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Preface

The word ‘basic’ in the title of this text could be substituted by ‘elementary’ or by
‘an introduction to’; such are the contents. We have chosen the word ‘basic’ in order
to emphasise our objective, which is to provide in a reasonably compact and readable
form a rigorous first course that covers all of the material on linear algebra to which
every student of mathematics should be exposed at an early stage.

By developing the algebra of matrices before proceeding to the abstract notion of
a vector space, we present the pedagogical progression as a smooth transition from
the computational to the general, from the concrete to the abstract. In so doing we
have included more than 125 illustrative and worked examples, these being presented
immediately following definitions and new results. We have also included more
than 300 exercises. In order to consolidate the student’s understanding, many of
these appear strategically placed throughout the text. They are ideal for self-tutorial
purposes. Supplementary exercises are grouped at the end of each chapter. Many of
these are ‘cumulative’ in the sense that they require a knowledge of material covered
in previous chapters. Solutions to the exercises are provided at the conclusion of the
text.

In preparing this second edition we decided to take the opportunity of including,
as in our companion volume Further Linear Algebra in this series, a chapter that
gives a brief introduction to the use of MAPLE! in dealing with numerical and alge-
braic problems in linear algebra. We have also included some additional exercises
at the end of each chapter. No solutions are provided for these as they are intended
for assignment purposes.

T.S.B., EFR.

IMAPLE™ is a registered trademark of Waterloo Maple Inc., 57 Erb Street West, Waterloo, Ontario,
Canada, N2L6C2. www.maplesoft.com



Foreword

The early development of matrices on the one hand, and linear spaces on the other,
was occasioned by the need to solve specific problems, not only in mathematics but
also in other branches of science. It is fair to say that the first known example of
matrix methods is in the text Nine Chapters of the Mathematical Art written during
the Han Dynasty. Here the following problem is considered:

There are three types of corn, of which three bundles of the first, two bundles
of the second, and one of the third make 39 measures. Two of the first, three of the
second, and one of the third make 34 measures. And one of the first, two of the
second, and three of the third make 26 measures. How many measures of corn are
contained in one bundle of each type?

In considering this problem the author, writing in 200BC, does something that is
quite remarkable. He sets up the coefficients of the system of three linear equations
in three unknowns as a table on a ‘counting board’

A WK -
-
O - N W

26 34 3

and instructs the reader to multiply the middle column by 3 and subtract the right
column as many times as possible. The same instruction applied in respect of the
first column gives

O 0 s~ O
H—_no
O = N W

3

Next, the leftmost column is multiplied by S and the middle column subtracted from
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it as many times as possible, giving
003
052
36 1 1
99 24 39
from which the solution can now be found for the third type of corn, then for the
second and finally the first by back substitution. This method, now sometimes known
as gaussian elimination, would not become well-known until the 19th Century.
The idea of a determinant first appeared in Japan in 1683 when Seki published his
Method of solving the dissimulated problems which contains matrix methods written
as tables like the Chinese method described above. Using his ‘determinants’ (he had
no word for them), Seki was able to compute the determinants of 5 x S5 matrices
and apply his techniques to the solution of equations. Somewhat remarkably, also in
1683, Leibniz explained in a letter to de 1’Hopital that the system of equations

10+ 11x + 12y =0
20 + 21x + 22y =0
30+ 31x+ 32y=0

has a solution if
10.21.32 + 11.22.30 + 12.20.31 = 10.22.31 + 11.20.32 + 12.21.30.

Bearing in mind that Leibniz was not using numerical coefficients but rather

two characters, the first marking in which equation it occurs, the second marking
which letter it belongs to

we see that the above condition is precisely the condition that the coefficient matrix
has determinant 0. Nowadays we might write, for example, a,, for 21 in the above.

The concept of a vector can be traced to the beginning of the 19th Century in the
work of Bolzano. In 1804 he published Betrachtungen iiber einige Gegenstinde der
Elementargeometrie in which he considers points, lines and planes as undefined ob-
jects and introduces operations on them. This was an important step in the axiomati-
sation of geometry and an early move towards the necessary abstraction required for
the later development of the concept of a linear space. The first axiomatic definition
of a linear space was provided by Peano in 1888 when he published Calcolo geo-
metrico secondo I’Ausdehnungslehre de H. Grassmann preceduto dalle operazioni
della logica deduttiva. Peano credits the work of Leibniz, M&bius, Grassmann and
Hamilton as having provided him with the ideas which led to his formal calculus.
In this remarkable book, Peano introduces what subsequently took a long time to
become standard notation for basic set theory.
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Peano’s axioms for a linear space are

l.a=bifandonlyifb=a,ifa=band b= cthena=c.

2. The sum of two objects a and b is defined, i.e. an object is defined denoted by
a + b, also belonging to the system, which satisfies

Ifa=bthena+c=b+c,a+b=b+a,a+(b+c)= (a+b)+c, and the common
value of the last equality is denoted by a + b + .

3. Ifais an object of the system and m a positive integer, then we understand by
ma the sum of m objects equal to a. It is easy to see that for objects a, b, ... of the
system and positive integers m,n, ... one has

If a = b then ma = mb, m(a + b) = ma + mb, (m + n)a = ma + na, m(na) = mna,
la = a.

We suppose that for any real number m the notation ma has a meaning such that the
preceding equations are valid.

Peano also postulated the existence of a zero object 0 and used the notation a —b
for a + (-b). By introducing the notions of dependent and independent objects, he
defined the notion of dimension, showed that finite-dimensional spaces have a basis
and gave examples of infinite-dimensional linear spaces.

If one considers only functions of degree n, then these functions form a linear
system with n + 1 dimensions, the entire functions of arbitrary degree form a linear
system with infinitely many dimensions.

Peano also introduced linear operators on a linear space and showed that by using
coordinates one obtains a matrix.

With the passage of time, much concrete has set on these foundations. Tech-
niques and notation have become more refined and the range of applications greatly
enlarged. Nowadays Linear Algebra, comprising matrices and vector spaces, plays
amajor role in the mathematical curriculum. Notwithstanding the fact that many im-
portant and powerful computer packages exist to solve problems in linear algebra,
it is our contention that a sound knowledge of the basic concepts and techniques is
essential.
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1

The Algebra of Matrices

If m and n are positive integers then by a matrix of size m by n, or an m x n matrix,
we shall mean a rectangular array consisting of mn numbers in a boxed display con-
sisting of m rows and n columns. Simple examples of such objects are the following:

12
size 1x5 :[10 9 8 7 6] size 3x2 : |34
56
1234 0
. 12345 . i
size 4 x4 : 3456 size 3x 1 : i
4567
In general we shall display an m x n matrix as
EIE I TR
X21 X3z X3 ... Xy

X31 X3 X33 ... X3,

ZXml Xm2 Xm3 + -+ Xmnl

e Note that the first suffix gives the number of the row and the second suffix that
of the column, so that x;; appears at the intersection of the i-th row and the
Jj-th column.

We shall often find it convenient to abbreviate the above display to simply
[xij]mxn
and refer to x;; as the (i, j)-th element or the (i, j)-th entry of the matrix.

e Thus the expression X = [x;;],.x, Will be taken to mean that ‘X is the m x n
matrix whose (i, j)-th element is x;;’.
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Example 1.1
1 1 1
The 3 x 3matrixX = |2 22 23| canbeexpressed as X = [x;i]3x3 where x;; = i/.
3 3 33
Example 1.2
a aa
The 3 x 3matrix X = |0 a a| canbe expressed as X = [x;;]5,3 where
00 a

a ifigj;
X;; = .
Y l0 otherwise.

Example 1.3

The n x n matrix

(=B -]

n-1 en—2 en-3 1

e
can be expressed as X = [x;;],., where

{e“f ifi > j;

X; .
! 0  otherwise.

j=

EXERCISES

1.1 Write out the 3 x 3 matrix whose entries are given by x;; = i +j.
1.2 Write out the 3 x 3 matrix whose entries are given by
1 ifi+jiseven;
i = { 0 otherwise.
1.3 Write out the 3 x 3 matrix whose entries are given by x;; = (=1)'7.
1.4 Write out the n x n matrix whose entries are given by
-1 ifi>j;
x;j=4 0 ifi=j;
1 ifi<y.



1. The Algebra of Matrices 3

1.5 Write out the 6 x 6 matrix A = [a,;] in which a;; is given by
(1) the least common multiple of i and j;
(2) the greatest common divisor of i and j.

1.6 Given the n x n matrix A = [a;;], describe the n x n matrix B = [b;;]
which is such that b;; = Qi pni1-j-

Before we can develop an algebra for matrices, it is essential that we decide
what is meant by saying that two matrices are equal. Common sense dictates that
this should happen only if the matrices in question are of the same size and have
corresponding entries equal.

Definition
If A = [a;;]uxn and B = [b;],,, then we shall say that A and B are equal (and write
A = B) if and only if

(1) m=pandn=gq;

(2) a,'j = b‘] f0r a]l i,j.

The algebraic system that we shall develop for matrices will have many of the

familiar properties enjoyed by the system of real numbers. However, as we shall see,
there are some very striking differences.

Definition
Given m x n matrices A = [a;;] and B = [b;;], we define the sum A + B to be the
m x n matrix whose (i,)-th element is a;; + b;;.

Note that the sum A + B is defined only when A and B are of the same size; and

to obtain this sum we simply add corresponding entries, thereby obtaining a matrix
again of the same size. Thus, for instance,

2alela]- ]

Addition of matrices is

(1) commutative [in the sense that if A, B are of the same size then we have
A+B=B+A];

(2) associative [in the sense that if A, B, C are of the same size then we have
A+(B+C)=(A+B)+C]

Theorem 1.1

Proof

(1) If A and B are each of size m x nthen A + B and B + A are also of size m x n
and by the above definition we have
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Since addition of numbers is commutative we have a;; + b;; = b;; + a;; for all i,j
and so, by the definition of equality for matrices, we conclude that A + B = B + A.

(2) If A, B, C are each of size m x nthensoare A+ (B+ C)and (A+ B) + C.
Now the (i, j)-th element of A+ (B+C) is a;; + (b;; + ¢;;) whereas that of (A + B) + C
is (a;; +b;;) + c;;. Since addition of numbers is associative we have a;; + (b;; +¢;;) =
(a;;+b;j)+c;; foralli, j and so, by the definition of equality for matrices, we conclude
thatA+ (B+C)=(A+B)+C. O

Because of Theorem 1.1(2) we agree, as with numbers, to write A + B + C for
eitherA+ (B+C)or(A+B)+C.
Theorem 1.2
There is a unique m x n matrix M such that, for every m x n matrix A, A+ M = A.

Proof
Consider the matrix M = [m;;],,,., all of whose entries are 0; i.e. m;; = 0 for all i, j.
For every matrix A = [a;;],,x, We have

A+M= [aij + mij]mxn = [al'j + O]mxn = [aij]mxn =A.

To establish the uniqueness of this matrix M, suppose that B = [b,-j],,,>< » is also such
that A + B = A for every m x n matrix A. Then in particular we have M + B = M.
But, taking B instead of A in the property for M, we have B+ M = B. It now follows
by Theorem 1.1(1)thatB=M. O

Definition

The unique matrix arising in Theorem 1.2 is called the m x n zero matrix and will
be denoted by 0,,,,,, or simply by 0 if no confusion arises.

Theorem 1.3

For every m x n matrix A there is a unique m x n matrix B such that A+ B = (.

Proof
Given A = [a;j]xn, cOnsider B = [—a;;]yn, i-€. the matrix whose (i, j)-th element
is the additive inverse of the (i, j)-th element of A. Clearly, we have

A+B= [aij + (-aij)]mxn =0.

To establish the uniqueness of such a matrix B, suppose that C = [c;;] ., is also such
that A + C = 0. Then for all i,j we have a;; + c;; = 0 and consequently ¢;; = —a;;
which means, by the above definition of equality, that C = B. O

Definition

The unique matrix B arising in Theorem 1.3 is called the additive inverse of A
and will be denoted by —A. Thus —A is the matrix whose elements are the additive
inverses of the corresponding elements of A.
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Given numbers x, y the difference x — y is defined to be x + (~y). For matrices
A, B of the same size we shall similarly write A — B for A + (—B), the operation ‘-’
so defined being called subtraction of matrices.

EXERCISES

1.7 Show that subtraction of matrices is neither commutative nor associa-
tive.

1.8 Prove that if A and B are of the same size then —(A + B) = —-A - B.

e [X=y Y-z z-w| |x-w y-x z-y
1.9 Simplify wox x-y y—z] [y—x -y w—z]'

So far our matrix algebra has been confined to the operation of addition. This is
a simple extension of the same notion for numbers, for we can think of 1 x 1 ma-
trices as behaving essentially as numbers. We shall now investigate how the notion
of multiplication for numbers can be extended to matrices. This, however, is not
quite so straightforward. There are in fact two distinct ‘multiplications’ that can be
defined. The first ‘multiplies’ a matrix by a number, and the second ‘multiplies’ a
matrix by another matrix.

Definition
Given a matrix A and a number )\ we define the product of A by ) to be the matrix,
denoted by )\A, that is obtained from A by multiplying every element of A by X.
Thus, if A = [a;;],x, then AA = [Aa;]nxn-

This operation is traditionally called multiplying a matrix by a scalar (where
the word scalar is taken to be synonymous with number). Such multiplication by

scalars may also be thought of as scalars acting on matrices. The principal properties
of this action are as follows.

Theorem 1.4

If A and B are m x n matrices then, for any scalars ) and p,
(1) M(A+B)=) A+ )\B;
(2) )\ +u)A=)A+uA;
(3) AMuA) = (Ap)4;
(4) (1A= -4
(5) 0A=0

Proof

Let A = [a;;]nxn and B = [b;j],ux,. Then the above equalities follow from the obser-
vations

(1) May +by)=Xa; + Abj;.

(2) M +p)a; = Xa; +pay.

mxn*
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(3) Muay) = (p)ay.
(4) (_l)aij = —aj.
(5) Oa,‘j =0. O

Observe that for every positive integer n we have
nA=A+A+...+A (n terms).

This follows immediately from the definition of the product A A; for the (i,j)-th el-
ement of nA is na; = a;; + a;; + - - - + a;;, there being n terms in the summation.

EXERCISES

1.10 Given any m x n matrices A and B, solve the matrix equation
3(X + JA) = 5(X - 2B).

1.11 Given the matrices

100 111
A=|0 10|, B=|111
001 111

solve the matrix equation X + A = 2(X — B).

We shall now describe the operation that is called matrix multiplication. This
is the ‘multiplication’ of one matrix by another. At first sight this concept (due origi-
nally to Cayley) appears to be a most curious one. Whilst it has in fact a very natural
interpretation in an algebraic context that we shall see later, we shall for the present
simply accept it without asking how it arises. Having said this, however, we shall
illustrate its importance in Chapter 2, particularly in the applications of matrix alge-
bra.

Definition
Let A = [a;]xn and B = [b],, (note the sizes!). Then we define the product AB
to be the m x p matrix whose (i, j)-th element is

[AB);; = a;1by; + apby; + apby; + -+ - + a;,b,;.

In other words, the (i, j)-th element of the product AB is obtained by summing the
products of the elements in the i-th row of A with the corresponding elements in the
Jj-th column of B.

The above expression for [AB];; can be written in abbreviated form using the
so-called X -notation:

[AB]ij = E aikbkj'
=1
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The process for computing products can be pictorially summarised as follows :

Jj-th column of B

r -

by | — aa by
by | — a;2by;
b3j _— ai3b3j

b — ainbnj

L “nj |
/ n
> aikbkj
k=1

a; 4ap a3 ... Gy
i-th row of A

It is important to note that, in forming these sums of products, there are no ele-
ments that are ‘left over’ since in the definition of the product AB the number n of
columns of A is the same as the number of rows of B.

Example 1.4
Consider the matrices
20
010
A= , B=112
231
11

The product AB is defined since A is of size 2 x 3 and B is of size 3 x 2; moreover,
AB is of size 2 x 2. We have
AB < 02+11+01 00+12+0-1| [1 2]
22+31+11 20+32+11 8 7]
Note that in this case the product BA is also defined (since B has the same number
of columns as A has rows). The product BA is of size 3 x 3:

20+02 21403 2.0+0-1 020
BA=]10+22 1.14+23 10+21|=14 7 2
10+1.2 1.14+13 1.0+1.1 2 4 1

The above example exhibits a curious fact concerning matrix multiplication,
namely that if AB and BA are defined then these products need not be equal. In-
deed, as we have just seen, AB and BA need not even be of the same size. It is also
possible for AB and BA to be defined and of the same size and still be not equal:
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Example 1.5

The matrices 0 1 Lo
a=lo o] 2=l 0]

are such that AB = 0 and BA = A.

We thus observe that in general matrix multiplication is not commutative.

EXERCISES
1.12 Compute the matrix product
3 1 =2 1 11
2 =2 0|1 -1 1
-1 1 2((0 12
1.13 Compute the matrix product
1 11{]/]100
0 11(|1 10
0 01 1 11
1.14 Compute the matrix products
1 1
2 2
; [1234], [1234]3
4 4

L

1.15 Given the matrices

[3 0
4 -1 1 4 2
o i B O B R

compute the products (AB)C and A(BC).

‘We now consider the basic properties of matrix multiplication.

Theorem 1.5

Matrix multiplication is associative [in the sense that, when the products are defined,
A(BC) = (AB)C].

Proof

For A(BC) to be defined we require the respective sizestobem x n,n X p, p X q
in which case the product A(BC) is also defined, and conversely. Computing the
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(i,7)-th element of this product, we obtain
n n P
[A(BO)); = Y aulBCly = 3 au( Y buscy)
k=1 B
= E 2 aikbktctj~
k=1 1=1
If we now compute the (i, j)-th element of (AB)C, we obtain the same:
P p n
[(AB)C]U = E[AB]itctj =y ( > aikbkt)ctj
t=1 SN
=3 aikbktctj'
=1 k=1
Consequently we see that A(BC) = (AB)C. O

Because of Theorem 1.5 we shall write ABC for either A(BC) or (AB)C. Also,
for every positive integer n we shall write A" for the product AA - - - A (n terms).

EXERCISES

1.16 Compute the matrix product

a h gl |=x
[xy1] [n b £| |y
g fc||l

Hence express in matrix notation the equations

(1) x2+9xy+y>+8x+5y+2=0;
JE

(2) Z+E= 1

(3) xy=a%

(4) ¥* = 4ax.

1.17 Compute A% and A3 where A =

(== )
(=R <Y
S QN

Matrix multiplication and matrix addition are connected by the following dis-
tributive laws.

Theorem 1.6

When the relevant sums and products are defined, we have

A(B+C)=AB+ AC, (B+C)A = BA + CA.
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Proof

For the first equality we require A to be of size m x n and B, C to be of size n x p, in
which case

[AB+C)); =) aulB + Cly = ) ay(byj + cyy)
=1 =1 i
=) agby + Y aucy
k=1 =1
= [AB]; + [AC];

and it follows that A(B + C) = AB + AC.
For the second equality, in which we require B, C to be of size m x n and A to be
of size n x p, a similar argument applies. O

Matrix multiplication is also connected with multiplication by scalars.

Theorem 1.7
If AB is defined then for all scalars X\ we have

A(AB) = (\A)B = A(\B).

Proof
The (i, j)-th elements of the three mixed products are

n n n
>‘( E aikbkj) = E(xaik)bkj = E aik(kbkj),
=1 =1 =1
from which the result follows. 0O

EXERCISES

1.18 Consider the matrices
01 -1 -1
A=) 2=[0 %)

(A+ B)*# A’ +2AB + B?,

Prove that

but that
(A+B)*= A%+ 3A’B + 3AB* + B*.

Definition
A matrix is said to be square if it is of size n x n; i.e. has the same number of rows
and columns.
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Our next result is the multiplicative analogue of Theorem 1.2, but the reader
should note that it applies only in the case of square matrices.

Theorem 1.8

There is a unique n x n matrix M with the property that, for every n x n matrix A,
AM = A= MA.

Proof
Consider the n x n matrix
100...0
010...0
M=1001 0
000...1
More precisely, if we define the Kronecker symbol §;; by
5 = {1 ifi =j;
v 0 otherwise,

n
then we have M = [6,‘]]”)(”. IfA = [aij],,x,, then [AM]‘J = Eaikﬁkj = aij, the last
k=1

equality following from the fact that every term in the summation is 0 except that
in which k = j, and this term is a;;1 = a;;. We deduce, therefore, that AM = A.
Similarly, we can show that MA = A. This then establishes the existence of a matrix
M with the stated property.

To show that such a matrix M is unique, suppose that P is also an n x n matrix
such that AP = A = PA for every n x n matrix A. Then in particular we have
MP = M = PM. But, by the same property for M, we have PM = P = MP. Thus
weseethatP=M. 0O

Definition

The unique matrix M described in Theorem 1.8 is called the n x n identity matrix
and will be denoted by /,.

Note that I, has all of its ‘diagonal’ entries equal to 1 and all other entries 0. This
is a special case of the following important type of square matrix.

Definition

A square matrix D = [d;],,, is said to be diagonal if d;; = 0 whenever i # j. Less
formally, D is diagonal when all the entries off the main diagonal are 0.

EXERCISES

1.19 If A and B are n x n diagonal matrices prove that so also is AB.
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1.20 If A and B are n x n diagonal matrices prove that so also is A?B? for all
positive integers p, q.

There is no multiplicative analogue of Theorem 1.3; for example, if
01
4=[o o]

a b|[0 1] _[0 a
cd||0 Of [0 ¢]’
so there is no matrix M such that MA = .
Note also that several of the familiar laws of high-school algebra break down

in this new algebraic system. This is illustrated in particular in Example 1.5 and
Exercise 1.14 above.

then we have

Definition
We say that matrices A, B commute if AB = BA. Note that for A, B to commute it is
necessary that they be square and of the same size.

EXERCISES
1.21 If A and B commute, prove that so also do A™ and B" for all positive
integers m and n.
1.22 Using an inductive argument, prove that if A and B commute then the

usual binomial expansion is valid for (A + B)".

There are other curious properties of matrix multiplication. We mention in par-
ticular the following examples, which illustrate in a very simple way the fact that
matrix multiplication has to be treated with some care.

Example 1.6

If ) is a non-zero real number then the equality

0 [0 N _,
Mol [at o]

shows that /, has infinitely many square roots!

Example 1.7

It follows by Theorem 1.4(5) that the matrix 0,,, has the property that 0,,,A =
0,xn = A0, for every n x n matrix A. In Example 1.5 we have seen that it is
possible for the product of two non-zero matrices to be the zero matrix.
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Definition
If A is an m x n matrix then by the transpose of A we mean the n x m matrix A’
whose (i, j)-th element is the (j, i)-th element of A. More precisely, if A = [a;;]nxn
then A’ = [a;;],um-

The principal properties of transposition of matrices are summarised in the fol-
lowing result.

Theorem 1.9

When the relevant sums and products are defined, we have

(AY=A, (A+BY=A'+B, (M)Y=)A, (ABY=PBA.

Proof

The first three equalities follow immediately from the definitions. To prove that
(AB) = B'A’ (note the reversal!), suppose that A = [a;;],,., and B = [b;],,,- Then
(AB)' and B'A’ are each of size p x m. Since

[B'AY); =) buaj =) ayby = [AB];;
k=1 =1

we deduce that (AB) = B'A’. O

EXERCISES
1.23 Prove that, when either expression is meaningful,
[A(B+C) =BA' +CA.

1.24 Prove by induction that (A") = (A')" for every positive integer n.
1.25 If A and B commute, prove that so also do A’ and B'.

1.26 LetX = [a b c] and

0 —c b
A= c 0 -a
-b a 0

where a2 + b*+ c? = 1.

(1) Show that A2 = X'X - I,.
(2) Prove that A% = —A.

(3) Find A*in terms of X.

Definition
A square matrix A is symmetric if A = A’; and skew-symmetric if A = —-A’.
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Example 1.8

For every square matrix A the matrix A + A’ is symmetric, and the matrix A — A’ is
skew-symmetric. In fact, by Theorem 1.9, we have

(A+AY) = A+ (A) = A+ A;
(A-AY=A-(A)=A-A=~(A-4).

Theorem 1.10
Every square matrix can be expressed uniquely as the sum of a symmetric matrix and
a skew-symmetric matrix.

Proof
The equality
= 3(A+A)+3(A-4),
together with Example 1.8, shows that such an expression exists. As for uniqueness,
suppose that A = B + C where B is symmetric and C is skew-symmetric. Then
A' = B +C = B-C. It follows from these equations that B = (A + A’) and
= %(A -4). O

EXERCISES

1.27 Prove that the zero square matrices are the only matrices that are both
symmetric and skew-symmetric.

1.28 Let A, B be of size n x n with A symmetric and B skew-symmetric.
Determine which of the following are symmetric and which are skew-
symmetric:

AB+BA, AB-BA, A%, B?, APBIAP (p,q positive integers).

SUPPLEMENTARY EXERCISES

1.29 Let x and y be n x 1 matrices. Show that the matrix
A=xy -yx
is of size n x n and is skew-symmetric. Show also that x'y and y'x are
of size 1 x 1 and are equal.
If Xx = y'y = [1] and X'y = y'x = [k], prove that A3 = (k? — 1)A.
1.30 Show that if A and B are 2 x 2 matrices then the sum of the diagonal
elements of AB — BA is zero.
If E is a 2 x 2 matrix and the sum of the diagonal elements of E is zero,
show that E? = \1, for some scalar ).
Deduce from the above that if A, B, C are 2 x 2 matrices then

(AB - BA)*C = C(AB - BA)?.
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1.31 Determine all 2 x 2 matrices X with real entries such that X? = I,.
1.32 Show that there are infinitely many real 2 x 2 matrices A with A> = —I,.
1.33 Let A be the matrix

SO OO
SO O
SO
S 8 8

2 3 } 4 e

Show that this series has only finitely many terms different from zero
and calculate B. Show also that the series

B+ 3B*+ $B*+ .-

has only finitely many non-zero terms and that its sum is A.

134 1A= | Y SO ap=| €SP SN0l e that
—-sind cos ¥ | —sinyp cos p
AB = [ cos(d9 + ) sin(¥+ )
- | —sin(d + ) cos(d+p)]| "
cosd sin 9] n cos nd sin nd
135 IfA= [—sin19 cos ¥ | prove that A" = [—sin nd cosm?}'

1.36 Prove that, for every positive integer n,

{a 1 O:I " [a" na"' Ln(n- l)a"‘zjl
0O al] =({0 o na"! .
0 0 « 0 0 a”
1.37 If A and B are n x n matrices, define the Lie product
[AB] = AB- BA.

Establish the following identities :

(1) [[AB]C]+ [[BC]A] + [[CA]B] = 0;

(2) [(A + B)C] = [AC] + [BC;

(3) [[[ABIC]ID] + [[[BCID]A] + [[[CD]A]B] + [[[DA]BIC] = 0.

Show by means of an example that in general [[AB]C] # [A[BC]].

a)y+a biz+b cz+c
97D apdy = 22T prove that x = ———2
asy +ay b32+b4 c3Z+ ¢y

€ G| _ & 4 b, b,
C3 c4_a3 a, b3 b4.

1.38 Given that x =

where
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ASSIGNMENT EXERCISES

(1) For each x € IR define

_ cosh x sinh x
*~ |sinh x cosh x|

Prove that, forall x,y € R, A,A, = A_,,.
(2) For each real polynomial p(X) = ag+a,X + - - - + a,X" denote its derivative
by Dp(X) and let
[ p(0) © ]

Dp(0) p(0)
Prove that, for all polynomials p(X) and g(X),
M,+M,=M,,, and MM, =M,

14

(3) A square matrix A is nilpotent if A? = 0 for some positive integer p; and
unipotent if /, — A is nilpotent. If N is nilpotent and U is unipotent define

expN=1I,+N+ZN+---+ LN+
logU = ~(l, ~U) = 3(I, U =+ = (I, = U)f = .

[Here the notation reflects that for the series expansions of the functions e* and
log(1 + x) from analysis, but in this situation there is no question of ‘convergence’
since each expression is in fact a finite sum.]

For the matrices
0 ab
N=|[0 0 c|, U=
000

verify that exp log U = U and log exp N = N.

For each real number ¢ define U(t) = exp tM where
0123
0045
0006
0000

Determine U(t) and verify that U(s)U(t) = U(s + ¢) for all 5, ¢ € IR.

1
0
0

S = =
_— N e

M=
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Some Applications of Matrices

We shall now give brief descriptions of some situations to which matrix theory finds
a natural application, and some problems to which the solutions are determined by
the algebra that we have developed. Some of these applications will be dealt with in
greater detail in later chapters.

1. Analytic geometry

In analytic geometry, various transformations of the coordinate axes may be de-
scribed using matrices. By way of example, suppose that in the two-dimensional
cartesian plane we rotate the coordinate axes in an anti-clockwise direction through
an angle 4, as illustrated in the following diagram:

Let us compute the new coordinates (x', y') of the point P whose old coordinates
were (x,y).
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From the diagram we have x = rcos @ and y = rsin & so

x' =rcos(a —14) = rcosacos ¢ + rsin o sin ¢

xcos ¥ + ysin ¢

y = rsin(a —¥) = rsin acos ¥ — rcos o sin ¢

ycos ¥ —xsin 4.

These equations give x’,y’ in terms of x,y and 4. They can be expressed in the
matrix form

x| _ | cosd sind| [x

Y| |-sind cosd¢]||y]"

R = cosd sin ¢
7 |-sind cos¥

The 2 x 2 matrix

is called the rotation matrix associated with 4. It has the following property:
R,;R:, = 12 = R:,R‘,

In fact, we have

R.R. = [ cos ¢ sin 19] [cosz? —sin 19]

¢ -sind cosd| |sind cosd
_ cos? ¥ +sin? 4 —cos ¥ sin ¥ + sin ¥ cos ¢
- [—sin ¥ cos 9 + cos 9 sin ¢ sin? ¢ + cos? 9 ]

-l 1]

and similarly, as the reader can verify, RyR, = I,.
This leads us more generally to the following notion.
Definition
An n x n matrix A is said to be orthogonal if
AA' =1,=AA.

It follows from the above that to every rotation of axes in two dimensions we
can associate a real orthogonal matrix (‘real’ in the sense that its elements are real
numbers).

EXERCISES

2.1 If A is an orthogonal n x n matrix prove that A’ is also orthogonal.

2.2 If A and B are orthogonal n x n matrices prove that AB is also orthogonal.
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2.3 Prove that a real 2 x 2 matrix is orthogonal if and only if it is of one of
the forms
ab a b
-b a|’ |b -a

Consider now the effect of one rotation followed by another. Suppose that we
transform (x,y) into (x',y') by a rotation through 4, then (x',y’) into (x”,y") by a
rotation through ¢. Then we have

x" cosp sinp| [x'
y -singp cosp| Y
_ | cosp singp cosd sind] |x
~ |-sinp cosp| |-sind cosd| |y]|"
This suggests that the effect of one rotation followed by another can be described by
the product of the corresponding rotation matrices. Now it is intuitively clear that the
order in which we perform the rotations does not matter, the final frame of reference
being the same whether we first rotate through ¥ and then through ¢ or whether we

rotate first through ¢ and then through ¢. Intuitively, therefore, we can assert that
rotation matrices commute. That this is indeed the case follows from the identities

R‘,R‘a = Rl’+w = RWR',

where a2 + b2 = 1.

which the reader can easily verify as an exercise using the standard identities for
cos(¥ + ) and sin(9 + ).

Example 2.1

Consider the hyperbola whose equation is x2 —y? = 1. If this is rotated through 45°
anti-clockwise about the origin, what does its new equation become?

To answer this, observe first that rotating the hyperbola anti-clockwise through
45° is equivalent to rotating the axes clockwise through 45°. Thus we have

=)

Ry/aR njsa=Ryjanja=Ro=1,

Now since

we can multiply the above equation by R, , to obtain
x x # 71= x
M " H -7 7‘;} H

x= 715“"" 7'-2-y’, y= _715x'+ 715y’.

L

so that
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Thus the equation x> — y? = 1 transforms to

(V'Z-x' + 7'5y’)2 - (—V'Ex’ + 7‘2-y’)2 =1,

ie.to2x'y =1.
EXERCISES

2.4 Two similar sheets of graph paper are pinned together at the origin and
the sheets are rotated. If the point (1, 0) of the top sheet is directly above
the point (%, %) of the bottom sheet, above what point of the bottom
sheet does the point (2, 3) of the top sheet lie?

2.5 For every point (x, y) of the cartesian plane let (x', y') be its reflection
in the x-axis. Prove that

] _ (1 0]fx
Y|~ o -1 [»]
2.6 In the cartesian plane let L be a line passing through the origin and mak-

ing an angle ¢ with the x-axis. For every point (x,y) of the plane let
(x.,y.) be its reflection in the line L. Prove that

x| _[cos2d sin2d] [x
Y| |sin2¢ -cos29] |y]|’
2.7 In the cartesian plane let L be a line passing through the origin and mak-
ing an angle ¢ with the x-axis. For every point (x, y) of the plane let

(x*, y*) be the projection of (x, y) onto L (i.e. the foot of the perpendic-
ular from (x, y) to L). Prove that

] cos?9 sindcosd] [x
y*|  |sindcosd  sin?4¢ |

2. Systems of linear equations
As we have seen above, a pair of equations of the form
apx +apx, =by, ayx; +apx;=b
can be expressed in the matrix form Ax = b where
welow el =[]

Let us now consider the general case.

]
—
Sl
LS
—
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Definition
By a system of m linear equations in the n unknowns x,, ..., x, we shall mean a
list of equations of the form

a“xl + a12x2 + a13X3 + ...+ alnx,, = bl
an Xy + AyXy + as3Xs3 + ..+ Ay X, = b2

as x + a3z X, + aszXxj3 + ..+ Ay, X, = b3

AmX; + QuaXy + Qp3xy + -+ + apx, = by,
where the a;; and the b; are numbers.

Since clearly

ayp Gy ap ... al[x anxy; tapx;tapx;t+ - +ax,
Ay Gy Q3 ... Gy || X; ay Xyt axpx; +anxz;+---+ayx,
a3 Gy G33 ... A3, || X3 | = | G31X) +A3Xy +a3x;3+ - +az,x,
aml am2 am3 cee am xn amlxl + am2x2 + am3X3 + ...+ am,,x,,

we see that this system can be expressed succinctly in the matrix form Ax = b where
A = [a;j]xn and x, b are the column matrices

Xy b,
x b
X= : , b= :
Xy b

The m x n matrix A is called the coefficient matrix of the system. Note that it
transforms a column matrix of length n into a column matrix of length m.

In the case where b = 0 (i.e. where every b; = 0) we say that the system is
homogeneous.

If we adjoin to A the column b then we obtain an m x (n + 1) matrix which we
write as A|b and call the augmented matrix of the system.

Whether or not a given system of linear equations has a solution depends heavily
on the augmented matrix of the system. How to determine all the solutions (when
they exist) will be the objective in Chapter 3.

EXERCISES

2.8 If, for given A and b, the matrix equation Ax = b has more than one
solution, prove that it has infinitely many solutions.

[Hint. If x, and x, are solutions, show that so also is px, + ¢gx, where
p+q=1]
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3. Equilibrium-seeking systems

Consider the following situation. In normal population movement, a certain pro-
portion of city dwellers move into the country every year and a certain proportion of
country dwellers decide to become city dwellers. A similar situation occurs in na-
tional employment where a certain percentage of unemployed people find jobs and a
certain percentage of employed people become unemployed. Mathematically, these
situations are essentially the same. The problem of how to describe them in a con-
crete mathematical way, and to answer the obvious question of whether or not such
changes can ever reach a ‘steady state’ is one that we shall now illustrate.

To be more specific, let us suppose that 75% of the unemployed at the begin-
ning of a year find jobs during that year, and that 5% of people with jobs become
unemployed during the year. These proportions are of course somewhat optimistic,
and might lead one to conjecture that ‘sooner or later’ everyone will have a job. But
these figures are chosen to illustrate the point that we want to make, namely that the
system ‘settles down’ to fixed proportions.

The system can be described compactly by the following matrix and its obvious
interpretation:

unemployed employed

€L
20
19

20

into unemployment

E N RN

into employment

Suppose now that the fraction of the population that is originally unemployed is L,
and that the fraction that is originally employed is M, = 1 — L,. We represent this
state of affairs by the matrix
i
Myl

i

signify the proportions of the unemployed/employed population at the end of the i-th
year. At the end of the first year we therefore have

More generally, we let the matrix

Ll = %Lo + z—lo‘Mo
M, = 3L, + M,
and we can express these equations in the matrix form
1
L] _[i m][Le
M, 2 .2'_3 M,

which involves the 2 x 2 matrix introduced above.
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Similarly, at the end of the second year we have

L2 = %Ll"‘%Ml

M, = 3L, + M,

2
L _[: m][L]_[i %] [Lo
ARt bR b
Using induction, we can say that at the end of the k-th year the relationship between
Ly,M, and Ly, M, is given by
k
81l
0] Mo

i) |

Now it can be shown (and we shall be able to do so much later) that, for all positive

integers k, we have
k 15 1
[é %Lg]=i]‘[ 1+§r| 1—-571]-
2 % 615(1—31.-) 15+§;

This is rather like pulling a rabbit out of a hat, for we are far from having the machin-
ery at our disposal to obtain this result; but the reader will at least be able to verify
it by induction. From this formula we can see that, the larger k becomes, the closer

is the approximation
Lok r1o1
4 20 16 16
[z Q] ~ls u]
L16 16

4 20

il-(§ 8- [1)
M|~ B M) T s

Put another way, irrespective of the initial values of L, and M,,, we see that the
system is ‘equilibrium-seeking’ in the sense that ‘eventually’ one sixteenth of the
population remains unemployed. Of course, the lack of any notion of a limit for
a sequence of matrices precludes any rigorous description of what is meant by an
‘equilibrium-seeking’ system. However, only the reader’s intuition is called on to
appreciate this particular application.

and consequently

Bl H—

4. Difference equations

The system of pairs of equations

Xpe) = @X, + by,

Yne1 = €Xy +dyn
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is called a system of linear difference equations. Associated with such a system
are the sequences (x,), and (y,),>, and the problem is to determine the general
values of x,, y, given the initial values of x,, y,.

The above system can be written in the matrix form z,,, = Az, where

X a b
e[ A 2]
Clearly, we have z, = Az,, z; = Az, = A?z,, and inductively we see that
z,,, =A"z.
Thus a solution can be found if an expression for A" is known.

The problem of determining the high powers of a matrix is one that will also be
dealt with later.

5. A definition of complex numbers

Complex numbers are usually introduced at an elementary level by saying that
a complex number is ‘a number of the form x + iy where x, y are real numbers and
i> = =1’. Complex numbers add and multiply as follows:

(x+iy)+(x'+iy)=(x+x)+i(y+y);
(x +iy)(x' +iy') = (xx' = yy') +i(xy’ + x'y).
Also, for every real number A we have
Mx +iy) = dx +idy.

This will be familiar to the reader, even though (s)he may have little idea as to
what this number system is! For example, i = \/—_1 is not a real number, so what
does the product iy mean? Is i0 = 0? If so then every real number x can be written
as x = x + i0, which is familiar. This heuristic approach to complex numbers can
be confusing. However, there is a simple approach that uses 2 x 2 matrices which
is more illuminating and which we shall now describe. Of course, at this level we
have to contend with the fact that the reader will be equally unsure about what a real
number is, but let us proceed on the understanding that the real number system is
that to which the reader has been accustomed throughout her/his schooldays.

The essential idea behind complex numbers is to develop an algebraic system of
objects (called complex numbers) that is ‘larger’ than the real number system, in the
sense that it contains a replica of this system, and in which the equation x2 + 1 = 0
has a solution. This equation is, of course, insoluble in the real number system.

There are several ways of ‘extending’ the real number system in this way, and the
one we shall describe uses 2 x 2 matrices. For this purpose, consider the collection
C, of all 2 x 2 matrices of the form

M(a,b) = [_“b i’] ,
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where a and b are real numbers. Invoking Theorem 1.10, we can write M(a, b)
uniquely as the sum of a symmetric matrix and a skew-symmetric matrix:

5=l S0

0 1

we see that every such matrix M(a, b) can be written uniquely in the form
M(a, b) = 012 + bjz
Observe now that the collection R, of all 2 x 2 matrices in C, that are of the form

M(a,0) = al, is a replica of the real number system; for the matrices of this type
add and multiply as follows:

Thus, if we define

x+y O xy O

0 x+y] =(x+ )My xlp -yl = [0 xy] = (xy)l3,
and the replication is given by associating with every real number x the matrix x/, =
M(x,0). Moreover, the identity matrix I, = 1 - I, belongs to R,, and we have

0 1][0 1 -1 0
2 = = —
2= [—1 o] [—1 0] [ 0 —1} b,
so that J2 + I, = 0. In other words, in the system C, the equation x> + 1 = 0 has a
solution (namely J,).
The usual notation for complex numbers can be derived from C, by writing each
al, as simply a, writing J, as i, and then writing al, +bJ, as a+bi. Since clearly, for

each scalar b, we can define J,b to be the same as bJ, we have that a + bi = a + ib.
Observe that in the system C, we have

x12+y12= [

b [a ¥
M(a,b) + M(d',b) = [_"b a] ¥ [_"b a,] = M(a+d,b+b);

M(a,b)M(d,b) = [_“ b

b a

/ /
][_ab, Z,] = M(ad' - bb',ab’ + ba').

Under the association
M(a,b) = a+ib,

the above equalities reflect the usual definitions of addition and multiplication in the
system C of complex numbers.

This is far from being the entire story about €, the most remarkable feature of
which is that every equation of the form

aX"+a, X" '+...+a,X+ay=0,

where each a; € C, has a solution.
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EXERCISES

2.9 Let A be acomplex 2 x 2 matrix, i.e. the entries of A are complex num-
bers. Prove that if A2 = 0 then A is necessarily of the form

w Z2

for some z,w € €. By considering the matrix

00
ol
show that the same is not true for real 2 x 2 matrices.
2.10 The conjugate of a complex number z = x + iy is the complex number
Z = x—iy. The conjugate of a complex matrix A = [z;;],, is the matrix
A= [Z;jlmxn- Prove that A = A" and that, when the sums and products

are defined, A+ B=A+Band AB= A B.

2.11 A square complex matrix A is hermitian if A’ = A, and skew-hermitian
if A’ = —A. Prove that A + A" is hermitian and that A — A’ is skew-
hermitian. Prove also that every square complex matrix can be written
as the sum of a hermitian matrix and a skew-hermitian matrix.

ASSIGNMENT EXERCISES
(1) A quaternion is a matrix of complex numbers of the form
a+ib c+id
"= [—c+id a—ib] '
Prove that the set of quaternions is closed under the operations of addition and multi-
plication. Writing

| . :
o PR i R R B Vi
show that H = al + bi + ¢j + dk and that
2==K=-1, ij=-ji=k, jk=-kj=i, ki=-ik=].
(2) If H is a quaternion, prove that
HH = HH = (a® + b* + ¢* + d%)1.
If n(H) = HH prove that n(HK) = n(H)n(K).

(3) Show that the system of quaternions can be represented as a system of real
matrices of size 4 x 4.
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Systems of Linear Equations

We shall now consider in some detail a systematic method of solving systems of
linear equations. In working with such systems, there are three basic operations
involved:

(1) interchanging two equations (usually for convenience);

(2) multiplying an equation by a non-zero scalar;

(3) forming a new equation by adding one equation to another.
The operation of adding a multiple of one equation to another can be achieved by a
combination of (2) and (3). ‘

We begin by considering the following three examples.

Example 3.1

To solve the system
y+2z=1 (1)
x=2y+ z= 0 (2)
3y —4z=23 (3)
we multiply equation (1) by 3 and subtract the new equation from equation (3) to

obtain ~10z = 20, whence we see that z = —2. It then follows from equation (1)
that y = 5, and then by equation (2) that x = 2y — z = 12.

Example 3.2
Consider the system
x=2y—-4z=0 (1)
2x+4y+3z=1 (2)
-x+2y-2z=1 (3)

If we add together equations (1) and (2), we obtain equation (3), which is therefore
superfluous. Thus we have only two equations in three unknowns. What do we mean
by a solution in this case?
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Example 3.3
Consider the system
x+y+ z+ t=1 (1)
x=-y—- z+ t=3 (2)
-x-y+ z~-t=1 (3)

-3x+y-32-3t=4 (4)

Adding equations (1) and (2), we obtain x + ¢t = 2, whence it follows that y + z =
—1. Adding equations (1) and (3), we obtain z = 1 and consequently y = -2,
Substituting in equation (4), we obtain —3x — 3¢ = 9 so that x + ¢ = —3, which is not
consistent with x + ¢ = 2.

