Harmonic Analysis
and Special

Functions on
Symmetric Spaces

Gerrit Heckman
Henrik Schlichtkrull

@

PERSPECTIVES IN MATHEMATICS

S. HELGASON, EDITOR




Harmonic Analysis and
Special Functions on
Symmetric Spaces



PERSPECTIVES IN MATHEMATICS, Vol. 16
S. Helgason, editor



Harmonic Analysis and
Special Functions on
Symmetric Spaces

Gerrit Heckman
Department of Mathematics, KUN
Nijmegen, The Netherlands

Henrik Schlicktkrull

Department of Mathematics and Physics
The Royal Veterinary and Agricultural University
Frederiksberg, Denmark

ACADEMIC PRESS
San Diego New York Boston
London Sydney Tokyo Toronto



This book is printed on acid-free paper.

Copyright © 1994 by ACADEMIC PRESS, INC.

All Rights Reserved.

No part of this publication may be reproduced or transmitted in any form or by any
means, electronic or mechanical, including photocopy, recording, or any information
storage and retrieval system, without permission in writing from the publisher.

Academic Press, Inc.
A Division of Harcourt Brace & Company
525 B Street, Suite 1900, San Diego, California 92101-4495

United Kingdom Edition published by
Academic Press Limited
24-28 Oval Road, London NW1 7DX

Library of Congress Cataloging-in-Publication Data

Heckman, Gerrit.

Harmonic analysis and special functions on symmetric spaces /

Gerrit Heckman, Henrik Schlichtkrull.
p- cm. -- (Perspectives in mathematics : vol. 14)

Includes bibliographical references and index.

ISBN 0-12-336170-2

1. symmetric spaces. 2. Harmonic analysis. I. Schlichtkrull,
Henrik, date. 1L Title. 1. Series.
QA649.H42 1994
516.3' 62--dc20 94-26553

CIp

PRINTED IN THE UNITED STATES OF AMERICA
94 95 9 97 9% 99 BC 9 8 7 6 5 4 3 2 1



With love to
Elise, Jesse, and Michael,

our children



This Page Intentionally Left Blank



Contents

Preface . . . . . . . . . . . . ..o 000X

Part I
Hypergeometric and Spherical Functions
G. Heckman . . . . . . . . . . . ... .01

Part II:
Harmonic Analysis on Semisimple Symmetric Spaces

H. Schlichtkrull . . . . . . . . . . . . . ... . 9

Part III:
Are K-invariant Eisenstein Integrals for G/H
Hypergeometric Functions?
G. Heckman . . . . . . . . . . . . . . .. .. 189

References . . . . . . . . . . . . . . . . . . .. 20

Index . . . . . . . . . . .. . . ... ... .. 223

vii



This Page Intentionally Left Blank



Preface

In the summer of 1991, M. Duflo, J. Faraut, and J. Waldspurger organized
a summer school in Luminy (France) for Ph.D. students in the field of
Lie groups. Subsequently this initiative has become an annual event, held
in one of the European countries under the name of “European School of
Group Theory”. In the following years the school took place in Twente (the
Netherlands) and in Trento (Italy), and this year it will be in Sgnderborg
(Denmark). During the two-week session of the school four series of main
lectures are given, each by a specialist in some area within the theory of
Lie groups. A set of lecture notes is furnished by the lecturers.

This book consists of two major parts, containing the notes for lectures
given at the summer schools in Luminy (GH) and in Twente (HS). These
two sets of lecture notes were written and can be read totally independently
of each other. ‘The idea of publishing them together came up only after
they were finished. A shorter third part by one of us (GH) is added, in
order to explain the connection between the two topics. It provides the
direct motivation for our choice of publishing these notes together.

The theory of harmonic analysis has always been intimately connected
with the theory of special functions. This is apparent, for example, on the
2-sphere S?, where the harmonic analysis with respect to the action of the
orthogonal group essentially is contained in the classical theory of spherical
functions (the spherical harmonics). In spherical coordinates these spher-
ical functions are the Legendre polynomials P,(cos#). Also the very root
of harmonic analysis, the Fourier theory on S' and R, is of course based
on the trigonometric functions.

The two main parts of this book both have their origin more generally
in the theory of harmonic analysis and spherical functions on Riemannian
symmetric spaces G/ K, as developed by Harish-Chandra, S. Helgason, and
others. In both parts we search for generalizations of this theory, but the
directions of generalization are quite different.

The first part deals with a generalization of the elementary spherical
functions from the point of view of special functions. For example, the
elementary spherical functions on the k-sphere S* = SO(k + 1)/SO(k),
(k = 1,2,3,...), are given by the Gegenbauer (or ultraspherical) poly-
nomials CZ(z) with @ = (k—1)/2 (in case k = 2 they specialize to
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the Legendre polynomials P,(z) = cl/ ?(z), as mentioned above). Here
z = cosf € [—1;1] is the height function on S*, and n is the degree of
the polynomial. In connection with harmonic analysis the basic property
of the Gegenbauer polynomials is that they are orthogonal polynomials on
the interval [—1, 1] with respect to the weight function (1 —z2)*~z. In fact
this weight function is integrable and the Gegenbauer polynomials C%(z)
are naturally defined for all values of o > —%, but they appear “in nature”
only for a € %N. More generally the elementary spherical functions on
a Riemannian symmetric space of rank one can all be expressed in terms
of the classical (Gaussian) hypergeometric functions (in the compact case
the Jacobi polynomials), which make sense for more general values of the
parameters than those resulting from the harmonic analysis on G/K. A
similar phenomenon is seen for Riemannian symmetric spaces of higher
rank. The structure of a Riemannian symmetric space is described by a
(restricted) root datum together with certain multiplicities attached to the
roots. In the lecture notes it will be explained that one can introduce a
theory of Jacobi polynomials and hypergeometric functions in several vari-
ables associated with a root system R and a multiplicity parameter k on R.
The number of variables is the rank of the root system, and the root multi-
plicities are allowed to be arbitrary real (and nonnegative). When the root
multiplicities do correspond to those of a Riemannian symmetric space,
then these Jacobi polynomials and hypergeometric functions are exactly
the elementary spherical functions of the two associated Riemannian sym-
metric spaces of the compact and noncompact type, respectively, expressed
in suitable coordinates.

In the second part we generalize the harmonic analysis on G/K in a
different direction; the differential structure is now allowed to be pseudo-
Riemannian. More precisely we develop the harmonic analysis on semi-
simple symmetric spaces G/H. An example of such a non-Riemannian
symmetric space is the one sheeted hyperboloid

H:{.IEIR"+1 |m§+x§+...wi—wi+1=1}

with the action of the Lorentz group G = SO.(n,1). Another example,
referred to as the group case, is a semisimple group G viewed as a homo-
geneous space for G X G via the G-action from the left and the right. The
harmonic analysis on G/H is concerned with the spectral decomposition
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of L(G/H) as a representation space for G. In the group case, as well
as in the Riemannian case, this problem was ultimately solved by Harish-
Chandra, and it was a primary motivation for his work on semisimple Lie
groups. The discrete part of the decomposition of L*(G/H) is fairly well
understood in general from the work of Flensted-Jensen [107] and Oshima
and Matsuki [166]. In contrast this part of the book deals with the decom-
position of the most continuous part L2, of L(G/H). In the Riemannian
case we have L2 = L?(G/H), but in the group case LZ_ is in general
a proper subspace of L?(G/H); it is the space of wave packets for the
minimal principal series, and it decomposes as the direct integral of these
representations. Our purpose is to explain how this decomposition can be
generalized to the case of an arbitrary semisimple symmetric space G/H.
In order to reach this goal we first have to develop some basic theory of
semisimple symmetric spaces and the corresponding principal series repre-
sentations — in fact the development of this theory composes most of these
lecture notes. One of the complications in comparison with the group and
Riemannian cases is that the decomposition of L2, is not multiplicity free
in general; the multiplicity is equal to the cardinality of a factor space W
of a certain Weyl group.

The analogs for G/H of the elementary spherical functions on G/K are
called Eisenstein integrals. The Eisenstein integrals, which are K-invariant
(where K is a maximal compact subgroup of G), are particularly simple.
These are the “spherical functions” which are needed for the harmonic
analysis of the K-invariant functions on G/H. The presentation of the
harmonic analysis on G/H, which we give in Part II, is simplified by con-
sidering primarily the K-invariant case.

Finally, in Part III, we draw a connection between the two generaliza-
tions of the spherical function theory on G/K by examining whether the
theory of the K-invariant Eisenstein integrals developed in Part II can be
integrated in the theory of generalized hypergeometric functions as devel-
oped in Part I. Indeed this seems to be the case; the K-invariant Eisenstein
integrals can be expressed in terms of hypergeometric functions correspond-
ing to a root system and a multiplicity parameter k determined from the
structure of G/H. This observation opens up some interesting problems
with which the book is brought to its end.

As mentioned above, the main part of this book was written as lecture

notes for courses meant for Ph.D. students. The participants (who were
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at varying phases of their education) were encouraged before the session
of the summer school to prepare by studying some prerequisites. For the
lectures on hypergeometric functions these were the theory of root systems
and Weyl groups as can be found for example in [7] or in various text
books on semisimple Lie theory. Moreover some basic knowledge of the
gamma function and the Gaussian hypergeometric function is assumed (as
for example in the standard text book by Whittaker and Watson [74]).
For the last chapter some familiarity with the structure theory and the
analysis of Riemannian symmetric spaces is also needed. For this material
the two text books by Helgason [35, 36] are the standard reference (as an
alternative one could read Part II, and then return to this chapter). Some
knowledge of the theory of spherical functions (as in [36]) could in fact also
be useful for understanding the motivation behind the theory developed in
the first four chapters of Part I. For the lectures in the second part of the
book the suggested preparation was the first five chapters of the textbook
by Knapp [130]. In order to reach a deeper understanding of the material
in the final lectures some knowledge of the Riemannian symmetric space
theory is an advantage (see the above mentioned books by Helgason).

The summer school in Luminy was organized by M. Duflo, J. Faraut,
and J.L. Waldspurger, and the one in Twente by E. van den Ban, G. van
Dijk, G. Heckman, G. Helminck, and T. Koornwinder. We are grateful
to these people for the establishment of the schools and for inviting us to
give lectures there. In addition the second author is grateful to E. van
den Ban for the permission to present here (for the first time in print)
several results of their joint work. Finally, we both express our gratitude
to Sigurdur Helgason for his interest and enthusiasm, which paved the way
for the realization of this project.

March 1994 G.J. Heckman
H. Schlichtkrull
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Introduction

The theory of the hypergeometric function

N af ala+1)3(8+1) ,
F(aaﬂ7772)_1+ 7z+ ,7(,7_‘__1)2' z +

was developed mainly in the 19th century by the work of Euler, Gauss,
Kummer, Riemann, Schwarz, and Klein. In the 20th century the the-
ory of semisimple Lie groups has come to flourish, and as observed by
E. Cartan and V. Bargmann some hypergeometric functions (Jacobi poly-
nomials) appear as spherical functions on (compact) rank one symmetric
spaces. Explicit calculations for the root systems As and BCs by Koorn-
winder in his thesis (1975) made it plausible that spherical functions on
higher rank symmetric spaces are part of a hypergeometric function theory
in several variables. These hypergeometric functions can be thought of as
“spherical functions” corresponding to arbitrary complex root multiplici-
ties. Subsequently such a hypergeometric function theory associated with
a root system was established by the joint work of Opdam and the author.

The hypergeometric theory is exposed from Chapter 1 to Chapter 4.
The first three chapters are elementary algebraic in nature, and study the
hypergeometric differential operators and the associated Jacobi polynomi-
als. In comparison with the theory of spherical functions the surprising
new concept is that of shift operator. It is at this level (of differential
operators) that the c-function (rather a variant the ¢-function) enters in a
natural way. Chapter 4 is of a more analytic nature.

Chapter 5 deals with elementary spherical functions not only correspond-
ing to the trivial K-type but also to an arbitrary one-dimensional K-type.
Whereas the former were the natural example from which the hypergeomet-
ric theory was generalized, it turns out that the latter are easily expressible

as hypergeometric functions.



CHAPTER 1

The hypergeometric differential operators

1.1. Differential-reflection operators for root systems

Let E be a real vector space of finite dimension, endowed with a positive
definite symmetric bilinear form (-,-). For o € FE with a # 0 we write

1.1.1 V=

( ) a (@.0) ek

for the covector of o and

(1.1.2) ra: E—=E, 1,(A\)=X—(\a")a

for the orthogonal reflection in the hyperplane perpendicular to a.

Definition 1.1.1. A root system R in E is a finite set of nonzero vectors
in F spanning E with 7,(8) € R and (8,a") € Z for all o, 3 € R.

Note that we do not require R to be reduced. The standard reference for
the theory of root systems (structure, classification, and tables) will be [7].
The group W = W(R) generated by the reflections r,, @ € R is called the
Weyl group of R. Let P = {A € E;(\,aY) € Z Va € R} be the weight
lattice of R. We write R[P] for the group algebra over R of the free abelian
group P. For each A € P let e* denote the corresponding element of R[P],
so that e* - e# = e*# (e})7! = e7*, and €® = 1, the identity element of
R[P]. The elements e*, A € P form an R-basis of R[P]. The Weyl group
W of R acts on P and hence also on R[P]: w(e*) = e** forw € W, X € P.
It is easy to see that for a € R the operator

(1.1.3) Ay = (1-rq): R[P] = R[P]
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is a well-defined endomorphism of R[P]. Clearly A_, = ~A, and wA,w™?
= Aya for a € R, w € W. For £ € E the partial derivative

(1.1.4) 8 R[P] = R[P)

is a linear operator defined by 8¢ (e*) = (A, &)e*. Clearly the map & = &
is linear, and wOew ™ = Gy for £ € E, w e W.

Definition 1.1.2. A (real) multiplicity function on R is a map R — R,
denoted by o — k, and such that k,, = k, for w € W, a € R. Given
a multiplicity function on R, and Ry C R a fixed set of positive roots we
write for £ € E

(1.1.5) De¢=De(k) =0+ 3 Y kala,&)Aa: RIP] > R[P].

a€Ry
Clearly the map £ — D¢ is a linear map: E — End(R[P]). Note that

D¢ is independent of the choice of Ry C R, which in turn implies that
wDew™ =Dy forwe W, € E.

Remark 1.1.3. The operator (1.1.5) is a global analog of differential-
reflection operators associated to finite real reflection groups by Dunkl [17,
32]. However, in the infinitesimal case (where the definition (1.1.3) of A,
is replaced by A, = 2a7'(1 — r4)) the operators D¢, ¢ € E commute,
whereas in the global case

(1.1.6) [vaDU] = —% Z kakg{(a,ﬁ)(ﬁ,n) - (a,n)(ﬂ’ E)}Tarﬁ

a,fERY

for £, € E. This formula can be derived along the same lines as in [17,
32]. Operators of the form (1.1.3) appeared in the work of Demazure on
Schubert varieties [15, 16], and their infinitesimal analogs were introduced
by Bernstein, Gel'fand, and Gel’fand [6, 38].

For k = (k,) a multiplicity function on R we write

(1.1.7) pk) =% > kaa € E,

(1.1.8) s(k)z = T (ez—e 22k,
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Lemma 1.1.4. If ko € Z, for a € R\iR, and ko € 2Z, ko+ksa € Zy
for a € RN 1R then §(k)? € R[P).

Proof. For S an orbit of W in R\1R it is easily seen that

Z ae€ Py,

aESNR4

where P, = {A € P;(\,aY) € Zy Va € Ry} is the set of dominant
weights (for this statement we can assume that R is reduced and irre-
ducible). Writing ks = 3 ki +koforaes (with the convention k1, =0
if 1a ¢ R) we conclude from the assumptions on k that kg € Z,, and
hence p(k) = %:ksps € P.. Write (with k15 = k;, for @ € 5)

BE=e® [ G

aERy
ks—1ik
__epk)H H ( s(l_e-a) s72"ls
S a€eSNR4
k + k _1q.ks—1k
= ¢#(k) H H ° 1S(1+e 2%) AR
S aESnR+

where the product goes over W-orbits S in R\%R. Since kg + %k%s’
ks — %kgs € Z; and (ks+%k%5)—(k5—%kés) = kis € 2Z the lemma
follows. 0O

For F = Y axe* € R[P] with a) € R and ay # 0 for only finitely many
A € P we write

(1.1.9) nF—=Za_>\e’\,
(1.1.10) CT(F) = ao.

Here CT denotes the constant term.

Proposition 1.1.5. If the multiplicity function k = (ko) on R satisfies
the conditions of Lemma 1.1.4 then

=

(1.1.11) (F,G)w: = CT(FGS(k)*5(R)®)  F,G € R[P]
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defines a positive definite symmetric bilinear form on R[P].

Proof. Clearly the formula (1.1.11) defines a symmetric bilinear form on
R[P]. Since the standard bilinear form (F,G) = CT(FG) on R[P] is posi-
tive definite the form (1.1.11) is positive definite as well because R[P] has

no zero divisors. O

Note that the inner product (1.1.11) is independent of the choice of Ry C
R. Consider the torus T = iE/2miQY where QV is the coroot lattice
spanned by RY. An element F = Za)\e)‘ € R[P] can be considered as
a Fourier polynomial on T by F(t) = 3 aye*!°8?) where logt € iE is a
representative of ¢t € T'. With this notatlon the inner product (1.1.11) can

be rewritten as
(1.1.12) (F,G) = / FOGDI5(k, 1)]dt,
T

where dt is the normalized Haar measure on T. From this formula it is
obvious how to define (F, G);, for k, > 0 Vo € R (the precise restriction on
the multiplicity function k = (k,) is that |6(k, )| € LY(T,dt) € L'(T,dt)
which is a slightly more general condition).

Theorem 1.1.6. For all { € E the operator D¢(k): R[P] — R[P] given
by equation (1.1.5) is symmetric with respect to the inner product (1.1.11)
on R[P], ie.,

(1.1.13) (Dg(k)F,G)k = (F, Dg(ki)G)k VF,G € R[P]

Proof. Observe that for the standard inner product (F,G) = CT(FG)
we have (0:F,G) = (F,0¢G) YF,G € R[P]. Indeed this follows from
CT(8:(FG)) = 0 and the fact that & is a derivation of R[P] (note that
%G = —<9§_G) Hence the adjoint D of D¢ with respect to the inner
product (1.1.11) is given by

0{85—!—2216 (o, &)(1—rq) o

a>0

(k)*)

0 1 Y o (6(k)* 5TR)

1—e>

[N
Nlr-
[V

Dg = (5(k) )-

First observe that

Zk (o, )(1-rq) 0 -— Zk 1+Z—:(—1——ra)

a>0 a>0

==Y kal aﬁ”ea 1Y kal,€)Aa

a>0 a>0
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If we write R[P]" for the space of W-invariants in R[P] then it is clear
that
ApoF=FoA, VYFeR[P|Y, VaeR

as endomorphisms of R[P].

Since . .
5(k)* (k)" = [ (e2* — e~2)ke e RIP]W
a€ER
and
NI\ 1 3 e3% e 3
(8(k)* 8(k)*) " 0 B¢ 0 (5(k)26(k)*) = O + ) _ kalte ) F———
a€ER ez" —e 2

l4+e™@

=0 ka 'S/T —o

g+az>:o (a é)l—e*a

we find Dg =D, O

1.2. The constant term of differential operators in Dy

Consider the algebra R = R(R) (with 1) generated by the functions

(1.2.1) fora € Ry

l—e—
(viewed as a subalgebra of the quotient field of R[P]). Note that for o € R
1 1

1—e® l—e—e '

Hence R is independent of the choice of R4, and the Weyl group W acts
on ‘R in a natural way.

The symmetric algebra SE has a double interpretation: we write p €
SFE if we consider p as a polynomial function on E* = Hom (E,R), and
O, € SE if we consider 8, as a constant coefficient differential operator
on E. Let Dx:= MR ® SE denote the algebra of differential operators on
E with coefficients in R. Note that W acts on Dy in an obvious way:
w(f ®0p) = w(f) ®Oy(p). We write DY = {P € Dx;w(P)=P Ywe W}
for the subalgebra of W-invariants in Dy. If Ry [P] = UAYR[P] (union over
integral j) denotes the localization of R[P] along the Weyl denominator

(1.2.2) A= J] (e*-e i) eR[P)
a€R\3R
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then Ra [P] has an obvious structure as a faithful (left) D-module.
For P,Q € Dy and w,v € W it is easy to check that

(1.2.3) Pow-Q®v=PwQ) uwv

defines on DRy: = Dg ® R[W] the structure of an associative algebra. We
call DRy the algebra of differential-reflection operators on E with coefh-
cients in . Note that Ra [P] has a DRx-module structure by

Pw-F=P- -w(F).

With this notation we view D¢(k) € DRx. Define a linear map 3: DRy —
]D)m by

(1.2.4) BO P,®w)=) P, €Dy

Then it is obvious that
P.F=8(P)-F

for P € DRy and F € Ra[P]V.

Lemma 1.2.1. For P=)_, P, ®w € DRy we have [P,1®v] =0 if and
only if v(Py) = Pyyp-1 Yw € W,

Proof. Using the definition (1.2.3) we have (1® v).P = " v(P,)  vw
and P1®v=3  P,Q@uwv=>3 P, Quw. O

Lemma 1.2.2. If we write II])R;‘@R[W] ={P € DRx;[P,1®v] =0 Vv €
W} then

1®R[W {4
B: DRy LN Dy
s an algebra homomorphism.

Proof. If P = " P, ® w € DREZ™M™! then for all v € W

U(ﬂ(P)) _—“ZU(P,U) :vawv—l :ZPw ZIB(P)

w
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Hence §(P) € DY . For P = Y. P, ®w € DRy, @ = ¥ Q, ®v € DRy}
we have

PQ=>) (Py®w).(Q®v) =Y Pyw(Q,) ®wv

w,v w,v

=3 PuQuvu1 ®uwv =Y P,Q,®vw
w,v w,v

and hence 8(PQ) = Y P,Q, = 8(P)B(Q). O

Proposition 1.2.3. If&,... ,£,€F is an orthonormal basis then the op-
erator .7 D¢, (k)*€ DRy is given by

(125) > Di =L(k)-Y_ 'Zg(_aé_‘f Aot} D kaksla,B)Aalg

1 a>0 a,3>0
with
Lk =3 a2 PRI
(1.2.6) (k) = Z e, + Z @] g=a %
1 a>0

In particular 37 ng is independent of the choice of the orthonormal basis
€1,... & for E. Moreover 37 D2 € D™ and L(k) = B(X 7 D) €
DY .

Proof. Since
Oc 0 Ap+Aq 00

=8 (He_a) (1=ra) + 5 {8 o (1-ra) +(1-74) 0 B}

l—e @ l—e—«
-2 1 -«
= eaioé’_i) A + ltZ'G {20¢—(Bc o ro+Tq 0 0¢)}

we get (using 9, 0 To + T © 9, = 0)

= -2 l14+e~ @
D (0,€){8; 0 Ao+ Do 0, } = %Aa + 21_+e-——a8°‘
o

—€
1

and (1.2.5) follows immediately. O
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Definition 1.2.4. Suppose F is a face of the Weyl chamber E; in E
corresponding to Ry, and let R = {a € R; (o, &) = 0V{ € F} denote the

corresponding standard parabolic subsystem of R. Let

(1.2.7) pr(k) =1 Z koo

a€ER\RF

be the orthogonal projection of p(k) onto the R-span of F. Then there

exist unique algebra homomorphisms
(1.2.8) Yp, 7P (E): Dy(gy = Dg(ryy: = R(RF) ® SE

characterized by

1
1 1 fora € Rp, a >0
Ve <—_ >=7F(k)( )= 1—em
1 for € R{\RFp

and
Vr(%) = 9, vr(k)(0¢) = Og—~(pr(k),§) for € € E.

In other words vr(k)(8p) = 8, with ¢(A) = p(A—pp(k)) and we have
formally

(1.2.9) r(k)(P) = /7 ®) o 4t (P) o e PP for P e Dy.

The operator vr(k)}(P) € R(Rr)® SE is called the k-constant term of the
differential operator P € Dy along the face F'. Note that both mappings
(1.2.8) are equivariant for the action of W(Rp). Hence we have

. mW(R) W(RF)
(1.2.10) vr(k): Dy py = Dyppy -

In the special case F' = E, we simply write y(k) = vg, (k). Note that
there is a transitivity of k-constant terms (writing also yr(k) = vr,. r(k))

(1.2.11) YRp, R (k) © YRe,R(K) = YRy, R(K)

if Fis a face of G and G a face of E,.
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Example 1.2.5. For L(k) the operator given by (1.2.6) we have

Zas + Y kada Enlaéwap(k)
1

a>0

and hence

(1.2.12) Z 8, - p(k)) € SEW.

For F a codimension one face of E; with Rp = {£a} or Rp = {+}a, +a}
we have (with the convention k1, = 0 if sa ¢ Rp)

n 1
1+e2¢ 1+e™ @
V(LK) = D O, + 20pn(h) + {3kg0 30 + ka7 )0
1 .

and hence

vr(k)(L(k)) =

(1.2.13) n 1+e—%a 14e
DO, + {hjo g +ka a0 — (pr (k). pr (k).
1

Lemma 1.2.6. Consider the algebra R(z) ® R[] of ordinary differential
operators on the line with rational coefficients (here 6 = z4). If P €
R(z) ® R[f] is invariant under the substitution z — z~!, and P commutes
with the operator

-1 +z2

(kl,kz)—02+{k1 +2k2 — ——1

then P is a polynomial in L{ki,kz).

Proof. By induction on the order of P. Write P = Zév aj0’ with a; € R(z)
and ay # 0. Then we have

0 = [L(k1, kz),P] = [02,aN]9N + terms of order < N,

and since [82,an] = 0[0,an] + [0, an]0 = 26(an)8 + 6*(an) we conclude
f(an) = 0 or equivalently ay € R is constant. Because P is invariant under
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substitution z — z~! (which transforms € into —6) we also have N € 2Z.
Now Q:= P — ayL(ky,k;)z" satisfies again the conditions of the lemma
and the order of @ is strictly less than the order of P. 0O

Let @4 be the cone spanned over Z; by Ry or equivalently by the simple
roots ay,... ,a, € R,. Write

(1.2.14) p<A = ApeqQy

for the usual partial ordering on E. = C®g E. An element of the algebra of
differential operators R[[e™!,... ,e”*"]] ® SE can be written as a formal

infinite sum

(1.2.15) P=Ye"5,,

p<0

with multiplication derived from 8, o e# = e#8d, where g € SE is obtained
from p € SE by g(\) = p(A+p). Expanding (1—e™ )" = 1+e % +e 22+
-+ for a« € R, (either formally or as a convergent power series on E) we
can view Dy as a subalgebra of R[[e™*,... ;e **]|®@ SE. For example the
operator L{k) has the expansion

(1.2.16) Lk) =3 62 + 20,4 +2> ko D €770,
1

a>0 3>1

and we have v'(P) = g

Po-

Lemma 1.2.7. For P € R[[e™!,... ,e"*"]| ® SE a differential operator
of the form (1.2.15) we have [L(k), P] = 0 if and only if the polynomials
pu € SE satisfy the recurrence relations

(2A+2p(k)+1, p)pu(N)
=23 ko ) {Atu+io0)putia(X) — (A @)putja(A—ja)}.

a>0 521

Proof. An easy formal computation, left to the reader. O
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Corollary 1.2.8. Write ]D)é(k) for the algebra of all differential operator
P € Dy with [L(k), P] = 0. Then the k-constant term

(1.2.17) v(k): DE® - SE

1s an injective algebra homomorphism. In particular Dé(k) 18 a commutative
algebra. Moreover if P € Dg}(k) is a differential operator of order N then
the symbol of P of order N has constant coefficients, and y(k)(P) is a
polynomial of degree N whose homogeneous component of degree N equals
the Nth order symbol of P.

Proof. The first statement is clear from the previous lemma. The last
statement is clear from the recurrence relation since deg(p,) < deg(po) =
deg(vy(k)(P)) for p < 0. O

Theorem 1.2.9. IfD(k):= {P € DY ;[L(k), P] = 0} denotes the commu-
tant of L(k) in DY then the map

(1.2.18) y(k): D(k) - SEW
is an injective algebra homomorphism.

Proof. It remains to show that v(k)(P) € SEW for P € D(k). Factor
~(k) through vr (k) where F is a codimension one face of E (cf. (1.2.11)).
Then vr(k)(P) is invariant under W(Rp) by (1.2.10), and commutes with
~vr(k)(L(k)) given by (1.2.13). Applying Lemma 1.2.6 we conclude that
~(k)(P) is invariant under W(Rp). Since W(R) is generated by the sub-
groups W(Rp) as F runs over all codimension one faces of E; we conclude
that v(k)(P) € SEW. O

In the next section we will see that the map (1.2.18) is an isomorphism

onto.

1.3. The Jacobi polynomials

Since each W-orbit in P meets P, in exactly one point it follows that the

monomial symmetric functions

(1.3.1) M) =) e

nEW

form an R-basis for R[P]" as A varies over P;.
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Definition 1.3.1. The Jacobi polynomials P(\, k) € R[P]" are defined
by

(1.3.2) PR = Y aa(k)M(u), cn(k)=1
HEPL p<A

and

(1.3.3) (PN K), M)k =0, Yue Py, p<A

Note that the Jacobi polynomials are defined whenever the inner product
(1.1.11) is defined. Indeed P(A,k) is equal to M(A) minus the orthogonal
projection of M(A) onto span{M{u); u < A, p € P;}. Clearly the Jacobi
polynomials also form an R-basis of R[P]W.

Example 1.3.2. For R of type BCy, say R = {+A;,+2\;} with P, =
Zy A, we have Rle* e MW = Rlz] with ¢ = 3(et1+e1).

Then the weight function 8§(k)28(k)? becomes

8(k)38(k)? = (2—eM —e M)RitRa (94 oMy o=k

— 2k1+2k2(1_$)k1+k2 (1+x)k2

and for the corresponding weight measure we get (cf. (1.1.12))

2k1 +2k2

|6(k7t)|dt = (I—I)k‘+k2“%(1+x)sz%dm‘

T
Hence up to normalization the Jacobi polynomials P(\ k), A € P, for R
of type BC are the classical Jacobi polynomials pP) (), n € Z, with

a=k1+k2—%7 ﬁ:kz—%-

The case of the Gegenbauer polynomials occurs for a = 3 <= k; =0, or
equivalently for R of type A;. See [19, Vol 2].

Example 1.3.3. In case k, = 0 Vo € R the Jacobi polynomials P(A, k)
specialize to the monomial symmetric functions M()). In case R is reduced
and k, = 1 Va € R the Jacobi polynomials P(), k) become the Weyl
characters Ch()\): = A7L 3 e(w)e®(+P) where A is the Weyl denominator

(122)and p=pr=1 ¥ a.
a>0
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Definition 1.3.4. A linear operator L: R[P]" — R[P]"Y is called trian-
gular if

(1.3.4) LMN)= > axM(p) VAeP,.

peEPL pn<A

Proposition 1.3.5. If L: R[P]Y — R[P]Y is triangular and symmetric
with respect to the inner product (-, -)x then the Jacobi polynomials P(A, k),
X € P, are eigenfunctions of L.

Proof. Since L is triangular we have using (1.3.2)

L(P(\K) = Y exu(R)L(M(n) = ) baM(v)

p<A v<A

with the coeflicients by, given by by, = ZV<#</\ cau(k)ay,. Using that L
is symmetric we get

(L(P(’\a k))’M(:u))k

(P(A k), L(M (1))
Z alw(P()‘v k)’ M(V))k =0

if u < A. Hence L(P(\,k)) = axaP(M k). O

Corollary 1.3.6. All symmetric triangular linear operators on R[P|" are
simultaneously diagonalized by the Jacobi polynomials, and therefore com-
mute with each other.

Proposition 1.3.7. A differential operator P € Dy is completely deter-
mined by the corresponding endomorphism P € Hom(R[P]Y, Ra[P]).

Proof. We expand P = ZMSO etdp, as in Section 1.2. Let ry,... ,r €W
be the simple reflections corresponding to the simple roots ap,...,a,€
Ry. Suppose p =Y ] mja; <0 or equivalently m; € Z_ for j =1,... ,n.
Knowing P(M())) for A € Py means that we know the polynomial p, € SE
on
{XN€EPy; AtuLri(d) forj=1,...,n}
={rePy; N\ o)a; £ —p forj=1,...,n}
={AePy; (N\o)>1—-m; forj=1,...,n}
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Since the latter set is Zariski dense in E we can recover the polynomial
pu €SE. O

For A € P, we write
(1.3.5) CA)={peP,wu< i Vwe W}
for the integral convex hull of WA,

Proposition 1.3.8. For fized A € Py the linear space

(1.3.6) {F = Zaue“ € R[P]; a, =0 unless p € C(N\)}
m

is invariant under the operators De(k) for £ € E.

Proof. This is clear since the space (1.3.6) is easily seen to be invariant
under both d¢, { € Fand A,, € R. O

Proposition 1.3.9. For£ € E and N € Z we put

(1.3.7) Pen(k)= Y B(Dy(k)V) e DY.
neWw¢

Then Pe n(k): RIP]Y — R[P|W is a symmetric triangular operator. More-
over v(k)(P¢ n(k)) € SE is a polynomial on E* of degree < N with homo-

geneous component of degree N equal to A — 3" (n, \)V.
7

Proof. Since wDy, (k) = Dyy(k)w it is clear that

(1.3.8) Den(k)= ) Dy(k) € DRy
neW¢

is a differential-reflection operator which commutes with 1@R[W]. Hence
D¢ n(k) € End(R[P]) leaves the subspace R[P]" invariant, and on this
subspace D¢ n(k) and P¢ n(k) coincide. The operator D¢ n(k) is symme-
tric on R[P] by Theorem 1.1.6, and D n(k) is triangular on R[P]" by
the previous proposition. Hence Pe n(k): R[P]"Y — R[P]" is triangular
and symmetric. The second statement on the homogeneous component of

degree N of v{(k)(P¢ n(k)) is trivial. O
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Proposition 1.3.10. With the notation (1.2.6) the operator L(k) € DY
leaves the space R[P]Y invariant, and is a symmetric triangular operator
on R[P]W.

Proof. Using Proposition 1.2.3 the same arguments work as in the proof of
the previous proposition. O

Corollary 1.3.11. For{ € E and N € Z; we have P y(k) € D(k).

Proof. From the previous two propositions and Corollary 1.3.6 it follows
that P¢ v(k) and L(k) commute as operators on R[P]". But then P v (k)
and L(k) also commute as elements of Dy by Proposition 1.3.7. O

Theorem 1.3.12. The Harish-Chandra homomorphism
(1.3.9) v(k): D(k) - SEW

is an isomorphism of (commutative) algebras. Here D(k) is the commutant

of L(k) in DY , and Dx = RQSE is the algebra of differential operators on
E with coefficients in the algebra R generated by the functions (1—e~ %)~ 1,

a€R+.

Proof. It remains to be shown by Theorem 1.2.9 that the map (1.3.9) is
surjective. This follows by induction on the degree from Proposition 1.3.9,
Corollary 1.3.11, and Theorem 1.2.9, since the polynomials A — En(n, AN
with the sum over W¢ generate the algebra SEY as ¢ ranges over E and
NoverZ,. O

Corollary 1.3.13. For A\, u € P, with A # p we have

(P()"k)’P(ll" k))k =0.

Proof. For P € (k) we have for A € Py
(1.3.10) P(P(X, k) = v(k)(P)(A + p(k))-P(, k),

and because of the Harish-Chandra isomorphism (1.3.9) the algebra D(k)
of operators on R[P]" , symmetric with respect to (-, )k, is sufficiently rich
to separate the points of Py + p(k). O
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Remark 1.3.14. Consider the C-vector space
(1.3.11) K ={k=(ko); ka €C, kyo =ko Va€e Rwe W}

of complex-valued multiplicity functions on R. The results of Section 1.2
immediately generalize to the case k € K (replace R[P] by C[P], etc.).
The construction of the operator P n(k) also goes through for k € K.
However, for the proof of Theorem 1.3.12 we need the inner product (-, )
which imposes a Zariski dense restriction on k € K (cf. Proposition 1.1.5 for
the algebraic description or (1.1.12) for the analytic description of (-, -)¢).
Nevertheless, since the operator P x(k) depends polynomially on k € K
(of degree < N} it follows that the Harish-Chandra isomorphism

(1.3.12) v(k): Do (k)=>SEY

c

holds for all k € K, where D (k) = CQr D(k) and E, = C ®g F.

Remark 1.3.15. Let z; = M(};) be the monomial symmetric functions
corresponding to the fundamental weights Ay, ... , A, € Py. Then it is well
known (see [7]) that

(1.3.13) R[PIY = R[zy,... 2],

and we can view the commutative algebra ID(k) also as a subalgebra of the
Weyl algebra A, = Rlz1,...,20,0:,...,0, ]

Notes for Chapter 1

The results of this chapter were obtained in a series of four papers [34, 30,
58, 59] by transcendental and computer algebra methods. The computer
algebra part was removed in [31]. The elementary approach to Theorem
1.3.12 as given here was derived in [33]. Previously Theorem 1.3.12 was
found by Koornwinder for R of type A and BC, {42], and for R of type
A, in [68, 12, 49].



CHAPTER 2

The periodic Calogero-Moser system

2.1. Quantum integrability for the Calogero-Moser system
We write

(2.1.1) h:=E,=CQrE, a:=FE, t:=1F

and view these as (abelian) Lie algebras of the complex torus
(2.1.2) H:=h/2miQ"

and its two real forms

(2.1.3) A:=qa, T =t/2mQ",

respectively. Write also

(2.1.4) exp: h » H

for the canonical map and

(2.1.5) log: H—§

for the multivalued inverse. Then

(2.1.6) exp: a » A, exp: t » T

are both surjective and

(2.1.7) log: A—a

is a singlevalued inverse. Viewing H as an affine algebraic variety the

algebra C[P)] is just the ring of regular functions on H, or equivalently the

ring of holomorphic functions on H with moderate growth at infinity.
Writing

(2.1.8) H™ ={he H; A(h)#0}={h € H; wh# hVw e W,w # e}

we view &(k; h)? for k € K as a Nilsson class function on H™# (see [13] for

the concept of Nilsson class functions).

20
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Theorem 2.1.1. We have for all k € K the equality of differential opera-

tors on Hr8

5(k;h)® o {L(k)+(p <k> p(k))}oé(k;hr%
(2.1.9) . Zaﬁ n Z o—2kaq ) (@, a)‘

2
1
a>0 (ezo‘ —-e"Ea)

Proof. Clearly we have for £ € §

Nl

) 08505% = 8¢ + 50 (log 6)
§7% 00} 087 = 02 + O (log §) 0 O + 5 2HF(5%)

n
and if we write 0 =} 97 we get
I

n e%a_}_e—%a
(2.1.10) )" 8, (log 8)8, = Y ko a
1 a>0 ezr—e 2
—ko(a,
§730(6%) = e
(62) ;;()(e%a_e—%a)z
(2.1.11) oL —lovlp, 1
+ Y hakg(a,g) ot )
N TR DI D)

Observe that the right-hand side of (2.1.10) is precisely the first-order term
of the differential operator L(k). We rewrite the second term on the right-
hand side of (2.1.11) as

(ol + Y tkaks(e, ) {((62a+e ot —1}

B0 2%)(e2” — e~ 4F)

2(ez(a B) 4 e~ 3la=9))
= (p(k), p(k)) + Lkokg(a, B)— -
(p(k), p(k) “; S e oy v

k +2k’201 8%
ey ke o)

1
o_e—3
a>0 e e =

(@=8) 4y =3 (—B)
§ : Lk, ) — )
(e2%—e~3%)(e2B—¢35)’
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where the Z; 5 denotes the sum over all pairs o, 8 € R4 for which o and 3
are not multiples of each other. The formula (2.1.9) follows if we show that
the E; s term vanishes identically. Note that this term is a W-invariant
function, and that its product with the Weyl denominator A is holomorphic
on all of H. From this we conclude that it belongs to C[P]", and we can
deduce that it vanishes by taking the constant term v’ along 4,. O

Corollary 2.1.2. For all k,l € K we have

1 1
62a+e ZQ
PILAS Pr R

(21.12) 5 a>0 a>

= §(m—k)* o {L(m)+(p(m), p(m))—(p(k), p(k))} 0 6(m—k) 2

0 eza_e—Ea

with m € K satisfying ma(1—ma—2maq) = 12 + ko (1—ka — 2k2qa).

Proof. Indeed we have by (2.1.9)

[N

5(k)? o {L(k) + ( ) + Z }o (k)2

a>0

Zag +Z (12 + ko (1 k., 2k2a))(a,a)
§(m

1
a_ —5a\2
a>0 62 € 2 )

) o {L(m)+(p(m), p(m))} 0 §(m)~

with m € K given by mq(1—ma—2mag) = 12 +ka(1—ka — 2k2,). O

Remark 2.1.3. The operator L(k) is the standard second-order hyper-
geometric operator. The operator (2.1.12) is like the Riemann-Papperitz
operator in the one-variable case, which indeed is equal up to conjugation
by a suitable function to a standard second-order hypergeometric operator
[66, 64, 74).

Definition 2.1.4. The periodic Calogero-Moser potential with coupling
constant g2 € K (the 2 is a square) is the function

2
9o
2.1.13 E —_——.
( ) (e§a _ e—%a)z
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Example 2.1.5. For the root system R of type A, we have a = {z =

(z1,...,Tn41) € R >_z; = 0} and the Calogero-Moser potential be-
comes
1
(2.1.14) P2 N
; 4sinh? 2 zi—z5)

On the space t = ¢a this potential corresponds to a system of n+1 points on
the circle R/2nZ whose potential is proportional to the sum of the inverse

squares of the pairwise distances.

Theorem 2.1.6. For g € K consider the Schrédinger operator

(2.1.15) = 265 +Z oy )4

a>0

associated with the Calogero-Moser potential (2.1.13). Then the (unshifted)
constant term (cf. (1.2.8))

(2.1.16) ' DSy sy
18 an isomorphism of commutative algebras. Here
(2.1.17) Dy % = {P € DY¥; [P, S(g)] = 0}

is the algebra of quantum integrals for S(g) in DY .

Proof. Observe that the map P € DY — &(k)™2 o Po 6(k)% € DY is an
automorphism of D&V . Taking

(2.1.18) 92 = —2ka(1—ka—koo)(e, @)

we deduce from Theorem 2.1.1 that the map

(2.1.19) PeDy 9 s (k)% 0 Pod(k)? € DYy t®
is an isomorphism of algebras. Since the diagram

1 1
W. P36 20P0é2
Dm,s(g) D;V,L(k)

¥\ (k)

SHW
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1s commutative the theorem follows immediately from the Harish-Chandra
isomorphism (1.3.9). O

The expansion of the operator S(g) on A, analogous to the expansion
(1.2.16) for the operator L(k) becomes

(2.1.20) S(9) = =32 0 + 3 gap e,
1 a>0  j>1
and the analog of Lemma 1.2.7 is now

Lemma 2.1.7. For the operator P =} ,e"8,, we have [S(g), P] =0
if and only if the polynomials p, € Sh satisfy the recurrence relations

@+, (V) = 23 2 i ja(A=30) Pt sV}

a>0 j>1

Proof. An easy computation. [

Corollary 2.1.8. If p, € Sb" = C[h* "V is a polynomial in X € h* inde-
pendent of g € K then p, € C[K x h*] are polynomials in both the mul-
tiplicity function g € K (even in g2) and the spectral parameter A € h*.
More precisely, if deg(po) < N for some N € N then also deg(p,) < N
Vu < 0. Here deg(p,) means the degree of p, as element of C[K X bh*].

