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Dedicated to 100 Years of Lars Ahlfors



Preface

The purpose of this book is to present modern developments and applications of
the techniques of modulus or extremal length of path families in the study of map-
pings in R", n > 2, and in metric spaces. The modulus method was initiated by
Lars Ahlfors and Arne Beurling to study conformal mappings. Later this method
was extended and enhanced by several other authors. The techniques are geomet-
ric and have turned out to be an indispensable tool in the study of quasiconformal
and quasiregular mappings as well as their generalizations. The book is based on
rather recent research papers and extends the modulus method beyond the classical
applications of the modulus techniques presented in many monographs.
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Chapter 1
Introduction and Notation

Mapping theory started in the 18th century. Beltrami, Caratheodory, Christoffel,
Gauss, Hilbert, Liouville, Poincaré, Riemann, Schwarz, and so on all left their marks
in this theory. Conformal mappings and their applications to potential theory, math-
ematical physics, Riemann surfaces, and technology played a key role in this devel-
opment.

During the late 1920s and early 1930s, Grétzsch, Lavrentiev, and Morrey in-
troduced a more general and less rigid class of mappings that were later named
quasiconformal. Very soon quasiconformal mappings were applied to classical prob-
lems like the covering of Riemann surfaces (Ahlfors), the moduli problem of Rie-
mann surfaces (Teichmiiller), and the classification problem for simply connected
Riemann surfaces (Volkovyski). Quasiconformal mappings were later defined in
higher dimensions (Lavrentiev, Gehring, Viisild) and were further extended to
quasiregular mappings (Reshetnyak, Martio, Rickman, and Viisild). The quasireg-
ular mappings need not be injective and in many aspects are similar to analytic func-
tions. The monographs [1,22,36,110,176,187,190,256,260,315,316,327-329] give
a comprehensive account of the aforementioned theory and its more recent achieve-
ments.

Recently generalizations of quasiconformal mappings, mappings of finite distor-
tion, have been studied intensively; see, e.g., the papers [19,45,46,54,79,111,115—
117,124,132, 133, 145, 147-149, 153-156, 195, 196, 231-233, 237, 248-251] and
the monograph [134]. Quasisymmetry has a natural interpretation in metric spaces
and quasiconformality from a more analytic point of view has also been studied in
these spaces; see, e.g., [21,33,107,112,201,312]. These theories can be applied to
mappings in the Carnot and Heisenberg groups; see, e.g., [108, 109, 166, 167, 197,
199,221,238,314,324-326].

The method of the modulus of a path family, or equivalently the method of ex-
tremal length, which was initiated by Ahlfors and Beurling in [5] for the study of
conformal mapping, is one of the main tools in the theory of quasiconformal and
quasiregular mappings. The conformal modulus can be used to define quasiconfor-
mal mappings in the plane and in space. It has also been employed in metric measure

O. Martio et al., Moduli in Modern Mapping Theory, Springer Monographs in Mathematics,
DOI 10.1007/978-0-387-85588-2_1, (©) Springer Science+Business Media, LLC 2009



2 1 Introduction and Notation

spaces, now called Loewner spaces; see [107] and [112]. However, it has not been
used very much to study mappings of finite distortion and related mappings. The
reason is that extremal metrics are more difficult to find and the estimates for the
modulus of a path family become more complicated than in the quasiconformal
case. In spite of these drawbacks, the modulus method has certain advantages since
it is naturally connected to the metric and geometric behavior of the mapping.

In this monograph the modulus method is applied to the generalizations of quasi-
conformal mappings. The main goal is to study the classes of mappings with distor-
tion of moduli dominated by a given measurable function Q. Functions Q like BMO
(bounded mean oscillation), FMO (finite mean oscillation), Llloc, etc. are included
and the principal tool is the modulus method. We concentrate on basic properties
like differentiability, boundary behavior, removability of singularities, normal fam-

ilies, convergence, mapping problems, and distortion estimates.

We now recall the definition of the (conformal) modulus of a path family in R”,
n > 2, and some of the basic inequalities. Let I" be a path family in R", n > 2. A
Borel function p : R" — [0, 0] is called admissible for I", abbr. p € admT, if

/ pds >1 (1.1)
Y
for each y € I'. Recall also that the (conformal) modulus of I" is the quantity
M) = inf / ™ (x) dm(x), (1.2)
pcadm I
Rn

where dm(x) corresponds to the Lebesque measure in R”.

By the classical geometric definition of Viisila (see, e.g., 13.1 in [316]), a ho-
meomorphism f between domains D and D’ in R”, n > 2, is K-quasiconformal,
abbr. K-qc mapping, if

M(I)/K < M(fT) < K M(I") (1.3)

for every path family I" in D. A homeomorphism f : D — D' is called quasiconfor-
mal, abbr. qc, if f is K-quasiconformal for some K € [1,0), i.e., if the distortion of
the moduli of path families under the mapping f is bounded.

By Theorem 34.3 in [316], a homeomorphism f : D — D’ is quasiconformal if
and only if
M(fT) < KM(T) (1.4)

for some K € [1,e0) and for every path family I" in D. In other words, it is sufficient
to verify that

M(fT)
M(T)

sup < oo, (1.5)
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Rn

Figure 1

where the supremum is taken over all path families I" in D for which M(I") and
M(fT") are not simultaneously 0 or . Then it is also

M(T)
sup M(fT) < oo, (1.6)

Gehring was the first to note that the suprema in (1.5) and (1.6) remain the same
if we restrict ourselves to families of paths connecting the boundary components of
rings in D; see [73] or Theorem 36.1 in [316]. Thus, the geometric definition of a
K-quasiconformal mapping by Viisild is equivalent to Gehring’s ring definition.

Moreover, condition (1.6) has been shown to be equivalent to the statement that
f is ACL (absolutely continuous on lines), a.e. differentiable, and

17 Gl

ess sup W < oo, (1.7)

where || f/(x)|| denotes the matrix norm of the Jacobian matrix f’(x) of the mapping
S, e, max{|f'(x)h|: h € R" |h| =1}, and J(x, f) its determinant at a point x € D
[here the ratio is equal to 1 if f/(x) = 0]. Furthermore, it turns out that the suprema
in (1.6) and (1.7) coincide; see Theorem 32.3 in [316]. The given three properties
of f form the analytic definition for a quasiconformal mapping that is equivalent to
the above geometric definition; see Theorem 34.6 in [316].

In the light of the interconnection between conditions (1.3) and (1.4), the follow-
ing concept is a natural extension of the geometric definition of quasiconformality;
see, e.g., [204-209]. Let D be a domain in R”, n > 2, and let Q : D — [1,00] be a
measurable function. We say that a homeomorphism f : D — R* = R"J{eo} is a
O-homeomorphism if

MUT) < [ 00)-p" () dm(x) (1.8)
D
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for every family I" of paths in D and every admissible function p for I". This concept
is related in a natural way to the theory of the so-called moduli with weights; see,
e.g., [7,8,228,229,300].

Note that the estimate of type (1.8) was first established in the classical quasi-
conformal theory. Namely, in [190], p. 221, for quasiconformal mappings in the
complex plane, the authors show that

MUT) < [ K@) ddy, (19)
C
where | |
K(Z) = M (1.10)

is a (local) maximal dilatation of the mapping f at a point z. We later used inequality
(1.9) in the study of the so-called BMO-quasiconformal mappings in the plane when

K(z) < 0(z) € BMO; (1.11)

see, e.g., [271-274]. Next, Lemma 2.1 in [26] shows that for quasiconformal map-
pings in space, n > 2,

MUT) < [ Kt f)p"(x) dm(x), (1.12)
D

where K; stands for the inner dilatation of f at x; see (1.16) ahead. Finally, we have
come to the above general conception of a Q-homeomorphism.

An introduction to the main techniques in the geometric theory of quasiconformal
mappings can be found in Chapters 2 and 3.

Chapter 4 is devoted to the basic theory of space Q-homeomorphisms f for Q €
Llloc. Differentiability a.e., absolute continuity on lines, estimates from below for
distortion, removability of isolated singularities, extension to the boundary of the
inverse mappings, and other properties are considered.

Chapter 5 includes estimates of distortion, removability of isolated singularities,
theorems on continuous and homeomorphic extension to regular boundaries, and
other results on Q-homeomorphisms for Q in the BMO class, where BMO refers
to functions with bounded mean oscillation introduced by John—Nirenberg. Results
on Q-homeomorphisms for Q in the FMO class (finite mean oscillation) and in
more general classes are given in Chapter 6. Analogies of the Painleve theorem
on removability of singularities of length zero and applications of the theory of Q-
homeomorphisms to mappings in the Sobolev class Wlé’C" are presented.

Extensions of the quasiconformal theory to ring and lower Q-homeomorphisms
and their applications to mappings with finite length and area distortion are found
in Chapters 7-10. Existence theorems of ring Q-homeomorphisms in the plane case
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are given in Chapter 11. Some results on mappings quasiconformal in the mean
related to the modulus techniques are contained in Chapter 12. Chapter 13 contains
the theory of Q-homeomorphisms in general metric spaces with measures.

The Appendix at the end of the book includes the basic facts in the theory of
moduli themselves.

Throughout this book, R” denotes the n-dimensional Euclidean space, where
we use the Euclidean norm |x| = /32 + ... +x2 for points x = (x1,...,%,). B"(x,r)
denotes the open ball in R” with center x € R” and radius r € (0,), i.e., B"(x,7) =
{yeR": |x—y| < r} and §""!(x,r) is its boundary sphere, i.e., "' (x,r) = {y €
R" : |x —y| = r}. We also let B"(r) = B"(0,r), B" = B"(1), and S"~! = 9B".

In what follows, R” = R"(J{e} is the one-point compactification of R", i.e.,
R" is a space obtained from R” by joining only one “ideal” element oo, which is
called infinity and whose neighborhood base is formed by sets containing the com-
plements of balls in R" together with c. We use in R” = R"| J{c} the spherical
(chordal) metric /(x, y) |7 ( ) —m(y)|, where 7 is the stereographic projection of
R onto the sphere S"(1e,41,3) in R !:

lx =]

h(x,y) = . xFoeoFy, (1.13)
V I+ P T+
h(x,o0) = ——1

\/1+|x|2

Thus, by definition, A(x,y) < 1 for all x and y € R”. Note that A(x,y) < |x—y| for
all x,y € R" and h(x,y) > [x —y|/2 for all x and y € B". The spherical (chordal)
diameter of a set £ C R”" is

h(E) = sup h(x,y). (1.14)
x,yeE

Given a mapping f : D — R" with partial derivatives a.e., f’(x) denotes the Ja-
cobian matrix of f at x € D if it exists, J(x) = J(x, f) = detf’(x) is the Jacobian
of f at x, and |f'(x)| is the operator norm of f’(x), i.e., |f'(x)| = max{|f’(x)h| :
heR" |h| =1} We also let I(f'(x)) = min{|f’(x)h| : h € R",|h| = 1}. The outer
dilatation of f at x is defined by

}j(( if J(x,f) #
Ko(x) =Ko(x,f) = 11ff( ): (1.15)

oo otherwise,

the inner dilatation of f at x by
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e i 9 (x, £) #0,

Ki(x) =Ki(x, f) = 1if f'(x) =0, (1.16)
oo otherwise,

and the maximal dilatation, or in short the dilatation, of f at x by
K(x) = K(x, f) = max(Ko(x),Ki(x)). (1.17)

Note that K;(x) < Ko(x)"~! and Ko(x) < Kj(x)""!; see, e.g., Section 1.2.1 in
[256], and, in particular, Ko(x),Kj(x), and K(x) are simultaneously finite or infi-
nite. K(x, f) < oo a.e. is equivalent to the condition that a.e. either detf’(x) > 0 or

f(x)=0.

Recall that a (continuous) mapping f : D — R" is absolutely continuous on
lines, abbr. f € ACL, if, for every closed parallelepiped P in D whose sides are
perpendicular to the coordinate axes, each coordinate function of f|P is absolutely
continuous on almost every line segment in P that is parallel to the coordinate axes.
Note that, if f € ACL, then f has the first partial derivatives a.e.

In particular, f is ACL if f € Wll)’cl. In general, mappings in the Sobolev classes

Wll(;g , p € [1,00), with generalized first partial derivatives in L{, . can be characterized
as mappings in ACL}:)C, i.e. mappings in ACL whose usual first partial derivatives

are locally integrable in the degree p; see, e.g., [215], p. 8.

Later on, for given sets A, B, and C in R", A(A,B,C) denotes a collection of all
paths 7: [0,1] — R” joining A and B in C, i.e., y(0) € A, ¥(1) € B, and ¥(¢) € C for
all + € (0,1). Moreover, we use the abbreviation A (A, B) for the case C = R”.



Chapter 2
Moduli and Capacity

2.1 Introduction

In this chapter, we mainly follow the notes [201]; cf. also [107, 110, 112]. These
notes are intended to be an introduction to the basic techniques in the geometric the-
ory of quasiconformal maps. The main emphasis is on the concept of the p-modulus
of a family of paths. The purpose is to relate this concept to other definitions of qua-
siconformality. An excellent account can be found in [316]. However, we have tried
to develop the tools of quasiconformal theory beyond the usual Euclidean space
R”. Such a development is rather recent. Quasisymmetric maps were considered by
Tukia and Viisild [311] in metric spaces and quasiconformality was characterized
in local terms by Heinonen and Koskela [112]. The definitions of quasiconformal-
ity and the treatment of their equivalence in R” very much follow the presentation
in [316]. The concept of quasisymmetry is more thoroughly treated in [107]. The
treatment of linear dilatation offers novel features. We hope that graduate students
will find these tools applicable in new situations; see, e.g., Chapter 13.

The theory of quasiconformal maps essentially belongs to real analysis. This is
very evident in Chapters 2 and 5-8, although no hard real analysis is needed.

The reference list is relatively short here. Further references can be found in the
books [107] and [110] and in the paper [112].

2.2 Moduli in Metric Spaces

The length-area method was first used in the theory of conformal mappings. The
name “extremal length” was used by Ahlfors and Beurling; see [5]. The name “mod-
ulus” or “p-modulus” is now widely used. The general theory for the p-modulus and
the connections to function spaces was developed by Fuglede [64]. There is a similar
theory of capacities of condensers.

O. Martio et al., Moduli in Modern Mapping Theory, Springer Monographs in Mathematics,
DOI 10.1007/978-0-387-85588-2_2, (©) Springer Science+Business Media, LLC 2009



8 2 Moduli and Capacity

Paths and line integrals. Let (X, d) be a metric space. A path yin X is a continuous
map Y : [a,b] — X. Sometimes we also consider “paths” y that are defined on open
intervals (a,b) of R. The theory for these is similar.

The length of a path y: [a,b] — X is

n

I(y) = sup Y, d(y(1;), Y(tis1)).
i=1

where the supremum is over all sequences a =1 <t < --- <t, <ty =b. If
the interval is not closed, then we define the length of y to be the supremum of the
lengths of all closed subcurves of y. A curve ¥ is rectifiable if its length is finite, and
a path 7y is locally rectifiable if all of its closed subcurves are rectifiable. However,
usually we assume that all paths are closed and nondegenerate, i.e., ¥([a, ]) is not a
point, unless otherwise stated.

Two important concepts are associated with a rectifiable path v : [a,b] — X: the
length function S, : [a,b] — R and parameterization by arc length. The length
function is defined as

Sy0) =1(1lla.1]),  a<t<b,
and the path ¥: [0,/(y)] — X is the unique 1-Lipschitz continuous map such that
Y=70Sy.

In particular, /(7][0,¢]) =¢, 0 <t <(y), and y is obtained from ¥ by an increasing
change of parameter. The path ¥ is called the parameterization of y by arc length.
For the construction of ¥, see [316].

If y: [a,b] — X is a path, then the set

Yl ={y(t) :t € [a,b]}

is called a locus of the path. Often we shall not distinguish between a path and its
locus, although this is dangerous in many occasions.

We recall that a set J C X is a (closed) arc if it is homeomorphic to some interval
[a,D]. For an arc J, the length (possibly infinite) is well defined: it is independent
of the parameterization of J. In the theory of quasiconformal maps, mostly arcs or
Jordan curves (homeomorphic images of the unit circle) are used, but paths are
important in the theory of nonhomeomorphic quasiconformal maps (quasiregular
maps) since the image of an arc need not be an arc; see, e.g., [210,256,260,328].

Given a rectifiable curve y in X, the line integral over y of a Borel function

p:X —[0,0] is
1(y)
[pds= [ ptr)ar.
b4 0

Sometimes we write this as
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[ las.
Y

If v is only locally rectifiable, then we set

/p ds:sup/p ds,
14 4

where the supremum is taken over all rectifiable subcurves ¥ : [@',b'] — X of y. If
X =R" and a path ¥ : [a,b] — X has an absolutely continuous representation (this
means that each coordinate function ¥ : [a,b] — R, i = 1,...,n, of v is absolutely
continuous), then the line integral over v is

b
[ptro) 7o) dr.

where ¥/(1) = (Y (1), %)) and y(1) = ( (1), 1a(1))-

Let u be a Borel regular measure in a metric space (X,d). Borel regularity
means that open sets of X are ti-measurable and every pi-measurable set is contained
in a Borel set of equal measure. For a given curve family I" in X and a real number
p > 1, we define the p-modulus of I" by

M,(I') = inf/p” du, 2.1)
X

where the infimum is taken over all nonnegative Borel functions p : X — [0,e]
satisfying

/ pds>1

Y

for all (locally) rectifiable curves y € I'. Functions p that satisfy the latter condition
are called admissible functions, or metrics, for the family I".

If X is the Euclidean n-space R” equipped with the usual distance, then the mea-
sure i will be the Lebesgue measure m in most cases.

By definition, the modulus of all curves in X that are not rectifiable is zero. If I
contains a constant curve and the measure u satisfies ({x}) = 0 for all x € X, then
there are no admissible functions and the modulus is infinite. Further, the following
properties are easily verified:

M,(0) =0, (2.2)
Mp(I1) < My (I3) (23)

if I1 C I, and
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M, (U n) < Y My(I). 2.4
i=1 i=1
Moreover,
M,(T") < M,(Ip) 2.5)

if I is minorized by Iy, i.e., each path y € I" has a subpath Y € Ij.
Only (2.4) requires a proof. For (2.4), we may assume that every M, (I7) < ee.
For € > 0, pick an admissible p; for I; such that

/p dp < My(I;) +¢/2'.

Then the function p = (Xp/)!/? is admissible for I' = U I; since p > p; for all
i=1,2,.... Thus,

/p"du Z/ppdy<£+2M
11

Letting € — 0 yields (2.4).

Conditions (2.2)—(2.4) mean that M), is an outer measure on the set of curves in
X.

Remark 2.1. Observe that p needs to be a Borel function [i.e. p~!((a,<0]) is a Borel
setin X for each a € R] since otherwise the above line integrals can be undefined. In
general, measurable admissible functions provide too restrictive a class. However,
if p > 0 is u-measurable, then there exists a Borel function p* such that p* > p
in X and p* = p a.e. with respect to the measure p. This makes it possible to use
U-measurable functions as admissible functions on many occasions.

In general, it is difficult to compute M,(I") for a given curve family I". For ex-
ample, let us compute the p-modulus of a curve family I" that joins the bases of a
cylinder in R”. In R" we use the Lebesgue measure t = m. Let E be a Borel set in
R"~! and let & > 0. Set

={xeR"| (x1,...,%,—1) €EE and 0 <x, <h}.

Then G is a cylinder with bases E and F = E + he,, and height 4. Let I" be the family
of all paths y: [a,b] — R" such that y(¢) € G, t € (a,b), y(a) € E,and y(b) € F

We first make a simple observation:

Lemma 2.1. Suppose that the curves y of a family I" lie in a Borel set A C X and
that 1(y) > r > 0 for each y € I'. Then
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Proof. Set p(x) =1/rforx € A and p(x) =0, x € X \ A. Then p is admissible for
I' and the inequality follows.

Now, we show that in the cylinder

my(r) = ") mG)

(2.6)

where m,_ is the Lebesgue measure in R~

Since I(7y) > h for every y € I', Lemma 2.1 implies that M,(I") < m(G)/h?. Let
p be an arbitrary admissible function for I'. For each y € E, let 9, : [0,h] — R" be
the vertical segment 7, () = y +te,. Then %, € I'. Assuming that p > 1, we obtain
by Holder’s inequality

I3 h

1< /p ds gh”*/p(yﬂen)l’ dt.
% 0

Integration over y € E yields by Fubini’s theorem

h
mn_l(E)ghP*'/dm,,_l/p(y+ten)1’dt:hp”/ppdmghp”/ppdm.
E 0 G

Since this holds for every admissible p, we obtain M,(I") > m,_;(E)/h"~!. The
proof for (2.6) in the case p = 1 is even simpler. g

In general, it is a relatively easy task to obtain upper bounds for M,(I"); here
one admissible p suffices. Obtaining nontrivial lower bounds is usually much more
difficult.

2.3 Conformal Modulus

For quasiconformal maps, the most important modulus is the n-modulus M, (I") in
R", which is a conformal invariant and can also be used on Riemannian n-manifolds.

A diffeomorphism f : Q — Q' between two domains in R” is conformal if at
every point x its derivative f(x) is an orthogonal map, i.e., a homothety. This means
that

(f ()h, f'(x)k) = A(x) (h, k) 2.7

at each point of x € Q for every & and k € R", where A(x) > 0 is a continuous
function on Q. Here (h,k) denotes the inner product of vectors / and k in R”. For
maps f : M" — N" between two n-dimensional Riemannian manifolds M" and N",
(2.7) takes the form
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(D)X, DF(R)Y) 2y = A(x) (X, Y)x (2.8)

at each point x € M for all tangent vectors X and Y in 7,M. Conditions (2.7) and
(2.8) mean that the angles are preserved on the infinitesimal level.
The conformality of f can also be expressed in the form

IF )" =10,  xe€. (2.9)

Here

£/ ()]l = sup [ f'(x)h]
|n|=1

is the sup-norm of the linear map f’(x) : R” — R" and J(x, f) = det f'(x) is the
Jacobian determinant of the n X n matrix of f”(x). Indeed, the linear map f’(x) maps
the unit ball B(0,1) of R” onto an ellipsoid with semi-axis 0 <A} <A <...< A,
and || f'(x)|| = Ay and [J(x, f)| = A1 -.. .- A,. Condition (2.7) gives L = Ay =... = A,
(an orthogonal linear map maps balls into balls). Since the correspondence x —
J(x, f) is continuous and does not vanish, it cannot change sign in €. In the theory of
conformal maps, only sense-preserving mappings, i.c., J(x, f) > 0 a.e., are usually
considered. Then (2.9) can be written without absolute signs. Note that another way
to express (2.9) is || f'(x)|||h] = |f'(x)h]| for all h € R™.

For n =2, (2.7) or (2.9) leads to the usual definition of a conformal map: A
diffeomorphism f : D — D' between two plane domains D and D' is conformal if f
has a “conformal” derivative at every point x € D, i.e., f'(x) is a sense-preserving
homothety of the complex plane.

Theorem 2.1. If f : Q — Q' is conformal, then

Mn(r) :Mn(fr)

for each curve family I' C Q (for the measure U, the Lebesgue measure is used).

Proof. If p is an admissible function for I, then it is easily seen (this computation
is done in the proof of Theorem 2.12 ahead) that

/p DI @I x> [ pds>1

for

forall y € I', so that p(f(x)) || f'(x)| is admissible for I". Thus,

M(r) < [ p"(700) £ d. 210
Q

Using the change of variables in the right-hand side of (2.10) and the conformal-
ity condition (2.9), we transform the integral into
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o) a.
&

This shows that M, (I") < M, (fI"), and the rest follows by symmetry. O

Remark 2.2. The n-modulus is often called the conformal modulus. In the literature
the extremal length defined as 1/M,,(I") is also used.

Remark 2.3. In the plane the 2-modulus is a frequently used powerful tool in the
study of conformal maps. In particular, it can be used to prove results like “a confor-
mal map f : B(0,1) — R? has radial limits on dB(0, 1) except on a set of 2-capacity
zero.”

2.4 Geometric Definition for Quasiconformality

There are many equivalent ways to define quasiconformal maps. The one given in
(1.3) is the strongest in the sense that many properties of quasiconformal maps can
be derived rather directly from the definition and that it is impractical to check the
quasiconformality of a given map by using (1.3). In particular, it follows from (1.3)
that /' : Q" — Q is K-quasiconformal as well.

We shall discuss other definitions later, also those that generalize the notion of
quasiconformality to spaces where modulus is not available. In particular, it would
be useful to have a definition for quasiconformality that has a purely local character
as in the case of conformal maps. Indeed, such definitions exist and are usually
based on (2.9). There are also slightly different definitions based on metric concepts
that will be discussed in Sections 2.8 and 2.10.

For a diffeomorphism f : Q — Q’, when both f and f~! belong to C!, condition
(2.9) can easily be relaxed, which also leads to a definition for quasiconformality.
Set

Ko(f' () = IF "/ V) Ki(f @) = P A/ )",

where [(f'(x)) = inf{|f"(x)h| : |h| = 1} = A is the so-called minimal stretching of
f'(x). Note that
Ko(f'(x) =X/ M = Ki(f'(x))

for n = 2, but these numbers are, in general, different for n > 3. Set

MﬁzmqumwwxmmmwQ.

xeQ xeQ

The number K(f) € [1,0] is called the maximal dilatation of the diffeomorphism

f.
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The same reasoning as in the proof of Theorem 2.1 yields the following result.

Theorem 2.2. Suppose that f : Q — Q' is a diffeomorphism with K(f) < eo. Then
[ satisfies (1.3) with K = K(f), i.e., f is K(f)-quasiconformal.

Example 1. Let f: R? — R?, f(x) = (x1,Kx2), x = (x1,x2), K> 1. Then fisa
linear map and K(f) = K. In general, every nondegenerate linear map f : R" — R”
is quasiconformal.

Remark 2.4. The converse of Theorem 2.2 is also true: If a diffeomorphism f sat-
isfies (1.3), then the maximal dilatation K(f) of f satisfies K(f) < K. The class of
C'-qc maps is not closed under locally uniform convergence. Hence, it is natural
to study more general classes that also include nondiffeomorphic quasiconformal
mappings.

2.5 Modulus Estimates

As we noted above, the p-modulus of a path family is difficult to compute exactly
in most cases. However, in some cases the calculations are possible.

Lemma 2.2. Let B(xo,r) be the open ball centered at xo € R" and radius r > 0. Let
I be the family of all paths 7y : [a,b] — A, where A is the open annulus

A = B(x0,R) \ B(xo,7), R>r,
with y(a) € dB(xo,r), Y(b) € dB(xo,R). Then
1—n
M,(I') = 0y (log R) )
,

where @, is the area of the unit sphere dB(0,1) in R".

Proof. The function
R\ B
) = (108 ) ol

restricted to A is admissible for I" and, thus,

R —n R R 1-n
M (T) < /p"(x) dx— <logr) / /fldrdw — 01 <logr> .
A sn—=1r

On the other hand, if p is an arbitrary admissible function for I" in A, then for
each point @ on the unit sphere $”~!, we have



2.5 Modulus Estimates 15

R In / p (n—1)/n
1< /p(xo+ta))dt < /p(x0+ta))”t”*1dt /F'dt
| r
Hence,
R 1-n

/p(»u>ahlo%r) .
A

This completes the proof. d

Remark 2.5. The p-modulus of the path family joining the boundary components of
an annulus can be computed exactly for any p > 1, i.e.,

— p=-1 —n —n
My(r) = oo (B0 R -
P

if p#n, p> 1.Inthe case p =1, we have

I-p

M(T) =@, 11",
i.e., M (I") is the area of the inner sphere. The computation is similar to the proof
of Lemma 2.2; it is only necessary to guess the right admissible function; see [110].

Remark 2.6. The paths y in Lemma 2.2 need not lie in A. One can as well assume
that y : [a,b] — R" and the result is the same; see (2.3) and (2.5). Also, it is not
necessary to consider all paths that join the boundary components of A: The radial
rays emanating from xo and restricted to A are enough.

Corollary 2.1. Let I" be a family of (nonconstant) paths y in R" such that each y
meets a fixed point xo € R". Then M,(I") = 0.

Proof. Fix r > 0 and consider the annulus
A; = B(xo,7) \ B(x0,7/i), i=2,3,....

Let I;(r) be the family paths ¥ in I' that have a subpath whose endpoints lie in dif-
ferent boundary components of A;. Then by (2.5) and Lemma 2.2 (see also Remark
2.6),

M, (L(r)) < @, 1(logi)' ™" — 0 as i— oo,

If I"(r) is the family of all paths y € I that meet dB(xo, r), then
0< M, (I (r)) <Mu(L;(r), i=12,...,
and hence M,,(I"(r)) = 0. The claim now follows from (2.4) because

mwmm{@nm) zM (/)

j=1
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O

Remark 2.7. Corollary 2.1 remains true for 1 < p < n but is false for p > n.

Example. Consider the radial mapping f : R” — R”, f(x) = |x|* 'x, where 0 <
o < 1. Then f is a homeomorphism of R” and a diffeomorphism of R"\ {0} onto
itself. Although f is not C' for @ < 1 (f is a-Holder only), £~! is in C' (R"). Let
x # 0. Then it is easy to see that f’(x) maps B(0, 1) onto an ellipsoid with semi-
axes 1/a and a'™" and we obtain from Theorem 2.2 that the mapping f|R"\ {0}
is o' ~"-quasiconformal. Now the mapping f is o' ~"-quasiconformal because by
Corollary 2.1 the n-modulus of any path family passing through 0 is zero and, thus,
f satisfies (1.3 ).

The most important modulus estimate in the theory of quasiconformal maps is
the so-called Loewner estimate. We transfer it here in a general context of metric
spaces.

Let (X,d) be a metric space with a Borel measure as before. For each real number
n > 1, we define the Loewner function @, : (0,) — [0,0) of X as

D, (1) = Dx ,(t) =inf {M,(I"(E,F;X)): A(E,F) <t},
where E and F are disjoint nondegenerate continua in X with

B dist(E,F)
~ min{diam E,diam F}

A(E,F)

and I'(E, F;X) is the family of all paths that join E to F in X. The number A (E, F)
measures the relative position of £ and F in X.

If one cannot find two disjoint continua in X, it is understood that ®x ,(z) = 0.
Recall that a continuum is a compact connected set, and a continuum is nondege-
nerate if it is not a point and not empty; we shall assume that all continua are
nondegenerate.

By definition, the function @, is decreasing.

A pathwise connected metric measure space (X, 1) is said to be a Loewner space
of exponent 7 , or an n-Loewner space, if the Loewner function CDX7,1(t) is positive
for allr > 0.

Note that the positivity of the Loewner function alone does not imply that the
space X in question is pathwise connected; for instance, X can be a disjoint union
of a Loewner space and a point.

In a Loewner space one finds a lot of rectifiable paths joining two disjoint con-
tinua, and the plenitude of paths is quantified by the function @,. In particular, a
space without rectifiable paths, such as (R”, |x — y|'/?), cannot be a Loewner space.
Also, notice the scale invariance of the condition.

The use of the exponent n in the definition is based on the result of Loewner
[192].
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Theorem 2.3. R" is an n-Loewner space.

We shall come to the proof of this result in Chapter 10.
Remark 2.8. In R" the function @, has the following asymptotics:
@, (1) ~ (log1)! ™", t — oo,

D,(t) =~ log(1/t), t—0.

The constants involved in these estimates depend only on n. For n = 2, the function
@, has a representation in the form of an elliptic integral; see [190].

2.6 Upper Gradients and ACCp Functions

One of the most important properties of a C!-function u defined in a domain Q of
R" is that it can be recovered from its derivative. More precisely,

1(y)
) ~u(y) = [Vueds = [ (Vu(3().75)) ds, @.11)

Y 0

where 7 is any rectifiable path in  with endpoints x and y and ¥ is the representation
of y by arc length. Now (2.11) leads to

) ~u(y)| < [ |Vul s (2.12)
Y

As we will soon see, inequality (2.12) is almost as useful as equality (2.11).
We first extend (2.12) to a metric space. Let (X, d) be a metric space and u : X —
R. A Borel function p : X — [0,] is said to be an upper gradient of u if

|u(x) —u(y)| < /p ds (2.13)
Y

for each rectifiable path 7y joining x and y in X.

Every function has an upper gradient, namely p = oo, and upper gradients are
seldom unique. Note that p = oo could be the only upper gradient in the case! The
constant function p = L is an upper gradient of every L-Lipschitz fucntion, but this
is rarely the best choice. A constant function has an upper gradient p = 0.

If X contains no nontrivial rectifiable paths, then p = 0 is an upper gradient of
any function. It follows that upper gradients are potentially useful objects only if the
underlying space has plenty of rectifiable curves.
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It is well known that, for a function u : [a,b] — R, a necessary and sufficient
condition for

u(x) = u(a) + / d(0)dt, x € [a,b], (2.14)

is that u is absolutely continuous. Unlike conformal maps, quasiconformal maps can
be rather irregular. For this purpose an absolute continuity property in R” is needed.
This idea goes back to Tonelli [absolute continuity in the sense of Tonelli (ACT),
nowadays absolute continuity on lines], and the idea from a different point of view
was developed by Sobolev. In general, absolute continuity in R” for n > 2 is much
more problematic than in intervals [a,b] C R. Here we develop the theory in a metric
space X; for X = R", this leads to the aforementioned theories.

Let y be a path in a metric space X and let /(y) denote the length of y. A function
u is said to be ACC,, or absolutely continuous on p-almost every curve if uoy is
absolutely continuous on [0,/(y)] for p-almost every rectifiable arc-length parame-
terized path yin X.

Next assume that 1 is a Borel regular measure in X. The following definition is
due to [38] and [291] and is a weakening of the concept of upper gradient.

Let u be an arbitrary real-valued function on X, and let p be a nonnegative Borel
function on X. If there exists a family I" C I;ec; such that M,(I") = 0 and inequality
(2.13) is true for all paths yin Iee \ I', then p is said to be a p-weak upper gradient
of u. If inequality (2.13) holds for p-modulus almost all paths in a set A C X, then
p is said to be a p-weak upper gradient of z on A. As the exponent p is usually
fixed, in both cases p is simply called a weak upper gradient of u. Here I denotes
the family of all rectifiable paths y: [a,b] — X.

While the notion of upper gradients does not involve measures or the notion of
p-modulus (and hence is independent of the index p), the notion of p-weak upper
gradient is strongly dependent on the measure and concept of p-modulus.

Let N'?(X) = N'“P(X,d, i) be the set of all functions u : X — R that belong to
LP(X), p> 1, and have a p-weak upper gradient p € LP(X).

Note that N'7 is also a vector space since if o, 8 are real numbers and uy,u, €
N7 with respective weak upper gradients py, p2, then |ot|p; +|B|p2 is a weak upper
gradient of auy + Buy. Given a function u in N7, let

lellgnp = llellr +intflp 2o,

where the infimum is taken over all p-integrable weak upper gradients p of u.
It is easy to see that || - |51, satisfies the triangle inequality:

iz < llullgr +Vilxee -

Given functions u,v in N7, let u ~ v if ||u — v||1,, = 0. It can easily be seen
that ~ is an equivalence relation, partitioning N'*” into equivalence classes. This
collection of equivalence classes under the norm of N'7 is a normed vector space.
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The Newtonian space corresponding to the index p, 1 <p <oo,
denoted N'7(X), is defined to be the normed space N'”(X,d, it)/ =, with the norm
ullyrp = [laell1.0-

If u,v are functions in N'-7, then the functions min{u, v}, max{u,v}, and |u| are
also in N'7. This follows from the corresponding properties of absolutely contin-

uous functions. Thus, N'”(X) also enjoys a lattice property. Also, if A > 0, then
min{u, A} is in N7, and if A < 0, then max{u, 2} is also in N7

The following lemma clarifies the connection between ACC,,-functions and func-
tions in N7

Lemma 2.3. If u is a function in N'P, then u is ACC,,.

Proof. By the definition of N'7| u has a p-integrable weak upper gradient p. Let I”
be the collection of all paths in I for which inequality (2.13) does not hold. Then,
by the definition of weak upper gradients, M,(I") = 0. Let I3 be the collection of all
paths in I that have some subpath belonging to I". Then,

My (I3) < My(I") = 0.

Let I3 be the collection of all paths y in I} such that fypds = oo, As p is p-
integrable, M, (I3) is zero. Hence, M,,(I7 UT3) is zero. If y is a path in ;e that is
not in I7 U T3, then y has no subpath in I3, and hence for all x,y in |y/,

ju(v) ~ ()| < [ pds <.
Yoy

Hence, if (a;,b;), i = 1,2,...,m, are disjoint intervals in [0,/(7)], then

X o) —u(ra) < [ p(r)ds,
' U(a;,bi)
and this clearly shows that u o y is absolutely continuous on [0,/(7)], as required.
Thus, u is absolutely continuous on each path yin Ite \ (IT UT3). |
Note that the above lemma remains valid if the function u is required only to have
a p-integrable upper gradient, without itself being p-integrable.

By Lemma 2.3, the space N'* consists of ACC ,-functions u such that u € L”(X)
and u has a p-weak upper gradient p € L”(X).

Next we prove a couple of lemmas that provide some further information on
pointwise behavior of functions in N7

Lemma 2.4. Suppose u is a function in N''7 such that ||u||» = 0. Then the family
I' ={y € Liect : u(x) #0 for some x € |y|}

has zero p-modulus.
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Proof. Since |jul|rr = 0, the set E = {x € X : u(x) # 0} has measure zero. Given
CCX,set

It ={y € Leet : [YINC # 0}

and
FC+ ={ye€I¢:y meets C ina set of positive length}.
With this notation,
=1 UE\T).

The subfamily I, can be disregarded since
Mp(T") < leo- x£|lr = 0.

Note that the set £ need not be a Borel set, but it can be replaced by a Borel set
E* including E such that u(E* \ E) = 0 and hence the function g can be replaced
by xe+, which is a Borel function. Thus, - yg+ is an admissible function for I;".

The paths yin I\ I}; intersect E only on a set of linear measure zero, and hence
with respect to linear measure almost everywhere on Y the function u takes on the
value of zero. By the fact that y also intersects E, u is not absolutely continuous on
7 since u is not even continuous on y. By Lemma 2.3,

M,(Tx\T;") =0,
yielding M,(I") = 0. O
This lemma indicates that functions in N7 are well defined outside a small set.
For example, not all sets E of zero measure in R” have the property that the p-
modulus of the family Iz is zero; hence, unlike L”-functions, Newtonian functions

on R” cannot be arbitrarily changed on sets of measure zero. The above lemma
yields the following:

Corollary 2.2. Ifuy,uy are two functions in N'P(X) such that |uy —uy || .» =0, then
uy and uy belong to the same equivalence class in N'P(X).

We shall not prove the following result of N. Shanmugalingam [291]; in fact, we
do not need this result; see also [38] for a slightly different approach.

Theorem 2.4. The space NP (X) with the norm || ||y, is a Banach space.

The concepts of capacity and modulus are interlocked in some situations. Let
E,F C X. We define the p-capacity of a condenser (E,F) = (E,F;X) as follows:

cap,(E,F) :inf/pp du, (2.15)
X

where the infimum is taken over all upper gradients of all real-valued functions u on
X such that u|E < 0 and u|F > 1. Notice that no regularity assumption is made on
u.
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Next let (E, F) also stand for the family of paths 7y that join £ and F in X.
Theorem 2.5. cap,,(E,F) = M,(E, F).

Proof. If u is a function on X with u|E < 0 and u|F > 1, and if p is any upper
gradient of u, then

1< ) —u()| < [ pds
Y

for any rectifiable path 7y joining a point x € E and a point y € F. Therefore,
My(E,F) < cap,(E,F).

On the other hand, if p is an admissible function for the family (E, F), then define

u(x) = inf/p ds,
T

where the infimum is taken over all paths 7, joining E to the point x in X. Then
ulE =0, ulF > 1, and p is an upper gradient of u. Indeed, let xp,yo € X and let ¥
be a path joining xo to yo. Assuming u(yo) > u(xp), we have

[u(yo) —u(xo)| = u(yo) —u(xo) = inf/p ds—inf/p ds
%o Y

ginf/pds+/pds—inf/pds=/pds
Y bl

Yxo Yo

because the path ¥y, + ¥ for each path ¥, joins E to yo. The case u(yo) < u(xo)
follows by symmetry. This implies that cap,(E,F) < M,(E,F) and the theorem
follows. g

Remark 2.9. If X = R", then it is easy to see that the function « in the definition of
the p-capacity can be assumed to be measurable provided that £ and F are com-
pact and disjoint (note that an upper gradient is a Borel function). Since u can be
truncated so that u(x) € [0,1], we may assume that u is locally integrable in this
case. With some extra work the function # can be made continuous, or even locally
Lipschitz; see [107,291].

2.7 ACC, Functions in R" and Capacity

It turns out that in R" a much weaker condition implies the ACC,, condition. Such a
condition is provided by the class of ACL or ACL? (ACL = absolutely continuous
on lines) functions.
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Denote R? ! = {x € R"|x; = 0}. Furthermore, let ; be the orthogonal projection
of R" onto R"~!. Explicitly, Px = x — x;e;.

Let Q = {x € R"|a; < x; < b;} be a closed n-interval. A mapping f: Q — R is
said to be ACL (absolutely continuous on lines) if f is absolutely continuous on
almost every line segment in Q, parallel to the coordinate axes. More precisely, if
E; is the set of all x € P,Q such that the mapping t — f(x +te;) is not absolutely
continuous on [a;,b;], then m,,_1(E;) =0 for 1 <i<n.

If U is an open set in R”, a mapping f : U — R is called ACL if f|Q is ACL for
every closed n-interval Q C U.

If D and D" are domains in R”, a homeomorphism f : D — D’ is called ACL if
each coordinate function f; of f = (fi,..., f,) is ACL.

An ACL mapping f: U — R (or [—oe,00]) is said to be ACL?, p > 1, if f is
locally LP-integrable in U and if the partial derivatives d;f (which exist a.e. and are
measurable) of f are locally L”-integrable as well.

A homeomorphism f : D — D' is ACL? if each coordinate function of f is ACL”.

Observe the following differences in the definitions of ACL” and ACC,, func-
tions: In the space N'? the functions u and their p-weak upper gradients belong to
LP(X). For the ACL? functions in an open set U C R", this is required only locally.

Smoothing of functions. Here we have collected some (standard) approximation
results; see [110,316,339].

Theorem 2.6. Suppose that f : U — R, U C R" open, is ACL?. Then there is a
sequence of functions f; € C Y(U) such that for each compact subset F C U, f = f
in LP(F) and 0;fj — d;f in LP(F) for eachi=1,2,...,n.

Remark 2.10. The proof of Theorem 2.6 is based on the standard convolution ap-
proximation of f.If f,d;f € L?(U) and the approximation is needed in L” (U), then
the proof is much more difficult.

Remark 2.11. If f € C(U) [then f € LP(F) for each compact set F C U and each
p > 1], then f; can be chosen so that f; — f uniformly on each compact subset of
U.

Our aim now is to show that an ACL? function is actually absolutely continuous
on a p-a.e. path. This is a theorem of Fuglede [64]. We start with a lemma that we
formulate in a general metric space X.

Lemma 2.5. Suppose that E is a Borel set in X and that fi : E — [—oo,00] is a
sequence of Borel functions that converge to a Borel function f : E — [—ec, o] in
LP(E). Then there is a subsequence fy,, fi,, - .. such that

/\fkj — flds —0 (2.16)
Y

for all rectifiable paths y in E, except possibly for a family I" such that M,,(I") = 0.
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Proof. Choose a subsequence (fy;) such that
[ iy = firdm < 27ire,
E

Setgj =] Je, — f |, and let I" be the family of all rectifiable paths y such that y C E
and [, g;ds + 0. We show that M,(I") = 0.

Let I be the family of all rectifiable paths y in E such that fy gjds > 27J. Then
2/g; is admissible for I} if we define g;(x) = 0 for x ¢ E. Thus,

M,(I;) <2p1/gpdm<2 I,

On the other hand, I C J7_; T for every i = 1,2,.... Hence,
My(I) < Y M, <22 =il

forevery i =1,2,.... Consequently, M, (I") = 0. O

Remark 2.12. Lemma 2.5 has an important consequence: If p; is a Cauchy sequence
of nonnegative Borel functions in L” coverging to a Borel function p in L?, then
there is a subsequence p;, such that for p almost every path yin I'te,

hm/p,de— /pds < oo,

Y

We formulate the Fuglede theorem for continuous functions only (quasiconfor-
mal mappings are continuous). However, it holds for general ACL? functions.

Theorem 2.7. (Fuglede’s theorem). Suppose that U is an open set in R" and that
f:U — Ris continuous and ACLP. Let I be the family of all rectifiable paths in U
on which f is not absolutely continuous. Then M,(I") = 0.

Proof. We express U as the union of an expanding sequence of open sets U; such
that each U ; is a compact subset of U. Let Ij be the family of all paths y € I" such
that y C U;. Then I' C U T}, whence

My() < 3 M (T)).

It thus suffices to prove that M, (I’;) = O for an arbitrary fixed j.

By Theorem 2.6, there is a sequence of C!-functions f; : U — R such that f; — f
in L”(U ;) and such that d;fy — d;f in LP(U ), 1 <i < n. Passing to a subsequence,
we may assume, by Lemma 2.5 and by the fact that partial derivatives of a continu-
ous function are Borel functions, that
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[1ausi—ausl as o
Y

for all 1 <i < n and for all rectifiable paths y in U; except for a family Iy with
M,(Iy) = 0. We show that I'; C Iy, which will prove that M, (I’;) = 0.
Suppose that y € I3\ Iy. Let 8 : [0,c] — U, be the parameterization of y by arc

length. We write
= Z Bi(t)e:
i=1

Since f; o B is absolutely continuous, we have for every 0 <7 < ¢,

filB@) = A(BO) = [ (o) (w) du @17)
0

dife(B(w)) Bi () du

|
o .
M=

i=1

Here |B/(u)| < |B’(u)| = 1 for almost every u € [0,c|. As k — oo, the left-hand side
of (2.17) tends to f(B(¢)) — f(B(0)); see Remark 2.11. On the other hand,

/Zafk )) B (u du—/zaf () du

|0:fe(B () = if (B(w)] B (u)] du

IN
M=

Il
R

=e— O~

M:

|0ifx — O f| ds — 0.

—

Hence, (2.17) yields

1B~ 5 BO) = |3 s (B ) Bllw) du @.18)
0

As an integral, f o 3 is absolutely continuous. In other words, f is absolutely con-
tinuous on 7. Since y € I'; C I', this is a contradiction. O

Remark 2.13. By Theorem 2.7, every continuous ACL? function is ACC, in U if
Vu € LP(U). Note that from (2.18) it follows that p = |Vu| is a p-weak upper gradi-
ent of u. If u is not continuous (only ACL?), the function p can be taken as a Borel
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function since for each measurable function v : U — [0, o], there is a Borel function
p:U — [0,00] such thatp >vand p =va.e.

2.8 Linear Dilatation

Let (X,d) be a metric space. For x € X and r > 0, let B(x,r) be the open ball {y €
X :d(y,x) < r} centered at x and radius r. Let (Y,d’) be another metric space and
f:X —Y amap. Forx € X and r > 0, we set

L(x, f,r) =sup {d'(f(y). f(x)) : y € B(x,r)}

and
I(x, f,r) =inf {d'(y, f(x)) :y € Y\ B(x,r)}

and H(x, f,r) = L(x, f,r)/l(x, f,r). Note that when L(x, f,r) =0 = I(x, f,r), we
put H(x, f,r) = oo; we also interpret inf @ = 0. The linear dilatation of f at x is
defined as
H(x, f) =limsupH (x, f,r).
r—0

It has turned out that H (x, f) is difficult with maps f between two metric spaces:
The concept should be replaced by a more global concept called quasisymmetry.
This will be studied in Chapter 10. However, the linear dilatation is one of the basic
concepts for homeomorphisms between two domains in R": A homeomorphism
f:D — R" for a domain D C R" is quasiconformal if and only if H(x, ) < C < oo
at every point x € D. This chapter is devoted to the study of the implications of
various boundedness conditions on H (x, f).

Let Dbe adomainin R",n > 1, and f: D — R" a homeomorphism (embedding).
Forx € D and 0 < r < d(x,dD), we have

L(x, f,r) = sup {|f(y) = f(x)| : y € IB(x,r)}

and

I0x, fr) = inf{[f(y) = f(¥)] - w € IB(x,r)}.
Now at every point x € D, H(x,f) € [1,0] and if f is differentiable at x, then
H(x, /)=l ()I/1(f'(x)) = A /A provided that [(f’(x)) > 0. Here A, =1(f(x)) =

infj,_ [ f'(x)h] is the “minimal stretching” of the linear map f’(x); see Section 2.2.

Mappings with H (x, f) < oo a.e. If a homeomorphism f : D — R” satisfies H (x, f) <
o a.e. in D or even esssup H(x,f) < oo, then f need not be ACL. An exam-
ple is constructed from the Cantor staircase function g : [0,1] — [0,1], i.e., g is
a continually increasing function onto [0, 1] with the property g’(x) = 0 for a.e.
x€[0,1]. Let g(x) =0, x <0, and g(x) = 1, x > 1. Now f : R? — R? defined as
f(x,y) = (g(x) +x,y) is a homeomorphism with H (x, f) = 1 a.e., but f is not ACL.
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Note that the mapping f is not quasiconformal in the sense of the definition in
Chapter 3. To see this, let I' = {{x} x [0,1] : x € C}, where C C [0, 1] is the Cantor
1/3-set. Now M, (I") = 0O since the function p(x) = e, x € C x [0,1], p(x) =0
otherwise, is admissible for I", but

/p%uzo
R2

because m(C x [0, 1]) = 0. On the other hand, g maps the set C onto a set of positive
linear measure; in fact, m; (¢C) = 1, and the same is true for the map x — g(x) + x.
Thus,

ST =y} x[0,1]:y €A}

and A is a Borel set with m;(A) > 0. By the example in Section 2.1, M>(fT") > 0,
which contradicts (1.3).

The case n = 1 is of special interest. An increasing homeomorphism f: R — R
is called K-quasisymmetric if it satisfies

1 fer) - 1)
K= Fo)—fan =X

forallx € Rand 7 > 0. If f is K-quasisymmetric, then H (x, f) < K for all x € R. Now
Ahlfors and Beurling [5] constructed for each K > 1 a K-quasisymmetric mapping
f that is not absolutely continuous. For more striking examples of such mappings;
see [309]. Hence, no boundedness condition on H (x, f), except H(x, f) = 1, implies
the absolute continuity for quasisymmetric maps.

(2.19)

Remark 2.14. Quasisymmetric maps on the line form an important class of map-
pings. If f : R? — R? is quasiconformal and maps the real axis R onto itself (and is
increasing there), then f|R is quasisymmetric. Conversely, every K-quasisymmetric
map f: R — R can be extended to a K>-quasiconformal map f* : R> — R?; see [1].

Although a homeomorphism f with H(x, f) < e a.e. can be irregular, it still has
some nice properties.

Theorem 2.8. Suppose that a homeomorphism f : D — R" satisfies H(x, ) < e a.e.
in D. Then f is a.e. differentiable.

Proof. Fix an open set G CC D and let ®(E) = |f(E)| for each Borel set E C G.
Here, and in the following, |A| means the Lebesgue measure of a set A C R". Then
& is a finite Borel measure on G and hence has a finite derivative

1) — i 2BE:T)
P I Tt

atae.xcG.
Now at almost every point x of G, @' (x) exists and H (x, f) < . Fix such a point
x.Lety € G with 0 < [x—y| <d(x,dG). Now
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(=) = (Germg) ()

H(x, f,]y —x[)" @(B(x, [y —x)/|B(x, |y = x])|.

Letting y — x, we see that

fimsap /0) = /@)

<H(x,f) @' (x)'/" < oo,
mst ] (x, f) @'(x)

By the Rademacher—Stepanov theorem (see, e.g., [316]), the mapping f is a.e.
differentiable in G and the theorem follows. O

Theorem 2.9. Suppose that H(x, f) € L} (D), s € [1,0], for a homeomorphism f :
D —R". Then f' € L (D) withp=sn/(n—1+s)and p=nifs= .

loc

Proof. We may assume that f is sense-preserving. Since H(x, ) < oo a.e. in D,
Theorem 2.8 implies that f”(x) exists a.e. If f is differentiable at x and H (x, f) < oo,
then an elementary argument shows that

£ ()" < Hx, )" I (x, f), (2.20)

where J(x, f) is the Jacobian of f, i.e., the determinant of f’(x); see Section 2.2.
Fix an open set G CC D. For s < o, (2.20) and the Holder inequality imply

[Ir@iras < [HproD. prinas
G G

r (n=p)/ p/n
< /H(x, f)P=D/n=p) gy /] x, f)d
G
(n=p)/n
< | [Heprar| QP <o,
G
as required. For s = oo, the proof is similar. Note that the inequality
[1t.p)ax< 15
G
always holds for an a.e. differentiable homeomorphism; see, e.g., [246]. O

Linear dilatation and ACL. Here we prove a recent result in [146]; the result is an
extension of an earlier result due to Gehring [65].

Theorem 2.10. Suppose that a homeomorphism [ : D — R" of a domain D C R"
into R" and s € (1,0] satisfy the conditions:
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@s>n/(n—1);
(b) H(x, f) < oo for each x € D;
(©) H(x, f) € L. (D).

Then f is ACL.

Remark 2.15. In (b) it suffices to assume that H(x, f) < e for each x € D\ S, where
S has o-finite (n — 1)-dimensional Hausdorff measure. Note that condition (a) rules
out the case n = 1.

Proof. Pick a closed cube Q CC D whose sides are parallel to the coordinate axes
and write Q' = (1/2)Q for the cube with the same center as Q and side length half
of that of Q. In order to show that f is ACL, it suffices to show that f is abso-
lutely continuous on almost every line segment of Q' parallel to the coordinate axes.
Renormalizing, we may assume that Q = [—2,2]" and by symmetry it is sufficient to
consider segments parallel to the x,-axis. Let P : R” — R"~! denote the projection
P(x) = x—x,-e, and for y € P(Q) C R"! write I = I(y) = Q' NP~ (y) for the line
segment parallel to the x,-axis in Q'.
Next, for a Borel set E C P(Q), one gets

@O(E) = |f(@NP ' (E))| < |f(Q)] <.

Then @ is a finite Borel measure in P(Q) and hence has a finite derivative @’(y)
for almost all y € P(Q"). We choose y € P(Q') such that (1) @'(y) exists and (2)
H(x, f) € L*(I(y)). The last assertion follows from the Fubini theorem. It suffices to
show that f is absolutely continuous on I(y).

To this end, let F C I(y) be a compact set. For each k =0, 1,..., set

Fo={xcF:2F<H(x, f) <2k},

Then Fj is a Borel set and F = U Fy. Note also that H(x, f) > 1 for every x. We first
derive the following estimate

AV (fF) < 2k (B) D, (2.21)

where ¢ = (22"t ®/(y))!/". Here 7" stands for the 1-dimensional Hausdorff mea-
sure, i.e., 7 (S) is the length of the set S in R”.
For (2.21), fix k and, for each j = 1,2,..., consider the set
Fj={x€F :L(x, f,r)" <2"&D| £B(x,r)|/Q, for 0 <r< 1/},

where ©, = |B(0,1)|. The sets Fj ; are Borel sets and Fj ; C Fy j+1 with
F=J F;- (2.22)
j=1

To see (2.22), let x € F. Then H(x, f) < 2k+1 and, hence, there is a J such that
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L(x, f,r)/1(x, f,r) < 2571

forall 0 < r < 1/ and we obtain
Lix, fr)" <201, £yt < 27D £B (e r)| /20

This shows that x € F ; and (2.22) follows.

By the monotonicity and (2.22), it suffices to prove (2.21) for F; ; instead of
Fy. Fix j and let F’ be an arbitrary compact subset of Fy j. Let € > 0 and 7 > 0.
The continuity of the mapping (x,r) — L(x, f,r) gives 6, 0 < 6§ < 1/, such that
L(x, f,r) <t/2for0<r< 6 andforall x € F'.

Next we use a Besicovitch-type covering lemma in R: If C C R is a compact set
and €,0 > 0, then there are 0 < r < 6 and points x; € C, i = 1,...,[, such that

Ui—rxi+r)DC,  Ir<#'C)+e

and each x € R belongs to at most two different intervals (x; — r,x; + r). This gives
a covering F’ by a finite number of balls B; = B(x;,r), 0<r <96, i=1,...,1,
where (i) x; € F', i=1,...,[, (i) each point of R" lies in at most two B;, and (iii)
Ir < 2" (F'") + €. Note that the renormalizing condition gives

B;C QNP (B), (2.23)

where B = B"~!(y, r).
The sets f(B;) cover f(F') and

diam(fB;) < 2L(x;, f,r) <t
Hence,

!
Z diam(fB;),

where
la) = inf {) diam(A;) : UA; D A, diam(4;) <1},

and the Holder inequality together with the definition of F; ; yields

" i
A (FFY" (zdlam fB; ) gl"*‘zdiam( fB)" (2.24)

ln 12i12n(k+l
<y ZL(xi,f, )" < Z |/Bi| -
i=1

Since f is a homeomorphism, we obtain from (ii) and (2.23) that

2|fB| <2 UfB

i=1

< 20(B).
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Thus, (2.24) and (iii) yield
%1 (fF/)n < 2n(k+2)+1 (%1 (FI) + g)nfl (I)(B)/mn,1 (B)
< 2n(k+2)+1 (%1 (Flﬂj) + 8)"71 d)(B)/mn_l (B)

Since S (fF') — A (fF') as t — 0, letting first r — 0, then & — 0, and finally
t — 0, we obtain

AN (fF) < 2" DTN (F ) (). (2.25)

Now F’ is an arbitrary compact subset of F ;. Hence, (2.25) holds for Fj ; on the
left-hand side of (2.25). This leads to estimate (2.21).
Since fF =U fF, (2.21) implies

HVfF) <Y AV (fR) <Y 25" (F)D/m, (2.26)
The sets Fy, k= 1,..., are disjoint and hence the integral estimate
Z 285N () / H(x,t)"dx, (2.27)
k=0

is elementary. By (2.26), (2.27), and the Holder inequality, we obtain

- (n—1)/n - 1/n
AVfF) < ¢ <2 2ks ! (Fk)> (2 2’<<”<"”)> (2.28)
k=0

k=0
(n-1)/n

;F/H(x, F)dx, ,

where c; depends only on n,s, and @' (y). Note that the series

i Sk(n—s(n—1))
k=0

converges because s >n/(n— 1) and hence n —s(n— 1) < 0. Inequality (2.28) shows
that f is absolutely continuous on /(y), as required. O

Corollary 2.3. Under the conditions of Theorem 2.10, f is a.e. differentiable and
freLf (D), p=sn/(n—1+s). In particular, f is ACL.

Corollary 2.4. Suppose that f : D — R" is a homeomorphism such that H(x, f) <
¢ < oo at every point x € D. Then f is differentiable a.e. and ACL".

Remark 2.16. Let f : D — R" be as in Corollary 2.4. Then f is not only ACL" but
ACL? for some p = p(n,c) > n. This is the well-known result due to Bojarski [27]
for n = 2 and Gehring [110] for n > 3. This follows from the fact that the condition
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H(x, f) < c implies the quasiconformality of f (see Theorems 2.11 and 2.12), and
the result is called the higher integrability of the derivative of a quasiconformal
map. Many important properties (smoothness, change of Hausdorff measure under
quasiconformal maps) can be derived from this result. The value p(n,c) is known
for n =2 [16], but unknown for n > 3.

2.9 Analytic Definition for Quasiconformality

In this chapter we shall study still another definition, the so-called analytic definition
for quasiconformality. According to this definition, a homeomorphism (embedding)
f:D — R" for a domain D in R" is quasiconformal if f is ACL" and there is
K € [1,0) such that

If " < KJ(x,f) ae. (2.29)

It does not follow directly from this definition that f is a.e. differentiable. However,
since f is ACL", the partial derivatives of the coordinate functions of f exist a.e.
and hence the Jacobian matrix (the formal derivative of f at x)

Afi(x) ... dufi(x)
fx)= : :
alfn(x) anfn()c)

exists a.e. Here || f’(x)|| stands for the supremum norm of the linear map f’(x) :
R" — R" and J(x, f) = det f’(x). It will turn out that a quasiconformal mapping f
is a.e. differentiable. Sometimes (2.29) is written as || /*(x)||" < K|J(x, f)|. This also
includes sense-reversing maps. Definitions (2.7) and (1.3) include sense-reversing
conformal and quasiconformal mappings, respectively.

Remark 2.17. If f : D — R" is continuous, ACL", and satisfies (2.29), then f is
called quasiregular (or of bounded distortion). Note that then absolute values are
not allowed on the right-hand side of (2.29). If n =2 and K = 1, this definition leads
to one of the most general definitions of analytic functions.

Next we show that the uniform boundedness of the linear dilatation leads to
(2.29).

Theorem 2.11. Suppose that f : D — R" is a homeomorphism such that

(@) H(x,f) <cforallx €D,

(b) H(x, f) < co fora.e. x €D,

(c) f is sense-preserving.

Then f is ACL" and satisfies (2.29) with K = cgfl, i.e., f is quasiconformal accord-
ing to the analytic definition.

Remark 2.18. The property that a mapping f : D — R” is sense-preserving can be
defined for every continuous mapping f with the aid of the topological degree; cf.
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[246]. However, since a map f satisfying (b) is differentiable a.e., property (c) can
be defined as det f/(x) =J(x, f) >0 ae.

Proof for Theorem 2.11. By Corollary 2.4, f is a.e. differentiable and ACL".
Condition (c) implies J(x, f) > 0 a.e. It remains to show (2.29). If f is differentiable
at x and J(x, f) = 0, then || f'(x)|| = 0 because H(x, f) < c. Hence, (2.29) holds.
If J(x,f) > 0, then at such points x, H(x,f) = A,/A1, where ||f'(x)|| = A, and
I(f'(x)) = A1; see Sections 2.2 and 2.7. This means that a.e. such a point x satisfies

I =A< ),,,/’Ll”flcgfl < ),1),2--%,,0871 = cgflJ(x,f).
Hence, (2.29) holds with K = cg_l, as required. O

Remark 2.19. Note that the values of ¢y and K do not quite fit, except for n =2 when
co = K in Theorem 2.11. The smallest K for which (2.29) holds is called the outer
dilatation of f and denoted Ky(f). The inner dilatation K;(f) of f is defined as
the smallest K for which

J(x, f) < KI(f'(x))" (2.30)
holds a.e. in D. Note that if (2.29) holds for Ky(f), then (2.30) holds for K =
Ko(f)"! because

Jx,f) = Mda. Ay < AT
= AllF @I < aKo(f) I (e, )0

and hence,
(e f) < Ko(f)" A7 = Ko (f)"1(f ()"
This computation applies to the case J(x, /) = 0 as well.
It is also true that if (2.30) holds, then Ko(f) < K;(f)"~'. The number K(f) =
max (Ko(f),K;(f)) is called the maximal dilatation of f.
These concepts also have an interpretation in the geometric definition of quasi-
conformality given in Chapter 1. Then (1.3) takes the form

M,(T')/Ko(f) < M, (fT") < Kp(f)M,(T)

for each path family I" in D.

Note that for n = 2, K(f) = Ko(f) = K;(f). For n = 1, these dilatations do not
make much sense, since if f : (a,b) — R is differentiable at x, then || f(x)|| =
[J(x,f)| =21 = A, and H(x, f) = 1 provided that f’(x) # 0.

Next we show that the analytic definition implies the modulus definition, or at
least another half of it.

Theorem 2.12. Suppose that f : D — D' is a homeomorphism where D and D' are
domains in R". If f is ACL" in D and satisfies (2.29), then

M, (') < KM, (fT") (2.31)



2.9 Analytic Definition for Quasiconformality 33

for each family I' of paths in D.

The proof requires a couple of results from real analysis whose proofs we omit;
see [316] and [246]:

Lemma 2.6. If f : D — R" is an ACL? homeomorphism, p > n— 1, then f is a.e.
differentiable (in fact, it suffices that f is an open map).

Lemma 2.7. Suppose that f : D — D' is an a.e. differentiable homeomorphism and
u > 0 is a measurable function in D'. Then

Jutre e pldx< [ud. (232)

D D
Remark 2.20. To obtain equality in (2.32), one has to assume that f is ACL". For a
more detailed discussion; see [193].

Proof of Theorem 2.12. In order to prove (2.31), fix a family I" of paths in D.
Since f is ACL", the Fuglede theorem implies that f (the coordinate functions of
f) is absolutely continuous on a path family I of n-almost all paths in I". Then

M, (Io) = M, (I"). We need to show that

M, (Iy) < KM, (fT).

To this end, let p’ be an admissible function for fT". Write

_ [P (f&X)L(x.f), x€D,
p(x)= {07 o
where
L(x,f)= limsupw )
yox [y — x|

Now p is admissible for I (note that p is a Borel function). To see this, let y € Iy
be parameterized by arc length y: [0,(y)] — D. Since f is absolutely continuous
on ¥, we have (see Section 2.2)

/p ds = /p ) [(foy) (1) dr. (2.33)

If (foy)'(¢r) and ¥ (¢) exist (and a.e. r € [0,1(y)] is such), then assuming y(z + Ar) #
y(t), we see that

(foy)()] = tim |L2YEFAD=foy()

At—0 At
< timeup LY EAD = 7oy [yle +40) — ¥(0)
At—0 ly(t + At) — y(2)] At

HIY @) =L(¥().f)
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because |y ()| = 1 a.e. If y(t + Ar) = y(t), then the above inequality is clear. Hence,
(2.33) yields

(7)
1< [o ds</p Y0) L), £) di = [ p ds.

foy Y

as required.
The rest of the proof now easily follows from Lemmas 2.6 and 2.7. Indeed, since
p is admissible for I, we have

My (T5) < /p"dx—/p "fo"dx—/p ) lf ()|

<K/p ”IJXf)\dX<K/p’”dy,

where we have used (2.29) as well. Since p’ was an arbitrary admissible function
for T, this shows that

M, (I') = My(Io) < KM, (fT),
as required. a
Remark 2.21. In order to prove the upper bound
M, (fT") < KM,(T")

for each family I of paths in D, an obvious approach is to show that the inverse
map f~!: D' — D is quasiconformal in the sense of the analytic definition as well.
This requires some work. The main steps are: If f is quasiconformal, then (a) f
satisfies the Lusin condition (N) (maps sets of measure zero into sets of measure
zero (see [193,316])) and (b) J(x, f) > 0 a.e. (see [316]).

2.10 R" as a Loewner Space

In this section we indicate how the Loewner lower bound for the n-modulus is ob-
tained in R", n > 2. Loewner was the first to observe that the 3-modulus of a family
of paths joining two non-degenerate continua in R? is positive; see [192]. We then
derive an upper bound for the linear dilatation H(x, f) of a quasiconformal map
f: D — D' between domains D and D' in R".

Real analysis: Maximal function and the Riesz potential. Let f : R” — [0,0] be
a measurable function. If A C R” is measurable, then
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fh
IA(f)(x):/lx(yI’)’l dy, xeR",
A

is called the Riesz potential of f. For R > 0, the function
1/n
1 n
M) = s |~ [ goray| . xern

o<r<R \ T .
B(x,r)

is called the (restricted) maximal function of f.

Remark 2.22. The classical Hardy-Littlewood maximal function M (f) of f is de-
fined as
M= (f 10)a).
>0 B(x,r)

Here

' 1
]{B(x,r)f(y) dy = W B(-x/r) Ff) dy=fp

stands for the mean value f in B. Note that this is different from M..(f). The special
form of Mg(f) is needed to study the conformally invariant case.

In the following results and proofs, C stands for a constant that depends only on
n. We start with a simple “mean value” estimate.

Lemma 2.8. Suppose that u is a locally integrable function with an upper gradient
p in the ball By = B(xo, ro). Then for all x,y € B(xq,r9/4),

|u(x) — u(y)| < C(Ig, (P) (%) + Iy (P) (v))- (2.34)

Proof. For the inequality (2.34), we first show that if B = B(z,r) C By is any ball,
then
|u(x) —up| < ClIz(p)(x) (2.35)

for all x € B. Here up is the mean value of u in B.
Keep x € B fixed and let y € B. Since p is an upper gradient of u,

byl
@) =) < [ plx+ro)dr

0
where @ = (y —x)/|y — x| is a unit vector in R". Integrating over B with respect to
y, we arrive at

b=yl
m(B) lux) ~us| < [ [ plxtre) drdy
B 0
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[for the proof, assume that either u(x) > up or u(x) < ug]. Performing a change of
variables, we obtain

) —usl < [ PO ay
J ey

and (2.35) follows.
We can now finish the proof of the lemma. If x,y € B(xq,ro/4), then By =
B(x,2|x—y]|) lies in By. By (2.35) we obtain
Ju(x) —u(y)| < fu(x) —up, |+ [u(y) —us,|
< Cp.(p)(x) +15,(p) () < CIg, (P)(x) + I, (P) (),

as required. O

Remark 2.23. Inequality (2.35) is almost the same as the equality

1 {Vul). () n
u) = a),,_l/ oy YERL (236)

Rn

which holds for all functions u € Cé (R") (compactly supported C'-functions). In
fact, (2.35) follows from (2.34) for these functions.

Remark 2.24. Inequalities like (2.34) are important in the theory of Newtonian
spaces or more general function spaces on metric spaces. For example, if a func-
tion u belongs to the Newtonian space N''”(R"), p > 1, and if p is a p-weak upper
gradient of u, then u satisfies

|u(x) —u(y)] < Clx=y|(M(p)(x) +M(p)(y)) (2.37)

for a.e. x,y € R". Here M(p) is the Hardy-Littlewood maximal function of p. Con-
versely, if u € LP(R") satisfies

lu(x) —u)| < |x—yl(g(x) + &) (2.38)

a.e. in R" with some g € LP(R"), g > 0, then there is i € N'?(R") such that ii = u
a.e. and Cg can (essentially) be used as a p-weak upper gradient of . See [101,103,
107,291] for more details.

Lemma 2.9. For 0 < r <R and x € R",
Iper) () (x) < Cr'/"Mg(f) ().

Proof. Set . '
Aj=B(x,27'r) \B(x,2771r), j=0,1,....

Now
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Ipgep () (x) = ; / |xf(yy)1 dy < C;(T" rt / £(y) dy

B(x,277r)

: 1
B S P — Y
- 2 g m(B(x,277r)) . FO) dy
/ B(x,277r)
1/n
: 1
S s e N—
- Z " m(B(x,277r)) . FO)" dy
J B(x,27/r)
I/n
; 1
scotmyasinl S [operay | <ot M),
J B(x,27/r)
as required. Here the Holder inequality was also used. a

The Loewner property. Next we prove the Loewner property for R”, n > 2. In fact,
we will show that each ball in R” is a Loewner space. This, however, will follow
from the corresponding property of R”. Let E and F be two nondegenerate continua
in R™. Recall that A(E,F) = dist(E,F)/min(diam E,diam F) denotes the relative
distance between E and F in R".

Theorem 2.13. If A(E,F) <t, then
M) > C/t, (2:39)
where I is the family of paths joining E and F in R".

Proof. Write d = diam E. We may assume that
. L.
d <diam F < 7 dist(E, F)

(note that the n-modulus decreases if we make E and F smaller). Choose xy € E and
Yo € F such that
|xo — yo| = dist(E, F).

Then E,F C By = B(xo,8 dist(E,F)) and next we shall make use of Theorem 2.5
and Remark 2.9.

Let u be a locally integrable function in R” with u|E < 0 and u|F > 1. Let p be
an upper gradient of u. Observe that forall x € E and y € F,

U< Ju(x) —u(y)| < g, (p)(x) +18,(P) ()

by Lemma 2.8. Now either £ or F' belongs to the set
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S={zeR": M, (p)(z) > C dist(E,F)~"/"},

where ry = 8 dist(E, F). Here we have used Lemma 2.9. Suppose that, for exam-
ple, E C S. We use a standard Besicovitch-type covering argument [107, 110]: If
{B(xi,r;)} = .7 is any family of balls in R” such that r; < ¢ < o for some c, then
there is a countable (possibly finite) subfamily of disjoint balls B(x;,7;), i=1,2,...,

such that
U BcUB(x:,5r).

