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1

Introduction

On 1 January 1999 a new currency, the euro, was launched and a new in-
stitution, the Eurosystem,1 took over responsibility for the single mon-
etary policy in the euro area, which is one of the largest developed
economic areas in the world.2 However, the euro area is not only large
but it is also a heterogeneous economic area since it comprises indi-
vidual countries with different economic and financial structures. With
regards to the size and the heterogeneity of the euro area, the creation
of a single currency and a single monetary policy has faced extraor-
dinary challenges, among them the design of suitable instruments and
procedures, i.e. of a suitable operational framework, for the conduct of
monetary policy.

1 The term “Eurosystem” has been chosen to describe the institution being respon-
sible for monetary policy in the euro area, namely the ECB and the national cen-
tral banks in the euro area (European Central Bank, 2001g, p. 9). The European
System of Central Banks (ESCB) comprises the European Central Bank (ECB)
and the national central banks of all Member States of the European Union. For
the sake of simplicity, the terms “ECB” and “Eurosystem” are used interchange-
ably throughout this work.

2 Measured in terms of population, the euro area has been the largest developed
economy in the world: In 2002, the euro area had a total population of 308 million.
As a comparison, the population of the U.S. and Japan were 289 million and 127
million respectively. Measured in terms of its share of world GDP, the euro area
has been the second largest economy with a weight of 15.7% followed by Japan
(7.1%). The largest economy was the U.S. with a share of 21.1%. (Data: ECB and
OECD. Share of world GDP is expressed in terms of purchasing power parity).
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In January 1997, the European Monetary Institute3 published its
first conceptual design of a set of monetary policy instruments for the
Eurosystem (European Monetary Institution, 1997). This work served
as the base for the development of the monetary policy instruments
and procedures with which the Eurosystem started its work in January
1999.4 Main elements of this operational framework were and still are:
open market operations, these are mainly credit operations which are
executed in the form of fixed rate or variable rate tender procedures,
two standing facilities, and a minimum reserve system.5

The Eurosystem’s operational framework has experienced already a
number of changes since its introduction in 1999. Most of them were rel-
atively small and did not gain much public attention.6 However, there
have also been two major alterations to the framework. Alterations, for
which the ECB even launched a public consultation in advance. The
first major modification, which came into effect in 2004, concerned
the main refinancing operations (MROs), which are the most impor-
tant open market operations of the ECB, and the minimum reserve
system. The second major modification concerned the Eurosystem’s
collateral framework.7 This shows that the Eurosystem’s operational
framework is not a non-modifiable institution, but that it can and has
been changed to adjust to an altered environment or to correct apparent
flaws in its design. The ECB itself states that “The Governing Council
of the ECB may, at any time, change the instruments, conditions, cri-
teria and procedures for the execution of Eurosystem monetary policy
operations.” (European Central Bank, 2005b, p. 12)

3 The European Monetary Institute (EMI) was a temporary institution established
in 1994. The EMI prepared the creation of the euro and the single monetary
policy in the euro area. It went to liquidation when the ECB was established in
June 1998 (European Central Bank, 2004c, p. 110).

4 For a detailed documentation of this starting operational framework see European
Central Bank (1998).

5 These elements will be described in detail in Chap. 2.
6 One example for such a change is the update of specific eligibility criteria of

assets which may serve as collateral for credit operations with the Eurosystem.
Revised versions of the “General documentation on ESCB monetary policy in-
struments and procedures” (European Central Bank, 1998) in which the changes
to the framework are documented were published in November 2000, April 2002,
February 2004, and February 2005. They are available on the ECB’s website
(www.ecb.int).

7 In Chap. 2, these two major modifications to the Eurosystem’s operational frame-
work will be described in detail.
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Aim of this Work

The aim of this work is to evaluate the Eurosystem’s operational frame-
work against a number of requirements and to suggest possible mea-
sures to improve this framework. The requirements we consider in our
analysis are the following:8

• The framework shall ensure that monetary policy decisions are fed
through as precisely and quickly as possible to short term money
market rates (principle of operational efficiency).

• Credit institutions shall be treated equally irrespectively of their
size and where they are located in the euro area (principle of equal
treatment).

• In the past, several MROs were characterized by under- or over-
bidding behaviour, i.e. total bids significantly exceeded or remained
under the amount of liquidity the Eurosystem aimed to allot. This
unbalanced bidding behaviour shall be avoided.

• The minimum reserve system in the euro area enables the credit
institutions to make use of averaging provisions of required reserves
over a reserve maintenance period. However, to enhance the buffer
function of the minimum reserve system, strategic shifting of re-
serves should be avoided, i.e. in the absence of liquidity shocks re-
serves should be provided evenly over a maintenance period.

Theoretical Analysis and Main Results

In order to evaluate the Eurosystem’s operational framework against
these requirements, we develop a model framework which captures the
main characteristics and institutional features of the euro area. Within
this model framework, we analyze the liquidity management of credit
institutions and the consequences of their liquidity management for the
behaviour of the interbank market rate. An important feature of our
model framework is the heterogeneity of the banking sector. Banks have
different opportunity costs of holding collateral. Therefore, they face
different costs when borrowing liquidity from the central bank. Further
main elements of our theoretical framework are: credit operations with
the central bank which have to be based on collateral and a minimum
reserve system which allows for averaging provisions of required reserves
and in which reserves are remunerated. Within this framework, we first
develop a simple one-period base model to make the reader familiar

8 We will comment on these requirements in more detail in the Chaps. 2 and 3.
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with the basic structure of the framework. Then, we present three two-
period models which differ in the maturity of the central bank credits
and the way in which reserves are remunerated, and discuss within each
model the following questions: Does the aggregate demand for central
bank credits deviate from the central bank’s benchmark amount? Are
reserves provided unevenly over the reserve maintenance period? Are
banks affected differently by a monetary policy impulse? What is the
behaviour of the interbank market rate?

The first result of our theoretical analysis shows that when there
is heterogeneity in the banking sector, intermediation occurs. Banks
with relatively low opportunity costs of holding collateral borrow more
liquidity from the central bank than they need for themselves and lend
the excess liquidity, via the interbank money market, to banks with
relatively high opportunity costs. This intermediation results in a pos-
itive spread between the interbank market rate and the rate on the
central bank credit operations. Concerning the central bank’s opera-
tional framework, the main results of our theoretical analysis are the
following. Overlapping maturities of two subsequent credit operations
and the remuneration of required reserves at the average of the rates on
the central bank credit operations over a maintenance period will lead
to uneven provisions of required reserves over the reserve maintenance
period and to a deviation of the aggregate demand for central bank
credits from the central bank’s benchmark amount if the central bank
changes the interest rate on its credit operations within the reserve
maintenance period. Furthermore, banks will be affected differently by
this monetary policy impulse. If the maturities of two subsequent credit
operations do not overlap and if reserves are not remunerated at that
average rate but at the current rate on central bank credits, reserves
will be provided evenly over a reserve maintenance period, aggregate
demand for central bank credits will correspond to the central bank’s
benchmark amount, and banks will not be affected differently by the
monetary policy impulse.

The intuition behind these results is the following. The starting
point is that banks are required to hold minimum reserves. They can
fulfil these reserve requirements by making use of averaging provisions
over two periods. However, in order to enhance the buffer function of the
minimum reserve system the central bank prefers smooth provisions of
required reserves over this reserve maintenance period in the absence of
liquidity shocks. The aggregate demand for central bank credits which
allows for these smooth provisions corresponds to the central bank’s
benchmark amount. Overlapping maturities of central bank credits and
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the remuneration of reserves at the average rate described above imply
that interest costs and interest yields of holding reserves will fall apart
within a reserve maintenance period if the central bank changes its
interest rate within that maintenance period. If the central bank cuts
(raises) its interest rate, holding reserves will be cheaper in the second
(first) period resulting in credit institutions strategically shifting their
reserve holdings which implies that aggregate demand for central bank
credits deviates from the central bank’s benchmark amount. For shift-
ing reserves, banks must borrow the relevant liquidity from the central
bank. Since the marginal costs of borrowing this liquidity differs from
bank to bank, the amount of reserves they can profitably shift does as
well. Consequently, the benefits from this reserve shifting differ between
banks which implies that they are affected differently by a monetary
policy impulse since it is the change in the rate on central bank credits
which triggers the reserve shifting. If the maturities of the central bank
credits do not overlap and if reserves are remunerated at the current
rate on the central bank’s credit operations, holding required reserves
will be neutral with regard to interest payments to and interest yields
from the central bank so that the banks will not have an incentive to
shift their reserves, the aggregate demand for central bank credits will
not deviate from the central bank’s benchmark amount, and banks will
not be affected differently even if the central bank changes its interest
rate within the reserve maintenance period.

Transferring these results to the euro area leads us to the following
implications. The redesign of the Eurosystem’s operational framework
in 2004 must be evaluated positively since the under- and overbidding
problem and related problems, will generally be solved as long as the
ECB does not change interest rates within the reserve maintenance
period. However, to enhance the operational efficiency of the Eurosys-
tem’s operational framework, we propose to change the way in which
reserves are remunerated. Holdings of required reserves should be re-
munerated at the end of each week at the current central bank credit
rate instead of at the average rate described above. As a consequence,
the present commitment of the governing council deciding on interest
rate changes only at the beginning of a reserve maintenance period
would no longer be necessary. Decisions on interest rate changes could
then be made whenever the assessment of relevant information requires
this - without breaking a commitment, i.e. monetary policy could be
conducted more flexibly.
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Related Literature

The bulk of the literature on credit institutions’ liquidity management
and the behaviour of the interbank money market rate refers to credit
institutions in the U.S. and the federal funds rate. Developing a model
in which individual banks compare the liquidity benefit of excess re-
serves with the federal funds rate, Ho and Saunders (1985) derive dif-
ferent federal funds demand functions and provide several explanations
for specific features of the federal funds market. Clouse and Dow (2002)
model the reserve management of a representative bank as a dynamic
programming problem capturing main institutional features of the fed-
eral funds market to discuss the effects of various changes in the operat-
ing environment and monetary policy instruments. A large part of the
literature which deals with the federal funds market analyses why the
federal funds rate fails to follow a martingale within the reserve main-
tenance period, i.e. why banks obviously do not regard reserves held on
different days of the maintenance period as perfect substitutes (Hamil-
ton, 1996; Clouse and Dow, 1999; Furfine, 2000; Bartolini, Bertola, and
Prati, 2001, 2002).

However, the results of these works for the U.S. cannot be easily
transferred to the banks’ liquidity management and the behaviour of
short term interest rates in other countries because country specific
institutional features and the style of central bank intervention play an
important role as shown by Bartolini, Bertola, and Prati (2003) and
Bartolini and Prati (2006).

Consequently, the literature dealing with the liquidity management
of the credit institutions and the behaviour of the interbank market
rates in the euro area considers specific institutional features of the
euro area. A main difference to the U.S. is that the ECB does not
provide the bulk of the liquidity to the banking sector via outright pur-
chases of securities but via credit operations which are executed in form
of tender procedures. Nautz (1998) develops one of the first models of
banks’ liquidity management which explicitly considers that banks can
borrow liquidity directly from the central bank in form of securities re-
purchase agreements (repos). He designs a two-period model in which
the crucial point is that refinancing conditions (rate and volume) at
the central bank in the second period are uncertain. He shows that
if this uncertainty increases, banks will increase their demand for re-
serves in the first period. Therefore, he concludes, the central bank
can influence the interbank market rate just by being more or less
vague or more or less determined about future monetary policy. A bulk
of the more recent literature dealing with the liquidity management
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of euro area banks analyzes the causes and consequences of the ob-
served over- and underbidding behaviour in the Eurosystem’s MROs.
Examples are the works by Ayuso and Repullo (2001, 2003), Ewer-
hart (2002), Breitung, Linzert, and Nautz (2003), Nautz and Oechssler
(2003), and Bindseil (2005). We will come back to these works in the
course of this work. Studies explicitly analyzing the influence of specific
institutional aspects regarding the behaviour of the interbank market
rate in the euro area can be found, for example, in Pérez-Quirós and
Rodŕıguez-Mendizábal (2006) and Välimäki (2001). Pérez-Quirós and
Rodŕıguez-Mendizábal construct a model in which the interest rates of
the Eurosystem’s two standing facilities play a crucial role in deter-
mining the behaviour of the interbank market rate. Välimäki presents
an interbank market model to analyze the performance of alternative
fixed rate tender procedures.

Contribution to the Literature

The contribution of this work to the literature is the provision of a
model framework which allows the analysis of the credit institutions’
liquidity management and the consequences of this liquidity manage-
ment for the behaviour of the interbank market rate. This model frame-
work focusses on the main characteristics and institutional features of
the euro area which to date, as far as we know, have not been subject
to a scrutinized analysis. Central to these characteristics and institu-
tional features are a heterogeneous banking sector, central bank credit
operations which have to be based on collateral, the maturity of these
credit operations and the remuneration of reserves. This approach al-
lows us, inter alia, to identify the causes and the problems of the ob-
served under- and overbidding in the Eurosystem’s tender procedures,
to evaluate the changes to the operational framework the Eurosystem
undertook in 2004, and to discuss further possible measures to improve
the Eurosystem’s operational framework.

Outline

Chapter 2 gives a brief overview of the Eurosystem’s monetary pol-
icy instruments, with a special focus on those instruments and their
features which are important for our theoretical analysis. Chapter 3
documents evidence of stylized facts the subsequent theoretical analy-
ses are called to explain. Chapter 4 introduces the basic structure of
the theoretical models presented in this work by developing the one-
period base model. The Chaps. 5, 6, and 7 expand this base model by



8 1 Introduction

a second period and the introduction of a minimum reserve system.
The models presented in these three chapters differ in their assump-
tions concerning the maturity of the central bank credits and the way
in which reserves are remunerated. In Chap. 8, the implications of the
theoretical analysis for the Eurosystem’s operational framework are
drawn. We discuss which of the presented models most closely cap-
tures the characteristics necessary for meeting the requirements of the
Eurosystem’s operational framework, we evaluate the 2004-changes to
the Eurosystem’s operational framework, and we suggest further mea-
sures to improve the framework. Finally, Chap. 9 briefly summarizes
the main findings of this work.



2

Monetary Policy Instruments of the
Eurosystem

2.1 Introduction

To achieve its primary goal of maintaining price stability in the euro
area, the Eurosystem aims at steering short-term money market rates.
The EONIA1, the reference rate in the interbank market for overnight
loans, is the Eurosystem’s operating target. For steering the short-term
interest rates, the Eurosystem has at its disposal a set of monetary
policy instruments. These instruments are part of the Eurosystem’s
operational framework which comprises all of the instruments and pro-
cedures used to implement the single monetary policy in the euro area
(European Central Bank, 2004c, p. 71). While designing this opera-
tional framework, a set of principles has had to be considered. We will
briefly present these principles in the next section.

In the euro area, the liquidity needs of the banking sector mainly
arise from minimum reserve requirements and the so-called autonomous
factors, such as banknotes in circulation and government deposits with
the Eurosystem. These liquidity needs can only be covered by the Eu-
rosystem since it is the sole issuer of banknotes and the sole provider
of bank reserves. The monetary policy instruments at the disposal of
the Eurosystem for providing this liquidity can be roughly divided into
open market operations and standing facilities. The former can be con-
ducted as main refinancing operations (MROs), longer-term refinanc-
ing operations, fine-tuning operations and structural operations. The
MROs play a key role in providing liquidity to the banking sector in the
euro area. From January 1999 to November 2005 on average about 75%

1 The EONIA (European Overnight Index Average) is a market index computed as
the weighted average of unsecured overnight transactions undertaken by a panel
of banks. For more information on this reference rate see www.euribor.org.
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of the banking sector’s liquidity needs were met through the MROs. In
the same period, the longer-term refinancing operations satisfied about
24% of the credit institutions’ liquidity needs and less than 1% were
met by the fine-tuning operations, structural operations and the lending
facility.2 These short stylized facts can also be seen in table 2.1 which
represents a simplified consolidated balance sheet of the Eurosystem.3

Table 2.1: Simplified balance sheet of the Eurosystem (numbers are based on the
consolidated financial statement of the Eurosystem given in the ECB Monthly Bul-
letin October 2005, p. S 6).

Eurosystem
(30 September 2005, EUR billions)Assets Liabilities

Autonomous Liquidity Factors

Net Foreign Assets 315.31

Other Autonom. Factors (net) 44.49

Monetary Policy Instruments

Main Refinancing Operations 293.50

Longer-term Refinan. Operations 90.00

Marginal Lending Facility 0.51

Autonomous Liquidity Factors

Banknotes in Circulation 533.21

Government Deposits 65.43

Current Accounts

(Covering Min. Reserves) 145.10

Monetary Policy Instruments

Deposit Facility 0.07

743.81 743.81

In section 2.2 we introduce the principles behind the design of the
Eurosystem’s monetary policy instruments. We then describe the in-
struments in more detail by focussing on the minimum reserve system
and the main refinancing operations because these are the instruments
we refer to in our theoretical analysis. We will introduce the other
Eurosystem’s monetary policy instruments only briefly and refer the
reader for more details to European Central Bank (2005b) where these
instruments are described at length.

2 The time series data on which these numbers are based are available on the ECB’s
website (www.ecb.int).

3 For a detailed description of the liquidity demand and the liquidity supply in the
euro area see European Central Bank (2002b).
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2.2 Guiding Principles Behind the Design of
the Eurosystem’s Monetary Policy Instruments

General principles behind the design of the Eurosystem’s monetary
policy instruments are laid down in Article 105 in the Treaty establish-
ing the European Community: The European System of Central Banks
“shall act in accordance with the principle of an open market economy
with free competition, favouring an efficient allocation of resources...”.
In addition, the ECB has formulated the following principles (Euro-
pean Central Bank, 2004c, p. 71-72): The most important principle is
that the operational framework shall ensure that monetary policy deci-
sions are fed through as precisely and quickly as possible to short term
money market rates (principle of operational efficiency). Furthermore,
the principle of equal treatment shall be considered when designing the
operational framework, i.e. credit institutions shall be treated equally
irrespective of their size and where they are located in the euro area.
Further principles are the principle of decentralization, i.e. monetary
policy operations shall be carried out by the national central banks,
and the principles of simplicity, transparency, continuity, safety and
cost efficiency. The latter means that operational costs shall be as low
as possible for both, the Eurosystem and the credit institutions. In this
work, we will focus on the principles of operational efficiency and of
equal treatment.

2.3 Minimum Reserve System

In the euro area, credit institutions are required to hold a fixed amount
of compulsory deposits on the accounts with the Eurosystem. The ra-
tionale for imposing reserve requirements given by the ECB is twofold
(see European Central Bank, 2005b, p. 55): First, since the minimum
reserve system in the euro area enables the credit institutions to make
use of averaging provisions, the reserve requirements contribute to the
stabilization of money market interest rates since short-term transi-
tory liquidity shocks can be buffered by these reserve holdings. Second,
the minimum reserve system creates or enlarges a structural liquidity
shortage in the euro area banking system.4

4 In the twentieth century, various justifications have been put forward in industri-
alized countries for the implementation of reserve requirements. Besides the two
arguments given above, Bindseil (2004, chapter 6) has found five justifications, for
example, that reserve requirements were supposed to help to ensure the liquidity
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The amount of compulsory reserves to be held by any given credit
institution is determined in relation to specific elements of its balance
sheet. At present, the minimum reserves amount to 2% of certain short-
term liability items. In order to fulfil reserve requirements, averaging
provisions are allowed over a one-month reserve maintenance period.
Until March 2004, any reserve maintenance period started on the 24th
calendar day of each month and ended on the 23rd calendar day of the
following month, i.e. it was independent of the dates of the Govern-
ing Council meetings where interest rate changes were decided. Since
March 2004, maintenance periods start on the settlement day of the
first MRO following the Governing Council meetings where interest
rate changes are usually decided, and end on the day preceding the
corresponding settlement day in the following month. The reason for
changing the timing of the maintenance period was to avoid speculation
on interest rate changes within a maintenance period, something which
led to under- or overbidding behaviour in cases of expected interest rate
changes.5

A further important feature of the minimum reserve system in the
euro area is that holdings of required reserves are remunerated. Ac-
cording to the ECB, this remuneration shall ensure that the minimum
reserve system does not impose a competitive drawback for the banking
sector in the euro area and that it does not hinder the efficient allocation
of resources (European Central Bank, 2004c, p. 78). Within a reserve
maintenance period, normally four MROs are conducted. Required re-
serve holdings are remunerated at the end of the reserve maintenance
period at the average of the rates on these MROs.6

of the banking sector and that they were supposed to contribute to generating
central bank income. However, as pointed out by Bindseil, today minimum re-
serve systems in general are specified in such a way that they only support the
two justifications also given by the ECB.

5 We will define under- and overbidding in section 2.4.1 and describe and comment
on the observed under- and overbidding behaviour in the euro area in section 3.2.

6 For a detailed description of the current minimum reserve system we refer the
reader to European Central Bank (2005b, chapter 7), for a description of the re-
serve system before the changes were effective to European Central Bank (2002d).
For details concerning the reason why the Eurosystem has changed its minimum
reserve system see European Central Bank (2003a).
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2.4 Open Market Operations

2.4.1 Main Refinancing Operations

As shown above, the MROs constitute the key operations of the Eu-
rosystem to provide liquidity to the banking sector in the euro area.
They are credit transactions, i.e., contrary to the Federal Reserve Sys-
tem, for example, which provides the liquidity to the banking sector
mainly via outright purchases of securities, the Eurosystem provides
the bulk of liquidity via loans to the banking sector.7 The MROs are
executed weekly either as a fixed rate or a variable rate tender. From
the launch of the euro in January 1999 until June 2000, tenders were
conducted exclusively as fixed rate tenders. Since then, only variable
rate tenders with a minimum bid rate have been used. With effect
from March 2004, the maturity of the MROs has been reduced from
two weeks to one week in order to avoid overlapping maturities which
induced under- or overbidding behaviour in the MROs in case of ex-
pected interest rate changes.8

Under- and Overbidding Behaviour: Definition

The ECB refers the term underbidding to MROs in which aggre-
gate bids fall below the Eurosystem’s benchmark allotment and the
term overbidding to those MROs in which aggregate bids exceed this
benchmark (European Central Bank, 2002b, p. 46). For calculating
the benchmark allotment of a MRO, the ECB assesses the liquidity
needs of the banking sector for the maturity of the MRO. For this
assessment, the liquidity needs arising from autonomous factors and
minimum reserve requirements are taken into account so that reserve
requirements are fulfilled, on aggregate, smoothly over the maintenance
period (European Central Bank, 2002b, p. 47).9 The definition of the
benchmark allotment reveals that although a single bank may fulfil its

7 For a detailed comparison of the Eurosystem’s and the Federal Reserve System’s
operational frameworks see, for example, Ruckriegel and Seitz (2002). Bartolini
and Prati (2003), also comparing the two central banks, focus on the different
approaches to the execution of the monetary policy.

8 For a detailed description of the current design of the MROs we refer the reader
to European Central Bank (2005b), for a description of the MROs before the
changes were effective to European Central Bank (2002d). For details concerning
the reason why the Eurosystem has changed the design of the MROs see European
Central Bank (2003a).

9 For more information on the benchmark allotment concept see European Central
Bank (2004a, p. 16-18).
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reserve requirements unevenly over the maintenance period, the Eu-
rosystem aims on aggregate a smooth fulfilment. The reason given is
that smooth provisions of required reserves enhance the buffer function
of the minimum reserve system against short-term transitory liquidity
shocks (European Central Bank, 2002b, p. 47). We will describe and
comment on the observed under- and overbidding behaviour in the euro
area in section 3.2.

Collateral Framework

Article 18.1 of the Statute of the European System of Central Banks re-
quires all Eurosystem credit operations, i.e. also the MROs, to be based
on adequate collateral in order to protect the Eurosystem against fi-
nancial risk (European Central Bank, 2001a). In the models presented
in this work, opportunity costs of holding collateral play a pivotal role.
Therefore, we take a closer look at the Eurosystem’s collateral frame-
work.

Assets which can be used as collateral for the underlying credit op-
erations with the Eurosystem must fulfil a multitude of specific criteria.
Examples are that eligible assets must meet high credit standards and
that they must be denominated in euro.10 The ECB has defined a list
of eligible assets which fulfil these criteria. This list is published and
updated daily on the ECB’s website (www.ecb.int).

Especially at the beginning of Stage III of the Economic and Mon-
etary Union in January 1999, differences in financial structures across
Member States had to be considered when defining the list of eligible
assets. These differences have led to a distinction between two cate-
gories of eligible assets, referred to as tier one and tier two. Tier one
consists of assets which fulfil uniform euro-area wide eligibility crite-
ria, tier two consists of assets being particularly important for a given
national financial market and banking system. Tier two assets fulfil cri-
teria established by the national central banks (note that these specific
criteria are subject to approval by the ECB).

One leading principle that has guided the development of the Eu-
rosystem’s collateral framework is the equal treatment of credit insti-
tutions (European Central Bank, 2001a). However, so far it has been
difficult to ensure a level playing field for all credit institutions (Euro-
pean Central Bank, 2003f), although the credit institutions can use all

10 The entire list of criteria eligible assets have to fulfil is given in European Central
Bank (2005b, chapter 6).
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eligible assets, i.e. also the tier two assets, on a cross-border basis.11

The problem is that the costs of collateral vary across countries and
therefore across financial institutions within the euro area (Hämäläinen,
2000; Bruno, Ordine, and Scalia, 2005). The ECB argues that a lack
of transparency due to the heterogeneity of the assets in the tier two
lists of different member countries may contribute to this problem (Eu-
ropean Central Bank, 2003f). Therefore, the ECB has decided to re-
place the two-tier framework by a single list.12 However, this revision of
the collateral framework will require a gradual implementation over a
number of years. One reason for the long time horizon is the necessary
legislative adaption in some countries (European Central Bank, 2003f).

But even if in some time the single list will be established and even
if in some time differences in financial structures will be so small that
they will not be relevant anymore, banks will nevertheless face different
opportunity costs of holding collateral. Thus, the problem of the viola-
tion of the principle of equal treatment, will be reduced over the course
of time but not solved. This is due to the heterogeneity of the banking
sector in the euro area. Banks differ in size and - as shown by Bruno,
Ordine, and Scalia (2005) - in the euro area size plays an important role
for opportunity costs of holding collateral.13 Furthermore, banks focus
on different business segments. As a consequence of this specialization
their asset structures are distinct from another which implies that they
have different opportunity costs of holding collateral.

2.4.2 Longer-Term Refinancing Operations, Fine-Tuning
and Structural Operations

A further source of refinancing for the credit institutions in the euro
area are the longer-term refinancing operations. They are conducted
once a month and have a maturity of three months. From the ECB’s
point of view the provision of this longer-term liquidity to the banking

11 All eligible assets, also the tier two assets, are potentially available for use by any
credit institution regardless of its location in the euro area.

12 In June 2003, the ECB launched a public consultation on this measurement (Euro-
pean Central Bank, 2003f). Almost all responses received during this consultation
supported the proposed reform (European Central Bank, 2004b). For details con-
cerning the steps towards establishing the single list see European Central Bank
(2005b, chapter 6).

13 One may argue that these size effects are a consequence of the non-transparency
which will be reduced if the single list is established since bigger (multinational)
banks can cope better with this non-transparency. However, even if the single list
will be established at a future date, bigger banks may still obtain and evaluate
information on eligible assets at lower costs.
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sector is useful because it prevents the rolling over of all the liquidity
provided to the banking sector each week. These operations are ex-
ecuted in the form of pure variable rate tenders with pre-announced
allotment volumes. They do not play an active role in the ECB’s liq-
uidity management. In its public consultation on measures to improve
the efficiency of its operational framework, the ECB did not only pro-
posed to change the timing of the reserve maintenance period and the
maturity of the MROs but also to suspend the longer-term refinancing
operations (European Central Bank, 2002c). However, an overwhelm-
ing majority of the respondents were against the suspension of these
operations since they would play an important role in the credit insti-
tutions liquidity management (European Central Bank, 2003g).

The fine-tuning operations are a further instrument of the Eurosys-
tem to provide but also to absorb liquidity. These operations are not
standardized and when using this instrument the Eurosystem aims at
smoothing the effects on interest rates of unexpected liquidity fluc-
tuations in the money market. Until the last quarter of 2004, these
operations have mainly been related to unexpected events such as the
terrorist attacks on 11 September 2001. However, since the last quarter
of 2004, the Eurosystem has conducted a fine tuning operation nearly
every month on the last day of the reserve maintenance period.14 With
these operations it has aimed at restoring neutral liquidity conditions,
i.e. at preventing the EONIA to deviate from the ECB’s target rate.

The liquidity imbalances at the end of the reserve maintenance
period have resulted from substantial forecast errors concerning au-
tonomous factors, especially concerning government deposits with the
Eurosystem. These forecast errors have been mainly due to the changes
to the Eurosystem’s operational framework which came into effect in
2004 (the changes to the timing of the reserve maintenance period and
to the maturity of the MROs). As a result of these changes, the al-
lotment of the last MRO in a maintenance period always takes place
eight days before the maintenance period ends. Before the changes to
the operational framework the last allotment took place on average
four days before the end of the maintenance period (note that under
the old framework the timing of the last allotment varied from month
to month). This means that under the new framework, the ECB has
to forecast liquidity needs over an eight-day horizon, while under the
previous framework on average only a five-day horizon had to be fore-
casted. This difference is decisive: The standard deviation of the au-
tonomous factor forecast error over eight days is about 7 billion euro,

14 See ECB-statistics available on the ECB’s website, www.ecb.int.
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while it is only about 3 billion euro over five days (European Central
Bank, 2005c). We will come back to this aspect of liquidity imbalances
at the end of the maintenance period in Chap. 8 when discussing the
implications of our theoretical models for the Eurosystem’s operational
framework.

Structural Operations are a further possibility to adjust the struc-
tural liquidity position of the Eurosystem vis-à-vis the banking system.
Yet, by the end of November 2005, the Eurosystem had not conducted
any such operations aimed at influencing the structural liquidity posi-
tion of the banking sector.15

2.5 Standing Facilities

The Eurosystem offers two standing facilities to the credit institu-
tions in the euro area. The marginal lending facility provides and the
marginal deposit facility absorbs liquidity with an overnight maturity
on the initiative of the credit institutions. Access to both facilities is
unlimited, however, the lending facility can only be used against col-
lateral. Access to the facilities is generally possible throughout the day
until 6.30 p.m., i.e. until thirty minutes after the closing of the payment
system. The interest rate on the marginal lending facility normally pro-
vides a ceiling, the rate on the deposit facility a floor for the rate in
the interbank market for overnight loans. Consequently, the standing
facilities contribute to the stabilization of short-term interest rates. Up
to now, the interest rates on the standing facilities have formed a sym-
metric corridor around the MRO-rate, and have been changed since
April 1999 in parallel with the MRO-rates, i.e. they have had no in-
dependent role in signalling the stance of monetary policy (Bindseil,
2004, p. 137).16

15 The European Central Bank (2004c, p. 84) states that by the end of June 2003
it had not conducted any such operations aimed at influencing the structural
liquidity position of the banking sector. From January 1999 to November 2005,
ECB-statistics (available on the ECB’s website, www.ecb.int) disclose two one-
week operations under this item. One in May 2001, the other in November 2001.
However, in both cases, these operations were conducted to offset the liquidity
deficit which had accumulated as a result of underbidding in these maintenance
periods (see European Central Bank, 2001b, p. 24 and European Central Bank,
2002a, p. 17), i.e. they were not conducted in order to influence the structural
liquidity position of the banking sector in the euro area.

16 A detailed description and discussion of this symmetric corridor approach imple-
mented by the Eurosystem can be found in Bindseil (2004, chapter 3). For further
information on standing facilities in general we refer the reader to Bindseil (2004,
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2.6 Summary

To achieve its primary goal of maintaining price stability in the euro
area, the Eurosystem aims at steering short-term interest rates. For
steering these interest rates, the Eurosystem has a set of monetary
policy instruments at its disposal. The following list summarizes main
features of these instruments, features which are also captured by the
theoretical models we will present in this work.

• The liquidity needs of the banking sector in the euro area mainly
arises from autonomous factors and reserve requirements imposed
by the Eurosystem.

• For fulfilling required reserves averaging provisions are allowed over
a maintenance period.

• Required reserves are remunerated at the average, over the mainte-
nance period, of the rates on the MROs conducted in that mainte-
nance period.

• The bulk of the banking sector’s liquidity needs in the euro area is
satisfied via the MROs.

• The MROs are credit transactions which have to be based on col-
lateral.

• The banks in the euro area differ in their opportunity costs of hold-
ing these collateral.

• Until March 2004, the maturities of two subsequent MROs over-
lapped as these operations were conducted weekly but had a two-
week maturity. Since March 2004, the maturity of the MROs is one
week, i.e. there is no overlapping in the maturities anymore.

Besides the description of the Eurosystem’s monetary policy instru-
ments, this section has presented briefly the principles behind the de-
sign of the Eurosystem’s operational framework. The principles we will
focus on in this work are the principles of operational efficiency and of
equal treatment of credit institutions.

chapter 4) and on specific aspects concerning the standing facilities in the euro
area to European Central Bank (2005b, chapter 4).
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Stylized Facts and First Explanations

3.1 The Overnight Rate

The Eurosystem aims at steering the interbank money market rates in
the euro area, the EONIA is its operational target. Figure 3.1 shows
that the EONIA has tracked closely the MRO-rate, i.e. the ECB pol-
icy rate, so that from this point of view the Eurosystem’s operational
framework has performed well.
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EONIA MRO-Rate Rate of Marg. Lending Facility Rate of Deposit Facility

Fig. 3.1: EONIA and Key ECB Interest Rates. (Daily data from 4 January 1999 to
13 December 2005. Numbers are in percentages. The MRO-rate is the rate applied
to the fixed rate tenders and the minimum bid rate of the variable rate tenders.
Data sources: ECB and Deutsche Bundesbank.)

Furthermore, the figure reveals that the interest rate on the marginal
lending facility provides a ceiling and the interest rate on the marginal
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deposit facility a floor for the overnight interbank market rate. However,
the figure also demonstrates that the EONIA has hardly been close
to these boundaries, but it has usually been close to the MRO-rate,
except for infrequent spikes which coincide with some special episodes
and effects during the period being considered. These are:

• Underbidding episodes in February, April and October 2001, Decem-
ber 2002 and March 2003. More underbidding episodes occurred in
April 1999, November 2001 and June 2003, but they did not lead to
tight conditions in the interbank market and, thus, had no signifi-
cant effect on the EONIA. We will come back to this underbidding
behaviour in the next section.

• Anomalous allotment on 18 September 2001, i.e. in the week follow-
ing the terrorist attack on the US.

• End of year and cash changeover effects.
• Periods between the governing council’s announcement of an interest

rate change and its implementation.
• End of reserve maintenance periods effects. The allowance of av-

eraging provisions of required reserves over a reserve maintenance
period typically results in strong activities in the interbank market
on the last days of the maintenance period and, therefore, results in
strong fluctuations in the EONIA during these days.

It is immediately apparent that since December 2004 the volatility
of the EONIA has decreased. One reason for this is that since then
the ECB has regularly conducted fine-tuning operations due to strong
liquidity imbalances at the end of several reserve maintenance periods.
According to the ECB, under the new operational framework, i.e. since
March 2004, these liquidity imbalances have been stronger than those
under the old framework (see also p. 16), so we can conclude that the
average amplitudes of the EONIA would also have been higher without
the fine-tuning operations (European Central Bank, 2005c).

Figure 3.1 already indicates that the EONIA does not fluctuate
evenly around the MRO-rate but, in general, there is a positive spread
between the interbank market rate and the MRO-rate which is explic-
itly illustrated by Fig. 3.2.

However, when comparing the EONIA with the MRO-rate, i.e. with
the rate applied to the fixed rate tenders and the minimum bid rate
of the variable rate tenders, there are two potential biases that might
affect the spread. Firstly, differences in credit risk may bias the spread
upwards since the MROs are collateralized, whereas the EONIA refers
to unsecured interbank market transactions. Secondly , the MRO-rate
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Fig. 3.2: Spread between the EONIA and the MRO-Rate. (Daily data from 4
January 1999 to 13 December 2005. Numbers are in percentage points. The MRO-
rate is the rate applied to the fixed rate tenders and the minimum bid rate of the
variable rate tenders. Data sources: ECB and Deutsche Bundesbank.)

refers to credit transactions with a two-week/one-week maturity1 while
the EONIA refers to overnight transactions which implies that the
MRO-rate has a positive term premium when compared to the EO-
NIA. This should bias the spread downwards.2

The first bias should be small since the panel banks contributing
to the EONIA are generally banks of first class credit standing. With
regard to the second bias, we have also compared the one-week EURI-
BOR3 with the ECB-rate. In addition, we have used for the ECB-rate
the weighted average rate instead of the minimum bid rate because the
weighted average rate of the variable rate tenders is a more appropriate
rate for comparing the costs of an interbank market credit with those

1 With effect from March 2004, the MRO-maturities have been reduced from two
weeks to one week. See section 2.4.1 for details.

2 Concerning a discussion of these two potential biases see also Ayuso and Repullo
(2003).

3 The EURIBOR (Euro Interbank Offered Rate) is a market index computed as the
weighted average of transactions undertaken by a panel of banks. The same panel
banks contributing to the EONIA also quote for the EURIBOR. The EURIBOR
is the reference rate for maturities of one, two and three weeks and for twelve
maturities from one to twelve months. For more information on these reference
rates see www.euribor.org.
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of a central bank credit.4 Moreover, comparing the costs of these two
types of credits is the focus of our theoretical analysis. It should be
noted that the weighted average rate is higher than the minimum bid
rate, i.e. for proving that a positive spread is more unfavourable. Nev-
ertheless, this spread between the one-week EURIBOR and the fixed
rate/the weighted average rate of the ECB-tenders is also generally
positive as Fig. 3.3 illustrates.

Neyer and Wiemers (2004) test the null hypotheses of a non-positive
spread against the alternative of a positive spread between a number
of euro area interbank market rates and ECB-rates.5 For all cases they
can reject the null-hypothesis of a non-positive spread on a confidence
level of 1%.
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Fig. 3.3: Spread between the One-Week EURIBOR and the MRO-Rate. (Settle-
ment days of the MROs from 7 January 1999 to 30 November 2005. Numbers are
in percentage points. The MRO-rate is the rate applied to the fixed rate tenders
and the weighted average rate of the variable rate tenders. Data sources: ECB and
Deutsche Bundesbank.)

A positive spread between the interbank market rate and the central
bank rate has been also confirmed by Ayuso and Repullo (2003), Ejer-

4 The marginal rate in the variable rate tenders normally lies slightly above the
minimum bid rate, i.e. actually no bank pays the minimum bid rate.