Proof. This follows from the above recurrence relations by induction on u
with respect to the partial ordering <. 0O

2.2. Classical integrability for the Calogero-Moser system

Consider the algebra of differential operators
(2.2.1) D:=CK]|®R®Sh

where the multiplicity parameter ¢ € K is considered as an indeterminate
commuting with R ® Sh. For N € N we put

Dy ={D_ a®f; ® 0, €D;
(2.2.2) B
¢; @ p; € C[K X h*] has degree < NVi}.
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Then it is easily seen that

(2.2.3) D= U DN, OnNDn, CON 4N,
N>0

gives a filtration of the algebra ®. Since
(2.2.4) [OnDN,] C DN 4851

the associated graded gr(®) is commutative, and inherits a Poisson bracket
{-,-} from the commutator bracket [-,-] in .

Proposition 2.2.1. With the above notation we have
(2.2.5) gr(D) = CK]| @ R ® C[h*]

as functions space on K x H™8 x b* (pointwise multiplication), and the
Poisson bracket is given by

" (8f, 8 8f1 8
(226) iy =3 {ShSk NI L,
i=1 ? : 1 Y

Here xq,... ,z, are linear coordinates on b and yy1,... ,yn the dual coor-
dinates on b* (so B%i acts on R and a_(zﬁ on Clh*]).

Proof. Easily verified. O

Theorem 2.2.2. The Hamiltonian

1 92
2.2.7 H(g)=s(MA)+ —_—
(2:27) @ =100+ Y ot

as function on T*A = A x a* is completely integrable with integrals in
CIK] ® R ® C[h*]. More precisely this means that for each p € C[h*|W
homogeneous of degree N there exists an integral I, for H(g) with

(2.2.8) I, = p(A) + (terms of degree < N—1 in A),

and all the integrals I, Poisson commute among each other.

Proof. This is clear from Theorem 2.1.6, Corollary 2.1.8, and the previous
proposition. O
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Notes for Chapter 2

The complete integrability for the inverse square potential of three particles
on a line was found already in 1866 by Jacobi [41]. Marchioro rediscoverd
this fact and discussed the classical and quantum mechanical scattering
problem [51]. Calogero subsequently studied the quantum scattering prob-
lem for an arbitrary number of particles on the line [9]. Moser proved the
classical integrability (still in case R of type A, ) by giving a Lax representa-
tion {53]. Generalizing the method of Moser partial results on the classical
integrability were obtained by Olshanetsky and Perelomov for classical root
systems R [56]. Theorem 2.2.2 for general R goes back to Opdam, and our
exposition follows his paper [59]. In our form Theorem 2.1.1 is due to [57],
but the conjugation of the operator L(k) with § 7 was previously carried
out by Gangolli in order to obtain uniform estimates of spherical functions
[22]. For a nice introduction to the various concepts of classical mechanics

we refer the reader to [2].



CHAPTER 3

The hypergeometric shift operators

3.1. Algebraic properties of shift operators

Rather than the operator L{k) given by (1.2.6) we will now use the modified
operator

(3.1.1) ML(k) = L(k) + (p(k), p(k)) € D(k)

which maps under the Harish-Chandra isomorphism (1.3.9) onto the La-

place operator >} agj € Sp".

Definition 3.1.1. We say that | € K is integral if [, € Z VYa € R\%R
and l, € 2Z Va € RN 1R. Note that p(l) € P if | € K is integral. An
operator D(k) € C[K] ® Ca[P]® Sh is called a shift operator with integral
shift I € K if

(3.1.2) D(k) o ML(k) = ML(k+l) o D(k) vk e K,
and on A, the operator D(k) has an expansion of the form

(3.1.3) D(k) =Y e rWtng,
<0

with p, € C[K x h*] (by expanding: (1—e *)"! = 1+e"*+... Va € R,).
We write S(I, k) for the C[K]-module of all shift operators with integral
shift { € K.

We substitute a formal series on A, with leading exponent A € h*

(3.1.4) (A k) =) T,(\k)e*, Ti(Ak) =1
u<A

27
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into the differential equation
(3.1.5) ML(E)(®' (X k) = (Ap(k), \+p(k))D' (N, k).

Then the coefficients I', (A, k) are given by Freudenthal type recurrence

relations
{(A+p(k), A+p(k)) — (u+p(k), utp(k)) T, (X, k)
(3.1.6) =2 Z ko Z(;L-I—ja, )T, 4 ia (A K)
a>0  j>1
which can be solved uniquely if
(3.1.7) 2(A+p(k), k) — (k&) £ 0 for all k > 0.

In order to get rid of the shift over p(k) we can reformulate the above by
substituting a formal series

(3.1.8) (N k) =Y Twu(M k)P0 Th(A k) =1

K<0
with leading exponent A—p(k) into the differential equation
(3.1.9) MEL(E)(@(A k) = (A, N@(A ).
Now the coeflicients ', (X, k) satisfy the Harish-Chandra type recurrence
relations
=22k, K) T (X k)
(8.1.10) =23 ka ) (A-p(k)+r+ic, )T upsa(AK),

a>0  j>1

which can be solved uniquely if
(3.1.11) 2(A k) + (k,k) #0 for all kK < 0.

Observe that ®'(\, k) = ®(A+p(k),k) and T\ (A k) = Tx(Ap(k), k).
The conditions (3.1.7) and (3.1.11) mean that A lies outside a locally finite
set of affine hyperplanes in h* which become more and more dense in the

direction of a?.
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Proposition 3.1.2. If k € K with k, > 0 Ya is generic then the series
(3.1.4) terminates for A € Py and P(\ k) = ®'(\, k) for all X € P,.

Proof. Immediate, since for k, > 0 generic (e.g., irrational) the conditions
(3.1.7) are satisfled for all A € P,. O

Proposition 3.1.3. For A € h* satisfying (3.1.11) and D(k) € S(I,k) a
shift operator with shift | € K we have

(3.1.12) D(k)(®(, k) = n(k, B\, k+1)

for some n(-,-) € C[K x b*].
Proof. Immediate from Definition 3.1.1. Note that in the notation (3.1.3)
we have n(k, ) = po(A—p(k)). O

Corollary 3.1.4. For A € P, and D(k) € S(I,k) we have
(3.113) D(R)(P(A ) = nlk A+ p(k)PO—p(1), k+1)

with n(k, A + p(k)) = 0 if \—p(l) ¢ P,. In particular shift operators are
W -invariant differential operators on H™8 which map C[P]W into itself,
and hence they can also be viewed as elements of some Weyl algebra A,

(¢f. Remark 1.5.15).

Proof. Immediate since ®(\, k) = &' (A—p(k), k). O

Definition 3.1.5. Let [ € K be integral. Then the mapping

(3.1.14) n=n(l) =n(l,k): S(I,k) = C[K x h*]
defined by
(3.1.15) n(l, k)(D(k))(A) = po(A—p(k)),

where D(k) € S(I, k) has expansion (3.1.3), is called the Harish-Chandra
mapping for shift operators with shift [ € K. Note that for shift operators
with shift [ = 0 (i.e., operators commuting with L(k)) we see that n(0, k) =
v(k) becomes the Harish-Chandra mapping of Theorem 1.3.12.
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Proposition 3.1.6. The mapping (3.1.14) is injective, and a shift operator
of order N s mapped onto a polynomial of degree N.

Proof. The proof is analogous as for Corollary 1.2.8. For a differential
operator D = Z“<Oe—p(l)+“8pu we have D € S(l,k) if and only if the
polynomials p,, € C[h*] satisfy the recurrence relations

2A+20(k)+1, W)Pu(N) = 2 Y D {(kata) Atu—pQ)+ia, a)pusia(A)

a>0j>1

—ka (X, @)pusja{r—ja)}
and the proposition follows easily. 0O
We have bilinear mappings

I, 4, S, k) x S(la, k) = S(l+1a, k)

(3.1.16)
(D1(k), Da(k)) = Dy(k+l12) o Do(k)

and for the corresponding Harish-Chandra mappings this yields

(3.1.17)  nlly+lz, k)(IL, 1, (D1, D2)) = n(ly, k+l2)(D1) m(l2, k)(D2).

In particular S(/, k) is a right S(0, k)-module, and in view of the Harish-
Chandra isomorphism for D{k) = S§(0, k) we conclude that the image of the
Harish-Chandra mapping (3.1.14) is a C[h*]"-module in C[h*].

Proposition 3.1.7. For D = D(k) € S(I, k) we put
(3.1.18) D(k) = §(1—k) o D*(k—1) o §(k)

viewed as differential operator on H™®. Here the asterisk signifies formal
transpose as differential operator on A with respect to the Haar measure
da: (D1D3)* = D3D} and (8p)* = 8,» with p*(A) = p(—A). Then we have
D € S(—1,k) and n(-1,k)(D) = n(l, k—1)(D)*.

Proof. Indeed D has the correct asymptotic expansion on A,. From The-
orem 2.1.1 it follows that operator M L(k) is symmetric with respect to the
measure d(k; a)da on A, or equivalently

ML(k) = §(—k) o ML* (k) o (k).
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Hence we have

D(k)o ML(k) =

which implies that D(k) € S(=1, k). If D(k~1) = 3 e=PW+#9, then

u<o

D(k) = e2p(l)—2p(k)(1 +-)o {Z 8;” o evp(1)+u} o ezp(k)(l +--4)

u<0
- § ' eﬂ(l)+uaq
f23
pn<0

with go(\)=ps(A+2(k)—p(1)) =po(~A—2p(k)+p(1)). Hence n(~L, k)(D)(A)
= qo(A—p(k)) = po(~A—p(k—-1)) = n(l,k=1)(D)(=A). D

Proposition 3.1.8. Suppose R of type BC, with root multiplicities
(ks,km, ki) € C* corresponding to the short, medium, and long roots, re-
spectively. Then we have

A—1+2ks+2kl OML(kg7 km7 kl) ° A1—2ks—2kl

(3.1.19)
=ML(1—ks—2k;, kp, k1),

where Ay = [T (ez?—e"3%) = 5(1,0,0)7.
a>0,a short

Proof. Just apply Corollary 2.1.2 with k and m given by k = (ks, km, ki)
and m = (1—ks—2k, km, ki). Then indeed I, = I; = 0 and [, is given by
2 =ms(1-ms—2my) — ks(1—k,—2k;)) = 0. O

Corollary 3.1.9. With the notation of the previous proposition suppose
that G (ks, km, ki) is a shift operator with shift (0,0,1). Then the operator

E—(kSﬁkm,kl)

3.1.20
( ) — Aiz—st—Zk[ OG+(1—'ks—2kl,km,k[) o A;1+2k5+2kl
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is again a shift operator with shift (—=2,0,1).

Proof. Indeed the operator (3.1.20) has the correct asymptotic expansion
on A,. Using (3.1.19) we have

E_(ky, kmy ki) ML(Ky, km, k1)

= AL m0G (1—ks—2k1, ki, ki)

O AT ZRAZR N T (o ko Ky)
=AY oG (1—ky—2ky, hm, k)

oM L(1=ky—2ky, ki, by oA 126425
= AT M L (1—ky =2k, i, Ky + 1)

oG (1 ks 2hy, Ko kl)oAs—1+2ks+2kl
= ML(ky=2, ko, ki-+1)0AS2ks~2k1

oG (1—ks—2k1. o, kl)oA;1+2ks+2k:
= ML(ks=2,km, ki+1) 0 E_(kq, km, ki)

and the statement follows. [J

3.2. The construction of the fundamental shift operators

Assume that S is a W-orbit of inmultiplyable roots in R (i.e., 2SN R = @).
Writing S; = § N R, the function
(3.2.1) As= [] (e2*-e75*) e Z[P]

agcSy
transforms under W according to a character e and every F' € C[P] which
transforms under W according to eg is divisible (inside C[P]) by Ag. We

write 1g for the multiplicity function on R which is 1 on S and 0 outside
S.

Definition 3.2.1. For N:= #S5, and £ € a later to be specified the

operators

(3.2.2) Gs (k) =0 (ALS o Z Es(w)Dwg(k)N)

weWw

(3.2.3) Gsy_(k) =4 ( Z €s(w)Dw§(k—15)N o As>

weW

are called the raising and lowering operators associated with S.
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Proposition 3.2.2. The raising and lowering operators (3.2.2) and (3.2.3)
are differential operators in C[K]|®Ca [P]®Sh which map C[P)W into itself,
and hence they can also be viewed as elements of the Weyl algebra A, (cf.
Remark 1.8.15). Moreover on A, they have asymptotic expansions of the

form

(3.2.4) Gsi(k) =) e rottg,
p»<0

(3.2.5) Gs,_(k) =Y e5Td,,
pn<0

with ps = p(1s) = 3 Za€S+
Proof. This is obvious. 0O

Proposition 3.2.3. For all F,G € R[P]" we have

(326) (GS,+(k)F7 G)k+ls = (F’ GS,—(k + IS)G)IC'
Proof. Indeed we have for F,G € R[P]W

(Gs,+(k)F, G)kt15 = Z es(w) (ALSDwE(k)NFa G)

weW

= 3 es(w)(Due (k)N F, AsG)x = (F,Gs, - (k+15)G)s
weWw

k+1g

by Theorem 1.1.6. [J

Corollary 3.2.4. There exist polynomials ng 4+ and ng _ in C[K x h*] such
that

(382.7) G (K)(P(\K)) = ns.t (k, A+p(k)). P(A=ps, k+15)
(328)  Gs_(k)(P(\K)) = ns_ (k, Aa(k).P(\+ps, k—15)

and the degree of ns 4+ and ns,— is < N as polynomials in X € h* and the
homogeneous part of degree N is independent of k € K and given by

(3.2.9) A Y es(w)(wg, )Y

weW
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Proof. In view of the expansion (3.2.4) it follows that Gg 1 (k)(P(\,k)) is a
linear combination of monomial symmetric functions M (i) with g < A—pg.
Using (3.2.6) and (3.2.5) we get

(Gs,+(k)(P(A, k), M(1))kt15 = (P(A k), Gs,— (k)(M (1)) = 0

if u < A—ps. Hence Gs 4+ (k)(P(A, k)) is a multiple of the Jacobi polynomial
P(X\— ps, k+15). Moreover the scalar multiple ns 4 (k, A+p(k)) is given by
po(A) using (3.2.4). Hence ns 4+ € C[K x h*] and the last statement is clear
from (3.2.2). A similar argument works for Gs _(k). O

Corollary 3.2.5. The operators Gs (k) and Gg,_(k) are shift operators
with shift 1s and —1g, respectively, and

ns,+(k, A) = n(Gs (k) (k, A)
is just the Harish-Chandra mapping for Gg 4+ (k).
Proof. Clear from the above and Definition 3.1.5. O

By composing shift operators as in (3.1.16) we conclude from Proposition
3.1.7, Corollary 3.1.9, and the results of this section that S(I,k) # 0 for
each integral | € K.

3.3. Theory of the constant term for shift operators

We start by discussing the rank one situation R of type BC;. Say R =
{£a,£2a} with (a,a) =1 and put ki = kq, k2 = kzo. Then the modified
operator M L(k) becomes

14zt 14272
(3.3.1) ML =6+ {’“11—_; +2k21_m_2}9+(%k1+k2)2

with the identification C[P] = Clz,z ] and § = 2 2.

Proposition 3.3.1. The operators

1
(3.3.2) Gi=—7
(3.3.3) G- = (z=27 )0 + (k1 +2k2—1)(z+2 ") + 2k
14271
(3.3.4) Ep= =0+ (ke—})
1-z7! 1
(3.3.5) E_=——0+ (ki+ka—3)

141
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are shift operators for (3.3.1) with shifts (0,1),(0,—-1),(2,-1),(-2,1),
respectively.

Proof. In our notation A = (z—z~!) is the Weyl denominator. The re-
flection operator r: C[z,z™!] is given by r(z?) = 77 and the differential-

reflection operator becomes

14! 1+z~?
= 1 k -
D(ky, k2) 9+{2k11_x_1 + 21—3:—2}(1 r)

in accordance with (1.1.5). Taking £ = %a in Definition 3.2.1 yields

1

T—T

1
0

b
z—z~!

G+=ﬁ( 1oD(k1,k2)):

G_ = B(D(ki,kz—1) o (z—27"))

1—z~1
= (z—z7 )0+ (k1 +2ky—1)(z+x 1) +2k,

x ! z~?
= dl(a—r o+ (ara 12 (B T D ) (o)

the desired expressions for G, and G_. Using (3.1.20) the operator E_ is
given by

E - ($%_$—%)3—2k1—2k2 0G0 (I%_m—%)—1+2k1+2k2
(x%—x_%)2 1 (:L‘%—.’E_%)(I%'{'.’L‘_%)
= 0+=2(—142k+2k
) +5(—142k;+2k2) =
1—z7!
= O+ki+ky — 1
1+z~1 thith: — 3

and the operator E, = —E_ is derived from E_ using (3.1.18). O

Corollary 3.3.2. The Harish-Chandra mapping for the rank one shift op-

erators of the previous proposition becomes

n(Gy) =0 — (3k1+ks), 0(G-) =0+ (Fk1+k2—1)
n(Ey) =60~ (%kl + %), nE-) =6+ (%kl_%)'

Proof. Immediate from Definition 3.1.5 and the previous proposition. O
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Corollary 3.3.3. Forl = (l1,l;) € 2Z x Z we write
(i, 1) = 34(2,-1) + (3L +12)(0,1) = e1N1(2, 1) + £2N2(0, 1)

with N, = |%ll|, Ny = |%l1+lg| € Z, and e1,e9 € {£1}. The differential
operator of order N = N1+ Ny defined by

G() =Gl k): = E, (k1+2e1 (N1 —1), kg—(—:l(Nl—l)+€2N2) 0.
-0 Ee (k1 ka+eaNz) 0 G, (k1, ka4e2(Nz—1)) 0 -+ 0 Ge, (ki1, k2)

N;—1 No—1
= H Ee, (k1+2e1], ka—e1j+eaNa) 0 H Ge, (k1, kate25)
=0 =0

is a shift operator for (3.3.1) with shift | = (l1,13). Moreover

(3.3.6) G(l) = (22 —z72) " (z—z1) 726" 4 lower order terms,
and

(3.3.7) r(l,k,0):=n(G(l)) € Clki, k2,6

is a polynomial of degree N which can be calculated explicitly from Corollary
3.3.2 as a product of N linear factors.

Proof. Obvious. O

Proposition 3.3.4. Every rank one shift operator D(k) with integral shift
I=(l,12) € 2Z X Z is of the form

D(k) = G(I,k)P(ML(k))

with P a polynomial in one variable (independent of k € K ).

Proof. Suppose D(k) = @™ + --- has order N. Looking at the (N+1)*
order part of the equation

D(k) o ML(k) = ML(k+1) o D(k)
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yields a first-order differential equation for a of the form

1+z7! 14272
29(0,) =a <—ll —z1 21, - 2) =
1
ri4z2 4!
“0(a) = — I T
a r2—1 2 r—x

a=c(zz—z72) " (z—27!)"2 with c€ C[K], c#0.

It remains to be shown that N — |3{1] — |41 +l3| € 2Z;.. Indeed then the
proposition follows by induction on N using (3.3.6).
Using Corollary 3.1.4 it follows that D(k) when expressed in the co-

ordinate z = x4z~ ! lies in fact in the Weyl-algebra C[k, 2, diz]. Since

0= (z—z~ 1)L and ri—z77 = (z-2)%, 2422 = (2+2)7 we get

dN
N = o(z-2) BV himh) (o) s N 2
dz

which in turn implies
N-li-l,N-l, € 2Z, .

Because D(k) is also in the Weyl algebra (cf. Proposition 3.1.7) we have
N+l+ly, N+l € 27, .

Observe that |31)] + |31, 43| = max(|l;+l2], |l2|) and the desired relation
N—|%ll| — |%ll+l2| € 27, follows. 0O

Corollary 3.3.5. Forl = (l;,l;) € 2Z X Z the space S(l) of shift operators
for the operator (3.3.1) is a free rank one (right) S(0)-module with generator
G(I) given in Corollary 3.3.3. In particular the generators G(1,k) satisfy

G(l+m, k) = G(l, k+m) o G(m, k) = G(m, k-+1) o G(I, k)

for U= (l1,12), m = (m1,mq) € 2Z x Z with sign(§l,) = sign(3m;) and
sign(%ll-i—lg) = sign(%mﬁ-mg).

Proof. Obvious. O
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We are now in a position to describe the image of the Harish-Chandra

mapping

(3.3.8) n: S(I) —» C[K x §*]

in the case of arbitrary rank root systems. Similarly to the results of Section

1.2 the crucial ingredient will be the asymptotic behavior of a shift operator

along codimension one walls of A;. This reduces the situation to rank one.

Therefore the above computations with rank one shift operators are not

merely illustrative but basic for understanding the higher rank situation.
For R a possibly nonreduced root system we write R = R\IR for

the corresponding reduced root system of inmultiplyable roots, and let
ai, ... ,a, be the simple roots in RO+. Write

RO=5US,U...US,

0

as a disjoint union of W-orbits. For k € K we write k; for the restriction
of the multiplicity function from R to (S; U $5;) N R.

Theorem 3.3.6. For ! € K integral and D € S(I) a shift operator with
shift 1 the polynomial n(D) € C[K x h*| is of the form

(3.3.9) n(D)(k, ) = H I @ ki (haY) 3 pk,N)
i=la€S; ¢+
with p € CIK x h*]W and r(l;,k;,0) the polynomial defined by (3.3.7).
Proof. We have from Definition 1.2.4 and Definition 3.1.5 that
n(D)(k,X) = 7(k)(e"V o D).
For F' a face of A, we put
np(D) = vp(k)(e’" @ o D).
Then ng(D) is a shift operator for vz (k)(ML(k)) with shift [ the restric-
tion of [ to Rp = {a € R;(a,€) =0V € F}. Indeed
np(D) o vr(k)(ML(K)) = v (k)(er) o D(k) o ML(k))
= ~vp(k)(e?r D o ML(k+1) o e Prl) o epr D) o D(k))
= 36 (k)" © ML{k+1) 0 €4+ D) 0 3, (k) e 0 D(k)
= v (k+1)(ML(k+1)) o np(D).
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Suppose F' is a codimension one face (a wall) of A, with RY. = {£a;}
for some simple root a; in R‘i. Ifi e {1,... ,mo} with a; € S; then we
conclude from Proposition 3.3.4 that n(D) is divisible (as a polynomial)
by r(li,ki, (A, @) and the remainder is invariant under the reflection r;.
Since r; leaves the set RS \{a;} invariant the expression

mo

II II k. rae¥)

i=1 a€S; |
aFa;

is also invariant under r;. Hence the rational function
n(D)(k, )
I_i) H T‘(l,‘, kiv (/\’ O‘V))

1=l a€S; 4

plk,A): =

is W-invariant in A with its set of poles P contained in the set of hyperplanes

U U k. aY) =0
=1 a€eS; ¢

« not simple in Ri

Hence P is empty or equivalently p(k, A) is a polynomial. O

Theorem 3.3.7. Forl € K integral the space S(I) of shift operators with
shift | is a free rank one (right) S(0)-module generated by an operator
G(l) = G(l, k) with

(3.3.10) n(G( =11 II rt ki (e
i=l a€S; 4

Here R® = S; U...US,,, is the disjoint union of W-orbit in R® = R\2
The generators G(l) are differential operators of order

(3.3.11) Y max(lal, 1o +al)

a€RY
and satisfy the relations
(3.3.12) G(l+m, k) = G(l,k+m) o G(m, k) = G(m, k+1) o G(l, k)
if l,m € K are both integral with |lo| + |ma| = |la+ma| and |I3,+a] +
Imigtmal = |l1g+myo+latmal.

Proof. This follows from the previous theorem, Corollary 3.1.9, and the
construction of the fundamental shift operators in Section 3.2. O
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Remark 3.3.8. By Theorem 3.3.6 (and Proposition 3.1.6) the fundamen-
tal shift operators G (k) of Section 3.2 depend on £ € a only up to a
multiplicative constant. In view of the identity (with N = #5,)

(3.3.13) > es)weE WY =c- [ €a)- [T Ave¥)

weW a€Sy acSy

for some ¢ € C*, and because the leading symbol of order N of G4 (k) is
given by

AT Y es(w)(wE, )Y

weW

(independent of k as should) we choose £ € a such that

(3.3.14) e [[ Goy=1.

a€S,

With this choice of £ € a the Harish-Chandra mapping of the operators
G 1 (k) becomes

(33.15) ne(k, A = [] (M a¥) = §kya—ka)
aESy

(3.3.16) n-(k,N) = [] (A a¥) + Skya+ka—1)
acSy

and n_(k,A) = (=1)¥n4 (k—1s,—X) in accordance with Proposition 3.1.7
(since G_(k) = (-1)NG 4 (k)).

3.4. Raising and lowering operators

Definition 3.4.1. Let R = |J*; S; be the disjoint union of W-orbits in
R and define e; € K by €; o = 6;; for a € S;. Let B = {by,... ,by} be the
following basis of K

€; if2S;,NR=0

(3.4.1) b =
2€i—€j if 2Si = Sj for some ]

Note that [ € K is integral (Definition 3.1.1) if and only if l € Z.B. A shift
operator with shift | € Z.B is called a raising operator if | € Z;.B and a
lowering operator ifl € Z_.B.



Hypergeometric and Spherical Functions 41

Definition 3.4.2. The meromorphic functions ¢, c: h*x K — C are defined
by

[((ha¥) + Aky,)

(3.4.2) c(A k) = a1;[0 (A aY) + %k%a + kq)
and

_e\E)
(3.4.3) c(A k) = p(k), F)

with the convention that k1, =0if 1o ¢ R.
2

Theorem 3.4.3. For ! € Z_.B there exists a lowering operator G_(l) =
G_(l,k) with shift | whose image under the Harish-Chandra mapping is
given by

(A k+l)
3.4. — = —=—".
(344 G-k =
Proof. For S a W-orbit in R® we take G_(—1s, k): = G_(k) in the notation
of Remark 3.3.8. Using the functional equation I'(z+1) = 2I'(z) for the I'-
function relation (3.4.4) follows in case | = —1g from (3.3.16).

For a € R we write

L((\aY) + 3k1a)
I((A aY) + 3kig+ka)

(3.4.5) Tl k) =

and using the duplication formula I'(2z) = 222~'7~ 3T (2)[(2+3) for the
I'-function we get for %a,a €R

E1a(\ K)Ea(A )
(3.4.6) L((A a"))P((A0¥) + 3)
+

25T (A, 0¥) + Shs o FHT((A a¥) + Sky o ko)

1
2
Hence we have

a0 k10 =2 kot 1)Ea(A ko =2, kat1)
C1a(A E)Ca(A k)

= 4((\,a”) +
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which implies that for R of type BC,, we should take (in the notation of
Corollary 3.1.9) for the lowering operator with shift (—2,0,1) the operator
G_((—2,0,1),k) = 4"E_(k) (cf. Corollary 3.3.2). This proves the existence
of the lowering G_(l) for each | = —b; with i = 1,... ,m. By composing
these lowering operators as in (3.1.16) the theorem follows by induction on
- Za>0 lo. O

Corollary 3.4.4. Forl € Z,.B the differential operator
(3.4.7) Gi(Lk):=8(=l-k)o G=(—1,k+1) 0 8(k)

s a raising operator with shift I and

e(—A k)

(3.4.8) G+ (1)) (k,A) = Tkl

The order of G(l) as a differential operator is equal to ) ¢ la-

Proof. Immediate from Proposition 3.1.7 and the previous theorem. 0O

For a reduced root system R the lowering operators G(l) given by (3.3.10)
and G_(I) given by (3.4.4) for [ € Z_.B coincide and the raising operators
G(l) and G (l) for | € Z, .B only differ by a possible sign (—1)Xe>0!=. In
case R is nonreduced the shift operators G(1) and the lowering and raising
operators G .. (1), G4 (l) can differ in addition by some factors of 4 (cf. the
proof of Theorem 3.4.3).

3.5. The L%-norm of the Jacobi polynomials

With the help of shift operators we can compute the L?-norm of the Jacobi
polynomials.

Proposition 3.5.1. Forl € Z,.B and k € K withk, > 0 and ky—1y >0
we have for A € Py

[P k)l
|P(A+o(l), k=DIE_;

(3.5.1) - -
e +p(k), k=1)E(= (Mp(k)), k)

cAt+p(k), k)e(—(A+p(k)), k=)

= (-1 Tesole
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Proof. Replacing A by A+p(!) and k by k—! in (3.1.13) yields
G (1 k=U)(P(p(0), k—1)) = n(G 4 (1)) (k=L A+o (k) P(A, k).

Hence we get

1

(G (1)) (k=1, A +p(k))
(—1)Za>ola

- n(G+(l)(k_17A+p(k))(P(,\+p(l),k—l),G_(—l,k)P(/\,k))k_,

— (=1)Tesola n(G_(=1))(k, A\ +-p(k))

G+ (1) (k=1, \+p(k))

and the proposition follows from (3.4.4) and (3.4.8). O

[P(A Kk = (G4 (L k=) P(A+p(1), k=1), P(A, k))&

|P(+o(l), k=D)l;_,

We write

T(~(\@¥) = Lk1—kat1)

(3.5.2) k) =11 T(—(\av) — kl +1)

a>0

which is equivalent to (using ['(z)I'(1—-z) = =£—)

sSinmwz

sinm((A, @) + tki,+ka)

c(\E) 781a
(3:5.3) (M k) };Io sinT((A, av) + ékla)
Corollary 3.5.2. We can rewrite (3.5.1) as
|POA k)[R _ " (=(+p(k)), K)cA+p(k)), k1)

(3.5.4)

PO, k=D, A tp(R), E)e (—(p(k), k1)

which has the advantage over (3.5.1) that each of the four functions on the
right hand side has no poles for A € P,..

Proof. Obvious. 0O

Corollary 3.5.3. For k € K integral with ko, > 1 we have

(3.5.5) PO = C ALY,

Proof. Take k=l in (3.5.4) and use that ¢(A+p(k),0) = 1, c*(—(A+p(k)),0)
= 1 together with |[P(A+p(k),0)|3 = |[M(A+p(k))|2 = |W|. O
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Corollary 3.5.4. For k € K real with k, > 0 we have

(3.5.6) k=

[POK)E e (=(Atp(k)), k)e(p(k), k)
|P(ka)|k E(/\+p(k)ak)6*(_f’(k)7k) ‘

Proof. For k € K integral with k, > 1 this is immediate from (3.5.5).
However, both sides of (3.5.6) are rational functions of £ € K and therefore
(3.5.6) remains valid for real k, > 0. O

Theorem 3.5.5. For k € K real with k, > 0 we have

*(=(A+p(k)), k)
cAtp(k), k)

(3.5.7) PO\ K2 = W] - 2

Proof. In view of Corollary 3.5.4 it suffices to show the theorem for A = 0.

Clearly the function

ke K— f(k)= ;E(—(f(TIZC’—)’?% /T H |e2 _e~3o|2ka gy

is holomorphic on the domain {k € K;Re(ks} > 0}. Moreover it is periodic
with period lattice Z.B using (3.5.4) and (3.5.6). Now fix k € K integral
with k, > 1. Then the function

(3.5.8) 2 €C s f(zk)

is holomorphic on the half plane {z € C; Re(z) > 0} and periodic with
period lattice Z. We claim that

(3.5‘9) |f(zk)| <e® Re (z)+blog |z|+c
for some a,b,c € R. Together with the periodicity this implies that the
function (3.5.8) is of moderate growth at infinity and hence equal to a

constant. Taking z = 1 we conclude from Corollary 3.5.3 that

(3.5.10) \f(zk)] = [W].
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As k varies over integral points in K with k, > 1 the theorem follows
by continuity. It remains to check (3.5.9). From Stirling’s asymptotic

expansion
(3.5.11) M) = (2m)F e D82 (14.0(2)),
valid for |arg z| < =, we get for a > 0, b arbitrary
T(az+b) = (27_‘_)%e(—a+aloga)z+(az+b—%)logz+(b—%)loga(1+o(§)),
which in turn implies
¢a(p(zk), zk) = eE“Z“LB"_k"ZIOgZ(l—I-O(%))

. 1
CZ(—p(Zk‘),Zk) _ eaaz+b +d}, log z— kazlogz(l_'_o(_))
z

for some @g, b, ay, b}, d: € R. (Note that d¥ = 0 unless « is simple in RS,
in which case df, = —1.) Hence we get
c(p(zk), zk)
c*(=p(zk), 2k)

for some A, B,C € R, and the desired estimate (3.5.9) follows easily. [

Az+B log z+C(1+O( . ))

Corollary 3.5.6. For k € K real with k, > 0 we have

(3.5.12) / 16(k, £)|dt

=11

a>0

p(k +2k1a+k +1)F((p(k),av)—%k%
B @)+ Shy DT ((p(K), a¥)— Syt )

Proof. Specializing (3.5.7) for A = 0 yields

(3.5.13)/ |5(k, t)|dt

= wl. H

a>0

)+%k1 +ko )T ((p(k), a¥)—

and taking the limit for £ — 0 gives

k), aV)+iky, +kq
(3.5.14) I1 (k). o) g 2
o (k) av)+3ks,

Now relation (3.5.12) follows by combining (3.5.13) and (3.5.14). O

= [WI.
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Example 3.5.7. In case R is of type BC,, formula (3.5.12) can be rewritten
in the form (see [48])

/1 . ../l(tl (=) . (1=t YA 2 e < dt

(3.5.15) ﬁ 1+_]Z (z+(1—1)2)(y+(j — 1)2)

I(1+2)T(z4+y+(n+j—-2)z)

b

Jj=1

where A(t) = A(t,... ,tn) = [[;;(ti—t;) is the discriminant. This is
Selberg’s multivariable B-integral formula [69].

Example 3.5.8. In case R is irreducible and reduced with k = k, Va € R
formula (3.5.12) takes the form

(3.5.16) /T |A()|Pdt = lj (k,‘fj),

where d; < dy < ... < d, are the primitive degrees of R. Indeed p(k) = kp
with p = 3 @ and (p,a") = ht(a"). Hence

a>0

[T (e ki) by
/ AW = >O (kht(aV))(kht(a))!

- ﬁ k! kd . 01;)' ”jl;[l (kzj)

since the partition of positive roots by height is conjugate to the partition
formed by the exponents my,... ,m, (m; = d;—1). See [47, 48]. For R
of type A, formula (3.5.16) was conjectured by Dyson [18] and proved by
Gunson [26], Wilson [75], and Good [25].

3.6. The value of Jacobi polynomials at the identity

Let C,[a] denote the localization of C[a] along the polynomial

(3.6.1) r= [] (o) € Cla].

aERg
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The Euler operator on a is defined by
(3.6.2) E = (&,-)3, € Cla] @ U.
1

For D € CA[P] ® Uh we have a convergent expansion

(3.6.3) D= Y Du
NEZ,N>No
for some Ny € Z and Dy € C[a] ® Uh with [E,Dy] = NDy. If Dy, #0
then we say that D has lowest homogeneous degree equal to LHD(D): = Ny
and LHP(D):= Dy, is called the lowest homogeneous part of D.
Suppose D;, Dy € Cao[P] ® Uh with LHD(D,) = Ny, LHD(D;) = Ns.
Then it is obvious that

(3.6.4) LHD(D,D;) = LHD(Dy) + LHD(D»)
and
(3.6.5) LHP(D,D,) = LHP(D;) LHP(D,).

Example 3.6.1. For the operator L(k) € SRU we have LHD(L(k)) = —2

and

(3.6.6) LHP(L(k)) = }E 8 +2) (C':—"_)aa.

a>0

Proposition 3.6.2. The elements of Cr[a] @ Uh

n

€= e(k) = %Z(fja ')2

1

(3.6.7) h=hk)=E+in+ Y ka

a>0

f = f(k) = -3 LHP(L(k))

satisfy the sl(2) commutation relations

(3.6.8) [h, el = 2e, [k, f] = ~2f, [e,f] = h.

Proof. An easy calculation. O
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Proposition 3.6.3. If D € D(k) = S(0,k) is a differential operator of
order N then LHD(D) = —N.

Proof. By Corollary 1.2.8 D has the form
D = 8, + terms of order < N

for some nonzero polynomial p € Sh homogeneous of degree N. Hence
LHD(D) < —N.
On the other hand

ad(f)(LHP(D)) = —3|LHP(L(k)), LHP(D)] = 0

by (3.6.5), and since LHP(D)) is a differential operator of order < N we
also get
ad(e)N Y (LHP(D)) = 0.

Hence LHD(D) > —N by standard sl(2)-representation theory. [

Theorem 3.6.4. Ifl € Z_ - B then we have
(3.6.9) LHD(G_(1)) =0,

where G_(l) is the lowering operator given by Theorem 3.4.3.

Proof. By (3.1.16) the operator G (-1, k+1)G_(l,k) € S(0,k) and has or-
der —23" . la- Here G is given by Corollary 3.4.4. Hence using (3.6.4)
and Proposition 3.6.3 we get

(3.6.10) LHD(G_(1,k)) + LHD(G (=L, k+1)) =2 1 = 0.

On the other hand using (3.4.7) and (3.6.4) we get

(3.6.11) LHD(G-(I,k)) = LHD(G (=L k+1)) +2) la =0

since LHD(6(1)) = 23" ,5ola- The theorem follows immediately from these

equations. O
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Corollary 3.6.5. For F € C*°(A)Y andl € Z_ - B we have

(3.6.12) G_()(F)(e) = G_()(1)(e) - F(e).

Proof. Since G_(I) lies in the Weyl algebra C[zy,... , z,, 5%, .. 3—‘3:] we
conclude that G_(I)(F) € C*(A)W. If we write

N Nnp
G-)= > ay, N0 ...00
Ni,...,Nn

with ay, n € Ca[P] then by Theorem 3.6.4 we get
LHD(aleu 1NTL) Z Nl + ce + Nn.

Hence (3.6.12) follows from G_(I)(F)(e) = limy_o G_(I)(F)(expté) for
some £ € a with #(£) #0. O

Theorem 3.6.6. For k € K with k., > 0 Va € R we have

clo(k), k)

Proof. We apply (3.6.12) with F' = P()\, k; h) equal to a Jacobi polynomial.
Using (3.1.13) and Theorem 3.4.3 we get

e A+p(k), k+1)

(3.6.14)  G_(Lk)(P(\ k;h)) = “eOolk), )

P(A—p(l), k+1; h)

and since 1 = P(0, k; h) we also have

&(p(k), k+1)
e(o(k). )

Here l € Z_ - B. Hence we have from (3.6.12), (3.6.14), (3.6.15)

PO kse) = ZOHP) EDE (k)L E) PO=p(D), ktie)
) = O ak), Ealk), k) P(—p(l). ki Le)
and taking &k = —! € Z, - B this yields
clp(k), k)
A+p(k), k)
Since both sides are rational functions of k € K (use A € P, ) the extension
to k € K with k, > 0 Va € R is immediate. O

(3.6.15) G_(1,k)(1) = P(=p(1), k+1; h).

P(A\kje) =
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Corollary 3.6.7. Fork e K andl € Z_ - B we have

(3.6.16) G_ (L, k)(1)(e) = %’—Z;—l).

Proof. Clear from (3.6.13) and (3.6.15). [1

Notes for Chapter 3

Shift operators are multivariable generalizations of the familiar identity

d
&;F(a,ﬂ,'y; z) = ?F(a+l,ﬂ+1,7+1; z).

That shift operators should exist for higher rank root systems was first
hinted at by Koornwinder who found a shift operator for R of type BC;
[42]. A systematic study of shift operators was made by Opdam in his
thesis [58, 59]. We have followed these papers closely with a simplified
treatment of the existence of shift operators in Section 3.2 due to [33]. The
results of Sections 3.5 and 3.6 are due to Opdam as well [58, 60]. Corollary
3.5.4 was obtained before in [30] and Corollary 3.5.6 had been conjectured
in [48]. Proposition 3.6.2 was inspired by [27].



CHAPTER 4

The hypergeometric function

4.1. The hypergeometric differential equations

Everything we have presented so far is essentially formal algebra, but now

we will start a more analytic study.

Definition 4.1.1. Fix A € b* and k£ € K. The system of differential

equations
(4.1.1) D(u) = v(D,k, Nu vD € D(k)

is called the system of hypergeometric differential equations with spectral
parameter A € h* and multiplicity parameter & € K associated with the
root system R. Here u = u(h) is some scalar valued function depending
on the variable h in (an open subset of) H™8 = {h € H; A(h) # 0}, and
(D, k, A) denotes the value at A € h* of the polynomial v(k){D), which is
the image under the Harish-Chandra isomorphism ~(k): D(k) — Sh* of
the differential operator D € ID(k).

In view of Chevalley’s theorem (stating that Sh" is itself a polynomial
algebra) the system of hypergeometric differential equations (4.1.1) is just
the simultaneous eigenvalue problem for the commuting algebra D{(k) of
differential operators on H. We write Uh for the translation invariant
differential operators on H and Sh for the polynomial functions on h* (but
clearly Uh = Sh are canonically isomorphic). An element 9, € U} is called
harmonic if 94(p) = 0 for all W-invariant polynomials p only with p(0) = 0.
The harmonics in Ul are denoted by Hf. The dimension d of HY is equal
to the order |W| of the Weyl group W. A well known result of Chevalley
shows that

(4.1.2) Uy~ Hyo U,

51
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For A € b*, k € K we write
(4.1.3) I(\ k) = {P e D(k); v(P,k,\) =0}

and with this notation the system (4.1.1) gets the form P(u) = 0, VP €
IO\VE).

Proposition 4.1.2. We have an isomorphism of left R-modules

(4.1.4) RUh= {R@ Hh} @ {Re Hh-I(\E)}.

Proof. To simplify the notation we write U, H, and I instead of Uh, Hb,
and I(\, k). Let U’ denote the homogeneous elements in U of degree j,
and U; = @ig]‘ U® the elements of degree < j. Also write H/ = H N U7,
Hj=HnNUj,and I; = IN{R® U,}. We prove by induction on j that

(4.1.5) ROU; 2 {RQH;} & {>_ RH,;_1- L}
i>1

as left R-modules. The case 7 = 0 is clear. Now suppose j > 1. By (4.1.2)

a‘l = Z B(Iiapi

with 8,, € H?7% and 8,, € U’ Weyl group invariants. By Corollary 1.2.8
and Theorem 1.3.12 there exists P; € I;, with

we can write d;, € U7 as

P; = (8p,—pi(A) € RR Uj—1.
Since 8, (R Uj,—1) CRQU;_; we get
8‘1 - {Zpi()‘)ath + Zaqi ’ Pi} eER® Uj—l
and using the induction hypothesis we have

(4.1.6) RQU; = (R H;} +{D_ReH;_1-L}.

i>1

It remains to be shown that the sum is direct. This follows again by induc-
tion on j by taking the jth order symbol in (4.1.6) and using (4.1.2). O
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Corollary 4.1.3. Let J(A k) = RQUb-I()\, k) be the left ideal of RRQUH
generated by I(A k). Then we have a direct sum decomposition of left -

modules
(4.1.7) ROUh={RQ HY} b J(\ k).
Definition 4.1.4. Fix a basis {q1, ... ,q4} of homogeneous harmonics with

q1 = 1 and deg(g;) < deg(gi+1). The map
(4.1.8) A: R Ub — gl(d,R),

defined by the requirement (use (4.1.7))
d
(4.1.9) Pod, + ) Aij(P)d,, € J(\ k),
j=1

is a morphism of left SR-modules.

Proposition 4.1.5. For all £, € b we have

(4.1.10) (8 + A(8g), 8, + A(8,)] = 0.