Be 7 i

By the definition of M, (p) and the covering theorem, the set E can be covered with
balls B(x;,5r;), i = 1,2,..., such that the balls B(x;, r;) are disjoint and

ri < Cdy / p"dz,
B(xi.r;)
where dy = dist(E, F). Since E is covered with the balls B(x;,5r;), we obtain
diam E < 10) r; <Cdp Y, / p"dz
! " Blxiri)

= Cdy / pndZ < Cd()/p”dz.

U B(x;.r) By
This yields
1/t < min(diam E,diam F /dj)
= diam E /dy < C/p"dz < C/p”dz.
By R7

Taking the infimum over u and p, we obtain
C/t <cap,(E,F)=M,(I'),
as required. O

Corollary 2.5. Inequality (2.39) holds whenever the continua E and F lie in a ball
B(xo,r0) CR" and I' is the family of paths that join E and F in B(xo,r).

Proof. Let T : R"\ {xo} — R"\ {x0} be the reflection in the sphere dB(xo, 1), i.e.,
T (x) =x0+ (x—x0)/|x—xo|?>. Then T is conformal and T = T~ If p is admissible
for I', then the function

5(0) = {p(x), X € B(x0,70),
PTENIT' (Xl x € R"\ B(xo, 70)
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is admissible for the family I" of paths that join E to F in R" (note also that the
n-modulus of the paths passing through xj is zero). Hence,

‘/fWaW‘— [ e [ i@

B(x0.70) R"\B(x0.70)

/’w@+ [ pa@yue)ds

B(xo.r0) R™\B(xo,r0)
/ p'dy+ / p"dy2 / p"dy,
B(x0,r0) B(x0,r0) B(x0,r0)
where we have used the analytic definition
IT" ()" = [7(x,T))|
for the conformal map 7. From (2.39) it thus follows that

C/t <M,(T) <2M,(T"),

as required. g

Remark 2.25. Those metric spaces that satisfy the Loewner condition have been
studied in [107]; see also [112].

Linear dilatation. Here we show that the linear dilatation of a quasiconformal map
f D — D' for domains D, D’ C R" is uniformly bounded. The global version of this
result is studied in Section 2.11.

Theorem 2.14. Suppose that f : D — D' is a K-quasiconformal map [see (1.3)].
Then for all x € D,
H(x,f) <C(n,K) < . (2.40)

Proof. Letx € D and choose g > 0 such that B(x,4ry) C D. Let 0 < r < r(. Choose
v,y € dB(x,r) such that

L=L(x,f7r) = |f(y/)_f(x)|7 l:l(xafvr): |f(y)_f(x)|

and let L be the line segment [f(x), f(y)] and L’ the half-open line segment in D’
that is the continuation of the line segment [f(x), f(y')] outside B(f(x),L). Let I’
be the family of all paths that join L” to L’ in D’. We may assume L > [; then

My (I'") < @1 (log(L/1))' ™

see (2.5) and Lemma 2.2.
Next, let E = f~!(L") and let F’ be the connected part of f~!(L') that joins
dB(x,r) to dB(x,2rg) in B(xo,4ro). Since

A(E,F") = min(diam E, diam F")/dist (E,F") > r/r =1,
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we obtain from Corollary 2.5 that
M,(f~'T") > M,(I') > C=C(n) >0,

where I is the family of all paths joining E to F’ in B(x,4ry). By the quasiconfor-
mality of f,

C<M,(f~'T") < KM,(I') < @, (log(L/1))' ",

and hence
L(x,f,r)/l(x,f,r) =L/l <C=C(n,K).

Letting r — 0, we see that H(x, f) < C(n,K), as required. O

Remark 2.26. For n =2, C(2,K) is known; see [190]. The value C(n,K), n > 3,
was found very recently; see [285].

2.11 Quasisymmetry

In Section 2.9 we showed that the uniform bound for the linear dilatation of a home-
omorphism f : D — D’ between domains in the Euclidean n-space R" implies qua-
siconformality [or at least the other half of the modulus definition (1.3)]. In Section
2.10 we proved that R”, and every ball B(x,r) C R", is a Loewner space, which
implies that every quasiconformal map f : D — D’ in the sense of definition (1.3)
satisfies H(x, f) < C(n,K) < oo at each point x € D. Now it turns out that a more
global version than H(x, f) < C < o is true for quasiconformal maps f. This is
called quasisymmetry. It can be expressed in the general context of metric spaces.

Let X and Y be metric spaces. We use a simplified notation d(x,y) = |x —y|, resp.
d'(x,y) = |x—y|, for points x,y € X, resp. x,y € Y, although the difference x — y has
no meaning.

A mapping f: X — Y is called an embedding if f defines a homeomorphism
of X onto f(X). An embedding f : X — Y is called quasisymmetric if there is a
homeomorphism 17 : [0,e0) — [0, ) such that

x—a| <tlx=b| = |f(x)=fl@)|<n()[f(x)=f(b)] (2.41)

for all triples a, b, x of points in X, and for all # > 0. Thus, f is quasisymmetric if it
distorts relative distances by a bounded amount. We also say that f is n-quasisym-
metric if the function 1 needs to be mentioned. Note that a homeomorphism 1 :
[0,00) — [0, o) is nothing but a continuous strictly increasing function 11 on [0, o)
such that 1(0) = 0 and

lim 7 (¢) = oo.

—o0

Observe that the inverse function 11! of 1) is similar to 7.
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An embedding f : X — Y is said to be bi-Lipschitz if both f and f~' are Lips-
chitz. The term L-bi-Lipschitz means that for all x,y € X,

e=yl/L<|f(x) = f)| < Lix—yl.

Notice the difference between quasisymmetric maps and bi-Lipschitz maps: The
latter distort absolute distances by a bounded amount, which is a much stronger
condition. It is easy to see that an L-bi-Lipschitz embedding is 1n-quasisymmetric
with n(¢) = L?t.

Examples. (a) The map x+— Ax, A #0, in R” is n-quasisymmetric with n(¢) =r.
The same is true for every conformal map f : R" — R", n > 2. Note that x — Ax is
not L-bi-Lipschitz with a constant L independent of A.

(b) The map f : [0,00) — [0,00), f(x) = x, is N-quasisymmetric, 1 (¢) = t> + 2¢.
Note that f is not bi-Lipschitz.

(c) The map f: R — R, f(x) = x°, is quasisymmetric. In fact, every map f(x) =
x|~ !x, £(0) =0, & > 0, is quasisymmetric in R.

There is a weaker condition than the 1n-quasisymmetry. We call an embedding
f:X — Y weakly (H)-quasisymmetric if there is a constant H > 1 so that

x—a| < |x—b| implies |f(x)—f(a)| < H|f(x) = f(b)] (242)

for all triples a, b, x of points in X.

Weakly quasisymmetric maps need not be quasisymmetric. This only takes place
in badly disconnected spaces. Let X = N x {0, —1/4} C R? and let f : X — R? be
the embedding defined by f(n,0) = (n,0), and f(n,—1/4) = (n,—1/4n). Then f is
weakly quasisymmetric but not quasisymmetric. Clearly, if f is 11-quasisymmetric,
then f is weakly 17(1)-quasisymmetric.

As mentioned in the beginning, quasisymmetry provides a global version for
linear dilatation. In particular, weakly quasisymmetric maps between Euclidean do-
mains are quasiconformal.

Lemma 2.10. Suppose that D C R" is a domain and f : D — R" weakly H-quasi-
symmetric. Then the inequality

H(x.f)<H
holds at each point x € D.
Proof. Fixx € D and let 0 < r < d(x,dD). Pick a € dB(x,r) such that
|f(x) = f(a)| = sup {|f(x) = f(y)| : y € dB(x,r)} = L(x, f,r)
and b € dB(x,r) such that

[f(x) = f(b)| = inf {[f(x) = f(¥) : y € IB(x,r)} = I(x, f, 7).



42 2 Moduli and Capacity

Now,
L(X,fﬂ’) = |f('x)_f(a)| §H|f()C)—f(b)| :Hl(x>f7r)

since |x — a| = |x — b|, showing that

limsup L(x, f,r)/1(x. f.r) < H,

r—0

as required.
O

Properties of quasisymmetric maps. Here we list some basic properties of qua-
sisymmetric maps. Most of these properties are easy to prove.

(a) If f: X — Y is n-quasisymmetric, then f~!: f(X) — X is n’-quasisymmetric
when n(t) =1/n"'(+~!) for# > 0. Moreover, if f: X — Y and g: Y — Z are 1)/~ and
N,-quasisymmetric, respectively, then go f : X — Z is (1), 0 ¢ )-quasisymmetric.
(b) The restriction to a subset of a quasisymmetric map is quasisymmetric with the
same 1.

(c) Quasisymmetric maps take Cauchy sequences to Cauchy sequences. In particu-
lar, every quasisymmetric image of a complete space is complete.

(d) Quasisymmetric embeddings map bounded spaces to bounded spaces. More
quantitatively, if f : X — Y is n-quasisymmetric and if A C B C X are such that
0 < diam A < diam B < oo, then diam f(B) is finite and

diam B ! diam f(A) 2 diam A
(211 <diamA)> = diam f(B) =n < diam B ) . (2.43)

Doubling spaces. Quasisymmetry is intimately connected to a property of a metric
space called a doubling property.

A metric space is called doubling if there is a constant C; > 1 so that every set of
diameter d in the space can be covered by at most C; sets of diameter at most d/2.
It is clear that subsets of doubling spaces are doubling.

Equivalent definitions for doubling spaces are often used. For instance, in the
definition one may replace sets by balls. Moreover, doubling spaces have the fol-
lowing stronger covering property: There is a function C; : (0,1/2] — (0,0) such
that every set of diameter d can be covered by at most C| (&) sets of diameter at most
&d. The function Cj, called a covering function of X, can be chosen to be in the
form

Ci(e)=CeP (2.44)

for some C > 1and f > 0.

Given a doubling metric space X, the infimum of all numbers 3 > 0 such that a
covering function of the form (2.44) can be found is called the Assouad dimension
of X.

Doubling spaces are precisely the spaces of finite Assouad dimension.
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It is easy to see that R" is doubling with a constant depending only on n, and
in fact the Assouad dimension of R” is n. Thus, every subset of Euclidean space is
doubling.

Lemma 2.11. A quasisymmetric image of a doubling space is doubling.

Proof. Let f: X — Y be an n-quasisymmetric homeomorphism. It suffices to show
that every ball B of diameter d in Y can be covered by at most some fixed number
C, of sets of diameter at most d /4. Let B = B(y,R) and let

L=sup|f'(y)—f'(2)l.

z€B
Then we can cover f~!(B) by at most Cj(€) sets of diameter at most £2L for any
€ < 1/2, where C; is a covering function of X. Let Ay, ... ,Ap be such sets, so that
p = p(e) < Ci(g). We may clearly assume that A; C f~!(B) forall i =1,...,p.
Thus, f(A1),...,f(A,) cover B and are contained in B, so that by (d) in (2.43), their
diameters satisfy

. . 2diam A; 4el

The lemma now follows upon choosing € = (1) > 0 so small that 11(4¢) < 1/4.
O

The next theorem gives a sufficient condition for the equivalence of weak qua-
sisymmetry and quasisymmetry. We omit the proof, which is somewhat tedious and
uses a covering of a path from x to a together with a packing argument; see [311].

Theorem 2.15. A weakly quasisymmetric embedding of a path-connected doubling
space into a doubling space is quasisymmetric.

Corollary 2.6. A weakly quasisymmetric embedding of a path-connected subset of
Euclidean space into another Euclidean space is quasisymmetric. In particular, a
weakly quasisymmetric embedding of R? into R", 1 < p < n, is quasisymmetric.

Quasisymmetry in Euclidean domains. We have three equivalent definitions for
the quasiconformality of a homeomorphism f : D — D’ between domains D and D’
in R": is the modulus definition

My (T)/K < My(fT) < KM,(I') (2.45)
for each path family I" in D; the boundedness of the linear dilatation
H(x,f) <c (2.46)

at every point x € D; and the analytic definition: f is ACL" and
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IF Gl" < K1 (x, )] (247)

a.e. in D. Lemma 2.10 showed that if f: D — D’ is quasisymmetric, then (2.46)
holds and f is thus quasiconformal. There is also a converse statement, but, unfor-
tunately, a K-quasiconformal map f : D — D' need not be 1-quasisymmetric for
any 7. The reason for this is that quasisymmetry is a global condition (consider a
Riemann mapping function of a disk onto a disk with a slit). However, there is a
semiglobal version of this.

Theorem 2.16. A homeomorphism f : D — D' between domains in R", n > 2, is
K-quasiconformal if and only if there is M such that f is n-quasisymmetric in each
ball B(x,1/2 dist(x,dD)) with x € D. The function | depends only on n and K.

Remark 2.27. The local quasisymmetry property in Theorem 2.16 for quasiconfor-
mal maps can be regarded as the quasiconformal version of the Koebe distortion the-
orem: If f: B(0, 1) — R? is a conformal map normalized by the condition f'(0) = 1,
then

(1=n)/(1+r)’ <|f @< (1 +n)/(1=r)

for |z| = r < 1; see [52], p. 32. The local quasisymmetry of a conformal map follows
from this inequality by integration of f’ along line segments.

Proof for Theorem 2.16. As noted earlier the boundedness of the linear dilatation,
i.e., (2.46), already follows from the weak quasisymmetry, and so it remains to prove
the converse.

For the converse, let B = B(x,r) for some x € D, where r = dist(x,dD)/2. By
Corollary 2.6, it suffices to show that f is weakly quasisymmetric in B.

Pick three distinct points a,b, and ¢ in B with |a — b| < |a — ¢|. We need to show
that

|f(a) = f(b)| < H|f(a)— f(c)| (2.48)
for some H = H(n,K) < eo.
Write r = |a — b| and R = |a — c|. We first show that
L(a,f,R) < Hl(a,f,R), (2.49)
where H depends only on n and K. Choose y,y’ € dB(a,R) such that

La.f.R) = |f(a)=fO),  Ua.f.R) = [f(a)— ).

Let y be the continuation of the ray from f(a) to f(y) in D'\ f(B(a,R)) and let ¥ be
the ray [£(a), £(+')]. Then ¥/  £(B(a.R)) € D'. Set s = £~ (y) and ¥, = £~ (7).
Then ¥ joins y to dD in D\ B(a,R) and | C B(a,R) joins a to y'. Let #; be the
component of ; that contains y and a point in dB(a,3R/2) and lies in B(a,3R/2).
Note that B(a,3R/2) C D. Then A(f1,7;) > 1/2 and since balls in R” are Loewner
spaces by Corollary 2.5, we obtain

M(') > H >0,



2.11 Quasisymmetry 45

where I' is the family of paths that join % to 7| in B(a,3R/2) and H' < e depends
only on n.
Since f is K-quasiconformal,
1 H'

M, (fT) = = M(I') =

X Z X (2.50)

Now, each path in fI" has a subpath that joins B(f(a),l(a,f,R)) and
B(f(a),L(a,f,R)). Hence,

Wy —1

(T < — (e

I(a,f.R)
which together with (2.50), yields (2.49), as required.
To complete the proof, note that L(a, f,r) < L(a, f,R); hence, (2.49) implies

[f(a) = f(b)| < La, f,r) < L(a, f,R) <H |f(a) = f(c)] < H |f(a) = f(c)],
which is the required inequality (2.48). a

Although every Mobius map of the unit ball B(0, 1) onto itself is quasisymmetric,
the family of all such maps is not n-quasisymmetric (or weakly H-quasisymmet-
ric) for a fixed 1 (or for some H < o). As stated before, a conformal mapping
f:B(0,1) — R? need not be quasisymmetric; in this case f(B(0,1)) is complicated.
There is an interesting condition for a quasiconformal map f : D — D’ which makes
f quasisymmetric.

A domain D in R" is C-uniform for some constant C > 1 if every pair of points
x,y € D can be joined by a path y C D such that /(y) < C|x—y| and for each z € ¥

dist(z,D) > min{|x —z|, [y —z|}/C.

Uniform domains have turned out to be useful in many problems in analysis; see
[81,106,142,212].

The following theorem holds (for a more general version, see the next chapter):

Theorem 2.17. A quasiconformal map f : D — D' between bounded uniform do-
mains D and D' in R" is quasisymmetric.

Note that the slit domain B(0,1)\ {re; : 0 <t < 1} in the plane is not uniform; it
is uniform in R”, n > 3.

We omit the proof for Theorem 2.17. The proof is not difficult once it has been
shown that a uniform domain is a Loewner space; this follows from a theorem of
Jones [142] (see also [103]) stating that if u € N Lin (D) in a uniform domain D, then
there is i# € N'**(R") such that

[l y1n ey < Cllullyrap),



46 2 Moduli and Capacity

where C < oo is independent of u.

In the plane a simply connected domain D # R? is uniform iff it is a quasidisk.
This means that D = f(B) for some quasiconformal map f : R? — R? and for some
disk B = B(xo,r). See [212] for this result. This is not true in R”, n > 3, although a
quasiball in R” is a uniform domain.

A more detailed discussion of various types of domains and their interconnec-
tions can be found in the next chapter.



Chapter 3
Moduli and Domains

3.1 Introduction

Suppose that f is a quasiconformal mapping of a domain D C R” onto D'. In this
chapter we are interested in the conditions that guarantee an extension of f to dD or
to R"™. We consider quasiextremal distance (QED) domains and uniform domains.
Our main source is [82].

A domain D in R? is said to be a K-quasidisk if it is the image of an open disk or
half-plane under a K-quasiconformal self-mapping of R2. The following two basic

properties of quasidisks will be used to define two classes of domains in R”.

Extremal distance property. If D is a quasidisk and F| and F; are disjoint continua
in D, then
mod I' < M mod Ip,

where I and Ip are the families of paths that join F} and F, in R2 and D, respec-
tively, and where M is a constant that depends only on D.

Extension property. If D is a quasidisk and f is a quasiconformal mapping of D
onto a domain D’ in R2, then f has a quasiconformal extension to R2 if and only if
D’ is a quasidisk.

The first property is a consequence of a simple reflection principle for the moduli
of path families; see Remark 3.4. The second property follows from the work of
Ahlfors and Beurling [5].

For a domain in IRZ, it turns out that these properties are related in the following
sense. If D has the extremal distance property, then D and D’ have the extension
property if and only if D’ has the extremal distance property. This is Corollary 3.4.

Section 3.2 is devoted to the study of quasiextremal distance (QED) exceptional
sets and Section 3.3 to the study of QED domains. In Section 3.5 we derive several
geometric properties of domains D in R” that have the extremal distance property. It

O. Martio et al., Moduli in Modern Mapping Theory, Springer Monographs in Mathematics,
DOI 10.1007/978-0-387-85588-2_3, (©) Springer Science+Business Media, LLC 2009
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turns out that a simply connected plane domain of the hyperbolic type is QED if and
only if it is a quasidisk. We then obtain in Section 3.5 a number of extension the-
orems for QED domains, including several generalizations of the above-mentioned
result of Ahlfors and Beurling.

3.2 QED Exceptional Sets

A closed set E in R” is said to be an M-quasiextremal distance or M-QED excep-
tional set, 1 < M < oo, if, for each pair of disjoint continua Fy,F, C R"\ E,

mod I' < M mod Ig, (3.1

where I' and I} are families of paths joining Fj and F> in R” and R” \ E, respectively,
and mod is the n-modulus. The class of QED exceptional sets contains the class of
NED or null-sets for extremal distances; these are the sets E in R” for which (3.1)
holds with M =1 for all choices of Fi,F,. See [5,15,317] and Remark 3.1. The
class QED exceptional sets were introduced in [82], and we follow the presentation
there.

The conformal or n-capacity can also be used to characterize QED exceptional
sets. Let D be an open set in R” and C;,C, compact disjoint sets in D. Set

cap(Cl,Cz;D):Migvg / |Vu|"dm, (3.2)
DR

where W = W(C,C;D) is the family of all functions u that are continuous and
ACL in D with u(x) <0 for x € C; and u(x) > 1 for x € C,. Since a point has zero
n-capacity, the point e can be deleted in the definition for W and thus W in (3.2) can
be replaced by the family W of functions u that are continuous and ACL in D NR”
and satisfy u(x) <0 for x € C; NR" and u(x) > 1 for x € C; NR". The classes W and
W differ only if e € D. It is well-known (see [122]) that cap (C;,Cy; D) = mod T,
where I is the family of paths joining C; and C; in D. Hence (3.1) can be written as

cap(Fy,F>»;R") < Mcap(Fy, F>;R"\ E). (3.3)

Remark 3.1. If E is an M-QED exceptional set in R” with m(E) = 0, then E is NED.
This follows from arguments in [15] although it is not explicitly mentioned there.
To see this, let E be an M-QED exceptional set in R” with m(E) = 0 and let Fy, F>
be two continua in R” \ E. Then, for each u € W(Fy,F>;R"\ E), it follows from
Lemmas 3 and 4 and the considerations on pp. 1220-1221 in [15] that there is a
function u* € W (Fy, F>; R") with

/|Vu*|”dm: / [Vu*"dm < /\Vu|"dm.
]Rn

RI\E RI\E
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Hence, (3.3) holds with M = 1, and thus E is NED. This observation together with
Corollary 3.1 below yields the following:
For M-QED exceptional sets E in R”, the following conditions are equivalent:

(i) m(E) = 0.
(i) intE = 0.
(iii) E is NED.

We shall derive some properties of QED exceptional sets. The first one is an im-
mediate consequence of the quasi-invariance of the modulus under quasiconformal
mappings; see [316].

Lemma 3.1. Suppose that E is an M-QED exceptional set and that f : R" — R" is
a quasiconformal mapping. Then f(E) is an M'-QED exceptional set, where

M’ =K (f)Ko(f)M.

Here K;(f) and Ko(f) denote the inner and outer dilatations of f, respectively.

We shall need the following estimate to establish several metric properties of
QED sets.

Lemma 3.2. Suppose that Fy and F, are disjoint continua in R" and that

milrlzdiam F; > adist(Fi,F),
=1,

where a is a positive constant. If I is the family of paths that join Fy and F» in R",
then
mod I" > ¢ >0,

where c is a constant that depends only on n and a, respectively.

Proof. Choose x| € Fj and x; € F> so that
|x1 —x2| = dist(Fy,F).
By the hypothesis, we can choose points y; € F}, j = 1,2, such that
[ a
lyj —xj| > 3 diam F; > > |x; — x2].

By relabeling we may also assume that [y; —x;| < [y2 —x2| if necessary.
Let f: R* — R" be a Mobius transformation with f(y;) = eo. Then

f(r2) = fO)] 2 —xaif [y1 =
lf ) = fG)l [y =] fx2 =2
Sg y1 =2 S% lx2 — ya| + |x1 —x2| 4 [y1 —x1]
alxx—y| " a |x2 —y2|
2 2 4 1
(L%44): (@) _ oo,
a

a a2

IN
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Hence, by Theorem 11.9 [317] (see also Theorem 4 in [66])
mod I' = mod f(I') > @,(b) = ¢ > 0,

where @, : (0,00) — (0,0) is a decreasing function depending only on 7. O

A set A C R” is said to be a-quasiconvex, 1 < a < oo, if each pair of points
x1,% € A\ {eo} can be joined in A by a rectifiable path y whose length does not
exceed alx; —xz|. If A C R”, then A is 1-quasiconvex if and only if A is convex in
the usual sense.

Lemma 3.3. Suppose that E is an M-QED exceptional set in R". Then D = R"\ E
is a domain that is a-quasiconvex with

a < exp(bM"/ 1)y,

where b depends only on n.

Proof. Since E is closed, D is open. Suppose that D is not connected. Let Dy, D,
be two disjoint components of D. Choose non-degenerate continua F; C Dj, j =
1,2, and let I" and I} denote the families of paths joining F; and F> in R” and D,
respectively. Lemma 3.2 implies that mod I" > 0. On the other hand I'r = 0 and
hence mod Iz = 0. These two conclusions contradict (3.1), and D must thus be
connected.

We show next that D is a-quasiconvex. Fix x1,x; € D\ {eo} and let r = |x; —x2|.
Since D\ {eo} is a domain, there is a path o joining x; to x in D\ {eo}. Let F;
denote the component of oM B"(x;,r/4) that contains x;, j = 1,2, and let I" and I};
denote the families of paths joining F; and F; in R” and D, respectively. Then

m11112 diam F; > r/4 > dist(Fi,F>)/4,
=1,

and Lemma 3.2 yields
mod I" > ¢y > 0,

where ¢ depends only on n. Since E is an M-QED exceptional set,

1
mod I > — mod I' > C—O. 3.4)
M M

Let I consist of those paths in I’z that lie in B" (x, ),

B re co 1/(1—n) B
s = 7xp Mo = rcy,

and let I} = I'x \ I. Suppose that each path y in I’z has length [(y) > L > 0. Then

n_.n
Q,s" _ Q,r''c!

mod I < ,
L L
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where €2, is the n-measure of B”. On the other hand, each y € I3 meets g1 (x2,5)
and, hence,

4\ ¢
d DL <w, | log— = ___.
mo 2_(Dn1<0gr> M

These inequalities yield

Q,r''ct co

d I'r < mod I d I <
mod Ig < mod I1+ mod I < In M’

and, thus, by (3.4),

1/n
L < re (2MQ") < rexp(eM'/"=1)),

where

c=2 (2(1),,_1/60)]/("7])
depends only on n. Set ¢, = exp(cM 1/ (”’U). Then there is a rectifiable path y € I
with

() < rex = calx1 — x|

and with endpoints y;,y, € o such that
= yil < i —xl/4

for j=1,2.
 Next, set rj = |x1 ;y1| and let F| and F, denote the two components of o N
B*(xy,r1/4) and 3% NB*(y1,r1/4) that contain x; and y;, respectively. Then

L r diSt(Fl ,Fz)
d F>—> —7 =
}2{112 1am j 4 4

arguing as above, we obtain a path y; in D such that

X1 —x2|

In) < ax—y| <o 2

and such that y; joins 9 to a point z; € o with
1
i —z1| < E\m —x2|.

Clearly, the paths ¥ and 7y; contain a rectifiable subpath joining z; to y>. Now a
continuation of this process and a similar construction starting from y, toward x,
lead to two sequences of paths ¥, 7»,... and 71, %, ... whose union together with
contains a rectifiable path y in D from x to x, with

oo =

1(y) < 1(w)+ 210+ D U(T)

i=1 i=1
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= |x1 —x2 — |x1 —x2
c2<|x1x2|+z | yT | +z| YT |>
i=1

i=1

IN

= — Cr|X1 —X2f.
32|1 2

Thus, D is a-quasiconvex with
5
a =3 < exp((ct M/ =1y,

as desired. O

Remark 3.2. Lemma 3.3 is an extension of the following result due to Ahlfors and
Beurling; see Theorem 10 in [5]. If E is an NED set in R2, then D = R2\ E is
a-quasiconvex for eacha > 1.

3.3 QED Domains and Their Properties

If E is an M-QED exceptional set, then by Lemma 3.3, D = R"\ E is a domain; we
call any such domain an M-quasiextremal distance or M-QED domain. A domain
D = R"\E is called a quasiextremal distance (QED) domain if it is M-QED for
some M € [1,0). These domains were introduced in [82].

A set A in R” is c-locally connected (cf. [67]), if, for each xy € R" and r > 0,
(i) points in A NB" (xg, ) can be joined in A N B (xo, cr),
(ii) points in A \ B" (xo, ) can be joined in A \ B" (xo,7/c).

The set A is linearly locally connected if it is c-locally connected for some c.

Remark 3.3. When A is open, it is easy to see that condition (i) holds for a given xo €
R" and r > 0 if and only if (i)’ points in A NB" (x, r) can be joined in A NB" (xo, cr),
and similarly for condition (ii). Moreover, if condition (i) holds for A and its image
under each Mobius transformation f : R” — R”, then condition (ii) holds. To see
this, let x;,x, € A\ B"(xo,r) and let

fx)=r

0 x—xo]

+ X0 -

Then f(x1), f(x2) € f(A) NB"(xo,r) and, by hypothesis, these points can be joined
by a path yin f(A) NB"(xo,cr). Hence, f~'(y) joins x;,x, in A\ B (xg,7/c).
Finally, it is not difficult to show that the property of being linearly locally con-
nected is invariant under quasiconformal self-mappings of R”. In particular, if A is
c-locally connected and f : R” — R" is K-quasiconformal, then f(A) is ¢’-locally
connected, where ¢’ depends only on 7, ¢, and K; see Theorem 5.6 in [331].
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Lemma 3.4. Suppose that D is an M-QED domain. Then D is c-locally connected
with
¢ < 1+exp(bM'/ =1y,

where b is the constant of Lemma 3.3.
Proof. Fix xg € R" and r > 0. By Lemma 3.3, D is a-quasiconvex with
a <exp(bM"/ "1y,
Hence, each pair of points x;,x, € DNB"(xo, r) can be joined in DB (xo, s), where
s<r+alx;—x|/2<r+ar=(1+a)r.

Since
1+a<1+exp (bM" 1),

the points x1,x, can be joined in DN B"(xg,cr) and ¢ has the desired upper bound.
Next, if D’ is the image of D under a Mdbius transformation of R”, then D' is

M-QED by Lemma 3.1 and points in D’ NB"(xg,) can be joined in D' N B" (xg, cr)

by what was proved above. Thus, D is c-locally connected by Remark 3.3. O

Remark 3.4. Suppose that D is a ball or a half-space, that F|, F, are disjoint continua
in D, and that I and I} are the families of paths joining F; and F> in R” and D,
respectively. Let I'* denote the family of paths joining F}* and F5 in R”, where
F; =F;jU@(F;) and ¢ denotes reflection with respect to dD. Then a reflection of
admissible functions for I shows that

modI"™* =2 mod Ip

and since
modI" < modI'*,

we see that D is a 2-QED domain. It is easy to see that the constant 2 is the best
possible choice.
Next, if
O<)~1 Sﬂdggzﬂ

and D is the image of the exterior of a ball under the affine mapping
SOy x) = (Mixg, ..o ),
then Lemma 3.1 implies that D is M-QED where
M=2(A,/ )"
If, in particular, Ay = 1l and A, = ... = A, =1 > 1, then D is a-quasiconvex only if

a>t=(M/2)"/"
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This observation yields lower bounds for the constants a and ¢ in Lemmas 3.3 and
3.4.

Lemmas 3.3 and 3.4 give quantitative information about the connectivity of a
QED domain. The following result yields a measure density condition for this class
of domains.

Lemma 3.5. Suppose that D is an M-QED domain in R". Then, for each xo € DNR"
and 0 < r < diamD,
m(DNB" (xo,r)) S <
m(B"(xp,r)) — M’

where ¢ > 0 depends only on n.

(3.5)

Proof. Fix xg € DNR". Since r < diam D, we can choose x3 € D so that |x3 — xo| =
r/2. Set s = r/10, choose xj,x, € D such that |xg — x;| < s, |x2 —x3| < s, and let
o be a path joining x; and x; in D. Let F; be the x|-component of oz N B (xp, 2s)
and F the x-component of o \ B"(xo,3s). Next, denote by I" and Ip the families
of paths that join Fj and F> in R” and in D, respectively. Set

1 .
| < inDNB"(xg,r),
plx) = {6 elsewhere.

Since each y € I} contains a subpath 8 that joins $"~!(xo,2s) and $"~!(xo,3s) in
D’
1
[pas= [pas=up =1,
s
Y B

p is admissible for Ip, and

1
mod I g/p"dm = / dm
R" DNB"(xg,r)
m(DNB"(xo,r))

= 10"Q,
7€, m(B"(xo,7))

where €2, is the volume of the unit ball in R”. Next,

1
min diamF; > s > — dist(F;,F),
j=12 4

and, thus, Lemma 3.2 implies that
modI” > ¢o >0,

where cg depends only on n. Since D is M-QED, we obtain
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m(DNB"(xo,7)) G

m(B"(xo,r)) — M’
where ¢ = ¢o/(10"Q,). O

Remark 3.5. Suppose that ¢t > 1 and that D is the image of the unit ball B"(0,1)
under the map

f(xla" . axnflaxn) == (xla" . axnflatxn) .
Then as in Remark 3.4, D is M-QED, where M = 2t", while

Tl \M

m(DNB"0,1)) 1 2\ (=D
m(B"(0,r)) T < > '

Hence, the exponent of M in (3.5) is asymptotically sharp for large n.

Corollary 3.1. The boundary dD of a QED domain D in R" has n-dimensional
measure zero.

Proof. 1f the measure of dD is positive, then dD\ {e} contains a point xo of density.
However, by Lemma 3.5, the point x( cannot be a point of density for E = R\ D
and hence not for dD. O

3.4 Uniform and Quasicircle Domains

Recall that a domain D in R” is said to be uniform if there exist constants a,b such
that each x1,x, € D can be joined by a rectifiable path y in D with

1(y)
min(s, I(y) —s)

alx; — x| 3.6)

<
< bdist (y(s), aD).

Here y is parameterized by arc length s. The uniform domains have been introduced
in [212] and their various characterizations can be found in [70,202,226,318-320,
328]. The next lemma is essentially due to P. Jones [142].

Lemma 3.6. A uniform domain D is an M-QED domain where the constant M de-
pends only on n and D.

Proof. Let Fi and F, be two disjoint continua in D. Let € > 0 and choose u €
W (Fy,Fy; D) such that

/ |Vu|"dm < cap (Fi,F>;D)+¢€/2.
D
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Then, for small 7 > 0, the function v = (1+1)(1—1)~!(u—1t) satisfies the inequality
/ |Vv|"dm < cap (F\,Fy;D) + €
D

and v(x) < —r forx € F, v(x) > 1+t for x € F>. Uniform domains enjoy the Sobolev
extension property by Theorem 2 in [142]; hence, there exists an ACL-function
v* i R" — R” such that v* = v in D and

M/ |Vv|"dm2/ [Vv*|"dm,
D R)l

where M depends only on n and the constants for D. Choose a smooth convolution
approximation @ of v* with ¢ < 0on Fj, ¢ > 1 on F>, and

/ |Vv*\"dm2/ Vo|"dm—e¢.
Rn R"
Then ¢ € W(Fy, F>;R") and the last three inequalities yield
cap (Fi, Fo:R7)) < / Vo|"dm < M cap (Fy, F;D) + £(M+ 1).
JRrn

Letting € — 0, we obtain the desired result. g

Although the classes of QED, linearly locally connected, and uniform domains
do not coincide, it is possible to obtain more precise relations between them when
n = 2. In particular, we shall show that for finitely connected plane domains, these
classes are the same.

We say that D C R” is a K-quasiball if D is the image of an open ball or
half-space under a K-quasiconformal self-mapping of R” and that S C R” is a K-
quasisphere if it is a boundary of a K-quasiball. Next, a domain D C R” is said
to be a K-quasisphere domain if each component of dD is either a point or a K-
quasisphere. We use the more standard terms “quasidisk” and “quasicircle” when
n=2.

We shall show that every quasisphere domain is linearly locally connected and
that this property characterizes this class of domains when n = 2. We require first
the following result.

Lemma 3.7. If G\, ... Gy are pairwise disjoint K-quasiballs that all meet S" ' (xo,r1)

and "~ (xo,r2), then
mn+r -l
k<a ,
r2 = r1

where a depends only on n and K.

Proof. The proof employs a standard packing argument. We may assume r, > ry.
Sett = |rp, —ry|/2. Foreach i = 1,...  k, choose x; € G; such that
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By Lemma 3.1 (see also Remark 3.4), each G; is an M-QED domain, where M
depends only on K. Fori =1,... ,k, Lemma 3.5 yields

c cQ,t"
m(G;NB" (x;,1)) > Mm(]B%"(xi,t)) =7

where ¢ > 0 depends only on n. Since the quasiballs G; are disjoint,

Q,(r5 =) = m(B" (xo,72) \ B"(x0,71))
cQ,kt" . chk(rg — rl)”
M M2 '

k
> ZWl(GiﬁBn(xi,l)) >
Py

Thus,
n ]
L<a ry —r} . 1—s ,
(ra—r1)" (I—=s)"

where s = ry/ry < 1 and a = M2"/c depends only on n and K. The elementary
inequality

1—s"<(1—s)(1+s)"!

follows easily by induction and, hence,

n—1
kga(r2+rl> 7
lra —r1]

as desired. O

Lemma 3.8. If D is a K-quasisphere domain , then D is c-locally connected, where
¢ depends only on n and K.

Proof. Let Cy be a nondegenerate component of dD and let Dy denote the compo-
nent of R”\ Cy that contains D. Then Dy is a K-quasiball and hence ¢ = ¢(n,K)-
locally connected by, for example, Remark 3.4 and Lemmas 3.1 and 3.4.

Fix xo € R", r > 0, and d > ¢. We shall show that D is d-locally connected.
Since each image of D under a Mdbius transformation is again a K-quasisphere
domain, it suffices by the remarks in Section 3.3 to show that each pair of points
x1,x2 € DNB"*(xp,r) can be joined in DNB"(xq, r). Suppose that this is not true for
a given pair x1,x;. Then these points are separated by

F=0DUS" ! (xo,dr).

By Theorem Y.14.3 in [227], there is a component E of F' that does this.
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Now observe that E meets S"~ ! (xo,dr) since otherwise E C dD and hence could
not separate x; and xp. Let

= 8" (xp,dr)U (Uca>,

where {Cy} is the collection of all components of @D that meet §"~! (x,dr). Then
Ey is a connected subset of F,

ENEyDENS" (xo,dr) # 0,

and hence Ey C E. Suppose that there exists a point y € dD\ Ep. Then y lies in a
component C of dD with
cnS" Yxg,dr)=0.

Choose € > 0 so that
£ < q(C,8" (xo,dr)),

where ¢ is the chordal metric in R”. Then, by Corollary 1 in [227], p. 83, there is a
set H C 0D such that H is both open and closed in dD with

CCHC{x:q(x,C)<e}.

Thus,
HNS" Y(xo,dr) =0

and H is closed in F. On the other hand,
F\H =S8""(x0,dr)U(dD\ H)

is also closed in F. Hence, y does not belong to the same component of F' as
8" 1(xo,dr), i.e.,y ¢ E. It follows that E = E or

E = §" '(xo,dr) U (Uca> .

For each non-degenerate component Cy, let D, and G, denote the components
of R"\ Cy, labeled so that D C Dy,. Then the sets G, are pairwise disjoint K-
quasiballs and hence, by Lemma 3.7, at most k of the C,, meet S"~! (xo,cr), where

d—+c n—1
k§a<d_c> , a=a(n,K).
By relabeling we may assume that these are the components Cy, ... ,Ci. Then, for
i=1,...,k, x; and x; lie in D; N B"(xp,r) and hence x; and x, can be joined in

D;NB"(xg,cr). This says that x; and x; are not separated by
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F = S’l_l(x07cr) ugG;.
For j=1,... k, let
J
Ej=2Fj
i=1
and suppose that x1,x, are not separated by E; for some j < k. Then, since
EjNFi =8""(xo,cr),

we can apply Theorem I1.5.18 in [335] to conclude that x;,x, are not separated by
E ;.1 and hence not by

k
Ek = S"fl(xo,cr) @] (UC,) .
i=1

In particular, there is an arc 7y that joins x; and x, in B"(xo,cr) and does not meet
any C;, i = 1,... k. Choose Co with &t & {1,...,k}. Then C,, meets S" ! (xo,dr) and
not 8"~ (xo,cr). Hence, Co Ny = 0 and we conclude that

ENy = (8" Yxo,dr) N y)U <Ucam/> = 0.

This means that E does not separate x| and x, and the proof is complete. O

Lemma 3.9. Suppose that D is b-locally connected and that dD is connected and
contains at least two points. Then dD is a K-quasiconformal circle, where K de-
pends only on b.

Proof. Suppose that p is a point in D. With each neighborhood U of p we as-
sociate a second neighborhood V as follows. If p = zp € C, choose r € (0,00)
so that B(zo,br) C U and let V = B(zo,r); if p = oo, choose r € (0,) so that
C(B(0,r/b)) C U and let V = C(B(0,r)). In each case, the fact that D is b-locally
connected implies that points are in DN U. Thus, D is uniformly locally connected
and dD is a Jordan path y by Theorem VI.16.2 in [227].

We show next that for any pair of finite points z1,z, € 7,
min(diam (y;),diam () < b?|z1 — 2], 3.7)

where i, 72 denote the components of y\ {z1,z2}. By a theorem of Ahlfors, in-
equality (3.7) will then imply that y is a K-quasiconformal circle, where K depends
only on b, thus completing the proof; see, for example, Theorem I1.8.6 in [190].

To this end, fix z;,z2 € 7, set

(@ +a) s |
= — r = — —
20 211 22), 2Z1 220,
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and suppose that (3.7) does not hold. Then there exist t € (r,o0) and finite points
wi,wy such that
wi € 7\ B(zo,b%) (3.8)

for i = 1,2. Choose s € (r,t). Since zj,z2 € YN B(zo,s), we can find for i = 1,2 an
endcut o; of D joining z; to z; € D in B(zo,s). Next, since D is b-locally connected,
we can find an arc o3 joining z’l to z/2 in D OE(ZO, bs). Then oy U o U 03 contains a
crosscut ¢ of D from z; to zp with

o C B(zo,bs). (3.9)

By virtue of (3.8), the same argument can be applied to obtain a crosscut § of D
from w; to wyp with
B C C(B(zo,bt)). (3.10)

But (3.9) and (3.10) imply that oo N = 0, contradicting the fact that z; and 2z,
separate wy and wy in y. Thus, (3.7) holds and the proof of Lemma 3.9 is complete.
O

Lemma 3.10. Suppose that D is b-locally connected. Then each component of dD
is either a point or a K-quasiconformal circle where K depends only on b.

Proof. Let By be a component of dD, let Cy denote the component of C(D) that
contains By, and let Dy = C(Cp). Then Dy is a domain with dDy = By; see, e.g.,
the proof of Theorem VI.16.3 in [227]. To complete the proof, we need only show
that Dy is b-locally connected, for then, by Lemma 3.9, dDy will be a point or a
K-quasiconformal circle where K = K (b).

Fix zo € C and r € (0,). Given z1,22 € Do N B(zo,r), we must find an arc y
joining these points in Dy N B(zo,br). For this let & be any arc joining z; and z; in
B(zo,r). If a C Dy, we may take ¥ = o. Suppose that o ¢ Dy and for i = 1,2, let ¢
denote the component of o M Dy that contains z;. Then for each i there exists a point
w; such that

wi € o;ND. (3.11)

If z; € D, we may take w; = z;; otherwise, z; € C;, a component of C(D) different
from Cy, and the fact that

o;NCy # 0, oNC; # 0

imply that o; must meet D and hence contain a point w; satisfying (3.11). Since D
is b-locally connected and since

wi,w €oND C DQE(Z(),V),

we can join wy and wy by an arc 8 in DN B(zo,br). Then oy U B U o will contain
an arc 7 joining z; and zp in Do N B(zg, br).
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Next, the same argument shows that each pair of points in Dy \ B(zo,r) can be
joined in Dy \ B(zo,r/b). Hence, Dy is b-locally connected and the proof is complete.
O

Theorem 3.1. A domain D in R? is a quasicircle domain if and only if it is linearly
locally connected.

Proof. Suppose that D is a domain in R2.IfDis linearly locally connected, then, by
Lemma 3.10, D is a quasicircle domain. The converse follows from Lemma 3.8. O

Theorem 3.2. If D is a finitely connected domain in R2, then the following condi-
tions are equivalent.

(i) D is a QED domain.

(ii) D is linearly locally connected.
(iii) D is a quasicircle domain.

(iv) D is uniform.

Proof. That (i) implies (ii) follows from Lemma 3.4; that (ii) implies (iii) is a con-
sequence of Theorem 3.1. By Theorem 5 in [234] and Theorem 5 in [83], a finitely
connected quasicircle domain is uniform. Finally, (iv) implies (i) by Lemma 3.6.

O

Remark 3.6. Suppose that D # R? is a simply connected domain in R?. Then Theo-
rem 3.2 implies the well-known equivalence of the following conditions.

(1) D is a QED domain.

(i1) D is linearly locally connected.
(iii) D is a quasidisk.

(iv) D is uniform.

The equivalence of (i) and (iii) was first proved by V. Gol’dstein and S. Vodop’janov
in [93]. For the equivalence of (iii) and (iv), see Corollary 2.33 in [212], while the
equivalence of (ii) and (iii) follows from Lemmas 4 and 5 in [68]; cf. also [70].

Remark 3.7. Finally, for a domain D C R", n> 2, we have the following relations
between the classes of domains considered above.

(i) If D is uniform, then D is QED.

(ii) If D is QED, then D is linearly locally connected.

(iii) If D is a quasisphere domain, then D is linearly locally connected.
(iv) There exists a QED domain D that is not uniform.

(v) There exists a quasisphere domain D that is not QED, and hence not uniform.



62 3 Moduli and Domains

(vi) For n > 2, there exists a domain D that is uniform, and hence QED and linearly
locally connected, but not a quasisphere domain.

The first three conclusions follow from Lemmas 3.6, 3.4, and 3.8, respectively.
For (iv), let E be the set in R” whose points have integer coordinates. Then E is
NED set because E is countable and hence the family of all paths meeting £ has zero
modulus. Thus, D = R"\ E is a QED domain, but D cannot be uniform because the
second condition in (3.6) fails. For (v), choose a closed, totally disconnected set in
R" with m(E) > 0. Then D = R"\ E is a 1-quasisphere domain with dD = E U {eo},
and hence D is not QED by Corollary 3.1. Finally, when n > 2, then D = R"\ R! is
a uniform domain while R! U {eo} is neither a point nor a quasisphere.

3.5 Extension of Quasiconformal and Quasi-Isometric Maps

We shall show in this chapter that a quasiconformal mapping between QED domains
in R” has a homeomorphic extension to the closures of the domains when n > 2 and
a quasiconformal extension to R” when n = 2. These results first appeared in [82]
as a result of extensive studies of the corresponding extension problems in uniform
domains. Chapter 2 then yields several extension theorems for quasiconformal map-
pings on various subclasses of QED domains. We also prove corresponding results
for injective local quasi-isometries.

We begin with the following result.

Theorem 3.3. Suppose that D and D' are domains in R", that D is M-QED and that
D' is c'-locally connected. If f is a K-quasiconformal mapping of D onto D', then f
has a homeomorphic extension to D. Moreover, if x1,x2,X3,x4 are distinct points in
D with

X1 —x2| |x3 — x4

Iz —xa| [x1 —xa] =

then

(1) = fO)] 1f(x3) = f (xa)|
f(x3) = fO2) | 1 (1) = f (xa)|

where b is a constant that depends only on n,K,M,c’, and a.

IN

b, (3.12)

Proof. We begin by deriving (3.12) whenever x,x3,x3,x4 € D. By composing f
with a pair of Mobius transformations and appealing to Lemma 3.1 and Remark
3.3, we see that it is sufficient to consider the case where x4 = o and f(x4) = oo;
then we must show that

|x1 —x2] - [y1 — 2|

< < b, (3.13)
|x3 — x2] lys — ¥

where y; = f(x;),j=1,2,3,4.
First we choose t so that
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1 —ya| = Ptlys —ya| = Pur

and we suppose that # > 1. Because 2’ is ¢-locally connected, there exist continua

F] and F;, which join y; to y3 in D' NB"(y2,c'r) and y| to ys = o in D'\ B" (y2,c'tr),

respectively. Set F; = f -1 (FJ’ ) and let I" and I, denote the families of paths joining

Fi and F> in R" and D, respectively. If y € Ip, then f(7) joins §"~'(y2,c'r) to
8"~ (y,,c'tr) and, thus,

mod Ip < K mod f(Ip) < K 0,—; (logt)l_".

Next,

1 1
min diam F; > [x3 —x2| > — [x; —x2| > — dist(F},F),
j=1.2 a a

and by Lemma 3.2,
mod I > ¢,
where ¢ > 0 depends only on n and a. Since D is an M-QED domain, these inequal-
ities yield
¢c<modI' <M mod Ip < MKw,— (log t)l*”

1/(}171)
- p<<MKwn> ) ,
C

Now this inequality holds trivially whenever ¢ < 1. Hence, we obtain (3.13) with

1/(n—1)
b = *exp <(MK(D"1) ) .
¢

Next, we show that f has a homeomorphic extension to D. Again, it suffices to
consider the case where e € D and f(ee) = co. Fix xg € dD and choose points x; € D
so that x; — xo and f(x;) — yo as j — . Then yg € dD' C R". Given € > 0, fix k
such that

or

|f () = yo| < e.
Suppose that x € D and

1
|x —xo| < g\xk—xo\ =J.
For large j,|x; —xo| < & and

Ix—xj| < |x—xo|+ |xj —x0| <38 — |x; —x0] (3.14)

= e = xo| = [xj = x0| < | —x;
and, applying (3.12) with x| = x,x2 = X}, X3 = X}, and x4 = oo, we conclude that

Lf(x) = fQep)| < bIf () = f(x))]
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where b = b(n,K,M,c’). Letting j — oo, we obtain

|f(x) =yo| < b|f(xx) —yol < be,

which shows that f(x) — yo as x — xo in D. Thus, f has a continuous extension to D,
which we again denote by f. By continuity, (3.12) holds whenever x1,x2,x3,x4 € D,
where b is the original constant corresponding to a+ 1, and this, in turn, implies that
£ is injective in D and hence a homeomorphism. O

Theorem 3.3, Lemma 3.4, and Lemma 3.6 imply the following results.

Corollary 3.2. If D and D' are QED domains in R", then each quasiconformal map-
ping of D onto D' has a homeomorphic extension to D.

Corollary 3.3. If D and D' are uniform domains in R", then each quasiconformal
mapping of D onto D' has a homeomorphic extension to D.

Remark 3.8. In the case of bounded uniform domains, Corollary 3.3 also follows
from Corollary 3.30 in [70] since then both f and f~! belong to some Lipschitz
class Lip,, ot > 0.

Remark 3.9. In the plane, Theorem 3.3 can be considerably sharpened. We first re-
quire the following results on quasidisks.

Lemma 3.11. Suppose that G is a K-quasidisk in R?, that zy € R*\ G, and that o
is a component of GNS'(zo,r). Then

diam o < ¢ |z; — 22],

where 71,75 are the endpoints of o and ¢ depends only on K.

Proof. Let 0 be the angle subtended by « at zo. If 0 < 6 < &, then
diam ¢ = |Z] —Zz| .

If 6 > =, then consider the ray from zo through the point 2z9p — z; on the opposite
side of z; in S'(zo, 7). Since G lies in R?, this ray meets each of the components 7
and p» of dG \ {z1,22}; thus,

diamy; > [z1—z20| =71
for j = 1,2. On the other hand, since dG is a K-quasicircle,

m}n2 diam y; < alz1 — 22/,
=1,

where a = a(K), and hence

diam o < 2r < 2a|z;1 —22|.
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Lemma 3.12. If G; is an infinite sequence of pairwise disjoint K-quasidisks, then

lim ¢(G) =0,
J—roo

where q(Gj) is the chordal diameter of G ;.

Proof. The proof follows from the fact that a quasidisk cannot be very thin. Indeed,
if the lemma does not hold, then after passing to a subsequence if necessary, choose
zj,wj € Gj such that z; — zg # o and w; — wy # z0. Fix 0 < r; < ry < |20 — wy.
Then there exists jo such that |z; —zo| < ry and |wj —zo| > r» for j > jo. This
says that infinitely many G; meet both S'(z,71) and S'(zo,72), contradicting the
conclusion of Lemma 3.7. O

Theorem 3.4. Suppose that D and D' are domains in R?, that D is M-QED, and that
D' is ¢-locally connected. If f is a K-quasiconformal mapping of D onto D', then f
has a K*-quasiconformal extension to R2, where K* depends only on the constants
K.M, and c'.

Proof. By Theorem 3.3, f has a homeomorphic extension, denoted again by f,
which maps D onto D’. Next, by Lemma 3.4, D is c-locally connected, where
¢ =¢(M), and it follows from Theorem 3.1 that D and D’ are K;-quasicircle do-
mains, where K| depends only on M and ¢’.

Let C be a quasicircle component of dD. Then C' = f(C) is also a quasicircle
and there exist K;-quasiconformal mappings g and g’ of R?2 onto itself such that
g(C) =Rl g (C'") =R, and g’ o f 0 g (e0) = 0. Moreover, we may assume that
g maps the component G of @\5 bounded by C onto the lower half-plane H
and that g’ does the same for the corresponding component G’ of @\ﬁ Then
h=g'ofog~!isahomeomorphism that maps g(D) onto g’(D’) and R! onto R! and
is K>-quasiconformal in g(D),K, = KK?. Now g(D) is M;-QED with M; = KM
and by Remark 3.3, ¢’(D’) is ¢/ -locally connected, where ¢| depends only on ¢’ and
K;.Choose x € R', # > 0, and let

X|] =X+1t, X2 =X, X3 =X—1, X4 = oo.
Then, by Theorem 3.3 applied to A,

h(x+1)—h(x) <b
h(x) —h(x—t) =

where b depends only on Ki,M;, and ¢}. By interchanging the roles of x| and x3
above, we conclude that / | R! is h-quasisymmetric and hence, by a theorem of
Ahlfors and Beurling in [6], there exists a homeomorphism 4* : H — H that agrees
with 4 on dH and is Kz-quasiconformal in H,K3 = K3(b).

Mapping back, we obtain a homeomorphism fg of DUG onto D’ UG’ that ex-
tends f and that is K*-quasiconformal in D and in G, where K* depends only on
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K,M, and . Define f* : R2 — R? as f*(z) = f(z) when z € D and f*(z) = f5(z)
when z belongs to a quasidisk component of G of R2\ D. Next we show that f* is a
homeomorphism. Since f* is injective, it suffices to show that f* is continuous, and
this clearly follows if we establish the continuity of f* at zo € dD.

Let z; — zo and suppose that f*(z;) — wo. We want to show that wo = f*(zo). If
infinitely many z; belong either to D or to a single component G of R?\ D, then this
follows from the fact that f is continuous in D and f; in G, respectively. Suppose
that the points z; lie in infinitely many distinct components G; of R?\ D. Passing to
a subsequence, if necessary, we may assume that z; € G;, where the G; are pairwise
disjoint. For each j choose w; € dG; C dD. Since the Ki-quasidisks G are pair-
wise disjoint, Lemma 3.12 implies that ¢g(G;) — 0 as j — ee. Thus, w; — zo, and,
hence, f*(w;) — f*(zo) by the continuity of f in D. Next, because the K;-quasidisks
f*(G)) are pairwise disjoint, the same reasoning shows that f*(z;) approaches the
same limit as f(w;). Thus, wo = f(zo).

It remains to show that f* is K*-quasiconformal in R2. Suppose first that e €

D and f*(eo) = eo. By Corollary 3.1, dD has zero planar measure. Hence, by a

well-known characterization for quasiconformality, it suffices to show that there is
a constant ¢ such that

L(zo,7) < cl(zo,r) (3.15)

forall zg € dD\ {e=} and 0 < r < oo, where

L(zo,r) = max [f"(z) = f"(z0)l,

[z—z0|=r

I(z0,r) = min |f"(z) = f"(20)l

lz—z0|=r

By making a pair of change of variables in the image and preimage of f, we may
assume that zo = 0 and f*(z9) = 0.

Suppose first that z1,z, € D with |z1| = |z2| = r. Then, by (3.12),
wa| < bi|wi, (3.16)

where w; = f*(z;) for j=1,2and by = b (K,M,).

Suppose next that z3 € R? \ D with |z3| = . Then z3 € G, where G is a K;-
quasidisk in R? with 0 ¢ G; let z;,z> denote the endpoints of the component o of
GNS'(0,r) that contains z3, labeled so that [wy| < |w|. Here again, w; = f*(z;) for
j=1,2,3. We shall show that

1
by lwi] < |ws| < by [wal, (3.17)

where b, depends only on K, M, and ¢’

Choose z4 € dG C D so that |wy| = |ws], and suppose first that |z3 —z4| < 1|z —
z4|. Then
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1 4 1
<z — < - -
|z4] 3 |z1 — za| + 23] 3 IZ3|+3 |z4],

el > sl = 2 Jor =l > = et~ x el
4| =2 |23 321 Z4_3Zl 3Z4-

Hence,

1
3 lz1] < |za] < 2]zal,

and Theorem 3.3 applied to f* | D yields

1
b wi| < |ws| = |wa| < b3 |wa,

where b3 = b3(K,M,c’). Suppose next that |z3 —z4| > |z — z4|. Then, by Lemma
3.11,

_ — di o
lz1 — z4| |23 — 22| < iam < 3,
|23 — 24 |21 — 22| |21 — 22|

where ¢ = ¢(K1). Since G and G’ = f*G are K;-quasidisks and hence 2K?-QED
domains, we can apply Theorem 3.3 to f* | G with a = 3¢ to obtain

by —wal s =wal _, o (3.18)
(w3 —wa| w1 —wy

where by = by(K,M,c). If |wy| > 2|w1], then
w3 —wa| <2|ws| < 4{wi —wal,
and from (3.18) we obtain

[wa| < dbglwi —wo |+ |wa| < 4ba(|wi|+ [w2]) + w2l
< (8bg+ 1) |wy],

where the inequality |w;| < |w,| has also been used. Similarly, if |w3| < |w;|/2 and
hence |ws3| < |wz|/2, then

|W1 —W2| < 2|W2‘ < 4|W3 —W2|

and
Wil < 4balws —wal+ [wa] < (8b4+1)|ws],

where (3.18) and the equality |w3| = |w4| have been used. Thus, we obtain (3.17)
with

by = max(b3,2, 8bs+1).
Finally, (3.16) and (3.17) imply (3.15) with ¢ = blb% and zo = 0, completing the

proof for the case where o € D and f(eo) = . The general case can then be reduced
to the special case by composing f with two auxiliary Mobius transformations. O
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The first corollary below follows from Theorem 3.4 and Lemmas 3.1 and 3.4.
The second corollary is due to the first and to Remark 3.6. The second corollary was
proved in [212] (see also [83]), and the first corollary appeared in [82].

Corollary 3.4. If D is a QED domain in R? and [ is a quasiconformal mapping of
D onto D', then f has a quasiconformal extension to R? if and only if D' is QED.

Corollary 3.5. If D is a uniform domain in R? and f is a quasiconformal  mapping
of D onto a domain D' in R?, then f has a quasiconformal extension to R? if and
only if D is uniform.

For finitely connected domains D in R2, we obtain the following statement.

Corollary 3.6. Suppose that D is a linearly locally and finitely connected domain
in R2.If f is a quasiconformal mapping of D onto a domain D', then f has a
quasiconformal extension to R? if and only if D' is linearly locally connected.

Proof. If D = @, then there is nothing to prove and in the case D # R2 we can
compose f with two auxiliary Mobius transformations and hence assume D, D’ C
R?. Now Corollary 3.4 or Corollary 3.5 together with Theorem 3.2 yields the result.

O

Remark 3.10. (a) Since a quasidisk D C R? is uniform, linearly locally connected,
and QED, all three corollaries are generalizations of the known Beurling—Ahlfors
extension theorem; see [5].

(b) Corollaries 3.4 and 3.5 do not hold for n > 3. A counterexample is provided by
a quasiconformal mapping of a smooth knotted torus onto one that is not knotted.

(c) If D is a QED domain in R", n > 2, with D = R", then E = R"\ D is NED; see
Remark 3.1. In this case it follows from results of Ahlfors and Beurling [5] when
n =2 and Aseev and Sychev [15] when n > 3 that every K-quasiconformal mapping
of D into R has a K-quasiconformal extension to R”.

(d) We give an example in Chapter 7 to show that Corollary 3.6 does not hold when
D is infinitely connected.

Remark 3.11. Theorem 3.4 can be used to interpret the geometric structure of QED
and uniform domains in R2.

Suppose that D and D’ are domains in R2. If there exists a quasiconformal map-
ping of R2 that carries D onto DY, then D is QED if and only if D/ is so. This
statement is false if we know only that there exists a quasiconformal mapping of D
that carries D onto D'; for an example, let D be the upper half-plane and f(z) = z°.
On the other hand, if we know that D and D’ are linearly locally connected and that
there exists a quasiconformal mapping of D that carries D onto D', then Theorem
3.4 implies that D is QED if and only if D’ is. Thus, the collection of QED domains
is invariant under quasiconformal mappings in the class of plane domains that are
linearly locally connected, i.e., in the class of quasicircle domains.
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Alternatively, we may think of a domain D C R? as being determined by the
shape of its boundary components and by their relative position and size as mea-
sured by its conformal moduli. Then Theorem 3.4 implies that D is QED if and
only if D is a quasicircle domain whose conformal geometry is quasiconformally
equivalent to that of another QED domain. In particular, it is natural to ask for ge-
ometric conditions on the boundary components of a quasicircle domain D that are
necessary and sufficient to guarantee that D is QED.

Obviously, the same remarks and questions hold for uniform domains in R2.

3.6 Extension of Local Quasi-Isometries

Suppose that f is a mapping of E C R” into R”. We say that f is an L-quasi-
isometry in E if

Tl < [70a) — flw)] <L)

for each pair of points x|,xp € E \ {eo} and if f(co) = e whenever o € E. We say
that f is a local L-quasi-isometry in E if, for each L' > L, every x € E has a neigh-
borhood U such that f is an L'-quasi-isometry in ENU.

The next theorem is a counterpart of Theorem 3.3 for injective local quasi-
isometries.

Theorem 3.5. If f is an injective local L-quasi-isometry of a quasiconvex domain
D C R" into a domain D' C R", then f extends to a quasi-isometry f* of D onto
D' if and only if D' is a quasiconvex. In this case f* is an L*-quasi-isometry with
L* = max(a,d), where a and ' are the constants for D and D' .

Proof. Suppose first that f extends to an L*-quasi-isometry f* of D onto D’. Let
y1,y2 € D'\ {eo}. Since D is an a-quasiconvex domain, there is a path ¥ in D joining

S 1) to £~ (y2) with
1(y) < alf ') —f ')l

Now, f(y) joins y; to y; in D’ and

() < L7U(y) < Lalf~ o) =/ 02)] < L2aly -yl
Thus, D' is a’-quasiconvex with ¢’ = L*?a.

Next, suppose that D’ is a’-quasiconvex and that f is an injective local L-quasi-
isometry of an a-quasiconvex domain D onto D'. Fix xj,x, € D"\ {ec}. There is a
rectifiable path y joining x; and x; in D with
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(y) < alx; —x.

Thus,
|f(x1) = f2)| < I(f(y)) < LIU(y) < La|xi —xf.

Since f is injective, f~! is a local L-quasi-isometry in D’ and arguing as above
yields
bt —xa| < Ld' |f(x1) = f(x2)].

Hence, f is an L*-quasi-isometry in D, where L* = L max(a,a’), and we can extend
f to D by continuity. O

Remark 3.12. Theorem 3.5 together with Section 3.2 yields several extension results
for injective local quasi-isometries. For example, if f is an injective local quasi—
isometry of a uniform domain D C R" onto a domain D' C R", then f extends to a
quasi-isometry of D onto D' if and only if D' is uniform. If D and D’ are uniform,
then the extension follows from Theorem 3.5 and from the fact that uniform domains
are quasiconvex; cf. (3.6). On the other hand, it is easy to see that the image of a
uniform domain D under a quasi-isometry f : D — R" is again a uniform domain.

We conclude this chapter with the following analogue of Theorem 3.4 for injec-
tive local quasi-isometries.

Theorem 3.6. Suppose that D and D' are domains in R?, that D is M-QED, and
that D' is ¢-locally connected. If f is an injective local L-quasi-isometry of D onto
D' and, in the case « ¢ D, the unbounded complementary components of D and D'
correspond under f, then f has an L*-quasi-isometric extension to R%, where L*
depends only on the constants L,M, and c'.

The formulation of this result requires a word of explanation. If f is an injective
local quasi-isometry, then f defines a homeomorphism of D onto D'. In this case,
for each component E of R2 \ D there exists a unique component E’ of R\ D’ such
that f(x) — E’ if and only if x — E in D. The second hypothesis on f in Theorem
3.6 requires that e € E’ whenever o € E. This condition is clearly necessary for f
to have a quasi-isometric extension to RZ.

Proof for Theorem 3.6. The hypotheses imply that f is a K-quasiconformal
mapping of D onto D', where K = L?>. Hence, by Theorem 3.4, f has a K*-
quasiconformal extension to RZ, where K* depends only on L,M, and c’; hence,
D' is M'-QED, where M’ = K*>M. By Lemma 3.3, D and D’ are a-quasiconvex and
a depends only on M and M'. Theorem 3.5 implies that f has an extension, denoted
again by f, as an L'-quasiisometry of D onto D', where L' depends only on L and a
and, thus, only on L,M, and ¢’.

Next, let C be a nondegenerate component of dD. Then, cf. the proof of Theorem
3.4, the boundary component C is a K-quasicircle, where K depends only on M. Let
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C’ be the boundary component of D’ that corresponds to C under f. Again C' is a
K'-quasicircle and K’ depends only on ¢’. Let G and G’ denote the components of
R2\ D and R?\ D’ bounded by C and C’, respectively. Then G C R? if and only if
G’ € R?, and we can apply Theorem 7 in [69] to get L*-quasi-isometry of G onto
G’, which agrees with f on C. Moreover, L* depends only on L', K, and K’ and thus
only on L,M, and ¢'.

Proceeding in this way, we obtain an injective mapping f : R2 — R2 that extends
f, maps oo onto oo, and satisfies the inequality

21 — 22| /L < |f*(21) = [ (22)| £ L7|z1 — 22 (3.19)

whenever z; and z; are finite points in the closure of the same component of @\ dD.
A trivial argument then yields (3.79) for all z;,z, € R? and, thus, completes the
proof. O

Finally, the following consequences of Theorem 3.6 extend Corollary 1 in [69]
in precisely the same way that Corollaries 3.4 and 3.5 extend the aforementioned
theorem of Ahlfors and Beurling.

Corollary 3.7. If D is a QED domain in R? and fis an injective local quasi-
isometry of D onto D', then f has a quasi-isometric extension to R? if and only if
D' is QED and the unbounded complementary components of D and D' correspond
under f.

Corollary 3.8. If D is a uniform domain in R* and f is an injective local quasi-
isometry of D onto D', then f has a quasi-isometric extension to R? if and only if D'
is uniform and the unbounded complementary components of D and D' correspond
under f.

3.7 Quasicircle Domains and Conformal Mappings

Here we give two infinitely connected domains D, D’ in R? and a conformal map-
ping f of D onto D’ that has no quasiconformal extension to R?. This example
(see [82]) shows that the hypothesis that D be finitely connected is essential in
Corollary 3.6. The example is closely connected to the fact that zero-dimensional
sets are not invariant under conformal mapping, i.e., if D = R?\ E — R? is confor-
mal and E is a totally disconnected closed set in R?, then R?\ f(R?\ E) need not
be totally disconnected; see [5].

Theorem 3.7. There exist a compact, totally disconnected set E in R? and a con-
formal mapping f of D =R2\ E onto D' = B? \ F, where F is a closed, totally
disconnected subset of B.
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Since D and D' are 1-quasicircle domains, this theorem yields the desired exam-
ple. The proof of Theorem 3.7 is based on the following results due to Grotzsch (see
also [144]) and to Ahlfors and Beurling Theorem 16 in [5], respectively.

Lemma 3.13. Suppose G is a domain in R? and that zo € dG \ {oo}. Then the fol-
lowing conditions are equivalent.
(i) lim__, f(z) exists for all conformal mappings f of G into R2.

(ii) For each r > 0,mod I" = e, where T' is the family of all closed paths vy in
GNB(z9,r) that have nonzero winding number about z.

Lemma 3.14. There exists a compact, totally disconnected set F in R? such that
m(F) > 0 and such that lim,_.,, f(z) exists for each zo € F and each conformal

mapping f of R2\ F into R2.
We require the following easy consequence of the above two results.

Corollary 3.9. Suppose that G is a domain in R*> with m(G) < e and 0 < € < 1.
Then there exists a compact set E in G such that m(G\ E) < em(G) and such that
lim,_,, f(z) exists for each zo € E and each conformal mapping f of G\ E into R?.

Proof. Let F be the set described in Lemma 3.14. Since m(F) > 0, F has a point of
density and we can pick an open disk By and a compact set Ey C F N By such that

m(Bo\ Eo) < gm(Bo). (3.20)

Then, from Lemmas 3.13 and 3.14, we see that ling — z0f(z) exists for each z €
Ej and each conformal mapping f of By \ E into R2.

Because m(G) < oo, we can choose disjoint open disks B; in G, j =1,2,... ,n,
such that
" €
G B; | < = m(G). 3.21
m ( \J‘L:J1 ,> 5 m(G) (3:21)

Let E; denote the image of Ey under the similarity mapping that carries By onto B;.

Then .
E=JE

Jj=

is a compact subset of G,

n

m(G\E) = m<G\UB,> + il m(B;\E;) < em(G)

Jj=1

by (3.20) and (3.21), and lim__.,, f(z) exists for each zy9 € E and each conformal
mapping f of G\ E into R2. |
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Proof of Theorem 3.7. For j=1,2,..., let G; = {z:27U*) < |z] <27/} and
let E; denote the compact subset of G g glven in Corollary 3.9 corresponding to
€ =273/, Next, let D = R?\ E, where

E=[JE;u{0},
j=1

let I" denote the family of closed paths in DN B? that have nonzero winding number
about 0, and set
if 7€ DNB?,

1
= 27
PE) { 0 otherwise.

/pds>—/ 7,0 > 1
Y

Y

Then

for each rectifiable path yin I" and

mod I' < /p2 dm = (2m) 2 Y, —

IN

2r) 2 Y, 220t m(G\E;) < .
j=1

Hence, by Lemma 3.13, there exists a conformal mapping g of D into R’ such that
lim,_,0 g(z) does not exist; since D is locally connected at 0, this implies that the
cluster set C(g,0) of g at 0 is a nongenerate continuum. Next, by Corollary 3.9,
lim,_.., g(z) does exist for each zop € E \ {0}, and hence g has a homeomorphic

extension to R\ {0}. Thus, G = g(R"\ {0}) is a simply connected subdomain of

R \ C(g,0) and the Riemann mapping theorem yields a conformal mapping /& of
G onto B?. The conclusion of Theorem 3.7 then follows with f = hog and F =

FEN{0}). O

3.8 On Weakly Flat and Strongly Accessible Boundaries

We complete this chapter with a new class of domains in R", n > 2, which are wider
than the class of QED domains described earlier. The significance of such a type
of domain is that conformal and quasiconformal mappings as well as many of the
generalizations between them admit homeomorphic extensions to their boundary.

The notions of strong accessibility and weak flatness at boundary points of a
domain in R” defined below are localizations and generalizations of the correspon-
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ding notions introduced in [208,209]; cf. with the properties P; and P by Viisild in
[316] and also with the quasiconformal accessibility and the quasiconformal flatness
by Nikki in [224]. Lemma 3.15 establishes the relation of weak flatness formulated
in terms of moduli of path families with the general topological notion of local
connectedness on the boundary; see [163].

Figure 2

Recall that a domain D C R”, n > 2, is said to be locally connected at a point
Xo € dD if, for every neighborhood U of the point x, there is a neighborhood V C U
of xp such that V N D is connected [in other words, for every ball By = B(xo, 9 ), there
is a component of connectivity of By N D that includes BN D, where B = B(x,r)
for some r € (0,r9)]. Note that every Jordan domain D in R” is locally connected at
each point of dD; see, e.g., [335], p. 66.

We say that dD is weakly flat at a point xo € dD if, for every neighborhood U
of the point xp and every number P > 0, there is a neighborhood V C U of xg such
that

M(A(E,F;D)) > P (3.22)

for all continua E and F in D intersecting dU and dV. Here and later on, A (E, F; D)
denotes the family of all paths y: [a,b] — R connecting E and F in D, i.e., Y(a) €E,
y(b) € F,and y(t) € D for all 1 € (a,b). We say that the boundary dD is weakly flat
if it is weakly flat at every point in dD.
We also say that a point xy € dD is strongly accessible if, for every neighborhood
U of the point xo, there exist a compactum E, a neighborhood V C U of x¢, and a
number 6 > 0 such that
M(A(E,F;D)) > § (3.23)

for all continua F in D intersecting dU and dV. We say that the boundary dD is
strongly accessible if every point xy € dD is strongly accessible.
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T

oD

Figure 3

Remark 3.13. Here, in the definitions of strongly accessible and weakly flat boun-
daries, one can take as neighborhoods U and V of a point xo only balls (closed or
open) centered at xo or only neighborhoods of xy in another fundamental system of
its neighborhoods. These conceptions can also be extended in a natural way to the
case of R, n > 2, and xy = . Then we must use the corresponding neighborhoods
of oo,

Proposition 3.1. If a domain D in R", n > 2, is weakly flat at a point xy € dD, then
the point x is strongly accessible from D.