5 They test the null hypotheses of a non-positive spread against the alternative
of a positive spread between the EONIA and the fixed rate/minimum bid rate,
between the one-week EURIBOR and the fixed rate/weigthed average rate, and
between the two-week EURIBOR and the weighted average rate.
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skov, Moss, and Stracca (2003), and Nyborg, Bindseil, and Strebulaev
(2002), for example.

According to the theoretical analysis of this work, the positive
spread can be explained by a heterogeneous banking sector which has
been already briefly described in the introduction. In Ayuso and Re-
pullo (2003), the positive spread supports their hypothesis of an asym-
metric objective function of the Eurosystem in the sense that the Eu-
rosystem, which wants to steer the interbank rate towards a target rate,
is more concerned about letting the interbank rate fall below the target.
This would be consistent with the desire of a young central bank to gain
credibility for its anti-inflationary monetary policy. Ayuso and Repullo
focus on the behaviour of the central bank and its relationship with
the credit institutions. Our paper complements their work by focussing
on the behaviour of the credit institutions and their interrelationship.
We will come back to this issue when discussing the implications of
our theoretical analysis for the Eurosystem’s operational framework in
Chap. 8.

3.2 Bidding Behaviour in the Main Refinancing
Operations

3.2.1 Observed Bidding Behaviour

The first striking aspect is that only a small fraction of euro area banks
actually takes part in the Eurosystem’s MROs. Considering that more
than 2000 credit institutions fulfil the criteria for participating in the
MROs,6 the number of actively bidding institutions is relatively small
as Fig. 3.4 illustrates. The theoretical analysis of this work will offer a
heterogeneous banking sector as one explanation for this phenomenon.
Banks’ costs differ with regards to borrowing liquidity directly from
the central bank which results in a kind of intermediation by banks
with relatively low marginal costs (we have already briefly described
this idea in the introduction to this work).

A further striking feature of the observed bidding behaviour is that
several MROs were characterized by severe under- or overbidding be-
haviour. The term underbidding describes a situation in which the total
number of bids fall below the Eurosystem’s benchmark allotment, the

6 At the end of 2000 (June 2003), the criteria for participating in the MROs were
fulfilled by 2542 (2242) credit institutions (European Central Bank (2001g, p.
63); European Central Bank (2004c, p.75)).
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Fig. 3.4: Number of Participants in the MROs. (Data source: ECB.)

term overbidding describes a situation in which the total number of
bids exceed this benchmark (see p. 13 for details).

Auctions characterized by overbidding behaviour were conducted
in the last quarter of 1999 and in the first half of 2000. Assuming
that the actually allotted amounts in that period were at least close to
the Eurosystem’s benchmark allotment, the extremely low allotment
quotas (see Fig. 3.5, allotment quota = amount allotted divided by
total amount of bids) indicate significant overbidding behaviour. Fur-
thermore, it should be noted that despite the extremely low allotment
quotas, that period was not characterized by a liquidity shortage: The
EONIA did not increase significantly above the MRO-rate (see Fig.
3.1), and there was only a moderate recourse to the marginal lending
facility (see figure 3.6).

Underbidding in the MROs has occurred so far nine times: in April
1999, February 2001, April 2001, October 2001, November 2001, De-
cember 2002 (two times), March 2003, and in June 2003. Despite an
allotment quota of one, i.e. despite the fact that all bids were satisfied,
the liquidity was not enough to allow for the smooth provisions of the
required reserves over the concerned reserve maintenance period. In
February 2001, April 2001, October 2001, and in December 2002, the
ECB was not willing to allot in the subsequent MROs the amount of
liquidity which would have been necessary to restore neutral liquidity
conditions. Consequently, there has been a significant increase in the
EONIA (see Fig. 3.1) and a relatively high recourse to the marginal
lending facility (see Fig. 3.6). In April 1999, November 2001, March
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Fig. 3.5: Portion of Allotted Bids under the Fixed Rate Tender. (Numbers are in
percentages. In the MRO conducted at the beginning of April 1999, the allotment
quota was equal to 100%. Data source: ECB.)
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Fig. 3.6: Recourse to the Marginal Lending Facility. (Daily data from 1 January
1999 until 8 November 2005. Numbers are in EUR billions. Data source: ECB.)

2003, and in June 2003, the ECB restored neutral liquidity conditions,
i.e. the banks had not to take recourse to the marginal lending facility
and, with the exception of March 2003, the EONIA did not increase
significantly.7

7 In March 2003, the Eurosystem conducted an additional MRO with a maturity
of one week to restore neutral liquidity conditions without generating a consider-
able difference between the sizes of the two outstanding MROs (European Central
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Interestingly, the Eurosystem seems to have changed its attitude to-
wards the banks’ underbidding behaviour. In 2001 and 2002, the ECB
generally did not want to offset totally the liquidity deficits due to the
underbidding behaviour in order to make clear that underbidding is
a non-profit-making strategy for the banks (European Central Bank,
2001d, p. 16 and European Central Bank, 2003d, p. 13). However, con-
cerning the underbidding cases in March and June 2003, the Eurosys-
tem restored neutral liquidity conditions. In March 2003, it conducted
an additional MRO with a maturity of one week, and in June 2003,
it increased accordingly the allotment quota in the subsequent MRO
(European Central Bank, 2003c, p. 12 and European Central Bank,
2003b, p. 13).

3.2.2 Interest Rate Change Expectations as a Possible
Trigger for the Under- and Overbidding Behaviour

Referring to the expectations theory and the liquidity premium theory
of the term structure of interest rates, we use the spread between the
one-month EURIBOR and the MRO-rate as a proxy for interest rate
expectations in the euro area. Large positive values indicate that the
MRO-rate is expected to increase and negative values indicate expec-
tations of a decreasing MRO-rate. Thus, Fig. 3.7 indicates the impor-
tance of interest rate change expectations for the unbalanced bidding
behaviour:

• All underbidding cases (April 1999, February 2001, April 2001, Oc-
tober 2001, November 2001, December 2002, March 2003 and June
2003) fall in periods characterized by expectations of interest rates
decreasing.8

Bank, 2003c, p. 12). The significant increase in the EONIA took place before the
additional operation was conducted. For details concerning the monetary policy
operations and liquidity conditions in the reserve maintenance periods in which
the underbidding behaviour occurred see: April 1999: European Central Bank
(1999); February 2001: European Central Bank (2001c); April 2001: European
Central Bank (2001d); October 2001: European Central Bank (2001e); November
2001: European Central Bank (2001f); December 2002: European Central Bank
(2003d); March 2003: European Central Bank (2003c); June 2003: European Cen-
tral Bank (2003b).

8 In February 2001, the spread was not negative but it was close to zero which is, in
the light of the liquidity premium theory of the term structure of interest rates,
also an indicator for expectations of interest rates decreasing.
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• The extreme overbidding behaviour in the last quarter of 1999 and
in the first half of 2000 occurred in a situation characterized by
expectations of interest rates increasing.9
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Fig. 3.7: Spread between the One-Month EURIBOR and the MRO-Rate. (Days of
settlement of the MROs from 7 January 1999 to 30 November 2005. Numbers are
in percentage points. The MRO-rate is the rate applied to the fixed rate tenders
and the weighted average rate of the variable rate tenders. Data sources: ECB and
Deutsche Bundesbank.)

The theoretical analysis of this work confirms the importance of inter-
est rate change expectations for the observed under- and overbidding
behaviour. In the literature, the importance of expectations of interest
rate changes for the observed underbidding behaviour in the MROs is
not a controversial issue of discussion unlike their importance regard-
ing the observed overbidding behaviour. The European Central Bank
(2000, 2003a) as well as Bindseil (2005) state that expectations of in-
terest rate changes were the sole triggers of the overbidding problem.

Ayuso and Repullo (2001, 2003) argue that an asymmetric objective
function of the ECB (see p. 23 for details) led to liquidity allotment
decisions which resulted in tight liquidity conditions. These tight liq-
uidity conditions again implied such a large positive spread between
the interbank market rate and the MRO-rate that banks overbid in
order to profit by arbitrage from this interest rate differential.

9 For empirical analyses confirming the importance of interest rate expectations for
the overbidding behaviour see Breitung and Nautz (2001) and Ehrhart (2001).
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Nautz and Oechssler (2003) argue that expectations of interest rate
changes cannot explain why the overbidding increased over time, or
on other words why the allotment quota “vanished” over time, i.e.
expectations of interest rate changes cannot explain the large extent of
the overbidding at the end of the fixed rate tender period in May/June
2000. For explaining the “vanishing quota puzzle”, Nautz and Oechssler
model a stylized game between banks. Each bank can cover its liquidity
needs either by participating in a central bank’s auction and demanding
liquidity at a fixed rate, and/or by borrowing liquidity in the interbank
market. In the interbank market, a bank can also lend liquidity. If a
bank bids its true demand and receives this amount, the bank will
realize its cost minimum. There are two crucial assumptions in the
Nautz-Oechssler model: First, banks are boundedly rational players.
They have adaptive expectations. Second, banks are rationed, i.e. the
allotment quota is strictly smaller than one. Under these assumptions,
Nautz and Oechssler obtain the intuitively convincing result that the
bidding process explodes. We will illustrate their idea with the following
numerical example: In all periods, the banks’ true aggregate demand
is 100 liquidity units. In period t, they bid this amount but receive
only 90 units, i.e the allotment quota is equal to 0.9. Keeping in mind
this allotment quota, the banks will bid for 111 units in period t + 1.
In that period, the central bank allots again only 90 units, i.e. the
allotment quota falls to 0.8. This implies that in period t + 2, total
bids are equal to 125 units and so on, i.e. overbidding increases and
the allotment quota vanishes. Note that this process implies that the
central bank is not willing to satisfy the banks’ true liquidity demand
(see Nautz and Oechssler, 2003, p. 214). By assumption At < Dt, where
At is the total allotment and Dt total true demand (not total bids).
We will come back to the Nautz-Oechssler explanation for the observed
overbidding behaviour when the implications of our theoretical analysis
for the Eurosystem’s operational framework in Chap. 8 are discussed.
Experimental evidence in favour of the Nautz-Oechssler model can be
found in Ehrhart (2001).

Nautz and Oechssler (2006) evaluate the empirical relevance of the
three different hypotheses (interest rate change expectations hypoth-
esis, tight liquidity hypothesis and rationing hypothesis). Their main
result is that none of these hypotheses alone can explain the observed
overbidding behaviour. We will come back to these hypotheses when
the implications of our theoretical models for the Eurosystem’s opera-
tional framework in section 8 are discussed.
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3.2.3 Problems of the Under- and Overbidding
Behaviour

In the literature, to date there is no in-depth discussion about the
problems related to the observed unbalanced bidding behaviour. Bind-
seil (2005) emphasizes the inefficient allocation of reserves as a conse-
quence of the overbidding behaviour and Nautz and Oechssler (2003),
also when referring to the overbidding behaviour, mention in addition
that the low allotment quotas obscure the ECB’s policy signals and that
banks take unnecessary risks. Ewerhart (2002) argues that underbid-
ding behaviour may unbalance the dynamic system of bidding volumes,
tender conditions, and money market rates. The theoretical analysis of
this work identifies two possible problems related to under- and over-
bidding behaviour: First, a reduction in the buffer function of the mini-
mum reserve system. The intuition is that underbidding/overbidding is
combined with extremely uneven provisions of required reserve which
implies that there are periods in which aggregate minimum reserve
holdings are relatively low (see section 3.3). Second, the unbalanced
bidding behaviour involves a violation of the Eurosystem’s principle of
equal treatment which has been already outlined in the introduction to
this work.

3.2.4 Reactions of the Eurosystem to the Under- and
Overbidding Behaviour

The reaction of the ECB to this bidding behaviour has been threefold.
First, in June 2000, the governing council decided to switch from fixed
rate tenders to variable rate tenders as a response to the severe over-
bidding (European Central Bank, 2000). Second, in November 2001,
the governing council decided to discuss interest rate changes at the
first of its bi-monthly meetings only because discussing this issue at
both meetings would lead every two weeks to speculations about in-
terest rate changes (Duisenberg, 2001). Third, in January 2003, the
governing council decided to change its operational framework (Euro-
pean Central Bank, 2003e). It decided to reduce the maturity of the
MROs from two weeks to one week and to change the timing of the
reserve maintenance period (see sections 2.3 and 2.4.1 for details).

The first two reactions were not convincing solutions to the under-
and overbidding problem. The switch from fixed rate tenders to vari-
able rate tenders with a minimum bid rate only solved the overbidding
problem. As shown by Breitung, Linzert, and Nautz (2003), the under-
bidding problem would have also been solved if the ECB had decided
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to use pure variable rate tenders, i.e. variable rate tenders without a
minimum bid rate. However, when abandoning the minimum bid rate
and the fixed rate tenders, the ECB may not be able to signal the
monetary policy stance as clearly as it wants to, or, to put it differ-
ently, instruments will be given up which may be the most appropriate
ones in specific situations. The decision to make interest rate decisions
only at the governing council’s first monthly meeting did not solve the
problem either. Under the old operational framework, i.e. until March
2004, only the frequency of the unbalanced bidding behaviour was re-
duced while at the same time the flexibility of monetary policy has been
curtailed. According to the theoretical analysis of this work, the third
reaction of the ECB (the changes to its operational framework) moves
into the right direction, since interest rate change expectations should
no longer influence the banks’ bidding behaviour and, therefore, should
not be the trigger for further unbalanced bidding behaviour. However,
the problem of the ECB’s self-commitment remains.

3.3 Fulfilling of Required Reserves

In the euro area, a bank can make use of averaging provisions to fulfil
its reserve requirements. But on the aggregate level, the ECB prefers
smooth provisions of reserve requirements since it enhances the buffer
function of reserve holdings against liquidity shocks (European Central
Bank, 2002b). However, there are maintenance periods characterised by
extremely uneven provisions of aggregated required reserves, as Fig. 3.8
illustrates. For instance in the maintenance period January/February
2001 required reserves were 120 billion Euro and provisions varied from
92 billion Euro to 182 billion Euro.

Taking a closer look at the periods characterized by extremely un-
even provisions reveals that interest rate expectations seem to have
a significant influence on banks’ allocation of reserve holdings over a
maintenance period. For example at the beginning of November 2001
market participants anticipated that the ECB would decide at its meet-
ing on 8 November 2001 to reduce the MRO-rate with effect from the
MRO which was settled on 14 November (see Fig. 3.7). Figure 3.9 il-
lustrates that in the week prior to this MRO, reserve holdings were
relatively low and after this date relatively high.

Similar patterns can be observed in April 1999, February 2001, April
2001, October 2001, December 2002, and June 2003, i.e. in periods
also characterized by expectations of interest rates decreasing. During
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Fig. 3.8: Current Accounts and Required Reserves. (Daily data from 1 January
1999 to 28 November 2005. Numbers are in EUR billions. Data source: ECB.)
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Fig. 3.9: Current Accounts and Required Reserves in the Reserve Maintenance
Period October/November 2001. (Daily data. Numbers are in EUR billions. Data
source: ECB.)

the identified periods of expectations of interest rates increasing an
analogous fulfilling of required reserves could not be observed.

The explanation our theoretical analysis offers for the reserve shift-
ing is due to the specific design of the Eurosystem’s operational frame-
work. Namely, overlapping maturities of central bank credits and the
remuneration of required reserves at an average rate, banks can reduce
their liquidity costs by this reserve shifting as it was briefly described



32 3 Stylized Facts and First Explanations

in the introduction. That no frontloading of required reserve could be
observed before the ECB raised interest rates is simply due to the fact
that the ECB did not allot the necessary liquidity which would have
allowed the frontloading of reserves.

3.4 Summary

This section has documented evidence of the following stylized facts
the analyses in the next chapters are called to explain.

• The interbank market rate in the euro area tracks closely the Eu-
rosystem’s MRO-rate but the interbank market rate does not fluc-
tuate evenly around the MRO-rate. However, in general there is a
positive spread between these two rates.

• Several MROs were characterized by underbidding (overbidding)
behaviour in the periods characterized by expectations of interest
rates decreasing (increasing).

• Expectations of interest rates decreasing led to relatively low reserve
holdings in the week prior to the MRO for which the interest rate
cut was expected and they led to relatively high holdings in the
subsequent week.
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Base Model: Banks’ Liquidity Management
and Interbank Market Equilibrium

4.1 Introduction

The aim of this chapter is twofold. First, we will introduce in a rather
simple framework the basic structure of the theoretical models pre-
sented in this work. Second, we will present a key result of this work
by providing the rationale behind the existence of the interbank money
market.

The basic structure of the theoretical models is as follows: In a first
step, a single bank is considered which can cover its liquidity needs
either by borrowing from the central bank or in the interbank mar-
ket, where it can also place excess liquidity. Both forms of procuring
liquidity are costly. Besides interest costs, the bank faces opportunity
costs of holding collateral when borrowing from the central bank and
transactions costs when borrowing or placing liquidity in the interbank
market. The bank minimizes its total liquidity costs by choosing its
optimal borrowing from the central bank and its optimal transactions
in the interbank market. In a second step, the whole banking sector is
considered. The crucial point is that this banking sector is heteroge-
nous. The banks differ in their costs of obtaining funds from the central
bank because they differ in their marginal opportunity costs of holding
collateral. This heterogeneity is the rationale for the existence of the
interbank market. Banks with relatively low costs borrow more liquid-
ity from the central bank than they need in order to cover their own
liquidity needs to lend the excess liquidity via the interbank market
to those banks with relatively high costs of obtaining funds from the
central bank.
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4.2 Optimal Liquidity Management of a Single
Bank

4.2.1 Liquidity Costs

We consider an isolated, price-taking bank. Its liquidity needs arise
from autonomous factors, for example banknotes in circulation, and
from reserve requirements imposed by the central bank. In this base
model, these liquidity needs are summarized by the exogenous variable
A. To cover its liquidity needs A, the bank can borrow liquidity from
the central bank or in the interbank market where it can also place
excess liquidity.

The loan borrowed from the central bank is denoted by K, with
K ≥ 0. The central bank specifies the interest rate l (repo rate) and,
as a start, we assume that the bank receives the amount of liquidity
from the central bank it wishes to borrow from at this rate. Later, in
the sections 6.3.3 and 7.3.4, we suggest that the bank will be rationed
if aggregate liquidity demand at the central bank exceeds a specific
benchmark.1 An important aspect is that this credit transaction has
to be based on adequate collateral. We assume that rate of return
considerations induce a strict hierarchy of the bank’s assets,2 and the
assets which can serve as collateral have a relatively low rate of return
due to the specific criteria they have to fulfil. Consequently, there are
increasing marginal opportunity costs of holding collateral: The more
liquidity the bank borrows from the central bank, the more collateral
it must hold at the dispense of other assets. This is combined with
increasing marginal costs due to the assumed hierarchical order of the
bank’s assets. These opportunity costs of holding collateral are given
by

Q(K) = qK + f(K), (4.1)

where f(K) ≥ 0, f(0) = 0, f ′ ≥ 0, f ′′ > 0, f ′(A) < ∞, and q ≥ 0.3 In
our model, the parameter q plays a crucial role: When we will look at
the banking sector as a whole (section 4.3), we assume that the banks
1 We will comment on this benchmark in more detail on p. 48
2 This approach can be compared with the approach of Blum and Hellwig (1995).

Blum and Hellwig consider a bank with deposits and equity. The bank can put
these funds into loans to firms, government bonds or reserves of high powered
money. Blum and Hellwig assume that rate of return considerations induce a
strict preference for loans over bonds and for bonds over reserves.

3 The assumption f ′(A) < ∞ implies that the bank does not face infinite marginal
costs when it covers its total liquidity needs A at the central bank.
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differ in their levels of marginal opportunity costs of holding collateral,
i.e. in q. It is a bank-specific cost parameter.

In the interbank market, the bank can demand liquidity or place
excess liquidity. The bank’s position in the interbank market is given
by

B = A − K � 0. (4.2)

Trading in the interbank market, the bank faces transaction costs given
by

Z(B) = zh(B), (4.3)

where h(B) ≥ 0, h(0) = 0, h′(B > 0) > 0, h′(B < 0) < 0, h′(0) = 0,
h′′(B) > 0, h′(A) < ∞, and the parameter z > 0. Furthermore, we
assume the cost function to be symmetric, i.e. h(B) = h(−B). Equa-
tion (4.3) represents a common approach of modelling transaction costs
in the interbank market (see, for example, Campbell, 1987; Bartolini,
Bertola, and Prati, 2001). The convex form of this cost function reflects
increasing marginal costs of searching for banks with matching liquid-
ity needs and those resulting from the need to split large transactions
into many small ones to work around credit lines. It should be noted
that in this one-period model, the convexity of both cost functions Q(·)
and Z(·), and, therefore, of the functions f and h is not a necessary
condition for our results. We will comment on this in more detail on p.
36.

Denoting the interbank market rate by e, the bank’s total liquidity
costs are

C(K) = Kl + B(K)e + Q(K) + Z(B(K)). (4.4)

The first term on the right hand side describes interest payments to the
central bank, the second describes either interest costs or revenues from
transactions in the interbank market, and the last two terms represent
opportunity costs of holding collateral and transaction costs.

4.2.2 Optimization

The bank minimizes its total liquidity costs by choosing the optimal
level of K, subject to K ≥ 0. The Lagrangian is

L(K, λ) = Kl + B(K)e + Q(K) + Z(B(K)) − λK (4.5)

and the first order conditions are
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l + q + f ′(K) − e − zh′(B(K)) − λ = 0, (4.6)

λK = 0, λ ≥ 0, K ≥ 0. (4.7)

The first order condition given by equation (4.6) reveals that if the
bank covers its liquidity needs at the central bank and in the interbank
market, marginal costs of central bank funds (l+q+f ′) will be equated
to marginal costs of funds borrowed in the interbank market (e + zh′).
If the bank places liquidity in the interbank market, the sum of the
marginal costs of central bank funds and marginal transaction costs in
the interbank market (l + q + f ′ − zh′) will be equated to marginal
revenues in the interbank market e. (Note, that in case the bank places
liquidity in the interbank market h′ < 0.) It should be noted that in
this base model, the convexity of both cost functions Q(·) and Z(·) is
not necessary for obtaining a unique cost minimum: The second order
condition given by

f ′′(K) + zh′′ (B(K)) > 0 (4.8)

reveals that one of the functions can be linear or even concave. Crucial
is that the bank must face in total increasing marginal costs.

Equation (4.6) implicitly gives the optimal central bank borrowing
Kopt(e, l, q, A, z). Using the implicit function theorem we find that for
K > 0 optimal central bank borrowing is decreasing in q:

∂(Kopt|K > 0)
∂q

= − 1
f ′′ + zh′′ < 0. (4.9)

The reason is obvious: An increase in q implies c.p. higher marginal
costs of borrowing liquidity from the monetary authority so that the
bank reduces its central bank borrowing and covers a higher part of its
own liquidity needs in the interbank market or reduces its investment
in the interbank market (see the comments to the first order condition
on p. 36).

The condition K ≥ 0 introduces a non-differentiable point in the
partial derivative ∂Kopt/∂q. We find this point by setting K equal to
zero and solving equation (4.6) for q. Denoting this upper threshold for
q by q̄ we obtain

q̄ = e − l − f ′(0) + zh′(A). (4.10)

If q ≥ q̄, the bank’s opportunity costs of holding collateral will be that
high so the bank will prefer to cover its total liquidity needs in the
interbank market, i.e. Kopt = 0 and B = A.
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Evaluating equation (4.6) at K = A and solving for q, we also find
a lower threshold for q given by

q = e − l − f ′(A) + zh′(0) = e − l − f ′(A). (4.11)

If q < q, the bank’s opportunity costs of holding collateral will be that
low so it will be advantageous to borrow from the central bank to place
liquidity in the interbank market. In this case, the bank borrows more
reserves from the central bank than it actually needs to cover its own
requirements, i.e. Kopt > A and B < 0.

Thus, the bank’s optimal central bank borrowing and its resulting
optimal transactions in the interbank market are described by the fol-
lowing functions:

Kopt (e, l, q, A) =






(Kopt|A ≤ K) (e, l, q, A) if q ≤ q

(Kopt|0 < K < A) (e, l, q, A) if q < q < q̄

0 if q̄ ≤ q,

(4.12)

and

Bopt (e, l, q, A) =






(Bopt|B ≤ 0) (e, l, q, A) if q ≤ q

(Bopt|0 < B < A) (e, l, q, A) if q < q < q̄

A if q̄ ≤ q.

(4.13)

If q < q, the bank will borrow more reserves from the central bank
than it needs to cover its own liquidity needs and will place the excess
liquidity in the interbank market. If q = q, the bank will borrow exactly
the amount of central bank credit from the central bank it needs to
cover its own requirements. If q < q < q̄, the bank will cover its liquidity
needs at the central bank and in the interbank market; and finally, if
q ≥ q̄, the bank will cover its liquidity needs exclusively in the interbank
market. Figure 4.1 illustrates this result. It should be noted that the
slope of the curve between 0 and q̄ has been chosen arbitrarily. Its exact
shape depends on the form of the cost functions Q(·) and Z(·).

4.3 Interbank Market Equilibrium

4.3.1 Heterogeneous Banking Sector

Looking at the banking sector as a whole, we consider a continuum of
measure one of isolated, price-taking banks. The crucial point is that
the banks differ in their level of marginal opportunity costs of holding
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Fig. 4.1: Base Model: Optimal Borrowing from the Central Bank

collateral q, i.e. q is a bank-specific cost parameter. This heterogeneity
of the banking sector leads to the development of an interbank market.
Banks with relatively low opportunity costs of holding collateral (q < q)
borrow more liquidity from the monetary authority than they need to
cover their own liquidity needs in order to place the excess liquidity
in the interbank market, while banks with relatively high opportunity
costs of holding collateral (q > q) cover their liquidity needs partially
or totally in the interbank market. Consequently, the banks with the
relatively low opportunity costs act as intermediaries.

In our (deterministic) model, banks do not enter the interbank mar-
ket in order to balance individual daily liquidity imbalances. This inter-
bank market function could be considered by modelling A as a bank-
specific random variable or by adding bank-specific liquidity shocks.
However, this would make our analysis more complex without chang-
ing our main results so that we neglect this interbank market function.
In our analysis, the interbank market exists because of a heterogenous
banking sector, banks differ in costs of obtaining funds from the central
bank because their opportunity costs of holding collateral are different.

Concerning the heterogeneity of the banking sector, we will briefly
comment on two aspects: price discrimination and the survival of banks
with relatively high costs. Concerning the first, it should be noted that
we have assumed a competitive interbank market. Neither the banks
which supply nor those which demand liquidity in that market have
any market power. Therefore, in the interbank market there is only
one price e. Price discrimination by charging the banks with higher



4.3 Interbank Market Equilibrium 39

costs of obtaining funds at the central bank (which, therefore, have
a higher reservation interbank market interest rate), a higher rate e
is not possible, or to put it differently, consumer surplus cannot be
captured. Concerning the second aspect, where the described hetero-
geneity of the banking sector does not imply that banks with relatively
high costs are squeezed out of the financial markets by the banks with
relatively low costs, it should be noted however that we consider only
one financial market, the interbank market, and we assume that the
banks with relatively high costs will have cost advantages when act-
ing in other financial markets, i.e. we assume that banks specialize in
different business segments.

4.3.2 Equilibrium Interbank Market Rate

For determining the equilibrium interbank market rate e∗, we assume
that q is distributed in the interval [0, qmax] across banks according to
the density function g(q) = G′(q) with G(0) = 0. Since at e∗, liquidity
supply equals liquidity demand, e∗ is implicitly given by4

q∫

0

(Bopt|q < q̄)g(q)dq +
q̄∫

q
(Bopt|q < q̄)g(q)dq

+
qmax
∫

q̄
(Bopt|q ≥ q̄)g(q)dq = 0.

(4.14)

The first term in equation (4.14) represents the liquidity supply in the
interbank market, while the second term and the third term represent
the liquidity demand. The liquidity demand captured by the second
term consists of banks covering a part of their liquidity needs in the
interbank market, the last term consists of banks satisfying their total
liquidity by borrowing reserves in that market.5

4.3.3 Determinants of the Equilibrium Interbank Market
Rate

According to equation (4.14), the equilibrium interbank market rate
is determined by the repo rate, the transaction costs in the interbank

4 To keep the base model as general as possible, we do not specify the distribution
of q across the banks and determine the equilibrium interbank market rate e∗

only implicitly.
5 In equation (4.14) the first two integrals can be written as one integral since the

integrand is the same. However, we have chosen to split the integral to separate
supply and demand.
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market, the total liquidity needs of the banking sector, the opportu-
nity costs of holding collateral and the distribution of the latter across
banks. When applying the implicit function theorem, we obtain:6

∂e∗

∂l
= 1, (4.15)

∂e∗

∂z
=

−
q̄∫

0

h′
f ′′+zh′′ g(q)dq

q̄∫

0

g(q)
f ′′+zh′′ dq

� 0, (4.16)

∂e∗

∂A
=

1 −
q̄∫

0

zh′′
f ′′+zh′′ g(q)dq

q̄∫

0

g(q)
f ′′+zh′′ dq

> 0. (4.17)

Equation (4.15) reveals that there is a positive relationship between
the interbank market rate e∗ and the repo rate l. An increase in l
results in increasing marginal costs of borrowing from the central bank
implying that banks on the demand as well as on the supply side in
the interbank market reduce their borrowing from the central bank.
Consequently, supply in the interbank market decreases and demand
increases inducing the interbank market rate to rise.

Equation (4.16) reveals that the effect of a change in the transaction
cost parameter z is ambiguous. Let us assume that there is an increase
in z. Then, marginal costs of placing and borrowing in the interbank
market increase so that supply as well as demand will fall. It depends
on the shape of the cost functions Q(·) and Z(·), in more detail on
the functions f and h, and on the density function g(q) which effect
outweighs the other and, thus, whether there is a decrease or increase
in e∗.

Equation (4.17) shows that there is also a positive relationship be-
tween the interbank market rate e∗ and total liquidity needs A. This
result is driven by the functions f and h. If both functions are convex,
as assumed, the banks which supply liquidity in the interbank market
will cover their additional liquidity needs by reducing their supply in
that market and by borrowing more funds from the central bank, while
6 In equation (4.16) the sign is ambiguous because for 0 ≤ q < q, h′ < 0 and for

q < q < q̄, h′ > 0. In equation (4.17) the sign is positive: The functions h and f
are assumed to be strictly convex, i.e. 0 < zh′′/(f ′′ + zh′′) < 1. This implies that
∫ q̄

0
(zh′′/ (f ′′ + zh′′)) g(q)dq < 1. (Note that

∫ qmax

0
g(q) = 1 and that q̄ < qmax.)
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the banks on the demand side will cover their additional needs by bor-
rowing more funds in the interbank market and from the central bank.7

Consequently, in the interbank market, the supply decreases and the
demand increases implying a rising interbank market rate e∗. However,
it should be noted that the convexity of both functions, f and h, is not
a necessary condition for the result ∂e∗/∂A > 0. This result will also
hold if only one cost function is convex and the other is linear, and it
may also hold if one is convex and the other is concave. Crucial is that
the second order condition for a cost minimum f ′′ + zh′′ > 0 is fulfilled
(see also p. 36).

4.3.4 Spread Between the Interbank Market Rate and
the Repo Rate

We have argued that the heterogeneous banking sector implies that
banks with relatively low costs of obtaining funds from the central
bank act as intermediaries between the central bank and those banks
with relatively high costs. It is obvious that this results in a positive
spread between the equilibrium interbank market rate and the repo rate
(s = e∗ − l > 0), otherwise no bank would be willing to borrow from
the central bank in order to place the liquidity in the interbank mar-
ket. This spread is determined by the transaction costs in the interbank
market, the total liquidity needs of the banking sector, the opportu-
nity costs of holding collateral and the distribution of the latter across
banks, and ∂s/∂z = ∂e∗/∂z and ∂s/∂A = ∂e∗/∂A (see equations (4.16)
and (4.17)).

4.3.5 Illustration

In order to illustrate our results graphically, we postulate the cost func-
tions to be quadratic:

Q(K) = qK +
p

2
K2 (4.18)

and

Z(B(K)) =
z

2
B(K)2 (4.19)

with the parameters p, z > 0. Furthermore, we assume a uniform dis-
tribution of q, with g(q) = 1. Figure 4.2 shows the interbank market
equilibrium considering these assumptions.
7 Formally, one obtains this result by using equation (4.6) and employing the im-

plicit function theorem which reveals that ∂(Kopt|K > 0)/∂A < 1.
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Fig. 4.2: Base Model: Interbank Market Equilibrium

In panel (a), the upwards sloping curves represent marginal costs of
borrowing from the central bank given by

MCCB = l + q + pK. (4.20)

Since there is a continuum of banks differing in q, which is distributed
in the interval [0, qmax], there is a continuum of marginal cost curves
between (l + 0 = l) and (l + qmax). The downwards sloping curve
represents marginal costs of borrowing in the interbank market. For
banks placing liquidity in that market this curve depicts net marginal
revenues (interest yield on interbank loans minus transaction costs).
These marginal costs and revenues are given by

MCIB = MRIB = e + z(A − K). (4.21)

Looking at panel (a) and comparing the marginal costs of borrowing
from the central bank with the marginal costs of borrowing in the inter-
bank market/marginal revenues from placing liquidity in the interbank
market leads to the following results: For banks with q > q̄ the marginal
costs of borrowing from the central bank are always higher than those
of borrowing in the interbank market. Consequently, (Kopt|q ≥ q̄) = 0
(we break ties in favour of borrowing in the interbank market). Banks
with q̄ > q > q partially cover their liquidity requirements at the central
bank and in the interbank market, i.e. 0 < (Kopt|q̄ > q > q) < A. The
bank-specific amount (Kopt|q̄ > q > q) is found at the point where the
bank-specific marginal cost curve (MCCB|q̄ > q > q) and the marginal
cost curve MCIB intersect. Credit institutions with q < q borrow more
reserves than they need to cover their own liquidity needs to place the
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excess liquidity in the interbank market, i.e. (Kopt|q < q) > A. The
bank-specific amount (Kopt|q < q) is determined by the intersection of
the bank-specific marginal cost curve (MCCB|q < q) and the marginal
revenue curve MRIB. Kmax denotes the central bank loan of the bank
with the lowest level of marginal opportunity costs of holding collateral,
i.e. with q = 0.

Panel (b) in Fig. 4.2 represents aggregate demand and supply in
the interbank market. The shaded area to the left of the vertical q-
axis represents aggregate supply, the respective area to the right aggre-
gate demand. In equilibrium, both areas have to be of the same size.
The equilibrium interbank rate e∗ is determined by the intersection
of the specific marginal cost curve (MCCB|q = q) and the marginal
cost/revenue curve (MCIB = MRIB), i.e. where Kopt = A (see equa-
tion (4.21) and replace K by A).

Figure 4.3 illustrates the consequences of an increase in the central
bank rate l, liquidity needs A, and transaction costs z on liquidity
demand and supply in the interbank market. The index 0 (1) marks
variables before (after) the increase in l, A and z.
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Fig. 4.3: Base Model: Comparative Static Analysis

An increase in l implies that in Fig. 4.2 the continuum of the
marginal cost curves MCCB

i shifts parallel upwards. The consequent
decrease in Kmax, q and q̄ implies that in Fig. 4.3, panel (a) aggre-
gate supply shrinks from the area (A+B) to the triangle B. Aggregate
demand, on the other hand, increases from the area D to the area
(C+D). Consequently, there will be a rise in e to restore market equi-
librium. Graphically, this rise in e shifts the marginal cost/revenue
curve (MCIB = MRIB) upwards, implying that Kmax, q and q̄ will
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increase again, until the areas to both sides of the vertical q-axis are
the same size again.

In Fig. 4.2, an increase in A leads to a parallel upward shift of
the marginal cost/revenue curve (MCIB = MRIB). Furthermore, on
the horizontal axis, A moves to the right. The shift of the marginal
cost/revenue curve implies that Kmax will increase, but since this in-
crease must be smaller than the rise in A (∂Kopt/∂A < 1) the distance
AKmax becomes smaller which implies that q decreases. The upper
threshold q̄, on the other hand, increases. Therefore, as Fig. 4.3, panel
(b) illustrates, aggregate supply shrinks from the area (A+B) to B,
whereas aggregate demand increases from the area D to (D+C). Hence,
the interbank market rate e will rise to restore the market equilibrium.

In Fig. 4.2, an increase in z implies the marginal cost/revenue curve
(MCIB = MRIB) to turn clockwise in that point where it intersects
with the marginal cost curve (MCCB|q = q) (a change in z does not im-
ply a change in q as long as e has not changed yet, see equation (4.11)).
Therefore, the marginal cost/revenue curve becomes steeper implying
q̄ to rise and Kmax to fall. Consequently, as Fig. 4.3 shows, aggregate
demand and supply shrink such that the effect on e∗ is ambiguous.

4.4 Summary

In this chapter, we have presented the base model of this work. First,
we considered a single bank which minimizes its total liquidity costs by
choosing its optimal central bank borrowing and optimal transactions
in the interbank market. Then, we have looked at the banking sector
as a whole, assuming that banks differ in their opportunity costs of
holding collateral, which is a key feature in all models we will present
in this work.

The main result of this chapter can be summarized as follows. If
opportunity costs of collateral, which banks need to hold to obtain
funds from the central bank, differ between banks, an interbank mar-
ket will develop. Banks with relatively low opportunity costs will act
as intermediaries between the central bank and banks with relatively
high costs. The interbank market rate will be higher than the central
bank’s repo rate, with the spread being determined by total liquidity
needs of the banking sector, transaction costs in the interbank mar-
ket, opportunity costs of holding collateral, and the distribution of the
latter across banks.

Finally, it should be noted that we focus on different opportunity
costs of holding collateral. However, the crucial point is that banks
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differ in costs of obtaining funds from the central bank. Different costs
of obtaining funds from the central bank may not only result from
different opportunity costs of holding collateral, but can also have other
reasons such as differences in operating costs.