This system therefore does not have a solution. Expressed in another way, given
the 4 x 4 matrix

1 1 1 1

1 -1 -1 1
A= -1 -1 1 -1}’

-3 1 -3 -3

there are no numbers x, y, z, ¢t that satisfy the matrix equation

>
- N %
i

1
3
1
4

The above three examples were chosen to provoke the question: is there a sys-
tematic method of tackling systems of linear equations that

(a) avoids a haphazard manipulation of the equations;
(b) yields all the solutions when they exist;
(c) makes it clear when no solution exists?

In what follows our objective will be to obtain a complete answer to this question.

We note first that in dealing with systems of linear equations the ‘unknowns’
play a secondary role. It is in fact the coefficients (which are usually integers) that
are important. Indeed, each such system is completely determined by its augmented
matrix. In order to work solely with this, we consider the following elementary row
operations on this matrix:

(1) interchange two rows;

(2) multiply a row by a non-zero scalar;

(3) add one row to another.

These elementary row operations clearly correspond to the basic operations on equa-
tions listed above.
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It is important to observe that these elementary row operations do not affect the
solutions (if any) of the system. In fact, if the original system of equations has a
solution then this solution is also a solution of the system obtained by applying any
of the operations (1), (2), (3); and since we can in each case perform the ‘inverse’
operation and thereby obtain the original system, the converse is also true.

We begin by showing that the above elementary row operations have a funda-
mental interpretation in terms of matrix products.

Theorem 3.1

Let P be the m x m matrix that is obtained from the identity matrix I, by permuting
its rows in some way. Then for any m x n matrix A the matrix PA is the matrix
obtained from A by permuting its rows in precisely the same way.

Proof
Suppose that the i-th row of P is the j-th row of /,,. Then we have

(k=1,...,m) Pix = bix.
Consequently, for every value of k,
m m
[PA)y = Z;Piratk = 2; 5jtaxk = G,
= =

whence we see that the i-th row of PA is the j-th row of A. O

Example 3.4
Consider the matrix
1000
0010
P=1o 10 0|
0001
obtained from /, by permuting the second and third rows. If we consider any 4 x 2

matrix

a; b
= | % b,
A as by
a; b,
and we compute the product
100 O0}| [a b a, b
0010]]|a b a; b
PA = 2 Y2 3 93
0100 as b3 a, b2 ’

0001(14b4 a4b4

we see that the effect of multiplying A on the left by P is to permute the second and
third rows of A.
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EXERCISES

3.1 Explain the effect of left multiplication by the matrix
[0 0 10

P=

0010
1000
pP= 0100
10 00 1]
Theorem 3.2
Let A be an m x m matrix and let D be the m x m diagonal matrix
Al
A2

Am
Then DA is obtained from A by multiplying the i-throw of Aby )\ fori=1,... m.
Proof
Clearly, we have d,-j = X,;8;;. Consequently,
m m
[DA]ij = Edikakj = E >‘i5ikakj = >‘iaij:
k=1 =1

and so the i-th row of DA is simply ), times the i-th row of A. O

Example 3.5
Consider the matrix
1 000
0a 00
P=10 0 g ol
0001
obtained from /, by multiplying the second row by « and the third row by 3. If
a; b
_|a@ b
A= as by
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and we compute the product

100 0][a b a b
DA = 0O a 00 a, b2 - aa, ab2
0 0 B8 0f|as bs Bas Bbs
0 0 01 a, b4 a, b4

we see that the effect of multiplying A on the left by D is to multiply the second row
of A by o and the third row by .

EXERCISES

3.3 Explain the effect of left multiplication by the matrix

oR oo
™o oo
co o
(= =N

Theorem 3.3

Let P be the m x m matrix that is obtained from I, by adding \ times the.s-th row to
the r-th row (where r, s are fixed with r # s). Then for any m x n matrix A the matrix
PA is the matrix that is obtained from A by adding ) times the s-th row of A to the
r-th row of A.

Proof

Let E), denote the m x m matrix that has ) in the (r, s)-th position and 0 elsewhere.
Then we have
N ifi=rj=s
[E;\s ij =
0 otherwise.
Since, by definition, P = I,, + E2,, it follows that
[PA]; = [A+ E:)"sA]ij
m
[A]; + SIEX ilAlyj
=1
[A]; ifi#r
[A]; + MAl;  ifi=r

Thus we see that PA is obtained from A by adding X times the s-th row to the r-th
row. O
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Example 3.6
Consider the matrix
1 X0
P=10 10
001
which is obtained from /, by adding ) times the second row of I to the first row. If
a, b
A= a, b2
ay bs
and we compute the product
1 X 0] [a b a,+Xa, b, +\b,
PA = 0 1 0 a2 b2 = a, b2
0 01 as b3 as b3

we see that the effect of multiplying A on the left by P is to add )\ times the second
row of A to the first row.

EXERCISES
3.4 Explain the effect of left multiplication by the matrix
0 ol
0380
i 40

Definition
By an elementary matrix of size n x n we shall mean a matrix that is obtained from
the identity matrix I, by applying to it a single elementary row operation.

In what follows we use the ‘punning notation’ p; to mean ‘row i’.

Example 3.7
The following are examples of 3 x 3 elementary matrices:
100 100
0 0 1] (pz e p3) 0 2 0f (202);
010 001
1.0 1] (o) +p3)
010 .

001
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Definition

In a product AB we shall say that B is pre-multiplied by A or, equivalently, that A
is post-multiplied by B.

The following result is now an immediate consequence of Theorems 3.1, 3.2 and
3.3

Theorem 3.4

An elementary row operation on an m x n matrix A is achieved on pre-multiplying A
by a suitable elementary matrix. The elementary matrix in question is precisely that
obtained by applying the same elementary row operation to 1,,. 0O

Having observed this important point, let us return to the system of equations
described in matrix form by Ax = b. It is clear that when we perform a basic op-
eration on the equations all we do is to perform an elementary row operation on
the augmented matrix A|b. It therefore follows from Theorem 3.4 that performing
a basic operation on the equations is the same as changing the system Ax = b to
the system EAx = Eb where E is some elementary matrix. Moreover, the system
of equations that corresponds to the matrix equation EAx = Eb is equivalent to the
original system in the sense that it has the same set of solutions (if any).

Proceeding in this way, we see that to every string of k basic operations there
corresponds a string of elementary matrices E, ..., E; such that the the resulting
system is represented by

Ek . 'EzEle = Ek .. 'EzElb,
which is of the form Bx = c and is equivalent to the original system.

Now the whole idea of applying matrices to solve systems of linear equations is
to obtain a simple systematic method of determining a convenient final matrix B so
that the solutions (if any) of the system Bx = ¢ can be found easily, such solutions
being precisely the solutions of the original system Ax = b.

Our objective is to develop such a method. We shall insist that the method

(1) will avoid having to write down explicitly the elementary matrices involved
at each stage;

(2) will determine automatically whether or not a solution exists;

(3) will provide all the solutions.
In this connection, there are two main problems that we have to deal with, namely

(a) what form should the matrix B have?;

(b) can our method be designed to remove all equations that may be superfluous?

These requirements add up to a tall order perhaps, but we shall see in due course
that the method we shall describe meets all of them.

We begin by considering the following type of matrix.
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Definition
By a row-echelon (or stairstep) matrix we shall mean a matrix of the general form
0 ... Ofx

in which all the entries ‘under the stairstep’ are zero, all the ‘corner entries’ (those
marked ) are non-zero, and all other entries are arbitrary.

e Note that the ‘stairstep’ descends one row at a time and that a ‘step’ may tra-
verse several columns.

Example 3.8

The 5 x 8 matrix

is a row-echelon matrix.

Example 3.9

The 3 x 3 matrix
123
0|4 5
0 0/6

is a row-echelon matrix.

Example 3.10

Every diagonal matrix in which the diagonal entries are non-zero is a row-echelon
matrix.

Theorem 3.5

By means of elementary row operations, a non-zero matrix can be transformed to a
row-echelon matrix.

Proof

Suppose that A = [a;j],«, is a given non-zero matrix. Reading from the left, the first
non-zero column of A contains at least one non-zero element. By a suitable change
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of rows if necessary, we can move the row containing this non-zero entry so that it
becomes the first row, thereby obtaining a matrix of the form

0 o 0 bll b12 e blk
0 ... 0 by by ... by

0 ... 0 by by ... b
in which by, # 0.

Now for i = 2,3,...,n subtract from the i-th row b;; /b, times the first row.
This is a combination of elementary row operations and transforms B to the matrix

0o ... 0|b“ by ... by
0 ... 0 0 ¢y ...

C=

0 ... 0 0 cpp -+ Cmi

in which we see the beginning of the stairstep.

Now leave the first row alone and concentrate on the (m — 1) x (k — 1) matrix
[c;;]. Applying the above argument to this submatrix, we can extend the stairstep
by another row. Clearly, after at most m applications of this process we arrive at a
row-echelon matrix. O

The above proof yields a practical method of reducing a given matrix to a row
echelon matrix. This process is often known as Gaussian elimination.

Example 3.11

10101 10 10 1
11002 [0]1 -10 1|p—p
31111 01 -2 1 =2| p3-3p,
01212 01 21 2

10 10 1]

0|t -1 0 1

A

00[-1 1 =3| p3—p,

00 3 1 1] pyg=py

(10 10 17

0|1 -1 0 1

A

00[-11 -3

[0 0 0|4 -8] p4+3ps

It should be noted carefully that the stairstep need not in general reach the bottom
row, as the following examples show.
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Example 3.12

Example 3.13

EXERCISES

3.5 Reduce to row-echelon form the following matrices:

1 2 3 1 23
31 2], 31 2.
55 8 2 31

3.6 Reduce to row-echelon form the following matrix:

2 0 31

— e ek
w

2 3 3
01 3
11 1

N -

3.7 Given the matrix

1 0 1 4
0 o0 4 17
1 1 05
-1 -10 «

—_— N

-3

determine the value of o such that, in a row-echelon form of A, the
stairstep reaches the bottom.
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Definition

By an Hermite (or reduced row-echelon) matrix we mean a row-echelon matrix in
which every comer entry is 1 and every entry lying above a corner entry is 0.

An Hermite matrix therefore has the general form

(== eNoNeN-]

(=N NeNeNoN-)

L i

in which the unmarked entries lying above the stairstep are arbitrary.

Example 3.14

The 4 x 9 matrix

is an Hermite matrix.

Example 3.15
The identity matrix /, is an Hermite matrix.

Theorem 3.6

Every non-zero matrix A can be transformed to an Hermite matrix by means of ele-
mentary row operations.

Proof

Let Z be a row-echelon matrix obtained from A by the process described in Theorem
3.5. Divide each non-zero row of Z by the (non-zero) corner entry in that row. This
makes each of the corner entries 1. Now subtract suitable multiples of every such
non-zero row from every row above it to obtain an Hermite matrix. O

The systematic procedure that is described in the proof of Theorem 3.6 is best
illustrated by an example.
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Example 3.16

=
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£ 2
Q
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W o .
= @ o = I | |
a ™ f L
o N - S TT O -0~ ~ —~ oo~
a o Q el Q Q QU
Q Q vy — v — e O e -_— 0 O e
— T T 11 1 1 Jv_
_|4.J122 112“3 7_37_32“3 07_32“3 ——— O O ™~ — O
- — [ ——— |
o0
ISIR rY Y
(S Il NN~ oo~ oo~ - -
—aAa ~Qfo ~—lo = ~lo o ~|o °eT -« " _ '
- o OO -0 O -
2‘00200200 ANl o alo o T——< o -0 o o — -
F.I.OO...I.OO.—.I.OO__HOO..]OO. — Ny v o o — o S = — O
—
| EO R — | | S——

3.8 Reduce to Hermite form the matrix
3.9 Reduce to Hermite form the matrices

2 4 4 8 4
365177
3.10 Reduce to Hermite form the matrices

EXERCISES
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The astute reader will have observed that we have refrained from talking about
the row-echelon form of a matrix. In fact, there is no unique row-echelon form. To
see this, it suffices to observe that we can begin the process of reduction to row-
echelon form by moving any non-zero row to become the first row. However, we
can talk of the Hermite form since, as we shall see, this is unique. In fact, it is
precisely because of this that such matrices are the focus of our attention. As far as
the problem in hand is concerned, namely the solution of Ax = b, we can reveal that
the Hermite form of A is precisely the matrix that will satisfy the requirements we
have listed above. In order to establish these facts, however, we must develop some
new ideas. For this purpose, we introduce the following notation.

Given an m x n matrix A = [a,,-] we shall use the notation

Ai=lay ap ... a),
and quite often we shall not distinguish this from the i-th row of A. Similarly, the
i-th column of A will often be confused with the column matrix

Definition
By a linear combination of the rows (columns) of A we shall mean an expression
of the form

Mxp+Axp 4o+ x),

where each x; is a row (column) of A.

Example 3.17
The row matrix [2 -3 1] can be written in the form
2[1 0 0]-3[0 1 0] +1[0 0 1]
and so is a linear combination of the rows of 5.
Example 3.18

The column matrix

~

0
4
| -2
can be written ;
0 0
4111-21]0
0] 1

and so is a linear combination of the columns of /5.
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Example 3.19

The column matrix

1
0
0
is not a linear combination of the columns of the matrix
000
1 01
010
Definition
If xy,...,x, are rows (columns) of A then we shall say that x,, ..., x, are linearly
independent if the only scalars )y, ..., )\, which are such that
)\lxl +A2X2 +...+>\pxp= 0
are\; =\, =...= p=0'

Expressed in an equivalent way, the rows (columns) x,, ..., x,, are linearly in-
dependent if the only way that the zero row (column) 0 can be expressed as a linear
combination of xy, ..., x, is the trivial way, namely

0=0x| +0x2+---+0xp.

If x,, ..., x, are not linearly independent then they are linearly dependent.
Example 3.20
The columns of the identity matrix I, are linearly independent. In fact, we have

1 0 0 0 A
0 1 0 0 Ay

AMOL+22 [0+ |+ 42,0 = |3

0 0 0 n An

and this is the zero column if and only if \; = M\, =-.. =X, = 0.
Similarly, the rows of I, are linearly independent.

Example 3.21

In the matrix

>
]
—_— O e
(=R )
—— O
(= S
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the columns are not linearly independent. Indeed, the second and fourth columns are
the same, so that a, = a, which we can write in the form 1a, — 1a, = 0. However,
the first three columns of A are linearly independent. To see this, suppose that we
have )\ a; + \,a, + A3;a; = 0. Then

1 2 0
MO +X 1 +X3(1[=1(0],
1 0
and consequently
A+ 2 =0
PSR D ¥
A + )

nn
(=N =

from which it is easily seen that \; = Ay, = A3 =0.
EXERCISES

3.11 Prove that in the matrix

—_—O
IS
—— O

the rows are linearly independent.

3.12 For the matrix

—
- O NN
- W O
—_— W W

12
determine the maximum number of linearly independent rows and the
maximum number of linearly independent columns.
Theorem 3.7
If the rows/columns x,, ..., x,, are linearly independent then none can be zero.
Proof
If we had x; = 0 then we could write
Oxy+ - +0x;y +1x; + Ox;y +--- +0x, =0,

so that x,, ..., x, would not be independent. O

Theorem 3.8

The following statements are equivalent :
(1) xy,...,x, (p>2) are linearly dependent ;



42 Basic Linear Algebra

(2) one of the x; can be expressed as a linear combination of the others.

Proof

(1) = (2) : Suppose that x|, ..., x, are dependent, where p > 2. Then there exist
A1y-++,Ap such that
)\lxl +"'+)\pxp=0

with at least one of the )\; not zero. Suppose that A, # 0. Then the above equation
can be rewritten in the form

xk=_hxl —...—;fxp’
i.e. x, is a linear combination of x,..., X;_1, Xg41, .-+, Xp-

(2) = (1) : Conversely, suppose that

Xp =Xyt b g Xeop ¥ e X ¥ fpXp.
Then this can be written in the form

Xyt Xy + (=1)xg + g Xpey + - + HpXp = 0

where the left-hand side is a non-trivial linear combination of x,,...,x,. Thus
Xy,..., X, are linearly dependent. [
Corollary

The rows of a matrix are linearly dependent if and only if one can be obtained from
the others by means of elementary row operations.
Proof

It suffices to observe that every linear combination of the rows is, by its very defini-
tion, obtained by a sequence of elementary row operations. [

Example 3.22
The rows of the matrix
12 0
A=12 1 -1 1
5 4 =2

are linearly dependent. This follows from the fact that A; = A, + 2A, and from the
Corollary to Theorem 3.8.

We now consider the following important notion.
Definition
By the row rank of a matrix we mean the maximum number of linearly independent
rows in the matrix.
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Example 3.23

The matrix A of the previous example is of row rank 2. To see this, recall that the
three rows A, A,, A; are dependent. But the rows A, and A, are independent since

A|A|+A2A2=[X|+2A2 2A1+k2 —Az )\2]

and this is zero if and only if A\, = X, = 0. Hence the maximum number of indepen-
dent rows is 2.

Example 3.24

The identity matrix /,, has row rank n.

Example 3.25

By Theorem 3.7, a zero matrix has row rank 0.

EXERCISES

3.13 Determine the row rank of the matrix

1 2 5
2 1 4
0 -1 -2
0 1 2

It turns out that the row rank of the augmented matrix A|b of the system Ax = b
determines precisely how many of the equations in the system are not superfluous,
so it is important to have a simple method of determining the row rank of a matrix.
The next result provides the key to obtaining such a method.

Theorem 3.9
Elementary row operations do not affect row rank.

Proof

It is clear that the interchange of two rows has no effect on the maximum number of
independent rows, i.e. the row rank.

If now the k-th row A, is a linear combination of p other rows, which by the
above we may assume to be the rows A,,..., A, then clearly so is \A, for every
non-zero scalar ). It follows by Theorem 3.8 that multiplying a row by a non-zero
scalar has no effect on the row rank.

Finally, suppose that we add the i-th row to the j-th row to obtain a new j-th row,

say A7 = A, + A,. Since then

MA + -+ NA AT H XA

=MA P+ G ENA A+ + XA,
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itisclearthatifA,,...,A;,...,A;,..., A, are linearly independent then so also are
A,,...,A;,...,A},..., A, Thus the addition of one row to another has no effect on
row rank. O

Definition

A matrix B is said to be row-equivalent to a matrix A if B can be obtained from A
by means of a finite sequence of elementary row operations.

By Theorem 3.4, we can equally assert that B is row-equivalent to A if there is a
product F of elementary matrices such that B = FA.

Since row operations are reversible, we have that if an m x n matrix B is row-
equivalent to the m x n matrix A then A is row-equivalent to B. The relation of
being row-equivalent is therefore a symmetric relation on the set of m x n matrices.
It is trivially reflexive; and it is transitive since if F and G are each products of
elementary matrices then clearly so is FG. Thus the relation of being row equivalent
is an equivalence relation on the set of m x n matrices.

The following result is an immediate consequence of Theorem 3.9.

Theorem 3.10
Row-equivalent matrices have the same row rank. 0O

The above concepts allow us now to establish:

Theorem 3.11

Every non-zero matrix can be reduced by means of elementary row operations to a
unique Hermite matrix.

Proof

By Theorem 3.6, every non-zero matrix M can be transformed by row operations
to an Hermite matrix. Any two Hermite matrices obtained from M in this way are
clearly row-equivalent. It suffices, therefore, to prove that if A and B are each Her-
mite matrices and if A and B are row-equivalent then A = B. This we do by induction
on the number of columns.

We begin by observing that the only m x 1 Hermite matrix is the column matrix

1
0

0

so the result is trivial in this case. Suppose, by way of induction, that all row-
equivalent Hermite matrices of size m x (n — 1) are identical and let A and B be
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row-equivalent Hermite matrices of size m x n. Then by Theorem 3.4 there is an
m x n matrix F, which is a product of elementary matrices, such that B = FA.

Let A and B be the m x (n — 1) matrices that consist of the first n — 1 columns of
A, B respectively. Then we have B=FAandsoAand B are row-equivalent. By the
induction hypothesis, therefore, we have A = B. The result will now follow if we
can show that the n-th columns of A and B are the same.

For this purpose, we observe that in an Hermite matrix every non-zero row con-
tains a corner entry 1, and these corner entries are the only non-zero entries in their
respective columns. The non-zero rows of such a matrix are therefore linearly in-
dependent, and the number of such rows (equally, the number of corner entries) is
therefore the row rank of the matrix.

Now since the Hermite matrices A and B are row-equivalent, they have the same
row rank and therefore the same number of corner entries. If this is r then the row
rank of A = B must be either r or  — 1. In the latter case, the n-th columns of A and
B consist of a corner entry 1 in the r-th row and 0 elsewhere, so these columns are
equal and hence in this case A = B. In the former case, we deduce from B = FA
that, for1 <igr,

1 b - bl =Y Mlaw - awl
=1
In particular, for the matrix A = B we have
r
[a,-, ai,n—l] = [bil bi,n—l] = k}_:l )‘k[akl ak,n—l]'

But since the first r rows of A are independent we deduce from this that \; = 1 and
M = 0 for k # i. It now follows from (1) that

bn ... bul=[an ... a
and hence that b;, = a;,. Thus the n-th columns of A and B coincide and so A = B
also in this case. O

Corollary

The row rank of a matrix is the number of non-zero rows in any row-echelon form of
the matrix.

Proof

Let B be a row-echelon form of A and let H be the Hermite form obtained from B.
Since H is unique, the number of non-zero rows of B is precisely the number of
non-zero rows of H, which is the row rank of A. O

The uniqueness of the Hermite form means that two given matrices are row-
equivalent if and only if they have the same Hermite form. The Hermite form of
A is therefore a particularly important ‘representative’ in the equivalence class of A
relative to the relation of being row-equivalent.
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EXERCISES
3.14 Consider the matrix
111 1 4
1 )1 1 4
A=
1 1 X3-)\6

222 X 6

Show that if ) # 1,2 then the row rank of A is 4. What is the row rank
of A when )\ =1, and when )\ =27

3.15 Determine whether or not the matrices

2 21 2 1 -1
1 3 1}, 0 2 -1
1 22 -3 =2 3

are row-equivalent.

Similar to the concept of an elementary row operation is that of an elementary
column operation. To obtain this we simply replace ‘row’ by ‘column’ in the defi-
nition.

It should be noted immediately that such column operations cannot be used in
the same way as row operations to solve systems of linear equations since they do

not produce an equivalent system.
However, there are results concerning column operations that are ‘dual’ to those

concerning row operations. This is because column operations on a matrix can be
regarded as row operations on the transpose of the matrix. For example, from the
column analogues of Theorems 3.1, 3.2 and 3.3 (proved by transposition) we have
the analogue of Theorem 3.4:

Theorem 3.12

An elementary column operation on an m x n matrix can be achieved by post-
multiplication by a suitable elementary matrix, namely that obtained from I, by ap-
plying to 1, precisely the same column operation. 0

The notion of column-equivalence is dual to that of row-equivalence.
Definition

The column rank of a matrix is defined to be the maximum number of linearly
independent columns in the matrix.

The dual of Theorem 3.9 holds, namely:

Theorem 3.13
Column operations do not affect column rank. 0O
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Since it is clear that column operations can have no effect on the independence of
rows, it follows that column operations have no effect on row rank. We can therefore
assert:

Theorem 3.14

Row and column rank are invariant under both row and column operations. O

EXERCISES
3.16 Determine the row and column ranks of the matrix
02 3 41
00 2 34
2 2 -5 2 4
2 0 -6 9 7

We now ask if there is any connection between the row rank and the column rank
of a matrix; i.e. if the maximum number of linearly independent rows is connected in
any way with the maximum number of linearly independent columns. The answer
is perhaps surprising, and bears out what the reader should have observed in the
previous exercise.

Theorem 3.15

Row rank and column rank are the same.

Proof

Given a non-zero m x n matrix A, let H(A) be its Hermite form. Since H(A) is
obtained from A by row operations it has the same row rank, p say, as A. Also, we
can apply column operations to H(A) without changing this row rank. Also, both
A and H(A) have the same column rank, since row operations do not affect column
rank.

Now by suitable rearrangement of its columns H(A) can be transformed into the

the general form
I, ?
Onpp Ompn-p

in which the submatrix marked ? is unknown but can be reduced to 0 by further col-
umn operations using the first p columns. Thus H(A) can be transformed by column
operations into the matrix

I, 0 .

00

Now by its construction this matrix has the same row rank and the same column
rank as A. But clearly the row rank and the column rank of this matrix are each p. It
therefore follows that the row rank and the column rank of A are the same. 0O
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Because of Theorem 3.15 we shall talk simply of the rank of a matrix, meaning
by this the row rank or the column rank, whichever is appropriate. The following is
now immediate:

Corollary
rank A=rank A'. O

If we reflect on the proof of Theorem 3.15 we see that every non-zero m x n
matrix A can be reduced by means of elementary row and column operations to a

matrix of the form

1, 0

0 0}’
the integer p being the rank of A.

Invoking Theorems 3.4 and 3.12, we can therefore assert that there is an m x m
matrix P and an n x n matrix Q, each of which is a product of elementary matrices,

such that
I, 0
PAQ=|"? .

The matrix on the right-hand side of this equation is often called the normal form
of A.

How can we find matrices P, Q such that PAQ is in normal form without having
to write down at each stage the elementary row and column matrices involved?

If A is of size m x n, an expedient way is to work with the array

I

n

AlL,

as follows. In reducing A, we apply each row operation to the bottom m rows of this
array, and each column operation to the first n columns of this array. The general
stage will be an array of the form

v| _ FiF,---F, |

XAY]X ~ E,---E,E,AF|F,.-F,

Et"'EZEl

where E,,E,, ..., E, are elementary matrices corresponding to the row operations
and F,,F,,...,F, are elementary matrices corresponding to the column operations.
If N is the normal form of A, the final configuration is

Q
N|P
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Example 3.26

Consider the matrix

-1
1 .
2
Applying row and column operations as described above, we obtain

2
-1
1

1
A= -1
0

_— IO © —l o O© ~l
o o - o> = — O.I.l__2 011__2
|
o — o
bt et — et = e vt = |
f— — o | | |
CoOo—N—— OO ~lN~N OO0 —N—— N O~ — —
| [ [ | o—o —
So—oon co—~omoa 001040110100011010
r N—oOol—O0 AN—Oo O
o—ooN—~— o—ooN—o o—ool—o | |
— 00000 —"OOOFO0 —"OO0O(~00 —OO0OI~FOO —O00O
o © —
o — o
— o ©
00104.12
0]0024.1
—ocool~—o

o O© ~ln

o =~ =l

= =l

o o -
o o -

—

—_o — O

© O© ~la

o> = —len

Pt = =l

o © O

o o -

o — o ZIOOTIO

— o0 O —OoOO0oOoO—OoO
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Thus we see that

1000
N=]0 100
0010
so that A is of rank 3; and
100 0 10 1
h_i_lg’ =16 0 1 -1
2 2 2 0 00 1

A simple computation on the reader’s part will verify that PAQ = N.

o It should be noted that the matrices P and Q which render PAQ = N are not
in general uniquely determined. The reader should do the above example in a
different way (e.g. reduce A to Hermite form before doing column operations)

to obtain different P and Q.
EXERCISES
3.17 Show that the matrix
1 2 3
A=1]1 =2 1
5 -2 -3
is of rank 2 and find matrices P, Q such that
I, 0
PAQ = .

3.18 Write down all the normal forms that are possible for non-zero 4 x 5
matrices.

3.19 Suppose that A is an n x n matrix and that m rows of A are selected to
form an m x n submatrix B. By considering the number of zero rows in
the normal form, prove that rank B > m — n + rank A.

Definition
We say that two m x n matrices are equivalent if they have the same normal form.

Since the rank of matrix is the number of non-zero rows in its normal form, it is
clear from the above that two m x n matrices are equivalent if and only if they have
the same rank.

The reader can easily check that the relation of being equivalent is an equivalence
relation on the set of m x n matrices. The normal form of A is a particularly simple
representative of the equivalence class of A.
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EXERCISES

3.20 Prove that if A and B are row-equivalent then they are equivalent.
3.21 Prove that every square matrix is equivalent to its transpose.

3.22 Show that the following matrices are equivalent :

121 5§ 3 001 -2 -3
-1 02 -7 -10|, (010 2 1
124 -1 -6 100 3 4

We now have to hand enough machinery to solve the problem in hand. This is
dealt with in the next three results.

Theorem 3.16

If A is an m x n matrix then the homogeneous system of equations Ax = 0 has a
non-trivial solution if and only if rank A < n.

Proof
Let a; be the i-th column of A. Then there is a non-zero column matrix
X

X2

such that Ax = 0 if and only if
X8 +x8,+:-+x,8,= 0;

for, as is readily seen, the left-hand side of this equation is simply Ax. Hence a
non-trivial (=non-zero) solution x exists if and only if the columns of A are linearly
dependent. Since A has n columns in all, this is the case if and only if the (column)
rank of A is less thann. O

Theorem 3.17
A non-homogeneous system Ax = b has a solution if and only if rank A = rank A|b.
Proof
If A is of size m x n then there is an n x 1 matrix x such that Ax = b if and only if
there are scalars x, ..., x, such that

X8 +x8+---+x,a,=b.

This is the case if and only if b is linearly dependent on the columns of A, which is
the case if and only if the augmented matrix A|b is column-equivalent to A, i.e. has
the same (column) rank as A. O
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Definition
We shall say that a system of linear equations is consistent if it has a solution (which,
in the homogeneous case, is non-trivial); otherwise we shall say that it is inconsistent.

Theorem 3.18

Let a consistent system of linear equations have as coefficient matrix the m x n
matrix A. If rank A = p then n — p of the unknowns can be assigned arbitrarily and
the equations can be solved in terms of them as parameters.

Proof

Working with the augmented matrix A|b, or simply with A in the homogeneous case,
perform row operations to transform A to Hermite form. We thus obtain a matrix of
the form H(A)|c in which, if the rank of A is p, there are p non-zero rows. The
corresponding system of equations H(A)x = c is equivalent to the original system,
and its form allows us to assign n — p of the unknowns as solution parameters. [

The final statement in the above proof depends on the form of H(A). The as-
signment of unknowns as solution parameters is best illustrated by examples. This
we shall now do. It should be noted that in practice there is no need to test first
for consistency using Theorem 3.17 since the method of solution will determine this
automatically.

Example 3.27

Let us determine for what values of o the system
x+ y+ z=1
2x - y+2z=1
x+2y+ z=a
has a solution.

By Theorem 3.17, a solution exists if and only if the rank of the coefficient matrix
of the system is the same as the rank of the augmented matrix, these ranks being
determined by the number of non-zero rows in any row-echelon form.

So we begin by reducing the augmented matrix to row-echelon form:

-

1111 111 1
2 -121] ~» |0-30 -1
1 2 1a 01 0 -1
111 1

~ 010 %

010 a-1

111 1

~ (010 3

000 a-%
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It is clear that the ranks are the same (and hence a solution exists) if and only if
4

o= 7.
3

In this case the rank is 2 (the number of non-zero rows), and the Hermite form is

101
010
000

O W=WwIN

Using Theorem 3.18, we can assign 3 —2 = 1 of the unknowns as a solution param-
eter. Since the corresponding system of equations is

xX+2z

W= W

y:

we may take as the general solution y = § and x = % — z where z is arbitrary.

Example 3.28

Consider now the system

x+ y+ z+ t=4
x+By+ z+ t=4
x+ y+Pz+(3-p8)t=6
2x +2y+ 2z Bt=6.

The augmented matrix of the system is

which can be reduced to row-echelon form by the operations p, — p,, p3 — p;, and
Ps—2p;.
We obtain
1 1 4
0 0 0
2
-2

2
@) _8
-2

1
0
0 2-
0 B-
Now if B # 1,2 then the rank of the coefficient matrix is clearly 4, as is that of the
augmented matrix. By Theorem 3.18, therefore, a unique solution exists (there being
no unknowns that we can assign as solution parameters).
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To find the solution, we reduce the above row-echelon matrix to Hermite form:

111 1 4
0100 0
~~ 2-
00113—552-2-1
000 1 ;%
1111 4
0100 0
“1loo10 0
0001 5%
2
(1000 4+ 5%
L0100 o0
0010 0
-2
0001

The system of equations that corresponds to this is

2
4+E‘7

y = 0
0
=2
-2

X

~
I

which gives the solution immediately.
Consider now the exceptional values. First, let 3 = 2. Then the matrix (2)
becomes

N O A

1111
0100
0010
0000 -2

and in the system of equations that corresponds to this augmented matrix the final
equation is

Ox+0y+0z+0t=-2,

which is impossible. Thus when § = 2 the system is inconsistent.
If now B = 1 then the matrix (2) becomes

1111 4
000 0 O
000 1 2|’
000 -1 -2
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which reduces to the Hermite form

11102
00012
00000
00000
The corresponding system of equations is
x+y+z=2,
t=2.

Here the coefficient matrix is of rank 2 and so we can assign 4 —2 = 2 of the
unknowns as solution parameters. We may therefore take as the solution

t=2,
x=2-y-2

where y and z are arbitrary.

EXERCISES
3.23 Show that the system of equations
x +2y +32+ 3t =3
x + 2y + 3t =1
x + z+ t=3
x+ y+ z+2t=1

has no solution.

3.24 For what value of o does the system of equations

x =3y -z -10t = o
x+ y+ 2z =35
2x - 4t =7
x + y + t=4

have a solution? Find the general solution when « takes this value.

3.25 Show that the equations

2x + y + 2 = —6a
2x + y + (B+1)z = 4
Bx + 3y + 2z = 2

has a unique solution except when 8 = 0 and when 3 = 6.

If B = 0 prove that there is only one value of o for which a solution
exists, and find the general solution in this case.

Discuss the situation when 8 = 6.
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SUPPLEMENTARY EXERCISES

3.26 Let A be a real 4 x 3 matrix. Determine the elementary matrices which,
as post-multipliers, represent each of the following operations

(1) multiplication of the third column by -2;
(2) interchange of the second and third columns;
(3) addition of -2 times the first column to the second column.

3.27 If the real matrix

(= |
QU — o O
- O O
QA O © O

1
b
0
0

S O O

has rank r, prove that

(1) r>2;

(2) r=3ifandonlyifa=d=0and bc = 1;
(3) r = 4in all other cases.

3.28 Given the real matrices

3 2 -15 0 3
A=|1 -1 2 2}, B= (0 -1
0 5 7a 0 6
prove that the matrix equation AX = B has a solution if and only if

a=-1.
3.29 Show that the equations
x -y - u -5t =
2x + y - z —4u + t
x+ y+ z -4u - 6t =
x + 4y + 2z — 8u - 5t =

n
> ™R

have a solution if and only if
8a-B-117+56=0.
Find the general solution whena = = -1,y=3,8 = 8.
3.30 Discuss the system of equations

2x + (p+3)y - Iz = -3
x + Az
2x + 4y + 3z =

[}
|
y —

3.31 How many different normal forms are there in the set of m x n matrices?
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3.32 Give an example of a matrix that cannot be reduced to normal form by
means of row operations alone.

3.33 Give an example of two matrices that are equivalent but are not row-
equivalent.

3.34 Prove that two matrices are equivalent if and only if one can be obtained
from the other by a finite sequence of row and column operations.

3.35 Determine the values of a, b, ¢ for which the parabola y = ax? + bx + ¢
passes through the three points (-1, 1), (0,2), (1, 3).

3.36 Determine the set of integer solutions of the system

3 + xy + 2x3 — x4 =5 1
2x; + xy + 4xz + 3x4 + 2x5 =5 1
x; — 2x, + 3x4 + x5 =5 3
x, - x3 — x4+ 3x5 =51
2x; + 3xy + 3x3 — x4 — x5 =5 1

in which =5 denotes congruence modulo 5.

ASSIGNMENT EXERCISES
(1) Determine the rank of the matrix
024 2 27
4 4 4 8 0
8 20 10 2
632 9 1
(2) If r is the rank of the matrix
1 a 0 0]
-8 180
0y 1 ~
0 -6 1 6 |
show that
(a) r>1;

(b) r=2ifand onlyifa=-1andy = 6=0;
(c) r=3if and only if either y = § or o8 = —1 and , § are not both zero.

(3) If A, B,C are (rectangular) matrices such that A = BC prove that
rank A < min{rank B, rank C}.
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(4) Let A be an m x n matrix. Prove that the rank of A is the smallest integer p
such that A can be written as a product BC where Bism x pand C is p x n.

(5) Show that if \ # 0 then the system of equations
)\xi+a,-x,,+| =b,~ (i=l,...,n)

n
Eaixi + Axpyy = by
i=1

n
has a unique solution if and only if \2 - 5" a? # 0.
i=1
(6) Consider on the one hand the system S, of n linear equations in n unknowns:
anx; + a]2x2 + a]3x3 + .-+ alnx,, = bl;

anxy + apx; + apxy + - + ay,x, = by;

ayXx; + apx; + apxz + -+ ayx, = by;

anXx) + apx; + apxz + -+ ayx, = by,
and on the other hand the homogeneous system S, of n linear equations in n + 1
unknowns:
anyr + apys +apys + o+ apy, — by = 0;
anyr + anpyy + anys + oo + ayy, — byyu = 0;
ayy; + apy; + anpys + - + a3y, = b3y, = 0;

amy1 t+ apy: + a3y + -0+ apyy, - bnynH = 0.

Show that the homogeneous system associated with S; has only the trivial solu-
tion if and only if every non-trivial solution of S, is such that y,,, # 0.
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Invertible Matrices

In Theorem 1.3 we showed that every m x n matrix A has an additive inverse, denoted
by —A, which is the unique m x n matrix X that satisfies the equation A + X = 0. We
shall now consider the multiplicative analogue of this.

Definition

Let A be an m x n matrix. Then an n x m matrix X is said to be a left inverse of A if
it satisfies the equation XA = I,;; and a right inverse of A if it satisfies the equation
AX =1,

Example 4.1

Consider the matrices

11
43 310 a

A=13 4| X“v”—[—301b]'
00

A simple computation shows that X, ,A = I,, and so A has infinitely many left in-
verses. In contrast, A has no right inverse. To see this, it suffices to observe that if
Y were a 2 x 4 matrix such that AY = I, then we would require [AY], , = 1 which is
not possible since all the entries in the fourth row of A are 0.

Example 4.2
The matrix

OO -
(=3 S M)
W oo

has a common unique left inverse and uniqu

o

right inverse, namely

(=]
(=T )
w—-0 O
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Theorem 4.1
Let A be an m x n matrix. Then
(1) A has a right inverse if and only if rank A = m;
(2) A has a left inverse if and only if rank A = n.
Proof

(1) Suppose that the n x m matrix X is a right inverse of A, so that we have AX =
I,,. If x; denotes the i-th column of X then this equation can be expanded to the m
equations

where A; denotes the i-th column of 1,,,.
Now each of the matrix equations Ax; = A, represents a consistent system of m
equations in n unknowns and so, by Theorem 3.17, for each i we have

rank A = rank A|A;.

Since A, ..., A, are linearly independent, it follows by considering column ranks
that
rank A = rank A|A,

rank AIA] |A2

rank A|A|A,]...|A, = rank A|l,, = m.
Conversely, suppose that the rank of A is m. Then necessarily we have that n > m.
Consider the Hermite form of A'. Since H(A') is an n x m matrix and
rank H(A') = rank A' = rank A = m,
we see that H(A') is of the form

H(A,)z[ol,, }

As this is row-equivalent to A’, there exists an n x n matrix Y such that

YA = In .
On—m,m

AY' = [Im Om,n—m]‘

Now let Z be the n x m matrix consisting of the first m columns of ¥’'. Then from
the form of the immediately preceding equation we see that AZ = I,,, whence Z is a
right inverse of A.

(2) It is an immediate consequence of Theorem 1.9 that A has a left inverse if
and only if its transpose has a right inverse. The result therefore follows by applying
(1) to the transpose of A. O

Taking transposes, we obtain
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EXERCISES

4.1 Show that the matrix

—_— N =
S W W

4
5
5

O 00 I

has neither a left inverse nor a right inverse.

Theorem 4.2

If a matrix A has both a left inverse X and a right inverse Y then necessarily
(1) A is square;
(2) X=Y.

Proof

(1) Suppose that A is of size m x n. Then by Theorem 4.1 the existence of a right
inverse forces rank A = m, and the existence of a left inverse forces rank A = n.
Hence m = n and so A is square.
(2) If Ais of size p x pthen XA = I, = AY gives, by the associativity of matrix
multiplication,
X=XI,=X(AY)=(XA)Y=1Y=Y O

For square matrices we have the following stronger situation.

Theorem 4.3

If A is an n x n matrix then the following statements are equivalent:
(1) A has a left inverse;
(2) A has a right inverse;
(3) Aisof rank n;
(4) the Hermite form of A is I,;
(5) A is a product of elementary matrices.

Proof

We first establish the equivalence of (1), (2), (3), (4). That (1), (2), (3) are equivalent
is immediate from Theorem 4.1.

(3) = (4) : If A is of rank n then the Hermite form of A must have n non-zero
rows, hence n corner entries 1. The only possibility is /,,.

(4) = (3) : This is clear from the fact that rank 1, = n.

We complete the proof by showing that (3) = (5) and (5) = (3).

(3) = (5) : If A is of rank n then, since (3) = (1), A has a left inverse X. Since
XA = I, we see that X has a right inverse A so, since (2) = (4), there is a finite
string of elementary matrices Fy, F, ..., F, such that

F,. - F,F\X=1,



62 Basic Linear Algebra

Consequently, we have
A=1,A=(F,---F,F\ X)A=F,...F,F\(XA)=F,---F,F,

and so A is a product of elementary matrices.

(5) = (3) : Suppose now that A = E\|E, - - - E,, where each E; is an elementary
matrix. Observe that E,, is of rank n since it is obtained from /,, by a single elementary
operation which has no effect on rank. Also, pre-multiplication by an elementary
matrix is equivalent to an elementary row operation, which has no effect on rank. It
follows that the rank of the product E\E, - - - E,, is the same as the rank of E,,, which
is n. Thus the rank of Aisn. O

It is immediate from the above important result that if a square matrix A has a
one-sided inverse then this is a two-sided inverse (i.e. both a left inverse and a right
inverse). In what follows we shall always use the word ‘inverse’ to mean two-sided
inverse. By Theorem 4.2, inverses that exist are unique. When it exists, we denote
the unique inverse of the square matrix A by A~
Definition
If A has an inverse then we say that A is invertible.

If A is an invertible n x n matrix then sois A~'. In fact, since AA™' = I, = A™'A
and inverses are unique, we have that A is an inverse of A™! and so (A™!)™! = A.

We note at this juncture that since, by Theorem 4.3, every product of elementary
matrices is invertible, we can assert that B is row-equivalent to A if and only if there
is an invertible matrix E such that B = EA.

Another useful feature of Theorem 4.3 is that it provides a relatively simple
method of determining whether or not A has an inverse, and of computing A~! when
it does exist. The method consists of reducing A to Hermite form: if this turns out to
be I, then A is invertible; and if the Hermite form is not /, then A has no inverse.

In practice, just as we have seen in dealing with normal forms, there is no need
to compute the elementary matrices required at each stage. We simply begin with
the array A|l, and apply the elementary row operations to the entire array. In this
way the process can be described by

A|l, ~ E|A|E, ~ EjE\A|ELJE, ~ - -
At each stage we have an array of the form
S|Q = E;---E;E\A|E; - EJE,

in which QA = S. If A has an inverse then the Hermite form of A will be /,, and the
final configuration will be
In'Ep e EZEI

sothatE,---E,E A = I, and consequently A™' = E, . - - E,E.
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Example 4.3
Consider the matrix
1 23
1 3 4
1 4 4
Applying the above procedure, we obtain
123100 - 123,100
134010 ~011|-110
144(001 021|-101
12 1 00
~ 01 -1 10
00 -1]1-21
12 3|11 00
~+ 01 0f0 -11
00 -1|1 =21
12 0|4 63
~+ 01 0f0 -11
00 -1|1 =21
1004 4 1
~+ 010]0 -1 1
00 1|-1 2 -
s0 A has an inverse, namely
4 4 1
0 -1 1
-1 2 -1

EXERCISES

4.2 Determine which of the following matrices are invertible and find the
inverses:

111 121 12 2
12 3|, |13 2], |13 1],
011 101 113
1 1 11 11 11
1 2 -12 13 12
1 -1 2 1) |12 1]
1 3 32 59 16

4.3 If Ais an n x n matrix prove that the homogeneous system Ax = 0 has
only the trivial solution x = 0 if and only if A is invertible.
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4.4 Prove that the real 2 x 2 matrix
a b
=l d
is invertible if and only if ad — bc # 0, in which case find its inverse.

