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Introduction

Processes of synchronization and interaction play a very special role in different
physical problems concerning the dynamics of the Earth’s interior; they are of
particular importance in the study of seismic phenomena, and their complexity is
strongly affected by the variety of geological structures and inhomogeneities of the
medium that hamper the course of these processes and their intensity. The attempt
to tackle these problems is a great challenge from experimental, observational and
theoretical point of view.

We present in this Monograph the theoretical and experimental results achieved
in the frame of the European Project “Triggering and synchronization of seismic/
acoustic events by weak external forcing as a sign of approaching the critical
point” (INTAS Ref. Nr 05-1000008-7889); in this Project, which was inspired by
Professor Tamaz Chelidze, our aim was to give grounds for better understanding
and interpretation of dynamical interactive processes of physical fields, both found
in the laboratory experiments as well as in field observations. One of the leading
problems — related to synchronization and interaction of different physical fields
in fracture processes — concerns triggering and initiation of rupture and displace-
ments within the Earth interior. From this point of view, the results from laboratory
studies on synchronization and interaction and those found and involved in field
observations, helped to improve the theoretical background. Reversely, some of
the presented new theoretical approaches have served to stimulate laboratory and
field studies.

The theoretical part of the Monograph deals with the synchronization and
interaction processes among the physical fields. Starting with a consideration on
complex nonlinear systems, as observed in the geophysical time series and in
laboratory experiments, like the study of frictional instabilities, we pass to the
theoretical background of triggering and synchronization processes.

In Chapter 1, the nonlinear dynamics is considered as a tool for revealing
synchronization and ordering in geophysical time series. The authors investi-
gate the case of Caucasus seismicity, where the analysis reveals highly nonlinear
structures in temporal, energy and space domains of seismic time series.

Xiii



Xiv Introduction

In Chapter 2, Models of stick-slip motion: impact of periodic forcing,
the authors review the modern concept of seismic process relaying mainly on the
frictional instabilities which develop on preexisting tectonic faults; additional
external forcing provokes triggering and synchronization during stick-slip process
described by the nonlinear interaction of objects.

The interaction and synchronization processes are considered in Chapter 3,
Shear oscillations, rotations and interactions in an asymmetric continuum. In
this study the author focuses on his recently developed Asymmetric Continuum
Theory, in which synchronization may also take place between the fields shifted in
phase by m/2, e.g., between strains and rotations, as it occurs in the release and
rebound seismic processes.

In Chapter 4, processes in micro-fracture continuum are described as the
extended micro-fragmentation processes based on the double transport process.
The generalization of the Navier-Stokes transport approach, the derived nonlinear
equations and solitons are discussed.

Chapter 5, On a simple 1-D stochastic cellular automaton with avalanches —
simulation and analytical results, presents a very simple automaton for which
evolution equations may be derived and solved analytically. Next, the model is used
for the analytical derivation of the adequate Ito equation.

In Chapter 6, Ito equations as macroscopic stochastic models of geophysical
phenomena: construction of the models on the basis of time series, the authors
show that the Ito equations can be useful macroscopic models of phenomena in
which microscopic interactions are averaged in an adequate way. They arrive at this
result using the method of constructing Ito models from geophysical time series and
time series generated by cellular automata.

In Chapter 7, The importance of the privilege for appearance of long-tail
distributions, a unified description, by the privilege concept, is proposed for
origins of a wide range of observational long-tail distributions and patterns reveal-
ing a fractal form.

We trace the triggering and synchronization phenomena in the part related to
laboratory experiments: this is especially important when dealing with earth-
quake activity and the related experiments.

Based on the laboratory experiments on triggering and synchronization of
mechanical instabilities (slip events) by weak electromagnetic or mechanical forc-
ing, triggering and synchronization of stick-slip: experiments on a spring-
slider system (Chapter 8) are considered as connected with nonlinear interactions
close to the critical state. These instabilities were registered by the acoustic
emission (bursts) generated by slips in the spring-slider system. Using the tools of
nonlinear dynamics the dependence of strength of synchronization on the intensity
and frequency of forcing (Arnold’s tongue) was established. New effect of high
order synchronization of slip events, with various winding numbers has been
revealed in spring-slider system experiments.

In Chapter 9, Oscillating load-induced acoustic emission in laboratory
experiment, the authors analyze the characteristics of acoustic emissions in West-
erly granite samples (pre-fractured cores) under confining pressure of 160 MPa.
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Correlation between the acoustic response and sine load has been observed. The
acoustic activity, synchronized with the applied oscillating load, is probably due to
high strain-sensitivity in transient, unstable mode, while it almost disappears after
the “stick-slip” event.

Acoustic emission dynamics initiated by fluid infusion on laboratory scale
(Chapter 10) has been studied in heterogeneous laboratory samples subjected to an
axial load, lasting several months, and due to the repeatedly injected fluid. The
acoustic emission has drastically increased as a result of penetration of a small
volume of fluid. In the case of mechanical upload, the dynamics of relaxation
processes of acoustic emission differs significantly from that when the process
runs due to the injection of liquid. In the former case it complies with the Omori
law, while in the latter the intensity of acoustic emission passes through a strongly
marked maximum, similar to swarm seismicity.

In Chapter 11, Acoustic emission spectra classification from rock samples of
Etna basalt in deformation-decompression laboratory experiments, the authors
arrive at the cluster identification of acoustic emissions belonging to the same
experimental stage; this made it possible to discriminate the high and low frequency
events belonging to the two phases and to discover a new type of event, called
‘hybrid’, characterized by an intermediate distribution of frequencies.

In Chapter 12, Phase shifted fields: some experimental evidence, the authors
present examples of synchronization processes between the deformation and elec-
tric fields and between the acoustic waves and electric oscillations: these synchro-
nizations proceed with a phase shift of /2 as expected due to the theoretical studies.

The final part of the Monograph presents the field observations related to some
synchronization mechanisms revealed.

In Chapter 13, Periodical oscillations of microseisms before the Sumatra
earthquake of December 26, 2004, the seismic broadband records were analyzed,
with the help of various methods, to detect the hidden periodicities, multiple
coherence effects and asymmetric low-frequency impulses. The main feature of
the synchronization between the microseismic oscillations on different seismic
stations was starting 53 hours before the Sumatra earthquake. It was found that
the main synchronizing period increases with time from values of the order of
minutes toward few tens minutes, i.e., it was detected that the period of collective
effect within the observed data has been gradually increasing.

In Chapter 14, Synchronizations of microseismic oscillations as the indica-
tors of the instability of a seismically active region the results are presented
showing that synchronization of microseismic oscillations at different stations was
detected starting several days before the Kronotskoe 05.12.1997 (M = 7.8) and
Hokkaido 25.09.2003 (M = 8.3) earthquakes; the synchronization intervals are
indicators of the unstable state of a seismically active region and could be regarded
as earthquake precursors.

In Chapter 15, Multifractal Parameters of Low-Frequency Microseisms, the
effects found are interpreted as an increase in the degree of synchronization of
microseismic noise on Japan’s islands after the September 25, 2003 Hokkaido
event. It could be a foreshock of an even stronger future earthquake, as follows
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from the well-known statement that synchronization is one of the signs of an
approaching catastrophe.

In Chapter 16, changes in dynamics of seismic processes around Enguri high
dam reservoir induced by periodic variation of water level were investigated
using nonlinear dynamics methods. The evidence is presented showing that an
increase of the order in dynamics of daily occurrence, as well as temporal and
energy distributions of earthquakes took place around Enguri high dam water
reservoir (Western Georgia) during the periodic variation of the water level in
the lake.

The dynamical complexity of water level variations in wells has been
analyzed in order to find strong earthquakes signatures (Chapter 17). Dependence
of dynamics on the presence of periodic components in the data records (time
series) was investigated. Modern tools of time series analysis (Lempel-Ziv com-
plexity measure and singular value decomposition technique) confirmed that these
variations are a response to different periodic, as well as non-periodic influences,
including earthquake-related strain generation in the earth crust.

In Chapter 18, Detecting quasi-harmonic factors synchronizing relaxation
processes: application to seismology, the solutions of equations corresponding
to relaxation oscillator discharge moments for stress processes reveal the “gaps”,
i.e., time intervals when discharge processes are forbidden. The discharges inside
the period of external forcing show that strong and long-time growing earthquakes
are related to wider gaps, while fast growth of stress gives birth to narrow gaps.

Chapter 19, Stacked analysis of earthquake sequences: statistical space-time
definition of clustering and Omori law behavior brings an analysis of the after-
shocks sequences. An extension of the definition of a sequence is proposed by
introducing space-time constrains for the analysis of decay rate and clustering. The
related catalogues have been analyzed even under their fractal dimension aspect,
correlated with the space and time clustering.

The final Chapter 20, Dynamical changes induced by strong electromagnetic
discharges in earthquakes’ waiting time distribution at the Bishkek test area
(Central Asia), describes the effect of releases of strong current pulses on the local
seismic regime, revealed by nonlinear dynamics approach; such experiments influ-
enced the dynamics of seismic process and increased the regularity in the waiting
times’ series.

We can conclude that the contributions included in this monograph deal with a
wide variety of topics, with emphasis on the synchronization and interactive
processes which reveal co-action or influence the dynamics of seismicity; the
laboratory experiments and theoretical new approaches presented help to under-
stand and tackle these problems.
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Chapter 1

Nonlinear Dynamics as a Tool for Revealing
Synchronization and Ordering in Geophysical
Time Series: Application to Caucasus Seismicity

Teimuraz Matcharashvili and Tamaz Chelidze

1.1 Introduction

It is a common statement in scientific literature that the complexity of nature has
always been an inevitable problem in our efforts towards understanding spatial
forms of natural objects and temporal evolution of natural processes. “Complex”
and “complexity” are now quite popular scientific terms, though there is little
consensus on their official definitions and they still have a variety of meanings
depending on the context [Arecci, 1996; Shiner, 1999]. This is so because the study
of complexity in both dynamical and structural sense is in its infancy, being at the
same time a rapidly developing field in the forefront of many areas of science,
including mathematics, physics, geophysics, economics, biology, etc.

Natural systems and/or processes are complex mainly due to their nonlinearity,
an intrinsic property of the underlying laws conditioning the absence of deter-
minism of the Universe. The presence of this property is revealed in the specificity
of systems whose temporal behavior and spatial structures were named “complex”
[Kantz, 1997; Matcharashvili, 2000]. In order to avoid misunderstanding caused by
the tradition associating the term nonlinearity exclusively with dynamics, it should
be stressed that at present the terms nonlinearity and complexity are commonly
regarded as synonyms. This is convenient in order to address both complex
nonlinear temporal evolution and complex non-Euclidean spatial forms of natural
systems. As an inherent property, nonlinearity or complexity is revealed in the
absence of deterministic cause-effect relation observed on different spatial and
temporal scales. This property incorporates phenomena with a very broad diversity
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4 T. Matcharashvili and T. Chelidze

of dynamical features. Generally speaking, this diversity manifests itself in a certain
kind of hierarchy of dynamical behavior, ranging from strict determinism to total
randomness. The most important is the fact that between these extremes there
are many intermediate states that reveal different degree of orderliness, such as,
e.g., periodicity, quasiperiodicity, deterministic chaos, low and high dimensional
dynamics, hyperchaos, etc. [Theiler, 1997; Kantz, 1997].

Until recently, neither a qualitative detection nor a quantitative evaluation
of these intermediate states has been possible because of the absence of a
corresponding mathematical formalism and appropriate data analysis methods. At
present, the time series nonlinear analysis universal technique has been elaborated
[Packard et al, 1980; Berge et al, 1984; Eckmann et al, 1987; Abarbanel et al, 1993;
Rapp et al, 1993; Kantz, Shreiber 1997], which often (but not always) enables us to
achieve correct qualitative and quantitative assessment of complex processes by
their dynamical characteristics.

It is necessary to mention that traditional linear methods are mostly not suitable
for complex processes of interest. This is why in different fields of science and
practice there has been an explosion of papers searching for methods aiming at
detection of peculiarities of complex systems evolution in order to achieve reliable
identification of processes by their dynamics. As the complex systems are charac-
terized by different transitions between regular, laminar, and chaotic behaviors, the
knowledge of these transitions is necessary for understanding the process. In this
respect, one of the fundamental problems is how to measure the complexity of both
local and global dynamical behaviors from the observed time series.

There are several main approaches to quantify the complexity of processes
by analyzing the measured time series [Boffetta, 2001]. Some of them have
roots in dynamical systems and fractal theory and include Lyapunov exponents,
Kolmogorov-Sinai entropy, and fractal dimensions [Eckmann et al. 1987]. These
methods are based on reconstruction and testing of phase space objects equivalent to
the unknown dynamics. The other methods stem from the information theory includ-
ing Shannon entropy [Shannon, 1948], algorithmic complexity [Shiner, 1999; Yao,
2004] etc., and are mostly based on symbolic dynamics.

For different complex systems, various approaches to complexity measurements
can be used. The common problem of many methods is the requirement of long,
high quality stationary data sets, which is not always easy to fulfill in analyses of
real natural or laboratory systems. To overcome these difficulties, new tests have
been proposed, such as recurrence plots (RP) and recurrence quantitative analysis
(RQA). These methods equip us for gaining new understanding on the complex
natural dynamics.

1.2 Overview of nonlinear data analysis methods

Most nonlinear data analysis methods are based on reconstruction and inspection of
the state or phase space of the investigated process. When the system of interest is
nonrandom, it has a property known as recurrence [Ruelle, 1994]. This means that
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after some transients, the system comes back close to the same points in phase space
again and again. The character of time evolution of trajectory forms a phase space
structure or attractor of the system. The shape of attractor provides essential
information on dynamical features of the investigated process. Generally, a point
in a phase space is associated with a single state of the system which is fully defined
by a set of m dynamical variables. It is clear that to have a complete description of
the state of the dynamic system, these m physical quantities should all be measured,
at least in principle. Unfortunately, in most of experimental situations, not all (and
often only a single) physical quantities of state variable can be measured; all what
we have is an one-dimensional time series and from this series we have to learn as
much as possible about the system that generated the signal. According to Takens’
theorem it is possible to catch the essential dynamical properties of a system by a
reconstruction of its phase space by only one variable. Two- and three-dimensional
phase portraits encapsulating essential dynamical properties of the analyzed com-
plex process are used as qualitative tests of the process dynamics. They enable to
accomplish first qualitative visual inspection of unknown dynamics and uncover
general properties of the analyzed process. Qualitative analysis allows us to reveal
possible existence of specific attractors, e.g., strange ones which point to the
deterministic chaotic behavior.

Further, the phase space can be analyzed using quantitative methods.

For both qualitative and quantitative approaches, the phase space should be
reconstructed from measured (or simulated) data sets. Generally, the measurements
commonly result in discrete time series g;(), where ¢ = iAtz, and At is the sampling
rate. As a rule, the sampling rate is constant, forming equidistant time series but this
is not always the case. The time series taken at time intervals of different length, the
so-called unevenly sampled time series, are also quite common [Schreiber, 1999].
As far as system variables are coupled, a single component contains essential
information about the dynamics of the whole system [Rapp et al., 1993; Castro,
1997; Kantz, 1997]. Therefore, the trajectory reconstructed from this scalar time
series is expected to have the same properties as the trajectory embedded in the
original phase space, formed by all m state variables. Packard et al. (1980) and
Takens (1981) independently proposed the idea of using single sequence of mea-
surements to transform process dynamics into the phase space structure to gain
information on the unknown underlying dynamics from this structure. According to
the embedding theorem, there exists a one-to-one image of attractor in the embed-
ding space, if the embedding dimension is sufficiently high [Hegger, 1999]. The
idea was successfully realized after Takens proved that it is possible to reconstruct
from a single scalar time series a new attractor which is diffeomorphically equiva-
lent to the attractor in the original state space of the system under study. Essentially
two methods of reconstructions are available: delay coordinates and derivative
coordinates. Derivative coordinates were originally proposed by Packard et al.
(1980) and consist of using the higher order derivatives of the measured time series
as the independent coordinates. Since derivatives are more susceptible to noise,
this is usually not very practical for real data which are very noisy themselves.
Therefore, the method of delay coordinates was recognized as a more practical tool.
Delaying data by T helps to exclude distortions of analysed dynamics caused by
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temporal closeness of observations. The T value should be large enough to avoid
insubstantial functional dependence between data and not so large to make
them completely independent statistically. If these conditions are fulfilled, a set
of d-dimensional vectors in d-dimensional space can be reconstructed:

X(i) = [x(i), x(i + T), x(i + 2T),...., x(n + (d — 1)T)]. (1.1)

According to Takens’ theorem, the reconstructed dynamics is equivalent to
the dynamics of the real underlying system [Packard, 1980; Takens, 1981]. Equiva-
lence of two dynamics means that their dynamical invariants (e.g., generalized
dimensions, the Lyapunov spectrum, recurrence characteristics, etc., to be shortly
described below) are identical. The delay time, 7, for the reconstructions can be
calculated from the autocorrelation function or mutual information (MI) first
minimum. The averaged mutual information evaluates the amount of bits of
information shared between two data sets over a range of time delays is defined
as [Abarbanel,1993; Kantz, 1997; Cover, 1991; Kraskov, 2004]:

N ..
I0Y) = > pli.j) log, 1% (12)

where p,(i) and py (/) are the probabilities of finding x(i) and x(i 4+ T') measurements
in time series, respectively, p(i, j) is a joint probability of finding measurements x(7)
and x(i + T) in time series, and T is the time lag. It is important to mention that in
contrast to the linear correlation coefficient (which also can be used for delay time
calculation), MI is sensitive also to dependences which are not linear, i.e., do not
manifest themselves in the covariance. MI is zero if and only if the two random
variables are strictly independent. The MI calculation is also important as a tool to
provide information on phase space points probability distribution.

In order to define the correct value of embedding dimension d, > 2d, + 1
(where d, is the dimension of embedding space and d, is attractor’s dimension)
one may use the so-called false nearest neighbor method [Kennel, 1992; Hegger,
1999]. The percentage of false nearest neighbors (phase points projected into
neighborhoods of points to which they would not belong in higher dimensions)
approaches zero as the dimension of the phase space increases.

Since phase space structure attractor or image of dynamics is formed, the two most
popular ways for the quantitative evaluation of complexity of analyzed dynamics are:
quantification of the average evolution patterns of neighboring trajectories in the state
space, and/or quantification of the geometric patterns of the state space object.

Evolution of phase space trajectories could be analyzed by calculation of spectrum
of Lyapunov exponents or, as it is often done, by calculation of maximal Lyapunov
exponent Ay.x. Generally, Lyapunov exponents quantify the average exponential
rate of divergence of neighbouring trajectories in the state space, and thus provide
a measure of the system’s response to local perturbations [Rosenstein, 1993; Kantz,
1997]. For measured data sets, the maximum Lyapunov exponent A, for a
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dynamical system can be determined from the equation: d(t) = doe’™', where d(t) is
the mean divergence between neighboring trajectories in the state space at time ¢ and
dy is the initial separation between neighboring points. There are several methods
[Wolf, 1985; Sato, 1987; Rosenstein, 1993] for estimating A,,,x which often suffer
from drawbacks that are serious for practical use, namely, the estimates of A, are
unreliable for small data sets and need essential computational resources. Generally,
if <0, phase trajectories are drawing together and the considered dynamical system
has an attractor in the form of a fixed point. When 1=0, the system tends to a stable
limit cycle. A>0 means that phase trajectories are moving away and such a system
may be chaotic or random (Rosenstein, 1993).

In order to characterize the unknown dynamics by the geometry of their recon-
structed phase structures, an algorithm for calculation of fractal dimensions of
phase space point sets should be used. It is known that the fractal dimension of
an attractor roughly characterizes the complexity and gives a lower bound for the
number of equations or variables needed for modeling the underlying dynamical
process. There are several such measures based on quantification of self-similar
properties of phase space objects. These measures are: the information dimension
(d;), the Hausdorf dimension dy, etc. [Abarbanel, 1993; Kantz, 1997]. We shortly
describe here only the GPA method of computing correlation dimension or fractal
dimension as proposed by Grassberger and Procaccia [1983]. In spite of difficulties
in using it for real data sets, GPA remains to be the most popular and often
used method for quantifying geometrical features of phase space objects. This is
probably due to the simplicity of the algorithm [Bhattacharya, 1999] and the fact
that the same intermediate calculations are used to estimate both dimension and
entropy. The correlation sum, C(r, N), quantifies the way in which the density of
points in the state space scales with the size of the volume containing those points.
This approach is based on the idea of correlation sum. Correlation sum C(r) of set
of points in the vector space is defined as the fraction of all possible pairs of points
which are closer than a given distance r. The basic formula useful for practical
application is

N N
C(F’N):(N—w T —— Z::Z (r = |l — xi]]), (1.3)

where O(x) is the Heaviside step function, ®(x)=0if x < 0and ®(x)=1if x > 0.
Hxi - xjH is the Euclidian norm. Points with i = j are excluded. w is the Theiler’s
window for fractal systems for time series that are long enough. For small r,
C(r) o r” relationship is correct. Commonly, such a dependence is correct only
for the restricted range of r values, the so-called scaling region. Correlation
dimension v or d, is defined as

l "
v=d, =lim ogC()

lim = 507 (1.4)
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In practice, the d, value is found from the slopes of logC(r,N) versus logr
curves for different phase space dimensions. In order to achieve appropriate linearity
of the relationship between log[C(r, N)] and log r, one has to determine local slopes,
or the so-called ‘‘local scaling exponents’’[Kantz, 1997]. The true correlation
dimension of an unknown process is the saturation value of d,, which does not
change by increasing phase space dimension. If saturation does not take place, the
correlation dimension is infinitely large which is typical for random processes.

For a correct analysis it is necessary to have data sequences that are long enough,
at least N > 10%/2, where N is a length of time series and d is the dimension of
attractor [Abarbanel, 1993]. The three dimensions mentioned above are related by
dr< di< dy, with equality when the points in the state space are distributed
uniformly over the attractor. In spite of popularity of d, calculation method,
findings by GPA must be interpreted with great care as it is well known that linear
stochastic processes can also mimic low-dimensional dynamics [Theiler et al. 1992;
Rapp et al., 1993]. In other words, the saturation of a correlation dimension and the
existence of positive Lyapunov exponents cannot always be considered as a
proof of deterministic chaos, predictable in sense of patterns, which is closest to
quasi-periodic dynamical regime [Rapp et al. 1993; Kantz and Shreiber, 1997].
Since linear correlations lead to many spurious conclusions in nonlinear time series
analyses, it is important that the obtained results be verified using the so-called
surrogate data approach. This is a method to test the null hypothesis that the
analyzed time series are generated by a specific process with the known linear
properties [Theiler et al., 1992]. It should be stressed again that the above
phase space measures have strict restrictions in the sense of time series length
and are mostly relevant for low dimensional or deterministically chaotic systems.
When the dynamics of the investigated process is more complex or when
dimension of underlying attractor is moderately large, say d»>>35, all the results of
dimensional analysis on finite amount of real data series are not grounded well
enough [Schreiber, 1999]. Moreover the real data series are often very noisy,
containing measurement noise as well as dynamical noise (noise interacting with
dynamics), and then the conventional estimates fail as well. Therefore, when we
deal with complex dynamics, a less ambitious and more realistic goal commonly
applied is to search for the inherent nonlinearity of the processes, or to rank them by
the extent of nonlinearity. The practical importance of this statement becomes clear
in the light of known facts that in most cases the dynamical behavior of natural
scale-invariant processes is non random, revealing nonlinear structure, while valid
evidences of deterministic chaotic type of dynamics are very seldom [Theiler,
1997; Marzocchi et al., 1997; Goltz, 1997].

The above-mentioned method of surrogate data equips us for testing the non-
linear structure of complex dynamics (Theiler, 1992). The surrogate data is inher-
ently a stochastic signal which mimics certain statistical properties, such as
temporal autocorrelation or Fourier power spectra of the original signal. The
surrogates can be constructed from the original time series on the basis of different
null hypotheses. The three types of most often used surrogates address the three
main hypotheses: temporally independent noise, linearly filtered noise, and
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nonlinear transformation of linear filtered noise. So whenever we try to quantify the
degree of nonlinearity, the results of calculation of the above measures should be
compared with the similar quantities for surrogate data sets. Phase randomized
surrogate sets (obtained by destroying the nonlinear structure through randomiza-
tion of the phases of a Fourier transform of the original time series and following
invert transformation) are often used to test the null hypothesis that the time series
are linearly correlated with Gaussian noise [Theiler et al., 1992]. Also a Gaussian
scaled random phase (GSRP) surrogate set can be generated to address the null
hypothesis that the original time series is a linearly correlated noise that has
been transformed by a static, monotone nonlinearity [Rapp et al., 1993, 1994]. The
GSRP surrogates are generated in a three-step procedure. At first, a Gaussian set of
random numbers is generated, which has the same rank structure as the original time
series. After this, the phase randomized surrogates of these Gaussian sets are con-
structed. Finally, the rank structure of original time series must be reordered accord-
ing to the rank structure of the phase randomized Gaussian set [Theiler, 1992].

Generally, these two methods of generation of surrogates are based on shuffling
of the original data set but, in the case of Gaussian scaled random phase surrogates,
the controlled shuffles [Rapp et al., 1994] can give more precise and reliable results
than the unstructured shuffles of the random phase surrogates.

Commonly, for testing the null hypothesis, d, is used as the discriminating
metric. There are several ways to measure the difference between the discriminat-
ing metric measure of the original (given by M,,;,) and the surrogate (given by
My,,) time series.

The most commonly used measure of the significance of the difference
between the original time series and the surrogate data is given by the criterion:
S = |(Msurr)-Morig|/Csurr, Where G, denotes standard deviation of Mj,,,. The
details of the procedure, as well as an analytic expression for AS, the uncertainty
in S, are described in Theiler et al. [1992].

Alternatively, the Monte Carlo probability can be used, defined as:

Py; = (number of cases M < M,,,;,)/(number of cases)

where P,, is an empirical measure of the probability that a value of M, will be less
than M,,;,. It is particularly appropriate when the number of surrogates is small, or
when the distribution of values of M obtained with surrogates is non-Gaussian
(Rapp et al. 1994).

For rejecting the null hypothesis, the Barnard and Hope nonparametric test can
be used (Rapp et al. 1994). With this criterion, the null hypothesis is rejected at a
confidence level p.=1/(Ny,;,+1), if M,;4<M,,, for all the surrogates.

One of the serious problems in real data analyses is the influence of noises. It is
preferable to use the so-called nonlinear noise reduction (which in fact is phase
space nonlinear filtering) instead of common linear filtering procedures. The latter,
as it is well known, may destroy the original nonlinear structure of analyzed
complex processes [Hegger and Kantz 1999; Schreiber, 2000]. Nonlinear noise
reduction relies on the exploration of reconstructed phase space of the considered
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dynamical process instead of frequency information of linear filters [Hegger and
Kantz, 1999; Schreiber, 1993; Kantz and Schreiber, 1997].

As it was many times pointed out above, most methods of analysis need rather
long and stationary data sets, which is commonly not typical of the measured time
series. This was a strong impetus for a further development of new techniques to get
an insight into the complex processes, having not very long and rather noisy
observable time series. For this purpose, several measures of complexity, mostly
based on a symbolic dynamics approach, have been proposed, such as Renyi
entropies, the effective measure complexity, the ¢ and Lempel-Ziv complexity
(LZC) measure, etc. [Lempel, 1976; Wackerbauer, 1994; Rapp, 2001]. The LZC
is especially suitable for relatively short real data sets because is not so demanding
as to the time series length as other methods [Zhang, 1999; Matcharashvili, 2001].

It is necessary to mention the approach based on the study of attractor’s organi-
zation, or testing of topology of phase space images of unknown dynamics. This
technique, oriented on exploration of phase space structure or image of dynamics, is
the method of recurrence plots (RP) [Eckmann et al., 1987]. Let us recall here that if
the dynamical system has any deterministic structure, an attractor appears in the
state space. As it was already mentioned, the attractor is a set of points in phase
space, towards which a dynamical path will converge. Again, the recurrence is a
fundamental property of nonrandom dynamical systems, the state of which,
although exponentially diverges under small disturbances, but after some time the
system will come back to a state that is arbitrarily close to a former state. Recur-
rence plots visualize such a recurrent behavior of dynamical system. Real processes
are usually characterized by complex dynamics to be embedded in high-dimen-
sional phase spaces. RP enables to investigate structure in these high-dimensional
phase spaces through a two-dimensional representation of its recurrences. It is most
important to say that the recurrence plot method is effective for nonstationary and
rather short time series [Gilmore, 1993, 1998].

Generally speaking, the recurrence plots are designed to locate hidden recurring
patterns and structure in time series and are defined as N x N symmetric matrix:

Rij=0O(— ||x —x), i,j=1,...,N, (1.5)

where X; ; are phase space vectors reconstructed using Takens’ time delay method.
Insofar, as the RP is based on Takens’ delay-coordinate embedding, when this
procedure is correctly carried out, the dynamical invariants of the true and recon-
structed dynamics are identical. Therefore, it is natural to assume that the RP of
a correctly reconstructed trajectory bears similarity to RP of the true dynamics.
In fact, X; stands for the point in phase space at which the system is situated at time i,
¢ 1s a predefined cut-off distance, ®(x) is the Heaviside function. The cut-off
distance defines a sphere centered at X;. As far as recurrence of the phase space
trajectory to a certain state is a fundamental property of deterministic dynamical
system [Argyris, 1994; Ott, 1993; Marwan, 2002], the trajectory in the recon-
structed phase space returns at time i into the e-neighborhood of where it was at
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time j (i.e. if X; is closer to X than the cut-off distance) R;; = 1 and these two vectors
are considered to be recurrent. Otherwise R;; = 0. According to Eckman et al.
[1987], the R;; values can be visualized by black and white dots, but often the
recurrence plot relates R;; distances to a color, e.g., the longer the distance, the
“cooler” the color. Thus, the recurrence plot is a solid rectangular plot consisting of
pixels whose colors correspond to the magnitude of data values in a two-dimen-
sional array and whose coordinates correspond to the locations of the data values in
the array.

The black points indicate the recurrences of the investigated dynamical system
revealing their hidden regular and clustering properties. By definition, RP is
symmetric and has black main diagonal (the line of identity) formed by distances
in matrix. In order to understand RP it should be stressed that it visualizes the
distance matrix which represents autocorrelation in the series at all possible time
(distance) scales. As far as distances are computed for all possible pairs, on the RP
plots the elements near the diagonal correspond to short range correlation, whereas
the long range correlations are revealed by the points distant from the diagonal.
Hence if the analyzed dynamics (time series) is deterministic (ordered, regular),
then the recurrence plot shows short line segments parallel to the main upward
diagonal. At the same time, if dynamics is purely random, the RP will not present
any structure at all. One of the crucial points in RP analysis is the selection
of cutoff distance ¢ or radius. If ¢ is selected too low no recurrent point will be
found. At the same time, it cannot be set too high as then every point will be
assumed as recurrent. Exhaustive overview on this subject can be found in Zbilut
[1998], Marwan [2003].

The primordial aim of RP testing was the visual inspection of structures located
in high dimensional phase spaces where the above-mentioned methods are useless,
especially when we deal with real data sets. The view of recurrence plots provides a
unique possibility to observe time evolution patterns of phase space trajectories,
both at large and short scales. According to Eckmann et al. [1987], by analysing the
large scale patterns or typology, recurrence plots can be characterized as homoge-
neous (dynamics with uniformly distributed characteristics), periodic (dynamics
with distinct periodic components), drift (dynamics with slowly varying para-
meters) and/or disrupted (dynamics characterized by abrupt changes). By small
scale inspection, patterns (or texture) of recurrence plots can be characterized as
single dots, diagonal lines, vertical lines and horizontal lines. The exact recurrent
dynamics causes long diagonal lines separated by a fixed distance. A large amount
of single isolated scattered dots and the vanishing amount of lines is typical for
heavily fluctuating dynamics under the influence of non correlated noises (by the
way, in this case insufficient dimension of embedding space is not excluded). The
non regular occurrence of short as well as long diagonal lines is characteristic
for low-dimensional chaotic processes, and the non regular occurrence of extended
uniform areas corresponds to irregular high-dimensional dynamics. In a more
general sense, the line structures in RP exhibit local time relationship between the
current phase space trajectory segments. The stationarity of the whole time series
requires that the density of line segments be uniform.
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As far as RP was developed for single data sets, Zbilut et al. [1998] have
expanded it by considering two different time series. The cross-recurrence between
two series, x; and y;, is defined as CR;; = O(g; — H)Ei — )EjH). Here, the two time
series are embedded in the same phase space. The representation is analogous to
RP, and it is called a cross-recurrence plot (CRP) [Marwan, 2003].

Qualitative patterns of unknown dynamics presented as fine structure of RP or CRP
are often too difficult to be considered in detail. Zbilut and Webber [Zbilut, 1992] have
developed a tool which quantifies the structures in RPs, namely, the Recurrence
Quantitative Analysis (RQA). They define measures using the recurrence point
density, the length of diagonal, and vertical structures in the recurrence plot, the
recurrence rate, the entropy of recurrent points’ distribution, etc. Presently at least
8 different statistical RQA values are known [Zbilut, 1992; Ivanski, 1998; Marwan,
2003], practical meaning of which is not always quite clear. Computation of these
measures in small windows moving along the main diagonal of the RP reveal the time
dependent behavior of these variables making it possible to identify the unknown
dynamical patterns in time series [Zbilut, 1992; Marwan, 2002].

Here we will briefly touch only main RQA statistical values. The first of these
statistics, termed % recurrence (%REC), is simply the percentage of points on the
RP that are darkened or in other words those pairs of points whose spacing is
below the predefined cut-off distance ¢;. It quantifies the number of time instants
characterized by a recurrence in the signals’ interaction: the more periodic the
signal dynamics, the higherthe (%REC) value. Stochastic behavior causes very
short diagonals, whereas deterministic behavior causes longer diagonals.

The second RQA statistic is called % determinism (%DET); it measures
the percentage of recurrent points in a RP that are contained in lines parallel to
the main diagonal. The main diagonal itself is excluded from these calculations
because points there are trivially recurrent. Intuitively, %DET measures how
“‘organized’’ the RP is. This variable discriminates between the isolated recurrent
points and those forming diagonals. Since a diagonal represents points close to each
other, successively forward in time, DET also contains the information about the
duration of a stable interaction: the longer the interactions, the higher the DET
value. Stochastic and heavily fluctuating data cause none or only short diagonals,
whereas deterministic systems cause longer diagonals.

The third often used RQA statistics, called entropy (ENT), is closely related to
%DET. ENT is Shannon information entropy of line distribution measured in bits
and is calculated by binning the diagonal lines according to their lengths and using
the following formula:

ENT = — SV | P log, Py

where N is the number of bins and P, is the percentage of all lines that fall into bin £.
In other words, P, is defined as the ratio between the number of k-point long
diagonals, and the total number of diagonals. ENT is measured in bits of informa-
tion, because of the base-2 logarithm. Thus, whereas DET accounts for the number
of the diagonals, ENT quantifies the distribution of the diagonal line lengths.
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The more different the lengths of the diagonals, the more complex the deterministic
structure of the RP. A more complex dynamics will require a larger number of bits
(ENT) to be represented.

The fourth RQA statistics, termed TREND, measures how quickly a RP goes
away from the main diagonal. As the name suggests, TREND is intended to detect
nonstationarity in the data. The fifth RQA statistics is called length of the maximal
deterministic line (MAXLINE) and is equal to the reciprocal of the longest line
length found in the computation of DET, or 1/line ,x. Eckmann, Kamphorst, and
Ruelle claim that line lengths on RPs are directly related to the inverse of the largest
positive Lyapunov exponent [Eckmann et al., 1987]. Relatively small line,x
values are therefore indicative of chaotic behavior. In a purely periodic signal,
there is an opposite extreme, lines tend to be very long, so MAXLINE is very small.

The RQA technique gives a local view of the studied time series, based on the
single distance pairs in phase space and is suited for the detection of changes of
analyzed dynamics. This method is the most comfortable for qualitative discrimi-
nation between signals and random noise.

1.3 Investigation of dynamics of complex natural
process: Caucasus seismicity

The significant variability exhibited both in time and in space makes the problem of
identification and quantification of geophysical phenomena extremely complicated.
Therefore, the best way to understand dynamical features of complex geophysical
processes is to analyse the measured data sets using modern nonlinear methods.

Earthquakes are expression of the continuing evolution of the planet Earth and of
the deformation of its crust. Dynamics of seismic processes is viewed as extremely
complicated, so that the level of “turbulence” of the lithosphere exceeds that of the
atmosphere [Kagan, 1992, 1994, 1997].

During more than one hundred years of instrumental observations, several
important characteristics of spatial, temporal and energetic distributions of earth-
quakes have been revealed [Scholz, 1990; Keilis-Borok, 1990; Turcotte, 1992;
Goltz, 1997; Matcharashvili, 2000; Rundle, 2000]. Nevertheless, the question of
dynamics of seismic processes remains the subject of intense discussions because it
is directly tied with the problem of earthquake prediction. Opponents of earthquake
prediction [Kagan, 1992, 1994, 1997; Kanamori, 2001; Geller, 1999; Ben-Zion,
2008 etc.] regard seismic processes as completely random while proponents assume
them as complex and high-dimensional though not random [Main, 1997; Wyss,
1997; Chelidze, 1997; Knopoff, 1999]. Indeed, completely random processes are
unpredictable on any spatial and temporal scales. On the other hand, in processes
with nonrandom dynamical structure there always exist specific spatial and tempo-
ral scales for which the system is close to deterministic, i.e., it is predictable at least
for a not very far future. From this point of view, if seismic process has a
nonrandom structure it could not be regarded as unpredictable. Of course, it is
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clear that predictability in this sense does not necessarily mean “real” forecast of
every hazardous event in practically meaningful time scales. At present, evidence
of nonrandom structure of seismicity has mainly scientific importance because it
gives ground to efforts aimed at finding predictive markers. This is also important
for modern ideas on possible control of practically unpredictable seismic processes.
To bring some light into this problem, we consider dynamic structure of seismic
process in Caucasus.

As mentioned above, one of the most popular approaches to the problem of
identification of patterns of complex dynamics, including seismicity, is based on the
evaluation of nonlinear structures (or, just the same, of nonlinear structures of appro-
priate time series) [Theiler et al., 1992; Rapp et al., 1993]. In this way, it is possible to
achieve reliable detection of dynamical regime(s) of seismic process by calculating
their measurable characteristics. These characteristics can be calculated for a general
seismic process as well as prior to and after strong earthquakes. This is important in
search of possible earthquake predictive dynamical markers. It is known that from
both, qualitative and quantitative points of view, seismological data bases are as a rule
not sufficient for proper nonlinear evaluation of lithospheric dynamics, even for
relatively low-dimensional processes. Therefore, similar to other fields, evaluation
of nonlinear structure of geophysical data seems to be a more appropriate approach.

In order to answer the above question on the dynamical characteristics and
nonlinear structure of earthquake generation it is necessary to investigate dynami-
cal properties of seismic processes in all three domains: energetic, spatial and
temporal. For this purpose, “time series” of inter-event time intervals (waiting
times), magnitude sequences and inter-event distances, have been analyzed for
earthquakes in Caucasian region. Analyzed were also similar time series of smaller
regions of Greater Caucasus and Javakheti in1962—-1993. All these time series were
taken from the earthquake catalogue for the Caucasus and the adjacent territories of
Northern Turkey and Northern Iran for the 1962—1993 time period (Seismological
Data Base of Institute of Geophysics, Tbilisi, Georgia).

It was shown that despite the fact that the size and temporal distributions
of earthquakes obey a power law, they are dynamically quite different. The
magnitude distribution of earthquakes in the Caucasian region is undoubtedly
high-dimensional, d, as a rule is larger than 8 (d, > 5 is assumed as a high
dimensionality threshold) [Sprott, 1997]. According to our results as well as reports
of other authors [Sadovsky, Pisarenko, 1991; Korvin, 1992] the fractal dimension
for the distribution of inter-earthquake distances is low (d, < 2). Most interesting is
that the waiting times distribution reveals an obviously low dimensional nonlinear
structure (d, of the order of 1.6-2.5 and A, of the order of 0.2-0.7), although it
can not be recognized as a deterministic chaos [Matcharashvili, 2000] (see Fig. 1.1).
The low dimensionality of earthquakes temporal distribution is in complete agree-
ment with earlier results for other parts of the globe [Goltz, 1998].

The next main goal of investigation was a qualitative evaluation of earthquakes’
time and size distribution peculiarities, taking place before and after strongest
regional events as well as quantitative discrimination of dynamical characteristics
preceding and following largest regional earthquakes.
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So as a next step on the way to a better understanding of the underlying dynamics
of earthquake generation, we have undertaken comparison of the properties of
waiting time distribution before and after large events. For this purpose we have
considered waiting time sequences of a seismic catalogue, separately before and
after the largest events, using the above-mentioned tests such as correlation dimen-
sion, Lyapunov exponent calculation as a measure of non-linearity.

We investigated dynamical characteristics of seismic processes before and after
four earthquakes of the Caucasian region (Daghestan, Paravani, Spitak and Racha)
that were the strongest in the considered period.

According to the results of our analysis, the general properties of dynamics
of earthquakes temporal distribution before and after the largest regional events
do not indicate a qualitative difference from the integral dynamics obtained by
consideration of time series from the whole original catalogues [Matcharashvili,
2002, 2007]. Indeed, correlation dimensions of all the considered waiting time
sequences from the original catalogue (containing all independent events and
aftershocks above the threshold magnitude), both preceding and following the
largest events in the Caucasus, converge to a limit value. At the same time it is
important that these values are not coinciding. Consequently, as long as all the
investigated time series have correlation dimension lower than the low dimensional
threshold (d, < 5) [see also Goltz, 1998], it can be deduced that the temporal
distribution of earthquakes is characterized by a low-dimensional dynamics before,
as well as after the largest regional events. At the same time, in the energetic
domain earthquakes’ magnitude distribution remains high-dimensional before and
after strong events. As it was stressed above, the results of dimensional calculations,
especially when a low-dimensional process is detected, should be verified using
special methods.

