(or continue to move with constant velocity) unless acted on by a force.

2. A particle acted on by a force will accelerate in the direction of the force. The
magnitude of the acceleration is proportional to the magnitude of the force
and inversely proportional to the mass of the particle.

3. For every action, there is an equal and opposite reaction; that is, the forces
of interaction between two particles are equal in magnitude and opposite in
direction.

Although the first law is simply a special case of the second law, it is customary
to state the first law separately because of its importance to the subject of statics.

¢. Inertial reference frames

When applying Newton’s second law, attention must be paid to the coordinate
system in which the accelerations are measured. An inertial reference frame (also
known as a Newtonian or Galilean reference frame) is defined to be any rigid coor-
dinate system in which Newton’s laws of particle motion relative to that frame are



valid with an acceptable degree of accuracy. In most design applications used on
the surface of the earth, an inertial frame can be approximated with sufficient
accuracy by attaching the coordinate system to the earth. In the study of earth
satellites, a coordinate system attached to the sun usually suffices. For interplan-
etary travel, it is necessary to use coordinate systems attached to the so-called
fixed stars.

It can be shown that any frame that is translating with constant velocity rel-
ative to an inertial frame is itself an inertial frame. It is a common practice
to omit the word inertial when referring to frames for which Newton’s laws
obviously apply.

d. Units and dimensions

The standards of measurement are called units. The term dimension refers to the
type of measurement, regardless of the units used. For example, kilogram and
meter/second are units, whereas mass and length/time are dimensions. The base
dimensions in the SI system (from Systéme international d’unités) are mass [M],
length [L], and time [7], and the base units are kilogram (kg), meter (m), and
second (s). All other dimensions or units are combinations of the base quantities.
For example, the dimension of velocity is [L/T], the unit being km/h, m/s, and
SO on.

A system with the base dimensions [FLT] (such as the U.S. Customary
system), is called a gravitational system. If the base dimensions are [MLT]
(as in the SI system), the system is known as an absolute system. In each
system of measurement, the base units are defined by physically reproducible
phenomena, or physical objects. For example, the second is defined by the dura-
tion of a specified number of radiation cycles in a certain isotope, and the
kilogram is defined as the mass of a certain block of metal kept near Paris,
France.

All equations representing physical phenomena must be dimensionally homo-
genous, that is, each term of the equation must have the same dimension.
Otherwise, the equation will not make physical sense (it would be meaningless,
for example, to add a force to a length). Checking equations for dimensional
homogeneity is a good habit to learn, as it can reveal mistakes made during
algebraic manipulations.

e. Mass, force, and weight

If a force F acts on a particle of mass m, Newton’s second law states that

F = ma (11.14)

where a is the acceleration vector of the particle. For a gravitational [FLT]
system, dimensional homogeneity of Eq. (11.14) requires the dimension of
mass to be

FT?

(M] = [T} (11.15a)

11.4 Newtonian Mechanics

7
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For an absolute [MLT] system of units, dimensional homogeneity of
Eq. (11.4) yields for the dimension of force

ML
[F]= [F} (11.15b)

The derived unit of force in the SI system is a newton (N), defined as the force
that accelerates a 1.0-kg mass at the rate of 1.0 m/s?. From Eq. (11.15b), we
obtain

1.0N = 1.0 kg - m/s*

Weight is the force of gravitation acting on a body. If we denote the gravi-
tational acceleration (free-fall acceleration of the body) by g, the weight W of a
body of mass m is given by Newton’s second law as

W = mg (11.16)

Note that mass is a constant property of a body, whereas weight is a variable
that depends on the local value of g. The nominal gravitational acceleration at
sea level, called standard gravity, is defined as g =9.80665m/s>. The actual
value of g varies from about 9.78 to 9.84, depending on the latitude and
the proximity of large land masses. In this text, we mostly use the average
value

g =9.81m/s’

in computations. However, in some cases calculation is rendered much simpler by
rounding off this value to 9.8 m/s>. Thus if the mass of a body is 1.0 kg, its weight
on earth is (9.81 m/s?)(1.0 kg) = 9.81 N.

f. Conversion of units

A convenient method for converting a measurement from one set of units to
another set is to multiply the measurement by appropriate conversion factors. For
example, to convert 180 km/h to m/s, we proceed as follows:

1. 1
180 knvh = 180 1 5 1-0x 1000m

= 50 m/
T 36005 < 1.0 kat s

we see that each conversion factor is dimensionless and of magnitude 1. There-
fore, a measurement is unchanged when it is multiplied by conversion factors—
only its units are altered. Note that it is permissible to cancel units during the
conversion as if they were algebraic quantities.

Conversion factors applicable to mechanics are listed inside the front cover of
the book.



g. Law of gravitation

In addition to his many other accomplishments, Newton also proposed the law of
universal gravitation. Consider two particles of mass m, and mp that are sepa-
rated by a distance R, as shown in Fig. 11.5. The law of gravitation states that the
two particles are attracted to each other by forces of magnitude F' that act along
the line connecting the particles, where

(11.17)

The universal gravitational constant G is approximately 6.67 x 10~'! m3/(kg - s?).
Although this law is valid for particles, Newton showed that it is also applicable
to spherical bodies provided that their masses are distributed uniformly. (When
attempting to derive this result, Newton had to develop calculus.)

If we let my = M, (the mass of the earth), mp = m (the mass of a body),
and R = R, (the mean radius of the earth), then F' in Eq. (11.17) will be the
weight W of the body. Comparing W = GM,m/R? with W = mg, we find that
g = GMe/RZ. Of course, adjustments may be necessary in the value of g for some
applications in order to account for local variation of the gravitational attraction.

11.4 Newtonian Mechanics

9



Sample Problem 11.1

Convert 1.5 km/h to mm/s.

Using the standard conversion factors of the SI system of units, we obtain

1.5 ket 1.0 1000 pr 1000 mm

X X X = 416.66 mm/s
):'d 3600 s 1.0 kit 1.0

1.5 km/h =

Answer

10

Sample Problem 11.2

The acceleration a of a particle is related to its velocity v, its position coordinate x,
and time ¢ by the equation
a = Ax*t + Bvi® @

where A and B are constants. The dimension of the acceleration is length per unit
time squared, that is, [a] = [L/T?]. The dimensions of the other variables are
[vl] = [L/T], [x] = [L], and [t] = [T]. Derive the dimensions of A and B if
Eq. (a) is to be dimensionally homogeneous. Express the units for A and B in the
SI system.

For Eq. (a) to be dimensionally homogeneous, the dimension of each term on
the right-hand side of the equation must be [L/T?], the same as the dimension
for a. Therefore, the dimension of the first term on the right-hand side of Eq. (a)
becomes

L
[Ax’1] = [Allx*][1] = [AN[L][T] = [ﬁ] (b)
Solving Eq. (b) for the dimension of A, we find
Al = ; i = ; Answer
A= [TJ VS ¢

In the SI system the units of A are m~2s73.

Performing a similar dimensional analysis on the second term on the right-
hand side of Eq. (a) gives

L L
[Bvt*] = [B1V][#*] = [B] [7] [T%] = [ﬁ] ©
Solving Eq. (c) for the dimension of B, we find
Bl— L T 1 _ 1 A
1B1= H H [ﬁ} = H nower

The units of B are s—>.



Sample Problem 11.3

Find the gravitational force exerted by the earth on a 70-kg man whose height
above the surface of the earth equals the radius of the earth. The mass and radius
of the earth are M, = 5.9742 x 10** kg and R, = 6378 km, respectively.

Consider a body of mass m located at a distance 2R, from the center of the earth
of mass M,. The law of universal gravitation, from Eq. (11.17), states that the
body is attracted to the earth by the force F' given by

mM,

(2R,)?
where G = 6.67 x 107! m3/(kg - s?) is the universal gravitational constant. Sub-
stituting the values for G and the given parameters, the earth’s gravitational force
acting on the 70-kg man is

(70)(5.9742 x 10%)

F = (6.67x 107! =1714N A
(6.67> 107 =7 6378 = 102 nswer
Review of Equations
A A
dn) _ A dm
du du du
dA+B) _dA  dB
du " du du
d(A-B
( ) :A.d_B+d_A.B
du du du
d(A x B B dA
& = A X d_ + d_ x B
du du du

Displacement: Ar =r(t + Atr) —r(¢t)
Change in path length: As = s(t + At) — s(¢)

A
Velocity :  v(t) = Alim0 A—: =r@) v(@)=s50)
t—

. . AV ..
Acceleration: a(t) = Al}go A v(t) =1F(t)
F =ma
W=mg g=9.81m/s

ma mp
R2
G =6.67x 107" m*/(kg - s?)

F=G

11
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11.1 A person weighs 30 N on the moon, where g = 1.6 m/s?. Determine (a) the
mass of the person; and (b) the weight of the person on earth.

11.2 The radius and length of a steel cylinder are 60 mm and 120 mm, respec-
tively. If the mass density of steel is 7850 kg/m?, determine the weight of the
cylinder.

11.3 Convert the following: (a) 100kN/m? to 1b/in.%; (b) 30m/s to km/h;
(c) 800 slugs to Mg; (d) 201b/ft> to N/m?. Use the conversion charts given on
the inside cover.

11.4 Equate dimensionally Newton’s second law and the universal law of
gravitation and hence derive the units of the universal gravitational constant.

11.5 When a rigid body of mass m undergoes plane motion, its kinetic energy
(KE) is

Lo, 1 55

KE = —mv" 4+ —mk“w

2 2
where v is the velocity of its mass center, k is a constant, and w is the angular
velocity of the body in rad/s. Express the units of KE and k in terms of the base
units of the SI system.

11.6 In a certain application, the acceleration a and the position coordinate x of
a particle are related by

gkx
a==>—
w

where g is the gravitational acceleration, k is a constant, and W is the weight of
the particle. Show that this equation is dimensionally consistent if the dimension
of kis [F/L].

11.7 When a force F acts on a linear spring, the elongation x of the spring is
given by F' = kx, where k is called the stiffness of the spring. Determine the
dimension of k in terms of the base dimensions of an absolute [M LT] system of
units.

11.8 Determine the dimensions of the following in terms of the base dimen-
sions of a gravitational [ F LT] system of units: (a) mv?; (b) mv; and (c) ma. The
dimensions of the variables are [m] = [M], [v] = [L/T] and a = [L/T?].

11.9 A geometry textbook gives the equation of a parabola as y = x2,
where x and y are measured in mm. How can this equation be dimensionally
correct?

11.10 The mass moment of inertia / of a homogeneous sphere about its diam-
eter is I = (2/5)mR?, where m and R are its mass and radius, respectively.



Find the dimension of [ in terms of the base dimensions of (a) a gravitational
[FLT] system; and (b) an absolute [M LT] system.

11.11  Determine the dimensions of constants A and B in the following equations,
assuming each equation to be dimensionally correct: (a) v* = Ax? + Bvt?; and
(b) x> = Ar2eB”. The dimensions of the variables are [x] = [L], [v] = [L/T]
and [a] = [L/T?].

11.12 In a certain vibration problem the differential equation describing the
motion of a particle of mass m is

& + dx +k Py sinwt
m—s +c— +kx = Pysinw
dr? dt
where x is the displacement of the particle. What are the dimensions of con-
stants ¢, k, Py, and w in terms of the base dimensions of a gravitational [FLT]
system?

11.13 Using Eq. (11.17), derive the dimensions of the universal gravitational
constant G in terms of the base dimensions of (a) a gravitational [F LT] system;
and (b) an absolute [M LT1] system.

11.14 A famous equation of Einstein is E = mc?, where E is energy, m is mass,
and c is the speed of light. Determine the dimension of energy in terms of the
base dimensions of (a) a gravitational [FFLT] system; and (b) an absolute [M LT]
system.

11.15 Two 10-kg particles are placed 500 mm apart. Express the gravitational
attraction acting on one of the particles as a percentage of its weight on earth.

11.16 Two identical spheres of mass 3 kg and radius 1 m are placed in contact.
Find the gravitational attraction between them.

Use the following data in Problems 11.17 through 11.21:

Mass of earth = 5.9742 x 10** kg

Radius of earth = 6378 km

Mass of moon = 0.073483 x 10** kg

Radius of moon = 1737 km

Mass of sun = 1.9891 x 10*° kg

Distance between earth and sun = 149.6 x 10°km

11.17 Find the mass of an object (in kg) that weighs 2 kN at a height of 1800 km
above the earth’s surface.

11.18 Prove that the weight of an object on the moon is approximately one-sixth
of its weight on earth.

11.19 A man weighs 150N on the surface of the earth. Find his weight at an
elevation equal to the radius of the earth.

11.1-11.21

Problems

13
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11.20 Determine the gravitational force exerted by the sun on a 1.0-kg object
on the surface of the earth.

11.21 A spacecraft travels along the straight line connecting the earth and the
sun. At what distance from earth will the gravitational forces of the earth and
the sun be equal?
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Dynamics of a Particle:

Rectangular Coordinates

- Introduction

In this chapter we study the dynamics (both kinematics and kinetics) of a particle
in a rectangular coordinate system. The discussion is limited to a single particle,
and the coordinate axes are assumed to be fixed; that is, not moving. The dynam-
ics of two or more interacting particles and the kinematics of relative motion
(translating coordinate systems) are covered in Chapter 15.

The fall of a skydiver is governed
by the forces of gravity and
aerodynamic drag. When these two
forces are in balance, the skydiver
is descending at a constant speed
known as the terminal velocity. The
determination of terminal velocity
is the subject of Prob. 12.47.
(Roberto Mettifogo/Photonica/Getty
Images)
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Dynamics of a Particle: Rectangular Coordinates

The definition of basic kinematical variables (position, velocity, and accelera-
tion), which appeared in the previous chapter, made no reference to a coordinate
system. Therefore, these definitions are applicable in any fixed reference frame.
A specific coordinate system, however, is essential when we want to describe
the motion. Here we employ the simplest of all reference frames: the rectangu-
lar Cartesian coordinate system. Although rectangular coordinates could be used
in the solution of any problem, it is not always convenient to do so. Frequently,
the curvilinear coordinate systems described in the next chapter lead to easier
analyses.

Rectangular coordinates are naturally suited to the analysis of rectilinear
motion (motion along a straight line) or curvilinear motion that can be described
by a superposition of rectilinear motions, such as the flight of a projectile. These
two applications form the bulk of this chapter.

An important problem of kinematics is introduced in the analysis of rectilinear
motion: Given the acceleration of a particle, determine its velocity and position.
This task, which is equivalent to integrating (solving) the second-order differ-
ential equation X = f(x, x, t), is encountered repeatedly throughout dynamics.
Most of the differential equations encountered in this text are simple enough to
be solved analytically. We do, however, include some problems that must be inte-
grated numerically. Although these problems are optional, they are an important
reminder that most practical problems do not have analytical solutions.

12.2 » Kinematics
Figure 12.1(a) shows the path of particle A, which moves in a fixed rectangular

reference frame. Letting i, j, and k be the base vectors (unit vectors), the position
vector of the particle can be written as

r(t) = xi+ yj+ zk (12.1)

where x, y, and z are the time-dependent rectangular coordinates of the particle.




Applying the definition of velocity, Eq. (11.10), and the chain rule of
differentiation, Eq. (11.4), we obtain

I _ it yjtak
= — = — 1
v dt dtx ATz

di+"+ dj+"+ dk+'k
=x— +x1 —_ —_
dt ydt % Zdt ¢

Because the coordinate axes are fixed,” the base vectors remain constant, so that
di/dt = djldt = dk/dt = 0. Therefore, the velocity becomes

v=wi+vj+vk (12.2)
where the rectangular components, shown in Fig. 12.1(a), are
Vy = )E: vy = 5) vZ = Z (12.3)

Similarly, the definition of acceleration, Eq. (11.13), yields

dv

d
A== (v vk = D+ ik

Thus the acceleration is
a=a;i+a,j+ak (12.4)
with the rectangular components [see Fig. 12.1(b)]
ay =V, =X ay =V, =¥ a, =v,=73% (12.5)

a. Plane motion

Plane motion occurs often enough in engineering applications to warrant special
attention. Figure 12.2(a) shows the path of a particle A that moves in the x y-plane.
To obtain the two-dimensional rectangular components of r, v, and a, we set z = 0
in Egs. (12.1)—(12.5). The results are

r = xi+ yj vV=wdi+vj a=ad+a)j (12.6)
where
Vy =X Vy =Y
- - (12.7)
ay =v, =X ay=v, =}y

“This assumption is actually overly restrictive. As we show in Chapter 16, the results remain valid if
the coordinate system translates without rotating.

12.2 Kinematics

Y Path
A
|
|
Q |
S 1y
|
|
|
[0 X
(@)
y
vy 2
T T
A Vx
o

(©)

Fig. 12.2
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Figure 12.2(b) shows the rectangular components of the velocity. The angle 6,
which defines the direction of v, can be obtained from

dyldt d
tanf = Yy = L = 24
Vy dx/dt  dx

Because the slope of the path is also equal to dy/dx, we see that v is tangent to
the path, a result that was pointed out in the preceding chapter.

The rectangular components of a are shown in Fig. 12.2(c). The angle g that
defines the direction of a can be computed from

_ay d*yldt?
tan f = a, d’x/dt?

Because 8 is generally not equal to 6, the acceleration is not necessarily tangent
to the path.

b. Rectilinear motion

If the path of a particle is a straight line, the motion is called rectilinear. An
example of rectilinear motion, in which the particle A moves along the x-axis, is
depicted in Fig. 12.3. In this case, we set y =0 in Egs. (12.6) and (12.7), obtaining
r = xi, v =v,i, and a = a,i. Each of these vectors is directed along the path (i.e.,
the motion is one-dimensional). Because the subscripts are no longer needed, the
equations for rectilinear motion along the x-axis are usually written as

r=xi v =i a=ai (12.8)

where

V=X a=v=X (12.9)

In some problems, it is more convenient to express the acceleration in terms of
velocity and position, rather than velocity and time. This change of variable can be
accomplished by the chain rule of differentiation: a = dv/dt = (dv/dx)(dx/dt).
Noting that dx/dt = v, we obtain

dv
a=v— (12.10)
dx
Path
o v,a
r ® y B




Sample Problem 12.1

The position of a particle that moves along the x-axis is defined by x = —3¢> +
12¢ — 6 m, where ¢ is in seconds. For the time interval t = Oto t = 3 s, (1) plot the
position, velocity, and acceleration as functions of time; (2) calculate the distance
traveled; and (3) determine the displacement of the particle.

Part 1

Because the motion is rectilinear, the velocity and acceleration may be calculated
as follows.

x=-3>4+12t —6m (@)
v=22 — 61412 mss (b)
dt
dv  d*x 2

These functions are plotted in Figs. (a)—(c) for the prescribed time interval t = 0
to ¢t = 3 s. Note that the plot of x is parabolic, so that successive differentiations
yield a linear function for the velocity and a constant value for the acceleration.
The time corresponding to the maximum (or minimum) value of x can be found
by setting dx/dt = 0, or utilizing Eq. (b), v = —6f 4+ 12 = 0, which gives t = 2s.
Substituting + = 2 s into Eq. (a), we find

Xmax = —3(2)*+12Q2) —6=6m

Part 2

Figure (d) shows how the particle moves during the time interval t = Otor = 3ss.
When ¢ = 0, the particle leaves A (x = —6 m), moving to the right. When ¢t = 25,
the particle comes to a stop at B (x = 6 m). Then it moves to the left, arriving at C
(x = 3m) when ¢t = 3s. Therefore, the distance traveled is equal to the distance
that the point moves to the right (A B) plus the distance it moves to the left (BC),
which gives

d=AB+BC=12+3=15m Answer

Part 3

The displacement during the time interval t = 0 to t = 3 s is the vector drawn
from the initial position of the point to its final position. This vector, indicated as
Ar in Fig. (d), is

Ar=9im Answer
Observe that the total distance traveled (15 m) is greater than the magnitude of the

displacement vector (9 m) because the direction of the motion changes during the
time interval.

x (m)
6 77777777
|
|
|
S
| l |
| l |
| l |
| l |
i I I 1(s)
1 2 3
76 —
(@
v (m/s)
12

|
| t(s)
_6,,,,;,,,,&

(b)
a (m/s?)
1 2 3
i i i 1(s)
| | |
-6 1 1 )
(©)
-6 0, +3 +6 B @)
—
r=0]4 r=3s) 5 1=2s
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Sample Problem 12.2

Pin P at the end of the telescoping rod in Fig. (a) slides along the fixed parabolic
path y2 = 40x, where x and y are measured in millimeters. The y coordinate
of P varies with time ¢ (measured in seconds) according to y = 4¢> 4+ 6t mm.
When y = 30 mm, compute (1) the velocity vector of P; and (2) the acceleration
vector of P.

Part 1

Substituting
y = 4¢% + 6t mm (@

into the equation of the path and solving for x, we obtain

2 2 2
y (4t~ + 61) 4 3 2

== " ° —0.40* + 1.20£° + 0.90¢ b

X 0 0 + + 0.90¢“ mm (b)

The rectangular components of the velocity vector thus are
vy =X = 1.60> +3.60¢* + 1.80f mm/s ©
vy =y = 8¢ + 6 mm/s d)

Setting y = 30 mm in Eq. (a) and solving for 7 gives t = 2.090 s. Substituting
this value of time into Egs. (c) and (d), we obtain

vy =341mm/s and v, =22.7 mm/s
Consequently, the velocity vector at y = 30 mm is
v = 34.1i 4+ 22.7j mm/s Answer

The pictorial representation of this result is shown below and also in Fig. (b).

v = 41.0 mm/s
22.7

o 22.7 _ R
6 = tan w1 33.7

By evaluating the slope of the path, dy/dx, at y = 30 mm, it is easy to verify
that the velocity vector determined above is indeed tangent to the path.

y = 41.0 mm/
v mms Path
33.7° a =38.6 mm/s?
30mmp—-——————
11.95°
0 x

(b)



Part 2

From Egs. (c) and (d), we can determine the components of the acceleration vector
by differentiation:

a, = v, = 4.80t> + 7.20¢t + 1.80 mm/s>

ay = v, = 8 mm/s>
Substituting ¢+ = 2.090 s, we obtain
a, =37.8mm/s*> and a, = 8 mm/s’
Therefore, the acceleration vector at y = 30 mm is
a = 37.8i + 8j mm/s? Answer
The pictorial representation of a is

------------- a = 38.6 mm/s’

B [ g
=tan"' — = 11.95°
yg P=tan =g

From the drawing of the acceleration vector in Fig. (b) we see that the direction
of a is not tangent to the path.

Sample Problem 12.3

The rigid arm OA of length R rotates about the ball-and-socket joint at O. The x-
and y-coordinates describing the spatial motion of end A are

R
X =Rcoswt y= 5sin2wt

where w is a constant. Find the expression for the z-coordinate of end A.

Because the arm OA is rigid, the position coordinates of end A must satisfy the
equation

Py 2=R

Substituting the expressions for x and y gives

R2
R?cos® wt + T sin? 2wt + 72 = R?

21



Using the trigonometric identities sin 2wt = 2sinwt cos wt and (1 — cos? wt) =
sin? wt, we get

722 = R*(1 — cos® wr — sin® wt cos® wr)
= Rz(sin2 wt — sin® wf cos’ wt)
= R?sin® wt (1 — cos’ wt)
= R*sin* wt
Therefore, the expression for the z-coordinate is

7z = Rsin® ot Answer

Sample Problem 12.4

The circular cam of radius R = 16 mm is pivoted at O, thus producing an eccen-
tricity of R/2. Using geometry, it can be shown that the relationship between x,
the position coordinate of the follower A, and the angle 6 is

x(6) = g (cos@ + v cos2 0 + 3)

_ If the cam is rotating clockwise about O with the constant angular speed
6 =2000 rev/ min, determine the speed the follower when 6 = 45°.

dx dxdo
V= — = — —
dt do dt

R|: ino + 1 (—2cos9sin9)}é
= — | —sin — | ———
2 2\ V/cos?6 +3

R . 0<1+ cosf )0
= ——sin _—
2 Vcos26 +3

Substituting R = 0.016 m, 6 = 45°, and § = 2000(27/60) rad/s, we get

0.016 45° 2000(2
Vv = —T(sin45°)<1 + cos ) @m) _

= —1.633m/s Answer
cos245° + 3 60

The minus sign indicates that the follower is moving downward.

22



Problems

12.1 A rocket is launched vertically at time r = 0. The elevation of the rocket
is given by
y=—0.13* +4.1£ +0.12:* m

where ¢ is in seconds. Determine the maximum velocity of the rocket and the
elevation at which it occurs.

12.2  When an object is tossed vertically upward on the surface of a planet, the
ensuing motion in the absence of atmospheric resistance can be described by

= lt2+ t
x=—-= v
28 0

where g and vy are constants. (a) Derive the expressions for the velocity and accel-
eration of the object. Use the results to show that vq is the initial speed of the
body and that g represents the gravitational acceleration. (b) Derive the maximum
height reached by the object and the total time of flight. (c) Evaluate the results of
Part (b) for vo = 90 km/h and g = 9.8 m/s? (surface of the earth).

12.3 The position of a particle moving along the x-axis is described by
x=1"—108t m

where ¢ is the time in seconds. For the time interval 1 = 0to ¢t = 10 s, (a) plot the
position, velocity, and acceleration as functions of time; (b) find the displacement
of the particle; and (c) determine the distance traveled by the particle.

12.4 The position of a particle that moves along the x-axis is given by
x =13t —45tm

where ¢ is the time in seconds. Determine the position, velocity, acceleration, and
distance traveled at t = 8 s.

12.5 The position of a car moving on a straight highway is given by

3
t
x=t'——m
90
where ¢ is the time in seconds. Determine (a) the distance traveled by the car
before it comes to a stop; and (b) the maximum velocity reached by the car.

12.6 A body is released from rest at A and allowed to fall freely. Including
the effects of air resistance, the position of the body as a function of the elapsed
time is

X = (l — 1ty + l()eimo)
where vy and fy are constants. (a) Derive the expression for the speed v of the
body. Use the result to explain why vy is called the terminal velocity. (b) Derive

12.1-12.26  Problems

Fig. P12.2

-~
Al )—

Fig. P12.6

23



24

CHAPTER 12

Fig. P12.10

Fig. P12.11
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the expressions for the acceleration a of the body as a function of 7 and as a
function of v.

12.7 A bead moves along a straight 60-mm wire that lies along the x-axis. The
position of the bead is given by

x =2t — 10f mm

where x is measured from the center of the wire, and ¢ is the time in seconds.
Determine (a) the time when the bead leaves the wire; and (b) the distance traveled
by the bead from r = 0 until it leaves the wire.

12.8 A particle moves along the curve x> = 12y, where x and y are measured
in millimeters. The x-coordinate varies with time according to

x = 41> — 2 mm

where the time ¢ is in seconds. Determine the magnitudes of the velocity and
acceleration vectors when t = 2 s.

12.9 The circular cam of radius R and eccentricity R/2 rotates clockwise with a
constant angular speed w. The resulting vertical motion of the flat follower A can

be shown to be
1
x=R (1 + Ecoswt)

(a) Obtain the velocity and acceleration of the follower as a function of 7. (b) If w
were doubled, how would the maximum velocity and maximum acceleration of
the follower be changed?

12.10 The elevator A is lowered by a cable that runs over pulley B. If the cable
unwinds from the winch C at the constant speed vy, the motion of the elevator is

x =+/(vot — b)? — b?

Determine the velocity and acceleration of the elevator in terms of the time z.

12.11 A missile is launched from the surface of a planet with the speed v, at
t = 0. According to the theory of universal gravitation, the speed v of the missile
after launch is given by

V= 2gr0(r—0 — l) +v3
r

where g is the gravitational acceleration on the surface of the planet and ry is the
mean radius of the planet. (a) Determine the acceleration of the missile in terms
of r. (b) Find the escape velocity, that is, the minimum value of vy for which the
missile will not return to the planet. (c) Using the result of Part (b), calculate the
escape velocity for earth, where g = 9.8 m/s> and ry = 6400 km.



12.12 The coordinates of a particle undergoing plane motion are
x=15-2m y=15—-10r+*m

where ¢ is the time in seconds. Find the velocity and acceleration vectors at
(@)t =0s;and (b)t = 5s.

12.13 A projectile fired at O follows a parabolic trajectory, given in parametric
form by

x=66r y=86t—491s

where x and y are measured in meters and ¢ in seconds. Determine (a) the acceler-
ation vector throughout the flight; (b) the velocity vector at O; (c) the maximum
height /; and (d) the range L.

12.14 An automobile goes down a hill that has the parabolic cross section
shown. Assuming that the horizontal component of the velocity vector has a con-
stant magnitude vy, determine (a) the expression for the speed of the automobile
in terms of x; and (b) the magnitude and direction of the acceleration.

12.15 The position of a particle in plane motion is defined by
X =acoswt y = bsinwt

where a > b, and w is a constant. (a) Show that the path of the particle is an ellipse.
(b) Prove that the acceleration vector is always directed toward the center of the
ellipse.

12.16  When a taut string is unwound from a stationary cylinder, the end B of the

string generates a curve known as the involute of a circle. If the string is unwound
at the constant angular speed w, the equation of the involute is

x = Rcoswt + Rwt sin wt y = Rsinwt — Rwt cos wt

where R is the radius of the cylinder. Find the speed of B as a function of time.
Show that the velocity vector is always perpendicular to the string.

12.17 When a wheel of radius R rolls with a constant angular velocity w, the

point B on the circumference of the wheel traces out a curve known as a cycloid,
the equation of which is

x = R(wt — sinwt) y = R(1 — coswt)

(a) Show that the velocity vector of B is always perpendicular to BC. (b) Show
that the acceleration vector of B is directed along BG.

12.1-12.26  Problems
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Fig. P12.18

Fig. P12.19
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Fig. P12.23

12.18 When a particle moves along the helix shown, the components of its
position vector are

. h

x = Rcoswt y = Rsinwt 7=——uwt
2

where w is constant. Show that the velocity and acceleration have constant
magnitudes, and compute their values if R = 1.2 m, A = 0.75 m, and w = 4x
rad/s.

12.19 Path OB of a particle lies on the hyperbolic paraboloid shown. The
description of motion is

X = —Vvot = —VWof Z=——=Vy!
5700 TSN 250

where the coordinates are measured in inches, and vy is a constant. Determine
(a) the velocity and acceleration when the particle is at B; and (b) the angle
between the path and the xy-plane at B.

12.20 The spatial motion of a particle is described by
x=324+4 y=—4>4+3t z=—-6:+9

where the coordinates are measured in m and the time ¢ is in seconds. (a) Deter-
mine the velocity and acceleration vectors of the particle as functions of time.
(b) Verify that the particle is undergoing plane motion (the motion is not in a coor-
dinate plane) by showing that the unit vector perpendicular to the plane formed
by v and a is constant.

12.21 The three-dimensional motion of a point is described by
x = Rcoswt y = Rsinwt z:ESinZwt

where R and @ are constants. Calculate the maximum speed and maximum
acceleration of the point.

12.22 For the; mechanism shown, determine (a) the Velocity‘ x of §.1ider C in
terms of 6 and 0; and (b) the acceleration X of C in terms of 8, 0, and 6.

Fig. P12.22

12.23 The pin attached to the sliding collar A engages the slot in bar OB. Deter-
mine (a) the_ speed. y of A in terms of € and 6; and (b) the acceleration y of A in
terms of 6, 0, and 6.
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12.3  Kinetics: Force-Mass-Acceleration Method

12.24 The position coordinate of piston A can be shown to be related to the

crank angle 6 of the flywheel by
x=R (cos@ +\/9—sin20>

The flywheel rotates at the constant angular speed 6. Derive the expression for the

velocity X of the piston as a function of 6.

12.25 The profile of the cam is
r =55+ 10cosf + 5cos 26 mm

If the cam rotates at the constant angular velocity of § = 1200 rev/min, determine

the maximum acceleration of follower A.

“12.26 The plane C is being tracked by radar stations A and B. At the instant
shown, the triangle ABC lies in the vertical plane, and the radar readings are
04 = 30°, g = 22°, 0, = 0.026 rad/s, and 6 = 0.032 rad/s. Determine (a) the

altitude y; (b) the speed v; and (c) the climb angle « of the plane at this instant.

c
/ \/,%,
Fig. P12.25

Lﬁ 1000 m 4"

Fig. P12.26

Kinetics: Force-Mass-Acceleration Method

12.3

a. Equations of motion
When several forces act on a particle of mass m, Newton’s second law has the

form XF = ma, where XF is the vector sum of the forces (the resultant force),
and a is the acceleration of the particle. The scalar representation of this vector

equation in rectangular coordinates is
(12.12)

Y Fy, = may XF, = ma, XF, =ma,

Equations (12.11) are known as the equations of motion of the particle.
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MAD

ma

If the acceleration of the particle is known, we can use the equations of motion
to find the forces. If the forces are given, the equations of motion can be solved
for the accelerations. Most problems, however, are of the mixed type, where only
some of the forces and some of the acceleration components are known.

We call the process of relating the forces to the acceleration of the particle by
means of Egs. (12.11) the force-mass-acceleration (FMA) method. Later we will
learn other procedures, such as work-energy and impulse-momentum methods,
that can also be used to obtain relationships between the forces and the motion.

b. Free-body and mass-acceleration diagrams

It is standard practice to start the FMA method by drawing two diagrams, each
representing one side of Newton’s second law XF = ma. The first of these is the
free-body diagram (FBD) that shows all the forces acting on the particle. The
second diagram, which we refer to as the mass-acceleration diagram (MAD),
displays the inertia vector ma of the particle. Newton’s second law can now be
satisfied by requiring the two diagrams to be statically equivalent, that is, to have
the same resultant.

The FBD and the MAD of a particle are shown in Fig. 12.4(a). The equal sign
between the diagrams indicates static equivalence. If rectangular coordinates are
employed, the inertia vector is usually represented by its rectangular components,
as illustrated in Fig. 12.4(b). Once the diagrams have been drawn, it is relatively
easy to write down the conditions of static equivalence, that is, the equations of
motion.

The free-body diagram is as important in dynamics as it is in statics. It identi-
fies all the forces that act on the particle in a clear and concise manner, it defines
the notation used for unknown quantities, and it displays the known quantities.
The mass-acceleration diagram serves a similar purpose. It also defines the nota-
tion for the unknowns, and it shows the known magnitudes and directions. But
perhaps the greatest benefit of the MAD is that it focuses our attention on the kine-
matics required to describe the inertia vector. After all, it is kinematics that enables
us to decide which components of the acceleration vector are known beforehand
and which components are unknown.

FBD MAD
(b)

Fig. 12.4



12.4 Dynamics of Rectilinear Motion

In summary, the FMA method consists of the following steps.

Step 1: Draw the free-body diagram (FBD) of the particle that shows all forces
acting on the particle.

Step 2: Use kinematics to analyze the acceleration of the particle.

Step 3: Draw the mass-acceleration diagram (MAD) for the particle that dis-
plays the inertia vector ma, utilizing the results of Step 2.

Step 4: Referring to the FBD and MAD, relate the forces to the acceleration
using static equivalence of the two diagrams.

42.4 | Dynamics of Rectilinear Motion

a. Equations of motion

Figure 12.5 shows the FBD and the MAD of a particle that is in rectilinear motion
along the x-axis. The corresponding equations of motion are

Y F, = ma (12.12)

XF,=3XF, =0 (12.13)

In some problems all the forces acting on the particle are in the direction of motion
(the x-direction), in which case Eqs. (12.13) are automatically satisfied. Other-
wise, Egs. (12.13) can be used in the computation of unknown forces, such as the
reactions.

b. Determination of velocity and position

Let us assume that we wrote the equations of motion for an arbitrary position
of the particle and then solved them for the acceleration a. Because the position
of the particle is arbitrary, the acceleration would generally be a function of the
position and velocity of the particle, and time:

a= f,x,rt) (12.14)
An equivalent form of Eq. (12.14) is
X=f(x,x,1)

which is a second-order, ordinary differential equation. The solution of this
differential equation would be x(¢), the position as a function of time.

MAD
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If all three variables (x, v, and ) appear explicitly in the expression for a in
Eq. (12.14), then the chances of obtaining an analytical solution are slim. The
reason is that f is usually a nonlinear function; that is, it contains nonlinear terms
of the variables, such as sin x or v2. In most cases, nonlinear differential equations
can be solved only numerically. However, if f contains only one of the variables,
the differential equation can be integrated in a straightforward manner, as shown
below.

Case1: a= f(t) Froma = dv/dt, we get

dv =a(t)dt (12.15)

Both sides of the equation can now be integrated, yielding the velocity as a
function of time:

v(t) = /a(t)dt + Cy (12.16)

After the velocity has been determined, the position coordinate x can be obtained
from v = dx/dt, or dx = v(t) dt. Integrating both sides, we get

x(t) = /V(t) dt +C (12.17)
The constants of integration, C; and C,, can be evaluated from the initial

conditions (usually the given values of x and v at r = 0).

Case 2: a = f(x) Here we utilize Eq. (12.10): a = vdv/dx. The variables
can be separated so that x and v appear on opposite sides of the equation:

vdv = a(x)dx (12.18)

The equation can now be integrated, with the result

1
Evz = /a(x)dx + C3

where Cj is the constant of integration. Therefore,

v(x) = \/2 |:/ a(x)dx + C3i| (12.19)




12.4 Dynamics of Rectilinear Motion 31

At this stage we could replace v by dx/dt in Eq. (12.19), separate the variables x
and ¢, and integrate again to obtain x (7). But the integration may not be easy due
to the presence of the square root.

Case3: a = f(v) We can start with Eq. (12.18), which, after replacing a(x)
by a(v), is

vdv =a(v)dx

Separating the variables x and v, we have

d
dx = rav (12.20)
a(v)
Upon integration, we obtain x as a function of v:
vdy
x(W)= [ —+Cy (12.21)
a(v)

Equation (12.21) may be inverted (solved for the velocity) if we want v as a
function of x.

We could also start with Eq. (12.15): dv=a(v)dt. Rearranging terms to
separate the variables leads to

dv
dt = m (12.22)

which can be integrated, giving ¢ in terms of v:
dv
tv)y= [ — +Cs (12.23)
a(v)

We could now invert the result, thereby obtaining v as a function of ¢.
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(a)

Sample Problem 12.5

The 300-N block A in Fig. (a) is at rest on the horizontal plane when the force P
is applied at + = 0. Find the velocity and position of the block when t = 5. The
coefficients of static and kinetic friction are 0.2.

The FBD of the block is shown in Fig. (b), where N4 and F, are the normal and
friction forces exerted on the block by the plane. Figure (b) also shows the MAD.
Because the motion is rectilinear, a, = 0.

| W=300N
P=200N x
30°f = —=
Fy |
NA
FBD MAD
(b)

Referring to the FBD and MAD, we get

TF =04 Ny — W — Psin30° =0 (a)

SF,=ma &  Pcos30°— Fy =ma (b)

Equation (a) yields
Ny = W + Psin30° = 300 + 200sin 30° = 400 N
Therefore, the friction force is
Fr=puxNy =0.2(400) =80 N

From Eq. (b), we obtain

1 9.81 2

a=—(Pcos30°— F4) = ——(200co0s 30° — 80) = 3.048 m/s
m 300

The velocity v and position coordinate x of the block now can be found by
integration as follows:

v= /a dt = /3.048 dt =3.048t + C, (©

X = /vdt = /(3.048t + C)dt = 1.5241> + Cit + C, (d)



where C| and C, are constants of integration to be found from the initial condi-
tions. The given initial velocity is zero. However, we are free to choose the origin
of the x-axis. The most convenient choice is to let x = 0 when ¢ = 0. Therefore,
the initial conditions are

y=0 and x =0 when t =0

Substituting these values into Egs. (¢) and (d) gives C; = 0 and C, = 0.
Therefore, the velocity and position coordinate of the block at t = 5s are

v =3.048(5) = 15.24 m/s Answer
x = 1.524(5)> =38.1m Answer

Sample Problem 12.6

Figure (a) shows a crate of mass m resting on the bed of a dump truck. The coef-
ficient of static friction between the crate and the bed of the truck is 0.64. In order
to make the crate slide when the bed is in the position shown, the truck must
accelerate to the right. Determine the smallest acceleration a for which the crate
will begin to slide. Express the answer in terms of the gravitational acceleration g.

The free-body diagram (FBD) of the crate is shown in Fig. (b). In addition to
the weight W = mg, the crate is acted on by the normal contact force N and
the friction force F = 0.64N (because the crate is in a state of impending
sliding, F equals its maximum static value u; N). Figure (b) also shows the mass-
acceleration diagram (MAD) of the crate. Because the crate and the truck have
the same acceleration before sliding occurs, the inertia vector of the crate is ma,
directed horizontally.
Referring to Fig. (b), the equations of motion of the crate are

ma

MAD
YF, =ma —> —Nsin30° 4 0.64N cos30° = ma @) )
TF, =04 N cos 30° 4+ 0.64N sin30° — mg =0 (b)

33



From Eq. (b), we obtain

N = ng = 0.8432 ©
T c0s30° + 0.64sin30° oM

Substitution of Eq. (c) in Eq. (a) yields

0.8432mg(—sin30° + 0.64 cos 30°) = ma

from which
a = 0.0458¢ Answer

Note that the result is independent of m (the mass of the crate).

k
NNV
(@)
W=mg
P.\ =kx ma
| —_— —-

FBD

(b)
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Sample Problem 12.7

The block of mass m in Fig. (a) slides on a horizontal plane with negligible fric-
tion. The position coordinate x is measured from the undeformed position of the
ideal spring of stiffness k. If the block is launched at x = 0 with the velocity vy
to the right, determine (1) the acceleration of the block as a function of x; (2) the
velocity of the block as a function of x; and (3) the value of x when the block
comes to rest for the first time.

Part 1

The FBD of the block for an arbitrary value of x is shown in Fig. (b), where N
is the normal force exerted by the frictionless plane, and P; = kx is the force
caused by the spring. Figure (b) also shows the MAD. Because the motion occurs
only in the x direction, we have a, = 0, and the magnitude of the inertia vector is
ma, = ma. Referring to the FBD and MAD, the equation of motion is

SF, =ma -+ —kx =ma

from which

a=——x Answer (a)

Part 2

We can determine the velocity as a function of position by choosing x as the
independent variable. Using a = vdv/dx from Eq. (12.10), Eq. (a) becomes

dv k
V— = ——xXx
dx m



Separating the variables x and v by rearranging the terms, we find

k
vdv = ——x dx (b)
m
Integration of Eq. (b) yields
v? kx?
_—-_" 4c C
3 >+ ©

The constant of integration C can be evaluated from the initial condition: v = vy
when x = 0, yielding C = v%/2. Therefore, the velocity can be expressed as

v=%./(—k/m)x? + v} Answer (d)

Part 3

The position of the block when it first comes to rest is found by setting v = 0 in
Eq. (d), the result being
x = vovmlk Answer

Note

With C = v3/2, Eq. (c) can be written as v* + (k/m)x* = v3. If we plot v versus x,
called the phase plane plot, the result is the ellipse shown in Fig. (c). Because the
plot is a closed curve, the motion of the block is oscillatory (the motion repeats
itself), as expected.

Sample Problem 12.8

The ball shown in Fig. (a) weighs 1.5 N and is thrown upward with an initial
velocity of 20m/s. Calculate the maximum height reached by the ball if (1) air
resistance is negligible; and (2) the air gives rise to a resisting force Fp, known
as aerodynamic drag, that opposes the velocity. Assume that Fp, = cv?, where
c=2x1073N-s*m?.

Part 1
When air resistance is neglected, the only force acting on the ball during flight is
its weight W, shown in the FBD in Fig. (b). Because the motion is rectilinear, the
magnitude of the inertia vector is ma, = ma, as shown in the MAD in Fig. (b).
Applying Newton’s second law, we have

YF, =ma +T —mg =ma

from which we find that the acceleration is

a=—g=-98m/s’ @

——---®

20 m/s

(a)

(b)

ma

MAD
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FBD

Fp=cv?

W=mg

©)

ma

MAD

The acceleration can be integrated with respect to time to obtain the position and
velocity as follows:

v:/adt =/(—9.8)dt = —9.8/+ C, m/s (b)
X = /vdt = /(—9.8t +C)dt =—49>+Cit+Com (0)

The constants of integration, C; and C,, are evaluated by applying the initial
conditions x = 0 and v = 20 m/s when ¢ = 0, the results being C; = 20 m/s and
C, = 0. Therefore, the velocity and position are given by

v =—9.8¢t +20m/s (d)
x = —4.9t>+20r m (e

The ball reaches its maximum height when v = 0. Letting v = 0 in Eq. (d),
we obtain
0=-98t4+20 or t=2.04s

Substituting this value of time into Eq. (e), we get
Xmax = —4.9(2.04)> +20(2.04) = 20.4m Answer

Note that in this case the acceleration, and thus the velocity and position, are
independent of the weight of the ball.

Part 2

When aerodynamic drag is considered, the FBD and MAD of the ball during its
upward flight are as shown in Fig. (c). Observe that the drag force Fp, which
always opposes the velocity, acts downward because the positive direction for v is
upward (the same as the positive direction for x). From Newton’s second law, we
obtain the following equation of motion:

S F, = may +T —mg —cv* = ma ®

The complete solution (x and v as functions of ¢) of Eq. (f) is best com-
puted numerically. However, it is possible to derive the velocity as a function
of position by direct integration if the independent variable is changed from ¢ to x.
Substituting a = v dv/dx from Eq. (12.10), Eq. (f) becomes

) dv
—mg —cv- =m—v
dx

in which the variables x and v may be separated as follows:

mv dv

dy = ——— =
x P (®

Integrating both sides of this equation (using a table of integrals if necessary),
we obtain m
X == In(mg + cv?) + C3 (h)
c



where C; is a constant of integration. Substituting the numerical values mg =
W = 15N, m = 1.5/9.8 = 0.153kg, and ¢ = 2 x 107N - $2m’, Eq. (h)
becomes

x =—38251n[1.5+ 2 x 10| +Csm 0)
Applying the initial condition, v=20 m/s when x=0, we find that
C3 = —31.86 m. Therefore, the solution for x is

x = —3825In[1.5+ (2 x 1073)»*] + 31.86 0)

Because the maximum height of the ball occurs when v = 0, we have
Xmax = —38.251In1.5+31.86 =164 m Answer (k)

Of course, this value is smaller than the maximum height obtained in Part 1, where
air resistance was neglected.

To summarize, we used the FMA approach to determine the equations of
motion for both parts of this sample problem. When air resistance was neglected
in Part 1, the acceleration was simply —g, independent of the weight of the ball.
The velocity and position could be determined in terms of ¢ by direct integration.
The inclusion of aerodynamic drag in Part 2 introduced the additional term —cv?
into the equation of motion with the result that the acceleration depended on c, v,
and W. For this case, the solution for x(¢) and v(¢) was not determined (it would
be very tedious to do so). However, x(v) was readily obtained, from which we
computed the maximum height of the ball.

®%Sample Problem 12.9

Use numerical integration to determine the time of flight and the impact velocity
of the ball described in Sample Problem 12.8, Part (2).

In the solution of Sample Problem 12.8, Part (2), the acceleration of the ball
during its upward flight was found to be a = —g — (c/m)v*. Because air resis-
tance always opposes the velocity, the acceleration during the downward motion
isa = —g + (c/m)v?. The two expressions can be combined into

¢ 2
a=—g— ;sgn(v) %

where sgn(v) denotes “the sign of v.” Introducing the notation x = x;, v = x»,
the equivalent first-order differential equations are

. . c
X1 =x, X, =—g— —sgn(xy) x%
m
with the initial conditions x;(0) = 0, x,(0) = 20m/s. The parameters are
g =9.8m/s* and
c 2x 1073

— = —=1307x10%m™!
m 1.5/9.8
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According to the solution of Sample Problem 12.8, the time of flight without
air resistance is 2(2.04) = 4.08s. Because air resistance will reduce this time
somewhat, we chose t = 0 to 3.95s as the period of integration. The MATLAB
program listed here prints the numerical solution at 0.05 s intervals.

function examplel2_9
[t,x] =oded45(@f, [0:0.05:3.6], [0 201);
printSol (t,x)
function dxdt = f(t,x)
dxdt = [x(2)
-9.8-1.307e-2*sign(x(2))*x(2)"2];
end
end

The arguments of the function ode45 are explained in Appendix E, which
also lists the function printSol that we use to print the results. The last six
lines of the printout are

t x1 X2
3.6500 0.0863 -16.1165
3.7000 -0.7275 -16.4334
3.7500 -1.5569 -16.7436
3.8000 -2.4017 -17.0470
3.8500 -3.2615 -17.3437
3.9000 -4.1360 -17.6339

At impact with the ground, x; = 0. It is apparent from the printout that this
occurs sometime between 3.65 s and 3.7 s. A more accurate value can be obtained
by linear interpolation—see Eq. (E.7) in Appendix E:

—0.7275 — 0.0863 0 — 0.0863
3.7 —3.65 T 1 —3.65

yielding
t =3.6553s Answer

The impact velocity is the value of x, at t =3.6553 s. It also can be determined
by linear interpolation, as follows.

—16.4334 — (—16.1165) v — (—16.1165)
3.7 —3.65 T 3.6553 — 3.65

which gives us

y=—16.2m/s Answer



12.27-12.63  Problems

Problems

12.27 Calculate the force T that will lift the 50-kg crate at the speed v = 4f m/s, T
where ¢ is the time in seconds.

12.28 A caris traveling at 100 km/h along a straight, level road when its brakes
become locked. Determine the stopping distance of the car knowing that the
coefficient of kinetic friction between the tires and the road is 0.65. 50 ke

12.29 Solve Prob. 12.28 if the car is traveling down a 5° incline.
. . Fig. P12.27
12.30 A 0.1-kg block moves along the x-axis. The resultant of all forces acting
on the block is F = —1.2¢i N, where ¢ is in seconds. When¢t =0, x =0 and v =
64im/s. Determine the distance traveled by the particle during the time interval
t=0tot =4s.

12.31 A 10-g bead slides on a wire that lies on the x-axis. The resultant of all
forces acting on the bead is F = 0.04,/viN, where the speed v is in m/s. When
t=0,x =0,and whent = 0.6s, v=0.16i m/s. Find x when t = 0.8 s.

12.32 A small ball of mass m undergoes rectilinear motion along the x-axis.
The resultant of all forces acting on the ball is F = —km v2i, where k is a constant
and v is the speed of the ball. When ¢t = 0, x = 0 and v = vyi. Find the speed of
the ball as a function of (a) x; and (b) z.

12.33 A 4-kg block moves along the y-axis. The resultant of all forces acting
on the block is F = (4t — 4)jN, where ¢ is in seconds. When t = 0, y = 0, ]
and v = —8j m/s. Find the distance traveled by the block during the time interval
t=0tor =8s.

12.34 The pendulum AB is suspended from a cart that has a constant accelera- A
tion a to the right. Determine the constant angle 6 of the pendulum.

] m—
a
12.35 A uniform cylinder is placed in a V-notched cradle. What is the largest t’f w
horizontal acceleration that the cradle may have without causing the cylinder to
climb out of the cradle? Neglect friction. Fig. P12.34

p=04

20°]

Fig. P12.35 Fig. P12.36

12.36 Block A of mass m is placed on the inclined surface of wedge B. The
static coefficient of friction between A and B is 0.4. Determine the smallest

39
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Fig. P12.37

P=40rN
)
0t
20°
Fig. P12.39
I8

Fig. P12.41

acceleration a of the wedge that would cause the block to slide up the inclined
surface.

12.37 The ball is thrown vertically upward over the edge of the cliff with the
initial velocity vy. Determine the expression for the velocity with which the ball
hits the bottom of the cliff, which is the distance / below the point of release.

12.38 The cart carrying the small 2-kg package A is moving up the incline
with constant acceleration a. If the package stays at rest relative to the cart in the
position 8 = 45°, determine the value of a. Neglect friction.

Fig. P12.38

12.39 The 10-kg cart is released from rest at time ¢ = 0 on the inclined surface.
The force P = 40t N acts on the cart, where ¢ is the time measured in seconds.
(a) Determine the distance the cart will move down the inclined surface before
reversing direction. (b) Find the velocity of the cart when it returns to the point of
release.

12.40 The horizontal force P = 40— 10¢ N ( is the time measured in seconds)
is applied to the 2-kg collar that slides along the inclined rod. At time ¢ = 0, the
position coordinate of the collar is x = 0, and its velocity is vop = 3 m/s directed
down the rod. Find the time and the speed of the collar when it returns to the
position x = 0 for the first time. Neglect friction.

. A3
4

2kg P = (40-100)y

=

Fig. P12.40

12.41 The coefficient of static friction between the block A and the cart B is ;.
If the assembly is released from rest on the inclined plane, determine the smallest
value of u, that will prevent the block from sliding on the cart.

12.42 The 40-kg crate is placed on the step of an escalator. If the static coef-
ficient of friction between the crate and the step is 0.4, determine the largest



acceleration a of the escalator for which the crate would not slip. Assume that
the direction of the acceleration is (a) up; and (b) down.

12.43 A 2000-kg rocket is launched vertically from the surface of the earth. The
engine shuts off after providing a constant propulsive force of 60 kN for the first
20 seconds. Neglect the reduction in the mass of the rocket due to the burning of
the fuel and the variation of the gravitational acceleration with altitude. Calculate
the altitude of the rocket at the end of the powered portion of the flight.

12.44 The 300 kg rocket sled is propelled along a straight test track. The rocket
engine fires for 4 seconds, producing a propulsive force of F = 1000e~%% N, and
then shuts down. Assuming that the sled starts from rest time + = 0 and that the
coefficient of kinetic friction is 0.05, determine the maximum speed reached by
the sled. (g = 10 m/s?)

12.45 The constant vertical force P is applied to the end of the rope that passes
over a peg attached to the 0.2-kg block. Neglecting friction, determine P that
would cause the block to accelerate at 1.5m/s? (a) up the inclined plane; and
(b) down the inclined plane.

|:|

I

i |5kg
1l

Fig. P12.45 Fig. P12.46

12.46 The static and kinetic coefficients of friction between the 5-kg sliding
collar and the vertical guide rod are u, = 0.5 and u; = 0.40, respectively. If the
force P is slowly increased until the collar starts to move, determine the initial
acceleration of the collar.

12.47 The drag force acting on a 60 kg skydiver in the “spread” position shown
can be approximated by Fp = 0.0436v?, where Fp, is in newtons and v is in m
per second (from Scientific and Engineering Problem-Solving with the Computer,
W. R. Bennett, Jr., Prentice Hall, New York, 1976). Assuming that the skydiver
follows a vertical path, determine the terminal velocity.

12.48 When the 1.8-kg block is in the position shown, the attached spring
is undeformed. If the block is released from rest in this position, determine its
velocity when it hits the floor.

12.49 The spring attached to the 1.8-kg block is undeformed when the system
is in the position shown. The block is pulled down until it touches the floor and

12.27-12.63  Problems

41

©=10.05

Fig. P12.44

Fig. P12.47

k=80 N/m
1.8 kg
-
03m Ix
I

Fig. P12.48, P12.49
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Fig. P12.52

Fig. P12.54

P=32N

then released from rest. Calculate the maximum height (measured from the floor)
reached by the block.

12.50 A linear spring of stiffness k is to be designed to stop a 20-Mg railroad
car traveling at 8 km/h within 400 mm after impact. Find the smallest value of k
that will produce the desired result.

. [E0IT

Fig. P12.50

12.51 According to the law of gravitation, the force acting on a particle of
mass m located at a distance R from the center of a planet of mass M is
F =mg(Ry/R)?, where Ry is the radius of the planet and g is the gravitational
acceleration at its surface. If the mass m is launched vertically from the surface of
the earth (Ry = 6400 km and g = 9.8 m/s?) with the initial velocity vo = 1000 m/s,
how high above the surface of the earth will it rise if air resistance is neglected?

12.52 The disk of radius R meters carries a charge with the electrostatic poten-
tial V volts. A particle of charge ¢ coulombs lies on the axis of the disk at
a distance y meters from the disk. It can be shown that the repulsive force F
(in newtons) acting on the particle is

poVaf oy
R /R2+y2

If a particle starts from the center of the plate with zero velocity, determine its
speed at y = R. Neglect the effect of gravity.

"12.53 A light airplane weighing 9000 N lands with a speed of 180km/h and
coasts to a stop due to reverse propeller thrust and aerodynamic drag. Determine
the stopping distance if the reverse propeller thrust is 7 = 1800 N (constant) and
the drag force is Fp = cpv?, where cp =0.8N - s2/m” and v is the velocity
in m/s.

“12.54 The 2kg block slides along the inclined plane under the action of the
constant force P = 32 N. If the block is released from rest at x = 0, determine
the maximum velocity of the block and the value of x where it occurs. Neglect
friction.

“12.55 An object of mass m is released from rest and allowed to fall vertically.
The aerodynamic drag force acting upon the object is Fp = cpv, where v is the
velocity and cp is a constant. Derive the expression for the time required for the
object to reach 90 percent of its terminal velocity after being released.



« ‘12.56 A train traveling at 20 m/s is brought to an emergency stop. During brak-
“ing, the acceleration is a = —(7/4) + (v/16) m/s?, where v is the velocity in
m/s. Use numerical integration to determine the stopping distance of the train and

compare the result with the analytical solution x = 241 m.

12.57 A model ship is towed in a test basin at a speed of 20 m/s when the
tow rope is released at time #+ = 0. Due to hydrodynamic resistance, the ensu-
ing acceleration of the ship is ¢ = —(v*/10) m/s?, where v is the speed in m/s.
Use numerical integration to determine the time when the speed of the ship is
reduced to 10 m/s. Compare the answer to the analytical solution t = 0.5s.

«e

12.58 The acceleration of the skydiver described in Prob. 12.47 is
a=9.8(1 -323x 107%?%) m/s2, where v is the speed in m/s. Use numerical
integration to find the time required for the skydiver to reach 144 km/h after
jumping. Compare the answer to the analytical solution t = 4.14s.

«©e

12.59 The free length of the spring attached to the 0.2 kg slider A is 5 mm.

2 "’When the slider is released from rest at x = 8 mm, the ensuing acceleration is
5796 (1 > > m/s’®
a=— — —— | x mm/s
vx249

where x is measured in mm. Use numerical integration to compute the speed of
the slider when it reaches point B. Compare your answer with v = 223 mm/s, the
value found analytically.

,12.60 A 1000 N object is released from rest at 9000 m above the surface of the

©

“earth. The acceleration of the object during its fall is
a= —9.8(1 —6.72 x 103\/281'053X10_4x) m/s’

where v is the speed in m/s and x is the elevation in feet. (The exponential term
accounts for the variation of air density with elevation.) (a) Use numerical inte-
gration to determine the maximum speed of the object and the elevation where it
occurs. (b) Plot the speed against the elevation from the time of release until the
maximum speed is attained.

« ‘12.61 The static as well as the dynamic coefficient of friction between the

~71.6-kg block and the horizontal surface is u = 0.2. The spring attached to the

block has a stiffness of 30 N/m, and it is undeformed when x = 0. At time t = 0,

the block is at x = 0 and moving to the right with the velocity v = 6 m/s. (a)

Derive an expression for the acceleration of the block that is valid for both pos-

itive and negative values of v. (b) Use numerical integration to determine when

the block comes to rest during the time period t = 0 to 1.2 s. (c) Plot the velocity
against the position for the time period specified in Part (b).

,12.62  The 2-kg block is at rest with the spring unstretched when the force P(r)

©

"is applied at time ¢ = 0. (a) Derive the expression for the acceleration of the block.
(b) Using numerical integration, determine the maximum displacement and the
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maximum velocity of the block. (c) Plot velocity versus displacement during the
time interval 0 <t < 3s.

12.63 The bubble breaks loose from the bottom of a shallow dish of water.
The acceleration of the bubble, determined by its buoyancy and the viscous drag
of water, is a = 24 — 30v15 m/s2, where v is the velocity in m/s. By numerical
integration, determine the velocity of the bubble when it reaches the surface of
the water.

80 mm

D

Fig. P12.63

12.5 Curvilinear Motion

a. Superposition of rectilinear motions

Here we consider a special case of curvilinear motion that can be represented as a
superposition of independent rectilinear motions. This situation occurs when the
components of acceleration have the form

ay = fx(vy,x,1) ay = fy(vy, y,1) a; = f;(vz, 2, 1) (12.24)

Equations (12.24) are said to be uncoupled, because the acceleration in any one
coordinate direction is independent of the motion in the other two directions.
Therefore, we can view the motions in the x-, y-, and z-directions as independent
rectilinear motions that can be analyzed with the tools introduced in the previous
article.

If the particle moves in a plane, say the xy-plane, its motion can be treated
as a superposition of two rectilinear motions, one in the x-direction and the other
in the y-direction. The flight of projectiles in a constant gravitational field falls in
this category.

b. General curvilinear motion

If Eqgs.(12.24) are coupled, an analytical solution will be difficult or impossi-
ble. Equations of this type must be invariably solved by numerical methods—see
Appendix E.3.



Sample Problem 12.10

As the 1200-kg car in Fig. (a) travels over the crest of a hill, its position is given by

Vot 2
X = vot y = hexp |:— (7) :| (@

where vo = 30m/s, h = 10m, b = 50 m, and ¢ is the time in seconds. Determine
the contact force R between the car and the road at A.

7 |

(a)

The acceleration components of the car can be obtained by differentiating Egs. (a):

At point A we have x =0, and according to Eq. (a), t =0. Therefore, the
acceleration components at A are

a,=xX=0

Vo2 30\?
a, = = —2h <3) — —2(10) <%) — _72m/s

The minus sign implies that the acceleration is downward (in the negative
y-direction).

The free-body diagram (FBD) and the mass-acceleration diagram (MAD) of
the car at A are shown in Fig. (b), where R, and R, represent the components of
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the contact force acting on the car. The diagrams yield the following equations of
motion:

XF, =0 R, =0
XF, =ma, +T Ry, —mg = ma,

Therefore,

R =R, =m(g+a,) =120009.8-7.2) =3120N Answer

FBD MAD

(b)

Sample Problem 12.11

As shown in Fig. (a), a projectile of weight W is launched from the origin O. The
initial velocity vy makes an angle 6 with the horizontal. The projectile lands at A,
a distance R from O, as measured along the inclined plane. (1) Assuming that v
and 6 are known, find the rectangular components of the velocity and position
of the projectile as functions of time. (2) Given that vo = 20m/s and 6 = 30°,
determine the maximum height / and the distance R.

Part 1

(a) From the free-body diagram (FBD) and mass-acceleration diagram (MAD) in
Fig. (b), we obtain the equations of motion

SF. =ma, -+ 0=—a,
—_ W -
Wa.
8 X Fy = ma,y +T -W=—a,
w 8
FBD MAD It follows that the acceleration components are a, = 0 and a, = —g. Because a,
(b) and a, are constants, the velocity and position are readily obtained by integration,

as shown in the following table.
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x-direction y-direction

a, =0 ay =—g @)
vxzfaxdtzCl v},=/aydt=—gt+C3 (b)

1 2
x=[vdt=Cit+C, y= v_vdtz—zgt + Cst + Cy ()

Equations (c) are parametric equations (7 is the parameter) of a parabola that
lies in the x y-plane. Therefore, in the absence of air resistance, a projectile follows
a parabolic path.

To evaluate the constants of integration (C; through Cj), we must identify
four conditions imposed on the motion. Examination of the problem statement
and Fig. (a) reveals that there are four initial conditions. Choosing ¢ = 0 as the
time of launch, these conditions are

1. x =0whenr =0
2. y=0whent =0

Substituting conditions 1 and 2 into Eqs. (c), we get C; = C4 = 0.

3. vy, =vgcosf whent =0
4. vy =vosin6 whent =0

According to Egs. (c), conditions 3 and 4 are satisfied if C; = vycos6 and
C3; = vpsinf. Substituting C; through C4 into Egs. (b) and (c), the rectangular
components of the velocity and position are

Ve = Vocosf vy = —gt + v siné Answer (d)

1
x = (vpcosOt  y= —Egtz + (vo sin )¢ Answer (e)

Caution  Equations (d) and (e) are often convenient to use in solving projectile
problems when air resistance is negligible. However, do not apply these equations
unless the initial conditions are identical to those stated in 1 through 4 above.

Part 2

Substituting vo =20 m/s and 6 = 30° into Eqgs. (d) and (e), we obtain the following
description of motion:

vy = 17.32 m/s vy = —9.87 + 10 m/s ®
x=17.32tm y = —4.905:> + 10t m (®

All characteristics of the motion can now be computed from Egs. (f) and (g).
The maximum height / equals the value of y when v, = 0. Letting #, be the
time when this occurs, the second of Egs. (f) gives us

0=-984+10 or 1, =1.02s
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Substituting this value for #, in the second of Egs. (g) yields the maximum height
of the projectile

h = —4.905(1.02)> + 10(1.02) = 5.09m Answer

Next we let #, be the time when the projectile lands at A on the inclined plane.
Substituting the coordinates of A, x = (4/5)R and y = —(3/5)R, into Egs. (g),
we obtain

4 3
SR=1732 and —ZR= —4.905t7 + 10,
The solution is t, = 2.5683 s and

R =55.6m Answer

Fp=cv
FBD MAD

(b)
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Sample Problem 12.12

A projectile of mass m is fired from point O at time r = 0 with the velocity vy as
shown in Fig. (a). The aerodynamic drag Fp is proportional to the speed of the
projectile: Fp = cv, where c is a constant. (1) Derive the equations of motion.
(2) Verify that the solution of the equations of motion is

. . mgt
X = Cle—¢1/1n + C2 and y = C3e—ct/m _ 8

+ Cy
where C; through Cj4 are constants. (3) Find the maximum height & given that
W =8N,c=0.6N"-s/m, vy =30m/s, and 6 = 30°.

Part 1

Figure (b) shows the FBD and MAD of the projectile. The direction of the drag Fp,
in the FBD is opposite to the direction of the velocity vector (tangent to the path),
and its rectangular components are cv, and cv,. The rectangular components
of the inertia vector, ma, and ma,, are shown in the MAD. The corresponding
equations of motion are

S F, =ma, -+t —cv,=ma, Answer (a)

T Fy = may +T —mg — cvy, = may Answer (b)

Part 2

To verify that the expressions for x(¢) and y(¢) given in the problem statement
satisfy the equations of motion, we must first evaluate their derivatives.

mgt

X = Clefct/m + C2 y = C3€7ct/m _ 8 + C4 (C)
c c m

Vy = X = _Cl_efct/m vy = y — —C3—€7Ct/m _ _g (d)
m m c
c\?2 _, . c\?2 _.

ay = ¥ = Cl (_) e—Ll/l’ﬂ ay =5y = C3 (_) e ct/m (e)
m m



Substitution of the above results into Egs. (a) and (b) shows that Egs. (c) are
indeed the solution, since they satisfy the equations of motion.

Part 3

Using the given numerical values for ¢ and W, we have c¢/m = 0'6(89'8) =

0.735s7!, and mg/c = 8/0.6 = 13.3 m/s. Substituting these values into Eqs.
(c) and (d), and assuming that time ¢ is measured in seconds, we obtain

X = C]e—().735t + C2 m y = CSe—O.73SI —13.3¢ + C4 m (f)
vy = —0.735C1e " mfs v, = —0.735C3¢ " — 133 m/is (g)

From the problem statement, we deduce that the motion must satisfy the
following conditions at ¢ = O:

1. x =0

2. y=0

3. v, = 30co0s30° =25.98 m/s
4. vy, =30sin30° = 15 m/s

The equations obtained by substituting the four conditions into Egs. (f) and (g)
can be solved for the constants of integration. Omitting the algebraic details, the
results are C; = —35.35 m ft, C, = 35.35 m, C3 = —38.5 m, and C4 = 38.5 m.
Substituting these values into Egs. (f) and (g), we find that

x=3535(1—¢ %) m (h)
y=385(1—¢ ") — 50t m 0]
vy = 25.98¢7"7% m/s )
vy =28.3¢7"7 — 13.3 m/s (k)

The maximum value of y occurs when v, = 0. If we let this time be #;, Eq. (k)
yields
0=1283¢07% 133

from which we find

In(13.3/28.
_n(33/83):_1'027S
0.735

Hh =
Substituting ¢t = #; = 1.027 s into Eq. (i), we get for the maximum value of y

Ymax = h = 38.5[1 — ¢~ OV02D] _ 13 3(1.027)

=6.74m Answer
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®*Sample Problem 12.13

Integrate numerically the equations of motion for the projectile described
in Sample Problem 12.12 using ¢ = 0, 0.3, and 0.6 N - s/m. Plot the three
trajectories.

The equations of motion were derived in Sample Problem 12.12 as

c C
ay = ——Vy ay = —8 — —Vy
m m
Letting

X X1

Y| _|*

Vx X3

V} X4

)'61 X3
)2?2 _ X4
X3 | —(c/m)x;
X4 —g — (c/m)xy
0
0

X(0) =1 30,008 30° = 25.98 m/s

30sin30° = 15m/s

We integrated the differential equations with the MATLAB program shown below.
The command hold on allows new curves to be added to the current plot. All
other commands are explained in Appendix E. The flight time was estimated
to be 2.5s or less. By choosing 0.05s as the time increment for the results,
approximately 50 points are available for each plot.



function examplel2_13
g =9.8; m = 8/g;
time = [0:0.05:2.57;
x0 = [0 0 25.98 15];

c = 0.6;

[t,x] = oded5(@f, time, x0) ;

axes (‘fontsize’,14)
plot(x(:,1),x(:,2), linewidth’,1.5)
grid on

xlabel ('x (ft)’); ylabel(‘y (ft)"')
hold on

c =0.3
[t,x] = oded5(@f, time,x0) ;
plot(x(:,1),x(:,2), 'linewidth’,1.5)

c = 0;
[t,x] = oded5(@Qf,time,x0) ;
plot(x(:,1),x(:,2), 'linewidth’,1.5)

function dxdt = f(t,x)
dxdt = [x(3); x(4); -c/m*x(3); -g - c/mxx(4)];
end

end

The plots of y versus x are shown here. The portion of the plot below the
x-axis was clipped using the “edit” facility of the MATLAB plot window.

y (o
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Fig. P12.65

Fig. P12.67

Fig. P12.68

12.64 A 0.5-kg mass moves along the path x = %(y —12)2, where x and y are
measured in meters. Knowing that the y-component of the velocity is constant at
10 m/s, determine the force acting upon the mass.

12.65 A 2kg object travels along the trajectory shown. The position coordinates
of the object vary with time # (measured in seconds) as

t
x = 6c¢os (%) m y=19.6(4—1>)m

Calculate the components of the force acting on the object atr =0, 1, and 2s.

12.66 The 60 g balancing weight A is attached to the rim of a car wheel. When
the car travels at the constant speed vy, the path of A is the curate cycloid

. Vot Vot
X = vt —rsin — y=R—rcos —
R R

(a) Show that the acceleration of the weight has a constant magnitude. (b) Cal-
culate the magnitude of the force acting between the weight and the wheel if
vo = 90km/h, R = 0.40m, and r = 0.25 m (neglect gravitational acceleration).

Fig. P12.66

12.67 The slider of mass m = 0.5 kg moves along the parabolic guide rod ABC,
propelled by the horizontal force F (). The kinetic coefficient of friction between
the slider and the guide rod is = 0.2. The position of the slider is given by

. 2wt b 4t
x = bsin — y=—(14cos—
to 4 Io

where ) = 0.8s and » = 1.2 m. Assuming that ABC lies in the vertical plane,
determine the force F when the slider is at B.

12.68 A car of mass m travels along the cloverleaf interchange. The position of
the car is given by

b (. =t . 3wt b Tt 3rt
x = — | sin— 4+ sin — y=—=|cos— —cos—
2 4ty 4ty 2



where b = 240m, and #, = 12s is the time of travel between O and A. Deter-
mine the smallest coefficient of friction between the tires and the road that would
prevent the car from skidding at A (note that t = #y when the car is at A).

12.69 The water sprinkler A is placed on sloping ground and oscillates in the
xy-plane. The water leaves the sprinkler at 5 m/s and hits the ground at B, which
is a distance R from the sprinkler. Derive the expression for R as a function of the
angle 6. Neglect air resistance.

Fig. P12.69

12.70 A projectile, launched at A with an initial velocity of vo = 10 m/s at the
angle & = 65°, impacts the vertical wall at B. Neglecting air resistance, calculate
the height 4.

“12.71 A projectile, launched at A with an initial velocity of 25 m/s at the angle
0, impacts the vertical wall at B. Compute the angle 6 that will maximize the
height & of the impact point. What is this maximum height?

12.72 The aircraft is diving at 30° from the vertical at the speed of 200 m/s. The
flight path is directed toward the target at A. If the aircraft drops a package at an
altitude of 1200 m, find the distance d between the point of impact and the target.

12.73 A projectile launched at A with the speed vy is to hit a target at B. (a)
Derive the expression that determines the required angle of elevation 6. (b) Find
the two solutions 0; and 6, of the expression derived in Part (a) if vop = 250m/s
and R = 3 km. Neglect air resistance.

12.74 The volleyball player serves the ball from point A with the speed vy =
12m/s at the angle & = 28°. (a) Derive the equation of the trajectory (y as a
function of x) of the ball. (b) Determine whether the ball clears the top of the net
C and lands inside the baseline B.

Fig. P12.74, P.12.75

12.64-12.86 Problems

Fig. P12.70, P.12.71

6,

20m—|

0
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e

12.75 The volleyball is served from point A with the initial speed vy at the angle
6 = 70°. Compute the largest vy for which the ball will not hit the ceiling.

13 mfs 12.76 A projectile is fired up the inclined plane with the initial velocity shown.

_\SOO Compute the maximum height ., measured perpendicular to the plane, that is
reached by the projectile. Neglect air resistance.

12.77 A particle of mass m (kg) carrying a charge ¢ (coulombs) enters the
space between two charged plates with the horizontal velocity vy (m/s) as shown.
Neglecting gravitational acceleration, the force acting on the particle while it is
between the plates is FF = gAV/2d, where AV = V, — V] is the electrostatic
potential difference (in volts) between the plates. Derive the expression for the
largest AV that may be applied if the particle is to miss corner A of the plate.

Fig. P12.76

y Fig. P12.77 Fig. P12.78

30 m/s h “12.78 A projectile of mass m is launched at O with the initial speed v at the
/<5oo angle o to the horizontal. The aerodynamic drag force acting on the projectile

during its flight is Fp = —cv, where c is a constant. If point A is the peak of the

oy trajectory, derive the expressions for (a) the time required to reach A; and (b) the

| IZ m
| speed of the projectile at A.

30 m l

Fig. P12.79 « ‘12.79 A 0.1-kg rock is thrown at a wall from a distance of 30 m at an elevation
~"of 2m with the initial velocity shown. The aerodynamic drag acting on the rock
is Fp = 0.0005 12, where F, is in newtons and the velocity v is in m/s. (a) Show

that the acceleration components are

ay = —0.005v,, /v + v§ m/s’

ay = —0.005vy, /2 +12 —9.81 m/s’

(b) Use numerical integration to find the height 2 where the rock hits the wall and
the speed of impact. Note: The analytical solution is # = 24.0 m, v = 16.3 m/s.

o« ‘12.80 The 0.01-kg particle travels freely on a smooth, horizontal surface lying
~7in the xy-plane. The force F acting on the particle is always directed away from
the origin O, its magnitude being F = 0.005/d> N, where d is the distance in
Horizontal plane meters of the particle from O. At time ¢ = 0, the position of the particle is x =
0.3m, y = 0.4m, and its velocity is v = —2jm/s. (a) Derive the acceleration
components of the particle, and state the initial conditions. (b) Use numerical

Fig. P12.80, P12.81
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integration to determine the x-coordinate and the speed of the particle when it
crosses the x-axis.

12.81 Solve Prob. 12.80 if the force F is directed toward the origin O.

12.82 The 0.25-kg ball is thrown horizontally with the velocity 36 m/s from a
height of 1.8 m. The aerodynamic drag force acting on the ball is F = cpv'” N,
where v is the speed in m/s, and c¢p = 0.03286N - (s/m)'?. (a) Using the coor-
dinate system shown, derive a, and a, as functions of v, and v,, and state the
initial conditions. (b) Determine the time of flight and the range R by numerical
integration. (The analytic solution is # = 0.655s and R = 18.9m.)

12.83 A 1.0-kg ball is kicked with an initial velocity of 30 m/s into a 20-m/s
headwind. The aerodynamic drag force acting on the ball is F, = —0.5v N. The
resulting acceleration of the ball is

a=—(10+0.5v,)i— (9.81 +0.5v,)j m/s’

where the components of the velocity are in m/s. (a) Determine the horizon-
tal distance of travel b and the time of flight. (b) Plot the trajectory of the ball

(y vs. x).

12.84 The mass m = 0.25 kg, attached to a linear spring (stiffness k = 10
N/m, free length Ly = 0.5 m), moves in the vertical plane. The spring can resist
both tension and compression. The mass is released from rest at x = 0.5 m,
y = —0.5 m. (a) Derive the expression for the acceleration components of the
mass and state the initial conditions. (b) Integrate the acceleration components
numerically for 0 < ¢ < 2 s, and plot the trajectory of the mass.

Fig. P12.84, P12.85

12.85 Solve Prob. 12.84 if the mass is released from rest at x = y = 0.5 m and
the spring is unable to resist compression.

12.86 The plane motion of a table-tennis ball in Fig. (a) is governed by the three
components of acceleration given in Fig. (b). In addition to the gravitational accel-
eration g, there are the effects of the aerodynamic drag ap and aerodynamic lift
ay, (the lift is caused by the Bernoulli effect, that is, the difference in air pressure
caused by the spin of the ball). Realistic approximations for these accelerations
are ap = 0.05v? and a; = 0.16wv, where v is in m/s and the spin w is in rev/s.

12.64-12.86 Problems
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The ball leaves the paddle at table height with the initial velocity vo = 20 m/s
inclined at 6y = 60° with the horizontal, and a topspin w = +10 rev/s (the spin
may be assumed to be constant). (a) Derive the acceleration components in the x-
and y-directions. (b) Assuming that the ball lands on the table, integrate the accel-
eration components for the duration of the flight. Determine the time of flight and
the horizontal distance traveled. (c) Plot the trajectory of the ball.

(@) (b)

Fig. P12.86

*32.6 | Analysis of Motion by the Area Method

This article describes the geometric relationships between the acceleration,
velocity, and position diagrams of a particle undergoing rectilinear motion. These
relationships then are used to develop a simple numerical method for analyzing
rectilinear motion called the area method, which enables us to construct velo-
city and position diagrams from a given acceleration diagram. The area method
is particularly useful in cases where the acceleration diagram is made up of
straight lines.

Typical plots of acceleration, velocity, and position of a particle in rectilinear
motion are shown in Fig. 12.6. Recalling that a = dv/dt and v = dx/dt, we
deduce the following relationships between the diagrams:

1. The slope of the velocity diagram at time #; is equal to the acceleration at that
time; that is, (dv/dt); = a;, as shown in Fig. 12.6(b).

2. The slope of the position diagram at time ¢; is equal to the velocity at that
time, that is, (dx/dt); = v;, as shown in Fig. 12.6(c).

Consider next the time interval that begins at time #; and ends at time ¢,,
as shown in Fig. 12.6. The initial and final values of acceleration, velocity, and
position are labeled ay, vy, X9 and a,, v,, and x,,, respectively. Rewriting a = dv/dt
as dv = a dt and integrating between ¢, and ¢, yields

In
V —V():/ a(r)dt

fo
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Recognizing the right-hand side of this equation as the area of the acceleration
diagram between ?, and ¢,, we have

In
v, — Vo = area of the a-t diagram] (12.25)
fo

Similarly, rewriting v = dx/dt as dx = v dt and integrating between ?( and #,,, we
obtain

In
X, — X0 =/ v(t) dt
fo

Because the right-hand side of this equation is the area of the velocity diagram
between ¢y and t,,, we arrive at

i
X, — xo = area of the v-¢ diagram] (12.26)
fo

Equations (12.25) and (12.26) can be restated in the following manner.

3. The increase in velocity during a given time interval is equal to the area of the
a-t diagram for that time interval [the shaded area in Fig. 12.6(a)].

4. The increase in position coordinate during a given time interval is equal
to the area of the v-t diagram for that time interval [the shaded area in
Fig. 12.6(b)].

The relationships 1 through 4 were stated for rectilinear motion. However,
they also apply to the special case of curvilinear motion that can be described as
the superposition of rectilinear motions, one along each of the coordinate axes
(Art. 12.5). In the two-dimensional case, for example, the motions can be repre-
sented by two sets of diagrams: a,-t, v,-t, x-t, for motion in the x-direction and
ay-t, vy-t, y-t, for motion in the y-direction.

a v
Area = x,, — X,
Area=v,— v, n0

\ Tangent at t; \
a, \% v,
|
ag a; ;O_I// Vil
t t' 1
i n

) i In lo

~

i

(a) (b)

Tangent at t;
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Sample Problem 12.14

The 5-kg block in Fig. (a) is at rest at x = 0 and t = 0 when the force P (¢) is
applied. The variation of P(¢) with time is shown in Fig. (b). Friction between
the block and the horizontal plane can be neglected. (1) Use the area method to
construct the a-#, v-t and x-t diagrams. (2) Determine the velocity and position
of the block at t = 5s.

P(N)
f—‘ . 20

P(1)

! L 1(s)
3 4 5

(@) (b)

Part 1

a-t Diagram From the FBD and MAD of the block in Fig. (c), we obtain the
following equation of motion:

YF,=ma — P =5a

Therefore, the acceleration is

a = —

5
The resulting a-t diagram is shown in Fig. (d).

In the remainder of the solution, we will use subscripts on a, v, and x to indi-
cate the values of these variables at various times. For example, vy, v, v, . . . will
refer to the velocities att =0, 1s,2s, . . ., respectively.

v-t Diagram Before constructing the v-r diagram, we compute the areas under
the a-t diagram in Fig. (d): A; = 2(4) = 8m/s and A, = (1/2)(2)(4) = 4m/s.
The velocities v,, v4, and vs are found by applying Eq. (12.25) (recall that vy = 0):

qt=2's
v, = vg + area of the a-f diagram
di=0
=v+A =0+8=8m/s
qt=4s
v4 = v, + area of the a-f diagram
dr=2s
=wm+A,=8+4=12m/s
qt=5s
vs = v4 + area of the a-f diagram
dr=4 s

=wu+0=12m/s

The values vy, v», v4, and vs are then plotted in Fig. (e). The shape of the
v-t diagram connecting these points is deduced from a = dv/dt, that is, the
acceleration is equal to the slope of the v-f diagram.



x-t Diagram We begin by computing the areas under the v-f diagram in Fig. (e):
Az = (172)(2)(8) = 8m; Ay = (2)(8) = 16m; A5 = (2/3)(2)(4) = 5.333m;
Ag = (1)(12) = 12m. The positions x,, x4, and x5 are then computed from
Eq. (12.26), starting with the known value xo = 0:

qt=2s
Xy = X + area of the v-f diagram
di=0
=0+A43;=04+8=8m
qt=4s
X4 = Xxp + area of the v-r diagram
d1=2s
=8+ (A4 +A5) =84+164+5.333 =2933m
qt=5s
Xs = x4 + area of the v-f diagram
di=4s

=2933+Ac=2933+12=4133m

After plotting the points xg, x2, x4, and x5 in Fig. (f), the shape of the connecting
curve can be determined from v = dx/dt; i.e., the slope of the x-f diagram is equal
to the velocity.

Part 2

After the diagrams in Figs. (d) through (f) have been constructed, it is a simple
matter to determine a, v, or x at a given value of time. In particular, from Figs. (e)
and (f) we see that

vs =12m/s and x5 =41.3m Answer

Sample Problem 12.1%5

A golf ball is driven off a tee that is elevated 30 m above the fairway. The initial Y

velocity vector v of the ball is shown in Fig. (a). (1) Construct the acceleration, vo =120 m/s
velocity and position diagrams using the area method. (2) Determine the maxi-
mum height % of the ball above the tee, the range R, and the velocity vector of the
ball when it hits the fairway. Neglect air resistance.

Introductory Comments

Because air resistance is neglected, the only force acting on the ball is its weight.
Therefore, a, = —g = —9.8 m/s? and a, = 0. Because the motions in the x
and y directions are uncoupled, it is convenient to consider the curvilinear motion

59
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of the ball as a vector superposition of the motions in the x and y directions (see
Art 12.5). Therefore, there will be two sets of diagrams—one set for the vertical
direction and another for the horizontal direction.

For future reference, we introduce the following times: 7y = 0, when the ball
is hit; #;, when the ball reaches its maximum height; and #,, when the ball hits the
fairway. In addition, subscripts 0, 1, and 2 are used to indicate the values of x, y,
Vx, and v, at these times.

From Fig. (a), we have the following five conditions imposed on the motion:

1. x0=0
2. yp=0
3. y» = —30m
4. (vy)o =1205in40° =77.13 m/s
5. (vy)o = 120cos40° = 91.93 m/s
a, (m/s?)
®) et —d— 1y — 1] —
ofe=? Ih 2 1)
A, | A, |
9.8 | |
| |
| |
| |
v (mis) :
© )=7713 |
}Q@ |
ol ~ 1 ®
= 4
! |
| |
| |
y (m) ! l
(d) I !
VifF-—== | |
¥=0 1 (5)
y2=-30
Part 1

Motion in the y-Direction The a,-t diagram is shown in Fig. (b), where a,
equals the constant value of —9.8 m/s.

From a, = dv,/dt, we conclude that the v - diagram is a straight line with a
slope equal to —9.8 m/s, as shown in Fig. (c). The initial value of this diagram is
(vy)o = 77.13m/s. Note that (v,); = 0 because #; represents the time when the
ball reaches its maximum height.

Because v, = dy/dt, we deduce that the y- diagram is a parabola as shown in
Fig. (d). From the given conditions, we know that yo = 0 and y, = —30 m. Note
that this curve is smooth, because there are no discontinuities in the v,- diagram.

Applying the area method to the diagrams in Figs. (b) through (d), we arrive
at the following equations.



()1 = (vy)o + A 0=77.13 - 9.8¢ (@

W= +4r | (v)2=0-98(, — 1)) (b)
yi =0+ A; yi =0+ 1(77.13)1; ©
Y2 = yi + As —30=y —109.8)(, —1))>  (d)

Solving Egs. (a)—(d) for the four unknowns, we find t; = 7.87s, f, = 16.12s5,
(vy)2 = —80.85m/s, and y; = 303.5m.

Motion in the x-Direction The a,-t diagram, with a, = 0, is shown in Fig. (e).
From a, = dv,/dt, we conclude that the v,-t diagram in Fig. (f) is a horizontal
straight line with the initial value (v,)o = 91.93 m/s. Using v, = dx/dt, we find
that the x-¢ diagram shown in Fig. (g) is an inclined straight line with the slope
91.93 m/s.

The following equations result from applying the area method to the diagrams
in Figs. (e) through (f).

(ve)2 = (Vx)o + As (vx)2 =91.934+0 (e)

X2 = xo + Ag xp =0+ 91.93r, ®

Solving Eq. (e) gives (vy)2 = 91.93 m/s. Substituting r, = 16.12s into Eq. (f)
yields x; = 1481.9 m.

a, (m/s?)
(e)
I i
0 T t(s)
As=0 !
|
|
v, (m/s) :
(v)o=91.93 !
(H ( A I(Vx)z
0 o 70
|
x (m) :
|
) 1 *2
91.93
x=0 1(s)
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The final diagrams are shown in Fig. (h).

a, (m/s?) a, (m/s?)
7.87 16.12 16.12

0 1(s) 0 — 1(s)

PO |

vy (m/s) i : v, (m/s) :

I ! !

77.13 : | 91.93 91.93

0 \, o (s) 0 =t (s)

| -80.85 !

|

GO i x (m) |

| | |
303.5 mf———=— ! ‘1481.9

|
0 — 1 (s) 0 t(s)
N30
(h)
Part 2
From the position diagrams in Fig. (h) we find that
h=3035m and R =1481.9m Answer

According to the velocity diagram in Fig. (h), the velocity vector of the ball at
impact with the fairway is

Answer

80.85
—————— 1224 m/s



12.87-12.103 Problems 63
Problems
Solve the following problems using the area method. Sketch the acceleration,
velocity, and position diagrams for each problem.
12.87 The figure shows the acceleration diagram for a commuter train as it trav-

els on a straight, level track between two stations. Draw the acceleration, velocity,
and position diagrams for the train. What is the distance between the two stations?

a (m/s?)
3
150 170 190
0 20 i te
B T
B e
Fig. P12.87

12.88 A 2000-kg rocket is launched vertically from the surface of the earth.
The engine produces a constant propulsive force of 60 kN for 20 seconds and then
shuts off. Determine the altitude of the rocket at the end of the powered portion
of the flight. Neclect the change in g with altitude and consider the mass of the
rocket to be constant.

B
12.89 The volleyball player serves the ball at point A with the speed vy at the 1
angle & = 70°. What is the largest vy for which the ball will not hit the ceiling.
h
y I
c 1
v I 1om "o
0 . 3m a8 3
Allsm l B
® ‘ 18 m ‘
6m ! Sm \ Fig. P12.90
Fig. P12.89
y
12.90 A projectile is launched at A with the velocity vop = 20m/s at the angle 4A.| 0
6 = 65°. Find the height / of the impact point B on the vertical wall. Neglect air I,
resistance.
4 B__ .
12.91 A missile is launched horizontally at A with the speed vy = 200 m/s. 1 R 1

Knowing that the range of the missile is R = 1400 m, calculate the launch height .
h and the time of flight. Fig. P12.91, P12.92
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22.6°

260 m/s
R
X
Fig. P12.93
a (m/s?)
8.8
0 t(s)
0 20
Fig. P12.95
a (m/s?)

1(s)

Fig. P12.97

Fig. P12.99

Dynamics of a Particle: Rectangular Coordinates

12.92 A projectile is launched horizontally at A with the speed vy. The time of
flight is 10s, and the path of the projectile at B is inclined at 20° with the hori-
zontal. Determine vy, the range R, and the launch height 4. Use U.S. Customary
units.

12.93 A projectile is fired horizontally at 100 m/s down the inclined plane.
Draw the acceleration, velocity, and position diagrams. Use the diagrams to deter-
mine the maximum height & perpendicular to the plane, the range R along the
plane, and the time of flight. Neglect air resistance.

12.94 A projectile is launched at an elevated target with initial speed vy =
220 m/s in the direction shown. Determine the time of flight and the range R.

Vo
30° TSOO m
X

R

y

Fig. P12.94

12.95 A car thatis initially at rest accelerates along a straight, level road accord-
ing to the diagram shown. Determine (a) the maximum speed; and (b) the distance
traveled by the car when the maximum speed is reached.

12.96 A subway train stops at two stations that are 2 km apart. The maximum
acceleration and deceleration of the train are 6.6 m/s? and 5.5 m/s2, respectively,
and the maximum allowable speed is 90 km/h. Find the shortest possible time of
travel between the two stations.

12.97 A train is brought to an emergency stop in 16 seconds, the deceleration
being as shown in the diagram. Compute the speed of the train before the brakes
were applied and the stopping distance.

12.98 An airplane lands on a level runway at the speed of 40m/s. For the
first three seconds after touchdown, the reverse thrust of the propellers causes
a deceleration of 3.2 m/s>. For the next five seconds, the wheel brakes are applied
producing an additional deceleration of 1.8 m/s>. Then the reverse thrusters are
shut down, and the plane is brought to a stop with only the wheel brakes. Draw
the acceleration, velocity, and position diagrams. How far does the airplane travel
on the runway before it comes to a stop?

12.99 A particle, at rest when r = 0, undergoes the periodic acceleration
shown. Determine the velocity and distance traveled when (a) ¢t = 37y; and (b)
t = 3.5¢1.

12.100 The 8 N block is at rest on a rough surface when ¢ = 0. For ¢ > 0, the
periodic horizontal force P(t) of amplitude P is applied to the block. Note that
the period of P(¢) is 0.5s. (a) Calculate the value of Py for which the average



Review of Equations 65K

acceleration during each period is zero. (b) What is the average speed during each
period in part (a)?

P(1)

Pob——— - — = — - —

0 t(s)
=02 02| 0.3 [0.2] 0.3 |0.2

Fig. P12.100, P12.101

12.101 The amplitude of the periodic force that is applied to the 8 N block is
Py = 6 N. The coefficient of kinetic friction between the block and the horizontal 1.0
surface is 0.2. If the velocity of the block at # = 0 was 2 m/s to the right, determine
(a) the velocity of the block at t = 0.7s; and (b) the displacement of the block
fromt = 0t0 0.7 s. -0.42

12.102 A car is traveling on a level road when it hits a small bump. The figure Fig. P12.102
shows the resulting vertical acceleration of the car for the first 1.0 seconds after

hitting the bump. Draw the velocity and position diagrams for the vertical motion. a (m/s?)

Determine the maximum vertical velocity and the maximum vertical displacement
of the car during the 1.0-s period.

12.103 A rocket is fired vertically from the surface of the earth. The engine 0 14 1(s)
burns for 14 s, resulting in the acceleration shown in the diagram. Compute the 93 I_O ________ .
maximum speed, the maximum height and the time when the maximum height

occurs. Fig. P12.103

Review of Equations

Ve =X V=Y Vv,=2
ay=Vv, =% ay,=vww=y a,=v,=1

. .. dv
V=X a=VvV=X==V—
dx

Direct integration of equations of motion is possible in the following cases:

Ifa= f(t):dv=a(t)dt
Ifa= f(x):vdv=a(x)dx

vdv dv
Ifa=f(v):dx=—— dt=

a®v) a(v)

YF, =ma, XFy,=ma, XF,=ma,
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Review Problems

Yo
fo

>~

20 m

0

20 m l

Fig. P12.112

2 m/s

i — P

|
1 kg

Fig. P12.113

12.104 A particle is moving along the x-axis with the velocity v = 2x* —
8x2 4+ 12x mm/s, where x is measured in millimeters. Find the acceleration of the
particle when x = 2 mm.

12.105 An object is undergoing rectilinear motion. During a certain six-second
period, the velocity of the object changes from vy to 16 m/s, while its acceleration
increases uniformly from 0 to 8 m/s>. Determine v.

12.106 Two cars A and B are traveling in the same direction along a straight
highway. At a certain instant, car A is 400 m behind car B, where the speeds of the
cars are 30 m/s for A and 60 m/s for B. At the same instant, car A accelerates at
the constant rate of 4 m/s, while car B decelerates at the constant rate of 2 m/s.
How long will it take for car A to overtake car B?

12.107 The position coordinate of an object moving along the x-axis is given
by x = 313 — 9¢ 4+ 4 mm, where the time 7 is measured in seconds. For the time
interval t = 0 to r = 25, determine (a) the displacement of the object; and (b) the
total distance traveled.

12.108 A boy drops a stone down a well and four seconds later hears the splash.
Neglecting air resistance, compute the depth of the well. The speed of sound is
320 m/s.

12.109 A particle moving along the x-axis starts from rest at time t = 0 with
the acceleration a = 12¢ — 6t2 m/s?, where ¢ is measured in seconds. For the time
interval t = 0 to r = 5, determine (a) displacement of the particle; and (b) the
total distance traveled.

12.110 During braking, the speed of a car traveling along a straight highway
varies as v = 16 — (x/4) m/s where x (in meters) is the distance traveled after the
brakes are applied. Determine the acceleration of the car as a function of x.

12.111 For the car described in Prob. 12.110, determine x as a function of time
t (seconds). Assume that the braking begins at ¢ = 0.

12.112 The projectile is launched at O with the velocity vy inclined at 60° to the
horizontal. Determine the smallest value of vy for which the projectile will clear
the wall A B. Neglect air resistance.

12.113 At the instant shown, the 1 kg box is sliding across the horizontal plane
with a velocity of 2m/s to the left. Find the force P that will give the block an
acceleration of 10 m/s? to the right at this instant. The coefficient of kinetic friction
between the block and the plane is 0.2.

12.114 A 1400-kg rocket is launched vertically from the surface of the earth.
During the 20-second burn, the propulsive force F of the engine varies with time,



12.104-12.122

as shown in the plot. Assuming that the gravitational acceleration and the mass of
the rocket are constant, determine the elevation of the rocket at the end of the burn.

F (kN)

50

30

t(s)

Fig. P12.114

12.115 A 0.2-kg mass moves along the x-axis. The resultant of all the forces
acting on the mass F = —1 .6e*i N, where x is in meters. Knowing that v = 6i m/s
when x = 0, determine x when v = 0.

12.116 A 10-kg parcel is dropped from a height with no initial velocity. During
the fall, the aerodynamic drag force acting on the parcel is F, = kv, where k is
a constant and v is the velocity. If the terminal velocity of the parcel is 60 m/s,
determine (a) the value of k; and (b) the time when the velocity of the parcel
reaches 59 m/s.

12.117 A ball is thrown down a 20° incline, as shown. Determine the initial
velocity vy given that 8y = 25° and R = 60 m. Neglect air resistance.

Fig. P12.117

12.118 The free length of the spring that is attached to the 0.2-kg slider A is
120 mm. If the slider is released from rest when x = 240 mm, calculate its initial
acceleration. Neglect friction.

Fig. P12.118

Review Problems
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12.119 A particle follows the path shown in the figure. The description of
motion is x =b sin wt, y =b exp(—wt/2), where b and w are constants. Determine
the magnitude of the acceleration at (a) point A; and (b) point B.

y

. |
A

-b 0 b

Fig. P12.119

12.120 The rope ABC passes that is attached to the 5 kg block. A constant ver-
tical force of 10 N is applied to the end of the rope. The coefficient of kinetic
friction between the block and the plane is 0.2. If the block has a velocity of 3 m/s
to the left when x = 2 m, determine its acceleration in this position.

M = 5kg
L —0) [}
A B 40 cm
¥
| x
C
P=10N

Fig. P12.120

12.121 A golf ball is hit from a tee that is elevated 8 m above a level fairway.
The initial velocity of the ball is 45 m/s, inclined up at 40° to the horizontal.
Determine (a) the horizontal distance traveled by the ball; and (b) the speed of the
ball when it hits the fairway. Neglect air resistance.

12.122 The mass m is released with zero velocity on top of an undeformed
spring of stiffness k. Derive the expressions for (a) the maximum force in the
spring; and (b) the maximum velocity of the mass.

Fig. P12.122



13

Dynamics of a Particle:
Curvilinear Coordinates

- Introduction

In the introduction to Chapter 12, we mentioned that curvilinear coordinates often
lead to an easier description of particle motion than rectangular coordinates. In
this chapter, we study two such coordinate systems: path coordinates and polar
coordinates. We also consider cylindrical coordinates, which are polar coordinates
with the additional axial coordinate z.

Path coordinates, also known as normal-tangential (n-t) coordinates, describe
the motion of a particle in terms of components that are normal and tangent to its
path. This is a convenient and very natural way to describe curvilinear motion if
the path is known beforehand (an example is a car traveling on a curved road).

The acceleration of a car traveling
on a straight road is determined by
its rate of change of speed. On a
curved road, the acceleration also
depends on the rate at which the
direction of the velocity changes.
This is illustrated in Prob. 13.1.
(David De Lossy/Photodisc/Getty
Images)
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Fig. 13.2

Dynamics of a Particle: Curvilinear Coordinates

Polar (R-9) coordinates are useful if the motion, or the forces controlling the
motion, are specified in terms of the radial distance R from a fixed point, and the
polar angle 6. For example, the orbital motion of a satellite is best described in
terms of polar coordinates, because the gravitational force acting on the satellite
depends on the distance R from the center of the earth.

This chapter has two distinct parts. The first part, which forms the bulk of
the chapter, is dedicated to kinematics. Because kinematics is considerably more
involved in curvilinear coordinates than in rectangular coordinates, it is also the
most substantial topic in the chapter. The other part, kinetics of a particle, does
not differ significantly from what was presented in the previous chapter.

13.2 © Kinematics— Path (Normal-Tangential)
Coordinates

a. Plane motion

1. Geometric Preliminaries  Figure 13.1 shows the path of a particle that
moves in the xy-plane. The position of the particle is specified by the path coor-
dinate s, which is the distance measured along the path from a fixed reference
point. As the particle moves from A to B during an infinitesimal time interval dz,
it traces an arc of radius p and infinitesimal length ds. The corresponding dis-
placement of the particle is dr, where |dr| = ds. From Fig. 13.1 we obtain the
useful relationship ds = p d@, or after division by dt¢,

§=pb (13.1)

where the angle 6 is measured in radians.
The radius p is called the radius of curvature of the path at A. If the equation
of the path is known, its radius of curvature can be computed from

[ LT

Note that either x or y can be taken as the independent variable. The inverse of p,
that is, 1/p, is known as the curvature of the path.

The base vectors e, and e, associated with point A on the path are shown in
Fig. 13.2. Like the vectors i and j of the rectangular coordinate system, e, and
e, are mutually perpendicular, of unit magnitude, and serve as the bases for the
velocity and acceleration vectors. However, the directions of e, and e; are not
fixed, but depend on the location A of the particle: e, is tangent to the path at
A and points in the direction of increasing s, whereas e, is normal to the path
and directed toward the center of curvature C. Figure 13.2 also shows how the
base vectors change direction as the particle moves from point A to point B. It is
customary to call e, the unit normal, and e, the unit tangent.
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Another useful equation can be derived from Figs. 13.1 and 13.2. Noting that
dr is tangent to the path at A and has the magnitude ds, we can write dr = e, ds.
Consequently,

dr
 ds

2. Derivatives of Base Vectors  Because the directions of e, and e, vary with
the position of the particle, their time derivatives are not zero. To obtain the deriva-
tives, we first express the base vectors in terms of the rectangular components.
Referring to Fig. 13.3, we have

e (13.2)

e; = —sin i + cos 0 e, = —cosfi — sin 0 (13.3)
Differentiating with respect to time while noting that di/dt = dj/dt = 0, we get
e, = (—cosfi — sin Gj)é €, = (sin0i — cos Gj)é
Comparison with Eq. (13.3) yields
é, = Oe, é, = —Oe, (13.4)
The base vectors and their derivatives are shown in Fig. 13.4. Note that each
base vector and its derivative are mutually perpendicular, which reflects the fact

that only the directions of the vectors change (a change in the magnitude of a
vector would be parallel to the vector).

3. Velocity and Acceleration ~ We start with the definition of velocity: v =
dr/dt, where r is the position vector of the particle. Using the chain rule of
differentiation and Eq. (13.2), we can write v = (dr/ds)(ds/dt) = e;(ds/dt), or

V= vet (13‘5)

where the magnitude of the velocity

N (13.6)

is called the speed. Equation (13.5) shows that the velocity is always tangent to
the path (in the direction of the unit tangent e;).

The acceleration of the particle is obtained by differentiating the velocity with
the help of Egs. (13.4):

_dv d

a= = E(ve,) = Ve, + &, = ve, +1de,

We can eliminate 6 from the last term by substituting § = §/p = v/p, obtainable
from Eq. (13.1). The result is

a=ae +aye, (13.7)

Fig.13.3

(a)

(b)

Fig. 13.4

e =

n
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(a)

(b)

Fig. 13.5

Fig. 13.6

Dynamics of a Particle: Curvilinear Coordinates

where the normal and tangential components of the acceleration are
2
v g
a, = — a =7V (13.8)
o

Sometimes it is advantageous to eliminate time from the expression for a;.

Using the chain rule of differentiation, we write a, = dv/dt = (dvlds) x
(ds/dt), or
dv
a =v— (13.9)

Equation (13.9) is similar to a = vdv/ds, which arose in rectilinear motion. But
note that a in rectilinear motion is the magnitude of the acceleration, whereas a,
in Eq. (13.9) refers to the magnitude of the tangential component of acceleration.

The velocity and acceleration vectors are shown in Fig. 13.5. It is evident that
a, is caused by a change in the speed of the particle. If the speed is increasing,
a, has the same direction as the velocity; if the speed is decreasing, a, and the
velocity have opposite directions. If the speed is constant, then a, = 0.

The normal component a,,, sometimes called the centripetal acceleration, is
due to a change in the direction of the velocity. Note that a, is always directed
toward the center of curvature of the path. If the path is a straight line (1/p = 0),
then a, = 0.

Caution Do not confuse the following three equations:

* a=dv/dt—the definition of acceleration

* a =dv/dt—the magnitude of the acceleration in rectilinear motion

* a, =dv/dt—the tangential component of acceleration in plane curvilinear
motion

Confusion can be avoided by meticulous use of notation: Always include
subscripts and use different notation for scalars and vectors.

4. Motion Along a Circular Path  The special case of a circular path plays an
important role in dynamics, particularly in the kinematics of rigid bodies. If the
radius of the path is R, as shown in Fig. 13.6, then Eq. (13.1) becomes § = R6
(note that p = R, a constant), or

v=R0 (13.10)
Substituting in Egs. (13.8), we get

2
o = % —R6®  a=v=R0 (13.11)

where 6 and 6 are known as the angular velocity and the angular acceleration of
the line AC, respectively.
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Figure 13.7 illustrates how the direction of the acceleration vector changes
as a particle moves counterclockwise around a circle. As pointed out before, the
velocity is always tangent to the path, as shown in Fig. 13.7(a). In Fig. 13.7(b),
the speed is assumed to be increasing, so that v is positive. Therefore, g, is also
positive, meaning that a, points in the same direction as v. As always, a, is
directed toward the center of the circle.

If the speed is decreasing, as in Fig. 13.7(c), v is negative. Because a, is now
also negative, a, and v have opposite directions. But a, is still pointing to the
center of the circle.

In Fig. 13.7(d), the speed is constant, that is, v = 0. Consequently, a, = 0,
and the acceleration vector is directed toward the center of the circle.

b. Space motion

A description of three-dimensional particle motion using path coordinates
requires a knowledge of geometry of space curves that is beyond the scope of
this text. It can be shown that Eqs. (13.5) through (13.9) for velocity and acceler-
ation are also valid for three-dimensional motion.” However, in space motion the
“plane” of the motion is continually changing with the position of the particle.

Figure 13.8 shows a particle that is at point A at time #. The unit tangent
vector is €, = dr/ds, and the unit normal (called the principal normal) is e, =
p d*rids?, where p = 1/|d*r/ds?| is the radius of curvature of the arc ds. The
third unit vector e;, called the binormal, is usually chosen so that the three unit
vectors form a right-handed triad: e, = e, x e,. The plane formed by e, and
e, is called the osculating plane (after the Latin word osculari, “to kiss”). For
two-dimensional motion, the osculating plane is fixed in space and is the plane
of motion. In three-dimensional motion, the orientation of the osculating plane
continually changes as the particle moves along its path. Because of the obvious
geometric complexities, path coordinates are of limited use in three-dimensional
motion.

Osculating plane at A

Fig.13.8

“See Principles of Dynamics, Donald T. Greenwood, Prentice Hall, 1988.

V :
(a) Velocity
a;
'¢ -

(b) Acceleration for increasing speed

(c) Acceleration for decreasing speed

W

(d) Acceleration for constant speed

Fig. 13.7
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(a)

6 =2.00 rad/s /

6=126°
54° |
X
0
(b)
a=10.76 m/s?
a, = 8.00 m/s?
S a=48.0°
AN a,=7.20 m/s>
y
g = /<2 /
6 =3.60 rad/s 0 =126°
54° |
X
0
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Sample Problem 13.1

The angle between the 2-m bar shown in Fig. (a) and the x-axis varies according
to O(t) = 0.3r3 — 1.6¢ + 3rad, where ¢ is the time in seconds. When r = 25,
(1) determine the magnitudes of the velocity and acceleration of end A; and
(2) show the velocity and acceleration vectors of A on a sketch of the bar.

Part 1

It is convenient to use normal and tangential components because the path of
A is a circle (centered at point O, of radius R = 2 m).

The angular velocity and acceleration of the bar are § = 0.97> — 1.6 rad/s and
6 = 1.8¢rad/s®>. Att = 2's we find that

O),—2s = 0.9(2)> — 1.6 = 2.00 rad/s
;-5 = 1.8(2) = 3.60 rad/s’

Because 6 and § are positive, their directions are the same as the positive direction
for 6, that is, counterclockwise.
From Eq. (13.10), the magnitude of the velocity of A is

v = RO = 2(2.00) = 4.00 m/s Answer

The normal and tangential components of the acceleration of A are, using
Egs. (13.11),

a, = RO = 2(2.00)> = 8.00 m/s>

a; = RO = 2(3.60) = 7.20 m/s>

Therefore, the magnitude of the acceleration of A is

a = /a2 +a? = /(8.00)2 + (7.20)2 = 10.76 m/s*

Answer

Part 2

On substituting t+ = 2s into the expression for 6(¢), we find that the angular
position of the bar at r = 2s is

0]—2s = 0.3(2)° — 1.6(2) + 3 = 2.20 rad = 126°

The velocity vector of end A is shown in Fig. (b). The magnitude of v is
4.00 m/s, as computed in Part 1, and the vector is tangent to the circular path, its
direction being consistent with the direction of 6.

Figure (c) shows the directions of the normal and tangential components of
the acceleration vector as determined in Part 1. Note that a,, is normal to the path



and directed toward the point O, the center of the path. The direction of a, is
tangent to the path, consistent with the direction for 6. The acceleration vector
of magnitude 10.76 m/s? is also shown in Fig. (c), where the angle between a and
a, was found to be

Sample Problem 13.2

The racing car shown in Fig. (a) is traveling at 90 km/h when it enters the semicir-
cular curve at A. The driver increases the speed at a uniform rate, emerging from
the curve at C at 144 km/h. Determine the magnitude of the acceleration when the
car is at B.

Because the car follows a circular path, it is convenient to describe its motion
using path coordinates. As shown in Fig. (b), we let s be the distance measured
along the path from A toward C.

The magnitude of the tangential component of acceleration is constant
between A and C, since the speed increases at a uniform rate. Therefore,
integration of a, ds = vdv yields

2
5 =as +C @

where C is the constant of integration. The two constants a, and C can be
evaluated using the following two conditions on the motion:

1. AtA:s =0, v =25m/s (90 km/h)
2. At C: s = nR = 100 ft, v = 40 m/s (144 km/h)

Substituting condition 1 into Eq. (a), we find

(25)°

=0+C
) +

from which the constant of integration is
C = 312.5 (m/s)? (b)
Substituting condition 2 and the value of C into Eq. (a) gives

(40)*

= a,(1007) + 312.5

Solving for a, yields
a, = 1.55 m/s* ©

(b)

(a)

1
§ a =1.55m/s”
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As shown in Fig. (b), the direction of a, is downward at B, that is, in the direction
of increasing speed.

On substituting the values of C and a, into Eq. (a), the relationship between
the speed v and the distance s is found to be

V2

5= 1.55s +312.5 (d)

To compute the speed of the car at B, we substitute s = nR/2 = 507 m ft into
Eq. (d), the result being

V2
5 = 1.55(50m) +312.5

v =33.35m/s
From Eq. (13.11), the normal component of the acceleration at B is

v (33.35)°

— = 11.12 m/s?
R 100

a, =

directed toward the center of curvature of the path (point O), as indicated in
Fig. (b).
The magnitude of the acceleration vector at B is

a=/(11.12)2 + (1.55)2 = 11.2 m/s2 Answer

with the direction shown in Fig. (b).

R, =150 mm

76

Ry =100 mm

Sample Problem 13.3

The flexible belt runs around two pulleys of different radii. At the instant shown,
point C on the belt has a velocity of 5m/s and an acceleration of 50 m/s? in the
direction indicated in the figure. Compute the magnitudes of the accelerations of
points A and B on the belt at this instant.

Assuming that the belt does not stretch, we conclude the following:

1. Every point on the belt has the same speed, that is, v4 = vg = v¢ = Sm/s.
2. The rate of change of speed (dv/dt) of every point on the belt is the same.
Therefore, (ax); = (ag); = ac = 50 m/s>.

For point A

Vi _ (5)°
Ry~ 0.150

ax =/ (an)? + (an)? = v(166.67)% + (50)2 = 174.0 m/s>  Answer

= 166.67 m/s*

(aA)n =




For point B

Vi _ 2
R, 0.100

ap = /(ap)? + (ap)? = v/(250.0)2 + (50)2 = 255 m/s’ Answer

(aB)n = =250.0 m/32

Sample Problem 13.4

The trolley in Fig. (a) travels at the constant speed of 90 km/h along a parabolic
track described by y = x2/500, where x and y are measured in meters. Compute
the acceleration of the trolley when it is (1) at point O; and (2) at point A.

=

A

100 m

(a)

Preliminary Discussion

Because the speed of the trolley is constant, the tangential component of its accel-
eration is zero at all points along the track. Therefore, the acceleration has only
the normal component, given by Eq. (13.8):

v
la| =a, = — (a)
0

where p is the radius of curvature of the track at the point of interest. Recall that
a, is directed toward the center of curvature of the track.
The radius of curvature at any point with coordinates x and y can be computed

from
Io\2 32
y
1 'l
|: + (dx) j|
d2y
dx?

Successive differentiations of the parabola (y = x2/500) with respect to x yield

(b)

dy X d*y 1
dx 250 dx 250
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Substituting Egs. (c¢) into Eq. (b), we find that the radius of curvature of the track is

p =250 [1+ (x/250)’]"° m (d)
90 x 1000
= 95
60 x 60 ms ©

Part 1
Using Eq. (d), the radius of curvature at point O (xo = 0) is

po =250 [1 + (0/2502]" = 250m

Therefore, the normal component of acceleration in Eq. (a) is

2 25 2
(an)O = V_ = ( )

= 550 = 2.5m/s? Answer
Po

Note that the tangent to the track at point O lies along the x-axis. Therefore,
(an)o lies along the y-axis directed toward the center of curvature of the track, as
shown in Fig. (b).

()

Part 2
Using Eq. (d), the radius of curvature at point A (x4 = 100m) is

pa =250 [1+ (100/250)°]" = 312.3m
Therefore, the normal component of acceleration is
2 25 2
(ap)a = r_ 25) =2m/s Answer
pa 3123

Using the first of Eqgs. (c), the slope of the track at A is

(dy) XA 100
— ) =—=—=04rad =21.8°
dx j, 250 250

Therefore, (a,)4 is directed as shown in Fig. (b); that is, normal to the track
and directed toward its center of curvature.



Problems

13.1 A car drives through portion AB of the S-curve at constant speed, decel-
erates in BC, and accelerates in CD. Show the approximate direction of the
acceleration vector at each of the five points indicated.

13.2 A car is driving around a curve of radius 200 m, while increasing its speed
at the rate of 0.8 m/s%. At a certain instant, the magnitude of the total acceleration
is measured to be 1.5 m/s>. What is the speed of the car at that instant measured
in km/h?

13.3 The rocket is in powered flight close to the surface of the earth. Deter-
mine the radius of curvature of the path at the instant shown if the speed of the
rocket is 200 m/s. Note that the acceleration of the rocket has two components—
the acceleration due to the thrust of the rocket engines and the acceleration due to
gravity.

13.4 The car is traveling at a constant speed through a dip in the road. The
radius of curvature of the road at point A, the bottom of the dip, is 500 m. What
speed of the car, measured in km/h, would result in an acceleration of magnitude
0.2g when the caris at A?

13.5 A ball is shot from the cannon at A with the initial velocity v, directed at
the angle 6 with the horizontal. Derive the expression for the radius of curvature
at B—the highest point on the path of the ball.

Fig. P13.5

13.6 A particle travels around a circle of radius 4 m, changing its speed at a
constant rate. At a certain point A, the speed is 3m/s. After traveling another
quarter revolution to point B, the speed has increased to 6 m/s. Determine the
magnitude of the acceleration of the particle at B.

13.7 A particle travels along a plane curve from a point A to a point B. The
path length between A and B is 2m. The speed of the particle is 4 m/s at A and
2m/s at B. The rate of change of the speed is constant. (a) Find the tangential
component of the acceleration when the particle is at B. (b) If the magnitude of
the acceleration at B is 5 m/s?, determine the radius of curvature of the path at B.

13.8 A particle moves along a plane curve from a point O to a point B. The path
length between O and B is 2 m. The tangential component of the acceleration is

13.1-13.25 Problems

Fig. P13.1
200 m/s
30°
2
Fig. P13.3
500 m
A
Fig. P13.4
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Fig. P13.11

6
A B
0

i
0.5m—r—0.5m—

Fig. P13.12, P13.13

Fig. P13.14, P13.15

a;, = 0.05s m/s2, where s is the path coordinate, measured in m from point O. The
speed of the particle at O is 2 m/s, and the radius of curvature of the path at B is
3 m. Determine the magnitude of the acceleration of the particle at B.

13.9 The particle passes point O at the speed of 8 m/s. Between O and B, the
speed increases at the rate of 4,/v m/s?, where v is the speed in m/s. Determine the
magnitude of the acceleration when the particle is (a) just to the left of point A;
and (b) just to the right of point A.

Nﬁ'i'*’g 2.5m
|
"
s
Oe ™ TA 1.0 m
Fig. P13.9 Fig. P13.10

13.10 The firehose is being uncoiled from its reel at the constant speed of 2 m/s.
Determine the normal component of acceleration of point A on the rim of the reel
(a) at the instant shown in the figure; and (b) when almost all the hose has left
the reel.

13.11 Pulley A is attached to the crankshaft of an automobile engine. If the
crankshaft rotates at the constant angular speed of 2000 rev/min, determine the
maximum acceleration of any point of the V-belt as it runs around the three
pulleys.

13.12 At the instant shown, the angular speed and acceleration of rod OB are
6 = 8rad/s and § = 24 rad/s2, respectively, both counterclockwise. Calculate
(a) the velocity vectors of points A and B on the rod; and (b) the acceleration
vectors of A and B.

13.13  The angular velocity of rod OB varies as § = 8 — 12¢? rad/s where ¢ is in
seconds. Compute the magnitude of the acceleration of point B at (a) t = 0; and
(b)r =1.0s.

13.14 The speed of the belt is changed at a uniform rate from 0 to 2 m/s during
a time interval of 0.2 second. Calculate (a) the distance traveled by the belt during
the 0.2-second interval; and (b) the maximum acceleration of any point on the belt
during this interval.

13.15 The rate of change of speed of the belt is given by 0.06(10 — ) m/s?,
where 7 is in seconds. The speed of the belt is 0.8 m/s at # = 0. When the normal
acceleration of a point in contact with the pulley is 40 m/s?, determine (a) the
speed of the belt; (b) the time required to reach that speed; and (c) the distance
traveled by the belt.



13.16 A motorist entering the exit ramp of a highway at 40 km/h immediately
applies the brake so that the magnitude of the acceleration of the car at A is
1.5 m/s2. If the tangential acceleration is maintained, how far will the car travel
before coming to a stop?

Fig. P13.16, P13.17

13.17 The tangential acceleration of a car that starts from rest at A is
(90 + 5)/450 m/s?, where s is the distance in meters measured along the curve
from A. Compute the acceleration vector of the car when it is at B.

13.18 A skateboarder rides down a parabolic half-pipe. The profile of the half-
pipe is y = x?/80m, where x is in meters. Determine the magnitude of the rider’s
acceleration at point A given that v4 = 12m/s and v4 = 4 m/s2.

13.19 The airplane flies along a circular path of radius 5km that lies in the
vertical plane. To simulate weightlessness, the acceleration vector of the plane
is directed vertically downward and has the magnitude g. Determine the speed v
of the plane and its rate of change v at point A. At the altitude of the plane,
g =9.78 m/s>.

"13.20 A car travels around the racetrack shown. Traction between the tires
and the road limits the total maximum acceleration to 5 m/s*>. What is the shortest
possible time for the car to complete one loop around the track?

|
T
|
+
|
|
|
1

1000 m

Fig. P13.20

13.21  The slot in the slider A engages the pin B that is attached to the arm
OB. In the position shown, the slider is moving upward with the constant speed

13.1-13.25 Problems

y
A
X
LlO m—~

Fig. P13.18

Fig. P13.21
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12m‘

Fig. P13.22

y=f(x)

Fig. P13.23

of 150 mm/s. Determine the magnitudes of the velocity and acceleration vectors
of pin B in this position.

“13.22  The skier glides down a slope described by y = —x3/3 900 m, where x
is in m. The speed of the skier at point A is v4 = 6 m/s, and the speed is increasing
at the rate v, = 1 m/s”. Determine the magnitude of the skier’s acceleration vector
at A.

13.23 Pen P of the flatbed plotter traces the curve y = x3/2, where x and y are
measured in mm. When x = 1000 mm, the speed of slider A is 200,mm/s. For
this position, calculate (a) the speed of P; and (b) the normal component of the
acceleration of P.

13.24 A particle moves with the constant speed vy along the parabola
y = Ax?> 4+ Bx + C. Find the maximum acceleration and the corresponding
x-coordinate.

13.25 A particle moves with constant speed vy along the ellipse (x/a)® +
(y/b)2 = 1, where a > b. Determine the maximum acceleration of the particle.

13.3 | Kinematics—Polar and Cylindrical
Coordinates

a. Plane motion (polar coordinates)

1. Geometric Preliminaries  Figure 13.9 shows the polar coordinates R and 6
that specify the position of particle A that is moving in the xy-plane. The radial
coordinate R is the length of the radial line OA, and 6 is the angle between the
x-axis and the radial line. (In plane motion the polar coordinate R is equal to the
magnitude of the position vector r of the particle.)

The base vectors eg and ey of the polar coordinate system are also shown in
Fig. 13.9. The vector ey is directed along the radial line, pointing away from O
whereas ey is perpendicular to e, in the direction of increasing 6.

2. Derivatives of Base Vectors Note that egx and ey will rotate as the par-
ticle moves. Therefore, egx and ey are the base vectors of a rotating reference
frame, similar to the path (n-f) coordinate system. (The fundamental difference
between the two coordinate systems is that path coordinates depend on the path
and the direction of motion of the particle, whereas polar coordinates are deter-
mined solely by the position of the particle.) Consequently, these base vectors
possess nonzero derivatives, even though their magnitudes are constant (equal
to one).

As in the preceding article, the time derivatives of the unit base vectors can
be determined by first relating the vectors to the xy-coordinate system. From
Fig. 13.9 we find that

eg = cos0i + sin0j
: (13.12)
ey = —sinfi+ cosbj
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Differentiating with respect to time while noting that di/dt = dj/dt = 0 (the xy-
frame is fixed) yields

d .4 .
% — (= sin6i + cos 0j)f % — (= cos 0 — sin 6)f

Comparing these results with Eq. (13.12), we find that
éR = éeg ég = —éeR (1313)
The variable 6 is called the angular velocity of the radial line. The base vectors

and their derivatives are shown in Fig. 13.10. Note that € and €y are perpendicular
to e and ey, respectively.

y y

) . €9
e =0¢

/ e =—fep /
R

(a) (b)

Fig. 13.10

3. Velocity and Acceleration Vectors  The position vector r of the particle can
be written in polar coordinates as

r = Rey (13.14)
Because the velocity vector is, by definition, v = dr/dt, we have

v 9T _ 4 Rer) = Rep + Ré
Tdr dr TR R

Substituting for ég from Eqs. (13.13) gives

V = vgeg + vpey (13.15)
where
VR = R Vg = Ré (13.16)

The components vg and vy are called the radial and transverse components of the
velocity, respectively.
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The acceleration vector is computed as follows:

a—dv— d(Re + Rbey)
“ar  drF o

= (Reg + Rég) + (Rey + Riey + ROEy)

The variable 6 is called the angular acceleration of the radial line. Substituting
for €g and éy from Egs. (13.13) and rearranging terms, we obtain

a = ager + apey (13.17)

where the radial and transverse components of acceleration are given by

ar=R—R6>  ay= RO +2R0 (13.18)

The polar components of the velocity and acceleration vectors are shown in
Fig. 13.11.

I
=RO . ag=RI+2RH N

ve=R
\ L R \\

\ . .
\ WAL ¢’aR=R—R02

\0

(@) (b)

Fig. 13.11

For the special case where the path is a circle, the polar coordinate R equals
the radius of the circle (a constant). Therefore, from Egs. (13.15)—(13.18), the
velocity and acceleration vectors are

V= Réeg
a= —R6%y + Rley (13.19)
These expressions are in agreement with Eqs. (13.10) and (13.11), where path

coordinates were used. (Note that ez = —e,, and ey = ¢, for motion on a circular
path.)
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b. Space motion (cylindrical coordinates)

The cylindrical coordinates shown in Fig. 13.12 may be used to specify the loca-
tion of a particle A that is moving in space. The three cylindrical coordinates
consist of the polar coordinates R and 6, and the axial coordinate z (which is the
same as the rectangular coordinate z). The unit base vectors are eg, €y, and e,
where e, = k.

1IN
4 (54
A
€
<, R

k

e

1 .] Y
e
X

Fig. 13.12

In cylindrical coordinates, the position vector r of the particle in Fig. 13.12 is

r = Rey + ze, (13.20)

Comparing this with r = Reg for polar coordinates, we conclude that the expres-
sions for v and a in cylindrical coordinates will be the same as for polar
coordinates, except for additional terms due to ze,. Recognizing that &, = k=0,
Egs. (13.15) through (13.18) can be easily modified to yield

v = Reg + Rfey + ze.

. . .. (13.21)
a= (R — RO*eg + (RO + 2R0)ey + Ze.



(a)

v=14.01 m/s

86

Sample Problem 13.5

The collar A in Fig. (a) slides along the rotating rod OB. The angular position of
the rod is given by 6 = %ntz rad, and the distance of the collar from O varies as
R = 18t* +4m, where time 7 is measured in seconds. Determine the velocity and
acceleration vectors of the collar at 7 = 0.5s.

We start by determining the values of the polar coordinates of collar A and their
first two derivatives at t = 0.5s:

R=18*4+4=18(0.5*+4=5.125m
R =723 =72(0.5)° = 9.0 m/s
R = 216t> = 216(0.5)% = 54.0 m/s>

2 2 2 2 o
6= 3ni = 3m(0.57 = 05236 rad = 30

. 4 4
0 = 57” = gn(O.S) = 2.094 rad/s

.. 4 5
6= gn = 4.189 rad/s

The polar components of the velocity vector can now be calculated from
Egs. (13.16):

ve = R =9.0m/s ve = RO = (5.125)(2.094) = 10.732 m/s

Therefore, the velocity vector of the collar at # = 0.5 s is

V = vgegr + voey = 9.0er + 10.732¢y m/s Answer

This result is shown in Fig. (b), where the magnitude of v and the angle o between
v and the rod were computed from

v= V& +12 =(9.0)2 4 (10.732)% = 14.01 m/s

_1 Ve 1 10.732
o = tan — = tan a—
VR

= 50.0°

The acceleration components, obtainable from Egs. (13.18), are

ag = R — RO? = 54.0 — (5.125)(2.094)> = 31.53 m/s>
ap = RO + 2RO = (5.125)(4.189) + 2(9.0)(2.094) = 59.16 m/s’

The corresponding acceleration vector of the collar at # = 0.5 is

a=ageg + ages = 31.53ex + 59.16e, m/s’ Answer



which is shown in Fig. (c). The magnitude of a and the angle 8 were calculated
from

a=,/d%+a} =+/(31.53)2 4 (59.16)2 = 67.0 m/s>

59.16
ﬂ:tan’la—e:t -1

20 619
ar 3153

a=67.0 m/s*

X B=61.9°

ag=59.16 m/s? \

? ag = 31.53 m/s>

©

Sample Problem 13.6

As shown in the figure the particle P travels with constant speed v along the path
described by R = b cos 36. Determine the acceleration vector of the particle at
point A.

Differentiating the expression for R twice, we get

R = bcos30
R = —3b0 sin 30
R = —9b6? cos 30 — 3bH sin 36

Substituting 6 = 0, we obtain at point A

R=bcosO=0b
R = —3bfsin0 =0 @
R = —9b6% cos 0 — 3b6 sin 0 = —9h6*

The transverse component of the velocity is given by Eq. (13.16): vy = R6.