Proof. Indeed, let U = B(xg, rp) where 0 < ry < dop = sup,p |x—xo| and Py € (0, o).
Then, by the condition of weak flatness, there is r € (0, ry) such that

M(A(E,F;D)) > Py (3.24)

for all continua E and F in D intersecting dB(xo,rop) and dB(xp,r). Choose an ar-
bitrary path connecting dB(xo,ry) and dB(xp,r) in D as a compactum E. Then,
for every continuum F in D intersecting dB(xg,ry) and dB(xo,r), inequality (3.24)
holds. O

Corollary 3.10. Weakly flat boundaries of domains in R", n > 2, are strongly ac-
cessible.

Lemma 3.15. If a domain D in R", n > 2, is weakly flat at a point xy € dD, then D
is locally connected at xy.

Proof. Indeed, let us assume that the domain D is not locally connected at the point
xo. Then there is a positive number ry < dy = sup,cp |x — xo| such that, for every
neighborhood V C U := B(xo, ro) of xp, one of the following two conditions holds:

(1) VN D has at least two connected components K| and K> with xo € K NKp;
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(2) VN D has a sequence of connected components Ki, K3, ..., Ky, ... such that
X — X a8 m — oo for some x,, € K,,,. Note that K,, NdV # @ forallm=1,2,...in
view of the connectivity of D.

In particular, this is true for the neighborhood V = U = B(xg, rp). Let r. be an
arbitrary number in the interval (0, ). Then, for all i # j,

1K (3.25)

where K = K; N B(xo, r«) and Kj = K; N B(xo, ;). Note that the following function
is admissible for the path family I;; = A(K;, K7 D):

() = m for x € By \ B,
0 for x € R"\ (By \ B.),

where By = B(xo,r) and B, = B(xo,r,) because K; and K; as components of con-
nectivity for DN By cannot be connected by a path in By and hence every path
connecting K} and K must go through the ring By \ B, at least twice.

However, in view of (1) and (2), we obtain a contradiction between (3.25) and
the weak flatness of dD at x¢. Indeed, by the condition, there is r € (0, r,) such that

M(A(E,F;D)) > 2M, (3.26)

for all continua E and F in D intersecting the spheres |x —xo| = r, and |x — xo| = 7.
By (1) and (2) there is a pair of components K;, and K, of DN By that intersect both
spheres. Let us choose points xg € K;, N B and yo € Kj, N B, where B = B(xo,r), and
connect them by a path C in D. Let C; and C; be the components of CN Ki’(‘) and
cn Kjo including the points xp and yy, respectively. Then, by (3.25),

M(A(C],Cz;D)) S M()
and, by (3.26),
M(A(C1,C;D)) > 2My.

The contradiction disproves the assumption that D is not locally connected at xo.
O

Corollary 3.11. A domain D in R", n > 2, with a weakly flat boundary is locally
connected at every boundary point.

Remark 3.14. As is well known (see, e.g., 10.12 in [316]),
n R
M(A(E,F;R")) > cnlog; (3.27)

for all sets E and F in R”, n > 2, intersecting all the spheres S(xo,p), p € (r,R).
Hence, it follows directly from the definitions that a QED domain has a weakly flat
boundary.
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Corollary 3.12. Every QED domain D in R", n > 2, is locally connected at each
boundary point and dD is strongly accessible.

By Theorem 3.2, the QED domains coincide with the uniform domains in the
class of finitely connected plane domains. The following example shows that, even
among simply connected plane domains, the class of domains with weakly flat
boundaries is wider than the class of QED domains.The example is based on Lemma
3.5, which says that a QED domain has the measure density property at every bound-
ary point. Furthermore, the example shows that the weaker property on doubling
measure is, generally speaking, not valid for domains with weakly flat boundaries.

Example. Consider a simply connected plane domain D of the form
D = |J Ry,
k=1
where

Ry = {(x,y) ER?: 0<x<wy, 0<y <y}

is a sequence of rectangles with quickly decreasing widths wy = 2792 L 0ask—
oo, where ot > 1/(log2) > 1, and monotonically increasing heights i =271 ... +
27K~ 1ask — oo,

YA
1
hy ¢
hy H
I
1
hl"T—,
[
o
[
[
o
1 .
0'wy wy W, X

Figure 4

It is easy to see that D has a weakly flat boundary. This fact is not obvious only
for its boundary point zo = (0, 1). According to Remark 3.13, take as a fundamental
system of neighborhoods of the point zg the rectangles centered at z:

Po={(vy) eR*: x| <wp, [y—1|<1-Iy g =2"CD )
k=1,2,.... Note that

pND =5
1=k
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for all k > 1, where
S ={(x,y) eR*: 0<x<wy, hj_y <y<h}.

Let E and F be an arbitrary pair of continua in D intersecting 0, i.e., intersecting
the horizontal lines y = h;_; and y = h;. Denote by S? the interiority of S;. Then
A(E,F,SY) C A(E,F,D) and A(E,F,S?) minorizes the family I; of all paths joining
the vertical sides of S? in S?. Hence (see, e.g., Proposition A.1),

M(A(E,F,D)) > 27! jw; > 2@ —

as [ — oo. Thus, the domain D really has a weakly flat boundary.
Now,setrp =1 —Ip_ =271 +2714..) = 2-(&=1) and By = B(zo,r1). Then

. [DNR|
k—eo |DNBy|

because wy /r; < 2@~k _ 0. However,

IDNP| = 2 IS/ = 2 wp-(hy—hi—y) = 2 wy 271,
=k

1=k I=k
and hence
E W[271 sz—k_|_ > lefl
IDNF _ =k _ 1=k 1
|DﬂPk+1| z le—l 2 le—[
I=k+1 I=k+1
1 1
=14+ = >1+ Wit
2 Wk+m 2—m Wi
m=1 Wk
=1+Wk—1—|—2a2k—>oo
Wi41
Consequently,
[DNBy|
k—eo [DO By

Thus, the domain D does not have the doubling measure property at the point zg €
0D, and then, by Lemma 3.5, D is not a QED domain.

Finally, we would also like to compare our notions of weak flatness and strong
accessibility with other close notions.

First, we recall the corresponding notions in [209], p. 60. There the weak flatness
of dD means that the condition

M(A(E,F:D)) = o (3.28)
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holds for all nondegenerate continua E and F in D with ENF # &. Note that (3.28)
always holds if ENF ND # @ because of (3.27). It is clear that (3.28) implies (3.22).

The strong accessibility of dD in [209] means that
M(A(E,F;D)) > 0 (3.29)

for all nondegenerate continua E and F in D. Note that (3.29) always holds for
continua E and F in D, see Theorem 5.2 in [225].

The property P; in [316], p. 54, and the quasiconformal flatness of D at a point
xp € dD by Nikki in [224], p. 12, mean that

M(A(E,F:D)) = oo (3.30)

for all connected sets E and F in D with xy € ENF. It easy to see that (3.30) implies
(3.22) for connected sets in D but not only for continua.

The property P> by Viisild (or quasiconformal accessibility by Nékki) of D at
Xp € dD means that, for every neighborhood U of x, there are a compactum (con-
tinuum) £ C D and a number & > 0 such that

M(A(E,F;D)) > 6 (3.31)

for all connected sets F in D with xp € F and F NJU # @. It is easy also to see that
(3.31) implies (3.23) not only for continua but also for connected sets.

We show later that all theorems on a homeomorphic extension to the boundary
of quasiconformal mappings and their generalizations are valid under the condition
of weak flatness of boundaries (3.22). The condition of strong accessibility (3.23)
plays a similar role for a continuous extension of the mappings to the boundary.



Chapter 4
QO-Homeomorphisms with Q € L] _

Various modulus inequalities play a great role in the theory of quasiconformal
mappings and their generalizations. Along these lines, we introduced and studied
the concept of Q-homeomorphisms. In this class we study differentiability, ab-
solute continuity, distortion theorems, boundary behavior, removability, and map-
ping problems. Our proofs are based on extremal length methods. In this chap-
ter we give some results for Q-homeomorphisms with locally integrable Q; see,
e.g., [204,205,207-209, 282].

4.1 Introduction

Let D be a domain in R”, n > 2, and leitQ : D — [1,00] be a measurable function.
Recall that a homeomorphism f : D — R" = R"| J{eo} is said to be a O-homeomor-
phism if

MUT) < [ 00)-p" () dm(x) @D
D

for every family I" of paths in D and every admissible function p for I'.

The subject of Q-homeomorphisms is interesting on its own right and has appli-
cations to many classes of mappings that we also investigate ahead. In particular, the
theory of O-homeomorphisms can be applied to mappings in local Sobolev classes
(see, e.g., Sections 6.3 and 6.10) to the mappings with finite length distortion (see
Sections 8.6 and 8.7) and to the finitely bi-Lipschitz mappings; see Section 10.6.

The main goal of the theory of Q-homeomorphisms is to clear up various inter-
connections between properties of the majorant Q(x) and the corresponding proper-
ties of the mappings themselves. In this chapter we first study various properties of
Q-homeomorphisms for Q € Llloc' Examples of Q(x)-homeomorphisms are provided
by a class of homeomorphisms f € Wl1 (;Z having either the locally integrable inner
dilatation K;(x, f) or the outer dilatation Ko (x, f) € L' (D); see Theorem 4.1. The

loc
base for it is the following statement.

O. Martio et al., Moduli in Modern Mapping Theory, Springer Monographs in Mathematics,
DOI 10.1007/978-0-387-85588-2_4, (©) Springer Science+Business Media, LLC 2009
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Proposition 4.1. Let f: D — R" be a sense-preserving homeomorphism in the class
l,n
W, . Then

loc

(i) f is differentiable a.e.,
(ii) f satisfies Lusin’s property (N),
(iii) Jr(x) > 0 a.e.

If. in addition, f~' € Wl(l)’cn, in particular, if either K (x, f) € L\ . or Ko(x, f) € Lf‘ozl,
then

(iv) £~V is differentiable a.e.,
(v) £~1 has the property (N),
(vi) J¢(x) > 0 a.e.

Proof. (i) and (ii) follow from the corresponding results for Wlé’cn homeomorphisms
by Reshetnyak; see [257] and [258]. In view of (i) and the fact that f is sense-
preserving, (iii) follows by Rado—Reichelderfer [246], p. 333. Finally, if either
Ki(x,f) € Ll or Ko(x,f) € L. (D), then f~' €W\ (f(D)) by Corollary2.3 in

[154] and Theorem 6.1 in [111], correspondingly, and thus (iv)—(vi) follow. O

Remark 4.1. Note that by [246] every homeomorphism in R” is either sense-pre-
serving or sense-reversing. Moreover, the latter can be obtained from the former by
reflections with respect to hyperplanes and conversely. Thus, Proposition 4.1 is also
applicable to the latter but with the opposite sign of the Jacobian.

4.2 Examples of O-homeomorphisms

The next theorem provides examples of Q-homeomorphisms; cf. Theorem 6.1,
Corollaries 6.4 and 6.5.

Theorem 4.1. Let f : D — R" be a homeomorphism in the class Wkl)"c" with f~! €
WL in particular, with either K; (x,f) € LL . or Ko(x,f) € L''. Then, for every

loc’ loc loc

Sfamily I' of paths in D and every p € adm I,

MUT) < [ Kilx.f) p"(x) dm(x), 42
D

i.e., fis a Q-homeomorphism with Q(x) = K;(x, f).

Proof. Since either K;(x, f) € L. or Ko(x, f) € L', we may apply Proposition

loc loc

4.1. Thus, f~' € W"(f(D)), and hence f~' € ACLL (f(D)); see, e.g., [215], p.
8. Therefore, by Fuglede’s theorem (see [64] and [316], p. 95), if I" is the family of
all paths y € fT" for which f~! is absolutely continuous on all closed subpaths of
y, then M(fI") = M(T"). Also, by Proposition 4.1, f~! is differentiable a.e. Hence,

as in the qc case (see [316], p.110), given a function p € admI", we let p(y) =
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(FLONIFY (y)| fory € £(D) and p(y) = 0 otherwise. Then we obtain, that for

er,
/pds> / pds > 1,

floy

=10

and consequently p € admT.

By Proposition 4.1 and Remark 4.1, both f and f~! are differentiable a.e. and
have the (N)-property and J(x, f) > 0 a.e., and we may apply the integral transfor-
mation formula to obtain

M(fT) = / p"dm(y)
l
= [ G110 Y 0Dty / ()
1(D)
= [ U KO DIS dm) < [ Kilx f)p(e) dm(x).
f(D) D
The proof follows. O

4.3 Differentiability and Ko(x, f) <C,0" '(x) a.e.

Theorem 4.2. Let D and D' be domains in R", n > 2, and let f : D — D' be a Q-
homeomorphism with Q € LI]OC. Then f is differentiable a.e. in D.

Let us consider the set function @ (%) = m(f(#)) defined over the algebra of all
the Borel sets 8 in D. Recall that by the Lebesgue theorem on the differentiability
of nonnegative, subadditive locally finite set functions (see, e.g., [11.2.4 in [246] or
23.5in [316]), there exists a finite limit for a.e. x € D

@ (x) = lim 7@(3()6,8))

em0 Ot 43)

where B(x, €) is a ball in R” centered at x € D with radius € > 0. The quantity ¢(x)
is called the volume derivative of f at x.
Given x and y € D, we set
L(x.f) = timsup LUV =S (4.4)
x|y

By the Rademacher—Stepanov theorem (see, e.g., [281], p. 311), the proof of Theo-
rem 4.2 is reduced to the following lemma.
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Lemma 4.1. Let D and D' be domains in R", n > 2, and f: D — D' be a Q-
homeomorphism with Q € Llloc. Then a.e.

Lixf) < %mor(x) Q"7 (x), (4.5)

where the constant 7, depends only on n.

Proof. Consider the spherical ring R.(x) = {y: € < |[x—y| < 2¢}, x € G, with
€ > 0 such that R.(x) C D. Since ( fB(y,2¢),fB (y,e)) are ringlike condensers in
D', according to [71] (cf. also [122] and [293]; see Section A.1),

cap(fB(x,2¢), fB(x,€)) = M(A(JfB(x,2¢),d fB(x,€); fRe(x)))

and, in view of the homeomorphism of f,
A(JfB(x,2e),dfB(x,€); fRe(x)) = f (A (IB(x,2¢),0B(x,€);: Re (x))).

Thus, since f is a Q-homeomorphism, we obtain

cap(fB(x,2¢), fB(x,€)) /Q dm(x)

for every admissible function p of A(dB(x,2¢€),dB(x,€);Ke(x)). The function

e ifxERg(x)v
plx) = {0 if x € G\ Re(x),

is admissible and, thus,

- 2’19
cap(fB(x,2¢), TBx€)) < s / 0(y)dm(y 4.6)
x2£

On the other hand, by Lemma 5.9 in [210] (see Section A.2), we have

1
d"(fB n=T
(f (‘x? 8)) , (4.7)
m(fB(x,2¢))
where C,, is a constant depending only on n, and d(A) and m(A) denote the diameter
and Lebesgue measure of a set A in R", respectively.

Combining (4.6) and (4.7), we obtain

cap (fB(x,2¢), fB(x,€)) > (Cn

d(fB(x,€)) m(fB(x,2€))\ /" 1
p S7”’(m(19(x,ze))> m(B(x,2¢)) / o) dmi(y) ’

and hence a.e.



4.3 Differentiability and Ko (x,f) <C, Q" !(x) a.e. 85

d(fB(x,e))
&€

L(x, f) < limsup < 0"/ (x) QM ().

e—0

O

Corollary 4.1. Let D and D' be domains in R", n > 2, and let f : D — D’ be a

Q-homeomorphism with Q € Lloc Then f has locally integrable partial derivatives.

Proof. For L(x, f) given by (4.4) and a compact set V C G, we have by (4.5)
[ L) dmx) < 3 [ 917001V (x) ()
4 14

and, applying the Holder inequality (see e.g. (17.3) in [20]) with p =n and g =
n/(n—1), we obtain

1/n
/ 0" ) dmix) < | o) ax| | [ o) dmix)
\%4 \%4

Finally, in view of Q € Llloc, by the Lebesgue theorem, we see that

(n—1)/n

(n=1)/n
L6y de <y mgv)n | [ o) dm() <.
|4 \4

O

Corollary 4.2. Let D and D' be domains in R", n > 2, and let f : D — D' be a
Q-homeomorphism with Q € Ll . Then a.e.

loc*
Ko(x,f) < G, Q" (), (4.8)

where the constant C, depends only on n.

Remark 4.2. Note also that f~! has Lusin’s (N)-property and J(x, f) # 0 a.e. for

every Q-homeomorphism f with Q € Llloc. Indeed, by Corollary 4.2,

/K"*lxﬁdmx <%/Q”*1 0D (x, £) dm(x) /Qxfdm() o

4.9)
for each compact set C in D where 1/n+ 1/n’ = 1 and ¥, depends only on 7. Thus,
|E| = 0 whenever | fE| = 0 by Corollary 4.3 and [152]. By [244] the latter is equiv-
alent to the condition J(x, f) # 0 a.e.
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4.4 Absolute Continuity on Lines and Wl(l)’c1

Theorem 4.3. Let D and D' be domains in R", n > 2, and let f : D — D’ be a Q-
homeomorphism with Q € Llloc. Then f € ACL.

Proof. LetI ={x € R":a; <x; <b;, i=1,...,n} be an n-dimensional interval in
R such that I C D. Then I = Iy x J, where Iy is an (n — 1)-dimensional interval
in R"~! and J is an open segment of the axis x,, J = (a,,b,). Next we identify
R~ x R with R". We prove that for almost every segment J, = {z} x J, z € Iy, the
mapping f|;, is absolutely continuous.

Consider the set function @ (%) = m(f(% x J)) defined over the algebra of all
the Borel sets % in Iy. Note that by the Lebesgue theorem on differentiability for
nonnegative, subadditive locally finite set functions (see, e.g., I11.2.4 in [246]), there
is a finite limit for a.e. z € I

. P (B(zr))
¢(z) = lim 0, 1 (4.10)
where B(z,r) is a ball in Iy C R"~! centered at z € Iy of the radius r > 0.
Let A;,i=1,2,..., be some enumeration S of all intervals in J such that A; C J

and the ends of A; are rational numbers. Set

¢i(z) == /Q(Z,xn)dxn.
A;

Then by the Fubini theorem (see, e.g., III. 8.1 in [281]), the functions ¢;(z) are
a.e. finite and integrable in z € Iy. In addition, by the Lebesgue theorem on the
differentiability of the indefinite integral, there is a.e. a finite limit

lim ‘I),'(B(Z, r))

limg 0 it = 02 @11)

where @; for a fixed i = 1,2,... is the set function

@)= [ o) am(£)

given over the algebra of all the Borel sets % in Ij.

Let us show that the mapping f is absolutely continuous on each segment J;,z €
I, where the finite limits (4.10) and (4.11) exist. Fix one such point z. We have
to prove that the sum of diameters of the images of an arbitrary finite collection
of mutually disjoint segments in J. = {z} x J tends to zero together with the total
length of the segments. In view of the continuity of the mapping f, it suffices to
verify this fact only for mutually disjoint segments with rational ends in J;. So, let
Af ={z} x A; CJ;, where A; € S,i=1,...  k under the corresponding renumbering
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of §, are mutually disjoint intervals. Without loss of generality, we may assume that
Aj,i=1,... k, are also mutually disjoint.

Let 6 > 0 be an arbitrary rational number that is less than half of the minimum
of the distances between A’ ,i =1,...,k, and also less than their distances to the
endpoints of the interval J;. Let A/ = {z} x [0;, B;] and A; = A;(r ) B(z,r) x (0 —
8,B:+8),i=1,...,k, where B(z,r) is an open ball in [y C R"~! centered at point
z of the radius r > 0. For small » > 0, (A;,A),i = 1,... ,k, are ringlike condensers
in1,hence (fA;, fA]),i=1,...k, are also ringlike condensers in D'.

According to [71] (cf. also [122] and [293]; see Section A.1),
cap (fAi, fA7) = M(A(IFA;, FAS fA)
and, in view of the homeomorphism of f,
A(IfAL fAS fA) = f(A (DAL, A3 AY)).

Thus, since f is a Q-homeomorphism, we obtain

cap(fAi, [47) / 0(x)-p"(x) dm(x)
for every function p € adm A(dA;, A A;). In particular, the function

1
-, XEA;,
p(x):{(’) xEIRl”\A,-
is admissible under r < 6 and, thus,
1
cap( i A7) < — [ Q) dm). @.12)
Aj
On the other hand, by Lemma 5.9 in [210] (see Section A.2),

cap(fAi, fA') > (Cn j;n) o , (4.13)

1

where d; is a diameter of the set fA;, m; is a volume of the set fA;, and C, is a
constant depending only on 7.

Combining (4.12) and (4.13), we have the inequalities

< ) g—z i=1,... .k (4.14)
Jowa

where the constant ¢, depends only on n.
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By the discrete Holder inequality (see, e.g., (17.3) in [20] with p =n/(n—1) and
1/n 1/n .
g =n,x; =dy/m;" and y, = m,'"), we obtain

k k ar ﬁ o k %

zd,»<<z(1) ) (zm) , @15)
i=1 i=1 \ " i=1

k n « & ﬁ n—1
(Zd,) < < (') ) @ (B(z,r)), (4.16)
i=1 i=1 \"i

and in view of (4.14),

n J O(x)dm(x) -l
k r k .
<izldi> = Zizjfi;)l) DR Q

S Qear!

, 4.17)

where ¥, depends only on n. First letting r — 0 and then 6 — 0, we get by
Lebesgue’s theorem that

k n k n—1
(Zd,) <19(2) <Z <pi(Z)> ~ (4.18)
i=1 =

Finally, in view of (4.18), the absolute continuity of the indefinite integral of O
over the segment J, implies the absolute continuity of the mapping f over the same
segment. Hence, f € ACL. a

Corollary 4.3. Let D and D' be domains in R", n > 2, and let f : D — D' be a
Q-homeomorphism with Q € L. . Then f belongs to Wkl)"cl.

loc*

The conclusion follows by Theorem 4.3 and Corollary 4.1; see also [215].

Remark 4.3. By the way, from the proof of Theorem 4.3, the estimate of the variation
of the mapping f on the segment /, and the length of the path fI, follow:

n—1
n

by
(L) < ¥ ¢7(2) / 0(xn) duy | (4.19)

where the constant ¥} depends only on 7 and the function ¢(z) is defined by (4.10).
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4.5 Lower Estimate of Distortion

Theorem 4.4. Let f : B" — R™ be a Q-homeomorphism with Q € L' (B"), £(0) =0,
h(R"\ f(B")) > 6 > 0, and h(f(x0),f(0)) > & for some xy € B". Then, for all
|x| < r=min(|xo|/2,1— |x0]),

|f ()] = w(]x]), (4.20)

where y(t) is a strictly increasing function with y(0) = 0 that depends only on the
L'-norm of Q in B", n, and §.

Proof. Given yy with |yp| < r, choose a continuum E that contains the points 0 and
Xo and a continuum E, that contains the points yp and dB", so that dist(E;, E» U
dB") = |yo|. More precisely, denote by L the straight line generated by the pair of
points 0 and xo and by P the plane defined by the triple of the points 0, xp, and
yo (if yo € L, then P is an arbitrary plane passing through L). Let C be the circle
under the intersection of P and the sphere S"~!(yo, |yo|) C B"(|xo|). Let #o be the
tangency point to C of the ray starting from xo that is opposite to yo with respect to
L (an arbitrary one of the two possible if yo € L). Then E; = [xq,%] U¥(0,1), where
¥(0,10) is the shortest arc of C joining 0 and #y, and E; = [yo,ip] US"~!, where
§"=1 = 9B" is the unit sphere and iy is the point (opposite to o with respect to L)
of the intersection of $"~! with the straight line in P, that is perpendicular to L and
passes through yg.

Let I" denote the family of paths that join E| and E5. Then
p(x) = |yo| ™" xpe(x) € adm I,
and hence,

M(fT)

IN

[P 0w dm(x) “21)

L ol
d = .
< Iyol B/ o) dm(x) = =

N

The ring domain A" = f(B"\(E1 UE;)) separates the continua E| = f(E;) and Ej =
R\ f(B"\E,), and since

h(EY) > h(f(x0), f(0)) =8, h(Ey)>h(R"\f(B")) > &
and
h(E{,E3) < h(f(0),£(0),

it follows that

M(f(I)) = A(h(f(y0), £(0))), (4.22)

where A(¢) = A,(8,7) is a strictly decreasing positive function with A(¢) — o as
t — 0 (see 12.7 in [316]). Hence, by (4.21) and (4.22),
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[f o)l > A(f (o),  f(0)) = w(lyol),

where y(t) = 17! (HQHI

o )has the required properties. O

4.6 Removal of Singularities

Theorem 4.5. Let f: B"\ {0} — R" be a Q-homeomorphism. If

r—0

. 1
hmsupm (/) Q(x)dm(x) < oo, (4.23)
B"(r

then f has an extension to B" that is a Q-homeomorphism.

Proof. As the modulus of a family of paths that pass through the origin vanishes,
it suffices to show that f has a continuous extension to B”. Suppose that this is not
the case. Since f is a homeomorphism, R”\ f(B"\ {0}) consists of two connected
compact sets Fj and F; in R", where F; contains the cluster set E = C (0, f) of f atO.
Here Fj is a nondegenerate continuum. Using an arbitrary Mdbius transformation,
we may assume that F; C R". U = F1 U f(B" \ {0}) is a neighborhood of E. Thus,
there exists 0 > 0 such that all balls B, = B"(z,0),z € Fi, are contained in U. Let
V = UB,.

Now, choose a point y € Fj such that dist(y,dV) = 8, and a point z € B, \ F;. Next,
choose apath 8 : [0, 1] — By with B(0) =y,B(1) =zand B(r) € By\ F; forr € (0,1].
Let oo = f~'of.Forr € (0,|f'(z)|), let o, denote the connected component of the
path (1) \ B"(r), I = [0, 1], that contains the point f~!(z) = (1), and let I} denote
the family of all paths joining ¢, and the point 0 in B” \ {0}. Then the function
p(x)=1/rifx € B"(r)\ {0} and p = 0 otherwise is in adm I}, and by (4.23),

limsup / 0(x) p™(x) dm(x) (4.24)
0 meo)
= Q, liI:LS(l)lp |B”1(r)| O(x) dm(x) < oo.

B (r)\{0}

On the other hand, if I/ denotes the family of all paths joining two continua f (o)
and E in By \ E, then I}/ C f(I}), and thus

ML) <M(fT7). (4.25)

Evidently, dist(f(c),E) — 0, and the diameter of f(o,) increases as r — 0. As
both f (o) and E are subsets of a ball, M(fI}) — e as r — 0. This, together with
(4.24) and (4.25), contradicts the modulus inequality (4.1). O
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4.7 Boundary Behavior

Theorem 4.6. Let D and D' be domains in R", n > 2, and let f be a Q-homeomor-
phism of D onto D' with Q € L' (D). If D is locally connected at dD and D' is
weakly flat, then f~' has a continuous extension to D'.

It is necessary to stress here that the extension problem for the direct mappings f
has a more complicated nature; see Chapter 5 and 6 and, especially, the example in
Proposition 6.3. The proof of this theorem is reduced to the following lemma.

Lemma 4.2. Let D and D' be domains in R" and let f a Q-homeomorphism of D
onto D' with Q € L' (D). If D is locally connected at 9D and dD' is weakly flat, then
C(x1,f)NC(xa, f) = O for every two distinct points x| and xy in dD.

Proof. Without loss of generality, we may assume that the domain D is bounded.
For i = 1,2, let E; denote the cluster sets C(x;, f) and suppose that E; NE, # 0.

Write d = |x; —x;|. Since D is locally connected in dD, there are neighborhoods
U; of x; such that W; = DN U; are connected and U; C B"(x;,d/3), i = 1,2. Then
the function p(x) = 3/d if x € DNB"((x1 +x2)/2,d) and p(x) = 0 elsewhere is
admissible for the family I' = I"(W;,W»; D). Thus,

M) < [ QW) dm(x) < 5 [0 dmx) <o 426
D D

The last estimate contradicts, however, the weak flatness condition of 9D’ if there
is a point yg € Ey N E;. Indeed, then yo € fW; N fW, and, in the domains W;" =
fWi and Wy = fW,, there exist paths intersecting arbitrary small prescribed spheres
[y —yo| = ro and |y — yo| = r.. Thus, the assumption that E1 N E; # @ was not true.

O

In particular, by Theorem 4.6, we obtain the following important conclusion.

Theorem 4.7. Let D and D' be domains in R, n > 2. If D' is locally connected at
dD' and 9D is weakly flat, then any quasiconformal mapping f : D — D' admits a
continuous extension to the boundary f : D — D'.

Combining Theorem 4.7 with Lemma 3.15, we come to the following statement.

Corollary 4.4. If D and D' are domains with weakly flat boundaries,  then any qua-
siconformal mapping f : D — D' admits a homeomorphic extension f : D — D/,

Note that these results on the extension to weakly flat boundaries are new even for
the class of conformal mappings in the plane. Here we do not assume that domains
are simply connected.
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4.8 Mapping Problems

We may consider the following two questions.

(a) Are there any proper subsets of R” that can be mapped under a Q-homeomor-
phism with Q € L] . onto R" ?

(b) Are there any nondegenerate continua E in B” such that B"” \ E can be mapped
under a Q-homeomorphism with Q € L} onto B"\ {0}?

loc

Here we give partial answers to these questions; see also the next chapter.

Theorem 4.8. Let D be a domain in R",D #R" n>2 and f: D — R" a Q-
homeomorphism. If there exist a point b € dD and a neighborhood U of b such
that Q|pry € L', then f(D) # R".

Proof. The statement is trivial if D is not a topological ball. Suppose that D is a
topological ball. By the Mobius invariance, we may assume that b = 0 and « € dD.
Let r > 0 be such that B"(r) C U. Then Q is integrable in B"(r) N D. Choose two
arcs E and F in B"(r/2) N D each having exactly one endpoint in dD such that
0 < dist(E,F) < r/2. Such arcs exist. Indeed, since dD is connected and 0 and oo
belong to dD, the sphere dB"(r/2) meets dD and contains a point xy that belongs to
D. Then one can take E as a maximal line segment in (0, xp] N D with one endpoint
at xo and the other one in dD, and F as a circular arc in the maximal spherical cap
in dB"(r/2) N D that is centered at xo, so that F has one end-point in dD and the
other one in D.

Now, let I denote the family of all paths that join £ and F in D. Then p(x) =
dist(E,F)~!if x € B"(r) "D and p(x) = 0 otherwise is admissible for I'. Then, by
4.1),

~ dist(E,F)"
B (r)ND

1
M(T)< [0p"dm< ———— 0 dm < . 4.27)
/ /

On the other hand, if f(D) =R", then f(E) and f(F) meet at e and fT is the family
of paths joining f(E) and f(F) in R”. Thus, M(fI") = o. The contradiction shows
that f(D) # R". O

By the techniques used in the proof of Theorem 4.8, one can establish the fol-
lowing.

Theorem 4.9. Let E be a nondegenerate continuum in 8", D=B"\E, and f : D —
R" a Q-homeomorphism. If there exist a point xo € dDNB" and a neighborhood U
of xo such that Q|pry € L', then f(D) is not a punctured topological ball.

Corollary 4.5. Let E be a nondegenerate continuum in B" and Q € L' (B"\ E). Then
there exists no Q-homeomorphism of B" \ E onto B"\ {0}.



Chapter 5
Q-homeomorphisms with Q in BMO

Spatial BMO-quasiconformal mappings satisfy a special modulus inequality that
was used in the previous chapter to define the class of Q-homeomorphisms. In this
chapter we study distortion theorems, boundary behavior, removability, and map-
ping problems for Q-homeomorphisms with Q € BMO; see [204-209].

5.1 Introduction

Given a function Q : D — [1,0|, we say that a sense-preserving homeomorphism
f: D — R" is O(x)-quasiconformal, abbr. Q(x)-qc, if f €W, (D) and

K(x,f) <Q(x) ae. (5.1

We say that f : D — R" is BMO-quasiconformal, abbr. BMO-qc, if f is Q(x)-qc
for some BMO function Q : D — [1,0]. Here BMO stands for the function space by
John and Nirenberg [140]; see also [255] and Section B.

By Corollary B.1 and Theorem 4.1, we have the following conclusion.

Corollary 5.1. Every BMO-gc mapping is a Q-homeomorphism with some Q €
BMO.

Since L*(D) C BMO, the class of BMO-qc mapings obviously contains all qc
mappings. We show that many properties of qc mappings hold for BMO-qc map-
pins. Note that Q-homeomorphisms, Q(x)-qc and BMO-qc mappings are Mobius
invariants, and hence the concepts are extended to mappings f : D — R" = R"U{e}
as in the standard qc theory.

The study of related maps for n = 2 was started by David [48] and Tukia [310].
Recently, Astala, Iwaniec, Koskela, and Martin considered mappings with dilatation
controlled by BMO functions for n > 3; see, e.g., [19]. It is necessary to note the
activity of the related investigations of mappings of finite distortion; see, e.g., [131,

O. Martio et al., Moduli in Modern Mapping Theory, Springer Monographs in Mathematics,
DOI 10.1007/978-0-387-85588-2_5, (©) Springer Science+Business Media, LLC 2009
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132, 134, 147, 148, 153, 156, 195, 196]. This chapter is a continuation of our study
of BMO—qc mappings in the plane [271-274] (see also [9,284,298]) and a similar
geometric approach is used throughout.

The following lemma provides the standard lower bound for the modulus of all
paths joining two continua in R”; see [71] or Corollary 7.37 in [328] or Section A.1.
The lemma involves the constant A,,, which depends only on n and appears in the
asymptotic estimates of the modulus of the Teichmiiller ring R, (1) = R"\ ([-1,0]U
[t,00]), ¢ > 0.

Lemma 5.1. Let E and F be two continua in R", n > 2, with h(E) > & > 0 and
h(F) > &, > 0, and let " be the family of paths joining E and F. Then

Wy —1
M) > —————, (52)
(log g )1

where @,_1 is the (n — 1)-measure of the unit sphere S"~ " in R

5.2 Main Lemma on BMO

Lemma 5.2. Let Q be a positive BMO function in B".n > 3, and let A(t) = {x €
R":t < |x| < e '}. Then, forallt € (0,e7?),

/ (x| log 1/]x[)" =6 (5.3)

where ¢ = ¢1||Q|]« + 201, and ¢\ and c; are positive constants that depend only on
n. Here ||Q||+ is the BMO norm of Q and Q) is the average of Q over B"(1/e).

Proof. Fixt € (0,e72) and set

/ (] fog 1/Ix])" 1og 1/|x| 6

A1)

Fork=1,2,..., write ty = e %, Ay = {x € R" : 4 < |x| <}, By = B" (), and
let O be the mean value of Q(x) in Bg. Choose an integer N such that ty | <7 < 1y.
Then A(t) C A(ty+1) = U} A and

0(x) _

AN+

where
N+1

S’:kz/mn log" 1/|x| dm(x) (56
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and
N+1

ZQk/ B log 1/|x| 61

Since Ay C By, and for x € Ay, |x| " < Q,¢"/|By|, where €2, = |B"|, and since
log 1/|x| > k, it follows that

N+1 1 ¢ N+1 1
S < dx < Q,e" “ —
S| <Q k,,|B|/|Q ~odix <ol 3
and, thus,
IS1] <20Q,€"||0]« (5.8)
because, for p > 2,
<1
2 o <2 (5.9)
To estimate S», we first obtain from the triangle inequality
k
Ok =kl < X101 = Q1| + Q1. (5.10)
=2
Next we show that, for [ > 2,
|01 — Q11| < €| Q][+ (5.11)

Indeed,

0-0m1] = /(Q@)—Ql_l)dm(x)

= |B,1|B/ 0(x) = Q1-1]dm(x) < e"[|Q)..

Thus, by (5.10) and (5.11),

k
Ok < Q1+ Y. €"|0|]x < Q1 +ke"||O] [+, (5.12)
=2
and, since
dm(x) 1
< =W, | — 5.13
/|x|” log” l/|x| —kn/ ar O (5.13)

where @,_1 is the (n— 1)-measure of "~ it follows that
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N+1

Qk N+1 N+1 1
S$2 < -1 z kT <0101
k=1

1
> ool Y

k=1 k=1

Thus, for n > 3, we have by (5.9) that
S2 < 2w, 101 +20,-1€"|| Q||+ (5.14)

Finally, from (5.8) and (5.14), we obtain (5.3), where ¢ = ¢; Q1 + ¢2]|Q||+, and ¢;
and ¢, are constants that depend only on n. O

Remark 5.1. Tt is easy to follow by the above proof that in the case n = 2,

M —0 <log logi) (5.15)
Alr) (\x\ 10g|71‘)

ast —oo. Forn>2,0<t<e 2 and A(r) as in Lemma 5.2, let I} denote the family
of all paths joining the spheres |x| =¢ and |x| = ¢! in A(¢). Then the function p
given by
1
P = {log Tog /)] Tog 1/1%

forx € A(t) and p(x) = 0 otherwise belongs to adm I;.

(5.16)

5.3 Upper Estimate of Distortion

Theorem 5.1. Let f: B" — R™ be a Q-homeomorphism with Q € BMO(B"). If
h(R"\ f(B"(1/e))) > & > 0, then for all |x| < e~2,

C
h(f(x),f(0)) < Tog /)% (5.17)

where C and o are positive constants that depend only on n, 8, the BMO norm ||Q|]
of Q, and the average Q| of Q over the ball |x| < 1/e.

Proof. Fix t € (0,e72). Let A(t),I;, and p be as in Remark 5.1 and let & =
h(f(B"(t))). Then, by Remark 5.1, p € adm I;, and

M) < [ optdm. (5.18)

R}l
In view of (5.3) (see also Remark 5.1),

c

—_— .1
(log log1/t)n—1’ (5.19)

/ op"dm = / Qop"dm <
Rﬂ

A1)
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where ¢ is the constant from Lemma 5.2. On the other hand, Lemma 5.1 applied to
M(fT;) with E = f(B"(¢)) and F =R"\ f(B"(1/e)) yields

M(fI7) = (5.20)

(log %ln )nfl
and the result follows by (5.18)—(5.20) and from the fact that A(f(x), f(0)) < & for
|x| =1t. O

Corollary 5.2. Let .% be a family of Q-homeomorphisms f : D — R", with Q €
BMO(D), and let 6 > 0. If every f € . omits two points ay and by in R" with
h(ar,by) > 8, then F is equicontinuous.

5.4 Removal of Isolated Singularities

Theorem 5.2. Let f : B"\ {0} — R” be a Q-homeomorphism with Q € BMO(B" \
{0}). Then f has a Q(x)-homeomorphic extension to B".

Proof. Fixt € (0,e72) and let A(¢),I7, and p be as in Remark 5.1. Then, by Lemma
5.1, _
Ol <m(m) < [ gptm. (521)
(log 58)" A

where § = h(f(dB"(e!))) and & = h(f(dB"(t))). Since isolated singularities are
removable for BMO functions (see [255]), we may assume that Q is defined in B"
and that Q € BMO(BB"). Thus, by Lemma 5.2 and Remark 5.1,

(5.22)

c
n <———|
/Q(x)p dm < (log log1/t)n—1
Alr)

Since here ¢ depends only on n,||Q||., and Q1 = Qpn(1/.), We obtain by (5.21)—
(5.22) that 6; — 0 as t — 0, and hence that liI’I(l) f(x) exists. O
X—

Corollary 5.3. If f : R" — R" is a BMO-qc mapping, then f has a homeomorphic
extension to R" and, in particular, f(R") = R".

5.5 On Boundary Correspondence

Lemma 5.3. Let D and D' be domains in R", n > 2, and let f : D — D' be a Q-
homeomorphism with Q € BMO(D). If D is locally connected at dD and oD’ is

: . . 2 = =
strongly accessible, then f has a continuous extension f : D — D'.
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Proof. Let xo € dD. As BMO functions and Q-homeomorphisms are Mobius in-
variant, we may assume that xo = 0. We will show that the cluster set E = C(0, f)
of f at 0 is a point that will prove that f(x) has a limit at 0. We may also assume
that 0 € E. Note that E # @ in view of the compactness of R".

Now, let us assume that there is one more point y* € E. Set U = B(ro) = B(0,ry),
where 0 < ro < [y*|.

By the local connectivity of D at dD, there is a sequence of neighborhoods V,, of
0 with connected D,, = DNV, and 6(V,,) — 0 as m — . Choose in the domains
D), = fD,, points y,, and y*, with |y,,| < ro and |y},| > ro, y» — 0 and y}, — y* as
m — 0. Let Cy, be paths connecting y,, and y}, in D),. Note that by the construction,
dUNC, # 2.

By the condition of the strong accessibility of dD, there are compactum C in D’
and a number & > 0 such that

M(A (Cvcm;D,)) >4
for large m. Note that K = f~'C is a compactum in D and hence &y = dist(0,K) > 0.
Set 8y = min{¢g, 1 /e}.
Let I; be the family of all paths joining K with the ball B(¢) in D. As in Lemma

5.2, we let A(¢) denote the spherical ring ¢ < |x| < 8. Then the function p (x) defined
in (5.16) is admissible for I;, and hence

MUT) < [ 0" (dm(). (5.23)
D

For Q € BMO(D), by Lemma 5.2 and Remark 5.1,

/Q(x)p”(x)dm(x) - / 0(x)p" (x)dm(x) — 0 (5.24)
D A(r)

as t — 0. On the other hand, for every fixed t € (0, ), D,, C B(t), hence C,, C fB(t)
for large m, and thus

M(fT;) > M(A(C,C;D')) > 6. (5.25)

The obtained contradiction disproves the assumption that £ contains more than
one point. a

Combining Lemma 5.3 and Theorem 4.6, we obtain the following.

Corollary 5.4. Let f : D — D' C R" be a Q-homeomorphism onto D' with Q €
BMO(D). If D locally connected at dD and oD’ is weakly flat, then f has a homeo-
morphic extension f : D — D/,

By Lemma 3.15, we also obtain the following corollary.
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Corollary 5.5. Let f : D — D' C R" be a Q-homeomorphism onto D' with Q €
BMO(D). If oD and oD’ are weakly flat, then f has a homeomorphic extension
f:D—D.

These and the next theorems extend the known Gehring—Martio results (see
[81], p. 196, and [214], p. 36) from gc mappings to Q-homeomorphisms with
Q € BMO(D) and to BMO-qc mappings, respectively.

Theorem 5.3. Let f : D — D' be a Q-homeomorphism between QED domains D
and D" with Q € BMO(D). Then f has a homeomorphic extension f : D — D'.

Theorem 5.4. Let f : D — D' be a BMO-gc mapping between uniform domains D
and D'. Then f has a homeomorphic extension f : D — D'.

Corollary 5.6. Let f : D — D' be a BMO-qgc mapping between bounded convex
domains D and D'. Then f has a homeomorphic extension f : D — D'

Corollary 5.7. If D is a domain in R" that is locally connected at dD and D is not
a Jordan domain, then D cannot be mapped onto B" by a Q-homeomorphism with
Q € BMO(D).

Corollary 5.8. If a domain D in R" is uniform but not Jordan, then there is no
BMO-gc mapping of D onto B".

In Section 5.7, for every n > 3, we give an example of a uniform domain that is
not Jordan although it is a topological ball inside B".

5.6 Mapping Problems

In Section 5.4 we showed that there are no BMO-qc mappings of R” onto a proper
subset of R”, nor BMO-qc mappings of a punctured ball onto a domain that has two
nondegenerate boundary components. We may consider the following two ques-
tions.

(a) Are there any proper subsets of R” that can be mapped BMO-quasiconformally
onto R"?

(b) Are there any nondegenerate continua E in B” such that B" \ E can be mapped
BMO-quasiconformally onto B" \ {0}?

In [273] we showed that the answer to these questions is negative if n = 2. The
proofs were based on the Riemann mapping theorem and on the existence of a
homeomorphic solution to the Beltrami equation

wz = U(Z)w,
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for measurable functions pt with ||it||. < 1 that satisfy (14 [u(z)])/(1—|u(z)]) <
0(z) a.e. for some BMO function Q. One may modify questions (a) and (b), sub-
stituting the word “BMO-quasiconformally” for “by a Q-homeomorphism.” Ahead,
we provide a negative answer to questions (a) and (b) in some special cases when
n>2.

We say that a proper subdomain D of R” is an L!-BMO domain if u € L' (D)
whenever u € BMO(D). Evidently, D is an L'-BMO domain if D is a bounded
uniform domain. By [299], pp. 106-107, cf. [94], p. 69, D is an L'-BMO domain if
and only if kp(-,x9) € L' (D) where kp is the quasihyperbolic metric on D,

. ds
kD(.x,)C()) = II?I/fV/ m, (526)

where ds denotes the Euclidean length element, d(y,dD) denotes the Euclidean
distance from y € D to dD, and the infimum is taken over all rectifiable paths y € D
joining x to xq. L'-BMO domains are not invariant under quasiconformal mappings
of R", but they are invariant under quasi-isometries; see [299], pp. 119 and 112.

In particular, every John domain is an L'-BMO domain; see Theorem 3.14 in
[299], p. 115. A domain D C R" is called a John domain if there exist 0 < o <
B < e and a point xop € D such that, for every x € D, there is a rectifiable path
v :[0,1] — D parameterized by arc length such that y(0) = x, y(I) = xo, [ < 3, and

a
d(y(t),0D) > T -t (5.27)
forallz € [0,/]. A John domain need not be uniform, but a bounded uniform domain
is a John domain; see [212], p. 387. Note also that John domains are invariant under
gc mappings of R”; see [212], p. 388. A convex domain D is a John domain if and
only if D is bounded. For various characterizations of John domains, see [106,212,

226].

More generally, the Holder domains are also L!-BMO domains. A domain D C
R" is said to be a Holder domain if there exist xo € D, 6 > 1, and C > 0 such that

d(x0,09D)

kp(x,x0) < C+ S'IOgW

(5.28)
for all x € D. It is known that D is a Holder domain if and only if the quasihyperbolic

metric kp(x,xp) is exponentially integrable in D; see [295]. Thus, a Holder domain
is also an L'-BMO domain.

As a consequence of Theorem 4.8, we have the following corollaries, which say
that a proper subdomain D of R” having a nice boundary at least at one point of dD
cannot be mapped BMO-quasiconformally onto R”.
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Corollary 5.9. Let D be a domain in R",D #R", n > 2, and let f: D — R" be a
Q-homeomorphism with Q € BMO(D). If there exist a point b € dD and a neigh-
borhood U of b such that DN\U is an L'-BMO domain or; in particular, d(DNU)
is a quasisphere, then f(D) # R".

Remark 5.2. In particular, Theorem 4.8 implies that if a BMO-qc mapping f of D is
onto R”, then either D = R" or the domain D cannot be (even locally at a boundary
point) convex, uniform, John, or Holder.

By Theorem 4.9, we are able to give partial answers to (b).

Corollary 5.10. Let E be a nondegenerate continuum in B" and D =B"\ E. If there
exist a point xo € dDNB" and a neighborhood U of xo such that U\ E is an L'-
BMO domain or, in particular, d(U \ E) is a quasisphere, then D cannot be mapped
BMO-quasiconformally onto B" \ {0}.

Remark 5.3. As we mentioned above, the condition Q|p~y € L' for Q € BMO(D)
in Theorems 4.8 and 4.9 has the explicit characterization in terms of integrability
of the quasihyperbolic metric kpny. In particular, there exist examples in which
kpny € L' under |dDNU| > 0 (see [299]), although the latter is impossible for
convex, uniform, QED, as well as John domains; see [202], p. 204, [81], p. 189,
and [214], p. 33.

5.7 Some Examples

We say that a domain D in R", n > 2, is a quasiball, respectively, BMO-quasiball,
if there exists a homeomorphism of D onto B” that is qc, respectively, BMO-qc . We
say that a set S in R” is a quasisphere, respectively, BMO-quasisphere, if there
exists a qc mapping, respectively, BMO-qc mapping, f of R” onto itself such that
f(S)=9JB".

The following example shows that there is a BMO-quasicircle v that is not a
quasicircle.

Example 1. Consider the path Y=y U Uys, where 1 = [0, 00|, 1o = [—o0, — 1 /¢],
and
7= {te™181/ 0 <1 < 1/e}.

Clearly, y does not satisfy Ahlfors’s three-points condition, and hence it is not a
quasicircle. However, y is a BMO-quasicircle. Indeed, the map f: C — C, which is
identity in C \ B? and is given for |z| < 1 by

. 1-0/mlogl/r .
rexp in(1+ —Slog 1/ ) flog”l/r§9<27r,

. . 9
fre? {rexpl(elogl/r) if0<6 < 77
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is O(z)-qc with Q(re'®) = max(1,log1/r), which is BMO-qc in C and maps ¥ onto
R.

Note that R" is a topological ball that cannot be mapped by a BMO-qc mapping
onto B"; see Corollary 5.3. In view of Corollary 5.8, the following example shows
that, for every n > 3, there exists a proper subdomain of B” that is a topological ball
but not a BMO-quasiball.

Example 2. Let B =B"\ C"(¢g), where C"(€) is a cone with its vertex v at the
point of §"~! = 9B in the hyperplane x,, = 1 and with the disk B"~'(¢),0 < e < 1,
in the hyperplane x,, = 0 as its base. For n > 3, the domain B is uniform. Evidently,
B is a topological ball. However, the boundary of B is not homeomorphic to the
sphere S"~!, because the point v splits dB into two components.



Chapter 6
More General O-Homeomorphisms

In this chapter we continue the development of the theory of Q-homeomorphisms.
More advanced results on Q-homeomorphisms for the case of O € FMO and more
general situations are proved here. For this goal, we develop a general method of
singular functional parameters; see [127, 128].

6.1 Introduction

Our study concerns isolated boundary points, thin parts of the boundary in terms of
Hausdorff measures, and domains with regular boundaries such as the quasiextremal
distance domains of Gehring—Martio, uniform, convex, smooth, etc. Our results
on continuous and homeomorphic extensions of Q-homeomorphisms to boundary
points are formulated in terms of various conditions on the majorant Q(x), e.g., if
Q(x) has finite mean oscillation at the corresponding points.

In particular, we show that an isolated singularity is removable for Q-homeo-
morphisms provided that Q(x) has finite mean oscillation at this point. An analogue
of the well-known Painleve theorem for analytic functions also follows if Q(x) has
finite mean oscillation at each point of a singular set of the length zero. The well-
known Gehring—Martio theorem on the homeomorphic extension to the boundary of
quasiconformal mappings is also generalized to Q-homeomorphisms with Q eFMO.
The results are applied to certain classes of Sobolev homeomorphisms.

Let D be a domain in R", n > 1. Following [127], we say that a function ¢ : D —

R has finite mean oscillation at a point xo € D if

iy £ 00— dm(x) < = (6.1)
where |
[0} :][ o(x)dm(x) = ———— / ¢(x) dm(x (6.2)
e Jote) (x) dm(x) ID(xo,s)\D( . (x) dm(x)
X0,

O. Martio et al., Moduli in Modern Mapping Theory, Springer Monographs in Mathematics,
DOI 10.1007/978-0-387-85588-2_6, (©) Springer Science+Business Media, LLC 2009
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is the mean value of the function ¢(x) over D(xp,€) = D(\B(xo,€), € > 0. Here
B(xo,&) = {x e R": |x — xo| < €}, (6.3)

and condition (6.1) includes the assumption that ¢ is integrable in D(xo, €) for small

€. In particular, if xg € dD, then it is assumed nothing on the boundary in the defi-
nition.

6] )

7

Figure 5

Note that under (6.1) it is possible that ¢z — o as € — 0. In Section 6.2 we
construct a nonnegative function ¢ : B" — R, n > 3, that has finite mean oscillation
at 0 but is not of BMO in each neighborhood of 0.

6.2 Lemma on Finite Mean Oscillation

Proposition 6.1. If, for some collection of numbers ¢ € R, € € (0, &),
Tim |@(x) — @c| dm(x) < oo, (6.4)
£—0 JD(xp,€)

then @ has finite mean oscillation at xy.

Indeed, by the triangle inequality,

For o 100 =l dm()

<f e =gl dm(v) + 19— < 24 ol =gl dm(a).
D()C(),S) D(xo,&‘)

Corollary 6.1. If, for a point xo € D,
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Tim [Q(x)] dm(x) < oo, (6.5)
£—0 D(xg.€)

then @ has finite mean oscillation at xg.

A point xg € D is called a Lebesgue point of a function ¢ : D — R if ¢ is
integrable in a neighborhood of x¢ and

lim [@(x) = @(x0)| dm(x) =0. (6.6)

€=0 JB(xp.€)

It is well known that, for every function ¢ € L'(D), almost all points D are its
Lebesgue points; see, e.g., [281].

Corollary 6.2. Every function ¢ : D — R that is locally integrable has finite mean
oscillation at almost every point in D.

We say that a domain D C R”, n > 2, satisfies the condition of doubling
(Lebesgue) measure at a point xy € 9D if

IB(x0,2€) ND| < c-|B(x0,€) ND| ©67)

for some ¢ > 0 and for all small enough & > 0; cf. [107] and [110]. Note that the
condition of doubling measure holds, in particular, at all boundary points of bounded
convex domains and bounded domains with smooth boundaries in R”.

For inner points, a version of the next lemma was first proved for the BMO class
in the planar case in [273,274] (cf. Corollary 6.3 ahead) and then in the spatial case
in [208,209].

Lemma 6.1. Let a domain D C R", n > 3, satisfy the condition of doubling measure
at 0 € dD. If a nonnegative function @ : D — R has finite mean oscillation at 0, then

o) dm(x)

[ Tog x[|"
\x <&

< oo, (6.8)

i.e., the singular integral is convergent for some &y > 0.

Proof. Take & € (0,27") such that ¢ is integrable over D; = D(\B, where B =
B(0, &), and
§= sup [@(x) = | dm(x) <o,
re(0,) D(r)

where D(r) = DN\B(r), B(r) = B(0,r) = {x € R" : |x| < r}. Further, let € <
27180, & = 271{2718()7 A = {x ER": gy < |x| < Ek}, B = B(g&), and let
@y be the mean value of ¢(x) over Dy = D(\By, k = 1,2.... Take a natural num-
ber N such that € € [ey41,€v) and denote o (r) = (rlog, 1/t)™", 0 <t < 1. Then
D(A(g, &) C A(e) = U, Ar where A, = DAy, and
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| o) allxl) dm) < [5i] + 52,
Ale)

where

N
Si(e) = Y [ ((x) = @x) ae(lx]) dm(x),

N
$:6) = X o [ allxl) dm(x).

k=1 At
Since Ay C Dy C By, |x| " < Q,2"/|Dy| for x € Ay, where €, is the volume of
the unit ball in R”, and log, (1/]x|) > k in Ay, then

N
1
IS1] < 8Q,¢" kzl o < 50,2
because .
o 1 dt 1
Y < / i =1
&k / t n—1
Now,
1 dm(x) W1
Jehant) < 5 [ GEE < o

lox — Pr—1| = m

Dy

where c is the constant from the condition of doubling measure, and by the triangle

inequality,
k

o = ol < o1 + Y lo—@1] < @1 + kbe.
=1

Hence,
1

N N
Sy = [S] < w1 Y, P < 20101 + 8Wy_1c Y, ——
el S kD

and with the estimate



6.2 Lemma on Finite Mean Oscillation 107

i 7 dt
S < ar=as st
tn
k=2 1
for n > 3, the proof of Lemma 6.1 is complete. O
Since N
N
1 dt
27</—:10gN<10g2N
&k t
1

and, for gy € (0,27!) and € < &y,

1 1 1
N < N + log, <280> = log, <8N> < log, <8)’

then, for n > 2,

Nooq
g«l kn=1)

and we have the following consequence of the proof.

N1 1
< X g < l+loglogn( ),

Corollary 6.3. Under the conditions of Lemma 6.1, for n > 2,

Mm()n —0 <log log i) (6.9)
DN A(e,&) (|x|10g |x \)

for some gy > 0 as € — 0, where

Ale,g0) ={xeR":e<|x| <g < 1}. (6.10)

Examples. By the John—Nirenberg lemma, the function ¢(x) = log(1/|x|) be-
longs to BMO in the unit ball B" (see, e.g., [255], p. 5), but ¢z — o as € — 0.
Thus, condition (6.5) is only sufficient but not necessary for a function ¢ to have
finite mean oscillation at xy. The example also shows that condition (6.8) cannot be
extended to n = 2.

Note that any power of log (1/|x|) is integrable in the unit ball. However, for
n > 3, the function

o(x) = {log ]nl 6.11)

does not have finite mean oscillation at x = 0 because it does not satisfy the neces-
sary condition (6.8). Simultaneously, function (6.11) satisfies (6.9) for every n > 2.
Hence, condition (6.9) is necessary but not sufficient for ¢ to have finite mean os-
cillation at 0.

Now, take an arbitrary sequence of disjoint balls By = B(x;,r;) CB", k=1,2,...,
such that x; — 0 and ry — 0 as k — o, and set
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Q" () = e (x;xk>, X € By, (6.12)
k
and @*(x) = 0 outside UBy, where the ¢ are chosen in such a way that
lim 0" (x) dm(x) < oo. (6.13)
=0 JB(0,e)

Then ¢* has finite mean oscillation at 0 by Corollary 6.1. By the construction, ¢*
does not have finite mean oscillation at every point x;. Hence, ¢* is not of BMO in
any neighborhood of 0.

6.3 On Super QO-Homeomorphisms

In this section we start to study super Q-homeomorphisms , i.e., such Q-homeo-
morphisms f : D — R", n > 2, that inequality (1.8) holds not only for all families
I" of continuous paths y: (0,1) — D but also for dashed lines y: A — D, i.e.,
continuous mappings y of open subsets A of the real axis R into D. Recall that
every open set A in R consists of a countable collection of mutually disjoint intervals
A CR,i=1,2,... . This fact gives reasons for the term “dashed line.”

We say that a family I" of dashed lines is minorized by another such family I'*,
abbr. I' > I'*,if, forevery line ye I',y: A — R” thereisaline y* € I'*, 7" : A* —
R”, that is a restriction of ¥, i.e., A* C A and y* = y|4+. Later on, the following
property is useful; see Theorem 1(c) in [64], p. 178.

Proposition 6.2. Let I and I'* be families of dashed lines. If ' > T'*, then M(I") <
M(T™).

We say that a property P holds for almost every (a.e.) dashed line y in a family
I" if the subfamily of all lines in I" for which P fails has modulus zero. In particular,
almost every dashed line in R”" is rectifiable; see, e.g., Theorem 2 in [64]. All defini-
tions of the modulus, rectifiability, and so on for dashed lines are perfectly similar to
the corresponding notions for paths and hence are omitted. Many results for dashed
lines are also similar, and it is not necessary for our goals to formulate all of them
explicitly here. For the advanced theory of more general systems of measures in
metric space, see [64].

Theorem 6.1. Let f: D — R" be a homeomorphism in the class Wkl)"c” with f~! €
WL Then f is a super Q-homeomorphism with 0(x) = Ki(x, f).

loc *

Proof. First, f_1 S ACL]”OC; see, e.g., [215], p. 8. Hence, by the Fuglede theorem,
the modulus of all locally rectifiable paths in f(D) with at least one closed sub-
path where f ~1is not absolutely continuous has modulus zero; see [64] and [316].
This family of paths minorizes the corresponding family of dashed lines; thus, by
Proposition 6.2, the latter family also has modulus zero.
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Let I" be an arbitrary family of dashed lines in D. Let us denote by I"* the family
of all dashed lines y* € fT" for which f~! is absolutely continuous on every closed
subpath of y*. Then M(fT") = M (I"*).

Forp € adm I', set p*(y) = p(f~'()-|(f~") ()| if £~ (y) is differentiable and
p*(y) = o otherwise at y € f(D) and p*(y) = 0 outside f(D). Then

/p*ds*z / pds>1 (6.14)

oy

forall y* € I'*,ie., p* € adm ™.

By Proposition 4.1 and Remark 4.1, f~! has the (N)-property and is differen-
tiable with J(y, 1) # 0 a.e. Hence, using a change of variables (see, e.g., Theorem
6.4 in [222], cf. also Corollary 8.1 and Proposition 8.3 ahead), we have

M(fT) = / p* ()" dm(y
/ PU ) Kol ™) I f ") dm(y)
- / p()" Kix. f) dm(x),
D
i.e., f is a super Q-homeomorphism with Q(x) = Kj(x, f). O

Itis known that homeomorphisms of the class W1 with K; € L] have the in-
verse f in the same class; see Corollary 2.3 in [154]. Thus, we have the next
assertion.

Corollary 6.4. Let f: D — R" be a homeomorphism in the class W " withK; € L
Then f is a super Q-homeomorphism with Q(x) = Ky (x, f).

Since K (x, f) < K/~ (x, f), we also have the following statement.

loc*

Corollary 6.5. Under the conditions of Theorem 6.1, f is a super Q-homeomorphism
with Q(x) = K5~ (x, f).

Theorem 6.1 shows that super O-homeomorphisms form a wide subclass of Q-
homeomorphisms including many mappings with finite distortion.

6.4 Removal of Isolated Singularities

It is well known that isolated singularities are removable for conformal as well as
quasiconformal mappings. The following statement shows that any power of in-
tegrability of Q(x) cannot guarantee the removability of isolated singularities of
Q-homeomorphisms. This is a new phenomenon.
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Proposition 6.3. For any p € [l,o), there is a super Q-homeomorphism
F:B"\{0} = R", n>2, with Q € LP(B") that has no continuous extension to B".
Moreover, a Q(x)-qc mapping can be chosen as f.

Here B" = {x € R" : |x| < 1} denotes the unit ball in R".

Proof. The desired homeomorphism f can be given in the explicit form
X

]

where o € (0,n/p(n—1)). Note that f maps the punctured unit ball B"\{0} onto
the spherical ring 1 < |y| < 2 in R" and f has no continuous extension onto B".

y=r(x) (1+[x%),

Figure 6

On the sphere |x| = r, the tangent and radial distortions are

14+r* d
:M: +r N 5r:M:OH‘a_1,
] r 9 x|

o

respectively. Without loss of generality, we may assume that p is great enough so
that oo < 1. Thus, 6; > §, and, consequently,

o & &*&(&)“1

Tl 60 NT T4 5

Ko

(see, e.g., Section 1.2.1 in [256]), and hence the maximal dilatation is

ar® S Al=n

szmmﬁ:C+”Y1< ¢

where C = (2/a)""!. Note that Q € L”(B"\{0}) because o:(n— 1)p < n by the
choice of . It remains to note that f € C! C Wl;’: in B"\ {0}, and hence f is a super
Q-homeomorphism; see Theorem 6.1. O
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However, as the next lemma shows, it is sufficient for the removability of isolated
singularities of Q-homeomorphisms to require that Q(x) be integrable with suitable
weights.

Lemma 6.2. Let f: B"\{0} — R", n > 2, be a Q-homeomorphism. If

0()- " (Ix]) dm(x) = oli(e)") (6.15)

e<|x|<1

as € — 0, where y(t) is a nonnegative measurable function on (0,) such that
1
0<I(e /1// ) dt < oo, e€(0,1), (6.16)
€

then f has a continuous extension to B" that is a Q-homeomorphism.

Note the conditions (6.15) and (6.16) imply that I(€) — oo as € — 0. This follows
immediately from arguments by contradiction.

Remark 6.1. Note also that (6.15) holds, in particular, if

/ 0(x) (I dm(x) <o (6.17)

and I(€) — o as € — 0. In other words, for the removability of a singularity at
x =0, it is sufficient that integral (6.17) converges for some nonnegative function
y(t) that is locally integrable over (0, 1) but has a nonintegrable singularity at 0.
The functions Q(x) = log* (e/|x|), A € (0,1),x € B", n>2,and w = 1/(z log(e/1)),

€ (0,1), show that condition (6.17) is compatible with the condition /(g) — oo as
€ — 0. By Lemma 6.1, condition (6.17) holds with the given y for every function
Q(x) > 1in L'(B") having finite mean oscillation at 0 if n > 3.

Proof. Since the modulus of a family of paths passing through a fixed point equals
0, it is sufficient to show that f(x) has a limit as x — 0.

Let I be a family of all paths joining the spheres Se = {x € R" : |x| = €} and
So={xe€R":|x| =1} in the ring A = {x € R" : € < [x| < 1}. Also let y* be
a Borel function such that y*(r) = y(r) for a.e. t € (0,00). Such a function y*
exists by Lusin’s theorem; see, e.g., Section 2.3.5 in [55] and [284], p. 69. Then the

function (D /1(e)
_Jwr(lx])/I(e) ifxeAg,
Pel¥) = {0 if x € R"\A,

is admissible for I'; and, hence,

MUT [ 0W-pe (i) dm(x).

0<|x[<1
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ie., M(fI;) — 0as & — 0 in view of (6.15).

By the Jordan—Brouwer theorem, the images of the above spheres fS;, 7 € (0,1),
split the space R" into two components and, thus, R"\ fA, consists of exactly two
components; see, e.g., [50], p. 358, [123], p. 363, and [335], p. 63. Denote by I*
the family of all paths in R” joining the images of the spheres fS¢ and fSp. Then

M(I) = M(fT¢)

because fT; C I*. Hence, M(fI;) < M(I;"), and, on the other hand, fT; < I* (i.e.,
every path in I;* contains a subpath in fI; as fA, separates the two components
of R"\ fA,), and consequently, M(fIz) > M(I;); see, e.g., either Theorem 1(c)
in [64] or 6.4 in [316].

By Gehring’s lemma in [71] (see also (7.19), Lemma 7.22 and Corollary 7.37
in [328], and Section, A.1), we have

Here, the constants a, and b, depend only on n. The numbers & and 8, denote the
spherical (chordal) diameter of fSy and fSe, respectively. Thus, 6 — 0 and fS; are
contracted to a point as € — 0. O

In particular, choosing in Lemma 6.2 y(¢) = 1/(rlog1/t), we obtain by Corol-
lary 6.3 the following theorem.

Theorem 6.2. Let f: D\{xo} — R", n > 2, be a Q-homeomorphism where Q(x) has
finite mean oscillation at a point xo € D. Then f has a Q-homeomorphic extension
to D.

In other words, an isolated singularity of a Q-homeomorphism is removable if
O(x) has finite mean oscillation at the point. In particular, this is the case if Q(x) is
continuous at xg. As consequences of Theorem 6.2, Proposition 6.1, and Corollary
6.1, we also obtain the following statements.

Corollary 6.6. A Lebesgue point of Q is a removable isolated singularity for Q-
homeomorphisms.

Corollary 6.7. If f : B"\{0} — R", n > 2, is a Q-homeomorphism with

lim ]é(E)Q(x) dm(x) < oo, (6.18)

e—0
then f has a Q-homeomorphic extension to B".

Similarly, choosing in Lemma 6.2 the function y(¢) = 1/t as a weight, we come
to the following more general statement.
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Theorem 6.3. Let f : B"\{0} — R", n > 2, be a Q-homeomorphism. If

0(x) dm(x) _ ([log H ) (6.19)

‘x‘n

e<lx|<1

as € — 0, then f has a Q-homeomorphic extension to B".

Corollary 6.8. Condition (6.19) and the assertion of Theorem 6.3 hold if

0(x)=o ( {log M H) (6.20)

as x — 0. The same holds if

q(r)=o < [log i] M) (6.21)

as r — 0, where q(r) is the mean value of the function Q(x) over the sphere |x| = r.

Remark 6.2. Choosing in Lemma 6.2 the function y(z) = 1/(¢log1/t) instead of
(1) = 1/t, we are able to replace (6.19) by

Mml(x)n =0 ( {log log H ) , (6.22)
e<|x|<1 (|x|10gm)
and (6.21) by
n—1
q(r)=o ( [log % log log ﬂ ) : (6.23)

Thus, it is sufficient to require that

q(r)=0 Glog ﬂ nl) : (6.24)

In general, we could give here the whole scale of the corresponding conditions
in logarithms using functions y(¢) of the form 1/(¢ log---log1/t). However, we
prefer to give conditions of other types that are often met in the mapping theory
(see, e.g., [189] and [220]) and that can be obtained directly from Lemma 6.2.

Theorem 6.4. Let [ : B"\{0} — R", n > 2, be a Q-homeomorphism and, for some

B>1/(n—1), let
=) d
/ T (6.25)
0

where q(r) is the mean integral value of the function Q(x) over the sphere |x| = r.
Then f has a Q-homeomorphic extension to B".
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Proof. Indeed, for the function

_ 1/[tqﬁ (t)]ﬂ re (0,80),
y(t) = {o, re (e 1), (6.26)
we have
£
/ O(x) - y"(|x[) dm(x) = o, l/rqﬁT_ = 1/ wie (6.27)
e<|x|<1

where ®,_ is the (n — 1)-dimensional area of the unit sphere x| = I in R”". Thus,
the assertion follows immediately from Lemma 6.2 by condition (6.25). O

Corollary 6.9. Every Q-homeomorphism f : B"\{0} — R", n > 2, with

&
/ ar (6.28)
J rq(r)

can be extended to a Q-homeomorphism of B" into R™.

Corollary 6.10. If, for some B > 1/(n—1) and oc > 1,

‘;r — oo, (6.29)
r%c( )
where X
da(r) = < . Q“(x)) y (6.30)

then every Q-homeomorphism f :B"\{0} — R" allows extension to B".

Indeed, by the Jensen inequality, g4 (r) > q1(r) = q(r) (see, e.g., [339], p. 20),
and thus condition (6.29) implies condition (6.25).

In summary, Lemma 6.2 is a rich source of various conditions for the removabil-
ity of isolated singularities of Q-homeomorphisms.

6.5 Topological Lemmas

In this section we prove lemmas that will replace the Jordan—-Brouwer theorem in
the cases to be considered. Instead of an isolated singular point, a singular set that
is infinite and even uncountable (of the continuum cardinality) will be examined.
Recall that by the well known Alexandroff-Borsuk theorem (see, e.g., [50], p.
357, [126], p. 100, [11], and [29]), a compact set K C R”", n > 2, disconnects R" if
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and only if there is a continuous mapping f : K — §"! = {x € R" : |x| = 1} that is
not homotopic to a constant mapping. Conversely, the statement that a compactum K
does not disconnect R” is equivalent to the statement that each continuous mapping
f: K — 8" ! is homotopic to a constant mapping. Thus, we obtain the following
simple corollary of the Alexandroff—-Borsuk theorem.

Proposition 6.4. Let K and K; be disjoint compact sets in R", n>2, each of which
does not separate R". Then the compactum K = K |J K> does not separate R™.

On this basis we prove the following statement.

Lemma 6.3. Let D be a domain in R", n > 2. Then the boundary of every component
of its complement R"\D is a component of dD.

Proof. Let us assume that the conclusion of Lemma 6.3 is not true, i.e., there is a
domain D in R”, n > 2, such that the boundary of a component Cy of R\ D does not
coincide with a component of dD.

As known, dCy C dD; see, e.g., [50], p. 356. Moreover, if a component of K
of the boundary dD has a nonempty intersection with dCy, then K C dCy. Thus,
the negation of the statement of Lemma 6.3 is equivalent to the property of dCp to
consist of more than one component of dD, i.e., to the statement that dCy is not a
connected set.

Every component of R"\D is a compact set. Hence, joining to the domain D,
if it is necessary, all components of its complement R"\D except Cy, we may by
the Alexandroff-Borsuk theorem consider without loss of generality that R\ D has
only one component Cy and that R"\Cy = D is a domain.

By the above assumption, dCy can be split into two disjoint compact sets S and
S,. Let £ be a component of the complement R”\S; including the domain D. Then
the compactum K; = R\ €, includes S; and does not separate R”. Moreover, by
the construction, K; C Cy and S> C €; [the latter because every neighborhood of
each point in Sy C dCp must involve points of D C €2y, but the spherical distance
h(S2,0Q1) > h(S2,S1) > 0 since Q| C Sy; see [50], p. 356]. The sets €2, and K>
are defined in a similar way through S5.

Note that K7 (K, = 0. Indeed,

K| =00 C S CQzZ@\KQ

and o
0Ky =92 C S C Q) =RM"\Kj.