5

Remuneration of Required Reserves at the
Current Repo Rate

5.1 Introduction

In this chapter, we expand the base model by assuming that there
are two time periods which cover a reserve maintenance period. For
fulfilling their reserve requirements banks can make use of averaging
provisions. An important feature of our model is that reserves are re-
munerated at the end of each period at the current repo rate. As in the
base model, the banks can cover their liquidity needs either by borrow-
ing from the central bank or in the interbank market where they can
also place liquidity. A further crucial feature of our model is that the
banks can borrow in each period from the central bank as well as in the
interbank market, and that the maturities of all loans is one period,
i.e. the maturities of the central bank credits do not overlap. Within
this framework, the banks have to decide on their optimal borrow-
ing from the central bank, their optimal transactions in the interbank
market, and on the optimal intertemporal allocation of their required
reserve holdings. A main result is that within this model framework,
the banks’ liquidity management is not influenced by a change in the
repo rate within the reserve maintenance period. Independently of a
change in the repo rate, reserves are provided smoothly over the main-
tenance period and borrowing from the central bank corresponds to
the central bank’s benchmark. Moreover, we show that banks are not
affected differently by a monetary impulse in the form of a change in
the repo rate. A further result of this chapter is that in this current rate
model there is no smoothing of the interbank market rate in the sense
that it already increases (decreases) before the repo rate is actually
raised (cut).
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5.2 Optimal Liquidity Management of a Single
Bank

5.2.1 Liquidity Costs

There are two time periods, t = 1, 2, which cover a reserve maintenance
period. An isolated, price-taking bank is considered which needs liquid-
ity for covering the given autonomous factors A and the given reserve
requirements RR imposed by a central bank. Concerning the required
reserves, the bank can make use of averaging provisions. The reserve
requirement is fulfilled if

RR =
R1 + R2

2
, (5.1)

with Rt ≥ 0 being the reserve holdings of the bank in period t.
To cover its liquidity needs, the bank can borrow in each period

from the central bank or in the interbank market where it can also
place liquidity. In this model, both, central bank loans and interbank
market loans, have a maturity of one period.

The loan borrowed from the monetary authority in period t is de-
noted by Kt, with Kt ≥ 0. On this loan the bank has to pay the repo
rate lt which is set by the monetary authority. Again, we assume that
the bank receives the amount of liquidity it demands from the central
bank at this rate. This implies that the central bank always satisfies the
bank’s demand for reserves. In the Eurosystem’s MROs, the Eurosys-
tem’s benchmark allotment is the amount of liquidity which allows for
smooth provisions of aggregate required reserves over a reserve mainte-
nance period (see p. 13). Following this definition, we define the amount
of central bank borrowing in the first period which allows on aggregate
for smooth provisions of required reserves over the reserve maintenance
period as the central bank’s benchmark amount. Consequently, our as-
sumption implies that the central bank will even satisfy the bank’s
demand for reserves if the aggregate demand for central bank’s credits
exceeds the central bank’s benchmark. In this current rate model, this
is not a critical assumption since aggregate liquidity demand always
corresponds to the central bank’s benchmark (see p. 56). However, in
the average rate model and in the overlapping maturities model, which
we will present in the next chapters, aggregate liquidity demand can
deviate from this benchmark. Therefore, within these models, we will
also analyze a bank’s optimal liquidity management if the central bank
rations liquidity when aggregate liquidity demand exceeds its bench-
mark amount.
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The central bank loan Kt has to be based on adequate collateral. As
in the base model, we assume the relevant opportunity cost function
to be convex (for the motivation of this assumption see comments on
equation (4.1) on p. 34). Postulating a tractable quadratic form, this
cost function is given by1

Q(Kt) = qKt +
p

2
K2

t , (5.2)

with the parameters q ≥ 0 and p > 0.
If the bank borrows more funds from the central bank than it needs

to cover its own liquidity needs (Kt > A + Rt), it will place the excess
liquidity at the rate et in the interbank market. If, on the other hand,
the loan from the central bank is too small to cover the bank’s total
liquidity needs (Kt < A + Rt), it will borrow at the rate et in that
market. The bank’s position in the interbank market is given by

Bt = A + Rt − Kt � 0. (5.3)

When trading in the interbank market the bank faces increasing
marginal transaction costs (for the motivation of this assumption see
comments on equation (4.3) on p. 35). Analogously to the cost function
Q(Kt) we also use the tractable quadratic form so that the transaction
cost function is given by

Z(Bt(Rt, Kt)) =
z

2
(Bt(Rt,Kt))

2 , (5.4)

with the parameter z > 0.
A further important feature of this model is that holdings of required

reserves are remunerated at the end of each period t at the current repo
rate lt. Consequently, net liquidity costs in period t consist of interest
payments to the central bank, interest costs or interest revenues re-
sulting from transactions in the interbank market, opportunity costs of
holding collateral, transaction costs and interest revenues from holding
required reserves:

Ct(Kt, Rt) = Ktlt + Bt(Rt, Kt)et + Q(Kt)
+Z(Bt(Rt,Kt)) − Rtlt.

(5.5)

As in the base model, we neglect that banks enter the interbank mar-
ket to balance liquidity imbalances resulting from bank-specific shocks
1 Contrary to the base model, where we only assumed this cost function to be

convex, we specify the function by assuming a quadratic form. This simplifies our
analysis considerably since it implies that the third derivative of Q(Kt), which
occurs in this two-period model, is equal to zero.
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to reserves. Furthermore, one should note that in the first period the
bank knows the central bank rate l2 with certainty, i.e. we assume that
there are no monetary policy shocks and that the bank forms rational
expectations. Introducing uncertainty by incorporating bank-specific
liquidity shocks or monetary policy shocks into our model would make
our analysis more complex without changing our results.

5.2.2 Optimization Problem

Throughout the remainder of this work, the bank’s optimal liquidity
management aims at minimizing its net total liquidity costs over the
maintenance period, while keeping average reserves to the required level
RR, i.e. optimal liquidity management means deciding on

• the optimal intertemporal allocation of reserve holdings (determi-
nation of Ropt

1 and Ropt
2 ),

• the optimal borrowing from the central bank (determination of Kopt
1

and Kopt
2 ), and

• and optimal transactions in the interbank market (determination of
Bopt

1 and Bopt
2 ).

Disregarding discounting, whose impact is negligible over this short
horizon, the bank’s objective function becomes

min
Kt,Rt

{
2∑

t=1

Ct(Kt, Rt)

}

. (5.6)

Since the bank can make use of averaging provisions to fulfil its reserve
requirements, it faces a simple dynamic optimization problem. Defining
Vt as the associated value function, the Bellman equation for the intra-
maintenance period optimization problem is given by

V1 = min
K1,R1

{C1(K1, R1) + V2} subject to Kt, Rt ≥ 0. (5.7)

In what follows, we will solve this optimization problem backwards.

5.2.3 Optimal Liquidity Management in the Second
Period

According to equation (5.1), we replace R2 by (2RR−R1). Then, in the
second period we only have to optimize over K2, and the Lagrangian
becomes
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L(K2, λ2) = K2l2 + B2(K2)e2 + Q(K2) + Z(B2(K2))
−(2RR − R1)l2 − λ2K2

(5.8)

and the first order conditions are

−e2 + l2 + pK2 + q − zB2(K2) − λ2 = 0, (5.9)

λ2K2 = 0, λ2 ≥ 0, K2 ≥ 0. (5.10)

These first order conditions say that if the bank covers its liquidity
needs in the interbank market and at the central bank, marginal costs
of interbank market funds (zB2 + e2) will be equated to marginal costs
of central bank funds (l2+pK2+q). Note, that in this case λ2 = 0 since
K2 > 0. If the bank places liquidity in the interbank market (again λ2 =
0 since K2 > 0), marginal costs of this transaction (l2 +pK2 + q− zB2)
will equal its marginal benefits e2. Note, that in this case B2 < 0.
Furthermore, the first order conditions reveal that there is an upper
threshold for q given by

q̄2 = e2 − l2 + z(A + 2RR − R1). (5.11)

If q ≥ q̄2, for all K2, marginal costs of covering liquidity needs at the
central bank will not be lower than in the interbank market, so that
the bank will cover its total liquidity needs in that market, i.e. K2 = 0
(we break ties in favour of borrowing in the interbank market). The
first order conditions lead to the following result for optimal borrowing
from the central bank in the second period:

Kopt
2 (R1) =

{
e2−l2−q+z(A+2RR−R1)

p+z if q < q̄2

0 if q ≥ q̄2.
(5.12)

By inserting Kopt
2 into C2, one obtains the minimal net liquidity

costs in the second period:

V2(R1) = Kopt
2 (R1)l2 + B2(K

opt
2 (R1), R1)e2 + Q2(K

opt
2 (R1))

+Z2(K
opt
2 (R1), R1) − (2RR − R1)l2.

(5.13)
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5.2.4 Optimal Liquidity Management in the First Period

In this model, Rt ≥ 0 is not a binding constraint, see equations (5.28)
and (5.45). Therefore, we neglect this constraint in the Lagrangian
which is

L(K1, R1, λ1) = K1l1 + B1(K1, R1)e1 + Q(K1)
+Z(B1(K1, R1)) − R1l1 − λ1K1 + V2(R1).

(5.14)

The first order conditions are2

−e1 + l1 + pK1 + q − zB1(K1, R1) − λ1 = 0, (5.15)

e1 + zB1(K1, R1) − l1 = e2 + zB2(K
opt
2 (R1), R1) − l2, (5.16)

λ1K1 = 0, λ1 ≥ 0, K1 ≥ 0. (5.17)

The first order condition for K1 given by equation (5.15) says analo-
gously to the one given by equation (5.9): if the bank covers its liquid-
ity needs in the interbank market and at the central bank, marginal
costs of interbank market funds will be equated to marginal costs of
central bank funds, and if the bank places liquidity in the interbank
market, marginal costs of this transaction will equal its marginal rev-
enue. The first order conditions represented by (5.17) simply reflect the
non-negativity constraint for K1.

The first order condition for R1 given by equation (5.16) says that an
optimal R1 requires net marginal costs of holding required reserves to
be the same in both periods. The left hand side captures net marginal
costs of holding reserves in the first, the right hand side of holding
reserves in the second period. Marginal costs of holding reserves are
presented by the first two terms on each side of the equation, the last
term on each side captures marginal revenues of holding reserves which
result from their remuneration.

2 Equation (5.12) shows that we have to distinguish between two cases when an-
alyzing the bank’s optimal liquidity management in the first period. In the first
case, the bank borrows liquidity from the monetary authority in the second pe-
riod, i.e. q < q̄2. In the second case, the bank covers its liquidity needs exclusively
in the interbank market, i.e. q ≥ q̄2. However, the interpretation of the first order
conditions is the same in both cases and we have rewritten the conditions in such
a way that their formal presentation is also the same.
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5.2.5 Provisional Results

The parameters p and z in the cost functions Q(Kt) and Z(Bt) have
been helpful for interpreting the first order conditions. However, for a
clearer presentation of our results it is useful to set them equal to one.
In doing so, the first order conditions lead to the following provisional
results for a bank’s optimal liquidity management (these are only pro-
visional results since the results still depend on the interbank market
rate et which we will determine in a next step):3

Ropt
1 = RR − e1 − e2 − l1 + l2

2
∀q, (5.18)

Ropt
2 = RR +

e1 − e2 − l1 + l2
2

∀q, (5.19)

Kopt
1 = Kopt

2 =
{

A+RR−q
2 + e1+e2−l1−l2

4 if q < q̄
0 if q ≥ q̄,

(5.20)

Bopt
1 =

{
A+RR+q

2 − 3(e1−l1)−(e2−l2)
4 if q < q̄

A + RR − (e1−l1)−(e2−l2)
2 if q ≥ q̄,

(5.21)

and

Bopt
2 =

{
A+RR+q

2 + (e1−l1)−3(e2−l2)
4 if q < q̄

A + RR + (e1−l1)−(e2−l2)
2 if q ≥ q̄,

(5.22)

where

q̄ = q̄1 = q̄2 = A + RR +
e1 + e2 − l1 − l2

2
. (5.23)

Equations (5.18) and (5.19) represent the bank’s optimal intertem-
poral allocation of required reserves, equation (5.20) its optimal borrow-
ing from the central bank, and equations (5.21) and (5.22) its optimal
3 In order to determine (Kopt

1 |q ≥ q̄2) and (Ropt
1 |q ≥ q̄2) we have looked at the

marginal bank first, i.e. at the bank for which at Kopt
2 = 0 marginal costs of

central bank funds equal marginal costs of interbank market funds (Kopt
2 , λ2 = 0).

In this case, q = q̄2 = e2 − l2 + z(A + 2RR − R1), see equation (5.11), and one
obtains that (Kopt

1 |q = q̄2) = 0 and (Ropt
1 |q = q̄2) = RR. It is obvious that for

even higher costs of central bank borrowing, i.e. for even higher q, the bank will
not borrow from the monetary authority either so that (Kopt

1 |q ≥ q̄2) = 0 and
(Ropt

1 |q ≥ q̄2) = RR.
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transactions in the interbank market. Equations (5.20) to (5.22) reveal
the importance of the bank’s opportunity costs of holding collateral.
They determine if and when how much liquidity the bank borrows from
the monetary authority and how much liquidity it borrows or places in
the interbank market. Equation (5.23) gives the upper level of marginal
opportunity costs of holding collateral. If q ≥ q̄, the bank will borrow
no liquidity from the central bank but cover its total liquidity needs in
the interbank market. Setting the first line of equation (5.20) equal to
(A + Rt) and solving for q, one obtains a further threshold for q given
by

q
1

= −(A + RR) +
3(e1 − l1) − (e2 − l2)

2
(5.24)

and

q
2

= −(A + RR) − (e1 − l1) − 3(e2 − l2)
2

. (5.25)

This threshold q
t
defines the level of q at which the bank borrows more

liquidity from the central bank than it needs to cover its own liquidity
needs. If q < q, marginal costs of borrowing from the central bank will
be that low so that the bank will borrow liquidity from the monetary
authority in order to place it in the interbank market (Kopt

t > A + Rt

and Bopt
t < 0).

Equations (5.18) to (5.25) show that the interbank market rate et

plays a crucial role for the bank’s optimal liquidity management. There-
fore, we will first determine the equilibrium value for the interbank
market rate first, before discussing the bank’s optimal liquidity man-
agement in more detail.

5.3 Interbank Market Equilibrium and Final
Results

The equilibrium interbank market rate e∗t is determined by setting liq-
uidity supply equal to demand in the interbank market. We will do
so for two cases. In the first more simple case, which we will present
in subsection 5.3.1, there are only two groups of price-taking banks.
These two groups differ in the banks’ level of marginal opportunity
costs of holding collateral q. Within each group, the banks are identi-
cal. In the second more general case, which we will present in subsection
5.3.2, there is a continuum of banks differing in q. We will structure
both subsections as follows. First, we will determine the equilibrium
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interbank market rate e∗t . Second, we will insert e∗t into the provisional
results to obtain the final results for the banks’ optimal liquidity man-
agement. Using these results we will draw conclusions concerning ag-
gregate fulfilling of required reserves (Are they provided smoothly?)
and aggregate demand for central bank credits (Does it deviate from
the central bank’s benchmark?). And finally, we will discuss the impact
of monetary policy impulses (Are banks affected differently?).

5.3.1 Two Banks

Equilibrium Interbank Market Rate

For determining the equilibrium interbank market rate, we assume that
there are two groups of price-taking banks differing in their level of
marginal opportunity costs of holding collateral q. We consider a rep-
resentative bank for each group, bank A and bank B, with qA < q

t
∀t

and qB ≥ q̄t ∀t, i.e. bank A always places liquidity in the interbank
market, while bank B always satisfies its total liquidity needs in that
market. Then solving

BA,opt
t + BB,opt

t = 0 (5.26)

for et (BA,opt
t is given by the first line of the equations (5.21) and

(5.22), BB,opt
t by the second line of these equations), we learn that the

equilibrium interbank market rate is given by

e∗t = lt + qA + 3(A + RR). (5.27)

We will comment on this equilibrium interbank market rate after having
determined the final results for the banks’ optimal liquidity manage-
ment.

Optimal Liquidity Management: Final Results

Inserting e∗t into the intermediate results given by equations (5.18) to
(5.22), one obtains the following final results for the banks’ optimal
liquidity management:

RA,opt
1 = RA,opt

2 = RB,opt
1 = RB,opt

2 = RR, (5.28)

KA,opt
1 = KA,opt

2 = 2(A + RR), (5.29)

KB,opt
1 = KB,opt

2 = 0, (5.30)
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BA,opt
1 = BA,opt

2 = −(A + RR), (5.31)

and

BB,opt
1 = BB,opt

2 = A + RR. (5.32)

The most important result is that an interest rate change neither influ-
ences the banks’ optimal allocation of required reserves nor bank A’s
optimal central bank borrowing.4 Even in case the monetary authority
changes the repo rate within the maintenance period, neither bank A
nor bank B frontloads or postpones the required reserves, but provides
them smoothly over the maintenance period which also implies on ag-
gregate smooth provisions of required reserves. A driving force behind
this result is that required reserves are remunerated at the current repo
rate. This implies that holding reserves is neutral with regard to inter-
est payments to and interest revenues from the central bank. However,
required reserve costs do not only consist of interest payments to the
central bank. In addition, bank A faces opportunity costs of holding
collateral when borrowing the relevant liquidity from the central bank
and bank B faces transaction costs and - since e∗t > lt - bank B also
faces additional interest costs when borrowing the relevant liquidity
in the interbank market. This implies that due to the convex form
of the opportunity cost function and of the transaction cost function
the banks are not indifferent concerning the intertemporal allocation
of their reserve holdings, but they will hold in both periods the same
amount of reserves.

The smooth provisions of required reserves imply the liquidity needs
of each bank to be the same in both periods so that central bank bor-
rowing as well as interbank market transactions are also the same in
both periods. Equations (5.29) and (5.32) reveal that bank A borrows
twice as much liquidity from the central bank than it needs to cover
its own liquidity needs in order to lend the excess liquidity, which cor-
responds exactly to bank B’s liquidity needs, via the interbank market
to bank B.

Moreover, the results reveal that in the current rate model, aggre-
gate central bank borrowing corresponds to the central bank’s bench-
mark amount:5 Aggregate central bank borrowing is equal to 2(A+RR)
which is exactly the amount that allows for smooth provisions of re-
quired reserve over the reserve maintenance period.

4 That bank B’s central bank borrowing is not influenced is obvious since we as-
sumed that qB > q̄t so that bank B never borrows from the central bank.

5 For the definition of this benchmark amount see p. 48.
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Equilibrium Interbank Market Rate: Discussion

After having determined the final results for the banks’ optimal liquid-
ity management, we will comment in more detail on the equilibrium
interbank market rate e∗t given by equation (5.27). We will show that
e∗t reflects bank A’s marginal costs of placing liquidity in the interbank
market and we will comment on the determinants of e∗t .

We have shown that independently of a change in the repo rate,
bank B provides its required reserves smoothly, i.e. its liquidity needs
are given in both periods by (A + RR). Since bank B always covers its
total liquidity needs in the interbank market, liquidity demand in that
market is absolutely inelastic at point (A + RR), and e∗t is determined
by bank A’s marginal costs of placing (A+RR) in the interbank market:
Bank A’s marginal costs of placing liquidity in the interbank market
are given by

MCA,ibm
t = lt + qA + pKA,opt

t − zBA,opt
t , (5.33)

i.e. they consist of marginal interest payments to the central bank (lt),
marginal opportunity costs of holding collateral (qA + pKA,opt

t ), and
marginal transaction costs (−zBA,opt

t ). Note that BA,opt
t < 0, so that

(−BA,opt
t ) is positive. Setting p and z equal to one and inserting the

equilibrium values for KA,opt
t and BA,opt

t given by the equations (5.29)
and (5.31), one obtains that

MCA,ibm
t = lt + qA + 3(A + RR) = e∗t (5.34)

which confirms that the equilibrium interbank market rate is deter-
mined by bank A’s marginal costs of placing the liquidity (A + RR) in
the interbank market.

It is obvious that an increase in one of the marginal cost components
given in equation (5.34) implies that the interbank market rate will rise.

An increase in A or RR implies an upsurge in both banks’ total
liquidity needs. Consequently, bank A borrows more liquidity from the
central bank and places more liquidity in the interbank market. Both
are combined with increasing marginal costs so that bank A’s marginal
costs of placing liquidity in the interbank market, and, therefore, e∗t
also increases:

∂e∗t
∂A

=
∂e∗t
∂RR

= 3. (5.35)

An increase in qA implies that bank A’s marginal costs of borrowing
liquidity from the central bank rise so that the equilibrium interbank
market also increases:
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∂e∗t
∂qA

= 1. (5.36)

Looking at the consequences of a change in the repo rate on the equi-
librium interbank market rate, we distinguish between two cases. In
the first case, there is a change in the repo rate at the beginning of
the reserve maintenance period so that l1 = l2 = l. In the second case,
the repo rate is changed within the reserve maintenance period so that
l1 �= l2. In the first case, there is a proportional change in the interbank
market rate in both periods:

∂e∗1
∂l

=
∂e∗2
∂l

= 1. (5.37)

In the second case, the interbank market rate changes in the second
period only:

∂e∗1
∂l2

= 0 (5.38)

and

∂e∗2
∂l2

= 1. (5.39)

Decisive is that marginal costs of placing liquidity in the interbank
market, and, therefore, the equilibrium interbank market rate in period
t, depend only on the repo rate of the same period. This means that
there is no interest rate smoothing in the sense that the interbank
market rate will already slightly decrease (increase) before the central
bank actually cuts (raises) the repo rate.

It is worth mentioning that the spread between the interbank mar-
ket rate and the repo rate (st = e∗t − lt) remains, independent of a
change in the repo rate, the same in both periods so that the sum of
the spreads (

∑2
t=1 st) is not influenced either by a change in the repo

rate. This will not be the case in the average rate and overlapping
maturities model which, as we will see, is an important aspect when
discussing in how far banks are affected differently by a monetary pol-
icy impulse in the form of a change in the repo rate. The implications of
a change in the repo rate within the reserve maintenance period for the
equilibrium interbank market rate e∗t and the spread st in each model
are summarized with the help of a numerical example in the appendix.

Figure 5.1 illustrates the equilibrium in the interbank market and
indicates the consequences of an increase in A, RR, lt, or qA for the
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-Bt

A

Bank ’s Marginal
Costs and Revenues

A

- A+RR( )

Marginal Revenues
et

*

A, RR, l , qt

A

Marginal Costs

Fig. 5.1: Current Rate Model, Two Banks: Equilibrium in the Interbank Market

equilibrium interbank market rate. The upwards sloping solid line rep-
resents bank A’s marginal costs of placing liquidity in the interbank
market given by equation (5.33). The horizontal line depicts bank A’s
marginal revenue of placing liquidity in the interbank market which is
the interest rate et. In equilibrium, bank A’s liquidity supply in the
interbank market is [−(A + RR)] (see equation (5.31)). Consequently,
the equilibrium interbank market rate is given by that horizontal line
which intersects the marginal cost curve at the point [−(A + RR)]. At
this point, bank A’s marginal costs of placing liquidity in the interbank
market equal its marginal revenues and the interbank market is cleared.
The figure indicates that an increase in lt, qA, A or RR leads to an in-
crease in the interbank market rate e∗t : In all four cases the marginal
cost curve shifts upwards, and if A or RR increase, there will be in ad-
dition a rightward move of the intersection between the marginal cost
curve and the marginal revenue curve.

The Impact of Monetary Policy Impulses

Throughout this work, we analyze the impact of monetary policy im-
pulses on the banks’ net minimal liquidity costs. If the increase or
decrease in these costs differs between banks, they will be affected dif-
ferently by a monetary policy impulse.

In our model, monetary policy impulses can be initiated by a change
in the repo rate or a change in reserve requirements. Concerning the
former, we analyze the impact on the banks’ net minimal liquidity
costs in cases where the repo rate is changed at the beginning of the
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maintenance period so that l1 = l2 = l and in cases where the repo
rate is changed within the maintenance period so that l1 �= l2. We will
see that in this model, in both cases the two banks are not affected
differently by the monetary policy impulse.

In case the repo rate is raised or cut at the beginning of the main-
tenance period, the change in the banks’ net minimal liquidity costs is
given by

∂(V1|l1 = l2 = l)A

∂l
=

∂(V1|l1 = l2 = l)B

∂l
= 2A, (5.40)

in case the repo rate is changed within the reserve maintenance period
by

(V1|l1 = l2)A − (V1|l1 �= l2)A = (V1|l1 = l2)B − (V1|l1 �= l2)B

= A(l1 − l2), (5.41)

i.e., both banks will face the same increase or decrease in their net
minimal liquidity costs. The reason is that the financing of autonomous
factors will become more expensive (cheaper) if the repo rate is raised
(cut). For bank A it will become more expensive (cheaper) because
of the change in the repo rate, for bank B because of the change in
the equilibrium interbank market rate. Since both rates increase (de-
crease) proportionally, both banks are affected to the same extent by
this monetary policy impulse. The fact that in both cases the impact of
the monetary impulse does not depend on RR but only on A, reveals
that holding reserves is neutral with regard to interest payments to and
interest revenues from the central bank.

However, holding required reserves is not neutral with regard to
overall costs and yields: bank A has to bear opportunity costs of holding
collateral when borrowing the reserves from the central bank and bank
B has to bear transaction costs and additional interest costs when
borrowing the reserves in the interbank market since e∗t > lt. Since
these additional costs differ between the two banks, they are affected
differently by a monetary policy impulse in the form of a change in
reserve requirements. The impact on bank B’s minimal liquidity costs
is stronger than on bank A’s as equations (5.42) and (5.43) confirm:

∂(V1|l1 = l2)A

∂RR
= −2(A + RR) + 2qA (5.42)

and

∂(V1|l1 = l2)B

∂RR
= 14(A + RR) + 2qA. (5.43)
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Let us assume that the central bank raises reserve requirements. Then,
both banks have higher liquidity needs, but additional liquidity costs
are higher for bank B. Bank B has to bear additional costs because of
the increase in the interbank market rate and because it has to bear
higher interbank market transaction costs. Bank A on the other hand,
also also to bear additional costs because it borrows more liquidity from
the central bank to satisfy its own and bank B’s increased liquidity
needs and because of higher transaction costs in the interbank market,
but it also benefits from the increased interbank market rate.

5.3.2 Continuum of Banks

In this section, we leave the relatively simple world of only two banks
and determine the equilibrium interbank market rate and the final re-
sults for the banks’ optimal liquidity management for the more general
case of a continuum of banks. The main reason why in this section
the analysis becomes more complex is that in the interbank market,
liquidity demand is not absolutely inelastic anymore.

Equilibrium Interbank Market Rate

We consider a continuum of measure one of isolated, price-taking banks
differing in their level of marginal opportunity costs of holding collateral
q. Then, assuming that q is distributed in the interval [0, qmax] across
banks according to the density function g(q) = G′(q) with G(0) = 0,
the equilibrium interbank market rate is determined by solving

q
t∫

0

(Bopt
t |q < q̄t)g(q)dq +

q̄t∫

q
t

(Bopt
t |q < q̄t)g(q)dq

+
qmax
∫

q̄t

(Bopt
t |q ≥ q̄t)g(q)dq = 0

for et, where Bopt
t is given by equations (5.21) and (5.22). The first term

in equation (5.44) represents liquidity supply in the interbank market,
while the second and the third term represent liquidity demand. The
liquidity demand captured by the second term consists of banks cover-
ing a part of their liquidity needs in the interbank market, the last term
consists of banks satisfying their total liquidity by borrowing reserves
in that market. (This is illustrated by Fig. 5.2. We will comment on
this figure in more detail on p. 64 when discussing the final results for
the banks’ optimal liquidity management.)
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To keep matters simple, we assume that q is distributed uniformly
across banks, so that g(q) is a constant. Then, solving equation (5.44)
for et, one obtains for the equilibrium interbank market rate:

e∗t = −(A + RR) + lt +
√

4qmax(A + RR). (5.44)

We will comment on this equilibrium interbank market rate after having
determined the final results for the banks’ optimal liquidity manage-
ment.

Optimal Liquidity Management: Final Results

Inserting the equilibrium value for et given by equation (5.44) into the
provisional results given by equations (5.18) to (5.25), one obtains the
following final results for the banks’ optimal liquidity management:

Ropt
1 = Ropt

2 = RR∀q, (5.45)

Kopt
1 = Kopt

2 =
{√

qmax(A + RR) − q
2 if q < q̄

0 if q ≥ q̄,
(5.46)

Bopt
1 = Bopt

2 =
{

A + RR + q
2 − √

qmax(A + RR) if q < q̄
A + RR if q ≥ q̄,

(5.47)

where q̄, the upper threshold for q, is given by

q̄ = q̄1 = q̄2 =
√

4qmax(A + RR). (5.48)

For the lower threshold for q, i.e. for the level at which the bank borrows
more reserves from the central bank than it needs to cover its own
liquidity needs, one obtains:6

q = q
1

= q
2

= −2(A + RR) +
√

4qmax(A + RR). (5.49)

As in the two-bank case, the most important result is that the banks’
optimal liquidity management is not influenced by a monetary im-
pulse in form of an interest rate change. Equation (5.45) shows that all
banks provide their reserve requirements smoothly, no bank postpones
or frontloads reserves. As in the two-bank case a driving force behind

6 One obtains q either by setting the first line of equation (5.46) equal to A + RR
and then solving for q, or by inserting e∗t given by equation (5.44) into equations
(5.24) and (5.25).
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this result is the remuneration of reserves in each period at the current
repo rate rate (for details see p. 56).

The smooth provisions of reserves imply that the banks’ central
bank borrowing and their transactions in the interbank market are
also the same in both periods, as shown by the equations (5.46) and
(5.47). These equations reveal the importance of the parameter q for
the banks’ liquidity management. It decides whether a bank actually
borrows from the central bank, and if so how much, and it decides
how much liquidity a bank borrows or places in the interbank market.
We illustrate these two equations, and, therefore, the importance of
q, by the help of Fig. 5.2. The upper part of the figure illustrates the

q

K , K1 2

opt opt

K =K1 2

opt opt
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q

q q
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E D
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q q
max q

0

CBDE

A

Fig. 5.2: Current Rate Model: Optimal Borrowing from the Central Bank and
Optimal Transactions in the Interbank Market

optimal borrowing from the central bank depending on the level of
marginal opportunity costs of holding collateral q. Banks which have a
lower q than q borrow more reserves from the central bank than they
need to cover their own liquidity needs in order to place the excess
liquidity in the interbank market. Their own liquidity needs correspond
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to the rectangle E, the amount of liquidity they supply in the interbank
market to triangle A. Banks whose level of marginal opportunity costs
q lies between q and q̄, cover their liquidity needs at the central bank
(triangle D) and in the interbank market (triangle B), while banks
with a q ≥ q̄ borrow their total liquidity needs in the interbank market
(rectangle C). Since we have assumed that q is uniformly distributed
across banks, at the equilibrium interbank market rate e∗t , area A, which
represents aggregate liquidity supply in the interbank market, is of the
same size as area (B + C), which corresponds to aggregate liquidity
demand in that market.

The lower part of Fig. 5.2 illustrates explicitly optimal transactions
in the interbank market depending on q. Banks with a q smaller than q
place liquidity in the interbank market, i.e. area A represents aggregate
liquidity supply, and banks with a q greater than q borrow reserves in
that market, i.e. area (B + C) represents aggregate liquidity demand
in the interbank market. Consequently, in equilibrium area A and area
(B + C) are of the the same size.

Also when considering a continuum of banks, aggregate central bank
borrowing, which is given by

qmax
∫

0

Kopt
1 g(q)dq =

qmax
∫

0

Kopt
2 g(q)dqA + RR, (5.50)

allows for smooth provisions of required reserves over the maintenance
period, i.e. it does not deviate from the central bank’s benchmark (for
the definition of the benchmark see p. 48).

Equilibrium Interbank Market Rate: Discussion

In this section, we will comment on the equilibrium interbank market
rate given by equation (5.44). We will show that the equilibrium in-
terbank market rate e∗t reflects the banks’ marginal costs of placing
liquidity in the interbank market, and we will comment on the deter-
minants of e∗t .

The banks’ marginal costs of placing liquidity in the interbank mar-
ket are given by

MCibm
t = lt + q + pKopt

t − zBopt
t . (5.51)

The first three terms represent the marginal costs of borrowing the
relevant liquidity from the central bank, the last term the marginal
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transaction costs. Setting p and z equal to one and inserting the equi-
librium values for Kopt

t and Bopt
t given by the first line of the equations

(5.46) and (5.47) one obtains

MCibm
t = −(A + RR) + lt +

√
4qmax(A + RR) = e∗t (5.52)

which confirms that e∗t reflects the banks’ marginal costs of placing
liquidity in the interbank market.

Equation (5.52) shows that e∗t is determined by the banks’ liquidity
needs (A+RR), the repo rate lt, and the level of marginal opportunity
costs of holding collateral of those banks’ with the highest level qmax.

When looking at the level of marginal opportunity costs first, we
see that there is a positive relationship between qmax and e∗t :

∂e∗t
∂qmax

=
√

A + RR√
qmax

> 0. (5.53)

An increase in qmax leads to a decline in the density of the distribution
of q across banks which means that at the current interbank market
rate fewer banks are willing to place liquidity in the interbank market
(decrease in supply), while more banks want to borrow in that market
(increase in demand). Consequently, e∗t will rise to restore the equilib-
rium in the interbank market.

An increase in it total liquidity needs also implies an upsurge in e∗t :7

∂e∗t
∂A

=
∂e∗t
∂RR

=
√

qmax −√
A + RR√

A + RR
> 0. (5.54)

If there is an upsurge in the banks’ liquidity needs, the banks which
place liquidity in the interbank market will borrow more liquidity from
the central bank and will place more liquidity in the interbank market
- as in the two-bank case. This implies that due to the convex form
of the cost functions Q(·) and Z(·) the marginal costs of placing liq-
uidity in the interbank market increases and, therefore,also causes the
equilibrium interbank market rate to increase. However, contrary to
the two-bank case there is also a negative, although not outweighing

7 Note that
√

qmax >
√

A + RR. This becomes clear when looking at equa-
tion (5.49) which represents the lower threshold for q. This lower threshold q

t
must strictly be greater than zero because otherwise there would be no bank
actually supplying liquidity in the interbank market, i.e. an interbank mar-
ket, and therefore an interbank market rate, would not exist. And if q

t
> 0,√

qmax >
√

A + RR. In more detail: q > 0 ⇒ −2(A+RR) <
√

4qmax(A + RR) ⇒
(A + RR)/

√
A + RR <

√
q ⇒ √

qmax >
√

A + RR.
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effect of A and RR on e∗t as shown by equation (5.54). This effect re-
sults from the demand side: In the two-bank case, we have assumed
that bank B always satisfies its total liquidity needs in the interbank
market. However, if there is a continuum of banks, an increase in total
liquidity needs implies that there are banks which totally cover their
liquidity needs in the interbank market before an increase in A or RR
occurs, but afterwards they borrow liquidity in the interbank market
and from the central bank - due to the increasing marginal transaction
costs. Formally, this can be seen from equation (5.48) which gives the
upper threshold for q. This equation indicates that an increase in A or
RR leads to an increase in this threshold, i.e. fewer banks cover their
liquidity needs exclusively in the interbank market. This means that
an increase in liquidity needs does not imply a proportional increase in
liquidity demand in the interbank market as in the two-bank case, but
the upsurge is dampened which has - due to the convex form of the
transaction cost function - also a dampening effect on the increase in
marginal costs of placing liquidity in the interbank market and, there-
fore, on the increase in e∗t . Rewriting equation (5.44) by considering
the transaction cost parameter z (which we have set equal to one so
far) one obtains that

e∗t = −z(A + RR) + lt +
√

2qmax(A + RR)(1 + z)

which confirms that the transaction costs in the interbank market are
responsible for the negative effect of total liquidity needs on e∗t given
by the first term in equation (5.44).

When discussing what kind of an impact a change in the repo rate
on e∗t would have, we distinguish between a change in this rate at the
beginning and within the reserve maintenance period. Changing the
repo rate at the beginning of the reserve maintenance period so that
l1 = l2 = l implies in both periods a proportional change in e∗t :

∂e∗1
∂l

=
∂e∗2
∂l

= 1. (5.55)

In case the repo rate is changed within the reserve maintenance period
(l1 �= l2), e∗t will only change in the second period:

∂e∗1
∂l2

= 0 (5.56)

and

∂e∗2
∂l2

= 1. (5.57)



5.3 Interbank Market Equilibrium and Final Results 67

These are the same results as in the two-bank case, hence, we re-
fer the reader to detailed comments on p. 58. As in the two-bank
case the spread between the interbank market rate and the repo rate
(st = e∗t −lt) remains the same in both periods, independent of a change
in the repo rate. Consequently, the sum of the spreads

∑2
t=1 st is not

influenced by a change in the repo rate as well. The appendix summa-
rizes the effects of a change in the repo rate on e∗t and s∗t in the various
models presented in this work with the help of a numerical example.

The Impact of Monetary Policy Impulses

As in the two-bank case, a monetary policy impulse can be initiated
by a change in the repo rate or by a change in reserve requirements.

If the central bank changes the repo rate at the beginning of the
reserve maintenance period so that l1 = l2 = l, the change in minimal
liquidity costs will be given by

∂(V1|l1 = l2 = l)
∂l

= 2A∀q, (5.58)

in case the rate is changed within the maintenance period by

(V1|l1 = l2) − (V1|l1 �= l2) = A(l1 − l2)∀q. (5.59)

The equations (5.58) and (5.59) reveal that - as in the two-bank case -
an interest rate cut (increase) implies that minimal liquidity costs de-
crease (increase) only because holding reserves for autonomous factors
becomes less (more) expensive, i.e. holding reserves for fulfilling reserve
requirements is neutral with regard to interest payments to and rev-
enues from the central bank. Furthermore, the equations show that the
impact of a monetary policy impulse in the form of a repo rate change
is independent of q, i.e. it is the same for all banks.

However, a different picture has to be drawn for a change in reserve
requirements: Holding required reserves is costly, it is not neutral with
regard to overall costs and yields: either a bank faces opportunity costs
of holding collateral when procuring the reserves from the central bank
or it faces transaction costs and additional interest costs (e∗t > lt) when
borrowing the liquidity in the interbank market. Since banks differ in
their opportunity costs of holding collateral it is obvious that banks
which borrow from the central bank are affected differently by a mon-
etary policy impulse in the form of a change in reserve requirements,
and that the impact on banks with relatively high opportunity costs is
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greater. This result is formally confirmed by equations (5.60) to (5.62):8

∂(V1|l1 = l2)
∂RR

=

{
−2(A + RR + qmax) +

√
qmax(q+6(A+RR))√

A+RR
if q < q̄

−2(A + RR) + 6
√

qmax(A + RR) if q ≥ q̄,
(5.60)

∂2(V1|l1 = l2, q < q̄)
∂RR∂q

=
√

qmax

√
A + RR

> 0, (5.61)

∂(V1|l1 = l2, q ≥ q̄)
∂RR

− ∂(V1|l1 = l2, q < q̄)
∂RR

= 2qmax −
√

qmax(q|q < q̄)√
A + RR

> 0. (5.62)

Equation (5.60) shows that a change in a bank’s minimal liquidity costs
depends on q, i.e. banks are affected differently by a monetary impulse
in the form of a change in reserve requirements. Equation (5.61) demon-
strates that if a bank borrows from the central bank, the impact will be
greater the higher q is. Furthermore, equation (5.62) reveals that banks
which cover their liquidity needs exclusively in the interbank market,
i.e. those banks with the highest q, are affected more by a change in re-
serve requirements than banks which cover their liquidity needs partly
or totally by borrowing reserves from the central bank. Figure 5.3 il-
lustrates these results for an increase in reserve requirements. It shows
that the resulting increase in minimal net liquidity costs differ across
banks and that the banks which have the lowest level of marginal op-
portunity costs of holding collateral “suffer” the least.