While testing low-dimensional interevent time sequences, we have typical
problems, always encountered in testing real, usually short and noisy time series.
As it was already mentioned, in order to overcome discriminating problems, as in
the case of high-dimensional processes, one has to test time series for the evidence
of nonlinearity [Theiler and Prichard, 1997]. One additional reason why this approach
becomes popular, is that from the practical point of view the goal of detecting
nonlinearity in low dimensional data is easier than a confident identification of
chaotic dynamics [Theiler, 1992].
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It was found that in all cases the time interval sequences obtained from the
original catalogue above the threshold magnitudes before and after the largest
events reveal evidence of a nonlinear structure. In other words, the null hypothesis
that these sequences are generated by linearly correlated noise or by static mono-
tone nonlinearity should be rejected. The significance of differences of S-measure
of natural sequences before and after the earthquakes considered from the appro-
priate phase randomized (Spr) and Gaussian scaled random phases (Sgsrp) surro-
gates are significant at p < 0.005 confidence level; thus the significance of
differences for waiting time sequences before and after Dagestan (M = 6.6)
earthquake are Spgr = 55.6 + 0.27, Sgsrp = 15.9 = 0.20 and Spr = 50.5 + 0.15,
Scsrp = 17.1 £ 0.13; for Paravani (M = 5.6) earthquake Sgp = 51.1 £ 0.21, Sgsrp =
16.2 + 0.13 and Spr = 64.2 + 0.27, Sgsrp = 11.5 £ 0.17; for Spitak (M = 6.9)
earthquake Spr = 49.2 + 0.12, Sgsrp = 11.4 £ 0.12 and Spr = 52.2 + 0.27, Sgsrp =
15.2 £ 0.19; for Racha (M = 6.9) earthquake Spgr = 57.6 + 0.23, Sgsrp = 16.3 £ 0.23
and SPR =51.5+ 017, SGSRP =184 £+ 0.11.

Besides, for a nonlinear structure testing, the RQA method is suitable for short
seismic data sets. As shown in Figs. 1.2 and 1.3, the extent of the order in magnitude
distribution of Caucasian earthquakes before and after M6.9 Racha earthquake has
been noticeably changed. Strictly speaking, the energetic distribution becomes
more regular while the temporal distribution becomes essentially irregular. It is
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worth to mention that a decrease of the order in earthquake temporal distribution is
distinctive for both strong Racha earthquakes, M6.9 and its aftershock M6.2. At the
same time, an increase of the order in energetic distribution is not so clear.

To understand the above-mentioned differences in the correlation dimension
values before and after largest earthquakes, we used a sliding windows technique.
We considered a sequence of 6695 events of Paravani earthquakes inter-event time
intervals. Here No = 5300 is the ordinal number of the time interval which directly
precedes the largest earthquake. We have calculated d, for 1000 event sliding
windows with a step of 50 events starting with event No = 3200 up to event No =
5800. Hence, the first window consists of time interval sequences between
earthquakes in the range of ordinal numbers 3200—4200. As shown in Fig. 1.4,
values of d, decrease for the windows following the largest event. The decrease
begins when a sliding window contains about 20 inter-event time intervals after the
largest event, and becomes significant when 40-50 such events are included in the
sequence. Note that the window 4310-5310, like the window 4300-5300, reveals
the background value of a correlation dimension for waiting time sequences
before the largest earthquake. It seems doubtful to expect that such an essential
change in the dynamical properties of the considered sequence could have been
caused by the addition of so few new data, unless there is a hidden regularity in the
sufficiently long waiting time sequence containing data preceding the largest event.

Next we used RQA approach to further quantify dynamical changes in earth-
quakes energetic and temporal distributions in Javakheti region. As shown in
Figs. 1.5 and 1.6, dynamical changes in earthquakes energetic and spatial distribu-
tions detected before and after Paravani earthquake are very similar to those found
before and after the Racha strong earthquake.
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Indeed, magnitude distribution before the MS5.6 earthquake becomes more
regular while temporal distribution becomes noticeably irregular. Also, similar to
the Racha earthquake, changes were observed before the M5.1 earthquake which
may be regarded as an aftershock; namely a decrease in the order of temporal
distribution, while an increase of the order in magnitude distribution is not clear. It
is interesting to mention that the same situation was observed for M5.3 earthquake
preceding the main M5.6 event.

These results indicate that measuring of dynamical characteristics of seismic
time series may provide markers having in future a precursory value which
may help in developing modern earthquake prediction approaches [Matcharashvili
et al. 2002].

Thus it is clear that seismicity in two domains (temporal and spatial) out of three
(energetic, temporal and spatial) reveals low-dimensional nonlinear structure. This
and similar results lead to understanding that in spite of extreme complexity, the
processes related to the earthquake generation are characterized by some internal
dynamic structure and thus are not completely random [Smirnov, 1995; Goltz,
1998; Rundle et al. 2000; Matcharashvili et al. 2002]. Despite the proofs that
seismic activity is a non-random process, the physics of internal or external factors
involved is still poorly understood, but it can be asserted that the general problem of
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earthquake prediction and/or earthquake triggering, one of the most challenging
targets of nowadays science, should not be further considered as an “alchemy of
present time” [Geller, 1999]. In other words, the quest for earthquake predictive
markers or triggering factors should be recognized as obviously difficult, though
scientifically well grounded task related to the search for determinism in the
complex seismic process.
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Chapter 2
Models of Stick-Slip Motion: Impact
of Periodic Forcing

T. Chelidze and N. Varamashvili

Abstract The modern concept of seismic processes relays mainly on the model of
frictional instability, which develops on the preexisting tectonic fault, in contrast to
the earlier assumptions on the brittle fracture of the crust material attaining the
critical stress.

The Ditrich-Ruina equation for shear stress describes almost all main features of
slip, obtained in numerous experiments: it shows that the frictional force is not a
constant, but is time-dependent and undergoes complex evolution during the slip
event. The equation is nonlinear, and consequently the slip process should manifest
such properties as high sensitivity to weak external forcing, hysteresis effect, etc. It is
quite natural that the instabilities of friction excite vibrations, including acoustic
emission (AE). The AE is expected to occur during slips and be absent during stick
phase. We presume that acoustic measurements may reveal the fine details of friction
mechanism, which are beyond the reach of direct displacement-measuring techniques.

The additional forcing, which can be much smaller than the main driving force,
may provoke triggering and synchronization during stick-slip process, which means
that these phenomena are invoked by nonlinear interaction of objects. An attempt to
compile and analyze the rate- and state slip equation taking into account the
periodic forcing is made.

2.1 Introduction

It is well known from the surface physics that the friction (adhesion) force Ffis a
result of intermolecular and intersurface forces of mainly electromagnetic origin:
(i) purely electrostatic (Coulomb) forces, (ii) polarization due to the induced dipole
moments, and (iii) quantum-mechanical forces. Friction results in transmission and
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Table 2.1. A capsule story of friction models:

Time Arrow | Amonton, 1699 T =0l
Coulomb, 1773 T=cC+ o,
Hubbert and Rubbey, 1959 T=c+ o, — P,)=c + ouy
Brace and Byerlee, 1966 T =0ao(lp + aln(VIV,) + bin( VOID,))
Burridge-Knopoff, 1967 de/dt =1 — (VO/Dy)
Dietrich, 1972,
Ruina, 1983

dissipation of energy. Kinetic energy of motion is converted into thermal energy
mostly by acoustic processes. Instability in sliding occurs when the friction pumps
to the system more energy than can be dissipated by the stationary process.

The modern concept of seismic process relays mainly on the model of frictional
instability, which develops on the preexisting tectonic fault, in contrast to the
earlier assumptions on the brittle fracture of the crust material at attaining
the critical stress. The first simple friction models suggested by Amonton and
Coulomb were refined by Hubert and Rubbey (1979), Brace and Byerlee (1966),
Burridge and Knopoff (1967), Dieterich (1979) and Ruina (1983): the capsule
story of friction models, showing main stages of development in this area, is
presented in Table 2.1.

Here t and ¢, are shear and normal stresses, respectively, p is the friction
coefficient, ¢ is the adhesion term, P, is the pore pressure, V and V), are current
and initial velocities of drag, @ is the state variable, D, is the critical slip distance,
and a and b are constants.

The last expression for shear stress describes almost all main features of slip,
obtained in numerous experiments: it shows that the frictional force is not a
constant, but is time-dependent and undergoes complex evolution during slip
event. The equation is nonlinear, and consequently the slip process should manifest
such properties as high sensitivity to weak external forcing, hysteresis effect, etc.

2.2 Main details of experimental stick-slip results

Depending on conditions (spring stiffness &, velocity of drag V, normal stress o, slip
surface state 0), three main types of friction are observed by displacement recording:
stick-slip, inertial regime, and stable regime. Figure 2.1 shows spring deflection dx,
top plate position x and its instantaneous velocity V during stick-slip motion.

The stick-slip regime is observed at relatively low velocities V and low stiffness.
At higher V, the transition to inertial periodic oscillations occurs; at still higher V we
have the stable sliding with fluctuations.

The single slip events were investigated in detail by Nasuno et al (1997): after
application of tangential force, the velocity of slip drastically increases and then
decreases (Fig. 2.2).

The instantaneous frictional force u(t)= Fy /Mg during the slip event experi-
ences hysteresis (Fig. 2.3): during the stick stage, u increases until the static
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Fig. 2.1 Spring deflection dx top plate position x and its instantaneous velocity V during stick-slip
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Fig. 2.2 The slip velocity evolution during single slip event for various driving velocities
V =56.67; 113.33; 566.64 and 1133.27 mm/s (Nasuno et al. 1997)

threshold p,= Fy/Mg is attained, and the slip begins. During slip, u decreases to
its kinetic value; after this, at the deceleration stage it drops to the initial value y
(Nasuno et al. 1998).
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Mean period of stick-slip motion T depends on the drive velocity V and spring
stiffness k; T ~ 1/V at low V and T decreases with increase of k (Fig. 2.4; Nasuno
et al. 1998).

For understanding the physics of stick-slip motion it is very interesting to note
that each slip is connected with relatively slow vertical displacement of D, of the
(top) sliding plate relative to the fixed lower plate; it is evident that the maximum of
D, precedes the maximum of tangential velocity V,. This means that before the slip
in horizontal direction, the top plate is rising up; evidently, the plate is ascending
and the large asperities, which prevent slip and the slip displacement, occur
at reaching the critical number of contact points (threshold). This suggestion is
confirmed by the above-mentioned experimental evidence of small vertical dis-
placement preceding the slip event (Fig. 2.5), which means that the number of
contact points n decreases to some threshold value n. making possible the
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Fig. 2.5 Vertical displacement D, and tangential velocity V; of the top plate versus time (Nasuno
et al. 1998)

macroscopic tangential displacement. The mathematical formalism, similar to that
of percolation model of fracture, could be developed for the slip process (Chelidze,
1986). It seems that the percolation theory, namely, the model of percolation for
tangential shift of contacting fractal surfaces, may explain the transition of friction
coefficient from the static to kineticvalue at attaining some critical value of contact
points of shearing fractal surfaces. In Chelidze (1986) the guess is given about a
possibility of applying the percolation model of fracture to tectonic fault dynamics.

It is quite natural that the instabilities of friction excite vibrations, including
acoustic emission (AE). The reverse effects are also observed, namely, vibrations
affect the friction (Akay, 2002; Chelidze, Varamashvili et al., 2002; Chelidze and
Lursmanashvili, 2003; Chelidze, Gvelesiani et al., 2004; Chelidze, Matcharashvili
et al., 2005; Chelidze and Matcharashvili, 2007; Chelidze, Lursmanashvili et al.,
2006). We presume that acoustic measurements may reveal the fine details of
friction mechanism, which are beyond the reach of direct displacement-measuring
techniques. The situation is similar to brittle fracture studies, where AE is much
more sensitive to micro-fracturing than traditional stress-strain experiments.

In this connection, we presume that the so-called stable sliding is not stable at all,
but involves fast micro-events that can not be registered by (slow) displacement
Sensors.

2.3 Mathematical models of friction

The mathematical expressions for the shear stress 7, formulated by Dietrich and
Ruina (Table 2.1) are in agreement with the majority of observed data on stick-slip.
It is shown that for some critical stiffness k. the system undergoes Hopf bifurcation,
leading finally to instability. The solution of the system in this case demonstrates all
details, characteristic for (chaotic) nonlinear dynamics (Becker, 2000).

An analysis of the experimental data obtained by investigating of spring-slider
system motion has led to empirical law, named rate- and state-dependent friction
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law (Dieterich, 1979; Ruina, 1983). When the sliding velocity is changed in
laboratory friction experiments, two effects are seen to occur to the dynamic
coefficient of friction (Bureau et al, 2000; Kanamori and Brodsky, 2004; Boettcher
and Marone, 2004). First, there is a “direct” effect that opposes the change in
velocity. Hence, if the velocity is increased, the dynamic friction coefficient
will correspondingly rise (Fig. 2.2). If the sliding velocity is reduced, the dynamic
friction coefficient will drop. This can be described as “rate-dependent friction”.
The second effect refers to the fact that, after abrupt changes in velocity, the
frictional resistance evolves to a new steady state over a characteristic slip distance
Dy; this is termed “evolution effect”.

The rate and state dependent friction can be quantified as follows (Dieterich,
1979; Ruina, 1983; Kanamori and Brodsky, 2004; Scholz, 1998).

‘c:ao(uo—kaln(‘/l)—i—bln(‘gﬁ)), 2.1)

where 1 is the initial coefficient of friction, V' is the new sliding velocity, Vj is the
initial sliding velocity, 0 is the state variable, Dy is the critical slip distance, and a
and b are two experimentally determined constants.

The state variable varies according to:

i (2.2)

In the spring-slider model, dependence of upper sliding plate velocity on time
can be graphically presented as shown in Fig. 2.6:

For qualitative analysis of processes, in the transient area between stages 1 and
2 (near stage 2), the equation of motion for this system, under the assumption

of ‘ %‘;‘ > 1, can be written as (Kanamori and Brodsky, 2004):

b
o, (,uo +alnx+bind, D—x> = —kx + kx,, (2.3)

o

where x represents displacement, xo the spring elongation, and k the spring
stiffness.

By integration of (2.3) for the initial conditions x = 0 and x = x( for t = 0, we
obtain:

Fig. 2.6 Velocity vs. time
during a stick-slip motion t
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1 HA™! kK b
P {] where H — — 4 . 2.4)
Xo a g, D,

From (2.4) it follows that the sliding velocity spontaneously increases at the time
ty = 17 (1/Xo). That is system’s destabilizing (relaxation) time. We can say that  is
a period of stick-slip for our system.

In the case of addition of periodical normal forcing to the main driving force, we
can write the equation of motion for our system in the following way (Bureau et al.
2000; Varamashvili and Simonishvili, 2005; Varamashvili, 2006; Putelat et al.,

2007):
d*x 1% ov,
m%:k(Vt—X)—W<,uo+aoln<v—0)+boln<D0>) (2.5)
do oV aW
=l 2.
dt D, bWH (2.6)

where W = W, (1 + ¢cos(wt)), Woe is the amplitude of forcing, e is the frequency
of forcing, and T = % is the period of forcing.

In the received system we will solve equation (2.6) to obtain 7" and we will insert
the obtained solution into equation (2.5). For definite parameters from equation

(2.5) we obtain the following equation:
2
%4 0.16% + 100z + 100x—45—21n[1 —|—sec(4—t)} —0 .7

We solved equation (2.7) using numerical method and the solution is presented
in graphic form in Fig. 2.7.

In Fig. 2.7, on the X axis is the current time, and on the Y axis the displacement.
From this figure it is evident that for the given parameters the displacement is
periodic and decreasing. In fact, experiments show that the stick-slip process has a
quasi-periodic character. To simulate the quasi-periodic process we enter periodic
normal pressure into equation (2.6) with one-order larger period than the period of

0.7
0.6

0.5

Fig. 2.7. Periodic and
decreasing displacement of 10 20 30 40 50
sliding plate
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Fig. 2.8 Quasiperiodic X
displacement of sliding plate 55
according to equation (2.8) 5.95
5
4.75
45
4.25

10 20 30 40 50

natural stick-slip at corresponding parameters. The idea is to simulate roughness of
adjoining surfaces by large period normal loading (we presume that the roughness
of surfaces leads to quasi-periodicity of stick-slip process). By means of change of
parameters we can try to simulate sliding surfaces of blocks. For definite parameters
in equation (2.5) we receive the following equation:

t 2
¥+ 6log(¥) + 1765 + 6.8x — 10.91og {sec(z)} + 3c0s(0.0999) log ()

2
+ 3¢05(0.0999)t¢ + 3 c0s(0.0999¢) log {sec (%)} ~0 (2.8)

By solving this equation numerically and presenting the solution graphically, we
get Fig. 2.8.

From Fig. 2.8 it is evident that for given parameters the stick-slip process has a
quasiperiodic character that reflects experimental data.

For further processing of the method we should try to go from the qualitative
agreement of theoretical data with experimental ones to their quantitative conformity.

For solving this system of differential equations (eqs. 2.5 and 2.6), we should
make it dimensionless. We introduce dimensionless variables in the following way:
dimensionless coordinate is x = %, where x; is coordinate center of mass of the
upper plate in the steady state, dimensionless time is T = £, where 7 is the period of

forcing, dimensionless velocity is v = ¥ , where v; is the velocity of the steady state,

dimensionless state variable is ¥ = gﬁi where 0 = % is the state variable at the

steady state, characteristic length is / = v,T. After making equations (2.5) and (2.6)
dimensionless we obtain:

&x
dr?

= ﬂl(r% —x) = fo(1 + ecos(2n7)) [1 +a ln<v> +b ln<ﬁ3 i{"oﬂ (2.9)

Vo 0

A e ) (2.10)
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with the dimensionless parameters

b D
V(J:E7 a:&’ b:_07 d0:_07
Vs Ho Ho l
sz Wg Ho T2 es Vs
Bi=—:1 b= 5 Bs = )
m mx 1

If the forcing amplitude is small as compared to the constant component (& << 1),
we can use perturbation theory and write the coordinate, velocity center of mass of
the upper plate, and the state variable as:

x=1+4+d0, v=1+6v, d=1+9

where d0x, ov, 69 are small additions.

After simple transformation, equation of the upper plate center mass motion in
first order of perturbation theory comes to the equation for harmonic oscillator with
variable external force and friction:

0% + 7, (1)0% + 7,(2)ox = f (1) (2.11)
where

71 = [Bit — aPy(1 + ecos(2n7))],
1= Bo(1 + 0+ cos(2mr)),

BBVO b dl‘c
4, a2

o

f(t) =B, + B,(1 + ecos(2nr)) [1 —alnv,+bln

o ———————(t 2.12
o “Tre cos(2mt) @12)

X J Sxeldtdt +

o

. .
27180(8% J 1, sin(2ne)

If the variable external forcing is zero, then one of the solutions of homogeneous
equation for harmonic oscillators presents Hermitian polynomial.
The general solution of inhomogeneous equation of second order is:
Z4+P(1)+Q(1)z =F(7) (2.13)

The general solution for homogeneous equation of harmonic oscillator is:

() = A (x) + BA(x)
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where Z{(t) presents Hermitian polynomial, and Z9(t) can be expressed through
Z9(t) using the known relation:

T - frl Pdt"
e Jo
(1) = z{(r)W(0) J ———dt

0 Zl(r’)2

where W is Wronskian.

The general solution of inhomogeneous equation (2.13) is the sum of partial
solution of inhomogeneous equation z!(t) and general solution of homogeneous
equation z°(t):

where

10 = [ A AOK

The solution of eq. (2.13) is quite complicated, but it can give new insights in the
dynamics of stick-slip motion.
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Chapter 3
Shear Oscillations, Rotations and Interactions
in Asymmetric Continuum

Roman Teisseyre

Abstract A concise asymmetric continuum theory including the relations between
stresses, strains, interaction fields and defects is presented. In the presented theory,
the motion equations for antisymmetric part of stresses replace the balance of angular
momentum. Considering the symmetric stresses, we present a new form of the motion
equations for the deviatoric part of strains, arriving at the definition of shear-
twist motion as the oscillation of the axes of shears and their amplitudes. With the
help of Dirac tensors we present an invariant form of these motions. The motions —
displacement and rotations — generated in source processes, €.g., in an earthquake
source, may be generated independently or with some phase shift due to the rebound
processes; therefore, in the presented asymmetric continuum theory we introduce the
phase shift index between the strains and rotations. The presented invariant system of
motion equations makes it possible to obtain solutions with the simultaneous strains
and rotation motion or those with the /2 phase shift between them.

Further, we include in this asymmetric theory, besides the mechanical system,
some interaction fields, e.g., thermal and electric interaction.terms. The presented
interaction theory is equivalent to that given by Kroner, but it is practically much
simpler and includes new solutions with the simultaneous strains and rotation
motions or those with the phase shift between them.

3.1 Introduction

We present some elements of the asymmetric continuum theory with some
important applications; our consideration on the asymmetric continuum theory
includes:
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— balance laws for the symmetric and antisymmetric stresses and related wave
fields

— fundamental relations between the asymmetric stresses and dislocation fields

— hypothesis of a synchronization process based on the rebound processes and
the wave

— solution with the phase shift between strains and rotations

— interaction of physical fields with a mechanical system; our consideration is
limited to the thermal and electric interaction.terms.

The presented theoretical study generalizes those presented by Teisseyre (2008),
Teisseyre (2009), and Teisseyre and Gorski (2009).

3.2 Asymmetric Continuum

Our asymmetric theory differs essentially from the other approaches; e.g., the
theory of asymmetric elasticity founded by Nowacki (1986); it includes the couple-
stresses introduced in a similar way as in the micropolar and micromorphic theories
(see: Eringen, 1999).

A search to improve the classic continuum theory is based on the numerous
defaults of the classic theory. We can add here one more example of such defaults,
as pointed out by Roux and Guyon (1985). Those authors compared various
numerical simulations with the experimental data related to electric and mechanical
coupling; some especially poor results concern the cases in which the momentum
effects play an essential role. The authors suggest that the angular elasticity should
be taken into account. Making the reference to the publication by Crandall et al
(1978), they suggest that the elastic energies related to normal and shear forces
should be supplemented by the terms including the flexion torque and torsion torque
when constructing a more general definition of the Hamiltonian.

Our version of the asymmetric theory includes the asymmetric stresses, symmetric
strains and rotations; it permits to include the phase shift between the displacement
and rotation motions. As regards the constitutive laws joining the antisymmetric
stresses and rotations we follow some ideas introduced by Shimbo (1975; 1995) and
related consideration on the friction processes and rotation of grains.

We have constructed our theory (Teisseyre, 2009) as based on the asymmetric
stresses, Sy, and deformations: symmetric strains, £, and antisymmetric rotations, wy;:

Si=Su + Sk, Ew=Ew, oOu= o (3.1

We underline that the deformation energy becomes related also to rotation
motions:

1 1 1
E= ESkl(Ekl + o) = ES(kI)EkI + ES[kl]wkl
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Instead of the Kroner method (Kroner, 1981) based on the self-fields, we

introduce the material structure indexes, ¢®and »°, which may help us to join the
deformation fields, strains and rotations, with the observed displacement motions:

1/0 0
Ek[ = eOEgl = 60 <—M1 + _uk>a

2 8xk (9)(1

3.2

o P 9 (3.2)
wkl—kaz*/C az—afxluk

For ¢* = land y° = 0, we return to classic elasticity, while for ¢” = 0 and
%° = 1 we will have a continuum with rigid, densely packed spheres with friction
sensitive to an external moment load. The independent fields (Ey, wy) lead us to
defects and extreme deformations.

In our theory, for solid elastic bodies we put:

=1, Ey=E), oy=roy (3.3)

where the phase index y° may vary from 0 to £1 or =i.
The Shimbo (1975) consideration helps us to present the constitutive relations:

Sy = AOuEss + 2UEw, S = 2pou, Gy = 2uEp, (3.4)

where symbols S(k[ and ED mean the respective deviatoric tensors, e.g.,
S(/J) kl) 5lew

Now, we can consider the motion equations for asymmetric stresses (Teisseyre,
2009). The motion equation for the symmetric part of stresses, S /Ox, = p0%u;/
Of* + F; — Op/0x;, leads to the relation:

2 2 2 2 2
o iEsﬁ—u( L E) T s <8F +%>— 0

O, 0, oo " oo, S ) TP or ox " ox,)  ox,ox!
(3.5)

This expression can be divided into the wave equations for the axial and
deviatoric strains:

0> o o 9

242 S E,=——"—p at —F,=0 3.6

2 g o B ~ P g omo” " o (36)
aZEff,  PEN () PEy  0udEys L L0k, OF
6xk8xk or 0x,0x;  30x1.0x; ox;  Oxy

? 3p0?
_ P Onop (.7)
0x,0x;  30x,0x;
We shall note that in Teisseyre (2008 and 2009) the last relation was presented
with some mistakes.
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The balance relation for the antisymmetric stresses S, can be deduced from the
balance of the stress moment (Teisseyre, 2009):

1 OMy _ >
2 ox M oxadr,

. . OF; OF
Sini] = peniw + eniki) = peniidn + L) (3.8
Ox Xk Oxi

where [ is the characteristic Cosserat length, K|; is a couple of external forces and
an angular moment, My, is defined as the gradient of the antisymmetric stresses,
My = Slkfa(—an[m]-

For the balance law we can write now:

2
0 ei0 &0

2o, T axeom, T ox,0m, St

= pewi® + enikipi s
or

pAw — pi = K (3.9

where the transformation we made, oy _, M,
Oxr0x, 0x,0x,,

antisymmetric non-source fields, 8ws /O0x; = 0 (where @; = \heywy;) and at the
compatibility condition &, &, 8“9(% s = 0.

is valid for any

The final relation (3.9) replaces that for the stress moment.

Experimental evidences for the appearance of rotation and shear oscillation
(sometimes called the shear-twist) in a seismic field is based on the records of
seismic rotation fields (see: Teisseyre at al.(eds), 2006; Teisseyre, 2009, Teisseyre
K.P., 2007).

3.3 Rotation and shear-twist motions

The rotation motion is governed by equations (3.9), while relation (3.7) for the
shear deviatoric strain, Eﬁ(, transformed to its off-diagonal form, achieved in a
special coordinate system, may be replaced by the shear-twist pseudo-vector, Ej:

() — (0. B gD (3.10)
- 23 31 12

However, we can maintain this definition as an invariant form for any system
with the help of the Dirac tensors; the 4D invariant tensor, E;,, built initially in the
special system (3.10), may now be defined as:
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0 E; —Ez _E:l
—-Es 0 E -E
E, -E 0 —E;

E, E, Ej 0

Eje = iE\y' +iEy? 4+ E3)’ = (3.11)

where the values {E,} are treated as the scalars found in the off-diagonal form
(3.10); the Dirac tensors of the antisymmetric type, as used here, are given as
follows:

0 0 0 1 0 0 10 0 10 0
T I e B S O R I O R
0 1 0 of 1 0 00} 0 00 —1
10 0 0 0 -1 00 0 01 0

We have chosen the antisymmetric Dirac tensors to enable a comparison with
the rotation field w. Using these definitions we can write for the antisymmetric
tensor E, the relations equivalent to eq. 3.7 (Teisseyre, 2009):

- 82 ~
,U'AEAK - pﬁElk = Y/lic (312)

where according to (3.7) we will have

0 Yio Y3 —Ya
=Y 0 Yoz Y3
Ysi Y3 0 —Yp
Y Y Y 0

Yoo =i¥sp' +i¥3192 + Yioy® =

and

O’Eys  014,0°Es; 1 (0F, OF, &%p
Yig = =(4n) (6x18xq B 38xk8xk) * 2 (8)(; * 8_xq> B <8x18xq)

Note that there remains an influence of the axial stresses on the deviatoric field.
The shear-twist, l::s, means the off-diagonal oscillation of shear axes and its
amplitude as caused by internal processes. In the special coordinate system, in
which we have simplified the deviatoric strains to the off-diagonal form, E;, we
have now defined the shear-twist invariant vector form.

The rotation and twist motions form the complex rotation tensor; the related

relations joining these fields follow from the standard conservation law in 4D:

- =~ 0 . 47 : .
WDy = Wy +1E; %wlm = V‘IZ; Xt = {xl7x27x37x4}a x4 =iVt (3.13)
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or

0 47 0 -
%w;,xzv.]z; %Eix

=0; ¥ = {1,230, A =ive (3.13a)
where we introduced the defect-related current field, J;, and velocity, V, under the
condition that this velocity will be transformed according to the relativistic rules for
a sum of velocities.

This system of equations can be split into the twist and rotation Maxwell-like
equations:

do dw
— —— = 4nl; D+ — = .14
rot @ Vi n]; rot @+ Vs 0 (3.14)

where the related velocity depends on the interaction between the rotations and
the shear-twist pseudo-vector oscillations of the compression-dilatation axes (or the
shear axes shifted by m/4). Note that both fields, rotation and shear, have the
azimuth dependent amplitudes.

For the wave equations we obtain:

0? 4n 0 . 2 . 4Am. 9
w_vzatzwzivenﬂq 87,,1‘7; W*WCO:WJ”Jerafxnp (3.15)

where @, = Es and o, present the shear-twist and rotation vectors, respectively,
the current relates to defect flow, e.g., dislocations, and p relates to defect density.

The idea that the rotation-related amplitudes may differ from the P or § waves
arises after experimental study on the velocity of rotation waves (K.P. Teisseyre,
private communication, 2009). The relations (3.14) indicate that the rotation wave
velocity, Vj, appears as an effect of the mutual interaction between the rotations and
shear-twist rotational oscillations.

After Teisseyre et al. (2008) we may write the local solution of the system (3.14)
for the twist and spin waves shifted mutually in phases:

s = Hay, o = olexplikix; — ot), @y = @expli(kix; — @t)] (3.16)

where ! = +i@?.

The related waves, w; and @, help us to explain the synchronization of the
micro-fracture phenomena; these conjunct solutions show that one of these motions
will be delayed in phase by 7/2. Figure 3.1 gives an example of such a synchroni-
zation (K.P. Teisseyre, 2007).

Finally, let us note that when comparing our theoretical approach with the
experimental measurements obtained, e.g., from the strain-meter or rotation-
seismograph systems (strain determination on one plane requires a set of 3 instru-
ments), we should transform these experimental data to the off-diagonal shear
values.
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3.4 Dislocations and disclinations: fragmentation and cracks

In our former papers (Teisseyre 2001, Teisseyre, 2008, Teisseyre and Boratynski
2003) we have introduced the definition of the twist-bend tensor, y,,,,:

0w,

qu = &ksq Ox (317)
s

which differs from that introduced by Kossecka and DeWitt (1977); according to
their definition, the Burgers and Frank vectors would vanish when defining the
defects from the twist-bend tensor.

Our definitions, describing the dislocation nuclei, help to obtain the Burgers and
Frank vectors and dislocation and disclination densities directly from (3.17):

B, = 7{ [Ex + wyldl and Q, = ]{;{pqdlp = Hepqup (3.18)

and with the definition

1
B = JJ <<xp1 — §5p1a3s> ds, (3.19)

we obtain the expressions for the defect densities (cf., eq. 3.2):
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1 0
S 8pmkaT(Ek1 + o) = Gk ox. ("Egy + 2° o), Opg = 0
m m

(3.20)

and relation with stresses (Teisseyre, 2008),

1 Epmk O v
Olpt — 55;;1%5 = Z—H o, (S(kl) - I—_H)éklsii + S[kl]) (3.21)

Another definition of the defect nuclei for the twist-bend tensor can introduce the
vortex defects with the specific dislocations and disclinations; when defining:

- (3.22)

we obtain the same expression for dislocation field, but different for disclinations
(cf., eq. 3.20):

My 1 0oy, 1 do, 1 0w,

Opg = &pmk = — &k = T EpmkEigs =—= 3.23
rd K ké)xm lgp k Oxp lgp kg Oxp, [ 0x,4 ( )

Disclinations related to gradient of rotation become the vortex-defects. An array
of the vortex-defects can help us to approximate the fragmentation/cracks (similarly
as an array of dislocations approximates a crack).

Finally, we obtain the relation for disclinations and antisymmetric stresses as
follows

1 Ow 1 as
b = ot T ajf‘” (3.24)

>

3.5 Interaction fields

First, we recall that the two independent fields, Ej; and wy, or equivalently,
E; and o, subjected together to the equations of motions (egs. 3.6, 3.7, 3.9 or
3.13), can be directly coupled by the phase-delayed solution as written in special

off-diagonal coordinate system (3.16):
E?l = iico;d (325)

Presenting the theory of interaction processes we can write a very general form
of the constitutive laws (Teisseyre, 2008):
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Suy = 2u(’Ey + €0uH + ¢"Hyw)), Sy =201 oy + 1'ewsGs + 7' G|
(3.26)
where EY, = (g—g+§—ﬁ§), ) = [g—g’ — ?)—m and H, Hyy, Gy, Gy are the non-
mechanical stress-influencing fields; the constants we introduced, ¢, ¢/, ¢’ and
%°, ', ¥, are the phase constants which may vary from 0 to 4 lor & i. According
to standard asymmetric theory, we relate the strain and rotation with displacements
according to eq. 3.2.

However, considering the specific cases separately we can assume that an
influence of the mechanical fields, £, or @}, on the other physical fields (e.g.,
electric ones) is direct; therefore, it will be enough to assume that the phase shift
constants are equal: ¢” = ¢ = ¢” and ° = 4’ = . This assumption means that
the interaction between the deformations and non-mechanical fields proceeds
without a delay (no phase shift), while the coupling between the mechanical fields
themselves may occur with the phase delay, as given in relation (3.25) describing
the release-rebound process.

Therefore, further on, instead of (3.26), we write:

Sy = 2uEy = 2ue’ (EQ] + 0uH + Hyy),

(3.27)
S[k]] = ZMCOM = 2/1}{0 ((1)21 + gk[xGx + G[/d])

Thus, in our approach the elastic deformation fields can be defined as follows:
Ey = e (Egl + ouH + H(kl))7 Wy = XO [602[ + eusGs + G[u]] (3.28)

The symmetric and antysimmetric stresses remain to be given, in an elastic
regime, by relations (3.4).

We should keep in mind that, in the Kroner metod, the physically significant
elastic fields, S, E,, w,,, are given by the differences between the total fields,
Sgs, Egs, w% (related directly to the displacement differentials), and the self fields,
Sis, Eis, a)is (related to internal interaction nuclei): S, = Sgs — Sis, E, = Egs — Eis,
Wy = 6025 - wis‘

It is only the total field that preserves the usual symmetry properties: elastic and
self fields may be asymmetric. A comparison of our approach and that used used in
the Kroner method was given by Teissyere (2008); we recall here only that the
interaction fields in the Kroner theory enter through the self-nuclei whose fields
appear in the self- stress, self-strain and self-rotation fields; the relation between the
total, elastic and self fields is the following:

T __ ¢E S T _ rE S T _ E S
Sks - Sks + Sk.w Eks - Eks + Eks7 Wps = Wi + Wig

In the Kroner theory, the elastic fields represent the physical fields; the total field
preserves the usual symmetry properties, while the elastic and self fields may be
asymmetric.

In our approach the stresses are asymmetric, as explained at the beginning.
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3.6 Direct relations between defect and electric fields

Returning to the derived relations (3.21) and (3.24) we rewrite them, by virtue of
(3.27), as:

0 v
EOSkaBT ((Ei’z + 0wt + Hya)) — Ty due” (Ej +3H + H(if))) +
" (3.29)
e ki(wo—&—e G+ G ):oc —1506
pn 0%, kl kis™'s [ki] pl ) pl%ss
and
0 a 0
X epmic 5 () + eusGs + Giy) = Opg (3.30)

OXp
These relations could be used as the differential equations for a chosen non-
mechanical field (selected from the set: H, Hy), Gy, Gjy)) to estimate directly its

influence on the defect fields (given dislocation and disclination densities); or to
find an influence of defects on the non-mechanical fields.

3.7 Interaction examples

3.7.1 Thermal interaction

For a thermal field, we write a more generalized relation than that in the classic
elastic theory:

Sy = 2ue (Efy — $o™(T = To)), Sy = 2ux’ ) (3.31a)

Comparing with (3.27) we put
Sy = 2ue” (Epy + SuH),  Sp = 2ux’ oy, (3.31b)
where H = —o™(T — T;,) and where for ¢’ = 1 and y° = 0 we return to the classic

case.
The equivalent relation between this thermal field and the dislocations becomes:

0 1—2v
Epmi W (Egl - C’OOC[h l—-i-V (T — To)) = a[e)([ige (332)

and there is no contribution from screw dislocations.
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3.7.2 Piezoelectric effects

The classical piezoelectric effect appears in anisotropic crystals, piezoelectric
dielectrics; after Toupin (1956; see: Mindlin, 1972, Teisseyre, 2001a) we write
the constitutive law as:

S,‘j = 2,uEk1 —ek,:,Ek (3333)

where E; is the electric field, e;; are the piezoelectric stress constants.
We can rewrite this relation as follows:

S(,j) = )Léle&y + 2,LtEk1—€k<,'j>Ek, S[,'j] = 2,ua)k1—ek[,»j]Ek (3.33b)
According to our approach (3.28) we obtain:
Eq = ¢*(E}y + hOuE; + esungEs),  ou = 1 (0 + ey gEs) (3.33¢)

where we have separated the piezoelectric constant into its symmetric and anti-
symmetric parts and introduced other definitions:

exij = —2pu(hedyj + ejg)  and  Hoy = hidiEy, Gy = erijgEx (3.34)

The equivalent relation between this piezoelectric field and the defect densities
becomes:

0 v 0
eogpmk W <(E2[ + hséklEx) - 1+v 5k1 (E?A + 3hva)> + Xoepmk W (6021 + SxklgEs)
= Op; — Eéplass
(3.35a)
Mg 1 )
Epmk er = Yxospmk Wm (wgq + Sskngs) = epq (3.35b)

We note that the piezoelectric constants for various crystallographic classes have
been discussed by Nowacki (1983).

3.7.3 Polarization gradient theory

According to Mindlin (1972), the internal energy depends also on the polarization
gradient; we can write:
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I, = 9L (3.36)

where polarization, Il; = D; — ¢E;, is defined by difference of electric displace-
ment, D, and electric field, E, with ¢ being the permittivity of vacuum. The gradient
theory, related to electric polarization, makes use of the fact that, under the applied
load, the displacements of a moving dislocation core (electrically charged) influ-
ence the surrounding defect cloud (such a cloud shall have the opposite charge,
compensating that of a dislocation core).

The constitutive relations (Mindlin, 1972; Nowacki,1983) with the respective
material constants can be written as follows:

Sij = 2uEj; + fiii I + digiiTly (3.37)

and, according to relations (1-3), can be generalized for the asymmetric stresses to
the following form (cf., Teisseyre, 2001):

Sij) = A0ijEss + 2UEj; + futij Wi + duaip) T, Spij) = 20005 + fieij) T + gy T (3.38)

Now, we can present the contributions to the asymmetric strains and rotations
caused by the electric polarization coupling:

1 1
0 0
Ej=e (E/ ok e+ ﬂdkloy')“kl) (3.392)
of o 1 1
@ = 1\ @5+ g STt 5 dui T (3.39)
For the direct relation with defects we write according to (3.29) and (3.30):

B 1 1
e e < (E% + jufk@:i)Hk + @dklo:f) sz)

\J 1 1
Ty e’ <2ﬂfk(ss)nk + 2 dkl(ss)nkl) )
0 1
+ Xogpmk W (602; + EklsGs + G[kl]) = Up; — 5 51}]“53 (3403)
0 9 0
X Epmk aT (wk[ + &usGy + G[kl]) = Hpq (3.40b)

Moreover, note that some experiments (see: e.g., Hadijcondis and Mavromatou,
1994, 1995) indicate that the anomalous piezoelectric effects, observed in the
laboratory experiments, correspond to the time rate of the applied load.

The problem of magnetostrictive effects can be treated in a similar way.
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3.7.4 Interaction chains: electric and acoustic effects

Finally, we can note that the shear and axial stresses influence (cf., eq. 3.7) the
solution for the deviatoric stresses, Eﬁ, and, further on, these strains can influence
the rotation field (cf., eq. 3.14 ); we can express this coupling also by one of possible

solutions of the system (3.16):
e = HiE (3.41)

It seems reasonable to believe that the coupling between the mechanical and
electric (or electric polarization) field proceeds in an instantaneous manner, because
such effects follow from the displacement of the ions. However, as shown in (3.29),
the interaction.between the mechanical fields can proceed with a phase delay due
to the release-rebound sequence. Hence, we can have different interaction chains
(cf., eqs 3.7 and 3.12) like, e.g., the following ones:

ED — iy — ill, (3.42a)
where the shears coupled to the phase-delayed rotations lead to polarization effects,
p — EP — iw, — ill; (3.42b)

where a pressure variation (mechanical forcing) initiates a similar chain,

ES — Wy — iEn] (342C)

where the electric field variations force rotation effects and the micro-strain releases
revealed by the acoustic bursts occurring with the phase delay.

3.8 Conclusions

— We have presented the asymmetric continuum theory including different types
of material states: from elastic continuum to granulated/crushed material.

— We have assumed the balance relation for the antisymmetric stresses as equiva-
lent to that for the stress couple. We have defined the 4D invariant form of the
shear-twist field.

— The spin and the shear-twist oscillation of the off-diagonal shear axes led us to
the relations for the rotation and rotational shear-twist waves.

— We have presented a new definition for dislocation and disclination density field
permitting to derive the relations between the asymmetric stresses and linear
defect densities.
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— We have presented a new relation for the interaction between the strains and
rotations and other physical fields; these relations are more general than those
between the stresses and some physical fields as, in this new approach, we
consider the asymmetric fields and also we may include a phase shift when a
rebound process provoked by some energy release shall be considered.

— The direct relations are given between the defect densities and the non-
mechanical fields.

— Some examples are given for the interaction between the strains or rotations on
the one side, and the electric and electric polarization fields on the other.

— The experimental evidence for the appearance of spin and twist motion in a
seismic field is based on the records of the seismic rotation fields (see: Teisseyre
at al., 2006; Teisseyre K.P, 2007). Comparison between the experimental data
(e.g., strain variation in time as can be obtained from the strain-meter or
rotation-seismograph systems) and theoretical consideration on twist field
(shears in the off-diagonal system) require transformation of the obtained
theoretical twist motion values to the diagonal shear ones.