4.5 Determine for which values of o the matrix

110
A=1|1 0 0O
1 2 «

is invertible and describe A™!.

We shall see later other methods of finding inverses of square matrices. For the
present, we consider some further results concerning inverses.

We first note that if A and B are invertible n x n matrices then in general A + B is
not invertible. This is easily illustrated by taking A = I, and B = ~I, and observing
that the zero n x n matrix is not invertible. However, as the following result shows,
products of invertible matrices are invertible.

Theorem 4.4

Let A and B be n x n matrices. If A and B are invertible then so is AB; moreover,
(AB) = B7'A™,

Proof

It suffices to observe that
ABB'AT = AILAT = AAT =1,

whence B! A™! is a right inverse of AB. By Theorem 4.3, AB therefore has an in-
verse, and (AB)™! = B'A”l. O

Corollary

If A is invertible then so is A™ for every positive integer m; moreover,
(AM)-I = (A-l)m.

Proof

The proof is by induction. The result is trivial for m = 1. As for the inductive step,
suppose that it holds for m. Then, using Theorem 4.4, we have

(A-l)m+l = A—I(A—l)m = A—l(AM)—l = (AmA)-l = (Am+l)-l’

whence itholds form+ 1. 0O
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Theorem 4.5

If A is invertible then so is its transpose A'; moreover,
(A/)—I = (A—-l)/.

Proof

By Theorem 4.4 we have

In = I:' = (AA-I)i = (A—I)IAI

and so (A™')' is a left inverse, hence the inverse, of A’. O

EXERCISES

4.6 If Aj,A,,...,A, are invertible n x n matrices prove that so also is the
product A,A; - - - A, and that

(A4, - .Ap)-l = A;‘ - AS'ATL

4.7 Let ¢ be a fixed real number and let
0 1 -—sind
A= -1 0 cos?
—~sind cos ¥ 0
Show that A3 = 0.
For each real number x define the 3 x 3 matrix A, by
A =1+ xA+ 1xPA%

Provethat A A, = A,,, and deduce that each A, is invertible with A;' =

A,

4.8 For each integer n let

x+y

1-n -n
A= [ n 1+ n] '
Prove that A,A,, = A,,,,. Deduce that A, is invertible with A;! = A_
Do the same for the matrices

1-2n n
B, = [ —4n 1+2n]‘

What is the inverse of A,B,,?

ne

Recall that an n x n matrix is orthogonal if it is such that
AA'=1,=A'A.

By Theorem 4.3, we see that in fact only one of these equalities is necessary. An
orthogonal matrix is therefore an invertible matrix whose inverse is its transpose.
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Example 4.4

A 2 x 2 matrix is orthogonal if and only if it is of one of the forms

5

a b
=[2d
is orthogonal. Then from the equation

a b]fa ¢ ,
[c d] [b d]_AA_IZ

a*+b*=1, ac+bd=0, *+d*=1.

in which a® + b? = 1.
In fact, suppose that

we obtain

The first two equations show that if a = 0 then d = 0, and the second and third
equations show that ifd = 0 thena = 0.

Now when a = d = 0 the equations give b= 11 and ¢ = £1.

On the other hand, when a and d are not zero the middle equation gives ¢/d =
—(b/a),soeitherc = -b,d=aorc=b,d = -a.

It follows that in all cases the matrix is of one of the stated forms. Note that the
one on the left is a rotation matrix (take a = cos # and b = sin ).

Example 4.5

The matrix

1/V3 1/V6 -1/V2
1/V3 -2/V6 0
1/V3 1/V6 1/V2

is orthogonal.

If P and A are n x n matrices with P invertible then for all positive integers m

we have
(P'AP)" = P71A™P.

The proof of this is by induction. In fact the result is trivial for m = 1; and the
inductive step follows from
(P'AP)™! = P1AP(P1AP)"
= PT'APP'A™P
= PAIA™P
= plAm1p,



4. Invertible Matrices 67

In certain applications it is important to be able to find an invertible matrix P
such that P~' AP is of a particularly simple form.

Consider, for example, the case where P can be found such that P~'AP is a di-
agonal matrix D. Then from the above formula we have

D™ = (P'AP)" = P'A"P.

Consequently, by multiplying the above equation on the left by P and on the right
by P!, we see that
A™ = PD"P!,

Since D™ is easy to compute for a diagonal matrix D (simply take the m-th power of
the diagonal entries), it is then an easy matter to compute A™.

The problem of computing high powers of a matrix is one that we have seen
before, in the ‘equilibrium-seeking’ example in Chapter 2, and this is precisely the
method that is used to compute A* in that example.

Of course, how to determine precisely when we can find an invertible matrix P
such that P~'AP is a diagonal matrix (or some other ‘nice’ matrix) is quite another
problem. A similar problem is that of finding under what conditions there exists an
orthogonal matrix P such that P’AP is a diagonal matrix.

Why we should want to be able to do this, and how to do it, are two of the
most important questions in the whole of linear algebra. A full answer is very deep
and has remarkable implications as far as both the theoretical and practical sides are
concerned.

EXERCISES

4.9 If A is an n x n matrix such that /, + A is invertible prove that
(In _A)(In + A)_l = (In + A)_l(ln _A)

Deduce that if
P= (I, - A)I, + A)™

then P is orthogonal when A is skew-symmetric.

Given that
0 cos ¥ 0
A= |[-cos? 0 sind |,
0 —-sind O
prove that
sin? ¢ —cos ¥ sin ¥ cos ¢
P= cos ¢ 0 —sin ¢

sindcosd sind cos? ¢
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SUPPLEMENTARY EXERCISES

4.10 Find the inverse of

-2

2 1
0 0
1

2 1

O = O =
WA o —-=

4.11 Let A and B be row-equivalent n x n matrices. If A is invertible, prove
that so also is B.

4.12 Let A and B be n x n matrices. If the product AB is invertible, prove that
both A and B are invertible.

4.13 If A and B are n x n matrices with A invertible, prove that
(A+B)A™(A-B)=(A-B)A™\(A + B).

4.14 If A is an n x n matrix establish the identity
I, =AY = (I, —A) I, + A+ A% + ... + A),

Deduce that if some power of A is the zero matrix then I, —A is invertible.

Suppose now that
2 2 -1 -1
-1 0 0 O
A= -1-1 10
0 1-1 1

Compute the powers (I, — A)' for i = 1,2,3,4 and, by considering
A = I, — (I, - A), prove that A is invertible and determine A™.
4.15 Let A and B be n x n matrices such that AB — I, is invertible. Show that
(BA —In)[B(AB _In)—lA - In] =1,

and deduce that BA — I, is also invertible.

ASSIGNMENT EXERCISES

(1) If A € Mat,,, R is such that a;; = 0 fori = j and a;; = 1 for i # j, show
that A satisfies a polynomial equation of degree 2. Hence determine A™!.

(2) Determine the inverse of the complex matrix

1 1+i =i
0 i 1-2i
1 1 i
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Vector Spaces

In order to proceed further with matrices we have to take a wider view of matters.
This we do through the following important notion.

Definition
By a vector space we shall mean a set V on which there are defined two operations,

one called ‘addition’ and the other called ‘multiplication by scalars’, such that the
following properties hold:

(V,) x+y=y+xforallx,y€eV;

(V) (x+y)+z=x+(y+z)forallx,y,z€V;

(V3) there exists an element 0 € V such that x + 0 = x forevery x € V;
(V,4) forevery x € V there exists —x € V such that x + (-x) = 0;

(Vs) Mx+y)=Xx+Xyforall x,y € Vand all scalars };

(V) (A + u)x = Xx + pux forall x € V and all scalars \, u;

(V7) (Ap)x = X(ux) forall x € V and all scalars X, u;

(Vg) Ix=xforallx € V.

When the scalars are all real numbers we shall often talk of a real vector space; and
when the scalars are all complex numbers we shall talk of a complex vector space.

o It should be noted that in the definition of a vector space the scalars need not be
restricted to be real or complex numbers. They can in fact belong to any ‘field’
F (which may be regarded informally as a number system in which every non-
zero element has a multiplicative inverse). Although in what follows we shall
find it convenient to say that ‘V is a vector space over a field F’ to indicate that
the scalars come from a field F, we shall in fact normally assume (i.e. unless
explicitly mentioned otherwise) that F is either the field IR of real numbers or
the field € of complex numbers.

e Axioms (V) to (V,) above can be summarised by saying that the algebraic
structure (V; +) is an abelian group. If we denote by F the field of scalars
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(usually IR or €) then multiplication by scalars can be considered as an action
by F on V, described by (), x) — X x, which relates the operations in F (ad-
dition and multiplication) to that of V (addition) in the way described by the
axioms (V) to (Vg).

Example 5.1

Let Mat ., IR be the set of all m x n matrices with real entries. Then Theorems
1.1 to 1.4 collectively show that Mat ., IR is a real vector space under the usual
operations of addition of matrices and multiplication by scalars.

Example 5.2

The set IR" of n-tuples (x,, ..., x,) of real numbers is a real vector space under the
following component-wise definitions of addition and mutiplication by scalars :

(xl"",xn)+(yla"'yyn) = (xl +yl)"‘,xn+yn)r
Mxp, .o, x,) = Oxg, .., Axy).

Geometrically, IR? represents the cartesian plane, whereas IR represents three-
dimensional space.

Similarly, the set €" of n-tuples of complex numbers can be made into both a
real vector space (with the scalars real numbers) or a complex vector space (with the
scalars complex numbers).

Example 5.3

Let Map(IR, IR) be the set of all mappings f : IR — IR. For two such mappings f, g
define f + g : IR — IR to be the mapping given by the prescription

(f + 8)(x) = f(x) + &(x),
and for every scalar A € R define \f : IR — IR to be the mapping given by the
prescription
OA)(x) = X f(x).

Then it is readily verified that (V,) to (V) are satisfied, with the role of the vector 0
taken by the zero mapping (i.e. the mapping ¥ such that ¥(x) = 0 for every x € IR)
and —f the mapping given by (—f)(x) = —f(x) for every x € IR. These operations
therefore make Map (IR, IR) into a real vector space.

Example 5.4

Let IR,[X] be the set of polynomials of degree at most n with real coefficients. The
reader will recognise this as the set of objects of the form

ay+aX+a,X*+.. - +a,X"
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where each a; € IR and X is an ‘indeterminate’, the largest suffix i for which a; # 0
being the degree of the polynomial.
We can define an addition on IR,[X] by setting
(ag+a X+ ---+a,X")+(bg+b,X+---+b,X")
=(ag+by)+(a; +b)X +---+(a, +b,)X"
and a multiplication by scalars by
Mag+a X+ --+a,X")=dag+ g, X +---+ g, X"

In this way IR,[X] has the structure of a real vector space.

We now list some basic properties of the multiplication by scalars. For clarity,
we shall denote (at least for a while) the additive identity element of V by 0, and that
of F (i.e. IR or €) by 0. We also use the symbol V as an abbreviation of ‘for all’.
Theorem 5.1

If Vis a vector space over a field F then
(1) (VA € F) X0y =0y;
(2) (Vx€V) 0px=0y;
(3) if A\x = Oy then either \ = Og or x = Oy;
(4) (Vx € VI(VX €F) (-\)x=—(x)=\(—x).

Proof
(1) By (V;) and (V) we have
>‘0V = A(OV + Ov) = XOV + XOV

Now add —()\0y) to each side.
(2) By (V¢) we have

O0px = (0p + 0p)x = Opx + Opx.

Now add —(0x) to each side.

(3) Suppose that A x = Oy and that ) # Or. Then X has a multiplicative inverse
X~!and so, by (V;) and (1), x = 1px = (A\)x = A7'(\x) = A710, = 0,,.

(4) By (2) and (V) we have

Oy = [\ + (=\)Ix = dx + (=))x.
Now add —() x) to each side. Also, by (1) and (V) we have

Oy = Mx + (=x)] = Ax + M(—x).
Now add —()\ x) to each side. O

EXERCISES

5.1 Verify the various items of Theorem 5.1 in the particular case of the
vector space Mat .., R.
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In order to study vector spaces we begin by concentrating on the substructures,
i.e. those subsets that are themselves vector spaces.
Definition
Let V be a vector space over a field F. By a subspace of V we shall mean a non-empty
subset W of V that is closed under the operations of V, in the sense that

(1) ifx,ycWthenx+ye W,

(2) f xeWand ) € Fthen x € W.

Note that (1) says that sums of elements of W belong also to W, and (2) says that
scalar multiples of elements of W also belong to W. When these properties hold, W
inherits from the parent space V all the other properties required in the definition of
a vector space. For example, by taking A = —1 in (2) we see that if x € W then
—x € W; and then, by taking y = —x in (1), we obtain 0, € W.

Example 5.5
Every vector space V is (trivially) a subspace of itself. V itself is therefore the biggest
subspace of V.

Example 5.6

By Theorem 5.1(1), the singleton subset {0y} is a subspace of V. This is then the
smallest subspace of V since, as observed above, we have that 0, € W for every
subspace W of V.

Example 5.7
IR is a subspace of the real vector space €. In fact, it is clear that properties (1) and
(2) above hold with W =R and F = R.
Example 5.8
In the real vector space IR? the set X = {(x,0) ; x € IR} is a subspace; for we have
(xlao) + (x210) = (xl +x2:0);
A(x,0) = (Ax,0),

and so X is closed under addition and multiplication by scalars. Thus (1) and (2) are
satisfied. This subspace is simply the ‘x-axis’ in the cartesian plane IR?. Similarly,
the ‘y-axis’

Y={(0,y); y€ R}

is a subspace of R,
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Example 5.9

We can expand on the previous example. In the cartesian plane IR? every line L
through the origin has a description in the form of a particular subset of IR?, namely

L= {(x,y); ax+pBy=0}.

If L makes an angle ¢ with the x-axis then the gradient of L is given by tan ¢ =
-a/p.
Now if (x;,y,) € L and (x5, y,) € L then we have ax, = =By, and ax, = =y,
whence a(x, + x;) = —8(y, + y,) and therefore
(x1,71) + (x2,¥2) = (% + x5, +y2) € L;
and if (x,,y,) € L then ax, = =By, gives alx, = =By, for every A € IR, so that
Axy, 1) = (xy, Ayy) € L.

Thus we see that every line L that passes through the origin is a subspace of IR?.
As we shall see later, apart from {(0,0)} and IR? itself, these are the only sub-
spaces of IR,

Example 5.10
In the cartesian space IR® every plane through the origin has a description in the form

P={(x,y,2); ax+ By +7z=0}.
To see the geometry of this, observe that if we fix z, say z = k, then ‘the plane z = k’
(i.e. the set {(x,y,k) ; x,y € IR}) slices through P in the line

{(x,9,k) ; ax+ By = —yk}.
Now if (x,,y;,2;) € P and (x,,y,,2,) € P then it is readily seen that
(x1,51,21) + (x2,¥2,22) = (x; + x5, y1 + ¥2,2, + 22) € P;

and if (x,,y,,z,) € P then, forevery A € R,

Axy,¥1,21) = Oxg, Ay, Azy) € P

Thus we see that every plane through the origin is a subspace of IR,
We shall see later that, apart from {(0,0,0)} and IR itself, the only subspaces
of IR are lines through the origin and planes through the origin.

Example 5.11

An n x n matrix over a field F is said to be lower triangular if it is of the form
a, 0 0 ... 0
aj axn 0 ... 0

as as as; ... 0

Qn Gpa Gp3 ... G,
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i.e.if a;; = 0 wheneveri < j.

The set of lower triangular n x n matrices is a subspace of the vector space
Mat, ., F. In fact, if A and B are lower triangular then clearly so is A + B and so is
A\A.

EXERCISES

5.2 In the vector space IR* of 4-tuples of real numbers, determine which of
the following subsets are subspaces:
(1) {(x,5,2,0); x=y, z=1t};
2) {(x,3,2,8); x+y+z+t=0}
(3) {(x,5,2,0); x=1}
@) {(x,y,2,0); xt=yz}.
5.3 Consider the set Con (IR, IR) of all continuous functions f : IR — IR.
What well-known theorems from analysis ensure that Con (IR, R) is a
subspace of the vector space Map (IR, IR)?

5.4 Let Diff (IR, IR) be the subset of Con (IR, IR) consisting of all differen-
tiable functions f : IR — IR. What well-known theorems from analysis
ensure that Diff (IR, IR) is a subspace of the vector space Con (IR, IR)?

5.5 Determine which of the following are subspaces of the vector space
Mat,, , R:
(1) the set of symmetric n x n matrices;
(2) the set of invertible n x n matrices;
(3) the set of non-invertible n x n matrices.

5.6 If A is areal m x n matrix prove that the solutions of the homogeneous
system Ax = 0 form a subspace of the vector space Mat ,,; IR.

5.7 Show that a line in IR? that does not pass through the origin cannot be a
subspace of IR,

As the above examples illustrate, in order to show that a given set with operations
is a vector space it is often very easy to do so by proving that it is a subspace of some
well-known and considerably larger vector space.

Suppose now that A and B are subspaces of a vector space V over a field F and
consider their intersection A N B. Since 0y must belong to every subspace we have
that 0y € A and 0, € B, and therefore 0, € A N B so that AN B # §. Now if
x,yEANBthenx,y € Agivesx +y € A, and x,y € B gives x + y € B, whence
we have that x + y € AN B. Likewise, if x € AN B then x € A gives Ax € A, and
x € B gives A\x € B, whence we have that \x € AN B. Thus we see that AN B is
also a subspace of V.
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We can in fact prove a much more general statement:

Theorem 5.2

The intersection of any set of subspaces of a vector space V is a subspace of V.

Proof

Let C be a set of subspaces of V and let T be their intersection. Then T # @ since
every subspace of V (and therefore every subspace in C) contains 0y, whence so also
does T.

Suppose now that x,y € T. Since x and y belong to every subspace W in the
set C, so does x + y and hence x + y € T. Also, if x € T then x belongs to every
subspace W in the set C, whence so does \x and so Ax € T. Thus we see that T is a
subspaceof V. 0O

In contrast with the above situation, we note that the union of a set of subspaces
of a vector space V need not be a subspace of V:

Example 5.12

In IR? the x-axis X and the y-axis Y are subspaces, but X U Y is not. For example,
we have (1,0) € X and (0,1) € Y, but

(1,0) +(0,1)=(1,1) ¢ XUY
so the subset X UY is not closed under addition and therefore cannot be a subspace.

Suppose now that we are given a subset S of a vector space V (with no restric-
tions, so that S may be empty if we wish). The collection C of all the subspaces of
V that contain S is not empty, for clearly V itself belongs to C. By Theorem 5.2, the
intersection of all the subspaces in C is also a subspace of V, and clearly this inter-
section also contains S. This intersection is therefore the smallest subspace of V that
contains S (and is, of course, S itself whenever S is a subspace). We shall denote
this subspace by (S).

Example 5.13
In IR? consider the singleton subset S = {(x,y)}. Then (S) is the line joining (x, y)
to the origin.

Our immediate objective is to characterise the subspace (S) in a useful alternative
way. For this purpose, we consider first the case where S is not empty and introduce
the following notion. '

Definition

Let V be a vector space over a field F and let S be a non-empty subset of V. Then we
say that v € V is a linear combination of elements of S if there exist x,,...,x, € §
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and \,...,\, € F such that

n
v=Ax e A x, =) N
i=1

n m
Itisclearthatifv= ) \,x;andw =} u;y; are linear combinations of elements
i=1 i=

of S then so is v + w; moreover, so is Av for every A\ € F. Thus the set of linear
combinations of elements of S is a subspace of V. We call this the subspace spanned
by S and denote it by Span S.

The above notions come together in the following result.
Theorem 5.3
(S) = Span S.
Proof

For every x € S we have x = 1zx € Span § and therefore we see that S C Span S.
Since, by definition, (S) is the smallest subspace that contains S, and since Span §
is a subspace, we see that (S) C Span §.

For the reverse inclusion, let x,,...,x, € Sand X\,...,\, € F. If W is any
subspace of V that contains S we clearly have x,,...,x, € W and

)\|x|+---+)\,,x,,€W.

Consequently we see that Span S C W. Taking W in particular to be (S), we obtain
the result. O

An important special case of the above arises when Span S is the whole of V. In
this case we often say that S is a spanning set of V.

Example 5.14

Consider the subset S = {(1,0), (0, 1)} of the cartesian plane IR%. For every (x,y) €
IR? we have

(x,y) = (x,0) +(0,) = x(1,0) + y(0, 1),
so that every element of IR? is a linear combination of elements of S. Thus § is a
spanning set of IR2.
Example 5.15
More generally, if the n-tuple
e;=(0,...,0,1,0,...,0)
has the 1 in the i-th position then for every (x,..., x,) € IR" we have
(x1,...,x,)=x1,+ -+ x,e,.

Consequently, {e,,...,e,} spans IR".
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Example 5.16
In IR® we have

Span{(1,0,0)} = {X(1,0,0); X € R} = {(},0,0); X € R};
i.e. the subspace of IR* spanned by the singleton {(1,0, 0)} is the x-axis.

Example 5.17
In IR? we have
Span{(1,0,0),(0,0,1)} = {x(1,0,0) + z(0,0,1) ; x,z € IR}
= {(x,0,2); x,z € R};

i.e. the subspace of IR spanned by the subset {(1,0,0), (0,0, 1)} is the ‘x, z-plane’.

EXERCISES

5.8 Show that for all a, b, ¢ € IR the system of equations

X+ y+ z
x + 2y + 3z

a
b
x + 3y + 2z c

is consistent. Deduce that the column matrices

1 1 1
1), |21, |3
1 3 2

span the vector space Mat;; IR.

5.9 Let IR,[X] be the vector space of all real polynomials of degree at most
2. Consider the following elements of IR,[X] :

p(X)=1+2X+X? q(X)=2+X2
Does {p(X), ¢(X)} span R,[X]?

N TR

span the vector space Mat, ., IR?

‘We now formalise, for an arbitrary vector space, a notion that we have seen before
in dealing with matrices.
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Definition

Let S be a non-empty subset of a vector space V over a field F. Then S is said to be
linearly independent if the only way of expressing Oy as a linear combination of
elements of S is the trivial way (in which all scalars are O).

Equivalently, S is linearly independent if, for any given x,,...,x, € S, we have

Xlxl+-~-+>\,,x,,=ov = )\l="'=kn=0F-

Example 5.18

The subset {(1,0), (0, 1)} of IR? is linearly independent. For, if X, (1,0)+X,(0, 1) =
(0,0) then (X, A;) = (0,0) and hence \; = A, = O.

Example 5.19

More generally, if ¢; = (0,...,0,1,0,...,0) with the 1 in the i-th position then
{e),...,e,} is alinearly independent subset of the vector space IR".

Example 5.20

Every singleton subset {x} of a vector space V with x # 0 is linearly independent.
This is immediate from Theorem 5.1(3).

The following result is proved exactly as in Theorem 3.7:

Theorem 5.4
No linearly independent subset of a vector space V can contain 0y. 0O

A subset that is not linearly independent is said to be linearly dependent.

Note that, by the last example above, every dependent subset other than {0y}
must contain at least two elements.

Linearly dependent subsets can be characterised in the following useful way, the
proof of which is exactly as in that of Theorem 3.8:

Theorem 5.5

Let V be a vector space over afield F. If S is a subset of V that contains at least two
elements then the following statements are equivalent:

(1) S is linearly dependent,

(2) at least one element of S can be expressed as a linear combination of the
other elements of S. O

Example 5.21
The subset {(1,1,0), (2,5, 3), (0, 1, 1)} of IR is linearly dependent. In fact, we have
(2,5,3)=2(1,1,0) + 3(0,1,1).
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Example 5.22
In the vector space IR,[X] consider
pX)=2+X+X? q(X)=X+2X%, r(X)=2+2X+3X%
A general linear combination
MP(X) + X29(X) + X3r(X)
of these vectors is
20 + 205+ (Mg + A +2X03)X + (0 +2), +3035)X2.
This is the zero polynomial if and only if each of the coefficients is 0; i.e. if and only
2.0 2] (XN 0

11 2] |x]=1]0
12 3(|x]| |o

The reader can easily verify that the above coefficient matrix is of rank 2 so that, by
Theorem 3.16, a non-trivial solution exists. Hence there are scalars A, )5, A3 which.
are not all zero such that

AiP(X) + X2g(X) + XA5r(X) = 0

and so the given set is linearly dependent.
EXERCISES

5.11 Let S, and S, be non-empty subsets of a vector space such that S, C8,.
Prove that

(1) if S, is linearly independent then so is S, ;
(2) if S, is linearly dependent then so is S,.

5.12 Determine which of the following subsets of Mat 5, IR are linearly de-
pendent. For those that are, express one vector as a linear combination

of the others:
(1] [-1] [2]
(M {0, 2],]{1]¢;s
0 L1 L1
(17 [ 17 [o]
() <10, 24,|1]¢s
o) -] (1]
1 0] 11
(3 1,11}, 12
L—I 1_ _0_
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5.13 Determine which of the following subsets of Mat ., IR are linearly de-
pendent. For those that are, express one matrix as a linear combination
of the others:

o {[i 1o 2o 2}
el 2] [5G ]k
o {[o 2] 2 1} l2 1o o}

5.14 Determine which of the following subsets of IR,[X] are linearly depen-
dent. For those that are, express one vector as a linear combination of
the others:

(1) {X,3+X%X+2X?%);
(2) {(2+X,3+X,1+X%);
(3) {-5+X+3X%,13+X,1+X+2X%}.

- N NN

We now combine the notions of linearly independent set and spanning set to
obtain the following important concept.

Definition
A basis of a vector space V is a linearly independent subset of V that spans V.

Example 5.23

The subset {(1,0), (0, 1)} is a basis of the cartesian plane IR%. Likewise, the subset
{(1,0,0),(0,1,0),(0,0,1)} is a basis of IR>. More generally, {e,,...,e,} is a basis
for IR" where
e;=(0,...,0,1,0,...,0),
the 1 being in the i-th position.
These bases are called the natural (or canonical) bases.

Example 5.24

In IR? the subset
{(1,1),(1,-1)}
is a basis. In fact, for every (x,y) € IR? we have
(x,) = X (1,1) + X,(1,-1)
where )\, = %(x +y)and ), = %(x - ). Thus {(1,1),(1,-1)} spans IR?; and if
a(1,1) + B(1,-1) = (0,0)
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thena+ B =0anda -0 =0 whencea = 8= 0,s0 {(1,1),(1,-1)} is also linearly
independent.

EXERCISES
5.15 Prove that the monomials 1,X, ..., X" form a basis (the natural basis)
for IR,[X].
5.16 Prove that the m x n matrices E ,;, described by
1 ifi=p j=gq;
[qu]ij = .
0 otherwise
form a basis (the natural basis) for Mat ., IR.

5.17 Prove that the diagonal n x n matrices form a subspace of Mat, , IR and

determine a basis of it.

nxn

5.18 An n x n matrix all of whose diagonal entries are the same is called a
Toeplitz matrix. Prove that the set of Toeplitz matrices is a subspace of
Mat ,, , IR and exhibit a basis for this subspace.

5.19 Letf,g,h: IR — IR be the mappings given by
flx)= cos? x, g(x)=sin?x, h(x)= cos2x.

Consider the subspace of Diff(IR, IR) given by W = Span {f, g, h}. Find
a basis for W.

A fundamental characterisation of bases is the following.

Theorem 5.6

A non-empty subset S of a vector space V is a basis of V if and only if every element
of V can be expressed in a unique way as a linear combination of elements of S.

Proof

=> : Suppose first that S is a basis of V. Then V = Span § and so, by Theorem
5.3, every x € V is a linear combination of elements of S. Now since S is linearly
independent, only one such linear combination is possible for each x € V; for if
SoNix; =Y w;x; where x; € S then Y _(\; — p;)x; = Oy whence each \; —p; = 0y
and therefore \; = y; for each i.

< : Conversely, suppose that every element of V can be expressed in a unique
way as a linear combination of elements of S. Then, by Theorem 5.3, Span S is the
whole of V. Moreover, by the hypothesis, 0, can be expressed in only one way as
a linear combination of elements of S. This can only be the linear combination in
which all the scalars are O. It follows, therefore, that § is also linearly independent.
Hence Sisabasisof V. 0O
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Example 5.25
Fori=1,...,nlet
a;=(a;,ap,...,4;).
Then the set {a,,...,a,} is a basis of IR" if and only if the matrix A = [a;j],, is

invertible (or, equivalently, has maximum rank n).
To see this, let x = (x,,..., x,) € R" and consider the equation

X = klal +>\202 + .-+ )\,,a,,.
By equating corresponding components, we see that this is equivalent to the system
Xy = Aay +hay + -+ Nay

Xy = Map+Xhant---+Xa,

Xy = )\laln + )\2a2,, + ...+ )\,la,m

i.e. to the system

where A = [a;;],xn-

From these observations we see that every x € IR" can be written uniquely as a
linear combination of a,, .. ., a, if and only if the above matrix equation has a unique
solution. This is so if and only if A’ is invertible, which is the case if and only if A is
invertible (equivalently, A has maximum rank n).

Example 5.26
Consider the set Seq IR of all real sequences

(an)n>| = a5,05,83,...,08,,0p, - .-

of real numbers. We can make Seq IR into a real vector space in an obvious way,
namely by defining an addition and a multiplication by scalars as follows:

(an)nzl + (bn)nzl = (an + bn)n;l;

>\(an)n>l = ()‘an)nzl-

Define a sequence to be finite if there is some element a,, of the sequence such
that a, = 0 for all p > m; put another way, if there are only finitely many non-zero
elements in the sequence.
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The set Seq IR of all finite sequences is clearly closed under the above addition
and multiplication by scalars and so is a subspace of Seq IR. Consider the (finite)
sequences that are represented as follows:

e = 1,0,0,0,...
e, =0,1,0,0,...

ey = 0,0,1,0,...

e; = 0,0,0,0,...,0,1,0,0,...
N/

i-1

Clearly, every finite sequence can be expressed in a unique way as a linear combi-
nation of e, e,, e, .. .. Consequently, {e,, e,, e3,...} forms a basis for the subspace
Seq, IR of finite sequences.

Note that this basis is infinite.

EXERCISES

5.20 Determine which of the following are bases of IR3:
(1) {(1,1,1),(1,2,3),(2,-1,1)};
(2) {(1,1,2),(1,2,5),(5,3,4)}.
5.21 Show that
{(1,1,0,0),(-1,-1,1,2),(1,-1,1,3),(0,1,-1,-3)}

is a basis of IR* and express a general vector (a, b, ¢, d) as a linear com-
bination of these basis elements.

5.22 Show that

17 [1 o] [1
x=112],]2]|}%, vr={|ol,|2
1| |3 1] |5

are bases for the same subspace of Mat 5, ; IR.

Our objective now is to prove that if a vector space V has a finite basis B then
every basis of V is finite and has the same number of elements as B. This is a conse-
quence of the following result.

Theorem 5.7

Let V be a vector space that is spanned by the finite set G = {v,,...,v,}. IfI =
{wi1,...,wp} is a linearly independent subset of V then necessarily m < n.
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Proof

Consider w, € I. Since G is a spanning set of V, there exist scalars )|, ..., ), such
that
wi= v+t A,,

and at least one of the ); is non-zero (otherwise every A; = 0 whence w, = 0, and
this contradicts Theorem 5.4). By a suitable change of indices if necessary, we may
assume without loss that A\, # 0. We then have

V) = )\]'lwl —Arlxz"z — e —Xfl)\,,v,,,
which shows that
V = Span G = Span{v,,v,,...,v,} C Span{w;,v,,v;,...,v,}.

It follows that
V= Span{wlv V2,V3,... svn}'

Now w, can be written as a linear combination of w;, v,, ..., v, in which at least one
of the coefficients of the v; is non-zero (otherwise w, is a linear combination of w,,
a contradiction). Repeating the above argument we therefore obtain

V = Span{w,,w,,v3,...,v,}.

Continuing in this way, we see that if p = min {m, n} then

V= Span{wy,...,W,,Vpy,...,Vn}
Now we see that m > n is impossible; for in this case p = n and we would
have V = Span{w,,...,w,} whence the elements w,,,,...,w, would be linear
combinations of wy, ..., w, and this would contradict the fact that / is independent.

Thus we conclude thatm < n. O

Corollary 1

If V has a finite basis B then every basis of V is finite and has the same number of
elements as B.

Proof

Suppose that B* were an infinite basis of V. Since, clearly, every subset of a linearly
independent set is also linearly independent, every subset of B* is linearly indepen-
dent. Now B*, being infinite, contains finite subsets that have more elements than B.
There would therefore exist a finite independent subset having more elements than
B. Since this contradicts Theorem 5.7, we conclude that all bases of V must be finite.

Suppose now that the basis B has n elements and let B* be a basis with n* ele-
ments. By Theorem 5.7, we have n* < n. But, inverting the réles of B and B*, we
deduce also that n < n*. Thus n* = n and so all bases have the same number of
elements. O
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Corollary 2
If V has a finite basis then all linearly independent subsets of V are finite.

Proof

If V has a finite basis of n elements and if there existed an infinite independent subset
then this would contain an independent subset of n + 1 elements, and by the above
this is not possible. [

Definition

By a finite-dimensional vector space we shall mean a vector space V that has a finite

basis. The number of elements in any basis of V is called the dimension of V and
will be denoted by dim V.

Example 5.27

The vector space IR" has dimension n. In fact, as we have seen before, {¢,...,e,}
is a basis.

Example 5.28

The vector space Mat,,,, IR is of dimension mn. To see this, observe that if E;; is
the m x n matrix that has 1 in the (i, j)-th position and 0 elsewhere then

{E‘] , i= 1,...,m, j= 1,-..,"}
is a basis for Mat ., IR.

Example 5.29

The vector space IR,[X] of real polynomials of degree at most n is of dimension n+1.
In fact, {1,X,X?,...,X"} is a basis for this space.

Example 5.30
The set V of complex matrices of the form
a B
5 <]
forms a real vector space of dimension 6.
In fact, V is a subspace of the real vector space Mat,,, C. Morover, the matrix

a B _[a+tib c+id
v —a| |e+if -a-ib
can be written as
1 0 i 0 01 0 i 00 00
oo SJ+elo ZJeelo of +4lo o] *<[3 o] +/[3 o]

and as the six matrices involved in this belong to V and are clearly linearly indepen-
dent over IR, they form a basis of the subspace that they span, which is V.
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Example 5.31

The set W of complex matrices of the form

E

is a real vector space of dimension 4.
In fact, W is a subspace of the real vector space Mat,, , €. Morover, the matrix

a Bl _[a+ib c+id
-8 -a| |-c+id -a-ib
can be written as

olo S)+elo 2 el o] i o]

and as the four matrices involved in this linear combination belong to W and are
clearly linearly independent over IR, they form a basis of the subspace that they span,
which is W.

EXERCISES

5.23 Let V be a vector space of dimension 2. If {v;, v, } is a basis of V and if
w,,w, € V prove that the following statements are equivalent:
(1) Span{w,w,}=V;
(2) there is an invertible matrix A such that

=4[]
5.24 In the vector space IR* let
A = Span{(1,2,0,1),(-1,1,1,1)},
B = Span{(0,0,1,1)},(2,2,2,2)}.
Determine A N B and compute its dimension.

5.25 IfVisa vector space over € of dimension n, prove that V can be regarded
as a vector space over IR of dimension 2n.
[Hint. Consider {v,,...,V,,ivy,...,iv,} where {v,,...,v,} is a basis
over C.]

The reader will recall that the notion of linear independence was defined for a
non-empty subset of a vector space. Now it is convenient to extend to the empty set
@ the courtesy of being linearly independent, the justification for this being that the
condition for a set of elements to be linearly independent can be viewed as being
satisfied ‘vacuously’ by @.
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Since we know that the smallest subspace of V is the singleton {0y}, and since
this is clearly the smallest subspace to contain @}, we can also regard the zero subspace
as being spanned by 0.

These courtesies concerning § mean that we can usefully regard § as a basis
for the zero subspace, which we can then say has dimension 0. This we shall do
henceforth.

We shall now establish some important facts concerning bases.

Theorem 5.8

Let V be a finite-dimensional vector space. If G is a finite spanning set of V and if
I is a linearly independent subset of V such that I C G then there is a basis B of V
such thatl C B C G.

Proof

Observe first that if / also spans V then / is a basis of V and there is nothing to prove.

Suppose then that V # Span I. Then we must have I C G (for otherwise I = G
and is a spanning set of V).

We note first that there exists g, € G\/ such that g; ¢ Span /; for otherwise
every element of G\/ belongs to Span I whence V = Span G C Span I and we have
the contradiction V = Span /. We then observe that / U {g, } is linearly independent;
otherwise we have the contradiction g, € Span /.

Now if IU{g, } spans V then it is a basis, in which case no more proof is required
since we can take B = I U {g,}. If I U {g,} does not span V then we can repeat the
above argument to produce an element g, € G\(/ U {g;}) with /U {g,, g, } linearly
independent.

Proceeding in this way we see, since G is finite by hypothesis, that for some m
thesetB=1U{g,,8,...,8m}isabasisof VwithI CBC G. O

Corollary 1

Every linearly independent subset I of a finite-dimensional vector space V can be
extended to form a basis.

Proof

By Corollary 2 of Theorem 5.7, I is finite. Take G = I U B where B is any basis of
V. Then by the above there is a basis B* with / C B*C IUB. O

Corollary 2

If V is of dimension n then every linearly independent set consisting of n elements is
a basis of V.

Proof
This is immediate by Corollary 1 and Corollary 1 to Theorem 5.7. O
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Corollary 3

If S is a subset of V then the following statements are equivalent:

(1) S is a basis;

(2) S is a maximal independent subset (in the sense that if / is an independent
subset with S C I then S = I);

(3) S is a minimal spanning set (in the sense that if G spans V and G C § then
G=3S).

Proof

(1) = (2) : If I is independent with S C I then by Corollary 1 there is a basis B such
that I C B. Since S is a basis, and since all bases have the same number of elements,
we deduce that S = B = 1.

(2) = (1) : By Corollary 1 there is a basis B with S C B. But B is also indepen-
dent so, by (2), we have S = B and therefore S is a basis.

(1) = (3) : If G spans V then (recalling that @ is independent) there is a basis B
with® C B C G. If G C S then B C S and both are bases. Again since bases have
the same number of elements, we deduce that B= G = §.

(3) = (1) : There is a basis B with ® C B C S. But B also spans V so, by (3),
we have B= S and so S is a basis. 0O

Corollary 4
If V is of dimension n then every subset containing more than n elements is linearly
dependent. No subset containing fewer than n elements can span'V.
Proof
This is immediate from Corollary 3. O
As for subspaces of finite-dimensional vector spaces, we have the following con-
sequence.
Theorem 5.9

Let V be a finite-dimensional vector space. If W is a subspace of V then W is also
of finite dimension, and
dim W dimV.

Moreover, we have
dmW=dimV < W=V,

Proof

Suppose that V is of dimension n. If I is a linearly independent subset of W then,
by Theorem 5.7, I has at most n elements. A maximal such subset B is then, by
Corollary 3 of Theorem 5.8, a basis of W. Hence W is also of finite dimension, and
dim W < dim V.
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Finally, if dim W = dimV = n then B is a linearly independent subset of V
having n elements whence, by Corollary 2 of Theorem 5.8, B is a basis of V. Hence
W=SpanB=V. O

Example 5.32

Consider the real vector space IR?. This is of dimension 2 and so if W is a subspace
of IR? then by Theorem 5.9 the dimension of W is either 0, 1, or 2.

If dim W = 0 then we have W = {(0,0)}.

If dim W = 2 then, by Theorem 5.9, we have W = IR2.

If dim W = 1 then W has a basis of a single non-zero element (x, y), so that

W={X(x,5); X € R}={(bx,2y); ) € R},
which is none other than the line passing through the origin (0, 0) and the point (x, y).

Example 5.33

Arguing in a similar way to the above, we can show that the subspaces of IR3, corre-
sponding to the dimensions 0, 1,2, 3, are:

the zero subspace {(0,0,0)};

any line through the origin;

any plane through the origin;

IR? itself.

Example 5.34

If V is a vector space with dim V = 10 and X, Y are subspaces of V with dim X = 8
and dim Y = 9 then the smallest possible value of dim(X NY)is 7.

To see this, begin with a basis {v,,... ,vp} of X NY and, using Corollary 1 of
Theorem 5.8, extend this on the one hand to a basis

(Vs Vp Vpety -, Vg)

of X, and on the other hand to a basis

{Vl,... ,Vp,wp+1,...,W9}
of Y. Observe that none of w,,,, ..., w, belongs to X (for otherwise it belongs to
X N'Y, a contradiction), and so

(Vi o Vo Vprds e oy V8 Wity -+, Wo b
is linearly independent (otherwise one of the vectors w,,,, ..., wy would belong to
Span{v,,...,vg} = X, a contradiction). Since dim V = 10, this set contains at most
10 elements. For this we must have p > 7.
To see that this lower bound of 7 is attainable, consider V = IR' and take for X
the subspace consisting of those 10-tuples whose first and third components are 0,
and for Y the subspace consisting of those 10-tuples whose second component is 0.
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EXERCISES

5.26 Consider the subset of IR* given by
X={(2,2,1,3),(7,5,5,5),(3,2,2,1),(2,1,2,1)}.
Find a basis of Span X and extend this to a basis of IR*.
5.27 Find a basis for Mat 3, ; IR that contains both the vectors

1 0
o], |2
2 4

5.28 Find a basis of IR;[X] containing the polynomials 1+ X + X? and X - X>.

SUPPLEMENTARY EXERCISES

5.29 For each of the following statements give a proof if it is true and a
counter-example if it is false:

(1) If Vis a vector space over a field F then a non-empty subset W of V
is a subspace of V if and only if
(Vx,y e W)(V\,u € F) Ax+uyeWw.
(2) The subspace {(x, x, x) ; x € IR} of IR? is of dimension 3.
(3) Every spanning set contains a basis.
(4) The subspace of IR? spanned by {(1,2,1),(2,2,1)} is
(@) {(a+2b,2a+2b,a+b); a,be R}
() {(x+y,2y,5); x,y € R}
(5) If P, Q are subspaces of a finite dimensional vector space then
(a) P C Q implies dim P < dim Q;
(b) dim P < dim Q implies P C Q.
(6) If {x,y,z} is a basis of IR* and w is a non-zero vector in IR then
{w + x,y,2} is also a basis of IR>.
5.30 Determine whether or not the following subsets of IR* are subspaces:
(1) {(a,b,c,d); a+b=c+d};
(2) {(a,b,c,d); a+b=1};
(3) {(a,b,c,d); a*+b*=0};
(4) {(a,b,c,d); a* +b*=1}.
5.31 Determine whether or not the following subsets of IR* are subspaces:
(1) {(x+2y,0,2x-y,y); x,y € R}
(2) {(x+2y,x,2x-y,y); x,y € R}.
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5.32 Prove that the subset

5.33

{(3-i,2+2i,4),(2,2+4i,3),(1 -i, -2i, -1)}

is a basis of the complex vector space C3.

Express each of the vectors (1,0, 0), (0,1,0), (0,0, 1) as a linear com-
bination of these basis vectors.

Find a basis for the solution space of the homogeneous system

122 1-11|”° 0
022-1-=2[Y] o
262 1-4||*T 1o
140 0 -3 fv 0

5.34 Let V be a finite-dimensional vector space. If A, B are subspaces of V,

5.35

prove that so also is the set
A+B={a+b; a€cA, bec B}

Prove further that if C is any subspace of V such that A C Cand B C C
then A + B C C (in other words, A + B is the smallest subspace of V that
contains both A and B).

If L, M, N are subspaces of V prove that
LNM+(LNN)]=(LNM)+(LNN).
Give an example to show that in general

LN(M+N)#(LNM)+(LNN).