5.4 Summary

In a first step, we have analyzed within a two-period model the liquidity
management of a single, price-taking bank. This bank’s liquidity needs
arise from autonomous factors and reserve requirements imposed by
a central bank. It can cover these liquidity needs either by borrowing

8 That 2qmax − (
√

qmax(q|q < q̄)/
√

A + RR) in equation (5.62) is strictly greater
than zero becomes clear when inserting for q the upper threshold q̄ given by
equation (5.48). Then, the expression becomes zero which means that for q < q̄,
which is relevant in this case, the expression must be positive.
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q

Increase in minimal
liquidity costs

q q
max

Fig. 5.3: Current Rate Model: Impact of an Increase in Reserve Requirements on
Minimal Net Liquidity Costs

from the central bank or in the interbank market, where it can also
place liquidity. Besides interest payments, opportunity costs of holding
collateral accrue when borrowing from the monetary authority, and
transaction costs have to be born when borrowing or placing liquidity
in the interbank market. Decisive institutional features of this model -
features in which this model differs from the models we will present in
the next two chapters - are:

• required reserves are remunerated at the current repo rate at the
end of each period, and

• the maturities of central bank credits do not overlap.

The bank minimizes net total liquidity costs over the two periods
by choosing the following: optimal intertemporal allocation of required
reserves, optimal borrowing from the monetary authority, and optimal
transactions in the interbank market.

In a second step, we have determined the equilibrium interbank mar-
ket rate. We have assumed, as in the base model, that banks differ in
their marginal opportunity costs of holding collateral. Then an inter-
bank market emerges where banks with relatively low opportunity costs
borrow more reserves from the central bank than they need to cover
their own needs. This is done in order to place them in the interbank
market, where this supply meets the liquidity demand by banks whose
opportunity costs of holding reserves are so high that they prefer to
cover their needs partially or totally in the interbank market. We have
derived the equilibrium interbank market rate while setting liquidity
supply in the interbank market equal to liquidity demand. Inserting the
equilibrium interbank market rate into the (provisional) results for the
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bank’s optimal liquidity management, we have derived the following
final results:

• Independently of a change in the repo rate, aggregate required re-
serves are provided smoothly over the maintenance period.

• Independently of a change in the repo rate, aggregate demand for
central bank credits, and, therefore, central bank borrowing does
not deviate from the central bank’s benchmark.

• Banks are not affected differently by a monetary policy impulse in
the form of a change in the repo rate.

• Banks are affected differently by a monetary impulse in the form of
a change in reserve requirements.

• Holding reserves is neutral with regard to interest payments to and
interest revenues from the central bank, but it is not neutral with
regard to overall costs and revenues, which implies in this current
rate model that banks face different overall net costs of holding
required reserves.

• There is no interest rate smoothing in the sense that the interbank
market rate will slightly decrease (increase) even before the central
bank actually cuts (raises) the repo rate, but there is a constant
spread between the interbank market rate and the repo rate over
the whole maintenance period.



6

Remuneration of Required Reserves at an
Average Rate

6.1 Introduction

In this chapter, we change the current rate model presented in the pre-
vious chapter by assuming that reserves are remunerated at the average
of the repo rates l1 and l2 at the end of the second period instead of at
the current repo rate lt at the end of each period. We will show that un-
der this different assumption concerning the remuneration of required
reserves, interest rate changes do influence the banks’ optimal liquid-
ity management. If the central bank cuts (raises) the repo rate, banks
will postpone (frontload) holdings of required reserves which implies
that also on aggregate reserves will be provided unevenly. This again
implies that aggregate central bank borrowing will deviate from the
benchmark, i.e. underbidding (overbidding) will occur. Furthermore,
we will show that banks are not only affected differently by a monetary
policy impulse in form of a change in reserve requirements but also by
a monetary policy impulse in form of a change in the repo rate. More-
over, it will turn out that the interbank market rate is smoothed in the
sense that it will slightly decrease (increase) even before the central
bank actually cuts (raises) the repo rate.

6.2 Optimal Liquidity Management of a Single
Bank

6.2.1 Liquidity Costs

Again, there are two time periods which cover a reserve maintenance
period, and an isolated, price taking bank is considered which has liq-
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uidity needs resulting from the given autonomous factors A and the
given required reserves RR. The latter can be fulfilled on average over
the reserve maintenance period so that

RR =
R1 + R2

2
. (6.1)

The bank can cover its liquidity needs in the interbank market,
where it can also place liquidity, or it can cover its liquidity needs at the
central bank. As a start, we assume that the bank receives the amount
of liquidity from the central bank it demands at the repo rate l which
is set by the monetary authority, i.e. we assume that even if aggregate
liquidity demand exceeds the central bank’s benchmark amount1 the
central bank will, nevertheless, totally satisfy the liquidity demand. In
section 6.3.3 we will analyze the bank’s optimal liquidity management
assuming that the central bank rations liquidity in this case.

When borrowing liquidity from the monetary authority the bank
has to offer adequate collateral. Opportunity costs of holding these
collateral are given by

Q(Kt) = qKt +
p

2
K2

t , (6.2)

with q ≥ 0 and p > 0.
The bank’s position in the interbank market is given by

Bt = A + Rt − Kt � 0. (6.3)

Independently of whether the bank borrows or lends in the interbank
market it faces transaction costs which are

Z(Bt(Kt, Rt)) =
z

2
(Bt(Kt, Rt))

2 , (6.4)

with z > 0.
Holdings of required reserves are remunerated at the average of l1

and l2 at the end of the second period. Consequently, net liquidity costs
in period t are given by:

Ct(Kt, Rt) = Ktlt + Btet + Q(Kt) + Z(Bt)

−2RR
(

lt+lt−1

2

)
I[t=2],

i.e. they consist of interest payments to the central bank, interest pay-
ments or interest yields resulting from transactions in the interbank

1 For the definition of this benchmark amount see p. 48.
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market, collateral’s opportunity costs, transaction costs, minus the re-
muneration of required reserves. The indicator function I[·] takes a value
of 1 when t = 2, and 0 otherwise, reflecting that interests are paid at
the end of the maintenance period. Note that the last term in equa-
tion (6.5) shows the crucial difference against the current rate model:
reserves are remunerated at the average of l1 and l2 at the end of the
second period.

6.2.2 Optimization Problem

The bank minimizes net total liquidity costs across the maintenance
period by choosing the optimal central bank borrowing and the optimal
intertemporal allocation of required reserves. Consequently, the bank’s
objective function becomes

min
Kt,Rt

{
2∑

t=1

Ct(Kt, Rt)

}

, (6.5)

and the Bellman equation for the intra-maintenance period optimiza-
tion problem is given by

V1 = min
K1,R1

{C1(K1, R1) + V2} subject to Kt, Rt ≥ 0. (6.6)

6.2.3 Optimal Liquidity Management in the Second
Period

Again, we solve the optimization problem backwards and look at the
bank’s behaviour in the second period first. Replacing R2 by (2RR−R1)
according to equation (6.1), the Lagrangian becomes

(K2, λ2) = K2l2 + B2(K2)e2 + Q(K2) + Z(K2)
−(RR)(l1 + l2) − λ2K2.

(6.7)

The term which represents the remuneration of required reserves does
not depend in the current rate model model nor in this average rate
model on K2. Since it is the remuneration of required reserves which
only distinguishes the two models, the second order conditions in the
second period and, therefore, Kopt

2 (R1) are the same (compare equa-
tions (5.9) to (5.12)):

−e2 + l2 + pK2 + q − zB2(K2) − λ2 = 0, (6.8)
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λ2K2 = 0, λ2 ≥ 0, K2 ≥ 0, (6.9)

and

Kopt
2 (R1) =

{
e2−l2−q+z(A+2RR−R1)

p+z if q < q̄2

0 if q ≥ q̄2,
(6.10)

where

q̄2 = e2 − l2 + z(A + 2RR − R1). (6.11)

Consequently, minimal net liquidity costs in the second period are given
by

V2(R1) = Kopt
2 (R1)l2 + B2(K

opt
2 (R1), R1)e2 + Q2(K

opt
2 (R1))

+Z2(K
opt
2 (R1), R1) − RR(l1 + l2).

(6.12)

6.2.4 Optimal Liquidity Management in the First Period

The constraint Rt ≥ 0 will be binding only for a sufficiently large
interest rate change. For the sake of simplicity, we, therefore, assume
that |l1 − l2| ≤ 2RR. Then, the constraint is not binding2 hence we do
not include it in the Lagrangian which is

L(K1, R1, λ1) = K1l1 + B1(K1, R1)e1 + Q(K1)
+Z(B1(K1, R1)) − λ1K1 + V2(R1)

(6.13)

and the first order conditions are given by3

−e1 + l1 + pK1 + q − zB1(K1, R1) − λ1 = 0, (6.14)

e1 + zB1(K1, R1) = e2 + zB2(K
opt
2 (R1), R1), (6.15)

and

λ1K1 = 0, λ1 ≥ 0, K1 ≥ 0. (6.16)

2 See equations (6.37), (6.38), (6.42), (6.52), (6.53), (6.60), and (6.61).
3 Equation (6.10) shows that we have to distinguish between two cases when an-

alyzing the bank’s optimal liquidity management in the first period. In the first
case, the bank borrows liquidity from the monetary authority in the second pe-
riod, i.e. q < q̄2. In the second case, the bank covers its liquidity needs exclusively
in the interbank market, i.e. q ≥ q̄2. However, the interpretation of the first order
conditions is the same in both cases and we have rewritten the conditions in such
a way that their formal presentation is also the same.
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The first order condition for optimal central bank borrowing given by
equation (6.14) is the same as in the current rate model (see equation
(5.15)). It says that if the bank places liquidity in the interbank market,
marginal costs of this transaction will equal its marginal benefits, and if
the bank borrows from the central bank and in the interbank market,
marginal costs of both alternatives will be the same. Also as in the
current rate model, the first order condition for optimal intertemporal
allocation of required reserve holdings given by equation (6.15) requires
that the net marginal costs of holding reserves must be the same in both
periods. However, a difference to the first order condition in the current
rate model is that interest yields of holding reserves play no role (see
equation (5.16)). The reason is that, due to the remuneration of reserves
at the average of l1 and l2, marginal revenues of holdings reserves are
the same in both periods rendering them irrelevant for intertemporal
optimization.

6.2.5 Provisional Results

When presenting the provisional results for the bank’s optimal liquidity
management (again these are only provisional results because they still
depend on the interbank market rate et, whose equilibrium value we
will determine in the next step), we have to distinguish between a cut
and a raise in the repo rate. If there is no interest rate change, obviously
the same results for the bank’s optimal liquidity management as in the
current rate model are obtained. This results from the fact that the only
difference to the current rate model is that reserves are remunerated
at the average of the repo rates l1 and l2 and not at the current repo
rate. Consequently, if there is no change in the repo rate, the difference
in the method of remunerating required reserves will be irrelevant for
the bank’s optimal liquidity management. However, if the repo rate is
changed, the bank’s optimal behaviour will be different from that in the
current rate model. It is necessary to distinguish between an interest
rate cut and an interest rate increase, i.e. it is not possible to interpret
the results in cases of an interest rate cut simply by assuming that
l1 > l2 instead of l1 < l2, because the upper thresholds q̄1 and q̄2 fall
apart. We will comment on this in more detail after having presented
the provisional results.

For a clearer presentation we set - as in the current rate model -
the parameters p and z equal to one in the cost functions Q(Kt) and
Z(Bt). Then, the first order conditions lead to the following results for
the bank’s optimal liquidity management if the repo rate is cut (the
subscript c stands for cut):
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Ropt
1,c =






RR − e1−e2+l1−l2
2 if q < q̄1,c

RR − 1
3 (A + RR + 2e1 − e2 − l2 − q)

if q̄1,c ≤ q < q̄2,c

RR − e1−e2
2 if q̄2,c ≤ q,

(6.17)

Ropt
2,c =






RR + e1−e2+l1−l2
2 if q < q̄1,c

RR + 1
3 (A + RR + 2e1 − e2 − l2 − q)

if q̄1,c ≤ q < q̄2,c

RR + e1−e2
2 if q̄2,c ≤ q,

(6.18)

Kopt
1,c =

{
A+RR−q

2 + e1+e2−3l1+l2
4 if q < q̄1,c

0 if q̄1,c ≤ q,
(6.19)

Kopt
2,c =






A+RR−q
2 + e1+e2+l1−3l2

4 if q < q̄1,c

2(A+RR−q)
3 + e1+e2−2l2

3 if q̄1,c ≤ q < q̄2,c

0 if q̄2,c ≤ q,

(6.20)

Bopt
1,c =






A+RR+q
2 − 3e1−e2−l1−l2

4 if q < q̄1,c

2(A+RR)+q
3 − 2e1−e2−l2

3 if q̄1,c ≤ q < q̄2,c

A + RR − e1−e2
2 if q̄2,c ≤ q,

(6.21)

and

Bopt
2,c =






A+RR+q
2 + e1−3e2+l1+l2

4 if q < q̄1,c

2(A+RR)+q
3 + e1−2e2+l2

3 if q̄1,c ≤ q < q̄2,c

A + RR + e1−e2
2 if q̄2,c ≤ q,

(6.22)

where

q̄1,c = A + RR +
e1 + e2 − 3l1 + l2

2
(6.23)

and

q̄2,c = A + RR +
e1 + e2 − 2l2

2
. (6.24)
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If the repo rate is raised, the first order conditions will lead to the
following provisional results for the bank’s optimal liquidity manage-
ment (the subscript r stands for raise):

Ropt
1,r =






RR − e1−e2+l1−l2
2 if q < q̄2,r

RR + 1
3 (A + RR − e1 + 2e2 − l1 − q)

if q̄2,r ≤ q < q̄1,r

RR − e1−e2
2 if q̄1,r ≤ q,

(6.25)

Ropt
2,r =






RR + e1−e2+l1−l2
2 if q < q̄2,r

RR − 1
3 (A + RR − e1 + 2e2 − l1 − q)

if q̄2,r ≤ q < q̄1,r

RR + e1−e2
2 if q̄1,r ≤ q,

(6.26)

Kopt
1,r =






A+RR−q
2 + e1+e2−3l1+l2

4 if q < q̄2,r

2(A+RR−q)
3 + e1+e2−2l2

3 if q̄2,r ≤ q < q̄1,r

0 if q̄1,r ≤ q,

(6.27)

Kopt
2,r =

{
A+RR−q

2 + e1+e2+l1−3l2
4 if q < q̄2,r

0 if q̄1,r ≤ q,
(6.28)

Bopt
1,r =






A+RR+q
2 − 3e1−e2−l1−l2

4 if q < q̄2,r

2(A+RR)+q
3 − 2e1−e2−l1

3 if q̄2,r ≤ q < q̄1,r

A + RR − e1−e2
2 if q̄1,r ≤ q,

(6.29)

and

Bopt
2,r =






A+RR+q
2 + e1−3e2+l1+l2

4 if q < q̄2,r

2(A+RR)+q
3 + e1−2e2+l1

3 if q̄2,r ≤ q < q̄1,r

A + RR + e1−e2
2 if q̄1,r ≤ q,

(6.30)

where

q̄1,r = A + RR +
e1 + e2 − 2l1

2
(6.31)
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and

q̄2,r = A + RR +
e1 + e2 + l1 − 3l2

2
. (6.32)

Equations (6.17), (6.18), (6.25), and (6.26) represent the bank’s opti-
mal intertemporal allocation of the required reserves, equations (6.19),
(6.20),(6.27), and (6.28), its optimal borrowing from the central bank,
and equations (6.21), (6.22), (6.29), and (6.30) its optimal transac-
tions in the interbank market. These equations reveal the importance
of the level of the bank’s opportunity costs of holding collateral q. It
determines how much liquidity the bank borrows from the monetary
authority and how much liquidity it borrows or places in the inter-
bank market. Contrary to the current rate model, it also influences the
optimal intertemporal allocation of the required reserve holdings.

The thresholds q̄t,c and q̄t,r represent again the upper levels for q,
i.e. if q ≥ q̄t the bank’s marginal costs of borrowing from the central
bank will be so high that it will prefer to cover its total liquidity needs
in the interbank market. The lower level for q, i.e. the level at which
the bank borrows more reserves than it needs to cover its own liquidity
needs, is obtained by setting the first line of equation (6.19) equal
to A + (R1,c|q < q̄1,c) and the first line of equation (6.20) equal to
A + (R2,c|q < q̄1,c) and solving both equations for q. Then, what is
obtained is:4

q
1

= −(A + RR) +
3e1 − e2 − l1 − l2

2
(6.33)

and

q
2

= −(A + RR) − e1 − 3e2 + l1 + l2
2

. (6.34)

The main difference of these provisional results to those of the current
rate model is that if the repo rate is changed, the thresholds q̄1 and
q̄2 will fall apart. In the current rate model, independent of an interest
rate change, the bank borrows either in both periods or not at all from
the central bank, i.e. q̄1 = q̄2. However, in this average rate model the
thresholds fall apart: In case the repo rate is cut the bank may borrow

4 For determining these lower thresholds it is not necessary to distinguish between
a decrease and an increase in the repo rate. The relevant borrowing from the
central bank as well as the relevant holdings of required reserves are the same,
i.e. alternatively one could have also used equations (6.25) to (6.28) in order to
determine q

1
and q

2
.
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in the second but not in the first period, and vice versa if the repo rate
is raised.

The reason for this is that the remuneration of reserves at the aver-
age of l1 and l2, in cases of an interest rate change, holding reserves will
not be neutral with regard to interest payments to and interest revenues
from the central bank. However, we will comment on this and other as-
pects of the bank’s optimal liquidity management in more detail when
discussing the final results, and we will now use the provisional results
to derive the equilibrium interbank market rate.

6.3 Interbank Market Equilibrium and Final
Results

One obtains the equilibrium interbank market rate e∗t by setting liq-
uidity demand in the interbank market equal to liquidity supply and
then solving this equation for et. As in the current rate model, we will
do this by assuming that banks differ in their level of marginal oppor-
tunity costs of holding collateral q. Again, we will assume first that
there are two groups of banks differing in q and second, that there
is a continuum of banks differing in q. In both cases our analysis is
structured as in the current rate model: First, we will determine the
equilibrium interbank market rate. Second, we will derive the final re-
sults for a bank’s optimal liquidity management and discuss the results
at the aggregate level (Are reserves provided smoothly over the mainte-
nance period? Does the demand for central bank credits deviate from
the central bank’s benchmark?). Finally, we will analyze the impact
of monetary policy impulses on the banks’ minimal net liquidity costs
(Are banks affected differently?).

6.3.1 Two Banks

Equilibrium Interbank Market Rate

There are two groups of price-taking banks differing in q, represented
by the banks A and B, with qA < q

t
∀t and qB ≥ q̄t ∀t, i.e. bank A

always places liquidity in the interbank market, while bank B always
satisfies its total liquidity needs in that market, i.e. liquidity demand
is absolutely inelastic. Then, solving

BA,opt
t + BB,opt

t = 0 (6.35)
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for et the equilibrium interbank market rate e∗t is obtained (BA,opt
t is

given by the first line of the equations (6.21) and (6.22), BB,opt
t by the

third line of these equations):5

e∗1 = e∗2 = 3(A + RR) + qA +
l1 + l2

2
. (6.36)

We will comment on the equilibrium interbank market rate after having
determined the final results for the bank’s optimal liquidity manage-
ment.

Optimal Liquidity Management: Final Results

Inserting e∗t into the provisional results given by the first lines (bank
A) and bottom lines (bank B) of the equations (6.17) to (6.22), the
final results for the banks’ optimal liquidity management is obtained:6

RA,opt
1 = RR − l1 − l2

2
, (6.37)

RA,opt
2 = RR +

l1 − l2
2

, (6.38)

KA,opt
1 = 2(A + RR) − l1 − l2

2
, (6.39)

KA,opt
2 = 2(A + RR) +

l1 − l2
2

, (6.40)

BA,opt
1 = BA,opt

2 = −(A + RR), (6.41)

RB,opt
1 = RB,opt

2 = RR, (6.42)

and

BB,opt
1 = BB,opt

2 = A + RR. (6.43)

The most important result is that, contrary to the current rate model,
a change in the repo rate influences the optimal liquidity management
5 Alternatively, the equations (6.29) and (6.30) can be used. The relevant lines are

the same.
6 Alternatively, the equations (6.25) and (6.30) can be used. The relevant lines are

the same.
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of bank A. If the repo rate is cut, the bank will postpone required
reserves (RA,opt

1 < RA,opt
2 ), and if the repo rate is raised, it will frontload

reserves (RA,opt
1 > RA,opt

2 ), i.e. if there is a change in the repo rate
bank A provides its required reserves unevenly over the maintenance
period (equations (6.37) and (6.38)). The driving force behind this
result is that reserves are remunerated at the average of l1 and l2. This
implies that in case of an interest rate cut, bank A’s marginal benefits of
holding reserves will decrease in both periods, while its marginal costs
of holding reserves will only decrease in the second period. Therefore,
intertemporal optimality requires holding more reserves in the second
period. Analogously, bank A’s marginal benefits of holding reserves will
increase in both periods, while its marginal costs of holding reserves will
increase in the second period only if the central bank raises the repo
rate. Then, intertemporal optimality requires holding more reserves in
the first period.

This is not the case for bank B. Equation (6.42) shows that inde-
pendent of a change in the repo rate, bank B provides its required
reserves smoothly over the maintenance period. The reason is that for
bank B, marginal interest costs and revenues of holding reserves are the
same in both periods, even if the central bank cuts or raises the repo
rate: reserves are remunerated at the average of l1 and l2, so that the
marginal revenues of holding reserves in both periods are (l1 + l2)/2;
and bank B’s marginal interest costs are given by e∗t which is also the
same in both periods (see equation (6.36) and comments on p. 83).
Consequently, even in case the central bank changes the interest rate,
for bank B the difference between the marginal costs and the marginal
revenues of holding reserves remains the same in both periods so there
is no incentive to postpone or frontload required reserves. On contrary,
it is optimal to provide the reserves smoothly: bank B covers its liquid-
ity needs exclusively in the interbank market, and transactions in the
interbank market involve increasing marginal transaction costs which
implies that it is optimal to transact the same amount in both periods.

Since bank B provides its required reserves smoothly and bank A
postpones its reserve holdings if there is an interest rate cut and front-
loads them if there is an interest rate increase, it is obvious that aggre-
gate reserves will be provided unevenly if the repo rate is changed.

The uneven provisions of required reserves of bank A are also re-
flected by its central bank borrowing (see equations (6.39) and (6.40)).
If the bank postpones required reserves, i.e. if the repo rate is cut, its
liquidity needs in the first period are smaller than in the second period
so that KA,opt

1 < KA,opt
2 . Analogously, KA,opt

1 > KA,opt
2 if the central



82 6 Average Rate Model

bank raises the repo rate. Since only bank A borrows from the mone-
tary authority, equation (6.39) reveals that if the repo rate is changed,
aggregate central bank borrowing will deviate from the central bank’s
benchmark. This benchmark is the amount of central bank borrow-
ing which allows for smooth aggregate provisions of required reserves
across the maintenance period (see p. 48). In the two-bank case this
benchmark is equal to 2(A+RR). However, equation (6.39) shows that
if an interest rate cut occurs, aggregate central bank borrowing will
fall below this benchmark, whereas if the repo rate is raised, aggregate
central bank borrowing will exceed the benchmark.

Since bank B provides its required reserves smoothly, its liquidity
needs are the same in both periods so obviously the amount of liquidity
transacted in the interbank market is with (A + RR) also the same in
both periods (equations (6.41) and (6.43)).

Equilibrium Interbank Market Rate: Discussion

After having derived the final results for the banks’ optimal liquidity
management, we will comment in more detail on the equilibrium in-
terbank market rate e∗t given by equation (6.36). We will show that
e∗t equals bank A’s marginal costs of placing liquidity in the interbank
market. Furthermore, we will demonstrate that in this average rate
model the interbank market rate is not only smoothed but also always
the same in both periods even if the repo rate is not.

Bank A’s marginal costs of placing liquidity in the interbank market
are given by:

MCA,ibm
t = lt + qA + pKA,opt

t − zBA,opt
t . (6.44)

The first three terms represent bank A’s marginal costs of borrowing
the relevant liquidity from the central bank, the last term represents
the marginal transaction costs. When setting p and z equal to one
and inserting the equilibrium values for KA,opt

t and BA,opt
t given by the

equations (6.39), (6.40), and (6.41) the following is obtained

MCA,ibm
t = 3(A + RR) + qA +

l1 + l2
2

= e∗t (6.45)

which confirms that the equilibrium interbank market rate is deter-
mined by bank A’s marginal costs of placing (A+RR) in the interbank
market. It is obvious that an increase in one of the marginal cost com-
ponents also implies an increase in e∗t . Since the impact of a change in
A, RR, qA, or (lt|l1 = l2) on the equilibrium interbank market rate is
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the same as in the current rate model, we refer the reader to p. 57 con-
cerning these changes and focus our analysis on the impact of a change
in the repo rate within the reserve maintenance period (l1 �= l2) on e∗t .
The results of a change in A, RR, qA, or (lt|l1 = l2) are the same as in
the current rate model, because the only difference in the design of this
average rate model from the design of the current rate model is that
reserves are remunerated at the average of l1 and l2 and this difference
will obviously not be effective if l1 is equal to l2.

Looking at the impact of a change in l2 on e∗t , reveals that the
interbank market rate is smoothed:

∂e∗1
∂l2

=
∂e∗2
∂l2

=
1
2
. (6.46)

Equation (6.46) shows that if the central bank raises (cuts) the repo
rate in the second period, an increase (decrease) in the interbank mar-
ket rate in the first period will already have taken place, and the
increase (decrease) in the second period is dampened: ∂e∗1/∂l2 > 0
and ∂e∗2/∂l2 < 1, while in the current rate model ∂e∗1/∂l2 = 0 and
∂e∗2/∂l2 = 1. The driving force is bank A’s frontloading or postponing
of the required reserves. Let us assume that the central bank raises
the repo rate l2. Then, bank A frontloads required reserves, and there
are two effects influencing e∗2: Firstly, there is an increasing effect be-
cause the marginal costs of borrowing from the central bank increase
in the second period due to the upsurge in l2. Secondly, there is a de-
creasing effect because bank A frontloads its reserve holdings, i.e. its
liquidity needs in period two decrease, so that its central bank borrow-
ing and, therefore, its marginal opportunity costs of holding collateral
also decrease. On the other hand, in the first period the frontloading
of required reserves has a positive effect on e∗1, since it implies that
bank A’s liquidity needs rise so that it borrows more liquidity from the
central bank, i.e. its marginal opportunity costs of holding collateral
also increase.

Equations (6.36) and (6.46) show that the interbank market rate
is not only smoothed but that it is always the same in both periods.
The explanation is as follows: The equilibrium interbank market rate
reflects bank A’s marginal costs of placing liquidity in that market
which consist of the marginal costs of borrowing liquidity from the
central bank (first three terms in equation (6.44)) and of the marginal
transaction costs of placing the liquidity in the interbank market (last
term in equation (6.44)). Independently of an interest rate change, the
latter are the same in both periods (z(A+RR) = (A+RR)). However,
in this average rate model the other marginal cost component (marginal
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costs of borrowing reserves from the central bank), is also always the
same in both periods, even if l1 �= l2:

The crucial point is that intertemporal optimality requires net
marginal costs of holding reserves to be the same in both periods. Bank
A’s net marginal costs of holding reserves are the marginal costs of
borrowing liquidity from the central bank minus the marginal revenues
from holding reserves. In this average rate model, the latter are always
the same in both periods ((l1 + l2)/2). Consequently, also the marginal
costs of borrowing from the central bank must be the same so that the
net marginal costs of holding reserves are identical in both periods. If
the repo rate is changed, identical marginal costs of borrowing from
the central banks are achieved by frontloading or postponing reserve
holdings, since this leads to an increase in marginal opportunity costs
of holding collateral in that period in which the repo rate is lower and
vice versa in the period in which the repo rate is higher. The shifting
of the required reserves into that period with the lower interest rate
will take place until the marginal costs of borrowing from the central
bank are the same in both periods. This means that both marginal
cost components of placing liquidity in the interbank market - costs of
borrowing from the central bank and transaction costs in the interbank
market - are the same in both periods. Therefore, we can conclude that
the interbank market rates must also be identical.7

It should be noted that although in each period the change in e∗t
is different from the change in the current rate model, the sum of the
changes (∂e∗1/∂l2 + ∂e∗2/∂l2) is the same. This is important when dis-
cussing to what extent banks are affected differently by a monetary
policy impulse.

Since in both periods the interbank market rate changes to the same
extent, while the repo rate only changes in the second period, it is ob-
vious that a cut or an increase in the repo rate within the reserve main-
tenance period implies that the spread between the interbank market
rate and the central bank rate is no longer the same in both periods.
Nevertheless, the sum of the spreads

∑2
t=1 st remains the same (see

7 In the current rate model, things are different: The crucial point is that marginal
benefits of holding reserves (lt) will differ in the two periods if the interest rate
is changed. Consequently, intertemporal optimality requires marginal costs of
borrowing from the central bank to be different too, so that the net marginal
costs of holding reserves are the same in both periods. Obviously, this will be the
case if the repo rate is changed (without shifting of reserves). Since the marginal
costs of central bank borrowing will differ in both periods if the repo rate is
changed, also the marginal costs of placing liquidity in the interbank market and,
therefore, the interbank market rates are different in the two periods as well.
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the appendix for a numerical example). This is also important when
discussing the impact of the monetary policy impulse on the banks’
minimal net liquidity costs.

The Impact of Monetary Policy Impulses

With regards to the current rate model, monetary policy impulses can
be initiated by an interest rate change or a change in reserve require-
ments. However, we will only look at the consequences of a change in
the repo rate within the reserve maintenance period (l1 �= l2) for the
banks’ liquidity costs since the consequences of a change in the repo
rate at the beginning of the reserve maintenance period (implying that
l1 = l2) as well as of a change in reserve requirements are the same as in
the current rate model.8 We have shown that a repo rate change within
the maintenance period induces bank A to provide its reserve require-
ments unevenly over the maintenance period. In order to capture the
consequences of how this behaviour impacts the banks’ liquidity costs,
we will look at the impact of a change in the repo rate on these costs
if bank A does not shift its holdings of required reserves first. In this
case, the change in the banks’ liquidity costs is given by:

(V1|l1 = l2)A −
2∑

t=1
(Ct|l1 �= l2; R1 = R2)A

= (V1|l1 = l2)B −
2∑

t=1
(Ct|l1 �= l2; R1 = R2)B = A(ll − l2).

(6.47)

The first term of each line represents the bank’s minimal liquidity costs
if there is no interest rate change. The second term depicts the bank’s
liquidity costs if the monetary authority changes its rate and if bank
A provides its reserve requirements smoothly. Equation (6.47) shows
that in this case the impact of a monetary policy impulse in the form
of a change in the repo rate on the banks’ liquidity costs is the same
for both banks. This is not the case if bank A behaves optimally by
frontloading or postponing its reserve holdings. Then, the change in
the banks’ minimal liquidity costs is given by

(V1|l1 = l2)A − (V1|l1 �= l2)A = A(l1 − l2) +
(l1 − l2)2

4
(6.48)

and

8 The only difference between the current rate model and this average rate model
is that reserves are remunerated at the average of l1 and l2 which does not play
a role if the repo rate is not changed within the reserve maintenance period.
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(V1|l1 = l2)B − (V1|l1 �= l2)B = A(l1 − l2). (6.49)

These equations reveal that the banks are affected differently by a mon-
etary impulse in the form of a change in the repo rate. Independent of
whether the repo rate is cut or raised, the fraction in equation (6.48)
has a positive sign. This means if the repo rate is cut, bank A’s min-
imal liquidity costs decrease more than bank B’s and if the monetary
authority raises the repo rate, bank A’s minimal liquidity costs increase
at a lesser rate or even decrease. The reason is obvious: bank A benefits
from frontloading or postponing its required reserves.

6.3.2 Continuum of Banks

In this section, we will determine the equilibrium interbank market rate,
the final results for the banks’ optimal liquidity management, and the
impact of monetary policy impulses on the banks’ liquidity costs for
the more general case of a continuum of banks. As in the current rate
model this analysis is more complex because in the interbank market
liquidity demand is no longer absolutely inelastic.

Equilibrium Interbank Market Rate

We consider a continuum of measure one of isolated, price-taking banks
differing in their level of marginal opportunity costs of holding collateral
q. Then, assuming that q is distributed in the interval [0, qmax] across
banks according to the density function g(q) = G′(q) with G(0) = 0,
the equilibrium interbank market rate is determined by solving

q
t∫

0

(Bopt
t |q < q̄t)g(q)dq +

q̄t∫

q
t

(Bopt
t |q < q̄t)g(q)dq

+
qmax
∫

q̄t

(Bopt
t |q ≥ q̄t)g(q)dq = 0

(6.50)

for et, where Bopt
t is given by equations (6.21) and (6.22) if the repo rate

is cut and by equations (6.29) and (6.30) if the repo rate is raised. The
first term in equation (6.50) represents liquidity supply in the interbank
market, while the second and the third term represent liquidity demand
(for details see the comments on the relevant equation in the current
rate model on p. 61). As in the current rate model, we assume q to be
distributed uniformly across the banks. Then, solving equation (6.50)
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for et, the equilibrium interbank market rate9

e∗1 = e∗2

= −(A + RR) + l1+l2
2 +

√
−(l1−l2)2

2 + 4qmax(A + RR)
(6.51)

is obtained. We will comment on the equilibrium interbank market rate
in more detail after having determined the final results for the banks’
optimal liquidity management.

Final Results for the Optimal Liquidity Management if the
Repo Rate Is Cut

For determining the final results for the banks’ optimal liquidity man-
agement it is necessary to distinguish between a cut and an increase in
the repo rate. If there is no change in the repo rate, the same results
as in the current rate model will be obtained since the only difference
to the model presented in this section is that reserves are remunerated
at the current repo rate instead of at the average rate of l1 and l2.
Obviously, this difference will only be effective if the repo rate is not
changed.

Inserting the equilibrium value for et given by equation (6.51) into
the provisional results given by equations (6.17) to (6.32), the follow-
ing final results for the banks’ optimal liquidity management will be
obtained if the central bank cuts the repo rate, i.e. if l1 > l2:

Ropt
1,c =






RR − l1−l2
2 if q < q̄1,c

RR − l1−l2
6 + q

3 −
√

4qmax(A+RR)
9 − (l1−l2)2

18

if q̄1,c ≤ q < q̄2,c

RR if q̄2,c ≤ q,

(6.52)

Ropt
2,c =






RR + l1−l2
2 if q < q̄1,c

RR + l1−l2
6 − q

3 +
√

4qmax(A+RR)
9 − (l1−l2)2

18

if q̄1,c ≤ q < q̄2,c

RR if q̄2,c ≤ q,

(6.53)

9 Although the provisional results for Bopt
t given by the equations (6.21), (6.22),

(6.29), and (6.30) are different for a cut and a raise of the repo rate, the results
for the equilibrium interbank market rate are formally the same, so that it is not
necessary to distinguish between these two cases when presenting e∗t .
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Kopt
1,c =






− l1−l2
2 − q

2 +
√

qmax(A + RR) − (l1−l2)2

8

if q < q̄1,c

0 if q ≥ q̄1,c,

(6.54)

Kopt
2,c =






l1−l2
2 − q

2 +
√

qmax(A + RR) − (l1−l2)2

8

if q < q̄1,c

l1−l2
3 − 2q

3 +
√

16qmax(A+RR)
9 − 2(l1−l2)2

9

if q̄1,c ≤ q < q̄2,c

0 if q̄2,c ≤ q,

(6.55)

Bopt
1,c = Bopt

2,c =






A + RR + q
2 −

√

qmax(A + RR) − (l1−l2)2

8

if q < q̄1,c

A + RR − l1−l2
6 + q

3 −
√

4qmax(A+RR)
9 − (l1−l2)2

18

if q̄1,c ≤ q < q̄2,c

A + RR if q̄2,c ≤ q,

(6.56)

where q̄t,c, the upper threshold for q is given by

q̄1,c = −(l1 − l2) +

√

4qmax(A + RR) − (l1 − l2)2

2
(6.57)

and

q̄2,c =
l1 − l2

2
+

√

4qmax(A + RR) − (l1 − l2)2

2
. (6.58)

For the lower threshold for q, i.e. for the level at which the bank
borrows more reserves from the central bank than it needs to cover its
own liquidity needs, the following is obtained:10

q = q
1

= q
2

= −2(A + RR) +

√

4qmax(A + RR) − (l1 − l2)2

2
.(6.59)

Looking at the equations given above, the crucial point is that -
contrary to the current rate model - the banks’ optimal liquidity man-
agement is influenced by a cut in the repo rate. We will comment on
these final results for the banks’ optimal liquidity management with
the help of Figs. 6.1 to 6.3.
10 One obtains q

t,c
= q either by setting (Kopt

t,c |q < q̄1,c) ( see the first line of the

equations (6.54) and (6.55)), equal to A + (Rt,c|q < q̄t,c) and then solving for q,
or by inserting e∗t given by equation (6.51) into the equations (6.33) and (6.34).
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Fig. 6.1: Average Rate Model: Optimal Allocation of Required Reserves if the Repo
Rate Is Cut

Optimal Intertemporal Allocation of Required Reserves We
will have a look at the banks’ optimal intertemporal allocation of the
required reserves first. The crucial point is that if the repo rate is cut,
banks with a level of marginal opportunity costs of holding collateral q
smaller than q̄2,c will postpone their holdings of the required reserves
(Ropt

1,c < Ropt
2,c ), something which implies that on aggregate required re-

serves are also provided unevenly over the maintenance period. The
reason for this is that - as in the two-bank case - the interest rate cut
implies that the marginal benefits of holding reserves decrease in both
periods, since reserves are remunerated at the average of l1 and l2,
while the marginal costs decrease in the second period only (l1 > l2).
Consequently, intertemporal optimality requires holding more reserves
in the second period. Banks with q ≥ q̄2,c, i.e. banks which cover their
total liquidity needs in both periods in the interbank market, do not
frontload required reserves since for them not only the marginal bene-
fits but also the marginal interest costs of holding reserves are the same
in both periods because e∗1 is equal to e∗2. Due to the convex form of
the transaction cost function Z(·), they will minimize their net liquid-
ity costs if they provide their reserve requirements smoothly over the
maintenance period. Figure 6.1 reveals that the intertemporal alloca-
tion of reserves is the same for all banks with q < q̄1,c, i.e. the allocation
does not change in q, the Ropt

t,c -curves are horizontal. The reason for this
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is that these banks borrow from the central bank in both periods, so
that opportunity costs of holding collateral accrue in both periods, im-
plying that the level of the marginal costs q does not influence the
intertemporal allocation. However, for banks which borrow from the
monetary authority only in the second period (q̄1,c < q < q̄2,c), the op-
timal intertemporal allocation of reserve holdings changes in q because
opportunity costs of holding collateral arise only in the second period.
For these banks the cost advantage of fulfilling required reserves un-
evenly will be the higher, the lower the costs of obtaining funds at the
central bank are. Consequently, the difference between Ropt

2,c and Ropt
1,c

is the higher, the lower q is.

qq1,c q2,c

K , K1 2

K2,c

K1,c

q
nc

K = K1, 2,nc nc

opt

opt

optopt

optopt

q
max

21 3 4

Fig. 6.2: Average Rate Model: Optimal Borrowing from the Central Bank if the
Repo Rate Is Cut

Optimal Borrowing from the Monetary Authority The uneven
provisions of required reserves are reflected by the banks’ optimal bor-
rowing from the monetary authority. Liquidity needs of those banks
postponing required reserve holdings are lower in the first than in the
second period. This implies that, contrary to the current rate model,
their central bank borrowing is not the same in both periods, but it is
lower in the first than in the second period. This is illustrated by Fig.
6.2. The dotted line represents optimal borrowing if there is no interest
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rate change. The solid lines illustrate optimal borrowing from the cen-
tral bank if the repo rate is cut. If the repo rate is cut, the banks with a
relatively low level of marginal opportunity costs of holding collateral
(q < q̄2,c) will postpone holdings of required reserves. Consequently,
the liquidity needs of these banks are smaller in the first than in the
second period, which implies that in the first period, they borrow fewer
reserves when compared to the second period (Kopt

1,c < Kopt
2,c ). The re-

duced liquidity needs in the first and the increased liquidity needs in the
second period also imply that the upper thresholds fall apart: There
are banks which borrow from the central bank in the second period
although they do not do so in the first, i.e. q̄2,c > q̄1,c. The negative re-
lationship between Ropt

2,c and q in case q̄1,c < q < q̄2,c is also reflected by
the Kopt

2,c -curve: its slope becomes steeper within this interval, i.e. de-
pending on q the decrease in central bank borrowing becomes stronger.
Since the interest rate cut does not imply a change in the total liq-
uidity needs of the banking sector over the whole reserve maintenance
period (we consider a continuum of measure one of banks which implies
that independent of an interest rate change these liquidity needs are
2(A + RR)) smooth provisions of aggregate required reserves require
aggregate central bank borrowing in the first period to be (A + RR).
In Fig. 6.2 this benchmark is represented by the dotted line. The fig-
ure demonstrates that if the repo rate is cut, aggregate central bank
borrowing in the first period will fall below this benchmark, i.e. it will
be too small to allow on aggregate for smooth provisions of required
reserves over the reserve maintenance period.