Proof. Using the Leibniz rule we get
(4.1.11) A(O¢ o P) + A(P)A(9) = 0:(A(P))
for £ € hand P € R® Uh. Hence

[8§+A(8§) On+A(0,)]
= [0g, A(9y)] + [A(8), Oy] + [A(8¢), A(y)]
= 0g(A ( ) — O (A(0g)) + [A(8), A(dy)]
= A([0¢, 0y]) + A(0y) A(0g) — A(9) A(0y) + [A(8), A(8y)] = 0. O
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Definition 4.1.6. The system of first-order differential equations
(4.1.12) (Oe+A(0e))U =0 VEeh

with U = (ug,...,uq)" is called the matriz form of the hypergeometric
differential equations (4.1.1).

Proposition 4.1.7. If u is a solution of (4.1.1) then U=@gu, ... ,0,u)
is a solution of (4.1.12). Conversely, if U = (uy, ... ,uq)t is a solution of
(4.1.12) then u = u; is a solution of (4.1.1) and uj = O,;u;.

Proof. Suppose u is a solution of (4.1.1), i.e., P(u) = 0VP € J(\ k). If we
write U = (84,4, ... ,Og,u)" then it follows from (4.1.9) that (P+A(P))(U)
=0VP € RQUh. In particular U is a solution of (4.1.12).

Now suppose U = (uy,... ,uq)* is a solution of (4.1.12). Using (4.1.11)
and induction on the order of differential operators it is easy to see that
(P+A(P))(U) =0VP € RQUY. Since A;;(P) =0 for P € J(\ k) we get
P(uy) =0VP e J(\ k).

Moreover uj = 9, (u;) because A1;(0,,) = —8;5. U

Corollary 4.1.8. Locally on H™® the solution space of the system of hy-
pergeometric differential equations (4.1.1) has dimension d = |W| and con-
sists of holomorphic functions. More precisely a local solution u of (4.1.1)
near a point hg € H™8 is completely determined by its harmonic derivatives

0y, (u)(ho) = ulho), .- ., Bga(u)(ho)

at the point hg, which can be freely prescribed.

4.2. Regular singular points at infinity

The central subgroup C of H is defined by
(4.2.1) C={he€eH; =1 Va€eR}

with the notation h* = e>(1°8h) and the torus H/C has rational character
lattice equal to the root lattice @ of R.
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Let {a1,...,an} be the simple roots in Ry, and put x; = e~ consid-
ered as function on H or H/C, j =1,... ,n. The map

(4.2.2) z=(x1,...,2,) HIC C"

is injective with image (C*)™. Hence (4.2.2) defines a partial compacti-
fication of H/C, and using the action of the Weyl group W this can be
extended to a smooth global compactification of H/C. This is nothing but
the toroidal compactification corresponding to the decomposition of a into
Weyl chambers (see for example [11, 55]). Note that the positive chamber
A, is mapped by (4.2.2) onto (0,1)".

Example 4.2.1. For R of type A; the image of (4.2.2) has the picture

X
2
x;=1
\ X2_1
X1 X =
)Xl

The point (1, 1) is the image of the identity element, and the curves z; = 1,
zg3 =1, z12p = 1 are the image of {h € H; A(h) = 0}.

Let {n1,... ,nn} be a basis of a such that a;(n;) = é;;. In the coordinates

(4.2.2) the differentiation &,, becomes —zj% for j = 1,...,n and the
7

matrix form of the hypergeometric differential equations (4.1.12) becomes

U

P
J )
Oz

(4.2.3) =AU forj=1,...,n.

It is important to note that A;(x) = A(d,,) € gl(d) is a matrix whose

entries are convergent power series on the polydisc {x € C*; |z;| < 1, j =
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1,...,n}. This means that the system (4.2.3) has regular singular points
along the divisor z125 ..., = 0 and is in normal form.

With the notation a* = e#(°89) for 1 € h*, a € A the Harish-Chandra
series ®(\, k; a) is defined by

(4.2.4) ®(\ k;a) = ZFR(A’k)a/\—p(k)+n
k<0

with T'x (A, k) defined by the recurrence relations

(4.2.5) Lo(A k) =1,
(4.2.6) —(2A+k, k)T (A k)

=23 ko) (A=p(k)+n+jc, a)lurja(, k).

a>0 7>1

Note that these recurrence relations can be solved uniquely if
(4.2.7) 200, K) + (k,k) #0 Ve <0
Lemma 4.2.2. Let U C h* x K be a bounded domain and d(\ k) a holo-
morphic function on U such that the function (A, k) = d(\, k)Tx() k) is
holomorphic on U for all k < 0. (This means that d(\, k) has to be divisible
by those linear functions A — (2A+k, k) for which the right-hand side of

(4.2.6) is not divisible by A — (2A\+k, k) and whose zero locus intersects
U.) Fora € A, fized there ezists a constant M = My , > 0 such that

(4.2.8) A\ E)To(N k)| < Ma™ Ve <0, (\k)eU.

Proof. With a1,...,a, € R, simple and p = Z;‘ m;a; € a* consider
N(u) = 3.7 |ms| as a norm on a*. Choose ¢; > 0 such that

[(A—p(k)+k, a)| < c1(1+N(k))
Y(\ k)€U, k<0, a € R,. Choose N; € Nand c, > 0 such that

[(2A+k, k)| > caN(k)?
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VA € b*: 3k € K with (A, k) € U, V& < 0 with N(x) > N;. Hence if k < 0
with N(x) > Ny, we get (with ¢ = 2¢,c; ")

(429)  [dA BT\ R)] < eN (&)™ D Jkal Y 1A, K)Dasja( A, k),

a>0 i>1

V(A k) € U. Choose N, € N such that

CZ [k Zajo‘ <N,
a>0 j>1
Vk € K: 3 € b* with (A, k) € U. Let N = max(N;, N,) € N. Finally
choose M > 0 such that

l[d(A BT (A k)] < Ma”®

V(M k) € U, and Vk < 0 with N(k) < N. We now prove (4.2.8) by
induction on N(k). Let £ < 0 with N(x) > N and suppose (4.2.8) is true
for all 4 <0 with N{u) < N(k). Using (4.2.9) we get

|d(A, K)La(A K)| < eN (k)T D kel Y MaZote

a>0 j>1
< N(k)"'MNa" < Ma". O

Corollary 4.2.3. With the above notation the series

(4.2.10) D " d(A B)T (A, k)ar ek e

x<0

converges absolutely and uniformly on U x aA,. Hence it defines an ana-
lytic function on U x A,.

Corollary 4.2.4. For A € h* satisfying (4.2.7) and k € K arbitrary the
Harish-Chandra series (4.2.4) converges to an analytic function on A,. As
a function of the spectral parameter A € h* it is meromorphic with simple
poles along hyperplanes of the form {(2A\+«, k) = 0} for K < 0. Moreover
for Ao € b* with (2Xg+k, k) = 0 for precisely one kK = kg < 0 we have

{(2A4kKo, ko) P(X, ks a) Faza,

(4.2.11)
= {(2)\+I€0, K}())F,CO (/\, k)}/\:/\o, - (I)()\o-f-lio, k‘, CL).
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Proof. Take d(\, k) = (2A+ko, ko) in the previous corollary and U a small
neighborhood of (Mg, k) € B* x K (some k € K). Now the recurrence
relations (4.2.6) for the coefficients of the Harish-Chandra series (4.2.4)

were derived from the differential equation
(4.2.12) ML(E)Y®(X k;a) = (A, A)P(A, k; a).
Observe that with our choice of d(\, k) we have

{dA BT A k) aza, =0 Vi <0 with s € &o.

Hence {d(A, k)®(A, k; a)}r=), is a multiple of ®(Ag+rg,k;a). O

Since the algebra D(k) is commutative it is immediate that the Harish-
Chandra series (4.2.4) is in fact a solution of the full system (4.1.1) of
hypergeometric differential equations. With the equivalence of (4.1.1) and
(4.2.3) in mind we can therefore say that the exponents at infinity of (4.1.1)
are of the form

(4.2.13) wA — p(k) forwe W

and the Harish-Chandra series ${wA; k; a) are the series solutions of (4.1.1)

with leading exponent wA — p(k), w € W.

Proposition 4.2.5. The Harish-Chandra series ®(\, k;a) is a meromor-
phic function on h* x K x A, with simple poles along hyperplanes of the
form

(4.2.14) (M\aY)=3j for some a € Ry, some j e N={1,2,...}.
Proof. The fact that for certain A € h* (cf. (4.2.7)) the recurrence rela-

tions break down is the phenomenon of logarithmic terms caused by the
differences of exponents being integers. In our notation this amounts to

(4.2.15) A—wA€EQR for some w € W, w # 1.

However, the only w € W in (4.2.15) which matter are those for which
(4.2.15) is a codimension one condition on A € h*, i.e., w = r, for some
a € R. Hence the condition (4.2.15) becomes

(4.2.16) \aY)eZ for some o € R,
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and combined with (4.2.7) the proposition follows. O

Apparently for those £ < 0 not of the form x = —jo for some a € R,
and j € N the right-hand side of (4.2.6) is divisible by the linear function
(2A+k, k).

Corollary 4.2.6. If (A\,a¥) € Z for all o € R then the Harish-Chandra

series
(4.2.17) O(w, k;a) forwe W

are a basis for the solution space of the system of hypergeometric differential

equations (4.1.1) on A,.

Proof. This follows from Corollary 4.1.8 and the above since Harish-Chan-
dra series with different leading exponents are clearly linearly independent
over C. [

4.3. The monodromy representation

The system of hypergeometric differential equations (4.1.1) is invariant un-
der W, and hence can be viewed as a system on the space W\H = C"
(cf. Remark 1.3.15). As such it has singular points at infinity and along
the discriminant D = 0, where D(z) = A(h)? with z; = M(};). We start
by describing the fundamental group of the regular orbit space W\ H"8 =
C*\{D=0}. Fix a base point ag € A and let 2o = Wag the corresponding
point in C".

Definition 4.3.1. Let {ay,... ,a,} be the basis of simple roots for R =
R+\%R, and let r; € W denote the corresponding simple reflections. For
J=1,... ,n define curves G;, L; in H™® by

(4.3.1) G;(t) = exp{(1—t)log ap + tr; log ap + (t)2mic }
(4.3.2) Lj(t) = exp{log a¢ + 27ita] },

where ¢ € [0,1] and e: [0,1] — [0, 3) a continuous function with £(0) =
e(1) = 0 and (1) > 0 (for example take ¢(t) = 1 sint).

Note that II,(H, ag) = 27iQV is a free abelian group on the generators
Ly,... Ly Write g1,... ,gn,l1,... 1, € IIi(W\H™8, 2) for the corre-

sponding closed curves in W\ H"8 with base point z.
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Theorem 4.3.2. The fundamental group I} (W\H", z;) has a presenta-
tion with generators gi,... ,9n,l1,-.. ., and relations

( ) Gig9i9i-..=g;9i9; 1< 1i#j<n, my factors on both sides
( ) Ll =1 1<4,j<n

(4.3.5) gil; = Liligl7" 1<i#j<n, ng=—2r even

(4.3.6) gil; =Ll gl” 1<i#j<n, nj=—(2r+1) odd,

v

J
are the Cartan integers.

), ;) is the order of rir; € W and n;; = (04, )

where m;; = (04, ;

Remark 4.3.3. For z € QV of the form z = myaf + -+ - + mya,, we write
I, =17 ... 17 € I, (W\H", zp). Then it is easy to see that

(4.3.7) lly = Ll, for all z,y € QY
(4.3.8) gile = log; if (z,0;) =0
(4.3.9) Gilr;(z) = lag; if (z,0;) =1

Remark 4.3.4. Suppose R is irreducible with highest root ag. If 7o, =
Ti ...T;, € W is a reduced expression then let go € I, (W\H"™8, z5) be
defined by

(4.3.10) loy = 90Gis - - iy -
One can show that IT; (W\H™E, z5) has another presentation with genera-
tors go, g1, --. »gn and relations
(4.3.11)
9i9igi .- = g;9i9j ... 0 < i#j < n, my factors on both sides,

where m;; = (ai, @) )(@’, ;) as before. Note that the situation is similar as
for the affine Weyl group, which on the one hand has a Coxeter presentation
on (n+1) generators and on the other hand is a semidirect product of the

finite Weyl group and its translation lattice 2miQV.

We do not prove the above results, but instead make some references to
the literature. The presentation (4.3.11) is due to Nguyén Viét Dung and
was inspired by the work of Brieskorn [54, 8]. Theorem 4.3.2 is due to Van
der Lek and Looijenga. See [44] for a description of the results and [45] for
the proofs. The work of Van der Lek was inspired by Deligne’s paper on
braid groups [14].



Hypergeometric and Spherical Functions 61

Proposition 4.3.5. Ifa;(QY) = Z then ljgj_1 and g; are conjugate inside
I, (W\H™8, 20). If R® is irreducible and o; a long simple root then ljgj_1
and go are conjugate inside I1; (W\H™8, z,).

Proof. Suppose (z, ;) = 1 for some z € QV. Using (4.3.9) we get

lngl—z = lz:l—rj(z)gj_l = ljg;I’

which proves the first statement. For the second statement observe that
we can choose a sequence j; = j, ja,... ,Jp € {1,... ,n} with
v _ .V \
Bl =05+ tay
v \2

(/B'Z/’aji+l) =-1 = Tji+1(16i )= i+1

By =ag-
Now 73,,, = 7,765, and l(rg,, ) = l(r,) + 2. Hence the expression
Tag = Tj, ---TjTjTj, - --T5, is reduced, and using (4.3.9) it is easily seen
that

1 -1

-1 - 1
go‘—-lg;gjp "'gj1 ...gj

—1y _—1 —
:gjp"‘gjz(ljgj )gj2 <G5

P P

which proves the second statement. O

Denote by V (A, k) the local solution space of (4.1.1) around the point ag €
AL or equivalently on AL by analytic continuation. We write

(4.3.12) M\ k): TI;(W\H™8, 29) = GL(V (A k))

for the monodromy representation. Assuming that A € bh* satisfies the
condition

(4.3.13) \a")¢Z Ya€R

it follows from Corollary 4.2.6 that the Harish-Chandra series ®(wA, k; a),
w € W are a basis for the solution space V (A, k) and

(4.3.14) M\ E) (1) ®(w, k; a) = 2 (WA=Pk) D) gy ) k; a),

which implies that the Harish-Chandra series ®(wA, k; a), w € W are the up
to a constant unique simultaneous eigenvectors for the monodromy opera-
tors M (X, k)(I;), z € Q. Using (4.3.8) it is clear that the two-dimensional
subspace

(4.3.15) span{®(wA, k; a), ®(rjwl, k;a)}

of V(A, k) is invariant under the monodromy operator M (A, k)(g;).
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Theorem 4.3.6. If A € h* satisfies (4.3.13) then the solution
(4.3.16) c(wA, k)®(w, k; a) + (rjwA, k)®(rjwh, k; a)

is an eigenvector for the monodromy operator M(X, k)(g;) with the eigen-
value 1.

Proof. Observe that the system (4.1.1) can be brought in the equivalent
form (4.2.3) in which it has regular singular points at infinity. Taking
boundary values along hyperplanes at infinity is an operation that com-
mutes with monodromy along these hyperplanes. This allows induction
on the dimension n, and the situation ultimately reduces to rank one.
In this case Ry = {}o,a} and the differential equation (4.1.1) becomes
the ordinary hypergeometric differential equation with solution F(a, b, c; z)
with @ = (Mp(k),a¥), b = (=M p(k),a"), ¢ = %+k%a+ka, and z =
1_1

5——Z(e%°‘+e‘%°’). The theorem follows in this case from Kummer’s iden-

tity
(4.3.17) F(a,b,c;2) = c(\ K)®(\, ks 2) + c(— A, k)B(— A, k; 2)

by analytic continuation of z along the negative real axis. Here

22aT(c)I'(b—a)
()T (c—a)
B\ k; 2) = 272%(~2)"*F(a, 14a—c, 1+a-b; 2 1)

c(A k)=

and the same expressions for ¢(—A\, k) and ®(—A\, k; z) with a and b inter-
changed in these formulas. O

Corollary 4.3.7. Fork e K let k' € K be defined by
(4.3.18) k! = 1—k.for o € R®, Kk}, = —k,for a € RN iR,
If X € b* satisfies (4.3.13) then the solution

4.3.19 Swh, KN®(w, k; a) + (rjwh, K N®(rjwl, k; a
j j
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is an eigenvector for the monodromy operator M (A, k)(g;) with eigenvalue
itk +hay)

Proof. Since the right-hand side of (2.1.9) is invariant under the substitu-
tion k — k' we get

(4.3.20) §(k;a)2@(wA, k;a) = 6(K';a)2 B(wA, k5 a)
and since
(4.3.21) §(k';a)"26(k;a)? = Aa)s(k;a)

—omi(ky  +ka.)
2% 3

transforms by the factor —e under monodromy along the

loop g, the result follows from Theorem 4.3.6. [

Corollary 4.3.8. The monodromy operators given by M(X k)(g;) and
M(A, k)(ljgj_l) satisfy in End(V (A k)) the quadratic relations

(4.3.22)  (M(Ak)(g;)~1)(M(A, k)(g;)+e ™ "am ™)y = ¢
(4323) (MO k) (g7 =DM k) (g5 ")+ ) = 0.

In particular the monodromy representation (4.3.12) of the affine braid
group T1; (W\H"2, z5) factors through a representation of the affine Hecke

algebra.

Proof. Relation (4.3.22) is immediate from Theorem 4.3.6 and Corollary
4.3.7. Relation (4.3.23) can be derived along the same lines by working
in Theorem 4.3.6 and Corollary 4.3.7 with the loop ljgj_1 instead of g;.
Note that in the rank one reduction the loop [; gj”1 goes once around the
point z = 1 in the negative direction whereas the loop g; goes once around
z = 0 in the negative direction. The exponents of the hypergeometric
function F(a,b,c; z) at the point z = 0 are 0,1—c and at the point z =1
are 0,c—a—b. With the notation as in the proof of Theorem 4.3.6 we
have 1—c = %—k%a—ka and c—a—b = 1 —k, and (4.3.23) follows. Note
that in case o;(QY) = Z we have k1, = 0 and (4.3.22) and (4.3.23)
are compatible in accordance with Proposition 4.3.5. The last statement
that the monodromy representation factors through a representation of the
affine Hecke algebra follows from Proposition 4.3.5 and the definition of the
Hecke algebra associated with a Coxeter group (see [7]). O
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Corollary 4.3.9. If A € b* satisfies (4.3.13) then the solution

(4.3.24) F(\k;a) = ) &wh k)®(wA, k;a)
weW

is a simultaneous eigenvector for the monodromy operators M(X,k)(g;)
with eigenvalue 1 for j = 1,... ,n. In other words the function (4.3.24) has
an analytic continuation from A, to a single-valued W -invariant function
on U N H™ where U is a W-invariant tubular neighborhood of A in H.

Proof. Clear from Theorem 4.3.6. [
Proposition 4.3.10. Suppose A € h* satisfies both (4.3.13) and

(4.3.25) NaY)+3ki,+ka ¢ Z  Va€R.

la
2
Then the monodromy representation (4.3.12) is irreducible.

Proof. If both (4.3.13) and (4.3.25) hold then c(wA, k) # 0 for all w € W.
Now it is clear from Theorem 4.3.6 that the two-dimensional representa-
tion on the space (4.3.15) of the group generated by M(\ k)(l5), z € QY
and M (), k)(g;) is irreducible. From this it easily follows that the full
representation (4.3.12) is irreducible. [

Theorem 4.3.11. The system (4.1.1) has regular singular points along
the discriminant D = 0. Moreover the exponents along the image of the
subtorus {a € A; a® =1} in W\H = C" are of the form 0 and %—k%a—ka
both with multiplicity equal to %d, d=|Wl|.

Proof. In case k, = 0 Va € R this is obvious. Indeed viewing the system
on H (rather than W\ H) the points {h € H; A(h) = 0} are just regular
points, and hence on W\H the points {D=0} become regular singular
points. Observe that for [ € Z_ - B the lowering operator G_(!) of Theorem
3.4.3 lies in the Weyl algebra Clzy,... , zp, 6%1, RN %] and satisfies

(4.3.26) G_()F(\ k;a) = F(\ k+l;a).

Hence for A € h* satisfying (4.3.13) and (4.3.25) we conclude from Propo-
sition (4.3.25) that

G_(1): V(\k) = V(A k+1)
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is a linear isomorphism. In particular if the system is regular singular
along D = 0 for some (A, k) then it remains regular singular along D = 0
for (A, k+1). The conclusion is that the system (4.1.1) is regular singular
along D = 0 for all (\,1) € h* x K with X satisfying (4.3.13) and l € Z_ - B.
However, this is a Zariski-dense subset of h* x K, and since the coefficients
of the system (4.1.1) are polynomial in (A, k) € h* X K the first statement
follows. The second statement follows from the single differential equation

ML(k)u= (A A)u
contained in (4.1.1). O

Remark 4.3.12. If o(Q") = 2Z for some o € R then (the image under the
map H — W\H = C" of) the variety {h € H; h* = 1} has two connected
components, {h € H; hz® =1} and {h € H h** = —1}. Along the former,
going through the identity element, the system (4.1.1) has exponents 0 and
%—k%a—ka, and along the latter 0 and %—ka. In both cases each exponent

has multiplicity %d. This is in accordance with Corollary 4.3.8.

Corollary 4.3.13. The function (4.3.24) has an analytic continuation to a
single-valued W-invariant holomorphic function on a W-invariant tubular
neighborhood U of A in H.

Proof. Clear from Corollary 4.3.9 and Theorem 4.3.11. O

Theorem 4.3.14. The function IE'(/\7 ki h) given by (4.3.24) is a holomor-
phic function of
(MER) ey x KxU

with U a W-invariant tubular neighborhood of A in H. It satisfies

(4.3.27) F(wh k;h) = F(\ k;h)  forallwe W

(4.3.28) F(A\ k;wh) =F(\ k;h) forallw e W

and (A k,h) € h* x K x U.

Proof. Everything is clear except that the word holomorphic should be
replaced by meromorphic with simple poles along hyperplanes of the form
(A, a¥) € Z for some o € R. Using (4.3.27) it is clear that the simple
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poles along hyperplanes of the form (A,a¥) = 0 for some a € R are all
removable. Fix o € Ry, 7 € N and put ko = —ja < 0. Let Ao € b*
with (2X\o+ko,k0) = 0 <= (Xo,a") = j but Ay on none of the other
hyperplanes (2A+x, k) = 0 with & # ko, & € Z3 for some § € R. We claim
that for @ € A, the residue

Res{F(\, k;a)}:= lim {(2A+rq, ko) F (A, k;a)}
Xo A Ao

of ﬁ(A, k;a) along (2A+kg, ko) = 0 vanishes at Ag. If we can prove this the
theorem will follow from Hartogs extension theorem.
Using (4.3.11) we get

%es{f(A,k;a)}: Y d(w, do, k)@(who, ks a)
0 weW, w(a)<0

as a sum of %d Harish-Chandra series with coeflicients

d(w, Ao, k) (2A+A+Ko, ko) {C(wra A, k)L gy (wra A, k)+c(w), k) }

= lim

A—))\o
being holomorphic in (Ag, k). On the other hand, we have that the residue
Resy, {F (A k;a)} € V(Ag, k) remains a solution which is a simultaneous
eigenvector of M (Ao, k)(g;) with eigenvalue 1. Arguing as in the proof of

Theorem 4.3.6 this leads by rank one reduction to a contradiction unless
all coefficients d(w, Ao, k) =0. O

4.4. The hypergeometric function

Definition 4.4.1. The function

(4.4.1) F(\kja) = Z c(w, k)Y (wA, k;a)
weW

is called the hypergeometric function associated with R. Here c(A, k) is
defined by (3.4.3).
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Theorem 4.4.2. With S C K defined by

(4.4.2) S = {pole locus of the meromorphic function

1
FODL

the hypergeometric function F(A, k;a) is a holomorphic function on
(4.4.3) b x (K\S) xU

with U a W -invariant tubular neighborhood of A in H and satisfies
(4.4.4) F(wA k;a) = F(A\ k;a) forallwe W

(4.4.5) F(A\ kywa) = F(M\ k;a) forallw e W

and (A k,a) in the set (4.4.3).

Proof. This is immediate from Theorem 4.3.14 and the definition of the

c-function. O

Remark 4.4.3. From the definition of the ¢-function it is easy to see that
the open set K\S contains the closed set

(4.4.6) {k € KiRe(kyotka) 20  Vae R’}

which in turn contains the closed set C, - B with B the basis of Definition
3.4.1 and C; = {z € C; Re(z) > 0}.

Proposition 4.4.4. We have F(\,0;¢) =1 for all A € h*.
Proof. Since ¢(A,0) =1 we have
ﬁ(A,O;a) = z av*
weW

for a € A and A € h*. Using (3.5.14) we have

lim &(p(k), k) = |W|

k—0

and hence

F(\0;a) = |W]Z wh

weW

from which the proposition follows immediately. O
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Theorem 4.4.5. Forl € Z-B and k € K with k,k+l ¢ S we have

(4.4.7) F(\ k;e) = F(\ k+l;e).

Proof. Forl € Z_ -B, k € K with k, k+1 ¢ S we apply Corollary 3.6.5 with
F = F(\ k;a). From (4.3.26) we get

p(k+1), k+1)

(4.4.8) G-(FO ka) = ==

F(\ k+1;a)

and the theorem follows from (3.6.12) and Corollary 3.6.7. [

Corollary 4.4.6. For k € Z - B with k%a+ka > 0 Vo € R° we have
(4.4.9) F(\ k;je)=1

for all X € h*.

Proof. This is clear from the previous remark, proposition, and theorem.
|

Observe that for A € P, and k, > 0 Yo € R we have
(4.4.10) F(A+p(k), k;a) = c(A+p(k), k)P(A k; a).

For the normalization problem at the identity element of Jacobi polyno-
mials as given in Theorem 3.6.6 the extension from integral K to real k
was obvious (see the last sentence of the proof of Theorem 3.6.6). For the
normalization problem at the identity of the hypergeometric function as
given by (4.4.9) the extension from integral k to real k is more subtle. The
analysis in this case has been carried out by Opdam [61, 62]. The result is

as follows. For the proof we refer to these papers.

Theorem 4.4.7. For A € h* and k € K\S we have

(4.4.11) F(\k,e) = 1.
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Notes for Chapter 4

The hypergeometric function studied in this chapter is a generalization of
the spherical function for a real semisimple Lie group in a sense which will
be explained in the next chapter. Essentially all the results obtained here
go back in the case of spherical functions to the pioneering papers [28, 24].
Whereas in the case of spherical functions on a real semisimple Lie group
one has both differential and integral operators at hand we have in the
case of hypergeometric functions only the differential equations available.
Certain results which are fairly obvious from the integral aspect require
here longer proofs. Of course one expects the integral theory of spherical
functions to have an appropriate generalization to the context of hyperge-
ometric functions but this remains a project for future research. See [5] for
the root system As.

The theory of differential equations in several variables with regular
singular points was developed most elegantly by Deligne [14, 50] and its
applicability to the situation of spherical functions was stressed in [10]. The
observation that the monodromy representation of the affine braid group
factor through a representation of the affine Hecke algebra as stated in
Corollary 4.3.8 was made in [34, 30, 31]. This seems to be a new result
even in the case of spherical functions on a real semisimple Lie group.

The hypergeometric function of this chapter was introduced in [34] under
the assumption of the existence of the hypergeometric differential, which
was only known at that time for some root systems. Subsequently the
hypergeometric function was constructed in [30] from its monodromy using
the Riemann-Hilbert correspondence, at least for generic parameters. The
analytic continuation in the parameters was exhibited in [59], and from
this the existence of the hypergeometric differential equations was derived.
Later the existence of the hypergeometric differential equations was proved

by elementary means in [33].



CHAPTER 5

Spherical functions of type x on
a Riemannian symmetric space

5.1. The Harish-Chandra isomorphism

Suppose G, is a connected simply connected complex semisimple Lie group
and G C G, areal form. Let K C G be a maximal compact subgroup and

(5.1.1) x: K- C*

a one-dimensional representation. Of course if the symmetric space G/K is
irreducible then we have necessarily x = 1 unless G/ K is of Hermitian type
in which case the set of such x’s is parameterized by Z. For f € C™(G)
and X1,...Xn € g (g is the Lie algebra of G) we put

(X1...X~nf)g)

(5.1.2) _ { oN

- X, ... t
6t1...8th(geXp 1X1...exp NXN)}

ti=..=tn=0
which means that the elements of the Lie algebra g and its universal en-
veloping algebra U(g) are considered as left-invariant differential operators

on G.
We write

(513)  C®(G/K;x) = {f € C(G); f(gk) = x(K)™*f(g) Vk € K}

and think of these functions geometrically as sections in a homogeneous
line bundle L(x) = G/K. For f € C>*(G/K;x) and z € U(g)¥:=
{invariants in U(g) for the adjoint action of K} it is clear that zf €
C*(G/K;x). Moreover zf depends only on the class D, of z modulo
U(g)% NY xee U(@)(X+x(X)). Here we write ¢ for the Lie algebra of K
and x:t — C for the Lie algebra representation associated with (5.1.1).

70
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Proposition 5.1.1. The natural map identifies

(5.1.4) D(x):= U(g)* /U(@)* N> Ug)(X+x(X))
Xect

as the algebra of all G-invariant differential operators on sections in the
homogeneous line bundle L(x) — G/K.

Proof. See [70, Thm 2.1] or [71, Prop 2.1]. O

Denote

C>*(G//K;x)

(5.1.5) .
= {f € C*(Q); f(kigka) = x(kik2)™"f(g) Vk1,k2 € K}

for the subspace of (5.1.3) of spherical functions of type x. It is clear that
D.f € C=(G//K; ) for f € C™(G//K;x) and D, € D(x). Let g = top,
G = K exp(p) be the Cartan decomposition, and choose a C p, 4 = exp(a)

a maximal split torus.

Proposition 5.1.2. The map f € C®(G) + res(f):= f|l4 € C®(A)

defines a linear bijection

(5.1.6) res: C®(G//K;x) = C=(A)Y.

Proof. This is immediate from the Cartan decomposition and the Chevalley
isomorphism C®(p)¥ — C=(a)". O

Notation 5.1.3. Let ¥ = ¥(g, a) be the restricted root system and m(c),
a € ¥ the corresponding root multiplicity. We put

(5.1.7) R=2%, kyy =zsm{a),

which implies that p = %Za€2+ m(a)a = %Zaelﬁ koo = p(k). More-
over the root system R of type C, will always be considered as being of

type BC,, with k; = 0 (with k, the multiplicity of the short roots in BC,,
as in Proposition 3.1.8).
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Theorem 5.1.4. For each D, € D(x) there exists a unique differential
operator rad(D,) € (R® Ua)" such that

(5.1.8) res(D, f) = rad(D,) res(f) Vf e C®(G//K;X).

The differential operator rad(D,) is called the radial part of the differential
operator D, € D(x). The mapping

(5.1.9) rad: D(x) = R Ua)V

is an injective homomorphism of algebras. Let Ch: (Sa)W 5 (Sp)¥ be
the Chevalley isomorphism and Sym: Sg = Ug the symmetrizer (which is
a G-equivariant linear bijection). For p € (Sa)¥ homogeneous of degree
N the operator rad(Dsym(ch(p))) i a differential operator of order N with
leading symbol of order N having constant coefficients and equal to 0.

Proof. This follows from [10, Sections 2 and 3] except that their ring R is
slightly bigger than ours. However, with the convention for R of type C,

as in Notation 5.1.3 it follows from the sequel that our ring 2R suffices. O

Proposition 5.1.5. For the Casimir operator 2 € U(g) the differential

operator
(5.1.10) rad(Dq) — L(k) € R

has order 0 (i.e. is a function in R). Here the inner product on a is obtained

from the Killing form on g.

Proof. By the previous theorem rad(Dgq) — L(k) has order < 1. Using
the integral formula for the Cartan decomposition we have for fi, fs €
C(G//K;x)

(5111 (fi.f2) = /G f1<g)md.q:|71V—| /A 1(a)T2(@)16(k, a)|da.

The symmetry (§2f1, f2) = (f1,f2) for the Casimir operator is obvious.
The symmetry of the operator L(k) with respect to the measure |§(k, a)|da
follows from Theorem 2.1.1. Hence rad(Dg) — L(k) is also symmetric with
respect to the measure |6(k,a)|da. But a first-order differential operator
being symmetric with respect to a smooth measure has order 0. O
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Corollary 5.1.6. If x = 1k is trivial then rad(Dq) = L(k).

Proof. Apply the operator rad(Dgq) — L(k) to the function 1,4 and observe
that 14 = res(1g) with 1¢ € C*(G//K). Hence rad(Dg)14 = res(Qlg) =
0. O

Theorem 5.1.7. Suppose that G/K is an irreducible Hermitian symme-
tric space (which is equivalent with the fact that R is of type BC,, (or Cy)
and k; = %, either from the classification [35, pp.532-534] or from the the-
ory of strongly orthogonal roots). Choose a generator x; for the rank one
lattice of one-dimensional characters of K and say x = x1 = x} for some

l € Z. Then the radial part of the Casimir operator is given by
rad(Dgq)

(6112) =L(k)+ 3 lz{( () — (20,20) }+Qm(x|M),

e%“—e’%o‘)2 (ex —e=>)? x|t

acRy
« short

where M = Zg(a), m = 3¢(a) and (x|p7) " Qx| py) s the scalar by which
the Casimir operator Qn of m (with respect to the restriction of the Killing
form of g to m) acts on the one-dimensional representation x|y of M.

Before proving the theorem (in Section 5.3) we start by giving some corol-
laries.

Corollary 5.1.8. We have

rad(Dq + (p(k), p(K)))
_ H (e%a_i_e—%a):tlll o ML(mi) o H (e%a+e—%a)¥|ll
(5.1.13) a€ Ry o€ Ry

a short a short

Qn
N (xIp)
xlps

with multiplicity function my € K ~ C3 given by

(5.1.14) ma = (ks F |, knm ki £ |I]), ki = 3.

Here the L sign indicates that both possibilities are valid.

Proof. Apply (2.1.12) to (5.1.12). Observe that the equations

ml(l—ml) =%+ kl(l—kl), ms(l—ms—2ml) =024 ks(l—ks—Zkl)
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have as a possible solution: m; = £ %|l|, m, = k, F[l{ which in turn implies
that
S(mx—k)? = (A7 A = H (e3%4e~3)H M,

a>0,a short

Hence (5.1.13) follows. O

Definition 5.1.9. The Harish-Chandra homomorphism
(5.1.15) Yre: D(x) = Sa

is defined by vgc(D,) = v(k)(rad(D.)). Indeed it is a homomorphism
since both the k-constant term (k) (see Definition 1.2.4) and the radial
part (see Theorem 5.1.4) are algebra homomorphistms.

Theorem 5.1.10. The Harish-Chandra homomorphism ~vgc is an iso-

morphism
(5.1.16) yie: D(x) = (Sa)

of commutative algebras.

Proof. The statement follows by induction on the order of differential op-
erators from the last part of Theorem 5.1.4 once we have proved that
yuc(D,) € Sa¥ VD, € D(x). For this observe that rad(Dg) commute
with rad{D,) VD, € D(x). Indeed  lies in the center of Ug and rad is a
homomorphism. Hence in case x = 1, we conclude vy (D,) € § a% from
Theorem 1.2.9, Theorem 5.1.4, and Corollary 5.1.6.

Now suppose G/K is an irreducible Hermitian symmetric space and keep

the notation as in Theorem 5.1.7. Again we have
[rad(D,),rad(Dq)] =0 VD, € D(x)

which is equivalent (using (5.1.13)) to

[T (ebeve i) orad(D)o ] (e2*+em2*)* !, ML(ms)| =0

a€ER, a€ERy
« short « short
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and since (use (1.2.9) with F = A)

7("&)( H (e%a+e~%“)¢'”orad(DZ)o H (e%a+e—%0)i\ll)

aERy a€Ry
a short a short
= 7v(k)(rad(D.))

we conclude vy (D,) € Sa" VD, € D(x) as before. O

Corollary 5.1.11. In case x = 1x we have

(5.1.17) rad: D(x) — D(k)

and in case G/K is an irreducible Hermitian symmetric space we have

rad: D(x;) =

(5.1.18) H (e2®+e 2%)E M o D(my ) o H (e7%4ez) T,
aERy aER,
a short « short

Proof. Clear from (the proof of) the previous theorem. O

5.2. Elementary spherical functions as hypergeometric functions

Elementary spherical functions can be defined in various ways: by integral
or differential equations or via representation theory. With the preparations
of the previous section the approach with differential equations is the most

convenient.

Definition 5.2.1. A spherical function ¢ € C>®(G//K;x) of type x is
called elementary with spectral parameter A € h* (h is the complexification
of a} if

(5.2.1) D,p =vuc(D.)( Ny VD, € D(x)
and ¢ is normalized by
(5.2.2) ole) =1.

The function ¢ is uniquely characterized by these two conditions and we
write ¢ = @y a. In case x = 1k we also write ¢, \» = ¢ and in case G/K
is an irreducible Hermitian symmetric space with x = x; for I € Z we put

Px,A = Pl
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Theorem 5.2.2. In case x = 1 we have
(5.2.3) res(pn) = F(A k;-)

and in case G/K is an irreducible Hermitian symmetric space we have

e%"‘+e_%°‘ =l
IR =)
ao;ic?rt

with k € K given by (5.1.7) and my given by (5.1.14).
Proof. This is immediate from Chapter 4 and Corollary 5.1.11. O

Suppose U C G, is the Lie group with Lie algebra u = ¢ & ip. Then U/K
is the compact dual symmetric space for the noncompact symmetric space

G/K.

Corollary 5.2.3. The elementary spherical function ¢, » which is an ana-
Iytic function on G extends to a holomorphic function on G, (and by restric-
tion gives an elementary spherical function for the compact pair (U, K)) if
and only if in case x = 1x we have (by choosing A in its orbit WA such
that Re(\,a¥) > 0 for allaa € Ry)

(5.2.5) X e plk)+ Py
and in case G/ K is an irreducible Hermitian symmetric space we have
(5.2.6) A€ p(my) + Py,

where p(my) = p(k) + |llps with ps = 3 Y«
a>0
a short

Proof. Just apply Theorem 5.2.2. We write
C®(U//K;x) = {f € C=(U); f(krukz) = x(kika)™" f(u) Vki1,kz € K}

and

T = exp(ia)/ exp{ia) N K = exp(ia)/points of order 2.
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In case x = 1k the restriction map
res: C*(U//K) S c>(T)V

is a linear bijection, and the result follows from (4.4.10) since (apart from
normalization) the Jacobi polynomials are the only hypergeometric func-
tions which are holomorphic on the full complex torus H.

In case G/K is an irreducible Hermitian symmetric space observe that

the restriction map
res: C®(U//K;x) — C™(exp(ia))"”
defines a linear bijection

res: C¥(U//K;x1)) > H (e%a+e_%"‘)”| -Cc=(T)V

a>0
a short

and (5.2.6) follows similarly from (5.2.4). O
We write

E(Xs)‘> = {f € COO(G/K7X)7sz = ’YHC(DZ)(/\)f VD, € D(X)}
L(x,A\): G — Aut(E(x,A)), or: g = End(E(x,\))

for the eigenspace representation of G on the space of smooth functions

I and are simulta-

which transform on the right under K according to x~
neous eigenfunctions of the invariant differential operators. For § € K let
E(x,\)s denote the é-isotypical component of E(x,A). Then it is clear (cf.

Definition 5.2.1) that dimE(x, A), = L.

Proposition 5.2.4. Any subrepresentation V of the eigenspace represen-
tation E(x,A) contains the elementary spherical function ¢, x of type x.

Proof. Suppose V' C E(x, ) is a subrepresentation and let f € V, f # 0.
Replacing f by L(x, A)(g)f for some g € G we can assume that f(e) # 0.
Then the function

o g /K F(kg)x (k) dk

again lies in V and is spherical of type x. Here dk is the normalized
Haar measure on K. Moreover ¢(e) = f(e) and we conclude that ¢ =

f(e)‘px,X U
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Corollary 5.2.5. The subrepresentation V(x,A) of E(x,\) generated by
the elementary spherical function ¢, s is irreducible. The representation
V(x,A) s called the spherical representation of type x with parameter A.

Corollary 5.2.6. The center 3 of U(g) acts on V(x, ) by a scalar.

Proposition 5.2.7. Suppose b C m is a Cartan subalgebra and a §b C g
the corresponding full Cartan subalgebra. Write X(g, a), X(m, b),2(g,adb)
for the various root systems, which implies that with compatible positive
systemns the corresponding p-vectors satisfy p(g,a @ b) = p(g,a) + p(m, b),
where p(g,a) = p(k). Then the central character of V(x,\) is given by
Xlm + p(m, b) + A.

Proof. This follows from the description of the natural map 3 — D(x) in
terms of the Harish-Chandra isomorphisms for 3 and D(x) respectively.
For details we refer to [37). O

Corollary 5.2.8. If and only if the conditions of Corollary 5.2.3 hold
then the spherical representation V (x, A) is an irreducible finite dimensional
representation with highest weight x|m + A — p(k).

Proof. Indeed the central character and the highest weight differ by p =
p(g,a®b). O

Remark 5.2.9. The above corollary is a reformulation of the Cartan-
Helgason theorem [36, Chap. 5, Thm. 4.1] in case X = 1k and a theorem of
Schlichtkrull [67, Thm. 7.2] in case G/K is an irreducible Hermitian sym-
metric space which give necessary and sufficient conditions for the highest
weight of a finite dimensional irreducible representation of g in order that

the representation has one-dimensional K-types.

Proposition 5.2.10. If the conditions of Corollary 5.2.3 hold then the
dimension d(x, \) of the finite dimensional spherical representation V(x, A)

of type x is given by

d(x, n) = 4l Zelm+) my)c* (—p(k), k)
| )

Aok, K)er (=plm),ms)
(5.2.7) Sp(my),my)c*(—p(my), my)
(A, my)er (=, my)
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Proof. By the Schur orthogonality relations we have

[ ot = doe - [ a

and the formula follows from the integral formula for the Cartan decomposi-
tion, Theorem 5.2.2, Theorem 4.4.7, Theorem 3.6.6, and Theorem 3.5.5. O

Example 5.2.11. In case x = 1k formula (5.2.7) becomes

_ &p(k), k)e* (—p(k), k)
(5.2.8) e EWSET W

and was derived by Vretare [72, 73].

Example 5.2.12. Suppose G/K is an irreducible Hermitian symmetric
space and x = x; as before. The smallest dimensional representation
containing the K-type x has parameter A = p(m,) and its dimension
d(l, p(my)) is given by (use the transcription from (3.5.12) to Selberg’s
integral (3.5.15) as in [48, p.993])

14l

ks+ 1474 (n+j-2)k
HH (n+j-2)

2. d(l
(5.2.9) p(ms)) i

i=1j5=1

Remark 5.2.13. Considering a compact Lie group as a symmetric space
formula (5.2.8) boils down to Weyl’s dimension formula. However, it does
not seem clear (without using the classification of symmetric spaces) how
to derive (5.2.7) from Weyl’s dimension formula [63].

5.3. Proof of Theorem 5.1.7

The proof of Theorem 5.1.7 given here will be similar to the proof of Corol-
lary 5.1.6. In view of Theorem 5.2.2 a natural choice is to replace the
function 14 in the proof of Corollary 5.1.6 by

oy —ta\
(5.3.1) II (%)

a>0
« short
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and to verify in an independent way that this function is the restriction to
A of an elementary spherical function of type x;. Moreover this spherical
function is an eigenfunction of the Casimir operator 2 with eigenvalue (in
the notation from below) (|I|x1,|l|x1 + 20(k) + 2pm) = (p(m,), p(my)) —
(p(k), p(k))+ (value of 0y on |l|x1). Hence (5.1.13) or equivalently (5.1.12)
follows.