Hence, dK; (K> = 0 and 0K, N K; = 0. Thus, if
K ﬂKz #0, (6.31)

then
IntK () IntK> # 0,

i.e., there exist components Q) # @, Q) C Intk; and Q@) # @, Q) C
IntK; of the complements R”\S; and R*\S,, respectively, such that QW 09(2)
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£0.1f QW = Q@ then 0QM) =9Q® c §NS, =0, ie., QN =90Q3 =9
and Q) = Q) =R (because R” is a connected space), which is impossible by
the construction. For the definiteness, let QU\ Q) £ 0. Then Q@ N QM £
because 0 # QN NQ2A c QM and QW is connected. However, 02 C S, and
Q) < K. Consequently, assumption (6.31) contradicts the inclusion S, C | =
@\Kl.

Then, by Proposition 6.4, the compactum K = K |JK> C Cy does not separate
R, ie., Q = R"\K = Q€2 is a domain in R".

Further, since dCy =S US> C K1 UK, = K and K1 K> = 0 and Cy is connected,
then Qy = QN IntCy # 0 (if IntCy C K, then Cy = K = K;|JK>). However, by
the construction, D C Q,D|JCy = R", D(Cy = 0, and Q = D). The latter
contradicts the connectivity of £2. Thus, the assumption that dCy is not connected is
really not true and we come to the assertion of the lemma. O

Corollary 6.11. The interior IntC* of every component C* of the complement R"\D
is separated from K\C* by a single component K* of dD, i.e., any path joining
x € IntC* and y € R*\C* in R" intersects K*.

Indeed, by Lemma 6.3, the boundary of C* consists of one component K* of dD.
If some path y: (0,1) — R” joining x € IntC* and y € R"\C* does not intersect
dD, then (0, 1) is split into the two disjoint open sets ' (IntC*) and y~! (R"\C*),
which contradicts the connectivity of the interval (0, 1).

Lemma 6.4. Let D be a domain in R", n > 2, and let C* be a component of its
complement R™\D. Then, for every € > 0, there is a neighborhood N¢ of C* such
that D¢ = D(\N¢ C C¢ is a domain where

Ce = {xcR": h(x,C*) < &} (6.32)
is the g-neighborhood of C* with respect to the spherical (chordal) metric h in R,

Proof. Denote by Se the union of all components of the compact C = R"\D that
intersects the compact R"\Ce. Note that the set S is closed and hence compact in
R”.

Indeed, let us assume that S¢ is not closed, i.e., there exist a point xg € @\SS
and a sequence x; € S; such that x; — xg as [ — oo. Let C; C S¢ be the corresponding
sequence of the components of C containing x;. Then

Co=lmC = {yeR :y=limy,y€C,l=12,.} (6.33)

is a connected (closed) subset of C (see, e.g., (9.12) in [334], p. 15), which contains
xo and intersects @\Cg. The contradiction disproves the above assumption.

Now, let N be a component of R"\S, containing C*. Then, by the construction,
every component of C is completely contained either in the domain N or in its
complement. Note also that the open set D = D[ N; is not empty. It remains to
show that D, is connected.
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Let us assume that D, is not connected. Then there is a component Dy C Dy
such that D¢\Dy # 0 and, by Corollary 6.11, there is one component Ky of dDg
that separates Dy from another component D* of D\ Dy. By the construction, K is
contained in one component K* of the boundary of either D or Ng.

If K* C 9D, then points x € Dy and y € D* can be joined by a path y in D. On
the other hand, by Corollary 6.11, ¥ must intersect Ky, which is impossible because
Ko C C=R"\D. Similarly, if K* C dNg, then points x € Dy and y € D* can be joined
by a path y in Ng. Again by Corollary 6.11, ¥ must intersect Ky, which contradicts
the inclusion Ky C R"\Ng. O

Lemma 6.5. Let D be domain in R*, n > 2, and let f:D— R” be a homeomor-
phism. Then D' = f(D) is a domain and there is a natural one-to-one correspon-
dence between components K and K' of the boundaries D and 0D’ such that
C(f,K)=K'and C(f~',K') =K.

Here we use the notation of the cluster set of the mapping f for E C dD:

C(f,E)z{yE@:y:}LI?of(x;), x —x€E}. (6.34)

Proof. D' = f(D) is a domain by the well known Brouwer theorem; see, e.g., [50],
p. 358.

Further, for every set E C dD, C(f,E) C dD', and, similarly, for every set E' C
oD, C(f~'E") C aD.

Indeed, by the definition, C(f,E) C D’. Let us assume that there is a point yy €
C(f,E)ND'.Setxo= f~'(yo). Then xo € D and hence & = dist (xo,dD)/2 > 0. Let
X € D be such that f(x;) — yo and dist (x;, E) — 0 as k — . Then x; € B(x, &)
for great enough k and, simultaneously, x; = £~ (f(xx)) — f~'(vo) = xp as k — oo
by the continuity of f~!. The contradiction disproves the assumption.

Let K be a component of the boundary of D. It is clear that K is a closed subset
of dD that is a compact set in R” and, hence, that K is a continuum. Further, let

0 ={xeD:h(x,K)<e},
where £ is a spherical (chordal) distance in R". Then

C(f.K) = [ f(8).

e>0

Denote by D, a component of f(J) including C(f,K). The existence of such
a component follows from Lemma 6.4. The sets D, form a decreasing family of
continua and

C(f,K) = [ D
>0
Thus, C(f,K) is a continuum; see, e.g., (9.4) in [334], p. 15. O

Denote by K’ the component of 9D’ including C(f,K). Then, arguing as above,
we obtain that C(f ’1,1(’ ) is a continuum, which, by the construction, includes K
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and hence K = C(f~!,K’). In view of the symmetry of the conditions of the lemma
with respect to f and f~!, itis also K’ = C(f,K).

Corollary 6.12. Let f : D\ X — D' be a homeomorphism where X is a closed, to-
tally disconnected subset of D. If f has a continuous extension f to D, then f is a
homeomorphism of D onto f(D).

Here the set X C R” is called totally disconnected if every (connected) compo-
nent of X consists of one point. Closed subsets X of R" are locally compact spaces
and hence, for such X, total disconnectness is equivalent to the condition dim X = 0;
see [126], p. 22.

Remark 6.3. In view of the well-known Menger—Urysohn theorem, if D is a domain
in R", n > 2, and a point xy € dD has a neighborhood U where the dimension of
dD is less than n — 1, then D is locally connected at xo, i.e., there exists arbitrarily
small neighborhoods Vg, diamV; < &, of xo such that the set Dy = Ve (D = Ve \dD
is connected; see, e.g., [126], p. 48. In this case, the cluster set

C(f,XO): nC&'v C£:f(D8)7

e>0

is a continuum for every continuous mapping f : D — R” by (9.4) in [334], p. 15.

6.6 On Singular Sets of Length Zero

In this section we consider the problem of removability of singularities for super Q-
homeomorphisms. A set X in R” is called a set of length zero if X can be covered
by a sequence of balls in R” with an arbitrary small sum of diameters. As known,
such sets have the (Lebesgue) measure zero,

dimX =0, (6.35)

and hence they are totally disconnected; see, e.g., [126], pp. 22 and 104. A classical
example of such sets is the set C of the Cantor type obtained by deleting a sequence
of open sets, known as middle halfs, from a closed unit interval. Note that C is
perfect, i.e., it is closed and without isolated points. Hence, by the well-known
theorem of W. H. Young, each neighborhood of a point in C contains a subset of C
of the continuum cardinality; see [337].

By the theorem of Menger and Urysohn, condition (6.35) guarantees that X does
not disconnect a domain D in R”, n > 2, and, thus, if X is closed in D, then D* =
D\ X is also a domain.

Lemma 6.6. Let D be a domain in R", n > 2, let X be a closed subset of D of length
zero, and let f : D\X — R" be a super Q-homeomorphism. If, for xo € X,
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O(x0 +x) - Wy £ ([x]) dm(x) = o(I(x0,€)") (6.36)

£<|x[<8(xo)

as € — 0, where 0 < 6(xp) < dist(xo,dD) and yy, ¢(t), €€ (0,0(x0)), is a family
of nonnegative measurable (by Lebesgue) functions on (0,0) such that

5(x0)
0 < I(xo,€) = / Wnpe(t) di < oo, (6.37)

€

then f has a continuous extension to x.

Proof. Let Iz be the family of all open arcs (injective paths) joining
By = R"\B(xo, &) and Be = B(xg,€) in the ring A, = {x e R" : & < |[x —xo| < &},
where & = 6(xp), and let I}° be the family of the corresponding dashed lines in
Ag\X obtained from the arcs of It by the rejection of all the points in X. Let v .
be Borel functions such that y; (1) = Yy, ¢(t) for a.e. € (0,c0); see Section 2.3.5
in [55] and [284], p. 69. Then the function

_ v ellr—xo))/I(x0,€)  ifx€Ae\X,
Pe(x) = {0 if x € R"\ (4¢ \ X) (6.38)
is admissible for I';” because X is of length zero (see, e.g., Remark 30.11 in [316]),
and, hence,

MUT) < [ Q@) p(jal) dmle). (639)
D\X
Consequently,
lin(l)M(fF;) =0 (6.40)
E—
by condition (6.36).

Denote by I the family of all open arcs in R” joining the continua f(Bg) and
f(BE). Then, as is clear from Corollary 6.11,

e <Iy (6.41)
and, consequently,
M(fTY) > M(I); (6.42)
see Proposition 6.2.
Recall also that
M(I;) = M(I), (6.43)

where I/ is the family of all paths joining f(B.) and f(By) in R”; see, e.g., Remark
7.11 in [316]. On the other hand, by the Gehring lemma (see [71]; see also (7.19),
Lemma 7.22, and Corollary 7.37 in [328] and Section A.1),
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n—1
M(T) > ay / (log 52”; ) : (6.44)

where a, and b,, are constants depending only on 7, and &, and & are the diameters
of f(Be) and f(By) in the spherical (chordal) metric in R”.

Finally, relations (6.40)-(6.44) imply that 6 — 0, i.e., f(B¢) is contracted to a
point and, thus, the assertion of the lemma follows. O

Choosing in Lemma 6.6 y(r) = 1/(tlog1/t), we obtain by Corollaries 6.3 and
6.12 the following result.

Theorem 6.5. Let D be a domain in R", n > 2, let X be a closed subset of D of
length zero, and let f : D\X — R" be a super Q-homeomorphism. If the function
Q(x) has finite mean oscillation at every point xy € X, then f has a homeomorphic
extension to D.

Corollary 6.13. In particular, if the function Q(x) is integrable in a neighborhood
of every point xo € X and has a finite limit in the mean as x — xo, then there is a
limit f(x) as x — xo for every xp € X.

By Corollary 6.1, we also come to the following two consequences of Theorem

6.5.

Corollary 6.14. Let X be a closed subset of length zero in D and let

lim O(x) dm(x) < oo (6.45)

€=0 JB(xp.e)

Sfor every xo € X. Then every super Q-homeomorphism f : D\X — R" has a homeo-
morphic extension to D.

Corollary 6.15. Let X be a closed subset of length zero in D and let Q(x) be inte-
grable in a neighborhood of X, where every point of X is a Lebesgue point of Q(x).
Then every super Q-homeomorphism f : D\X — R" has a homeomorphic extension
to D.

Choosing in Lemma 6.6 y(¢) = 1/t, we obtain the next theorem.

Theorem 6.6. Let D be a domain in R", n > 2, let X be a closed subset of D of
length zero, and for every xo € X, let

0(xo +x) dm(x) _, <[1og 1] > (6.46)
[ €
e<|x|<d(xg)

as € — 0, where 0 < 0(xo) < dist(xp,dD). Then every super Q-homeomorphism
f:D\X — R" has a homeomorphic extension to D.



6.7 Main Lemma on Extension to Boundary 121

Corollary 6.16. In particular, if the singular integral

[EI=E iy (647)
U

is convergent for every x € X over a neighborhood U of the set X of length zero,
then f has a homeomorphic extension to D.

Remark 6.4. Conditions of the type (6.20)—(6.29) can also be used with singularities
of length zero. As is clear from the well-known example of the conformal mapping
f of the complement of a segment onto the complement of the unit disk in C, the
condition of length zero for singular sets is essential and the results cannot be ex-
tended (without additional geometric conditions) to singular sets of a finite positive
length even under the best possible maximal dilatation K (x, f) = 1.

In this context, note the interesting work [219], which proved the removabili-
ty, for bounded quasiconformal mappings in domains of R”, of closed sets whose
projections into all coordinate hyperplanes have (n — 1)-dimensional measure zero
and which can be of positive length. However, this is possible only because of the
additional geometric condition on zero projections.

The above results on the homeomorphic continuability of super Q-homeomor-
phisms can be extended to Q-homeomorphisms and to singular sets X of positive
length only under additional conditions on the size of the cluster sets f(X); see
Sections 6.9.

6.7 Main Lemma on Extension to Boundary

Lemma 6.7. Let f: D — R", n > 2, be a Q-homeomorphism and let the domain D be
locally connected at xo € dD and the domain D' = f(D) have a strongly accessible
boundary. If

[ 000 vy lx—xol) dm(x) = o(z2 (&) (6.48)
Dyye

as € — 0, where Dy, e ={x €D :€ < |x—x0| < &}, & < 6(x0) = sup,p |x —x0},
and Yy, ¢(t) are nonnegative measurable (by Lebesgue) functions on (0,0) such

that
&

0<Iy(e)= /wxoﬁe(t)dt < oo, £€(0,8), (6.49)

€

then f can be extended to xy by continuity in R".

Proof. We must show that the cluster set

E:C(-x07f) = {ye@:yzgimf(xk)axk_))‘baxk ED}
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Figure 7

is a singleton. Note that E is not empty, because of the compactness of R”. Let us
assume that E is not degenerate, i.e., there are at least two points yg and y* € E. Set
U = B(xo,70), where 0 < ro < |yo — y*|-

In view of the connectedness of the D at x, there is a sequence of neighborhoods
Vi of xo such that D,, = DNV, are domains with 6(V,,) — 0 as m — . Then there
exist points y,, and y}, € D!, = fD,, close enough to yo and y*, respectively, for
which |yo — ym| < ro and |yo —y},| > ro, ym — yo and ¥, — y* as m — oo. Let C,, be
paths joining y,, and y}, in D},. Note that by the construction, C,, N dB(xq,r) # .

By the condition of strong accessibility of @D, there are a compactum C in D’
and a number § > 0 such that

M(A(C,C;D')) > 6

for large m because dist (yo,C;,) — 0 as m — oo. Note that K = f~'C is a compactum
in D as a continuous image of the compactum C. Thus, & = dist(0,K) > 0.

Let I'; be the family of all paths joining K with the ball B(e) = {x e R": |[x— x| <
e} in D. Let y, . be a Borel function such that yy, () = Yy e (t) fora.e. 1 € (g,0).
Such functions W;U,S exist by the Lusin theorem; see, e.g., Section 2.3.5 in [55]
and [284], p. 69. Then the function

_ w;0,8(|x_x0‘>/1x0(8) ifxero,Sa
Pe(¥) = { 0 if x € R™\ Dy, ¢

is admissible for I'; and, hence,

MUT) < [ 0)-pe’(x) ).

D

ie., M(fI;) — 0as & — 0 in view of (6.43).
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On the other hand, for every fixed € € (0,&), D,, C Be for large m. Hence,
Cyn C [Bg for such m and, thus, M(fTz) > M(A(C,Cp; D') > 6.
The contradiction disproves the above assumption that E is not degenerate. [

Corollary 6.17. If, in addition, D is locally connected at dD and condition (6.48)
holds at every point xy € dD, Q € L' (D), and dD' is weakly flat, then f is extended
to a homeomorphism f : D — D'

The latter is a direct consequence of Lemmas 4.2 and 6.7.

Remark 6.5. Furthermore, by the same arguments, the assertion of Corollary 6.17 is
valid if, instead of the condition Q € L' (D), the condition Q € L'(DNU) holds for
some neighborhood U of dD.

6.8 Consequences for Quasiextremal Distance Domains
By Section 3.8, Lemmas 4.2 and 6.7, Corollary 6.17, and Remark 6.5, we obtain the
following theorems.

Lemma 6.8. Let f be a Q-homeomorphism between QED domains D and D' in R",
n > 2. If condition (6.48) holds at a point xo € dD, then there is a limit of f(x) as
x — xg in R

Corollary 6.18. If, under the conditions of Lemma 6.8, in addition Q € L'(DNU),
where U is a neighborhood of dD and (6.48) holds at every point xo € dD, then f
admits a homeomorphic extension f : D — D/,

In particular, taking in (6.48) y(r) = 1/t, we have as a consequence of Lemma
6.8 the following theorem; cf. Remark 6.2.

Theorem 6.7. Let f be a Q-homeomorphism between QED domains D and D' in
R", n > 2. If, at every point x € dD,

q(r)=0 <[log i] nl) (6.50)

as r — 0, where q(r) is the mean value of Q(y) over the intersection of the sphere
|y — x| = r with the domain D, then f extends to a homeomorphism f : D — D'.

Corollary 6.19. In particular, the assertion holds if, for every x € dD,

0(y)=0 ({log |yix|]]> 6.51)

asy —x.
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Similarly, choosing in (6.48) y(t) = 1/1¢P(t), we have the next consequence of
Lemma 6.8; cf. the calculations under the proof of Theorem 6.4.

Corollary 6.20. The assertion of Theorem 6.7 remains valid if condition (6.50) is

replaced by
&) d
/ Tr — o (6.52)
rqP (r)
0
for some B > 1/(n—1), in particular, by
&
/ aro_ . (6.53)
) rq(r)

Corollary 6.21. The assertion is valid if, for some 3 > 1/(n—1) and o > 1, at
every point x € dD, we have

&
dr
/ = oo, (6.54)
0 g

where 1
dalr) = qulnr) = (]gmg <y>) , (6.55)

S(r)y=Sp(x,r)={yeD:|ly—x|=r}. (6.56)

Indeed, by the Jensen inequality, go(r) > g1 (r) = ¢(r) (see, e.g., [339], p. 20)
and, thus, (6.54) implies (6.52).

Remark 6.6. Theorem 6.7 and its corollaries are valid if we take as ¢(r) and g (r)
the means of Q(y) over the whole spheres |y — x| = r formally extending Q(y) by
zero outside the domain D.

Bounded domains with smooth boundaries and bounded convex domains in R”,
n > 2, satisfy the condition of doubling measure (6.7) at every boundary point and
hence, choosing in (6.48) w(¢) = 1/(log1/t), we obtain by Lemma 6.8 and Corol-
lary 6.3 the following theorem.

Theorem 6.8. Let f be a Q-homeomorphism between bounded domains D and D'
in R", n > 2, with smooth boundaries. If Q(x) € L' (D) has finite mean oscillation
at every point xo € dD, then f has a homeomorphic extension to the closure of D in
R~

Theorem 6.9. Let f be a Q-homeomorphism between bounded convex domains D

and D' in R", n > 2. If Q(x) € L'(D) has finite mean oscillation at every point
X0 € dD, then f has a homeomorphic extension f : D — D/,

Corollary 6.22. If f is a Q-homeomorphism of the unit ball B", n > 2, onto itself,
where Q € L' (B") has finite mean oscillation at every point xo € IB", then f admits
a homeomorphic extension f : B" — B".
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6.9 On Singular Null Sets for Extremal Distances

Recall that a closed set X C R”, n > 2, is called a null set for extremal distances,
abbr. an NED set, if

M(A(E,F;R")) = M(A(E,F;R"\X)) (6.57)
for every pair of disjoint continua E and F C R"\X.

Remark 6.7. 1t is known that if X C R” is an NED set, then
X|=0 (658)
and X does not locally disconnect R”, i.e., see [126],
dimX <n-2. (6.59)
Conversely, if X C R" is closed and
A 1(X) =0, (6.60)
then X is an NED set; see [317].

Here A,_1(X) denotes the (n — 1)-dimensional Hausdorff measure of a subset X
in R”. We also denote by f(X) the cluster set of a mapping f : D — R" for a set
X CD,

C(X,f)::{ye@:y:klimf(xk),xkﬁxoeX}. (6.61)

Note that the complements of NED sets in R” are a very particular case of QED
domains considered in the previous section. Thus, arguing locally, we obtain as in
Section 6.8 by Lemmas 4.2 and 6.7, Corollary 6.17, and Remark 6.5, the following
statement.

Lemma 6.9. Let f be a Q-homeomorphism of D\X into R", n > 2, and let X C D.
Suppose that X and C(X, f) are NED sets and Q is integrable in a neighborhood of
the set X. If condition (6.48) holds at every point xo € X, then f has a homeomorphic
extension to D in R".

By Corollaries 6.1 and 6.3, choosing y(z) = 1/(tlog1/t) in (6.48), we have as a
consequence of Lemma 6.9 the following theorem.

Theorem 6.10. If Q € Ll (D) has finite mean oscillation at each point of an NED

set X C D, then every Q-homeomorphism f of D\X into R with an NED set C(X, f)
has a homeomorphic extension to D in R".

In view of Remark 6.7, we obtain the following consequence of Theorem 6.10.

Corollary 6.23. In particular, the assertion of Theorem 6.10 holds if X is a closed
subset of D with
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A 1(X) = A1 (C(X, ) =0 (6.62)

and Q € L. (D) has finite mean oscillation at every point x € X.

loc

In particular, by Corollary 6.1, we come to the next consequence.

Corollary 6.24. If all points of a closed set X C D with condition (6.62) are
Lebesgue points for the function Q € L} (D), then the Q-homeomorphism f of D\X
into R" admits a homeomorphic extension to D in R".

By Lemma 6.9 under y(z) = 1/r, we also have the next statement.

Corollary 6.25. If the singular integral

/ Q(|yy)__xQn<x)dm(y) (6.63)
U

is convergent for every x of a closed set X C D over a neighborhood U of the set
X, then under condition (6.62), every Q-homeomorphism f of D\X into R" has
homeomorphic extension to D in R".

Remark 6.8. In the same way, by Lemma 6.9, analogies of all other theorems in Sec-
tions 6.4 and 6.8 can be obtained, too. In particular, if at least one of the conditions
(6.50), (6.51), (6.52), (6.53), and (6.54) holds at every point x of a closed set X C D,
then under condition (6.62), every Q-homeomorphism f of D\X into R” admits a
homeomorphic extension to D in R”.

Using the known term from the theory of analytic functions, we say that the given
types of singularities at X of a Q-homeomorphism f of D\ X into R” are unessential,
i.e., f is extended to X by continuity to a homeomorphism of D into R”.

6.10 Applications to Mappings in Sobolev Classes

The results of this chapter are applicable, in particular, to BMO-quasiconformal
mappings and homeomorphisms of finite length distortion and finite area distor-
tion; see Chapters 4, 8, and 10. They have also a number of consequences for other
classes of mappings with finite distortion. Let us give some of these applications
explicitly. They are based on Corollary 6.4 to Theorem 6.1 and the corresponding
results in Sections 6.4 and 6.6-6.9 of this chapter. Recall that singular sets of (n—1)-
dimensional Hausdorff measure zero are removable for the Sobolev class W1 see,
e.g., [216], p. 16.

Let us begin with isolated singularities of homeomorphisms in the local Sobolev
class Wl:m" Directly by Corollary 6.4 and Theorem 6.2, we have the following theo-
rem.
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Theorem 6.11. Let f be a homeomorphism of D\{xo} into R", n > 2, of the class
Wl(l)'cn and let its inner dilatation K (x, f) be majorized by a function Q(x) with finite

mean oscillation at xy € D. Then f is extended to a Q-homeomorphism of D into
R~

By Proposition 6.1 and Corollary 6.1, respectively, we obtain the following two
consequences of Theorem 6.11.

Corollary 6.26. In particular, the assertion holds if xy is a Lebesgue point either of
K or of a majorant of K in a neighborhood of x.

Corollary 6.27. If f is a homeomorphism of B"\{0} into R", n > 2, of the class
In .
W, . with

loc
lim Ki(x,f) dm(x) < oo, (6.64)
e—0 JB(e)

then f is extended to a Q-homeomorphism of B" into R,

Analogies of the known Painleve theorem also take place for such classes; cf.
[24]. The following theorem is a direct consequence of Corollary 6.4 and Theorem
6.5.

Theorem 6.12. Let D be a domain in R", n > 2, let X be a closed subset of D of
length zero, and let f be a homeomorphism of D\X into R" of the class Wl(l)gl If
Ki(x, f) < O(x) and the majorant Q(x) has finite mean oscillation at every point
xo € X, then f is extended to a homeomorphism of D into R".

The following two corollaries of Theorem 6.12 follow by Proposition 6.1 and
Corollary 6.1, respectively.

Corollary 6.28. Let X be a closed subset of length zero in D and let f be a homeo-
morphism of D\X into R", n > 2, of the class Wl(l)jsn such that every point of X is a
Lebesgue point for Ki(x, f). Then f is extended to a homeomorphism of D into R™,

Corollary 6.29. Let X be a closed subset of length zero in D and let

lim O(x) dm(x) < o (6.65)

€=0 JB(xp.€)

for every xo € X. Then every homeomorphism f of D\X into R" of &e class Wl:x"
with Kj(x, f) < Q(x) a.e. is extended to a homeomorphism of D into R™.

For a singular set X with positive length, it is necessary to request additional
conditions on its cluster set C(X, f) under the mapping f; see (6.61). The following
theorem is obtained directly by Corollaries 6.4 and 6.23.

Theorem 6.13. Let D be a domain in R", n > 2, let f be a homeomorphism of D\X
into R*, n > 2, in the class W and let X be a closed subset of D such that

loc ’
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Anfl(X) :Anfl(c(xvf)) =0. (6.66)

If Ki(x, f) < Q(x) and the majorant Q € L} . has finite mean oscillation at every

point xo € X, then f can be extended to a homeomorphism of D into R".

By Proposition 6.1 and Corollary 6.1, we also have the following two corollaries
of Theorem 6.13.

Corollary 6.30. If all points of a closed set X C D with condition (6.66) are
Lebesgue points for Ki(x, f) € Ll (D), then the homeomorphism f of D\X into
R” of the class Wl:)’C" (D\X) admits a homeomorphic extension to D in R".

Corollary 6.31. If a closed set X C D with condition (6.66) also satisfies the condi-
tion
lim Ki(x,f) dm(x) < oo (6.67)

€=0 JB(xp,e)

for every xo € X, then the homeomorphism f € wln (D\X) has a homeomorphic

loc
extension to D in R™.

Finally, the homeomorphic extension of homeomorphisms f € Wll)’c" to hard

boundaries is also possible under the corresponding conditions on K;(x, f) at the
boundary points but with suitable geometric conditions on the boundaries. We re-
strict ourselves to the simplest cases; cf. Section 6.8. Namely, bounded domains with
smooth boundaries and bounded convex domains satisfy the condition of doubling
measure (6.7) at all boundary points. Hence, combining Lemma 6.1 and Corollary
6.17 with Theorems 6.8 and 6.9, respectively, we obtain the following two theorems.
Theorem 6.14. Let f € Wli’cn (D) be a homeomorphism between bounded domains
D and D' in R", n > 2, with smooth boundaries. If Ki(x, f) < Q(x), where Q(x) €
L' (D) has finite mean oscillation at every point xo € D, then f has a homeomor-
phic extension to the closure of D onto the closure of D'.
Theorem 6.15. Let f € Wkl)Cn(D) be a homeomorphism between bounded convex
domains D and D' in R", n > 2. If K;(x, f) < Q(x), where Q(x) € L'(D) has finite
mean oscillation at every point xo € dD, then f has a homeomorphic extension
f:D—D.

Corollary 6.32. If f € Wkl)’cn (B") is a homeomorphism of the unit ball B", n > 2,
onto itself such that Ky(x, f) < Q(x), where Q € L'(B") has finite mean oscillation
at every point xo € dB", then f admits a homeomorphic extension f : B" — B".

In particular, by Corollary 6.1, we come to the following statement.

Corollary 6.33. If a homeomorphism f € W' (B") of the unit ball B", n > 2, onto
itself, £(0) = 0, satisfies the condition

lim Ki(x,f) dm(x) < o, Vxp€dB", (6.68)

€20 JB*(x.€)
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where B*(xo,€) = B(xp,€) NB", then its extension by reflection through dB" is a
homeomorphism of R" of the class f € Wll’"(R”).

oc

Remark 6.9. Of course, the list of consequences could be continued. By Theorem
6.1 and Corollary 6.4, all of the above results for Q-homeomorphisms in Sections
6.4 and 6.6-6.9 hold for homeomorphisms f in the Sobolev class Wll’” such that

C
=" € Wl and, in particular, for f € W, with K; € L] if

oc

Ki(x, f) < QO(x). (6.69)



Chapter 7
Ring O-Homeomorphisms

In this chapter we develop the theory of normal families of ring Q-homeomorphisms
including Q-homeomorphisms that was first started in the plane (see [275,277,280])
and then in space (see [267-270]). As is well known, normal families take an im-
portant role in the research of the local and boundary behavior of mappings as well
as the problem of existence of solutions for various differential equation; see, e.g.,
Chapter 11. Their investigation is closely related with equicontinuous families and,
thus, with estimations of the distortion in the corresponding classes of mappings.

7.1 Introduction

Given a domain D and two sets E and F in R, n > 2, A(E,F,D) denotes the family
of all paths y: [a,b] — R” that join E and F in D, i.., y(a) € E, y(b) € F, and
y(t) e Dfora <t <b. Weset A(E,F)=A(E,F,R") if D=R". A ring domain, or
shortly a ring in R”, is a doubly connected domain R in R”. Let R be a ring in R".
If Cy and C; are the connected components of @\R7 we write R = R(Cy,(C,). The

(conformal) capacity of R can be defined by the equality

cap R(ChCz) = M(A(Cl,C2,R)); (7.1)
see, e.g., [122] and Section A.3. Note that
M(A(C1,Co,R)) = M(A(Cy,G2)); (7.2)

see, e.g., Theorem 11.3 in [316].

Motivated by the ring definition of quasiconformality in [66], we introduce the
following notion that in a natural way localizes and generalizes the notion of a Q-
homeomorphism. Let D be a domain in R", n > 2, and Q : D — [0,0] a measurable
function. Set

O. Martio et al., Moduli in Modern Mapping Theory, Springer Monographs in Mathematics,
DOI 10.1007/978-0-387-85588-2_7, (©) Springer Science+Business Media, LLC 2009
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A(ry,r,x0) = {xeR" 1 rp < |x—x0| < 2}, (7.3)
S(xo,ri)) ={xeR": |x—xo| =1}, i=1,2. (7.4)

Given domains D in R"” and D’ in R", n > 2, we say that a homeomorphism
f:D— D'is aring Q-homeomorphism at a point xo € D if

MAUSSS2.SD) < [ Q) n"(lx=xo) dm 75)
A

for every ring A = A(ry,r2,%0), 0 < 11 < rp < do = dist(xp,dD), and for every mea-
surable function 1 : (ry,r2) — [0, o] such that

rn
/n(r) dr =1. (7.6)

Note that every Q-homeomorphism f : D — D’ is a ring Q-homeomorphism at
every point xo € D, but the inverse conclusion, generally speaking, is not true.

7.2 On Normal Families of Maps in Metric Spaces

First give some general facts on normal families of mappings in metric spaces. Let
(X,d) and (X',d') be metric spaces with distances d and d', respectively. A family
§ of continuous mappings f : X — X " is said to be normal if every sequence of
mappings f,, € § has subsequence f,,, converging uniformly on each compact set
C C X to a continuous mapping. Normality is closely related to the following. A
family § of mappings f: X — X ' is said to be equicontinuous at a point x( € X if,
for every € > 0, there is & > 0 such that d (f(x), f(x0)) < € forall f € § and x € X
with d(x,xp) < 8. The family § is equicontinuous if § is equicontinuous at every
point xg € X.

Proposition 7.1. Let (X,d) and (X ',d’) be arbitrary metric spaces and let § be a
normal family of mappings f: X — X " Then § is equicontinuous.

Proof. Indeed let us assume that there exist xo € X, & > 0 and sequences of map-
pings f,, € § and points x,, € X such that x,, — xo and d (fin(xm), fm(x0)) > €o.
Without loss of generality, we may consider that f,, — f uniformly on each com-
pact set C C X, where f is a continuous mapping. However, | J{x,, } is a compact set.
Hence, d (fm(x0), f(x0)) < €0/3 and d (fm(xm), f(xm)) < €/3 for all great enough
m. Moreover, d (f(xu), f(x0)) < €/3 by the continuity of the mapping f and, con-
sequently, d (fu(Xm), fm(x0)) < € by the triangle inequality. The latter contradicts
the above assumption. O
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A family § of mappings f: X — X " is said to be uniformly equicontinuous on
aset E C X if, for every € > 0, there is 6 > 0 such that d (f(x), f(x)) < € for all
feFandforall xand x € E with d(x,x ) < 8.

Lemma 7.1. Let (X,d) and (X,,d,) be metric spaces and let § be a family of
equicontinuous mappings f : X — X'. Then § is uniformly equicontinuous on ev-
ery compact set C C X.

Corollary 7.1. Normal families of mappings between metric spaces are uniformly
equicontinuous on compacts.

Proof of Lemma 7.1. Let us assume that there exist a compact set C € X, a
number & > 0, and sequences of mappings f,, € § and of points xm,x:n € C such
that d(x,,,x,,) — 0 as m — oo and d' (f,,(x), fn(x,,)) > €. Without loss of gener-
ality, we may assume that x,,, — xo and x;n — xp € C because C is compact. Then
d (fin(xm), fm(x0)) < €/2 and d (fm(x0), fin (x/m)) < g&/2 for great enough m, which
contradicts the above assumption. a

The function )
o (t) = of (1) = supd (f(x), £(2)), (1.7)

where the supremum is taken over all x,z € E such that d(x,z) <t and f € §, is
called the modulus of continuity of the family § on the set E.
Similarly, the function

0y (1) = 03 (1) = sup d (f(x0), f(x)), (1.8)

where the supremum is taken over all x € X and f € § such that d(x,xp) <1, is
called the modulus of continuity of § at the point xo € X.

Note that, by definition, wg and @,, are nonnegative, nondecreasing, and contin-
uous from the right. Note also that @y, () — 0 as r — 0 for every xo € X if the family
$ is equicontinuous. Moreover, the following statement follows from Lemma 7.1.

Corollary 7.2. If a family § of mappings f : X — X' s equicontinuous, then
wc(t) — 0ast — 0 for every compact set C C X.

The next statement is also obvious.

Proposition 7.2. Let (X,d) and (X' ,d') be metric spaces and let § be a closure of

a family § of mappings f : X — X " with respect to the pointwise convergence in X.
Then the moduli of continuity (7.7) and (7.8) of § and § coincide.

Corollary 7.3. If a sequence of mappings f : X — X m= 1,2... is equicontinu-

!
ous and fi,(x) — f(x) as m — oo for every x € X, then the limit function f : X — X
is continuous.

A sequence of mappings f,,, : X — X L m= 1,2..., is called continuously con-
1.

vergent to f: X — X , if f,,(x,) — f(x0) as m — oo for every convergent sequence
of points x,, — x¢p in X.
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Remark 7.1. The uniform convergence of continuous mappings on compact sets al-
ways implies the continuous convergence because U,_{x,} is a compact set as
Xxm — Xo and because, by the triangle inequality,

d (fnim), £(x0)) < d (fun (), f () +d (f (m), £ (x0)).- (7.9)

If the second space X " has a countable basis at each point, say if X "is separable, then
the convergences are equivalent; see, e.g., [50], p. 268. It is also obvious that the
continuous convergence implies pointwise convergence. The converse conclusion
is, generally speaking, not true, as shown by the example f,,(x) = x™, x € [0,1]:
fn(x) = 0 for x < 1 and fi(1) — 1, but fy,(x,) = 1/2 for x,, =27/" — 1 as

n — oo,

The following theorem shows that all three convergences are equivalent for
equicontinuous families of mappings in arbitrary metric spaces.

Theorem 7.1. Let (X,d) and (X' ,d ) be metric spaces and let § be an equicontinu-
ous family of mappings f: X — X . Then the following statements are equivalent
for all sequences f,, € §:

(1) fin converges uniformly on every compact set;
(2) fim converges continuously;

(3) fm converges at every point x € X.

Corollary 7.4. The closures § of equicontinuous families § with respect to the
pointwise convergence and the uniform convergence on compact sets coincide in
arbitrary metric spaces.

Proof of Theorem 7.1. The implications (1) = (2) = (3) are obvious; see Re-
mark 7.1. Thus, it remains to prove the implication (3) = (1). Indeed, let us as-
sume there is a sequence f,, € § such that f,,(x) — f(x) as m — o for every x € X
and, simultaneously, for a compact set C C X, there is a number & > 0 such that
d (fu(xm), f(xm)) > £ for some sequence of points x,, € C. Without loss of general-
ity, we may consider that x,,, — xo € C as m — oo. However, by the triangle inequality,
d (fonCom), f o)) < d (fon(om), fn(x0)) +d (fin(x0), £(x0)) +d (£ (x0), f () and
by Corollaries 7.2 and 7.3, we come to the contradiction with the above assumption.

O

Lemma 7.2. Let (X,d) be a metric space, let a set E C X be dense everywhere
in X, and let (X/7d/) be a complete metric space. If an equicontinuous sequence
of mappings f, - X — X "is pointwise convergent on the set E, then f,, converges
uniformly on every compact set C C X.

Proof. In view of Theorem 7.1, it is sufficient to prove that the pointwise conver-
gence of f,, on E implies the pointwise convergence of f,, on X. Indeed, for every
Xo € X\E, there is a sequence x; € E such that x; — xo as k — oo because E is
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dense in X. By the equicontinuity of f,,, for every € > 0, there is K = K (&) such that
d (fin(x), fn(x0)) < €/3 forall k> K and allm = 1,2,... . Letus fix ko > K. By the
Cauchy criterion, we have d'(f, (Xko)s fin(xi,)) < €/3 foralln and m > N = N(&, ko).
Finally, by the triangle inequality,

d (fu(x0)s fin(x0)) < d (fulx0), fulitg)) + d (Fulxtg)s fin(30))
+d (fn(xrg) s frn(x0)) < €

for all n and m > N, i.e., the sequence f,,(xo) is fundamental and hence is convergent
by the completeness of the space X g a

As is well known, every compact metric space is complete; see, e.g., Theorem 3
in Section 33, IL, [185]. Thus, using the diagonal process, we obtain the following
consequence of Proposition 7.1 and Lemma 7.2.

Corollary 7.5. If (X ,d) is a separable metric space and (X',d') is a compact met-
ric space, then a family § of mappings f : X — X' is normal if and only if § is
equicontinuous.

7.3 Characterization of Ring O-Homeomorphisms

Here we use the standard conventions a/eo = 0 for a # e and a/0 = e if a > 0 and
0-00=0; see, e.g., [281], p. 6.

Lemma 7.3. Let D be a domain in R", n >2, Q : D — [0,0] a measurable function,
and gy, (r) the mean of Q(x) over the sphere |x — xo| = r. Set

e}
I =1(r,r) = / * (7.10)

r rq)’goj(r)

and Sj={x e R" : [x—xo| =r;}, j=1,2, where xo € D and 0 < r; <ry <dy =
dist (xo,dD). Then

Wy —1
-1
whenever f : D — R" is a ring Q-homeomorphism, where w,_1 is the area of the
unit sphere in R".

M(A(fS1,fS2,fD)) < (7.11)

Proof. With no loss of generality, we may assume that / # 0 because otherwise
(7.11) is trivial, and that [ # oo because otherwise we can replace Q(z) by Q(z) + &
with arbitrarily small 6 > 0 and then take the limit as  — 0 in (7.11). The condition
I # o implies, in particular, that ¢(r) # 0 a.e. in (r1,72). Set

0, otherwise.

() = { Vigh @)t (). .12
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Then
/Q(x)-w"(|x—xo\)dm(x) — ool (7.13)
A
where
A = A(ri,r,x0) = {xeR" 11 <|x—x0| <12} (7.14)

Let I be a family of all paths joining the spheres S| and S, in A. Also let y*
be a Borel function such that y* (1) = y(z) for a.e. r € [0,e0]. Such a function y*
exists by the Lusin theorem; see, e.g., Section 2.3.5 in [64] and [281], p. 69. Then
the function

plx) =y (lx—xo])/1
is admissible for I"and, since f is a ring Q-homeomorphism, we get by (7.13) that

r) < 0w p'(x) dmix) = 9
A

O

The following lemma shows that the estimate (7.11) cannot be improved for ring
Q-homeomorphisms.

Lemma74. Fixxo e R", 0<ri <rm <rp, A={x€R":r <|x—xp| <r},B=
B(xg,r0) = {x €R" : |[x—xo| < ro}, and suppose that Q : D — [0,e°] is a measurable

function. Set
1
No(r) = ———, (7.15)

Irgzy" (r)

where q(r) is the mean of Q(x) over the sphere |x —xo| = r and I is as in Lemma
7.3. Then

wnl

/Q NG (Jx —xo|) dm(x /Q "(|x —xo|) dm(x) (7.16)

whenever 1 : (r1,r2) — [0,00] is such that

r
/n(r) dr =1. (7.17)
1

Proof. If I = oo, then the left-hand side in (7.16) is equal to zero and the inequality

is obvious. If 7 = 0, then g, (r) = e for a.e. r € (r1,r2) and both sides in (7.16) are
equal to e=. Hence, we may assume below that 0 < I < eo.

Now by (7.10) and (7.17), qx,(r) # 0 and 1(r) # e a.e. in (r1,r2). Set o(r) =

rq}c’0 41 (r)n(r) and w(r) = 1/rqi, " (r). Then, by the standard conventions, 1(r) =
o(r)w(r) a.e.in (ry,rp) and
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rn

C:= / 0(x) - 0" (v —xo0]) dm(x) = @y / (1) w(r)dr.  (1.18)
A

r

By Jensen’s inequality with weights (see, e.g., Theorem 2.6.2 in [252]), applied
to the convex function @(7) =" in the interval = (ry,r,) with the probability
measure

1
V(E) = - / w(r) dr, (7.19)
E
we obtain
1/n 1
<][ o (Fw(r) dr> > ][(X(r)w(r) ar =+, (7.20)
where we also used the fact that 11(r) = o (r)w(r) satisfies (7.17). Thus,
Wy—1
Cz o (7.21)
and the proof is complete. O

Theorem 7.2. Let D be a domain in R", n > 2, and Q : D — [0,e] a measurable
function. A homeomorphism f : D — R" is a ring Q-homeomorphism at a point xy
if and only if, for every 0 < ry < ry < do = dist (xo,9D),

Wy —1

M(A(fCthz,fD)) < In—l’

(7.22)

where w,_1 is the area of the unit sphere in R", gy, (r) is the mean value of Q(x)
over the sphere |x—xo| =r,S;j={x € R": |x—xo| =r;}, j=1,2, and

r

dr

I = I(}’l s }”2) = T

nordy (1)

Moreover, the infimum from the right-hand side in (7.5) holds for the function
1

T

Mo(r) = (7.23)

n—1

Irqyy ' (r)

7.4 Estimates of Distortion

Lemma 7.5. Let D be a domain in R", n > 2, let xo be a point in D, let ro <
dist(xo,0D), and let D' be a domain in R" with h(R*\ D') > A > 0. Then, for
every homeomorphism f : D — D' and z € B(xo, o),
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On Wy —1 ﬁ
h(f(z),f(x0)) < oD (— {M(A(fS,fSo,fD))} > , (7.24)

where So = {x e R" : [x—xo| =ro} and S = {x e R" : [x —xo| = |z —x0|}, Wp—1 is
the area of the unit sphere in R" | and o, depends only on n.

Proof. Let E denote the component of R” \ fA containing f(xo) and F the com-
ponent containing eo, where A = {x € R" : |z—xo| < |x —xp| < ro}. By the known
Gehring lemma,

1
cap R(E,F) > cap Ry (h(E)h(F)>7 (7.25)

where h(E) and h(F) denote the spherical diameters of the continua E and F, re-
spectively, and Ry (¢) is the Teichmiiller ring

Rr(t) = R"\([-1,0]U]t,e]), >0; (7.26)
see, e.g., Corollary 7.37 in [328] or [71], Section A.1. It is also known that
Wy—1

Rr(t) = ——+— 7.27
where the function @ admits the good estimates:
H1<D()<AZ-(t+1) <2021, t>1; (7.28)

see, e.g., [71], pp. 225-226, (7.19) and Lemma (7.22) in [328], and Section A.1.
Hence, inequality (7.25) implies that

capR(E,F) > % . (7.29)
(toe i)
Thus,
1
22,7 - T
WE) < —2 exp| — e , (7.30)
h(F) cap R(E,F)
which implies the desired statement. O

Now, combining Lemmas 7.3, 7.4, and 7.5, we have the following lemma.

Lemma 7.6. Let D be a domain in R", n > 2, let D' be a domain in R" with h(R"\
D')> A >0,andlet f: D — D' be a ring Q-homeomorphism at a point xy € D. If,
Jor 0 < g < dist(xg,dD),

/ O(x)-yi(Jx—xo]) dm(x) < c-IP(e), ¢€€(0,¢), (7.31)

e<|x—xp| < &
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where p < n and W (t) is nonnegative on (0,0) such that

&
0 < I(e) = /wg(t) dt <o, £€(0,8), (7.32)
then o
h(f(x) f(x0)) < S exp{=Pal™ (|x—x0])} (7.33)

Sor all x € B(xo, &), where o, depends only on n,

ﬁnz(w"*‘)"lj, oy =1-2=1 (7.34)

c n—1
Corollary 7.6. Under the conditions of Lemma 7.6 and for p = 1,

W), (30)) < S exp{=Bul(jx—3a])}. (135)

By Lemmas 7.3 and 7.5, we obtain the following estimate.

Theorem 7.3. Let D be a domain in R", n > 2, let D' be a domain in R" with
h(R*\D') > A >0, and let f : D — D' be a ring Q-homeomorphism at a point
xo € D. Then

€(xo)
h(F(x), F(x0) < 2 exp! — / ”fr (7.36)

[x—xo| rq)?(;l (V)

for x € B(xo,€(x0)), where €(xo) < dist(xo,dD), o, depends only on n, and qy,(r)
is the mean integral value of Q(x) over the sphere |x — xo| = r.

Remark 7.2. Of course, the mean value gy, (r) of Q(x) over some spheres |x —xo| =r
can be infinite. However, ¢y, (r) is measurable in the parameter r because Q(x) is
measurable in x, say by the Fubini theorem. Moreover, at every point x # X,

€(xo)

dr

< oo (7.37)

1
[x—x0| rq;l(;l (}’)

for any ring Q-homeomorphism because in the contrary case we would have from
(7.36) that f(x) = f(xo). The integral in (7.37) can be 0 if g,(r) = e a.e., but then
inequality (7.36) is obvious because o, > 32 and A as well as h(f(x), f(xo)) are
less than or equal to 1.

Note also that if Q(x) > 1 or at least gy, (r) > 1 a.e., then one may use any degree
B >1/(n—1) and, in particular, B = 1 instead of 1/(n — 1), in inequalities (7.36)
and (7.37). Indeed, for the function
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1
. t€(0,8),
w(t) = { 20 (7.38)

we have

g & ,
Qu»w%u—MMdma>=<%4‘/nﬂﬁiu)S‘W-P/n;ar

e<|x—xp| < & €

(7.39)
and, thus, the conclusion follows immediately from Corollary 7.6.
Corollary 7.7. If
1 n—1
Gy (r) < [Iog r} (7.40)
Sforr < g(xy) < dist(xg,dD), then
1
a, 108%
h(f(x), f(x0)) < = —— (7.41)
A log =
x—xo]
Sor all x € B(xo,€(xp)).
Corollary 7.8. If
n—1
0t < flog | weBlet)), (1.42)
|x — xo]
then (7.41) holds in the ball B(xy,€(xp)).
Remark 7.3. If, instead of (7.40) and (7.42), we have the conditions
1 n—1
Gxy(r) < c- [log ] (7.43)
r
and, correspondingly,
1 n—1
Okx) <c- [Iog } , (7.44)
|x — xo]
then
| 1/ 1)
o, log %
h(f(x),f(x0)) < —= | ——— : (7.45)
A log =gy

Choosing in Lemma 7.6 y(¢) = 1/t and p = 1, we also have the following con-
clusion.

Corollary 7.9. Let [ : B" — B" be a ring Q-homeomorphism such that f(0) =0
and
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1
O(x) dr1|(f) <clog—, €€(0,1). (7.46)
X
e<|x|<1
Then
IF)] < 204 |x|Pr, (7.47)

where oy, depends only on n and B, is defined by (7.34).
Finally, by Lemma 7.6 and Corollary 6.3, we obtain the following estimate.

Theorem 7.4. Let D be a domain in R", n > 2, let D' be a domain in R" with
hR"\D') > A >0, and let f: D — D' be a ring Q-homeomorphism at a point
X0 € D. If Q(x) has finite mean oscillation at the point xy € D, then

log L Po
h(f(x),f(x0)) < {8{)} (7.48)

Sor some gy < dist(xp,dD) and every x € B(xy, &), where oy, depends only on n and
Bo > 0 depends only on the function Q.

7.5 On Normal Families of Ring O-Homeomorphisms

Given a domain D in R", n > 2, and a measurable function Q : D — [0,c], let
PR 4 (D) be the class of all ring Q-homeomorphisms f in D with 2(R"\ fD) > A >
0. The above results now yield the following:

Theorem 7.5. If O € FMO, then Rp (D) is a normal family.
Corollary 7.10. The class R a (D) is normal if

Tim O(x) dm(x) < = Vxp€D. (7.49)

€=0 JB(xo,€)

Corollary 7.11. The class Bp A (D) is normal if every xo € D is a Lebesgue point of

O(x).
Theorem 7.6. Let A > 0 and let Q : D — [0, 0| be a measurable function such that
&(xo) J
,
/ L e (7.50)
0 rqy, (1)

holds at every point xo € D, where €(xq) = dist(xo,dD) and gy, (r) denotes the mean
integral value of Q(x) over the sphere |x —xo| = r. Then R a forms a normal family.

Corollary 7.12. The class Ro (D) is normal if Q(x) has singularities of the loga-
rithmic type of order not greater than n — 1 at every point x € D.
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Remark 7.4. In view of Remark 7.2, if Q(x) > 1 a.e. in D, then one may use any
degree f > 1/(n—1), say B =1, instead of 1/(n— 1) in condition (7.50).

Note that all the above results hold for homeomorphisms f of the Sobolev class

Wl(l)'cn with £~ € Wllcn under the condition that

Ki(x,f) <Q0(x) ae., (7.51)

where Kj is the inner dilatation of the mapping f; see, e.g., Theorem 6.1. In par-
ticular, this is valid for homeomorphisms f* € WI(I)’C" with K; € L] ; see Corollary
6.4.

POSTSCRIPT. As in the case of Q-quasiconformal mappings (cf. Theorem I1.5.1
in [190]), a family 2R of ring Q-homeomorphisms f : D — R" in a domain D C R”,
n > 2, is normal under every condition given above for Q if there is a number A > 0
such that one of the following conditions holds:

(1) Every mapping f € R omits two values whose spherical distance is greater than
A.

(2) Every mapping f € R omits one value wg and h (w(x;),wo) > A, i = 1,2, at two
fixed points x; and x» € D.

(3) At three fixed points x1,x2, and x3 € D, h(w(x;),w(x;)) > A, i# j, i,j=1,2,3.

In particular, R is normal if all mappings f € R omit two fixed values in R”.

7.6 On Strong Ring O-Homeomorphisms

Given domains D and D’ in R”, n > 2, a measurable function Q : D — [0, 0], we say
that a homeomorphism f : D — D' is a strong ring Q-homeomorphism if

M(A(fC1, fC2.fD)) < [ QW) p"(x) dm(x) (752)
D

for two arbitrary continua C;, C; in D and p € admA (Cy,C,,D).

Lemma 7.7. Let f be a strong ring Q-homeomorphism of B" into R" with Q €
L' (B"), f(0) =0, h(R"\ fB") > 6 >0, and h(f(z0),0) > & for some zo € B".
Then

h(f(x), £(0)) = w(lx]) (7.53)

Sorall |x| <r=min(|z0]/2,1 — |z0]) , where y(t) : [0,00) — [0, 0) is a continuously
increasing function with y(0) = 0 depending only on n, 8§, and || Q||1.

The proof of Lemma 7.7 is completely similar to the proof of Theorem 4.4 and
hence is omitted.
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Corollary 7.13. In particular, (7.53) implies that

f()] = w(lx]). (7.54)

The following statement is a generalization of the well-known theorem by Weier-
strass on the locally uniform convergence of analytic functions.

Theorem 7.7. Let D be a domain in R", n > 2, and f, a sequence of strong ring
Q-homeomorphisms of D into R" with Q € LlloC converging locally uniformly to a
mapping f: D — R". Then f is either a strong ring Q-homeomorphism or f = const

inD.

Proof. As a locally uniform limit of continuous mappings, f is continuous. Let
f % const.

Let us first show that f is a discrete mapping. Indeed, if f is not discrete, then
there are a point xo € D and a sequence x; € D, x; # xo, with f(xx) = f(x0), k =
1,2,..., such that x; — xo as k — oo. Note that the set Ey = {x € D : f(x) = f(x0)}
is closed in D because f is continuous. Note also that E does not coincide with D
because f # const. Thus, we can replace xo by a boundary nonisolated point of the
set Ey.

Without loss of generality, we may assume that xo = 0, f,,(0) = £(0) =0, B" C D
and there is, at least, one point zg € B” where f(zo) # 0. By the continuity of the
chordal metric,

h(fu(20),0) > &/2  Ym > My,

where & = /(f(z0),0) > 0. Since B" is a compactum in D and f,, — f uniformly
0 B
e hE\G () > 86./2 Ym > M,
where 8, = h (R"\ f (B")). Setting 6 = min{8y/2, 6,/2} and M = max{Mo, M.},
we have by Lemma 7.7 that

[fin()] = w(]x]) Vm > M

for all x € B(0,r) and r = min{|zo|/2,1 — |z0|}, where y is an increasing function
with y(0) = 0 depending only on ||Q||1, n, and 8. Thus,

fG) = w(lx) Vx € B(0,r). (7.55)
Then, in particular,
0 = [f(x)] = wllxl) Yk > ko,

and, consequently, y(r) = 0 for ry = |xx| # 0, k > ko. This contradiction shows that
f is discrete.

Now, let us show that f is injective in D. Indeed, assume that there exist x1,x; €
D, x| # xa, with f(x1) = f(x2). Let x, & B(x;,¢) C D for all # € (0,7]. Then every
Sm(9B(x1,1)), t € (0,10], separates fi,(x1) from f,(x2) and, consequently,
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h(fn(x1), fm(9B(x1,1)) < h(fin(x1), fin(x2)) -

Hence,

h(f (1), f(9B(x1,1)) < h(f(x1),f(x2)). (7.56)

Since f(x1) = f(x2), it follows from (7.56) that, for every ¢ € (0,1, there is a
point x; € dB(x;,t) such that f(x;) = f(x1). The latter contradicts the discreteness
of the mapping f. The continuity of the inverse mapping f~! also follows from
(7.55). Thus, f is a homeomorphism.

Finally, condition (7.52) follows by Theorem A.12; see [71]. The proof is com-
plete. O



Chapter 8
Mappings with Finite Length Distortion (FLD)

In this chapter we investigate mappings with finite length distortion, which are a
natural extension of quasiregular mappings and mappings with bounded length dis-
tortion; see [207,287,288]; cf. also [210,213,256].

8.1 Introduction

For x € E C R" and a mapping ¢ : E — R", we set

L(x, ) = limsup 20/ 00| @.1)
y—x,y€E ly —x]
and
I(x, ) = liminf 1200 =@ (8.2)
y—x,yeE |y —x\

We assume here that D is a domain in R”, n > 2, and that all mappings f: D — R”
are continuous.

We say that a mapping f : D — R" is of finite metric distortion, abbr. f € FMD,
if f has the Lusin (N)-property and

0<I(x,f) <L(x,f) <o ae. (8.3)

Recall that a mapping f : X — Y between measurable spaces (X,X,u) and
(X', X' 1’} is said to have the (N)-property if t'(f(S)) = 0 whenever u(S) = 0.
Similarly, f has the (N~!)-property if 1(S) = 0 whenever u’(f(S)) = 0.

A path yin R” is a continuous mapping y: A — R”, where A is an interval in R.
Its locus y(A) is denoted by |y|. It is said that a property P holds for almost every
(a.e.) path yin a family I" if the subfamily of all paths in I" for which P fails has
modulus zero.

O. Martio et al., Moduli in Modern Mapping Theory, Springer Monographs in Mathematics,
DOI 10.1007/978-0-387-85588-2_8, (©) Springer Science+Business Media, LLC 2009
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If y: A — R" is a locally rectifiable path, then there is the unique increasing
length function /y of A onto a length interval Ay C R with a prescribed normalization
ly(to) = 0 € Ay, tg € A, such that [,(¢) is equal to the length of the subpath ¥|y, , of
yift >1o,t € A, and [(t) is equal to —I(Y] ) if t <to,t € A. Letg:[y| — R" be
a continuous mapping, and suppose that the path ¥ = go v is also locally rectifiable.
Then there is a unique increasing function Ly, : Ay — Ay such that

Lyg(ly(t)) =13(t) forallteA. (8.4)

We say that a mapping f : D — R” has the (L)-property if the following two
conditions hold:

(Ly) for a.e. path yin D, ¥ = f oy is locally rectifiable, and the function L, ; has
the (N)-property;

(Lp) for a.e. path ¥ in f(D), each lifting y of ¥ is locally rectifiable, and the
function Ly, s has the (N~ !)-property.

A path yin D is a lifting of a path ¥ in R” under f: D — R" if ¥ = foy. Note
that condition (L) applies only to paths ¥ that have the lifting.

We say that a mapping f : D — R”" is of finite length distortion, abbr. f € FLD,
if f is of FMD and has the (L)-property.

The class of all FLD mappings includes all nonconstant quasiregular mappings
and, in turn, every FLD mapping f belongs to the following class for some Q that is
determined by f; see Theorem 8.2 and Corollary 8.7.

Let Q(x,y) = (Qi(x),02(y)) be a pair of measurable functions Q; : D — [1,e]
and Qy : D' — [1,00]. We say that f : D — R" n>2, f(D) =D, is a Q-mapping if

M(fT) < / 01 (x)p" (x)dm(x) (8.5)
D

and
Mr) < [ ) (y)am(y) (3.6)
D/

for every family I" of paths in D and all p € admI" and p. € adm fT .

If, in addition, f is discrete and open, we say that f is a Q-covering. The more
restrictive notion of a Q-homeomorphism, when f is a homeomorphism and Qp = oo,
has been introduced in [204,205]; see Chapters 4—6.

Recall that a mapping f : D — R" is open if the image of every open subset of
D under f is an open set in R”. A mapping f : D — R”" is discrete if the preimage
f~(y) of every point y € R" consists of isolated points. By denotes the branch
set of a mapping f, i.e., a set of all points x € D at which f fails to be a local
homeomorphism.
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8.2 Moduli of Cuttings and Extensive Moduli

We adopt the following conventions. Given a set £ € R” and a path y: A — R", we
identify YN E with y(A)NE. If y is locally rectifiable, we set

I(YNE) = |Eyl, (8.7)
where
E,=1,(y '(E)). (8.8)

Here |A| means the length (Lebesgue) measure of aset A C Rand [, : A — Ay is as
in Section 8.1. In general, for sets A in R”, |A| will denote the n-Lebesgue measure
of A. Note that

E, =7 ' (E), (8.9)

where ¥ : Ay — R" is the natural parameterization of 7y, and that

I(yNE) /xE ))|dx| = /ng (8.10)

We say that yN E is measurable on y if £y is measurable in A,.
Remark 8.1. The definition of the modulus immediately implies that
(1) a.e. path in R” is rectifiable,

(2) given a Borel set B in R" of measure zero,
I(ynB)=0 (8.11)

for a.e. rectifiable path yin R”,

(3) for every Lebesgue measurable set E in R”, there exist Borel sets B, and B* in R”
such that B, C E C B and |B*\ B.| = 0. Thus, by (2), Ey and x, are a measurable
set and function, respectively, in the length interval A, for a.e. yin R".

The following lemma extends Theorem 33.1 in [316] from Borel sets to arbitrary
sets (cf. also Theorem 3 in [64]) and is based on (3).

Lemma 8.1. Let E be a set in a domain D C R", n > 2. Then E is measurable if and
only if YN E is measurable for a.e. path y in D. Moreover, =0 ifand only if

I(ynE)=0 (8.12)
for a.e. path yin D.

Proof. Suppose first that £ is measurable. Then by (3) in Remark 8.1, yNE is
measurable for a.e. path yin D.

For the other direction, let C be a closed cube in D with edges parallel to the
coordinate axes. By that assumption, YN E is measurable for a.e. line segments y
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joining opposite faces of C and parallel to the edges. Thus, by the Fubini theorem,
E is measurable.

Next, suppose that |E| = 0. Then there is a Borel set B such that |B| = 0 and
E C B. By Remark 8.1, (8.11) and hence (8.12) hold for a.e. path yin D.

The sufficiency of (8.12) follows from the corresponding result for Borel sets in
Theorem 33.1 in [316] by virtue of (3) in Remark 8.1. This completes the proof. O

Proposition 8.1. Ler ¢ : R" — R be a (Lebesgue) measurable function. Then @ is a
measurable function on a.e. rectifiable path in R" with respect to the length measure.

Proof. Indeed, for every measurable function ¢ : R” — R, in view of the Lusin
theorem and the regularity of the Lebesgue measure (see, e.g., Section 2.3.5 in [55]
and [281], p. 69), there is a Borel function ¢p : R" — R such that ¢ = ¢y outside
a Borel set B with |B| =0 and ¢y = 0 on B. Thus, the statement follows by (2) in
Remark 8.1. O

Given a Lebesgue measurable function p : R" — [0, <], there is a Borel function
p* :R" — [0,e0] such that p* = p a.e. in R"; see, e.g, Section 2.3.5 in [55] and [281],
p- 69. This suggests an alternative definition of the modulus. A Lebesgue measurable
function p : R" — [0, 0| is extensively admissible for a path family I" in R", abbr.
p €extadm I, if

[pwlas =1 (8.13)

fora.e. y € I'. Note that (8.13) includes the assumption that the function s +— p (y(s))
is measurable in the interval [0,/(y)]; the path is parameterized by arc length. The
extensive modulus M(I") of I is defined as

M(I) = inf / P (x) dm(x), (8.14)

where the infimum is taken over all p € ext admI.
Proposition 8.2. For every family I" of paths in R",
M) =M(I). (8.15)

Proof. Indeed, M(I') < M(I") because adm I" C ext adm I'. Let M(I") be realized
by a sequence p,, € extadm I',m=1,2,...,1i.e.,

M(r) = lim [ pl(x) dm(x).

Rn

Then there is a sequence of Borel functions ¢y, : — [0,0] such that @, = pp,
a.e. in R". By Lemma 8.1, ¢, € adm I"\ I,, where M( wm) = 0. Since {@n}5_, C
adm Iy, where Iy = '\ I, I, = UI,,, we obtain M(I") > M(Iy). Note also that



8.3 FMD Mappings 149

M(I.) = 0 by the subadditivity of the modulus. Consequently, by monotonicity and
subadditivity,

M(Ip) < M(I') < M(Io) + M(I%) = M(Io),

i.e., M(Iy) = M(I") and, thus, M(I") > M(T"). The proof is complete. O

8.3 FMD Mappings

A map ¢ : X — Y between metric spaces X and Y is said to be Lipschitz provided
dist(@(x1), @(x2)) < M -dist(x1,x7) (8.16)

for some M < oo and for all x; and x, € X. The map ¢ is called bi-Lipschitz if, in
addition,
M*dist(xy,x;) < dist(@(x1), 0(x2)) (8.17)

for some M* > 0 and for all x; and x, € X. Later on X and Y will be subsets of R”"
with the Euclidean distance.

Lemma 8.2. Let E C R" be a measurable set and let a mapping ¢ : E — R" satisfy
the condition L(x, @) < oo a.e. Then there is a countable collection of compact sets
Cy C E such that

=0 (8.18)

E\ OCk
k=1

and @|c, is Lipschitzian for every k =1,2,....

Proof. Since L(x, @) < o a.e., we have by Section 3.1.8 in [55] that there is a count-
able collection of measurable sets C; C E such that |[E\ B| =0, B = U7 C;, and
¢|c, is Lipschitzian for every i = 1,2,.... By regularity of the Lebesgue measure,
we have that, for every i = 1,2,..., there is a countable collection of closed sets
Cij C C; such that |C; \ U7, Cij| = 0. Moreover, for every fixed i, j,/ = 1,2,..., the

set C;j; = C;; N B"(1) is compact and C;; = U;Z | C;j;. Thus, the countable collection
of the sets Cyjy, i, j,/ = 1,2,..., is a desired collection. a

For f: D — R" and E C D, we use the multiplicity functions

N(y,f,E) =card{x € E: f(x) =y}, (8.19)
N(f.E) = Suﬂg N(y,f,E). (8.20)
yeRr?

Proposition 8.3. Let f : D — R" be an FMD mapping. Then



150 8 Mappings with Finite Length Distortion (FLD)
(i) f is differentiable a.e. and
J(x,f)#0 ae, (8.21)

(ii) f has the (N~")-property,

(iii) the change-of-variables formula

/g DU, £)] dm(x) /g Ny, f,E) dm(y) (822)

holds for every measurable function g : R" — [0, ) and every measurable set E C
D.

Proof. (1) f is differentiable a.e. by Rademacher—Stepanoff’s theorem because
L(x, f) < e a.e.; see, e.g., Section 3.1.9 in [55]. Since I(x, f) > 0 a.e., we have

I(f(x)>0 ae. (8.23)

where, for a given linear mapping 7 : R" — R", [(T) denotes the minimum of the
modulus |Tz| over all unit vectors z € R”. Hence, (8.21) follows from (8.23).

(ii) By the Ponomarev result for a.e. differentiable mappings f, the condition (8.21)
is equivalent to the (N~!)-property; see Theorem 1 in [244], p. 412.

(iii) By Lemma 8.2, f|c,, k= 1,2,..., is Lipschitzian, where we may assume that
the C; are mutually disjoint bounded Borel sets. Every f|c, can be extended to a
Lipschitz map of R" by applying to each component of the mapping f Theorem 1
in [218]. Thus, (8.22) follows from Section 3.2.5 in [55] by the countable additivity
of the integral, (8.18), the (N)-property, and (ii). O

Note that here we show a preference the application of McShane’s theorem in-
stead of Kirszbraun’s theorem in [150] (see also Section 2.10.43 in [55]), because
the proof of the latter is based on the axiom of choice.

Remark 8.2. As is clear from the proof, the differentiability of f a.e. is equivalent to
the condition
L(x,f) <e ae. (8.24)

If f is differentiable a.e., then the conditions
I(x,f)>0 ae., (8.25)
(8.21), (8.23), and the (N~!)-property are all equivalent.

Corollary 8.1. A mapping f : D — R" is of finite metric distortion if and only if f
is differentiable a.e. and has the (N)- and (N~")-properties.
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Corollary 8.2. Compositions of FMD mappings are FMD mappings. In particular,
the FMD mappings remain FMD mappings under compositions with nonconstant
quasiregular mappings. The inverse mapping f~' of an FMD homeomorphism f is
an FMD homeomorphism.

Denote by J(D) the collection of all subdomains G of D such that G C D is
compact. Given a mapping f: D — R", G € J(D) andy € R"\ f(dG), let u(y, f,G)
be the topological index of the triple (y, f,G); see, e.g., [246], [256] and [62]. A
mapping f : D — R" is said to be sense-preserving (sense-reversing) if i (y, f,G) >
0 (u(y,f,G) < 0) for all such triples (y, f,G) with y € f(G)\ f(JG). It is well
known that if f is one-to-one, then f is either sense-preserving or sense-reversing
and, moreover, i(y, f,G) = 1 or u(y, f,G) = —1, respectively, for all y € fG; see,
e.g., [246], pp. 133-134.

Note that the topological dimension of the branch set By for a discrete and open
mapping f is not more than n — 2 by the Chernavskii theorem; see [39] and [40].
Hence, By does not separate D by the Menger—Urysohn theorem; see, e.g., [126],
p- 48. Thus, every discrete and open mapping is either sense-preserving or sense-
reversing; cf. also Theorem 9 in [308], p. 336. By Lemma 2.14 in [210], every
discrete, open, and sense-preserving mapping f satisfies J(x, f) = 0 whenever x €
By is a point of differentiability of f.Hence, we have the following consequence of
(i) in Proposition 8.3.

Proposition 8.4. For every discrete open FMD mapping f : D — R",

Bf| = [£(Bp)| =" (f(Bf)) =0. (8.26)

Recall that a mapping f is light if f~!(y) is totally disconnected for every y € R",
i.e., if every component of the preimage f~!(y) consists of a single point. It is well
known that every light sense-preserving mapping is open and discrete; see [308], p.
333. Consequently, we have the following corollary; see [246], p. 333.

Corollary 8.3. If an FMD mapping f : D — R" is light and sense-preserving, then
J(x,f)>0 ae. (8.27)

Lemma 8.3. Let f: D — R" be an FMD mapping. Then there is a countable col-
lection of compact sets C; C D such that |B| = 0, where B= D\ Ug_,Cy, and f|c;
is one-to-one and bi-Lipschitz for every k = 1,2,...; moreover, f is differentiable at
all points C;; with J(x, f) # 0.

Proof. First, let Cy. be as in Lemma 8.2. By Proposition 8.3(i) and the regularity of
Lebesgue’s measure (see, e.g., [1I(6.6)(i) in [281], p. 69), we can always replace Cy
by compact sets where f is differentiable, J(x, ) # 0, and /(x, f) > 0; see Remark
8.2. Then every Cy is the union of a countable collection of Borel sets where f is one-
to-one; see [53], p. 94. Hence, there is a countable collection of Borel sets C,’{ such
that f|Cz'< is one-to-one and Lipschitzian for every k = 1,2,... and |D\ Uy_,C;| = 0.
By the regularity of Lebesgue’s measure, we may assume that the C;, are compact
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sets. Finally, since /(x, f) > 0 on C} and hence L(y, f, ') < e on f(C}), we are able
to apply Lemma 8.2 to f,~ ! where f = f | c»to derive the bi-Lipschitz property of
f |C]§, see also Proposition 8.3(ii). a

8.4 FLD Mappings

Recall that f : D — R" is of FLD if it is of FMD and has the (L)-property. We begin
with the latter property. In the final section, we will give examples showing that
the (L)-property does not imply openness and discreteness. Later on, we will often
apply the following simple remark. We recall that if a family of paths contains a
degenerate path, then its modulus is infinite.

Remark 8.3. (a) If f : D — R” satisfies the (L,)-condition, then f~!(y) cannot con-
tain a nondegenerate path. We call a mapping with the latter property weakly light.
(b) If f is weakly light, then the correspondence Ly, s : Ay — Ay between the natural
parameters of locally rectifiable paths y and ¥ = f o v is a homeomorphism and L, }
is well defined.

In view of Remark 8.3, the (L;)-property implies absolute continuity on paths,
abbr. ACP, i.e., Ly is absolutely continuous on closed subintervals of A, for a.e.
path yin D; see, e.g., Section 2.10.13 in [55]. In particular, the (L)-property implies
absolute continuity on lines because the following obvious inclusion holds:

ACP C ACL. (8.28)

Now, let a mapping f : D — R" be weakly light. Then the following notion is
well defined in view of Remark 8.3. We say that f is absolute continuous on paths
in the inverse direction, abbr. ACP~!, if L;} is absolutely continuous on closed

subintervals of Ay for a.e. path ¥ in f(D) and for each lifting y of 7. By Section
2.10.13 in [55], the (L;)-condition implies ACP~.

Proposition 8.5. A mapping f : D — R" has the (L)-property if and only if f is
weakly light and
feACPN ACP™!. (8.29)

Here f € ACL? means that the mapping f : D — R" is ACL and its partial deriva-
tives belong to L (D), p > 1.

Remark 8.4. 1t is known that
(1) if f € ACL", then f € ACP; see Theorem 3 in [64] and Theorem 28.2 in [316];

(2)if f € ACL?, p > n—1, is an open mapping, then f is differentiable a.e. in D;
see Lemma 3 in [322];

(3) if f € W' is open, then f has the (N)-property; see [193];
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(4) for every n > 2, there is a function f € ACL" that is nowhere differentiable;
see [286], p. 371;

(5) there is a homeomorphism f € W' for all p < n that does not possess the
(N)-property; see [243], p. 140.

Combining (1)—(3) with Proposition 8.5 and Corollary 8.1, we have the following
statement.

Theorem 8.1. Let f: D — R" be a homeomorphism such that f € ACLy, . and f “le
ACLY .. Then f is of finite length distortion.

loc*

Similarly, by Lemma 6 in [242] on the ACP~! property of quasiregular map-
pings, we come to the following corollary.