Noting that vg = 0 at A (because the tangent to the path at A is perpendicular to
the radial line OA), we have vy = vg. Therefore,

b=—=— (b)

The angular acceleration  of the radial line at A can be obtained from the

condition that

ve=vi+1v2 =R+ (Ré’)2 = constant

Differentiation of this expression yields

2RR +2RRO> +2R%*96 =0
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Since R = 0 at A, this equation reduces to 0 = 2Rzé§, which can be satisfied
only if
6=0 ©
The acceleration components in Eqgs. (13.18) can now be evaluated at point A
from Egs. (a) through (c):

.. . . . 2 10v2
ag = B — RO> = —9p62 — b§? = —10b (V—") =N
b b
ap=RO+2RO=0+0=0
Hence, the acceleration vector of the particle at A is
10v2 10v2
a=——Dep=——0j Answer
b b

e

(a)
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Sample Problem 13.7

The cable connecting the winch A to point B on the railroad car in Fig. (a) is
wound in at the constant rate of 2m. When 6 = 60°, determine (1) the velocity of
B and 6; and (2) the acceleration of B and 8. Neglect the radius of the winch.

From Fig. (a) we see that the length R of the cable and the angle 8 are the polar
coordinates of point B. At 6 = 60°, we have

4 4

sin @ - sin 60°

=4.619m

According to the problem statement, R is being reduced at the constant rate of
5 ft/s. Therefore, ) .
R =-2m/s R=0

Note that point B follows a straight, horizontal path. Consequently, its velocity
and acceleration vectors will also be horizontal.

Part 1

Figure (b) shows the decomposition of the velocity vector v of B into its radial
and transverse components at & = 60°. Because vy = R = —2m/s is negative,
vy is directed opposite to eg; that is, toward A. Knowing vg and the direction of
v (horizontal) enables us to complete the velocity diagram. From the geometry of
the diagram, the speed of B at § = 60° is

2
V=
cos 60°

= 4 m/s (to the left) Answer

The velocity diagram also yields v = 5tan 60°. Comparing this result with
vg = RO in Egs. (13.16), we find that

T 2 tan 60°
= — = ——— =0.75rad/s (CCW) Answer
R 4.619



|agl = 2.598 m/s?

Part 2

The acceleration diagram of point B at § = 60° is shown in Fig. (c). The radial
component is, according to Eqs. (13.18),

agr = R — RO?* = 0 — (4.619)(0.75)> = —2.598 m/s?

The negative sign again indicates that ag is directed opposite to eg. Because the
acceleration vector a is known to be horizontal, the acceleration diagram can now
be completed. From the diagram, the magnitude of the acceleration at & = 60° is

2.598
a= = 5.2 m/s” (to the left) Answer
cos 60°

Referring again to the acceleration diagram, we find that ay = 2.598 tan 60°.
Comparison with ag = R# + 2R6 in Eqgs. (13.18) yields

ag — 2RO 2.598tan 60° — 2(—2)(0.75)
R 4.619
= 1.624 rad/s> (CCW) Answer

6 =

Sample Problem 13.8

The passenger car of an amusement park ride is connected by the arm AB to
the vertical mast OC. During a certain time interval, the mast is rotating at the
constant rate § = 1.2rad/s while the arm is being elevated at the constant rate ¢ =
0.3 rad/s. Determine the cylindrical components of the velocity and acceleration
of the car at the instant when ¢ = 40°.
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Referring to the figure, we see that the R- and z-coordinates of the car are
R=4sin¢g mand z =6 —4sin¢ m.
Noting that ¢ = 0 (¢ is constant), we have at ¢ = 40°
R =4sin¢ = 4sin40° =2.571 m
R =12cos¢ ¢ = (4cos40°)(0.3) = 0.919m/s
R = —4sin¢ ¢> = —(4sin40°)(0.3)> = —0.231 m/s>

and
z=6—4cos¢ =6—4cos40° =2.936m
z=4sin¢ ¢ = (4sin40°)(0.3) = 0.771 m/s
Z =4cos¢ ¢* = (4c0s40°)(0.3)* = 0.276 m/s’
Using Eqgs. (13.21), the cylindrical components of the velocity are
ve = R =0.919m/s

ve = RO = 2.571(1.2) = 3.085m/s Answer
v, =% =0.771 m/s

Recalling that 6 is constant, the acceleration components in Egs. (13.21) become

ar = R — R6* = —0.231 — 2.571(1.2)> = —3.933 m/s>
ap = RO + 2RO = 0+ 2(0.919)(1.2) = 2.206 m/s> Answer
a, =7 = 0.276 m/s*



Problems

13.26 The rocket in vertical flight is being tracked by radar. Calculate the
velocity and acceleration of the rocket at the instant when the radar readings are
0 =40°, R =5km, R =350m/s,and R = 100 m/s’.

13.27 The plane motion of a particle is described in polar coordinates as
R=0.754+0.5t2m and 6 = 73/2rad, where the time ¢ is measured in seconds.
Find the magnitudes of the velocity and acceleration when ¢ = 2.

13.28 The particle P moves along the curve R = 4+ 2sinf m. Knowing
that 8 = 1.5 rad/s (constant), determine the polar components of the velocity and
acceleration of P when it is (a) at point A; and (b) at point B.

“13.29 The particle P moves along the curve R = 4 + 2 sin 6 m. At the instant
that P is at point A, its speed is 4 m/s and its acceleration vector is perpendicular
to the curve. Determine the magnitude of the acceleration of P at that instant.

Fig. P13.28, P13.29 Fig. P13.30

13.30 The projectile A is being tracked by the radar at O. At a given instant,
the radar readings are 6 = 30°, R = 2000m, R = 200m/s, and R = 20 m/s>.
Determine the speed of the projectile at that instant.

13.31 A spring holds the follower A against the eccentric cam of circular profile.
The equation describing the profile of the cam is R>44R cos § — 12 = 0, where R
is in mm. If the cam is rotating at the constant angular speed § = 3 rad/s, compute
the velocity and acceleration of the follower in the position 6 = 0.

13.32 The collar B slides on a rod that has the spiral shape described by
R=0.3—-0.4(6/r) m. The pin attached to the collar engages a slot in the arm
OA, which is rotating at the constant angular speed § =2rad/s. Find the polar
components of the velocity and acceleration of collar B at (a) 8 =90°; and
(b) 0 = 60°.

13.33 The rod OB rotates counterclockwise about O at the constant angular
speed of 30rev/min while the collar A slides toward B with the constant speed

13.26-13.50 Problems 91

/I\

Fig. P13.26

Fig. P13.32
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G

Fig. P13.33, P13.34

Fig. P13.36, P13.37

1 m/s, measured relative to the rod. When collar A is in the position R = 0.2 m,
0 = 0, calculate (a) its velocity vector; and (b) its acceleration vector.

13.34 The motion of rod OB is described by § = at, where @ = 1.2rad/s? is
the constant angular acceleration of the rod. The position of the collar A on the
rod is R = vyt, where vop = 0.8 m/s is the constant outward speed of the collar
relative to the rod. Calculate the velocity and acceleration vectors of the collar as
functions of time.

13.35 The plane motion of a particle described in polar coordinates is 8 = wt,
R = by/wt, where w and b are constants. When 6 = m, determine (a) the velocity
vector of the particle; and (b) the acceleration vector of the particle.

13.36 The collar B slides along a guide rod that has the shape of the spiral
R = b6. A pin on the collar slides in the slotted arm OC. If OC is rotating at the
constant angular speed 6§ = w, determine the magnitude of the acceleration of the
collar when it is at A.

13.37 The collar B slides along a guide rod that has the shape of the spiral
R = bO. A pin on the collar slides in the slotted arm OC. If the speed of the collar
is constant at vy, determine the angular speed 6 of the arm OC in terms of vy, b,
and 6.

13.38 The slotted arm OB rotates about the pin at O. The ball A in the slot is
pressed against the stationary cam C by the spring. If the angular speed of OB
is & = w, where w is a constant, calculate the maximum magnitudes of (a) the
velocity of A; (b) the acceleration of A; (c) R (the velocity of A relative to OB);
and (d) R (the acceleration of A relative to OB).

R =b(+cos 6)

\\\~\~\“““"\
N W )
1@\‘\\\\\

A

2b

Fig. P13.38, P13.39

13.39 The slotted arm OB rotates about the pin at O. The ball A in the slot is
pressed against the stationary cam C by the spring. The angular position of the
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arm OB depends on time ¢ as § = 7 sin wf, where w is a constant. Determine the
velocity and acceleration vectors of the ball A when 0 = /2.

“13.40 The curved portion of the cloverleaf highway interchange is defined by
R? = b%sin26,0 < 6 < 90°. If a car travels along the curve at the constant
speed vy, determine its acceleration at A.

Fig. P13.40 Fig. P13.41 (mTTTTmT — =

|

|

13.41  The pin attached to the sliding collar A engages the slot in bar OB. Using i
polar coordinates, determine the speed of A in terms of 6 and 6. (Note: The h: 'R

solution using rectangular coordinates was requested in Prob. 12.23.) :

|

13.42 The helicopter is tracked by radar, which records R, 6, and 6 at regular %
time intervals. The readings at a certain instant are R =2500m, 6 = 40°, and /\
6 =0.04 rad/s. If the helicopter is in level flight, calculate the elevation & and

speed of the helicopter at this instant.

13.43 The telescopic arm of the robot slides in the mount A, which rotates about
a horizontal axis at O. End B of the arm traces the vertical line shown with the

. . . hd v
constant speed vg. In terms of vg, b, and 6, determine expressions for (a) 0 and R; / B

and (b) 6 and R.

13.44 The winch D unwinds the cable BCD at the constant rate of 0.8 m/s.
Determine the speed of end B of the bar AB when R = 4 m.

P

b |

Fig. P13.43

Fig. P13.44
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13.45 A particle moves along a spiral described in cylindrical coordinates by
R = 0.4m and z = —0.20 m, where 0 is in radians. It is known that at a certain
instant, § = 6rad/s and § = —10rad/s?. Determine the magnitudes of the velocity
and acceleration vectors at this instant.

13.46 A particle moves along the path described by R=100mm and
z=15sin40 mm. If 6 =0.8rad/s (constant), determine the magnitudes of the
maximum velocity and maximum acceleration of the particle and the correspond-
ing values of 6.

13.47 A child slides down the helical water slide AB. The description of motion
in cylindrical coordinates is R = 4m, § = w*t?, and z = h[1 — (w*t?/7)], where
h = 3m and w = 0.75rad/s. Compute the magnitudes of the velocity vector and
acceleration vector when the child is at B.

Fig. P13.47

13.48 The rod OB rotates about the z-axis with the constant angular speed § =
4rad/s while the slider A moves up the rod at the constant speed s = 2m/s.
Determine the magnitudes of the velocity and acceleration vectors of A when
s=1m.

Fig. P13.48
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“13.49 The rotating water sprinkler has a constant angular speed of 6 = 6 rad/s
about the z-axis. The speed of the water relative to the curved tube OA is 2 m/s.
Compute the magnitudes of the water velocity and acceleration vectors just below
the nozzle at A.

Fig. P13.49 Fig. P13.50
13.50 The path of the particle that is moving on the surface of a cone is
defined by
R h 0 tan 8 h 0
= —_— an = —_—
27 ¢ 2w

where R, 6, gnd z are the cylindrical coordinates. If the motion of the particle
is such that & = w (constant), determine the following as functions of 6: (a) the
speed of the particle; and (b) the cylindrical components of the acceleration vector.

43.4 © Kinetics: Force-Mass-Acceleration Method

The force-mass-acceleration (FMA) method was presented in Art. 12.3 in terms
of the rectangular coordinate system. When working in curvilinear coordinates,
the four basic steps of the method remain unchanged: (1) draw the FBD of the
particle; (2) perform kinematic analysis of the acceleration; (3) draw the MAD of
the particle; and (4) derive the equations of motion from the static equivalence of
the FBD and the MAD. The only significant change is in the details of the second
step, namely kinematics.

a. Path (n-t) coordinates

The free-body and mass-acceleration diagrams of a particle are shown in
Fig. 13.13(a). Note that the MAD displays the normal and tangential (n-f)
components of the mass-acceleration vector. The conditions for the two diagrams
to be statically equivalent are

Y F, = ma, X F, = ma; (13.22)
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where X F, and X F, are n-t components of the resultant force acting on the
particle. As mentioned before, we use path coordinates only for plane motion.
b. Cylindrical coordinates

The equations of motion of a particle in terms of cylindrical components are

Y Fr = mag Y Fy = may XF, =ma, (13.23)

where X Fr, £ Fy, and X F, represent the components of the resultant force that
acts on the particle. See the FBD and the MAD in Fig. 13.13(b). If the path of the
particle lies in the xy plane, then the third of Eqgs. (13.23) becomes X F, = 0, and
the motion is dependent only on the polar coordinates R and 6.

_._ . dv
@=v=v e
2
y Y oa=p
F,
m —
F, F;
X X
FBD MAD
(a) Path (n-f) coordinates
ag= R - R§?
4 2z ag= RO+ 2R6
a,=%

FBD MAD

(b) Cylindrical coordinates

Fig. 13.13



Sample Problem 13.9

The strings AB and AC connect the 200-g ball A to the vertical shaft, as shown in
Fig. (a). When the shaft rotates at the constant angular speed 6, the ball travels in
a horizontal circle with the strings inclined at « = 30° to the shaft. Find the value
of 6 for which the tension in string AC is 4 N.

The FBD and the MAD of the ball are shown in Fig. (b). The FBD displays the
weight of the ball and the two string tensions. Because the speed of the ball is
constant, the MAD contains only the normal component a, = R6? of the accel-
eration, where R is the radius of the path of A. The equation of motion in the
y-direction is

LFy, =0 ] Tapcos30° — Taccos30° —0.2x9.8=0

Substituting T4 = 4 N, we get

1.96
Thap=——— +4=626N
AB cos 30° +

The second equation of motion is
SF,=ma, & Tapsin30° + Tyc sin30° = m RG>
With R = 0.4sin30° = 0.2 m, this equation becomes
(6.26 +4)sin30° = 0.2 x (0.2)6*

which yields
0 = 11.32 rad/s Answer

FBD MAD

(b)

97



0 =5rad/s
0 =3 rad/s
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Sample Problem 13.10

The 100-g block B shown in Fig. (a) slides along the rotating bar OA. The coef-
ﬁc1ent of kinetic friction between B and OA is pu; = 0.2. In the position shown,

= 1m/s, § = Srad/s, and § = 3rad/s. For this position, determine R, the
acceleratlon of B relative to bar OA.

Referring to the free-body diagram (FBD) in Fig. (b), we see that there are three
forces acting on B: its weight of 0.98 N, the normal force N exerted by the bar OA,
and the kinetic friction force F = u; N. The direction of F is opposite to R, the
velocity of B relative to OA. The mass-acceleration diagram (MAD) of B is also
shown in Fig. (b), where the inertia vector ma is described in terms of its polar
components.

40° 098 N mag = m(Ré + ZRé)

_ maR:m<kRoZ>

av

F=02N
FBD MAD
(b)

Inspection of Fig. (b) reveals that there are only two unknowns in the FBD-
MAD diagrams—N, and R; the other variables have been specified. Therefore,
the two unknowns can be computed from the two equations of motion. For the
direction perpendicular to the bar, we have

> Fy = m(RH + 2R6)
N N4 —0.98cos40° = 0.1[(0.4)(3) + (2)(1)(5)]

which gives
Ny =1.8707N

For the radial direction, we obtain

Y Fr =m(R — R6?)
+7  —0.985in40° — 0.2 N, = 0.1 [R — (0.4)(5)%]

Substituting Ny = 1.8707 N and solving for R yields
R = —0.04 m/s’ Answer

The minus sign means that the acceleration of B relative to bar OA is directed
toward point O.



Sample Problem 13.11

The 12-kg mass A in Fig. (a) slides with negligible friction in a semicircular trough
of radius R = 2 m. The mass is launched at & = 30° with the velocity vy = 4 m/s
toward the bottom of the trough. Derive the following as functions of 6: (1) the
speed of the mass; and (2) the contact force between the mass and the trough.

Part 1

Because the path is circular, the normal-tangential (n-f) and the polar coordinate
systems could be employed with equal facility. We chose the n-f coordinates.

The free-body diagram of the mass in an arbitrary position is shown in Fig. (b).
It contains the weight mg of the mass and the contact force N4, which is normal
to the surface of the trough due to the absence of friction. The mass-acceleration
diagram (MAD) displays the n-f components of the inertia vector. The equation
of motion in the ¢-direction is

SF, =ma;, & mgcosf = ma;
which gives
a; = gcos6 @)
Substituting a, = v(dv/ds) from Eq. (13.9), where ds = R df, Eq. (a) becomes
(V/R)(dvldO) = g cos 0. After rearrangement, we get

vdv = gRcos6do

Integration yields
1
5v2 =gRsinf +C (b)

where C is the constant of integration. Substituting the initial condition v =
vo = 4m/s when 6 = 30° in Eq. (b) gives C = 112 — gRsin30° = 1(4)*> —
(9.81)(2) sin 30° = —1.810 (m/s)?. Therefore, the speed of the mass as a function
of 0 is

v=+2(gRsinf + C) = +,/2[(9.8)(2) sin§ — 1.810]
= ++4/39.2sin6 — 3.62 m/s Answer

Part 2

Referring to Fig. (b), the equation of motion in the n-direction is
XF, =ma, 1" Nj—mgsinf =ma,

Substituting a,, = v*/R and solving for N, we get

2
=352.8sin6 —21.7N Answer

2 39.2sin6 — 3.62
Ny =m (gsine + %) =12 (9.83in9 + L)

mg

Ny

FBD

(b)

MAD
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Note

The mass comes to a stop (and then reverses direction) when v=0, or
39.2sin 0 — 3.62 =0, which gives 6 = 174.7°. Therefore, the mass does not leave
the trough.

Sample Problem 13.12

The vertical shaft AB in Fig. (a) rotates in a bearing at A. The 0.6-kg slider P can
move freely along the frictionless bar OD, which is, rigidly joined to AB at a 30°
angle. At a certain instant when » = 1.2m, it is known that 6 = 4 rad/s, 6 = 0,
and the velocity of P relative to OD is 7 = 4 m/s. At this instant, determine the
magnitude of the contact force exerted on P by OD; and 7, the acceleration of P
relative to OD.

The free-body diagram (FBD) of the slider P at the instant of interest is shown
in Fig. (b), where its weight is mg = 0.6(9.81) = 5.886 N. It is convenient to
decompose the contact force exerted by OD (which is normal to OD) into two
components: Ny, which is perpendicular to OD and passes through the z-axis;
and N,, which is perpendicular to both OD and N;. The mass-acceleration dia-
(a) gram (MAD) of the slider P is shown in Fig. (c), where the inertia vector ma is
expressed in terms of its cylindrical components.

From Fig. (a) we obtain R =r sin 30° = 1.2 sin 30° = 0.60 m and z = r cos 30°.
Differentiating with respect to time, and substituting 7 =4 m/s, we have

R = #5sin30° = 4sin30° = 2.00 m/s

R = ¥sin30°
2 — f' CcOoS 300 = 4COS 300 = 3464 In/s

7 =Fcos30°

5.886 N > < .= mZ

mag = m(Ré + 2R6)

30° mag = m(k - Réz)

FBD MAD

(b) (©
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Because the values of 6‘, 5, and 7 are given, we see that 7 is the only kine-

matic variable that is unknown. The FBD in Fig. (b) contains two unknowns

(N7 and N,), so that we have a problem involving three unknowns, which can

be determined from the three available equations of motion for the slider.
Referring to Figs. (b) and (c), the equations of motion are

Y Fgr = mag = m(R — R6%)

Nt —N;cos30° = 0.6[F sin 30° — 0.60(4)%] )
Y Fy = mag = m(RO + 2R6)
+7 Ny = 0.6[0 + 2(2.00)(4)] = 9.600 N (b)

SF, =ma, =mZ

+T N sin30° — 5.886 = 0.6(¥ cos 30°) (o)
Solving Egs. (a) and (c) simultaneously yields
¥ = —3.70 m/s’ Answer

and N; = 7.931 N. Therefore the magnitude of the contact force exerted by OD is

N = /N2 + N} = /(7.931)2 4 (9.600)2 = 12.45 N Answer

®3Sample Problem 13.13

The particle of mass m =0.3kg is attached to an ideal spring of stiffness
k =28.1 N/m. The spring is undeformed when the particle is launched on the hori-
zontal surface with the speed vy =2 m/s in the direction shown in Fig. (a). Friction
between the particle and the surface may be neglected. (1) Derive the differential
equations describing the motion of the particle in terms of the polar coordinates
R and 6, and state the initial values. (2) Solve the differential equations numer-
ically from ¢ =0 (the time of launch) to t =1.5s, and plot the trajectory of the
particle.

Part 1

The free-body diagram (FBD) and the mass-acceleration diagram (MAD) of the
particle at an arbitrary position are shown in Fig. (b). The only force appearing on
the FBD is the spring force ' = k(R — L), where L is the undeformed length
of the spring. The other forces (weight of the particle and the reaction with the
horizontal surface) are perpendicular to the plane of the motion; hence they do
not enter the equations of motion. The MAD displays the polar components of
the inertia vector, where the accelerations were obtained from Eqs. (13.18).

Ly=200 mm

Horizontal plane

(a)
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o may = m(R@ + 2R0) mag = m(R - R6?)

F=kR - L)

Jk /r

A A

o o

FBD MAD
(forces perpendicular to plane

of motion not shown)

(b)

Referring to Fig. (b), the equations of motion are

YFr=mag +” —k(R— Lo =m(R— R6?
YFy =may N 0=m(RO+2RE)

Substituting the given data—m = 0.3kg, k = 28.1 N/m, and Ly = 0.2 m—and

solving for R and § yield the differential equations

. ) .. 2R0
R = R6? — 93.667R + 18.733 m/s? 6= - rad/s?

The initial values are

R() = L() = 02 m
Ro = (vr)o = 2sin 60° = 1.73205 m/s

b1
0() = E
. 2 cos 60°
6y = 2000 2¢0SO0T _ 5 6500 radss
Lo 0.2
Part 2
Using the notation
x=[ROREH"
the equivalent first-order equations are
X3
X4
x1x3 —93.667x; + 18.733
—2)63)(4/)(31

Answer

Answer



180°

00

The MATLAB program that solves the equations and plots the trajectory is

function examplel3_13

time = [0:0.025:1.57;

x0 = [0.2 pi/2 1.73205 —51;
[t,x] = oded5(@f, time,x0) ;
axes (' fontsize’,14)
polar(x(:,2),x(:,1))

grid on

function dxdt = f(t,x)
dxdt = [x(3)
x(4)
x(1)*x(4)"2-93.667+x (1) +18.7333
—2xx(3)*x(4)/x(1)1;
end
end

The polar plot of the trajectory is shown in Fig. (c). Note that R never

exceeds 0.4 m.
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Problems

Dynamics of a Particle: Curvilinear Coordinates

Fig. P13.53

Fig. P13.54

13.51 A motorcycle travels along an unbanked curve of radius 200 m. If the
static coefficient of friction between the road and the tires is 0.4, determine the
largest constant speed at which the cycle will not slide.

13.52 The flatbed railway car travels at the constant speed of 60 km/h around a
curve of radius 55 m and bank angle 15°. Determine the smallest static coefficient
of friction between the crate and the car that would prevent the crate of mass M
from sliding.

13.53 The 30-kg child holds onto a rope as the platform of the playground ride
rotates about the vertical axis at the constant angular speed § = 1rad/s. Find
the tension in the rope and the normal force between the child and the platform.
Neglect friction.

13.54 The motorcyclist is riding along a horizontal circle on the inside of the
cylindrical wall. If the coefficient of static friction between the tires and the wall
is 0.6, what is the smallest possible speed of the motorcycle?

13.55 A car travels over the crest A of a hill where the radius of curvature is
60 m. Find the maximum speed for which the wheels will stay in contact with the
road at A.

Fig. P13.55 Fig. P13.56

13.56 The 7.5-kg box that is sliding down a circular chute reaches point A with
a speed of 2.5m/s. The kinetic coefficient of friction between the box and the
chute is 0.3. When the box is at A, calculate (a) the normal force acting between
it and the chute; and (b) its rate of change of speed.

13.57 The tension in the string of the simple pendulum is 8.5 N when 6 = 25°.
Calculate the angular velocity and angular acceleration of the string at this instant.
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13.58 The pendulum is released from rest with & = 30°. (a) Derive the equation 2
of motion using € as the independent variable. (b) Determine the speed of the bob
as a function of 6.

13.59 The slider of mass m moves with negligible friction on a circular wire of
radius R that lies in the vertical plane. The constant horizontal force F' acts on the
slider. If the slider starts from rest at A, determine the expression for the smallest
F that would enable it to reach B.

A 0.5 kg

Fig. P13.57, P13.58

Fig. P13.59

13.60 The coin A is placed on a stationary turntable in the position R = 0.4 m,
6 = 0. The static coefficient of friction between the coin and the turntable is 0.2.
If the turntable is started with the constant angular acceleration 6 = 1.5rad/s?,
determine the angular velocity 6§ when the coin starts slipping.

13.61  The 1-kg collar is free to slide on the smooth rod OA. The rod is rotating
in the vertical plane about the pin at O at the constant angular velocity 6. Deter-
mine the minimum value of § for which the collar will maintain contact with the
stop at A. Would friction between the collar and the rod affect your result?

Fig. P13.60

Horizontal plane ]

Fig. P13.61 Fig. P13.62

13.62 The 500-g collar A slides on the semi-circular guide rod. A pin attached
to the collar engages the vertical slot in the guide B, which is moving to the right
at the constant speed of 2 m/s. Determine the force between the pin and guide B
when 6 = 45°. Neglect friction.

13.63 A spring is connected between the 1-kg slider A and the frame. The
spring has a stiffness of 5 N/m and it is undeformed when x = 0.1 m. Knowing Fig. P13.63
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Fig. P13.64

100-kg

Fig. P13.69

Dynamics of a Particle: Curvilinear Coordinates

that the frame is rotating in the horizontal plane about O at the constant angular
speed 0 = 2rad/s, determine the distance x. Neglect friction.

13.64 The spring exerts a 6 N force that presses the 0.5-kg slider A against the
stop B. Assuming that the angular velocity 6 is increased slowly, find the value
of 6 at which the slider loses contact with the stop B. Assume that the rotation of
the assembly occurs in (a) the horizontal plane; and (b) the vertical plane.

13.65 The 0.4-kg slider A glides on the circular guide rod BC. The spring
attached to the slider has a free length of 0.4 m and a stiffness of 18 N/m. The
slider is launched upward from C with the velocity 2.4 m/s. Determine the mag-
nitude of the acceleration of the slider and the contact force between the slider
and the guide rod just after the launch. Neglect friction.

m

0

S
b
Fig. P13.65 Fig. P13.66-P13.68

13.66 The rod OA carrying the sliding collar of mass m =2.5kg is rotating
about the vertical axis OB with the constant angular speed =20 rad/s. A string
holds the collar in the position Ry = 1.4 m. (a) Determine the force in the string.
(b) Find R (the acceleration of the collar relative to the rod) immediately after the
string breaks. Neglect friction.

13.67 The rod OA carrying the sliding collar of mass m =2 kg rotates about the
vertical axis OB. The angular speed of the rod is kept constant at § = 6 rad/s while
the string pulls the collar toward O at the constant rate of 0.8 m/s. Determine the
tension in the string and the contact force between the rod and the collar when the
collar reaches the position Ry = 1.2 m.

“13.68 Rod OA carrying a collar of mass m rotates about the vertical axis OB.
The angular speed of the assembly is kept constant at § = w. If the string that holds
the collar in place is cut at time ¢t = 0, determine (a) the equation of motion of the
collar, with R (the distance of the collar from O) as the independent variable; and
(b) the speed of the collar when it reaches end A. Neglect friction.

13.69 The 100-kg wrecking ball is initially held at rest by the two cables AB and
BC. Calculate the force in cable AB (a) before cable BC is released; and (b) just
after cable BC is released.
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13.70 The 30 mm diameter marble rolls in the groove AOB that has the shape
of a parabola in the horizontal xy-plane. The cross section of the groove is a
rectangle of width 20 mm Neglecting friction, find the largest speed for which the
marble will stay in the groove.

‘420 mm»‘

Cross section of groove
Fig. P13.70

13.71 Friction between the shoes A and the housing B enables the centrifugal
clutch to transmit torque from shaft 1 to shaft 2. Centrifugal force holds the
shoes against the housing, where the coefficient of static friction between the
shoes and the housing is 0.8. Each shoe weighs 9.8 N, and the weights of the
other parts of the shoe assemblies may be neglected. (a) Calculate the initial ten-
sion in each clutch spring C so that contact between the shoes and the housing
occurs only when 6 > 200 rev/min. (b) Determine the maximum torque that can
be transmitted when 6 = 1000 rev/min.

400 mm

Fig. P13.71

Problems
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Fig. P13.72

Dynamics of a Particle: Curvilinear Coordinates

13.72 A package of mass m is placed inside a drum that rotates in the vertical
plane at the constant angular speed 6 = 1.36 rad/s. If the package reaches the posi-
tion & = 45° before slipping, determine the static coefficient of friction between
the package and the drum.

13.73 The path of the 3.6-kg particle P is an ellipse given by R = Ry/(1 +
ecosf), where Ry = 0.5m and e = 2/3. Assuming that the angular speed of
line OP is constant at 20rad/s, calculate the polar components of the force that
acts on the particle when it is at A.

3.6kg

Fig. P13.73, P13.74

13.74 The 3.6-kg particle P moves along the ellipse described in Prob. 13.73.
If the motion of the particle is such that vy = RO = 10 m/s (constant), determine
the polar components of the force acting on the particle when it is at A.

“13.75 The 2-kg follower is attached to the end of a light telescopic rod that
is pivoted at O. The follower is pressed against a frictionless spiral surface by
a spring of stiffness k = 100N/m and free length Ly = 1m. The equation of
the spiral, which lies in the horizontal plane, is R = b6/2w, where b = 0.4m
and 6 is in radians. Immediately after the rod is released from rest in position
OA, determine (a) the angular acceleration 6 of the rod; and (b) the contact force
between the follower and the spiral surface.

y

B@=3m)

Fig. P13.75 Fig. P13.76



13.76  The 0.6-kg cylinder A is moving with negligible friction in the horizontal
tube, propelled by the force F'. If the cylinder moves so that RO =4 m/s (constant),
determine F as a function of the angle 6.

13.77 The particle P moves along a curved path, its speed varying so as to keep
R?6 constant. Show that the force acting on the particle always is directed along
the radial line O P.

“13.78 The 0.2-kg pellet slides in the tube OB. The tube rotates in the horizontal
plane about the pin at O with the constant angular velocity 6 = 8 rad/s. The pellet
is at R =0.5m when it is fired toward B with the velocity of 2 m/s relative to the
tube. (a) Determine the velocity vector of the pellet when it reaches the end of
the tube at B. (b) What is the contact force between the block and the tube at B?
Neglect friction.

13.79 The 0.10-kg ball A, which slides in a slot in the rotating arm OB, is kept
in contact with the stationary cam C by a compression spring of stiffness k. The
spring exerts a force of 2N on the ball when the arm is stationary in position
OP. If the arm rotates with the constant angular speed § = 20rad/s, calculate
the minimum spring stiffness k that will maintain contact between the ball and
the cam when the arm is in position OQ. Neglect friction and assume that the
assembly lies in the horizontal plane.

Y R=0.1(2+cosf)m

0.1m

0.3 m

Fig. P13.79, P13.80

“13.80 The arm OB of the system described in Prob. 13.79 rotates with the
constant speed & = 20rad/s. When 6 = 60°, the force exerted by the spring on
the ball A is 12.5 N. For this position, determine the contact force between (a) the
ball and the cam; and (b) the ball and the slot.

13.81 The collar A of mass m slides on the weightless rod OB, which rotates
with a constant angular velocity § = w. A pin attached to the collar engages the
fixed vertical slot. Neglecting friction, determine (a) the force exerted on the pin

13.51-13.90 Problems 109

Fig. P13.77

Horizontal plane
Pane ]

Fig. P13.78

V\/A:m
é/

ol

6

Fig. P13.81



110 CHAPTER 13 Dynamics of a Particle: Curvilinear Coordinates

by the slot; and (b) the force exerted on the collar by the rod. Express your answers
in terms of 8, w, m, b, and g.

13.82 The mass C is connected by two wires to the vertical shaft AB. Rotation
of the shaft causes the mass to travel in the horizontal circle shown. Calculate the
speed vy of the mass that would result in equal tensions in the wires.

13.83 The telescopic arm of the mechanical manipulator rotates about the verti-
cal axis with the constant angular speed 6 = 8 rad/s. The angle ¢ is kept constant
at 45°, but the length of the arm varies as L =6 + 2 sin(2ét) m, where ¢ is in sec-
onds. Compute the cylindrical components of the force exerted by the arm on the
40-N manipulator head as functions of time.

Fig. P13.82

13.84 The telescopic arm of the mechanical manipulator rotates about the ver-
tical axis with the constant angular speed § = 8rad/s. At the same time, the arm
is extended and lowered at the constant rates I, = 1 m/s and ¢ = 2rad/s, respec-
tively. Determine the cylindrical components of the force that the arm exerts on
the 40-N manipulator head when L =2 m and ¢ =45°.

6« ‘13.85 The differential equation of motion for the simple pendulum can be

““shown to be § = — (g/L)sinf. Given that L =9.81 m and that the pendulum

is released from rest at 8 = 60°, determine the time required for the pendulum

to reach the position 6 = 0. Compare your answer with the analytical solution of
1.686s.

Fig. P13.83, P13.84 Fig. P13.85
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13.86 The block of mass m is released from rest at =0 and allowed to slide
on the circular surface. The kinetic coefficient of friction between the block
and the surface is u. (a) Show that the differential equation of motion of the
block is

«©e

6= (g/R)(cosO — wsin@) — ub> (6 > 0)
Fig. P13.86

(b) Using R =2 m and n = 0.3, determine by numerical integration the value of 6
where the block comes to rest for the first time.

« ‘13.87 A peg attached to the rotating disk causes the slope angle of the table
~ OB to vary as 0 = 6 cos wt, where 6y = 15° and w = 7 rad/s. At t =0, the particle
A is placed on the table at R =0.6 m with no velocity relative to the table. (a)
Derive the differential equation of motion for the particle, and state the initial
conditions. (b) Integrate the equations numerically from the time of release until
the particle moves off the table; plot R versus t. (c) Determine the time when A
slides off the table and the velocity of A relative to the table at that instant. Neglect

friction.

Fig. P13.87
13.88 The particle of mass m slides inside the frictionless, conical vessel. The
particle is launched at r = 0 with the velocity v; =3 m/s, tangent to the rim of the
vessel. (a) Show that the differential equations of motion are

«©e

]

G 20
z
. z60%tan? B — g
1+ tan?p

and state the initial conditions. (b) Using 8 =20°, solve the equations of motion
numerically from r =0 to t =2 s; plot z versus 6. (c) From the numerical solution,
find the vertical distance & below which the particle will not travel.

13.89 The 0.25-kg mass, which is attached to an elastic cord of stiffness 10 N/m
and free length 0.5 m, is free to move in the vertical plane. The mass is released Fig. P13.88
from rest at 8 =0 with the cord undeformed. (a) Derive the differential equations
of motion, and state the initial conditions. (b) Solve the equations numerically
from the time of release until the cord becomes vertical for the first time; plot R
versus 6. (¢) Find the maximum elongation of the cord.

e

m=0.25kg
k = 10 N/m

Ly=05m

13.90 The 0.25-kg mass in Prob. 13.89 is released from rest at 6 =0 with
the cord stretched by 0.25m. (a) Derive the differential equations of motion Elastic cord {
for the mass, and state the initial conditions. (b) Solve the equations numeri-

cally from the time of release until the cord becomes slack; plot R versus 6. (c)

Determine the maximum value of R, and the value of & when the cord becomes Fig. P13.89, P13.90
slack.

©e
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Review of Equations

vpo =0 v, =v=ys (velocity is tangent to the path)
dv

an =Vp a=v=v—
ds

s = distance measured along the path of the particle
p =radius of curvature of the path

e, is pointed towards center of curvature

e, is pointed in the direction of the velocity

_v_ 5 .
a,=—=RO0" a =v=R0O
R

R = radius of the path

vR:R ve:Ré v, =2

agR =R —R6* ay=R6+2RO a,=7%

eg is pointed outward from the origin
ey is pointed towards increasing 6
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Review Problems

13.91 The airplane flies a vertical loop of radius 400 m. The speed of the plane
at the top of the loop is constant at 70 m/s. If the weight of the pilot is 600 N,
determine the contact force between the pilot and his seat when the plane is at the
top of the loop.

Fig. P13.91

13.92 The 200-kg car travels at the constant speed of 90km/h on a road
with the profile y = h cos(2m x/b) ft, where h = 1 m and b = 60 m. Determine the
maximum normal force between the tires and the road.

y
th

/—\% I

b

Fig. P13.92

13.93 A 600-kg satellite is in a circular orbit around a planet. The radius of the
orbit is 8000 km and the period (time of a complete orbit) is 6 hours. Determine
(a) the gravitational force acting on the satellite; and (b) the mass of the planet.
Use G =6.493 x 107" m3/(kg - s?) for the universal gravitational constant.

13.94 The bent water pipe of constant cross section is rotating about the vertical
axis AB with the constant angular velocity 8 = 160 rev/min. If the speed of water

Fig. P13.94

113
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Fig. P13.96

Dynamics of a Particle: Curvilinear Coordinates

in portion AB of the pipe is 600 mm/s (constant), determine the magnitude of the
acceleration of a water particle just before it exits the pipe at C.

13.95 The car travels on a curve that has the shape of the spiral R = (2b/m)60,
where b=10m. If 6 = 0.5rad/s (constant), determine the speed of the car and
the magnitude of the acceleration when 6 = 3w/2 rad (point A).

Fig. P13.95

13.9§ Bar AB starts from rest at & = 0 with the constant angular accelera-
tion § = 6rad/s>. The block of mass m begins sliding on the bar when 6 =45°.
Determine the coefficient of static friction between the block and the bar.

13.97 A projectile is launched at B with the velocity vy inclined at angle 6 to
the horizontal. Knowing that the radii of curvature of the trajectory at A and B are
pa =40.8m and pp = 63.1 m, determine 6, and v,. Neglect air resistance.

A
Yo
B/<"O/\
Fig. P13.97

13.98 The 5-kg package is sliding down the parabolic chute. In the position
shown, the speed of the package is 2.4 m/s. Determine the normal contact force
between the chute and the package in this position.

Fig. P13.98
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13.99 The 0.25 m radius spool is started from rest in the position shown. The
angular speed 6 of the spool varies with time, as specified on the diagram.
Determine the time required to wind up the 50 m of cable.

025 m@ -

Review Problems 115

6 (rad/s)
6
e ‘o
Py I
- |
00 0 e b sm
Fig. P13.99 @A
\

13.100 The car travels at a constant speed on a circular, banked track of 75-m

(¢

radius. If the bank angle is § = 12° and the coefficient of static friction between
the track and the tires is 0.8, determine the maximum possible speed of the car.

13.101 The rope ABC is attached to the sliding collar A and passes over the peg
B. The rope is kept taut by a weight attached to end C. The collar is moving to the

left at the constant speed of 1.6 m/s.

determine (a) the velocity of point C

Whe_n the collar is in the position 6 = 50°,
and 6; and (b) the acceleration of point C.

Fig. P13.101

13.102 The particle of mass m is placed on the cylindrical surface of radius R
at 6 = 0. The particle is then displaced slightly and released from rest. Determine
the speed of the particle as a function of the angle 6. At what value of 6 does the
particle lose contact with the surface? Neglect friction.

Fig. P13.102

Fig. P13.100
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Fig. P13.105

Fig. P13.108

Fig. P13.109
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13.103 The mass m is suspended from two wires, as shown, when wire AB is
cut. If B = 35°, determine the force in wire BC (a) before AB is cut; and (b) just
after AB is cut. (c) For what value of 8 would the results of parts (a) and (b) be
the same?

13.104 A particle moves on the surface of a sphere of radius b. The description
of motion in cylindrical coordinates is 6 = wt, R = b sin wt, z = b cos wt, where w
is a constant. Determine (a) the maximum speed; and (b) the maximum magnitude
of the acceleration vector of the particle.

13.105 The mass at C is attached to the vertical pole AB by two wires. The
assembly is rotating about AB at the constant angular speed 6. If the force in wire
BC is twice the force in AC, determine the value of 6.

13.106 The collar A slides along the rod OB, which is rotating counterclock-
wise. Determine the velocity vector of A when OB is vertical, given that the speed
of end B is 0.4 m/s in that position.

L)
“* 30 mm ——{

Fig. P13.106

Fig. P13.107

13.107 The pin P slides in slots in both the rotating arm OA and the fixed cir-
cular bar BC. If OA rotates with the constant angular speed 6 = 2rad/s, find the
speed of P when 6 = 60°.

13.108 The path of a ball that rolls around a frictionless, circular track is a
circle of radius R. The track is banked at the angle 8. Determine the speed of
the ball.

13.109 The pendulum is connected to the vertical shaft by a clevis at A. The
mass of the bob B is 1.2kg, and the mass of the arm AB is negligible. The shaft
rotates with a constant angular speed, causing the bob to travel in a horizontal
circle. If & = 85°, determine (a) the tensile force in AB; and (b) the speed v of
the bob.
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Work-Energy and
Impulse-Momentum
Principles for a Particle

- Introduction

In the force-mass-acceleration method, which we used in Chapters 12 and 13, the
equations of particle motion were obtained directly from Newton’s second law,
F =ma. Solution of these equations required two integrations, the first to obtain
the velocity, and the second to obtain the position.

Work-energy and impulse-momentum methods employ integral forms of the
equations of motion. If we integrate both sides of F =ma with respect to posi-
tion, we obtain the equations used in the work-energy method. Integrating F = ma
with respect to time yields the equations of the impulse-momentum method. The
integral forms of the equations of motion can be very efficient in the solution of

It takes a lot of energy to launch a
spacecraft on an interplanetary
Jjourney. Problem 14.48 shows how
to calculate the energy required

to escape earth’s gravitational field.
(© iStockphoto.com/Konstantin
Inozemtsev)
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certain types of problems. The work-energy method is useful in computing the
change in speed during a displacement of the particle. The impulse-momentum
method is best suited for determining the change in velocity that occurs over a
time interval.

14.2 ~ Work of a Force

a. Definition of work

We begin by defining the work of a force, a concept that plays a fundamental
role in the work-energy principle that is derived in the next article. Let point A,
the point of application of a force F, follow the path .Z shown in Fig. 14.1. The
position vector of A (measured from a fixed point O) is denoted by r at time ¢ and
r 4+ dr at time ¢t + dt. Note that dr, the displacement of the point during the
infinitesimal time interval dt, is tangent to the path at A. The differential work dU
done by the force F as its point of application undergoes the displacement dr is
defined to be

dU =F -dr (14.1)

Fig. 14.1

The work done by F as point A moves from position 1 to 2 is obtained by
integrating Eq. (14.1) along the path .Z":

n
U\, Z/ dUZ/ F.dr (14.2)
< ]

Work is a scalar quantity that may be positive, negative, or zero. Its dimension is
[FL] with the units being 1b - ft or 1b - in. in the U.S. Customary system, and N - m
or joule (J) (1J = 1N - m) in the SI system.

Introducing the notation ds = |dr| and F = |F|, Eq. (14.1) may be written as

dU = F cosa ds (14.3)

where « is the angle between F and dr, as shown in Fig. 14.1. Referring to
Fig. 14.2(a), we see that F cosa = F; is the component of F that is tangent



Fig. 14.2

to the path at A. Therefore, Eq. (14.2) is equivalent to

5
Ui =/ F, ds (14.4)

51

where s is the path length measured from an arbitrary fixed point on the path
shown in Fig. 14.1. The normal component F,,, being perpendicular to the path,
does not do work (F,, - dr = 0). Because the tangential component F; does all the
work, it is called the working component of F. The incremental work thus can be
viewed as

dU = F[ dS
= (working component of F) x (magnitude of dr)
The geometric interpretation of Eq. (14.4) is shown in Fig. 14.3—the work U;_,
is equal to the area under the F;-s diagram.

Another interpretation of incremental work is obtained from Fig. 14.2(b).
Note that ds cos« is the component of dr that is parallel to F. This compo-
nent is known as the work-absorbing component of the differential displacement.
Therefore, the incremental work is

dU = F(ds cosa)
= (magnitude of F) x (work-absorbing component of dr)

Another useful expression for the work done by a force is obtained by writing
the dot product F - dr in rectangular coordinates:

Ura= [ (Fidv+ Fdy+ Fdp
7

X2 2 22
=/ dex—i—/ Fydy—i—/ F,dz
X1 1 21

where dx, dy, and dz are the components of dr, and (xy, y, z;) and (x3, y2, 22)
are the coordinates of points 1 and 2, respectively.

(14.5)

14.2

Work of a Force

8,
U, :L‘F,dx
1

Kol

dUF,ds\\/‘
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Fig. 14.4
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Fig. 14.5

Fig. 14.6

b. Work of a constant force

If the force F is constant in both magnitude and direction, Eq. (14.2) becomes

r
U1_2=F-/ dr =F . Ar

ry

where Ar is the displacement vector from position 1 to position 2, as shown in
Fig. 14 4.

Let o be the angle between F and Ar, and let Ad be the displacement in
the direction of F. Using the definition of the dot product, the work done by F
becomes U;_, = F - Ar = F|Ar| cos «, which may be written as”

U_,=FAd (146)

Note that Ad is not the displacement of the point of application of F; it is the
work-absorbing component of the displacement.

From Eq. (14.6) we see that the work done by a constant force depends only
on the initial and final positions of its point of application; that is, the work is
independent of the path .Z.

If an object stays in close proximity to the surface of the earth, its weight may
be considered to be a constant force, and Eq. (14.6) can be used to calculate its
work. Figure 14.5 shows such an object of weight W, which moves from posi-
tion 1 to 2. Observe that the increase in elevation A# is also the work-absorbing
component of the displacement. Therefore, the work done by W is

U_,=—-WAh (14.7)

The minus sign in this equation is due to the fact that W and the increase in
elevation have opposite directions. As is the case for all constant forces, the work
done by W is independent of the path.

¢. Work of a central force

A central force has two defining characteristics: (1) it is always directed toward a
fixed point, and (2) its magnitude is a function of the distance between the fixed
point and the point of application of the force. Gravitational attraction and the
force exerted by a spring are two common examples of a central force.

Consider the work done by the central force F shown in Fig. 14.6 as its point of
application moves the infinitesimal distance ds along the path .Z. From Eq. (14.3),
the incremental work is

dU = —Fcosads = —F dR

=kEquanion (14.6) is the basis for the common “definition” of work as “force times distance.” It is
important to remember that this equation is valid only for a constant force; the general definition of
work is given by Eq. (14.2).



where dR is the increase in the distance between the point of application of F
and the fixed point O. The minus sign is the result of F and dR having oppo-
site directions. The work of F during a finite displacement from position 1 to
position 2 is

Ry
U = —/ F dR (148)
R

1

Note that the work is independent of the path ., depending only on the initial
and final values of R.

1. Work of a Spring Force An “ideal” spring has negligible weight, and
its deformation (elongation or contraction) is proportional to the force that
causes it. Most spiral springs closely approximate these ideal conditions. The
proportionality between the force F and the resulting elongation § is expressed as

F =k§ (14.9)

where k is called the stiffness of the spring or the spring constant. The dimension
of k is [F/L]; its units are N/m. Another important property of a spring is its
undeformed length, also called the free length. Denoting the free length by Ly
and the deformed length by L, the elongation of the spring is § = L — L.

Figure 14.7(a) shows a spiral spring of deformed length L. Because the
force F' exerted by the spring is a central force, its work can be computed using
Eq. (14.8). The incremental elongation dé shown in the figure is equivalent to
dR in Eq. (14.8) with both representing the incremental change in the distance
between the fixed point O and the point of application of the force. Therefore, by
replacing dR in Eq. (14.8) with d§, we obtain the work done by the spring as its
deformation changes from &; to ,:

) ) 1
Us= —/B Fds = —k/a §ds = —Ek(ag ) (14.10)
1 1

Equations (14.9) and (14.10) are valid for elongation (positive §) as well as
contraction (negative §).

d(y:}) . IZ

L/ P
& R
&k F
F
0 /
@
(@ (b)
Fig. 14.7

2. Work of a Gravitational Force  The work of the gravitational force (weight)
acting on a body near the surface of the earth can be computed from Eq. (14.8).

14.2

Work of a Force
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Away from the surface of the earth, work must determined from Newton’s law of

gravitation
mampg

R2
where F is the force of attraction between two bodies of masses m 4 and mp
separated by the distance R, and G represents the universal gravitational constant.

The force F shown in Fig. 14.7(b) represents the gravitational force exerted
by the body B on another body A. Substituting Eq. (11.17) into Eq. (14.8), the
work of F' becomes

1-2 AlltB ] R2 AlltB R Rl

F=G (11.17, repeated)

where R; and R, are the initial and final distances between the bodies.

A common application of Eq. (14.11) is space mechanics, particularly the
flight of satellites. In that case, my = M, (the mass of the earth), and R is the
distance of the satellite from the center of the earth.

14.3 © Principle of Work and Kinetic Energy

The principle of work and kinetic energy (also known as the work-energy prin-
ciple) states that the work done by all forces acting on a particle (the work of
the resultant force) equals the change in the kinetic energy of the particle. This
principle, which forms the basis for the work-energy method of kinetic analysis,
is derived by integrating Newton’s second law along the path of the particle.

Consider a particle of mass m as it moves from position 1 to position 2 along
the path . with its path coordinate changing from s; to s,. Let XF denote the
resultant force (vector sum of all the forces) acting on the particle. Applying
Newton’s second law in the direction tangent to the path, we get

Y F; = ma; (14.12)

According to Eq. (13.9), a; = v dv/ds, which upon substitution into Eq. (14.12)
yields £ F; = mv dv/ds, or

Y F; ds =mvdv
Integrating along the path .Z, we get

52 1)
/ YF, ds = / mv dv
S1 V1

where v| and v, are the speeds of the particle at the endpoints 1 and 2 of the path.
The result of the integration is

1
Ui = Em(é —) (14.13)
By definition, the kinetic energy of a particle is

T = —mv? (14.14)



14.3  Principle of Work and Kinetic Energy

so that Eq (14.13) becomes
U,=T,-T = AT (14.15)

Equation (14.15) is the work-energy principle (or the balance of work and kinetic
energy):

Work done by the resultant force acting on a particle
= change in the kinetic energy of the particle

When this principle is used in kinetic analysis, the method is referred to as the
work-energy method.

Because the work-energy principle results from integrating Newton’s sec-
ond law, it is not an independent principle. Therefore, any problem that can
be solved by the work-energy method can, in theory, be also solved by the
force-mass-acceleration (FMA) method.

The main advantages of the work-energy method when compared with the
FMA method are as follows:

1. In problems where the work can be calculated without integration (as in the
special cases discussed in the preceding article), the change in speed of the
particle may be easily obtained with a minimum of computation. (If inte-
gration must be used to compute the work, the work-energy method will, in
general, have no advantage over integrating the acceleration determined by
the FMA method.)

2. Only forces that do work need be considered; nonworking forces do not
appear in the analysis.

3. If the final position, that is, position 2, is chosen to be an arbitrary position,
the work-energy method will determine the speed as a function of position of
the particle.

Caution The following points must be kept in mind when using the work-
energy method:

* Work of a force is a scalar quantity (positive, negative, or zero) that is asso-
ciated with a change in the position of the point of application of the force.
(The phrase “work at a given position” is meaningless.)

* Kinetic energy is a scalar quantity (always positive) associated with the speed
of a particle at a given instant of time. The units of kinetic energy are the same
as the units of work: N - m, Ib - ft, and so on.

» The work-energy principle, U = AT, is a scalar equation. Although this
is an obvious point, a common error is to apply the work-energy principle
separately in the x-, y-, or z-directions, which is, of course, incorrect.

* When applying the work-energy method, an active force diagram, which
shows only the forces that do work, may be used in place of the conventional
free-body diagram. A convenient method for determining the active force dia-
gram is to first draw the FBD of the particle in an arbitrary position and then
delete or mark any forces that do not do work. In this text, we show workless
forces as dashed arrows on the FBD.
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Sample Problem 14.1

The collar A of mass m = 1.8 kg shown in Fig. (a) slides on a frictionless rod
that lies in the vertical plane. A rope is attached to A and passed over a pulley
at B. The constant horizontal force P is applied to the end of the rope. The collar
is released from rest in position 1. (1) Determine the speed of the collar in posi-
tion 2 if P =20 N. (2) Find the smallest value of P for which the collar will reach
position 2.

Preliminary Discussion

We are asked to determine the change in speed of the collar between two specified
positions, a task that is ideally suited to the work-energy method.

The FBD of the collar is shown in Fig. (b). Only the weight W of the collar and
the force P applied by the rope do work on the collar. The normal contact force
N4, being perpendicular to the rod (the path of the collar), is workless. Therefore,
N, is shown as a dashed arrow in the figure, indicating that it would not be a part
of the active force diagram (recall that an active force diagram may be obtained
by deleting all workless forces from the FBD).

Work of W The work done by the weight W = mg of the collar can be obtained
from Eq. (14.7):
Ui_, = —mgh (a)

where £ is the change in the elevation shown in Fig. (a).

Work of P The force P in Fig. (b) is a central force (it always directed toward B)
of constant magnitude. Hence, its work can be computed from Eq. (14.8):

Ly
U172=—P/ dL = P(Ly — Ly) (b)
Ly
where L and L; are the lengths shown in Fig. (a).
Part 1
Denoting the speed of the collar in position 2 by v,, we have 77 = 0 (collar is at
rest in position 1) and 7, = %mv% Thus the work-energy principle yields
U,=T-T
1
—mgh + P(Ly — L,) = Emv% -0 (o)

The work U;_, was obtained by adding the contributions of W and
P in Egs. (a) and (b). From Fig. (a) we obtain h=2sin30°=1.0m,
L1 =+/(2c0s30°)2 4 (2.5)2 = 3.041 m, and L, =2.5—1.0 = 1.5 m. Substituting
these values, together with m = 1.8 kg and P =20 N, into Eq. (c), we obtain

—(1.8)(9.81)(1.0) +20(3.041 — 1.5) = %(1.8)\/%

which yields
v, = 3.82 m/s Answer



Part 2

In this part of the problem, the collar is also at rest in position 2, so that
Ty = T, = 0. The problem is thus reduced to finding the value of P for which
Ui_, =0, that is,

—mgh+ P(L; — L) =0

The solution is

mgh _ (1.8)(9.81)(1.0)

P = =
L,—L, 3.041 - 1.5

=11.46 N Answer

Notes

* If the given value of P in Part 1 were less than 11.46 N, U;_, would be neg-
ative, resulting in an imaginary speed (square root of a negative number) in
position 2. This result would indicate that it is impossible for the collar to
reach position 2.

* If friction between the rod and the collar were not negligible, we would have
to add the kinetic friction force Fy = uxN4 on the active force diagram in
Fig. (b). Because N, varies with the position coordinate x, F; would also be
dependent on x. Therefore, integration would be required to compute the work
of the friction force. Hence the work-energy method would have no advantage
over the FMA method. However, in cases where the normal force is constant,
the work of the friction force can be obtained without integration (see Sample
Problem 14.2).

Sample Problem 14.2

As shown in Fig (a), the block of mass m = 1.6 kg is placed on a horizontal plane
and attached to an ideal spring. The static and kinetic coefficients of friction
between the block and the plane are given in the figure. The spring has a stift-
ness of k = 30 N/m and is undeformed when x = 0. The block is launched at
x = 0 with the velocity of 6 m/s to the right. (1) Determine the value of x when
the block first comes to rest. (2) Show that the block does not remain at rest in the
position found in Part 1. (3) Find the speed of the block when it reaches x =0 for
the second time.

Part 1

Figure (b) shows the FBD of the block, assuming motion to the right. The weight
mg =(1.6)(9.81) =15.696 N and the normal contact force N4 are shown as
dashed arrows, since they are workless (the forces are perpendicular to the path of
the block). Nevertheless, we must compute N4, because it determines the kinetic
friction force F, which does perform work. From £ F, = 0, we get Ny = mg =
15.696 N. Thus F;, = uNs = (0.2)(15.696) = 3.139 N. Note that F} is con-
stant (N, is constant), and because it opposes the motion, its work is negative.

Undeformed position

P=kx y
X
F = Ny
1
1

N, =15.696 N

(b)
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mg =15.696 N
]
1
1

— At rest in
P=38.55N
ﬂposhion@

1 Fs
1
1

N,= 15.696 N

(©

The only other force that does work is the spring force P = kx (in this case, the
displacement x of the block coincides with the elongation of the spring).

Applying the work-energy principle between the launch position 1 and the
rest position 2, we obtain

Ui,=T-T
1 1 1
_Ek (x% — x12) — Fixp = zmvg — Emv%

—%(30) (x3 —0) —3.139x, = 0 — %(1.6)(6)2

The two solutions are x, = 1.2850 m and —1.4942 m. Because the launch velocity
was to the right, only the positive root has physical significance; that is,

X, =1.285m Answer

Part 2

The FBD of the block at rest in position 2 is shown in Fig. (c). The spring
force P =kx, =(30)(1.2850) =38.55 N, which tends to pull the block to the
left, is resisted by the static friction force F;. Equilibrium in this position is
possible only if Fy=P =38.55 N. The maximum possible friction force is
Fiax = s Na = (0.3)(15.696) =4.709 N. Because Fy > Fp,x, equilibrium is not
possible, and the block will start moving to the left.

Part 3

The position of the block when it reaches x = 0 for the second time is denoted
by 3 in Fig (a). To obtain the speed of the block in this position, we apply the
work-energy principle between positions 1 and 3 (choosing positions 2 and 3
would produce the same result). The net work of the spring force is zero, because
the spring is undeformed in both positions. The work done by the kinetic friction
force is — Fj x; as the block moves from 1 to 2, and — Fj x, between 2 and 3 (recall
that the work of friction force is always negative) for a total of —2 Fyx,. Therefore,
the work-energy principle becomes

Us=T:-T

1
—2Fk.x2 = Em (V% — V%)

—2(3.139)(1.2850) = %(1.6) (v — 6%)

which yields
v3 = 5.09 m/s Answer

Note

If v3 had turned out to be imaginary (square root of a negative number), we would
conclude that the block was unable to reach position 3 because it had come to rest
somewhere between positions 2 and 3. This rest position could be determined by
another application of the work-energy principle.



Sample Problem 14.3

The 2-kg collar in Fig. (a) slides along the guide rod with negligible friction. The
free length of the spring attached to the collar is Ly = 1.2 m, and its stiffness is
k = 60 N/m. If the collar is moving down the rod with the speed v4 = 4 m/s when
it is at A, determine the speed of the collar at B.

(a)

The free-body diagram (FBD) of the collar when it is an arbitrary distance s from
A is shown in Fig. (b). The forces acting on the collar are the weight W, the spring
force F, and the normal contact force N applied by the rod. Only W and F do
work on the collar; N is workless, since it is perpendicular to the path AB of the
collar.

(b)

Work of W From Eq. (14.7), the work of the weight is
Up_p=—W(zp —z24) = -2(09.8)(0—0.8) =15.7N-m @

Work of F The work done by the spring force on the collar is obtained from
Eq. (14.10):

1
Uss =~k (5~ 53) ®)
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Letting L4 and Lp be the lengths of the spring when the collar is at A and B,
respectively, the corresponding elongations of the spring are

Sa=Lp—Ly=+062408—-12=-02m

(SBZLB—L()=2—1.2=0.8I1’1

The negative sign indicates that the spring is compressed when the collar is at A.
Substituting the values of 64 and §p in Eq. (b), we obtain

1 2 2
Us_p = —5(60)[(0.8) —(=0.2)’]=—18N-m (©
The total work done on the collar is obtained by adding Egs. (a) and (c):
UA—B =157—-18=—-23N-m

Applying the work-energy principle between positions A and B, we obtain
1w
UA*B = TB — TA = E? (VZB — Vi)

1O .,
=293 (vy —4)

which yields
vp = 3.7m/s Answer

Notes

* If the analysis had predicted an imaginary vg (the square root of a negative
number), we would conclude that the collar came to rest before reaching B.

* The ease with which vp was obtained demonstrates the power of the work-
energy method in the solution of some problems. Inspection of the FBD in
Fig. (b) reveals that the relationship between the spring force F' and the posi-
tion coordinate s will be rather complex. It follows that if we had used the
FMA method, the left-hand side of equation of motion ¥ F = m§ would be a
complicated function of 5. Consequently, integration of this equation would be
very difficult. However, using the work-energy method, we avoided this diffi-
culty because the integration had been already performed in the derivation of
the work-energy principle.



14.1-14.25 Problems

Problems

14.1  (a) Compute the work done by each force given in the following list as its
point of application moves from 1 to 3 along the straight line connecting 1 and 3.
(b) Repeat part (a) if the path consists of the straight line segments 1-2 and 2-3.
(x and y are in m.)

1. F=30i — 10j N
2. F=3xi—yjN
3. F=3yi—xjN

Y y
,,,,,,,,,,, ® 0
|
|
|
10 m b y=x :
|
|
_ =%
©) om @ @ 5 ——
Fig. P14.1 Fig. P14.2, P14.3

14.2 Compute the work of the force F = (Fy/b*)(xy*i + x2yj) as its point

of application moves from 1 to 2 along (a) the line y = x; and (b) the parabola
2

y = x°/b.

14.3 Repeat Prob. 14.2 for the force F = (Fo/b*)(xyi + xy?j).
14.4 The collar of weight W slides on a frictionless circular arc of radius R.

The ideal spring attached to the collar has the free length Ly = R and stiffness k.
When the slider moves from A to B, compute (a) the work done by the spring; and

(b) the work done by the weight.
’—7 bh——+
| [

Fig. P14.4 Fig. P14.5, P14.6

14.5 Derive the expression for the work done by the ideal spring on the slider
when the slider moves from A to B. Assume that the free length of the spring is
(a) Lo = b; and (b) Ly = 0.8b.
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100-kg o0

Fig. P14.7

8m/s |

25 kg

L]

——8m—

Fig. P14.9

14.6  The coefficient of kinetic friction between the slider and the rod is u, and
the free length of the spring is Ly = b. Derive the expression for the work done
by the friction force on the slider as it moves from A to B. Neglect the weight of
the slider.

14.7 The man slides the 100-kg crate across the floor by pulling with a constant
force of 200 N. If the crate was initially at rest, how far will the crate move before
its speed is 1 m/s? The coefficient of kinetic friction between the crate and the
floor is 0.18.

14.8 The 1-kg package arrives at A, the top of the inclined roller conveyor,
with a speed of 5m/s. After descending the conveyor, the package slides a dis-
tance d on the rough horizontal surface, coming to a stop at B. If the coefficient
of kinetic friction between the package and the horizontal plane is 0.4, determine
the distance d.

14.9 The 25-kg box is launched from the position shown along the rough hor-
izontal plane with the velocity of 8 m/s. Determine the distance x that the box
will travel before the spring stops the forward motion. The coefficient of kinetic
friction between the box and the plane is u; =0.2, and the spring constant is
k = 150 N/m.

14.10 The speed of the car at the base of a 10 m hill is 54 km/h. Assuming the
driver keeps her foot off the brake and accelerator pedals, what will be the speed
of the car at the top of the hill?

Fig. P14.10

14.11  The 0.8-kg slider is at rest in position 1 when the constant vertical force F
is applied to the rope that is attached to the slider. What is the required magnitude
of F if the slider is to reach position 2 with a speed of 6 m/s? Neglect friction.

1.2m

) @
= -

0.8 kg

Fig. P14.11



14.12 A crate of weight W is dragged across the floor from A to B by the con-
stant vertical force P acting at the end of the rope. Calculate the work done on the
crate by the force P. Assume that the crate does not lift off the floor.

“14.13 For the crate described in Prob. 14.12, determine the work done by the
friction force if the kinetic coefficient of friction between the crate and floor is .

14.14 The 0.31-kg mass slides on a frictionless wire that lies in the vertical
plane. The ideal spring attached to the mass has a free length of 80 mm and its
stiffness is 120 N/m. Calculate the smallest value of the distance b if the mass is
to reach the end of the wire at B after being released from rest at A.

Fig. P14.14

14.15 The 1-kg collar moves from A to B along a frictionless rod. The stiffness
of the spring is k and its free length is 200 mm. Compute the value of k so that the
slider arrives at B with a speed of 1 m/s after being released from rest at A.

14.16 A 10-kg package, initially at rest at A, is propelled between A and B by a

constant force P shown on the graph. Neglecting friction, find the smallest value
of P for which the package will reach D.

P(x) r== o 2m
Ml P

P(x) :
P
-1,
0 2m

Fig. P14.16, P14.17

14.17 Solve Prob. 14.16 assuming that the coefficient of kinetic friction between
the package and the contact surfaces is 0.15.

14.18 In position 1, the 0.25-kg block is held against the spring, compressing
it by 150 mm. The block then is released, and the spring fires it up the cylindrical
surface. Neglecting friction, find the contact force exerted on the block by the
surface in position 2.

14.1-14.25  Problems 131

P
Fig. P14.12, P14.13
Z
400 mm
k
S
\@"Q/ A,
200 mm'/
B 1 kg
X
Fig. P14.15
k=2500 N/m
o
1

Fig. P14.18
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4 m/s +—»x
e —

k
2kg

=045
;= 0.50

Fig. P14.20

Fx)

F(x)
4900 N |- ————
|
|
!
00 0.1 m .
Fig. P14.23

14.19 When in the position shown, the 5-kg box is moving down the inclined
plane at a speed of 6 m/s. What is the maximum force in the spring after the
box hits it? The coefficient of kinetic friction between the box and the plane is
i = 0.25, and the spring constant is k = 4 kN/m.

Fig. P14.19

14.20 The 2-kg block hits the spring with a speed of 4 m/s. Determine the total
distance traveled by the block before it comes to a permanent stop. Use k = 8 N/m
and the coefficients of friction shown.

14.21 A block of mass m is suspended from a spring of stiffness k. If the block
is pulled down a distance % from its equilibrium position and released, determine
its speed as it passes through the equilibrium position.

14.22 The 2-kg block slides in a frictionless slot that lies in the vertical plane.
The stiffnesses of springs A and B attached to the block are k4 = 80N/m and
kp = 40 N/m. When the block is in position 1, spring A is compressed 0.2 m and
spring B is undeformed. If the block is launched in position 1 with the speed v,
down the slot, find the smallest v, that will enable the block to reach position 2.

Fig. P14.22

14.23 The diagram shows the relationship between the force F and deforma-
tion x for an energy-absorbing car bumper. Determine the maximum deformation
of the bumper if a 500-kg car hits a rigid wall at a speed of (a) 6km/h; and
(b) 10 km/h.

14.24 The diagram shows how the force F' required to push an arrow slowly
through a bale of hay varies with the distance of penetration x. Assuming that the
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F-x plot is independent of the speed of penetration, calculate the exit speed of a
50-gm arrow if its speed at entry is 60 m/s.

'—724 mm—

30 mm |

F(N)

x (mm)

Fig. P14.24

14.25 The 2-kg weight is attached to the rim of a light wheel that is free to
rotate about a vertical axis at O. A rope is wrapped around three-fourths of the
periphery of the wheel. The wheel is at rest in the position shown, when the con-
stant horizontal force P is applied to the end of the rope. Determine the smallest
P that causes the wheel to reach the angular speed of 500 rev/min by the time the
rope has been unwound. Neglect friction and the mass of the wheel.

Fig. P14.25

14.4 Conservative Forces and the Conservation
of Mechanical Energy

A force is said to be conservative if its work depends only on the initial and
final positions of its point of application. All the specific forces discussed in the
previous article are conservative, because in each case we could determine the
work without having to specify the path between the end points.

It is often convenient to describe the effects of conservative forces in terms of
their potential energies. Roughly speaking, potential energy is the capacity of a
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conservative force to do work. The principle of conservation of energy states that
the total energy (the sum of all forms of energy) remains constant for a closed
system. The form of the energy may change—for example, electrical energy may
be converted to mechanical energy—but the total energy can neither be created

nor destroyed.

In mechanics, we restrict our attention to mechanical energy, defined to be the
sum of the potential and kinetic energies. If all forces acting on a particle, body,
or closed system of bodies are conservative, mechanical energy is conserved, a
concept known as the principle of conservation of mechanical energy.

This article discusses the application of the principle of conservation of
mechanical energy, which is simply a restatement of the work-energy princi-
ple, Uj—, = AT, for conservative force systems. Although the energy principle
may be easier to apply than the work-energy method in some problems, its use is
limited, because it is not valid for nonconservative forces, such as kinetic friction.

a. Conservative forces and potential energy

If the force F is conservative, its work

ry
U1_2=/ F.dr
r

is a function of the initial and final positions of its point of application. The
integral in Eq. (14.2) can be a function of r; and r, only if the integrand is an
exact differential of some scalar function —V (r); that is, if the integrand can be

written as
F.dr=—-dVv

(the minus sign is introduced by convention). The function V(r) is called the
potential energy of the force F. Substituting Eq. (14.16) into Eq. (14.2), we get

r
U = —/ AV =—(V»— V}) = —AV

ry

where we used the notation V| = V(r;) and V, = V (1y).

Equation (14.17) shows that

Work of a conservative force = decrease in its potential energy

Potential energy thus can be viewed as the capacity of the force to do work.
Positive work diminishes the potential for further work, and negative work

increases the potential.

It is important to note that Eq. (14.7) involves the change in potential energy.
Therefore, the baseline (or datum) from which V is measured may be chosen

arbitrarily.

A useful property of a conservative force is that its components can be derived
from its potential energy. Consider a conservative force F that acts at a point
with rectangular coordinates (x, y, z). Using F = F,i + F,j + FK and dr =

dx i+ dy j+ dz k, we obtain

dV = —F-dr = —(F, dx + F,dy + F. dz)

(14.2, repeated)



14.4 Conservative Forces and the Conservation of Mechanical Energy

Because dV is an exact differential of potential energy V, it may be written as

A% Vv A%
dV = —dx + —dy + —dz (14.19)
ax ay 0z

Comparing Eqs. (14.18) and (14.19), the rectangular components of F become

A% v A%
Fr=—— F=—— F.=—-— (14.20)
ox ’ 0z

Equation (14.20) shows that a conservative force F is the negative gradient
of its potential function V. Utilizing the gradient operator V (pronounced “del”),
Eq. (14.20) can be written as

F=-VV (14.21)

Only conservative forces are derivable from a potential function in this manner.
A nonconservative force, such as friction, does not possess a potential.

b. Conservation of mechanical energy

If all the forces acting on a particle are conservative, then their resultant is also
conservative. The potential energy V (r) of the resultant force can be obtained
by summing the potential energies of all the forces acting on the particle. If
the particle moves from position 1 to position 2, Eq. (14.17) can be used to
relate the work of the resultant force to the change in its potential energy:
Ui—, = —(V,—V}). Substituting this into the work-energy principle U;_, = AT,
we obtain —(V, — V) =T, — T, or

Vi+Th =V, +T, (14.22)

Letting the total mechanical energy” E be the sum of the kinetic and potential
energies—that is, letting
E=T+V (14.23)

Eq. (14.22) becomes
Ei=E, or AE=0 (14.24)

This equation is called the principle of conservation of mechanical energy.

Because the work done by a kinetic friction force is not independent of the
path, kinetic friction is a nonconservative force. Therefore, when kinetic friction
is present, the total mechanical energy is not conserved, but is reduced by the
negative work done by the friction force. This energy is not lost; it is transformed
into thermal energy in the form of heat. In other words, the total energy is still
conserved; it is the form of the energy that has changed.

“The emphasis here is on mechanical energy. Other forms of energy, such as heat, are excluded from
our discussion.
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Because the total mechanical energy E is constant if all of the forces are

conservative, we conclude that
dE

dr

This equation is sometimes useful for obtaining the acceleration of the particle.

¢. Computation of potential energy

The potential energies of conservative forces can be computed by comparing their
work, derived by the methods of Art. 14.2, with the definition of potential energy

in Eq. (14.17). The results are summarized in Table 14.1.

1. Constant

force 2. Weight

3. Spring

4. Gravity

5

200N
vUoU
]

T It
déDatum }Ji}Datum lo%

L

L‘ mg

Vo= -Fd

S
I

Wh v =

Table 14.1 Formulas for Potential Energy

1. Potential Energy of a Constant Force

The work done by a constant force F

(constant in magnitude and direction) was previously shown to be

U_,=FAd

where F is the magnitude of the force and Ad represents the work-absorbing
displacement of its point of application, as shown in Fig. 14.4. Comparing this
with U, = —AYV, we conclude that the potential energy of a constant force F is

Vy=—Fd

where d is measured from any convenient datum.

2. Potential Energy of a Weight

given by
Ui, =—-WAh

Comparing this equation with U;_, = —AYV, we conclude that the potential

(14.6, repeated)

If we assume that motion is restricted to
small distances from the surface of the earth, the weight of an object may be
treated as a constant force. The work done by the weight W in Fig. 14.5 was

(14.7, repeated)

energy of W, called the gravitational potential energy, is equal to

V, = Wh (for constant weight W)




14.4 Conservative Forces and the Conservation of Mechanical Energy

where the positive direction of # must be vertically upward. Because only the
change in potential energy is significant, the datum from which y is measured is
arbitrary.

3. Potential Energy of a Spring — According to Eq. (14.10), the work done by
an ideal spring” when its free end moves from position 1 to 2 is

1 1
Ui_p = —Ek(sg -8 = 51<A(52)

where ¢ is the elongation of the spring, measured from its free length L. The
potential energy of the spring, also called elastic potential energy,” is obtained by
comparing this equation with U;_, = —AV. Then we see that the elastic potential
energy is

1
V, = 51{82 (14.28)

Observe that the elastic potential energy is always positive.

4. Gravitational Potential Energy — Equation (14.27) can be used to calculate
the gravitational potential energy of a weight only if the variation of the gravi-
tational acceleration g is negligible. For motions that violate this restriction, the
constant weight must be replaced by the force obtained from Newton’s law of
gravitation F = Gm 4m /R?. The work done by F was found in Eq. (14.11) to be

1 1
Ui, =Gmamg (R—2 - R_1> = GmamgA(l/R)

where m 4 and mp are the masses being attracted toward each other. Comparing
this equation with U;_, = —AYV, we see that the gravitational potential energy of
the system consisting of masses m 4 and mp is

GmAmB

V, = R

(14.29)

Observe that the gravitational potential energy is always a negative quantity that
approaches zero as R approaches infinity.

“Observe that we consider the work done by the spring, not the work done on the spring. Potential
energy of a spring refers to the ability of a spring to do work on the body to which it is attached, not
to the effect that the body has on the spring.

T Elasticity refers to the ability of a deformed body to return to its undeformed shape when loads are
removed.
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Sample Problem  14.4

The figure shows a 1-kg collar that slides along the frictionless vertical rod under
the actions of gravity and an ideal spring. The spring has a stiffness of 160 N/m,
and its free length is 0.9 m. The collar is released from rest in position 1. Use
the principle of conservation of mechanical energy to determine the speed of the
collar in position 2.

:

o

m

|

\

Datum for v,

1 kg ‘F I'm

Without drawing the free-body diagram of the collar, we recognize that only the
weight and the spring do work on the collar as it moves along the rod. (The normal
force between the collar and the rod is a nonworking force.) Because both the
weight and the spring force are conservative, we are justified in using the principle
of conservation of mechanical energy.

Gravitational potential energy It is convenient to take position 1 as the datum
from which the elevation /4 is measured. Therefore,

(Vo)1 =0 (Vg)r = Why =(1)(9.8)(0.8) = 7.84 N-m

Elastic potential energy The elongations of the spring in the two positions are

5 =+0.82+12-0.9=0.38m

5, =1-09=0.1m

which gives us

1 1
V), = 5/«3% = 5(160)(0.38)2 = 11.552N-m

1, 1 2
(Ve)2 = k83 = 2(160)(0.10)* = 0.8 N-m

Kinetic energy Noting that the collar is at rest in position 1, the kinetic ener-
gies are

1 1
T,=0 Tr= 5mv§ = E(1)v§ =0.5v3



Conservation of energy  Equating the initial and final energies, we get

i+ (Vo1 + (Vo1 =T + (Vg)o + (Vo)
0+0+11.552=05v3+7.84+0.8

which yields for the speed of the collar

vy = 2.4 m/s Answer

Sample Problem 14.5

The figure shows a block of mass m that slides along a frictionless horizontal

plane. The position coordinate x is measured from the undeformed position of K
the ideal spring of stiffness k. Derive the acceleration of the block as a function

of x, using the principle of conservation of mechanical energy. (This problem was
solved by the force-mass-acceleration method in Sample Problem 12.7.)

Because only the conservative spring force does work as the block moves, we are
justified in using the principle of conservation of mechanical energy.
The kinetic energy T of the block is

T =-mv- = —mx @

Since the position coordinate x is measured from the undeformed position of the
spring, it also corresponds to the elongation § of the spring. Therefore, the elastic

potential energy is

1 1
v, = 5/«82 = Eka (b)

Combining Eqgs. (a) and (b), the total mechanical energy E is

1 1
E:T+Ve:§mfc2+§kx2

Because the total mechanical energy is conserved, we have from Eq. (14.25)

— =mxX +kxx =0
dt
or
x(mX +kx)=0

Ignoring the static solution X = 0, and recognizing that the acceleration is a = X,

we get for the acceleration

k
a=——x Answer
m

This agrees with the result obtained in Sample Problem 12.7 by the force-mass-
acceleration method.
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Problems

14.26  The box of weight W is held just above the top of the spring and released.
Determine the maximum force in the spring during the ensuing motion.

100 g
10

w “TN
@ i ) T Z(JO mm
k
| — k=20 N/m
Fig. P14.26 Fig. P14.27

14.27 The 100-g ball is released from rest in position 1. After making contact
with the spring, the ball sticks to the end of the spring and rebounds to position 2.
Find the vertical distance y between positions 1 and 2.

14.28 A linear spring of stiffness k is designed to stop the 20-Mg railroad car
traveling at 8§ km/h within 400 mm after impact. Find the smallest value of & that
will produce the desired result. (Note: This problem was solved by the FMA
method in Prob. 12.50.)

Fig. P14.28 14.29 Solve Prob. 14.28 if the single spring is replaced by two springs of iden-
tical stiffness k, nested as shown. (Note that one spring is 200 mm shorter than the
other.)

[
/
)
200 gm
CS_ A Fig. P14.29 Fig. P14.30

14.30 The 2-kg weight is released from rest in position A, where the two springs
of stiffness k each are undeformed. Determine the largest k for which the weight

Lk would reach position B.

14.31 The spring of stiffness k is undeformed in the position shown. The
200-gm ball is placed on the spring and launched vertically by compressing the
spring 0.2 m and releasing it. If the ball reaches an elevation of 15m above A,
Fig. P14.31 determine the value of k.



14.32 The sliding collar of weight W = 10N is attached to two springs of
stiffnesses k; = 180N/m and k, = 60 N/m. The free length of each spring is
50cm. If the collar is released from rest in position A, determine its speed in
position B. Neglect friction.

14.33 The spring attached to the 0.6-kg sliding collar has a stiffness of 200 N/m
and a free length of 150 mm. If the speed of the collar in position A is 3 m/s to the
right, determine the speed in position B. Neglect friction.

Fig. P14.33

14.34 The platform and the 12-kg block are traveling to the right at 8 m/s
when the platform is brought to a sudden stop on collision with the wall. Before
the collision, the spring connecting the block to the platform was undeformed.
Neglecting friction, determine the speed with which the block hits the wall.

14.35 The 1-kg collar slides with negligible friction on the circular guide rod
that is attached to the platform. The collar is in position A when the platform is
traveling to the right with the speed vy. After the platform is brought to a sudden
stop, the collar slides up the rod, reaching its highest position at B. Determine vy.

14.36  The 0.5-kg pendulum oscillates with the amplitude of 6,,,x = 50°. Deter-
mine the maximum force in the supporting string.

30 m

T

1000 kg

Fig. P14.36 Fig. P14.37

14.37 As the steel cable unwinds from the drum A, the 1000-kg elevator
descends at the constant speed of 3 m/s. If the drum suddenly stops when the
elevator is in the position shown, calculate the resulting maximum force in
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i 0.4 m 0.4 m i
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Fig. P14.40

Fig. P14.41
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Fig. P14.44
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the cable. Due to the elasticity of steel, the cable acts as an ideal spring of stiffness
800 x 10° N/m.

14.38 Solve Prob. 14.37 assuming a spring of stiffness k = 6000 N/m has been
mounted between the elevator and the cable at B.

14.39 The 1-kg weight is attached to two springs, each of stiffness k = 80 N/m.
The weight is being held in the position shown where each spring is stretched
4mm. If the weight is released from this position, find its speed after a fall
of 0.1 m.

14.40 The chain, 6 m long and weighing 5N/m, is released from rest in the
position shown. Neglecting friction, determine the speed of the chain at the instant
when the last link leaves the table.

14.41  The semicircular rod AC lies in the vertical plane. The spring wound
around the rod is undeformed when 6 = 45°. If the 210-g slider is pressed against
the spring and released at & = 30°, determine the velocity of the slider when it
passes through B. Neglect friction and assume the slider is not attached to the

spring.

14.42 The particle of mass m is at rest at A when it is slightly displaced and
allowed to slide down the cylindrical surface of radius R. Neglecting friction,
determine (a) the speed of the particle as a function of the angle 6; and (b) the
value of & when the particle leaves the surface.

k=220 N/m

—
| |

Fig. P14.42

Fig. P14.43

14.43 The spring attached to the 0.2-kg collar has a stiffness of 220 N/m and
a free length of 150 mm. If the collar is released from rest when x =150 mm,
determine its acceleration as a function of x. Neglect friction.

14.44 The 20-kg sliding panel is suspended from frictionless rollers that run on
the horizontal rail. The spring attached to rope ABC has a stiffness of 20 N/m and
is undeformed when the panel is in the position x = 0. If the panel starts from
rest at x = 3 m, determine its speed when x = 0.

14.45 The 8-kg pendulum is released from rest at A. Initially, the pendulum
swings about O, but after the string catches the fixed peg C, rotation takes place
about C. When the bob of the pendulum is at B, determine (a) its speed; and (b) the
tension in portion BC of the string.



14.46 The catapult is made of two elastic bands, each 0.15m long when
unstretched. Each band behaves like an ideal spring of stiffness 100 N/m. If a
100-g rock is launched from the position shown, determine the speed of the rock
when it leaves the catapult at D.

14.47 The 0.5-kg collar slides on the circular rod AB that lies in a vertical plane.
The spring attached to the collar has a free length of 240 mm, and its stiffness is
80 N/m. If the collar is released from rest at A, determine the speed with which it
arrives at B.

Fig. P14.47
14.48 A 1200-kg spacecraft is launched from the surface of the earth. How
much energy is required for the spacecraft to escape the earth’s gravitational field?
Use the following data: mass of earth = 5.974 x 10?* kg, radius of earth =
6378 km, universal gravitational constant = 6.672 x 10~ m? - kg™ - s2.

14.49 A satellite is in an elliptical orbit around the earth. If the speed of the
satellite at the perigee (position 1) is 9.5 km/s, calculate its speed at the apogee
(position 2). Use GM, = 3.98 x 10'* m3/s?, where M, is the mass of the earth
and G is the universal gravitational constant.

14.50 The firing of retrorockets causes the earth satellite to slow down to 3 km/s
when it reaches its perigee A. As a result, the satellite leaves its orbit and descends
toward the earth. The satellite burns up when it enters the earth’s atmosphere at B,
100 km above the earth’s surface. If the speed of the satellite was observed to be
7.7km/s at B, determine the height / of the perigee. Use GM, = 3.98 x 10'* m?®/s2,
where M, is the mass of the earth and G is the universal gravitational constant.

Fig. P14.50
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14.5 © Power and Efficiency

Power is defined as the rate at which work is done. Letting P be the power and U

the work, we have

dU
dt

Power is a scalar of dimension [FL/T]. In the SI system, its unit is watts (1 W =

1J/s =1N-m/s).

The power of a force F is obtained by substituting dU = F - dr from Eq. (14.1)
into Eq. (14.30), yielding P = (F - dr)/dt. Noting that dr/dt = v is the velocity

of the particle on which F acts, we have

Machines, being devices that do work, are also associated with power. The
input power of a machine is the rate at which energy is supplied to the machine.
The output power is the rate at which the machine does work. The efficiency n of

the machine is defined as

output power

n = L PO 100%

input power

The output power is always less than the input power due to loss of mechanical
energy caused by friction, vibrations, and so on. Hence the efficiency of a machine

is always less than 100%.

The drivetrain (transmission, drive shafts, and driving wheels) of a car is an
example of a machine. The input power is supplied by the engine of the car. Some
of that power is used to overcome friction in the transmission and the bearings.
A lesser amount of power is converted to sound by vibrations of the drive shafts
and the gears. The remaining power is the output power that is available to the

driving wheels.



Sample Problem  14.6

A 1000-kg automobile accelerates under constant power from 90km/h to
144 km/h in a distance of '/ km on a straight, level test track. (1) Determine the
horsepower delivered by the driving wheels to the car. (2) Calculate the power out-
put of the engine if the efficiency of the drivetrain is 82%. Neglect air and rolling
resistance.

Part 1

Let F be the driving force that is supplied by the driving wheels (the output end
of the drivetrain) to the car, as shown in the figure. According to Newton’s sec-
ond law, F = ma, where m is the mass of the car, and a is the acceleration.
Substituting a = v(dv/dx), we get F = mv(dv/dx). Because the velocity v and
the driving force F have the same direction, the dot product P = F - v becomes

d
P:Fv:mvz—v
dx

Multiplying both sides by dx, we obtain
Pdx = mv*dv

Integration yields (note that P and m are constants)

15
szgmv +C

where C is the constant of integration. With m =1000kg, the last equation
becomes

Px =3333v +C @
The values of P and C can be found from the given velocities at the beginning

and end of the 1/4-km test. Let x = O at the start of the test, when v = 25 m/s
(90 km/h). Substitution of these values in Eq. (a) yields

0=13333025°+C (b)
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At the end of the test, x = 250m (1/4km) and v = 40m/s (144 km/h).
Therefore, Eq. (a) becomes

P(250) = 333.3(40)° + C ©

The solution of Eqgs. (b) and (c) is C= — 5.20781 x 10°N-m?/s and
P =64493.5 N - m/s. Hence the power supplied to the car by the driving wheels is

hp

P = 644935N - m/s x ———P
% 726 N-m/s

= 86.5hp Answer

Part 2

The efficiency of the drivetrain is 82%. Thus the power P’ supplied to the
drivetrain (the output power of the engine) is, according to Eq. (14.32),

P 86.5
PP=—=—"=1055h Answer
7 082 P
L
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Sample Problem 14.7

An 1800-kg delivery van is traveling at the speed of 26 m/s when the driver applies
the brakes at time ¢t = 0, causing all four wheels to lock. Friction between the tires
and the road causes the van to skid to a stop. Determine the power of the friction
force as a function of time if the kinetic coefficient of friction between the tires
and the road is 0.6.

e =0.6 | Fy = 0.6N,

Ny

The free-body diagram of the van during braking is shown in the figure, where
N4 is the resultant normal force acting on the tires and F is the resultant friction
force. From the diagram, we obtain the following equations of motion:

YF, = ma =+ 0.6N4 = ma

TF, =0 - Ny—mg =0



The solution is

Ny =mg = 1800(9.81) = 17658 N = 17.658 kN

a=0.6g =0.6(9.81) = 5.886 m/s> —

The velocity of the van during braking is
V= /adt = /5.886dl = 5.886¢ + C m/s

The constant of integration C is found from the initial condition v = —26 m/s
when ¢ = 0, yielding C = —26 m/s. Therefore,

v = 5.886t — 26 m/s — (@

The time when the van stops is 26/5.886 = 4.42 s.
The power of the friction force can be calculated from Eq. (14.31). Noting
that F4 and v have the same direction, we get

P:FAV

Substituting for v from Eq. (a) and using F4 =0.6 N4 =0.6(17.658) = 10.595 kN,
we obtain

P =10.595(5.886¢t — 26) = 62.4t — 275 kN - m/s
or
P =624t — 275 kW 0<r=<4425) Answer

Because P is the power supplied to the van by the friction force, it is negative, as
expected.
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Problems

E_.

Fig. P14.58-P14.60

14.51 A 50-kg man is riding a 150-kg motorcycle along a straight, level road at
72 km/h when he suddenly accelerates at full throttle. Determine his acceleration
at that instant, knowing that the power output of the engine is 35 hp. Neglect any
impediments to the motion, such as air resistance.

14.52 A 800-kg car accelerates from 54 km/h to 90 km/h as the engine is pro-
viding a constant 40 hp to the drive wheels. Find the distance traveled by the car
during the acceleration.

14.53 Constant power of 450kW is being delivered to the driving wheels of a
150-Mg locomotive. If the speed of the locomotive is 10 m/s at time t = 0, what
is its speed at time t = 60s?

14.54 The conveyor dumps 500-kg of coal per second into the waiting truck.
Determine the power consumed by the conveyor motor if its efficiency is
70 percent.

Fig. P14.54

14.55 A 1500-kg automobile traveling along a straight, level road increases
its speed from 54 km/h to 90 km/h in a distance of 100 m. The efficiency of the
drive train is 85%, and the power output of the engine is constant. Determine the
output horsepower of the engine during the acceleration. Neglect air and rolling
resistance.

14.56 A pumping system, consisting of a pump and piping, raises water at the
rate of 42m3/min from a reservoir to a tank located 16 m above the reservoir.
Determine the efficiency of the system if the output power of the motor that drives
the pump is 240 hp. (Water density 1000 kg/m?)

14.57 A 1200-Mg train climbs a 3% grade (3 m rise per 100 m horizontal dis-
tance) at constant speed. If the engine of the train delivers 5000 kW of power
to the driving wheels, determine the speed of the train. Neglect air and rolling
resistance.

14.58 The block of mass m is at rest at time ¢ = 0 when the constant force F is
applied. Determine the power of F as a function of time.

14.59 The block of mass m is at rest at time ¢+ = 0 when the time-dependent
force F is applied. If the power of F is constant, determine F’ as a function of time.



14.60 The block of mass m = 12kg is at rest when the force F = 60cos wt N
is applied during the time period 0 < ¢ < 0.5s. (a) Determine the power of F as a
function of ¢ during this period. (b) Find the maximum power and the time when
it occurs.

14.61  An electric hoist lifts a 500-kg mass at a constant speed of 0.68 m/s while
consuming 4.2 kW of power. (a) Compute the efficiency of the hoist. (b) At what
constant speed can the hoist lift an 800-kg mass with the same power consumption
as in part (a)?

14.62  An electric hoist consumes 5 kW of power at a constant rate to lift the
500-kg mass. Assuming that the hoist is 80% efficient, determine the maximum
speed reached by the mass.

14.63 A 60-kg man pedals a 10-kg bicycle up a 5° incline at 10 km/h. If the
bicycle is 95% efficient, calculate the man’s horsepower.

14.64 An 1800-kg car is traveling on a straight, level highway at the velocity v.
The aerodynamic drag on the car is Fp = 0.12v> N, where the unit for v is m/s. If
the maximum power available to the drive wheels is 150 kW, determine the largest
possible acceleration of the car when (a) v = 60 km/h; and (b) v = 120 km/h.

14.65 The force F resisting the motion of a car depends on the speed v of the
car as F = Fy+cv?, where Fy and ¢ are constants. If the output power of the
drivetrain is 19.3 hp at the constant speed of 50km/h and 32.3hp at 60 km/h,
determine the power requirement at 70 km/h.

14.66 The 4-kg block accelerates from rest as a result of the action of the force
F(t) = 12[1 — (¢/2)], where F is in newtons and ¢ is in seconds. The duration of
the force is 2 seconds. Calculate (a) the power of F as a function of #; and (b) the
maximum power and the time when it occurs.

“14.67 The diagram shows a typical P-v relationship for a gasoline-powered
car that is accelerating at full throttle in low gear, where P is the power of the
driving force F and v is the speed of the car. Determine the maximum value of F
and the speed at which it occurs. (Hint: The line from the origin to a point on the
curve has the slope FF = P/v.)

P (kW)
—T ]
e
of & =
R
o o0
) =
OB wl &
= v (m/s)
0 1 2 3 4

Fig. P14.67

14.51-14.67  Problems

Fig. P14.61, P14.62

4 kg

F(r)

Fig. P14.66
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/ Area = (Lj),

44.6 | Principle of Impulse and Momentum

We found the work-energy principle to be useful in determining the change in the
speed of a particle during a given displacement. If we want to find the change
in the velocity during a given time interval, then the principle of impulse and
momentum provides a practical means of analysis. We begin with the definitions
of impulse of a force and momentum of a particle,” and then we proceed to the
derivation of the impulse-momentum principle.

a. Impulse of a force

The impulse L, of a force F in the time interval ¢#; to 1, is defined as

v}
Li_,= / Fdt (14.33)

4l

Impulse is a vector quantity, its rectangular components being

o) B B
(Li—2)x = / F.dt (Ll—Z)y = / Fy dt (Ll—Z)z = / F,dt
1 n n
(14.34)

where F,, F,, and F;, are the components of F. As shown in Fig. 14.8, (L_2),
is equal to the area under the F-t diagram between #; and t,. Similarly, (L{_2),
and (L), are the areas under the F\,-t and F,-t diagrams, respectively. This
knowledge is very useful when computing the impulse of a force when its time
dependence is given in graphical or numerical form. The dimension of impulse is
[FT]; hence its units are N - s, 1b - s, and so on.

In the work-energy methods described in the preceding articles, only forces
that did work entered the analysis. Consequently, the free-body diagram could be
replaced by an active-force diagram. However, free-body diagrams must always
be used when calculating impulses, because a force has an impulse even if it does
no work.

An important special case arises if the force F is constant in magnitude and
direction. The impulse of the force then reduces to L;—, = F ft? dt, or

Li,=Ft—1)=FAt (F constant) (14.35)

The impulse of a constant force is thus equal to the product of the force and the
time interval, the impulse being in the same direction as the force.

b. Momentum of a particle and momentum diagrams

The momentum p of a particle of mass m at an instant of time is defined as

p=mv (14.36)

“They are more accurately called linear impulse and linear momentum, to distinguish them from
angular impulse and angular momentum, which are discussed in the next article. However, it is
common to omit “linear” when the meaning is clear from the context.
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where v is the velocity vector of the particle at that instant. The momentum of
a particle is a vector quantity that acts in the same direction as the velocity.
The dimension of momentum is [ML/T], or equivalently, [FT]. Therefore, the
dimension of momentum is the same as the dimension of impulse.

The momentum diagram for a particle is a sketch of the particle showing its
momentum vector mv. Momentum diagrams are useful tools in the analysis of
problems using the principle of impulse and momentum.

€. Force-momentum relationship

If the mass of the particle is constant, Newton’s second law states that *F = ma,
where X F is the resultant force acting on the particle. If the mass varies with time,
this law takes the form

d
>F = E(mv)
Substituting p = mv yields
dp
>F = — 14.
7 (14.37)

Equation (14.37) is the general form of Newton’s second law: The resultant force
is equal to the rate of change of the momentum. Therefore, ¥F = ma should be
considered as a special case that is valid for constant mass only.

d. Impulse-momentum principle

Multiplying both sides of Eq. (14.37) by dt and integrating from time ¢, to t,, we
obtain

n %)
/ Fdt = / dp=p>—p (14.38)
1 5]

where p; = p(#;) and p, = p(#,) represent the momenta at #; and f,, respectively.
Because the left side of Eq. (14.38) is the impulse of F over the time interval ¢, to
>, we have

Li,=p>—pi=Ap (14.39)

Equation (14.39) is called the impulse-momentum principle, or the balance of
impulse and momentum. When this principle is applied to the analysis of motion,
the technique is called the impulse-momentum method.
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If a rectangular coordinate system is used, Eq. (14.39) is equivalent to the
following three scalar equations:

(L1-2)x = Apy = (mvy)r — (mvy);
(L1-2)y = Apy = (mvy) — (mvy) (14.40)

(L1—2)z = Apz = (mvz)Z - (mvz)l

Caution  You must be careful not to confuse the work-energy principle, U;_, =
T, — T, with the impulse-momentum principle, L;_, = p, — p;. Some of the
important differences between the two principles are as follows:

* Work (U;_,) is a scalar quantity associated with a force and a change in
position.

* Impulse (L;_;) is a vector quantity associated with a force and a time interval.

* Kinetic energy (7T) is a scalar quantity associated with a mass and its speed at
an instant of time.

* Momentum (p) is a vector quantity associated with a mass and its velocity
vector at an instant of time.

* The work-energy principle, U;_, = AT, is a scalar relationship, whereas the
impulse-momentum principle, L;_, = Ap, is a vector relationship.

e. Conservation of momentum

From the impulse-momentum principle, Eq. (14.39), we see that if the impulse
acting on a particle is zero during a given time interval, the momentum of the
particle will be conserved during that interval. In other words, if Lj_, = 0, then

pi=p2 or Ap=0 (14.41)

Equation (14.41) is called the principle of conservation of momentum. Observe
that this principle is valid only if the impulse of the resultant force acting on the
particle is zero. If there is no resultant force acting on a particle, the resultant
impulse will obviously be zero, and momentum will be conserved. However, it is
possible for the impulse of a force—that is, its time integral—to be zero even if
the force is not zero.

Because momentum is a vector quantity, it is possible for one or two of
its components to be conserved, even though the total momentum itself is not
conserved. For example, we see from Eq. (14.40) that the momentum in the
x-direction will be conserved if (Li_;), = 0, regardless of the values of (Li_),
and (L1-2);.

The conservation of momentum principle is very useful in the analysis of
impact and other interactions between particles.



Sample Problem 14.8 y

Attime ¢ = 0, the velocity of the 0.5-kg particle in Fig. (a) is 10 m/s to the right. In

addition to its weight (the xy-plane is vertical), the particle is acted on by the force ___@03ke
P(¢). The direction of P(¢) is constant throughout the motion, but its magnitude 60

varies with time as shown in Fig. (b). Calculate the velocity of the particle when o
t=4s.

The impulse-momentum method is the most direct means of solving this prob-
lem because (1) the impulse-momentum method deals directly with the change in P(N)

momentum (velocity) during a time interval, and (2) the impulses of the forces s
can be easily computed. i
The diagrams required to solve the problem by the impulse-momentum e
method are shown in Figs. (c)—(e), where the subscripts 1 and 2 correspond to 3 Lo
t = 0 and 4s, respectively. The FBD of the particle at an arbitrary time ¢ is N | __: N
shown in Fig. (c). Figure (d) shows the momentum diagram when ¢ = 0, where e
p; = mv; = 0.5(10)i = 51 N - s. The momentum diagram when ¢ = 4 s is shown 1 “‘:“:‘“:"JF**
in Fig. (e), where both components of mv, were drawn in the positive coordinate 0 I 1 (s)
directions. 0 1 2 3 4
(b
y L 927 = (mV)z
mg (mv,), Cf/ !
: |
|
- (i -
60\ py=mv,;=5i N-s (mv,),
P(1)
X
(c) FBD at time ¢ (d) Momentum diagram (z = 0) (e) Momentum diagram (¢ = 4 s)

Impulse of weight Because the weight is a constant force, the components of its
impulse are easily computed from Eq. (14.35):
(L12)x =0

(Li—2)y = —mgAt = —0.5(9.81)(4) = —19.620N - s @

Impulse of P(t) The area under the P-¢ diagram in Fig. (b) between 0 and 4 s is
5(2) +4(1) + 2(1) = 16 N -s. Because the direction of P(¢) is constant, the
components of its impulse are

(Li—2)y = 16(cos60°) =8.0N-s

b
(L1_3), = 16(sin60°) = 13.856 N - s )

Substituting Eqgs. (a) and (b) into the impulse-momentum principle,
Eq. (14.40), yields for the x-direction

(Li—2)y = (mvy)y — (mvy); > 8.0=10.5y)2 — 5

153



from which we obtain
(vy)2 = 26.00 m/s

For the y-direction, we get
(L1—2)y = (mvy)s — (mvy) +T 13.856 — 19.620 = 0.5(vy)2 — 0
which gives us

(vy)2 = —11.53 m/s

The corresponding velocity vector at time ¢ = 4 s is shown below.

26.00 9 — -t 1153
| = n R —
11.53 0 I a 26.00

=23.9° Answer
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y

50(9.8) =490 N
1 60°

P

X
>
N
4 60°i
FBD

Sample Problem  14.9

The straight portion of a ski jump is inclined at 60° to the horizontal. After leaving
the starting gate with negligible velocity, a 50-kg skier attains a speed of 25 m/s in
3.5 s. Determine the coefficient of kinetic friction between the skis and the track.
Neglect air resistance.

From the FBD of the skier in the figure, we get

$F,=0 47 Ny—(50)(9.8)cos60° =0

Ny =245N

To obtain the friction force F, we apply the impulse-momentum principle in
the x-direction. Noting that the weight of the skier and the friction force F are
constant, the impulse-momentum principle yields

(Li—2)x =m[(v2)x — (D] NE [(50)(9.8) sin60° — F]3.5 = 50(25 — 0)

F=672N

Therefore, the coefficient of kinetic friction is

67.2
=—=0.274 Answer

F
Me="N 7 245



14.68-14.87 Problems

Problems
14.68 The 100-gm ball hits the horizontal surface with the speed vy = 20 m/s. 120 /s
If 15 percent of the energy is lost during the impact, determine the impulse that

acted on the ball during the impact.

14.69 The velocity of a 2-kg particle at time 7 = 0 is v = 10i m/s. Determine Fig. P14.68
the velocity at t = 5 s if the particle is acted upon by the force F = 2¢i — 0.61%j N,
where ¢ is in seconds.

14.70 A constant horizontal force P (not shown) acts on the 0.5-kg body as
it slides along a frictionless, horizontal table. During the time interval t = 5s to
t = 7.5, the velocity changes as indicated in the figure. Determine the magnitude
and direction of P.

t=5s t=75s
Fig. P14.70

14.71  The 0.2-kg mass moves in the vertical xy-plane. At time ¢ = 0, the veloc-
ity of the mass is 8j m/s. In addition to its weight, the mass is acted on by the force
F(tr) = F(¢)i, where the magnitude of the force varies with time as shown in the
figure. Determine the velocity vector of the mass at t = 4s.

y

02kg  F()
X

mg

t(s)

I
I
I
I
I
I
l
3

o | PR

Fig. P14.71

14.72 Find the smallest time in which a 1200-kg automobile traveling at
90km/h can be stopped on a straight road if the static coefficient of friction
between the tires and the road is 0.65. Assume that the road is level.

14.73 Solve Prob. 14.72 if the car is descending a hill that is inclined at 5° with
the horizontal.
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e Parabola

I
I
I
I
| sz\x
I

t
0.016s 0.032s

Fig. P14.74

corresponding angle 6.

3 seconds, determine P.

the 0.02-s contact period.
Fig. P14.77

40 m/s time; and (b) the velocity of the block at t = 6.

14.74 A 0.09-kg tennis ball traveling at 15 m/s rebounds in the opposite direc-
tion at 20 m/s after being hit by a racket. During the 0.032-s period of contact, the
magnitude of the force F(¢) exerted by the racket has the parabolic time depen-
dence shown. Calculate Fp,., the maximum value of F(z). Because of the short
time of contact, the impulse of the weight of the ball can be neglected.

14.75 A 0.05kg ball hits a frictionless, rigid, horizontal surface with the speed
vy =30m/s at the angle ; =70°. The angle of rebound is 6, =62°. Compute
(a) the speed of the ball immediately after the rebound; and (b) the resultant
impulse acting on the ball during its time of contact with the surface.

14.76 A ball with a mass of 0.05 kg hits a frictionless, rigid, horizontal surface
with the speed vi = 20 m/s at the angle 6; = 45°. The impulse acting on the ball
during its contact with the surface is 1.8 N - s. Find the rebound speed v, and the

14.77 The 60-kg crate is sliding down the inclined plane. The coefficient of
kinetic friction between the crate and the plane is 0.2, and the force P applied
to the crate is constant. If the speed of the crate changes from 8 m/s to zero in

14.78 The 800-g baseball is thrown horizontally toward a batter at 20 m/s. After
being struck by the bat A, the velocity of the ball is 40 m/s in the direction shown.
Determine the magnitude of the average force applied to the ball by the bat during

14.79 The 100-kg block is at rest on a frictionless surface when the force P (¢) is
applied. Determine (a) the maximum velocity of the block and the corresponding

// P(1)
——————— 800 g
20 m/s
A P(1)
Fig. P14.78 S00N
3s 6s
0 \
|
\/
250N |-————-
Fig. P14.79

Fig. P14.80

the particle 0.5 s later.

14.80 The particle of mass m is launched on an inclined surface with the speed
vo = 2m/s in the direction shown. Neglecting friction, find the velocity vector of



14.81 The 12-kg box slides down the ramp onto the horizontal surface. The
impact with the corner at A reduces the speed of the box from 6 m/s to 4.8 m/s.
Determine the impulse vector delivered by the corner to the box.

4.8 m/s

Fig. P14.81

14.82 The 35-kg cleaning “pig” is inserted into a 1-m diameter pipeline and
driven forward by air pressure p which varies as p = 64(1 — e~ %) N/m? (¢ is
in seconds). If the “pig” starts from rest at = 0, determine its speed at # = 10s.
Neglect friction.

14.83 The block of weight W is at rest on a rough surface at time ¢+ = 0. During
the period from ¢+ = 0 to 2s, the block is acted on by the sinusoidally varying
force P(t) = W sin(xt/2) where t is in seconds. Using the coefficients of friction
shown, find (a) the time when the block starts to move; and (b) the velocity of the
block, measured in m/s at t = 2.

14.84 A parcel is lowered onto a conveyor belt that is moving at 4 m/s. If the
coefficient of kinetic friction between the parcel and the belt is 0.25, calculate the
time that it takes for the parcel to reach the speed of the belt.

vy =4m/s
B ——

W= 0.25

Fig. P14.84

14.85 A parcel starts up the inclined portion of the conveyor with the same
velocity as the conveyor belt, namely, 3 m/s. However, the parcel slides on the
belt due to insufficient friction, reaching its maximum height in 4 s. Determine
the coefficient of kinetic friction between the parcel and the conveyor belt.

Fig. P14.85

14.86 The 500-kg car starts from rest at =0 on a straight, level road. The
driving force F supplied to the car by the rear wheels varies with time as

14.68-14.87  Problems

157

Im

p—3 35 kg)

Fig. P14.82

P(1)

w [

e =0.25
=020

Fig. P14.83

Fig. P14.86
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Fig. 14.9

F = 289t — 17.4¢2 N, where ¢ is in seconds. Calculate the speed of the car in
mi/h when ¢ = 10s.

14.87 The elevator of weight W starts from rest at time ¢+ = 0 and reaches its
operating speed in 3 s. The acceleration is accomplished by varying the tension F’
in cable AB (by means of a control circuit) in the manner shown on the diagram.
Determine the operating speed of the elevator in m/s.

1.00
1.20
1.20

1(s)

Fig. P14.87

a4.7 | Principle of Angular Impulse and Momentum

Angular impulse and angular momentum are the moments of (linear) impulse and
(linear) momentum, respectively. For every equation presented in the previous
article, there is an analogous equation for angular impulse and angular momen-
tum. The angular impulse-momentum principle serves the same purpose as its
linear counterpart: it relates the change in the velocity of a particle during a time
interval to the forces acting on the particle.

a. Angularimpulse of a force

As shown in Fig. 14.9, we let r be the vector drawn from an arbitrary point A to
the point of application of the force F. The angular impulse of F about point A
during the time interval #; to 7, is defined as

1) 15
(Ad)i- =/ r x Fdt :/ M, dt (14.42)
f

1

where M4 = r x F is the moment of F about A. The angular momentum is
a vector of dimension [FLT]. Therefore, its units are N - m - s, Ib - ft - s, and
SO on.
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Let A be the origin of a rectangular coordinate system, as indicated in
Fig. 14.9. Then we can write My = M,i + M,j + M_K, and the rectangular
components of Eq. (14.42) become

n %) %)
(Ay)i—2 =/ M, dt (A2 =/ M, dt (A)1-2 =/ M, dt
151 t n

1

(14.43)

The components of (A 4)1—; in Eq. (14.43) are also called the angular impulses
of F about the coordinate axes passing through point A.

If the direction of M4 is constant in the time interval #; to t,, then M4 and
(A4)1-2 have the same direction. In that case, the magnitude of the angular
impulse is (Ap)1_2 = ft'lz My dt.

If the direction and the magnitude of M, are constant, the angular impulse
about A becomes (A)|_2 = My fttf dt, which upon integration yields

(A2 =Myt — 1)) = My At (M, constant) (14.44)

b. Angular momentum of a particle

By definition, the angular momentum of a particle about a point A is

hy =1 x (mv) (14.45)

where mv is the momentum of the particle, and r denotes its position vector mea-
sured from A, as shown in Fig. 14.10 (a). The angular momentum is also known
as the moment of momentum, because Eq. (14.45) is analogous to the definition
of the moment of a force: M4 = r x F. The dimension of angular momentum
is [ML?/T], or equivalently, [FLT], which is the same as the dimension of the
angular impulse.

From the properties of the cross product, we deduce that angular momentum
is a vector of magnitude

hy = mvd (14.46)

where d is the moment arm from A to the momentum vector mv, as shown in
Fig. 14.10(a). The direction of the angular momentum vector is perpendicular to
the plane shared by A and mv. A two-dimensional view of angular momentum is
shown in Fig. 14.10(b). Note that the sense of 74 (CW or CCW) is determined by
the right-hand rule.

mv

Plane of
A and mv

159

(@)

Plane of mv

Aandmv — |\
Om
r
hy=mvd ~7 0

A ) d
(b)
Fig. 14.10
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Using the rectangular components r = xi+ yj +zkand v = vii+v,j + v kK,
Eq. (14.45) becomes
i j k
hy=|x y z (14.47)

my, mv, mv;

Expanding the determinant, we get
hy = hi+hyj+hk (14.483)
where
hy = m(yv, — zvy) hy = m(zvy — xv;) h, =m(xvy —yvy) (14.48b)

are the angular momenta of the particle about the coordinate axes passing
through A.

¢. Moment-angular momentum relationship

Differentiating the angular momentum of the particle in Eq. (14.45) with respect
to time, we obtain

By = L vl =1 x 2 ATy
= — X V)| = X — X (mv
A dt " dt dt

According to Eq. (14.37), d(mv)/dt = X F, where XF is the resultant force acting
on the particle. Therefore,

ﬁAzerF—i—l"x(mv):MA—i—i'x(mv)

where M4 = r x XF is the moment of the resultant force about A. Solving for
the moment, we obtain

M, =hy — i x (mv) (14.49)

Recall that r is the position vector of the particle measured from point A. So
far, we have placed no restrictions on the choice of A; it may be either a fixed or
a moving point. If A is fixed with respect to an inertial reference frame, then r is
the velocity v of the particle, and the last term of Eq. (14.49) becomes 1 X (mv) =
v X (mv) = 0 (the cross product of two parallel vectors is zero). Consequently,

M, = hyu (A: fixed point) (14.50)

When A is not fixed, then Eq. (14.50) is generally not valid, and Eq. (14.49) must
be used. This case is developed further in the next chapter.
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d. Angularimpulse-momentum principle

Integration of Eq. (14.50) over the time interval #; to ¢, yields
%) 15
/ M, dt = / dhy = (hy)z — (ha);
n n

where (hy); =h,(#)) and (hy), =hy(5,). Because the left-hand-side ft? M,dt =
(A 4)1-2 is the angular impulse of the resultant force about A, we can write

(Ap)i—2 = (hy)y — (hy); = Ahy (A: fixed point) (14.513)

which is known as the principle of angular impulse and angular momentum. The
rectangular components of Eq. (14.51a) are

(A 12 = (hy)a — (hy)y
(A 12 = (hy)2 — (hy)y (14.51b)

(A2 = (h)2 — (h:)

You can reduce the chances of mistakes in applying this principle by using a
free-body diagram to compute the angular impulse of the resultant force acting on
the particle.

e. Conservation of angular momentum

If the angular impulse about A is zero, it follows from Eq. (14.51a) that the angular
momentum of the particle about A is conserved. In other words,

if (Ap)1o =0, then (hy); = (hy), (A: fixed point) (14.52)

which is known as the principle of conservation of angular momentum. If only one
component of the angular impulse vanishes, then only the corresponding compo-
nent of the angular momentum is conserved. For example, if (A;);—2 = 0 in
Eq. (14.51b), then (h,); = (hy)2, evenif hy and k. are not conserved.
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Sample Problem  14.10

The circular table in Fig. (a) is being driven at a constant angular speed § =
20rad/s about the vertical z-axis. The block B of mass m is placed on the rotating
table with zero initial velocity with the string AB taut. If the block slips for 3.11 s
before reaching the speed of the table, determine the coefficient of kinetic friction
between the block and the table.

6 =20 rad/s The FBD of block B is shown in Fig. (b). The tension 7T in the string passes
through the z-axis, whereas the weight W and the normal contact force N are
parallel to the axis. Hence the moment of each of these forces about the z-axis is
zero. The moment of the kinetic friction force F' about the z-axis is M, = (ux N)R.

z R Substituting N =mg, obtainable from the equilibrium equation X F,=0,
we get

i F=mN | W=mg

| M; = prmgR

| B

! |

bor If we let #{ = 0 be the time when the block is placed on the table, then
N tp = 3.11s is the time when slipping stops. Because M, is constant, the angular

(b) impulse of the friction force about the z-axis during the period of slipping is

27 (A2 =M (tr — 1)) = umgR

The corresponding change in the angular momentum of the block about the
z-axis is

t = () =mvR -0 =mR%

where we substituted v = R. Applying the angular impulse-momentum principle
about the z-axis, we get

(A)1—2 = (hy)2 — (h): wrmg Rty = mR6

which yields for the coefficient of kinetic friction

_Ro_ 050 _ 0.328 Answer

e T TERTY
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Sample Problem  14.11

The particle of mass m = 0.3 kg shown in Fig. (a) moves on a frictionless hori-
zontal plane. One end of the linear spring is attached to the particle, and the other
end is attached to the fixed point O. If the particle is launched from position A
with the velocity v; as shown, determine the spring stiffness & if the maximum
distance between the path of the particle and point O is 400 mm. The spring is
undeformed when the particle is at A.

The diagram in Fig. (b) shows the momentum vectors mv; and mv, when the
particle is at points A and B, respectively. Point B is the position of the particle
when the length of the spring equals its maximum value L, = 400 mm. Note that
the direction of v, is tangent to the path of the particle; in other words, the velocity
vector is perpendicular to the spring.

Because the spring force is always directed toward O, angular momentum
about O is conserved. Referring to the momentum vectors in Fig. (b), and recalling
that the angular momentum equals the moment of the linear momentum (hy =
mvd), we obtain

(ho); = (ho) 3) (mv; cos60°)L; = mv,L,
which yields

°L 2 °2
by = v1 cos 60°L _ cos 60°(200) — 0.500 m/s
L, 400

Because the spring force is conservative, mechanical energy of the particle is
conserved:

h+vi=ThH+V,

1 1 1 1

where 6; and §; are the elongations of the spring when the particle is at A and B,
respectively. Substituting §; = 0, § = L, — L; = 200 mm = 0.200 m, and the
values for m, vy, and v,, we obtain

1 2 1 2 1 2
5(03)2)? +0 = 2(0.3)(0:500)" + 7k(0.200)

from which the spring stiffness is found to be

k =28.1 N/m Answer

vy = 2m/s

60°

L, = 200 mm

0 Horizontal plane

(a)

L, = 200 mm

(b) Momentum diagram
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Problems

Fig. P14.88

y

Py
0=w t\
Ae 0/ B
]

Fig. P14.89

VA

Fig. P14.93

14.88 The force Py has constant magnitude and direction, but its point of appli-
cation C moves along the x-axis with the constant speed vy. Determine the angular
impulse of the force about point A for the time period during which C moves from
AtoB.

14.89 The force shown has the constant magnitude Py and the fixed point of
application B, but its line of action rotates with the constant angular speed wy.
Determine the angular impulse of the force about A for the time during which the
force rotates from 6 = 0 to 6 = 90°.

14.90 The velocity of the 500-g particle at B is v = 2i + 4j + 6k m/s. Calculate
the angular momentum of the particle about point A at this instant.

(Dimensions in mm)

Fig. P14.90

Fig. P14.91

14.91 The 0.05-kg bead is sliding down the circular wire. When the bead is
in the position shown, its speed is 5 m/s. For this instant, determine the angular
momentum of the bead about (a) point O; and (b) point A.

14.92 The particle of mass m travels along a circular path of radius R. When
the particle is in the position shown, its speed is v. What is the angular momentum
of the particle about the origin O in this position?

0

Fig. P14.92

14.93 The particle of mass m moves so that its angular momentum about
point O is always conserved. When the particle is at A, its velocity is v4 = 5m/s
in the y-direction. At B, the speed has increased to vy = 15 m/s. Determine the
velocity vector of the particle at B.
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14.94 The particle of mass m is restrained by a string to travel around a circular
path on the horizontal table. The coefficient of kinetic friction between the particle
and the table is 0.15. If the initial speed of the particle is v = 8 m/s, determine
the time that elapses before the particle stops.

14.95 A rope wound around the rim of the wheel is pulled by force F, which
varies with time as shown. Calculate the angular impulse of F" about the center of
the wheel during the time interval t = 0to ¢ = 0.5s.

Fig. P14.94
1.0 m

Fig. P14.95

14.96 The assembly consists of a 0.8 kg collar attached to a bent rod of negli-
gible weight. The assembly rotates freely about the vertical axis with the angular

velocity & = 10rad/s when the braking couple M is applied at time ¢ = 0. If M 0.6 kg
varies with time as shown, how long will the assembly continue to rotate?
g I m
Iy Fig. P14.97
t(s)
\
Fig. P14.96
14.97 The 0.6-kg mass is supported by two arms of negligible mass. The >
angle 6 of the arms can be varied by changing the force F acting on the slid- [ ] | A A
ing collar. When 8 = 70°, the assembly is rotating freely about the vertical axis 0
with the angular velocity @ = 15rad/s. Determine the angular velocity after 9 is
reduced to 30°.
14.98 The path of the earth satellite is the ellipse
\
1 .
== (119.3 x 107?)(1 4 0.161 cos 0) Fig. P14.98

where R is in meters. If the speed of the satellite at A is 6000 m/s, determine its
speed at B.
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14.99 The particle, connected by a spring to the fixed point O, slides on the
frictionless, horizontal table. The particle is launched at A with the velocity v
in the y-direction. If the velocity of the particle at B is vg = 3.66i — 5.72jm/s,
determine v4.

Fig. P14.99

14.100 A motor rotates the rod OB about the z-axis at the constant angular
speed of 8rad/s. The string attached to the 2-kg slider A is let out at the constant
rate of 0.25 m/s. Determine the magnitude of the contact force between the slider
and the rod when R = 0.8 m. Neglect friction and the mass of rod OB.

Fig. P14.100 Fig. P14.101

14.101 The particle of mass m is launched on the inside wall of a cylindrical
vessel with the speed vi = 6 m/s directed horizontally. When the particle reaches
a position 0.5 m below the launch position, determine (a) the speed v,; and (b) the
angle § between v, and the horizontal. Neglect friction.
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14.102 An earth satellite has an elliptical orbit with the property R{/R, = 0.25.
If the speed of the satellite at the perigee (point closest to the earth) is vi = 8 km/s,
determine (a) the speed v, at the apogee (point farthest from the earth); and (b) the
distance R;. Use GM, = 3.98 x 10'* m3/s?, where G is the universal gravitational
constant and M, is the mass of the earth.

R,

Fig. P14.102

14.103 The 0.5-kg disk slides on a frictionless, horizontal surface. The elastic
cord connecting the disk to the fixed point O has a stiffness of 100 N/m and a free
length of 0.75 m. The disk is given the initial velocity v, in the direction 8 = 70°
in the position shown. Determine the smallest v; for which the cord will always
remain taut. (Hint: v is perpendicular to the cord when R = Ryyiy.)

1.25m

¢ 0.5kg
0
\_{ k =100 N/m
Ly=0.75m

Horizontal plane

Fig. P14.103

14.104 The 2-N weight A is attached to a string that passes through the hole O
in the horizontal, frictionless table. As the weight rotates about O, the end of the
string is pulled downward at the constant speed of 0.05 m/s. If the angular speed 6
of the string is 8 rad/s when R = 0.6 m, determine the following when R = 0.3 m:
(a) the angular speed of the string; and (b) the angular acceleration of the string.

‘ 0.05 m/s

14.105 The 0.5-kg bob of the spherical pendulum is launched in position 1 with
the velocity v; in the direction that is horizontal and perpendicular to the string. Fig. P14.104
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If the lowest point reached by the bob is position 2, determine v;. (Hint: v, is also
horizontal and perpendicular to the string.)

Fig. P14.105 Fig. P14.106

14.106 The particle of mass m slides inside a frictionless conical vessel. The
initial velocity of the particle is vi = 3 m/s, tangent to the rim of the vessel.
When the particle is a distance 2 = 0.5 m below the rim of the vessel, determine
(a) the speed of the particle; and (b) the angle between the velocity vector and the
horizontal.

*34.8 | Space Motion under a Gravitational Force

Space motion under the action of a gravitational force comes under the category
of central-force motion. The equations governing central-force motion can be
readily derived from the principles of conservation of angular momentum and
conservation of mechanical energy.

a. Central-force motion

Consider a moving particle that is acted on only by a force F that is always
directed toward a fixed point A. For this case, called central-force motion, we have

MA:er:ﬁA:0

where r is the position vector of the particle, drawn from A. From Eq. (14.45),
we have

h, =r x (mv) = constant (14.53)
Note that this equation can be valid only if r and v always lie in the same plane.

Therefore, central-force motion is plane motion with constant angular momentum
about point A.
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b. Motion under gravitational attraction

The remainder of this article analyzes the motion of bodies (e.g., satellites) that
move under the gravitational attraction of a planet (or the sun). We confine our
attention to trajectories for which the gravitational attraction of the planet is the
only force that needs to be considered. Letting m be the mass of the body and M
the mass of the planet, we assume that m < M, which means that the planet may
be considered to be fixed in the analysis.

Because the only force acting on the body is its weight, which is always
directed toward the center of the planet, the body undergoes central-force motion,
as described in Eq. (14.53). It is convenient to describe this motion, which is con-
fined to a plane, in terms of polar coordinates R and 6, as shown in Fig. 14.11.
The nonrotating xy reference frame has its origin at F, the center of the planet,
also called the focus of the trajectory.

Fig. 14.11

From Eq. (14.53) we know that the angular momentum of the body about F
is conserved, which means that R(mvy) = R(mR0) is constant. Letting i be the
angular momentum about F per unit mass of the body,” we have

ho = Rvy = R0 (a constant) (14.54)
The kinetic energy of the body is T = %mvz, and its potential energy, accord-
ing to Eq. (14.29), is V, = —GMm/R (where G is the universal gravitational
constant). Because the gravitational attraction is a conservative force, the total
energy of the body is conserved. Letting E be the total energy per unit mass—that
is, Eg = (T + Vg)/m—we have

Ey=-v — — (a constant) (14.55)
Note that the total energy per unit mass may be positive, negative, or zero.

“The subscript O (the number zero) on &, and later on E, is used to denote constants that are associated
with unit mass. It must not be confused with the letter O.
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¢. Equation of the trajectory

We next determine the equation of the path (trajectory) of the body in the form
R = R(). We begin by substituting v = v + v3 into Eq. (14.55) to obtain

Ey=

N =

(i) - @

With the help of Eq. (14.54), vg and R can be eliminated from Eq. (a). Applying
the chain rule for differentiation to Eq. (14.54), we get

RVg + Rvg =0 (b)
Substituting
. . dVg . dV9 Vo
R = d = — = —
e P T
Eq. (b) becomes
R dVg Vo
VRV —R|——
Ko d6 R
which yields
dV@
=—— C
VR 40 ©
Substituting R = ho/vy [see Eq. (14.54)] and Eq. (c) into Eq. (a), we find
1 dVg 2 5 GMV@
Ey=— —_— _—_ d
0 ) |:( 40 ) + Vy h() ( )
The solution of Eq. (d) for d6 is
d
o =+ i — ©
2GMV9 5
2E) + -V
0
Noting that E is constant, Eq. (e) can be integrated (see a table of integrals)
to yield
GM
M Ty
6 = +sin! 0 7 o ®
M\ | g, (Lo ’
ho '\ om

where o is a constant of integration. The dual sign means that for every point on
the path associated with vy and 6, there is a second point associated with vy and
(6 + m). Therefore, the minus sign will be omitted from here on without loss of

generality.
Inverting Eq. (f), we obtain

sin(@ + o) =

(14.56)
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where

f B \2
e=,/14+2E, <G_](l)/1) (14.57)

is called the eccentricity of the trajectory. It can be proven that e is always a real
number; that is, the term under the radical in Eq. (14.57) cannot be negative.
Solving Eq. (14.56) for vy, we obtain

GM
vy = h—[l + esin(0 + ap)] (14.58)
0

Because R = h/vy according to Eq. (14.54), we find that

hg

R= MO T esin@ T a0)] (14.59)

We see from Eq. (14.59) that the smallest value of R occurs when sin(6 + ) = 1;
that is, when 6 + oy = /2. Letting this position correspond to & = 0 (the
x-axis), as shown in Fig. 14.12, the constant of integration is oy = /2. Because
sin(@ + op) = sin[0 + (w/2)] = cos O, Egs. (14.58) and (14.59) become

GM
Vo = h—(l + ecos ) (14.60)
0

and
hg

R=———-—"— .6
GM(1 + ecos0) (14.61

Equation (14.61), which is the equation of the trajectory, represents a conic
section (circle, ellipse, parabola, or hyperbola) in polar coordinates, where e is
the eccentricity of the curve and F (the center of the planet) is the focus.

Note that Egs. (14.60) and (14.61) are valid only if the x-axis is chosen so that
R is minimized when 6 = 0. If this is not the case, Eqgs. (14.58) and (14.59) must
be used.

From Eq. (14.61), we see that the minimum value of R is

hg

Ruin = Rlg—g = M1 +o

(14.62)

It follows that R = vg = 0 when 6§ = 0, which means that v = vy at this
position. Furthermore, inspection of Eq. (14.55) reveals that v is largest when R
is smallest, from which we conclude that the maximum velocity is

GM(1 +e)

Vmax = V9|9:0 = h—() (14.63)

anZiX
R D
0
1"
T ]7}1 X
o

Fig. 14.12
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Universal gravitational constant:

G=6673x10""m’ kg™ .52

Mean equatorial radius Mass
Body km kg
Sun 696 000 1.9884 x 103°
Moon 1737 0.073483 x 10
Mercury 2440 0.33022 x 10%
Venus 6052 4.869 0 x 10
Earth 6378.14 5.9742 x 10
Mars 3396 0.64191 x 10%*

Table 14.2 Selected Solar System Constants

directed as shown in Fig. 14.12. Substituting 7y = RpuinVmax into Eq. (14.63) and

solving for v,y yields
[GM(1 + ¢)
Vmax = R— (14~64)
min

Numerical data for selected bodies of our solar system are presented in
Table 14.2. These data are to be used when solving the problems at the end of
this article.

d. Classification of trajectories

It has been pointed out that Eq. (14.61) represents a conic section, which
means that the trajectory must be one of the following curves, depending on the
value of e.

Case I: e =0 circle
Casell: 0<e<1 ellipse
Case III: e =1 parabola
Case IV: e > 1 hyperbola

If the trajectory is circular or elliptical, the body is said to be captured by the
planet. The body is then known as a satellite, and its trajectory is called an orbit.
For the other two cases, the gravitational pull of the planet is not strong enough
to capture the body.
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14.8

Drawing of path

Path E, Velocity Distance from focus

Case e
y

. _ /G M h2 Veire
Circle Ey<0 Veire = Reire Reire = Gil(\)/l $ o

o\ [GM(1+e)
e Rmin ]’l%
R

min = GM(1+e)

I | 0<e<1| Elipse | Eg<0 |vpn= \/¢M1Z0)
Rmax _ h%)

Rmax = Ga(1=e)

1T e=1 Parabola Ey=0 - G
Rinin Ryax =2 atd=m

\ y
\
o N
min = GM(1+e F— I
v e>1 Hyperbola | Ey>0 | vy = \/M (I+e) 77\) —

Rmin Rmax = 1 /4\ ‘]
atcosty =-¢ 7/ 1
4 Rmin

The velocity veg is the escape velocity (the minimum velocity required to escape the planet’s gravitational field).