We recall some structure theory for an irreducible Hermitian symmetric
space G/K and its Cartan dual U/K (keep in mind that both G and
U are real forms of the simply connected complex semisimple group G.).
Choose a Cartan subalgebra t of £ which is also a Cartan subalgebra for g.
The root system ¥(g,t) = ¥, U X, decomposes into compact roots ¥, =
(¢, t) and noncompact roots £, = X(p,t). Let x; be a generator for the
orthocomplement of ¥, in the weight lattice of X(g, t). In comparison with
Theorem 5.1.7 we change from a global multiplicative to an infinitesimal
additive notation. Choose a positive system X (g,t) such that (a,x;1) >
0 Va € ¥£,(g,t). There exists a unique simple noncompact root a; in
Y4(g,t). Let vq,... , ¥, be the strongly orthogonal roots in £, 1: v1 = e
and v; is the smallest root in ¥, | strongly orthogonal to 7;,... ,7¥j—1. Let
V be the subspace of it* spanned over R by the +4’s and w: it* — V the
orthogonal projection.

The following result is due to C.C. Moore [52, Thm 2].

Theorem 5.3.1. There are two possibilities for (X (g,t)) except for 0:
Case I: m(Z1)\0={vi,3(v; £%); 1<i<n, 1<k <j<n}
Case IL: m(24)\0 = {37, %, 5 (i £m); 1 <i<m, 1<k <j<n}
Furthermore the nonzero projections of the compact roots have the form
%fyi or %('yj — ), and the projections of the noncompact roots have the

form 34,7 or 3 (v +v)-
Proposition 5.3.2. We have w(x1) = 3(m + - + n)-

Proof. Since x; and Zaezn , o are multiples of each other we conclude
that 7(x;) and %(’yl + -+ -7y,) are also multiples. The proposition follows

since (m(x1),7’) = (x1,7) = (x1,oy) =1. O

Consider the finite dimensional irreducible representation V(x;) of g with
highest weight x; = lx; for some [ € N. Let v, be a highest weight vector.
Then it is obvious that v4 is also a spherical vector for K of type x;.
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Hence V(x;) is a spherical representation of type x; and the corresponding
elementary spherical function on the compact form U is given by

(5.3.2) o(u) = (vy,u-vy) for u € U.

Here (-,-) is the Hermitian inner product on V(;) invariant under U and
normalized by (v4,v;+) = 1. It remains to be shown that the restriction
of the function (5.3.2) to a maximal split torus for (U, K) is given by
(5.3.1). Using the Cayley transform (see [43]) this will be reduced to the
computation for sl(2), and this will be straightforward.

More precisely, let s be the subalgebra of g. isomorphic to the direct
sum of n copies of sl(2,C) corresponding to the strongly orthogonal roots.

Lemma 5.3.3. The s-submodule V' of V(x,) generated by the highest
weight vector vy is isomorphic to the n-fold tensor product V(1)®™, where
V(1) is the irreducible sl(2)-module with highest weight | of dimension [+1.

Proof. This is immediate from Proposition 5.3.2. O

Proposition 5.3.4. Let

(o) o=( ) o= (10)

be the standard basis for sl(2). Let V(l) be the finite dimensional irre-
ducible representation of sl(2) with highest weight I and basis vy, vy, ... , v
satisfying (see [40, Section 7))

hvj = (l—2j)UJ‘

yv; = (G+1)vi4
TV; = (l-—j+1)vj_1.

Let (-,+) be the su(2,C)-invariant Hermitian inner product on V(I) nor-
malized by (vg,vp) = 1. Then we have

l
(5.3.3) (vj,v5) = (]) for j=0,...,L

2o 1)

Consider the element (cf. [43, p.272])

=7l )= ()

S
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(1 9) =0 %)

Hence conjugation by ¢ (= Cayley transform) maps the compact Cartan

which satisfies

cosf —sinf

) of the group SL(2,R) onto the diagonal sub-
sinf  cosf

subgroup (

e'? 0
group { o -io of SU(2,C). Then

l

(5.3.4) c(vg) = (—1\/3>2exp(iy)vo = (\%) (vo + ivy + i2vg + - - - + i'vy)

and hence

f —sinf w0
(5.3.5) <v0, (COS s ) Uo) = (cvo, <60 _ig) cvp) = (cos 9)1-
e

sinf cosé

Proof. Easy and left to the reader. O

Remark 5.3.5. Harish-Chandra has given a formula for the radial part
of the Casimir operator acting on 7-spherical functions where 7 is just
any double representation of K, see [29, Lemma 22]. Of course (5.1.12)
could also have been derived from Harish-Chandra’s formula, but this still
requires some work since (5.1.12) is more explicit.

5.4. Integral representations

In this section we assume that G/K is an irreducible Hermitian symmetric
space and x = x;, | € Z as before. Let G = KAN be the Iwasawa
decomposition corresponding to R, = 2%, as in Notation 5.1.3. Write

g € G as g = kan = k{g)a(g)n(g) correspondingly.

Proposition 5.4.1. The elementary spherical function ; x of type x = xu
with parameter A € h* has the integral representation

(5.4.1) pialg) = /K a(gk)* = (k(gk) k) dk.

Proof. This formula is analogous to Harish-Chandra’s integral formula for
the usual spherical function in the case x = 1k and the proof goes along



Hypergeometric and Spherical Functions 83

the same lines [23, 36]. See also [67, T0] where the formula is explicitly
stated. O

Consider the following integral transformations.
Spherical Fourier transform (also Harish-Chandra transform):

For f € C*(G//K;x:i) we put for A € b* (recall h = A,)

(5.42) HIW) = [ Fahe--a(o)ds.
G
Clearly H f is a holomorphic function of A € h*.

Abel transform (of Harish-Chandra):
For f € C*(G) we put fora € A

4. Afla) = a” an)dn.
(5.4.3) f(a) a/Nf( )dn
Clearly Af € C*(A).

(Euclidean) Fourier transform:

For f € C2°(A) we put for A € b*
(5.4.4) Ff(A) = / f(a)a=*a.
A

Then Ff € P(h*), the space of Paley-Wiener functions on h*.
Theorem 5.4.2. We have a commutative diagram
P(h*)"
H NF

CR(G//Ki)  —  CEAV
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Proof. Indeed we have

/f {/ (gk)~>~Px_1(k(gk)~'F) dk} dg
= //{f 9)a(gk) " x_i(k(gk) ™ k)} dg dk

GxK

= [ [1staeatoy~rx-atkta) 1)} do ak
GxK
= [[tteratkiato) ™ x-ih(a) )} da
GxK
- [t (k(g))} dg dk
Gx K
/ {£(0) (k(9))} dg
///{f (kan)a™>~*x,(k)a**} dk da dn
KXxAXN

- /// {f(an)a=>**} dk da dn

:/A{ap/Nf(an) dn}a= da = FAf()). O

Proposition 5.4.3. Fora € A we put
(5.4.5) C{a) = exp (convex hull of W loga).

If f € CX(G//K;xi) with supp(f) C KC(a)K for some a € A then
supp(Af) C C(a).

Proof. This is immediate from |Af| < A(|f|) and the corresponding result
for A: C%(G//K) — C%(A)W, which is a corollary of Kostant’s convexity
theorem (in fact only of the inclusion part of this theorem) {36, Chap. IV,
§10], [1]. O
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5.5. The Plancherel theorem and the Paley-Wiener theorem for
spherical functions of type x in the standard case

Definition 5.5.1. A real multiplicity function k = (k,) on a root system
R is said to be standard if

(5.5.1) ski,+ka>0 VaeR

1
2(1

Lemma 5.5.2. If the multiplicity function k = (k,) on R is standard then
dC, N > 0 such that

(5.5.2)

C(/\,k)’ < C(1+|)\|)N if Re(A) € Cl(a%).

Proof. This is immediate from the expression for the c-function as a product
of I-factors and Stirling’s formula, cf. [36, Chap. IV, Proposition 7.2]. O

Corollary 5.5.3. With G/K an irreducible Hermitian symmetric space
and R = 2% of type BC,, (cf. Notation 5.1.3) the multiplicity function

(553) m_ = (k~ + |l|~1"m-l"l - |l|)~ kl - %

given by (5.1.14) is standard if and only if || < ks + 1.
Proof. Indeed §(k,+|l|) + ki — || >0 <> ||| <ks+2ki=k +1. O

We now recall the classical Paley-Wiener theorem. For this we need the
notion of supporting function. Let C be a compact convex set in A. The

supporting function He: a* — R is defined by
He(€) = sup{{€, X); X € log(C)},
and C can be recovered from H¢ by
log(C) = {X € a; (£, X) < He() VEea}).

For this result and the Paley-Wiener theorem see for example [39, p.105
and p.181].
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Theorem 5.5.4. (Euclidean Paley-Wiener theorem): Let C C A be
a compact convex set with supporting function H = He. Then the Fourier
transform (5.4.4) maps the space of C°-functions on A with support in
C onto the space of entire functions on §* (b is the complezification a,.)
satisfying

(5.5.4)  VNEN, 3Cy > 0 s.t. |FF(N)] < On(1+]7]) "N (R,

Note that (5.4.4) differs from the usual Fourier transform by a factor
i Ff(EA) = f(A). We write Po(h*) for the Paley-Wiener space of entire
functions on h* satisfying (5.5.4).

From now on we assume that |I] < ks+1. In this case a proof of the
Plancherel theorem and the Paley-Wiener theorem for the spherical Fourier

transform can be established along the following lines:

Step I:  For f € C§°(G//K; x1) with supp(f) C KC(a)K for some a € A
the function H f € Pc(a)(b*)w.

Step II:  For F' € Pc(q)(h*)" for some a € A we define the normalized
wave packet operator J by

dA
qrllle(A,m_)e(—=A,m_)’

655 Ti6)= [ FOeue)

where dX is the regularly normalized Lebesgue measure on ia*.

Then JF € C*(G//K; x1) with supp(J f) € KC(a)K.

Step III: The linear operator

(5.5.6) resoJ o Hores :C®(A)W - c(4)Y

preserves (or possibly diminish) support, and hence is a differen-

tial operator by the theorem of Peetre [65].



Hypergeometric and Spherical Functions 87

Step IV: The operator (5.5.6) commutes with the algebra rad(D(x; )) which
amounts to a system of differential equations for the coefficients
of the differential operator (5.5.6). More precisely the differential
operator (5.5.6) behaves at infinity in A; like a constant coef-
ficient differential operator from which the full operator (5.5.6)

can be recovered (cf. Lemma 1.2.7).

Step V: By a scaling argument we conclude that the operator (5.5.6)
equals [W].1d.

We now comment on the above outline with more details. Step I is immedi-
ate from Theorem 5.4.2, Proposition 5.4.3, and the classical Paley-Wiener
theorem. Step II follows by shifting the integration over ia* into the com-
plex space h* in the direction of the negative chamber. Using the explicit
expression (5.2.4) for the elementary spherical function as a hypergeometric
function the arguments are exactly the same as in the Helgason-Gangolli
proof of the spherical Paley-Wiener theorem. The crucial point is that
(since we are in the standard case) under the integration shift we do not
encounter poles of the function ¢(—A,m_)~1. For details we refer to [36,
Chap. IV, Section 7.2]. Combining Step I and Step II we conclude that
the linear operator (5.5.6) leaves the space of functions f € C°(A)W with
supp(f) C C(a) invariant for all a € A.

For fy, fo € C(G//K;x() we have

— — dX
657 [ Torun@R@ = | HANERER
G ia* 4rlllje(X,m_)]
which implies that the operator (5.5.6) is formally symmetric with respect

to the measure |d(k, a)|da. Leaving invariant supports of the form

we conclude by symmetry that supports of the form
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are left invariant as well. Combining these two we conclude that the oper-
ator (5.5.6) preserves supports.

The steps III, IV, V are a variation on Rosenberg’s proof of the spherical
Plancherel formula [36, Chap. IV, Section 7.3] and were found by van den
Ban and Schlichtkrull in their study of the Plancherel decomposition for a
pseudo-Riemannian symmetric space [3]. We refer to this paper or to the
other part of this book for details. Assuming |l| < ks + 1 we arrive at:

Conclusion 5.5.5. (The inversion formula). The inversion of the
spherical Fourier transform is given by |va;] where J is the normalized

wave packet operator (5.5.5).

Corollary 5.5.6. (The Paley-Wiener theorem). The spherical Fourier
transform maps the space C2°(C) bijectively onto the space Pc(b*) for any
W -invariant compact conver set C C A ~ a.

Corollary 5.5.7. (The Plancherel theorem). The spherical Fourier
transform extends to a unitary isometry

dX
g2 . 12(ia* .
H: L°(G//K;x1) — (m ) |W|4n|11|c(/\,m_)|2>

Proof. Use the inversion formula for f = f; % fl, fl(g) = fi(g~1). O

Notes for Chapter 5

The theory of spherical functions (corresponding to the trivial K-type) is
a beautiful part of harmonic analysis going back to the work of Gel’fand,
Godement (for the abstract setting), and Harish-Chandra (in the concrete
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setting for a Riemannian symmetric space). The theory has been exposed
in textbooks [36, 23] to which we refer for further reading.

The main point of this chapter is that the theory of spherical functions
corresponding to one-dimensional K-types admits a treatment as explicit
and of the same level of difficulty as for the trivial K-type. The work of this
chapter was motivated by [20, 21] where (among other things) the rank one
situation was worked out. For example formula (5.2.4) in the rank one case
can be found in [21, Theorem 2.1]. For nontrivial K-types Theorem 5.1.10
is due to Shimeno, whose proof is along the same lines as the corresponding
result in case x = li (using the integral formula (5.4.1), see [70]). Our
proof is somewhat different and purely algebraic.
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LECTURE 1

Introduction

In these lectures my goal will be to explain some recent joint work with
Erik van den Ban on harmonic analysis on semisimple symmetric spaces.
In the first lecture I intend to give some motivation and background in-
formation. The following seven lectures will be more precise on definitions
and statements, though I will have to omit many details.

Harmonic analysis, in its commutative and noncommutative forms, is
currently one of the most important and powerful areas in mathematics. It
may be defined broadly as the attempt to decompose functions by super-
position of some particularly simple functions, as in the classical theory of
Fourier decompositions. To be more explicit, let X be a space acted on by a
group G. Assume that this action leaves invariant a positive measure dz on
X. Then there is a natural unitary representation ¢ (the regular represen-
tation) of G on the Hilbert space L?(X) of square integrable functions on
X. The aim of harmonic analysis on X is to decompose this representation
into irreducible subrepresentations. Under mild assumptions on G such a
decomposition is possible within direct integral theory; this is known as the
“abstract Plancherel formula.” However, X and G will usually have more
structure, and then a more explicit form of the decomposition is desirable.
Typically, G will be a Lie group and X will be the homogeneous space
G/H, where H is a closed subgroup. Very often there will be some differ-
ential operators on X which commute with the action of G (hence called
invariant differential operators), and which are essentially selfadjoint op-
erators on L?(X). Then G preserves their spectral decomposition, and
thus the solution of the spectral problem for these operators will lead to
decompositions of £ into subrepresentations, which at best happen to be ir-
reducible, and at least give a first step toward the complete decomposition.
The spectral theory of the invariant differential operators thus becomes an
important tool in the harmonic analysis (sometimes harmonic analysis is
simply defined this way).

From an explicit decomposition of a function f on X a Fourier transform

is obtained. As is well known from classical analysis, such a transform is ex-
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tremely useful for example in solving differential equations. The differential
equations of primary interest happen to be those which are invariant under
the transformation group G (or G could be chosen such that it preserves
a given differential equation of particular interest). Thus the theories of
harmonic analysis and of invariant differential operators on X are closely
related. When Sophus Lie developed his theory of transformation groups
he was motivated by the intent to apply it to differential equations. Thus,
to him the group was a tool in the study of the differential equations. Since
then the mathematical focus has been shifted somewhat. The space G/H
has become at least as fundamental as its invariant differential operators,
which primarily serve as a tool for the harmonic analysis on G/H; in some
sense this is the opposite of Lie’s way of thinking (see [122, 154]).

Before I continue describing the goal of the lectures, I would like to give
some simple examples.

Example 1.1. The Euclidean spaces. The most familiar examples of har-
monic analysis are of course the ordinary theories of Fourier analysis on
the torus group T and on Euclidean space R™. For example in the latter
case, X = R" is viewed as a homogeneous space of itself, G = R" (act-
ing by translations), with trivial subgroup H. The invariant measure is
Lebesgue measure, and the invariant differential operators are just the dif-
ferential operators with constant coefficients. Their eigenfunctions are the
exponential functions, and hence their spectral decomposition is exactly
the decomposition of functions by superposition of exponential functions
(plane waves), as obtained in the classical inversion formula,

f@y=c | Ff)e*=d,
Rn.
where f € C°(X) and
F A) = —i/\-xd ,
) /X f(@)e™ ™ da

and c is a nonzero constant. The Fourier transform enables us to pick
out the irreducible components of the regular representation: the Fourier
transform extends to an isometry of L2(X) onto L?(R") and gives a de-
composition of £ as the direct integral over A € R™ of the one-dimensional
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representations 7y defined by mx(a) = e*? (a € R™),

@
f:/ Ty dA,

the Plancherel decomposition for R™ (with respect to the group action of
G =R").

In the case of T the decomposition of the regular representation is ob-
tained similarly from the theory of Fourier series; ¢ decomposes as the
direct sum (over Z) of all the one-dimensional representations of T. How-
ever, since G is abelian and H is trivial in both cases, these examples are
really too simple to reveal the complexities encountered in general.

Example 1.2. Euclidean space revisited. When n > 2 a more sophisticated
way of looking at R" is to view it as a homogeneous space of the nonabelian
group G = M(n) of all its motions (isometries); then H = O(n) is the
orthogonal group leaving the origin fixed, and G is the semidirect product
of H and R™. In this case it is easily seen that the only invariant differential
operators are the polynomials in the Laplacian L. Since all the exponential

i*r with a given length of A are eigenfunctions for L with the

functions e
same eigenvalue, it is natural from the point of view of spectral theory of L
to change the interpretation of the Fourier transform as follows: Instead of
viewing f as an L2-function in A € R™ we shall now view it as an L2(S"~1)-
valued function on R* by means of the polar coordinates A = pw, (p >

0,we B=S8S""1)
£ , — —ipw-T Jo
flow) = [ @) da

Let H = L2L2(B)(R+,p"_ldp) be the space of L%(B)-valued functions ¢ on
R* which are square integrable with respect to the measure p™~!dp, then
f € H, and the Fourier transform maps L?(X) isometrically onto H. The
decomposition of the regular representation £ can now be read as follows.
For each p € R we define a representation 7, of H x R"™ on L?(B) by

Tk, y)e(w) = eP (k™ w), (y € R™ k € O(n)).

This is easily seen to give a unitary representation of the semidirect product
group G. One can prove that it is irreducible for p # 0, and that m, ~ 7_,,.
Next we define a unitary representation n of G on H by (n(g)¢)(p) =
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7_p(g)(¢(p)), then 7 is equivalent with the direct integral of the m_,. Let
1 € L?(S™!) denote the distinguished vector given by 1(w) = 1, then we
have

o) = /G FgH)m_p(g)1dg = 1_p(f)1

for f € C>*(X), from which it follows that the Fourier transform is a G-
equivariant map from C2°(X) into H. It follows from the above that the

Fourier transform extends to an isometry of L?(X) onto H, and we have

3
b~ / W-pp"_ldp,
R+

the Plancherel decomposition for R™ with respect to the group action of
G = M(n). The inversion formula can be reformulated as follows: for
f € Cx(X) we get \

f(gH) = c / (Fw)lm—p(g)1) P dp,

where (-|-) is the sesquilinear form on the Hilbert space L?(B).

Note that we have got an essentially different theory of harmonic analysis
on the same space X by choosing another group G of transformations. For
this reason it is more correct to speak of harmonic analysis on X with
respect to G, rather than just on X.

Example 1.3. Compact homogeneous spaces. The classical theory of Fourier
series on T has a far reaching generalization as follows. Let G be any
compact topological group endowed with its normalized Haar measure.
Let me first recall the famous theorem of Peter and Weyl. Let G denote
the set of equivalence classes of irreducible representations of G, and for
§ € G let V5 be a Hilbert space on which é§ can be realized (I use the
customary abuse of notation by not distinguishing a representation from
its equivalence class). Let 5 be the contragradient representation, realized
on the dual space V; = V*. There is a natural map from V;®V* into L*(G),
the matriz coefficient map, defined by v @ v* — dim(6)"/2(v, 6(-)v*). Tt is
easily seen that this map is a G X G-homomorphism of the tensor product
into L?(G) with the left times right action, and it follows from the Schur
orthogonality relations that it is an isometry. Identifying Vs @ V" with its
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matrix coefficient image the Peter-Weyl theorem states that we have the

orthogonal direct sum decomposition
L*(G) = DseeVe @ Vs

This gives the decomposition of the regular (left times right) representation
of G x G on L?(G) into irreducible subrepresentations (harmonic analysis
on G with respect to G X G).

Let H be a closed subgroup of G, then it easily seen that the homoge-
neous space G/ H inherits an invariant measure from the Haar measure on
G. It was observed by Cartan (in the Lie case) and Weyl (in general) that
the Peter-Weyl theorem has the following generalization,

(1.1) LA(G/H) = @4e Vs @ (V)T

where (V) is the space of §( H)-fixed vectors in V. The decomposition
is orthogonal and equivariant for the G-action (G acts on the tensor prod-
ucts by its action on the first factors), and thus it gives the decomposition
of ¢ (harmonic analysis on G/H with respect to G). Its derivation from
the Peter-Weyl theorem as formulated above is immediate, once we ob-
serve that L?(G/H) may be identified with the space of right H-invariant
functions in L?(G). Note that the decomposition only contains the repre-
sentations d for which (V;*)# 3 0, or equivalently, for which V{1 # 0. If
dim V{#f <1 for all 4, the decomposition of £ is said to be multiplicity free.

Example 1.4. The spheres. Let X be the n-sphere S™, viewed as the homo-
geneous space O(n+1)/O(n). This is a particular example of the situation
in the previous example. In this case the harmonic analysis on 8™ with
respect to O(n) is classical: it is the theory of spherical harmonics. Since
it is probably familiar to most readers, it may serve as a good example.
Recall that a spherical harmonic (of degree k) on S™ is the restriction of
a harmonic homogeneous polynomial (of degree k) on R""!. Equivalently,
it is an eigenfunction for the Laplace operator on X (with the eigenvalue
—k(n — 1+ k)). Let Hy be the space of spherical harmonics of degree k,
then Hy (as an eigenspace for L) is G-invariant, and we have the orthogonal
decomposition

LX(S™) = &7, Hy.
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In fact each Hy is irreducible, and this decomposition is thus an explicit
form of (1.1) for this case, with a multiplicity free decomposition. The
one-dimensional subspace H ,?(") of Hy, is the space of zonal spherical har-
monics of degree k. Note that the decomposition is realized as a spectral
decomposition for the invariant differential operator L, in accordance with

the view on harmonic analysis suggested earlier.

In the examples above there is an essential difference between the non-
compact R™ and the compact S™. In the former case the Plancherel decom-
position is a direct integral over a continuous parameter, and in the latter
case it is a direct sum over a discrete parameter. In general one expects
a combination of these phenomena, such that the decomposition of ¢ will
invoke both continuous and discrete parameters.

A class of homogeneous spaces, for which the program of harmonic anal-
ysis via spectral decomposition of invariant differential operators is partic-
ularly compelling, is the class of symmetric spaces. A symmetric pair may
be defined as a pair (G, H) with a Lie group G, for which there is an invo-
lution o of G such that GZ C H C G, where G is the subgroup of fixed
points for ¢ and GJ denotes its identity component. A symmetric space is
a space X for which there exists a symmetric pair such that X = G/H.
The map gH +— o(g)H of X to itself is then called the symmetry around
the origin 0 = eH. By parallel transport there are symmetries around all
other points of X as well.

One can prove that a connected smooth manifold X is a symmetric space
if and only if there exists on it an affine connection, for which the reflexion
in geodesics around any point x extends to an affine diffeomorphism S, of
X. If X is such a manifold with a given point of origin it can be realized
as the symmetric space corresponding to a certain canonically determined
symmetric pair (G(X), H(X)) of subgroups of the group of affine trans-
formations of X {G(X) is the group of “displacements” generated by all
the products S, Sy, (z,y € X), and H(X) is the stabilizer of the origin).
Note however, that if X = G/H is a symmetric space, then G may dif-
fer from G(X). The same space with the same symmetries and the same
point of origin may thus correspond to several symmetric pairs, as in Ex-
amples 1.1 and 1.2 above, where R"™ is the symmetric space corresponding
to the symmetric pairs (R",{0}) and (M(n),O(n)), respectively. In this
case (G(X), H(X)) is the former pair.
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In these lectures I shall only consider harmonic analysis on symmetric
spaces. Clearly Examples 1.1 and 1.2 mentioned above fall into this cate-
gory; the symmetry around a point is the reflexion in the point.

Example 1.5. The group case. Let ‘G be a Lie group, let G = ‘G x 'G,
and define 0:G — G by o(z,y) = (y,z). Then H = G is the diagonal,

! we have that the symmetric space

and via the mapping (z,y) — zy~
G/H is isomorphic to ‘G, viewed as a homogeneous space for the left times
right action of 'G x 'G. This example, referred to as the group case in the
following, shows some of the scope of the program of harmonic analysis on
all symmetric spaces: it contains as a subprogram that of doing harmonic

analysis on all Lie groups.

In fact, 1 shall restrict attention even further than just to symmetric
spaces; they will also be required to be semisimple or, slightly more general,
reductive. In order to explain these notions, I have to discuss some of the
geometric structure of X a bit. Let g be the Lie algebra of G, and let ¢
denote also the involution of g obtained from that of G by differentiation.
Let g = h+ q be the decomposition of g into the £1 eigenspaces for o, then
b is the Lie algebra of H and q may be identified with the tangent space
of X at o. Associated with the affine connection on X there is a canonical
2-form, the Ricci curvature tensor (or the Ricci form), on the tangent space
TX. It is G-invariant, and at o it is given by

rX,Y)=Try(ad X o adY)

for X,Y € q. The space X is called semisimple if this form is nondegenerate
and symmetric (the latter property actually implies that r is a constant
multiple of the restriction of the Killing form B(-,-) of g to ¢ x g.) In
Example 1.5 we have that r can be identified with the Killing form of the
Lie algebra ‘g of 'G, and thus ‘G is semisimple as a symmetric space for
‘G x 'G if and only if it is a semisimple Lie group. It is clear that the
Ricci tensor gives rise to a G-invariant pseudo-Riemannian structure on a
semisimple symmetric space X.

A symmetric pair (G, H) is called a semisimple symmetric pair if G is
semisimple. One can prove that a symmetric space X is semisimple if and
only if there is a semisimple symmetric pair (G, H) with G acting on X
by affine transformations, such that X is the symmetric space G/H (in



100 H. Schlichtkrull

particular, if X is semisimple, then the group G(X) of displacements is
semisimple). Again it is noted that the same space X with the same sym-
metries may correspond to several symmetric pairs (G, H), among which
only some are semisimple. In the following, when I speak of a semisimple
symmetric space G/H, it is to be understood that (G, H) is a semisimple
symmetric pair.

As motivation for restricting the attention to semisimple symmetric
spaces it is noted that an irreducible symmetric space (one that has no

nontrivial invariant “

subsymmetric spaces”) is either semisimple or one-
dimensional. Note, however, that none of the spaces mentioned in Exam-
ples 1.1, 1.2, and 1.4 are semisimple, since the Ricci tensor in these cases
is the trivial 2-form. For this reason it is sometimes more convenient to
extend focus a bit and consider reductive symmetric spaces. By definition,
in a reductive symmetric space every invariant subsymmetric space has an
invariant complementary subsymmetric space. Equivalently, a symmetric
space is reductive if it is a symmetric space G/H for a symmetric pair
with G reductive (a reductive symmetric pair). The pairs in Examples 1.1
and 1.4 are reductive, whereas that in Example 1.2 (where G is a solv-
able Lie group) is not reductive. Note that reductive symmetric spaces
are only slightly more general than semisimple symmetric spaces, since any

reductive group G is the product of its semisimple part and its center.

Example 1.6. Hyperbolic spaces. Let p and g be positive integers, and let
X = X, 4 be the real hyperbolic space

{:CER‘HQ|$?+"'+$Z—l‘i+1—"'—l'12,+q:1}
(if p = 1 it is also required that z; > 0 to get only one sheet of the
hyperboloid), then X is the symmetric space corresponding to the pair
(SOc(p, q),SO.(p—1,q)) (the involution of G is given by o(g) = IgI where
I is the diagonal matrix with diagonal entries 1,—-1,...,—1). Thus X is a
semisimple symmetric space except if p = ¢ = 1 (in which case X ~ R is
reductive). It has a pseudo-Riemannian structure of index (p —1,¢). Sim-
ilarly, one can define hyperbolic spaces over the complex and quaternion
fields; when viewed as real manifolds they (or rather, their projective im-
ages) correspond to the symmetric pairs (SU(p, ¢), S(U(1) x U(p—1, q)) and
(Sp(p, q),Sp(1) x Sp(p — 1, q)) (when formulated suitably, the construction
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can be given a sense even for the Cayley octonions, but only when (p, ¢) is

(2,1) or (1,2), where one gets that G is the exceptional group G = F4(_3q)).

Example 1.7. Symmetric spaces of SL(2,R). Let G = SL(2,R). There are

two (nonconjugate) involutions of G, given by

ab d —c abl _ a —b
0<cd>:(—ba> and U(cd>_(—cd>'
To these involutions correspond three symmetric spaces: G/G?, G/G°,
and G/GYZ. The first two can be realized within si(2,R) as the spaces
{Y | B(Y,Y) = €}, with € = £1, respectively; the action of G is then the
adjoint action. It follows that they are equal to the spaces X; 2 and X3,

of the previous example. The third is a double cover of the second (here
the action does not factor through the adjoint map).

Example 1.8. Riemannian symmetric spaces. Let G be a connected linear
semisimple Lie group, and let 6 be the Cartan involution of G. Then the
fixed point group K = GY is a maximal compact subgroup of G. Let
g = £+ p be the Cartan decomposition of g, then the Killing form B(,-)
is positive definite on p. Thus G/K is a semisimple symmetric space, and

its structure is Riemannian.

As it 1s apparent from the title, the goal of these lectures is to do har-
monic analysis on semisimple symmetric spaces. Looking back at the def-
inition I gave of harmonic analysis, it should first of all be noted that a
semisimple symmetric space does carry an invariant measure associated
to the nondegenerate 2-form r (I shall return to this measure in the next
lecture). Moreover, it is also encouraging for the mentioned program of
obtaining spectral decompositions that the algebra D(G/H) of all the in-
variant differential operators on G/H is known to be commutative, and
that the formally self-adjoint ones among these operators are essentially
self-adjoint operators on L?(G/H) (1 shall return to these points in Lecture
4). Thus they will have a simultaneous G-invariant spectral decomposition.

The program of finding an explicit Plancherel decomposition for a gen-
eral semisimple symmetric space G/H is too ambitious a task for these
lectures. In fact, as a consequence of Example 1.5 it would necessarily ex-
tend Harish-Chandra’s work on harmonic analysis for semisimple groups.

Indeed such a result does not exist in the mathematical literature of today
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(though a result like that has been announced by Oshima and Sekiguchi)
— only special cases have been treated. Most of the known examples are
spaces of rank one (the notion of the rank of G/H will be defined in the
next lecture). In particular, all the spaces mentioned in Example 1.6 are of
rank one, and for these spaces the above-mentioned “Plancherel program”
has been carried out. The basic idea is to introduce a kind of polar coor-
dinates on X, in which the radial part of the Laplace-Beltrami operator L
(which exists on any semisimple symmetric space, thanks to the pseudo-
Riemannian structure) becomes a singular ordinary differential operator, to
which a general theory of Weyl, Kodaira, and Titchmarsh can be applied.
However, this theory is not applicable in higher rank, since one cannot re-
duce in any way to an ordinary differential operator. (See the notes at the
end for more details and a list of references.)

Apart from the cases mentioned above, the harmonic analysis program
has also been carried out in the class of Riemannian symmetric spaces (see
Example 1.8). In this case explicit inversion and Plancherel formulae are
known from the work of Harish-Chandra and Helgason. I shall return to
this case later, as a motivating example.

In these lectures I shall consider general semisimple symmetric spaces,
but with a more moderate goal than the full decomposition of £. I shall
now describe this goal. It is known from Harish-Chandra’s work on the
group case mentioned in Example 1.5 that ¢ decomposes into several se-
ries of representations, the most famous of which are the “discrete series”
and the “(minimal) principal series.” The former enters discretely into the
decomposition of £ (as in Example 1.3) and the latter enters as a direct in-
tegral over a continuous parameter (as in Examples 1.1 and 1.2). A similar
phenomenon is expected (and indeed seen in the cases where the program
has been carried out) for the general semisimple symmetric space. In short,
the goal of these lectures will be the generalization of the (minimal) prin-
cipal series part, which will be called “the most continuous part” of the
decomposition (the reason for this terminology is that in general one ex-
pects several series of representations, each parametrized with a continuous
parameter running in a finite dimensional real vector space, and the series
that we shall consider here are those for which this parameter space has
the highest dimension).

Even this goal is out of reach in eight lectures, at least with full at-
tention to details, but at least we shall reach the stage where the main



Semisimple Symmetric Spaces 103

theorem concerning this decomposition can be stated (Theorem 7.1). In
lectures 2-6 leading up to this, the basic structure of G/H and the related
representations of G will be developed. Finally, Lectures 7 and 8 will be
devoted to a sketch of the proof of the main theorem.

In the notes at the end some historical remarks are given, together with
references for the skipped proofs. In particular, the notes to this lecture
contain some hints about the discrete series for G/H. I am not going to
explain this series any further during these lectures, since I shall not be

using it.



LECTURE 2

Structure theory

In the Introduction I defined the notion of a semisimple symmetric space
X = G/H. In this lecture I shall discuss some of the basic structure of X.

For simplicity it is assumed that the semisimple Lie group G is connected
and linear, and that the subgroup H is connected (for various reasons one
would actually like to consider a more general class, the so-called Harish-
Chandra class, of reductive symmetric spaces, but I shall not do so here,
since the generalization usually is rather straightforward). Let 8 be the
Cartan involution of G with corresponding maximally compact subgroup
K, and with the corresponding Cartan decompositions g =8¢@ p and G =
Kexpp.

Recall that o is the involution of G for which we have H = G7. In
general it may not be the case that ¢ and 8 commute, but this can always
be accomplished by replacing o with a conjugate 09 = Adg~looo Adyg
for some g € G.

Proposition 2.1. There exists g € G such that the conjugate involution

o9 commutes with 6.

Proof. I shall not stop to prove Proposition 2.1 here. See the notes for
references. [

Replacing ¢ by a conjugate corresponds to replacing the chosen origin of
X with another point. Since this does not affect the harmonic analysis on
X with respect to G, we shall from now on assume that this has been done.
At the same time H is replaced by a conjugate. Thus we assume that o
commutes with 6, and then we also have that ¢(K) = K and §(H) = H.
Thus H is a connected linear reductive group and K N H is a maximal
compact subgroup. In particular, it follows that K N H is connected.

Let g = h @ q be the decomposition of g induced by o (I shall use the
same symbol for an involution on G and its differential on g). Then we have

that b and q are #-invariant, and that ¢ and p are o-invariant. Moreover

104
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we have the joint decomposition
(2.1) g=tnNhdENg S pnh d 2ng.

Note also that since the two involutions commute, their product o8 is also
an involution. Hence we have three symmetric pairs: (G, K) = (G, GY),
(G,H) = (G,G?), and (G,G?%). For later purposes it will be useful with
some names related to the latter pair: Let

Gy =G gy=g""=tnhopng, and g_=tNnqg® pnh.

Since #(G) = G4 we have that G, is a connected linear reductive group
with the maximal compact subgroup K NG, = KN H.

Example 2.1. Let X be the real hyperbolic space G/H = SO.(p, ¢)/SO.(p—
1,q) as in Example 1.6. In this case K = SO(p) x SO(q) and the decom-
position (2.1) of the Lie algebra g = so(p, ¢) is indicated in the following
diagram, which shows where the matrices in each of the four subspaces

have their nonzero entries.

{ 0 tNg pNg
p—1{ tENg ENp pNh
{ [ pna [ pnh | END

It follows that g4 ~ so(p — 1) x so(1,q).

For the semisimple group G there are four important decompositions:

G = Kexpp (the Cartan decomposition),
G =KAK (the K AK decomposition),
G=KAN (the Iwasawa decomposition),
G = Uyew NWP  (the Bruhat decomposition).

(The KAK decomposition is sometimes also called the Cartan decompo-
sition.) In this and the following lecture we shall be looking for related

decompositions for the semisimple symmetric space G/H.
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The Cartan decomposition G = K expp ~ K X p implies that the sym-
metric space G/K as a manifold is diffeomorphic via the exponential map
to the Euclidean space p. The direct analog of this, that G/H =~ g, is false
in general. For this reason the exponential map exp:q — G/H is most
useful locally around the origin. The following proposition may be seen as
a generalization of the Cartan decomposition.

Proposition 2.2. The map (k,Y,X) — kexpY exp X is a real analytic
diffeomorphism of K x (pNq) x (pNY) onto G.

It follows that G/H is diffeomorphic to the vector bundle K X xng pNy
over K/K N H (where K N H acts on p N q by the adjoint action).

Proof. Clearly the map is real analytic. We will now construct an inverse
map. Let g € G be given. By G = K expp there is a unique S € p such
that g € Kexp S.

Let us analyze the relation we want, that is ¢ € KexpY exp X with
Y epngqand X € pnh. If we had this we would have

(2.2) exp2S = (0g) g = exp X exp2Y exp X,

and hence also

exp20S = exp X exp —2Y exp X.

Eliminating Y this would imply
(2.3) exp20S = exp2X exp —2S exp 2X.

We shall now solve this equation with respect to X. We use Lemma 2.3
below, which shows that if T' € p is defined by

(2.4) exp 2T = exp —Sexp20S exp — S,
then (2.3) is equivalent with
(2.5) exp2X =expSexpTexpS.

This analysis shows how to obtain X. Given g € Kexp S we define X
by (2.5), where T is defined by (2.4). Next we define Y by (2.2) and k by
g = kexpYexpX. It is easily verified that g — (k,Y, X) is the inverse
map we are looking for. O
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Lemma 2.3. Let U,S € p be given, and let T € p be defined by the
expression exp2T = exp—SexpUexp—S. Then the equation expU =
exp X exp —2Sexp X has the unique solution X € p given by expX =
expSexpTexps5.

Proof. The proof is straightforward. O

We shall now see how the K AK-decomposition can be generalized to
G/H. In the next lecture I will then take a look at the other decomposi-
tions.

First I would like to recall the restricted root theory for G/K. Let a be
a maximal abelian subspace of p (such a space is called a Cartan subspace
for G/K). It is unique up to conjugacy by K. The elements of ad a can be
simultaneously diagonalized, with real eigenvalues (for this reason a is said
to be split). The nonzero eigenspaces

(2.6) ga={Y €g|[HY]=aH)Y forall H € a}

with a € a* nonzero are called the root spaces and the corresponding a’s
the restricted roots. The set of restricted roots, denoted X(a, g), is a root
system (it satisfies the axioms of an abstract root system). Note however
that in contrast to the diagonalization of a Cartan subalgebra of a complex
Lie algebra where the root spaces are always one-dimensional, the root o
has a multiplicity m, = dim g, which may exceed 1. Moreover, both a and
2c can be roots. The eigenspace go is the centralizer of a. By maximality
of a we have go N p = a. Denoting the centralizer of a in £ by m, we have
go = a ® m, and hence

g =00 MBacs(a,g) Ja-
Choose a positive set £*(a, g) for £(a, g), and let n and @ denote the sums

of the root spaces for the positive and negative roots, respectively, then we
get the Jwasawa and Bruhat decompositions of g,

g=t0adn=ndmePadn.

A regular element H € a is an element for which a(H) # 0 for all a €
Y(a,8). A connected component of the set of regular elements is called
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an open Weyl chamber; in particular we have the positive chamber a*t
corresponding to ¥t (a,g), where the positive roots take positive values.
Finally, the Weyl group W(a, g) is defined as the quotient of the normalizer
Nk (a) with the centralizer M = Z g (n); it acts naturally on a and coincides
via this action with the reflection group of the root system X(a,g). In
particular, it acts simply transitively on the Weyl chambers as well as on
the different choices for £*(a, g).

Let A = expa and AT = expa™, then the KAK decomposition says
that every element g € G can be written as g = kjaky with ki, k; € K
and with a € A. The a € A is uniquely determined up to conjugacy by
W (a,g); in particular it can be chosen in the closure A+ of At. This
decomposition is the basis for the use of polar coordinates on G/K: the
map (kM,a) — kaK € G/K maps K/M x AT onto G/K and it maps
K/M x A™ diffeomorphically onto an open dense subset of G/K.

We now return to the setting of semisimple symmetric spaces. Let a4 be
a maximal abelian subspace of pNq. Since g, = tNh @ pNqis the Cartan
decomposition of g, and KN H is a maximal compact subgroup of G, we
can apply the theory outlined above to G4 and obtain that ag is unique up
to conjugacy by K N H. Moreover, let L(a,, g+) be the corresponding set
of restricted roots, L1 (a4, g+) a set of positive roots, q; the corresponding
positive chamber, Af = expa} and Wxny = Nknn(ag)/Zxnu(a,) =
W(aq, g+) the Weyl group. The K AK-decomposition applied to G gives
that G = (K n H)A (K n H).

Theorem 2.4. (KA, H-decomposition.) Every element g € G has a de-
composition as g = kah with k € K, a € A, and h € H. In this decompo-
sition the a is unique up to conjugacy by Wgny. The mapping

(2.7) (kZKmH(Clq),a) — kaH € G/H
maps K/Zxnu(aq) X ZQI onto G/H, and it maps K/Zgnn(aq) x Al dif-
feomorphically onto an open dense subset of G/H.

Proof. This follows from Proposition 2.2 combined with the K AK decom-
position for G and the Cartan decomposition H = (HNK)exp(pny). O

The map (2.7) is called polar (or spherical) coordinates on X.
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Example 2.2. Let X be as in Example 2.1, that is

X =8S0.(p,q)/SO0c(p - 1,9)

:{xéRpH1mf+-~-+xf,—x,2,+1—"-—x,2,+q=1}

(with z; > 0if p =1). For 1 <i,j < p+q let E;; denote the (p+q) % (p+q)
matrix with 1 on the (4,j)th entry and zero on all other entries, and let
Y = Epig1 + E1ptq. Then a; = RY is maximal abelian in p N q. The
centralizer of Y in K N H consists of the elements of the form

S ==
o o< o
o ¥ o o
-~ o o ©

where V € SO(p — 1) and W € SO(q — 1). Hence K/Zknu(aq) can be
identified with SP=! x 897!, and the polar coordinate map is then given by

S§P71 8971 x R 5 (v, w, 1)

— z(v,w,t) = (vy cosht,...,vpcosht,wysinht, ..., wgsinht) € X.

Note that if p = 1 or ¢ = 1 we should read S® as {1}. Note also that there
is a significant difference between the cases ¢ > 1 and ¢ = 1. In the former
case we have z(v,w, —t) = z(v, —w, t) and the map is a diffeomorphism of
SP~1x §9-1 x R onto an open dense set, whereas in the latter case one has
to use both signs on ¢ in order to get an open dense set in X. In the terms
of Theorem 2.4, the open chamber u(‘; is different in the two cases. The
explanation is that (as mentioned in Example 2.1) g, = so(p—1) xs0(1, q),
which means that X(a,, g4+) and Wgn~y are trivial when g = 1, whereas
otherwise Wrngy ~ {£1}.