— The asymmetric continuum theory includes description of the states close to
micro-fracture processes; the hypothesis on the local synchronization, related to
the special complex solution for the rotation and twist fields, is confirmed by
some correlations observed between the recorded twist and spin seismic wave
groups.
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Chapter 4
Processes in Micro-Fracture Continuum

Roman Teisseyre and Zbigniew Czechowski

Abstract In the frame of the asymmetric continuum theory we present some
aspects of the micro-fracture processes. An extension of this theory, accommodat-
ing for a significant increase of external load, can describe some features of a
progressively granulated and fractured material. According to our theory, two kinds
of motions — displacements and rotations — in some source processes, €.g., in an
earthquake source, may be generated independently or with some phase shift due to
the rebound release processes. The asymmetric theory includes a possible phase
shift between the simultaneous solutions for the displacement and rotation motions.
Equivalently, we present the solutions with the simultaneous strain and rotation
motions or those with the m/2 phase shift between them. Such specific solutions can
explain the synchronization action in fracture processes.

Further, we describe on this basis some properties of the slip motion along a
fracture zone and micro-fragmentation appearing in the flattened vortex process.
Our approach relates to the processes under a very high confining load. The derived
nonlinear equations are discussed.

4.1 Introduction

We present some elements of the asymmetric continuum theory with important
applications; our consideration on the asymmetric continuum theory includes:

— balance laws for the symmetric and antisymmetric stresses and related wave fields,

— hypothesis of a synchronization process based on the rebound processes and the
wave solution with the phase shift between the strains and rotations,

— formation of a granulated (mylonite) zone during fracture processes.
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4.2 Asymmetric Continuum

One version of the asymmetric theories of elasticity has been founded by Nowacki
(1986); this theory includes the couple-stresses introduced similarly as in the
micropolar and micromorphic theories (see: Eringen, 1999). Our version of the
asymmetric theory includes the asymmetric stresses, symmetric strains and anti-
symmetric rotations and permits for a possible phase shift between the displace-
ment and rotation motions. For the constitutive laws joining the antisymmetric
stresses and rotations we follow some ideas introduced by Shimbo (1975; 1995) and
related considerations on the friction processes and rotation of grains.

Experimental evidences for the appearance of rotation and shear oscillation
(twist) in a seismic field are based on the records of seismic rotation fields (see:
Teisseyre et al.(eds), 2006; Teisseyre K.P., 2007).

4.2.1 Standard asymmetric continuum

We follow the asymmetric theory with the asymmetric stresses, Sy, and deforma-
tions, symmetric strains - Ej and rotations - @y (Teisseyre, 2009; Teisseyre,
Chapter 3, this issue):

St =Sy + Sy Eu = Ewy,  On = O @D

Let us underline that the energy stored, E, becomes related also to rotational
deformation:

1 1 1
E= ESkl(Ekl +oy) = ES(kI)Ekl + ES[kl]wkl

Instead of the Kroner method (Kroner, 1981) based on the self-fields we intro-
duce the material structure indexes, e® and #°, joining the deformation fields, strains
and rotations, with the displacement motions:

1/ 0 0
Ey=e"EY == [ — —
M € Fu ¢ 2 axku1+8x1uk ’
(4.2a)

0 0
ou= ol = 5w g

For y° = 0, ¢” = 1 we return to classic elasticity, while for ¢ =0, y* = 1, we
would have a continuum with the rigid, densely packed spheres with friction
subjected to an external moment load.

The independent fields (Ey;, wy) lead us to defects and extreme deformations
(Teisseyre and Gorski, 2009).
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For solid elastic bodies we will put simply:
=1, Eu=E), ou=7roy, (4.2b)
where the phase index 7° may vary from 0 to ° = {£1, +i}
The Shimbo consideration (1975) supplements the classical constitutive
relation:

Sy = AouEss + 2uEw S = 2uwpy (4.3)

We will consider the simplified system of motion equations at a constant density
(Teisseyre, 2009);

o? ? ?
(A42u) 5—— I P P@Em - m]’ (4.42)
82ED 82ED] azEvv 5n[ azEW
= _ — — — — Y, .
8xk8xk —f or? (44 n) <6x16x,, 3 axkaxk) o (4.45)

where

=0 and Ou;/0x; =0

<8F OF, p 1 0 > OF
Y= — at
Ox,

— + —
ox;  Ox, Ox,0x; 3 Ox, axlp
The field, E%), can be used to define the shear-twist vector meaning the rotational
oscillations of the shear axes and its amplitude (cf., Teisseyre, 2009).
For the independent rotation we write, instead of the balance of the angular
moments

62
PAwg = p—5— o JFK[kz} (4.52)
where the balance of stress moments is replaced with that for the antisymmetric

stresses:

0 ? , Py, Dy
a_kapk:gpkl a O, zlugpkl Ox a = ,ugpkzlza o, (4.5b)

Here, we shall also note the important equivalence

P w,; Oy Oy, ow
Epki = Epki at the condition ¢y —— =0, or —L =0 (4.5¢
PE OxOx, T Ox,Ox, PH ’ (4.5¢)

ox, 0x,
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We can write that the force moment relates to the angular moment; this state-
ment leads to a definition employing an effective rotation motion, Q:

0 P, 0w, 0w,

My = 2yl =" — My = 2peppil® - = 2uepilQy, Qi =1

axk pk He pkll 8Xk 8)(” — Mpk ,Uﬁpk,l 6Xn ,ugpkll iy i ) axn
(4.6a)

including the neighboring rotating elements with the adequately defined character-
istic Cosserat length. Instead of (4.5a) we write :

0Q; 52Q;
u o, P By + K; (4.6b)

4.3 Slip and fragmentation transport in fracture
micro-continuum

In a solid continuum, the advanced deformations - slip and fragmentation processes -
could be described with the help of the Navier-Stokes transport idea; we may explain
such processes with the help of the slip-transport, v, and fragmentation-transport .

Considering a simple case with a constant density, we can transform the dis-
placement motion equation exchanging the partial time derivatives to the total ones:

0 d
Elﬁ-’a‘uizaui—F Usa—xslzl,‘ and (47)

P e (0 AN, D,
™t Tdae T \or Cox,/\or ' TCox !

and we arrive at a type of the Navier-Stokes transport equation related to slip in
solids:
d? d _ . *
— =m0 = — 1 —
pd[2 ' pdl‘ ' naxkaxk '

or

Pu; Oy 8u,<+ ’ v, . v, Ou; 9? ou 0w F;
or ot ox Kox, K

Oxz Ox, DkUs Ox.0x; = p OxOxy  p
4.8)

where in the particular case we may put v; = % uj.
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The obtained relation (4.8) describes transport process related to a slip micro-
fracture process.

For the fragmentation phenomena and fragmentation/transport we can introduce
the arcuate transport process. Thus, when in equation (4.6b) we consider the
rotation transport with a related characteristic length, /, serving as a rotation arm:

- 0Q, d g . 0
Dk = Skmls_ —— =+

o’ At o Cox’ (4.9)

then we obtain (in a constant density case):

0*Q,;  Ovp 0Qy; 0Q,; . 0b; 0Q,;

82gzm' n K[ni]
O 2% , _ Hprq, 2D
2 o on T an T %ox o

ni

Oxedxs  p p
(4.10)

Uy s

Further, we focus on the vortex motions with the vortices oriented along the
z-axis. On the plane z = const we may have some variable characteristic length, L,
related to a possible vorticity, while along the z-axis the characteristic length will
remain very small:

L ={L,L,1}; L>I @.11)

We pass to the cylindrical coordinate system; the transport (4.9) becomes as
follows:

R:'s Q. 00, 09,
U,~~LW, l)ww—LW, 1)Z~L< pra 8[) 4.12)

Accordingly, the total time derivative becomes
d 0 0Q. (0 0 0Q, 0\ 0
v&“{w (E‘@>+<W_ at)&} (4.132)
and for Q. < Q., Q,<<Q. and L(r,p,z2)
¢ _[0. 000 O)\\fo 0900 0
a2 | ot ot \Or rop ot ot \or rop
2 2/ 2 2 2 2
:8—+L2 0Q, (’9_+ 0 _, 0 +2L6§22 o0 0
o ot or? - r2op? rordp Ot \rotdp  Otor

P (0 0\ (0N o0 o0y (0 o
orr \or rop ot or  rop)\or rop

(4.13b)
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Thus, for the macroscopic rotation field (4.6b) (external forces omitted) we obtain:

;AQ, —-—= M, = (4.14a)

where the constants ji and p relate to a medium with the advanced micro-fracture,
and we have put the transport term:

ot

M. =22 (8!2:)2 (3292 920, azgz> 2LaQ" (329_7 Q.

_2 -
or or2 + r20p%  Trordp otor  rotop

) 4.14b
0*Q, <BQZ as;) ( )

T5r \or oy

The obtained relation describes the overall transport processes in the micro-
fracture medium.

4.4 Local transport in sources of asymmetric elastic continuum

Maintaining the motion equations (4.4) and (4.6) we introduce into the source
definition the transport term, M, as defined in (4.14b); this form of a local transport
is based on hidden micro-transport elements related to a local slip or fragmentation.
Here, we will consider a problem in which the micro-fracture processes concen-
trated in a source concern a fragmentation (rotation effects) and can be expressed by
a source rotation moment introduced into equation (4.6); we put

M,(Q,,L) - K,, and K,=Kexp(—oat); K = M =constant (4.15a)

where Q, follows from the solution (4.6) and the condition that K remains constant.
As mentioned above, the condition for K (to be constant), includes also some

material degradation effects and we have assumed that these local degradation

processes can be related to the transport phenomena concentrated in a source.
According to (4.15a) we put

M, = Mexp(—at), Q.= Qexp(—ar), (4.15b)
and for the variable vortex radius L(r, z), using (4.14b), we obtain the condition:

2
2L2a292(2—? + 3a2LQ%Q —’Q=M (4.15¢)
r r

The solution for Q shall be found from (4.6) or (4.14a) for M constant; under a
plane shear load rotation field, in solids, it shall depend on (, however, we can
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Fig. 4.1 Vortex structure concentrated in the vicinity of the source fragmentation plane

express this dependance through the function sin2¢ as follows from the consecutive
angular changes of the shears along a plane. We obtain from (4.15b):

FQ 00 4 20
o2  ror rr 0z

*Q 09 PQ  PQ

2~
RN [ _ Q =
or? + ror + r20¢p? * o2 P

1

— o pQ=-M
m
(4.16)

The respective numerical solution of this equation may be used to compute from
(4.15¢) the fragmentation arm changes, L, which enables us to present this fragmen-
tation similarly to a vortex structure (Fig. 4.1). The presented changes of this vortex
arm can be revealed when computing L from (4.15c¢) with the initial condition
L = ry. As presented in this figure, this numerical solution is given with a change
of the scales along the vortex plane in comparison to the z-axis; we expressed this by
a change of the rigidity parameter u to i, as presented in eq. (4.6). In this way, we
take into account the fact that, due to fragmentation, the material parameters along
this plane undergo essential changes due to these micro-fracture processes.

We shall underline that the vortex process starts due to a point source, that is,
reversely than it is usually considered in the vortex problems. The vortex arm
increases up from a point source r = 0, and the vortex is concentrated near the
fragmentation plane (this is quite different in comparison to vortices in fluids). This
follows from our assumption that the material properties in a fragmentation plane
have become changed, in comparison to those along the direction perpendicular to
it, while the material properties remain almost unchanged.

4.5 Shear and confining loads

In the local micro-fracture zones, the shear and confining loads lead to the transport
processes related to the displacement and rotation motions.

The transport relations for the displacement motions are especially important for
the slip processes under a shear load; in that case, the rotational transport can
sometimes be neglected (Fig. 4.2).
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Fig. 4.2 Shear load: sketch

of slip elements and the

opposite rotations as appear O
along the main slip and a

double couple partner

Fig. 4.3 Confining load:
the induced opposite shears
inside the fragmentation
elements; the opposite shear
couples result in a rotation
of fragmented elements

Under a confining load, the fragmentation processes may be described by a
helical transport incorporated into the rotation field equations. The induced shear
micro-fractures appear in this case along the perpendicular slip fragments; the
related induced shears would be mutually compensated inside some micro-region
in which a common rotation sense will produce a micro-fragmentation circular
structure (Fig. 4.3). At the neighboring fragments, the rotation sense might be
opposite. However, the induced consecutive shears inside a particular fragmenta-
tion element will be manifested by the perpendicular micro-displacement couples;
these rotation couples, contrary to shear couples, result in a rotational micro-
fragment, while the resulting shear field will become compensated almost to null.
Thus, a fracture running according to this scenario, due to induced rotation couples,
leads to the material fragmentation and rotation; the directions of rotations can be
opposite inside the material under an applied confining load. This is an opposite
case to that of shear process, which leads to the shear nuclei, described by the
double couples in the conventional meaning.
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However, we shall notice that variable inner shear fields, caused by the inner
micro-fractures and related stress releases at the neighboring sites, may cause the
rotational oscillations of the main axes of these double couples; this kind of rotation
motion is called shear-twist (Teisseyre, 2009).

However, to get a better understanding of the fracture processes we may
consider jointly the micro-slip and micro-fragmentation processes. When approach-
ing the micro-fracture and fracture states we should consider also the consecutive
substantial changes in the material properties and in the governing equations. The
material properties undergo changes, e.g., from the elastic to plastic and, further on,
to crushed, granulated and even partly melted mylonite.

Moreover, an influence of the rotation processes of various nature and scale may
be of great importance when some vortex micro-structures will appear. To outline
such an approach we may follow the asymmetric continuum theory; we start with
the relations presented above (Eqs. 4.1-4.5) as concerns the perfect elasticity.
During a further deterioration, related to plastic flow and micro-fracture processes,
we assume that the compressibility relation, expressed by means of the axial part of
stresses and strains, remains practically unchanged (however, some changes in the
value of compressibility can be easily included).

Under a shear load, the micro-fracture processes can proceed as follows: shear
stresses and related strains cause some changes in the angular molecule orienta-
tions, then the slip motion and break of the molecular bonds start with an immediate
drop of shears, and then there appears the rebound rotation retarded in phase. Under
a compression load, the induced defects cause an appearance of the opposite shear
centers, then some micro-breaks lead to the rotations and fragmentation process,
and then there appear the rebound slip motions retarded in phase. In the first case,
the shears create the dynamic angular deformations leading to the bond breaks
and slip propagation followed by the rebound rotations retarded in phase. In the
second case, the micro-fractures under compression lead to the opposite sense of
the induced shear motions: the twist motions and the related fragmentation and
granulation processes precede the slip rebounds retarded in phase.

4.6 Conclusions

The considered rotational (helical) transport processes are expected to occur in the
granulated structures or those undergoing the micro-fragmentation processes; the
presented new development in solid theory with the micro-fracture and fragmenta-
tion processes describes the independent rebound release processes occurring with
a possible phase shift between the rotation and shear-twist oscillations. Any torque
moment caused by the independent transport and micro-fracture may generate the
spin and shear-twist motions.

The slip-fracture and fragmentation processes caused by a joint action of shear
and confining loads may run with a mutual interaction. The equations for the joint
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slip-shear and fragmentation-pressure processes take into account a possible shift
between the related oscillations and the rebound release dynamics.

The obtained relations for the helical transport differ essentially from those
for fluids; here, we deal with the square time rates of the transport contributions;
this is related to the transition: 9? /9r> — d*/dr* and to the material changes due to
fragmentation process.
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Chapter 5
On a Simple Stochastic Cellular Automaton with
Avalanches: Simulation and Analytical Results

Mariusz Bialecki and Zbigniew Czechowski

5.1 Introduction

Cellular automata (CA) models are widely used in many natural and human sciences.
The rule that defines CA, which may be very simple, can lead to a very complicated
evolution of a system and rich structure of produced patterns. It often comes from
nonlinearity present in the system. The rule of the model encodes the crucial features
of the phenomenon under investigation. It contains the information about the beha-
viour of the automaton and usually is suggestive (convincing) reference point for
explanations of its properties. Instead of equations, the rule often plays a central role
in description of automata. CA are also convenient and hence attractive tools for
making computer simulations; being completely discrete, in principle, CA do not
require any approximation procedure for machine implementation.

There is also a complementary approach to CA models. The key idea is very
classical: write down equations and analyse them. In spite of a nonlinearity of the
equations that often makes the task complicated, it focuses attention of many
researches (see, for example, Chopard and Droz., 2005). An interesting example
of this approach in the domain of integrable systems is the soliton cellular automa-
ton (see Tokihiro, 2004). This elegant automaton is a completely discrete version of
a soliton equation, hence it is very special even among deterministic automata. It is
also to be noted that equations for automata can serve as natural basis for applying
both sophisticated mathematics and quite “exotic” mathematical structures to the
subject (see Biatecki and Doliwa, 2005, and also Biatecki, 2009, where an attempt
to present a deterministic evolution of some system over finite fields is presented in
a way allowing for direct comparison with possible experiments). Our aim is to
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extend this approach to the stochastic automat; in this chapter we are dealing with
the 1-dimensional domino automaton inspired by earthquakes. We point out that
studying properties of the system may be neater with equations than with numerical
experiments. It is also useful for finding theoretical explanations and providing
exact quantitative presentation of different features of a system. Still, to find a
system which can be satisfactorily described in this way is a challenge.

Earthquakes are extremely complex phenomena and thus it is very difficult to
fully reflect their properties by theoretical models. Such geophysical phenomena
are usually subjected to simplifications in order to retain some control on the
proposed physical/mathematical framework. However, even significant simplifica-
tions do not protect us from leaving the elegant domain of transparent formulas
and exact solutions. An interesting example of considerations of simple cellular
automaton in the context of earthquakes is given by Tejedor et al. (2008), where
the Gutenberg-Richter law is observed. The appearance of inverse-power distri-
butions is an interesting topic itself and was investigated in the broader context of
a privilege (see Czechowski, 2003) and also with connection to Ito equation (see
Czechowski and Rozmarynowska, 2008). The ideas presented here deliver a
method to advance the studies (see the next chapter in this monograph).

Here we propose and discuss stochastic domino automaton - another extremely
simple model inspired by earthquakes. The domino automaton inherits only two of
its characteristic features. One is the “pumping” of energy at a constant rate, which
reflects uniform stress increase as an effect of tectonic plates’ motion with constant
relative velocity. The second is the presence of relaxations, when the stress
increases above a threshold in some place, and the energy is released in a very
short period of time. The simplicity of the model leads, however, to the avalanche
distribution different from the Gutenberg-Richter law. These two effects are repre-
sented as follows. Each of the cells (discrete places on a line) can be empty or
contain one standing domino block (later called also a particle). In one time step,
one cell from all is randomly chosen. If the cell is empty, the domino block takes the
position. If the cell is occupied, the domino gives an impulse which falls down the
domino blocks in the cell and in all its adjacent neighbours if occupied (in both
directions). Fallen blocks are removed and that means an avalanche occurs. Then
the procedure repeats in the next time step. The precise definition of the domino
automaton is given in the next section.

Our aim in this chapter is twofold. The first is to present a new simple stochastic
cellular automaton model and the second is to apply the direct analytic approach to
this stochastic automaton. We prefer here an elementary approach to the description
of the automaton and we make no use of applicable Markov processes terminology.
In this context the domino automaton is discussed in the next chapter.

The structure of the paper is as follows. In Section 5.2 the definition of the
automaton is given and basic properties from the numerical experiment are pre-
sented. Next we derive the set of equations for the average values of the parameters
of the model in Section 5.3. Finally, in Section 5.4 we discuss the obtained results
and point out directions for future work.
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5.2 The random domino automaton

Consider one dimensional (line) model with N discrete number of places. In a single
time step, a particle (representing a portion of energy) is added to the system at the
randomly chosen place (called also cell). In our model every place is equally likely.
If the chosen cell is empty, it becomes occupied. If the chosen place is already
occupied, the incoming energy plays a role of a trigger and a relaxation takes place.
By arelaxation we mean an immediate removal of the particle from the chosen cell
and all its adjacent occupied cells. It produces an avalanche of a size equal to the
number of cells changing their state. An example of relaxation of the size four is
presented in the diagram below.
1

®
time =t - |e|e| | |o|e|e|e]| |of- -

time =t+1 |O|.| | |l|l|l|l| |.|
e & 0o 0

To study the evolution of the automaton, numerical experiments were per-
formed. In simulations we investigate the one-dimensional lattice of size N = 500
cells. After an initial stage, in which the lattice is saturated, a stationary quasi-
equilibrium stage takes place. The first parameter to be monitored is the density
p(t), defined as the number of occupied cells in the instant ¢ divided by the lattice
size N. As the model is invented in the context of earthquakes, it is interesting to
trace the avalanche sizes w(t). To skip the dull process of gradual increase of
density between avalanches, we present these quantities after each avalanche
only, as functions w(k) and p(k), where k is the number of avalanches.

Examples for w(k) and p(k) from numerical experiment is presented in Fig. 5.1.
The distribution of fluctuations for density p(k) resembles the Gaussian distribution
(see Fig. 5.2) with average <p> = 0.3075 and variance o> = 0.000598. These
parameters are equal to parameters estimated from the time series. The primary aim
and the main motivation of the next section is to derive the value of <p> analytically.

p() w(i)

T ? | .
T 5000 10000 isobb b%ddb 2@%)(1 30000 ’

. . . . i
0 2000 4000 6000 8000 10000

Fig. 5.1 Simulation results for time series of system density p(k) and avalanche sizes w(k) of the
1D domino automaton with lattice size N = 500. The parameter k means the number of avalanches
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Fig. 5.2 The distribution of f(p)
fluctuations f{p) for the
density p from the simulation 15+

(dots) and fitted Gaussian
distribution (line). The
average density is 10+
<p> = 0.3075 and the
variance is 02= 5.98%10~*

0.25 0.30 0.35 0.40

5.3 Quasi-equilibrium equations

One of the evident properties of the domino automaton is its stochasticity, stipu-
lated in its definition. Thus, we are interested in its mean properties rather then
exact evolution. The numerical experiments suggest that the density of a system
oscillates in a random way around an average value. Note, the density is also a
probability of avalanche, hence the variations of density are subject to “u-shape”
potential. For high densities, the probability of their decrease by relaxation is
also high; for small densities their growth is more likely. Thus, we will describe
the behaviour of the automaton under the assumption that it reaches a quasi-
equilibrium and the parameters of the system, like density and others (defined
below), do not depend of time. The variables are treated as physical variables in a
sense of statistical physics.

Fix the size of the lattice N and assume periodic boundary conditions (regard the
first cell as adjacent to the last one). In the system, alter sequences of occupied and
empty cells. Such a sequence of i subsequent occupied cells are called the cluster of
the length i (shortly i-cluster); the sequence of i subsequent empty cells are called
empty cluster of the length i. The values of i can be 1, 2, ..., and are bounded, at
least by the size N. Define by n; the number of i-clusters and by 1) the number of
empty i-clusters. Denote the total number of clusters by »n, then

=" n=%"n (5.1

i>1 i>1

because of the periodic boundary conditions. It is also straightforward from the
definitions that

1 .
p:N Z in;, 5.2)

i>1

and also
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zlv Z (n; + nY)i= 1, (5.3)

i>1

which tells that any cell is either occupied or empty. The variables p and n; are our
basic objects.

In a single time step, the number of occupied cells may increase by one or
decrease by i in a case of an avalanche of size i. If the value of p on average does not
depend of time, there must be a balance between expected values of loses and gains
in the number of occupied cells. In other words, the stationarity condition requires
that flow in is equal to flow out. The expected value of increasing density is equal to
the probability of choosing an empty space, namely (/—p). The probability of
relaxation of any size i is %, and since the avalanche of any possible size i can
contribute, then the stationarity condition gives

1
(1-p) =5 > nd. (5.4)

i>1
Using equation (5.2), it may be written as

N= Z ni(i +1). (5.5)

i>1

The obtained equation gives a restriction for n;s in a case of asymptotic behaviour,
where N — oo.

To be solved, equation (5.2) requires extra relations. As a first rough step
consider the percolation approximation (see Stauffer and Aharony, 1992)

ni = c(1 - p)°p. (5.6)
From equation (5.2) it follows
1 N i1, d ;d op d 1
T e S
(I—p)" ¢ = dp i>1 dpl—p dpl—p

so ¢ = N and p is the only parameter of the family of distributions. The use of (5.6)
in condition (5.5) gives

No

1= (1=p)>pi(i+ 1),

i=1
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where Ny is a upper size limit for clusters, hence (after manipulation like above)
one has

N (i)
(1-p)? "dp*> 1-p

Finally, neglecting terms with Ny (if Ny =~ 100 the accuracy is better than 10~2°) one
can obtain

2p 1
] = ——C = —.
or p 3

(1-p)

The automaton rule says that there is a “coupling” between the adjacent cells,
since the rule of relaxations takes out the whole cluster, so treating cells as indepen-
dent, like in (5.6), is erroneous. Thus, the percolation approximation gives the value
of p different by several percent from a value <p> ~ 0.3075 from numerical
simulation of the automaton. Better estimation of p needs an extra reasoning.

For the computations below we use a weaker assumption, namely clusters are
distributed independently, by which we mean that the length of the “next” cluster
does not depend on the length of the “previous” one. In other words, our investiga-
tions are done up to the order of clusters.

To write down equations for the numbers of clusters of length i, i.e., for n; s, we
consider all possibilities of losses of such clusters as well as their creation, and next
we claim that on average the gains and losses compensate each other.

Losses. There are two ways to destroy an i-cluster: by enlarging and by
provoking the avalanche depending on where an incoming particle is thrown.

(a) Enlarging. For any cluster there are two cells adjacent to its ends, so the
probability is
ni
~2—.

Here we just count the number of such empty cells. If a single empty cell is between
two clusters of length i it is counted twice, as it should be. Hit of such a cell reduces
the number of i-clusters by two.

(b) Relaxation. In this case it is enough to hit any of the occupied cells of the
cluster, so the probability is

in,-
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Gains. There are in general two possibilities to create i-cluster: enlarging (i—1)-

cluster and joining two smaller clusters.

(a) Enlarging. We need to consider cases i = 1 and i > 2 separately.

Case i = 1. There is only one way to form a solitary occupied cell: an incoming
ball must hit the empty place with two empty places on the both sides.

(i—2) = interior

el Ll e
7

The probability is proportional to the number of interior cells in empty clusters of
the length three and bigger

i>3
But the expression above can be simplified as follows
> onf(i—2)=> nd(i—2)+n) =(1-p)N—2n+n,
i>3 i>1
where we used equation (5.3). Finally the probability is

0

n n
~1=p)—2—+-1L.
(I=p) =25+

Case i > 2. An enlarging a (i—1)-cluster to the size i is possible if the adjacent
empty cluster is of the size bigger than one

0
n;
ni—1 z; l nioy (n® —n})
~2 S Yot U5 e DA
N n° N no N n

where the multiplier 2 counts left and right cases.

(b) Joining two clusters. To create i-cluster from two smaller ones, a cluster of size
k€ {1,2,...,(i — 2)} and the other of the size (i—/)—k are necessary.

k (i—1—k)

The probability is proportional to the number of empty /-clusters between k-cluster
and (i—1—k)-cluster, hence

LS}

i—
N Ni—1—k

] n n

z| =
T
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The dot in the multiplication above underlines the independence assumption for the
order of clusters. The last equation introduces also an extra quadratic nonlinearity
into the system, so far nonlinearity was present via n.

The balance between gains and losses for clusters gives the following set of
equations for 7,

1 2 1
m=3z(1 —p)N—§n+§n?, (5.7)
1 n?
m =3 (1 ==Hm, (5.8)
n=— (o, (1—ﬁ)+noiw for i >3 (5.9)
T2 i n ]kzl n? =7 ’

where n= Y n;and p = & > in;.
i>1 i>1

In the above set of equations there is one extra variable n{. But the system is
closed for variables {n?, ny, ny, N3, ...} since we derived the balance equation for p,
which can be written in the form of equation (5.5)

N=>"ni(i+1).
i>1

Thus we derive the set of nonlinear equations exactly describing our model. It is
also possible to write down an analogous set of equation for empty clusters (see
Bialecki and Czechowski, 2010). The numerical values of the density p, the average
size of cluster <i> and the average size of the avalanche <w> are compared
in Table 5.1 with percolation approximation results and with simulation results.
The agreement of the values in quasi-equilibrium description with numerical
experiment is striking.

From the set of equations, multiplying n; by (i+2) fori =2, 3, ... and summing
them up we obtain

0 0 i-2
Z”i(i +2)=2(1 —%) Z”H +% Z an”i—l—k-

i>2 i>2 i>3 k=1

Table 5.1 The average density <p>, the average size of a cluster
<i>, and the average size of an avalanche <w> for simulation
results, quasi-equilibrium model and percolation model

Simulation Q-Equilibrium Percolation
results model model
<p> 0.3075 0.308 1/3
<i> 1.5974 1.597 32

<w> 2.2487 2.252 2
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Using the identity

i—2
Z anni—l—k =(m+m+..) =n

i>3 k=1

the above formula reduces to

Ng ini:3n|—n(1) or n; =

i>1

(Np +nY).

Q| —

Comparing with the equation for n; we obtain the following constraint

2n = N(1 —2p). (5.10)
Note that from equations (5.1), (5.2) and (5.4) it follows that n/N, p, and
p(w) can be interpreted as the zeroth (myg :%\, > ny), the first (m :% >ing)

and the second (m» :ﬁ Zizn,-) moment of the distribution of n; respectively.
The balance equation (5.5) is a relation between the first and the second moment.
Equation (5.10) relates the zero and the first moment. Thus, relations between
moments can be written as

m :E_m()’ (5.11)
1
my Zi—f—l’l’lo. (5.12)

An average size of the cluster <i> is given by the relation <i> = [% , and from

equation (5.10) we get

2p
< >=—. (5.13)
(1-2p)
An average size of the avalanche <w> is given by
1 ) 1 - p
<Ww>=— nii-=——-. (5.14)
pN ; p

These formulas are well consistent with the numerical data as presented in Table 5.1.

In the set of equations, the variables n; and n, are treated in a slightly different
way from the others #;, i.e., where i > 3. This fact and the form of equation (5.9)
suggest using the following formula

nj=ke " for i=34,.., (5.15)
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Fig. 5.3 Values of n; from n(i,p)

the equilibrium model (dots) 50.0

compared to the

approximation ke ™" 100l
S5.0F

1.0}
0.5¢

where k and y are some constants. After substitution to equation (5.9), for i > 6 one
gets

, 1 1-— N o .
el = 2 <2c +Tc(2n167" + 2mpe ¥ + k(i — 6))),
where ¢ = (1 — :—(‘J) (For 3 < i < 5 there are different coefficients at n; and n,.) For
a big n one obtains

k kn®
T t(] = _ M
¢ n( ) n?’
or simply
kn
i~ k(=) 5.16
m k() (5.16)

It strongly resembles percolation dependence for n;. The value of k can be found
from equation (5.1)

3y

e
l—e?’

n:nl—i—nz—i—kZe’”’:n] +ny+k

i>3

In our case N=500, which gives k ~ [22. The approximation is surprisingly good
even for n,, as shown in Figure 5.3.

5.4 Summary and discussion

The proposed random domino cellular automaton exhibits a nice mathematical
structure. As presented above, it is possible to derive from first principles (elemen-
tary combinatorics) the set of equations (5.3) and (5.7)—(5.9) exactly describing
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the average values of the parameters of the model. These equations are highly
nonlinear, but without neglecting any terms, we derive formulas for an average
cluster size (5.13) and average avalanche size (5.14) in the model. Moreover, we
find an approximation formula (5.16), which displays intimate relation to the
percolation. Thus, our approach may be a substantial improvement of the other
percolation models as it proved to be here.

Another remarkable property of our system are relations between moments of
the distribution of n;. Equations (5.11) and (5.12) are of very simple and symmetric
form. They suggest it is possible to classify models according to the number of
moments (of successive orders) related to each other. For example, the domino
automaton has three moments related by two equations. In case of models with
generating function, it corresponds to the order of differential equation satisfied by
the generating function. Also, it is interesting to study relevance of a generating
function in our model.

The agreement with numerical data is evident, as already shown in Table 5.1.
Moreover, the theoretical formulas derived for the quasi-equilibrium state (and
thus characterized by the fixed value of density) look also valid when considered
as a function of density even quite far from the average value. To display this
property, we perform the following simulations. After each avalanche, apart from
calculation of density p(k), we calculate the number of clusters of succeeding
sizes. Then, after the cycle of n = 60 000 avalanches, we group the clusters in
classes with the same p and in each class we find average of succeeding cluster
sizes. In this way we obtain values of function n(i, p), where cluster sizes i = 1,
2,...,13and p € (0.2,0.4). Three graphs of function n(i) for three chosen values
of p (i.e., equilibrium density p = 0.308, and two quite extreme values: p = 0.256
and p= 0.398) are presented in Figure 5.4. Simulation data (points) and analytical
formulas (continuous line) are in a very good agreement even for extreme values
of p. A scattering for bigger values of i may be a result of smaller number of data
for these values of p (see Fig. 5.1). Geometric size distribution n(i) = (1 — p)*p'-
resulting from 1-D percolation model and represented by dashed line - differs
more significantly from simulation data. The fourth plot in Figure 5.4 shows that
the cumulative value of n; = Y n(i, p) does not differ much from n(i, p) selected
for the average value of p. 7

The above reasoning leads to the following argument related to possible experi-
mental verification of the model. Notice the equations of the model use the fixed
average values, defined for quasi-equilibrium state. To apply these relations to
observed data, one should restrict to the data from the region in which the actual
density is equal, or at least close to, the value of the average density. Hence to select
proper data one needs to know the actual microscopic state of the automaton. Such a
procedure is possible in simulation, but not in an experiment. Thus, the very small
differences Id(i)| between cumulative and equilibrium values of n; suggest that
variables in obtained equations can be approximated by cumulative values, which
can be collected without bothering of which density they are related to. Therefore,
unselected experimental data can be used for a test to find out if they obey relations
of the model or not.
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n(i, p) ld@)!
L]

Fig. 5.4 The numbers of clusters n(i, p) for size i for three chosen densities p: the equilibrium
p = 0.308 and two quite extreme values p = 0.248 and p = 0.380. The top right panel shows
difference ld(i)l between n(i,p) in equilibrium case and cumulative n; for all densities. Dots
represent simulation data (selected for the given density), solid line - formulas for the equilibrium
model and dashed line - percolation model

The proposed random domino cellular automaton is an extremely simplified
model of earthquakes and there is no surprise it does not give deep insight into
them. However, the presented method of analysis may lead to substantial improve-
ment in constructing and understanding models of various natural phenomena. The
advantage of the model is its transparent description without neglecting higher
terms and other approximations. The exact formulas can serve as a basis for testing
more complicated ideas like some application of the Ito equation to geophysics (see
the next chapter in this monograph).

Last but not least, we enumerate few straightforward generalizations. Each
element of the presented automaton - including the incidence rule - can be
subjected to various modifications. To be more specific, one can consider differ-
ent geometry of the array (for example, a tree shaped like Bethe lattice or any in
bigger dimension), different capacities of cells and different kinds of blocks
(particles) can be distributed to the system. Also there are many kinds of depen-
dence of energy release threshold (on space position, on states of cells in a
neighbourhood etc.) just to mention few ideas. We leave these possibilities for
further investigations.
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Chapter 6

Ito Equations as Macroscopic Stochastic Models
of Geophysical Phenomena — Construction of the
Models on the Basis of Time Series

Z. Czechowski and M. Bialecki

6.1 Introduction

Stochastic processes are commonly used to build macroscopic phenomenological
models of physical, geophysical, biological or economical systems. Earthquakes
are particularly predestinated to be described by stochastic processes. Occurring
in the crust, mechanisms which generate events are very complex and inaccessible
for a direct observation. We can register only some external phenomena such
as seismic waves, surface deformations or other indirect effects. However, the
construction of adequate macroscopic models (stochastic processes) describing
observable phenomena may help in understanding the intrinsic processes on the
microscopic level (i.e., the physical model of seismic source) and then in analysing
of such effects as synchronization or triggering.

Ordinarily, the microscopic description of the phenomenon can be given by a
system of nonlinear differential equations or, in computer simulations, by some
rules which govern the microscopic evolution of the model. Some simple stochastic
input may be included in both approaches.

The microscopic model may be a system of many degrees of freedom; however,
in many cases its macroscopic behaviour is characterized by one or two dominative
modes. Such a macroscopic variable (variables) can be given, for example, by an
average of some function of microscopic variables or even by a predominant (or
that which can be observed in practice) microscopic variable itself.

Therefore, a behaviour of the macroscopic variable may be governed by the
mixed stochastic process with additive/multiplicative fluctuations. Starting from a
microscopic description, these fluctuations arise from the elimination of the irrele-
vant degrees of freedom in favor of a small number of macroscopic variables.
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The form and parameters of the macroscopic stochastic equation are determined by
the complex action of intrinsic degrees of freedom on the evolution of the macro-
scopic variable.

The modeling of phenomena which have stochastic features can be performed
by using:

— linear stochastic models, e.g., ARMA, etc. . ., (Markov of order m),
— nonlinear deterministic models which lead to a deterministic chaos,
— nonlinear stochastic models, e.g., Ito, Fokker-Planck (Markov of order 1).

Physical systems (isolated) may be described by the Markov process, then all
microscopic variables comprise the vector y. Moreover, for some systems the
reduction in dimensionality can be performed and then the process is approximately
Markovian (on the macroscopic level).

Here, we consider only scalar stochastic processes and we assume that they can
be approximated by diffusive Markov processes.

One-dimensional diffusive Markov process Y() is governed by the Ito stochastic
differential equation [e.g. Oksendal 1998]

dy = a(y)dt + +/b(y)dW (1), 6.1)

where a(y) and b(y) are known to be the drift and diffusion coefficients, respec-
tively, and W(¢) is the Wiener process. The transition probability density of Y(z),
denoted by p(v,t) = P(y, t|yr.an t-dt), is governed by the Fokker-Planck equation
[e.g. Risken 1996]

2
P00 = = o Tap 0.0+ 5 5 PO 62)

Physical interpretation of the Ito equation is simple: it is the modified diffusion
in the potential niche. Classical diffusion described by the term +/bdW (¢) (additive
fluctuation) can be modified by the dependence on the current value of y, i.e.,
V/b(y)dW(r) (multiplicative fluctuation). The potential V(y) is given by the drift
term, V’(y) = —a(y). The shape and slope of the potential niche V(y) and the
strength of the stochastic force\/b(y)dW (¢) are an average effect of intrinsic
interactions in the microscopic level and of boundary conditions.

The histogram method [Siegert et al. 1998] of reconstruction of the Ito equation
from the time series data was tested successfully by their authors in cases of time
series generated by Ito equations only. However, for real, geophysical time series
the question arises whether the resulting Ito equation (in which both terms have
simple physical interpretations) is physically adequate to the phenomenon under
investigation [Czechowski and Rozmarynowska 2008, Rozmarynowska 2009].

The aim of the paper is to show that Ito equations may constitute quite good
macroscopic models of phenomena (where y is the variable which is measured) in
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which microscopic interactions are averaged in an adequate way. Then, the three
important questions arise:

1. How does the microscopic working of a model determine forms of functions a(y)
and b(y) in the related Ito equation?

2. Can we extract from the form of the Ito equation any conclusions concerning
microscopic aspects of the phenomena?

3. Can an unknown process be reliably described by 1-D Ito model?

In order to answer the first question we investigate (in Section 6.2) simple
microscopic toy models, whose full evolution is observed during computer simula-
tion. We choose some quantity in the model, which may be interesting for an outer
observer and we register its fluctuation as a time series. By using the histogram
method of reconstruction of the Ito equation on the basis of time series we obtain
adequate drift and diffusion terms.

Section 6.3 includes some answer to the second question. For the case of
geophysical time series we construct the Ito equation. An analysis of functions
a(y) and b(y) leads to some interesting conclusions concerning some microscopic
features of the phenomena.

In order to answer the third question, a simpler problem (in Section 6.4) is
considered: a geophysical phenomenon is replaced (modeled) by a simple cellular
automaton. The evolution of the model leads to the time series of some variable,
which is interesting for the observer. The aim is to derive analytically, on the basis
of automaton rules, the stochastic Ito equation for the variable and to compare the
equation with that reconstructed by the histogram method from time series gener-
ated by the cellular automaton.

In Section 6.5 two examples of the stochastic control are analyzed.

6.2 What do a(y) and b(y) consist of?

We are going to check how the microscopic working of a model determines forms
of functions a(y) and b(y) in the related Ito equation. In order to do it we construct
toy models whose working is simple and stationary. Then we choose some quantity
y which may be considered as a macroscopic observable. The toy model generates
the time series for this quantity. Next we use the histogram method to construct
functions a(y) and b(y) in the Ito equation. Because we can follow the microscopic
working of the model in detail, we may try to link it to the macroscopic behaviour of
drift and diffusion terms.

1. Random replacing of black and white cells on 2-D array

The model (we follow our paper, Czechowski and Rozmarynowska 2008)
aims at demonstration how the potential arises during the purely random process.
We start from a state of a square array (LxL cells) in which black (occupied) and
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white (empty) cells are randomly distributed. Then we fix an integer value k, which
is smaller than number L’ of all cells in the array. At each step of time evolution,
two integers n; and n, are randomly drawn from the interval [0, k]. Next, we define
the state replacing procedure. Two individuals jump by turns randomly on the array.
The first changes black cells on white (but white leaves white), the second white on
black (but black leaves black). The first jumps n; times, the second 7, times. After
the step of the procedure we count the number of black cells on the grid (see
Fig. 6.1) — this is the first x; in our time series. We repeat the procedure N times to

complete the time series x;, x2,. . ., Xy. The transformed time series (see Fig. 6.1)
X 1
Yi=175 (6.3)

is analyzed. The histogram procedure calculates histograms of joint and stationary
distribution functions (Fig. 6.2) and leads to drift and diffusion functions in the form of

50
40
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Al IH. "ll IL I |I.|||I||u\|.1||.| ;
Il l” | IIIH],'IWIU I lrlll‘
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Fig. 6.1 The toy model 1: an example of the array state (left), time series resulting from the
evolution of the model, N = 10000

p(y)

y

-0.04 —-0.02 0.00 0.02 0.04

Fig. 6.2 Histograms p(i,j) (left) and p(i) (right) constructed from the time series (Fig. 6.1), line —
Gaussian fit
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clouds of points (resulting from these histograms). We can see from Fig. 6.3 that a(y)
may be approximated by the decreasing linear function a(y) = —2.8423y and b(y) by
the constant b = 0.0019.