Table 14.3 Classification of Trajectories
The properties of the four types of trajectories are summarized in Table 14.3.

e. Properties of elliptical orbits

An elliptical orbit that is centered at point O is shown in Fig. 14.13. Note
that perigee and apogee are the names given to the locations of Ry, and
Ruin, respectively.” It can be shown that the geometric interpretation of the

eccentricity is
_ Rmax - Rmin (14 65)

B anax 4 Rmin

The length of the major semiaxis in Fig. 14.13 is given by

Rmax + Rmin h(z)
_ _ 66
“ 2 GM(1 — &) (14.66)

“The terms perigee and apogee are used only for orbital motion with the earth as the focus. When the
attracting body is not the earth, the corresponding terms are periapsis and apoapsis, respectively.
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/ Y
S
dA v
R x max b
Apogee a\ ) \ l
X
0 F \% Perigee
Vmin i b
I
a a
Rmax Rmin
Fig. 14.13

From analytic geometry, the length of the minor semiaxis may be written as

e hy
b = v/ RpaxRunin = m (14.67)

Using Egs. (14.66) and (14.67), the area A of the ellipse can be written as

4
Thy

Gl — ey @4s®)

b
A=mab = E(Rmax + Rmin) Riyax Rmin =

The period T of an elliptical (or circular) orbit is the time required to com-
plete one revolution around the path. The period may be related to the area
of the ellipse by noting that the differential area shown in Fig. 14.13 may be
expressed as dA = (1/2) R(Rd0). The rate at which the area is swept over by the
line between the focus and the satellite, namely dA/dt, is called the areal velocity.
Using Eq. (14.54), we have

dA 1 _,.  h

— =_R%=— 14.6

=3 3 (14.69)
Note that the areal velocity is constant. This is one of the celebrated laws pub-
lished by Johannes Kepler (1571-1630), based on astronomical observations.
Integrating with respect to time from t = 0 to t = t gives A = ht/2. Therefore,
using Eq. (14.68), the period is

_2A 2hy ( )
"7 e T (GMR(1 - ) 1470
A special case of an elliptical path is the ballistic trajectory, where the ellipse
intersects the surface of the planet. Such a trajectory is followed by all projectiles
if air resistance is neglected. If the elevation of the projectile is small enough so
that the variation of gravitational force with height may be neglected, then the
trajectory assumes the familiar parabolic form. Hence, the parabolic trajectory is
an approximation of the true elliptical path, valid for small changes of elevation.
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The eccentricity of the earth’s orbit around the sun is 0.017, and the period of
the orbit is 365.26 days. Calculate the maximum and minimum values of (1) the
earth’s distance from the center of the sun; and (2) the velocity of the earth around
the sun.

Preliminary Calculations

Using Table 14.1, the constant GM, where M, is the mass of the sun, is found
to be

GM, = (6.673 x 107'1)(1.9884 x 10*°) = 1.3269 x 10%° m’/s?

The given period of the orbit is

24h  3600s
=365.26d
T ays X Tda X Th

=31.56 x 10% s

Solving Eq. (14.70) for A (the constant angular momentum per unit mass of
the earth about the center of the sun) yields

[(GMS)%(I - e2)3’2]”3
ho =
27

B [(1.3269 x 102)2(31.56 x 109)[1 — (0.017)2]3/2]“3
B 2

= 4.455 x 10" m?/s

Part 1

Using the formulas for Case II in Table 14.3 and the constants determined above,
the maximum and minimum distances of the earth from the center of the sun are

Ruin | _ h} B (4.455 x 101%)2
T GM (1 £e) " (1.3269 x 1020)(1 £ 0.017)

Rmax
from which we find that
Ruax = 1522 x 10" m  Rpin = 1.471 x 10" m Answer

Part 2

Referring to Case II of Table 14.3 again, the maximum velocity of the earth is
given by

GM(1 + e) (1.3269 x 1020)(1 + 0.017)
Vmax = =
Ruin 1.471 x 101! Answer

=30.29 x 10° m/s = 30.29 km/s
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The minimum velocity of the earth, again from the formulas in Table 14.1, is

GM,(1 — ¢) (1.3269 x 1020)(1 — 0.017)
Vmin = -
Rumax 1.522 x 10! Answer

=29.28 x 10° m/s = 29.28 km/s

Note that the mean velocity of the earth is (1/2)(Vmax + Vmin) = (1/2) X
(30.29 4 29.28) = 29.79 km/s, which agrees within four significant digits with
the commonly accepted value.

An alternative method for computing viax and v, is to use the fact that A is
constant, that is, to solve the equations 79 = Viax Rmin = Vmin Rmax-

14.107 A space probe is launched at A with the velocity vy, directed as shown.
For what value of vy will the probe pass through B? What is the classification of
the trajectory?

12 000 km

Fig. P14.107

14.108 The orbit of Ceres, a dwarf planet between Mars and Jupiter, has an
eccentricity of 0.08 and a major semi-axis of 413.7 x 10° m. Determine the period
of the orbit.

14.109 Assuming that the orbit of the moon around the earth is a circle (its
eccentricity is actually 0.055), and knowing that the period of the orbit is 27.3
days, compute the distance between the centers of the earth and moon.

14.110 Calculate the maximum and minimum distances between the centers of
the earth and moon, taking the eccentricity of the moon’s orbit into account. Use
the data given in Prob. 14.109.

14.111  The orbit of Phobos, a Martian moon, has an eccentricity of 0.018 and a
major semi-axis of length 9380 km. Determine the orbital period of Phobos.

14.112 A 14-Mg spacecraft is in orbit around the moon. The spacecraft’s
maximum and minimum altitudes above the lunar surface are 340 and 140 km,



respectively. Neglecting the gravitational effect of the earth, determine the mini-
mum energy required for the spacecraft to escape lunar gravity in order to return
to the earth.

14.113 A 6000-kg space capsule is in a circular orbit of radius 6688 km around
the earth. When the capsule is at A, its speed is reduced by the firing of retro-
rockets. Determine the required impulse of the retro-rockets if the capsule is to
land at B with its flight path tangent to the earth’s surface.

14.114  As the spacecraft approaches the planet Venus, its speed is vi = 3000 m/s
when x; =2 x 103 mand y; = 0.5 x 10® m. Determine (a) the type of trajectory
that the spacecraft will travel; (b) the minimum distance between the surface of
Venus and the trajectory; and (c) the maximum speed of the craft.

14.115 For the spacecraft described in Prob. 14.114, determine (a) the largest
speed v; that would produce an elliptical orbit, assuming that an elliptical orbit
were possible; and (b) whether an elliptical orbit is possible without the craft
hitting the surface of Venus.

14.116 An earth satellite is inserted into its orbit at A with the speed
v; = 9200 m/s, in the direction B = 5°. (a) Show that the trajectory is an ellipse.
(b) Calculate the angle from the line FA to the major axis of the orbit. (c) Calculate
the smallest distance between the orbit and the surface of the earth.

14.117 The speed of the spacecraft at A is v; = 11.4 km/s in the direction
B = 10°. (a) Show that the trajectory is hyperbolic. (b) Find the terminal speed of
the craft, ignoring the gravitational attraction of the sun.

14.118 A 200-kg communications satellite is traveling in a circular “parking”
orbit of radius 7000 km miles (orbit 1). The satellite must traverse the elliptical
orbit AB in order to reach the desired geosynchronous circular orbit of radius
42000 km miles (orbit 2). Determine the impulses that the satellite must receive
in positions A and B during its transfer between the orbits.

Fig. P14.118

14.107-14.122  Problems 177

6688 km

Fig. P14.116, P14.117
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14.119 A spacecraft is traveling in a circular orbit around the earth at an alti-
tude of 400 km. When the craft reaches point A, its engines are fired for a short
period, reducing its speed by 7.5%. The resulting path is the crash trajectory AB.
Determine the angle 8, measured from the nonrotating x-axis, which locates the
landing site.

|
Fig. P14.119

14.120 A ballistic missile fired from the North Pole lands at the equator, after
reaching a maximum altitude of 360 km above the surface of the earth. Neglecting
air resistance, find the firing angle (measured from the vertical) and the initial
speed of the missile.

14.121 A satellite is launched into orbit around the earth at an altitude Hy =
780 km with the initial speed vy = 28000 km/h in the direction shown. (a) Derive
the differential equations of motion for the satellite, and state the initial condi-
tions. (b) Solve the equations numerically from the time of launch to the time
when the satellite returns to the launch position; plot R versus 7. (c) Determine the
orbital period (time to execute one orbit). (d) Find the highest and lowest altitudes
reached by the satellite.

e

Fig. P14.121, P14.122

14.122 A spacecraft has the velocity vop = 24000 km/h in the direction shown
when its altitude is Hy = 780 km. (a) Derive the differential equations of motion
for the spacecraft, and state the initial conditions. (b) Solve the equations numer-
ically until the time when the satellite hits the earth; plot R versus 6. (c) Find the
angle 6 at the impact point.

e



Review of Equations

Work and potential energy of a force

Review of Equations

Work Potential energy
Constant force | Uj_, = FAd V =—Fd
: Qe 2 e
Spring force U, = —Ek((S2 —87) V = 51{8
. 1 1 GmAmB
Gravit U-=G —_ - V=-—
ravity 1—2 mampg (Rz Rl) R

Principle of work and kinetic energy

2

1
U1_2=T2—T1 T:Emv

Conservation of mechanical energy

Vi+Th=W+1T

Power and efficiency

P=F-.v
N = (Pow/Pin) x 100%

Power of a force :
Efficiency of a machine :

Impulse and momentum

i)
Impulse of a force: L;_, = / Fdt
n
Momentum of a particle :
Impulse-momentum principle :

p =mv
Lio=p—m

Angular impulse and angular momentum

5]

(Agi—2 = M, dt
5l

Angular momentum: hy =r x (mv)
Angular impulse-momentum principle :
(Aa)—2 = (hg)2 — (hy),

Angular impulse :

(A is a fixed point)
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Review Problems

V 8N

—

\Zkg\ é 30°

AN

=0.3

Fig. P14.123

v \«2 m»\
. k

Fig. P14.126

14.123 The constant 8-N force is pulling the 2-kg crate across the horizontal
surface. If the coefficient of kinetic friction between the crate and the surface
is 0.3, determine the time required to increase the speed v of the crate from 3 m/s
to 12 m/s.

14.124 The 0.8-kg particle slides across a frictionless, horizontal plane. The
force P applied to the particle always acts in the x-direction, but its magnitude
varies with time as shown in the P-¢ diagram. If the velocity of the particle at time
t = 0is 3m/s in the direction shown, determine the speed when t = 5.

3 m/s
35¢
X
0.8 kg P
\ Horizontal plane
P(N)
15—~
1.0 F—————1 =
| |
0.5 I |
| | |
0 - - - 1(s)
0 2 3 5

Fig. P14.124

14.125 The bicycle rider starts from rest at A and coasts down the hill. (a) Find
the speed of the rider at B and at C. (b) Determine the smallest radius of curvature
of the path at C for which the bicycle will not leave the ground.

Fig. P14.125

14.126  The package of weight W = 40 N is sliding to the right along the rough,
horizontal surface. When the package is at A, its speed is v = 5m/s. The spring
of stiffness k = 200 N/m brings the package to rest. If the coefficient of kinetic
friction between the package and the surface is 0.3, determine the maximum force
in the spring. Neglect the weight of the end plate that is attached to the spring.



14.123-14.140 Review Problems

14.127 The figure shows the elliptical orbit of an earth satellite. The mini-
mum and maximum speeds of the satellite are vi = 6km/s and v, = 7.5km/s,
respectively. Compute the corresponding altitudes 4 and h;.

Fig. P14.127

14.128 The 0.5-kg collar is pulled along the frictionless rod by the force
P(x) = 0.3/x>N, where x is in m. When x = 0.5m, the velocity of the col-
lar is 1 m/s to the right. When x = 1.5 m, determine (a) the velocity of the collar;
and (b) the power of the force P.

14.129 The coefficients of static and kinetic friction between the 18-kg crate
and the horizontal surface are u; = 0.25 and u; = 0.2, respectively. The crate
is at rest when the horizontal, time-dependent force P is applied. Determine the
speed of the crate att = 10 s.

P(N)
80
|
|
P |
— [/ /18Ke |
|
0 L 1(s)
0 5 15
Fig. P14.129

14.130 The 2-kg collar A slides on the vertical rod with negligible friction. The
spring AB has a free length of 0.8 m, and its stiffness is 20 N/m. If the mass is
released from rest in the position shown, determine its speed at O.

b e P(x)

0.5 kg

Fig. P14.128

Fig. P14.130
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14.131 A package of mass M is placed with zero velocity on a conveyor belt that
is moving at 2 m/s. The coefficient of kinetic friction between the package and the
belt is 0.4. Determine the distance that the package travels before its speed reaches
the speed of the belt.

Fig. P14.131, P14.132

14.132 Determine the time required for the speed of the package in Prob.
14.131 to reach the speed of the conveyor belt.

14.133 The assembly shown is rotating freely about the vertical axis AB with
the sliding collar C being held in position 1 by a pin. The pin subsequently falls
out, allowing the collar to slide to position 2. Determine the percentage of kinetic
energy that is lost in the process in terms of the distances R; and R,. Neglect all
masses, except the mass of collar C.

14.134 The 4-N weight slides with negligible friction on a horizontal table. The
spring attached to the weight has a stiffness of 20 N/m and a free length of 0.5 m.
When the weight is at A, its velocity is 10 m/s directed as shown. Determine the
speed of the weight at B where the length of the spring is 0.8 m. Also, find the
rate at which the spring is elongating at B.

Horizontal table T\

/’L\ B
0.8 m
o
0.6 m
A
10 m/s
4N

Fig. P14.134

14.135 Use the moment-angular momentum relationship to show that the dif-
ferential equation describing the motion of the pendulum is 6 + (g/L) sin6 = 0.
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14.136  An unpowered space vehicle of mass m travels past the planet Venus
along the trajectory AB. If the coordinates of A and B are (—5.0, —1.0) x 108 m
and (3.960, 3.382) x 10® m, respectively, determine the speed of the vehicle at B.

38.41°
"
/"B
//
Venus ,
o i
N
A _ -
i — — —
v, = 5000 m/s

Fig. P14.136

14.137 The mass m is attached to a string and swings in a horizontal circle of
radius R = 0.25m when L = 0.5 m. The length L is then shortened by pulling the
string slowly through the hole A in a table until the speed of the mass has doubled.
Determine the corresponding values of (a) radius R; and (b) angle ¢.

Fig. P14.137 0 PP PR A

30 rad/s

14.138 The rod OA is rotating freely about the z-axis with the angular speed
of 30rad/s. The spring is undeformed when the cord restraining the 0.5kg col-
lar B breaks. If the maximum displacement of the collar relative to the rod is

0.25 m, determine the stiffness k of the spring. Neglect friction and the mass of .
rod OA. Fig. P14.138
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14.139 The 0.6-kg mass slides with negligible friction on the cylindrical sur-
face. The spring attached to the mass has a stiffness of 110N/m, and its free
length is 80 mm. If the mass is released from rest at A, determine its speed at B.

(Dimensions in mm)

Fig. P14.139

14.140 The 20-N weight is attached to a bar of negligible weight. The assembly
rotates in the vertical plane about O. The spring has a free length of 1.4 m, and its
stiffness is 200 N/m. If the system is released from rest when 6 = 90°, determine
the speed of the weight when 6 = 0.

Fig. P14.140



Dynamics of Particle Systems

Collision of vehicles is governed by
impulse-momentum and work-energy
principles. These principles allow
investigators to carry out analyses of
. accidents. Two examples of such
15.1 Introduction analyses appear in Probs. 15.95 and
15.98. (StockXpert)

Up to this point, our study of dynamics has focused on a single particle. Three
procedures of kinetic analysis were introduced: the force-mass-acceleration, the
work-energy, and the impulse-momentum methods. In this chapter, we extend
these methods to systems containing two or more particles.

Before we proceed to kinetics of particle systems, it is necessary to con-
sider another topic of kinematics, namely the concept of relative motion. Relative
motion provides a convenient means of describing the kinematic constraints
(geometric restrictions on the motion) that are usually present in a system of
particles.

This chapter also introduces two new applications of dynamics: impact of
particles and mass flow. Impact refers to a collision between particles and is char-
acterized by a very short time of contact and large contact forces. The term “mass
flow” is applied to problems where the mass is continuously entering or leaving
the system, as in the flow of fluids through pipes and rocket propulsion.
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45.2 ~ Kinematics of Relative Motion

a. Relative motion

Our discussion of kinematics has so far been limited to absolute motion, where
the motion of a particle is described in a fixed (inertial) reference frame. In order
to emphasize the fixed nature of the reference frame, the prefix “absolute” is
sometimes added to the names of kinematic variables (e.g., “absolute velocity”).
Newton’s second law, and the work-energy and impulse-momentum principles
derived from it, apply only to absolute motion. In other words, the position,
velocity, and acceleration appearing in these kinetic principles must be absolute.

In kinematics, a fixed frame is not always the most convenient reference for
describing the motion of a particle. For example, the natural reference frame for
observing the motion of a raindrop on the window of a moving car is the window
(a moving frame), not the road (a fixed frame). A description of motion that is
based on a moving frame of reference, such as the window, is termed relative.

Figure 15.1(a) shows the paths of two particles A and B. The position vectors
of the particles, measured from the origin O of the fixed xyz coordinate system,
are denoted by r4 and rg, and their velocities are v4 = 4 and vg = I'5. Because
these variables are referred to a fixed reference frame, they represent the abso-
lute position vectors and velocities of the particles. The vector rg,4, drawn from
A to B, is called the position vector of B relative to A.

v,

z BV
A Va
VB Va
7 Tpa
Path of A (b)
B
Ty
Path of B
I'p
0 ¥

(@)
Fig. 15.1
From Fig. 15.1(a) we see that the absolute and relative position vectors are
related by
Ip =Ty +Tp/a (15.2)

Differentiating with respect to time and introducing the notation

Vpia = ¥p/a (15.2)
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yields
Vg =Va + Vp/a (15.3)

The vector vp,4, shown in Fig. 15.1(b), is known as the velocity of B relative to A.
Differentiating both sides of Eq. (15.3), we obtain

ag = aj +ap/a (15.4)

where
ap/a = Vpa =Fp/a (15.5)

is called the acceleration of B relative to A.
From Fig. 15.1(a), we see that the vector drawn from A to B is the negative of
the vector from B to A, which leads to the following identities:

Tp/a = —Ta/B VBIA = —VaB a4 = —aup (15.6)

b. Translating reference frame

It is often convenient to describe relative motion with respect to a coordinate
system that moves with the reference particle. In Fig. 15.2, the xyz axes are fixed
in an inertial reference frame, whereas the x’'y’z’ axes are attached to (and move
with) the reference particle A. In this chapter, we consider only the special case in
which the x’y’z’ axes always remain parallel to the fixed axes. In other words, the
moving axes translate with the reference particle, but they do not rotate. There-
fore, the base vectors i, j, and k of the fixed reference frame are also the base
vectors of the translating frame.

In the translating reference frame, the coordinates of particle B are x', y/,
and 7. Hence the relative position vector of B in this coordinate system is

rga =xi+yj+7k (15.7)

The relative velocity and relative acceleration of B are obtained by differentiating
Eq. (15.7) with respect to time (note that because the base vectors are constant,
we have di/dt = dj/dt = dk/dt = 0):

dx’, n dy’, dz/k
v = —1+ — —
BiA dt dt J dt

dZX/. dzy/ dZZ/

—_— —j+ —k 15.
dt21+ dt2J+dt2 (5.9)

(15.8)

ap/aA =

Equations (15.8) and (15.9) show that vg;4 and ag;4 can be interpreted as the
velocity and acceleration of particle B as seen by a nonrotating observer who
moves with particle A.

-

Fig. 15.2



Sample Problem 15.1

Two airplanes A and B are flying with constant velocities at the same altitude. The
positions of the planes at time r = 0 are shown in Fig. (a) (the xy reference frame
is fixed in space). Determine (1) the velocity of plane A relative to B; (2) the
position vector of A relative to B as a function of time; and (3) the minimum
distance between the planes and the time when this occurs.

\260 km/h

30 km

/580 km/h

e

(a)

Part 1

From the geometry in Fig. (a), the velocities of the planes are

40i + 30j

va =580 ( 30 > = 464i + 348j km/h

40i — 30j
Vg = 260 (%) — 208i — 156j km/h

The velocity of A relative to B is

Y Relative path of A Va/p = Va4 — Vp = (464i 4 348j) — (2081 — 156j)
B = 256i 4+ 504j km/h Answer
x,
¢ The magnitude and direction of the vector are
g
<
[
1 g = 5653 km/h vag = v 256% 4+ 504% = 565.3km/h

o ore 256
6=12693 0 =tan"! =— = 26.93°
B 504

This relative velocity vector is shown in Fig. (b). Note that v,/ is the velocity
(b) of plane A as seen by an (nonrotating) observer in plane B—that is, the velocity
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of A in the nonrotating x’y’ coordinate system attached to plane B. Since V45
is constant, the path of A relative to the translating x’y’ coordinate system is the
straight line shown in Fig. (b).

Part 2

The position vector of A relative to B can be found by integrating the relative
velocity:

B = / Vg dt = / (256i + 504j) dt = (256i + 504j) t + 1o

where 7 is in hours and ry is a constant of integration. From the initial condition,
rap = —30j km at r = 0, we get rp = —30j km. Therefore, the relative position
vector becomes

rap = 256ti + (504t — 30)j km Answer

Part 3

Denoting the distance between the planes by s, we have
57 = [rapl* = (2561)* + (504t — 30)” km® @
The minimum value of s occurs when d(s2)/dt = 0, or
2(256)t + 2(5041 — 30)(504) = 0

which yields
t =0.04732h=170.3s Answer

Substituting this value of 7 into Eq. (a), we get for the minimum distance between
the planes

Smin = v/[256(0.047 32)]2 + [504(0.047 32) — 30> = 13.59km  Answer

Note

The results in Part 3 could also be obtained from Fig. (b). The minimum distance
between the planes occurs when plane A reaches position C. From triangle ABC,
we obtain

Smin = BC = 305in26.93° = 13.59 km

The time required to reach that position is

ic 26.93°
AC _ 30c0820.93° ) 04731 = 170.3 s
VAIB

565.3
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Problems

Fig. P15.3
J\F
0
Course
Wind speed 60 km/h of plane
30°
Fig. P15.4

15.1 The two airplanes are flying at the same altitude with the velocities shown.
Find the velocity of plane B as seen by a passenger in plane A.

520 km/h

Fig. P15.1

15.2  Attime t = 0, the two trains are 4 km apart and traveling with the veloci-
ties shown. The speed of train A is increasing at the rate of 0.5 m/s>, whereas the
speed of train B is constant. Determine the acceleration, velocity, and position of
train B relative to train A as functions of 7. What is the distance between the trains
att = 120s?

30 km/h 48 km/h
e— } 4 km |

B

Fig. P15.2

15.3 In the position shown, the speed of car B is 16 m/s and increasing. To
a passenger in car A, the acceleration of car B appears to be zero. What is the
acceleration of car A in this position?

15.4 The airspeed of the plane is 560 km/h, directed north. If the wind speed
is 60km/h in the direction shown, determine the ground speed and the course
(angle 6) of the plane.

15.5 The boat with a cruising speed (speed of boat relative to the water) of
24km/h is crossing a river that has a current of 10km/h. (a) Find the course,
determined by the angle 6, that the boat must steer in order to follow a straight
line from A to C. (b) Find the time required for the boat to complete the
crossing.



10 km/h current

2 m/s

«

3 m/s

Fig. P15.5 Fig. P15.6

15.6 Two billiard balls A and B, initially at rest, are hit at the same instant and
roll along the paths AC and BC. If the velocities of the balls are as shown in the
figure, determine the angle 6 if the balls are to collide. (Hint: v 4/ must be directed
from A toward B.)

15.7 When a stationary car is pointing into the wind, the streaks made by rain-
drops on the side windows are inclined at & = 15° with the vertical. When the car
is driven at 30 km/h into the wind, the angle 6 increases to 75°. Find the speed of
the raindrops.

15.8 Two cars A and B traveling at constant speeds are in the positions shown
at time ¢ = 0. Determine (a) the velocity of A relative to B; (b) the position vector
of A relative to B as a function of time; and (c) the minimum distance between the
cars and the time when this occurs.

15.9 The crossbow is aimed at the sandbag, which is suspended from a cord.
At the instant the cord is cut, the crossbow is fired. Show that the bolt will always

hit the sandbag, regardless of the initial speed vy of the bolt. (Hint: The velocity
of the bolt relative to the sandbag is constant.)

~ (Ej
~
~
-
e I
P I
Vo Trajectory }

of bolt

1 800 m 1

Fig. P15.9 Fig. P15.10

15.10 Two projectiles A and B are launched simultaneously in the same vertical
plane with the initial positions and velocities shown in the figure. If the projectiles

15.1—-15.14 Problems
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o

Front of car

Fig. P15.7

60°

~

A EE=—— 40 km/h

I 2 km

Fig. P15.8
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Fig. P15.11, P15.12

VB

=

Fig. P15.13

collide 8 s after launch, determine (a) their relative velocity at collision; and (b) the
initial velocity vector of A. (Hint: vg,4 is constant.)

15.11 Two cars travel at the constant speeds of v4 =12 m/s and vz =15 m/s
around a circular track. When the cars are in the positions shown, determine the
magnitudes of vg,;4 and ag,4.

15.12 Cars A and B are traveling along the circular track. The speed of car
A is constant at v4 =90 km/h. In the position shown, the speed of car B is
vg =54 km/h and is increasing at the rate of 1m/s?. Determine the magnitude
of the relative acceleration between the cars in this position.

15.13 Car A is traveling on the circular road at the constant speed of
v4 =70 km/h. At the instant shown, the speed of car B on the overpass is vg =
90 km/h, and it is decreasing at the rate of 1.8 m/s?. Find the relative acceleration
vector ag/4 at this instant.

15.14 Figure (a) shows a boat that is sailing in the y-direction at 5 km/h with
the wind vane indicating the direction of the wind relative to the ship. After the
ship changes course to the x-direction, the angle of the wind vane is as shown in
Fig. (b). Determine the velocity vector of the wind.

5 km/h
Wind vane j‘ v 300 5 km/h
G D
X

@ ©)
Fig. P15.14

15.3 | Kinematics of Constrained Motion

The following terminology is used frequently when describing the kinematics of
particle systems:”

* Kinematic constraints: geometric restrictions imposed on the motion of
particles.

* Equations of constraint: mathematical expressions that describe the kinematic
constraints on particles in terms of their position coordinates.

* Kinematically independent coordinates: position coordinates of particles that
are not subject to kinematic constraints.

* Number of degrees of freedom: the number of kinematically independent coor-
dinates that are required to completely describe the configuration of a system
of particles.

“These terms were introduced in the discussion of virtual work in Ch. 10. The definitions are repeated
here because of their importance in dynamics.
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As an illustration of these concepts, consider the system shown in Fig. 15.3.
The system consists of two blocks, labeled A and B, that are connected by a
rope that passes over the fixed peg C. The position coordinates of the blocks are
denoted by x4 and yg. The kinematic constraint on the motion of the system is
that the total length L of the rope does not change. The corresponding equation of
constraint is obtained from the geometry of Fig. 15.3:

L = /x5 +h®+ yp = constant (15.10)

This system has a single degree of freedom. We can choose either x4 or yp as the
kinematically independent coordinate. The position coordinate not chosen can be
related to the independent coordinate using Eq. (15.10).

The constraint on the velocities v4 and v of the blocks can be obtained by
differentiating Eq. (15.10) with respect to time. The result is

. 1 2x4x
po b Bk

2,/)@% + h?

Substituting x4 = v4 and yp = vg, we find that the velocities are related by

XA
Vx5 +h?

If needed, the relationship between the accelerations of the blocks can be
determined by differentiating Eq. (15.11) with respect to time.

An example of a system with two degrees of freedom is shown in Fig. 15.4.
It is similar to the system in Fig. 15.3, but here the peg is attached to the block C
that can move vertically. The three position coordinates (x4, yg, and y¢) of the
blocks are subject to the kinematic constraint

L = /x5 +y2+ yp = constant

(L is the length of the rope) so that only two of the coordinates are kinematically
independent.
We note that in the above examples

va+vg =0 (15.12)

(number of position coordinates) — (number of kinematic constraints)
= (number of degrees of freedom)

This is true of all but a special class of mechanical systems.”

“Systems that violate this rule are called nonholonomic. See D. T. Greenwood, Classical Dynamics,
Prentice Hall, 1977, p. 10.

XA 4
C
h
Va \
pE—
-
VB
Fig. 15.3
XA
C
1
|
Yc
{’YB
B
Fig. 15.4



Sample Problem 15.2

Figure (a) shows a system consisting of two blocks A and B connected by an inex-
tensible cable that runs around two pulleys. Determine the kinematic relationships
between the velocities and the accelerations of the blocks.

The system shown in Fig. (a) has one degree of freedom because one coordinate
(e.g., ya or xp), determines its configuration. It is convenient to number the pul-
leys and to label the fixed distance, &, as shown in Fig. (b). Letting L be the length
of the cable, we have

(a)

_ length of cable wrapped
L=ya+ ( around pulley 1

)+(yA_h)

length of cable wrapped n
around pulley 2 B

Because L, i, and the lengths of cable that are wrapped around each pulley are
constant, differentiation with respect to time yields

dL
ZZVA+0+VA+0+VB=O

which gives
vp = —2v4 Answer

Differentiation of this equation with respect to time yields

ap = —2a, Answer

(b)
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Sample Problem 15.3

The two collars A and B are joined by a rope of length L. Collar A is moving
to the right with constant velocity v4. Determine the velocity and acceleration of
collar B as functions of v4 and the angle 6.

The system has a single degree of freedom because only one coordinate (x4, yg,
or 0) determines its configuration. We choose to ignore 6 for the time being
and work with x4 and yg. The equation of constraint that relates these two
coordinates is

Xa+yp=1L" @

Differentiating this equation with respect to time (noting that x4 =v, and
yg =vp) we obtain 2x4v4 + 2ygvp = 0, which reduces to

xava+ypgvp =0 (b)
Taking the time derivative of Eq. (b), we get
(anA + vﬁ) + (yBaB + vé) =0 (o)

where we used v4 = a4 and v = ap.
Solving Eq. (b) for the velocity of B yields

XA L sin6
Vg = —Vp— = —V
b AyB 4Lcosh
or
vg = —v, tan6 Answer (d)

Because a4 = 0, the acceleration of B from Eq. (c) is

2 2
_VaTtVe

yB

apg =

Substituting for vg from Eq. (d) and yg = L cos 6, we obtain

Vi 4 (—vatan6)?  vi(l + tan’6)
L cos6 B L cos6

ap =

Using the identity (1 + tan? #) = 1/cos? 6, this equation reduces to
Vi

— 3 Answer
L cos® 6

ap =

195
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Problems
B
Fig. P15.15

Fig. P15.20

15.15 Block A is moving to the right with the constant speed of 0.5 m/s. Deter-
mine the velocity of block B.

15.16 If block B is moving down with the constant speed of 0.4 m/s, find the
velocity of block A.

Fig. P15.16 Fig. P15.17
15.17 At the instant shown, the velocity of block A relative to block B is

240 mm/s directed downward. Determine the velocity of each block at this instant.

15.18 Determine the velocity of block B at the instant when the velocity of
block A is 1 m/s, directed downward.

10.4 m/s

Fig. P15.18 Fig. P15.19

15.19 Determine the velocity of block B at the instant when the velocity of
block A is 0.4 m/s, directed upward.

15.20 Collar A is moving upward at 1 m/s while collar B is moving downward
at 0.4 m/s. Find the velocity of block C.
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15.21 Collar A is moving downward with the constant speed of 0.6 m/s. Deter- ‘ 0.6 m ‘
mine the velocity of block B when y4 =1m. g4 —

15.22 Block A is moving upward at 3.6 m/s. What is the velocity of block B
when yp =2m? Ya

A

1

Fig. P15.21

Fig. P15.22

15.23 Disk A is rotating clockwise with the angular velocity § = 2 rad/s. Deter-
mine the velocity of block B when 6 = 60°.

Fig. P15.23

15.24 When block C is in the position x¢c =0.8 m, its speed is 1 m/s to the
right. Find the velocity of block A at this instant. Note that the rope runs around
the pulley B and a peg attached to block C.

Fig. P15.24
L. . . ~——120 mm X
15.25 The collars A and B are joined by the 8-in. bar. Given that v4 = 0.3 m/s M
and a4, = —0.6 m/s?> when x = 90 mm, find the velocity and acceleration of B at

this instant. Fig. P15.25
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15.26 At a certain instant, the velocity of block A is 0.2 m/s and the velocity
of block B relative to block C is 0.6 m/s, both directed downward. Determine the
velocities of B and C at this instant.

Fig. P15.26 Fig. P15.27

15.27 Block C is moving up at the constant speed of 0.3 m/s. Given that the
elevations of blocks A and B are always equal, determine the velocity of B.

45.4  Kinetics: Force-Mass-Acceleration Method

Newton’s second law, ¥ F = ma, can also be used to study the motion of a particle
system. The most direct approach is to use the FBD and the MAD of each particle
in the system to obtain the equations of motion of the individual particles. Thus
a system of n particles would yield the following n vector equations of motion:
(XF); =ma;,i = 1,2,...,n.If the particles of the system are subject to internal
kinematic constraints (due to massless connections, such as ropes joining the par-
ticles) then the forces that impose the constraints (e.g., the tensions in the ropes)
appear as unknowns in these equations of motion.

In some problems it is sufficient to consider the motion of the center of mass”
of the system, rather than the motions of individual particles. The equation of
motion of the mass center is obtained by adding the equations of motion of
all particles in the system. Because the constraint forces between the particles
occur in equal and opposite pairs (Newton’s third law), they are eliminated by the
summation process.

a. Motion of the mass center

Before deriving the equation of motion of the mass center, it is necessary to review
the concept of mass center and to discuss forces that are external and internal to
the system.

“Engineers often use center of gravity and center of mass interchangeably since these two points
coincide in most applications.



15.4 Kinetics: Force-Mass-Acceleration Method

f System of
_——~__ nparticles
- RN
V2 ~
/ ® AN
/ \
,/ @ \
\
\ m; (©) |
A |
N o )
N | G 7/
Y 'K I 4
¥ | (] //
1Z; S~
| | )
9 e, Iz ’ Y
I /%, | 7/
_________ v 1 | 4
i S
I e
| 7/
__________________ _a/
y
X
Fig. 15.5

1. Mass Center Figure 15.5 shows a system of n particles. The mass of the
ith particle is denoted by m;, and its position vector is r; = x;i + y;j + z;k. The
mass center G of the system is defined to be the point whose position vector is

r=— m;r; (15.12a)

where m = )""_, m; is the total mass of the system. The rectangular components
of r are”

X = %Zmixi y= %Zmi}’i z= %;mﬂi (15.12b)

i=1 i=1

If the xyz coordinate system is an inertial reference frame, the velocity v and
acceleration a of the mass center are obtained by differentiating Eq. (15.12a) with
respect to time:

_oodr 1 _odv At 1
V=E=; m;Vvj a=Z=P=;Zmiai (1513)

i=1 i=1

where v; and a; are the velocity and acceleration of the ith particle, respectively.

2. External and Internal Forces Figure 15.6(a) shows the free-body dia-
gram of a closed system of n particles labeled 1, 2, ..., n.” The vector F;,
i=1,2,...,n, represents the resultant external force that acts on the ith parti-
cle. The external forces are caused by interaction of the particles with the external

“These equations are similar to the definition of the mass center of a rigid body in Ch. 8. The only
difference is that the integrals in Ch. § are replaced by summations for a system of particles.

TA system is “closed” if no particles enter or leave the system. The reason for this restriction will
become apparent later. As the particles move, the boundary of the system can be imagined to be a
flexible “pouch” that always encloses the same particles.
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y 0) y

()

(b) (©

Fig. 15.6

world (i.e., their sources are external to the system). Examples of external forces
that may act on a particle are its weight, its interactions with other particles that
are not included in the system, and support reactions.

In addition to external forces, particles of the system may also be subjected
to forces that are internal to the system. For example, two particles could be con-
nected together by a spring, collide with each other, or carry electrical charges
that cause them to repel or attract each other. It is not necessary to show internal
forces on the FBD of the system in Fig. 15.6(a), because interactions between
particles always occur as pairs of forces that are equal in magnitude, opposite in
direction, and have collinear lines of action (Newton’s third law). Therefore, the
internal forces cancel.

Figure 15.6(b) shows the pair of internal forces that act between the ith and
Jjth particles. The force f;; represents the internal force acting on the ith parti-
cle that is caused by the jth particle. Similarly, f;; is the internal force acting on
the jth particle caused by the ith particle. [Each particle can have an interaction
with every other particle in the system, but only one such interaction is shown in
Fig.15.6 (b).] According to Newton’s third law,

fi; = —t;; @ #J) (15.14)
and the two forces are collinear.”

The free-body diagram of a typical (ith) particle of the system is shown in
Fig. 15.6(c). As mentioned before, F; represents the resultant external force acting
on the particle (including its weight). The vector

> f
j=1

J#i

“Note that i = j is excluded in the Eq. (15.14) because f;;, the force exerted on the ith particle by the
ith particle, would be meaningless.
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is the resultant internal force acting on the particle (sum of the forces applied to
the ith particle by all the other particles in the system).

3. Equation of Motion of the Mass Center  From the free-body diagram in
Fig. 15.6(c), we obtain the following equation of motion for the ith particle:

F; + Zfij = m;a; i=12,...,n) (15.15)
%
Because there are n particles in the system, Eq. (15.15) represents n vector
equations (one equation for each particle). Summing all n equations, we get

ZFi +ZZfU = Zmiai (15.16)
i=1 i=1 j=1 i=1
J#i
This equation can be simplified by considering the following:

1. Y F; = Y Fis the resultant external force acting on the system (including
the weights of the particles).

2. As pointed out by Eq. (15.14), the internal forces occur in equal and opposite
pairs. Therefore, their sum vanishes; that is,

Z Z fij =0 (1517)

i=1 =1
J#

3. Using Eq. (15.13), the right side of Eq. (15.16) can be replaced by
Zmiai =ma (15.18)
i=1

Using the above results, Eq. (15.16) can be written as

Z F = ma (15.19)

Comparing Eq. (15.19) and Newton’s second law £F = ma for a particle, we see
that the mass center of the system moves as if it were a particle of mass equal to
the total mass of the system, acted on by the resultant of the external forces acting
on the system.

b. Solving equations of motion of individual particles

The equation of motion of the mass center has somewhat limited application,
since it tells us nothing about the movement of individual particles or the values of
internal forces. Solving the equations of motion of the individual particles suffers
none of these drawbacks.

As an illustration, consider the system in Fig. 15.7(a) that consists of blocks A
and B of masses m 4 and m p, respectively. The blocks are connected by a cable
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(@ (b)

MAD

(©)

Fig. 15.7

that passes over the pulley C. The problem is to determine the force in the cable
and the acceleration of each block, assuming negligible friction.

The system contains three kinematic constraints. There are two external con-
straints, imposed by the horizontal surface under block A and the pulley C. The
corresponding constraint forces (reactions) are denoted by N4 and R¢ in the FBD
of the system in Fig. 15.7(b). The third constraint is that the length of the cable is
constant. The corresponding constraint force (the cable tension), being internal to
the system, does not appear in this FBD.

In this problem, no useful purpose would be served by investigating the
motion of the mass center of the system. Therefore, we turn our attention to the
analysis of the individual blocks, using the free-body and mass-acceleration dia-
grams in Fig. 15.7(c). Note that the cable force T is constant throughout the cable
if the mass of the cable is negligible and friction at pulley C is ignored. The inter-
nal constraint imposed by the cable requires the accelerations of the two blocks
to be equal; that is, as = ap = a. From the diagrams, we obtain the following
equations of motion:

Block A : Zszma =5 T =mua
Block B : ZFyzma +| mpg—T =mpa
which yield

_ mpg T — mampg
muy+mp my+mp



Sample Problem 15.4

The man shown in Fig. (a) walks from the left end to the right end of the uniform
plank, which is initially at rest on a sheet of ice. Determine the distance moved by
the man when he reaches the right end. The weights of the man and the plank are
60-kg and 15-kg, respectively, and friction between the plank and the ice may be
neglected.

The free-body diagram of the system containing the walking man and the plank is
shown in Fig. (b). The only forces that appear on this FBD are the weights of the
man and the plank and the normal reaction N. The normal and the friction forces
that act between the man and the plank do not appear on the FBD, because they
are internal to the system.

From the FBD in Fig. (b), we see that there are no forces acting on the system
in the x-direction. Therefore, according to ) F = ma, the mass center G of the
system remains stationary, as indicated in Figs. (c) and (d).

y

li
!‘7 O I x

FXH
G )

We next compute X, the x-coordinate of G, when the man is at the left end of
the plank. Referring to Fig. (c), we have

mx = Zmixi
i=1
(60 4+ 15)x = 60(0) + 15(2)

which gives x = 0.4 m. Repeating the procedure when the man is at the right end
of the plank, as shown in Fig. (d), we get

(60 + 15)% = 60d + 15(d — 2)

4 m

(a)

l 60(9.8)=588 N

1 15(9.8)=147N

N1 Pz m4.|

(b) FBD
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which yields d = x 4 0.4. Upon substituting x = 0.4 m (recall that x does not
change as the man walks along the plank), we obtain

d=0.8m Answer

Observe that every step taken by the man results in his moving to the right and
the plank moving to the left. The magnitudes of these movements are in the proper
ratio to ensure that the mass center of the system does not move horizontally.

We can also solve the problem by noting that the distance between the man and
the mass center G must be the same in Figs. (c) and (d), because of the symmetry

il
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(a)

of the two configurations. In other words, x = d — X, or d = 2x.

Sample Problem 15.5

Figure (a) shows a 45-kg woman who is standing on a scale as she rides in an
elevator that weighs 8000 N. Determine the scale reading and the corresponding
acceleration of the elevator if the tension in the cable is (1) T = 4400 N; and
(2) T = 3600 N. Neglect the weights of the scale and the support pulley.

Preliminary Calculations

Figure (b) shows the free-body diagram (FBD) of the system consisting of the
woman and the elevator. The only external forces are the weights and cable ten-
sions. The force acting between the woman and the scale does not appear because
it is an internal force. The mass-acceleration diagram (MAD) for the system
is also shown in Fig. (b). Because the woman and the elevator have the same
acceleration a (assumed to be upward) the inertia vector equals the total mass of
the system multiplied by a. Newton’s second law yields

8000
TFy, =ma, -+ 2T —45(9.8)—8000= (45 + —>a

TTTT

o (354 55)e

45kg=441 N '

I
1|

8000 N
FBD MAD

(b)



Therefore, the acceleration is

QT — 844198
G kst gy
8441 $ @

where T is measured in pounds and g = 9.8 m/s.

To determine the force that acts between the woman and the scale, we must
isolate the woman from the scale. The FBD of the woman is shown in Fig. (c),
where N is the force exerted on her by the scale. This force is, of course, equal and
opposite to the force exerted by the woman on the scale. The MAD of the woman
is also shown in Fig. (c), where a is again directed upward, which is consistent
with our previous assumption. From Newton’s second law, we obtain

TFy=ma, +] Nj—4509.8)=45a
from which the relation between N and a (m/s?) is
Ny = 45a + 441N (b)
Substituting Eq. (a) into Eq. (b) and simplifying, we find the relationship between

N and T to be
N4 = 0.104489T (0

Part 1
If T = 4400 N, the scale reading from Eq. (c) is

N4 = 0.104489T = 0.104489(4400) = 459.75 N Answer

and the corresponding acceleration from Eq. (a) is

a

(T —8441)9.8 [2 x 4400 — 8441

9.8 = 0.42 m/s? Answer
8441 8441

Because a is positive, it is in the assumed direction—that is, upward.
Part 2
Using T = 3600 N in Egs. (a) and (c), we get

Na =0.104489 T = 0.104489(3600) = 376.16 N Answer

and

_ [2T —8441:|9 g — |:2 x 3600 — 8441

9.8 = —1.44m/s*> Answer
8441 8441

Because a is negative, it is directed downward.

Observe that the woman exerts a force that is greater than her weight when
the acceleration is upward, and less than her weight when the acceleration is
downward.

45(9.8)=441 N

—
=

FBD

(©

45a

MAD
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T=90N

aTAj _

FBD

(©)

90 N

60 N
FBD

(d)
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MAD

‘ﬂaN
8

t%aN

MAD

Sample Problem 15.6

The 90-N force in Fig. (a) is applied to the cable that is attached to the 60-N block
A.In Fig. (b), this force is replaced by a 90-N block B. Neglecting the mass of the
pulley, determine the acceleration of A and the tension in the cable for both cases.

B | 90N

A | 60N

(@) (b)

System in Fig. (a)

Figure (c) shows the free-body diagram (FBD) of block A. Since the mass of the
pulley is to be neglected, the tension is the same throughout the cable, which gives

T =90N Answer

Figure (c) also shows the mass-acceleration diagram (MAD) for block A,
where its acceleration a is assumed to be upward. Newton’s second law gives

60
LFy=ma <] 90—-60=—a
g

from which the acceleration is

a=2=49m/? Answer

SR jleS)

System in Fig. (b)

The FBDs and MADs of the blocks are shown in Fig. (d). Due to the inextensible
cable, the acceleration of A is equal in magnitude to the acceleration of B, but in
the opposite direction. We assumed the acceleration of A to be upward. Therefore
the equation of motion of block A is

60
SFy=ma + T—60=<—)a
8

For block B, we have

90
XF, =ma +T T—-90= <—>a
' 8



Solving these two equations simultaneously, we obtain
T=72N and a= § = 1.96 m/s> Answer

Note that applying a 90-N force to the end of the cable is not equivalent to
attaching a 90-N weight.

Sample Problem 18.7

Figure (a) shows a system consisting of three blocks connected by an inextensible
cable that runs around four pulleys. The masses of blocks A, B, and C are 60 kg,
80kg, and 20 kg, respectively. Using the coordinates shown and neglecting the
masses of the pulleys, find the acceleration of each block and the tension 7 in
the cable.

We will use the force-mass-acceleration method to derive the equation of motion
for each block.

Kinematic Analysis

Letting L be the length of the cable that runs around the pulleys in Fig. (a), we have
L=2ys+4+2yp+yc+C

where C| is a constant that accounts for the length of cable wrapped around the
pulleys and the short cables supporting the upper two pulleys. Because the length
L is constant, differentiation with respect to time yields

dL
—_— =2VA+2VB+VC =0
dt
where the v’s are the velocities of the blocks. Performing another differentia-
tion with respect to time gives the relationship between the accelerations of the
blocks:
2a4 +2ag +ac =0 (a)
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T

L]

C = c
A A B

200.8)N  20ac
FBD  MAD

)
]
ﬂ

[~

60(9.8) N 60a, 80(9.8) N 80ag
FBD MAD FBD MAD

(b)

Figure (b) shows the free-body diagrams of blocks A and B (together with the
massless pulleys to which they are attached), and block C. Note that the tension
T is constant throughout the cable. Also shown are the corresponding mass-
acceleration diagrams. Applying Newton’s law X F, = ma to each block, the
equations of motion are

+| 60(9.8) — 2T = 60a,
+|  80(9.8) — 2T = 80ap (b)

+ 20(9.8) — T = 20ac

Solving Egs. (a) and (b), the cable tension and the acceleration of each block are
found to be

T =294 N

a, =0 Answer
ap = 2.45 m/s?
ac = —4.9 m/s*

The signs indicate that the acceleration of B is directed downward, whereas the
acceleration of C is upward.



Problems

15.28 The three particles of a system move in the xy-plane. At a certain instant,
the positions and accelerations of the particles are as shown in the figure. For this
instant, determine (a) the coordinates of the mass center of the system; and (b) the
acceleration of the mass center of the system.

y (m) y (m)

|
| |
12 m/s? | |
| 6N | |
! ! 05 - =+—@05kg | |
l l l l l l
| | | | | |
| | | | | |
0 1 1 1 x (m) 0 1 1 1 x (m)
0 2 4 6 0 0.5 1.0 1.5
Fig. P15.28 Fig. P15.29

15.29 The three particles of a system move in the xy-plane. At the instant
shown, the particles are acted on by the forces shown. For this instant, determine
(a) the coordinates of the mass center of the system; and (b) the acceleration of
the mass center of the system.

15.30 Two 90-kg men are seated in the 400-kg boat A. Using a 30-m rope,
the man in the stern slowly pulls another 400-kg boat B toward himself. Find
the distance moved by boat A when the two boats are about to touch. Neglect
resistance from the water.

Fig. P15.30

15.31 A 0.08-kg bullet is fired from a rifle that is clamped to a trolley. The
combined weight of the rifle and trolley is 20 kg. After firing, the velocity of the
trolley is known to be v4 = 4.8 m/s to the left. Calculate (a) v, the velocity of the
bullet after firing; and (b) the muzzle velocity (the velocity of the bullet relative
to the barrel of the rifle).

15.32 A 42-kg woman A jumps off a 15-kg stationary cart B. Immediately after
takeoff, the velocity of the woman relative to the cart is as shown in the figure.
Determine the velocity vectors of the woman and the cart.

15.33 At the instant shown, the velocity of the 3-kg projectile A is 12j m/s
when it breaks into two parts B and C weighing 2-kg and 1-kg, respectively. Part B

15.28-15.57  Proble
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0.08 kg

VB

-4

[\

S

~
]

B

Fig. P15.31

Fig. P15.32

vy = 6m/s
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subsequently hits the ground (the xy-plane) at the point (24 m, 15 m, 0). Determine
the coordinates of the point where part C hits the ground. (Hint: Consider the
motion of the mass center.)

15.34 A 60-kg projectile is launched from point O at ¢+ = 0 with the velocity
shown. During flight, the projectile explodes into two parts, A and B, of masses
20kg and 40 kg, respectively. The parts remain in the xy-plane. If the position of
A at t = 35 s is as shown, find the position of B at this time. (Hint: Consider the
motion of the mass center.)

15.35 Trailer B is hitched to the four-wheel-drive truck A. The coefficient of
static friction between the truck tires and the road is 0.9. Determine (a) the max-
imum possible acceleration; and (b) the corresponding tensile force in the trailer
hitch. Neglect rolling resistance of the trailer.

1200 kg 1800 ke

-
©©

Fig. P15.35

15.36 The packages A and B slide down the inclined plane in contact with each
other. Calculate the acceleration of the packages and the normal force between
them.

15.37 The static coefficient of friction between the 10-kg crate and the 30-kg
cart is 0.2. Find the maximum force P that may be applied to the crate without

causing it to slip on the cart.

10-kg
P

=
T 5

Fig. P15.37

15.38 Determine the tension in the cable connecting blocks A and B after the
constant 60 N force is applied.

A 3kg

o

60 N
B 3kg —

by = 04

Fig. P15.38
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15.39 The system consisting of blocks A and B, and the massless pulley C, is 235 kN
pulled upward by the constant 2.35-kN force. Determine the force in the cable
joining A and B. c
15.40 If the mass of block A is twice the mass of block B, find the accelera-
tion of A in terms of the gravitational acceleration g. Neglect the masses of the
pulleys. 60 kg
A
O 120kg (O
@ B o
Fig. P15.39

Fig. P15.40 Fig. P15.41

15.41 The acceleration of the sliding collar C is g/4, directed upward.
Determine the accelerations of blocks A and B. Neglect the masses of the
pulleys.

15.42 The 4-kg box A is resting on the left end of the 3-kg uniform plank B
when the 50 N constant force is applied to A. Determine the distance x4 traveled
by the box when it arrives at the right end of the plank. Use the kinetic coefficients
of friction shown in the figure.

— [ 04m

=04 —|A 50N H=0.1 .
SSSS5S5 S 555

2m !
X4 |

: n

Fig. P15.42

15.43 The blocks A and B slide on the inclined plane with negligible fric-
tion. The blocks are connected by a rope that runs around the pulley C of

negligible mass. Determine the acceleration of block A and the tension in the .
rope. Fig. P15.43
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3kg

B
Fig. P15.44
0.5 kg
P
|
Z]
B 0.1 kg

Fig. P15.45

15.44 Determine the magnitude of the force P that would cause block A to
accelerate to the right at 4 m/s*. Neglect friction and the mass of the pulley.

15.45 The block A is pulled along the horizontal surface by the constant force P.
If the string connecting the bob B to the block maintains the constant angle
6 =35° to the vertical, determine the magnitude of P.

15.46 A rope connects blocks A and B as they slide down the cylindrical sur-
face. In the position shown, the velocity of the each block is 1.2 m/s. Neglecting
friction, calculate the tension in the rope for this position.

Fig. P15.46

15.47 Blocks A and B are connected by a rope as they slide down the inclined
surface. The kinetic coefficient of friction between each block and the surface is
shown in the figure. Determine the force in the rope.

Horizontal plane

B
0.3 $ 2he
Hp = 0. ) qué\
| | /1 |
L
8 kg
w=0.15
Fig. P15.47 Fig. P15.48

15.48 The mass B is attached to the arm that rotates in the horizontal plane
about a pin in collar A. A motor in A keeps the angular speed of the arm constant
at 6 = 2.4rad/s. Determine the velocity and acceleration of A as functions of the
angle 6. Assume that v4 = 0 when 8 = 0. Friction and the mass of the rotating
arm can be neglected.
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15.49 Determine the forces in cables 1 and 2 of the pulley system shown.
Neglect friction and masses of the pulleys.

“15.50 The truck A is about to tow the trailer B from a standing start. The truck
has four-wheel drive, and the static coefficient of friction between its tires and the
road is 0.8. Rolling resistance of the trailer is negligible. Determine the maximum
possible initial acceleration of the truck if x = 10 m.

Fig. P15.50

“15.51 Two identical blocks A and B are released from rest in the position
shown. Calculate ag and ay,p in terms of the gravitational acceleration g. Neglect
friction.

15.52 The stiffness of the spring that is attached to the two 2.5 kg blocks is
350 N/m. The system is initially at rest on the frictionless surface when the con-
stant 1.2-1b force is applied at ¢+ = 0. (a) Derive the differential equation of motion
for each block, and state the initial conditions. (b) Determine the speed of each
block and the force P in the spring when # = 0.1 s. (Note: The analytical solution
is v = 175.4 mm/s, v, =44.6 mm/s, P = 3.01 N.)

15.53 The figure shows the top view of the two particles A and B that slide
on a frictionless horizontal table. The particles carry identical electric charges,
which give rise to the repulsive force F = c/d?, where ¢ = 0.005 N - m? and
d is the distance between the particles in meters. At time ¢ = 0, it is known that
d = 0.5m, Ais atrest, and B is traveling toward A at the speed of 2 m/s. (a) Derive
the differential equations of motion, and state the initial conditions. (b) Calculate
the minimum value of d and the speed of each particle at that instant. (Note: The
analytical solution is dppj, = 0.227 m, v4 = vg = 800 mm/s.)

15.54 The 0.025-kg bullet B traveling at 600 m/s hits and becomes embedded
in the 15-kg block A, which was initially at rest on the frictionless surface. The
force between A and B during the embedding phase is F' = 50vp,4, where F is
in newtons and the relative velocity is in meters per second. (a) Determine the
differential equations of motion for A and B during the embedding phase, and
state the initial conditions. (b) Compute the velocity of B and the distance moved
by A during 1.0 ms following the initial contact. (Note: The analytical solution is
vp = 81.8 m/s and x4 = 0.567 mm.)

15.55 The two railroad cars are coasting with the velocities shown when they
collide. The bumpers of the cars are ideal springs, the combined stiffness of two

15.28-15.57 Problems 213

Fig. P15.49

250

tx

Fig. P15.51

hxl

Q@ AN O

Fig. P15.52

0.015 kg

@<_FF_._X
| |

0.010 kg

d \

N Horizontal plane

Fig. P15.53

=025

Fig. P15.54
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bumpers being 300 000 N/m. (a) Derive the differential equation of motion for
each of the two railroad cars. (b) Assuming that the contact begins at ¢ = 0, solve
the equations of motion for the duration of the impact, which is approximately
0.4s. (c¢) From the solution found in (b), determine the maximum value of the
contact force and the time of contact.

1.5 m/s

2.5 m/s
_ Al 2kg

=03 <3400 kg
B 4kg

G
Fig. P15.55
Fig. P15.56 6« ‘15.56 The two blocks are released from rest at ¢+ = 0 with the spring stretched

by 20 mm. (a) Derive the differential equations of motion for each block assuming
that A slips relative to B. (b) Solve the equations of motion for the time interval
t = 0tor = 0.2 s and plot the velocity of each block versus time.

6« ‘15. 57 The rough, horizontal disk of radius 2.5 m rotates at the constant angular
~speed w = 45 rev/min. The particle A is placed on the disk with no initial velocity
att =0, R = 1.0 m, and 8 = 0. (a) Show that the differential equations of motion

for the disk are

1ig R G _2Ré _ 18 (0 — )
% R %

R = RO* -

where

V= [Rz + R? (9 — w)2]1/2

and state the initial conditions. (b) Solve the equations numerically for the period
Fig. P15.57 of time that the particle stays on the disk. Use the numerical solution to find the
speed of the particle when it is about to slide off the disk.

=03

15.5 Work-Energy Principles

This article extends the work-energy methods for a single particle, presented in
Arts. 14.2-14.4, to a system of particles.

a. Work done on a system of particles

Figure 15.8 shows a typical (ith) particle belonging to a closed system of n parti-
cles. Using the notation introduced in Art. 15.4, the resultant external and internal
forces acting on the ith particle are denoted by F; and Z?=1 fii(j # i), respec-
tively. If the particle moves along the path .; from position 1 to position 2, the
work done on the particle is, according to Eq. (14.2),

U1-2)i = /
£

i

Fi + Zf,‘j 'dl‘i (15.20)
j=1

i
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<A
0
¥

Fig. 15.8

where r; is the position vector of the particle. The total work done on the system
of n particles (i.e., the sum of the work done on each of the particles) can be
expressed as

(15.21)

Ui, = Z(Ul—z)i = Z/g F;.dr; + ZZ/:? fij - dr;
i=1 i=1 /% ;

i=1 j=I
i

The first term on the right side of this equation equals (Uj—_3).x, the work done
by all of the external forces acting on the system. The second term represents
(U1-2)int» the total work done by the internal forces. Therefore, the total work
done on the system of particles becomes

U2 = (U1-2)ext + (U1-2)int (15.22)
The work of the external forces, (Uj_3)ex; can be computed by the methods
explained in Art. 14.2.

b. Work of internal forces

The calculation of the work done by internal forces, (U )in, can often be sim-
plified as a result of the special nature of internal forces. As we have already seen
in Eq. (15.14), internal forces occur in equal and opposite collinear pairs; in other
words, f;; = —f;;. The total work done by a pair of internal forces will be zero if
dr; = drj, because then the work done by f;; will cancel the work done by f;;.
In this case, the internal forces are said to be workless.

To illustrate the difference between workless internal forces and internal
forces that do work, consider the systems shown in Figs. 15.9(a) and (b), which
consist of two blocks A and B that slide along a frictionless horizontal plane.
Figure 15.9(a) shows the FBD of the system when the blocks are connected by an
inextensible string; Fig. 15.9(b) shows the FBD of the system when the connec-
tion is an ideal spring of stiffness k. These two FBDs are identical because both
systems are subject to the same external forces: Wy, Wg, N4, and Np. Note that in

Work-Energy Principles
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Wy Wg
A B
Ny Np

Wy jWB
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(©

Fig. 15.9



216

CHAPTER 15

Dynamics of Particle Systems

each case U,y = 0, because the external forces are perpendicular to the direction
of motion.

To compute the work done by internal forces, it is necessary to analyze the
forces acting on each block separately, as shown in the FBD of Fig. 15.9(c). The
force T represents either the tension in the string for the system in Fig. 15.9(a) or
the tension in the spring for the system in Fig. 15.9(b). During a differential move-
ment of the system, the work done by T on blocks A and Bis T dx4 and —T dxp,
respectively. Therefore, the total work done by T on the system is T (dxs — dxp).
If the connection between the blocks is an inextensible string, then dx, = dxp,
and the total work done by the string on the system is zero. However, if the con-
nection is a linear spring, dx, will generally not be equal to dxg, because the
spring can deform. We conclude that the spring force is capable of doing work on
the system even though it is an internal force.

In summary, rigid internal connections, such as inextensible strings and
pinned joints, perform equal and opposite work on the bodies they connect, which
results in zero net work being performed on the system. On the other hand,
deformable internal connections (which include springs) and friction surfaces that
slide, are capable of doing work on a system.

C. Principle of work and kinetic energy

Applying the work-energy principle, Eq. (14.15), to the arbitrary ith particle of
the system, we have

(Ui-2)i = (AT), (15.23)

where (U;_;); is the work done on the particle and (AT); is the change in its
kinetic energy. If the system contains n particles, there will be n scalar equations
similar to Eq. (15.23). Adding all of these equations and using Eq. (15.22), we
find that

(U1—2)ext + (U1—2)in = AT (15.24)

where T, the kinetic energy of the system, is defined to be the sum of the kinetic
energies of all of the particles; that is,

T = Z T, = Z %m,-v,.2 (15.25)
i=1 i=1

d. Conservation of mechanical energy

If all the forces, internal as well as external, are conservative (see Art. 14.4), the
mechanical energy of the system is conserved; that is,

Vi+Th=W+T1T, (15.26)

where V| and V, are the initial and final potential energies of the system (the
sum of the potential energies of all the forces, both external and internal, that
are capable of doing work on the system), and 7} and T, are the initial and final
kinetic energies of the system (the sum of the kinetic energies of all particles).
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45.6 ~ Principle of Impulse and Momentum

In this article we extend the impulse-momentum principles for a particle, dis-
cussed in Art. 14.6, to systems of particles.

a. Linear momentum

System of n

Consider the system of n particles in Fig. 15.10. As shown in the figure, the linear particles

momentum of a typical (ith) particle is p; = m;v;, where m; is the mass of the
particle and v; is its velocity. The linear momentum (or simply the momentum) p Pi=m; Vi
of the system is defined as the vector sum of the linear momenta of all the particles

in the system; that is,
p=) pi=) mv (15.27)
i=1 i=1

Substituting from Eq. (15.13) >"/_, m;v; = mV, where m is the total mass of the
system and V represents the velocity of G, the mass center of the system, we get

Fig. 15.10

p = mv (15.28)

Thus the momentum of a system of particles of total mass m is equal to the
momentum of a single particle of mass m that moves with the velocity v of the
mass center of the system.

b. Force-momentum relationship

Equation (15.19) stated that the motion of a closed system of particles is governed
by £F = ma, where XF is the resultant external force acting on the system, m is
the total mass of the system, and a is the acceleration of the mass center. Because
the mass within a closed system is constant, this equation may be rewritten as
YF=ma= mﬁ = —(mv)
dt dt

Using Eq. (15.28), the above force-momentum relationship for a closed system of
particles becomes

_ 4D

>F =
dt

(15.29)

This equation is identical to Eq. (14.37), the force-momentum equation for a
single particle.
¢. Impulse-momentum principle

Multiplying both sides of Eq. (15.29) by dr and integrating between times
t; and t,, we find that

%) 2}
/ SFdt = / dp=p,—p (15.30)

3l n
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where p; and p, denote the momenta of the system at r = #; and t,, respectively.
Because the left side of Eq. (15.30) is the impulse of the external forces, denoted
by L_,, we can write

Li>,=p,—pi =Ap (15.31)

which is the impulse-momentum principle for a system of particles. Note that this
principle and Eq. (14.39), the impulse-momentum principle for a single parti-
cle, have the same form. Equation (15.31) is, of course, a vector equation that is
equivalent to three scalar equations.

d. Conservation of momentum

From Eq. (15.31), we see that if the impulse of the external forces is zero,
momentum of the system is conserved. In other words, if L;_, = 0, we obtain

pi=p2 or Ap=0 (15.32)

which is the principle of conservation of momentum for a system of particles.
Equation (15.32) is identical to the principle of conservation of momentum for a
particle, Eq. (14.41).

It should be noted that if the momentum of each particle of a system is con-
served, then the momentum of the entire system is also conserved. However, the
converse of this statement is not necessarily true: If the momentum of a system is
conserved, it does not imply that the momentum of each particle is conserved.

Because Eq. (15.32) is a vector relationship, it is possible for a component of
the momentum of a system to be conserved, even though the momentum vector is
not conserved.

45.7 © Principle of Angular Impulse and Momentum

The angular impulse-momentum principle was discussed in Art. 14.7. Here we
extend the principle to a system of particles.

a. Angular momentum

Consider again a closed system of n particles. Let m; be the mass and v; the
absolute velocity of a typical (ith) particle of the system. Recalling that the angu-
lar momentum of a particle is the moment of its linear momentum, the angular
momentum of the ith particle about an arbitrary point A is (hs); = r; x (m;V;),
where r; is the position vector of the particle relative to A, as shown in Fig. 15.11.
The angular momentum of the system about A is obtained by adding the angular
momenta of all the particles in the system about A:

hy, = Z(hA)i = Zl‘i X (m;v;) (15.33)
i—1 i=1
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b. Moment-angular momentum relationship

Differentiating the expression for h in Eq. (15.33) with respect to time, we obtain

n

d & d(m;v;  dr;
hAza[;rix(mivl} Zr,x (mv +Zd—l;><(mivi) @)

According to the force-momentum relationship in Eq. (14.37), d(m;v;)/dt is the
resultant force acting on the ith particle. Therefore, the first sum on the right side
of Eq. (a) represents the moment about A of all the forces that act on the particles
in the system. Since the internal forces occur in equal, opposite, and collinear
pairs, they contribute nothing to the resultant moment. Hence

Z d(m Vl _ EMA (b)

where XM, is the resultant moment about A of the forces that are external to the
system.

The second sum on the right side of Eq. (a) can be simplified by recalling that
1; is the position vector of the ith particle relative to point A. It follows that dr;/dt
is the velocity of the particle relative to A; that is, dr;/dt = v; — v4. Therefore,

n

d ; n n n
Z d—l; x (m;v;) = Z(Vi —Va) X (m;v;) = Zvi X (m;V;) — vy X Zmivi ©
i=1 i=1 i=1

i=1

We note that v; x (m;v;) = 0 (the cross product of two parallel vectors vanishes).
Moreover, from Eq. (15.13) we obtain Z;’:lmivi = myv, where m is the total
mass of the system and v is the velocity of its mass center. As a result, Eq. (c)
becomes

; % X (miVi) = =V, X (m¥) (d)

Substituting Egs. (b) and (d) into Eq. (a) and solving for ¥XM,, we get the
moment-angular momentum relationship

EM, = hy +v4 x (m¥) (15.34)
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If A is fixed in an inertial reference frame (v, = 0), or if A is the mass center
of the system (v4 = V), Eq. (15.34) simplifies to

M, = hy (A: fixed point or mass center) (15.35)

¢. Angular impulse-momentum principle

Multiplying each side of Eq. (15.35) by dt and integrating from #; and #,, we
obtain

%) [0}
/ IM, dt =/ dhy = (hy), — (hy),

5l 5l

where (h4); and (hy4), are the angular momenta about A at times #; and #,, respec-
tively. Recognizing that the left side of this equation is by definition the angular
impulse of the external forces about A, the equation may be written as

(Ag)1—2 = (hy)z — (hy); (A: fixed point

or mass center) (15.36)

Equation (15.36) is called the angular impulse-momentum principle. Note that
this principle is valid only if A is a fixed point or the mass center of a closed
system of particles.

d. Conservation of angular momentum

If the angular impulse of the external forces about A is zero, it follows from
Eq. (15.36) that the angular momentum of the system of particles is conserved
about A. In other words,

If (Ag)i—» =0, then (hy); = (hy), (A: fixed point

or mass center) (15.37)

which is known as the principle of conservation of angular momentum. Observe
that angular momentum about a fixed point, or about the mass center, is conserved
during a given time interval if and only if the angular impulse about that point is
zero throughout that time interval. Since Eq. (15.37) is a vector equation, it is pos-
sible for the angular momentum about an axis passing through A to be conserved,
even though the total angular momentum about point A may not be conserved.



Sample Problem 15.8

The blocks A and B are connected by a cable that runs around two pulleys of
negligible mass, as shown in Fig. (a). The kinetic coefficient of friction between
the inclined plane and block A is 0.4. If the initial velocity of A is 3 m/s down
the plane, determine the displacement As, of block A (measured from its initial
position) when the system comes to rest.

We will use the work-energy method to analyze this problem, because it is ideally
suited for determining a displacement that occurs during a given change of speed.
Considering the free-body diagram of the entire system in Fig. (b), we observe
that the only forces that do work are the weights W4 and Wp of the blocks, and
the friction force F'4 beneath block A. The forces represented by the dashed arrows
are workless.

1. Computation of friction force

The friction force F4 can be determined using the free-body diagram of block A
in Fig. (c):

TF,=0 X Ni—Wascos20°=0
Fy = pNa = jx Wy c0s20° = 0.4(5)(9.8) cos 20° = 18.42N @

2. Kinematics

Referring to Fig. (a), we see that the kinematic constraint imposed by the constant
length of the cable on the positions of the blocks is

sa + 2sp = constant

Therefore, the displacements (As, and Asg) and the velocities of the two
blocks are related by

Asp+2Asp =0 va+2vp =0 (b)

3. Work-energy principle

Let 1 and 2 denote the initial and the final (rest) positions of the system. Applying
the work-energy principle, Eq. (15.24), to the system, we get

Uim2)ext + Ui22)im = Tr — T
. 1w W
[(Wa sin20°) Asy — FxAsy + WpAspl +0=0— 2 [?A(VA)% + ?B(VB){|
©

Substituting the known values and utilizing Eqgs. (b), the work-energy equation
becomes

. —Asy 1049 ., 29.4/-3\
5)(9.8) sin20Asy — 18.42As4 +3(9.8 = | =032+ = (=
(5)(9.8) sin 20As4 sa+3( )( > > 2|:9.8()+9.8(2>

(@)

A
— F
\ A
=\
20° Ny
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The solution for the displacement of block A is

Asp = 1.58m Answer

Note

This problem could also be solved by using two work-energy equations, one for
each block. In that case, work done by the cable tension would appear in each
equation. However, when the two equations are added, the work of the cable
tension would cancel, and we would finish up with Eq. (c).
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Sample Problem 15.9

The two collars A and B shown in Fig. (a) slide along frictionless bars that lie
in the same vertical plane and are 1.2 m apart. The stiffness of the spring is k =
100 N/m, and its free length is Ly = 1.2 m. If the system is released from rest in
the position shown in Fig. (a), where the spring has been stretched to the length
L, = 1.8 m, calculate the maximum speed reached by each of the collars.

When the system is released from rest in the position shown in Fig. (a), which we
will refer to as position 1, the tension in the spring pulls the collars toward each
other. Because the free length of the spring is identical to the distance between
the rails, the spring will be unstretched when A is directly above B. This position,
which we shall denote as position 2, is thus the position where the speeds of the
collars are maximized. After passing through position 2, the tension in the spring
reduces the speeds of the collars, eventually bringing them to a temporary stop.
The motion then reverses itself, with the system returning to position 1, since the
system is conservative.

1. Work-energy principle

We will analyze the system consisting of the two collars and the spring. Figure (b)
shows the free-body diagram of this system for an arbitrary position. The only
external forces that act on this system are the weights of the collars, W4 and Wg,
and the normal forces, N4 and N, that are provided by the rails. The force in the
spring does not appear on the FBD because it is an internal force.

From the FBD in Fig. (b), we see that (U;_3)exx = 0 because each exter-
nal force is perpendicular to the path of the collar. Therefore, the work-energy
principle,” Eq. (15.24), yields

U1-)ext + U1 =T — T
0+ Wi =T1,-0

where we have substituted 77 = 0 for the initial kinetic energy. Using Eq. (14.10)
to compute (U5 )in, the work done by the spring force, and recognizing that the

“The principle of conservation of mechanical energy, Eq. (15.26), could also have been used, because
the system is conservative.



kinetic energy of the system is the sum of the kinetic energy for each collar, this
equation becomes

1 1 1
_Ek (8% — 5%) = EMA (VA)§ + EmB (VB)%

Substituting numerical values—noting that the spring deformations are §; =
Li—Lo=1.8—-1.2=0.6mand §, = 0—we obtain

1 2 1 2, 1 2
—5(100)[0 —0.61= 5(12)(VA)2 + 5(8)(\)3)2
which may be simplified to
6(va); +4(vp); = 18 @

2. Impulse-momentum principle

A second equation relating the final velocities of A and B is obtained by applying
the impulse-momentum principle to the system. From the FBD in Fig. (b), we see
that there are no external forces acting on the system in the x-direction. There-
fore, the momentum of the system is conserved in the x-direction. (The change in
momentum in the vertical direction for the system is also zero, but this is of no
interest here.) Since the momentum in the x-direction in position 1 is zero, it must
also be zero in position 2. Computing the momentum of the system by adding the
momenta of both collars, we have

—+ (Px)2=ma(va)2 +mp(vp)y =0

where both velocities were assumed to be directed to the right. Substituting values
for the masses, this equation becomes

12(va)2 +8(vg)2 =0 (b)

Solving Eqgs. (a) and (b) simultaneously, the maximum speeds of the collars
are found to be

(va)2 =£1.095m/s and (vg), = F1.643 m/s Answer

The duality of signs in these answers indicates that if collar A is moving to the
right as it passes through position 2, collar B is moving to the left, and vice versa.
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Sample Problem 15.10

The 12-kg block A in Fig. (a) is released from rest at the top of the 2-kg wedge B
(position 1). Determine the velocities of A and B when the block has reached the
bottom of the inclined face of B as shown in Fig. (b) (position 2). Neglect friction.

Our solution consists of the following steps applied to the system consisting of
the block A and the wedge B:

Step 1: Apply the principle of conservation of mechanical energy.

Step 2: Apply the principle of conservation of linear momentum in the
x-direction.

Step 3: Relate the velocities of A and B using kinematics.

Step 4: Solve the equations that result from Steps 1 through 3.

The order in which Steps 1 through 3 are performed is immaterial. The assumed
directions for the velocities of A and B in position 2 are shown in Fig. (b). The
free-body diagram of the system in an arbitrary position is shown in Fig. (c).

Step 1: Conservation of Mechanical Energy

Because friction is neglected, the only force that does work on the system between
positions 1 and 2 is the weight of A. This means that the system is conservative.
Choosing the horizontal plane as the datum for V,, as indicated in Fig. (c), the
principle of conservation of mechanical energy,” Eq. (15.26), gives

Vi+Th=W+1h

1 |
magh+0=0+ EmA(vA)§ + EmB(vB)i

Note that 7} = 0 and V, = 0. Substituting numerical values, this equation
becomes

1 , 1 )
1208D)(04) = S12) ()3 + 5D (vs)3

which after simplification can be written as
6(va); + (V)3 = 47.09 @)

Step 2: Conservation of Linear Momentum in the x-Direction

From the free-body diagram in Fig. (c) we see that there are no forces that act
on the system in the x-direction. Therefore the x-component of the momentum
of the system is conserved. (The normal force that acts between A and B has an
x-component, but this force is internal to the system.) Because the x-component

“The work-energy principle, Eq. (15.24), could also have been used.



of the momentum of the system in position 1 is zero, the x-component of the
momentum of the system in position 2 is also zero. Using the velocities shown in
Fig. (b), we obtain

5 (P2 =ma(War)2 —mp(vp)r =0
Substituting the values for m 4 and m g, we find that
12(vax)2 —2(v)2 =0 (b)

Step 3: Relate the Velocities of A and B Using Kinematics

The velocities of A and B must satisfy the relative velocity equation vy =
va/s + vp. The kinematic constraint is that v4,p is directed along the inclined
face of B. Assuming that v, is directed down the inclined face, we have

30°TNG
VaA/B = VA/B

Using the velocities shown in Fig. (b), the relative velocity equation for position 2
becomes

(Va)2 = (VaB)2 + (VB)2

(Vax)2l 4+ (vay)aj = (Vasp)2 cos30°i — (va/p)2 sin30°j — (vp)ai
Equating the vector components gives the following two scalar equations:

(Vax)2 = (vasp)2c0s 30° — (vg)2 (0

(Vay)2 = —(va/p)2 8in 30° (d)

Step 4: Solution of the Equations That Result from
Steps 1 through 3

Inspection reveals that Eqs. (a) through (d) represent four equations that con-
tain the four unknowns: (vax)2, (Vay)2, (Vg)2, and (v4/p)>. Omitting the algebraic
details, the solution yields

(vax)2 = 0.580 m/s (Vay)2 = —2.34 m/s
Answer
(VB)2 = 3.48 m/s (VA/B)2 =4.69 m/s

Because the sign of (v4,); is negative, its direction is opposite to what is shown
in Fig. (b).
The speed of A in position 2 is, therefore,

a)2 = V(ax)? + (vay)? = V(0.580)2 + (2.34)2
=2.41 m/s Answer
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Sample Problem 15.11

The assembly shown in Fig. (a) consists of two small balls, each of mass m, that
slide on a frictionless, rigid frame AOB of negligible mass. The support at O
permits free rotation of the frame about the z-axis. The frame is initially rotating
with the angular velocity w; while strings hold the balls at the radial distance R;.
The strings are then cut simultaneously, permitting the balls to slide toward the
stops at A and B, which are located at the radial distance R,. Determine w,, the
final angular velocity of the assembly, assuming that the balls do not rebound after
striking the stops.

F

(a) Free-body diagram

The free-body diagram (FBD) of the assembly before the strings are cut is shown
in Fig. (a). The only external forces acting on the assembly are the weights mg of
the balls and the vertical support force F at O. (Symmetry precludes other forces
or moments exerted by the support at O.) The forces acting between the balls and
the rod, and the forces in the strings, are all internal forces that do not appear on
the FBD of the system.

From Fig. (a) we see that the moment of the external forces about the z-axis is
zero since these forces are parallel to the axis. After the strings have been cut, this
FBD will change with time because the balls move away from the z-axis. How-
ever, the weights are always parallel to the z-axis, which means that the angular
impulse about the z-axis continues to be zero as the balls move along the rod.
When the balls hit the stops, the resulting impact forces are internal to the FBD of
the assembly. Consequently, there will never be an angular impulse acting on the
assembly about the z-axis, which means that angular momentum about that axis
is always conserved.



The momentum diagrams of the assembly at times #; and #, are shown in
Figs. (b) and (c), respectively, where ¢#; is a time before the strings were cut,
and £, is a time after the balls have come to rest relative to the rod. Only the
linear momentum of each ball is shown, since the mass of the frame is negligible.
The velocities of the balls are related to the angular velocities by v = Rjw; and
V) = Rza)g.

_ —d — mvi=mR; 0,
- | ~<
) P
e N

(b) Momentum diagram at ¢ = t,

Because angular momentum equals the moment of the linear momentum,
conservation of angular momentum about the z-axis yields

(h.)1 = (h.)s
tL 20mRi@)R =2mR0)R,

from which we find

wr = (R1/R>)*w; Answer

Note

Moving mass toward or away from the axis of rotation is an effective means of
controlling angular speed (note the square of the ratio R;/R; in the last answer).
Figure skaters, for example, use the positioning of their arms to vary their rate
of spin.

z
Z
|

(c) Momentum diagram at t = t,
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Fig. P15.58

Fig. P15.61

Dynamics of Particle Systems

15.58 The sliding collar A and the mass B are connected by an inextensible
rope. The spring attached to A has stiffness k = 400 N/m, and its free length is
Ly = 200 mm. In the position shown, the velocity of A is v4 to the right. If A is
to arrive at the stop C with zero velocity, determine v4. Neglect friction.

15.59 In the position shown, block A is moving to the left at 6 m/s, and the
spring is undeformed. Determine the spring stiffness k that would cause the sys-
tem to come to rest after A has moved 1 m. The coefficient of kinetic friction
between A and the horizontal surface is 0.3, and the weights of the pulleys are

negligible.

Fig. P15.59

15.60 Blocks A and B are connected by a cord that has a length of 6.5m and
passes over a small pulley C. If the system is released from rest when x4 = 4 m,
determine the speed of A when B reaches the position shown by dashed lines.

Neglect friction.

Fig. P15.60

15.61 The identical masses A and B are connected by a rigid rod of negligible
mass and length L. Use the principle of conservation of mechanical energy to
show that the differential equation governing the motion is 6 = (g/L) sin6.



15.62  The 40-kg boy jumps from the 60-kg boat onto the dock with the velocity
shown. If the boat was stationary before the boy jumped, with what velocity will
the boat leave the dock?

15.63 Particle A of mass m,4 is released from rest in the position shown and
slides with negligible friction down the quarter-circular track of radius R. The
body B of mass m g containing the track can slide freely on the horizontal surface.
Determine the speeds of A and B when A reaches the bottom of the track.

Cord

/5% 7\
3 kg 2 kg
A  k=100Nm B

Fig. P15.63 Fig. P15.64

15.64 The compressive force in the spring equals 20 N when the system is at
rest in the position shown. If the cord is cut, find the velocities of masses A and B
when the spring force becomes zero. Neglect friction.

15.65 The package A lands on the stationary cart B with the horizontal velocity
vo = 2.5 m/s. The coefficient of kinetic friction between A and B is 0.25, and
the rolling resistance of B may be neglected. (a) Determine the velocity of B after
the sliding of A relative to B has stopped. (b) Find the total distance that A slides
relative to B.

15.66 The blocks A and B are connected by a cable that runs around two pul-
leys of negligible weight. Determine the time required for A to reach a speed of

2 m/s after the system has been released from rest. Neglect friction.

5 kg

Fig. P15.66

15.67 The system is released from rest with the spring stretched 100 mm. Deter-
mine the velocity of the block relative to the cart at the instant the spring has
returned to its unstretched length.
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Fig. P15.62

Fig. P15.65

/k: 12 kN/m

8 kg

O

O

/20 kg

A

\*/

\

Fig. P15.67
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Fig. P15.69

3kg

3kg

Dynamics of Particle Systems

15.68 The system consists of blocks A and B that are connected by an inexten-
sible cable running around two pulleys. If the system is released from rest at time
t = 0, find the velocity of A at¢t = 5s. Neglect the weights of the pulleys.

15.69 The system is released from rest in the position shown. Neglecting fric-
tion, find the mass of B that will cause A to reach the left end of the retaining
tube C with zero velocity. Note that the stiffness of the spring in the retaining
tube is 200 N/m.

15.70 The block A and cart B are stationary when the constant force P = 6 N
is applied. Find the speed of the cart when the block has moved 0.6 m relative to
the cart. Neglect rolling resistance of the cart, and note that the surface between
the block and cart is rough.

0.38

5 2kg Hs 0

P

Fig. P15.70

15.71 The system is released from rest when 8 = 0. Determine the ratio m 4/mp
of the two masses for which the system will come to rest again when 6 = 60°.
Neglect friction.

Fig. P15.71 Fig. P15.72

15.72 The 1.6 m chain AB weighs 4.8 N. If the chain is released from rest in
the position shown, calculate the speed with which end B hits the floor. Neglect
friction.

15.73 The system is released from rest in the position shown. Determine the
distance L for which A would come to rest just before it hits B. (Hint: You must
first compute the speed of the system when B hits the floor. Why?)



15.74 For the two railroad cars described in Prob. 15.55, determine the max-
imum contact force between the bumpers during the collision. Neglect rolling
resistance. (Hint: The maximum force occurs when the cars have the same
velocity.)

15.75 The system is at rest when the simple pendulum is released from the
position shown. When the pendulum reaches the vertical position for the first time,
compute the absolute speed of (a) the pendulum’s bob A; and (b) the carriage B.
Neglect rolling resistance of the carriage.

15.76  The three identical masses are connected by rigid rods of negligible mass.
The assembly is rotating about point O at the counterclockwise angular speed w.
Calculate the angular momentum of the assembly about its mass center G.

15.77 The system consists of three 5-kg particles. At a certain instant, the
positions and velocities of particles are as shown in the figure. For this instant,
calculate the angular momentum of the system about (a) point O; and (b) point A.

Fig. P15.77 Fig. P15.78

15.78 The rigid assembly, consisting of the two masses attached to a massless
rod, rotates about the vertical axis at O. The assembly is initially rotating freely
at the angular speed 6y = 130 rad/s, when the constant couple Cy = 6 N - m that
opposes the motion is applied. Find (a) the time required to stop the assembly;
and (b) the number of revolutions made by the assembly before coming to rest.

15.79 A flyball speed governor consists of the two 0.5-kg weights and a sup-
porting linkage of negligible weight. The position of the weights can be changed
by adjusting the magnitude of the force F acting on the sliding collar. The entire
assembly is initially rotating about the z-axis at 500 rev/min with the supporting
arms inclined at « = 60°. (a) Compute the initial angular momentum of the sys-
tem about the z-axis. (b) Find the angular speed of the assembly when the angle o
is changed to 30°. Neglect friction.

15.80 The two blocks are released from rest simultaneously in the positions
shown. The free length of the spring connecting the blocks is 0.2 m. Determine
which block is the first to hit the stop at C, and find the speed of that block just
before hitting. Neglect friction.

15.58-15.87  Problems
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Fig. P15.76

Fig. P15.79
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15.81 The particles A and B, connected by a rigid rod of negligible mass, slide
on the horizontal plane. When the assembly is in the position shown in Fig. (a), the
velocity of each particle is vy in the direction indicated in the figure. Determine the
velocities of the particles after the assembly has rotated through 90° to the position
shown in Fig. (b). Neglect friction.

Horizontal plane
v A /
m
y
L X
L
AO——— )sB
Vo
3m
B
(a) (b)

Fig. P15.81

15.82 If the system is released from rest in the position yz = 0, determine the
velocity of weight B when yg = 250 mm. Neglect friction and the masses of the
pulleys.

i 250 mm | 250 mm

Fig. P15.82
15.83 The system consists of the electric hoist A, the crate B, and the counter-
weight C, all of which are suspended from the pulley D. The system is stationary

Fig. P15.83
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when the hoist A is turned on, causing it to start rewinding the rope connecting A
and B at the rate of 1 m/s. Determine the resulting velocities of A, B, and C.

“15.84 The assembly consists of three particles A, B, and C (each of mass m)
that are connected to a light, rigid frame. The assembly is initially rotating coun-
terclockwise about its mass center D with the angular velocity wy. If rod DC
suddenly breaks when the assembly is in the position shown in (a), determine the
velocity of masses A and B when they reach the position shown in (b).

- Horizontal plane

(a)

30°

()

Fig. P15.84

15.85 The assembly consisting of two identical masses and a supporting frame
of negligible mass rotates freely about the z-axis. Mass A is attached to the frame,
but mass B is free to slide on the horizontal bar. An ideal spring of stiffness k£ and
free length Ry is connected between A and B. Determine all possible combinations
of R and 6 for which B remains at rest relative to the frame.

15.86 Mass B of the -assembly described in Prob. 15.85 is released from the
position R = Ry when 6 = 6. (a) Find the sp_eed of B relative to the frame when
it passes point O. (b) Determine the range of 6, for which B will not reach O.

15.87 The mass B of the assembly described in Prob. 15.85 is released at t = 0

& "when R = Ry and 6 = 6. (a) Show that the differential equations of motion are
, Lk . 2RR0
R=R|6"— — 0=———>
m Rj + R?

and state the initial conditions. (b) Solve the equations numerically from t = 0

to 0.2, using the following data: m = 0.25 kg, k = 300 N/m, Ry = 0.4 m, and Fig. P15.85-P15.87
6o = 30 rad/s; plot 6 versus R. (c) Use the numerical solution to determine the

range of R and 6.
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Dynamics of Particle Systems

15.8  Plastic Impact

One of the more complicated problems in dynamics is the impact, or collision,
between objects. Because the magnitudes of the contact forces during an impact
are usually unknown, the force-mass-acceleration method of analysis cannot be
used. Furthermore, because mechanical energy is generally lost during the impact
(energy may be converted into sound or heat), the work-energy approach cannot
be applied directly. That leaves the impulse-momentum method as the only usable
technique for the analysis of impact problems.

To explain the nature of impact, it is convenient to begin with the situation
depicted in Fig. 15.12(a), where two blocks A and B are sliding to the right on a
horizontal plane. Before the blocks collide, their velocities are (v4); and (vg)i,
where (v4); > (vg);. During the time that the blocks are in contact, equal and
opposite time-dependent forces act between the blocks. These contact or impact
forces, being caused by the collision, are equal to zero before and after the impact.
One of the goals of impact analysis is to determine the velocities (v4), and (vp)»
of the blocks after the impact, knowing the initial velocities (v4); and (vg);.

The free-body diagram of each block during the impact is shown in
Fig. 15.12(b). In addition to the weights W4 and Wp and the normal forces N4
and N (we neglect friction), the blocks are subjected to the equal and oppo-
site impact forces P. (We will use a caret ~ above a letter to indicate an impact
force.) Drawing the FBDs during the impact and identifying the impact forces are
very important steps in the analysis of impact problems.

Summing forces in the y-direction for either block gives Ny =W, and
Ng = Wjg throughout the motion. Applying the impulse-momentum principle,
(L1-2)x = Ap,, to block A, and using the velocities shown in Fig. 15.12 parts
(a) and (c), we obtain

%) “
e, / Bt =ma(va)s — ma(a); (15.38)

1

where t = 1, to 1, is the duration of the impact. Similarly, for block B we obtain

B

-+ / P dt =mp(vp)2s —mp(vp) (15.39)
I

Note that the integrals in Eqgs. (15.38) and (15.39) represent the impulses of the

impact force P.

Alternatively, we could analyze the system containing both blocks, the FBD
of which is shown in Fig. 15.12(d). Because the external impulse acting on the
system during the impact is zero (the impact force P is internal to the system,
and the impulses of the normal forces cancel the impulses of the weights), the
momentum vector of the system is conserved. The momentum balance in the
x-direction for the system yields (p;), = (p2),; thatis,

+

= ma(a)1 +mp(p)1 =ma(va)s + mp(vp)2 (15.40)

Observe that Eq. (15.40) can also be obtained by adding Eqgs. (15.38) and (15.39).
Assuming that the initial velocities are known, we see that Eq. (15.40) con-
tains two unknown velocities: (v4), and (vg),. To complete the analysis, we need



another equation that takes into account the deformation characteristics of the
impacting bodies” (the collision of steel blocks will obviously differ from the
impact of rubber blocks). For the present, we will consider only the special case
of plastic impact, where the velocities of the two blocks are the same immediately
after the impact.

For plastic impact, we thus have the additional equation

(va)2 = (vp)2 (15.41)

which, combined with Eq. (15.40), will yield the solution for (v4), and (vg);.
Once the final velocities have been determined, either Eq. (15.38) or (15.39)
can be used to calculate the impulse of the impact force P that acts between
the blocks.

In order to illustrate the analysis of plastic impact, consider the graphs of P,
v4, and vp shown in Fig. 15.13. The magnitude of the impact force P is zero
except for the impact interval Ar = t, — t;. The initial velocities, (v4), and (vg)i,
are assumed to be given, and we know that (v4), = (vg),. The graphs of P and
the velocities during the period of contact are shown as dashed lines in Fig. 15.13
to emphasize that these functions are unknown. However, the area under the P-t
diagram can be computed, because it represents the impulse between the blocks.

Observe that the analysis presented here is concerned only with velocities
immediately before and immediately after impact, and the impulse of the impact
forces. It cannot deal with the variations of velocities and impact forces that occur
during the impact.

P
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I _[ I !
| . |
A I
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Fig. 15.13

“Note that this is one of the few situations we have encountered for which the rigid-body model must
be abandoned. There is no analysis that is valid for the impact of two “rigid” objects.

15.8

Plastic Impact
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Also note that the duration of the impact, Ar in Fig. 15.13, does not have to
be known, because it does not enter into the analysis. However, there is a class of
impact problems that requires the assumption that the duration of impact is very
small. These problems are discussed in the next article.

15.9 N /mpulsive Motion

The analysis presented in the preceding article is independent of the dura-
tion of the impact Ar. However, there are many impact problems that can
be solved only if At is so small that the displacement of the bodies during
the impact period can be neglected. Any motion that satisfies this condition is
called impulsive motion. Of course, the results obtained by assuming impulsive
motion are only approximations. The analysis is exact only in the idealized case
where At — 0.

Reconsider the plastic impact of the two blocks depicted in Fig. 15.12 with the
idealization At — 0. Figure 15.13, which shows a finite duration of impact, is
replaced by Fig. 15.14. Note that the impact interval Az in Fig. 15.13 has become
the infinitesimal time period dt in Fig. 15.14.

o

Too

(V)1

(va)y = (vp),

(V)1

Fig. 15.14
From inspection of Fig. 15.14, we conclude the following:

1. The magnitudes of impact forces are infinite. The impulse of the impact
force P is finite, because it is determined by the impulse-momentum equa-
tions, Egs. (15.38) and (15.39). But because P acts over the infinitesimal
time interval dt, the magnitude of P must become infinite for its impulse
to remain finite. A force of infinite magnitude that acts over an infinitesimal



time interval and exerts a finite impulse (area under the force-time curve) is
called an impulsive force.”

2. The impulses of finite forces are negligible. If the magnitude of a force is
finite, its impulse during the impact period is negligible. For example, the
weight W of a particle is an example of a finite, or nonimpulsive, force. During
the time interval A¢, the impulse of W—that is, W Ar—approaches zero as
At — 0.

3. The accelerations of the blocks are infinite during impact. Because the
changes in velocities are assumed to occur within an infinitesimal time period,
the v-¢ diagrams exhibit jump discontinuities at the time of impact, as shown
in Fig. 15.14. Because a = dv/dt, it follows that the “jumps” correspond to
infinite accelerations.

4. The blocks are in the same location before and after the impact. Because
At — 0, the distances moved by the blocks during the impact are infinitesimal
(the velocities are finite).

The four steps in the analysis of the impact problems are listed next. They
apply to impulsive as well as nonimpulsive motion.

Step 1: Draw the FBDs of the impacting particles. Attention must be paid to
identifying the impact forces—use a special symbol, such as a caret, to
label each of the impact forces.

Step 2: Draw the momentum diagrams of the particles at the instant
immediately before the impact. (Recall that the momentum diagram of
a particle is a sketch of the particle showing its momentum vector.)

Step 3: Draw the momentum diagrams for the particles at the instant
immediately after the impact.

Step 4: Using the diagrams drawn in Steps 1 through 3, derive and solve the
appropriate impulse-momentum equations.

*An impulsive force is an example of a Dirac delta function, or a spike. By way of illustration, consider
the rectangle of width Ax and height 1/Ax, shown in (a). The area of this rectangle is 1, independent
of the value of Ax. If the width Ax becomes the infinitesimal dx, the height approaches infinity, but

the area is still 1. The result of this limiting procedure is the delta function shown in (b).
y t
y
Area=1
| 7‘
L N— Area = |
Ax rea
J X
‘« Ax »‘ X
»‘ ‘k dx

(b)

15.9

Impulsive Motion

237



238

4 kg

(a)

k=49 N/m

FBDs during impact

(b)

Sample Problem 15.12

The slider A and the plate B in Fig. (a) slide with negligible friction on the vertical
guide rod. The plate is resting on a spring of stiffness k = 49 N/m when the
slider is released in the position shown. The resulting impact between A and B is
plastic and the duration of the impact is negligible. Determine (1) the velocities
of A and B immediately after the impact; (2) the percentage of mechanical energy
lost during the impact; (3) the impulse of the contact force during the impact; and
(4) the maximum deflection of B after the impact.

There are four positions of the system that are relevant to the analysis:

Position1 The release position.

Position 2 The position immediately before the impact.
Position 3 The position immediately after the impact.
Position 4 The position of maximum deflection of plate B.

Because the duration of the impact is infinitesimal, slider A and plate B are in
essentially the same locations in positions 2 and 3.

Part 1

Motion from 1to 2 The speed of slider A just before the impact can be determined
by applying the principle of work and kinetic energy to slider A between positions
1 and 2:

U,=T-T

1
WalAys = EmA(vA)ﬁ -0
1
4(9.8)(1) = 5(4>(vA)§

which yields (v4), = 4.43 m/s.

Motion from 2to 3 The velocities of A and B just after the impact are found from
the impulse-momentum principle between positions 2 and 3. Because the dura-
tion of impact is negligible, the motion during the impact can be classified as
impulsive. The forces that act on A and B during the impact are shown on the
free-body diagrams in Fig. (b). The forces that have finite magnitudes are weights
W, and Wp, and the spring force F (because F = k&, F is finite as long as the
deformation § of the spring remains finite). The contact force P between A and B
is an impulsive force; that is, its magnitude is (theoretically) infinite.

Because the analysis of impulsive motion neglects the contributions of finite
forces, it is convenient to redraw the free-body diagrams displaying only the
impulsive forces, as in Fig. (c). The momentum diagrams for positions 2 and 3
are shown in Figs. (d) and (e), respectively. Note that after the plastic impact the
two masses have the same velocity; in other words, (v4)3 = (V)3 = v3.

From Fig. (c) we see that the net impulse acting on the system consisting of
A and B is zero because the impulses of P acting on A and B cancel each other.



|mA(vA)2

;
A ' A
| P y &

BC—— BC——— BC—I—

(my + mp)vs
FBDs showing Momentum diagram Momentum diagram
impulsive forces for position for position
only

(© () (e)

Hence the momentum of the system is conserved in the y-direction:

(py)2 = (py)3
+ ma(va)y = (ma +mp)vs
4(4.43) = (4 +2)vs

giving for the velocity immediately after the impact

v3 = 2.95m/s Answer

Part 2

The change in the kinetic energy during the impact is
AT =T:-T,
1 » 1 2
= E(mA +mp)v; — EmA(VA)z
1 2 ] 2
= 5(4 +2)(2.95)° — 5(4)(4.43)
=26.11-39.25=—-13.14N-m

The percentage of energy lost during impact is

AT 13.14
% loss = ——— x 100% =
T 39.25

x 100% = 33.5% Answer

Part 3

The impulse of P is found by applying the impulse-momentum equation to either
A or B. Choosing A, we obtain from Figs. (c)—(e)

(L2-3)y = (py)3 — (Py)2
13 n

+| —/ Pdt =mulvs — (va)al
[5)

— 4(2.95 — 4.43)
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which yields

13 R
/ Pdt =592N-s Answer

o)

Application of the impulse-momentum equation to B would, of course, produce
the same result. Note that we determined only the impulse of P during the impact;
P itself is indeterminate.

@ Undeformed
/ position of spring
A —_— —
o] @
N _
(AyB)max [ A Va= 0
[ 1 B

V.J

()

Part 4

Motion from 3 to 4 As seen in Fig. (f), the maximum displacement of plate B is
(AYB)max = 84—83, where 83 and &4 are the deformations of the spring in positions
3 and 4, respectively. Noting that 83 is the initial deformation of the spring caused
by the weight of B, we have §3 = Wp/k = % = 0.4 m. Referring to Fig. (f),
the work-energy principle between positions 3 and 4 yields

Us s =Ty — Ty
1o o 1 2
(W4 + Wp)(34 — 83) — zk (85 —83)=0— g(mA + mp)v3

1 2 2 1 2
4+2)(8s —0.4) — 5(49) [85 — (0.4)°] = —5(4 +2)(2.95)

The positive root of this equation is §4 = 1.19m. Therefore, the maximum
deflection of plate B is

(AyB)max =84 — 83 =1.19—-0.4=0.79m Answer

Caution A common mistake is to apply the work-energy equation between posi-
tions 1 and 4: U,_4 = T, —T). Because the work-energy principle (or the principle
of conservation of mechanical energy) does not take into account the loss of
kinetic energy during an impact, it can be used only between positions that do
not involve impacts.



Sample Problem 15.13

The 10-kg wedge B shown in Fig. (a) is held at rest by the stop at C when it is
struck by the 50-g bullet A, which is traveling horizontally with the speed (v4); =
900 m/s. The duration of the impact is negligible. Assuming that all impacts are
plastic and neglecting friction, calculate (1) the velocity with which the wedge
starts up the incline; and (2) the impulse of each impulsive force.

10 kg
(v,); = 900 m/s

—

50 gl
A o
c \30

(@)
b y W, A P.v
P\’ P\

1

(b) Free-body diagrams during impact

Preliminary Discussion

The two positions of interest are:

Position1 The position immediately before the impact.
Position 2 The position immediately after the impact.

Because the duration of the impact is negligible, motion is impulsive, with the
bullet and wedge each occupying the same position before and after the impact.
Observe that there are actually two impacts in this problem—the impact between
A and B, and the impact between B and the incline. Assuming plastic impacts
is equivalent to stating that (a) the bullet becomes embedded in the block; and
(b) the wedge stays in contact with the incline.

Figure (b) shows the free-body diagrams of A and B during impact. Also
shown are the xy- and ab-axes that will be used in our analysis. The forces appear-
ing on these FBDs are W, and Wg—the weights of A and B; F—the force at C
that prevents B from sliding down the incline; P, and ﬁy—the components of the
impact force P that acts between A and B (from Newton’s third law, these compo-
nents occur in equal and opposite pairs); and N —the normal impact force exerted
on B by the incline. The impact forces P and N are the only impulsive forces.
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b, l (vg) =0

p. P A
[”ET; - —> gzt s
. o\ < ma(va)y 5
P, B~ 60 /\ N B B_+30
(c) FBDs (d) Momentum (e) Momentum
(impulsive forces only) diagram before impact diagram after impact

The FBDs showing only the impulsive forces are shown in Fig. (c). The momen-
tum diagrams displaying the momenta of A and B immediately before and
immediately after impact are shown in Figs. (d) and (e). In Fig. (e), observe that
the direction of v,, the common velocity of A and B after the impact, is directed
up the incline.

Examination of Figs. (c) through (e) reveals that there are a total of four
unknowns: the impulse of P,, the impulse of P, , the impulse of N, and the final
velocity v,. Equating the impulse vectors to the change in the momentum vec-
tors for A and B individually will yield four scalar equations that can be solved
for the four unknowns. However, a more efficient solution is obtained by initially
considering the system consisting of both A and B.

Part 1

From the FBDs in Fig. (c), we note that N is the only impulsive force that exerts
an external impulse on the system consisting of A and B (P is an internal force).
Because N acts in the b-direction, momentum of the system is conserved in the
a-direction. Referring to Figs. (d) and (e), we have

(pa)l = (pa)Z
1 ma(va)1cos30° = (my + mp)va

0.050(900) cos 30° = (0.050 + 10)v,
from which the common velocity of A and B immediately after the impact is

v, = 3.88 m/s Answer

Part 2

The impulse of N can be found by considering the change in the b-component
of the momentum of the system. The momentum of the system in the b-direction
before impact is due only to the b-component of m 4 (v 4)1; after impact, the system
has no momentum in the b-direction. Therefore, the b-component of the vector
equation L;_, = Ap s

%) n
~ / N di = ()2 — (py):
A

— [=ma(v4)1 sin 30°] = 0.050(900) sin 30°
=225N-5s Answer



The impulses of P, and If’y can be computed by solving the two scalar impulse-
momentum equations for bullet A only. Referring to Figs. (c) through (e), the
x-component of the impulse-momentum equation for A is

(L1-2)x = (px)2 — (pxh

%) n
=N —/ P, dt =muvycos30° —my(va)
3|

= 0.050(3.88) cos 30° — 0.050(900)

from which

%) n
/ P.dt =448 N -s Answer

|

Similarly, the y-component of the impulse-momentum equation for bullet A gives

(L1-2)y = (py)2 — (py)1

n R
+T / Py dt =msv,sin30° -0
n

= 0.050(3.88) sin 30°

=0.0970N-s Answer

We may check our solutions by considering the impulse-momentum equation for
wedge B only. For example, from Figs. (d) and (e) we note that the b-component
of the momentum of B is zero, both before and after impact. Therefore, using
Fig. (c) to obtain the b-component of the impulse acting on B, we obtain

(L1=2)s = (pp)2— (pp)1 =00

o o2 o
N / th—f P, dtsin30°—/ Py dt cos30° =0
3|

3l 3|

The fact that our answers for the impulses satisfy this equation provides a check
on our solution.
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Dynamics of Particle Systems

15.88 The three identical 2-kg blocks slide on the horizontal surface with neg-
ligible friction. Initially A is moving to the right at 3 m/s while B and C are at rest.
Assuming all collisions to be plastic, determine the velocities of the blocks after
(a) the first collision; and (b) the second collision.

15.89 The 6-g bullet A traveling at 420 m/s hits the inclined face of the station-
ary block B. Assuming all impacts are plastic and neglecting friction, what will
the speed of block B be immediately after the bullet hits?

15.90 The two railroad cars A and B are coasting with the speeds shown. After
A collides with B, the cars become coupled together. Determine the final speed of
the cars and the percentage of kinetic energy lost during the coupling procedure.

15.91 The 2-kg block B is initially at rest on the horizontal plane. After the
7.5-g bullet A is fired into the block, the maximum compression in the spring is
observed to be 49 mm. Determine the initial velocity v4 of the bullet, assuming
the bullet becomes embedded in the block.

15.92 The 1-kg package A is released from rest in the position shown and slides
down the frictionless chute onto the 2-kg pallet B. The package and the pallet
come to rest after sliding a distance d across the floor. If the coefficient of kinetic
friction between the pallet and the floor is 0.2, determine the distance d.

600 m/s
—

T A

=025

Fig. P15.92

Fig. P15.93

15.93 The 20-g bullet B hits the 10-kg stationary block A with a horizontal
velocity of 600 m/s. The kinetic coefficient of friction between the block and the
horizontal surface is 0.25. Determine (a) the total distance moved by the block
after the impact; and (b) the percentage of mechanical energy lost during the
impact. Assume that the bullet becomes embedded in the block.

15.94 The 10-kg bag B slides down a chute and lands on the 30-kg stationary
cart A with a velocity of 3 m/s directed as shown. Neglecting rolling resistance of
the cart, determine (a) the speed of the cart after the bag comes to rest on it; and
(b) the percentage of mechanical energy lost during the impact.

15.95 The 1800-kg car B is stationary with its brakes locked when it is rear-
ended by the 2500-kg car A. After the impact, the cars become hooked together
and slide 8 m before coming to rest. The coefficient of kinetic friction between the



15.88-15.107 Problems 24K

road and the tires of B is 0.8. At what speed was A traveling immediately before
the impact? Assume the brakes of A were not applied.

15.96 The 6-kg spiked pendulum is released in position 1. When the pendulum
reaches position 2, the spike “spears” the 2-kg parcel and carries it to position 3
before stopping momentarily. Determine the angle 6 in position 3.

15.97 The identical shopping carts A and B each weigh 20-kg. The 14-kg pack-
age C is free to slide in cart A. If cart A is pushed into the stationary cart B with
the speed v = 5m/s, determine (a) the speed of the carts immediately after the
initial impact; and (b) the final speed of the carts. Neglect friction and assume all Fig. P15.96
impacts are plastic.

@] 0 ] ]

Fig. P15.97

15.98 The cars A and B collide at velocities v4 and v, directed as shown. After
the collision, the cars become hooked together and skid 8 m in the direction shown
before coming to a stop. Knowing that the coefficient of kinetic friction between
the road and the tires is 0.65 for each car, find v4 and vp.

Fig. P15.98



246 CHAPTER 15  Dynamics of Particle Systems

Fig. P15.99

8 kg
5kg
25 600 ms .
TP m— — —
c 2 )
Fig. P15.101

15.99 The 4-kg sandbag B is falling vertically when it is hit by the 0.1 kg arrow
A traveling at 40 m/s in the direction shown. At the time of impact, the speed of
the sandbag is 4 m/s. Determine the velocity of the sandbag just after the impact,
assuming that the arrow becomes embedded in the bag.

15.100 The 30-kg sack A is dropped on a spring scale from the height 2 = 0.
The platform B of the scale weighs 6-kg, and the combined stiffness of the springs
is 2000 N/m. Determine the maximum reading of the scale.

Fig. P15.100

15.101 The 25-g bullet C is fired at the hay bales A and B at a speed of 600 m/s.
The bullet passes through A and becomes embedded in B. Immediately after the
impacts, the velocities of the two hay bales are observed to be equal. Determine
the speed of the bullet between the hay bales. Neglect friction.

15.102 The collars A and B slide with negligible friction along the wire that lies
in the vertical plane. The spring attached to A has a stiffness of k = 40 N/m, and
its undeformed length is 0.3 m. Both collars are at rest when A is released in the
position shown. After the impact, A and B stick together and move the distance d
before stopping momentarily. Determine d.

4-kg

Fig. P15.102



15.103 The 60-kg cradle A is carrying the 12-kg pipe B at the speed of 8 m/s
when it hits the rigid wall. Assuming all the impacts are plastic, determine the
speed of the pipe immediately after the impacts. Neglect friction.

8 m/s

Fig. P15.103 Fig. P15.104

15.104 The speed of the sled just before it reaches the sharp corner at the bottom
of the hill is v. When the sled hits the corner, it receives a vertical impulse from the
ground that changes its speed to u, directed horizontally. In terms of v, the mass m
of the sled and the rider, and the slope angle «, determine (a) «; and (b) the energy
lost due to the impact.

15.105 The 12-kg pendulum is stationary in the position shown when it is hit
by the 20-g bullet traveling horizontally (¢ = 0). After the impact, the pendulum
and the embedded bullet swing through the angle & = 36° Calculate the initial
speed of the bullet.

y

L

ZOgg\
a\‘\\\\

12 kg
Fig. P15.105, P15.106

15.106 The 20-g bullet B is traveling at 980 m/s at an angle o = 20° when it
becomes embedded in the 12-kg bob A of the pendulum. Before the impact, the
pendulum was stationary in the vertical position (8 = 0). Find the velocity vector
of A immediately after the impact, assuming that A is suspended from (a) a rigid
rod; and (b) an elastic (deformable) rope.

"15.107 The pendulum C is suspended from the block B that is free to move
on the horizontal surface. The assembly is at rest when the bullet A hits the block
with the speed of v; = 300 m/s and becomes embedded in the block. Determine
the maximum angular displacement 6 of the pendulum after the impact, and the
velocity of the block at that instant.

15.88-15.107  Problems
(A)—l‘-- Be
20g

2 kg

Fig. P15.107
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15.10  Elastic Impact

Most bodies possess the ability to return either totally or partially to their original
shape when released from a deformed position, a property known as elasticity.
Therefore, there are two stages in the impact of elastic particles. Initially there is
the deformation stage wherein the particle is compressed by the impact force. This
stage is followed by a recovery stage during which the particle returns totally or
partially to its undeformed shape. When two elastic particles collide, the recovery
stage causes the particles to rebound, or move apart, after the impact (the recovery
stage is absent during plastic impact). If the particles are perfectly elastic, they will
return to their original shape with no energy lost during the impact. A more com-
mon occurrence is for the impacting particles to be left partially deformed by the
relatively large impact forces, in which case a fraction of the initial kinetic energy
is lost due to the permanent deformation. Kinetic energy can also be lost in the
generation of heat and sound during the impact. Before characterizing the impact
of two elastic particles, it is necessary to distinguish between direct and oblique
impact.

Figure 15.15 shows the impact between two circular disks A and B that are
sliding on a frictionless horizontal plane. The line that is perpendicular to the con-
tact surface (the x-axis) is called the line of impact. The velocities of the particles
before the impact are denoted by (v4); and (vg);. When both initial velocities
are directed along the line of impact, as shown in Fig. 15.15(a), the impact is

Line of impact A B

(Va)y < (Vg

After impact

(a) Direct impact

(vph

(Vay)2

(VAX)Z < (VB,\‘)Z

After impact

(b) Oblique impact

Fig. 15.15



called direct impact. Otherwise, the impact is referred to as oblique, as depicted in
Fig. 15.15(b). Thus direct impact is equivalent to a head-on collision, and oblique
impact refers to a glancing blow. Note that the linear impulse acting on the sys-
tems is zero for both cases shown in Fig. 15.15, since no external forces act on
either system.

For the direct impact in Fig. 15.15(a), momentum balance in the x-direction
gives

s maa)i +mp(p) =ma(a)a +mp(ve)a (15.42)

where (v4), and (vg), are the velocities after impact.
The coefficient of restitution e is an experimental constant that characterizes
the “elasticity” of the impacting bodies. For direct impact it is defined as

V.
e=—"2 (15.43)
Vapp

where

Vsep = (VB)2 — (va)2 is the velocity of separation (the rate at which the distance
between the particles increases after the impact)

Vapp = (Va)1 — (vp)1 is the velocity of approach (the rate at which the distance
between the particles decreases before the impact)

For an impact to occur in Fig. 15.15(a), we must have v,,, > 0; if the particles are
to separate after the impact (omitting the possibility that A could pass through B),
we have vy, > 0. Thus e will generally be a nonnegative number.

From Eq. (15.43) we see that e = 0 (vsp = 0) corresponds to plastic impact.
If e = 1, the impact is called perfectly elastic, a situation for which no energy
is lost during the impact (see Prob. 15.108). For most impacts, the values of e lie
between 0 and 1. (A negative coefficient of restitution indicates that one body has
passed through the other, such as a bullet passing through a plate.)

Oblique impact is analyzed by assuming that e has the same value as for direct
impact; however, in the defining equation for e, the velocities are replaced by their
components that are directed along the line of impact. Therefore, if the line of
impact coincides with the x-axis as shown in Fig. 15.15(b), we have

Vsep = (VBx)2 — (Vax)2

Vapp = (Vax)1 — (VB (1544)

If friction between A and B is negligible, the impact force acting on either par-
ticle will be directed along the x-axis, with no y-component. For this case, the
y-components of the velocities of both A and B will not change during the impact.

The value of e is usually considered to be constant, depending only on the
material of the colliding particles. But this is only an approximation to real-
ity. Experimental evidence indicates that the coefficient of restitution actually
depends on many factors (the magnitude of the relative velocity of approach, the
condition of the impacting surfaces, etc.).

15.10

Elastic Impact
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(vp); =2.0m/s
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(a)

Sample Problem 15.14

The 1.8-kg block A shown in Fig. (a) is sliding toward the right with the velocity
1.2 m/s when it hits block B, which is moving to the left with the velocity 2.0 m/s.
The impact causes block A to stop. If the coefficient of restitution for the impact
is 0.5, determine (1) the velocity of B after the impact; and (2) the mass of B.
Neglect friction.

Part 1

The velocity of B after impact, (v3),, can be calculated using the defining equation
for the coefficient of restitution. Referring to Fig. (a), we see that the velocity of
approach is vy, = 1.2 + 2.0 = 3.2 m/s. Noting that block A is at rest after
the impact, the velocity of separation is vy, = (vp)2. Therefore, e = Vep / Vapp

becomes
_ (v

0.5
32

from which we find

(vg)y = 1.6 m/s Answer

Part 2

The free-body diagrams of blocks A and B during impact, shown in Fig. (b), con-
tain the following forces: the weights W4 and Wj, the contact forces N4 and Np,

and the impact force P. Since P is internal to the system of both blocks, we
conclude that the net impulse acting on the system in the x-direction is zero.

y
L.
W, Wy mava)y  mp(vp)y mp(vg)
—- f— —-
A P P_|B | |A |B | |A |B |
(g, =0
Na Np

(b) FBDs
during impact

(c) Momentum diagram
before impact

(d) Momentum diagram
after impact

Referring to Figs. (c) and (d), conservation of linear momentum in the
x-direction for the system yields

(p)1 = (px)2

s ma(wa)i —mp(vg)r = mp(vp)2

£
Substitution of the numerical values gives
1.8(1.2) —mp(2.0) = mp(1.6)

from which we find

mp = 0.6 kg Answer



Sample Problem 15.15

Two identical disks A and B, weighing 2-kg each, are sliding across a horizontal
tabletop when they collide with the velocities (v4); = 3 m/s and (vg); = 2m/s,
directed as shown in Fig. (a). If the coefficient of restitution for the impact is
e = (.8, calculate the velocity vectors of the disks immediately after the impact.
Neglect friction.

As shown in the free-body diagrams in Fig. (b), the only forces acting in the
xy-plane during the impact are the impact forces P, which are oppositely directed
on A and B. (The weights of the disks and the normal forces exerted by the tabletop
are perpendicular to the horizontal xy-plane.) In the absence of friction, P will be
directed along the y-axis, which is the line of impact. Assuming that the duration
of the impact is negligible, the motion is impulsive and the disks will be located
at the origin of the coordinate system just before and just after the impact.

Line of
impact

p mp(Vg)o

r

(b) FBDs during impact (c) Momentum diagram (d) Momentum diagram
(forces acting in xy-plane only) before impact after impact

mp(Va2

mA(VAy)Z

The momentum diagrams that display the momentum vectors for A and B
immediately before and after the impact are shown in Figs. (c) and (d). Note that
in Fig. (d) all components of the final velocities have been assumed to act in
positive coordinate directions.

From Figs. (b)—(d), we see that there are five unknowns: f P dt (the impulse
of the impact force), (Vax)2, (Vay)2, (VBx)2, and (vpy),. Furthermore, we see that
there are five independent equations: two components of the vector impulse-
momentum equation, L;_, = Ap, for each of the two disks (a total of four
equations), plus the coefficient of restitution equation, Eq. (15.43). These five
equations could, of course, be used to solve for the five unknowns. However,
because we are not required to find f P dt, a more efficient solution is obtained
by also analyzing the system that contains both disks. Thus our solution consists
of the following four parts.

1. Apply (L1-2) = Ap, to Disk A

From Fig. (b) we see that there is no impulse on A in the x-direction. Therefore,
the x-component of the momentum of A is conserved. Referring to the momentum
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diagrams for disk A in Figs. (c) and (d), we obtain

(p)1 = (px)2
+

> ma(a)1cos 60° = my(vay)2
Canceling m 4 and substituting (v4); = 8 ft/s, this equation yields
(Vax)2 = (v4)1 c0s60° = 3cos60° = 1.5 m/s @)

2. Apply (L1-2)x = Ap, to Disk B

Using the same argument as given above for disk A, we find that

(VBx)2 = (vgx)1 =0 (b)

(Observe that the x-components of the velocities of both A and B are unchanged
by the impact because P is directed along the y-axis.)

3. Apply (L1-2)y = Ap, to the System Containing Both Disks

From Fig. (b) we see that there are no external forces, and thus no external
impulses, that act on the system during impact (P is an internal force). There-
fore, the momentum of the system is conserved. Referring to Figs. (c) and (d),
conservation of the y-component of momentum for the system gives

(Py)1 = (py)2
4 ma(wa)isin60° —mp(vp)1 = ma(vay)s + mp(vey)2

2(3)sin60° — 2(2) = 2(vay)2 + 2(vgy)2
which can be reduced to
(vay)2 + (vBy)2 = 0.598 ©

4. Use the Coefficient of Restitution

Noting that the line of impact is the y-axis, the velocity of approach [see Fig. (a)]
is Vapp = 3sin60° + 2 = 4.598 m/s. Referring to Fig. (d), we deduce that the
velocity of separation is veep = (VBy)2 — (Vay)2. Therefore, e = vgep/vapp, becomes

_ (vgy)a — (Vay)2
0.8 = 4.598

which, after simplification, may be written as
(vBy)2 — (vay)2 = 3.678 (d)
Solving Egs. (c¢) and (d) simultaneously, we obtain

(vay)2 = —1.54m/s and (vgy)r =2.14 m/s (e)



From the values given in Egs. (a), (b), and (e), the velocities of disks A and B after

impact are as follows.
(vp)a =2.14 m/s
B

A 1.5

1.54 | (V)2 = 2.15 m/s

Answer

If needed, the impulse of the impact force, f P dt, could be computed by applying
the equation (L;_2), = Ap, to either disk A or disk B.

Sample Problem  15.16

As shown in Fig. (a), the ball A of mass m = 0.2 kg is dropped on a rigid sur-
face inclined at & = 30° to the horizontal. The coefficient of restitution for the
impact is 0.8, and friction between the ball and the surface is negligible. Deter-
mine (1) the rebound speed v, and the rebound angle «; and (2) the percentage of
kinetic energy lost during the impact.

(a)

Part 1

As shown in the free-body diagram in Fig. (b), the forces acting on the ball during
impact are its weight W and the impact force N, which is normal to the friction-
less plane. The y-axis, which is perpendicular to the plane, is the line of impact.

y y
/ Line of A / /
impact 0 my,

(b) FBD during impact

(c) Momentum diagram
before impact

(d) Momentum diagram
after impact
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We will neglect the duration of the impact, which means that the motion is impul-
sive. It follows that the impulse of W, which is a finite force, can be neglected,
and that the ball is in the same location immediately before and immediately after
the impact.

Because the description of impact requires two particles, we imagine that a
second particle B is embedded in the rigid plane, as shown in the momentum dia-
grams in Figs. (c) and (d). Because the velocity of B is always zero, the momentum
diagrams before and after impact contain only the momentum of ball A.

From Fig. (b) we see that there will be no impulse acting on the ball in
the x-direction during the impact (remember that the impulse of W is being
neglected). Therefore, the x-component of the momentum of A is conserved.
Referring to the momentum diagrams in Figs. (c) and (d), we obtain

()1 = (Px)2

N\t mv;sinf = mv, cosa

which yields

vycosa = vy sinf = 10sin30° = 5.0 m/s @)

From Figs. (c) and (d) we see that the velocities of approach and separation
are Vapp = V1 cos 0 and v, = v cos . Therefore, the definition of the coefficient
of restitution, Veep = €Vapp, yields

vy sina = evy cosf = (0.8)(10) cos 30° = 6.928 m/s (b)
Solving Egs. (a) and (b), we obtain
vy =8.544m/s and o = 54.18° Answer

Part 2

The change in the kinetic energy of the ball during the impact is

AT=T,-T = %m (v; —vi) = %(0.2)[(8.544)2 - (10)1]

=730—-10.0=—-2.70N-m

The percentage of kinetic energy lost is

AT  2.70
% loss = ——— = —— x 100% = 27.0% Answer
T 10.0



15.108-15.122

Problems

15.108 Prove that no energy is lost during direct impact of two particles if e = 1.

15.109 The two blocks slide on a horizontal surface with the speeds (v4); and
(vg)1, where (v4); > (vg)1. Show that the speeds of the blocks after impact are

(va)i(malmp —e) + (vp)1(1 +¢e)
1 +my/mp

_ a1 +e)+ (vp)i(mp/my —e)
- 1 +mplmy

a)2 =

(vB)2

where e is the coefficient of restitution. Neglect friction.

15.110 The three identical blocks (m4 = mp = m) are at rest on a horizontal
surface when block A is given the initial velocity vy. Determine the speed of each
block after all the impacts have occurred. The coefficient of restitution for each
impact is 0.5. Use the formulas given in Prob. 15.109 and neglect friction.

15.111  Solve Prob. 15.110 assuming that the masses of the blocks are m, =
mc =mand mp = 0.6m.

15.112 The three identical pendulums of mass m each are suspended so that
their bobs are almost touching. After pendulum A is displaced and released, it
hits B with the speed vy. Determine the speed of bob C immediately after the
impact. Assume all impacts to be perfectly elastic (e = 1).

\ —
N 025 ke 1.25 kg k=600 N/m
>N
N //(\__/l A — B
CYBYA)-- —
e
Vo 5m/s
Fig. P15.112 Fig. P15.113

15.113  After the sliding collar A hits the stationary collar B with the speed of
5m/s, it rebounds with the speed of 2m/s, directed to the left. Determine the
coefficient of restitution for the impact.

15.114 Two identical coins are placed on a rough, horizontal surface as shown
in (a). After coin A is propelled into the stationary coin B with the initial

A my B mp C mc

Problems
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V) (vp)
—

Fig. P15.109

Vo

Fig. P15.110, P15.111

N Horizontal plane -~
(a) (b)

Fig. P15.114
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N ’/a

Fig. P15.115

6 m/s

1800 kg

Fig. P15.116

R

F————

A .

/

~IN__

Fig. P15.119

% 12m

Fig. P15.120

velocity (v4)1, the coins come to rest in the positions shown in (b). Determine
the coefficient of restitution for the impact between the coins.

15.115 The elastic ball is bounced off a rigid surface. Show that the relationship
between the angle of incidence and the rebound angle is tan 6, = e tan 8, where
e is the coefficient of restitution. Neglect friction.

15.116  Two cars traveling with the velocities shown collide at an intersection.
The coefficient of restitution is 0.2 for the impact, and the contacting surfaces are
frictionless. Calculate the velocity of each car after the impact.

15.117 The two disks A and B lie on a horizontal surface. Disk A is propelled
into B, which is initially stationary, with the velocity shown. If ¢ = 0.85, calculate
the velocity of each disk after the impact. Neglect friction.

y 0.5 kg
[

0.4 m

m |A
Line of impact 0.4 m
12 m/s
. —170°
M Yo i
@—— | B —
N Horizontal plane 10 gm 0.5 kg
Fig. P15.117 Fig. P15.118

15.118 The 0.5-kg blocks A and B are joined by of a rod of negligible weight.
The assembly, which is initially at rest, is free to rotate about the pin at O. If the
10 gm pellet is fired at B with the velocity vo = 100 m/s, determine the angular
velocity of the rod immediately after the impact. The coefficient of restitution for
the impact is 0.75.

15.119 The two pendulums are released simultaneously from rest in the posi-
tions shown. After the bobs collide, pendulum A swings back to its release
position. Calculate the coefficient of restitution for the impact.

15.120 The balls A and B are dropped simultaneously from the positions
shown, with a small gap between the balls. Determine the maximum height
reached by B after impacting with A. The coefficient of restitution is 0.85 for
all impacts. Note that the mass of A is ten times the mass of B.

“15.121 A ball is dropped from a height A onto a rigid floor. If the coefficient
of restitution is 0.985, find the number of bounces made by the ball before its
height of rebound is reduced to /2.
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15.122 The two disks moving along parallel paths collide with the velocities 4 0 m/s

1

shown. The radius of A is 50 mm, and its mass is 0.4 kg. Disk B has a radius of @_ 80‘
100 mm and a mass of 0.8 kg. Determine the speed of each disk immediately after 4m/s m inm
the impact if the coefficient of restitution is 0.7. Neglect friction. U

Fig. P15.122
*35.141 | Mass Flow

a. Controlvolume

Up to this point, we have restricted our attention to systems that always contained
the same particles. In other words, we assumed that the system was closed in the
sense that mass did not enter or leave the system. In this article, we apply the
impulse-momentum principle to mass flow, where the particles continuously move
through a spatial region, called the control volume.

An example is the flow of water through a section of pipe, as shown in
Fig. 15.16(a). Here a convenient choice for the control volume V is the interior of
the pipe. The water enters the control volume with the velocity vi, and exits with
the velocity v,,. Because the momentum of the water in the pipe is changed, a
force equal to the rate of change of this momentum must exist between the surface
of the control volume and the flowing water.

Control volume V

(b)

Fig. 15.16

A second example of mass flow is the jet engine of an aircraft shown in
Fig. 15.16(b). The engine takes in air (vj, & 0), which is mixed with fuel and
ignited. The combustion gases are expelled at the velocity vey. The control vol-
ume V is the interior of the engine, which is itself moving with the velocity v. In
this case, two changes occur within the control volume: The velocity of the air
is increased from zero to vy, and the velocity of the combusted fuel is changed
from v to voy. The corresponding rate of change of momentum gives rise to a
force between the engine and the flowing mass called the thrust.

Strictly speaking, the analysis of mass flow belongs in the realm of fluid
mechanics, which is beyond the scope of this text. We will restrict our discus-
sion to problems that do not require the specialized knowledge and techniques
of fluid mechanics. In particular, we assume throughout that the inflow velocity
(vin) and outflow velocity (V) are constant across the inlet and outlet areas of
the control volume, respectively.
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b. Impulse-momentum principle

We will now formulate the impulse-momentum principle, based on the concept of
a control volume.

Figure 15.17(a) shows a control volume V consisting of the region inside a
vessel, such as a pipe. In general, any region of space may be selected as the
control volume, with the best choice determined by the problem being consid-
ered. When the shape of the control volume is maintained by a vessel, as in
Fig. 15.17(a), the vessel may also be included as part of the system, if conve-
nient. However, you must clearly identify the control volume at the beginning of
the analysis, because it determines the equations that will enter into the solution.