It will be very important for us to be able to integrate over G/H. As
mentioned in the Introduction, a semisimple symmetric space does have
an invariant measure. This measure is unique up to scalar multiplication.
The following theorem gives a formula for it in polar coordinates.

For a € a} we define g, in analogy with (2.6) by

ga ={Y €g|[H Y] =a(H)Y forall H € a,},
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and we denote by X(aq, g) the set of those nonzero o’s for which g, # 0. As
we shall soon discuss this set is a root system. In particular, this means that
we can select a positive set X7 (ag,g). Note that X(ag,g4+) C Z(ag,g). We
require that X+ (ag, g) is chosen such that it contains the set S+ (a,, g4).
Note also that 06(g,) = go, which shows that g, decomposes as g, =
9t @ g, where gf = g, Ngs. Let my = dimg, be the multiplicity of «,
and define m* = dim g2, then m, = mZ +m7, and my is the multiplicity
of o as a member of ¥(ag, g4+). Let

JY)= H sinh™= a(Y) cosh™ a(Y)
a€Xt(aq,9)

for Y € a,.

Theorem 2.5. An invariant measure de on X = G/H is given by
/ f(z)dz :/ / flkexpY -0)J(Y)dY dk,
X K JaF

where dY denotes a Lebesgue measure on a4, and dk a Haar measure on

K, and where the Jacobian J(Y') is given above.

Proof. I give the proof only in the special case of the example below. O

Example 2.3. As before let X be the real hyperbolic space. On RP19 the
Lebesgue measure dr = dx; ...dxp4 is invariant for G = SO.(p, ¢). If we
use the polar coordinates (v,7) € SP7! x Rt and (w,s) € S97! x Rt on

the first p and last q entries, respectively, we get
de = dvdwrP ldr s771ds,

where dv and dw are the rotation invariant measures on the two spheres.
Restricting to the open set where r > s we can write the pair (r,s) as
(€ cosht, Esinht), and by computation of the Jacobian we have drds =
£d€ dt. Hence we get in these coordinates that

dz = dv dw P97 1dE coshP ™! tsinh? ™! ¢ dt.
Now X is given by £ = 1, and we get that the measure

dv dw coshP ! tsinh?™ !t dt
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is invariant on X (along the way we have implicitly assumed that p,q > 1
but the argument is quite easily extended to the other cases as well). This
result is in accordance with Theorem 2.5. Indeed, we have seen that a, =
RY where Y = Epi g1 + E1piq. It is easily seen that X(ag,g) = {£a}
where a(Y) =1, and that the root space for « is the span of the vectors

Xi=—Fiqin+Ei i+ Eprgiv1 + Eigipiq € 8-

fori=1,...,p—1 and the vectors

Zi=Epijrn+ Eiprj+ Epigpti — Eptjprq € 9+

forj=1,...,q—1. Hence m; =p—1and m} =q— 1.

I will end this lecture by giving some more details about X(ay, g). Let a
be a maximal abelian subspace of p containing a4, then a N q = a4 by the
maximality of a,. Define the Weyl group of a; in g by W = W(a,,g) =
Nk (ay)/Zk(a,). The first statement of the following proposition was men-
tioned earlier.

Theorem 2.6. The set ¥(aq,8) is a root system. Its reflection group is
naturally identified with W (a,,g8), and each element w in this group has a

representative b € Ny (aq) which at the same time also normalizes a.
Proof. See the notes for a reference. [

The situation is thus that we have two root systems on a4, L(aq,g)
and the subset ¥(a,,g4). Correspondingly, we have two Weyl groups,
W = W(a,,g) and the subgroup Wixng = W(ag,g4+). The quotient of
these two groups turns out to be very important. If al‘; is a Weyl chamber
for ¥(aq, 9+ ), it contains in general several chambers for ¥(a,, g), and these
subchambers can be parametrized by W/ Wy ny.

Example 2.4. Let X be as in Examples 2.1-2.3. We saw that ¥(a,, g) =
{£a}, which is clearly a root system. The Weyl group is W ~ {£1}. We
also saw that ¥(aq,94) = X(ag,9) if ¢ > 1 and X(ag,94) =0if g=1. In
the latter case Wk is strictly smaller than W,
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Example 2.5. Let G/H = SL(n,R)/SO.(1,n — 1). Here the involution
is given by o(z) = J6(z)J, where J is the diagonal matrix with entries
—1,1,...,1. A maximal abelian subspace of pNq is the space a, of diagonal
matrices in g = sl(n,R). Then a4 is in fact at the same time maximal
abelian in g. The restricted root system X(ag,g) is then A,_;, that is
Y(aq,8) = {e: —¢; | 1 <i# j <n}. All roots have multiplicity one in this
case. The reflection group W is the corresponding group of permutations
of the n entries.
It is easily seen that G consists of the matrices

(g j) € SL(n,R),

where A € GL{n—1,R) and a™! = det A > 0. Hence £(a,,9+) = {e;—¢;j |
2 <i# j <n}and Wgny is the subgroup of W leaving the first entry
fixed. Thus the quotient W/Wgp has n elements.

Example 2.6. The group case. Let G be 'G x 'G and H the diagonal, so
that G/H is isomorphic to ‘G by the map (z,y)H + zy~'. I shall denote
objects related to 'G with a ' in front of the symbol used for the similar
object defined earlier for a group G. For example ‘0 is a Cartan involution
for 'G and 'K is the corresponding maximal compact subgroup. This said,
we have the following equalities: 8 ='¢ x 9, K = 'K x 'K etc. A maximal
abelian subspace a4 of pNq is obtained by letting ag = {(-Y,Y) | Y € 'a},
where ‘a is maximal abelian in ‘p, and its root system is

Y(ag,9) = {a| 3 € X(q,'9): a(-Y,Y) =a(Y)}.

The map a — & is a bijection (the root space corresponding to a is go =
‘g_a X ‘@4, thus the multiplicity of « is twice the multiplicity of &). Hence
Y(ag, g) is really a root system. Its Weyl group W is easily seen to consist
of the elements w given by w(-Y,Y) = (—wY,wY) for some & € 'W. As
a representative for w we can take any element (z;,z2) € K for which
z1,z2 € 'K both are representatives for w. Clearly this element (z;,z;)
normalizes a = ‘a X ‘a; thus the final statements of Theorem 2.6 are verified
for this case. In particular, if we take £; = x2 we obtain a representative
in K N H, and hence we have Wgny = W in this case.



LECTURE 3

Parabolic subgroups

In this lecture I shall begin by describing the parabolic subgroups of G
related to G/H. As in the group case, parabolic subgroups are indispens-
able for the harmonic analysis; all the representations of G that enter in
the decomposition of L?(G/H), except the discrete series, are (supposedly)
constructed by means of induction from parabolic subgroups.

Recall that the minimal parabolic subgroups of G are the conjugates of
the subgroup Py = MgApNy. Here Ay and Ny are the subgroups given in
the Iwasawa decomposition G = K AgNg, and My is the centralizer of Ag
in K (note the deviation from earlier notation; since we shall be dealing
mainly with other parabolic subgroups than Fy, it is convenient to reserve
M, A, and N for a better use). It follows from the Iwasawa decomposition
that all minimal parabolic subgroups are conjugates of Py by elements from
K.

Recall also that a parabolic subgroup of G is a subgroup containing a
minimal parabolic subgroup, and that each parabolic subgroup P has a
Langlands decomposition P = MiN = MAN ~ M x A x N, where N is
nilpotent and M; = M A is reductive, and where A is the vectorial part of
the center of M.

The parabolic subgroups with which we shall be dealing mostly here are
the so-called o-minimal parabolic subgroups P. Before I introduce these, |
need some notation from the previous lecture. Let a; be a maximal abelian
subspace of pNyg. Given a set ¥¥(ag, g) of positive roots for the root system
of a, in g, let n = n(X7"(a,, g)) be the sum of the root spaces corresponding
to the roots in this set, and put N = N(X*(ay, g)): = expn. Let M; denote
the centralizer of a, in G, and put P = P(X%(ag,9)):= M1 N. It is easily
seen that M normalizes N and hence P is a subgroup of G. By definition,
a o-minimal (or minimal 08-stable) parabolic subgroup of G is a conjugate
by an element from K N H of P(X%(a,,g)) for some set X (ay,g). It is
clear that the #-minimal parabolic subgroups are the minimal parabolic

subgroups. The terminology is motivated by the following lemma.

113
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Lemma 3.1. The o-minimal parabolic subgroups are parabolic subgroups
satisfying the identity c6(P) = P, and they are minimal among all parabolic
subgroups P satisfying this identity.

Proof. Only the first statements will be proved, since the last one will not
be used.

Extend a4 to a maximal abelian subspace ag of p, then ¥(a,, g) consists
of the nonzero restrictions to a, of the elements of £{ay, g). Given a positive
set X1 (ag, g) for £(ao, g), the set £t (a,, g) of its nonzero restrictions to a,
is a positive set for ¥(aq, g) (and any positive set for X(aq, g) is obtained
by restriction from a (possibly several) ¥*(ag,g) — the sets ¥ (ao,g)
and 1 (a,,g) are said to be compatible). It follows that n(Xt(a,,g)) is
spanned by those root spaces from ng that correspond to roots with nonzero
restrictions to ay. The remaining root spaces are contained in my, the
centralizer of a,. It follows that Ng C P(X%(ag,g)). Since we also have
My Ao C M, we conclude that Py C P(X%(a,,g)). Hence P = P(X%(a,,g))
is a parabolic subgroup. The identity 08(P) = P easily follows from the
fact that the composed involution o6 acts trivially on aq.

By definition a og-minimal parabolic subgroup is a K N H-conjugate of
a subgroup of the form P(X%(a,,g)), hence it is also a gf-stable parabolic
subgroup. O

Example 3.1. Let us again take a look at X = SO.(p,q)/SO.(p — 1,q). As
in the previous lecture we have that a; = RY where Y = E,_ 41+ E1 p1q.
We then get that the centralizer M) consists of the matrices in SO,(p, ¢)
of the form

e 0 0 cosht 0 sinht
(3.1) 0 m 0 0 1 0
0 0 ¢ sinht 0 cosht

b

where € = £1, m € SO(p — 1, — 1), and ¢t € R. The root spaces gen-
erating n were described earlier (Example 2.3). It follows easily that P is
the subgroup of G = SO(p, q) leaving the space spanned by the vector
(1,0,...,0,1) € RP*7 invariant. Note that P is only minimal if p = 1 or
g=1.

Example 3.2. The group case. The parabolic subgroups of ‘G x ‘G are
given by P = 'P; x 'P,, where 'P;,'P, are parabolic subgroups of ‘G. It is
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clear that P is o6 stable if and only if 'P; and ‘P, are opposite, that is,
‘P, = Py= f('Pz), and that P is minimal among these if and only if in
addition we have that 'P; is minimal. Thus the minimal o#-stable parabolic
subgroups are the parabolic subgroups ‘P, x ‘Py, where 'Py is a minimal
parabolic subgroup of '‘G. Comparing with Example 2.6 we see that these
are exactly the parabolic subgroups we get from the construction above.

Fix £* (a4, g) and let P = P(X%(a,,g)). As in the proof of Lemma 3.1,
let Py = MyAoNo be a minimal parabolic subgroup corresponding to a
compatible choice ¥ (ag, g) of positive roots, then Py C P. Note that we
have o(ap) = ap by the maximality of a, (if Y € ag then ¥ — o(Y) must
belong to a4, and it follows that o(Y') € ay). Hence My is also o-stable.

Let P = MAN be the Langlands decomposition of P, then N =
N(X*(ag,8)) and M; = MA is the centralizer of a,. Since a, is o-stable
we have that M is also o-stable. Moreover, the vectorial part A is o-stable
as well (use that a is the intersection of the kernels of all roots of X(ag, g)
that vanish on a,), and so is M (use that M = M, Mp). Since conjugation
by K N H preserves these properties it follows that the MQ and the Ag are
o-stable for any o-minimal parabolic subgroup Q@ = MgAgNg.

In particular we have that A splits as the direct product A = AjA,
where A, = AN H and A; = expa,. We now have the following o-stable
subspaces of p,

a;, CaCag

with
(3.2) ag=anNqg=agNgq and ap=anhCagNh.

In contrast to the case of minimal parabolic subgroups, the M-part of
a o-minimal parabolic subgroup is in general not compact. The following
lemma shows that this is actually not a serious complication, from the
symmetric space viewpoint. Note first that since M is o-invariant, the
homogeneous space M/(M N H) is a symmetric space (note however that
M, M N0 H, and their quotient may all be disconnected).

Lemma 3.2. The symmetric space M /(M N H) is compact.

Proof. Let M, be the connected normal subgroup of M which is maximal

subject to the condition that {e} is its only compact normal subgroup. If
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we prove that

(3.3) M,CH
and that

then it follows that M/(M N H) ~ My/(Mo N H) is a compact symmetric
space.

To see (3.3) note that the Lie algebra m, of M, is the Lie algebra
generated by the intersection m Np. Since a4 is maximal in p N q we have
m N p C b from which it follows that m,, C b. Since M, is connected we
conclude that it is contained in H.

Finally (3.4), which is valid for any parabolic subgroup, easily follows
from the fact that M = MyM,, where M, is the identity component of
M. O

Example 3.3. For the hyperbolic spaces, we saw in Example 3.1 that M;
consists of all matrices in SO.(p, ¢) of the form (3.1). The decomposition
of M; as M A is indicated in this matrix product; in particular we have
that A = A, (with an exception for the case p = ¢ = 2). The group M
has two components, corresponding to the two values of € (with exceptions
for p = 1 or ¢ = 1, where ¢ is forced to be 1). The elements of M N H are
obtained by requiring € = 1. Thus M/(M N H) has at most 2 elements.

As mentioned in the previous lecture the quotient W/Wxny is im-
portant. Note that we can identify W/Wgn~p naturally with the double
quotient (M N K)\Nk(a,)/Nknn(a,;) because W ~ Ng(aq)/(M N K),
Winn =~ Nignr(a,)/ (M N KN H) and M N K is a normal subgroup of
Nk(ag). It will be convenient to work with a fixed set of representatives
in Nk (a,) for W/Wgnp. This set will be denoted W. By Theorem 2.6 we
may assume W C Nk (ao).

Note that conjugation by an element w from N (a,) leaves M invariant,
and that hence M/(w(M N H)w™!) = M/(M NnwHw™!) is a symmetric
space, corresponding to the restriction to M of the conjugate involution

o¥"". It follows from Lemma 3.2 that this space is also compact.
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I now come to the heart of this lecture, which is the description of the
orbits of P on G/H. This description may be seen as a generalization of the
Iwasawa decomposition, from which it follows that the minimal parabolic
subgroup Py has one orbit (acts transitively) on G/K. In general it turns
out that the picture is much more complicated, as can be seen already in
the group case (Example 3.2). Here P = 'P x 'P, and the description we
are looking for is the description of the 'P x ‘P double cosets on 'G. This
picture is given by the Bruhat decomposition

G =u, ., PP

A description of the P-orbits on the general G/H will thus be a gener-
alization of both the Iwasawa and the Bruhat decomposition at the same
time.

It turns out that in general there is also a finite number of P-orbits on
G/H, but here I shall in fact not give the full description of all these orbits.
Only the open orbits will be described. In the group case we know from
the Bruhat decomposition that there is exactly one such orbit, ‘P'P. As
we shall see in the following theorem, this corresponds to the fact that the
quotient W/Wgkny in this case is trivial (just as it is in the case of G/K).
The theorem gives a one-to-one correspondence of the set of open P-orbits
on G/H with W/Wxng.

Theorem 3.3. Let P be a o-minimal parabolic subgroup of G with the
Langlands decomposition P = M AN, and let w € Ng(ag). The mapping

w: M x Ag x N3 (m,a,n) » manwH

gives a diffeomorphism of M /(M NwHw ') x A; x N onto the open subset
PwH of G/H. Moreover, the union

is disjoint and dense in G/H. Its complement is a finite union of P-orbits.

Proof. Only the first statement will be proved.
It is easily verified that ¢ gives rise to a map ® from M/(M NwHw™!) x
A4 X N onto the subset @ = PwH of G/H. Note that Q only depends on
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the side class (M N K)wNgng(aq). It is also clear that for the proof of the
first statement we may take w = e (after that we can apply the statement
for w = e to the parabolic subgroup w=! Pw).

To see that &: M/(M N H) x Ay x N = G/H is injective we need that
PNnH=(MnNH)A. Let man € PN H. Then o(m) € M and o(a) € A,
whereas o(n) is in the nilpotent part N of the opposite parabolic subgroup
P (because o reverses the sign on all the roots of a,). Since o(man) = man
and PN P = MA it follows that n = og(n) = e. Moreover it also follows
that o(a) = a and o(m) = m. Thus a € A, as claimed, and then ma € H
implies that m also has to be in H (the identity o(m) = m only implies
that m is in G7).

In order to finish the proof of the first statement it is sufficient to show
that

(3.6) g=m+a+n+h.

Indeed, if G is a Lie group and Hy, H» closed subgroups whose Lie algebras
satisfy g = h; + ho, then the map hy — hyH; gives a diffeomorphism of
H,/(H; N H;) onto an open subset of G/H; (use translation by H; to
reduce to a neighborhood of the origin).

Since g = i+ m + a + n it suffices for (3.6) to prove that n C n + b.
Let @ € £ (ag,g) and Y € g7®. Then —oa is also in ¥ (a,, g), and hence
oY)eg @ cCn ThusY =(Y +o(Y))—ao(Y)eh+n O

Example 3.4. In the case of the hyperbolic space X it follows from the
theorem above that there is one open P orbit on X, unless when ¢ = 1,
where there are two. This can be seen directly as follows (for simplicity
we assume that we are in the non-Riemannian case p > 1). Recall that
X={zeRPti|zl+ ...+ -2, —---—z2, =1} and that P is the
subgroup of G leaving the space spanned by the vector eg = (1,0,...,0,1)
stable. Let  be the set of all elements z € X with (x,e0) = 21 —@p1q #0
(here (-,-) denotes the standard O(p, g)-invariant bilinear form on RP*9),
then it is clear that € is open and dense in X, and moreover it is P-
invariant. It can be seen that if ¢ > 1 then P acts transitively on 2, whereas
if ¢ = 1 it divides into the two P-orbits 4 = {z € X | (z,e0) 2 0}.

From the Iwasawa decomposition G = KAyNg ~ K X Ag X Ny one
gets the important [wasawa projection H: G — ap, defined by the require-
ment g € KexpH(g)No. Reformulating it in terms of the symmetric
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space G/K we have the map gK — ag(gK) = —H(g™!) € ag given by
g € expag(gK)} NoK. Since we have just generalized the Iwasawa decom-
position to G/H it is natural also to look at the corresponding general-
ization of this projection. Let P = M AN be a fixed o-minimal parabolic
subgroup and let 2 be the open subset PH of G/H. Then we define the
generalized Iwasawa projection a:{) = a4 by

g € Mexpa(gH) NH.

More generally, we can of course similarly define maps a,,: PwH — a4 for
each w € Nk(a,), but let me for simplicity just concentrate on the trivial
w.

Later on it will be useful to know some details about this map. More
specifically, I shall need the following result. For any v € aj let H, € a, be
the dual element with respect to the Kiiling form (that is (V) = B(Y, H,)
for all Y € a,). Recall from the previous lecture that m, is the dimension

of the —1 eigenspace of 06 in g°.

Theorem 3.4. Let a € A, be fized and let K, be the open subset {k € K |
ka € Q} of K. The map

K.23kw— a(ka) €q,
is proper and has the image
(3.7) a(Kqa) = conv(Wgngloga) + 17,

where conv denotes convex hull, and where '™ is the closed convex cone in

a, spanned by the vectors H,, where a € % (ay, g) with m_, # 0.

(Recall that a continuous map is called proper if the preimage of each
compact set is compact.)

Before discussing the proof of this theorem, let me give some examples.

Example 3.5. Let o be the Cartan involution so that G/H = G/K. Then
1 = G so that K, = K, and moreover m_, = 0 for all & so that '~ = {0}.
The theorem then states that the map k — H(ak) has the image

H{aK) = conv(W;log a),

where Wy is the Weyl group of the root system X(ag,g) (in this case the
properness is obvious). This result is known as Kostant’s convezity theorem.
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Example 3.6. In the group case, the theorem comes down to the following
result (for simplicity I omit the “’s).

Proposition 3.5. Let b: NgAgMyNy — ag be the Bruhat projection de-
fined by g € Noexpb(g)MyNy. Let a € Ag be fired and let (K x K), be
the open subset {(ki,k2) | kraks € NoAgMoNy} of K x K. Then the map

(K X K)a S (kl,kg) > b(klakg) € ag
is proper and has the image
(38) b(KaK n N()A()M()N()) = COHV(WO lOg a) + Fo,

where T'g is the closed conver cone in ag spanned by the vectors H, for
a € ¥t (ag,g) (the dual cone to the open positive chamber).

Proof. Let me indicate a proof of the properness and the inclusion “C”
of (3.8), independent of Theorem 3.4. I need the following two lemmata,
whose proofs I omit. See the notes for references.

Lemma 3.6. Let n; and n; be sequences in Ny and No such that the
sequence n;fi; converges in G. Then each of the sequences n; and @i; also

COTMVETGES.

Lemma 3.7. Let H: G = ag be the Iwasawa projection. Then H(Ny) C
Ty.

Let (kij,k2;) be a sequence in (K x K), for which b(k;jak,;) stays
inside a compact set. To get the properness in Proposition 3.5 we must
prove that (ki;, k2;) has an accumulation point in (K x K),. Write

kljaij =nja;m;n; € N()A()MQNQ,

then a; = exp b(k;jaks;). By passing to a subsequence we may assume that
the sequences ki;, kg, @;, and m; converge. Using that AgMp normalizes
Np it then follows from Lemma 3.6 that n; and #; also converge. Hence
the limit of kyjaky; belongs to NoAgMoNy. This proves the claim, and

hence the properness of b.
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To prove that the left side of (3.8) is contained in the right side note
that if z = nbm# then logb = H(zn™!). Hence

b(K(LK N N()A()M()No) C H((ZKN) = H(GK) + H(N)
Now use Example 3.5 together with Lemma 3.7. O

Proof of Theorem 3.4. I shall only give part of the proof. The proof of the
properness is based on the following observation:

(3.9) 2a(ka) = b(ka*o (k)™ 1), (k € Kq),

where b is the Bruhat projection (see Proposition 3.5 above). Indeed, if
we write ka = mexp(a)nh, then we have

ka’o(k)™! = kao(ka)™!
= mexp(a)na(n) 'exp(a)o(m)~! € N exp(2a)mao(m)~'N.

Now N C Ny, N C Ny and by (3.3) and (3.4) we have ma(m)~! € M,.
This gives (3.9), and then the properness easily follows from Proposition
3.5.

By a similar computation, a weak version of the inclusion “C” of (3.7)

can be obtained as follows. T am going to prove that
a(ka) € conv(Wloga) + T,

where ' is the closed convex cone in a, spanned by all the vectors H,,
a € Xt (ag,9).

Choose an element w € W such that w log a is antidominant with respect
to L1 (ay,g), then sloga € wloga + T for all s € W, and hence

conv(Wloga) +T =wloga +T.

By Theorem 2.6 there exists an element in W, which normalizes a, and
acts as w there. Since wloga is also antidominant with respect to " (aq, g)
we thus obtain

conv(Wyloga) + T'o = wloga + I'y.

It now follows from (3.9) and Proposition 3.5 (the part of it that was
proved) that
a(ka) € wloga + To.

It remains to be seen that I'o Nag, = I, but this is quite easy. O
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Example 3.7. For the hyperbolic space X we found in Example 3.4 that
PH=Q={z€X |z —2pyq #0}ifg>1land PH=Q, ={z € X |
Ty — Tpyq > 0} if ¢ = 1. It is now easily seen that a: PH — a, is given
by a(z) = —log|zy — 2544|Y, and Theorem 3.4 can be verified for this
case. Note the essential difference between the Riemannian (p = 1) and
the non-Riemannian (p > 1) cases, and also between the cases ¢ = 1 and
q>1.



LECTURE 4

Invariant differential operators

I shall now turn to another important matter for the harmonic analysis,
the description of the invariant differential operators.

Let us for the moment consider any homogeneous space G/H of a Lie
group G. Let D(G/H) be the set of invariant differential operators on
G/ H; this is a subalgebra of the algebra of all differential operators on X.
Let U(g) be the universal enveloping algebra of g., the complexification of
g, and denote by U(g)¥ the subalgebra of elements invariant for the adjoint
action of H. The elements of U(g) act on G as left-invariant differential

operators, by means of the action generated by

(4.1) Xflg)=—=| flgexptX)

for X € gand f € C°°(G). Viewing functions on G/H as right H-invariant
functions on G it follows that there is a natural action of the elements of
U(g)f on C®(G/H). 1t is easily verified that this action is an action
of differential operators on G/H, and that a homomorphism of algebras
rU(g)" — D(G/H) is thus obtained. It is clear that U(g)¥ n U(g)h
is an ideal (both left and right) in U(g), and that it is annihilated by

r. Thus we have a homomorphism, also denoted r, from the quotient

U(9)"/(U(g)" nU(g)h) into D(G/H).

Proposition 4.1. Assume that by has an H-invariant complement in g.
Then r is an isomorphism of the algebra U(g)? /(U(g)¥ N U(g)bh.) onto
D(G/H).

Proof. Omitted. See the notes for a reference. O

Assume now that G/H is a semisimple symmetric space. Then Propo-
sition 4.1 applies, since q is H-invariant.

A particularly important element of D(G/H) is the Laplace-Beltrami
operator (or Laplacian) L on G/H. As on any pseudo-Riemannian manifold

123
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this is defined in local coordinates by

\/|_dt_28 iV detggjaz,

where g = g,; is the pseudo-Riemannian structure and g% is the inverse ma-
trix. It is an invariant differential operator, because the pseudo-Riemannian
structure is invariant. On the other hand, we have in U(g) the Casimir
element 2 defined by Q = Zi’j 'yiniX]- where X; is a basis of g, and v%
the inverse matrix of B(X;, X;). It can be seen that L and r(Q) coincide,
up to a positive scalar multiple.

Before I continue with the description of D(G/H) for the general semi-
simple symmetric space G/H, I will first give the description of D(G/K).
The description of D(G/K) is based on the Iwasawa decomposition g =
no D ap  f, and on the Poincaré-Birkhoff-Witt theorem. From these we get
that

U(g) = (no,cU(g) + U(g)t:) @ U(ao),

and hence we can define a map “yo: U(g) — U{ag) as the projection with
respect to this decomposition. Since ay is abelian it is customary to identify
its universal enveloping algebra with its symmetric algebra, and write S(aop)
instead of U(ag). It is not difficult to see that the restriction of ‘yo to
U(g)¥ is a homomorphism. Moreover, it is clear that ‘yo annihilates U(g)¥.,
and hence it follows from the proposition above that ‘v, gives rise to a
homomorphism of D(G/K) into S(a). This homomorphism is called the
Harish-Chandra homomorphism. We denote it also by “yg. Note that it
depends on the choice we made for ¥ (ag, g), because ng depends on it.
It turns out that a modified version of “yq is actually more fundamental

than “yo itself. Let py € ajj be given by

el Y e

aEXt(ag,g)

that is, half the trace of ad on ng, and let T,, be the automorphism of
S(ag) generated by T,,(Y) = Y + po(Y), for Y € ag. We now define
0:U(g)® — S(a0) by 70 = Tpoo'vo. This map is called the Harish-
Chandra isomorphism because of the following theorem.
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Theorem 4.2. The map o is an algebra isomorphism of D(G/K) onto
S(ag)Wo, the set of Wy-invariant elements in S(ag). It is independent of
the choice of £ (ag,9).

Proof. It remains to be seen that (D) is Wy-invariant for all invariant
differential operators D, and that ~o is bijective (the independence on
¥t (ag, g) is an easy consequence of the Wy-invariance).

The proof of the Wy-invariance is surprisingly complicated. One proof
involves the spherical functions ¢ on G/K (a reference to a different one
can be found in the notes). Let me recall how these are defined. As in the

previous section let H: G — ag be the Iwasawa projection. Then

(4.2) m(g)::/ e~ (A po)H(g™ k) gL
K

for A € af . and g € G. Clearly each ¢, is a smooth function on G/K. I
shall return to the importance of these functions soon. For the moment,

let me note the following two facts:

(a) The spherical functions are eigenfunctions for D(G/K). In fact we
have
Doy =70(D, A)pa

for all D € D(G/K). This follows, because the integrand in (4.2) is
already an eigenfunction with this eigenvalue (this is easily seen).
(b) We have @,» = ¢, for all w € Wy (see [130, Prop 7.15]).

It follows from (a) and (b) that vo{D,wA) = v(D, A) as claimed.
The proof that 7o is bijective is too extensive to be given here. [

Note that it follows immediately that D(G/K) is commutative. In fact,
one can say more: from the theory of finite reflexion groups it follows that
it is a polynomial ring in dim a algebraically independent generators.

We shall now generalize this result to G/H. By definition, a Cartan sub-
space for G/H is a maximal abelian subspace of g, consisting of semisimple
elements. In particular, there exists a Cartan subspace a; containing a,.
Then a4 = a;Np. The elements of ad a; can be simultaneously diagonalized,
but in general there will be complex eigenvalues. In analogy with what we
had for ay and a, we get a root system X(ajc, g.) (but the complexified
Lie algebras are needed), and corresponding to each choice of positive set
¥*(ay g.) an analog of the Iwasawa decomposition g. = n; @ a1 ® b,
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where n; is the sum of the root spaces corresponding to the positive roots.
However, this decomposition will not in general correspond to a decom-
position of the real Lie algebra g. Nevertheless, the construction of the
Harish-Chandra homomorphism can be generalized to this setting: a map
w:U(g) — Uf(a;y) is defined by projection with respect to the Iwasawa
decomposition, and this gives rise to a homomorphism from D(G/H) to
S(a1). As before we define v = T, oy, where p; € aj, is half the trace of
ad on ny, and denoting by W; the Weyl group of ¥(a;., g.) we have:

Theorem 4.3. The map ~y is an algebra isomorphism of D(G/H) onto
S(a;)W1. It is independent of the choice of L1 (1., 8c)-

Proof. The proof consists of reduction to Theorem 4.2 by means of an
important technique, called “duality”. We have seen that D(G/H) is iso-
morphic via 7 to U(g)¥ /(U(g)h. N U(g)F) (this isomorphism is implicit
already in the construction of v as a map from D(G/H)).
Define
g’=tnh @ pnq @ i(tNqg @ pnh) Cg.,

then g? is a real semisimple Lie algebra with the same complexification as
g. Let
t'=enh @i(pnh) =h.Ng

and
p=pnq @i(tnq)=q.Ng*

then g? = ¢ @ p? is a Cartan decomposition of g? (by this I mean that
the Killing form is negative definite on £ and positive definite on p?). The
pair (g¢,€%) is called the noncompact Riemannian form of the pair (g,b).
Let

ol =a, @i(a; NE) = a;.Ng?,

then af is a maximal abelian subspace of p¢. Since ag and a; have the
same complexification, the root system X(a;., g.) is essentially the same as
the root system (ad, g?) (the space a? is the subspace of a;, on which the
roots are real), and their root spaces in g, are identical. Let (G¢, K¢) be a
symmetric pair with (g%, €?) as Lie algebras, then G¢/K? is a Riemannian
symmetric space. Using Theorem 4.2 on G¢/ K¢ we get the Harish-Chandra
isomorphism ¢ of U(gd)Kd/(U(gd)Kd NU(g?%)e¢) onto S(ag)wd, where W4
is the Weyl group of £(ag,g?). Since U(gd)Kd = U(g)’ = U(g)" and
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S (ag)wd = S(a;)"1, it follows from the definition of 4§ that it is actually
identical with v. O

As for D(G/K) it follows that D(G/H) is a polynomial algebra with
dima; independent generators, and in particular it is commutative. In
the terminology of the proof above we have actually that D(G/H) ~
D(G?/K4).

As another application of the technique of proof in Theorem 4.3 we
get the following: all Cartan subspaces for G/H are conjugate under the
complex group H,. (they are, however, in general not conjugate under H).
In particular they have the same dimension; this dimension is called the
rank of G/H. The dimension of the maximal abelian subspace a4 of pNg
is called the split rank of G/H (because a, is a maximal subspace of q for

which g splits over the reals). The rank is the number of generators for
D(G/H).

Example 4.1. For the real hyperbolic space X = SO,.(p,q)/SO.(p—1, q) we
have that the maximal abelian subalgebra a, = RY of pnq defined earlier,
is actually maximal abelian in q. Hence a; = a4 is a Cartan subspace,
and X has rank one as well as split rank one. In particular it follows from
Theorem 4.3 that D(G/H) consists of all polynomials in the Laplacian.

Let 3(g) denote the center of U(g), then 3(g) C U(g)?. Let Z(G/H)
denote the subalgebra r(3(g)) of D(G/H). Note that for D = r(z) €
Z(G/H) we have that the action of D on G/H can also be obtained from
the left action of g on G/H as follows. All the elements of U(g) act on G

as right-invariant differential operators, by means of the action generated

by

6((X)f(9) flexp—tX g)

Tt t=0
for X € g. Identifying functions on G/H with right H-invariant functions
on G, this action gives a homomorphism, also denoted ¢, from U(g) into
the algebra of differential operators on G/H. Clearly, the restriction of
¢ to 3(g) maps into the invariant differential operators. In fact, it is not
difficult to see that £(z) = r(Z) for z € 3(g), where u — @ is the principal
antiautomorphism of U(g) determined by X + —X for X € g..

In general Z(G/H) is a proper subalgebra of D(G/H), but this is actu-

ally quite exceptional:
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Lemma 4.4. If G is a classical Lie group, or if the rank of G/H is one,
then Z(G/H) = D{(G/H).

Proof. By the same argument as in the proof of Theorem 4.3 we may assume
that H = K. For the classical groups one proceeds case-by-case (see the
references in the notes). If the rank of G/K is one it follows from Theorem
4.3 that D(G/H) is generated by the Laplace-Beltrami operator L, which
equals a constant times r(Q) € Z(G/H). O

As mentioned in the Introduction, the spectral theory for the invariant
differential operators is an important tool for the harmonic analysis on
L?(G/H). The operators D € D(G/H) are of course unbounded as opera-
tors on L?(G/H); as their domain it is convenient to take the dense subset
C(X) of compactly supported smooth functions on X.

Recall that the formal adjoint D* of D € D(G/H) is the differential
operator defined by

Df(x)g(z)dz = f(z)D*g(z)dx
G/H G/H
for f,g € C*(X). Clearly we have D* EVD(G/H). If D = D* then D is
called formally self-adjoint (this means that D is a symmetric operator).

Proposition 4.5. Let D € D(G/H) be formally self-adjoint. Then D is
essentially self-adjoint.

Recall that an unbounded operator is called essentially self-adjoint if it
has a self-adjoint closure.

Proof. 1 first need to recall some general representation theory. If (r,H)
is a representation of G on a Hilbert space H, the space of C*°-vectors for
7 is denoted H*° (by definition it is the space of vectors v € H for which
g — w(g)v is smooth). It is a dense subspace of H, and it carries a natural
representation of U(g). It also has a natural Fréchet topology, with respect
to which the action of U(g) is continuous.

Applying this to the representation (¢, L2(X)), it is easily seen that the
space of C* vectors for this representation is the space

LA(X)® = {f € C(X) | L(u)f € L*(G/H) for all u € U(g)},

with the topology induced by the seminorms p,(f) = ||£(u)f].
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Let me first note that C°(X) is dense in L?(X)°. This can be seen by
a standard argument as follows: There exist functions h, € C°(G) with
h, > 0, fG h.(g)dg=1 and whose support shrinks to {e} as n — oco. Let
h, * f be the convolution product of h,, with f defined by

(hn % 1)(z) = (E(h)f)(z) = /G hag)f (g~ "2)d,

then I claim that for any f € L?(X)> we have that h, * f — f in L?(X)>
as n — oo, and that each h, x f is in the closure of C*°(X) in L%(X ).
Both claims are easily seen, and they clearly imply the stated density of
Cx(X).

Obviously each D € D(G/H) extends to an operator with domain
L?(X)>=. In fact, it can be seen that D maps L?(X)>™ continuously
into itself. I shall not attempt to prove this here, but only note that for
D € Z(G/H) this is clear because £(U(g)) is continuous on L?(X)> (thus,
by Lemma 4.4 all symmetric spaces of the classical groups or of rank one
are covered). It follows from the continuity combined with the density of
C*(X) that if D € D(G/H) is formally self-adjoint then the extension to
L?(X)> is symmetric.

Now let

Dom(D) = {f € L*(X) | Df € L*(X)}

(where Df is defined in the distributional sense) and let D denote the
extension of D to this domain. I claim that this extension is self-adjoint.
First of all we have that (Df,g) = (f, Dg) for all f,g € Dom(D), because
this holds for f,g € L*(X)° and with h,, as above we have h, xf € L?(X)>
with h, x f = f and D(hy, % f) = h, * Df — Df. This shows that D is
symmetric, that is, D C D*. Conversely, if f is in the domain of D*, we
have by definition that (D*f,g) = (f, Dg) for all g € Dom(D), hence in
particular for ¢ € C(X). This shows that the distribution Df equals
D* f, which is in L?(X), so f € Dom(D). O

It follows from Theorem 4.3 and Proposition 4.5 that the formally self-
adjoint elements of D(G/H) admit a simultaneous spectral decomposition
of L*(X) (see [156, Cor. 9.2]).

We have defined two Harish-Chandra isomorphisms,

v0: D(G/K) — S(ag)"o and v: D(G/H) = S(a)™M1,
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but we shall actually need one more analogous map,
vq: D(G/H) — S(a)".

(Recall that a4 is a maximal abelian subspace of p N ¢q, and that W is
the reflection group of the root system ¥(a4,g).) As the other maps it is
defined by means of projection along a decomposition of g, followed by a
p-shift. More precisely we have (see (3.6) and (3.2)) g=n®mda, d b,
and define “v,: D(G/H) — U(a,) by

u —"y,(D) € (n+m).U(g) + U(g)he,

)
where u is any element in U(g)? with r(u) = D. Furthermore we define

1 *
(4.3) p=3 Y meaced
a€Xt (aq,p)

and v, = T, o“y,. We now have:

Lemma 4.6. The map vy, is an algebra homomorphism of D(G/H) into
S(ag)W. It is independent of the choice of X% (ay, g).

Remark. In general -y, does not map onto S(a,)".

Proof. Choose compatible positive sets of roots £t (ag, g) and X7 (ay, g¢),
and let p,, € aj, be half the trace of ad on n; N m. Using that n is
of-invariant it is easily seen that p; = p + pm, or equivalently, that the
restriction of p; — p, to a; Nm = a; N ¥ vanishes.

Let A € aj. and D € D(G/H). Then it is easily seen that ‘y,(D)(\) =
¥(D)(A), and hence we get

Y(D)(A) = (D)X = pm).

Now every element w € W can be represented by an element @ € Nw, (aq)
(apply Theorem 2.6 to g¢). This element then also normalizes a; N'm, and
multiplying it with an element from the Weyl group of ¥{a;.,m) we can
obtain that it leaves p,, fixed. Now the W-invariance of v4(D) follows from

the W-invariance of v(D). A similar argument shows the independence on
Yt (ag,8). O

The map -, is significant because of the following result. Let S C a4 be
a convex, compact Wxn~y-invariant set, and put

Xs={kaH € X | k € K,loga € S}.
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Theorem 4.7. Let D € D(G/H) be nonzero, and assume that v,(D) has
the same degree as the order of D. Then we have

(4.4) suppf C Xg <= suppDf C Xg

for all f € C>(X). In particular we have that D is injective on this class
of functions.

Proof. Here I shall only give the proof of the nontrivial implication “<="
of (4.4) for the empty set S = . The general case is only slightly more
complicated. Note that the final statement of the theorem is obtained with
S = 0. T am going to use Holmgren’s uniqueness theorem, which states the
following (see [129, Thm. 5.3.1}):

Theorem 4.8. Let ¢ be a real valued C' function on an open set Q C R®
and D a differential operator with analytic coefficients on Q2. Let xo be a
point in Q) where the principal symbol o(D) of D satisfies

(4.5) o(D)(de(x,)) # 0.

Then there exists a neighborhood Q' C Q0 of xg such that every distribution
f € D'(Q) satisfying the equation D f = 0 and vanishing when ¢(z) > ¢(xzq)

must also vanish in .

The idea is to apply this at a point zg on the boundary of the support
of f. If we can find a function ¢ with the property that f(z) = 0 when
¢(x) > ¢(zp) then a contradiction is reached.

Assume supp Df = 0. I shall use the expansion of f as a sum of K-finite
functions. Recall that this is given by

sek

where K is the set, of (equivalence classes of) irreducible K -representations,
and where fs is the function given in terms of the character ys by

fs(x) :dimé/Kmk_)f(k—lx)dk,

which transforms on the left according to the K-type §. The sum is abso-
lutely convergent, and its terms are unique. It is easily seen that D can
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be applied termwise to the sum, hence Df = 0 implies that each term is
annihilated by D. It follows from this analysis that we may assume f to
be K-finite. Then the support of f is K-invariant, and it suffices to prove
that supp f N A.H = 0.

Let m = order D, then m = deg~,(D) by the assumption on D. Let
ug denote the homogeneous part of v4(D) of degree m, then ug # 0. Note
that ug is also the homogeneous part of “v,(D) of degree m = deg'v,(D)
for any choice of ¥ (ag, g).

Assume that supp f N AgH is not empty, and let S’ denote the set

S'={Y €a,|Jwe W: exp(wY)H € supp f}.

This set is clearly compact. Since ug # 0 there exists an antidominant
A € a; with ug(A) # 0. Choose ¥, € S such that A attains its maximum
over S’ in this point:

(4.7) AY) < AMYo), (Y €8

Let ag = expYy. The point agH is going to be the xy in Holmgren’s
theorem.

As in the previous lecture, let © denote the open subset PH of X = G/H
and define a: Q@ — a, by a(manH) = loga for m € M,a € A;, n € N. I
claim that

(4.8) f=0 on {ze|Aa(zx)) > Yo},

which shows that ¢(z) = M(a(x)) is a suitable function for the application
of Holmgren’s theorem.

To prove (4.8) let z = manH € QNsupp f. Then a(z) = loga and we
must show that A(loga) < A(Yy). To see that this holds, write

z=kexp(Z)H, (k€ K,Z € a,)

according to the G = KAgH decomposition. Then by Theorem 3.4 we
have that loga = U + V, where U € conv(WZ) and V € I'". In particular,
A(V) €0 by the antidominance of A, and hence

Alloga) < A(U) < max A(wZ).
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Now exp(Z)H = k™ 'z and since the support of f is K-invariant it contains
this point. Hence wZ € S’ for all w € W, and we conclude by (4.7} that

Aloga) < A(Yp).

This implies (4.8).
We still need to check the condition (4.5). The principal symbol o{D)
is given at a point kg € X by

(19) o(D)(d(z0)) = — D((& - 6(z0))™)(x)

for ¢ € C*(X). In particular, let ¢(z) = A(a(z)). Regarding ¢ as a
right H-invariant function on G, it follows immediately that for the right
action defined by (4.1) we have r(u)p = 0 for u € U(g)h.. Moreover,
since a is left NM-invariant, and since n and m are normalized by A,
we also have that r(u)¢(a) = 0 for a € Aj,u € (n+ m).U(g). Hence
D¢(aH) = r(*v4(D))¢(a). Applying the same reasoning to the function
(¢ — ¢(a))™ we obtain that

(4.10)  D((¢ — ¢(a))™)(a) = r(7(D))((¢ — d(a0))™)(a) = mluo(}).