It can be shown that the drift a(y) (or the potential V(y) = 1.4217y2) does not
result from any external forces in the model but rather from the limitation of size of
the array. This resembles the Ehrenfest urn model [e.g. Feller 1966]. Fig. 6.4 shows
that when the size of the array is increasing, L = 50, 100, 150, then the drift force
diminishes and the niche of potential is shallowing. Of course, the same effect may
be obtained for the fixed array (L = 50) and decreasing parameter k, k = 2500, 1000,
500, 200 and 50 (see Fig. 6.4). Fig. 6.5 explains this behaviour: for a small array
(L = 50) and for £ = 50 random variables do not diffuse too far from the average
value and the process resembles the Rayleigh particle walk. However, for a big
array (L = 150) distant excursions are possible, because then there is a greater
probability of creation of new areas with the same cell states, in comparison with
the previous step of the evolution procedure. Then the process resembles the
random walk (see Fig. 6.5¢) but it is stationary. With L — oo the process tends to
the non-stationary random walk.

a(y) b(y
0.005

0.4

0.004 ¢

0.003 ¢

0.001 |

-0.04 -0.02 0.00 0.02 0.04 Y

Fig. 6.3 Illustration of coefficients a(y) and b(y) calculated (points) by the histogram method from
the time series (Fig. 6.1). Lines present fitted functions: a(y) = —2.8423y and b(y) = 0.0019

V(y)
0.035 F 50x50 | 100x 100
0.030 F
0.025 }
0.020 f
015F

150x150

' : ' ey - : : -y
-04  -02 0.2 047 -04  -02 0.2 0.4

Fig. 6.4 Potential niches: left - for increasing array size: 50x50, 100x100 and 150x150 with
assumed parameter k = 50 for each case, right - for increasing parameter & = 50, 200, 500, 1000,
and 2500 for the fixed array size 50x50
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Fig. 6.5 Comparison of three
time series for three array
sizes (50x50, 100x100 and
150x150) with assumed
parameter k = 50 for each
case

2. Evolution of “forests”
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50x50

The second, more complex model described the evolution of “forests”. We
constructed the model in such a way in order to demonstrate how multiplicative
fluctuations may be generated [see Czechowski and Rozmarynowska 2008].

We put the initial state of the array in the form of large primaeval forest (see
Fig. 6.6). Next we assume the two competitive processes:

— arandom number r; € [0, current perimeter size] of new trees (black cells) grows

only on the perimeter of forests,

— arandom number r; € [0, current number of trees] of trees disappears in random

places in forests.
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Fig. 6.6 The toy model 2: left — initial state (“primaeval forest”) of the array, right — an example
of the array state during stationary evolution stage of the model
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Fig. 6.7 Time series generated by the toy model 2 (oscillation of number of trees — black squares)

After each step including the two processes the number of black cells y(i) (the
surface of forests) is calculated. The process becomes stationary (see the state of the
array in Fig. 6.6 and the time series in Fig. 6.7) after an initial stage.

The time series is analyzed by the histogram procedure, and we obtain interesting
forms of functions a(y) and b(y) (see Fig. 6.8), the fitted polynomials are as follows:

a(y) = 4255 — 7.95y + 0.053y* — 0.0001y* + 3.67 - 10~3y*, (6.4)
b(y) = 3145y + 7.098y”. (6.5)

The potential niche is presented in Fig. 6.9. Here, the drift force a(y) contains,
apart of the influence of the array size, an average effect of the two competitive
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Fig. 6.8 Graphs of functions a(y) and b(y) for the toy model 2. Points — calculation from the time
series, line — nonlinear fit: a(y) = 4255 — 7.95y + 0.053y*— 0.0001y’+ 3.6710°%y*, b(y) = 3145y +
7.098y?
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Fig. 6.9 Potential V(y) for the toy model 2

processes. The diffusion term is dependent on the state of array, b(y) is a square
increasing function. The question is why random jumps,/b(y)dW (¢), are longer (in
average) for a greater surface of forests. The appropriate construction of the toy
model let us to give a simple answer: then r; and r, are chosen from wider ranges
(current perimeter size and current number of trees are greater). It should be noted
that the perimeter of percolation 2-D cluster is, in average, proportional to the size
of the cluster [Stauffer and Aharony 1992].

3. Domino cellular automaton

We construct such a very simple 1-D toy model with avalanches which can be
described by analytical equations (see Chapter 5.1 of the monograph). This feature
will be useful in Section 6.4. The automaton rules are as follows: particles are added
and lost from the 1-D grid (of size N) according to the procedure:

— at each step a particle is randomly added to one of the boxes,

— if it hits an empty box it becomes occupied,

— when it hits an occupied box the whole cluster (chain of neighbouring occupied
boxes) is lost, i.e., the avalanche appears (see the time series in Fig. 6.10).
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Fig. 6.10 The domino automaton: left — time series for avalanche sizes w(i), right — time series for
density p(i)
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Fig. 6.11 Graphs of functions a(y) and b(y) for the domino automaton. Points — calculation from
the time series, line — linear and nonlinear fit: a(y) = 1 — 3.25y, b(y) = 0.22 - 0.87y + 1.17y2

However here, not avalanche sizes w(i), but the density p(i) of occupied cells on
the grid (calculated after each avalanche) is considered (see the time series in
Fig. 6.10).

By using the histogram method we obtain adequate drift and diffusion terms
(see Fig. 6.11). The drift function is a linear decreasing function as in the above-
mentioned model of random replacing of black and white cells on 2-D array. The
diffusion function b(p) is not a quadratic increasing function (as in the forest
evolution toy model) but has a nonlinear decreasing shape.

Microscopic interpretation of these two functions is not simple. However, it can
be shown that here the potential V(p) is not a result of the limitation of the array size
(as in the above-mentioned random color replacing model), but arises from micro-
scopic rules of the automaton. The left potential wall appears because for p smaller
than p,, creating of new occupied boxes is more probable than starting a big
avalanche (so the effect of repulsive force, in direction towards the right, appears).
Similarly, the right potential wall can be explained by the fact that for big p the
probability of triggering an avalanche prevails over the tendency of increasing p
(the repulsive force to the left).

The size of diffusion jumps+/b(p)dW (¢) is dependent on the density p, but in the
region p,,< p < 0.4 the function b(p) is nearly constant. Greater jumps for p < p,
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(the smaller the p the larger the jumps) mean that the randomness has a greater
influence on evolution in this region. However, the effective jumps will be executed
on the right (in average) because of prevailing influence of the potential left wall.

The analysis of the simple domino cellular automaton is a good initial point
for investigation of the avalanche time series (Fig. 6.10). Unfortunately, micro-
scopic interpretation of the avalanche behaviour is much more difficult because the
avalanche size is a complicated function of the array state and we can not join the
current avalanche with the previous one. Therefore, the choice of density p as an
observable was more appropriate for a microscopic interpretation. Here we restrict
our investigation of avalanches to extraction of the stationary probability and
functions a(y) and b(y) from the time series.

The stationary probability (Fig. 6.12, top line) may be approximated by the
exponential distribution (for i > 7). The function a(y) is a linear function (Fig. 6.12,
top line) and the function b(y) is an increasing (for y > /) nonlinear function which
may be approximated by the polynomial b(y) = 216 + 27.8y + 6y + 6.2y°.

It is interesting to compare the results with that for the cellular automaton on the
Bethe lattice and the Bak-Tang-Wiesenfield (BTW, see Bak et al. 1988) cellular
automaton. For the three automata we observe similar behaviour (see Fig. 6.12):
a(y) are linear decreasing functions, b(y) are nonlinear (square) increasing functions
for larger y. The substantial difference is that for Bethe CA and BTW CA the
stationary distribution function has an inverse-power (not exponential) form (in its
central part).

6.3 Extracting microscopic information from a(y) and b(y)

In Section 6.2 we have shown that it is possible to construct such a toy model which
gives required characteristics of drift and diffusion function in the (re)constructed
(from the time series generated by the toy model) Ito equation. Here we will try to
discuss the opposite problem: can we deduce information about the microscopic
behaviour of the process from the forms of functions a(y) and b(y)? The problem is
difficult, the knowledge of these functions (and of course the stationary distribution
function and the transition distribution function) contains only averaged properties
of the system.

We are going to extract some information from the geophysical time series (see
Fig. 6.13): daily mean aerosol optical depths measured at wavelength 320 nm by the
Brewer spectrometer in the period 1992-1996 at Belsk Geophysical Observatory
(Poland) — summer seasons (Jarostawski et al. 2003).

By using the histogram method we obtain clouds of points (and fitted functions)
which illustrate p(y), a(y) and b(y) (see Figs. 6.13 and 6.14). We can divide the
range of y on two limits. For y < 0.4, b(y) is nearly constant and a(y) is a decreas-
ing linear function; this leads to the Gaussian stationary solution (see Table 1 in
Czechowski and Rozmarynowska 2008). In the second region, for y > 0.4, b(y)
becomes a square increasing function, therefore the exponential tail of the station-
ary distribution appears (Fig. 6.13). In the Gaussian regime there are additive
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Fig. 6.13 Left - daily mean aerosol optical depths time series measured at wavelength 320 nm in
period 1992-2006 at Belsk (only summer seasons: months April-September). Right - the stationary
distribution function p(y) for daily mean aerosol optical depths time series
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Fig. 6.14 Graphs of functions a(y) and b(y) for the aerosol optical depths. Points — calculation
from the time series (Fig. 6.13), line — nonlinear fit: a(y) = 13.5 — 23y — 34y2, b(y) =22 -36.5
(y — 0.1+ 554y°

fluctuations and the process of daily mean aerosol optical depths change is the
Ornstein-Uhlenbeck process. However, in the exponential regime a new mecha-
nism appears, and there are multiplicative fluctuations, which are increasing with
the current state y. Therefore, the process might be described by the modified
domino cellular automaton (compare Fig. 6.14 with Fig. 6.12): avalanches are a
manifestation of daily mean aerosol optical depths; the modification is that in the
Gaussian regime probability of hit a cluster will not depend on the cluster size. The
example shows that there are some prospects, but the topics needs further develop-
ment in specific case studies.

6.4 Analytical derivation of a(y) and b(y)

In Sections 6.2 and 6.3 we have used the histogram method to construct Ito
equations on the basis of time series. We have assumed silently that this macro-
scopic description is valid in these cases, i.e, that the processes might be approxi-
mated by the one-dimensional, Markov diffusion process. However, some of these
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models (phenomena) have been complex systems with few or more degrees of
freedom, so we are not sure if we are allowed to construct the Ito equation as a
reliable macroscopic model. Of course, it is very difficult to solve this problem in
general. However, it would be useful to derive analytically the Ito equation for a
case of simple cellular automaton.

Just to this aim we introduced the domino model (Section 6.2 and Chapter 5.1
of this monograph). We assumed a quite natural convention in the model: what
provokes us to investigate the lattice state are avalanches; therefore, we monitor
avalanche sizes and the density p of occupied cells in the lattice after each avalanche.
According to our convention the effective change of p is a result of growth of p in
unit steps before an avalanche starts, and a drop of p in the avalanche.

Let us derive the probability EG(k) of effective gain (an increase by k boxes) of
the number of occupied boxes calculated immediately after an avalanche:

o0

k
s=k+1

where (I- p)* is the probability of hit one after the other of s empty boxes, p is the
probability of hit of an occupied box in the next step, and w_i(p) is the probability
that this occupied box is a part of the cluster of size s-k.

Similarly, we can derive the probability of effective loss EL(k):

k e -
EL(k) EP(p,- —yoit l|pl~,i) => (1=p) " p-wilp), 6.7)
s=k

where the size of avalanche excels step gains before the avalanche. Due to the basic
assumption in the model that a hit of any occupied box belonging to a cluster of size
s triggers the avalanche of size s, we have

p-ws(p) =s-ng(p), (6.8)

where ny(p) is the number of s-clusters per lattice site (i.e. divided by N).

Formulas for probabilities EG(k) and EL(k) allow us to calculate the transfer
probability P(3,t+ t;y,t) needed in expressions for a(y) and b(y) (see Risken
1996):

aly(®) =ty [ 2650+ ) = 5IP G + el (69
bly(0) = tim [ 250+ ) <5l +0) PG+ v (610)

where y(z + 1) is the solution of the Ito equation after time 7 (when the initial
condition in time ¢ is y(¢) = y(¢)) and P(3, 7 + |y, t) is the conditional distribution
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function. The distribution function is approximated by using histograms of joint

distribution function P(3,¢+ t;y,7) and of stationary distribution function P(y, )

according to the formula

P(3,t+1y,1)
P(y,1)

Here we replace the integrals in (6.9) and (6.10) by sums and we omit limits. The
time increment 1 refers to the time step in time series. Therefore:

u/k U= k. . k. ANR
a(p):;<ﬁ>:;z|:P(pi+ﬁ,l+l|pi,l) —P(pi—N7l+l|pi,z>]N, (6.12)

k=1

u? k\?
b@>;<(ﬁ)>
e k. . k. N\T/k\?
:?;{P<pi+ﬁal+l|phl)+P<pi—ﬁ,l+1|pi,l)](ﬁ) . (6.13)

where u =I/N. However, in formulas (6.6) and (6.7) with (6.8) we need an evident
expression for ny(p). If the automaton was as random as the 1-D percolation model,
then ny(p) would have the form [Stauffer and Aharony 1992]:

P(y,t+ 1|y, 1) = (6.11)

ny(p) = p*- (1= p)°. (6.14)
Then, we obtain the following analytical formulas:
ko N _ pl=p)t
P pi-i-—,l-i-lpi,l):i (6.15)
< N (1—p+p?)?

fork=0,1,2,...,and

k “(1—p)’(k+p — kp — p? + kp?
P<pi_—vi+1|/9iai):p( o kv e pzp ) (6.16)
(1= p+p)

for k =1, 2, .... They fulfill the normalization condition:

> [EG(k) + EL(k)] + EG(0) = 1. (6.17)
k=1
Then, it is easy to calculate the functions a(p) and b(p):
1-3

a(p) = ——" (6.18)

p(l—p)
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Fig. 6.15 Comparison of analytical formulas for a(y) with simulation for the domino automaton.
Points — results from the time series, dashed line — percolation approximation (6.18), continuous
line — calculation by using analytical recursive expressions (5.7), (5.8) and (5.9)
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Fig. 6.16 Comparison of analytical formulas for b(y) with simulation for the domino automaton.
Points — results from the time series, dashed line — percolation approximation (6.19), continuous
line — calculation by using analytical recursive expressions (5.7), (5.8) and (5.9)
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A comparison with simulations (see Section 6.2) shows (see Figs. 6.15 and 6.16)
that these functions behave in a similar way but they do not fit to simulation results:
the function a(p) is shifted upwards, the function b(p) decreases too fast.

According to the analysis in Chapter 5.1 we know that we have adopted an
improper formula for cluster distribution. Therefore, now we try to use analytical
recursive expressions (5.7), (5.8) and (5.9) for np) derived in that chapter. They
are exact only in the equilibrium state, but for p away of p,, there is a reasonable
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correspondence between theoretical graphs and simulation data (see Fig. 6.17).
Resulting graphs for a(p) and b(p) are presented in Figs. 6.15 and 6.16 (we do not
write exact formulas here because of their great complexity). We observe much
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Fig. 6.17 Comparison of analytical formulas for n(i, p) wherei= 1,2, ..., 8, with simulation for

the domino automaton. Points — results from simulations, dashed line — percolation approximation
(6.14), continuous line — analytical recursive expressions (5.7), (5.8) and (5.9)
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better conformability of these graphs (than functions given by the percolation
approximation) with a cloud of points (illustrating functions a(p) and b(p)) obtained
from time series.

The derivation of the Ito equation for the cellular automaton shows how the
complex nonlinear microscopic working of the model can be contained in the two
functions a(p) and b(p) which represent macroscopic (averaged) aspects of the
automaton. This result gives a hope that for some other complex systems the Ito
models may become good approximate descriptions.

6.5 Stochastic control in Ito models

When we have the appropriate macroscopic stochastic model of the phenomena
under investigation then we can study some interesting aspects, as for example the
stochastic control or the synchronization. Here we analyze some possibilities of the
stochastic control in order to reduce the probability of greater (more dangerous)
events. We study the two examples.

1. The process is described by the following Ito equation:

dy(t) = = (1 — 2y)At + /y?W(z) (6.20)

| =

for which (see Table 1 in Czechowski and Rozmarynowska 2008) the stationary
solution has the inverse-gamma distribution function (long tail). We would like to
introduce a small external force in order to shorten the long tail. The simplest
method is to use the small additional white noise term:

dy(t) = %(1 —29)At 4+ PEW () + W (1), 621)

where we assume ¢ = 0.1. By using the histogram method to time series generated
by the two Ito equations we calculate stationary distribution functions. Figure 6.18
shows that even such a simple random small term leads to the essential shortening
of the distribution tail.

2. In the second example we try to use the y-dependent control term. The following
Ito equation:

1
dy(r) = =5 (vlogy — y)Ar+ \/y2W () (6:22)

has the log-normal stationary distribution (see Table 1 in Czechowski and
Rozmarynowska 2008). Modified equation:

dy(t) = — % (ylogy — y)Ar + /y2W (1) + e/3W, (1) (6.23)
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Fig. 6.18 Stationary distribution function p(y): “*” inverse-gamma solution of the equation
(6.20), “+4” solution of the equation (6.21) with a reduced tail
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Fig. 6.19 Stationary distribution function p(y): “* “ log-normal solution of the equation (6.22), “+4”
solution of the equation (6.23) with a reduced tail

gives the stationary solution with the reduced tail (see Fig. 6.19, ¢ = 0.1).

These simple cases show that Ito models and the histogram method are very
handy for different uses. The synchronization between two correlated stochastic
processes may be investigated by using the vector Ito equation.

6.6 Conclusions

There are two complementary methods of modeling of natural phenomena which in
general are hidden but manifest themselves by some observable effects. The first
consists creating a detailed deterministic microscopic model based on physical
premises. In the second method, we construct the stochastic model describing
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macroscopic (or averaged) behaviour of the system. This model uses mainly the
information from time series of observable variables. This approach has advantages:
what is important is not a detailed model but rather effects which we experience. They
are results of collective or competitive interactions of system elements. Therefore, we
are interested in external, macroscopic evolution; particularly in some regularities or
statistical details which might help us in the prediction or the control.

In this paper we decided that promising stochastic macroscopic models of
phenomena are the Ito equations. Therefore, we were checking whether the com-
plex systems (toy models) could be described by the Ito equations and how
microscopic working of the model creates the form of drift and diffusion terms.
We showed also that, inversely, from the form of the Ito equation some microscopic
details of the geophysical phenomenon can be deduced.

The histogram method of construction of Ito equation from time series is simple
and effective — it always leads to clouds of points illustrating functions a(y) and
b(y). However, the efficiency may be fallacious. It appears that sometimes the time
series generated by the constructed Ito equation does not reflect characteristics of
the initial time series. This must be caused not by the scattering resulting from too
small number of data or from inaccurate fit of polynomials for a(y) and b(y), but
rather by the fact that in this case the time series can not be approximated by a
diffusion Markov process. For nonlinear processes it is difficult to deduce the
Markov property, but it is more difficult to ascertain whether they are diffusion
processes. Practically, we can only compare initial and generated time series — if
they behave in a similar way, we can state that the time series under investigation
may be approximated by the adequate diffusion Markov process.

However, in some simple examples one can try to derive analytically the Ito
equation directly from equations or rules defining the model. We succeeded in
achieving the purpose in the case of domino cellular automaton. Analytical deriva-
tion of the Ito equation for a simple cellular automaton advances the motivation for
using the Ito equations in description of external, macroscopic effects generated by
complex processes.

Ito equations have simple physical interpretation and compose handy models for
studying some interesting aspects, as for example the stochastic control or the
synchronization. The additional advantage of Ito models is their relevance to the
Fokker-Planck equations which describe the evolution of distribution function of
the process. In our opinion this topic deserves further detailed studies.
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Science and Higher Education grant no. 30/W-INTAS/2007/0.
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Chapter 7
The Importance of Privilege for the Appearance
of Long-Tail Distributions

Zbigniew Czechowski

7.1 Introduction

Many geophysical phenomena, because of their complexity, manifest non-regular
and chaotic behaviour. It appears, however, that statistically some observational
distributions and patterns reveal that their nature is not purely random (here we
call a phenomenon to be purely random if it is characterized by the uniform,
Poisson, exponential or Gaussian distribution function). The patterns have a fractal
or multifractal structure and the distributions resemble long-tail inverse-power
form. Particularly, the fractal excitament, since Mandelbrot’s book (1982), caused
a spreading interest of this subjest.

Widespread appearance of power distributions in nature and human activity
raises self-evident questions about their reasons. Commonly, power distributions
were related to the following four cases: phase-transitions, large interactive sys-
tems, nonlinearities which lead to chaotic behaviour, and formation of fractals.
Applications of above-mentioned cases to geoscience and other branches of science
are very wide. However, apart from recovering some analogies between pheno-
mena in nature and the four cases, they did not explain causes for the appearance of
inverse-power distributions. Using the designation ‘inverse-power’ we mean not
only strictly inverse-power distributions but also those which resemble them over
some ranges of scale. Still, the majority of observed distributions show the inverse-
power behaviour for a limited range of scales only.

The aim of the chapter is to show that origins of inverse-power distributions in
these phenomena may be enclosed into an unified description — by the privilege
concept. Here, the privilege means the susceptibility of the state onto a change. The
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particular example of the privilege was the idea of preferential attachment (new
objects tend to attach to popular objects) introduced by Yule (1925) and explicated
by Simon (1955). A development of the idea for the case of cities growth was given
by Gabaix (1999). The privilege concept is intuitive. It can describe physical,
biological, psychological, geometrical and even abstract mechanism. In spite of
the lack of precise definition, the privilege concept illustrates the common feature
of phenomena leading to long-tail distributions. For a given mathematical descrip-
tion the privilege is defined more precisely.

The Gutenberg-Richter law, Omori’s law, the distribution of crack populations
and fault distributions are examples of such self-similar organizations over a
wide range of scales in seismology. It raises the question how deep the intrinsic
fractal structure exists in nature. It may only be the output phenomena that show
self-similarity, whereas the deep structure is purely random. On the other hand, if
properties of physical intrinsic processes were purely random it should generate
exponential (uniform, Poisson, Gaussian) distributions. However, nonlinearity of
the process can be responsible for the transformation of distributions.

In this chapter we present results, pertaining to the privilege concept, chosen
from our papers: Czechowski (1991, 1993, 1994, 1995, 1997, 1998, 2001, 2002,
2003, 2005), Czechowski and Rozmarynowska (2008). In Section 7.2 we show
what properties of mathematical non-linear models (black box) are sufficient to lead
to the transformation of random (exponential) distributions onto long-tail distribu-
tions. We find that quite a wide class of nonlinear functions (or equations) fulfills
this requirement. This may explain the universality of long-tail distributions in
nature. Section 7.3 introduces a simple model in which the privilege is taken into
account. We analyze the influence of a type of privilege on the form of solutions.
Due to the fact that the influence of the privilege on the output distribution depends
on the initial/boundary conditions in the phenomenon, we explain this problem in
Section 7.4. The correspondence of Ito equations with the privilege is discussed in
Section 7.5. In Section 7.6 we shortly refer to the multiplicative processes and their
relation to the privilege and the Ito equation. The theoretical approach presented in
the mentioned sections is applied (in Section 7.7) to geophysical, physical and other
problems in which long-tail distributions appear. Physical (geometrical, etc.) inter-
pretations of the privilege are given.

7.2 Nonlinear Transformations

Geophysical phenomena as well as many others may be modeled as a kind of black
box g which transforms input random variables x into the output random variable
y = g(x) that is of interest (is observed) in a given phenomenon. Unknown para-
meters or some aspects of intrinsic structure of the model g can be used as the input
random variables. We assumed purely random (e.g., exponential) distribution
functions for them.
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Fig. 7.1 Tllustration of the p(x) p(y)
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Fig. 7.2 Graphs of transformations y=g(x) (left) and adequate distributions p(y) (right) for cases
(7.1) = (7.4). Here 2A and 2B correspond to the case (7.2) with k = 4 and k£ = 8 respectively

The influence of the non-linearity of the model g on the output behaviour is
investigated. To be more exact, the kind of nonlinearity of a model that transforms
an input random variable x with exponential (or uniform, normal) distribution into a
variable y with a long-tail distribution (see Fig. 7.1) over a wide range of scales is
analyzed. We follow our papers Czechowski (2001, 2002, 2008).

7.2.1 Transformation y = g(x) of a random variable x

It was shown (Czechowski 2001) that the function g(x) = a“exp(ax), where a =
1/(a—1), transforms the input random variable x with exponential distribution
function px(x) = e " onto the output random variable y with the inverse-power
distribution py(y) = y~*. However, there also exists a wide class (shaded region in
Fig. 7.2) of nonlinear, adequately fast increasing functions g(x) which leads to
power-like distributions. The class includes functions between power one, g(x) = X
for sufficiently large k, and those that increase very fast along a vertical asymptote.
Figure 7.2 shows graphs for the four examples:

pr(y) =y fory=g(x) =aexp(ax), (7.1)
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1 1 1
pr(y) =y Texp(—y) fory = g(x) =, (7.2)
—/1
pr() =S for y = o) = exp(?), 3)
o0 (%) :
pr(y) = T+ for y = g(x) = T—x (1.4)

This amazingly wide class of functions which transform purely random distribu-
tions into power-like output forms may lead to the explanation of the universality of
long-tail distributions in nature.

7.2.2 Transformations given by solutions of random
differential equations

The nonlinear transformation y = g(x) (executed by the black box) may be given by
a solution of random differential equation. We discuss some examples:

a) Random initial problem:

dy _
— = B0, (0 =x (7.5)

X
1 —a(oe— 1)xx1g] Vet
increases to infinity along the vertical asymptote and the distribution function has
an inverse-power form (for y big enough):

If B(y) = ay” then for o > 1 the solution y(¢,x) =

fo.0) = ! - ) (7.6)

[+ a(o— D)y 1o/ exP(u Falo— 1)y 1] 1/

The example corresponds to a simple (not time-dependent) case (7.4).

It should be noted that even for non-power form of B(y), but such which increases
faster than the linear function, the inverse-power solution is obtained; for example,
if B(y)=y log(y) then y(t.x) = x“"" and f(y, 1) = A(t) exp[—y*V]y* )" has the
inverse-power 1/y tail for large t (where A(t) = e”).

b) Random additive force x:

& _

=Bt y0)=c (7.7)
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av/x + xtan(./xr)
V/x — atan(+/xr)

infinity along the vertical asymptote and the adequate distribution function has
an inverse-power form. The same behaviour is observed for other o>/ (see

Czechowski 2001).

increases to

If B(y)=ay” then for a=2 the solution y(t,x) =

¢) Random multiplicative force x:

dy B
S =00, 0 =c (7.8)

Here, the solution is exponential, y(#,x) = a exp(zx), and the distribution function
(according to (1)) is the inverse-power one.

According to the Liouville theorem (see, e.g., Sobczyk 1991), the initial problem
(7.5) corresponds to the Liouville equation:

of(y,1)  Olf(y,1)B(y)] : 7

=0 0)=e7. 7.9

5 T o , f0,0)=e (7.9)

The distribution function f{y, ¢t) of the solution y(z, x) of eq. (7.5) satisfies the

Liouville equation. This equation may be interpreted as the Fokker-Planck equation
(see, e.g., Risken 1996):

oy, 1) n Af0B(k)] 1 [f(y,)BY)]
ot dy 2 0y?

=0 (7.10)

without the diffusion term.

7.3 The Master Equation and the Privilege Concept

The nonlinear transformation y = g(x) may be the result of working of a very
complex system for which it is very difficult to find the form of g(.). However, if the
process y(t) is the Markov one, the transformation can be described by some Master
equation.

The Master equation (see, e.g., Van Kampen 1987).

of : :

vl JW(y; YO, 0dy —f(v,1) JW(y’; y)dy' (7.11)
describes the evolution of the distribution function f{y,?) of the Markov process y(t).
Here W(y,y’ )dt is the probability of transfer from the state y’ to the state y in time
dt. The state vector y may contain many characteristic variables typical for
the process under investigation. However, due to difficulties with constructing the
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kernel W(y,y’) and with a nontrivial analysis of the equation (7.11) only scalar or
two-dimensional y is considered.

7.3.1 The Pure Birth Master equation

Let us assume that the evolution of the system is given by the Markov process with
continuous time and with discrete state space. Then the Master equation for the
unistep process (see, e.g2., Van Kampen 1987) with steps on right only (pure birth
process) is given by

dpn (t
N BN Y1) + BV~ s (1) (.12)
where N =1, 2, ..., denote states of the system, py(¢) is the probability that the

system is at state NV at time ¢, and B(N)At is the probability of N changing to N+1 in
(t, t +A4¢). The equation is of the gain/loss type; the second term on the right hand
side describes gains (i.e., creating of the state N from the state N-1), the first term on
the right hand side describes losses (i.e., transforming of the state N into the higher
state). The function B(N) can be used for describing the privilege, when the
privilege is the susceptibility of a given state onto a change. For example, if
B(N,) > B(N;), then we acknowledge that the state N, (if N, > N;) is privileged.
There is no privilege when all states change with the same probability B(N,) = const
fori=1,2,...

We showed (in Czechowski 2001, 2002) that the appropriate privilege of higher
states (which means that B(N) is sufficiently increasing function) may lead to the
inverse-power form of the density py(f). Analyzing solutions of (7.12) we take into
account two cases: the initial problem, where we assume only the initial distribution
pan(0) =e ™", and the boundary problem of the source type, i.e., p,(f) = ¢ = const for
t > 0 (the number of states / is maintained constant all the time) and py(0) = e N,

Let us discuss the initial problem. For constant function B(N) = ¢ and for linear
function B(N) = cN, the solution is Poisson and geometrical (Fig. 7.3), respectively.
Only when B(N) ~ N* for & > 1 the solution has a long-tail inverse-power
distribution (Fig. 7.3) for a sufficiently long time ¢.

On the other hand, by introducing the boundary condition of the source type we
obtain steady-state solutions. These are inverse-power functions (see Fig. 7.4) for
B(N) ~ N*, where o > 0. For example, for linear function B(N) = N (and p;(¢t) = 1
for t > 0 and pn(0) = e for N > 1), the solution has the form (Czechowski 2002):

J —

N k—1
—- ! ke
. (713
+Z; — k) k 2)! +jzl:k—1—]'] cn 0B

2\~
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Fig. 7.3 Solutions p(N, t) of eq. (7.12) with the exponential initial distribution p(N, 0) = exp(-N),
for some values of time, for two cases:

B(N) = N (left), for each time the exponential distribution is obtained,

B(N) = N (right), for ¢ = 0.6 the power-like solution is obtained, for longer times solutions do not
change the power exponents of theirs tails
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Fig. 7.4 Solutions p(N, t) of eq. (7.12) with the boundary conditions: p(/, t) =5, p(N, 0) = eV
for some values of time, for two cases:

B(N) = N'*? (left),

B(N) = N (right), For a power form of B(N) ~ N* with o > 0 (privilege) an inverse-power form of
solutions is observed for sufficiently long time, these are steady-state solutions

It tends asymptotically (for + — o00) to steady state inverse-power solution
py=N"".

Therefore, it was concluded (in Czechowski 2001, 2002) that for the boundary
condition even a very weak privilege given by B(N) ~ N* with 0 < o << I leads to
inverse-power solutions after sufficiently long time z.

The coagulation equation (Safronov 1972)

o 17 T
5]; =5 JB(yﬂy =)L 0f v =Y, 0dy = f(y,1) JB(y,y’)f(y’, ndy (7.14)
0 0
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may be treated as the macroscopic equation derived from the adequate Master
equation. Here f{y, t) is the size distribution function (y is the size of the object) in
time ¢ and B(y, y’) is the probability of fusion of two objects with sizes y and y’.
This is a nonlinear equation but has the same loss/gain structure as the linear
Master equation (7.11). It was shown (Czechowski 1993, 2003) that for a constant
coagulation coefficient B(y,y’ ) = B (there is no privilege — small and large objects
fuse with the same rate) the solution of (7.14) has the exponential form f{y, ¢t) =
a(t) exp[b(t)y]. On the other hand, for B(y,y’) = y+y’ (then the probability of
fusion for larger objects is greater that for smaller objects — the larger objects are
privileged) the solution is inverse-power, f(y,t) = c(t) y~'° for large y (see
Safronov 1972).

7.3.2 The Fokker-Planck equation

The continuous version (discrete N — continuous y) of the master equation (7.12) is
the Fokker-Planck equation (van Kampen 1987):

2
A1), O, 0BOY 1 PYO.0BON 1)
ot Oy 2 0y?
It was shown (in Czechowski 2001, 2002) that the behaviour of solutions of the
equation for the initial problem as well for the boundary conditions is analogous
(see Fig. 7.5) to that in the discrete model (7.12). Because the Fokker-Planck
equation describes processes with steps on the right and on the left, the conclusions
concerning the privilege are valid in case of steps on both sides.

f(y)

0.20
0.10
0.051

0.02
0.0l

: cee A Sy
2 5 10 20 50 100
Fig. 7.5 Solutions f{y, t) of the Fokker-Planck eq. (7.15) with:

- the exponential initial distribution f{y, 0) = exp(-y), and B(y) = y2 (left),

- the boundary conditions: f{(/, t) = I, f{y, 0) = exp(-y), and B(y) = y (right). Compare with
Figs. 7.3 and 7.4
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7.4 The Role of Boundary Conditions

The goal of this section is to understand why the introduction of the boundary
condition of the source type leads to inverse-power solutions even for a very weak
privilege given by B(y) ~ y*, where 0 < o < 1.

The master equation (7.12) or the Fokker-Planck equation (7.15) was solved
with the initial conditions or, additionally, with the boundary condition of the
source type, i.e., we put f{y,, f) = const for + > 0. The same conditions could be
assumed for the Liouville equation. However, the random equation (7.5), which
corresponds to the Liouville equation, can be considered only as an initial problem.

At first we will show how to include the boundary condition into the random
initial problem (7.5) (see Czechowski 2002). The linear case:

d

%:era, (0) = x (7.16)
has the solution

y(t) = a(e" — 1) + xe'. (7.17)

The boundary condition f(y;_ t) = c is assumed for y = y,. The trajectory y(z, x) cuts
the line y = y, at the time

t = log (y;ﬂ> (7.18)

From the corresponding Liouville equation:

.0 | Olf O, DB

=0 7.1
o By ) (7.19)
where B(y) =y + a, we obtain
d 0 0
—1 ==—4+y=—|1 =-1 7.20
7 108/ (8t+y8y> ogf (7.20)

along a trajectory (we used B(y) = dy/dt and 0B/0y = 1). Therefore, along the
trajectory:

f,1) =e7f(y,0). (7.21)

By inserting the boundary condition f(y,, f) = c on y =y, and the “time of cutting”
from (7.18) we obtain the initial distribution function in [0, y,]:

)_Cyh+a

f(x,0) = ta (7.22)
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This shows how the boundary condition f(y,, t) given on y = y, coverts itself
onto the inverse-power initial condition f{x, 0) on x € [0, y,]. However, for x > y,
the initial distribution is exponential, i.e., f{x, 0) = ¢ exp(—x + y;).

According to Fig. 7.6 we see that the initial distribution from [0, y,] carried on by
trajectories incoming from this sector has a greater and greater influence onto the
distribution function for some fixed time ¢ > 0 because only these trajectories cut
this line ¢ = ¢’ (parallel to axis 0Y) on a wider and wider range y € [0, y(t)], where
y(t) — oo for t — oo.

In the case of non-linear function B(y) we can not calculate the differential along
trajectory as in (7.20). Therefore, by transformation of variables z = y/(y) we put
(7.19) in the form

Of(z,0) 0z (z,1)]
ot * 0z

=0, (7.23)

and follow egs. (7.16) — (7.22). Then, we invert the transformation of variables in
order to obtain the formula for the initial condition f{x,0) on 0 < x < y,. For B(y) =
y* we obtain

f(x,0)=c (y—”) " (7.24)

X

We conclude (see Fig. 7.6) that the trajectories #(y) incoming from [0, y,] start
to dominate on a larger and larger range of y for sufficiently big ¢. For o < [ this
time is very long. On the other hand, for « > / we see that no trajectories incoming
from (y;, 00) reach some fixed value of time t = ¢ (see Fig. 7.6 for o = 2). Of
course, this is connected to a very fast growth of the function y(f) along the
asymptote (explosion).

t 5.
41
15}
3t
t!
t’
1 0.5 //_,
: ' : : sy : ' : =y
0wy 2 4 6 8 100 0y 2 4 6 8 10

Fig. 7.6 Trajectories y(t) for B(y) = y*, where: o = I (left), o = 2 (right). The boundary condition
f(p.t) = c is assumed for y = y,. Trajectories, which cut that line convert this information
backwards (to the axis OY) onto the inverse-power condition f{y, 0)= c(y,/y)”, which is valid for
0 <y <y, Note, that for y,>y the initial condition is exponential f{y,0)= exp(-y). Thick line
denotes the trajectory incoming from y(0) = y,
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In this way we have shown why introducing the constant boundary condition
leads to inverse-power solutions even for a very weak privilege given by B(y) ~ y
for 0 < o < 1. This boundary condition causes the existence of steady-state
solutions which have the inverse-power form for the power privilege B(y). The
Fokker-Planck equation has the same steady state solutions, so these conclusions
are valid also for equations with the diffusion term.

7.5 Ito Equations and the Privilege

The connection between the Ito equation and the Fokker-Planck equation may be
found by using the Ito Formula (see e.g., Gardiner 1985). Then, the Ito equation,
which corresponds to eq. (7.15), has the form

dy(t) = B(y)dt + +/B(y)dW (1) (7.25)

where W(7) is the Wiener process. For the non-linear privilege B(y) = y* the solution
y(t) is (see Czechowski 2002)

¥(0)
- .
eWn-1/2]1 — y(()) fgW(S)*S/zds
0

y(t) = (7.26)

The stochastic process y(f) tends to oo in a finite time, i.e., it “explodes” if
the denominator tends to 0. This is a similar behaviour as for the random initial
problem (7.5) where there is no diffusion term.

In general, the Ito equation is defined by two different functions a(y) and b(y):

dy(t) = a(y)dt + \/b(y)dW (¢). (7.27)

The equation is not related to the Master equation (7.15); therefore, we can not
explain the privilege hidden in (7.27) by using (as in Section 7.3) the probability
B(.) of changing states. However, for some cases the Ito equation may correspond to
the product of probabilities.

In order to show this we assume that A; denotes succeeding states of the system
and P(A;/A;.;) is the probability of transition from the state A;; to the state A;.
Therefore, if there is no privilege at all (each state evolve in the same way, i.e.,
P(A;/A;_;) = p = const, the probability P(N) of achieving the state Ay by the system
has the geometric distribution:

N
=[IPAilAi) =p" (7.28)

=2
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However, by introducing the privilege in the form:

P(AlA 1) = (1 1.) , (7.29)

favouring higher states (the higher the state - the greater the probability of transfer
to the next state), we obtain the inverse-power distribution P(N) = N~ %,

In Czechowski and Rozmarynowska (2008) we showed that the discrete product
of probabilities corresponds to the following continuous case:

—=2 = —4(y)P(y), (7.30)

where the transfer probability is given by 1 — ¢(y) = 1 —a /y and fits in predominant
terms of expansion of (7.29) for large i. After differentiation in y, equation (7.30)
has the form of the steady-state Fokker-Planck equation:

- lap)] =5 55 ()P = 0, (7.31)

where a(y) = — o/y and b(y) = 2. In this way we showed that the privilege described
by the transfer probability (7.29) is hidden in the Ito equation of the form

dy = —%dr +V2dW (7). (7.32)

This conclusions can be widened (see Czechowski and Rozmarynowska 2008)
onto other Ito equations

dy = —%(ﬁ — )y’ tde+ /yBaw (). (7.33)

which also lead to the steady-state inverse-power distribution pg(y) = y~ . Then,
the privilege for various o and f (i.e., for o > 1, 0 < f < 2) may be explained by the
transfer probability

P(A;|Ai) = (1 = 1) ; (7.34)

2 — 2o

where y = > 1.

In cases of other Ito equations we can reduce them by the variable transformation
to the form with the constant diffusion function b(y) = 1. Therefore, the privilege is
described by the jump y,—yi.,= a(yi.;)dt + dW(t). The stochastic component is
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a(y)

Y S Y N SR B 4
2 4 6 8 10

-0.1}F inverse—gamma
inverse—power
-02F

lognormal
-03F &
-0.4}F

-0.5

exponential
—0.6F normal

Fig. 7.7 Deterministic components a(y) of jumps generated by Ito equations which lead to:
normal, exponential, lognormal inverse-gamma and inverse-power stationary solutions (see
Table 1 in Czechowski 2008)

identical for different a(.), so we investigate deterministic terms only. In Fig. 7.7 we
compare such functions a(y) which lead (Czechowski and Rozmarynowska 2008)
to the following distributions of stationary solutions of the Ito equation: normal,
exponential, lognormal, inverse-gamma, and inverse-power. All the functions have
negative values for a big enough y, which means that some positive quantity is
subtracted from the stochastic jump dW(?): the less is subtracted, the longer tail will
appear. For three cases, which lead to lognormal, inverse-gamma and inverse-
power distributions we observe the same behaviour: la(y)l decreases with increasing
y. This describes the privilege: for greater y a smaller quantity is subtracted from the
random jump (in jumps greater states y lose less). This is an alternative meaning of
the privilege (by using jumps) presented in Section 7.3.