Control volume V Control volume V

Am,

out

Am; Particles in

Particles in b < : the system
the system _ articles not
Vin in the system
(2) Time ¢ (b) Time £ + Ar

Fig. 15.17

We now consider the momentum of the system consisting of all the parti-
cles that are inside the control volume V at time #, as indicated in Fig. 15.17(a).
Note that, unlike the control volume, the system always contains the same parti-
cles: that is, the mass of the system is constant. Let the momentum of the system
at time ¢ be denoted by p, and let the momentum of the mass within the control
volume at time ¢ be py. Because the system is inside V at time ¢, we have p = py.

Consider next the momentum of the system at time ¢ + A¢, where Af is a
small time interval. As shown in Fig. 15.17(b), some of the particles of the sys-
tem have left the control volume V, and other particles, not part of the system,
have entered V. The masses of these particles are labeled as Amgy and Amyy,,
respectively. Since the outlet and inlet velocities are assumed to be constant across
the inlet and outlet areas, the momenta of the particles leaving and entering the
control volume are, respectively,

APout = AMourVour (@
Apin = AmiyVig (b)

The momentum of the system has changed from p to p + Ap, and the momen-
tum of the particles that are now in V is py + Apy. Because the momentum
of the particles leaving V may not be the same as the momentum of the parti-
cles entering V, Ap is not necessarily equal to Apy. From Fig. 15.17(b), we see
that the momentum of the system equals the momentum of the particles within
V plus the momentum of the particles leaving V (these are part of the system)
minus the momentum of the particles entering V (these are not part of the system);
in other words,

p+ Ap = py + Apy + Apou — APin ©
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Substituting from Eqgs. (a) and (b), and recalling that p = py, we obtain

Ap = Apy + AmouVour — AmiyVin (d)

The rate at which the momentum of the system changes at time ¢ is given by

. . Ap
p= lim —
Ar—0 At
which yields, in conjunction with Eq. (d),
p = pV + moutvout - minvin (15~45)
where
. . Moyt . . Amiy,
Moy = lim and m;, = lim
At—0 At At—0 At

are the mass flow rates out of and into the control volume, respectively. (The units
for mass flow rate are mass per unit time, e.g., slugs/s or kg/s.)
Equation (15.45) is a form of Reynolds’ transport theorem:

The rate at which the momentum of a system changes equals the rate at
which the momentum inside the control volume changes plus the net rate
at which the momentum is flowing out of the control volume.

If XF is the resultant force acting on the system at time 7 (when the entire
system is contained within the control volume), then the impulse-momentum
principle states that ¥F = p, which, using Eq. (15.45), becomes

¥F = pV + MoutVout — MinVin (1546)

The following two examples of mass flow represent applications of
Eq. (15.46) that deserve special attention because of their practical importance.

¢. Deflection of a steady fluid stream

Consider a fluid stream that is deflected by a stationary vane, as shown in
Fig. 15.18. The control volume V is taken to be the spatial region shown, with
vin and vy being the velocities with which the stream enters and leaves the con-
trol volume, respectively. The force XF is the resultant force acting on the fluid
within the control volume.




260 CHAPTER 15  Dynamics of Particle Systems

| >

| y
Mass = M(t)\

Il....

A
| > =
&

Control —|
volume V

I
i

(b) FBD

Fig. 15.19

For steady flow, m;, = moy = m (a constant), which means that there is no
accumulation of mass in the control volume V. Furthermore, the momentum of
the fluid in the control volume is also constant; that is, py = 0. Making these
substitutions into Eq. (15.46) gives

SF = 11 (Vout — Vin) (15.47)

Observe that the resultant force X F acting on the fluid is constant in the case of
steady flow.

d. Rocket propulsion

Figure 15.19(a) shows a rocket in vertical flight. The mass of the rocket, includ-
ing its contents, is denoted by M (¢), and its velocity is v(¢) = v(¢)j, where ¢ is
time. The rocket is expelling gases at the rate m with the constant nozzle velocity
u= — uj relative to the rocket.

We choose the control volume V to be the rocket and its interior. Because the
rocket consumes only the fuel that it carries (there is no air intake), the rates of
mass flow are

Mo =m and ny, =0 (h)

The momentum of the mass within the control volume is py = Mvj, which on
differentiation with respect to time yields

Py = Mvj+ Mij = —mvj + MVj 0)

where we substituted M = —m (this is the rate at which fuel is consumed). The
velocity of the expelled gas can be written as

Yout = (V - u)j (])

The free-body diagram (FBD) of the rocket and its contents is shown in
Fig. 15.19(b). The only force acting on the rocket is its total weight (we neglect air
resistance and the pressure of the gases at the exit from the nozzle). Substituting
¥F = —Mgj and Egs. (h)—(j) into Eq. (15.46), we obtain

—Mgj=—mvj+ Mvj+mQ@ —u)j
which simplifies to
mu — Mg = Mv (15.48)
Substituting v = a, where a is the acceleration of the rocket, and letting
T = rwu (15.49)

Eq. (15.48) becomes
T — Mg = Ma (15.50)

Equation (15.50) shows that T represents a force, called the thrust, that tends to
propel the rocket forward.



Sample Problem 15.17

Figure (a) shows water entering a 60° horizontal bend in a pipe with the velocity
vin = 6 m/s. As the water passes through the bend, its pressure drops from pj, =
15 KN/m? to poy = 10 kN/m?, and the pipe diameter increases from dj, = 0.3 m
to doyr = 0.4 m. Determine the force exerted on the bend by the water. (Water
weighs 1000 kg/m?.)

= 10 kN/m?
dy, = (1.3 m
Vip = 6m/s
Pin = 15 kN/m?

(a)

Because this problem involves steady flow, it can be solved using Eq. (15.47):

3F = m(voul - Vin) (a)

As indicated in Fig. (a), we choose for the control volume V the interior of the
bend. The free-body diagram of the water in the control volume is shown in
Fig. (b), where Py, and P,y are the forces due to the inlet and outlet pressures,
and R is the force exerted on the water by the wall of the bend (the weight of the
water would also be included if the plane of the bend were not horizontal). The

in

(b) FBD
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force X F in Eq. (a) is the resultant of the forces appearing on the FBD. Assuming
the pressure distribution to be constant over each cross section, we get

7(0.3)?
4

Py = pinAin = 15 x 10° [ ] = 1060.3 N

7(0.4)2

Pout = PoutAou = 10 x 10° [ ] = 1256.6 N

where A denotes the cross-sectional area of the pipe.

Because the flow is steady—that is, there is no accumulation of water in
V—we have Aj,vin = AoutVour- Therefore, the speed of water leaving the control
volume is

A; din \? 0.3\?
Vout = Vin_n = Vin <—> =6 (—) = 3.375m/s
A()llt dOlll 04

The rate of mass flow through the pipe is m = pAv, where p is the mass density
of water, and v represents the speed of water. Using the values at the inlet of the
bend (the outlet values could also be used), we obtain

i = pAgyvis = 1000 [% (0.3)2] 6 = 424 kgs
Referring to Fig. (b), the left side of Eq. (a) is
3F = Pyi — Py (cos 60°i + sin 60°j) + R
= 1060.3i — 1256.6(cos 60°i + sin 60°j) + R = 432i — 1088.3j + RN
(b)

The right side of Eq. (a) is

1 (Vout — Vin) = 424[3.375(cos 60°i + sin 60°j) — 6i] = —1828.5i + 1239.3j N

Equating Egs. (b) and (c), we get ©
432i — 1088.3j + R = —1828.5i + 1239.3j
which yields for the force applied by the bend on the water
R = —2260.5i +2327.6j N
Therefore, the force exerted by the water on the bend is
—R = 2260.5i — 2327.6j N Answer



Sample Problem 15.18

A rocket in vertical flight has a total mass M at lift-off and consumes fuel (includ-
ing oxidizer) at the constant rate mz. The velocity u of the exhaust gases relative to
the rocket is also constant. Derive the expression for the velocity of the rocket as
a function of time ¢, where ¢ is measured from the time of the lift-off.

The equation of motion of the rocket is given by Eq. (15.48):
mu — Mg = Mv (@

The mass of the rocket at time ¢ after lift-off is M = M, — m¢t. Substitution in
Eq. (a) yields

mu — (My — ﬁ’lt)g = (My — mt)v

Solving for v, we get

. mu
V= —— —
My — mt §
Integration with respect to time gives us
v:/f/dtz—uln(Mo—nht)—gt—i—C (b)

where C is the constant of integration. The initial condition is v = 0 when t = 0,
which, on substitution into Eq. (b), yields

O=—-ulnMy+C
Therefore,

C ZMIHM()

and Eq. (b) becomes

M,
v=uln (—0> — gt Answer
My — mt
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Problems

15.123 A 2.5-Mg rocket is in vertical flight above earth’s atmosphere, where
the gravitational acceleration is 9.5 m/s>. The engine consumes fuel at the rate
of 98 kg/s and expels the exhaust at the velocity of 500 m/s relative to the rocket.
Determine (a) the thrust of the engine; and (b) the acceleration of the rocket.

15.124 A Saturn V rocket weighs 3.2 x 10 N at liftoff. Its first stage develops
7.5 x 10° N of thrust while consuming 2 x 10° N of fuel during its 2.5-min burn.
Determine (a) the velocity of the exhaust gas relative to the rocket; and (b) the
velocity of the rocket at the end of the burn. Assume vertical flight, and neglect
air resistance and the change of gravity with altitude. (Hint: See Sample Problem
15.18.)

15.125 The V-2 rocket of World War II fame weighed 14 tons at liftoff, includ-
ing 9.5 tons of fuel (alcohol and oxygen). The powered flight lasted 65 s, and the
rocket reached a maximum velocity of 7200 km/h in vertical flight. Calculate the
thrust of the rocket engine. (Hint: See Sample Problem 15.18.)

15.126 The space probe weighing 2400 N is traveling at a constant speed of
36 000 km/h when its thruster is fired for 100s. During the firing, the fuel con-
sumption is 1kg/s, and the gases are expelled at 5400 km/h relative to the vehicle.
If the line of thrust is inclined at 25° to the initial direction of travel, determine
the final velocity of the probe. Neglect the effect of gravity.

15.127 The firehose is discharging a jet of water against the flat plate. The diam-
eter of the jet is d = 40 mm, and the speed of the water is 50 m/s. Calculate the
force exerted by the jet on the plate if the plate is (a) stationary; and (b) moving
to the right at 4 m/s. (The density of water is 1000 kg/m?>.)

Fig. P15.126

Fig. P15.127 Fig. P15.128

Ld 15.128 The jet of water is deflected by a stationary vane through 30° as shown.
The flow rate is 0.030 m*min, and the speed of the jet is 20 m/s. Determine the
force exerted by the jet on the vane. (The density of water is 1000 kg/m?>.)

15.129 The 0.15-kg ball is held stationary by a jet of water as shown. At
the nozzle, the speed of the jet is 6 m/s, and its diameter is d = 12 mm. Find
(a) the velocity with which the jet hits the ball; and (b) the height % of the ball.

Fig. P15.129 (The density of water is 1000 kg/m?.)
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15.130 Water runs over the spillway at a rate of 60 m*/ min. If the speed of the
water at the top of the spillway is 3 m/s, calculate the horizontal force applied
to the spillway by the running water. Assume that the mechanical energy of the
water is conserved. (The density of water is 1000 kg/m>.)

Fig. P15.130 Fig. P15.131

15.131  Water enters the reducer section of the pipe at the speed of 2 m/s and
a gage pressure of 9kN/m?. If the gage pressure on exit is 2 kN/m?, determine
the horizontal force applied by the water to the reducer. (The density of water is
1000 kg/m®.)

15.132 Water enters the horizontal bend in the pipe at a velocity of 4.8 m/s.
The entrance and exit gage pressures are 23 kPa and 32 kPa, respectively. Find the
horizontal force applied by the water to the bend in the pipe. (The mass density
of water is 1000 kg/m?3.)

15.133 The chain of mass 3.2kg/m is raised at the constant speed of 1.5 m/s.
Determine the tension in the chain at A.

15.134 As the snowblower is being pushed forward at 1 m/s, it removes snow
at the rate of 2 kg/s. The discharge velocity relative to the snowblower is 10 m/s
in the direction shown. Determine the horizontal force P required to push the
snowblower forward. Neglect rolling resistance.

Fig. P15.134

15.135 The diameter of the re-entrant orifice in a water tank is 0.2 m. At section
a—a the water pressure is 40 kN/m? and the water velocity is negligible. If the
velocity of the exit stream is 8 m/s, determine the diameter d of the stream. (The
density of water is 1000 kg/m>.)

15.136 The takeoff of a jet airplane can be assisted by directing the engine
exhaust downward with a deflector. The jet engine shown consumes air at the rate
of 80kg/s and fuel at 1.6 kg/s. The air-fuel mixture is expelled at 660 m/s. If two
of these engines are attached to an 8000-kg airplane, what is the smallest deflector

Fig. P15.133

Problems

Fig. P15.135
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250 m/s '

5 km

>

80 ke

/ 0.005 kg/m

Fig. P15.138

angle 6 that would result in instant takeoff? What is the corresponding forward
acceleration of the airplane?

Deflector

=
:\\

6L~
Fig. P15.136

15.137 The 400-kg rocket is in powered flight at an altitude where the gravita-
tional acceleration is g = 8.5m/s%. The engine is consuming fuel at the rate of
16 kg/s, expelling the gases at 600 m/s relative to the rocket. Calculate the angle 6
for which the acceleration of the rocket will be horizontal.

~

Fig. P15.137

15.138 The 80-kg rocket is connected to a ground control station by a guide
wire that uncoils as the rocket ascends. The mass of the wire is 0.005 kg/m and
a constant 20-N tension is maintained in the wire at A. At the instant shown,
the rocket is unpowered at an elevation of 5km and flying upward at 250 m/s.
Determine the acceleration of the rocket at this instant.

15.139 The force P pulls the chain out of a pile with the constant velocity
X = 1m/s. Determine P if the chain weighs 2 N/m. Neglect friction.

09 m

Fig. P15.139 Fig. P15.140

15.140 The 5-kg model of a hovercraft takes in air at the speed v;, = 30m/s
and exhausts it horizontally from under the skirt. Compute the average pressure
under the skirt. (Use 1.2kg/m> for the density of air.)
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15.141 A vertical chute discharges coal onto a conveyor at the rate of 60 kg/s.
If the speed of the conveyor belt is constant at 3 m/s, find the power required to
drive the conveyor. Neglect friction.

Fig. P15.141

15.142 Each nozzle of the turbine discharges water at the rate of 2kg/s with
the velocity u = 6 m/s relative to the nozzle. Find (a) the power generated by the
turbine in terms of the constant nozzle velocity v; and (b) the maximum power and

the corresponding value of v. Neglect the velocity with which the water enters the
nozzles.

Fig. P15.142

Review of Equations

g =Yg +Tpga VB=Va+Vpa ap=ay+ap}y
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Equation of motion of the mass center
YF =ma
Principle of work and kinetic energy
Ui1-2)ext + U1-2)im = T2 — Th
Conservation of mechanical energy
Vi+Th=V,+1,

Force-momentum & moment-angular momentum
relationships

SF=p =M,=h,

p = mv = linear momentum of the system
h, = angular momentum of the system about A

Impulse-momentum equations

Lio=p—pm

(Aa)i_» = (hy)y — (hy); (A is afixed point or mass center)

L = linear impulse of external forces
A 4 = angular impulse of external forces about A

Coefficient of restitution of elastic impact

__ velocity of separation

~ velocity of approach
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Review Problems
15.143 Neglecting friction, determine the acceleration of each block when the
12-N horizontal force is applied to block A. B
3kg
15.144 The projectiles A and B are launched simultaneously at ¢+ = 0 with the 12N ) 20°
velocities shown. Assuming both trajectories lie in the same vertical plane, deter- ke

mine (a) the relative position vector rg/4 as a function of ¢; and (b) the smallest

distance between the projectiles. Neglect air resistance.
Fig. P15.143

17 m/s
A ~~

15 m/s

120 m

\35"

i

Fig. P15.144

15.145 The 400-kg car drives onto the stationary 3200-kg flatbed railroad car
at 25km/h and brakes to a stop relative to the flatbed car. Determine the final

velocity of the cars.

3200-kg

00

Fig. P15.145

15.146 The coal cars A and B collide with the velocities shown without
becoming coupled together. Knowing that the velocity of B after the collision

is 5.2 km/h, find the velocity of A.

2 km/h
—p-

6 km/h
—
A\ 8000 kg 5000kg /B
/] /]

Fig. P15.146
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Fig. P15.151

Dynamics of Particle Systems

15.147 Blocks A and B are connected by a cable that runs around the five
pulleys. Find the velocity of B if A is moving downward at 2 m/s.

Fig. P15.147 Fig. P15.148

15.148 The 20 g bullet strikes the stationary 2-kg block with the horizontal
velocity vp and becomes embedded. If the maximum displacement of the block
after the impact is d = 0.5 m, determine v,. Neglect friction and assume that the
block does not leave the inclined surface.

15.149 The airspeed of the helicopter in level flight is 125 km/h, directed east.
If the ground speed is 160 km/h in the direction 25° north of east, determine the
magnitude and direction of the wind velocity.

N

Dimensions in mm

Fig. P15.149 Fig. P15.150

15.150 The disk, which has a small peg mounted at its center, is rotating at the
angular speed w. The blocks A and B, each of mass 2kg, are connected with a
rope that passes around the peg. Initially, the blocks are at rest relative to the disk.
If the angular speed of the disk is gradually increased, determine the value of w at
which the blocks start sliding on the disk. The coefficient of static friction under
each block is 0.25, and friction at the peg is negligible.

15.151 The three masses are suspended from the cable-and-pulley system
shown. Determine the acceleration of each mass in terms of the gravitational
acceleration g. Neglect the masses of the pulleys.

15.152 The 620-kg rocket A is in unpowered flight near the surface of the
earth when it breaks into two pieces—the 185-kg nose cone B and the 435-kg
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thruster C. The figure shows the velocities of the two parts 60 s after the breakup
(note that A, B, and C are in the same vertical plane). Determine the velocity
(magnitude and direction) of the rocket just before the breakup.

/“& 2860 m/s
)

1690 m/s

Fig. P15.152

15.153 Two identical billiard balls of radius R are on a horizontal table. After
ball A hits stationary ball B with the velocity of 8 m/s, the speed of B is 5.52 m/s.
Determine (a) the coefficient of restitution between the balls; and (b) the speed of
ball A after the impact. Neglect friction.

15.154 A small piece of red-hot iron is placed on the anvil and struck with the
hammer moving at the velocity vy. The masses of the hammer and the anvil are
my, and m,, respectively, and the coefficient of restitution between the hammer
and hot iron is e. If the anvil sits on an elastic base (as indicated by the springs in
the figure), derive the expression for the impulse delivered by the hammer to the
hot metal.

15.155 The rope connecting the slider A and the mass B passes over two small
pulleys, one of which is attached to A. Mass B has a constant velocity v, directed
downward. At the instant when y, = b, determine (a) the velocity of A; and
(b) the acceleration of A.

Fig. P15.155

15.156 The two disks A and B lie on a horizontal surface. Disk A is propelled
into B, which is initially stationary, with the velocity shown. If e = 0.75, calculate
the velocity of each disk after the impact. Neglect friction.

Review Problems

1.28R
8 m/s &

Fig. P15.153

my
Yo

~—

=

Fig. P15.154
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<

\ 2m |B

12 m/s

m A

/Line of impact

70°

N Horizontal plane

Fig. P15.156
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p=02
P_> e =0.1

255

p=0.5
=04

Fig. P15.159

Fig. P15.161

15.157 The identical blocks A and B of mass m each are at rest on a frictionless,
horizontal surface. The spring of stiffness k connecting the blocks is undeformed.
If block B is given an initial velocity v to the right, determine (a) the relation-
ship between vpg,4 and xp/4 for the ensuing motion; and (b) the maximum value
of x B/A-

T—‘ZA T—‘XB

A F0MW B

Fig. P15.157

15.158 The 0.2-kg artillery shell A is fired from the gun with the muzzle veloc-
ity of 600 m/s. The recoil of the 5-kg barrel B in its mount C is limited by the
spring of stiffness 20 x 10° N/m. Determine the maximum deformation of the
spring after the shell has been fired. Neglect friction.

C

Fig. P15.158

15.159 Determine the largest force P that can be applied to the 2-kg block B
without causing the 1-kg block A to slide up relative to B. The static and kinetic
coefficients of friction between the contact surfaces are shown in the figure.

15.160 The cars A and B are traveling with the velocities shown when they
collide. Assuming the impact is plastic, determine (a) the common velocity of the
cars just after the impact; and (b) the percentage of mechanical energy absorbed
by the impact.

54 km/h

Fig. P15.160

15.161  The billiard ball A is to be banked off the rail at B so that it will enter the
pocket C. The coefficient of restitution for the impact between the ball and the rail
is 0.85. Neglecting friction, determine distance x that determines the location of B.



Planar Kinematics
of Rigid Bodies

Rolling without slipping is a
commonly encountered problem

of kinematics. This chapter contains
several problems that analyze
rolling, such as Sample Problem

: (© Spe/Dreamstime.com)

A body is said to be rigid if the distance between any two points in the body
remains constant. In other words, a rigid body does not deform. Of course, the
rigid-body concept is an idealization, because all bodies deform to some extent
when subjected to forces. But if the deformation is sufficiently small (“small”
usually means negligible when compared to the dimensions of the body), the
assumption of rigidity is justified.

This chapter is concerned only with the kinematics of plane motion of rigid
bodies. A body undergoes plane motion if all points in the body remain a constant
distance from a fixed reference plane, called the plane of motion of the body.
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In other words, all points in the body move in planes that are parallel to the plane
of motion. There are three categories of plane motion:

* Translation is the special case in which the body moves without rotation; that
is, any line in the body remains parallel to its initial position, as shown in
Fig. 16.1(a).” Because all points in the body have the same displacement, the
motion of one point determines the motion of the entire body.

Path of Bx

Path of A

Translation

Fig. 16.1(a)

* Rotation about a fixed axis is the special case in which a line in the body,
called the axis of rotation, is fixed in space. Consequently, each point not
on the axis of rotation moves in a circle about the axis, as illustrated in Fig.
16.1(b) (the axis of rotation at O is perpendicular to the plane of the paper).

* General plane motion is the superposition of translation and rotation. The
rolling disk in Fig. 16.1(c) is an example of such motion: the disk is translating
and rotating simultaneously.

Path of A

Rotation about a fixed axis

Fig. 16.1(b)

General plane motion

Fig. 16.1(c)

“When illustrating plane motion, it is often convenient to show a representative cross section of the
body that is parallel to the plane of motion.
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146.2 | Plane Angular Motion
In this article, we introduce the angular displacement, angular velocity, and
angular acceleration of lines and rigid bodies that move in a plane.

Angular Position  Consider the rigid body % in Fig. 16.2 that is moving in the
xy-plane. Let AB be a line that is embedded in % and lies in the plane of motion.”
The angle 6 (¢) between AB and a fixed reference line, such as the x-axis, is known
as the angular position coordinate of line AB.

Position at time ¢ Position at time ¢ + At

ot + Ar)

Fig. 16.2

Angular Displacement  During the time interval At, the angular position coor-
dinate of AB changes from 0(¢) to (¢ + At), as shown in Fig. 16.2. The angular
displacement of line AB during this time interval is defined as

AO =0(t + At) —0(t) (16.1)

We now show that all lines in % that lie in the plane of motion have the same
angular displacement. Figure 16.3 shows two such lines AB and CD, with the

Position at time ¢ Position at time 7 + At

05(t + A1)

0,(t+ Ar)

Fig.16.3

“Here, and in the discussion that follows, the term “plane of motion” also applies to any plane that is
parallel to the plane of motion.

Plane Angular Motion

275



276

CHAPTER 16

Planar Kinematics of Rigid Bodies

angular position coordinates 6, (¢) and 6,(¢), respectively. Because the body is
rigid, the angle § between the lines does not change between the two positions
shown in the figure; that is, 8 = 6,(¢) — 01(t) = 6,(t + At) — 0, (t + Ar). It
follows that 6;(t + At) — 0,(t) = 0,(t + At) — 0,(¢), or

AB; = Ab,

Because AB and CD can be chosen arbitrarily in the plane of the motion, we con-
clude that all lines in the plane of the motion have the same angular displacement.
Therefore, A6 is also called the angular displacement of body B.

Angular Velocity The angular velocity @ of line AB is defined as the time
derivative of its angular position coordinate 6:

w=lim — = — =96 (16.2)
At—0 At dt

Because all lines in the plane of motion have the same angular displacement A6,
they also have the same angular velocity. Therefore, w is also called the angular
velocity of body B. Common units for angular velocity are rad/s and rev/min.

Angular Acceleration  The angular acceleration a of line AB is defined to be
the time derivative of its angular velocity:

d o .
(x:d—c;)za) or a=ﬁ=9 (16.3)

Because the angular velocity w is the same for all lines in the plane of
motion, « is also called the angular acceleration of body 9B. The units of angular
acceleration are usually taken to be rad/s>.

The time ¢ in Eq. (16.3) can be eliminated as an explicit variable by using the
chain rule for differentiation:

. dw . dw db dw

* Observe that positive directions of angular velocity and angular acceleration
are the same as the assumed positive direction of 6.

* Equations (16.2)—(16.4) are analogous to Egs. (12.9) and (12.10) for rectilin-
ear motion of a particle: v = X,a = v = X, and ¢ = v(dv/dx). Therefore,
the mathematical methods presented in Art. 12.4 can also be used to analyze
plane angular rotation.

Vector Representation of Angular Motion  Because A6, w, and o possess mag-
nitude and direction, it is sometimes convenient to represent them as vectors using
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the right-hand rule. Assuming that we have a right-handed coordinate system (the
positive z-axis in Fig. 16.2 would point out of the paper), we can write

A=Ak w=wk=60k «=ak=aok=0k (16.5)

Comment on Three-Dimensional Motion In planar motion, angular displace-
ment is a vector quantity because it has magnitude (A#), has direction (perpen-
dicular to the plane of motion), and obeys the parallelogram law for addition
(summing collinear vectors is a special case of parallelogram addition). It fol-
lows that angular velocity and angular acceleration are also vectors. However, if
the motion is three-dimensional, angular displacements do not obey the paral-
lelogram law for addition. Therefore, angular displacements, in general, are not
vectors.

As an illustration of the nonvector character of angular displacements, con-
sider a book that is placed in the initial position shown in Fig. 16.4(a) and given
the angular rotations A6, = 90° (rotation about the x-axis) and A6, = 90° (rota-
tion about the y-axis). Figure 16.4(b) shows the final position of the book if the
rotations are performed in the order A6, followed by A6,. Figure 16.4(c) shows
the result if the rotations are performed in the order A6, followed by Af,. From
these figures, we see that the final orientation of the book depends on the order

Book

Book

\l=
\m
N

Front
— y
O/ ’ 0‘ '
/ A8, After A,

X

(a) (b)

Z Z
/ y "’
E/
/
x x
After A8, After Ag,, followed by Af,

(©)

Fig. 16.4

After Ag, followed by A,
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in which the rotations are performed. We conclude that angular displacements
generally are not vectors because they do not obey the commutative property of
vector addition. However, it can be shown” that differential (infinitesimal) angu-
lar displacements are vectors, even in three-dimensional motion. For this reason,
angular velocity and angular acceleration are always vector quantities.

16.3 © Rotation about a Fixed Axis

Rotation about a fixed axis is the special case of plane motion in which one line
in the body, called the axis of rotation, is fixed in space. Figure 16.5 shows a
rigid body that is rotating about an axis. We let B be a point in the body that
is a distance R from the axis. Because the body is rigid, the path of B is a cir-
cle of radius R that lies in a plane perpendicular to the axis of rotation. The
center O of the circle lies on the axis, and the angular position coordinate of
the radial line OB is denoted by 6. Since OB lies in the plane of motion, the angu-
lar velocity and angular acceleration of the body are, according to Eqs. (16.2)
and (16.3),

a=w==0 (16.6)

/Axis of rotation

reference line

Fig. 16.5

Kinematics of a Point in the Body The motion of a particle along a circu-
lar path of radius R was previously discussed using path coordinates in Art.
13.2. With 6 representing the angular velocity of the radial line to the particle,

*See Principles of Dynamics, 2e, Donald T. Greenwood, Prentice Hall, 1988, p. 350.
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the velocity (v) and the normal (a,) and tangential (a,) components of accelera-
tion of the particle were found to be

y = RO (13.10, repeated)
a, = R6* a, =RO (13.11, repeated)

Substituting for § and # from Eq. (16.6), the velocity and acceleration components
of point B become

v= Rw
P
a, = R’ = — = vo (16.7a)
R
a; = Ra

The velocity and acceleration vectors of point B lie in the plane of motion (the
plane of the circle), as shown in Fig. 16.6(a). The velocity v and the tangential
component of acceleration a, are tangent to the circle, pointing in the direction
of increasing 6. The normal component of acceleration a,, is directed toward the
center of the circular path.

Vector Representation of Kinematics 1t is sometimes convenient to compute
the velocity and acceleration of a point using vector algebra.

In Fig. 16.6(b), we let r be the position vector of B relative to an arbitrary
reference point A that lies on the axis of rotation. The angle between r and the
axis is denoted by B. We will show that the following vector equations give the
magnitude and direction for the velocity and acceleration of point B:

V=®XTr
A =0XV=0X (0 XT) (16.7b)
a =oXxr

Using the properties of the cross product, the magnitudes of the vectors in
Egs. (16.7b) are
v=|w XxXr|=wrsin = Rw
a, = |® X V| = wvsin90° = wv = Rw?
a, =|oxr|=arsinff = Ra
These results agree with Egs. (16.7a). Using the right-hand rule for the cross prod-

ucts, it is not difficult to see that the directions of the vectors in Eqs. (16.7b) are
the same as those shown in Fig. 16.6(a).

Rotation about a Fixed Axis 279

(b)

Fig. 16.6
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Sample Problem 16.1

The disk rotates about a fixed axis at O. During the period t = 0 to ¢t = 4s, the
angular position of the line OA in the disk varies as 6(t) = ¢> — 12¢ + 6 rad, where
t is in seconds. Determine (1) the angular velocity and the angular acceleration of
the disk at the end of the period; (2) the angular displacement of the disk during
the period; and (3) the total angle turned through by the disk during the period.

Part 1

The angular velocity and angular acceleration of the disk are
=0 = 31> — 12rad/s o = @ = 6t rad/s’
When t = 4, we have

w = 3(4)? — 12 = 36rad/s (CCW) Answer
o = 6(4) = 24rad/s* (CCW) Answer

Part 2
The angular positions of the line OA at the beginning and at the end of the
period are

6],_, =6rad

0| _, =4 —12(4)+6=22rad

t=4s

Therefore, the angular displacement of the disk from# =0tot =4 s1is
AO=6|_, —6]_,=22—6=16rad (CCW) Answer

Part 3

Note that the direction of rotation of the disk changes when w = 0, that is, when
332 -12=0 t=2s
The angular position of OA at that time is

0| 23 —12(2) 4+ 6= —10rad

1=2s

We conclude that the disk rotates clockwise (w < 0) betweent = Oandz = 2 s,
its angular displacement being

NG =6|_, —6|_,=—-10-6=—16rad



Between t = 2 s and t = 4 s, the rotation is counterclockwise (w > 0); the
corresponding angular displacement is
=22 —(—10) =32 rad

A, =0 0]

t=4s t=2s

Therefore, the total angle turned through by the disk from ¢ =0tot =4 s is

|AO| 4 |Ay| = 16 + 32 = 48 rad Answer

Sample Problem 16.2

Pulley B is being driven by the motorized pulley A that is rotating at w4 = 20 rad/s.
At time ¢+ = 0, the current in the motor is cut off, and friction in the bearings
causes the pulleys to coast to a stop. The angular acceleration of A during the
deceleration is oy = —2.5¢ rad/s?, where ¢ is in seconds. Assuming that the drive
belt does not slip on the pulleys, determine (1) the angular velocity of B as a
function of time; (2) the angular displacement of B during the period of coasting;
and (3) the acceleration of point C on the straight portion of the belt as a function
of time.

Part 1

Because the belt does not slip, every point on the belt that is in contact with a
pulley has the same velocity as the adjacent point on the pulley. Therefore, the
speed of any point on the belt is

V= Ryws = Rpwp @
so that
R4 0.10 0.5
wp = —wp = ——ws = V. Iow
B~ Rs " 020" 4

Differentiating with respect to time, we obtain for the angular acceleration of
pulley B
ap = 0.50, = 0.5(—2.5t) = —1.25¢ rad/s’
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Because ap = dwp/dt, we have dwp = ap dt, or
wp = /aB dr = / —1.25tdt = —0.625t* + C;

The initial condition, wp = 20 rad/s when ¢ = 0, yields C; = 20 rad/s. Hence,
the angular velocity of pulley B is

wp = —0.625¢> + 20 rad/s Answer

Part 2

We let 65 be the angular position of a line in B measured from a fixed reference
line. Recalling that wp = dfg/dt, we integrate dfp = wpdt to obtain

Op = / wg dt = / (—0.625¢% + 20)dr = —0.20831> 420t + C,

Letting 8 = 0 when ¢t = 0, we have C, = 0, which gives
0p = —0.2083¢> + 20 rad

The pulley comes to rest when wp = —0.625t> + 20 = 0, which yields
t = 5.657 s. The corresponding angular position of the line in B is

93|t:5.657 s —0.2083(5.657)% + 20(5.657) = 112.0 rad

Therefore, the angular displacement of pulley B as it coasts to a stop is

Abp = 03| 0s|,_,=1120—0=112.0rad Answer

1=5.65Ts
Because the direction of rotation does not change, the total angle turned through
by pulley B during the deceleration is also 112.0rad.

Part 3

Substituting Rz = 0.2 m and wp = —0.625¢> + 20 rad/s into Eq. (a), the speed
of point C (which is the same for all points on the belt) is

ve = 0.2(—0.625¢> + 20) = —0.125¢*> + 4 m/s (b) Answer

Because the path of point C on the belt is a straight line, the acceleration
of Cis
ac = ve = —0.25¢ m/s* Answer

We could obtain the same result by observing that ac is equal to the tangential
component of acceleration of a point on the rim of pulley B (pulley A could also
be used). Thus ac = Rpap = 0.2(—1.25¢) = —0.25¢ m/s>.

Observe that the expression for v¢ in Eq. (b) is valid for the entire deceleration
period (0 < r < 5.657 s), whereas the answer for ac applies only for those times
when C is not in contact with either pulley. Points on the belt follow circular paths
when they are in contact with a pulley.



Sample Problem 16.3

The rigid body is rotating about the y-axis. In the position shown in Fig. (a), the
angular velocity and angular acceleration of the body are as specified in the figure.
Determine the velocity and acceleration vectors of point A in this position using
(1) vector equations; and (2) scalar equations.

o =2 rad/s?

X ‘ (\\\Cw =3 rad/s

(a)

Part 1

Using the right-hand rule, the angular velocity and acceleration vectors of the
body are

® = 3jrad/s o = —2j rad/s?

The position vector of A relative to point O on the axis of rotation is

r =0.2c0s30°j 4+ 0.2sin30°k = 0.1732j + 0.1k m

The velocity and acceleration vectors of point A can now be computed from
Egs. (16.7b):

va = X r =3jx (0.1732j 4+ 0.1k) = 0.3i m/s Answer
ap =0 X v+axr=3jx0.3i+ (—2j) x (0.1732j 4+ 0.1k)

= —0.9k — 0.2i m/s’ Answer
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Part 2

Figure (b) shows the plane of motion of point A (looking from C toward B). The
path of A is a circle of radius R = 0.2sin38 = 0.1 m. The magnitudes of the

velocity and acceleration components of A are, using Eqgs. (16.7a),
va=Rw=0.13)=0.3m/s
(ap)n, = Rw? =0.1(3)> = 0.9 m/s?

(aq); = Ra = 0.1(2) = 0.2 m/s>

These components are shown in Fig. (b). Their directions were determined as

follows:

* v, is tangent to the path; its sense is consistent with the counterclockwise

direction of w.
* (a,), is directed toward the center of the path.
* (ay), is tangent to the path; its sense is consistent with the clockwise

direction of «.

Therefore, the velocity and acceleration vectors of point A are

va = 0.3i m/s Answer

a, = —0.9k — 0.2i m/s’ Answer

z z

vy =0.3m/s | A Al (@, =02 m/s?

ay), =0.9 m/s
m ( A)n )
11N @ =2rad/s
rad/s,/’-\\

a):3rud/sf'\ w=3

(b)



Problems

16.1 Characterize the motion of bodies A and B of each mechanism shown as
(1) translation; (2) rotation about a fixed axis; or (3) general plane motion.

(b) (©)

Fig. P16.1

16.2  When an electric motor is turned on at t = 0, its angular acceleration is
a = 107 rad/s?, where t is the time in seconds. What is the terminal angular
velocity of the motor? How many revolutions are required for the motor to reach
half of its terminal angular velocity?

16.3 A rotary engine is running at 8000 rev/min when it runs out of fuel, causing
the engine to decelerate at a constant rate. If the angular speed is 4000 rev/min
after 3200 revolutions, determine the total time it takes for the engine to stop.

16.4 The angular position of the rod OA varies with time as § = —4¢>+24¢—10,
where 6 is in radians and 7 is in seconds. Determine (a) the angular velocity and
the angular acceleration of the rod at =4 s; and (b) the total angle turned through
by the rod between t =0 and t =4 s.

16.5 The angular acceleration of rod OA is 6 =4+6¢ rad/s?, where ¢ is in sec-
onds. Assuming that the rod was at rest at # = 0, calculate its angular displacement
between ¢ = 0 and the time when the angular speed reaches 24 rad/s.

16.6  The angular velocity of rod OA is w = 3t> — kt rad/s, where ¢ is in seconds
and k is a constant. When r =0, 0 = 8 rad, clockwise; and whent =4s,6 = 16rad,
clockwise. Determine (a) the constant k; and (b) the total angle that OA turns
through between t =0 and t =4 s.

16.1-16.18 Problems

(d)

Fig. P16.4-P16.7
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Fig. P16.8-P16.10

120 mm
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Fig. P16.13

16.7 The angular acceleration « of rod OA is given by « = k6? rad/s>, where 0
is in radians and k is a constant. When 6 =0, w =2 rad/s, and when 6§ =3 rad,
w =7 rad/s. Find (a) the constant k; and (b) w when 6 = 2 rad.

16.8 The constant angular acceleration of the rotating disk is « = 12rad/s>.
The angular velocity of the disk is 24 rad/s, clockwise, when ¢ = 0. Determine the
total angle turned by the disk between r =0 and t =4 s.

16.9 The angular velocity of the rotating disk is @ = 4./7 rad/s, where ¢ is in
seconds. Find the angular displacement of the disk for the time interval t =0 to
t=6s.

16.10 The angular acceleration « (rad/s?) of the rotating disk is related to its
angular velocity w (rad/s) by a@ =4./w. When 1 =0, the disk is at rest and the
angular position coordinate of a line in the disk is 6 = 8 rad. Find expressions for
the following: (a) 6 (w); (b) w(¢); and (c) 6 ().

16.11  The velocity and acceleration of the belt running between the motor A
and the pulley B are v = 16m/s and a = —9 m/s?, respectively. Determine the
angular velocities and angular accelerations of pulleys B and C.

Dimensions in mm
Fig. P16.11

16.12 At the instant shown, the speed of the belt connecting the two pulleys is
4m/s and the magnitude of the acceleration of point A is 250 m/s>. What is the
magnitude of the acceleration of point B at this instant?

Fig. P16.12

16.13 The rectangular plate rotates in the xy-plane about the corner O. At the
instant shown, the acceleration of corner A is a4, = 60 m/s? in the direction indi-
cated. Determine the acceleration vector of the mid-point C of the plate at this
instant.



16.4 Relative Motion of Two Points in a Rigid Body

16.14 Just before the two friction wheels are brought into contact, B is rotating
clockwise at 18rad/s and A is stationary. Slipping between the wheels occurs
during the first six seconds of contact; during this time the angular speed of each
wheel changes uniformly. If the final angular speed of B is 12rad/s, determine
(a) the angular acceleration of A during the period of slipping; and (b) the number
of revolutions made by A before it reaches its final speed.

16.15 In the position shown, rod OABC is rotating about the y-axis with the
angular velocity w = 2.4 rad/s and angular acceleration « = 7.2 rad/s? in the direc-
tions shown. For this position, compute the velocity and acceleration vectors of
point C using (a) vector equations; and (b) scalar equations.

Fig. P16.15 Fig. P16.16

16.16 The bent rod is rotating about the axis AC. In the position shown, the
angular speed of the rod is @ =2 rad/s, and it is increasing at the rate of 7 rad/s.
For this position, determine the velocity and acceleration vectors of point B.

16.17 The bent plate is rotating about the fixed axis OA with the constant angu-
lar velocity w =20 rad/s in the direction shown. Compute the magnitudes of the
velocity and acceleration of point B.

16.18 The bent rod ABC rotates about the axis AC with the constant angular
velocity w = 25 rad/s directed as shown. Determine the velocity and acceleration
vectors of point B for the position shown.

16.4 | Relative Motion of Two Points
in a Rigid Body
The kinematics of relative motion of particles (points) was discussed in

Art. 15.2. The definition of relative motion between points A and B yielded the
following relationships

VB =Va+ Vpa (15.3, repeated)

ap =ay +ap; (15.4, repeated)

1%

Fig. P16.18

0.08 m
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Path of B

-
ath of A

(a)

y
|

V\VB/ = I'pja@
N —
(apn); = o
B

v 2
(ap/p)p =Trpu®@

TB/A

(b)

Fig. 16.7

Planar Kinematics of Rigid Bodies

where the subscript B/A denotes the motion of B relative to A. It is useful to recall
that vp/4 and ag,4 can be viewed as the velocity and acceleration of B as seen by
a nonrotating observer attached to point A.

If points A and B belong to the same translating (i.e., nonrotating) rigid body,
their relative position vector rg,4 is constant, and there is no relative motion
(vg/a = apa = 0). Therefore, all points in the translating body have the same
velocities and accelerations.

Now consider the body in Fig. 16.7(a) that is undergoing general plane motion
(simultaneous translation and rotation). The nonrotating x’y'-axes are attached to
point A. The angular velocity of the body is @ = 6, and its angular acceleration
isa = @ = 6, where 0 is the angle between rg;4 and the x’-axis. As the body
moves, the direction of r/4 changes, but its magnitude rg,4 (the distance between
A and B) is constant. It follows that the path of B in the translating x'y’-coordinate
system is a circle of radius rg,4 that lies in the plane of motion, as shown in
Fig. 16.7(b). Thus, the motion of B relative to A is due only to the rotation of the
body about an axis that passes through point A. Therefore, the relative velocity
and relative acceleration between two points on a rigid body can be computed
using the equations developed in the previous article for rotation about a fixed
axis. With the appropriate changes in notation, Eqs. (16.7a) become

VBIA = I'B/A®@

V2

2 B/A
(a/a)n = rpjaw” = T = VB/A® (1683)

(ap/a)i = rpa

Figure 16.7(b) displays each of the terms in Eqgs. (16.8a). This figure is identical to
Fig. 16.6(a) for rotation about a fixed axis, except for the notational changes. It is
important to understand that the absolute angular velocity (w = 6) and absolute
angular acceleration (¢« = @ = 6) are used in the computations. Because the
angle 0 is measured from the fixed x’-direction, all angular measurements are
absolute quantities.

The vector forms of Egs. (16.8a) are

VB/A = ® X I'p/A

(Ap/a)n = @ X Vg4 = ® X (0 X Tp/4) (16.8b)

(ap/a) = @ X Ipjp

16.5 © Method of Relative Velocity

There are two methods for analyzing velocities associated with rigid bodies under-
going plane motion. This article discusses the method of relative velocity, which
utilizes the equation vg = v4 + Vg4 for two points on the same rigid body.
The other method, based on instant centers for velocity, is described in the next
article.



16.5

Ve = O XTpy

N
‘%
Vector
notation
0]
A
(©
VBA = Tpa®

(a) (b)

Scalar
notation

(d)

Plane motion =

Translation + Rotation about A

Fig.16.8

Figure 16.8(a) shows a rigid body that is undergoing general plane motion.
If A and B are points in the body, then according to Eqs. (16.8), the velocity
of B relative to A is

(16.9)

where w is the angular velocity of the body. Substituting Eq. (16.9) into vp =
Va + Vp/a, we get

VB/A = @ X I'p/g (VBia = rp/aw)

VB =Vs+ ® X TI'p/a (16.10)

The physical interpretation of Eq. (16.10) is illustrated in Fig. 16.8. The figure
shows that general plane motion is equivalent to the superposition of two simpler
motions”.

1. A rigid-body translation, where the velocity of each point is equal to the
velocity of the reference point A (vz = v4), as shown in Fig. 16.8(b).

2. A rigid-body rotation about a fixed axis at A (Vg4 = ® X rp/4), illustrated
in Figs. 16.8(c) or (d). Showing a pin support at A reinforces the notion that
A is considered to be fixed at the instant when the contribution of the rotation
is computed.

“This representation of general plane motion is a two-dimensional form of Chasle’s theorem: The
most general rigid body displacement is equivalent to a translation of a point in the body plus a
rotation about an axis through that point. For a proof of this theorem, see Principles of Dynamics, 2e,
Donald T. Greenwood, Prentice Hall, 1988, p. 339.

Method of Relative Velocity
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The contribution of the rotation of the body to the velocity of B may be com-
puted using either the vector notation in Fig. 16.8(c) or the scalar notation in
Fig. 16.8(d). The choice of notation is a matter of personal preference. When
using scalar notation, keep in mind that the direction of the velocity is perpen-
dicular to AB, and its sense is determined by the direction of the angular velocity
w of the body (recall that w is a property of the body and is independent of the
choice of the reference point).

The method of relative velocity consists of writing Eq. (16.10), vz =
V4 + ® X rpa, for two points in the same rigid body, and then solving for the
unknowns. For plane motion, Eq. (16.10) is equivalent to two scalar equations
(e.g., the equations that result from equating the horizontal and vertical compo-
nents of both sides of the vector equation). The number of variables appearing in
Eq. (16.10) is five (assuming that rp/4 is known):

vp: two variables (magnitude and direction, or horizontal and vertical
components)

v4: two variables (magnitude and direction, or horizontal and vertical
components)

w: one variable (magnitude w of the angular velocity). Note that the direction
of vector w is known because it is always perpendicular to the plane of
motion.

Clearly, Eq. (16.10) cannot be solved unless three of the preceding five variables
are known beforehand. Therefore, the choice of A and/or B is restricted to points
whose velocities contain less than two unknowns. We refer to these points as a
kinematically important points for velocity.” A common example of a kinemati-
cally important point is a fixed point; that is, a point that is pinned to a support.
Because the velocity of a fixed point is known to be zero, it contains no unknowns.
A second example is a point that travels along a given path. Since the direction
of the velocity is known to be tangent to the path, the velocity of such a point
contains at most one unknown, namely its magnitude.
The steps in the application of the relative velocity method are as follows:

Step 1: Identify two kinematically important points, say, A and B, on the same
rigid body.

Step 2: Write Vg = v4 + @ X rp/4, identifying the unknown variables (either
vector or scalar notation can be used).

Step 3: If the number of unknowns is two, solve the equation.

If the number of unknowns is greater than two, it may still be possible to solve
the problem by considering the motion of other kinematically important points.

“Since we are discussing velocities, we will refer to these points for the time being as simply
“kinematically important points”.
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Rolling Without Slipping  Figure 16.9(a) shows a circular disk of radius R that

is rolling on a horizontal surface with the angular velocity @ and angular accel-

eration «, both clockwise. Observe that the path of the center O is a straight line

parallel to the surface. Rolling without slipping occurs if the contact point C on the

disk has no velocity, that is, if the disk does not slide along the surface. This case

deserves special attention because it occurs in many engineering applications.
Relating the velocities of points O and C, we have

Vo =Vc + ® X Tro/c

Substituting v¢ = 0, ® = —wk and rp,c = Rj, we obtain

Vo = —wk X Rj = Rwi (16.11a)

As expected, this result shows that the velocity of the center O is parallel to the
surface on which the disk rolls, its magnitude being

vo = Rw (16.11b)

as shown Fig. 16.9(b).

It is convenient here to also derive the acceleration of O, although this infor-
mation will not be used until Art. 16.7. The acceleration of O can be obtained by
differentiation of Eq. (16.11a). Noting that R and i are constants, we get

ap = Vo = Ruai (16.123)

where o = w is the angular acceleration of the disk. Thus the acceleration of O is
parallel to the horizontal surface, and its magnitude is

ap = Ra (16.12b)

as shown in Fig. 16.9(c).

Path of O

(©)

Fig. 16.9



Sample Problem 16.4

Figure (a) shows a wheel of radius R that is rolling without slipping with the clock-
wise angular velocity w. For the position shown, determine the velocity vectors
of (1) point A; and (2) point B.

Introductory Comments

This problem will be solved using both scalar and vector notations. (The results
are, of course, identical regardless of which notation is used.) We choose point O
(the center of the wheel) as the reference point, because its velocity is known
from Eq. (16.11) to be vp = Rwi, as shown in Fig. (b). The reader may find it
instructive to repeat the solution using the point of contact C (v¢ = 0) as the
reference point.

Part 1

‘ When scalar notation is used to relate the velocities of A and O, v,/ is com-
puted by assuming that point O is fixed. Therefore, the relative velocity equation
becomes

(b)

VA = Yo T Wao

'Rw @
Rw R@
—- A

o

from which the velocity of A is found to be

vi = 2Rw A:‘SO Answer

as shown in Fig. (b).
Part 2

Using scalar notation, the velocities of points B and O are related by

Vg = Yo t  Vppo

B

o TRCU
Ea)

(]

which yields
vg =2Rw — Answer

The velocity of B is also shown in Fig. (b).
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Part 1

In vector notation, the relationship between the velocities of A and O is

VA =Vp+ ® XTyo

Substituting vop = Rwl, ® = —wKk, and r40 = —Ri [refer to Fig. (c)], we get B

V4 = Rwi + (—wk) x (—Ri) = Rwi + Rwj Answer

Part 2
The velocities of B and O are related by
(©

VB =Vp + ® X I'g/o

Substituting vp = Rwi, ® = —wk, and rz;90 = Rj [refer to Fig. (c)] we obtain

vg = Rwi + (—wk) x (Rj) = 2Rwi Answer

Sample Problem 16.5

The angular velocity of bar AB in Fig. (a) is 3rad/s clockwise in the position
shown. Determine the angular velocity of bar BC and the velocity of the slider
C in this position.

wyp =3 rad/s

Introductory Comments

We note from the geometry in Fig. (b) that 100 sin 30° + 80 = 160 sin 8, from
which we find that 8 = 54.34° for the position shown. (b)

293



294

The following are the kinematically important points:

A: It is a fixed point.
C: Its path is a horizontal straight line.
B: Its path is a circle with center at A; it also connects bars AB and BC.

Because B and C are points in the same rigid bar BC, it seems reasonable to
investigate the equation v¢ = v + V¢ (the equivalent equation vg = v¢e + v
could also be used).

Two solutions are presented below—one using scalar notation, the other
employing vector notation. The relative position vectors used in the solutions are
shown in Fig. (b).

Using scalar notation, the velocities of B and C are related by

ve = Vg + \e):]
B €)]
ve B .
—_— & 1003) = Z

3 rad/s

Comments on Eq. (a):

1. v¢ is assumed to be directed to the right.

2. vp is found by recognizing that the path of B is a circle centered at A. Its
magnitude is thus vy = rgawap = 100(3) = 300 mm/s, directed at right
angles to AB. The sense of vy is determined by the clockwise direction of
WAB-

3. V¢yp is obtained by considering B to be a fixed point at this instant, which gives
verp = reppwpe = 160wpe. The direction of the vector is perpendicular to
BC, with its sense determined by the (assumed) counterclockwise direction of
[OF:Tel8

Because there are a total of two unknowns (v¢ and wgc), Eq. (a) can be solved.
Equating x- and y-components, we obtain

—5 ye = 300sin30° + 160wpc sin 54.34° (b)
T 0= —300co0s 30° + 160wpc cos 54.34° (©

The solution is

ve =512mm/s and wpc = 2.785 rad/s Answer

The positive signs mean that the assumed directions of v¢ and wpc are correct.



The vector equation relating the velocities of points B and C is
Ve =V +VeiB = Wap X Tp/a + ®Wpc X T/ (d
From the given information and inspection of Fig. (b), we obtain

ve = vei  (assuming the velocity of C to be directed to the right)
wsp = —3krad/s

rp/4a = 100 cos 30°i + 100 sin 30°j = 86.6i + 50j mm

wpc = wpck  (assuming the direction of wpc to be counterclockwise)

rep = 160 cos 54.34°1 — 160 sin 54.34°§ = 93.28i — 130j mm

Inspection of the above expressions reveals that there are only two unknowns: v¢
and wpc. Therefore, Eq. (d) can be solved, because it is equivalent to two scalar
equations.

Substituting the above expressions into Eq. (d) yields

vei = (—3K) x (86.6i + 50§) + (wpck) x (93.28i — 130j)
= —259.8j + 150i + 93.28wpcj + 130wpci

Equating the coefficients of i and j yields

Ve = 150 + 1300)BC
0 = —-259.8 +93.28wpc

Solving the two equations, we find that
ve =512mm/s and wpc = 2.785 rad/s Answer

The positive signs indicate that the assumed directions of v¢ and wpc are correct.

Sample Problem 16.6

In the position shown in Fig. (a), the angular velocity of bar AB is 2rad/s
clockwise. Calculate the angular velocities of bars BC and CD for this position.

Introductory Comments

A mechanism of the type shown in Fig. (a) is called a four-bar linkage. (The
ground joining the supports at A and D is considered to be the fourth bar.)

50mm

9}
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From Fig. (a) we observe that the following are the kinematically important
points:

It is a fixed point.

Its path is a circle with center at A; it also connects bars AB and BC.
It is a fixed point.

Its path is a circle centered at D; it also connects bars BC and CD.

QA9 3=

Because B and C belong to the same rigid body, we are led to consider the
equation v¢ = vp + v¢yp (the equivalent equation vg = v¢ + v/ could also
be used). Two solutions are presented—one using scalar notation, the other using
vector notation. The relative position vectors used in the solution are shown in

T, .
Lo B1A 5 Fig. (b).
60 mm
g
SIE
= lo
w

The equation relating the velocities of B and C is

C
Ve = \Z) + VB (@
B
(b) é\
60 mm \/ Wpc
80wep 50 mm
30 Wap= 2 rad/s
a)CD 60(2) = 00
120 mm/s C BC

Comments on Eq. (a):

1. v¢ is found by recognizing that the path of C is a circle centered at D.
Therefore, its magnitude is ve = re/pwep = 80wep, its direction being per-
pendicular to CD. The sense of v¢ is found from the assumed (clockwise)
direction of wcp.

2. v is found by noting that the path of B is a circle centered at A. Its magnitude
isvg = rgjawap = 60(2) = 120 mm/s. The direction of v is perpendicular
to AB, and its sense is found from the given clockwise direction of wp.

3. v¢yp 1s constructed by considering B to be a fixed point at this instant, which
gives veyp = repwpe = S0wpce. The direction of vy is perpendicular to BC,
and its sense is found from the assumed (counterclockwise) direction of wpc.

Equation (a) contains a total of two unknowns, wcp and wge, which can
be found by solving the two equivalent scalar equations. Equating x- and
y-components of Eq. (a), we obtain

i) SOQ)CD cos60° =0 + SOQ)BC (b)
T —80wcpsin60° = —120 + 0 ©
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Solving these equations, we get
wcp = 1.732rad/s and wgc = 1.386 rad/s Answer

The positive signs indicate that the assumed directions of w¢p and wpc are correct.

The velocities of points B and C are related by

Ve = Vg + VeuB
Wep X To/p = Wap X I'gja + Wpe X Iy (d)

Using the given information and the vectors shown in Fig. (b), we obtain

wcp = —wcepk  (the direction of wcp is assumed to be clockwise)

r¢/p = 80cos 30°1 + 80sin 30°j = 69.28i 4 40.00j mm

wap = —2krad/s

I'p/a = 60i mm

wpc = wpck  (the direction of wpc is assumed to be counterclockwise)

rc/p = —SOj mm
We see that the above expressions contain only two unknowns: wcp and wgc.
Therefore, Eq. (d), being equivalent to two scalar equations, can be solved for
these unknowns.

Substituting the above expressions into Eq. (d) yields

(—wcpk) x (69.28i + 40.00j) = (—2Kk) x (60i) + (wpck) x (—50j)
which becomes
—69.28a)CDj + 4000wCDi = —120j + SOa)Bci

Equating the coefficients of i and j yields

40.00(0C[) = SOLL)BC
—69.28wcp = —120

The solution of these two equations is
wcp = 1.732rad/s and wpge = 1.386 rad/s Answer

The positive answers indicate that the assumed directions of w¢cp and wgc are
correct.
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Problems
4 m/s
60°
Af 1 B
Im
Fig. P16.19

Fig. P16.20

Fig. P16.24, P16.25

16.19 At a certain instant, the velocity of end A of the bar AB is 4 m/s in the
direction shown. Knowing that the magnitude of the velocity of end B is 3 m/s,
determine the angular velocity of bar AB.

16.20 The wheel rolls without slipping. In the position shown, the vertical com-
ponent of the velocity of point B is 4m/s directed upward. For this position,
calculate the angular velocity of the wheel and the velocity of its center C.

16.21 The disk rolls without slipping with the constant angular velocity w.
For the position shown, find the angular velocity of link AB and the velocity of
slider A.

Fig. P16.21

16.22 The pinion gear meshes with the two racks. If the racks are moving with
the velocities shown, determine the angular velocity of the gear and the velocity
of its center C.

Fig. P16.22 Fig. P16.23

16.23 The wheel rolls without slipping to the right with constant angular veloc-
ity. The velocity of the center of the wheel is v¢. Determine the speed of point B
on the rim as a function of its angular position 6.

16.24 The arm joining the two friction wheels rotates with the constant angular
velocity wy. Assuming that wheel A is stationary and that there is no slipping
between the wheels, determine the angular velocity of wheel B.



16.19-16.39 Problems 299

16.25 Solve Prob. 16.24 if wheel A is rotating clockwise with the angular
velocity wa = 2wy.

16.26 Gear A of the planetary gear train is rotating clockwise at w4 = 8 rad/s.
Calculate the angular velocities of gear B and the arm AB. Note that the outermost
gear C is stationary.

Al(e
] L
|
: 1O |
Dimensions in mm B
Fig. P16.26 Fig. P16.27

16.27 The bar AB is rotating counterclockwise with the constant angular
speed wy. (a) Find the velocities of ends A and B as functions of 6. (b) Differ-
entiate the results of part (a) to determine the accelerations of A and B in terms

of 6.

16.28 End A of bar AD is pushed to the right with the constant velocity b

v4 = 0.6 m/s. Determine the angular velocity of AD as a function of 6. B

16.29 The angular speed of link AB in the position shown is 2.8 rad/s clockwise. }

Compute the angular speeds of links BC and CD in this position. Im
A |
—- v

60 C A
D| @

Fig. P16.28

Dimensions in mm

60

2.8 rad/s

Fig. P16.29 Fig. P16.30

16.30 The link AB of the mechanism rotates with the constant angular speed of
6 rad/s counterclockwise. Calculate the angular velocities of links BD and DE in
the position shown.
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Dimensions in mm

Fig. P16.33

0.25m

9D

Fig. P16.34

16.31 When the mechanism is in the position shown, the velocity of slider D
is vp = 1.25 m/s. Determine the angular velocities of bars AB and BD at this
instant.

16.32 When the linkage is in the position shown, bar AB is rotating

counterclockwise at 16 rad/s. Determine the velocity of the sliding collar C in
this position.

16 rad/s

Fig. P16.32

16.33 At the instant shown, end A of the bar ABC has a downward velocity of
2 m/s. Find the angular velocity of the bar and the speed of end C at this instant.

16.34 Bar AB is rotating counterclockwise with the constant angular velocity
wo = 30 rad/s. Find the angular velocities of bars BD and DE in the position
shown.

16.35 The wheel is rolling without slipping. Its center has a constant velocity
of 0.6 m/s to the left. Compute the angular velocity of bar BD and the velocity of
end D when 6 = 0.

Fig. P16.35 Fig. P16.36

16.36 Crank AB rotates with a constant counterclockwise angular velocity of
16 rad/s. Calculate the angular velocity of bar BE when 6 = 60°.



16.6

16.37 The hydraulic cylinder raises pin B at the constant rate of 30 mm/s.
Determine the speed of end D of the bar AD at the instant shown.

Hydraulic
cylinder

80 mm

Fig. P16.37

16.38 In the position shown, the speeds of corners A and B of the right trian-
gular plate are v4 = 3 m/s and vz = 2.4 m/s, directed as shown. Find (a) the
angle «; and (b) the speed of corner D.

0.60 m

Fig. P16.38 Fig. P16.39

16.39 Bar DE is rotating counterclockwise with the constant angular velocity
wp = Srad/s. Find the angular velocities of bars AB and BD in the position shown.

46.6 | /nstant Center for Velocities

The instant center for velocities of a body undergoing plane motion is defined to
be the point that has zero velocity at the instant under consideration.” This point
may be either in a body or outside the body (in the “body extended”). It is often
convenient to use the instant center of the body in computing the velocities of
points in the body.

“Three “centers” are sometimes used in the kinematic analysis of plane motion: the instant center of
rotation for virtual motion (see Art. 10.6), the instant center for velocities, and the instant center for
accelerations. Each of these points is called simply the instant center when it is clear from the context
which center is being used. The discussion of instant center for velocities presented here parallels the
discussion of instant center of rotation for virtual motion in Art. 10.6.

Instant Center for Velocities
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(b)

Fig. 16.10

Planar Kinematics of Rigid Bodies

Figure 16.10(a) shows a rigid body that is undergoing plane motion. It is
assumed that the velocity vectors for points A and B are not parallel, and that
the angular velocity w of the body is counterclockwise. To locate the instant cen-
ter for velocities, we construct a line through A that is perpendicular to v,4, and a
line through B that is perpendicular to vg. These two lines will intersect at a point
labeled O in the figure. If point O does not lie in the body, we simply imagine
that the body is enlarged to include it, the expanded body being called the body
extended.

We now show that point O is the instant center—that is, that the velocity of O
is zero. Because A, B, and O are points in the same rigid body (or body extended),
we can write the following relative velocity equations:

Vo =V4 — ® X Fa0 @

Vo =Vp —® X TIp/o (b)

where r40 and rp;o are the relative position vectors shown in Fig. 16.10(b).
Because both w and ra;o are perpendicular to vy, it follows that @ X rs/o in
Eq. (a) is parallel to v4. This means that v is parallel to v,4. Similarly, it can be
shown from Eq. (b) that v¢ is parallel to vg. Because a nonzero vector cannot
be parallel to two different directions simultaneously, we conclude that vp = 0.
Therefore, point O is indeed the instant center for velocities.

In general, the instant center for velocities is not a fixed point. Therefore, the
acceleration of the instant center for velocities is not necessarily zero. However,
if a point of a body is fixed, that point is obviously the instant center for both
velocities and accelerations.

If O is the instant center, Eq. (a) reduces to

VA =0 X T0 (Va4 = rajow) (16.13)

This equation has the same form as the first of Egs. (16.8) for rotation about
a fixed axis through O. We must reiterate, however, that for general plane motion
the instant center is not a fixed point. Therefore, the analogy with rotation about
a fixed axis is valid only for velocities at a given instant of time (hence the term
“instant center”’). The analogy does not apply to accelerations.

The following rules, which follow directly from Eq. (16.13), apply when the
instant center is used.

1. The velocity of any point in the body is perpendicular to the line drawn from
the point to the instant center.

2. The magnitude of the velocity of any point of the body is proportional to the
distance of the point from the instant center.

3. The sense of the velocity vector of any point must be consistent with the sense
of the angular velocity of the body.

The construction shown in Fig. 16.10(a) for locating the instant center is obvi-
ously valid only if v4 and vg are not parallel. Figure 16.11 illustrates the methods
for locating the instant center when v4 and vp are parallel.

In Fig. 16.11(a), the perpendicular lines to the velocity vectors are parallel,
which means that the instant center is an infinite distance from A and B. This
leads to the conclusion that @ = 0; that is, the body is translating with v4 = vp.
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Intersect at infinity

w =0

(a) (b)

(© (@

Fig. 16.11

In Fig. 16.11 parts (b) through (d), the lines joining A and B are perpendicular
to both velocity vectors, and the usual construction for locating the instant center
does not work. In the case where v4 = vg, as in Fig. 16.11(b), the instant center
is at infinity, so that @ = 0 (i.e., the body is translating). If the magnitudes of
the velocities are not equal, the instant center is located using the constructions
in Fig. 16.11 parts (c) and (d), which are simply applications of rules 1 through 3
just stated.

The question arises whether the simplification of velocity analysis based on
the instant center is worth the labor it takes to find the instant center in the first
place. A general rule of thumb is to begin by marking the instant center on a
sketch of the body. If the distances between the kinematically important points
on the body (or body extended) and the instant center are fairly easy to calculate,
the analysis is well suited for using the instant center. However, if a prohibitive
amount of trigonometry is required to compute the location of the instant cen-
ter, the relative velocity method of the preceding article would be the preferred
method of solution. Of course, there are many problems that require the same
amount of labor using either method, in which case personal preference would
dictate which method to use.

Instant Center for Velocities
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wyp =3 rad/s

Sample Problem 16.7

When the mechanism in Fig. (a) is in the position shown, the angular velocity of
bar AB is wap = 3 rad/s clockwise. Using instant centers for velocities, calculate
the angular velocity of bar BC and the velocity of slider C for this position. (This
problem was solved previously as Sample Problem 16.5 by using the method of
relative velocity.)

Body BC
p— 0 Q ‘
W, =3 rad/s / extended

(b)

‘We must first locate the instant centers of the two rigid bodies AB and BC. Because
A is a fixed point, it is obviously the instant center of bar AB. The instant center
of BC, labeled O in Fig. (b), is located at the point of intersection of the lines that
are perpendicular to the velocity vectors of B and C. Note that vg is perpendicular
to AB, and v is horizontal. Therefore, O is located at the intersection of line AB
and the vertical line that passes through C.

From the geometry in Fig. (b), we note that .15 sin30° 4+ 0.12 =0.24 sin 3,
from which we find that 8 = 54.34°. Therefore, the distances a, b, and c are

a = 0.24sin54.34° = 0.195 m
b =0.24c0s54.34° =0.140 m
¢ = btan30° = 0.140tan 30° = 0.080 m

The distances to B and C from O are
0.080
sin 30°
rcio=a+c¢=0.195+0.16 =0.355m

=0.16m

rpijo = ¢/sin30° =

Now that the instant center for each bar has been found, we can compute the
required velocities.

Considering the motion of AB (its instant center is at A), we find that vg =
rpiawap = 0.15(3) = 0.45m/s, directed as shown in Fig. (b). Analyzing the
motion of BC (its instant center is at O) yields

0.45
wpc = Y2 2.81 rad/s
rp/o 0.16
wpc = 2.81rad/s O Answer



and

Ve =Tciowpc = 0355(281) = 0.99 m/s

ve =099 m/s — Answer

Sample Problem 16.8

When the linkage in Fig. (a) is in the position shown, the angular velocity of bar
AB is wap = 2 rad/s clockwise. For this position, determine the angular velocities
of bars BC and CD and the velocity of C using the instant centers for velocities.
(This problem was solved previously as Sample Problem 16.6 using the method
of relative velocity.)

Because A and D are fixed points, they are the instant centers for bars AB and CD,
respectively. The instant center for bar BC, labeled O in Fig. (b), is located at the
point of intersection of the lines that are perpendicular to the velocity vectors of
B and C. Because vy and v¢ are perpendicular to AB and CD, respectively, the
instant center is at the intersection of these two lines. Note that body BC must be
“extended” to include point O.

Body BC extended
rgja =60 mm BKB/O =86.60 mm o

30\
w,p=2radls o “sC
AB =~ //Q/Q&
vg= 120 mm/s /\,/C\;//
ve= 100wy

Wep

(b)

The distances to B and C from O, found from the triangle OBC, are

rg/o = 50/tan30° = 86.60 mm
rcro = 50/sin 30° = 100 mm

The instant centers A, O, and D can now be used to compute the required angular
velocities directly from Fig. (b).

60 mm

Wy p=2rad/s

50mm ®

9}

N s

30°

(a)



Considering the motion of AB (its instant center is at A), we find that
vg =rpawap = 60(2) = 120 mm/s, directed as shown in Fig. (b). Analyzing the
motion of BC (its instant center is at O) yields

Vg 120
= — = —— =1.386rad/
OB = e 86.60 radss
wpc = 1.386 rad/s O Answer

and

Ve = TFc/ioWpec = 100(1386) = 138.6 mm/s

30°
ve = 138.6 mm/s ‘& Answer

Because C is also a point on bar CD (its instant center is at D), the angular velocity

of bar CD is
138.6
wep =~ = 2% _ 1733 radss
rc/p 80
wcep = 1.733 rad/s O Answer

Sample Problem 16.9

The wheel in Fig. (a) rolls without slipping with the constant clockwise angular
velocity wy = 1.6 rad/s. Calculate the angular velocity of bar AB and the velocity
of the slider B when the mechanism is in the position shown. Use the instant
centers for velocities.

1%
| . t

WA
DTY 2 (- Bty AB extende 5
\

wq = 1.6 rad/s (

Dimensions in mm

(a)

The velocity vectors, distances, and points required to solve this problem are
shown in Fig. (b).
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Because the wheel rolls without slipping, its instant center is at the point of
contact C. Therefore, v, is perpendicular to the line AC. Note that the slope of
AC equals OC/AO = 400/200 = 2.

The instant center of bar AB, labeled D in Fig. (b), is located at the intersection
of the lines that are perpendicular to v4 and vg. Because v, is perpendicular to
AC, D also lies on AC. The line BD, which is drawn perpendicular to vg, is
horizontal because vy is vertical (it is not necessary to know here that the sense
of vp is upward).

Referring to Fig. (b), the distances of interest are computed as follows.

di = JAO" + OC = v/200? + 400% = 447.2 mm

a = 10005sin 30° = 500 mm
b =a/2 =250 mm (the slope of the line AC is 2)

dy = va? + b2 = /5002 + 2502 = 559.0 mm
dsy = 1000 cos 30° + b = 1000 cos 30° + 250 = 1116 mm

Using the distances d, d», and d3 and wy = 1.6 rad/s, we find that

va = diwy = 447.2(1.6) = 715.5 mm/s

VA =716 mm/s 4 Answer
wap = ‘;—2 = Z;% = 1.280 rad/s
wap = 1.280 rad/s O Answer
vp = dswap = 1116(1.280) = 1428 mm/s
v = 1428 mm/s 1 Answer

The sense of v4 was found by considering that the angular velocity of the wheel is
clockwise and its instant center is at C. The counterclockwise direction of w,p was
deduced by inspection of the sense of v4 and the location of the instant center D.
The direction of wsp and the location of B relative to D determine that the sense
of vy is upward.

It is frequently convenient to show the instant centers of more than one body
on the same sketch, as is done in Fig. (b). However, one must be careful to use
the proper instant center when discussing the velocity of a particular point. For
example, a common error when referring to Fig. (b) would be to write v¢ =
(dy + d>)wap, which is incorrect, because D is the instant center of bar AB, which
does not include point C.
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Problems

Dimensions in mm

Fig. P16.42

Planar Kinematics of Rigid Bodies

Note: The following problems are to be solved using instant centers for velocities.

16.40 The end of the cord that is wrapped around the hub of the wheel is pulled
to the right with the velocity vo = 0.7 m/s. Find the angular velocity of the wheel,
assuming no slipping.

Fig. P16.40

16.41 The wheel rolls without slipping with the angular velocity @ = 8 rad/s.
Determine the coordinates of a point B on the wheel for which the velocity vector
isvg = —2.4i+ 0.7j m/s.

16.42 The unbalanced wheel rolls and slips along the horizontal plane. At the
instant shown, the angular velocity w of the wheel and velocity v of its center are
as indicated. Find the magnitude and direction of the velocity of G at this instant.

16.43 A 500-mm diameter wheel rolls and slips on a horizontal plane. The
angular velocity of the wheel is w = 12 rad/s (counterclockwise), and the velocity
of the center of the wheel is 1.8 m/s to the left. (a) Find the instant center for
velocities of the wheel. (b) Calculate the velocity of the point on the wheel that is
in contact with the plane.

16.44 Determine the coordinates of the instant center for velocities of the bar
AB in (a) and (b).

y

90 mm

A
Li 450 mm —~
(a) (b)
Fig. P16.44



16.45 Find the coordinates of the instant center for velocities of bar AB in
(a) and (b).

40 mm

16.40-16.60 Problems

Fig. P16.45

16.46 The arm connected between the centers of gears A and B is rotating
counterclockwise with the angular velocity of 4.8 rad/s. At the same time, A is
rotating at 24 rad/s, also counterclockwise. Determine the angular velocity of B.

S
) <
2, Y
o J
A [ B

Fig. P16.46

16.47 The pinion gear meshes with the two racks. If the racks are moving with
the velocities shown, determine the angular velocity of the gear and the velocity
of its center C. (Note: This problem was solved as Prob. 16.22 by the method of
relative velocity.)

16.48 Bar AB is rotating counterclockwise at the constant angular velocity of
6 rad/s. Determine the angular velocity of bar CD when the mechanism is in the
position shown.

16.49 Sketch the locus of the instant center of velocities of bar AB in
Fig. P16.44(a) as 6 varies from 0° to 90°. (This curve is called a space centrode.)

16.50 The 3-m wooden plank is tumbling as it falls in the vertical plane.
When the plank is in a horizontal position, the velocities of ends A and B are
as shown in the figure. For this position, determine the location of the instant

(b)

No slipping

309

~—
0.8 m/s

A

Fig. P16.47

0.24 m

Fig. P16.48
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c
[o>

S G

VB

A 30°
‘ 60 mm B
Z vy =3 mls
30°

Fig. P16.51

Fig. P16.54

center for velocities, the angular velocity of the plank, and the velocity of the
midpoint G.

y
A G B
5 X
3m
2 m/s
5 m/s

Fig. P16.50

16.51  For the triangular plate undergoing plane motion, v, and the direction of
vp are known. Calculate the angular speed of the plate and the speeds of corners
Band C.

16.52 At the instant shown, the angular velocity of the cylinder, which is rolling
without slipping, is 2rad/s, counterclockwise. Find the velocity of end B of the
rod that is pinned to the cylinder at A.

50‘:/ 30°7

—_X B

Fig. P16.52 Fig. P16.53
16.53 When bar AB is in the position shown, end B is sliding to the right with

a velocity of 0.8 m/s. Determine the velocity of end A in this position.

16.54 Slider C of the mechanism has a constant downward velocity of 0.8 m/s.
Determine the angular velocity of crank AB when it is in the position shown.

16.55 Bar BC of the linkage slides in the collar D. If bar AB is rotating clock-

wise with the constant angular velocity of 12 rad/s, determine the angular velocity
of BC when it is in the horizontal position shown.

12 rad/s

Fig. P16.55
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16.56 Bar BC of the linkage slides in the collar D. If bar AB is rotating clock-
wise with the constant angular velocity of 12 rad/s, determine the angular velocity

of bar BC in the position shown.

12 rad/s

Fig. P16.56

16.57 When the mechanism is in the position shown, the angular velocity of bar
AB is 72rad/s, clockwise. For this position, compute the angular velocity of the

plate BCD and the velocity of corner D.

|

900 mm

Fig. P16.57

16.58 The crank AB of the mechanism rotates counterclockwise at 8 rad/s.
Calculate the velocities of sliders C and D at the instant shown.

Fig. P16.58
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Fig. P16.60

Planar Kinematics of Rigid Bodies

16.59 Bar AB of the mechanism rotates clockwise with the angular velocity wy.
Compute the angular velocities of bars BD and DE for the position shown.

Fig. P16.59

16.60 When the mechanism is in the position shown, the velocity of the
center O of the disk is 0.4 m/s to the right. Assuming that the disk rolls without
slipping, calculate the velocity of the collar B in this position.

16.7 | Method of Relative Acceleration

In Arts. 16.5 and 16.6, we analyzed the velocities of points in a rigid body under-
going plane motion. Two methods were presented: the method of relative velocity
and instant centers for velocities. In this article, we introduce the method of rela-
tive acceleration, which employs the equation ag = a4 + ag/4 for two points in
the same rigid body.

Figure 16.12(a) shows a rigid body that is undergoing general plane motion.
The angular velocity and angular acceleration vectors of the body are w and o,
respectively. Letting A and B be two points in the body, the acceleration of B with
respect to A is, according to Egs. (16.8),

ap/a = (ap/a)n + (@p/a): (16.14a)

where the normal and tangential components of the relative acceleration are

(@p/a)n = @ X (@ X Ipjy) [(apa)n = rp/ac’] (16.14b)

(ap/a); = o X Ip/s [(ap/a): = rpac] (16.140)

Substituting Egs. (16.14) into ag = a4 + ag/4 gives

ag =a, +® X (@ XTgu)+ 0o XTpa (16.15)



16.7 Method of Relative Acceleration

Ve = O XTpy

‘%
Vector
notation
0]
A
(©
VBA = Tpa®

(a) (b)

Scalar
notation

(d)

Plane motion =  Translation + Rotation about A

Fig. 16.12

The physical interpretation of Eq. (16.15) is illustrated in Fig. 16.12. The
figure shows that general plane motion is equivalent to the superposition of
two simpler motions (this equivalence also formed the basis for relative velocity
analysis):

1. A rigid-body translation, where the acceleration of each point equals the
acceleration of the reference point A (ag = a,), as shown in Fig. 16.12(b).

2. A rigid-body rotation about a fixed axis at A [ag/a = (ap/a)n + (ap/a):] is
illustrated in Figs. 16.12 (c) or (d). Showing a pin support at A reinforces
the notion that A is considered to be fixed at the instant when the motion is
studied.

The contribution of the rotation of the body to the acceleration of B may be
computed using either the vector notation in Fig. 16.12(c) or the scalar notation
in Fig. 16.12(d). The choice of notation is a matter of personal preference. When
using scalar notation, remember that (1) (ap/4), is always directed toward the
reference point A, and (2) (ap/4); is perpendicular to AB, and its sense is deter-
mined by the direction of the angular acceleration « of the body (recall that « is a
property of the body and is independent of the choice of reference point).
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The method of relative acceleration consists of writing the equation
ag=a, + ® X (& X rg/4) + o X rg/4 for two points in the same rigid body, and
then solving it for the unknowns. For plane motion, Eq. (16.15) is equivalent to
two scalar equations (e.g., the equations that result from equating the horizon-
tal and vertical components of both sides of the vector equation). The number of
variables appearing in Eq. (16.15) is six (assuming that rp/4 is known):

ap: two variables (magnitude and direction, or horizontal and vertical
components)

a,: two variables (magnitude and direction, or horizontal and vertical
components)

®: one variable (magnitude w of the angular velocity)

o one variable (magnitude « of the angular acceleration)

Solution of Eq. (16.15) is possible only if four of the preceding six variables
are known beforehand. The angular velocity w of the body usually can be found
by the velocity analysis described in previous articles, leaving us with the need to
know three additional variables (this situation is similar to what we encountered
in the relative velocity analysis). It follows that we must restrict the choice of A
and/or B to points whose accelerations contain less than two unknowns—points
that we call the kinematically important points for acceleration.

The steps in the application of the relative acceleration method are:

Step 1: If the angular velocity w of the body is unknown, find it by the relative
velocity analysis described in the previous articles.

Step 2: Identify two kinematically important points (say, A and B) on the same
rigid body.

Step 3: Write ag = a4 + ® X (@0 X Ig/4) + o X Ip/4, identifying the unknown
variables (either vector or scalar notation can be used).

Step 4: If the number of unknowns is two, solve the equation.

If the number of unknowns is greater than two, it may still be possible to
solve the problem by considering the motion of other kinematically important
points.

The point in the body that has zero acceleration is called the instant center for
accelerations. In general, the instant center for velocities and the instant center for
accelerations are not the same point. It can be shown that the two centers coincide
only if the angular velocity of the body is zero, or if the body is rotating about
a fixed axis. In principle, the instant center for accelerations can be found for
any body undergoing plane motion. However, the difficulty in locating this point
usually outweighs the advantages gained by its use. For this reason, the instant
center for accelerations is not used in this text.



Sample Problem 16.10

The wheel of radius R shown in Fig. (a) is rolling without slipping. At the instant
shown, its angular velocity and angular acceleration are w and «, both clockwise.
Determine the acceleration vectors of (1) point C, the point of contact on the
wheel; and (2) point A.

Introductory Comments

This problem will be solved using both scalar and vector notations. We choose
point O (the center of the wheel) as the reference point, because its acceleration
is known from Eq. (16.12a) to be ap = Rui, as shown in Fig. (b).

Part 1

When scalar notation is used to relate the accelerations of C and O, ac,p is
computed by assuming that point O is fixed. Therefore, we have

ac = A + aco
0
0® \%/
ko N
—
R

Ra C

Row?
which gives
ac = Rw* 1 Answer

This result is shown in Fig. (b). Note that although C is the instant center for
velocities, its acceleration is not zero. This makes sense, because the velocity
of C changes its direction from up to down as it passes over the contact point with
the ground. Hence, the acceleration of C at the instant of contact is nonzero and
directed upward.

Part 2

The accelerations of A and O are related by

a = ap + 4/0
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which yields
Ra

aA =
Ra+w?) Answer

The acceleration vector of A is also shown in Fig. (b).

Part 1

Using vector notation, the relationship between the accelerations of C and O is
ac =ap +a Xrcpo+ox (0 Xrepo)
Substituting r¢0 = —Rj [see Fig. (¢)], ® = —wk, and o = —ak, we get

ac = Rai+ (—ak) x (—Rj) + (—wk) x [(—wKk) x (—Rj)]
= Rai — Rai+ (—wk) x (—Rwi)

= Ro’j Answer

Part 2

The relationship between the accelerations of A and O becomes, on substituting

A Ya0 0 ry0 = —RIi [see Fig. ()],
ap=ap9+ o XTrao+®X (®XTy0)
y Tcro
= Rai + (—ak) x (=Ri) + (—wk) x [(—wK) x (—Ri)]
Lx C = Rai + Raj+ (—wk) x (Rwj) = Rai+ Raj + Ro’i
© = R(x + @?)i+ Raj Answer
|
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Sample Problem 16.11

Bar AB of the mechanism shown in Fig. (a) is rotating clockwise with a constant
angular velocity of 3 rad/s. Determine the angular acceleration of bar BC and the
acceleration of the slider C at the instant when bar AB makes an angle of 30° with
the horizontal, as shown.

wyp =3 radls




Introductory Comments

We will solve this problem using scalar notation (Solution I) and vector notation
(Solution II). Because the angular velocity of bar BC is not given, it must be
calculated before the accelerations can be found. We assume that this has already
been done, the result being wgc = 2.785 rad/s counterclockwise.” Furthermore,
we assume that the value of angle 8 shown in Fig. (b) has been computed by
trigonometry.

Clearly, B and C are the kinematically important points on bar BC: The accel-
eration of B can be computed from the prescribed motion of bar AB, and the
path of point C is known. Therefore, the problem can be solved by relating the
accelerations of points B and C.

We assume that the acceleration of C is directed to the right and that the angu-
lar acceleration of BC is counterclockwise. The angular acceleration of AB is
given as zero.

The acceleration of C is related to the acceleration of B by

ac = ag + acp (a)

wpe =2.785 rad/s
4 1003)°=900 mm/s> g\« Z Be
C < ’ .
— OQ((\ B

A\
W ,30°
ﬂ wyp =3 rad/s

160(2.785)> = 1241 mm/s?

Inspection of Eq. (a) reveals that it contains two unknowns: a¢ and o pc. Equat-
ing the horizontal and vertical components, we obtain the following two scalar
equations.

5 a¢ = —900cos 30° + 160apc sin 54.34° — 1241 cos 54.34° (b)
+T 0 = —900sin 30° + 160cpc cos 54.34° + 1241 sin 54.34° (o)

the solution of which is ac = —2280 mm/s2, and azc = —5.99 rad/s®. Therefore,
ac =2.28m/s> < ope = 5.99 rad/s®> O Answer

Note that if wgc had not been determined previously, Egs. (b) and (c) would
contain wpc as a third unknown, making the equations unsolvable.

“See the solution of either Sample Problem 16.5 (method of relative velocity), or Sample Problem
16.7 (instant centers).
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The relative position vectors shown in Fig. (b) are

rg/4 = 100 cos 30°i 4+ 100 sin 30°j
= 86.6i + 50j mm. (d)

and

re/p = 160 cos 54.34°1 — 160 sin 54.34°j
= 93.28i — 130j mm. (e

The acceleration equation that solves the problem is
ac =ag +acp ®
Because the direction of ac is horizontal, we have
ac = aci (g)

The acceleration of B in Eq. (f) can be determined by noting that B moves on a
circular path centered at A. Therefore,

ap = oap X Ip/a + Wap X (Wap X Tp/a)
Substituting o4 = 0, wap = —3Kkrad/s, and rg;4 from Eq. (d), we get
ap =0+ (—3Kk) x [(=3k) x (86.6i + 50j)]

= (=3k) x (—259.8j + 150i)
= —779.4i — 450§ mm/s> (h)

According to Eq. (16.15), the acceleration of C relative to B is

ac/p = Ogc X Iep + Wpe X (Wpe X Yeyp)
Substituting apc = apck, wpc = 2.785k rad/s, and r¢;p from Eq. (e), we get

ac/p = (apck) x (93.28i — 130j)
+ (2.785k) x [(2.785Kk) x (93.28i — 130j)]
= 93.28upcj + 1300pci
+ (2.785k) x (259.8j + 362i)
= 93.28apcj + 1300tgci — 723.6i + 1008.2j mm/s> 0]
Substituting Egs. (g), (h), and (i) into Eq. (f) and equating coefficients of
i and j, we obtain the following two scalar equations.
ac = —779.4 + 130agc — 723.6 ®
0 = —450 + 93.28ap¢ + 1008.2 (k)



Solving Egs. (j) and (k) simultaneously gives ac = —2280mm/s?, and apc =
—5.99 rad/s®. Therefore,

ac = —2.28im/s®> and apc = —5.99Kk rad/s’ Answer

Sample Problem 16.12

When the linkage in Fig. (a) is in the position shown, bar AB is rotating with
angular velocity wap = 2.4rad/s and angular acceleration oy = 1.5 rad/s?, both
counterclockwise. Determine the angular accelerations of bars BC and CD for this
position.

Preliminary Calculations

This problem will be solved using scalar notation (Solution I) and vector notation
(Solution II).

Inspection of the linkage in Fig. (a) reveals that A, B, C, and D are the kine-
matically important points: A and D are fixed, and the paths of B and C (which
are points on the same rigid bar BC) are known to be circles centered at A
and D, respectively. Figure (c) shows the relative position vectors between the
kinematically important points. The angle between BC and the horizontal was
found to be 6 = sin~' (40/95) = 24.90°.

Before the angular accelerations can be found, the angular velocities of bars
BC and CD must be known. These velocities can be determined using either the
relative velocity method or the instant centers for velocities, with the latter being
more convenient for this problem.

Because both v and v¢ are horizontal, as shown in Fig. (b), the instant cen-
ter for bar BC is at infinity. Therefore, BC is translating at this instant; that is,
wpc = 0.

The magnitude of vp is vg = rpjawap = 80(2.4) = 192.0 mm/s, the sense
being to the right because wyp is directed counterclockwise. As the bar BC is
translating, it follows that ve = vp = 192.0 mm/s (all points of a translating
body possess the same velocities), also directed to the right. Therefore wcp =
velreyp = 192.0/120 = 1.6 rad/s with a counterclockwise direction, as shown in
Fig. (b). Summarizing these results in vector notation, we have

wyp = 2.4k rad/s wpc =0 wcp = 1.6K rad/s (@

Assuming that apc and «¢p are both counterclockwise, the angular accelerations
of the bars are

oz = 1.5k rad/s® ope = apck rad/s’ acp = acpkrad/s>  (b)

A D
o] 4 @ap= 2.4radls\
a,p = 1.5 rad/s? 1

120

Dimensions in mm

(a)

A D

Q:-/) p= 2.4radls Q:)

Wy

(Yo7}
120

(©
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The accelerations of points B and C are related by ac = ag-+ac,s. The expression
for the relative acceleration ac/p is obtained by imagining that point B is fixed at
the instant of concern. The accelerations ag and ac are derived from the fact that
bars AB and CD rotate about the fixed points A and D, respectively. Therefore, the
relationship between the accelerations becomes

ac = ap + acp ©
D; / Wep= 1.6 rad/s A\ g Jyp=2.4 radls lﬂ ¥sc
N4 py N > 24.90°4 955
g = 1.5 rad/s
\_/Otcu VQAB rad/s 9% A
120 80
B 80(1.5) = 120 mm/s?

24.90°
—Lo—— 1200,
c 80(2.4)2 = 460.8 mm/s?

120(1.6)% = 307.2 mm/s>

Inspection of this equation reveals that there are two unknowns: o and o¢p,
which can be found by equating horizontal and vertical components of Eq. (c):

—5  1200cp = 120 + 95apc sin 24.90° (d)

T 307.2 = 460.8 + 95a5c cos 24.90° (e

Solving Egs. (d) and (e) gives apc = —1.783 rad/s® and acp = 0.406 rad/s>;
that is,

apc = 1.783 rad/s> O acp = 0.406 rad/s> O Answer

The relative position vectors shown in Fig. (c) can be written in vector form as

rg/a = —80j mm

re/g = 9508 24.90% — 95 sin 24.90°)
. . ®
= 86.17i — 40.00j mm

Ic/p = —120J mm




The relationship between the accelerations of C and B is
ac =ap +acsp
Because the path of C is a circle centered at D, we have
ac = dcp X rep + Wep X (Wep X Teyp)
Substituting the vectors in Egs. (a), (b), and (f), the result is
ac = (acpk) x (—120j) + (1.6k) x [(1.6k) x (—120j)]
= 120a¢pi + (1.6Kk) x (192.0i)
= 120acpi + 307.2j mm/s*
Noting that B moves on a circular path centered at A, we conclude that
ag = oap X p/a + Wap X (Wap X Ipja)
= (1.5k) x (—80j) + (2.4k) x [(2.4k) x (—80j)]
= 120i + (2.4k) x (192.0i)
= 120i + 460.8j mm/s>
From Egs. (16.13), we obtain
ac/p = opc X Icyp + Wpe X (Wpc X Ieyp)
= (apck) x (86.17i —40.00j) + 0

= 86.17acj + 40.0005¢i mm/s?

®

(h)

0]

(]

Substituting Egs. (i)—(k) into Eq. (g), and equating the coefficients of i and j,

yields the following two scalar equations.

1200cp = 120 4 40.0005¢

307.2 = 460.8 + 86.17apc

O

(m)

Solving Egs. (1) and (m) gives agc = —1.783 rad/s?> and acp = 0.406 rad/s?, or

opc = —1.783k rad/s”> and acp = 0.406k rad/s’

Answer
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Problems

Fig. P16.61

Fig. P16.62

Fig. P16.66

16.61 At a given instant, the endpoints of the bar AB have the accelerations
shown. Determine the angular velocity and angular acceleration of the bar at this
instant.

16.62 The wheel rolls on its 0.36 m-radius hub without slipping. The angular
velocity of the wheel is 3 rad/s. Determine the acceleration of point D on the rim
of the wheel if the angular acceleration of the wheel is (a) 6.75 rad/s* clockwise;
and (b) 6.75 rad/s? counterclockwise.

16.63 A string is wrapped around the hub of the spool. A pull at the end of
the string causes the spool to roll on the horizontal plane without slipping. At a
certain instant, the angular velocity and angular acceleration of the spool are as
shown in the figure. For this instant, find (a) the acceleration of point D on the
spool; (b) the acceleration of point B; and (c) the acceleration ag of the end of the
string.

16.64 A string is wrapped around the hub of the spool. A pull at the end of the
string causes the spool to roll and slip on the horizontal plane. At a certain instant,
the angular velocity and angular acceleration of the spool are as shown in the
figure, while the velocity and acceleration of the end of the string are vy = 1 m/s
and ay =2 m/s’, respectively. For this instant, find the acceleration of (a) point D
on the spool; (b) point A; and (c) point B.

w= 6rad/s
a =15 rad/s?

Fig. P16.63, P16.64 Fig. P16.65

16.65 When 6 =30°, the angular velocity of the bar is 2rad/s counterclock-
wise, and the acceleration of slider B is 8 m/s?, directed to the right. Calculate the
acceleration of slider A at this instant.

16.66 When the rod AB is in the horizontal position shown, the velocity and
acceleration of collar A are v4 =2 m/s and a4 = 6 m/s2, directed as shown. Cal-
culate the acceleration of collar B and the angular acceleration of the rod in this
position.
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16.67 The crank AB is rotating clockwise with the constant angular velocity of
20rad/s. Determine the acceleration of piston C when 6 = 90°.

Fig. P16.67 Fig. P16.68

16.68 In the position shown, the angular velocity and angular acceleration
of the bar AB are wsp=3rad/s CW and oup = 12rad/s> CCW. Calculate the
acceleration of roller C in this position.

16.69 When the mechanism is in the position shown, bar AB is rotating with the
angular velocity w and angular acceleration «, both counterclockwise. Determine
the angular acceleration of bar BC and the acceleration of roller C in this position.

b 2b

Fig. P16.69

16.70 Rod AB of the mechanism is sliding to the right with a constant velocity ¢
of 4 m/s. Determine the acceleration of roller C in the position shown.

16.71  When the mechanism is in the position shown, the velocity of the sliding
collar is v4 = 2 m/s, and it is increasing at the rate of 1.2 m/s%. For this position,
calculate the angular accelerations of bars AB and BC.

Fig. P16.70

)
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%Q«\“\ D 16.72  As the hydraulic cylinder elongates, it raises pin B of the mechanism.
When the system is in the position shown, the velocity of pin B is 40 mm/s
upward, and it is increasing at the rate of 80 mm/s”. For this instant, determine
the angular accelerations of bars AD and AE.

Hydraulic

A cylinder
= 16.73 Bar AB is rotating clockwise with the constant angular velocity of
§ 20rad/s. For the position shown, determine the angular accelerations of bars BD
* and DE.
E
E 0.8 m D
0 D]
Fig. P16.72 —L\— | T
103 m
&)
B(e ; 1
04m 20 rad/s
A
Fig. P16.73

16.74 The wheel rolls without slipping with the constant clockwise angular
velocity of 0.8rad/s, as end B of bar AB slides on the ground. Calculate the
acceleration of B in the position shown.

Fig. P16.74

16.75 Bar BC of the mechanism rotates clockwise with the constant angular
velocity of 24 rad/s. Determine the angular accelerations of bars AB and CD in
the position shown.

0.75 m

Fig. P16.75

16.76 In the position shown, the angular velocity and angular acceleration of
bar CD are 6rad/s and 20 rad/s®, respectively, both counterclockwise. Compute
the angular accelerations of bars AB and BC in this position.

16.77 Bar AB of the mechanism rotates with the constant angular velocity of
3 rad/s counterclockwise. For the position shown, calculate the angular accelera-
tions of bars BD and DE.

Fig. P16.77
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16.78 The wheel rolls without slipping on the horizontal surface. In the posi- A | 06m

tion shown, the angular velocity of the wheel is 4 rad/s counterclockwise, and its
angular acceleration is 5 rad/s” clockwise. Find the angular acceleration of rod AB
and the acceleration of slider B in this position.

16.79 The disk is rotating counterclockwise with the constant angular speed
of 2rad/s. For the position shown, find the angular accelerations of bars AB
and BD.

Fig. P16.78
l 09 m 0.3 m
Fig. P16.79
16.80 The arm joining the friction wheels A and B is rotating with the angular
velocity @ = 5 rad/s and the angular acceleration @ = 12.5 rad/s?, both coun- / 95 mm
terclockwise. Assuming that wheel A is stationary and that there is no slipping, ¢‘ ?
determine the magnitude of the acceleration of the point on the rim of B that is in /=1
contact with A. .= 60 mm
Y=
16.81 When the mechanism is in the position shown, the angular velocity of the
gear is 2 rad/s clockwise, and its angular acceleration is 4 rad/s” counterclockwise. Fig. P16.80

Determine the angular accelerations of bars AB and BD in this position.

Dimensions in mm

0.6 m

y
Fig. P16.81 |

16.82 Bar AB of the mechanism rotates with the constant angular velocity @
1.2 rad/s clockwise. For the position shown, (a) verify that the angular velocities
of the other two bars are wgp = 1.358 rad/s counterclockwise and wpg = 1.131
rad/s clockwise; and (b) determine the acceleration vector of point D. Fig. P16.82

X
1.2 rad/s
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X

Fig. 16.13

Fig. 16.14

16.8 | Absolute and Relative Derivatives of Vectors

a. Introduction

Up to this point, our kinematic analysis of rigid bodies used the formulas for
relative motion between points in the same body. The coordinate system used was
allowed to translate but not rotate. However, there is a class of problems associated
with sliding connections in which the point of interest does not lie in a body, but
its path relative to a body is known. For problems of this type, it is convenient
to describe the motion of the point in a reference frame that is embedded in the
body. Such a coordinate system may rotate as well as translate.

The utility of a rotating coordinate system may be seen in the following
example. Consider the motion of collar B sliding along the rotating bar OA in
Fig. 16.13. We introduce two coordinate systems: the fixed xy-axes (with base
vectors i and j), and the rotating x’y’-axes (with base vectors i’ and j'), which are
embedded in the bar. The absolute path of B (measured relative to the xy-axes),
will, in general, be complicated. However, the relative path of B—that is, the path
in the x’y’-coordinate system—is known: It is a straight line along the x’'-axis.
Letting vg,04 and ap/o4 denote the speed and the magnitude of the acceleration of
B relative to the bar, the corresponding relative velocity and relative acceleration
vectors are simply VBioA = VB/OAi/ and ap/oA = LlB/OAi/.

This example shows that in some cases the description of motion is greatly
simplified by using a rotating coordinate system. In Art. 16.9, we show how to
determine the absolute motion of a point if its relative motion is given in a rotating
coordinate system. This article is devoted to the derivation of formulas needed for
this computation.

b. Absolute and relative time derivatives of vectors

Consider the rigid body 9% that moves in the xy-plane, as shown in Fig. 16.14.
The figure displays two reference frames:

* The xyz reference frame is fixed, the unit vectors along the axes being denoted
by i, j, and k. A vector V can be expressed in terms of the fixed axes as

V=Vi+V,j+Vk (16.16)

The time derivative of this vector, also known as the absolute derivative, is

. AY . . .
V="r= A+ V,j+ V.k (16.17)

» The x’y’z’ axes are embedded in the body, the unit vectors being i’, j’, and
k' = k. The expression for V in terms of the embedded coordinates is

V=V + Vyj + VoK (16.18)

The relative derivative (relative to the body B) of V is defined as

dv . . .
(_> = Vi + Vyj + VoK (16.19)
dt ),
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Equation (16.19) represents the rate of change of V with respect to the x’y’z’
reference frame; that is, the rate of change of V as seen by an observer attached
to the body %B. The absolute derivative of the vector in Eq. (16.18) is

ﬂ=V/i’+V/j’+V/k’+V/d—i/+V/d—j/+v/d—k/
dt ! y ‘ Yde o Vdr 0t dt
=Cﬁ)—uh@+vfi+wﬂi (16.20)
dt ), Tdt  Vdt T dt '

Since the x'y’7" axes rotate with the body, the time derivatives of the base
vectors i’ and j' are generally not zero (translation of 9B does not affect the
derivatives). However, for plane motion dK'/dt = 0.

¢. Derivatives of embedded unit vectors

We now derive the expressions for the absolute derivatives of i’ and j'. Referring
to Fig. 16.14, we can write

i =cosfi+sinfdj j=—sinfi+coshj
Therefore, the absolute derivatives of the embedded unit vectors are

di/ . . o~ A o/ dj/ . . -\ A o/
T (—sin@ i+cos j)o = wj T (—cosfi—sinf j)o = —wi’ (16.21)

where w = 6 is the angular velocity of %. Introducing the angular velocity vector
o = wk, the absolute derivatives also can be written as

di L dj L, dK

E:wx{ E:wx’ W_O (16.22)
d. Relationships between absolute and
relative derivatives
Substituting Eqs. (16.22) into Eq. (16.20) we get
v v + Vu( i) + Vy( i) (16.23)
_— = _ (W X1 (@ X .
dt at ), Y J 3

It can be verified readily that the last equation is equivalent to

dv  (dV
e — v 6.
7 (m>@+wx (16.24)

Equation (16.24) is convenient for evaluating the absolute derivative of a vector
when its relative derivative is known.



328

CHAPTER 16  Planar Kinematics of Rigid Bodies

The expression for the second absolute derivative of V can be obtained by
differentiating Eq. (16.24):

AV _d(dVY_d[(dV) |
2 dt \dt) dr[\dt )y

d*v dv dv
=|— +wx|— +woxV+ox — +wxV
dr’> ) dr ), dr ),

After simplifying, this yields

d2V d2V dVv
7= (W),% +oxV+owx(@xV)+2m x <Z)/% (16.25)

e. Special case: vector embedded in rotating
reference frame

If the vector V is embedded in the body 9, its components Vs, V,/, and V
remain constant, so that (dV/dt),;; = 0. Consequently, Egs. (16.24) and (16.25)

become
dv
o= wxV (16.26)
d*v
W:wa—l—wx(wa) (16.27)

f. Note on general motion

Up to now we have assumed plane motion. If the motion is not plane, it can be

shown that”
di/ e/ dj, o/
—=wxi —=wxj
dt dt

Note that the first two equations are identical to those in Egs. (16.22). As a

consequence, the absolute derivative of V in Eq. (16.20) becomes

dk’
o= o xk (16.28)

dV dV o/ o/ /
— = — + V(o x 1)+ Vy(w x j) + Vy(o xK)
dt dt ) g

which can be written in exactly the same form as Eq. (16.24):

aV_ (VY Ly
dt — \ dt J

Therefore, we conclude that Egs. (16.24)—(16.27) are not restricted to plane
motion.

*See Principles of Dynamics, 2e, Donald T Greenwood, Prentice Hall, 1988, p.33.
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16.9 © Motion Relative to a Rotating
Reference Frame

We now apply the formulas relating the absolute and relative derivatives of an
arbitrary vector V, derived in the previous article, to the velocity and accelera-
tion vectors of a point. As shown in Fig. 16.15, we let B be a rigid body that
is undergoing plane motion in the xy-plane, where the xyz-coordinate system is
fixed. The x’y’z’-coordinate axes are embedded in the body and, therefore, rotate
with the angular velocity @ = wk of the body. The following three points will be
involved in our discussion:

* A is the origin of the embedded x"y’z’-coordinate system.

* Pis a point or particle that moves independently of .

* P’ (not shown) is a point embedded in 9B that is coincident with P at the instant
shown.

Path of P
relative to %

7" Path of A

Fig. 16.15

From Fig. 16.15, we have rp = r4 + rp;a, which upon differentiation with
respect to time yields

Vp =Va4+Vpia (16.29)
where J
I'p/A
= 16.30
Vp/A a1 (16.30)

The velocity in Eq. (16.30) is measured relative to the fixed xyz-coordinate
system. In many situations, however, the velocity of P relative to the moving body
R is easier to describe. The relationship between these two velocities can be found
by replacing V by rp/4 in Eq. (16.24) of the previous article, which gives

drpa _ drpa
dt dt

) 4+ @ X Ipjy (16.31)
IR

where the subscript “/%B” denotes quantities that are measured relative to the
body A. Introducing the notation

drpa
oy — 6. 2
\§ I ( i )/% (16.32)
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for the velocity of P relative to %, and substituting Eq. (16.31) into Eq. (16.29),
we get

Vp =V4 +®XTp/a+ Vpap (16.33)

Because P’ and A are embedded in the body 9B, the velocity of P’ relative to A is
given by

Vpiia = ® X Tpja (16.34)

Therefore, Eq. (16.33) can be written in the form

Vp = Va 4F VpiiA + Vp/%
| | | |
velocity velocity velocity of velocity
of P of origin P’relative of P
of x'y'z'- to A (P'is relative
axes, embedded in to body % (16.35)

which are body % and
embedded coincident
in body %B with P at

this instant)

Figure 16.16 displays the terms that appear in Eq. (16.35) (the angular velocity
w is assumed to be counterclockwise). Observe that the motion is represented as
a translation and a rotation of the body, plus the velocity of P relative to the body.
The velocity vp is tangent to the absolute path of P, whereas vp,g is tangent to its
relative path. The rotation term in Fig. 16.16 is shown as the vector cross product
® X Ip/4, but this could be replaced by the scalar notation in Fig. 16.8(d).

Path of P

. Vpi = OXT,
relative to %B P'/A P/A

\_%’ath of A

Fig. 16.16
The acceleration of P is found by differentiating Eq. (16.29):
ap = a, +apy (16.36)
where the relative acceleration is

2
dvpia  d°rpia

= e (16.37)

ap/a =
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Substituting rp;4 for V in Eq. (16.25), we see that Eq. (16.37) may be
written as

d*r .
apjy = ( dt};m) + 0 xXTpu+@x (0XTpp)+20 xvVpg (16.38)
/B

The first term of Eq. (16.38) is the acceleration of P relative to body %:

d*rpia
ap/p = <7>/973 (16.39)

The next two terms in Eq. (16.38) represent the acceleration of P’ relative to A,
namely

app = XTpjp+ 0 X (@ XTpy) (16.40)

The last term in Eq. (16.38), called the Coriolis acceleration (named after the
French mathematician G. G. Coriolis), will be denoted by

ac =20 X Vpg (16.41)

Note that the Coriolis acceleration represents an interaction between the angular
velocity of the body and the velocity of P relative to the body.

Substituting Eqgs. (16.38) through (16.41) into Eq. (16.36), the acceleration of
P becomes

ap=a4+[0XxTrps+®x(®xrp)]+aps+2w0xvpy  (16.42)
A physically more meaningful form of this equation is

ap = ay + ap//A +  apgp + ac
I I I | |
acceleration acceleration  acceleration acceleration  Coriolis
of P of origin of of P’ of P relative acceleration

x'y'7/-axes,  relative to A to body %

which are (P’ is embedded

embedded in body %B

inbody 9B and coincident
with P at

this instant)

(16.43)
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Figure 16.17 illustrates the terms that appear in Eq. (16.42) (the angular
velocity w and the angular acceleration @ are assumed to be counterclockwise).
Note that the motion is represented as a translation and rotation of the body plus
the acceleration of P relative to the body plus the Coriolis acceleration. The rota-
tion terms in Fig. 16.17 are shown using their vector representations, ® X Ip/a
and ® X (@ X rps); they can be replaced by the scalar notations shown in
Fig. 16.12(d). As seen in Fig. 16.17, the Coriolis acceleration ac is perpendicular
to both vp/g and w. When the scalar representation is used, the magnitude of ac is
2wvpq, and its direction can be determined by fixing the tail of vp,g and rotating
this vector through 90° in the direction of w.

Path of P ) OX(OXTp,)
relative to % Path of P WX Tpy

Coriolis
acceleration

Fig. 16.17



Sample Problem 16.13

As shown in Fig. (a), the collar P slides from A toward B along a semicircular rod
AB of radius 200 mm. The rod rotates about the pin at A, and the speed of P rela-
tive to the rod is constant at 120 mm/s. When the system is in the position shown,
the angular velocity and angular acceleration of the rod are wsp = 0.8 rad/s
counterclockwise and a4 = 0.5 rad/s®> clockwise. For this position, determine
the velocity and acceleration vectors of P.

y

A

Wyp= 0.8 rgd/s

a,p = 0.5 rad/s’

Vpup= 120 mm/s

Preliminary Comments

This problem will be solved using scalar notation (Solution I) and vector notation
(Solution II). In both solutions we employ point P’, identified as the point on
AB that coincides with P at the instant of concern. The relative position vectors
required in the solutions are shown in Fig. (b).

Note that (1) the absolute path of P’ is a circle that is centered at the fixed
point A, and (2) the path of P relative to AB is a circle that is centered at point O.

Letting body & in Eq. (16.35) be the rod AB, the velocity of P becomes

Vp = V4 + VPiA + VPIAB @
Hf @y = 0.8 rad/s 120 mm/s
2, —-
D
P
2, 282.8(0.8)
45072 A =226.2 mm/s

from which we find that

(vp)y = 226.2sin45° + 120 = 280 mm/s
(vp)y =226.2cos45° = 160 mm/s
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ap

ay

or

160, ———— ‘322 mm/s Answer
Vp = | : !

280

Using Eq. (16.43), the acceleration of P is

+ apjy + ap/AB + ac (b)
— 2
H 05= 0.8 rad/s U,O 2(0.8)(120) = 192 mm/s
> QCP ', \\
< == Vp/AB
a,p=0.5 rad/s® & 200 mm ‘\~ _J
@pp
282.8(0.8)° P

282.8(0.5) = 181 mm/s? 1202 .
= 141.4 mm/s? 300 = 72 mm/s”

Note that in Eq. (b) the direction of the Coriolis acceleration ac is found by fixing
the tail of vp;4p and then rotating this vector 90° in the direction of w4p. Further-
more, observe that ap;,p contains only the normal component v%, ,ap!/T Pio because
the magnitude of vp,4p is constant. Evaluating the components of Eq. (b) gives

(ap)y = —181cos45° — 141.45in45° = —228 mm/s>
(ap)y = 181sin45° — 141.4cos45° 4+ 72 4- 192 = 292 mm/s?

or

370 mm/s®
|

ap = | 202 Answer
|

228

From Eq. (16.35), the velocity of P is
Vp =Va+Vpya+ Vpag ©
Because A is a fixed point, we have
va=0 (d)

Noting that P’, being a point that is embedded in rod AB, travels along a circular
path centered at A, we get

Vpya = @ag X Tpys = (0.8K) x (200 — 200j) = 160j + 160i mm/s ()



The velocity of P relative to bar AB is given as
Vpup = 120i mm/s ®
Substituting Eqgs. (d) through (f) into Eq. (c), the velocity of P becomes

vp = 0+ (160j + 160i) + (120i)
= 280i + 160j mm/s Answer

The acceleration of P is, according to Eq. (16.42),
ap =ay +apya+apap+ac (®
Because A is a fixed point, we have
ay, =0 (h)

Noting that the path of P’ is a circle with its center at A, the acceleration of P’
relative to A (which is also the absolute acceleration of P’ considering that A is a
fixed point) is

aprg = Oag X Tpya + @ap X (Wap X Tprja)
— (=0.5k) x (200i — 200j) + (0.8k) x (160i + 160j)
— (=100 — 100i) + (128 — 128i)
= —228i + 28j mm/s’ (i)

The acceleration of P relative to AB has only a normal component because vp/4p
is constant. Because the normal component of the relative acceleration is directed
toward the center of curvature of the relative path (i.e., toward point O), we find
that

V%J/AB . (120)* .

= n= = = 72j mm/s’ j
ap/ap = (ap/ap) rP/OJ 200 9 J mm/s 0)

The Coriolis acceleration from Eq. (16.41) is
ac = 2wap X Vpag = 2(0.8K) x (120i) = 192j mm/s> (k)
Substituting Egs. (h)—(k) into Eq. (g), we obtain

ap = 0+ (—228i + 28j) + 72j + 192j
= —228i + 292j mm/s* Answer

335



336

Sample Problem 16.14

Crank AB of the quick-return mechanism in Fig. (a) rotates counterclockwise
with the constant angular velocity wsp = 6 rad/s. When the mechanism is in
the position shown, calculate the velocity and acceleration of the slider B relative
to arm DE, and the angular velocity and acceleration of arm DE.

Introductory Comments

Note that the path of slider B relative to arm DE is the slot in the arm. Because this
relative path is a straight line, both vg/pg and ag/pg (the velocity and acceleration
of B relative to arm DE) are directed along the slot.

We let B’ be the point on DE that is coincident with B at the instant of concern.
The velocity and acceleration of B from Eqs. (16.35) and (16.43), respectively, are
Vg = Vp + Vpyp + Vepe and ag = ap + apyp + ag;pr + ac, where ac is the
Coriolis acceleration. Noting that D is a fixed point (vp = 0 and ap = 0), the
velocity and acceleration equations become

Vg = Vp//p + VBIDE (@

and

ag = ap/p + ap/pe + ac (b)

These equations will be analyzed using scalar notation (Solution I) and vector
notation (Solution II).



Throughout the analyses it must be kept in mind that the paths of B and B’
are circles that are centered at A and D, respectively. We assume that wpg and
apg are counterclockwise and that vg,pr and ag,pr are both directed toward D,
as indicated in Fig. (b). Figure (c) shows the relative position vectors required
for the analysis. The distance DB and the angle between DE and the x-axis were
determined by trigonometry.

wyp = 6rad/s

apg /T\ (const.)

______________ — X

(b) ©)

The following vectors are involved in Eqs. (a) and (b):

rp/a = 0.20(— cos 30°i + sin30°j) = —0.17i + 0.1j m (0
rg/p = 0.32(cos 18.05° + sin 18.05°j) = 0.30i + 0.1j m (d)
wyp = 6k rad/s o =0 (e
wpr = wpek rad/s opr = apek rad/s’ ®

1 . o
VB/IDE = VB/DE A/i 8.05

= vg/pe(— cos 18.05°1 — sin 18.05°j) m/s (8
Ap/DE = AB/DE 1805
= appe(— cos 18.05°1 — sin 18.05°j) m/s’ (h)
Velocity
Equation (a) is
\J:} = VBID + VBIDE 0]
0.32wpg
B
w,p=6rad/s @pEg oL

VM 8.05°

/\A ?K‘) 18.05°
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\0\.2(6)2 =7.2m/s

B
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0.30) w,p=6rad/s

30°7 @

Inspection of Eq. (i) reveals that there are two unknowns, wpg and vg/pg, which
can be found by solving the two equivalent scalar equations.
Equating horizontal and vertical components of both sides of Eq. (i) gives

5 —1.25in30° = —0.32wpg sin 18.05° — vg/pg cos 18.05° 0)]

+T —1.2¢c0s30° = 0.32wpg cos 18.05° — vppg sin 18.05° (3]

Solving Egs. (j) and (k) yields wpg = —2.536 rad/s and vg,pg = 0.9 m/s, from
which we find that

wpr = 2.536 rad/s)  Vapp = 0.9 mls — % 1805° Answer ()

Acceleration
Equation (b) is
agp + ap/pE + ac (m)
0.320 —18.05° 2(2.536)(0.9)
0.32(2.536) AgipE - =457’
aDE / =2.06 l'Tl/S2 \\
! 1
. of
» W\ 2= 88057
— )| Vv -
R wpp=2.486 rad/s BIDE @p

Note that in Eq. (m) the magnitude of the Coriolis acceleration is ac = 2wpgVp/pE,
and its direction is found by fixing the tail of vg/pg and rotating this vector 90° in
the direction of wpg. The unknowns in Eq. (m) are apg and ag,pg, which can be
solved by equating horizontal and vertical components.

5 7.2¢0830° = —0.32apg sin 18.05°
— 2.06cos 18.05° — ag/pg cos 18.05°
— 4.57 sin 18.05° (n)
T =7.25in30° = 0.32ap cos 18.05°
— 2.06sin 18.05° — ap/pk sin 18.05°
+ 4.57 cos 18.05° (0)

Solving Egs. (n) and (o) simultaneously gives apz = —31.39 rad/s?> and ag/pr =
—6.8 m/s>. Therefore the results are

opr = 31.39 rad/s20  and agpp = 6.8 m/s? —¢ 1805 Answer



Velocity

We begin by computing the three terms appearing in Eq. (a).
Because B is a point on AB, we have

VB = WAB X I'p/A
(6k) x (—0.17i 4+ 0.1j)
= —1.02j — 0.6i m/s (p)

Using the fact that B’ is a point on DE, we have

Vp/ip = WpE X Ip//p
= (wpek) x (0.3i + 0.1j)
= 0.3wpgj — 0.1wppi m/s (@

The relative velocity vector vgpg was found previously in Eq. (g):
VapE = vppe(— cos 18.05°1 — sin 18.05°j) m/s (9]

Substituting Egs. (p)—(r) into Eq. (a) and equating coefficients of i and j,
respectively, we obtain

—0.6 = —0.1wpg — vE/pE COS 18.05° (S)
—1.02 = 0.30)DE — VB/DE sin 18.05° (t)
Solving Eqgs. (s) and (t) simultaneously gives wpr = —2.536rad/s and vg;pr =

0.9 m/s, from which we find that

wpe = —2.536 rad/s Answer
and
veipe = 0.9(— cos 18.05°1 — sin 18.05°))
= —0.86i — 0.28j m/s Answer
Acceleration

The terms in Eq. (b) will be computed next.
Because B is a point on AB, the acceleration of B becomes

ap = Wap X (Wap X Ipya)
— (6K) x (—1.02j — 0.6i)
= 6.12i — 3.6j m/s? (w)
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Because B’ is a point on arm DE, we obtain

app = dpg X Ypyp + @pg X (@Wpg X Ipp)

= (apek) x (0.3i + 0.1j)
+ (=2.536Kk) x [(—2.536K) x (0.3i + 0.1j)]

= 0-3(¥DEj — O.I(XDEi

+ (=2.536k) x (—0.76j + 0.25i)

= 300pgj — 0.1apei — 1.93i — 0.63j m/s> v)
The acceleration vector of B relative to arm DE was given in Eq. (h) to be
agpe = agpe(— cos 18.05° — sin 18.05%j) m/s? (w)
From Eq. (16.41), the Coriolis acceleration becomes

ac = 20pg X VB/pE
= 2(—2.536k) x (—0.86i — 0.28j)

= 4.36j — 1.42i m/s? )

Substituting Egs. (u)—(x) into Eq. (b) and equating the coefficients of i and j,
respectively, we obtain

6.12 = —0.lapg — 1.93 — ap/pg cos 18.05° — 1.42 ()

—3.6 = 0‘305DE —0.63 — ap/DE sin 18.05° + 4.36 (Z)

Solving Egs. (y) and (z) simultaneously yields apr = —31.39 rad/s® and
agpe = —6.8 m/s?. Therefore, the results written in vector notation are

aps = —31.39k rad/s? Answer

and

agpr = 6.8(cos 18.05°1 + sin 18.05°)

= 6.47i + 2.11j m/s> Answer



Problems

16.83 Rod OB rotates counterclockwise with the constant angular speed of
30rev/min. At the same time, collar A is sliding toward B with the constant speed
1 m/s relative to the rod. Using a rotating reference frame attached to OB, calcu-
late the acceleration of the collar when R =0.2 m and € = 0. (This problem could
also be solved using polar coordinates—see Prob. 13.33).

16.84 The triangular frames % in Figs. (a) and (b) rotate about A with a con-
stant angular velocity of 2rad/s. At the same time, the slider P is moving to
the right at the constant speed of 0.2m/s relative to the frame. Determine the
acceleration of P in the positions shown.

Fig. P16.84

16.85 Rod OAB is rotating counterclockwise with the constant angular velocity
o = 5 rad/s. In the position shown, collar P is sliding toward A with the speed
of 0.8 m/s, increasing at the rate of 8 m/s?, both measured relative to the rod.
Determine the acceleration of P in this position.

16.86 In the position shown, the slotted plate 9B is rotating about pin A with
the angular velocity w = 3 rad/s CCW and the angular acceleration o« = 6 rad/s*
CW. The slider P moves along the slot at the constant speed of 0.7 m/s relative to
the plate, in the direction indicated. Compute the velocity and acceleration vectors
of P at this instant.

0.7 m/s

Fig. P16.86

16.83-16.98  Problems
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Fig. P16.83

Fig. P16.85
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16.87 The telescoping rod AB is being extended at the constant rate of 2 m/s as
it rotates about A with the constant counterclockwise angular velocity w. At the
instant shown, the velocity vector of end B is directed as indicated. Determine w
and the acceleration vector of B at this instant.

70°

Fig. P16.87

16.88 Collar P slides along the semicircular guide rod. A pin attached to the
collar engages the slot in the rotating arm AB. When 6 = 45°, the angular velocity
and angular acceleration of AB are w = 4 rad/s and « = 12 rad/s*> with both coun-
terclockwise. Determine the speed and the acceleration vector of the collar P at

this instant.

w, o

Fig. P16.88

16.89 The pin P, attached to the sliding rod PD, engages a slot in the rotat-
ing arm AB. Rod PD is sliding to the left with the constant velocity of 1.2 m/s.
Determine the angular velocity and angular acceleration of AB when 6 = 60°.

y

\\w = 5Srad/s

200 mm

Fig. P16.89

. 16.90 The slotted disk rolls without slipping. In the position shown, the angular
Fig. P16.90 velocity of the disk is 5rad/s clockwise, and the angular acceleration is 2 rad/s
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counterclockwise. In the same position, the velocity and acceleration of slider P D
relative to the wheel are 2 m/s and 10 m/s2, respectively, both directed downward.
Find the acceleration of P in this position.

“16.91 End A of bar ABD is being pushed to the right with the constant speed I'm
va=1m/s. When 6 =30°, determine (a) the angular velocity of the bar; and o i
(b) the components of the acceleration vector of point B that are parallel and ——>= )

perpendicular to the bar.

Fig. P16.91

16.92 The collar C is pushed along the horizontal bar by the pin P that slides
in the slotted arm AB. The arm is rotating counterclockwise with the constant
angular velocity w =4 rad/s. In the position shown, determine (a) velocity of P
relative to AB; and (b) acceleration of P relative to AB.

16.93 Crank AD rotates with the constant clockwise angular velocity of 8 rad/s.
For the position shown, determine the angular speed of rod BE and the velocity
of slider D relative to BE.

P
T
/Do.h 8 rad/s

Fig. P16.93 Fig. P16.94

16.94 Water entering the curved pipe at A is discharged at D. The pipe is rotat-
ing about A at the constant angular velocity w = 10 rad/s, and the water has a
constant speed of 6 m/s relative to the pipe. Determine the acceleration of the
water (a) just after it enters the bend at B; and (b) just before it is discharged at D.

16.95 The figure shows a mechanism, called the Geneva stop, which converts
the constant angular velocity of disk & into stop-and-go motion of the slotted disk
9. In the position shown, the pin P, which is attached to 54, is just entering a slot
in disk . Compute the angular acceleration of % for this position. (Note that the
angular velocity of % is zero at this instant.)

16.96 Arm AB is rotating counterclockwise with the constant angular speed of
4 rad/s. At the same time, the disk is rotating clockwise with the angular speed
8 rad/s relative to AB. Determine the acceleration of point P on the rim of the disk A

by (a) considering AB as a rotating reference frame; and (b) using the relative

acceleration method of Art. 16.7. Fig. P16.96
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16.97 The disk is rolling without slipping on the horizontal surface with the
constant counterclockwise angular velocity of 2 rad/s. The pin P, attached to the
rim of the disk, engages the slot in the rotating arm AB. Calculate the angular
velocity and angular acceleration of AB when the system is in the position shown.

360 mm

Fig. P16.97

16.98 Rod AB of the mechanism rotates at the constant angular speed 8 rad/s
clockwise. For the position shown, calculate the angular velocity of rod BE.

y

-~ 0.12m
A':(o ) 9B
g

8 rad/s !

Fig. P16.98

*36.10 © Method of Constraints

In Art. 15.3, we showed how equations of constraint and their time derivatives can
be used to solve problems of particle kinematics. This technique is equally appli-
cable to kinematics of rigid bodies. Let us begin by extending the terminology
introduced in Art. 15.3 to rigid bodies:

* Kinematic constraints: geometric restrictions imposed on the motion of points
in bodies.

» Equations of constraint: mathematical expressions that describe the kinematic
constraints in terms of position coordinates.
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* Kinematically independent coordinates: position coordinates that are not
subject to kinematic constraints.

* Number of degrees of freedom: the number of kinematically independent coor-
dinates that are required to completely describe the configuration of a body or
a system of bodies.

Fig. 16.18

The term “position coordinate” may refer to the coordinate of a point or to the
angular position coordinate of a line. As an example, consider the system shown
in Fig. 16.18. The figure displays three position coordinates:

1. The angle 6 is the angular position coordinate of the line OA on the disk.
2. The angle ¢ is the angular position coordinate of the connecting rod AB.
3. The distance x is the rectilinear position coordinate of the slider B.

Because point A is common to the disk and the connecting rod, the x- and
y-coordinates of A on the disk are equal to the coordinates of A on the connecting
rod; that is,

acosf = xp —bcosg (@

asinf = bsing (b)

Equations (a) and (b) are the equations of constraint for the system. Note that
due to the connection at A, the system has only a single degree of freedom; that
is, only one of the coordinates (6, ¢, or xp) is kinematically independent. For
example, if 6 is given, the equations of constraint determine ¢ and xp.

The relationships between the velocities is obtained by differentiating the
equations of constraint with respect to time:

—asinf -6 = xg + bsing - ¢ (©
acosf -0 =bcos¢ - (d)
where 6 and ¢ are the angular velocities of the disk and the connecting rod,

respectively, and xp is the speed of point B. If the accelerations are needed,
Egs. (c) and (d) can be differentiated again with respect to time.
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Sample Problem  16.15%

The angular position of bar AB is controlled by the sliding rod CD. If the constant
velocity of CD is vy in the direction shown, determine the angular velocity and
the angular acceleration of AB as functions of the angle 6.

The figure shows two position coordinates: the angular position coordinate 6 of
bar AB and the coordinate x¢ of point C in the sliding rod. However, because C is
always in contact with bar AB (see the figure), the two coordinates are subject to
the constraint

xc = hcoté @)

Hence the system has only one degree of freedom.
Differentiation of Eq. (a) with respect to time yields

Xc = —h6 cosec?d
Substituting x¢ = —v, and solving for 6, we obtain for the angular velocity of
bar AB
A Vo . »
w=0= 7 sin” 6 Answer

The angular acceleration of AB is obtained by differentiating its angular
velocity:

. Vo . .
a=0= z(Zst cos6)f

Substitution for 6 yields

2 2
o= %(2 sin 6 cos 0) (2—0 sin’ 9) = % sin’® 6 cos 6 Answer



Sample Problem 16.16

Bar AB is rotating clockwise with the constant angular speed of 3rad/s. When
6 = 30°, determine (1) the angular velocity and angular acceleration of bar BC;
and (2) the velocity and acceleration of sliding collar C. (Note: This problem
appeared previously as Sample Problems 16.5, 16.7, and 16.11.)

Preliminary Calculations

The positions of bars AB and BC are defined by the three coordinates (6, S,
and x¢) shown in the figure. However, the mechanism has a single degree of
freedom, because there are two equations of constraints due to the pin connection
at B. Equating the coordinates of point B in bar AB and in bar BC, we obtain

0.10cos8 = xc — 0.16cos B @
0.08 +0.10sin® = 0.16sin B (b)

When 6 = 30°, Eq. (b) yields

., 0.08+0.105in30

= = 54.34°
p=sin 0.16
Part 1
Differentiating Eq. (b) with respect to time, we get
0.10cos@ - = 0.16cos B - B (©

or

. 5Scosf .

p= 6

8cos

Substituting 6 = 30°, B = 54.34°, and § = —3 rad/s (minus indicates that 6 and 6
have opposite sense), we arrive at

5 cos 30°

= —(—3) = —2.785 rad/s
8 cos 54.34°

347
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Hence the angular velocity of bar BC is
wpc = 2.79 rad/s (CCW) Answer
Differentiation of Eq. (c) with respect to time yields
0.10(cos® - 6 —sin6 - 6%) = 0.16(cos B - f — sin B - $2)
Therefore,

0.10(cos 6 -6 — sinf - 62) +0.16sin g - B2
0.16cos B8

[3' =
At 6 = 30°, we have

5= 0.10[0 — sin 30°(—3)2] 4 0.16 sin 54.34°(—2.785)2
o 0.16 cos 54.34°

= 5.985 rad/s’

Thus the angular acceleration of BC is

ape = 5.99 rad/s> (CW) Answer

Part 2

Upon differentiation with respect to time, Eq. (a) becomes
—0.10sin6 - 6 = %¢c +0.16sin B - B
Solving for x¢ yields
%c = —(0.10sin6 - 4+ 0.16sin B - B) (d)
At 8 = 30°, this becomes
Xc¢ = —[(0.10sin30°)(—3) + (0.16 sin 54.34°)(—2.785)] = 0.512 m/s
Therefore, the velocity of C is
ve = 0.512 m/s — Answer
The acceleration of C is obtained by differentiating Eq. (d):
¥c = —0.10(sin 6 - 6 4 cos O - 6%) — 0.16(sin B - B + cos B - %)
which yields, at 6 = 30°,

i = —0.10[0 + cos 30°(—3)] — 0.16[sin 54.34°(5.985) + cos 54.34°(—2.785)?]
= —2.28m/s?