Optimal Transactions in the Interbank Market The banks’ op-
timal transactions in the interbank market are illustrated by Fig. 6.3.
The dotted line shows the optimal transactions if there is no interest
rate change. The solid line depicts optimal interbank market transac-
tions if the central bank changes the repo rate. The figure demonstrates
that if the repo rate is cut, the transaction volume in the interbank mar-
ket decreases in both periods. For the first period the reason is simply
that due to the postponement of required reserve holdings, the liquidity
needs of the banking sector have decreased. On the other hand, in the
second period aggregate demand and supply in the interbank market
also decrease despite the increased liquidity needs of the banking sec-
tor. This is a consequence of a larger spread between e2 and l2.11 This
11 The spread between e∗2 and l2 is larger if the repo rate is cut than if it is left

unchanged. We will comment on this in more detail on p. 98 when discussing the
behaviour of the equilibrium interbank market rate within the reserve mainte-
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Fig. 6.3: Average Rate Model: Optimal Transactions in the Interbank Market

larger spread indicates that intermediation has become more expensive.
Central bank borrowing has become relatively cheaper when compared
to borrowing in the interbank market. Consequently, in the second pe-
riod a kind of disintermediation takes place. Finally, we will comment
on the slope of Bopt

t,c (q). If q < q̄1,c, Bopt
t,c (q) will increase in q, because

when banks place liquidity in the interbank market, the marginal costs
for doing so increase in q, so that their investment in the interbank
market (−Bopt

t,c ) depends negatively on q. For banks borrowing in the
interbank market, a rising q implies an increase in marginal costs of
central bank borrowing so that they prefer to cover a higher portion
of their liquidity needs in the interbank market, i.e. their borrowing in
the interbank market (Bopt

t,c ) depends positively on q. This effect will be
dampened if q̄1,c ≤ q < q̄2,c. Concerning the borrowing in the second
period, this dampening effect is due to the fact that the amount of re-
serves which is frontloaded decreases in q in this interval (see Fig. 6.1),
so that also the liquidity needs decrease. Concerning the borrowing in
the first period, this dampening effect can be explained as follows. As
long as q < q̄1,c, Ropt

1,c does not change in q, i.e. liquidity needs do not
change. However, since in this interval Kopt

1,c decreases in q, Bopt
1,c must

increase. If q̄1,c ≤ q < q̄2,c, Ropt
1,c will increase in q while Kopt

1,c will be
equal to zero. Consequently, in this interval B1,c must also increase.

nance period. Table A.1 given in the appendix summarizes the reaction of the
equilibrium interbank market rate and, therefore, of the spread between e∗t and
lt to a change in the repo rate for each model.
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However, since the increase in Ropt
1,c in the interval [q̄1,c, q̄2,c[ is smaller

than the decrease in Kopt
1,c in the interval [0, q̄1,c[, the slope of Bopt

1,c is
also smaller.12

Final Results for the Optimal Liquidity Management if the
Repo Rate Is Raised

Inserting the equilibrium value for the interbank market rate e∗t given
by equation (6.51) into the provisional results for the banks’ optimal
liquidity management given by the equations (6.25) to (6.32), the fol-
lowing results for the banks’ optimal liquidity management will be ob-
tained if the repo rate is raised:

Ropt
1,r =






RR − l1−l2
2 if q < q̄2,r

RR − l1−l2
6 − q

3 +
√

4qmax(A+RR)
9 − (l1−l2)2

18

if q̄2,r ≤ q < q̄1,r

RR if q̄1,r ≤ q,

(6.60)

Ropt
2,r =






RR + l1−l2
2 if q < q̄2,r

RR + l1−l2
6 + q

3 −
√

4qmax(A+RR)
9 − (l1−l2)2

18

if q̄2,r ≤ q < q̄1,r

RR if q̄1,r ≤ q,

(6.61)

Kopt
1,r =






− l1−l2
2 − q

2 +
√

qmax(A + RR) − (l1−l2)2

8

if q < q̄2,r

− l1−l2
3 − 2q

3 +
√

16qmax(A+RR)
9 − 2(l1−l2)2

9

if q̄2,r ≤ q < q̄1,r

0 if q̄1,r ≤ q,

(6.62)

Kopt
2,r =






l1−l2
2 − q

2 +
√

qmax(A + RR) − (l1−l2)2

8 if q < q̄2,r

0 if q ≥ q̄2,r,
(6.63)

12 The slope of the Kopt
1,c -curve is equal to −1/2 if q < q̄1,c as shown in equation

(6.54). The slope of the Ropt
1,c -curve is equal to 1/3 if q̄1,c ≤ q < q̄2,c as shown in

equation (6.52).
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Bopt
1,r = Bopt

2,r =






A + RR + q
2 −

√

qmax(A + RR) − (l1−l2)2

8

if q < q̄2,r

A + RR + l1−l2
6 + q

3 −
√

4qmax(A+RR)
9 − (l1−l2)2

18

if q̄2,r ≤ q < q̄1,r

A + RR if q ≥ q̄1,r,

(6.64)

where q̄, the upper threshold for q is given by

q̄1,r =
−(l1 − l2)

2
+

√

4qmax(A + RR) − (l1 − l2)2

2
(6.65)

and

q̄2,r = (l1 − l2) +

√

4qmax(A + RR) − (l1 − l2)2

2
. (6.66)

The lower threshold for q, i.e. the level at which a bank borrows more
reserves from the central bank than it needs to cover its own needs in
order to place them in the interbank market, is formally the same as
in the case where the interest rate decreases given by equation (6.59).
As in the case of interest rate decreasing, we will interpret these results
graphically.

Optimal Intertemporal Allocation of Required Reserves Fig-
ure 6.4 illustrates the banks’ optimal intertemporal allocation of the
required reserves if the central bank raises the repo rate. The figure
shows that, analogously to the case where the interest rate decreases,
banks with a relatively low q will frontload holdings of required reserves
(Ropt

1,c > Ropt
2,c ) which implies that also on aggregate reserves are pro-

vided unevenly over the maintenance period if the central bank raises
the repo rate. The reason for this is that the marginal costs of hold-
ing reserves only increase in the second period, while marginal benefits
increase in both periods due to the remuneration of reserves at the
average rate.

Optimal Borrowing from the Monetary Authority The uneven
provisions of required reserves are reflected by the banks’ central bank
borrowing which is shown by Fig. 6.5. Liquidity needs of those banks
frontloading their reserve holdings are higher in the first than in the
second period so that for these banks Kopt

1,r > Kopt
2,r . Furthermore, anal-

ogously to the case where the central bank decreases the repo rate, the
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Fig. 6.4: Average Rate Model: Optimal Allocation of Required Reserves if the Repo
Rate Is Raised
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upper thresholds fall apart. Due to the increased liquidity needs in the
first period, there are banks which borrow liquidity from the central
bank in the first but do not so in the second period (q̄1,r > q̄2,r). This
reveals that - in comparison to the case of the interest rate decreasing
- the thresholds fall apart the other way around (note that q̄1,c < q̄2,c).
An increase in the repo rate does not imply a change in total liquidity
needs of the banking sector over the whole reserve maintenance period.
Since we have assumed a continuum of measure one of banks, liquidity
needs are still equal to 2(A + RR) so that the smooth provisions of
reserves require aggregate central bank borrowing in the first period to
be equal to (A+RR). Consequently, Fig. 6.5 illustrates that if the repo
rate is raised, aggregate central bank borrowing in the first period will
exceed the cental bank’s benchmark depicted by the dotted line.

Optimal Transactions in the Interbank Market The graphical
presentation of the banks’ optimal transactions in the interbank market
is - apart from the upper thresholds q̄t - identical to the one in the
case where the interest rate decreases given by Fig. 6.3. The figure
shows that the transaction volume in the interbank market will also
decrease if the repo rate is raised. In the second period, this is again
simply the consequence of the banking sector’s decreased liquidity needs
due to a shift of required reserves into the first period. In the first
period, analogously to the second period of the case of the interest
rate decreasing, a kind of disintermediation takes place due to a larger
spread between e∗1 and l1.13 The interpretation of the slope of Bopt

t,r is
analogous to the one of Bopt

t,r given on p. 92.

Equilibrium Interbank Market Rate: Discussion

In this section, we will discuss the equilibrium interbank market rate
e∗t given by equation (6.51) in more detail. We will show that e∗t reflects
the banks’ marginal costs of placing liquidity in the interbank market.
Furthermore, we will demonstrate that, contrary to the current rate
model, the interbank market rate will be smoothed and that the sum
of the spreads between the interbank market rate and the repo rate∑2

t=1 st will decrease if the repo rate is changed.
13 For details concerning the disintermediation see p. 91. On the spread we will

comment in more detail on p. 98 when discussing the behaviour of the equilibrium
interbank market rate within the maintenance period. Table A.1 given in the
appendix summarizes the reaction of the equilibrium interbank market rate and,
therefore, of the spread between e∗t and lt to a change in the repo rate in each
model.
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Marginal Costs of Placing Liquidity in the Interbank Market
Marginal costs of placing liquidity in the interbank market are given
by

MCibm
t = lt + q + pKopt

t − zBopt
t . (6.67)

The first three terms represent a bank’s marginal costs of borrowing the
relevant liquidity from the central bank, and the last term represents its
marginal transaction costs. Setting p and z equal to one and inserting
the equilibrium values for Kopt

t and Bopt
t given by the first line of the

equations (6.54), (6.55), and (6.56) the following is obtained:14

MCibm
t = −(A + RR) +

l1 + l2
2

+

√
−(l1 − l2)2

2
+ 4qmax(A + RR)

= e∗t . (6.68)

Consequently, equation (6.68) confirms that the equilibrium interbank
market rate reflects the banks’ marginal costs of placing liquidity in
the interbank market. And it is obvious that an increase in one of
the marginal cost components implies that the equilibrium interbank
market rate will rise. The impact of a change in A, RR, qmax, or lt at
the beginning of the maintenance period, so that l1 = l2, on e∗t is the
same as in the current rate model. Therefore, we refer the reader to
p. 65 concerning the impact of a change in these variables on e∗t and
focus our analysis on the impact of a change in the repo rate within
the reserve maintenance period.15

Interest Rate Smoothing When looking at the impact of a change
in l2 on e∗t , it reveals that the interbank market rate is smoothed:

∂e∗1
∂l2

=
∂e∗2
∂l2

=
1
2

+
l1 − l2

2
√

−(l1−l2)2

2 + 4qmax(A + RR)
> 0. (6.69)

Equation (6.69) shows that the derivative of e∗1 as well as of e∗2 with re-
spect to l2 is strictly greater than zero16 so that an increase (decrease)
14 Alternatively, one can also use the equations (6.62), (6.63), and (6.64) since for

banks which place liquidity in the interbank market the formal results for Bopt
t

and Ropt
t are the same independent of whether the repo rate is cut or raised.

15 The only difference to the design of the current rate model is that reserves are
remunerated at the average of l1 and l2 instead of at the current repo rate. And
if the repo rate is not changed, so that l1 = l2, obviously this difference will not
be effective.

16 Even in case l1 < l2 the expression is strictly greater than zero because it
means that l1 − l2 +

√−(l1 − l2)2/2 + 4qmax(A + RR) > 0 and l1 − l2 +
√−(l1 − l2)2/2 + 4qmax(A + RR) = q̄2,r > 0.



98 6 Average Rate Model

in l2 implies that the equilibrium interbank market rate increases (de-
creases) in both periods. As in the two-bank case the remuneration of
reserves at the average of l1 and l2 implies that the interbank market
rate is not only smoothed but also always the same in both periods. For
details concerning the smoothing of the interbank market rate and why
the interbank market rate is not only smoothed but why it is always
the same in both periods, we refer the reader to the relevant comments
in the two-bank case on p. 83.

Negative Effect on the Equilibrium Interbank Market Rate
When comparing the partial derivatives of e∗t with respect to l2 with
the relevant partial derivatives in the two-bank case given by equation
(6.46) it shows that the increase in e∗t as a result of an increase in l2 is
dampened, while a decrease as a result of a decrease in l2 is reinforced.
The reason for this is that in the simple two-bank case total transac-
tions in the interbank market are always equal to (A + RR), whereas
if there is a continuum of banks total transactions in that market will
decrease if the repo rate is changed (see pages 91 and 96 for details).
This decrease in total transactions implies that the marginal trans-
action costs decrease due to the convex form of the transaction cost
function. This again means that the marginal costs of placing liquidity
in the interbank market will also decrease. Since e∗t equals the banks’
marginal costs of placing liquidity in the interbank market, the de-
creased volume of total transactions in the interbank market explains
the additional negative impact on e∗t if the repo rate is cut and the
negative effect on e∗t if the repo rate is raised. This negative effect on
e∗t implies that the sum of the changes in e∗t over the whole mainte-
nance period (∂e∗1/∂l2 + ∂e∗2/∂l2) is larger if the repo rate is cut and
smaller if the repo rate is raised in comparison to the current rate
model, but also in comparison to the two-bank case.17 The postpon-
ing/frontloading of reserves is the cause for the reduced transactions in
the interbank market, and, therefore, also causes the negative effect on
e∗t (see pages 91 and 96). Consequently, the banks which actually do
not frontload or postpone reserves also benefit from the reserve shifting
of the other banks. They have lower interest costs. This is an important
aspect when analyzing to what extent banks are affected differently by
a monetary policy impulse.

17 The appendix summarizes the effects of a change in the repo rate on e∗t and s∗t
in the various models presented in this work by the help of a numerical example.
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Spread between the Interbank Market Rate and the Repo
Rate The smoothing of the interbank market rate implies that the
spread between the interbank market rate and the repo rate is not
the same in both periods as in the current rate model, but if the repo
rate is raised (cut) the spread is smaller (higher) in the second period.
However, in the current rate model and in the two-bank case the sum
of the spreads between the interbank market rate and the repo rate
will not change if the repo rate is cut or raised. In this model, the
sum of the spreads will become smaller due to the negative effect on
e∗t as described in the previous paragraph.18 This is important when
discussing the impact of this monetary impulse on the banks’ minimal
net liquidity costs which we will do next.

The Impact of Monetary Policy Impulses

We will only look at the impact of a change in the repo rate within the
reserve maintenance period on the banks’ minimal liquidity costs. We
are doing this because the impact of a change in the repo rate at the
beginning of the reserve maintenance period as well as of a change in
reserve requirements is the same as in the current rate model, so with
regards to the impact of these monetary policy impulses we refer the
reader to p. 67.

We have shown that an interest rate change within the reserve main-
tenance period induces the banks which cover their liquidity needs, at
least partially, by borrowing reserves from the central bank to postpone
or frontload their reserve holdings. For analyzing the consequences of
this shifting of required reserves for the banks’ liquidity costs, we will
first look at the change in the banks’ net liquidity costs, triggered by
a change in the repo rate, if the banks do not frontload or postpone
their reserves. This change in net liquidity costs is given by

(V1|l1 = l2) −
2∑

t=1

(Ct|l1 �= l2; R1 = R2) = A(ll − l2)∀q. (6.70)

The first term represents a bank’s minimal net liquidity costs if there
is no interest rate change. The second term depicts a bank’s net liquid-
ity costs if the monetary authority changes its rate but in situations
where all banks provide their reserve requirements smoothly. Equation
(6.70) reveals that if the banks do not shift their holdings of required
reserves, the increase or decrease in liquidity costs will be the same
18 The appendix summarizes the effects of a change in the repo rate on e∗t and s∗t

in the various models presented in this work by the help of a numerical example.
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for all banks, independent of the bank specific q. This will not be the
case if banks behave optimally by shifting their reserve holdings if the
central bank changes the repo rate. In what follows, we will show that
liquidity costs will then increase less if the central bank raises the repo
rate, and that they will decrease more if an interest rate cut occurs.
Moreover, we will show that the extent of this cost advantage depends
on q. When analyzing the impact of a change in the repo rate on the
banks’ minimal liquidity costs, we distinguish between four groups of
banks. First, we will give the formal results, then we will interpret the
results graphically.

First Group The banks which are in the first group borrow liquidity
from the central bank in both periods independent of an interest rate
change (see section 1 in Figs. 6.2 and 6.5). The change in their minimal
net liquidity costs is given by

(V1|l1 = l2, q < q̄nc) − (V1|l1 > l2; q < q̄1,c) = A(l1 − l2)

+ (2(A + RR) + q) (q̄nc − q̄1,c − (l1 − l2))
(6.71)

in case the repo rate is cut and by

(V1|l1 = l2, q < q̄nc) − (V1|l1 < l2; q < q̄2,r) = A(l1 − l2)

+ (2(A + RR) + q) (q̄nc − q̄2,r + (l1 − l2))
(6.72)

in case the repo rate is raised.

Second Group The banks of the second group will borrow in both
periods from the central bank if the repo rate is left unchanged, but
they will only borrow from the monetary authority in one period if the
repo rate is raised or cut (see section 2 in Figs. 6.2 and 6.5). The change
in these banks’ net liquidity costs is given by

(V1|l1 = l2; q < q̄nc) − (V1|l1 > l2; q̄1,c ≤ q < q̄nc) = A(l1 − l2)

+3(l1−l2)2+4(3(A+RR)+q̄1,c)(l1−l2)+8(3(A+RR)+q)(q̄nc−q̄2,c)−2(q−q̄nc)2

12

(6.73)

and

(V1|l1 = l2; q < q̄nc) − (V1|l1 < l2; q̄2,r ≤ q < q̄nc) = A(l1 − l2)

+3(l1−l2)2−4(3(A+RR)+q̄2,r)(l1−l2)+8(3(A+RR)+q)(q̄nc−q̄1,r)−2(q−q̄nc)2

12 .
(6.74)
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Third Group In the third group, where the banks will not borrow in
any period from the central bank if there is not an interest rate change,
and only in one period if the repo rate is cut or raised (see section 3 in
Figs. 6.2 and 6.5), the change in minimal net liquidity costs is

(V1|l1 = l2; q ≥ q̄nc) − (V1|l1 > l2; q̄nc ≤ q < q̄2,c) = A(l1 − l2)

+3(l1−l2)2+4(3(A+RR)+q̄1,c)(l1−l2)+8(3(A+RR)+q)(q̄nc−q̄2,c)+4(q−q̄nc)2

12

(6.75)

and

(V1|l1 = l2; q ≥ q̄nc) − (V1|l1 < l2; q̄nc ≤ q < q̄1,r) = A(l1 − l2)

+3(l1−l2)2−4(3(A+RR)+q̄2,r)(l1−l2)+8(3(A+RR)+q)(q̄nc−q̄1,r)+4(q−q̄nc)2

12 .
(6.76)

Fourth Group Banks which are in the fourth group do not borrow
liquidity from the central bank in any period independent of whether
the repo rate is changed or not (section 4 in Figs. 6.2 and 6.5). If the
repo rate is changed, the change in minimal net liquidity costs of these
banks will be given by

(V1|l1 = l2; q ≥ q̄nc) − (V1|l1 > l2; q ≥ q̄2,c) = A(l1 − l2)

+2(A + RR)(q̄nc − q̄1,c − (l1 − l2))
(6.77)

and

(V1|l1 = l2; q ≥ q̄nc) − (V1|l1 < l2; q ≥ q̄1,r) = A(l1 − l2)

+2(A + RR)(q̄nc − q̄2,r + (l1 − l2)).
(6.78)

The comparison of equations (6.71) to (6.78) with equation (6.70) re-
veals that all banks benefit from the shifting of reserves, even those
banks which actually do not frontload or postpone their holdings of
required reserves: Independent of a cut or an increase in the repo rate,
the second line in the equations (6.71) to (6.78) has a positive sign, i.e.
if the central bank cuts its rate, there will be a further decline in liq-
uidity costs, and if the central bank raises its interest rate, the increase
in liquidity costs will be dampened or even overcompensated. However,
the equations also show that the cost advantage depends on q which
means that banks are affected differently by a monetary impulse in the
form of a change in the repo rate. We will analyze this cost advantage
in more detail by the help of Fig. 6.6.

The figure shows that within the first group, the banks with a rel-
atively high q benefit more from the shifting of reserves, although all
of them frontload/postpone the same amount. This is the result of the
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qq2,r q1,rq
nc
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q
max

B
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q

Fig. 6.6: Average Rate Model: Cost Advantage of Frontloading/Postponing Re-
quired Reserves

negative effect on e∗t and, therefore, of the decreased sum of spreads be-
tween the interbank market rate and the repo rate

∑2
t=1 st as described

on p. 98. In this first group, there are banks which place liquidity in
the interbank market (q < q) and which borrow in this market (q > q).
For the former, the decreased sum of the spreads implies that over the
whole period net revenues of placing liquidity in the interbank mar-
ket decrease. For the latter the decreased sum of the spreads means
that borrowing liquidity in the interbank market becomes relatively
cheaper. Since the amount of liquidity a bank places in the interbank
market depends negatively on q and since the amount a bank borrows
in the interbank market depends positively on q, the cost advantage is
increasing in q in the interval [0, q̄2,r] and in the interval [0, q̄1,c] respec-
tively.

The negative effect on e∗t as described on p. 98, implies that the sum
of the changes in e∗t over the whole maintenance period will be larger if
the repo rate is cut and smaller if the repo rate is raised (for details see
also p. 98). This means that the banks in the fourth group, which do not
frontload or postpone reserves, also benefit from the reserve shifting of
the other banks: They face lower interest costs (note that this negative
effect on e∗t is the result of the reserve shifting of the other banks).
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Since the group-four banks cover their total liquidity needs exclusively
in the interbank market, i.e. they do not borrow any liquidity directly
from the central bank, their cost advantage does not change in q.

The cost advantage of those banks, on the other hand, which bor-
row liquidity from the central bank only in one period decreases in q,
since the amount of reserves they frontload or postpone decreases in
q (see Figs. 6.1 and 6.4). However, Fig. 6.6 shows that the cost ad-
vantage of group-two banks decreases more slowly than the advantage
of group-three banks. The explanation is as follows: For determining
the impact of a change in the repo rate on the banks’ minimal net liq-
uidity costs, and, therefore, for determining the cost advantage of the
reserve shifting, we have looked at the difference between the banks’
minimal net liquidity costs without and with a change in the repo rate
(V1|l1 = l2)− (V1|l1 �= l2). Responsible for the different development of
the cost advantage in group two and group three as revealed by Fig. 6.6
is a different (V1|l1 = l2). If the repo rate is not changed, the group-two
banks borrow liquidity from the central bank so that in this case their
minimal net liquidity costs increase in q:

∂(V1|l1 = l2; q < q̄nc)
∂q

= q̄nc − q > 0. (6.79)

Group-three banks, on the other hand, do not borrow liquidity from
the central bank in this case, so that their minimal liquidity costs will
not depend on q if the repo rate is not changed:

∂(V1|l1 = l2; q ≥ q̄nc)
∂q

= 0. (6.80)

However, if the repo rate is changed the banks of both groups borrow
from the central bank so that in this case the minimal liquidity costs
of the banks in both groups increase in q:

∂(V1|l1 > l2; q̄1,c ≤ q < q̄2,c)
∂q

=
2
3
(q̄2,c − q) > 0 (6.81)

and

∂(V1|l1 > l2; q̄2,r ≤ q < q̄1,r)
∂q

=
2
3
(q̄1,r − q) > 0. (6.82)

Consequently, the cost advantage of group-three banks decreases faster
in q than it does in group-two banks.
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6.3.3 Rationing

So far, we have assumed that the central bank always totally satisfies
the banks’ demand for reserves, even if the aggregated demand exceeds
the central bank’s benchmark amount. However, in the euro area, the
ECB will normally ration liquidity in form of a pro-rata allotment of the
individual bank bids if total bids exceeds the ECB’s benchmark allot-
ment (European Central Bank, 2004c, p. 80). Therefore, this subsection
analyzes the banks’ optimal liquidity management assuming that the
central bank never provides more liquidity than its benchmark amount,
i.e. that it will ration liquidity if the demand exceeds its benchmark.
Since this will only be the case if the central bank is going to raise the
repo rate, we can restrict our analysis to this scenario. Furthermore,
for the sake of simplicity, we restrict our analysis to the two-bank case.

In the two-bank case, the central bank’s benchmark amount is 2(A+
RR), i.e. KA

1 = min[KA,opt
1 , 2(A+RR)]. When solving the average rate

model under the rationing assumption, for the banks’ optimal liquidity
management the following will be obtained if the repo rate is raised
(l1 < l2):

KA
1 = KA,opt

2 = 2(A + RR), (6.83)

BA,opt
1 = BA,opt

2 = −(A + RR), (6.84)

KB,opt
1 = KB,opt

2 = 0, (6.85)

BB,opt
1 = BB,opt

2 = A + RR, (6.86)

RA,opt
1 = RA,opt

2 = RB,opt
1 = RB,opt

2 = RR. (6.87)

These results show that in both periods the benchmark amount of liq-
uidity is provided via bank A to the banking sector, that in both periods
the same amount of liquidity (A + RR) is transacted in the interbank
market, and that on aggregate reserves are provided smoothly over the
reserve maintenance period despite an increase in the repo rate.

However, the extent to which the banks are affected differently by
the monetary policy impulse is higher when compared to the non-
rationing case: If there is no rationing, bank A’s liquidity costs will
increase less than bank B’s if the repo rate is raised because it benefits
from the frontloading of its reserve holdings (see p. 85). If, on the other
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hand, the central bank rations liquidity, bank B faces even additional
liquidity costs while bank A’s liquidity costs actually decrease:

V A
1 (l2 = l1) − V A

1 (l1 < l2) = −(l1 − l2)RR > 0 (6.88)

V B
1 (l2 = l1) − V B

1 (l1 < l2) = (l1 − l2)(2A + RR) < 0. (6.89)

Equation (6.88) shows that bank A’s minimal liquidity costs are higher
if the repo rate is not raised, i.e. bank A actually benefits from the
monetary policy impulse. Bank B’s minimal liquidity costs, on the other
hand, will increase if the repo rate is raised as shown by equation (6.89),
and the comparison with equation (6.49) reveals that this increase is
even higher than in the non-rationing case. Consequently, the extent
to which the banks are affected differently is higher than in the non-
rationing case. The reason for this is that the rationing implies an
additional increase in the interbank market rate from which bank A as
a lender benefits and bank B as a borrower suffers. The explanation for
the additional increase in the market rate is as follows. The interbank
market rate reflects bank A’s marginal costs of placing liquidity in the
interbank market which consist inter alia of interest payments to the
central bank, and the rationing implies an additional increase in the
marginal interest payments to the central bank since in both periods,
they are determined only by the (higher) repo rate l2:19

e∗1 = e∗2 = l2 + qi + 3(A + RR) = MCA. (6.90)

The intuition for this result is as follows. If bank A wants to place
additional liquidity in the interbank market in the first period, it cannot
borrow the necessary liquidity from the central bank because of the
rationing. Consequently, bank A has to reduce its reserve holdings RA

1 .
However, this implies that bank A has to hold more reserves in the
second period to fulfil its reserve requirements, which again implies
that it has to borrow more reserves from the central bank in the second
period - at the higher rate l2. Formally, the additional increase in the
interbank market rate due to the rationing can be seen by comparing
the differentiation of the interbank market rate with respect to l2 with
and without rationing. Without rationing ∂e∗t /∂l2 = 0.5∀t (see equation
(6.46)), with rationing ∂e∗t /∂l2 = 1∀t.

19 If the central bank does not ration liquidity, marginal interest payments, and
therefore the interbank market rate, will be determined by the average of l1 and
l2 as shown by equation (6.36).
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6.4 Summary

As in Chap. 5, we have considered a two-period model in which we
have first analyzed the optimal liquidity management of a single, price-
taking bank. Decisive institutional features of this model - features in
which this model differs from the other models presented in this work
- are:

• required reserves are remunerated at the average of the repo rates
valid in the current reserve maintenance period, and

• the maturities of central bank loans do not overlap.

The bank minimizes net total liquidity costs across the two periods
by choosing the optimal intertemporal allocation of required reserves,
the optimal borrowing from the monetary authority, and optimal trans-
actions in the interbank market. After having solved this optimization
problem, we have assumed that the banking sector is heterogenous.
Banks differ in their marginal costs of obtaining funds from the central
bank causing an interbank market to emerge. When setting liquidity
supply in the interbank market equal to liquidity demand, we have
derived the equilibrium interbank market rate and have obtained the
following results (for a more detailed summary of the model framework,
we refer the reader to the summary of the current rate model given on
p. 68):

• If the repo rate is raised within the reserve maintenance period,
the demand for central bank credits in the first period will exceed
the central bank’s benchmark. If the central bank totally satisfies
this demand, holdings of required reserves will be frontloaded. If
the central bank rations liquidity by providing only its benchmark
amount, reserves will be provided evenly across the maintenance
period.

• If the repo rate is cut within the reserve maintenance period, central
bank borrowing in the first period will fall below the central bank’s
benchmark and holdings of required reserves will be postponed.

• If the central bank changes the repo rate within the reserve main-
tenance period, banks will be affected differently by this monetary
policy impulse. If the central bank rations liquidity, the extent to
which banks are affected differently will be higher than in the non-
rationing case.

• Banks are affected differently by a monetary impulse in form of a
change in reserve requirements.

• Holding reserves is neither neutral with regard to interest costs and
yields initiated by the central bank nor with regard to overall costs
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and yields which implies that banks face different overall costs of
holding required reserves

• There is an interest rate smoothing in the sense that the interbank
market rate will already decrease (increase) before the central bank
actually cuts (raises) the repo rate.



7

Overlapping Maturities of Central Bank
Credits

7.1 Introduction

In this chapter, we change the average rate model presented in the
previous chapter by assuming that there are overlapping maturities
of central bank credits. We will show that the overlapping maturities
imply that central bank borrowing will deviate even more from the
central bank’s benchmark amount and that even more required reserves
will be postponed if the repo rate is cut. If the repo rate is raised, the
overlapping maturities may imply that central bank borrowing deviates
even more from the central bank’s benchmark amount and that even
more required reserves are frontloaded. Furthermore, we will show that
banks are affected differently by a monetary policy impulse if the repo
rate is cut and that they may be affected differently if the repo rate is
raised. Moreover, we will demonstrate that the overlapping maturities
may prevent a smoothing of the interbank market rate.

This overlapping maturities model framework is the most complex of
those presented in this work. Therefore, it is important to keep in mind
the structure of the analysis. As in the previous chapter, we will first
present the optimal liquidity management of a single bank. This liquid-
ity management includes the bank’s decision on its optimal borrowing
from the central bank, its optimal transactions in the interbank mar-
ket, and its optimal intertemporal allocation of reserve requirements.
To determine the equilibrium interbank market rate, we first consider
only two banks and then a continuum of banks differing in their costs
of borrowing liquidity directly from the central bank. For each case,
we analyze whether a change in the repo rate implies a deviation of
the aggregate demand for central bank credits from the central bank’s
benchmark, whether it implies that on aggregate required reserves are
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provided unevenly over the maintenance period, and to what extent
banks are affected differently by this monetary policy impulse. We com-
pare the outcome of this analysis with the outcome of the analysis in
the average rate model.

We model the overlapping maturities of the central bank credits by
considering a two-period model. There are two time periods, t = 1, 2,
and we assume that in each period the banks can borrow liquidity from
the central bank. The first-period credit has a two-period maturity,
which results in overlapping maturities of central bank credits. For the
sake of simplicity, we assume the stock of central bank credits at the
beginning of the first period to be zero (K0 = 0). If the repo rate is
raised, our results are not robust to this simplifying assumption, so
in the last section of this chapter, we will skip this assumption and
analyze the bank’s optimal liquidity management and the behaviour
of the interbank market rate in case K0 > 0 for the relatively simple
two-bank case.

7.2 Optimal Liquidity Management of a Single
Bank

7.2.1 Liquidity Costs

Again, there are two time periods which cover a reserve maintenance
period and an isolated, price-taking bank has liquidity needs resulting
from autonomous factors A and required reserves RR, which can be
fulfilled on average over the reserve maintenance period so that

RR =
R1 + R2

2
. (7.1)

The bank can cover its liquidity needs at the central bank or in the
interbank market where it can also place liquidity. A crucial feature of
this model is that the maturities of two subsequent central bank credit
operations overlap so that the bank’s stock of central bank credits in
period t is given by

RKt = Kt−1 + Kt, (7.2)

given K0 = 0. The overlapping maturities imply that the opportunity
costs of holding collateral become

Q(Kt−1,Kt) = q(Kt−1 + Kt) +
p

2
(Kt−1 + Kt)2, (7.3)
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i.e., the opportunity costs of holding collateral in period t now also
depend on the central bank credit granted in period t − 1. The reason
for this is that assets used as collateral in period t − 1 cannot be used
as such in period t due to the overlapping maturities. Consequently,
for a central bank credit granted in period t additional eligible assets
must be held at the dispense of other assets which have - due to the
assumed hierarchical order of the bank’s assets described on p. 34 -
higher rates of return. Consequently, for Kt−1 > 0 the level of marginal
opportunity costs of holding collateral in t is higher when compared to
the case where the maturities do not overlap (it is q + pKt−1 instead
of q).

The overlapping maturities also imply a change in the interbank
market position which is

Bt(Kt−1,Kt, Rt) = A + Rt − RKt � 0, (7.4)

implying that the interbank market transaction costs in period t also
depend on Kt−1:

Z(Bt(Kt−1,Kt, Rt)) =
z

2
(Bt(Kt−1, Kt, Rt))

2 . (7.5)

As in the previously presented models, net liquidity costs in period
t consist of interest payments to the central bank, interest costs or
revenues from transactions in the interbank market, opportunity costs
of holding collateral, and transactions costs minus interest yields from
holding required reserves. As in the average rate model, reserves are
remunerated at the average of l1 and l2 at the end of the second pe-
riod. (The indicator function I[·] in equation (7.6) takes a value of 1
when t = 2, and 0 otherwise.) Equation (7.6) shows that due to the
overlapping maturities net liquidity costs in period t now also depend
on the liquidity borrowed from the central bank in period t − 1:

Ct(Kt−1,Kt, Rt) = Kt−1lt−1 + Ktlt + Bt(Kt−1, Kt, Rt)et

+Q(Kt−1,Kt) + Z(Bt(Kt−1, Kt, Rt)) − RR(lt + lt−1)I[t=2].
(7.6)

7.2.2 Optimization Problem

The bank minimizes these net liquidity costs over the maintenance
period by choosing the optimal intertemporal allocation of required
reserves and optimal liquidity borrowing from the central bank, i.e. the
bank’s objective function is
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min
Kt,Rt

{
2∑

t=1

Ct(Kt−1, Kt, Rt)

}

. (7.7)

The bank can make use of averaging provisions to fulfil its reserve
requirements and the maturities of the central bank credits overlap.
Consequently, the bank faces a dynamic optimization problem. Defining
Vt as the associated value function, the Bellman equation is given by

V1 = min
K1,R1

{C1(K1, R1) + V2} subject to Kt, Rt ≥ 0. (7.8)

Again, this optimization problem is solved backwards by looking at
the bank’s optimal liquidity management in the second period first.