7.6 Multiplicative Processes and the Privilege

Multiplicative processes are defined by the law of proportionate effect
Y =F Yoy =FiFi—y - ... - F1Yy, (7.35)

where Y, and F; are random variables. The simple law describes some kind of
privilege; for higher states Y, greater growths are more possible (because they are
proportional to the current state). This privilege leads to lognormal distribution
(according to the Central Limit Theorem applied to logarithms of random vari-
ables); however, it is known that even small changes, by introducing the source
(Sornette 1998), transport process (Manrubia and Zanette 1998) or boundary con-
straints (Kesten 1973) in the lognormal generative process, yield processes with
inverse-power distributions. They produce steady-state solutions, and because the
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growth process is the same (Y, = F;Y,.;) at all scales, the final steady-state
distribution process should be scale-invariant.
It should be noticed that the multiplicative process

Yi= N+ 1)Y =Y + NiYe (7.36)

(where N is a normally distributed random variable) may be connected with a
simple Ito equation

dy(t) = ydW (). (7.37)
It has the solution

(1) = exp[W(1) - 2]¥(0) (738)

with the lognormal time-dependent distribution

(y,1) L . [ 1(10 +t)2] (7.39)
9 = —F7——=¢CX T A, =y 9 .
PO ) = s exp| =, logy +5

which, however, has an inverse-power tail y*’ for large ¢ (see Czechowski and
Rozmarynowska 2008). This case corresponds to the example (7.8) in Section 7.2
but here the input (i.e., N;) has the normal distribution.

7.7 Applications

In this section we present some examples of applications of the considerations
given above.

7.7.1 Transformation y = g(x)

We start from an example of derivation of nonlinear transformation y = g(x) for the
case of crack propagation problem. The equation of motion of the crack tip was
introduced by Kostrov (1966) (and Eshelby 1969, Freund 1972) and analysed by
Husseini et al. (1975), Rybicki (1995) and Rybicki and Yamashita (1998). How-
ever, in Czechowski (2001) we applied the model for the case of stochastic stress
drop field. In this way we obtained the nonlinear tranformation function y = g(x,,
X2, X3), where y is the crack increment, and the vector x represents three character-
istics of the stress drop field. Different sets of distribution functions for three input x
components were taken into account, but even for three exponential distributions
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the distribution f{(y) of output y had a long-tail form. If only one of x; had the
inverse-power distribution then f{y) would more resemble the inverse-power form.

If we claim that the cause of inverse-power distribution is some privilege, then
we should be able to show explicitly in different examples the form of the privilege
and its physical bases.

7.7.2 Multiplication of probabilities

Looking for the privilege in such a purely random process like the random walk
seems to be a nonsense. However, if we are interested in the time-to-the-origin
problem, the distribution function of the time 7 has the inverse-power form
AT) = T”. In Czechowski and Rozmarynowska (2008) we resolved this problem
to the product of probabilities (see Section 7.5) where

P(Aj|Ai ) =1~ 23 (7.40)
1

Graphically we can interpret the process as the changing of paths (which start from
the origin and end at the origin, not crossing 0) in time-distance space. The privilege
is connected with increasing number of possible paths for higher states.

Another example concerns the simple model of crack propagation by succeeding
breaking of bonds (de Arcangelis 1990). If the probability of breaking each of k
bonds is constant, the size distribution of cracks is the geometrical one. However, if
it depends on the current crack size N and has the form (Heimpel 1996)

1

P(A A =1- )
(Av-1/Aw) I+ WO

(7.41)

the inverse-power distribution is obtained. The form (7.41) corresponds to the
physical privilege that the probability of crack propagation is greater for longer
cracks; the exponent 3/2 results from the fact that the number of asperities along the
rupture contour is proportional to N and that the stress is proportional to N'/?,
according to the stress intensity factor.

7.7.3 The Master equation

Heimpel’s model (1996) may be supplemented by the time evolution element. We
constructed (Czechowski 2003) the model of sequentially breaking asperities on
the fault surface. The model has a form of the Master equation (7.12) where py(t) is
the probability that the rupture area NAs is in state N at time ¢, and B(N)dt is the
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probability that the rupture grows by As in dt. Therefore, by using the Heimpel’s
formula (7.41) for B(N) we showed that solutions evolve from the initial shape up to
the power-like form.

The Master equation (7.12) is a handy model which was used (in Czechowski
2003) for explanation of long-tail distributions in percolation, simple cellular
automata and in the growth of the Cantor set. It should be noted that the percolation
processes are models of phase transitions, cellular automata are models of large
interacting systems, and the Cantor set is a simple example of a fractal. These cases
relate to known phenomena in which inverse-power distributions appear. In our
previous papers (Czechowski 2002, 2003) we showed that in these three cases we
can extract and explain the hidden privilege, and that we can include the privilege
into the Master-like equation.

For example, the process of growth of the Cantor set may be described by the
Master equation (7.12) with function B(N) = N'*¢?°¢3 while py(t) is a number of
rods of lengths N = 3% which cover the fractal. The form of the privilege function B
(N) corresponds (Czechowski 2003) to the deterministic recipe for the fractal.

For the three cases of percolation we derived the following equation

dpn(p)
dp

= —B(N,p)pn(p) + B(N — 1,p)pn—1(p) + C(N,p)pn-1(p),  (7.42)

where py(t) is the probability of finding a cluster with size N (cluster size distri-
bution) and p is the density of occupied sites on the lattice. Functions B(N, p) and
C(N, p) depend on the dimensionality of the percolation problem. For 1-D lattice:

2 N(l—p)—2
B(N,P):E and C(N,p)(l_p;, (7.43)

for the percolation on the Bethe lattice:

B(N,p) = 1N) and C(N,p) %N[4(1 — 1/N)5/2(1 —p)P—1]-1

7.44
=) I~ , (744
and for 2-D percolation:
t(N
BV,p) =1 ang
I—p
N 1\° . N—-1 .
Cvop) = (10 ) expl- (o= )" =" 1= wlp
(7.45)

where w = 91/36 and t = 187/91 for p — p.and T — 1 for p — 0.
We have shown that the percolation process can be described by the Master
equation modified by the additional term C(N, p)py.;(p). The function B(N)
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describing the privilege is given by the perimeter #(N) of the N-cluster. The longer
perimeter really means a greater probability of growth of the N-cluster on one
site, because each of #N) empty sites on the perimeter may become the occupied
site when p increases to p + dp. The perimeter #(N) = 2 for 1-D percolation and
t(N) ~ N for the Bethe and 2-D percolation. Therefore, if we omit the term C(N, p)
pn-1(p), we obtain (see Section 7.3) the Poisson distribution for 1-D percolation and
the geometrical distribution for the Bethe and 2-D case. However, in the percolation
process the N-clusters can be created not only by growth of the (N-1)-cluster on
one site, but also by linking of neighbouring smaller clusters when a site on the
intersection of their perimeters will become occupied. This process is included in
the additional term C(N, p) py.;(p). The function C(N, p) has a similar behaviour
for the three types of percolation: it is an increasing (approximately linear) function
of N. This additional privilege leads to geometrical distribution (which has a longer
tail than the Poisson distribution) for 1-D percolation and to the power-like dis-
tributions for the Bethe and 2-D percolation.

In the percolation theory, greater clusters are privileged because they have
longer perimeters and, additionally, they have more ways of creating greater
clusters in linking. The avalanches in cellular automata define some ‘potential’
dynamic clusters; the group of neighbouring boxes that will become unastable in
the event, if one selected box becomes unstable. Therefore, we may treat such
‘potential’ clusters in a similar way to the percolation cluster and adequate privilege
arguments should be valid (see Czechowski 2003).

It appears that a weak privilege B(N )= N%%°%3 is sufficient for creation of a
fractal (Cantor set) because the boundary condition of the source type was taken
into account in this case. On the other hand, only initial condition can be used for
the percolation problem. Then, the linear privilege (for the Bethe lattice and 2-D
lattice) is too weak to create inverse-power distributions (it leads to the geometrical
distribution). We have shown that the inverse-power form of the number of
N-clusters is connected with the fact that clusters are not isolated on the grid, so
that larger clusters can form themselves by linking smaller clusters.

Another application of the continuous Master equation (7.11) to the crack
problem was that of Petrov et al. (1970). They introduced a distribution function
f{q.t) of generalized coordinates ¢ (the vector ¢ can represents coordinates of the
centre of the crack, dimensions, shape, orientation and other parameters of the
crack). The standard form of the equation for f{q,t) was used:

 _

az_J(O )W(q/"“;‘/)f(q/”)d‘/—f(%f)J W(q,q1;4)dqd +N(q,1) (7.46)
q

(0,00)

where N describes the nucleation of crack ¢ and W(q’, g;,q)dqdt is the probability of
the transition of the crack from the state ¢’ into the state contained in (g, g+dg), by
joining a crack ¢; during the time interval dt. However, due to the complexity of
these terms those authors used some assumptions: they considered a spatially
homogeneous case of parallel disk-shaped cracks, so that f(q, t) = f(r, t), where



114 Z. Czechowski

r is the crack radius, and they assumed that nucleated cracks are unable to grow
independently. Then, they obtained the reduced form of the kinetic equation:

I

=n(t)w(r) + n(t)o Ja)(r — (Y 0)dr’ —n(t)af(r,t) (7.47)

0

I (r,t)
ot

where the nucleation rate of microcracks is n(t), their distribution function is w(r)
(i.e., N(r,t) = n(t) w(r)), and o is the volume of the region of mutual instability in
which two cracks are going to fuse. Equation (7.47) is a Volterra-type equation of
the first kind. Applying to this equation Laplace transformations, Petrov et al.
(1970) found the solution:

o(r) +

=~

flrn) = Jn(to)ef)' Jw(r/)a)(r —1rdr
0 0

v

o(o(r —r —"dr'dr’ + ... | dty (7.48)

+
N
O ——
S
e
\_>
St !

where

M) =0 J n(f)dr (7.49)

t

The results has a simple interpretation: the number of cracks of radius r is a
superposition of microcracks resulting from the coalescence of various numbers of
cracks into a single crack of a given radius. Their approach led to a very particular
model of rupture: under the applied stress the microcracks nucleate but are unable
to grow independently. The crack can grow only by joining the newly-nucleated
cracks in its region of mutual instability.

Lomnitz-Adler (1985, 1988) used two components characterizing the state of the
fault: stress ¢ and a surface a (i.e. 2-dimensional vector y in (7.11)). By using the
percolation theory he derived the kernel W(o, a;6’, a’) in the Master equation
(7.11). Therefore, he obtained the Gutenberg-Richter formula with excess of the
strongest (characteristics) events and a time-dependent seismicity.

The coagulation equation was used by Safronov (1972) to planetesimals evolu-
tion. The physical details for the form of B(y, y’) ~ y+y’ for gravitational bodies
(planetesimals) are presented in his book. However, it is evident that gravitational
cross-section increases with growing body size. The example excellently joins the
physical privilege (given by gravitational forces) with the coefficient B(y, y’)
describing the rate of evolution of bodies.
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The asymptotic solution of the coagulation equation (7.14) was used by Vitya-
zev (1979) to derive theoretically the known empirical Gutenberg-Richter formula.

Another application of the coagulation equation in geophysics was the problem of
crack fusion (Czechowski 1991, 1993, 1997). It seems that for brittle materials, such
as rocks, the fusion cross-section may also be given by B(y, y') ~ y+y’, because
larger cracks induce greater stresses around their tips. Therefore, the process of fusion
of numerous microcracks leads to the inverse-power distribution of crack sizes.
Experimental investigations (e.g. Mogi 1962; Scholz 1968; Hirata 1987) confirm
this form of the distribution in rocks and ceramics. On the other hand, for ductile
material, such as metals, the exponential form of the crack size distribution was
observed (see Curran et al. 1987), which suggests a weaker influence of tip stresses
on the crack fusion, probably due to the ductility.

The coagulation model was particularly fruitful in applications to the crack
evolution problem. In Czechowski (1997) we used it to the macrocrack propagation
model. A generalization of the kinetic model of crack fusion onto three component
mixture of cracks (i.e., shear cracks, tensile cracks and shear-tensile cracks) was
presented in Czechowski (1998). In our other papers (Czechowski 1991, 1993,
1994) we performed the discretization in the size space and reduced the coagulation
equation to the set of differential equations for hierarchical crack populations of the
Newman and Knopoff’s (1983, 1990) type. Analysis of the behaviour of successive
crack populations led us to explanation of physical basis of the time delay in the
Newman and Knopoff model and, moreover, to the linear logarithmic time to
fracture versus applied stress relationship (which was confirmed by experimental
data for rock (Kranz el al., 1982).

7.7.4 Multiplicative processes

We showed in Czechowski (2005) that the normalization model of resources
redistribution (introduced by Wilhelm and Hanggi, 2003) can be described by the
multiplicative process. Moreover, we also showed that it leads to the inverse-power
distribution (instead of the lognormal one) because logarithms of random variables
do not fulfill assumptions of the Central Limit Theorem; their variances increase
very fast to infinity with increasing state values. In this way the product of random
variables converges to the random variable with logexponential (i.e. inverse-power)
distribution. Here the privilege corresponds to the law of proportionate effect — the
‘richer’ gains more in this method of redistribution.

It is interesting to note that the process of redistribution can be treated as a
transformation of random variables (like those presented in Section 7.2). Therefore,
it was shown (Czechowski 2005) that the nonlinear transformation is of the type of
the rational function (7.4) increasing very fast along an asymptote. This important
conclusion joins the privilege approach, given by law of proportionate effect, with
the nonlinear transformation y = g(x).
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7.7.5 Ito equations

Applications of the Ito (or Langevine, Fokker-Planck) equations were discussed in
Chapter 6.1. Here are additional three examples.

For an analytical investigation of cellular automata (spring-block model) with
long-range interactions, Klein et al. (1997, 2000) derived the Ito equation describing
stresses connected with “superblocks” (clusters of cells linking by long-range inter-
actions). They proved the existence of metastable states and adequate spinodals.

Other Ito equation was derived by Rundle et al. (1999) for slips in a given cell on
the grid. The authors investigated solutions of the equation in the vicinity of a
spinodal. They obtained structures, similar to percolation clusters, which were
created by cells in which the slip took place.

In these two approaches the Ito equation was derived to demonstrate spinodals
i.e., stability limits connected with strength thresholds on the fault. This is the Ito
equation which describes the approaching of the system to the state of the lowest
energy. For the spinodal case the effect of noise can be a strong enough to throw out
the system of the metastable state. Therefore, the system drops to a new metastable
state with lower energy, i.e., the first-order phase transition occurs.

In the third example (Matthews et al. 2002) the simple Ito equation for the
Brownian motion was used to construct a probability model for rupture times on a
recurrent earthquake source. The model was applied to long-term earthquake
forecasts for the San Francisco Bay region and inland faults in Japan.

7.8 Conclusions

In the face of generality of long-tail distributions and fractal patterns, the question
about their causes is very important. We have proposed a simple and physically
clear explanation — by the privilege concept. This concept encloses into a unified
description four phenomena in which inverse-power distributions were observed:
phase transitions, low-dimensional chaos, large interactive systems and fractals.
Due to the obvious complexity we have limited ourselves to simple cases (or
models) of these phenomena: percolations, simple nonlinear transformations, cell-
ular automata and the Cantor set. Next, by using the introduced mathematical
models we have shown the physical nature of the privilege in some geophysical
cases. For example, in the fault rupture problem the privilege is connected to the
stress field around the crack tip. A beautiful and a modeling example of the physical
privilege presents the model of planetesimal coagulation which explains the privi-
lege by the law of gravitational attraction. It it worth noting that the privilege effect
may be present even in such a purely random process as the random walk; we mean
the time-to-the-origin problem.

In our considerations we applied a typical mathematical stochastic apparatus: the
Master equation and the Ito (Fokker-Planck, Langevin) equation. These equations
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can be very useful in modeling of seismic and other geophysical phenomena. The
Ito equations were successfully advantaged in nonlinear modeling of stochastic
processes which are represented by time series (see Chapter 6).

Both Chapter 6 and the present one, suggest that the macroscopic behaviour of
many phenomena and some new macroscopic laws which are observed can be a
result of complex internal interactions or synchronization of various physical fields.
These processes may generate the adequate Ito equation on the macroscopic level.

Of course, for different mathematical models three different descriptions of the
privilege had to be given: as the susceptibility of a given state onto a change (in
Master, Fokker-Planck and coagulation equations), as the law of proportionate
effect (in multiplicative processes), and by using jumps (in the Ito equation).
However, they correspond to the same idea; in order for the long-tail distribution
to appear, states can not evolve the same way, an additional mechanism which
favours higher states is required.

We hope that the privilege concept brings some order to our knowledge about
the macroscopic rules and patterns in nature.
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Chapter 8
Triggering and Synchronization of Stick-Slip:
Experiments on Spring-Slider System

T. Chelidze, T. Matcharashvili, O. Lursmanashvili, N. Varamashvili,
N. Zhukova, and E. Meparidze

8.1 Introduction

Triggering and synchronization are the two faces of the same coin; both effects
imply that the additional forcing causing triggering and synchronization is much
smaller than the main driving force, which means that these phenomena are
connected with nonlinear interactions of objects, namely, with initiation of insta-
bility in systems that are close to the critical state. In a seismic process, the
main driving component is the tectonic stress; earthquakes are considered as
dynamic instabilities generated in the process of friction (stick-slip) between
faces of geological faults (Brace and Byerlee, 1966; Kanamori and Brodsky,
2004; Ben-Zion, 2008). The additional forcing is exerted by various external
impacts: tides, reservoir exploitation, big explosions, magnetic storms, etc.

Experimentally, triggering is revealed by correlation of some single external
impact and single seismic event with some delay; according to this definition,
statistics of triggering events is relatively small. Synchronization, on the other
hand, is defined as “the adjustment of rhythms due to an interaction” and this
means that it manifests itself not in rear solitary acts but in systematic multiple
process, which provides relatively rich statistics and allows applying rigorous
methods of assessment of the strength of synchronization.

We can illustrate the essence of synchronization phenomenon by considering
the relaxation or integrate-and-fire oscillator under periodic forcing (Fig. 8.1).
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To U, - a sin(ot + ¢)

Fig.8.1 Scheme of synchronization of relaxation oscillator by periodic forcing: Ty is the period of
non modified relaxation process and T is the same for a synchronized one, U, is the current value
of the voltage, U. is the critical value of voltage for discharge of non synchronized generator and
U. is the same for a synchronized one

The examples are numerous, from biology to electricity and mechanics. Such
oscillator exhibits interchange of the epochs of slow evolution, when accumulation
of energy U, takes place and the rapid phase, when, on reaching some critical
threshold U,, a fast discharge of accumulated energy occurs. The application
of periodic forcing a(sin wt + ¢) affects the process, as now the critical threshold
is U, + a(sinwt 4 ¢). Accordingly, it changes the natural frequency T of relaxa-
tion oscillator to some other value Ty, which now becomes a characteristic
(synchronized) frequency of system.

8.2 Electromagnetic Triggering of Slip

Up to now, the problem of triggering and synchronization of seismic process is far
from being resolved and relevant publications are controversial due to the com-
plexity of natural processes (Beeler and Lockner, 2003; Scholz, 2003a; Grasso,
1998; Nikolaev A, 1994; Nikolaev V, 2003; Scholz, 2003; Kanamori and Brodsky,
2004; Ben-Zion, 2008). Understanding of main regularities can be obtained in
controllable experiments. We carried out laboratory experiments on the slider-
spring system with superimposed pulse or periodic electromagnetic (EM) forcing,
which is weak in comparison with the main dragging force of the spring. The use of
EM impact was prompted by experiments carried out in 1983-1988 by the Institute
of High Temperatures of Russian Academy of Sciences (IHT RAS) at the Bishkek
test area in Central Asia. After performing series of MHD soundings as well as
“cold” discharges, initially aimed at finding resisitivity precursors of strong earth-
quakes in upper layers of the Earth crust, an unexpected effect of micro-seismicity
activation by strong EM pulses has been discovered (Tarasov et al., 1999). We
reproduced the effect in laboratory conditions and it turns out that EM forcing is a
flexible tool for the study of triggering and synchronization phenomena in labora-
tory slider experiments (Chelidze et al., 2002; Chelidze and Lursmanashvili, 2003;
Chelidze, Matcharashvili, 2003; Chelidze et al., 2005; Chelidze et al., 2006;
Chelidze et al., 2007; Chelidze et al., 2008, Chelidze et al., 2009).
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8.2.1 EM Triggering — Experimental Setup

The experimental setup has been designed in such a manner that the mechanical
system could be easily driven to the critical state where the triggering of mechanical
instability by some weak impact, such as electrical pulse, becomes more probable.
The system (Fig. 8.2) consists of two pieces of rock; the upper piece can slip on the
fixed supporting sample if a special frame tilts the latter one up to the critical
angle o,.

The electrical part consists of EM pulse generator and acoustic signals amplifier.
The signal from the standard generator of 0.5-5 V amplitude is applied to the input
of the amplifier and goes out from the output with the amplitude up to 1300 V. Up to
10 DC-pulses of this amplitude were applied to the sample. The duration of pulses
was from 5 to 10 s; interval between pulses was also from 5 to 10 s. The high
voltage source (discharger) was also used. Another amplifier was designed for
registration of acoustic signals from the sensors which respond to the slip events.
The amplifier’s output voltage was sufficient for registration of acoustic signals by
the sound card of PC. The scanning of the process was performed on the frequency
96 kHz, i.e., the sampling rate was 1/96 000 s.

Electrodes were applied in the following ways: (i) to the bottom of the support-
ing sample in a coplanar manner or to the sides of the supporting sample (the
first mode); (ii) to the upper surface of the sliding sample and the bottom of the
supporting one (the second mode). In the first case, the EM field is oriented roughly
parallel to the slip surface and in the last case current lines are normal to it. In most
cases, the supporting and the slipping blocks were prepared from basalt; these
samples were saw-cut and roughly finished. The slipping block is 10 cm long,
10 cm wide and 2 cm thick. Other samples, such as granite, labradorite, and glass,
which were better finished, were also tested. The height of surface protuberances
was in the range of 0.1-0.2 mm for basalt samples and 0.05-0.1 mm for other ones.

Fig. 8.2 Mechanical setup
for slip initiation on the
inclined surface:

1 — supporting (fixed) sample;
2 — slipping sample; 3 — slope
regulating unit; 4 — acoustic
emission sensor; 9 — shock
absorber
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The basalt samples were preferred because they do not contain significant quantity
of piezoelectric minerals.

8.2.2 EM Triggering Experiments

The main objective of experiments was to find out whether EM-pulse could indeed
displace the rock sample resting on the supporting sample at the slope of support,
less than but close to the critical slip angle. The details of experiments are presented
in (Chelidze et al., 2002; Chelidze et al., 2004).

Slip events were registered as acoustic bursts (Akay, 2002) by the sound card
of PC.

It should be noted that although high voltage was applied to the outer surfaces
of samples, the voltage in the gap between sliding surfaces was much less, of the
order of 1 V.

8.2.3 Experimental Procedure and Case Stories

After finding the critical angle (Fig. 8.3), the slope of support was decreased by
0.1-2°. In this state, the upper sample was stable for many hours (2 days), which
means that other sources of instability, such as building vibration by trucks,
elevator, wind, etc, were not strong enough to initiate the slip. The critical angle
for the rough surface varies from one test to another because it is impossible to
reproduce exactly the arrangement of asperities between the support and the

30
25_ X X X X X
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Fig. 8.3 The critical angle of slip (degrees) for various samples on the same supporting material
versus number of experiment n. * — basalt, x — glass cylinder (diameter 14 cm, thickness 12 mm),
O — glass cylinder (diameter 7.5 cm, thickness 10 mm), < — glass cylinder (diameter 2 cm,
thickness 10 mm).
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slipping blocks in different experiments. The scatter in values of critical angle for
the same sample is of the order of 4= 2.5° so we can define only the average value of
o (Fig. 8.3), which changes from one test to another. Because of the critical angle
scatter, before the EM impact the sample was kept at the angle less than the
(average) critical one for 10 minutes, and only after this exposure it was subjected
to the EM-impacts also for 10 minutes.

That allows assessing correctly the statistics of EM-activation, as the probability
of slip in the time intervals without EM-impact can be compared with that in the
time intervals covering the whole EM-activation period. The activation period lasts
several minutes and it includes also the gaps between pulses. A sequence of pulses
applied in a single experiment and gaps between them will be related as a run.
Practically the probability of slip without EM-impact at « < ¢, was zero: no slip
was observed during any of 10 min. preliminary repose periods (500 min in total).

8.2.4 EM Triggering — The First Mode

We found that the application of EM-pulses in the first mode, i.e., to the coplanar
electrodes at the bottom of support, initiates slip in approximately 40 cases from
600 runs (i.e., the slip initiation probability is around 0.07) either during pulse (i.e.,
in the active phase), or after it (i.e., in the passive phase). The last observation
means that the polarization of the sample can be important for the slip initiation.
As the delay of slip after switching off the pulse sometimes was considerable
(seconds), our guess is that in this case polarization is related mainly to the
accumulation of the bulk charge near electrode surfaces. This phenomenon
(electrode polarization) is well known; it accompanies the application of high
voltage to ionic conductors and its relaxation is slow.

A typical recording of acoustic emission generated by the slip event is shown in
Fig. 8.4a and b for different time scales.

Besides the pulse generator, a second source of high voltage, namely the
electrical discharger TESLA OPOCMO TVI 200, has been used for initiation of
slip. In this case, the voltage applied was of the order of 10 kV. Again series
of pulses were applied to the sample in the first mode and in this case the probability
of slip initiation was much higher — around 0.2.

8.2.5 EM Triggering — The Second Mode

In the second mode, the electrodes were applied to the upper facet of the slipping
block and to the bottom side of support, i.e., in this case the applied electrical field
was oriented in the direction normal to the slip surface.

That means that when the EM is applied in the second mode, it increases
the friction force (EM field hampers the slip) according to electrostriction rule
(Tamm, 1956).
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Fig. 8.4 (a) Recording of acoustic emission generated by the electromagnetically initiated slip of
the basalt sample (upper trace). Lower trace shows EM pulse switching on (thick line) and
switching off (thin line) periods. The slip was initiated just after the active period. y-axis shows
amplitude of the signal in db, x is the time axis. (b) The initial part of the same recording with the
stretched time axis

8.2.6 Finding Mechanical Equivalent of EM Impact

For assessment of mechanical equivalent of electrical impact, both direct and
theoretical methods were used.



8 Triggering and Synchronization of Stick-Slip 129

In the first case, the mechanical force initiating slip at the same angle o<, that
has been set in experiments with EM-impact, was measured by spring and torsion
dynamometers (accuracy of + 0.01 N and £ 0.005 N, respectively). Both methods
gave comparable results. The force, equivalent to slip-initiating EM-impact, is of
the order of 0.2 N. Another way to get mechanical equivalent is to calculate it from
the general equation of balance of forces for a sample placed on the inclined plane:

F = mg(pcoso — sino) 8.1)

As long as [ is known (for basalt samples . = 0.47), slip-initiating force can be
calculated for any angle. For example, if ¢, equals 25°, at & = 24°50’ the initiating
force is 0.42 N. This value is of the same order as in direct experiments (0.2 N).

Thus, in the situation close to the critical one, even 0.2 N force can initiate the
slip of a sample weighting 700 g.

Our guess is that the EM impact is equivalent to the above value, i.e., it promotes
slip in the first mode and hampers it in the second mode by the additional force of
the order of 0.2-0.4 N.

8.3 Analysis of Recorded Acoustic Waveforms

The results of experiments, namely, acoustic signals emitted during initiated slip,
were recorded as *.wav files with 96 kHz sampling frequency at 8 bit resolution.
The 3D patterns of original signals were obtained using program WaveLab
(Figs. 8.6a, 8.7a in Chelidze et al., 2004). They show that some periodic components
span the whole time axis. As they are present even before slip initiation, we guess
that they are connected with weak vibrations due to computer and generator fans
and other alias sources.

For filtering the background noise and further analysis of recordings, *.wav files
were imported to the MatLab and their wavelet transform was performed. Mayer
wavelet with a compact support in the frequency domain was used. Calculated
wavelet coefficients were used for filtering of original signal. Namely, the wavelet
components related to frequency range of noise, quite different from these of slip
movement, were excluded. The de-noised signal reproduces the slip-generated
wave package quite satisfactorily. Resulted de-noised data were analysed again
using Wavelab, and filtered 3D images of frequency distribution in the time domain
during slip were obtained (Figs. 8.6b and 8.7b in Chelidze et al., 2004b).

The consideration of the above images shows that the emitted signals are
concentrated in 500-20,000 Hz frequency range and the manner of slip initiation
(EM or mechanical) does not change significantly the wavelet and spectral
patterns.
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8.4 The Elementary Theory of EM Coupling
with the Friction Force

In order to understand physics of EM-slip it is necessary to consider fundamentals
of surface phenomena. Intermolecular and intersurface forces, responsible for
adhesion and friction, can be loosely divided into three categories: (i) purely
electrostatic, arising from the Coulomb interaction between charges; (ii) polariza-
tion forces arising from the dipole moments, induced by internal (bound charges,
dipoles) or external electric field; (iii) quantum-mechanical forces, responsible for
covalent bonding and steric interactions. All these forces can act simultaneously,
resulting in some total adhesion (friction) force. For friction we have:

Fr = puF,, (8.2)

where u the is friction coefficient and F, is the normal component of force acting on
the body (gravity, compression).

From the above classification it can be deduced that in principle as far as
intersurface forces are of electromagnetic origin, external electrical field can affect
the adhesion (friction) forces, changing u and thus initiating slip of the body placed
on the inclined plane. We can rewrite (8.2) in the following way:

Fr = u(F, +F,), (8.3)

where u is the friction coefficient and F), is the increment (decrement) of normal
component of force due to the application of EM field.

Of course, coupling of EM-impact with friction in a sample containing piezo-
electric materials is a trivial phenomenon. However, the EM-activation of slip is
clearly observed on samples that are practically free of piezoelectric minerals
(basalts). That is why we exclude the piezoelectric effect as a principal mechanism
of EM-slip.

The elementary theoretical model of EM coupling with friction can be formu-
lated in the following way. It is well known that the application of EM field to a
dielectric invokes some forces acting upon molecules of the body; the resultant
force is called the electrostriction force F,, which is affecting the whole sample. The
force is proportional to the gradient of the field intensity squared and it carries away
the sample in the direction of the largest intensity. The tension tensor T, operating
on the element of dielectric’s surface in EM field of intensity E on the assumption
that the sample of dielectric constant ¢ is surrounded by the immobile dielectric
medium in ESU system is (Tamm, 1956):

- e+956
Ty = iT?Ezﬁ, (8.4)
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where the sign (+) applies when the field Eis parallel to the external normal 77 to the
considered surface element, and the sign (—) when the field E is normal to 7.

We can imagine that the elastic strings are stretched along field lines (Tamm,
1956): in our case, they pull together the surfaces of sliding and supporting samples
in the second mode or build the side thrust on each other according to (8.4). The
latter case corresponds to the first mode and the former one to the second mode of
EM-triggering.

The above equations can be simplified if the dielectric increment due to the
striction force is negligible: (9¢/05 — 0). Introducing the area of dielectric’s
surface S and taking into account the above assumption, the electrostriction force is:

—

3 eS (AV?
Fy=ft_—FEii=+_—(—) 7 8.5
P Fg " 8n<d>” 8-5)

where AV is the applied voltage and d is the distance between electrodes; the sign
depends on the mutual orientation of dielectric’s surface and electrical field.

Substituting into (8.5) the values: AV = 1200 Volt =4 ESU, ¢ = 5; S = 100 cm?
and d = 5 cm, which correspond to the capacitor, created by two electrodes we
obtain:

|F,|=0.5 dyne = 5 10°°N

That is much less than the experimental values of electromagnetic pull force,
which is of order of 0.2 N. Here we have to note that the value of (4V/d), substituted
in (8.5), is an average value for the whole system and on the contact between two
blocks the gradient can be quite different. The matter is that the most part of the
voltage drop occurs in the gap and the local gradient of EM field in the gap between
samples can be much larger than for the whole system between electrodes. In order
to assess the forces acting in the narrow gap between slipping and supporting
samples, it is necessary to consider the gradient in the gap between the samples.
The inner surfaces of slipping and supporting samples carry bound charges, due to
the polarization of material, and thus create the local gradient of electrical field in
the gap. The opening of the gap itself is varying; we can introduce some effective
value of opening d.4 Then, applying again the equation (8.6) to the “inner” capaci-
tor, we obtain the electrostriction force F,; acting on the gap surfaces as follows:

= SeﬂS AVeﬁf 2_,
Fi=+ : )
b 87 ( dg )" 8.6)

where AV, /d is the effective voltage gradient in the gap and &, is the effective
dielectric constant of the gap, which is between values of ¢ for the air and the
sample: 1<¢ < 5.
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Assuming e,; = 2.5, S = 100 cm?, we have to put in equation (8.6) the gradient
(AVglde) = 0.07 V/cm in order to obtain the experimental values of
slip-initiating electrostriction force, namely, F,, ~ 0.2 N.

Thus the expression (8.7) can be written, taking into account (8.6):

Fr = p(Fy +Fp), 8.7

which is similar to the expression for the friction force, taking into account the pore
pressure term (Sibson, 1994).

The above value of F,; can be considered as an order of magnitude of electro-
striction force that promotes the slip in the first mode and hampers it in the second
mode, according to the expression (8.6) for the accepted set of parameters.

Both our experiments and theoretical considerations are related to the “dry”
environment, namely, to the 60 4+ 20% humidity of the atmosphere at a temperature
of (20 £ 5)°C.

It is interesting to note that somehow similar effect of synchronization of
acoustic vibrations (not stick-slip motion) in rock samples by the superimposed
EM forcing has been observed by Chernyak (1978).

In the “humid” environment, when the rock’s pore space is fully or partially
saturated with water, additional factors should be taken into account: (i) the pore
pressure increment (decrement) in the gaps, caused by the electrokinetic flow of
fluid at the application of EM field; (ii) the change of surface fracture energy of
cracks due to electroosmotic fluid inflow into the cracks of an undersaturated rocks
due to the EM impact. Both these factors can facilitate fracture process in water-
bearing rocks.

8.5 Synchronization of Stick-slip

8.5.1 Synchronization: Experimental Setup

Experimental setup in synchronization experiments represents a system of two
horizontally oriented plates of roughly finished basalt (Fig. 8.5). A constant pulling
force F, of the order of 10 N was applied to the upper (sliding) plate; in addition, the
same plate was subjected to periodic mechanical or electric perturbations with
variable frequency and amplitude (from O to 1000 V), which was much weaker
(of order of 1 N) compared to the pulling force; the electric field was normal to the
sliding plane. Acoustic bursts accompanying slip events were registered by the
sound card of PC. Details of the setup and technique are given in (Chelidze and
Lursmanashvili, 2003).
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Fig. 8.5 Laboratory setup for synchronization experiments

8.5.2 Signal Processing: Separation of AE Wave Trains

The first step of AE data analysis consists in signal conditioning and wave trains
separation. A relatively simple form of signal conditioning is calculation of its
envelope by the Hilbert transform (Kurz et al., 2004). The Hilbert transform
generating phase shift of n/2 is defined as:

R =% J %du — H{R()} (8.8)

It is a causal transfer function which behaves like a filter of a real time dependent
function R(t).
Then the envelope time function E(¢) can be calculated:

E(t) =\ R(t)* +R (1) (8.9)

Squared and normalized envelope of the signal leads to suppression of noise of
lower amplitude and to increase of the signal content of higher amplitude (Fig. 8.6).

Then, the envelope can be used to estimate the onset of the signal or for correct
signal detection in general. Strictly speaking, in order to determine the onset time of
AE signal, AIC (Akaike Information Criterion) function was calculated according
to Maeda (1985). The minima of AIC function correspond to AE signal onsets;
afterwards, the onsets can be correlated with forcing signal phase (Fig. 8.7).
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Fig. 8.6 Processing of the acoustic signal: (a) source (initial) signal; (b) Hilbert transform of the
source signal; (c) filtered Hilbert-transformed signal using Standard Deviation criterion — only the
part of signal of amplitude less than 3¢ was eliminated; (d) the recording (a) filtered from the noise
according to criterion (c)

Typical examples of filtered AE recordings during various regimes of stick-slip
are presented in Fig. 8.8. The random sequence of AE, obtained for stiff springs,
probably corresponds to macroscopically “stable” sliding, and quasi periodic
sequences — to macroscopically “instable” process, characteristic for soft springs.

After such a processing, the catalogue of waiting times of acoustic bursts has
been compiled.

Besides, the catalogue of “magnitudes” of AE was also compiled. The energy
released by acoustic pulse (or the power of AE) was calculated as the plot area
delineated by a singled acoustic burst recording.
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Fig. 8.7 The AIC (Akaike Information Criterion) function of AE signal: (e) the minima of AIC
function are picked; (f) corresponding AE signal onsets are located; (g) onsets can be correlated
with forcing signal phase

8.5.3 Synchronization: Results

In our experiments the following parameters were varied: (i) the stiffness of the
spring, K; (ii) the frequency, f, of superimposed periodical perturbation; (iii) the
amplitude of the excitation (applied voltage V,); (iv) the direction of applied
electrical field; (v) the velocity of drag, v,; vi) the normal (nominal) stress a,,.

The typical background behavior of the system with stiff spring during conven-
tional stick-slip is presented in Fig. 8.9a. It is evident that in these conditions AE
events do not manifest any visible periodicity at the time scale from several to
hundred milliseconds. In case of soft spring, the friction movement is realized by
quasi periodic slips (Fig. 8.9b).

Slip with superimposed periodic low-frequency EM field (f = 60 Hz) of varying
intensity, oriented normally to the slip surface, is presented in Figs. 8.10a, b, c. The
significant synchronization at this frequency occurs at V, > 500 V. Under EM
excitation the AE events (micro slips) occur twice per period (Fig. 8.10c). The
maxima of AE coincide (approximately) with the extreme points of oscillation.

Synchronization was observed only at some definite values of the set of para-
meters (K, f, V,). The “phase diagram” for variables f and V,, or the so-called
Arnold’s tongue (see Pikovsky et al., 2003) is presented in Fig. 8.11.
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Fig. 8.8 Filtered AE recordings for various regimes of stick-slip: (a) and (b) — stiff springs;
(¢) — soft spring; (d) — forcing signal

It should be noted that the phenomenon of synchronization was observed only
with the EM field directed normally to the slip surface. When the EM field was
applied to the vertical sides of the slipping block, that is, roughly parallel to the slip
plane, we were not able to observe the effect of synchronization. We conclude that
the synchronization is related to “electromagnetic braking” of slip at passing the
extreme values of sinusoidal EM forcing and a sudden slip after the accumulation of
enough stress provided by spring pull.

Moistening of the slip surface by wetted blotting paper does not affect
the “mechanical’ synchronization, but practically kills the “electromagnetic”
synchronization.

We observe transition (bifurcation) in stick-slip from 1:2 or period doubling
synchronization, when two slip events occur per a period of EM forcing, to 1:1
synchronization, when one slip event occur per a period of forcing (Fig. 8.12) at
simultaneous action of direct V(0) and periodic V(p) voltages; transition occur at
V(0) > V(p).
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Fig. 8.9 Typical acoustic emission during slip without periodical impact: (a) stiff spring; practi-
cally random release of acoustic bursts. The stiffness of spring Ky = 1000 N/m; a,, = 2 kPa.; the
mean drag velocity v, = 2.5 mm/s; dragging force F;, = 3.5 N; T = 20°C; humidity W = 40%;
(b) soft spring; quasi periodic acoustic bursts (without external periodical forcing) with the mean
waiting time 0.7 sec during natural slip; v; = 1.45 mm/s; F; = 3 N; K, = 125 N/m; T = 20°C;
W = 50%. Here and in Figs. 8.10a, b, c; 8.12; 8.15a, b; 8.26; 8.27a; 8.28a; 8.29a; and 8.30a, b, the
amplitude of AE and synchronizing field is given in dB

Synchronization affects not only waiting times, but also the frequency-energy
distribution: the amplitudes of bursts are much less scattered than in the absence of
periodic forcing.
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Fig. 8.10 (a) Acoustic emission during slip under periodical external voltage varying from zero to
1000 V; (b) the extended part of record with zero EM forcing; (c¢) the extended middle part of
record under maximal EM forcing. Note complete phase synchronization — PS

We tried to plot (Fig. 8.13) the slopes of distribution of number of AE events
versus reduced power of AE (that is, an analogue of Gutenberg-Richter plot) in
sequential windows (time intervals) using data of experiment with different inten-
sity of forcing (see Fig. 8.10 a).

The (negative) slope of the plot is maximal in the most synchronized part of
AE record on Fig. 8.10a, due to increasing contribution from small events leading
to appearance of plateau in the small energy section and decreasing of number
of strong events (see Fig. 8.11 in Chelidze et al., 2005). This means that the
energy is pumped from large events to some intermediate scale ones. As the
contribution from very large events is limited, the plot in this interval looks like
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Fig. 8.11 Stick-slip synchronization area (Arnold’s tongue) for various intensities (V,)
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intermittent, and empty circles — absence of synchronization
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Fig. 8.12 Transition (bifurcation) in stick-slip from 1:2 synchronization (period doubling) to
1:1 synchronization at simultaneous action of direct V(0) and periodic V(p) voltages; transition
occurs at V(0) > V(p)
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Fig. 8.13 Slopes of linear parts of magnitude-frequency (log cumulative value of number of AE
events versus reduced power of acoustic emission) plots versus the serial number of 300 data-
length sliding windows in the time series of AE. The data of experiment with different intensity of
forcing (Fig. 8.10a) were used. The (negative) slope of the plot is maximal in the most synchro-
nized part of AE record (Fig. 8.10c), due to increasing contribution from small events leading to
appearance of plateau in the small energy section and decreasing number of strong events
(Fig. 8.11 in Chelidze et al., 2005). The middle part of analyzed time series (window 6) was the
most synchronized one
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Fig. 8.14 Coefficient of variation of power of acoustic emission time series at increased external
forcing for 500 data length sliding window with 50 data shift. Here only half of record (Fig. 8.10a)
is used from the start of test to the maximal synchronization state

magnitude-frequency distribution for characteristic earthquake model; hence,
the distribution of energies becomes less scattered due to increasing share of
“characteristic” events.