Therefore, the acceleration of C is

ac = 2.28 m/s’> <« Answer
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Problems

Note: The following problems are to be solved by differentiating the equation of
constraint.

16.99 When the crank AB of the scotch yoke is in the position § = 40°, its angu-
lar velocity is 8rad/s, and its angular acceleration is 140 rad/s2, both clockwise.
Calculate the velocity and acceleration of the sliding rod D in this position.

D
16.100 Collar B is sliding to the right at the constant speed of 1.4m/s. When §
bar AB is in the position 8 = 20°, determine (a) the velocity of collar A; and (b) the

acceleration of A. The length of the baris L = 1.8 m.

AR | Fig. P16.99
5 L
|
A i
B
Fig. P16.100 Fig. P16.101

16.101 In the position & = 25°, collar A is sliding to the left with its speed
decreasing at the rate of 1 m/s?. If the acceleration of end B of the rod AB is zero
in this position, determine the angular velocity and angular acceleration of AB.

16.102 When # = 60°, rod AB of the mechanism is sliding to the left at the
speed of 1.2 m/s. Find the angular velocity of bar CD in this position.

Dimensions in mm

Fig. P16.102

16.103 The link OA of the robot’s arm is rotating clockwise with the constant
angular velocity #; = 0.8 rad/s. At the same time, end B of arm AB is tracing the } 0.8 m

vertical line x = 0.8 m. Determine the angular velocity and acceleration of link
AB when 0; = 30°. Assume that 9, < 90°. Fig. P16.103
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Fig. P16.104

Fig. P16.109

16.104 The rod AD is sliding in the fixed collar E at the constant speed vo. Find
(a) the angular velocity; and (b) the angular acceleration of bar AB as functions of
the angle 6.

16.105 The rod AD is sliding in the fixed collar E at the constant speed vy.
Determine (a) the angular velocity; and (b) the angular acceleration of bar AB as
functions of the angle 8. Note that the axis of the disk is attached to the collar E.

Fig. P16.105 Fig. P16.106, P16.107

16.106 The circular cam has a radius R and an eccentricity e = R. The follower
A is kept in contact with the surface of the cam by a compression spring. Assum-
ing that the cam starts from rest at & = 0 and accelerates at the constant rate
6 = g, find the acceleration of the follower as a function of 6.

16.107 The radius of the circular cam is R = 100 mm and its eccentricity is
e = 60 mm. If the angular speed of the cam is 1000 rev/min, calculate the velocity
of the follower A when 6 = 60°.

“16.108 The free end of the rope attached to bar AB is being pulled down at the
rate of 1 m/s. Find the angular velocity of AB when 6 = 20°.

Fig. P16.108

16.109 At the instant when 6 = 30°, collar D is sliding upward with a constant
velocity of 3 m/s. Determine the angular velocity and angular acceleration of bar
ABC at this instant.
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C

16.110 Rod BC slides in the pivoted sleeve D as bar AB is rotating at the con-
stant angular velocity 6; = 12 rad/s. Determine the angular velocity of rod BC in
the two positions where 6, = 30°.

16.111  Collar C slides on the horizontal guide rod with the constant velocity
vo. The rod CD is free to slide in sleeve B, which is rigidly attached to bar AB.
Determine the angular velocity and angular acceleration of bar AB in terms of

vo, b, and 0. (Hint: wsp = wcp.) 180

Fig. P16.111

16.112 The gear of radius R rolls on the horizontal rack. Pin G in the center
of the gear engages a slot in the arm AB, which rotates at the constant angular
velocity w = 6. Determine the angular acceleration of the gear when 8 = 50°.

16.113 For the mechanism shown, determine the speed and the magnitude of
the acceleration of collar C in terms of b, 6, 6, and 6.

Fig. P16.112

Fig. P16.113

16.114 1If the velocity of slider A is constant, derive the expressions for (a) the
velocity; and (b) the acceleration of slider B in terms of the angle 6.

Fig. P16.114
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Review of Equations

do do d*0 do

CTa “Tar T ar " “a

The velocity and acceleration compo-
nents of a point in a body are:

V2

R

V=OXIr a,=0XV=0X (wXr) a=aoxr

v = Rw aana)Z: = vw a; = Ra

R = radial distance from the axis
r = vector from any point on the axis to the point in the body

Points A and B are in the same rigid body. The relative
velocity and acceleration are:

2
2 _ Vi

VBIA = FB/A® (apia)n =rpaw” = " (agia)i = rpia

B/A

VBiA =0 XTpa (Ap/a)n = O X Vg4 = @ X (@ X Ipja)

(ap/a) = a X Tpp

The velocity and acceleration of the center
O of a disk are:

vo = Rw a, = Ra

R = radius of the disk

Reference
frame is embedded in body % that rotates with angular velocity w and angular
acceleration ®. The velocity and acceleration of point P (not necessarily in the
body) are

Vp =VA+ ®XTpig+ Vpig

ap =a,+[® X Tpa +© X (@ X Tpa)] +apm + 20 X Vg
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Review Problems

16.115 In the position shown, velocities of corners A and B of the plate are
va =2.38j— 1.0k m/s and vg = ui+ 1.73k m/s, where u is an unknown. Knowing
that the plate is rotating at a constant angular velocity about an axis that passes
through O, determine (a) the angular velocity of the plate; and (b) the acceleration

of corner A.

Z

o 1m B .
v, $ \7
/A
x \

Fig. P16.115 o
16.116 The angular acceleration of the body undergoing plane motion is Fig. P16.116
a = 612 +k rad/s?, where t is in seconds and k is a constant. When 7 = 0, the angu-
lar position coordinate of the body is € = — 4 rad, and its angular velocity is w =
6 rad/s. When ¢ =2 s, the angular position coordinate is 8 = — 8 rad. Determine

the angular acceleration of the body when r =3 s.

16.117 Points A and B are fixed in the disk that is rotating about the pin at O. At
the instant shown, the acceleration of A isas = — 6.28i — 0.72j m/s?. Determine
the acceleration vector of B at this instant.

16.118 ~ When 6 = 30°, the angular velocity and angular acceleration of the arm
AB are § =2rad/s and § = — 1.5rad/s>. Compute the velocity and acceleration
vectors of point C for this position.

y
|
|
I
|

[*]
|
I
|
|

Fig. P16.117

Fig. P16.118

16.119 The roller C is moving up the slot with the constant speed of 1.2 m/s.
Find the angular velocities of bars AB and BC in the position shown.

Fig. P16.119



354 CHAPTER 16  Planar Kinematics of Rigid Bodies

Fig. P16.122

=
150

Dimensions in mm

Fig. P16.125

16.120 The bent rod ABC rotates about the axis AB. In the position shown, the
angular velocity and acceleration of the rod are @ = 6 rad/s and @ = — 25 rad/s.
Determine the velocity and acceleration of end C in this position.

Fig. P16.120

16.121 Knowing that roller D is moving to the left at the constant speed of
2 m/s, find the velocity of roller A in the position shown.

16.122 The disk is rotating clockwise with the constant angular velocity of
2rad/s. Determine the angular accelerations of bars AB and BC in the position
shown.

16.123 Bar AB of the mechanism rotates with constant angular velocity of
4.5rad/s. Determine the angular acceleration of bar BC and the acceleration of
slider C in the position shown.

C
J/il:f_
TS

qu 140 mm
B(e,
B

g =
g
g 2

L Cle
(@\ 4.5 rad/s

Dimensions in mm

S

Fig. P16.123 Fig. P16.124

16.124 The rocker OA rolls without slipping on the horizontal surface. In the
position shown, the angular velocity of the rocker is 7 rad/s clockwise. Determine
the angular velocity of link BC in this position.

16.125 Bar AB is rotating counterclockwise with a constant angular velocity of
3rad/s. (a) Verify that in the position shown, the angular velocities of bars BC and
CD are 1.2 rad/s (CCW) and 3 rad/s (CW), respectively. (b) Determine the angular
accelerations of bars BC and CD in the same position.
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16.126 Bar AB is rotating clockwise with the constant angular velocity of
72rad/s. When the mechanism is the position shown, determine the angular
velocity of the plate BCD and the magnitude of the velocity of corner D.

16.127 In the position shown, the bent rod AB is rotating about A with the
angular velocity @ =6 rad/s and the angular acceleration & = 18 rad/s>. At the
same time, collar D is sliding on the rod with the velocity v =1 m/s and accelera-
tion V= — 1.5 m/s? (measured relative to the rod). Determine the acceleration of
collar D in this position.

0.10 m

Fig. P16.127

16.128 The pin F, which is attached to the rod AF, engages a slot in bar
BD of the parallelogram linkage ABDE. Bar AB of the linkage has a constant
angular velocity of 15 rad/s counterclockwise. For the position shown, determine
the angular acceleration of rod AF and the acceleration of pin F relative to bar BD.

16.129 Bar AB of the linkage rotates with the constant angular velocity of
10rad/s. For the position shown, determine (a) the angular velocities of bars BC
and CD; and (b) the angular accelerations of bars BC and CD.

B 110
0 9C
S/ /)
/o
3
10 N\ ‘ N
rad/s (X S
3
A
40
| &
80 l

Dimensions in mm

Fig. P16.129

72 rad/s

[

900 mm
>
S5

Fig. P16.126

AN

Fig. P16.128
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16.130 In the position shown, the angular velocity and angular acceleration of
the rod AB are 6rad/s and 8 rad/s?, respectively, both counterclockwise. For this
position, calculate (a) the velocity of collar A; and (b) the acceleration of collar A.

Fig. P16.130

16.131 The curved, slender bar OC rotates about O. At the instant shown, the
angular velocity of OC is 2rad/s and its angular acceleration is zero. Find the
angular acceleration of bar AB at this instant.

Fig. P16.131
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Planar Kinetics of Rigid Bodies:
Force-Mass-Acceleration

Method

- Introduction

This chapter presents the force-mass-acceleration (FMA) method of kinetic
analysis for rigid bodies in plane motion. The equations of motion, which are
the basis of the method, can be obtained from the results for particle systems in
Chapter 15 by viewing a rigid body as a collection of particles where the dis-
tances between the particles remain constant. The resulting equations are known
as Euler’s laws of motion. The first law governs the motion of the mass cen-
ter of the body; it is identical to the equation of motion of the mass center of
a particle system. The second law, which governs the rotational motion of the
body, is the moment—angular momentum relationship for a system of particles.

If the acceleration is sufficiently
large, the front wheel of a motorcycle
will lift off the ground, resulting in a
“wheelie.” This problem is
investigated in Prob. 17.18.

(© iStockphoto.com/Bernhard
Weber)
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Fig. 17.1

Planar Kinetics of Rigid Bodies: Force-Mass-Acceleration Method

When this law is specialized for a rigid body, it gives rise to the concept of
mass moment of inertia, which is the topic of the next article. The subsequent
articles derive the expression for the angular momentum of a rigid body and
discuss the equations of motion and their application using free-body and mass-
acceleration diagrams. At the conclusion of the chapter we show how the history
of motion can be determined by integrating the equations of motion.

17.2 © Mass Moment of Inertia; Composite Bodies

In this article we introduce the mass moment of inertia of a body about an axis.
A comprehensive discussion of mass moment of inertia, including its computation
by integration, is contained in Appendix F.

a. Mass moment of inertia

Figure 17.1 shows a body of mass m that occupies the region V'; r is the perpen-
dicular distance from the a-axis to the differential mass dm of the body. The mass
moment of inertia of the body about the a-axis is defined as

1, =/r2dm (17.1)
I

It will be seen shortly that this integral is a measure of the ability of the body to
resist a change in its angular motion about the a-axis, just as the mass of the body
is a measure of its ability to resist a change in its translational motion.

From its definition we see that mass moment of inertia is a positive quantity
with the dimension [ML?]. In SI units, I, is measured in kg - m>.

b. Radius of gyration

The radius of gyration k, of the body about the a-axis is defined as

1
I, =mk> or k,=.,—= (17.2)
m

Although the unit of radius of gyration is length (e.g., feet, meters), it is not a
distance that can be measured physically. Instead, its value can be found only by
computation using Eq. (17.2). The radius of gyration allows us to compare the
rotational resistances of bodies that have the same mass.
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Cc. Parallel-axis theorem

Consider the two parallel axes shown in Fig. 17.2. The location of the a-axis is
arbitrary. We call the other axis, which passes through the mass center G of the
body, the central a-axis.”

With d being the distance between the two axes, the parallel-axis theorem
states that

I, = I, + md?* (17.3)

where m is the mass of the body, I, is the moment of inertia of the body about
the a-axis, and I, is its moment of inertia about the central a-axis. Note that if the
moment of inertia about a central axis is known, the parallel-axis theorem can be
used to calculate the moment of inertia about any parallel axis without resorting
to integration. Table 17.1 lists the moments of inertia about central axes for a few
homogeneous bodies.

Caution The parallel-axis theorem applies only if one of the axes is a cen-
tral axis.

Proof

To prove the parallel-axis theorem, consider the body of mass m occupying the
region V" that is shown in Fig. 17.3. The origin O of the xyz-axes is located arbi-
trarily, but the x’y’z’-axes are central axes that are parallel to the xyz-axes. The
coordinates of the mass center G relative to the xyz-axes are denoted by x, y,
and z. Let dm be a differential mass element of the body that is located at P.
Because the perpendicular distance from the z-axis to P is r = (x> + y*)'2, the
moment of inertia of the body about the z-axis is

Izzfrzdmzf(x2+y2)dm (a)
Vv A

z
<

'

Zz

Region V'

Fig.17.3

“We will refer to any axis that passes through the mass center as a central axis. The central a-axis is
the central axis that is parallel to the a-axis.

Fig.17.2

a
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Slender rod (A = cross-sectional area)

|

m=ALp

I=I,=5ml? =0

Cylinder

m=mR*hp 2z 4
h

L=I,={5mBR>+ ) I=3mR?

Thin ring (A = cross-sectional area) Sphere
4
m=2TARp m="Rp z
X y

x:i‘:%mRz [;:mR2 ix:y:iz:%mRz
Rectangular prism Cone
m = abcp m= %rthp N

z
c
/< h

b\/

\(a
L= Sm®*+A)
iy= ll—zm(62+a2)
L= sm@+b

I=1,= 2 m@R* h?)

Table 17.1 Mass Moments of Inertia of Homogeneous Bodies
(p = mass density)




17.2  Mass Moment of Inertia; Composite Bodies

Substituting x = x’ + X and y = y' + y yields
I, = / [(x’ +02+ 0+ ﬁ)z] dm (b)
Vv
Expanding and rearranging terms, we obtain

IZ=/(x’z—i—y’z)dm—i—/(iz—i—yz)dm—i—b?/x’dm+2§/y’dm (0
Vv Vv Vv Vv

Consider now each of the integrals that appear in this equation. The first integral
is equal to 7,7, the moment of inertia about the z’-axis. Because 7’ is a central axis
(passes through G), this term may be written as /.. Letting d = (¥ + y°)"2, the
distance between the z- and z'-axes, the second integral in Eq. (c) equals md>.
The last two integrals in Eq. (c) vanish, because [;, x'dm = 0 and ;. y'dm =0
when the y’- and x’-axes are central axes. Therefore, Eq. (c) becomes

I =1,+md* (d)

Because the z-axis can be chosen arbitrarily, comparison of Eqgs. (17.3) and
(d) shows that the parallel-axis theorem has been proved.

d. Method of composite bodies

From Eq. (17.1) we see that the computation of the mass moment of inertia
requires that an integration be performed over the body. The various integra-
tion techniques are discussed in Appendix F. Here we will consider only the
method of composite bodies, a method that follows directly from the property
of definite integrals:

The integral of a sum is equal to the sum of the integrals.”

Using this property, it can be shown that if a body is divided into composite
parts, the moment of inertia of the body about a given axis equals the sum of the
moments of inertia of its parts about that axis. The following sample problems
illustrate the application of this method.

“This property also formed the basis for the method of composite shapes discussed in Chapter 8.
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—0.27 m—{=0.24 m—~ 0.06 m

2 kg
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0.15m
v

(a)

Z

¥

0.15m
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10 kg

d3=027mld; =024 m

0.09 m;%/_@/%% G

e ———

o ==
>M > /)/
0.18 m>~0.18 m

X

(b)
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0.06 m

O]

e — Y

G,

Sample Problem 17.1

The assembly in Fig. (a) is composed of three homogeneous bodies: the 10-kg
cylinder, the 2-kg slender rod, and the 4-kg sphere. For this assembly, calcu-
late (1) I,, the mass moment of inertia about the x-axis; and (2) I, and k,, the
mass moment of inertia and radius of gyration about the central x-axis of the

’assembly.

The mass centers of the cylinder (G), the rod (G,), and the sphere (G3) are
shown in Fig. (b). By symmetry, the mass center of the assembly (G) lies on the
y-axis, with its coordinate y to be determined.

Part 1

Cylinder Using Table 17.1, the moment of inertia of the cylinder about its own
central x-axis is

(I_x)l

1 1
Eml(.’aRz +h?) = E(IO) [3(0.06)* + (0.3)°]

0.084 kg - m?

Utilizing the parallel-axis theorem, the moment of inertia of the cylinder about
the x-axis becomes

(L)1 = (L)1 +md;
= 0.084 + 10(0.24)> = 0.66 kg - m’

Slender Rod Because G, coincides with the origin of the xyz-axes, the
moment of inertia of the rod about the x-axis is obtained directly from
Table 17.1.

()2 = (I)2 = Lt
x)2 — x2—12m

1
= E(2)(0.36)2 =0.0216 kg - m?

Sphere  According to Table 17.1, the moment of inertia of the sphere about its
own central x-axis is

. 2 2
(1) = ngz = 3(4)(0'09)2 = 0.01296 kg - m?



Using the parallel-axis theorem, the moment of inertia about the x-axis is
given by
(I3 = (I)3 + mad3
= 0.01296 + 4(0.27)* = 0.30456 kg - m>
Assembly The moment of inertia of the assembly about an axis equals the sum

of the moments of inertia of its parts about that axis. Therefore, adding the values
that were found above, we get

Ix = (Ix)l + (Ix)Z + (Ix)3
= 0.66 + 0.0216 + 0.30456
=0.98616 kg - m* Answer

Part 2
Referring to Fig. (b), the y-coordinate of G is

Simiyi  10(0.24) 4 2(0) — 4(0.27)
>im; 10+2+4

= ﬁ =0.0825m
16

y =

Because y is the distance between the x-axis and the central x-axis of the
assembly, the moment of inertia of the assembly about the latter axis is found
from the parallel-axis theorem:

I, = I, —my* = 0.98616 — 16(0.0825)>
=0.877 kg - m? Answer

The corresponding radius of gyration is
_ [,  [0.877
k, = =,/— =0.234m Answer
m 16

In the preceding solution, we first computed I, for the assembly by summing the
values of I, for each part. Then I, for the assembly was found by applying the
parallel-axis theorem. An alternative method for computing I, for the assembly
is to first compute the moments of inertia for each part about the central x-axis of
the assembly, and then sum these values. Using this approach, we obtain

|2

L = [I)y + mi(dy — )] + [Tz + ma3*] + [(L)3 + m(ds + 7)7]

In this equation, note that I, is the moment of inertia for the entire assembly
about the central x-axis of the assembly (axis passing through G), whereas (1),
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(I),, and (I,)3 are the moments of inertia of the parts about their own central
axes. The distances between G and the mass center of each part, namely (d; — y),
v, and (d3 + ), are found from Fig. (b). Substituting the numerical values, we
obtain

I, = [.084 +10(0.24 — 0.0825)°]
+ [0.0216 + 2(0.0825)*] + [0.01296 + 4(0.27 + 0.0825)°]
=0.332 +0.0352 + 0.5099 = 0.877 kg - m* Answer

which agrees with the result found previously.

364

Dimensions in mm

(a)

Sample Problem 17.2

The 290-kg machine part in Fig. (a) is made by drilling an off-center,
160-mm diameter hole through a homogeneous, 400-mm cylinder of length
350 mm. Determine (1) I, (the mass moment of inertia of the part about
the z-axis); and (2) k. (the radius of gyration of the part about its central
z-axis).

The machine part in Fig. (a) can be considered to be the difference between the
homogeneous cylinders A and B shown in Figs. (b) and (c), respectively. The mass
density p of the machine part is

m 290

= = = 7849 kg/m’
m(RZ — Rk 7(0.20% — 0.082)(0.35) g/m

P

(b) (c)



Consequently, the masses of cylinders A and B are

my = pw RA h = (7849)7(0.20)%(0.35) = 345.2 kg
mp = pw R% h = (7849)7(0.08)*(0.35) = 55.2 kg

As a check on our computations, we note that m4 — mpg = m, as expected.

Part 1

From Table 17.1, the moment of inertia of cylinder A about the z-axis, which
coincides with its central z-axis, is

_ 1 1
(I)a = I)a= EmARZ = 5(345'2)(0‘20)2 = 6.904 kg - m?

The moment of inertia of cylinder B about its central z-axis is

T 1 2 1 2 2
(I)g = smpRy = 5(55.2)(0.080)° = 0.177 kg - m

Because the distance between the z-axis and the central z-axisof Bisd = 0.11 m,
the moment of inertia of B about the z-axis is found from the parallel-axis
theorem:

(I)g = (I.)g +mpd® = 0.177 + (55.2)(0.11)> = 0.845 kg - m?
Therefore, the moment of inertia of the machine part about the z-axis is
I, =) — (I;)p = 6.904 — 0.845 = 6.059 kg - m? Answer

Part 2

By symmetry, the x- and z-coordinates of the mass center of the machine part are
X = 0and z = —0.175 m. The y-coordinate is given by

Ja—mpyp  345.2(0) — 55.2(—0.11
j=TaVA " MBYE _ © ( ) —0.02094 m
m 290

The moment of inertia of the machine part about its central z-axis can now be
found from the parallel-axis theorem:

I. = I, — my* = 6.059 — 290(0.020 94)> = 5.932 kg - m*

The corresponding radius of gyration is

- [, 5.932
k, = - =,/ —— =0.1430 m Answer
' m 290

)
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Problems

/ \ ;g 17.1  The homogeneous body of total mass m consists of a cylinder with hemi-
\* - - J -4— 2z spherical ends. Calculate the moment of inertia of the body about the z-axis in

terms of R and m.

Fig. P17.1 17.2 Determine the moment of inertia of the truncated cone about the z-axis.
The cone is made of wood that density 10 kg/m?.
x 0.75m . L . .
[ 17.3 A hole of radius R; is drilled at the center of the cylinder of radius R; and
length . Show that the mass moment of inertia of the resulting body about the
z-axisis I, = m(R% + R%)/Z, where m is the mass of the body.

0.5 m

Fig. P17.2

Fig. P17.3

17.4 The inertial properties of a three-stage rocket are shown in the figure. Note
that k; is the radius of gyration for the ith stage about the axis that is parallel to
the x-axis and passes through the center of gravity G; of the stage. Find Z and I,
of the rocket.

y L 37m ‘24m 20 m

100 mm —{~— 100 mm —| 0 e B .i[>,_z
r | Eé G, be%;@ J

69 m [ 55m [ 57 m
6 mm dia. M, =956 kg M; =44 kg
k=20m M,=202kg ky=17m

160 mm —> [+—8 mm dia. ky=16m

Fig. P17.4

. X

. 17.5  Two steel rods of different diameters are welded together as shown. Locate
Fig. P17.5 the mass center of the assembly and compute /.. For steel, p = 7850 kg/m?>.



17.6 The equilateral triangle is formed by connecting three identical slender
rods. If the total mass of the triangle is m, compute its mass moment of inertia
about the z-axis.

17.7 Three thin plates, each of thickness ¢, are welded together as shown. Know-
ing the total mass of the assembly is m, compute its mass moment of inertia about
the z-axis. Assume ¢ <b.

17.8 Calculate I, and I, for the cast aluminum machine part. The mass density
of aluminum is 2650 kg/m®.

80 Yy
b 4
2 Q
X /50 \®
* Y e 100
b b
Dimensions in mm
Fig. P17.7 Fig. P17.8

17.9 The machine part is made of steel with density p =7850kg/m>. Com-
pute I, the mass moment of inertia of the part about the z-axis.

17.10 Calculate /. and I, for the bent slender rod that mass 1kg.
17.11  The solid body consists of a steel cylinder and a copper cone. The mass

density of copper is 1.10 times the mass density of steel. Locate the mass center
of the body and compute &, .

Fig. P17.11

17.12 Referring to Table 17.1, I, for a cylinder can be approximated by I, for
a slender rod if the radius R of the cylinder is sufficiently small compared with
its length 4. Determine the largest ratio R/h for which the relative error for this
approximation does not exceed 3 percent.

17.1-17.16  Problems 367

Fig. P17.6

y
|
50 | 100
! 200
50@5
150 100
|
200

Dimensions in mm

Fig. P17.9

— =<

0.4 m

0.3 m

Fig. P17.10
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17.13 (a) Compute I, for the pendulum, which consists of a 4-kg sphere
attached to a 1-kg slender rod. (b) Determine the relative error in I, if the mass of
the rod is neglected and the sphere is approximated as a particle.

17.14 The moments of inertia of the 120-kg helicopter blade about the vertical
axes passing through O and C are known from experiments to be 408.5 kg - m?
and 145.5 kg - m?, respectively. Determine the location of the mass center G and
the moment of inertia about the vertical axis passing through G.

‘ 2m

0 G C

Fig. P14.14 Fig. P14.15

17.15 Using the properties of a sphere in Table 17.1, derive the expression for
I, of the homogeneous hemisphere of mass m.

*17.16 If the wall thickness ¢ of the hollow sphere of mass m is sufficiently
small, its moment of inertia can be approximated by I, = (2/3)mR?. Derive this
result using the properties of a solid sphere in Table 17.1. (Hint: For t < R, the
binomial series yields the following approximation: R” — R? ~ nR"~'t.)

17.3 | Angular Momentum of a Rigid Body

The angular momentum of a body plays a major role in the equations of motion
that will be introduced in the next article. Here we derive the angular momentum
for three-dimensional motion and then specialize the results for plane motion.

The starting point of our derivation is the angular momentum of a particle of
mass m about a point A, which was defined in Art. 14.7 as the moment of its
linear momentum about that point:

h, =r x (mv) (14.45 repeated)

where v is the velocity of the particle and r represents its position vector relative
to A. By viewing the body as a collection of an infinite number of particles (differ-
ential elements), we can compute its angular momentum by adding (integrating)
the angular momenta of the elements.

a. General motion

Angular Momentum about the Mass Center Consider a rigid body of mass m
that occupies the region V', as shown in Fig. 17.4. The x"y’z’ coordinate system
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has its origin at the mass center G of the body. The linear momentum of a typical
differential element of mass dm moving with the velocity v is dp = vdm, as
shown in the figure. The angular momentum of this element about G is

dhg =1’ x (vdm) @)

where r' = x'i + y’j + z’Kk is the position vector of the element relative to G.
Because dm and G are in the same rigid body, their velocities are related by

v=v+wxr (b)

where v is the velocity of G, and w is the angular velocity of the body. Substituting
Eq. (b) in Eq. (a), we get

dhg =Y x (V+w xr)dm

Therefore, the angular momentum of the body is
hg :/dhg :/r’ X (V+wxr)dm
¥ ¥

Noting that [;, 1’ x vdm = (f,,¥'dm) x ¥ = 0 (according to the definition of
mass center), the angular momentum of the body about G becomes

hg = / r x (0 x r)dm (17.4)
v

Angular Momentum about an Arbitrary Point  The angular momentum of the
body about an arbitrary point A is

hy = / r x (vdm) (o)
¥

where r is the position vector of the element measured from A, as shown in
Fig. 17.4. Letting r be the position vector of G relative to A, we can write
r = r’ + r, which upon substitution in Eq. (c) yields

hA:/r/x(vdm)—f—f'x/vdm
v v

Recognizing that the first integral is hg and substituting Eq. (b) into the second
integral, we get

hA=hG—|—1"></(“7+wxr’)dm=h(;+f'x"f/dm+f'x((ox/r’dm)
N A ¢

v

Because [, dm =m and [;.r'dm =0,
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Fig. 17.5

A (instant center)

(b)

Fig.17.6

we are left with
hy = hg + T x (mV) (17.5)

A physical interpretation of Eq. (17.5) is shown in Fig. 17.5. The figure,
called the momentum diagram, is a sketch of the body that displays (1) the lin-
ear momentum vector mv of the body acting at the mass center G, and (2) the
angular momentum hg of the body about G, represented as a couple. According
to Eq. (17.5), the angular momentum of the body about A is the vector sum of
h; and the moment of mv about A (this operation is analogous to computing the
resultant moment of a force-couple system about a point).

b. Plane motion

Angular Momentum about the Mass Center If the plane of motion is parallel
to the xy-plane, we have w = wk. It follows that ® xr' = wk x (x'i+y'j+z'K) =
w(—y'1+ x'j) and

i
'x(@xr)=w|x =w [—x/z/i — Vi + y/z)k]
’ x/

-y

o N

Consequently, the angular momentum about G in Eq. (17.4) becomes

hg =w |:—i/ x'7'dm —j/ y'Zdm + k/ (x* + ") dmi|
v ¥ v

The first two integrals, called the products of inertia, are discussed in Chapter 19.
In this chapter, we assume that the body is symmetric about the x’y’-plane, in
which case the products of inertia vanish.” This conclusion follows from the
observation that for every element located at (x’, y’, z') there is a corresponding
element at (x’, y’, —z’) so that their combined contribution to each of the first two
integrals is zero. The last integral is, according to Eq. (17.1), the moment of iner-
tia of the body about the z’-axis, which we denote by /. Therefore, the angular
momentum of a symmetric body about its mass center reduces to hg = Iwk, or

he = lw (17.6)

Angular Momentum about an Arbitrary Point The momentum diagram for
plane motion is shown in Fig. 17.6(a). The figure represents the cross-section
of the body that contains the mass center G and is parallel to the plane of motion.
Assuming that point A lies on the same cross section, the resultant moment of the
momenta about A is

ha =Iw+mvd (A: arbitrary point) (17.7)

where d is the “moment arm” of the linear momentum with respect to A, as
indicated in the figure.

“This assumption is overly restrictive. As explained in Chapter 19, the products of inertia also vanish
when the z’-axis is a principal axis of inertia of the body.



Angular Momentum about the Instant Center 1f point A is the instant center
for velocities (this includes the case where the body rotates about a fixed point A),
the momentum diagram takes the form shown in Fig. 17.6(b). Note that now v =
rw and mv is perpendicular to r. The resultant moment of momenta about A is
ha = Iw + mi’w. Recognizing that I + mi> = I, by the parallel-axis theorem,
we can write the angular momentum about A as

hp = I4o (A: instant center) (17.8)

47.4 | Equations of Motion

a. Introductory comments

In this article we investigate the equations of motion for a rigid body, such as the
body shown in Fig. 17.7. We consider the body to be a collection of particles and
assume that the internal forces between the particles occur in equal and opposite,
collinear pairs. By implication, the equations of motion for a system of particles
derived in Chapter 15, namely

YF = ma (15.19, repeated)
XM,y = liA + va x (mv) (15.34, repeated)

are thus also applicable to a rigid body.” In these equations, m is the mass of the
body, XF is the resultant external force acting on the body, and XM, represents
the resultant moment of the external forces about point A.

As indicated in Fig. 17.7, the reference point A is not necessarily a fixed point
or a point in the body. Therefore, we must be careful not to confuse absolute veloc-
ities and accelerations (which refer to the inertial reference frame) with velocities
and accelerations measured relative to A. For example, v denotes the absolute
velocity of the mass center G, whereas r is the position vector of G relative to A.
Consequently, dr/dt = Vg4 =V — V4.

b. General motion

The first equation of motion, Eq. (15.19),

>F = ma (17.9)

which relates the external forces to the acceleration a of the mass center, can
be used for a rigid body without modification. However, the second equation of
motion, Eq. (15.34), can be made more useful for a rigid body if we incorporate
the results of the previous article.

* Although the particle model is not entirely accurate for a rigid body, it does yield the correct equations
of motion. A more rigorous derivation based on the concept of stress is beyond the scope of this text.
Historically, the equations of motion for a rigid body were not derived from particle mechanics, but
were postulated outright. Presumably, the inspiration came from the analysis of a system of particles.

17.4 Equations of Motion

F

vA‘\.

Fig.17.7
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The angular momentum of a rigid body about an arbitrary point A was
found to be
hy =hg +1 x (mv) (17.5, repeated)

where hg is the angular momentum about the mass center G. Differentiating with
respect to time, we get

) . dr o i}
hA:hG‘i‘EX(mV)‘i‘rX(ma) @

With the substitution dr/dt = Vv—v 4, the second term on the right side of Eq. (a) is

d—: X (m¥) = (F — V) X (m¥) = —v4 X (m¥)

Therefore, Eq. (a) becomes
hy =hg — v x (mV) + T x (ma) (b)

which upon substitution in Eq. (15.34) yields for the second equation of motion

My = hg +F x (ma) (17.10)

The physical interpretation of the equations of motion, Egs. (17.9) and
(17.10), is shown in Fig. 17.8. The free-body diagram (FBD) displays the external
forces F;, F,, ... acting on the body. The mass-acceleration diagram (MAD)
shows the inertia vector ma acting at the mass center G, and the inertia couple
hg. The equal sign between the diagrams implies that the force systems in the
FBD and the MAD are equivalent; that is, the two force systems have the same
resultant force and the same resultant moment about any point. It is easily verified
that the two conditions of equivalence (XF)ppp = (XF)map and (XMy)ppp =
(XM 4)map reproduce the two equations of motion.

F,

F;

FBD MAD
Fig. 17.8

¢. Plane motion

The FBD and the MAD for a body in plane motion in the xy-plane are shown
in Fig. 17.9. The diagrams actually display the cross section of the body that is
parallel to the plane motion and contains the mass center G of the body. To obtain
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FBD

Fig. 17.9

a two-dimensional formulation of plane motion, we assume that all the external
forces Fy, F,, ... lie in the plane of the cross section, and that the cross section is
a plane of symmetry of the body.

In plane motion, the angular momentum of the body about G is given in
Eq. (17.6) as hg = Iw, where  is the angular velocity of the body, and I is
the moment of inertia about G. Hence the inertia couple shown in the MAD is
hg = Ia, where @ =@ is the angular acceleration of the body. From the equiv-
alence of the force systems on the two diagrams in Fig. 17.9, we get for the
equations of motion

>F = ma (17.11)
My = Io + mad (17.12)
where d is the moment arm of the inertia vector shown in the figure.

Moment Equation about the Mass Center If A coincides with the mass center,
then d = 0 and Eq. (17.12) becomes

Mg = la (17.13)

Moment Equation for Rotation about a Fixed Point 1If the body is rotating
about a fixed point A (i.e., A is fixed in the body as well as in the inertial reference
frame), then we can use Eq. (17.8): hy = [ w. Differentiating with respect to
time (note that 14 is constant because A is fixed in the body), we get ha = Isa.
Therefore, for rotation about a fixed point Eq. (15.34) takes the form

XMy = I, (A: fixed in the body and in space) (17.14)

47.5 © force-Mass-Acceleration Method:
Plane Motion

a. General plane motion

The force-mass-acceleration (FMA) method of kinetic analysis is based on the
equations of motion for a rigid body derived in the previous article. In this article,
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our discussion will be limited to plane motion; three-dimensional problems will
be introduced in Chapter 19.

There are three independent scalar equations of plane motion. One example of
an independent set of equations is X Fy =ma,, ¥ F, = ma, and the moment equa-
tion XM, = la + mad. However, because choices for the coordinate directions
and the moment center are arbitrary, the number of available (but not necessarily
independent) equations of motion is infinite. The restrictions on the equations that
guarantee their independence are identical to those used in coplanar equilibrium
in statics. For example, if three moment equations are used, the moment centers
must not be collinear.

It is usually convenient to obtain the equations of motion from the FBD and
the MAD. The procedure is essentially the same as used for particles in Art. 12.3:

Step 1: Draw the FBD of the body showing all external forces and couples.

Step 2: If there are kinematic constraints imposed on the motion, use kinemat-
ics to determine the relationship between a, w, and «.

Step 3: Draw the MAD of the body showing the inertia vector ma acting at the
mass center and the inertia couple /«, using the results of Step 2.

Step 4: Derive three independent equations of motion from the equivalence of
the FBD and the MAD.

If the number of unknowns that appear in the FBD and the MAD is three, then
they can be determined by solving the equations of motion. In some problems,
however, additional information must be obtained from the history of motion. For
example, if @ appears in the MAD, it may be necessary to obtain its value at the
instant of concern by integration: w = [ ad?r.

One advantage of the FBD-MAD technique is that the FBD displays the
unknown forces, and the MAD displays the unknown accelerations. Conse-
quently, one is less likely to attempt to derive and solve the equations of motion
before the unknown variables have been correctly identified.

b. Translation

Figure 17.10 shows the MAD for a rigid body that is translating. Because o = 0,
the MAD reduces simply to the inertia vector passing through G. It can be seen
from this diagram that the resultant moment is zero about any point that lies on
the same line as the inertia vector. For any other point, the resultant moment is
equal to the moment of the inertia vector.

/’"a
G

MAD

Fig. 17.10
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€. Rotation about a fixed axis

We distinguish between two types of rotation about a fixed axis—central and
noncentral rotation.”

In central rotation, the fixed axis passes through the mass center G. Because
a=0, the MAD reduces to the inertia couple, as shown in Fig. 17.11(a). In this
case the inertia vector is zero and the resultant moment about every point is
equal to /a.

In noncentral rotation, the axis of rotation passes through a fixed point A that
is not the mass center. The MAD for this case is shown in Fig. 17.11(b), where the
components of a have been determined from the fact that the path of G is a circle
centered at A. Since A is a fixed point, the special case of the moment equation,
Y M4 = I4a, could be used. However, the same moment equation is obtained by
equating the resultant moments about A for the FBD and the MAD:

D IMy=lIa+ (mie)F = (I +mit)a = Lo

(a) Central rotation (b) Noncentral rotation

Fig.17.11

d. Systems of connected rigid bodies

When analyzing the motion of a system of connected rigid bodies, an FBD and an
MAD can be drawn for each component body, because each component must sat-
isfy a separate set of the three equations of motion. Therefore, a system containing
N rigid bodies must satisfy 3NV independent equations of motion.

Frequently it is convenient to use the FBD and MAD of the assembly, because
then the internal forces do not appear in the FBD. For this reason, the FBD
and the MAD for the entire system is often a good choice for beginning the
analysis.

For systems of connected bodies, kinematic constraints require that special
attention be paid to the MAD. Figure 17.12 shows the MAD for a system consist-
ing of a slender bar AB that is pinned at B to a disk C (the MAD for the system is

“The types of rotation are sometimes identified as centroidal and noncentroidal rotation. We avoid
using the term “centroid” to eliminate the confusion that often exists between centroids, which are
properties of geometric shapes, and mass centers, which are properties associated with mass.
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the superposition of the MADs for the respective bodies). In this figure the prop-
erties (masses, accelerations, moments of inertia, and mass centers) of the bar and
the disk are identified by the subscripts 1 and 2, respectively. Note that «; does
not necessarily equal o, because of the pin at B. However, a;, a,, o1, and o, are
related kinematically by the equation of constraint ag = a; +ap/g, = a2 +ap/G,,
which expresses the fact that B is a point on both bodies.

Loy

hoy

nyay

Fig. 17.12

Figure 17.13(a) shows the MAD when the bar and disk are rigidly
connected at B. In this case, «; =« = . Furthermore, a; and a, are related by
a) =a; +ag,/g, because G and G, are on the same rigid body.

ho c fa c
_ qu
|7 AN d
ma, ma
b)

M),
()

Fig.17.13

Figure 17.13(b) shows an alternate form of the MAD for the rigid body in
Fig. 17.13(a). Here, ma and I« are the inertia vector and inertia couple, respec-
tively, for the entire body and G is its mass center. Whether one employs the MAD
in Fig. 17.13 part (a) or (b) is a matter of personal preference, because the analysis
using either diagram involves about the same amount of computation.



Sample Problem 17.3

The mass center of the 10-kg sliding door in Fig. (a) is located at G. The door
is supported on the horizontal rail by sliders at A and B. The coefficient of static
as well as kinetic friction is 0.4 at A and 0.3 at B. The door was at rest before
the horizontal force P = 60N was applied. (1) Find the maximum value of &
for which the door will slide to the right without tipping and the corresponding
acceleration of the door. (2) If # = 1.5 m, find all forces acting on the door, and
calculate its acceleration.

Part 1

The free-body and mass-acceleration diagrams for the door, shown in Fig. (b), are
described in detail as follows.

Free-body diagram The FBD contains the following forces: the 10(9.8) = 98N
weight acting at G, the applied force P, the normal force N4, and the friction
force Fy = s N4 =0.4N4. Because the door starts from rest, its velocity will be
directed to the right (i.e., in the same direction as the acceleration), which means
that F, is directed to the left. There is no normal force and, therefore, no friction
force at B, because the problem statement implies that the door is sliding to the
right in a state of impending tipping about A.

Mass-acceleration diagram The MAD contains only the inertia vector of magni-
tude ma acting at G. There is no inertia couple because the door is translating
(¢ =0).

le1 m~
F,=04N,
A B A B | x
1.5m
N,
A h i
G —_ e
10a N
P=60N
98 N
FBD MAD

(b)

Inspection of Fig. (b) reveals that the unknowns are N4 and % on the FBD,
and a on the MAD. These three unknowns can be computed by deriving and
solving any three independent equations of motion. When employing the FBD-
MAD technique, remember that (1) the resultant force on the FBD can be equated
to the inertia vector ma on the MAD, and (2) the resultant moment about any
point on the FBD can be equated to the resultant moment about the same point on
the MAD.

I m-~1m~

Ge

[T p—

PN

e

(a)

377



Equating the x- and y-components of the forces on the FBD to the correspond-
ing components of the inertia vector, we obtain

SFy=may, + Ny—98=0
Ny =98N

and

YF, =ma, -t 60—04N, = 10a
60 — 0.4(98) = 10a

which gives
a = 2.08 m/s? Answer

The third independent equation is a moment equation about any point. If we
choose point A as the moment center, the resultant moment on the FBD is equated
to the resultant moment on the MAD:

(ZEMp)rep = (EM4)MAD :JD 60~ — 10(9.8)(1.5) = 10a(1.5)

With a = 2.08 m/s?, we get
h=297m Answer

Part 2

The FBD and MAD for # = 1.5 m are shown in Fig. (c). The details of these
diagrams are as follows.

Free-body diagram The FBD contains the 98-N weight, the applied force P =
60 N passing through G, the normal forces N4 and N, and the friction forces F4
and Fp. From the solution of Part 1 we know that the door will be sliding to the
right while maintaining contact at both A and B. The friction forces, determined
by the kinetic coefficients of friction, are directed to the left—that is, opposite to
the motion.

Mass-acceleration diagram  Because the door is sliding to the right without rotat-
ing, the MAD contains only the inertia vector acting through G.

F,=04N, T Fp=03N,
A B T A B |
h=15m 1.5m
Ny Np i
Gg---- —l—> = G o —
P=60N 102 N
98 N

FBD MAD

(©)



The number of unknowns in the FBD and MAD is three: N4, Np, and a,
which can be found from any three independent equations of motion. One such
set of equations is given below; their validity can be determined by referring to
the FBD and MAD in Fig. (¢).

LFy=ma, ] Ni+Np—98=0 @)
IMg=0 ) Np(1)+0.3Np(1.5) — Nao(1) +0.4N4(1.5) =0 (b)
>F. =ma, -+ 60—04N4—03Ng=10a (0

Solving Egs. (a), (b), and (c) gives
Ny=768N Ny=212N a=229m/s’ Answer

The positive values of N4 and Np confirm that the door will not tip.

Sample Problem 17.4

The homogeneous bar in Fig. (a) has mass m and length L. The bar, which is free
to rotate in the vertical plane about a pin at O, is released from rest in the position
6 = 0. Find the angular acceleration « when 6 = 60°.

Figure (b) shows the FBD and the MAD of the bar when 6 = 60°. The FBD con-
tains the weight W of the bar, acting at its mass center G (located at the midpoint
of the bar) and the components of the pin reaction at O. In the MAD, the inertia
couple o was drawn assuming that « is clockwise, and using I = mL?/12 from
Table 17.1. The components of the inertia vector ma were found by noting that
the path of G is a circle centered at O. Therefore, the normal and tangential com-
ponents of a are a,, = (L12)w? and a, = (L/2)c. The direction of a, is toward O,
regardless of the direction of w. The direction of g, is consistent with the assumed
direction of «.

FBD MAD

(b)

(a)
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We note that there are a total of four unknowns in Fig. (b): O, O,, «, and w.
Because there are only three independent equations of motion, we will not be
able to determine all unknowns using only the FBD and the MAD. The reason for
this is that @ depends on the history of motion: @ = [ « dt + C. Therefore, the
equations of motion at a specific position of the bar will not determine the angu-
lar velocity in that position. However, inspection of the FBD and MAD reveals
that it is possible to determine the angular acceleration o, because it is the only
unknown that appears in the moment equation when O is used as the moment
center. Referring to the diagrams in Fig. (b), this moment equation is

(XMo)rep = (EMo)map

0 L o0 mL? N L \L mL? @
+) mg— CcoS = — — _—= —
g 2 Cco 12 o m 2 (07 2 3 (07
from which we find that
3
a =28 cos60° = 0.750% Answer  (b)
2L L

Because the acceleration of O is zero, the above moment equation could have
also been obtained from Eq. (17.14): ¥ Mo = Ipo, where

- mL? L\? mL?
0 +m B +m<2> (o)

from the parallel-axis theorem. We now see that XMy = [pa will yield an
equation that is identical to Eq. (a).
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Sample Problem 17.5

The body shown in Fig. (a) consists of the homogeneous slender bar 1 that is
rigidly connected to the homogeneous sphere 2. The body is rotating in the verti-
cal plane about the pin at O. When the body is in the position where 8 = 30°, its
angular velocity is w = 1.2 rad/s clockwise. At this instant, determine the angular
acceleration « and the magnitude of the pin reaction at O.

The FBD and MAD of the body in the position # = 30° are shown in Fig. (b). In
these diagrams, the bar and the sphere are treated as separate entities, each with its
own inertia couple and inertia vector. (An equivalent form of the MAD would be
obtained by showing the inertia couple and inertia vector for the assembly; refer
to Fig. 17.13.) Details of the diagrams are described in the following.

Free-body diagram  The forces O, and O, are the components of the pin reaction
relative to the n- and f-axes shown in the figure. The weights W, and W, of the
bar and sphere, respectively, act at their mass centers G| and G,. The distances



FBD

(b)

71 = 0.4 m and r» = 1.0 m, measured from O to the mass centers, are deduced
from the dimensions in Fig. (a).

Mass-acceleration diagram In the MAD, we assume that the angular accelera-
tion o, measured in rad/s?, is clockwise. Using the fact that the body rotates about
the fixed point O, kinematic analysis enables us to express the accelerations of G
and G in terms of « and w of the body. The inertia terms that appear in the MAD
have been computed in the following manner.

For the slender bar:

mL? 30(0.8)2
o =
12 12
mifo® = 300.4)(1.2)> = 17.28 N
mirie = 30(0.4)a = 12.00a N

o = 1.600c N - m

[_16(2

For the sphere:

Lo = §m2R o= 3(80)(0.2) o = 1.280a N - m

maiw’ = 80(1.0)(1.2)> = 1152 N
marya = 80(1.0)a = 80.00 N

In the MAD, the directions of the tangential components of the inertia vectors
(those containing «) are consistent with the assumed clockwise direction of «.
The normal components of the inertia vectors (those containing w?) are directed
toward the center of rotation O, regardless of the direction of w.

From Fig. (b) we see that there are two unknowns in the FBD (O, and O,) and
one unknown (&) in the MAD. Therefore, all that remains is to derive and solve
the three independent equations of motion for the unknowns.

MAD
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Equating moments about O on the FBD and the MAD in Fig. (b), we obtain

(XMo)rep = (XMo)map

9 30(9.8)(0.4) cos 30° 4 80(9.8)(1.0) cos 30°
= 1.600« 4 (12.00c¢)(0.4) 4 1.280c + (80.00cx)(1.0)
= 87.68«x

from which we find that
o = 8.905 rad/s’ Answer

Because the acceleration of point O is zero, this result could also have been
derived using the special case XMy = [pa.

Using o = 8.914 rad/s> and referring to Fig. (b), the force equations in the
t and n directions give

EFZ = mc_lr
T/ 0; +30(9.8) cos 30° + 80(9.8) cos 30° = 12.00(8.905) + 80.00(8.905)
O; =—1143N
and
Y F, = ma,
<t 0, —30(9.8) sin 30° — 80(9.8) sin30° = 17.28 + 115.2
0,=6715N

Therefore, the magnitude of the pin reaction at O is

0 =.,/0?+ 02 = /(—114.3)> + (671.5)> = 681 2N Answer

my =60 kg
k =400 mm

B |mp=20kg

(a)
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Sample Problem 17.6

The cable connected to block B in Fig. (a) is wound tightly around disk A, which is
free to rotate about the axle at its mass center G. The masses of A and B are 60 kg
and 20kg, respectively, and k = 400 mm for the disk. Determine the angular
acceleration of A and the tension in the cable.

The free-body and mass-acceleration diagrams of the system are shown in
Fig. (b). The FBD contains the weights W4, = 60(9.8) = 588N and Wy =
20(9.8) = 196 N together with the unknown pin reactions at G. The tension in
the cable, being an internal force, does appear on this FBD.

The MAD displays the inertia couple of the disk and the inertia vector of the
block. There is no inertia vector of the disk because its mass center G is stationary.
The angular acceleration « of the disk is assumed to be directed clockwise. The
corresponding inertia couple of the disk is

Ta = mk*a = 60(0.4)*a¢ = 9.600 N - m



Io:=9.6000: N-m

FBD MAD

Wp=196 N mpag =10 N
(b)

which also is directed clockwise. Because the cable does not slip on the disk, the
acceleration of the block is ag = Ra, which results in the inertia vector

mpag = mg(Ra) = 20(0.5a) = 10 N l

There are three unknowns on the FBD and the MAD: two components of the
pin reaction at G and the angular acceleration « of the disk. Since the number
of independent equations available from the FBD and MAD is also three, all the
unknowns can be computed.

The angular acceleration « can be found by equating the resultant moments
about G in the FBD and the MAD.

(EMg)FBD = (EMg)MAD :_-_FD 196(05) = 9.600c + 100[(05)

a = 6.712 rad/s? Answer

To find the tension in the cable, we analyze the block separately (the disk could
also be used). The FBD and MAD for the block are shown in Fig. (c), where T is
the cable tension. Summing forces in the y-direction yields

SFy,=ma, *| 196—T =10« = 10(6.712)
T =129.0N Answer

FBD —_ I MAD

Wp=196 N ‘mBaB: 10aN

(©
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Sample Problem 17.7

The 40-kg unbalanced wheel in Fig. (a) is rolling without slipping under the action
of a counterclockwise couple Cy = 20 N - m. When the wheel is in the position
shown, its angular velocity is w = 2 rad/s, clockwise. For this position, calculate
the angular acceleration « and the forces exerted on the wheel at C by the rough
horizontal plane. The radius of gyration of the wheel about its mass center G is
k =200 mm.

The free-body and mass-acceleration diagrams for the wheel, shown in Fig. (b),
were constructed as follows.

Free-body diagram The FBD consists of the applied couple Cy, the weight
W =40(9.8) =392 N, and the normal and friction forces that act at the contact
point C, denoted by N¢ and F¢, respectively. Observe that F has been assumed
to be directed to the right.

Mass-acceleration diagram In the MAD of Fig. (b) the angular acceleration «,
measured in rad/s, has been assumed to be clockwise. The corresponding inertia
couple shown on this diagram is

Ta = mk*a = 40(0.200)%a = 1.600c N - m

0.12m

Ja=1.600 N-m

ma,=(10.00a - 19.20) N

W=392N

R=025m mi,=4.80a N

FBD MAD
(b)



Because the wheel does not slip, the acceleration of its center O is ap=
Ra =0.250a m/s?, directed to the right. Applying the relative acceleration
equation between G and O, we obtain (the units of each term are m/s?)

a = ag = Qo + aG/0

a)c
[ 0.250c 0.120m G 0.120w?=0.120(2)%
— [0} ]
a, =0.480

0.120c

from which we find a, =0.250c — 0.480 m/s* and a, =0.120c m/s>. Multi-
plying these results by m =40kg, the components of the inertia vector become
ma, = (10.00a — 19.20) N, directed to the right, and ma, =4.80a N, directed
downward.

The FBD and MAD in Fig. (b) now contain only three unknowns: N¢, Fc¢,
and «, which can be found using any three independent equations of motion.

Because N¢ and F¢ act at C, it is convenient to use that point as a moment
center, the corresponding moment equation being

(XMc)rep = (XMc)map
D —20+392(0.120) = 1.600x + 0.250(10.00c — 19.20) + 0.120(4.80ct)

The solution to this equation is
o« = 6.820 rad/s’ Answer

Because « is positive, its direction is clockwise, as assumed.
The forces at C can now be found from force equations of motion:

YF, =ma, - Fc=10.00a—19.20 = 10.00(6.820) — 19.20
and
LF,=ma, + 392— Nc =4.80a = 4.80(6.820)
which yield
Fc=490N and Nc=359.3N Answer

Because each force is positive, it is directed as shown in the FBD.
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Sample Problem 17.8

Figure (a) shows a 10-kg homogeneous disk of radius 0.2 m. The disk is at rest
before the horizontal force P =60 N is applied to its mass center G. The coeffi-
cients of static and kinetic friction for the surfaces in contact are 0.20 and 0.15,
respectively. Determine the angular acceleration of the disk and the acceleration
of G after the force is applied.

Two motions of the disk are possible: rolling without slipping, and rolling with
slipping. We will solve the problem by assuming that the disk rolls without slip-
ping. This assumption will then be checked by comparing the required friction
force with its maximum static value.

The free-body diagram (FBD) and the mass-acceleration diagram (MAD)
based on the no-slip assumption are shown in Fig. (b). The FBD contains the
10(9.8) =98 N weight, the 60 N applied force, the normal force Ny, and the fric-
tion force F, assumed acting to the left. The MAD contains the inertia couple
and inertia vector, where the angular acceleration «, measured in rad/s2, has been
assumed to be clockwise. The values of I and ma were computed as follows.

- mR? 10(0.2)2
la = o=
2 2

ma =mRa = 10(0.2)a = 2a N

oa=02a N-m

ma=2a N

FBD MAD

(b)

Note that a = R is a valid kinematic equation because the disk is assumed to
be rolling without slipping. There are a total of three unknowns in the FBD and
MAD: F, N, and o, which can be computed using any three independent equations
of motion.

A convenient solution is to first equate the resultant moment about C on the
FBD to the resultant moment about C on the MAD and then utilize the force
equations of motion.



(EMC)FBD = (EMC)MAD 3 60(02) =020+ 2(1(02)

o = 20 rad/s’
YF, =ma, - 60— F =2a=2(20)
F =20N
TFy=ma, + Ny—98=0
Ny =98N

Because o, F, and N, are all positive, their directions are as shown in Fig. (b).

Next we note that the maximum possible static friction force iS Fp,x =
usNa = 0.20(98) = 19.6. The friction force required for rolling without slip-
ping is, according to our solution, ¥ = 20 N. Because F > Fi,.x, We conclude
that the disk does slip, and we must reformulate the problem.

The FBD and MAD for the case where the disk rolls and slips simultaneously
are shown in Fig. (c). The friction force F in the FBD has been set equal to its
kinetic value, u; N. This force must be shown acting to the left in order to oppose
slipping. The inertia couple 7« in the MAD is identical to that used in Fig. (b).
However, the important difference here is that the magnitude of the inertia vector
is now ma = 10a N, where @ is measured in m/s>. Because the disk is slipping,
the kinematic constraint @ = Ra does not apply. Once again we see that there are
three unknowns on the FBD and the MAD, except that now the unknowns are N,
o, and a.

ma=10a N

F=0.15N, c
Ny
FBD MAD

(©)

The three unknowns can be calculated as follows (of course, any other three
independent equations could also be used):

TFy,=ma, + Ns—98=0 N=98N @)
SF, =ma, - 60—0.15N, =10a (b)
Mg = la O, 0.2(0.15N4) = 0.2« (©

Substituting N = 50 Ib from Eq. (a) into Egs. (b) and (c) yields

a=453m/s> and o« = 14.7 rad/s’ Answer
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Sample Problem 17.9

A homogeneous slender bar AB of mass m and length L is released from rest in the
position shown in Fig. (a). Determine the acceleration of end A, the reaction at A,
and the angular acceleration of the bar immediately after the release. Assume that
the horizontal plane is frictionless.

FBD MAD
(b)

The free-body diagram (FBD) and mass-acceleration diagram (MAD) of the bar
at the instant after the release are shown in Fig. (b). The FBD contains the
weight of the bar, mg, and the vertical reaction N. The MAD contains the inertia
couple, I o, and the inertia vector, ma. The latter consists of components ma, and
m(L/2)a, which were obtained from kinematics as follows:

a = ag = a4 + agp @
Ly2-o
2
au G
-« L
2 Ly
/j 60° 2
(67

In Eq. (a), the senses of a4 and o were assumed to be to the left and clockwise,
respectively. The angular velocity w is zero because the bar has just been released
from rest in the position being considered. Multiplying the right-hand side of
Eq. (a) by the mass m and placing the results at G gives the components of the
inertia vector shown in the MAD of Fig. (b).



Inspection of Fig. (b) reveals that there are a total of three unknowns: N, a4,
and «. Therefore, the solution can be obtained by deriving and solving any three
independent equations of motion.

Equating moments about A on the FBD and MAD in Fig. (b) yields

(XM p)rep = (XM 4)maD

which, on simplification, becomes
as = 0.7698 Lo — 0.5774¢ (b)

Referring again to Fig. (b), the force equation for the horizontal direction becomes
- i L .
YF, =ma, O:—maA+m§asm6O

which reduces to

ap = 0.4330La (0

Solving Egs. (b) and (c) simultaneously yields
as =0.742¢ and o« = 1.714% Answer
Using the diagrams in Fig. (b), the force equation for the vertical direction is
X F, = may +T —mg+ N = —m%cx cos 60° (d)
Substituting the expression for « found above, and solving for N, gives

N =0.572mg Answer

It must be emphasized that the values obtained for N, «, and a4 are valid only
at the instant after the release. Each of these variables will vary throughout the
subsequent motion of the bar. However, it is interesting to note that there is never
a horizontal force acting on the bar because the plane is frictionless. Therefore,
the path followed by the mass center G will be a vertical straight line.
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Problems
+~0.36 m r*
.G
180 kg
1.2m
400N
C . IO.Z m

B

AL70.8 m—

Fig. P17.17

Cord

Fig. P17.20

17.17 The 400-N horizontal force is applied to the cabinet that is supported on
frictionless casters at A and B. The mass of the cabinet is 180 kg, and G is its mass
center. (a) Determine the acceleration of the cabinet assuming that it does not tip.
(b) Verify that the cabinet does not tip by computing the reactions at A and B.

17.18 The combined mass center of the motorcycle and the cyclist is located
at G. (a) Find the smallest acceleration for which the cyclist can perform a
“wheelie”—that is, raise the front wheel off the ground. (b) What minimum
coefficient of static friction between the tires and the road is required for the
wheelie?

@\B

60°\

Né‘
P
——
A (o s
N
L0.75 m~~—1.00 m *‘
Fig. P17.18 Fig. P17.19

17.19 Find the largest force P that would accelerate the 1-kg uniform bar AB
to the right without causing the roller at B to lift off the guide rail. Neglect the
masses of the rollers.

17.20 The uniform 5-kg bar AB is attached to the 7-kg cart C with a pin at A and
a horizontal cord at B. If the force in the cord is 40 N, determine the horizontal
force P acting on the cart.

17.21  The mass center of the 200-kg trailer is located at G. The trailer is
attached to the car by a ball-and-socket joint at C. Determine (a) the maximum
acceleration of the car for which the trailer does not pull up on the hitch; and
(b) the corresponding horizontal force on the hitch.

Fig. P17.21
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17.22 The 10-kg homogeneous panel, pinned to a frictionless roller A and a
light sliding collar B, is acted on by the 20N horizontal force. Determine the
acceleration of the panel and the roller reaction at A, given that the velocity of the
panel is 1.8 m/s to the left. Neglect friction.

l— 1m —
AQ——— | d/(\ X

_______ ! (

10(9.8) 2m

=98N

L
’:: iubuiuber | _@z:‘
0.8 m
20N |

Fig. P17.22 Fig. P17.23

17.23 The homogeneous cylinder of mass m slides down the incline of slope
angle 8. The kinetic coefficient of friction between the cylinder and the incline
is w. Determine the expression for the smallest ratio d/h for which the cylinder
will not tip.

17.24 The 20-kg pallet B carrying the 40-kg homogeneous box A rolls freely
down the inclined plane. The static and kinetic coefficients of friction between A
and B are 0.4 and 0.35, respectively. (a) Show that the box will slide on the pallet,
assuming that the dimensions of the box are such that it does not tip. (b) Determine
the smallest ratio b/h for which the box will not tip.

b
‘ ‘ h
A
[
2 rad/s
25°

Fig. P17.24

17.25 The 20-kg box rides on a platform that is attached to two parallel arms.
The arms are being driven at the constant angular velocity of 2 rad/s CCW. Deter-
mine the normal and friction forces exerted on the box by the platform when the
system is in the position shown. Assume that the box does not slide relative to the
platform. Fig. P17.25
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Fig. P17.26
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Fig. P17.27
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Fig. P17.29
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Fig. P17.30

17.26  The uniform bar AB is released from rest in the horizontal position. Find
the initial acceleration of end B of the bar.

17.27 The vertical 2-kg bar AB is attached to the 3-kg cart by a pin at A and
the cord BC. Determine the tension in the cord immediately after the assembly is
released from rest in the position shown.

17.28 The two identical uniform bars AC and DE, each of mass m and length L,
are connected by cords at their ends. The assembly hangs in the vertical plane
from a pin at B. Find the tension in cord CE the instant after cord AD has been cut.

L L
2 I 2
Al m_\e) |
B
D m E

Fig. P17.28

17.29 The 2-kg homogeneous bar AB is supported by the parallel strings
attached at A and B. If the bar is released from rest when 6 =35°, calculate the
forces in the strings immediately after release.

17.30 The 125-kg refrigerator is being lowered to the ground by the platform C,
which is controlled by the parallelogram linkage shown. Lips on the platform
prevent the refrigerator from rolling on its wheels at A and B. Prove that the refrig-
erator will not tip when 0 = 0, w = 1.2 rad/s, and @ = 1.6 rad/s?. (Hint: Assume
that the refrigerator does not tip, and find the reactions at A and B.)

17.31 Determine the angular accelerations of the homogeneous pulleys shown
in (a) and (b). The mass moment of inertia for each pulley about its mass center
Gis4kg-m’.

(@) (b)

Fig. P17.31



17.32 The radius of gyration of the 20-kg pulley about its mass center G is
300 mm. Compute the angular acceleration of the pulley and the tension in the
cord AB.

17.33 Determine the maximum possible acceleration of the car if the coefficient
of static friction between its tires and the road is 0.8. The car has front-wheel drive,
and its mass center is located at G.

Fig. P17.33

17.34 The two identical 8-kg homogenous cylinders are connected by a cable.
Compute the tension in the cable the instant after the cylinders are released from
rest in the position shown. Assume that friction allows the cylinders to roll without
slipping and neglect the weight of the small pulley.

B

~ m=10kg
8 kg S“A Tz o6m
S
A - Y
8 kg S 120 N-m
N
R m =8 kg
45 OHONONONOMONONO)
Fig. P17.34 Fig. P17.35

17.35 The compound gear of mass 10kg engages the two sliding racks. If the
120 N - m couple is applied to the gear, determine the acceleration of the center of
the gear.

17.36 The homogeneous, 5-kg bar AB is released from rest in the position
shown. Compute the angular acceleration of the bar and the tension in the cord
BC immediately after the release.

17.37 Gears A and B, of masses 4 kg and 10 kg, respectively, are rotating about
their mass centers. The radius of gyration about the axis of rotation is 100 mm for
A and 300 mm for B. A constant couple Cyp = 0.75 N - m acts on gear A. Neglect-
ing friction, compute the angular acceleration of each gear and the tangential
contact force between the gears at C.

17.17-17.66  Problems 393

Fig. P17.32

Fig. P17.37
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Fig. P17.38
W, "
~
~
\

Fig. P17.39

Fig. P17.40

Fig. P17.43

17.38 Uniform disks A and B, having masses of 2 kg and 4 kg, respectively, can
rotate freely about their mass centers. The kinetic coefficient of friction between
the disks is 0.27. Disk B is spinning at 500 rev/min counterclockwise when it is
placed in contact with the stationary disk A. Calculate the angular acceleration of
each disk during the time that slipping occurs between the disks. Neglect the mass
of bar AD.

17.39 The uniform disk of radius R and mass m is free to rotate about the pin
at A. Determine the magnitude of the pin reaction at A immediately after the disk
is released from rest when 6 = 90°.

17.40 The solid steel cone of density 7850kg/m? is released from rest when
6 =22°. Assume that there is sufficient friction at A to prevent slipping. Deter-
mine the angular acceleration of the cone and the normal and friction forces at A
immediately after release.

17.41 The uniform 2-kg slender bar AB is mounted on a vertical shaft at C.
A constant couple of 9 N-m is applied to the bar. Calculate the angular acceler-
ation of the bar and the magnitude of the horizontal reaction at C at the instant
when the angular velocity of the bar is 6 rad/s.

Fig. P17.41 Fig. P17.42

17.42 To determine the inertial properties of the connecting rod AB, it is sus-
pended from two wires, one of which is subsequently cut. Load cells are used to
measure the force in each wire. When the rod is hanging in the position shown, the
forces in the wires are measured to be 6.80N at A and 5.20N at B. Immediately
after the wire at B is cut, the force in the wire at A is reduced to 3.6 N. Compute
(a) the distance d that locates the mass center G; and (b) the radius of gyration of
the rod about G.

17.43 The homogeneous 8-kg collar C is fastened to the uniform 4-kg rod AB.
The mass moment of inertia of C about its center is I. = 0.105kg - m?. The sys-
tem is at rest in the position shown when the horizontal force P is applied through
the mass center of the collar. Compute the distance d for which the pin reaction at
A would not change immediately after P is applied.



17.44 The uniform 40-kg bar AB is attached to the frame with a pin at A while
end B is resting against the frame. The assembly rotates about a vertical axis
at C. At the instant shown, the angular velocity and angular acceleration of the
assembly are 2 rad/s and 6 rad/s?, both clockwise. Determine the magnitude of the
pin reaction at A at this instant.

17.45 The 1.8-kg uniform bar rotates in the vertical plane about the pin at O.
When the bar is in the position shown, its angular velocity is 4 rad/s, clockwise.
For this position, find (a) the angular acceleration of the bar; and (b) the magnitude
of the pin reaction at O.

17.46 The axle of the 4-kg homogeneous disk is mounted on the end of bar
AB, which rotates freely in the vertical plane about the pin at B. The cable BC
maintains the disk in a fixed position relative to the bar. Find the cable ten-
sion immediately after the assembly is released from rest in the position shown.
Neglect the mass of the bar AB.

17.47 Arope is wrapped around the uniform 50-kg pulley B and attached to the
20-kg block A. If the system is released from rest, find (a) the initial acceleration
of A; and (b) the velocity of A after it has moved 1 m down the incline. Neglect
friction.

N—R

Fig. P17.47 Fig. P17.48
17.48 (a) Show that the spool of mass m and radius R can roll without slipping
on the frictionless horizontal surface if the radius of the hub is r = I/(m R), where
[ is the mass moment of inertia of the spool about G. (b) If the horizontal surface
is not frictionless, what is the direction of the friction force acting on the spool if
() r > I/(mR); and (ii) r < I/(mR)?

17.49 The homogeneous sphere of mass M and radius R is released from rest
and moves down the rough, inclined plane. Calculate the acceleration of the center
of the sphere if the coefficient of static friction is insufficient to prevent slipping.
The coefficient of kinetic friction is 0.075.

17.50 The mass moment of inertia of the 60-kg spool is I = 1.35 kg - m?. The
static and kinetic coefficients of friction between the spool and the ground are
0.30 and 0.27, respectively. A cable wound around the hub of the spool is pulled
with the constant horizontal force P = 200 N. Find the acceleration of the center
of the spool.

17.51  Solve Prob. 17.50 if P = 450 N.

17.17-17.66  Problems
A
c @ B
40 kg
‘ 1.4m ‘
0.4 m

Fig. P17.44

Fig. P17.46

20°

Fig. P17.49

60 kg
400 mm
150 mm

g =0.30
=027

Fig. P17.50, P17.51
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36 N

Fig. P17.54

Fig. P17.58

17.52 The rim of the wheel weighs 36 N; the weights of the spokes and hub may
be neglected. An 36 N force, inclined at the angle § to the horizontal, is applied
to the center of the wheel. The static and kinetic coefficients of friction between
the wheel and the ground are 0.30 and 0.25, respectively. If 8 = 0, (a) show that
the wheel slips on the ground; and (b) find the angular acceleration of the wheel
and the acceleration of its center.

17.53 For the wheel described in Prob. 17.52, find the smallest angle 8 for
which the wheel will roll without slipping, and determine the corresponding
angular acceleration.

17.54 The homogeneous semicylinder of mass m and radius R is released from
rest in the position shown. Assuming no slipping, determine (a) the initial angular
acceleration of the semicylinder; and (b) the smallest static coefficient of fric-
tion that is consistent with the no-slip condition. (Note: The mass center of the
semicylinder is located at x = 4R/3x; and Iy = mR?/2.)

17.55 The radius of gyration of the eccentric disk of mass M about its mass
center G is 0.4 m. In the position shown, the angular acceleration of the disk is
3.0rad/s. Assuming rolling without slipping, find the angular velocity of the disk
for this position.

17.56 If the uniform 2-kg bar is released from rest in the position shown,
determine the initial angular acceleration of the bar. Neglect friction.

Fig. P17.56 Fig. P17.57

17.57 The radius of gyration of the 160-kg spool about its mass center G is
0.5m. The cable that is wrapped tightly around the inner radius of the spool is
attached to a rigid support as shown. If the spool is moving down the rough plane,
determine its angular acceleration and the tension in the cable.

17.58 Repeat Prob. 17.57 if the cable unwinds from the top of the hub as
shown.
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17.59 The 3.6-kg homogeneous bar AB is pinned to the 2-kg slider at A. The
system was at rest in the position & = 0 before the 12-N force was applied to the
collar. Neglecting friction, compute the acceleration of the collar and the angular
acceleration of the bar immediately after the 12-N force is applied.

17.60 The 8-kg uniform slender bar was at rest on a frictionless horizontal plane
before the application of the force F = 16 N. For the instant immediately after '
was applied, determine (a) the acceleration of end A; and (b) the x-coordinate of
the point on the bar that has zero acceleration.

17.61  The uniform bar AB of mass m and length L is released from rest in
the position shown. If the inclined plane is frictionless, calculate the initial
acceleration of end A.

~ B 0.6 m
Horizontal —
L plane
m—"
Fig. P17.60
A
i

Fig. P17.61 Fig. P17.62

17.62  The uniform 30-kg bar AB hangs from a pin attached to the 50-kg homo-
geneous disk C. The system is at rest when the horizontal force P =200N is
applied. Find the angular accelerations of the disk and the bar immediately after
P is applied.

17.63 The mass moment of inertia of the 128-kg disk about its mass center G is
20 kg - m?. The axle of the disk is supported by the lower half of a split bearing.
The rope wrapped around the periphery of the disk is pulled horizontally with
speed vg. Find the largest value of v, for which the axle of the disk will stay in the
bearing. Neglect friction.

Vo

Fig. P17.63
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1.5m

Fig. P17.64

17.64 The 18-kg homogeneous bar AB is at rest in the position shown when
rope BD is cut. Determine the initial values of (a) the angular acceleration of the
bar; and (b) the acceleration of end B.

17.65 The uniform rod of mass m and length L is supported by rollers at
A and B. Find the acceleration of roller B immediately after the rod is released in
the position shown. Neglect the masses of the rollers.

@ 92
4G 3
1300

Fig. P17.65

*17.66 The pin B attached to the end of the uniform 0.3-kg crank AB slides in a
vertical slot in the 0.45-kg slider CD. A constant counterclockwise angular veloc-
ity of 2000 rev/min is maintained by the couple C,. Determine C, as a function
of the crank angle 6, and use this expression to show that the gravitational forces
are negligible compared with the inertial forces. Neglect friction.

e
Qq’ q)\(,% : B
S 0.45 kg
c b.c iﬁ:@
A
Fig. P17.66

*37.6 " Differential Equations of Motion

The preceding article discussed the derivation of the equations of motion for
a rigid body using the FBD-MAD method. The accompanying problems were
restricted to the computation of the forces and accelerations at the instant when
the body was in a specified position. In this article we consider the more practical
problem of determining the motion of a rigid body as a function of time and/or
position. As noted in previous chapters, the determination of motion involves
two steps: the equations of motion must first be derived, and then they must be
integrated (solved).

The equations of motion are obtained by applying the FBD-MAD method
to an arbitrary position of the body. The forces appearing in the resulting equa-
tions of motion fall into two categories: applied loads and constraint forces. The
applied loads are usually given as functions of time, position, or velocity. On the
other hand, the constraint forces, such as pin reactions, are unknowns. Because
the equations of motion are integrable when they contain only kinematic vari-
ables (the generalized coordinates and their derivatives) as the unknowns, the
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(a) (b)

Fig. 17.14

constraint forces must be eliminated from the equations of motion. The equations
that remain after the elimination procedure are called the differential equations of
motion.

As an illustration, consider the homogeneous bar of mass m and length L
shown in Fig. 17.14(a). We are to determine the resulting motion when the bar is
released from rest at @ = 0. The FBD and MAD of the bar for an arbitrary value
of 6 are shown in Fig. 17.14(b). From these diagrams, we obtain the following
three independent equations of motion:

2

_ 4 mL mL .
>F, =ma, - 0x=—7a) cos@—Tast @

L L
LFy=ma, + Oy,—mg= mTa)z sinf — mToz cos 6 (b)

L mL?
,—Ccosf = —a (0

- L .
XM =1a 9 0,C§s1n9~|—0)2 B

These equations of motion contain the components of the unknown pin reaction at
O in addition to the kinematic variables 6, w, and «. Substituting the expressions
for O, and O,, obtainable from Egs. (a) and (b), into Eq. (c) yields the differential
equation of motion

o =6 = (3g/2L) cos (d)

Equation (d) could also be obtained directly from the special case of the moment
equation of motion: XMy = [pa.
The following conclusions can now be drawn.

1. If a problem is solvable, the number of independent equations of motion
equals the number of degrees of freedom (DOFs) plus the number of unknown
forces. In the preceding illustration, the number of independent equations of
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motion was three, the body had one DOF (6 being the generalized coordinate),
and there were two unknown components of the pin reaction at O.

2. Because an equation of motion is required to eliminate each of the unknown
constraint forces, the number of differential equations of motion is equal to the
number of DOFs. In the foregoing illustration, two equations, Egs. (a) and (b),
were used to eliminate O, and O,, resulting in the single differential equation
of motion, Eq. (d).

The differential equations of motion can be solved analytically only in a
few special cases, making numerical integration the primary method of solution.
However, in this article we consider both analytical and numerical solutions. In
either case, the solution of the differential equations of motion (note that they are
second-order equations) requires the knowledge of two initial conditions for every
DOF: the values of the generalized coordinates and the generalized velocities at
some instant of time (usually at r = 0).

Sometimes it is possible to obtain a partial solution to the differential equa-
tions of motion in closed form, whereas the complete solution would require
numerical integration. For example, to obtain the expression for w versus 6 for
the bar shown in Fig. 17.14, we substitute o from Eq. (d) into @ df =w dw,
obtaining

wdw = (3g/2L) cos6 df (e)

Integrating both sides of this equation, and applying the initial condition @ = 0
when 6 = 0, the relationship between w and 6 becomes

w=+/(3g/2L)sinO ®

The relationships between the kinematic variables and time, however, cannot be
determined this easily. To find 0 versus time, for example, we substitute @ from
Eq. (f) into w = d6/dt. Solving for dt, we find

dt = d6l\/(3g/2L) sin6 ()

The right-hand side of Eq. (g) cannot be integrated in a closed form. Therefore,
we see that even relatively simple problems may require numerical integration for
the complete determination of the motion.

It should be mentioned that after the values of w and o have been found as
functions of 8, Egs. (a) and (b) can be used to find O, and O,, also as functions
of 6. Similarly, if 6, w, and o have been found as functions of time, Egs. (a) and
(b) will determine O, and O, as functions of time.



Sample Problem 17.10

The 180kg uniform plate shown in Fig. (a) rotates in the vertical plane about a
pin at A. The plate is released from rest when 6 = 0. (1) Show that the differential
equation of motion for the plate is o = 0.588(4 cos @ —3 sin #) rad/s”. (2) Integrate
the differential equation of motion analytically to obtain the angular velocity of
the plate as a function of 6. (3) Find the maximum value of 6.

Part 1

The mass of the plate is m = 180kg, and the moment of inertia about its mass
center G is (see Table 17.1)

- 1 1
I'=Sm® +c%) = S (1804 +3%) = 375kg - m’

Figure (b) shows the free-body diagram (FBD) and mass-acceleration diagram
(MAD) for an arbitrary position of the plate. The FBD contains A, and A,, the
unknown components of the pin reactions at A, and the 180(9.8) = 1764 N weight
acting at G. The MAD consists of the inertia couple /a and the components of
the inertia vector ma acting at G. Because the path of G is a circle of radius
r = 2.5 m centered at A, the normal component of a is @, = ro? = 2.50? ft/s?,
and its tangential component is @, = ra = 2.5« ft/s?. Observe that the angular
acceleration « is assumed to be clockwise in the MAD. The units for @ and « are
rad/s and rad/s?, respectively.

A
\ e
-7 ) \ \
\

_ 2
05 m ma, = 180(2.5 w") N

180(9.8) = 1764 N ma, = 180(2.5a) N

FBD MAD

(b)

Because the angle 8 completely determines the position of the plate, the plate
has a single degree of freedom. Therefore, there is only one differential equation

(a)
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of motion. The most convenient method of deriving this equation is by equating
moments about A in the FBD and MAD, thereby obtaining

(XM y)eep = (XM s)maD

O, (1764 cos 0)(2) — (1764 sin0)(3) = 375« + 180(2.5x)(2.5)
which reduces to
o = 0.588(4 cos 0 — 3sin ) rad/s’ Answer (a)

The identical result could be obtained by using the special case of the moment
equation: XMy = l,a.

Part 2

To find the angular velocity as a function of 6, we substitute « from Eq. (a) into
w dw = «a db, which yields

o dw = 0.588(4cosf — 3sinb)do

The result of integrating this equation is

2
% — 0.588(4sin 6 + 3cos0) + C

The constant of integration C is evaluated by applying the initial condition @ = 0
when 6 = 0, which gives C = —3(0.588) rad?/s2. Therefore, the above equation
becomes

w2
> =0.588(4sinf + 3cosf — 3)

from which the angular velocity is found to be

® = £1.084/4sin0 + 3cos@ — 3 rad/s Answer (b)

Part 3

The maximum value of 6 occurs when w = 0. According to Eq. (b), this value is
the nonzero root of the equation 4 sin + 3 cos 8 — 3 = 0. The numerical solution
of this equation yields

Omax = 106.3° Answer

Only one equation of motion was used to determine the motion of the plate.
The remaining two independent equations of motion—for example, X F,, = ma,



and X F, = ma,—could now be utilized to find the components of the pin reac-
tion, A, and A,, in terms of 6, w, and «. By substituting for « from Eq. (a) and w
from Eq. (b), we would then obtain A, and A; as functions of 6 only.

®%Sample Problem 17.11

For the plate described in Sample Problem 17.10, (1) solve the differential equa-
tion of motion numerically from the time of release until 8 reaches its maximum
value for the first time; and (2) use the numerical solution to determine the
maximum value of 6 and the time when it first occurs.

Part 1

The differential equation of motion given in Sample Problem 17.10 is o=
0.9660(4 cos 6 — 3 sin ) rad/s”. The equivalent first-order equations are

6=w  @=0.588(4cosd — 3sinf) rad/s’ @@
with the initial conditions 8 = w = 0 at r = 0 (the time of release). Letting
Xx1=0 xx=w

we obtain the following MATLAB program for the solution of the differential
equations in Eq. (a):

function examplel7_11

x0 =[0 0];

time =[0:0.05:1.6];

[t,x] = oded5 (@f,time,x0);

axes (' fontsize’,14)
plot(t,x(:,1), ' linewidth’,1.5)

grid on

xlabel ('t (s)’); ylabel(’theta (rad)’)
printSol (t, x)

function dxdt = f(t,x)
dxdt = [x(2)
0.588% (4xcos(x(1))-3*sin(x(1)))];
end
end

The period of integration is from ¢ =0 to the time where 6 reaches its maxi-
mum value for the first time (where w = 0). By trial and error, this time was found
to be approximately 1.5s. The plot of 6 versus time is shown in the following
figure.

403



404

T T T
I I
I I I
I I I
I I I
I I I
| S —— I a L TR
I I
I I
I I I
- I I I
= I I I
g | | |
= 1l F-—————- == H——————— F——————
b I I I
< I I I
I I I
I I I
I I I
05 F------- - - r-—-----
I I
I I I
I I I
I I I
I I I
I I I
0 . . .
0 0.5 1 1.5 2

t(s)

Part 2

To determine the time when 6 is at its maximum, we must examine the numerical
output in the vicinity where w changes sign. The two lines of printout that span
w = 0 are shown below.

t x1 x2

1.9000 1.8531 0.0842
1.9500 1.8543 -0.0334

Letting #, be the time when w = 0, linear interpolation yields

—0.0334 — 0.0842 0 —0.0842
1.95-1.90 = 1 —1.90

The solution is
tp = 1.936s Answer

From the printout we deduce by inspection that

Omax = 1.854 rad = 106.2° Answer



Problems

17.67 The uniform bar AB of mass m, which is supported by two wires, is
released from rest when 6 = 6. (a) Show that the differential equation of motion
isa = — (g/L) sin 8. (b) Integrate the differential equation of motion analytically
to find w as a function of 8. (¢) Determine the force in each wire as a function of 6.

17.68 The uniform pole AB of mass m is hoisted from rest in the horizontal
(6 =90°) position by a cable passing over the pulley C. The force acting at the
end of the cable has constant magnitude P =mg/~/2 (it is equal to the smallest
force necessary to initiate the motion). (a) Show that the differential equation of
motion is o« =3g/(2L)[sin 6 — V2 cos(0/2)]. (b) Integrate the differential equation
of motion analytically to obtain w in terms of 6. (c) What is the angular velocity
of the pole when it reaches the vertical position?

17.69 The dimensions of the homogeneous 40-kg box are h=0.8m and
b=0.6m. The box is at rest on the lubricated horizontal surface, then the con-
stant force P =220 N is applied at time ¢ = 0. The hydrodynamic drag force of
the lubricant during the ensuing motion is Fp =20v N, where v is the speed of
the box in meters/second. (a) Show that the differential equation of motion of the
box is a =5.5 — 0.5v m/s?. (b) Find the time when the box tips over.

b P 2.4kg
y
: L
X 6 m/s
Lubricant —
®©@ © 0 0
Fig. P17.69 Fig. P17.70

17.70 The axle of the 2.4-kg homogeneous disk fits into an inclined slot. The
disk is initially at rest and is then lowered onto the conveyor belt that is being
driven at the constant speed of 6 m/s. The kinetic coefficient of friction between
the disk and the belt is 0.15. Calculate (a) the angular acceleration of the disk
during the time that it slips on the belt; and (b) the number of revolutions made
by the disk before it reaches its final angular speed.

17.71  The thin rim of the wheel weighs 3-kg; the weights of the spokes and
hub may be neglected. Before the homogeneous 1-kg bar AB was lowered into
the position shown, the wheel was rotating freely at 400 rev/min clockwise. If the
kinetic coefficient of friction at B is 0.75, determine (a) the angular acceleration
of the wheel; and (b) the time it takes the wheel to stop.

17.72 Repeat Prob. 17.71 for the case where the wheel was initially rotating
counterclockwise at 400 rev/min.

17.67-17.90 Problems 405
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Fig. P17.68

Fig. P17.71, P17.72
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\ 200 rev/min
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Fig. P17.74

Fig. P17.78

17.73 The axle of the 1-kg uniform disk A can slide in the vertical slot, whereas
the axle of the 1.5-kg uniform disk B is fixed. The coefficient of kinetic friction
between the disks is 0.4. Disk A is rotating clockwise at 200 rev/min when it is
lowered onto the stationary disk B. Determine (a) the angular acceleration of each
disk during the time that slipping occurs; and (b) the final angular speed of each
disk.

17.74 The homogeneous bar AB of mass m and length L is released from rest
in the position 8 =6,. (a) Show that the differential equation of motion is o =
— (3g/2L) sin 6. (b) Integrate the differential equations analytically to find w as a
function of 6. (c) Find the maximum value of the vertical component of the pin
reaction at A and the value of 6 at which it occurs.

17.75 After the 3-kg uniform bar AB is released from rest in the position
0 = 35°, it slides inside the frictionless cylindrical surface. (a) Show that the
differential equation of motion is @ = — 4.9sin6 rad/s>. (b) Integrate the dif-
ferential equation analytically to determine w in terms of 6. (c) Find the normal
reaction at A as a function of 6.

17.76  The radius of gyration of the 9-kg pulley about its mass center G is
0.30 m. The 1.125-kg weight hangs from a cord that is wrapped around the pulley.
(a) Derive the differential equation of motion for the pulley. (b) If the pulley is
given an initial counterclockwise angular velocity of 10rad/s when 6 =0, find 6
when the system comes to rest.

Fig. P17.76 Fig. P17.77

17.77 The L-shaped bar is released from rest when 6 =0. (a) Show that the
differential equation of motion is o = 8.017 cos 64-2.088 sin # rad/s>. (b) Integrate
the equation of motion analytically to obtain the expression for w in terms of 6.
(c) Determine the maximum value of @ and the corresponding value of 6. (d) Find
the maximum value of 6.

17.78 The uniform bar AB of mass m is at rest in the position & = 0 when
the force F' imposes the constant acceleration a4 = g on end A. (a) Neglect-
ing the mass of the roller, show that the differential equation of motion for AB
isa = (3g/2L)(cos @ — sinf). (b) Integrate the differential equation of motion



analytically to find the angular velocity @ as a function of 6. (c) Determine the
maximum value of § and the corresponding value of F.

17.79 The T-shaped assembly of total mass m was made by welding together
two identical rods each of length L. If the assembly is released from rest when
0 = 0, determine its angular velocity w and angular acceleration « of the assembly
as functions of 6.

17.80 The homogeneous 6-kg block is pinned to the parallel links AB and CD of
negligible weight. The assembly is initially at rest in the & = 0 position when the
constant 60-N - m couple is applied to AB. (a) Show that the differential equation
of motion is & = 10 — 9.8 cos @ rad/s®. (b) Integrate the differential equation of
motion analytically to obtain w as a function of 6.

2 kg

0.5kg

Fig. P17.80 Fig. P17.81

17.81  The 0.5-kg uniform rod BC is welded to the 2-kg drum A. The radius
of gyration of the drum about its mass center C is 0.1 m. The constant couple
My 1b - ft is applied when the system is at rest at 6 =0. (a) Show that the differ-
ential equation of motion for the system is ¢ = 12.5M, — 18.375sin 6 rad/s2. (b)
Find the value of M for which the bar reaches the position where both its angular
velocity and angular acceleration are zero. Compute 6 in that position.

17.82  The 2-kg uniform disk of radius R rolls without slipping on the rough,
horizontal surface. The stiffness of the spring attached to the center G of the disk
is 300 N/m. The disk is released from rest in the position shown with the spring
stretched by 75 mm. (a) Determine the acceleration and velocity of G in terms of
its coordinate x. (b) Compute the maximum velocity of G and the corresponding
value of x. (¢) Find the smallest static coefficient of friction that would prevent

slipping.

17.83  The thin 0.5-kg hoop is launched on a horizontal surface with the velocity
vo =4 m/s and the angular velocity wy = 12 rad/s, both directed as shown in the
figure. The kinetic coefficient of friction between the hoop and the surface is 0.25.
Calculate (a) the angular acceleration of the hoop and the acceleration of the mass
center G during the period of slipping; (b) the time elapsed before slipping stops;
and (c) the final velocity of G.
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Fig. P17.83
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“17.84 The uniform ladder AB of length L =3 m and mass M =25 kg is
released from rest when 6 =30°. Friction between the ladder and the ground is
negligible. (a) Derive the expressions for the angular velocity and angular acceler-
ation of the ladder, assuming that end A remains in contact with the vertical wall.
(b) Determine the expression for the contact force at A as a function of 8. (c) At
what value of 8 will end A lose contact with the wall?

6« ‘17.85 Bar AB of mass m; and length L is pinned to the sliding collar of mass m.

~"The system is at rest with & = O when the constant horizontal force Py is applied

to the collar. (a) Assuming that friction is negligible, show that the differential
equation of motion for bar AB is

m, 2Pycos@ — 2g(m; + m>) sin@ — m Lw? sinf cos 6
| o *= (4L/3)(my + m3) + my L cos? 0
| ] 1 2 1
(b) Use numerical integration to find the maximum value of 6 during the first two
seconds of motion. Use the following data: m; = 3.6 kg, m» =2.0kg, L =0.8 m,
and Py =12 N. (c) Plot 8 versus time for the period of integration.
o« ‘17.86 When the angular position 6 of a body is small enough, its equations of
~“motion can be simplified by the approximations sin6 ~ 6 and cos ~ 1. Apply-
B ing these approximations to the differential equation of motion in Prob. 17.85,
re-solve parts (b) and (c). Compare the maximum value of 6 with 24.6°, the value
Fig. P17.85, P17.86 obtained if the small angle approximations are not used.

6« ‘17.87 The steam engine consists of the balanced flywheel C pinned to the con-

~necting rod AB. The rod, in turn, is pinned to the double-action piston A. The
steam pressure is regulated so that the force P exerted on the piston varies with
the angle 6 as P = Py sin 6, where P is a constant. The weight of the flywheel is
W and its radius of gyration about its mass center is k; the weights of the piston
and the connecting rod may be neglected. (a) Show that the differential equation
of motion for the flywheel is

gPyRsin6 Gin6 + cosf
. o= T
Fig. P17.87 Wk? (L/R)* — sin’ 0

(b) If the flywheel starts from rest when 6 =90°, determine by numerical inte-
gration the time required for it to reach a speed of 10rad/s. Use the following
data: W=810N,k = 0.2m, R=0.225m, L =0.45 m, Py =108 N. (c¢) Plot the
angular speed versus time for the period of integration.

17.88 The uniform rod AB is released from rest when 6 = 0 with end A in con-
tact with the frictionless, inclined surface. (a) Assuming that end A maintains
contact with the surface, show that the differential equation governing the angular
motion of the rod is

e

(2g/L)(cos 6§ — sin B sin¢) — w” sin ¢ cos ¢
o= ra

— drs?
(4/3) —sin“ ¢

Fig. P17.88 where ¢ = B8 — 6. (b) Solve the differential equation of motion in part (a) numeri-
cally from the time of release until end B makes contact with the inclined surface.



17.67-17.90 Problems 409

Use this solution to determine w at the time of contact. Use the data L =2.4 m,
W =301b, 8 =60°.

« ‘17.89 The small collar C of mass m, slides with negligible friction on rod AB
~“of mass m and length L. The system is released from rest when 6 = 6y andr = L.
C

(a) Show that the differential equations of motion of the system are

¥ =—gsinf +r6?

3 g cos O[L(m /my) + 2r] + 4ri6

é‘ =
2 L2(m/my) + 3r2

(b) Integrate the equations numerically from the time of release until the collar Fig. P17.89
leaves the rod at B and plot r versus 0. Use 6y =60°, m/m, =2, L =0.45 m.

17.90 The small collar D of mass m slides on the rod AB. A light spring of
stiffness k joins the collar to end A of the rod. The spring is undeformed when
the collar is in the position r =ry. The rod and the frame ACB rotate freely about
the vertical axis OC, their combined moment of inertia about that axis being /.
A shaker (not shown) drives the base E in such a manner that the position of E is
given by y(¢) = a sin pt, where a and p are constants. (a) Show that the differential
equations of motion for the system are

«©e

D _E _ A2 2 . .
V= (r —rg) +r0~ 4+ ap”sin pt sin6
m

§ = m(apz sin pt cos 6 — 276)

(b) Solve the differential equations of motion numerically from t =0 to 3 s and
plot 6 versus ¢. Assume that the motion begins at t =0 with the system at rest
in the position € =0 and » =ry. From the solution, determine the direction of
rotation (as viewed from above). Use the following data: m =0.125 kg, k=
3.125 N/m, ro =50 mm, I =312.5 x 1076 kg - m?, a = 10 mm, and p = 10rad/s.

y(t) = a sin pt

X

Fig. P17.90
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Review of Equations

The mass moment of inertia of a body about
an axis (the a-axis) is

I, =fr2dm=mk2
v

r = perpendicular distance from the axis to the differential mass dm
V' = volume occupied by the body of mass m
k, = radius of gyration of the body about the a-axis

I, = I, + md?®

I, = mass moment of inertia about the centroidal axis that is parallel to a-axis
d = distance between the centroidal axis and the a-axes

hg = I (about the mass center G)
ha = Lo (about the instant center A for velocities)
ha = Iw + mvd (about an arbitrary point A)

d = moment arm of the momentum vector mv about A

XF =ma
“Mg = Ia (G is the mass center)
YMy = I, (point A is fixed in the body and in space)
M, = Ia +mad (A is an arbitrary point)

d = moment arm of the inertia vector ma about A
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Review Problems

17.91  The figure shown is made of uniform, thin wire; its mass is m. Determine
(a) the x-coordinate of the mass center; (b) the moment of inertia about the z-axis;
and (c) the moment of inertia about the z-axis.

17.92 For the homogeneous bracket shown, determine (a) the x-coordinate of

the mass center; (b) the radius of gyration about the z-axis; and (c) the radius of
gyration about the z-axis (the axis that passes through the mass center).

Z
‘«90«{«90»‘
A B N

180

240

e \30°

X Dimensions in mm

Fig. P17.92 Fig. P17.93

17.93 The 50-kg block is pushed up the 30° incline with the constant force P.
The coefficient of kinetic friction between the block and the incline is 0.2.
Determine the largest force P that can be applied without tipping the block.

17.94 The 6-kg uniform bar AB is swinging freely from two rods of negligible
weight. In the position 6 =30°, the tension in rod AC is measured to be 20 N.
Determine the magnitudes of the acceleration and velocity vectors of the mass
center of the bar AB in the same position.

D
]0
|
7
| s
|
|
I @\ B
|
c
o z
S
Z2
’ L
@A B =03

Fig. P17.94 Fig. P17.95

17.95 The uniform bar AB of weight W is attached to the 12-kg frame C with a
pin at A. The kinetic coefficient of friction between the frame and the horizontal

Review Problems

Fig. P17.91
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Horizontal plane

Fig. P17.97

Fig. P17.99

xS

40°

A& OB
3.6m

Fig. P17.100

surface is 0.3. Determine the smallest value of W for which the bar remains in
contact with the frame at B after the 150N force is applied to the frame.

45° 45°

L

Fig. P17.96

17.96  The uniform beam AB of mass m and length L is suspended by two
cables. Determine the tension in the cable BC immediately after cable AC breaks.

17.97 The homogeneous 6-kg bar AB is pinned to the disk at A. A rope connects
end B of the bar to the center C of the disk. Calculate the tension in the rope
when the disk is rotating in the horizontal plane with the constant angular velocity
o = 10rad/s.

9000 N
1000 kg 40°>\
A = 3B
Hye= 0-8J
Fig. P17.98

17.98 The uniform 1000-kg beam is resting on a rough surface at A and a
roller support at B before the 9000 N force is applied. Determine the angular
acceleration of the beam and the acceleration of end A immediately after the force
is applied. Assume that end A slides on the rough surface. The kinetic coefficient
of friction at A is 0.8.

17.99 The identical blocks A and B, each of mass m, are connected by a rod
of length L and negligible mass. Block A is free to slide on the frictionless,
inclined surface. If the system is released from rest in the position shown, deter-
mine expressions for the acceleration of block A and the axial force in the rod
immediately after the release.

17.100 The uniform 50-kg bar AB is supported by a cable at A. Determine the
angular acceleration of the bar and the tension in the cable immediately after the
bar is released from rest in the position shown.
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17.101 The T-bar consists of two identical rods, each of mass m and length L.
Determine the pin reaction at A immediately after the bar is released from rest in
the position shown.

17.102 The uniform 50-kg log AB is released from rest at an unknown value of
6. Knowing that the vertical reaction at A is 250 N when 6 = 40°, determine the
angular speed of the log in this position.

17.103 The homogeneous box of mass m is released from rest in the position
shown. Determine the initial acceleration of the small roller at A.

17.104 The spool mass 150kg, and its radius of gyration with respect to its
mass center G is 1 m. A cable is wound tightly around the hub of the spool with
one end attached to the wall at A. The 500 N force causes the spool to slip at its
point of contact with the horizontal plane. Determine the acceleration of G and
the tension in the cable. The coefficient of kinetic friction between the spool and
the plane is 0.4.

b 500N

A
& &S

Fig. P17.103 Fig. P17.104

17.105 The uniform thin ring of mass m and radius R is released from rest when
6 = 90°. (a) Show that the differential equation of motion is &« = (—g/2R) sin6.
(b) Integrate the expression for « analytically to obtain the relationship between
the angular velocity w and 6. (c) Derive the expression for the magnitude of the
pin reaction at A as a function of 6.

17.106 The homogeneous slender 20-kg bar is moving in the vertical plane.
The ends of the bar are pinned to sliders A and B of negligible weight. Determine
the largest horizontal force P that will slide the bar to the right without lifting
slider B from the surface. Neglect friction.

Fig. P17.106

Review Problems

Fig. P17.101

Fig. P17.102

Fig. P17.105

|~

0|~
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3m
4m 200 kg
A 3
4
\ we=0.125
Fig. P17.107

17.107 The uniform 200-kg box is released from rest in the position shown. Cal-
culate the initial acceleration of corner A, assuming it slips on the rough inclined
surface.

17.108 The uniform bar AB of mass m and length L is at rest in the position
6 = 0 when the constant vertical force P is applied at A. Assuming P > mg/2,
determine the following as functions of 6: (a) the angular acceleration and angular
velocity of the bar; and (b) the horizontal component of the pin reaction at B.

Fig. P17.108

17.109 The homogeneous disk of mass m is stationary when it is lowered onto
a conveyor belt that is moving at the constant speed of 5 m/s. If the kinetic coef-
ficient of friction between the disk and the belt is 0.25, determine the time when
the disk reaches its final angular speed?

250

@

—

5 m/s

Fig. P17.109
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Planar Kinetics of Rigid
Bodies: Work-Energy and
Impulse-Momentum Methods

- Introduction

This chapter continues the kinetic analysis of plane motion of rigid bodies that
was begun in the previous chapter.

Part A of the chapter extends the work-energy method for a system of par-
ticles (see Chapter 15) to rigid bodies. The work-energy method, when applied
to rigid-body motion, relates the work done by the applied forces and couples to
the change in the kinetic energy of the body. Therefore, our presentation of this
method is preceded by discussions of the work done by a couple and the kinetic
energy of arigid body. As is the case for particle motion, the work-energy method

Mousetrap works on the principle of
conservation of mechanical energy.
Potential energy is stored is a spring
when the trap is set. When the trap is
sprung, potential energy is converted
to kinetic energy of the wire jaw.

The speed with which the jaw closes
is analyzed in Prob. 18.29.

(© iStockphoto.com/Danny Smythe)




416

CHAPTER 18  Planar Kinetics of Rigid Bodies: Work-Energy and Impulse-Momentum Methods

is convenient for finding the change in the speed of the body as it moves between
two spatial positions.

In Part B, the impulse-momentum method for systems of particles (see
Chapter 15) is extended to rigid bodies. This method relates the linear and angular
impulses of the applied forces and couples to the changes in the body’s linear and
angular momenta. The computation of angular momentum makes extensive use
of momentum diagrams, which were introduced in the previous chapter.

As discussed in Chapter 15, the conservation of momentum (linear and/or
angular) is one of the more useful concepts in dynamics. It is invaluable in rigid
body impact, which is also included in Part B. As pointed out before, impact prob-
lems can be analyzed only by impulse-momentum techniques, because impact
forces are generally unknown, and energy is not conserved during impact.

PART A: Work-Energy Method

18.2 Work and Power of a Couple

a. Work

In applying the work-energy method to rigid body motion, it is frequently neces-
sary to calculate the work done by a couple. The work of a couple can be derived
with the assistance of two tools already at our disposal: the definition of work of
a force and rigid body kinematics.

Figure 18.1 shows a couple applied to a rigid body. The couple is represented
by two parallel, but oppositely directed, forces of magnitude F, acting at points
A and B. The corresponding couple-vector is

C=rpn xF @

C=l‘B/AxFA

Fig. 18.1

The work done by the couple is calculated by summing the work of the two
forces that constitute the couple. Therefore, the work of the couple during an
infinitesimal displacement of the body is

dU:—F-drA—i-F-drB:F-(drB—drA)zF-drB/A (b)
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where dr, and drg are the infinitesimal displacements of points A and B,
respectively. According to rigid body kinematics, the velocity of B relative to A is

dI'B/A do
VB/A=® XTIppg O ———=— XTIp/A
dt dt

where o is the angular velocity vector and d0 represents the infinitesimal rotation
of the body. Multiplying both sides of the second equation by d¢, we obtain

drpia =d0 X rpa
which, on substitution into Eq. (b), yields
dU=F. (d(‘) X rB/A)Z(rB/A X F) -do

Using Eq. (a), we finally get
dU=C-de (18.1)

From Eq. (18.1) we see that the work of a couple depends on the rotation of
the body and is independent of the translation. This conclusion was anticipated;
it is obvious that during rigid body translation the work of F is canceled by the
work of —F, because the displacements of A and B are equal.

For the special case of plane motion, C and d0 are parallel, both being per-
pendicular to the plane of the motion. Consequently, dU = C d6, and the work
during a finite displacement of the body is

)
Ui,= / Cdo (18.2)
0

1

where 0; and 6, are the initial and final angular positions of the body, measured
from a convenient reference line. If the magnitude of the couple remains constant
during the plane motion, its work becomes

U_,=C6,—0)=C A0 C: constant (18.3)

where A6 =6, — 6; is the angular displacement of the body. It must be
remembered that Egs. (18.2) and (18.3) are valid only for plane motion.

In order to determine the correct sign for the work, the directions of C and
the rotation must be compared. If C and the rotation are in the same direction,
the work is positive; if C and the rotation have opposite directions, the work is
negative.

It should also be noted that the angular displacement must be measured in
radians for Egs. (18.1)—(18.3) to be valid.

b. Power
In Art. 14.5, the power P was defined to be the time rate at which work is done:

U

p="= .30, ted
7 (14.30, repeated)

Work and Power of a Couple
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Fig. 18.2

Region V'

v
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It was also shown that the power of a force F may be expressed as
P=F-.v (14.31, repeated)

where v is the velocity vector of the point of application of F.
When a couple C acts on a rigid body, its power is, according to Eq. (18.1),

dU C-de
P:—: =
dt dt

C o (18.4)

where w = d6/dt is the angular velocity of the body.
For plane motion, where C and w are parallel, the power of the couple
becomes

P=Cow (18.5)

Observe that in Eq. (18.5) the power will be positive if C and w are in the same
direction, and negative if they are oppositely directed. The SI units for power are
watts (1 W=1J/s=1N-m/s).

We also recall that the efficiency n of a machine was defined in Art. 14.5 as

tput
n= M x 100% (14.32, repeated)
put power

48.3 © Kinetic Energy of a Rigid Body

a. General motion

The kinetic energy of a body can be obtained by adding the kinetic energies of the
constituent particles. Thus the kinetic energy of a body occupying the region V,
as shown in Fig. 18.2, is

1 1
T:/—vzdmzf —v.vdm @)
2 2

where v is the velocity of the differential element (particle) of mass dm. If the
body is rigid, the velocities of the differential elements are not independent, but
are determined by the velocity of a reference point A (a point in the body) and the
angular velocity w of the body:

V=vVs4+wXxr (b)

where r is the position vector of dm relative to A. There are two convenient
choices for the reference point: the mass center G of the body and the instant
center for velocities.
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Reference Point: Mass Center  Using the mass center G as the reference point,
Eq. (b) becomes

v=v+wxr

where 1’ represents the position vector of dm relative to G, and V= dr/dt is the
velocity of G. Substitution in Eq. (a) yields, after expanding the dot product,

T:%/[V-V—l—ZV.(wxr/)-i-(wXl’/)'((ﬂxr/)]dm ©
v

Applying the identity A- (B x C)=B-(C x A) to last term in the brackets,
we get (w xr)-(wxr)=w-[r x (o xr)]. Consequently, Eq. (c) can be
written as

1 1
T=—72/ dm +v- [wx/r’dm:|~|——w-/r’x(wxr/)dm
2 Vv g 2 v

We note that [, dm =m is the mass of the body, and [, r’ dm =0 by definition
of the mass center. Also, according to Eq. (17.4), fLV r x (o x r)dm =hg is the
angular momentum of the body about G. Therefore, the kinetic energy of a rigid
body takes the form

1 1
T= zmvz +o hg (18.6a)

Reference Point: Instant Center If A is the instant center for velocities, then
v4 =0 and Eq. (b) becomes v=w X r. Equation (a) can then be written as

1
T:—/v-(wxr)dm
2 )y

Applying the identity A-(B x C)=B:(C x A) to the integrand, we obtain
v:(w X r) = - (r X v), so that the kinetic energy becomes

Recognizing that the integral is, by definition, the angular momentum h, of the
body about A, we have

1
T = Ew -h, (A:instant center) (18.6b)
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b. Plane motion

Reference Point: Mass Center If the motion takes place in a plane, then both
» and hg are perpendicular to the plane of motion. Moreover, the magnitude of
the angular momentum about G is given by Eq. (17.6): hg = I, where I is the
moment of inertia of the body about G (more precisely, about the axis through G
that is perpendicular to the plane of motion). Hence Eq. (18.6a) reduces to

1_2

1
T = Emvz + Elw (18.7a)

The first term on the right side is called the kinetic energy of translation, and the
second term is known as the kinetic energy of rotation.

Reference Point: Instant Center If point A is the instant center for velocities,
the magnitude of the angular momentum about A is 4 = [yw—see Eq. (17.8).
Therefore, Eq. (18.6b) takes the form

1
T = EI Woa (A: instant center) (18.7b)

This equation is commonly used to compute the kinetic energy of a body that
rotates about a fixed axis at A. However, it is not necessary for A to be fixed; it is
sufficient for its velocity to be zero at the instant of interest.



Sample Problem 18.1

Figure (a) shows a counterclockwise couple C(0) that acts on the uniform 1.5-kg
bar AB. Calculate the total work done on the bar as it rotates in the vertical plane
about A from 6 =0to 8 =180°if (1) C(8) =4.9sin 0 N-m; and (2) if C(0) varies
as shown in Fig. (b).

The total work done on the bar is the sum of the work done by the weight W and
the couple C(0). The work done by W can be computed from (U _;)yw =—W Ah,
where Ah is the upward vertical distance moved by the center of gravity of the bar
between 6 =0 (position 1) and 8 = 180° (position 2). Because the bar is homoge-
neous, Ak =0.4 m, which yields (U;_)w = — 1.5(9.8)(0.4) = — 5.9 N - m. The
computation of the work done by the couple C is somewhat more complicated,
because its magnitude is not constant.

Part 1

Using Eq. (18.2), the work done by C (6) as the bar rotates from 6 =0 to 6 = 180°
(7t rad) becomes

(UiZ2)c = f C@)do = / 49sin6 db = [—4.90059]3 =98N -m
0 0
Therefore, the total work done on the bar is
U o=Ui2)c+ Ui 2)w=98—-59=39N -m Answer

Part 2

Recognizing that the work done by the couple equals the area under the C-6
diagram in Fig. (b), we have

1
Ui-2)c = 5(4.9)(7r) =77N-m

and the total work done on the bar becomes

U r,=Ui)c+Ui)w=77-59=18N"-m Answer

C (N'm)

0(rad)

=
[\SY = [ S

(b)
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Sample Problem 18.2

A couple (not shown) causes the eccentric disk of mass M in Fig. (a) to roll with-
out slipping at the constant angular velocity w. The radius of gyration of the disk
about its mass center G is k. Determine the maximum and minimum kinetic ener-
gies of the disk and the corresponding values of the angle 6 (the angle between OG
and the vertical). Use the following data: M =40kg, R =240 mm, ¢ =50 mm,
k = 160 mm, and @ = 10rad/s.

Because the disk is rolling without slipping, the point of contact C is its instant
center for velocities. Hence the kinetic energy of the disk can be calculated
from Eq. (18.7b): T = Icw?/2. Using the parallel-axis theorem and 1 = ME2, we
obtain

1 - — I 2 —
T=>(T+M CGHw = M ® +CGHw?

We see that T, occurs when the distance CG is largest—that is, when the
disk is in the position shown in Fig. (b). Conversely, the position of Tpni,, shown
in Fig. (¢), is where CG has its smallest value. Therefore, the maximum and
minimum values of the kinetic energy of the disk are

1

Trax = 5(40)[(0.16)2 +(0.29)%1(10)2=219.4J atH =180° Answer
1

Tonin = 5(40)[(0.16)2 +(0.19)%1(10)>=123.4J atd =0 Answer

R+e¢=029m

(b)



Sample Problem 18.3

Bar AB of the mechanism shown in Fig. (a) is rotating counterclockwise at the
constant angular velocity of wsp = 2.5 rad/s. Calculate the total kinetic energy of
the mechanism when it is in the position shown. The mass per unit length of each
bar is 2 kg/m.

We will calculate the kinetic energy of each bar using instant centers for velocities.
Before these calculations can be carried out, we must find the angular velocities
of bars BC and CD by kinematics, and compute the moment of inertia of each bar
about its instant center.

Kinematic Analysis

Because A and D are fixed points, they are the instant centers for velocity for
bars AB and CD, respectively. The instant center for BC, labeled O in Fig. (b), is
located at the intersection of the lines that are perpendicular to the velocity vectors
of B and C. Because vp and v¢ are perpendicular to AB and CD, respectively,
point O is at the intersection of lines AB and CD. Letting G be the mass center of
bar BC, we can calculate the following dimensions shown on triangle OBC:

. BG 0.4
cos60°  cos 60°

GO = BGtan 60° = 0.4 tan 60° = 0.6928 m

The angular velocities of BC and CD can now be found by the following series
of computations.

1. From the motion of bar AB (instant center is A):
vg =ABwap =0.8(2.5) =2.0 m/s

2. From the motion of bar BC (instant center is O):

— 20
wpc = v/ BO= 08 2.50 rad/s

ve = OC wpe =0.8(2.5) =2.0 m/s
3. From the motion of CD (instant center is D):

— 20
wcp = vc/ CD= 0a =15.0rad/s

(a)

wpc /l 0

\Q)( Bar BC

/
% oo X extended
AN

Dimensions in meters

(b)
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Inertial Properties

The masses of the bars are map =mpc =2(0.8) =1.6kg, and m¢cp =2(0.4) =
0.8 kg. The moments of inertia of the bars about their respective instant centers are

mapL3p  1.6(0.8)2
3 3

(Ia)ap = =0.3413 kg - m?

2
mBCLBC

_ — 2
(Io)sc = (I)pc +mpc GO = + mpc GO

1.6(0.8)?
= % + 1.6(0.6928)%* = 0.8533 kg - m?

12 0.8(0.4)2
mcn3 e _ (3 S 0.04267 kg -

(Ip)cp

Kinetic Energy

The kinetic energy T of the linkage is found by summing the kinetic energies of
the three bars. Using Eq. (18.7b), we obtain

T = (T)ap+ (T)pc + (T)cp
1 2 1 2 1 2
= E(IA)ABU)AB + E(IO)BCCUBC + E(ID)CDC‘)CD

= %(0.3413)(2.50)2 + %(0.8533)(2.50)2 + %(0.04267)(5.0)2

= 1.067 + 2.667 + 0.533=4.271] Answer



Problems

18.1  The constant 2N - m couple acts on the homogeneous disk that rolls with-
out slipping down the incline. Determine the displacement of the disk, measured
from the position where the spring is undeformed, for which the total work done
on the disk is zero.

18.2 The torsion spring at A applies the counterclockwise couple C(6)=
— 106 N - m to the uniform bar. The angle 6 (in radians) is measured counter-
clockwise from position 1, where the spring is undeformed. Calculate the work
done by the spring on the bar as it rotates from position 2 to position 3.

18.3 The platform carrying the 200-kg crate is supported by two parallel links.
The couple C(0) = Cy(1 — 26/m) acts on one of the links, where 0 is the angle
(in radians) between the links and the horizontal. Determine the value of C for
which the total work done on the system is zero as it moves from 8 =0 to 6 =90°.
Neglect the weights of the platform and the links.

7 200 kg

Fig. P18.2 Fig. P18.3

18.4 The system, which lies in the vertical plane, consists of the 5-kg homoge-
neous bars AB and BC and the spring AC. The free length of the spring is 1 m, and
its stiffness is 200 N/m. A constant 70-N - m couple acts on bar AB. Determine the
work done on the bars as 6 changes from 0 to 45°.

Fig. P18.4

18.5 The system consists of the vertical uniform 8-kg bar AB and a linear
spring of stiffness 360 N/m. When the bar is in position 1, the spring is horizontal

Problems

18.1-18.24

Fig. P18.1
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and undeformed. A constant 30-N - m couple is applied to the bar. Calculate the
total work done on the bar as it moves from position 1 to position 2.

B

Fig. P18.5

18.6 The spools in Figs. (a) and (b) are rolling without slipping along horizontal
rails. In each case, a constant 200-N force is applied to a cord that is wound
around the outer radius of the spool. The angular velocity of each spool is 6 rad/s
clockwise. Determine the power of the 200-N force in each case.

6 rad/s ioﬁ N 6 rad/s

250 mm 250 mm
150 mm 150 mm

o

200 N

Fig. P18.6

18.7 An electric motor of 78% efficiency consumes 12kW of power. What
is the torque carried by the output shaft when the speed of the motor is
(a) 1800 rev/min; and (b) 3600 rev/min?

18.8 A 10-kg flywheel with a central radius of gyration of 0.3m is driven

with constant power and efficiency. If the angular acceleration of the flywheel

P (kW)

(=]

is 2 rad/s? at 600 rev/min, calculate the angular acceleration at 800 rev/min.
Fig. P18.9, P18.10
18.9 The machine B is belt-driven by the electric motor A that has an efficiency
of 85%. When the motor is running at 25 rad/s, the tension in the upper part of the

belt is 90N greater than in the lower part. Determine the power consumption of
the motor in horsepower (hp).

18.10 When the system described in Prob. 18.9 is running at 40 rad/s, the power
consumption of the motor is 2.4 hp. Calculate the torque in (a) the output shaft of

0

>0 40 60 80 100 120 motor A; and (b) the input shaft of machine B.

w (rad/s)
18.11 The figure shows a plot of the power output P of a reciprocating engine

Fig. P18.11 versus the shaft speed w. (a) Plot the torque (couple) developed by the engine
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versus w. (b) From the plot in part (a), estimate the maximum torque and the
corresponding angular speed.

18.12 The torque (couple) M developed by a turbine as a function of its angular
speed w is shown in the figure. (a) Plot the horsepower of the turbine versus w.
(b) Use the plot in part (a) to estimate the maximum power and the corresponding
angular velocity.

18.13 Each homogeneous slender bar AB has mass m and length L. The bar in 05 0 100 150 300 330
Fig. (a) is guided by pins at G and B, which slide in slots, and the bar in Fig. (b)

w (rad/s)
rotates about a pin at C. Calculate the kinetic energy of each bar in terms of its
angular speed w, m, and L. Fig. P18.12
30°
ol
L
2
G
o
L
2
——o—
B

(@ (b)
Fig. P18.13

18.14 Each of the bodies has mass m and rotates about a pin at O. The body
in Fig. (a) is made from a uniform rod, and the body in Fig. (b) is a homoge-
neous rectangular plate. Determine the kinetic energy of each body in terms of its
angular velocity w, m, and L.

/o 'D.O—

e
o~

o8]
s

(@ (b)
Fig. P18.14

18.15 The 60-kg unbalanced wheel rolls without slipping on the horizontal
plane. The radius of gyration of the wheel about its mass center G is 240 mm.
Calculate the kinetic energy of the wheel in the position shown, where its angular
velocity is @ = 2 rad/s. Fig. P18.15
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A B
va=2mls = 0.6 m )
8 kg
3

Fig. P18.16

Fig. P18.17

g
~

7.5 rad/sﬁ:L

Fig. P18.22

18.16  When the 8-kg uniform bar AB is in the position shown, the velocity of
end A is 2 m/s to the left. Determine the kinetic energy of the bar in this position.

18.17 In the position shown, end A of the uniform 10-kg bar is moving to the
left with the velocity v4 = 0.6 m/s. At the same time, the angular velocity of the
bar is w = 0.3 rad/s, clockwise. Find the kinetic energy of the bar in this position.

18.18 End A of the uniform bar AB is pinned to the homogeneous disk, and
end B is connected to the 1-kg slider. In the position shown, the disk is rotating
counterclockwise with an angular velocity of 4 rad/s. Compute the kinetic energy
of the system in this position.

Fig. P18.18

18.19 The mechanism consists of the uniform bars AB and BC. In the position
shown, roller C is moving to the right with the velocity v¢ =2 m/s. Determine the
kinetic energy of the mechanism in this position.

10 rad/s/

Fig. P18.19 Fig. P18.20

18.20 The 2-kg uniform thin hoop is launched to the right with the velocity of
10m/s and a backspin of 10rad/s. Calculate the kinetic energy of the hoop at the
instant of launch.

18.21 At the instant shown, bar AB of the mechanism is rotating counterclock-
wise at 7.5 rad/s. Determine the kinetic energy of the 12-kg homogenous bar BC
at this instant.

18.22 Ends A and B of the 80-kg uniform bar slide along the inclined planes.
In the position shown, the velocity of end A is v4 =3 m/s. Determine the kinetic
energy of the bar in this position.



18.4 Work-Energy Principle and Conservation of Mechanical Energy

18.23 Rod AB of the mechanism rotates clockwise with a constant angular
velocity of 20rad/s. Determine the total kinetic energy of the mechanism in the
position shown. The mass of each bar is 3 kg/m.

E 0.8 m D

° D
L |
1 03m

N
B& 04m @%rad/s

A

Fig. P18.23

18.24 The radius of gyration of disk A about its mass center G is k =0.5m.
In the position shown, the disk rolls without slipping with the angular velocity
w4 =4rad/s. Determine the kinetic energy of the system in this position.

Fig. P18.24

18.4 ~ Work-Energy Principle and Conservation
of Mechanical Energy

The work-energy principle for a system of particles, derived in Art. 15.5, was
(U1-2)ext + (U1-2)in = AT (15.24, repeated)

where the subscripts 1 and 2 refer to the initial and final positions of the system,
respectively, (Ui_2)ext 1S the work done by the external forces (including the
weights of the particles), (Uj—»)in i the work done by the internal forces, and
AT =T, — T is the change in the kinetic energy of the system.

Considering a rigid body to be made up of particles, Eq. (15.24) can be applied
directly to the motion of a rigid body, or a system of connected rigid bodies, as
described in the following.
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Single Rigid Body The forces internal to a rigid body hold the body together;
that is, they are the constraint forces that impose the condition of rigidity. These
internal forces occur in equal and opposite collinear pairs. Because the body is
rigid, the distances between the particles do not change, which in turn implies
that the distances between the points of application of the internal forces remain
constant. Consequently, the internal forces do no work on a rigid body, so that the
work-energy principle governing the motion of a single rigid body becomes

(U1—2)ext =AT (188)

System of Connected Rigid Bodies  As explained above, the forces internal to a
rigid body are workless. However, the internal connections between rigid bodies
may either be workless or capable of doing work. Inextensible strings and pins
are examples of workless internal connectors, whereas springs and friction give
rise to internal forces that can do work. (Workless internal forces and internal
forces that can do work were discussed in Art. 15.5.) Therefore, the work-energy
principle for the motion of a system of connected rigid bodies must be used in its
general form

(U1=2)ext + (U1-2)int = AT (18.9)

In this equation, T represents the kinetic energy of the system, which equals the
sum of the kinetic energies of the constituent bodies.

The principle of conservation of mechanical energy for a system of particles,
stated in Art. 15.5, is also applicable to a rigid body (or a system of connected rigid
bodies): If all forces, internal as well as external, are conservative, the mechanical
energy of the rigid body (or system of connected rigid bodies) is conserved. This
principle may be written as

Vi+Th=V,+T, (18.10)

where V) and V, are the initial and final potential energies, and T} and 7, are the
initial and final kinetic energies.



Sample Problem 18.4

The uniform 20-kg slender bar AC shown in Fig. (a) rotates in a vertical plane
about the pin at B. The ideal spring AD has a spring constant k = 15 N/m and an
undeformed length Ly =2m. When the bar is at rest in the position 6 =0, it is
given a small angular displacement and released. Find the angular velocity of the
bar when it reaches the horizontal position.

This problem is well suited for solution by the work-energy method because it
is concerned with the change in velocity that occurs during a change in position.
Because the system is conservative, it may be analyzed by the work-energy or
conservation of mechanical energy principles. We use the first of these methods;
you may wish to try the second method as an exercise.

Figure (b) shows the initial and final positions of the bar, labeled 1 and 2,
respectively. Work is done on the bar by its weight and by the linear spring. Noting
that the mass center G of the bar moves downward through a distance of 0.5m
between positions 1 and 2, the work of the weight is

Ui =20(9.8)(0.5) =98 N - m @)

From Fig. (b) we see that the length of the spring is Ly =1 m in the initial
position and L, = +/3% 4+ 42 =5m in the final position. Because the unstretched
length of the spring is Ly =2 m, the initial and final deformations of the spring
are =L — Lop=1—-—2= —1mand §=L, — Lo=5 — 2=3m. (The signs
indicate that the spring is in compression in the initial position and in tension in
the final position.) The work done by the spring on the bar, therefore, is

U= — %k(ag — &) = —%(15)[32 —(=1)?= —60N-m (b)

Because point B is fixed, the kinetic energy of the bar can be calculated from
T = (1/2)Ipw?. Using the parallel-axis theorem, we find that

_7 2 _ L_2 2\ _ 5_2 2\ _ 2
Ig=1+md =m 12+d =20 12—!—0.5 =46.67 kg - m

From Egs. (a) and (b), and knowing that the bar is released from rest (7} = 0), the
work-energy principle becomes

1
U1_2=T2 — TIZEIng -0

1
98 — 60 = 5(46.67)w§

which yields
wy =1.276 rad/s Answer

T k = 15N/m

Ly=2m

(a)

o
o
o]
I

cU |

C

‘I
~—2m

3m

Position (2)

(b)
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<y

Mass =m

(a)

Sample Problem 18.5

Figure (a) shows a homogeneous, slender bar AB of mass m and length L. When
the bar was at rest in the position 6 =0, it was displaced slightly and released.
Determine the angular velocity and angular acceleration of the bar as functions of
the angle 6. Neglect friction and assume that end A does not lose contact with the
vertical surface.

Our solution utilizes the fact that the mechanical energy is conserved (the weight
of the bar is the only force that does work as the bar falls). An identical solution
could be obtained just as easily from the work-energy principle.

Figure (b) shows the bar in the release (8 =0) position 1, and in an arbitrary
position 2 defined by the angle 6. Using the horizontal plane as the datum for
potential energy, the potential energies of the bar in the two positions are

L L
V1=mg5 and szmgz cosf ©)]

2
%N\F—F‘

B

Datum for V,
Position (1) Position (2)
(b)

The initial kinetic energy is obviously 77 =0, because the bar is released
from rest. The kinetic energy in position 2 can be readily calculated by observing
that the point O, shown in Fig. (b), is the instant center for velocities of the bar.
(Point O is located where the perpendiculars to the velocity vectors of ends A and
B intersect.) Utilizing the parallel-axis theorem, the mass moment of inertia of the
bar about O is Ip = I + md? = (mL?*/12) + m(L/2)*> = mL?*/3. Consequently, the
kinetic energies in the two positions are

1 1mL?
T] =0 and TQZEIOQ)ZZETCUZ (b)
where w is the angular velocity of the bar in position 2.
Because mechanical energy is conserved, we have

Vi+Ti=Vo+T5
Substituting from Eqgs. (a) and (b), we get

L+0 L 9+1mL2 5
= =mg— Ccos ——
nEy ) 273 ¢



from which the angular velocity in position 2 is found to be
3g 12
w= [?(1 — cos 9)] Answer

The angular acceleration « is obtained by taking the time derivative of w,
which yields
d 113 -(2) 4,
a="2=2 B0 —cost)|  Lésing
dt 2| L L
Substituting the previously found expression for 6 = w, the angular acceleration
reduces to

3
o= 28 sin @ Answer
2L

Sample Problem 18.6

Figure (a) shows a slider-crank mechanism that is being driven by a constant
clockwise couple M =0.5 N - m. All the components are homogeneous, with the
mass and dimensions as indicated. When the mechanism is in the position shown
in Fig. (a), the angular velocity of the crank is w; = 12 rad/s clockwise. Determine
the angular velocity of the crank after it has rotated 90° from the position shown.
Neglect friction and assume that motion is in a vertical plane.

The solution of this problem lends itself to a work-energy analysis because it is
concerned with the change in velocity between two positions. The problem can
be solved by using either the work-energy principle or by noting that mechanical
energy is conserved (we chose the latter approach). Regardless of which method
is used, it is convenient to analyze the entire mechanism, thereby eliminating the
need to consider the work done at the connections (pins B and C). The initial
and final positions of the mechanism, labeled 1 and 2, respectively, are shown
in Fig. (b).

Wy

(@)

ve=0

Datum for Ve

Datum for V,

° { o

A
e vpe= gvp =0
vg=0.1w,

Position (1) Position (2)

(b)

C

Wpc =
05w,

w3

3
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Kinematic Analysis

The steps used in the kinematic analysis that resulted in the velocities shown in
Fig. (b) are

Position 1

1. Because O is a fixed point, vg = Rw; = (0.1)(12) = 1.2 m/s.

2. Recognizing that both vg and v¢ are horizontal, we conclude that wpe =0;
that is, bar BC is translating in this position.

3. Because bar BC is translating, the velocities of all points on the bar are the
same. In particular, the velocity of the mass center of BC is vgc = 1.2 m/s.

Position 2

1. Because O is a fixed point, vy = Rw, = 0.1w, m/s (directed downward). It was
assumed that w, is directed clockwise.

2. Because vp is vertical and the path of C is horizontal, we conclude that C is
the instant center for bar BC; that is, vc =0.