Let n be a positive integer and let E,, be the set of mappings f : IR — IR
that are given by a prescription of the form

n
f(x) = ay + ) (a,cos kx + by sin kx)

where a;, b, € IR for each k.
Prove that E,, is a subspace of Map (IR, IR).

If f € E, is the zero mapping, prove that all the coefficients a,, b, must
be 0.

[Hint. Proceed by induction. For this, find a prescription for D*f + nf.]
Deduce that the 2n + 1 functions

x—1, xm+—coskx, xw—sinkx (k=1,...,n)

form a basis for E,,.
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5.36 Let a, 8 € IR with o # § and let r, s be fixed positive integers. Show
that the set of rational functions f : IR — IR given by a prescription of

the form

agtax+- - +a,,xt!

(x—a)y(x-py
where each a; € IR, is a subspace of Map (IR, IR) of dimension r + s.
[Hint. Show that the functions

flx)=

X
(x—ay(x- By

fori=0,...,r+s -1 constitute a basis.]

x - fi(x) =

Show also that if g; and h; are given by
gi(0)=(x-a),  hylx)=(x-pY
then
B= {glv“-;gr}U{hl,...,hs}

is also a basis.
[Hint. It suffices to prove that B is independent.]

5.37 For each positive integer k let f; : IR — IR be given by

fu(x)=exprx
where each r, € IR. Prove that (f;), ¢; <, is linearly independent if and
only if ry,...,r, are distinct.
5.38 Let Py(X),P(X),...,P,(X) be polynomials in IR,[X] such that, for
each i, the degree of P;(X) is i. Prove that
{PO(X)1 Pl(x)y see )Pn(X)}
is a basis of IR,[X].
5.39 A netover the closed interval [0, 1] of Ris a finite sequence (a;)g ¢; ¢n+1

such that
O=agy<a; < <a,<a,, =1

A step function on the semi-open interval [0, 1[ isamap f : [0, 1[— IR
for which there is a net (a;)o¢;<ns+1 Over [0,1] and a finite sequence
(b;)ogign Such that

(Vx € [a;,a;1]) f(x)=b;.
Sketch a picture of a step function.
Show that the set E of step functions on [0, 1] is a vector space.
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Show also that a basis of E is the set of functions ¢, : [0, 1[— IR given

by
0 ifogx<k;
ex(x) = .
1 ifkgx< 1.

A piecewise linear function on [0, 1[ is amap f : [0, 1[— IR for which
there is a net (a;)o ¢ < »+1 @nd finite sequences (b;)o < <ns (€:)o<i<n SUCh
that

(Vx €lai,aiu)  f(x) =bix+c;.

Sketch a picture of a piecewise linear function.

Show that the set F of piecewise linear functions on [0, 1[ is a vector
space.

If G is the subset of F consisting of those piecewise linear functions g
that are continuous with g(0) = 0, show that G is a subspace of F.
Show also that a basis of G is the set of functions g, : [0, 1[— IR given

by
(x) 0 if0<x <k
x)=
& x—k ifk<x<l.

Show finally that every f € F can be written uniquely in the form g + ¢
wherege Gande € E.

ASSIGNMENT EXERCISES

(1) By a magic matrix we mean a real square matrix in which all row sums, all
column sums, and both diagonal sums are equal to some value o.
If M = [m;]5,3 is magic, prove that o = 3my,.
Deduce that, given a, b, c € IR there is a unique 3 x 3 magic matrix M(a, b, c)
such that
my=a, my=a+b, my=a+c.

Show that {M(a,b,c) ; a,b,c € IR} is a subspace of Mat ;, 5 IR and that
B = {M(1,0,0),M(0,1,0),M(0,0,1)}

is a basis of this subspace.

By a pseudomagic matrix we mean a real square matrix in which all row sums
and all column sums are equal to some value o (no requirement being made about
the diagonal sums).

Prove that a matrix A is pseudomagic if and only if AJ = JA = oJ where J is the
matrix all of whose elements are 1.
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Deduce that if A, B are pseudomagic matrices of the same size then so also are
XA + yB and AB.

In contrast, provide an example to show that the product of two magic matrices
need not be magic.

(2) If A is a non-empty subset of IR show that Map(A, IR) is a subspace of the
vector space Map (IR, IR). If, for each a € A, the mapping f, : A — IR is given by

1 ifx=a;

falx) = {0 ifx # a,
prove that {f, ; a € A} is a basis of Map(A, IR).

(3) Let V be the real vector space of all polynomial functions f : IR — IR of
degree at most 2, i.e. functions of the form

f(x)=ag+ax+ a2x2

where ay, a;,a, € IR. If r is a fixed real number define f|,f,,f; : R — IR by the
prescriptions

fl(x)=11 f2(x)=x+ra f3(x)=(x+r)2.

Prove that B = {f}, f,,f3} is a basis for V.
If f: IR — IRis given by

f(x)=ay +a,x + ax?,
express f as a linear combination of the elements in B.

(4) Let F be the vector space of infinitely differentiable functions f : € — C
and let P, be the subspace consisting of the complex polynomial functions of degree
at most n. For each a € € define

Poo = {e*p(2); p(z) € P}
Show that P, , is a subspace of F' and that

is a basis of P, .
If D denotes the differentiation mapping, prove that

D' (e™f) = e™(D - «id)"f.
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Linear Mappings

In the study of any algebraic structure there are two concepts that are of paramount
importance. The first is that of a substructure (i.e. a subset with the same type of
structure), and the second is that of a morphism (i.e. a mapping from one structure
to another of the same kind that is ‘structure-preserving’).

So far, we have encountered the notion of a substructure for a vector space; this is
called a subspace. In this chapter we shall consider the notion of a morphism between
vector spaces, i.e. a mapping from one vector space to another that is ‘structure-
preserving’ in the following sense.

Definition
If V and W are vector spaces over the same field F then by a linear mapping (or
linear transformation) from V to W we shall mean a mapping f : V — W such that

(1) (Vx,yeV)  flx+y)=f(x)+f(y)
(2) (Vx € V)(VX €F) FOx) = M(x).

e If f: V — Wis linear then V is sometimes called the departure space and W
the arrival space of f.
Example 6.1
The mapping f : IR? — IR? given by
fla,b)=(a+b,a-b,b)
is linear. In fact, for all (a, b) and (a’, b') in IR? we have
f((a,b) + (a',b)) = fla+a',b+V)

=(a+d+b+b,a+ad -b-b',b+b)
=(a+b,a-bb)+(a +b',a -b,b)
= fla,b) + f(d',})
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and, for all (a,b) € IR? and all A € IR,

f(Ma,b)) = f(ha,\b)
= (Aa + Xb, a - \b,)\b)
= Aa+b,a-b,b)
= ) f(a,b).

Example 6.2
The mapping pr; : IR" — IR described by

pri(xly e :xn) = X;
(i.e. the mapping that picks out the i-th coordinate) is called the i-th projection of
IR" onto IR. It is readily seen that (1) and (2) above are satisfied, so that pr, is linear.

Example 6.3
Consider the differentiation map D : IR,[X] — IR,[X] given by

D(ag+a, X +---+a,X")=a; +2a,X +--- +na, X"
This mapping is linear; for if p(X) and ¢(X) are polynomials then we know from anal-
ysis that D(p(X) + g(X)) = Dp(X) + Dg(X) and that, for every scalar ), D(\p(X)) =
) Dp(X).

EXERCISES

6.1 Decide which of the following mappings f : IR®> — IR? are linear:
(1) f(x,5,2) = (3,2,0);
(2) flx,y,2) = (z,-y,x);
(3) f(x,y,2) = (|x],~z,0);
(@) f(x,y,2) = (x-1,x,y);
(5) f(x,5,2) = (x +y,2,0);
(6) f(x,y,2) = (2x,y -2,4y).
6.2 Let B € Mat ., IR be fixed and non-zero. Which of the following map-
pings Tp : Mat,, ., IR — Mat,, IR are linear?
(1) T5(X)= XB - BX;
(2) Tg(X)= XB? + BX;
(3) Tp(X) = XB? - BX2.
6.3 Which of the following mappings are linear?
(1) f: R,[X] = Ry[X] given by f(p(X)) = p(0)X* + Dp(0)X>;
(2) £ : R[X] — R, [X] given by f(p(X)) = p(0) + Xp(X);
(3) f: R,[X] — R,,,[X] given by f(p(X)) = 1 + Xp(X).
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6.4 Let A be a given real m x n matrix. Prove that the mapping
fa: Mat, ;IR — Mat,, ;IR
described by f,(x) = Ax is linear.
6.5 LetI: IR,[X] — IR be the integration map defined by

1
1) = [ o)
Prove that I is linear.
6.6 For an m x n matrix A let f(A) be the Hermite form of A if A # 0, and
let £(0) = 0. Is f linear?
The following result contains two important properties of linear mappings that
will be used constantly in what follows.
Theorem 6.1
If the mapping f : V — W is linear then
(1) £(Oy) = Oy;
(2) (vxeV) f(=x)=-f(x).
Proof
(1) We have f(Oy) = f(0£0y) = 0£f(0y) = Oy.
(2) Using (1) we have, forevery x € V,
f(x) + f(=x) = flx + (=x)] = f(0y) = Oy

from which the result follows on adding —f(x) to each side. O

EXERCISES

6.7 Let B € Mat,,,,, IR be fixed and non-zero. Prove that the mapping T :
Mat, , IR — Mat,,, IR given by

Ts(A) = (A + B)? - (A + 2B)(A - 3B)
is linear if and only if B2 = 0.
We shall now consider some important subsets that are associated with linear
mappings. For this purpose we introduce the following notation.

If f : V — W is linear then for every subset X of V we define f~(X) to be the
subset of W given by

X)) = {f(x); xeX};
and for every subset Y of W we define f~(Y) to be the subset of V given by
fFM={xeV; f(x)er}.

We often call f~(X) the direct image of X under f, and f~(Y) the inverse image of
Y under f.
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o The reader should be warned that this is not ‘standard’ notation, in the sense
that most authors write f(X) for f~(X), and f~!(Y) for f~(Y). We introduce
this notation in order to reserve the notation f~! as the standard notation for
the inverse of a bijection.

One advantage that this non-standard notation has to offer is that it gives a
visually appealing reminder that f~ sends subsets of V to subsets of W, and
f lifts back subsets of W to subsets of V.

EXERCISES

6.8 Consider the differentiation map D : IR,[X] — IR,[X]. Describe the sets
D~ (IR,[X]) and D*(0).

6.9 Prove that f~ = f~ o f~ o f~ and that f~ = f~ o f~ o f*".

The mappings f~ and f*~ are each inclusion-preserving in the sense that
(@) X, CX, = (X)) Cf(Xy)
For, if y € f~(X,) then y = f(x,) where x, € X, C X,.
® Y, CY, = f(Y)) Cf(Yy).
For, if x € f=(Y,) then f(x) € Y, C V,.
Moreover, each of these mappings carries subspaces to subspaces:

Theorem 6.2

Let f : V — W be linear. If X is a subspace of V then f~(X) is a subspace of W,
and if Y is a subspace of W then f(Y) is a subspace of V.

Proof

Observe first that if X is a subspace of V then we have 0y, € X and therefore Oy, =

f(Oy) € £(X). Thus f~(X) # 0.
If now y;,y, € f~(X) then y, = f(x,) and y, = f(x,) for some x,,x, € X.
Consequently, since X is a subspace of V,
yi+y2=fx) + f(x)) = f(x, + x;) € £~ (X);
and, for every scalar ),
A= Mx) =f0x) € £ (X).

Thus f~(X) is a subspace of W.

Suppose now that Y is a subspace of W. Observe that f(0,) = Oy € Y gives
Oy € f—(Y), and therefore f~(Y) # 0.

If now x,, x, € f~(Y) then f(x,),f(x,) € Y and therefore

flxy +x3) = f(x)) +f(x;) €Y
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whence x, + x, € f~(Y); and, for every scalar ),
fOxy)=XM(x)) €Y
whence Ax; € f<(Y). Thus f~(Y) is a subspace of V. O

EXERCISES

6.10 Show that the subset X of polynomials in IR,,[X] all of whose odd co-
efficients a,;,, are zero forms a subspace of IR,,[X]. Describe D~*(X)
and D (X).

6.11 Show that the mapping f : IR? — IR? given by

fx,9)=(x+y,x-y)
is linear. For each subspace X of IR? describe f~(X) and £ (X).

6.12 Letf : V — W be linear. If X is a subspace of V and Y is a subspace of
W, prove that
XN~ (Nl=fX)ny.
Deduce that
fPX)CY <= X Cf (D)

Of particular importance relative to any linear mapping f : V — W are the
biggest possible direct image and the smallest possible inverse image.

The former is f~(V); it is called the image (or range) of f and is denoted by
Im f.

The latter is f~({Oy}); it is called the kernel (or null-space) of f and is denoted
by Ker f.

Pictorially, these sets can be depicted as follows:

Kerf/
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Example 6.4

Consider the i-th projection pr; : IR* — IR. Recall that pr;(x,,...,x,) = x;. The
image of pr; is therefore the whole of IR; and the kernel of pr; is the set of n-tuples
whose i-th component is 0.

Example 6.5

Consider the differentiation map D : IR,[X] — IR,[X]. Its image is the set of all
polynomials of degree at most n — 1; in other words, it is IR,_;[X]. The kernel of D
is the set of polynomials whose derivative is zero; in other words it is IR.

Example 6.6
If A is a given real n x n matrix, consider the linear mapping

fa: Mat, ;IR — Mat, IR

described by f4(x) = Ax. The image of f, consists of all n x 1 column matrices

N X

y=| : | for which there exists x=| : | suchthat Ax = y; i.e. the set of all y such
Yn Xpn

that there exist x;, ..., x, with

y=xlal+~~~+x,,a,,.

In other words, Im f, is the subspace of Mat ., IR that is spanned by the columns of

A.
As for the kernel of f,, this is the subspace of Mat ., IR consisting of the column
matrices x such that Ax = 0; i.e. the solution space of the system Ax = 0.

Example 6.7
Consider the subspace of Map (IR, IR) that is given by
V = Span{sin,cos},
i.e. the set of all real functions f given by a prescription of the form

f(x)=asin x + bcos x.

1) = /of

Using basic properties of integrals, we see that I is linear.
Now if f(x) = asin x + bcos x then f € Ker I if and only if

Let I: V — IR be given by

/ (asin x + bcos x)dx = 0.
0

This is the case if and only if a = 0. Consequently, we see that Ker I = Span{cos}.
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Example 6.8
Consider the mapping f : IR* — IR> given by
fla,b,c,d)=(a+b,b-c,a+d).
Since
(a+b,b—-c,a+d)=a(1,0,1)+ b(1,1,0) + ¢(0,-1,0) + d(0,0,1)
we see that
Im f = Span{(1,0,1),(1,1,0), (0, -1,0),(0,0,1)}.

To find a basis for Im f, proceed as follows. Observe that Im f is the subspace
spanned by the rows of the matrix

The Hermite form of A is

Since the rows of this matrix span the same subspace, and since they are linearly
independent, we deduce that a basis for Im f is

{(I»Oa 1): (1: 1,0))(0)_1)0)}-
Thus Im f = IR,

EXERCISES

6.13 Find Im f and Ker f when f : IR® — IR? is given by
fla,b,c)=(a+b,b+c,a+c).

6.14 If f : IR — IR? is given by f(a, b) = (b, 0), prove that Im f = Ker f.

6.15 Give an example of a linear mapping for which Im f C Ker f; and an
example where Ker f C Im f.

6.16 Let f : IR®> — IR* be given by
fla,b,c,d,e)=(a—c+3d~e,a+2d~e,2a-c+5d —e,— +d).
Find bases for Im f and Ker f.

6.17 Let f : IR,[X] — IR;[X] be given by

£(plX)) = X? Dp(x).

Prove that f is linear and determine bases for Im f and Ker f.
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6.18 Consider the subspace A of IR* given by
A= {(x,0,2,0); x,z € R}.
Determine linear mappings f, g : IR* — IR* such that
(1) Im f = 4;
(2) Kerg= A.

Definition

A linear mapping f : V — W is said to be surjective if Im f = W (in other words,
if every element of W is the image under f of some element of V); and injective if
f(x) # f(y) whenever x # y (in other words, if f carries distinct elements to distinct
elements). We say that f is bijective if it is both injective and surjective.

Example 6.9

The i-th projection pr; : IR" — IR is surjective but not injective.

Example 6.10
The linear mapping f : IR> — IR3 given by
f(x,y)=(»,0,x)

is injective but not surjective.

Example 6.11

The differentiation map D : IR,[X] — IR,[X] is neither injective nor surjective.
From the above definition, a linear mapping f : V — W is surjective if Im f is

as large as it can be, namely W. Dually, we can show that f : V — W is injective if

Ker f is as small as it can be, namely {0y }:

Theorem 6.3

If f : V — W is linear then the following statements are equivalent :
(1) f is injective;
(2) Ker f={0}.
Proof
(1) = (2) : Suppose that f is injective. Then f is such that
x#y=flx)#£(y)
or, equivalently,
fx)=f0) = x=y.
Suppose now that x € Ker f. Then we have
f(x) = Oy = f(Oy)
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whence we see that x = 0y and consequently Ker f = {0}.
(2) = (1) : Suppose that Ker f = {0} and let f(x) = f(y). Then
flx=y) = flx + (=y)] = f(x) + f(-y) = f(x) - f(y) = Oy
so that x —y € Ker f = {0y} and hence x = y, i.e. f is injective. O

Example 6.12
The linear mapping f : IR? — IR® given by
f(x,y,2)=(x+z, x+y+2z,2x+y+ 3z2)

is neither surjective nor injective.
In fact, we have that (a, b, ¢) € Im f if and only if the system of equations

x + z

X +y + 2z

2x + y + 3z

a
b
c

is consistent. The augmented matrix of the system is

101 a
1125
213 ¢
and this has Hermite form
101 a
011 b-a
000 c-b-a
We deduce from this that (a, b, c) € Im f if and only if ¢ = a + b, whence f is not
surjective.
Now (x,y,z) € Ker f if and only if
X + z =0
x +y + 22 =0,
2x + y + 3z =0

which is the associated homogeneous system of equations. By Theorem 6.3, for
Ker f to be the zero subspace we require this system to have a unique solution
(namely the trivial solution (0, 0, 0)). But, from the above Hermite form, the coeffi-
cient matrix has rank 2 and so, by Theorem 3.16, non-trivial solutions exist. Hence
f is not injective.

EXERCISES

6.19 Show that the linear mapping f : IR> — IR® given by
fx,y,2)=(x+y+2z,2x-y -z, x+2y-2)
is both surjective and injective.
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6.20 Prove that if the linear mapping f : V — W is injective and {v,,...,v,}
is a linearly independent subset of V then {f(v,),...,f(v,)} is a linearly
independent subset of W.

In the case of finite-dimensional vector spaces there is an important connection

between the dimensions of the subspaces Im f and Ker f.

Theorem 6.4

[Dimension Theorem] Let V and W be vector spaces of finite dimension over a field
F. If f:V — Wis linear then

dim V = dim Im f + dim Ker f.

Proof

Let {w,,...,w,} be a basis of Im f, and let {v,,...,v,} be a basis of Ker f. Since
each w; € Im f, we can choose v}, ..., v% € Vsuch that f(v})=w; fori=1,...,m.
We shall show that

VI, o Vi Vi, V)

is a basis of V, whence the result follows.
Suppose that x € V. Since f(x) € Im f there exist ),...,\,, € F such that

m m m m
Fx) = 20w = LS00 = L fOwvi) = £ ).
i= i=1 i=1 i=
It follows that n
x=Y AvieKerf
i=1
and so there exist y, ..., 4, € F such that
m n
X —E)\,-v,’f = Eulvj.
i=1 j=1
Thus every x € V is a linear combination of v}, ...,v4,v,,...,v, and so
V=Span{v},..., vV}, V1,...,Vu}.
Suppose now that
m n
M LA+ =0,
= J=

Then we have n .
z)\"v;( = —Zu,jvj € Kerf
J=

i=1

and consequently

m

Ay = émvn =f(§x.~v:~*) =0
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whence \; = .- = X\, = 0 since {w,,...,w,} is a basis of Im f. It now follows
from (1) that iujvj = 0 whence y; = --- = p, = 0 since {v,,...,v,} is a basis of
Ker f. Thus \fel see that the spanning set

Vi, VeV, V)
is also linearly independent and is therefore a basis of V. 0O
Definition

If f is a linear mapping then dim Im f is called the rank of f; and dim Ker f is called
the nullity of f.

With this terminology, the dimension theorem above can be stated in the form:

rank + nullity = dimension of departure space.

Example 6.13

Consider pr, : IR* — IR given by pr,(x,y,z) = x. We have Im pr, = IR which is of
dimension 1 since {1} is a basis of the real vector space IR; so pr, is of rank 1. Also,
Ker pr, is the y, z-plane which is of dimension 2. Thus pr, is of nullity 2.

EXERCISES

6.21 LetV be a vector space of dimensionn > 1. If f : V — V is linear, prove
that the following statements are equivalent:

(1) Im f = Ker f;
(2) f#0,f2 =0, nis even, and the rank of f is Ln.

6.22 Give an example of a vector space V and a linear mapping f : V — V
with the property that not every element of V can be written as the sum
of an element of Im f and an element of Ker f.

6.23 In the vector space of real continuous functions let
W = Span {sin, cos }.
Determine the nullity of 4 : W — IR when 4 is given by

W 9= [ f;

2r
(2) 3 = | fi
(3) 9(f) = DF(0).
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6.24 In the vector space of real continuous functions let
W = Span{f, g, h}
where
flx)=¢*, g(x)=e*, h(x)=x.
Let T : W — W be the linear mapping given by
T(¢9) = D*9 - 9.
Determine the rank and nullity of T

As an application of the dimension theorem, we now establish another result that
is somewhat surprising.

Theorem 6.5

Let V and W be vector spaces each of dimension n over afield F. If f : V — W is
linear then the following statements are equivalent:

(1) f is injective;

(2) f is surjective;

(3) fis bijective;

(4) f carries bases to bases, in the sense that if {v,,...,v,} is a basis of V then
{f(v1),...,f(v,)} is a basis of W.
Proof

(1) = (3) : Suppose that f is injective. Then Ker f = {0} and so dim Ker f = 0.
By Theorem 6.4, it follows that
dmImf=n=dimV=dimW.

It now follows by Theorem 5.9 that Im f = W and so f is also surjective, and hence
is bijective.

(2) = (3) : Suppose that f is surjective. Then Im f = W and so, by Theorem
6.4,

dim Im f = dim W = n = dim V = dim Im f + dim Ker f

whence dim Ker f = 0. Thus Ker f = {0} and so, by Theorem 6.3, f is also injec-
tive, and hence is bijective.

(3) = (1) and (3) = (2) are clear.

(1) = (4) : Suppose that f is injective. If {v;,...,v,} is a basis of V then the

n n
elements f(v,),...,f(v,) are distinct. If now }_ X;f(v;) = 0O then f(ZAiv,) =0
i=1 i=1

n
and so, since Ker f = {0}, we have 3" \;v; = O and hence A\, = --- = X, = 0.
i=1

i=
Thus {f(v,),...,f(v,)} is linearly independent. That it is now a basis follows from
Corollary 2 of Theorem 5.8.
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(4) = (2) : Since every linear combination of f(v,), ..., f(v,) belongs to Im f,
it is clear from (4) that Im f = W and so f is surjective. O

Definition
A bijective linear mapping is called a linear isomorphism, or simply an isomor-

phism. We say that vector spaces V, W are isomorphic, and write V ~ W, if there
is an isomorphism f : V — W.

Example 6.14

LetA = {(x,y,0); x,y € IR} bethe x, y-planeinIR3 andletB = {(x,0,z) ; x,z €
IR} be the x, z-plane. Consider the mapping f : A — B given by

f(x,5,0)= (x,0,y).
Clearly, f is linear and bijective. Thus f is an isomorphism and so A ~ B.

This example is a particular case of the following general situation.

Theorem 6.6

Let V be a vector space of dimension n > 1 over a field F. Then'V is isomorphic to
the vector space F".

Proof

Let {v,,...,v,} be a basis of V. Consider the mapping f : V — F” given by the
prescription

f(éxivi) = (g \):

n

Since for every x € V there are unique scalars \;,...,\, suchthatx = 5" \;v,, itis
i=1

clear that f is a bijection. It is clear that f is linear. Hence f is an isomorphism. O

Corollary

If V and W are vector spaces of the same dimension n over F then V and W are
isomorphic.

Proof

There are isomorphisms f, : V — F" and f, : W — F". Since the inverse of
an isomorphism is clearly also an isomorphism, so then is the composite mapping
fitofy:Vow. 0O

EXERCISES

6.25 Exhibit an isomorphism from IR,[X] to IR**!,
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6.26 If f : IR — IRis linear and ¢ : IR> — IR? is defined by
9(x,y) = (x, y = f(x)),
prove that ¢ is an isomorphism.

Our next objective is to prove that a linear mapping enjoys the property of being
completely and uniquely determined by its action on a basis. This is a consequence
of the following result.

Theorem 6.7
Let V and W be vector spaces over a field F. If {v,,...,v,} is a basis of V and
wy,...,w, are elements of W (not necessarily distinct) then there is a unique linear

mapping f : V — W such that
(i=1,...,n) f(v)=w

Proof

n
Since every element of V can be expressed uniquely in the form 5 \;v;, we can
i=1

define a mapping f : V — W by the prescription
n n
f( > '\ivi) =2 AW,
i=1 i=1

i.e. taking x as a linear combination of the basis elements, define f(x) to be the same
linear combination of the elements wy,...,w,.
It is readily verified that f is linear. Moreover, for each i, we have

fv) =f(§5ijvj) =jE5uW/ = Wi

As for the uniqueness, suppose that g : V — W is also linear and such that
n

g(v;) = w; foreach i. Given x € V, say x = }_ \,v;, we have

i=1
8(x) = &( 3 m) = - Niglw) = - hiwi = £(x)
whenceg=f. O
Corollary 1

A linear mapping is completely and uniquely determined by its action on a basis.

Proof

Iff:V — Wis linear and B = {v,,...,v,} is a basis of V let w; = f(v;) for each
i. Then by the above f is the only linear mapping that sends v; to w;. Moreover,
knowmg the action of f on the basis B, we can compute f(x) for every x; for x =

Ek v; gives f(x) = E)\Lf(v) (m]
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Corollary 2

Two linear mappings f,g : V — W are equal if and only if they agree on any basis
of V.

Proof

If f(v;) = g(v;) for every basis element v; then by the above uniqueness we have that
f=g 0O

Example 6.15
Consider the basis {(1,1,0),(1,0,1),(0,1,1)} of IR®. If f : IR*> — IR? is linear and
such that
f(1,1,0)=(1,2), £(1,0,1)=(0,0), £(0,1,1)=(2,1),
then we can determine f completely.
In fact, we have

(1,0,0) = 1(1,1,0) + 3(1,0,1) - 3(0,1,1)
and therefore
f(l,0,0) = %f(1)1)0)+ %f(l)o)l)_%f(oyl)l)
= 3(1,2) + 3(0,0) - 3(2,1)

= - h.
Likewise,
(0,1,0) = 1(1,1,0) - 3(1,0,1) + 3(0,1,1),
(0,0,1) = =1(1,1,0) + 4(1,0,1) + 3(0,1,1)
give

£0,1,0) = 3(1,2)+3(2,1)=(3,3)
£(0,0,1) = =3(1,2) + 3(2,1) = (3, -3).
Consequently, f is given by
f(x,y,2) = fIx(1,0,0) + ¥(0,1,0) + z(0,0,1)]
xf(1,0,0) + yf(0,1,0) + z£(0,0,1)
x(=5.3) +¥(3,3) +2(3,-3)
(A(~x+3y+2), 2x+3y-2).
Note that, alternatively, we could first have expressed (x, y, z) as a linear com-

bination of the given basis elements by solving an appropriate system of equations,
then using the given data.

Finally, let us note that Theorem 6.5 is not true for vector spaces of infinite di-
mension:
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Example 6.16

Let V = Seq, IR be the infinite-dimensional vector space of finite sequences of real

numbers described in Example 5.26. Since every element of V is a (finite) linear

combination of basis elements, we can define a linear mapping f : V — V by speci-

fying f(e;) for the basis elements e, e,, e, .. . and extending to all of V by linearity.
Consider then the definition

0 ifiisodd;
f(‘-’i) =

ey; ifiiseven.

Since f(e,) = 0 = f(e;) we see that f is not injective. But, given any basis element
e, we have e, = f(e,,) € Im f, so the subspace spanned by these elements (namely,
the whole of V) is contained in Im f. Hence Im f = V and so f is surjective.

If we define g : V — V by specifying g(e;) = e,; for every i then we obtain an
injective linear mapping that is not surjective.

EXERCISES

6.27 Show that {(1,1,1),(1,2,3),(1,1,2)} is a basis of IR>. If f : IR* — IR®
is linear and such that ,
f(la 11 1) = (la 1) 1), f(lv2)3) = (—lv—2)_3)) f(l’ 1)2) = (2,2,4)y
determine f(x, y, z) for all (x,y,z) € IR>.
6.28 If f : IRy[X] — IR;[X] is linear and such that f(1) = 1, f(X) = X2 and
f(X?) = X + X3, determine f(a + bX + cX?).

SUPPLEMENTARY EXERCISES

6.29 Letf: € — Cbegivenby f(x+iy) = x—iy. Prove thatif Cis considered
as a real vector space then f is linear, whereas if € is considered as a
complex vector space f is not linear.

6.30 Let V be a vector space of dimension 3 with {v,v,,v;} a basis. Let W
be a vector space of dimension 2 with {w,,w,} abasis. Letf: V — W
be defined by

FOW + Xava + 23v3) = (A + p)wy + (g + X3)w,.
Determine the values of u for which f is linear. For these values of 1,
determine a basis of Ker f.
6.31 For the linear mapping f : R* — IR? given by
fx,y,2)=(x+y,0,y-2)
determine Im f, Ker f, and a basis of each.
If A is the subspace {(x,y,z) € R*; x = y}, determine f~(A) and a
basis of it.
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6.32 Let f : IR* — IR;[X] be the linear mapping such that

£(1,0,0) = 2X + X3;
£(0,1,0) = —2X + X?;
£(0,0,1) = X2 + X3

Determine

(1) f(x,y,z) forall (x,y,z) € R

(2) Im f and a basis of it;

(3) Ker f and a basis of it.

Extend the basis of (3) to a basis of IR>.

6.33 Show that {a, b, ¢} is a basis of IR* where
a=(-1,1,1), b=(1,-1,1), c=(1,1,-1).
Let f : IR®> — IR* be the linear mapping such that

f(a) = (1)0, 1)>‘)) f(b) = (Oy 1,—1,0), f(C) = (1,_1)>‘v—1)'
(1) Determine f(x,y,z) for all (x,y,z) € IR3.
(2) For which values of X is f injective?

(3) Consider the subspace W of IR* given by W = Span{f(a),f(b)}.
Determine dim W when )\ = -1.

(4) With \ = 2 determine f(1,1,0) and f~{(1,1,0,0)}.

6.34 A non-empty subset S of a vector space is convex if tx + (1 —¢t)y € §
forall x,y € Sand all ¢ € [0, 1].
Prove that if § is a convex subset of IR” and f : IR" — IR" is linear then
£(8) is also convex.

6.35 A diagram of finite-dimensional vector spaces and linear mappings of

the form
fa

Vx_fl—’Vz_fz—’Vs—fi"“'_—’ n+l

is called an exact sequence if

(1) £, is injective;

(2) f, is surjective;

(3) (i=1,...,n-1) Imf =Kerf,,.
Prove that, for such an exact sequence,

n+1 .
Y (1) dim V; = 0.
i=1

6.36 Determine the rank and nullity of the linear mapping

f: Mat3xl R — Mat3x1 R
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given by f(x) = Ax where

10 2
A=(2 1 2
01 =2

6.37 If f . V — Wand g : W — X are linear, prove that
(1) Im (gof) CIm g;
(2) Ker f C Ker(gof);
(3) rank f + rank g —dim W < rank g o f < min{rank f, rank g}.
6.38 Determine the rank and nullity of f : IR;[X] — IR;[X] given by
fp(X)) = (X - 1)D’p(X).
6.39 Given x = (x;,X,,x3) and y = (y;,¥,,Y;) in R?, define the wedge
product of x, y by
x Ay = (x2y3 = X3y, X391 = X1¥3, X1¥2 = X2)1)-
Define f, : IR* — IR? by f,(x) = x A y. Show that f, is linear. If y # 0,
prove that Ker f, is the subspace spanned by {y}.

6.40 Let V be the real vector space of 2 x 2 hermitian matrices. Prove that
the mapping f : IR* — V given by

f(x,y,z,w)= [

is an isomorphism.

w+x y+iz
y—iz w—x

ASSIGNMENT EXERCISES

(1) Let A, B be subspaces of a finite-dimensional vector space V. Recall from
Exercise 5.34 that the smallest subspace of V that contains A U B is given by
A+B={a+b; a€A beB}.
Consider the mapping f : A x B — V that is given by f(a, b) = a + b. Prove that
Ker f = {(x,-x) ; x € AN B} and use the Dimension Theorem to show that

dim (A + B) = dim A + dim B - dim(A N B).

(2) Show that the set E of real numbers of the form
a+bV2+cv4  (a,b,ceQ)
is a vector space over Q.
Prove that for a, b, ¢ € @ the polynomials a + bX + cX? and X> — 2 have no

common factor.
Hence establish a vector space isomorphism f : E — @°.
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The Matrix Connection

We shall now proceed to show how a linear mapping from one finite-dimensional
vector space to another can be represented by a matrix. For this purpose, we require
the following notion.

Definition

Let V be a finite-dimensional vector space over a field F. By an ordered basis of V
we shall mean a finite sequence (v;), ¢; <, of elements of V such that {v;,...,v,} is
a basis of V.

Note that every basis of n elements gives rise to n! distinct ordered bases, for
there are n! permutations on a set of n elements, and therefore n! distinct ways of
ordering the elements v,,...,v,.

In what follows we shall find it convenient to abbreviate (v,-)ls ign to simply
(vi)n'

Suppose now that V and W are vector spaces of dimensions m and n respectively
over a field F. Let (v;),,, (w;), be given ordered bases of V, Wand letf : V — W be
linear. We know from Corollary 1 of Theorem 6.7 that f is completely and uniquely
determined by its action on the basis (v;),,. This action is described by expressing
each f(v;) as a linear combination of elements from the basis (w;),,:

f) = xpwy + xppwp + -+ xp,W,;

F(2) = X Wy + Xpowp + -+ + X,W,;

f(vm) = XpiWy t XpoWo + o+ X, Wy

The action of f on (v;),, is therefore determined by the mn scalars x;; appearing in
the above equations. Put another way, the action of f is completely determined by a
knowledge of the m x n matrix X = [x;].

For technical reasons that will be explained later, the transpose of this matrix X
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is called the matrix of f relative to the fixed ordered bases (v;),,, (w;),. When it is
clear what these fixed ordered bases are, we denote the matrix in question by Mat f.

e The reader should note carefully that it is an n x m matrix that represents
a linear mapping from an m-dimensional vector space to an n-dimensional
vector space.

Example 7.1
Consider the linear mapping f : IR® — IR? given by
f(x,y,2) = (2x =3y + 2, 3x -2y).

The action of f on the natural basis of IR® is described in terms of the natural basis
of IR? as follows :

f(1,0,0) = (2,3) = 2(1,0)+3(0,1)

£(0,1,0) = (-3,-2) = -3(1,0) -2(0,1)

f(0,0,1) = (1,0) = 1(1,0)+0(0,1)
and so we see that the matrix of f relative to the natural ordered bases of IR® and IR?
is the transpose of the above coefficient matrix, namely the 2 x 3 matrix

2 31
3 201
o Note how the rows of this matrix relate to the definition of f.

Example 7.2
The vector space IR,[X] is of dimension n + 1 and has the natural ordered basis
{1,X,X%,...,X"}.
The differentiation mapping D : IR,[X] — IR,[X] is linear, and
DI =0-1+0-X+---40.X"14+0.X"
DX =1-140-X+---+0-X""'+0.X"
DX2=0-1+2-X+---+0-X"1+0.X"

DX"=0-1+0-X+---+n-X"1+0.X"

so the matrix of D relative to the natural ordered basis of IR,[X] is the (n+1) x (n+1)
matrix

010 ..0
002 ..0
000 ..n
006O0..0
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EXERCISES

7.1 Consider the linear mapping f : IR? — IR® given by

flx,y)=(x+2y,2x -y, —x).
Determine the matrix of f
(1) relative to the natural ordered bases;
(2) relative to the ordered bases

{(0,1),(1,1)} and {(0,0,1),(0,1,1),(1,1,1)}.
7.2 Consider the linear mapping f : IR3 — IR? given by

f(x,y,2) = (2x -y, 2y -2).
Determine the matrix of f
(1) relative to the natural ordered bases;
(2) relative to the ordered bases

{(1,1,1),(0,1,1),(0,0,1)} and {(0,1),(1,1)}.
7.3 Consider the linear mapping f : IR? — IR3 given by
flx,y,2)=(2x+z,y—-x+72z, 32).
Determine the matrix of f with respect to the ordered basis
{(1,-1,0),(1,0,-1),(1,0,0)}.
7.4 Suppose that the mapping f : IR — IR is linear and such that
£(1,0,0) = (2,3,-2);
f(1,1,0) = (4,1,4);
f(1,1,1) = (5,1,-7).
Find the matrix of f relative to the natural ordered basis of IR>.
It is natural to ask what are the matrices that represent sums and scalar multiples

of linear mappings. The answer is as follows.

Theorem 7.1

If V,W are of dimensions m,n respectively and if f,g : V — W are linear then,
relative to fixed ordered bases,

Mat(f + g) = Mat f + Mat g

and, for every scalar ),
Mat \f = \ Mat f.
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Proof

Let Mat f = [x;;],xm and Mat g = [y;;],.n relative to fixed ordered bases (v;),, of V
and (w;), of W. Then fori = 1,..., m we have (recalling the transposition involved)

fv) = i XjiWj, g(v)) = i)’jiwj-
j=1 J=1

It follows that
(f+8)v)= X;(xji +y:)w;
J=

and therefore Mat (f + g) = [x;; + y;;],xm = Mat f + Mat g.
Similarly, for every scalar \ we have

M) = Xn; ijiwj
j=

andsoMat \f= Matf. O

We can express Theorem 7.1 in a neater way as follows.

Consider the set Lin,, ,(V, W) of linear mappings from a vector space V of di-
mension m to a vector space W of dimension n (each over the same field F). It is
clear that, under the usual addition and multiplication by scalars, Lin, ,(V, W) is a
vector space. Consider now the mapping

¢: Lin,, ,(V,W) — Mat,, , F
given by
9(f) = Mat f

where V and W are referred to fixed ordered bases (v;),, and (w;), throughout.
This mapping ¢ is surjective. To see this, observe that given any n x m matrix
M = [m;;], we can define

(i=1,...,m) f(vi)=ilmjiwi'
=

By Theorem 6.7, this produces a linear mapping f : V — W; and clearly we have
Mat f=M.

Moreover, 4 is injective. This follows immediately from Corollary 2 of Theorem
6.7 and the definition of the matrix of a linear mapping.

Thus 4 is a bijection and, by Theorem 7.1, is such that #(f + g) = 9(f) + ¥(g)
and 9()\f) = M¥(f). In other words, ¥ is a vector space isomorphism and we have :

Theorem 7.2
If V, W are of dimensions m, n respectively over F then

Lin,,(V,W) ~ Mat,,, F. O
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It is reasonable to ask if, for given ordered bases (v;),, of V and (w,), of W, there
is a ‘natural’ basis for the vector space Lin,, ,(V, W). Indeed there is, and this can be
obtained from the natural basis of Mat ,,, F', namely

{Ejy; p=1,...,n and g=1,...,m}

where E,,, is the matrix that has 1 in the (p, g)-th position and 0 elsewhere.
To see this, consider the linear mapping f,, : V — W given by

Wy ifi=gq,;
v;) =
qu( ) { 0  otherwise.
Then we have
fog(v1) = 0w+ -+ 0w, +--- + 0w,
Fog(V)) = 0wy + -+ 1w, + - + 0w,

Foa(Vm) = Owy -4 0wy + -+ Ow,

from which we see that Mat f,, = E,, i.e. that §(f,;) = E,,,.
Now since the inverse of an isomorphism is also an isomorphism, it follows by
Theorem 6.5 that a (natural) basis for Lin,, ,(V, W) is

{fgsp=1,...,n and g=1,...,m}.

We now turn our attention to the matrix that represents the composite of two
linear mappings. It is precisely in investigating this that we shall see how the defini-
tion of a matrix product arises in a natural way, and why we have chosen to use the
transpose in the definition of the matrix of a linear mapping.

Consider the following situation:

U (ui)m -i_' Vi (vi)n -l'B—_' W; (wi)p
in which the notation U; (y;),, for example denotes a vector space U with a fixed
ordered basis (¥;),, and f;A denotes a linear mapping f represented, relative to the
fixed bases, by the matrix A.
The composite mapping is described by

U; () —L— W; (W),

What is the matrix of this composite linear mapping?
It is natural to expect that this will depend on A and B. That this is so is the
substance of the following result.

Theorem 7.3
Mat (g o f) = Mat g - Mat f.
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Proof

To find Mat (g o f) we must express each image (g o f)(i;) in terms of the ordered
basis (w;), of W. Now since Mat f = A we have

n
(i=1,...,m) f(ui)=zlajivjy
]:
and since Mat g = B we have
p .
G=1,...,n g(vj)=zbkjwk-
k=1
Thus, for each i,
glf ()] = g( }: a;;) = z a;8(v;)
ai( E bywi)
( bk; Jl)

]
M~1M= v
[Vja

x>~
1)

—
I}
—

J

n

Consequently the (k, i)-th element of Mat (g o f) is ) by;a;;, which is precisely the
=1

(k, i)-th element of BA=Mat g-Mat f. 0O

.

Corollary

A square matrix is invertible if and only if it represents an isomorphism.

Proof

Suppose that A is an n x n matrix that is invertible. Then there is an n x n matrix B
such that BA = I,. Let V be a vector space of dimension » and let (v;), be a fixed
ordered basis of V. If f, g : V — V are linear mappings that are represented by A, B
respectively then by Theorem 7.3 we have that g o f is represented by BA = I,. It
follows that g o f = id, whence, by Theorem 6.5, f is an isomorphism.

Conversely, if f : V — V is an isomorphism that is represented by the matrix A
then the existence of f~! such that f~! o f = id,, implies the existence of a matrix B
(namely that representing f ') such that BA = I,,, whence A is invertible. O

Example 7.3

Consider IR? referred to the natural ordered basis. If we change reference to the
ordered basis

{(1) 1a0)1(1:07 1),(0, 11 1)}
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then the matrix of the identity mapping is obtained from the equations
id(1,0,0) = (1,0,0) = 3(1,1,0) + 3(1,0,1) - 5(0,1,1)
id(0,1,0) = (0,1,0) = 5(1,1,0) = 3(1,0,1) + 5(0,1,1)
ld(0,0,l) = (0,0,1) = —%(1)110) + %(1)0) 1)+ %(0) 1, 1)
i.e. itis
1 -1 1
-1

1
2

The identity mapping being an isomorphism, this matrix is invertible.

o The reader should note that it is to maintain the same order in which g, f appear
in Theorem 7.3 that we choose to call the transpose of the coefficient matrix
the matrix of the linear mapping. If, as some authors do, we were to write
mappings on the right (i.e. write xf instead of f(x)) then this convention is
unnecessary.

EXERCISES

7.5 A linear mapping f : IR> — IR? is such that
f(1,0,0)=(0,0,1), f(1,1,0) = (0,1,1), f(1,1,1) = (1,1,1).

Determine f(x, y, z) for all (x,y,z) € R* and compute the matrix of f
relative to the ordered basis

B={(1,2,0),(2,1,0),(0,2,1)}.
If g : IR® — IR? is the linear mapping given by
8(x,y,2) = (2x, y +z, =x),
compute the matrix of f o g o f relative to the ordered basis B.

7.6 Show that the matrix

2 0 4
A=1-1 1 =2
23 3

is invertible. If f : IR3 — IR® is a linear mapping whose matrix rela-
tive to the natural ordered basis of IR3 is A, determine the matrix of !
relative to the same ordered basis.