A decrease of contribution of extreme events at synchronization is confirmed by
calculation of the coefficient of variation CV (CV = standard deviation/mean). As
shown in Fig. 8.14, the extent of the deviation from the mean value of released AE
power calculated for consecutive sliding windows decreases at synchronization.
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This means that synchronization limits the energy release associated with indi-
vidual events (quantization effect). Sudden decrease or total cessation of synchro-
nizing forcing is followed by acoustic burst of much larger energy than during the
periodic forcing (Fig. 8.15a, b).
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Fig. 8.15 Increased acoustic energy release after decreasing (a) or total cessation (b) of periodic
EM forcing, which means that synchronization limits the energy release associated with a single
event (quantization effect)
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8.6 Synchronization: Quantitative Analysis

Several tools for quantitative analysis of the strength of synchronization (Ditto,
1990; Zbilut, 1992; Rosenblum et al., 1996; Rosenblum et al., 1998; Kantz, 1997;
Quiroga et al., 2002; Pikovsky et al., 2003; see also Chapter 1) were tested on the
recordings of stick-slip process, where the superimposed periodic EM field inten-
sity was raised monotonously from zero to 1000 V and then decreased in the same
way to zero (Fig. 8.10a).

In order to assess synchronization in the qualitative manner we used the easiest
approach for estimating phases of acoustic signal: digitized waveforms were
transformed to sharp spikes to have well pronounced markers. Then time series
(catalogues) of time intervals between consecutive maximums (waiting times)
(4t = t—t;.;) in wave trains for 1 periods of external sinusoid (Fig. 8.10c) were
composed (the time scale in Figs. 8.16 — 8.20 corresponds to sequential values of ;).

In order to achieve more reliable phase construction and precise synchroniza-
tion testing, various tools of nonlinear dynamics (synchronization) theory described
in Chapter 1 were applied to experimental data obtained under variable intensity
of forcing; the results are shown in Figs. 8.13-8.14 and 8.16-8.20. All these
approaches yield similar results.

In Fig. 8.17 we present the temporal evolution of phase difference 4¢ obtained
from Hilbert transform of waiting times time series. Well-defined horizontal part of
A¢ versus t (Fig. 8.17) represents the time during which the acoustic emission
becomes phase synchronized to the external sinusoidal forcing in the wide range of
their amplitudes (from approximately 500 V to 1000 V). Clear phase synchroniza-
tion is especially obvious in Fig. 8.17, as long as in the most synchronized part of
the plot the phase difference variation 4¢ does not exceed 10 radian (compare with
the total increment A¢ of 1800 radian during the whole experiment).
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Fig. 8.16 Time series of waiting times between consecutive maximal amplitudes of acoustic
signals in consecutive m-periods of external forcing for a whole record (compare with Fig. 8.10a)
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Fig. 8.17 Phase difference 49 between the sequence of maximums of acoustic emissions’ bursts
(AE catalogue) and external sinusoidal forcing for the whole record (Fig. 8.10a)
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Fig. 8.18 Variation of the full width of probability density distribution of phase differences
between the catalogue of acoustic events and periodic signal at a half maximum (FWHM),
calculated for consecutive sliding windows, containing 500 events

It is known that the probability density distribution must be narrower for the
synchronized signal compared to a non-synchronized one. As follows from
Fig. 8.18, the full width at half maximum (FWHM) of probability density distribu-
tion of phase differences between AE pulses and sinusoidal forcing is indeed much
narrower for the synchronized part of Fig. 8.10a.

Frequency locking, expressed as a minimum of the phase diffusion coefficient, is
also a quantitative measure of the phase synchronization (see Fig. 8.19).

Moreover, clear decrease of Shannon entropy value S indicates that dynamics of
acoustic emission becomes much more regular in the synchronized part of acoustic
emission data set (Fig. 8.20).

One of interesting methods of revealing synchronization in relaxation-type
processes is a “gap” technique (Lursmanashvili, 2001), which is described in detail
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Fig. 8.20 Variation of Shannon entropy S of phase differences, calculated for consecutive sliding
windows, containing 500 events

in Chapter 18 and which has an analogue in the analysis of radio technical systems
(Blekhman, 1988). It is founded on the effect of concentration of slips (and
associated seismic/acoustic events) in the definite phases of forcing period.
Of course, this means that the occurrence of dynamic events in the remaining
phases of forcing is less probable (prohibited). The width of the prohibited zone
is larger for stronger synchronization. Of course, some intervals of silence can
occur just randomly, but these intervals are relatively short and are distributed
randomly relative to the forcing phase. These short gaps can be considered as a
noise; the gaps due to synchronization are much wider. The method has been tested
on the laboratory spring-slider model with mechanical forcing.
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Consider stick-slip as a nearly periodic relaxation process, where the stress is
accumulated for a long time in order to release it in a fast slip. As this last phase is
very short, the duration of a whole cycle is practically equal to that of accumulation
stage.

Assume that a periodic relaxation process with period 7 is exposed to also
periodic forcing of period T. Let us suppose that the forcing period is not known
exactly, but some preliminary guess on the range of periods can be made. Is it
possible to retrieve the unknown forcing period accurately from the observed
modified relaxation process? So, the objective is to find exact forcing period from
a given sequence of onsets of slips d(j),j = 1,2,3, . ... m. Here m is the total number
of slips. We are looking for the forcing period inside the interval [T, Tynax] of @
width AT = T~ T,.i,- We use a scanning window with the optimal length dT,
which is much less than AT. The window length dT is calculated by the following
empirical formula:

dT = T*min/50t, (8.10)

where ¢ is the duration of experiment. As a result we will have n = AT/ dT (virtual)
periods to test inside the chosen interval of periods AT. For the T(i)-th trial (virtual)
forcing period we have:

T(i) =Ty +ix dT, i=0,1,23....n 8.11)

For revealing phase synchronization the times of slip occurrences d(j) are
divided by the corresponding period T(i):

d()/T(i); j=1,2,3....... m; i=1,2,3......n. (8.12)
Let us consider for each period 7(i) the remainder of the above division F(j,i):
F(j,i) = remainder(d(j)/T({)) j=1,2,3...... m; i=1,2,3....n.

For revealing phase synchronization just the non integer part is essential as it
characterizes the distribution of phases of “discharges” inside the trial forcing
period. For convenience these values are normalized in the following way:

F"(j,i) = F(j,i)T(i) x 1000 (8.13)

After such a normalization, the considered values of F,(j,i) do not depend on the
absolute value of trial period 7(i) and are distributed inside the range [0;1000]. The
normalized phases are arranged according to their ascending values and the largest
free-of-slips interval between neighboring phases or the local maximal “gap” width

dF(j, i)fﬁ;x is found for each trial period 7(i). As a result, two numerical sequences

for T(i) and dF(j,i)!. are obtained. The graph of dF(j, i) versus T(i) actually

max max

forms a spectrum of local maxima of gaps widths for a chosen range of trial forcing
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periods. The largest gap (or the absolute maximum in the set of local ones) returns
the value of the sought forcing period.

The method has been tested on the laboratory spring-slider model with mechan-
ical forcing. The results are shown in Figs. 8.21-8.23.

In these experiments the forcing frequency (30 Hz) was known beforehand
and the objective was to retrieve it from the observed data as if it were unknown.
So the known forcing frequency was used only for validation of the gap method.
The amplitude of mechanical forcing was changed (namely, the excitation of
mechanical vibrator was realized by application of voltages of 4, 5 and 6 V
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Fig. 8.21 (a) Recurrence spectrum of local maxima of gaps widths for a chosen range of trial
forcing periods spectrum of slips for exciting voltage of 4 V: Y-axis — the local maxima of the gap
widths dF (j, i)f;’gx; X-axis — trial periods T; - 1000; (b) The distribution of slip moments inside the
genuine forcing period T, divided in 1000 intervals
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Fig. 8.22 (a) Recurrence spectrum of local maxima of gaps widths for a chosen range of trial
forcing periods spectrum of slips for exciting voltage of 5 V: Y-axis — the local maxima of the gap
widths dF(j, i)];:x; X-axis — trial periods 7; - 1000; (b) The distribution of slip moments inside the

genuine forcing period T;, divided in 1000 intervals
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widths dF (j, i)’ ; X-axis — trial periods T; - 1000; (b) The distribution of slip moments inside the
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genuine forcing period T, divided in 1000 intervals

respectively, in Figs. 8.21-8.23). Figs. 8.21a, 8.22a, 8.23a show the hidden period-
icity of slips (in particular, recurrence spectra of local maxima dF(j, i)izgx for each
trial period T;) and Figs. 8.21b, 8.22b, 8.23b present gaps in distribution of slip
moments inside the genuine (7,) period of forcing (returned from the value of
absolute maximum of the gap width dF (j, i)g’;x, here 0.0332327 s), which is divided
into 1000 intervals.

From the analysis of the gap spectra we can conclude that synchronization
is present at the forcing frequency of 30 Hz and the genuine forcing period T;, =
1/f = 0.0332327 can be extracted with no less than 0.01 Hz accuracy. It is evident
that the forcing frequency can be determined accurately from the observed
synchronized slip recurrence spectra.

The above approach has been tested on the Catalogue of Caucasian earthquakes
of M. Nodia Institute of Geophysics and some significant gaps related to tidal
effects were revealed (Chapter 18).

We hope that the methods applied in the present work to the laboratory data can
be used in future for detection and quantitative assessment of seismic process
synchronization strength induced by a weak external impact, such as tides, reservoir
loading, etc (Heaton, 1975; Nikolaev V. 2003; Grasso, 1998).

8.7 Phase Time Delay

The acoustic response lags behind the periodic forcing phase; the lag is inversely
proportional to the forcing intensity (Fig. 8.24a, b, c, d). The delay is quite similar
for both AE burst onsets and AE wave train maxima. The dependence of phase
delay on the intensity of periodic or pulse-like forcing points to a nonlinear
response of the system to a weak external impact.
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triggered by mechanical strike. (d) Phase time delays at synchronization by periodic EM forcing
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8.8 Synchronization by Mechanical Forcing

Of course, synchronization of stick-slip can be achieved by a weak mechanical
forcing also. Such experiments are quite numerous as the phenomenon of stick-slip
is ubiquitous in friction processes and it is considered as a negative factor, disturb-
ing the stable displacement of contacting surfaces. In order to achieve smooth
functioning of technical systems with friction, application of weak mechanical
vibrations of relatively high frequency is studied mainly as a tool for stabilization
of friction process (Bureau et al., 2000; Perfettini et al., 2001; Boissou et al., 1998).
It has been found that at some intensity of mechanical forcing (but still much less
than the main driving force) the stick-slip phenomenon is strongly reduced. At the
same time, it is clear from analysis of recordings (Fig. 8.25) that what is considered
as stabilization of friction is in fact the stick-slip of small amplitude synchronized
with the (high) frequency of forcing. Thus, the stabilization of motion is achieved
not by elimination of stick-slip, but by drastic decrease of amplitude of slips, which
occur much more frequently than in motion without forcing.
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Fig. 8.25 Time evolution of the loading spring elongation for v = 8 pm/s and different modula-
tion amplitudes €. indicated at the right end of each trace. The bifurcation sequence from stick-
slip to stable sliding is evident. The insert is a blow-up of the stable sliding trace showing the
remaining oscillating response at the frequency of the load modulation f = 120 Hz, much higher
than the stick-slip frequency (Bureau, 2000). It seems that what is considered as stabilization is
indeed a synchronization of slips with quantization of slip amplitudes

The phenomenon can be considered as a “quantization” of slips, which has been
observed also in our experiments with EM forcing (Fig. 8.15). Thus, a single
dynamic instability (slip) of magnitude of the order of 3.5 pm in a non-modified
friction process is released in the same time interval by 12 small-scale events of
magnitude 0.2 pm in synchronized friction as result of quantization. In total, the
cumulative slip rate of 12 small displacements was 2.4 um/s, which is close to the
one large slip rate of 3.5 pm/s.

It is unrealistic at present, but the quantization effect of periodic forcing can in
principle be considered as a tool for reducing the magnitude of impending strong
earthquake.

8.9 High Order Synchronization of Stick-Slip Process:
Experiments on Spring-Slider System

In the previous chapters we considered relatively simple synchronization regimes.
At the same time it is well known that when the processes of various timescales are
coupled, there is a possibility of high order synchronization (HOS). Namely, if w,, is
the natural frequency of first (driven) oscillator, w is that of the second (forcing) one
and Q is the resulting frequency of driven system under forcing, the system tends to
synchronize at different integer ratios of w/Q. Such effects are observed, for



150 T. Chelidze et al.

example, in biological systems, lasers, electronic relaxation generators, etc
(Pikovsky et al., 2003; Kantz, Schreiber, 1997).

Our experiments were aimed to reveal HOS in the frictional system, namely in
the stick-slip process of spring-slider setup, subjected to weak electromagnetic
(EM) or mechanical forcing.

8.9.1 High Order Synchronization

In the paper the following definitions are used: @, — natural frequency of autono-
mous oscillator (here spring-slider system); T, — corresponding natural period;
and w, T, and ¢ — forcing frequency, period and phase, respectively; Q, T,
and ¢, — frequency, period and phase, respectively, of autonomous oscillator
observed after application of forcing.

There are several kinds of synchronization between oscillating system with
natural frequency @, and forcing frequency w = 2nf. We are looking for the
phase synchronization (PS), when amplitudes are irregular and uncorrelated,
but the frequencies w and (2 are adjusted, i.e., there is a regular phase shift between
o and Q.

High-order or (n:m) synchronization means that the observed and forcing
frequencies satisfy the equation (Pikovsky et al. 2003):

nw=m, or nl.,=mly, (8.14)
where n and m are some integer numbers. In our case, @ is the EM or mechanical
forcing frequency and Q is the observed frequency of AE bursts under forcing. The
ratio n/m is called the winding or rotation number p and is defined as:

p=Q/w =Ts/Tps. (8.15)

This condition of so-called high-order synchronization can also be incorporated

in the general framework of the frequency-locking model, using equation (8.14) ; in

this case the ratio n:m is the winding number: p = n/m. The phase-locking can be
also expressed in terms of the oscillators’ phases:

|np — mep,,| < const, (8.16)

where ¢ is the phase of the forcing and € is that of the kicked oscillator.
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8.9.2 HOS Synchronization by Electromagnetic Forcing

Figure 8.12 represents actually the example of high order (n/m = 1:2) synchroniza-
tion. The experiment shows that the addition to the high frequency EM signal
(40 Hz) of a strong enough component of the constant electric field invokes
transition from 1:2 to 1:1 synchronization.

The same 1:1 regime can be obtained also upon application of relatively low
frequency (T = 0.5 s) signal (see the left part of Fig. 8.26). At still lower forcing
frequencies, for example, T, = 4.5 s, the stick-slip process demonstrates swarm-like
behavior: one EM forcing generates dozens of AE bursts (see the right part of
Fig. 8.26).

Figure 8.27 represents the HOS of stick-slip at EM forcing by pulses of different
duration. Both the onsets of swarms and these of the individual events within
sequences (swarms) turn out to be very well organized.

The onsets of swarms have almost the same delay relative to the times of onsets
of identical forcing (t;p, i = 1,2 ... .. k, where i is the number of forcing pulse) and
the events within swarms manifest regular phase difference. Besides, even small
difference in the duration of the forcing pulses causes regular changes in the delays,
number of AE bursts in the induced swarm and in phase differences. Characteristics
of EM forcing and AE response are as follows. Short forcing pulses: n:m = 1/3;
mean duration ¢ = 0.618 s; mean delay #,,= 0.295 s; the AE response consists of
three consecutive bursts with mean phase differences of 0.258; 0.411; 0.537 s, and
St. Dev. of 0.037; 0.048; 0.034, respectively. Long forcing pulses: n:m = 1/4 or 1/5;
mean duration ¢ = 0.82 s; mean delay #;,= 0.358 s; the AE response consists of four
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Fig. 8.26 Transition (bifurcation) in stick-slip from 1:1 synchronization to high order synchroni-
zation at increasing period of forcing from 0.5 s to 4.5 s (exp: Zura5). Note that in Figs. 8.26, 8.27a
and 8.28a the forcing signal was filled by high frequency (HF) oscillations in order to visualize the
low frequency forcing on the computer screen; the HF signal was applied only to computer and not
to the rock plates
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consecutive pulses with mean phase differences of 0.268; 0.467; 0.601; 0.736, and
St.Dev. of 0.046; 0.05; 0.07; 0.055; 0.046, respectively.

Figure 8.28 presents even more numerous AE swarms generated by longer EM
pulses; in this case the swarms contain up to 40 AE events, so n:m ~ 1/40. Again,
the AE bursts within the swarm are well organized. The first ten of bursts show
almost constant phase shift relative to the EM forcing onsets. The following bursts
demonstrate a regular small increase of the phase delay in sequential swarms.

So, it seems that the lower the frequency of forcing, the larger the number of
triggered synchronized events in the forcing-generated AE swarms. Probably the
same mechanism can lead to formation of seismic swarms.

Besides n<m coupling, we observe also n>m HOS (Fig. 8.29 a, b). Here the AE
bursts occur rarely in comparison with EM forcing pulses. The forcing pulse
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diagram (synchrogram) for the first 31 AE bursts in the swarms number 2-11 generated by 11
forcing EM pulses; note the stripe structure of synchrogram, which shows that the phase shift
between EM forcing and AE pulses is almost constant for the first 10 slips

(repetition) rate was Ty = 1.8 sec, AE delay relative to the pulse onset — 0.24 s. The
observed AE period was T,,, = 25 s. Thus, in this case n>m, namely the winding
number is 14:1. Fig. 8.29 b presents the AE distribution relative to the forcing
period phase, which is very sharp though slips wait quite long (hundreds of forcing
periods) to occur.

8.9.3 HOS by Mechanical Forcing

We also investigated synchronization of the same spring-slider system under weak
periodic mechanical forcing (Chelidze et al., 2007; Varamashvili et al., 2008). The
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ms; T,, =25 s; nw = m Q; 14n = m. (a) recording of AE at synchronization by EM pulses;
(b). histogram of AE bursts distribution in phases of EM forcing

experiments were conducted for two modes of mechanical forcing: (i) the forcing is
applied normal to the slip surface and (ii) forcing is applied parallel to the slip
surface; for brevity we will refer to them as normal and tangential forcing, respec-
tively. In the case of normally directed forcing we calculated the maximum value of
mechanical forcing, which corresponds to the maximum measured voltage applied
to mechanical vibrator (i.e., when the voltage applied to the vibrator equals 6.5 V).
The mass of the oscillating element of the vibrator m is ~ 20 g, so we obtain for
oscillating element of the vibrator the natural frequency f: f = \/k/m =5 Hz,
where k is the stiffness of the vibrator spring. Then &k = 25 m = 0.5 N/m.

The maximum deflection x,,,, of the oscillating element at the applied voltage
6.5 V equals X,,,c ~ 4.1073m, so the corresponding (maximal) intensity of forcing
F o 18 Frax = kxXmax ~ 2.1073N

At smaller voltages, the forcing is much weaker — our assessment for 1V is ~
5.107*N. Thus, the forcing was always much less than the driving force F = 4 N.
Similar numbers were obtained for tangential mechanical forcing. The forcing
frequencies were 30 Hz for the tangential and 20 Hz for the normal loading
cases. In both cases, the forcing rate was larger than the dragging rate, which
means that the synchronization of the process is possible.

Figure 8.30 a, b presents experimental records, when the mechanical forcing is
in the range (5.1073 —2.107%) N, which corresponds to 4 V voltage applied to
the vibrator.

Distributions of the AE burst onsets relative to the phase (in decimals) of
mechanical forcing period for the normal forcing are presented in Fig. 8.31.

At low voltages (up to 1V) the onsets are more or less randomly distributed in the
decimals of the forcing period. Voltage increase results in concentration of the
offsets at a definite part of forcing period, namely in the first and the last decimals of
forcing phase. Evidently, increasing of voltage applied to mechanical vibrator
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Fig. 8.30 (a) The full record of AE bursts (upper channel) and mechanical forcing (lower
channel), sections 1 — total record of forcing, corresponding to the time scale, shown at the
upper side of figure; section 2 — part of forcing record in the expanded form; here the time scale is
disregarded in order to visualize the form of forcing signal during synchronized stick-slip.
Mechanical forcing corresponds to vibration intensity generated by application of 4 V voltage to
the vibrator; (b) A single acoustic pulse and corresponding tangential mechanical forcing on the
expanded scale. The initial slow deviation from the background line is considered as the onset of
the AE pulse and the start of slow terminal phase as a pulse termination; these moments are marked
by arrows

promotes synchronization of AE offsets with external forcing. The same behavior is
observed for tangential mechanical forcing (Fig. 8.32).

Thus at low voltages (up to 2 V) the onsets are more or less randomly distributed
in the decimals of the forcing period (Figs. 8.31, 8.32). Voltage increase results in
concentration of the offsets at a definite part of forcing period, namely in the first
and the last decimals of forcing period for normal forcing; in the case of tangential
forcing (Fig. 8.32) synchronization is most pronounced in the interval 0.25-0.5 of
the forcing period and fills the gap observed for normal forcing (Fig. 8.31).

Alteration of the forcing frequency affects the phase distribution of AE.
Figure 8.33 (the left column) shows the AE distribution for tangential forcing at
frequency 80 Hz. It is evident that the maximum of AE shifts to other phases of
forcing period compared to the distribution for 20 Hz.
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Fig. 8.31 Distribution of acoustic emission onsets relative to mechanical forcing period phases
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8.9.4 Synchronization of AE Signal Terminations

It was a surprise to discover that not only AE onsets can be synchronized by a weak
mechanical forcing; Fig. 8.33 (right column) illustrates that the terminal parts of the
signal also are synchronized by forcing with the same strength as the onsets.

We suppose that the forcing (here 80 Hz) can affect not only the phases of onsets
but also the phases of terminations of AE bursts, but their influence is realized in
quite different phases of forcing: presumably, the onsets are triggered by tangential
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forcing around the minimum area of forcing period and suppressed by forcing in the
maximum area of forcing period.

The standard deviation of onset and termination times regularly decreases with
increase of forcing intensity (Fig. 8.34).

Besides better synchronization of onsets and terminations, the increase in forc-
ing intensity also brings on regular shortening of duration of AE bursts (Fig. 8.35).

It is evident that increasing voltage applied to the vibrator promotes synchroni-
zation of AE offsets with external forcing.

It is striking that the AE bursts are well synchronized though the waiting interval
of bursts varies between 100-200 periods of forcing, i.e., to initiate the phase-
synchronized slip event the forcing oscillator should pump the energy of hundreds
of oscillations to the slider-spring system.

The important conclusion for the much discussed interaction between tidal
deformation and EQ-s (Beeler, Lockner, 2003; Scholz, 2003) is that in order to
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find it we should not only look for direct 1:1 correlation between events recurrence
frequency and forcing, namely for the increase of seismicity exactly at the tide
frequency (say, 12 h). The high order phase synchronization can occur at multiples
of tide frequency like it was shown in laboratory experiments. It is important to note
that HOS can be responsible for phase synchronization of AE or seismic events
irrelative to the duration of their nucleation; of course, the optimal condition of
synchronization (minimal forcing) should correspond to the forcing period, close to
natural event nucleation time. Additional complication arises from the phenomenon
of delay; the response can be shifted quite significantly for weak forcing. Thus, the
question of tidal forcing of earthquakes should be reconsidered taking into account
new experimental evidence.

8.10 EM Synchronization: Physical Mechanism of Period
Doubling

It is well known that the slider-spring system displays the stick-slip
behavior described by the nonlinear equations (Dietrich, 1979; Ruina, 1983;
Rice et al., 2001; Becker, 2000): T = o,[y + @ + Aln(vg/v.)]; © = (—vy/d,)
[® + BlIn(vy/v.)], where 7 is the friction stress, o, is the normal stress, © is the
surface state parameter, [, is a nominal (constant) value of friction, d,. is the
dimension of asperity, v, is the slip speed, v, is the initial value of v, and A and B
are constants. Both theoretical solutions and experiments demonstrate a possibility
of very different behavior of the system depending on the conditions of the test.
For example, nonlinear analysis of a simple quasi-static slider-spring system with
rate- and state-dependent friction shows chaotic dynamics behavior in the deter-
ministic sense (Becker, 2000). In particular, at the critical value of spring stiffness,
the friction stress may undergo oscillations close to periodical.

On the other hand, it has been shown (Ott et al., 1990; Bocaletti et al., 2000) that
it is possible to control the behavior of chaotic systems using very small feedback
impact. The matter is that the attractor of a chaotic system contains an infinite
number of unstable periodic orbits. Given such an attractor, one can choose some of
the low-period orbits (or steady states) embedded in the attractor and use a feedback
perturbation of an accessible parameter P of the system in order to stabilize the
chosen orbit and thus improve the performance of the system, for example, convert
the chaotic behavior into periodic process. The extreme sensitivity of chaotic
systems to external impact allows to control the dynamic state of the physical
object by using a very small perturbation. Experimental control of chaos has been
successfully realized first by Ditto et al. (1990) on the parametrically driven
magnetoelastic ribbon and then by many others on mechanical, electronic,
biological and chemical systems (see Ott et al., 1994).

An alternative mathematical formalism for explanation of control phenomenon is
provided by synchronization theory (Blekhman, 1988; Lursmanashvili et al., 2001;
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Pikovsky et al., 2003). The crux of this approach is the existence of some critical
parameter in the system that causes its relaxation. Then small periodic impact can
synchronize relaxation of the whole system with the period of impact, if some force
regularly drives the system close to the critical state. Let us consider some relaxation
process in which the intensity U, (it can be related to voltage, stress, etc) builds up
slowly to some critical value U,; when U, = U, the intensity drops instantly to some
initial value. Then the application of synchronizing pulses of relatively small ampli-
tude U, and of very short duration may impose coherency of these drops with the
timing of pulses, as now the condition of criticality is U, + Uy = U, or, in the case of
sinusoidal impact, U, + asin(wt + ¢) = U,, where @, a and ¢ are the angular
frequency, phase and amplitude of periodic impact, respectively. This means that
intensity drops occur, when the increasing value of U, is equal to U, — asin (wt+¢ );
for details see Chapter 18. It has been shown (Blekhman, 1988; Pikovsky et al., 2003)
that synchronization may appear at even weak coupling between objects with signifi-
cantly different characteristic frequencies that implies nonlinear interaction of
objects.

What is the physical mechanism leading to synchronization? In case of mechani-
cal excitation, synchronization is connected with mechanical triggering of micro-
slips in the system that is close to critical state and thus reveals sensitive dependence
on (small) external perturbation.

In the case of EM forcing, the driving mechanism of triggering is electrostriction
(equations 8.5 and 8.6); synchronization occurs when the oscillating EM compo-
nent of Coulomb stress is strong enough.

We suppose that EM synchronization is connected with polarization of surfaces
of fixed and sliding samples. As the polarization forces arise at both polarities of
applied periodic field, it seems reasonable to expect that the synchronization
follows each reversal of EM field. As the mechanical instabilities synchronize
with both positive and negative sections of sinusoid (the response is symmetric)
we can postulate that the additional elastic strain, u, induced by forcing has a
quadratic dependence on the intensity of electrical field £ = E,,;sin wt:

u = kE? (8.17)
which is the well known expression of electrostriction in solids (compare with
expressions 8.3 and 8.4); here k is some proportionality constant depending on the
forcing frequency and physical properties of rock (Chernyak, 1978).

If the electromagnetic forcing contains, besides the periodic component, also a
constant one, that is:

E=E, +E,sinot, (8.18)

then, after inserting (8.18) into (8.17), the elastic response becomes:

U= kl(Em)2{1 4 2(E. JEp)*+4(Ec/Ey) sin ot — cos 2wt}, (8.19)
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where kI is proportionality constant, which depends on the forcing frequency,
physical properties of rock and constant component intensity E.. It is evident
that the stick-slip response to forcing in the latter case depends on the value of
ratio E/E,,. At E./E,, << 1 the cos2wt term of (19) is dominant, which means that
the slip events will occur with the double frequency of forcing, but at E/E,,, >> 1
the slip regime is governed by the sin wt term, that is, only one slip event occurs per
period of forcing. These conclusions are confirmed by experiments (Fig. 8.12).

8.11 Conclusions

The phase synchronization of stick-slip process induced by a weak electromagnetic
or mechanical periodic forcing was analyzed. Stick-slip events were identified as
acoustic emission (AE) bursts and recorded on the sound card of computer. The
onsets of acoustic events were picked by special program using Akaike criterion. For
quantitative measuring of synchronization strength, several modern tools of nonlinear
dynamics were used (mean effective phase diffusion coefficient, Shannon entropy
based characteristic phase synchronization measure (yH-Sh), recurrence plots, and
recurrence quantitative analysis RQA, namely, percent of determinism %DET, etc).

An application of varying frequencies and intensities of forcing allows to
compile Arnold’s tongue for EM forcing. We found that not only the onsets/
maxima of a definite kind of AE signals are synchronized with forcing, but also
AE wave train terminations.

The effect of high order synchronization of stick-slip events by weak electro-
magnetic or mechanical periodic forcing was discovered. There were two kinds of
high order synchronization: (i) one or more AE bursts during one forcing period and
(ii) one AE burst during many forcing periods.

It was found that the onset time of the synchronized slip events lags behind the
forcing phase; the delay is smaller for stronger forcing.

The results obtained point to possibility of revealing some new fine details in the
stick-slip process which can be very useful for refining the physical mechanism of
frictional motion in general. These findings can also help to find new regularities in
seismic time series.
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Chapter 9
Oscillating Load-Induced Acoustic Emission
in Laboratory Experiment

A. Ponomarev, D. Lockner, S. Stroganova, S. Stanchits, and V. Smirnov

Abstract Spatial and temporal patterns of acoustic emission (AE) were studied. A
pre-fractured cylinder of granite was loaded in a triaxial machine at 160 MPa
confining pressure until stick-slip events occurred. The experiments were con-
ducted at a constant strain rate of 10~ s~ ' that was modulated by small-amplitude
sinusoidal oscillations with periods of 175 and 570 seconds. Amplitude of the
oscillations was a few percent of the total load and was intended to simulate
periodic loading observed in nature (e.g., earth tides or other sources). An ultrasonic
acquisition system with 13 piezosensors recorded acoustic emissions that were
generated during deformation of the sample. We observed a correlation between
AE response and sinusoidal loading. The effect was more pronounced for higher
frequency of the modulating force. A time-space spectral analysis for a “point”
process was used to investigate details of the periodic AE components. The main
result of the study was the correlation of oscillations of acoustic activity synchro-
nized with the applied oscillating load. The intensity of the correlated AE activity
was most pronounced in the “aftershock” sequences that followed large-amplitude
AE events. We suggest that this is due to the higher strain-sensitivity of the failure
area when the sample is in a transient, unstable mode. We also found that the
synchronization of AE activity with the oscillating external load nearly disappeared
in the period immediately after the stick-slip events and gradually recovered with
further loading.
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Cosmic and meteorological forces can produce periodic changes in the Earth’s
crust. This periodicity in terrestrial processes is observed over a wide range of time
scales [Atlas. .., 1998; 2002]. Seismicity, for example, contains periodic compo-
nents as well as random activity, due to both natural and man-made sources
[Gomberg et al., 1998]. Earth tides are a significant source of periodic stress and
deformation of the crust and under favorable conditions can influence the occur-
rence of earthquakes [Cochran et al., 2004]. Sadovsky et al. [1981] have shown that
micro-mechanical influence on deformed samples of different rock and artificial
materials favors the transformation from brittle rupture to plastic deformation and
thereby leads to release of elastic energy stored in the sample. Sobolev et al. [1996]
have shown in laboratory experiments on granite blocks under biaxial loading that
the addition of vibrational loads leads to a shortening of the time period between
consecutive unstable motions like stick-slip. Under 50 MPa confining pressure, a
strong correlation between the periodic forcing function and the occurrence of
model earthquakes was found by using granite cylinders containing precut bare
fault surfaces [Lockner and Beeler, 1999]. More recently, those researchers demon-
strated on laboratory-scale experiments that seismicity should correlate strongly
with the amplitude and frequency of small periodic stress of tidal magnitude if the
period exceeds the duration of earthquake nucleation [Beeler and Lockner, 2003].

The objective of the current study was to analyze acoustic emission time
series (considered an analogue of natural seismicity) generated in laboratory-
scale experiments to reveal variations in the sensitivity between periodic loading
and induced AE response. Unlike the preceding experiments, we used a pre-
fractured Westerly granite core of 76.2 mm diameter and 190 mm height under
confining pressure of 160 MPa (Fig. 9.1). The sample was loaded axially until stick-
slip events occurred. The experiments were carried out under constant strain rate of
107 s~ '. The steady axial loading was modulated by sinusoidal oscillations of 175
and 570 second periods and with peak-to-peak amplitudes that were a few percent
of the applied load. This loading pattern was intended to simulate periodic loading
observed in nature (e.g., earth tides or other sources), although the stress variations
are more than 3 orders of magnitude larger than tidal stress oscillations. As
discussed in Lockner and Beeler [1999], correlations between tidal stresses and
natural seismicity are expected to be much smaller than the correlations observed in
this experiment. An ultrasonic acquisition system described in Lockner et al.
[1991], included 13 piezosensors and recorded arrival time and amplitude informa-
tion from induced AE events to provide a database for further analysis.

Loading history and variation of AE activity are shown in Fig. 9.2. The initial
stage of the experiment (before 310,000 s) was loaded at constant strain rate without
the addition of periodic forcing. In the range of 310,000-360,000 s, the constant
loading rate was modulated by the addition of a small-amplitude sine-wave with a
period of 175 s. In the range of 375,000 to 445,000s, the period of the modulating
signal was 570 seconds. The amplitude of the periodic loading was approximately
20 MPa in both cases.

Artificial fault surfaces used in laboratory studies are typically formed by
making an inclined saw cut that is surface ground to produce planar, well-mated
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Fig. 9.2 Axial load and recorded AE rate are plotted as a function of time. Broad bands in axial
stress between 500 and 600 MPa indicate amplitude of imposed sinusoidal stress oscillations
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surfaces. A different technique was employed here to produce a more ‘natural’ fault
surface. In a separate procedure, before the experiment, a fracture was propagated
quasi-statically in an initially intact granite cylinder. An “AE feedback control”
technique was used in which the load was adjusted to maintain constant acoustic
activity [Lockner et al., 1991]. This loading style results in a narrow rupture zone
with complex surface roughness and abundant gouge that is more like a natural fault
than an artificial saw-cut surface. Locations of AE sources generated from initial
loading to 200,000 s are plotted in Fig. 9.3. These events, that have location
accuracy of approximately +3mm, are the result of re-activation of the existing
fault surface and provide an image of its shape. While AE activity is greater in the
central portion of the fault, there is activity over the entire fault surface. This
distributed activity indicates that during reloading of this pre-fractured sample,
the entire fault surface is reactivated and although the two fault blocks are locked
together by the applied normal stress (up to 260 MPa) a small amount of inelastic
strain is continuously occurring. The AE activity plotted in Fig. 9.3a indicates that
the lower portion of the fault has slight curvature and that the damage zone
associated with the fault is more than 1 cm in width.

Dynamic stick-slip events involve rapid motion on the entire fault surface
accompanied by a measurable stress drop and audible sound. Only a few such
stick-slip events occurred during this experiment and all were followed by periods
of increased AE activity. Variation in the relevant acoustic activity is shown
in Fig. 9.4 for two stick-slip events with differential stress drops of approximately

b

Fig. 9.3 Locations of AE
events during initial loading
(before running time of
200,000 s) of sample. (a)
Sample viewed along strike of
the pre-existing fault. (b)
Sample view rotated 90° to
fault strike. Lower portion of
the fault has slight curvature.
Width of the damage zone, as
indicated by AE activity, is
more than 1 cm. The broadly
distributed AE activity
indicates that the entire fault
is undergoing inelastic strain
as it is loaded
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Fig. 9.4 Acoustic activity associated with stick-slip events. Steady loading rate results in an
average AE rate of about 10 events per second. Rapid fluctuations in the AE rate prior to stick-slip
events indicates the response to applied stress oscillations. Each stick-slip event produces a sudden
increase in AE rate followed by a 1/time ‘aftershock’ decay and a ‘stress shadow’ where AE rate
drops to about 30% of the previous rate. During the aftershock decay, the correlation between AE
rate and stress oscillations is lost

20 MPa. In both examples shown in Fig. 9.4, AE activity preceding stick-slip was
strongly correlated with the imposed stress oscillations. However, synchronization
of acoustic emission nearly disappears following the stick-slip events and the
associated stress drops. Then, after about 10,000 seconds, as the load rises, the
correlation between AE rate and periodic loading rate is gradually re-established.
Stress drops for the different stick-slip events were variable. The two events shown
in Fig. 9.4 had stress drops of approximately 20 MPa or only about 4 percent of the
applied differential stress. These stress drops were of the same magnitude as the
applied stress modulations. Notice in Fig. 9.4 that the decrease in ambient stress
level due to the stick-slip events resulted in an overall /2 decade decrease in AE rate
during the aftershock sequence that reached a minimum after about 5000 s. This
inverse-time transient decay in AE rate is the laboratory equivalent of an Omori
aftershock decay sequence and represents the time period in which AE rate is
insensitive to the imposed stress oscillations. Once the sample emerges from this
region of lowered stress, the AE rate again begins to correlate with the imposed
stress oscillations. This memory of past stress history is similar to the Kaiser effect
discussed, for example, in Lockner (1993) in which the induced AE rate remains
low until the previous maximum stress level is exceeded.

The change in correlation between stress oscillations and AE rate is shown more
clearly in Fig. 9.5. In these plots, AE activity occurring within an extended time
interval is binned according to time of occurrence relative to the peak in the
stressing cycle. Fig. 9.5a shows that in a 10,000 s interval prior to the stick-slip
event in Fig. 9.4a, AE activity has a strong correlation with and is in phase with the
stress oscillations. The number of AE events associated with peak stress is nearly
3 times more than the number of events occurring near the stress minimum. Plotted
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Fig. 9.5 AE activity plotted relative to the peak in each stressing cycle (T = 175 sec). Events for
each sampling interval are grouped in 30° bins. (a) AE activity for 10,000 sec time interval before
stick-slip event shown in Fig. 9.4a. Activity at peak stress is nearly 3 times as large as activity near
stress minimum. (b) AE activity during 10,000 sec following stick-slip event showing a loss of
correlation with stress cycling. (¢) Activity during 4000 sec time interval following aftershock
sequence of stick-slip event. In this interval, the correlation between stress and AE rate is re-
established. (d) AE activity for 1000 sec aftershock sequence of a large amplitude AE event (see
text). In this case, correlation of AE activity with stress oscillations is greater than for the
background activity shown in Fig. 9.5a

in this way, Fig. 9.5a approximates the probability density function for AE events
in this time interval. In contrast, Fig. 9.5b plots the AE activity during the 10,000 s
following the stick-slip event. The correlation between stress and AE rate is
essentially lost. However, in the next 4,000 s (Fig. 9.5¢) the correlation between
peak stress and peak AE rate is re-established.

Another interesting feature of induced acoustic emission is that AE synchroni-
zation with external loading becomes apparent following large amplitude AE
events (events that are large enough to have their own aftershock sequences).
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This is illustrated in Fig. 9.6. Similar to the aftershock sequence for stick-slip
events, these large AE event aftershocks diminish with an inverse-time rate depen-
dence. Unlike stick-slip aftershocks, however, aftershocks of large AE events show
strong correlation with stressing cycles. This characteristic is further illustrated in
Fig. 9.5d where the peak activity is more than 4 times the activity associated with
the stress minimum.

We suggest that the appearance of strong synchronization between imposed stress
oscillations and acoustic emission variations during laboratory-scale modeling is
the result of increased strain-sensitivity of the fault and indicates that the fault has
been driven into an unstable state. In Fig. 9.4, the stick-slip events involved slip of
the entire fault surface and resulted in an overall reduced stress state as measured by
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Fig. 9.6 Acoustic activity synchronizes with applied stress oscillations after large amplitude
acoustic events that occur at times indicated by arrows. Interval of enhanced correlation is
approximately 1000 sec
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the applied axial load. This reduced stress state was characterized by a loss of
correlation between AE rate and imposed stress oscillations. In contrast, in Fig. 9.6,
while the AE events were large enough to produce their own aftershock sequences,
they did not reduce the overall stress on the fault as measured by the total applied
axial load. Instead, the drop in stress in the source region of the large AE events
simply transferred stress to the remainder of the fault surface resulting in a transient
increase in overall AE rate.

More than 65,000 AE events were recorded and located during this experiment.
AE activity associated with the stick-slip event at 346,023 sec is plotted in Fig. 9.7.
A very large amplitude AE event was recorded at the beginning of the aftershock
sequence (plotted as the star in circle) and may indicate the nucleation site of the
stick-slip event [Thompson et al., 2005]. Differences between locations of pre-stick-
slip AE and aftershocks are small. Activity in regions ‘A’ and ‘B’ decreased while
activity in ‘C’ increased. These changes may indicate evolution of highly stressed
zones or asperities due to fault slip. Otherwise, the broad distribution of AE both
before and after the stick-slip event indicates that the entire fault is stressed and
undergoing inelastic deformation. Figure 9.8 shows locations of AE events before
and after the large amplitude AE event described in Fig. 9.6a. The large event,
indicated by the star, occurred near the center of the sample. Once again, there is
little difference in location of preceding and immediately following the large ampli-
tude AE event. Apparently, the occurrence of the large event resulted in a sudden
increase in AE activity but not in a change in the spatial distribution of activity,
implying a relatively uniform increase in stress over the entire fault surface.

At)=p-(14a-cos(wr+ ¢))

We employ a method described by Lyubushin et al. [1998] to extract the periodic
component from the AE time series that represents a ‘point’ process. The model
of acoustic intensity includes a Poisson process with a uniform purely random
part with intensity p (u>0) and a periodic component (frequency w, amplitude a
(0 < a <1) and phase ¢). Thus the Poisson part of the intensity is modulated by a
harmonic oscillation.

The log-likelihood function for the set of observations is defined as

T
InL(u,a,plo) = Zln —/)u(s ds
0

and the increment of the log-likelihood function becomes

In Ly, ¢l) = 3 In(1 + acos(ot; +¢)) + N - In(,a, plw)) — N

14

AlnL(a, p|w) = Zln(l +acos(wt; + ) + N - In(y;, a, p|®))

t
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Fig. 9.7 Plots of AE activity
associated with stick-slip
event at 346,023 s running
time. (a) and (b) show
locations of events in 10,000 s
interval before the stick-slip.
(¢) and (d) show aftershocks
occurring for 10,000 s
following the stick-slip. Star
in circle indicates location of
an off-scale amplitude AE
event that coincides with the
time of the stick-slip and may
represent its nucleation site.
Groups of events ‘A’, ‘B’,
and ‘C’ show a change in
relative activity from before
to after the stick-slip and may
reflect evolution of the fault
surface due to co-seismic slip

a b

The maximum of this function indicates which frequencies provide the greatest
increase in the log-likelihood function when compared to a purely random model.