3. Because ve =0, we know that wgc =vp/Lgc = (0.10,)/0.3 = w,/3 rad/s
(counterclockwise) and that the velocity of the mass center of BC is vgc =
vp/2=0.1w/2 = 0.05w>.

Potential Energy

The system possesses gravitational potential energy due to the weights of its
components; in addition, there is the potential energy of the constant couple.

As indicated in Fig. (b), we choose the horizontal plane passing through OC
to be the datum for the gravitational potential energy V. In position 1, the mass
centers of A and C lie in the datum plane, whereas the mass center of bar BC is
0.05 m above this plane. Therefore, we obtain (V,); = Wgch = 0.6(9.8)(0.05) =
0.294 N - m. In position 2, there is no gravitational potential energy because the
mass center of each part lies in the datum plane; that is, (Vg), = 0.

The constant couple M is conservative because its work U;_, = M A6 depends
on only the magnitude M and the initial and final angular positions of crank A. The
work done by the couple may be expressed as Uj_» = — [(Vy)2 — (Vi) 1], where
Vi is the potential energy of the couple. Choosing position 1 to be the datum, we
have (Vir)a = (V)1 — U1-2=0—(0.5)5F = — 0.785 N - m.

In summary, the initial and final potential energies are

Vi = (Vo)1 + (Vi) =0.294 + 0=0.294 N - m @)
Vo = (Vo)a+ (Vi) =0+ (~0.785) = — 0.785 N - m (b)

Kinetic Energy

The kinetic energy of the entire mechanism is the sum of the kinetic energies of
the three parts:

1- 1- 1 1
T = <—Ia)2> + <—Ia)2 + —mvz) + <—mv2) (©
2 B 2 2 e \2 c



The central moments of inertia of the crank A and the arm BC are

_ R? 1
Ty = <m ) — ~(2)(0.1)2=0.01 kg-m”
2 ), "2

_ mL? 1
ITpc = — =—(0.6)(0.3)> =.0045 kg-m>
BC (12 )BC 12( )(0.3) g-m

Position 1 Substituting the values of 7 4, I gc, wa = w; = 12rad/s, wpc =0, and
vpe =ve = 1.2m/s into Eq. (c), we obtain

1 2 1 2 1 2
T = [5(0.01)(12) } + [0+ 506)(1.2) }Jr [5(0.8)(1.2) }

which yields
77=0.72+0.432+0.576 =1.728 N - m (d)

Position 2 Substituting the values of 14, I gc, wa = w, rad/s, wpe = w,/3 rad/s,
vpe = 0.05w, m/s, and v¢e = 0 into Eq. (¢), we find

_J1 5 1 w\2 1 2
T, = [5(0.01)%] + [5(.0045) (?) +5(0.6)(0.05) } +0
which simplifies to
T,= (6 x107) w3 (@

Note that the kinetic energy of bar BC in position 2 could also be computed from
(1/2)Icw? because ve =0.

Conservation of Mechanical Energy

Using the results of Egs. (a), (b), (d), and (e), the principle of conservation of
mechanical energy becomes

Vi+Ti =V, + T,
0.294 + 1.728 = —0.785 4 (6 x 107°) w3

from which the angular velocity in the final position is found to be

wy=21.6rad/s Answer
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Problems
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A
Fig. P18.25

Fig. P18.29

Fig. P18.30

Planar Kinetics of Rigid Bodies: Work-Energy and Impulse-Momentum Methods

18.25 The uniform slender bar AB of mass m is given a small angular displace-
ment from the position # = 0 and then released. Determine the angular velocity
of the bar as a function of 6.

18.26 The system consisting of two blocks and a compound pulley is released
from rest. Find the angular velocity of the pulley after it has rotated 90°.

250 mm

150 mm D
m=4kg 2.5m
k=180 mm

B
C _|l|_ A
2.5m 2.5m
3.5m
6 kg
12 kg
Fig. P18.26 Fig. P18.27

18.27 The slender L-shaped bar ABCD mass 15 kg/m is free to rotate about the
pin at B. The spring connected to the bar at A has a free length of 7ft, and its
stiffness is 180 N/m. If the system is released from rest in the position shown,
determine the angular velocity of the bar when A is directly above B.

18.28 The torsion spring applies the couple C = — k6 to the 2.5-kg uniform
bar. The angular position 6 (rad) of the bar is measured from the vertical, and k
(N - m/rad) is the spring stiffness. If the bar is rotated to the position § =30° and
released, determine the smallest value of k for which the bar would return to the
vertical position.

18.29 Jaw ABCD of the mousetrap is made of uniform steel wire weighing
0.4 x 10~*kg/mm. The torque exerted by the torsion spring on the jaw in the
closed position is 0.675 N -m, and it is 1.188 N - m in the open position. If
the jaw is released from the open position, determine the speed of segment BC
when it reaches the closed position. Assume that the torque-angular displacement
relationship for the spring is linear.

“18.30 The homogeneous disk of mass m and radius R is released from rest
in the position shown. (a) Derive the expression for the angular velocity of the
disk when CG is vertical. (b) Find the distance e that would maximize the angular
velocity found in part (a); and (c) determine this maximum angular velocity.



18.31 The 1.5-kg uniform rod BC is welded to drum A, which weighs 101b
and has a radius of gyration of 0.1 m about C. The system is initially at rest in
the position 8 =0 when the constant clockwise couple My =2 N - m is applied.
(a) Derive the angular velocity (in rad/s) and angular acceleration (in rad/s?) of
the system as functions of 6. (b) Determine the maximum angular velocity and
the value of 6 at which it occurs.

18.32 A bicycle chain, 2 m in length and mass 0.75 kg/m, hangs over a sprocket
as shown. The sprocket mass 3 kg, and its central radius of gyration is 0.22 m. If
the sprocket is given a small clockwise angular displacement from the position
shown and then released, calculate its angular velocity after the entire chain has
left the sprocket.

18.33 For the system described in Prob. 18.32, what is the angular velocity of
the sprocket when end A of the chain has reached point C?

18.34 A cylinder of radius R¢c and mass mc, and a sphere of radius Ry and
mass mg are released from rest on a rough surface that is inclined at the angle
B with the horizontal. Both bodies are homogeneous and roll without slipping.
Determine v¢/vg (the ratio of the central velocities) after each body has moved
the same distance d down the inclined plane.

18.35 The mass moment of inertia of the 40-kg spool about its mass center G
is 1.6 kg - m2. The spool is at rest on a rough surface when the constant force P
is applied to the cable that is wound around its hub. Determine P if the spool is
to have an angular speed of 6 rad/s after turning through one revolution. Assume
rolling without slipping.

18.36 The end of the string wrapped around the hub of the spool is attached to
a fixed support. The spool mass 3-kg, and its radius of gyration about G is 0.11 m.
(a) If the spool is released from rest, determine the velocity of G after a 2 m drop.
(b) What would the velocity of G be if the spool fell 6 ft from rest without the
string being present?

150 mm 60 mm

Fig. P18.36

18.37 The uniform rod AB of mass m is pinned to the sliding collar C at its
midpoint. If the rod is released from rest when 6 = 6, find its angular velocity as
a function of 8. Neglect friction and the mass of the collar.

18.25-18.56  Problems 437
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Fig. P18.38

A
L
2
NV
6\ L
2
Fig. P18.40

Fig. P18.42

18.38 The uniform bar AB of a mass of 4.5 kg connects the small sliding collar
A to the homogeneous disk of a mass of 6.8 kg. When the system is released from
rest in the position shown, the collar slides down the vertical rod and the disk rolls
without slipping on the horizontal surface. Determine (a) the velocity of the collar
when it is about collide with the spring; and (b) the maximum deflection of the
spring after the collision.

18.39 The mass center of the 7-kg unbalanced wheel is located at G. The mass
moment of inertia of the wheel about its center O is Ip = 0.3 kg-m>. In the
position shown, the angular velocity of the wheel is 3rad/s clockwise and the
horizontal spring is undeformed. Find the angular velocity of the wheel after it
has rolled clockwise through 180° from this position. Assume that the wheel does
not slip.

Fig. P18.39

18.40 The movement of the uniform bar ABC of mass m is controlled by rollers
at A and B. The bar is at rest in the position & = 30° when the constant horizontal
force P is applied at C. Determine the angular velocity of the bar as it passes
through the vertical (6 = 0) position.

18.41 The eccentric wheel of mass M = 300 kg and radius R = 1.2 m rolls with-
out slipping. The radius of gyration of the wheel about its mass center G is
k=0.5m, and its eccentricity is ¢ =0.4 m. Knowing that the angular velocity
of the wheel is w = 2.69 rad/s (clockwise) when 6 = 0, calculate (a) the maximum
angular velocity; and (b) the minimum angular velocity.

Fig. P18.41

18.42 The 10-kg uniform bar AB slides inside a frictionless cylindrical sur-
face. If the bar is released from rest in the position 8 = 35°, determine its angular
velocity (in rad/s) and angular acceleration (in rad/s?) as functions of 6.



18.43 A bar of negligible mass is pinned to the center of the 100 gm uniform
disk. The torsion spring connected between the bar and the disk has a stiff-
ness of 4 x 107* N - m/rad. The spring is preloaded by rotating the bar though
three clockwise revolutions relative to the disk. The system is then placed on the
horizontal surface and released from rest in the position shown. Determine the
maximum speed reached by the center of the disk. Assume that the disk rolls
without slipping.

18.44 The 100-kg uniform bar AB is attached to the 300-kg homogeneous disk
by a pin at A. The weight of the slider attached at B is negligible. The disk rolls
without slipping along the horizontal plane. In the position shown, the kinetic
energy of the system is 2400 N - m. After the disk has rolled 180° clockwise,
calculate (a) the kinetic energy of the system; and (b) the angular velocity of
the disk.

18.45 The linkage shown consists of two identical bars, each of length L and
mass m. If the linkage is released from rest at & = 0, find the angular velocity of
each link when 6 =90°. Neglect friction.

0.4 m

Ale)

Fig. P18.45 Fig. P18.46

18.46 The mechanism consisting of two uniform rods is released from rest in
the position shown. Neglecting friction, find the velocity of roller C when AB
reaches the vertical position.

18.47 The three links of the mechanism mass mqkg/m. If the mechanism is
released from rest in the position shown, determine the angular velocity of link
AB when it reaches the vertical position.

18.48 The uniform bar (mass m;) is pinned to the circumference of the homo-
geneous disk (mass m1). The system is displaced slightly from the position shown
and released from rest. Find the maximum angular velocity of the disk. Assume
rolling without slipping.

18.25-18.56
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18.49 The three bars of the linkage are uniform and of equal weight. If the
linkage is released from rest in the position shown, determine the angular velocity
of link AB when it reaches the horizontal position.

3m

(9 C

2m

Fig. P18.49

18.50 The homogeneous 30-kg bar AC is pinned to the parallel links AB and
CD of negligible weight. The assembly is at rest in the position & = 60° when the
constant 320-N - m couple is applied to AB. Determine the speed of bar AC when
6 =90°.

320 N'm

Fig. P18.50

18.51 The homogeneous 80-kg disk A is connected by a cable to the 80-kg
block B. The coefficient of kinetic friction between the block and the inclined
surface is 0.4. If the system is released from rest when x = 0, determine x when
the speed of the block is 5 m/s. Assume that the disk rolls without slipping.

Fig. P18.51

18.52 End B of the uniform 2.7-kg bar AB is connected to a small roller that
moves in a horizontal slot. The other end of the bar is pinned to the homogeneous
1.8-kg disk that rolls without slipping on the vertical surface. The spring attached
to A has a free length of 0.3m and a stiffness of 58 N/m. After the system is



released from rest in the position shown, the velocity of A is 3m/s when AB
becomes horizontal. Determine the magnitude of the force P that acts on the
bar at B.

Fig. P18.52

18.53 The 45-kg bucket is suspended from a cable that is wrapped around the
periphery of the 180-kg drum. The radius of gyration of the drum about point O
is 0.3 m. The system is released from rest in position 1 and moves with negligible
friction until the bucket reaches position 2, when a brake is applied to the drum
that exerts a constant couple of 778 N - m. (a) Find the height / for which the
bucket will land on the ground with zero velocity. (b) Determine the velocity of
the bucket in position 2.

Fig. P18.53 Fig. P18.54

*18.54 The moment of inertia of the compound pulley about its center is I.
A rope wound around the inner pulley of radius r is attached to a spring of stiffness
k. A constant force Py acts on the rope wrapped around the outer pulley, the radius

18.25-18.56  Problems
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P
0.6 m ‘ C E——
0.4 m
O .0

Fig. P18.55

of which is R. If the pulley is at rest with the spring undeformed when P is
applied, derive the expression for the maximum angular velocity of the pulley.

18.55 The 700-kg stone slab C is supported by two thin-walled steel cylinders A
and B weighing 120-kg each. The system is at rest in the position shown when the
constant force P = 800 N is applied. Determine the velocity of stone slab C when
cylinder A has reached the left corner of the slab. Assume no slipping.

18.56 Gear A, which has a mass of 4kg and a central radius of gyration of
90 mm, rolls on the fixed gear B. A constant couple M acts on the arm CD, which
has negligible mass. Determine the magnitude of the couple, knowing that the
angular speed of CD increased from 200 to 320 rev/min, both counterclockwise,
as it rotated through six revolutions.

Horizontal plane

Fig. P18.56

PART B: Impulse-Momentum Method

18:5 ~ Momentum Diagrams

We derived the angular momentum of a rigid body in Art. 17.3. For plane motion,
the angular momentum of the body about its mass center G was found to be

hg=1w (18.12)

where 7T is the mass moment of inertia about G, and w represents the angular
velocity of the body.

We also found that the angular momentum about an arbitrary point A can
be obtained from the momentum diagram of the body, shown in Fig. 18.3. The
diagram is a sketch of the body that displays the following momenta:

* The linear momentum vector p=mV of the body acting at G, where m is the
mass of the body and v is the velocity of G.
* The angular momentum /&g = I w of the body, represented as a couple.



18.5  Momentum Diagrams

The resultant moment of these momenta about A equals the angular momen-
tum of the body about A. For example, if we let d be the “moment arm” of
the linear momentum, as shown in Fig. 18.3, the angular momentum about A
becomes

ho=1Iw+mvd (A: arbitrary point) (18.12)

An important special case arises when A is a point in the body (or body
extended) that has zero velocity. It was shown in Art. 17.3 that Eq. (18.12) then
reduces to

hpo=I,0 (A:instant center) (18.13)

where 14 is the moment of inertia of the body about A.

It is recommended that a momentum diagram be used to compute the
momenta of a rigid body. Momentum diagrams not only provide a convenient
pictorial representation of the linear and angular momenta of the body, but they
also eliminate the need to memorize formulas such as Eq. (18.12).

To illustrate the use of momentum diagrams, consider the homogeneous slen-
der bar of mass m and length L shown in Fig. 18.4(a). The bar is rotating about the
fixed point A with the counterclockwise angular velocity w at the instant shown.
The momentum diagram for the bar, shown in Fig. 18.4(b), consists of the lin-
ear momentum mv=m(L/2)w and the couple 1w = (mL?/12)w. The resultant
angular momentum (moment of the momentum) about A is

mL? L \L mL?
D) hsza)—i- mso| S =——o

Because I, =mL?%/3, we see that h, = [ o, as would be expected, because the
velocity of A is zero.

K
=
LS
@]
(Sl
N~
=
0

(a) (b)
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Referring again to Fig. 18.4(b), the angular momentum about B is

2 h_mL2 L \L  mL?
+ B = 126() m2a) 2— 6(()

Note that the angular momentum about B is negative—that is, clockwise (recall
that the angular velocity of the bar is counterclockwise). Furthermore, observe
that 4 p is not equal to Ipw = (mL?*/3)w. Because the velocity of B is not zero,
Eq. (18.13) is clearly not applicable.

An equivalent form of the momentum diagram is shown in Fig. 18.4(c), where
the momenta in Fig. (b) have been reduced to an equivalent single momentum
vector mV acting at point P. The distance e that locates P is found from the con-
dition hp = 0; that is, mve — T =0. Substituting v = (L/2)w and T =mL?*/12,
we obtain e = L/6. If a body rotates about a fixed axis, a point about which the
angular momentum of the body is zero, such as P in Fig. 18.4(c), is called the
center of percussion.

18.6 © /mpulse-Momentum Principles

a. Impulse-momentum relations

Assuming that a rigid body consists of a large number of particles, our previ-
ous discussions of impulse and momentum for particle systems can be applied
to rigid-body motion. The equations presented in this article are valid for
three-dimensional motion, but we restrict the applications to plane motion.

Repeating the results obtained for particle systems in Art. 14.6, the linear
impulse-momentum equation for rigid-body motion is

Lio=p,—pi=Ap (18.14)

where L;_, represents the linear impulse of external forces acting on the body
during the time interval from time #; to time f,, and Ap is the change in the
linear momentum of the body during the same time interval. Recall that the linear
momentum of the body is

p=mv (18.15)

where m is the mass of the body and V is the velocity of its mass center.



18.6  Impulse-Momentum Principles

Applying the angular impulse-momentum equation for systems of particles
(Art. 15.7) to rigid-body motion, we have

(Ag)i—2=(hy)s — (hy);=Ahy

18.16
(A: fixed point* or mass center) ( )

where (A 4)1—; is the angular impulse of the external forces about point A for the
time interval #; to 7,, and Ahy is the change in the angular momentum of the rigid
body about A during the same period.

The preceding results can also be applied to systems of rigid bodies provided
that (1) the impulses refer only to forces that are external to the system, (2) the
momenta are interpreted as the sum of the momenta of the bodies that constitute
the system, and (3) the mass center referred to in Eq. (18.16) is the mass center of
the system.

b. Conservation of momentum

As is the case with systems of particles, the linear momentum for a rigid body
(or system of rigid bodies) is conserved when the linear impulse of the external
forces is zero. Similarly, the angular momentum of a rigid body (or system of
rigid bodies) about a point is conserved when the angular impulse of the external
forces about that point is zero. The reference point must either be fixed in space,
or the mass center, because Eq. (18.16) is valid only if A is restricted to these
points. Of course, the best method for determining whether the linear or angular
impulse about a point vanishes is to examine the free-body diagram of the body
or system of bodies.

“Point A is fixed in space; it is not necessarily a point in the body.
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Sample Problem 18.7

The homogeneous 150-kg disk rotates about the fixed axis at O. The disk is acted
on by the constant force P =320N (applied to a rope wound around the disk)
and the counterclockwise couple C(¢), which varies with time as shown on the
diagram. If the disk was at rest at time r =0, determine (1) its angular velocity
when t =4 s; and (2) the time when the angular velocity reverses direction.

The resultant angular impulse about O is obtained by summing the angular
impulses of all the forces that act on the disk. The support reactions and the weight
of the disk do not contribute to the angular impulse about O (they pass through O).
Therefore, we need to consider only the angular impulse of the force P and the
couple C(2).

Because P is constant, its angular impulse about O over the time interval
At=1t,—t1 is (Ap)i1_» = PR At (clockwise). However, because C(t) is time-
dependent, its angular impulse must be obtained by integration: (Ap);—» =
ft? C(t) dt (counterclockwise). For the purposes of computation, it is useful to
note that the integral represents the area under the C-t diagram between t; and t,.

Part 1

The moment of inertia of the disk about its mass center O is

T 1 2 1 2 2
I=-mR=-(150)0.6 =27 kg-m

With #; =0 and £, =4 s, the resultant angular impulse about O becomes

:D (A0)1_2=PRAI—/2C(t)dt=(320)(0.6)(4)—%(300)(4):168N‘m~s

o

Applying the angular impulse-momentum equation to the disk, we get

(Ap)1—2 = Aho =1(wy — wy)

D168 = 27(wy — 0)

which yields
wr =6.22 rad/s (CW) Answer

Part 2

Let 3 be the time when the angular velocity of the disk becomes zero. Noting that
the initial angular velocity is also zero, we conclude there is no change in angular
momentum between #; and 3. Consequently, the resultant angular impulse must

vanish; that is,
3
(Ap)i1-3 ZPRAI—/ C(t)dt=0 (a)

n



In order to evaluate the integral (area under the C-t diagram), we must know
whether t3 < 4sort; > 4s. Noting that C =0 at =0, we conclude that the initial
angular velocity is clockwise, because this is the direction of angular impulse
of P. Because the disk still spins clockwise at =4 s (see the solution of Part 1),
we conclude that #3 > 4 s. Therefore, Eq. (a) is

D (320)(0.6)15 — [%(300)(4) +300(15 — 4)} ~0

The solution is

13=5.56s Answer

Sample Problem 18.8

The 4-kg uniform disk in Fig. (a) is at rest when the 30-N force is applied to
the center of the disk for a period of 1.5s, after which the force drops to zero.
During the 1.5 s period, friction is insufficient to prevent the disk from slipping.
Determine the time when slipping stops and the corresponding angular velocity
of the disk. The kinetic coefficient of friction between the disk and the horizontal
surface is 0.2.

Free-Body Diagram (FBD)

Figure (b) shows the FBD of the disk at an arbitrary time 7 during the period of
slipping. Because there is no acceleration in the y-direction, the normal force at
the contact point C was obtained from X F), =0, yielding Nc =mg. Because the
disk is slipping, the friction force is F¢ = puimg.

Final Momentum Diagram

The final momentum diagram of the disk at the instant (f =#,) when slipping
stops is also shown in Fig. (b). This diagram displays the angular momentum
about the mass center G: 1w, = (m R?/2)w,, and the linear momentum of the disk:
mv, =m(Rw,), where v, = Rw, is the kinematic condition for rolling without

slipping.
Impulse-Momentum Analysis

We start by applying the angular impulse-momentum equation about the mass
center G of the disk, covering the time period #; =0 (when the 30-N force is
applied) to #, (when slipping stops). Referring to Fig. (b), we have:

(Ag)1—2 = (hg)2 — (ho)i

%) R2
9 / (ukmg)R dt = m—a)2 -0
0 2
R
M8l = 52

200 mm
30N

4 kg

\Mk: 0.2

(a)

Fe=pmg |€
Ne=mg
FBD (during slipping)

Final momentum
diagram

(b)
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Therefore,
_ 2meg . 2(0.2)(9.81)
TR 02

The linear impulse-momentum equation in the x-direction yields

tr =19.621, (€))

w2

(Lx)1—2 = (px)2 — (px)1

o)
=+ / P(t)dt — pymgty = mRw, — 0 (b)
0

Noting that P(t)=30N when O<t<1.5s and zero otherwise, we have
Otz P(t)dt =(30)(1.5) =45 N - s. Therefore, Eq. (b) becomes

45 — (0.2)(4)(9.8 1)1, = (4)(0.2)w>
wy = 56.25 — 9.81t ©

The solution of Egs. (a) and (c) is

t,=10911s wy =137.5rad/s Answer

Alternate Solution

We can also apply the angular impulse-momentum equation about any fixed point,
such as B shown in Fig. (b). The result is

(Ap)i—2 = (hp)2 — (hp)i

t mR2
3 / RP(t)dt = [Twz + (mRa)z)Ri| -0
0
%) 3
/ P(t)dt = —mRw,
0 2

which yields

1) 2
P(t)dt = —————(45) =37.5rad/s

2Z30R ), 3(4)(0.2)

as before. The time #, when slipping stops can now be calculated from either
Eq. (a) or Eq. (c).
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Sample Problem 18.9

Figure (a) shows two gears A and B that are supported by pins at D and E. The
gears are stationary when the constant counterclockwise couple Cy is applied at
time ¢ =0. Determine the value of Cy for which the angular velocity of gear A
will be 50rad/s when r =5 s, and determine the corresponding tangential contact
force between the gears.



Figure (b) shows the FBDs and the momentum diagrams at t=0 and t = 55
for each gear. The FBDs contain the weights of the gears, the applied couple Co,
the tangential contact force F, and the support reactions. (Because Cy is constant,
F is also constant.) Note that each momentum diagram contains only the angular
momentum 1, because each gear rotates about its mass center; that is, mv = 0.

4.5(9.8)=44.1 N Ly(@y),=0 L@y,
G
A A A
F — _ —
F Igwp)=0 Iz@p),
1 882N
B B
FBDs Momentum Momentum
diagrams diagrams

(t=0) (t=55)
(b)

The force-mass-acceleration (FMA) method, described in Chapter 17, or the
impulse-momentum method may be used with equal facility in solving this prob-
lem. The FMA method would be straightforward here, because the forces, and
therefore the accelerations, are constant. The impulse-momentum method, which
we will employ, is equally convenient, because we are required to calculate the
change in velocity that occurs during a given time interval.

The moments of inertia of the gears are Ts= mAEi =(4.5)(0.1)*>=

0.045 kg-m? and T 5 = m gk 5 = 9(0.2)% = 0.36 kg-m?. Using Fig. (b), the angular
impulse-momentum equation for the gear A about point D is

(Ap)i—o=Ahp
9 Co(At) — FRAAt =1 4[(wa)2 — (0a)1]
Co(5) — F(0.2)(5) =0.045(50 — 0) @)

Note that the angular impulses were easy to compute, because Cyp and F are
constant.

Observing that the point of contact on each gear has the same velocity,
we conclude that 0.2w4 = 0.3wpg, which gives (wpg)s> = (2/3)(wa)2 = (2/3)(50) =
33.33 rad/s. Therefore, from Fig. (b), the angular impulse-momentum equation
for gear B about point E is

(Ap)i—2=Ahg
:D FRpAt =1p[(wp)2 — (wp)1]
F(0.3)(5)=0.36(33.33 — 0) (b)

()

R,=02m

M,=45kg
ky=0.1m

Rz=03m

Mp=9kg
kg=0.2m
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From Eq. (b) we find that the contact force is
F=T799N Answer
Substituting this value into Eq. (a), we obtain

Cp=2.048N -m Answer

450

Sample Problem 18.10

Figure (a) shows a rod B of mass m p that is placed inside the tube A of mass m 4.
Both bodies are slender, homogeneous, and of length L. Initially, B is held inside
A (a=0) by a lightweight cap (not shown) that covers the end of A while the
assembly is spinning freely with the angular velocity w; about the z-axis. The
cap then falls off, allowing the rod to slide out of the tube. Determine the angular
velocity w, of the assembly when the rod is fully out of the tube (a = L). Neglect
friction.

(@)

Free-Body Diagram (FBD)

Figure (b) shows the FBD of the assembly when rod B extends an arbitrary
distance a beyond the end of the tube A. This FBD shows only the forces that act
in the xy-plane. The complete FBD would also include the weights of the bod-
ies, a reaction O, and a reactive couple C, acting at O. However, because these
have no effect on the motion in the xy-plane, they have been omitted. It should
be noted that the contact forces between the tube and rod do not appear on the
FBD because they are internal to the system. This is the primary reason why we
choose to analyze the motion of the entire assembly, instead of considering each
body separately.

Initial Momentum Diagram

Figure (b) also shows the initial momentum diagram, with rod B being entirely
inside tube A, before the cap falls off. Note that this diagram includes the angular



and linear momentum vectors of A and B. The angular velocities of both bodies
are wy, so that the velocities of their mass centers are both equal to (L/2)w;.

FBD (arbitrary position)

B 00 ong e o

Y i |
N,

N

Initial momentum diagram

Iyw,
L m L, 3L
2><2 2 /szz
o) i ——— e
\ \L MpVp/a
. L L L L |
2 2 T2 2

Final momentum diagram

(b)

Final Momentum Diagram

In the final momentum diagram in Fig. (b), rod B is about to leave the tube
A with the relative velocity vg;4. The angular velocities of the two bodies are
both equal to w;, giving rise to the angular momenta shown. The linear momen-
tum vector of A follows from the fact that the velocity of its mass center is
(L/2)w,. The two components of the linear momentum vector of B correspond
to the polar components of the velocity of its mass center, namely vg =vg/4 and
Vg = (3L/2)w2

Impulse-Momentum Analysis

The remainder of the analysis consists of writing and solving the impulse-
momentum equations using the three diagrams shown in Fig. (b). Because we
are interested only in w,, the most convenient solution uses the angular impulse-
momentum equation with O as the reference point, which eliminates the unknown
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reactions Oy and O,. From the FBD in Fig. (b), we see that (Ap);—> = 0 (O, and
O, do not contribute to the angular impulse about O). Noting that O is a fixed
point, we can use the angular impulse-momentum equation (Ap)i—» = Ahg,
which in our case reduces to Ak =0. In other words, angular momentum of
the system about O is conserved.

Equating the moments of the momenta about O in the two momentum
diagrams shown in Fig. (b), we get

(ho)1=(ho)
L

— — L
B Ta+1pw+ (my +m3)5w1 (E)

[ (razen) (5) ] 7o (5 0) (5]

Substituting 7 = m L?/12 for each bar and solving for w,, we obtain

ma+mp
w=—w Answer
mp+Tmp

It should be mentioned that this solution would be valid even if there were
friction between the rod and tube—provided, of course, that the coefficient of
friction were small enough to permit relative motion between them.
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(2)

Sample Problem 18.11

The assembly shown in Fig. (a) consists of an arm AOC, to which are pinned two
homogeneous slender rods AB and CD. The assembly rotates about the z-axis in
a frictionless bearing at O. An internal mechanism (not shown in the figure) can
position and lock the two rods at any angle 6. The moment of inertia of the arm
AOC about the z-axis is 1.04 kg - m?2, and rods AB and CD mass 1.5-kg each.
Initially the assembly is rotating freely about the z-axis with the angular velocity
w; = 10rad/s with 8 =90°. Calculate the angular velocity of the assembly when
the rods have been moved to the position 8 = 180°.

Figure (b) contains the FBD of the assembly in an arbitrary position, show-
ing only forces that act in the xy-plane—namely O, and O,, two components
of the bearing reaction at O. Note that this FBD does not change during the
motion of the assembly. Also shown in Fig. (b) are the initial (¢ =90°) and final
(6 = 180°) momentum diagrams of the assembly. The numerical values shown in
the momentum diagrams were computed as described below.

Initial Momentum Diagram

Arm AOC:
Lw; = 1.04(10) = 104N -m- s



0,
c A

D @] 00— o
IO,\-

FBD (arbitrary position)

0.8m FI12Ns

Vs

o [ o (¢

\—r

12 N-s 10.4 N'-m-s

Initial momentum diagram

1.1m 1.65w,
0.045W
= -é
v

1.65 w, 1040, 0.0450,

Final momentum diagram

(b)

Rods AB and CD (both rods are perpendicular to the plane of the figure):

mv, = mriw; = 1.5(0.8)(10) = 12N - s

Final Momentum Diagram

Arm AOC: B
Iza)g = 104(1)2

Rods AB and CD (both rods are in the plane of the figure):
ml_iz = mrywy = 1.5(1.1)6{)2 = 1.656{)2

_ 1 1
Lo, = EmL2a)2 = E(1.5)(0.6)%)2 = 0.045w,

Conservation of Angular Momentum

From the FBD in Fig. (b) we see that there is no angular impulse about the
z-axis. Hence angular momentum about the z-axis is conserved. Referring to the

momentum diagrams in Fig. (b), we obtain

(h)1 = (hy)2

D 104 +2[0.8(12)] = 1.04w; + 2(0.045wy) + 2[1.1(1.65wy)]

which yields
wy = 6.22rad/s
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Problems

Fig. P18.57

Fig. P18.60

C(1)

—~\
[P

Fig. P18.62

Planar Kinetics of Rigid Bodies: Work-Energy and Impulse-Momentum Methods

18.57 The T-shaped body is made of two identical uniform rods, each of
mass m/2. If the body rotates about O with the angular velocity w, calculate
its angular momentum about (a) the mass center of the body; (b) point O; and
(c) point A.

18.58 The uniform plate of mass m rotates about its corner O with the angular
speed w. Determine the angular momentum of the plate about (a) the mass center;
(b) the corner O; and (c) the corner A.

b
(0] b
w f d |
A 0.8 m 0.5 m
w
1-kg B 2-kg c
Fig. P18.58 Fig. P18.59

18.59 The uniform slender rods AB and BC are rigidly connected together. If
the assembly is free to rotate about the pin at A, find the distance d that locates its
center of percussion.

18.60 The uniform disk of mass m and radius R rotates about the pin at C,
located a distance d from its center. Determine d so that the center of percussion
will be at point A on the rim of the disk.

18.61 The radius of gyration about O of the 20-kg pulley in part (a) of the figure
is 0.16 m. The end of the rope wound around the pulley is pulled with the force
P(t), which varies with time as shown in part (b). Assuming that the pulley starts
from rest at =0, determine its angular velocity at r = 12s.

P (N)

Fig. P18.61

18.62 The radius of gyration of the 18-kg flywheel that rotates about O is k =
0.23 m. The couple acting on the flywheel is C(¢) = 16(1 —e~%) Ib-ft, where ¢ is
the time in seconds. If the flywheel was at rest when ¢ = 0, determine its angular
speed when t = 60s.



18.63 The block B is suspended from a cable attached to the center of the
pulley A. The 75-N vertical force is applied to one end of the cable that wraps
around A. If at time ¢t = O the angular velocity of the pulley is 3 rad/s clockwise,
determine the time when the system will come momentarily to rest.

18.64 The torque M acting on the input shaft of a generator varies with time ¢
as M(t) = Myexp(—t/ty), where My =4.6 N-m and 7 =3.8s. If the generator
is at rest at t =0, calculate its terminal angular speed. Assume that the generator
rotates without resistance, and use 7 = 0.72 kg - m? for its rotor.

18.65 The uniform disk of mass m and radius R is initially at rest on a fric-
tionless horizontal surface. The constant force of magnitude P is applied at time
t =0 to the cord wrapped around the disk. For an arbitrary time ¢, determine
the expression for the velocity of B (the point on the rim where the cord leaves
the disk).

Fig. P18.65

18.66 The disk in part (a) of the figure has a mass of 20kg and its radius of
gyration about O is 160 mm. The disk is spinning freely at w =400 rev/min when
the force P(t) is applied to the handle of the brake at + = 0. The P-¢ relationship
is shown in part (b). Determine the peak value P, of the force for which the disk
will come to rest at = 12s. The kinetic coefficient of friction between the disk
and brake is 0.3.

18.67 The 16-kg homogeneous disk A is attached to the 6-kg uniform rod BC
by a bearing at B, the axis of which is vertical. The rod rotates freely about the
vertical axis at C. The system is at rest when the constant couple My =8 N - m is
applied to the rod. Determine the angular velocity of rod BC after 2 s, assuming
that the bearing at B is (a) free to turn; and (b) locked.

0)4‘\
95
2 2mfs
o

1.2 kg
\—,uk:O.6

Fig. P18.67 Fig. P18.68

18.68 The 1.2-kg homogeneous cylinder is launched on the horizontal surface
with a forward speed of 2 m/s and a backspin of w rad/s. Determine the required

18.57-18.82

Problems

Dimensions in mm

(a)

(S0} P

(b)

Fig. P18.66
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Fig. P18.69

150 mm 400 mm
P
—

Fig. P18.70

Fig. P18.74

16 rad/s

value of w if the cylinder is to come to a complete stop. The kinetic coefficient of
friction between the cylinder and the surface is 0.6.

18.69 The homogeneous, solid ball of mass m is launched on the inclined plane
at time ¢ = 0 with the forward speed of 3 m/s and no spin. The kinetic coefficient
of friction between the ball and the plane is 0.15. Calculate the time when the ball
stops slipping on the plane and the angular velocity of the ball at that time.

“18.70 The mass moment of inertia of the 60-kg spool about its mass center G
is 1.35 kg - m2. The spool is at rest on the horizontal surface when the constant
force P =200N is applied to the cable that is wound around its hub. Calculate
the angular velocity of the spool 2 s later, assuming that the static as well as the
kinetic coefficient of friction between the spool and the surface is (a) u = 0.2; and
(b) w=0.1.

18.71 The 3-kg homogeneous disk A is pinned to the the uniform arm B of
mass 2 kg. The assembly is free to rotate about the vertical axis at O. The arm is
initially at rest with the disk spinning with an angular velocity of 16 rad/s. If an
internal brake (not shown) locks the disk and the arm together, what will be the
final angular velocity of the assembly?

18.72 The 0.6 kg uniform rod AB and the 0.1kg small slider C rotate freely
about the vertical axis at A. The angular velocity of the system is 5 rad/s when the
cord holding C breaks. Determine the angular velocity of AB when (a) C is just
about to leave the rod; and (b) just after C has left the rod.

Fig. P18.72 Fig. P18.73

“18.73 The pipe AB of inner diameter 10 mm is rotating without friction about
the vertical axis at A. Water flows through the pipe with the constant speed 1.8 m/s
relative to the pipe. Find the couple that must be applied to the pipe in order to
maintain its angular speed at 6 rad/s.

18.74 A chain running over the pulley C supports the weight A and the motor-
ized spool B, both of mass m. The pulley can be modeled as a uniform disk of
mass 2m. The system is at rest when the spool starts reeling in the chain at the
speed vy relative to the spool. Determine the velocities of A and B in terms of vg.



18.75 The 7.5 kg stationary disk B is placed onto the 5-kg disk A, which is rotat-
ing freely at 3000 rev/min. Assuming that both disks are homogeneous, determine
their final angular speed.

18.76 The pendulum in part (a) of the figure consists of the 0.8-kg slender rod
and the 3.2-kg homogeneous cylinder. The pendulum is at rest when it receives a
short impulse from the force F(¢), which varies with time as shown in part (b).
Determine the angular speed of the pendulum immediately after the impulse has
been received. Neglect the small angular displacement of the pendulum during
the impulse.

F(kN)
—\9/O
20 F -~ Parabola
|
0.8 k !
1200 ¢ |
|
|
3.2kg |
R — |
T ‘ ‘ v 00 225 4.50 Hms)
T - 80 . .

Dimensions in mm
(a) (b)

Fig. P18.76

18.77 The 15-kg uniform slender rod AB is placed in a smooth collar at 0. A
pin holds the bar in the position shown as the assembly rotates freely at 12 rad/s
about the vertical axis at O. If the pin is removed, allowing the rod to slide in the
collar, determine the final angular velocity of the assembly. Note that sliding is
limited by the small collars at the ends of the rod.

Fig. P18.77

18.78 The 0.15-kg slider at A is attached to the thin, uniform 1-kg ring with
a pin. The assembly is rotating in the horizontal plane about O with the angu-
lar speed w; =40rad/s when the pin holding the slider falls out. The slider then
moves along the rotating ring, ending up at B. Determine the final angular speed
of the assembly.

18.57-18.82 Problems 457

Fig. P18.75
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0.6 m

G of arm

Shoulder joint

Fig. P18.82

“18.79 The combined mass of the rider and the bicycle without its wheels is
80-kg. Each wheel mass 3 kg, which is due primarily to the weights of the rim
and the tire. If the bicycle starts from rest, determine its speed after 10 s, assuming
that the chain provides a constant couple of 20 N - m on the rear wheel and that
the wheels do not slip on the ground.

Fig. P18.79

18.80 The skater is spinning about the z-axis with her arms outstretched as
shown. Neglecting friction, determine the percentage increase in the skater’s
angular speed after her arms are lowered to her sides. The arms may be mod-
eled as slender, nonuniform rods hinged at the shoulders. The mass of the torso
and each arm are 45 kg and 2.8 kg, respectively. For the torso, k, = 0.14m, and
k. =0.26m for each arm in the horizontal position shown.

18.81 Bar AB of negligible weight carries two identical 10-kg uniform, thin
disks. The angle ¢ between each disk and the bar can be varied slowly by an
internal mechanism (not shown). The entire assembly is free to rotate about the
z-axis. If the angular velocity of the assembly about the z-axis is wy when ¢ =0,
determine ¢ for which the angular velocity is wg/2.

0.25m

I

0.75m—==—0.75m

Fig. P18.81

18.82 The two thin square plates, each mass 6kg, are attached to ends of the
4-kg uniform bar AB. An internal mechanism can rotate the plates simultaneously
about the axis of bar AB. When 6 = 0, the assembly is rotating freely about the
vertical axis at O with the angular velocity w = 12rad/s. Determine the angular
velocity after the plates have been rotated to the position § = 90°.



148.7 © Rigid-Body Impact

The impact of systems of particles was discussed in Arts. 15.8-15.10, where
we introduced a simplified analysis of elastic impact that utilized the coefficient
of restitution, an experimental constant. Rigid-body impact is a more complex
problem that depends on the geometries of the impacting bodies and their sur-
face characteristics, as well as their relative velocities. Any attempt to extend the
concept of a constant coefficient of restitution to rigid-body impact greatly over-
simplifies the real problem and renders the results meaningless. Therefore, we will
not consider problems of rigid-body impact that require the use of an experimental
constant analogous to the coefficient of restitution.

A useful simplification arises in the analysis of rigid-body impact when the
motion is assumed to be impulsive, meaning that the duration of the impact is
negligible—see Art. 15.9. As we have stated before, the expression “angular
impulse equals change in angular momentum” is, in general, valid only about the
mass center or a fixed point. However, for impulsive motion, “angular impulse
equals change in angular momentum” is valid about all points. The reason for
this simplification is that by assuming the time of impact to be infinitesimal, we
are neglecting all displacements during the impact. Consequently, all points are,
in effect, fixed during the impact.

The general steps in the analysis of rigid-body impact problems parallel those
given for particle impact in Art. 15.9.

Step 1: Draw the FBD of the impacting bodies and/or of the system of impact-
ing bodies. Identify the impulsive forces—use a special symbol, such
as a caret (7), to label each impulsive force. (It is advisable to redraw
the FBD, showing only the impulsive forces.)

Step 2: Draw the momentum diagrams for the bodies at the instant immediately
before impact.

Step 3: Draw the momentum diagrams for the bodies at the instant immediately
after impact.

Step 4: Using the diagrams drawn in Steps 1 through 3, derive and solve
the appropriate impulse-momentum equations for the individual bodies
and/or the system of bodies.

18.7

Rigid-Body Impact
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2m

v = ng/s
0.01 kg JC\{

300Z\\ (O

(a)

6 kg

Sample Problem 18.12

Figure (a) shows a 0.01kg bullet C that is fired at end B of the 6-kg homo-
geneous slender bar AB. The bar is initially at rest, and the initial velocity of
the bullet is v; =800 m/s, directed as shown. Assuming that the bullet becomes
embedded in the bar, calculate (1) the angular velocity w, of the bar immediately
after the impact; (2) the impulse exerted on the bar at A during the impact; and
(3) the percentage loss of energy as a result of the impact. Neglect the duration of
the impact.

Introductory Comments

Because the duration of impact is negligible, the motion is impulsive, with the bar
and bullet occupying essentially the same positions before, during, and after the
impact.

The FBDs for the bullet and bar during the impact are shown in Fig. (b), with
only the impulsive forces (denoted with carets) shown. Because the weights of C
and AB are finite forces, they will not enter into the impact analysis and conse-
quently are omitted from the FBD. Observe that the FBD contains B, and l§y, the
components of the impulsive contact force at B, and A, and A y» the components
of the impulsive pin reaction at A.

A,
A, '
< A @ A (@ A
=)
Uwy)pp=2w,
E g I, .
o o _ (mvy) 55 = 6(wy)
mev;=0.01(800) N g
%\ -
¢ B B 30°0~ 25
—UB 2 ~UB —_ B
. I R mev, = 0.012w,)
B, B,
FBDs during impact Momentum diagram Momentum diagram
(impulsive forces only) before impact after impact

(b)

Figure (b) also contains the momentum diagrams immediately before and after
the impact. The momentum diagram before impact contains only the initial linear
momentum of the bullet C.

The momentum diagram after the impact contains both the final momentum
of the bullet and the final linear and angular momentum of the bar AB (the angu-
lar velocity w, is assumed to be measured in rad/s). Note that the kinematic
relationships used in the diagram, v, = 2w, and (;)ap = w;, follow from



the fact that A is a fixed point. Also, the central moment of inertia of AB is
Iy =mL*12 = £(6)(2)*> = 2kg - m?, which gives ({wy)ap = (2)w N-m - s,
as indicated in the diagram.

Inspectlon of Fig. (b) reveals that there are a total of five unknowns: the
impulses of AX, A Bx, and By, and the angular velocity w,. There are also a
total of five independent impulse-momentum equations: two for the bullet C and
three for the bar AB. Therefore, all five unknowns can be determined from the five
independent equations. However, because we are required to find only three of the
unknowns (w; and the impulses of Ax and Ay), it will not be necessary to use all
the equations.

Part 1

The most efficient means of computing w; is to consider the system consisting
of both the bullet and the rod, as opposed to considering each of them sepa-
rately. For the system, B, and By are internal forces; consequently, A, and A
are the only external forces. Therefore, angular impulse acting on the system
about A is zero, which leads us to conclude that angular momentum about A is
conserved. Referring to the momentum diagrams in Fig. (b), we obtain for the
system

(ha)1=(ha)
) 0.01(800c0s 30°)(2) = [25 + 6(@) ()] + [0.01 2w5)(2)]

Solving for w;, yields
wy =1.72 rad/s Answer

Part 2

As mentioned previously, A, and A are the only external forces that act on

the system during the impact, because B, and B are internal forces. Referring
to Fig. (b), the x-component of the linear 1mpulse momentum equation for the
system is

(L)12=(px)2 — (P

=+ — / A, dt =[6(w>) + 0.01(2w,)] — [0.01(800 cos 30°)]
Substituting w, = 1.72 rad/s from the solution to Part 1 gives

/Axdt=—3.43N-s @)

The negative sign means, of course, that the direction of the impulse of A, is
opposite to the direction of A, assumed in the FBD.
The y-component of the linear impulse-momentum equation for the system is

(Ly)1—2=(py)2 — (pyh

a1 / Ay di =0 —[—0.01(800sin 30)]
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or

/Aydz=4N.s (b)

From the results given in Egs. (a) and (b), the resultant impulse acting on the
bar at A during impact is

————— JAdi=527N -5

4

|

|

: Answer

|

3.43
Part 3
The kinetic energy of the system before impact is
1 »_ 1 2
T, = SMmevi= 5(0.01)(800) =3200N-m
After impact, the kinetic energy is
1 1- 1 _
T2 = Emcv% + [Elw% + EmV%}AB
which, on substitution of the numerical values, becomes
1 2 1 2, 1 2
T, = 5(0.01)(2 x 1.72)* + 5(2)(1.72) + 5(6)(1.72)
=11.89N-m
Therefore, the percentage loss of energy during the impact is
T, - T; 3200 — 11.89
L2 % 100% = ————= = 99.6% Answer
T, 3200

Alternate Method of Computing fﬁ\x dt

The impulse of reaction A, could also be computed from an angular impulse-
momentum equation. Referring to Fig. (b) and considering either the entire system
or only bar AB, we have

(Ap)i—a=(hp)2 — (hp)1

0) 2]& dt = [2ws — 6(w2)(1)] — 0



which yields
/Ax dt= — 2wy = —2(1.72),= — 343N -s Answer

This agrees with the result given in Eq. (a). Note that it is legitimate to use B as the
reference point, although it is neither a fixed point nor the mass center. As men-
tioned in Art. 18.7, there are no restrictions on the location of the reference point
for impulsive motion (all points are, in effect, “fixed” during the infinitesimal
period of impact).

Sample Problem 18.13

The 20-kg uniform slender bar in Fig. (a) is moving to the right on frictionless
rollers at A and B with the velocity v; when the roller at B strikes the small obstruc-
tion C without rebounding. Compute the minimum value of v; for which the bar
will reach the vertical position after the impact.

Figure (b) shows the FBD of the bar during the impact, and the momentum
diagrams of the bar before and immediately after the impact, labeled 1 and 2,

FBD during impact Momentum diagram Momentum diagram
(impulsive forces only) before impact after impact

4.
4
‘y

Final position
(at rest)

(b)
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respectively. It also shows the final, vertical position 3, which is a rest position.
We will neglect the time of impact, which means that the motion is assumed to be
impulsive. Therefore, the bar occupies the same spatial position throughout the
duration of the impact.

We must use the impulse-momentum method to analyze the impact that occurs
between positions 1 and 2. To analyze the motion between positions 2 and 3, we
employ the principle of conservation of mechanical energy.

The FBD in Fig. (b) shows the reactions B, and 1§y, which are the only impul-
sive forces that act on the bar during impact. The weight of the bar is omitted from
the FBD:; it is a finite force whose impulse may be neglected because of the very
small duration of impact. The roller reaction at A does not appear in the FBD for
the same reason (the reaction is not impulsive because the roller is about to lift off
the plane during the impact).

As shown in Fig. (b), the momentum diagram for position 1 consists only
of the linear momentum vector, the magnitude of which is mv; =20v; N-s,
where v; is measured in m/s. The momentum diagram for position 2 contains both
the linear and angular momenta. We have 7 =mL?/12=20(3)*/12=15 N - m?,
so that the angular momentum is Tw, =150, N-m-s, where w, is mea-
sured in rad/s. Because the bar is rotating about end B after the impact,
v, = 1.5w, m/s; consequently, the magnitude of the linear momentum vector is
mvy =20(1.5)w; =30w; N - s.

From the FBD in Fig. (b) we see that the angular impulse about B is zero,
because both B, and B pass through B. Because angular impulse equals the
change in angular momentum about every point during the period of impact, we
conclude that the angular momentum about B is conserved between positions 1
and 2. Referring to the momentum diagrams in Fig. (b), we thus obtain

(hp)1 = (hp)>
") 20v1(1.55in40%) = 15w; + 30wy (1.5)

which gives the following relationship between v; and w;:
vi=3.111w, @

Because all the forces acting on the bar after the impact are conservative, the
value of w, can be computed by applying the conservation of mechanical energy
principle between position 2 and position 3 (recall that the bar is at rest in the
vertical position).

As shown in Fig. (b), we choose the datum for the gravitational potential
energy to be the horizontal plane through B. Therefore, the potential energies
in positions 2 and 3 are

Vo = Why =20(9.81)(1.5sin40°) = 189.2 J (b)
= Why=20(9.81)(1.5) =294.3 ©



The kinetic energies for the two positions are

-, 1
T2=§Iw2+§mv2

—115 2 120 1.5w,)?
—5( )w2+§( )(1.5w,)

= 30.003 J (d)
and
;=0 (e)
Utilizing Eqgs. (b)—(e), the conservation of mechanical energy yields

Vo+T, =V3+4+T5
189.2 + 30.003 = 294.3 40

from which
wp =1.872 rad/s

Substituting this value into Eq. (a), we find that the smallest initial velocity for
which the bar will reach the vertical position is

vi=3.111lw, =3.111(1.872) =5.82 m/s Answer
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Fig. P18.85

0.3 m
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0.2m

0.4 m

Fig. P18.88

18.83 The impact tester consists of the 20-kg striker B that is attached to the
16-kg uniform slender rod AC. The tester is released from an inclined position
and breaks the test specimen D. Find the distance / for which the pin reaction at
A will have no horizontal component during the impact with the specimen.

18.84 The uniform 15-kg disk rotates in the vertical plane about O. Immedi-
ately before it hits the inclined surface at A, its angular velocity is w; =4rad/s
CCW. Just after the impact, the angular velocity of the disk is w, =2rad/s CW.
Determine the magnitude of the impulse that acted during the impact on (a) the
surface at A; and (b) the pin at O. Neglect friction.

18.85 The homogeneous square plate of mass m is suspended from a pin at A.
The plate is at rest when it is struck by the small projectile of mass 0.2m traveling
vertically with the velocity vy. Assuming that the projectile becomes embedded in
the plate, determine the angular velocity of the plate immediately after the impact.

18.86 The 10-kg uniform rod AB is stationary when it is hit by the 0.06 kg
bullet D traveling horizontally at 540 m/s. Assuming that the bullet becomes
embedded in the rod, calculate (a) the angular velocity of AB immediately after the
impact; and (b) the maximum angular displacement of AB following the impact.

A
0.6 m
0.8 m
’:: 'y P—=maA
D (C
D et ¥ — — —
540 m/s
1m L
C .
y‘li

v B

B

Fig. P18.86 Fig. P18.87

18.87 The uniform rod AB of mass m and length L is balanced on the smooth
horizontal surface when it receives the horizontal blow at A. Determine the
y-coordinate of the point C that has zero velocity immediately after the impact.

18.88 The homogeneous box of mass m is sliding on the horizontal surface at
the speed v; when its corner A hits a small obstruction. Assuming that the box
does not rebound, determine (a) the angular velocity of the box immediately after
the impact in terms of v;; and (b) the largest value of v for which the box will
not tip over after the impact.



18.89 The uniform slender bar of mass m is translating to the left at the speed
v =5m/s when the small roller at A hits the end of the slot. Assuming no
rebound, calculate the angular velocity of the bar (a) immediately after the impact;
and (b) when B is directly above A.

18.90 The uniform cylinder of mass m is rolling without slipping on the hor-
izontal surface when it strikes the incline. If the angular velocity of the cylinder
before impact is 4 rad/s, what is its angular velocity immediately after impact?
Assume that the cylinder does not rebound or slip on the incline.

™ 4radls

20°

Fig. P18.90

18.91 The uniform rod AB of mass m and length L is released from rest with
end A positioned in a corner. The rod strikes the obstruction at C with the clock-
wise angular velocity w; and does not rebound. Determine the largest distance d
for which the angular velocity of the rod will continue to be clockwise after the
impact. Neglect friction.

18.92 The homogeneous rod AB of mass 3m is free to rotate about the pin at
C. The rod is stationary when the ball D of mass m hits end A of the rod with the
vertical velocity v;. Knowing that the velocity of D immediately after the impact
is zero, determine (a) the velocity of A immediately after the impact; and (b) the
percentage of kinetic energy lost during the impact.

18.93 The 4 kg uniform rod AB rotates freely about the pin at A. The rod is
released from rest in the position shown and collides with the obstruction at C.
Calculate the resulting impulses acting on the rod at A and C, assuming that (a) the
rod does not rebound; and (b) no energy is lost during the impact.

18.94 The 1.2 kg uniform disk rolls without slipping with the angular velocity
) prior to hitting the 1-in. curb. Assuming no rebound and no slipping between
the disk and the curb, find the minimum value of w; for which the disk will mount
the curb.

Fig. P13.94
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40 mm

IZO mm

Fig. P18.95

h

0.6 m

0.2 m C

Fig. P18.97

Planar Kinetics of Rigid Bodies: Work-Energy and Impulse-Momentum Methods

18.95 The billiard ball of mass m is at rest on a table when it is struck horizon-
tally by the cue. Immediately after the impact, the central velocity of the ball is
v=1m/s. Find the angular velocity of the ball (a) immediately after the impact;
and (b) after the ball stops slipping on the table.

18.96 The target on arifle range consists of two identical thin disks, each with
a mass of 2.5 kg, that are connected by a rod of negligible mass. The assembly is
free to rotate about the z-axis. The target is at rest when a 9.7-g bullet enters the
center of one of the disks with the speed vi = 850 m/s and exits at the speed v;.
If the resulting angular velocity of the target is 2.61 rad/s, determine v;.

Fig. P18.96

18.97 The pendulum, consisting of the 1-kg slender rod AB and the 3-kg sphere
C, hits the stationary sphere D of mass m with the angular velocity w;. All of the
bodies are homogeneous. If the pendulum comes to a complete stop after the
impact, determine m. Neglect friction and assume that no energy is lost during
the impact.

18.98 The uniform 36-kg bar AB is initially at rest in the horizontal position,
supported by the pin at B and the spring of stiffness kK = 4400 N/m at A. The small
(relative to the length of the bar) 18 kg sandbag C is tossed onto the bar with
the initial velocity shown. Assuming that the sandbag does not rebound, calculate
(a) the angular velocity of AB immediately after the impact; and (b) the maxi-
mum angular displacement of AB following the impact, assuming that it is a small
angle.

/N 40 kg

Fig. P18.98
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Review of Equations

Work ofa couple (plane motion) The work of the couple C is

)
U1_2=/ cdo
0

Ui_,=C(0, —6) (constant C)

Powerofacouple (plane motion)  The power of couple C acting
on a rigid body rotating with the angular velocity w is

P=Cow

Kinetic energy of a rigid body in plane motion

1 1-
T = 5"1\_124- 516()2

1 . . -
T = 51 4@ (A is the instant center for velocities)

Principle of work and kinetic energy
(Ui_2)exx = T» — Ty (single body)
(Ui—2)ext + (U1—2)ine = T, — T (connected bodies)
Conservation of mechanical energy

Vi+Th=W+T

Impulse-momentum equations

Lio=p—m
(Ag)1—2 = (hy)r — (hy); (A is afixed point or mass center)

L = linear impulse of external forces
p = mv = linear momentum of the body
A 4 = angular impulse of external forces about A
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Review Problems

Fig. P18.100

18.99 The uniform disk of mass m and radius R is attached to a spring of stiff-
ness k. If the disk is released from rest with the spring undeformed, determine the
expression for the maximum angular velocity of the disk. Assume that the disk
rolls without slipping on the inclined surface.

Fig. P18.99

18.100 The uniform bar of mass m and length L is attached to a vertical shaft
of negligible mass. The angle 6 between the bar and the shaft can be changed
by an internal mechanism (not shown). If the assembly is rotating freely with the
angular velocity w when 8 =90°, determine the angular velocity of the assembly
when 0 is changed to 45°.

18.101 The 10-kg uniform bar AB is suspended from a roller at B, which travels
on a horizontal rail. The bar is at rest in the vertical position when it is hit at
end A by the 0.025 kg bullet moving horizontally at 900 m/s. Assuming that the
bullet becomes embedded in the bar, determine (a) the angular velocity of the bar
immediately after the impact; and (b) the maximum angular displacement of the
bar after the impact. Neglect the mass of the roller.

| QL |

=
=&
0.025 kg L4
900 m/s
Fig. P18.101 Fig. P18.102

18.102 The mechanism consists of two uniform 30-kg bars, each of length
L =2 m. In the position 6 = 30° the angular velocity of bar AB is wsp = 1.2 rad/s.
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Determine the kinetic energy of the mechanism in this position. Neglect the mass
of the roller at C.

18.103 The mechanism is released from rest in the position shown. Determine
the velocity of slider C when bar BC has become horizontal. Neglect friction.

18.104 The 15-kg uniform bar AB is in the position shown and moving with
velocity ¥ = 16 m/s and angular velocity w = 120rad/s when end A strikes a rigid
obstruction. Determine the velocity of end B just after the impact, assuming that
the bar does not rebound.

18.105 The central radius of gyration of the spool is k, and its inner radius is R.
If the spool is released from rest, determine the velocity of the spool as a function
of its displacement x. Neglect the friction between the spool and the vertical wall.

S
3
L/

=l
Fig. P18.104 Fig. P18.105

18.106 Disk B is rotating at 60rad/s when the identical, stationary disk A is
lowered into contact with it. If the coefficient of kinetic friction between the disks
is 0.25, determine the time when the slipping between the disks stops and the final
angular velocities of the disks.

18.107 The 10-kg uniform disk is launched along the horizontal surface with
the velocity 5m/s and the backspin 45 rad/s. The coefficient of kinetic friction
between the disk and the surface is 0.45. Determine (a) the final speed of the disk;
and (b) the time required to reach the final speed.

18.108 The uniform bar AB of weight W is connected by a cable to the block
C, also of weight W. If the system is released from rest in the position shown,
determine the velocity of C when AB has rotated 90°.

Fig. P18.108

Fig. P18.103

150 mm

A rad/s

Fig. P18.106

45 rad/s / .

5 m/s

Fig. P18.107
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Fig. P18.111

Planar Kinetics of Rigid Bodies: Work-Energy and Impulse-Momentum Methods

18.109 The 15-kg homogeneous plank supported by cables at A and B is at
rest when the 5-kg sandbag lands on it without rebounding. If the impact velocity
of the sandbag is 6 m/s, determine the angular velocity of the plank immediately
after the impact.

5kg
45° 15 kg 6 m/s 45°
A I
A B
| 3.6m e 12m]

Fig. P18.109

18.110 The mechanism consisting of two uniform rods moves in the horizontal
plane. The spring connected between the slider A and the pin C has a stiffness of
200 N/m and its free length is 150 mm. If the mechanism is released from rest in
the position shown, determine the angular speed of rod BC when A is closest to C.
Neglect friction and the mass of the slider.

200 mm i

c 250mm || B
1.5kg !
k=200 N/m ‘
Ly=150 mm ‘

Horizontal plane

Fig. P18.110

18.111 The slotted, homogeneous disk of mass m rotates freely about the ver-
tical axis with the angular velocity wy. A small marble of mass 0.05m is placed
near the center of the disk. Because of centrifugal force, the marble travels out-
ward along the slot. Determine the angular velocity of the disk after the marble
has left the slot. Neglect the effect of the slot on the moment of inertia of the disk.

18.112 The 10-kg mass B is attached to a cable that passes over the small pul-
ley C and is wrapped around the periphery of the unbalanced 40-kg disk A. The
moment of inertia of the disk about its mass center G is 12 kg - m®. When the
disk is in the position shown, its angular velocity is w; =2.5rad/s clockwise.
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Assuming that the disk rolls without slipping, determine its angular velocity after
it has rotated 180°.

Gl 0.1 m
‘ f 40 k
A TUxe ) B |10 kg
I=12kg - m
\

Fig. P18.112

18.113 The two disks can rotate freely on the horizontal shaft. The torsional
stiffness of the spring connecting the disks is k =30 N - m/rad. Initially, disk A
is held stationary while disk B is rotated through two revolutions. Both disks are
then released simultaneously. Determine the angular velocity of each disk at the
instant when the spring has returned to its undeformed state. The moments of
inertia of the disks about the shaft are 7, = 3.12 kg - m? and I3 =9.36 kg - m?.

18.114 The uniform 20-kg bar is suspended from the pin at O. The bar is at rest
when the 0.2 kg bullet B is fired at end A with the velocity of 600 m/s. The bullet
passes through the bar, emerging with the velocity of 450 m/s. Find the maximum
angular displacement of the bar.

18.115 The uniform bars A and B are free to rotate about pins at their mid-
points. Initially, the angular velocity of bar A is 5Srad/s CW and bar B is at rest.
Determine the angular velocity of each bar immediately after the end of bar A
strikes the end of bar B. Assume that the impact is plastic.

o \m//\
\ 5 rad/s A

4kg 3kg B
I ° |
|

[ 0.8 m |

Fig. P18.115

18.116 The 12-kg homogeneous sphere is at rest in the corner when the constant
couple C = 5N-m s applied at = 0. The coefficient of kinetic friction between
the sphere and each of the contact surfaces is 0.4. Calculate the angular velocity
of the sphere when ¢ = 3s.

Fig. P18.113
® o
E
600 m/s 450 m/s
DL (L 27T i
B A

Fig. P18.114

80 mm

D

Fig. P18.116
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18.117 As the homogenous cylinder of mass m enters the cylindrical sur-
face, the velocity of its center is 1.5m/s. Determine the angle 6 at which the
cylinder will come to a momentary stop. Assume that the cylinder rolls without

slipping.

Fig. P18.117

18.118 The arm A, which is free to rotate about the vertical axis at O, sup-
ports a disk and an electric motor. The disk and the armature of the motor, labeled
B in the figure, have a combined mass of 10kg and a central radius of gyra-
tion of IZB = 0.3 m. The motor housing C, which is attached to the arm A, mass
6kg, and its central radius of gyration is k¢ =0.1 m. The mass of arm A can be
neglected. The system is at rest when the motor is turned on, which causes B to
spin at 25 rad/s relative to the arm A. Determine the resulting angular speed of the
Fig. P18.118 arm A.
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Rigid-Body Dynamics in
Three Dimensions

- Introduction

The kinematics of plane motion is based on the assumption that all points in the
body move in planes that are parallel to each other. Consequently, our study of
kinematics was reduced to a two-dimensional problem, in which only the plane
of motion (usually the plane containing the mass center) had to be considered.

A gyroscope is widely used in
navigation instruments since the
direction of its axis remains fixed.
However, if a force is applied to
one of the gimbals, the gyroscope
will rotate about the axis that is
parallel to the force. This motion,
called precession, is analyzed in
Probs. 19.80 and 19.81.

(© iStockphoto.com Melissa
Rodgers)
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CHAPTER 19

Rigid-Body Dynamics in Three Dimensions

An additional constraint on plane motion was introduced in kinetics: The body
had to be symmetric about the plane of motion.

If the conditions of plane motion are not applicable, two complications arise.
First, the kinematics becomes more complicated due to the three-dimensional
nature of the problem. This forces us to abandon scalar arithmetic and fully utilize
the power of vector analysis.

The second complication is associated with kinetics. In plane motion,
the kinetics involved only two inertial properties of the body: the mass m and
the central moment of inertia /. In three-dimensional problems, the description
of the central moment of inertia requires six components (the moments of inertia
about three axes plus three products of inertia)."

Comprehensive treatment of three-dimensional motion of rigid bodies is the
domain of advanced textbooks. In this chapter, we present only an introduction
that is sufficient for the analysis of several practical problems, such as unbal-
anced rotating machinery, flight of spinning bodies, and gyroscopic effects. This
chapter begins with kinematics of three-dimensional motion. Subsequent arti-
cles extend the previously introduced methods of kinetic analysis (work-energy,
impulse-momentum, and force-mass-acceleration methods) to spatial dynamics.
The chapter concludes with a discussion of an important special case—the motion
of an axisymmetric body.

*19.2 Kinematics

a. Relative motion of two points in a rigid body

Figure 19.1 shows a rigid body undergoing three-dimensional motion. Points A
and B are embedded in the body, and w is the angular velocity of the body at
the instant shown. Let us now investigate the velocity of point B relative to A,
denoted by vp,4. As was the case in plane motion, this relative velocity is due
only to the rotation of the body. To a nonrotating observer attached to A, point B

Fig.19.1

“This complication arises even in problems that are kinematically two-dimensional if the body is not
symmetric about the plane of motion.



appears to be traveling on a circular path centered at O. This is the same situation
we encountered in plane motion, which led to the result

VB/A = ® X Ip/A (19.1a)

where rp/4 is the position vector of B relative to A. A rigorous derivation of this
equation appears in Appendix D.

The acceleration of B relative to A is obtained by differentiating Eq. (19.1a)
with respect to time: ag/4 = ® X I'gja + ® X Ip/4. Substituting g4 = Vg4 =
® X rp/4 and introducing the notation @ = o, where « is the angular acceleration
of the body, we get

Ap/a = @ X (0 X Ipja) + 0 X Tp/u (19.1b)

The two relative acceleration components are shown in Fig. 19.2. Note that
the first component is perpendicular to w and directed toward O, as illustrated
in Fig. 19.2(a). The second component, shown in Fig. 19.2(b), is perpendicular to
aandrg/a.

(0] \
S \{x (®xr1p,)
~ 7/
]‘/—‘7 B
A :7

(a) (b)

Fig. 19.2

Although Eqgs. (19.1) have the same form as their counterparts for plane
motion, there is a significant difference in their content. In plane motion, the
direction of @ does not change. Hence o has the same direction as w, and its
magnitude is due only to the change in the magnitude of w; that is, « = . In three-
dimensional motion, the direction of @ changes continuously, so that « reflects the
changes in both the magnitude and direction of w. Consequently, the directions of
 and « are generally different, and « = @ is no longer valid. For this reason, the
two components of as/p in Fig. 19.2 are not mutually perpendicular; hence we
can no longer call them “normal” and “tangential” components of acceleration.

19.2

Kinematics
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Vp=0XTpc

Instant axis
of rotation

Fig. 19.4

The absolute velocity and acceleration of B can be obtained from the defini-
tion of relative motion:

VB =Va+ Vg4 =Va+®XTIpa (19.2a)

ap =a, +apgs =a4+ X (WXTIpy)+oxXrpy (19.2b)

b. Vector differentiation in a rotating reference frame

As discussed in Art 16.8, it is sometimes convenient to describe the relative
motion terms in Eqgs. (19.1) within a reference frame that translates and rotates,
rather than employing a frame that is fixed in space. Figure 19.3 shows two ref-
erence frames: the xyz-system, which is fixed in space, and the x’y’z’-system, the
origin of which is attached to point A. If the x"y’z’-axes are embedded in body B
(that is, the origin of these axes moves with A and the coordinate system rotates
with the body), they are referred to as a body frame, whereas the fixed xyz-axes are
called a space frame. Note that the angular velocity of the body frame is equal to
the angular velocity w of the body. If the components of a vector V are described
relative to the body frame, then the absolute derivative of V can be computed
using the following identity derived in Art. 16.8.

dV dv
— = — \'% .
ai ( ar >/% e 093

The notation “/2” is used to indicate that the derivative is to be evaluated relative
to the body frame—that is, as seen by an observer who translates and rotates with
body %B.

If the x"y’z’-coordinate system rotates with the angular velocity €2 that is not
necessarily equal to the angular velocity w of the body, then Eq. (19.3) must be

modified as follows:

dv dv

— = (—) +@xV (29.4)
dt dt ) gy

By using the notation “/x’y’z”” we draw attention to the fact that the relative

derivative is now referred to a coordinate system that is not necessarily a body

frame.

C. Instant axis of rotation

Let the velocity of a point C in a rigid body (or body extended) be zero at a particu-
lar instant (in plane motion, this point is called the instant center for velocities). As
shown in Fig. 19.4, the line passing through C that is parallel to the angular veloc-
ity @ of the body is called the instant axis of rotation, or simply the instant axis.”
With v¢ = 0, the velocity of any point P in the body is Vp = Vp;c = @ X I'pjc,
as shown in Fig. 19.4. It follows that the velocities of all points behave as if the
body were rotating about the instant axis, with the velocities of points on this axis
being zero. A point that has zero velocity always exists in plane motion and for a

“In two-dimensional motion, w is perpendicular to the plane of the motion. Therefore, the instant axis
of rotation is also perpendicular to this plane, and it passes through the instant center for velocities.



Instant axis of rotation

(@ (b)

Fig. 19.5

body rotating about a fixed point. However, it can be shown that such a point need
not exist for all motions.*

When analyzing velocities, it is advantageous to use the instant axis of rota-
tion when its location can be determined by inspection. For example, Fig. 19.5(a)
shows a wheel of radius R that is rolling without slipping along a circular path on
a horizontal plane. The horizontal axle OA of length L is attached to a collar that
rotates on the fixed vertical shaft. As shown in Fig. 19.5(a), the angular velocity
of the wheel is given by ® = w; + w;, where w; is the spin velocity of the wheel
(its angular velocity relative to the axle) and w; is the angular velocity of the axle.

Figure 19.5(b) shows another view of the assembly in which the instant axis of
the wheel has been identified. This axis is known to pass through points C and O,
because both are points on the wheel and have zero velocity (the wheel must be
“extended” to include O). Referring to Fig. 19.5(b), we see that the angle 6 can
be determined if L and R are known, which means that » and w, can be found
if the spin velocity w; is known. (An alternate method for computing the angular
velocities is to write the relative velocity equation using points O and C—see
Sample Problem 19.3.)

As the wheel moves, the instant axis of rotation traces out a three-dimensional
surface in space. Because the wheel undergoes rotation about the fixed point O,
this surface is a cone, called the space cone, with its apex at O. The trace of the
instant axes in the “extended” wheel is also a conical surface, known as the body
cone. Both cones are shown in Fig. 19.5(c). Inspecting this figure, we see that
the kinematics of the wheel and the body cone are identical if the latter is made
to roll without slipping on the space cone with the spin velocity ;. The body-
cone—space-cone analogy is often a convenient tool for visualizing the motion of
a body.

*See, for example, Advanced Engineering Dynamics, J. H. Ginsberg, Harper & Row, 1988, p. 115.
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Sample Problem 19.1

The arm OA of the system shown is rotating about the vertical shaft with the
angular velocity ;. At the same time, the thin disk at A is spinning with the
angular velocity w; relative to OA. Determine the angular velocity w and the angu-
lar acceleration « of the disk in the position shown. Assume w; and w, are not
constants.

We assume that the origin of the xyz-reference frame shown in the figure is
attached to point O and that the coordinate axes are embedded in arm OA. The
angular motion of this frame is thus identical to that of OA. The base vectors for
the rotating frame are denoted by i, j, and k.

In vector representation, the two angular velocities shown in Fig. (a) are

w; = wk (angular velocity of arm OA)

Wy = wyj (angular velocity of the disk relative to OA)
The angular velocity of the disk is
O =0+ 0w @)

or

©=wKk+wj (valid for all time) Answer (b)

Equation (b) is true for all time, because the xyz-reference frame rotates with arm
OA, so that the y- and z-axes are always directed along OA and the vertical shaft,
respectively. Indicating which expressions are valid for all time will help us avoid
the common error of attempting to differentiate an expression that is true only at
a particular instant.

The angular acceleration of the disk can be found by differentiating the
expression for w given in Eq. (b). Using Eq. (19.4), we get

== ((;))/xyz +2xw (d)

where (®)/yy; is the angular acceleration of the disk relative to the xyz-frame
and € is the angular velocity of the xyz-frame. From Eq. (b), we observe that
(®)/xy; = 1K + @j (because the base vectors k and j are fixed in the xyz-frame,
their derivatives relative to that frame vanish). Furthermore, because = w,
we obtain X ® = wk X (w1k + w,j) = —ww,i. Substituting this result into
Eq. (d), we find that

o = —wiwyi + anj + wk  (valid for all time) Answer



Sample Problem 19.2

The figure repeats the system that was described in Sample Problem 19.1.
Calculate the velocity and acceleration of point P on the disk in the position
shown.

We assume that the xyz-reference frame shown in the figure is attached to point O
and embedded in the arm OA. From the solution of Sample Problem 19.1, we
know that the angular velocity and acceleration of the disk are

W = cu]k+a)2j (a)
and
0(:(.0:(,()1k+a)2j—(1)1(1)2i (b)

Because both expressions are valid for all time, we may use them for the position
shown in the figure.

The motion of point P can be analyzed by relating it to the motion of point A.
Referring to the figure, the position vector from the fixed point O to point A
is r4yy0 = Lj. Because the angular velocity and acceleration of arm OA are
®; and @1, the velocity and acceleration of point A are

Vi =W XTa0 = wKkXx Lj = —Lwi (C)
and

ay = @] X Ty + 0 X (0] X Ta0)
= a)lk X LJ + a)lk X (—La)li)
= —Lani— Lot j (d)
The position vector of P relative to A is seen from the figure to be rp/4 = RK.
Because both P and A belong to the disk, their relative velocity and acceleration
vectors become
Vpia = @ X Ipja = (01K + w2j) X Rk = Rw,i (e)

and

ap/g = A XTp/p+®X (@ XTpy)
= (w1k + @2j — wiani) X RK 4+ (01K + wnj) X Rwsi
= (Rani + Rwj»j) + (Rojw2j — Rw3k) ®

The velocity of P is found by substituting Eqgs. (c) and (e) into the equation vp =
Va+Vpa:

Vp = (—Lw; + Rwo) i Answer (g)

Z
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Similarly, substituting Eqs. (d) and (f) into ap = a4 +ap,4, the acceleration vector
of P becomes (after some rearrangement of terms)

ap = (—Lay + Ran)i+ (—Lw; + 2Rwj0;) j — Rwyk  Answer  (h)

The velocity and acceleration of point P could also be calculated by recog-
nizing that the disk is rotating about the fixed point O (note that the length of a
line connecting point O to any point on the disk remains constant). In this case, it
would be convenient to consider the disk to be extended to include point O. Utiliz-
ing this concept, the velocity and acceleration of point P could be computed using
Vp =@ XTppandap = o X Ipjo + ® X (@ X rpjp). In this case w and o are
as given in Eqgs. (a) and (b), respectively, and the position vector of P relative to
O is seen from the figure to be rp;p = Lj+ RK. It may be verified that the results
are identical to those given in Egs. (g) and (h).

/
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Dimensions in mm

2

346.4

G 200 Dio

Instant axis

(b)

[ @c=15rad/s

Sample Problem 19.3

The gear A shown in Fig. (a) is rolling around the fixed gear B as it spins about
arm C. If the arm is rotating about the vertical at the constant rate w¢ = 15 rad/s,
calculate (1) the angular velocity of gear A; and (2) the angular acceleration of
gear A.

Let the reference frame shown in Fig. (a) be attached to arm C. The geometry
of the system is shown in Fig. (b), where the distances and angles were obtained
directly from Fig. (a), or were computed using trigonometry.

Part 1

From Fig. (a) we see that gear A is rotating about the fixed point O (note that a
line from O to any point on gear A does not change length). Because the point of
contact E has no velocity, we conclude that the instant axis of rotation of gear A
is the line OE, as indicated in Fig. (b).

The angular velocity of gear A is

Wy = Wc + Wy @

where w¢ is the angular velocity of arm C, and w4 is the spin velocity of gear
A—that is, the angular velocity of gear A relative to the arm C.
Referring to Fig. (a), we see that the angular velocity of arm C is

wc = wck = 15k rad/s  (valid for all time) (b)

Because the direction of the spin velocity of gear A coincides with the unit vector
Aro shown in Fig. (b), it may be written as

Wa/c = wac Mo (valid for all time) (C)



Substituting Eqs. (b) and (c) into Eq. (a), the angular velocity of gear A becomes
wa = 15Kk + waichro  (valid for all time) (d)

The vector diagram representing Eq. (d) is shown in Fig. (c). Observe that w4
lies along the instant axis of rotation, and w 4/¢ is directed along the line FO, the
axis of arm C. The angles «, B, and y in Fig. (c) were computed from the angles
shown in Fig. (b).

We see that Fig. (c) contains only two unknown variables, w4 and w4,¢, which
can be computed by trigonometry. Applying the law of sines yields

15 WA/C wA

sin11.54° ~ sin30° ~ sin 138.46°

from which we obtain
wac =37.49rad/s and wy = 49.72 rad/s (e)

Using the fact that the angular velocity vector of gear A coincides with the unit
vector o in Fig. (b), it may be written as

Wy =49.720\go = 49.72(—sin 30°j + cos 30°k)

or
w4 = —24.9j + 43.1k rad/s  (valid for all time) Answer (f)

An alternate method of calculating the angular and spin velocities of A is to
solve the vector equation vp = w4 X rg/o =0, where w4 is given in Eq. (d) and
rg/o = 200j — 346.4k mm.

Part 2

The angular acceleration of gear A can be computed by differentiating its angular
velocity:
s =04 = (®a)yy, T 2 X w4 (®

where (®4)/yy; is the angular acceleration of A relative to the xyz-reference frame
and  is the angular velocity of the frame.

Using Eq. (f), 4 = —24.9j + 43.1k rad/s (which is valid for all time and can
thus be differentiated), we obtain (®4)/xy; = 0. Furthermore, we have = wc,
and Eq. (g) becomes

oy = ®4 = O¢ X Wy = 15k x (—24.9j + 43.1k)

which yields
o, = 374irad/s® Answer

As shown in Fig. (d), the motion of gear A can be modeled as the body cone
(representing gear A) rolling without slipping on the outside of the space cone
(representing the fixed gear B). The figure also shows the angular velocity w4,
its components w¢ and ®4,c, and the angular acceleration oz4. Note that a4 is
always perpendicular to w 4.

o =60-48.46 = 11.54°
B =30°
y =90 + 48.46 = 138.46°

( Instant axis

W, z
B
Y
Wy,
«a
60°,
y
48.46°
(©
Oc
g
4 11.54°
Space cone

(d)

®c =15 rad/s

Body cone
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Sample Problem 19.4

The mechanism shown in Fig. (a) consists of the crank PQ, which rotates about
axis OP, and the control rod B connected to the crank and the sliding collar C.
(1) If the connections at Q and C are ball-and-socket joints, compute the velocity
of collar C and the angular velocity of rod B, given that 6 = 30° and § = 3.6 rad/s.
(2) Re-solve Part 1 assuming that the connection at C is a clevis, shown in Fig. (b).

Yoke

Detail of clevis

(b)

Part 1

The relative velocity equation between points C and Q (note that both are points
onrod B) is
Ve = Vg + Vg9 = @pg X To/p + ®Wp X Ycjp (a)

where wpp and wp are the angular velocities of the crank and control rod,
respectively, and the position vectors ry,p and r¢/g are defined in Fig. (c).




Assuming that the velocity of the collar is upward, we have
Ve = ka (b)
Withrg/p = —173.21i — 100.0k mm and wpp = —3.6j rad/s, the velocity of Q is

Vo = @Wpg X Tg/p = —36J X (—173211 — IOOOk)
= 360.0i — 623.6k mm/s ©

Before we can find r¢/g, it is necessary to compute the distance a shown in Fig.
(c). From the geometry of that figure, we see that a =[(300)> — (173.21)% —
(200)%]"2 = 141.42 mm, which gives

rcio = 173.21i — 200.0j + 141.42k mm (d)

Substituting Eqgs. (b)-(d) into Eq. (a), and using the determinant form for the
second cross product, we obtain

i j k
vek = (360.0i — 623.6k) + | w, o, w.
17321 —200.0 141.42

where wp =w,i + w,j + w K is the angular velocity of rod B. Expanding the
determinant, and equating like components, yields the following three scalar
equations:

0= 360.0 +141.42w, +200.0w,
= —141. 42w, +17321w, (e)
ve=—623.6 —200.0w, —-173 21w,

Since these equations contain four unknowns (v¢, @y, @y, and w;), a complete
solution cannot be obtained without additional information. The physical reason
for the indeterminacy lies in the ball-and-socket joints which allow the rod B to
spin freely about its axis without affecting vc. Therefore, the relative velocity
equation, Eq. (a), is not capable of determining the spin velocity of rod B (the
component of wp along the axis of the rod). One way of overcoming this diffi-
culty is to specify the spin velocity of B, thereby providing us with an additional
equation. The chosen value of the spin velocity will affect wg, of course, but it
does not affect vc.

We will complete our solution by assuming that the spin velocity of rod B
about its axis is zero; that is, g « r¢/g9 = 0, or

(il + wyj + w k). (173.21i — 200.0j + 141.42k) =0
173.21w, —200.00, + 141.420, =0 ()
Equations (e) and (f) represent four scalar equations in four unknowns, the solu-

tion of which gives ve = —182.7 mm/s, w, = —0.980 rad/s, w, = —1.414 rad/s,
and w, = —0.800 rad/s. Expressed in vector form, the results are

ve = —182.7k mm/s

wp = —0.980i — 1.414j — 0.800k rad/s Answer
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Part 2

It is evident from Fig.(b) that the rotation of rod B relative to slider C can occur
only about the pin of the clevis. In addition, the slider can rotate about the z-axis.
Thus, the angular velocity wp of the rod can have components only in the direc-
tions of the vectors 'k and k, where \ is a vector (not necessarily a unit vector)
in the direction of the pin, as indicated in Fig. (b). The component of wp that is
perpendicular to both '\ and Kk is zero; that is,

o+ (hxk)=0 ©®

Equation (g) replaces the condition of zero spin wg * rc/p used in Part 1 of the
solution. Equations (e) are unchanged.

Because the pin of the clevis is perpendicular to the z-axis, we have A = A, i+
Ayj. The pin is also perpendicular to rod B, so that \ - r¢/g =0. Substituting for
rc/p from Eq. (d), we get 173.214, — 200.0A, =0. Choosing A, =1, we obtain
Ay =173.21/200.0 =0.8661 and Eq. (g) becomes

Wy wy, W,
1 08661 0|=0
0 0 1

which upon expansion yields

0.8661w, — 1.0w, =0 (h)

Solving Egs. (e) and (h) simultaneously, we get v= — 182.7mm/s, w,=

— 1.260rad/s, wy = — 1.091rad/s, and w, = — 1.029rad/s. In vector form, the
solution is

ve = 182.7k mm/s Answer

wg = —1.260i — 1.091j — 1.029Kk rad/s Answer

We see that the velocity of slider C is the same as in Part 1 of the solution, but the
angular velocity of rod B is different, as expected.



Problems

19.1 Referring to Sample Problem 19.2, determine the velocity and acceleration
of point Q on the disk in the position shown.

19.2 Compute the acceleration of the sliding collar C in Part 1 of Sample
Problem 19.4.

19.3 Bar OABC rotates about the ball-and-socket joint at O. In the position
shown, the angular velocity and angular acceleration of the bar are w =2i +
4j — 3k rad/s and o = 20i — 30j rad/s?, respectively. Determine the velocity and
acceleration vectors of point C.

19.4 Bar OABC rotates about the ball-and-socket joint at O. In the position
shown, the angular velocity vector w of the bar is parallel to OC. Find the
magnitude of w if the speed of point B is 160 mm/s in this position.

19.5 Bar OABC rotates about a ball-and-socket joint at O. In the position shown,
the angular velocity vector of the rod is perpendicular to the line OC, and the
velocity of point C is v¢ = 3i — 2j + v_k m/s. For this position, determine v, and
the angular velocity vector.

19.6 The cone rolls on the xy-plane without slipping. The spin velocity
w) =2.4 rad/s is constant. For the position shown, determine (a) the angular
velocity of the cone; (b) the angular acceleration of the cone; and (c) the velocity
and acceleration of point P.

Fig. P19.6

19.7 Cone A rolls without slipping on the outside of the stationary cone B with
the spin velocity w;. In the position shown, w; =2 rad/s and @ = — 7 rad/s®. For
this position, determine (a) the angular velocity of cone A; and (b) the angular
acceleration of cone A.

19.8 Cone A rolls without slipping inside the stationary cone B with the con-
stant spin velocity w; = 3.6 rad/s. Calculate (a) the angular velocity of cone A;
and (b) the angular acceleration of cone A.
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19.9 Disk A is free to spin about the bent axle B, which is rotating with the
constant angular velocity wp about the z-axis. Assuming that the disk rolls without
slipping on the horizontal surface, determine the following for the position shown:
(a) the angular velocity of the disk; (b) the angular acceleration of the disk; and
(c) the velocity and acceleration of point P on the disk.

19.10 Disk A of the gyroscope spins about its axis, which is inclined at 23.6°
relative to the xy-plane, at the constant angular speed w; =40 rad/s. At the same
time, frame B rotates about the z-axis with the variable angular velocity w,. At the
instant when w, = 16 rad/s and &, = 400 rad/s?, calculate (a) the angular velocity
of disk A; and (b) the angular acceleration of disk A.

19.11 Two bevel gears attached to the arm C roll on the fixed gear A. The
arm rotates about the z-axis at the constant angular velocity of 25 rad/s. Compute
(a) the angular velocity of gear B; and (b) the angular acceleration of gear B.

C B
30° >\
| 725 rad/s R
~
A =
7T T T T TR y

Fig. P19.10

k—
Fig. P19.11
19.12 Gears A and B spin freely on the bent shaft D, whereas gear C is fixed.

The shaft D rotates about the y-axis with the constant angular velocity wy. For the
position shown, calculate the angular velocity of (a) gear A; and (b) gear B.

/P\/
I A
R 200‘
L PE
—— — v =y
c “0 B
Fig. P19.12

19.13 The rod AB is connected by ball-and-socket joints to the sliding collars A
and B. In the position shown, collar A is moving up with the velocity v4 =4 m/s.
Determine the speed of collar B in this position.



Fig. P19.13

19.14 Disk A spins with respect to arm B with the angular speed w; as the arm
rotates about the y-axis with the angular speed w,, neither speed being constant.
When the assembly is in the position shown, w; =3 rad/s, w, =4 rad/s, w; =
— 16 rad/s?, and @, = 25 rad/s2. For this position, determine (a) the velocity of
point Q on the disk; and (b) the acceleration of point Q.

19.15 Bar PQ spins about the axis OA with the constant angular velocity
w =20 rad/s. At the same time, OA rotates about the z-axis with the constant
angular velocity w, = 12 rad/s. For the position shown, determine (a) the velocity
of end P; and (b) the acceleration of end P.

19.16 Cranks AB and CD rotate about axes that are parallel to the y-axis. Bar
BD is attached to the cranks by ball-and-socket joints. If the angular speed of
AB is constant at wy = 12 rad/s, determine for the position shown: (a) the angular
velocities of CD and BD; and (b) the angular acceleration of CD. Assume that bar
BD is not spinning about its axes; that is, assume the angular velocity vector of
BD is perpendicular to BD.

Fig. P19.16

19.1-19.24 Problems
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Fig. P19.18

Fig. P19.19-P19.21

19.17 The rod AB is attached to the rim of disk C and the sliding collar B with
ball-and-socket joints. The disk rotates with the constant angular velocity 6 rad/s
about the vertical axis at O. For the position shown, determine the velocity of
collar B.

Dimensions in mm

Fig. P19.17

19.18 The ends of bar AB are connected to collars with ball-and-socket joints.
The collars slide on the arms of the rigid frame. The frame rotates about the
z-axis with the constant angular velocity w; = 1.5rad/s. If the velocity of the col-
lar at B relative to the frame is constant at vg =0.2 m/s, determine the angular
acceleration of bar AB in the position § = 30°.

19.19 Rod C is connected to collar A by a clevis and to collar B by a ball-
and-socket joint. In the position shown, collar A is moving to the right with the
speed v4 =450 mm/s. Find the speed of collar B for this position. (Note: It is not
necessary to compute the angular velocity of rod C.)

19.20 For the mechanism described in Prob. 19.19, determine the angular
velocities of collar A and rod C in the position shown.

19.21 Assume that the connections for the rod described in Prob. 19.19 are
interchanged (that is, the ball-and-socket is at A and the clevis is at B). For
the position shown, determine the angular velocity of rod C and the velocity of
collar B.

19.22 Arm AB rotates around the z-axis with the constant angular veloc-
ity w; = 3rad/s. The disk spins about the arm with the constant angular

Fig. P19.22
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velocity w, = 10rad/s. For the position shown, compute (a) the angular accel-
eration of the disk; and (b) the acceleration of point Q on the disk.

19.23 The disk spins with the constant angular velocity w, = 6rad/s relative
to the arm OA. In the position shown, arm OA is rotating about the z-axis with
the angular velocity w; =4 rad/s and the angular acceleration &; = — 15rad/s’.
For this position, determine (a) the angular acceleration of the disk; and (b) the
velocity of P, the highest point on the disk.

Fig. P19.23

19.24 A clevis is used to attach the rod AB to the vertical shaft. As the shaft
rotates about the z-axis with the constant angular velocity w; = 12rad/s, the rod
rotates with the constant angular velocity w, =9rad/s relative to the clevis. For
the position shown, calculate (a) the angular acceleration of the rod; and (b) the
acceleration of end B of the rod.

*19.3 " /mpulse-Momentum Method

a. Angular momentum

We introduced the angular momentum of a rigid body about a point in Chapter 17.
It was pointed out that the angular momentum h4 about a point A is obtained by
adding the angular momenta of the differential elements that make up the body:

hy = /V r x (vdm) (19.5)

As shown in Fig. 19.6, v dm is the linear momentum of a typical differential
element of mass dm and velocity v, and r is the position vector of the element
relative to A. The integrand of Eq. (19.5) is thus angular momentum (that is, the
moment of the linear momentum) of the element about A. The integral is taken
over the region " occupied by the body.

Impulse-Momentum Method

Fig. P19.24
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Fig.19.7

Mass m
Region V'

Fig. 19.6

We showed in Art. 17.3 that if we choose for A the mass center G of the body,
the angular momentum takes the form

h; = / r x (wxr)dm (G: mass center) (19.6)
¥

where o is the angular velocity of the body and r’ is the position vector of dm
relative to G, as illustrated in Fig. 19.6.

We also demonstrated that the angular momentum of a body of mass m about
an arbitrary point A can be expressed in the form

hy =hg +1 x (mv) (A: arbitrary point) (19.7)

In Eq. (19.7), r is the position vector of G relative to A, and mv represents
the linear momentum of the body. A convenient means of calculating hy4 is the
momentum diagram of the body in Fig. 19.7. From the diagram we see that h, is
the vector sum of hg and the moment of mv (acting at G) about A.

An important special case is the angular momentum of a body that rotates
about a fixed point A. Then the velocity of the differential element in Fig. 19.6 is
v = ® X r, which upon substitution in Eq. (19.5) yields

h, = / r x (o xr)dm (A: fixed in the body and in space) (19.8)
r

b. Inertial properties

We introduce here the inertial properties of a rigid body described in three dimen-
sions (this topic is discussed more fully in Appendix F). As we will see shortly,
these properties arise in the computation of the angular momentum.

1. Moments and Products of Inertia and the Inertia Tensor The mass
moment of inertia of a body about the a-axis was defined in Eq. (17.1):



19.3

I,= ch r? dm, where V' is the region occupied by the body and r is the per-
pendicular distance from the a-axis to the differential mass dm. It can be seen in
Fig. 19.8 that the perpendicular distances from the x, y, z-axes to dm are

(y2 +ZZ)1/2 (Z2 +X2)1/2 and ()C2 + y2)1/2

respectively. Therefore, the mass moments of inertia of the body about the three
coordinate axes are

I, =f(y2+z2) dm
v

I, = / (2> +x%) dm (19.9)
Vv

I, =f<x2+y2> i
Vv

The products of inertia of the body with respect to the rectangular axes shown
in Fig. 19.8 are defined as

Mg = Il :A xy dm

I, =1I,= A yz dm (19.10)

I, = xz:/ zx dm
o

The dimensions of the inertial properties defined in Egs. (19.9) and (19.10)
are [ML?]; hence the units are kg - m? or slug - ft* (Ib- ft-s?). Although moments of
inertia are always positive, products of inertia may be positive, negative, or zero.

The following matrix of inertial properties is called the inertia tensor of the
body at point O (the origin of the coordinate axes).

Ix _Ixy _Ixz
I=|-I, I, —I, (19.11)
_sz _Izy Iz

Note that the off-diagonal terms are the negatives of the products of inertia. (The
minus signs must be included for I to satisfy certain conventions of tensor algebra,
a topic that is beyond the scope of this text.)

2. Parallel-Axis Theorem for Moments of Inertia  The parallel-axis theorem
for the moment of inertia was derived in Chapter 17: I, = I, + md?, where I,
is the moment of inertia about the a-axis, I_u is the moment of inertia about the
central g-axis (the axis that passes through the mass center of the body and is
parallel to the a-axis), m is the mass of the body, and d is the distance between
the two axes. Referring to Fig. 19.9, we see that the distances between the x-, y-,
and z-axes and the corresponding central axes are (2 + z2)!2, (z2 + x2)!2, and
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(X2 + 7%)'2, respectively. Letting I, I, and I, denote the moments of inertia
about the central axes, the parallel-axis theorem for moments of inertia becomes

Ix = I_x + m()’2 + Z2)
=1 +m@E+x% (19.12)
I =L +mE +5%)

3. Parallel-Plane Theorem for Products of Inertia Referring again to the
body in Fig. 19.9, it can be shown that the products of inertia with respect to
the two sets of axes are related by

I, = I,; +myz (19.13)

where I_Xy, I_yz, and I, denote the products of inertia about the central axes. This
theorem, which is known as the parallel-plane theorem, is proved in Appendix F.

4. Principal Moments of Inertia It can be shown that it is always possible
to find three perpendicular axes at any given point O such that the products of
inertia with respect to these axes vanish. These axes are called the principal axes
at point O, and the corresponding moments of inertia, denoted by /;, I, and I3,
are known as the principal moments of inertia of the body at point O. Referred to
the principal axes, the inertia tensor thus assumes the form of a diagonal matrix:

I, 0 0
I=(0 L, 0 (19.14)
0 0 I

The determination of principal axes and the computation of principal moments of
inertia are explained in Appendix F.

5. Body with a Plane of Symmetry Consider a homogeneous body that is
symmetric about a plane, say the xy-plane. Let the mass center of the body,
which lies in the plane of symmetry, be the origin of the xyz-frame. Symmetry
implies that for every differential mass dm with coordinates (x, y, z), there exists
another dm with coordinates (x, y, —z). It follows that I_yz = foV yz dm =0 and
L= fg‘/ zx dm =0, because the integral over the region of V" where z < 0 can-
cels the integral over the region where z > 0. Because I_yZ = I, =0 regardless of
the orientation of the xy-axes, the z-axis must be a principal axis of inertia. In
this special case, the parallel-plane theorem for products of inertia, Eqs. (19.13),
becomes

Ly = Ly +mxy I, = myz I, =mzx (19.15)

In general, an axis that is perpendicular to a plane of symmetry and passes
through the mass center G of the body is a principal axis of the body at point G.
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€. Rectangular components of angular momentum

The angular momentum of a body can be expressed in terms of the angular veloc-
ity and the inertia tensor of the body. Because Eqs. (19.6) and (19.8) have the
same form,

h= / r x (wxr)dm (19.16)
4
we can treat both cases simultaneously. Note that r represents the position vector
of dm relative to the reference point (either a point in the body that is fixed or the
mass center).

The rectangular representations of the vectors appearing in Eq. (19.16) are

h=hdi+hj+hk
® = wd+w,j+ ok
r=xi+yj+zk
The cross product of @ and r now becomes
o Xr=i(wz— oY)+ jlwx —wz)+kio,y —wyx)
Consequently, the integrand in Eq. (19.16) is
i j k
r Xx(wxr)= X y z €)
WyZ — WY WX — Wyl Wy — WyX

Expansion of this determinant gives

rx (owxr) =i[(y2+Z2) Wy — XYy Wy —Xsz]
+j [—xy wy + (Z2 + xz) wy — yZ wz]
+k [—zx Wy — 2y wy + (X2 + yz) wz] (b)

Substituting Eq. (b) into Eq. (19.16), we obtain
hy wa/ (y2-|-22) dm_wy/xydm—wz/xzdm
¥ ¥ 2
hyz—wx/xydm+wyf(z2+x2)dm—wzfyzdm (0)
i v v

hZ:—a)x/xzdm—a)y/yzdm+wz/ (x2+y2) dm
v Jv i

Recognizing that the integrals in Egs. (c) are the components of the inertia tensor
at the reference point—see Eqgs. (19.9) and (19.10)—we obtain

hy = Loy — Lyo, — I 0,

=

o = =llmy, A5 Iy, = Iy, (19.17a)

h; = Lo, — Lo, + Lo,

Impulse-Momentum Method
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Equations (19.17a) can be written concisely in matrix notation as
h, =I,0 (A: fixed in the body and in space, or the mass center) (19.17b)
where 14 is the matrix in Eq. (19.11), where the inertia components are calculated

about the axis passing through A. If the xyz-axes are the principal axes of inertia
at the reference point, the products of inertia vanish, and we are left with

h, = Lo,
hy = oy (19.18)
h, = Lo,

In general, the angular momentum vector h is not in the same direction as
the angular velocity vector w. For example, if the xyz-axes are principal axes of
inertia, we have

h=lLoi+lo,j+ Lok
L (19.19)
® = w;d+ w,j+ ok

From Egs. (19.19), we see that the directions of h and w coincide only for the
following special cases.

1. The principal moments of inertia are equal (e.g., a homogeneous sphere with
mass center being the origin of the coordinate system).
Observe that with I, =1, = I, =1, the first of Egs. (19.19) givesh =/ w.
2. The direction of w is parallel to one of the principal axes of inertia.
If w is parallel to a principal axis, say the z-axis, then Egs. (19.19) yield
h= 17,0k and ® =w_ k. This case applies to plane motion of a rigid body.
It also demonstrates that plane motion can exist only if the coordinate axis
perpendicular to the plane of motion is a principal axis of inertia.

The rectangular components of the angular momentum about a fixed point, or
the mass center, can be computed from Eqgs. (19.17). If the angular momentum
about some other point A is required, it can be obtained by first calculating hg
from Eqgs. (19.17) and then applying Eq. (19.7): h4y = hg 4+ x (mVv). Note again
that Egs. (19.17) are not directly applicable for an arbitrary reference point.

d. Impulse-momentum principles

The impulse-momentum principles for plane motion, discussed in Art. 18.6, are
also applicable to three-dimensional motion. Here we restate these principles
without repeating the derivations given in Art. 18.6.

The linear impulse-momentum equation for a rigid body is

Li,=p,—pi =Ap (19.20)

where L;_; is the linear impulse of the external forces acting on the body during
the time interval #; to #,, and Ap is the change in the linear momentum of the body
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during this time interval. Recall that the linear momentum of a body of mass m is
p = mV, where Vv is the velocity of its mass center.
The angular impulse-momentum equation for a rigid body is

(A: fixed point*

(Ag)1—2 = (hy)z — (hy); = Ahy or mass center)

(19.21)

where (A 4),_, is the angular impulse of the external forces about point A during
the time interval #; to t,, and Ahy is the change in angular momentum about
A during this time period. The angular momentum can be computed from Egs.
(19.17) or (19.18).

As mentioned in Art. 18.6, the impulse-momentum equations can also be
applied to systems of rigid bodies provided that (1) the impulses refer only to
forces that are external to the system; (2) the momenta are interpreted as the
momenta of the system (obtained by summing the momenta of the bodies that
constitute the system); and (3) the mass center referred to in Eq. (19.21) is the
mass center of the system.

According to Eq. (19.20), linear momentum is conserved if the linear impulse
is zero. Similarly, we conclude from Eq. (19.21) that the angular momentum about
a fixed point or the mass center is conserved if the angular impulse about that point
is zero.

If the motion is impulsive (infinite forces acting over infinitesimal time inter-
vals), which is the approximation used in impact problems, Eq. (19.21) is valid for
any reference point (a proof of this statement is given in Art. 18.7). Because the
duration of the impact is assumed to be infinitesimal, only the impulsive forces
need be taken into account, the impulses of finite forces being negligible.

*19.4 | Work-Energy Method

a. Kinetic energy

1. General Case In Chapter 18, we showed that the kinetic energy of a rigid
body is

1 1
T = zmﬁz + 50 hg (18.6a, repeated)

where m is the mass of the body, v is the speed of the mass center G, w represents
the angular velocity of the body, and hg is the angular momentum of the body
about G. The first term on the right side of Eq. (18.6a) represents the kinetic
energy of translation, and the second term is the kinetic energy of rotation.

Using rectangular representation for @ and hg, where the components of hg
are obtained from Eq. (19.17), the kinetic energy can be written as’

1

I . = - = .
T = Emv2 + E(wXI + wyj+ wk) - [(Ixa)x — Iyo, — I w)i

+ (_I_yxwx + I_ywy - I_yzwz)j + (_I_zxa)x - izywy + izwz)k]

“Point A is fixed in space; it is not necessarily a point in the body.

TOverbars on the I’s remind us that the inertial properties are to be computed at the mass center of
the body.
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After evaluating the dot products and noting that /, = I_xy and so on, we get

T=1m172+1(1_w2+1_a)2+1_a)2
2 o (19.22)
— ZI_xya)xa)y — 21_yza)ya)Z — 2L w,w)

Note that the components of the inertia tensor must be evaluated about the
central axes.

2. Angular Velocity Parallel to an Axis 1f w is parallel to one of the coordi-
nate axes, say the z-axis, then w, = w, =0, w, = w, and Eq. (19.22) reduces to

(0 = wk) (19.23)

This equation is analogous to Eq. (18.7a) used in plane motion. However, in plane
motion, w always remained parallel to the z-axis, whereas Eq. (19.23) requires
to be in the z-direction only at the instant of concern.

3. Rotation about a Point of Zero Velocity We showed in Art. 18.3 that if A
is a point in the body that has zero velocity, then the kinetic energy of the body
can be written in the form

T=—-w-hy (18.6b, repeated)

where h, is the angular momentum of the body about A. Expressing w and hy
in terms of their rectangular components and repeating the steps used in the
derivation of Eq. (19.22), we obtain

1 2 2 2
T = E(wax + Iya)y + Lo, — 21 o w,
(19.24)

— 21wy, — 21, w,wy)

(axes pass through point of zero velocity)

Note that the inertial properties in Eq. (19.24) must be computed about axes that
pass through the reference point A, a point with zero velocity.
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4. Rotation about an Axis 1If the coordinate system is chosen so that the z-
axis is the instant axis of rotation, then w, = w, = 0, w, = w. Therefore,
Eq. (19.24) becomes

1
T = Elzcu2 (z-axis is instant axis) (19.25)

This equation is equivalent to Eq. (18.7b) used in plane motion.

b. Work-energy principle and the conservation of
mechanical energy

The principles of work-energy and conservation of mechanical energy for plane
motion, presented in Art. 18.4, are also applicable to three-dimensional motion.
Therefore, the following discussion is a review of the fundamental equations
covered in Art. 18.4.

Letting the subscripts 1 and 2 refer to the initial and final positions of a rigid
body, the work-energy principle is

(Ui—2)ext = AT (19.26)

where (Uj_j)ext 1S the work done by external forces and AT is the change in
kinetic energy. The work can be computed using the methods described in Arts.
14.2 and 18.2, and Egs. (19.22)—(19.25) can be used to calculate the kinetic
energy.

For a system of connected rigid bodies, the work-energy principle is

(U1—2)ext + (Ui—2)in = AT (19.27)

where (Uj_3)ext and (U;—»)int represent the work done on the system by external
and internal forces, respectively.

If all the forces that act on a rigid body or a system of connected rigid bod-
ies are conservative, then the mechanical energy is conserved. The principle of
conservation of mechanical energy

Vi+Th=W+1T (19.28)

can then be used in place of the work-energy principle. In Eq. (19.28), V; and V,
are the initial and final potential energies, and 7} and 7, are the initial and final
kinetic energies.
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Sample Problem 19.5

The uniform slender rods labeled as 1, 2, and 3 are welded together to form the
rigid body shown in Fig. (a). The body, which is supported by bearings at A
and B, is being driven at the constant angular velocity @ =30 rad/s. When the
body is in the position shown, calculate the following: (1) the angular momentum
about point C; and (2) the kinetic energy. The mass per unit length of each rod is
o =600 g/m.

z Dlmenmons in mm

250
200 | 200

200 200 B

300

Preliminaries

Because the only nonzero component of the angular velocity vector is w, = w, we
see from Eq. (19.17a) that the components of the angular momentum vector about
point C reduce to

hy=-I o hy=1ILw h, =—-ILyo €)

Because the body rotates about the fixed y-axis, its kinetic energy, from
Eq. (19.25), is
T = -I,0* (b)

The computations of the moments and products of inertia required in Eqgs. (a)
and (b) are shown in the following table. Note that the results for the body are
obtained by summing the properties of rods 1 and 2 only, because the relevant
inertial properties of rod 3 are zero.

Part 1

Substituting the moments and products of inertia for point C and w = 30 rad/s into
Eq. (a), the components of the angular momentum vector about C become

hy = —Lyw = —(54.00 x 107*)(30) = —16.20 x 107N -m-s
hy = Lw = (8525 x 107*)(30) =25.58 x 1072 N-m-s
h, = —Lyo=—(-375x10"%30)=11.25x 10N -m-s

Therefore, the magnitude of the angular momentum about C is

¢ = (107)y/(—16.20)2 + (25.58)% + (11.25)2
=323%x102N-m-s Answer



Rod 1 Rod 2
L 0.25m 03m
m=pL 0.6(0.25) = 0.15kg 0.6(0.3) = 0.18kg
i 0 0.15m
5 —0.2m 02m
Z 0.125m 0
1 2 1 2 1 2

I, = gmL 5(0.15)(0.25) $018)(0.3)

=0.003 125kg - m? = 0.005 40kg - m? 0.008 525 kg - m?
Iy = miy 0.15(0)(—0.2) 0.18(0.15)(0.2)

=0 = 0.005 40kg - m? 0.005 40kg - m>
L, = mZy 0.15(0.125)(—0.2) 0.18(0)(0.2)

= —0.003 75kg - m? =0 —0.003 75kg - m>

Computation of Inertial Properties at Point C.

The vector h¢e and its components are shown in Fig. (b).

0.1125 N-m-s

0.1620 N-m-s

C 0.2558 N-m-s
X

(b)

Part 2

The kinetic energy of the body is found by substituting /, and @ = 30 rad/s into
Eq. (b), with the result being

1 1
T = Elya)z = E(85.25 x 107)(30)2 = 3.84J Answer

Sample Problem 19.6

The uniform slender rod AB shown in Fig. (a) has the mass m = 8 kg and the
length L = 1.2 m. The weights of the sliding collars A and B, to which the rod is
connected with ball-and-socket joints, may be neglected. When collar A is in the
position 8 = 0, the system is slightly displaced and released from rest. Neglecting
friction, determine the speed of A when it has moved to the position 6 = 60°.
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This problem is suited to the work-energy method of analysis, because it is con-
cerned with the change in speed between two positions. Because the weight of the
rod, which is a conservative force, is the only force that does work on the system,
mechanical energy is conserved. Therefore, we can apply the principle of conser-
vation of mechanical energy: 71 + V| = T, + V,, where T} and T, are the initial
and final kinetic energies, and V| and V, are the initial and final gravitational
potential energies. Figure (b) shows the reference plane that has been chosen for
the potential energy V.

POSITION
@

Reference
plane for V

Reference
plane for V

(b)

Position 1

Potential Energy Referring to position 1 in Fig. (b), the height &; of collar B
above the reference plane must satisfy the geometric relation (h; — 0.625)% +
(1)? = (1.2)%, which gives h| = 1.288 m. Therefore, the height of the mass center
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Gis z; =(0.625 4 1.288)/2 =0.957 m, and the initial potential energy becomes
Vi =Wz =8(9.8)(0.957) =75.03N - m (@

Kinetic Energy Because the system is released from rest, we have 77 = 0.

Position 2

Potential Energy 'When the system is in position 2 shown in Fig. (b), the coordi-
nates of collar A are x =0.625sin 60° =0.541 m, y =0, and z =0.625 cos 60° =
0.3125. Using these values, the height 4, of B above the reference plane is
obtained from the geometric relationship (0.541)% + (1)> + (h; — 0.3125)% =
(1.2), which gives 1, = 0.696 m. The height of the mass center G above the ref-
erence plane is, therefore, z, = (0.3125 4 0.696)/2 = 0.504 m. It follows that the
gravitational potential energy of the rod is

Vo = W7, = 8(9.8)(0.504) = 39.51 N - m (b)

Kinematic Analysis The purpose of the kinematic analysis is to relate w, (the
angular velocity of the rod) and v, (the velocity of its mass center) to (v4), (the
velocity of collar A). We utilize the relative velocity equation between A and B:

(VB)2 = (Va)2 + @2 X (rp/a)2 (0

where (vg), is the velocity of B. The position vector of B relative to A
in position 2 is, according to Fig. (b), (rpa)o= — 0.541i + 1j + (0.696 —
0.3125)k = — 0.541i + 1j + 0.3835k ft. Again, referring to Fig. (b), we see that
(va)2 = (v4)2sin 30°1 — (v4); cos 30°k. Expressing the angular velocity vector as
) = (wy )2l + (wy)2j + (w;)2k, Eq. (c) becomes

—(VB)gk = (VA)2 sin 30°i — (VA)2 cos 30°k
i j k
+ (wx)2 (a)y)Z (w;)2 (d)
—0.541 1 0.3835

Expanding the determinant in Eq. (d), and equating like components, yields the
following equations:

0 = (v4)25in30° 4 0.3835(w,)2 — 1(w;)2
0= —0.3835(wy)2 — 0.541(w,)> (e)
—(vp)2 = —(va)2c08 30° + 1(wy)2 + 0.541(wy)>
A fourth equation is obtained by setting the spin velocity of the rod to zero. This
gives @+ (rga)> = 0, or [(w)ol + (wy)2j + (wr)ok] - (=0.541i + 1j +
0.3835k) = 0, which becomes

—0.541(wy)2 + 1(wy)2 + 0.3835(w;)2 = 0 ®
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Equations (e) and (f) can be solved in terms of (v4),, with the results being

(wy)2 = —0.1225(v4)>
(a)y)z = —0.0996(\1,4)2 Wy = O.ISOZ(VA)Q (g)
(w:)2 = 0.0868(v4)>

and
(vg)2 =0.786(v4)2 (h)

The relationship between v, and (v4), could be found from the relative veloc-
ity equation v = (v4)» + @ X (rgs4)2 and Eq. (g). However, it is simpler to use
the fact that G is the midpoint of rod AB, so that its velocity is given by

1
V) = E[(VA)2 + (vp)2]

1
E[(VA)Q(Sin 30°i — cos 30°Kk) — 0.786(v4)-K]
= (v4)2(0.250i — 0.826j)

which yields
72 = 0.7448(v2)3 @

Kinetic Energy Because w, is perpendicular to AB, the kinetic energy of the rod
can be obtained from Eq. (19.23):

where I = mL?/12 is the moment of inertia of the rod about an axis perpendicular
to the rod (parallel to ;) at G. Substituting the numerical values, we get

(1.2)?
1

1 , 1 2
T, = 3 (8) (0.7448)(va); + 5 (8 ) ) [0~1802(VA)2]

= (2.9792 4 0.0155)(v4)3 = 2.9947(v )3 0]

Conservation of Mechanical Energy

Substituting Egs. (a), (b), and (j) into the conservation principle,
I+Vi=h+W

we obtain
0+ 75.03 = 2.9947(v4)3 + 39.51

from which the speed of A in position 2 is found to be

va)2 = 3.44 m/s Answer



Sample Problem 19.7

Figure (a) shows a 2.0-kg homogeneous square plate that hangs from a ball-and-
socket joint at O. The plate is at rest when it is struck by a hammer at A. The force
P applied by the hammer is impulsive, its impulse being [ P dr = 1.20iN-s.
Determine the angular velocity and the kinetic energy of the plate immediately
after the impact. Observe that the x-axis is perpendicular to the plate, and the
y- and z-axes lie along the edges of the plate.

This problem must be analyzed by the impulse-momentum method, because the
applied force is impulsive.

Figure (b) shows the free-body diagram (FBD) of the plate during the impact.
Because the duration of the impact is negligible, the plate occupies essentially the
same spatial position before, during, and after the impact. The FBD includes the
applied force P and the components of the impulsive reaction at O. The weight of
the plate was omitted, because it is not an impulsive force.

We recall that for impulsive motion the angular impulse about any point equals
the change in angular momentum of the body about the same point. In our case,
point O is a convenient choice for the reference point, because the impulsive reac-
tion passes through that point. Letting the subscripts 1 and 2 refer to the instants
immediately before and immediately after the impact, respectively, the angular
impulse-momentum principle becomes

(Ap)i—2 = (hp)2 — (hp); = (hp)2 @

Note that (hp); = 0 because the plate is at rest before the impact.
From the FBD, we see that the angular impulse (that is, the moment of the
linear impulse) about O is

(Ap)1—2 =ra0 X /f)dl =—-03k x 1.2i = —036J N-m-s (b)

To determine the angular momentum of the plate about point O, we must first
compute the inertial properties of the plate at that point. The central moments of
inertia can be obtained from Table 17.1 (we must set a =0 because the plate is
thin): I, = (1/12)m(2b*) = mb*/6 and I, = I, = mb*/12. Also, due to symmetry,
we have I_xy = I_yZ = I, =0. The moments and products of inertia about O can
now be calculated from the parallel-axis theorem and Fig. (c):

_ L, mb? b \*> 2mb?
L =L+mr =—+4+m|—| = 3

6 V2
T mb2+ b\* mb?
= m = — R e p—
Yo 12 2 3
L Tam b\*  mb?
S I U 3

o

[

5
5
<
1l
IS IS

|

|
ISl

1l

|

~|
Il

Sl

(c)
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2

I Iy, +myz =0+ b b —mb2
iz — z m = mi|\ —— — | =
vz = byz T2 2 2 1

- b
sz=1zx+m2i=0+m<—§> 0)=0

7 b

Substituting m = 2.0 kg and b = 0.300 m yields

2
I, = 5(2.0)(0.300)2 = 0.1200 kg - m?
2.0(0.300)?
=1 = % = 0.0600 kg - m”
Ly=1I1,=0
2.0(0.300)2 2
o= =00450kg-m

The components of the angular momentum about O can now be obtained from
Egs. (19.17a), the result being

(ho)2 = 0.12w,i + (0.06w, — 0.045w,)j + (—0.045w, + 0.06w,)k ()
Substituting Eqgs. (b) and (c) into Eq. (a) and equating like components, we get

0 =0.120,
—0.36 = 0.06w, — 0.045w, (d)
0 = —0.0450, + 0.06,

The solution of Eqs. (d) yields
o= —13.71j — 10.29Kk rad/s Answer

Because O is a fixed point, the kinetic energy T, after the impact may be
calculated using Eq. (18.6b).

1 1
T, = E(o ‘hp = 5(_13'71j — 10.29k) - (—0.36j) =2.47] Answer

If desired, the components of the impulsive reaction at O could now be
calculated using the linear impulse-momentum equations.



Problems

19.25 The homogeneous rod of mass m and length L maintains the constant
angle B with the horizontal as it rotates with the angular velocity w about the
vertical axis at its mid-point O. For the position shown, derive (a) the angular
momentum of the rod about O; and (b) the kinetic energy of the rod.

19.26 Assume that the impulse acting on the plate in Sample Problem 19.7
is replaced by the impulse [ Pdr=2.2i + 1.4j — 1.8k N's acting at the center
of the plate. Calculate the angular velocity and the kinetic energy of the plate
immediately after the impact.

19.27 The 12-kg crank, which was formed from a uniform slender rod, rotates
about the y-axis with the angular velocity w = 20 rad/s in the direction shown.
Determine (a) the angular momentum of the crank about point O in the position
shown; and (b) the kinetic energy of the crank.

Fig. P19.27

19.28 The homogeneous 12-kg disk rotates about the y-axis with the angular
velocity w; =60rad/s. At the same time, the assembly rotates about the verti-
cal axis at A with the angular velocity w, =20rad/s. Determine (a) the angular
momentum of the disk about the point O; and (b) the kinetic energy of the disk.

19.29 The two identical, thin circular plates each of mass m are welded to a
shaft of negligible mass. The assembly rotates about the y-axis with the angular
velocity wy. Calculate the angular momentum of the assembly about (a) point O;
and (b) point A.

Fig. P19.29

19.30 The 2-kg slender rod is connected to the 6-kg uniform disk at A and to the
sliding collar at B by ball-and-socket joints. The mass of the collar is negligible,

19.25-19.45 Problems
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Fig. P19.25

Fig. P19.28
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Fig. P19.31

Fig. P19.32, P19.33

and the spring attached to the collar has a stiffness of 2 kN/m. The assembly is
released from rest in the position shown, where the spring is stretched 100 mm.
Calculate the angular velocity of the disk after it has rotated 180°.

Fig. P19.30

19.31  Two uniform thin plates of mass m each are welded to a shaft of negligible
mass that rotates at the angular velocity wy. Calculate the angular momentum of
the assembly about (a) point O; and (b) point B.

19.32 The thin uniform disk of mass m and radius R spins about the bent shaft
OG with the angular speed w,. At the same time, the shaft rotates about the z-axis
with the angular speed ;. If the angle between the bent portion of the shaft and
the z-axis is B = 35°, find the ratio w,/w; for which the angular momentum of
the disk about its mass center G is parallel to the z-axis.

19.33 Determine the kinetic energy of the disk described in Prob. 19.32 if
w; = wy and ,3 = 35°.

19.34 The uniform 6-kg thin disk spins about the axle OG as it rolls on the hor-
izontal plane without slipping. End O of the axle is welded to a sliding collar that
rotates about the fixed vertical rod with the constant angular velocity of 6rad/s.
Calculate the angular momentum of the disk about point O.

Fig. P19.34

19.35 The 12-kg uniform slender rod AB is connected to sliding collars at
A and B by ball-and-socket joints. In the position shown, the velocity of collar
A is v4 = 1.4 m/s. For this position, calculate (a) the angular momentum of the
rod about its mass center; and (b) the kinetic energy of the rod.



Fig. P19.35

19.36 The slender bar AB of length L and mass m is suspended from two strings,
each of length L. If the bar is released from rest when 6 = 90°, find its maximum
angular velocity.

19.37 The uniform thin disk of radius R = 0.2 m and mass 7 kg is attached to
the bent axle OAB of negligible weight. The axle is attached to a vertical shaft
at O with a clevis. The system is at rest when a constant couple Cyp = 0.45N - m
is applied to the axle. Assuming that the disk rolls without slipping, determine the
angular velocity w; of the axle after it has turned through two revolutions. Neglect
friction in the bearings at O and B.

Fig. P19.37 Fig. P19.38

19.38 The mechanism consists of two homogeneous slender bars AB and BC
of masses 1.8 kg and 1.2 kg, respectively, and the 2-kg slider C. The connections
at B and C are ball-and-socket joints. If the mechanism is released from rest at
6 = 0, determine the angular velocity of bar AB when 6 = 90°. Neglect friction.

19.25-19.45 Problems
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Fig. P19.42

Rigid-Body Dynamics in Three Dimensions

19.39 The thin rim of the flywheel C mass 8 kg, with the mass of the spokes
and hub being negligible. The flywheel is joined to the 3-kg slider B with the 2-kg
connecting rod AB. The joints at A and B are ball-and-sockets. A constant force
P =270 N acts on the slider B as shown. If the flywheel has an angular velocity
o =20 rad/s in the position shown, calculate its angular velocity when joint A
reaches the position A’. Neglect friction.

Fig. P19.39

19.40 The uniform bent rod of mass m is hanging from a cable at O when it
receives the impulse k [ P dr at A. Derive the expression for the angular velocity
of the rod immediately after the impact.

Fig. P19.40

19.41 The 1.2-kg thin circular plate of uniform thickness is suspended from a
cable. The plate is at rest when it receives a sudden impulse of —0.15i N - s at point
A on the rim of the disk. Determine the following at the instant after the impact:
(a) the velocity of the mass center G; and (b) the kinetic energy of the plate.

19.42 A 0.4 m rod of negligible mass is welded to the 3.2-kg thin uniform plate
and suspended from a ball-and-socket joint at O. The assembly is rotating about
the z-axis with the angular speed of 6 rad/s when corner A of the plate hits a rigid
obstruction. Assuming that A does not rebound, determine the angular velocity of
the assembly immediately after the impact.

19.43 The uniform box of mass m is falling with a speed of 8 m/s and no angular
velocity when corner O hits a rigid obstruction. Assuming plastic impact (that is,
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no rebound), determine (a) the angular velocity of the box immediately after the
impact; and (b) the percentage of kinetic energy lost during the impact.

T

Fig. P19.43 Fig. P19.44
19.44 The uniform bent wire of total mass m is suspended from a ball-and-
socket joint at O. The wire is stationary when a short impulse is applied at corner
A in the x-direction. Find the unit vector in the direction of the instant axis of
rotation immediately after the impulse is received.

y

19.45 The slender rod AB of mass m and length L is attached to a vertical
shaft with a clevis. The shaft is rotating freely at the angular speed @ when the
cord, which maintained the angle § = 8| between the rod and the shaft, breaks.
Determine the expressions for w and df/dt when the rod reaches the position
B =90°.

*39.5° | Force-Mass-Acceleration Method

a. Equations of motion

Three-dimensional motion of a rigid body is governed by the same basic equations
that we used for particle systems in Chapter 15. Thus the force equation

>F = ma (15.19, repeated)

determines the motion of the mass center of the body, where XF is the sum of
the external forces acting on the body, m is the mass of the body (assumed to be
constant), and a is the acceleration of its mass center. The rotational motion of the
body is determined by the moment equation

M, = hy (A: fixed point or mass center) (15.35, repeated)

where M}, is the resultant moment of the external forces acting on the body
and hy is the angular momentum of the body about point A. The latter must be a

Fig. P19.45
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point in the body that is either fixed in space or the mass center of the body. (This
restriction on the choice of A must be kept in mind; for the sake of brevity, we
will not mention it continually.)

When using Eq. (15.35), any convenient reference frame can be used to
describe the angular momentum vector h,. For example, if € is the angu-
lar velocity of such a reference frame, the moment equation of motion can be
written as

dhy  (dh,
o T\ dr

) + 92 xhy (19.29)
Ixyz

where the notation “/xyz” indicates that the derivative of h, is to be evaluated
relative to the xyz-reference frame.

The choice of reference frame should be such that (dh4/dt),,,, can be easily
evaluated. In particular, we wish to avoid having to evaluate the time derivatives
of moments and products of inertia. These complications can be eliminated by
letting the xyz-axes be a body frame—that is, a reference frame that is embedded
in the body (has the same angular velocity as the body). If w is the angular velocity
of the body, then for a body frame we have € = w. Consequently, the moment
equation, Eq. (19.29), becomes

dhy (dhA

M, = — = —) + @ x hy (19.30)
dt Ixyz

According to Eqs. (19.17a), the components of the angular momentum about a
fixed point, or about the mass center, are

hy =Lo, — L,0, — 1,0,
hy = —Iyo, + Loy — I 0, (19.31)

h, =—I 0, — Izywy + L w,

If the xyz-axes constitute a body frame, then the moments and products of inertia
do not vary with time, and Eq. (19.30) becomes

XMy = (Lo — Ixyd)y - Ixzd)z)i
+ (=lyo, + Loy — I,,0,)j
+ (_szd)x - Izyd)y + Izd)z)k

i j k
+ o ©y o
hy hy, h

Substituting for the components of the angular momentum from Eqgs. (19.31) and
expanding the determinant (also recalling that I,, = I,x, I,; = I, and I, = I.;),
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the scalar components of the moment equation are

XM, = Loy + oy (I, — 1) + Ly (0.0, — )
— L (o, + wxa)y) - Iyz(wi - w?)

XM, = Loy + o0, — 1) + Iy, (ocwy — @) (19.32)
— Liy(@ + 0.0)) — L (0} — o)
M, = Lo, + a)xwy(ly —I)+ Ixz(wya)z — y)

- Iyz(d)y + wyw;) — Ixy(a);zc - wi)

Equations (19.32) are first-order, nonlinear differential equations, which are very
difficult to solve analytically, except for a few special cases.

b. Euler’s equations

The moment equations simplify somewhat if we choose the xyz-axes to be princi-
pal axes of inertia at the reference point. Then the products of inertia vanish, and
Egs. (19.32) reduce to

EM, = Ly + oo (I, — 1)
IM,y = Loy + o0 (I — I) (19.33)
EM, = La, + owy(Iy, — L)

These equations, known as Euler’s equations, are among the more useful equa-
tions in rigid-body dynamics. When using Eqs. (19.33), it must be remembered
that the xyz-axes are a body frame and coincide with the principal axes of inertia
at the reference point (fixed point or mass center).

If the angular velocity of the body and its time derivative are known, the resul-
tant external moment applied to the body can be calculated in a straightforward
manner from Eqgs. (19.33). However, if the resultant moment is known, the equa-
tions must be integrated in order to find the angular velocities, a task that must be
performed numerically in most problems. An exception is the special case where
the angular velocity o is constant, when Eqgs. (19.33) take the form of algebraic
rather than differential equations.

¢. Modified Euler’s equations

An important problem in dynamics is the motion of an axisymmetric rigid body,
such as a spinning top or gyroscope. Consider a body that possesses an axis of
rotational symmetry, and let one of the coordinate axes be embedded in the body
so that it will always coincide with the axis of symmetry. We allow the coordinate
axes to rotate with an angular velocity that is different from that of the body.
Because only one of the coordinate axes is embedded in the body, the axes are not
a body frame. However, due to the symmetry of the body, each of the coordinate
axes will always be a principal axis of inertia.

As an illustration, consider the axisymmetric top in Fig. 19.10, where the
z-axis was chosen to be the axis of symmetry. It is seen that, no matter how the

Embedded in body

), (spin velocity
of the body)

;=0-Q

Q (angular velocity

of coordinate system)

y

Fig. 19.10
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coordinate system rotates, the xyz-axes will always be principal axes of inertia at
point O if the z-axis remains embedded in the body.

As before, we let = Qi + Q,j + Q.k be the angular velocity of the
xyz-reference frame, and we let @ = w,i + w,j + w;k be the angular velocity
of the body. These angular velocities will differ by the angular velocity of the
body relative to the xyz-frame, called the spin velocity. The spin velocity vector
will be parallel to the axis that is embedded in the body—that is, the axis of sym-
metry. For example, if z is the axis of symmetry of the body, as in Fig. 19.10, the
spin velocity is w, = w,k. Consequently, w, = Q,, w, = Q,, and 0, = Q; + w;.

The moment equation of motion given in Eq. (19.29) is

dh
M, = <—A) + 2 x hy (19.29, repeated)
dt Ixyz

Because the xyz-axes are principal axes, the components of the angular momen-
tum of the body about the reference point A (fixed point or mass center) are

hy = Loy hy =1L, h, = Lo, (@)
Then the cross product in Eq. (19.29) becomes

i J k
Qxhy=|Q, Q, Q, (b)
Lo, Lo, Lo,

Using Egs. (a) and (b), and the fact that the moments of inertia are independent of
time, the scalar components of Eq. (19.29) are

XM, = Loy + [Qyo, — [,Q,w,
M, = Loy — LQw, + [,Q 0, (19.34)
M, = Lo, + 1,0, — [,Q,0,

These equations are called the modified Euler’s equations. Observe that the
moments X M,, XM,, and £ M, are referred to xyz-axes, which do not represent
a body frame.

d. Anoteonangular acceleration

The terms @y, wy, and w, that appear in the various moment equations are not
necessarily the components of the angular acceleration vector of the body. In order
to clarify this statement, let us consider first the case in which the xyz-axes are a
body frame, and then examine the situation in which the body spins relative to the
xyz-frame.
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1. The xyz-axes form a body frame: £ = w (Euler’s equations).