7.7 If a linear mapping f : V — V is represented by the matrix A prove that
f" is represented by A",
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We now consider the following important question. Suppose that we have the
situation ”
& (vi)m —_— w; (wi)m
If we refer V to a new ordered basis (v;),, and W to a new ordered basis (w;), then
clearly the matrix of f will change. How does it change?
To see how we can proceed, consider the particular case where W = V and f is
the identity mapping on V. We then have the situation

v; (vi)m +V; (v;')m
T T

old basis new basis

idv;A

e This is precisely the situation described in the previous example.

We call A the transition matrix from the basis (v;),, to the basis (v;),,.

The following result is clear from the Corollary of Theorem 7.3:

Theorem 7.4
Transition matrices are invertible. O
We can now describe how a change of bases is governed by the transition matrices
that are involved.
Theorem 7.5

[Change of bases) If a linear mapping f : V — W is represented relative to ordered
bases (v;)y, (W;), by the nx m matrix A then relative to new ordered bases (V) ,,, (W}),
the matrix representing f is the n x m matrix Q™' AP where Q is the transition matrix
from (w}), to (w;), and P is the transition matrix from (V) ,, to (v;) .

Proof
Using the notation introduced above, consider the diagram
fiA
V; (vi)m > W; (wi)n
idv;P]’ Iidw:Q
Vi (4 ———— Wi (),

We have to determine the matrix X.

Now this diagram is ‘commutative’ in the sense that travelling from the south-
west corner to the north-east corner is independent of whichever route we choose;
for, clearly, f o idy = f = idy o f. It therefore follows by Theorem 7.3 that the
matrices representing these routes are equal, i.e. that AP = QX. But Q, being a
transition matrix, is invertible by Theorem 7.4 andso X = Q'AP. O
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Example 7.4

Suppose that f : IR> — IR3 is the linear mapping whose matrix relative to the natural
ordered basis is

1 =31
A=(3 =20
-4 1 2

and let us compute the matrix of f when IR? is referred to the ordered basis
B= {(11 _11 1), (1, _2>2)) (1; _2) 1)}

We apply Theorem 7.5 with W = V = IR, (w;) = (v;) =the natural ordered basis,
and (w}) = (v}) =the new ordered basis B.
The transition matrix from the new ordered basis to the old is

1 1 1
P=|-1 =2 =2
1 2 1

e Note that this is obtained by taking the elements of B and turning them into
the columns of P. This becomes clear on observing that we have

id(1,-1,1) = (1,-1,1) = 1(1,0,0) = 1(0, 1,0) + 1(0,0, 1)
id(1,-2,2) = (1,-2,2) = 1(1,0,0) = 2(0, 1,0) + 2(0,0, 1)
id(1,-2,1) = (1,-2,1) = 1(1,0,0) —2(0, 1,0) + 1(0,0,1)

and the transition matrix is the transpose of the coefficient matrix.

Now P is invertible (by Theorem 7.4) and the reader can easily verify that

2 1 0
Pl=(-1 0 1
0 -1 -1
The matrix of f relative to the new ordered basis B is then, by Theorem 7.5,
15 25 23
P'AP=|-8 -11 -12
-2 -5 -3

Example 7.5

Suppose that the linear mapping f : IR} — IR? is represented, relative to the ordered
bases {(1,0,-1),(0,2,0),(1,2,3)} of R*and {(~1,1),(2,0)} of IR?, by the matrix

2 -1 3
A= [3 1 0] :
To determine the matrices that represent f relative to the natural ordered bases, we
first determine the transition matrices P, Q from the natural ordered bases to the
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given ordered bases. Making use of the observation in the previous example, we can
say immediately that

1 01
Q“=[ i 3} P'=|0 2 2
-1 0 3
The reader can easily verify that
30 -1
P=il-12 -1
1 0 1

and hence that the required matrix is

ap_1]3 3 -5
QAP—2[5 a2l

We now establish the converse of Theorem 7.5.

Theorem 7.6

Let (v;)n, (W;), be ordered bases of vector spaces V,W respectively. Suppose that
A, B are n x m matrices such that there are invertible matrices P, Q such that B =
Q7'AP. Then there are ordered bases (V.),,,(W!), of V,W and a linear mapping
f 'V — W such that A is the matrix of f relative to (v;),,, (W;), and B is the matrix
of f relative to (V) (W),

Proof
IfP= [pij]mxm and Q = [qij]nx’n deﬁne

m n
(i=1,...,m) v:~=j;pj,-vj; (i=1,...,n) w§=j;qj,-wj.

Since P is invertible there is, by the Corollary of Theorem 7.3, an isomorphism
fp : V — V that is represented by P relative to the ordered basis (v;),,. Since by
definition v} = fp(v;) for each i, it follows that (v}),, is an ordered basis of V and that
P is the transition matrix from (v}),, to (v;),,. Similarly, (w}), is an ordered basis of
W and Q is the transition matrix from (w}), to (w;),.

Now let f : V — W be the linear mapping whose matrix, relative to the ordered
bases (v;),, and (w;), is A. Then by Theorem 7.5 the matrix of f relative to the
ordered bases (v}),, and (w}), is 0"'AP=B. O

EXERCISES

7.8 Determine the transition matrix from the ordered basis
{(1,0,0,1),(0,0,0,1),(1,1,0,0),(0,1,1,0)}

of IR* to the natural ordered basis of IR*.
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7.9 Consider the linear mapping f : IR* — IR* given by
f(x,y,Z) = (y,—x,Z).

Compute the matrix A of f relative to the natural ordered basis and the
B matrix of f relative to the ordered basis

{(1,1,0),(0,1,1),(1,0,1)}.
Determine an invertible matrix X such that A = X"'BX.

7.10 Let f : IR*> — IR? be a linear mapping which is represented relative to
the natural ordered basis by the matrix A. If P is the invertible matrix

0 11
P=1]1 0 1
110
determine an ordered basis of IR? with respect to which the matrix of f
is P7'AP.

We have seen in Chapter 3 that a matrix of rank p can be transformed by means
of row and column operations to the normal form

1, 0

0 0}
We can also deduce this as follows from the results we have established for linear
mappings. The proof is of course more sophisticated.

Let V and W be of dimensions m and n respectively and let f : V — W be a linear
mapping with dim Im f = p. By Theorem 6.4, we have
dimKer f=dimV-dimIm f=m —p,
solet {v,,... ,v,,,_,,} be a basis of Ker f. Using Corollary 1 of Theorem 5.8, extend
this to a basis
B={uy,...,up,v1,...,Vp}

of V. Observe now that

{f(ul)r e 7f(up)}

4 P
is linearly independent. In fact, if Y X\,f(x;) = O then f(Z)\,-u,-) = 0 and so
i=1 i=1

i=1

P P m-p
}:;X,-ui € Ker f whence ) \u; = El p;v;. Then
= = j=

P m-p
2X;ui—£}uj ]=O
i= Jj=

and so, since B is a basis, every ); and every y; is 0.
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It follows by Corollary 2 of Theorem 5.8 that {f(u;),...,f(u,)} is a basis of the
subspace Im f. Now extend this, courtesy of Corollary 1 of Theorem 5.8, to a basis

C={f(w),....f(w,),wy,...,w,,}
of W. Then, since f(v;) = - - - = f(v,,_,) = 0, we have

f(ul) = lf(ul)+0f(u2)+ "'+Of(up)+"'+0wn—p;
fluy) = Of () + 1f(p) + -+ + Of (1) + -+ + 0w, _p;

fluy) = Of(uy) + Of () + - + 1f(w,)) + - - - + 0w, _;
flv) = 0f(“|)+0f(u2)+"'+0f("p)+ R o U T

f(vm-p) = Of(ul) +0f(u2) +.--t Of(up) +---+ own-p-
The matrix of f relative to the ordered bases B and C is then

o
0 0]’
where p is the rank of f.

Suppose now that A is a given n x m matrix. If, relative to fixed ordered bases
By, By, this matrix represents the linear mapping f : V — W then, Q and P being
the appropriate transition matrices from the bases B, C to the fixed ordered bases By,

and By, we have
I, 0
-1 = p
QAP [0 0].

Now since transition matrices are invertible they are products of elementary matrices.
This means, therefore, that A can be reduced by means of row and column operations

to the form
Ip 0
0 0|

The above discussion shows, incidentally, that the rank of a linear mapping f is
the same as the rank of any matrix that represents f.
Definition
If A, B are n x n matrices then B is said to be similar to A if there is an invertible
matrix P such that B = P'AP.

It is clear that if B is similar to A then A is similar to B; for then

A= PBP' = (P7')'AP™",
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Also, if B is similar to A and C is similar to B then C is similar to A; for B = P~'AP
and C = Q7'BQ give
C=Q'P'APQ = (PQ)'APQ.
Thus the relation of being similar is an equivalence relation on the set of n x n
matrices.
The importance of similarity is reflected in the following result.

Theorem 7.7

Two n x n matrices A, B are similar if and only if they represent the same linear
mapping relative to possibly different ordered bases.

Proof

This is immediate from Theorems 7.5 and 7.6 on taking W = V and, for every i,
wi=v;andw;=v;. O

Corollary

Similar matrices have the same rank. 0O

The notion of similar matrices brings us back in a more concrete way to the
discussion, at the end of Chapter 4, concerning the problem of deciding when (in our
new terminology) a square matrix is similar to a diagonal matrix; or, equivalently,
when a linear mapping can be represented by a diagonal matrix. We are not yet in
a position to answer this question, but will proceed in the next chapter to develop
some machinery that will help us towards this objective.

EXERCISES

7.11 Show that if matrices A, B are similar then so are A', B'.

7.12 Prove that if A, B are similar then so are A¥, B¥ for all positive integers
k.

7.13 Prove that, for every ¢ € IR, the complex matrices
cos¥ —sin ¥ ed 0
sind cosd|’ 0 e

SUPPLEMENTARY EXERCISES

are similar.

7.14 Determine the matrix of the differentiation map D on IR, [X] relative to
the ordered bases

(1) {1,x,X%...,X"};
(2) {x",x", .. X, 1}
(3) {1,1+X,1+X2,...,1+X"}.
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7.15 Let V be a vector space of dimension n over a field F. A linear mapping
f 'V — Vis said to be nilpotent if f? = 0 for some positive integer p.
The smallest such integer p is called the index of nilpotency of f.
Suppose that f is nilpotent of index p. If x € V is such that f7~'(x) # 0,
prove that

{x,£(x), £ (x), ..., /77 (%)}
is linearly independent.
Hence prove that f is nilpotent of index n if and only if there is an ordered
basis (v;), of V such that the matrix of f relative to (v;), is of the form

[0 0 0 ... 0 07

100 ..00
010 ..00
001 00

000 ... 10]
7.16 Let f: R,[X] — IR,[X] be given by
flp(X)) = p(X +1).

Prove that f is linear and find the matrix of f relative to the natural or-
dered basis {1,X,...,X"}.

7.17 Consider the mapping f : IR,[X] — Mat,, , IR given by

b+c a
b |’

Show that f is linear and determine the matrix of f relative to the ordered
bases {1,X, 1 + X?} of IR,[X] and

{lo o] Lo o] [i o] i 1}

0 O[O0 O]’]|1 Of’[1 1
of Mat,_, IR. Describe also Im f and Ker f.

7.18 Let f : IR;[X] — IR;[X] be given by

fla+bX+cX?+dX*)=a+(d-c-a)X +(d-c)X>.

Show that f is linear and determine the matrix of f relative to
(1) the natural ordered basis {1,X, X2, X?};
(2) the ordered basis {1 + X3, X, X + X3, X2 + X3}.

7.19 If A = [a;j],«, then the trace of A is defined to be the sum of the diagonal
elements of A :

fla+bX +cX?) = [

n
trA=) a;.
i=1
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Prove that

(1) tr(M\A) = \tr A;

(2) tr(A+B)=trA+trB;

(3) tr(AB) = tr(BA).

Deduce from (3) that if A and B are similar then they have the same

trace. Give an example of two matrices that have the same trace but are
not similar.

ASSIGNMENT EXERCISES

(1) If f : Mat,,,IR — IR is linear, prove that the following statements are
equivalent:

(a) f(AB) = f(BA) forall A,B € Mat,,, IR;

(b) f is a scalar multiple of the trace function.
Deduce that X € Mat,, IR can be written as a sum of matrices of the form AB — BA
if and only if tr(X) = 0.

(2) Consider the linear mapping f : IR?> — IR® whose matrix relative to the
natural basis {e,, e,,e;} is

0 1 —sin ¢
A= -1 0 cos 9
—sind cos ¥ 0

Show that {e}, €}, e} is a basis of IR> where
ey =e cosd +e,sind, e, =f(e), e;=f(e,).
Determine the matrix of f relative to this basis.

(3) Let V be the real vector space of functions g : IR? — IR given by a prescrip-
tion of the form

q(x,y)= ax’* +bxy +cy* +dx + ey +f.

Let  : V — V be the mapping described by setting
g 0
ola)= 3= [atxnay+ 5 [atxax

Show that ¢ is linear. Determine the matrix that represents ¢ relative to the ordered
basis B of V given by

B={x*xy,y* x,y,1}.
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(4) Let V be a finite-dimensional vector space and let B = {v;,...,v,} be an
ordered basis of V. Let C be the ordered basis of V that is obtained from B by inter-
changing v; and v;,, in the ordering. If f : V — V is linear, explain how Mat f is
related to Mat g f.

Describe in general the effect on Mat g f that is caused by a change in the ordering
of B.

(5) Let V be a finite-dimensional vector space over IRand letf : V — V be a
linear mapping such that f2 = —id,. Extend the action of IR on V to an action of C
on V by defining, for all x € Vand all a + ib € C,

(a +ib)x = ax - bf(x).

Show that in this way V becomes a vector space over C.

Use the identity
r r r
Y (a,—ib)v, = X; av, + X;btf(vz)
t=1 = 1=
to show that if {v;,...,v,} is a linearly independent subset of the C-vector space
Vthen {v,,...,v,,f(v1),...,f(v,)} is a linearly independent subset of the IR-vector
space V.

Deduce that the dimension of V as a complex vector space is finite and that
dimn V=2 dlmc V.

Hence show that a 2n x 2n matrix A over IR is such that A2 = —I,, if and only if
A is similar to the matrix
0 -I,
I, 0]
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Determinants

In what follows it will be convenient to write an n x n matrix A in the form
A=[a,,a,,...,a,]
where, as before, a; represents the i-th column of A. Also, the letter F will signify
either the field IR of real numbers or the field € of complex numbers.
Definition
A mapping D : Mat,,, F — F is determinantal if it is
(a) multilinear (or a linear function of each column) in the sense that

(Dy) D[...,b;+¢;,...]=D[...,b;,...]+ D[...,c;,...];
(D;) D[...,)a;,...]=)D[...,a,...};

(b) alternating in the sense that

(D) D[...,a;,...,8;,...]=-D[...,a,...,a,...];
(c) 1-preserving in the sense that

(Dy) D(1,) = 1.

We first observe that, in the presence of property (D,), property (D) can be
expressed in another way.

Theorem 8.1

If D satisfies property (D,) then D satisfies property (D;) if and only if it satisfies the
property
(D3) D(A) = O whenever A has two identical columns.

Proof

= : Suppose that A has two identical columns, say a; = a; with i # j. Then by (D)
we have D(A) = —D(A) whence D(A) = 0.
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< : Suppose now that D satisfies (D,) and (D}). Then we have
02 D[...,a;+a

TN L. T
(D)

D[...,a;,...,a;+a;,...]+D[...,a;,...,8,+a;,..]
D[...,ai,...,ai,...]+D[...,a,~,...,aj,...]
+D[...,a;,...,8;,...] +D[...,a;...,a;,...]

(21)

DI
(2 D[...,a,...,8;,...]+D[...,a,...,a;,...]
whence (Ds) follows. O

Corollary
D is determinantal if and only if it satisfies (D,),(D,),(D5),(D,). O

Example 8.1
Let D : Mat,,, F — F be given by
an 42
D = ay1Gy; — 0128y,
[021 azz] 11822 ~ G128y

Then it is an easy exercise to show that D satisfies the properties (D, ),(D,),(D3),(Ds)
and so is determinantal.
In fact, as we shall now show, this is the only determinantal mapping definable

on Mat 2%2 F.
For this purpose, let
1 0
o) =[]

so that every A € Mat,, F can be written in the form

A= [ay ) + ayby, apd) + andy).
Suppose that f : Mat,,., F — F is determinantal. Then, by (D,) we have

f(A) = flanby, a128) + apd)] + flandy, and) + ayd)].
Applying (D, ) again, the first summand can be expanded to
flanéy, apdi] +flayd,, a6y

which, by (D,), is
apay f16,,8] + a0 f16,,8,).

By (D5) and (D,), this reduces to a;;a,,.
As for the second summand, by (D, ) this can be expanded to

flax;, adi] + flaz 6y, a6,)
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which, by (D,), is
aay fl8;,8,] + ay102, 116, 6]

By (Dj}) and (D,), this reduces to —a,,a;,.

Thus f(A) = a,,a,, —a,,a,, and we conclude that there is a unique determinantal
mapping on Mat, ., F.

In what follows our objective will be to extend the above observationto Mat ,, , F
for every positive integer n. The case where n = 1 is of course trivial, for if A is
the 1 x 1 matrix [a] then clearly the only determinantal mapping is that given by
D(A) = a.

For every A € Mat,,, , F we denote by A;; the (n — 1) x (n - 1) matrix obtained
from A by deleting the i-th row and the j-th column of A (i.e. the row and column
containing a;;).

The following result shows how we can construct determinantal mappings on the

set of n x n matrices from a given determinantal mapping on the set of (n—1) x (n—1)
matrices.

Theorem 8.2

Forn>3letD: Mat(,_y)y(n-1) F — F be determinantal, and fori = 1,... n define
f;:Mat, ,F — Fby

n .
fi(A)= E(_l)‘ﬂaijD(Aij)'
Jj=1
Then each f; is determinantal.

Proof

Itis clear that D(A;;) is independent of the j-th column of A and so a;;D(A,;) depends
linearly on the j-th column of A. Consequently, we see that f; depends linearly on
the columns of A, i.e. that the properties (D, ) and (D,) hold for f..

We now show that f; satisfies (D}). For this purpose, suppose that A has two
identical columns, say the p-th and the g-th columns with p # g. Then for j # p and
Jj # q the (n = 1) x (n — 1) matrix A; has two identical columns and so, since D is
determinantal by hypothesis, we have

1] #p, q) D(Aij) =0.
It follows that the above expression for f;(A) reduces to
fi(4)= (_1)i+paipD(Aip) + (_1)i+qaiqD(Aiq)‘

Suppose, without loss of generality, that p < . Then it is clear that A;, can be
transformed into A,, by effecting g — 1 — p interchanges of adjacent columns; so, by
(D3) for D, we have

D(A;) = (-1)"'"PD(A,,).
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Since a;, = a;, by hypothesis, we thus have
F(A) = [(=1)* + (=1)*9(=1)""7]a;, D(A;,)
which reduces to 0 since
(=12 + (=1)*(=1)071 = (=121 + (<122
= (-1)"*"[1 + (-1)]
=0.
Finally, f; satisfies (D,) since if A = I, then a;; = §; and A;; = I,_,, so that
fly) = (-1)*'8;D(1,,) = 1.

Thus f; is determinantal for every i. [

Corollary

For every positive integer n there is at least one determinantal mapping onMat ., F.

Proof

We proceed by induction. By Example 8.1, the result is true for n = 2. The inductive
step is Theorem 8.2 which shows that a determinantal mapping can be defined on
Mat,,, F from a given determinantal mapping on Mat ,_jy, (,-1y F. O

Example 8.2

If D is the determinantal mapping on the set Mat, ., F, i.e. if

a; ap
D[ = 411Gy — A28y,
as an

then by Theorem 8.2 the mapping f, : Mat,, 3 F — F given by

a; 4 ap
filan axn an
a3 43 a3
a a a2 1123 a2 a
= a,D 22 23] —anD[ 1 +ayD 1 42
asz as as as3 as ax
is determinantal. Likewise, so are f, and f; given by

a; G2 4
fHlan 6y axp
as a4z as;

a, a a; a a, a
=a2|D[ 12 13] -azzD[ 1 13} +a23D[ 1 12]’
axy as az as as axy
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a; G a3
filay an axp
a3 Gz as

EXERCISES

8.1 Using the formula

an a2
D[ = ayaxp —a)ay,
Gz G

evaluate each of f,(A), f,(A), /5(A) in the above example. What do you
observe?

8.2 Show that the mapping f : Mat;,; F — F given by

an 4G ap
flan ayn ap
a3 ax as

a a a a a a
=a,,D[ 22 23] —ale[ 12 |3] +a3,D[ 12 13]
a3 Qas3 a3 Qas; ay G

is determinantal.

Our objective now is to establish the uniqueness of a determinantal mapping on
Mat,,,, F for every positive integer n. For this purpose, it is necessary to digress a
little and consider certain properties of permutations (= bijections) on a finite set.

On the set {1,...,n} itis useful to write a permutation f in the form

1 2 3 ... n
f(1) £(2) £(3) ... f(n)

Example 8.3

The permutation fon {0, . .., 9} described by f(x) = x+1 modulo 9 can be described
by

0123456789
1234567890
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Example 8.4
The permutation on {1,2, 3,4, 5} described by

12345
f=
12453

‘fixes’ 1 and 2, and permutes cyclically 3,4, 5.

Given permutations f, g on {1,...,n} we can compute the composite permuta-
tion g o f by simply treating them as mappings:

1 ... n 1 ... n 1 ... n

g1) .. g ) - \f) .. fm) ) \ gl .. gl

Example 8.5

Consider the permutations

f 123456 123456
= , 8= :
164352 265314
Working from the right, we compute the composite permutation g o f as follows:

123456 123456 123456
gof= o

265314 164352 243516

EXERCISES

8.3 Compute the products
12345678 12345678
o ;
86231457 56718432
12345678 12345678
86231457 53467281

Definition

By a transposition on the set {1,2, ..., n} we mean a permutation that interchanges
two elements and fixes the other elements. More precisely, a transposition is a per-
mutation 7 such that, for some i,j with i # j,

r(i)=j, 7()=i, and (Vx#i,j) 7(x)=x.
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We shall sometimes denote the transposition T that interchanges i and j by the
notation
T:i o],

Clearly, the inverse of a transposition is also a transposition.
The set of permutations on {1,2,...,n} will be denoted by P,.
Theorem 8.3

If n > 2 then every o € P, can be expressed as a composite of transpositions.

Proof

We establish the result by induction on n. When n = 2 it is clear that ¢ is itself a
transposition, in which case there is nothing to prove.

Suppose, by way of induction, that n > 2 and that the result holds for all permu-
tations in P,_;. Let o € P, and suppose that g(n) = k. Let 7 be the transposition

T . nek.

Then 7oo is such that (Too)(n) = n;i.e. Too fixes n, and so induces a permutation,
(To0)* say, in P,_,. By the induction hypothesis, there are transpositions 7%, ..., 7%
in P,_, such that (Tt 0o 0)* = 7f 0 - - - o 7. Clearly, 73}, ..., 7+ induce transpositions
in P, say 7y,...,T,, each of which fixesn,and Too = 7, 0 - - o 7,. It follows that
0’=T_]O’T10-~-OT,

as required. O

Given o € P, let I(c) be the number of inversions in o, i.e. the number of pairs
(i,j) with i < j and o(j) < o(i).
Definition
For every o € P, the signum (or signature) of o is defined by ¢, = (—1)"),
Theorem 8.4
(VP»U € Pn) Epa = epea‘
Proof
Consider the product

V=116 ).
i<j
For every o € P, define
a(V,) = 1:Ij[0(i) -o(i)].

Since o is a bijection, every factor of V, occurs precisely once in o(V,), up to a
possible change in sign. Consequently we have

G(Vn) = (_I)I(U)Vn = Euvn'
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Given p, o € P, we have similarly po(V,) = £,0(V,). Consequently,
epavn = po(‘,’l) = Epo'(vn) = Epeavn

whence, since V, # 0, we obtain g, = £,6,. O

Corollary
Ifoe€P,thene, = tlande, = ¢,.
Proof

It is clear that e, = —1 for every transposition 7. It follows from Theorems 8.3 and
8.4 that e, = +1 for every permutation o. Moreover, since the signum of the identity
permutation is clearly 1, we deduce from ,& -1 = €50, = 1 thate - =¢,. O

We say that ¢ is an even permutation if £, = 1, and an odd permutation if ¢, =
—1. An even permutation is therefore one that has an even number of transpositions,
whereas an odd permutation is one with an odd number of transpositions. This notion
of parity is therefore an invariant associated with a permutation.

Example 8.6

Consider the permutation

123456
164352

If we join each i on the top line with the corresponding i on the bottom line we obtain
the diagram

1 6 4 3 5 2

In this the number of distinct crossings gives the number of inversions. This is 8,
which is even. The permutation is therefore even.

EXERCISES

8.4 Determine the parity of each of the following permutations:

123456 123456
614253)  \543612
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Theorem 8.5

There is a unique determinantal map D : Mat ., F — F, and it can be described by

D(A) = E €5ls(1)) """ Co(n)n-
ageP,
Proof
We know by the Corollary of Theorem 8.2 that at least one determinantal mapping
D exists on Mat ., F. If we write §; for the i-th column of I, then we can represent
an n x n matrix A = [a;;] by
A=[a“61+-~-+a,,18,,, ...... ,(11"61+"'+aM6"].
Using property (D,) we can write D(A) as a sum of terms of the form

Da,(1),186(1), - - » Bo(m)nbaim]s
where 1 < (i) < n for every i. Using property (D,) we can then write each of these
terms as
o)1+ Bo(maDlo()s - - - So(m]-
But, by property (Dj3), each such expression is 0 except those in which we have

o(i) # o(j) for i # j; i.e. those in which o is a permutation on {1,...,n}. Thus we
have that

D(A) = Y a51)1 - GomuDl8o), - - - Soim)-
o€Py

Now the columns &y, . .., 85(s) Occur in the permutation o of the standard arrange-
ment §y,. .., 6,. If, using Theorem 8.3, we write o as a composite of transpositions,
say

O=T 00Ty,

then we have

ocl'=rlo-com.

Restoring the standard arrangement of the columns by applying 77!,..., 7;! we see,
by property (D;) and the fact that ¢, = &1, that

D[Sa(l), ey 80(,,)] = 8UD[61, oo ,5,,].

But by property (D,) we have D[§,,...,8,] = D(I,) = 1. We therefore conclude
that

D(A) = E ano(l),l * Qo(n)n:
O€EP,

The above argument also shows that D is unique. O

An important consequence of the above is that the expression for f;(A) given in
Theorem 8.2 is independent of i.
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Definition
The unique determinantal mapping on Mat,, , F will be denoted by det. By the
determinant of A = [a;],,, we shall mean det A.

By Theorem 8.5, we have that

det A= ) €,a5(1)1 " Agmpn:
o€P,
Alternatively, by Theorem 8.2, we have that, fori = 1,...,n,
n s
det A = Z(—l)'ﬂa,-j det Aij’
j=1
which is called the Laplace expansion along the i-th row.

o Note that, as pointed out above, the Laplace expansion is independent of the

row chosen.
Example 8.7
Consider the matrix
1 1 -1
A=12 1 3
1 -5 1

Using a Laplace expansion along the first row, we have

13 2 3 2 1
det A = l-det[_5 1] -1 -det[l l] +(—1)~d¢t[1 _5]
=16 —(-1) - (-11) = 28.
Expanding along the second row, we obtain

1 -1 1 -1 1 1
detA——2-det[_5 1]+1-det[1 1]—3.dct[1 _5]
—2(—4) +2 -3(-6) = 28.

Finally, expanding along the third row we obtain
1 -1 1 -1 11
detA—l-det[1 3]—(—5)-det[2 3]+l-det[2 1]

=4+5.5+(-1)=28.

EXERCISES
8.5 Compute, via a third row Laplace expansion,
12 -3 4
-4 2 1 3
dti 30 2 o0

10 2 -5
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8.6 Determine

Theorem 8.6
If A is a square matrix then det A = det A'.
Proof
If o € P, then whenever o(i) = j we have i = 0™!(j) and therefore a;; = @; 5-1()-
Consequently,
o)1 Bolmyn = G11(1) " Bngim) = [Alo (1)1 - [A o1 (-
Now as o ranges over P, so does 0™!; and ¢, = £ 1. Thus

det A= E eaaam,, v ac(,,)l,, = z oy [A’]o-l(l),l soe [A’]o—l(n)‘n = det A’. O

o€EP, o-'eP,
Corollary
Forj=1,...,nwe have
n . .
det A = ;(_l)l*’jai‘i det Aij‘
Proof
We have

n .
det A = det Al = Z(—l)”’aﬁ det Ajl
=1
n .
= Y (-1)*"a; det Ay,
i=1
the second summation being obtained from the first summation by interchanging i
andj. O
The reader should note that in the above Corollary the summation is over the first
index whereas in Theorem 8.2 it is over the second index.
We can thus assert that Laplace expansions via columns are also valid.

EXERCISES

8.7 For the matrix A of the previous example, find det A by Laplace expan-
sion via each of the three columns.

8.8 Compute
1 2 3 -4
0 -5 6 -7
dtio 0 -8 9
0 0 0 10
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It is useful to know how row and column operations on a square matrix effect the
determinant of that matrix. It is clear from property (D;) that

e if B is obtained from A by interchanging two columns of A then det B =
—det A.

Also, from property (D,) it follows that

e if B is obtained from A by multiplying a column of A by some scalar )\ then
det B = ) det A.

Finally, if B is obtained from A by adding ) times the i-th column of A to the j-th
column then, by properties (D,) and (Dj3), we have

det B = det[...,a;,...,a; + )\a;,...]
=det[...,a;,...,a;,...] +det[...,a;,...,0a;,...]
=detA+)\det[...,a;...,a;,...]
=det A+ )0
= det A.
Thus we have that

e if B is obtained from A by adding to any column of A a multiple of another
column then det B = det A.

Since row operations on A are simply column operations on A’, and since det A’ =
det A, it is clear from the above that similar observations hold for row operations.

Example 8.8

Any square matrix that has a zero row or a zero column has a zero determinant. To
see this, simply perform a Laplace expansion along that zero row or column.

Example 8.9
Consider again the matrix
1 1 -1
A=12 1 3
1 -5 1
Using row operations, we have
1 1 -1

detA=det {0 -1 5| p,-2p,
0 -6 2| p3—-p;
-1

5
= det by first column Laplace
-6 2] y P

-2+ 30=28.
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Example 8.10

Consider the matrix
1 0 -1
A=12 0 3
1 -5 1
By a Laplace expansion using the second column, we have
1 -1
det A= —(-5)det [2 3] =5.5=25.
Example 8.11
For the matrix
1 -12 3
2 20 2
A=11 23 o
5 32 -1
we have
1 -1 2 3
_ |0 4 4 4| py-2p,
det A = 0 3 1 -3| ps—p,
0 8 —8 —16 p4-5p]
4 4 4
=det|3 1 -3 by first column Laplace
8 -8 -16
1 -1 -1
=4.8-det|3 1 -3
1 -1 2
Y
=32det(0 4 of P27
0 0 -1 P3— P
= 32(—4) = -128.
EXERCISES

8.9 What is the determinant of an n x n elementary matrix?

8.10 Prove that the determinant of an n x n upper triangular matrix is the
product of its diagonal elements.

8.11 Determirie the values of x for which det A # 0 where
x 203

1
A_l
1

- N

3
1
1

W = W
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8.12 Using row and column operations, show that

0a00O00O0
f0b000

0g0c O0O0f_

det 00hOdO = —acefhm.

000k O e
0000mMO
8.13 Compute the determinant of the matrix

1 2 3 .. n

-1 0 3 ...n

-1 =2 0 ...n

-1 2 -3 ...0

8.14 Compute the determinant of the matrix A = [a;;],, given by

1 ifi+j=n+1;
aij = .
0 otherwise.

8.15 Consider the complex matrix
0 1+i 1+2i
A= | 1-i 0 2-3i|.
1-2i 2+3i 0
Show that det A = 6.

‘We now consider some further important properties of determinants.

Theorem 8.7

IfA,B € Mat,, F then
det AB = det A - det B.

Proof
If C = AB then the k-th column of C can be written

ck = blkal +.-- 4 b,,ka,,.

To see this, observe that the i-th element of ¢, is

[en)i = car = i a;ibj = f bilay); = [2": bjkai] -
j=1 Jj=1 j=1 '
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Thus we have that

det AB = det C
= det[b“al +.--+ bnlan, ey bl"a] +.--+ b’ma"]
= X; det [ba(l),lao(l)s reey bu(n),naa(n)]
o€EP,

Z bo(l).l T bo(n),n det [ao(l)v ceey aa(n)]
o€EP,

E bo(l),l cee bc(n),nfc det [a,, veey a,,]

o€EP,
=detA- 2 Eabc(l),l . 'bo(n),n
oEP,

=detA-detB. O

Corollary
1
o . . -1 -

If A is invertible then det A # 0 and det A oA

Proof
This follows from det A - det A™! = det AA™' =detI,=1. O

EXERCISES

8.16 Given the matrices

b+8c 2c¢-2b 4b-4c 0
A= |4c-4a c+8b 2a-2c|, P=|2
2b-2a 4a-4b a+8b 1

find P! and compute P! AP. Hence determine det A.

DO =
(==l ]

8.17 If A is a square matrix such that A? = 0 for some positive integer p,
prove that det A = 0.

If A is an invertible n x n matrix then we have seen above that det A # 0. Our
objective now is to show that the converse of this holds. This will not only provide
a useful way of determining when a matrix is invertible but will also give a new way
of computing inverses. For this purpose, we require the following notion.

Definition

If A € Mat ,, , F then the adjugate (or adjoint) of A is the n x n matrix adj A given
by
[adj A]; = (-1)"*/ det Aj;.

e It is important to note the reversal of the suffices in the above definition.
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The adjugate matrix has the following useful property.
Theorem 8.8

For every n x n matrix A,
A-adjA= (det A)[,=adjA-A.

Proof
We have .
[A - adj A]ij = k; a;[adj A]lzj
n
= E a,'k det Ajk
=1
detA ifi=j;
Tl oo ifi#),

the last equality resulting from the fact that when i # j the expression represents the
determinant of a matrix whose j-th row is the same as its i-th row. Thus A - adj A is
a diagonal matrix all of whose diagonal entries is det A; in other words, A - adj A =
(det A)I,,. The second equality is established similarly. O

EXERCISES

8.18 Compute the adjugate of each of the following matrices:

a h g -1 0 -1
[“Z], kb fl|, 0 -1 0.
¢ g f ¢ -1 0 -1

Theorem 8.9

A square matrix A is invertible if and only if det A # 0, in which case the inverse is
given by

AT = ——adj A
det A ad
Proof
If det A # 0 then by Theorem 8.8 we have
1
A. djA=1
deta 9 "
. . . . _l - .

whence A is invertible with A~ = Gl A adj A.

Conversely, if A~ exists then, as we have observed above, it follows from The-
orem 8.7 thatdet A# 0. O
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Theorem 8.9 provides a new way of computing inverses. In purely numerical
examples, one can become quite skilful in its use. However, the adjugate matrix has
to be constructed with some care! In particular, notice should be taken of the factor
(-1)'* = +1. The sign is given according to the scheme

+ -+ - ...
-+ - +...

+ -+ -...

Example 8.12

We have seen previously that the matrix

1 1 -1
A=1(2 1 3
1 -5 1

is such that det A = 28. By Theorem 8.9, A is therefore invertible. Now the adjugate
matrix is

i 13 1 -1 1 -1]
det[_5 1 —dct[__5 1] det[l 3

2 3] 1 -1] 1 -1]
—det [ det [1 —det [2

1 1] 1] 31
2 1] 1 1] 1 1]
-det [1 -5 —det {1 -5, det [2 1]
i.e. it is the following matrix (which with practice can be worked out mentally):
16 4 4
B= 12 -5
-1 6 -1
It follows by Theorem 8.9 that A™! = 21—88, which can of course be verified by direct
multiplication.
EXERCISES
8.19 For each of the following matrices, compute its adjugate and then its
inverse:
312 532 100
121, (231}, 120
111 753 123
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8.20 For the matrix

~4 -3 -3
A=|1 0 1
4 4 3

show that adj A = A.
8.21 If A is an invertible n x n matrix prove that
det adj A = (det A)".
8.22 If A and B are invertible n x n matrices prove that
adj AB = adj B - adj A.
8.23 If A is an invertible n x n matrix prove that
adj (adj A) = (det A)"A.
Deduce that, for n = 2, adj(adj A) = A.
8.24 If A is an upper triangular matrix prove that so also is adj A.
8.25 If A is a symmetric matrix prove that so also is adj A.
8.26 If A is an hermitian matrix prove that so also is adj A.

There are other methods of evaluating determinants that are often useful, depend-
ing on the matrices involved. For example, there is the so-called ‘inspection method’
which is best illustrated by example.

Example 8.13

Consider the matrix

A=

e e

x
2

Y

22

N e R

Observe that if we set x = y then the first two rows are equal and so the determinant
of A reduces to zero. Thus x —y is a factor of det A. Similarly, so are x — z and
y — z. Consider now the ) -expansion of det A as in Theorem 8.5. Every term

a
in this expansion consists of a product of entries that come from distinct rows and
columns (since we are dealing with a permutation o). Now the highest power of
x,Y,z appearing in this expansion is 2. Consequently, we can say that

det A=k(x-y)(y-2)(x-2)

for some constant k. To determine k, observe that the product of the diagonal entries,

namely yz2, is a term in the }_-expansion (namely, that which corresponds to the
y Y \/
g

identity permutation). But the term involving yz? in the above expression for det A
is —kyz2. We conclude therefore that k = —1 and so

det A= (x —y)(y - 2)(z = x).
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Example 8.14

Consider the matrix
a b c d
a? b? c? d?
A=l ptc+d c+d+a d+a+b a+b+c
bed cda dab abc

By the ‘inspection method’, factors of det A are
a-b,a-c,a-d,b-c,b-d, c—d.

Now the product of the diagonal entries, namely a?b3c(d + a + b), is a term in the
> -expansion. But this is only partially represented in the product

(a-b)(a -c)a-d)(b-c)b-d)(c-d),

which suggests that we have to find another factor. This can be discovered by adding
row 1 to row 3: this clearly produces the factor a + b + ¢ + d. Thus we have

det A=k(a-b)a-c)a-d)b-c)b-d)(c—-d)a+b+c+d)

for some constant k. Comparing this with the product a?b3c(d +a+b) of the diagonal
elements, we see that k = —1.

Example 8.15

Consider the matrix
x 1 ab
2
y y 1 ¢
A=
yi2 22z 1
yzt zt t 1
If x = y then the first column is y times the second column whence the determinant
is zero and so x — y is a factor of det A. If z = ¢ then the third and fourth rows are

the same, so z —t is also a factor of det A. If now y = z then we have

rx 1 a b

2
_ 2z 1 ¢
detA = det 23 22 Zl
2%t 2zt t 1
x 1 a b

2
_ 2 z 1 ¢
_detz3zzzl
0 0 0 1-¢c
x 1
= (1-tc)det |z*> z
2?2z

=0 since p; = zp,.
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Thus we see that y — z is also a factor. It now follows that
det A=k(x —y)y-2)(z-1)

for some constant k, and comparison with the product of the diagonal elements gives
k=1.

EXERCISES

8.27 For the matrix

1 1 1 1
a x b ¢
A= a® x* b ¢?
al X3 p 3

express det A as a product of linear factors.
8.28 Solve the equation

det

Q8 Q%
Q8 % 8
Q% Q8
% Q8 Q8

8.29 Consider the real matrix

x a ?

¥ y a

vt 22z

yzt? zt? 2

Show that, whatever the entries marked ? may be, this matrix has deter-
minant

~ Q 9 9

(x —ay)(y - az)(z - at)t.
SUPPLEMENTARY EXERCISES
8.30 Let A, be the n x n matrix given by

0 ifi=j;
a.. -
Y 1  otherwise.

Prove that det A, = (-1)*'(n - 1).
8.31 Consider the n x n matrix

a+b a a ... a
a a+b a a
A=| a a a+b ... a
a a a ...a+b

Prove that det A = b"!(na + b).
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8.32 Solve the equation

1 1 1 o1
1 1-x 1 1

det 1 1 2-x ... 1 =0.
1 1 1 . n—X

8.33 Consider the n x n matrix

(b b b ... b b

a b b ..bb

b a b ..bb

B,=| . .
b b =b ... b b

b =b -b ... a b

Prove that
det B, = (=1)"*'b(a - b)*".

Hence show that if A, is the n x n matrix

a b b ... b
-b a b ... b
-b -b a ... b
b b b ... a
then
det A, = (a + b)det A,_, —b(a -b)"".
Deduce that

det A, = 1[(a +b)" + (a - b)"].

8.34 Let A, be the n x n matrix given by
0 ifli-jl|>1;
a; = 1 ifli-jl=1;
2cosd ifi=j.
If A, = det A, prove that
A —2cosd A +A,=0.
Hence show by induction that, for0 < 4 < m,
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8.35 Let A, be the n x n matrix given by
b; ifi #j;
a;=4a;+tb ifi=j<n
b, ifi=j=n.
n-1
Prove that det A, = b, [ a;.
i1

If B, is given by
b = b; ifi #j;
b= a,-+b,- ifl=j,

prove that det B, = det A, + a, det B,_,. Hence show that
n n
det B, =[] a; + E(b,»naj).
i1 =1 j#i
8.36 If A and B are square matrices of the same size, prove that

A B
det[B A} = det(A + B)det (A - B).

P
8.37 LetM = [R g] where P, Q, R, S are square matrices of the same size
. . . . A0
and P is invertible. Find a matrix N of the form B C such that
1 P'Q
NM = [o S—RP“Q] '

Hence show that if P and R commute then det M = det (PS — RQ); and
that if P and Q commute then det M = det (SP — RQ).

8.38 [Pivotal condensation] Let A € Mat,,, IR and suppose that a,, # 0.
Let B be the (n — 1) x (n — 1) matrix constructed from A by defining

(et | % % if1<i<p-1,1<j<q—-1;
a.: IXPTLIXIXRGT L
pi

det_aiq 4| if1<i<p-1,g+1<ji<n

b‘_j=< - apj_ ' ’ SIN™
P

det| ? ifp+1<ig<n1<j<qg-1;
[ 3ij Gig |
2 g

det p ifp+1gig<ng+1<jgn.

\ L Qig  Gjj ]

Prove that det A = ;;—‘;7 det B.
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[Hint. Begin by dividing the p-th row by a,, to obtain a matrix X in
which x,, = 1. Now subtract suitable multiples of the g-th column of
X from the other columns of X to make the elements of the p-th row
0 except for x,, = 1, thereby obtaining a matrix Y. Observe how the
structure of the matrix B arises. Now consider a Laplace expansion of

Y via the p-th row.]

e The (n—1) x (n - 1) matrix B is called the matrix obtained from A
by pivotal condensation using ap, as a pivot. This useful (and little
publicised) result provides a simple recursive way of computing
the determinants of matrices and is particularly effective when they
have integer entries. The size of the matrix reduces at each step and
the calculations are simple since they involve 2 x 2 submatrices, and
are made easier if it can be arranged that a 1 is chosen as a pivot.

32 3
For example, det |2 4 3| = 7 det [_g _5] = -17.
43 -8 -

Compute, via pivotal condensation, the determinants of

1 2 3 ... n
1 1 -1 123 -1 0 3 n
2 1 3|, (231, |71 =20 n
1 -5 1 312 SR
-1 =2 =3 ...0
ASSIGNMENT EXERCISES

(1) Given areal square matrix A = [a;;],,,, consider a system Ax = b of n linear
equations in n unknowns. Suppose that A is invertible. Then the system has a unique
solution, namely

x=A"b.

If (A;; b) denotes the matrix that is obtained from A by replacing the i-th column of
A by b, use Theorem 8.9 to prove that the components of x are given by

= det(A;; b)
! det A
These equations, known as Cramer’s formulae, give the solution to Ax = b in
the case where A is invertible. They are of theoretical interest, though somewhat
impractical in computing solutions except when n is very small. Try the method on
the system
2x + 4y - 3z = ~1;
x+ y-3z2=2;
3x + 5y + 5z = 3.
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(2) IfAisaninvertible matrix with integer entries and det A = +1, use Cramer’s
formulae to show that A™! also has integer entries.
(3) In IR? consider the line pair
ax + by + ¢ = 0;
adx+by+c=0.