Parameters a and w can be estimated.

A time-frequency diagram of the AE response (log-likelihood increments) for
the entire experiment is shown in Fig. 9.9. Horizontal red lines identify the portions
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Fig. 9.8 Plots of AE activity
associated with the large
amplitude AE event described
in Fig.6a at 323,377 sec
running time. Location of this
event is indicated by star.

(a) and (b) Location of events
occurring 2000 sec before the
large AE. (c) and (d) Location
of aftershock events
occurring for 1000 sec
following the large AE.
Spatial distribution of AE
events does not appear to be
affected by the occurrence of
the large event. Only the AE
rate increased, suggesting that
the large event redistributed
stress relatively uniformly
over the entire fault surface

A. Ponomarev et al.
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of the experiment in which the AE response had periodicity of 175 s (logT = 2.24)

and 570 s (logT = 2.75).

There is no periodic acoustic response during the initial stage of the experiment
because no sinusoidal load is added to the constant loading rate. In general, a
correlation between the sinusoidal loading and the AE response is observed over
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Fig. 9.9 Plot of the log-likelihood function for the entire experiment. Light-grey background
indicates essentially random occurrence of AE activity. Dark regions indicate high values of log-
likelihood function. Horizontal red bands during second half of the experiment indicate periods
where AE activity correlates with the periodic stressing function. Vertical streaks are typically the
result of rapid stress changes, including stick-slip events

the next part of the experiment. However, the magnitude of the response is not
stable — sometimes it becomes very small and almost disappears. This effect is seen
by a detailed examination of spectral-temporal diagrams (Fig. 9.10). Wide vertical
stripes of the high values of the log-likelihood function are the result of an abrupt
increase or decrease of acoustic activity due to rapid unloading of the sample,
including stick-slip events.

From this preliminary analysis we can draw the following conclusions.

1) Prior to stick-slip events that represent dynamic failure of the entire fault
surface, the AE rate correlates with the applied stress oscillations (periods of
175 s and 570 s). Omori-type aftershock sequences of these events lasted for a
few thousand seconds. During these time intervals, AE activity did not correlate
with the imposed stress oscillations. As AE activity increased due to reloading
of the sample following the co-seismic stress drop and aftershock decay, AE rate
again correlated with the imposed stress oscillations.

2) ‘Significant’ large-amplitude AE events were identified that produced Omori-
type aftershock AE activity but did not involve slip of the entire fault surface or
a drop in average stress. In this case, the aftershock activity showed an increased
correlation with imposed oscillating stress.

3) These observations are consistent with a model in which AE activity becomes
increasingly sensitive to stress perturbations as the stress level in the sample is
raised and the fault is driven close to failure. If this is a general property of
natural fault systems, it may be possible to identify instability and impending
failure by the response of the fault to periodic stressing. It would seem reason-
able to search for these effects during real aftershock series.
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Fig. 9.10 Log-likelihood plots showing detailed segments of the experiment. Stick-slip events
shown in Fig. 9.4 occur at 346,027 and 413,528 s running time and are followed by aftershock
sequences with no distinct correlation to stress oscillations
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Chapter 10
Acoustic Emission Dynamics Initiated by Fluid
Infusion on Laboratory Scale

A. Ponomarev, G. Sobolev, and Yu. Maibuk

10.1 Introduction

The influence of water on the increase of seismic activity has been investigated in
various seismotectonic environments, including the observations of the processes of
reservoir filling [Gupta, 1992; Simpson et al., 1988; Mirzoyev et al., 1988; Sobolev,
1993]. The physical interpretation considered was mainly related to increase of pore
pressure and the corresponding decrease of effective pressure according to modified
Coulomb-Moore law [Brace, Martin, 1968]. This effect is the basis of the Dilatation-
Diffusion (DD) model of the earthquake preparation [Scholz et al., 1973]. Quantitative
estimates of the dependence of this effect on various values of lithostatic and
hydrostatic pressure, temperature and rock permeability were made in [Miller
et al., 1999]. A review of possible induced seismicity mechanisms can be found
in the special issue of Pure Appl. Geophys. [Trifu (ed.), 2002]. The fractal properties
of the water-induced seismicity are investigated in [Smirnov, 1994]. Connection of
local seismic activity and small changes of water level in the reservoir (phase
synchronization) were detected in [Peinke et al, 2006]. It should be noted that
small changes in pore pressure also correlate with the variations of small earthquakes
activity. It is shown that seismicity in the zone adjacent to lake Baikal depends on
the seasonal variations of the water level in the lake, which change the pore pressure
by several millibars [Djadkov, 1997]. This paper investigates the influence of
relatively low water inflow on the acoustic emission in compressed samples.
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10.2 Experiment procedure

The biaxial compression experiments were conducted on samples consisting of basalt
sand and cement. The detailed description can be found in [Sobolev, Ponomarev,
1997; Sobolev, Ponomarev, 2003]. The model has the form of an edge brick: base of
205 mm, thickness of 85 mm, side of 266 mm, the angle between the long side and
base 25°. The model consisted of 3 equal-size layers parallel to the slanted sides. Two
outer layers had higher durability than the central one: therefore, the inner layer was
more prone to destruction. Basalt gravel with sizes from 2 to 20 mm was added to the
inner layer. Initial values of P-wave velocities were 3.5 km/sec in the outer layers and
1.7 km/sec in the inner layer.

Experiments were conducted on a mechanical (lever) press which can maintain
constant load over extended periods of time. The lateral load normal to the slanted
sides, was kept constant for all experiments at the level of 4 tons. The vertical load F
was increased stepwise by adding loads on the long arm of the lever. We call these
actions the “mechanical load-ons”. After each load step, the model was kept stable
for 1-3 days, while the acoustic emission caused by the load-on decreased to the
background levels.

Acoustic emission (AE) was collected by the 10-channel acquisition system
A-Line32D (manufactured by “INTERUNIS”, Russia). The dynamic range was
96 dB, sampling frequency was 5 MHz, and acoustic passband was 30-500 KHz.
Besides AE, the vertical load and mechanical shortening of the model were
measured and recorded every 10 seconds. The results presented here were obtained
in the course of experiments with 2 identical models. During the final stage of the
loading of the first model, when the vertical load exceeded 95%, water was infused
into the model. The 5 mm diameter hole was drilled to a depth of 10 cm, the hole
opening being located on the upper side. The hole was cased with a polyethylene
tube except for the lowest 5 mm, so the water penetrated the model only in hole-
bottom area. The 5 ml volumes of water which equaled to ~0.1% of the model
volume were kept constant during the experiments. Figure 10.1a shows the view of
the model in the press, Fig. 10.1b shows the plot of vertical load F during two
consecutive infusions of water. Infusion of water caused significant increases of AE
activity, thus we will call these actions “initiations” infusion.

10.3 Experiment results

10.3.1 [Initiation #1

Figure 10.2 shows the AE dynamics in the lower (I) and in the upper (II) parts of the
model. The initiation hole was located in the upper part. The starting point of the
X-axis corresponds to the moment of mechanical load-on. At this moment, the load
increased by 1.6% (up to 97% of the rupturing load). The water was infused into the
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Fig. 10.2 The sequence of AE signals and their energy E in the zones I and II during the
experiment with Initiation #1. The arrow indicates the start of water infusion

hole at 80828"™ second (marked by an arrow) and was absorbed by the model during
24 minutes (1440 seconds). Energy of AE events was estimated as the square of
amplitude of signal from the sensor nearest to the hypocenter. Averaging of energy by
all sensors reduced the computational stability due to the following two reasons. First,
the number of sensors used for hypocenter location varied from 4 to 8. Second, with
increasing distance between the sensor and the hypocenter, the frequency and
amplitude of the signal changed significantly due to absorption and scattering of
acoustic waves. A comparison of the upper and lower plots in Fig. 10.2 definitely
shows a considerable increase of AE activity following the water infusion into the
upper part of the model.

The epicenters of acoustic signals on the two faces of the model are shown in
Fig. 10.3. The two lower diagrams correspond to the time span between the load-on
F and the water infusion; the duration is 80827 seconds. The two upper diagrams
correspond to the time span after water infusion (80828 sec. — 323768 sec. in
Fig. 10.2, this is 67.48 hours). The following details must be noted: the intensity
of signals increased significantly in the upper part (II), and also, whereas the
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Fig. 10.3 Locations of the
AE epicenters onto the front
side and the perpendicular
side during the experiment
with Initiation #1; lower

plot — before the infusion,
upper plot — after the infusion.
The dotted line separates the
model into zones I and II.
Solid straight lines show the
hole projection onto the faces
of the model

strongest acoustic events before water infusion happened in the lower part of the
model, the strongest activity migrated to the upper part of the model following
the water infusion (Fig. 10.2). The sources of acoustic signals were located inside
the model, i.e., the internal cracking took place. Usually during the loading of
specimens many cracks occur on the edges. In the current experiments, the internal
cracking, which better corresponds to the processes of earthquake origination, was
achieved due to lower durability of the inner layer of the model.

Now let us consider in greater detail the time interval immediately following the
water infusion. First signals in zone II were detected just 19 seconds after infusion
while in zone I scarce acoustic signals emitted only after 1308 s. In our previous
paper [Sobolev, Ponomarev et al., 2006] it was discovered that penetration of water
into the tip of an active crack causes an acoustic signal (crack extension) with the
time delay of no more than 5 seconds. The data on the first interval in Fig. 10.2
shows that before the water infusion area I exhibited even greater acoustic activity
than area II, i.e., there appeared to be more active cracks. Thus, the 1308 second
delay can be interpreted as the time needed for water to come to the remote area.
The low acoustic activity can be explained by the fact that, given the small amount
of water injected (0.1% of the model volume), the water did not penetrate all active
cracks in the area. At the same time the emergence of acoustic signals after 1308
seconds in the area I can be attributed to the influence of water. The indirect
evidence of this can be found in the results of AE locations. The hypocenters of
the signals on the upper plots in Fig. 10.3 are located in the upper part of this area
(D), i.e., closer to the hole than it is the case before the water infusion (lower plots in
Fig. 10.3).

The hypocenters of the first signals emerging in zone II immediately after
the water infusion in the time span of the first hundreds of seconds are located at
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Fig. 10.4 Sequence of AE signals and their energies in the zones I and II after water infusion in
the experiment with Initiation #1

30-50 mm distances from the hole. In Fig. 10.3 one can see a cluster group of high
energy signals in the interval 1212-1225 seconds from the moment of water
infusion. Their sources lie at 40-60 mm distances from the hole; the strongest
signal (E = 4.63) occurred close to the middle of the group; its coordinates are x
= 153 mm, y = 40 mm, z = 160 mm.

10.3.2 Initiation #2

The second infusion of water into the hole was conducted 4 days after the first one.
The starting point of X-axis in Fig. 10.5 corresponds to the moment of load-on
while F was increased by 2%. The total resulting load was equal to 20.1 tons, which
is 0.5 tons above the level maintained during the Initiation #1. The moment of water
infusion is marked by the arrow. Time interval between the moment of load-on and
the moment of water infusion was 62760 seconds (17.43 hours). The water was
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Fig. 10.5 The sequence of AE signals and their energy E in the zones I and II during the
experiment with Initiation #2. The arrow indicates the start of water infusion

absorbed by the sample through the hole-bottom area after 38 minutes, which is
16 minutes longer than for the previous initiation. There can be two possible
reasons for this effect. First, the moisture content of the model in the area adjacent
to the hole-bottom was elevated compared to the initial one as a result of the
previous initiation. Second, the number of active cracks where the water is actively
absorbed could decrease as a result of the first initiation. Figure 10.5 shows that in
the second initiation, just like it happened in the first one, the inflow of water
resulted in the increase of AE activity.

The lower plots in Fig. 10.6 show the epicenters of the AE events occurring
between the mechanical load-on and water infusion; the upper plots show the AE
activity during 274610 seconds following the water infusion. Most events occurred
in the area adjacent to the hole-bottom.

As one of significant differences between Initiations #1 and #2, we can mention
the lower number of AE signals occurring in the upper area (II) after water infusion.
So, during the same AT = 48 hour interval, 548 AE signals occurred in Initiation



186 A. Ponomarev et al.

Fig. 10.6 Locations of

the AE epicenters onto the
front side (slanted) and

the perpendicular side during
the experiment with Initiation
# 2; lower plot — before

the infusion, upper plot — after
the infusion. The dotted line
separates the model into areas
I and II. Solid straight lines
show the hole projection onto
the faces of the model
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#1, whereas only 255 occurred in Initiation #2. At the same time, the AE activity in
the remote area (I) was comparable in both Initiations.

The second notable difference is that in Initiation #2 the delays between the
water infusion and the start of AE pulses were longer and practically identical in
both parts of the model. This is shown in Fig. 10.7 where the events are plotted on a
more detailed time scale following the moment of water infusion. One can see
significant differences compared with Fig. 10.4. In the first case, the delays were 19
and 1308 seconds, in the second case being 2219 and 2000 seconds.

10.3.3 Initiation #3

It was interesting to find out whether the AE initiation effect would occur with the
lower stresses applied to the model, and whether there is any difference in the
manifestation of the effect. This was performed in experiment #2. The water was
infused when the load F equaled 13.8 tons, i.e., the load was 70% of the critical
instead of 97% in the previous experiment. The water infusion started 256683
seconds (71.3 hours) after the mechanical load-on by 3.4%. The water was absorbed
slower than in Initiation #1 (2 hours versus 24 minutes). This difference is probably
explained by the fact that the lower stress resulted in lower number of water-
containing microcracks. Figure 10.8 shows the significant increase in AE activity
around the hole location II; this area also exhibits the strongest events.

Figure 10.9 shows the epicenters of the AE events before water infusion (lower
plots) and after infusion (upper plots). One can see the increased density of events
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Fig. 10.7 Sequence of AE signals and their energies in the zones I and II after water infusion in
the experiment with Initiation #2

around the hole location in area II after water infusion. Before the water infusion,
the events occurred practically with the same density in the upper and lower parts of
the model. The sources of AE signals were located inside the model, i.e., it was
internal cracking again.

Figure 10.10 shows an expanded plot of the interval immediately following the
water infusion; significant time delays of AE events relative to the moment of water
infusion are observed in both areas. First AE signals in area II emerge after 1909
seconds (32 min.), in area I the delay is 4269 seconds (71 min.). Since the intensity
of AE activity had been comparable in both areas prior to water infusion, it is
reasonable to assume that the greater delay in area I is basically the delay of water
arrival in the remote area. The lower AE activity compared to Initiation #1 is
probably caused by smaller number of active microcracks accumulated inside the
model by the moment of Initiation #3. Hypocenter locations of the first AE events
emerging in area I after water infusion show that these hypocenters are located
close to the upper limit of this area at 40-50 mm distances from the hole-bottom.
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Fig. 10.8 The sequence of AE signals and their energy E in the areas I and II during the
experiment with Initiation # 3. The arrow indicates the start of water infusion

Fig. 10.9 Locations of

the AE signal epicenters
onto the front side (slanted)
and the perpendicular side
during the experiment with
Initiation # 3; lower plot —
before the infusion, upper
plot — after the infusion. The
dotted line separates the
model into zones I and II.
Solid straight lines show the
hole projection onto the faces
of the model
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Fig. 10.10 Sequence of AE signals and their energies in the zones I and II after water infusion in
the experiment with Initiation #3

10.4 Discussion

From Figs. 10.2, 10.5, and 10.8 it follows that the patterns of AE relaxation after
mechanical load-ons and after water infusions are substantially different. In the first
case, the high activity decreased significantly during several hundreds of seconds
following the load-on. In the second case, the elevated activity was maintained at a
high level during several thousands of seconds. Additionally, this elevated activity
did emerge with a certain time delay relative to water infusion; see Figs. 10.4, 10.7,
and 10.10.

Another aspect of this difference in AE patterns can be seen in Figs. 10.11 and
10.12. In these figures the rate of change of AE activity dN/dt is plotted for the cases
of mechanical load (lower plots) and for water infusions during Initiations #1 and
#3 (upper plots). The number of events was divided by the time interval dt, which
was incremented logarithmically.

In both cases of AE excitation by a mechanical load-on, the relaxation process
conforms to the Omori law (slanted lines in the lower plots).
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Fig. 10.11 Changes in the rate of AE activity dN/dt (per second) during the experiment with
Initiation #1. The lower plot shows the reaction to mechanical load-on, the upper plot — the
reaction to water infusion

dN/dt =C/(1+1t)° (10.1)
In particular, the “log-log” plot (a) in Fig. 10.11 corresponds to the equation

dN/dt = 0.32/(1 + 1) (10.2)

with the determination factor R = 0.81, whereas plot (a) in Fig 10.12 corresponds to
the equation

dN/dt = 1.1/(1 +1)*%; R =0.88 (10.3)
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Fig. 10.12 Changes in the rate of AE activity dN/dt (per second) during the experiment with
Initiation #3. The lower plot shows the reaction to mechanical load-on, the upper plot — the
reaction to water infusion

As it was already noted, the AE activity after water infusion occurred with a
certain time delay. Let us consider the process after the activity emergence — plots
(b) in Figs. 10.11 and 10.12. In both cases, during Initiations #1 and #3 the AE
activity decreased during the first 100 seconds after the emergence of the initial
signals; this was followed by a gradual activity increase and subsequent decrease.
This pattern cannot be described in terms of relaxation equation type (10.1). During
Initiation #2 the dynamic pattern was basically similar; however, it was not
processed statistically due to lower number of AE signals.

The decay in the activity within a short time interval, covering the first 100 s, is
hardly connected with the process of water infusion, which lasted dozens of
minutes. The physical sense of the decay in the acoustic activity is not clear so far.
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Fig. 10.13 Layout of the experiment for water infusion into the cracks at different stages of
loading, I, 11, and III, with the increasing load F on the model

In our previous paper [Sobolev, Ponomarev et al., 2006] the influence of water
injected directly into the cracks visible on the surface on the AE activity was
investigated; the model was similar in composition to the one described here. In
Fig. 10.13 one can see the layout of that experiment which lasted for more than
7 months. As an example, Fig. 10.14 shows the dynamics of the AE response to the
water infusion during stages I, II, III corresponding to increasing values of load F. It
was determined that the patterns of gradual increase and subsequent decrease of AE
activity can be described by the formula

dN/dt = (dN/dt),-exp[d(t)—F(1)] (10.4)

where the terms in the exponent expression are time dependent. Variations in
experimental data are accounted for by adjustment of factors a, k and V in the formula

dN/dt = a-exp[t*—=V/(1 +1)"] (10.5)
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The physical interpretation of these effects must take into account several
concurrent processes. The increased rate of cracking can be caused by the decrease
of durability of the moistened area, by an increase of brittleness, or by an increase of
stresses. The effect of durability decrease in solids caused by absorption, chemi-
sorptions, wetting and other physical-chemical processes was discovered for solids
of various compositions (Rehbinder effect). This effect was discovered also for
rocks [Rehbinder, Schukin, 1972; Traskin et al, 1989]. The effect is caused by a
decrease of the free surface energy U on the liquid-solid surface. As determined by
the spectral analysis, the chemical composition of the model includes: MgO, Al,Os,
Si0,, P,0s, K50, Ca0, TiO,, Cr,03, MnO, FeO. The chemical composition of the
water used in the experiments includes: HCO3, CI, SOy4, NO3, NO,, Na, Ca, Mg,
NH,.

Intensified destruction of brittle solids under the influence of surfactants
absorbed on the surfaces of the cracks is quantitatively treated in [Kornev, 2003].
However, the manifestation of this effect must gradually decrease due to the limited
number of cracks in metastable state, due to decrease of accumulated potential
energy as a result of AE, and due to exhaustion of water which causes the AE
activation.

We support the hypothesis that the number of cracks in metastable state is a
significant, and possibly the crucial factor determining the AE dynamics after an
external influence. The number of such cracks grows together with the growth of the
applied loads and (or) with the increased duration of load application. This can be
seen, for example, in the changes of curves plotted in Fig. 10.14. Along with the
increase of the load F from stage I to stage III (Fig. 10.13), the AE reaction to the
water infusion manifests itself as a general increase in activity and the occurrence of a
maximum soon after the infusion. This effect was discovered in various experiments
and is described in [Sobolev, Ponomarev et al., 2006]. With the low F values, the AE
decrease starts even with the increasing load. With the high F values, the AE
maximum occurs after the moment of reaching the maximum value of F and even
after the moment when F starts decreasing. The plots in Fig. 10.14 can be adequately
described by formula (10.5) under the assumption that the number of active cracks at
the current moment t; is decreased by the number of cracks which had already
generated the acoustic signals and had thus become inactive (not stressed to subcri-
tical level), i.e., calculations by formula (10.5) are amended by

dN/dt = dN/dt; — dN/dt; (10.6)

The structure of formulae (10.4, 10.5) resembles the equation of the kinetic
concept of the strength of solids [Zhurkov, 1984]. In the work [Stavrogin and
Protosenya, 1985], on the basis of numerous experiments it was established that
the creep of different rocks is described by the following equation

de/dt =gg-exp[(yo—Up)/KT] (10.7)
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Fig. 10.14 Examples of differential changes of the number of AE events per unit time after water
infusion during stages I, II, and IIT

where ¢ is the relative deformation, y the parameter sensitive to structure, ¢ the
applied stress, U, the activation energy, K the Boltzmann constant, and T is the
absolute temperature.

The parameter ¢, indicates the maximum possible rate of deformation, which
coincides with the velocity of elastic waves. The authors of the work [Tamuzh and
Kuksenko, 1978] showed that with a similar type of equation it is possible to
describe the rate of destruction. In this case, the parameters of the equation contain
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factors describing the gradual weakening in the undistorted bonds, and thus indica-
tive of the increase in the effective stress.

Besides the formal similarity of formulas (10.4), (10.5), and (10.7), there must
exist much more profound physical connections. The rate of crack formation in the
brittle material (like our models) is roughly proportional to the rate of relative
deformation: dN/dt ~ de/dt. In case of the initiation of AE by water infusion one
can assume that Yo increases with time, for example due to the decreased friction
along the crack faces and associated growth of stresses in the tips of these cracks.
The U, value, giving the level of energy barriers, also does not stay constant due to
changes in the material strength.

In Fig. 10.15 one can see examples of the use of equations (10.5), and (10.6) for
modeling plots of the Fig. 10.14 type. The plotted curve 1 was calculated with the
following parameters in (10.5): a = 10, k = 0.005, V = 20, m = 1. The low value of
k should be noted — it means that the first term in the exponent in (10.4), (10.5), and
(10.7) changes insignificantly with time. When m = 1, the second term in exponent
changes according to the same law as in the Omori equation (10.1). Consequently,
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Fig. 10.15 Evaluation of AE dynamics according to formulas (10.5) and (10.6):

1 — parameters: a = 10, k = 0.005, V=20, m = 1;

2 — same values of parameters, but the delay of water arrival to metastable cracks is accounted for;
3 — same values of parameters k and V, but m = 10%, a = 10"
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the growth or decrease of k results in the growth or decrease of the number of AE
signals per unit time, but the time position of the maximum for plot 1 in Fig. 10.15
does not change. On the other hand, the growth or decrease of m results in the shift
of the maximum along the time scale. Plot 3 corresponds to the value of m = 107
with the values of k and V unchanged; the vertical scale is increased by a factor of
10°. This plot can be described by the equation of type (10.1):

dN/dt = 0.38/(1+ )%, R =099 (10.8)

Comparing the plots (b) in Figs 10.11, 10.12, and 10.14 it follows that in the
current experiment the AE reaction to the water infusion through the hole
(Figs. 10.11, 10.12) is reached later than in the previous experiments when water
was injected directly into the crack (Fig. 10.14). The probable reason is that water
coming through the hole-bottom only gradually reaches the metastable cracks. Plot
2 in Fig. 10.15 shows the shifting and flattening of the maximum in case when
calculations are done with the same values of a, k, V, m as for plot 1, but the certain
velocity of water propagation after infusion is taken into account. If the calculations
by formulas (10.5) — (10.6) are made under the assumption that the water will
access the active cracks not immediately, but 10 seconds later, the maximum dN/dt
time is shifted from 12.8 sec (plot 1) to 38.3 sec (plot 2). Slower water propagation
explains big time delays in plots (b) in Figs 10.11 and 10.12. It should also be noted
that after the local maxima, plots (b) in Figs. 10.11 and 10.12 can be quite
adequately described by the relaxation equations of type (10.1). The values of
parameters p are equal to 1.1 and 0.77, i.e., higher than the corresponding values
in equations (10.2) and (10.3). This must be understood as a steeper decrease of AE
rate after water initiation than after the mechanical load-on. The data obtained up to
now seems insufficient to explain the reason of this disparity.

It should be understood that the kinetic approach described by the equations
(10.4), (10.5), and (10.7) is probably not the only one possible. Real processes
inside heterogeneous medium subject to external influences must include various
nonlinear mechanisms. An adequate physical description must be based on addi-
tional experiments where the inner properties of media will be varied, as well as
external influences.

The above experiments also provided the answer to the following question: does
the shape of the seismograms and/or their spectra change after water infusion? To this
end, several signals were selected which occurred practically at the same locations
before and after water infusion. The search area was restricted by several centimeters
around the bottom of the hole. Another requirement was approximate amplitudes of
signals. With these quite rigid restrictions, several pairs of signals were selected.

Example of such signals can be seen in Fig. 10.16. The sources were located
about 2 cm from the hole; the hypocenters were coincident within 1 cm. The lower
oscillogram in Fig. 10.16 was recorded in the Initiation #1 before the water
infusion; the upper one — 6 minutes after the water infusion; the amplitudes of the
signals were practically identical. The structure of the oscillograms consists of
2 parts. In the first part, the high frequency oscillations can be seen during ~30



10 Acoustic Emission Dynamics Initiated by Fluid Infusion on Laboratory Scale 197

60 — 5/1000

40 —

g _h'l, 4
0 — —

80—

60—

40 —
_ 3
20 —
N KHz
0 — — T
T

0 100 200 300

g — A/100

us
-8 [ J [ ' | ' |
0 40 80 120 160

Fig. 10.16 Acoustic waveforms (1 and 2) and amplitude spectra for their initial parts (3 and 4)
before water infusion (1 and 3) and after water infusion (2 and 4). Arrows show the time interval
for spectra analysis



198 A. Ponomarev et al.

microseconds. Then these oscillations become lower-frequency ones. Having
recorded and processed several hundreds of such signals, we came to the conclusion
that the first part of the seismogram carries more information about the signal
source and that information about the media is less pronounced in this part. The
frequency composition is widely variable within 10°~10% kHz, depending on the
distance and azimuth between the source and the sensor. The second part basically
reflects the oscillations of the sensor and adjacent parts of the model. The frequen-
cies in this part of the signal were concentrated in the narrow 80-90 kHz range.

Two upper plots of Fig. 10.16 show the spectral densities calculated from the fist
parts of the oscillograms; the intervals are indicated with arrows near plot 1; the
spectral maxima are located near the ~130 kHz frequencies. The maxima for the
second parts of oscillograms are equal to 86 kHz. Analysis of this pair and another
pairs of signals did not yield any substantial differences in the waveforms or in the
spectra of signals before and after the water infusion. This means that the influence of
water did result in the decreased values of strength or in the increased values of local
stresses, but dynamic “frictional sliding” occurred over the “dry” material, whose
properties did not change significantly after the water infusion. It should be stressed
that our experimental setup and conditions were substantially different from the
majority of other experiments (laboratory as well as field ones) which are routinely
conducted in the studies of hydrofractures. The effect of the pore pressure on the
strength was insignificant, if present at all. The AE initiation in our case was due to
the physical-chemical interaction of the solid and liquid interval for which the spectra
were calculated. In the experiments described here AE signals with high energy
always occurred after smaller events, aftershock activity was almost nonexistent, and
the activity itself had a clustered dynamics. The latter feature is probably caused by
the penetration of water into the areas of metastable cracks. The sizes of the AE
emitting cracks can be indirectly estimated as follows. In the paper [Kuksenko, 1983]
it was discovered that the length L of a crack developing with a constant velocity V is
directly proportional to the pulse build-up t of the AE signal thus emitted

L(mm) = a-C(mm/us)-t(us) (10.9)

where a is some dimensionless factor close to 1. The pulse build-up of the majority
of AE signals in Fig. 10.16, depending on the amplitude of the signal, was in the
range 1-3 microseconds. Assuming the average velocity of crack development in
the weakened area of the model C ~= 1 mm/microsecond, the crack sizes can be
estimated at 1-3 mm.

10.5 Conclusions

The series of long-term experiments show that at a constant stress level the infusion
of arelatively small volume of water (0.1% of the model) results in the activation of
AE emission, which does not contradict the theory of the triggered mechanism of
AE activation.
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AE emissions of greater energy emerge after the initial smaller events; the
sequence of different-energy events resembles the swarm which is observed in
seismically active areas.

The AE activity emerges at different moments in different areas of the deformed
model; this is caused by the different times of fluid inflow to the active cracks and
by differences in local stresses.

There are no significant differences in the waveforms and in the spectral
composition of AE signals recorded before and after the water infusion; this fact
suggests the local decrease of material strength and/or the local increase of stresses
near the metastable cracks.

The relaxation dynamics of AE processes after the load-ons and after initiation
by water infusion is substantially different. In the first case it corresponds to the
Omori law, whereas in the second case the AE activity has a clearly defined
maximum.

Applying the kinetic approach to a medium with the finite number of metastable
cracks allows to describe the AE dynamics caused by water infusion.
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Chapter 11

Acoustic Emission Spectra Classification from
Rock Samples of Etna Basalt in Deformation-
Decompression Laboratory Experiments

V. de Rubeis, S. Vinciguerra, P. Tosi, P. Sharra, and P.M. Benson

Abstract Recent laboratory experiments on Etna basalt have permitted the gener-
ation of an extensive catalogue of acoustic emissions (AE) during two key experi-
mental phases. Firstly, AE have been generated during triaxial compressional tests
and formation of a complex fracture/damage zone. Secondly, rapid fluid decom-
pression through the damage/shear zone after failure. We report new results from an
advanced analysis method using AE spectrograms, allowing us to qualitatively
identify high and low frequency events, essentially comparable to seismicity in
volcanic areas. Our analysis, for the first time, quantitatively classifies ‘families’ of
AE events belonging to the same experimental stage without prior knowledge. We
then test the method using the AE catalogue for verification, which is not possible
with field data.

The FFT spectra obtained from AE are subdivided into equal log intervals for
which a local slope is calculated. Factor analysis has been then applied, in which we
use a data matrix of columns representing the variables considered (frequency data
averaged in bins) vs. rows indicating each AE data set. Factor analysis shows that
the method is very effective and suitable for reducing data complexity, allowing
distinct factors to be obtained.

We conclude that most of the data variance (information content) can be well
represented by three factors only, each one representing a well defined frequency
range. Through the factor scores it is possible to represent data in a lower dimension
factor space. Classification is then possible by identifying clusters of AE belonging to
the same experimental stage. This allows us to propose a deformation/decompression
interpretation based solely on the AE frequency analysis and to identify a third type of
AE related to fluid movements in the deformation stage.
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11.1 Introduction

An acoustic emission (AE) is defined as a transient elastic wave generated by the
rapid release of energy within a material. In the Earth sciences, studies of AE and
seismology show a significant overlap. Both approaches deal with the radiation of
elastic waves, although at different scales and frequencies. Generally, AE recorded
in the laboratory are generated by flaws at the grain size scale with source dimen-
sions between micron and millimeter scale and frequency ranges between 100 kHz
and 2 MHz [Lockner, 1993].

In the brittle regime, the damage evolution in a rock under load involves the
growth of microcracks from stress concentrators such as voids, inclusions and grain
contacts, resulting in both inelastic strain and acoustic emissions. The acoustic
signals that are spontaneously generated from the microcracking provide informa-
tion about the size, location and deformation mechanisms of the events as well as
properties of the medium through which the acoustic wave travels (e.g. velocity,
attenuation and scattering). Importantly, laboratory rock fracture and earthquake
rupture are processes obeying similar statistics for source dimensions over more
than eight orders of magnitude [e.g., Hanks, 1992; Zang et al., 1998].

The main goals of AE studies so far aimed to:

(a) Characterize individual AE events in terms of their frequency content, ampli-
tudes and durations, so that they can be related to the micro-mechanisms that
produce them. A temporal correlation between the onset of AE and dilation in
samples under loading was found, showing that dilation was caused by perva-
sive microcracking, primarily oriented parallel to the maximum compressive
principal stress [Brace, 1966; Scholz, 1968]. AE amplitudes and frequencies
have been observed to increase before failure [Zang et al., 1998, and references
therein]

(b) Locate the source of AE events in 3D in order to image the localization of failure
processes. Insights have been provided into the nucleation phase of fracture,
using AE source locations to map the temporal and spatial evolution of fracture.
Two different processes operate, a process zone in front of the fault tip and a
damage zone following the process zone (Lockner et al., 1992; Lei et al., 2000).

(c) Analyze the statistics of recorded events to gain insights into the deformation
processes and their rates. The Gutenberg-Richter relationship between fre-
quency and magnitude of earthquakes also applies to experimental rock failure
[Meredith et al., 1990; Sammonds et al., 1992; Ponomarev et al., 1996; Lei
et al., 2003]

(d) Study AE in the presence of fluid. The influence of fluid pressure on deforma-
tion has been investigated in drained conditions at constant pore pressure.
A weakening effect of water in the brittle faulting and cataclastic flow regime
has been found, because of reduction of both specific surface energy and
friction coefficient [Baud and Meredith, 1997; Baud et al., 2000].
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New directions are focussing on the fundamental similarity of the physical
processes involved in generating different frequency content seismic signals, such
as seismic tremor under the subduction zones in tectonic areas and volcanic tremor
and long-period events in volcanic areas. To date, comparisons have been made to
field scale seismicity by comparing the spectral character and frequency/size
scaling of acoustic emissions [e.g., Burlini et al., 2007, 2008; Benson et al.,
2008]. Frequency scaling offers the strongest argument to assess the equivalence
of the physical processes between laboratory experiments and natural volcanic
seismic signals. For example, experimental low frequency events and tremor have
frequency of about 100 kHz for intrusion lengths ranging between few tens to
100 mm. In natural earthquakes, dominant frequencies around 1-2 Hz are asso-
ciated with fracture lengths of some hundreds meters to 1 km. Considering that
dominant frequencies of earthquakes scale inversely with source dimension [Aki
and Richards, 1980], one may write d; X fi = d, X f>, where dy, d> and f1, f> are the
dimension and frequency of laboratory (subscript 1) and nature (subscript 2),
respectively. Comparing laboratory data with typical frequency (1-2 Hz) and size
(1 km) of low frequency earthquakes, we obtain d,/d> = 5 x 10° and fo/f;= 2.5-5 x 10°,
which indicates excellent agreement between laboratory information and natural cases
[Burlini et al., 2007; 2009; Benson et al., 2008]. Here, we present a new and
alternative analysis, aiming to quantitatively classify ‘families’ of AE through the
analysis of spectral ratios and associated factors, without a-priori knowledge of the
spatio-temporal evolution.

11.2 The data set

Samples of Etna basalt, Italy were deformed in using a triaxial cell installed
at the University of Toronto (Fig. 11.1). Two experimental stages are performed,
designed to separate the signals generated from deformation (stage 1) from those
specific to fluid movement (stage 2), as described in Benson et al. (2008).
Irrespective of the stage of experiment (deformation or decompression), events
are located on or in close proximity to the fault (Benson et al., 2008). During the
formation of the fault, waveforms show a distinctive, high frequency character
(600-900 kHz), exhibiting a rapid onset (i.e., rapid acceleration) and relatively
short duration (400 ps). These features are well known and understood from
rock physics studies on brittle processes in rock fracture. During the decompres-
sion stage, however, waveforms exhibit a much lower frequency component
(typically 80-100 kHz). The onsets of these waveforms are highly emergent,
and with longer duration, of the order of ms. In the following analysis we refer
to these characteristic signals as high frequency (HF) and low frequency (LF),
respectively.
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Fig. 11.1 Scheme of the experimental setup (after Benson et al., 2008). Note that, for clarity, the
precise locations of the 16 AE sensors (12 lateral and 4 axial) have been omitted

11.3 Method

Input data consist of AE FFT spectra. The aim of the analysis is to statistically apply
a classification method that is able to recognize different AE and their relation
within each of the dynamic parts of the experiment. A key point is to classify the set
of AE solely through spectral analysis, and then to test such classifications with
other experimental information as the occurrence time, load history, AE spatial
location, etc. We look for an AE classification showing a consistent interpretation.
If the interpretation is in agreement with the other experiment variables not
involved, then we interpret this to have yielded two methodological useful results:
we receive an independent confirmation of the reliability of classification method,
and can elucidate the dynamical process.

Our classification is based on the application of factor analysis [Davis, 2002, and
reference therein]. It consists of a statistical multivariate approach useful to high-
light relations among variables. Let us define the dataset as a matrix [X], in which
rows are the samples and columns are variables (n x m). The statistical assumption
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of the factor analysis is that the m variables, of the original dataset, derive from a
smaller number of p independent factors (p < m). The principal component
approach to factor analysis consists of the following steps:

e the original data matrix [X]is standardized in respect of the variables simply
subtracting the mean and dividing each data by the standard deviation of the
corresponding variable, thus obtaining [Xj,];

* a variance-covariance (correlation) matrix [s?] is extracted from [X,] (note
that being extracted from standardized data, [sz] is a correlation matrix). It is
symmetric and all diagonal elements are equal to unit;

e eigenvectors and eigenvalues are extracted from [s?]; the eigenvectors define the
matrix [U], the square root of eigenvalues gives a diagonal matrix of singular
values [1]; the sum of the eigenvalues represents the total variance (information
content) of data;

* eigenvectors are converted into factors using the relation: [AR] = [U] - [1], where
[AR]is an (m x m)-sized matrix, each column representing a factor whose elements
are referred to as factor loadings.

Due to the precise manner in which the factors are calculated, each factor
loading is weighted proportionally to the square root of the amount of variance
contributed by that variable to the factor. Looking at the proportion of variance
accounted for by each factor, it is possible to select a smaller number of factors (p)
accounting for most of the total variance in the dataset. The independence of
all factors is guaranteed by orthogonal decomposition of the correlation matrix,
given by the Eckart—Young theorem, through the extraction of eigenvalues and
eigenvectors. Therefore, we can reduce the size of [AX] to (m x p).

The factor analysis results in factor scores [§R}, which represent the values of any
single factor for every observation, as follows: [SX] = [X,;] - [AR] - (JAR]" - [AR])~".

In this way it is possible to associate with each observation the value of a factor
score related to each one of the p factors. Summarizing the benefits of factor analysis
approach, we have a statistical tool able to reduce the complexity of a multi-variable
data set into few factors, which retain the biggest amount of variance. The key to
perform such a process is inside the idea that many original variables are redundant,
having a certain degree of mutual correlation. Moreover, by the factor model
application we can consider each original variable X; as constituted by the composi-
tion of p factors f, following a specific loading a, plus a random variation ¢. If we
assume that p is less than the number of original variables we have reduced the
complexity of the problems and separate a small amount of system information,
which we consider random noise: X; = > _, a;f, + ¢;.

The specific application of factor analysis to AE spectra consists in the conver-
sion of the data into a [X] matrix: the logarithmic amplitude of each spectrum is
standardized in order to remove any effect due to AE magnitude. The frequency
range is then subdivided into equal log intervals and a mean amplitude for each
interval is calculated. The columns of [X]| matrix thus represent the binned fre-
quency variables. The rows are each AE as recorded during the loading experiment.
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The assumption is that near frequencies may have the same behaviour, quantified
by their mutual correlation. The unknown is the extent of the similar-correlated
behaviour of contiguous frequencies. The method is to create frequencies variables
of short intervals in order to remove noise. Then, by the application of factor
analysis, the frequencies variables are grouped together as a function of their
mutual correlation and true independent groups are extracted. They represent the
true dimension of the process and give the basis for a useful data classification.

11.4 Results and discussion

The data matrix is constituted by 280 FFT spectra calculated on AE waveforms
in the frequency range 29 KHz — 493 KHz. The logarithmic amplitude of each
spectrum is standardized in order to remove any effect due to AE magnitude. The
range is then subdivided into 10 equal log intervals and mean amplitude for each
interval is calculated. Boundaries (in KHz) of each of the ten variables defined for
the analysis are shown in Table 11.1.

Figure 11.2 shows the variance percentage expressed by each factor; the first 3
factors account of about 74% of total data variance: this value is satisfactory,
ensuring a proper representation of the whole data set.

Figure 11.3 shows the factor loadings values for the three factors (the first,
second, and third, respectively). Factor loadings express the correlation of each
original variable — in this study the averaged frequency range — to each factor,
which represents the new variable.

The first factor shows a positive correlation of the low frequency range, up to
70 kHz, while a negative correlation is found related to the highest frequency range
(280-480 KHz). A moderate positive correlation occurs in the frequency interval
150-200 KHz (for the precise frequency interval see Table 11.1). The second factor
shows also a positive correlation in the frequency range 60-120 KHz, while a
negative correlation is found in the 200-370 KHz interval. Third factor is negatively

Table 11.1 Frequency boundaries of each of the ten variables defined for the
factor analysis

Variable Lower freq. limit (KHz) Upper freq. limit (KHz)
1 29.52 39.13
2 39.13 51.85
3 51.85 68.72
4 68.72 91.07
5 91.07 120.69
6 120.69 159.95
7 159.95 211.97
8 211.97 280.91
9 280.91 372.27
10 372.27 493.35
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correlated in the 90-200 KHz interval and positively in the highest frequencies
interval 370-500 KHz.

These factors represent different groups of interrelated frequency ranges. Posi-
tive and negative correlations allow interpreting the relationship among the differ-
ent frequencies. The first factor indicates that, when we have an AE where lower
frequencies (up to 70 KHz) prevail, higher frequencies (280-480 KHz) tend to
reduce, and vice versa. The second factor shows similar trends, but for the
frequency range of 60-120 KHz and 200-370 KHz, respectively. Finally, the third
factor mirrors the second, but correlations are shifted towards higher frequency
ranges (90-200 KHz and 370-500 KHz).