Recall that the absolute derivative of a vector V is (dV/dt) = (dV/dt)xy.+
® X V, where w is the angular velocity of the xyz-frame. Therefore, the
absolute derivative of the angular velocity vector w (that is, the angular
acceleration) of the body becomes

dw_ dw o x o= dw
dr — \dr Ixyz - \dr Ixyz

This result means that the absolute derivative of the angular velocity vec-
tor is identical to its derivative relative to the body frame. It follows that if
® = wd + w,j + oK, then

® = w4+ oyj + ok
which gives

Therefore, w,, wy, and w, are the components of the angular acceleration
® of the body, a conclusion that can be very useful when applying Euler’s
equations.
2. The body spins relative to the xyz-axes: £ # ® (modified Euler’s equations).
In this case, the angular acceleration vector of the body becomes dw/dt =
(dwl/dt)xy; + £ X w, which may be written in the form

i j k
O=dditoj+aok+ |2 Q Q
Wy C()y w;

Expanding the above determinant, and equating like components, yields

(W) = wx + (Qywz - szy)
((’))) = d)y - (waz - szx) (1936)

(W), =w, + (way - Qywx)

It can be seen here that the components of the angular acceleration vector @
are not equal to the time derivatives of w,, w,, and w,.
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e. Plane motion

Let the xyz-axes be a body frame with the z-axis remaining perpendicular to a
fixed plane. In this case, ® = @k and w, = w, = 0, and the moment equations,
Egs. (19.32), become

M, = — L0, + 1,07
=M, = —1y0, — [0 (19.37)
M. = Lo,

If, in addition, the z-axis is a principal axis of inertia of the body, these equations
further simplify to

M, =0 IM,=0 IM.=La. (19.38)

These equations are identical to the moment equations for plane motion discussed
in Chapter 17.

f. Rotation about a fixed axis

Equations (19.37) and (19.38) are, of course, also valid for the special case in
which a body is rotating about an axis that is fixed in space. It is instructive to
consider the case in which a body is mounted on a shaft that is supported by a
bearing at each end. Let the shaft coincide with the z-axis, assumed to be fixed in
space, and the body rotate with constant angular speed w,. If the xyz-body axes
are not principal axes of inertia, Eqs. (19.37) yield (with @, = 0)

M, =10} IM,=-L.,0 EIM,=0 (19.39)

In this case, we see that the reactions at the two bearings must provide the
moments XM, and X M,. These bearing reactions, which rotate with the
xyz-reference frame (that is, with the body), are called dynamic bearing reactions,
and the body is said to be dynamically unbalanced. Because the dynamic bearing
reactions are proportional to the square of the angular speed, they can reach large
magnitudes and cause severe vibrations of the body. To dynamically balance the
body, the products of inertia in Eq. (19.39) must be made to vanish. This can be
accomplished by redistributing the mass of the body or by adding additional mass
to the body at appropriate locations. A common example of the latter method is
the addition of small weights to the rim of an automobile wheel when it is being
“spin balanced.”



Sample Problem 19.8

The uniform slender bar AB in Fig. (a) mass 10 kg. It is connected to the vertical
shaft OC by a ball-and-socket joint at A. The assembly rotates with the constant
angular velocity w, about OC, which causes AB to be inclined at 40° with the
vertical. Determine w and the magnitude of the reaction at A.

Our solution will employ the xyz-coordinate system shown in Fig. (a). This refer-
ence frame is embedded in bar AB with the origin located at the mass center G of
the bar. The x- and z-axes are perpendicular to the bar (the x-axis lies in the plane
CAB), whereas the y-axis is directed along the bar. Hence the coordinate axes are
principal axes of the bar at G.

The free-body diagram of the bar, displaying only the forces acting in the
xy-plane, is shown in Fig. (b). The only forces acting on the bar are its 10-kg
weight and the ball-and-socket reactions at A (the component A is perpendicular
to the paper).

(a)

FBD

(b) ©

The kinematics of the bar are illustrated in Fig. (c). We see that the compo-
nents of the angular velocity vector of the bar are

wy = wsin40° = 0.6428w wy = wcos40° = 0.7660w w, =0

We also observe that the path of G is a horizontal circle of radius R =
0.5 + 1.5sin40° = 1.4642 m. Therefore, the acceleration of G is @ = Rw? =
1.4642w?, directed as shown in Fig. (c).

Referring to Figs. (b) and (c), the force equations of motion are

SF, =ma, " A,— Wsin40° = —mRw* cos40°
A, — 10(9.8) sin40° = —10(1.4642)w* cos 40°
A, =62.99 — 11.220* N @)
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XF, =ma, N Ay —Wcos40° =mRawsin40°
Ay —10(9.8) cos 40° = 10(1.4642)w” sin 40°
Ay, =75.07+9.41170* N (b)
YF.=ma, A,=0 ©

For the moment equations of motion, we use the Euler’s equations in
Egs. (19.33). The principal moments of inertia at G are

mL> _ 10(3)?

I =1 =— = =7.5kg - m? I, ~
D) 12 Skg-m y~0

Because w, = @, = @, = w, = 0, and because there are no moments acting
about either the x- or y-axis, the first two Euler’s equations,

XM, = Loy +oy0,(I; — 1))
XM, = Loy + v, —I)

are trivially satisfied (each yields O = 0). The third Euler’s equation is

XM, = Lo, +ow,(I, — ;)
—1.5A, = 0+ (0.6428w)(0.7660w) (0 — 7.5)
Ay = 2.46190° Q)

Solution of Eqs. (a) and (d) is A, = 11.38 N and
w = 2.15rad/s Answer

Substituting this result in Eq. (b) and solving for A, yields A, =118.58 N.
Therefore, the magnitude of the reaction at A is

A= [A2+ A2 4+ A2 =/(11.38)2 + (118.58)2+0 = 119.12N  Answer
il
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Sample Problem 19.9

Figure (a) shows a body that is formed by welding together three uniform rods
labeled 1, 2, and 3, each with the mass shown. (This body also appeared in Sample
Problem 19.5.) Support for the body is provided by smooth bearings at A and B,
with only the bearing at A being capable of providing an axial thrust. A small
motor at A (not shown) is driving the body at the constant angular velocity wg
rad/s. For the position shown in Fig. (a), determine (1) the output torque T'; (2) the
bearing reactions at A and B; and (3) the dynamic bearing reactions (the reactions
caused by the rotation of the body).



m; =0.15kg z  Dimensions in mm

m, =0.48 k

250 3 &

A 200 200 200 200 B
C v " { y
& C @

300
X
m, =0.18 kg

(a)

Part 1

The free-body diagram of the body, shown in Fig. (b), displays the bear-
ing reactions at A and B; the weight of each rod: W;=0.15(9.8) =1.47 N,
W, =0.18(9.8) =1.764 N, W3=0.48(9.8) =4.704 N; and the output torque T
of the motor required to drive the body at constant angular velocity. The origin of
the xyz-reference frame, which is assumed to rotate with the body, is attached to
C, the midpoint of rod 3.

W, =1.764N

(b) FBD

Because the rotation occurs about a fixed axis, we can use Eqgs. (19.39).
However, we must first convert Egs. (19.39) from rotation about the z-axis, which
was assumed in their derivation, to rotation about the y-axis. This conversion can
be accomplished with the aid of the following diagram.

X Z

)_CAxis of rotation )_CAxis of rotation
4 y

y X

From this diagram, we see that Eqs. (19.39) must be changed by replacing x by z,
y by x, and z by y. The results are

M, = 1,0

T EIMy=0 IM. =l

y
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The products of inertia about point C were computed in Sample Problem 19.5:
I,y = 0.00540 kg - m* and I, = —0.003 75 kg - m*. Consequently, referring to
the FBD in Fig. (b) and using w, = wy, the moment equations of motion become

M, = 1,0} —A,(0.400) + B,(0.400) + 1.47(0.200)
—1.764(0.200) = — (—0.003 75w;) 6))

M, =0 T + 1.764(0.150) = 0 (b)

M, = L) A,(0.400) — B, (0.400) = 0.005 40w? ©

From Eq. (b), the output torque of the motor for the position shown is
T =—-0.2646 N-m Answer

Note that the magnitude of this torque will vary as the position of the body
changes.

Part 2

We next apply the force equation of motion £F = ma to the body, where m is the
mass of the body and a is the acceleration of its mass center. The inertia vector
for the body is the sum of the inertia vectors of the individual rods. Because the
mass center of rod 1 moves with constant speed on a circle centered on the y-axis,
the acceleration of its mass center consists of the normal acceleration a, = rwS;
that is, a; = —0.1250)(2)k. Similarly, for rod 2 we get a, = —0.150w(2)i. The mass
center of rod 3 is stationary. Therefore, the inertia vector for the body becomes

ma = mia; + mpa,
=0.15 (—0.125w;) k + 0.18 (—0.150w; ) i
= (—0.018 75w;) k — (0.027 00w i (d)

Using these results and the FBD in Fig. (b), the force equations of motion become

L F, = ma, A, + B, = —0.027 00w} (e)
X Fy = may A, =0 Answer  (f)
Y F, = ma, A, + B, — 1.47 — 1.764 — 4.704

= —0.01875w3 ®

Solving Egs. (a) and (g), and Egs. (c) and (e), the x- and z-components of the
bearing reactions in Fig. (b) are found to be

A, = —0.006 7505 N
B, = —0.02025w] N

Answer
A, = —0.01406w] + 3.900 N

B, = —0.004 688w + 4.047 N



Part 3

The components of the bearing reactions apply only when the body is in the given
position. However, it can be seen that the terms with a)g are valid for all positions
of the body. These terms, called the dynamic bearing reactions, are caused by the
rotation of the body. Figure (c) shows the dynamic bearing reactions together with
the inertia vectors for bars 1 and 2. Each vector shown in Fig. (c) rotates with the
xyz-axes—that is, with the body.

0.00675 w,? 0.02025w,°
c 0.%70%2
A e
0.01875 w’
0.01406 w2 7 0.004688 w2

()

The so-called static bearing reactions (the terms that are independent of wg)
support the weight of the body and do not rotate with the coordinate system.
However, their magnitudes vary as the position of the body changes. The total
reaction at a bearing is found by adding the static and dynamic bearing reactions.

Sample Problem 19.10

The platform A is rotating about the fixed vertical axis with an angular velocity
w, and angular acceleration ;. At the same time, an internal motor (not shown)
spins the uniform disk B about its axle, which is rigidly mounted to the platform,
at the angular velocity w; and angular acceleration w;. Determine the components
of the couple that is applied to the disk B by its axle.

We solve this problem using two different reference frames. First, the xyz-axes
are embedded in disk B (Euler’s equations); then the xyz-axes are embedded in the
axle—that is, in the platform extended (modified Euler’s equations).
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Method I: xyz Rotating with the Disk

The xyz-axes shown in the figure are principal axes at the mass center of disk B.
If these axes are assumed to rotate with the disk, they constitute a body frame,
which means that Euler’s equations can be used.

It is convenient to write the angular velocity w of disk B as

W =wi+ ok (valid for all time) €)

where '\ is a unit vector directed perpendicular to the platform. Because Eq. (a) is
valid for all time, it can be differentiated, resulting in the angular acceleration of
disk B

® = @11+ o1l + @k + ok (b)
We note that \ = 0. Furthermore, at the instant shown, we have A =Kk, and i=
® X i=(wi+ o;k) x i=w,j. Therefore, Eq. (b) becomes

® = w1i + K + w1w)j (at this instant) (o)

Because the xyz-axes constitute a body frame, we have, according to Egs. (19.35),
oy = (W), ¥y = (®),, and @, = (®).. It follows from Eqgs. (a) and (c) that the
components of ® and @ that are to be substituted into Euler’s equations are

Wy = W] d)x = d)l
wy =0 Wy = w1, d)
w; = Wy CZ)Z = d)z

Substituting Eqs. (d) into Eqs. (19.33) and recognizing that I, = I, for disk B,
we obtain the moments acting on the disk about its mass center (the origin of the
coordinate system).

XM, = Loy +oy0,(I; — 1) = Lo
XM, = Loy + o0, — 1) = Lhoyw, + w01y — 1) = Liwiwr Answer

SM. = Lo, + w.w,(I, — ) = Lan

Because the only support for disk B is provided by its axle, these moments rep-
resent the components of the couple that is exerted on the disk by the axle. The
moment about the x-axis must be applied by the motor, whereas the moments
about the y- and z-axes are provided by bearings that support the disk. Because
the coordinate axes rotate with the disk, the above expressions for the moments
are valid only in the position shown in the figure.



Method II: xyz Rotating with the Platform

Because disk B is spinning about its axis of symmetry (the x-axis), modified
Euler’s equations are applicable. Assuming that the xyz-axes in the figure are
embedded in the platform A, the angular velocity of the reference frame is

Q2 = wk (valid for all time) (e)
and the angular velocity of disk B becomes
® = wi + wmk (valid for all time) ®

The components of ®, namely o, = wi, w, = 0, and w, = w;, are differentiable
because Eq. (f) is valid for all time. Therefore, the components of ®, ®, and
that are to be substituted into the modified Euler’s equations—Eqs. (19.34)—are

w, = w Wy = 0 Q. =0
wy, =0 wy =0 Q,=0 (8
w, = w; W, = Q =w

Completing the substitutions, Eqs. (19.34) yield

M, = Lo+ [LQyw, — [,Q.0, = Lo,
M, = Loy — LQw, + 1,Q.w, = LLwiw Answer
M, = Lo, + [,Qw, — Qo = L

These moments are, of course, identical to those obtained previously by

Method I. The difference is that the foregoing expressions are valid for all time,
not just for the position shown in the figure.
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Problems

Fig. P19.46

Fig. P19.48, P19.49

19.46 The uniform slender bar OA of mass m and length L is attached to the
vertical shaft with a clevis. The assembly is rotating about the shaft with the
constant angular velocity w. Determine the angle 6 between OA and the vertical.

19.47 The uniform slender rod AB, mass 16 kg, is welded at a 60° angle to the
midpoint of the thin shaft CD. Determine the magnitudes of the dynamic bearing
reactions at C and D when the assembly is rotating at the constant angular velocity
o =6 rad/s.

A
5
Qq' O
': 2m %ﬁo {\:l
C [ d | 1 D
/& Zm Ua)
Q)
S
B
Fig. P19.47

19.48 The thin uniform disk of mass m and radius R is mounted at O on the end
of a vertical shaft. The plane of the disk is inclined at the angle B to the horizontal.
Determine the dynamic reactions acting on the disk at O when it is rotating about
the z-axis with the constant angular velocity wy.

19.49 Repeat Prob. 19.48 assuming that a small mass m4 = m/16 is attached
to the rim of the disk at A.

19.50 The uniform rod AB of mass m is rigidly attached to the arm OA. The
assembly is rotating with the angular velocity @ about the vertical axis at O.
Determine the magnitude of the couple that is exerted by arm OA on the rod
AB at A.

Dimensions in mm

Fig. P19.50 Fig. P19.51

19.51 The 24-kg homogeneous disk is mounted on the shaft AB with an eccen-
tricity of 15 mm. If the disk is rotating at the angular speed of 20 rad/s, determine
the magnitudes of the dynamic bearing reactions at A and B.



19.52 The crank is made of a uniform slender rod of total mass 8 kg. If the
crank rotates about the y-axis with the constant angular speed w =40 rad/s, find
the dynamic bearing reactions acting on the crank at A and B.

Fig. P19.52

19.53 The homogeneous 1.8-kg bent thin plate can rotate freely about the
axis AB. A couple C = — 0.8k N - m is applied to the plate when it is at rest
in the position shown. Determine the angular acceleration of the plate and the
bearing reactions at A and B immediately after the couple is applied.

19.54 The plate described in Prob. 19.53 is rotating about the axis AB with the
constant angular velocity @ = 10k rad/s. Calculate the dynamic bearing reactions
at A and B.

50

100

Dimensions in mm

Fig. P19.53, P19.54

19.55 The slender 2-kg uniform bar CD is rigidly attached to the shaft ABC. The
assembly is at rest in the position shown when the 10N vertical force is applied
at D. Determine the bearing reactions at A and B, and the angular acceleration of
the shaft for this position. Neglect the weight of the shaft.

19.56 The 0.15-kg mass of the wheel is concentrated primarily in its thin, uni-
form rim of mean radius R =80 mm. The wheel spins about the axle at O at the
constant angular speed w; = 180 rad/s. At the same time, the mounting fork is

19.46-19.64  Problems

Fig. P19.55
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b

Fig. P19.56

Fig. P19.58

Rigid-Body Dynamics in Three Dimensions

rotating about the z-axis at the constant angular speed w, =40 rad/s. Calculate
the couple exerted on the wheel by the axle.

19.57 The 9-kg uniform disk spins about the axle AG with the constant angular
velocity of 20rad/s. The axle is supported by a ball-and-socket joint at A, and
it rotates about the vertical axis with the constant angular velocity w;. Find the
value of w; for which the axle will remain horizontal during the motion. Neglect
the weight of the axle.

Fig. P19.57

19.58 The uniform slender rod OA of mass m is attached to the vertical shaft
with a clevis. Determine the constant angular velocity wg of the shaft for which
the rod will maintain a constant angle g = 25° with the vertical.

19.59 The position of the 1.2-kg uniform slender rod OA is controlled by two
small electric motors. A motor at B rotates the vertical shaft at the constant angular
speed of 1.8rad/s, and a motor at O increases the angle 8 between OA and the
vertical at the constant rate dB/dt = 1.5 rad/s. Compute the output torque of each
motor when the rod is in the position 8 =30°. Neglect the masses of the motors.

Fig. P19.59 Fig. P19.60

19.60 The homogeneous slender rod AB of mass 20 kg is connected to the ver-
tical shaft with a clevis at A and the horizontal cable BC. Find the tension in the
cable when the assembly is rotating at the constant angular velocity @ = 6 rad/s.
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19.61 A clevis at A connects the uniform bar AB of mass m to the L-shaped arm.
As the arm rotates about the vertical axis, bar AB maintains a 45° angle with the
vertical. Determine the angular velocity w of the arm. Use L = 1 m.

19.62 The homogeneous disk of mass m rotates about the L-shaped axle with
the angular speed w; = 2w, relative to the axle. The axle in turn rotates about
the vertical axis at A with the angular speed w, = wy. Determine the force-couple
system that represents the dynamic bearing reaction at A. Neglect the mass of
the axle.

19.63 The uniform 16-kg slender rod PQ spins about the axis BD at the con-
stant angular speed 6 = 12 rad/s. At the same time, the bracket AB is rotating
about the vertical axis AD at the constant rate of 4 rad/s. The angular speeds are
maintained by small electric motors (not shown) at A and D. Calculate the torque
that each motor must develop as a function of the angle 6. Neglect the masses of
the bracket and the motors.

L4

——

45°

Fig. P19.61

Fig. P19.63 Fig. P19.64

19.64 The uniform disk of radius R =0.2 m and mass m = 6Xkg is attached
to the bent axle OAB of negligible weight. The axle is joined to a vertical shaft
with a clevis at O. Assuming that the axle rotates freely about the z-axis with the
constant angular velocity w; =6 rad/s, and that the disk rolls without slipping,
determine the vertical force exerted on the wheel by the horizontal surface.

*19.6 | Motion of an Axisymmetric Body

In this article we discuss the motion of axisymmetric bodies, which includes sev-
eral important applications, such as gyroscopes, satellites, and projectiles. The
equations of motion employed here are the modified Euler equations, but these
equations will be reformulated by introducing new kinematic variables known as
Euler’s angles.
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a. Euler’s angles and angular velocity

We recall that in the modified Euler’s equations, the rotation of a body has two
components: (1) the spin of the body relative to an xyz-reference frame, and (2)
the rotation of the xyz-axes relative to a fixed XY Z-coordinate system. If the
body is axisymmetric, it is convenient to orient the xyz-axes in a special way, as
described below and illustrated in Fig. 19.11(a).

» The z-axis is chosen as the axis of symmetry of the body. The Z-axis (its direc-
tion can be chosen arbitrarily) is known as the invariable line. The angle 0
between the Z- and the z-axes is called the nutation angle.

* The x-axis, called the nodal line, is oriented so that it always lies in the
XY-plane. The angle ¢ between the X- and the x-axes is known as the
precession angle.

Nodal line

X
(b) Spinning of the body relative to
(a) Orientation of xyz-reference frame. xyz-reference frame. Direction
Directions of ¢ and 6 shown are positive. of \ shown is positive.

Fig. 19.11

The angular velocity vectors @ and ¢ shown in Fig. 19.11(a) are called the
rates of nutation and precession, respectively.

Because the z-axis is embedded in the body, the rotation of the body relative
to the xyz-frame is confined to a rotation, or spin, about the z-axis. The rate of this
rotation, called the rate of spin and denoted by V¥, is shown in Fig. 19.11(b). The
spin angle v (not shown) can be measured from any convenient reference. The
angles ¢, 0, and i, which are called Euler’s angles, are useful kinematic variables
for describing the motion of an axisymmetric body.

Before proceeding, we must reiterate that the xyz-axes shown in Fig. 19.11
are not a body frame, because the body is allowed to spin about the z-axis. From
Fig. 19.11(a), we see that the angular velocity of the xyz-reference frame is

Q=¢+6 (19.40)
Because the body spins at the rate v/ relative to the xyz-frame, its angular velocity

isw =R+, or
o=¢p+0+1 (19.41)
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Utilizing Fig. 19.11, we deduce that the components of 2 and w relative to
the xyz-axes are
Q, =06 wy = 6
Q, = ¢sind wy = ¢sinf (19.42)
szécose a)zzq'bcose+1b

b. Moment equations of motion

Because the z-axis is an axis of symmetry for the body, we have I, =I, =
I,y =0and I, = I,. From now on, we will use the following notation:

L=1,=1 (19.43)
Substituting Eqgs. (19.42) and (19.43) into the modified Euler equations,
Egs. (19.34), we obtain
=M, =16 + I, — D)¢?sin6 cos 6 + I,d;{p sin 0
YM, = I¢sin6 +210¢ cosd — IO + 6 cos )
SM, = L + $cosd — ¢f sinb) (19.44)

d . .
= IZE(W + ¢ cos 6)

Sometimes it is convenient to use the following equations, obtained by substitut-
ing w, = ¢ cos b +  from Egs. (19.42) into Eqgs. (19.44).
M, =16 + Lw.¢sin — I¢$*sin6 cos O
EM, = I$sin6 + 216¢ cos6 — I.6w, (19.45)
M, = Lo,
When using Eqs. (19.44) or (19.45), recall from Art. 19.5 that the modified Euler’s
equations are valid only if the origin of the xyz-axes is located at the mass center
of the body, or at a fixed point (fixed in the body and in space).
¢. Steady precession

The special motion that arises when 1'ﬂ, qS, and 0 are constants is known as steady
precession. In this case, Eqs. (19.44) simplify considerably:

M, = (I, — )$*sin 6 cos 0 + I.¢p sin6
M, =0 M, =0 (19.46)

whereas the equivalent equations of Eqs. (19.45) reduce to

YM, = Lw.¢sind — [$*sin6 cos b

(19.47)
M, =0 M, =0 94
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Fig. 19.12

6 |,— Invariable line
)

Fig. 19.13

Rigid-Body Dynamics in Three Dimensions

y

From either Eqs. (19.46) or (19.47) we see that for a body to undergo steady pre-
cession, it must be acted upon by forces that provide a constant moment about
the x-axis (the nodal line) with no moments acting about the other two axes.
Therefore, the direction of the moment vector must be perpendicular to both the
precession axis (Z) and the spin axis (z).

An interesting special case of steady precession occurs when the precession
axis (Z) is perpendicular to the spin axis (z), as depicted in Fig. 19.12. Setting
6 = 90° in the first of Eqgs. (19.46), we find that the moment required to maintain
the steady precession is

M, = Loy (19.48)

d. Torque-free motion

If the resultant moment of the external forces about the mass center is zero, the
body is said to undergo torque-free motion. Torque-free motion is thus character-
ized by ¥XMg = dhg/dt =0, from which we conclude that the angular momentum
of the body about its mass center G remains constant in both magnitude and
direction. Examples of torque-free motion are projectiles (with air resistance
neglected) and space vehicles in unpowered flight.

Figure 19.13 shows an axisymmetric projectile in free flight. For mathematical
convenience, it is customary to choose the fixed Z-axis to be in the direction of hg.
The xyz-coordinate system is attached to G, with z being the axis of symmetry of
the body. In accordance with Fig. 19.11, the x-axis is perpendicular to the plane
formed by the Z- and z-axes. Although the z-axis is embedded in the body, it is
important to recall that the xyz-axes do not constitute a body frame, because the
body can rotate (spin) about the z-axis relative to the xyz-frame.

As shown in Fig. 19.13, we let 8 be the angle between the angular velocity
vector @ of the body and the z-axis. The angle 6 between the Z- and z-axes is the
Euler angle that was defined in Fig. 19.11. The components of h¢ relative to the
xyz-axes thus are

h,=0 hy = hgsin6 h, = hgcosf (19.49)

Due to symmetry, the xyz-axes are principal axes of inertia of the projectile
at G. Using the notation I, = I, = I, the components of h¢ take the form [see
Eq. (19.18)]

h, = lw, hy = Loy, h. = Lo, (19.50)
Comparing Eqgs. (19.49) and (19.50), we conclude that

hg sin6 hgcos6
w, =0 W, = - w, = —— (19.51)
. 1 I,

Because w, = 6 according to Eq. (19.42), we conclude that 6 remains constant,
which indicates that the motion is a steady precession about the Z-axis.

A useful relationship between the angles 6 and § can be derived by noting
that (see Fig. 19.13) tan 8 = w,/w,. Using Egs. (19.51), we obtain

tan § = wy hg sin6/1

I,
= ———— = —tan6
w;  hgcosO/l, 1
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or

(19.52)

. _
tand = — tan B where A = =
A 1

Using Eq. (19.52), it is possible to obtain the following relationships
between the angular velocity and the rates of spin and precession (see Sample
Problem 19.11 for the derivation):

¥ = w(l —1)cos B (19.53a)
¢ = wcos By/A2 + tan? B (19.53b)
A = (1 — 1) cosd (19.530)

It is customary to distinguish between cases of steady precession, depending
on whether X in Eq. (19.52) is greater or less than one.

Case 1: Direct (regular) precession: A < 1.
For A < 1, it follows from Eq. (19.52) that I> I_z, which is the case
for an elongated body such as the rocket shown in Fig. 19.14. From
Eq. (19.52), we also see that 8 > B, indicating that the angular velocity
vector w lies within the angle formed by the positive Z- and z-axes, as
shown in Fig. 19.14(a). Note that the projection of ¥ onto ¢ is in the
same direction as <i), which is a characteristic of direct precession. The
system of vectors shown in Fig. 19.14(a) precesses at a constant rate ¢
about the Z-axis, while the angular velocity w sweeps out a cone in
space, the axis of the cone being Z.

(a) Direct precession (8 > 8) (b)

Fig. 19.14

This motion may be represented by the geometric model shown in
Fig. 19.14(b), which consists of two right circular cones. The body cone
is fixed in the body, with its axis being the axis of symmetry of the body
(z-axis). The space cone is stationary, with Z being its axis. The angular
velocity w lies along the line of contact between the two cones. Because
the instant axis of rotation is the locus of points that have zero velocity,
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Case 2:

we see that the body cone rolls without slipping on the outside of the
space cone. Therefore, the z-axis and angular velocity w precess about
the Z-axis at the rate ¢, and the body cone spins about the z-axis at
the rate /. By direct comparison of parts (a) and (b) of Fig. 19.14, we
conclude that the motions of the body cone and the physical body (that
is, the rocket) are identical.

Retrograde precession: A > 1.

If A > 1, we see from Eq. (19.52) that I < I, which would be the case
for a flattened body such as the orbiting space vehicle in Fig. 19.15.
Because A > 1 implies that 6 < §, the angular velocity vector w lies
outside the angle formed by the positive Z- and z-axes, as shown in
Fig. 19.15(a). We see also that the direction of the projection of ¥
onto ¢ is opposite to the direction of ¢. The cone model for retrograde
precession in Fig. 19.15(b) shows that the space cone is on the inside of
the body cone.

/Space cone

(a) Retrograde precession (8 < ) (b)

Fig. 19.15

For a body for which all three principal moments of inertia are equal to /—that
is, for A = 1 (as is the case for a uniform sphere)—it can be seen from Eqgs. (19.18)
that h; = Iw. Therefore, once launched with an initial rotation about a given
axis, the body simply continues to rotate about that axis with constant angular

velocity.

e.

Gyroscopes

A gyroscope consists of an axisymmetric rotor, or disk, that is mounted in such a
way that the rotor is free to spin about its axis of symmetry. Figure 19.16 shows
a gyroscope that is mounted in a so-called Cardan’s suspension, a widely used
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Outer gimbal
Inner gimbal

y

Rotor

Fig. 19.16

design for inertial guidance systems, gyrostabilizers, and so on. The elements
of this suspension are as follows: the rotor of mass m, which spins about the
axis AB, which is fixed in the inner gimbal, or ring; the inner gimbal, which is
free to rotate about the axis CD relative to the outer gimbal; and the outer gimbal,
which can rotate about the Z-axis. Figure 19.16 also shows the manner in which
the orientations of the gimbals correspond to the Eulerian angles ¢ and 6, and to
the rate of spin ¥ of the rotor. Assuming that the Z-axis has a fixed orientation
in space, the rotor has three degrees of rotational freedom, and it can, therefore,
assume all possible angular positions. Of particular interest is the fact that the
three axes of rotation intersect at the mass center G of the rotor. Consequently, the
motion of the rotor is torque-free, assuming that all of the bearings have negligible
friction and that no external forces are applied to the gimbals.

If the rotor in an otherwise stationary gyroscope is set spinning about the
z-axis, its initial angular momentum hg will also be directed along the z-axis.
Because the motion is torque-free, the direction of that axis will remain fixed
(¥Mg = dhg/dt = 0). The capability of a gyroscope rotor to maintain a fixed
direction serves as the principle of operation in many navigational instruments.

A force applied to one of the gimbals can result in a moment about the mass
center of the rotor. In this case, the rotor will undergo steady precession provided
that suitable initial conditions were present. The direction of the precession can
be deduced from XMy = dhg/dt, where Mg is the moment of the applied
force about the mass center G.
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(a)

Sample Problem 19.11

Figure (a) shows an axisymmetric body (z-axis is the axis of symmetry) that is
undergoing torque-free motion. The fixed Z-axis is chosen to coincide with hg,
the angular momentum about the mass center G. The angular velocity vector w is
inclined at the angle 8 from the z-axis.

(1) Letting A = I./1, derive Egs. (19.53a—c):

¥ =w(l —A)cosp @
¢ = wcosﬁ\/m (b)
M/} =( - A)(i) cos ©

where v/ and ¢ are the spin and precession rates, respectively, and 6 is the Euler
angle shown in Fig. (a).

(2) Sketch the body and space cones, and calculate the rates of spin
and precession for a satellite given that A=1.8, o = 1.2 rad/s, and g =25°.
Repeat the procedure for a rocket for which A=0.2, ®=0.8 rad/s, and
B=15°.

Part 1

Applying the law of sines to the velocity diagram shown in Fig. (b), we obtain

v B w
sin(@ — ) ~ sin(wr — 6)
which yields
. sinf cos B — cos 8 sin B sin B8
Y =w - =w|cospB —
sin 6 tan 6

Substituting tan & = (1/A) tan g [see Eq. (19.52)], we obtain

sin 8

V=o (Cosﬂ T () tan B

):a)(l — A)cos B

which agrees with Eq. (a).
Application of the law of sines to Fig. (b) also yields

i o
sinf  sin(w — 6)
or .
= o2f (d
sin 6

Utilizing, as before, the relationship tan & = (1/A) tan $, sin @ may be written as

tan 6 (1/x) tan B tan 8

/1 +tan20 - V14 [(1/3) tan B2 - VA2 4 tan2 B ©

sinf =




Substituting Eq. (e) into Eq. (d) gives

. VA2 + tan?
1) =wsinﬁﬂ = wcos B/A2 + tan? B

tan

which agrees with Eq. (b).
Dividing Eq. (a) by Eq. (b), we obtain

v w(—Xcosp 1—x

¢  wcospyAZ+an?f A2+ A2tan0

_ 1—A _ (I —A)cosH
T Asech A

or

Ay = (1 — )¢ cosb
which is identical to Eq. (c).

Part 2

The Euler angle 6 between the fixed Z-axis and the axis of symmetry is found by
using Eqgs. (19.52) and (19.53). Equations (a) and (b) can be used to calculate the
spin rate v and the precession rate ¢. When the given parameters for the satellite
and the rocket are substituted into these equations, the results are as follows.

For the satellite:

6 = tan"'[(1/A) tan 8] = tan"'[(1/1.8) tan 25°] = 14.52°
v =w(l —A)cos B = 1.2(1 — 1.8) cos 25° = —0.870 rad/s

é = wcos B+/A2 + tan? B
= 1.2c0s25°y/(1.8)? + tan? 25° = 2.022 rad/s

For the rocket:

6 = tan"'[(1/4) tan 8] = tan"'[(1/0.2) tan 15°] = 53.26°

I/.f =w(l —A)cos B =0.8(1 —0.2)cos 15° = 0.618 rad/s

¢ = wcos By/A2 + tan? B

= 0.8 cos 15°+/(0.2)% 4 tan? 15° = 0.258 rad/s
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Body cone

(c) (d

The space and body cones for the satellite and rocket are shown in Figs. (c)
and (d), respectively. Observe that the satellite undergoes retrograde precession

536

(a)

(¥ is negative), whereas the precession of the rocket is direct (4 is positive).
O

Sample Problem 19.12

Figure (a) shows a uniform sphere of radius R and mass m that is welded to the rod
AB of length L (the mass of AB may be neglected). The clevis at B connects the
rod to the vertical shaft BC. The assembly is initially rotating about the vertical at
the angular velocity w, with the sphere resting against the shaft. Assuming that w
is gradually increased, determine the critical angular velocity w,, at which contact
between the sphere and rod is lost. Neglect friction.

The free-body diagram of the sphere and the rod, drawn at the instant when the
assembly is rotating at @ = w;, is shown in Fig. (b). The xyz-axes are assumed
to be attached to rod AB with the origin at B (the x-axis is out of the paper).
In addition to the weight mg of the sphere, the FBD also contains the reactions
provided by the clevis at B: the pin force B and the two moment components
M, and M, (M, = 0 because the pin of the clevis is frictionless). If the angular
velocity were less than the critical angular velocity, the FBD would also contain
the normal force N that is exerted on the sphere by the vertical shaft. However,
when w = w,;, then N = 0.

It is convenient to choose the Z-axis to coincide with the vertical shaft, as
shown in Fig. (b). The Euler angle 8, which was defined as the angle between
the Z- and z-axes, is also shown in the figure. When the sphere is about to lose
contact with the vertical shaft, its motion consists of a rotation about the Z-axis
at the rate w.;. The spin rate is zero, because the sphere cannot rotate relative
to the rod AB. Therefore, the motion of the sphere can be described as a steady



precession with no spin; in other words, q) = Wer, w —60=0.Asa result, the
steady precession equation, Eq. (19.46), becomes

M, = (I, — IwZ sinf cos @ 6))

The inertial properties of the sphere about point B are

2 5 2 5 2
L:ng and I:Iyzng +m(L 4+ R)

Z

from which we obtain
I.—I=—-m(L+R)? (b)

Referring to Fig. (b), we find that the moment of the external forces (the weight)
about the x-axis is
XM, =mgR (o)

From the same figure we also deduce that
R

sinf = sin(r — 0) = I+R (d

and
V(L + R)?—R?
L+R
Substituting Eqs. (b)—(e) into Eq. (a) and solving for the critical angular velocity,
we obtain
Ve

= Answer

Wer =
V(L + R)?— R?

(e

cosf = —cos(r —60) = —

b4 mg

FBD (x-axis out of paper)

(b)

&3Sample Problem 19.13

Figure (a) shows the same assembly that was described in Sample Problem 19.12.
The assembly is initially stationary with the sphere resting against the shaft BC.
A motor at C is then activated that drives the shaft with the constant angular
acceleration « (the resulting angular velocity of the shaft is w = «t). Letting 1,
be the time when the sphere loses contact with the shaft, (1) derive the equation
of motion for the sphere in terms of the angle g8 for the period ¢ > 7y, and state
the initial conditions; and (2) solve the equations numerically for the time interval
t =tytot =1ty+2sandplot 8 versus . Use m = 7kg, L = R = 60 mm, and
o = 5.5 rad/s%.

Part 1

The free-body diagram (FBD) of the rigid unit containing the sphere and the rod
AB is shown in Fig. (b). The xyz-axes are assumed to be attached to rod AB with
the origin at B (the x-axis is out of the paper). This FBD displays the weight of
the sphere and the reactions at B: the pin force B and the moment components
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mg

(b) FBD (x-axis out of paper)

M, and M (the pin of the clevis does not provide a moment component about
the x-axis). The fixed Z-axis is assumed to be directed along the vertical shaft as
shown in Fig. (b), with 6 being the Euler angle between the Z- and z-axes. Because
the sphere and rod AB rotate as a rigid unit, the spin rate v/ is zero. Furthermore,
comparing Figs. (a) and (b) with Fig. 19.11, the precession rate is found to be
(;'5 =w = ul.

The modified Euler equation that governs g is the first of Eqs. (19.44) (the
remaining two equations could be used to find M, and M;).

M, =16+ (I, — I)¢*sin0 cos 6 + I.¢yr sin6 @
Using L = R and 6 = m — B, the various terms in Eq. (a) become
XM, =2mgRsin B (from the FBD)

2
I. = ZmR?
5

2 , 2
I=1Iy=mR+mR+R)* = ZmR

b= —j b= ai i =0

Substituting these expressions into Eq. (a), we get
. 22 5 . ) 5 .
2mgRsin 8 = ?mR (—B) + (—4mR")(at)“sin B(—cos B) +0

which, on canceling the mass m and rearranging terms, reduces to

.10 10
B = ﬁozzt2 sin B cos B — ﬁ sin 8 (b)

When the numerical values & = 5.5 rad/s?, g = 9.81 m/s?, and R = 0.060 m are
substituted into Eq. (b), the equation of motion becomes

B =27.50¢*sin Bcos B —74.32sin (fort > ty) Answer ()

From the solution to Sample Problem 19.12, we know that w,,, the critical
angular velocity at which contact between the sphere and vertical shaft is lost, is

o JE _ V981
YL FRI-R Y(0.120)2 — (0.060)2
= 9.716 rad/s

Consequently, the time at which contact is lost is #{y = o /o = 9.716/5.5 =
1.7665 s. The initial value of B (the value when the sphere touches the verti-
cal shaft) is By = tan"!'[R/(L + R)] = tan"!(R/2R) = tan~'(1/2) = 30° =
0.5236 rad. Therefore, the initial conditions are

fo=17665s  By=0.5236rad Sy =0 Answer  (d)



Part 2

The equivalent first-order equations and the initial conditions are (with x; = 8 and

X2 =,3)
X1 =xp x1(1.7665) = 0.5236
%» = 27.50¢% sin B cos B — 74.32 sin B x2(1.7665) =0

The MATLAB program that produced the plot in Fig. (c) is:

function examplel9_13

[t,x] = oded5(@f,[1.7665:0.01:3.7665],[0.5236 01);

axes (' fontsize’,14)

plot(t,x(:,1)*180/pi, 'linewidth’,1.5)

grid on

xlabel (‘time (s)’); vyvlabel (’'beta (deg)’)
function dxdt = f(t,x)
s = sin(x(1)); ¢ = cos(x(1));
dxdt =[x(2); 27.5%t"2xsxc - 74.32%xs];
end

end
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1
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)
n
U0 R
w
n
I

1.5

time (s)

(c)

Referring to Fig. (c), we see that § is made up of two parts—an average value
that increases with time, and oscillations about the average value. As the angular
speed w of the shaft increases, we expect the average value of 8 to approach 90°
and the amplitude of the oscillations to decrease (due to the increasing centrifugal
force on the sphere). Both of these trends can be observed in Fig. (c).
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Problems

h/\
L

Fig. P19.65

Dimensions in mm

Fig. P19.67

Fig. P19.68

w

19.65 The homogeneous cylinder is launched into space with the spin veloc-
ity w. Find the ratio h/R for which no precession will occur.

19.66 The uniform 2.5kg disk rotates about the shaft OA which is attached
to a vertical axle with a clevis. If the disk rolls without slipping on the horizontal
surface with the angular speed of 20 rad/s, determine the vertical reaction between
the disk and the horizontal surface. Note that the path of the disk is a circle of
radius 4 m that is centered at O. Neglect the weight of shaft OA.

0)

Fig. P19.66

19.67 The 25-kg homogeneous disk is spinning about the shaft AB at 40 rad/s.
At the same time, the shaft is rotating about the vertical axis through O at
2 rad/s. Determine the mass m of the counterweight at B that will keep the shaft
horizontal. Neglect the mass of the shaft.

19.68 The axis of the thin ring is observed to precess at the rate ¢ = 10 rad/s,
the precession angle being 5° from the Z-axis. Determine the spin velocity vector
and the angular velocity vector of the ring.

19.69 The jet airplane is flying at 972 km/h on the circular path of 3 km radius.
The rotor of the jet engine weighs 250 kg and has a radius of gyration of 0.4 m
about its axis. The rotor is turning at 15 x 10° rev/min with its angular velocity
vector being parallel to the velocity of the airplane. Calculate the gyroscopic
moment acting on the rotor.

972 km/h

<
~
I ~o
I@
I
Rotor

15000 rev/min

Fig. P19.69
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19.70 The two thin uniform disks, each of radius R and mass m, are rigidly
connected by a shaft of length L and negligible mass. When the assembly spins
freely in the sleeve at O with the angular velocity of ¥y = 3 rad/s, it is observed
to precess about the vertical axes at the rate ¢ = 2 rad/s with § = 32°. Determine
the ratio L/R.

) |

\
R/

19.71 The homogeneous cylinder of mass m, radius R, and length R spins with
angular velocity w, relative to its axle, which is inclined at the angle 6 from the
vertical. The axle rotates in the bearing at O at an angular speed w,. Determine
the ratio w;/w, for which no moment is exerted on the cylinder by the axle. Note
that the mass center G of the cylinder is directly above O, and assume that 6 # 0

and w; # 0. \y

Fig. P19.71 Fig. P19.72

19.72 The weight of the thin uniform disk is 4 kg, and its radius is R =0.1 m.
The light rod AB is rigidly attached to the disk at A and connected by a clevis to the
vertical shaft BC. The entire assembly rotates about the vertical with the constant
angular velocity w =4 rad/s. Calculate the normal force that acts between the disk
and the shaft at C.

« ‘19.73 The 2-kg homogeneous cone of radius R = 62.5 mm and height H =
~ 7125 mm is attached to the vertical shaft by a clevis. The system is at rest, except for
a very small oscillation of the cone about the clevis, when the shaft starts rotating
with the constant angular acceleration « = 10 rad/s” (the corresponding angular
velocity is w = at). (a) Show that the equation of motion for the angle g is

B = 88.241% sin B cos B — 92.33 sin B rad/s>

and state the initial conditions (do not neglect the small initial oscillation of the
cone). (b) Integrate the equation of motion from r =0 to r =3 s. Use the results to
determine the time when the cone reaches the position § = /2. (c) Plot B versus
t for the period of integration. (d) What would happen to the numerical solution
if the small initial motion of the cone were neglected?

« ‘19.74 The slender rod AB of mass m and length L is pinned at O to the fork that

"is attached to the vertical shaft. The masses of the fork and shaft may be neglected. .
The cord keeps rod AB at the angle 6 = 30° with the vertical. The shaft is rotating Fig. P19.74



542 CHAPTER 19  Rigid-Body Dynamics in Three Dimensions

freely with the angular velocity ¢ = 200 rad/s when the cord suddenly breaks.
(a) Show that the equations that govern the motion of the rod after the break are

6 =¢>sinfcosd and ¢ = —20¢ cotd

and state the initial conditions. (b) Integrate the equations of motion numerically
for a time period during which the rod completes at least two full oscillations
about the pin. From the numerical solution, find the period of oscillation of the
rod, and the range of values of 6 and ¢. (c) Plot # and ¢ versus time over the
period of integration.

19.75 The homogeneous 200-kg cylinder spins about its axis AB at the con-
stant angular speed of 200 rad/s. At the same time, the mounting table is rotated
about the vertical Z-axis at the constant rate of 1.0rad/s. Determine the bearing
reactions at A and B.

Fig. P19.75

19.76 The moments of inertia of the top about axes passing through O are I,
and /. The weight of the top is W, and d is the distance between the mass center
G and O. Show that the top can have a steady precession at a given angle 6 # 0
only when w, > (w,)cr, Where (w,)e = (2/1,)a/IWd cos 6. [Note: The top is said
to be spin-stabilized if w, > (w;).]

« ‘19.77 The moments of inertia of the 0.5-kg top about axes passing through O
“Vare I, =5 x 107 kg-m? and I =20 x 10~* kg-m?. The top is launched at § = 30°
with the initial angular velocities 6=0, ¢ =0, and w =120 rad/s. (a) Derive the
differential equations of motion in terms of the three Euler angles. (b) Integrate
the differential equations numerically from # =0 to t = 0.6 s, and use the results

to find the range of 6. (c) Plot @ and v versus ¢ for the period of integration.

Fig. P19.76-P19.78

6« ‘19.78 It can be shown that the steady precession rate of the top described in
~"Prob. 19.77 is ¢ =4.330 rad/s when 6 =30° and iy = 120 rad/s. Assume that air
resistance causes a small frictional couple M, = — I, about the z-axis, where
n=0.5s"". (a) State the differential equations of motion in terms of the three
Euler angles. (b) Integrate the equations numerically from t =0to # = 1.0 s, using



«e

the steady precession values as the initial conditions. From the results, determine
the initial and final values of w,. (c) Show that the analytical solution for w, is
w, = (w;)oe ™, where (w,)o is its initial value. Verify that the values of w, found
in part (b) agree with this result. (d) Plot 6 and ¢ versus 1.

19.79 Because the axis of the projectile is not aligned with its velocity vector,
the resultant aerodynamic force P passes through the point C that is located a
distance d from the mass center G. Determine the expression for the smallest
value of w, for which the projectile will be spin-stabilized. (Hint: Refer to the
result stated in Prob. 19.76.)

P19.79

19.80 The gyroscope consists of a thin disk of radius R and mass m that is sup-
ported by two gimbals of negligible mass. A constant vertical force F is applied to
the inner gimbal. Assuming steady precession with 8 = 90°, derive an expression
for ¢ in terms of /.

19.81 The thin homogeneous disk of the gyroscope weighs 26 N, and its radius
is R =12 cm. The weights of the two gimbals may be neglected. Before the con-
stant vertical force F =80 N was applied to the inner gimbal with b =10 cm,
the disk was spinning at ¥ = 500 rev/min with its axis horizontal (6 =90°) and
no precession ((jb =0). (a) Derive the differential equations of motion in terms of
Euler angles, and state the initial conditions. (b) Integrate the equations of motion
from 7 =0 (the time when F was applied) to 7 =0.12 s. From the result determine

the range of values of 6, ¢, and w (c) Plot ¢ versus 6 and 1// versus t.

19.82 The football is thrown with the angular velocity w = 12 rad/s, directed at
the angle B =5.2° with the z-axis. The z-axis makes an initial angle of y = 15°
with the horizontal. (a) Assuming that I. = I/4 and neglecting air resistance, find
the angle 6 that locates the precession axis, and calculate the precession and spin
rates. (b) Employing a sketch of the body and space cones, find the range of y
during the flight.

19.83 The axisymmetric satellite is rotating at the angular velocity
w =0.6 rad/s, directed at 8 =30° from the z-axis. Given that I_Z =21, (a) deter-
mine the angle 6 that locates the axis of precession, and find the rates of spin and
precession; and (b) sketch the space and body cones.

19.84 The axisymmetric satellite is rotating with the angular velocity vector o,
where the angle 8 between @ and the z-axis is very small. Show that the pre-
cession and spin rates of the satellite are é = oL/l and ¥y = w(1 — L/I),
respectively.

19.65-19.87 Problems 543

QN

Fig. P19.83, P19.84



544

CHAPTER 19

Rigid-Body Dynamics in Three Dimensions

19.85 The thin homogeneous disk of radius R is thrown with the spin velocity
of 60rad/s in the direction shown. During the flight, the axis of the disk wobbles
at 30° about the vertical Z-axis. (a) Determine the rate of precession of the disk.
(b) Sketch the space and body cones.

z

z
<

Y
60 rad/s gl
\3

Fig. P19.85

19.86 During its free flight, the rocket is observed to precess steadily about
the horizontal Z-axis at the rate of 1 cycle every 3 minutes. Knowing that the
moments of inertia about axes passing through the mass center G are related by
I =81, calculate the magnitude and direction of the angular velocity vector of
the rocket.

Fig. P19.86

19.87 Because the earth is slightly flattened at the poles, its moment of inertia
I. about the z-axis (the axis of symmetry) is slightly larger than its moment of
inertia I about an equatorial diameter. In addition, the polar axis of the earth,
about which the earth rotates at the rate of one revolution per day, forms a small
angle B with the z-axis. Knowing that the poles precess about the z-axis at the
approximate rate of one complete cycle every 430 days, estimate the ratio I./1.
(Hint: When using Egs. (19.53), be certain to correctly identify the variable that
represents the rate of precession of the poles about the z-axis.)

S

Fig. P19.87
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meview of Equations
Differentiation of a vector function in a rotating
reference frame
% = (Cfi_‘t,),% 4+ ® x V (frame fixed in body %)
v (dv
- = — Q A : £
I ( T )/x,y,Z, + @ x V (x'y'z'rotating frame)

Rectangular components of angular momentum

hy =L, — xyWy — I 0,
hy = =10, + Lo, — I,;0, (About fixed point or mass center)

h, ==l o, — Iyo, + Lo,

Kinetic energy of a rigid body
1 =2 1 - 2 r 2 r .2 T T T
T = zmv + E(wax + Lyoy + Lo, = 2lyowy — 21 0y0; — 21 0,0)

Euler’s moment equations of motion
XM, = Lo, + oy (I, — 1))
XM, = o, + w0 (I, —I;) (xyz-axes are principal axes)
XM, = Lo, + oo,y — 1)
Modified Euler’s equations
XM, = Lo + [,Qy0, — ,Q.0,
M, = Loy — Q0w + Q0. (z-axis is axis of symmetry)

IM. = Lo, + 1,Q0y — [Q,0,
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Steady precession of an axisymmetric body

EM, = (I, — )¢*sinf cos + L,pyysind ETM,=3EM, =0
M, = Lw,¢psind — [$*sin6 cosh IM,=XM,=0

0 = nutation angle
¢ = rate of precession
Y = spin velocity
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Vibrations

An automobile suspension is an
example of a damped mass-spring
system, where the shock absorber
provides the damping. Damped
. vibrations is one of the topics

- Introduction discussed in this ciapter. I()© Leslie
Garland Picture Library/Alamy)

Vibration refers to the oscillation of a body or a mechanical system about its

equilibrium position. Some vibrations are desirable, such as the oscillation of the

pendulum that controls the movement of a clock, or the vibration of a string on a

musical instrument. The majority of vibrations, however, are deemed to be objec-

tionable or harmful, ranging from the annoying (vibration-induced noise) to the

catastrophic (structural failure of aircraft). Excessive vibration of machines or

structures can cause loosening of joints and connections, premature wear, and

metal fatigue (breakage due to cyclic loading).
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Free length
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Fig. 20.1

The study of vibrations is so extensive that entire textbooks are devoted to the
subject. It is our intention here to introduce the fundamentals of vibrations that
should be understood by all engineers and that will serve as the basis for further
study. We consider only the simplest case: vibration of one-degree-of-freedom
systems—that is, problems in which the motion can be described in terms of a
single position coordinate.

The two basic components of all vibratory systems are the mass and the restor-
ing force. The restoring force, often provided by an elastic mechanism, such as a
spring, tends to return the mass to its equilibrium position. When the mass is dis-
placed from its equilibrium position and released, it overshoots the equilibrium
position, comes to a momentary stop, and then reverses direction. This oscillation
between two stationary positions is a simple example of vibratory motion. If the
restoring force is linear, the resulting equation of motion will also be linear, and
its solution can be found by analytical means. Nonlinear restoring forces result
in nonlinear differential equations that can usually be solved only by numerical
methods.

In general terms, vibrations are categorized as forced or free, and damped or
undamped. When the vibration of a system is maintained by an external force,
the vibration is said to be forced. If no external forces are driving the system,
the motion is referred to as free vibration. Damped vibrations refer to a system
in which energy is being removed by friction or a viscous damper (resistance
caused by the viscous drag of a fluid). If damping is absent, the motion is called
undamped.

In free vibrations that are undamped, no energy is supplied to or dissipated
from the system; consequently, the motion will continue forever, at least in theory.
In reality, there is always some damping present, however small, that will even-
tually stop the vibration. In forced vibration, the oscillation can continue even if
there is damping present, because the applied force provides energy to the system
that can compensate for any energy that is removed by the damping.

This chapter begins with a discussion of free vibrations of particles, both
damped and undamped, followed by forced vibrations of particles. The chapter
concludes with rigid-body vibrations and the application of energy methods.

20.2 | Free Vibrations of Particles

a. Undamped free vibrations

Consider the vertical motion of the mass-spring system shown in Fig. 20.1(a).
The position coordinate x of the mass is measured downward from the static
equilibrium position. Note that at x = 0 the elongation of the spring is

A =mglk @

Figure 20.1(b) displays the free-body diagram (FBD) and the mass-
acceleration diagram (MAD) of the mass in an arbitrary position. The forces in
the FBD are the weight mg of the mass and the spring force k(x + A). The MAD
contains the the inertia vector mx of the mass. The equation of motion of the
mass is

Y F, = ma, +l mg —k(x + A) = mX
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Substituting for A from Eq. (a), the equation of motion reduces to
mx+kx=0 (20.13)

The force kx is called the restoring force because it tends to return the mass to its
equilibrium position. Dividing Eq. (20.1a) by m, we obtain

¥4+ px=0 (20.1b)

where

k
p = —_— (20.2)
m

Equation (20.1b) is a linear, second-order differential equation. The solution
of this equation is

x = Acos pt + Bsin pt (20.3)

where A and B are constants of integration, to be determined by the initial
conditions. Successive differentiations of Eq. (20.3) yield

X = p(—Asin pt + B cos pt) (b)
¥ = —p*(Acos pt + Bsin pt) = —p*x (0
Substituting Eq. (c) into Eq. (20.1b), we get —p?x + p*x = 0, thereby verifying
the solution.
Another convenient form of the solution is obtained by letting
A=Esine B = Ecos«a (d)
Equation (20.3) then becomes

x = E(cos pt sin + sin pt cos o)

which can be written as
x = E sin(pt + o) (20.4)

Consider now the case where the initial conditions are given at time ¢t = 0.
Substituting ¢t = 0, x(0) = xp, and x(0) = vy into Egs. (20.3) and (b), we obtain

A = Xxg B = vo/p (20.5)

Substituting Eqgs. (20.5) into Eqs. (d) and solving for « and E yields

tana = 22 E =./x} + (vo/p)? (20.6)
Vo

A graphical representation of Eq. (20.4) is shown in Fig. 20.2. Consider the
motion of point c along the circle of radius E, the radial line ac having the constant

Free Vibrations of Particles
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Fig. 20.2

angular velocity p. If the point starts at b at time 7 =0, its vertical position at
time ¢ is x = E sin(pf 4+« ), which is identical to Eq. (20.4). Note that E sin o« = x¢
represents the position at  =0.

The plot of x versus ¢ in Fig. 20.2 shows that the mass oscillates, or vibrates,
about its equilibrium position x =0. Because the motion repeats itself over
equal intervals of time, it is called periodic motion. Furthermore, motion that is
described in terms of the circular functions, sine and cosine, is known as harmonic
motion. (All harmonic motion is periodic, but not all periodic motion is harmonic.)
The parameter p is referred to as the (natural) circular frequency, E is called the
amplitude, and « is known as the phase angle. As shown in Fig. 20.2, T denotes
the period of the motion—that is, the time taken by one complete cycle of the
motion. Therefore, pt = 27, which gives

T=— (20.7)
The frequency of the motion is the number of cycles completed per unit time:
1
f=—=— (20.8)

The differential equation that describes the motion of the spring-mass system,
Eq. (20.1a), is linear because the restoring force kx is a linear function of the
displacement x. Vibrations that are described by linear differential equations are
called linear vibrations.

Example of Nonlinear Free Vibration

As an example consider the simple pendulum shown in Fig. 20.3(a), which con-
sists of a bob of mass m attached to the end of a string of length L and negligible
mass. The angular displacement of the pendulum from the vertical is measured by
the angle 6. The free-body diagram in Fig. 20.3(b) shows that the forces acting on
the bob are the tension 7 and its weight mg. The normal and tangential (n-f) com-
ponents of the inertia vector are shown in the mass-acceleration diagram in Fig.
20.3(b). Note that the restoring force—that is, the force tending to return the pen-
dulum to its equilibrium position—is mg sin 6, which is a nonlinear function of
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\ \
\ \ .
9 L NT \ma, = mLO*> //t
t e .
I ma, = mL0
mg sin .4 %,
\
AN ﬂmg cos 6
mg\L.”
FBD MAD
(a) (b)
Fig. 20.3

the angular displacement 8. Summing forces in the tangential direction, we obtain

YF,=ma, 7 —mgsinh =ma, =mLb

which becomes

b+ %sin@ —0 (20.9)
The solution of this nonlinear differential equation must be obtained numerically.
Although the motion of the pendulum is periodic, it is not harmonic; that is, the
solution of Eq. (20.9) cannot be expressed in terms of sine and cosine functions.
The motion of the pendulum can be approximated by a harmonic solution only if
the amplitude of the vibration is assumed to be small. Using sin 6 & 6, an approx-
imation that is sufficiently accurate for 6 < 6° for most applications, Eq. (20.9)
becomes

i+56=0 (20.10)

L

which has the same form as Eq. (20.1a). Therefore, the motion of the sim-
ple pendulum is harmonic for small oscillations, the circular frequency being
p=+3¢/L.

Many vibration problems are nonlinear if the amplitude is large, but simplify
to a linear form if the amplitude is assumed to be sufficiently small. But be fore-
warned: Not all vibration problems can be linearized in this fashion—it must be
demonstrated that a linear equation of motion is a valid approximation for small
amplitudes.

b. Damped free vibrations

When energy is dissipated from a vibrating system, the motion is said to be
damped. The common forms of damping are viscous, Coulomb, and solid damp-
ing. Viscous damping describes resistance to motion that is proportional to the
first power of the velocity. (Incidental damping, such as air resistance, is often
assumed to be viscous. However, a damping force proportional to the square
of the velocity would be a more accurate description.) Coulomb damping arises
from dry friction between sliding surfaces. Solid damping is caused by internal
friction within the body itself. In this text, we consider only viscous damping.

Free Vibrations of Particles
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In viscous damping, the damping force Fj is proportional to the velocity; that
is, F; = — cv, where v is the velocity and c is a constant of proportionality, called
the coefficient of viscous damping. The negative sign indicates that the damping
force always opposes the velocity. The dimension of ¢ is [FT/L] with the units
being N - s/m.

A common example of a viscous damper (also known as a dashpot) is the
automobile shock absorber. When an automobile hits a bump, the shock absorbers
carry most of the impact loading, thus preventing the springs from “bottom-
ing out.” The shock absorbers are also responsible for damping out the ensuing
up-and-down oscillations of the vehicle. An automobile shock absorber consists
of a piston that is encased in oil and mounted between the wheel and the frame
of the automobile. As the piston moves, oil is forced to flow through a hole from
one side of the piston to the other. The amount of damping (due to the viscous
resistance of the oil) depends largely on the size of the orifice being used.

Free length
of spring

k(x + A)T chc

*mg 'mx

I
Equilibrium position Arbitrary position FBD MAD
@ (b)

Fig. 20.4

Figure 20.4(a) shows a spring-mass system. We have added a dashpot with
damping coefficient c. Choosing x to be the downward displacement of the mass,
measured from its equilibrium position, results in the FBD shown in Fig. 20.4(b),
where A is the static deflection of the spring. The mass-acceleration diagram
in Fig. 20.4(b) consists of the inertia vector mX. The differential equation of
motion is

Y F, = ma, tL mg —k(x + A) — cx = mx

Utilizing the equilibrium equation mg — kA = 0, we obtain

mx +cx+kx=0 (20.12)

A linear differential equation with constant coefficients, such as Eq. (20.11),

admits a solution of the form
x = AeM

where A and A are constants. Substituting this into Eq. (20.11) and dividing each
term by Ae’ results in the characteristic equation

mi>+ci+k=0 (20.12)
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the roots of which are

)\,1 C c \2 k
=——=x,/(——) — — 20.1
)»2} 2m <2m) m (203)

The critical damping coefficient c., is defined as the value of ¢ for which the
radical in Eq. (20.13) vanishes. Therefore, we find that

Cor = 2mp (20.14)

where p = +/k/m, the undamped circular frequency of the system. It is convenient
to introduce the damping factor ¢, defined as the ratio of the actual damping to
the critical damping; that is,

(20.15)

Now Eq. (20.13) can be written as

;;} =p(—¢£V¢2-1) (20.16)

The general solution of Eq. (20.11) is any linear combination of the two
solutions corresponding to A and A;:

x =AM + Ay

where A; and A, are arbitrary constants. After substitution for the A’s from
Eq. (20.16), the solution becomes

(Tt e

x=Ae (20.17)

There are three categories of damping, determined by the value of the damping
factor ¢."

1 Overdamping:{ >1 Theroots A; and A, in Eq. (20.16) are real and distinct.
Consequently, the motion is nonoscillatory and decaying with time, as shown in
Fig. 20.5. Motion of this type is called aperiodic, or dead-beat, motion.

2 Critical Damping: ¢ =1 The roots A; and A, in Eq. (20.16) are both equal
to — p, and the solution in Eq. (20.17) can be shown to take the form

x = (A + Ayt)e ™ (20.18)

where A; and A, are arbitrary constants. The motion is again aperiodic, as shown
in Fig. 20.5.

“The three forms of solutions are stated here without proof. For a complete discussion, see a textbook
on differential equations.

Free Vibrations of Particles

553



554

x(1)

x(1)

CHAPTER 20

Vibrations

Critically damped
€=n
x(1) Overdamped
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Both curves drawn for the initial condition Xy = 0

Fig. 20.5

3 Underdamping: ¢ <1 The roots A; and A; in Eq. (20.16) are complex
conjugates. It can be shown that Eq. (20.17) can be written in the form

x = Ee %P sin(wyt + o) (20.19)

x = Ee™ V' sin(ayt + @)

T
oo 4—x=Ee !

where E and « are arbitrary constants, and

0

~— wg = py1—2¢2 (20.20)

TN x=—Ee P
\

The motion represented by Eq. (20.19) is oscillatory with decreasing amplitude,
as shown in Fig. 20.6 (the plot is drawn for o« = 0). Observe that the plot is tangent

t

Fig. 20.6

to the curves x = + Ee 4", Although the motion does not repeat itself, wy is called
the damped circular frequency, and the corresponding damped period is given by

21
Ty = — (20.21)
(OF]

B

|
! X,
| n+l
|

A

AR According to Eq. (20.20), the damped circular frequency w, is smaller than the

n+l

z”Lz ¢ circular frequency p. Consequently, the damped period t, is larger than the period
of the undamped free vibration.
Let x,,, X41, Xn+2, - - - be the peak displacements (measured from the equilib-

Fig. 20.7

rium position) of an underdamped system, as shown in Fig. 20.7. It can be proven
that the ratio x,4/x, of two successive peaks is constant. The natural logarithm
of this ratio, called the logarithmic decrement, is (see Prob. 20.16)

In <@> = —\/% (20.22)



Sample Problem 20.1

Three identical springs, each of stiffness k, support a block of mass m, as shown in
Fig. (a). Deformation of bar AB may be neglected. (1) Find the equivalent spring
stiffness ko—that is, the stiffness of a single spring as shown in Fig. (c)—that
can replace the original springs without changing the displacement characteristics
of the block. (2) If the block mass 0.2kg and k = 875 N/m, find the circular
frequency, the frequency, and the period of free vibration.

(©)

(b)

Part 1

Figure (b) shows a method for calculating the equivalent spring stiffness. First,
a static vertical force F is applied at point D, and the vertical movement &p is
computed. The equivalent spring stiffness kg is then calculated using F' = kydp.
Following this procedure, the mass in Fig. (c) will have the same displacement
characteristics as the mass in Fig. (a).

From equilibrium analysis of Fig. (b), we see that the spring forces are equal to
F in the lower spring and F/2 in each of the upper springs (C is the midpoint of bar
AB). The elongations of the upper springs are, therefore, identical, and the vertical
displacements 84, §p, and 8¢ are each equal to (F/2)/k (note that bar AB remains
horizontal). Next we observe that the vertical movement of D equals the vertical
movement of C plus the elongation of the lower spring; that is, §p = 8¢ + (F/k).
The equivalent spring stiffness thus becomes

F F F

Sp 8¢+ (Flk) _ (FI2k) + (F/k)
1 2%
T2k + (k) 3

ko =

Answer

Part 2

Using the given data and the equivalent system shown in Fig. (c), the circular
frequency, frequency, and period of free vibration are

k 2k/3 2(875)/3
p=.—== \/ = \/ ®75)/3 _ 54rad/s Answer
m m 0.2
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f=-—=-—=28.6Hz Answer
2 2
1 1
T=—=—=0.116s Answer
8.6
|

®%Sample Problem 20.2

The simple pendulum consists of a small bob of mass m that is attached to the end
of a string. The pendulum is released from rest when 6 = 30°. Using numerical
integration of the differential equation of motion, calculate (1) the period of oscil-
lation; and (2) the maximum angular velocity. Compare the maximum angular
velocity to the exact value obtained by the work-energy method.

Part 1

Because the pendulum is a conservative system, it oscillates between 6 = £30°.
The motion is periodic, but not harmonic, because 6 is not a small angle—that is,
not less than 6°. We calculate the period of the pendulum by noting that the time
taken by the pendulum to travel from the initial position (8 = 30°) to the vertical
position (6 = 0) equals one-fourth of the period.

From Eq. (20.9), the differential equation of motion is 6 = —(g/L)sinf =
—(9.81/0.750) sin @ = —13.080 sin 8. The equivalent first-order equations are

6=w  @=—13.080sin6

with the initial conditions & = 30° = 7w/6rad and w = 0 at t = 0 (the time of
release). The integration interval extends from ¢ = 0 until the time when 6 = 0 for
the first time. An estimate of the period can be obtained from the linearized differ-
ential equation, Eq. (20.10): 6+ (g/L)6 = 0. We get from Eq. (20.7) t = 27/p =
27//g/L = 27/+/9.81/0.75 = 1.737s. To be on the safe side, the integration
period for the nonlinear problem should be somewhat larger than 1.737/4. We
used 0.45 s in the MATLAB program listed below.

function example20_3
[t,x] = oded5(@f,[0:0.01:0.45],[pi/6 0]);
printSol (t, x)
function dxdt = f(t,x)
dxdt = [x(2); -13.080*sin(x(1))]1;
end
end

The last two lines of the ouput (x1 corresponds to ) were

t x1 x2
4.4000e-001 3.5331e-003 -1.8721e+000
4.5000e-001 -1.5186e-002 -1.8713e+000



The value of # when & = 0 now can be obtained by linear interpolation:

—0.015 186 — 0.003533 1 _ 0 —0.003 533 1
0.45 — 0.44 - r—0.44

which yields ¢+ = 0.4419 s for the quarter period. Therefore, the period is

T =4(0.4419) = 1.768 s Answer
Part 2
The maximum angular velocity (x2 in the printout) occurs when 6 = 0. By
inspection, we see that
6| = 1.872rad/s Answer

max

To calculate the exact value for 6, using the work-energy method, we let
the subscripts 1 and 2 denote the positions § =m/6rad and 6 =0, respectively.
The corresponding kinetic energies are 77 =0 (pendulum is stationary in posi-
tion 1) and T, = (l/2)m(Lémax)2, where Lémax is the velocity of the pendulum
in position 2. The work done by the weight of the bob as it moves from posi-
tion 1 to position 2 is Uj_p =mg(L — L cos0) =mgL[1 — cos(rr/6)], because the
vertical distance between the two positions equals L — L cos /6. Applying the
work-energy principle, we obtain

Ui,=T—-T

L (1 il ) L (L6 — 0
m —cos— ) = =m(LOnax)” —
& 6) "2

from which the value of . is found to be

o =22 (1-eonT) = 2O (e T

= 1.872rad/s (clockwise)

We see that the value for 6y, obtained by numerical integration agrees with the
above result within the four significant digits used, thereby verifying the accuracy
of the numerical integration.

It is instructive to note that although the angular velocity at any position can be
obtained analytically, the time of travel between two positions must be computed
numerically.

Sample Problem 20.3

The block of mass m shown in Fig. (a) is at rest in the equilibrium position at
x = 0 when it receives an impulse that results in the initial velocity x(0) = vy.
(1) Derive the differential equation of motion for the block. Assuming that the
system is critically damped, determine (2) the damping coefficient c; and (3) the
maximum displacement of the block.
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Part 1

The free-body (FBD) and mass-acceleration (MAD) diagrams of the block in an
arbitrary position are shown in Fig. (b). The forces acting on the mass are its
weight mg, the resultant normal reaction N, the two spring forces, and the force
exerted by the damper. The differential equation of motion in the x-direction is

SF, =ma, > —kix—kx—cx=mik

or
mi+cx+ (ky +k)x =0 Answer (a)
kyx e
] .
cfc mx
kyx — = —_—
ff—
N
FBD MAD
(b)
Part 2

By comparing Eq. (a) with Eq. (20.11), we deduce that the undamped circular

frequency is
ki +k
p= [Kit ke (b)
m

Therefore, the critical damping coefficent is—see Eq. (20.14)—
ki + k
¢ =Coq =2mp = 2m,/L = 2/m(k; + ka) Answer
m
Part 3

The displacement of the block is given by Eq. (20.18)
x = (A + Ayr)e " ©
Hence, the velocity is
X =Ase " — p(A| + Ast)e ' d)

Substituting the initial conditions x = 0 and x = vy at ¢t = 0 into Egs. (c) and (d)
yields A; = 0 and A; = vy. Consequently,

x =vote ? % =vy(1 — pt)e ¥



The maximum displacement occurs when X = 0, which happens at time r = 1/p.
Therefore, the maximum displacement is

Vo 1 m
Xmax = —e = 0.368vy, [ ——— Answer
¢ p OV ki + ky

Sample Problem 20.4

The system shown in Fig. (a) of Sample Problem 20.3 is underdamped with the
damping factor being ¢ = 0.25. If the initial conditions on the motion of the block
are x =0 and X =4 m/s, determine the displacement of the block at time t = 0.1 s.
Use the data m =0.2kg, k; =20 N/m, and k, =30 N/m.

The motion of an underdamped system is described by Eq. (20.19):
x = Ee %" sin(wyt + o)

where E and « are to be determined from the initial conditions. From Eq. (b) of
Sample Problem 20.3, we have

ki + & 20 + 30
p:\/ Lt 22\/ 0 15.811radss
m 0.2

Hence {p = 0.25(15.811) = 3.953 rad/s. The damped circular frequency is given
by Eq. (20.20):

wa = pv/1 —¢2 = 15.811y/1 — 0.252 = 15.309 rad/s
Therefore, the displacement and the velocity of the block are
x = Ee7%%¥5in(15.309¢ + )
% = Ee *%3[15.309 cos(15.309¢ + &) — 3.953 5in(15.309¢ + )]
Applying the initial conditions yields
x(0) = Esina =0
x(0) = E(15.309 cos — 3.953 sin) = 4m/s

The solution is @ =0 and E =4/15.309 = 0.2613 m. Consequently, the displace-
ment is
x = 0.2613¢ > sin 15.309¢ m

Substituting ¢ = 0.1 s, we obtain

x(0.1) = 0.2613¢7%3°3 5in 1.5309 = 0.1758 m Answer
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20.1 The mass m = 10kg is suspended from an ideal spring of stiffness k =
250 N/m. If the mass is set into motion at t = 0 with the initial conditions xy =
40 mm and vy = —80 mm/s, calculate (a) the amplitude of the motion; and (b) the
time when the mass stops for the first time. Assume that x is measured from the
equilibrium position of the mass.

20.2 The mass m is suspended from an ideal spring of stiffness k and is set
into motion with the initial conditions xo =7 mm and vy = 1.5 m/s. Assume that
x is measured from the equilibrium position of the mass. If the amplitude of the
vibration is 12 mm, determine (a) the frequency; and (b) x as a function of time.

20.3 The mass m is suspended from two springs of stiffnesses k; and k,. Deter-
mine the expression for the circular frequency of the mass if the springs are
arranged as shown in (a); and in (b).

20.4 The block of mass m is suspended from three springs with stiffnesses
ky and k; as shown. The frequency of vibration of this system is 5 Hz. After
the middle spring is removed, the frequency drops to 3.6 Hz. Determine the
ratio ky/k;.

%kl %kZ %kl
T T F
m 0
Fig. P20.4 Fig. P20.5

20.5 The mass m of the spring-mass system slides on the inclined rod with
negligible friction. By deriving the differential equation of motion for the mass,
show that the frequency of vibration is independent of the angle 6.

20.6 When only mass B is attached to the ideal spring, the frequency of the
system is 3.90 Hz. When mass C is added, the frequency decreases to 2.55 Hz.
Determine the ratio m g/m¢ of the two masses.

20.7 The ideal spring of stiffness k = 120 N/m is connected to mass B through
a hole in mass C. The mass of B and C are 0.4 kg and 0.8 kg, respectively. Find
the smallest vibrational amplitude for which C will lose contact with B. Would
the result change if the mass of B and C were interchanged?

20.8 The simple pendulum is released from rest at 6 =6. Determine the
expressions for the maximum values of 6 and @ (a) assuming that 6 is small
(simple harmonic motion); and (b) without making any simplifying assumptions.
(c) Compare the expressions found in (a) and (b) for 8y =5°, 10°, and 15°.



20.1-20.31 Problems  §61

20.9 The block of mass m is supported by a small pulley. One end of the cable
running around the pulley is attached to a fixed support, while the other end is
connected to a spring. Determine the circular frequency p of the system. Neglect
the mass of the pulley.

20.10 The figure shows two elastic cords, each of length L, connected to a
small ball of mass m that slides on a smooth horizontal surface. The cords are
stretched to an initial tension 7 between rigid supports. The ball is given a small
displacement x = x( perpendicular to the cords and then released from rest at time
t = 0. Derive the equation of motion for the ball, and show that the ball undergoes
simple harmonic motion.

20.11  The metronome consists of a 0.2-kg small mass attached to the arm OA.
The metronome’s period of oscillation can be adjusted by changing the distance L.
Determine the value of L for which the period will be 1.0 s for small amplitudes.
Neglect the mass of arm OA.

AR

7f|::|n 0.2 kg

250 N/m
L /
WM - G 500 mm 250 mm Fig. P20.10
I JeoX s
T 1=
60 mm 1.5kg
75 N/m
2 [a\0
L\
Fig. P20.11 Fig. P20.12

20.12 The system is in equilibrium in the position shown. Find the period of
vibration for small amplitudes. Neglect the mass of the rod and size of the 1.5 kg
mass.

—_— <

20.13 Two identical springs of free length Ly and stiffness k are attached to
the collar of weight W. Friction between the collar and the horizontal rod may T
be neglected. Assuming small amplitudes, (a) derive the differential equation of T
motion; and (b) find the frequency given that W =1N, Lp=0.1m, b=0.15m, b k
and k = 80 N/m. l

.. 2gk Ly b
X=———|1—- —— | x l
w T Ve .
(b) Using the data given in Prob. 20.13, determine the period if the amplitude
is 61in. Fig. P20.13, P20.14

« ‘20.14 For the collar described in Prob. 20.13, (a) show that the differential | — |
~“equation of motion for large amplitudes is %%
k
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“20.15 A block of wood floats in water in the stable equilibrium position shown.
The block is displaced slightly in the vertical direction and released. Derive the
differential equation of motion, and show that the motion of the block is sim-

ple harmonic. Find the period, knowing that the densities of wood and water are
600 kg/m?* and 1000 kg/m?, respectively.

20.16 Derive Eq. (20.22): In(x,41/x,) = =278 [ /1 — 2.

20.17 (a) Using the expression for the logarithmic decrement, show that

2kme
In(Xpi/xp) = ———=
N
where k is a positive integer greater than 1. (b) Using the result of part (a), estimate

the damping factor ¢ for a system that has the displacement-time curve shown in
the figure.

T,
LN
SR A A A AL
NN AN AN AN AWANA
N RN AN AN RN RYAYAVAY
NN RYENRYRVRYRVRIRY
NRNRVIRVIAR
I

1(s)
Fig. P20.17

20.18 An oscillator consists of a 7 kg mass that is connected to a spring of
stiffness k = 3100 N/m and a viscous damper with the damping constant ¢ =

117N - s/m. (a) Show that the oscillator is underdamped. (b) Determine the ratio
Xn+1/x, of two successive peak displacements.

20.19 (a) Use the logarithmic decrement to show that the relationship between

AE, the percentage of energy lost per cycle, and the damping factor ¢ of an
underdamped oscillator is

AE = (1 - e—“”é“/vl—fz) % 100%

(b) Using the results of part (a), compute the damping factor that would cause
10% energy loss per cycle.

20.20 Calculate the damping coefficient c if the system shown is to be critically
damped.



20.21 The system shown is underdamped with a damped period of t;. When
the dashpot is removed, the period changes to 0.57;. What is the damping
coefficient ¢?

20.22 The 3-kg mass has an initial displacement of x(0) =0.01 m and an ini-
tial velocity of x(0) = — 0.2 m/s. Knowing that the system is critically damped,
determine the displacement of the mass when  =0.1s.

T—~ X
c 80 N/m
3kg

Fig. P20.20-P20.22

20.23 The system is released from rest at x =25 mm, where x is measured
from the position where the springs are unstretched. (a) Determine if the sys-
tem is underdamped, critically damped, or overdamped. (b) Derive the expression
for x(1).

T—»x

0.4 kg

37 N-s/m

2930 N/m 1760 N/m

37 N-s/m

Fig. P20.23

20.24 The mass m of the underdamped system is displaced slightly and then
released. Determine the damped period t, of the resulting oscillation. Neglect the
mass of the bar and use the following data: b =0.3 m, m =4 kg, k =2 kN/m, and
c=36N-s/m.

20.25 The system is released from rest at time r =0 with the initial dis-
placement xy = 50 mm. Both springs are unstretched when x = 0. Determine the
expression for x (¢).

20.26 Each of the two bumpers mounted on the end of a 81 500-kg railroad car
has a spring stiffness of k = 1.76 x 10° N/m and a coefficient of viscous damping
equal to 6.6 x 10° N - s/m. Recognizing that a bumper will “bottom out” when its
deformation exceeds 304 mm, find the largest velocity vy with which the car can
safely hit a rigid wall.

20.27 A critically damped oscillator is released from rest with the initial dis-
placement xy (measured from the equilibrium position). (a) Derive the expressions
for the displacement and the velocity of the oscillator in terms of xg, p, and ¢.
(b) Determine the expression for the maximum speed of the oscillator in terms of
X0 and p.

20.1-20.31

Y

Fig. P20.24

Problems

563

T—~x ¢=5N-s/m

k=20 N/m @ O
WAV 0.4 kg A
WY
ki =40 N/m
Fig. P20.25
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Q
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Fig. P20.26
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20.28 The mass of the pendulum is m = 0.5kg, and its length is L = 1.5m.
At a certain time, the amplitude of the pendulum was measured to be 5°; one hour
later, it was 3°. Assuming that the damping responsible for the decay of amplitude
is viscous, calculate the damping coefficient.

Fig. P20.28

"« 20.29 Viscous damping is not an accurate representation of the resistance expe-
~"rienced by a body that is moving through a low-viscosity fluid, such as air or
water. Experiments indicate that the damping force is actually proportional to the
square of the velocity: F; = cv?. For a one-inch diameter sphere moving in air, the
approximate value of the damping constant is ¢ = 1.24 x 107* N - s>/m?. (a) Use

this information to derive the differential equation of motion for the pendulum
shown (the bob is made of steel). Neglect the damping effect of the string. (b) Inte-
grate the equation of motion numerically over two periods of vibration, assuming

that the pendulum is released from rest when 6 =30°. (c) Use the results of the

70 gm
- integration to calculate the percent loss of amplitude over the first two periods.
*‘ ‘¢0_03 m (Note: To verify that the loss of amplitude is real and not due to numerical errors
in the integration procedure, it is recommended that you repeat parts (b) and (c)
Fig. P20.29, P20.30 with zero damping—there should be no loss of amplitude.)

6« ‘20.30 Repeat Prob. 20.29 if the bob of the pendulum is replaced with a 0.03 m

" diameter styrofoam ball that mass 2 x 10~*kg.

20.31 The system shown is released from rest with the initial displacement
xo = 0.1 m, measured from the equilibrium position. (a) Assuming that the damp-
ing force exerted by the dashpot is F; = c,%2, where ¢; = 50N - s2/m?, determine
the ratio x/xy. (b) If the damping force were F; = c;x, determine the value of
¢ that would give the same ratio x;/xg as in part (a). (c) Plot x versus ¢ over the
period t = 0 to 1.0 s for the two cases of damping. What is the main difference in
the amplitude decay between the two types of damping?

k=2KkN/m T—»x

m=5kg

e

)

Fig. P20.31
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20.3 " Forced Vibrations of Particles

In free vibrations, the oscillations are initiated by a disturbance that gives rise to
an initial displacement, initial velocity, or both. No external forces are required to
maintain the motion. In forced vibration, a sustained external source is responsi-
ble for maintaining the vibration. A common example of forced vibration is the
automobile “rattle,” caused either by the reciprocation of the engine or irregulari-
ties of the road surface. Here we consider forced vibrations that arise from either
a harmonic (that is, sinusoidally varying) forcing function, or a harmonic support
displacement. Apart from being important by itself, harmonic input is also useful
in the analysis of more general forced motion, because any forcing function can
be decomposed into harmonic components by expressing it as a Fourier series.

a. Harmonic forcing function

Figure 20.8(a) shows a damped spring-mass system that is subjected to a time-
dependent force P = P, sin wt, where Py is the magnitude of the force and w is
its circular frequency. The force P is referred to as the harmonic forcing function,
and o is called the forcing frequency. The static deflection of the spring is A, and
x is the displacement of the mass from its equilibrium position. From the free-
body and mass-acceleration diagrams shown in Fig. 20.8(b), we obtain for the
differential equation of motion

X F, = ma, +l mg + Pysinwt — k(x + A) — cx = mi

Using the equilibrium equation mg = kA, the equation of motion simplifies to

mx + cx + kx = Pysinwt (20.23)
S e
2
- |5
2= =
2
f " ES .
k(x + A) cx
0Ol
j P = Pysin ot
Equilibrium position Arbitrary position mg + Pysin wt mi
with P =0 FBD MAD
(@) (b)

Fig. 20.8

565
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Equation (20.23) is a nonhomogeneous (right-hand side is not zero), second-
order linear differential equation. The general solution of this equation can be
represented as the sum of the complementary solution x. and a particular solution
Xp; that is,

X =X+ X, (20.24)

The complementary solution of Eq. (20.23) is a solution of the homogeneous
equation (obtained by setting the right-hand side equal to zero), and the particular
solution is any solution of the complete equation.

We note that the homogeneous equation is identical to Eq. (20.11). Therefore,
the complementary solution of Eq. (20.23) is given by Eqgs. (20.17), (20.18), or
(20.19), depending on the damping factor ¢.

The complementary solution, also called the transient vibration, is generally
not interesting from a practical viewpoint, because it decays with time. From here
on, we restrict our attention to the particular solution, which represents the steady-
state vibration.

By direct substitution, it can be shown that a particular solution of
Eq. (20.23) is

xp, = X sin(wt — ¢) (20.25)

where the amplitude X is given by

Pylk
X = 0 (20.26)

VI = (@/p)22 + (2¢wlp)?

and the phase angle ¢ (the angle by which x,, lags P) is

2t
o= tan_l [%] (20-27)

where p = v/k/m is the undamped circular frequency and ¢ = ¢/(2mp) represents
the damping factor. The numerator Py/k in Eq. (20.26) is called the zero-frequency
deflection—the deflection caused by the constant force P (not to be confused
with the static deflection A = mg/k). The term «/p (ratio of the forcing frequency
to the undamped frequency) is known as the frequency ratio.

The magnification factor is defined as the ratio of the amplitude of the steady-
state vibration divided by the zero-frequency deflection:

1

- 28
Polk /11 — (/p)*P? + (¢ w/p)? (2028

Magnification factor =
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The magnification factor is plotted versus the frequency ratio in Fig. 20.9.
As expected, the magnification factor is largest for frequencies near resonance
(w = p) if the damping coefficient is sufficiently small (the magnification factor
becomes infinite at resonance in the absence of damping).

: []i=¢-0

[
Magnification : // \\\/ ¢ =‘0 125
factor ) // \\\ Cj_ 025
AN Y

=10 ?\
0 0.5 1 1.5 2
wlp
Fig. 20.9

Additional information about the plots in Fig. 20.9 can be obtained by differ-
entiating Eq. (20.28) with respect to w/p and setting the result equal to zero. This
procedure yields the following information: (1) all curves in Fig. 20.9 are tangent
to the horizontal at w/p = 0 and as w/p — o0; (2) if ¢ > 0.707, the maximum mag-
nification factor is 1.0, occurring at w/p =0; (3) if ¢ < 0.707, the magnification
factor attains its maximum value at w/p = /1 — 2¢2, not at resonance.

b. Harmonic support displacement

Figure 20.10(a) shows a viscously damped spring-mass system with the support
undergoing the prescribed harmonic displacement y =Y sinwt. The free-body
and mass-acceleration diagrams are shown in Fig. 20.10(b). Note that x is the

Free length
of spring

A‘p

k(x—y +A) 1 ruy)

——

Equilibrium position ) N ; !
with support stationary ~ Arbitrary position mg mix
aty=0 FBD MAD
(a) (b)

Fig. 20.10
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displacement of the mass from its equilibrium position (with support stationary
at y=0), and A is the static deflection of the spring. We see that the relative
displacement x — y and the relative velocity x — y determine the spring and damp-
ing forces, respectively. Applying Newton’s second law to the FBD and MAD,
we obtain

Y F, = ma, +l mg —c(x —y) —k(x —y+ A) =mi @

Noting that mg =kA (the equilibrium equation) and introducing the relative
position coordinate z = x — y, Eq. (a) simplifies to

mz +cz + kz = —my (b)

Substituting y = Y sin wt into Eq. (b), the differential equation of motion becomes

mZ + cz +kz = mYw? sinwt (20.29)

Comparing Egs. (20.23) and (20.29), we see that our previous analysis with a
harmonic force is also applicable to harmonic support displacement, provided
that P is replaced by mY »? and x by z. Making these substitutions, Eqgs. (20.25)—
(20.27) describing the steady-state vibration become

7z = Zsin(wt — ¢) (20.30)
where the amplitude Z and phase angle ¢ (the angle by which z lags y) are given by

P mY w3k
VI = (@Ip)* + ¢ wlp)?
3 (w/p)>
VL= @Ip)?P + (2 wip)?

(20.31)

and, as before,

20wl
¢ = tan™! [—1 _g(‘:)/’;)z] (20.32)

where p = +k/m and ¢ = ¢/(2mp).



Sample Problem 20.5

The electric motor and its frame shown in Fig. (a) have a combined mass M. The
unbalance of the rotor is equivalent to a mass m (included in M), located at the dis-
tance e from the center O of the shaft. The frame is supported by vertical guides,
a spring of stiffness k, and a pin at A. (The pin at A was inserted when the motor
was at rest in the static equilibrium position.) The motor is running at the constant
angular speed @ when the pin is withdrawn at the instant when the mass m is in
the position shown. (1) Derive the differential equation of motion of the assembly.
(2) Plot the transient, steady-state, and total displacement versus time, using the
data M =40kg, m =1.2kg, e =150 mm, k =900 N/m, and & = 8 rad/s.

The rotating unbalance causes the position of the mass center of the assembly
to vary with time, thereby giving rise to vibrations in the vertical direction (the
vertical guides prevent horizontal motion of the frame).

Part 1

The free-body diagram (FBD) of the assembly is shown in Fig. (b). Note that x
was chosen to be the displacement of O from its static equilibrium position. The
FBD contains the total weight Mg of the assembly, acting at its mass center G,
the spring force k(x — A), where A is the static deflection of the spring, and the
resultant horizontal force N exerted by the vertical guides. The mass-acceleration
diagram in Fig. (b) displays the inertia vectors (M — m)x and mX associated with
the vertical motion of the assembly, and the radial inertia vector mew? caused by
the rotation of the mass m about 0. Equating the resultant vertical forces on the
FBD and the MAD, we get

+T —Mg —k(x — A) = (M —m)X + mX — mew* sin wt @

ol
—

Equilibrium
position of O

k(x—A)

FBD MAD
(b)

(a)
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After eliminating A by utilizing the equilibrium equation Mg — kA =0, the
differential equation of motion becomes

M% + kx = mew”

sin wt Answer (b)
Comparing Eq. (b) with Eq. (20.23), we see that the equations are identical if
we let ¢ =0 and replace the magnitude P, of the forcing function by mew? (the
term mew? is sometimes referred to as the centrifugal force due to the unbalanced
mass).

Part 2
With Py = mew? and ¢ = 0 (no damping), Egs. (20.26) and (20.27) yield

mew?lk

x = M
1 — (w/p)?

and ¢ =0

so that the particular solution of Eq. (b) is—see Eq. (20.25)—

mew?/k

= T /o) @ip)? sin wt

Xp

Since the system is undamped, the complementary solution is given by Eq. (20.4):
x. = E sin(wt + «). Therefore, the complete solution is

mew?lk

x:xC—i—xp:Esin(a)t—i—a)—}—Tw/p)zsinwt (C)

Using the given numerical values, we obtain

p = vkIM = ~/900/40 = 4.743 rad/s

2 1.2(0.1 2
mew /k__ 1.2QIH® P00 _ ) 106938 m = —6.938 mm
= (@/p)? 1= (8/4743)

Substituting these values into Eq. (c) yields
x(t) = E sin(4.743t 4+ o) — 6.938 sin 8¢ mm (d)
Taking the time derivative, we obtain for the velocity
X(t) = 4.743 E cos(4.743t + ) — 55.50 cos 8t mm/s (e)

Substituting the initial conditions (x =0 and x =0 when ¢ =0) into Egs. (d)
and (e) gives E sino =0 and 4.743E cosa — 55.50 =0, which yields o =0 and
E =11.701 mm. Therefore the description of the motion is

x(t) = 11.70sin4.74t — 6.94 sin 8 mm Answer (f)
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Figure (c) shows plots of the transient vibration (with the period t, =2n/p =
21m/4.743 =1.3255s), the steady-state vibration (period t,=2n/w=27/8=
0.785s), and the superposition of the two. Because the coefficient of sin 87 in
Eq. (f) is negative, the steady-state vibration is 180° out of phase with the rotation
of the unbalanced mass.

Sample Problem 20.6

The block of weight W is connected in a rigid frame between a linear spring and
a viscous damper. The frame is subjected to the time-dependent vertical displace-
ment y(z) = Y sinwt. The displacement x of the block is measured from its static
equilibrium position (with support stationary at y = 0). Determine the steady-
state solution for (1) the relative displacement z = x — y; and (2) the absolute
displacement x. Use ¥ =40mm, w =400rad/s, M =3 kg, k=2.63 x 10° N/m,
and ¢ =585 N - s/m.

Part 1

Because the given system is equivalent to that shown in Fig. 20.10, Egs. (20.30)-
(20.32) can be used to determine the relative displacement z. The parameters
appearing in these equations are

K [2.63x10°

p= =2 — 296 radls
m 3
c 585

= = =0.329 derd: d
¢ mp 3(3)(296) (underdamped)
© 2035
p 296

y = Ysin ot

571
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The relative amplitude of the steady-state solution is now obtained from
Eq. (20.31)

(/p)?
Z=Y
VI = (/p)?P? + ¢ wlp)?

o (1.287)2
VI = (135122 + [2(0.329)(1.351) |2

=0.07m

and the phase angle can be computed from Eq. (20.32)

2 wlp } ! [2(0.329)(1.351)}

o
¢ =tan [1 ~(wlp) 1—(1.351)2

= —0.8226
The relative displacement thus becomes
z(¢) = 2.249sin(4007 + 0.8226) m Answer

Note that z(¢) leads y(¢) by 0.8226 rad (47.1°).

Part 2

Using the trigonometric identity sin(a + b) = sinacosb + cosasinb, the
expression for z(¢) in Part 1 can be written as

z() = 0.07(cos 0.8226 sin 400¢ + sin 0.8226 cos 400¢)

= 0.0485in 4007 + 0.0512 cos 4007 m
Therefore, the expression for the absolute displacement of the mass becomes

xX=z+Yy
= (0.048 sin400¢ 4 0.0512 cos 400¢) + 0.04 sin 400¢

= 0.088 sin 4007 + 0.0512 cos 400 m Answer
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"The force-extension relationship of the spring is F =kx[1 + (x/b)?], where x is

Problems

20.32 The spring-mass system is at rest in the equilibrium position x = 0 when
the harmonic force P(t) = Pypsinwt is applied at t =0, where Py= 100N and
w = 25rad/s. Determine (a) the expression for the displacement x (¢) (include both
the transient and steady-state solutions); (b) the magnification factor; and (c) the
maximum value of x ().

20.33 The spring-mounted mass is driven by the force P(¢) = Py sin wt, where
Py =100 N. Calculate the two values of w for which the amplitude of the steady-
state vibration is 50 mm.

20.34 The 0.2 kg mass is suspended from a rigid frame. Pin A at the end of
arm OA engages a slot in the frame, causing the frame to oscillate in the vertical
direction as the arm turns. If the angular velocity of OA is w = 35 rad/s, determine
the amplitude of the steady-state vibration of the weight relative to the frame.

k=310 N/m

0.2 kg

A

C 8. O

® \
@ 3

2,

0 0

Fig. P20.34

20.35 The block of mass m =4 kg is attached to a spring of stiffness k. When
the harmonic force Pjsinwt is applied to the block where Py=0.25kg and
w =6rad/s, the steady-state amplitude is 7.5 mm. Determine the two possible
values of k.

20.36 The spring-mass system is being driven by the harmonic force Py sin wt.
When o = 5rad/s, the steady-state amplitude of the block is 20 mm. When the
frequency is increased to w = 10 rad/s, with Py unchanged, the amplitude becomes
4 mm. Determine (a) the natural frequency p of the system; and (b) the zero-
frequency deflection Py/k.

20.37 The system shown consists of the mass m = 6 kg and a nonlinear spring.

measured in meters, k = 1200 N/m, and b = 0.25 m. The amplitude and frequency
of the driving force are Py=60N and w = 14.142 rad/s, respectively, the latter
being equal to the natural circular frequency of the system for small amplitudes.
(Note that if x < b, then F~kx, and p = ~/kim = +/1200/6 = 14.142 rad/s.)

20.32-20.61

Problems

k=15kN/m

2 kg

lP(t)

-

X

Fig. P20.32, P20.33

T—»x

k

AV
VAAAALY

Py sinwt
m >

Fig. P20.35-P20.37
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f=x o

bl

Fig. P20.38

Fig. P20.41, P20.42

e

The system starts from rest in the equilibrium position x = 0 when ¢t =0. (a) Show
that the differential equation of motion is

¥ = —200x(1 + 16x?) + 10sin 14.142r m/s’

(b) Integrate the equation of motion numerically from t =0 to t =2 s, and plot x
Versus .

20.38 The block of mass m = 1 kg is connected to the shaker table by a spring
of stiffness k =2100 N/m. When the spring is unstretched, the distance between
the block and a stop attached to the table is b =25 mm. If the table is being driven
at y = 6 sin wt mm, determine the range of @ for which the block will not hit the
stop. Consider only the steady-state vibration.

20.39 The enclosure of the system shown undergoes the vertical displacement
y(t) = Y sinwt. Knowing that Z = 5Y, where Z is the steady-state amplitude of
the mass m relative to the support, determine the forcing frequency w.

Ty(t) = Ysinwt

Fig. P20.39 Fig. P20.40

20.40 An electric motor and its base, with a combined mass of M = 12kg, are
supported by four identical springs, each of stiffness k =480kN/m. The unbal-
ance of the rotor is equivalent to a mass m =0.005kg located at a distance
e =90 mm from its axis. (a) Calculate the angular speed of the motor that would
cause resonance. (b) Compute the maximum steady-state displacement of the
motor when its angular speed is 99 percent of the speed at resonance.

20.41 The pendulum of length L and mass m is suspended from a sliding collar.
If the horizontal displacement y(¢) = Y sin wt is imposed on the collar, show that
for sufficiently small 6, the steady-state amplitude of the pendulum is

w?L
lg — w?L|

Y
Omax = Z
20.42 The pendulum of length L =1.09 m is suspended from a sliding collar,

the displacement of which is given by y(r) = 0.545 sin 5¢ m, where ¢ is in seconds.
It is known that at time t =0, 6 =30° and 6 =0. (a) Derive the differential



«©e

"cous damper with the damping coefficient ¢ =270 N - s/m. The force-deformation

equation of motion for the pendulum, choosing 6 as the independent coordinate
(do not restrict 6 to small angles). (b) Integrate the equation of motion numer-
ically from =0 to t =10 s, and plot 8 versus ¢ for the period of integration.
(c) Describe the motion of the pendulum during this period.

20.43 When the mass m is attached to the end of a light elastic rod, its static
deflection is 20 mm. The sliding collar supporting the rod is then given a vertical
harmonic displacement of amplitude 5 mm at a circular frequency of 18 rad/s.
Determine the steady-state amplitude of the mass relative to the collar.

20.44 A slightly unbalanced motor of mass m is attached to the middle of a
light elastic beam. The unbalance is equivalent to a mass m/400 located at a
distance e =0.2m from the axis of the motor. When the motor is rotating at
o = 1280 rev/min, which is known to be less than the speed at resonance, its
steady-state amplitude is xpnax =0.001 m. Find the angular speed of the motor
at which resonance will occur.

20.45 For the damped system shown, prove that the maximum steady-state
amplitude for a given damping factor ¢ occurs at the frequency ratio w/p =
/1 —2¢2 for ¢? < 1/2. Also show that the corresponding maximum amplitude is

P/ k

20.46 For the system shown, m = 0.2 kg and k = 2880 N/m. When the system
is driven by the harmonic force of amplitude Py, it is observed that the amplitude
of the steady-state vibration is the same at w =96.0rad/s and w = 126.4rad/s.
Calculate the damping coefficient c.

20.47 For the system shown, mg = 14kg, k =880N/m, and c=117N - s/m.
The frequency w of the applied force is one-half of the resonant frequency. Deter-
mine the amplitude P, of the applied force if the amplitude of the steady-state
vibration is 75 mm.

20.48 The mass m =7-kg is suspended from a nonlinear spring and a vis-

relationship of the spring is F = kx[l + (x/b)?]1b, where k = 1750 N/m,
b = 50mm, and x is measured in inches from the undeformed position of the
spring. The amplitude of the applied force is Py =45 N, and its circular frequency
is w = 12 rad/s. (a) Show that the differential equation of motion of the mass is

¥ = —250x(1 +400x%) — 38.57% + 9.8 + 6.43 sin 12¢ m/s”

where x is the displacement in feet measured from the undeformed position of
the spring (not the equilibrium position) and ¢ is the time in seconds. (b) Use
numerical integration to determine the maximum and minimum values of x for
the steady-state motion. (Hint: Start with the system at rest in the equilibrium
position and integrate until the transient term has been damped out.) Is the motion
symmetric about the equilibrium position?

20.32-20.61 Problems

m

| ——¢

Fig. P20.43

575

Fig. P20.45-P20.48
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20.49 (a) Derive the differential equation of motion for the system shown.
(b) Compute the amplitude of the steady-state vibration and the phase angle if
m=3kg, k=7300N/m, c=265N - s/m, Y =38 mm, and w = 20rad/s.

y(t) = Y sin ot

x(1)
c k

y(t) = Y sin ot

T—»x(r)

W W =
sonm T Fig. P20.49 Fig. P20.50
n\’n\’n\’n\’n\’n\’ P 0 sin @t
350g = 20.50 (a) Derive the differential equation of motion for the system shown.
§ k (b) Determine the amplitude of the steady-state vibration and the angle by which

7 Nes/m xlags yift m =6kg, k=8kN/m, c=40 N - s/m, Y =80 mm, and w = 30 rad/s.
Fig. P20.51 20.51. Determine the expression for the steady-state displacemept x(t) of the
block if Py=0.5N and w = 60rad/s. Does x(¢) lead or lag the applied force?
20.52 Find the expression for the steady-state response x(¢) of the block
0 N-s/m if Y =10mm and o =600rad/s. Does x(¢) lead or lag the imposed displace-

2
ment y(t)?
0.2kg T

) 20.53 Block A is connected to the shaker table B with a spring and a viscous

damper. When the horizontal displacement y(¢) =Y sinwt is imposed on the

50 kKN/m table, the resulting steady-state displacement of the block relative to the table
is z(¢t) = Z sin(wt — ¢). Show that if the damping factor ¢ > 1/4/2, then Z never
T exceeds Y regardless of the value of w.

y(t) = Y sin ot

Fig. P20.52

Fig. P20.53-P20.55

20.54 For the system described in Prob. 20.53, determine the largest possible
value of Z and the corresponding frequency ratio o/p if ¢ = 1/2.

20.55 For the system shown, m =5.5kg, k=2300N/m, and ¢=37N - s/m.
The horizontal displacement imposed on the shaker table B is y(¢f)=
2.5 sin 18¢ mm, where the time ¢ is measured in seconds. Determine the steady-
state amplitude of the block.

20.56 An electric motor and its base have a combined mass of M = 12kg.
Each of the four springs attached to the base has a stiffness k =480kN/m and
a viscous damping coefficient c¢. The unbalance of the motor is equivalent to a
mass m = 0.005 kg located at the distance ¢ = 90 mm from the center of the shaft.
Fig. P20.56 When the motor is running at w = 400 rad/s, its steady-state amplitude is 1.8 mm.
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Determine (a) the damping coefficient of each spring; and (b) the phase angle
between the displacement of the motor and wt.

20.57 When the system is in the position shown, the spring is undeformed.
Determine the amplitude of the steady-state vibration of the weight C caused by
the harmonic forcing function acting at A. Neglect all weights except that of C.

20.58 (a) Derive the differential equation of motion for the 10-kg block in
terms of its absolute displacement x(¢). (b) Determine the expression for the
steady-state response if the forcing frequency w equals the natural frequency p
of the system.

5 N.s/m () = ¥(0) =5 siner mm
100 N/m

AN
LVAAAAAY

Fig. P20.58

20.59 The two masses are attached to the L-shaped bar that is free to rotate
about the pin at O. (a) Neglecting the mass of the bar, derive the differential
equation of motion for small angular displacements 6 of the bar. (b) Compute the
amplitude ® and the phase angle ¢ of the steady-state vibration if m =0.6kg,
k=150N/m,c=4N-s/m, b=0.5m, Py=2N, and w = 8rad/s.

Py sinwt

0 b

D m
k

2b
C
[
Fig. P20.59 Fig. P20.60

20.60 An iron cylinder is suspended from a spring and placed in a con-
tainer filled with fluid. An electromagnet at the base of the container applies
the force P(t) = Py sin wt to the cylinder, where Py =1.0kN and w = 500rad/s.
The damping force acting on the cylinder due to the fluid is F; = cx?, where
¢ =250 N - s*/m2. (a) Derive the differential equation of motion of the cylinder.
(b) Estimate the steady-state amplitude of the cylinder by numerical integration
of the equation of motion. [Hint: Start with the initial condition x(0) = x(0) =0,
and integrate until the transient motion has been damped out.]

20.32-20.61 Problems  §77

2 sin SINlL

35 N-s/m

500 m

nmmmnn}
A\AAA ALY

'lfW‘

500 m :‘

150 N/m

0

600 mm

C |3kg

Fig. P20.57
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20.61 The 0.2-kg mass is suspended from a rigid frame as shown. Pin A at the
end of the rotating arm OA engages a slot in the frame, causing the frame to
oscillate in the vertical direction. The arm is accelerated uniformly from rest at
t = 0and 6 = 0 at the rate & = 100 rad/s’. (a) Show that the differential equation
of motion of the weight in terms of the relative displacement z=x — y is

7= — 1750z — 10z — 1.27(cos 50¢> — 100z sin 50¢%) m/s>

where z and ¢ are measured in feet and seconds, respectively. (b) Use numerical
integration to obtain the plot of z versus ¢ from =0 to t =1.0s. (c) Use the
numerical results of part (b) to determine the largest value of z.

¢ = 2N-s/m k = 350 N/m

x(7)

L

0.2 ke
A
—_ C ye) )
() o 0\
0] 7

Fig. P20.61

20.4 | Rigid-Body Vibrations

The analysis of rigid-body vibrations is fundamentally no different from the anal-
ysis of vibrating particles. We first derive the equation of motion utilizing the
free-body and mass-acceleration diagrams of the body, and then seek a solution of
this equation. If the system is linear, the equation of motion will be a second-order
linear differential equation with constant coefficients. For a harmonically driven
system with a single degree of freedom, this equation will have the general form

MG+ Cq+ Kq = Fysinwt (20.33)

where ¢ is a variable that defines the position of the body (either a linear or an
angular position coordinate). Because Eq. (20.33) has the same form as the equa-
tion of particle motion, mx + cx + kx = Py sinwf, we can write its solution by
analogy. For example, the solution of forced, steady-state motion is

q = QOsin(wt — ¢) (20.34a)
where
Fo /K

= .34b
VI = (@/p)?P + 2¢wlp)? (z0340)




20.4

and
_ 2twlp
=tan' | ——— 20.34C
¢ = tan [1_(60/19)2} (20.340)
The parameters appearing in the above equations for Q and ¢ are
. K
Undamped circular frequency p = i
Critical damping constant Ce =2Mp (20.34d)
Damping fact ¢ ¢ <
amping factor =— = —
pine Ca  2Mp

The expression for the transient vibration can be written in the same manner (its
form would depend on whether the motion is over-, under-, or critically damped).

As an example, consider the nonhomogeneous disk of radius R and mass m
shown in Fig. 20.11(a). The mass center G of the disk is located at the distance e
from the pin O, and its moment of inertia about O is Ip. A linear spring and
a viscous damper are attached to the periphery of the disk at A and B, respec-
tively. A clockwise couple M sinwt also acts on the disk. We assume that the
spring tension is adjusted so that the line OG is horizontal when the disk occu-
pies its static equilibrium position. Therefore, the static deflection A of the spring
at equilibrium satisfies the equation mge = kRA.

cR

M sin ¢ M sin ot

Mass =m

(a) Equilibrium position (b) FBD

Fig. 20.11

To derive the equation for rotational motion of the disk, we draw the FBD
shown in Fig. 20.11(b). The angular position of the disk is indicated by the
angle 6, with clockwise rotation assumed to be positive. Throughout the analysis
we assume 6 to be small, so that we can use sin6@ ~ 0 and cosf ~ 1. With these
approximations, the displacement of point A is RA (downward) and the velocity
of point B is R6 (upward). This gives the spring and damping forces shown in the

Rigid-Body Vibrations
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FBD. Without needing to draw the mass-acceleration diagram of the disk, we can
sum moments about O to obtain the equation of motion

XMo =100 ) Mysinwt —k(RO + A)R — (cROIR + mge = 16
Using the equilibrium equation mge = kR A, and rearranging the terms, yields
106 + cR*0 + kR*0 = My sin wt @

Comparing Eq. (a) with Eq. (20.33), we find that they are of the same form, the
coefficients of Eq. (20.33) being

M=1I, C = cR? K = kR? Fy = My (b)

We conclude, therefore, that the steady-state vibration of the disk is harmonic for
small oscillations, and the motion can be determined directly from Egs. (20.34).
For example, the undamped circular frequency is

[k |
P=vyu =V,

The critical damping coefficient can be obtained from C. =2Mp, which on
substitution from Eq. (b) becomes

(cR)e=2I0p
yielding

2lop

Cer =



Sample Problem 20.7

The homogeneous slender bar of mass m and length L in Fig. (a) is supported by a
pin at O. The bar is also connected to an ideal spring and viscous damper at points
A and B, respectively. The bar is initially in equilibrium in the position shown with
the spring undeformed. (1) Derive the differential equation of motion for small
angular displacements of the bar. (2) Determine whether the bar is overdamped
or underdamped, given that m = 12kg, L = 800mm, a = 400 mm, kK = 80 N/m,
and c = 20N - s/m.

Mass = m —

(a)

Part 1

Figure (b) shows the free-body diagram (FBD) of the bar when it is displaced a
small counterclockwise angle 6 from the vertical. The horizontal displacements
xg (G is the mass center), x4, and xp shown in the figure were obtained from
the small angle approximation sin6 =~ 6. The forces acting on the bar are its
weight mg, the spring force k(af) (recall that the spring is undeformed when
x4 = 0), and the damping force ¢(L6) due to the dashpot.

We derive the differential equation of motion by summing moments about
point O, thereby eliminating the pin reaction. Because O is a fixed point, a
valid equation of motion is XMy =1,6. From the FBD in Fig. (b) and the
approximation cos 8 ~ 1, we obtain

.. L . .
YXMo = 1,0 3 — ngG — (kaB)a — (cLO)L = 1,6
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! xp=1L0O ‘

+—,

(b) FBD

which, on rearranging the terms, becomes

§ . L
Io0 + cL%6 + (ka2 + %) 6 =0 Answer (a)

Part 2

Comparing Eq. (a) with Eq. (20.33), we conclude that

L
M=1, C=cl® K=ka®+ 8=

Therefore, the undamped circular frequency is [see Eq. (20.34d)]

_ |K _ [ka®+ (mgL/2)
P=yu= Iy

With Iy = mL?/3 = 12(0.8)*/3 = 2.560 kg - m?, this becomes

80(0.4)2 + [12(9.81)(0.8)/2
pz\/ 047+ 1208DO8R] _ ¢37 raas
2.560

From Eq. (20.34d), we also obtain C., = 2Mp, which in our case becomes
ceL? =21 p, yielding

_ 2lpp _ 2(2.560)(4.837)

Cor = —3 = 0.8)2 =38.70 N - s/m

Because the given damping constant ¢ = 20 N - s/m is less than c.;, we conclude
that the bar is underdamped.



Problems

20.62 The uniform slender bar of mass m is in equilibrium in the horizon-
tal position shown. Calculate the frequency f of small oscillations about the
equilibrium position.

Of oY ]

Fig. P20.62

20.63 Each of the two thin homogeneous plates is attached to an identical
elastic rod that acts as a linear torsion spring (that is, the restoring torque is pro-
portional to the angular displacement). If the frequency of torsional oscillation of
the circular plate of mass m, is fj, find the frequency f, of the square plate of
mass ms.

20.64 The rigid body that is suspended from a pin at A is displaced slightly
from its equilibrium position and released. (a) Show that the circular frequency of
the resulting vibration is

8y
-2
k™ +y?

p:

where y is the distance from A to the mass center G and k is the radius of gyration
of the body about G. (b) Determine the largest possible circular frequency and the
corresponding value of y.

20.65 The mass center of the pendulum shown is at G. When the pendulum is
suspended from the pin at A, the period for small oscillations is 1.6 s. Determine
the period if the pin is moved to B. (Hint: See Prob. 20.64.)

20.66 The uniform bar of mass m is in equilibrium in the horizontal position.
(a) Derive the differential equation of motion for small oscillations of the bar.
(b) Determine the damping factor given that m =20kg, ¢y =25 N-s/m, ¢; =
16 N - s/m, and k = 80 N/m.

Fig. P20.66

20.67 The uniform slender bar of mass m is rigidly attached to the homo-
geneous disk of mass 3m. The assembly is free to rotate about the pin at O.

20.62-20.80 Problems 583
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Fig. P20.64
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Fig. P20.65
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Fig. P20.67

Determine the frequency f of small oscillations about the equilibrium position
shown.

20.68 The 8-kg uniform plate supported by the pin at O is in equilibrium in
the position shown. Find the frequency f of small oscillations about this position.

600 N/m
300 N/m 150 mm

8 kg 200 mm

s

20.69 The radius of gyration of the 14 kg disk about its center of gravity G is
k = 400 mm. One end of the spring is attached to the disk at A and the other end is
connected to the block B. The disk is in static equilibrium in the position shown
when the displacement y(¢) = 10 sin 25¢ mm is imposed on B (¢ is the time in sec-
onds). Assuming that the disk does not slip on the horizontal surface, (a) derive the
differential equation of motion of the disk in terms of its angular displacement 6;
and (b) determine the amplitude of the steady-state oscillation at point G.

Fig. P20.68

‘ 7500 N/'m @ ¢

T Mo 8 >0

A

250 mm[ 7/ G

|
B 5%
s>
&141@

Fig. P20.69

20.70 The uniform bar of length 0.75 m rests in a frictionless circular trough
of radius 0.5 m. If the bar is displaced slightly from the equilibrium position and
released, calculate the natural frequency of the ensuing oscillation.

20.71  When the equilibrium of the 5 kg uniform disk is disturbed, it rolls back
and forth on the rigid base without slipping. If the maximum displacement of the
center of the disk from its equilibrium position is 25 mm, find (a) the circular
frequency of the oscillation; and (b) the minimum coefficient of friction between
the disk and the base.

Fig. P20.71

20.72 When the 0.8kg uniform rod AB is in the vertical position, the two
springs of stiffness k = 1450 N/m are unstretched. The weight of the horizontal



bar attached to the rod at A is negligible. If the support C undergoes the harmonic
angular displacement S(¢) = By sin wt, where By = 2° and w = 7.5 rad/s, find the

steady-state angular amplitude of bar AB.

20.73 The uniform slender bar of mass m is initially in static equilibrium in
the position shown. The bar is then rotated slightly and released. (a) Derive the
differential equation of motion in terms of the angular displacement 6 of the bar.
(b) If m=6kg and k =3 kN/m, determine the damping coefficient ¢ that will

critically damp the vibration.

b

2b

o
7o\
-1

Fig. P20.73

20.62-20.80 Problems

B P _
~ 0.5m
A PR
k k
c
B ‘

50 mm 50 mm

Fig. P20.72

20.74 The platform, supported by a pin at B and a spring at C, is in equilib-
rium in the position shown. When the viscous damper at A is disconnected, the
frequency of the system for small amplitudes is 2.22 Hz. Determine the damping
coefficient ¢ that would critically damp the system.

[ 0.8 m

k=3500 N/m§
|

Fig. P20.74

Fig. P20.75, P20.76

20.75 The 12-kg uniform bar AOB is pinned to the carriage at O. The car-
riage is undergoing the harmonic displacement y(#) = Y sin wt, where Y = 10 mm
and w = 2rad/s. Calculate the steady-state angular amplitude of the bar for small

amplitudes.

«e

20.76 The 12-kg uniform bar AOB is pinned to the carriage at O. The bar
is at rest in the vertical position at t =0 when the harmonic displacement

y(t) =Y sin pt is imposed on the carriage, where p is the resonant frequency
for small amplitudes and ¥ = 10 mm. (a) Show that the differential equation of

motion for the bar is

6= —12.263sin0 + 0.153 31 cos § sin 3.502¢ rad/s>
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L Viscous damping

Fig. P20.77

(b) Integrate the equation of motion numerically from # =0 to t =50, and plot 6
versus ?. (c) By inspection of the plot, estimate the maximum value of 6.

20.77 The radius of the 60-kg uniform disk is R = 500 mm. The space between
the 80-kg mass and the vertical slot is lubricated, providing viscous damping with
a damping factor of ¢ =0.15. If the couple M (t) = My sinwt is acting on the
disk, where My =40 N -m and w =S5rad/s, determine the steady-state angular
displacement 0(¢) of the disk. Assume that the cable remains taut and does not
slip on the disk.

20.78 The 3-kg uniform disk oscillates about the pin at A. The pin is lubricated
with heavy grease, which gives rise to rotational resistance equivalent to a viscous
damping couple My = —c@, where ¢ is a constant. If the period of oscillation is
measured to be 1.468 s, calculate (a) the damping ratio; and (b) the constant c.

Alef

Fig. P20.78

“20.79 The differential equation of motion for an undamped system with con-
stant external forces, from Eq. (20.45), is Mg + Kq = F, where F is the constant
generalized force. Prove that the plot of ¢/p versus ¢ is the circle shown, where
p is the natural circular frequency of the system. (Note: The circle is called the
phase plane plot of the system. Plots of this type can be very helpful in describ-
ing the behavior of complex, single-degree-of-freedom systems. See, for example,
Prob. 20.80.)

4
P
B
‘ C\((\f&"/ /\L
o
9 min ‘ 9 max
JE
x|

Fig. P20.79



20.5 Methods Based on Conservation of Energy

“20.80 The differential equation of motion for a system that is subjected to
Coulomb damping (dry friction) of constant magnitude is

—F ifg>0

it Ke =
1T {F ifg <0

where F is the generalized constant friction force. Assume that the system is
released from rest at ¢ = g, and let F' =0.15K gy. (a) Draw the phase plane plot
for the system. (Hint: See Prob. 20.79.) (b) From the phase plane plot, determine
the reduction of amplitude in each cycle of oscillation, and the point where the
system comes to rest.

*¥20.5 " Methods Based on Conservation of Energy

Here we examine two convenient methods for analyzing undamped, free vibra-
tions with a single degree of freedom: the energy method and Rayleigh’s principle.
Both methods are based on the principle of conservation of mechanical energy.

a. Energy method

Up to now, our analysis of a vibrating system started with the derivation of the
differential equation of motion using a free-body diagram and Newton’s second
law. When a system is conservative (damping is absent or negligible), we can
bypass the equation of motion and obtain the natural frequency directly from the
principle of conservation of mechanical energy.

If all of the forces that act on a mechanical system are conservative, the total
mechanical energy of the system is conserved. That is,

T + V = constant (20.35)

where T is the kinetic energy of the system and V represents the potential energy
of the forces acting on the system. Let us assume that the system is linear (its
response is proportional to the applied forces) and has a single degree of freedom
with g being the generalized position coordinate. The kinetic energy of such a
system has the form

1
T = EMq'z (20.36)

where the constant M is the generalized mass of the system.
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The potential energy of a linear system is always a quadratic form in g:

1 2
V = VO + Foq aF EK{] (20'37)

where V), Fy, and K are constants. To facilitate the derivations that follow, we
assume that ¢ = 0 corresponds to the static equilibrium position of the system. By
inspection of Eq. (20.37), we see that Vj is the the potential energy of the system
in the equilibrium position. Moreover, because the condition for static equilibrium
is dV/dq|,—o =0, we conclude that Fy =0, so that the potential energy becomes

1
V=V, + Equ (20.38)

Substituting Egs. (20.36) and (20.38) into Eq. (20.35) and differentiating with
respect to time, we get

C(Lpg pve s tkg?) =0
ar\2" T TR )=
which yields (Mg + Kq)q = 0. Discarding the trivial solution g = 0, we obtain
the equation of motion
q+p’q=0 (20.39)
where

K
P=4/= (20.40)

M
Since Eq. (20.39) has the same form as Eq. (20.1b), we conclude that p is the
circular frequency of the system.
In summary, the procedure for computing the circular frequency of an
undamped system using conservation of energy is:

* Choose a position coordinate g so that g = 0 at static equilibrium.

* Derive the expression for the potential energy V in an arbitrary position.
(When making small-displacement approximations, such as sing ~ ¢ and
cosq ~ 1 — ¢?/2, be sure to keep all quadratic as well as linear terms in g.)
Identify K by comparing your expression for V with Eq. (20.37).

* Derive the expression for the kinetic energy 7 in an arbitrary position and
identify M by comparing the expression with Eq. (20.36).

* Compute the circular frequency from p = vV K/M.

b. Rayleigh’s principle

In some cases, geometric complications make it difficult to compute the kinetic
energy in an arbitrary position. These cases are best analyzed using Rayleigh’s
principle, which is a variant of the principle of conservation of energy. Rayleigh’s
principle requires the kinetic energy only at a specific position of the system,
which simplifies the geometry. The method also can be used for an approximate
analysis of systems whose motion is not purely harmonic.



20.5 Methods Based on Conservation of Energy

As before, we assume the system to be linear and have a single degree of free-
dom. Let g be the generalized position coordinate, which is chosen so that ¢ =0
in the static equilibrium position. From the conservation of mechanical energy in
Eq. (20.35) we draw the following conclusions:

* The position of maximum kinetic energy is also the position of minimum
potential energy. According to Eq. (20.38), Vinin = Vp occurs at g = 0; hence
Tmax also occurs at g = 0.

* The position of maximum potential energy is also the position of minimum
kinetic energy. Note that in this position ¢ = 0, so that T, = O.

Conservation of mechanical energy requires that Tinax + Vinin = Tin + Vinax-
Since we found that V,;, = Vjy and Tpin = 0, the energy balance becomes

Thax = Vinax — Vo (20-41)

which is known as Rayleigh’s principle. If the datum for potential energy is
chosen such that V; = 0, this principle assumes the more conventional form
Tmax = Vmax- In Eq. (20.41) we have

1 L.
Vmax = VO + EKLIrznax Tmax = EMqr%ax (a)

When applying Rayleigh’s principle, we must assume that the motion is simple
harmonic: ¢ = A sin(pt + «). Therefore, g = A and gmax = Ap, or

Gmax = PGmax (20.42)

Substituting Eqgs. (a) together with Eq. (20.42) into Eq. (20.41), we obtain

1 1
Epqugmx =W+ Equlax -

from which p = +/K/M as before.
The procedure for applying Rayleigh’s method is:

* Choose a generalized position coordinate g so that g =0 at static equilibrium.

* Derive the expression for the potential energy V in the position ¢ = gmax,
thus obtaining V. as a function of gp,x. (When making small-displacement
approximations, be sure to keep all quadratic as well as linear terms in gmax.)

* Derive the expression for the kinetic energy 7 in the static equilibrium
position ¢ = 0. The result is Ti,,x as a function of G-

* Substitute ¢max = Pgmax 1nto the expression for T, obtaining T, as a
function of Gpax.

 Substitute the expressions for T.x and Vi, into Eq. (20.41) and solve for p
(gmax Will invariably cancel out).
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Sample Problem 20.8

The rigid body in Fig. (a) consists of the small masses m; and m,, which are
connected to the ends of a light bar that can rotate about a pin at O. The ideal
spring is undeformed when the bar is vertical. Determine the circular frequency
of small vibrations.

Because the kinetic energy of the system is computed easily, this problem is well
suited for solution using conservation of energy. We choose the angle 6 shown
in Fig. (b) as the position coordinate. Note that 8 = 0 in the static equilibrium
position, as required by the energy method. Taking the equilibrium position as the
datum for potential energy and referring to Fig. (b), we obtain

1
V =migh, —maghy + Ek(eef

where h; = a(1 —cosf) and h, = b(1 — cos 6). With the approximation cos 6 ~
1 — 6%/2, we get hy ~ af?/2 and h, ~ bH?/2. Therefore, the potential energy
becomes

V= %(mlga — magh + ke*)6?
Comparison with Eq. (20.37) yields
K =miga — magh + ke?
Because O is a fixed point, the kinetic energy of the system is

1., 1 )
T = 51092 = E(mlaz + myb*)6?

Comparing this with Eq. (20.36) we conclude that
M = m1a2 + m2b2

Hence, the circular frequency of the system is

K - b + ke?
p= = = [Mmga mght ke Answer
M mia? + mob?

590

Sample Problem 20.9

Figure (a) shows a homogeneous semicylinder that rocks back and forth with-
out slipping on the horizontal plane. The angular position of the semicylinder is
defined by the angle 6. Determine the natural circular frequency of the oscilla-
tions for small amplitudes, assuming the motion to be simple harmonic. The mass
center G is located at the distance 4R/3w = 0.4244R from point O.



This problem is not well suited for solution using conservation of energy, because
the kinetic energy cannot be easily computed in an arbitrary position. The source
of the difficulty is the displacement of the contact point between the semicylinder
and the horizontal surface, which gives rise to geometric complications. We can
overcome this problem by using Rayleigh’s principle.

The position of maximum potential energy is shown in Fig. (b). Choosing the
horizontal surface as the datum, the potential energy is

92
Vinax = mg(R — 0.4244R c08 Oay) ~ mg <R — 0.4244R (1 - %))

= 0.5756mgR + 0.2122mg RH?

max

Note that Vy = 0.5756mgR is the potential energy in the equilibrium (6 = 0)
position.

f
0'4244/? 10}
4, 1 [ f
Omax / 0.4244 R

G !

R . f
B hy T 0.5756 R
\ ¢ Datum for V

Datum for V !
(b) Position of maximum displacement (V =V, .., T = 0) (c) Passing through equilibrium position (V= Vi, T = Tp.)

The maximum kinetic energy of the semicylinder occurs in the position 6 = 0,
which is shown in Fig. (c). Because the contact point C is the instant center for
velocity, the kinetic energy is Tax = (1/2)1¢6?2, . By the parallel-axis theorem

max*
I =1p —m(0G)* =0.5mR> — m(0.4244R)* = 0.3199m R?
Ic = I +m(GC)* = 0.3199mR> + m(0.5756R)?> = 0.6512m R*

so that

max max

1 . .
Tinax = E(0.6512mR2)92 = 0.3256m R*6>

= 0.3256mR*p*6?

max

In the last step, we substituted 2, = p?62, , thereby assuming the motion to be
harmonic.
Rayleigh’s principle Tipax = Vimax — Vo now becomes

0.3256mR>p*0*, = 0.2122mgRH>

max max

yielding for the circular frequency

p=0.807,/ % Answer
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Problems

Fig. P20.81

Fig. P20.83

Fig. P20.86

20.81 The mass center of the unbalanced disk of weight W is located at G.
In the equilibrium position shown, the two springs attached to the rim of the
disk are undeformed. Determine the natural circular frequency of the disk for
small oscillations by the energy method. Use the following data: W = 180N,
R = 0.6m, k = 0.5m (radius of gyration about G), k; = 450N/m, and
ky = 600 N/m.

20.82 The uniform bars AB and BC, each of length L and mass m, are con-
nected with a pin at B. End C of bar BC is attached to the roller support. The
system is in equilibrium in the position shown. Calculate the period of small
oscillations about this position.

L B L

A (oY ) /ozC

Fig. P20.82

20.83 One end of the L-shaped arm is connected to the block of mass m, while
the other end is attached to the linear spring. The mass of the arm can be neglected.
(a) Determine the natural circular frequency of small oscillations about the equi-
librium position shown. (b) What is the range of values of the spring constant k
for which the oscillations will be stable?

20.84 The homogeneous semicircular hoop rocks back and forth on the hor-

izontal surface without slipping. Determine the natural circular frequency of
oscillations for small amplitudes. Assume simple harmonic motion.

C k

Fig. P20.84 Fig. P20.85

20.85 Pulley B can be approximated as a uniform disk, and the mass of pulley
C can be neglected. Determine the expression for the natural frequency of the
system.

20.86 The hoop to which the pendulum is rigidly attached rolls without slip-
ping on the horizontal surface. Neglecting the masses of the hoop and the rod,
calculate the period for small oscillations about the equilibrium position shown.
Assume simple harmonic motion.



20.87 The uniform rod of mass m and length R is attached to a circular base
of radius R and negligible mass. The system is released from rest in the position
shown, where 6 is a small angle. Determine the circular frequency of the ensuing
oscillations, assuming that the motion is harmonic and that the base does not slip
on the horizontal surface.