Combining (4.9) and (4.10) we obtain that ¢(D)(d¢(a)) = ug(A) for all
a € Aq. In particular, (4.5) holds by the assumption on A. Hence we can

apply Holmgren’s theorem and reach a contradiction. O

Remark. Note that we only used the parts of Theorem 3.4 that were proved

in the previous lecture.



LECTURE 5

Principal series representations

In this lecture I am going to consider the representations that enter in
the decomposition of the most continuous part of L2(X). They constitute
what is known as the principal series for G/H.

Let me first recall the principal series of representations for G. Let
P = M AN be any parabolic subgroup with the indicated Langlands de-
composition, and let (£, H¢) be an irreducible unitary representation of M.
For each element A € a? one defines a representation (¢ x, He,x) of G as
follows. Let pp € a* be half the trace of ad on n. The Hilbert space H¢ »
is the completion of the space C(£: M) of continuous functions f: G — H,
satisfying

(5.1) f(gman):a_’\_’”’f(m’l)f(g), (ge G,me M,ae A,n € N),

with respect to the sesquilinear product

(hlf) = [ (b1,
K
The action 7¢ z(g) of G is given by the left regular action

mea(9)f(z) = f(g™ ).

It is easily seen that one gets a bounded representation of G this way (the
representation is induced from the representation £ ® e* ® 1 of M AN), and
that the sesquilinear product defined above is G-invariant if A is purely
imaginary on a, so that the representation in that case becomes a unitary
representation. It is also easily checked that the equivalence class of m¢ »
only depends on the equivalence class of .

Note that because G = KMAN we have that restriction to K is a
bijection of C(£: A) onto the space C(K: ) of continuous functions f: K —
H, satisfying

(5.2) flkm) = £m™Y) f(k), (ke K,me MNK).

134
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Using this picture it follows that Hg y is isomorphic to the space L*(K:¢&)
of L? functions from K to H satisfying (5.2).

It turns out that the parabolic subgroups which are best suited for the
study of G/H are the gf-stable parabolic subgroups, and the simplest of
these are the minimal ones, the o-minimal parabolic subgroups. From now
on 1 confine myself to the principal series representations induced from o-
minimal parabolic subgroups. However, not all m¢ » of these qualify for
being “the principal series for G/H.” Before I proceed with defining which
& and A qualify, let me for the purpose of motivation consider the “abstract”
Plancherel decomposition of L?(X).

It is known (because G is a so-called type I group) that any unitary
representation V of G on a separable Hilbert space Hy has a direct integral

decomposition

52
(5.3) Vo~ / VTduy (7),
r€C

where G is the unitary dual (the set of equivalence classes of unitary irre-
ducible representations) of G, duy a Borel measure on GandV™a (possibly
infinite) multiple of 7.

In particular this applies to the regular representation ¢ of G on L?(X).
If we denote by m, the multiplicity of 7 in ™ we can thus write down the

abstract Plancherel decomposition

(5.4) l~ /® - mamdup(r).
reG

The measure dp (whose class is uniquely determined) is called the Planche-
rel measure for G/H, and m, (which is unique almost everywhere) the
multiplicity of m in L?(X). As mentioned in the Introduction, the aim of
the harmonic analysis on X is to make this decomposition more explicit.

Let (V,Hy) be as above, and let H{S be the Fréchet space of C*™ vectors
for V. Its topological anti-dual is denoted H{,*° and called the space of
distribution vectors for V. It follows from the unitarity of V that

HE C Hy CH™.

One can prove that together with the decomposition (5.3) of the repre-

sentation V' (and the corresponding decomposition of Hy) one also has
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compatible decompositions of the spaces H{F and H;,™:

&3} &b
(5.5) HP ~ / LV iy (r) and Hy / L (),

Thus each element § € H,,°° can be decomposed as

) z/ 8 duy (),
Te ¢

G

with distribution vectors §™ € (V7)™°°, which are uniquely determined

almost everywhere. The 8™ are cyclic distribution vectors for V™, in the

sense that if u € (V™) and 6™ (n(g~!)u) = 0 for all g € G then u = 0.
We apply this to £ and §,, the Dirac measure of G/H at the origin:

@
(5.6) 8o =~ / 05 du(r).

€G

Since 4, is H-invariant it follows from the uniqueness of the §7 that they
{or at least almost all of them) are also H-invariant. Being cyclic vectors
the 67 must be nonzero, and hence it follows that only the representations
7 € G which have nonzero H-fized distribution vectors contribute to the
Plancherel decomposition of ¢ (the remaining representations form a dy-
null set). The space of H-invariant distribution vectors for V' is denoted
by (H;,°)H, and the set of 7 € G with (H;>)" # 0 is denoted Gy. This
gives the following refinement of (5.4):

52
(5.7) 0~ / mam du(r).

€Gu

(In fact it is not clear whether the subset Gy of G is measurable; never-
theless (5.7) makes sense because du is concentrated on the (measurable)
set where m,; # 0, and this set is contained in G because of (5.9) below).

Note that since 87 is a cyclic vector for £™ the map u — 87 (7(g~)u) is
a G-equivariant continuous linear injection of the space (£7)° of smooth
vectors for £™ into C*°(G/H). In fact this property of allowing an injection
into C>(G/H) is characteristic for all of G
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Lemma 5.1. Let7 € G. Thereisa bijective antilinear map from the space
(H7°)H of H-fized distribution vectors for © onto the space of continuous
equivariant linear maps from H® to C*°(G/H).

Proof. For v' € H_*™ and v € HZ® define the “matrix coefficient” T,/ €
C>(G) by

(5-8) Tow(g) = V' (m(g™ "),

then T is antilinear in v and linear in v'. It is clear that if v’ is H-fixed
then v + T, , is a continuous equivariant linear map H® — C*®(G/H).
Conversely, if such a map j: H® — C>°(G/H) is given, then an element
v € (H;=)H is obtained by letting v'(v) = j(v)(e). The proof is easily
completed. [

Since (£7)>, which is an m,-fold multiple of #2°, can be embedded into
C>(G/H) it follows that

(5.9) my < dim(H;>)H

for almost all m. Note that according to the lemma the multiplicity of 7 in
C>=(G/H) is dim(H,;*); since m, is the multiplicity of 7 in L?*(G/H)
(hence by (5.5) also of H® in L2(G/H)™), the statement in (5.9) is quite
natural: the extra requirement of square integrability gives a smaller or
equal multiplicity.

With these results in mind it is interesting that we have

Proposition 5.2. The space (H;>®)¥ is finite dimensional for all m € G.

Proof. (sketch) Fix a nonzero K-finite vector v in H°. It follows Lemma
5.1 and its proof that the map taking an element v’ € (H;=)¥ to the
matrix coefficient T, ,» € C*°(G/H) given by (5.8) is injective. Since 7 is
irreducible it has an infinitesimal character x. Hence it follows that T, .-
is a K-finite eigenfunction for the center 3(g) of U(g). In fact it can be
shown that the space of functions f on G/H, which are K-finite of a given
type and eigenfunctions for 3(g) with a given infinitesimal character y, is
finite dimensional. If G/H has split rank one this can be seen roughly
as follows. Since f is an eigenfunction for L its restriction to a, satisfies
a second-order ordinary differential equation, and hence lies in the two-
dimensional solution space. It follows easily that all such functions f lie
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in a space of dimension at most twice the square of the dimension of the
K-type. For spaces of higher split rank the argument is of a similar nature.
The proposition follows from this. O

Note that it can be proved that the decomposition (5.6) also can be
written in the following fashion, which is less abstract because the integrand
has its values in the distributions on G/H. There exist for each 7 € Gy
distribution vectors 67 € (H;*), (1 <i < m,) such that

mag
(5.10) So=[ Y Torerdp(m),
TE€GH =)

where T, . for v’ € (H7*)H is the H-fixed distribution on G/H given by

(5.11) Ty o (@) = V' (m(@V V')

for ¢ € C2°(G), where ¢V (g) = ¢(g™'). (The expression (5.11) makes sense
because w(CX(G))H, > C H®.)

Example 5.1. If H = K is compact the space (H;°°)# has dimension at
most one. This can be seen as follows. First of all, the elements of (H;>°)¥
are K-finite (since they are actually K-fixed). It follows from the irre-
ducibility of 7 that if v is any nonzero element in (H; )X then 7(U(g))v
equals the space of all K-finite vectors in H,. In particular we have that
(H7°)X Cc #(U(g))v. But for any element a € U(g) we have that if m(a)v
is also K-fixed, then m(a)v = 7w(a*)v where a* = [, Ad(k)(a)dk € U(g)¥.
This shows that U(g)¥ acts irreducibly on (H,>)¥. Since U(g)t clearly
annihilates (H,>°)¥ this action passes to an irreducible action of D(G/K).
Since D(G/K) is abelian it follows that the dimension of (H;>°)K is at
most one.

As given above, the argument applies to the situation where G/K is a
noncompact Riemannian symmetric space (K is maximal compact in G).
In fact it applies to a compact symmetric space as well (where 7 is finite
dimensional), because also in this case D(G/K) is abelian. This follows
from Theorem 4.3.

It follows now from (5.9) that the decomposition of L?(G/K) is multi-
plicity free, that is, m, = 1 forall 7 € Gx. Moreover the distributions Tow

in (5.10) are K-biinvariant eigenfunctions for D(G/K). Such a function
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is called a spherical function if it takes the value 1 at the origin. To a
given eigenvalue homomorphism x:D(G/K) — C there corresponds one
and only one spherical function ¢ = ¢, (this follows easily from the fact
that ¢, as an eigenfunction for the elliptic operator L on G/K, is real
analytic, because the Taylor series at o is determined from the set of all
(r(a)®)(o) where a € U(g), and by integration of a over K as above these
are determined by the (r(a%)$)(0)). Thus (5.10) says that

(5.12) 502/ _ Gxdu(m)
TEGK

for some Borel measure dy on G.

Example 5.2. The group case G = ‘G x'G. The unitary dual Gis equal to the
Cartesian product ‘G x'G. Its elements are the representations m = m; Q 7o,
where T, 7, € 'G. Tt is easily seen that the representation 7 belongs to Gu
if and only if 7, is the contragradient to 71, and that the space (H;°°)#
then has dimension 1. (For example one can use Lemma 5.1 combined with
the following observation: The space of continuous G-equivariant linear
maps j: HyS @ Hyo — C°°('G) is in bijective correspondence with the space
of continuous 'G-equivariant bilinear pairings H7° X H7> — C; the map j
corresponding to a given pairing (-,-) is the map that takes u ® v to the
matrix coefficient g — (71(g™1)u,v) = (u, m2(g)v) on 'G.)

After this motivational digression it is time to return to the principal
series. The conclusion we draw is that if we want the representations we
have constructed to enter into the decomposition of L?(X), we should look
for representations with nontrivial H-fixed distribution vectors.

As is easily seen, the C* vectors for m¢ ) are the smooth functions
f[:G — H{® satisfying the transformation rule (5.1). Similarly, the distri-
bution vectors for m¢ x are the H; *-valued distributions on G which satisfy
(5.1). Recall from the previous lectures (see (3.2)) that for the o-minimal
parabolic subgroup P = M AN we have a = a, @ a4, where a, is maximal
abelian in pNq. By means of this orthogonal decomposition a; . is naturally
viewed as a subspace of a’. Since P is gf-stable we have that cfpp = pp,
and hence pp € a4 (it vanishes on a;). Moreover, it then follows from the
definition of pp that it coincides with the element p defined in (4.3).
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Recall also from Lecture 3 that U,y Hw ™! P is the union of open H x P
cosets in G. It follows that an H-fixed distribution vector for ¢, Testricts
to a smooth ’Hgt’o—valued function f on each open coset Hw ™! P, and this
restriction is uniquely determined by the value f(w™!). Moreover, this
value has to satisfy

a™A=PPE(m ) f(w™) = f(w'ma) = flw ' maww ™) = f(wY)

for each ma € MA N wHw™!. Thus if the restriction of f to Hw 1P is
nonzero, £ must have a nonzero distribution vector fixed by M NwHw ™! =
w(MNH)w™', and A+ pp must vanish on anAd(w)(h) = ap (here it is used
that w has been chosen according to Theorem 2.6, so that it normalizes
ar). Since pp = p € a; it follows that we must have A € a7 .

Lemma 5.3. Let w € Nk(aq), and let £ be an irreducible unitary repre-
sentation of M for which the space (’Hg"o)“’(A’mH)“’_1 of w(M N H)w™!
fized distribution vectors is nonzero. Then this space is one-dimensional,

and £ is finite dimensional.

Remark. Note that the dimension of the space (’;‘-{g"")""(1"“—“‘1)“’_1 depends
only on the double coset (M N K)wNgnr(ag) (but the space itself may
vary).

Proof. It suffices to consider the trivial w. Recall Lemma 3.2 and its proof,
according to which there is a normal subgroup M, of M contained in H
such that M = MoM,. It follows easily that if (¥, ©)MNH g nonzero
then &|pr, is trivial and |, is irreducible. Hence dim{ < oo by the
compactness of My. Moreover we then have

(5.13) (Hg )M ~ (Hgl‘;o)MmH

Under our general assumption on G that it is linear there exists a finite
central subgroup F' of My such that Mp = (Mp).F' (see [123, p. 435, Ex-
ercise A3]). It follows that also &|(y,), is irreducible. Now according to
Example 5.1, the space ("Ha:;o)e )(Mo)eNH hag dimension zero or one, and

hence the same holds for the (possibly smaller) spaces in (5.13). O

Motivated by Lemma 5.3 and the preceding discussion we define the
principal series for G/H (or the H-spherical principal series) related to the
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o-minimal parabolic subgroup P = M AN as the series of representations
mg,» Where £ is a finite dimensional irreducible unitary representation of
M having a nonzero w(M N H)w™! fixed vector for some w € W, and
where A € a; .. The unitary principal series is the subseries with A purely
imaginary on a,.

Note that I did not argue that these conditions on £ and A are neces-
sary for the induced representation to have a nonzero H-fixed distribution
vector, but only that if these conditions do not hold, such a distribution
has to be more singular in the sense that it has to be concentrated on the
nonopen H X P cosets. On the other hand, we shall see in the next lec-
ture that the representations in the principal series for G/H really do have

nonzero H-fixed distribution vectors.

Example 5.3. In continuation of Example 5.2 let H = K. By the defini-
tion above the principal series for G/K related to the minimal parabolic
subgroup Py = MyAgNy is the spherical principal series consisting of the
induced representations 7 5 where 1 € My denotes the trivial representa-
tion. In this case it is in fact clear from the definition that the induced
representation m¢ » has a K-fixed vector (which is then unique up to scalar
multiplication) if and only if £ is the trivial representation. One K-fixed
vector is the function v € C(1:)) defined by v = 15(g): = e~ (A +ro)H{g),
where H is the Iwasawa projection. The corresponding spherical function
®x, » = T, is then given by

T, .(0) = (ma(o)olv) = / (12 (0)0) (K)o RV dk

// )dgdk—/c¢(g)w(g)dg,

where ©1(g) = [, 1x(97k)dk (see (4.2)), and we get that

¢7r1,,\ = (p)\

Example 5.4. Consider again the hyperbolic spaces SO.(p,q)/SO.(p—1, q).
Recall that a o-minimal parabolic subgroup is the stabilizer in G of the
line R(1,0,...,0,1) € RP*9, The group M consists of the matrices of the
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form

[T

0 0
m 0],
0 0 e

where m € SO(p — 1,q — 1), = +1, and M N H is the subgroup where
e=1(fp=1or g=1then ¢ is always 1 and M N H = M). Thus the
representations of M that we need for the principal series are the trivial
representation, and the representation which assigns € to the element above
(if p=1 or ¢ = 1 this is also the trivial representation). We denote these
by & and &, respectively.

Let = be the set

E:{xeRP+‘I|xf++x}2’_w§+1_—w12)+q:(),x;£0}
(if p = 1 it is also required that z; > 0, and if ¢ = 1 that z,;; > 0). Then
G acts transitively on =, and we get that =~ G/(M N H)N.

g

For A € C and 7« = 0,1 let C; x(E) denote the space of continuous
functions f on = satisfying

f(vz) = sign(v)'lv] 77 f(2)

1
2

of G on this space, and it can be seen that the Hilbert space norm

for all v # 0, where p = -(p+¢—2). Then there is a natural representation

1= [ e

is invariant if X is purely imaginary. By this construction we get an explicit

*

model for the principal series representation ¢, , where v € a .

by v(Y) = A.

is given

The following result is clearly important.

Theorem 5.4. Let m¢ \ be a unitary principal series representation for
G/H, and assume that (A\,a) # 0 for all o € X(aq,g). Then m¢ ) is
trreducible.

Proof. See the notes for references to this theorem. O
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Example 5.5. In the case of the hyperboloids one can show that the repre-
sentations 7¢, x constructed above are irreducible if A 4 p is not an integer.
In particular, they are irreducible if A is purely imaginary and nonzero. See

the notes for references.

In general two principal series representations m¢ » and m¢/ » with differ-
ent pairs (£, ) and (£, \') may well be equivalent. It is important to study
these equivalences as well as the corresponding intertwining operators.

Let s € W = Ng(aq)/(M N K), and let § be a representative. Conju-
gation by § preserves M, and hence from each representation (&, He) of M
another representation denoted (3¢, Hs¢) is obtained by letting Hse = H,
and $¢(m) = £(37'm3). It is easily seen that the equivalence class of 5¢
only depends on s and the equivalence class of £. For this reason I shall
often write s instead of $§£. We shall see below that for generic A we have
Te A = Tsg sA-

When working with intertwining operators between the principal series
it is convenient to be able also to switch between representations induced
from different parabolic subgroups. Thus I write mp, » for the principal
series representation associated to the parabolic subgroup P, and C(P:£: A)
for space denoted C(&: A) above. However, only the nilpotent part N of
the parabolic subgroup P = M AN will vary, and thus the space C(K: &)
of restrictions to K is the same for all P (it is the G-action which varies).
Note that switching the P is basically a technical matter, because any two
o-minimal parabolic subgroups are related by conjugation, and there is
an equivalence m p -1 ¢ sx = Tpg,a obtained by the simple intertwining
operator

R(s): C(P:£:)) = C(sPs™t:s&:5))

defined by R(s)f(g) = f(95).

There is a well known set of intertwining operators between principal
series representations, called the standard intertwining operators. Let me
sketch the construction of these in case of the o-minimal principal series.
Let P = MAN and P’ = M AN’ be g-minimal parabolic subgroups, and
let £ be a finite dimensional unitary representation of M and A € a} .. For

f € C=(P:£& X} define

NNON/

(5.14) AP P:&)N)f(g) = / f(gn)dn,
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where dfi is a (suitably normalized) Haar measure on NN N’. Disregarding
the convergence of (5.14) it is easily checked that A(P’: P:£: M) is inter-
twining from mp¢ 5 to wps ¢ x. The problem of convergence is serious, but
at least the following holds.

Proposition 5.5. There erists a constant C > 0 such that if (Re A, a) > C
for all roots a € £*(aq,9) such that g¢* C AN, then the integral (5.14)

converges absolutely and defines a continuous intertwining operator from
C®(P:£:X) to C®(P:&:)).

Proof. The proof uses results from Chapter 7 of [130]. For the case H = K,
where P and P’ are minimal parabolic subgroups, see loc. cit., Prop 7.8.
Here C = 0. For the general case let p,, € aj denote half the trace of
ad on ng N'm (then p,, is zero on a), and for o € £1(a,,g) let C, denote
the maximum of the (3, p,,) where 3 € X(ap,g) with 8|, = a. Then
—C, is the minimum of these numbers. Hence if (Re A, a) > C, we have
(pm +Re A, B) > 0. We can now apply loc. cit., Theorem 7.22 with A = py,.
(The reason for taking A = p,, is that then $¥/ = 1 in the notation of loc.
cit. In the cited theorem f is assumed K-finite, but this is not needed
when £ is finite dimensional.) O

For parameters ) outside the domain of convergence of (5.14) given in
Proposition 5.5, an intertwining operator can be constructed by means of
analytic continuation. The result is as follows (see [172, pp. 78-79] for the
notion of a Fréchet space valued analytic function).

Theorem 5.6. Let f € C®(K:£). Then A(P': P:&: A} f, which is defined
by the convergent integral (5.14) for A in the region given in Proposition
5.5, extends to a meromorphic C*°(K:§)-valued function of A in ay .. The
operator A(P': P:£:\) thus obtained for generic A is a continuous inter-
twining operator from C°(P:£:\) to C°(P': & A).

Proof. Too complicated to be given here. O

It follows easily from the definitions that we have
(5.15) R(s)A(s ' Ps: P:£&:)\) = A(P:sPs™':s£: s\ R(s).

For generic A this is a nonzero intertwining operator from mp¢ » to Tp s¢ sa-
By Theorem 5.4 these representations are irreducible and must hence be
equivalent.



LECTURE 6

Spherical distributions

In the previous lecture I defined the principal series of representations
mea for G/H. The motivation for the requirements on £ and A was the
demand that 7 » should have a nonzero H-fixed distribution vector (a
spherical distribution). In this lecture I shall show that this is indeed the
case by a rather explicit construction of some spherical distributions.

Let P = M AN be a o-minimal parabolic subgroup, ¢ a finite dimen-

*
q,¢?

corresponding principal series representation. Let C~°°(£:\) denote the

sional unitary representation of M, A an element in a} ., and 7 s the
space of H¢-valued distributions on G satisfying the transformation rule
(5.1). It is convenient to have a model for this space which is indepen-
dent of A. This is obtained by taking restrictions to K (it follows from
the transformation rule that this makes sense also on distributions). Thus
C~°°(&: A) is isomorphic to the space C~°(K:€) of H¢-valued distribu-
tions on K satisfying the transformation rule (5.2). The space C™(K:¢)
is defined similarly. By definition C~*°(K:¢) is the topological antidual of
C*>(K:£); by means of the sesquilinear product on H¢ and the normalized
Haar measure on K we view the latter space as a subspace of the former.

Fix an element n in the one-dimensional space ’Héva, and define a

‘He-valued function fy on the open set HP by
Ia(kman) = a=*~*¢(m™ )y

for h € Hom € M,a € A,;n € N and A € a;. Since 5 is M N H fixed it
follows from Theorem 3.3 that this function is well-defined and smooth. We
now extend fy to G by letting it equal to zero on the complement of HP.
It is clear that fy satisfies (5.1), and also that fy is H-invariant. However,
it is by no means clear that it is a distribution on G. For A in a certain
range, this is true. In fact it is even a continuous function.

Proposition 6.1. If (ReA+p,a) <0 for all a € 7 (ay, g) then fy belongs
to the space C(&: N\, As a C(K:£)-valued function of \ it is holomorphic

on this domain.

145
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Proof. For the first statement it only remains to check the continuity. We
must prove that fy(x,) — 0 for z,, € HP with limz, ¢ HP. By (5.1) and
the continuity of the Iwasawa decomposition it suffices to have z,, € K. As
in Lecture 3, define a: PH — a4 by a(manh) = loga for m € M, a € A,
n € N, h € H, then we have

o -1
[ £a(@)|| = elferteatz D))

for x € HP. Now according to Theorem 3.4 the restriction of a to PHNK
is proper, and hence limz, ¢ HP implies that the sequence a(z,!) will
eventually exit any compact subset of a,. According to the same theorem
we also have that a(PH N K) is contained in the nonnegative span of the
vectors H, (defined by a = (H,,-)) for & € £*(a,,g). Writing

a(z;') = Z SnaHa

[ad

we thus have s, o > 0 for all « and s, o — oo for at least one . It now

follows from the assumption on A that

(Re X + pla(z; ') = anyojRe/\ + p,a) = —oco.

[0

This shows the asserted continuity.

It is easily seen that the argument given above can be carried through
also for the derivative of fy with respect to A. The holomorphicity in A
follows. O

Remark. Note that I only used the parts of Theorem 3.4 that were proved.
Using Theorem 3.4 in its full strength one gets that the conclusions of
Proposition 6.1 can be drawn for A in the larger set, where (Re A+ p,a) < 0

is required only for the positive roots o with nonzero multiplicity m_ .

Example 6.1. In the case of G/H = G/K the function f) is identical with
the function 1,(g) = e~ (A+ro)H(9) defined previously (see Example 5.3). It
is clear that it is holomorphic in A on all of aj (this also follows from the

remark above, since m, = 0 for all roots).
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Example 6.2. Consider the real hyperbolic space X. In Example 5.4 G/(MnN
H)N was identified with the space

E:{xeRP+(I|ZE%+...+$Z~$Z+1....._;1)12)+q:0’$7£0}

(withxy > 0if p=1and 2,41 > 0if ¢ = 1), and C(&: A) with the space

of continuous functions on = satisfying
(6.1) flvz) = sign(v)'|o] 7" f(2)

for all v # 0. The function f) constructed above is the function on = given
by

Falz) = sign(z,)' |z, |7

fori = 0,1 and A € C. Clearly this is continuous if and only if Re A+ p < 0,
except for p = 1 where it is always continuous. Moreover, its restriction
to SP~! x S9! is holomorphic in A\. Consider the case p > 1. In this
case x; has [—1;1] as its range, and hence f, is not locally integrable if
Re A+ p > 1. Nevertheless it is well known (see for example [111, p. 50])
that the distributions [—1; 1] 3 ¢ +» sign(#)!|¢|*, which are locally integrable
for Rey > —1, can be given a sense beyond this range of u’s by means
of analytic continuation. Indeed they extend meromorphically to 4 € C
with simple poles at 4 = —1,-3,... and u = —2, —4, ..., respectively, for
1 =0,1. It follows that f) extends meromorphically to a family of H-fixed
distributions satisfying (6.1). For any function ¢ in the space C*(K:¢&;),
which can be identified with the space of smooth even (for ¢ = 0) or odd
(for i = 1) functions on SP~1 x S97 1 we thus have that A — fy(p) is the

meromorphic function on C, which is given by the convergent integral
g Y g g
)= [ sl s
Sp-1x8e-1

for Re A + p < 0. For example for i = 0 and ¢(z) = 1 we have

T - 5
(62) f/\(]-):C/ |COS€|_)\‘pSinp_29d9:cB<1—_p P 1>
0

2 T2

for a constant ¢ depending on the normalization of measures. Here B is

the beta function B(u,v) = '(w)['(v)/T(u + v).
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As can be seen from the previous example, the function f) as we have
defined it, will not in general be locally integrable outside the range of \’s
given in Proposition 6.1. The example also shows that to overcome this
obstacle (which was not present in Example 6.1) we have to invoke analytic

continuation. Let me sketch one more example supporting this strategy.

Example 6.3. In the group case, G = ‘G x ‘G we have (see Example 3.2)
that the minimal parabolic subgroup P = Py x ‘P, in G is also a ¢-minimal
parabolic subgroup of G. The irreducible representations of M = My x ‘Mj
are given by £ = € ® ¢/ where ¢ and ‘¢’ are irreducible (necessarily finite
dimensional) representations of ‘My, and since M N H is the diagonal in M
this € has a nonzero MNH-fixed vector if and only if ¢/ is the contragradient
€Y to ¢ (see also Example 5.2). It is then natural to identify H¢ = H, MU,
with the space Homc(#H., Hyc). The subspace ’Hé"l NH is then identified
with Hom\MO('H\E,H\g) = CI, where [ is the identity map. Furthermore
a =g ="'y X 'ag, and ag = {(Y,~Y) | Y € ‘ap}. Hence the A € a} _ are
given by A(Y,Z) = A(Y) — A(Z) with X € ‘a5, (but note that dominant
A’s correspond to antidominant ‘\’s). It follows that C(P:£: ) consists of
the continuous functions f:'G x ‘G — Hom(H. ’H‘E) satisfying

flgman,g'm'a'n) = (a_la')(\’\_\p‘)) €(m™")f(g,9')E(m).

If in addition f is H-invariant we can view it as a function F on 'G by
means of F(z7'y) = f(z,y). Hence C(P: ¢: A\)¥ may be identified with the
space of continuous functions F:'G — Hom(H, Hy) satisfying

(6.3) F(namzm'a'n) = (aa')(‘)‘_""’) E(m)F(x)¢(m').

Note that F is the kernel of an intertwining operator A from C('P:'¢:*\) to
C('P:'¢:'\) obtained from

(6.4) Ap(z) :/K/\M F(z™Yk)p(k)dk :F(e)/ p(zn)dn

(the last equality follows from [130, Eq. (5.25)]), provided the integrals
converge. Similar considerations on the level of distributions lead to the
observation that the H-fized distribution vectors for m¢ 5 are the intertwin-

ing operators between the principal series for ‘G corresponding to opposite
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minimal parabolic subgroups. In particular it follows from the irreducibility
of my , for generic ‘A that C~>(¢: M) is one-dimensional for those .
The standard intertwining operators are obtained by defining F by
F(e) = 1 together with (6.3). In this case this is exactly what the f)
amounts to (taking n = I). Note that the condition in Proposition 6.1
for continuity in this case means that Re'A — g is strictly dominant, a
slightly stronger condition than that of Proposition 5.5 for convergence of
the defining integral (recall that the constant C in Proposition 5.5 is zero
for the minimal parabolic). As we know from above (Theorem 5.6), the way
to extend the standard intertwining operator to all of ‘af . is by analytic

continuation.

As these examples indicate we have the following general result.

Theorem 6.2. The map A — fy € C~=(K:§), initially defined when
Re A + p is strictly antidominant, extends to a meromorphic function on
a; .. The distribution vectors fy € C7>°(&£: A) so obtained are H-fived.
Remark. Since C~>(K:¢£) is not a Fréchet space it is probably in order to
discuss the notion of analyticity used here. A map h from a complex space
to C7>(K:¢£) is called analytic if, locally, it is analytic into the Banach
space of distributions of some finite order. (One can prove, along the lines
of [172, p. 79|, that h is analytic if and only if it is weakly analytic, that
is, A = h{A)(¢) is analytic for all test functions ¢.)

It is clear that for A in the initial domain, the support of fy is the
closure of HP in G. In the proof we need also the H-fixed distribution
vectors analogous to fy, but supported on the closure of the other open
H x P double cosets on G. Let me discuss these before I give the proof of
Theorem 6.2.

Recall that the open H x P double cosets on G are given by Hw ™ lP
for our fixed set W of representatives w € Nk (a,) for W/ Wg~p. Recall
also from the previous lecture that each H-fixed distribution vector for m¢
restricts to a smooth function on these open sets. We can thus define an

evaluation map ev,, from C~>(&:\)¥ to He by

evy(f) = flw™h),
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and then ev,, actually takes its values in the one-dimensional (cf. Lemma

5.3) space H?(MnH)w_l Let V(£) denote the formal sum

-1
V() = €9wewHZJ(MnH)w

provided with the direct sum inner product. Thus by definition the sum-
mands are mutually orthogonal, even though this may not be the case
inside H¢ (for example if £ is the trivial representation). For n € V(§)
let 1, denote the w-component, now viewed as an element of He. We can
then collect all the maps ev,, into one map ev: C~°(&: M) — V(£) defined
by ev(f)y = evy(f). It turns out that for generic A there is no element
in C~°°(¢&: MY whose support is disjoint from all the open cosets Hw ™1 P.
More precisely we have the following.

Theorem 6.3. Let 7 5 be a principal series representation for G/H.
There 1s a countable set of complex hyperplanes in aj . such that ev is
injective when A is in the complement of all these hyperplanes.

Proof. This is based on an analysis similar to that of Bruhat (sketched in
[130, Section 7.3}, see also [112] for a more thorough sketch), which leads to
the fact that for generic A, the representation 7, y in the minimal principal
series is irreducible (as seen in Example 6.3 above, this is actually related
to a special case). See the example below for an idea of the proof. O

Example 6.4. Consider the real hyperboloids for the simplest case where
p > 2,9 > 1. In analogy with what we have seen earlier for continuous
functions we have that C~°°(£;: A} consists of the distributions f on =
satisfying (6.1). The only open H x P coset in G is HP (see Example 3.4).
This corresponds to the subset Zo = {z € Z | 21 # 0}. The action of H on
the complement Z; = {z € Z | z; = 0} is transitive (here p > 2 is used).
By the general structure of distributions supported in a submanifold we
have that if f has support on =, then it is given uniquely by a distribution
on Z; together with some transversal derivatives. If f € C™°°(&: A)¥ then
the distribution on Z; must be H-fixed, and hence it is a constant. Thus
it follows that f is the distribution

o / (P(8:,)) (9)dy
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for some polynomial P (where dy is the H-invariant measure on Z;). The
homogeneity in (6.1) now forces P(v) = v=*~* for v > 0. This shows that
—A — p has to be a nonnegative integer in order for such a distribution to
exist. This proves Theorem 6.3 for this case. The cases p =2 or g = 1 are

similar.

Let me now turn to the construction of the analogs of f for all the open
double cosets Hw ™! P. It is convenient to collect all these together and at
once define a linear map j(&: A) = j(P:&: A) from V(€) to C(&: M) by

(6.5) (&N () (hw™ man) = a™*"PE(m™ ), € He

on UyewHw ' P, and by j{£€:A)(n) = 0 on the complement of this set.
The fy constructed above is obtained by composing j with the embedding
of Héva as a subspace of V(£), and its analog supported on the closure
of Hw™'P is similarly obtained by composition with the embedding of
HEU(MOH)U)—I The proof of Proposition 6.1 is easily generalized to show
that we really do have j(&:A)np € C(&:M)H for all  when ReA + p is
strictly antidominant. For such A we then have that ev oj(£:)) is the
identity operator on V(£), and if in addition A is generic then it follows
from Theorem 6.3 that j(£: A) is a bijection of V/(£) onto C™>°(£: M), We

can now state the following extension of Theorem 6.2.

Theorem 6.4. The map A — j(&: ) € Hom(V(€),C~®(K:£)) initially
defined for A € aj . with Re A+ p strictly antidominant, extends to a mero-
morphic function on aj .. For generic X the j(&: X) so obtained is a bijection

from V() onto C=>(&: M) H | and ev is its inverse.

We call the distributions j(£: A)p € C~°(K:§), where n € V(§), the
standard spherical distributions, and j(£: A) the standard spherical distri-
bution map.

Proof. The idea of the proof is as follows. From Theorem 6.3 we know
that ev for generic A is a bijection. If we can prove the existence of a
meromorphic Hom(V'(§), C~>°(K:&))-valued function J(A) on all of ay e
which for generic A gives rise to an inverse of ev, then we are done, because
J has to coincide with j on the initial domain for j. The .J is obtained in

two steps.
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The first step is to prove the existence of J on the opposite of the initial
domain, that is, where Re A— p > 0. This is obtained by means of the stan-
dard intertwining operator A(P:P:£:X): C™®(P:£&:2) — C~2(P:¢£: )
(actually it was defined as a continuous operator between spaces of smooth
functions, but the action is easily extended to distributions, with meromor-
phic dependence on A), by defining j°(£: A) = j°(P:£: A\) by

(6.6) JO(P:&: ) = A(P: P: & \) (P €N,
By the equivariance of the intertwining operator we have
§°(P: &) € Hom(V (€),C~=(P:£: \)),

and this homomorphism is bijective for generic A. But then ev 0j° is
generically a bijection of V() onto itself, and hence it has an inverse which
is meromorphic in A, and then we can take J = j°o (ev 0 °)71.

The second step consists of extending the existence of J from the do-
main ReA — p > 0 to larger sets. This is done by multiplication with
matrix coefficients of some special finite dimensional representations. Let
j be a Cartan subalgebra of g. containing ap ., choose a positive set of
roots ¥¥(j, g.) compatible with % (ag,g), and let pu € j* be the highest
weight of a finite dimensional representation (7,,V,,) of G, with highest
weight vector v,. One can show that M acts trivially on v, if p restricts
to zero on the complement of a. If it is furthermore assumed that the
contragradient representation has a nonzero H-fixed vector v, it follows
that the matrix coeflicient ¢(g) = v};(7(g)v,) is a real analytic function
on G satisfying ¥(hgman) = a*4(g). Hence f € C~°(&: X + p)¥ im-
plies ¥ f € C~(£:A)H. Moreover, by the real analyticity we must have
that ¢ has no zeros on the open H x P cosets. Let ¥ be the operator
on V(&) given by multiplication with ¥(w™!) on ’H?(Mnmw_l, and put
Ji(A) = vJ(A+ u)¥! for ReA — p+ p > 0, then it follows easily that
evoldi(A)=1.

Finally one has to prove the existence of sufficiently many =, as above
such that any point belongs to the domain Re A — p 4+ ¢ > 0 for some such
w. See the notes for references to this fact. 0O

This also finishes the proof of Theorem 6.2. O
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Note that Theorem 6.4 in the group case (see Example 6.3) gives the
meromorphic continuation of the standard intertwining operators for oppo-
site parabolic subgroups. However, these were actually used in the proof.

For the decomposition of L?(X) we are particularly interested in the
imaginary values of A, where m¢ y is unitary. Note however that these
values are in the domain where the analytic continuation was necessary
to obtain the standard spherical distribution map j(£:A). In particular,
j(€: ) may have poles at imaginary points (this is for example the case for
the real hyperboloids when p+- g is even and p > 1 (see Example 6.2 above),
where there is a pole at A = 0}. This unpleasantness can be overcome by a
suitable “renormalization.” During the proof of Theorem 6.4 the operator
7°(& ) € Hom(V (€),C7°°(P: £: M) ) was introduced by normalization of
the standard spherical distribution map with the inverse of a standard
intertwining operator (see (6.6)). This turns out to be a very fundamental
operator.

Theorem 6.5. Let (G, H) be as mentioned above. The meromorphic func-
tion A j°(P:£:\) given by (6.6) has no singularities in iaj.

Proof. The proof will be briefly sketched in the next lecture (see the remark
below Theorem 7.6). Below is an example (note however that the proof in
the general case is quite different). O

We call j°(&: A) the normalized spherical distribution map.
Example 6.5. In this example I shall prove Theorem 6.5 for the real hyper-
boloids X, when ¢ > 1 and £ is the trivial M type & = 1, except for the
omission of the explicit evaluation of a certain integral. Since ¢ > 1 the

space of H-fixed distribution vectors for m; » is one-dimensional for generic

A (see Example 6.4), and hence we have
JO(P LX) = h(A)F(P:1: D)
for some meromorphic function hA(A). By the definition of j° we now have

(6.7) F(P:1:X) = R(ANA(P: P:1: \)j(P: 1: )).

The function h can be explicitly determined by applying the distributions
in (6.7) to the test function ¢(x) = 1. In Example 6.2 we computed
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JF(P:1: X)(1); analogously we get on the left side of (6.7)
(6.8) J(P 1N = B — p+ 1), 3(p— 1)).

In analogy with (6.4) we have that A = A(P: P:£:)) has an integral kernel
F\ as follows,

Af(z) = /N f(zn)dn = /K o BRI

where F), is the continuous H¢-valued function on G given by F)(famn) =
a*=P¢(m) for A — p > 0. Hence with fy = j(P:1: ) we have

Afa(0) = /K / g PEVB G R R

but here it should be noted that F) and f) are not both continuous at the
same time. Fortunately for ¢ = 1 the above integral splits

(6.9) Af,\(l)z/KF,\(k’)dk' /K/MﬂK Fa(k)dk,

and the two factors can be computed separately. The second factor is
given by (6.2) with convergence for Re A + p < 0. The first factor is more
complicated. It is not difficult to check that F) can be identified with the
function on = given by

T |2y + Tppg P

(use that =y + zptq = (1,0,...,0,1) - ) and hence

/ F(k)dk = c / / | cos 8y + cos 8] 77 sinP~2 6, sin?~2 8, df; db,.
K 0 0

This double integral is computable (see [182, Appendix A]). It converges
for Re A — p > 0 and the value is a constant times

TG -p+1))
PGA+ITGA+p-p+2))D(3(A+p—q+2))

(6.10)
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Note that as mentioned the domains where the two factors in (6.9) converge

are disjoint. By combining equations (6.2, 6.7-6.10) one obtains

TG(-A—p+p))LGA+p—p+2)I(3(A +p))
L(F(=A—p+1))C(N)
, m T(z(A+0))
S E(A = p 5 ) T — g+ TN

h(A) = ¢

We know already (see Example 6.2) that j(P: 1: A) has its only poles at the
points where A 4 p is a positive odd integer and these poles are simple. It
follows that the first gamma factor in the denominator of h will cancel all
these poles. It is easily seen that the poles of the rest of h are not imaginary
(the sine may give a pole at A = 0, but this is killed by the I'(A) in the
denominator). Hence 7° is regular on the imaginary axis, as asserted in
Theorem 6.5.



LECTURE 7

The Fourier transform

The first topic of this lecture will be the definition of the Fourier trans-
formon G/H. When that is given I will be ready to state the main theorem
of these lectures, which is Theorem 7.1 below.

The Fourier transform f(£: ) € Hom(V(€),C%(£:—))) is defined for
functions f € C*(G/H) by

F(&:A) = me,A(£)7°(€: =)

= flgH)me 2 (9)7°(§: —A) d(gH),
G/H

(7.1)

for a finite dimensional unitary representation £ of M and A € ia;. Here
7°(&: A) is the normalized spherical distribution map given by (6.6). The
map f — fis G-equivariant:

(E(g) ) (EN) = me _a(9) (& N).

Note the importance of Theorem 6.5 — without that f might not be
defined on all of iay. The function f (&:A) is analytic in A, and more gener-
ally we can define f()\) for A € a . by (7.1). This f is then meromorphic
in A

Example 7.1. For the Riemannian symmetric space G/K the Fourier trans-
form is usually defined by

(7.2) f(A,k?M)=/Gf(g)e(’\_”°)H(g_lk)dg,

where f € C°(G/K), A € a5 ., and kM € K/Mp. Since j(1: A) in this case
is the function 1y(x) = e(-2~P0)H(*) (see Example 6.1), this is equivalent
with

FO) =m0 (i1 =X) € C(K/M),
that is, (7.1) with the unnormalized j. Here the normalization is unneces-
sary, because j(1: —A) is holomorphic.

156
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As we shall see later (in Example 7.3 below), the normalized j is also sig-
nificant in this case. The function A(PO: Py:1: M1, is clearly K-fixed, and
hence it is a constant times the function 1) € C(Py:1:\) whose restriction
to K is the function 1. Denoting the constant by c(A) we have

A(Py: Py: 1: \)1, = c(M)1,.
By the definition of A(Py: Py:1: ),

c(/\):/ el=A=Po)H(R) 40

N()

for (ReX,a) > 0, @ € X" (ag,g). This is the famous c-function of Harish-
Chandra. We thus get

F°(1:2) = (M) 'y,

and our Fourier transform is the one in (7.2) divided by ¢(=2A). It is known
that c(A) # 0 on iag (this follows for example from the Gindikin-Karpelevic
formula for c(\) (see [130, Section 7.5])), so that j°(1: A) is regular on this
set, as it should be according to Theorem 6.5.

Example 7.2. For the real hyperbolic space X with ¢ > 1 where V(£) is

one-dimensional, we saw in the final example of the previous lecture that
3°(1:A) = h(A)j(1: A),

where h was explicitly computed. Recall that j(1: ) was identified with
the distribution on Z given by

Ay =lnl7", (yes),

for Re A + p < 0. It follows that the Fourier transform is given by

FOV@) = h(-A) / F(gH) (g y)a " dg
(7.3) ¢

= h(-) /X (@) (@) de
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(where (-,-) is the standard O(p, g)-invariant bilinear form on RP*?) for
Re A > p, and by analytic continuation for other values of A.