Show that the lines intersect if and only if the matrix

a b
a b

is invertible. In this case, use Cramer’s formulae to obtain the point of intersection.

(4) If a triangle in IR? has vertices (x;,y,), (x;,¥,), (x3, y;) prove that its area
is the absolute value of
1 x ol
idet X2 Y2 1
x3 y3 1
Three lines, given by the system of equations
ax + bly + G = 0;
ax + byy + ¢, =0;
azx + byy + c3 =0,

bound a triangle. Prove that its area is the absolute value of
3(det A)?
(@16, — ayb)(a,b3 — asb,)(asb, — a,bs)
where A is the coefficient matrix of the system.
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Eigenvalues and Eigenvectors

Recall that an n x n matrix B is similar to an n x n matrix A if there is an invertible
n x n matrix P such that B = P~'AP. Our objective now is to determine under what
conditions an n x n matrix is similar to a diagonal matrix. In so doing we shall draw
together all of the notions that have been previously developed. Unless otherwise
specified, A will denote an n x n matrix over IR or C.

Definition

By an eigenvalue (or latent root) of A we shall mean a scalar \ for which there
exists a non-zero n x 1 matrix x such that Ax = Ax. Such a (column) matrix X is
called an eigenvector (or latent vector) associated with ).

o Note that eigenvectors are by definition non-zero.

Theorem 9.1
A scalar )\ is an eigenvalue of A if and only if

det(A -XI,)=0.

Proof

Observe that Ax = \x can be written in the form
(A-)\L)x=0.

Then X is an eigenvalue of A if and only if the homogeneous system of equations
(A-X)x=0

has a non-zero solution. By Theorems 3.16 and 4.3, this is the case if and only if the
matrix A—XI,, is not invertible, and by Theorem 8.9 this is equivalent to det (A—X1,)
being zero. O

Corollary

Similar matrices have the same eigenvalues.
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Proof
It suffices to observe that, by Theorem 8.7,
det(P'AP - \1,) = det[P~'(A - \I,)P]
= det P! - det(A - \1,) - det P
=det(A-)1,). O

Note that with A = [a;;],,, we have

ay=Xx ap - ay

a2 a22 ")\ cen a2

det(A-\I)=det| . _ "
a,,l anz oo Qpp _>\

and, recalling that the product of the diagonal elements is a term in the $ "-expansion,

o
we see that this is a polynomial of degree n in A\. We call this the characteristic
polynomial of A. By the characteristic equation of A we mean the equation

det(A - \1,) = 0.

Thus Theorem 9.1 can be expressed by saying that the eigenvalues of A are the
roots of the characteristic equation.

Recall that over the field € of complex numbers this equation has n roots, some
of which may be repeated.

If A\, ..., )\ are the distinct roots (= eigenvalues) then the characteristic poly-
nomial factorises in the form

(D" =) =) - (=2 )™

We call ry, ..., r, the algebraic multiplicities of )\, ..., ;.

Example 9.1

Consider the matrix

We have

-2 1
det (A — \,) = det [_1 _A} =22 +1.
Since A% + 1 has no real roots, we see that A has no real eigenvalues. However, if
we regard A as a matrix over € then A has two eigenvalues, namely i and —i, each
being of algebraic multiplicity 1.
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Example 9.2

Consider the matrix

-3 1 -1
A= |-T 5 -1].
-6 6 -2

Using the obvious row/column operations, we compute the characteristic polynomial
of A as follows:

[-3-)2 1 -1
det(A-N)=det| -7 5-X -1

det|-2-X 5-X2 -l

1
—(2+X)det|1 5
0

1
—(2+\)det |0 4
0

-2+ X)(d-2)(-2-))

2+ 2)X(4-)).

It follows that the eigenvalues are 4 (of algebraic multiplicity 1) and —2 (of algebraic
multiplicity 2).

EXERCISES

9.1 For each of the following matrices, determine the eigenvalues and their
algebraic multiplicity:

10 -1 0 10 2-i 0 i
12 1|, o o1|, |0 1+i 0
22 3 1 -3 3 i 0 2-i

9.2 If ) is an eigenvalue of an invertible matrix A prove that A # 0 and that
271 is an eigenvalue of A7,

9.3 Prove that if ) is an eigenvalue of A then, for every polynomial p(X),
p()\) is an eigenvalue of p(A).
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If )\ is an eigenvalue of A then the set
E, = {x e Mat,, F; Ax= \x}

i.e. the set of eigenvectors associated with the eigenvalue ) together with the zero
column 0, is readily seen to be a subspace of the vector space Mat,,; F.

This subspace of eigenvectors is called the eigenspace associated with the eigen-
value ).

The dimension of the eigenspace E, is called the geometric multiplicity of the
eigenvalue ).

Example 9.3

Consider the matrix A of the previous example. The eigenvalues are 4 and —2. To
determine the eigenspace E, we must solve the system (A —413)x = 0, i.e.

-7 1 -1 x 0
—7 1 —1 y = 0
-6 6 6| |z 0

The corresponding system of equations reduces to x = 0, y —z = 0 and so E, is
spanned by
0
X= Yy
y

where y # 0 since by definition eigenvectors are non-zero. Consequently we see that
the eigenspace E, is of dimension 1 with basis

0
1
1

As for the eigenspace E_,, we solve (A + 213)x = 0, i.e.
-1 1 -1] [x 0
=717 -1||y|=10
-6 6 0] |z 0
The corresponding system of equations reduces to x = y, z = 0 and so E _, is spanned
by

X
X=|Xx

0

where x # 0. Thus E_, is also of dimension 1 with basis

1
1
0
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EXERCISES

9.4 For each of the following matrices determine the eigenvalues and a basis
of each of the corresponding eigenspaces:

101 -2 5 17
010/, 1 0 -1
101 -11 2
9.5 Show that the matrix
-2 -3 -3
-1 0 -1
5 5 6

has only two distinct eigenvalues. Determine a basis of each of the cor-
responding eigenspaces.

The notions of eigenvalue and eigenvector can also be defined for linear map-
pings.
Definition
If f : V — W is linear then a scalar ) is said to be an eigenvalue of f if there is a

non-zero x € V such that f(x) = A x, such an element x being called an eigenvector
associated with ).

The connection with matrices is as follows. Given an n X n matrix A, we can
consider the linear mapping

fA . Mat"x] F b d Matnx] F

given by f,4(x) = Ax. It can readily be verified that, relative to the natural ordered
basis of Mat .., F, we have Mat f, = A. Clearly, the matrix A and the linear mapping
f4 have the same eigenvalues.

Example 9.4

Consider the vector space Diff(IR, IR) of all real differentiable functions. The dif-
ferentiation map D : Diff(IR, IR) — Map(IR, IR) is linear. An eigenvector of D is a
non-zero differentiable function f such that, for some real \, Df = )\f. By the theory
of first-order differential equations we see that the eigenvectors of D are therefore
the functions f given by f(x) = ke*, where k # 0 since, we recall, eigenvectors are
by definition non-zero.

Example 9.5
Consider the linear mapping f : IR> — IR? given by

f(x,3,2)=(+z, x+z, x+y).
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Relative to the natural ordered basis of IR? the matrix of f is

01 1]

A=|(1 0 1].

110

The reader can readily verify that
=1 1]
det(A-X)=det| 1 =X 1|=-\+1)2*)-2).
1 1 =)
J

The eigenvalues of A, and hence those of f, are therefore 2 and -1, the latter being
of algebraic multiplicity 2.

EXERCISES

9.6 Determine the eigenvalues, and their algebraic multiplicities, of the lin-
ear mapping f : IR — IR3 given by
(1) f(x,y,2) = (x+2y+2z,2y+2z, —x + 2y +22);
(2) f(x,5,2)=(y+2,0, x +y).

Theorem 9.2
Eigenvectors corresponding to distinct eigenvalues are linearly independent.

Proof

The proof is by induction. If f : V — V has only one eigenvalue and if x is a cor-
responding eigenvector then since x # 0 we know that {x} is linearly independent.
For the inductive step, suppose that every set of n eigenvectors that correspond to

n distinct eigenvalues is linearly independent. Let x,,..., x,,; be eigenvectors that
correspond to distinct eigenvalues \,..., \,,;. If we have
(1) ayx;+---tapx, +ap Xy, =0

then, applying f and using the fact that f(x;) = );x;, we obtain
2 @\ Xy 4t Xy + Gy Ay Xpe = 0.
Now take (2) — X, (1) to get

aj(hy = Xpe)xy + o+ ag(Ny = M) x, = 0.

By the induction hypothesis and the fact that )\, ..., \,,, are distinct, we deduce

that
a=---=a,=0.

It now follows by (1) that a,,,, x,,; = 0 whence, since x,,, # 0, wealso havea,,, =
0. Hence x,,..., x,,, are linearly independent and the result follows. O
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Definition
A linear mapping f : V — V is said to be diagonalisable if there is an ordered basis
(v;), of V with repect to which the matrix of f is a diagonal matrix.

Thus f is diagonalisable if and only if there is an ordered basis (v;), of V such

that
fv)=x
f(v)= A2V,

£ vn) = A nVn
in which case the ); are the eigenvalues of f. We can therefore assert the following:

Theorem 9.3

A linear mapping f : V — V is diagonalisable if and only if V has a basis consisting
of eigenvectors of f. 0O

Equivalently, if we define a square matrix to be diagonalisable when it is similar
to a diagonal matrix then as a result on matrices Theorem 9.3 translates into the
following result :

Theorem 9.4

An n x n matrix is diagonalisable if and only if it admits n linearly independent
eigenvectors. O

We now proceed to show that f : V — V is diagonalisable if and only if, for

every eigenvalue )\, the geometric and algebraic multiplicities of A coincide. For
this purpose we require the following results.

Theorem 9.5
Let V be of dimension n. If \{,...,\; are the eigenvalues of f : V — V and if
dy,...,d, are their geometric multiplicities then

di+---+d,<n
with equality if and only if f is diagonalisable.
Proof
For each i let B; be a basis of E, . Observe first that if
Vit o+, =0
where each v; € B; then necessarily each v; = 0. This follows from Theorem 9.2.
Observe next that LICJBi is linearly independent. In fact, if B; = {e;,...,e;;,}

i=1
and

Vi=paein t -+ pigeiq € B;
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k
then ) v; = 0 gives, from the above, each v; = 0 whence all the coefficients ;; = 0.
i=1
Since the B; are pairwise disjoint, it follows that

k
U B;

i=1

d‘+"'+dk= gn.

Finally, equality occurs if and only if V has n linearly independent eigenvectors,
i.e. by Theorem 9.3, if and only if f is diagonalisable. O

Theorem 9.6

If \ is an eigenvalue of f . V — V then the geometric multiplicity of ) is less than
or equal to the algebraic multiplicity of ).

Proof
Let {e,,...,e,} be a basis of E, and extend this to a basis B = {e,,...,e,} of V.

The matrix of f relative to B is of the form

M, C
=l 5]

The characteristic polynomial of M is of the form (A — X)?p(X) where p(X) is a
polynomial of degree n —d. It follows that d is less than or equal to the algebraic
multiplicity of \. O

We can now deduce from the above the following necessary and sufficient con-
dition for f : V — V to be diagonalisable.

Theorem 9.7
The following statements are equivalent:

(1) f:V — Visdiagonalisable;

(2) for every eigenvalue \ of f, the geometric multiplicity of \ coincides with
the algebraic multiplicity of X.

Proof

The sum of the algebraic multiplicities of the eigenvalues is the degree of the charac-
teristic polynomial, namely n = dim V. The result therefore follows from Theorems

9.5and9.6. O

Example 9.6
As observed in Example 9.2 above, the matrix
-3 1 -1
A=1|-7 5 -1

-6 6 -2
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has only two distinct eigenvalues, namely 4 and —2. The latter is of algebraic mul-
tiplicity 2. To determine the eigenspace E_,, we solve (A + 2/;)x = 0, i.e.

-1 1 -1 |x 0
77 -1||{y|l=10
-6 6 0f |z 0

The corresponding system of equations reduces to

so the rank of the coefficient matrix is 2 and consequently the solution space is of
dimension 3 —2 = 1. Thus the eigenvalue -2 is of geometric multiplicity 1.
It follows by Theorem 9.7 that A is not diagonalisable.

Example 9.7
Consider the matrix
1 -3 3
B=1|3 -5 3
6 6 4

The reader can readily verify that
det(B - \;) = (4 =)\)() +2),

so the eigenvalues are 4 and -2, these being of respective algebraic multiplicities 1
and 2.
To determine the eigenspace E_, we solve (B + 21;)x = 0, i.e.

3 -3 3| |x 0
3 -33]|y|=]0
6 6 6| |z 0

The corresponding system of equations reduces to x —y + z = 0, so the coefficient
matrix is of rank 1 and so the dimension of the solution space is 3 — 1 = 2. Thus the
eigenvalue -2 is of geometric multiplicity 2.

As for the eigenvalue 4, since its algebraic multiplicity is 1, it follows by Theorem
9.6 that its geometric multiplicity is also 1. It now follows by Theorem 9.7 that B is
diagonalisable.

If A is similar to a diagonal matrix D then there is an invertible matrix P such
that P"'AP = D where the diagonal entries of D are the eigenvalues of A. We shall
now consider the problem of determining such a matrix P.
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First we observe that the equation P~'AP = D can be written AP = PD. Let the
columns of P be py,...,p, and let

D= *2

An
where A\, ..., )\, are the eigenvalues of A. Comparing the i-th columns of each side
of the equation AP = PD, we obtain

(i=1,...,n) Ap; = \p;.
In other words, the i-th column of P is an eigenvector of A corresponding to the
eigenvalue \;.
Example 9.8

Consider again the previous example. Any two linearly independent eigenvectors in
E_, constitute a basis for E_,. For these we can choose, for example,

1 1
1, | o
0 -1

Any single non-zero vector in E, constitutes a basis for E,. We can choose, for
example,
Fl'l

o)

Clearly, the three eigenvectors

1 1 1
1{, of, 1
0 -1 2
are linearly independent. Pasting these eigenvectors together, we obtain the matrix
1 11
P={1 0 1},
0 -12
and this is such that
-2 00
P'BP=| 0 2 0
0 04

o Note that, in order to obtain a particular arrangement of the eigenvalues down
the diagonal of the matrix D, it suffices to select the same arrangement of the
columns of P.
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EXERCISES

9.7 For each of the matrices A given by

101 -2
010], 1
101 -1

-3 -7 19 -4 0 -3
-2 -1 8,
-2 -3 10 4 2 3

find a matrix P such that P~' AP is diagonal.

Let us now return to the problems of equilibrium-seeking systems and difference
equations as outlined in Chapter 2. In each of these, the matrix in question is of size
2 x 2, so we first prove a simple result that will allow us to cut a few corners.

Theorem 9.8
If the 2 x 2 matrix

a b
=[]
has distinct eigenvalues \|, )\, then it is diagonalisable. When b # 0, an invertible

matrix P such that
M O
plap=|""!
[ 0 A2]

b b
P=[>\l—a Az—a]'
Proof

The first statement is immediate from Theorems 9.2 and 9.4. As for the second
statement, we observe that

is the matrix

det[ c d—A]—A —(a+d))\ +ad -bc

and so the eigenvalues of A are
A\ = 3l(a+d)++/(a—d) +4bc],
Xy = 3l(a+d)—\/(a —d)* + 4bc].

Consider the column matrix
b
5= 0%
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in which, by hypothesis, b # 0. We have

&)= [ ) =[]

the final equality resulting from the fact that
A\ (A —a)=cb-d(\, —a)= )2 —(a+d)\, +ad —bc=0.

Thus x, is an eigenvector associated with ). Similarly, we can show that

X = b
z- )\2—a

is an eigenvector associated with )\,. Pasting these eigenvectors together, we ob-
tained the required matrix P. O

Example 9.9

Consider the equilibrium-seeking system as described in Chapter 2. The matrix in
question is

1 1

3 19|

420

The eigenvalues of A are the roots of the equation
F=NE-N-g=0.
The reader will easily check that this reduces to
Gr-1)(A-1)=0

so that the eigenvalues are % and 1. It follows by Theorem 9.8 that A is diagonalis-
able, that an eigenvector associated with \; = % is

213

and that an eigenvector associated with A, = 1 is

AN

1
We can therefore assert that the matrix P = [_ ) 1;} is invertible and such that
Lo
P'AP= |3 .
ar=15

Since, as is readily seen,

15 -1
-1 _ 1
el
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an

P~!. We have

S wi—-
—

o[ 1][5 0[5 1
1-1 15[ |0 1][ 1 1

15 1
ol s -=%
6 (-1 15] |1 1

S
1+ 8 1—5%].
B115(1-4%) 15+ 4

we can compute A" = P [

Example 9.10

Consider the Fibonacci sequence (a;); defined recursively by ay = 0, a; = 1,
and

(Vn 2 0) Qpi2 = Gpyy t a4,
We can write this as a system of difference equations in the following way:
Apyy = Gpyy + by
bn+2 = Gy

This we can represent in the matrix form x,,,, = Ax,,, where

a 11
X, = n and A= .
=[] wae i)
The eigenvalues of A are the solutions of A2 = \ — 1 = 0, namely
M =3(1+V5), A =3(1-V5).

By Theorem 9.8, A is diagonalisable, and corresponding eigenvectors are

PRI RN A R

1 1
Then the matrix P = [ \ \ ] is invertible and such that
—A2 TA)

M O
PlAP=|"! :
AP [ 0 *2]

Now clearly
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and so, using the fact that A\;\, = =1, we can compute

1 1 1 Al O] =N -1
A=), =)\ [0 by A 1
| 1 1 —M’” =
M -N, =N VALY
1 [A;H _M‘“ XS _>"1' ]

T PV R LY Y

Since it is given that b, = ay = 0 and a, = 1, we can now assert that

Aoy | _ang _ an |1 _ 1 >\;+1—>\?+l
lib,,,,,] =A% =4 [O] RN [ A =A]

and hence we see that

ay= 5 (M =) = FH+ VA - S0 - VA

An

Example 9.11

Consider the sequence of fractions
2, 241, 2+; 2+ ——1———, e,
2 2+ L 1
2 2+
2+3
This is a particular example of what is called a continued fraction. If we denote the
n-th term in this sqeuence by % then we have

au. =24 ai= 2a, + b,
bn+l -n a,
b,

and so we can consider the difference equations
a,, = 2a,+b,

bn+l = a,.

=)

and we can write the system as x,,,; = Ax, where

- a’l
X, = b |-

Now g, = 2 and b, = 1, so we can compute X, from

nl2
Xn+1 =A I:l] .

The matrix of the system is
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The eigenvalues of A are the solutions of AN-22-1=0, namely
M=1+v2, N=1-12,

By Theorem 9.8, the matrix

P= [_1 _1\/5 __1_1\/5] - [—Xl -Xi}

is invertible and such that

. |14V2Z 0
rar-[ 7 0]

Now it is readily seen that

Consequently,

o x;“
YA VSN R BVt
o F')\rll+l_>\;+l Xn_)\n
B IRV VDY RS Ve

n+1

and so we deduce from [Z"”] = A" [ﬂ that

apn _ 21+ V2 - (1-V2)™] + (1+V2)" - (1 - V2"
b 201+ V2 = (1= V2T + (1 + V2yT - (1-V2)
_ _(1+v2)"(3+2v2) - (1-v2)"(3-2V?2)
(1+V2)'(3+2v2) - (1 -2 (3 -2v2)’
Since 1 -\/—= " :1/5 and 3 -2\/§= ﬁ, this can be written
1+v2 -

1
(-1 (1+v2)2-1(3+2V2)?
_ 1
1 (=11 (14v22 (3+2V2)2

from which we see that
lim 22l 1 4 /2.

n—00 n+1
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Example 9.12

If g, is a positive rational, define

2+
g4 = 1 ql‘
+q
Then it is easy to show that
2 =43l <12 -4il.

In other words, if g, is an approximation to v/2 then g, is a better approximation.
Starting with ¢, = 1 and applying this observation repeatedly, we obtain the sequence
3 7 17 41 99

2 5 120 29 70

We can use the techniques described above to determine the general term in this
sequence and show that it does indeed converge to /2. Denoting the n-th term by

1,

an
L h
bn we€ have )
2+ =
Qpi1 = bn = 2bn + a,
bn+1 1+ % bn ta,

and so the sequence can be described by the system of difference equations

Ay = ap + 2bn

bn+| = a, +bll'

=i ]

and its characteristic equation is A2 —2) — 1 = 0, so that the eigenvalues are
M=1+v2, A=1-V2.

By Theorem 9.8, the matrix

The matrix of the system is

Pa 2 2
V2 V2
is invertible and such that
PriAp = 1+v2 0 .
0 1-v2

Now it is readily seen that

i 4
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Consequently,

ENT

I

[ 2 2] [x; \/ix;]

ENES

V2 V2] | N3 —V2N]

[ D420 22N -2V2N
V2AI-V2A] 22X +2)

a, _anll

)=
Gt 2(1 +\/i)n+l +2(1 -—\/i)"“ _ \/f 1+ (%)nﬂ
1_(%):&1

S

and so we deduce from

that

b V2(1+V2)* —V2(1 -2+

from which we see that a
lim =2 = /2.

n—o00 n

Itis of course possible for problems such as the above to involve a (non-diagonal)
2 x2 matrix A whose eigenvalues are not distinct. In this case A is not diagonalisable;
for if ) is the only eigenvalue then the system of equations (A — \I,)x = 0 reduces
to a single equation and the dimension of the solution space is 2 — 1 = 1, so there
cannot exist two linearly independent eigenvectors. To find high powers of A in this
case we have to proceed in a different manner. If

=12 4]
then the characteristic polynomial of A is
f(X)=X%*-(a+d)X +ad - bc.
Observe now that

,_ [a*+bc b(a+d)
" |c(a+d) bec+d?

= (a+d) [‘: Z] _ (ad - bc) [(1) (1)]

= (a+d)A-(ad - bc)l,

and so we see that f(A) = 0. For n>2 consider the euclidean division of X" by
f(X). Since f is of degree 2 we have
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(3) X" = f(X)q(X) + o, X + ay.
Substituting A for X in this polynomial identity we obtain, by the above observation,
A= a]A + (1212.

We can determine o, and ¢, as follows. If we differentiate (3) and substitute )
(the single eigenvalue of A) for X then, since f(\) = 0, we obtain

" = a.
Also, substituting ) for X in (3) and again using f()\) = 0, we obtain
M=ad+a,=n"+a,

and so
a, = (1-n)\".

It now follows that
A" =n\""A+ (1 =n)\"I,.

Example 9.13

Consider the n x n tridiagonal matrix

2100 ... 007
1210..00
0121..00
A= |. . .o
0000 ...21
_oooo...12J

0210..0
4, = 24, -det|0 121 .0
000O0..2

= 28, = a,,.

Expressing this recurrence relation in the usual way as a system of difference equa-
tions

]

a, = 2a,; —b,,
bn = ap

we consider the system x, = Ax,_, where

_|a, _[2 -1
x_[b,,] and A—[l 0].
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Now
det(A-X,) =X\ =-2)+1=(\-1),

and so A has the single eigenvalue 1 of algebraic multiplicity 2. We can compute A"
as in the above:

+1 -
A"=nA+(1=-n)l,= ["n 1_"n].

Consequently we have

et
[

detA,=a,=n+1.

and hence we see that

EXERCISES

9.8 Consider the tridiagonal matrix

1 -4 0 ...0 0]
5 1 4..0 0
0 5 1..0 0
A’l=---, ..
0 0 0 1 4
0 0 0...5 1]

Prove that
detA, = %[5'l+l —(—4)"”].

SUPPLEMENTARY EXERCISES

9.9 Determine the characteristic polynomials of

123 11 0 1 =4 0
012, [-11 1|, |2 =2 =
001 01 -1 20 1 =2

2
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9.10 Suppose that A and B are n x n matrices such that I, — AB is invertible.
Prove that so also is I, — BA with
(I, -BA)™' =1, +B(I, - AB)'A.
Deduce that XY and YX have the same eigenvalues.

9.11 Show that [:] and m are eigenvectors of A = [ cos sin 19]_

-sind cos ¢
]
1

9.12 For each of the following matrices determine an invertible matrix P such
that P~' AP is diagonal with the diagonal entries in increasing order of

1
fP= [i ] compute the product P~'AP.

magnitude :
010 3-10
101], -1 30
010 0 01

9.13 Consider the system of recurrence relations
Upy) = Qldy + ﬂvn

Vnel = Up.

If the matrix [? ’g] has distinct eigenvalues ), ), prove that

—L(u = Xup) — A2 (uy = X ug)
_kl_k2 1 2%0 Al—kz 1 140/

What is the situation when the eigenvalues are not distinct?

L

9.14 Determine the n-th power of the matrix
220
1 21
121
9.15 Solve the system of equations
Xn41 = 2xn + 6)/',‘

Yne1 = 6x, =3y,
given that x;, = 0 and y, = -1.

9.16 Given the matrix

find a matrix B such that B2 = A.
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9.17 Given A € Mat,,, IR let k = max |a;|. Prove that, for all positive
integers r,
(A7) < k'™
For every scalar 3, associate with A the infinite series
SpA)=1,+PA+[2A* + - + fA +--. .
We say that S4(A) converges if each of the series
6; + BlA]; + ﬂ2[A2]ij +o-+fAT); 4
converges. Prove that

) 1
(1) S5(A) converges if || < pr

(2) if S5(A) converges then I, — BA has an inverse which is the sum of
the series.

Deduce that if A is a real n X n matrix and ) is an eigenvalue of A then

|A] < nmax |a;|.

ASSIGNMENT EXERCISES
(1) Determine the characteristic polynomial of the matrix
-4 0 -2
A= 01 O
51 3
Is A diagonalisable?

(2) Determine the characteristic polynomial of the n x n matrix

0 a 0 ... 0 0
00a..00
000 ..00
000..0a
a00..00

(3) If a, b, c,d € IR determine the characteristc polynomial of the matrix

a b c d
-b a-d c
- d a-b
-d-c b a

[Hint. Look back at quaternions in the assignment exercises for Chapter 2.]
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(3) For the matrix

2 0 4
A= 1|3 4 12
1 -2 5

determine an invertible matrix P such that P~'AP is diagonal.

(4) Consider the continued fraction

2 2 2
X, x+y—, x+ yﬁ, x+ 4 T eer
X
x+ < X+ Yy

+E
Determine its limit.
(5) Solve the system of equations
Xpyp = EXp + (1 —t)yn
Yaer = (1=8)x, + ty,
giventhat x, =0and y; = 1.
(6) If A € Mat,,, R define the i-th row sum p;(A) and the j-th column sum
1;(A) respectively by

pi(A) = an; |aij|v l"j(A) = _§::l|aij|-

Prove that if ) is an eigenvalue of A then

|A| < min {max p;(A), max 1;(A)}.
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The Minimum Polynomial

In Chapter 9 we introduced the notions of eigenvalue and eigenvector of a matrix or
of a linear mapping. There we concentrated our attention on showing the importance
of these notions in solving particular problems. Here we shall take a closer algebraic
look.

We begin by considering again the vector space Mat,,,, F which, as we know,
has the natural basis { E s hi=1,... ,n} and so is of dimension n?. Thus, recalling
Corollary 3 of Theorem 5.8, we have that every set of n? + 1 elements of Mat .., F
must be linearly dependent. In particular, givenany A € Mat ,, F, the n®+1 powers

A=1,A A4, A"
are linearly dependent and so there is a non-zero polynomial
PX)=ag+a X +a, X2+ -+ apX"” € FX]
such that p(A) = 0. The same is of course true for any f € Lin(V, V) where V is of
dimension n; for, by Theorem 7.2, we have Lin(V,V) ~ Mat,,_, F.

But we can do better than this: there is in fact a polynomial p(X) which is of
degree at most n and such that p(A) = 0.

This is the celebrated Cayley—Hamilton Theorem which we shall now establish.
Since we choose to work in Mat ., F, the proof that we shall give is considered

‘elementary’. There are other (much more ‘elegant’) proofs which use Lin (V, V).
Recall that if A € Mat ,, , F then the characteristic polynomial of A is

ca(A)=det(A-)I,)
and that c4()) is of degree n in the indeterminate ).
Theorem 10.1
[Cayley—Hamilton] c,(A) = 0.
Proof
LetB=A -\, and
ca(\)=detB=by +b)+---+b,\".
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Consider the adjugate matrix adj B. By definition, this is an n x n matrix whose
entries are polynomials in ) of degree at most n — 1, and so we have

adj B=By+ B\ +---+ B, \"!

for some n x n matrices By, ...,B,_;. Recalling from Theorem 8.8 that B - adj B =
(det B)I,, we have

(det B)I, = B -adj B = (A - \1,)adj B = Aadj B - ) adj B,

i.e. we have the polynomial identity

bol, + b )\ + -+ b, I \"=ABy+ ---+ AB,_ \""' =B\ —... =B, | \".
Equating coefficients of like powers, we obtain
bOIII = ABO

blln = AB] ‘Bo

bn—lln = ABn—l _Bn—2
b1, = -B,,.
Multiplying the first equation on the left by A° = I,, the second by A, the third by
A2, and 5o on, we obtain
byl, = AB,
b,A = A’B, - AB,

by A" = A"B, | -A"™'B,,
b,A" = —A"B,_,.

Adding these equations together, we obtain c4(A)=0. O

The Cayley—Hamilton Theorem is really quite remarkable, it being far from ob-
vious that an n x n matrix should satisfy a polynomial equation of degree n.

Suppose now that k is the lowest degree for which a polynomial p(X) exists
such that p(A) = 0. Dividing p(X) by its leading coefficient, we obtain a monic
polynomial m(X) of degree k which has A as a zero. Suppose that m'(X) is another
monic polynomial of degree k such that m'(A) = 0. Then m(X) — m'(X) is a non-
zero polynomial of degree less than k which has A as a zero. This contradicts the
above assumption on k. Consequently, m(X) is the unique monic polynomial of least
degree having A as a zero. This leads to the following:

Definition

IfA € Mat ., F then the minimum polynomial of A is the monic polynomial m, (X)
of least degree such that m,(A) = 0.

Theorem 10.2

If p(X) is a polynomial such that p(A) = O then the minimum polynomial m,(X)
divides p(X). .
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Proof
By euclidean division, there are polynomials g(X), r(X) such that
p(X) = m,(X)q(X) + r(X)

with r(X) = 0 or deg r(X) < deg m,(X). Now by hypothesis p(A) = 0, and by
definition m4(A) = 0. Consequently, we have (A) = 0. By the definition of m,(X)
we cannot then have deg r(X) < deg m,(X), and so we must have r(X) = 0. It
follows that p(X) = m,(X)q(X) and so m,(X) divides p(X). O

Corollary

m,(X) divides c,(X). O

It is immediate from the above Corollary that every zero of m,(X) is a zero of
¢4(X). The converse is also true:

Theorem 10.3
m,(X) and c,(X) have the same zeros.

Proof

Observe that if ) is a zero of c,(X) then ) is an eigenvalue of A and so there is a
non-zero x € Mat,,; F such that Ax = Ax. Given any

h(X)=ag+a; X +---+aX*

we then have
h(A)x = agx + a,AX + - - - + a,A*x

= agX + a2 x+ - + g\ kx
h()\)x

whence h()) is an eigenvalue of h(A). Thus h()) is a zero of c,(4)(X).
Now take h(X) to be m,(X). Then for every zero ) of c,(X) we have that m,()\)
is a zero of
ma)(X) = colX) = det (~XI,) = (-1x".

Since the only zeros of this are 0, we have m,()\) = 0 so ) is a zero of m,(X). O

Example 10.1

The characteristic polynomial of

1
A= 0
-1

[=1 S =)

1
1
3

is c,(X) = (X —2)3. Since A —215 # 0 and (A —2I;)* # 0, we have m,(X) = c,(X).
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Example 10.2

For the matrix
5 6 -6
A= (-1 4 2
3 6 -4
we have c4(X) = (X — 1)(X —2)?. By Theorem 10.3, the minimum polynomial is
therefore either (X — 1)(X —2)% or (X — 1)(X —2). Since (A —I5)(A - 2I,) = 0, it
follows that m,(X) = (X — 1)(X -2).

Theorem 10.4

A square matrix is invertible if and only if the constant term in its characteristic
polynomial is not zero.

Proof

If A is invertible then, by Theorem 9.1, 0 is not an eigenvalue of A, and therefore 0
is not a zero of the characteristic polynomial. The constant term in the characteristic
polynomial c,()) is then non-zero.

Conversely, suppose that the constant term of c4(}\) is non-zero. By Cayley-
Hamilton we have c,(A) = 0 which, by the hypothesis, can be written in the form
A p(A) = I, for some polynomial p. Hence A is invertible. [

Example 10.3
The matrix

111

A= [0 11

001
is such that ¢,(X) = (X — 1)3. Thus, applying the Cayley—Hamilton Theorem, we
have that 0 = (A —I3)* = A3 - 3A% + 3A - I, which gives

A(A’-3A+30)=1,

whence we see that

1 -1 0
AT=A2-3A+3;={0 1 -1
0 0 1

EXERCISES

10.1 If A € Mat,,, F is invertible and deg m,(X) = p, prove that A™! is a
linear combination of 1,, A, A?,... AP7L,
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10.2 Determine the characteristic and minimum polynomials of each of the
following matrices:

12
0
0

(=]
N

3 1
2|, |-1
1 0

P
P
(= )
- O
|
P

1

0

10.3 Prove that the constant term in the characteristic polynomial of A is
det A.

10.4 Determine the minimum polynomial of the rotation matrix

R = cosd sin ¢
7 |-sin9 cosd|"

Show that if ¥ is not an integer multiple of 7 then Ry has no real eigen-
values.

The notion of characteristic polynomial can be defined for a linear mapping as
follows.

Given a vector space V of dimension n over F and a linear mapping f : V — V,
let A be the matrix of f relative to some fixed ordered basis of V. Then the matrix of f
relative to any other ordered basis is of the form P! AP where P is the transition ma-
trix from the new basis to the old basis (recall Theorem 7.5). Now the characteristic
polynomial of P~!AP is

det(P'AP - \1,) = det [P"'(A - \1,)P]
= det P! - det(A - \I,) - det P
= det(A - )\1,),
i.e. we have
cpap(X) = c4(X).

It follows that the characteristic polynomial is independent of the choice of basis, so
we can define the characteristic polynomial of f to be the characteristic polynomial
of any matrix that represents f.

A similar definition applies to the notion of the minimum polynomial of a lin-
ear mapping, namely as the minimum polynomial of any matrix that represents the
mapping.

EXERCISES

10.5 Determine the characteristic and minimum polynomial of the differen-
tiation map D : IR,[X] — R,[X].
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10.6 Determine the minimum polynomial of the linear mapping f : IR? — IR?
given by
flx,y) = (x +4y, 3x-y).

The full significance of the minimum polynomial is something that we shall not
develop here. The interested reader may care to consult more advanced texts (see,
for example Further Linear Algebra in the SUMS series) that deal with the notions
of invariant subspace and direct sum of subspaces. To whet the appetite, let us
say simply that if the minimum polynomial of f is

[y (X)]”' [P2(X)] - - - [Pe (X))
where the p;(X) are distinct irreducible polynomials then each of the subspaces V; =
Ker[p;(f)I% is f-invariant and bases of the V; can be pasted together to form a basis
of V. The matrix of f is then of the block diagonal form
A,
Ay

A
This fundamental result is known as the Primary Decomposition Theorem.
In the case where each p;(X) is linear (i.e. all of the eigenvalues of f lie in F),
the matrix of f is a Jordan matrix. In this, each of the A; is a Jordan block, i.e. is
of the form

5
5
i
in which each J; is an elementary Jordan matrix, i.e is of the form
o1 -
Al
Al
PN |
L Al

If the characteristic and minimum polynomials are
k k

c(X) = HI(X -2, my(X) = Hl(X -X)
= =

then in the Jordan form the eigenvalue ); appears d; times in the diagonal, and the
number of elementary Jordan matrices associated with ); is the geometric multiplic-
ity of );, with at least one being of size ¢; x e;.
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As a particular case of this, we obtain another solution to the diagonalisability
problem:

Theorem 10.5

If V is a non-zero finite-dimensional vector space over afield F then a linear mapping
f 'V — V (respectively, a square matrix over F) is diagonalisable if and only if its
minimum polynomial is a product of distinct linear factors. 0O

Example 10.4

The matrix of Example 10.2 is diagonalisable.

EXERCISES

10.7 Consider the linear mapping f : IR® — IR3 given by

flx,y,2)=(x+2,2y+z, —x + 32).
Prove that f is not diagonalisable.

SUPPLEMENTARY EXERCISES

10.8 Let A, B be square matrices over € and suppose that there exist rectan-
gular matrices P, Q over € such that A= PQ and B = QP. .

If A(X) is any polynomial with complex coefficients, prove that
Ah(A) = Ph(B)Q.

Hence show that Amg(A) = 0 = Bm,(B). Deduce that one of the fol-
lowing holds:

my(X) = mg(X), mu(X)=Xmp(X), mp(X)=Xm,(X).

10.9 Express the r x r matrix

11 ...1
22 ...2
rr ...r

as the product of a column matrix and a row matrix. Hence find its
minimum polynomial.

10.10 Let f : €,[X] — C,[X] be linear and such that
f(1) = -1 +2x2

f(1+X) =2+2X +3X?

f(1+X -X?) = 242X +4X2.

Find the eigenvalues and the minimum polynomial of f.
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ASSIGNMENT EXERCISES

(1) Determine the minimum polynomial of the matrix

cos?¢  sin ¥cos ¥
sin ¥ cos ¢ sin? ¢

(2) LetV be a vector space withdim V > 2. If f : V — V is linear and of rank 1
prove that the minimum polynomial of f is of the form X? — o.X for some scalar c.

(3) Let V be a vector space of dimension n over € and let f : V — V be a linear
mapping that is represented, relative to some ordered basis of V, by the matrix

0 0 ...Oal
0 0 ...ap 0
0 a..0 0
@ 0 ...0 0

Determine the minimum polynomial of 2.
Deduce that f is diagonalisable if and only if, for each &,

=0 <= 0y =0.
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Computer Assistance

Many applications of linear algebra require careful, and sometimes rather tedious,
calculations by hand. As the reader will be aware, these can often be subject to
error. The use of a computer is therefore called for. As far as computation in algebra
is concerned, there are several packages that have been developed specifically for
this purpose. In this chapter we give a brief introduction, by way of a tutorial, to the
package ‘LinearAlgebra’ in MAPLE 7. Having mastered the techniques, the reader
may freely check some of the answers to previous questions!
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Having opened MAPLE, begin with the following input:
> with(LinearAlgebra) :
(1) -Matrices

There are several different ways to input a matrix. Here is the first, which merely
gives the matrix as a list of its rows (the matrix palette may also be used to do this).
At each stage the MAPLE output is generated immediately following the semi-colon
on pressing the ENTER key.

For example, we can input the matrices from Exercise 1.12 as follows: for the first,
we do

input :

> ml:=Matrix([([3,1,-2],(2,-2,0],(-1,1,211);

output :
2

3 1-
ml := 2-2 0
-1 1 2

In order to illustrate how to do matrix algebra with MAPLE, let us input the
second matrix of Exercise 1.12:

> m2:=Matrix(((21,1,1),(21,-1,11,1(0,1,211);

1 11
m2:=11-11
0 12

One way of adding these matrices is by using the ‘Add’ command:

> m3:=Add (ml,m2) ;

4 2 -1
m3:=| 3-3 1
-1 2 4

As for multiplying matrices, this can be achieved by using the ‘Multiply’ com-
mand. To multiply the above matrices, for example, input:

> md:=Multiply(ml,m2);

400
mi:=1({040
004

Now ‘Add’ also allows linear combinations to be computed. Here, for example,
is how to obtain 3m1 + 4m2:
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> Add(ml,m2,3,4);

13 7-=2
10 -10 4
-3 714

(2) A simpler method

An more convenient way to input commands is to use algebraic operations.

> ml+m2;
4 2 -1
3-3 1
-1 2 4

Multiplication by scalars is obtained by using a “*’:

> 3*ml+4*m2;

13 7-2
10 -10 4
-3 714
Multiplication of matrices is obtained by using a ‘.’ :
> ml.m2;
400
040
004
As for a more complicated expression:
> ml. (4*m2-5*m1"2);
=219 =25 230
-110 86 60
85 -25 -74

(3) Inverses
Inverses of square matrices can be achieved by using the ‘MatrixInverse’ command:

> MatrixInverse(ml);

O &b |—
NSNS e,
(ST NN

Alternatively we can input the following (here it is necessary to insert brackets round
the -1):
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> ml~(-1);
Note that we can use negative powers in products:

> ml”~(-3).m2"3;

23 65 25
2 64 8
5 5 s
16 64 32
45 65 201
54 64

(4) Determinants
To compute the determinant of a square matrix, use the ‘Determinant’ command:
> Determinant (ml);
-16
Of course the determinant of a product is the product of the determinants:
> Determinant (ml.m2) ;

64

> Determinant (ml) *Determinant (m2) ;

64

(5) More on defining matrices

We now look at other ways of defining a matrix. We start with a clean sheet (to
remove all previous definitions):

> restart;
> with(LinearAlgebra) :

We can enter a matrix as a row of columns:
> MO:= <<a,b,c>l<d,e, f>1<g,h,i>>;

adg
MO:=|beh
cfi

or as a column of rows (which can also be done using the matrix palette):
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>Ml:t=<<a | bl c>, <d |l e | f>, <g | h | i>>;
abc
Ml:=|def
ghi
Then, for example, we have
> M17°2;

a*+bd +cg ab+be+ch ac+bf+ci
da+ed+fg bd+e*+fh dc+ef +fi
ga+hd+ig gb+hc+ih cg+fh+i?

> Determinant (M1);

aei — afh + dch — dbi + gbf — gec

Particular types of matrix can be dealt with. For example, consider the upper
triangular matrix given in Exercise 1.33.

> A:=Matrix(4,([0,a,a"2,a"3],[0,0,a,a"2],(0,0,0,a],

> [0,0,0,0]1], shape=triangular[upper]);
0aaad
00 a a®
A= 000 a
0000

> print (A%2,A"3,A");

00 a® 243 000 a 0000
000 a 0000 0000
000 O |°’|00O0O0]|’'|(0OO0O0O
000 O 0000 0000
Consider now the matrix B. Since only the first three powers of A are non-zero, we
have:
> B := A-(1/2)*A"2+(1/3)*A"3;
0 a ja %a3
00 a >a°
— 2
B: 00 0 a
000 O
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> print (B~2,B"3,B"4);

00 a%a? 000 a 0000
000 a® 0000 0000
000O0|’(000O0|’]|]00O00O
0000 0000 0000

We now check that the sum of the series for B gives the matrix A:

> B+(1/2)*B"2+(1/6) *B"3;

2 3

Q

a
a

N

oS O © O
S © O
(== <

a
0
To input symmetric matrices we can proceed, for example, as follows:

> M:=Matrix(3, 3, shape=symmetric);

000
M=1000
000

then input, for example,

> M([1,1]:=2; M[1,3]:=23; M[2,3]:=Pi;

Ml,l = 2
M5 :=23
M2,3 =7
> M;
2023
00w
2371 0
> Determinant (M) ;
-2

We now take a look at Exercise 1.26.

> A:=Matrix(3, 3, shape=antisymmetric);
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000
A=1000
000
> A[l1,2]:=-c; A[l1,3]1:=b; A[2,3]:=-a;
Al,2 = =-C
A1,3 = b
A2,3 = -a
> A;
0-c b
c 0 -a
-b a 0
> A™3+A;
0 —(=c*=b¥)c+ca-c (-c*-b*)b-ba’+b
(=2 —a*)c—ch*+ ¢ 0 b*a-(-c*-a’)a-a
c?b-(-b*-a*)b-b -c’a+(-b*-a*)a+a 0
Now the question gives us:
>c:=sqrt(l-a*2-b"2);
c:=V1-a?-b?
> A"3+A;
. 0 -H+a)%1+ %1a*-%1 1+ a?)b—ba’+ b
Cl+ )%l - %12+ %1 0 b*a—F1 + b*)a—a
(1-a*-pP)b—(*-a*)b—b —(1-a*-b*)a+ HH?*—a)a+a 0
%1 :=V1-a?-b?
> simplify (A*3+A);
000
000
000

(6) Systems of linear equations

To illustrate the use of MAPLE in solving systems of linear equations, let us consider
Example 3.11.