20.88 The pendulum consists of a uniform disk attached to a rod of negligible

weight. Determine the two values of the distance L for which the period of the
pendulum is 1.4 s for small amplitudes.

—\g/

Fig. P20.88 Fig. P20.89

“20.89 The uniform slender bar AB of mass m is free to rotate about the axis
that is inclined at the angle o to the vertical. The bar is given a small angular
displacement from the equilibrium position shown and then released. Determine
the frequency of the resulting vibration.

20.90 If the uniform slender bar is in equilibrium in the position shown,
calculate the period of vibration for small amplitudes.

20.91 The homogeneous disk of mass m and radius R rolls without slipping
on the inclined surface. Determine the frequency of small oscillations of the disk
about its equilibrium position.

20.92 The uniform block of wood is floating in water when it is displaced
slightly in the vertical direction and then released. Find the period of the resulting
oscillation. Use the following weight densities: pwaeer = 1000 kg/m3 and pyood =
600 kg/m>.

h =150 mm

Fig. P20.92

20.81-20.97 Problems

Fig. P20.87

593
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20.93 The torsional spring at end A of the uniform slender bar is adjusted so
that the bar is in equilibrium in the position & = 6y, where 6, is not neces-
sarily small. If the rotational stiffness of the spring is k (torque/rad), determine
the expression for the natural frequency of the bar for small oscillations about
the equilibrium position. Assume that the plane of the figure is (a) vertical; and
(b) horizontal.

20.94 Therollers at A and G are pinned to the uniform bar AB and move freely
in fixed slots. The spring at A is initially unstretched, and the bar is at rest when
0 =0. (a) Derive the differential equation of motion for the bar, assuming that
the angle 6 remains small. (b) Compute the period of oscillation if m = 15kg,
Fig. P20.93 L =1.2m, and k =490.5 N/m. (c) Using the values of L and k given in part (b),
find the largest value of m for which the angle 6 will remain small.

/\ B 6« ‘20.95 (a) Show that the differential equation of motion for the bar described in
L ~"Prob. 20.94 is
m
i |:<9.2+ k) p 2g} 3sinf
=— — )cos — = ———
) o/l G m L |1+3sin’6
2
< 6 (b) Use numerical integration with m = 15kg, L = 1.2m, and k = 490.5 N/m to

calculate the period of oscillation if the amplitude is (i) small; (ii) 30°.

k 20.96 The homogeneous sphere of mass m and radius r rolls without slipping
. on a cylindrical surface of radius R. Calculate the frequency of small oscillations
Fig. P20.94, P20.95 about the equilibrium position shown.

_/

20.97 A thin ring of radius R and mass m is suspended from a peg of radius r.

Determine the circular frequency of small oscillations about the equilibrium

position shown if the ring does not slip on the peg. Assume simple harmonic
Fig. P20.97 motion.
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Review of Equations

Equation of motion: mx 4+ kx =0
General solution: x = A cos pt + B sin pt = E sin(pt + «)

Circular frequency: p = vVk/m

Equation of motion: mX + cx + kx =0

(—C-s-\/gT—l)pt_'_Aze(—{— 52—1)1)!

General solution: x = Ae

c
Damping factor: { = — Cor = 2mp
CCI’

Damped circular frequency: wy; = py/1 — ¢2

Equation of motion: mx + cx + kx = Py sinwt
Particular solution: X sin(wt — ¢)
Polk
VI = (@/p)*? + (2t wlp)?

ZCQ)AD
Ph le:p =tan™!' | —F—
ase angle: ¢ = tan |:1—(a)/p)2:|

Amplitude: X =

y = Ysin wt
Equation of motion: m? + ¢z + kz = mY w? sin wt

z = x — y = position coordinate of mass relative to support

1 2 1 -2
V:V0+F0q+§Kq T:qu p=.K/M

Tax = Vinax — Vo
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Review Problems

Fig. P20.99

T—~ y(0)

k

ARRRAR
m VAN

Fig. P20.100

T—~x(t)

k y(@
Fww—  m _m_f’

Fig. P20.101

Fig. P20.102

20.98 The 10-kg mass is set into motion at time # = 0 with the initial conditions
x =20 mm and X = —110 mm/s, where x is measured from the position where the
springs are undeformed. (a) Derive the differential equation of motion for the
mass. (b) Compute the frequency of vibration. (c) Determine the expression for

x(1).
T—»x(l)

}—W— 10 kg —«W
k=200 N/m __® o k=200 N/m

Fig. P20.98

20.99 The two elastic cords are connected to the ball of mass m and stretched
to initial tension 7. If the ball is given a small lateral displacement and released,
determine the frequency of the ensuing vibration.

20.100 The block of mass m =1kg is connected to the shaker table by a
spring of stiffness k =2100 N/m. The system is at rest with the spring unde-
formed when the harmonic displacement y(¢) = 10 sin 60t mm is imposed on the
table. Determine the displacement of the weight relative to the table as a function
of time.

20.101 Two springs of stiffnesses k| and k; are attached to the mass m. One of
the springs is connected to a rigid support, whereas the free end of the other spring
undergoes the harmonic displacement y(#) =Y sin wt. (a) Derive the differential
equation of motion for the mass. (b) Determine the amplitude of the steady-state
vibration. (c) Find the magnification factor.

20.102 The electric motor of total mass of 30 kg is supported by four identical
springs of stiffness k =8 kN/m each. The mass center of the 8-kg armature is
250 mm from the axis O of the armature. (a) Determine the resonant speed of the
motor. (b) Find the amplitude of the steady-state vibration if the motor is running
at twice the resonant speed.

20.103 The figure shows a damped oscillator and the plot of its displacement
during free vibration (x is measured from the equilibrium position). Knowing that

Fig. P20.103
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the weight of the oscillator is m = 0.2kg, find the spring stiffness k£ and the
damping coefficient c. (Hint: Use the logarithmic decrement.)

20.104 The 5kg mass is released from rest at time ¢t =0 in the position

x =50 mm, where x is measured from the position where the spring is unde-
formed. If the damping factor is 0.5, determine the expression for x (¢).

F=xO 4 5800 Nim
)
s Ske Wy

Fig. P20.104

20.105 The system is set into motion at time ¢t =0, with x =0 and x =2 m/s,
where x is measured from the undeformed position of the spring. Determine the

expression for x (¢). ¢,=5N-s/m r’ T =5Ns/m
. . 0.4k T
20.106  Solve Prob. 20.105 if ¢, is changed to 3 N - s/m. K uwu;“v“

20.107 For the system shown, m =7 kg, k = 1750 N/m, and ¢ =270 N - s/m. k=40 N/m
(a) Determine the magnification factor if the circular frequency w of the applied
force equals the resonant frequency p of the system. (b) Find the maximum
possible magnification factor and the corresponding value of w.

Fig. P20.105, P20.106

20.108 Repeat Prob. 20.107 if the damping coefficient is changed to ¢ =
90 N - s/m.

20.109 Determine the steady-state displacement x () of the 6-kg mass if
Y =28 mm and w = 20rad/s. Does x(¢) lead or lag y(z)?

T_’x(t) y(f) = Y sin @t Fig. P20.107, P20.108
10 kN/m c k=12 kN/m
W 15 kN/m
6 kg A B
'Li(o:: [ o © T
60 N - s/m \« 0.25 m —~| 0.50 m |
Fig. P20.109 Fig. P20.110, P20.111

20.110 The rigid 24-kg bar AB is in equilibrium in the position shown. Deter-
mine the damping coefficient ¢ for which the bar would be critically damped for
small oscillations.

20.111  The rigid bar AB has a mass of 24 kg, and the damping coefficient of
the dashpot is ¢ =3 kN - s/m. The bar is driven by a vertical force (not shown)
P(t) = 0.5sin 257 kN acting at B. Determine the displacement amplitude of end
B of the steady-state vibration.
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0

Fig. P20.112

20.112 The T-shaped body is made of uniform bar that has a mass per unit
length p. In the position shown, the body is in equilibrium. Determine whether
the system is overdamped or underdamped for small oscillations, given that p =
0.5kg/m, a = 500 mm, ¢ = 20 N - s/m, and £ = 800 N/m.

20.113 The figure shows the inside of an instrument that is used to measure the
amplitude Y of the vertical ground motion y(#) =Y sin wt. The L-shaped arm is in
equilibrium in the position shown. Derive the equation of motion for the mass m
in terms of z, the displacement of the mass relative to the frame. Assume small
displacements and neglect all masses except m.

.0
a

l y(®)

Fig. P20.113

20.114 For the damped spring-mass system shown, the damping factor is
¢ =0.25 and the undamped natural frequency is f =3 Hz. When the support
undergoes the vertical movement y(¢#) =Y sin 18¢ (¢ is the time in seconds), the
relative amplitude of the steady-state vibration of the mass m is Z=10mm.
Determine the amplitude Y of the support displacement.

T y (@)

Fig. P20.114



Proof of the Relative Velocity
Equation for Rigid-Body Motion

Here we prove Eq. (19.1a), vg/4 = @ X rpy4, for rigid-body motion—where w is
called the angular velocity of the body. In a three-dimensional setting, this result
is neither intuitively obvious, nor is its proof trivial.

Figure D.1 shows four points A, B, C, and D belonging to the same rigid
body. These points may be chosen arbitrarily, except for the following restrictions:
(1) the reference point A must not lie on the line BC or on the line CD, and
(2) the four points must not lie in the same plane.

The rigidity of the body imposes the following constraints on the motion:
(1) the lengths of the relative position vectors shown in Fig. D.1 remain constant,
and (2) the angles B, B,, and B3 between the relative position vectors remain
constant. It will be demonstrated that these conditions can be satisfied only if the
relative velocity between any two points on the body has the form of Eq. (19.1a).

Consider first the requirement that the magnitude of vector rg,4 is constant:
Ip/a-Tpa = |rB/A|2 = constant. Taking the time derivative of both sides of this
equation, we get (rg/a » ¥pa)+ (Fpa » rpa) = 0,0r2rg;4 - vg/a = 0. A similar
argument can be applied to r¢/4 and rp/4. Consequently, we obtain

rp/a » Vpa =0
re/a » Vea =0 (D.1)

rpia * Vpia =0

The first of these equations is satisfied if either vg;4 = 0 or if rp/4 is perpen-
dicular to vg/4. In either case, we conclude that the relative velocity vector must
be of the form vp4 = ®w; X rp/s, where w; is a vector. Observe that if w; = 0
or if w; is parallel to rg,4, we obtain vg;4 = 0. Otherwise vp,4 is perpendicular
to rp/4 (this follows from the properties of the cross product). Applying similar
arguments to the remaining two cases in Egs. (D.1), we obtain

Vp/A = @1 X TIp/a
Veia = W2 X Teja (D.2)
Vp/ia = @3 X Ip/a

So far, we have placed no restrictions on the vectors w;, ®w,, and w3. Equa-

tions (D.2) are necessary and sufficient for the magnitudes of relative position
vectors to remain constant during the motion of the body.
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Proof of the Relative Velocity Equation for Rigid-Body Motion

Consider next the requirement that the angle S;, between rg,, and
rc/a, remains constant. Utilizing the properties of the dot product, we have
rp/a*Ycia = |rpallresal cos Br. Taking the time derivative of this equation and
imposing the condition that |rp4], |rc/al, and B, are constants, we obtain

(rpa~tcia) + (Epsa +rca) =0
or
(rpra+Vea) + (xeja - vpa) =0
Similar arguments can also be applied to 8, and B3, the results being

(rg/a+vea) + (xcra+vpia) =0
(rc/a «vpia) + (Xpra-ven) =0 (D.3)

(rpsa+Vpia) + (rpa-vpa) =0

Using Egs. (D.2) to eliminate the relative velocities from Egs. (D.3), we obtain

(rp/a - ®2 X reja) + (rea - o1 X rpp) =0
(etc.)

Using the properties of the scalar triple product, these equations simplify to

(W) — @) - (rga xre/a) =0
(w2 — @3) - (rca X rpa) =0 (D.4)
(w3 — @)+ (rpa Xrpa) =0
These three scalar equations contain nine unknowns: the three components of
®W{, Wy, and ws.
The general solution to Egs. (D.4) is (this may be verified by substitution)
®; =@+ kirpa
Wy =0+ korcja (D.5)
®3 = @ + k3rp/a
where o is called the angular velocity of the body and the k’s are undetermined
constants.
When Egs. (D.5) are substituted into Eqgs. (D.2), the k’s vanish (because
rpa X rga = 0, etc.), and the final results are
Vp/a = @ XTI/
Veia = @ X Teja (D.6)
Vp/ia = @ X Tp/A
Equations (D.6) not only prove Eq. (19.1a), but also show that @ (the angular

velocity) is a property of the body that does not depend on the chosen points
(recall that the choice of points A, B, C, and D was arbitrary).



Numerical Solution of
Differential Equations

E.1 Introduction

In general, the acceleration of a particle depends upon its velocity, position, and
time. For example, if a particle is moving in the xy plane, its acceleration compo-
nents are

ay = fr(X, 9, ve, vy, 1) ay = fy(x, 9, vy, vy, 1) (E.1)

where f; and f, are known functions determined by kinetic analysis. When the
equations are rewritten as

X = filx,y, %, 3,0 V= fy(x,y,% 1) (E.2)

we see that they represent a coupled set of second-order differential equations.
The term coupled means that the motions in the three coordinate directions depend
on each other. Coupled differential equations are difficult, or impossible, to solve
analytically. If the equations are linear, it may be possible to find a closed-form
solution, but the labor involved is seldom worthwhile. Nonlinear differential equa-
tions do not, as a rule, have analytical solutions. Even the single differential
equation encountered in rectilinear motion

X=f(x,x,1)

may be impossible to solve analytically, unless it belongs to one of the special
cases discussed in Art. 12.4.

E.2 Numerical Methods

Because analytical solutions are seldom available, numerical methods are the
main tool for solving Egs. (E.2). There is no shortage of software for the solution
of ordinary differential equations. Most software packages come with graphics
programs that can be used to plot the results. Nearly all existing programs work
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with sets of first-order differential equations of the form

X1=filx1, X2, ..., Xy, 1)
Xo= fo(X1, X2, ..., Xn, 1)

(E.3)
).anfn(xlyx27 *~'axnvt)

rather than the second-order equations in Egs. (E.2). This not a problem, because
Egs. (E.2) easily can be transformed into equivalent first-order equations of the
form shown in Eqgs. (E.3). Using the notation

X=X Y=X X=X3 y=2Xx4 (E.4)
the equivalent first-order equations are

)'Cl = X3
X2 = X4 (E.5)
x3 = fx(xl5~x25 x?)a x4a t)

X4 = fy(x1, x2, X3, X4, 1)
In vector notation, these equations are
x =f(x, 1) (E.6)

All numerical methods that solve differential equations work in a similar man-
ner: starting with the initial conditions, they step forward in time increments At,
computing x at each step. The output is thus a table of x versus 7. The required
input consists of the vector f(x, t) that defines the first-order differential equa-
tions, the initial conditions, and the time span of the solution. There is seldom
a need to specify the time increment Af, because most programs automatically
compute the most efficient value of Ar. The essential difference between various
software packages lies in the syntax that is used.

E3 " Application of MATLAB

a. MATLAB function ode45

MATLAB® is one of many software packages that are capable of solving differen-
tial equations. It is not the easiest program to use, but since it is widely available at
academic institutions, we adopt it for numerical solutions in this book. MATLAB
has several functions for solving ordinary differential equations. The most pop-
ular of these is called ode45, which uses an adaptive Sth-order Runge-Kutta
method (“adaptive” methods adjust Az to keep errors within prescribed limits).
The function call has the form

[t,x] = oded5(@f, [t0 t1l t2...tEnd], [x]1 x2 x3...xn])



E.3 Application of MATLAB

The input arguments are:

@f—the handle of the user-supplied function f that returns the vector f(x, 7) in
Eq. (E.6). A function handle is a MATLAB data type that contains the infor-
mation required to find and execute a function. The name of a function
handle is simply the character @ followed by the function name.

[t0 tl1 t2...tEnd]—times at which the solution will be obtained. If solu-

tion is to be obtained from t 0 to tEnd in steps of dt,use [t0:dt: tEnd].

[x1 x2 x3...xn]—the initial values of x, x>, ..., x,

The two items in the output are:
t— a vector containing the times at which the solution was obtained.

x— the solution matrix whose columns contain the values of xy, x», ..., X,.

As an example, consider the numerical solution of the second-order differen-
tial equation
¥=-05x*=Dx—x

where x is in feet and ¢ is in seconds. The initial conditions are x(0) = 1 ft and
x(0) = 0. The solution is to be obtained from ¢t = 0 to r = 10 in increments of
0.2 s. With the notation x = x; and X = x;, the equivalent first-order differential
equations are

).Cl = X2

%y = —0.5(xF — Dxy — x

subject to the initial conditions x;(0) = 1ft and x,(0) = 0. The MATLAB
program that solves this problem is

function exampleE_1
[t,x] = oded5(@f,[0:0.2:10],[1 01);
function dxdt = f(t,x)
dxdt = [x(2)
-0.5%(x(1)"2 - 1)*x(2) - x(1)1;
end
end

Here the primary function is exampleE_1 (an arbitrarily chosen name). The
function f(t,x), which defines the differential equations, is known as an embedded
function (it can be called only by the primary function). MATLAB provides other
ways of incorporating the function f(t,x) into the program, but the method used in
the program listed previously is the most straightforward.

b. Plotting the solution

The output of ode45 can be displayed graphically by calling the MATLAB func-
tion plot. The plot of x; (first column of matrix x) versus ¢ in Fig. E.1 was
obtained by including the following line in exampleE_1:

plot(t,x(:,1))
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Fig. E.1

The plot can be improved by increasing the font size, using a thicker line, labelling
the axis, and adding a grid, as shown in Fig. E.2. These can be achieved by
replacing plot (t,x(:,1)) with the following commands:

axes (' fontsize’,14)
plot(t,x(:,1), 'linewidth’,1.5)
xlabel ('t (s)’); ylabel('x (ft)")
grid on

—_
(9]
T
!
!
!
!
]
|
!
!
!
!
P
!
!
!
1
|
— =)

|
|
S N,
| |
| |
1 _____________ r=— I
| |
| |
0S5 F—-—-\N—————————f—- T————\- re————-
| |
g of--N\ood . L VR
ol | |
|
05 F—-————%—————14/-———— t-—————F-———-
|
|
_l _______________ +—————f\-————
|
|
-1.5F———==1—-- t-————-
| |
| |
-2
0 2 4 6 8 10

t(s)

Fig. E.2

C. Printing the solution

MATLAB has no functions that can print the output of ode45 in a format-
ted table. Here is our own function that we use in Sample Problems throughout
the text:

function printSol (t,x)
[m,n] = size(x);
head =" t’;



E.4 Linearinterpolation ~ 60K

for i = 1:n

head = strcat (head,’ X’ ,num2str (i) ) ;
end
fprintf (head); fprintf('\n’)
for 1 = 1:m

fprintf ('%$13.4e’,t(i),x(i,:)); fprintf('\n’)
end

By calling this function in exampleE_1, we obtain the following printout
(only the first four and last four lines are shown):

t x1 x2
0.0000e+000 1.0000e+000 0.0000e+000
2.0000e-001 9.8006e-001 -1.9886e-001
4.0000e-001 9.2084e-001 -3.9245e-001
6.0000e-001 8.2356e-001 -5.7915e-001
9.4000e+000 -1.9139e+000 4.3391e-001
9.6000e+000 -1.8026e+000 6.7054e-001
9.8000e+000 -1.6482e+000 8.6656e-001
1.0000e+001 -1.4572e+000 1.0428e+000

Exy " Linear Interpolation

The results obtained from numerical solutions seldom coincide exactly with the
points of interest. For example, assume that we have obtained a printout of x
versus ¢ and wish to determine ¢ at the instant when x = 0. Since we cannot
control the values of x on the printout, it is very unlikely that we will encounter
a line where x = 0. The best we can obtain from the printout is the time interval,
say t| to t;, where x changes its sign. To obtain a more accurate estimate of ¢,
interpolation must be used.

Linear interpolation assumes that over a short time span the plot of x versus ¢
can be approximated by a straight line. Since any segment of a straight line has
the same slope, we have

x(h) — x(t1) _X —x(t1)

E.
h —1 t—nh ( 7)

which is the interpolation formula between the points [#;, x(¢1)] and [r2, x(22)].
By specifying the value of x, we can solve the equation for the corresponding ¢
and vice versa.

As an illustration, let us compute t when x; = —1.75 ft using the printout of
exampleE_1. By inspection, we see that 9.6 < ¢ < 9.8. Based on these time
values, the interpolation formula becomes

—1.6482 — (—1.8026)  —1.75 — (—1.8026)
9.8—-9.6 a F—9.6

The solution is t = 9.6681 s.
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Mass Moments and
Products of Inertia

F.a Introduction

The concept of mass moment of inertia was first introduced in Art. 17.2. In that
article, we considered only those inertial properties that were required for a dis-
cussion of the plane motion of a rigid body—specifically, the definitions of mass
moment of inertia and the radius of gyration, the parallel-axis theorem, and the
method of composite bodies. We used these concepts extensively throughout the
analysis of plane motion in Chapters 17 and 18. The inertial properties of a rigid
body described in three dimensions were introduced in Art. 19.3, including the
definition of mass product of inertia, the parallel-axis theorem for products of iner-
tia, and the principal moments of inertia. The techniques for determining moment
of inertia by integration, which were not discussed, are included in this appendix.
This appendix concludes with a discussion of the inertia tensor, including the
principal moments of inertia and the principal directions.

F:2 Review of Mass Moment of Inertia

The mass moment of inertia of a rigid body of mass m about an axis, such as the
axis a-a in Fig. F.1, was defined as

I, = f r2dm (17.1, repeated)
v

where r is the distance from the axis to the mass element dm, and the integral is
taken over the region V" occupied by the body. Methods for computing the integral
in Eq. (17.1) are discussed in Art. F.4.

The radius of gyration of the body with respect to the axis a-a was defined as

ko =/ 1,/m (17.2, repeated)
The parallel-axis theorem (proved in Art. 17.2) states that

I, = I, + md* (17.3, repeated)

&

Fig. F.1
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As indicated in Fig. F.1, I, is the moment of inertia of the body about the axis
that is parallel to the axis a-a and passes through the mass center G of the body
(we refer to this axis as a central axis), and d is the distance between the two axes.
In Art. 17.2, the use of this theorem was restricted to the computation of moments
of inertia of composite bodies. As we see in Art. F.4, the parallel-axis theorem is
also very useful when computing the moment of inertia of a body by integration.

F:3 " Moments of Inertia of Thin Plates

Here we present a convenient method of calculating the mass moments of inertia
of homogeneous thin plates from the second moments of their surface areas. Not
only are thin plates important in their own right, but their inertial properties are
also useful in the calculation of the inertial properties of solids by integration.
Figure F.2 shows a thin plate of thickness 7. The surface of the plate is the
plane region { of area A, and the solid region enclosing the plate is denoted by .
Letting o be the mass density (mass per unit volume), the mass of the plate is

m = ptA (F.0)

Using the definition in Eq. (17.1) and referring to Fig. F.2, the moments of
inertia of the differential mass element dm about the coordinate axes are

dl, =y*dm  dl,=x*dm  dI,=r*dm @

where r is measured from the origin O of the coordinate system. Substituting
dm = pt dA and integrating over the region & yield

I, =pt/ y2dA Iy =,0t/ x2dA I, = ,ot/ r? dA (b)
o ol ol

The integrals in Eqgs. (b) represent the moments of inertia of the surface area
of the plate:” [, y?dA = (I)urcar [,y X dA = (Iy)arca, and [, r* dA = (Jo)area-

]

Plane region o
(Area=A)

Solid region V'

Fig. F.2

“In this appendix, we use the subscript “area” to distinguish the moment of inertia of the plate area
from the mass moment of inertia of the plate.
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Therefore, mass moments of inertia of the plate are related to the area moments
of inertia by

I, = pt (I )area Iy = pt(ly)area
I, = pt(Jo)area

(F.2)

Substituting pt = m/A from Eq. (F.1), we obtain the following alternative
forms of Eqgs. (F.2):

m m
Ix = Z(Ix)area Iy = Z(Iy)area

" (F.3)
I, = X(JO)aIea
Because 2 = x? + y2, Egs. (b) yield the identity
I =1+ Iy (F4)

It is important to note that Eq. (F.4) is valid only for thin plates. In general, it is
not true for bodies of arbitrary shape.

As an illustration, consider the homogeneous thin disk of mass m shown in
Fig. F.3(a). The surface area of the disk is the circle of radius R in Fig. F3(b).
From the table on page 652, the moments of inertia of a circular area are (I )yrea =
(Iy)area = 7R*/4. Therefore, the mass moments of inertia of the plate can be
computed as follows.

m wR* _ mR?

m
Ix:Iy:Z(Ix)area:mT 4

and

4 2

The above result for I, could also have been found using I, = (m/A)(Jo)area,
where (JO)area = (Ix)area + (Iy)area'

mR? mR?
IZZIX+I)'=2 _— = —

F:g " Mass Moment of Inertia by Integration

According to Eq. (17.1), the mass moment of inertia of a body that occupies a
region V" is obtained by evaluating an integral of the form fy r? dm, which, in
general, represents a triple integral. Using rectangular coordinates, for example,
we have dm = p dV = p dx dy dz, where p is the mass density at the point whose
coordinates are (x, y, z). Techniques of evaluating multiple integrals are presented
in introductory calculus texts (you will find that most of those texts use moment
of inertia as a practical application of integration performed over spatial regions).

Here we consider only bodies whose symmetry permits us to evaluate their
moments of inertia with a single integration. As will be seen in Sample Prob-
lem F.3, the single integration technique is based on the inertial properties of thin
plates that have been discussed in the preceding article.

(a) Homogeneous thin
circular disk

y

(b) Surface area
of disk

Fig.F.3



(a)

(b)

Sample Problem F.1

Figure (a) shows a homogeneous slender rod of mass m and length L. Determine
the moments of inertia of the rod about the x-, y-, and z-axes that pass through its
mass center G.

The term slender implies that the cross-sectional dimensions of the rod are negli-
gible compared with its length. Therefore, the mass of the rod may be considered
as being distributed along the x-axis, which means that its moment of inertia about
that axis is negligible; that is,

I, ~0 Answer

The differential mass dm chosen for integration is shown in Fig. (b). Because
x is the perpendicular distance from both the y-axis and the z-axis to dm, the
moments of inertia about these two axes are identical. Letting p be the (constant)
mass of the rod per unit length, we have dm = p dx. The definition of moment of
inertia gives

L2 3 3 3

p (L L pL
I,=1I= [ x*dm= 2odx="C2 =) =
T /x " p/_lex,ox 3<8+8> 12

Because the mass of the rod is m = pL, this result may be written as

mL?

h=l="

Answer
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Sample Problem F.2

As shown in the figure, an assembly is formed by joining a 0.3-kg rectangular
plate to a 0.2-kg triangular plate. Assuming that both plates are thin and homo-
geneous, calculate the moment of inertia of the assembly about each of the three
coordinate axes.

We use Egs. (F.3) to compute the mass moment of inertia of each plate from the
properties of areas listed in the table on page 652. Summing the results for the
two plates then gives the moments of inertia for the assembly.

Rectangular Plate

m = 0.3kg
A =0.15 x 0.20 = 0.03 m?
0.15(0.2)°
3
0.2 x (0.15)3
3

(Ix)area = 4 x 10_4 m*

(Iy)area = =225x 10"*m*



Because the plate lies in the xy-plane,

(JO)area = (Ix)area + (Iy)area
=4 +22510% =6.25x 10*m*
Substituting the above results into Egs. (F.3) gives
I =21 0-3 4% 10%) =4 x 10 kg - m?
x — T Ux)area = T 5 X =4aX -m
A 0.03 g
_ m

3
I, = Z(Iy)area = ﬁ(2.25 x 107%) =2.25 x 10 kg - m?

m 3
I. = Z(JO)area = m(azs x 107%) = 6.25 x 102 kg - m?

Triangular Plate

m=0.2kg
0.225 x 0.15
A= + = 1.69 x 102 m?
0.15 x 0.2253
(I)area = ——> 2220 142 % 107 m*
12
0.225 % 0.15°
(1. )ares = 1—X2 =633 x 10 m*

Noting that the plate lies in the xz-plane, we have
(JO)area = (Ix)area + (Iz)area
= (14.24+6.33)10° m* = 20.53 x 10> m*

Substituting the above results into Egs. (F.3) (modified to take into account the
fact that the area lies in the xz-plane) gives

m 0.2

I, = Z(L‘)W = m(mz x 107%) = 1.68 x 107 kg - m?
I, = 2 J0)aea = L(20.53 x 107%) = 2.43 x 103 kg - m?
A 1.69 x 102
L= ™ (L es = ——22 (633 x 1075) = 749 x 10~ kg - m?
A 1.69 x 102
Assembly

Summing the results obtained for the two plates gives the following values for the
inertial properties of the assembly.

I, = (44 1.68)(107%) = 5.68 x 107> kg - m?
I, = (2.25+2.43)(107°) = 4.68 x 10 kg - m*
I. = (6.25 +0.749)(107%) = 6.999 x 10~ kg - m?

Answer

611
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Sample Problem F.3

Figure (a) shows a homogeneous block of mass m. Using integration, calculate its
mass moments of inertia about each of the coordinate axes shown. The origin O
is located at the center of the bottom face.

a

wt L -Mass =m

ol -

(a)

We select for the differential element the plate of mass dm that is shown in
Fig. (b). Because the thickness dz of this element is infinitesimal, all parts of
the plate are a distance z from the xy-plane. The x’- and y’-axes shown in Fig. (b)
are central axes of the element.

—dm

(]

C

o] b &
AN
AN

S :

(b)

Applying the parallel-axis theorem to the element, we get
dl, =dly +z*dm @

where dI . and dI . are the mass moments of inertia of dm about the x- and x’-axes,
respectively. According to Egs. (F.3), we have

ab?

dl, = P dz (s )area = 1Y dz E (b)



where p is the (constant) mass density of the block; the expression for (/,/)area
was taken from the table on page 652.
Substituting Eq. (b) and dm = pab dz into Eq. (a), we obtain

ab®> b? )
dl, = p dZE + z°(pab dz) = pab T +z7)dz (0

Integrating Eq. (c) from z = 0 to z = ¢ yields

c b2 b2 C2
I, = pab — +2%) dz = pabc | — + —
p“/0<12+z> . p“‘<12+3>

Recognizing that the mass of the block is m = pabc, the mass moment of inertia
about the x-axis may be written as

b2 2
I, =m (E + %) Answer (d)

The computation of /, is identical to that of I, except that the dimensions a and b
are interchanged. Therefore, we can deduce from Eq. (d) that

az 6‘2
I, = — + — Answer (e
y=m (12 *3 ) ©

From Egs. (F.2), the mass moment of inertia of the element dm about the
z-axis is

dlz =p dz (Jo)area (f)

where (Jo)area 1S the polar moment of inertia of the area of the element. Substi-
tuting

Jodaes = Uy s + (I s = 22 4 &0 &)
OJarea — \1x')area y' Jarea — 12 12 g
into Eq. (f), we obtain
b
dl, = p= (a® +b?) dz
12
Integrating between z = 0 and z = ¢, we find that
pab , , 5 /C pabc , , 5
= b dz = —— b
=T @) | di= T (@)
which, on substituting m = pabc, may be written as
=2 (a® +b?) Answer

12
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Problems

F.1  The thin plate mass 113 g. Calculate its moment of inertia about each coor-
dinate axis.

F.2  The thin plate of mass m has the shape of a circular segment. Determine its
moment of inertia about the z-axis.

\
d 450\ hl >\
\ N 5
X
\ A
- 40 mm

Fig. PF.2 Fig. PF.3

F.3 Calculate the moment of inertia of the iron casting about the x-axis. The
mass density of cast iron is 7200 kg/m?.

F.4 The bracket of mass m has a uniform thickness. Calculate its moment of
inertia about each coordinate axis.

Dimensions in mm

Fig. PF.4 Fig. PF.5

F.5 The part shown is formed by slitting and bending a thin plate. If the total
mass of the plate is 7.5kg, determine its moment of inertia about the three
coordinate axes.

F.6 The rocket casing consists of a 120-kg cylindrical shell and four triangular
fins, each of mass 15kg. Assuming all components to be thin and of uniform
thickness, determine the moment of inertia of the casing about the z-axis.



F.1-F.18 Problems 615

F.7 Without integrating, find the moment of inertia of the wire about the y’-axis,
which passes through the mass center G.

Mass =m

Fig. PF.7 Fig. PF.8 y

F.8 (a) Find the moment of inertia of the slender rod about the x-axis by
integration. (b) Using the results of part (a), determine the moments of inertia
about the other two coordinate axes.

F.9 The slender rod of mass m lies in the x y-plane. Using integration, determine
its moment of inertia about the x-axis.

F.10 (a) Determine the moment of inertia for the homogeneous cylinder about /
the z-axis by integration. (b) Obtain the moment of inertia about the y-axis using ¢

a- (F3) Fig. PF.9

r=Rx/h

Fig. PF.10 Fig. PF.11

F.11  Using integration, find the moment of inertia of the paraboloid of revolu-
tion about the x-axis.

Mass =m
F.12 Use integration to determine the moment of inertia of the rectangular pyra-
mid about (a) the z-axis; and (b) the y-axis.

F.13 (a) Determine the moment of inertia of the homogeneous hemisphere of x
mass m about the y-axis using integration. (b) Using the result found in part (a), .
find the moment of inertia of a sphere of mass M about a diameter. Fig. PF.13
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F.14 The mass of the truncated conical shell of constant wall thickness is 1.5 kg.
Use integration to find the moment of inertia about the axis of the shell.

P F.15 Determine the moment of inertia of the thin cylindrical panel about the
z-axis using integration.

240 mm
« ‘F.16 The cover of the football may be approximated by a thin homogeneous
- " shell of mass m. Determine its moment of inertia about the z-axis.
90 mm
o« ‘F.17 A thin steel plate of mass 80kg is cut from the pattern shown. Calculate
Fig. PF.14 ~"the moment of inertia of the plate about the y-axis.
R~ —Mass=m

— X
0 100 200 300 400 500 600 700 800

Dimensions in mm
Fig. PF.15 Fig. PF.16 Fig. PF.17, PF.18

F.18 An axisymmetric cavity is formed in a sand mold by rotating the pattern
shown about the x-axis. A casting is then made by filling the cavity with aluminum
of density 2650 kg/m?. Calculate the moment of inertia of the casting about the
X-axis.

e

F:5 | Mass Products of Inertia;
z Parallel-Axis Theorems

Regiony  Figure F4 shows a body of mass m that occupies a region V. The mass products
(Mass=m)  of inertia of this body relative to the coordinate axes shown are defined as

Loy = Ly — Axy dm

21 Iyz = Izy = / yz dm (F-S)
| Vv
|
|
o | | y e = U = / zx dm
| ! v o
! //X | //*
______ v | P
A 17
y The dimensions for product of inertia are the same as those for moment of inertia,

that is, [ML?] (slug - ft* or kg - m?). Whereas the moment of inertia of a body is
Fig. F.4 always positive, its product of inertia can be positive, negative, or zero.



F.6

Products of inertia satisfy the following parallel-axis theorems, which are
similar to the parallel-axis theorems for moment of inertia.

(F.6)

In the first of Egs. (F.6), I_xy is the product of inertia with respect to central axes
that are parallel to the x- and y-axes, respectively; and x and y are the coordinates
of the mass center G—see Fig. F.4. The terms in the other two equations are
defined in an analogous manner.

To prove the parallel-axis theorem, we consider Fig. F.5, which shows a body
viewed along the positive z-axis. The x’y’-coordinate system has its origin at G,
and its axes are parallel to the xy-axes. From Fig. F.5, we see that x = X + x" and
y =y + y', which, when substituted into the definition I, = fcv xy dm, gives

Ixy :/(i +x’)()7+y/) dm
Vv

Carrying out the multiplication, we obtain

Ixyzi)_//dm+§/x/dm+i/y’dm+/x’y’dm
¥ ¥ ¥ ¥

Note that because the x’-and y’-axes pass through G, we have [, x'y’ dm =
I_xy, ch x'dm =0, and foV y'dm =0. Consequently, the above equation reduces to
Iy = [, y +mxy. This completes the proof of the parallel-axis theorem.

The method of composite bodies for mass products of inertia is equivalent to
the same method for moments of inertia—the product of inertia of a composite
body equals the sum of the products of inertia of its parts. The proof of this state-
ment follows directly from the definition of product of inertia: The integral of a
sum equals the sum of the integrals.

F:6 | Products of Inertia by Integration;

Thin Plates

The evaluation of the integrals that define the mass products of inertia of a body,
such as f‘v xy dm, generally requires triple integration. As in Art. F.4 for mass
moments, we restrict our attention here to bodies whose symmetry permits their
products of inertia to be evaluated with only a single integration utilizing the
properties of thin plates.

The mass products of inertia of the homogeneous thin plate depicted in
Fig. F2 are

Iy :fxy dm I, :fyz dm I :/zx dm @
¥ ¥ ¥

y

Region V'
(Mass = m)

Products of Inertia by Integration; Thin Plates

617
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Fig. F.6

Using dm = pt dA, Eqgs. (a) become

I, = ,ot/ xy dA I, = pt/ vz dA I, = pt/ zx dA (b)
’ o ’ £ o

The integrals in Egs. (b) are the products of inertia of the plane region & with
respect to the coordinate axes. Again using the label “area” to refer to area
properties, Egs. (b) become

Ixy = pt(lxy)area Iyz = ;Ot(lyz)area

(F.7)
Ly =pt(Lrx)area
Substituting pr = m/A yields the alternative forms of Egs. (F.7):
Ly = Sylaes Do = (1)
xy — 7 Uxy)area yz — 7 Uyz)area
A A F.8)

m
sz = Z (sz)area

The products of inertia for commonly encountered plane areas are given in the
table on page 652.

E:7 " Inertia Tensor; Moment of Inertia
about an Arbitrary Axis

As defined in Art. 19.3, the inertia tensor of a body at point O (the origin of the
coordinate axes) is the matrix

Ix - Ixy _Ixz
I=| -1, I, —I,. (19.11, repeated)
- sz _Izy Iz

In this article, we show that the inertia tensor at point O completely determines
the moment of inertia about any axis that passes through O.

Figure F.6 shows a rigid body of mass m that occupies the region V". Point O, a
point on the body or body extended, is chosen as the origin of the xyz-coordinate
system. The axis OM is an arbitrary axis that passes through O. The angle between
the position vector r of the differential mass dm and the axis OM is denoted by 6.
Furthermore, we let N be a unit vector in the direction of OM. Note that the mag-
nitude of the cross product of r and \ is [r X 'N| =7 sinf =a, the perpendicular
distance between OM and dm, as shown in Fig. F.6.

The moment of inertia of the body with respect to the axis OM is

10M=/a2dm=f(rxx)-(rxx)dm 6))
Vv Vv

where we have used the fact that the dot product of a vector with itself equals the

square of the magnitude of the vector; that is, (r x X) - (r x \) = |r x A|> = a>.



F.8 Principal Moments and Principal Axes of Inertia

We let x, y, and z be the coordinates of the location of dm and A, A, and A, be the
components of \. The cross product of r = xi+yj+zkand A = A i+ A, j+ 2k
then becomes

rx A= (yh, — 20)i 4+ (hez — xA)J + (¥hy — YOk
and the expression for a? is
a? = (rx N xN) = r —2h)7 + @h — x2)7 + (XA — yAy)?
Expanding the squares and collecting terms, we get
a’ = (" + 20 + (7 + 2N+ (7 + Yy
— 2XYArhy — 2XZA Ay — 2Y2hyA; (b)

Substituting Eq. (b) into Eq. (a), and identifying the expressions for the moments
and products of inertia, the moment of inertia about the axis OM becomes

Ioy = LA + 1A + LAZ — 2L A Ay — 20 Ak — 2L A )y (F.9)

We have now arrived at the following important conclusion: If the components of
the inertia tensor (I, Iyy, Iy, etc.) are known at a point, the moment of inertia
about any axis through the point can be computed from Eq. (E.9).

E:8 " Principal Moments and Principal
Axes of Inertia

In general, the components of the inertia tensor (I, Iy, etc.) vary with the loca-
tion of the reference point O and with the orientation of the xyz-axes. Throughout
this article, we assume that the reference point does not change, and we study the
effect of changing the orientation of the coordinate axes.

It can be shown” that there exists at least one orientation of the xyz-axes for
which the inertia tensor has the following diagonal form:

L 0 0
I=|0 L 0 (F.10)
0 0 &L

I, I, and I are called the principal moments of inertia at point O, and the cor-
responding coordinate axes are called the principal axes (or principal directions)
of inertia at point O. Note that the products of inertia are zero with respect to the
principal axes.

“In this article, we state some important properties of inertia tensors. Proofs may be found in most
advanced dynamics texts—see, for example, Advanced Engineering Dynamics, J. H. Ginsberg,
Harper & Row, 1988.

619
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The principal moments of inertia and the direction cosines of each principal
axis (denoted A,, Ay, and A) can be found by solving the following four equations
for Ay, Ay, and A,.

(L — DAy _Ixy)”y o — (0
—Iy Ay Iy, — DA, =1\, =0 (Fa1)
— LAy _Izy)\y (Iz - 1))‘1 =0

M+AM+AI=1

The first, second, and third equations can be shown to represent the conditions for
zero products of inertia with respect to the principal axes, and the fourth equation
must be satisfied for A, A, and A, to be direction cosines.

Note that the first three equations of Eqs. (F.11) are linear and homogeneous
(right side equal to zero) in the unknowns A, A,, and A;. Therefore, the three
values of I (representing I, I, and I3) can be obtained by solving the equation
that results from setting the determinant of the coefficients of A,, A,, and A, equal
to zero; that is,

L—1 —I, —I,.
—1y, L—1 —I. |=0 (F.12)
—IL, ~L, L—1

Once the principal moments of inertia have been found, the direction cosines of
the principal axes can be obtained from Eqgs. (F.11).

In linear algebra, the computation of the principal moments of inertia and the
principal axes is an example of a matrix eigenvalue problem, in which the princi-
pal moments are the eigenvalues of the inertia tensor, and the unit vectors in the
direction of the principal axes are its eigenvectors. Equation (F.12) is referred to as
the characteristic equation of the eigenvalue problem. Because matrix eigenvalue
problems occur in many branches of the physical sciences, their properties have
been thoroughly studied, and several numerical methods have been developed for
their solution (e.g., the Jacobi method).

Using the known characteristics of eigenvalue problems, it can be shown that
the solutions of Egs. (F.11) possess the following properties.

1. The eigenvalues—that is, I, I, and /3—are real and positive.

2. Assuming that the eigenvalues are ordered so that I3 > I, > I}, then I5 and [,
are the maximum and minimum moments of inertia, respectively, at point O.
In other words, I, and I3 are the extrema (extreme values) of /oy, in Eq. (F.9)
with respect to changes in the direction of OM.

3. If the eigenvalues are distinct—that is, if Eq. (F.12) has no double roots—then
the eigenvectors (principal axes) are mutually perpendicular.



Sample Problem F.4

Using integration, compute the products of inertia of the homogeneous body in
Fig. (a) with respect to the axes shown. Express the results in terms of the mass m
of the body.

We choose the integration element shown in Fig. (b). This element can be consid-
ered to be a thin triangular plate of thickness dy, with the surface area A, as shown
in Fig. (c). Recognizing the similar triangles in Fig. (b), we see that (x/y) = (a/2a)
and that (z/y) = (a/2a), which gives

x=z=§ @)

Next we use Eqs. (F.7) to relate the products of inertia of the mass of the
element to the properties of its area. Therefore, we turn our attention to finding
the products of inertia of the area shown in Fig. (c).

Products of Inertia of Area A

Because the plane of area A is parallel to the xz—pl_ane, (I_xy)area = (I_yz)area =0.
And from the table on page 652, we find that (I, )aea = x2z°/24. Using the
relationships in Eq. (a), the products of inertia of A become

(I_xy)area =0 (I_yz)area =0
4 (b)

- x2z? 1 /y\2 /y\2 y
(sz)area = A, T A~ (_) <_) = Soa1
24 24 \2 2 384

In terms of the coordinate y, the area A is

RO 0

_2
=z ()

We now use the parallel-axis theorem and Eqgs. (b) through (d) to compute the
products of inertia of A with respect to the coordinate axes.

2 4
(ues = Teplaea + ATF = 0+ 2 (2 (0 = 2 ©
2 4
_d 0 Y2y 2
(Iyz)area - (Iyz)area + AyZ =0+ 3 (y) <6> = 43 (f)
4 2 4
_ L oy D
(sz)area = (sz)area + Azx = 334 + 3 <6) (6> = 1152 (g)

X

Mass =m

()
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Products of Inertia of Mass

We let p be the mass density of the body, and we reconsider the differential mass
element—the thin plate of thickness dy shown in Fig. (b). Substituting Egs. (e)
through (g) into Egs. (F.7), the inertial properties of the mass element become

4

dlxy =p dy (Ixy)area =p dy ‘);-_8 (h)
y4
dlyz =pdy (Iyz)area =pdy & (l)
7y* .
d17x =pd Iy )area = d
= pdy () PAy 5 ()

Integrating with respect to y between the limits 0 and 2a yields

P 2a 4d _ﬁ(za)S_zpaS

Ly =1, = — = = K
wE TR )y YT a8 s 15 O
I — ) 2a Yy = 70 (2a) _ Tpa’ 0
“1152 1152 5 180

We note that dm=p dV =pAdy=p(y*/8)dy, which, when integrated
between the limits y =0 and 2a, gives m = pa’/3. Therefore, Eqs. (k) and (1)
become

204’ 2

A L Answer
15 pa3/3 5

5

Tpa m 7 5
/s = Answer
180 pai3 60

I, =1, =

sz =

Sample Problem F.5

The assembly shown is formed by joining two pieces of 1.5 mm steel plate. Deter-
mine its products of inertia with respect to the axes shown. The weight density of
steel is y = 7900 kg/m?>.

In this problem, we are justified in using the thin plate approximation of Egs. (F.2)
or (F.3), because the thickness of each component plate is much smaller than its
in-plane dimensions.



Triangular Plate

Because the triangular area lies in the xy-plane, (/y;)arca = (Izx)area = 0. From
the table on page 652, we obtain

(0.3)2(0.23)2

=198 x 10™*m*
24

(Ixy)area =
Using Eqgs. (F.2), the mass products of inertia of the triangular plate become

Ly = pt(Ly)area = 7900[0.0015] (1.98 x 107*) = 2.346 x 10~ kg - m’ @)

a
Iyz = sz =0

Semicircular Plate

Noting that the semicircular area lies in the yz-plane, we have (/iy)area =
(Izx)area =0. We use the parallel-axis theorem to compute (/y;)area. Referring
to the table on page 652, the centroid of the semicircular area is located at
x =0,y = 0.15m, z = 4(0.15)/37 m. Also observe that (I_yz)area = 0,
because the centroidal z-axis is an axis of symmetry. The parallel-axis theorem
thus yields

(Iyz)area = (I_yz)area + A.)_)E

4
=0+ %(0.15)2(0.15)3—(0.15) =3.375x 107*m*
T

The mass products of inertia of the semicircular plate can now be computed from
Egs. (F.2)—remembering to convert inches to feet and weight density to mass
density:

Liy=1,=0

(b)
Iy, = pt(Iy;)area = 7900[0.0015] (3.375 x 107*) =4 x 107° kg - m?

Assembly

The mass products of inertia of the assembly are found by adding the results for
the triangular and semicircular plates in Egs. (a) and (b), which gives

Iy = 23.46 x 10~* kg - m?
I, =40 x 107" kg - m? Answer
ILx=0
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Sample Problem F.6

I, The assembly consists of three small balls, each of mass M, that are attached to
slender rods of negligible mass. Calculate the moment of inertia of the assembly
about the axis OA.

The moment of inertia about the axis OA can be found from Eq. (F.9). In order
to use this equation, we must first calculate the inertia tensor at point O and the
direction cosines of the axis OA.
The following table shows the computation of the inertia tensor at point O
y of the assembly, obtained by summing the inertia tensors of the individual balls.
Because each ball is small, its moments and products of inertia with respect to
axes passing through its mass center may be neglected. Therefore, the parallel-
axis theorems simplify to I, = I, + M (¥> +7%) = M(y* +z%), and so on, and to
Ly = I, + MXy = Mxy, and so on.

L =MG*+2%)
I, = M(z* + x?)
I =Mx*+y?)

I, = Mxy
I,, = Myz
I, = Mzx

Ball 1 Ball 2 Ball 3 Totals
x=b,y=0,z=-b x=0,y=0b,z=0> x=—-b,y=0,z=0>
M0+ (=b)2] = Mb? M (b2 + b?) = 2Mb? MO + b%) = Mb? AMDb?
M[(—=b)? + b*] = 2Mb? M(B? +0) = Mb? MI[b? + (—b)?] = 2Mb? 5Mb?
M(b? +0) = Mb? M0+ b?) = Mb? M[(—=b)? + 0] = Mb? 3Mb?
M(b)(0) =0 M0)(b) =0 M(=b)(0) =0 0

M) (=b) =0 M(b)(b) = Mb> M©0)(b) =0 Mb?

M(=b)(b) = —Mb? M(b)(0) =0 M (b)(—b) = —Mb? —2Mb?

624

The unit vector A that is directed along the axis OA is

A = (cos40° cos 60°)i — (cos 40° sin 60°)j + sin 40°k
= 0.3830i — 0.6634j + 0.6428k
Therefore, the direction cosines of OA are A, = 0.3830, A, = —0.6634, and
A, = 0.6428.
Substituting the inertial properties of the assembly (computed in the table) and
the direction cosines into Eq. (F.9), we get
Ioa = Lk + IAS 4 A2 — 2Ueyhehy — 2Ly hyh; — 2L hodg
= Mb*[4(0.3830) 4 5(—0.6634)* + 3(0.6428)>
—2(0)(0.3830)(—0.6634) — 2(1)(—0.6634)(0.6428)
— 2(—2)(0.6428)(0.3830)]
= 5.86 M b* Answer




Sample Problem F.7

The assembly in Fig. (a) consists of two identical, thin plates, each of mass M and
thickness ¢. For point O, determine (1) the inertia tensor with respect to the axes
shown; and (2) the principal moments of inertia and the principal axes.

Part 1

The inertia tensor at point O for the assembly is found by summing the moments
and products of inertia of the two plates about the xyz-axes. We use the thin-plate
approximations described in Arts. F.3 and F.6.

Plate 1 Referring to Fig. (a) and the table on page 652, the moments and products
of inertia for the area of Plate 1 are

a(2a)? 2a*

Udarea = — 75— = ——
12 3

2a(a)’ 2a*

(Iy)area = = 4
3 3

2a%  24* _ 4q4

(J0)area = (Ix)area + (Iy)area = T + 3 3
(Iyy)area =0 (x-axis is an axis of symmetry)
(Iyz)area = (Izx)area = 0 (area lies in xy-plane)

Using the thin plate equations [Egs. (F.2) and (F.7)] and M = p At = p2a’t, where
A =2a? is the plate area and p the mass density, the mass properties become

4

2a r .,
Iy = pt(I)area = ptT = §Ma

4

2a 1 5,
Iy = pt(Iy)area = PtT = gMa

4

4a 2,
I, = pt(Jo)area = ptT = §Ma

Plate 2 The area moments and products of inertia for Plate 2 are

a(2a)’ 8a*

(Iy)area = = 4
3 3

2a(a)®  2a*

(Iz)area = 3 = T
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8a* 2a* _ 10a*

J area — I, area I area — 5

(Jo) (Iy)area + (I2) 3 + 3 3
(Uxy)area = (Izx)area =0 (the area lies in the yz-plane)
I — a*(2a)? oy

vz = 4 =

Substituting these results and M = p At = p2a°t into Eqgs. (F.2) and (F.7), the
mass properties of Plate 2 become
10a* 5,
I, = pt(Jo)area = pI = =-Ma
3 3
4

8a 2
I_v = pt(l_v)area = IOIT = gMa

2a* )
IZ = pt(lz)area = ptT = §Ma
IX}’ = Izx = 0

1
Iy, = pt(Iy;)area = ,0f614 = zMaz

The mass properties of the assembly are found by summing the

Assembly
properties of the two plates:
1 5
I, = Ma? (5 + 5) =2Mad’
I, = Mda* (1 + f) = ma
33
2 1
I, = Md? (5 - 5) = Ma’
I,,=04+0=0
I, =0+ T = Lua
; 2 2
I, =0+0=0

Substituting these values into Eq. (19.11), the inertia tensor at point O for the
assembly becomes

2 0 0
0 5 1
1= 3 3| Md Answer
1
0o —= 1
2

Part 2
Substituting the inertial properties of the assembly obtained in Part 1 into
Egs. (F.11) yields the following equations that must be solved for the principal
moments of inertia and the direction cosines of the principal axes:



Ma? — D, + 02, +01,=0 (a)

5 Ma?
Oy + <§Ma2 - 1) Ay =0 (b)
Ma? 5
Ohy - Ay + (Ma* — D, =0 ©
MM +HA=1 (d)

The characteristic equation is obtained by setting the determinant of the coeffi-
cients in Egs. (a) through (c) equal to zero:

2Ma* — I 0 0
5 ) Ma?

Ma? 2
0 ) Ma~ — 1

Expanding the determinant and simplifying, we get

8 17
(2Ma* — 1) <12 - §Ma21 + EM%,‘*) =0 ®

Solving Eq. (f) and labeling the roots as I;, I, and I3 we obtain
I =0.7324Ma*> L, =1.9343Ma*> I3 =2.0000Ma>  Answer

as the principal moments of inertia (eigenvalues).

The direction cosines of a principal axis can be found by substituting the cor-
responding eigenvalue into Egs. (a) through (d) and then solving these equations
for the direction cosines Ay, Ay, and A;. Substituting I = I3 = 2.0M a®, Egs. (a)
through (c) become

0=0
b= S =0
37 2T
1
—3hy = he =0

Because the second and third equations are linearly independent, their solution is
Ay = A, = 0. Combining these results with Eq. (d), A2+12+1? = 1, we conclude
that A, = +1. Hence the unit vector in the direction of the axis associated with
I;—that is, the third eigenvector—is

N3 = i Answer

The plus-or-minus sign in this answer reflects the fact that an eigenvector
defines only the direction of the principal axis; the sense of the unit vector along
that axis is arbitrary. In other words, if '\ is an eigenvector, then —\ is also an
eigenvector.
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With I = I, = 1.9343Ma?, Egs. (a) through (c) are

0.06571, =0
—0.26761, — 0.5000A, =0
—0.50001, —0.9343A1, =0

From the first equation we get A, = 0. The second and third equations are not
independent, because both yield A, = —0.5352A,. Substituting these results into
Eq. (d), we obtain

0% 4+ A2 + (=0.53521,)% = 1

which yields A, = £0.8817. Consequently, A, = —0.5352(40.8817) = 30.4719,
from which the second eigenvector is

N = £0.882j F 0.472k Answer

The direction of the first eigenvalue, corresponding to I = I; = 0.7324 Ma?,
can be obtained in an analogous manner, with the result being

M = £0.472j £ 0.882k Answer

The three principal axes are shown in Fig. (b). Note that these axes are
mutually orthogonal, as they should be, because the principal moments of inertia
are distinct. Furthermore, as shown in Fig. (b), the signs of the eigenvectors are
usually chosen so that '\, \,, and A3 form a right-handed triad.

1, =0.732Md*

" I;=2.0Md’
X

(b)



F.19-F.42 Problems 629

Problems

F.19 Use integration to determine the products of inertia of the homogeneous 2
slender rod of mass m and length L about the axes shown.

|
F.20 Calculate I,, for the slender curved rod in Prob. F.9 by integration. L i
|
F.21  The uniform slender wire of mass m is bent into the shape of a helix. o i
Using integration, find the products of inertia about the axes shown. (Note that N s Y
the equation of the helix is z = h6/(2m), where 6 is measured in radians.) /ﬁ/\ Y ! al
Z O
Fig. PF.19

1

\/VwA

h

\/\/

Fig. PF.21 Fig. PF.22

F.22  Use integration to determine the products of inertia of the homogeneous
solid about the axes shown.

F.23 By integration, find the products of inertia of the homogeneous prism
about the axes shown.

Fig. PF.23 Fig. PF.24

F.24 Determine the products of inertia of the homogeneous solid of mass m
about the axes shown. Use integration.



630 APPENDIX F Mass Moments and Products of Inertia

Fig. PF.27

Fig. PF.30

F.25 The mass of the thin homogeneous plate is m. Determine its inertia tensor
at point O with respect to the axes shown.

z
'e =
o T <) 60 mm
mm
b -
y 240 mm
X \/

Fig. PF.25 Fig. PF.26

F.26 The steel bracket has a uniform thickness of 1.8 mm. Calculate its prod-
ucts of inertia about the axes shown. (For steel, y = 8000 kg/m?>.)

F.27 Determine the moment of inertia of the 8-kg homogeneous disk about axis
AB.

F.28 The part shown is made by slitting and bending a thin circular plate of
mass m. Determine its products of inertia with respect to the axes shown.

b
_ - ~
\y X b b y

Fig. PF.28 Fig. PF.29

F.29 The body of mass m is fabricated from thin sheet metal of constant thick-
ness. Calculate its products of inertia with respect to the axes shown.

F.30 The assembly is made by welding together three pieces of a uniform
slender rod. If the mass of the assembly is m, determine its moment of inertia
about the axis AB.

F.31 Calculate the moment of inertia of the homogeneous cone about the
axis OA.

F.32 The mass of the uniform cube is m. (a) Determine the moment of inertia
about the axis OA. (b) Show that OA is a principal axis of inertia at O. (Hint:
Substitute your answer from part (a) into the characteristic equation for point O.)



0 b b
/A
h
L x/ \y

Fig. PF.31 Fig. PF.32

F.33 Determine the ratio 4/R for the homogeneous cylinder so that the moments
of inertia about all axes passing through its mass center are equal.

F.34 Find the moment of inertia for the homogeneous thin plate about the side
AB from the properties of its area.

A
z
Mass =m
h b
y
B b
X
/ ’
X

Fig. PF.34, PF.35 Fig. PF.36

Z

F.35 The dimensions of the 0.36-kg thin uniform plate are b =240 mm and
h =150 mm. For the mass center of the plate, (a) compute the principal moments
of inertia; and (b) locate the principal axis corresponding to the smallest moment
of inertia.

F.36 The mass of the slender bent bar is m. Determine the principal axes and
the principal moments of inertia at the mass center of the bar. (Hint: The principal
axes can be located by inspection from symmetry.)

F.37 The small masses are joined by a light rod. For point O, determine (a) the
inertia tensor with respect to the axes shown; and (b) the principal moments of
inertia and principal axes at O. Show the principal axes on a sketch of the body.

F.38 The two small masses are joined by a rigid rod of negligible mass. Deter-
mine the principal moments of inertia of the system at its mass center. (Hint: It is
unnecessary to calculate the inertia tensor because the principal axes can be found
by inspection.)

F.19-F.42 Problems

-

Fig. PF.33
Z
m
b
b b
o)
N ‘
X y

Fig. PF.37, PF.38
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Fig. PF.39

F.39 The mass of the uniform bent rod is m. For point O, determine (a) the
inertia tensor with respect to the axes shown; (b) the principal moments of inertia;
and (c) the principal axis associated with the smallest moment of inertia.

F.40 The three small balls are joined by rods of negligible mass. For point O,
determine (a) the inertia tensor with respect to the axes shown; and (b) the
principal moments of inertia. Each rod is parallel to a coordinate axis.

e ‘F.41 The three small balls are joined by rods of negligible mass. Calculate the
~ "principal moments of inertia and the principal directions at the mass center of the

system.

/ ,
X 02m /
~

Fig. PF.40, PF.41 Fig. PF.42

« ‘F.42 The block is made of steel for which p = 7850 kg/m>. For point O, find
7 (a) the inertia tensor with respect to the axes shown; and (b) the principal moments
of inertia and the principal axes.



Answers to Even-Numbered
Problems

Chapter 11

11.2
11.6
11.8

11.10

11.12

11.14
11.16
11.18
11.20

104.51 N

(No answer)

(@) [FL]; (b) [FT]; (c) [F]

(a) [FLT?]; (b) [ML?]

[c] = [FTL™'], [k] = [FL™'], [Po] = [F],
[w] =[T7"]

(a) [FL]; (b) [ML*T 2]

6.00 x 107N

(No answer)

593 x 103N

Chapter 12

12.2

12.4

12.6

12.8
12.10

12.12
12.14

12.16
12.18

(@) v=—gt +vo,a=—g;(b) Xmax = v§/(28),
t =2vp/g; (€) Xmax = 31.89m,t =5.15
x=—40m, v =99 m/s, a = 42 m/s?,

s =310 m

(@) v =vo(1 — e70); (b) a = (voltg)e™"",
a= (vo— )ty

v = 40.6 mm/s, a = 61.9 mm/s?

v =vo(vot — b)[(vot — b)* — b*172,

a= —v%bz[(vot —b)? —b?72

(a) v=—10j m/s, a = —4i + 2j m/s?;

(b) v=—-20i m/s, a = —4i+ 2j m/s?

(@) vov/1 + (2hx/b?)?; (b) 2hv%/b2 J

v = Rt

v =15.15m/s, a = 189.5 m/s>

12.20

12.22

12.24
12.26
12.28
12.30
12.32
12.34
12.36
12.38
12.40
12.42
12.44
12.46
12.48
12.50
12.52
12.54
12.56
12.58
12.60
12.62

12.64
12.66
12.68
12.70
12.72

&

(@) v=(6t +4)i+ (—8t 4+ 3)j — 6k m/s,
a = 6i—8j m/s’

(a) x = —2b0 sin6;

(b) ¥ = —2b(F sin6 + 62 cos 9)

% = —Rwsinf(1 + cos0/y/9 — sin® 0)
(a) 5770 m; (b) 263 m/s; (c) 18.86°
60.5 m

150.7 m

(@) voe ™3 (b) vol(vokt + 1)
tan~!(a/g)

0.894¢

4.75 m/s?

t =0.685s,v=3m/s

(a) 4.88 m/s%; (b) 3.64 m/s>

7.17 m/s

1.417 m/s?

1.373 m/s

6.17 x 10° N/m

1.082y/Vg/m

Vmax = 1.75 m/s at x = 0.6434 m
241 m

6.48 s

(a) Vmax = 19.5 m/s at x = 8882 m
@a=625[t+ 1)+ (@ —1Dsgn(l —1)]
— 12.5x m/s?; (b) Xmax = 1.554 m,
Vmax = 2.0 m/s

2.5iN

(b)7.5N

0.524

9.02m

99.6 m
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12.74

12.76
12.78

12.80

12.82

12.84

12.86

12.88
12.90
12.92
12.94
12.96
12.98
12.100
12.102
12.104
12.106
12.108
12.110
12.112
12.114
12.116
12.118
12.120
12,122

Answers to Even-Numbered Problems

(a) y = —0.0436x% + 0.5311x m;

(b) Avoids net and ceiling, lands behind baseline

2.12m

(@)t = (m/c)In[l + (cvo/mg) sin«];
(b) v =vgcosal/[l + (cvo/mg) sin ]
(@) ay = 0.5x/(x* + y*)¥?> m/s?,

ay = 0.5y/(x* + y*)¥* m/s%; Initial conditions:

t=0,x=03m,y=04m,v, =0,

vy = —2m/s; (b) x = 0.360 m, v = 1.795 m/s

)0.25

(a) a, = —0.13144v, (v)zc + vf, m/s?,

ay = —0.13144v, (12 +12)"%

vy =0;(b) R=18.67m,t =0.652s

(a) a, = —40[1 — (0.5/R)]x m/s,

ay, = —40[1 — (0.5/R)]y —9.81 m/s?; Initial
conditions: t =0, x =0.5m, y = —0.5m,
vy =v,=0

(@) a, = —0.05vv, + 1.6v, m/s?,

ay, = 0.05vwv, — 1.6v, — 9.8 m/s* where
v=/v2+vZ(b)r =1.078s,x =10.59 m
4038 m

16.4 m

vo =269.3m/s, R =2693 m, h =490 m
t =16.09s, R =3070 m

84.2s

203 m

(a) 0.4 N; (b) 0.294 m/s

Vmax = 97.6 mm/s, ypn.x = 63.5 mm

32.0 mm/s?

17.58 s

70 m

—4 + (x/16) m/s?

23.2 m/s

4230 m

(a) 1.635 N - s/m; (b) 25.0 s

765.7 m/s?

0.48 m/s*> —

(a) 2mg: (b) gv/mlk

Chapter 13

13.2
13.4
13.6
13.8
13.10
13.12

57.3 km/h

112.7 km/h

9.25 m/s?

1.4 m/s?

(a) 0.64 m/s?; (b) 4.0 m/s>

(@) va =4jm/s, vg = 8j m/s;
(b) ax = —32i + 12j m/s?,
ap = —64i + 24j m/s?

— 9.8 m/s?; Initial
conditions: t =0, x =0,y = 1.8 m, v, = 36 m/s,

13.14
13.16
13.18
13.20
13.22
13.24
13.26
13.28

13.30
13.32

13.34

13.36
13.38
13.40
13.42
13.44
13.46

13.48
13.50

13.52
13.54
13.56
13.58

13.60
13.62
13.64
13.66
13.68
13.70
13.72
13.74
13.76
13.78
13.80
13.82
13.84

13.86

(a) 0.2 m; (b) 22.4 m/s?

72.5m

5.18 m/s?

76.4 s

1.19 m/s?

tmax = 242, x = —BI(2A)

v =545 m/s, a = 101.4 m/s?

(a) vg =3 mfs, vy = 6 m/s, ag = —9 m/s>,
dg = 9 m/sz; (b) VR = 0, Vg = 9 m/s,

ag = —18m/s?, ap =0

299.7 m/s
(@) vg = —0.255 m/s, vy = 0.2 m/s,
agr = —0.4 m/s?, ag = —1.018 m/s?;

(b) vg = —0.255 m/s, vy = 0.333 m/s,
ag = —0.667 m/s2, ay = —1.018 m/s?
v = 0.8ex + 0.961%ey m/s,
a=—1.152%ex + 2.88rey m/s’

2.54b0?

(a) 2bw; (b) 3ba?; (¢) bw; (d) ba?
—3(%/b)ex

h = 1607 m, v = 115.6 m/s
0.944 m/s

Vmax = 93.3mm/satd =nn/4,n=0,1,2,...

amax = 116 mm/s? at

0 = (7/8) + (nm/4),n=0,1,2, ...
v =3.66m/s,a = 17.3 m/s?

(@) hov/1 + 62 sin’ B/(27 cos B);
(b) ag = —(hw?/27)6 tan B,

ag = (ho*/m)tan B, a, =0

0.217

8.09 m/s

(a) 97.0 N; (b) —3.88 m/s?

(a) § = —4.905 sin 6 rad/s?;

(b) 6.26+/cos 0 — 0.866 m/s

2.16 rad/s

0.75N

(a) 3.46 rad/s; (b) 1.48 rad/s

(a) 1400 N; (b) 560 m/s?

(@) R = »*R; (b) 4.120R,

2.6 m/s

0.600

Fr = —400N, F;, = 480N

F =48tand N

(a) 7.21eg + 8.0ey m/s; (b) 23.1 N
(a) 0.529 N; (b) 7.10 N

4.7 m/s

Fr = —380.8N, F, = 2309 N,
F.=54N

(b) 120.2°

’



13.88

13.90

13.92
13.94
13.96
13.98

13.100

13.102

13.104

13.106

13.108

(a) Initial conditions: t =0,z =1.8m,z =0,
6 = 5/(3tan B) rad/s; (¢) 0.64 m

(a) R = R6% — 40(R — 0.5) + 9.81 sin 6 m/s2,
§ = (9.81 cos & — 2RA)/R rad/s’; Initial
conditions: t =0, R =0.5m, R=0=60= 0;
(©) Rinax = 1.282 m, 6 = 130.9°

3330.8 N

39.2 m/s?

0.621

427N

29.9 m/s

v=+/2¢R(1 —cosf),0 =48.2°

(a) v2bw; (b) V/5bw?

—160i — 120j mm/s

v/ Rgtan 8

Chapter 14

14.2
14.4
14.6
14.8

14.10

14.12

14.14

14.16

14.18

14.20

14.22

14.24

14.26

14.28

14.30

14.32

14.34

14.36

14.38

14.40

14.42

14.44

14.46

14.48

14.50

14.52

14.54

14.56

14.58

14.60

14.62

(a) Fyb/2; (b) Fyb/2
(a) —0.414kR?; (b) WR
—0.1186kb?
57m

19.5 km/h

1.860Ph

150.1 mm

98.1N

29.6 N

1.181 m

3.6 m/s

59.7 m/s

2W

617 kN/m

168.7 N/m

2.36 m/s

4.90 m/s

8.41N

25470.5 N

7.5 m/s

(a) v2gR(1 — cosh); (b) 48.2°
1.6 m/s

12.4 m/s

7.50 x 10'0J

4.57 x 10° m

109.5 m

46.9 hp

61.3%

F%t/m

(a) 47.7sin2wt W; (b) Ppax = 47.7W, 1t =0.25s
0.815 m/s

14.64
14.66

14.68
14.70
14.72
14.74
14.76
14.78
14.80
14.82
14.84
14.86
14.88
14.90
14.92
14.94
14.96
14.98
14.100
14.102
14.104
14.106
14.108
14.110
14.112
14.114
14.116
14.118
14.120
14.122

14.124
14.126
14.128
14.130
14.132
14.134
14.136
14.138
14.140

Chapteri5 635

(a) 4.98 m/s%; (b) 2.43 m/s?

(a) 36[t — (3/4)t> + (1/8)131 W;

(b) Ppax = 13.86 W, t = 0.845 s
3.84N-s

P =49Nat30° N\,

3925

1477 N

vy = 26.0 m/s, 6, = 57.1°

2271.5N

1.0i 4 0.463j m/s

11.5 m/s

1.631s

62.3 km/h

PyL%/(2vy)

1.2i—04kN-m-s

2mvR cos? 0k

544 s

1.666 s

4340 m/s

21.2N

(a) 2000 m/s; (b) 9950 km

(a) 32.0 rad/s; (b) 10.7 rad/s?

(a) 4.336 m/s; (b) 22.7°

1682 days

Rinax = 4.04 x 108 m, Ryin = 3.62 x 108 m
1.736 x 10" N - m

(a) hyperbolic; (b) 2.171 x 107 m (c) 5403 m/s
(b) 17.3°; (¢) 152 km

At A:976 x 103 N -s,at B: 562 x 103 N - s
82.7°, v = 7.50 x 10° m/s

(@) R = RO? — (3.9866 x 10'4/R?),

6 = —ZRé/R, Initial conditions: t = 0,
Ro=7.18 x 10°m, 6 = 0, R = 581.038 m/s,
6 =934.2 x 107° rad/s; (c) 83.1°

8.26 m/s

92.6 N

(a) 1.612 m/s (b) 0.2149 N - m/s

8.1 m/s

6.02 s

vp = 9.8 m/s, elongation rate = 6.3 m/s
4991 m/s

1000 N/m

6.4 m/s

Chapter 15

15.2

ag/a = —0.5 I’Il/Sz, vpa = —0.5¢t + 5.0 m/s,
xga = —0.25t> + 5t + 4000 m
xpsa(t = 120 s) = 1000 m
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15.4
15.6
15.8

15.10
15.12
15.14
15.16
15.18
15.20
15.22
15.24
15.26
15.28
15.30
15.32
15.34
15.36
15.38
15.40
15.42
15.44
15.46
15.48

15.50
15.52

15.54

15.56

15.58
15.60
15.62
15.64

15.66
15.68
15.70
15.72
15.74
15.76
15.78
15.80
15.82

Answers to Even-Numbered Problems

v = 592 km/h, 6 = 5.03°

40.9°

(a) 10.00i 4 51.96j km/h;

(b) 10.001i 4+ (51.96f — 3.46)j km; (c) 655 m
(a) 100 m/s; (b) 160i + 130.9j m/s

1.92 m/s?

—4.48i + 5.47j km/h

1.2 m/s —

2.0 m/s 1

0.15 m/s 4

2.81 m/s 4

1.62 m/s 4

vg =0.1m/s |,ve =0.5m/s 1

(a) (4.33m, 3.33m); (b) 2.794i + 0.560j m/s>
12.24 m

va = 1.291 4+ 3.44j m/s, vp = —3.61i m/s
xg =4390m, yp =922 m

a =349 m/s?,2.83N

18.24 N

2g/3

243 m

59.2N

273N

va = 0.0960 sin 0 m/s —>,

as = 0.230cos 6 m/s2 —>

2.55 m/s* «—

(a) a; = 2.2 — 140(x; — x») m/s?,

ay = 140(x; — x,) m/s?, Initial conditions: t = 0,

X] =X =V =V = O; (b) vV = 175.4 mm/s,
vy =44.6 mm/s, P = 3.01 N

(@) as = (10/3)(vp — va) m/s?,

ag = —2000(vg — v4) m/s?, Initial conditions:
t=0,x4 =x3 =v4 =0, vy =600 m/s;

(b) vg = 81.8 m/s, x4, = 0.567 mm

(@) ag = —2.943 sgn(v4 — vp) — 1000x4 m/s?,
ag = 1.4715 sgn(v4 — vg) m/s?

4.51 m/s

7.01 m/s

5.46 m/s «—

vag = 0.7m/s «—,

vg = 1.1 m/s —

1.56 s

12.9 m/s 4

1.05 m/s

2.57 m/s

24 000 N

(8/3)ymwL?* (CCW)

(a) 15.60 s; (b) 161.4 rev

Block A hits first with speed 1.1 m/s

1.198 m/s |

15.84

15.86
15.88
15.90
15.92
15.94
15.96
15.98
15.100
15.102
15.104
15.106
15.108
15.110

15.112
15.114
15.116
15.118
15.120
15.122
15.124
15.126
15.128
15.130
15.132
15.134
15.136
15.138
15.140
15.142

15.144
15.146
15.148
15.150
15.152
15.154
15.156
15.158
15.160

va = —(bwol4) (i + 3v/3)),
v = (bwol4)(—i + /3j)

(a) £ R0/ (kim) — 262; (b) 6y > /kI(2m)
(a) 1.5 m/s; (b) 1 m/s

Veinal = 1.440 m/s—, energy lost = 11.13%
1.67m

(a) 0.65 m/s; (b) 81.22%

29.7°

va = 21.8m/s, vg = 5.5 m/s

588 N

0.933m

(a) veosa; (b) 0.5mv? sin® o

(a) 1.532i m/s; (b) 1.532i — 0.558j m/s
(No answer)

va = (13/64) vy, vg = (15/64) vy,

ve = (9/16) vy

Vo

0.268

(Va)a =2.93jm/s, (vg)r, = 61 + 4.73j m/s
4.25 rad/s

6.54 m

va =7.29m/s,vg = 3.95m/s

(a) 5512.5 m/s; (b) 3934 m/s

10713.7i — 332.8j m/s

1.35i — 5j N

1.05 x 10* N «—

1447i 4+ 2584j N

21.6 N

0 =46.7°,a = 9.23 m/s?

12.97 m/s? |

196.9 N/m?

(a) 0.8(6 — v)v N - m/s; (b) v = 3 m/s,
Poax = 72N -m/s

(a) —4.713ti + (8.604¢ — 120)j m; (b) 57.8 m
4.0 km/h

197 m/s

5.72 rad/s

v=1981.5m/s, 6 = 6°

V()mhma(l + e)/(mh + ma)

va = 4.10i — 1.88j m/s, vy = 6.58j m/s
0.38 m

(a) 43.9 km/h; (b) 3.78%

Chapter 16

16.2
16.4
16.6
16.8

20 rad/s, 1.230 rev

(a) w = —8 rad/s, « = —8 rad/s?; (b) 40 rad
(2) 9.0 s7%; (b) 19 rad

48 rad



16.10

16.12
16.14
16.16

16.18

16.20
16.22
16.24
16.26
16.28
16.30
16.32
16.34

16.36
16.38
16.40
16.42
16.44
16.46
16.48
16.50
16.52
16.54
16.56
16.58
16.60
16.62

16.64

16.66
16.68
16.70
16.72

16.74
16.76

16.78
16.80
16.82
16.84
16.86

16.88
16.90

(a) 0.1667w"'> + 8.0 rad; (b) 4.0¢2 rad/s;
(c) 1.333¢> + 8.0 rad

80.1 m/s?

(a) 5.0 rad/s?; (b) 14.32 rev

vg = —0.3021i — 0.3625k m/s,

ag = —1.605i + 0.619j — 0.812k m/s>

vp = 1.9296i + 1.5434j + 2.573k m/s,

ag = —75.02i + 24.82j + 41.37k m/s?

w = 22.22 rad/s (CW), v¢ =9.33 m/s —
w = 5.833 rad/s (CW), v¢ = 75.0 mm/s —>
wo(ra +rp)irp

wp = Srad/s (CCW), wap = 2.22 rad/s (CW)
0.6 sin” @ rad/s

wpp = wpr = 1.714 rad/s (CCW)

4.54 m/s 1

wgp = 20.6 rad/s (CCW),

wpg = 16.96 rad/s (CCW)

4.57 rad/s (CCW)

(a) 5.31°; (b) 3.17 m/s

3.3 rad/s (CW)

721 mm/s at 33.7°

(a) (0.12 m, .09 m); (b) (0, 1.08 m)

8 rad/s (CW)

7.80 rad/s (CCW)

w = 1.0rad/s (CCW), vg = —3.5j m/s
—1.420i m/s

4.56 rad/s (CCW)

6.8 rad/s (CW)

ve =13.11m/s «<— ,vp = 13.11 m/s 1
0.447 m/s 1

(a) 4.32i + 6.48j m/s?; (b) 4.32 m/s?

(a) 2i + 2.16j m/s?; (b) 2.9i m/s?;

(c) 5.15i — 5.4j m/s?

ag = 1.30m/s?> / , o = 1.8 rad/s?> (CCW)
22.8 m/s> —

154.0 m/s? 1

aap = 0.674 rad/s> (CCW),

oap = 0.818 rad/s? (CW)

0.58 m/s* —

o4 = 3.36 rad/s?> (CCW),

ape = 20.4 rad/s> (CCW)

a4 = 3.0 rad/s> (CCW), ap = 4.2 m/s? 4
5.10 m/s?

(b) —1.736i — 0.768j m/s>

(a) 0.2 m/s? |; (b) 0.36 m/s? |

vp = —0.519i + 1.6j m/s,

ap = —5.86i — 3.36j m/s?

vp = —9.60 m/s?, ap = —28.8i — 76.8j m/s?
—21.28i — 16j m/s?

Chapteri7 637
16.92 (a) 640 mm/s at 60° /; (b) 7.39 m/s” at 60°
16.94 (a) —54i — 80j m/s?; (b) 48i + 30j m/s>
16.96 (a) —3.33i m/s?; (b) —3.33i m/s>
16.98 2.88 rad/s (CW)
16.100 (a) 0.510 m/s |; (b) 1.312 m/s? |
16.102 1.045 rad/s (CCW)
16.104 () (vo/d) sin® @; (b) 2(vo/d)? sin® 6 cos 6
16.106 2Ra(sinf + 26 cosh) |
16.108 0.64 rad/s (CCW)
16.110 4.66 rad/s (CCW), 2.62 rad/s (CW)
16.112 11.540? (CW)
16.114 (a) v4 cos B/ cos(a — 6);
(b) — (vA/L) [sin® a/ cos®(a — 6)]
16.116 42.0 rad/s*> (CCW)
16.118 ve = —2.0i + 3.464j m/s,
ac = —5.43i — 6.60j m/s>
16.120 v¢ = —3.34i — 5.01j m/s,
ac = —8.4i — 24.2j + 35k m/s?
16.122 oA = 4.80 I'Eld/S2 (CCW), Opc = 0
16.124 7.00 rad/s (CW)
16.126 wpcp = 74.3 rad/s (CCW), vp = 54.1 m/s
16.128 a4p = 300 rad/s?> (CCW),
arp/pp = 96 m/52 —>
16.130 (a) 5.21 m/s — ; (b) 4.42 m/s? «—
Chapter 17
17.2 2.5kg-m?
17.4 7 =50.33m, I, = 1.37 x 10° kg - m?
17.6 mb3/6
17.8 I, =13.98 x 107% kg - m?,
I, =70.9 x 1073 kg - m?
17.10 I, =0.1119 kg m?,
I. = 0.026 kg - m?
17.12 0.1015
17.14 X =1.548 m, I = 121.0 kg - m?
17.16 (No answer)
17.18 (a) 9.20 m/s?; (b) 0.938
17.20 93.3N
17.22 a=2m/s>, Ny =77TN
17.24 (b) 0.350
17.26 1.5g |
17.28 mgll
17.30 (No answer)
17.32 o = 10.15 rad/s> (CCW), T = 554 N
17.34 27.7TN
17.36 o =3.5rad/s>, T =17.6 N

17.38

s = 53.0rad/s?, o = —13.24 rad/s?
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17.40

17.42
17.44
17.46
17.48
17.50
17.52
17.54
17.56
17.58
17.60
17.62

17.64
17.66

17.68

17.70
17.72
17.74

17.76
17.78

17.80
17.82

17.84

17.86
17.88
17.90
17.92
17.94
17.96
17.98
17.100
17.102
17.104
17.106
17.108

Answers to Even-Numbered Problems

o = 12.4 rad/s> (CW),

N =364.2N 1,

F=1323N —

(a) 0.173 m; (b) 0.1134 m

204 N

1.01N

(b) (i) to the right, (ii) to the left
1.826 m/s?

(b) @ = 5.45 rad/s?, a = 9.26 m/s>
(a) 0.283g/R; (b) 0.322

5.6 rad/s?

a=093rad/s2, T = 1159N

(a) 8.0 m/s%; (b) 0.8 m

ac = 5.13 rad/s? (CW);

aap = 17.58 rad/s? (CCW)

(a) 9.05 rad/s?; (b) 14.40 m/s? at 84.8°
(7895sin 6 + 0.294) cos 6

(b) \/ (3g/L)[2 — cos @ — 24/2sin(0/2)];

(c) —v/3g/L

(a) 14.20 rad/s*> (CCW); (b) 6.22 rev
(a) 0.5738 rad/s?; (b) 73 s

(b) £/ (3g/L)(cos 6 — cos by);

(c) (mgl2)(5 —3cosby) atd =0

(a) @ = 4.226 + 9.554 cos 6 rad/s?; (b) —707°
(b) £/ (3g/L)(sin6 + cos 6 — 1);

(©) Omax = 90°, F = mg

(b) £v/206 — 19.6sin 6 rad/s

(@)@ = 7.5 — 100x m/s?,

v =/ 15x — 100x2 m/s;

(®) Vmax = 0.750 m/s at x = 0.075 m;
(c) 0.382

(a) o = 3.134/0.866 — cos O rad/s,

o = 4.905 sin 6 rad/s?;

(b) 183.9(3 cos® — 1.732) sin 6 N; (c) 54.7°
(b) 24.8°

(b) 2.3 rad/s

(b) rotation is counterclockwise

(a) 67.5 mm; (b) 111.6 mm; (c) 88.8 mm

v = 1.46 m/s,a = 8.67 m/s?

0.283 mg

o = 0.6638 rad/s> (CCW), a4 = 3.58 m/s? «—
o = 3.02rad/s> (CW), T = 140.8 N

1.07 rad/s

a=23.187m/s> —, T =610N

784 N

(a) @ = [3cosO/2L)][(2P/m) — g,

w = +/(Bsin6/L)[2P/m) — gl;

(b) (9sin20/8)(2P — mg) —>

Chapter 18

18.2

18.4

18.6

18.8
18.10
18.12
18.14
18.16
18.18
18.20
18.22
18.24
18.26
18.28
18.30
18.32
18.34
18.36
18.38
18.40
18.42

18.44
18.46
18.48
18.50
18.52
18.54
18.56
18.58

18.60
18.62
18.64
18.66
18.68
18.70
18.72
18.74
18.76
18.78
18.80
18.82
18.84
18.86
18.88
18.90
18.92

—8.33N-m

103.17 N -m

Case (a): 480 W, Case (b): 120 W
1.5 rad/s?

(a) 63.41 N-m; (b) 38.05N -m
(b) 22.5 hp at 200 rad/s

(a) (17/48)m L?>w?; (b) (25/96)m L2 w?
19N -m

72N-m

125N -m

48017

278.4N - -m

3.45 rad/s

5.99 N - m/rad

(a) 2/ge/(R2 + 2¢2); (b) RIN/2; (c) 1.189/g/R
9.98 rad/s

0.966

(a) 3 m/s; (b) 6.26 m/s

(a) 2.97 m/s; (b) 98.9 mm
v3P/(mL)

w = 2.86y/cosf — 0.819 rad/s,

o = —4.1sin6 rad/s?

(a) 5683 N - m; (b) 3.35 rad/s
2.36 m/s

V4myg/(3m R)

2.92 m/s

196.2 N

PoRI(rN/Tk)

581 N-m

(a) mb*wl6 (CW); (b) 2mb’w/3 (CW);
(c) mb*w/3 (CCW)

R/2

1022 rad/s

24.3 rad/s

19.86 N

13.33 rad/s

(a) 9.13 rad/s (CW); (b) 9.6 rad/s (CCW)
(a) 3.50 rad/s; (b) 3.50 rad/s

va =vo/3 1, vp = 2v/3 1

14.02 rad/s

35.4 rad/s

166%

11.95 rad/s

(a) 35.25N -5; (b) 2438 N - s

(a) 2.56 rad/s; (b) 54.6°

(a) 2.40vy; (b) 1.430 m/s

3.84 rad/s (CW)

(@) vi; (b) 0%



18.94

18.96

18.98
18.100
18.102
18.104
18.106
18.108
18.110
18.112
18.114
18.116
18.118

1.11 rad/s

310 m/s

(a) 0.4576 rad/s; (b) 3.95°
2.0w

187.217

0

t =0.812s, w = 30.0 rad/s
329 m/s |

4.20 rad/s

3.82 rad/s

71.8°

44.5 rad/s (CW)

2 rad/s

Chapter 19

19.2

19.4
19.6

19.8
19.10
19.12
19.14

19.16
19.18
19.20

19.22

19.24
19.26
19.28
19.30
19.32
19.34
19.36
19.38
19.40
19.42
19.44
19.46
19.48
19.50
19.52
19.54
19.56

1.755 m/s?

8.46 rad/s

(a) 2.22j rad/s; (b) 2.04i rad/s?;

(¢c) vp = 0.205i m/s,

ap = —0.188j — 0.266k m/s?

(a) 1.80(j + k) rad/s; (b) 2.37i rad/s>

(a) 36.7i + 32.0k rad/s; (b) 586j + 400k rad/s>
(a) (0.658j — 0.940K)wy; (b) 4.17wpj

(a) 6.0i + 3.0j — 4.0k m/s;

(b) 12.5i — 16.0j — 49.0k m/s>

(a) wcp = 7.20j rad/s, wgp = 0; (b) 34.6j rad/s?
—0.866i + 0.750j rad/s?

w4 = —2.40j rad/s,

wc = 0.90i — 2.40j + 1.20k rad/s

(a) 30j rad/s?; (b) —18 000i — 8100j + 30 000k
mm/s>

(a) 108j rad/s?; (b) 159.6i — 212.8j — 59.8k m/s?
w; =4.0i — 3.14j + 3.14k rad/s, T, = 1.997 ]
(a) 8.10j + 1.35k N - m - s; (b) 641 J

15.57 rad/s

0.410

—12.69j + 78.23kN-m - s

2.65\/g/L

15.63 rad/s

(12/Tymb [ P dt(i — 5§)

1.02j — 2.45k rad/s

0.776j — 0.631k

cos '[3g/(2Lw?)]

C = —(1/4)mR*w} sin B cos Bi, R = 0

0.5mR Lw?

Ry = —648iN, Rz = 648i N

Ry =-15jN,Rz =15jN
C=-691kN-m

19.58
19.60
19.62
19.64
19.66
19.68
19.70
19.72
19.74

19.76
19.78

19.80
19.82

19.84
19.86

Chapterzo 639

9.01 rad/s

360 N

Ry = —mwob(] +k),Cy = —(mw(%bz/S)J
123.6 N

26.5 N

\ir = —4.98k rad/s, ® = 0.872j + 4.980k rad/s
2.13

11.38N

(a) Initial conditions: t = 0, & = 0.5236 rad,
6=0,¢=0, ¢—200rad/s (b) T =0.0628 s,
—86.6 rad/s < 6 < 86.6 rad/s,

50 rad/s < ¢ < 200 rad/s

(No answer)

(a) 6= (0. 75¢2 cosd — 0. 25¢1ﬂ + 117.70) sin 6,
¢ = (—1. 75¢cos«9 + 0. 251#)9 csch,

W = (1.75¢ cos 8 — 0.25vr)6 cot§ + O¢ sin —
0.5(¢cos 6 + vr); (b) .|, _, = 123.8 rad/s,
@zl — 105 = 75.1rad/s

¢ = 2Fbl(mR>r)

(a) 6 = 20°, Yy = 8.96 rad/s, ¢ = 3.18 rad/s;
(b) 15° <y <55°

(No answer)

0.267 rad/s at 13.08°

Chapter 20

20.2
20.4
20.6
20.8

20.10
20.12
20.14
20.16
20.18
20.20
20.22
20.24
20.26
20.28
20.30
20.32

20.34
20.36
20.38
20.40
20.42

(a) 24.5 Hz; (b) x = 0.012sin(153.9¢ + 0.6228) m
1.858

0.747 .

(@) Omax = PO, Omax = P290;

(b) émax =DV 2(1 — cos bp), é.max = P2 sin
X +2Tx/(mL) =0

1.256 s

(b) 0.2266 s

(No answer)

(b) 0.0659

31.0N - s/m

—2.89 mm

0.435s

5.2 m/s

1.419 x 107* N - s/m

()6 = —0.310 |8] — 19.65in6; (c) 30.5%
(a) x = 0.02667(—0.5 sin 50 + sin 25¢) m;
(b) 1.333; (¢) 34.6 mm

0.0489 m

(a) 2.5 rad/s; (b) 60 mm

w < 41.16 rad/s or w > 52.57 rad/s

(a) 400 rad/s; (b) 1.847 mm

(a) 6 = —9.0sin6 + 12.55sin5¢ cos @
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20.44
20.46
20.48
20.50

20.52

20.54
20.56
20.58

20.60

20.62
20.64
20.66
20.68
20.70
20.72
20.74
20.76
20.78
20.80

20.82
20.84
20.86
20.88
20.90
20.92
20.94

20.96
20.98

20.100
20.102
20.104

20.106
20.108

Answers to Even-Numbered Problems

1568 rev/min.

12.01 N - s/m

(b) Xmax = 0.0393 m, xpin = 0.017285 m
(@) mX + cx + kx = —cwY sin wt;

(b) | X| =33.5 mm, ¢ =24.8°

x(t) = 19.955sin(600¢ + 0.499) mm,

x(t) leads y(t) by 28.6°

Zmax = 1.155Y, wlp = /2

(a) 25.0 N - s/m; (b) 90°

(a) 10X 4+ 5x + 150x = 0.5 sin wt;

(b) x(t) = 25.825sin(3.873¢ + 7/2) mm
(a) ¥ = 2005sin 5007 — 50x |x| —

(250 x 10%)x m/s?; (b) 4.4 mm
0.276v/k/m Hz

() y = k, Pmax = v g/(zk)

(@) mO/3 + (c1 + c2/4)0 — k6 = 0, (b) 0.628
1.969 Hz

0.725 Hz

9.51°

3571.43 N - s/m

(c) 41°

(a) 0.546; (b) 1.5663 N -m - s

(b) Reduction in amplitude in one cycle is 0.6q,
System stops at (¢ = —0.1¢o, ¢/p = 0)
5.13v/mlk

0.936+/g/R

2n(1 — RIL)\/Llg

0.0105 m, 0.4765 m

27+/3m/(5k)

0.60 s

(@) 6 + 3(k/m — 2g/L)6 = 0; (b) 0.897 s;
(c) 30.0 kg

0.1345/g/(R —r)

(a) X +40x =0; (b) 1.007 Hz;

(c) x(t) =26.5055in(6.325¢ — 0.8550) mm
0.0308 sin(45.825¢) — 0.0232 sin(60¢) m
(a) 32.7 rad/s; (b) 88.9 mm

x(t) = 0.0577 exp(—17.03¢) sin(24.497¢ +
1.0472) m

2t exp(—10¢) m

(a) 1.23; (b) M.F.)jnax = 1.23,

w = 12.93 rad/s

20.110 5.58 kN - s/m
20.112 Underdamped
20.114 5.32 mm

Appendix F

F.2
F.4
F.6
F.8

F.10
F.12
F.14
F.16
F.18
F.20
F.22
F.24
F.26

F.28
F.30
F.32

F.34
F.36

F.38

F.40

F.42

0.792mR>
I = I, = m(b* + 2a%)/12, I, = ma®/3
53.5 kg-m?
(a) (mL*12) sin” B; (b) I, = (mL*/12) cos® B,
I. = mL?/12
(a) (m/12)(L?* + 3R?); (b) mR*/2
(a) (m/5) (b4 + 3h?); (b) mb*/10
0.304 kg - m?
0.0584mR>
6.22 kg - m?
3mR*/(87)
Ly = 3mbh/10, I,, = 3mab/20, I,, = 3mah/10
Ly =1, =0, I,, = mRh/3
Iy = 2.986 x 103 kg - m?,
I, = 1.493 x 10 kg - m?,
I, =2.986 x 103 kg - m?
I,y = mR*((87), I, = —mR*/(8x), I,, = 0
mb?
(a) mb*/6
mb*h?(b* + h?)/6
M=G+ DV2 M=+ DV2 A =k
I, = mb*6, I, = mb*/24, I; = 5mb*/24
I, =0, I, = I = 3mb*2
31 —1

@mb>| 1 4 0|:;() 1 = 1.75mb?,
-1 0 3
I, = 4.80mb?, Iy = 3.45mb?
1.308 —1.963 —0.981
(@ |-1.963  6.803 —0.393 | kg m?%;
—0.981 —0.393  7.588

(b) I} = 0.522kg - m?, I, = 7.416kg - m?,
Iy = 7.762kg - m%; Ny = 0.941i + 0.303j +
0.148k, N, = —0.330i + 0.919j + 0.216K,
N3 = —0.070i — 0.252j + 0.965k



A
Absolute motion, 2, 186
Absolute system of units, 7-8
Acceleration, 5, 276, 312-325,
331-332, 352
angular («), 276
Coriolis, 331-332
kinematically important points for, 314
relative, method of, 312-325, 352
vector (a), 5
Amplitude, vibration, 550
Angular impulse and momentum method,
158-168, 179, 218-220, 268, 445
conservation of momentum, 161, 220
fixed-axis particles, 158-168, 179
force, impulse of, 158-159
moment relationship of, 160, 219-220
principle of, 161, 179, 220, 268
rigid bodies, 445
systems of particles, 218-220, 268
Angular momentum, 159-161, 218-220, 368-371,
410, 491-492, 495-496, 545
arbitrary point, about, 369-370
fixed-axis particle, 159-160, 218
general motion, 368-370
instant center, about, 371
mass center, about, 368-369, 370
plane motion, 370-371
rectangular components of, 495-496, 545

Index ﬂ

rigid bodies, 368-371, 410, 491-492,
495-496, 545
three-dimensional motion, 491492,
495-496, 545
Angular motion, 275-278, 352, 498, 514-515,
599-600
acceleration («), 276, 514-515
displacement (A9), 275-276, 277-278
force-mass-acceleration (FMA) method,
514-515
kinetic energy and, 498
planar, 275-278, 352
position coordinate (9), 275
rigid bodies, 275-278, 352, 498, 514-515,
599-600
three-dimensional, 277-278, 498, 514-515
vector representation, 276-277
velocity (w), 276, 498, 599-600
Aperiodic (dead-beat) motion, 553
Arbitrary axis, moment of inertia about,
618-619
Arbitrary points, angular momentum about,
369-370
Area method of analysis, 56-65
Areal velocity, 174
Axes, 15-29, 274, 278, 358-359, 478-479,
499, 607-608, 618-620
arbitrary, 618-619
central, 359, 608
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Axes (continued)

fixed, 15-29, 274, 278

instant, 478—479, 499

kinematics of, 16-27, 274, 278

kinetics of, 27-29

mass moment of inertia about, 358-359, 410,
607-608

moment of inertia about, 618—-619

particles, 15-29

principal of inertia, 619-620

rigid-bodies, 274, 278, 359, 478-479

rotation, 274, 278, 478-479, 499

three-dimensional motion, 478478, 499

Axisymmetric rigid bodies, 513-514,

527-544, 546

Euler’s angles, 528-529

gyroscopes, 532533

modified Euler’s equations for, 513-514,
527-529

moment equations of motion, 529

spin angle (), 528

spin velocity, 513-514

steady precession of, 529-530, 546

three-dimensional motion of, 513, 527-544, 546

torque-free motion, 530-532

B
Body cone, 479
Body frame, 478

C
Central axis, 359, 608
Central force, 120-121, 168
Circular frequency, vibration, 550, 554
Coefficient of restitution (e), 249
Composite bodies, mass moment of inertia
method of, 361-368
Conservation of energy, 133-143, 179, 429-442,
469, 587-595
energy method for, 587-588, 595
mechanical, 133-143, 179, 429-442, 469
particles, 133-144, 179
Rayleigh’s principle for, 588-589, 595
rigid bodies, 429-442, 469
undamped free vibrations and, 587-595
Conservative forces, 133—-143
constant, 136
gravitational, 137

mechanical energy, conservation of, 135-136
potential energy and, 134—-137
spring, 137
weight, 136-137
work-energy method and, 133-143
Constant force, 120, 136, 179
potential energy of, 136
work-energy method and, 120, 179
Constrained motion, 192—-198, 344-345
degrees of freedom, 192-193, 345
equations of, 132, 344
independent coordinates for, 192-193, 345
kinematic, 192, 344
rigid-bodies, 344-351
systems of particles, 192—-198
Control volume, 257
Conversion of units, 8-9
Coriolis acceleration, 331-332
Coulomb damping, 551
Couple (C), 416418, 469
power of, 417418, 469
work of, 416417, 469
Critical damping, 553-554
Curvilinear coordinate systems, 69-116
fixed-axis particles, 69-116
force-mass-acceleration (FMA) method for,
95-111
kinematics of, 70-95, 112
kinetics of, 95-111
normal-tangential (n-t) coordinates, 69-82,
95-96, 112
path coordinates, 69-82, 95-96, 112
plane motion, 7073, 82-84
polar (R — 0) coordinates, 70, 82-95, 112

space motion (cylindrical coordinates), 73, 85, 96

Curvilinear motion, 44-56
Cylindrical coordinates, 73, 85, 96

D
Damped free vibration, 548, 551-554, 595
Coulomb, 551
critical damping, 553-554
overdamping, 553-554
underdamping, 554
viscous, 551-553
Damping factor, 553
Deflection of a steady fluid stream, 259-260
Deformable internal connections, work of, 216
Degrees of freedom, 192-193, 345



Differential equations, 398-409, 601-605
initial conditions, 400
linear interpolation of, 605
MATLAB applications of, 602-605
numerical solutions of, 601-602
plane motion, 389-409
Dimensionally homogeneous equations, 7
Dimensions, 7
Direct impact, 249
Displacement (A6), angular motion, 275-278
Dynamics, 1-546
acceleration, 5
kinematics, 2
kinetics, 2-3
Newtonian mechanics, 5-9
particles, 2, 4-5, 15-272
position, 4
rigid bodies, 2, 273-546
vector functions, 3
velocity, 4-5

E
Eccentricity of trajectory, 171
Efficiency (1), power (P) and, 144-149, 179
Eigenvalues, 620
Elastic impact, 248-257, 268
Elliptical orbit properties, 173-174
Energy, see Kinetic energy; Mechanical energy;
Potential energy
Equations of motion, 27-28, 29, 44, 132, 344,
371-373, 410, 511-513
constrained, 132, 344
curvilinear, 44
fixed point, moment about, 373
fixed-axis particles, 27-28, 29, 44

force-mass-acceleration (FMA) method, 371-373,

410, 511-513

general plane motion, 371-372

mass center, moment about, 373

planar, 371-373, 410

rectilinear, 29

rigid bodies, 344, 371-373, 410, 511-513

systems of particles, 132

three-dimensional, 511-513

Euler’s laws of motion, 357-358, 513-516,

527-529, 545

angles, 528-529

axisymmetric rigid bodies, 513-514,
527-529

Index

force-mass-acceleration (FMA) method, 513-514
modified, 513-514, 545
principle axis of inertia for, 513, 545
spin angle (), 528
spin velocity, 513-514
External force, 199-201

F

Fixed points, equation for rotation about, 373
Focus of trajectory, 169
Force (F), 7-8, 118-122, 133-144, 150-151,
158-159, 168-179, 215-217, 548-589.
See also Impact
angular impulse of, 158-159, 179
central, 120-121, 168
conservation of mechanical energy, 133-143
conservative, 133-143
constant, 120, 136, 179
differential, 118-119
displacement, 118
external, 199-201
gravitational, 121-122, 137, 168-179
impulse-momentum method and, 158-159, 217
impulse of, 150, 158-159, 179
internal, 199-201, 215-216
momentum relationship, 151, 217
Newton’s laws and, 7-8
potential energy and, 134137
power (P) of, 144
restoring, 548-549
spring, 121, 137, 179
vibration and, 548-549
weight, 136—-137
work-energy method and, 118-122, 133-144,
215-216
Force-mass-acceleration (FMA) method, 2, 27-29,
65,95-111, 198-214, 267-268, 357414,
511-527
angular acceleration and, 514-515
angular momentum, 368-371, 410
composite bodies, 358-368
curvilinear coordinate systems, 95-111
cylindrical coordinates, 96
equations of motion, 371-373, 410, 511-513
Euler’s laws of motion, 513-514
fixed-axis particles, 2, 27-29, 65, 95-111
free-body diagrams (FBD), 372-376
general plane motion, 373-374
individual particles, motion of, 201-202, 268

643



644  Index

Force-mass-acceleration (FMA) method (continued)

mass-acceleration diagrams (MAD), 372-376
mass center, motion of, 198-201, 267
mass moment of inertia, 358-368, 410
path (normal-tangential) coordinates, 95-96
plane motion, 373-398, 516
rectangular coordinate systems, 2, 27-29, 65
rigid bodies, 357-414, 511-527
rotation about a fixed axis, 375, 516
systems of connected bodies, 375-376
systems of particles, 198-214, 267-268
three-dimensional motion, 511-527
translation, 374
Forced vibrations, 548, 565-578, 595
forcing frequency, 565
harmonic forcing function, 565-567
harmonic support displacement,
567-568, 595
magnification factor, 566-567
transient, 566
zero-frequency deflection, vibration, 566
Free-body diagrams (FBD), 28-29, 372-376
Free length, 121
Free vibrations, 548-564, 587-595
circular frequency, 550, 554
conservation of energy methods for, 587-595
damped, 548, 551-554, 595
energy method for, 587-588, 595
particles, 548-564, 595
period of motion, 550, 554
Rayleigh’s principle for, 588-589, 595
undamped, 548-551, 587-595
Frequency of motion, vibration, 550
Frequency ratio, 566

G
General plane motion, 274, 289, 313, 368-374,
418-419
angular momentum of, 368-370
equations of motion for, 371-372
force-mass-acceleration (FMA) method,
373-374
kinetic energy and, 418-419
relative acceleration method, 313
relative velocity method, 289
superposition of translation and rotation, 274,
289, 313
Gradient operator (V), 135
Gravitation, Newton’s law of, 9

Gravitational force, 121-122, 137, 168-179
attraction and, 169
central-force motion, 168
elliptical orbit properties, 173174
potential energy of, 137
space motion under, 168—178
trajectories, 169-173
work-energy method and, 121-122, 168-179
Gravity (g), standard unit of, 8
Gyroscopes, 532-533

H

Harmonic forcing function, 565-567

Harmonic motion, vibration, 550

Harmonic support displacement, 567-568, 595

Homogeneous bodies, mass moments of inertia of,
359-360

Horsepower (hp), unit of, 144

I
Impact, 185, 234-257, 268, 459468
coefficient of restitution (e), 249
direct, 249
elastic, 248-257, 268
forces, 234-237
impulsive motion, 236-237
line of, 248
oblique, 249
plastic, 234-247
rigid bodies, 459-468
systems of particles, 185, 234-257, 268
Impulse, 150-152, 158-159, 179, 444-445
angular, 158-159, 161, 445
force, of a, 150, 158-159, 179
linear, 444

momentum and, principle of, 151-152, 161, 179,

444445

Impulse-momentum method, 2-3, 117-118, 150-168,
179, 217-234, 258-259, 268, 416, 442-458, 469,

491-497
angular, principle of, 158-168, 179, 218-220,
268, 445
angular momentum and, 161, 220, 491-492,
495-496
conservation of momentum, 152, 218, 445
fixed-axis particles, 117-118, 150-168, 179
force-momentum relationship, 151, 217, 268
impulse of a force, 150, 158-159, 179



inertial properties of, 492-494
kinetics and, 2-3, 117-118, 150-178
linear momentum, 217
mass flow, principles of, 258-259
momentum diagrams for, 151, 442-444
momentum of a particle, 150-151, 179, 217
particles, 117-118, 150-178
principle of, 151-152, 161, 179, 217-218, 268,
444-445, 496-497
rigid bodies, 416, 442-458, 469, 491-497
systems of particles, 217-234, 258-259, 268
three-dimensional motion, 491-497
time and, 117-118
Impulsive motion, 236-237
Inertia, 370, 372-374, 358-368, 410, 492-494, 513,
607-632
arbitrary axis, moment about, 618-619
couple, 372-374
eigenvalues, 620
force-mass-acceleration (FMA) method and,
372-374
impulse-momentum method and, 492-494
integration and, 609-616
mass moments of, 358-368, 410, 607-608,
609-616
moments of, 608-609
parallel-axis theorem for, 493-494, 616-617
parallel-plane theorem for, 494
plane motion, 372-374
plane of symmetry and, 494
principal moments of, 494, 619-620
principle axis of, 513, 619-620
products of, 370, 493, 616-618
tensor, 493, 618-619
thin plates, 608—609, 617
three-dimensional motion, 492-494, 513
vector, 372-374
Inertial reference frames, 67
Input power, 144
Instant axis of rotation, 478479
Instant center, 301-312, 419420, 469
kinetic energy reference point, 419-420, 469
velocity method, 301-312
Internal forces, 199-201, 215-216

J

Joule (J), unit of, 118

Index 645

Kinematics, 2, 16-27, 65, 70-95, 112, 185-198, 267,

273-356, 476-491
absolute motion, 2, 186
angular motion, 275-278, 352
constrained motion, 192-198, 344-351
curvilinear coordinate systems, 70-95, 112
degrees of freedom, 192-193, 345
dynamics of, 2, 185
fixed-coordinate particles, 16-27, 70-95, 112
normal-tangential (n-t) coordinates, 69—82, 112
path coordinates, 69-82, 112
planar, 273-356
plane motion, 17-18, 70-73, 82-84,
273-356
polar (R — 0) coordinates, 70, 82-95, 112
rectangular coordinates and, 16-27, 65
rectilinear motion, 18, 65
relative motion, 2, 185-192, 267, 287288,
476478
rigid bodies, 273-356, 476491
rotation, 274, 278-284, 352, 478-479, 545
space motion (cylindrical coordinates),
73,85
systems of particles, 185-198, 267
three-dimensional motion, 476—491

Kinetic energy, 122-133, 179, 216, 268, 418-420,

469, 497-499, 545
angular velocity parallel to axis, 498
fixed-axis particles, 122-133, 179
general plane motion and, 418-419
instant center reference point, 419—-420, 469
mass center (G) reference point, 419-420, 469
plane motion and, 420
rigid bodies, 418-420, 469, 497-499, 545
rotation and, 498—499
systems of particles, 216, 268
three-dimensional motion 497-499, 545
zero velocity, 498

Kinetics, 2-3, 27-29, 65, 95-111, 117-184, 198-233,

267-268, 357-474

curvilinear coordinate systems, 95111

dynamics of, 2-3

equations of motion, 27-28, 198-202, 267-268

fixed-coordinate axis, 27-29, 95-111

force-mass-acceleration (FMA) method for, 2,
27-29, 65,95-111, 198-214, 267-268, 357414,
511-527

free-body diagrams (FBD), 28-29

impact, 185, 234-257, 268, 459468
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Kinetics (continued)

impulse-momentum method for, 2-3, 117-118,
150-168, 178, 217-227, 416, 442-458, 469,
491497

mass-acceleration diagrams (MAD), 28-29

normal-tangential (n-t) coordinates, 95-96

particles, 27-29, 95-111, 117-184

path coordinates, 95-96

plane motion, 357-474

rectangular coordinates and, 27-29

rigid bodies, 357-474

space motion (cylindrical coordinates), 96,
168-178

systems of particles, 198-233

work-energy method for, 2-3, 117-149, 214-216,
268, 415-442, 497-499

L

Line of impact, 248

Linear impulse, 444

Linear interpolation, 605
Linear momentum, 217
Linear vibration, 550
Logarithmic decrement, 554

M
Magnification factor, vibration, 566—567
Mass (m), Newton’s laws and, 7-8
Mass-acceleration diagrams (MAD), 28-29,
372-376
Mass center, 198-201, 267-268, 368-369, 373,
419-420, 469
angular momentum about, 368—369
equation of motion, 201, 268
external and internal forces on, 199-201
force-mass-acceleration method and, 198-201
kinetic energy (G) reference point, 419-420, 469
moment equation about center, 373
motion of, 198-201, 267
systems of particles, 198-201, 267-268
Mass flow, 185, 257-267
control volume, 257
deflection of a steady fluid stream, 259-260
impulse-momentum principles of, 258-259
Reynolds’ transport theorem, 259
rocket propulsion, 260
systems of particles, 185, 257-267
thrust (momentum), 257

Mass moments of inertia, 358-368, 410, 607-608,
609-616
axis, about, 358-359, 410, 607-608
central axis for, 359, 608
composite bodies, method of, 361-368
homogeneous bodies, 359-360
integral formula for, 358, 410, 607
integration and, 609-616
parallel-axis theorem for, 359-361,
410, 607
radius of gyration and, 358-359, 410, 607
MATLAB applications of differential equations,
605-607
Mechanical energy, 133-143, 179, 216, 268, 429442,
469, 499
conservation of, 133-143, 179, 216, 268, 429-442,
469, 499
fixed-axis particles, 133-143, 179
rigid bodies, 429-442, 469, 499
systems of particles, 216, 268
three-dimensional motion, 499
Moments, see Inertia; Mass Moments of inertia
Momentum, 150-152, 159-161, 179, 217-220, 257,
268, 368-371, 410, 442-445
angular, 159-161, 218-220, 368-371, 410
conservation of, 152, 161, 218, 268, 445
diagrams, 151, 370, 442-444
fixed-axis particles, 150—-151, 159-160
force relationship, 151, 217
impulse and, principle of, 151-152, 161, 179,
217-218, 268, 444-445
linear, 217
rigid bodies, 368-371, 410, 442-445
systems of particles, 217-220, 257, 268
thrust, 257

N
Newton (N) units of, 8
Newtonian mechanics, 5-9
conversion of units and, 8-9
dimensions for, 7
force and, 7-8
gravitation, law of, 9
inertial reference frames, 67
mass and, 7-8
particle motion, laws of, 6
scope of, 5-6
units for, 7
weight and, 8



Nonlinear vibration, 550-551
Normal-tangential (n-t) coordinates,
see Path coordinates

Q)
Oblique impact, 249
Output power, 144

P
Parallel-axis theorem, 359-361, 410, 493—-494, 607,
616-617
mass moments of inertia, 359-361, 410, 607
moments of inertia, 493-494
products of inertia, 616-617
three-dimensional rigid bodies, 493—494
Parallel-plane theorem, 494
Particle motion, Newton’s laws of, 6
Particles, 2, 4-5, 15-272, 548-578, 595
acceleration vector (a), 5
angular impulse and momentum, 158-168, 179,
218-220, 268
classic dynamics of, 2-3
conservative force and, 133-143, 179
constrained motion, 192-198
curvilinear coordinate systems, 69—-116
curvilinear motion, 44-56
fixed axes, 15-184

force-mass-acceleration (FMA) method for, 2, 27-29,

65,95-111, 198-214
forced vibrations of, 548, 565-578, 595
free vibrations of, 548-564, 595
gravitational force and, 121-122, 137, 168-179
impact of, 185, 234-257, 268
impulse-momentum method for, 2-3, 117-118,
150-168, 178, 217-234, 258-259, 268
impulsive motion, 236-237
individual, equations of motion of, 201-202
mass flow, 185, 257-267
mechanical energy, conservation of,
133-144, 179
momentum of, 150-151, 159-160, 179
position vector (r), 4
power and efficiency of, 144-149, 179
rectangular coordinate systems, 15-68
rectilinear motion, 18, 29-44, 65
relative motion of, 2, 185-192, 267
single, 15-184
space motion of, 73, 85, 96, 168—178

Index

systems of, 185-272
velocity vector (v), 4-5
vibrations of, 548-578, 595
work-energy method for, 2-3, 117-149,
214-216, 268
Path (normal-tangential) coordinates, 4, 69-82,
95-96, 112
fixed-axis particles, 69-82, 95-96, 112
force-mass-acceleration method for, 95-96
kinematics of, 69-82
kinetics of, 95-96
plane motion, 70-73
position and, 4, 69
space motion, 73
Period of motion, vibration, 550, 554
Periodic motion, vibration, 550
Phase angle, vibration, 550
Plane motion, 17-18, 70-73, 82-84, 273-356,
357-474, 516. See also General plane motion
angular momentum, 370-371, 410
angular motion and, 275-278, 352
constraints, method of, 344-351
curvilinear coordinates, 70-73, 82-84
differential equations of, 398-409
equations of motion for, 372-373, 410
fixed-axis particles, 17-18, 70-73, 82-84
force-mass-acceleration (FMA) method,
373-398, 516
impact, 459-468
impulse-momentum method, 416,
442-458, 469
instant center for velocity method for,
301-312
kinematics, 273-356
kinetics, 357474
mass moment of inertia, 358-368, 410
path (normal-tangential) coordinates, 70-73
polar coordinates, 82—-84
rectangular coordinates, 17-18
relative acceleration method for, 312-325, 352
relative motion of two points, 287-288, 352
relative velocity method for, 288-301, 352
rigid bodies, 273-474
rotating reference frame, relative to,
329-344, 352
rotation, 274, 278-284, 352
superposition of (general), 274
translation, 274, 374
vectors, derivatives of for, 326-328
work-energy method, 415-442
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Plane of symmetry, 494
Plastic impact, 234-247
Point of rotation, 278-279
Polar (R — 0) coordinates, 70, 82-95, 112
Position, 4, 29-31, 117, 275
angular coordinates (6), 275
particles, 29-31, 117
rectilinear motion (r), 29-31
rigid bodies, 275
vectors (r), 4
work-energy method and, 117
Potential energy, 134-137
change in, 134
conservative forces, 133-137
constant force, 136
gradient operator (V), 135
gravitational force, 137
spring force, 137
weight, 136-137
Pound mass (Ibm), unit of, 8
Power (P), 144-149, 179, 417-418, 469
couple (C), 417-418, 469
efficiency () and, 144-149, 179
force (F'), 144, 179
Products of inertia, 370, 493494,
616-618

Q

Quantum mechanics, 6

R
Radius of gyration, 358-359, 410, 607
Rectangular components of angular momentum,
495-496, 545
Rectangular coordinate systems, 15-68
area method of analysis, 56-65
curvilinear motion, 44-56
equations of motion, 27-28, 65
fixed-axis particles, 15-68
force-mass-acceleration (FMA) method for,
2,27-29, 65
free-body diagrams (FBD), 28-29
kinematics, 16-27, 65
kinetics, 27-29
mass-acceleration diagrams (MAD),
28-29
plane motion, 17-18
rectilinear motion, 18, 29-44, 65

Rectilinear motion, 18, 29-44, 65
dynamics of, 29-44
equations of, 29, 65
fixed-axis particles, 18, 29-44
kinematics of, 18
position, 29-31
superposition of for curvilinear motion, 44
velocity, 29-30
Relative motion, 2, 185-192, 267, 287288,
476478
absolute motion compared to, 186
body frame, 478
classic dynamics of, 2
particles, 185-192, 267
rigid bodies, 287-288, 476478
rotating reference frame, 478
space frame, 478
three-dimensional motion, 476478
translating reference frame, 187, 288
Relative velocity, 288-301, 352, 599-600
Relativistic mechanics, 6
Restoring force, vibration, 548-549
Reynolds’ transport theorem, 259
Rigid bodies, 2, 273-546, 578-585,
599-600
angular momentum of, 368-371, 410, 491492,
495-496, 545
angular motion of, 275-278, 352, 599-600
axisymmetric, motion of, 527-544
classic dynamics of, 2
composite, 358-368
connected, 430
constraints, method of, 344-351
couple (C) power and work of, 416418, 469
differential equations of, 398-409
equations of motion for, 371-373
Euler’s laws of motion, 357-358, 513-516,
528-530, 545
force-mass-acceleration method, 357414,
511-527
impact, 459-468
impulse-momentum method, 416, 442458, 469,
491-497
inertia properties of, 492-494
instant center for velocity method for,
301-312
kinematics (planar) of, 273-356
kinetic energy of, 418-420, 469, 497-499, 565
kinetics (planar) of, 357474
mass moment of inertia of, 358—-368



mechanical energy, conservation of,
429-442, 469
plane motion of, 273-356
relative acceleration method for, 312-325, 352
relative motion of, 287-288, 476-478
relative velocity method for, 288-301, 352
rolling without slipping, 291, 352
rotating reference frames, 328-344, 352,
478, 545
rotation of, 274, 278-284, 352, 478-479
single, 430
three-dimensional motion, 277-278, 475-546
vectors, derivatives of for, 326-328
vibrations, 578-587
work-energy method, 415-442, 497-499
Rigid internal connections, work of, 216
Rocket propulsion, 260
Rolling without slipping, 291, 352
Rotating reference frames, 328-344, 352,
478, 545
body, 478
Coriolis acceleration, 331-332
plane motion relative to, 329-344, 352
relative motion, 478, 545
space, 478
three-dimensional motion, 478, 545
vectors embedded in, 328, 478
Rotation, 274, 278-284, 352, 373, 375, 478-479,
498-499, 516
axis of (fixed), 274, 278, 375, 516
fixed point, moment equation about, 373
force-mass-acceleration (FMA) method for,
375,516
instant axis of, 478-479, 499
kinetic energy and, 498-499
plane motion, 274, 278-284, 352
point in the body, 278-279
three-dimensional motion, 478-479, 516
vector representation of, 279
zero velocity, about a point of, 498

S

SI (International) system of units, 7

Slug, units of, 8

Space cone, 479

Space frame, 478

Space motion, 73, 85, 96, 168-178
curvilinear coordinate systems, 73, 85, 96
cylindrical coordinates, 85

Index

force-mass-acceleration (FMA) method, 96
gravitational forces and, 168—178
path (normal-tangential) coordinates, 73
Speed, see Velocity
Spin angle (), 528
Spin velocity, 479, 513-514
Spring force, 121, 137, 179
potential energy of, 137
stiffness constant (k), 121
work-energy method and, 121-122, 179
Steady precession, axisymmetric bodies,
529-530, 546
Stiffness (k), 121

T
Thin plates, inertia and, 608—-609, 617
Three-dimensional motion, 277-278,
475-546
angular, 498, 514-515, 599-600
angular displacement (A#) and,
277-278
angular momentum of, 491-492, 495-496, 545
axisymmetric bodies, 513-514, 527-544, 546
Euler’s laws of motion, 513-514,
528-529, 545
force-mass-acceleration method for,
511-527
impulse-momentum method for, 491-497
inertial properties of, 492-494, 513
kinematics of, 476491
kinetic energy of, 497-499, 545
relative, 476478
rigid bodies, 277-278, 475-546
rotation, 478-479, 545
work-energy method for, 497-511
Thrust (momentum), 257
Time, impulse-momentum method and,
117-118
Torque-free motion, 530-532
Trajectories, 169-173
classification of, 172-173
eccentricity of, 171
equation of, 170-172
focus of, 169
gravitational attraction and, 169
Transient vibration, 566
Translating reference frame, 187, 288
Translation of rigid-body motion, 274, 374
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U vectors (v), 4-5
U.S. Customary system of units, 7 zero, 498
Undamped free vibration, 548-551, 587-595 Vibrations, 547-598
conservation of energy methods for, circular frequency, 550, 554
587-595 conservation of energy methods for, 587-595
energy method for, 587-588, 595 damped, 548, 551-554, 595
linear, 550 energy method for, 587-588, 595
nonlinear, 550-551 forced, 548, 565-578, 595
Rayleigh’s principle for, 588-589, 595 forcing frequency, 565
restoring force of, 548-549 free, 548-564, 587-595
Underdamping, 554 harmonic forcing function, 565-567
Units, 7-9 harmonic support displacement,
conversion of, 8-9 567-568, 595
Newtonian mechanics and, 7—8 linear, 550
magnification factor, 566-567
mass of, 548
V nonlinear, 550-551
Vectors, 3-5, 276277, 326-328 particles, 548-578
absolute derivatives of, 326-328 Rayleigh’s principle for, 588-589, 595
acceleration (a), 5 restoring force of, 548-549
angular motion, 276-277 rigid bodies, 578-587
embedded unit, 327 transient, 566
function derivatives, 3 undamped, 548-551, 587-595
general motion, 328 Viscous damping, 551-553

plane motion and, 326-328
position (r), 4

relative derivatives of, 326-328 \%%
rotating reference frame and, 328 Watts (W), unit of, 144
velocity (v), 4-5 Weight (W), Newton’s laws and, 8
Velocity, 4-5, 29-30, 174, 248-249, 276, Work, 118-122, 179, 214-216,
288-312, 352, 479, 498, 513-514, 416-417, 469
599-600 central force, 120-121
angular (w), 276, 498, 599-600 constant force, 120, 179
approach, 249 couple (C), 416417, 469
areal, 174 displacement, 118
elastic impact and, 248-249 force differential, 118—-119
instant center for, method of, 301-312 gravitational force, 121-122, 179
kinetic energy and, 498 internal forces, 215-216
particles, 29-30, 174, 248-249 rigid bodies, 416417
rectilinear motion, 29-30 spring force, 121, 179
relative, method of, 288—301, 352, systems of particles, 214-215
599-600 Work-absorbing component, 119
rigid bodies, 276, 288-312, 352, 513-514, Work-energy method, 2-3, 117-149,
599-600 179, 214-216, 268, 415442, 469,
rolling without slipping and, 291, 352 497-511
separation, 249 classic dynamics and, 2-3, 117-149
speed of particles as, 5 conservative forces, 133-143
spin, 479, 513-514 couple (C) and, 416418, 469
three-dimensional motion, 479, 513-514, fixed-axis particles, 117-149, 179

599-600 forces (F) of work, 118-122, 214-216



internal forces, 215-216

kinetic energy and, 122-133, 179, 216, 268,
418-420, 469, 497-499

mechanical energy, conservation of, 133-143,
179, 216, 268, 429-442, 469, 499

position and, 117

potential energy and, 134-137

power (P) and efficiency (), 144-149, 179

rigid bodies, 415442, 469, 497-511

Index

systems of particles, 214-216, 268
three-dimensional motion, 497-511
Working component, 119

Z

Zero-frequency deflection, vibration, 566
Zero velocity, kinetic energy and, 498
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SI Units (Systéme international d’unités)

Selected SI Units Commonly used SI prefixes
Quantity Name SI symbol Factor Prefix SI symbol

Energy joule J(1J =1N-m) 10° giga G
Force newton N({AN=1kg- m/s?) 106 mega M
Length meter* m 10° kilo k
Mass kilogram* kg 1073 milli m
Moment (torque) newton meter N-m 1076 micro n
Rotational frequency revolution per second 1/s 107° nano n

Stress (pressure)
Time
Power

hertz
pascal
second*
watt

Hz (1 Hz = 11/s)
Pa(1Pa = 1 N/m%)
S

WAW =11/s)

* SI base unit

Selected Rules and Suggestions for SI Usage

1. Be careful in the use of capital and lowercase for symbols, units, and prefixes (e.g., m for meter or milli, M for mega).
2. For numbers having five or more digits, the digits should be placed in groups of three separated by a small space,
counting both to the left and to the right of the decimal point (e.g., 61 354.982 03). The space is not required for four-
digit numbers. Spaces are used instead of commas to avoid confusion—many countries use the comma as the decimal

marker.

3. In compound units formed by multiplication, use the product dot (e.g., N - m).
. Division may be indicated by a slash (m/s), or a negative exponent with a product dot (m - s~ ).
. Avoid the use of prefixes in the denominator (e.g., km/s is preferred over m/ms). The exception to this rule is the prefix

W A~

k in the base unit kg (kilogram).

Equivalence of U.S. Customary and SI Units (Asterisks indicate exact values; others are approximations.)

U.S. customary to SI

SI to U.S. customary

1. Length

2. Area

3. Volume

4. Force

5. Mass

6. Moment of a force

7. Power

lin. = 25.4* mm = 0.0254* m
1 ft = 304.8* mm = 0.3048* m

1in.2 = 645.16* mm?

1 ft2

1in
1 ft

11b
1 1b/ft

1 Ibm

1 slug
1lb-in. =
11b-ft

0.092 903 04* m?

16 387.064* mm?
= 0.028317m?

4448 N
14.594 N/m

0.45359 kg
14.593 kg

0.112985 N - m
1.35582 N -m

1 hp (550 1b - ft/s) = 0.7457kW

I mm = 0.039370 in.
I m = 39.370 in.
= 3281 ft

1 mm? = 0.001550 in.2
1 m? = 1550.0 in.2

= 10.764 ft?
I mm?® = 0.000061 024 in.?
Im? = 61023.71in.3
= 35315 ft’
IN = 0.2248 1b

1 N/m = 0.068 522 1b/ft

1 kg = 2.205 Ibm
1 kg = 0.068 53 slugs

IN-m = 8850751b-in.
IN-m = 0.737561b - ft

1 kW = 1.3410 hp




Area Moments of Inertia
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Mass Moments of Inertia
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PRINCIPAL UNITS USED IN MECHANICS

International System (SI)

U.S. Customary System (USCS)

Quantity
Unit Symbol | Formula Unit Symbol | Formula

Acceleration (angular) radian per second squared rad/s? radian per second squared rad/s?
Acceleration (linear) meter per second squared m/s? foot per second squared ft/s?
Area square meter m?2 square foot ft2
Density (mass) kilogram per cubic meter kg/m? slug per cubic foot slug/ft3

(Specific mass)
Density (weight) newton per cubic meter N/m? pound per cubic foot pef | Ib/ft3

(Specific weight)
Energy; work joule J N-m foot-pound ft-1b
Force newton N kg-m/s? pound b (base unit)
Force per unit length newton per meter N/m pound per foot Ib/ft

(Intensity of force)
Frequency hertz Hz |s7! hertz Hz |s7!
Length meter m (base unit) | foot ft (base unit)
Mass kilogram kg (base unit) | slug Ib-s2/ft
Moment of a force; torque | newton meter N-m pound-foot 1b-ft
Moment of inertia (area) | meter to fourth power m* inch to fourth power in4
Moment of inertia (mass) | kilogram meter squared kg-m? slug foot squared slug-ft?
Power watt w I/s foot-pound per second ft-1b/s

(N-m/s)

Pressure pascal Pa N/m? pound per square foot psf 1b/ft?
Section modulus meter to third power m3 inch to third power in.3
Stress pascal Pa N/m? pound per square inch psi 1b/in.2
Time second S (base unit) | second S (base unit)
Velocity (angular) radian per second rad/s radian per second rad/s
Velocity (linear) meter per second m/s foot per second fps ft/s
Volume (liquids) liter L 1073 m3 | gallon gal. |231in3
Volume (solids) cubic meter m?3 cubic foot cf ft3
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