The theorem that I am now going to state shows how the Fourier trans-
form is used to get a Plancherel decomposition of the part of L?(G/H)
which is associated with the principal series of representations induced from
o-minimal parabolic subgroups. We shall have to work with the direct in-
tegral of these representations, so let me begin by making this explicit. At
the same time, the multiplicities with which the representations are going
to occur are also taken into account. The direct integral representation will
be denoted

b
(W’£2):/;6M sl (7T§‘_,\®1,H€Y_)\®V(f)*)d)\.
H, w;

Here My denotes the set of (equivalence classes of) finite dimensional irre-
ducible unitary representations of M having a nonzero w(M N H)w™?! fixed
vector for some w € Nk(ag).

An explicit model for (, £2) is obtained roughly as follows. Let d\ be
some Lebesgue measure on iaj. Then £2 is the Hilbert space consisting of
the measurable functions F' of the two variables £ € My and A € taj with

values

F(€:2) € Hom(V (€), L*(K:¢€)) ~ L*(K:£) ® V(£)",
satisfying
(7.4) 3 / dim(|F(E )| d < +oo,

EeEMy

with (7.4) as the square norm of F (of course one has to mod out the null
space for the norm in order to get a proper Hilbert space). Furthermore #
is the representation given by (m(g)F)(&: A) = (me,—x(g) ® 1)F(£: X).

In the following I shall also consider the subrepresentation

5]
/ Te, A ® 1dA
EEMH,/\EI'CI;+

of m, where a;+ is the positive chamber for the Weyl group W = W (a,, g)
in u;. The reason for this is that we have the equivalences m¢ » =~ 75 sa,
seW,
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Theorem 7.1. For suitably normalized Lebesgue measure dA on iay the
following holds.

(a) If f € C=(G/H) then f € £2, and

12 = 3 / dim(©)l|F(€ NI AN < [/ 120ym-
EeMH za,’;

In particular f — f extends uniquely to a G-equivariant continuous
linear map § from (¢, L*(G/H)) into (m,£*). Moreover:
(b) This map § is a partial isometry, that is, its restriction to the

orthocomplement L2, of its kernel in L>(G/H) is an isometry.
(c) We have the following decomposition:

(£

®
L?“HL?HC) 2/ ) (7T5,7)\®1,/H§,7)\®V(f)*)d/\.
EEMpy A€iayt

In particular the multiplicity of each m¢ _x in L%
mension of V(§).

equals the di-

c

The subspace L2 is called the most continuous part of L?(G/H). As
mentioned already in the Introduction I shall not be able to give a detailed
proof of this theorem during these lectures — my primary goal was just to

reach the point we have reached now, where it can be stated.

Example 7.3. The Riemannian symmetric spaces. As seen in Example 7.1
we have that our Fourier transform is ¢(—\)~! times the one given by (7.2).
Moreover, My consists in this case only of the trivial representation £ = 1.
Translated in terms of (7.2) we get the following content of Theorem 7.1
in this case.

Let £2 denote the L? space L%(a% x K/Mo, |c(\)|2dA d(kM,)) with the
representation (m(g)F)(\, kMy) = F(\, g kM) (here F(},) is extended
to a function on G by means of F(\, kan) = a* ?F(kM,)). We then have:

(a) If f € C®(G/K) then f € £2 and

1fllE < ||f||2L2(G/K)'
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In particular, f — f extends uniquely to a G-equivariant continuous linear
map § from (£, L*(G/K)) into (m, £2). Moreover:
(b)Y This map § is a partial isometry, that is, its restriction to the
orthocomplement L% . of ker§ in L*(G/K) is an isometry.

(c) We have the following decomposition:

52
(75) (o L) = [ (o /M)

€ialt

So much is the content of Theorem 7.1, but in this case one can actually
say more:
(d) We have L% = L?(G/K), so that (7.5) gives the full decomposi-
tion of L*(G/K).
The result can also be phrased as follows (see (5.12)):

5o = / poaleV)] "2,

A€iag
that is,
= F)|e(N)] 72 dA
flr= [ Tl ar
where
fA) = f(z)p_r(z)dz
G/K

is the spherical Fourier transform of f € C2°(G/K). Note the significance
of normalizing the Fourier transform: it will cause the cancellation of the
terms |c(A)| =2 from these formulas.

In contrast to the Riemannian case we do not have L2 = L*(X) in
general, since discrete series may occur (since L2 . is given by a continuous
integral, it has no irreducible subrepresentations). The following result
is quite big in L2(X).

shows that nevertheless we have that L2

Theorem 7.2. If f € C(X) and f =0 then f =0.

In general there are in fact other obstacles than the discrete series which
prevent L2 _ from being equal to L?(G/H), but if the split rank of G/H
is one this is not so. In this case there are only the most continuous series
and the discrete series in the Plancherel decomposition of L%(G/H):
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Theorem 7.3. Assume that dima, = 1. Then the orthocomplement of
L2

ma

in L®(G/H) has a discrete decomposition (that is, it is the direct sum

of its irreducible subrepresentations).

Example 7.4. For the real hyperboloids with ¢ > 1 we have from Theorems
7.1 and 7.3 that

{~ Z /R* Tj-adA+ Z Discrete series,

j=0.1"Y"

and the Fourier transform is given explicitly by (7.3) for j = 0, and by a
similar formula for j = 1. (A more explicit form of the decomposition will

be given later, in Example 8.3.)

The first step in the proof of these theorems is to expand f as a sum of K-
finite functions (as in (4.6)), and then prove a similar result for the functions
transforming on the left according to a given K-type. For simplicity I
will here only consider the trivial K-type, thus restricting myself to K-
invariant functions on G/H. The analysis for other K-types is similar, but
considerably more complicated.

For f € C2°(G/H) we have that f(&: M)y for n € V(£) is the element in
C>®(K:&) given by

FENmk) = FlgH)j* (& =N)(m) (g™ k)d(gH),

JG/H

and if f is K-invariant it follows that this is a constant function. Now if ¢
is irreducible and C(K:&) contains a nonzero constant function it follows
that £ has a nonzero M N K-fixed vector, and then ¢ must be the trivial
representation of M (this follows from the facts that £ also has a nonzero
w(M N H)w™'-fixed vector, and that M = (M N K)(w(M N H)w™!) by
Lemma 3.2). Thus for K-invariant functions on G/H we need only consider
the principal series with the trivial M-type 1.

It follows from the definition of V() that for £ = 1 we have V(£) ~
C". From now on I shall therefore replace V(¢) by C" whenever it is
convenient. Thus for example, in place of (6.5) we have

(7.6) JN) (hw 'man) = a "y, € C,
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forn € CW, w € W. Let the functions E(A:n) = E(P:X\:n) and E°(X\:n) =
E°(P: A:n) be defined on G/H by

E(\n)(gH) = /K J(1: M) () (g~ K)dk

and

E°(Ain)(gH) = /K 5N (m) (g™ k) dk,

forn e CW and A € ag.c (a priori E and E° are just distributions, but we
shall see soon that they are actually analytic functions on G/H). These
functions are K-invariant and we have for a K-invariant f € C*(G/H)
that its Fourier transform f(1:A), from now on denoted just f()), is the

linear form on C% given by
fom= [ t@E xneds @ec?)
X

The functions E(A: n) (and their counterparts for other K-types) are called
FEisenstein integrals and similarly the E°(\: ) are called normalized Eisen-
stein integrals. They are meromorphic functions of A (in a suitable sense),
and by Theorem 6.5 the normalized Eisenstein integral E° is nonsingular
on ia}. In the special case of G/H = G/K the Eisenstein integrals are
the spherical functions ¢y, and the normalized Eisenstein integrals are the
functions c(A) " pa.

Just as the spherical functions are joint eigenfunctions for D(G/K) we
have the following generalization. Recall from Lemma 4.6 that for D €
D(G/H) we defined ~,(D) € S(a,)" by

(7.7) u € (n+m)U(g) + T-p7(D) + U(g)be,
where u € U(g)f with r(u) = D.

Proposition 7.4. The K-invariant Eisenstein integrals are joint eigen-

functions for the invariant differential operators. More precisely, we have
(7.8) DE(A:n) =~¢(D: \)E(A: 1)

for all D € D(G/H), A€ a} . andn € CW. The equation (7.8) also holds

for the normalized Fisenstein integrals E°(A:n).
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Remark. The non-K-invariant Eisenstein integrals will in general only be

D(G/H)-finite.

Proof. In fact already the function gH +— j(P:1: A)(g~') satisfies the dif-
ferential equation (7.8). To see this it suffices to consider the A’s where j is
defined by a continuous function and then prove that the smooth restric-
tion to the open P x H cosets satisfies this equation. Now this restriction
is given by namwh = a**fn,. For w = e it follows easily from (7.7)
that this is an eigenfunction for D with eigenvalue ~,(D: A). For other w’s
the independence of v,(D) on the choice of positive system ¥+ (aq, g) can
be used. Now (7.8) follows. The independence on £%(a,,g) also implies
that gH +— j(P:1: \)(g!) satisfies (7.8), and the intertwining property of
A(P: P:1: ) then gives that so does gH +— j°(P:1: A\)(g™!), and hence also
E°(\q). O

Note that it follows from Proposition 7.4 that the Eisenstein integrals
are analytic functions on X (viewed as functions on K\G they are eigen-
functions for the Laplace operator, which is elliptic).

An essential tool for the proof of Theorem 7.1 is the existence of as-
ymptotic expansions for the Eisenstein integrals. The purpose of these
are to determine the behavior of E(A:n)(a) when a € A, tends to infin-
ity. Let me begin by specifying what is meant by this. Fix a positive set
¥+ (a,,g) with corresponding parabolic subgroup P. Then a — oo means
that a(loga) — oo for all @ € X*(ag,g). Let al be the open positive
chamber in a, corresponding to ¥*(ag, ) and let A} = expat. Note that
Af is different from the A of the K A,H-decomposition in Theorem 2.4;
with the present definition of A;; this decomposition can be written as

G = UpewKAFwH.

In order to control all the directions to infinity we must then consider the
behavior as a = oo of the functions E(A:n)(aw) = E(X:n)(w™law) for all
weWw.

Regarding A;; as a submanifold of X one can show that for each differ-
ential operator D on X there is a unique differential operator II(D) on A;
such that (Df)|Aq+ = H(D)(f|A;) for all K-invariant functions f € C*(X).
The operator TI(D) is called the radial part of D (see the notes for a ref-

erence). On A} we then have that the K-invariant Eisenstein integrals
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satisfy the differential equation
(7.9) I(D)® =~,(D: X\)®

for all D € D(G/H). The first step is to consider formal power series
solutions to this equation (actually taking D = L would be sufficient here).

Proposition 7.5. Let S denote the union of all the hyperplanes given by
oy = {N € a) . | (2X — p, ) = O}, where p € NX*(ag,9) \ {0}. There
exists, for A ¢ S, a unique formal series

®y(a) = a** Z a *I'y(X)

HENZt (ag.g)

on Af with T'y(A) € C, Ty = 1, which solves (7.9). The series converges
absolutely and can be differentiated term by term.

For Re R let

(7.10) al(R) = {} € al. | Re(A,a) < R for all a € ©*(a,, g)},

then the set Xp = {u € NX*(a4,9) \ {0} | o, N a}(R) # 0} is finite. Let
pr{A) be the polynomial

pr(N) = [[ @*—wm),

neXp

then pr(A)®x(a) is holomorphic as a function of X in a3(R). Moreover it
satisfies the following bound. There exists a constant ¢ > 0 (depending on
R) such that for each € > 0 the following holds. Let

At ={a€ Ay|a(loga) > ¢ for all a € ©T(ag,9)}.
There exists a constant C such that

(7.11) pr(N)®r(a)] < C(1+ A a7

for alla € A7¢ and all A € a3(R).
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Remark. It is easily seen that there exists R > 0 such that SN aj(R) is
empty. For this value of R it follows that pp = 1 and that ®, is holomor-
phic on a;(R). In particular we have that @, is holomorphic on the set
where Re A < 0, and that the estimate (7.11) holds on this set without the
polynomial factor pr(A). However, the analogous statement for the other

K-types is false.

Theorem 7.6. There exists for each s € W a unique endomorphism-
valued meromorphic function A — C°(s:X) € End(C") on a} . such that

E°(A:n){aw) Z .5 (a (s: A)N)w

scW

fora e Aj,w € Wn € CY, as a meromorphic identity in A € ag .-

Moreover we have
(7.12) C°(s: N\)* C°(s: —;\) =1

for all s € W and A € a; .. In particular we have that C°(s: ) is unitary
for purely imaginary A.

Proof. The proofs of these results are too long to be given here. See the

references in the notes and the examples below. O

Remark. It follows from the remark above that @, is regular on ia;. On the
other hand, the final statement of Theorem 7.6 implies (by the Riemann
boundedness theorem) that C°(s: A) is also regular on this set. Hence we
obtain from the expansion above that £°(A:n)(aw) is regular on ia, for all
a, w, and 77 as above. From this it can be seen, independently of Theorem

5, that E°(A:7) is regular on ia}. (Say there was a singularity at Ay, then
A = p(A)E°(A:n) would be regular and nonzero (as a function on G/H) at
Ao for a suitable polynomial p in A with p(Ay) = 0. However, on the dense
set of the points r = kaw, with k € K and a,w as above, it would have
to vanish at Ay by the regularity just obtained; being an eigenfunction
for D(G/H), hence analytic, it would then have to vanish for all z, a
contradiction.) For the non-K-invariant normalized Eisenstein integrals
the statement of Theorem 7.6 is also valid, and the regularity on ia; can
be derived (though not with the same ease) from (7.12), independently of
Theorem 6.5. In fact, going backward the regularity in Theorem 6.5 is

deduced from the regularity of the normalized Eisenstein integrals.
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Example 7.5. Consider again the real hyperboloid with ¢ > 1. It can be
seen that the radial part of the Laplace operator is given by

(7.13) I(L)® = J~YV2[L4(JV2®) — LA(JV?)®),

where J(t) = cosh?™" tsinh?"" ¢ is the Jacobian in Theorem 2.5 and L4 =
(d/dt)? the Laplacian on A. It is convenient to introduce the function
» = J1/2®,, which then satisfies the equation

(7.14) & —d"dy = (N — p?)dy,

where d = J~Y/2(JY/2)"". We have d(t) = 3 o d,e™™ for some constants
d,, explicitly given by

do=p* and dn=((g—1)(g-3)+(-1)"(p—1)(p-3))n.

In particular, we have |d,| < cgn for some cg > 0. Now if

[e o]

— At Z I?m()\)e—mt
m=0

satisfies (7.14) then it follows by insertion that
m(m — 2\) Z

Hence if A # 5 11,2 ... then the ', can be determined recursively.

Y9
Consider for 51mp11c1ty only the case where the real number R in Propo-
sition 7.5 is less than 1/2. Then the set Xp is empty, and we get for m > 0

that
m
Co

ICm(N)] < m( - 2R) ZnIf‘m—n<)‘)|-

n=1
Let € > 0 be arbitrary, then a straightforward induction shows that there
exists for each m a constant C,, > 0 such that |T;n(A)| < Cpne™. I claim
that C,, in fact can be chosen independently of m. To see this let C be
the maximum of all the C, for which m < ¢o(1 — 2R)™!' 3" ne™"¢, and

apply induction once more. We now have

(7.15) ITm(X)] < Ce™
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for all m and all A with Re A < R.

It follows immediately from (7.15) that the series for ®,(t) converges
uniformly on the set ¢t > €, with the sum bounded by C’eRe* It fol-
lows easily that @5 is bounded by C”e(ReA=0)t  The result is also easily
generalized to the situation where R is not necessarily less than 1/2.

Now consider the statements of Theorem 7.6 for this case. Since ¢ > 1
we have that W only consists of the trivial element 1. The first statement
is then that there exist scalar-valued meromorphic functions Cg(A) such
that

E°(\) = Ci(/\)q),\ + Ci(/\)q)_,\

on A™. It follows immediately from the fact that E°()) satisfies a second-
order ordinary differential equation on A, and that &, and ®_) for generic
A are linearly independent solutions to the same equation, that F°()) is a
linear combination of ®, and ®_,. It remains to be seen that the functions
C% (A) are meromorphic. This follows easily from the meromorphicity of
E°(\) combined with the linear independence of &, and ®_,. Alternatively
we have from the following proposition that C$ (A) = 1, and in the following
lecture (see Example 8.1) we shall derive an explicit expression for C° (A),
from which it also follows that it is meromorphic. The identity of (7.12)

will likewise follow from this expression.

The following result shows that the normalization of E° is determined

so that it has particularly simple asymptotics.

Proposition 7.7. Let A € a . with Re A strictly dominant, and letw € W.
Then

(7.16) a? " E°(A:n)(aw) — 1y

as a = oo in AT. We have C°(1: \) = 1 (the identity operator on CW) for
all .

Proof. The following formal computations can be justified. It is easily seen
that j(P:1:A)(g) = j(P:1: —X)(fg), and hence by definition we have

/ J°(P:1: A){(gn) dn = j(P:1: —A)(8g).

N
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Integration over K gives

/7/ jO(P:I:/\)(gkﬁ)dkdﬁ:/ J(P:1: =A)(8(g)k) dk.
NJK K

On the left we apply the Iwasawa decomposition to 71, and on the right we
rewrite the integral over K as an integral over N, using [130, Eq. (5.25)].

The result is the equation

N K

= /_ Jj(P:1: —/\)(O(Q)ﬁ)e(v)‘fp)H(ﬁ) dn.
N

Note that we now have E°(A)(g™!) present on the left side. Now if g =

1

(aw)~! with w € W and a € A} we have ana™' — e as a — oo, and hence

the integral on the right behaves as follows

/ F(P:1: = A)(w ™ tan)e TR gy

N

=’ /ﬁ (P 1: =N (w tana~)eTAPHE®) gn
N

a)‘*”j(P: 1=\ (w™) / e(TA—PIH() g

N

Now the integrals over N cancel and we get (7.16). The final statement is

an immediate consequence. O

Example 7.6. For G/K we have Harish-Chandra’s famous asymptotic ex-

pansion for the spherical functions:

wr(a) = Z c(sA) D, (a).

seWy

Hence the normalized c-functions are given by C°(s:A) = ¢(A)~le(s)). In

particular we have C°(1: ) = 1 as stated in Proposition 7.7. Since c(A) =
c(A) the statement of (7.12) comes down to the relation c¢(—s\)c(sA) =
c(—X)c(\), which follows from the Gindikin-Karpelevic product formula

for ¢(A) (see [130, Section 7.5]).
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I would like to end this lecture by mentioning the following result. We
have seen in Proposition 7.4 that the K-invariant Eisenstein integrals are
solutions to the eigenequation (7.8). One can prove in analogy with Theo-
rem 6.4 that the map n — E(\:n) for generic A is a bijection of C" onto
the space of K-invariant solutions to (7.8). See [167, Prop. 4.2] (the result
is actually stated only for symmetric spaces of so-called G/K -type, but
the proof can be adapted to the general case of K-invariant functions on

G/H).



LECTURE 8

Wave packets

In this final lecture I shall try to indicate some of the steps in the proof
of Theorems 7.1, 7.2, and 7.3. The most important ingredient is the con-
struction of a candidate for the “inverse” of the Fourier transform. As is
well known, the inverse of the Euclidean Fourier transform

[ FIN =)= | f)e ™" da
is given by the transform

wejﬂm=/'w»wfw,

n

measures suitably normalized. One may regard J(z) as a superposition
of the plane waves e**® with the amplitudes ()). For this reason it is
called a wave packet.

In order to find the appropriate analog, recall first that to each A corre-
sponds a |W| dimensional space of “waves” on X, the Eisenstein integrals
E(X:n)(z) (as in the previous lecture I only consider the K-invariant Eis-
enstein integrals). Hence the amplitude function ¢ has to be a C"-valued
function on iaj. The wave with “amplitude” n is E(A:n)(x). As in the
definition of the Fourier transform it is preferable to use here the normal-
ized Eisenstein integral, because of the regularity on iag. This leads to the

following definition of the wave packet corresponding to ¢:
(8.1) Tole) = / E° (i o(\))(z) d.
tag

We first have to make this definition rigorous. For this we need an
estimate of the normalized Eisenstein integral which is uniform in A € ia}.
At a later point we also need such an estimate on the set —a7(0) defined
by

—a;(0) ={rea;.|(Re) a) >0 forall a € £*(aq,9)}

(see also (7.10)). Since in general E° has poles on this set we first have to

cancel these.

170
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Proposition 8.1. There exists a complex polynomial p° on ag ., which
is a product of first-order polynomials of the form A — (X, a) — constant,
(o € ¥(ag,9)), such that p°(A)E°(A:n) is holomorphic on a neighborhood
of —a;(0), for all n.

Moreover, there exist constants C, N, and s such that
(8.2) p°(VE°(A:n)(a)] < C(1+ |A]NelstIReAlogal]y)
for all A € —a3(0), n € C%W and a € A,.

Remark. In particular it follows that there exists a constant R such that
E°(X:n) is holomorphic in A on the set where (ReA,a) > R for all o €

¥ (ag:8)}-

Proof. This is derived by means of a functional equation for j, but it is
too complicated to be given here. See the references in the notes, and the

example below. [

Example 8.1. The real hyperboloids, g > 1. It follows from (7.13) that the
differential equation for the K-invariant Eisenstein integrals E{))(exptY)
and E°(A)(exptY) is given by

(83) TR — (TR = (0 = ),

where J(t) = cosh? !tsinh? ' t. This differential equation is actually a
well known equation; by the change of variables z = — sinh? ¢ it becomes

the hypergeometric equation
2(1—2)u”" + (c—(a+b+1)2)u’ — abu =0,

with a = %(p—i—)\), b= %(p—)\), c= %q. One can show that this equation has
a unique solution which is regular at z = 0 with the value 1. This solution
is called the hypergeometric function F(a,b;c;z). It follows immediately

that the unnormalized Eisenstein integral E()) is given by
E(\)(t) = E()\)(0)F(a, b; ¢; — sinh® ),

but it takes some effort to compute the constant E(A)(0) (see for example
[105, Appendix B]). The normalized Eisenstein integral E°(A) is more easily
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determined, because we know its asymptotic behavior from Proposition 7.7.
It follows that

E°(N)(t) = [lim e?~N*F(a,b;¢; — sinh? s)] "1 F(a, b; ¢; — sinh? t)

500

for ReA > 0. The limit is determined from the identity (see [104, p. 63,
Eq. (17)]):

F(a,b;c; 2) _EEZ))E((Z : Z; (=2) P F(b,1 —c+b1—a+b27")
&4 MEhb-a) ., .
+F(b)F(c—a)(_Z) Fla,1—c+a;1=b+a;z7").
It follows that
Eo()\)(t) — r (%()‘ + p)) r (%()‘ -p+ q)) 2,\-—pF(a’ b, — sinh2 t)

In particular we can determine the poles from this expression; they are
caused by the I-functions in the numerator (but some of them may be
cancelled by the denominator). It is seen that there are only finitely many
poles with positive real part (if p < g + 2 there are none, otherwise they
occur at p— ¢, p—q = 2,...), and (in accordance with Theorem 6.5) no
purely imaginary poles (because of the I'(\) in the denominator). This
establishes the first statement of Proposition 8.1 for this case. Note also
that we get from (8.4) that

E°(A)(t) = ®a(t) + 2_()C° (N),

where
(8.5) @,\(t) = (ZSinht)’\_”F(%(p - A), %(p —p—A);1= )\ —sinh™2¢)
and
o () = L((p+ MN(=ANT(5(a = p+ )
B T(3(p = M(HMNT(3(g — p = X))

in accordance with Theorem 7.6.
The estimate (8.2) is harder to obtain, but it can be deduced from [132,
Lemma 2.3] (in fact this gives a stronger estimate).
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In particular, by combining Proposition 8.1 with Theorem 6.5, which

implies that E° is not singular on ia;, we get that
(8.6) |E°(A:n)(a)] < C(1+[A]) Vel o8 )

for A € da;. This shows that the integral (8.1) converges provided ()
has a reasonable decay in A, for example as a Schwartz function. Similar
estimates for the derivatives of E° with respect to x show that Jy is
smooth.

Let us now return to the Fourier transform. Recall that for K-invariant

functions we have
f(\n :/ f(@)E° (=) (z)dz, neC”,
X

thus f()) is a linear form on C". It is actually more convenient to have a
Fourier transform which takes its values in C*. For this reason I define a
new Fourier transform F f as follows,

(FfNIm) = (fIE*(=X:m), [ € CZ(K\G/H),

for all n, where the sesquilinear product {:|-) on the left side is the standard
inner product on C", and on the right is given by

(87) (Filf) = /X f1(2)Falw) da

for complex functions f), f2 on X. It follows from (7.6) that

Ee(=Ain)(z) = E°(=A:n)(z),

and hence Ff(A) € CY is simply the element for which f(/\)n =Ff(A\)n
for all n € C* (the dot denotes the standard bilinear product on C").
Note that Ff()) is meromorphic in A € aj ..

We can use Proposition 8.1 to obtain an estimate of Ff for functions
f € CZ(K\G/H). Let p° be a polynomial on a . with the properties of
this proposition and let p(A) = p°(—A). Then pFf is holomorphic on a’(0),
and we have

(8.:8) lp(NFfA) < C(1+ 1,\|)N6r\r{e,\|
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for all A € a;(0), with constants C,N,r. Here N is independent of f,
whereas C and r depend on f. However, » depends only on the size of the

support of f. In fact we can take

(8.9) r= sup |logal.
a€supp fNA,

There is an important duality between the transforms F and J, ex-
pressed in the following lemma. As above let {-|-) denote the standard

inner product on C". Furthermore let also
(8.10) (o) = [ (rWlea(a)ax

for C"-valued functions ¢y, @2 on iag.

Lemma 8.2. Let f € C°(X) be K-invariant and let ¢ be a CY-valued

Schwartz function on iay. Then

(f1Te) = (Ffle),

where {-|-) is defined by (8.7) and (8.10), respectively.
Proof. This is a straightforward application of Fubini’s theorem. 0O

Now it is time to invoke the invariant differential operators. Recall from
the previous lecture that we have

DE°(Xin) = v¢(D: A)E°(A:m)
for D € D(G/H). It follows that

(8.11) DJp(z) = T(vq(D)p) and
(8.12) F(Df) =4(D)Ff.

Here the first equality is obvious, but for the second one needs the following
relation for the formal adjoint D* of D. Define v* € S(a,) for v € S(a,)
by v*(A) = v(—A).
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Lemma 8.3. Let D € D(G/H). Then v,(D*) = v,(D)*.

Proof. Let u € U(g)¥ with D = r(u). It is easily seen that D* = r(a),
where v — ¥ is the principal antiautomorphism of U(g). Let s: S(g) — U(g)
be the symmetrization map, then it is known (this is part of the proof of
Proposition 4.1) that we can choose u = s(v) for an element v € S(q)¥.
Since s(v)Y = o(s(v)) we obtain D* = r(o(u)). It follows immediately from
the definition of v, that v,(o(u))* equals the v,(u) one would obtain from
using the opposite positive system. Since v,(D) is actually independent of

the choice of positive roots, the lemma follows. [

The equation for F(Df) can be used to improve the estimate (8.8).

Proposition 8.4. Let p(A) be as above. Let f € C*(K\G/H) andn € N.
There exists a constant C such that

(8.13) IP)FFN)] < C(1+ |A]) eI Bl

forall A € a3(0), n € CW. Here r is given by (8.9); in particular it depends
only on the size of the support of f.

Proof. Just to give the idea, assume for simplicity that dima, = 1. It is
easily seen that v,(L:A) = (A, A) — {(p, p). By using suitably high powers
of L we can obtain a D with |v,(D: A)] > (1 + |A[)¥*" for all A. Applying
(8.8) to Df and using (8.12) we get (8.13). O

The purpose of the polynomial p(A) in (8.13) is to cancel the singularities
of Ff(A). Hence p is not needed for A € ia; (because of Theorem 6.5),
and it follows that Ff(\) is bounded by C(1 + [A|)™™ for all n. Similar
estimates for the derivatives with respect to A imply that Ff is actually
a Schwartz function on ia;. In particular it makes sense to apply J to
Ff. This is important, because as mentioned, the wave packet transform
is the candidate for the “inverse” of the Fourier transform on K-invariant
functions. As we shall see below, it is actually not the inverse of F in
general (it will only be the inverse of the restriction of F to L2). The
main step in the proof of Theorems 7.1-7.3 consists of the following result,

which shows that 7 is the inverse of F in a certain weak sense.

Theorem 8.5. There exists an invariant differential operator D on G/H
for which deg~y,(D) = order D # 0, and a positive constant ¢ such that

(8.14) DJIFf=cDf
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for all K-invariant f € C(X).

Note that it follows from Theorem 4.7 that D is injective as an operator
on C°(X). Nevertheless, since JFf in general does not have compact
support, one cannot conclude from (8.14) that JFf = cf.

The rest of this final lecture will be spent on discussing the proof of
this result, but before that let me indicate how it is applied to Theorems
7.1-7.3. First of all, Theorem 7.2 follows immediately, by means of the
injectivity of D. To obtain Theorem 7.1 one has to introduce a notion of
Schwartz functions on X. Without giving the details, let C(X) denote the
space of such functions. A rather delicate refinement of the estimates for
E° given above shows that F maps Schwartz functions on X to Schwartz
functions on iag,
ous. Applying F on both sides of (8.14) we get by means of (8.12) that
Yo(DYFIFf = cvg(D)Ff, and hence by division with v,(D) (which is

permissible on meromorphic functions)

and vice versa for J, and these operations are continu-

(8.15) FIFf = cFJ.

(Note that the Schwartz estimates are implicitly used when F is allowed to
operate on JFf.) Normalizing measures suitably we may assume ¢ = 1.
The relation (8.15) shows that JF is idempotent, by Lemma 8.2 it is
symmetric, and hence it is a projection operator. Now Theorem 7.1 (a) is
obtained by

(8.16) ||FfI> = (FAIFf) = (TFLf) = (TF*f1f) = |TFLI* < NFIP

and (b) by noting that (8.15) implies that the kernel of F is identical with

2
mc

the kernel of the projection operator JF; hence LZ _ is the image of this

projection, on which it is easily seen that F is isometrical,
IFTFIN? = 1FA? = |TFfI%,

by (8.15) and (8.16). It follows that F embeds LZ . isometrically into the
space

£
/ Hiy®CYdA
A

ia*
Elﬂq
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(recall that we only consider K-invariant functions for simplicity). The
fact that there are nontrivial intertwining operators between m , and 7 .
for s € W results in the existence of a simple relation between F f()\) and
Ff(sA) for s € W, which implies that the image of L? . is completely
determined by its restriction to only one chamber. This shows that L2 _ is
equivalent with a subrepresentation of the representation in the right-hand
side of (¢) in Theorem 7.1. The proof that it is actually equivalent with
the full right-hand side requires a further analysis of the map FJ, which I
cannot give here.

Finally, let me sketch how to deduce Theorem 7.3 from Theorem 8.5. Let
D € D{(G/H) be as in the latter theorem. As mentioned F and 7 extend
continuously to Schwartz space, and hence (8.14) holds also for the K-
invariant functions f € C(X). In particular, if f is orthogonal to L2, ., which
by definition means that Ff = 0, then Df = 0. If dima, = 1 the space of
smooth K-invariant functions annihilated by D has finite dimension, say d
(they satisfy an ordinary linear differential equation on A,). It follows that
the subrepresentation of L?(G/H) generated by f is the sum of at most d
irreducible subrepresentations of L?(G/H) (otherwise it could be written
as the direct sum of d+ 1 nontrivial invariant subspaces; one of these would
necessarily have no K-fixed vectors, and hence would be orthogonal to f,

a contradiction).

The relation between F f(sA) and F f(A) mentioned above is the follow-

ing.
Proposition 8.6. We have
Ff(sA) =C°(s: \)Ff(N)

for all f € CX(K\G/H), s € W and A € a, ..

Proof. This is easily obtained as a consequence of (7.12) and the relation
(8.17) E°(sA:C°(s: \)n) = E°(A\:n),

forse W, A€a,., andn € C"W. of which I shall now sketch the proof.
Consider the distribution

R(s)A(s7'Ps: P: 1:\)j°(P:1: M) (1) € CT(1: s)),
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obtained by applying the intertwining operator of (5.15) to j°(P:1: A)(n).
Since the operator is intertwining this is an H-fixed distribution, so for

generic A it is given by
R(s)A(s™'Ps: P:1: A)j°(P:1: X)(n) = j°(P: 1: sA)(B°(s: A)n),

for some endomorphism B°(s: A) of C¥, meromorphic in A\. We evaluate
this identity at ¢~ 'k and integrate over k € K. On the right-hand side we
obtain E°(sA: B°(s: A)n)(gH). Let us compute the left-hand side by means
of the formula (5.14) for the standard intertwining operator,

/I(R(S)A(s_lps:le:/\)j"(P:I:A)(n)(g‘lk)dk:
:/ /ﬁ F°(P:1: M) (n) (g~ "k3n) dn dk,
K JNNs~1Ns

where §, the representative in K for s, immediately is swallowed by the
K-integration. Disregarding all questions of convergence we exchange the
order of the integrals. Furthermore we define a(f2) € A such that 7 €
KMa(n)N, then it follows from (5.1) (with £ = 1) that the double integral
splits as the product of

/K (P 1:0) () (g™ k) dk = E° (o) (gH)

and

/ a(7)~>* d.
Nns—1Ns

Let ¢(s: A) denote the latter quantity, then we have obtained the identity
(8.18) E°(sA: B°(s: \)n) = c(s: N)E°(A:m).

Apart from the justification of these formal manipulations, which I skip,
it remains to be seen that c(s:\)"1B°(s:\) = C°(s:A) in order to have
(8.17). By meromorphy we may assume that sRe A is strictly dominant.
Then it follows from Proposition 7.7 and Theorem 7.6, respectively, that
the two sides of (8.18), evaluated at aw, behave like a®*~P(B°(s: A\)n),, and
a**~Pc(s: X)(C°(s: A)n)w, respectively, when a — oo in A7. From this the
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desired identity between B° and C° follows, since c(s: A) is not identically
zero. [

I am now ready to sketch the main steps leading to Theorem 8.5. Consider
the integral (8.1) defining the wave packet J. Inserting the expansion for
E°(A:n) fromn Theorem 7.6 we obtain

Tolaw) = [ E* () (aw) da

:/* S o (@)(C° (1 A)p (M) .

8y seW

For ¢ = F f we can use Proposition 8.6 and obtain

JF f(aw) =/‘ > @) FF(sM)w dX

iaq seW

=|W| [ ®x(a)Ff(N)wdA

L
'Laq

(8.19)

We would like to use Cauchy’s theorem on this integral in order to obtain
JFflaw) = |W] / Do (@) FFOA+ ) dA
1oy

for 4 € aj antidominant, but of course this is not permitted since F f is only
meromorphic. Recall however that pF f is holomorphic on a neighborhood
of a3(0). We now need the following.

Lemma 8.7. There exists an element D € D(G/H) such that p divides
Yq(D), and such that degv4(D) = order D # 0.

Proof. Roughly the idea is that [, p(sA) is a Weyl invariant polynomial,
hence in the image of ~,. (This is not quite good enough, however, since
W

actually v, is not surjective on S(ag)" in general.) O

With D as in this lemma, we now apply (8.19) to Df instead of f. By
means of (8.11-8.12) we then obtain

DIF flaw) = TFDf(aw) = [W| [ x(a)yg(D)A)FF(A)w dA,

ia*
lﬂq
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and (since p divides v4(D)) the integrand has become holomorphic on a
neighborhood a7 (0). The estimates of Propositions 7.5 and 8.4 allow the

use of Cauchy’s theorem to conclude that

(8.20) DJIFf(aw) = |W] Doy (@)V(DYA+ )FFA+ p)w dX

S
lC(q

for o antidominant. The strategy is now to let pu pass to infinity in this
direction. It follows from the estimates that the integral is bounded by
a constant times a*e”#! where r is given by (8.9). Now if a € A} and
|logal > r then we can find an antidominant po such that pe(loga) <
—r|po|. Taking p proportional to g it follows that the integral tends to
zero, so that DJF f(aw) = 0. The conclusion we reach is that DJF f has
compact support, and that this support has roughly the same size as the
support of f.

Refining the argument given above it is actually possible to prove that
if § C a4 is a convex, compact, W-invariant set, then

(8.21) suppf C Xs = supp DI Ff C Xs.

(Recall that Xg = K exp SH.) The next step in the proof of Theorem 8.5

consists of a strong improvement of this statement: we have actually
(8.22) supp DT Ff C supp f,

that is, (8.21) holds for all compact Wi np-invariant sets S. Let me sketch
the proof of this under the simplifying assumption that W~y = W. Let
S denote the collection of all closed W-invariant sets S C a4 for which
(8.21) holds for all K-invariant f € C>*(X). We know that the convez
closed W-invariant sets S belong to &. Now clearly & is stable for taking
intersections. Furthermore, if S belongs to &, then the closure S¢ of its
complement also belongs to &. To see this, first note that we may assume
D is formally selfadjoint (otherwise we replace it by D*D). Then if ¢ is any
K-invariant smooth function with support in Xgs we have by (8.21) that
supp DJ Fp C Xg, and hence by Lemma 8.2 (DT F fle) = (fIDT Fp) =0
for all K-invariant f € C°(X) with support in Xgc. Hence the latter
condition implies that DJF f vanishes on the interior of S, that is, S°¢

belongs to &, as claimed. Combining this with the property of intersections,
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it follows that the closure of a union of sets from & again belongs to &. Now
it is easily seen that any closed W-invariant set can be obtained by these
operations starting with conver closed W-invariant sets. This establishes
(8.22).

From (8.22) it follows by means of Peetre’s theorem ([124, Thm. 1.4])
that the operator DJF is a differential operator D’ on G/H (more pre-
cisely, on the image of A in K\G/H). It remains to be seen that D' = cD
for some constant ¢ # 0. This can be proved roughly as follows: Observe
that D’ commutes with all elements from D(G/H) (use (8.11-8.12)). This
commutation relation may be seen as a system of differential equations on
the coeflicients of D’. One can show that this system has a regular singu-
larity at infinity. In particular this implies that D’ is uniquely determined
by its asymptotic behavior. Using the asymptotic expansion in Theorem
7.6 one can analyze how D’ behaves at infinity: F and J become the Eu-
clidean Fourier and inverse Fourier transforms, respectively, and hence they
cancel each other (up to a positive constant ¢) and we obtain D' ~ ¢D. As
said, this implies D' = c¢D. This finishes my sketch of the proof of Theorem
85. O

Example 8.2. For the Riemannian symmetric spaces G/K we have that o,
is holomorphic and ¢(A)™! has no poles in —aj(0). Hence we can take
p° = 1 in Proposition 8.1, and hence also D = 1 in Lemma 8.7 and in
Theorem 8.5. It follows that L2 (G/K) = L?(G/K), as stated in (d) of

mc

Example 7.3.

Example 8.3. The real hyperboloids, ¢ > 1. We have seen in Example 8.1
that the poles of E°(A) with positive real part are located at A = A; =
p—q— 2j where j = 0,1,..., say for 7 < k, and these poles are simple.
Hence F f(A) has poles at the negative of these locations (depending on f
only some of them may occur). Instead of introducing the operator D in
order to cancel these poles in (8.19) we can in this case perform the shift
leading to (8.20), keeping track of the residues. Instead of (8.20) we obtain

(8.23) T Ff(aw) =|W| / Do (Q)FFA+ ) dA

k
+2mi|W| Y@y (a) (Res Ff(A).

j=0
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By [104, p. 64, (22)] the expression (8.5) for ® can be rewritten as

(324)  @x(1) = (2cosh)* PF(3 (o~ N), 5 (= p~ N1~ A;cosh™21),
and this hypergeometric function becomes a polynomial in cosh™? t exactly
when A = —\; = ¢ — p+ 2j (the Taylor series for F(a,b;c,z) at z =0 (the
Gauss summation formula) terminates when a or b is a negative integer).
In particular, it is regular at cosh™%¢ = 1, and it follows that (8.24) for A =
—A;j extends to a K-invariant smooth function on X, which is of Schwartz
type (because of the factor (2cosht)~*1=?). Moreover, since E°()) has a
simple pole at A;, its residue is also a smooth K-invariant eigenfunction,
and hence it must be proportional to ®_j.

It follows from these remarks that the summation term in (8.23) is the
restriction of a global Schwartz function on X. Let

k
Df = —27i jZO ,\:RESAj Ff(A) ®-»,-

It is now easily seen that the operator D commutes with the Laplace op-
erator, and also that it is symmetric (use the above-mentioned proportion-
ality). Following the argumentation in the general proof above we then
obtain that

(JF +D)f =cf,

the Plancherel formula for X; it shows how f is decomposed into its L2 .
part JFf and its discrete series part Df. Note that if we insert Df
instead of f in this equation we obtain (8.14), because Resy=_x, FDf()) =
Yg(D)(=Aj) Resx=_x, Ff(A) =0, so that DD f = 0.



Notes

LECTURE 1. A readable introduction to the theory of semisimple symme-
tric spaces, with some more details on the geometric viewpoints, is given
in the first chapter of [108]. Thorough treatments are given in the books
[123], [124], [131, Chap. 9], [139], [177]. The example of the real hyper-
boloids (Example 1.6) has been treated thoroughly by several authors. See
for example [170], [105], [178] (some further references can be found in the
list of rank one symmetric spaces below). The account in [170] is particu-
larly recommendable as a companion to these notes. In addition to these
examples, other examples of harmonic analysis on particular semisimple
symmetric spaces can be found, for example in [185] and [95] (see also the
list below). Very much of the analysis done in the first of these lectures
has been done in [167] for a class of semisimple symmetric spaces called
K.-type.

Research on the program of harmonic analysis on general semisimple
symmetric spaces was basically begun in the late 1970’s and developed
rapidly in the 1980’s. An overview is given in [84]. Up to now, the part
of the decomposition which is best understood is the discrete series. Be-
low are given some hints and some references. These notes deal with the
“opposite” part, the most continuous part. The basic references are the
forthcoming papers [90,91], on which the final lectures (7 and 8) will be
built. Finally, there are also series of representations that lie “between”
the most continuous series and the discrete series. These series have only
been studied quite recently, see [97], [101] and [98].

By definition, a discrete series representation of a locally compact group
G with respect to a homogeneous space G/H is an irreducible representa-
tion 7 of G, which can be embedded as a subrepresentation of L?(G/H) (it
is assumed that G/H has an invariant measure). Let G/H be a semisimple
symmetric space. It is known from the pioneering work of Flensted-Jensen
[107] that the discrete series is nonempty if the rank of G/H equals that of
K/(K N H) (here K is a o-invariant maximal compact subgroup of G, see
Prop. 2.1 for its existence). In the cited paper a construction of “most” of
the discrete series is given. The basic tool in the construction is the duality
(see the proof of Thm. 4.3). The construction was extended by Oshima and

183
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Matsuki [166], who showed that the mentioned rank condition is also nec-
essary for the existence of the discrete series (a significant simplification of
their proof is given in [141]). The construction of Flensted-Jensen, Oshima,
and Matsuki (see also [85], [86]) gives a series of subrepresentations m of
L*(G/H), whose span equals the span of the discrete series. For a few of
the ) it remained an open problem whether they are irreducible (a priori
they might decompose as finite sums of irreducibles) and nonzero. The ir-
reducibility was settled by Vogan in [188], and Matsuki gave in [141] some
necessary conditions for the nonvanishing, and announced them also to be
sufficient. The final problem is whether there are equivalences among the
7. The answer is believed to be no, and this has been confirmed by Bien
[93] in all cases except for a handful of “exceptional” symmetric spaces.
Differently put, this means that no irreducible representations occur more
than once in £ (the discrete series have multiplicity one).

In the group case the discrete series was known beforehand from Harish-
Chandra [117]. For a noncompact (that is, G has no compact factors)
Riemannian symmetric space there is no discrete series (also by Harish-
Chandra).