> restart;

> with(LinearAlgebra) :

> A:= <<1,1,3,0>1<0,1,1,1>1<1,0,1,2>1<0,0,1,1>|
> <1,2,1,2>>;



190

Basic Linear Algebra

10101
11002
31111
01212

> GaussianElimination(A);

10 10 1
01-10 1
00-11-3
00 04-8

Consider now Example 3.16.

> B:= <<1,2,3>1<2,4,6>1<1,4,5>1<2,8,7>1<1,4,7>>;

12121
B:=(24484
36577
> GaussianElimination(B);
121 217
002 42
1000 -32]
> ReducedRowEchelonForm(B) ;
(1200 0]
0010 %
(0001 -5 |
Next, let us consider the system of equations in Example 3.27.
> restart;
> with(LinearAlgebra) :
> sys := [ x+y+z=1,2*x-y+2*z=1,x+2*y+z=alpha ]:
> var := [ x,v,2 ]:
> (A,b) := GenerateMatrix(sys,var);
1 11 (1
Ab=12-12],11
1 21 K
> GaussianElimination(<A|b>);
1 11 1 7
0-30 -1
0 00a-%

Consider separately the casesa # § and a = §:

4
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> assume(alpha<>4/3);

> ReducedRowEchelonForm(<Alb>);
1010
0100
0001

> alpha:=4/3:

> ReducedRowEchelonForm(<A|b>) ;
101%
0103
0000

(7) Writing procedures

We now show how to input matrices whose (i, j)-th entry is a function of i and j.

> M:=Matrix (6,6, (i,3)->i*3j);
[1 2 3 4 5 6]
2 4 6 81012
oo |36 9121518
’ 4 812 16 20 24
510 15 20 25 30
6 12 18 24 30 36 |

More complicated functions can be produced by writing a procedure. The fol-
lowing example illustrates a very simple procedure in order to define the identity
matrix:

> f:=proc(i,j);
> if i=j then 1 else 0 end if;
> end proc;

f :=proc(i,j)if i = j then 1 else 0 end if end proc
> Ml:=Matrix(6,6,f);

[100000]
010000
001000
000100
000010

(00000 1]

Here is a more complicated procedure:

M1
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> f:=proc(i,j);

> if i>j then x else if i=j then 0 else -y end if
> end if;

> end proc;

f = proc(i,j)if j < ithen x else if i = jthen O else —yend if end if end proc
> M2:=Matrix(6,6,f);

[0 =y =y =y =y =y
0-y-y-y-y
x 0-y-y-y
x 0-y-y
x x 0-y
x x x 0

M2 .=

IR R R TR
o X ==

> d:=Determinant (M2) ;
d:=(x* -2y + y2x® = y3x + y¥)xy
> expand (d* (x+y) ) ;
x6y + ch6

Hence d = (xSy + xy%)/(x + y). Let us examine further cases:

> for n from 2 to 8 do

> M2:=Matrix(n,n, f);

> d:=Determinant (M2) ;

> print(cat(’ size ’,n,’ gives'’),expand(d*(x+y)));
> end do:

size 2 gives yx* + y*x
size 3 gives —yx> + y*x
size 4 gives yx* + y*x
size 5 gives —yx> + y°x
size 6 gives yx® + y°x
size 7 gives —yx" + y'x
size 8 gives yx® + y®x

The general theorem should be easy to spot. Try to prove it.

Another way of inputting matrices uses the command ‘BandMatrix’ which we
illustrate by referring to Exercise 8.34. Consider first the case where n = 6.

> M3:=BandMatrix([1l,2*cos(x),1]1,1,6,6);
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[2 cos(x) 1 0 0 0 0
1 2 cos(x) 1 0 0 0
. 0 1 2cos(x) 1 0 0
M3 := 0 0 1 2cos(x) 1 0
0 0 0 1 2 cos(x) 1

| 0 0 0 0 1 2 cos(x) |

> d:=Determinant (M3);
d := 64 cos(x)® — 80 cos(x)* + 24 cos(x)? -1
> expand(sin(7*x)/sin(x));
64 cos(x)® — 80 cos(x)* + 24 cos(x)? -1

The following procedure will verify the identity of Exercise 8.34 for n taking the
values from 2 to 10, but may be used for any range of values of n. Try it out!

for n from 2 to 10 do

mat :=BandMatrix([1l,2*cos(x),1],1,n,n);
d:=Determinant (mat) ;

dl:=expand(sin((n+l) *x)/sin(x));

print (cat(’case of ’,n,’'x’,n,’ matrix’));
print(cat(’ det = ‘), d);

print(cat(’ sin(’,n+l, 'x)/sin(x) = ‘), dl);
print (‘' ’');

end do:

V V V V V V V VYV

(8) More on determinants

We now consider a generalisation of Exercise 8.28.
> restart;

> with(LinearAlgebra):

> f:=proc(i,j);

> if i=j then x else a end if;

> end proc;

f :=proc(i,j)if i = j then x else a end if end proc

m:=Matrix(3,3,£);

Vv

X aa
m:=\|axa
aax
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> d:=Determinant (m) ;
d = x*-3xa’ + 2a°

> factor(d);
(2a + x)(a - x)?

> solve(d=0,x);
-2a,a,a

We can now do this for any range of values of n. For example:

for n from 2 to 12 do

>

> m:=Matrix(n,n, f);

> d:=Determinant (m) ;

> print (solve(d=0,x));

> end do:

-a,a

-2a,a,a
-3a,a,a,a

—4a,a,a,a,a
-Sa,a,a,a,a,a
—6a,a,a,a,a,a,a
-la,a,a,a,a,a,a,a
-8a,a,a,a,a,a,a,a,a
-9a,a,a,a,a,a,a,a,a,a
-10a,a,a,a,a,a,a,a,a,a,a
-11a,a,a,a,a,a,a,a,a,a,a,a
Consider now the matrix A, of Exercise 8.33. This we can investigate, first for
n = 6, as follows.

> f:=proc(i,j);

> if i=j then a else if i<j then b else -b end if
> end if;

> end proc;

f:=proc(i,j)if i = jthen aelse if i < j then belse —bend if end if end proc

> m:=Matrix(6,6,£f);

a b b b bb]
b a b bbb
o |b-b a bbb
“|-b-b-b a bb
~b-b -b-b ab
—b—b-b-b-ba
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> d:=Determinant (m) ;
d = a+ 15a*b? + 15b%a* + b8
The following procedure does the same job forn=2ton = 8:

> for n from 2 to 8 do
> m:=Matrix(n,n, f);
> d:=Determinant (m) ;
> print(d);
> end do:
a? +b?
a3 + 3ab?
a* + 6a*b? + b*
a’ +10a3b? + Sab*
a® + 15a*b? + 15a%b* + b8
a’ +21a°b* + 35a%b* + 7ab®
a® +28a%b? + 70a*b* + 284%b5 + b®
Now carry out the following procedure to obtain the same display:

> for i from 2 to 8 do
> expand( ( (a+b) i+ (a-b)"i)/2);
> end do;

(9) Matrices with subscripted entries
Consider now a matrix of the type given in Example 8.13.
> m:=Matrix (3,3, (i,j)->b[i]~(j-1));

1 b, b?
m:= |1b, b’
1 by by?

> d:=Determinant (m) ;
d := bybs® — by2by + byb,2 — byby? + byb,? — byb, >
> factor(d);
—(=b3'+ by)(b) = by)(by —b3)

Of course MAPLE can find the determinant of matrices of this type for much
larger dimensions. For example, try the following:

> factor(Determinant (Matrix (6,6, (i,3)->b[i]*(j-1))));
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(10) Circulant matrices

We now show how to define the entries of a matrix by using a function that depends
on certain preset global variables.

> restart;
> with(LinearAlgebra) :
> a:=5; b:=8;
> f:=proc(i,j) global a, b;
> if i>j then a else if i=j then a+b else b end if
> end if;
> end proc;
a:=35
b:=8
f = proc(i, j)
globala, b;
ifj < ithen aelseif i = j then a + belse bend if end if
end proc

> m:=Matrix(6,6,f);

wnhhnnh nw

DN L L W o
—

Wh b L LW 00 oo
—

W L W oo 00 oo

W W 00 00 00 oo

W 00 00 OO0 OO0 OO

By a circulant matrix we shall mean a square matrix A = [a;],,, With the
property that a;; = a;, 1, the subscripts being reduced modulo n. For example,
the matrix P of Exercise 3.1 is circulant.

We shall now describe a procedure that defines an n x n circulant matrix with
three non-zero entries in each row, namely 1, 1, —1, whose positions in the first row
of the matrix are at columns a, b, ¢ respectively.

> a:=1l: b:=2: c:=3: n:=6:

> g:=proc(i,j) global a, b, ¢, n;

> if i mod n = (j-a+l) mod n then 1 else

> if 1 mod n = (j-b+l) mod n then 1 else

> if i mod n = (j-c+1l) mod n then -1 else 0 end if
> end if end if;

> end proc;
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g = proc(i, j)
global a, b, c, n;
if i mod n=(j —a + 1) mod nthen 1
else
if i mod n=(j —b + 1) mod nthen 1
else if i mod n= (j —c + 1) mod nthen —1 else 0 end if
end if
end if
end proc
Here is the 6 x 6 circulant matrix that this defines:

> ml:=Matrix(6,6,9);

1 1-1 0 0 07
01 1-1 0O
001 1-10

mi=1 000 1 1-1

-1 0 0 0 11
L 1-1 0 0 0 1]
We now compute the sequence of absolute values of the determinants of the above
matrices from size 1 x 1to 20 x 20.

> sl:=[seq(abs(Determinant (Matrix(n,n,g))), n=1..20)];
s1:=11,0, 4,5, 11, 16, 29, 45, 76, 121, 199, 320, 521, 841,
1364, 2205, 3571, 5776, 9349, 15125]
Can this sequence be suitably described? For this purpose, consider the sequence
(€,)n>1 of Lucas numbers defined recursively as follows:
L =1, L=3 (n>3)¢,=¢,_,+¢,,.

The Lucas sequence has the same recursive definition as the Fibonacci sequence
except for the second term, which is 1 for Fibonacci.
We can get MAPLE to remember the Lucas sequence as follows:

> lucas:=proc(x) option remember;

> 1f x = 1 then 1 else if x = 2 then 3 else
> lucas (x-1)+lucas(x-2) end if end if;
> end proc;

lucas := proc(x)

option remember ;
if x = 1then 1else if x = 2 then 3 else lucas(x — 1) + lucas(x —2) end if
end if

end proc

Here then are the first 20 Lucas numbers:
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> s2:=[seqg(lucas(i),i=1..20)1];

s2:=[1,3,4,7, 11, 18,29, 47, 76, 123, 199, 322, 521, 843,
1364, 2207, 3571, 5778, 9349, 15127]

By comparing the sequences s1 and s2, make a guess at the value of the deter-
minant of the above circulant matrix for arbitrary n. Then try to prove your answer.

(11) Vector spaces

We shall now illustrate how MAPLE can tackle vector space problems. First we
compute bases for subspaces A, B spanned by given row vectors, and for A N B.

> restart;

> with(LinearAlgebra) :

> vl := <2121113>;

> v2 := <7151515>;

> v3 = <3121211>;

> vd = <2111211>;
vl:=1[2,2,1, 3]
v2:=1[7,5,5, 5]
v3:=1[3,2,2,1]
vd:=[2,1,2,1]

> Basis(([vl,v2,v3,v4]);

[12,2,1,3],17,5,5,5],[3,2,2,1]]

> x1 := <2121311>;

> x2 := <5[71515>;

> X3 := <2131211>;

> x4 := <3151214>;
x1:=1[2,2,3,1]
x2:=[5,7,5,5]
x3:=[2,3,2,1]
x4:=1[3,5,2,4]

> Basis(([x1,x2,x3,x4]);
[[2,2,3,1],[575,5],[2,3,2,1]]

> IntersectionBasis([ [vl,v2,v3,v4], [x1,x2,x3,x4] ]1);

(5453 (335 5]
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Now let us consider the matrix of a linear mapping. We start with an example in
which we determine the matrix of a linear mapping relative to a 3-element basis. The
method follows that of hand calculation, in that we obtain the linear equations that
express the images of the basis vectors as linear combinations of the basis vectors
and construct a matrix whose columns are the coefficients in each of the equations.
The example we use is the mapping and the basis of Exercise 7.5.

> restart;

> with(LinearAlgebra) :

> f:=(x,y,2) -> <2,y,%x>;

> bl:=1,2,0:

> b2:=2,1,0:

> b3:=0,2,1:

> B:=<<bl>|<b2>|<b3>>:

> Ml:=<LinearSolve(B, f(bl)) |LinearSolve (B, f(b2)) |
> LinearSolve (B, £ (b3))>;

f=(x2 —(zyx)
0-21
Ml=1|0 10
1 20
Of course, in this example we have f o f = id and so the square of its matrix
should be the identity matrix:

> M1°2;
100

010
001

As for the mapping g of Exercise 7.5, we compute its matrix similarly:

g:=(x,y,2) -> <2*X,y+2,-X>;
bl:=1,2,0:
b2:=2,1,0:
b3:=0,2,1:

B:=<<bl>|<b2>|<b3>>:
M2:=<LinearSolve(B,g(bl)) |LinearSolve(B,g(b2)) |
LinearSolve(B,g(b3))>;

vV VV V V VYV

g:=(x,y,2) = (2x,y+z —x)

2 2 2
M2:=] 0 1-1
-1-2 0

The composite mapping f o g o f then has matrix M1 - M2 - M1:
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> M1.M2.M1;
2 2 -1
-1-1 0
0 0 2

Here now is an example in which we verify that, relative to a given ordered basis,
the matrix of f2 is the square of the matrix of f.

> f:=(x,y,2,wW)
-> <2*X-y+2*2-3*W,3*X-T7T*Y+2-W, -X+Y-Z+5*W, X+y-2-w>;

> bl:=0,1,1,0:
> b2:=1,0,1,0:
> b3:=1,1,0,0:
> b4:=1,0,0,1:
> B:=<<bl>|<b2>|<b3>|<bd>>:
> M:=<LinearSolve(B, f(bl)) |LinearSolve (B, f (b2)) |
> LinearSolve(B, f(b3)) |LinearSolve (B, f(b4))>;
f:=(x’y’z,w)
= (2x-y+2z-3w3x=-Ty+z-w,=x+y-z+5Sw,x+ty-z-w)
3 17
2772 2
b i
M=
: 5 5 _3
-3 9717
0 0 20

We now consider the composite f o f.

> fl:=(x,y,2,w) -> <f(f(x,y,2,w))>:
> bl:=0,1,1,0
> b2:=1,0,1,0:
> b3:=1,1,0,0
> bd:=1,0,0,1:
> B:=<<bl>|<b2>|<b3>|<bd>>:
> Ml:=<LinearSolve (B, fl(bl)) |LinearSolve (B, f1(b2)) |
> LinearSolve (B, f1(b3)) |LinearSolve (B, f1(b4))>;
I e
§-15 2
-5 10 -5 -3

We invite the reader to use MAPLE to check that M1 = M?2.
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(12) Eigenvalues and eigenvectors

We now illustrate how to find eigenvalues and eigenvectors. The following is self-
explanatory.

> a:=Matrix(([-2,-3,-3],(-1,0,-1],(5,5,61]);

-2-3-3
a=1-1 0-1
556
> e:=Eigenvalues(a);
2
e:= |1
1
> print(e[1],e[2],e[3]);
2,1,1

) ’

> ch:=CharacteristicPolynomial (a,X);
ch = 5X —4X* -2+ X*

> factor(ch);

(x-2)x-1°
> solve(ch=0,X);
2, 1,1
> evl:=Eigenvectors(a);
2 3-1-1
evl:=11], 110
1 =5 0 1

In this display the column vector gives the eigenvalues of a and the matrix has
eigenvectors as its columns.

Although MAPLE always finds correct eigenvectors it may find different ones
from the same code. For example, consider the following input which provides more
information:
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> ev2:=Eigenvectors(a, output='list’);

1 -1 -1
ev2:= | [2,1, i 11,2, 1/, 0
-3 0 1

Here MAPLE returns a list of lists, each of the form [e;, m;, {V[1,i],...,v[n;,i]}]
where ¢; is an eigenvalue, m; is its algebraic multiplicity, and {v[1,i],...,v[n;, ]}
gives n; linearly independent eigenvectors where n; is the geometric multiplicity.
Thus, for example, the eigenvalue 1 has algebraic multiplicity 2 with

-17 [l
1],] 0
0 1

as two linearly independent eigenvectors.
The corresponding eigenspaces can be determined by using the ‘Nullspace’ com-
mand:

> id:=IdentityMatrix(3):
> kl:=NullSpace(a-1*id);

1 0
kl:= -1{, -1
0 1
> k2:=NullSpace(a-2*id);
k2:= 1
-5

> p:=Matrix([k1[1],k1(2],k2[1]1]);

01 3
p=1-1-11
1 0-5

We can now verify that p reduces the matrix a to diagonal form:

> p~(-1).a.p;

100
010
002

Finally, we can illustrate Theorem 10.3 for a particular 5 x 5 matrix.
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vV V

[5,
[Olhll 01311]1 [11—11—11111]]);

5-1-32-5
02000
A=(1 0 11-=2
0-1 03 1
1-1-11 1

> factor(CharacteristicPolynomial (A,X));
(-3+ X)*(x -2)°

factor (MinimalPolynomial (A, X));

\Y%

(X =2)*(-3 + X)?

EXERCISES

A::Matrix([ 5 —l,‘3,2/—5]1 [0:2:01010]1 [11011111—2]1

11.1 In the description of a circulant matrix, try changing the values of a, b, ¢

and compute the corresponding determinants.

11.2 Find the eigenvalues and corresponding eigenvectors of

1 -2 3 -4
-5 6 -7 8
9-10 11 -12
-13 14 -15 16

11.3 Find the determinant and the inverse of the matrix

1234567
234561
345612
456123
561234
L6 12345]
11.4 Consider the matrix

120«x

1233
A=11011

x113

Determine the values of x for which A is invertible.
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11.5 In the diagram

205 208 4
206 207| 6
204 200 196
20 {193 400
192| k

each column and each row and each main diagonal sums to 1000. Com-
plete the square with positive integers and find what range of values may
replace k.

ASSIGNMENT EXERCISES

(1) Consider the n x n version A, of the matrix in Exercise 11.3. Devise a pro-
cedure similar to that employed for circulant matrices to determine the sequence of
values of det A, forn=1ton = 10.

By observing that, for each of these, det A, has a factor ;n’(n + 1), guess the
general form of A;.

(2) Write a procedure which, for a given positive integer n, returns the n x n

matrix A whose (i, j)-th entry is

i+j-1

Incorporate your procedure in a {)rogram which, for n = 1 to n = 6, carries out
the following calculation:

It finds ¢ = Ab where b is the n x 1 matrix all of whose entries are 1. It then
calculates the matrix X which is defined as A except that the entries are 10-digit
floating point numbers rather than rational numbers. Finally, it calculates x = X'¢
and displays the answer x.

Comment on the output of the program.
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Solutions to the Exercises

0 1 1.1
23 4 101 1 -1 1 -0l
11345 12010, 13|-1 1 -1 14|11 0.1
456 101 1 -1 1 Do
_ -1 -1-1..0
12 3 4 5 6] [111111 an ... ap ay
2 2 6 410 6/ [121212
Ls |3 6 31215 6/ 113113 o dmd
“la 412 420 12" (121412 ©
510 1520 5 30 111151
6 6 61230 6] (123216 G - Gry Gm

1.7 Real numbers are 1 x 1 matrices. 1.8 Theorem 1.3. 1.9 [w-y -y -w].
W=y xX—2 y—w

2 400
2. 112 |0 4 0].
3 004

321 ;i 2 g 3 45 9
113 (2 2 1|. 114 ,[30). 1.15 Eachis |11 -11 17].
11 36 912
4 8
m

32
1.10 X=%A+ ¥B. 111 X=A+28B= [2 3
22

1 7 17 13

1.16 The product is the 1 x 1 matrix [¢] where ¢ = ax? + 2hxy + by? +2gx + 2fy + c. Each of
X
the equations can be written in the form [x y 1]M [y | = [0] with, respectively, M the matrices

1

0 0 0 -2
01, o 1 0 ].
—a? —2a 0 0

Lveusnmmml
oo -
N == O
N
| SS——————
————
o of)-

o
L oo
-
—
ONi- O
o Owi=
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1.18 Wehave AB = 0,A% = A, B> = —B,and (A+B)? = I,. Onthe otherhand, A2+2AB+B2 =
12
{0 . Since (A + B)? = I, we have (A+ B)> = (A+ B)(A+ B)> = A+ B; and since AB= 0,

A3=A,B>=Bwehave A’ + 3A2B+ 3AB* + B*= A+ B.
1.19 We have a;; = 0 and b;; = 0 whenever i # j and so [AB]; = Y auby; = 0if i # j.
k

1.20 By Exercise 1.19 and induction, if A is diagonal then so is A?.

1.21 If A and B commute then a simple inductive argument shows that A™ and B commute for
every positive integer m. Fixing m, the same induction shows that B" commutes with A™ for
every positive integer n.

1.22 The proof is the same as for the binomial theorem (x + y)" = E (%)x"y"" and is by

induction, using properties of the binomial coefficients and the hypothesns that xy = yx.

1.23 [A(B + C)) = [AB] + [AC] = [B'A'] + [C'A)).

1.24 The result is trivial for n = 1. Suppose it holds for n. Then (A™*!)' = (A"A) = A'(A") =
AI(A/)'I - (A/)n+l

1.25 If AB = BA then A'B' = (BA) = (AB) = B'A".

a*-1 ab ac
1.26 Usinga®+b*>+c?=1wehaveA’= | ab b -1 bc | =X'X-I,. Multiplying
ac bc c*-1

on the left by A then gives A3 = —A. Finally, A* = —A? where A? is as above.
1.27 If A is both symmetric and skew-symmetric then a;; = aj; and a;; = —aj; whence a;; = 0.
1.28 A'= A and B' = —B. Thus

(AB + BAY = B'A' + A'B' = —BA— AB = —(AB + BA)
and so AB + BA is skew-symmetric. Similarly, AB—BA is symmetric. Next, (A2)' = (A')* = A?
50 A? is symmetric. Similarly, B? is symmetric. Finally,
(APBAY = (A'P(B')*(A'Y = AP(—B)'A”

and so APB?AP is symmetric if q is even, and skew-symmetric if ¢ is odd.
X1 N

129 A =(xy-yx) =yxX—xy=—-A.Ifx= [ . | andy= | . | thenx'y = anx,-yi =yx
! : i=1

Xn n
If now x'x = y'y = [1] and X'y = y'’x = [k] then

= (xy —yx)(xy —yx) = xy'xy’ —yx'xy’ —=xy'yx +yx'yx = kxy —yy —xx' + kyx
and hence

A = (kxy —yy —xx' + kyx)(xy' —yx)
kxy'xy' —yy'xy' —xx'xy + kyx'xy’ —kxy'yx' + yy'yx' + xx'yx' —kyx'yx
k2xy' — kyy' —xy' + kyy —kxx' + yx' + kxx' — k?yx'

= Ky —yx) —xy +yx
= (kX -1)A.
1.30 {AB — BA]l\, = azby — az by, and [AB — BA)y; = az1b12 — a12ba; so the sum of the

a2+bc 0

0 2+bel = (a* + bo)l,.

b
diagonal elements is 0. If E = [Z _a] then E? = [
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For the last part, observe from the above that (AB — BA)? = \I, and therefore commutes
with every C.

b
131 Let X = [" d}. Then X? = I, if and only if
(4

a®+bc=1, bla+d)=0, cla+d)=0, cb+d*=1.
Suppose that b = 0. Then these equations reduce to a®> = 1, c(a + d) = 0, d*> = 1 from which
we see that eithera=d = 1,c=0;ora=d = —1,c = 0;0ora = 1,d = —1, ¢ arbitrary; or
a= -1,d = 1, c arbitrary.
If b # 0 then we must have a + d = 0 whence d = —a and ¢ = (1 —a?)/b.
Thus the possibilities for X are

10 -1 0 1 0 -10 a b
01’ 0 -1f’ |c -1}’ c 1|’ [(1-a¥*)/b —a|’

1.32 If (x,y) lies on the curve y* — x> = 1 then A = [ x i J is such that A2 = —I,, so there
-y -

are infinitely many such matrices.
1.33 Simple calculations reveal that A* = 0 whence A" = 0 for n > 4 and so

12 1
0 a ;d §a:
00 a ja
=A-1 2+1A3= 2
B=4-3A 3 00 0 a
00 0 O
Likewise, B* = 0 and so B" = 0 for n > 4. Thus
0 a a* &°
00 a a
1 p3 _ =
B+ 3B’ + 3B = 000 al=%
000 O

1.34 The result follows from the standard formulae cos(¥ + @) = cos ¥ cos ¢ — sin ¥ sin @
and sin (9 + ) = sin ¥ cos p + cos ¥ sin .
1.35 For the inductive step, use the previous exercise:

cosnd sin nﬂ] [ cos ¥ sin 19] _ [ cos(n+1)d sin(n+1)9

Al = A"A = .
[— sinnd cosnd||—sind cos —sin(n+ 1)¢ cos(n+ 1)9

1.36 Let B, be the matrix on the right. Then clearly B; = A so the result is true for n = 1. For
the inductive step, observe that B,A = B,4,.

1.37 [[AB]C] = (AB — BA)C — C(AB — BA) = ABC + CBA — BAC — CAB,; and similarly
[[BC]A] = BCA + ACB — CBA — ABC, [[CA]B] = CAB + BAC — ACB — BCA. The first
result follows by adding these expressions together. As for the second, we have [(A + B)C] =
(A+ B)C —C(A+ B) = AC—CA + BC — CB = [AC] + [BC]. The third result follows by
expanding as in the first.

01 10 2 0

Take A= B = ,C= . =0,[A = .

e 10 c [ 0 O] Then [[AB]C] = 0, [A[BC]) [ 0 =2

1.38 Substitute for y in the expression for x and compare with the expression for x in terms of

z. We have ¢, = a;b, + aybs, etc.
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2.1 If A is orthogonal then AA' = I, = A’A. Since A = (A’), we then have A'(A’) = I, =
(A’) A’ so that A’ is orthogonal.

2.2 (ABYAB = B'A'AB = B'l,B = I, and similarly AB(AB) = I,.

2.3 See Example 4.3 of the text.

2.4 Let the top sheet be the (x, y)-plane and the bottom sheet the (x', y')-plane. If 4 is the angle
of anti-clockwise rotation of the top sheet, we have

[ﬁ] =R 1] _ |cosd —sing [1] _ [cos 19]

7 ~lo sind cosd| [0 sin ¢

and sind = —3. The point (x',y’) above which the point (2, 3) lies is then
B} ie. (¥,y)=(=2,3).

and so cos 19

i
73
3 -
given by [}g

Sl Gls
—_—

! 1 0 -10
2.5 Clearly x' = x and y’ = —y, s0 [y] [0 —l][] Theothermamxm[ 0 ]}.

2.6 To obtain (x.,y.), rotate the axes through ¢, take the reflection in the new x-axis, then
rotate through —J. The matrix in question is R_yMR, where M is the matrix of the previous
cos2¢  sin2d

sin2¢9 —cos29 |’

2.7 Rotate the axes through ¢, project onto the new x-axis, then rotate the axes through —9.
The required matrix is

cosd —sind[(1 O|| cosd sind| | cos’d  sindcosd
sind cosd|[0 O||-sind cosd| [sindcosd sin’d |’
2.8 A(px; + gx;) = pAx; + (1 =p)Ax, = pb+ (1 =p)b=b.
b
29 IfX = Zd is such that X2 = 0 then we have a> + bc = 0, b(a+d) = 0,c(a+d)= 0

exercise. A simple calculation shows that this product is

00
bc+d>=0.1fb=0thenclearlya=d=0and X = [c O] which is of the required form.

b
If b# 0 thend = —a and a® + bc = 0 which gives X = [_a“z " _a]. Writing z = /b and
w = a/v/b, we see that X is again of the required form. The result fails for real matrices since,

00
for example, A = [1 O] is such that A% = 0 but there is no b such that —b* = 1.

2.10 [A]; = Z7 = [A');. That A+ B = A + B and AB = B A follow immediately from similar
properties of complex numbers.

211 (A+A) = A'+ (A)) = A'+ A=A+ A. Hence A + A’ is hermitian. Similarly, A — A’
is skew-hermitian. For the last part, follow exactly the proof of Theorem 1.10.

3.1 p; becomes p;; ps becomes py; py becomes p3; p2 becomes p4.

3.2 p3 becomes p;; p1 becomes p3; p2 becomes p3; ps remains the same.
3.3 p; becomes yp3; p, becomes §p4; p3 becomes apy; ps becomes Bp,.
3.4 p; becomes ap, + p3; p2 becomes Bp,; p3 becomes p; + yp2.
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123 1 1 2 3 123 1 2 3 1 2 3
312'\»0-5—7«»0—5—7;312'\»0—5—7'\»0—5 =17
558 [0-5-7] [0 0 0f [231] [0 -1-5] |0 0-%
12031 1 20 31 1 20 31
3612333'\»003 02M0-—11—10
“]110113 0-21-=22 0-21-22
11121 0-11-10 0 03 02
1 2 0 31 1 2 0 31
0—11—10M0—11—10
0 0-1 02 0 0-1 02
0 0 3 02 0 0 0 038
100 -2 -30 1001
37a=1. 38 8 (1) (1’ ': _i 4 3.9 Eachis /. 3.10 Eachis g (1) (') g
000 0 00O 0000
311 \p; + A2p2 + X3p3=0gives Ay + X3 = 0= 2); + X\, = X\, + )3, the only solution of
whichis \; = X2 =X3=0
3.12 The maximum number of independent rows (and columns) is 3.
3.13 The row rank is 2.
111 1 4 1 1 1 1 4
3.14 i '} )1‘ 3_1_)\ 2 A g k;l )\(il 22)\ (2) soif A # 1,2 then the row rank
222 X 6 0 0 0 \-2 =2
is4. When )\ = 1 the row rank is 2, and when A\ = 2 the row rank is 4.
3.15 The Hermite form of each matrix is /3 so they are row-equivalent.
3.16 The row and column rank are each 3. L1 g Lol
3.17 Proceed exactly as in Example 3.26. P = —g i; 0} and Q = {0 -1 1} do the
-2 =31 0 01

trick. (The solution is not unique, so check your answer by direct multiplication.)

I,
3.18 0 0 forn=1,2,3,4.
3.19 The number of zero rows in the normal form of A is n — rank A and the number of zero
rows in the normal form of B is m — rank B. Since the latter must be less than the former we
have n —rank A > m — rank B whence rank B > m —n + rank A.
3.20 By Theorem 3.10, row-equivalent matrices have the same rank and so are equivalent.
3.21 Both A and A’ have the same normal form. 3.22 Each has normal form [/5 0].
3.23 The coefficient matrix has rank 3 whereas the augmented matrix has rank 4. There is
therefore no solution (Theorem 3.17).
3.24 A row-echelon form of the augmented matrix is

1 101 4
0-20-6 -1
00 1-1 1

0000 a-1

Thus the coefficient matrix and the augmented matrix have the same rank (i.e. the system has a
solution) only when a = 1. In this case, since the rank is 3 and the number of unknowns is 4 we
can assign 4 3 = 1 solution parameter. Taking this to be ¢, the general solution is x = 2¢ +
y= =3t + ,2=1+1¢.
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3.25 In the augmented matrix interchange the first two columns and the first two rows. This has
no effect on the rank. A row-echelon form of the resulting matrix is

1 2 1 —6a

0 B—6 -1 20«

0 0 B 4+6a
Thus if B # 6, 0 the rank of the coefficient matrix is 3, as is that of the augmented matrix. Hence
a unique solution exists (Theorem 3.18). When 8 = 0 the last line of the above matrix becomes

[0 0 0 4+ 6a] so asolution exists only if & = —2. In this case the solutionis x = =1z + 2
and y = —%z — § where z is a parameter. When 8 = 6 the above matrix becomes

12 1 -6« 121 —6a
00 -1 20 |~ |00 -1 20« .

00 6 4+6a 00 0 4+ 126«
In this case a solution exists if and only if @ = —% and the general solution is x = —1y — 2,
= 40
z=g.
100 100 1 20
326 (01 0); |00 1f|; (0O 1 Of.
00 -2 010 0 01

3.27 It is readily seen that rows 1, 3, 4 are linearly independent, so » > 3. If r = 3 then the
second row must be a linear combination of rows 1, 3, 4. This is the case if and only ifa = 0 = d
and bc = 1.

3.28 If AX = B then necessarily X is of size 3 x 2. Let the columns of X be x; and x,. Then

AX = B is equivalent to the two equations Ax; = 0 (homogeneous) and Ax, = b, (non-
homogeneous). By the usual reduction method the latter is easily seen to be consistent if and
only ifa = —1.

3.29

1 -1 0 -1 -5« 1 -1 0 -1 =5 a

21 -1-4128 ~ 01 -2 1 12 B-a-—-n

11 1 —4 -6« 00 5 -5 =25 a—-20+3y

1 4 2 -8 -5 00 0 0 O Ba—p-11y+56
s0 a solution exists if and only if 8« — 8 — 114 + 56 = 0, and in this case the rank of the matrix
is3. Whena = 8= -1,y = 3,6 = 8thesolutionis x = 2u+3t,y=1+u—2t,z=2+u+5¢

where u, t are parameters.
3.30 Interchange the second and third columns, and the first and second rows. The matrix be-

comes
1 x 0 1 1x 0 1
2 =\ p+3 3| |0X p+3 -1 |,
2 3\ 4 -\ 00 1—p =x—1

If 4 # 1 then the rank is 3 and a unique solution exists. If u = 1 then a solution exists if and
only if A = —1. In this case the rank is 2 and the general solution involves one parameter.

1 -1
331 min{m,n}. 332 [_1 1]'

1 -1 10
3.33 Consider A = a1 and B = 0ol The normal form of A is B so these matrices

are equivalent. But they are clearly not row-equivalent.
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3.34 Let A and B be equivalent. Then A can be transformed into normal form N by a sequence
of row and column operations, and then N can be transformed into B by a sequence of row
and column operations (namely the ‘inverses’ of those that transform B into N). Hence A can
be transformed into B by a sequence of row and column operations. Conversely, if A can be
obtained from B by a sequence of row and column operations then A and B must have the same
normal form.

335 a=0,b=1,c=2.

3.36 Treat the system as a system of equations in which all calculations are done modulo 5. For
example, adding the first row to the second gives [0 2122 2].

4.1 The given matrix has rank 2. By Theorem 4.1, it therefore has neither a left inverse nor a
right inverse.
4.2 Proceed as in Example 4.3:

o1 1] 1 0 -1 121" %-1%
123 =|11-1 2f; 132=§0—?;
10 11 -1 1 -1 101 -5 1 3
22
1 3 1] hasrank 2 so is not invertible;
113
nm 1 100" 1§-3-3-3 11 11

- 4 1 _4 1
} _? ; % =| 1.3 1 2 } ; : ? has rank 3 so is not invertible.

9 79 9 9 -
2

1 3 32 ~3 2 1 1] [59 16

4.3 The product Ax can be written as x,a; + x;8; + - - - + x,a,, i.e. as a linear combination
of the columns of A. Then Ax = 0 has only the trivial solution if and only if a,,...,a, are
linearly independent, which is the case if and only if A has rank n, which is so if and only if A is
invertible.

b
44 Ifc=0wehave A = l:g d] which is of rank 2 (i.e. A is invertible) if and only if a # 0,

d
d # 0 which is equivalent to ad # 0. If a = 0 then A ~ ; b] which is of rank 2 if and only

ab a b
. I - .
ifbc # 0. If a # 0 and ¢ # O then L d] ~ [O ad—bc] apa —cp) which is of rank 2 if

d -b
and only if ad — bc # 0. In this case we have A™! = L [—c a] .

110 100
45 |1 0 0| ~» |0 1 O which is of rank 3 if and only if o # 0. In this case, by the
12 a 00«

2
a

0 10
process of Example 43,A™ = | 1 -1 0f.
11
a a

4.6 The proof is by induction. The result is trivial for p = 1. By Theorem 4.4, the inductive
stepis (A - ApApi1)™ = AL (A1 -+ A)) T = AL A AT
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4.7 That A® = 0 is routine. Using this fact, we have

Ay = (Is+ xA+ L2421y + yA + Ly2A2)
I + xA+ 1x2A% + yA + xyA® + 1y?A?

L+ (x+y)A+ j(x+y)A?

= Ax+y-

It follows that A,A_, = Ag = I; whence A, is invertible with A;' = A_,.
4.8 That A,A, = A+ is routine. It follows that A,A-, = Ap = I, so A, is invertible with
A;'' = A_,. Similarly, B,By = Bp+m and B;! = B_,.
Finally, by Theorem 4.4, (A,B,)™! = B_,A—,.
4.9 Since (I, + A)(I, — A) = I, — A% = (I, — A)(I, + A) we have that

(In+ A)I, = A1, + A) ' = (I, = AL, + A)I, + A) ' =1, - A

and so (I, — A)(I, + A)™' = (I, + A)\(I, — A).
If A is skew-symmetric then A’ = —A and we have

(In _A)(In + A)_l[(ln —A)(In + A)—l]’
(In + A)-l(ln - A)(’n + AI)_l(In - Al)
(In + A)_l(ln -A)(ln _A)_l(ln + A)

PP

= I,

It follows that P is invertible with P~! = P', i.e. P is orthogonal.
For the given matrix A it is readily seen that

1 —cos¢ O 3(1+sin*9) —3cosd 4 sindcosd
IL,—A=|cosd 1 —sind|, (L,b+A)"'=| Llcosy ! ~1sin¢
0 sind 1 lsindcosd jsind 1(1+cos?d)
whence P is the matrix stated.
1 -1 0 -1
=1
a0 | 072 90
-3 1 5 3
2 1 2 1
572 75 75

4.11 If B is row-equivalent to A then there is an elementary matrix P such that B = PA. Thus,
if A is invertible, we have that B is a product of invertible matrices and so is also invertible.
4.12 If AB is invertible then there exist elementary matrices P, Q such that PABQ = I,. It
follows that PA and QB are invertible, and from (PA)™'PA = I, and BQ(BQ)™ = I, we see
that A and B are invertible.

413 (A+B)A(A-B)=(I,+BA')(A-B)=A-B+B—BA™'B=A—-BA™'B, and
similarly (A — B)A™'(A + B) = A — BA™'B whence we have the required equality.

4.14 Expand the right-hand product using the distributive law. The resulting sum is the left-hand
side. If now A* = 0 then A**! = 0 and the equality gives

Iy=(I,—A) I, +A+ A+ ...+ A7)

whence I, — A is invertible.
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0-100
For the last part, follow the instructions; A™! = } ___? g :
0-111

4.15 We have
(BA-1,)[B(AB-1,)"'A-1,]
= BAB(AB—-1,)"'"A—BA—B(AB—1,)""'A+1,
=[B(AB—1,) + B)(AB—1,)"'"A—BA—B(AB—1,)'A+ I,
[ —

=BA+B(AB-1,)"'A—BA—-B(AB—-1,)"'A+1,
=1,
Hence BA — I, is also invertible.

5.2 (1) and (2) are subspaces; (3) is not since it does not contain (0, 0, 0, 0); (4) is not a subspace
since, for example, (1,—1,1,—1) and (0,0, 0, 1) belong to the set but their sum (1, -1, 1,0) does
not.
5.3 The sum of two continuous functions is continuous, and every scalar multiple of a continu-
ous function is continuous.
5.4 The sum of two differentiable functions is differentiable, and every scalar multiple of a
differentiable function is differentiable.
5.5 (1) If A and B are symmetric n X n then so is A + B; and so is A A for every \. Hence the
set of symmetric n x n matrices is a subspace.

(2) The set of invertible n x n matrices is not a subspace since every subspace of Mat ,,, IR
must contain the zero matrix, and this is not invertible.

10 00
(3) The matrices 00 and 01 are not invertible, but their sum is I; which is invert-

ible. Hence the set of non-invertible matrices is not a subspace.

5.6 If Ax = 0 and Ay = 0 then A(x + y) = Ax + Ay = 0, and A(\x) = AAx = A0 = 0. Thus

the solutions of Ax = 0 form a subspace of Mat ,,,,.; IR.

5.7 Every subspace must contain the zero of the parent space.

5.8 The rank of the coefficient matrix is 3 and so for all given a, b, ¢ the system is consistent.
a

Thus, for every [bj‘ € Mat s, IR there exist scalars )\, A2, A3 such that

e

whence the three column matrices span Mat 3, IR.
5.9 No; for example, the constant polynomial 1 cannot be expressed as a linear combination of
the two given polynomials.

11 00 10 01
. tE, = s = s = s = .
5.10 LetE, [O O] E, [1 1] E; [O 1] E,4 [l 1] Then we have

ab
= xE, + yE; + zE
[cd] xE, + yE; + zE3 + tE,4
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ifandonlyifx+z=a,x+t=b,y+t=c,y+z+1t=d. The coefficient matrix of this
system of equations is

1010

_|1001

A=1o 101

0111

which is of rank 4 (hence invertible). The system therefore has a solution (which is in fact
unique). Hence the given set is a spanning set.

5.11 (1) Suppose that ZA x; = 0 where each x; € §;. Since §; C S, we have that each

Xx; € 82 and so, since 52 is linearly independent (by hypothesis), every X; = 0. Hence S, is
linearly independent.

(2) If S, is linearly dependent then by Theorem 5.5 at least one element of S; can be ex-
pressed as a linear combination of other elements in §;. But §; C 5, so all of these elements
belong to S,. By Theorem 5.5 again, therefore, S, is linearly dependent.

5.12 The sets (1) and (2) are linearly independent since the 3 x 3 matrices formed from them
are each of rank 3. As for (3), this set is linearly dependent; the third column matrix is the sum
of the first two.

5.13 (1) Linearly independent; consider the entries in the (2, 1) position.

(2) Linearly independent; take a linear combination of the four matrices to be equal to the
zero matrix and solve the corresponding equations (only the zero solution possible).

(3) Linearly dependent; we have

23| _ 1 0] st 1], f03
43| %o 2| %2 1| ?%|2 1"

5.14 Follow the process in Example 5.22. (1) and (2) are linearly independent. (3) is linearly
dependent; we have

13+ X =3(1+ X +2X%) =2(=5 + X + 3X?).
5.15 Every p(X) € IR,[X] can be written uniquely in the form
P(X) =gy +a X+ (12X2 +...+a,X".

m n

5.16 Every A € Mat ,, IR can be written uniquely in the form A=Y 5" apEp,
1451

5.17 The sum of two diagonal matrices is a digonal matrix, and everyFsc;Iar multiple of a diag-
onal matrix is a diagonal matrix. Hence the diagonal matrices form a subspace. A basis for this
subspace is the set of diagonal matrices E,, of the previous exercise.
5.18 The set of Toeplitz matrices is clearly closed under addition and multiplication by scalars,
and so forms a subspace. A basis consists of the Toeplitz matrices E,, where p # g and the
Toeplitz matrix I,.
5.19 Since cos 2x = cos? x—sin? x we have that W = Span{f, g}. Now f = cos? and g = sin?
are linearly independent. To see this, let

Mcos?x + hgsinx=0.

Differentiate to get (A\; — \z)sin xcos x = 0. Since this must hold for all x we must have
X1 = )2, and since the original equation holds for all x this means that \; = X\, = 0. Hence a
basis for W is {cos?, sin?}.

5.20 Apply the process of Example 5.25. (1) is a basis; (2) is not.



12. Solutions to the Exercises 215

5.21 Apply the process of Example 5.25. The matrix

1-11 0
1 -11 1
A‘o 11 -1
0 23 -3

is invertible so the given set is a basis. Since

2 -1 5 =2
0 0 3 -1

-1 -

A"—l 1 =2 1
-1 1 0 0

we deduce that
(a,b,¢,d)=X\i(1,1,0,0) + Xa(=1,-1,1,2) + X3(1,-1,1,3) + X4(0,1,-1,-3)

where \y=2a—-b+5¢c—=d,\;=3c—d,\3=—a+b—-2c+d, 4= —a+b.

5.22 WritingX = {x;,x,}andY = {y,, y,} weobserve that y, = %(xz —x;)andy; = 2x,—x,.
It follows that Y C Span X and therefore Span Y C Span X. Similarly, x; = y, — 4y, and
X, = y; — 2y, whence we have the reverse inclusion Span X C Span Y.