Theorem 8.2. Every nonconstant quasiregular mapping is a mapping of finite length
distortion.

A mapping f: D — R" is said to be of finite distortion if f € W and

loc
IFf ()" <K(x)-J(x,f) ae. (8.30)

for some finite-valued function K (x) : D — [1,0); see, e.g., [79, 111, 137]; cf. also
[134]. As is well known by [195] and [196], a mapping f of finite distortion is
discrete and open if K € L ., p >n— 1. By [111], if f is a homeomorphism of finite
distortion with K € L"~!, then f~! e Wl

n—1
loc

Corollary 8.4. Every homeomorphism of finite distortion with K € L
ping of finite length distortion.

is a map-

Remark 8.5. Applying the arguments in the proof of Lemma 6 in [242], one can
show that a discrete open mapping f : D — R” of finite distortion with K € L !

loc
is of FLD provided that |fB| = 0. In the literature the condition f € WI(I)L” in the
definition of the mappings of finite distortion is sometimes replaced by the weaker
condition f € W' see, e.g., [147,148,154].

It is known that homeomorphisms of the class Wl(l)cn with Ky € LlloC have the in-
verse f ~1in the same class; see Corollary 2.3 in [154]. Thus, we have the following
consequence from Theorem 8.1.

Corollary 8.5. Every homeomorphism f : D — R" of finite distortion with K; € LllOC
is of finite length distortion.

Lemma 8.4. Let a mapping f : D — R" be of finite length distortion. If y —
N(y, f,C) is integrable in R" for every compact set C in D and if
KO (X, f) € Lq

loc

g>1/(n—1), (8.31)

then f € WII’S where s =nq/(1+q).

(V[
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Note that s > 1 under g > 1/(n—1).

Proof. Since f satisfies the (L;)-property, f is ACL and it suffices to establish the
local L*-inequality of the partial derivatives d;f, i = 1,2,...,n. For this let C be a
compact set in D. From (8.22) with g = 1 and the Holder inequality, we obtain

10:f1ls < 11K o)l - 17 e )l (832)
1/n
where 1/s=1/n+1/p and p = gn. O

In view of (iii) in Proposition 8.3, the Jacobian J(x, f) of an FMD mapping f is
locally integrable in D if and only if the multiplicity function N(y, f,C) is integrable
for every compact set C in D. Thus, by Theorem 1.3 in [147], p. 137 (see also
Lemma 3.1 in [148], p. 174), and Corollary 8.1 we obtain the following.

Corollary 8.6. If f is a sense-preserving FLD mapping with N(y, f,C) € L' (R") for
every compact set C C D and Ko(x, f) € BMOyqc, then f is discrete and open.

A discrete open mapping f : D — R” has the bounded multiplicity N(y, f,C) for
every compact set C C D and N(y, f,C) is integrable over R” because f(C) is also
compact.

Theorem 8.3. Let a mapping f: D — R" be of finite length distortion. If f is discrete
and open and
Ko(x,f) <K <o ae, (8.33)

then f is a quasiregular mapping. For n > 3 and K = 1, the mapping f is a Mobius
transformation.

8.5 Uniqueness Theorem

We use Theorem 8.3 to establish uniqueness results for FLD mappings with pre-
scribed characteristics. We employ the normalized Jacobian matrix

My (x) = f' (0 /[, )" (8.34)
and the symmetrized normalized Jacobian matrix
Gr(x) = My(x)My(x), (8.35)

where M}(x) denotes the transpose of My(x). Note that My (x) of f is defined by
(8.34) a.e. for a mapping f of FMD. We set M(x) = I = identity at the rest of



8.5 Uniqueness Theorem 155

the points in D. We call M(x) and G7(x) the matrix dilatation and the dilatation
tensor of the mapping f at x, respectively; see [2,3]. It is clear that |det My (x)| =
1 = det Gy (x) and that Ko (x, f) = ||Ms(x)[|" a.e.

If an FMD mapping f is sense-preserving, then My (x) is a unimodular matrix,
i.e., det My(x) = 1 for all x € D. Moreover, if f and g are FMD mappings and fog
is well defined, then, in view of Corollary 8.1, the composition rule

Miog(x) = My (g(x))Mg(x) (8.36)

holds a.e. The dilatation tensor G (x) of the mapping f at x is symmetric, positive
definite, and unimodular.

The special linear group SL(n) is the multiplicative group of all n X n matrices M
over R with detM = 1. The collection of all the symmetric positive definite matrices
of SL(n) is denoted by S(n). Note that S(n),n > 2, is not a group, because the
product of symmetric matrices need not be symmetric; see, e.g., [23], p. 24. For a
matrix M € SL(n), set

G=M"M € S(n), (8.37)

where M* is the transpose of M. The matrix G is called the symmetrization of M.
The following statement follows immediately from the definition of the symmetriza-
tion.

Proposition 8.6. Let M| and M, € SL(n), n > 2, and let G| and G, be the symmet-
rization of My and M,, respectively. Then G| = G, if and only if My = UM, where
U € SL(n) with the unit norm |U| = 1.

In other words, the symmetrization G determines the corresponding M from
(8.37) up to left rotations. Below & (n) denotes just the group of n x n orthogo-
nal matrices U, defined by U*U =1 = UU", with determinant 1.

Lemma 8.5. Let f, g : D — R", n > 3, be sense-preserving homeomorphisms of
finite length distortion. If
Gr(x) =Gy(x) ae, (8.38)

then
f=hog, (8.39)

where h is a Mobius transformation of R".

Proof. Indeed, h= fog~!is an FLD homeomorphism. By Proposition 8.6, M (x) =
U (x)M,(x) with U(x) € & (n) a.e. Hence, by the chain rule (8.36) and the (N)- and
(N~1)-properties, we have

My(x)=U(g ') e 0 (n) ae., (8.40)

i.e., K;(y) = 1 a.e. By Theorem 8.3, & is a Mobius transformation. O

Note that, for n = 2, Lemma 8.5 is valid with a conformal mapping 5.
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Theorem 8.4. Suppose that discrete and open mappings f,g:D — R" n >3, are of
Jfinite length distortion. If f and g have a.e. equal dilatation tensors, then f = hog,
where h is a Mobius transformation of R".

Proof. By the Chernavskii theorem, dim (B UB,) < n—2 (see [39,40]), and then
Q =D\ (ByUBy) is a domain by the Menger—Urysohn theorem; see, e.g., [126],
p. 48. Arguing locally in £2, we obtain from Lemma 8.5 that f|o = ho g|qo, where
h is a Mobius transformation of R”; by continuity, this holds in D because €2 is
everywhere dense in D. m]

8.6 FLD and Q-Mappings

The following theorem extends the so-called Kp-inequality in the theory of quasi-
regular mappings to FLD mappings; cf. [210], p. 16, [260], p. 31, [328], p. 130,
and [154].

Theorem 8.5. Let a mapping f : D — R" be of finite length distortion and let E C D
be a measurable set. Then

M) < [ K™ E)-pl(y) dm(y) (541
f(E)

for every path family I' in E and p. € adm fI", where

K. fLE) = Y Kolxf). (8.42)

x€ENS~1(y)

In particular, for E = D, we have

KO, f D) =Kb.f )= Y Koxf). (8.43)
xef~1(y)

Proof. In view of the regularity of the Lebesgue measure, we may assume that f(E)
is Borel and that p,. = 0 outside f(E); see, e.g., III(6.6)(i) in [281], p. 69 and Lemma
8.1.Let Band C, k =1,2,..., be as in Lemma 8.3. Setting by induction By = B,
B] = CT, Bz = C; \B], and

k-1

B.=Ci\ B, (8.44)

I=1
we obtain the countable covering of D consisting of mutually disjoint Borel sets
Bi,k=0,1,2,..., with |By| = 0. Then, by Remark 8.1, /(yNBy) =0 fora.e. ye '
and hence by the (L;)-property I (foyN f(By)) =0 also fora.e. yeI.

Given p, € adm fT", set
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p(x) = {P*(f(x))lf’(x), for x € D\ By,

0, otherwise. (8.43)

Arguing piecewise on By, we have by Section 3.2.5 for m = 1 in [55] and the addi-
tivity of integrals, that

/ pds > / puds > 1 (8.46)
Y foy

fora.e. yeT,ie., p €adm I\ Iy, where M(I)) = 0. Therefore, by the subadditivity
of the modulus,

M(T) < / P (x)dm(x). (8.47)
D

Note that p = X° | px, where py = p - xp, have mutually disjoint supports. By
Section 3.2.5 for m = n in [55], we obtain

| Kol 00.)-p20) dm(y) = [ pio) dmix),  (848)
J(BNE) D
where every fi = f|p,, k=1,2,..., is injective by the construction.

Finally, by the Lebesgue positive convergence theorem (see, e.g., [281], p. 27),
we conclude from (8.47) and (8.48) that

[ Kilvs ™8 p03) dmly) = [ 3 p() dimle) > M(T).
£iE) p

O

The next inequality is a generalized form of the K;-inequality and is also known
as Poletskii’s inequality; cf. [242], [260], pp. 4951, and [328], p. 131.

Theorem 8.6. Let f: D — R”" be an FLD mapping. Then

MUT) < [Ki(.f)-p" () dm(x) (8.49)
D

for every path family I' in D and p € admI .

Proof. LetB;,k=0,1,2,...,be Borel sets as given as by (8.44). By the construction
and (N)-property, | f(Bo)| = 0. Thus, by Lemma 8.1, (N f(By)) =0 fora.e. € fT
and hence by the (L,)-property, [ (YN By) =0 also for a.e. y € fT", ¥= fo¥.

Letp € adm I". Set

py) = sup p*(x), (8.50)
xef~1(y)ND\Bo
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e /1) \
wrn | px)/Uf(x for x € D\ By,
pr(x) = {0 otherwise. ®.51)
Note that p = sup pg, where
_ o (') forye f(By),
pe(y) = {0 otherwise, (8.52)

and every f(By) is Borel and f; = f|p,, k = 1,2,..., is injective. Thus, the function
p is Borel; see, e.g., Theorem 1(8.5) in [281], p. 15.

Arguing piecewise on By, we obtain by Section 3.2.5 for m = 1 in [55] and the
additivity of integrals, that

/ pds > / pds > 1 (8.53)

Y Y
fora.e. y= foy € fT and, thus, p € adm fT" \ Ijj, where M(I) = 0. Hence,

M(fT) < / P (y)dm(y). (8.54)
f(D)

Moreover, by Section 3.2.5 for m = n in [55], we have
[ K p)-p" ) dm) = [ pi(y) dm(y). (8.55)
By f(D)

Finally, by Lebesgue’s theorem, we obtain from (8.52) and (8.55) the desired
inequality:

[ K ) p ) dm) = ¥ [ ptr) amiy)
b o)

=

= [ X i) dm(y) > M(fT).
D) =1

O

Remark 8.6. If K;(f) = ess sup K(x, f) < o, then (8.49) yields the standard Polet-
skii inequality:
M(fT) < K;(f)-M(I') (8.56)

for every path family in D. If Ko(f) = ess sup Ko(x, f) < e and E is a Borel set
with N(f,E) < oo, then we have from (8.41) the usual form of the Kp-inequality:

M(I') <N(f,E)-Ko(f)-M(fT) (8.57)

for every path family in E.
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Finally, combining Theorems 8.5 and 8.6, we obtain the following:

Corollary 8.7. Every FLD mapping f is a Q-mapping with

O(x,y) = (Ki(x.f).Ki(y.f 1)), (8.58)
where Ki(y, f~1) is defined in (8.43).

8.7 On FLD Homeomorphisms

By Corollary 8.7, every FLD homeomorphism f is a Q(x)-homeomorphism with
O(x) = K;(x, f). Furthermore, it is easy to show similarly to the proofs of Theorems
6.1 and 8.6 the following statement. A strict proof of a more general statement,
Lemma 10.2, can be found in Chapter 10 on mappings with finite area distortion
because surfaces are not assumed to be connected there. Note that the family of all
dashed lines is “minorized” by the family of all paths and, thus, the (L)-property
also holds for the dashed lines and not only for the family of paths in the class of
FLD mappings.

Theorem 8.7. Every FLD homeomorphism f : D — R" is a super Q-homeomor-
phism with
O(x) = Ki(x, f). (8.59)

Thus, the whole theory developed in Chapters 4—7 can be applied to FLD home-
omorphisms. Let us give formulations of some corollaries in the explicit form. We
begin with the removability of isolated singularities.

Theorem 8.8. Ler f: B"\ {0} — R” be an FLD homeomorphism with
Ki(x, f) < Q(x), (8.60)

where the majorant Q has finite mean oscillation at 0. Then f has an FLD homeo-
morphic extension to B".

Theorem 8.9. Let f: B"\ {0} — R” be an FLD homeomorphism. If

lim sup Ki(x,f) dm(x) < oo, (8.61)

r—0 B" (r)
then f has an extension to B" that is an FLD homeomorphism.

Corollary 8.8. Isolated points are removable for FLD homeomorphisms with
Ki(x, f) < Q(x) € BMO and, in particular, if f : R" — R", then f has a homeo-
morphic extension to R" and f(R") = R".

Similarly, we have the following statement.
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Theorem 8.10. Let f : B"\{0} — R", n > 2, be an FLD homeomorphism. If

d 1"
/ Ki(x, f) r;rf)zo([logg] ) (8.62)
e<|x|<1

as € — 0, then f has an FLD homeomorphic extension to B".

Corollary 8.9. Condition (8.62) and the assertion of Theorem 8.10 hold if

Ki(x,f) = o<{1og)lclrl> (8.63)

as x — 0. The same holds if

k(r) =0 ( [mg i] H) (8.64)

as r — 0, where k(r) is the mean value of the function Ki(x,f) over the sphere
|x| = r.

Remark 8.7. We may replace (8.62) by

M =0 ({log log ﬂ ) (8.65)
e<|x[<1 (|x|]0g W)
and (8.64) by
n—1
k(r)=o ([logilog log i] ) . (8.66)

Thus, it is sufficient to require that

k(r)=0 ([Iog ﬂ nl) : (8.67)

In general, we are able to formulate the whole scale of the corresponding con-
ditions using functions of the form log---log 1/¢. However, we prefer to give other
interesting conditions here that are met in the mapping theory.

Theorem 8.11. Let f : B"\{0} — R", n > 2, be an FLD homeomorphism and for
some B >1/(n—1), let

&

dr

where k(r) is the mean integral value of the function Ki(x, f) over the sphere |x| =r.
Then f has an FLD homeomorphic extension to B".
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Corollary 8.10. Every FLD homeomorphism f : B"\{0} — R", n > 2, with

&

Codr
0/ el (8.69)

can be extended to an FLD homeomorphism of B" into R™.

The removability theorems for inverse mappings of FLD homeomorphisms can
be formulated under much weaker conditions.

Proposition 8.7. Let E be a nondegenerate continuum in B". Then there exists no
FLD homeomorphism of B" \ E onto B" \ {0} with

Ki(x,f) e L'(B"\ E). (8.70)

Analogies of the known Painleve theorem also take place for FLD homeomor-
phisms.

Theorem 8.12. Let D be a domain in R", n > 2, let X be a closed subset of D of
length zero, and let f : D\X — R" be an FLD homeomorphism. If K;(x, f) < Q(x)
and the majorant Q(x) has finite mean oscillation at every point xo € X, then f has
an FLD homeomorphic extension to D.

Corollary 8.11. Let X be a closed subset of length zero in D and let f : D\X — R"
be an FLD homeomorphism such that every point of X is a Lebesgue point for
Ki(x, f). Then f has an FLD homeomorphic extension to D.

Corollary 8.12. Let X be a closed subset of length zero in D and let

Tim 0(x) dm(x) < oo (8.71)
€=0 JB(xp.e)
for every xo € X. Then every FLD homeomorphism f : D\X — R" with K;(x, f) <
O(x) a.e. extends to an FLD homeomorphism of D into R™.

For a singular set X with positive length, it is necessary to request additional
conditions on its cluster set f(X) = C(X, f) under the mapping f.

Theorem 8.13. Let D be a domain in R", n > 2, let f: D\X — R" be an FLD
homeomorphism, and let X be a closed subset of D such that

Anfl(X) :Anfl(f(X)) =0. (872)
If Ki(x, f) < Q(x) and the majorant Q(x) € L}

1oc(D) has finite mean oscillation at
every point xo € X, then f has an FLD homeomorphic extension to D.

Corollary 8.13. If all points of a closed set X C D with condition (8.72) are
Lebesgue points for Ki(x, f) € L. (D), then the FLD homeomorphism f : D\X —

loc
R" admits an FLD homeomorphic extension to D.
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Corollary 8.14. If a closed set X C D with condition (8.72) satisfies the condition

lim Ki(x,f) dm(x) < oo (8.73)

e=0 JB(xo,e)

Sor every xog € X, then the FLD homeomorphism f : D\X — R" has an FLD
homeomorphic extension to D.

Moreover, the homeomorphic extension of FLD homeomorphisms to hard boun-
daries is also possible under the corresponding conditions on K;(x, f) at the bound-
ary points but with suitable geometric conditions on the boundaries. The next the-
orem extends the Gehring—Martio results in [81], p. 196, on the boundary cor-
respondence from quasiconformal mappings to FLD homeomorphisms; cf. Corol-
laries 3.2 and 3.3.

Theorem 8.14. Let f : D — D' be an FLD homeomorphism between QED, in par-
ticular, uniform domains D and D' with

Ki(x, f) < Q(x), (8.74)

where Q has finite mean oscillation at every boundary point. Then f has a homeo-
morphic extension f:D — D'

Corollary 8.15. If a domain D in R" is uniform but not a Jordan domain, then there
is no FLD homeomorphism of D onto B" with Ki(x, f) < Q(x) € BMO(D).

We restrict ourselves ahead to the simplest cases, namely, to bounded domains
with smooth boundaries and bounded convex domains.

Theorem 8.15. Let f be an FLD homeomorphism between bounded domains D and
D' in R", n > 2, with smooth boundaries. If Ki(x, f) < Q(x), where Q(x) € L' (D)
has finite mean oscillation at every point xo € dD, then f has a homeomorphic
extension to the closure of D.

Theorem 8.16. Let f be an FLD homeomorphism between bounded convex do-
mains D and D' in R", n > 2. If Ki(x, f) < Q(x), where Q(x) € L' (D) has finite
mean oscillation at every point xo € dD, then f has a homeomorphic extension
f:D—D.

Corollary 8.16. If f is an FLD homeomorphism of the unit ball B",n > 2, onto
itself such that Ki(x, f) < Q(x), where Q € L' (B") has finite mean oscillation at
every point xog € dB", then f admits an FLD homeomorphic extension f : B* — B".

In particular, we have the following statement.
Corollary 8.17. If an FLD homeomorphism f of the unit ball B", n > 2, onto itself,
f(0) =0, satisfies the condition

lim Ki(x,f) dm(x) < o  Vxo€dB", (8.75)

=0 Jp(xp.6)
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where B*(xg,€) = B(xo,€) NB", then its extension by reflection in dB" is an FLD
homeomorphism of R".

In the following two theorems we state some mapping properties of FLD homeo-
morphisms.

Theorem 8.17. Let D be a domain in R*,D # R", and let f: D — R" be an FLD
homeomorphism. If there exist a point b € dD and a neighborhood U of b such that
Ki(x,f)|prv € L', then f(D) # R".

Theorem 8.18. Let E be a nondegenerate continuum in B", D = B" \ E, and let
f:D — R" be an FLD homeomorphism. If there exist a point xo € 0D NB" and
a neighborhood U of xo such that K;(x, f)|prv € L', then f(D) is not a punctured
topological ball.

Moreover, we have the following estimations of distortions under FLD homeo-
morphisms.

Theorem 8.19. Let f : B" — R™ be an FLD homeomorphism with Ki(x, f) € L' (B"),
f(0) =0, h(R*\ f(B")) > & > 0, and, for some xo € B", h(f(x0),f(0)) > 6. Then

[F ()] = w(lx]) (8.76)

Sor all |x| < r=min(|xo|/2,1— |x0|), where W(t) is a strictly increasing function
with y(0) = 0 that depends only on the L'-norm of K; in B", n, and 8.

Similar upper estimates are possible in terms of K;(y, f~!). However, the esti-
mates in terms of Kj(x, f) are more interesting.

Theorem 8.20. Let f : D — R, n>2, be an FLD homeomorphism such that D =
f(D) omits at least two points v and w € R" with h(v,w) > 6 > 0. Then, for every
X0 € D and x € B(xo,€(x0)), €(x0) < dist(xp,dD),

£(xo)

M. S0 < Pepd = [ 4, 577

1
[x—xo| rk)?(;l (r)
where o, depends only on n and ky(r) is the mean integral value of K;(x, f) over
the sphere |x —xo| =r.

Theorem 8.21. Let f: D — RY n>2, IE an FLD homeomorphism such that D =
f(D) omits at least two points v and w € R" with h(v,w) > 6 > 0. If K;(x, f) < Q(x),
where Q has finite mean oscillation at a point xo € D, then

1 1 Bo
h(f(x),f(x0)) < O(;{Ogﬁ“} (8.78)

for x € B(xo, &) where oy, depends only on n, & < dist(xo,dD), and By > 0 depends
only on the function Q.
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Let D be a domain in R" and let @ : D — [1,0| be a measurable function. Let
So.4 (D) be the class (i all FLD homeomorphisms f : D — R”, n > 2, such that
Ki(x, f) < Q(x) and h(R"\ f(D)) > A > 0.

Theorem 8.22. If O € FMO, then §o (D) is a normal family.

Corollary 8.18. The class §g (D) is normal if, for every xo € D,

lim 0(x) dm(x) < oo. (8.79)

€=0JB(xg,€)

Corollary 8.19. The class o (D) is normal if every xo € D is a Lebesgue point of

O(x).
Theorem 8.23. Let A > 0 and let Q : D — [1,00] be a measurable function such that
£(xo)
dr
/ e (8.80)
0 rqy (r)

holds at every point xo € D, where &(xo) = dist(xo,dD) and gy, (r) denotes the mean
integral value of Q(x) over the sphere |x —xo| = r. Then § a forms a normal family.

Corollary 8.20. The class Fo (D) is normal if Q(x) has singularities only of the
logarithmic type of order not greater than n — 1 at every point x € D.

8.8 On Semicontinuity of Outer Dilatations

Recall that by Corollary 8.7, every FLD homeomorphism f is a Q(x)-homeomor-
phism with Q(x) = K;(x, f) and hence is a strong ring Q(x)-homeomorphism with
the same Q(x). Thus, the following statement follows immediately from Theorem
7.5.

Theorem 8.24. Let D be a domain in R", n > 2, and f,, : D — R" a sequence
of homeomorphisms with finite length distortion converging locally uniformly to

a mapping f. If
Ki(x, fn) < Q(x) € Lige , (8.81)

then f is either a homeomorphism or f = const in D.

Since K;(x,g) < K} '(x,g), for the conclusion of Theorem 8.24, it is sufficient
to suppose that Ko(x, f,,) < K(x) € L ! instead of (8.81). Set

loc

Po (x,f) = (Ko (x, £))7T. (8.82)
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Lemma 8.6. Let D be a domain in R", n > 2, and f; : D — R", j=1,2,..., a
sequence of FLD homeomorphisms in D converging locally uniformly to a mapping
f: D — R". Then at each point xq of differentiability of the mapping f,

1

Po(xo, f) < liminf liminf — / Po(y,fj) dy, (8.83)
h—0  jooe I

C(xo,h)

where C(xo,h) denotes the cube in R" centered at xo whose edges are oriented along
the principal axes of quadratic form (f'(x0)z, f'(x0)z) and have length h.

The proof of Lemma 8.6 is similar to the proof of Lemma 4.7 for mappings with
bounded distortion in [97].

Proof for Lemma 8.6. We may assume that x =0, f(0) =0, and f;(0) =0, j =
1,2,....Letey,...,e, be an orthonormal basis in R” formed by the eigenvectors of
F1(0)*£7(0). Now f7(0)B" is an ellipsoid whose semiaxes 4; < A, < ... < A, are
the positive square roots of the corresponding eigenvalues of f7(0)*f/(0). We also
abbreviate C(h) = C(0;h). For € > 0, we can choose § = d(g) > 0 such that for
he€(0,6) and all y € C(h),

[f () = f'(0)y] < he

since f is differentiable at 0. Since f; — f locally uniformly, we have, for all y €
C(h),
i) = f'(0)y| < he (8.84)

for j > jo. The set f7(0)C(h) is the rectangular parallelopiped
(=Ah/2,Ah)2) X -+« X (=Aph /2,240 )2),

where the edges are directed along the basis vectors é1,...,¢&,, of R" :
o S'(0)ei
éi="——"—, i=12,...,n,
L F(0)ei]
that are orthogonal in view of the choice of the ey, ...,e,. Inequality (8.84) yields

that the points f;(y), y € C(h), all lie in the parallelopiped

A«] ),1 A«n lﬂ
<—<2+8)h, <2+8>h>><><<—<2+8 ]’l, ?—1—8 h).
Here R” is again equipped with the basis €y, ...,é,. Thus,

mes(f;(C(h))) < H"(Ay +2€) (A +2€) -+ (An +2€). (8.85)

Further, by the Lebesgue theorem for locally finite measures (see [281], pp. 115
and 119), we obtain from (8.85) the inequality
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/ . fj)l dy < mes(f;(C(R))) <H'[[J(0,f)| + A(e)]; (8.86)
cn)

where A(g) — 0 as € — 0 because J(0, f) = L1 Az-...- Ay

Next consider the (n— 1)-dimensional cube C*(h) with center at x = 0 and edges
(of length &) oriented along ej,...,e,—;. Consider a segment [(z), z € C*(h), per-
pendicular to C*(h) inside C(h) and write /;(z) for the length of the path f;(I(z)).
Since f is ACP, we have

h/2
lj(z) = / |fi(z,yn)en| dyn (8.87)

—h/2

for almost every z € C*(h) with respect to the (n — 1)-dimensional Lebesgue mea-
sure. On the other hand, (8.84) implies

1j(z) > (| (0)en| — 28)h = (An —2€)h.
Hence, (8.87) yields

h/2

/ £z yn)en| dyn = h(Ay —2e)
—h/2

for a.e. z € C*(h). Integrating over C*(h) and using the Fubini theorem, we obtain
[ 150en dv = 12 —2) (8.88)
C(h)

Next, the Holder inequality gives

[1rmelar< [ 150l dy (589
ch) ch)

< [ KOS dy

c(h)

n—1

n

< /K”Tll()@fj) dy / (. fi)ldy
c(h)

C(h)

Here the equality [|f;(»)[|" = K(y, f;)|J (3, fj)| a.e. has also been used. Now (8.89)
together with (8.86) and (8.88) yields
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(=26 \#1 1 Py
(7o 4) Sh{ S

Letting first j — oo and then 7 — 0 and finally € — 0, we complete the proof. a

Applying the Jensen inequality to (8.83), we obtain the following conclusion.
Corollary 8.21. Under the hypothesis and terms of Lemma 8.6,
@ (Po (x0.) < liminf timint = [ (o f7) dy (8.90)
C(xq,h)
for every increasing convex function @(t) : [1,4e0] — [0, +oo].
In particular, for @(¢) = "1, we have the next conclusion.

Corollary 8.22. Under the assumptions of Lemma 8.6,

1 n
Ko(xo, f) < ll}rlm(r)lf llmmfh— / Ko(y, f;) dy. (8.91)
! C(X.Oah)

Theorem 8.25. Let D be a domain in R", n > 2, and f,, : D — R" a sequence of
FLD homeomorphisms converging locally uniformly to an FLD homeomorphism f.

If

Ko (x,fn) < K(x) €L, m=1,2.3,..., (8.92)
then
Ko (x, f) < limsup Ko (x, fj) a.e. (8.93)
J—reo

Proof. Applying Corollary 8.22 and the theorem on term-by-term integration, we
have

Ko (x,f) < hmlnf— / hmsupKO(y,f]) (8.94)
C(x,h)

Now, by the theorem on the differentiability of the indefinite Lebesgue integral and
(8.92), we obtain a.e. the equality

}ILHI(I) — / hmsupKo (», fj) dy =limsupKop (x, ;). (8.95)
C(x,h) / Joe
Combining (8.94) and (8.95), we come to (8.93). O

Theorem 8.26. Let D be a domain in R", n>2,and f; : D —R", j=1,2,...,a
sequence of FLD homeomorphisms converging locally uniformly to an FLD homeo-
morphism f. Suppose that @ : [1,+e0] — [0,00] is a convex increasing function and
a.e.
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Po(x, fj) < K(x), (8.96)
where
@ (K(x)) € L. (8.97)
Then X
/ ® (Py (x,f)) dx < liminf | @ (Po (x,f;)) dx (8.98)
. J—roo
E

for every measurable set E C D with mes E < oo.

Proof. By Corollary 8.21 and (8.96), we get @ (P (x, f)) < @ (K (x)) a.e. and hence
@ (Py (x,f)) € LL. (D) by (8.97). Consequently, by the theorem of the differentia-
bility of an indefinite integral a.e.,

lim o [ @ (ol ) dy =  (Pof, ). (8.99)

C(x,h)

Let Ey be the set of all x € D, where either f is not differentiable or (8.99) does
not hold. Note that mes £y = 0. By Corollary 8.21,

D(Po(x,f)) < 111r1n151f hmmf— / D (Po(y, fj))dy VxeD\Ey.
j~>oo
Clx,h)

Hence, wehave Ve > 0:36 = 6(x,e): Vh<4:

H'® (Po(x,f)) < liminf | @ (Po(y,f;)) dy +eh", (8.100)
! C(x,h)
and by (8.99),
/ D (Po(y,f)) dy < hmlnf / D (Po(y, fj)) dy +eh" (8.101)

C(x,h) C(x.h)
forh < 6 =6(x¢€).

Let 2 C D be an open set. The system of cubes C(x, k), x € Q\Ey, forms the
Vitali covering of the set Q\Ey. Thus, by the Vitali theorem (see IV(3.1) in [281]),
there is a sequence of mutually disjoint cubes C,,, = C (X, hy,) € Q such that

mes (Q\UCm) =0.

Thus, by (8.101), we obtain

[ @ Pol.)) dy < timint [ @ (Po(s. £;)) dy +emes 2, (8.102)
J—oo
Q Q
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and, since € > 0 is arbitrary, (8.98) has been proved for an arbitrary open set 2 C D
with mes Q < oo.

Now, let £ be a measurable set in D with mes E < co. Then, for every € > 0,
there is an open set Q2 = Q. D E with mes (2:\E) < &; see I11(6.6) in [281]. From
inequality (8.98) for open €2, we have

[ @ o)) dy < timint [ @ (Pl fi)) dy+ [ @ (K(x) dy.
E ! E Q\E

Finally, in view of (8.97), we obtain (8.98) by the absolute continuity of integrals.
O

8.9 On Convergence of Matrix Dilatations

Theorem 8.27. Let f, f; : D — R" be FLD homeomorphisms such that f; — f as
J — oo locally uniformly in D, M, M; their matrix dilatations and let a.e. K (x, f;) <
K (x) € L} . Suppose that

Uj(x)M;(x) — Mo(x)  a.e. (8.103)
as j — oo for some sequence of orthogonal matrices Uj(x). Then
M (x) =U (x) My (x) a.e. (8.104)

Sfor some orthogonal matrix U (x) .

Proof. Let A, : R" — R”" be some enumeration of all matrices with rational ele-
ments that satisfy the condition det A,, = 1. Note that each matrix A,, defines a
quasiconformal linear mapping x — A,,x, where x € R" is interpreted as a vector-
column. Let N and N; be matrix dilatations of the mappings f oA ! and fi oA L
respectively. Then, by the composition rule [see (8.36)],

N(y) =M(A,') A, Ni() =M;(4,'y)A,," (8.105)

Note that the mappings foA,,! and f i oA.! are also FLD homeomorphisms such
that f; oA, — foA,!locally uniformly as j — oo and

Ko (y.fioA,") < Ko (A,'y.fi) Ko (A,") < K (A,'y)-cl, € L.,

where c,, = ||A,,!|| is the matrix norm of A,'; see (2.11), Chapter I in [256]. Thus,
for each fixed m € N, the mappings foA,' and f;0A,,' satisfy the conditions of
Theorem 8.25. By Theorem 8.25, for each fixedm =1,2,...,
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1M (4,,'y) A, < limsup||M; (A,,'Y) A ae. (8.106)
J—oo
because Ko (x, f) = ||[Ms(x)]|". Consequently, we also have for each fixed m =
1,2,...
|M (x) A, < limsup||M; (x) A, a.e. (8.107)
jeo

Since the collection of the matrices A,, is countable, (8.107) holds for a.e. x € D just
forall m =1,2,.... Note that the set of the matrices {A,,};,_, is dense in the space
of all matrices with detA = 1 and it follows from (8.103) that detM (x) = 1 a.e.
Thus, we have from (8.107) that

1M (x) My " (x) || < limsup |M; (x) My (x) || ae. (8.108)

Jj—roo

Since the U; are orthogonal matrices and U; (x) M (x) — My (x) a.e., we have from
(8.108) that
MMy ()| <1 ae. (8.109)

On the other hand (see, e.g., (2.6), Chapter I, in [256]),

1M () My " ()| > 1. (8.110)
Thus,

Mx)My' (x)]| =1 ae. (8.111)
Finally, from (8.111), taking into account that detM (x)M, "' (x) = 1 ae., we
have that M (x) M, " (x) is an orthogonal matrix U (x), i.e., M (x) = U (x) My (x)
a.e. The proof is complete. O

In what follows, for an arbitrary matrix M, denote
G=MM, (8.112)

where M* is the transpose of M. First, though, we observe the following algebraic
fact.

Proposition 8.8. Let My and M, be real nonsingular square matrices. Then
Gy =Gy (8.113)

if and only if
M, =UM,, (8.114)

where U € O'(n).
Here we write U € ¢(n) if a matrix U is orthogonal, i.e.,

U'u=I1=UU"
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Geometrically, (8.114) means that G determines M from (8.112) up to left rota-
tions. Indeed, (8.114) implies

Gy =M;M, = M{UUM, = M{M, = G,.
Conversely, let (8.113) take place. Then, for M = MM, l, we have
G =MM= (M) 'MiMM;" = (M3)"'G M5

= (M3)"'GoMy " = (M3) "' Mz MMy = 1,

i.e., M is an orthogonal matrix.

Further, applying the well-known diagonalization theorem for the symmetric ma-
trices and the continuous dependence of the roots for the characteristic polynomial,
we have the following conclusion, which was first proved as Lemma 3.18 in [97].

Lemma 8.7. Let M, j =0,1,2,..., be real nonsingular square matrices. Then
lim G; = Gy (8.115)
J—oo

is equivalent to
lim U;M; = My (8.116)
J—oo

for some orthogonal matrices U;.

Here the convergence of matrices is understood in the element-wise sense.

Proof. Indeed, (8.116) obviously implies (8.115) because
Gj=M;M;=M;UjU;M; = (U;M;)" (U;M;).
Conversely, let (8.115) take place. Then for N; = MMy ! we have
D= NiNj = (Mg)~ MMMy = (MG) ™Gy — (M5) ' GoMty =1

as j — oo element-wise.

It is well known from algebra (see, e. g., [23], p. 54) that
D;=V;A}Vj,

where V; € 0(n),j=0,1,2,..., and the Aj2 are diagonal matrices with eigenvalues
of D; on their diagonals. By Proposition 8.8,

Nj ZVVJ'AJ'Vj7

where W; € O'(n),j=1,2,....
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Further, the eigenvalues of D; are roots of the so-called characteristic equations
for D; where the coefficients are continuous functions of the elements of D;; see,
e.g., [23], p. 34. Next, in view of the continuous dependence of roots of polynomials
from their coefficients (see, e.g., [125], p. 634, and [235]), we obtain A; — I as

Jj — oo

Now, set
Uj= Vj*Wj* € 0(n). (8.117)

Then the maximal element of the matrix
Aj=U;N;—I1=V;(A;~1)V,
does not exceed the maximal element of the matrix (A; —I), because V; € 0(n).

Thus, we obtain (8.116) with U; given by (8.117). O

From Lemma 8.7 we arrive at the following consequence of Theorem 8.27, which
was first established for quasiregular mappings in [129]; cf. [97].

Corollary 8.23. Let f, fj : D — R" be FLD homeomorphisms such that f; — f
locally uniformly as j — oo. Let G and G be the dilatation tensors of f and f;,
respectively, and let Ko (x, f;) < K (x) € L, a.e. If

Gj(x) — Go(x) a.e. (8.118)

as j — oo then
G(x) =Go(x) ae (8.119)
8.10 Examples and Subclasses

It is easy to give examples of FLD mappings that are not discrete, open, or sense-
preserving; see, e.g., [296] and [217]. Consider one more interesting mapping below.

Example. Let C be a Cantor set in |
I; are open and disjoint. Define f : (

0,1]. Then (0,1) \ C = UI;, where the intervals
0,1) - Ras f(x) =0 forx e C and
_ | J a./| _‘x_ ./+a] (8120)

2 2

forx€l; = (aj,bj), j=1,2,..., f(x) =xforx <0, and f(x) =x—1 for x > 1.
Then f is an FLD mapping provided that |C| = 0. In this case the mapping f is
length-preserving:

I(foy)=I(y) forevery y. (8.121)

Moreover,
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I(x,f)=L(x,f)=1 ae. (8.122)

For |C| > 0, f is not an FLD mapping because (x, ) = 0 for all x € C.
The mapping f : R — R has the natural extension f* to R", n > 2,

f(@x)=(zf(x), zeR" ' xeR, (8.123)

with similar properties. Note that f as well as f* are neither discrete nor open as
well as sense-preserving.

General considerations for length-preserving mappings in metric spaces can be
found in [35]. However, the main results there deal with locally injective mappings.

Proposition 8.9. Let f : D — R" be a mapping satisfying the condition
L™ 1(y) <U(foy) <L-1(y) (8.124)
for some L > 1 and for every path 7y in D and let
I(x,f)>0 ae. (8.125)
Then f is of finite length distortion.
Proof. Indeed, (8.121) implies the (L)-property and the inequality
L(x,f) <L<e forall xe€D. (8.126)
Since f is L-Lipschitz, f clearly satisfies the (N)-property. O
Remark 8.8. Note that condition (8.121) implies that f is weakly light. If f is light,
L(x,f) <e forallxeD (8.127)

and J(x,f) > 0 a.e. in D or J(x, f) <0 a.e. in D, then, by Theorem 8 in [44], f is
open. However, the above example shows that, in general, the mappings in Proposi-
tion 8.9 need not be discrete, open, as well as sense-preserving; hence, they are not
of bounded length distortion in the sense of Martio—Viisild [213].

As is clear from Remark 8.4, points (1) and (4), and the Rademacher—Stepanoff
theorem, the (L)-property does not imply that L(x, f) < o a.e. in R",n > 2. On the
other hand, it is easy to give examples of FMD mappings R”,n > 2, without the
(L)-property; see, e.g., [65] and [190].



Chapter 9
Lower O-Homeomorphisms

So far the upper estimates of moduli have played a major role in the theory of quasi-
conformal mappings and their generalizations. In the present chapter, we elucidate
possibilities of lower estimates of moduli for families of (n — 1)-dimensional sur-
faces under mappings with finite distortion; see [161-164]. In particular, this makes
it possible for us to investigate the boundary behavior of homeomorphisms with
finite area distortion in the next chapter.

9.1 Introduction

The following concept is motivated by Gehring’s ring definition of quasiconformal-
ity in [73].

Given domains D and D' in R? =R"U{e}, n > 2, x9 € D\ {0}, and a measurable
function Q : D — (0,00), we say that a homeomorphism f : D — D’ is a lower Q-
homeomorphism at the point x if

p"(x) dm(x)

M(fX;) > inf 1
(f 8) B peexltgdng / Q(x) ©-D
DNRe
for every ring
R = {xeR":e<|x—x| <&}, e€(0,&), & € (0,dp),
where
do = sup |x—xo|, 9.2)
xeD

and X denotes the family of all intersections of the spheres

S(r) = S(xo,r) = {xeR": |x—x0| =7}, re (e, &),

O. Martio et al., Moduli in Modern Mapping Theory, Springer Monographs in Mathematics,
DOI 10.1007/978-0-387-85588-2_9, (©) Springer Science+Business Media, LLC 2009
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with D. As usual, the notion can be extended to the case xo = « € D by applying
the inversion T with respect to the unit sphere in R”, T(x) = x/|x|?, T(e) = 0,
T(0) = . Namely, a homeomorphism f : D — D’ is a lower Q-homeomorphism
ateo € Dif F = foT is alower Q,-homeomorphism with Q, = Qo T at 0.

We also say that a homeomorphism f : D — R” is a lower Q-homeomorphism
in D if f is a lower Q-homeomorphism at every point xo € D.

We show here that condition (9.1) is equivalent to the inequality

&
dr
M(fZe) > 8/|Q|n1(7’)’ 9.3)
where 1
T
_ n—1
ety = | [ @' was| ©.4)
D(x0,r)

d<f corresponds to the area on the surface D(xp,r) = D () S(xp,7). Note that the
infimum from the right-hand side in (9.1) is attained for the function

oW
POt = g (D)

Later we often assume that Q = 0 outside D and take the integrals in (9.4) over the
whole spheres S(xo, r).

9.5)

This allows us to find the corresponding estimates of distortion for distance under
lower Q-homeomorphisms and to investigate the removability of isolated singulari-
ties and the boundary behavior of such mappings.

Let X} be the family of all (n — 1)-dimensional surfaces in D that separate the
spheres | x—xo| = € and |x—xp| = & in D. Note that (9.3) implies the corresponding
lower estimate for £ because X, C X} and, hence, adm fX; C adm fX,. However,
inequality (9.3) for X} is not precise. The same is true for X;* consisting of all
closed sets C in D that separate the given spheres in D. Indeed, X, C X}* and hence
adm fX;* C adm fZ; cf. [340]. Thus, M(fX,) is majorized by M(fX}) as well as
by M(fZ}*). However, estimate (9.3) is not precise for such families of surfaces.
Simultaneously, condition (9.1) gives the widest class of mappings satisfying (9.3)
and hence to which the whole upcoming theory is applicable.

9.2 On Moduli of Families of Surfaces

In this section H*, k= 1,... ,n— 1 denotes the k-dimensional Hausdorff measure
in R", n > 2. More precisely, if A is a set in R”, then
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H"(A) = sup H{(A), 9.6)

e>0

. > /5 k
Qcinf Y <2> 7 9.7
i=1

H{(A)

where the infimum is taken over all countable collections of numbers §; € (0,¢)
such that some sets A; in R” with diameters 0; cover A. Here £2;, denotes the volume
of the unit ball in R*. H* is an outer measure in the sense of Caratheodory, i.c.,

(1) H*(X) < H*(Y) whenever X C Y,
(2) HY(ZX;) < TH*(X;) for each sequence X; of sets,
(3) H*(XUY) = H*(X)+H*(Y) whenever dist(X,Y) > 0.

A set E C R" is called measurable with respect to H* if H*(X) = H¥(X NE) +
HK(X \ E) for every set X C R”. It is well known that every Borel set is measurable
with respect to any outer measure in the sense of Caratheodory; see, e.g., [281], p.
52. Moreover, H¥ is Borel regular, i.e., for every set X C R”, there is a Borel set
B C R" such that X C B and H*(X) = H*(B); see, e.g., [281], p. 53, and Section
2.10.1 in [55]. The latter implies that for every measurable set E C R", there exist
Borel sets B, and B* C R" such that B, C E C B* and Hk(B* \ B.) =0; see, e.g.,
Section 2.2.3 in [55]. In particular, H*(B*) = H*(E) = H*(B..).

Let @ be an open set in RK, k=1,...,n—1. A (continuous) mapping S: @ — R"
is called a k-dimensional surface S in R”. Sometimes we call the image S(w) C R”
the surface S, too. The number of preimages

N(S,y) = card S™'(y) = card{x € @: S(x) =y} 9.8)

is said to be a multiplicity function of the surface S at a point y € R". In other
words, N(S,y) denotes the multiplicity of covering of the point y by the surface S. It
is known that the multiplicity function is lower semi continuous, i.e.,

N(S,y) > liminf N(S,y,)

m-—oo

for every sequence y,, € R",m=1,2,...,suchthaty,, —y & R" as m — oo; see, e.g.,
[246], p. 160. Thus, the function N(S,y) is Borel measurable and hence measurable
with respect to every Hausdorff measure HF: see, e.g., [281], p. 52.

k-dimensional Hausdorff area in R" (or simply area) associated with a surface
S:w — R"is given by

A(B) = A(B) i= [ N(S.) dHy 9.9)
B

for every Borel set B C R" and, more generally, for an arbitrary set that is measurable
with respect to H* in R". The surface S is rectifiable if .o/s(R") < oo.
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If p : R" — [0,e0] is a Borel function, then its integral over S is defined by the
equality

/p dot - /p N(S,y) dH"y. (9.10)

Given a family I" of k-dimensional surfaces S, a Borel function p : R" — [0, 0] is
called admissible for I', abbr. p € admI, if

/pk dot > 1 .11

for every S € I'. Given p € (0,c0), the p-modulus of I" is the quantity

M) = g [ ©1)
We also set
M) = M,(I") (9.13)

and call the quantity M(I") the modulus of the family I". The modulus is itself an
outer measure on the collection of all families I of k-dimensional surfaces.

We say that I> is minorized by I7 and write I3 > I if every S C I3 has a subsur-
face that belongs to I7. It is known that M, (I7) > M, (I3); see [64], pp. 176-178. We
also say that a property P holds for p-a.e. (almost every) k-dimensional surface S in
a family I' if a subfamily of all surfaces of I', for which P fails, has the p-modulus
zero. If 0 < g < p, then P also holds for g-a.e. S; see Theorem 3 in [64]. In the case
p = n, we write simply a.e.

Remark 9.1. The definition of the modulus immediately implies that, for every p €
(0,00) and k=1,...,n—1

(1) p-a.e. k-dimensional surface in R" is rectifiable,

(2) given a Borel set B in R” of (Lebesgue) measure zero,
s(B) = 0 (9.14)
for p-a.e. k-dimensional surface S in R”.

Lemma9.1. Letk=1,... ,n—1, p € [k,o0), and let C be an open cube in R", n > 2,
whose edges are parallel to coordinate axes. If a property P holds for p-a.e. k-
dimensional surface S in C, then P also holds for a.e. k-dimensional plane in C that
is parallel to a k-dimensional coordinate plane H.

The latter a.e. is related to the Lebesgue measure in the corresponding (n — k)-
dimensional coordinate plane H- that is perpendicular to H.
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Proof. Let us assume that the conclusion is not true. Then, by the regularity of the
Lebesgue measure m,_; in H*, there is a Borel set B such that my,_(B) > 0 and
P fails for a.e. k-dimensional plane S in C that is parallel to H and intersects B. If
a Borel function p : R" — [0,e0] is admissible for the given family I" of surfaces S
such that p = 0 outside Cy x B, where Cj is the projection of C on H, then, by the
Holder inequality,

[ ptamt) < | [ prxydmt| | [ dmi)
CoxB 0xB 0xB
and, hence, by the Fubini theorem,
J p*() dm(X)>k »
[ 7)) = <C A AL
R? pT (hk 'mn—k(B))PT
| dm(x)
CoxB
ie.,
MP(F) 2 Wh;i]i(kB)7

where 4 is the length of the edge of cube C. Thus, M ,,(F ) > 0, which contradicts the
lemma’s hypothesis. O

The following statement is an analogue of the Fubini theorem; cf., e.g., [281],
p. 77. It extends Theorem 33.1 in [316]; cf. also Theorem 3 in [64], Lemma 2.13
in [207], and Lemma 8.1 here.

Theorem 9.1. Let k = 1,...,n— 1, p € [k,), and let E be a subset in an open
set Q CR", n> 2. Then E is measurable by Lebesgue in R" if and only if E is
measurable with respect to area on p-a.e. k-dimensional surface S in 2. Moreover,
|E| = 0 if and only if

s(E) =0 (9.15)

on p-a.e. k-dimensional surface S in .

Proof. By the Lindeldf property in R” and the minorant property of M,, we may
assume without loss of generality that €2 is an open cube C in R"” whose edges are
parallel to the coordinate axes.

Suppose first that E is Lebesgue measurable in R”. Then, by the regularity of the
Lebesgue measure, there exist Borel sets B, and B* in R” such that B, C E C B" and
|B*\B.| = 0. Thus, by (2) in Remark 9.1, </(B*\B,) = 0 and hence E is measurable
by area on p-a.e. k-dimensional surface S in C. Conversely, if the latter is true,
then E is measurable by area on a.e. k-dimensional plane H in C that is parallel to
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a k-dimensional coordinate plane; see Lemma 9.1. Thus, E is measurable by the
Fubini theorem.

Now, suppose that |E| = 0. Then there is a Borel set B such that |B| = 0 and
E C B. Then, by (2) in Remark 9.1, the relation (9.15) holds for p-a.e. k-dimensional
surface S in C. Conversely, if the latter is true, then, in particular, <%(E) =0 on a.e.
k-dimensional plane H in C, which is parallel to a k-dimensional coordinate plane;
see Lemma 9.1. Thus, |E| = 0, again by the Fubini theorem. O

Remark 9.2. Say by the Lusin theorem (see, e.g., Section 2.3.5 in [55]), for every
measurable function p : R" — [0,], there is a Borel function p* : R" — [0,e]
such that p* = p a.e. in R". Thus, by Theorem 9.1, p is measurable on p-a.e. k-
dimensional surface S in R” for every p € (0,0) andk=1,... ,;n— 1.

We say that a Lebesgue measurable function p : R” — [0,c0| is p-extensively
admissible for a family I" of k-dimensional surfaces S in R", abbr. p € ext,admI",
if

/pk deod > 1 (9.16)
s
for p-a.e. S € I'. The p-extensive modulus M ,(I") of I is the quantity

M,([) = inf / p?(x) dm(x), 9.17)
R’l

where the infimum is taken over all p € ext,admI'. In the case p = n, we use the
notations M(I") and p € extadm I, respectively. For every p € (0,0),k=1,... ,n—
1, and every family I" of k-dimensional surfaces in R",

M,(T') = M,(I). (9.18)

9.3 Characterization of Lower O-Homeomorphisms

We start first from the following general statement.

Lemma 9.2. Let (X, 1) be a measure space with finite measure L, p € (1,0), and
let ¢ : X — (0,00) be a measurable function. Set

Ig.p) = inf [ ar du, (9.19)
X

where the infimum is taken over all measurable functions o : X — [0,0] such that

/ adu = 1. (9.20)
X
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Then 1
-2
lop) = | [odu| 9.21)
X
where 1 1
a=4  Zi -, (9.22)
P P q

ie, A =1/(p—1) € (0,%). Moreover, the infimum in (9.19) is attained only under
the function

o =C-o* (9.23)

where X

C= / o tdu| . (9.24)
X

Proof. Firstlet [ @ ~* du < . Then, by the Holder inequality,

1

P

1= /adu = /((p‘%)é[(pa”]%du < /(p‘%du : /qva”du
X X

X X

and the equality holds if and only if
_4
c-o P =g9@-of ae;

see, e.g., [105] or [261]. C = /P in (9.24),1i.e.,

-1

and

ap(x) = /rp’f’%' du| ¢ 7 T(x).
X

In the case [ (p”l du = oo, the above arguments are applicable to the function

{ o(x) ifo(x)>e,

() = 14 if p(x) <e

with arbitrary small € > 0. Note that I(¢, p) < I(@g, p) — 0 as € — 0 in the given
case. O

Theorem 9.2. Let D and D' be domains in R", n > 2, let xo € D\ {0}, and let
Q: D — (0,00) be a measurable function. A homeomorphism f : D — D' is a lower
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Q-homeomorphism at xq if and only if

£
d
M(fZe) > /; Vee(0,e), & c(0,d) (9.25)
) 0l
where
do = sup |x—x|, (9.26)
xeD

X denotes the family of all the intersections of the spheres S(r) = {x € R" : |x—
xo| =r}, r € (g,€), with D, and

n—1I

Il =| [ o 'wde ©27)

D(X(),r)

is the L,_1-norm of Q over D(xo,r) = {x € D : |x—xo| = r} = DN S(xo,r). The
infimum of the expression from the right-hand side in (9.1) is attained only for the

function
0(x)

POt = g (D)

Proof. For every p € extadm X,
Ap(r) = / p" ) det 40 ae.
D(XOJ)

is a measurable function in the parameter r, say by the Fubini theorem. Thus, we
may required the equality A,(r) = 1 a.e. instead of (9.16) and

&
n p
inf / PD) ) = / inf ) o | ar,
peextadm X, Q()C) ocl(r) ()C)
DAR, e

D(xo.r)

where p =n/(n—1) > 1 and I(r) denotes the set of all measurable functions & on
the surface D(xq,r) = S(xo,7) N D such that

/ a(x) dot = 1.
D(x,r)
Hence, Theorem 9.2 follows by Lemma 9.2 with X = D(xy,r), the (n — 1)-

dimensional area as a measure U on D(xo,r), ¢ = é‘D(on)’ andp=n/(n—1)> 1.

Corollary 9.1. Let D and D' be domains in R", n > 2, xg € D\ {e}, Q: D — (0,0)
a measurable function, and f : D — D' a lower Q-homeomorphism at xy. Then
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&
a1 d
M(Z) z 0l [T Vee (0.e), 0eO.d),  ©28)
] r"]n—l(r>
where
dy = sup |x—xp|, (9.29)
xeD
1 (1)
Gt (r) = (][ () d%) , (9.30)
S(xg,7)
eD,
g(x) = {g(") TeRMD. (9.31)

9.4 Estimates of Distortion

Lemma 9.3. Let D and D' be domains in R", n > 2, f:D — D' a lower Q-
homeomorphism at xg € D\ {e}, and 0 < € < & < dist(xo,dD). Then

&)

oy, dr
h(fSe) < -ex ,/7 , (9.32)
S = i)\ ") ra )
where oy, = 2A2 with A, € [4,2¢"1), 1, =4, and ?L,}/" —easn— oo,
4
G (r) = (]|[ | 0" () d;z%) , 9.33)
x—xqo|=r

and S¢ and Sg, denote the spheres in R" centered at xo with radii € and &, respec-
tively.

Proof. SetE = fS¢ and F = fS,. By the Gehring lemma,

1
CapR(E,F) Z CapRT <h(E‘)h(F‘)> y (934)

where A(E) and h(F) denote the spherical diameters of E and F, respectively, and
Rr(s) is the Teichmiiller ring

Rr(s) = R*"\ ([-1,0]U][s,eo]), s> 1; (9.35)
see, e.g., [71] or Corollary 7.37 in [328], Section A.1. We know that

W0y —1

_— 9.36
(log¥(s))" " 50

capRy(s) =
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where the function ¥ admits the estimates
s+1 < WP(s) < AZ-(s+1) <2225, s> 1; (9.37)

see, e.g., [71], pp. 225-226, and (7.19) and Lemma 7.22 in [328], Section A.l.
Hence, inequality (9.34) implies that

Wy—1 .
(log #;f(m)”i]

Denote by X, the family of all surfaces D(r) = {x € D: [x—xo| =1}, r € (€, &).
By Theorem 3.13 in [340] and (9.28), we have

capR(E,F) > (9.38)

1 Wy—1
R(E,F) < < 9.39
capR(E,F) < W) S e (9.39)
|

because X C X(fSe, fSg,), Where X(fSe, fSg,) consists of all (n— 1)-dimensional
surfaces in fD that separate fSe and fSg,.
Finally, combining (9.38) and (9.39), we obtain (9.32). a

9.5 Removal of Isolated Singularities

By Theorem 9.2, similarly to the proof of Lemma 9.3, we obtain the following
statement.

Theorem 9.3. Let D be a domain in R", n>2, xo € D, Q: D — (0,%) a measurable
Sunction, and f a lower Q-homeomorphism at xo of D\ {xo} into R"*. Suppose that

&
dr

= e 9.40
[ 040

where g < dist(xo,dD), and

4
gn_1(r) = (7|[ ‘ 0" '(x) dﬂ) . (9.41)
xX—xqo|=r

Then f has a continuous extension to D in R".

Corollary 9.2. Let D be a domain inf R", n>72, xo € D, and f a lower Q-
homeomorphism at xy of D\ {xo} into R*. If

7|[ | 0" (x) det — 0(1og"' 1) (9.42)
x—xo|=r
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as r — 0, then f has a continuous extension to D in R~
Corollary 9.3. Let D be a domain in R", n > 2, xo € D, and f a lower Q-

homeomorphism at xo of D\ {x} into R". If

1 1 1 n—1
]‘[ | Q"il(x) dﬂzo<[]ogr-log]ogr-...-log...logr:| ) (9.43)
X—X0|=r

as r — 0, then f has a continuous extension to D in R".

9.6 On Continuous Extension to Boundary Points

Lemma 9.4. Let D and D' be domains in R", n > 2, xo € dD, let Q : D — (0,0)
a measurable function, and f : D — D' a lower Q-homeomorphism at xo. Suppose
that the domain D is locally connected at xo and 0D’ is strongly accessible at least
at one point of the cluster set

L = C(xo,f) = {yE@:y:]!i_rgf(xk),xk —Xxp }. (9.44)
If
&
dr
— = e (9.45)
/HQHVHI(”)
0
where
0 < g < dy = sup |x—xo| (9.46)
xeD
and
=
lellan={ [ o 'war| 9.47)
DNS(xo,r)

then f extends by continuity to xq in R,

Proof. Note that L # @, in view of the compactness of the extended space R". By
the condition, @D’ is strongly accessible at a point yo € L. Let us assume that there
is one more point zo € L and set U = B(xo,r0), where 0 < ro < |yo — 2o/

In view of the local connectedness of D at xo, there is a sequence of neighbor-
hoods V; of x with connected Dy = DNV, and 6(V}) — 0 as k — 0. Choose in the
domains D = fDy points y; and zx with [yo — yx| < ro and [yo — zx| > 7o, Y& — Yo
and z; — zo as k — eo. Let C; be paths connecting y; and z; in Dj. Note that by the
construction, dU NCy, # @.

By the condition of strong accessibility, the point yy from D', there are a com-
pactum E C D’ and a number & > 0 such that
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M(A(E,C;D')) > 6

for large k. Without loss of generality, we may assume that the last condition holds
for all k =1,2,.... Note that C = f~'E is a compactum in D’ and hence g =
dist(xp,C) > 0.

Let I be a family of all paths connecting the spheres S¢ = {x € R" : [x — x| = €}
and So = {x € R": |[x—xo| = &} in D. Note that C; C fB; for every fixed € € (0, &)
for large k, where B, = B(xo, €). Thus, M(fI;) > 6 forall € € (0, ¢).

By [122], [293], and [340] (see Section A.3, A.4, and A.6),

M(fIe) < ma

where X is the family of all surfaces D(r) = {x € D : |x —xo| = r}, r € (€,&)).
Thus, M(fIz) — 0 as € — 0 by Theorem 9.2 in view of (9.45). The contradiction
disproves the above assumption. O

9.7 On One Corollary for QED Domains

By Section 3.8, we obtain the following consequence of Lemma 9.4.

Theorem 9.4. Let D and D' be QED domains in R", n>2, xg € dD, Q: D — (0,0)
a measurable function, and f : D — D' a lower Q-homeomorphism at xo. If

£
dr
T = o, (9.48)
/I\Q\Infl(r)
0
where
0 < & < dy = sup |x—xp| (9.49)
xeD
and 1
T
ol =| [ o 'wde| 950
DNS(xg,r)

then f extends by continuity to xy in R".

9.8 On Singular Null Sets for Extremal Distances

In this section C(X, f) denotes the cluster set of the mapping f : D — R” for a set
XcCD,ie.,
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C(va) = {yG@: y= klimf(xk)v xk—>x€X}.

Note that the complements of NED sets in R” give very particular cases of QED
domains considered in the previous section. Thus, arguing locally, by Theorem 9.4,
we obtain the following statement.

Theorem 9.5. Let D be a donﬂin inR", n>2, X CD, and f a lower Q-homeomor-
phism at xo € X of D\X into R". Suppose that X and C(X, f) are NED sets. If

£
dr
——— = 09, 9.51)
/I\Q\In—l(r)
0
where
0 < & < dy = sup |x—xo (9.52)
xeD
and 1
1
lelatn=| [ e 'was | 9.53)
DNS(xq,r)

then f can be extended by continuity to xo in R".

9.9 Lemma on Cluster Sets

Lemma 9.5. Let D and D' be domains in R", n > 2, 7y and z, distinct points in dD,
71 # oo, and f a lower Q-homeomorphism at 71 of D onto D', and let the function Q
be integrable with degree n — 1 on the surfaces

D(r) = {xeD:|x—zi|=r} = DNS(z,r)

Sor some set E of numbers r < |z1 — z2| of a positive linear measure. If D is locally
connected at 71 and zp and dD' is weakly flat, then

C(z1,/)NC(z, f) = @. (9.54)

Proof. Without loss of generality, we may assume that the domain D is bounded.
Let d = |71 — z2|. Choose &) € (0,d) such that

Ey = {reE:re(eg)}

has a positive measure. The choice is possible because of the countable subadditivity
of the linear measure and because of the exhaustion
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where
En ={r€E:re(l/md—1/m)}.

Note that each of the spheres S(z1,r), r € Ey, separates the points z; and zp in R”
and D(r), r € Ep, in D. Thus, by Theorem 9.2, we have

M(fX:) > 0, (9.55)
where X, denotes the family of all intersections of the spheres
S(r) = S(z1,r) = {xeR":|x—z|=r}, re(g,&),

with D.
For i = 1,2, let C; be the cluster set C(z;, ) and suppose that C; NC, # @. Since
D is locally connected at z; and z;, there exist neighborhoods U; of z; such that
W; =DNU;, i = 1,2 are connected and U; C B"(z1,€) and U, C R"\ B"(z1,&)).
Set " = A(Wl, WZ;D). By [122], [293], [340] (see Sections A.3, A.4, and A.6),

and (9.55),
1

M(fTr) < M (5e) < oo, (9.56)
Let yg € C; NC,. Without loss of generality, we may assume that yo 7 e because
in the contrary case one can use an additional M&bius transformation. Choose rg > 0
such that S(yo,ro) N fW; # @ and S(yo,ro) N fWa # &.
By the condition, dD’ is weakly flat and hence, given a finite number My >
M(fT"), there is r, € (0,rp) such that

M(A(E,F;D')) > M,

for all continua E and F in D’ intersecting the spheres S(yo, o) and S(yo, r: ). How-
ever, these spheres can be connected by paths P; and P in domains fW; and fW,,
respectively, and for these paths

My < M(A(P,Py;D')) < M(fT).
The contradiction disproves the earlier assumption that C; N C, # &. The proof
is complete. O

As an immediate consequence of Lemma 9.5, we have the following statement.

Theorem 9.6. Let D and D' be domains in R, n > 2, D locally connected on dD and
dD' weakly flat. If f is a lower Q-homeomorphism of D onto D' with Q € L'~1(D),
then f~' has a continuous extension to D' in R".

Proof. By the Fubini theorem, the set
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E = {re(0,d): Qlp( € L"'(D(r))}
has a positive linear measure because Q € L"~!(D). O

Remark 9.3. 1t is sufficient to request in Theorem 9.6 that Q be integrable with de-
gree n— 1 in a neighborhood of 0D only.

Lemma 9.6. Let D and D' be domains in R", n > 2, Q : D — (0,%0) a measurable
function, and f : D — D' a lower Q-homeomorphism at xo € D\ {o}. Then

]
dr
——— < o Vee(0,8), & € (0,dy), (9.57)
-s/llanl(r) Or), &€ (0,do)
where
dop = sup |x—xo| (9.58)
xeD
and
1
n—1
lQlla)=| [ @ wde ©9.59)
D(XO!r)

is the L,_1-norm of Q over D(r) = {x € D : |x —xo| = r} = DN S(xp,r).

Proof. Let x| € D(g) and x; € D(g). Denote by C; and C; the continua f(D(g) N
B(x1,r1)) and f(D(&) N B(xy,r2)), respectively, where r; < dist(x;,dD) and ry <
dist(xy,dD) and, moreover, r; and r, < |x; —xz|/2. Then, by [122] and [340] (see
Sections A.3 and A.6),

1
MACHLC: D) < Jr7sy

where X¢ = {D(r) },¢ (¢ ¢,) and by Theorem 5.2 in [225], p. 234, M(A(Cy,Ca; f D)) >
0 because C; and C; are nondegenerate mutually disjoint continua in the domain
D’ = fD. Consequently, M(fX) < e and, thus, the conclusion of the lemma fol-
lows by Theorem 9.2. O

Corollary 9.4. If f : D — R" is a lower Q-homeomorphism at xy € D with

8
dr
- - 9.60
[ Talam o

for some & € (0,dp), then

)

dr

e 61
O/||Q||n1(r) @D
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Sforall § € (0,dp).
Combining Lemmas 9.5 and 9.6, we immediately have the following statement.

Theorem 9.7. Let D and D' be domains in R", n > 2, D locally connected on 0D
and 0D’ weakly flat, Q : D — (0,0) a measurable function such that the condition

d(xo0) J
,
— = o (9.62)
| Tarn

hold for all xy € dD with some & (xo) € (0,d(xo)), where

d(xo) = sup |x—xo|, (9.63)
xeD
and
1
n—1
10| n—1(x0,7) = / 0" (x) det (9.64)
D(X(),r)

is the L,_1-norm of Q over D(xo,r) = {x € D : |x —xo| = r} = DN S(x0,r).

Then there is a continuous extension of f~' to D' in R" for every lower Q-
homeomorphism f of D onto D'

9.10 On Homeomorphic Extensions to Boundaries

Combining the above results, we obtain the following statements.

Theorem 9.8. Let D and D' be bounded domains in R", n > 2, Q: D — (0,%) a
measurable function, and f : D — D' a lower Q-homeomorphism in D. Suppose
that the domain D is locally connected on dD and that the domain D' has a weakly
flat boundary. If, at every point xo € dD,

8(xo) J
r
e (9.65)
0/ 107w 1(o,7)

Sfor some 8(xo) € (0,d(x0)) where

d(x0) = sup |x—xo (9.66)

xeD

and
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1
n—I

10101 (x0,7) = /Q"*‘(x)d% , (9.67)

DNS(xg,r)
then f has a homeomorphic extension to D.

The following theorem is a far-reaching generalization of the known Gehring—
Martio result (see [81], p. 196) from quasiconformal mappings to lower Q-homeo-
morphisms; cf. Corollaries 3.2 and 3.3.

Theorem 9.9. Let D and D' be bounded QED domains in R", n>2, O : D — (0,0)
a measurable function, and f : D — D' a lower Q-homeomorphism in D. If condition
(9.65) holds at every point xo € dD, then f has a homeomorphic extension to D.

Theorem 9.10. Let D be a bounded domain in R", n > 2, Q : D — (0,e0) a measur-
able function, X C D, and f a lower Q-homeomorphism of D\ {X } into R". Suppose
that X and C(X, f) are NED sets. If condition (9.65) holds at every point xo € X for
O (xp) < dist(xp,dD), where

1
n—1

1Ol n—1(x0,7) = / 0" (x)dot , (9.68)

[x—xo|=r
then f has a homeomorphic extension to D.

Remark 9.4. In particular, the conclusion of Theorem 9.10 is valid if X is a closed
set with
H"'(X) = 0 = H"Y(C(X, f)). (9.69)



Chapter 10
Mappings with Finite Area Distortion

We show that mappings in R" with finite area distortion (FAD) in all dimensions
k=1,...,n—1 satisfy certain modulus inequalities in terms of their inner and
outer dilatations and, in particular, we prove generalizations of the well-known
Poletskii inequality for quasiregular mappings; see [159], [160]. Moreover, we
show that homeomorphisms f with finite area distortion of dimension n — 1 are
lower Q-homeomorphisms with Q(x) = Ko(x, f), and on this basis we study their
boundary behavior. The developed theory is applicable, for example, to the class of
finitely bi-Lipschitz mappings, which is a natural generalization of the well-known
classes of bi-Lipschitz mappings as well as isometries and quasi-isometries in R";
see [157, 158]. The mappings with finite area distortion extend the mappings with
finite length distortion; see [207] and Chapter 8 in this volume.

10.1 Introduction

Here we assume that €2 is an open set in R”, n > 2, and that all mappings f: Q2 — R"
are continuous.
Given a mapping ¢ : E — R” and a point x € E C R”, recall that

L(x,¢) = limsup 120 =@ (10.1)
y—xyeE |y_x‘
e 90) — ()]
T oly)—@x
I(x,9) = Jim inf 1 (10.2)

and a mapping f : Q — R” is said to be of finite metric distortion, abbr. f €FMD,
if f has the (N)-property and

0 < I(x,f) < L(x,f) < o ae.; (10.3)

O. Martio et al., Moduli in Modern Mapping Theory, Springer Monographs in Mathematics,
DOI 10.1007/978-0-387-85588-2_10, (© Springer Science+Business Media, LLC 2009
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see [207]. By Corollary 8.1, a mapping f : Q2 — R" is of FMD if and only if f is
differentiable a.e. and has the (N)- and (N~!)-properties.

We say that a mapping f : Q — R" has the (Ak)-property if the following two
conditions hold:
(A,El)) : for a.e. k-dimensional surface S in €, the restriction f|g has the (N)-proper-
ty with respect to area;

(A,(cz)) : for a.e. k-dimensional surface S, in Q, = f(€), the restriction f|g has the
(N~1)-property for each lifting S of S, with respect to area.

Here a surface S in Q is a lifting of a surface S, in R” under a mapping
f:Q —>R"if S, = foS. We also say that a mapping f : 2 — R” is of finite
area distortion in dimension k = 1,...,n— 1, abbr. f € FAD,, if f €FMD and
has the (Ay)-property. Note that analogues of (A )-properties and the classes FADy
were first formulated in the [207] for k = 1; see Chapter 8, which discusses the
connectivity and local rectifiability of S, and S in the (A,({U)- and (A,(f))—properties,
respectively. Finally, we say that a mapping f : 2 — R” is of finite area distortion,
abbr. f €FAD, if f € FADy forevery k=1,...,n— 1.

As in Chapter 8, given a pair Q(x,y) = (Q1(x),02(y)) of measurable functions
01:Q — [l,e0] and Oy : Q, — [l,0] and k = 1,...,n— 1, we say that a mapping
[:Q =R f(Q) = Q,, is a hyper Q-mapping in dimension k = 1,...,n— 1 if

MUT) < [ Qi(3)-p"() dm(x) (10.4)
Q

and i
M) < [ 0aly)-pi0) dm(y) (10.5)
Q

for every family I of k-dimensional surfaces S in 2 and all p € admI” and p, €
adm fI". We also say that a mapping f : 2 — R” is a hyper Q-mapping if f is a
hyper Q-mapping in all dimensions k =1,...,n— 1.

We show that every mapping f with finite area distortion is a hyper Q-mapping
with

0x,y) = | Ki(x, ), Y, Kol(zf)]- (10.6)
z€f1(y)

10.2 Upper Estimates of Moduli

The following lemma makes it possible to extend the so-called Ky-inequality from
the theory of quasiregular mappings to FAD mappings; see, e.g., [210], p. 16, [260],
p- 31, [328], p. 130; cf. also [207] and Section 8.6.
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Lemma 10.1. Let a mapping f : Q — R" be of finite metric distortion with the
(A,El))-propertyfor somek=1,....n—1and let a set E C Q be Borel. Then

M) < [ Kl E)-pl(y) dm(y) (107)
f(E)

for every family I' of k-dimensional surfaces S in E and p, € adm fI", where

Ki(y,f~E) = Y  Ko(xf) (10.8)

x€ENf~1(y)

In particular, here we have in the case E = £

K1) = K. f") = Y Kolxf). (10.9)

xef~1(y)

Proof. Let B be a (Borel) set of all points x in £ where f has a differential f'(x)
and J(x, f) = detf’(x) # 0. Then By = Q2 \ B has the Lebesgue measure zero in R”
because f €FMD. It is known that B is the union of a countable collection of Borel
sets B, I =1,2,...,such that f; = f|Bl is a bi-Lipschitz homeomorphism; see, e.g.,
point 3.2.2 in [55]. For example, setting B} = B, B = B, \ Bj, and

-1
B = B\ | Bu,

m=1

we may assume that the B; are no-empty and mutually disjoint. Note that by (2) in

Remark 9.1, @7(By) = 0 for a.e. k-dimensional surface S in £ and by the (A,((l))-
property 7. (f(Bo)) = 0, where S, = f oS also for a.e. k-dimensional surface S.