7.2.3 Optimal Liquidity Management in the Second
Period

Replacing R2 by 2RR − R1, the Lagrangian in period two is

L(K2, λ2) = K1l1 + K2l2 + B2(K1, K2, R1)e2 + Q(K1, K2)
+Z(B2(K1,K2, R1)) − RR(l1 + l2) − λ2K2

(7.9)

and the first order conditions are:

−e2 + l2 + p(K1 + K2) + q − zB2(K1,K2, R1) − λ2 = 0, (7.10)

λ2K2 = 0, λ2 ≥ 0, K2 ≥ 0. (7.11)

The interpretation of the first order conditions is the same as in the
previously presented models. Equation (7.10) says that if the bank
places liquidity in the interbank market, the marginal costs of this
transaction will equal its marginal benefits, and if the bank borrows
from the central bank and in the interbank market, marginal costs of
both alternatives will be the same.

The first order conditions lead to the following optimal central bank
borrowing in the second period:

Kopt
2 (K1, R1) =






e2−l2−pK1−q+z(A+2RR−K1−R1)
p+z > 0

if q + pK1 < m

0 if q + pK1 ≥ m,

(7.12)

where

m = e2 − l2 + z(A + 2RR − R1 − K1).
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Crucial is that the overlapping maturities imply that Kopt
2 depends on

K1. It is obvious that K1 influences Kopt
2 negatively.

By inserting Kopt
2 into C2(·) the minimal net liquidity costs in the

second period are obtained:

V2(K1, R1) = K1l1 + Kopt
2 (K1, R1)l2

+B2(K
opt
2 (K1, R1), K1, R1)e2 + Q(Kopt

2 (K1, R1), K1)

+Z(B2(K
opt
2 (K1, R1), K1, R1)) − RR(l1 + l2).

(7.13)

7.2.4 Optimal Liquidity Management in the First Period

The non-negativity constraint for Rt is binding only for a sufficiently
large decrease in the repo rate. Therefore, for the sake of simplicity we
assume that |l1 − l2| < RR. Then, the constraint is not binding1 and
can be neglected in the Lagrangian which is then given by

L(K1, R1, λ1) = K1l1 + B1(K1, R1)e1 + Q(K1)

+Z(B1(K1, R1)) − λ1K1 + V2(R1, K1).
(7.14)

We derive the first order conditions for two cases: first, for Kopt
2 > 0 and

second, for Kopt
2 = 0. In the first case, i.e. for relatively low marginal

opportunity costs of holding collateral (q + pK1 < m), the Lagrangian
leads to the following first order conditions:

−e1 + 2l1 − l2 + pK1 + q − zB1(K1, R1) − λ1 = 0, (7.15)

e1 + zB1(K1, R1) = e2 + zB2(K
opt
2 (K1, R1), R1), (7.16)

λ1K1 = 0, λ1 ≥ 0, K1 ≥ 0. (7.17)

In the second case, i.e. for relatively high marginal opportunity costs
of holding collateral (q +pK1 ≥ m), the first order conditions are given
by

−e1 + e2

2
+ l1 + pK1 + q − z(A + RR − K1) − λ1 = 0, (7.18)

e1 + zB1(R1) = e2 + zB2(R1), (7.19)

1 See equations (7.42), (7.48), (7.49), (7.50), (7.67), (7.74), (7.75), (7.99), (7.100),
and (7.104).
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λ1K1 = 0, λ1 ≥ 0, K1 ≥ 0. (7.20)

The interpretation of these first order conditions is the same as in the
previously presented models. The first order conditions given by the
equations (7.15) and (7.18) say that if the bank covers its liquidity
needs in the interbank market and at the central bank, the marginal
costs of interbank market funds will be equated to the marginal costs
of central bank funds, and if the bank places liquidity in the interbank
market, the marginal costs of this transaction will equal its marginal
revenues. The equations (7.16) and (7.19) show that the optimal alloca-
tion of required reserves requires net marginal costs of holding reserves
to be the same in both periods. However, the overlapping maturities
imply that formally the first order conditions differ from those in the
average rate model. The decisive difference is that in this overlapping-
maturities model optimal central bank borrowing in the first period de-
pends on second-period interest rates (see equations (7.15) and (7.18)).
The reason for this is that the maturity of the period-one central bank
credit lasts into the second period. Therefore, also the interest rates of
that period must be taken into account when determining the optimal
K1. Even if the bank does not borrow from the monetary authority in
the second period because of its relatively high opportunity costs of
holding collateral, it must take into account the interbank market rate
in the second period e2.

7.2.5 Provisional Results

When presenting the provisional results for the bank’s optimal liquidity
management we distinguish between two cases. In the first case, the
repo rate is left unchanged or is raised. In the second case, the repo
rate is cut. For a clearer presentation we set - as in the previous models
- the parameters p and z equal to one in the cost functions Q(·) and
Z(·).

In the case where repo rate is left unchanged or is raised, the first
order conditions lead to the following provisional results for the bank’s
optimal liquidity management (r stands for raise, nc for no change):

Ropt
1,r = Ropt

1,nc = RR − e1 − e2

2
∀q, (7.21)

Ropt
2,r = Ropt

2,nc = RR +
e1 − e2

2
∀q, (7.22)
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Kopt
1,r = Kopt

1,nc =

{
A+RR−q

2 + e1+e2−2l1
4 if q < q̄1,r

0 if q̄1,r ≤ q,
(7.23)

Kopt
2,r = Kopt

2,nc = 0∀q, (7.24)

Bopt
1,r = Bopt

1,nc =

{
A+RR+q

2 − 3e1−e2−2l1
4 if q < q̄1,r

A + RR − e1−e2
2 if q̄1,r ≤ q,

(7.25)

Bopt
2,r = Bopt

2,nc =

{
A+RR+q

2 + e1−3e2+2l1
4 if q < q̄1,r

A + RR + e1−e2
2 if q̄1,r ≤ q,

(7.26)

where

q̄1,r = q̄1,nc = e1 − l1 + A + RR − e1 − e2

2
. (7.27)

The lower thresholds for q are given by2

q
1,r

= q
1,nc

= e1 − l1 − (A + RR) +
e1 − e2

2
(7.28)

and

q
2,r

= q
2,nc

= e2 − l1 − (A + RR) − e1 − e2

2
. (7.29)

If the central bank cuts the repo rate, the following provisional re-
sults for the bank’s optimal liquidity management will be obtained (c
stands for cut):

Ropt
1,c =






RR − e1−e2
2 − l1 + l2 if q < q̄1,c

RR − 1
3 (A + RR + 2e1 − e2 − l2 − q)

if q̄1,c ≤ q < q̄2,c

RR − e1−e2
2 if q̄2,c ≤ q,

(7.30)

2 Note that the derivation of the threshold q
2

differs from the one in the previous

chapters. Due to the overlapping maturities one obtains q
2

by solving (Kopt
1,r |q <

q̄1,r) + Kopt
2,r = A + Ropt

2,r for q.
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Ropt
2,c =






RR + e1−e2
2 + l1 − l2 if q < q̄1,c

RR + 1
3 (A + RR + 2e1 − e2 − l2 − q)

if q̄1,c ≤ q < q̄2,c

RR + e1−e2
2 if q̄2,c ≤ q,

(7.31)

Kopt
1,c =

{
A+RR−q

2 + e1+e2−4(2l1−l2)
4 if q < q̄1,c

0 if q̄1,c ≤ q,
(7.32)

Kopt
2,c =






2(l1 − l2) if q < q̄1,c

2(A+RR−q)
3 + e1+e2−2l2

3 if q̄1,c ≤ q < q̄2,c

0 if q̄2,c ≤ q,

(7.33)

Bopt
1,c =






A+RR+q
2 − 3e1−e2−2l1

4 if q < q̄1,c

2(A+RR)+q
3 − 2e1−e2−l2

3 if q̄1,c ≤ q < q̄2,c

A + RR − e1−e2
2 if q̄2,c ≤ q,

(7.34)

Bopt
2,c =






A+RR+q
2 + e1−3e2+2l1

4 if q < q̄1,c

2(A+RR)+q)
3 + e1−2e2+l2

3 if q̄1,c ≤ q < q̄2,c

A + RR + e1−e2
2 if q̄2,c ≤ q,

(7.35)

where

q̄1,c = A + RR +
e1 + e2 − 4(2l1 − l2)

2
(7.36)

and

q̄2,c = A + RR +
e1 − e2 − 2l2

2
. (7.37)

The lower thresholds are given by:3

3 Note that the derivation of the threshold q
2,c

differs from the one in the previous

chapters. Due to the overlapping maturities q
2,c

is obtained by solving (Kopt
1,c |q <

q̄1,c) + (Kopt
2,c |q < q̄1,c) = A + (Ropt

2,c |q < q̄1,c) for q. Note that in the second
period, the bank will not borrow more funds from the central bank than it needs
to cover its own liquidity needs if it does not borrow from the central bank in
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q
1,c

= −(A + RR) +
3e1 − e2 − 2l1

2
(7.38)

and

q
2,c

= −(A + RR) − e1 − 3e2 + 2l1
2

. (7.39)

The comparison of these provisional results with those of the average
rate model reveals that a main impact of the overlapping maturities on
a bank’s optimal liquidity management is that independent of whether
the interest rate is raised or is left unchanged, the bank does not borrow
any liquidity from the central bank in the second period, Kopt

2 is equal
to zero for all q. Equation (7.33) shows that if the repo rate is cut, the
bank may borrow from the monetary authority in the second period
despite the overlapping maturities. Furthermore, the equation shows
that the bank may even borrow from the central bank in the second
period although it does not do so in the first, i.e. the upper thresholds
q̄1,c and q̄2,c fall apart.

We will comment in more detail on the impact of the overlapping
maturities on the bank’s optimal liquidity management when discussing
the final results and use now the provisional results to derive the equi-
librium interbank market rate.

7.3 Equilibrium in the Interbank Market and
Final Results

As in the previously presented models, we derive the equilibrium inter-
bank market rate and the final results for the bank’s optimal liquidity
management for the rather simple two-bank case before presenting the
results for the more general case where there is a continuum of banks
differing in q.

the first period. Solving (K2,c|q̄1,c ≤ q < q̄2,c) = A + (R2,c|q̄1,c ≤ q < q̄2,c) for q
leads to q = −2(A + RR) − e1 + 2e2 − l2. However, for this threshold to exist,
−2(A + RR) − e1 + 2e2 − l2 must be greater than q̄1,c, since the bank does not
demand funds in the first period. Rearranging −2(A + RR)− e1 + 2e2 − l2 > q̄1,c

reveals that this implies that (l1 − l2) > (A + RR) + (e1 − e2)/2. However, this
violates our assumption that (l1 − l2) < RR (see p. 113).
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7.3.1 Two Banks

Equilibrium Interbank Market Rate

Again, there are two groups of price-taking banks differing in q, repre-
sented by the banks A and B, with qA < q

t
∀t and qB ≥ q̄t ∀t. Then,

solving

BA,opt
t + BB,opt

t = 0 (7.40)

for et, the equilibrium interbank market rate e∗t is obtained (BA,opt
t is

given by the first line of the equations (7.34) and (7.35), BB,opt
t by the

third line of these equations):4

e∗1 = e∗2 = 3(A + RR) + qA + l1. (7.41)

We will comment on this equilibrium interbank market rate after hav-
ing derived and discussed the final results for the the banks’ optimal
liquidity management which we will do next.

Optimal Liquidity Management: Final Results

When inserting the equilibrium interbank market rate given by equa-
tion (7.41) into the equations (7.21) to (7.26),5 the following final re-
sults for the banks’ optimal liquidity management will be obtained if
the central bank does not change the repo rate or if the central bank
raises the repo rate (in the former case simply set l1 equal to l2):

RA,opt
1,nc,r = RA,opt

2,nc,r = RB,opt
1,nc,r = RB,opt

2,nc,r = RR, (7.42)

KA,opt
1,nc,r = 2(A + RR), (7.43)

KA,opt
2,nc,r = 0, (7.44)

KB,opt
1,nc,r = KB,opt

2,nc,r = 0, (7.45)

4 Alternatively, one can use the equations (7.25) and (7.26) since in this simple
two-bank case the provisional results for an interest rate cut and for an interest
rate increase are formally the same.

5 If there are two lines, one has to insert e∗t into the first line for bank A and into
the second line for bank B.
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BA,opt
1,nc,r = BA,opt

2,nc,r = −(A + RR), (7.46)

and

BB,opt
1,nc,r = BB,opt

2,nc,r = A + RR. (7.47)

The most interesting result is that an increase in the repo rate within
the reserve maintenance period has no impact on the banks’ optimal
liquidity management, i.e despite the remuneration of reserves at the
average of l1 and l2 - which has been the cause for bank A’s frontload-
ing of required reserves in the previously presented model - both banks
provide their reserve requirements smoothly across the maintenance
period. The reason for this is that the banks also have the relatively
cheap first-period liquidity in the second period at their disposal (due
to the overlapping maturities) and that there is no central bank credit
which expires in the second period since we have assumed K0 to be
zero. Therefore, total liquidity needs of both periods can be covered
with the relatively cheap first-period liquidity so that both banks have
no incentive to frontload their reserve holdings despite the interest rate
increase. This implies that at the aggregate level reserves are also pro-
vided smoothly.

These smooth provisions of required reserves obviously imply that
aggregate central bank borrowing in the first period corresponds to the
central bank’s benchmark amount despite the interest rate increase.6

In this simple two-bank case this benchmark is equal to 2(A + RR)
and equation (7.43) reveals that bank A, which is by assumption the
only bank which demands liquidity at the monetary authority, borrows
exactly this amount.

As already mentioned above, crucial for these results (smooth pro-
visions of required reserves and no deviation of aggregate central bank
borrowing from the benchmark even if the central bank increases the
repo rate) is the assumption that K0 is equal to zero. This assump-
tion implies that at the end of the first period no central bank credit
expires. Consequently, fresh liquidity is actually not needed. We will
skip this assumption and discuss the consequences for the banks’ op-
timal liquidity management in section 7.3.3. Skipping the assumption
is no problem in the relatively simple two-bank case. However, when
considering a continuum of heterogenous banks, the model gets too
complex since one has to make additional assumptions concerning K0.
To capture the effects of expiring central bank credits within the re-
serve maintenance period for a continuum of heterogenous banks one
6 For the definition of the benchmark amount see p. 48.
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should employ a model with more than two periods. However, in this
work we will stick to our two-period model and will only discuss in
section 7.3.3 the consequences of expiring central bank credits within
the reserve maintenance period for the two-bank case.

If the repo rate is cut, the banks’ optimal liquidity management will
be given by

RA,opt
1,c = RR − (l1 − l2), (7.48)

RA,opt
2,c = RR + (l1 − l2), (7.49)

RB,opt
1,c = RB,opt

2,c = RR, (7.50)

KA,opt
1,c = 2(A + RR) − (l1 − l2), (7.51)

KA,opt
2,c = 2(l1 − l2), (7.52)

KB,opt
1,c = KB,opt

2,c = 0, (7.53)

BA,opt
1,c = BA,opt

2,c = −(A + RR), (7.54)

and

BB,opt
1,c = BB,opt

2,c = A + RR. (7.55)

Equations (7.48) to (7.50) reveal that bank A postpones its reserve
holdings while bank B provides them smoothly across the maintenance
period. Bank A postpones its reserve holdings for two reasons. The first
reason is the same as in the average rate model: Due to the remunera-
tion of reserves at the average of l1 and l2, bank A’s marginal revenues
of holding reserves decrease in both periods, while its marginal costs
only decrease in the second period (if the bank borrows from the mone-
tary authority in the second period which it will do as we show below).
Therefore, intertemporal optimality requires holding more reserves in
the second period. The second reason for bank A’s postponing of the
required reserves is that the maturity of the relatively expensive first-
period credit lasts into the second period which implies that the fewer
reserves bank A holds in the first period, the lower its liquidity needs
are in the first and the higher they are in the second period, i.e. it
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can benefit more from the interest rate decrease in the second period.
Since this second reason does not exist in the average rate model, it is
obvious that the overlapping maturities reinforce the uneven provisions
of required reserves of bank A. Formally, this reinforcement effect can
be seen by comparing equations (7.48) and (7.49) with the relevant
equations in the average rate model (6.37) and (6.38).

For bank B it is optimal to provide its required reserve smoothly
despite the change in the repo rate. The reasons are that the bank’s
marginal interest costs as well as its marginal revenues are the same
in both periods and that transactions in the interbank market involve
increasing marginal costs.7

Since bank B provides its required reserves smoothly and since bank
A postpones even more reserves than in the average rate model, it is
obvious that at the aggregate level, reserves will also not be provided
smoothly if the repo rate is cut and in addition the overlapping matu-
rities reinforce this problem.

The uneven provisions of required reserves of bank A are also re-
flected by its central bank borrowing (see equations (7.51) and (7.52)).
Bank A’s liquidity needs in the first period are smaller than in the
second period due to the postponing of the required reserves. Conse-
quently, bank A borrows liquidity from the monetary authority in the
second period despite the overlapping maturities which implies that
aggregate central bank borrowing in the first period falls below the
central bank’s benchmark which is equal to 2(A + RR) in this simple
two-bank case.8

Equilibrium Interbank Market Rate: Discussion

In this section, we will comment on the equilibrium interbank market
rate e∗t given by equation (7.41). We will show that e∗t reflects bank A’s
marginal costs of placing liquidity in the interbank market. Further-
more, we will explain why a change in the repo rate resulting in l1 �= l2
has no influence on the equilibrium interbank market rate during that
reserve maintenance period.

Marginal Costs of Placing Liquidity in the Interbank Market
If the repo rate is raised or left unchanged, bank A’s marginal costs of
placing liquidity in the interbank market are given by:
7 The bank’s marginal interest costs are the same in both periods since e∗1 = e∗2,

and the bank’s marginal revenues are the same because reserves are remunerated
at the average of l1 and l2.

8 For the definition of the central bank’s benchmark see p. 48.
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MCA,ibm
1,nc,r = MCA,ibm

2,nc,r = l1 + qA + pKA,opt
1,nc,r − zBA,opt

t,nc,r. (7.56)

The first three terms on the right hand side of equation (7.56) represent
bank A’s marginal costs of borrowing the relevant liquidity from the
central bank and the last term represents the marginal transaction costs
of placing the liquidity in the interbank market. If the repo rate is left
unchanged or if the repo rate is raised, bank A will not borrow any
liquidity from the central bank in the second period. Consequently, l2
does not influence its marginal costs. When setting p and z equal to
one and inserting the equilibrium values for KA,opt

1,nc,r and BA,opt
t,nc,r given

by the equations (7.43) and (7.46) into equation (7.56) gives

MCA,ibm
1,nc,r = MCA,ibm

2,nc,r = 3(A + RR) + qA + l1 = e∗t (7.57)

which confirms that the interbank market rate reflects bank A’s marginal
costs of placing liquidity in the interbank market.

If the repo rate is cut, i.e. if case bank A borrows from the monetary
authority in the second period, its marginal costs of placing liquidity
in the interbank market will be given by

MCA,ibm
1,c = l1 + (l1 − l2) + qA + pKA,opt

1,c − zBA,opt
1,c (7.58)

in the first period and by

MCA,ibm
2,c = l2 + qA + p(KA,opt

1,c + KA,opt
2,c ) − zBA,opt

2,c (7.59)

in the second period. Equation (7.58) shows that the repo rate of the
second period l2 influences already bank A’s marginal costs of plac-
ing liquidity in the interbank market in the first period. The obvious
reason is the two-period maturity of KA,opt

1,c : If bank A borrows in the
first period liquidity from the central bank to place it in the interbank
market, it must consider that this reduces its profit in the second pe-
riod when it can borrow liquidity from the central bank at a lower rate.
Furthermore, equations (7.58) and (7.59) show that due to the cut in
the repo rate, bank A’s marginal interest costs are higher in the first
period than in the second period.9 However, this cost advantage in the
second period (disadvantage in the first period) is exactly compensated
by higher (lower) opportunity costs of holding collateral in the second
9 If one compares the equations (7.58) and (7.59) with the equation (6.44) in the

average rate model, it can be seen that the overlapping maturities imply that the
difference in marginal interest costs between the two periods is even higher. In
the average rate model the difference is (l1 − l2), in this model it is (2l1 − l2). The
reason for this is that the overlapping maturities imply that in the second period
bank A still has to pay the relatively high interest rate l1.
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(first) period: Setting p and z equal to one and inserting the equilib-
rium values for KA,opt

t,c and BA,opt
t,c given by the equations (7.51), (7.52),

and (7.54) into the equations (7.58) and (7.58) gives t

MCA,ibm
1,c = MCA,ibm

2,c = 3(A + RR) + qA + l1 = e∗t (7.60)

which shows that the repo rate reflects bank A’s marginal costs of
placing liquidity in the interbank market and that these costs are the
same in both periods despite different repo rates. Obviously, an increase
in one of the marginal cost components implies an increase in e∗t . The
impact of a change in A, RR, qA, or in the repo rate at the beginning
of the maintenance period (l1 = l2 = l) on the equilibrium interbank
market rate is the same as in the current rate model. Therefore, we
refer the reader to p. 57 concerning the analysis of these changes and
focus now on the impact of a change in the repo rate within the reserve
maintenance period (l1 �= l2).

Change in the Repo Rate An interesting point is that a change in
the repo rate within the reserve maintenance period has no impact on
the equilibrium interbank market rate during that reserve maintenance
period:

∂e∗1
∂l2

=
∂e∗2
∂l2

= 0. (7.61)

If the repo rate is raised (l1 < l2), this is an obvious result since bank
A does not borrow liquidity from the monetary authority at the rate
l2 so that it does not influence its marginal costs of placing liquidity in
the interbank market.

If there is an interest rate cut, the driving force behind this result
is that the optimal intertemporal allocation of the required reserves
implies that net marginal costs of holding reserves are the same in both
periods. These net marginal costs consist of interest payments to the
central bank and opportunity costs of holding collateral minus interest
yields. The latter are the same in both periods due to the remuneration
of reserves at the average of l1 and l2. Consequently, the sum out of
interest payments to the central bank and opportunity costs of holding
collateral must also be the same in both periods. Since marginal interest
payments differ, the compensation takes place via the opportunity costs
of holding collateral which are higher in the second period because bank
A’s stock of central bank credit is higher in that period (it is KA,opt

1,c

in the first and (KA,opt
1,c + KA,opt

2,c ) in the second period). Intertemporal
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optimality requires that bank A postpones so many reserves that in the
first period the higher interest costs are exactly compensated by lower
opportunity costs of holding collateral and vice versa in the second
period. Also in this context it becomes clear that overlapping maturities
reinforce the problem that required reserves are provided unevenly over
the maintenance period: Since in this overlapping maturities model
the difference in marginal interest costs between the two periods is
higher than in the average rate model (see footnote 9 on p. 122), more
reserves must be postponed to achieve intertemporal optimality.10 In
the average rate model, the decline in marginal opportunity costs of
holding collateral in the first period implies a decrease in e∗1 (although
the repo rate is not changed until the second period). However, in this
overlapping maturities model, the decline in marginal opportunity costs
of holding collateral does not lead to a decrease in e∗1 because this cost
advantage is compensated by higher marginal interest costs resulting
from the two-period maturity of K1 (see equation (7.58)).

Since the interbank market rate does not change in any period,
whereas the repo rate only changes in the second period, it is obvious
that a cut or an increase in the repo rate within the reserve maintenance
period implies that the spread between the interbank market rate and
the central bank rate is no longer the same in both periods. However,
the sum of the spreads

∑2
t=1 st is also no longer the same. If the repo

rate is cut, it will increase; if the repo rate is raised, it will decline (see
the appendix for a numerical example).

Impact of Monetary Policy Impulses

Again, we only consider an interest rate change within the reserve main-
tenance period as a monetary policy impulse. This is done because the
consequences of an interest rate change at the beginning of the mainte-
nance period (l1 = l2), as well as a change in reserve requirements are
the same as in the current rate model and in the average rate model.

If the repo rate is changed within the reserve maintenance period
(l1 �= l2), the impact on the banks’ minimal liquidity costs will be given
by

(V1|l1 = l2)A − (V1|l1 < l2)A =

(V1|l1 = l2)B − (V1|l1 �= l2)B = −RR(l1 − l2)
(7.62)

and
10 For a more detailed analysis on the equality of e∗1 and e∗2 see the discussion of the

equilibrium interbank market rate in the average rate model on p. 83.
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(V1|l1 = l2)A − (V1|l1 > l2)A = −RR(l1 − l2) + (l1 − l2)2. (7.63)

Equation (7.62) shows that if the repo rate is raised, both banks
will benefit from this monetary policy impulse to the same extent. This
is because their interest yields increase due to the remuneration of
reserves at the average of l1 and l2, while their interest costs do not
change: Bank A also covers its liquidity needs in the second period
with the relatively cheap first-period central bank credit because of the
two-period maturity of KA,opt

1 . Bank B’s interest costs do not change
since the equilibrium interbank market rate remains the same in both
periods. However, by a monetary policy impulse in form of an interest
rate cut, bank A and bank B will be affected differently since only bank
A benefits from the postponing of its required reserves.

When comparing bank A’s cost advantage from its reserve shifting
in the average rate model with this cost advantage in the overlapping
maturities model,11 it is revealed that the overlapping maturities re-
inforce the problem that banks are affected differently by a monetary
policy impulse in form of an interest rate cut. The reason for this is
that the overlapping maturities imply that bank A postpones even more
reserves, so that its cost advantage increases as well.

7.3.2 Continuum of Banks

Analogously to the previously presented models, we will next derive and
discuss next the equilibrium interbank market rate and the final results
for the banks’ optimal liquidity management for the more general case
where there is a continuum of banks.

Equilibrium Interbank Market Rate

We consider a continuum of measure one of isolated, price-taking banks
differing in their level of marginal opportunity costs of holding collateral
q. Then, assuming that q is distributed in the interval [0, qmax] across
banks according to the density function g(q) = G′(q) with G(0) = 0,
the equilibrium interbank market rate is determined by solving

11 In the average rate model, this cost advantage is represented by the last term
in equation (6.48). In the overlapping maturities model, this cost advantage is
represented by the last term in equation (7.63).
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q
t∫

0

(Bopt
t |q < q̄t)g(q)dq +

q̄t∫

q
t

(Bopt
t |q < q̄t)g(q)dq

+
qmax
∫

q̄t

(Bopt
t |q ≥ q̄t)g(q)dq = 0

(7.64)

for et, where Bopt
t will be given by equations (7.34) and (7.35) if the

repo rate is cut and by equations (7.25) and (7.26) if the repo rate is
raised. The first term in equation (7.64) represents liquidity supply in
the interbank market, while the second and the third term represent
liquidity demand (for details see the comments on the relevant equation
in the benchmark model on p. 61).

As in the previously presented models, we assume q to be distributed
uniformly across banks. Then, solving equation (7.64) for et

e∗1,nc,r = e∗2,nc,r = −(A + RR) + l1 +
√

4qmax(A + RR), (7.65)

if the repo rate is raised or if it is left unchanged. If the repo rate is
cut,

e∗1,c = e∗2,c

= −(A + RR) + l1 +
√−2(l1 − l2)2 + 4qmax(A + RR).

(7.66)

We will comment on these equilibrium interbank market rates after
having determined the final results for the banks’ optimal liquidity
management.

Final Results for the Optimal Liquidity Management if the
Repo Rate Is Raised or Left Unchanged

Presenting the final results for the banks’ optimal liquidity manage-
ment, we distinguish between the case where the repo rate is left un-
changed or raised and the case where the repo rate is cut. We will have
a look at the former first.

For determining the final results for the banks’ optimal liquidity
management if the repo rate is raised or left unchanged, the equilibrium
interbank market rate given by equation (7.65) has to be inserted into
the provisional results given by the equations (7.21) to (7.29). Then
the following is obtained (nc stands for no change, r for raise):

Ropt
1,nc,r = Ropt

2,nc,r = RR∀q, (7.67)
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Kopt
1,nc,r =

{
− q

2 +
√

qmax(A + RR) if q < q̄nc,r

0 if q ≥ q̄nc,r,
(7.68)

Kopt
2,nc,r = 0∀q, (7.69)

Bopt
1,nc,r = Bopt

2,nc,r






A + RR + q
2 − √

qmax(A + RR)
if q < q̄nc,r

A + RR if q ≥ q̄nc,r,

(7.70)

where q̄nc,r, the upper threshold for q, is given by

q̄nc,r =
√

4qmax(A + RR). (7.71)

For the lower threshold for q, i.e. for the level at which the bank borrows
more reserves from the central bank than it needs to cover its own
liquidity needs, the following is obtained:

q = q
1,nc,r

= q
2,nc,r

= −2(A + RR) +
√

4qmax(A + RR). (7.72)

We will comment on these results with the help of Figs. 7.1 and 7.2.

Optimal Allocation of Required Reserves Figure 7.1 illustrates
the banks’ optimal borrowing from the central bank and their optimal
allocation of required reserves. As in the two-bank case, no bank will
frontload its required reserve holdings. Consequently, at the aggregate
level reserves are also provided smoothly across the reserve maintenance
period even if the repo rate is raised. There are two reasons for this. The
first reason is that the overlapping maturities imply that in the second
period the banks can also cover their liquidity needs with the relatively
cheap liquidity borrowed from the central bank in the first period. The
second reason is that, despite the overlapping maturities, no central
bank credit expires in the second period, due to the assumption that
for all banks K0 is equal to zero. This assumption implies that there
is no additional liquidity needed in the second period. In both periods,
the total liquidity needs of the banking sector can be covered with the
relatively cheap first-period liquidity. (We will skip this assumption and
discuss the consequences for the banks’ optimal liquidity management
in section 7.3.3.)
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q

K , K1 2

opt opt

K1,nr,r

A+RR

q
nc,r

q
nc,r q

max

K2,nc,r

R1,nc,r = R =RR2,nc,r

optopt

opt

opt

Fig. 7.1: Overlapping Maturities Model: Optimal Allocation of Required Reserves
and Optimal Borrowing from the Central Bank if the Repo Rate Is Raised or Left
Unchanged

Optimal Borrowing from the Central Bank Figure 7.1 illus-
trates that optimal central bank borrowing in the first period implies
that banks with q smaller than q

1,nc,r
borrow more reserves from the

central bank than they need to cover their own liquidity needs in or-
der to place the excess liquidity in the interbank market. Banks with
q
1,nc,r

< q < q̄1,nc,r cover their liquidity needs at the central bank and
in the interbank market, and banks with q ≥ q̄1,nc,r prefer to cover their
total liquidity needs in the interbank market. Consequently, aggregate
central bank borrowing in the first period is given by

qmax
∫

0

Kopt
1 g(q)dq = A + RR. (7.73)

Obviously, this aggregate central bank borrowing in the first period
allows for smooth aggregate provisions of required reserves over the
maintenance period, i.e. it corresponds to the central bank’s bench-
mark.12 Since the maturity of K1,nc,r lasts into the second period, and
since liquidity needs do not change (reserves are provided smoothly,
autonomous factors are assumed to be A in both periods, and no cen-
tral bank credit expires in the second period), no bank borrows from
the central bank in the second period, i.e. K2,nc,r = 0 for all q.

12 For the definition of this benchmark see p. 48.
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q

B , B1, 2,nc,r nc,r

A+RR

q
nc,r

q
nc,r

0
q

max

optopt

B = B1, 2,nc,r nc,r

opt opt

Fig. 7.2: Overlapping Maturities Model: Optimal Transactions in the Interbank
Market if the Repo Rate Is Raised or Left Unchanged

Optimal Transactions in the Interbank Market Figure 7.2 il-
lustrates the banks’ optimal transactions in the interbank market. As
in the current rate model banks with q < q

1,nc,r
place liquidity in the

interbank market, while banks with q > q
1,nc,r

cover their liquidity
needs either partially or totally in that market. The only difference to
the current rate model is that - due to the overlapping maturities - the
liquidity supply in the interbank market in the second period results
from central bank credits which have already be granted in the first
period.

Final Results for the Optimal Liquidity Management if the
Repo Rate Is Cut

If the repo rate is cut, the final results for the banks’ optimal liquidity
management will be more complex. They are (c stands for cut):

Ropt
1,c =






RR − (l1 − l2) if q < q̄1,c

RR − l1−l2
3 + q

3 −
√

4qmax(A+RR)
9 − 2(l1−l2)2

9

if q̄1,c ≤ q < q̄2,c

RR if q̄2,c ≤ q,

(7.74)
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Ropt
2,c =






RR + (l1 − l2) if q < q̄1,c

RR + l1−l2
3 − q

3 +
√

4qmax(A+RR)
9 − 2(l1−l2)2

9

if q̄1,c ≤ q < q̄2,c

RR if q̄2,c ≤ q,

(7.75)

Kopt
1,c =






−(l1 − l2) − q
2 +

√

qmax(A + RR) − (l1−l2)2

2

if q < q̄1,c

0 if q ≥ q̄1,c,

(7.76)

Kopt
2,c =






2(l1 − l2) if q < q̄1,c

2

(

l1−l2−q+2

√

qmax(A+RR)− (l1−l2)2

2

)

3 if q̄1,c ≤ q < q̄2,c

0 if q̄2,c ≤ q,

(7.77)

Bopt
1,c =Bopt

2,c =






A + RR + q
2 −

√

qmax(A + RR) − (l1−l2)2

2

if q < q̄1,c

A + RR − l1−l2
3 + q

3 −
√

4qmax(A+RR)
9 − 2(l1−l2)2

9

if q̄1,c ≤ q < q̄2,c

A + RR if q ≥ q̄2,c,

(7.78)

where q̄t,c, the upper threshold for q is given by

q̄1,c = −2(l1 − l2) +
√

4qmax(A + RR) − 2(l1 − l2)2 (7.79)

and

q̄2,c = l1 − l2 +
√

4qmax(A + RR) − 2(l1 − l2)2. (7.80)

The lower threshold for q, i.e. for the level at which the bank borrows
more reserves from the central bank than it needs to cover its own
liquidity needs, is given by13

q=q
1,c

=q
2,c

=−2(A + RR) +
√

4qmax(A + RR) − 2(l1 − l2)2. (7.81)

As in the case where the interest rate is raised or left unchanged, we
will illustrate these results graphically.
13 The lower threshold q

t,c
is obtained either by setting (Kopt

t,c |q < q̄1,c) (first line of

the equations (6.54) and (6.55)) equal to A + (Rt,c|q < q̄t,c) and then solving for
q, or by inserting e∗t given by equation (6.51) into equations (6.33) and (6.34).
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Fig. 7.3: Overlapping Maturities Model: Optimal Borrowing from the Central Bank
if the Repo Rate Is Cut

Optimal Borrowing from the Central Bank Figure 7.3 illus-
trates optimal borrowing from the central bank. The dotted lines rep-
resent optimal borrowing if there is no interest rate change, the thick
solid lines show optimal borrowing if the repo rate is cut. Two features
are immediately apparent. First, the interest rate cut implies that op-
timal central bank borrowing in the first period declines, and second,
optimal central bank borrowing in the second period is different from
zero. The reason for this is that the interest rate cut implies that banks
can cover liquidity needs in the second period at a lower rate, which
means that it is profitable to postpone reserve holdings as Fig. 7.4
shows. Consequently, compared to the case in which the repo rate is
left unchanged, banks need less liquidity in the first period, but more
in the second period. The figure reveals that fewer banks actually bor-
row liquidity from the central bank and those still borrowing borrow
less liquidity. This implies that aggregate borrowing from the monetary
authority in the first period falls below the central bank’s benchmark
which corresponds to the amount borrowed if the repo rate is left un-
changed, since that amount allows for smooth aggregate provisions of
the required reserves (dotted line in Fig. 7.3). It is worth mentioning
that the deviation from the central bank’s benchmark is even stronger
than in the average rate model.14 The reason for this is that the over-

14 (Kopt,average
1,c |q = 0) > (Kopt,overlapping

1,c |q = 0) and q̄overlapping
1,c < q̄average

1,c as the

equations (6.54), (6.57), (7.76), and (7.79) reveal. Since the slope of the Kopt
1,c -

curves is the same in both models it is obvious that first-period aggregate central
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lapping maturities imply that at the aggregate level an even higher
amount of reserves is postponed as shown below. Next we will have a
closer look at the slope of Kopt

2,c (q). If the bank borrows from the central
bank in both periods, i.e. if q < q̄1,c, the horizontal line indicates that
Kopt

2,c does not change in q. The reason being that when deciding on how
to cover period-two liquidity needs, the bank compares the marginal
costs of the period-two central bank credit with those of the period-
one central bank credit because the maturity of the latter lasts into the
second period. However, since q accrues in both alternatives, it does
not influence the bank’s decision. This is not the case, when deciding
on how to cover period-one liquidity needs. Then, the two alternatives
to be compared are borrowing from the central bank versus borrowing
in the interbank market, and a decreasing q makes borrowing from the
central bank less attractive, i.e. Kopt

2,c is decreasing in q. The same ar-
gument holds when the bank borrows liquidity from the central bank
only in the second period (q̄1,c ≤ q < q̄2,c). Then, the alternative is also
borrowing in the interbank market which again means that a decreas-
ing q makes central bank borrowing less beneficial so that there is also
a negative slope. Furthermore, the slope given by ∂Kopt

2,c /∂q for q < q̄2,c

is steeper than the one given by ∂K1,c/∂q for q < q̄1,c because liquidity
needs decrease in the interval [q̄1,c, q̄2,c] due to a decreasing Ropt

2,c as Fig.
7.4 illustrates.

Optimal Allocation of Required Reserves In Fig. 7.4, the thin
solid lines represent the optimal allocation of required reserves in the
average rate model, the thick solid lines illustrate the optimal alloca-
tion in the overlapping maturities model. The dotted line refers to the
benchmark case. The figure illustrates that at the aggregate level the
overlapping maturities reinforce the postponement of the required re-
serve holdings. Looking at Fig. 7.4, we will comment on the optimal
allocation of required reserves in more detail, by answering the follow-
ing three questions and by discussing the slope of the Ropt

t (q)-curves.

Why will the overlapping maturities reinforce the problem
of uneven provisions of required reserves if q < q̄1,c? Banks
with q < q̄1,c borrow liquidity from the central bank in both periods.
This implies that they have two reasons for postponing their reserves.
The first reason is the same as in the average rate model. Due to the
remuneration of reserves at the average of l1 and l2 their marginal

bank borrowing in the average rate model exceeds the one in the overlapping
maturities model.
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Fig. 7.4: Overlapping Maturities Model: Optimal Allocation of Required Reserves
if the Repo Rate Is Cut

revenues of holding reserves will decrease in both periods while their
marginal costs will only decrease in the second period. Consequently,
optimal intertemporal behaviour requires holding more reserves in the
second than in the first period. The second reason is that the matu-
rity of the relatively expensive first-period credit lasts into the second
period. This implies that for these banks (q < q̄1,c) it is beneficial to
postpone even more reserves since this reduces the liquidity needs in the
first period, so that the banks have to borrow less first-period liquidity
from the central bank. Since the second reason does not exist in the
average rate model, the overlapping maturities reinforce the problem
of uneven provisions of the required reserves.