5.23 (1) = (2): Since {v1, v, } is a basis we can write w; and w; as unique linear combinations

. . w v .
of wy, w; and so there is a matrix A such that '] =A|'|. Since Span{w;,w,;} =V, we can
w) V2

N . . v w
write v, v, as linear combinations of w;, w, and so there is a matrix B such that [ l] =B [ l] .
V2 wy

Consequently we have [Vl} =BA [Vl] . Since {v1, v, } is abasis we must have BA = I, whence
V2 V2

A is invertible.
(2) = (1):1f [Wl] =A [vl] with A invertible then we have [v] = A" [W'] whence
w) V2 V2 wy

{v1,v2} C Span{wj,w}. Since {v;,v,} is a basis of V it follows that V = Span{w,, w,}.
5.24 Suppose that x € AN B. Then x = \1a; + \2a; where a,, a; are the elements of the
given spanning set of A, and similarly x = \3b; + A4b, where by, b, are the elements of the
given spanning set of B. Consequently we have \ja; + \2a; — M3b; — \b, = 0. But, as can
readily be verified, the elements a,, a,, by, b, are linearly independent. Hence each ); = 0 and
consequently x = 0. Thus we see that AN B = {0} and so has dimension 0.

5.25 If {vi,...,va} is a basis of V as a vector space over C then every x € V can be written
n

uniquely as x = Y avx where each a, € €. Writing ay = a; + ib, where a;, b, € IR we
k=1

n n
have x = 3" agve + 3 b(ive). Thus {vi,...,va,ivy,...,iv,} is a spanning set of V over IR.
=1 =1

n n n
This spanning set is linearly independent, for if 3~ axvi + 3 be(ivi) = 0 then 3 axv, = 0 and
k=1 k=1 k=1

n
i} byvy = 0 whence a; = 0 = by for each k since {v,,...,v,} is a basis over C. Hence the
=1

above set is a basis for V over IR in which case V is a real vector space of dimension 2n.
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5.26 We have that (a, b, c,d) € Span X if and only if the system

27 32)|x a

252 1)|yl_|b

1522|z] e

351 1]t d

is consistent. Now, by the usual reduction method,

2732a 152 2c¢
2521bM0101~—20+b+2c
1522c¢ 00 2 -2 10a—6b—8c
35114d 000 O —10a+10b+ 6¢c—2d

For consistency, we therefore require Sa —5b —3c +d = 0.

The first three vectors of X form a basis for Span X. Since IR* is of dimension 4, any vector
not dependent on these three vectors (i.e. any vector not satisfying the above condition) may be
added to obtain a basis for IR*, e.g. the vector (0,1,1,0).

0
5.27 As a third basis vector, |0 | will do.

1
5.28 Recall from Exercise 5.15 that IR,[X] is of dimension n + 1. A possible basis is obtained
by adding the monomials X? and X>.
5.29 (1) is true. The standard conditions are x + y € W and Ax € W. These together imply
Ax + py € W. Conversely, if the latter holds, take A = u = 1, then u = 0, to obtain the former.

(2) is false; the subspace has dimension 1 with basis {(1,1,1)}.

(3) is true. If the given spanning set is also linearly independent then it forms a basis and
there is nothing to prove. If not, then at least one element is a linear combination of others.
Removing this element, we still have a spanning set. Continuing in this way we discard elements
one by one, obtaining a smaller spanning set each time. Do this until the remaining set is also
linearly independent (in the worst case this will have only one element); it will then form a basis.

(4a) is true. We have a(1,2,1) +b(2,2,1) = (a + 2b,2a + 2b,a + b). Takinga + b=y
and b = x we see that so also is (4b).

(5a) is true. We can extend a basis of P to a basis of Q.

(5b) is false. For example, consider P = {(x,x,x); x € R}, @ = {(x,y,0); x,y € R}.
We have dim P = 1 (see (2) above) and dim Q = 2,but P Z Q.

(6) is false. For example, take w = —x and recall that 0 cannot belong to a basis.

5.30 (1) Yes. (2) No. For example (1,0,0,0) and (0, 1,0, 0) belong to the set but their sum
does not. (3) Yes. The set is {(0,0,c,d) ; c,d € R}. (4) No. For example, (1,0,0,0) and
(0,1,0,0) belong to the set but their sum does not.

5.31 Both sets are closed under addition and multiplication by scalars, so are subspaces.

5.32 Given a, 8,7 € C, to determine ), u,v € € such that

(a,8,7)=23=i,2+2i,4) + u(2,2 + 4i,3) + v(1 —i,—2i,~1),
solve the resulting equations for ), u, v to obtain the unique solution
b 1 -2+2i 5-3i —-6-6i]|a
pl==—=——| 2-6i —=7+5i 6+6i ||B].
v BHI12E 5100 —14+-3i 6+6i ||

This shows that the given set is a basis. Moreover, taking o = 1, 3 = 7 = 0 we obtain (1,0, 0)
in terms of the basis, and similarly for the others.
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5.33 We have

122 1 -1 100 2 1
022-1-2{ 1010 —; -l
262 1 -4 001 0 O
140 0 -3 000 0 O
The general solution is therefore
=2t —w -2 -1
%t+w % 1
X= 0 =t|0]|+w]|0
t 1 0
w 0 1

The solution space is therefore of dimension 2.

5.34 Asdefined, A + B is closed under addition and multiplication by scalars, so is a subspace.
If C is a subspace such that A C C and B C C thenfora € A and b € B we have a,b € C and
soa+beC.Hence A+ BCC.

To establish the equality we show that LHSORHS and LHSCRHS. For the former, observe
that LHS D L N M and LHS D L N N whence, by the above, LHSDRHS. As for the latter,
ifx € RHSthenx = y+ zwherey € LNMandz € LN N. Since y,z € L we have
x =7y+z € L. Moreover, sincey € M wehave x = y + z € M + (L N N). It follows that
x € LN[M + (LN M)] =LHS.

For the last part, take

L={(x,x,0);x,y e R}, M= {(0,y,2); y,z€ R}, N={(x,0,0); x € R}.

ThenM +N=R,LNM+N)=L, LnM={(0,0,0)}, LNN = {(0,0,0)}, and the
stated inequality holds.
5.35 It is readily verified that E,, is closed under addition and multiplication by scalars and so
is a subspace of Map(IR, IR).

Suppose now that f is the zero map in E;. Then we have

(Vx € R) ap + a;cos x + by sinx = 0.
Taking x = 0 we obtain ag + a; = 0, and taking x = 7/2 we obtain ay + b; = 0. Thus
a, = by, = —ay. Taking x = /4 we obtain ag + 7‘;:11 + 7'2-b1 = 0 whence ay = a, = b, = 0.

Suppose now, by way of induction, that the zero map of E,_; (with n > 2) has all its coefficients
0 and let f be the zero map of E,,. It is readily verified that D*f + nf is given by the prescription

n—1
(D*f + n*f)(x) = n*ag + 3 (n* — k*)(ay cos kx + by sin kx)
=l

and since f is the zero map of E, we have that D?f +n?f isthe zero map of E,.—,. By the induction
hypothesis, therefore, we have that all the coefficients ag, ay,...,ap-1, b1,..., by are 0 and the
formula for f reduces to

(VxeR) 0= f(x)=a,cos x + b,sin x.

Taking x = 0 we obtain a, = 0, and taking x = m/2n we obtain b, = 0. Thus all the coefficients
of f are 0 and the result follows by induction.

It is clear that the 2n + 1 functions generate E,. Moreover, by what we have just proved, the
only linear combination of these 2n + 1 functions that is zero is the trivial linear combination.
Hence these functions constitute a basis for E,,.
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5.36 Let M be the set of rational functions described. Then clearly M is closed under addition
and multiplication by scalars, so is a subspace of Map (IR, IR).
Following the hint, observe that each f € M can be written uniquely in the form

f= a(lfO +..-+ ar+:—Lfr+s—l

and so the f; form a basis of M.
For the last part, it suffices by the hint (and by Corollary 2 of Theorem 5.8) to show that B
is linearly independent. For this purpose, suppose that

a a, b b, -

Bt RIS AN R SRR
*—a G-aF "7 T G-BF
Multiplying both sides by (x —a)"(x — 8)° we obtain

a(x—a) N x=By+ay(x—ay 2(x=B)\+ - -+a(x—B)+
bi(x —a) (x=B)F '+ by(x—a)(x=B) 2+ .-+ b(x—a) =0.

Taking the term a,(x — B)° over to the RHS, what remains on the LHS is divisible by x —« and,
since o # S, we deduce that a, = 0. Similarly, we see that b, = 0. Extracting a resultant factor
(x —a)(x — B), we can repeat this argument to obtain a,—; = 0 = b,_;. Continuing in this way,
we see that every coefficient is 0 and therefore that B is linearly independent. Hence B is a basis.
5.37 The result is trivial if n = 1 since f; is non-zero. By way of induction, suppose that
(fi)1 cign-1 is linearly independent whenever i, ..., 7, are distinct. Consider (fi), <;<» and
suppose that ry,...,r, are distinct. If \ | f; + - -- + A.f, = 0 then

(Vx € |R) e+ ..o+ )™ =0.
Dividing by e™* (which is non-zero) and differentiating, we obtain

M(r = ra)e 5 4 A (et — rp)elm T = 0,

Since the n — 1 real numbers r| —r,,...,r,-| — r, are distinct, the induction hypothesis shows
that A\; = ... = X\, = 0. Consequently, \,f, = 0 and hence ), = 0 (since e"* # 0). Thus
f1,...,fn are linéarly independent. Hence the result by induction. Conversely, if the r; are not

distinct then r; = r; for some i, j whence f; = f; and the f; are dependent.
n
5.38 Suppose that 3~ \;P;(X) = 0. Since deg p;(X) = i we have, on differentiating » times,
i=0
n-1
An = 0 whence Y \;P;(X) = 0. Differentiating n — 1 times, we deduce that ,-; = 0.
i=0

Continuing in this way we see that every coefficient \; = 0 and therefore the given set is linearly
independent. Since dim R,[X] = n + 1 and there are n + 1 such functions, they therefore form
a basis (recall Corollary 2 of Theorem 5.8).

5.39 Since sums and scalar multiples of step functions are also step functions it is clear that the
set E is a subspace of the real vector space of all mappings from R to IR. Given ¢ € E, the
step function ¢; that agrees with ¢ on the interval [a;, a;+[ and is zero elsewhere is given by the
prescription

3(x) = 9(ai)[ea, (1) = €a ().

n+1
Since then 4 = ) ¢; it follows that {e; ; k € [0, 1[} spans E. Since the functions e, are

i=0
linearly independent they therefore form a basis of E.
Similarly, the set F of piecewise linear functions is a vector space.
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That G is a subspace is clear since it is closed under addition and multiplication by scalars.
That {gi ; k € [0, 1]} is a basis of G is similar to the above.

That every f € F can be expressed uniquely in the form g + e where g € G and e € E can
be seen from geometric considerations. A typical f € F can be depicted as in the diagram

N\

ag a, a; as ay 1

Now think of strips of wood that can slide up and down and thereby manufacture g via e.

6.1 (1),(2), and (5) are linear; (3) is not linear since f(1,0,0) + f(—1,00) # £(0,0,0); (4)
and (6) are not linear since in each case, for example, f[2(0, 0, 0)] # 2£(0,0,0).

6.2 (1) and (2) are linear. (3) is not linear since in general Tg(\1,) # ATp(/,).

6.3 (1) and (2) are linear; (3) is not linear since in general f| (Xp(X )) # M (p(X )).

6.4 fi(x+y) = A(x +y) = Ax + Ay = fy(x) + fa(y) and fu(Ax) = AXx = XMAx = \fy(x).
6.5 By theorems in analysis, [(p+¢)= [p+ [qand [Xp= ) [p.

6.6 No. A and —A have the same Hermite form, so f(A) = f(—A) whence f(A) — f(—-A) = 0.
But f (A - (—A)) = f(2A) = f(A) since 2A has the same Hermite form as A.

6.7 Observe that T(0) = 7B? so if T is linear we must have B2 = 0. Conversely, if B2 = 0 then
T(A) = AB + BA —2BA + 3AB = 4AB — BA which is linear.

6.8 D™ (IR,[X]) = IR,—;[X] and D ({0}) = IR (the set of constant polynomials).

6.9 We have that f=f—f~(A) = {f(b) ; b € f=f>(A)} = {f(b) ; f(b) € f~(A)} =
{£(b) ; £(b) = f(a) forsome a € A} = f~(A),and f~f~f(B) = {a ; f(a) € f*f(B)} =
{a: fla)= f(x) where f(x) € B} = {a: f(a) € B} = f~(B).

6.10 D™ (X) is the set of polynomials whose even coefficients are zero. D (X) is the set of
polynomials whose even coefficients, except possibly the constant term, are zero.

6.11 The image of the x-axis is the line y = x; the image of the y-axis is the line y = —x; and
the image of the line y = mx where m # 1 s the line y = %2,

6.12 Observe that if x € f~(Y) then f(x) € Y and therefore we have f“(f“(Y)) C Y. Since
S~ is inclusion-preserving, it follows that f~[X N f—(Y)] gf“(X)nf“(f“(Y)) crrxny.
For the reverse inclusion observe that if a € f~(X) N Y then there exists b € X such that
f(b)=a € Y whence b € x N f~(Y) and so a = f(b) € f~[X Nf=(Y)].

613 f(a,b,c) = a(1,0,1)+b(1,1,0)+¢(0,1,1). Im f = Span{(1,0,1),(1,1,0),(0,1,1)} =
IR, and Ker f = {(0,0,0)}.

6.14 Kerf= {(a,b) € IR?; b=0}=Im f.

6.15 f: R® — IR? given by f(a,b,c) = (c,0,0) is such that Im f C Ker f; and g : IR? — IR
given by g(a, b, c) = (b, c,0) is such that Ker g C Im g.

6.16 f(a,b,c,d,e) = a(1,1,2,0) + c(~1,0,~1,~-1) +d(3,2,5,1) + e(~1,~1,~1,0) and so
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Im f is spanned by the rows of the matrix

1 1 2 0 100 1
-1 0-1-1 010 -1
32 51 which has Hermite form 001 O
-1-1-1 0 000 O
0 0 0 O 000 O

Abasis of Im fis {(1,1,2,0),(-1,0,-1,-1),(-1,~1,—1,0)}. Itis readily seen that Ker f =
{(=2¢,b,¢,c,0) ; b,c € R}, so abasis for Ker f is {(0, 1,0,0,0),(-2,0,1,1,0)}.
6.17 A basis of Im f is {X2,X%}; Ker f = R.
6'18 Takef(xyyyzyt) = (X,O,Z,O) andg(x,yyzyt) = (0,)’,0,'):
1 1 1
6.19 Argue as in Example 6.12, noting that the matrix |2 -1 —1] is invertible.

1 2 -1
6.20 Suppose that E aif (vi) = 0. Then f( Z a;v;) = 0 whence, f being injective, E ajv; = 0.
The fact that a, .. a,. are linearly mdependent gives each a; = 0 whence f(vy),..., f(v,,) are
linearly independcm

6.21 (1) = (2) : If (1) holds then for every x € V we have f(x) € Im f = Ker f whence
fA(x) = 0, so that f> = 0. If f = 0 then Ker f = V whence the contradiction n = dim V =
dim Ker f = dim Im f = 0. Hence f # 0. By Theorem 6.4 we have n = dim V = dim Ker f +
dim Im f = 2 dim Im f so n is even and the rank of f is }n.

(2) = (1) : If (2) holds then f2(x) = 0 gives f(x) € Ker f whence Im f C Ker f. By the
Dimension Theorem, dim V = rank + nullity, i.e. n = n + nullity. Hence dim Ker f = jn =
dim Im f. It follows by Theorem 5.9 that Ker f = Im f.

6.22 Consider the differentiation map D : IR*[X] — IR?[X]. It is not possible to write X as the
sum of an element of Im D and an element of Ker D.
6.23 Writing f(x) = asin x + b cos x we have

(1) 9(f) = 2a sof € Ker4 if and only if a = 0. Hence Ker ¢ = Span{cos} and the
nullity is 1.

(2) 9(f) = 0 so Ker ¢ = W and the nullity is 2.

(3) 9(f) = 0 if and only if a = 0 in which case the nullity is 1.

6.24 If 9= af + bg+ chthen T(9)(x) = —cxsorank T = 1. Ker T = {af + bg ; a,b € R}
so the nullity of T is 2.

6.25 Take f( 3> aiX') = (ao, ..., an).
i=0

6.26 If (x,y) € Ker ¢ then (x,y — f(x)) = (0,0) and so x = 0 and y = f(x) = £(0) = 0.
Hence Ker 4 = {(0,0)} and so ¥ is injective. By Theorem 6.5, ¥ is an isomorphism.
111
6.27 Recall Example 5.25: the matrix [1 2 3:| is invertible, so {(1,1,1),(1,2,3),(1,1,2)}
112
is a basis of IR>. Proceed as in Example 6.15 to obtain

f(x,y,2)=(4x -4y +z, 5x =5y + z, 8x — 10y + 3z).
6.28 f(a+ bX + cX?) = af(1) + bf(X) + cf(X?) = a + cX + bX?* + cX>.
6.29 If € is considered as a complex vector space, then for A = 1 —i we have f ()\( 1+ i)) =
f(2) = 2 whereas \f(1 + i) = (1 —i)(1 — i) = —2i, so that f is not linear.
6.30 f is linear if and only if

SO+ Aavy + A3va) = A f(v1) + Aaf(v2) + Xaf(va),



12. Solutions to the Exercises 221

i.e. if and only if
(1 + pwi + (A2 + Xa)wy = Mi(1+ p)wy + Xa(pwy + wa) + Xa(uw; + wy).

This is the case if and only if 4 = 0. Then f(xv; + yv, +2zv3) = O ifandonlyif x = 0,y +z =0
and so Ker f = {a(v, —v3) ; a € F}. Thus a basis of Ker f is {v, —v3}.
6.31 A basis of Im f is {(1,0,0),(1,0,1)} and a basis of Ker f is {(1,-1,-1)}. f~(A) =
{(x,—x,z) ; x,z € R}, abasis of whichis {(1,-1,0),(0,0,1)}.
6.32 f(x,y,2) = 2(x—y)X +(y+2)X?+(x+2)X>. Abasisof Im fis {2X + X3, -2X +X?}. A
basis of Ker fis {(1,1,—1)}. This can be extended to the basis {(1,1,-1),(1,0,0),(1,1,0)}.

-1 1 1
6.33 Thematrix | 1 —1 1 [ isinvertible so {a,b,c} is a basis. We have

1 -1

(x,5,2)= f(y+2)a+ (x +2)b+ Hx +y)c
and so
fx,y,2)= (v + 3x +2), 3z =), 2 = Dx + (0 + 1)y], 30— 1)y —x + Xz)).

f is injective if A # — 1 and X # 2. The dimension of W is 2. If A = 2 then f(1,1,0) =
(3,-1,2,0) and f~{(1,1,0,0)} = (2,-2,4).
6.34 If x = f(s)) and y = f(s,) where 51,5, € S then for ¢t € [0, 1] we have

tx+ (1=1)y= flts; + (1 =1)s2] € f7(S)

and so f~(S) is also convex.
6.35 By the Dimension Theorem (6.4) we have

n

Y (-1)dimV; = —dimIm f; —dim Ker f;
= + dim Im f; + dim Ker f;
—dim Im f; — dim Ker f3

+(~1)"dim Im f, + (—1)" dim Ker f,

Since the sequence is exact, dim Ker f; = 0 and Im f, = V,4+;. Moreover, Im f; = Ker f;;,. The
n

above display therefore reduces to }_(—1)' dim V; = (—1)" dim V,4, whence the result follows.

i=1
6.36 The rank is 2 so the nullity is 1.
6.37 (1) (g 0 f)(x) = g(y) where y = f(x) soIm (g o f) C Im g.
(2) If f(x) = 0 then g[f(x)] = g(0) = 0 so Ker f C Ker(g o f).
(3) By (1) we have rank (g o f) < rank g. By (2) and Theorem 6.4, we have
rank (g o f) = dim V —dim Ker(g o f) < dim V —dim Ker f = rank f.

Hence rank (g o f) < min{rank f, rank g}.

Let {ey,...,e,} be abasis of V. Let m = dim W and s = rank f. As basis for W we can
take {f(e1),...,f(e;), Ws+1,...,Wn}. Then

Span{gf(e;),...,&f(e.), g(Ws1),. .., 8(Wm)}
Span{gf(ei),...,gf(e,), g(Ws+1), ..., 8(wm)}

where p = rank gf. It follows that

Img

rank g < p+ m—s=rank gf + dim W —rank f.
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6.38 {1,X,X? X%} is a basis of IRy[X] and £(1) = 0, f(X) = 0, £(X2) = 0, f(X?) = 6(X — 1).
So the nullity of f is 3 and the rank is4 —3 = 1.

6.39 If {e1, ez, 3} is the natural basis of IR® then f,(e1) = (0, —y3,¥2), f,(€2) = (¥3,0,-y1),
fy(e3) = (=y2,1,0). Since y # 0 we can assume that y; # 0. Then we have

fle) = -;’—Tfy(ez) - ;:—ffy(es)

where f,(e2),f,(es) are linearly independent. Hence a basis for Im f is {f,(e;),f,(e3)} so
rank f, = 2. It follows that dim Ker f, = 3—2 = 1 whence Ker f, = Span{y} since f,(y) =

640 £(1,0,0,0) = [; _(:],f(o,1,o,0)= [‘: ;J,f(0,0,1,0)= [_‘: ;],f(0,0,0,1)=

10

0 1:' . So f carries a basis to a basis and therefore, by Theorem 6.5, is an isomorphism.

1o2] [ 1 -2 2 21
74 | 2 —1f; -3 2| 72 [(2) o _01]; [(1) 2 3‘]. 73 [0 3 o].
-1 0 [2 3 0 —4 1
74 00,1,00 = S01,1,00=£01,0,0) = (2,2,6) 04 70,0,1) = (1,1, =1(1,1,0) =

-2, 3) and so the matrix of f relative to the natural basis of IR® is 3 —2 -2
(1,

-2 3
7.5 f(x,y,2) = (z,y,%).
021 2 2 2 2 2 -1
Matzf= [0 1 0|; Magg=| 0 1 —1|; Matgfef=|-1 -1 o0].
1 20 -1 -2 0 0 0 2
-2 6 2
7.6 A has rank 3 and so is invertible. The matrix of f~! is A~!, namely % 1 0}.
5034
1010
7.7 Use Theorem 7.3 and induction. 78 0011 .
0001
1100

010 00 -1
79 A= ':—1 0 Of; B=|-1 0 O0]. Thematrix X represents the identity map relative
001 11 1

to a change of reference from the first basis to the second. Since

(1,0,0) = L(1,1,0)-1(0,1,1) + 1(1,0,1)
0.1.0) = 1(1.1.0+10 1,1)-110.1)
(0,0.1) = X110+ 10, 1.1+ 1(1,0,1)

1 -1 1
7.10 We have to determine an ordered basis B = {b, b,, b3} of R? such that P is the transition
matrix from B to the natural ordered basis {e;,e2,e3}. B= {e; + e3,e; +e3,e; + €3}.
7.11 If A is similar to B then there is an invertible matrix P such that A = P~!BP. Since P is
invertible, so is P'. Then A' = P'B'(P~') = [(P™!)']"'B'(P~')' and so A’ is similar to B'.
7.12 If A= P~'BP then by induction A* = P~!B*P.

1 1 -1
weseethat X =1 [-1 1 1],
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-1
cos ¥ —sin 4y 1 0
713 sind cosd| |i 1] [ ][ ]
7.14 The respective matrices are
0100...0 0 0 0 ...00 01 -2-3...-n
0020...0 n 0 0 .00 00 2 0... 0
0003...0 On-1 0 ...00 00 0 3... 0
myiy.... .b@jo o n-2...00G}.. . . :
0000...n Lol : NN 00 0 O0... n
0000...0 0 0 0 ...10 00 0 O0... O

7.15 If x # 0 is such that fP~!(x) # 0 then for every k < p — 1 we have f*(x) # 0. To show
that {x, f(x),...,f7""(x)} is linearly independent, suppose that

Xox + Af(X) + -+ X ff N (x)=0
Applying f7~! to this we obtain of?~!(x) = 0 whence ¢ = 0. Thus we have
AF(x) + 4+ 2P (x) = 0
Applying P2 to this we obtain similarly A\; = 0. Continuing in this way we see that every
)i = 0 and consequently the set is linearly independent.

If f is nilpotent of index n = dim V then {x,f(x),...,f*!(x)} is a basis of V. The matrix
of f relative to this ordered basis is then that in the question. Conversely, if there is an ordered
basis with respect to which the matrix of f is of the given form then to see that f is nilpotent of
index n it suffices to observe that the matrix M in question is such that M" = 0 and M"~" # 0.
7.16 We have

fQ)
fX)

)

1
1+
fx?) = (1

+x)2—1+2x+x2
f(X") = (1+X);=1+(")X+ X+ - +X"

1111 ..
0123...()
0013..

and so the matrix of f is : (;)
0000 1
7.17 We have
[0 1 10l [t11
1) = = -
M 00 00 00
r L
10 10 11 11
X) = = +
%) 10 00 00 10
11 11] [11] [11
1+X = -
( ) 01 00 10 |:1 1]
-1 1
and so Mat f = (1)_} The rank of this matrix is 3 and so dim Ker f = 0
0 0 1
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01 o |1
I =
‘10 00 1000
-10-11]{, 0000
718 00 0O’ |0010]°
00-11 0000

7.19 (1),(2),(3) are routine. If A and B are similar then there is an invertible P such that
A = P7'BP. By (3), tr(A) = tr(P~'BP) = tr(P~'PB) = tr(B). For the last part, observe for

1 00
example that tr 0 -1 =0=tr 00 but these matrices are not similar.

8.1 All expressions are the same. 8.2 Routine.
83<12345678>. (12345678

14587326 12345678
8.4 Even; odd. 8.5 —28. 86 26+ 13\ +22=)3. 8.8 400.
8.9 If the elementary matrix is obtained by interchanging two rows (columns) then the determi-
nant is —1; by multiplying a row (column) by ) itis )\; and by adding ) times one row (column)
to another it is 1.
8.10 By induction. For the inductive step, use a Laplace expansion via the first column.
8.11 x # %
8.12 Use a Laplace expansion via the first row, then via the first column of the resulting 5 x 5
matrix, then by the first row of the resulting 4 x 4 matrix, and so on.
8.13 Add the first row to all the others; the answer is n!.
(000 ...00 17
000...010
000..100
814 det | : : : Do = (=) et (_1)%'-('--1)_
001 ...
010...
L1100 ...
8.15 For example, take p

-2 4 9a 0 0
816 P'=| 1 -2 4| andP'"AP=|0 9b 0|. detA=3%bc.
4 1 =2 0 0 9

8.17 det A? = (det A = 0 andsodet A= 0.

d —b bc—f* fg—hc hf—bg 10 -1
8.18 [ :|; fe—hc ac—g* hg—af|; 00 0.

¢ a hf —bg gh—af ab—h? -10 1
8.19 The first two have determinant 1 so adjugate=inverse; these are respectively

1 13 4 13
0 1 -1f; 1 1 -1f.
-1 -2 5 -1 -4 9

The third has determinant 6 and inverse §

coco
lcoco-
coco

2p2—then use a Laplace expansion via the first column.

—

ouo«
N wo
N OO
—_

8.21 Since A- adj A = (det A)I, we have
(det A)(det adj A) = det[(det A)I,] = (det A)".
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A being invertible, det A # 0 and so det adj A = (det A)"™".

8.22 ABadj AB = (det AB)I, = (det Adet B)I, and so adj AB = B™'A™'det Adet B =
B~'adj Adet B= B~!det Badj A = adj Badj A.

8.23 adj(adj A) = det adj A- (adj A)™!. By Exercise 8.21 and the fact that (adj A)™ =
we obtain adj(adj A) = (det A)"%A.

8.24 If A is upper triangular then a;; = 0 when i > j. Thus, for i < j we have det A;; = 0.
Consequently, for i > j, [adj A);; = (—1)"*/ det A;; = 0 and so adj A is also upper triangular.
8.25 For a symmetric matrix, A;; = Aj;.

8.26 Observe that [adj A]; = (—1)"*/ det A; = (—1)"* det /_4',.1. = [adj A]; and so adj A’ =
adj A = adj A.

8.27 det A= (x —a)(x = b)(x —c)(a = b)(b —c)(c —a).

8.28 det = (x — a)*(x + 3a) so the solutions are x = a and x = —3a.

8.29 Start with ¢; — yc;.

8.30 Begin by adding all the rows to the first row, thereby obtaining a factor n — 1. Then, for
i>1,take p; —p;.

8.31 Begin by adding all the rows to the first row, thereby obtaining a factor na + b. Then, for
i > 1, take pi—ap.

8.32 Begin by subtracting the first column from the others. Then do Laplace expansions via the
rows. The solutions are x = 0,...,n—1.

8.33 For det B, first subtract the first row from the other rows, then subtract the last column
from the other columns.

For det A, first add the last column to the first column. Now do a Laplace expansion via the
new first column and use the result for det B, ;.

For the last part, use the previous formula and induction.
8.34 Use a Laplace expansion via the first row of A,4,. The last part follows by induction and
basic trigonometry.
8.35 For det A, subtract the last column of A, from the other columns and then use a Laplace
expansion via the first row.

For the recurrence formula for det B, use a Laplace expansion via the last column.

For the last part use induction.
8.36 We have

A B A B (A+B B
det [B A]=det [B—A A—BJ det 0 A-B
(1 B |[a+B o
0 A-B [ 0 1]

I B A+B 0
det
¢ OA-Bdet[O 1]

det(A — B)det (A + B).

A O||P AP A
8.37 Clearly, l: ] [ ] = [ 0 ] and this is of the given form if and

1
A
det A

det

B C|(R § BP+CR BQ+CS
only if

A=P"', BP+CR=0, BQ+CS=S—-RP'Q.
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Since B = —CRP~! we have C(S — RP™'Q) = S — RP~'(Q, so we can choose C = I and then
B= —RP~'. Now clearly

1 PQ 1 0 "
det Ndet M = det [0 S-RP“QJ = det [O S—RP“Q] = det(S —RP™'Q)

i.e. det P~ det M = det(S — RP™'Q), so
det M = det Pdet(S — RP™'Q) = det(PS — PRP™'Q).

If now PR = RP then PRP~! = R and so det M = det (PS — RQ). Likewise, we also have
det M = det(S — RP™'Q)det P = det(SP — RP™'QP)

so if PQ = QP then det M = det(SP — RQ).
8.38 Follow the hint. 28; —18; n!.

9.1 (1) The eigenvalues are 1, 2, 3 each of algebraic multiplicity 1.

(2) The only eigenvalue is 1, of algebraic multiplicity 3.

(3) The eigenvalues are 2, 1 + i, 2 — 2i, each of algebraic multiplicity 1.
9.2 Suppose that AX = Ax where x # 0. If A were 0 then we would have the contradiction
x=A"'Ax=A"10= 0. Hence ) # 0.

Nowx = A"!Ax=A"'Ax = M !xand so A”'x = \~!x; i.e. \ ™! is an eigenvalue of A™".
9.3 If Ax = )x then by induction we have A*x = \*x. Thus, for any polynomial p(X) =
ap+ a)\X + --- + a,X" we have p(A)x = p()\)x whence p()) is an eigenvalue of p(A).
9.4 Proceed as in Example 9.3.
(1) The eigenvalues are 0, 1, 2, each of algebraic multiplicity 1.

x 1
Eo=Span{ O:I ;x#O} soabasisis{[OJ}‘

-X -1

[0 0
E|=Span{ x] ;x;éo} soabasisis{{ljl}.

0 0

[x 1
E2=Span{ 0] ;x#O} soabasisis{[o]}.

x 1

(2) The eigenvalues are 0, 1, —1, each of algebraic multiplicity 1.

(x 1
E0=Span{ —x:I ;x;ﬁO} soabasisis{{—l}}.
x 1
E1=Span{ :ZJ::jl ;x;éo} soabasisis{{:;J}.
| x 1

2x 2
E_y=Spanq |—x| ; x# 0 soabasisis { [—1I
x 1

9.5 The eigenvalue§ are 1 and 2, of algebraic multiplicities 2, 1 respectively.

(1 0 3
E, has basis 0,1 and E, has basis 1 .
-1 -1 =5
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N - N

12
9.6 (1) Relative to the natural ordered basis of IR® the matrix of f is |: 02 } . The eigen-
-12

values are 1, 2 of algebraic multiplicities 1, 2.

011
(2) Relative to the natural ordered basis of IR* the matrix of f is ‘VO 0 0} . The eigenvalues
110
are 0, 1, —1 each of algebraic multiplicity 1.
9.7 The first two matrices are those of Exercise 9.4. Suitable matrices P are therefore, respec-

101 1 -1 2
tively, | 0 1 O] and |-1 -2 -1].
-101 1 1 1
Proceeding similarly with the other two, we see that suitable matrices P are, respectively,

312 1 1-3
12 1fand| O 1 -1}.
111 -1 -2 5

9.8 Let det A, = a,. Use a Laplace expansion via the first column to obtain the recurrence
relation a, = a,-; + 20a,-;. Consider therefore the system of difference equations

a, = ap- +20b,-,
bn = ap-1.
. . 200 . o
The matrix of the system is A = 0 which has two distinct eigenvalues, —~4 and 5. By

. 20 20) ., . . _ -4 0
Theorem 9.8, the matrix P = 5 4 is invertible and such that P~!AP = 0 sl Now

Pl= —
5 20

1 |4 =20
180

] and so

A"=P I:(—4)" O} P'l - l [5n+l _(_4)n+l 4.5"1 4+ 5.(_4)n+l]

0 5 9 [4.5" +5.(—4)"  4.5" +5.(—a4)

n+1 ._ n+1
Finally, [Z"] = A"? [Zz] = A"? [211] =1 [5 5 _2::;" ] from which the result follows.
n

99 (1-X)% X3-X*-X+3; X+3X%2+ 10X + 30.
9.10 We have

(I, — BA)[1, + B(l, — AB)A] = I, —BA + (I, — BA)B(I, — AB)™'A
1, —BA + (B — BAB)(I, — AB)"'A
1, —BA + B(I, — AB)(I, — AB)™'A
I,-BA+BA

I.

Hence (I, — BA)™ = I, + B(I, — AB)™'A.
The last part follows from the fact that ) is an eigenvalue of XY if and only if XY — A1, is
not invertible which, in the case where A # 0, is equivalent to I, — X ™' XY being not invertible.

0 1 -1 1 01 -1
9.11 P"AP=[ e_,.‘,]. 912 P=|=v2 0 V2|; P=|0 1 1]

0 11 1 10 0
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9.13 Proceed as in Example 9.10. By Theorem 9.8 there is an invertible P such that P~'AP =
MO
Ol A and, since \; + A\, = «, we have P = _i _ﬁl
distinct, use the expression for A" given on page 170.
4+42.4" 3.4 —4+4" 1 _ gn
9.14 % -24+2.4" 34" 2+4+4"(. 915 [x,.] = [ [9[?£;)7n)—1 + 466!. 1]]
242.4" 34" 244" B
9.16 Diagonalising A in the usual way we have P~'AP = D where
0
0].
4

1 0 -1 40
P=|1-11[|, P'= o, pD=1]09
0 1 1 00

1
1
0
200
Now the matrix E= [0 3 0/ is such that E2 = D and consequently the matrix B = PEP™!
02

. When the eigenvalues are not

O NI =

[=}

O NI
O NI—
B NI —

—

has the property B2 = A. A simple computation shows that B = [—

9.17 For the first part, use induction. The result clearly holds for » = 1. Suppose that it holds
for r. Then
n n n n
I[Ar+1]~‘_j| = lz;ail[Ar]le < El Iail”[Ar]tjl Zk k'n r—1 kr-Hnr-l El - kr+]nr'
= = =1

=1
(1) If|A] < — then
nk

1+ |BIA5] + |B*|[A%] + - + |BI[[A7Dy| + - --
S1+kBl +En|BP + -+ k'Y |B] +
=1+k|B|(1+ kn|B| + -+ kK 'n |G + - )

Ca S . . 1
which is less than or equal to a geometric series which converges. Thus we see that if | 5| < e
n

the Sg(A) is absolutely convergent, hence convergent.
(2) If S5(A) is convergent then lim,_,o, 8'A’ = 0 so

(I, — BA)I, + BA+ A + . ..) lim,_oo(l, — BA)(I, + BA + - - - + b"A")
lith(l" _'Bt-HArH)
I,.

Consequently 7, — BA has an inverse which is the sum of the series.
For the last part, let ) be an eigenvalue of A. Then )J — A is not invertible. Suppose,

by way of obtaining a contradiction, that [\| > nk. Then — Conscquently, if we let

IXI
B = X\"! we have, by (1), that Sg(A) converges and so, by (2), I, — ,BA I,—)"'Ais invertible.
It follows that M1, — A is invertible, a contradiction. Hence we must have |\ | < nk

10.1 my(X) = ap + a1X + --- + a,XP. We must have ao # 0 since otherwise 0 = m,(A) =
ajA + - - + A AP and therefore, since A is invertible, a,l, + a;A + --- + a,,A”“ = 0 which
contradicts the fact that m4(X) is the minimum polynomial of A.
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Now 0 = agl, + a1A + - -- + a,A? can be written A(a; + a24 + - - - + @, AP™!) = —qyl,
whence, since A is invertible, we have A™! = —a—(al +aA+ - +a,A""). ThusAlisa
0

linear combination of I,,, 4, ..., APl

10.2 For each of the matrices the characteristic and minimum polynomials coincide; they are
respectively (X —1)% X3+ X2 +X-3; =X3+X2-X +2.

10.3 cx(X) =det[A = XI,] = ap + a1 X + --- + A,X". Taking X = 0 we obtain det A = a,.
10.4 We have

cg,(X) = X*=2Xcos 9+ 1= (X —cos ¢ —isin 9)(X —cos ¢ + i sin §).

Then cg,(X) = mg,(X). If ¢ is not an integer multiple of « then i sin 4 # 0 and so ry has no
real eigenvalues.

10.5 cp(X) = (-1)"1X"! mp(X) = X1,

10.6 The matrix of f relative to the natural ordered basis {(1,0),(0,1)} is A = [

B
|
—
[ SS— ]

Mf(X) = mA(X) = Xz -3,
) 101
10.7 Consider the matrix | 0 2 1
-103
The geometric multiplicity of this eigenvalug is 2 so f is not diagonalisable.
10.8 For all positive integers i we have A = (PQ)™*! = P(QP)'Q = PB'Q. If now h(X) =
Z0 + 71X + - - - + z,X" then we have

. The only eigenvalue is 2 (of algebraic multiplicity 3).

Ah(A) = A+ 71A%+ ...+ 7,A™!
20PQ+21PBQ + --- + z,PB"Q
P(zoln + 1B+ --- + z,B")Q

Ph(B)Q.

It follows immediately that Amg(A) = Pmg(B)Q = 0. Similarly, we have Bm,(B) = 0. Con-
sequently, ma(X)|Xmgp(X) and mg(X)|Xm,(X), and so we can write Xmp(X) = p(X)m4(X) and
Xmy(X) = q(X)mp(X). Comparing the degrees of each of these equations, we deduce that
deg p + deg g = 2. Thus, either deg p = 0 in which case p(X) = 1 and Xmp(X) = m,(X), or
deg g = 0 in which case g(X) = 1 and Xm4(X) = mp(X), or deg p = deg g = 1 in which case
my(X) = mp(X).

10.9 The matrix can be written as a product PQ where P is the column matrix [1 2 ... 7]’
and Q is the row matrix [1 1 ... l]. Note that then B = QP is the 1 x 1 matrix whose entry is
3r(r+1). We have mp(X) = —1r(r+1) + X. Clearly, my(X) # mp(X) and mp(X) # Xmy(X).
Thus, by the previous exercise, we must have m,(X) = Xmp(X) = -—%r(r +1)X + X2

10.10 The matrix of f relative to the ordered basis {1,1 + X,1 + X —X?} is

-1 0 0
A=1| 2 5§ 6].
-2 -3 -4

ca(X) = (X =2)(X + 1)2 = mu(X).

11.2 The eigenvalues are 0,0,6 + 2/17.
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11.3 The determinant is —27216 and the inverse is

20 1 1

1 1 1

1 1 1 1
126 1 1

1 22 =20

22 =20 1

114 x = +6.
11.5 The MAPLE input is

eql:
eq2:
eq3:
eq4:
eqg5S:
eqge6:
eq7:
eqs8:
eq9:

VVVVVVVVVVYVVYV

eqll:
eql2:

=205+a+208+4+b=1000;
=c+206+d+207+6=1000;
=204+e+200+£+196=1000;
=20+193+g+h+400=1000;
=1+j+192+k+1=1000;
=205+c+204+20+1=1000;
=a+206+e+193+3j=1000;
=208+d+200+g+192=1000;
=4+207+£+h+k=1000;

eql0:=b+6+196+400+1=1000;
=205+206+200+h+1=1000;
=b+207+200+193+1=1000;
solve({eql,eq2,eq3,eq4,eq5,eq6,eq7,eq8,eq9,eql0,eqll,eql2},
{a,b,c,d,e,f,g,h,i,3.k,1});

1
1

1
1

1

22
22 =20
22 =20

1
1
1

22
=20

1

1
1
1

The solution is given in the formh = 194, g =193, c =374, j=j, b=203,i =197, a =

380,1=195,e=221—-j, f=179 +j, k= —j + 416.
It follows that the range of values of k is 196 < k < 415.



Index

abelian group 69 direct image 97
action 70 direct sum 180
additive inverse 4 distributive laws 9

adjoint 143

adjugate 143

algebraic multiplicity 154
alternating 129

arrival space 95
augmented matrix 21

eigenspace 156

eigenvalue 153, 157
eigenvector 153, 157
elementary matrix 32
elementary row operations 28

element 1
bijective 102 entry 1

equal matrices 3
canonical basis 80 equivalent matrices 50
Cayley-Hamilton Theorem, 175 exact sequence 111
characteristic equation/polynomial 154 . )
circulant matrix 196 F1bona¢301 Sequence 165
coefficient matrix 21 finite-dimensional vector space 85
column 1 Gaussian elimination 35
column rank 46 geometric multiplicity 156
commute 12 . .
complex numbers 25 Hemfxt.e matrix 37
complex vector space 69 hermitian 26
conjugate 26 homogeneous 21
consistent system 52 identity matrix 11
continued fraction 166 image 99
convex 111 inclusion-preserving 98
Cramer’s formulae 151 injective 102

invariant subspace 180
inverse image 97
inversion 135
invertible matrix 62
isomorphism 107

departure space 95
determinantal 129
diagonal matrix 11
diagonalisable 159
difference equations 24
dimension 85 Jordan matrix 180
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232

kernel 99
Kronecker symbol 11
Laplace expansion 138

latent root/vector 153

left inverse 59

Lie product 15

linear combination 39, 75

linear equations 20

linear mapping/transformation 95
linearly (in)dependent 40, 78
lower triangular matrix 73

Lucas numbers 197

magic matrix 93

matrix 1

MAPLE 183

matrix multiplication 6

matrix of a linear mapping 114
minimum polynomial 176
morphism 95

multilinear 129
multiplication by a scalar 5

natural basis 80
net 92

nilpotent 16, 126
normal form 48
null-space 99
nullity 105

ordered basis 113
orthogonal matrix 18, 65

piecewise linear function 93

pivotal condensation 150
post(pre)-multiplied 33

Primary Decomposition Theorem 180
product 6

projection 96

pseudomagic matrix 93

quaternions 26

range 99

rank 48, 105

real vector space 69
reduced row-echelon 37
right inverse 59

rotation matrix 18

row 1

row rank 42

row-echelon 34
row-equivalent matrices 44

signum/signature 135
similar 124
skew-hermitian 26
skew-symmetric 13
solution space 100
spanning set 76
square matrix 10
stairstep 34

step function 92
subspace 72
substructure 95
subtraction 5
surjective 102
sum 3

symmetric 13

Toeplitz matrix 81
transition matrix 120
transpose 13
transposition 134
tridiagonal matrix 170

unipotent 16
vector space 69
wedge product 112

zero matrix 4
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