Given p, € adm fT, set

P(X) _ {p*(f(x))”f/(x)” 7f0rer\B()7 (10.10)

0, otherwise.

We may assume without loss of generality that p, = 0 outside f(E). Arguing piece-
wise on B;, we have by point 3.2.20 and 1.7.6 in [55] and Theorem 9.1 (see also
Remark 9.2)

/pkdgf > /p,’fd;zi > 1 (10.11)
s S,
forae.Serl,ie., p € extadmI . Hence, by (9.18),

M(I) < / " (x) dm(x). (10.12)
Q
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Now, by a change of variables [see, e.g., Proposition 8.3(iii)], we obtain

/ Ko(f~' (), f)-pl(y /pl ) dm(x (10.13)
BlﬂE
where p; = p - xp, and every f; = f|p,, | = 1,2,..., is injective by the construction.

Thus, by the Lebesgue monotone convergence theorem (see, e.g., [281], p. 27),

[ Kl E)-pl(y) dm(y /zp, ) dm(x) > M(T).
f(E)

O

The next inequality is a generalized form of the Kj-inequality, also known as
Poletskii’s inequality; see [242], [260], pp. 49-51, and [328], p. 131; cf. also Section
8.6.

Lemma 10.2. Let [ :  — R" be an FMD mapping with the (A,(f))-property for
somek=1,...,n—1. Then

) < [Kilx.f)-p"() dm(x) (10.14)
Q

for every family I' of k-dimensional surface S in  and p € admI.

Proof. Let B;, 1 =0,1,2,..., be given as in the proof of Lemma 10.1. By the con-
struction and the (N)-property, | f(Bo)| = 0. Thus, by Theorem 9.1, <%, (f(By)) =0
for a.e. S, € fI" and, hence, by the (A,((Z))—property, oZs(Bg) = 0 for ae. S, € fT,
where S is an arbitrary lifting of S, under the mapping f,i.e., S, = foS.

Let p € admI and let

pO) = sup pala), (10.15)
xef~1(y)N2\By
e @)1/ () \
_ Jpx)/I(f(x)), forxeQ\By,
ps(x) = {O, otherwise. (10.16)
Note that p = sup p;, where

_ [P, forye f(By),
py) = {0, otherwise, (10.17)
and every f; = f\B,, [ =1,2,..., is injective. Thus, the function p is Borel; see,

e.g., [281], p. 15.
Arguing as in the proof of (10.11), we obtain
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/ﬁ"d;z{ z/pk Ao > 1 (10.18)
S

forae. S, = foS e fI and, thus, p € extadm fI". Hence, (9.18) yields

M) < [ B0) dm(y). (10.19)
f(Q)

Further, by a change of variables, we have

/ Ki(x, f)- / pi(y) dmf(y (10.20)

Finally, by Lebesgue’s theorem, we obtain the desired inequality:

I

M
—

2
=

Y

3
<

[ Kit.)-p" ) dm()
Q

I
M
2
=
U
S
=
v
=
\
3

Combining Lemmas 10.1 and 10.2, we come to the main result of this section.

Theorem 10.1. Let a mapping f : Q — R" belong to class FADy for some k =
1,...,n—1. Then f is a hyper Q-mapping in dimension k with

O(x,y) = (Ki(x,f), K (v, f7")). (10.21)

Corollary 10.1. Every FAD mapping f is a hyper Q-mapping with Q given by
(10.21).

Remark 10.1. If K;(f) = ess sup Kr(x, f) < oo, then (10.14) for k = 1 yields the Po-
letskii inequality:
M(fT") < Ki(f)M(I) (10.22)

for every path family in Q. If Ko(f) = ess sup Ko(x, f) < o and E is a Borel set
with N(f,E) < oo, then we have from (10.7) the usual form of the Kp-inequality:

M(I) < N(f,E)Ko(f)M(fT) (10.23)

for every path family in E.
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10.3 On Lower Estimates of Moduli

Lemma 10.3. Let 2 be an open set in R", n > 2, and f : Q — R" an FMD homeo-
morphism with the (A,(C1 >)-propertyfor somek=1,....n—1. Then

. p"(x)
MUY > e Q/ R 4m) (10.24)

Jor every family I' of k-dimensional surfaces S in €.

Proof. Let B be a (Borel) set of all points x in € where f has a differential f'(x)
and J(x, f) = det f'(x) # 0. As we know, B is the union of a countable collection of
Borel sets B;, [ = 1,2,..., such that f; = f\B, is bi-Lipschitz; see, e.g., point 3.2.2
in [55]. Without loss of generality, we may assume that the B; are mutually disjoint.
Note that By = Q \ B and f(By) have Lebesgue measure zero in R” for f €FMD;
see Corollary 8.1. Thus, by Theorem 9.1, <7 (Bg) = 0 for a.e. S € I' and hence by
(A,El))-property, s, (f(Bo)) =0forae. SeTI', where S, = foS.
Let p. € adm fT", p, = 0 outside f(£2), and set p = 0 outside Q and

p(x) = p(f)IF W, ae xeQ
Arguing piecewise on B;, we have by points 3.2.20 and 1.7.6 in [55] that

[phder = [plass =1
S Sy

fora.e. S € I' and, thus, p € extadmI.
By a change of variables for the class FMD (see Proposition 8.3),

p"(x) _ "
! o) ) = [ o) ),
()

and (10.24) follows. O

Combining Lemmas 10.2 and 10.3, we have the following statement.

Theorem 10.2. Let Q be an open set in R", n > 2, and let a homeomorphism f :
Q — R" belong to FADy, for some k = 1,...,n— 1. Then, for every family I" of
k-dimensional surfaces S in 2, f satisfies the double inequality

~ p"(x) . )
mfb/ Kol /) dm(x) < M(fT") < 1nf.Q/K1(x,f)p (x) dm(x),

where the infimums are taken over all p € extadm I" and p € adm I', respectively.
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Corollary 10.2. Every homeomorphism f : £ — R" of class FAD,_| is a lower
Q-homeomorphism with

O(x) = Ko(x,f). (10.25)

10.4 Removal of isolated singularities

By Corollary 10.2 and Section 9.5, we have the following conclusions.

Theorem 10.3. Let D be a domain in R", n > 2, xg € D, and f : D\ {xo} = R" a
homeomorphism of class FAD,,_1. Suppose that

&

dr
/ e s (10.26)
0
where &) < dist(xo,dD) and
T
kv 1 (r) = (][ | K51 (x, f) d%) . (10.27)
x—xp|=r

Then f has a homeomorphic extension to D of class FAD,,_.

Corollary 10.3. Let D be a domain in R", n > 2, xo € D, and f : D\{xo} - R" a
homeomorphism of class FAD,,_1. If

7|[ | K2V (x,f) det = 0<log"' 1) (10.28)
x—xg|=r

as r — 0, then f has a homeomorphic extension to D of class FAD,_.

Corollary 10.4. Let D be a domain in R", n > 2, xo € D, and f : D\{xo} - R" a
homeomorphism of class FAD,_1. If

1 1 1 n—1
][ Ky '(x.f)dd/ =0 ([log loglog — ~--~-10g'~--'1°g}
x—ol=r ’ ’ ’

(10.29)
as r — 0 then f has a homeomorphic extension to D of class FAD,,_.
Remark 10.2. In particular, (10.28) holds if
Ko(x,f) = O (log ) (10.30)
| x — xo]

as x — xp. Note that the continuous extension of f in Theorem 10.3 and Corollaries
10.3 and 10.4 is a homeomorphism by Corollary 6.12.
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10.5 Extension to Boundaries

On the basis of Corollary 10.2 and Sections 9.6-9.10, here we review of results on
the boundary behavior of mappings with finite area distortion.

Lemma 10.4. Let D be a domain in R", n > 2, xo € dD, and f : D — R" a home-
omorphism of class FAD,,_. Suppose that the domain D is locally connected at x
and the domain D' = f(D) has a strongly accessible boundary. If

=) d
/ — T (10.31)
| Kol n-1(r)
0
where
0< g <dy = sup |x—)C()| (10.32)
xeD
and
T
Kollia = | [ K5 nds | (10.33)
DV"IS(X()J)

then f extends by continuity to x.

Theorem 10.4. Let D be a domain in R", n > 2, xo € dD, and f : D — R" a home-
omorphism of class FAD,,_;. Suppose that D and D' = f(D) are QED domains. If
condition (10.31) holds, then f extends by continuity to xy.

The complements of NED sets in R” give a very particular case of QED domains.
Hence, arguing locally, we obtain by Theorem 10.4 the following statement.

Theorem 10.5. Let D be a domainin R", n >2, X C D, and f : D\X — R" a homeo-
morphism of class FAD,,_1. Suppose that X and C(X, f) are NED sets. If condition
(10.31) holds, then f extends by continuity to xy.

Lemma 10.5. Let D and D' be domains in R", n > 2, z1 and z, distinct points in dD,
71 # oo, f a homeomorphism of class FAD,,_1 of D onto D', and Ko(x, f) integrable
with degree n — 1 on the surfaces

D(r) = {xeD:|x—z|=r} = DNS(z1,r)

for some set E of numbers r < |z — z2| of a positive linear measure. If D is locally
connected at 7\ and zp and dD' is weakly flat, then

C(z1,/)NC(z2,f) = 9. (10.34)

As usual, here C(z;, ) denotes the cluster sets at the points z;,i = 1,2.
As an immediate consequence of Lemma 10.5, we have the following statement.
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Theorem 10.6. Let D and D' be domains in R, n > 2, D locally connected on 0D
and oD’ weakly flat. If f is a homeomorphism of class FAD,—1 of D onto D' with
Ko € L""1(D), then f~! has a continuous extension to D'.

Remark 10.3. Tt is sufficient to request in Theorem 10.6 that Ko (x, f) be integrable
with degree n — 1 in a neighborhood of dD only.

Theorem 10.7. Let D and D' be domains in R", n > 2, D locally connected on 0D
and 0D’ weakly flat, and f a homeomorphism of D onto D' of class FAD,_;. If
condition (10.31) holds, then there is a continuous extension f~' to D'.

Combining the above results, we obtain the following statements.

Theorem 10.8. Let D be a domain in R", n > 2, and f : D — R" a homeomorphism
of class FAD,,_1. Suppose that the domain D is locally connected on 0D and that the
domain D' = f(D) has a weakly flat boundary. If condition (10.31) holds at every
point xo € dD, then f has a homeomorphic extension to f : D — D'.

The next theorem extends the Gehring—Martio results in [81], p. 196, on the
boundary correspondence from quasiconformal mappings to homeomorphisms with
finite area distortion; cf. Corollaries 3.2 and 3.3.

Theorem 10.9. Let D be a domain in R", n > 2, and f : D — R" a homeomorphism
of class FAD,,_1. Suppose that D and D' = f(D) are QED domains. If condition
(10.31) holds at every point xo € dD, then f has a homeomorphic extension to D.

Theorem 10.10. Let D be a domain in R", n > 2, X C D, and f : D\X — R% a
homeomorphism of class FAD,,_;. Suppose that X and C(X, f) are NED sets. If
condition (10.31) holds at every point xo € X, then f has a homeomorphic extension
to D in class FAD,,_;.

Corollary 10.5. Let D be a domain in R", n > 2, and f : D — R" a homeomorphism
of class FAD,,_|. Suppose that the domain D is locally connected on dD and that
the domain D' = f(D) has a weakly flat boundary. If, at every point xo € dD,

Ko(x,f) = 0<log ) (10.35)

|x —xo
as x — xo, then f has a homeomorphic extension to D.

Corollary 10.6. Let D be a domain in R", n > 2, and f : D — R" a homeomorphism
of class FAD,,_1. Suppose that D and D' = f(D) are QED domains. If condition
(10.35) holds at every point xo € OD, then f has a homeomorphic extension to D.

Corollary 10.7. Let D be a domain in R", n > 2, and f : D\X — R" a homeomor-
phism of class FAD,_|. Suppose that X and C(X, f) are NED sets. If condition
(10.35) holds at every point xy € X, then f has a homeomorphic extension to D that
belongs to class FAD,,_.
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Remark 10.4. In particular, the conclusion of Theorem 10.10 and Corollary 10.7 is
valid if X is a closed set with

H'(X) = 0 = H" Y (C(X, f)). (10.36)

10.6 Finitely Bi-Lipschitz Mappings

Recall that, given a set A C R", n > 1, a mapping f : A — R" is called Lipschitz if
there is number L > 0 such that the inequality

[f(x) = F)| < Lfx—yl (10.37)

holds for all x and y in A.
Given an open set £2 C R”, we say that a mapping f : £2 — R” is finitely Lips-
chitz if L(x, /) < e holds for all x € 2 and is finitely bi-Lipschitz if

0 < Il(x,f) < L(x,f) < o (10.38)
holds for all x € ; see (10.1) and (10.2) for the definitions of / and L.

Lemma 10.6. Let f: Q — R" be a finitely Lipschitz mapping, and letk = 1,...,n.
Then H*(f(E)) = 0 whenever E C Q with H*(E) = 0.

Proof. First we prove the statement for Lipschitz mappings f : A — R" given on
arbitrary sets A C R", i.e., when there is L > 0 such that

|f(x)—f(»)| <Llx—y|, Vxy€A.

By Kirszbraun’s theorem, such an f can be extended to a Lipschitz mapping on R”
with the same L; see either [150] or point 2.10.43 in [55].

Let E C A and H¥ (E) =0. Then, for any & > 0, there is a countable collection of
balls B; = B(x;,r;) with centers x; and radii r; covering E such that

ZV]J’;‘ <E,
I

where Vj is the volume of the unit ball in R¥.
Note that C; C Bj for all [ and f(E) C \J;C/ C U;B;, where C;' = f(B;) and
B = B(f(x;),Lr;). Hence,

HY(f(E)) < Y VilLn) = LY Virf < L'e.
1 1
Thus, H*(f(E)) = 0 because & > 0 is arbitrary.

Now, let f: €2 — R" be finitely Lipschitz. Denote by A; the set of all points x € Q2
such that
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|fx+h) = f(x)] <iln|

whenever |h| < 1/iand x+h € Q. Note that A; C A;1; and Q = |J;A;.

Let E C Q such that H*(E) = 0, and let E; = ENA;. Then H*(E;) = 0 and
hence H*(f(E;)) = 0 by the above arguments for Lipschitz mappings. Thus, by the
countable subadditivity of the Hausdorff measure,

HY(f(E)) < Y H(F(E;) = 0.

O

Note that if a mapping f : £ — R”" is a homeomorphism, then it has the inverse
mapping f~!, for which I(x, f~') = 1/L(x, f) and L(x, ') = 1/I(x, f). Applying
Lemma 10.6 to the mapping f~!, we obtain the following statement.

Lemma 10.7. Let f : Q — R" be a homeomorphism such that 1(x, f) > 0 for all
x€Q, andletk=1,...,n. Then H*(E) = 0 whenever E C Q with H*(f(E)) = 0.

Combining Lemmas 10.6 and 10.7, by the Rademacher-Stepanoff theorem (see,
e.g., point 3.1.9 in [55]) and the definition of FAD, we obtain the next statement.

Theorem 10.11. Every finitely bi-Lipschitz homeomorphism is a mapping with finite
area distortion.

Recall that a mapping f : Q2 — R" is called open if the image of each open set
in £ is an open set in R". A mapping f : 2 — R" is called discrete if the preimage
£~ (y) of each point y € R" consists of isolated points. In these terms we are able
to formulate the following generalization of Lemma 10.7.

Lemma 10.8. Let [ : Q — R" be a discrete open mapping such that l(x, f) > 0 for
allx € Q, andletk=1,...,n. Then H*(E) = 0 whenever E C Q with H*(f(E)) =0.

Proof. Indeed, since f is a discrete open mapping by Arkhangel’skii’s theorem,
Q = |J; X;, where the X; are closed subsets of € such that the mappings f; = f|x,
are homeomorphisms; see Theorem 3.7 in [12], p. 218. Without loss of generality,
we may also assume that the X; are compact. Note that by the conditions of the
lemma mappings, g; = ffl : Y; — X; are finitely Lipschitz. Thus, applying Lemma
10.6 to g;, we come to the conclusion of Lemma 10.8 by the countable subadditivity
of the Hausdorff measure H*. O

Combining Lemmas 10.6 and 10.8, we obtain the following result.

Theorem 10.12. Every finitely bi-Lipschitz discrete open mapping is a mapping
with finite area distortion.

Theorem 10.13. Let [ : 2 — R” be a finitely bi-Lipschitz discrete open mapping.
Then f is a hyper Q-mapping with

0(x.y) = (Ki(x, ). K. f 1), (10.39)
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where

K. f = Y KoGf). (10.40)

zef~1(y)

Corollary 10.8. Every finitely bi-Lipschitz homeomorphism f :  — R" is a hyper
Q-mapping with
Q(x,y) = (Ki(x,f).Ko(f ™' (v)./))- (1041)

Corollary 10.9. Every finitely bi-Lipschitz homeomorphism [ : 2 — R" is a Q-
homeomorphism with

O(x) = Ki(x, f). (10.42)
Finally, by Theorem 10.2, we obtain the following important conclusion.

Corollary 10.10. Every finitely bi-Lipschitz homeomorphism f : Q — R" is a lower
Q-homeomorphism with

0(x) = Ko(x,f). (10.43)

Thus, the whole theory of lower Q-homeomorphisms developed above is appli-
cable to the finitely bi-Lipschitz mappings with Q(x) = Ko(x, f). The same is true
with respect to the theories of Q-homeomorphisms with Q(x) = K;(x, f) and FLD
mappings; see, e.g., [127,128,204-209], and Chapters 4-6 and 8 in this volume.

Remark 10.5. By Theorem 8.1, every homeomorphism f in R", n > 2, of the
Sobolev class Wkl)’c” with f~! e Wl(l)’C” is of FLD (finite length distortion) and hence
by Theorem 8.7; cf. also Theorem 6.1, is a super Q-homeomorphism with Q(x) =
K;(x, f). In this connection, we had the conjecture that such homeomorphisms are
also of FAD,,_1, finite area distortion in dimension n — 1, and hence by Lemma 10.3,

they are lower Q-homeomorphisms with Q(x) = Ko (x, f).

Sergei Vodopyanov pointed to the fact that (similarly to Lemma 4.1 in the recent
preprint [47] published at December 2007) it is easy proved that homeomorphisms
of the class Vl/kl)’cn_1 have the (N)-property with respect to area on a.e. spheres cen-
tered at a boundary point and, thus, (10.24) can be proved for them similarly to
Lemma 10.3. Consequently, homeomorphisms f of the class Wkl)cn with =1 ¢ Wl:)’C"
are lower Q-homeomorphisms with Q(x) = Ko(x, f). Furthermore, Sergei Vodopy-
anov with his student are preparing a preprint where they have proved that homeo-
morphisms f € Wllf_l have the (N)-property on a.e. hyperplane and they are going
to prove that the latter is valid on a.e. hypersurface.

Thus, our conjecture is verified and the theories of lower Q-homeomorphisms as

well as of finite area distortion are applicable to homeomorphisms f € Wkl)‘C" with

Ki(x, f) € L}, and, in particular, with Ko (x, f) € LI!; cf. Corollaries 6.4 and 6.5.

loc °



Chapter 11
On Ring Solutions of the Beltrami Equation

In this chapter we prove uniqueness and existence theorems for ring Q-homeomor-
phisms in the plane, extending earlier results on the existence and uniqueness of
ACL solutions for the Beltrami equation. One of the conditions for uniqueness and
existence is expressed in terms of the finite mean oscillation of majorants for the
tangential dilatation. We also prove a generalization of the Lehto existence theorem.

The existence problem for degenerate Beltrami equations has been studied exten-
sively; see, e.g., [31,32,48,98, 134,169, 189,203,220,241,271-280,310]. A more
detailed discussion of these results can be found in the survey [297]. Some of those
and many other results can be derived from the generalization of the Lehto existence
theorem (Theorem 11.10 here), first obtained in [277].

11.1 Introduction

Let D be a domain in the complex plane C, i.e., an open and connected subset of
C, and let u : D — C be a measurable function with |u(z)| < 1 a.e. The Beltrami
equation is of the form

fz=u(@) f (11.1)
where fr = df = (fi+ify)/2, fr = of = (fr —ify)/2, z=x+iy, and f, and f,

are partial derivatives of f in x and y, correspondingly. The function u is called the

complex coefficient and

14 uE)
1—|u(z)]

the maximal dilatation or, in short the dilatation, of Eq. (11.1). If

Ku(z) (11.2)

ess sup K, (z) = oo,

O. Martio et al., Moduli in Modern Mapping Theory, Springer Monographs in Mathematics,
DOI 10.1007/978-0-387-85588-2_11, (© Springer Science+Business Media, LLC 2009



206 11 On Ring Solutions of the Beltrami Equation

then the Beltrami equation (11.1) is said to be degenerate. As we know, the Beltrami
equation plays an important role in mapping theory. The main goal of this chapter
is to present general principles that allow us to obtain a variety of conditions for the
existence of homeomorphic ACL solutions in the degenerate case. Our existence
theorems are proved by an approximation method.

Given a point zo in D, the tangential dilatation and the radial dilatation of
(11.1) with respect to zg are respectively defined by

P 2
1= Z2u()|

K} (z,20) = T L@r (11.3)
and
1— 2
K (z,20) = . Gl 55 (11.4)
1+ 22 u0)

cf. [98, 189, 253]. Reasons for the names will be given in Section 11.3.

Note that if f € ACL, then f has partial derivatives f; and f; a.e. and, thus, by
the well-known Gehring—Lehto theorem, every ACL homeomorphism f : D — C is
differentiable a.e.; see [80] or [190], p. 128. For a sense-preserving ACL homeomor-
phism f : D — C, the Jacobian J;(z) = | f;|* — | f2|* is nonnegative a.e.; see [190], p.
10. In this case, the complex dilatation iy of f is the ratio u(z) = fz/f; if £ #0
and (z) = 0 otherwise, and the dilatation K (z) of f at zis K (z); see (11.2). Note
that [u(z)| < 1ae.and K, (z) > 1 ace.

Given a measurable function K : D — [1 o], we say (cf. [1]) that a sense-
preserving ACL homeomorphism f : D — C is K(z)-quasiconformal, abbr. K(z)-
qe, if

K¢(z) <K(z) ae. (11.5)

An ACL homeomorphism f: D — C is called a ring solution of the Beltraml
equation (11.1) with complex coefficient u if f satisfies (11.1) a.e., f~' € W1 and
f is a ring Q-homeomorphism at every point zop € D with Q. (z) = K,l (z, zO) see
Section 6.1; cf. Section 10.3. We show that ring solutions exist for wide classes of

the degenerate Beltrami equations.

The condition f~! € Wl(l)’c2 in the definition of a ring solution implies that a.e.
point z is a regular point for the mapping £, i.e., f is differentiable at z and J;(z) #
0. Note that the condition K, € LllOC is necessary for a homeomorphic ACL solution

£ of (11.1) to have the property g = f~! € W2 because this property implies that

loc
4 / dxdy
1—|pu(z)

) dudv
= =4 / dg|* dudv < o
//1—\u DIE 191

1(€)

IN

/‘K,l (z) dxdy

c



11.2 Finite Mean Oscillation 207

for every compact set C C D.

Note that every homeomorphlc ACL solution f of the Beltrami equation with
K, € L] . belongs to the class WlOC , as in all of our theorems. Note also that if, in

addition, K, € LI , p € [1,0], then f € W1 where s =2p/(1+p) € [1,2]. Indeed,

oc?

0F1+19f] = Ki*(2)- 7} (2),

and by Holder’s inequality, on every compact set C C D,

N

19111 < Naflls < 11Kl 1177112
1Kullg> - 1111 < N1Kullg>-A(F(C)/2

(see, e.g., [190], p. 131), WhereA(f(C)) is the area of the set f(C)and 1/p+1/2=
1/s and ¢ = p/2. Hence, ferOC,see e.g., [215], p. 8.

In the classical case when |||l < 1, equivalently, when K, € L*, every ACL
homeomorphic solution f of the Beltraml equation (11.1) is in the class W % to-
gether with its inverse mapping f~', and hence f is a ring solution of (11 1) by
Theorem 11. 1 In the case ||1t]| = 1 with K, < Q € BMO, again f~! € Wli)’cz and f
belongs to W o ¥ for all 1 < s < 2 but not necessarily to WIOC ; see examples in [274].
However, there is a variety of degenerate Beltrami equations for which ring solu-
tions exist, as shown ahead.

11.2 Finite Mean Oscillation

Let D be a domain in the complex plane C. Recall that a function ¢ : D — R has
finite mean oscillation at a point 7o € D if

dg(z0) = lim |9(2) — ¢ (20)] dxdy < o, (11.6)
-0 D(Z(Jsg)

where
?.(20) =7[ ¢(z) dxdy < oo (11.7)
JD(z,€)

is the mean value of the function ¢(z) over the disk D(zo,€). We call dy(z0) the
dispersion of the function ¢ at point zo. We say that a function ¢ : D — R is of
finite mean oscillation in D, abbr. ¢ € FMO(D) or simply ¢ € FMO, if ¢ has a
finite dispersion at every point z € D.

Remark 11.1. Note that if a function ¢ : D — R is integrable over D(zo,&) C D,
then

£ 0@ ()] dxdy < 2:5,(z0) (118)
D(z9.€)
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and the right-hand side in (11.8) is continuous of € € (0, &] by the absolute conti-
nuity of the integral. Thus, for every & € (0, &),

s 1p(2) ~Pela0)] dxdy <= (11.9)
e€[dy,e] /D(z0:€)

If (11.6) holds, then

sup ][ |@(2) — @ (z0)| dxdy < eo. (11.10)
D(ZO7£)

£€(0,&)

The value in (11.10) is called the maximal dispersion of the function ¢ in the
disk D(zo, &).

Proposition 11.1. If, for some collection of numbers ¢ € R, € € (0, &),

Tim 10(2) — @¢| dxdy < oo, (11.11)
£—0 D(zp,€)

then @ has finite mean oscillation at 2.

Proof. Indeed, by the triangle inequality,
£ 10~ 9(z0)] dady
D(Z(),E)
< 10()— el dxdy + g~ (z0)
D(zp,€)

(
<2 1o() - el dxay.
D(ZOvE)

Corollary 11.1. If, for a point zg € D,

Tim 10(2)| dxdy < oo, (11.12)

€20 JD(z0.€)
then @ has finite mean oscillation at 7.

Remark 11.2. Clearly BMO C FMO. The example given at the end of this chapter
shows that the inclusion is proper. Note that the function ¢(z) = log1/|z| belongs
to BMO in the unit disk D (see, e.g., [255], p. 5) and hence also to FMO. How-
ever, ¢,(0) — oo as € — 0, showing that condition (11.12) is only sufficient but not
necessary for a function ¢ to be of finite mean oscillation at zg.

A point zg € D is called a Lebesgue point of a function ¢ : D — R if ¢ is
integrable in a neighborhood of zp and

lim |9(z) — ¢(20)| dxdy = 0. (11.13)
e—0 D(z0,€)
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It is known that, for every function ¢ € L' (D), almost every point in D is a Lebesgue
point.

Corollary 11.2. Every function ¢ : D — R, that is locally integrable has a finite
mean oscillation at almost every point in D.

Ahead we use the notations D(r) = D(0,r) = {z€ C: |z] < r} and
Ale, ) ={z€C:e<|z| <é&}. (11.14)

Lemma 11.1. Let D C C be a domain such that D(1/2) C D, and let ¢ : D — R be
a nonnegative function. If @ is integrable in D(1/2) and of FMO at 0, then

@AY (- og 10g, (11.15)
1)? €
A(e,1/2) <|Z\10g2 m)
fore € (0,1/4), where
C = 47 [y + 6dy), (11.16)

Qo is the mean value of @ over the disk D(1/2), and dy is the maximal dispersion of
@ inD(1/2).

Versions of this lemma were first established for BMO functions and n = 2 in
[271] and [273] and then for FMO functions in [127] and [276]. An n-dimensional
version of the lemma for BMO functions was established in [205].

Proof. Let0<e< 1/4, & = 27](, A= {Z eED: g1 < |Z| < £k}, Dy, ZD(&‘k), and
@, the mean value of ¢(z) over Dy, k =1,2... . Choose a natural number N such
that € € [ey41,€v) and a(t) = (tlog1/t) 2. Then A(g,27") C A(g) = UY_,Asand

ne) = [ e () dxdy < [5i]+5.

A(e)
where
N
site) = 3 / o(2]) dxdy,
k=1 k
N
S(e) = Z

/ o(|z]) dxdy.
A

Since Ay C Dy, 2|72 < 4m/|Dy| for z € Ay and log1/|z| > k in A, we obtain

N

1
1S1| < 4nd Z

2 < 8mdy
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because .
SLoje
&K -
Now,
1 xdy 27‘c
[tz axdy < 5 /
A Ay
Moreover,
1
o= 0l = (57 | [ (90— ) iy
Dy

/ |9(2) — 1| dxdy < 4dy
and by the triangle inequality, for k > 2,

k
= o] < @14 Y10 — Q11| < @1 +4kdo = o +4kdy .
=2
Hence,
& o 1
Sy=18] <2n) = < 4npo+8mdy Y, — .
k=1 k k=1 k
But

Ny ar
z </—:10gN<10g2N
ik 4

1

and, for € < gy,
1 1
N =log, — < log, —.
0g, ey ngs

Consequently,
N

1 1
= < 1+4log,log, -,
kg‘lk +0g20g2£

and, thus, for € € (0,1/4),

4do + @o

n(e) < 4rm | 2dy +
log, logz <

1
) log, logz ; = Crlogylog, -,

as required. a

We complete this section by constructing a function ¢ : C — R that belongs to
FMO but not to LF_ for any p > 1 and hence does not belong to BMO)q.

loc
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Example. Fix p > 1. For k = 1,2,..., set z = 2% =2k , and Dy =
D(zx,ry.). Define @(z) = X2 , @i (z), where @ (z) = 22 1f zZ€ Dk and O otherwise.
Then ¢ is locally bounded in C\ {0} and hence belongs to BMOjo.(C\ {0}) and
therefore to FMO(C \ {0}). To show that ¢ is of FMO at z = 0, calculate

/ o(2) dxdy = m2 2P~k (11.17)
Dy,
and, thus,
ﬁ ]{X )(p(z) dxdy < oo. (11.18)
- €
Indeed, setting
1 1
K=K(¢)= |log, — | <log, —, (11.19)
Ze Ze

where [A] is the integral part of a number A, we have
J= ][ 0(2) dxdy < 22 (K1) (11.20)

If (p— 1)K > 1,ie,K>1/(p—1), then

o

z —2(p—1)k? < 22—2k 2—2KZ< ) 4 272K (11.21)

k=K

and hence J < 16/3. Corollary 11.1 yields ¢ € FMO.
Finally, note that
/ o) (z) dxdy =, (11.22)
Dy

and hence ¢ ¢ L”(U) in any neighborhood U of 0.

11.3 Ring O-Homeomorphisms in the Plane

We first recall the definition of a ring Q-homeomorphism adopted to the plane C.

Given a domain D and two sets E and F in C, A(E,F,D) denotes the family of
all paths y: [a,b] — C that join E and F in D, i.e., y(a) € E, y(b) € F, and y(t) € D
fora <t <b. Weset A(E,F) = A(E,F,C) if D= C. A ring domain, or shortly a
ring, in C is a doubly connected domain R in C. Let R be a ring in C. If C; and C,
are the components of C\ R, we write R = R(Cy,C,). The 2-capacity [see (2.15)]
and the modulus of the path family I"(Cy,C», R) coincide,

capR(Cl,Cz) = M(A(Cl,CQ,R)); (11.23)



212 11 On Ring Solutions of the Beltrami Equation
see, e.g., [74,77] and [71], Appendix A.1. Note also that
M(A(C1,C2,R)) = M(A(C1,G2)); (11.24)

see, e.g., Theorem 11.3 in [316].
Let D be a domain in C, zg € D, ro < dist(zo,dD), and Q : D(zo,r09) — [0,0] a
measurable function in the disk
D(z0,70) ={z€C:|z—2z20| <ro}. (11.25)

Set

A(r1,r,20) = {z€C:ir <|z—20| <2}, (11.26)
Ci . =C(z0,r1)=1{z€C:|z—20|=r}, i=1,2. (11.27)
We say that a homeomorphism f : D — C is a ring Q-homeomorphism at the point
0 if
MA(CL[CfD) < [ Q) P (z—zoldxdy  (1128)
A

for every annulus A = A(ry,r2,20), 0 < r; < ry < ry, and for every measurable func-
tion 1 : (r1,r2) — [0,e] such that

/n(r) dr = 1. (11.29)

r
In this section we find conditions on f under which f is a ring O-homeomorphism.

Now, let z be a regular point for a mapping f : D — C. Here we consider f’(z) as
a linear map of R%. Given ® € C, |®| = 1, the derivative in the direction ® of the
mapping f at the point z is

dof(z) = lim fetro)= /i) _ f(2) . (11.30)

t—+0 t
The radial direction at a point z € D with respect to the center zg € C, zg # z, is

—20

wy = y(z,20) = . (11.31)
|z — zo]
The radial dilatation of f at z with respect to zg is defined by
/5 (@)
K" (z,20,f) = = 11.32

and the tangential dilatation by
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T PRI
K" (z,20,f) = RZER (11.33)

where 0, f(z) is the derivative of f at z in direction @y and 9;° f(z) in T = iey, that
is,
I°f(2) = f'@) an, I f(2) = f(z)ian,

respectively.

Note that if z is a regular point of f and |u(z)| < 1, u(z) = fz/ f=, then
K'(z,20,f) = Ky (z,20) (11.34)

and
K" (z,20,f) = K; (z,20), (11.35)

where KJ, (z,20) and K, 5 (z,z0) are defined by (11.4) and (11.3), respectively. Indeed,
equalities (11.34) and (11.35) follow directly from the computations

of 9z, df a

of = = - — 11.36
=5 e Y ez ar (1136)
72—z 72—z
=Tt T S
|z— 20 |z—zo]
where r = |z — z9|, and
1 /df dz Jdf 0%
— (Y 9 1.
of r(az 70 oz aa) (11.37)
(722 72—z
—l.( LI O.fz>,
|z — zo| |z — z0]
where ¥ = arg(z — z0) because J;(z) = | £|* — | £
The big radial dilatation of f at z with respect to zg is defined by
/5 (2)]
K*(z,20,f) = =5 7m0 (11.38)
|98 f(2)|?
where 5
097 = min 100G (11.39)

weC =1 |[Reway|

Here Re @y is the scalar product of vectors @ and @y. In other words, Re w@y is
the projection of the vector @ onto the radial direction @y. Obviously, there is a unit
vector @, such that

|90,/ (2)]

20 _
19" f(2)| = Rew.y| (11.40)

Clearly
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0 (2)] > |9’ f(2)] > wegcn‘ior}‘:l 10w f(2)] (11.41)
and, hence,
K'(z,20,f) < K"(z,20,f) < Kul(2); (11.42)

the equalities hold in (11.42) if and only if the minimum in the right-hand side of
(11.41) is realized at the radial direction @ = @y.

Note that 0 f(z) #0, |9z’ f(z)| # 0, and 9;° f(z) # 0 at every regular point z # zo
of f; see, e.g., Section 1.2.1 in [256]. In view of (11.33), (11.35), and (11.3), the
following lemma shows that the big radial dilatation coincides with the tangential
dilatation at every regular point.

Lemma 11.2. Let z € D be a regular point of a mapping f : D — C with the complex
dilatation U(z) = fz/ f. such that |L(z)| < 1. Then

=0, (|
‘1—ﬁﬂ(z)‘
1—|u(z))?

Proof. The derivative of f at the regular point z in a direction ® = e'* is dp, f(z) =
f. + f--e7%® in complex notation; see, e.g., [190], pp. 17 and 182. Consequently,

K®(z,20,f) = (11.43)

x:o ORIQE L @ L v
TR T ety co(@—0)  pdose B
. 14+ |v|]>=2|v|cos(k —2B)
= mi .
Bel0,27] sin” B
i 1+|V|2_2|V|'[(1—2t2)c0sKiZt(l—zz)l/zsinK]
= min ’
te[—1,1] 2

wheret =sin 8, B = o+ 2% -0, v=p(z)e >, and k = argv = arg u —20. Hence,
X =min;¢(| o ¢+ (7), Where

1
p:(t) =b+attc(t-1)"?, 1=—0",
sin” f3

a =1+ |v?=2|v|cosk, b =4]|vjcosk, ¢ = 4]|v|sink.

Since ¢/ (1) = a+ (t— 1)~'/?¢/2, the minimum is obtained for 7 = 1+ ¢?/4a>.

Now (7 —1)/2 = F¢/2a, and thus,

( 1c2) 1c? (1—1|v|?)?

2a  1+|v[2=2|v|cosk’

This yields (11.43), as required. O
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Prototypes of the following theorem can be found in [253], [189], and [98]. These
results use || and arg u in modulus estimates.

Theorem 11.1. Let [ : D — C be a sense-preserving homeomorphism of class Wl(l)f
such that f~' ¢ W2, Then, at every point 7o € D, the mapping f is a ring Q-

homeomorphism wzl;);z 0(z) = K} (z,20), where u(z) = s(z).

Proof. Fix zp € D, let r; and r; be such that 0 < r; < rp < ro < dist(zp,dD), and let
C={zeC:lz—z|=rn}tandC={z€C:|z—z|=r}.Set' =A(C;,C>,D) and
denote by I, the family of all rectifiable paths y. € fI" such that f~! is absolutely
continuous on every closed subpath of ¥.. Then M(fI") = M(I3) by the Fuglede
theorem (see [64] and [316]), because f’l € ACL?; see, e.g., [215], p. 8.

Fix ¥, € I;.. Set y= f~! 0%, and denote by s and s, the natural (length) parameters
of v and ¥, respectively. Note that the correspondence s.(s) between the natural
parameters of ¥, and 7 is a strictly monotone function and we may assume that s, (s)
is increasing. For ¥, € I, the inverse function s(s.) has the (N)-property and s.(s)
is differentiable a.e. as a monotone function. Thus, ds./ds # 0 a.e. on y by [244].
Let s be such that z = y(s) is a regular point for f and suppose that y is differentiable
at s with ds,. /ds # 0. Set r = |z— zo| and let @ be a unit tangential vector to the path
v at the point z = ¥(s). Then

dr

dr ds |Re 0)@| 1
= I = < =3 ; (11.44)
dsi| e dof(2)| T [Rf(2)
where |dg° f(z)] is defined by (11.39).
Now, let 17 : (r1,72) — [0,0] be a measurable function such that
"2
(/TNr)dr =1 (11.45)

1

By the Lusin theorem, there is a Borel function 7, : (r1,r2) — [0,c0] such that
N.(r) =n(r) a.e.; see, e.g., Section 2.3.5 in [55] and [281], p. 69. Set

p(2) = .|z —z0l)
inthe annulus A = {z € C: r; < |z—z0| < r2} and p(z) =0 outside A. Also set
ps(w) = {p/I0 I} o f ' (w)

if z = f~!(w) is a regular point of f, p,(w) = o at the rest points of f(D), and
p«(w) = 0 outside f(D). Then, by (11.44) and (11.45), for %, € I,

dr dr
[peas. = [ne) |4
Ve Ve

r
ds, > /n(r) s ds, = /n(r) dr =1
Y 2l
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because the function z = y(s(s,)) is absolutely continuous and hence so is r = |z— zo|
as a function of the parameter s,.. Consequently, p. is admissible for all ¥, € I.

By Proposition 4.1, f and f~! are regular a.e. and have the (N)-property . Thus,
by a change of variables (see, e.g., Theorem 8.1 and Proposition 8.3), we have in
view of Lemma 11.2 that

/p* 2dudv = /p T(z,20) dxdy

i.e., f is a ring Q-homeomorphism with Q(z) = K}, (z,20)- O

If f is a plane Wllcz homeomorphism with a locally integrable Kr(z), then f —le
w2

loc *

11.1.

see, e.g., [111]. Hence, we obtain the following consequences of Theorem

Corollary 11.3. Let f : D — C be a sense-preserving homeomorphism of class Wkl)’c2
and suppose that Ky(z) is integrable in a disk D(zo,ro) C D for some zo € D and ro >
0. Then f is a ring Q-homeomorphism at the point zo € D with Q(z) = K[ (z,20),

where U(z) = ly(z).

Corollary 11.4. Let f : D — C be a sense-preserving homeomorphism of class Wl(l)f
with K, € Llloc. Then f is a ring Q-homeomorphism at every point zo € D with

0(z) = Ku(z), where 1(z) = uy(z).

We close this section with a convergence theorem that plays an important role in
our scheme for deriving the existence theorems of the Beltrami equation.

Theorem 11.2. Let f, : D — C, n = 1,2,... be a sequence of ring Q-homeomor-
phisms at a point zo € D. If the f, converge locally uniformly to a homeomorphism
f:D — C, then f is also a ring Q-homeomorphism at the point z.

Indeed, the proof follows by Theorem A.12 from the uniform convergence of the
corresponding rings.

11.4 Distortion Estimates

In this section we use again, cf. Section 7.3, the standard conventions a /e = 0 for
a#eanda/0=-ocoifa>0and0- =0; see, e.g., [280], p. 6.

For points z, { € C, the spherical (chordal) distance s(z, ) between z and ¢ is
given by
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s

5(z,8) = i T # £ L, (11.46)
SRR
1 .
5(z,00) = m if 7 # oo.

Given a set E C C, §(E) denotes the spherical diameter of E, i.e.,

O(E) = sup s(z1,22). (11.47)

21,22€E

Lemma 11.3. Let f : D — C be a homeomorphism with §(C\ f(D)) > A > 0 and
let zo be a point in D, § € D(zo,r0), ro < dist(zo,dD),Co={z€C:|z—z0| =10},
and C={z€ C:|z—z0| = | —z20|}. Then

21
s(f(8),f(z0)) = —-exp <_M(A(fC,fC0,fD))>' (11.48)

Proof. Let E denote the component of C\ fA containing f(zo) and F the component
containing e, where A = {z € C: |{ —z9| < |z —z0| < ro}. By the known Gehring
lemma,

capR(E,F) > capRT( (11.49)

1
S(E)o(F )) 7
where §(E) and §(F) denote the spherical diameters of the continua E and F, re-
spectively, and Ry (¢) is the Teichmiiller ring

Rr(t) = C\([-1,0|U[t,]), ¢ > 1, (11.50)

see, e.g., Corollary 7.37 in [328] or [71]. We also know, that

2
Rr(t) = 11.51
cap Ry (1) = s (150

where the function @ admits the good estimates
1+1<P(1)<16-(t+1)<32-1, t>1, (11.52)

see, e.g., either (7.19) and Lemma 7.22 in [328] or [71], pp. 225-226, Section A.1.
Hence, inequality (11.49) implies that

2r

capR(E,F) > ————. (11.53)
log 577507
Thus,
32 2
<= - .
O(E) < 5(F) exp( capR(E,F))’ (11.54)

which implies the desired statement. g
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Lemma 11.4. Let f : D — C be a ring Q-homeomorphism at a point 7y € D with
0 : D(z0,7r0) — [0,00], ro < dist(zo,dD). Suppose that y : [0,00] — [0,00],0 < € <
& < 1o, is a one-parameter family of measurable functions such that

£
0<Ie) = /wg(t) dt < o, g€(0,8). (11.55)

SetC={z€C:|z—z|=¢€},Co={z€C:|z—2| =&}, and

A(e) = A(e,e0,20) = {z€C:e<|z—2| < &} (11.56)
Then
M(A(fC, fCo, fD)) < o(e), (11.57)
where | .
o(e) = P(e) / 0(z) - w2(|z —z0|) dxdy. (11.58)
Ae)

Proof. Formula (11.57) follows from the definition (11.28) of a ring homeomor-
phism if we set 1 (r) = e (r)/I(€), r € (g,&). |

Using Lemma 11.4, we now desire a sharp capacity estimate for ring Q-homeo-
morphisms f: D — C atapoint zg € D. This estimate depends only on Q and implies
as a special case an inequality of Reich and Walczak in [253], which several authors
have applied.

Lemma 11.5. Let D be a domain in C, zy a point in D, ro < dist(z9,dD), Q :
D(z0,70) — [0,°0] a measurable function, and q(r) the mean of Q(z) over the circle
lz— 20| =1, rro. For 0 <ry < ry <ry, set

r

dr
I = I(r,r =/ (11.59)
"= ]
andCj={z€ C:|z—z| =r;}, j=1,2. Then
21
M(A(fC\, fCy, fD)) < — (11.60)

whenever [ : D — C is a ring Q-homeomorphism at z.

Proof. With no loss of generality, we may assume that I # 0 because otherwise
(11.60) is trivial and that I # oo because otherwise we can replace Q(z) by Q(z) + 6
with arbitrarily small § > 0 and then pass to the limit as & — 0 in (11.60). The
condition 7 # oo implies, in particular, that ¢(r) # 0 a.e. in (ry,72).

If 1 # 0 or e, we can choose in Lemma 11.4



11.4 Distortion Estimates 219

ve(t) = w(t) = {}/}tqu 1€ (0,&), (11.61)

otherwise,

with € = | and & = r;, and since

/Q(Z)-l//z(\z—zo\)dxdy = 2nl, (11.62)
A
where
A = A(r,m,20) = {z€C:r <|z—2z0| <1}, (11.63)
we obtain (11.60). O

Corollary 11.5. For every ring Q-homeomorphism f: D — C at zo € D and 0 <

ry <ry<ro,
)

dr
/T(V) < oo, (11.64)

r

where q(r) is the mean of Q(z) over the circle |z—zo| = 1.

Indeed, by (11.53) with E = fCy, F = fC, C; = {z € C: |z—z| = r1}, and
C={z€C:|z—z20|=r}

2r

M(A(fCy, fCy, fD)) > (11.65)

32 .
log 5073507

The right-hand side in (11.65) should be positive because f is injective. Thus, Corol-
lary 11.5 follows from (11.60) in Lemma 11.5.

Corollary 11.6. Let f : D — C be a Wkl)"c2 homeomorphism in a domain D C C such
that
1+ [u(z)]

L. (D), 11.66
1—‘,LL(Z)| € loc( ) ( )

Ky (z) =

where 11(z) = Us(z). Set

2n . .
1 |1 _672119“’(20_;'_,.6119”2
T
= — - dv. 11.67
42 (") 2n J 1—|p(zo +re?)|? ( )

Then

r

dr

1

Sorevery zo € D and 0 < ry < ry < dy, where dy = dist(zo,9D).

Corollary 11.6 follows from Corollaries 11.5 and 11.3 and from the definition of
the tangential dilatation KZ (z,20); see (11.3).
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Corollary 11.7. Let f : D — C be a Wkl)’c2 homeomorphism with K, (z) € Llloc, where
1(z) = pis(2). Then

-1

M(A(fCy, fCa, fD)) < / dr . (11.69)

[1—e=20 (g 4?2
" }"f 1—|p(zo+re) |2 dv

Indeed, by Corollary 11.3, f is a ring Q-homeomorphism at zyp with Q(z) =
Kﬁ (z,20). The tangential dilatation K‘{ (z,20) is given by (11.3), and (11.69) thus
follows from Lemma 11.5.

Remark 11.3. The inequality (11.69) was first derived by Reich and Walczak [253]
for quasiconformal mappings and then by Lehto [189] for certain y-homeomor-
phisms. Later it was applied by Brakalova and Jenkins [31] and Gutlyanskii, Martio,
Sugawa, and Vuorinen [98] to the study of degenerate Beltrami equations.

The following lemma shows that the estimate (11.60), which implies (11.69),
cannot be improved in the class of all ring Q-homeomorphisms. Note that the addi-
tional condition (11.70), which appears in the following lemma, holds automatically
for every ring Q-homeomorphism by Corollary 11.5.

Lemma 11.6. Fix0<r; <ry <rg,let A={z€C:r| <|z—z0| <12}, and suppose
that Q : D(z0,70) — [0,°°] is a measurable function such that

‘o :/ LA, (11.70)

where q(r) is the mean of Q(z) over the circle |z — zo| = r, and set

1
no(r) = cora ()’ (11.71)

Then

/Q (|2 20]) dixdy (11.72)

0(z) -1 (|z—z0|) dxdy

>\>

Sor every function 1 : (ry,r2) — [0,0] such that

/n(r) dr = 1. (11.73)

1
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Proof. If ¢y = 0, then g(r) = oo for a.e. r € (r1,r2) and both sides in (11.72) are
equal to e=. Hence, we may assume below that 0 < ¢p < oo.

Now, by (11.70) and (11.73), g(r) # 0 and n(r) # o a.e. in (ry,r2). Set ot(r) =
rq(r)n(r) and w(r) = 1/rq(r). Then, by the standard conventions, 11(r) = a(r)w(r)
a.e.in (ry,ry) and

r

c: _/Q 2|2 z0|) dxdy = 27r/ 205) - w(r) dr. (11.74)

r

By Jensen’s inequality with weights (see, e.g., Theorem 2.6.2 in [252]) applied
to the convex function @(¢) = > in the interval Q = (ry,r,) with the probability
measure

1
v(E) = — [ w(r)dr (11.75)
o
we obtain
1/2 |
(][ o (r)yw(r) dr) > ][(x(r)w(r) dr = —, (11.76)
€0
where we also used the fact that 11 (r) = o(r)w(r) satisfies (11.73). Thus,
2
c> (11.77)
€0
and the proof is complete. O

Given a number A € (0,1), a domain D C C, a point zgp € D, a number ry <
dist (z9,dD), and a measurable function Q : D(zo, 7o) — [0,e], let ?ﬁf} denote the

class of all ring Q-homeomorphisms f : D — C at zo such that

8(C\f(D)) >A. (11.78)

Next, we introduce the classes B and % of qc mappings. Let BY denote the
class of all quasiconformal mappings f : D — C satisfying (11.78) such that

[ =el
e

where 1 = (1. Similarly, let 3?3 denote the class of all quasiconformal mappings
f: D — C satisfying (11.78) such that

KZ(Z’ZO) = < Q(z) a.e. in D(zp,r0), (11.79)

T+

1—\M(Z)| < Q(z) ae.in D(zo,r0). (11.80)

Ky (z) =
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Remark 11.4. By Corollary 11.3, the relations (11.42) and (11.35) give the inclu-
sions
Fh C BY C RY. (11.81)

Combining Lemmas 11.4 and 11.3, we obtain the following distortion estimates
in the class i)‘{g

Corollary 11.8. Let f € RY), and let w(g) be as in Lemma 11.4. Then

32 2r
OS5 e (-5 (11.5)

forall § € D(zp,€).

Theorem 11.3. Let f € RY, and let y : [0,00] — [0,00] be a measurable function

such that
&
0 < /l//(t) dt < =, €e€(0,8). (11.83)
€
Suppose that
&
02) W (lz—2l) dxdy < C- [ i) dr (11.84)
e<|z—z0|<&o €
forall € € (0,&). Then
20}
32 2r
SO ) < exn | -2 [ vy ar (1185)
|€ 2

whenever § € D(zp,&).

Choosing in Theorem 11.3 the function y/(¢) as in (11.61), we obtain the follow-
ing distortion theorem for ring Q-homeomorphisms.

Theorem 11.4. Let D be a domain in C, zo a point in D, ro < dist(zo,dD), Q :
D(zo,r9) — [0,°0] @ measurable function, and f € 9{3. Then

s(f(£), f(z0)) < ¥~6Xp — / r (11.86)

A rq(r)
=

forall § € D(zo,ro), where q(r) is the mean of Q(z) over the circle |z —zo| =1

In the following theorem the estimate of distortion is expressed in terms of max-
imal dispersion; see (11.10).
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Theorem 11.5. Let f € 9%3 for A > 0 and Q with finite mean oscillation at 7y € D.
If Q is integrable over a disk D(zo, &) C D, then

32 2 \ P
s(f(8),f(20)) < A-(logK_ZO) (11.87)
for every point § € D(zo,€/2), where
1
Po = 5 lq0+6do] ", (11.88)

qo is the mean, and dy is the maximal dispersion of Q(z) in D(zo,€p)-

Proof. The mean and the dispersion of a function over disks are invariant under
linear transformations w = (z —zp)/2¢&o. Hence, (11.87) follows by Theorem 11.3
and Lemma 11.1. O

Another consequence of Lemma 11.4 (see Corollary 11.8) can be formulated in
terms of the logarithmic mean of Q over an annulus A(g) = A(e, &),20) = {z € C:
€ <|z—z0| < &}, which is defined by

0
1 dt
) dlogt 1= 1) — 11.89
M2, (e ][q og logey/e /q() . (11.89)
€

where ¢(¢) denotes the mean value of Q over the circle |z — z9| = #. Choosing in
expression (11.58) y (1) = 1/t for 0 < € < &, and setting € = | — 79|, we have the
following statement.

Corollary 11.9. Let Q : D(z0,70) — [0,9], ro < dist(z,dD), be a measurable func-
tion, & € (0,r0), and A > 0. If f € RY, then

M2, (1Czol)
s(f(§): flz0)) < & (IC;oI) (11.90)

Sorall § € D(z0,€).

Note that for Q = K € [1,00), (11.90) reduces to the well-known distortion esti-
mate for qc mappings

1/K
s(f(£),f(z0)) < (KSO |> . (11.91)

The corollaries and theorems presented here show that Lemmas 11.3 and 11.4 are
useful tools in deriving various distortion estimates for ring Q-homeomorphisms.
These, in turn, are instrumental in the study of properties of ring Q-homeomor-
phisms and, in particular, of ring solutions of the Beltrami equation (11.1), where
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Q(z) can be either the maximal dilatation K}, (z) or the tangential dilatation K, Z (z,20)s
which are defined in (11.2) and (11.3), respectively.

11.5 General Existence Lemma and Its Corollaries

The following lemma and corollary serve as the main tool in obtaining many criteria
for the existence of ring solutions for the Beltrami equation. Theorem 11.6 estab-
lishes the existence of a ring solution when, at every point zg € D, the tangential
dilatation Kﬁ (z,20) is assumed to be dominated by a function of finite mean oscil-
lation at zo in the variable z. Theorem 11.7 formulates the condition for existence
in terms of the mean of the tangential dilatation over infinitesimal disks. Since the
maximal dilatation dominates the tangential dilatation, these two results obviously
imply similar existence theorems in terms of conditions on the maximal dilatation,
Theorem 11.8, and Corollary 11.11. The criterion for the existence in Theorem 11.9
is formulated in terms of the logarithmic mean. The section is completed by a gen-
eralization of the Lehto theorem, Theorem 11.10, and its corollaries.

Lemma 11.7. Let u : D — C be a measurable function with |1(z)| < 1 a.e. and
K, € L} .. Suppose that for every zo € D, there exist & < dist(z9,dD) and a family

loc*

of measurable functions Y ¢ : (0,00) — (0,00), € € (0,8&), such that

0]
0 < Iy(e) := /l/fzo,g(t) dt < oo, (11.92)

€

and
Kﬁ(z,zo)~l[/12018(\z—zo\) dxdy = 0(1120(8)) (11.93)
e<|z—z0|<&

as € — 0. Then the Beltrami equation (11.1) has a ring solution f,.

Proof. Fix z; and zp in D. For n € N, define u, : D — C as u,(z) = u(z) if
|u(z)| < 1—1/n and 0O otherwise. Let f, : D — C be a homeomorphic ACL so-
lution of (11.1), with u, instead of u, that fixes z; and z,. Such an f, exists by the
well-known existence theorem in the nondegenerate case (see, e.g., [1,26,190]). By
Theorem 11.1 and Corollary 11.8, in view of (11.93), the sequence f, is equicon-
tinuous. Hence, by the Arzela—Ascoli theorem (see, e.g., [S0], p. 267, and [51], p.
382), it has a subsequence, denoted again by f,, that converges locally uniformly
to some nonconstant mapping f in D. Then, by Theorem 3.1 and Corollary 5.12 on
a converquece in [274], f is K(z)-qc with K(z) = K,,(z) and f satisfies (11.1) a.e.
Thus, f is a homeomorphic ACL solution of (11.1). Moreover, by Theorems 11.1
and 11.2, f is aring Q-homeomorphism [see (11.28)] with Q(z) = Kﬁ (z,20) atevery
point zg € D.

Since the locally uniform convergence f,, — f of the sequence f, is equivalent
to the continuous convergence, i.e., f,(z,) — f(z0) if z, — zo (see [Du], p. 268)
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and since f is injective, it follows that g, = f, ! — f~! = g continuously and hence
locally umformly By a change of variables, which is permitted because f,, and g,

are in WIOC we obtain, that for large n,

/|9g,,\ dudy = / 1= dxdy |2 < /Q Ydxdy < oo, (11.94)

where B* and B are relatively compact domains in D and in f(D), respectively, with
g(B) C B* Now (11 94) implies that the sequence g, is bounded in W'?(B), and
hence f~! € WloC (f(D)); see, e.g., [256], p. 319. O

Remark 11.5. If fj, is as in Lemma 11.7, then fljl is locally absolutely continuous
and preserves nulls sets, and fy, is regular a.e., i.e., differentiable with Jy, (z (z) >0ae.

Indeed, the assertion about f, ! follows from the fact that f € WIOC, see [190], pp.
131 and 150. An ACL mapping f,, has a.e. partial derlvatlves and hence by [80] has
a total differential a.e. Let E denote the set of points of D where f, is differentiable
and Jy, (z) = 0, and suppose that [E| > 0. Then |f, (E)| > 0, since E = fljl(f,l (E))
and f; I preserves null sets. Clearly, n !'is not differentiable at any point of fu(E),
contradicting the fact that f !'is differentiable a.e.

Corollary 11.10. Let p : D — C be a measurable function with |u(z)| < 1 a.e.,
K, €L}, and let y : (0,00) — (0,%0) be a measurable function such that for all
0<t) <ty < oo,

2
0 < /y/(t) dt < oo, /l[/(t) dt = oo. (11.95)

|

Suppose that for every zo € D, there is &y < dist(zo,dD) such that

&
/ Ku(2) - v*(Jz—20|) dxdy < O /q/(t) dt (11.96)

£<|Zfzo‘<£()
as € — 0. Then (11.1) has a ring solution.

If we choose 1
Vaelt) = —, (11.97)
tlog ;

then Lemma 11.7 yields the following theorem; see also Lemma 11.1.

Theorem 11.6. Let 1 : D — C be a measurable function with |1(z)| < 1 a.e. and
K, € L} . Suppose that every point zy € D has a neighborhood Uy, such that

loc*

Kj(z,20) < Qy(2) ace. (11.98)
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for some function Q,(z) of finite mean oscillation at the point zo in the variable z.
Then the Beltrami equation (11.1) has a ring solution.

The following theorem is a consequence of Theorem 11.6 and Corollary 11.1.

Theorem 11.7. Let p : D — C be a measurable function with |11(z)| < 1 a.e. and
K, € L\ . Suppose that at every zy € D,

loc*
Z—Z 2

_ 1= Z2u()|
lim —5

=0 Jp(ze) 1-— |.U(Z)‘2 Y ( :

Then the Beltrami equation (11.1) has a ring solution f;.

The following theorem is an important particular case of Theorem 11.6.

Theorem 11.8. Let 1 : D — C be a measurable function with |((z)| < 1 a.e. such

that
T+ _

T u@) =

Then the Beltrami equation (11.1) has a ring solution.

Ku(z) = 0(z) € FMO. (11.100)

Since every ring solution is an ACL homeomorphic solution and every BMO
function is in FMO, the theorem generalizes and strengthens earlier results in [271,
274] about the existence of ACL homeomorphic solutions of the Beltrami equation
when the conditions involve majorants of bounded mean oscillation.

Corollary 11.11. If

— 1

Tim LHR@L gy < o (11.101)
e=0 ID(z.8) | —|u(2)]

at every 7o € D, then (11.1) has a ring solution.

Applying Lemma 11.7 with y(¢) = 1/¢, we also have the following statement,
which is formulated in terms of the logarithmic mean [see (11.89)] of Kﬁ (z,20) over
the annuli A(e) = {z€ C: e < |z—z0| < &} for a fixed gy = §(z0) < dist(z9,9D).

Theorem 11.9. Let u : D — C be a measurable function with |1(z)| < 1 a.e. and

K, € LloC If at every point zo € D, the logarithmic mean ofK,{ over A(g) does not
converge to = as € — 0, i.e.,
liminf MK“ (11.102)
E—

then the Beltrami equation (11.1) has a ring solution.

Corollary 11.12. Let it : D — C be a measurable function with |1(z)| < 1 a.e. and
Ky € Liy. Denote by ql (1) the mean of K} (z,20) over the circle C = {z € C:
lz—zo|l =1} If
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dt
/ 0 < e (11.103)
0

at every point zo € D for some 6(zo) > 0, then (11.1) has a ring solution.

Lehto considers in [189] degenerate Beltrami equations in the special case where
the singular set S,

Sll = {Z eC: ‘cl:1_1>1(1) HKIIHL‘”(D(z,E)) = oo} (11104)

of the complex coefficient tt in (11.1) is of measure zero, and he shows that if, for
every zo € C and every r| and ry € (0,0), the integral

L)

dr

7, h>r, (11.105)
/(1+qzo())

r

is positive and tends to oo as either r; — 0 or r, — oo, where

|1 —2iv Zo+l’6‘m)|2
dy 11.106
qZO Y / 1—|/,L z()+re’19)|2 ’ ( )

then there exists a homeomorphism f : C — C that is ACL in C\ S 1« and satisfies
(11.1) a.e. Note that the integrand in (11.67) is the tangential dilatation KZ (z,20)3
see (11.3).

We now present an extension of Lehto’s existence theorem that enables us to
derive many other existence theorems, as shown in [277]. In this extension we prove
the existence of a ring solution in a domain D C C, which, by definition, is ACL in
D and not only in D\ S - Note that, in the following theorem, the situation Sy, = D
is possible. Note also that condition (11.48) in the following theorem is weaker than
the condition in Lehto’s existence theorem.

Theorem 11.10. Let D be a domain in C and let 1t : D — C be a measurable function
with |(z)| < 1 a.e. and K, € L, . Suppose that at every point zg € D

loc*

o)
/ U (11.107)
0

rqly (r)

where 0(z0) < dist(zo,dD) and quo (r) is the mean of Kﬁ(z,zo) over |z—zo0| =
Then the Beltrami equation (11.1) has a ring solution.

Proof. Theorem 11.10 follows from Lemma 11.7 by specially choosing the func-
tional parameter
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)i {1/[zqzo<r>], 1€ (0.m), 1L108)

0, otherwise,
where g = 6(z0). 0

Corollary 11.13. If K, € L\ and at every point zo € D

1
gl (r) = 0<log> as r—0, (11.109)
’ r

then (11.1) has a ring solution.

Since K (z,20) < Ky (z), we obtain as a consequence of Theorem 11.10 the fol-
lowing result which is due to Miklyukov and Suvorov [220] for the case K, € Lff)c,
p>1

Corollary 11.14. If K, € LI,

loc

for p > 1 and (11.107) holds for K, (z) instead of

Kﬁ (z,20) for every point 7o € D, then (11.1) has a Wkl); homeomorphic solution
withs =2p/(p+1).

11.6 Representation, Factorization and Uniqueness Theorems

In Section 11.5 we established a series of theorems on the existence of ring solu-
tions f, for the Beltrami equation (11.1) for a variety of different conditions on the
complex coefficient y. We now show that, in each of these cases, f;; generates all

Wl(l)"c2 solutions by composition with analytic functions.

Lemma 11.8. Ler u : D — C be a measurable function with |u(z)| < 1 a.e. and
Ky € L. Suppose that for every zo € D there exist €y = 8(z9) < dist(z0,dD) and
a family of measurable functions Y, ¢ : (0,00) — (0,00), € € (0, &), such that

&

0 < Iy(e):= /WZO,E(t) dt < o, ¢€€(0,g), (11.110)
€
and
/ K} (2,20) W2 ¢ (lz—z0]) dxdy = o(L, (€)) (11.111)
e<|z—z0|<&

as € — 0 and let f; be a ring solution of (11.1). Then every Wll(;g solution g of (11.1)
has the representation
g=hofy (11.112)

for some holomorphic function h in f, (D).
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Proof. Let ¢ = f” and h =go¢@. Since g € W10c and @ € W 1t follows that & €
wh l(f(D)), see, e.g., [190], p. 151. Thus, by Weyl’s lemma; see, e.g., [1], p. 33,

loc -
it suffices to show that dh = 0 a.e. in f;(D). Let E denote the set of points z in D

where either fy, or g does not satisfy (11.1) or J,, =0. A direct computation (cf. [1],

p. 9) shows that dh = 0 in f,, (D) \ fy (E). Moreover, ¢ € W admlts the change of
variables (see, e.g., [190], pp. 121, 128-130 and 150)

" " dudv dxdy
20|% dudv = //J // =0,
/ /l ol ey o (W) 1—|u(ew))? 1—|u(z)
u

Ju(E)
which implies that [d¢| =0 a.e. on f;(E), and since a.e. |0@| < |d¢| and
oh = d¢-dgo@+d@-dgog,

it follows that [0h| = 0 a.e. on f,;(E), and thus dh = 0 a.e. in f, (D). Consequently,
h is holomorphic in f,, (D) and (11.112) holds. O

Iwaniec and Sverak [137] showed that if K, € Lloc, then every WlOC solution
g of (11.1) has the representation g = ho f for some holomorphic function 4 and
some homeomorphism f. The conditions in Lemma 11.8 are more restrictive, but
the representation (11.112) is more specific and the proof is simpler.

Remark 11.6. Since all theorems on the existence of a ring solution f,, in Section
11.5 are based on Lemma 11.7, where the conditions are as in Lemma 11.8, every
WllOC solution g of the Beltrami equation (11.1) in each of these theorems has the

representation (11.112).

It is not clear, even if u satisfies the conditions of Lemma 11.8, whether an ACL
homeomorphic solution of (11.1) is unique up to a composition with a conformal
mapping, namely whether, for any two ACL homeomorphic solutions fj and f> of
(11.1), f> Off1 is conformal. By (11.112) in Lemma 11.8, the answer is affirmative
if f1 and f> are in Wkl)"c2 and p is as in Lemma 11.8; see Corollary 11.15. Another type
of condition for the uniqueness of a homeomorphic ACL solution can be obtained
by imposing some conditions on the “size” of the singular set of . This will be
done in Lemma 11.9 and Theorem 11.11.

Corollary 11.15. Suppose that U satisfies the conditions of one of the existence the-
orems in Section 11.5. If f1 and f, are homeomorphic Wl(l)"c2 solutions of (11.1), then
hofl Uis conformal.

Iwaniec and Martin have constructed ACL solutions for the Beltrami equation
that are not in Wlloz and not open and discrete and, thus, are not generated by a home-
omorphic solution in the sense of (11.112); see, e.g., [134]. However, for discrete
open solutions, it is easy to obtain the following proposition by Stoilow’s theorem.
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Proposition 11.2. Let 1t : D — C be a measurable function with |11(z)| < 1 a.e. such
that
_ 1+ [u@@)

1—|u(z)]
Then every (continuous) discrete and open ACL solution g of the Beltrami equation
(11.1) has the representation g = ho f, where f is a homeomorphic Wkl)’c1 solution
of (11.1) and h is a holomorphic function in f(D).

Ky (2) € L. (11.113)

Remark 11.7. As a consequence of the proposition, we obtain that if K, € Llloc, then

the Beltrami equation (11.1) either has a homeomorphic Wl(l)‘él solution or has no
continuous, discrete, and open ACL solution. Note that for every p € [1,0), there are
examples of measurable functions p : C — C such that [u(z)| < 1 a.e. and Ky (z) €
Lf; . and for which the Beltrami equation (11.1) has no homeomorphic ACL solution;

see, e.g., Proposition 6.3 in [274].

Let (X,d) be a metric space and let H = {h.(r)}.cx be a family of functions
hy : (0,px) — (0,00), py > 0, such that s,(r) — 0 as r — 0. Let

L(X) = inf X hy (1), (11.114)

where the infimum is taken over all finite collections of x; € X and r; € (0,p) such
that the balls

B(xp,re) ={x € X 1 d(x,x;) < ri} (11.115)
cover X. The limit
Ly(X):= lim LE(X) (11.116)
p—

exists. We call Ly (X) the H-length of X. In the particular case where h,(r) = r for
all x € X and r > 0, the H-length is the usual (Hausdorff) length of X.

Obviously, singular set S, of i is closed relative to the domain D.

Lemma 11.9. Let u be as in Lemma 11.8 and let fy, be a ring solution of (11.1).
Suppose that the singular set S, is of H-length zero for H = {hy(r) };yes, with

2
hzy(r) = exp (—w (r)>, 20 € Sy, r € (0,8(z0)), (11.117)
<0
and
1
wy,(€) = () /Kz(z,zo)-llfzz()’s(|z—10|) dxdy. (11.118)
0 Ale)

Then every homeomorphic ACL solution f of (11.1) has the representation f =
ho fy for some conformal mapping h in fy (D).

Proof. 1f Ly (Sy) = 0, then S, = f(Sy) is of length zero by Lemma 11.4. Conse-
quently, S}, does not locally disconnect f(D) (see, e.g., [317]) and hence G = D\ Sy,
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is a domain. The homeomorphisms f and f}; are locally quasiconformal in the do-
main G and hence h = fo f !'is conformal in the domain fu(D) \S/u Since S;L is
of length zero, it is removable for 4, i.e., h can be extended to a conformal mapping
in f, (D) by the Painleve theorem; see, e.g., [24]. m|

Theorem 11.11. Let pt : D — C be a measurable function with |1(z)| < 1 a.e. and
K, € Llloc. Suppose that every point zo € D has a neighborhood Uy, and a measur-
able function Q,(z) : Uy, — [0, 00| such that

K} (z,20) < Q(2) ae inlUy (11.119)

and that, for some 8(z9) > 0,

8(20) dr
= oo, (11.120)
-0/ ZQZO(I)

where q,(t) is the mean of Q(z) over the circle |z —zo| =t. Let fy be a ring
solution of (11.1).
If the singular set Sy, has H-length zero for H = {h(r) }es, , where
8(z0) gt
ha() =exp | = [ S ) ey re0.8(). (11.121)
’ 19z, (1)

then every homeomorphic ACL solution f of (11.1) has the representation f = ho f
for some conformal mapping h in fy (D).

Proof. Theorem 11.11 follows from Lemma 11.9 with

1/|tq.,(¢)], t € (0, ,
Vi) = Y5 (1) 1= {0/ a(ell, 1 € (0,20) (11.122)
where & = 6(z9) because
&
/ 0(2)- Y2 (|2 z0]) dxdy = 27t/l//zo(t) dt. (11.123)
e<|z—z0|<& €

O

Corollary 11.16. Let i : D — C be a measurable function with |l(z)| < 1 a.e. and
K, € Llloc. Suppose that every point zg € D has a neighborhood Uy, where (11.119)
holds with a function Q(z) of finite mean oscillation at z in the variable z. Suppose

also that the singular set of Sy, is of H-length zero for H = {hy,(r) }zyes, »

6(z0)

r

—B(z0)
hyy(r) = <log ) . 20€8u, re(0,6(z0)), (11.124)
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where 8(z0) < dist (z0,0D), and 2B(z0) = (q(z0) +6d(z0)) ", q(z0) is the mean
value of Qy,(z) over D(zo,0(z0)/2), and d(zo) is the maximal dispersion of Q(z)
in D(z0,6(20)/2). Let fy be a ring solution of (11.1).

Then every homeomorphic ACL solution f of (11.1) has the representation f =
ho fy for some conformal mapping h in fy (D).

Corollary 11.16 follows immediately from Lemmas 11.9 and 11.1.

Remark 11.8. In view of Remark 11.1, if the condition

0" (z0) := lim ' )QZO(z) dxdy < oo (11.125)

£—0 D(zg,e
holds for all zg € D, then one may take 3(z) = y/Q*(z) in (11.124) for any y < 1/26.

Lemma 11.9 makes it possible to formulate the corresponding uniqueness theo-
rem in the spirit of Theorem 11.11 for every existence theorem in Section 11.5.

11.7 Examples

By (11.42), we have
K'(z,20.f) < KX(z,20,f)- (11.126)

By (11.34) and (11.35) we have
K} (z.20) < Kjj(2,20)- (11.127)

One may ask whether K%(z,z¢, f) in Theorem 11.1 can be replaced by K" (z,z0, f)
and whether K, Z (z,20) can be replaced by Kj,(z,z0) in the criteria for the existence
problems for the Beltrami equation (11.1).