As mentioned in the lecture, the basic method for finding the Plancherel
decomposition in symmetric space of rank one is to use polar coordinates in
which the Laplacian L becomes an ordinary singular differential operator
of the type treated by Weyl, Kodaira, and Titchmarsh. For a Riemannian
symmetric space G/K of rank one, the obvious way of obtaining polar co-
ordinates comes from the Cartan decomposition G = K expa K, with the
angular parameter being furnished by K and the radial parameter by a.
Thus the system of coordinates is obtained from the fact that the regular
orbits of K on G/K constitute a one-dimensional family. The generaliza-
tion to non-Riemannian spaces G/H of rank one offers two possibilities:
one can use the orbits of K or the orbits of H on X to obtain polar coordi-
nates. In both cases the regular orbits constitute one-dimensional families.
These two ways of introducing coordinates on X give rise to two essentially
different ways of obtaining the spectral resolution of L on L%(X).

The first method has only been applied successfully to the hyperbolic
spaces (Example 1.6; the first four blocks of the list below). It was in-
troduced by Limié et al. in [138]. The second method works for all rank
one spaces, but it has the drawback of being more complicated. A method
of this kind was first used by Molchanov in the announcement [144] (with
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detailed proofs given in [147]). It is based on a study of spherical distribu-
tions on X (i.e., generalized functions on X, which are H-invariant and are
eigenfunctions for L), and the final result is a decomposition of the Dirac
measure concentrated at the origin in terms of positive definite spherical
distributions (that is, an explicit version of (5.10)). Faraut [105] gives
a careful exposition of both methods, applied to the classical hyperbolic
spaces.

Below is a list of all the non-Riemannian semisimple symmetric spaces
of rank one (up to covering), with some references to papers treating the
Plancherel formula. (The list of references is not complete, and some of the
papers contain full proofs of the theorems, whereas others are announce-
ments only.)

The non-Riemannian semisimple symmetric spaces of rank one

SO.(p,q)/SO(p —1,q), {(p>1,q>0) (the real hyperbolic spaces).
[115] (p = 2,9 = 2); [110], [175] (p = 3,q = 1); [144], [181] (p > 1,q = 1); [145]
(p >1,q odd); [138], [182], [170], [105], [147] and [152].

SU(p,q)/S(U(1)xU(p—1,q)), (p>1,q9> 0) (the complex hyperbolic spaces). [143]
(p > 1,9 =1); [105], [152].

Sp(p,q)/(Sp(1) x Sp(p — 1,q)), (p > 1,9 > 0) (the quaternion hyperbolic spaces).
[105], [152].

F4(—20)/ Spin(1,8), (the octonion hyperbolic space). [134], [152].

SL(n,R)/GL,(n — LLR), (n > 1). [150], [151] (n=2); [149] (n=3); [148], [185],
[184], [152].

Sp(n,R)/(Sp(1,R) x Sp(n — 1,R)), (n>1). [136], [152].

For all these spaces, the decomposition of L(X) contains a discrete part
and a continuous part (the discrete series and the principal series). In
particular, one finds that the multiplicities are one, except when X is (or
covers) the real hyperbolic space SO.(p,1)/SO.(p — 1,1) (cf. [184]), where
the representations of the principal series have multiplicity 2.

LECTURE 2. One of the first systematic studies of semisimple symmetric
spaces is the paper [92] by Berger, which gives a classification of these
spaces. Proposition 2.1 is in that paper. A proof is easily derived from
(123, Thm. IIL.7.1] (see [177, Prop. 7.1.1]). The Cartan decomposition of
Proposition 2.2 is from Mostow [153], and Theorems 2.4 and 2.5 are from
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Flensted-Jensen [106, 107]. The proof of Theorem 2.5 consists of a root
space computation of the Jacobian J (see [177, Thm. 8.1.1]). Theorem 2.6
is from Rossmann [171], the proof (for the involution ¢8) is also given in
[177, Prop. 7.2.1] (see also [168]).

LECTURE 3. For details on parabolic subgroups in general, see for example
[130, Sect. 5.5], [187, Sect. I1,6], or [189, Sect. 1.2]. The o-minimal parabolic
subgroups are introduced in Rossmann [171], where Theorem 3.3 is given
as Cor. 17. The proof can be found in this paper, and also in Matsuki
[140], where also the nonopen P x H cosets are determined (for further
material on these coset decompositions see also [142]). For the proof Lemma
3.1, and for more details about these parabolic subgroups, see [80, Sect.
2]. Theorem 3.4 is from van den Ban [77], where the full proof can be
found. It was first found by Kostant [133] in the Riemannian case (cf.
Example 3.5) (see also [124, Thm. 1V,10.5]). Lemmas 3.6 and 3.7 are
from Harish-Chandra [116, Lemmas 39, 43]; the proofs are based only
on finite dimensional representation theory (for Lemma 3.7 see also [124,
Cor. 1V,6.6]). The proof of the properness of a based on Lemma 3.6 is
taken from [167, Lemma 3.7]

LECTURE 4. For generalities on invariant differential operators, see [124,
Chap. II] where Proposition 4.1 is given as Theorem 4.6. The result is
independent of our assumption that H is connected, and then U(g)¥ can
also be replaced by U(g)fe (see [164, Lemma 2.1] or [81, Lemma 2.1]) so
that in fact D(G/H) = D(G/H,). Theorem 4.2 is due to Harish-Chandra
[116], for the proof see [124, Thm. I,5.17]. An alternative proof of the Wp-
invariance (without the use of spherical functions) has been given in [137)].
Theorem 4.3 and its proof are due to Helgason ([124, Thm. 11,5.7]), but
the “duality” used in the proof goes further back to Berger [92]. The use
of this duality has been exploited by Flensted-Jensen (see [108] and refer-
ences mentioned there). For example, the isomorphism between D(G/H)
and D(G?/K¢?) appears as an algebraic isomorphism, but it can actually
be given an analytic sense essentially by looking at G/H and G¢/K¢9 as
submanifolds of the same complex symmetric space G./H.. For the proof
of Lemma 4.4, see [119] (see also [125]). Proposition 4.5 is from van den
Ban [78]; the part of the proof given here is an elaboration of [170, Lemma
9]. Lemma 4.6 and Theorem 4.7 are from [89], where the full proof of the
latter can be found. In the Riemannian case it goes back to Helgason [121].
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LECTURE 5. For more details on general principal series representations
and the standard intertwining operators, see [130, Chap. 7], and for more
details on the specialization to the o-minimal case, see [80, Sects. 3-4]. The
abstract integral decomposition theory can be found in [103] (see also [169]
for (5.5)). For details on the application to G/H, see van den Ban [7§]
(where the full proof of Proposition 5.2 can be found) and [105, Sect. 1],
[185]. The theory of spherical functions on G/K (Example 5.1) can be
found in {124, Chap. IV]. Lemma 5.3 is due to ’Olafsson [157] (for further
discussions see also [88]). The irreducibility in Theorem 5.4 is due to Bruhat
(see [96, p. 203, Thm. 4], and also [80, Prop. 3.7]). The idea of Bruhat’s
proof is sketched in [130, Sect. 7.3], and more thoroughly in [112]. See also
[157, Thm. 3.7). Proposition 5.5 and Theorem 5.6 are from [80, Sect. 4]; the
proof of Theorem 5.6 is based on [130, Thm. 8.38], but matters simplify
because £ is finite dimensional. The proof of Theorem 5.4 for the real
hyperboloids (Example 5.5) can be found, for example, in [182] (see also
[146]).

LECTURE 6. The basic reference for this lecture is [80] (see also [157]).
Proposition 6.1 and Theorem 6.2 are given in both these papers. The
existence of the meromorphic extension of f) was originally announced in
[162]. See also [167, Prop. 3.8] for a special case. Theorems 6.3 and 6.4 are
[80, Thms. 5.1 and 5.10]. In the proof of Theorem 6.4 a finite dimensional
representation w, is used. The existence of this representation with the
properties mentioned in the proof follows from a general theorem on finite
dimensional representations of G with both a nontrivial K-fixed vector
and a nontrivial H-fixed vector (a K x H-spherical representation). For
H = K these have been classified by Helgason, see [124, Thm. V,4.1]. For
the generalization to arbitrary H, see [157] or [81] (the generalization is
due to Hoogenboom). Theorem 6.5 is announced in [88, Thm. 2| under a
certain Condition (F), which at the time of the announcement was needed
for the proof of [80, Thm. 6.3] (the proof given in [80] has an error, which
is easily repaired under the assumption of Condition (F) — see [88]}). Since
then van den Ban [82] has found a proof of this theorem independent of
Condition (F). The proof of Theorem 6.5 will appear in [90].

LECTURE 7. The definition of the Fourier transform is given in [90]. Theo-
rems 7.1-7.3 are announced in [88] (see also [84]), their proofs (sketched in

Lecture 8) will appear in [91]. Note that as a consequence of Theorem 7.3
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and the known results for the discrete series (see the notes to Lecture 1), the
full decomposition of L?(G/H) is known for symmetric spaces G/H of split
rank one. This class of spaces is considerably wider than that of symmetric
spaces of rank one (a table is given in [168, p. 462]). In the Riemannian
case (Ex. 7.3) the full Plancherel decomposition is obtained from Theorem
7.1. In this case, the result is well known and due to Harish-Chandra and
Helgason (see [120], [121], [126]). A substantial simplification of the origi-
nal proof was found by Rosenberg; this is the line of proof followed in {124,
Thm. 7.5]. At the same time, a proof of Helgason’s Paley-Wiener theorem
for G/K (that is, the description of the image F(C*(G/K))) is obtained
(see {124, Thm. 7.1]). The proof of Theorem 7.1 of these notes is built
similarly; in particular, a Paley-Wiener theorem is also obtained for spaces
G/H of split rank one. However, major complications arise from the fact
that the spherical distribution in general is not holomorphic in the param-
eter A, and from fact that dim V' (£) can be larger than one in general (so
that the Plancherel decomposition will have multiplicities larger than one).
The Eisenstein integrals (unnormalized as well as normalized) are defined
and studied in [81] (see also [90]); Propositions 7.4 and 7.7 are from [81]. In
the group case the Eisenstein integrals were introduced by Harish-Chandra
[117, I]. The asymptotic expansions in Proposition 7.5 and Theorem 7.6
will be proved in [91]. For G/K and 'G, they were obtained by Harish-
Chandra (see [124, Thm. 5.5] for the former case, and [189] for the latter).
The relation (7.12), which is quite crucial, is established in [81, Thm. 16.3].
It was obtained by Harish-Chandra in the group case (the “Maass-Selberg
relations” [117, III p. 153]), and in the Riemannian case by Helgason [121,
Thm. 6.6]. For the general theory of radial parts of differential operators,
see [124, Thm. I1,3.6], and for the application to the Laplace operator in
the K A;H decomposition, see [106, Eq. (4.12)], where (7.13) is proved for
arbitrary semisimple symmetric spaces.

LECTURE 8. Most of the material of this section will be published in [90]
and [91]. The only exception is Proposition 8.1 which follows directly from
[81, Prop. 10.3 and Cor. 16.2]. Example 8.1 shows that the K-invariant
Eisenstein integrals on the real hyperboloids are hypergeometric functions;
see [118] for the generalization to arbitrary semisimple symmetric spaces.
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1. Introduction

At the Roskilde conference in honor of the 65th birthday of S. Helgason
the last lecture was given by E.P. van den Ban, who spoke about his joint
work with H. Schlichtkrull on the spectral decomposition (of the most con-
tinuous part) of L?(G/H) with G a reductive Lie group of Harish-Chandra
class and H an open subgroup of the fixed points of some involution ¢ of
G [190-192, 209]. In order to limit technicalities only the decomposition
of the K-spherical part L?(G/H)¥ = L*(K\G/H) was discussed. Here K
is the maximal compact subgroup of G fixed by a Cartan involution 6 of
G commuting with o. After the lecture J. Faraut brought up the question
whether the spectral decomposition of L?(K\G/H) could be described in
terms of hypergeometric functions associated with a root system as devel-
oped by E.M. Opdam and the author (see [199] for a survey). In this paper
we show that the answer to this question is yes.

In Section 2 we discuss the generalized Cartan decomposition in case G
is replaced by a compact real form U. These results were obtained by B.
Hoogenboom in his thesis [201]. It follows from these results that there ex-
ists a root system R and a multiplicity function k such that the radial part
of the Laplace-Bertrami operator on G/H (acting on K-invariant functions)
is exactly the same as the operator L(k) associated with R and k. Since
the algebra D(G/H) of invariant differential operators on G/H is commu-
tative it follows that the radial parts of an eigensystem of D(G/H), plus
invariance by K, gives rise to a commutative eigensystem for an algebra
differential operators containing L(k). Hence this system is a subsystem of
the hypergeometric system (by the very definition of the latter). Since both
systems are commutative and have finite dimensional solution spaces the
conclusion is that K-invariant eigenfunctions for D(G/H) are finite linear
combinations of hypergeometric functions. In particular this applies to the
K-invariant Eisenstein integrals.

In Section 3 we discuss the natural context of the spectral problem for
the hypergeometric function associated with a root system. Partly this is
a review of know results, and leads to a description of the spectral problem
on noncompact vector groups. We give a little extra evidence that the
spectral theory in the noncompact case works for all nonnegative values of
the multiplicity parameter k£ € K rather than just some (integral or half-

integral) group values of k& (coming from harmonic analysis on K\G/H)

191
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by checking that the Maass-Selberg relations just go through. In the group
case of G/H (not only for the trivial but for all K-types) the Maass-Selberg
relations were obtained by E.P. van den Ban by a rank one reduction and
certain manipulations with an integral formula [191, 209]. We also use rank
one reduction, but instead of using an integral formula we use the Kummer
relations for the Gaussian hypergeometric function. In Section 5 we end
this paper with the discussion of some open problems.

We hope that the content of this paper will stimulate a further search for
integral representations for the hypergeometric function associated with a
root system, because these seem to be the main obstacle for dealing with
the spectral problem [193, 195, 199, 210].

Finally I would like to thank E.P. van den Ban and H. Schlichtkrull for
enlightening discussions about their work.

2. The generalized Cartan decomposition
(after B. Hoogenboom)

Suppose U is a compact, connected and simply connected Lie group. Let
8,0: U—=U be a pair of commuting involutions of U, and denote K = U?,
H = U7 the respective groups of fixed points. It is known that both K and
H are connected (see [200], Chap. VII, Theorem 8.2). On the Lie algebra
level we have the corresponding decompositions

(2.1) u=tdip=haig=>ENH dENig) dEpnNh) di(pNqg).

Choose a maximal abelian subspace 6,4 C p N q, and put t,; = ia,,. Then
Tpq: = exp(tyg) is a torus in U maximal with respect to the conditions
6(t) = t71,o(t) = t7! for all t € T,,. We also have the restricted root
system

(2.2) Tpgi=%(g = uc,a5) C ap,

with corresponding Wey! group

(2.3) Wigi = W(Epe) = Nk (tpg)/ Zk (tpg) = Nu(tpg)/ Zn(tpg)-

Note that the group W, acts on Ty, in a natural way: w(t) = ntn~! if

w=nZk(tyg) € Wpq, n € Nk (tyq), t € Tpy. Since w(ty)w(ts) = w(tits) we
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can consider the semidirect product group T,, x Wy, with multiplication
defined by (t1,w1)(t2, wz) = (t1wi(t2), wywe). Note that Tpe x Wpg acts on
qu by (tl,w) . tg = tl'LU(tg).

Definition 2.1. We put

(2.4) N =A{(t=kh,w) € (T,,q N NK(tpq)NH(tpq)) X Whes

w = kZk(tpg) = hblZH(tpq)}

viewed as a subset of the group Tpq @ Wp,.

Lemma 2.2. N is a subgroup of Tpq x Wp,.
Proof. Suppose (¢t = k1hy,w;), (t2 = kahe,ws) € N. Then we have
(t1, w1)(t2, wa) = (krhywi(k2hs), wiws) = (kthih] 'kahohy, wiws)
= (kik2hoh1, wiws) € N,
and hence also (t = kh,w)™ ' = (k7'h~ L, w ) e N. O
As a subgroup of Ty, x W, the group N also acts on T,,. Written out
explicitly this becomes (kh,w) - t = kth.
Lemma 2.3. Ifk € K, h € H, and t,,ty € Ty with kt\h = ty then
t3 = kt{k~! = h™tt1h.

Proof. Suppose kt,h = t; for k € K,h € H,t,t; € Tp,. Then by applying
6 we get kt;'0(h) = t; ! or equivalently 8(h) = t,k~*¢t; ', and by applying o
we get o(k)t7 h = t; ! or equivalently o(k) = t;'h~t,. Applying 6o = 0
yields o(k)t;6(h) = t9, and hence tz_lh_ltl-tl-tlk_ltz—l = t5 or equivalently
t3=h""3k™". In turn we get t3 =ty -3 = kttk~ 1 =3 - t, = A~ 1tth. O

Corollary 2.4. If we denote
(2.5) L:=Tog N Zk(tpq) ZH (tpg) = N N0 (Tpg x {1}),

then we have Tpq[2] C L C Tpq[4], when for m € N we write Tpe[m] = {t €
Tpq; t™ = 1} for the points of order (divisor of ) m.

Proof. Indeed Tpy[2] = {t € Tpq;t =t} = {t € Tpg;t = 6(t)} = TpeNK C
Zk (tpq), and similarly for H. Hence Tp4[2] C L is clear. Now suppose
t = kh € T}, for some k € K,h € H. Applying the previous lemma with
t1=1,t; =t yields t* = 1. Hence L C Ty,,[4]. O

In particular L (and hence N} is finite.
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Lemma 2.5. We have a short exact sequence of groups
(2.6) 1—L—N-—W,—1,

where N — W4 is projection on the second factor.

Proof (Sketch). The only nontrivial point of this statement is that the map
N — W,, is onto. Since W), is generated by reflections it suffices to
prove that each reflection lies in the image, and this reduces to an su(2)-
computation (for more details see [201], Chap. 5 and Lemma 8.3). O

Theorem 2.6. (Generalized Cartan decomposition). We have the
decomposition U = KT,qH. Moreover for ti,ty € Ty there exist ki, ky €
K, hi,hy € H with kitihy = kaotaho if and only if n - t; = ty for some
neN.

Proof (Sketch). The proof of the decomposition U=KT,qH is similar to the
corresponding decomposition G=KA,qH in the noncompact case. More-
over the component in A,, is now unique modulo the action by the reflec-
tion subgroup Nrnu(apq)/Zxnr(apg) of Wy = Nk (apq)/Zk(apg) (see,
e.g., [209], Theorem 2.4). For the proof of the second statement we re-
strict ourselves to the case that t;, € T, is generic. Then kt,h = 2 with
k = k3 'ki,h = hyh3 ", and we conclude by Lemma 2.3 that k € Nk (t,,),
h € Nyu(tpg) and t = kh € T,q. By the very definition of N this amounts
ton-t; =ty forsomene N. 0O

Theorem 2.7. For suitably normalized Haar measures we have
(2.7) du = J(t) dt dk dh

where u = kth is the generalized Cartan decomposition, and the weight

function J on T, is given by
g

(2.8) Jy= [ re—toma - peemepme.

«€x,

Here m} = dimgt, m, = dimg;, m, = dimg, = mf+m] are the

multiplicities of the root spaces

go ={X €g=u;[H X]=a(H)X VH € ay}
gt ={X €ga;00X =X}, g, ={X € ga;00X =—-X}.
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Proof. This is a calculation of the Jacobian J entirely similar to the for-
mula in the corresponding noncompact case (see [201], Chap. 9 and [209],
Theorem 2.5). O

Now the Jacobian J on Ty, is invariant under the action of the group
N, ie.,

(2.9) J(n-ty=J(t) YneNNVteT,,

Note that (t = kh,w) -1 = 1 if and only if t = 1, or equivalently that
Staby (1€Tyg) = Niknu(tpg)/Zknm(tpg). Under the natural epimorphism
N — W, this group maps bijectively onto the subgroup of W, generated
by the reflections r, € W, for which m? > 1. The invariance (2.9) near
t = 1 amounts to m}, = mt,my, = m, Yw € Ngnpu(ty, V/Zknn(tpg),
Vo € Yp,.

Now put in the notation of Corollary 2.4
(2.10) T =I\T,y, W=N/L

and let W act on T in the obvious way: nL(Lt) = L(n-t) Yn € N,Vt €
Tpg. One should keep in mind that the identity element 1 € T is not
necessarily fixed by all w € W. However from the existence of special points
(a consequence of the fact that W is generated by n = rk(Z,,) reflections,
cf. [194] Chap. 5, §3, Prop. 10) we conclude the existence of a point ty € T
with w(te) = to YVw € W. In fact choosing t, € T appropriately we can

arrange that

(2.11) Jto) = [ |eo—to|" - et

QEEL

for suitable integers nt,n; with {n},n;} = {mI,m;} Va € ¥,,. More-
over nf > n, Va € ) = {a € Byg; 30 € L4}, and nf, = nd ng, =
n, Yw € W,V a € ¥,,. By abuse of notation we have not distinguished
between ¢ € T" and its representative t € Tpq. Note that t§* = 1 Va € £,

Now there exists a new (possibly nonreduced) root system ¥ with ¥ C

Ypq U 28,4 such that (2.11) can be rewritten in the form

(2.12) J(tto) = [ lex—e===,

acyt
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by just using (¢*—t~%)(t*+t~%) = (t2*—¢~2%), By W-invariance we have
Nya = Na VW € W, Va € %,

Finally in order to match with the notation used in the theory of hy-
pergeometric functions associated with a root system we put R = 2% and
k2o = $nq for a € £. Then (2.12) becomes

(2.13) J(tto) = [ Jere—t—2e|",
a€R

and the point ¢, € T satisfies t2* =1 Va € R. Let V be an irreducible
unitary representation of U having a nonzero K-fixed vector vg and a
nonzero H-fixed vector vy. The matrix coefficient U 3 u — (vi,uvy) is
called a (K, H)-intertwining function. By restriction such a function gives a
W-invariant Fourier polynomial on T'. If V runs over the set of equivalence
classes of irreducible (K, H)-spherical representations of U we obtain in
this way an orthogonal basis of L2(K\U/H,du) ~ L?(T, J(t to)dt)".

By a further analysis one can show that the restriction of the (K, H)-
intertwining functions are obtained from the basis of monomial symmetric
functions on T by a triangular operation.

Conclusion 2.8. The restriction of the (K, H)-intertwining functions on
U to a split torus are Jacobi polynomials associated with the root system R
and with multiplicity parameter k = (ka)ackr-

3. The spectral problems for hypergeometric functions
associated with a root system

We start by fixing some notation, cf. [199]. Let a be a Euclidean space

with inner product (-,-). Let R C a* = Hom(a,R) be a possibly non-

reduced root system, and R = {a" = 22.:a € R} C a the dual root

T (aa)?

system (using the linear isomorphism a & a* coming from the inner prod-
uct). The weight lattice

P={\ea*;(\,a¥)€Z Ya€eR}

of R can be viewed as the character lattice of the complex torus H =
h/27iQY. Here h:=CQra = adt, = ia and Q¥ = ZRV C g is the
coroot lattice of R. Clearly H = AT (unique decomposition) with A:=a
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a vector group and T: = t/2miQ" a torus. For A € P we write e* for the
corresponding character of H, and the value of e* at a point h € H is
written as h* € C*. Similarly for A € h* we write e* for the corresponding
character of A, and the value of e* at a point a € A is denoted by a*. The
group algebra C[P] of the abelian group P now becomes identified with the
ring of Laurent polynomials on H.

Consider the algebra R (with unit 1) generated by the functions of the
form (1—e~*)"! for « € R. Note that the Weyl group W acts on R.
Clearly R is invariant under the algebra St of linear differential operators
on H with constant coefficients. Hence the algebra R ® Sbh represents
the algebra of differential operators on H with coeflicients in R. Since
(1—e®)™! = 1—(1—e~®)~! R is generated by the functions (1—e~*)~!
with o € R,. Here R, is a fixed set of positive roots corresponding to
a positive chamber a; C a. Writing (1—e ®)"! = 14+e™*+e7 2% + -+
Yo € R. we can expand any differential operator P € R ® Sh in the form
P =+'(P)+--- withy/(P) € Sh. Clearly these formal expansions in R®.Sh
(viewed as subalgebra of C[e™*,... ,e~*]| ® Sh where a, ... ,a, are the
simple roots in R ) are convergent on the positive chamber A, := a;. The
element v/(P) € Sh is called the constant term of the differential operator
P along A, . For example the differential operator

(3.1) Zag? Z 1+e a'%

a>0

has constant term along A4 equal to
(3:2) -Y et Tk
8.{2 = * da

Here &;,...,&, is an orthonormal basis of a, and k = (ko)acr € K is a
multiplicity function on R, ie., k, € CVa € R and kyq = ko Yw € W,
Va € R. We also define a map

(3.3) v(k): R®Sh — Sh

by the formulae

(3.4) A(k)(P) = e") 0 5/(P) 0 =0
(3.5) plk) = 5 S ke €,

a>0
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and call it the k-constant term along A,. Obviously both v’ and ~(k) are
algebra homomorphisms. For the operator L(k) given by (3.1} we get

(3.6) FR(E®) =3 (% — (o(k). o(K))-

S

The advantage of v(k) over ' is that (3.6) is independent of the choice of
the positive Weyl chamber A;,. We put

3.7) D(k) ={PeR®ShwPw ' =P VYweW,[P,L(k)] = 0}.

for the algebra of all W-invariant differential operators commuting with
L(k). The following theorem is a crucial result (due to Opdam [205]; see
also [198, 199] for a simplified proof).

Theorem 3.1. The k-constant term
(3.8) ~(k): D(k)—=5p"W

is an isomorphism of (commutative) algebras.

Hence the second-order operator L(k) is part of a commutative set of
n algebraically independent differential operators. The map (3.8) is called
the generalized Harish-Chandra isomorphism, because for special values of
k € K (referred to as the group values) the isomorphism (3.8) is intimately
connected with Harish-Chandra’s description of the algebra of invariant
differential operators on a Riemannian symmetric space. The map (3.8) is
natural in the sense that it is independent of the choice of A,.

The purpose of this section is to discuss the various spectral problems
associated with the commutative algebra (k). For this we will impose the

restriction (always satisfied for group values)
(3.9 ko+koa >0 Vo€ R.

Here we put kg = 0 if 8 ¢ R. Consider the functions

(3.10) u(k) = H\e%a—e_%al%a,
a>0

(3.11) §(k) = H(e%a_e—%a)ﬂva.

a>0
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Because of (3.9) the function p(k) is a nonnegative continuous function on
all of H, whereas the function é(k) is viewed as a multivalued holomorphic

function on
(3.12) H™¢:={he Hih* #1 Vac€ R}
obtained by analytic continuation of p(k) on Ay C H™S8.

Proposition 3.2. Let k € K wvary subject to the condition (3.9). The
function z—((];_)) 1s locally constant on T N H™8. Fort € T the function %
is locally constant on At N H™® if and only if t*> € C. Here

(3.13) C:={he H;h*=1 VYa€eR}CT

is the central subgroup of H associated with R (C is a finite subgroup of H
of order equal to the index [P: Q] of Q in P).

Proof. If we write h € H™® as h — at witha € A, t € T then

olkih) _ 11 (3™ — hm3o) " (b — pae)t
wlk; h) 50 (h§ﬂ _ h——a) (m)k“

On the one hand, if a = 1 then (k t)) [Toso(=1)k= is locally constant on

T N H™8, On the other hand, if ¢ € T is fixed then Z((k at)) is independent

of a € Ay if and only if

1 1 1
az%tz® —q” 2% 2
=t YVa>0<=2t2=1 Va>0<=t’€C,

=] Wl

1 1 1
Azt 2 _ g 3%

and the proposition is proved. [

By algebraic manipulations (see [199, Theorem 2.1.1]) it is not hard to
show that

5(k)? o {L( )+(p (k),p(k))}oé(k)—%
ko(l — ko — kaa)(a,a)
; 852 Z (ezo‘ —e729)2 )

a>0 e

(3.14)

Now observe that the right-hand side of (3.14) is (formally) symmetric with
respect to both Haar measures dt on T and da on A. In turn the following

consequences can easily be derived.



200 G. Heckman

Corollary 3.3. With k € K subject to (3.9) define an inner product (-, )i
on C=(TYW by

(3.15) (F,G)y: |W|/ p(k; t)dt,

where dt is the normalized Haar measure on T. Then the algebra D(k)
leaves invariant C=(T)W and is invariant under taking adjoints with re-
spect to (3.15). In fact under the generalized Harish-Chandra isomorphism
(3.8) the adjoint corresponds to conjugation of SH* with respect to the real

form a of b.

Corollary 3.4. Let k € K satisfy (3.9). Fizt € T with t? € C, and put
W(t) = {w € W;w(t) =t} for the stabilizer of t in W. Define the inner
product (-, ) on C(At)W®) by

(3.16) (F.G) = o | FlatiGTaa(k:at)da,

where da is a Haar measure on A (a natural choice could be the contin-
uation of the normalized Haar measure dt on T). Then the algebra D(k)
leaves invariant the space C®°(A)WW) and is invariant under taking ad-
Jjoints with respect to (3.16). In fact under the generalized Harish-Chandra
isomorphism (3.8) the adjoint corresponds to conjugation of ShW with re-

spect to real form t = ia of .

The spectral problem connected with Corollary 3.3 has an exact solution
due to Opdam and the author [197, 206] which we briefly recall. For A € P,
the monomial symmetric functions M(A) = 3° .y €* form a basis of
C[P)W. For A, p € h* write u < X if and only if A=y = kyjog + - - - + kpay,
with ki,... ,kn € Z>0. Then < is a partial ordering on P, (which is only
a total ordering in case n = 1).

Definition 3.5. For A € P, the Jacobi polynomials P()\, k) € C[P]V are
defined by the following two properties:

(3.17) POLK) = Y aub)M(p), oalk)=1
HEPL u<A

(3.18) (P(OVE),M(p), =0 VYpe Py, p<A
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Definition 3.6. The meromorphic functions ¢, c*: §* x K — C are defined

by
)‘ Vv _+_ 1kla
(3.19) exnk) =11 va )1 ¥ 3)
= F((A oY) + Lk, + ko)
F( V §kla — ko + 1)
(3.20) (k) = 2
QI;[O (—()\,Otv)— 3k1a +1)

Theorem 3.7. For all P € D(k) and A € Py we have
(321) P(P(A,K) = (K)(P) (A p(k)) - P(N, &),

Hence the Jacobi polynomials are a complete orthogonal basis of the Hilbert
space L2(T, u(k;t)dt)V . Moreover their L?-norms are given by

(=M + k), k)
(A + p(k), k)

This gives the solution of the simultaneous spectral problem problem
of D(k) in the context of Corollary 3.3. The first part of this theorem is

an easy consequence of Theorem 3.1 and Corollary 3.3. The formula for

(3.22) (P(/\,k),P(/\,k))k

the L2-norm of P(), k) as an explicit product of I'-factors can be derived
using so-called shift operators [206, 199]. For group values of the parameter
k € K formula (3.22) goes back to Vretare [211].

We now consider the spectral problem related to Corollary 3.4. If A € h*
with (A, a¥) ¢ Z Va € R then the system of differential equations

(3.23) Pu) =~vk)(P)(A\)-u VP eD(k)
has a basis of (formal) solutions of the form

(3.24) O(p k) = > Ty, k)er Pk,
v<0

where I'g(u, k) = 1 and T',(p, k) is defined by recurrence relations (v < 0)
and p runs over the orbit WA C h*. These are called the Harish-Chandra
series. The (power) series

‘u+p(k)q) (1, k) ZF (, k
v<0
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(in the variables e~ ! ...  e™®") converges to a holomorphic function on
the (polydisc) domain A, x T.
Now fix t € T with t2 € C. If we specify e#~?(*) on A, t by

e“_”(k)(at) = gt Pk) — (u—p(k)loga)

then the functions

(3.25) O(Ast, k) = "N "T (u,k)e”, e WA

v<0

are a basis for the solution space of (3.23) on A,t. Let V(At, A, k) denote
the linear space of W (t)-invariant analytic solutions of (3.23) on At. Let
wy = 1,wa, ... ,wq € W be representatives for W modulo W () such that
U‘li w;(A4) is dense in the chamber in A for W(t) containing A;. This
latter chamber corresponds to Ry N R(t) where R(t) = {a € R;t* = 1}.

Define a linear map
(3.26) C(\ k): V(At,\ k) — C?

by means of

C(\k)(u) = (c1y... yeq)! & ¢; = c(w;, w;) with
(3.27) Uluyiapy = O c(ws, w)@(w;(Ay)t,wh k) Vi,
weW

Proposition 3.8. For (A k) € h* x K generic the map (3.26) is a linear

injection.

In fact what can be shown is the existence of a linear map (or matrix)
(3.28) Collw: )\ k):C —C, weW

such that we have a commutative diagram

V(AL AE) = V(Atw)k)
lC()\, k) lC(w)\, k)
cd —

CO(w:A,k)
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Moreover the entries of the matrix C°(w:A, k) are meromorphic in (), k) €
h* x K. Indeed this immediately implies the proposition since a solution
u € V(At, A, k) is completely determined on At (and hence on all of At)
by the numbers ¢(1,w),w € W in (3.27). The existence of the matrix (3.28)

is immediate from the trivial relation
(3.29) CO(wiwa: A, k) = COwy: wad, k)C°(wa: A, k)

together with the construction of the matrix C°(r;: A\, k) where r;, € W
is a simple reflection (corresponding to A;). For j = 1,...,d there are

J
all j/ = 1,...,d, or wjriwj_l ¢ W(t) or equivalently w;r; = wj for

two possibilities: either w;r;w;" € W(t) or equivalently w;r; # w;: for
some 7' = 1,...,d. Let eq,...,eq denote the standard basis vectors for
C?. In the former case the one-dimensional space Ce; is invariant under
C°(r;; A, k), whereas in the latter case the two-dimensional space Ce;+Ce;
is invariant under C°(r;: A, k). Moreover by taking boundary values the ex-
plicit computation of the matrix coefficients of C°(r;: A, k) reduces to the
rank one case of the Gaussian hypergeometric function. The next result is

also clear from the explicit form of these matrix coefficients.

Theorem 3.9. (Maass-Selberg relations). For all A € h*, k € K and
w € W we have

(3.30) Co(w:—X,E)*CO(w:)\,k) =1Id

with X = A{—i)\; the conjugate of A\ = A\j+idy € h* (A1, A2 € a*) and the
conjugate k € K defined by (k)o = ko VYo € R. Moreover the star *
denotes the adjoint (= conjugate and transposed) matriz. In particular for
A € ia* purely imaginary and k € K real-valued (a fortiori if (3.9) holds)
the matriz C°(w: A, k) is unitary.

Example 3.10. The case t = 1 is a simple and illuminating example. Un-
der condition (3.9) the space V (A, A, k) is one-dimensional, and generated

by the (hypergeometric) function

(3.31) F(\ k) =3 Swh, k)®(wA, k)
weWw
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with ¢(A, k) given by (3.19) and ®(u, k) the Harish-Chandra series on A4,
cf. [199, Section 4.3]. With respect to this basis vector the matrix of C(\, k)
just becomes ¢(A, k), and in turn

(3.32) C%w: A\ k) = %‘i\%';—)

The Maass-Selberg relations in this case follow from ¢(\, k) = ¢(\, k) and
the fact that ¢(—X, k)é(A, k) is a W-invariant function of A € h*.

The standard Hermitian inner product on C¢ can be transferred by the
map C (A k) to a Hermitian inner product on V(At, A, k), and for A € ia*
purely imaginary and k € K real-valued it follows from the Maass-Selberg
relations that this inner product only depends on the orbit WA (as does the
system of differential equations (3.23) and the solution space V(At, A, k)
on At). For X € ia* purely imaginary and k € K satisfying (3.9) this will
be the canonical Hilbert space structure on V(At, A, k).

Conjecture 3.11. The Hilbert space L?*(At,u(k;a)da)V® has a closed
subspace L2, (called the most continuous part of the Plancherel decompo-
sition), which admits a direct integral decomposition

[82]
(3.33) Lfmzf V(At, i\, k)dA.
Wia*

Here d)\ is the reqularly normalized Lebesgue measure on a*. The ortho-
complement of L2 . has lower spectral dimension, which can be rephrased
by saying that it is annihilated by a suitable differential operator.

For group values of £k € K this has been proved by van den Ban and
Schlichtkrull [192] (see also [209]) by a variation of the Helgason-Gangolli-
Rosenberg proof of the spherical Plancherel theorem on a Riemannian sym-
metric space. Their proof carries over to the situation of arbitrary & sat-
isfying (3.9) except that a suitable integral representation for functions in
V(At, )\, k) is missing. In the group case these integral representations are
precisely given by the (K-invariant) Eisenstein integrals [190, 191].
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Example 3.12. For t = 1 we have V(A, A, k) = CF (), k;-). If in addition
condition (3.9) is sharpened to

(3.34) ko 20 Va€R,

then L2, should be equal to L?(A, u(k;a)da)". The decomposition (3.33)

can be written in the equivalent form

~ dA

(3.35) f(.)z/* { i f(a)ﬁ(—u,k;a)u(k;a)da} F(iA,k;-)—'E(M e

+

For group values of k € K this is Harish-Chandra’s spherical Plancherel
theorem.

4. The case of the Gaussian hypergeometric function

In the previous section the existence of the matrix C(w: A, k), w € W
was reduced to the rank one case. In this reduction one had to discuss two
cases separately: either w]—riw;1 € W(t) or wjriwj_l ¢ W (t). Since the
former case is essentially covered by Example 3.10 we now look at the latter
case. Consider three copies of the complex plane with coordinates x,y,
and z connected by 2—4y = z+z7!, z = 4y(1-y), and 2—42 = 2?+z72,

respectively.

Consider the following scheme of exponents.

points -1 0 1 oo
exponents in 0 Atk 0 A+k
the z-variable 1-2k -tk 1-k -2tk
exponents in 0 0 Atk
the y-variable - %—k %—k —A+k
exponents in 0 0 a= %)\-I-%k
the z-variable - 1-v = %—k % 8= —%/\+%k

In the z-plane these are the exponents of the Gaussian hypergeometric
equation with parameters o, 3,v. The set At equals iR in the z-plane,
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and the system of differential equations (3.23) is the pull-back of the hy-
pergeometric equation in the y-plane or z-plane. Let the functions

(4.1) pe(z) = 140(2—1), po(z) = (~1)% (1+0(2~1))
be a basis for the solution space near z = 1, and let
C 1 s 1
(4.2) D,(2) == (1+O(;)), Ds(z) =2 (1+O(;))
be a basis for the solution space near z = +0o (a—3 ¢ Z). The Kummer

relations give the connection between these two bases by analytic continu-

ation along the interval (1, 00), and the outcome is [196, Section 2.9]:

_T@r@-qo, TEIE-5

(4.3) Pe = T(L - a)T(3) o+ I'(; — B (a) b
TG -a) T(3T(e - B)

(4.4) %o = (1 j (1 +9) o+ I'(1 i B)L(3 + a)%'

With respect to the basis {¢., o} of V(At, A, k) the matrix of the operator
C(A\k): V(At,\ k) — C? takes the form

r)r(B-a) _ D(E)T(B-a)
F(3-a)0(B) Tl (3+0)

()L (8—a) F(%)F(ﬂl—a)
(4_5) C()\,k) (a /8) ( ——a)I‘(ﬂ) r(1-a)l'(3+8) >,

and a straightforward calculation yields

Co(a,ﬂ)" (ﬁ, ) (@07

sin 7(a+03)
(4.6) 'T(1-2e)T(2 )<_sin:(a—ﬂ) (1 ﬂ))
sin w(a+ '
( a)F(ﬂ a+1) 1 sin T(a-3)

In turn it is easy to check that
(4.7) (B, ), ) = Id.
Together with C°(a, 8) = C°(&, 3) and C°(a, 8)t = C°%(a, B) this implies

(4.8) C°(B,@)*C°(a,B) = C°(B,a)'C%a, B) = C%(B,a)C%a, B) = Id,
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which proves the Maass-Selberg relations (3.30).

Recall that o = %)\+%k,ﬂ = —%A+%k. Now if A = k—1,k-3,k—5,...
(B=1.3,2,...) then ¢, is a multiple of ®, by (4.3). Similarly if A =
k—2,k—4,k—6,... (8 =1,2,3,...) then ¢y is a multiple of &, by (4.4).
If in addition A > 0 then ®, becomes u(k)-square integrable on At. In
fact the condition (3.9) can be weakened to k € K being real-valued and
1(k) being locally integrable on At. In this rank one situation this sim-
ply means k& € R rather than £ > 0. By a similar reasoning as before
we have: If A\ = k, k+2,k+4(8 = 0,—1,-2,...) then ¢, is a multiple of

=

Gy If A = k+1,k4+3,k4+5(6 = —%,—%,—%,...) then o is a multiple
of &5. If in addition A < 0 then &z becomes u(k)-square integrable on
At. The conclusion is that for k& € [0,1] there are no p(k)-square inte-
grable eigenfunctions on At, and the most continuous part H is equal to
all of L?(At, u(k;a)da) in the notation of Conjecture 3.9. For k € R ar-
bitrary the most continuous part H will always have finite codimension in
L? (At7 ulk; a)da). Indeed this codimension, which is equal to the number
of linearly independent p(k)-square integrable eigenfunctions, is given by

NeNifke[-N,~-N+1)U (N, N+1].

5. Open problems

Indeed compared with the case t = 1 the general situation of the spectral
problem on At with ¢ € T and t? € C gives rise to several complications
caused by the fact that the space V(At, A k) of W(t)-invariant analytic
solutions of (3.23) on At need no longer be one-dimensional.

Question 5.1. For (A, k) € h* x K generic the solution space V(At, A, k)
has dimension d: = |W/W(t)|. Is this also true for all A\ € h* as long as
k € K is restricted by condition (3.9), or more generally as long as u(k) is
locally integrable on At?

Probably the answer to this question is yes. In fact one might even expect
that a solution in V(At, A, k) is uniquely characterized by prescribing its

W (t)-invariant W-harmonic derivatives at the point ¢.

Question 5.2. Is the connection problem on At between the origin ¢ and
the points at infinity explicitly solvable?
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Although in the rank one case the answer is yes and given by formulas (4.3)
and (4.4) I do not expect this to be possible in general, cf. [207].

Question 5.3. Is the subspace of V{At, A, k) of u(k)-square integrable
eigenfunctions always at most one-dimensional?

I do not even know what answer to expect for this question. In fact if we
relax condition (3.9) to the weight function (3.10) being locally integrable
on At then I am inclined to believe that the answer is negative. The
reason is the following. There is an analogy between this type of question
and a corresponding question for the Hecke algebra associated with an
affine Weyl group (see [203], Section 5.3). Let Wi, I = {0,1,... ,n} be
an affine Weyl group with I indexing the nodes of a connected extended
Dynkin diagram, and let W; (J C I) be a parabolic subgroup where J
is obtained from I by deleting either two nodes with mark 1 or one node
with mark < 2. Here the marks come from the coefficients of the highest
root. Indeed this is the analog of the condition t> € C in Proposition
3.2. Then the reflection representation gives a counter example that each
square integrable representation of the relative Hecke algebra H(W;, Wy, q)
is one-dimensional (see [202, 204]).

Recently Conjecture 3.11 has been solved by E.M. Opdam (see [208]) in the
special case discussed in Example 3.12. The approach is very remarkable.
Instead of having an integral representation {as for group values of k € K)
the desired estimates for the hypergeometric function can be obtained from
the differential equation (by rewriting it as a Knizhnik-Zamolodchikov type
differential equation).

Question 5.4. Can Conjecture 3.11 be solved in general by a similar
approach?
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