Through the factor scores, it is hence possible to represent data in a lower
dimension factor space and to see a similar behaviour of each AE associated in
specific factor space portion or clustered. Since the first factor is the most informa-
tive (Fig. 11.2), we show two scatter diagrams representing original AE spectra as
defined, respectively, by factors I-1I and factors I-III (Fig. 11.4a, 11.4b).

In Fig. 11.4(a) and 11.4(b), all 280 AE samples are represented in the factor
space. Each factor holds the frequency spectral content discussed above (Fig. 11.3).
By construction, the factors are orthogonal, which means, they have no correlation:
in fact, points are distributed with zero linear correlation between the two factors. In
order to achieve a full understanding of the inter-factor relationship, we selected
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Fig. 11.2 Individual and cumulative variance of original data accounted by factors
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Fig. 11.4 All 280 FFT spectra represented on the factor space following factor I with factor II
scores (4a) and factor I with factor III scores (4b). In dark are the AE spectra recorded during
deformation phase, in open circles those recorded during rapid decompression of the pore fluid.
Four spectra (a,b,c,d) are marked (4a) in order to interpret their factor space position under their
spectral content. Compare with Figure 10.5 for complete interpretation

four binned spectra (a, b, c, d in Fig. 11.4a), which represent the end terms in the
factor space, i.e., the frequency ranges analyzed.

In detail, AE spectra a-d and c-b have similar factor I values, while spectra a-b and
c-d have similar factor II values. This similarity can be investigated by plotting the
log of spectral amplitude vs. the frequency bins (Fig. 11.5). AE spectra a-d and AE
spectra c-b show correspondent amplitudes (bins 1,2,3,7,9) in spectral frequencies
represented by factor I. AE spectra a-d hold low amplitudes in frequency bins 1,2,3,7
(positive correlation) and high amplitudes in bin 9 (negative correlation). AE spectra
c-b show an opposite behaviour. Analogous considerations apply for the factor II.

The factor analysis provides a quantitative tool to systematically discriminate
AE events generated during deformation phase of the experiment (dark dots in
Fig. 11.4) from those recorded during rapid decompression of the pore fluid
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Fig. 11.5 Four binned log amplitude spectra from AE sample data (a,b,c,d samples as referred
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(open dots in Fig. 11.4). High (HF) and low frequency (LF) events fill specific
sectors in the factors space. In detail, the LF events reflect the pure origin of fluid
driven events, due to the pore fluid flashing onto the damage/shear zone. No
reactivation of cracks in terms of shearing/propagation of existing microfractures
is triggered from the fluid propagation onto the fault plane, as no HF components
are found from the factor analysis. HF shows a wider range of the amplitudes
involved. This can be explained from the fact that the energy and size of HF events
increases over time as micron to mm scale cracks are involved in the early stage of
deformation, followed by cm scale faults formation at the failure.

The most intriguing observation is given from the position of several events
generated during deformation phase (where HF events only were believed to occur)
in the factor space domain of the LF events (dark dots in Fig. 11.4). This suggests
that these events were generated from analogous mechanisms, which led to the
formation of the LF, i.e., fluid migration onto the faults. We interpret this behaviour
due to the fact that the cracks open and shear during loading. At the same time,
pressurized fluids rapidly transit into the crack surfaces and generate same LF
signals, similarly to those generated from pure fluid decompression in stage 2
(red dots in Fig. 11.4).

Taken together, this emphasizes that the factor analysis applied to a given AE
data set can allow to highlight bulk AE patterns, that otherwise can not be easily
seen by a pure visualization of single events.

11.5 Conclusions

We have statistically analysed AE spectra generated during deformation and failure
of an Etna basalt sample (stage 1) and the subsequent rapid fluid decompression of
the pore pressure (phase 2). A factor analysis has been applied to 280 FFT spectra
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calculated on AE waveforms in the frequency range of 29 KHz - 493 KHz. The first
3 factors account of about 74% of total data variance. Through the factor values we
reported data in a lower dimension factor space and we analysed the similar
behaviour of each AE associated in a specific factor space portion or clustered.

The factor analysis provides a quantitative tool to systematically discriminate
between HF and LF events generated during the two experimental stages (deforma-
tion and fluid movement), which essentially acts as to produce a higher proportion
of HF and LF AE, respectively. Importantly, several events generated during the
deformation phase occur in the factor space domain of the LF events. This suggests
the existence of LF events forming during phase 1, due to the fluid migration into
forming and propagating faults.
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Chapter 12
Phase-Shifted Fields: Some Experimental
Evidence

Roman Teisseyre, Tamaz Chelidze, and Krzysztof. P. Teisseyre

Abstract We present a comparison between some experimental results on the
interaction and synchronization of mechanical and electric fields; such a synchro-
nization may appear with the phase delay by /2, as shown in recent theoretical
results. The solutions related to such a phase-shifted synchronization between some
fields follow from the Asymmetric Continuum Theory. This theory concerns not
only the mechanical fields, strains and rotations, but also other physical fields
entering into interaction with stresses.

12.1 Introduction

Some experiments have brought a light on mechanisms that lead to synchronization
between different dynamic processes under various kinds of applied loads and
additional external impulses. We present some examples related to the interaction
and synchronization processes between the deformations and applied loads with the
accompanied mechanical and electric field impacts. Our consideration is based on
both the new theoretical approach to the asymmetric continuum and on the experi-
mental evidence of such a synchronization, as given in some papers.
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12.2 Synchronization and interaction: experimental evidence

Chelidze et al. (2006) presented the synchronization and triggering effects observed
in samples subjected to a static basic load, close to a critical point (slip event
experiments) and additionally to the weak mechanical or electric perturbations as
an additional forcing.

These externally applied forces caused micro-slip episodes at the prepared
surface, observed as acoustic emission bursts. The samples system consisted of
two samples, stuck together with roughly polished neighboring surfaces; the gap
between them was of microscopic size and the slips occurred on these stuck
surfaces. The whole system serves as a simple model containing fracture zone or
an active fault, at which repetitive episodes of slip take place.

The acoustic emission synchronized with applied oscillations:

a) of mechanical load

b) of externally applied voltage, but only in the case when the electric field
direction was parallel to the gap between samples; perpendicularly applied
electric field gave hampering effect on the slips

The experimental setup is described in Chelidze et al. this issue (Chapter 8, this
issue). The acoustic emission (AE) and oscillating part of the externally applied
forces were recorded using Sony Sound Forge software.

Further, we focus on the experimental series in which the electric field, parallel
to the gap plane, acted as factor modifying response of the samples system to the
static loads.

Most probably, acoustic emissions have originated in the gap zone. But it is
obvious that processes in this zone were under control of the system of samples.
Thus, some hidden structural adaptations of the samples to the experiment condi-
tions permitted the observed repeated response to the stimuli. These adaptations
should be of various scales, sub-molecular included. After an abrupt change of the
conditions, the rise of the static part of externally applied electric field, the rhythm
of acoustic emission changed immediately and then underwent some variations, in
the time when a new pattern of repetitive acoustic bursts was gradually formed.
In our opinion, such a result shows an adaptation of the samples to new condition.

Chelidze et al. (2006) state that synchronization limits the energy release at an
individual event (burst). This was proven experimentally: “Sudden decrease or total
cessation of synchronizing (electric) forcing is followed by acoustic burst of much
larger energy than during periodic forcing”.

In the cited paper the authors observed the temporal evolution of phase differ-
ence between the maxima of acoustic emissions and external periodic forcing.

The applied electric field consisted of two components: the one oscillating from
-+ 800V to —800V, and the constant one with initial constant voltage of 400V which
has increased to 1900V in the middle of the experiment (about 28.6 s from the
beginning). That is, it started to be bigger than the alternating field. This means that
in the experiment’s first part, the voltage of external field oscillated between
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41200V and — 400V, and in the second part — between +2700V and +1100V. For
these cases, the acoustic bursts were in different ways correlated to the oscillations
of the external electric field.

In the first part of the experiment, the AE bursts coincided with all the extrema of
the applied voltage; however, the entire burst started during the stage of the external
field increase. We should be aware that in these experiments, both the stimulating
impulses and the responses — acoustic emissions — did not oscillate in a sinusoidal
way; the vertical scale in the reproduced display was a kind of decibel scale: the
peaks were in fact more abrupt. Besides, a certain level of acoustic emission
persisted in the considered experiments, obscuring beginnings and ends of the
acoustic bursts. The response looks the same at “+” and “—" part of the stimulus
curve; there is no visible hysteresis.

Further on, in the second part of the experiment with the increased static part of
electric field, there occur changes in the rhythm of acoustic bursts. These changes,
seen in Fig. 12.1, may be described as follows. The first very strong bursts consist-
ing of two joint parts coincide with the nearest maxima of the oscillating field: one
exactly, and the other with some phase shift, roughly /2.

Subsequently, the AE bursts coinciding directly with the electric field maxima
gradually decrease in time and finally there remains only an evident correlation of
the bursts shifted in phase - by about 1/2 - with the electric field maxima.

It is also worth to mention the observed synchronizations between the mechani-
cal stimuli and the seismic noise, as described by Saltykov (2008); the observations,
done in the region of Kamchatka and neighboring seas and islands, reveal the
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Fig. 12.1 Synchronization between the electric field oscillations and the acoustic bursts (after
Chelidze et al., 2006 - modified); the curve of oscillating voltage V(p) is copied on the plot of
acoustic emission (in grey), the vertical dotted line indicates a moment of increase of the static
voltage
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Fig.12.2 An example of correlation between the pressure applied to a limestone sample and excited
electric polarization (upper part) and the numerical simulation results (lower part) (after Teisseyre, K.P.,
Hadjicontis, and Mavromatou, 2001)

synchronization of the envelope of high frequency microseismic noise to the Earth
tidal O; waves. Such a synchronization appears before most of the large earth-
quakes in that area. Almost always, certain phase shift occurs — the envelope is
delayed in relation to the Earth tides. This synchronization, of yet undisclosed
mechanism, suits as an earthquake precursor in the region.

We should also note that Busse and Wang (1981) have found other interesting
correlation effects; the two orthogonal acoustic waves shifted in phase by 7/2,
acting on a small disc (as compared to the acoustic wavelength) with its axis
perpendicular to these waves produce a torque (acoustic torque). According to
those authors, this effect is related probably to the particles of gas moving circularly
over the disc (viscous effect rather than the Bernoulli pressure effect). This acoustic
torque effect seems to present one more example of interactions of different fields.

Moreover, we analyze the experiments on anomalous piezoelectric effects con-
ducted by V. Hadjicontis and C. Mavromatou (cf., Teisseyre et al., 2001) in
which the appearance of electric polarizations was observed depending on the
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rate of load variations. For these experiments, the materials were chosen which do
not show electric polarization under constant load, that means, which are non-
piezoeletric in a common meaning. On other hand, the electric response of one of
these materials, the limestone, to load is found to be doubly anomalous — once,
because it depends on the load changes and, moreover, it shows a kind of some
reversal of the produced electric signal, a rebound release effect revealed by the
negative electric bays (see Fig. 12.2). In various numerical simulations conducted
to reproduce the experimental results, the main rules were as follows: each increase
in load causes an increment in the excited voltage, and this added part immediately
starts to decline (its decay has taken many steps of simulation).

The shape of the decaying part of the electric response to mechanical stimuli
suggests the concurrence of two or three relaxation phenomena, that is, one quick
process and one or two slow ones.

12.3 Theoretical interpretation of co-action
and synchronization effects

First, we will refer to the results of experiments done by Chelidze et al. (2006), as
discussed above. A general conclusion is that acoustic response occurs when
electric field variation, superimposed on the present conditions of externally
applied electric fields and mechanical stresses, cause a break of material bonds,
thus producing an acoustic emission. Episodes of acoustic emission cluster in the
acoustic emission burst. The experimenters observed temporal evolution of the
phase difference between the extrema of external electric field and the bursts of
acoustic emission.

As mentioned above, two modes of synchronization between the stick-slip
events (acoustic bursts) and the periodic electric field, V(periodic), were observed.

First, the doubling synchronization (1:2): each electric extreme amplitude
synchronized with acoustic bursts, this is the case when the applied direct V(0)
voltage is smaller than the periodic voltage, V(0) < V(periodic).

Second, the direct synchronization (1:1): the electric maxima synchronized with
acoustic bursts; it appears when the applied directV(0) voltage is greater than the
periodic voltage V(0) > V(periodic).

For V(0) < V(periodic) the micro-fracture processes appear when the resulting
field reaches maximum, that is, for the maxima of the periodic voltage. The fracture
processes appearing at these maxima of the periodic electric impulses become
immediately observed as the acoustic emission, the acoustic bursts, caused by the
breaks of bonds and released rotation motions. Induced by this fragmentation, the
series of single shear couples form the rotation couples where each of the two
perpendicular couples has opposite shears (the case quite opposite to the case of
shear double couple). Thus, the resulting shear field in this fragmentation process
appears almost compensated to minimum.
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For V(0) > V(periodic),when a constant electric field is high enough, we can
expect that each electric impulse can break the material bonds, but the process runs
due to the applied external shears; we may notice that first we observe the broad
acoustic peaks partly synchronized with the impulses and after some stabilization
there remain more narrow bursts occurring with the 7/2 phase shift, as the related
slip process, released in a kind of slip avalanche, becomes delayed in time. Thus, at
first we probably deal with both the rotation and slip rebound processes, while after
stabilization only slip avalanche releases remain in sites where molecular bonds are
already broken.

Thus, the most important for our consideration on interaction between the
electric periodic impulses and micro-fractures is the fact that the acoustic emissions
(waiting time series) are observed in both synchronization modes. This means that
the synchronization modes are retarded in phase by n/2 (similarly as the results of
the Hilbert transform); we can underline an organization role of the electric
impulses on the response of the samples to the experimental conditions. This is
an important result for us, to be compared with the theoretical part describing the
interaction and synchronization processes in the Asymmetric Continuum Theory
(Teisseyre, 2009).

Worth mentioning are also some other effects that may appear when studying
various experimental results with the induced electric signals; we refer here to the
experimental results obtained by Hadjicontis and Mavromatou (1994 and 1995; cf.,
Teisseyre K.P, et al.,, 2001). Among other things, Hadjicontis and Mavromatou
(1994) have studied the transient electric signals appearing before the failure of
limestone or other rock samples. The samples were subjected to a uniaxial com-
pression; it was found that the emitted electric signals, attributed to stress-induced
polarization in rock samples, follow the variations of the first time derivatives of
load; this means, there is a correlation between the time derivatives of the pressure
load and the emitted signals of electric polarization.

Such immediate correlations between the time derivatives of the applied pressure
(corresponding to a sinusoidal pressure load shifted by 7/2) and the electric signals,
as obtained by Hadjicontis’ group are presented here according to Teisseyre K.P.,
et al. (2001), in Figs. 12.2 and 12.3.

The presented examples of interaction and synchronization processes between
the deformation and electric fields or between the acoustic waves and electric
oscillations reveal synchronization with a phase shift of ©/2; we intend to interpret
this phenomena on the basis of the Asymmetric Continuum Theory (Teisseyre, 2009)
and possible interaction processes included in it (Teisseyre, Chapter 3, in this issue).

Our theory explains the co-action and synchronization processes between the
displacement and rotation motions or, in another form, between the strains and
rotations; the phase shift of n/2 appears as a possible consequence of one of the
forms of the related solutions. Such processes are naturally explained by the release
and rebound co-action of these deformation fields.

Synchronization between the strain or acoustic oscillations and the electric field
appears to be more difficult for interpretation. However, according to the Theory,
the rotations can produce some anti-symmetric stress counterpart (stress moments)
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Fig. 12.3 Another example of correlation between the pressure applied to a limestone sample and
excited electric polarization (upper part) and the numerical simulation results (lower part) (after
Teisseyre, K.P., Hadjicontis, and Mavromatou, 2001)

and strains shifted in phase, as observed by the acoustic effects; such a chain
follows from the synchronization of fields (cf., Teisseyre, Chapter 3, in this issue)
and, further, can lead to the electric effects.

However, we can assume an intermediate action of the rotation field which can
interfere and combine the strain or acoustic fields with an electric oscillation in
more natural synchronization processes. In the proposed approach (cf., Teisseyre,
Chapter 3, this issue) the electric and rotation fields can be directly synchronized
under electric oscillations acting on rotations; the rotations will coerce strain or
acoustic waves as is due to the appropriate synchronization solution. The reverse
process is possible as well, and starts from strain impact, to be followed by
rotations with a phase shift and an immediate electric response. The electromag-
netic field stimulates rotation motions and acoustic emission; such a stimulation
appears, among others, due to an increased mobility of the charge carriers. There-
fore, the mechanical forcing and applied electromagnetic field lead to acoustic
emission and spin motion. The latter releases the micro-displacements with the
phase shift of /2 and then the direct correspondence of phases appears after Hilbert
transformation of the observed acoustic bursts.
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12.3.1 Conclusions

We have presented a new interpretation of the synchronization processes with the
shift of m/2. We have shown that in some experiments on the interaction and
synchronization of the mechanical and electric fields there appears such a phase
delay. In the very important experiments by Chelidze’s group, these synchroniza-
tions appear in the plot shifted by the Hilbert transform to the waiting time series
related to the acoustic emission. In the Theory presented in Chapter 3 (this issue),
such a case corresponds to the expected phase shift between the synchronized spin
and twist motions.

In searching for the interaction mechanism the interpretation we propose is
such that the electric impacts cause the molecular bonds breaking and, at higher
electric voltages, the rebound released micro-slips, which form an avalanche
(triggering effect).
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Chapter 13
Periodical Oscillations of Microseisms before
the Sumatra Earthquake of December 26, 2004

G. Sobolev and A. Lyubushin

13.1 Introduction

This work continues a series of papers published in Izvestiya, Physics of the
Solid Earth, in 2003-2006 and devoted to the detection and study of periodic
oscillations in the seismic flow and synchronization effects arising before strong
earthquakes [Sobolev, 2003, 2004; Sobolev et al., 2005; Sobolev and Lyubushin,
2006; Lyubushin and Sobolev, 2006]. These studies were essentially based on the
concepts of the dynamics of nonequilibrium media, including self-organization of
the seismic process [Nicolis and Prigogine, 1977; Bak et al., 1989; Sornette and
Sammis, 1995; Ott, 2002]. It is assumed that, in a metastable lithosphere immedia-
tely before an earthquake, natural periodic oscillations arise and/or oscillations from
external sources are selectively amplified, with the microseismic field showing
collective behavior.

Processing of 20-Hz records obtained at the Petropavlovsk IRIS station before
the Kronotskii earthquake revealed waves at periods of a few tens of minutes in the
microseismic flow (Fig. 13.1). These were observable during the last 2.5 days
before the main shock after the onset of foreshock activation (the arrow F in
Fig. 13.1) and after the two strongest (M > 5) foreshocks, Fa and Fb.

To analyze the periodic structure of microseisms, we examined the time series
of seismic pulses exceeding a certain level. The time series were processed with a
moving time window. Within each window, a low frequency trend was removed
from the records by an orthogonal polynomial of a fairly high order. After the
trend removal for a given window, we calculated a threshold equal to the product
of the absolute median deviation (the median of the modulus of deviations from
the median) and a certain coefficient (a parameter of the method), usually varying
from 1 to 4. This parameter depends on the intensity of pulses in the signal and is
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Fig. 13.1 Spectral-time diagram of the increment in the logarithmic function of likelihood AlnL
of microseisms at the Petropavlovsk (Pet) station. The vertical axes show the spectral period (on
the right) in minutes and its logarithm (on the left). The large arrow indicates the time of the
Kronotskii earthquake of December 5, 1997, with a magnitude of 7.8. The smaller arrows F, Fa,
and Fb indicate the onset of foreshock activation and the two strongest foreshocks with M > 5

chosen experimentally. Next, we examined the sequence of the times of local
maximums of the record that exceeded this threshold. Thus, the initial time series
were reduced to a point process, a sequence of time moments. The latter are
similar to the sequence of events in a seismic catalog. Further, we applied the
method of the identification of periodic components in a sequence of events
proposed in [Lyubushin et al., 1998]. We considered the model of the intensity
of the event sequence (in the given case, the times of significant local maximums,
i.e., pulsations of a microseismic time series), presumably containing the harmonic
component

M) =u-(1+a-cos(wt+ ¢)), (13.1)

where the frequency o, amplitude a, 0 < a < 1, phase angle ¢, ¢ € [0,27], and
factor u > 0, (describing the Poisson part of the intensity) are model parameters.
Thus, the Poisson part of the intensity is modeled by harmonic oscillations. If a
richer intensity model (compared to that for a random flow of events) with a
harmonic component of a given frequency o is considered, the associated incre-
ment in the logarithmic function of likelihood is

AlnL(a, p|w) = Zln(l + acos(wt; + ¢))

1

+ NIn(oT/[oT + a(sin(wT + ) — sin(p))]) (13.2)

Here ¢, is the sequence of time moments of sufficiently large local maximums of
the signal within the window, N is their number, and T is the window width.
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Let

R(w) = max AlnL(a, p|lw), 0 < a < 1, ¢ € [0,27] (13.3)
ap

Function (13.3) can be regarded as a generalization of the spectrum for a
sequence of events [Lyubushin et al., 1998]. The plot of this function illustrates
how advantageous the periodic intensity model is in comparison with the purely
random model. The maximum values of function (13.3) specify frequencies that are
present in the flow of events. Let 7 be the time of the right-hand end of the moving
time window of a given width Ty. Expression (13.3) is actually a function of two
arguments, R(w, t|Ty ), that can be visualized as 2-D maps or a 3-D relief on the
plane of arguments (w, 7). By using this frequency—time diagram, it is possible to
examine the dynamics of the appearance and development of periodic components
within the flow of events under study [Lyubushin, 2002; Sobolev, 2004]. It was
established [Sobolev et al., 2005] that waves appeared only at the Petropavlovsk
station, which was nearest to the Kronotskii earthquake epicenter (the epicentral
distance R =~ 310km), and were not identified in records of more remote stations
(Yuzhno-Sakhalinsk, Yakutsk, and Obninsk). As the time of the Kronotskii earth-
quake approached, the number of predominant periods at the Petropavlovsk station
decreased, so that the multimode spectrum was transformed into a unimodal
spectrum, with shorter periods disappearing; 1 h before the earthquake, a period
of 37 min was best expressed.

Another phenomenon recorded before the Kronotskii earthquake was the
appearance of asymmetric pulses, a few minutes long [Sobolev et al., 2005].
They were observed as pulses of predominantly negative polarity that arose five
days before the earthquake and three days before the onset of foreshock activation.
This type of anomaly was typical only of the station nearest to the epicenter
(Petropavlovsk).

13.2 Microseismic data

The Sumatra earthquake (M > 9), which caused a destructive tsunami, is one of the
strongest events in the entire history of instrumental seismic observations. In this
context, it was of interest to analyze whether this earthquake was preceded by short-
term anomalous phenomena in the structure of microseisms similar to those
detected before the Kronotskii earthquake. The RAS Geophysical Survey provided
data from broadband IRIS stations located around the epicenter of the Sumatra
earthquake (Fig. 13.2). The epicenter had the coordinates (3.32° N, 95.85° E), and
the coseismic rupture trended mainly NNW for more than 1000 km.

The stations nearest to the epicenter, CHTO in the north and COCO in the south,
were located at epicentral distances of 1770 and 1500 km, respectively. The CHTO
and KMI stations were closest to the northern end of the rupture (1100 and 1750 km,
respectively). Preliminary analysis of records of all stations sampled at a frequency
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Fig. 13.2 Position of the IRIS stations whose records were analyzed before the Sumatra
earthquake. The epicenter of the earthquake is shown by star

of 20 Hz showed that the MBWA station in Australia did not operate during the
Sumatra earthquake, the records of the DGAR and PALK stations had defects and
gaps, and the DAV and QIZ stations in the Pacific region showed a completely
different structure of microseisms as compared with the stations in the Indian Ocean
region. Therefore, our analysis was mainly based on data from the CHTO, KMI,
XAN, COCO, and (in part) PALK stations. We used records of vertical components
with the exception of the COCO station, where this component was not recorded, so
that the COCO data on horizontal components were processed. The database used
for these stations encompassed the interval of December 16-26, 2004 (the 350th to
360th days from the beginning of the year). Since the Sumatra earthquake occurred
at 00:58:54 GMT on December 26, the records of December 26 were processed
only up to the first arrival time.

An unusual circumstance was the fact that, 2.5 days prior to the Sumatra
earthquake, another strong (M = 7.9) earthquake occurred in the southern
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hemisphere; its epicenter had the coordinates (49.31° S, 161.35° E) and was located
southwest of New Zealand (in the McQuary Ridge area). The vibrations generated
by this earthquake were hundreds of times stronger than the microseism level at the
aforementioned stations, and surface waves with periods of 300-500 s went around
the Earth a few times.

Figure13.3 clearly shows a sequence of such signals, particularly at low noise
stations KMI and CHTO. The interval between the successive signals going around

0— ---- XAN

0—{---- KMI

0—---- CHTO

~5000 , i , i , |

12
10000 —= = = = = = = = = === —————— oo

0—- - - - PALK

0—+---- COCO

—20000 | | 23.12.2004 | | HoursI

12 16 20 24

Fig. 13.3 Succession of seismic waves in the range of periods 256-512 min after the McQuary
earthquake (marked by an arrow). The station codes are given to the right of the plots, and the
station locations are shown in Fig. 13.2
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the Earth in both NW and SE directions is 13 h. The records shown in the figure
were obtained after aggregation of the signal to a 1-s period, trend removal by
smoothing with Gaussian kernels and an averaging radius of 100 samples, and
band-pass frequency filtering in the band 256-512 s. The distances from the
McQuary earthquake epicenter to the aforementioned stations ranged from 7500
km for the nearest station (COCO) to 10100 km for the farthest station (PALK).
Accordingly, the time delay before the arrival of surface waves was about 0.5 h
(Fig. 13.3). Vibrations continued actually up to the time of the Sumatra earthquake.
Figure 13.4 shows the 10-h record intervals immediately preceding the arrival of
waves from this earthquake at the aforementioned stations. The records, from
which high frequency components with periods less than 1 min were removed,
are dominated by components with periods of 300-500 s but also contain waves
with lower and higher frequencies.

13.3 Results

Comparison of wave amplitudes at the same stations shown in Figs. 13.3 and 13.4
reveals the following. Within the time interval of 2.5 days between the McQuary
and Sumatra earthquakes, the amplitude of surface waves caused by the first
earthquake decreased by a few thousand times at the CHTO, KMI, and PALK
stations and only by a few tens of times at the COCO and XAN stations. Possibly,
the difference is due to the distinctions in lithosphere quality factors along traces of
waves traveling at different azimuths around the Earth. However, one may also
assume that the more rapid (by two orders of magnitude) amplitude decrease along
the traces of the CHTO, KMI, and PALK stations is caused by anomalously strong
absorption of waves in the source area of the future Sumatra earthquake.
Following the aforementioned procedure for identifying hidden periodic oscilla-
tions, we checked whether this earthquake was preceded by periodic oscillations in
the minute range of microseisms, as was the case before the Kronotskii earthquake.
Figures 13.5 and 13.6 present results of the analysis of data from the KMI and
CHTO stations. We calculated spectral-temporal plots of AInL(3) by processing
records of these stations obtained in the period from December 15 to 26 (up to the
Sumatra earthquake). The arrows in the figure indicate the times of the Sumatra
(M = 9.2) and the preceding McQuary (M = 7.9) earthquakes. We examined the
range of periods from 20 to 60 min with a 180-min window moving at a 60-min
step. Prior to the calculations, the low frequency trend was removed by a third-order
polynomial. For noise suppression, the calculations were performed only for waves
whose amplitude exceeded the median value 1.5. Periodic oscillations arose after
the McQuary earthquake and continued for about 24 h. Comparison with Fig. 13.1
reveals a similar effect observed after the foreshock of the Kronotskii earthquake.
The records of the XAN, COCO, and PALK stations did not reveal any periodic
oscillations. This may be due to a higher noise level, particularly at the XAN and
COCO stations, which is evident from comparison of records in Fig. 13.3 with
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Fig. 13.4 Structure of seismic waves in the range of periods exceeding 1 min recorded 10 h before
the Sumatra earthquake. The station codes are given to the right of the plots, and the station
locations are shown in Fig. 13.2

amplitudes of surface waves from the McQuary earthquake. In the case of the
Sumatra earthquake, we had a few stations located around the source area.

This provided the possibility of testing the hypothesis that the catastrophe was
preceded by intensification of collective effects in a nonequilibrium medium,
expressed in the synchronization of microseismic vibrations in the region surround-
ing the earthquake epicenter [Bak et al., 1989; Sornette and Sammis, 1995].
Unfortunately, a recording failure took place at the PALK station in the period
between the McQuary and Sumatra earthquakes. Therefore, our analysis used data
of only four stations: CHTO, KMI, XAN, and COCO. To analyze the effects of
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Fig. 13.5 Spectral-temporal diagram of the increment in the logarithmic function of likelihood
AlnL of microseisms recorded at the KMI station before the Sumatra earthquake (M = 9.2). The
left arrow indicates the time of the McQuary earthquake (M = 7.9). The vertical axes show the
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Fig. 13.6 Spectral-temporal diagram of the increment in the logarithmic function of likelihood
AlnL of microseisms recorded at the CHTO station before the Sumatra earthquake (M = 9.2). The
left arrow indicates the time of the McQuary earthquake (M = 7.9). The vertical axes show the
spectral period (on the right) in minutes and its logarithm (on the left)

collective behavior in microseismic vibrations at these four stations in the minute
range of periods, the initial data sampled at a frequency of 20 Hz were first reduced
to a 30-s sampling interval by calculating the averages over successive nonoverlap-
ping intervals 600 samples long. The resulting time series were analyzed by two
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approaches based on the calculation of robust wavelet and spectral measures of
coherence in the moving time window. The use of different measures aimed to test
the stability of the final synchronization effect with respect to different methods of
representing the signals: their expansion in strongly nonstationary Haar wavelets
and the classic Fourier expansion.

The robust wavelet measure of coherence is a modification of the approach to the
analysis of multidimensional time series proposed in [Lyubushin, 2000; Lyubushin
and Kopylova, 2004]. The scale-dependent measure of coherent behavior in a
moving time window of a given width of N samples is constructed. The analysis
is performed independently for each position of the time window (moved to the
right by one sample). Before the wavelet decomposition of the analyzed time series
fragments present in the current time window, the following sequence of operations
is applied to each fragment: (i) the general linear trend within the time window is
removed; (ii) a sample estimate of the standard deviation is obtained, and each
value is divided by this estimate; (iii) the initial values are converted to the
increments between adjacent time values; (iv) the window fragment is complemen-
ted with zeros to the full length of M = min{2m : 2m >N} samples. Operation
(i) removes the strongest low frequency variations in signals, which cannot be
statistically representative within the window. The division of each signal within
the window by its standard deviation mutually adjusts different time series by
reducing the total energy of their variations to the same value. Operation (iii) of
the conversion to increments is standard in time series analysis and is intended to
enhance the stationarity of sample sets within narrow time windows if low frequen-
cies are predominant. Finally, the last operation (iv) is necessary for the subsequent
application of the fast discrete wavelet transform.

Let ¢ > 3 be the total number of simultaneously analyzed time series, and let ©
be the position of the right-hand end of a moving time window N samples wide. We
denote as c(ﬂjff)(k) the coefficients of the discrete orthogonal wavelet transform
[Mallat, 1998] of the jth time series fragment in the current time window with the
position of the right-hand end 7 at a detail level of the number f after preliminary
operations (i)—(iv). We chose the Haar wavelet from the farhily of orthogonal
wavelets as the most compact and suitable for the analysis of the most abrupt
variations in signals. The index k successively enumerates the coefficients belong-
ing to the level =1, ..., m. The number m is an exponent of two in the
representation M= 2" such that it is the least number no smaller than the time
window width N. At each detail level, the total number of coefficients is equal to
My=2""P Each coefficient R (k) reflects the signal behavior in the frequency
band [QI(TII?H,QI(QX] = [1/(2¥*VAs), 1/(2PAs)], where As is the length of the
sampling interval, in the neighborhood of the sample with the number r,(cﬂ =
k-28 k= 1,...,Mp, measured from the position of the left end of the time
window. The width of this neighborhood (the temporal “zone of responsibility”
of the coefficient) is equal to 2#. The wavelet transforms yield a set of coefficients

c(ﬁf)(k),j: L...,g, p=1,...,m k=1,...,Mp = 2P However, some of
these coefficients can involve zero values complementing the data set via
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preliminary operation (iv). Therefore, the real number of coefficients at the level
B reflecting the signal behavior within the window is equal to Lg = 2m=h).
(N/M) =N -27F.

Now we address a time series j, and construct the measure describing the
relationship between this series and all other signals within the current time
window. Naturally, this relationship depends on the scale of the variations in
question and, therefore, should be sought at various levels of detail between wavelet
expansion coefficients. The problem to be solved for this purpose is

L B

Z|(/ﬁ‘t /)"C)(k

We should emphasize that the second sum in (13.4) is a linear combination of
expansion coefficients of all time series except the chosen series j,. Finding the
vector y from the solution of problem (13.4), we obtain certain values of d (ﬁ . (k).

/;"t

q
7) = > Py a3e

— min,
"
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Now we can find the correlation coefficient between samples of the values of

c([i?f)) (k) and d(/_}/‘;) (k) for k =1,...,Lg; however, instead of the classic formula
for calculating the sample value of the correlation coefficient, we use its robust
modification [Huber, 1981], according to which the correlation coefficient between

samples x(k) and y(k), k = 1, ..., n, can be calculated by the formula

px,y) = (13.5)

where Z (k) =a-x(k)+b-y(k), Z(k)=a-x(k)—b-y(k), a=1/S(x), b=
1/8(y), S(x) = med|x — med(x)|. Here, med(x) is the median of the sample x and,
thereby, S(x) is the absolute median deviation of the sample x. Substituting x(k) for
c(ﬁj?f)) (k), y(k) for d"* I)(k), and n for Ly, we obtain the robust value we obtain the
robust value v;,(f, ) of the correlation coefficient describing the degree of connec-
tion of the process jowith all other signals. If we replace in (13.4) the sum of the
moduli of deviations by the sum of their squares, the problem can be reduced to
the classic Hotelling problem of canonical correlations [Rao, 1965]. Therefore, the
quantity v;,(f5,7) is here referred to as the robust canonical correlation of the time
series jo. The need to replace the classic scheme of the calculation of canonical
correlations by its robust variant is dictated by the strong instability of the result of
the classic calculations with respect to outliers in wavelet coefficients. The presence
of such outliers is due to the well-known fact that the wavelet decomposition is
capable of accumulating maximum information about the signal behavior in a
relatively small number of wavelet coefficients. We should emphasize that the
method is robust in two procedures: the solution of minimization problem (13.4)
by the method of least moduli rather than by least squares and the calculation of the
correlation coefficient by formula (13.5).
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Note that the statistical significance of the estimated robust canonical correla-
tions depends on the number of terms Lg in formula (13.4). Therefore, it is natural to
introduce the parameter of statistical significance L.,;, as the minimum possible
value of the number of wavelet coefficients Lg in formulas (13.4) and (13.5) that
allows one to calculate correlations at the Bth detail level. Thus, it is possible to
determine the maximum possible detail level B,,.. defined by the formula
ﬁmax = max{ﬁ : Lﬁ Z Lmi“}'

Since, with an increase in the number of the detail level, the number of wavelet
coefficients involved in the estimation of vi(f,7) exponentially decreases, we
reduce statistical fluctuations in estimates by introducing additional averaging
over a certain number of coefficients obtained within preceding windows:

mp

Vi(t,B) =D vilt—s+1,8)/my, my=2" (13.6)

s=1

The higher the detail level, the deeper the averaging (13.6) over the past time
windows; this fact considerably decreases the dependence of the variance of
statistical fluctuations in estimation (13.6) on the detail level number and makes
this variance nearly the same for different values of 5. According to formula (13.6),
the effective width of the time window becomes scale-dependent and equal to
N =N+2/ -1

We define the robust wavelet measure of coherence by the formula

q
w(z, B) = [ [ Pe(z, B)] (13.7)
k=1

The values of measure (7) range from O to 1. The larger the value of (13.7), the
stronger the overall connection between all analyzed processes on scales
corresponding to the number B. We should emphasize that the value of (13.7) is
the product of ¢ nonnegative values with moduli less than unity. Therefore, the
greater the number ¢ of the series analyzed, the lower the absolute values of k(z, f3).
As a consequence, the absolute values of statistic (13.7) can be compared only for
the same number of series g. Most interesting are not the absolute values of measure
(13.7) but its relative values for different values of 7. Thus, with a fixed Haar
wavelet in use, the method has two free parameters: the window width N and the
representativeness threshold L;;,.

The spectral measure of coherence was proposed in [Lyubushin, 1998] (see also
[Lyubushin and Sobolev, 2006]) and is based on the use of canonical coherences,
which extend the notion of the spectrum of coherence to the situation where, instead
of a pair of scalar time series, it is necessary to investigate the relationship between
two vector time series at various frequencies: an m-dimensional series X(#) and an
n-dimensional series Y(7). The quantity u?(w), which is called the squared modulus
of the first canonical coherence of the series X(¢) and Y(¢) and is used in this case
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instead of the ordinary coherence spectrum, is calculated as the maximum eigen-
value of the matrix [Brillinger, 1975; Hannan, 1970]

U(w) = 5./ (0) - Siy(@) - S, (@) - Sye(). (13.8)

Here, ¢ is the discrete time enumerating successive samples; o is the frequency;
Sy (w) is the spectral m x m matrix of the time series X(7); and S,,(®) is a cross-
spectral rectangular m x n, matrix, S, (®) = S (w), where the superscript H
means Hermitian conjugation.

The component canonical coherences v?(w) of the g-dimensional time series
Z(t) (¢ > 3)are defined as the squared moduli of the first canonical coherence if the
series Y(7) in (13.8) is the ith scalar component of the g-dimensional series Z(f) and
the series X(¢) is the (¢—1)-dimensional series consisting of the other components.
Thus, the quantity v?(w) characterizes the correlation at the frequency w-w of
variations in the ith component with variations in all of the other components. We
define a frequency-dependent statistic A(w) characterizing the correlation at the
frequency. ® between variations in all components of the vector series Z(¢):

Mw) =[] vi(w) (13.9)

Note that, by definition, the values of 1(®) lie within the interval [0, 1] and the
closer the value of A(w) to unity, the stronger the correlation between variations in
the components of the multidimensional time series Z(¥) at the frequency w. If g= 2,
measure (13.9) is the ordinary squared modulus of the coherence spectrum. In order
to estimate the temporal variability in the measure of interaction between the
recorded processes, it is necessary to perform calculations in a moving time
window of a given width. Let tbe the time coordinate of a window N samples
wide. Calculating the spectral matrices for samples in the time window 7, we
obtain the two-parameter function A(t, ), whose peaks define frequency bands and
time intervals of enhanced collective behavior of the jointly analyzed processes.

To implement this algorithm, it is necessary to have in each time window the
estimated spectral ¢ X ¢ matrix S..(t,®). Below, we use the model of vector
autoregression [Marple, 1987]:

N
+
.S
2
N
|
=
I

e(?) (13.10)

Here, Ay is the ¢ X ¢ matrix of autoregressive parameters; p is the order of
autoregression; and e(f) is the g-dimensional time series of the remainders of
identification, which is assumed to be a series of independent Gaussian vectors
with a zero mean and an unknown covariance matrix P. Model (13.10) is estimated
after the preliminary operations of the elimination of the general linear trend,
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transition to increments (in order to increase the stationarity within narrow time
windows), and normalization of each scalar component to the unit variance. These
operations are performed independently in each time window and for each scalar
component of the multidimensional series. The spectral matrix is estimated by the
formula

p
Sz(w) = F Y(w)-P-F(w), F(o)=I1+Y Ac-exp(—iwk)  (13.11)
k=1

Estimation (13.11) has a good resolution in frequency for short samples. In the
calculations, p was determined by the trial method as a minimum value such that
the further increase does not lead to a significant change in the main features of
the behavior of the dependence A(t, ®). Everywhere below, we use the value p = 3.
Thus, we see that the coherence measures x(t, /) and A(t,®) are constructed
according to the same principle but differ significantly in the signal representation
modes. Figures 13.7 and 13.8 plot estimates of these measures in a 12-h-wide
moving time window (1440 30-s samples). The wavelet measure k(t,[f) was
estimated with the use of the Haar wavelet and the representativeness threshold
equal to Lmin = 16. In estimating the spectral measure A(t, ®), the windows were
shifted at a 1-h step (120 samples).

Analysis of the plots in Fig. 13.7 leads to the following conclusions. The wavelet
measure of coherence x(t, §) drops after a seismic event; this is true of both the
McQuary event preceding the Sumatra earthquake and the Sumatra earthquake
itself. However, beginning from the 12 800-min time mark, the measure of coher-
ence at all levels increases; at the fifth to sixth detail levels, this increase exhibits an
obvious positive trend up to the time moment of the shock. At lower detail levels,
the measure of coherence reaches peak values approximately 1000-1500 min
before the earthquake. Moreover, with increasing detail level number, or “period,”
the peak of the coherence measure migrates toward the time moment of the shock;
i.e., the migration tends to increase the period.

The frequency—time diagram for the spectral measure of coherence (7, w) in
Fig. 13.8 independently confirms this conclusion; moreover, as the spectral
approach makes it possible to trace more smoothly the frequency migration of the
coherence measure, Fig. 13.8 even more clearly displays the effect of the migration
of the coherence measure from high to low frequencies. However, the approach
using wavelet decomposition is more effective for “very low frequencies” (periods
longer than 10 min, detail levels 5 and 6 in Fig. 13.7). Thus, the application of both
methods of calculating the coherence revealed the scenario of synchronization,
which consists in the migration of the fundamental period (or time scale in the
wavelet analysis), characterized by maximum collective behavior, from short to
long periods.

Further, we attempted to identify asymmetry in the pulsed microseismic oscilla-
tions recorded before the Sumatra earthquake at the aforementioned stations. By
asymmetry, we mean unequal amplitudes of positive and negative oscillation
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