Every qc mapping f : D — C is a ring Q-homeomorphism at each point zg €
D with Q(z) = K®(z,z20, f), z € D(zo,dist (z9,dD)). The following example shows
that there are qc mappings f that are not ring Q-homeomorphisms with Q(z) =
K'(z,20,f)-

Example 1. Consider the quasiconformal automorphism f : D — I of the unit disk
D = {z € C:|z] < 1}, which, in the polar coordinates, has the form

1
: 1+ ik dt
7y =exp (i~ [ 225

r

z=re? ke (0,1); (11.128)

see, e.g., [99]. Then by applying the formula

0y fo _ v Thetife
B rfr—ifs’

w(re (11.129)
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one obtains by straightforward calculations
u(re’®) = ike*@. (11.130)

By (11.128) we have

1
i 1+ikdt 142
|f(re™)| = exp | —Re 1t;k7 = ri2, (11.131)

r

On the other hand, the big radial dilatation at z with respect to the center zop = 0 is
the constant

1+ik|> 14+k%
Ko:= KT _ | = : 11.132
0 u(Z7ZOaf) 1_i2 12 ( )
hence, in view of (11.131),
. 1
|f(re?)| = rFo. (11.133)

The example shows that, in general, quasiconformal mappings are not ring Q-
homeomorphisms with the radial dilatation as Q, i.e.,

r 1— < 2
0(z) := K'(z,20,f) = 72“( ) 5 (11.134)
14+ 20(2)]
at zo = 0.
Indeed, let us assume that the given f is a ring Q-homeomorphism with Q = K".
Then, by Theorem 11.4, we must have the estimate

|

£ (2)] dr
———" < 32-exp —/ , (11.135)
(1+[f(2)|)1/2 ] rq(r)
z
and hence
/ d
,
£(2)] < 64-exp —/ , (11.136)
7@ o
Zz
where ¢(r) is the mean of Q(z) over the circle |z| = r.
However, in the case of (11.130) and (11.134), we obtain
1—k? 1
= — = — 11.137
00 = 171 = & (11.137)
and, thus, (11.136) would imply
|f(re?)] < 64-rK0, (11.138)

contradicting (11.133) because Ky > 1.
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The next example shows that the existence criteria for the Beltrami equation
cannot be formulated in terms of majorants for the radial dilatation K}, (z,zo) instead

of the tangential dilatation Kg (z,20)-

Example 2. Consider the complex coefficient u given in polar coordinates in unit
disk D:

, o M(r)—1
u(re®) = &0 ME:;H (11.139)
where
M(r) = r'2+i. (11.140)

By straightforward computations with (11.129), it easy to verify that the smooth
mapping

|
f(re™) = exp iﬁ—/M(;)? = ¢~ 2(1=r'?)+i(d+logr) (11.141)

satisfies the Beltrami equation in D\ {0} with the given u; see, e.g., Proposition
6.4 in [274]. Note that the homeomorphism f maps the punctured unit disk onto the
annulus A = {z € C: e~ 2 < |z] < 1} and, thus, f cannot be extended by continuity
to the origin.

Let us assume that there is a homeomorphic ACL solution g of the Beltrami equa-
tion with the given u in the whole disk D. Then, by the Riemann theorem, we may
in addition assume that g(D) = D and g(0) = 0. However, both homeomorphisms f
and g are locally quasiconformal in D\ {0} and hence by the uniqueness theorem for
quasiconformal mappings, f = hog, where & is a conformal mapping of D\ {0}. As
we know, isolated singularities are removable for conformal mappings, and hence f
can be extended by continuity to the origin. The contradiction disproves the above
assumption.

On the other hand, we have

- uE@P AP

K (z,0) = = = (11.142)
ulo 2
’1 + fﬂ(z)’ 1+r
and, consequently,
) 1
Ki(20) < Q@) =5, |l < 1. (11.143)
Simultaneously, K}, (z,z0) < Ky (z) for all zand zg in D, and
1
Ku(z) = L@ _ 12 (11.144)

1—[u(z)|

is integrable in the unit disk and locally bounded in the punctured unit disk.
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Thus, even under a constant majorant for the radial dilatation Kj,(z,0), it is im-
possible to guarantee the existence of a homeomorphic ACL solution for the Bel-
trami equation (11.1). Thus, the tangent dilatation is more useful in this respect.



Chapter 12
Homeomorphisms with Finite Mean Dilatations

In this chapter we describe the topological mappings with finite integral character-
istics following in the main the paper [88], see also [86, 87, 89, 170]. We extend
here the method of extremal lengths (moduli) to this great class of mappings and es-
tablish various differential and geometric properties of these mappings. Classes of
mappings with integral constraints for dilatations are more preferable than classes
with measure constraints because these latter are not closed; see, e.g., [245].

The study of the classes of the so-called mappings quasiconformal in the mean
was started by Ahlfors and has a rich history, see e.g. [4,22, 25,90, 169, 170, 172—
174,177-184,239-241,262-264,301,302,313,343,344]. These classes are closely
connected to the mappings with the bounded Dirichlet integral; see, e.g., [191,303,
304]. The chapter is devoted to aspects of the theory of mappings with finite integral
dilatations related to the moduli method.

12.1 Introduction

In geometric function theory, the quasiconformal homeomorphisms form a natural
intermediate class of mappings between the classes of bi-Lipschitz mappings and
general homeomorphisms. Under K-quasiconformal mapping, the n-module of any
path family can change by a factor of at most K. All properties of quasiconformal
mappings can be obtained from this inequality.

In this chapter we consider the homeomorphisms whose dilatations are bounded
in a certain integral sense. The resulting notion generalizes quasiconformal map-
pings, mappings quasiconformal in the mean, etc. The main approach for investi-
gation relies on the method of p-moduli of path families and surface families and
involves more general inequalities than quasi-invariance.

Let A: R" — R” be a linear bijection. The numbers

O. Martio et al., Moduli in Modern Mapping Theory, Springer Monographs in Mathematics,
DOI 10.1007/978-0-387-85588-2_12, (©) Springer Science+Business Media, LLC 2009
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Ki(A) = ld(tAA) Ko(A)

v L)
“Jdeal” A= Ty

are called the inner, outer, and linear dilatations of A, respectively. Here

[(A) = min |Ah|, L(A) = max |Ah|
h|=1 hj=1

and detA is the determinant of A; see e.g., [316].

Obviously, all three dilatations are not less than 1. They have the following ge-
ometric interpretation. The image of the unit ball B" under A is an ellipsoid E(A).
Let B;(A) and Bp(A) be the inscribed and circumscribed balls of E(A), respectively.
e @ @

mE mB,
Ki(A) = ; Ko(A) = —22=,
mB(A) mE(A)
and H(A) is the ratio of the greatest and the smallest semiaxes of E(A). Here mD =
m, D denotes the n-dimensional Lebesgue measure of a set D.

Let 41 <A, <... <A, be the semiaxes of E(A). Then

LA) =X, [(A)=A, |detA] = A1 -...- Ay,
and we can also write

Ao Ay

n—1
!
)‘nfl ’
1

Ki(A) = Moy

Ko(A) =

If n =2, then K;(A) = Ko(A) = H(A). In the general case, we have the relations

H(A) < min(K;(A),Ko(A)) < H"(A)

< max(K,(A)7K0(A>) < H”71<A), (12.1)

Let G and G* be two bounded domains in R”, n > 2, and let a mapping f: G —
G* be differentiable at a point x € G. This means that there exists a linear mapping
f'(x) : R" — R” such that

flxth) = fx)+ £ (x)h+ o(x,h)|hl,

where @(x,h) — 0as h — 0.
We denote

Ki(x, f) = Ki(f'(x)), Ko(x,f) = Ko(f'(x)),
and
L(x, f) = L(f' (%)), I(x, f) = 1(f'(x)), J(x, f) =J(f'(x)).

Proposition 12.1. Let f : G — G* be a K-quasiconformal homeomorphism. Then
(i) f is ACL,
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(i) f € W (G),
(iii) for almost every x € G,

Kl(xvf)SKa KO(X,f)SK

Gehring [75] proved that f € Wl(l,;p(G) with some p € [n,n+ c¢), where ¢ <
n/(g"/=1) —1). In the planar case, this fact was first discovered by Bojarski [27].

12.2 Mean Inner and Outer Dilatations

Define for the linear bijections A : R"” — R” the quantities

L%(A)
/(A)

HO,a(A) =

b

assuming o > 1.

Now consider the homeomorphisms f: G — R", which are differentiable a.e. in
a given domain G C R", and let ¢, 3 be two real numbers such that | < o < f§ < eo.
Put

HI-,Ol(xvf) = Hlﬂ(f/(x))v HO,ﬁ(xaf) :HO,ﬁ (f/(x)),

and define the integrals

B 5%
HIa,B(f):/ Pl (x, f) dx HOu5(f / ;, f)dx. (12.2)
G G
We call these integrals the inner and outer mean dilatations of the mapping f
in G, respectively.

These characteristics were first introduced in [180]; see also [86] and [314].

Now consider the quadruples of the fixed real numbers o, 8,7, 0 such that 1 <
<P <o, 1 <y<d <on.

For two given domains G and G* in R”, we define the class B(G,G*) whose
elements are the homeomorphic mappings f : G — G* that satisfy

@) f and f~! are ACL-homeomorphisms,

(ii) f and f~! are differentiable with the Jacobians J(x, f) # 0 and J(y,f~!) #0
a.e. in G and G*, respectively,

(iii) the inner and outer mean dilatations H1, g (f) and HOy,5(f) are finite.

We call B(G,G*) the class of mappings with finite mean dilatations. The fol-
lowing theorem describes some basic differential properties of mappings in the class
B(G,G").



240 12 Homeomorphisms with Finite Mean Dilatations

Theorem 12.1. Suppose that o, 3,7v,0 are fixed real numbers such that n — 1 <
o0 <P <o, n—1<y<d <o Then the mappings of B(G,G*) belong to the
Sobolev class Wl(l)Cp(G) while f~1 € Wli’cq(G*), with p = max(y,B/(B —n+1))
and g = max (o, 6/(86 —n+1)).

Proof. The assumption of the theorem implies that both mappings f and f~! satisfy
the (N)-property in the domains G and G*, respectively. This property allows us to
apply the standard rule for a change of variables under integration. Then the Holder
inequality and condition (iii) yield

L5 . S~y
[ pax= [ KU(ECX}];))S y] T i
G G )
&t 7
SHO)/% (f)(mG*)S < oo,
—n+1 |J(X, f)‘ B—n+1 B
ZU* (x,f)dXSCZ(l”‘(x,f)) dx=HI,_; g(f)
(a—n+1)B i
< HIZT (1) (mGY) 057 < oo

Conditions (i)—(iii) state that the mappings f € B(G,G*) satisfy

Hlyg(f ") =HOup(f),  HOup(f ') =Hlyp(f).

This means that if f is a mapping from the class B(G,G*) = B(G,G*, ., 3,7,0),
then the inverse mapping f~' € B(G*,G,7,8,,B). This completes the proof of
the theorem. a

The relations (12.1) show that in the classical case of quasiconformal mappings,
their dilatations are simultaneously either finite or infinite. However, this is not true
for the mean dilatations. The following example shows that each of the mean dilata-
tions Hl, g(f) and Hy 5(f) can be unbounded, independently of restrictions on any
other dilatation.

Example. Let
G={x=(x1,...,x0): 0<xx < LLk=1,...,n}

and
xl—c

e = (mmo, ). 0<es
Then the image g(G) is the domain
G ={y=01y--0m):0<m<Lk=1,....n—1,0<y, < 1/(1—¢)}.

It is easily to verify that g is differentiable in G and
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I(x,g) =1, L(x,g) =J(x,g) =x, > 1.

Thus,

J(x _
Hlva('x7g) = la(x ) :‘xnC7 HO,S(xvg) =

1
cf
HI, (g /Hla xg)dx—/x,, Y dxy,

0
@=/H
G

! _ oy
/ X, °77 dx,.
0
One concludes from this that

Hlyp(g) <<= 0<c<l—-a/B,

Hlaﬁ(g):w<:>l—a/ﬁ§c<17
15(8) <o 0<c< 1 (y—1)8/(6— 1)y,
Hoy,,s<g> mom I (= 1)8/(6— Dy <c< 1.

The above example also shows that the class B(G,G*) is much wider than the
class of quasiconformal mappings. For example, the mapping g belongs to B(G, G*)

if
¢ <min{l—o/B,1-(y=1)8/(6 - 1)y},
but g is not quasiconformal for any c.

We shall now use the notation for the classes B(G,G*) = B(G,G*, o, 3,7,0) and
study how these classes depend on a variety of parameters o, 8,7, 0. The following
theorem provides the monotonicity.

Theorem 12.2. Let o, 3,7,0,r,s,t,u be fixed real numbers such that 1 <r < o0 <
B<s<eoand 1 <t <y< 8 <u<eco Then

(a) B(G,G*,a,pB,y,0) C B(G,G*,1,8,7,98),
(b) B(G,G*,a,B,y,0) C B(G,G*,a,s,7,0),
(¢) B(G,G*,c.,B,7,.8) C B(G,G*,0.,3,1,8),
(d) B(G,G*,a,B,v,8) C B(G,G*,a,B,7.u).
Proof. Applying Holder’s inequality to the inner mean dilatation HI,.g(f), one ob-

tains
B

Hl, () = G/ HP (x.f) dr = (,/ (T ax
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e f)\ P\ =
X —o a(f—r a(f—r
< ) d J d
<([(Re) o)™ (J v
G G
Gl e
=HIy " (f)(mG") «F=.
This implies the first statement of the theorem.
The same argument works for the second part of Theorem 12.2. Indeed,
S J(x, =
Hlo,(f) :/H;;;‘ (x,f)dx:/ LTI EN
’ 1%(x, f)
G G
)\ P \Bea o\ Bodl
X o s—o s—o
< : d d
. </ (mx,f)) ) (/ )
G G
3 1 mc) B2
=HIy, 5 (f)(mG)Pe=a.
The similar assertions also hold for the outer mean dilatation. O

Note that for a, 3,7, 0 < n, the widest class B(G,G*, ., 3,7y, 0) consists of map-
pings that are (p,q)-quasiconformal in the mean. This class will be considered in
Section 12.6.

12.3 On Distortion of p-Moduli

Let .7 be a family of k-dimensional surfaces . in R", 1 < k < n— 1, which are the
continuous images of a closed domain Dy C R, Recall that the p-modulus of .7 is
defined as

M, (%) :inf/ppdx, p >k,
Rn
where the infinum is taken over all Borel measurable functions p > 0 with

/ ptdo; > 1
5%
for every .7 € .%%. We call such functions p admissible for the family ..

The following proposition characterizes quasiconformality in terms of the p-
moduli of k-dimensional surfaces; see [290].

Proposition 12.2. A homeomorphism f of a domain G C R" is K-quasiconformal,
1 < K < oo, if, for each family .}, of k-dimensional surfaces in G, 1 <k <n—1, the
double inequality
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k—n

Kt My() < Ma(F(A4)) < KM, (A) (12.3)
holds.
For the mappings of our classes B(G,G*), the double inequality (12.3) is ex-
tended as follows.
Theorem 12.3. Let f : G — G* be a homeomorphism satisfying
(i) f and =" are ACL,

(ii) f and f~" are differentiable a.e. in G and G*, respectively,
(iii) the Jacobians J (x, f) and J (y, f~') do not vanish a.e. in G and G*, respectively.

Then, for every quadruple of fixed values o, 3,7, 0 such thatk < o0 < < oo, k<
Y < 0 < o and for any ring domain D C G, the inequalities

ME () < HIL * (f)ME () (12.4)

and

M3(S) < HOY 5 (F)ML(H) (12.5)
hold; here 7} = f(%%).

Proof. Let ., be a family of k-surfaces in G, and let p be an admissible function
for .%;. Denote by U (x, f) the minimal distortion of k-dimensional measures at x
under f,i.e.,

(X, ) =A1-Ap - Mg
Note that i (x, f) > I¥(x, f) for a.e. x € G. Define in D* = f(D) the function

p(x)
[:uk(xvfﬂ W

where x = f~!(y). It is easy to check that p*(y) is an admissible function for .7}’
Since do; > U(x, f)d oy, we have

/p y)do; > /p Ydop > 1

for every surface .7* € .7}
We conclude from (i)—(iii) that £ and f~! satisfy the (N)-property in G and G*,
respectively, and

p ()=

Hyo(x, f) = Hoo(n, f)
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for a.e. x € G and y € G*. Applying Holder’s inequality and the properties of f and
£~!, we obtain

« “(x) ()
p iy = [ —L iy pldx < [ po() i ax
Jrr o=l oy

< </pﬁ(x)d )a/ﬁ (/Hﬁj (x.f) dx>(ﬁa)/ﬁ.
D

Taking the infima over all such p(x) yields (12.4). Interchanging f : G — G* and
f_1 : G — G in (12.4), we obtain inequality (12.5). O

12.4 Moduli of Surface Families Dominated by Set Functions

Recall that a ring domain D C R" is a bounded domain whose complement con-
sists of two components Cy and Cj. Setting Fp = dCy and F; = dCy, we obtain two
boundary components of D. One of Cp and C; contains the point of infinity; for
definiteness, let us assume that oo € Cj.

We say that a path y joins the boundary components in D if y lies in D except
for its endpoints, one of which is contained in Fy and the second in Fj. We say that
a compact set X separates the boundary components of D if ¥ C D and if Cy and
C) are located in the different components of R\ X. Denote by I, the family of
all locally rectifiable paths y C D that join the boundary components of D and by
%) the family of all compact piecewise smooth (n — 1)-dimensional surfaces X that
separate the boundary components of D.

For each quantity V associated with D such as a subset of D or a family of sets
contained in D, we denote its image under f by V*.

We now introduce new classes of homeomorphisms that depend on the numerical
parameters o, 3,7, 0 and on certain set functions.

Let @ be a finite nonnegative function in a domain G C R” defined for all open
subsets £ of G and such that

S ®(E) < D(E)
k=1

for any finite collection {E;}}" | of open mutually disjoint sets E; C E. We denote
the class of all such set functions @ by .%.
We fix the numbers o, 3,7, § satisfying

n—1<a<f <o, n—1<y<8<eo,

and assume that there exists a nonempty family of homeomorphisms f: G — G*
such that there exist two set functions @, ¥ € .% not depending on f such that for
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each ring domain D C G, the inequalities

ME(Zh) < ©P~(D)ME (Zp) (12.6)
and

M3 (Zp) < WO1(D)MY(Z)) (12.7)

hold. The class of such homeomorphisms will be denoted by .Z . (G,G*) (in fact,
it also depends on «, 3,7, 6).

We shall need the following theorem from [87].

Theorem 12.4. Let
n—l<o<fB<o and n—1<y< <oo.

Then every mapping f € M ./ (G,G*) has the following properties:
(a) fis ACL in G;

(b) f~" is ACL in G*;

(¢) f €Wl (G). a=B/(B—n-+1);

@ f'ew (G, b=8/(6 —n+1).

loc

It is not hard to see that if f <n, then B/(f—n-+1)>n andif B >n, then

B/(B—n+1)<n.

Now we introduce the mapping class .# ¢ (G,G") related to ci-moduli of the
families of joining paths. Fix the numbers p, ¢, s,t, which satisfy

1<p<g<oo, 1 <5<t <eo.

Suppose that there exists a (nonempty) family of homeomorphisms f: G — G*
such that for every ring domain D C G,

ML(I3) < O (D)M!(Ip) (12.8)

and
M}(Tp) < P (D)MI(I), (12.9)

where © and IT are two given set functions in .% not depending on f.

Properties of the mappings satisfying inequalities (12.8) and (12.9) in the equiva-
lent terms of p-capacity were investigated forn—1 <s<t<nandn—1<p<g<n
in [178] and for wider bounds n — 1 < s <t <eandn—1< p < g <eoin [314].

It was proved in [178] that f and £~ are ACL and belong to W,""/*™1 and

loc
Wll’q/ (q7"+1), respectively. In [314], inequality (12.9) was extended to the mappings

of Carnot groups. Using this inequality, the authors have established various prop-

erties of such mappings; for example, if a given mapping belongs to Wl(l)"cp , then the
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wla/(g=nt1)

inverse mapping belongs to W,.;

studied in [170].

. The case t = ¢ = n has been explicitly

For the equality of the p-capacity of rings and the p-moduli of families of joining
paths for their boundary components, we refer to [122]; see Section A.3. Other
relations between the p-capacities and the a-moduli of families of separating sets
have been obtained by Ziemer [340]; see Section A.6. Ziemer applied the condition

/pdcnq >1
7

for admissibility of p and, in particular, established that

M, (Ip) =M","(2p).

p—1

Note that in our notations the latter means

Mp(FD) =M

P

f1) (ZD)~
1

1—
pn

The following relations are crucial:

—1
I<p<n <= n<p(n ) oo,
p—1
—1
p=n < p(n ):n,
p—1
—1
n<p<oo <= 1<pm )<n
p—1
Now put
a:q(n—1)7 B:p(n—l)’ y:t(n—1)7 5:s(n—l).
q—1 p—1 r—1 s—1

It is easy to verify that if IT(D) = @(D), then inequalities (12.6) and (12.9) are
equivalent. The same is true for (12.7) and (12.8) when ©(D) = ¥(D).
The conclusions of this section result in the following theorem.

Theorem 12.5. Let
n—l<o<fB<n and n—1<y<dé<n

or

(n—1) (n—1)
n—72 n—2 '

Then every mapping f € M % (G) admits the following properties:

n<o<f< and n<y<d<
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(d') f is ACL in G;

(v') f~Vis ACL in G*;

(') f € Wh(G) with a = max(y,B/(B —n+1));

(d) = € WP (G*) with b = max(0, 5 /(8 —n+1)).

Note that each of inequalities (12.6) and (12.7) separately provides properties
(a') and (b'). Properties (c’) and (d’) yield that both mappings f and f~! have the
(N)-property; cf. [174].

12.5 Alternate Characterizations of Classical Mappings

Specifying the set functions @ and ¥, we obtain a new characterization of quasi-
conformality and of quasi-isometry.

Theorem 12.6. A homeomorphism f : G — G* is K-quasiconformal if and only if
there exists a constant K, 1 < K < oo, such that for any ring domain D C G, the
inequalities

M(Z5) < Kot (mD*)" P MP (Zp) (12.10)
and .

M} (Zp) < Kn-1(mD)" Mi(Zp) (12.11)
hold for n — 1 < p < g < n or the inequalities

MY (Z5) < Ko T (mD)" "M (Zp) (12.12)
and

MY(Zp) < KT (mD*)* "M (=} 12.1

n D) > m q( D) ( . 3)

holdforn<p <gq< (n—1)*/(n—2).

Sketch of the proof. The relations (12.12) and (12.13) follow in fact from the results
of [179]. Thus, it remains only to verify inequalities (12.10) and (12.11). The ne-
cessity of these inequalities follows from (12.3) by applying Holder’s inequality to
(n— 1)-dimensional surfaces.

The proof of sufficiency will be accomplished in three stages. It follows the lines
of [210] and [170].

First we prove that f is ACL. Let ©(V) = mV, and let Q be an n-dimensional
interval in G. Then the set function © belongs to the class .%. Write Q = Qg X J,
where Qp is an (n — 1)-dimensional interval in R"~! and J is an open segment of
the axis x;,.

Following the notations in [246], we write ©(T,Q) = ©(T x J). The function
O(T, Q) also belongs to the class .# for the Borel sets T C Q.
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Fix z € Qy so that @/(z, Q) < oo, and let Aj,..., A be the disjoint closed subin-
tervals of the segment J, = {z} x J. Put Cp; = A; + rB" and A; = A; + 2rB", where
B" is the closure of B" = B"(x,r). The positive number r is chosen such that the
domains D; = A; \ C,; are disjoint and D; C Q. Using the estimates of p-moduli of
Xp, one obtains

n—1

id(f\?) <G (@/(a Q)) % (lﬁlmﬂ:) o

i=1

where the constant C; depends only on p,n, and K. Thus, f is ACL.
In the second step, we show that a given homeomorphism f belongs to WI(I)L" For

X,x € G, X # x, define
k(x) = limsup 7\]‘@2 — /) .
Fx |%— x|

Consider for a point x € D the spherical ring D, (x) = {y: r < |[x—y| < 2r} choosing
r > 0 such that D,(x) C G. It follows from the estimate

k(x) < limsup &‘;‘j) <G (@/(x))%

r—0

that k(x) < e a.e. in G. Here C, depends only on n and K. Now applying Stepanov’s
theorem [300], one concludes that f is differentiable a.e. in G. Moreover, for each
Borel set V C G, we have

/k”(x) dx <G /@/(x) dx < ComV < eo.
4 4

Finally, from (12.10) and (12.11), we obtain
KO()C,f)SK, Kl(x7f)§Ka
respectively. This completes the proof of Theorem 12.6. O

Replacing (12.10)—(12.11) and (12.12)—(12.13) by suitable inequalities for o-
moduli with o # n given below, one obtains quasi-isometry for the mapping.

Recall that a homeomorphism f: G — G* is called quasi-isometric if, for any

x,z € Gandy,t € G*, the inequalities
<M

lim sup M <M, lim sup w

<M
e x—1] 1=y y—1|

)

hold with a constant M depending only on G and G*.

Theorem 12.7. Let f: G — G* be a homeomorphism. Then the following condi-
tions are equivalent:
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19, f is quasi-isometric;

20, for fixed real numbers a, 8,7y, 8 such that
n—l<a<f<n and n—1<y<d<n
or
n<oa<B<(m—12%/(n—-2) and n<y<8<(n—17%/(n-2),
there exists a constant K such that for any ring domain D C G, the inequalities
Me(2p) < KP (mD)" M (2p)
and
M2(Zp) < K (mD*)° "ML (Zp)
hold.

The quasi-invariance of p-moduli of path or surface families is a characteristic
property of quasi-isometry; see, e.g., [91]. This quasi-invariance is also represented
by a double inequality. The implication 1° = 2° follows from this inequality by
applying Holder’s inequality. The inverse implication 2° = 1° is proved through
estimates in [76].

12.6 Mappings (o, 3)-Quasiconformal in the Mean

In this section we mention the results established in [170].

Here a condenser in R” is a triple of sets A = (Fy, F1;G), where G is a domain
in R"” and Fy and F; C G are nonempty sets being closed with respect to G. Given
B € [1,n], B-capacity capg(Fy, F1;G) of the condenser A = (Fy, F1;G) is e if F1 N
F, # @ and

capg (Fo, Fi;G) = inf [ |Vo(x)|Pdx (12.14)
pg(Fo, Fi;G) Vo(x)|
G

if F1 N F, = &, where the infimum is taken over all functions ¢ : G — R! of the class
ACL in G such that ¢(x) <0 for x € Fy and ¢(x) > 1 for x € Fj.

Let D and A be domains in R"”, n > 2. A homeomorphism f : D — A belongs
to the class 0,(D) [¢,(D)], 1/(n—1) < p < oo, if there is a nonnegative subaddi-
tive bounded (absolutely continuous) function @, of Borel sets in D such that the
inequality

cap n, (F(Fo). f(F1): £(G)) < [@,(G\ (FyUF))|7T capl " (Fy. Fi:G)

holds for each condenser (Fp, F1;G) in D.
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The (N)-property by Lusin was established for homeomorphisms of the class
qp(D) forall 1/(n—1) < p <o [it was also shown, for 1/(n—1) < p <n—1, that
mappings of the class ¢, (D) are not, generally speaking, ACL" homeomorphisms].
Moreover, the following estimate for distortion of the Euclidean distance has been
obtained.

Theorem 12.8. Let f be a homeomorphism of the class Q,(D) with p > n—1 and
let F C D be a compact set. Then

pi-) 1

[f(a) = f(b)] <Ch o (12.15)

for each pair of points a, b € F such that |a—b| < § < min{1,d*(F,dD)}, where C
depends only on p, n, and @, (D). Here d(F,dD) is the Euclidean distance between
F and oD.

Moreover, estimate (12.15) is precise by the order in the class of Q, (D).

Let D and A be domains in R”. We say that a homeomorphism f: D — A is
(o, B)-quasiconformal in the mean if f and f~! are ACL, differentiable a.e., and

/Kg(x,f) dx < oo (12.16)
b

and

[KE W) dr < (12.17)
D

The main results are the following two theorems.

Theorem 12.9. Let [ : D — A be a homeomorphism and oo >n—1, B >n—1. Then
the following statements are equivalent:

1. amapping f : D — A is (o, B)-quasiconformal in the mean;
2. f€Qq(D)and f~' € Qp(A);
3. f€qa(D)and f~' € qg(A).

Theorem 12.10. Ler f : D — A be a homeomorphism andlet 1/(n—1) < a <n—1
and 1/(n—1) < B <n— 1. Then the following statements are equivalent:

1. a mapping f : D — A is (a, B)-quasiconformal in the mean;
2. f€qu(D)and f~' € qp(A) are ACL and differentiable a.e.

Note also that Kruglikov and Paikov have obtained a series of results on the
boundary correspondence under mappings (o, 8)-quasiconformal in the mean, in

terms of the so-called prime ends; see, e.g., [172]. However, the latter is outside the
framework of this book.
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12.7 Coefficients of Quasiconformality of Ring Domains

In this section we determine the mean dilatations of domains in R” and establish the
extremal mappings, which minimize the inner and outer mean dilatations for some
ring domains; see [89].

Let G and G* be two homeomorphic bounded domains in R”, n > 2. Recall that
the inner and outer coefficients of quasiconformality of G with respect to G*,
Ki(G,G*) and Ko(G,G*), are the infima of the inner and outer dilatations K;(f)
and Ko(f) of homeomorphisms f: G — G*, respectively; see, e.g., [316]. These
coefficients are known only for several simple domains in R", n > 3; see [85].

A mapping fy: G — G* is called extremal for K;(G,G*) or Ko(G,G*) if
Ki(fo) = Ki(G,G*) or Ko(fo) = Ko(G, G*), respectively.

First, we introduce the more general quantities called the mean coefficients
of quasiconformality for ring domains, and apply the method of p-moduli of k-
dimensional surfaces for solving the corresponding extremal problems. This allows
us to calculate the mean coefficients for spherical rings in R".

Consider the ring domains D and D* in R” and homeomorphisms f from D onto
D*. For the fixed real numbers ¢, 3,7, 6 such that

k<a<B <o and k<y< 8 < oo,

and for a mapping f : D — D*, we define the inner and outer mean dilatations
Ia,ﬁ (f) and Oy,S(f) by

(o MR\ [ MI(A)\
Ia,ﬁ(f)—<supw) , 07’5(f)_<suP1\/[57(5@> , (12.18)

where the suprema are taken over all families .#} of k-dimensional surfaces in D
such that the numerator and denominator in each above fraction cannot be equal to
0 or oo simultaneously. Here .} = f(.#%). Obviously,

Iug(f") = Oup(f),  Oup(f ') = Lup(f). (12.19)

Theorem 12.3 gives the next relationship between the integral and the mean di-
latations

lop(f) < Hlup(f),  Oy5(f) < HOys(f)- (12.20)

Let us also introduce the quantities
Iy p(D,D") = il}fla,ﬁ(f)» 0,5(D,D") = il}fo)/ﬁ(f)v

where the infima are taken over all mappings of the class B(D,D*). We call these
quantities the inner and outer mean coefficients of the ring domains D and D*.
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The mappings minimizing the mean coefficients are called extremal for the corre-
sponding mean coefficients.

As in the case of K;(D,D*) and Ko(D, D*), determining the mean characteristics
I, 3(D,D*) and O, 5(D,D*) for the ring domains D and D* is very complicated;
cf. [85]. To obtain upper bounds for given ring domains D and D, it suffices to
construct a suitable homeomorphism f of D onto D* and calculate the dilatations
of f by (12.2). Obtaining the lower bounds is much more difficult since it requires
finding lower bounds for various dilatations of all homeomorphisms in the class
B(D,D*). We accomplish this by estimating the distortion of certain families of k-
dimensional surfaces under a fixed homeomorphism f and then finding suprema in
(12.18).

We are concerned with the extremal mappings, which minimize HI, g(f) and
HOy 5(f) on the class B(D,D*) for the spherical rings. Denote by

D(rp) ={xeR":0<ry < |x| <1}
and
D(po) ={yeR":0<po <[y| <1}

the spherical rings. Let us calculate the mean coefficients I, g(D(r0), D(po)) and
0y,5(D(r0),D(po)) for the case 0 < pp < rp < 1.
Forn—1< o < B < e, we obtain, by (12.18),
B(y\\ 5a
Lup (D). D(pu) = (32220 ) .

Mg (Zp)

Substituting the explicit expressions of My (X},) and Mg (Zp) given, for example,
in [76] (with o # n and 3 # n), we get

Lap (D). Dlpw) = 1 "’SO‘)BH” (2=2)"

n—ao 1—r,

where ®,_; denotes the (n — 1)-dimensional Lebesgue measure of the unit sphere
in R™.

Further, consider two spherical systems of coordinates (r,¢;) and (p,y;), i =

I,n—1, on D(rg) and D(py), respectively. It is easy to see that the mapping

1

n_a_l n—o
f1=<p=|:1+p2(rnﬁ—1):| ,lm:(pi,OS(pi<27r,r0<r<1)
rg " —1

carries out D(rg) onto D(pp). From (12.2) we calculate

n—o % — —a
Hlmﬁ(fl)wnl(l_po )ﬁ < e fﬁ)ﬁ .

n—o 1—r,
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Thus, the mapping fi : D(rp) — D(po) is extremal for the inner mean coefficient
Io.p(D(r0),D(po)), and

oo () (258

In the cases o = n and 3 = n, the corresponding inner mean characteristics are
of the form

B

isam-o (v} ()

Tan(D(r0). D(p0)) = 0,1 ("0) e (m 1) o

n—o ro

and

In the same way, we obtain from (12.18) the following estimate for | <y < § <

oo!

(12.21)

2(Ip)\ 5
viosm (5)"
S\"D

Substituting into the right-hand side of (12.20) the well-known expressions of
My (Tp) and Ms(I}5) (see [91]), when ¥ # n and § # n, we have

B (-8
B\
(y-1)§ 6=y | r -
n—y\ v 0—1 5y <0 )
0,50 Dlpw) > a1 (1) 7 (955) .
Y y—1 n—2~o % “527
py  —1
The mapping
8—n
poé—l_l y=n g:,ll
L=p=1+"5—0"T=1)| yi=@0<g<2mr<r<l

(1-ps
(=18 G-y (ﬂ"l )
n—y\ &v [(6—1)\ 57 0
HOy5(f2) = on- '<},_1) ( ) —o)y

This yields that the mapping f> : D(ro) — D(po) is extremal for the coefficient
0,,5(D(r0),D(po)) and
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yn (1-7)é
T =Y
(=18 G-y (rf —1
n—y\ v (6-1) 57 <r° )
0y.5(D(r0),D(po)) = ®n—1 y—1 n_o o (1-8)y
<p061 _ oy
In the case y = n, the outer mean characteristic is

(6—1y (1-n)é (6—1)n

0n,5(D(r0>7D(p0))—wnl(S_;> T (lnrlo) T <Po§71) o

The case 6 = n was studied in [90].

It follows from (12.19) that, in the case 0 < rp < pp < 1, the mapping f{l is
extremal for the inner mean coefficient. Then the mapping f, !'is extremal for the
outer mean coefficient.

Now put
) o (Ip(D,D)\ (LD, D)\
MopDD)=\ "5 ) IMapDD) = =25 )
Ous(D.D) & Ous(D.D) 5
OMap(d.2) = (SETZ2) T o0 = (ST T

Theorem 12.11. (a) If s, o, B are real numbers such that 1 <s < o < f§ < o, then
IM;ﬁ (D,D*) < IM;ﬁ (D,D)

and
OM; g(D,D") < OMy (D, D") .

(b) If a, Bt are real numbers such that 1 < o0 < B <t < oo, then
IM g (D,D*) < IM(”; (D,D*)

and

OMy, ,(D,D*) < OM;ﬁ (D,D") .

Proof. We will prove only the first inequalities in each part of the theorem. Applying
Holder’s inequality to /M 5 (D,D*), we have

IM; 4(D,D") = inf

Bs
()
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(e=s)B  sB 1
, 1 (mD*) " Mg (SLF)\*
<inf sup
* b My (yk>
(mD ) s B

Similarly, for part (b),

. 1 ML)\
IMy(D,D*) = inf — (sup M;‘(ﬂ))

(mD) ™
(D) F b7\
<inf — <sup — k)
(mD) T M ()
. 1 ME(F)\ B
=inf — (sup Ma(y)) =1IM, g(D,D"),
(mD) & B\Tk
O

which yields the desired relations.

In particular, we also obtain equalities that provide a new approach to calculating
the coefficients of quasiconformality K;(D(ro),D(po)) and Ko(D(ro),D(po)); cf.

[316]. For example, if 0 < pg < rog < 1, then
Ki(D(ro),D(po)) = lim IMy, ,(D(ro),D(po))

o—n
. ln%
= lim IM,, g(D(ro),D(po)) = —7,
B—n 11’1%

Ko(D(r0),D(po)) = g‘iE},lOMa,n(D(rO)aD(pO))

]ni n—1
= lim OM,, 5(D(r0),D(po)) = <1np10 ) -
o

B—n



Chapter 13
On Mapping Theory in Metric Spaces

In this chapter we investigate the problem of extending the boundary and removabil-
ity of singularities of quasiconformal mappings and their generalizations in arbitrary
metric spaces with measures; see [266]. The results can be applied, in particular, to
Riemannian manifolds, the Loewner spaces, and the groups by Carnot and Heisen-
berg.

Here we study properties of weakly flat spaces which are a far-reaching generali-
zation of the recently introduced Loewner spaces (see, e.g., [21,33,107,112,312]),
including, in particular, the well-known groups by Carnot and Heisenberg; see, e.g.,
[108,109,166,167,197,199,221,238,314] and [324-326]. On this basis, we create
the theory of the boundary behavior and removable singularities for quasiconformal
mappings and their generalizations, which can be applied to any of the mentioned
classes of spaces. In particular, we prove a generalization and strengthening of the
known Gehring—Martio theorem on homeomorphic extension to the boundary of
quasiconformal mappings between quasiextremal distance domains in R", n > 2;
see [81]. The modulus techniques for metric spaces are developed, for instance,
in [64,107,112,201].

13.1 Introduction

Given a set S in (X,d) and & € [0,00), H* denotes the o-dimensional Hausdorff
measure of S in (X,d), i.e.,

H*(S) = sup H(S), (13.1)
e>0
HZ(S) = inf Y &7, (13.2)
i=1

where the infimum is taken over all countable collections of numbers §; € (0, €) such
that some sets S; in (X,d) with diameters §; cover S. Note that H* is nonincreasing

O. Martio et al., Moduli in Modern Mapping Theory, Springer Monographs in Mathematics,
DOI 10.1007/978-0-387-85588-2_13, (© Springer Science+Business Media, LLC 2009
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in the parameter ¢.. The Hausdorff dimension of S is the only number o € [0, 0]
such that H* (S) = 0 for all o > o and H*' () = oo for all o < 0.

Recall, for a given continuous path y: [a,b] — X in a metric space (X,d), that its
length is the supremum of the sums

k

> d(v(n), v(ti-1))

i=1

over all partitions a =ty < 1; < ... <t = b of the interval [a, b]. The path y is called
rectifiable if its length is finite.

In what follows, (X,d, 1) denotes a space X with a metric d and a locally finite
Borel measure p. Given a family of paths I' in X, a Borel function p : X — [0, 0] is
called admissible for I', abbr. p € adm I, if

/pds > 1 (13.3)
Y

forallyerT.

An open set in X whose points can all be connected pairwise by continuous paths
is called a domain in X. Let G and G’ be domains with finite Hausdorff dimensions
ocand o' > 1 in spaces (X,d, 1) and (X',d’,it"), and let Q : G — [0, 0] be a measur-
able function. We say that a homeomorphism f : G — G’ is a Q-homeomorphism
if

MUT) < [ 00):p%(x) dua(x) (13.4)
G

for every family I' of paths in G and every admissible function p for I'.

The modulus of the path family I" in G is given by the equality

M) = inf /pa(x) du(x). (13.5)
pecadmI .
G
In the case of the path family I'" = fT", we take the Hausdorff dimension o/ of the
domain G'.

A space (X,d, ) is called (Ahlfors) o-regular if there is a constant C > 1 such
that
cC ' <uB,)<cr® (13.6)

for all balls B, in X with the radius r < diamX. As we know, o-regular spaces
have Hausdorff dimension «; see, e.g., [106], p. 61. We say that a space (X,d, ) is
(Ahlfors) regular if it is (Ahlfors) c-regular for some o € (1,%0).

We will say that a space (X,d, 1t) is upper c-regular at a point x € X if there
is a constant C > 0 such that
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U(B(xo,r)) < Cr* (13.7)

for the balls B(xo, r) centered at xo € X with all radii r < ry for some ro > 0. We will
also say that a space (X,d, 1) is upper o-regular if condition (13.7) holds at every
point xp € X.

13.2 Connectedness in Topological Spaces

Let us give definitions of some topological notions and related remarks of a general
character that will be useful in what follows. Let T be an arbitrary topological space.
A path in 7 is a continuous mapping v : [a,b] — T. Later on, |y| denotes the locus
v([a,D]). If A, B, and C are sets in T, then A(A, B,C) denotes a collection of all paths
yjoining A and Bin C, i.e., y(a) € A, y(b) € Band ¥(t) € C, t € (a,D).

Recall that a topological space is a connected space if it is impossible to split
it into two nonempty open sets. Compact connected spaces are called continua. A
topological space T is said to be path-connected if any two points x; and x> in T
can be joined by a path y: [0,1] — T, y(0) =x;, and (1) =x,. A domain in 7 is an
open path-connected set in 7. We say that a metric space T is a rectifiable if any two
points x; and x; in T can be joined by a rectifiable path. In particular, we say that a
domain G in T is a rectifiable domain if G with the induced topology is a rectifiable
space. A domain G in a topological space T is called locally connected at a point
Xo € dG if, for every neighborhood U of the point xo, there is a neighborhood V C U
such that V N G is connected; see [186], p. 232. Similarly, we say that a domain G is
locally path connected (rectifiable) at a point xy € JG if, for every neighborhood
U of the point x, there is a neighborhood V C U such that V N G is path connected
(rectifiable).

Proposition 13.1. Let T be a topological (metric) space with a base of topology %
consisting of path-connected (rectifiable) sets. Then an arbitrary open set 2 in T is
connected if and only if £ is path connected (rectifiable).

Corollary 13.1. An open set Q in R" | n > 2, or in any manifold is connected if and
only if Q is path connected (rectifiable).

Remark 13.1. Thus, if a domain G in R", n > 2, is locally connected at a point
xp € dG, then it is also path connected at xg. The same is true for manifolds. As
we will show later on, the connectedness and path connectedness are equivalent
for open sets in a wide class of the so-called weakly flat spaces, which include the
known spaces by Loewner and, in particular, the well-known groups by Carnot and
Heisenberg.

Proof of Proposition 13.1. First let £ be path connected. If €2 is simultaneously
not connected, then Q = QU €2, where 2; and €2, are open, nonempty, disjoint
sets in 7. Take x; € ©; and x; € €, and connect them with a path y: [0,1] —
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Q ,7(0) =x, and (1) = x,. Then the sets ®; = y~'Q; and 0, = y~ ', are disjoint,
nonempty, and open in [0, 1] by the continuity of y. However, the last contradicts the
connectedness of the segment [0, 1].

Now, let 2 be connected. Take an arbitrary point xo € €2 and denote by €2y the
set of all points x, in €2 that can be connected with x( through a finite chain of sets
Bj C Q in the base A, k =1,...,m, such that xy € By ,x, € By, and By N\ By #
0,k=1,....m—1.

Note, first, that the set €2 is open. Indeed, if a point yg € €2y, then there is its
neighborhood By C €2 in the base 4 and all points of this neighborhood belong to
. Second, the set €2 is closed in .

Indeed, assume that d €y N 2 # (. Then, for every point zg € 92y N 2, there is
a neighborhood By C €2 in the base %, and in this neighborhood there is a point
X, € Q) because zg € d€. Thus, zg € Q by the definition of the set £y. However,
€y is open and hence Q)N d Qy = 0. The obtained contradiction disproves the above
assumption.

Thus, €2y is simultaneously open and closed in 2 and, consequently, being
nonempty, it coincides with the set 2 in view of its connectivity. But, by the con-
struction, 2 is obviously path connected.

Finally, if the space T has a base of topology Z consisting of rectifiable domains,
then, covering any path y in T by elements of this base, we are able to choose its
finite subcovering leading to the construction of the corresponding rectifiable path.

O

Proposition 13.2. If a domain G in a metric space (X,d) is locally path connected
(rectifiable) at a point xy € dG, then xq is accessible from G through a (locally
rectifiable) path y: [0,1) — X, y([0,1)) C G, lim,_,; ¥(t) = xo.

Proof. Choose a decreasing sequence of neighborhoods V,, of the point xo where
W = V,u NG are path connected (rectifiable) and W,, C B(xp,2~™) and also a se-
quence of the points x,, € W,,, m = 1,2,..., and connect the points x,, and X+
pairwise with (rectifiable) paths 7, in W,,. Uniting the paths y,,, m = 1,2,..., and
joining xq in the end, we obtain the desired (locally rectifiable) path to the point xg
from G. O

A family of paths I in T is said to be minorized by a family of paths I3 in 7,
abbr. I7 > I, if, for every path y; € I, there is a path p» € I such that p is a
restriction of ;.

Proposition 13.3. Let Q2 be an open set in a topological space T. Then
A(Q,T\Q,T)>A(2,002,0Q).

Proof. Indeed, for an arbitrary path y: [a,b] — T with y(a) € Q and y(b) € T\ Q,
by the continuity of y, the preimage @ = y~'(£2) is an open set in [a,b] including
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the point a. Similarly, the preimage @ = y~' (T \ Q) is also open in [a,b]. Thus,
in view of the connectivity of the segment [a,b], there is ¢ € y~'(9€) such that
Y([a,c)) C Q. O

Proposition 13.4. Let y be a rectifiable path in a metric space (X,d) connecting
points x1 € B(xo,r1) and xp € X \ B(xo,r2), where 0 < rj < ry < oo, and let p :
[0,00] — [0,00] be a Borel function. Then

/ p(d(x,x0))ds > /rzp(r) dr.
Y r

Proof. Indeed, by the definition of the length of a path in a metric space ¥ : [a,b] —
X, the length of a segment of the path

s(t1,12) = d(y(t), v(12)).

Moreover, by the triangle inequality,

d(x0,7(12)) < d(x0, (1)) +d(¥(11),7(12))

and

d(x0,7(t1)) < d(x0,v(t2)) +d(¥(t1),7(t2));
thus,

d(y(t1),y(t2)) > |d(x0,7(t2)) — d(x0, y(t1))] -
Consequently,

ds > |dr|,

where r = d(x,x), x = x(s). Finally, by the Darboux property of connected sets,
the continuous function d(x,xo) takes all intermediate values on 7; see, e.g., [186].
Hence, the multiplicity of any value r in the interval (rj,r,) of the path is not less
than 1 and the desired inequality follows. g

Proposition 13.5. If Q and Q' are open sets in metric spaces (X,d) and (X',d’),
respectively, and f : Q — Q' is a homeomorphism, then the cluster set of f at every
point xy € dQ,

Clxo, f):={xX X : ¥ = lim f(x,), x, — X0, x, € Q },
n—o0

belongs to the boundary of the set .

Proof. Indeed, assume that some point yy € C(xo, f) is inside the domain €’. Then,
by the definition of the cluster set, there is a sequence x,, — xp as n — oo such that
yn = f(x,) — yo. In view of the continuity of the inverse mapping g = f~', we
have x, = g(y») — g(vo) = x. € Q. However, the convergent sequence x, cannot
have two limits xp € d€Q and x, € Q in view of the triangle inequality d(x.,xp) <
d (X, xn) +d(xn,X0). O
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13.3 On Weakly Flat and Strongly Accessible Boundaries

In this section G is a domain of a finite Hausdorff dimension o > 1 in a space
(X,d, 1) with a metric d and a locally finite Borel measure L.

We say that the boundary of G is weakly flat at a point xy € JG if, for every
number P > 0 and every neighborhood U of the point xq, there is a neighborhood
V C U such that

M(A(E,F;G)) > P (13.8)

for all continua E and F in G intersecting dU and dV.

We also say that the boundary of the domain G is strongly accessible at a point
xp € dG, if, for every neighborhood U of the point xy, there are a compact set E C G,
a neighborhood V C U of the point xy, and a number 6 > 0 such that

M(A(E,F;G)) > 8

for every continuum F in G intersecting JU and 9V.
Finally, we say that the boundary dG is weakly flat and strongly accessible if
the corresponding properties hold at every point of the boundary.

Remark 13.2. In the definitions of the weakly flat and strongly accessible bound-
aries, we can restrict ourselves by a base of neighborhoods of a point xy and, in
particular, we can take as the neighborhoods U and V of the point xp only small
enough balls (open or closed) centered at the point xy. Moreover, here we may re-
strict ourselves only by continua E and F in U.

Proposition 13.6. If the boundary dG is weakly flat at a point xy € dG, then dG is
strongly accessible at the point x.

Proof. Let P € (0,00) and U = B(xo, 1), where 0 < ro < dp = sup,;d(x,x0). Then,
by the condition, there is r € (0, rg) such that inequality (13.8) holds for all continua
E and F intersecting dB(xy, o) and d B(xo, r). By the path connectedness of G, there
exist points y; € GNdB(xp,70) and y» € GNIB(xg,r). Choose as a compactum E
an arbitrary path connecting the points y; and y; in G.

Then, for every continuum F in G intersecting U and dV where V = B(xo, ),
inequality (13.8) holds. O

Lemma 13.1. Let G be a (rectifiable) domain in (X ,d, ). If dG is weakly flat at a
point xy € dG, then G is locally path connected (rectifiable) at x.

Proof. Let us assume that the domain G is not locally (rectifiable) path connected
at the point xo. Then there are ro € (0,dp), do = sup,. d(x,x9) such that yy :=
1(GNB(xp,r0)) < oo, and, for every neighborhood V C U := B(xy, ry) of the point
X0, at least one of the following conditions holds:

1. VN G has at least two (rectifiable) path-connected components K; and K, such
that xo € K1 NK>;
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2.V NG has infinitely many (rectifiable) path-connected components Ky, ... , K, ...,
such that xo = limy,_.c. X, for some x,,, € K;, and xp ¢ K, forallm=1,2,.... Note
that K, N dV # 0 for all m = 1,2, ... in view of the path connectedness of G; see
Proposition 13.3.

In particular, either point 1 or 2 holds for the neighborhood V = U = B(xg, rp).
Let r, € (0,rp). Then

Ho

M(A(K,K}:G)) < My := 20ro—r)]*

i) < oo,

where K;' = K; N B(xo,7+) and K} = K; N B(xo,7+) for all i # j. Indeed, one of the
admissible functions for the family I7; of all rectifiable paths in A(K,K7}; G) is

if x € By \ B,

0 ifxe X\ (By\B.),

where By = B(xo,r9) and B, = B(xo, ) because the components K; and K; cannot
be connected by a (rectifiable) path in V = B(xp,rp) and every (rectifiable) path
connecting K;" and K in G at least twice intersects the ring By \ B.; see Proposition
13.4.

In view point 1 and 2, the above modulus estimate contradicts the condition of
the weak flatness at the point xg. Really, by the condition, for instance, there is
r € (0,r,) such that

M(A(K,Kj,;G)) > Mo+ 1
for every large enough pair iy and jo, iy # jo, because in the corresponding K;g and
K with d(xo,x;,) and d(xo,x;j,) < r, there exist paths intersecting dB(xo, ;) and
dB(xp,r); see Proposition 13.3.

Thus, the above assumption on the absence of the (rectifiable) path connectedness
of G at the point xy was not true. O

Corollary 13.2. A (rectifiable) domain with a weakly flat boundary is locally (recti-
fiable) path connected at every point of its boundary.

13.4 On Finite Mean Oscillation With Respect to Measure

Let G be a domain in a space (X,d, ). Similarly to [127] (cf. also [110]), we say
that a function @ : G — R has finite mean oscillation at a point xo € G, abbr.
@ € FMO(xo), if

Tim @(x) = @l dpi(x) < oo, (13.9)
£-0 JG(xp,€)

where
1

7~ 1. o W) = s | oW du

G()C(),E)
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is the mean value of the function ¢(x) over the set
G(xp,&) ={xe€ G:d(x,xp) < &}

with respect to the measure . Here condition (13.9) includes the assumption that ¢
is integrable with respect to the measure p over the set G(xp, €) for some € > 0.

Proposition 13.7. If, for some numbers @, € R, € € (0, &),

Iim [@(x) — @e| du(x) <o, (13.10)

e—0 G(X(),E)
then @ € FMO(xo).
Proof. Indeed, by the triangle inequality,

£ Jow -l du) < £ lo() - gel dux)+lgc ]
G(xo,€) G(xo,€)
< 2L o) =gl du).
G(xo.é‘)
a

Corollary 13.3. In particular, if

lim |9(0)| du(x) <o, (13.11)

e—0. G(X(),E)

then @ € FMO(xo).

Variants of the following lemma were first proved for the BMO functions and
inner points of a domain G in R"” under n = 2 and n > 3, respectively, in [271]-
[275] and [204]- [209], and then for boundary points of G in R”, n > 2, with the
condition on doubling of a measure and for the FMO functions in [127] and [276]-
[280].

Lemma 13.2. Let G be a domain in a space (X,d, ) that is upper oa-regular with
o > 2 at a point xg € G and

W(GOB(x0,2r)) < 7-log®2 ; (G B(xo, ) (13.12)

Sor all v € (0,r9). Then, for every nonnegative function @ : G — R of the class
FMO(x),

/ P(x)du(x)
GNA(e.g) (d<x7)C0> ]0g d(xl,xo)

as € — 0 and some g € (0,8y), where 8 = min (e °,dp), dy = sup,cgd(x,x0),

)a 0(10g logi> (13.13)

Ae,g) = {xeX:e<d(x,x) <&}
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Proof. Choose & € (0,0p) such that the function ¢ is integrable in Go = GN By
with respect to the measure [, where By = B(xo, &),

0= sup |(p(x)_¢r| dl'l('x) < oo,
re(0,g) /G(r)

G(r) = GNB(r), and B(r) = B(xo,r) = {x € X : d(x,x0) < r}. Further, let € <
2_18(), & = 2_k80, Ay ={xeX g4 <d(xx) < &}, B = B(&), and let @
be the mean value of the function ¢(x) in Gy = GN B,k =0,1,2..., with respect
to the measure . Choose a natural number N such that € € [ey,€y) and denote
(1) = (tlogy 1/t)~%. Then GNA(g, &) C A(e) := Uy Ak, Where A, = GNA and

ne) = [ o) #dlxx0) dux) < I5i] + S,
A(e)

Sie) = X, / (96) ~ ) s(d(x.30)) du ),
k=1

i / d(x,x0)) du(x).

Since Gy C G(2d(x,xp)) for x € Ay, then, by condition (13.7), u(Gy) <
u(G(2d(x,x0))) < C-2%-d(x,x0)%, i.e. 1/d(x,x0)* < C-2%(1/u(Gy)).
Moreover, k* < (log,(1/d(x,x0))®* for x € A and, thus,

S| < 86C- 2“2 < 26C-2°

because under o > 2,
> 1 t 1
Y
kfzk 1 o—1

Further,

/%(d(x,xo))dl-l(x) < koc/ dxxo

Ay
- C'ZQ.H(Gk)—ﬂ(GkH) L2
T ke u(Ge) ok

Moreover, by condition (13.12),

B(Gir) =(B2e)NG) < 7-logg > (G
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and, hence,

|k — 1| =

13 On Mapping Theory in Metric Spaces

1

LGy G/ (p(x) = 1) d(x)
lo .
< Y“(iz“) [ 10t~ gl dn(e) < -y-togs >

k—1

and, by decreasing &,

k
O = o] < o1 + Z lor— @1 < o +k5y~log§‘*2

=1

Consequently, because under o > 2

Q‘Q‘

oo

we have the following estimates:

and

Since

S =18 <C

N
n(e) <2%'C(8+ 1) +2°C8y(1 +logy g5 )* 2 Y,

1+ k5}/ log2

Sk

Pr
ko

| /\

?Mz

i %
k=1
k+log, g5 )% 2)

N

<c2” <2¢1+5 Z, ko1
N
SR

_ o 1 k+log2£*1)°"2
a ‘k k2

201 +

< 2% <2(p1 +8y(1+1logy g, ")

»\H

i<

dt
/ i logN <logy, N
1

and, for g € (0,27!) and € < &y,

1 1 1
N < N + 10g2 <£0> - 10g2 (8]\]> < logz (8)7
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then under & € (0,8), d = min(e™¢,dp), and € — 0,

1
n(e) <2°7C(8 + 1) +2%C8y(1 +logy g, ') 2 (1 +1log, log, 8>
— 0 (loglog+
= glog ).

Remark 13.3. Note that condition (13.12) is weaker than the condition on doubling
of a measure,

O

u(GNB(xp,2r)) <y-u(GNB(xo,r)) Yre(0,r) (13.14)

applied before it in the context of R",n > 2, in [127]. Note also that condition
(13.14) automatically holds in the inner points of the domain G if X is Ahlfors
regular.

13.5 On Continuous Extension to Boundaries

In what follows, (X,d,u) and (X’,d’,u’) are spaces with metrics d and d’ and lo-
cally finite Borel measures u and p’, and G and G’ domains with finite Hausdorff
dimensions & and &' > 1in (X,d) and (X', d’), respectively.

Lemma 13.3. Let a domain G be locally path connected at a point xo € dG, let G'
be compact, and let f : G — G’ be a Q-homeomorphism such that dG' is strongly
accessible at least at one point of the cluster set

Clxo,f)={yveX':y= klim Sxx), xk — xo0, X € G}, (13.15)
Q0 : G — [0,0| is a measurable function satisfying the condition

[ 0w v eldnxo)) du) = olif(e)) (13.16)
G(x0,€,&)
as € — 0, where
G(xo,€,80) ={x e G:e <d(x,x) < &(x0)},
€(x0) € (0,d(x0)), d(x0) = sup,cgd(x,x0), and Yy, ¢(t) is a family of nonnegative

measurable (by Lebesgue) functions on (0,0) such that

&
O<Ix0(£):/u/x07g(t)dt<oo Ve e (0,e). (13.17)
&
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Then f can be extended to the point xo by continuity in (X', d’).

Proof. Let us show that the cluster set E = C(xp, f) is a singleton. Note that E # 0
in view of the compactness of G’; see, e.g., Remark 3 of Chapter 41 in [186]. By the
condition of the lemma, dG' is strongly accessible at a point yp € E. Assume that
there is one more point y* € E. Let U = B(yo, r9), where 0 < ry < d(yo,y").

In view of the local path connectedness of the domain G at the point xp, there is
a sequence of neighborhoods V,, of the point xy such that G, = GNV,, are domains
and d(V,,) — 0 as m — . Then there exist points y,, and y;, € F, that are close
enough to yp and y*, respectively, for which d’(yo, ym) < ro and d'(yo,y},) > ro and
that can be joined by paths C,, in the domains F,, = fG,,. By the construction,

CnNAB(yo,ro) #0

in view of the connectedness of C,,.
By the condition of the strong accessibility, there are a compact set C C G’ and a
number 6 > 0 such that
M(A(C,Cpi;G')) > 6

for large m because dist(yo,C,,) — 0 as m — oo. Note that K = f~!(C) is compact
as a continuous image of a compact set. Thus, & = dist(xg,K) > 0.

Let I'; be the family of all paths in G connecting the ball B, = {x € X : d(x,x0) <
e}, € € (0,&), with the compactum K. Let vy . be a Borel function such that
Vi e (t) = Wy e(t) for ae. t € (0,0) that exists by the Lusin theorem; see, e.g.,
point 2.3.5 in [55].

Then the function

Ve (d(x,x0)) /Iy, (€),  x € G(x0,€),
Pe(x) = {o, ’ xeX\Go(xo,e)

is admissible for Iz by Proposition 13.4 and, consequently,

MUT) < [ 00)-pE () du(v).
G

Hence, M(fT;) — 0 as € — 0 in view of (13.16).
On the other hand, for any € € (0,&), G,, C B for large m, hence C,, C fB; for
such m, and, thus,
M(/T2) = M(A(C,CiG).

The obtained contradiction disproves the above assumption that the cluster set E is
not degenerated to a point. a

Corollary 13.4. In particular, if

Tim / 0(x) - w*(d(x,x0)) i (x) < oo, (13.18)

£—0
8<d(x,x0)<80
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where (1) is a measurable function on (0,c) such that
&
0<I(e, &) ::/lp(t)dt < oo Vee(0,e)
P
and I(g,&y) — o as € — 0, then any Q-homeomorphism f : G — G' can be extended
to the point xo by continuity in (X',d").

Here, we assume that the function Q is extended by zero outside G.

Remark 13.4. In other words, it suffices for the singular integral (13.18) to be con-
vergent in the sense of the principal value at the point x( at least for one kernel y
with a nonintegrable singularity at zero. Furthermore, as the lemma shows, it is even
sufficient for the given integral to be divergent but with the controlled speed

/ 0(x) - w*(d(x,x0)) dp(x) = o(1%(e, &) (13.19)

8<d(x,x0)<£0
Choosing in Lemma 13.3 y(¢) = 1/t, we obtain the following theorem.

Theorem 13.1. Let G be locally path connected at a point xo € dG, G’ compact,
and dG' strongly accessible. If a measurable function Q : G — [0,00] satisfies the

condition "
/ QWdux) _ | ([mg 1} ) (13.20)
x xo €

G(x0,€,&)

as € — 0, where G(xp,€,8)) = {x € G: e <d(x,x9) < &} for & < d(x9) =
sup,cgd(x,x0), then any Q-homeomorphism f : G — G’ can be extended to xo by
continuity in (X',d").

Corollary 13.5. In particular, the conclusion of Theorem 13.1 is valid if the singular

integral
/ Q(x (13.21)
X X()

is convergent at the point xq in the sense of the principal value.

Here, as in Corollary 13.4, we assume that Q is extended by zero outside G.

Combining Lemmas 13.2 and 13.3, choosing y,(¢) = tlog(1/¢),t € (0,8), we
obtain the following theorem.

Theorem 13.2. Let X be upper o-regular with o, > 2 at a point xy € dG, where G
is locally path connected and satisfies condition (13.12), and let G’ be compact and
dG' strongly accessible. If Q € FMO(xy), then any Q-homeomorphism f : G — G’
can be extended to the point xo by continuity in (X',d").
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Figure 8

Finally, combining Theorem 13.2 and Corollary 13.3, we obtain the following
statement.

Corollary 13.6. In particular, if

Tim 0(x) du(x) < oo, (13.22)
e—0 G(xp,€)
where G(xo,€) = {x € G :d(x,x0) < €}, then any Q-homeomorphism [ :G — G’
can be extended to the point xy by continuity in (X',d’).

13.6 On Extending Inverse Mappings to Boundaries

As before, C(x, f) denotes have the cluster set of the mapping f at a point xo € dG;
see (13.15).

Lemma 13.4. Let f : G — G’ be a Q-homeomorphism with Q € LL(G). If the do-
main G is locally path connected at points x| and x, € dG, x| # x2, and G' has a
weakly flat boundary, then C(x1, f) N C(xa, f) = 0.

Proof. SetE; =C(x;,f),i=1,2,and 6 = d(x1,x). Let us assume that E| N E, # 0.

Since the domain G is locally path connected at the points x; and x;, there exist
neighborhoods U; and U, of the points xj and x;, respectively, such that W; = GNU,
and W, = GNU, are domains and U; C By = B(x1,0/3) and U, C By = B(x2,0/3).
Then, by the triangle inequality, dist(W;,W,) > /3 and the function

(x) = 3 ifxeq,
PRI=10 ifxex\G
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is admissible for the path family I' = A (W}, W>;G). Thus,

)< [ owpdut) < 3 [ ewdut) <
X G

because Q € LL (G).

The last estimate contradicts, however, the condition of the weak flatness (13.8) if
there is a point yg € Ey NE; . Indeed, then yo € fW; N fW; and in the domains W;" =
fW; and W, = fW, there exist paths intersecting any prescribed spheres dB(yo, ro)
and dB(yo, r.) with small enough radii o and r, ; see Proposition 13.3. Hence, the
assumption that £y N E> # (@ was not true. a

By Lemma 13.4, we obtain, in particular, the following conclusion.

Theorem 13.3. Let G be locally path connected at all its boundary points and G
compact, G’ with a weakly flat boundary, and let f : G — G’ be a Q-homeomorphism
with Q € LL (G). Then the inverse homeomorphism g = f~' : G' — G admits a

continuous extension g : G' — G.

Remark 13.5. In fact, as is clear from the above proof (see also Proposition 13.5), it
is sufficient in Lemma 13.4 and Theorem 13.3 as well as in all successive theorems
to request instead of the condition Q € L}, (G) the integrability of Q in a neighbor-
hood of dG assuming Q to be extended by zero outside G.

13.7 On Homeomorphic Extension to Boundaries

Combining the results of the previous sections, we obtain the following theorems.

Lemma 13.5. Let G be locally path connected at its boundary, let G' have a weakly
flat boundary, and G, G’ be compact. If a function Q : G — [0, =] of the class L (G)
satisfies condition (13.16) at every point xy € dG, then any Q- homeomorphzsm f:
G — G' is extended to a homeomorphism f : G — G'.

Theorem 13.4. Let G and G' have weakly flat boundaries, let G and G' be compact,
and let Q : G — [0, o] be a function of the class LL (G) with

/ QW)du(x) 0({10{;1} ) (13.23)
. x xo €

G(x0,€,&)

at every point xo € dG, where G(xo,€,&) = {x € G: e <d(x,x9) < &}, & =
€(x0) < d(x0) = sup,cgd(x,x0). Then any Q-homeomorphism f : G — G’ admits
an extension to a homeomorphism f : G — G'.
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Corollary 13.7. In particular, the conclusion of Theorem 13.4 holds if the singular

integral
/ ol (13.24)
d(x,x0)%

is convergent in the sense of the principal value at all boundary points.
As before, we assumed here that Q has been extended by zero outside G.

Theorem 13.5. Let G be a domain in an upper o-regular space (X,d, L), o0 > 2,
that is locally path connected and satisfies condition (13.12) at all boundary points,
let G’ be a domain with a weakly flat boundary in a space (X',d’ i), and let G
and G' be compact. If a function Q : G — [0,0| has finite mean oscillation at all
boundary points, then any Q-homeomorphism f : G — G' can be extended to a
homeomorphism f : G — G'.

Corollary 13.8. In particular, the conclusion of Theorem 13.5 holds if

lim O(x) du(x) <eo (13.25)
£—0 G(XO’S)

at all points xy € dG, where G(xg,€) ={x € G : d(x,xp) < €}.

Remark 13.6. If conditions of the type (13.16), (13.23), (13.24), (13.25) or finiteness
of the mean oscillation hold only on a closed set E C dG, Q, extended by zero
outside the domain G, is integrable in a neighborhood of E, G and G’ are compact,
G is locally connected at every point of E, and G’ is weakly flat at all points of the
cluster set

=C(E,f)={xeX : x/:]}imf(xk), X €G, xp —xg €E},

then the Q-homeomorphism f : G — G’ admits a homeomorphic extension f : GU
E— G UE'.

13.8 On Moduli of Families of Paths Passing Through Point

In this section we establish conditions on a measure ( under which the modulus of
a family of all paths in a space (X,d, i) passing through a fixed point is zero.

Lemma 13.6. Let the condition

[ v du) /w (13.26)
)

A(xp,nRo

hold as r — 0, where



13.8 On Moduli of Families of Paths Passing Through Point 273
A(xp,r,Ro) ={x€X: r<d(x,x0) <Ro}, Ry € (0,00),

and let y(t) be a nonnegative function on (0,0) such that
Ro
0</l//(t) dt < oo Vre (0,Rp).

Then the family of all paths in X passing through the point xy has modulus zero.

Figure 9

Remark 13.7. Condition (13.26) implies that under r — 0,
ro o
/ W (d(x,x0)) dit(x) = 0 / () di (13.27)
A(XO'JJO) r
for all ro € (0,Rp).

Proof of Lemma 13.6. Let I' be the family of all paths in X passing through
the point xo. Then all paths in X passing through the point xo. Then I = J;_ I},
where the I}, are the families of all paths in X passing through xy and intersecting the
spheres Sy = S(xo, r¢) for some sequence such that r; € (0,Rp),ry — 0, as k — eo.

However, M(I;) = 0. Indeed, the function

I -1
p(x) = v (d(x,x0)) (! y(r) dt) if x € Ag(r),
0 if x € X\Ak(r),
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where Ay (r) = A(xo, r, ¢ ), is admissible for the family I;(r) of all paths intersecting
the spheres S and S(xo,r), r € (0,r;); see Proposition 13.4. Since I} > I;(r), then
T -
M) M@ < | [y | [ y*(dw) dut)
r Ar(r)

and by condition (13.26) [cf. also (13.27)], it follows that M(I}) = 0 because r €
(0,r¢) is arbitrary.

Finally, from the subadditivity of the modulus, it follows that

k=1
O
Theorem 13.6. For some Ry € (0,e0), under r — 0, let
©du(x) Ro]“
— = log — . 13.2
/ d%(x,xp) o\ |'°® r (13.28)

A(xo,n,Ro)
Then the family of all paths in X passing through point xo has the modulus zero.

Remark 13.8. For X =R" n>2,and Ry € (0,),

/ M :wnillog (RO> 0(|:10gR0:| ) 5 (13.29)
: |x — xo” r r

(x0,73Ro

where m denotes the Lebesgue measure and w,_; the area of the unit sphere in R”.
For spaces (X,d, i) that are upper o-regular at the point xo with ot > 1,

R

/ X 5 (10g R (13.30)
d(x,x0)% r

r<d(xp,x)<Rg

(see [107], cf. 54), and, thus, condition (13.28) also automatically holds in such
spaces.

13.9 On Weakly Flat Spaces

Recall that a topological space T is said to be locally (path) connected at a point
xo € T if, for every neighborhood U of the point xp, there is a neighborhood V C U
of the point xq that is (path) connected; see [186], p. 232. We say that a space T is
(path) connected at a point x if, for every neighborhood U of the point xg, there
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is a neighborhood V C U of the point xo such that V \ {xo} is (path) connected.
Note that (path) connectedness of a space T at a point xo implies its local (path)
connectedness at the point xo. The inverse conclusion is, generally speaking, not
true.

Here (X,d, ) is a space with metric d and locally finite Borel measure ¢ and
with a finite Hausdorff dimension ¢ > 1.

We say that the path-connected space (X,d, 1) is weakly flat at a point xy € X
if, for every neighborhood U of the point xo and every number P > 0, there is a
neighborhood V C U of x( such that

M(A(E,F;X)) > P (13.31)

for any continua E and F in X intersecting dV and 0U.

s

Figure 10

We also say that the path-connected space (X,d, 1) is strongly connected at a
point xo € X if, for every neighborhood U of the point x, there are a neighborhood
V C U of xo, a compact set E in X, and a number § > 0 such that

M(A(E,F;X)) > 8

for any continua F in X intersecting dV and oU.

Finally, we say that a space (X,d, i) is weakly flat (strongly connected) if it is
weakly flat (strongly connected) at every point.

Remark 13.9. In the definitions of weakly flat and strongly connected spaces, we
may restrict ourselves by a base of neighborhoods of a point xy and, in particular,
take as U and V only enough small balls (open or closed) centered at the point xg.
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Moreover, here we may restrict ourselves only by continua E and F in U. It is also
obvious that every domain in a weakly flat space is a weakly flat space.

The following statement is not so important and is proved similarly to Proposition
13.6; hence, we omit its proof here.

Proposition 13.8. If a space (X,d, 1) is weakly flat at a point xy € X, then X is
strongly connected at the point x.

In what follows, the following statement is much more important.

Lemma 13.7. If a space (X,d, ) is weakly flat at a point xy € X, then (X,d, 1) is
locally path connected at the point xy.

Proof. Let us assume that the space X is not locally path connected at the point xg.
Then there are ry € (0,dp), do = sup,y d(x,xp), such that ug := u(B(xp,rp)) < oo
and every neighborhood V C U := B(xp,rg) of the point xy has a path-connected
component Ky including xo and path-connected components K, ... ,K,, ... that are
different from Kj such that xo = lim,, . x,, for some x,, € K,,,. Note that K,, NV #
0 for all m = 1,2, ... in view of the path connectedness of X; see Proposition 13.3.