Why will banks fulfil their reserve requirements smoothly if
q ≥ q̄2,c? Banks with q ≥ q̄2,c borrow liquidity in neither period from
the central bank, but they cover their total liquidity needs in both
periods in the interbank market. Intertemporal optimality requires net
marginal costs of holding collateral to be the same in both periods,
and for these banks this requirement will be fulfilled if R1 equals R2:
The banks’ marginal revenues of holding reserves are the same in both
periods due to their remuneration at the average of l1 and l2. Their
marginal costs consist of interest payments in the interbank market and
transaction costs. The former are also the same in both periods since
e∗1 equals e∗2. Consequently, transaction costs must also be the same in
both periods which is achieved by transacting the same amount in both
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periods due to the convex form of the transaction cost function. This
means that liquidity needs of these banks must be the same in both
periods which implies that Ropt

1 must equal Ropt
2 .

Why may the postponing effect be dampened in the in-
terval [q̄1,c, q̄2,c]? Banks with q̄1,c ≤ q < q̄2,c borrow liquidity from
the central bank in the second period only. Figure 7.4 shows that in
this interval the overlapping maturities do not imply that all banks
postpone more reserves but that there are also banks which actually
postpone fewer. However, the latter is not unambiguous. In this inter-
val it may be that the overlapping maturities imply that some banks
postpone fewer reserves as illustrated with the figure, but it may also
be the case that all banks in this interval postpone more reserves. The
crucial point is that the effect of the overlapping maturities on e∗2 and,
therefore, on the spread between e∗2 and l2 is not unambiguous (see
pages 137 to 138 for details). If the spread is higher in the average
rate model, central bank borrowing will be relatively cheaper than in
the overlapping maturities model. This means that in the average rate
model there are banks which will borrow more reserves from the central
bank in order to postpone a higher amount of reserves and more banks
will borrow reserves from the central bank in order to postpone reserves
(q̄average

2,c > q̄overlapping
2,c ). In this case, which is illustrated in the figure,

the postponing effect is stronger in the average rate model. If, on the
other hand, the spread between e∗2 and l2 is higher in the overlapping
maturities model, analogously the postponing effect will be stronger
in that model. However, even if in the interval [q̄average

1,c , q̄average
2,c ] the

postponing effect is dampened, on aggregate the overlapping maturi-
ties will still reinforce the postponing of the required reserves. In the
first period, aggregate central bank borrowing as well as total trans-
actions in the interbank market are smaller than in the average rate
model (see pages 131 and 135). Consequently, the total liquidity needs
of the banking sector are smaller in this overlapping maturities model.
The only reason this can be is that at the aggregate level more reserves
are postponed.

Slope of the Ropt
t (q)-curves. If q < q̄1,c, the bank will borrow

from the central bank in both periods, i.e. q accrues in both periods, so
that the optimal intertemporal allocation of reserves does not change
in q. If q ≥ q̄2,c, the bank will not borrow from the central period in
any period, so that in this case the optimal intertemporal allocation of
reserves also does not change in q. However, if q̄1,c < q ≤ q̄2,c, the bank
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will borrow from the monetary authority only in the second period, i.e.
opportunity costs of holding collateral only accrue in the second period
and, therefore, have an impact on the optimal allocation. The lower q
is the more liquidity the bank borrows from the monetary authority,
implying that Ropt

2,c increases and that Ropt
1,c decreases in q.

Optimal Transactions in the Interbank Market Figure 7.5 il-
lustrates the banks’ optimal transactions in the interbank market in
case the repo rate is cut. The figure shows that in both periods the
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Fig. 7.5: Overlapping Maturities Model: Optimal Transactions in the Interbank
Market if the Repo Rate Is Cut

volume of transactions is smaller when compared to a situation where
the repo rate is left unchanged. In the first period, this is simply due
to the reduced liquidity needs of the banking sector, a consequence
of postponing reserves. In the second period, the postponing implies
that intermediation becomes more expensive so that, as in the average
rate model, a disintermediation takes place (see p. 91 for details). When
comparing the optimal transactions in the interbank market with those
in the average rate model, we find that the overlapping maturities imply
that the decline in transaction volumes is even stronger.15 The reason is
that at the aggregate level, in this overlapping maturities model, more
15 In the average rate model, the absolute value of interbank market transac-

tions at point q = 0 is higher than in the overlapping maturities model:
[(|Bopt,overlapping

t |)|q = 0] < [(|Bopt,average
t |)|q = 0] and qoverlapping

t,c
< qaverage

t,c

as the equations (6.56), (6.59), (6.56), and (7.81) reveal. Since the slope of the
Bopt

t,c -curves is the same in both models it is obvious that the total transaction



136 7 Overlapping Maturities Model

reserves are postponed. This means that in the first period, liquidity
needs are even smaller and in the second period intermediation is even
more expensive.

Equilibrium Interbank Market Rate: Discussion

In this section, we will discuss the equilibrium interbank market rate e∗t
given by the equations (7.65) and (7.66) in more detail. We will show
that e∗t reflects the banks’ marginal costs of placing liquidity in the
interbank market. Furthermore, we will demonstrate that the interbank
market rate will be smoothed and that the sum of the spreads between
the interbank market rate and the repo rate

∑2
t=1 st will decrease if

the repo rate is changed.

Marginal Costs of Placing Liquidity in the Interbank Market
If the repo rate is raised or is left unchanged, banks will not borrow
any liquidity from the central bank in the second period. Therefore,
the banks’ marginal costs of placing liquidity in the interbank market
do not depend on l2, they are given by

MCibm
t,r = l1 + q + pKopt

1,nc,r − zBopt
t,nc,r. (7.82)

If the repo rate is cut, the banks which place liquidity in the interbank
market will borrow from the central bank in the second period so that l2
influences their marginal costs. The maturity of the first-period credit
lasts into the second period which implies that l2 influences the banks’
marginal costs of placing liquidity in the interbank market not only in
the second but also in the first period (for details, see comments in the
two-bank case on p. 122). In the first period, the banks’ marginal costs
of placing liquidity in the interbank market are given by

MCibm
1,c = (2l1 − l2) + q + pKopt

1,c − zBopt
1,c , (7.83)

and in the second period by

MCibm
2,c = l2 + q + p(Kopt

1,c + Kopt
2,c ) − zBopt

2,c . (7.84)

The first three terms represent the banks’ marginal costs of borrowing
the relevant liquidity from the central bank, the last term represents the
marginal transaction costs. Setting p and z equal to one and inserting
the equilibrium values for Kopt

1,nc,r, Bopt
t,nc,r, Kopt

t,c and Bopt
2,c given by the

volumes in the average rate model exceed those in the overlapping maturities
model.
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first line of the equations (7.68), (7.70), (7.76), (7.77), and (7.78), the
following is obtained

MCibm
t,nc,r = −(A + RR) + l1 +

√
4qmax(A + RR) = e∗t,nc,r (7.85)

and that

MCibm
t,c = −(A + RR) + l1 +

√
−2(l1 − l2)2 + 4qmax(A + RR) = e∗t,c(7.86)

which confirms that e∗t reflects the banks’ marginal costs of placing
liquidity in the interbank market. The equations (7.85) and (7.86) show
that for l1 = l2 the expression for e∗t is the same as in the current rate
model (see equation (5.52)). Consequently, the impact of a change in
A, RR, qmax, or lt at the beginning of the maintenance period so that
l1 = l2 on e∗t is also the same, so concerning the analysis of the impact of
a change in these variables on e∗t we refer the reader to p. 65 and focus
on the case where the repo rate is cut within the reserve maintenance
period so that l1 �= l2.

The Impact of a Change in the Repo Rate within the Reserve
Maintenance Period If the repo rate is raised, banks do not borrow
any liquidity from the central bank at the rate l2. Consequently, the
interbank market rate is not affected by this change in the repo rate in
that reserve maintenance period. (In section 7.3.3 we will show that this
result will change if we skip our assumption that K0 is equal to zero.)
The more interesting case is the impact of a cut in the repo rate on the
equilibrium interbank market rate. Looking at equation (7.86) reveals
the following. First, contrary to the two-bank case, l2 will influence the
interbank market rates (compare equations (7.61) and (7.87)). Second,
a decrease in the repo rate implies a decrease in e∗1 and e∗2 to the same
extent:

∂e∗1,c

∂l2
=

∂e∗2,c

∂l2
=

l1 − l2
√

−(l1−l2)2

2 + qmax(A + RR)
> 0, (7.87)

i.e., the equilibrium interbank market rate is smoothed. Third, it is
ambiguous whether the decrease in e∗t is stronger in the average rate
model or in the overlapping maturities model (compare equations (6.69)
and (7.87)). The driving force behind the second aspect is again that
reserves are remunerated at the average of l1 and l2, so we refer the
reader for details to p. 83 and comment only on the first aspect and
on the third aspect. The difference to the two-bank case is due to the
fact that if a continuum of banks is considered, the total volume of
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interbank market transactions will decrease (see p. 135). This has, due
to the convex form of the transaction cost function, a negative impact
on the banks’ marginal costs of placing liquidity in the interbank market
and, therefore, on the equilibrium interbank market rate. The negative
effect on e∗t leads us to the third aspect. In the overlapping maturities
model, e∗t will only decrease because of this marginal transaction cost
effect. In the average rate model, there is an additional effect. The
equilibrium interbank market rate will also decrease because marginal
interest payments to the central bank decrease. Since this marginal
interest cost effect does not exist in the overlapping maturities model16

and since the marginal transaction cost effect is higher in that model,17

it is ambiguous in which model the overall decrease in e∗t will be stronger
if the repo rate is cut. If the difference in the transaction cost effect
is relatively high, while the marginal interest cost effect is relatively
small, the decrease in e∗t will be stronger in the overlapping maturities
model and vice versa. Due to the convex form of the transaction cost
function, the difference in the marginal transaction cost effect will be
relatively high if total liquidity needs (A + RR) are relatively high.
The marginal interest cost effect will be relatively high if there is a
relatively strong decrease in the repo rate. Consequently, if liquidity
needs (A + RR) are relatively high and if the change in the repo rate
(l1−l2) is relatively small, the decline in the interbank market rate rate
will be stronger in the overlapping maturities. Formally, this result is
confirmed by a comparison of the equations (6.69) and (7.87), and it
is illustrated by the numerical example given in the appendix. Since
the described negative effect on e∗t is a result of the postponement of
reserves (if it were not for the postponement of reserves, there would
not be a decline in total transactions in the interbank market and,
therefore, in marginal transaction costs), banks which actually do not
postpone reserves by themselves also benefit from the reserve shifting
of the other banks. They face lower interest costs.

Spread between the Interbank Market Rate and the Repo
Rate If the repo rate is raised so that l1 < l2, the equilibrium inter-
bank market rate will not change in that reserve maintenance period.
This implies that the spread between the equilibrium interbank market
16 Compare the second term on the right hand side of the equations (6.68) and

(7.86).
17 The marginal transaction cost effect is higher in the overlapping maturities model

because the decline in the total volume of transactions in the interbank market
is stronger which is a result of the higher amount of reserves postponed in the
overlapping maturities model (see pages 91 and 135.)
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rate and the repo rate remains the same in the first period but that it
increases in the second period. Consequently, the sum of the spreads
(s1+s2) increases (see the appendix for a numerical example). We have
shown that if the repo rate is cut so that l1 > l2, the equilibrium in-
terbank market rate will decrease in both periods. This decrease in e∗t
only results from the postponement of reserves since this implies a re-
duction in total transactions in the interbank market and, therefore, in
marginal transaction costs of placing liquidity in the interbank market.
If it were not for the postponement of reserves, aggregate central bank
borrowing in the first period would be equal to (A + RR), and in the
second period it would be equal to zero. Moreover, the banks’ marginal
costs of placing liquidity in the interbank market and, therefore, e∗t
would be the same as if the repo rate had not been changed as given
by equation (7.85), i.e. the equilibrium interbank market rate would
not change in that maintenance period despite the change in the repo
rate. However, due to the postponement of reserves the e∗t decreases
in both periods, i.e. the postponing of reserves also implies that the
spread between the interbank market rate and, therefore, also the sum
of the spreads (s1 + s2) decrease. The numerical example given in the
appendix illustrates this result. The result that the postponing of re-
serves reduces the sum of the spreads is important when discussing to
what extent banks are affected differently by a monetary policy impulse
in form of a cut in the repo rate which we will do in the next section.

The Impact of Monetary Policy Impulses

Again monetary policy impulses can be initiated by an interest rate
change or a change in reserve requirements. The impact of a change
in reserve requirements as well as of a change in the repo rate at the
beginning of the maintenance period so that l1 = l2 on the banks’
liquidity costs is the same as in the current rate model. Hence, we will
focus on the impact of an interest rate change within the maintenance
period.

If the repo rate is raised, all banks will provide their reserves
smoothly. This implies that the change in the banks’ net minimal liq-
uidity costs is the same for all banks. It is given by

(V1|l1 = l2) − (V1|l1 < l2) = −RR(l1 − l2) > 0∀q. (7.88)

Equation (7.88) shows that all banks benefit from the increase in the
repo rate in that reserve maintenance period. The reason for this is,
that in the second period no bank borrows relatively expensive liquidity
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from the central bank, i.e. their liquidity costs do not increase, while
their revenues increase due to the remuneration of their reserve holdings
at the average of l1 and l2.

However, if the repo rate is cut, banks will be affected differently
by the monetary policy impulse since their benefits from postponing
reserves differ. If reserves are not postponed, all banks will be affected
in the same way:

(V1|l1 = l2) −
2∑

t=1

(Ct|l1 �= l2;R1 = R2) = −RR(ll − l2)∀q. (7.89)

The first term represents minimal net liquidity costs if the repo rate is
not changed, the second shows total net liquidity costs if the repo rate
is cut, but where banks nevertheless provide their reserves smoothly.
Equation (7.89) reveals that in this case all banks “suffer” in that
maintenance period from the interest rate cut. The reason for this is
that no bank borrows any liquidity from the central bank in the second
period due to the two-period maturity of Kopt

1,c . This means that despite
the cut in the repo rate their liquidity costs do not change but only their
benefits. The latter decrease due to the remuneration at the average of
l1 and l2. The result given by equation (7.89) allows us to determine
the banks’ cost advantage from postponing reserves. As in the average
rate model, we divide the banks into four groups. We will present the
results formally first before commenting on them in more detail with
the help of Fig. 7.6.

First Group The banks of the first group will borrow liquidity in
both periods from the central bank if the repo rate is cut, and they will
borrow from the central bank in the first period only if the repo rate is
left unchanged (see section 1 in Fig. 7.3). The change in their minimal
liquidity costs is given by

(V1|l1 = l2, q < q̄nc) − (V1|l1 > l2; q < q̄1,c)

= −R(l1 − l2)

+ (2(A + RR) + q) (q̄nc − q̄1,c − 2(l1 − l2)) .

(7.90)

Second Group The second group will borrow from the central bank
in the first period if the repo rate is not changed, but if the repo rate
is cut, they will demand liquidity from the monetary authority only
in the second period (see section 2 in Fig. 7.3). The change in their
minimal liquidity costs is given by
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(V1|l1 = l2; q < q̄nc) − (V1|l1 > l2; q̄1,c ≤ q < q̄nc)

= −RR(l1 − l2)

+(l1 − l2)2

+4(3(A+RR)+q̄1,c)(l1−l2)+4(3(A+RR)+q)(q̄nc−q̄2,c)−(q−q̄nc)2

6 .

(7.91)

Third Group The third group will not borrow from the central bank
in any period if the repo rate is left unchanged, but if the rate is cut,
they will borrow in the second period (see section 3 in Fig. 7.3). The
change in their minimal liquidity costs is given by

(V1|l1 = l2; q ≥ q̄nc) − (V1|l1 > l2; q̄nc ≤ q < q̄2,c)

= −RR(l1 − l2)

+(l1 − l2)2

+2(3(A+RR)+q̄1,c)(l1−l2)+2(3(A+RR)+q)(q̄nc−q̄2,c)+(q−q̄nc)2

3 .

(7.92)

Fourth Group And finally, the fourth group will not borrow in any
period from the central bank independently of a change in the repo
rate. The change in the minimal liquidity costs of this group is given
by

(V1|l1 = l2; q ≥ q̄nc) − (V1|l1 > l2; q ≥ q̄2,c)

= −RR(l1 − l2)

+2(A + RR)(q̄nc − q1,c − 2(l1 − l2)).

(7.93)

The comparison of the results given by the equations (7.90) to (7.93)
with the one given by equation (7.89) shows that all banks benefit from
the postponement of required reserve holdings, even those banks which
actually do not postpone reserves (the third line and - if existent - the
fourth line of the equations from (7.90) to (7.93) have a positive sign).
However, the equations also show that this cost advantage depends on
q which implies that banks are affected differently by a monetary policy
impulse in form of an interest rate cut. We analyze the cost advantage
in more detail with the help of Fig. 7.6.

The banks in the first group benefit for two reasons from the post-
poning of their required reserves. First, due to the remuneration of
reserves at the average of l1 and l2, the postponing of reserves into the
second period implies for these banks that holding reserves generates
net interest revenues. Second, due to the overlapping maturities, post-
poning reserves for them means a further reduction in interest payments
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Fig. 7.6: Overlapping Maturities Model: Advantage of Postponing Required Re-
serves

to the central bank, because they can replace in the second period a
part of the relatively expensive first-period credit with the relatively
cheap second period credit. Although within this group all banks post-
pone the same amount of reserves, the banks with a relatively high q
benefit more from the postponement of reserves. The reason is - as in
the average rate model - the reduced sum of the spreads (s1 + s2).18

In this overlapping maturities model, the equilibrium interbank mar-
ket rate would not change if the banks did not postpone their reserve
holdings (for details see pages 137 and 138). However, cost minimiz-
ing behaviour requires the postponement of reserves which leads to a
decline in the interbank market rate. This decrease in the interbank
market rate implies that the group-four banks also benefit from the re-
serve shifting, although they do not postpone reserves themselves. Since
the banks in this group do not borrow from the monetary authority in
any period, their cost advantage does not change in q.

The banks in the second and third group, on the other hand, borrow
from the central bank only in the second period. In these groups the
amount of postponed reserves is decreasing in q (see Fig. 7.4). The

18 For an explanation as to why the sum of the spreads (s1 + s2) is reduced in this
overlapping maturities model, see p. 138. For details as to why a reduced sum of
the spreads implies that the cost advantage from postponing reserves increases
in q, we refer the reader to p. 101.
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fewer reserves are postponed the smaller is the cost advantage of the
reserve shifting. This explains the negative slope of the cost advantage
curve for these two groups. The reason for the different slope of the
cost advantage curve in these two groups is the same as in the average
rate model so with regards to this aspect the reader is referred to p.
103.

What has been shown so far is that in the overlapping maturities
model as well as in the average rate model banks are affected differently
by a monetary policy impulse in form of a cut in the repo rate. A
remaining interesting point to analyze is in which model the problem is
bigger, i.e. whether the overlapping maturities reinforce this problem.
We measure this problem with the difference in the cost advantages
between those banks which benefit the most and those which benefit the
least from the postponement of reserves. We denote this difference in
the cost advantages by DCA. In Figs. 6.6 and 7.6 this difference is given
by the distance AB. The banks which benefit most from postponing the
required reserves are those which have a q which is equal to q̄1,c: They
postpone the highest amount of required reserves without borrowing
relatively expensive liquidity from the central bank in the first period.
The banks of the fourth group benefit the least from postponing the
reserves. They do not postpone reserves themselves, they benefit only
from the decreased interbank market rate. For both types of banks the
cost advantage is higher in the overlapping maturities model than in
the average rate model. In order to determine whether the problem
that banks are affected differently by the monetary policy impulse is
reinforced by the overlapping maturities, we analyze for which of the
two types of banks the additional cost advantage is higher. If it is
higher for the q̄1,c-banks, the problem is reinforced; if it is higher for
the group-four banks, it will be dampened. However, when comparing
the additional cost advantage for both types of banks it shows that it
is ambiguous for which type it is higher. The additional cost advantage
of the group-four banks results from the stronger relevant decrease in
e∗t in the overlapping maturities model than in the average rate model.
The relevant decrease in e∗t is the decrease due to the postponing of
reserves.19 The additional cost advantage of the q̄1,c-banks results from
this stronger decrease in e∗t too, but they benefit less from this effect
19 In both models, the interbank market rate will decrease if the repo rate is cut and

it is ambiguous in which model the total decrease will be stronger. However, the
decrease in e∗t which is due to the postponement of reserves, is the transaction
cost effect and this effect is unambiguously stronger in the overlapping maturities
model. In the average rate model, there will also be a decline in the interbank
market rate because marginal interest payments to the central banks decrease,
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because contrary to the group-four banks they do not cover their total
liquidity needs in the interbank market. However, in addition to the
decrease in e∗t they benefit from postponing a higher amount of reserves
(see Fig. 7.4 which illustrates that the amount of reserves which is
postponed by the q̄1,c-banks is higher in the overlapping maturities
model than in the average rate model).

Consequently, if the decrease in e∗t , which is due to the postpon-
ing of reserves, is relatively strong and if the cut in the repo rate is
relatively small, the additional cost advantage in the overlapping ma-
turities model will be higher for the group-four banks than for the
q̄1,c-banks. In this case, the problem that banks are affected differently
by a monetary policy impulse in the form of an interest rate cut will
be dampened in the overlapping maturities model. The distance AB in
the Figs. 6.6 and 7.6 will be longer in the average rate model. However,
if the decrease in e∗t , which results from the postponing of reserves, is
relatively small and if the cut in the repo rate is relatively large, the
additional cost advantage in the overlapping maturities model will be
higher for q̄1,c-banks. In this case the problem that banks are affected
differently by the monetary policy impulse will be reinforced in the
overlapping maturities model. The distance AB in the Figs. 6.6 and
7.6 will be smaller in the average rate model.

The decrease in e∗t due to the postponing of reserves will be strong
if there is a strong decrease in the marginal transaction costs of placing
liquidity in the interbank market. This will be the case if total liquidity
needs (A + RR) are relatively high, which is a result of the convex
form of the transaction cost function. Consequently, the problem that
banks are affected differently by the monetary policy impulse will be
dampened in the overlapping maturities model if total liquidity needs
are relatively high and if the change in the repo rate is relatively small
and vice versa. This result is confirmed by equation (7.94):20

DCAoverl. − DCAaverage

= q̄overl.
1,c

(
q̄nc −

√
4qmax(A + RR) − 2(l1 − l2)2

)

−q̄average
1,c

(

q̄nc −
√

4qmax(A + RR) − (l1−l2)2

2

)

� 0.

(7.94)

but this decrease in e∗t is not related to the postponement of reserves. For details
see pages 137 to 138.

20 In equation (7.94), q̄overl.
1,c < q̄average

1,c but (q̄nc−
√

4qmax(A + RR) − 2(l1 − l2)2) >

(q̄nc −
√

4qmax(A + RR) − (l1−l2)2

2
).
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7.3.3 Expiring Central Bank Credits within the Reserve
Maintenance Period

Introduction

Finally, we will analyze the consequences for the banks’ optimal liq-
uidity management if a central bank credit expires within the reserve
maintenance period, i.e. we will skip the assumption that K0 is equal
to zero for all banks. We have argued that this assumption implies that
all banks will provide their reserve requirements smoothly and that the
banks’ borrowing from the central bank will not deviate from the cen-
tral bank’s benchmark despite an increase in the repo rate (see p. 119).
Due to the two-period maturity of K1, the banks can cover their total
liquidity needs in both periods with the relatively cheap first-period
central bank credits, i.e. they have no incentive to frontload reserves.
However, this will not be the case if K0 > 0 expires after the first
period. Then, a new loan has to be taken out from the central bank
- at the higher rate. We will show that this implies frontloading of
reserves and a deviation of central bank borrowing from the central
bank’s benchmark.

Equilibrium Interbank Market Rate

We will restrict our analysis to the relatively simple two-bank case.
Analyzing the banks’ optimal liquidity management with overlapping
maturities and expiring central bank credits within the reserve mainte-
nance period for a continuum of heterogenous banks should be done in
a model where the maintenance period consists of more than two peri-
ods. Otherwise so many assumptions concerning K0 have to be made
which make the model too complex. In the case of only two representa-
tive banks, A and B, we will simply assume that 0 < KA

0 ≤ 2(A+RR)
and that KB

0 = 0. The assumption KA
0 ≤ 2(A + RR) means that there

is no excess liquidity in the banking sector which has to be absorbed
by the central bank. Concerning the banks’ central bank borrowing in
the first and second period, we will assume again that qA < q

t
and

that qB ≥ q̄t for all t, i.e. bank A always places liquidity in the inter-
bank market and bank B always covers its total liquidity needs in that
market. Solving the banks’ optimization problem in the same way as
in section 7.2 and aggregating over the banks’ optimal transactions in
the interbank market, for the equilibrium interbank market rate

e∗1 = e∗2 = 3(A + RR) + qA + l1 (7.95)
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is obtained. Comparing equation (7.95) with equation (7.40) reveals
that the assumptions concerning K0 have no impact on the equilibrium
interbank market rate. It is the same independent of whether K0 is
equal to zero for all banks or whether it is strictly greater than zero
for bank A and equal to zero for bank B. The reason is that bank A’s
marginal costs of placing liquidity in the interbank market, which are
reflected by the equilibrium interbank market rate, are independent of
K0 as well as of l0. In the first period, these costs are given by

MCA,ibm
1 = (l1 + (l1 − l2)) + qA + p(KA

0 + KA,opt
1 ) − zBA,opt

1 (7.96)

and in the second period by

MCA,ibm
2 = l2 + qA + p(KA,opt

1 + KA,opt
2 ) − zBA,opt

2 . (7.97)

The first term on the right hand side of these equations reflects bank
A’s marginal interest payments to the central bank,21 the second and
third term represent bank A’s marginal opportunity costs of holding
collateral, and the last term shows its marginal transaction costs of
placing liquidity in the interbank market. The equations show that l0
does not influence bank A’s marginal costs of placing liquidity in the
interbank market in either period. However, equation (7.96) shows that
KA

0 influences marginal opportunity costs of holding collateral in the
first period. This happens because the maturity of KA

0 lasts into the
first period, so that assets used as collateral for KA

0 cannot be used as
such in the first period for KA

1 (see the comments on equation (7.3) on
p. 111 for more details). However, since KA

0 > 0 reduces KA,opt
1 exactly

by this amount (see equation (7.101)), for bank A’s total marginal
opportunity costs of holding collateral it plays no role whether the
liquidity it places in the interbank market has been borrowed in the first
period or borrowed before from the central bank, i.e. whether it is KA

1 -
liquidity or KA

0 -liquidity. Setting p and z equal to one and inserting the
results for KA,opt

t and BA,opt
t given by the equations (7.101) to (7.103)

into the equations (7.96) and (7.97) leads to

MCA,ibm
1 = MCA,ibm

2 = 3(A + RR) + qA + l1 = e∗t (7.98)

which confirms that bank A’s marginal costs of placing liquidity in
the interbank market, and, therefore, the equilibrium interbank mar-
ket rate, do not depend on the assumptions concerning K0. Conse-
quently, the determinants of e∗t are also the same and we refer the
21 Due to the two-period maturity of KA

1 , the interest rate of the second period
also has to be taken into account when determining the marginal costs of placing
liquidity in the interbank market in the first period, see p. 122 for details.
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reader concerning the analysis of the impact of a change in A, RR, qA

or (lt|l1 = l2) to the pages 57 and 123.
However, we will comment on the impact of a change in the repo

rate within the reserve maintenance period (l1 �= l2), i.e. we will briefly
discuss why such a change in the repo rate left the equilibrium in-
terbank market rate unchanged in that reserve maintenance period.
In the (K0 = 0)-case, the driving force behind this result is that the
optimal bank behaviour requires the net marginal costs of holding re-
serves to be the same in both periods. So if the repo rate is cut, bank
A will postpone so many reserves until in the first (second) period the
higher (lower) marginal interest costs are exactly compensated by lower
(higher) opportunity costs of holding collateral (see p. 123 for details).
In this (KA

0 ) > 0-case, the same argument will hold if the repo rate
is cut. If the repo rate is raised, e∗t will be independent of l2 in the
(K0 = 0)-case because bank A borrows no liquidity from the central
bank at that rate so that its marginal costs of placing liquidity in the
interbank market also do not depend on l2. In the (K0 > 0)−case, this
argument does not hold in general, because as equation (7.102) shows,
bank A may borrow from the central bank at that rate. However, then
the argument given for the interest rate cut holds analogously. If the
repo rate is raised, Bank A will frontload so many reserves until in
the first (second) period the lower (higher) marginal interest costs are
exactly compensated by higher (lower) opportunity costs of holding
collateral (for details see analogously the discussion for an interest rate
cut given on p. 123).

Optimal Liquidity Management

For the banks’ optimal liquidity management he following final results
are obtained:

RA,opt
1 = RR − (l1 − l2), (7.99)

RA,opt
2 = RR + (l1 − l2), (7.100)

KA,opt
1 = 2(A + RR) − KA

0 − (l1 − l2), (7.101)

KA,opt
2 =






KA
0 + 2(l1 − l2)
if l1 ≥ l2 or if l1 < l2 and KA

0 > |2(l1 − l2)|
0 if l1 < l2 and KA

0 ≤ |2(l1 − l2)|,
(7.102)
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BA,opt
1 = BA,opt

2 = −RR − A, (7.103)

RB,opt
1 = RB,opt

2 = RR, (7.104)

KB,opt
1 = KB,opt

2 = 0, (7.105)

and

BB,opt
1 = BB,opt

2 = A + RR. (7.106)

If the repo rate is left unchanged or cut, the results will be the same
as in the case where K0 is assumed to be zero for all banks: If the
repo rate is left unchanged, all banks will provide their reserve require-
ments smoothly and aggregate central bank borrowing will not deviate
from the central bank’s benchmark. If the repo rate is cut, bank A will
postpone its holdings of required reserves and aggregate central bank
borrowing falls below the central bank’s benchmark. The only differ-
ence is that KA

1 is smaller and that KA
2 is bigger by the amount of

KA
0 . Therefore, we refer the reader to section 7.3.1 for a more detailed

analysis of these two cases and focus our analysis on the case where the
repo rate is raised. In section 7.3.1, we have shown that the (K0 = 0)-
assumption implies that all banks provide their reserve requirements
smoothly and that aggregate central bank borrowing corresponds to
the central bank’s benchmark despite an increase in the repo rate (see
p. 119). In what follows, we demonstrate that assuming (KA

0 > 0) im-
plies that reserves will be frontloaded and that aggregate demand for
central bank credits will exceed the central bank’s benchmark if the
central bank raises the repo rate. The reason for this is the expiration
of KA

0 at the end of the first period implies that if reserves are pro-
vided smoothly, liquidity needs in the second period cannot be covered
totally with the relatively cheap liquidity borrowed from the central
bank in the first period. The consequence is that bank A reduces its
liquidity needs in the second period by frontloading the required re-
serves (RA,opt

1 > RB,opt
2 ). Obviously, this implies that bank A borrows

in the first period more liquidity from the central bank than it needs
to fulfil its reserve requirements smoothly. Bank B does not frontload
reserves. Its net marginal costs of holding reserves consist of marginal
interest costs from its transactions in the interbank market, marginal
transaction costs and marginal interest revenues. Its marginal interest
costs as well as its marginal interest revenues of holding reserves are al-
ready the same in both periods (the interbank market rate is the same
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in both periods and reserves are remunerated at the average of l1 and
l2 in both periods). Consequently, its marginal transaction costs must
also be the same in both periods, which will only be achieved if reserves
are provided smoothly because of the convex form of the transaction
cost function. Since bank A frontloads its holdings of required reserves
and bank B provides its required reserves smoothly over the reserve
maintenance period, it is obvious that on aggregate required reserves
are not provided smoothly and that aggregate central bank borrowing
in the first period exceeds the central bank’s benchmark amount.

Impact of Monetary Policy Impulses

Finally, we will have a look at the impact of a change in the repo rate
on the banks’ minimal net liquidity costs. The banks’ change in these
costs if the repo rate is cut or raised is given by

(V1|l1 = l2)A − (V1|l1 �= l2)A

= −RR(l1 − l2) + K0(l1 − l2) + (l1 − l2)2
(7.107)

and

(V1|l1 = l2)B − (V1|l1 �= l2)B = −RR(l1 − l2). (7.108)

The equations (7.107) and (7.108) reveal that if the repo rate is cut
(l1 > l2), the banks will be affected differently. Bank B faces, as in
the case in which K0 is equal to zero for all banks, higher net liquidity
costs because its interest costs do not change (the interbank market
rate remains the same), while its interest revenues decrease due to the
remuneration of reserves at the average of l1 and l2. Bank A, on the
other hand, also has lower interest revenues due to the remuneration at
the average rate, but it also benefits from the interest rate cut for two
reasons. First, as in the case in which K0 is equal to zero for all banks,
from postponing reserves (last term in equation (7.107)), and second
from the expiration of KA

0 at the end of the first period (second term
on the right hand side of equation (7.107)). The latter implies that
bank A covers its liquidity needs in the second period with relatively
cheap liquidity borrowed from the central bank in that period. Since
this effect does not exist in the case where K0 is equal to zero, the
assumption KA

0 > 0 reinforces the problem that banks are affected
differently by a monetary policy impulse in form of a cut in the repo
rate (compare the equations (7.107) and (7.63)).

For discussing to what extent banks are affected differently by an
increase in the repo rate, we make the plausible assumption that KA

0 >
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|l1−l2|. In this case, bank B unambiguously benefits from this monetary
policy impulse since its liquidity costs do not change (the interbank
market rates remain the same in that maintenance period), while its
revenues increase due to the remuneration of the reserves at the average
of l1 and l2. Bank A, on the other hand, additionally benefits from
the frontloading of reserves (last term in equation (7.107)). However,
the expiration of KA

0 in the second period implies a cost disadvantage
for bank A (second term on the right hand side of equation (7.107)),
because bank A has to take out a new loan from the central bank in the
second period at the higher interest rate l2. Since this effect on bank
A’s liquidity costs outweighs the effect from the reserve shifting, bank
A benefits less than bank B from the monetary policy impulse or faces
even additional costs. Since in case KA

0 is equal to zero, banks are not
affected differently by a monetary policy impulse in form of an increase
in the repo rate (see section 7.3.1), it is KA

0 > 0 which implies that
banks are affected differently.

Summary

The following list summarizes the effects of the assumption that KA
0

is strictly greater than zero instead of that K0 is equal to zero for all
banks:

• The equilibrium interbank market rate is not influenced by the as-
sumptions concerning K0.

• As in the case where no central bank credit expires within the reserve
maintenance period reserves will be provided smoothly and aggre-
gate central bank borrowing will correspond to the central bank’s
benchmark if the repo rate is left unchanged.

• As in the case where no central bank credit expires within the re-
serve maintenance period, reserves will be postponed and aggregate
central bank borrowing will fall below the central bank’s benchmark
in the first period if the repo rate is cut.

• Contrary to the case where no central bank credit expires within the
reserve maintenance period, reserves will be frontloaded and aggre-
gate central bank borrowing will exceed the central bank’s bench-
mark in the first period if the repo rate is raised.

• The extent to which banks are affected differently by a monetary
policy impulse in the form of a cut in the repo rate will be reinforced
if KA

0 > 0.
• If KA

0 > 0 banks are affected differently by a monetary policy im-
pulse in the form of an increase in the repo rate.
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• As in the case where no central bank credit expires within the reserve
maintenance period (two-bank case), the equilibrium interbank mar-
ket rate does not change in that reserve maintenance period, i.e.
there is no interest rate smoothing in the sense that the interbank
market rate will already decrease (increase) before the central bank
actually cuts (raises) the repo rate.

7.3.4 Rationing

So far, we have assumed that the central bank totally satisfies the
banks’ demand for reserves even if aggregate demand exceeds the cen-
tral bank’s benchmark. This subsection analyzes within the overlapping
maturities model the bank’s liquidity management if the central bank
never provides more liquidity than its benchmark amount, i.e. if it ra-
tions liquidity when aggregate liquidity demand exceeds its benchmark.
For the sake of simplicity, we restrict our analysis to the two-bank case.
As we have shown in the overlapping maturities model, aggregate de-
mand will only exceed the benchmark if the central bank raises the
repo rate within the reserve maintenance period and if KA

0 > 0. Con-
sequently, we can restrict our analysis to this case. As in the previous
section, we assume that 0 < KA

0 ≤ 2(A + RR) (for details see p. 145).
The central bank’s benchmark amount is equal to 2(A+RR)−KA

t−1.
Consequently, KA

1 = min[KA,opt
1 , 2(A + RR) − KA

0 ]. Solving the over-
lapping maturities model under the rationing assumption the following
will be obtained for the banks’ optimal liquidity management if the
repo rate is raised (l1 < l2):

KA
1 = 2(A + RR) − KA

0 , (7.109)

KA
2 = KA

0 , (7.110)

BA,opt
1 = BA,opt

2 = −(A + RR), (7.111)

KB,opt
1 = KB,opt

2 = 0, (7.112)

BB,opt
1 = BB,opt

2 = A + RR, (7.113)

RA,opt
1 = RA,opt

2 = RB,opt
1 = RB,opt

2 = RR. (7.114)
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These results show that, as in the average rate model, in both peri-
ods the benchmark amount of liquidity is provided via bank A to the
banking sector,22 and that in both periods the same amount of liq-
uidity (A + RR) is transacted in the interbank market. Moreover, on
aggregate reserves are provided smoothly over the reserve maintenance
period despite the increase in the repo rate.

However, as in the average rate model, the extent to which the
banks are affected differently by the monetary policy impulse is higher
when compared to the non-rationing case. If there is no rationing, bank
B actually benefits from the increase in the repo rate, while bank A
faces additional costs or at least benefits less than Bank B (see section
7.3.3). If the central bank rations liquidity, it is bank A which benefits
from the increase in the repo rate, while bank B unambiguously faces
additional costs:

V A
1 (l2 = l1) − V A

1 (l1 < l2)

= −(2A + 3RR − KA
0 )(l1 − l2) > 0

(7.115)

V B
1 (l2 = l1) − V B

1 (l1 < l2) = (l1 − l2)(2A + RR) < 0. (7.116)

The reason is the same as in the average rate model: The rationing
implies an additional increase in the interbank market rate. From this
increase bank A as a lender benefits, while bank B as a borrower suffers.
The interbank market rate is, as in the average rate model, given by

e∗1 = e∗2 = l2 + qi + 3(A + RR). (7.117)

The comparison of equation (7.117) with equation (7.95) reveals that
the interbank market rate in the rationing case is higher since it is only
determined by the higher repo rate l2, while in the non-rationing case
it is determined by the average of l2 and l2.23 The comparison of the
equations (7.115) and (7.116) with the equations (7.107) and (7.108)
shows that the extent to which the banks are affected differently is
higher with rationing.24

22 The central bank’s benchmark amount is equal to 2(A + RR) − KA
t−1. Conse-

quently, at date 1, it is equal to 2(A + RR) − KA
0 , and at date 2, it is equal to

2(A + RR) − KA
1 = KA

0 .
23 For the reason see the corresponding comments for the average rate model on p.

105.
24 When comparing the equations it shows that the extent to which the banks are

affected differently by the increase in the repo rate will be higher in the rationing
case if | − 4(A + RR)| > |l1 − l2|. This will be the case since |l1 − l2| < KA

0 ≤
2(A + RR).
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7.4 Summary

As in the Chaps. 5 and 6 we have considered a two-period model where
we have first analyzed the optimal liquidity management of a single,
price-taking bank. Decisive institutional features of this model - fea-
tures in which this model differs from the other models presented in
this work - are:

• required reserves are remunerated at the average of the repo rates
valid in the current reserve maintenance period, and

• the maturities of central bank loans do overlap.

As in the previous chapters the bank minimizes net total liquidity
costs across the two periods by choosing the optimal intertemporal
allocation of the required reserves and the optimal borrowing from the
monetary authority. After having solved this optimization problem, we
have again assumed that the banking sector is heterogenous since banks
differ in their marginal costs of obtaining funds from the central bank
causing an interbank market to emerge. When setting liquidity supply
in the interbank market equal to liquidity demand, we have derived
the equilibrium interbank market rate and could present the following
results of this average rate model (for a more detailed summary of the
model framework, we refer the reader to the summary of the benchmark
model given on p. 68):

• If the repo rate is cut within the reserve maintenance period, the
overlapping maturities of central bank credits will reinforce the
problem of uneven aggregate provisions of the required reserves.
This implies that the central bank borrowing deviates even more
from the central bank’s benchmark and that the extent to which
banks are affected differently by this monetary impulse is higher
than in the average rate model.

• If the repo rate is raised within the reserve maintenance period,
reserves will be provided unevenly and overlapping maturities will
reinforce these uneven provisions if there are central bank credits
expiring within the reserve maintenance period.

• If the repo rate is raised within the reserve maintenance period, the
central bank borrowing in the first period will exceed the central
bank’s benchmark if there are central bank credits expiring within
the reserve maintenance period. If the central bank totally satisfies
this demand, the overlapping maturities reinforce the frontloading
of the required reserves holdings which implies that the extent to
which the banks are affected differently by a monetary impulse is
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also higher with overlapping maturities. If the central bank does
not totally satisfy this demand, but rations liquidity by providing
only its benchmark amount, reserves are provided evenly across the
maintenance period but the extent to which banks are affected dif-
ferently is higher when compared to the non-rationing case.

• Banks are affected differently by a monetary impulse in the form of
a change in the reserve requirements.

• Holding reserves is neither neutral with regard to interest costs and
yields initiated by the central bank nor with regard to overall costs
and yields which implies that banks face different overall costs of
holding required reserves

• In the two-bank, non-rationing case, the overlapping maturities pre-
vent a smoothing of the interbank market rate in the sense that the
interbank market rate will already decrease (increase) before the
central bank actually cuts (raises) the repo rate. If a continuum of
banks is considered, there will only be a smoothing of the equilib-
rium interbank market rate if the repo rate is cut.



8

Implications for the Eurosystem’s Operational
Framework

This chapter presents the implications of the theoretical analysis for
the Eurosystem’s operational framework. We start with a comment on
the implications for the interbank market rate in the euro area. Then,
we focus on the question which of the three models presented (current
rate model, average rate model, overlapping maturities model) most
closely fulfills the requirements that should be met by Eurosystem’s
operational framework. We go on to evaluate the 2004-changes to the
Eurosystem’s monetary policy instruments. Finally, we suggest a fur-
ther measure to improve the Eurosystem’s operational framework.

8.1 Interbank Market Rate

In the euro area, banks face different marginal opportunity costs of
holding the necessary collateral when borrowing liquidity from the cen-
tral bank (see p. 14). According to our theoretical analysis, one con-
sequence of this heterogeneity is the occurrence of a certain kind of
intermediation: Banks with relatively low marginal opportunity costs
borrow more liquidity from the central bank than they need to cover
their own liquidity needs in order to lend the excess liquidity via the
interbank market to banks with relatively high marginal costs. Indica-
tions that this kind of intermediation occurs in the euro area are the
positive spread between the interbank market rate and the MRO-rate
and that only a small fraction of credit institutions actually takes part
in the MROs (see section 3.1).

Furthermore, our theoretical analysis has identified, inter alia, the
autonomous factors as a determinant of the interbank market rate. If
there is an increase in these factors, the interbank market rate will rise,
even if the central bank restores neutral liquidity conditions. The rea-
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son is that the interbank market rate reflects the banks’ marginal costs
of placing liquidity in the interbank market and an increase in these
factors, i.e. in the banking sectors’ liquidity needs, implies that these
costs increase because, inter alia, more collateral is required. Conse-
quently, the above described intermediation becomes more expensive
which is reflected with an increase in the interbank market rate (for
details see p. 65). On average over the months May, June, and July
2005 the spread between the EONIA and the MRO-rate (minimum bid
rate) was 7 basis points. On average over the months February, March,
and April 2005, this spread stood at only 6 basis points.1 According
to our analysis, one explanation for the higher spread in the summer
months is the increased stock of banknotes in circulation at this time
which makes up the largest part of the autonomous factors in the euro
area.2

8.2 Current Rate Model: Fulfils Requirements
Most Closely

Requirements

When drawing the conclusions from our theoretical analysis for the
Eurosystem’s operational framework, we have considered the following
requirements that the operational framework should meet:

• On aggregate, required reserves should be provided smoothly over
the reserve maintenance period to enhance the buffer function of
the minimum reserve system against temporary liquidity shocks.

• Holdings of the required reserves should not impose a competitive
drawback for the banks in the euro area.

• Under- and overbidding behaviour in the MROs should be avoided.
• Banks should be treated equally (principal of equal treatment), i.e.,

they should not be affected differently by a monetary policy impulse
due to the design of the operational framework.

• Monetary policy decisions should be fed through as precisely and
quickly as possible to short term money market rates (principle of
operational efficiency).

1 Numbers are based on time series data published by the ECB and the Deutsche
Bundesbank.

2 For a description of the liquidity conditions and monetary policy operations dur-
ing these summer months (see European Central Bank, 2005a, Box 2).
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In Which Model Are the Requirements Most Closely
Fulfilled?

The outcome of our theoretical analysis shows that in the current rate
model presented in Chap. 5 the above listed requirements are fulfilled
most closely: Even if the central bank changes its repo rate within the
reserve maintenance period, required reserves will be provided smoothly
over the reserve maintenance period and aggregate central bank bor-
rowing will correspond to the central bank’s benchmark, i.e., referring
to the MROs, there will be no under- and overbidding behaviour.3

Moreover, banks will not be affected differently by this monetary pol-
icy impulse. This makes the current rate model superior to the aver-
age rate model and to the overlapping maturities model. Generally,
in these models a deviation of central bank borrowing from the cen-
tral bank’s benchmark, uneven provisions of required reserves, and an
unequal treatment of banks will only be avoided if the repo rate is
not changed within the reserve maintenance period. This reduces the
flexibility of monetary policy and violates the principle of operational
efficiency. Consequently, the average rate model and the overlapping
maturities model leave the choice open between two evils: either one
has to accept a deviation of central bank borrowing from the central
bank’s benchmark, uneven provisions of required reserves and an un-
equal treatment of banks or one has to accept a reduction in the flexi-
bility of monetary policy. On the other hand, in the current rate model
neither of these problems exists.

One may argue that the ECB can react to the underbidding be-
haviour by only providing its benchmark amount, i.e., by rationing
liquidity. Then, reserves are provided evenly over the maintenance pe-
riod. However, as we have shown, this rationing implies that the extent
to which banks are affected differently by the monetary policy impulse
is even higher. Consequently, in the average rate model as well as in the
overbidding maturities model, the bank faces a trade off. Either it has
to accept that reserves are provided unevenly over the maintenance
period so that the buffer function of the minimum reserve system is
impaired, or it has to accept an even stronger violation of its principle

3 In the models presented in this work, banks do not bid in a tender procedure
for central bank funds. However, transferring our model results to the Eurosys-
tem’s MROs, underbidding (overbidding) behaviour in the MROs correspond to
a situation in the models where aggregate central bank borrowing falls below
(exceeds) the central bank’s benchmark (see also the ECB’s definition of under-
and overbidding given on p. 13).
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of equal treatment. In the current rate model, this trade off does not
exist.

Drawbacks to Accept

However, the current rate model also has its drawbacks, but these draw-
backs have to be accepted as long as the MROs have to be based on
collateral. The collateralization implies that holding the required re-
serves is costly despite their remuneration. The credit institutions will
either have to bear the opportunity costs of holding collateral if they
borrow the relevant liquidity from the central bank, or they have to bear
additional interest costs if they borrow the liquidity in the interbank
market. Since the opportunity costs of holding collateral differ across
banks, banks face different costs when fulfilling their reserve require-
ments which violates the Eurosystem’s principle of equal treatment (for
the relevant theoretical analysis see p. 67). Furthermore, these costs
of holding required reserves will impose a competitive drawback on the
banks if they outweigh the possible benefits from the minimum reserve
system (possible benefits from the stabilization of short-term interest
rates). Analyzing whether there is a net benefit for the banking sector
in the euro area from the minimum reserve system is beyond the scope
of this work. But it should be noted that the costs could be reduced if
it were not for the collateralization of central bank credits.4 At the end
of section 8.4 we will again address the problem of the collateralization
of central bank credits.

8.3 Evaluation of the Changes to the
Eurosystem’s Operational Framework

Right Decision

In 2003, the governing council of the ECB decided to change its op-
erational framework with effect from March 2004 (European Central
Bank, 2003a). First, the timing of the reserve maintenance periods was
adjusted so that the start of a new maintenance period is now aligned
with the settlement day of the MRO following the governing council’s

4 In the theoretical analysis of this work, this would imply that net costs of holding
required reserves are equal to zero, i.e. holding the required reserves is neutral
with regard to overall costs and benefits. However, in practice holding the required
reserves does not only impose the opportunity costs of holding collateral on the
banks, but also the costs of managing reserve holdings.
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meeting, where interest rate changes are normally decided on. Second,
the maturity of the MROs has been shortened from two weeks to one
week so that the maturities of two subsequent operations no longer
overlap.

From the point of view of our theoretical analysis the decision to
change the Eurosystem’s operational framework has been correct. We
have argued that overlapping maturities of central bank credits may
lead to under- or overbidding behaviour, and we have identified two
problems associated with this unbalanced bidding behaviour: a reduc-
tion in the buffer function of the minimum reserve system and a vi-
olation of the principle of equal treatment. The crucial point is that
the underbidding/overbidding behaviour is combined with postpon-
ing/frontloading of the required reserves. This reserve shifting implies
that there are periods in which aggregate reserve holdings are rela-
tively low which reduces the buffer function of the minimum reserve
system. Furthermore, the cost advantage from this reserve shifting dif-
fers between banks which violates the Eurosystem’s principle of equal
treatment since banks are affected differently by a monetary policy im-
pulse. Note that the crucial point is not that banks face a different
increase or decrease in liquidity costs after a monetary policy impulse,
but that the different increase or decrease results from the design of
the monetary policy instruments.

Section 3.3 has documented that underbidding behaviour in the
MROs was combined with the postponing of the required reserves. How-
ever, when overbidding occurred a frontloading of the reserves could not
be observed, as we would have expected from our theoretical analysis.
The reason is that the ECB did not allot the necessary liquidity. The
ECB did not allot the amount of liquidity the banking sector bid for,
i.e. by rationing the ECB could avoid the above described problems
related to overbidding behaviour. However, it should be noted that ac-
cording to Nautz and Oechssler (2003) this rationing resulted in the
“vanishing allotment quota”, i.e. such rationing implies an explosion
of the bidding behaviour (see p. 27 for details). Consequently, from a
theoretical point of view, it was correct to reduce the maturity of the
MROs from two weeks to one week.

When discussing the consequences of the redesign of the Eurosys-
tem’s operational framework, two effects should be commented on.
These effects are the large increase in MRO-volumes (obviously, on
average they have doubled) and the higher risk of forecast errors con-
cerning autonomous factors at the end of a reserve maintenance period.
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Concerning the first effect, two problems were seen prior to the im-
plementation of the new framework (European Central Bank, 2003e).
First, increased difficulties for the credit institutions to procure neces-
sary collateral because the increased MRO-volumes imply an on average
higher turnover of collateral. According to the ECB, this problem has
not occurred, on the contrary, the shorter maturity of the MROs has
even facilitated the credit institutions’ collateral management (Euro-
pean Central Bank, 2005c). Second, the increase in the MRO-volumes
may increase the operational risk in the event of technical problems
during the bidding or allotment process. In its subsequent publications
dealing with the redesigned framework the ECB no longer addresses
this issue. Obviously, the disadvantage of the increased operational risk
has been estimated to be smaller than the advantages of this change to
the operational framework.

The second effect, a higher risk of forecast errors concerning au-
tonomous factors at the end of a reserve maintenance period, is due to
an on average longer forecasting horizon. Under the new framework,
the allotment of the last MRO in a maintenance period always takes
place eight days before the maintenance period ends. Whereas before
the changes in the operational framework the last allotment took place
on average four days before the end of the maintenance period (see p.
16). These forecast errors have actually occurred. In response to these
errors the ECB has carried out a fine tuning operation on the last
day of the reserve maintenance period in the majority of the reserve
maintenance periods since November 2004.

The conduct of these fine-tuning operations has implied that the ma-
turities of two subsequent central bank credit operations overlap again
(the maturities of the MRO and the fine-tuning operation). However,
considering the results of our theoretical analysis, the conduct of the
fine-tuning operations should not induce strategic bidding behaviour
in the last MRO of a maintenance period, i.e. they should not induce
under- or overbidding behaviour, as long as the two operations are
conducted at the same rate. So far, the rates have not differed signifi-
cantly from each other. Since the implementation of the new framework,
the liquidity-providing fine-tuning operations have been conducted as
variable rate tenders with the same minimum bid rate as the MRO
which was executed prior to the fine-tuning operation. The difference
between the weighted average rate of these two operations was three ba-
sis points.5 When absorbing liquidity from the banking sector, the ECB

5 The time series data on which this number is based on is available on the ECB’s
website (www.ecb.int).



8.3 Evaluation of the Changes to the Operational Framework 161

invited the credit institutions to place deposits with the Eurosystem at
the minimum bid rate of the MRO which was conducted prior to the
concerned fine-tuning operation. The difference on average between the
weighted average rate and the minimum bid rate was five basis points.6

Although these relatively small and uncertain interest rate differentials
should not induce strategic bidding behaviour it must be acknowledged,
that these interest rate differentials entail costs/benfits for the credit
institutions taking part in the fine-tuning operations. And although
these costs/benefits should be generally small,7 a possibility to reduce
them even further (note that these costs are finally due to forecast er-
rors of the ECB) would be to conduct these operations at the weighted
average rate of the MRO which was executed prior to the fine-tuning
operation.

Is the Under- and Overbidding Problem Solved Under the
New Framework?

According to our theoretical analysis, the under- and overbidding prob-
lem has been solved with the implementation of the new operational
framework in March 2004 - as long as the governing council keeps to its
self-commitment not to change interest rates within the reserve main-
tenance period which is an issue we will address in the next section.
We have identified two causes for under- and overbidding behaviour:
overlapping maturities of central bank credits and the remuneration of
reserves at the average, over the maintenance period, of the repo rates.
We have argued that these two features imply that overbidding (un-
derbidding) occurs if the central bank is going to raise (cut) interest
rates. Since under the new framework the maturity of the MROs no
longer overlap, the remaining reason for the bidding problems is the
remuneration of reserves at the average rate. However, the remunera-
tion of required reserves at the average rate will only cause under- or

6 The time series data on which this number is based on is available on the ECB’s
website (www.ecb.int).

7 In order to illustrate these costs we will look at the fine-tuning operation settled
on 12 July 2005. The weighted average rate on the MRO conducted prior to the
fine-tuning operation was 2.05%. The fine-tuning operation with a maturity of
one day allowed the credit institutions to place liquidity with the Eurosystem at
2.00%. The average amount the credit institutions placed with the Eurosystem
was EUR 873 millions, i.e. on average the credit institutions faced costs of EUR
1213. Similar calculations for the fine-tuning operations settled on the 18 January
2005 and September 2005 result in benefits of EUR 160 and costs of EUR 386.
(Numbers are based on ECB statistics given in the ECB Monthly Bulletin October
2005, p. S 8.)
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overbidding behaviour if the central bank changes the repo rate within
the reserve maintenance period. This will not be the case in the euro
area if the governing council keeps to its commitment of only deciding
on interest rate changes at the first of its bi-monthly meetings only.

Even though according to our theoretical analysis the bidding prob-
lems are solved under the new framework, it should be noted that this
work only explains under- and overbidding behaviour triggered by inter-
est rate change expectations.8 In the literature, no alternative triggers
have been discussed concerning the observed underbidding behaviour
and so far no features of the new framework have been identified which
may imply that the banks have an incentive to underbid if they expect
the ECB to raise interest rates, i.e. the underbidding problem should
be solved.

However, a different picture may be drawn when considering the
overbidding problem. In the literature three explanations have been dis-
cussed concerning the observed overbidding behaviour up til June 2000:
interest rate change expectations (European Central Bank, 2000, 2003a;
Bindseil, 2005), an asymmetric objective function of the ECB (Ayuso
and Repullo, 2001, 2003), and a flawed rationing rule in the fixed rate
tenders (Nautz and Oechssler, 2003).9 Nautz and Oechssler (2006) show
empirically that interest rate change expectations play an important
role in the observed overbidding behaviour, but that they alone can
not explain the large extent of the overbidding observed in the first
half of 2000. They conclude that the overbidding problem cannot be
solved by the changes in the Eurosystem’s operational framework since
these changes aim only at excluding interest rate change expectations
as a source of overbidding. In the following, we will briefly comment
on the asymmetric-objective-function explanation and on the flawed-
rationing-rule explanation for overbidding behaviour in the MROs.

Ayuso and Repullo argue that an asymmetric objective function of
the ECB (see p. 23 for details) led to liquidity allotment decisions,
which resulted in tight liquidity conditions. These in turn implied that
there was such a large positive spread between the interbank market
rate and the MRO-rate that banks overbid in order to profit by ar-
bitrage from this interest rate differential. However, even if this is an

8 Note that in our theoretical analysis banks have rational expectations and there
are no shocks so that the in period one expected repo rate for the second period
is equal to the actual repo rate in that period (E1(l2) = l2).

9 If in the fixed rate tenders total bids exceed the amount of liquidity the Eurosys-
tem is willing to allot, there will be a pro rata allotment of the individual bank
bids, depending on the ratio between total bids and the amount of liquidity to be
allotted.
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explanation for the observed overbidding behaviour, it is rather unlikely
that it can serve as an explanation for future overbidding behaviour:
With the implementation of the new operational framework the ECB
has started to publish its forecast of autonomous factors and its calcu-
lation of the benchmark allotment on each day it announces or allots a
MRO (European Central Bank, 2005c).10 This means that the Ayuso-
Repullo explanation for the observed overbidding behaviour implies
that the ECB’s published estimation systematically underestimates the
banking sector’s actual liquidity needs.

The flawed-rationing-rule explanation put forward by Nautz and
Oechssler (2003) for the observed overbidding behaviour also implies
that the ECB provides systematically less liquidity than the banking
sector actually needs - either intentionally or unintentionally (see p.
27 for details). As already pointed out above, the former is rather un-
likely. The latter may trigger the explosion of the bidding behaviour as
described on p. 27. The reason being that only a positive probability
of being rationed can already trigger this process (Ehrhart, 2001), and
if the ECB always allots the amount of liquidity, which from its point
of view is the appropriate amount, there will be a positive probabil-
ity of being rationed since this amount may be smaller than the total
bids because uncertainty about actual liquidity needs is involved. Nautz
and Oechssler (2006) argue that the rationing rule in fixed rate tenders
should be changed to solve the overbidding problem completely (al-
though they do not suggest in which way the rule should be changed).
An obvious possible solution is not to ration, but always to allot the
amount of liquidity the banking sector bids for and to absorb possi-
ble excess liquidity via fine-tuning operations. If this no-rationing is
credible, the probability of being rationed will be zero so that the over-
bidding process described on p. 27 will not be triggered. If banks are
not rationed but receive the amount they bid for, the theoretical anal-
ysis presented in this work will fit again, i.e. not only the underbidding
problem but also the overbidding problem should have been solved
with the implementation of the new framework as long as the govern-
ing council keeps to its commitment not to change interest rates within

10 From January 1999 until June 2000, i.e. in the period overbidding occurred and
to which Ayuso and Repullo (2001, 2003) as well as Nautz and Oechssler (2003,
2006) refer to, the ECB did not publish its estimations of the banking sector’s
liquidity needs. From June 2000 to March 2004 the ECB published its forecast
of the autonomous factors only on the day a MRO was announced. This implied
that it was not clear whether a deviation of the allotment amount was due to
a non-neutral liquidity target or to updates of the autonomous factor forecast
(European Central Bank, 2005c).
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a reserve maintenance period. With regards to the last aspect we will
comment on it in more detail in the next section.

8.4 Suggestions for Further Improvements to
the Eurosystem’s Operational Framework

Remuneration of Required Reserves at the Current Rate on
the Main Refinancing Operations

The theoretical analysis presented in Chap. 6 captures the main fea-
tures of the current Eurosystem’s operational framework. One impli-
cation of this analysis is that the present remuneration of required
reserves at the average of the rates on the MROs conducted during the
concerned reserve maintenance period requires a commitment of the
governing council to decide on interest rate changes only at the first
of its bi-monthly meetings to avoid frontloading or postponing of re-
quired reserve holdings, over- or underbidding and the violation of the
principal of equal treatment.11

This necessity of adhering to the commitment will be a problem if
shortly after the first meeting a liquidity shock occurs. In this case, the
central bank must weigh up the costs of not reacting already at the next
meeting of the governing council and the costs of loosing credibility. If
a small shock occurs, the governing council may wait until the “right”
meeting in order not to jeopardize its credibility. However, this may
involve costs which can be reduced or even be avoided if it were not for
the commitment. Furthermore, the commitment implies a violation of
the principle of operational efficiency, which says that the operational
framework shall ensure that monetary policy decisions are fed through
as precisely and quickly as possible to short term money market rates
(see section 2.2). In summing up, the disadvantage of the remuneration
of required reserves at the average rate is that the governing council
must adhere to a commitment which reduces the flexibility of monetary
policy and which violates the principle of operational efficiency.

A possible advantage of the remuneration of reserves at the aver-
age rate is a smoothing of the interbank market rate as shown by the
theoretical analyses in the Chaps. 6 and 7. However, the interest rate
smoothing will only take place if the repo rate is changed within the

11 Note that if the governing council changes its repo rate at the beginning of the
maintenance period, the same results will be obtained as in the current rate
model, i.e. then the above listed problems will not occur (see p. 85).
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reserve maintenance period.12 Consequently, presently this advantage
is not even used because of the governing councils’ commitment. This
means that if this kind of interest rate smoothing is aimed for, the re-
muneration of reserves at the average rate should be retained and the
commitment should be given up. However, it then has to be accepted
that reserves will be provided unevenly, that under- and overbidding
will occur, and that the principle of equal treatment will be violated.

Considering the requirements given on p. 156 and balancing the
advantage (smoothing of the interbank market rate) against the dis-
advantage (necessity of adhering to a commitment) of remunerating
reserves at the average rate, we suggest changing the way in which re-
quired reserves are remunerated. We propose remunerating the required
reserves at the current MRO-rate at the end of each week instead of
at the average, over the maintenance period, of the MRO-rates. Then,
as the current rate model presented in Chap. 5 has shown, the central
bank could change the repo rate within the reserve maintenance period
without risking uneven provisions of the required reserves, under- or
overbidding behaviour, and without risking a violation of the principal
of equal treatment. Consequently, the commitment to change inter-
est rate decisions only at the first of the bi-monthly governing council
meetings would not be necessary anymore and could be done away
with. Then, monetary policy in the euro area could be conducted more
flexibly since interest rate decisions could be made when the assess-
ment of available information suggests to do so. This would enhance
operational efficiency of the Eurosystem’s operational framework.

Collateralization of the Main Refinancing Operations?

Credit operations with the Eurosystem have to be based on adequate
collateral to protect the Eurosystem against financial risk (European
Central Bank, 2004c, p. 74). However, the question arises whether
the collateralization of the MROs is sensible when balancing its costs
against its benefits. A detailed analysis of this question goes beyond
the scope of this work, so we are not in the position to provide a con-
clusive answer to this question, but we will call attention to a possible
problem and leave the final solution for further research.

Concerning the risk the ECB would have to bear if the MROs were
not based on collateral, i.e. concerning the benefits of the collateraliza-
tion, it should be considered that the maturity of the MROs is only
12 The smoothing is the result of the frontloading or postponing of required reserves

which is triggered by an interest rate change within the reserve maintenance
period. For details see p. 83.
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one week and that the national central banks and/or the institution
which is responsible for the supervision of the banking industry mon-
itor the financial soundness of the credit institutions. Therefore, the
Eurosystem will generally have information early if a credit institution
experiences financial distress and can react accordingly. Furthermore,
the question arises whether, in view of financial stability considerations,
the Eurosystem could actually liquidate the collateral of a concerned
institution.

Concerning the costs of the collateralization, it is not only necessary
to consider the banks’ opportunity costs of holding collateral, but it is
also necessary to consider the considerable costs of managing collateral
which occur for both, the Eurosystem and its counterparties. Moreover,
one should bear in mind that in all of the relevant models presented in
this work, i.e. also in the current rate model, banks face different costs
when fulfilling their reserve requirements (for the theoretical analysis
see the pages 60 and 67) which violates the Eurosystem’s principle of
equal treatment.

Finally, it should be mentioned that in our models the collateral-
ization of central bank credits plays a pivotal role because it implies
that banks will face different marginal costs if they borrow liquidity
directly from the central bank. However, it should be noted that the
abolition of the collateralization does not mean that the implications of
our theoretical analysis are lapsed. The crucial point is that banks face
different marginal costs when borrowing from the central bank and this
heterogeneity cannot only be motivated by different opportunity costs
of holding collateral, but they can also be motivated by other costs as
operational costs, for example.

8.5 Summary

The implications of our theoretical analysis for the Eurosystem’s oper-
ational framework can be summarized as follows:

• In the current rate model (no overlapping maturities, remuneration
of required reserves at the current repo rate), the requirements the
Eurosystem’s operational framework should meet are very closely
fulfilled. Unbalanced bidding behaviour and strategic reserve shift-
ing, and, therefore, the related problems, will not occur even if the
ECB changes the repo rate within the reserve maintenance period,
and having the possibility to change interest rates within that period
enhances the flexibility of monetary policy. However, the current
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rate model also has its drawbacks, but these have to be accepted as
long as central bank credits have to be based on collateral.

• From a theoretical point of view, the reduction of the MRO-maturity
from two weeks to one week in 2004 has to be evaluated positively.
The reason is that a two-week maturity implies that the maturities
of two subsequent MROs overlap, and, as we have shown, overlap-
ping maturities will lead to unbalanced bidding behaviour and a
strategic reserve shifting if the banks expect the ECB to change
interest rates. Problems related to this liquidity management are a
reduction in the minimum reserve system’s buffer function and a
violation of the Eurosystem’s principle of equal treatment.

• Early concerns about possible negative effects of the redesigned op-
erational framework have not proven to be true or could be dealt
with. One problem is the increased forecast errors concerning au-
tonomous factors. The ECB has solved this problem by conducting
fine-tuning operations. We suggest conducting these operations at
the weighted average rate of the MRO which was executed prior to
the fine-tuning operation in order to reduce the banks’ costs/benefits
resulting from the ECB’s forecast errors.

• According to our analysis, the 2004-changes in the Eurosystem’s
operational framework have solved the problem of the unbalanced
bidding behaviour as long as the governing council keeps to its self-
commitment of deciding on interest rate changes only at the first of
its bi-monthly meetings. However, our theoretical analysis focusses
on interest rate change expectations as being a trigger for the unbal-
anced bidding behaviour which, according to Nautz and Oechssler
(2006), cannot explain the extensive overbidding in the first half of
2000. They conclude that the overbidding problem cannot be solved
by the changes in the Eurosystem’s operational framework. We ar-
gue that if the ECB does not ration and absorbs any possible excess
liquidity via fine-tuning operations, the overbidding problem in the
fixed rate tenders should be also be solved as long as the governing
council keeps to its commitment.

• The governing council’s self-commitment to decide on interest rate
changes only at the first of its bi-monthly meetings reduces the
flexibility of monetary policy. Therefore, we suggest remunerating
the required reserves at the current MRO-rate instead of at the
average of the rates on the MROs conducted over a maintenance
period. Hence, the commitment is no longer necessary.

• Credit operations with the Eurosystem have to be based on collat-
eral. Our suggestion for future research is to analyze to what extent
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the collateralization of MROs is sensible when balancing its costs
against its benefits.

Finally, two further results of our analysis should be mentioned.
First, our theoretical analysis has provided an explanation for the
observed positive spread between the interbank market rate and the
MRO-rate: the heterogeneity of the banking sector in the euro area.
Second, we have identified, besides the MRO-rate, further determinants
of the interbank market rate, such as the autonomous factors, which
provides an explanation on the specific features of the behaviour of the
interbank market rate.
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Summary

In January 1999, the euro was launched and the Eurosystem took over
the responsibility for the single monetary policy in the euro area. This
creation of a new currency and a single monetary policy in a large and
relatively heterogeneous economic area has been related to extraor-
dinary challenges. Among these challenges there has been the devel-
opment of an appropriate operational framework, i.e. of appropriate
instruments and procedures for the conduct of monetary policy.

The aim of this work has been to evaluate the Eurosystem’s opera-
tional framework against the following requirements. There should be
no under- and overbidding behaviour in the MROs; in the absence of
liquidity shocks, the required reserves should be provided evenly over
a reserve maintenance period; the design of the Eurosystem’s opera-
tional framework should not imply that banks are affected differently
by a monetary policy impulse; and the operational framework should
ensure that monetary policy decisions are fed through as quickly as
possible to short term money market rates.

We have started our analysis by giving a brief overview of the Eu-
rosystem’s monetary policy instruments with a focus on the minimum
reserve system and the MROs since these instruments have been the
center of our theoretical analysis. Important features of these instru-
ments are: Reserve requirements can be fulfilled on average over a re-
serve maintenance period and are remunerated at the average, over the
maintenance period, of the rates on the MROs. MROs are credit op-
erations which are executed weekly and which had, until March 2004,
a maturity of two weeks, i.e. the maturities of two subsequent MROs
overlapped. In March 2004, the maturity of the MROs was reduced to
one week, i.e. since then, the maturities have no longer overlapped. A
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further important feature of the MROs is that they have to be based
on collateral.

Then, we have documented the following stylized facts. There has
been a positive spread between the interbank market rate and the
MRO-rate. In the past, MROs were characterized by underbidding
(overbidding) if the market expected the ECB to cut (raise) interest
rates and holdings of required reserves were postponed if the market
expected the ECB to cut interest rates.

In the theoretical analysis, we have modelled in a first step the liq-
uidity management of a single bank. This bank has liquidity needs due
to autonomous factors and reserve requirements imposed by the central
bank. It can cover these liquidity needs either by borrowing from the
central bank or in the interbank market, where it can also place excess
liquidity. Both, borrowing from the central bank as well as transactions
in the interbank market, are combined with increasing marginal costs.
The bank minimizes its net liquidity costs by optimizing its liquidity
management, i.e. by choosing its optimal central bank borrowing, its
optimal transactions in the interbank market, and its optimal intertem-
poral allocation of required reserves. In a second step, we have first
considered two banks and then a continuum of banks differing in their
marginal costs of borrowing liquidity directly from the central bank.
Aggregating over the banks, we have obtained aggregate demand and
supply in the interbank market so that we could derive the equilibrium
interbank market rate which has allowed us to determine the final re-
sults for the banks’ optimal liquidity management. We have done this
analysis on different maturities of central bank credits and on different
designs of the remuneration of the required reserves. The first result of
our theoretical analysis has been that a heterogeneous banking sector
is a rationale for the existence of an interbank money market. Banks
with relatively low marginal costs of borrowing liquidity directly from
the central bank borrow more funds from the monetary authority than
they need to cover their own liquidity needs to lend the excess liquidity
via the interbank market to those banks with relatively high costs. The
latter cover their liquidity needs either partially or even totally in the
interbank market. This intermediation implies that there is a positive
spread between the interbank market rate and the rate on central bank
credits. Furthermore, our theoretical analysis has revealed that overlap-
ping maturities of two subsequent central bank credit operations and
the remuneration of required reserves at the average, over the main-
tenance period, of the rates on the central bank credits will lead to a
deviation of the aggregate demand for central bank credits from the
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central bank’s benchmark amount and to postponing/frontloading of
required reserves if the central bank changes its interest rate within
the reserve maintenance period. Moreover, our analysis has shown that
this liquidity management implies that banks are affected differently
by this monetary policy impulse. If, on the other hand, the maturities
do not overlap and if reserves are remunerated at the current central
bank rate, there will be no deviation from the benchmark amount, no
reserve shifting, and banks will not be affected differently.

From the theoretical analysis, we have drawn the following impli-
cations for the euro area. One explanation for the observed positive
spread between the interbank market rate and the MRO-rate is the
heterogeneous banking sector in the euro area. The observed under-
and overbidding behaviour in the MROs and the postponing of the re-
quired reserves was due to overlapping maturities and the remuneration
of the required reserves at the average, over the maintenance period,
of the MRO-rates. Problems resulting from this liquidity management
were a reduced buffer function of the minimum reserve system and a
violation of the Eurosystem’s principle of equal treatment. The 2004-
changes to the Eurosystem’s operational framework have to be evalu-
ated positively since the unbalanced bidding behaviour and the reserve
shifting and, therefore, the related problems should not occur anymore
- as long as the governing council keeps to its self-commitment not to
change the MRO-rate within the reserve maintenance period. This con-
dition has led us to a suggestion for a further measure to improve the
Eurosystem’s operational framework. We have proposed to remunerate
holdings of required reserves at the end of each week at the current
MRO-rate instead of at the above described average rate. Then, the
commitment of the governing council is no longer necessary, i.e. the
monetary policy in the euro area could react more flexibly to liquidity
shocks.

With regards to future research, we have suggested analyzing to
what extent the collateralization of the MROs is actually sensible when
balancing its costs against its benefits, while bearing in mind that the
collateralization is combined with non-negligible costs for both the Eu-
rosystem and its counterparties.



Appendix

Numerical Example: Effects of a Change in the
Repo Rate on the Equilibrium Interbank
Market Rate

Table A.1 summarizes the effects of a change in the repo rate within
the reserve maintenance period (l1 �= l2) on the equilibrium interbank
market rate. We assume that if the repo rate is not changed, the spread
between the interbank market rate and the repo rate in all models will
be one percentage point so that the sum of the spreads over the two
periods is equal to two percentage points. In the current rate model, the
change in the repo rate implies a proportional change in the interbank
market rate in the second period, i.e. the spreads, and, therefore, the
sum of the spreads, do not change. In the average rate model, on the
other hand, there is a smoothing of the interbank market rate in the
sense that the interbank market rate will already decrease (increase)
before the central bank actually cuts (raises) the repo rate. However, in
the two-bank case the interbank market rate changes in both periods
in such a way that the sum of the spreads does not change and that
the total change in e∗t over the whole maintenance period (last column)
is the same as in the current rate model. This will not be the case
if a continuum of banks is considered. Then the negative transaction
cost effect described on p. 98 implies that if the repo rate is cut, the
total decrease in e∗t over the whole maintenance period will be stronger
and that if the repo rate is raised the total increase in e∗t over the
whole maintenance period will be weaker. This means that there is a
decline in the sum of the spreads. Furthermore, the table shows that in
the overlapping maturities model, the interbank market rate will only
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be smoothed if the repo rate is cut and if a continuum of banks is
considered. In this context the table presents two examples. In the first
example the decrease in e∗t is stronger than in the average rate model, so
that the overall change in e∗t (last column) is also stronger, whereas the
sum of the spreads is smaller. In the second example, there is a stronger
decrease in the average rate model, so that the overall decrease in e∗t is
also stronger in that model, whereas the sum of the spreads is smaller.
Moreover, the table shows that in the overlapping maturities model,
the smoothing of the equilibrium interbank market rate is restricted
to the case in which the repo rate is cut and a continuum of banks is
considered. In all other cases the interbank market rate will not change
in that reserve maintenance period if the repo rate is changed within
the maintenance period.

Table A.1: Numerical example: Effects of a change in the repo rate on the equilib-

rium interbank market rate. Numbers in the first four columns are in percentages,

in the last four columns in percentage points. CRM = Current Rate Model, ARM

= Average Rate Model, OMM = Overlapping Maturities Model.

l1 l2 e1 e2 s1 s2

2∑

t=1

st

2∑

t=1

∂e∗t
∂l2

No Change 3 3 4 4 1 1 2 0

CRM, 2 Banks
Cut 3 2 4 3 1 1 2 1
Increase 3 4 4 5 1 1 2 1

CRM, Continuum
Cut 3 2 4 3 1 1 2 1
Increase 3 4 4 5 1 1 2 1

ARM, 2 Banks
Cut 3 2 3.5 3.5 0.5 1.5 2 1
Increase 3 4 4.5 4.5 1.5 0.5 2 1

ARM, Continuum
Cut 3 2 3.25 3.25 0.25 1.25 1.5 1.5
Increase 3 4 4.25 4.25 1.25 0.25 1.5 0.5

OMM, 2 Banks
Cut 3 2 4 4 1 2 3 0
Increase 3 4 4 4 1 0 1 0

OMM, Continuum
Cut (1. Case) 3 2 3.1 3.1 0.1 1.1 1.2 1.8
Cut (2. Case) 3 2 3.4 3.4 0.4 1.4 1.8 1.2
Increase 3 4 4 4 1 0 1 0
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