In particular, this is true for the neighborhood V = U = B(xo,ro). Let r,. € (0,79).
Then, foralli =1,2,...,

Ho

M(A(K;, Kq;G)) < Mo T Roo—r "

< oo,

where K = K; N B(xo,r.) and K = Ko N B(xo, 7). Indeed, one of the admissible
functions for the family I; of all rectifiable curves in A (K", K;;; G) is

x € By \ B,
0, xEX\ (Bo\B.).

where By = B(xg, o) and B, = B(xo, r..), because the components K; and Ky cannot
be connected by a path in V = B(xo,r9) and every path connecting K;* and K at
least twice intersects the ring By \ B.,; see Proposition 13.4.

However, the above modulus estimate contradicts the condition of the weak flat-
ness at the point xg. Really, by this condition, for instance, there is r € (0,r,) such
that

M(A(K; Ky G)) > Mo+ 1

197
for every large enough ip = 1,2, ... because in the corresponding K;(‘) with d(x,,x;,) <
rand K;j there exist paths intersecting d B(xo, ) and dB(xo, r); see Proposition 13.3.
Thus, the above assumption on the absence of the path connectedness of the
space X at the point xy was not true. a

Combining Lemma 13.7 and Proposition 13.1, we obtain the following conclu-
sion.
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Corollary 13.9. An open set Q in a weakly flat space (X,d, ) is path connected if
and only if it is connected.

Corollary 13.10. A domain G in a weakly flat space (X ,d, 1) is locally path con-
nected at a point xy € dG if and only if G is locally connected at the point xy.

Combining Lemmas 13.6 and 13.7, we obtain the following result.

Theorem 13.7. If a space (X,d, ) is weakly flat at a point xy € X and condition
(13.26), in particular, (13.28), holds, then (X,d, ) is path connected at the point
X0-

By Remark 13.8, we come to the following conclusion.

Corollary 13.11. If a space X is weakly flat and upper o-regular at a point xo € X
with o > 1, then X is path connected at the point x.

Remark 13.10. R" n > 2, is a weakly flat space because
R
M(A(E,F;R")) Zc,,log; (13.32)

for all continua E and F intersecting the boundaries of the balls B"(R) and B"(r);
see, e.g., the subsection 10.12 in [316].

13.10 On Quasiextremal Distance Domains

Similarly to [81], we say that a domain G in (X,d, ) is a quasiextremal distance
domain, abbr. a QED domain, if

M(A(E,F;X)) < KM(A(E,F;G)) (13.33)

for a finite number K > 1 and all continua E and F in G.

As is easy to see from the definitions, a QED domain G in a weakly flat space
has a weakly flat boundary and, as a consequence, dG is strongly accessible and,
moreover, G is locally path connected at all points of the boundary. Thus, all the
above results on the extension of Q-homeomorphisms to the boundary hold for QED
domains in weakly flat spaces. Let us review these results.

Lemma 13.8. Let f be a Q-homeomorphism between QED domains G and G in
weakly flat spaces X and X', respectively, G' compact and at a point xo € dG, let

[ owv ) duw = o | i) (13.34)
) £

A(x0,€,€0

as € — 0, where
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X

A(E F;G) A(E, F; X)

Figure 11

A(xo,€,80)={x€G: e<d(x,xp) <&},

and y(t) is a nonnegative function on (0,e0) such that

0</l[/(t)dt<<>o Ve e (0,8).

Then there is a limit of f(x) as x — xo.

Corollary 13.12. In particular, the limit of f(x) as x — xo exists if

l/ 0(x) y*(d(x,x0)) du(x) < o (13.35)
xo 880
and
gii%/q/(t) dt = oo, (13.36)

Theorem 13.8. Let f be a Q-homeomorphism between QED domains G and G
in weakly flat spaces X and X', respectively, and let G' be compact. If. at a point

oee / oWdulx) _ | ([bg&)r) , (13.37)
. x x() €

X07S 80

then [ admits a continuous extension to the point x.

Corollary 13.13. In particular, the conclusion of Theorem 13.8 holds if the singular
integral
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O(x)du(x)
/7( ; (13.38)

d(x,x9)%
is convergent at xq in the sense of the principal value.

Here we assume that Q is extended by zero outside the domain G.

Lemma 13.9. Let f be a Q-homeomorphism between QED domains G and G in
weakly flat spaces X and X', respectively, and let G be compact. If Q € LL (G), then

the inverse homeomorphism g = = admits a continuous extension g : G' — G.

Theorem 13.9. Let f be a Q-homeomorphism between QED domains G and G' in
weakly flat spaces X and X' and let G and G' be compact. If Q € LL (G) satisfies
either (13.37) or (13.38) at every point xy € dG, then f admits a homeomorphic
extension f : G — G

Theorem 13.10. Let f be a Q-homeomorphism between QED domains G and G
in weakly flat spaces X and X', respectively, and let G and G' be compact. If the
Sunction Q : X — [0, 0] has finite mean oscillation at a point xy € dG,

w(B(xo,2r)) < y-log% 2 % -u(B(xo,r))  VYre(0,r), (13.39)

and (X,d, ) is upper o-regular with o0 > 2 at xo, then f admits a continuous ex-
tension to the point xg. If the last two conditions hold at every point of dG, then f
admits a homeomorphic extension to the boundary.

Remark 13.11. In the case of Ahlfors regular spaces, even the condition on doubling
measure holds, which is stronger than condition (13.39); see Remark 13.3. In view
of the compactness of G, Q is integrable in a neighborhood of dG that follows from
the condition of finite mean oscillation at all points of dG; see Remark 13.5. If Q is
given only in a domain G, then it can be extended by zero outside G. In particular,
to have Q € FMO(xy) for xp € dG, it suffices to have the condition

Tim O(x) dpi(x) < oo. (13.40)

€0 JB(x.€)

By [81], the QED domains coincide in the class of finitely connected plane do-
mains with the so-called uniform domains introduced in [212]. The example in Sec-
tion 3.8 shows that, even among simply connected plane domains, the class of do-
mains with weakly flat boundaries is wider than the class of QED domains. The
example is based on the fact that QED domains satisfy the condition on doubling
measure (13.14) at every boundary point; see Lemma 2.13 in [81]. The example just
shows that the property on doubling measure is, generally speaking, not valid for
domains with weakly flat boundaries.
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13.11 On Null Sets for Extremal Distance

We say that a closed set A in a space (X,d, 1t) is a null set for extremal distance,
abbr. NED set, if
M(A(E,F;D)) = M(A(E,F;D\ A)) (13.41)

for any domain D in X and any continua E and F in D.

F
G

A(E F,G)

Figure 12

Asin R" n > 2, an NED set A in a weakly flat space X cannot have inner points
and, moreover, they do not split the space X even locally, i.e., G\ A has only one
component of the path connectedness for any domain G in X. Thus, the complement
of an NED set A in such an X is a very partial case of QED domains. Hence, NED
sets in weakly flat spaces play the same role in the problems of removability of
singular sets under quasiconformal mappings and their generalizations as in R”",
n>2.

Proposition 13.9. Let A be an NED set in a weakly flat space (X ,d, ) that is not a
singleton. Then

1. A has no inner point,

2. G\ A is a domain for every domain G in X.

Proof. (1) Let us assume that there is a point xo € A such that B(xp,r9) C A for
some rg > 0. Let x, € X, x, # Xo, and 7 be a path joining xp and x, in X, y: [0,1] —
X, 7(0) = xo and (1) = x,.. For small enough 7, the continuum C, = y([0,7]) is in
the ball B(xg, rp) and, consequently, ¥([0,¢]) N (X \ A) = 0. Moreover, by Proposition
13.3, one can choose t =y such that Gy, \ {xo} # 0. Hence, setting E = F = C,, we
have M(A(E,F,X)) = o because the space X is weakly flat and, on the other hand,
M(A(E,F;X\A))=0. The obtained contradiction disproves the above assumption.
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(2) Denote by €. one of the (path-) connected components of the open set G \ A;
see Corollary 13.9. Let us assume that there is one more connected component of
G\ A. Then Q = G\ Q, # 0 and, considering G as a topological space T, and
as its (open) set, by Proposition 13.3 we have that there is a path 1 : [0,1] — G
such that %([0,1)) C Q and xo := W(1) € Q2N IR, NG. Note that the mutually
complementany sets £2 and £, in the space G have a common boundary and 9, C
0Q,. Letx, € Q,andx, € Q.,n=1,2,...,x, — xp and ¥, be paths joining x, and
Xn in Q... Then M(A(| ], |1n]; G)) — o as n — oo because of the weak flatness of G
by Remark 13.9, but A(| %!, |%|; G\ A)) = 0 and, hence, M(A(| W], ||;G\A)) =0.

The obtained contradiction disproves the above assumption that G \ A has more
than one connected component. O

Lemma 13.10. Let X and X' be compact weakly flat spaces, let G be a domain in
X, let A C G be an NED set in X, and let f be a homeomorphism of D = G\ A into
X'. If the cluster set

Al=CAf)={XeX: ¥ = klim f(x), x €D, klim X €A}

is an NED set in X' and D' = f(D), then G' = D' UA' is a domain in X'. Moreover,
there exist domains G* in X with the properties A C G*, G* C G, and A’ NA* = @,
where A* = C(dG*, f).

Proof. First note that the NED set A is compact as a closed set in a compact space
X and, hence, & = dist(A,dG) > 0. Thus, A belongs to the open set

Q={xeX:dist(x,A) < e}

for any (fixed) € € (0, &) that itself is in G. Since A is compact, A is contained in a

finite number of the connected components €2, ..., €2, of 2. Let xy be an arbitrary

point of the domain G and let x; € £, k = 1,...,m. Then there exist paths ¥ :
m

[0,1] — G with %%(0) = xp and % (1) = x¢, k=1,...,m. Note that the set C = |J ||
k=1

is compact and, hence, &) = dist(C,dG) > 0.
Consider the open sets

Gs ={x € G:dist(x,dG) > 6}.

By the triangle inequality, the set

cwcu(ie)

is contained in G4 for any 6 € (0,dy), where dy = min (g — €, &). Furthermore, Cy
is contained in only one of the connected components G5 of the set G5 because the
set Cy is connected.
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By the construction, Gig C G, Gg are domains in X and, consequently, they are
weakly flat spaces. By Proposition 13.9, the sets D5 = G\ A are domains with
weakly flat boundaries A in the spaces G, 6 € (0,dp).

Let f5 = flp, and g5 = (f5)~' : Dls — Dgs, where D5 = f5(Ds). Then, as it
follows by Proposition 13.5, we have the symmetry

A:C(A/7g6)7 A/:C(A’fs) vae (O’do)'

Note that aG;g , 6 € (0,dp), are compact subsets of the domain D and, conse-
quently, fdGj§ are compact subsets of the domain D’ = f(D), which, by Propo-
sition 13.5, do not intersect A". Thus, ds = dist(A’, fdG§) > 0 for all § € (0,dy).
By Lemma 13.7, the space X’ is locally path connected and hence, for every point
Xo € A', there is a domain U C B(x,d) that is a neighborhood of x( and, by Propo-
sition 13.9,V =U \A/ is also a domain that is a subdomain of D’ by the construction.
Thus, G’ = D' UA’ is a domain in X'. O

Finally, by Proposition 13.9 and Lemma 13.10, we obtain the following conse-
quences for NED sets; see also Remarks 13.5 and 13.6.

Lemma 13.11. Let X and X' be compact weakly flat spaces, G a domainin X, A C G
an NED set in X, and f a Q-homeomorphism of D = G\ A into X' such that the
cluster set C(A, f) is an NED set in X'. If, at a point xo € A, condition (13.34) holds,
then f admits a continuous extension to the point x.

Remark 13.12. In particular, f admits an extension to xop € A by continuity if at
least one of the conditions (13.35)—(13.36), (13.37), (13.38), or (13.39) with Q €
FMO(x), (13.40) holds at the point.

Theorem 13.11. Let X and X' be compact weakly flat spaces, G a domain in X, A an
NED set in G, and f a Q-homeomorphism of D = G\ A into X' such that the cluster
setA'=C(A,f)isan NED setin X'. If Q € L}L (G), then the inverse homeomorphism
g=f':D — D, D' = f(D), admits a continuous extension g : G' — G, where
G =D'UA'.

Remark 13.13. Thus, if Q € LL (D) satisfies at least one of the conditions (13.35)—
(13.39) with O € FMO(xg), (13.40) at every point xp € A, then any Q-homeomor-
phism f of the domain D = G \ A into X’ with NED sets A and A’ = C(A, f) admits
a homeomorphic extension f : G — G', where G’ = D' UA’, D' = f(D).

Theorem 13.12. Let X and X' be compact weakly flat spaces, G a domain in X,
A C GanNED set in X, and f be a Q-homeomorphism of D = G\ A into X' with an
NED set A" := C(A, f). If Q has finite mean oscillation and X is upper o—regular
with o« > 2 at every point xo € A, then f admits a homeomorphic extension f:G —
G', where G’ =D'UA" and D' = f(D).
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13.12 On Continuous Extension to Isolated Singular Points

As before, here (X,d, ) and (X', d’, u’) are spaces with metrics d and d’ and locally
finite Borel measures y and g’ and G and G’ are domains in X and X’ with finite
Hausdorff dimensions o and o > 1, respectively.

Lemma 13.12. Let a space X be path connected at a point xy € G that has a compact
neighborhood, let X' be a compact weakly flat space, and let f : G\ {xo} — G’ be
a Q-homeomorphism, where Q : G — [0,] is a measurable function satisfying the
condition

[ oW i dwx)dut = oig(e)  (1342)

e<d(xp,x)<g

as € — 0, where & < dist(xo, dG) and Wy, ¢(t) is a family of nonnegative (Lebesgue)
measurable functions on (0,0) such that

£
0< I (e) = /wxo,g(t)dt <o, £c(0,8). (13.43)
2

Then f can be extended to the point xo by continuity in X'.

Proof. Let us show that the cluster set E = C(xg, f) is a singleton. The set E is con-
tained in dG’ by Proposition 13.5. Moreover, E is a continuum because the domain
G is connected at the point xg. Indeed,

E =limsup f(G,,) = ﬁ f(Gn),

m-—oo

where G,, = GNU, is a decreasing sequence of domains with neighborhoods
Uy, of the point xo and d(G,) — 0 as m — . Note that liminf, . f(Gy) =
liminf,—e f(Gy) # 0 in view of the compactness of X’; see, e.g., Remark 3, Sec-
tion 41 in [186]. Consequently, E # @ is connected; see, e.g., [(9.12) in [334], p. 15.
Moreover, E is closed by the construction and hence is compact as a closed subspace
of the compact space X'; see, e.g., Theorem 2, IV, Section 41 in [30].

In view of the connectedness of G at the point xo, there is a connected compo-
nent G, of the set G\ {xo} N B(xo,70), 0 < ry < dist(xp,dG), containing G \ {xo} N
B(xo,ry) for some r, € (0,rg). If dG = 0, then here we set dist(xp,dG) = . Since
Xo has a compact neighborhood, one may suppose that B(xg, rp) is compact.

Consider G, = fG.. Let us show that the cluster set E = C(xy, f) is an isolated
connected component of dG,. Indeed, K = dG.. \ {xo} is a compact set as a closed
subset of the compact set B(xo,ry) and, consequently, K, = fK C G’ is compact.
On the other hand, the compact set E is contained in 0G, i.e., ENK, = 0. Thus,
dist(E,K.) > 0. Finally, if yo € dG/,, then, by Proposition 13.5, C(yo,g) C dG. =
KU{xo}, where g = f -1 ‘Gi and, consequently, either yy € E or yg € K.
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Let zo € G.. Then, by Proposition 13.2, there is a path } : [a,b) — G, from
w(a) = f(z0) to xo = lim;_, (¢) in G.. Setting ¥, = 1 : [a,b) — G, we have
dist(¥)(t), E) — 0 as t — b by the definition of E = C(xo, f) in view of the compact-
ness of the space X'. Set C, = y([a,b)) and

I'=A(C.,E,X).
Consider also the families of paths
Ip=A(C.,E,G.)
and
L={yel: [y|nR#0},

where
R=X'\{G.UE}.

First, note that M (I5) = M(I"), where I = I"\ I;.. Indeed, on the one hand, I C I"

and hence M(Iy) < M(I'). On the other hand, I < I by Proposition 13.3 and hence

M(Iy) > M(I'); see, e.g., Theorem 1 in [64], Section, A.5. Second, note that

p(X’)

M(I) <M, = 7
(L) < (2dist(C, UE, G, \ E))®

< oo

because C, UE and dG/, \ E are nonintersecting compact sets and p'(X’) < oo in
view of the compactness of X’ and the local finiteness of the measure '

Let us assume that the continuum E is not degenerate. Let yg € E be a limit point
of %(t) ast — b and y, € E,y, # yo. By the Darboux property of connected sets,
dB(yo,r) intersecs C, and E for all r € (0,ry), where

ro = min{d’ (yo, (a)),d (yo,y+)}-

Consider continua C(7) = 1 ([a,t]), t € [a,b). Note that dist (C(t),E) —0ast — b
by the construction. Thus,

M(A(C(t),E, X)) — oo

ast — b because the space X’ is weakly flat. Consequently, there is #y € [a,b) such
that
My :=M(A(C(t),E,X")) > M,.

Recall that I" = I" UT;.. We obtain by the monotonicity and subadditivity of the
modulus

M, <My <M() <M()+M(IL) = M(Ip) + M(L) < M(I3) + M, .

Consequently,
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M(Ip) > 0.
However,
=T,
n=1

where I, = A(C(t,,),E,G.), t, — b as n — oo, and by subadditivity of the modulus
M(Ip) < Y, M(I;).
n=1

Thus, there is a continuum C = C(#,) such that

M(A(C,E,G.)) > 0.

Note that Cy = f~!(C) is a compact set as a continuous image of a compact set.
Thus, & = diSt(xO7C()) > 0. Let
I: = A(Co,B(x0,€),Gs), e €(0,&),

and let y;; . be a Borel function such that yy (1) = Yy, (1) for ae. 1 € (0,0),
which there is in view of the Lusin theorem; see, e.g., Section 2.3.5 in [55].

Then, by Proposition 13.4, the function

vy e (d(x,x0))/1(€,€0), x € Axo, €, &),
pelx) = {o, ’ ’ xEX\;l](xo,z,so),

where
A(xp,€,680) ={xe€X:e<d(x,x) <&},

is admissible for I; and, consequently,

ML) < [ 00)-pE() du(v)
G

ie, M(fI;) — 0 as € — 0 in view of (13.42).

On the other hand,
M(fIz) > M(A(C,E,G.)) >0
because
A(Co,{x0},Gx) > I
and

f'A(C,E,G.) C A(Co, {x0},G)
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for any € € (0,&) by Proposition 13.5 applied to the homeomorphism f~! and
g= /"¢, and x{ € E, x = y(b), y € A(C,E,G.). The obtained contradiction
disproves the assumption that E is not degenerate. a

Corollary 13.14. In particular, if

Tim / 0(x) - w*(d(x,x0)) i (x) < oo, (13.44)
E—
8<d<X,X0)<80

where y(t) is a nonnegative measurable function on (0,0) such that

&
0 < I(e, &) ::/y;(r)dr <o, Vee(0,g),

€

and I(g,€)) — oo as € — 0, then any Q-homeomorphism f : G\ {xo} — G' C X' is
extended to the point xo by continuity in X'.

Remark 13.14. In other words, it suffices for the singular integral (13.44) to be con-
vergent in the sense of the principal value at the point x¢ at least for one kernel y
with a non-integrable singularity at zero. Furthermore, as Lemma 13.12 shows, it
suffices for the given integral even to be divergent but with controlled speed:

/ 0(x) - Y™ (d(x,x0)) dit(x) = o(I%(e, &0)). (13.45)
£<d(x,x0)<£0
Choosing in Lemma 13.12 y(z) = 1/t, we obtain the following theorem.

Theorem 13.13. Let X and X' compact spaces, X path connected at a point xy € G,
and X' weakly flat. If a measurable function Q : G — [0, 0| satisfies the condition

O(x)du(x) 1
/ e = ([ng ) (13.46)
8<d(x,x0)<80

as € — 0, where g < dist(xo,dG), then any Q-homeomorphism [ : G\ {xo} — G’
is extended by continuity to the point x.

Corollary 13.15. In particular, the conclusion of Theorem 13.13 holds if the singu-
lar integral
d
/Q(X) p(x) (13.47)
d(x,x0)%

is convergent in a neighborhood of the point in the sense of the principal value.

Combining Lemmas 13.2 and 13.12, and choosing v, (z) = tlog(1/t), 1 € (0, &),
in the latter, we obtain the following theorem.
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Theorem 13.14. Let X and X' compact weakly flat spaces, G a domain in X that is
upper o--regular with o0 > 2 and path connected at a point xo € G, and

1
w(B(xo,2r)) < y-log*~2 — w(B(x0,7)) (13.48)

Sforall r € (0,r9). If O € FMO(xy), then any Q-homeomorphism f of the domain
G\ {xo} into X' is extended by continuity to the point x.

Combining Corollary 13.3 and Theorem 13.14, we obtain the following state-
ment.

Corollary 13.16. In particular, if

Tim O(x) dpi(x) < oo, (13.49)

e—0 B(xp.€)

then any Q-homeomorphism f : G\ {xo} — G’ C X' is extended by continuity to the
point xg.

The following simple example shows that the above extension f of f to xy may
be not a homeomorphism.

Example. Let G = X, where X is a space that coincides with a closed equilateral
triangle 7' on one of the coordinate planes in R minus one of its vertices v. It is
clear that X is not compact, although it is locally compact. Let us roll up the triangle
T without any distortion in such a way that the vertex v will touch the center c of its
opposite side. The obtained space X’ is compact. Let xy = c. The above (rolling up)
mapping f: X \ {xo} — X'\ {x0} is conformal if we take in X the usual Euclidean
distance as the metric d and the usual area as the Borel measure 1 and in X' set
d’ to be geodesic (thus, the path length is invariant under f) and pu'(B"\ {xo}) =
w(f~1(B'\ {xo})) for every Borel set in X’ and u'({xo}) = u({xo}) = 0. By the
construction, the mapping f can continuously be extended to xo and the extension
£ is injective, of course, but not a homeomorphism (the inverse mapping of f is not
continuous).

Remark 13.15. By Proposition 13.5, the extension of f at the point xq is an injective
mapping and, thus, a homeomorphism on any subdomain G, CC G, i.e., if G, is
compact in G. The latter is, generally speaking, not true for the domain G, itself as
the above example shows. However, this is true if, for instance, G = X is compact;
see, e.g., [186].

Moreover, if the family of all paths in X’ (or only in G,) passing through the
point yp = f(xo) has modulus zero (see Section 13.8), then the restriction of the
mapping g = f|g, will be a Q-homeomorphism. For the Ahlfors regular spaces,
this always holds; see Lemma 7.18 in [106]. Thus, an isolated singular point of
a Q-homeomorphism in regular weakly flat spaces is locally removable under the
conditions on Q enumerated above.
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13.13 On Conformal and Quasiconformal Mappings

Finally, let us review some results for conformal and quasiconformal mappings
which are direct consequences of the theory of Q-homeomorphisms in metric spaces
with the measures developed above. Namely, as before, let (X,d, ) and (X’,d’, 1’)
be spaces with metrics d and d’ and locally finite Borel measures u and u’, and
with finite Hausdorff dimensions o and o > 1, respectively.

Similarly to the geometric definition by Viisila in R”, n > 2 (cf. Chapter 1),
given domains G and G’ in (X,d,u) and (X',d’,u’), respectively, we say that a
homeomorphism f : G — G’ is called K-quasiconformal, K € [1,0], if

K'M(I') <M(fT") < KM(T') (13.50)

for every family I" of paths in G. We say also that a homeomorphism f: G — G’ is
quasiconformal if f is K-quasiconformal for some K € [1,), i.e., if the distortion
of moduli of path families under the mapping f is bounded. In particular, we say
that a homeomorphism f : G — G’ is conformal if

M(fT)=M(TI) (13.51)
for any path families in G.
By Theorem 13.3, we obtain the following important conclusion.

Theorem 13.15. Let G have a weakly flat boundary, let G’ be locally path connected
at all its boundary points, and let G' be compact. Then any quasiconformal mapping
f: G — G’ admits a continuous extension to the boundary f : G — G'.

Combining Theorem 13.15 with Lemma 13.1, we come to the following state-
ment.

Corollary 13.17. If G and G’ are domains with weakly flat boundaries and compact
closures G and G', then any quasiconformal mapping f : G — G’ admits a homeo-
morphic extension f: G — G'.

Remark 13.16. In particular, the last conclusion holds for quasiconformal mappings
between QED domains with compact closures in weakly flat spaces. Note that the
closures of the domains are always compact in compact spaces. Recall also that
locally compact spaces always admit the so-called one-point compactification; see,
e.g., Section 1.9.8. [30].

On the basic of Lemmas 13.1 and 13.10 and Theorem 13.15, we obtain the fol-
lowing theorem.

Theorem 13.16. Let X and X' be compact weakly flat spaces, G a domain in X,
A C G an NED set and f a quasiconformal mapping of the domain D = G \ A into
X'. If the cluster set A" = C(A, f) is also an NED set, then f admits a quasiconformal
extension to G.
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By results in the previous section, single out also the following consequences on
removability of isolated singularities.

Lemma 13.13. Let X be path connected at a point xo € G with a ¢ compact neigh-
borhood, X' a compact weakly flat space, and [ : G\ {xo} — G’ a quasiconformal
mapping. If | satisfies the condition

[ v ) du) = ol (e.0) (13.52)

8<d(x0 ,x)<€0

as € — 0, where gy < dist(xo,dG), and y(t) is a nonnegative (Lebesgue) measur-
able function on (0,e0) such that

&
0<I(e, &) = /y/(t)dt <o  Vee(0,g),
€

then the mapping f is extended by continuity to the point x.

Theorem 13.17. Let X be path connected at a point xo € G with a c compact neigh-
borhood, X' a compact weakly flat space, and [ : G\ {xo} — G’ a quasiconformal
mapping. If | satisfies the condition

[ () o

8<d<X,X0)<80

as € — 0, where gy < dist(xo,dG), then the mapping f is extended by continuity to
the point xy.

Finally, in view of Remarks 13.3 and 13.8, we have the following important
conclusion from Theorem 13.17.

Corollary 13.18. Let X and X' be Ahlfors regular compact weakly flat spaces. Then
any quasiconformal mapping X \ {xo } into X' is extended to a quasiconformal map-
ping of X into X'.

Corollary 13.19. Isolated singularities of quasiconformal mappings are locally re-
movable in Ahlfors regular weakly flat spaces X and X' if, in addition, X is locally
compact and X' is compact.

Thus, the results of this umlaut chapter extend (and strengthen) the known the-
orems by F. Gehring, O. Martio, P. Nékki, U. Srebro, J. Viisédla, M. Vuorinen and
others on quasiconformal mappings in R",n > 2, to Q-homeomorphisms in metric
spaces; cf. e.g. [81,127,128, 163,204-209,214,224,316,329].



Appendix A
Moduli Theory

Here we have collected a series of classical results that not only have a great his-
torical significance but also remain useful working tools in modern mapping theory,
especially, in the framework of our book; see [64,71, 122,210,293, 340]. This ap-
pendix can be considered together with Chapters 2 and 3 as a handbook in the theory
of moduli. We attempted to keep author’s styles of the given papers.

A.1 On Some Results by Gehring

After the well-known paper [5] by Ahlfors and Beurling, applications of the theory
of moduli in the quasiconformal mapping theory began essentially with a theorem
proved by Gehring in [77] that the conformal capacity of a space ring R is directly
related to the modulus of a family of paths that join the boundary components of R.
In this section we follow in the main [71].

Given a family I of nonconstant paths y in R”, we let adm I" denote the family
of Borel measurable functions p : R" — [0, ] such that

/pdle
Y

for all locally rectifiable y € I". We call

M) = inf "d
(r) ,,ezsmr/P m
R}‘l

and 1

A(T) = M(T)™

the modulus and extremal length of I, respectively.
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The concept of extremal length first appeared in the article by Ahlfors and Beurl-
ing [5] containing applications to the theory of analytic functions of a complex
variable. Later contributions to the theory of extremal length were made by Jenk-
ins [139], Hersch [120, 121], and others. For our purpose it is preferable to operate
with the modulus rather than the extremal length.

When I' is a family of arcs, we may think of M(I") as the conductance and A (I")
as the resistance of a system of homogeneous wires. M (I") is big when the wires are
plentiful or short, small when the wires are few or long.

Theorem A.1. M (") is an outer measure on the collections of path families I in
R”. That is,

(a) M(0) = 0,
b)yM(I7) < M(I;) when I C I,
(c) M(U; ;) < X;M(T}).

Proof for (c). We may assume M(I;) < e for all j. Then, given € > 0, we can
choose for each j a p; € adm I such that

/p; dm < M(T)+2 e.
Rn

Now set
p = supp;
J

and
r =Jr.
J

Then p : R" — [0, <] is Borel measurable. Moreover, if y € I' is locally rectifiable,
then y € T; for some j,

/pdsz /pjdsz 1,
Y Y
and hence p € adm I'. Thus,

Mr) < [pram < [Tppdm < Fmr)+e.
Rn J

Rt/
O

Remark A.1. If we apply the Caratheodory criterion to the outer measure M to define
the notion of a measurable path family, then we can show the following:

(a) T is measurable if M(T") = 0;
(b) T is not measurable if 0 < M(I") < oo;

(¢) I' may or may not be measurable if M(I") = oo.
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Theorem A.2. If each path v, of a family I} contains a subpath > of a family
I3, then M(I7) < M(I3).

Proof. Choose p € adm I and suppose y; € I is locally rectifiable. Then

/ pds > / p ds,

N 12
where 7> is the subpath in I, and p € adm I;. Thus,

M(T) < / p" dm

Rn

and taking the infimum over all such p yields

ML) < M(I3).

O

Theorem A.3. M(I') is additive on path families in disjoint Borel sets. That is, if
the E are disjoint Borel sets and the paths of T} lie in E}, then

(o) - 30

Proposition A.1. If I" is the family of paths Y joining two parallel faces with dis-
tance h of a rectangular parallelepiped of the (n — 1)-dimensional area A in R",
n>2, then

A
Proof. Choose p € adm I" and let 7, be the vertical segment from y in the base E.
Then y;, € I' and

M) =

n

1< /pds < h"*‘/p”ds.
Y s

This holds for all such y and, hence,

A
/p" dm, > / /p" ds | dm,_y > T
R~ E Y

Since p is arbitrary,

A
Next set p = 1/h inside the parallelepiped and p = 0 otherwise. Then p € adm I’
and
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A
Jn—1"

M) < /p” dm =

O

Theorem A.4. If all the paths in a path family I” pass through a fixed point x¢, then
M(I')=0.

Proof. Suppose first that xo 7 oo and for each j let I'; denote the subfamily of y € I”
that intersects xo and S(xo, 1 /). Then each y € Ij contains a subpath ¥ in the family
of all paths joining xq to S(xo,1/) in B(xo,1/). Hence, M(I;) = 0 by Lemma 2.2.
Since I' = U; I},
M(T) < Y M(I;) = 0.
J

When xo = o, we argue as above with S(xg, 1/ ) replaced by S(0, j). O
Theorem A.5. If f : R" — R" is a Mobius transformation, then
M(fT) = M(T')
for all path families I in R".
Proof. Choose p’ € adm fT, set

p(x) = p'of(x)|f (x)|

for x € R"\ {f~!(c0)}, and let I}) be the family of y € I that passes through f~! (o).
Then

M(T) = M(T\T}),  p €adm(I'\ Ty)
and hence

Mr) < [prdm = [(p'oyIr| dm

RI‘[ Rll
= [@'oryatnam = [(p'y dm.
R R

Taking the infimum over every such p’ gives M(I") < M(fT"). The result follows
by repeating the preceding argument with f replaced by f~!. a

Theorem A.6. If fj, f: R" — [0,c0] are Borel measurable and f; — f in L"(R"),
then there exist a subsequence { ji} and a path family Iy with M(I) = O such that

klim/\fjk—ﬂds ~0
Y

Sor all locally rectifiable paths vy, y ¢ I.
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Proof. Choose a subsequence { j;} so that

/ gl dm < 27Dk, g = |fi— /|
Rll

and let Iy be the family of all locally rectifiable y in R” such that

gim sup [ grds > 0.
Y

We want to show that M(Iy) = 0.
Let I} be the family of all locally rectifiable paths in R” for which

/gk ds > 27k,
Y

Then p = 2%g, € adm I}, and

M(I;) < /p" dm < Z"k/gz dm < 27k,
Rn Rll

Now 7 € I implies y € I for infinitely many k. Thus, for each /,

oo

LcUn, M) < YMI;) <27
k=l k=l

and hence M (Ij) = 0. O

Theorem A.7. If {I}} is an increasing sequence of path families, then

Jj—eo

M (UI}) = lim M(T;).
J
Idea of proof. Let I' = |J; I';. Then by the monotonicity of the modulus,

M(T) > lim M(T).
J—roo

For the reverse inequality, we may assume that the limit is finite. Then since L(R")
is uniformly convex, we can choose p; € adm I so that p; — p in L"(R") and so
that

/p” dm = lim /p;‘ dm = lim M(T3).

]Rl‘l j ]Rn j
By Theorem A.6, there exist a subsequence {ji} and a family Iy with M(I5) =0
such that
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/pds=klim/pjkds
Y Y

for all locally rectifiable y € I" \ Iy). Since each such y lies in I, for large &,

/pdsz 1.
Y

Thus, p € adm(I"\ Ip), and we conclude that

M(T) = M(P\TD) < [ p"dm = lim M(T)).

R

Remark A.2. Since the I} are increasing in Theorem A.7,

r =JI = limrI;

—o0
; J

in the set-theoretic sense and so we see that the conclusion of Theorem A.7 is a con-
tinuity property for the modulus. Unfortunately, no such result holds for decreasing
families I'; with

r =(\I; = limIj.

J—oo
J

A condenser is a domain R C R” whose complement is the union of two distin-
guished disjoint compact sets Cy and C;. For convenience, we write

R=R(Co,C1).

A ring is a condenser R = R(Cy,C} ), where Cy and C) are continua. We call Cp and
C; the complementary components of R.

Given a condenser R = R(Cy,C;) with R C R", we let adm R denote the class of
functions u : R" — R! with the following properties:

1. u is continuous in R”;
2. u has distribution derivatives in R;

3.u=0onCyand u =1 on Cj.

= min v, Co) adm
u(x) = (l, h(Cl,Co)> € admR

Note that

and hence adm R #£ (. We call

capR = inf /|Vu|” dm,
ucadm R
R



A.1 On Some Results by Gehring 297
e
mod R = (w"l )nl
cap R
the conformal capacity and modulus of R, respectively.

Example. If R is the ring in R” bounded by concentric spheres of radii a and
b, 0 <a < b < +oo, then

b 1—n
capR = w,— <log>
a

b
mod R = log —.
a

Remark A.3. If f : R" — R" is a Mobius transformation, then cap fR = cap R for
all condensers i with R, fR C R". Hence, we can use this fact to define cap R for all
condensers in R” that contain e as an interior point.

Given E, F, G C R", we let A(E, F;G) denote the family of all paths y with
1. one endpoint in E and the other in F,
2. interior in G.
Theorem A.8. If R = R(Cy,C)) is a ring and I = A(Cy,C1;R), then cap R=M(T").

Outline of proof. By performing a preliminary Mobius transformation, we may
assume that eo € Cy. Choose a locally Lipschitzian function # € adm R and set

) = |[Vu(x)| ifx€eR,
P =0 if x € CoUCY.

If y: [a,b] — R” is a locally rectifiable path in I, then

[pds > | [Vuds| = utr(®) - u(yia)]| > 1.
Y Y

Hence, p € adm I" and
M(T) < /|Vu|” dm.
R

By a smoothing argument, we can show that taking the infimum of the right-hand
side over all such u gives cap R. Thus,

M(T") < capR.

Conversely, choose a bounded continuous p € adm I" and set

u(x) = min | 1, il;f/p ds
Y
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for x € R, where the infimum is taken over all locally rectifiable y joining Cp to x in
R. Then u has distribution derivatives and

li =0
R

and
li = 1.
R

Hence, we can extend u to R” so that u € adm R. Then, since |[Vu| = p in R,

capR < /p"dm < /p"dm.
R R"

Another smoothing argument shows the infimum over such p gives M(I"). Thus,
cap R <M(I'). |

Given a ray L from xq to e and a compact set E C R”, we define the spherical
symmetrization of E in L as the set E* satisfying the following conditions:

l.xo e E*iffxg € E;
2.0 € E*iff o € E;

3. for r € (0,00), E*NS(xq,r) # 0 iff ENS(x0,r) # 0, in which case E* N S(xg,r) is
a closed spherical cap centered on L with the same m,,_; measure E N S(xq,r).

We see that E* is compact and that E* is connected if E is also.
Theorem A.9. If E* is the spherical symmetrization of E in a ray L, then
(@) my(E") = m(E),

(b) my—1(dE*) = m,_1(9E).

Outline of proof. To prove (a), we apply Fubini’s theorem and obtain
ma(E*) :/ m,,,l(E*mS(xo,r))dr:/ tu_t (EOS(x0,7)) dr = my(E).
0 0

For (b), assume first that E is a polyhedron. Then, for r € (0,e), the Brunn—
Minkowski inequality implies that

E*(r) = {x:dist(x,E*) <r} C {x:dist(x,E) <r}* = E(r)"

and hence that

* : my(E*(r)) —ma(E”)
my—1(JE*) < lgr(l)sup >

mn(E(V)z)r— mn(E) _ m,,q(aE)o

The general result follows by a limiting argument. a

< limsup
r—0
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Theorem A.10. If R = R(Cy,C)) is a condenser and C; and Cy are the spherical
symmetrizations of Cy and Cy in opposite rays Ly and Ly, then R* = R(Cy,CY) is a
condenser with

capR* = capR.

Idea of proof. Choose a locally Lipschitzian u € adm R and define u* so that
{x:u*(x) <t} ={x:u(x) <r}*. Then u* € adm R* and Theorem A.19 allows one
to show that

capR* < /|Vu*|” dm < /\Vu\" dm.
R" R"

Taking the infimum over all such u yields the result. O

Let ey,ep,...,e, denote the basic vectors in R”. For 7 € (0,), let Ry (¢) denote
the ring domain in R” whose complement consists of the ray from fe; to e and
the segment from —e; to 0. Ry () is called the Teichmiiller ring. The following
properties for its modulus can be established:

1. mod Ry (t) —log(z + 1) is nondecreasing in (0,eo);
2. lim;_,o mod Ry (t) = 0;
3. limy_o(mod Rr (1) —log(t+1)) = logh, < oo}

4.0 = 16 and lim, ... A"/ = ¢2.
Thus,

5. mod Ry (t) is strictly increasing in (0,o0),
6.log(t+1) < modRy(¢t) < logh,(r+1).

Theorem A.11. If R = R(Cy,C)) is a ring with a, b € Cy and ¢, « € Cy, then

modR < modRr (||lc)—a|> .
—d

Proof. By performing a preliminary similarity mapping, we may assume that a =
0, b = —ey. Then the spherical symmetrizations Cj, C] of Cp, C; in the nega-
tive and positive halves of the x;-axis contain the complementary components of
Rr (|c—al/|b—al). Thus,

cap Ry (|c—al|/|b—a|) < capR* <capR,
as desired. o
Corollary A.1. If R = R(Cy,Cy) is a ring with a, b € Cy and ¢, d € Cy, then

h(a,c)h(b,d)) |

dR < dRr | ——————+%
gl = o T<h<a,b>h<c,d>
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Proof. By performing a preliminary chordal isometry, we may assume that d = co.

Then
lc—a|  h(a,c)\/|c?+1  h(a,c)h(b,d)
lb—al  n(a,b)\/]p?+1 h(a,b)h(c,d)’
and we can apply Theorem A.11. O

Corollary A.2. If R = R(Cy,C)) is a ring, then

(a) modR < modRr (W)

(b) modR < modRy (%)

Proof. For (a), choose a, b € Cy and ¢, d € C; so that
h(a,b) = h(Cy),

h(c,d) = h(Cy).

Then
h(a,c)h(b,d) - 1

h(a,byh(e.d) = h(Co)h(Cr)
and we can apply Corollary A.1. For (b), choose a € Cj and ¢ € C| so that

h(a,c) = h(Co,C]).
Next pick b € Cyp and d € Cj so that
1 1

h(a7b) > E h(CO)a h(C,d) > E h(Cl)
Then
h(a,c)h(b,d) 4
h(a,b)h(c.d) ~ h(Co)h(C1)
and we again apply Corollary A.1. O

We say that a sequence of sets E; converges uniformly to a set £ if, for each
€ > 0, there exists a jy such that

sup h(x,E) < &, suph(x,E;) < €
x€kE; X€EE

for j > jo.

Theorem A.12. If the complementary components of a sequence of rings R; con-
verge uniformly to the corresponding complementary components of a ring R, then

capR = limcap R;.
J—oo

Readers who wish to dispute this result should consult [78,230] and [307].
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A.2 The Inequalities by Martio—Rickman-Vaisala

In this section, following [210], we generalize the concept of a ring domain and give
lower and upper estimates of its capacity.

Here a condenser is a pair E = (A,C) where A C R" is open and C is a non-
empty compact set contained in A. E is a ringlike condenser if B= A\ C is aring,
i.e., if B is a domain whose complement R” \ B has exactly two components where
R? = R"U{eo} is the one-point compactification of R". E is a bounded condenser
if A is bounded. A condenser E = (A,C) is said to be in a domain G if A C G.

The following lemma is immediate.

Lemma A.l.If f: G — R" is open and E = (A,C) is a condenser in G, then
(fA, fC) is a condenser in fG.

In the above situation we denote fE = (fA, fC).
Let E = (A,C) be a condenser. We set

capE =cap(A,C) = inf /|Vu|” dm

ueWy(E

and call it the capacity of the condenser E . The set Wy(E) = Wy(A,C) is the family
of nonnegative functions u : A — R' such that (1) u € Cy(A) (2) u(x) > 1 forx € C,
and (3) u is ACL. In the above formula

; 1/2

Vul = Y (du)* | .
i=1

We mention some properties of the capacity of a condenser.

Lemma A.2. If E = (A,C) is a condenser, then

capE = 1nf /|Vu| dm,

ue WO

where Wg*(E) = W (A,C) = Wo(E) N CF (A).

Proof. Obviously,
capE < inf /|Vu|" dm.
uc Wy (E)

The converse inequality is proved by a standard approximating argument. The con-
struction involves first multiplying u € Wo(E) by 1+¢€, € > 0, so that the result-
ing function is > (1 4 €) on C and then forming a smooth integral average; cf.,
e.g., [316], Section 27. The details may be omitted. O
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Remark A.4. If E = (A,C) is a ringlike condenser, then capE = cap (A \ C) in the
sense of Gehring [66], p. 500. This is a direct consequence of n-dimensional ver-
sions of [66], Lemma 1, p. 501, and [66], Remark, p. 502.

Lemma A.3. If E = (A,C) is a condenser, then
capE = inf cap (U,C),

where the infimum is taken over all open sets U such that U is compact in A and
ccu.

Proof. Obviously, capE < cap(U,C) for all sets U of the above type; hence,
capE <infcap(U,C).

Let € > 0. Then there exists a function u € Wy(E) such that

capE > /|Vu|” dm—e.
A

Since sptu is compact in A, there exists an open set U such that sptu C U and U is
compact in A. Then u € Wy (U, C) and we obtain

cap (U,C) < /\Vu\" dm < cap(A,C) +¢€.
A

The lemma follows. O

Lemma A.4. The inequality

E<_mA)
“APE=(C,04)

holds for the capacity of a bounded condenser E = (A,C).

Proof. Let 0 < € < d(C,0A)". There exists an open set U such that C CU C U C
A and d(C,0A)" < d(C,dU)" + €. If we define u(x) = d(x,CU)/d(C,dU), then
lu(x) —u(y)| < |x—y|/d(C,0U) for all x, y € R". Thus, u € Wy(E) and |Vu| <
1/d(C,dU) a.e., which implies

mA) _ m(A)
(C,aU)" = d(C,0A) —¢

capEg/d(C,aU)_"dm:d
A

Letting € — 0 gives the desired result. O

Lemma A.5. Suppose that E = (A, C) is a condenser such that C is connected. Then

(capE)""! > b,
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where b, is a positive constant that depends only on n.

Proof. By Lemma A.3 we may suppose that A is bounded. We may also assume
that d(C) = r > 0 and that C contains the origin and the point re,. Let u € W;°(E).
For 0 < t < r, we let T(r) denote the hyperplane x,, = ¢. Using the method of [322],

p. 9, we estimate the integral
/ |Vul" dm,_,.
()

Fix z € CN T(t). For y € §"2, let R(y) be the supremum of all #) > 0 such that
z+ty € Afor 0 <t <tg. Then

R(y)
[ Vulz )]t > u(@) - ulz+RG)) > 1
0

for all y € S"~2. By Holder’s inequality, this implies

R(y)
1< (n=1)""R(y) / Vu(z +1y)[""2 d.
0

Integrating over y € "~ yields

R(y)
(n—l /R dmy_y < / dmy,_>(y /|Vu z+ty)[ " 2 dt (A.1)
sn—2 sn—2

§/|Vu|” dm,_1.

(1)
On the other hand, we obtain by Holder’s inequality

n n—1

W) 5= / dm,_» < /Rn71 dm,_» /R71 dm,_,
n—2

§n—2 n—2

n—1

<(n—1)my_ (ANT(2) /R dmy,_» ) (A.2)

n—2

Setting f(¢) =my,—1 (ANT(t)), we obtain from (A.1) and (A.2)

/ IVul" dmyy > (n— 1) 1/0=0 0= g1/ ()
0



304 A Moduli Theory

Integrating over 0 < ¢t < r, we obtain

r

/|Vu\" dmz(n—1)1‘"‘1“"‘1)@"/(2”*”/f(t)l/“*”) dt.  (A3)

n—

A 0

Holder’s inequality gives

0
By (A.3), this implies
n—1
[ am | = @1 o
= n—2 m(A) '
A
Since this holds for every u € W;°(E), the lemma follows. O

A.3 The Hesse Equality

Let G be a domain in the compactified Euclidean n-space R” = R"U {e}, E and F
disjoint, nonempty, compact sets in the closure of G. We associate two numbers with
this geometric configuration as follows. Let M, (E, F,G) be the p-modulus (recip-
rocal of the p-extremal length) of the family of paths connecting £ and F in G. Let
cap,(E,F,G) be the p-capacity of E and F relative to G, defined as the infimum of
the numbers [; |Vu(x)|? dm(x) over all ACL functions u in G with boundary values
Oand 1 on E and F, respectively. Hesse has shown that cap ,(E, F, G) = M,,(E, F,G)
whenever E and F do not intersect dG, which is the main goal of this section;
see [122]. Hesse generalized Ziemer’s result in [338], where he assumed that either
E or F contains the complement of an open n-ball. He also obtained a continuity
theorem for the p-modulus (Theorem A.16) and a theorem on the kinds of densities
that can be used in computing the p-modulus (Theorem A.14).

For n > 2, R" denotes the one-point compactification of the Euclidean n-space
R™: R" = R" U {eo}. All topological considerations here refer to the metric space
(R",q), where g is the chordal metric on R” defined by stereographic projection. If
A CR", then A and dA denote the closure and boundary of A, respectively. If b € R
and B C R”, then g(b, B) denotes the chordal distance of b from B. For x € R”, |x|
denotes the usual Euclidean norm of x. B"(x, r) denotes the open n-ball with center
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x and radius r. Set also B" = B"(0,1). For x € R" and A C R", d(x,A) denotes the
Euclidean distance of x from A. Lebesgue n-measure on R” is denoted by m,, or by
m if there is no chance for confusion. We let £2,, = m, (B").

Let I' be a collection of paths in R”. We let admI" denote the set of Borel func-
tions p : R" — [0, ] satisfying the condition [, p ds > 1 for every locally rectifiable
y € I'. admT is called the set of admissible functions for I". For p € (1,c0), the
p-modulus of I is defined as

M,(T") = inf / p? dm,
Ri’l

where the infimum is taken over all p € admI . For the basic facts about the p-
modulus, see [316], Chapter 1. The p-extremal length of I is defined as the recip-
rocal of the p-modulus of I".

Now, let G be a domain in R” and let E and F be compact, disjoint, nonempty
sets in G. Let I'(E, F, G) denote the set of all paths connecting E and F in G. More
precisely, if y € I'(E,F,G), then y: I — G is a continuous mapping, where I is an
open interval and y(I)NE and y(I) N F are both nonempty. We write M, (E, F, G) for
the p-modulus of I'(E, F,G). Let &/ (E, F, G) denote the set of real-valued functions
u such that (1) u is continuous on EUF UG, (2) u(x) =0 if x € E and u(x) = 1 if
x € F,and (3) urestricted to G\ {o} is ACL. For the definition and basic facts about
ACL functions; see [316], Chapter 3. Given p € (1,00), the p-capacity of E and F
relative to G cap,,(E, F,G) is defined by

cap,(E,F,G) = inf/ |Vul|? dm,
G

where the infimum is taken over all u € &7 (E, F,G).
The p-capacity has the following continuity property.

Theorem A.13. Let E;y D E; D ... and Fy D F, D ... be disjoint sequences of
nonempty compact sets in the closure of a domain G. Let E = (i E;, F =(\i— F;.
Then

thn‘)lo cap,(E;, Fi,G) = cap,(E,F,G).
Proof. Since o/ (E;,F;,G) C & (Eiy1,Fi+1,G) C o7 (E,F,G) for all i, it follows that
cap, (E;, F;,G) is monotone decreasing in i and, therefore, that

limcapp(Ei7E7G) > Capp(EaFvG)'

For the reverse inequality, choose u € &7 (E,F,G) and € € (0,1/2). Define f :
(—o0,+0) —[0,1] by
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0 ifx<e,
fx) = (1-28) " (x—1+e)+1 ife<x<l-—g,
1 ifx>1—e¢.

Letu’ = fou. Since f is Lipschitz continuous on (—ee, +o0) with Lipschitz constant
(1—2¢)~1 it follows that «’ is ACL on G\ {e} and |Vi/| < (1 —2¢)~!|Vu| ace. in
G.

Let A and B be open sets in R” such that {x E EUFUG : u(x) < ¢} = (EU
FUG)NAand {x € EUFUG :u(x) > 1—¢} = (EUFUG)NB. For large i, we
have E; C A and F; C B and, for such i, we can extend ' continuously to E; UF;UG
by setting ' =0 on dGN(E;\E) and «’ = 1 on dG N (F; \ F). Therefore, u’ €
o (E;, F;, G) for large i. This implies that for large i we have

1
cap,(E;, Fi,G) < /W”/|p dm < m/|Vu|p dm.
G G

Hence,

[—0

. 1
lim cap,(E;, F;,G) < (1_28)17!|Vu|/’ dm.

Since u € &7/ (E,F,G) and € € (0,1/2) are arbitrary, we get the reverse inequality,
as desired. O

Let I" be a collection of paths in R”. Let 4 C admI". We say that & is p-
complete if
M,(I') = inf/pp dm,
R}l
where the infimum is taken over all p € A.
Let B C admI be the collection of p € admI” such that p is lower semicon-

tinuous. It follows from the Vitali—-Caratheodory theorem (see, e.g., Theorem 2.24
in [261]) that B is p-complete for all p € (1,0).

Lemma A.6. Let ¢ : R" — [0,00] be a Borel function in ¢ € LP(R"), p € (1,0),
and let r : R" — [0, 00| satisfy |r(x2) — r(x1)| < |x2 — x1]| for all x, xa € R". Define
Ty, : R" — [0,00] by

Tor) = 5 [ ot r(y) dmy).

n
B (1)
Then Ty ; has the following properties.
(1) If r(xo) > O, then

Tpr(x0) = W / @(y) dm(y) < eo.

B (x0.r(x0))
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(2) If @ is lower semicontinuous, then so is Ty, ,.
(3) If r(x0) > O, then Ty, is continuous at xo.
(

4) If @ is finite and continuous on a domain G in R" and 0 < r(x) < d(x,R"\ G),
then Ty , is finite and continuous on G.

(5) | Ty (x)r(x)"P| < C for some constant C € [0,0) and all x € R". The constant
C depends on .

(6) Let k = sup |r(x2) — r(x1)||x2 — x1| =", where the supremum is taken over all xi,
X2 € R, x1 £ xa. Then || Ty || p < (1= k)P |@||p, where || || is the usual L (R")-
norm and the right-hand side of the inequality is infinite in case k = 1.

Proof. Statement (1) follows from the change of variables y' = x( + r(xo)y and the
Holder inequality. To prove (2), let xo be an arbitrary point in R” and {x j};":l a
sequence of points in R” tending to xo. Fatou’s lemma and the lower semicontinuity
of ¢ imply

liminf Ty ,(x;) = lir_nianL / o(xj+r(xj)y) dm(y)

Jree Jee n
B1(1)
1 .
> 5 [ timinf(x+r(x)y) dm(y)
"pit)
1
> o [ ot rto)y) dmy) = Ty, (o).

B(1)

This shows that T, - is lower semicontinuous.
To prove (3), we observe that since r is continuous, r(x) > 0 for all x in some
neighborhood of xq and, therefore, by (1),

/ @(y) dm(y)

B (x,r(x))

T‘P-,V(x) = .Q,ﬂ'()(?)"

for all x in some neighborhood of xy. The right-hand side of the above formula is
continuous in x and, therefore, Ty - is continuous at xo.

Now, we proceed to prove (4). We observe that if x € G, then x + r(x)y € G for
any y € R” with |y| < 1. Fix xo € G and let B be a closed ball with center x( and
lying in G. Then B' = {x' : X = x+r(x)y, x € B, |y| < 1} is a compact subset of
G. Since ¢ is uniformly continuous on B’, given € > 0, there exists a 60 such that
lo(xy) —@(x})| < eif x|,x, € B and |x), —x|| < 8. Letx; € B with |x; —xo| < /2.
Then |(x; + r(x1)y) — (x0 +r(x0)y)| < 6 for any |y| < 1. Hence,

o) = Toulio) < 5 [l + r(an)y) = 9o+ rso))| dm(y) <.

" i)
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Hence, T, is continuous on G.
Next, to prove (5), we need only consider x € R” such that r(x) > 0. For such x,

we have |

T (x) = Qﬂr(x)"g,,(x /r( . o(y) dm(y).

Applying Holder’s inequality with exponents p and p/(p — 1), we get

1/p
1 njin—
Tor() € o | [ @G amt)| (@0
B" (x,r(x))
Hence,
1/p
Tos e/ < €=, | [oram| < «,
Rn

as desired.

Finally, we proceed to prove (6):

p

b= [1hw dmt) = [| o ot ray) dmts)| - dmo).
R” B"

Rn

1Tl

After applying Holder’s inequality to the inner integral and simplifying, we get

ol < - [ [ 0" rtaly) ds) dimi)

Rn B

Interchanging the order of integration gives

1
1Torlly < o [ [ @ ry) dm() dm(y). (A4
]Bn R)l

Define, for y € B", 6, : R" — R” by 0,(x) = x+ r(x)y. It easily follows that 6,
is injective and, hence, by a theorem in topology, 6,(R") is a domain. Since 6 is
Lipschitz continuous, it follows by Theorem 1 and Corollary 2 in [323] that the
change-of-variables formula for multiple integrals holds with 6, as the mapping
function. Therefore,

[ ortamtx) = [ 9706,) () dm) (AS)
6,(R") R

where uy’ is the volume derivative of the homeomorphism 6,; see Definition 24.1
in [316]. Since
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and
10y (x') = 6y(x)] = (1—k) |x' x|
yield g (x) > (1 —k)" a.e. x in R". This result and (A.4) and (A.5) give

1 To.r[I5

o [ o ant ) = (1=Kl

B" R"

as desired. O

For the remainder of this section, G will denote a domain in R”, and E and F
will be compact, disjoint, nonempty sets in G. We write I' = I'(E, F,G). We let
d : R" — [0,0) be the function defined by d(x) = d(x, (R"\ G)UEUF)\ {e}) and
let L.s.c.(R") be the extended real-valued, lower semicontinuos functions defined on
R".

Lemma A.7. Let o/ C adm I' satisfying (1) p € Ls.c.(R")NLP(R"), (2) p is con-
tinuous on G\ (EUF U{eo}), and (3) p(x) -d(x)"/? is bounded above for x € R".
Then <7 is a p-complete family.

Proof. 1t suffices to prove that M = inf [, p"(x) dm(x) < M,(I"), where the
infimum is taken over all p € &/. Choose p € admI" NLP(R") N 1.s.c.(R"). Let
€€ (0,1) and let g = T, ¢4. Suppose y € I' is locally rectifiable. We may assume,
by parameterizing ¥, that y: (a,b) — G, where a, b € [—eo, +o0], and that the length
of y|[t1,t2] is ty — 1y for all 11, 1, € (a,b). Note that y restricted to closed subintervals
of (a,b) is absolutely continuous.

Let % : (a,b) — G, y € B", be the path defined by (1) = y(r) + ed(y(t))y.
Choose e € y(a,b)NE.Lettj € (a,b), j=1,2,..., be such that y(r;) — e as j — oo.
If e # oo, then, clearly, %,(1j) — e as j — oo. If e = oo, then, for fixed ¢’ € (a,b), the
triangle inequality and the fact that d is Lipschitz continuous with Lipschitz con-
stant 1 imply |%(7;) — %(t")] > (1 —€)|y(z;) — y(t')| and, therefore, ;(t;) — o =¢
as j — oo. Hence, %(a,b) NE # 0. Similarly, ;(a,b) N F # 0. Therefore, 3, € I
Also, ¥, restricted to closed subintervals of (a,b) is absolutely continuous. An easy
estimate shows that |y, (¢)| < 1+ € a.e. on (a,b).

We have

/gds = /bg(v(t)) Qn//p 1) +ed(y(t))y) dm(y) dt
Y a
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b
= o [ ot aram
B a

1 1
> dsd > —
= (o /p sdmy) 2 T
Y

This result and Lemma A.6 show that (1 +¢€)g € &/ C admI". Hence,
M < (1+e)gll; = (1+&)°[[Tp.eally-
From Lemma A.6 (6), we get
(1+¢)?
< oy [ p7e) amie).

Rn

M

Since € € (0,1) and p € admI" NLP(R") N 1.s.c.(R") are arbitrary, we get M <
M, (I"), as desired. O

For r € (0,1), we define E(r) = {x e R": ¢(x,E) <r} and F(r) = {x e R" :
q(x,F) <r}. Let p : R" — [0,e0] be a Borel function. We define L(p,r) as the
infimum of the integrals jy p ds, where 7 is a locally rectifiable path in G connecting
E(r) and F(r). Since L(p, r) is non-decreasing for decreasing r, we can define

L(p) = limL(p,r).

r—0
Remark A.5. We observe that L(p) > 1 if and only if for every € € (0, 1) there exists
a 6 € (0,1) such that [,p ds > 1— ¢ for every locally rectifiable path y in G
connecting E(r) and F(r) with r < §.

Lemma A.8. Suppose there exists a p-complete family By C admI” such that
L(p) > 1 forevery p € By. Then the family 8 C admI consisting of all p € admI”
such that (1) p € l.s.c.(R")NLP(R") and (2) p is continuous on G\ {} is p-
complete.

Proof. Let % be the setof p € adm I such that p € 1.s.c.(R")NLP(R") and L(p) >
1. It follows from the Vitali—-Caratheodory theorem that %, is p-complete; see, e.g.,
Theorem 2.24 in [261].

Letp € %) and € € (0,1). Let 6 be as in Remark A.5 and choose 6’ € (0,1) such
that if x € E\ {eo} [resp., F \ {eo}] and y € R", |x —y| < &', then y € E(§) [resp.,
F(8)].Letr:R" — [0, 1] be defined by (x) = £6'min(1,d(x,R"\G)). Let g =T} ;..
Suppose y € I' is locally rectifiable and assume that y: (a,b) — G is parameterized
as in the proof of Lemma A.7. Let ¥, : (a,b) — G, y € B", be the path defined by
(1) = y(t) + r(y(t))y. It follows, using the same method as in the proof of Lemma
A.7, that ¥, connects E(§) and F (). A computation similar to the one in the proof
of Lemma A.7 yields
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1—¢

1

> > ¢
/gd? = (1+e)!2n[é//pd”vdm(y) = T+e
Y s

The above and Lemma A.6 show that (1 + &)(1 — &)~ 'g € A. Let
M = inf [, pP(x) dm(x), where the infimum is taken over all p € Z. Then, by
Lemma A.6,

< (e el = e Il < e

» < m\lp 15

Since p € #; and € € (0,1) are arbitrary and %, is p-complete, it follows from
the above that M < M,,(I"). This completes the proof since the reverse inequality is
trivial. ad

Lemma A.9. Suppose (EUF)NdG = 0. Let p : R" — [0,0] be a Borel function
and let p|G\ (E UF U {eo}) be finite-valued and continuous. Let € € (0,). Then
there exists a locally rectifiable path y € I' such that

/p ds < L(p)+e.
b4

Proof. We may assume that L(p) < oo. Let {&}};7_, be a sequence of positive num-
bers such that 37, & < &/8. Let {r}7_, be a strictly monotone decreasing se-
quence of positive numbers such that (1) limy_. 7z = 0 and (2) E(rg) NF(r) =
0. E(ry), F(r) C G, and o ¢ JE(ry), dF (1) for k = 1,2,.... Tt follows that
JE(ry)NE =0,dF (ry)NF =0fork=1,2,.... Let I} be the paths in G connecting
E(ry) and F(ry), k= 1,2,.... Choose ¥ € I such that ¥ is locally rectifiable and

/p ds < L(p,rk)+8/2§L(p)+§. (A.6)
Yk

Let x; [resp., yx;], defined for j < k, be the last [resp., first] point of ¥ in E(r;)
[resp., F(rj)]. We have x;; € dE(r;) and yi; € dF(r;). By considering successive
subsequences and then a diagonal sequence and then relabeling the sequences, we
may assume that x;; — x; € JE(r;) and yi; — y; € dF(rj) as k — oo. Let V; C
G\ (EUF U{oo}) [resp., W; C G\ (EUF U{eo})] be an open Euclidean ball with
the center x; [resp., y;] such that [p ds < ¢;, where the integral is taken over
any line segment lying in V; [resp., W;], j = 1,2,.... This can be done since p is
continuous on G\ (E UF U{ee}) and, hence, locally bounded there.

Let ¥ [resp., @;] be the set of rectifiable paths o : [a,b] — G such that o(a) € V;
[resp., o(a) € W;] and a(b) € V;_; [resp., a(b) € Wj_1], j =2,3,.... Let A be
the set of rectifiable paths « : [a,b] — G such that o(a) € V| and a(b) € W;. For
any positive integer k, there exists a path in the sequence {%}7 |, say Yi(k)» such
that x; ) ; € Vj and y;) ; € Wj for j=1,2... k. This implies that ¥, has distinct
subpaths in ¥, ¥, ..., ¥, O, Ds,..., D, A. Hence, for every positive integer k,
we have, using Eq. (A.6),
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k k
inf/ ds+ inf/ ds+ inf/ ds <
yeAy P jgéye‘f‘jy p jg’zyetbjy P
%

i

[pds < Lip)+5.
(k)

Since k is arbitrary, we get

. k k
inf / ds+ inf / ds+ inf / ds (A7)
YEA . p Z’zye?’j. p Z‘zyedy. p
Y ’ Y ’ Y
€
S L(park) + E

Choose 6 € A such that

/p ds < inf/p ds+e. (A8)
5 yeA.Y

Choose 7; € ¥}, 0; € @}, j =2,3,..., such that

/p ds < inf/p ds+&; (A9)
reY;
Tj Y
and
/p ds < inf /p ds+gj. (A.10)
’J/G(pj
oj Y

Let ¢ [resp., B;] be the line segment in V; [resp., W;] connecting the endpoints of
T;and T;y| [resp., 0j and 0;41], j = 2,3,.... Let oy [resp., B1] be the line segment
in V; [resp., W] connecting the endpoints of 7, and 6 [resp., 0> and 6]. We have

/pds<£j, /pds<£j, j=12,.... (A.11)
o B;

Let y € I be the locally rectifiable path y=...7307,0101023,03 . . .. Finally, by
Egs. (A.7)~(A.11),

/pds
¥

2/.pds+ Z/pds+ /pds+ E/Apds—&— 2/pds
: b =2 =3
B; 0 7 oj

et
=g,

IN

Yei+ Ye+ g+ 2e+ Lp) + &
Jj=1 Jj=1 j=2 j=2

as desired. O

Lemma A.10. Suppose (EUF)NdG = 0. Let # C admI be the set of p € admI”
such that (1) p € 1.s.c.(R")NLP(R") and (2) p is continuous on G\ {e=}. Then %
is p-complete.
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Proof. Lemma A.9 shows that L(p) > 1 for every p in the p-complete family &7
defined in Lemma A.7. Hence, this family .7 satisfies the hypotheses of Lemma
A.8. Therefore, A is p-complete. a

Theorem A.14. Suppose (EUF)NJdG = 0. Let # C admI be the set of p € admI”
such that (1) p € 1.s.c.(R")NLP(R") and (2) p is continuous on G\ {e}, (3)
p(x)-d(x)"/? is bounded above for x € R", and (4) L(p) > 1. Then & is a p-
complete family.

Proof. Choose p in the p-complete family % of Lemma A.10 and let € € (0, 1). Let
g =T} ca- It follows exactly as in the proof of Lemma A.7 that [, g ds > (1+ g)”!
for every locally rectifiable path y € I'. An application of Lemmas A.6 and A.9
shows that (1+¢)g € %. Let M = inf [, pP(x) dm(x), where the infimum is taken
over all p € . We have, by Lemma A.6,

(I+¢€)P
(L—g)"

Ei*‘z;p / PP (x) dm(x).

Rn

M < (1+e)[lgll; < lell; =

Since p € % and € € (0,1) are arbitrary and 2 is p-complete, it follows that M <
M,(I'). Since the reverse inequality is trivial, the proof is complete. O

Let y: [a,b] — R" be a rectifiable path in R”, 9 : [0,L] — R” the arc length pa-
rameterization of ¥, and f an ACL function defined in a neighborhood of y([a,b]) =
10([0,L]). We say f is absolutely continuous on the path y if

/Vf dt—foyo() fow(0)

forall 7 € [0,L]. The integrand is the inner product of dyy/dr and V f = the gradient
of f. We use the convention that d f /dx; = 0 at points x where d f / dx; is not defined.
The above definition differs slightly from Definition 5.2 in [316] in that we require
a little more than the absolute continuity of f o .

Lemma A.11. M,(I") < cap,(E,F,G).
Proof. Prove u € o/ (E,F,G) NLP(G). Let I be the locally rectifiable paths y € I”
for which u is absolutely continuous on every rectifiable subpath of y. Define p :
R" — [0,e] by
_ JIVu@)l it x € G\ {e},
p(x)_{o if xeR"\G.

Suppose v € I and v : (a,b) — G is parameterized as in the proof of Lemma A.7.
If a <t; <t <b, then

/pds:/poy dt>/|Vu )| dt > /Vu
Y

= IuOV(tz)—MOY(tl)I-
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Since #; and f, are arbitrary, the above implies fyp ds > 1. Hence, p € admlIj.
Therefore, _ _
My(15) < [ pr(x) dm(x) = [ V(o) dm(x).

R G
By a theorem of Fuglede (see Theorem 28.2 in [316]), we have M, (I") = M,,(I).
Therefore,

My(1) < [ IVul)” dm).
G

Since u € &7 (E,F,G) N LP(G) is arbitrary, we get the desired result. O

Lemma A.12. Let U be a domain in R", let g : U — [0, 0) be continuous, and sup-
pose that K is a nonempty, bounded, compact set with K C U. Define f: U — [0,0)
by f(x) =inf [g g ds, where the infimum is taken over all rectifiable paths B : [a,b] —
U with B(a) € K and B(b) = x. Then, (1) if the closed line segment [x|,x3] lies in
U, then

F()— fOa)] < max_g(x)w—u] (A.12)

x€[x1,x7)]

and (2) if f: U — [0,) satisfies (A.12), then f is differentiable a.e. in U and
IVF(x)| < g(x) ae. inU.

Proof. Let B be a rectifiable path connecting K and x;. Then
fln) < /gds+ / gds < [gds + max g(x)x,—xp].
B [ x€E[xy,x0]

X1 ,x0] B

Since f is arbitrary, we get

flx2) < fla) + max g(x)lr—xi.

x€[xy 0]

In a similar way, we get

fx1) < f(x) + max g(x)|xa —xq].
x€[x,x7]
This proves Eq. (A.12).

If f satisfies Eq. (A.12), then f is locally Lipschitz continuous in U and,
therefore, by the theorem of Rademacher and Stepanov [316], f is differentiable
a.e. in U. Suppose now that xo € U is a point of differentiability of f. Then
f(xo+h)— f(x0) =V f(x0) -h+ |h|e(h) where h € R" and lime(h) =0 as h — 0. For
small 7 € (0,1), let h =1V f(x0)/|V f(x0)|. Substituting in the above formula gives
[[Vf(xo0)| +&(h)| < maxyely, vy &(x). If weletz — 0, we get [V f(xo)| < g(xo), as
desired. O

Theorem A.15. Suppose (ENF)NJG = 0. Then My(I") = cap,,(E, F,G).
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Proof. 1t suffices, by Lemma A.11, to prove
cap,(E,F,G) < My(I'). (A.13)

We assume, without any loss of generality, that E is bounded and we let 8 C admI”
be as in Theorem A.14. The proof is divided into four cases.

Case 1. Suppose o ¢ G. Let p € # and define u : G — [0,00) by u(x) =
min(1,inf [g p ds), where the infimum is taken over all rectifiable paths 8 in G con-
necting E and x. It follows, using Lemma A.11, that u € o/ (E, F,G) and |Vu| < rho
a.e. in G. Therefore,

cap,(E,F,G) Vul? dm < P ds.
Py | P

Since p € # is arbitrary and & is p-complete, we get Eq. (A.13).

Case 2. Suppose « € G and « € F. Choose p € # and € € (0,1). Since
L(p) > 1, we can choose a small r € (0,1) so [, p ds > 1— ¢ for every locally
rectifiable path y in G connecting E(r) and F(r). Define u : G\ {eo} — [0,00) by
u(x) = min(1,(1— &)~ 'inf Jp p ds), where the infimum is taken over all rectifiable
paths 3 in G connecting E(r) and x. Since u is identically 1 in a deleted neighbor-
hood of e, we see that u extends continuously to all of G. It follows, using Lemma
A.12, that u € o/ (E,F,G) and |Vu| < (1—€)~!p a.e. in G. Therefore,

cap, (E,F,G) < /|Vu\”dm < (l—s)”’/p” dm.
G Rn

Since p € # and € € (0,1) are arbitrary and % is p-complete, we get Eq. (A.13).
Case 3. Suppose o € G, o ¢ F,and 1 < p < n. Choose p € 4. Since ((R"\ G)U
EUF)\ {eo} lies inside some ball, it follows that |x| < constant - d(x) for large |x|.
Therefore,
p(x) < Clx| P (A.14)

for some constant C € (0,e0) and all large |x|, say |x| > ro. Define v : G\ {eo} —
[0,00) by v(x) =inf [3 p ds, where the infimum is taken over all rectifiable paths f3
connecting E and x. We proceed to show that v(e) can be defined continuously. Set
v(eo) =inf [g p ds, where the infimum is taken over all continuous 8 such that f3 :
[a,b] — G with B(a) € E, B(b) = o and f|[a,?] is rectifiable for all € [a,b). Choose
any xo € R” so that the path [xp, o] lies in G, where [xg,o](f) = tx, t € (1,0). Let
Y be any rectifiable path in G connecting E and xo. Let 3 the path obtained by
connecting the paths ¥ and (xg,c). Then

v(oo)g/pds:/pds—&— /pds.
B

Y [x0,°]
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Clearly, jyp ds is finite and j P ds is finite by the estimate (A.14) and the fact
that 1 < n/p. Hence, v(eo) is ﬁmte. Choose r € (rg,o°) large enough so that the
complement in R” of B"(0,r) lies in G and E C B"(0,r). Let xp € G\ {} and
|X()| >

Suppose f3 is a rectifiable path in G connecting E and xo. We have

v(eo) < /pds+ /pds</pds—|—C/ NP g,
B B

[x0,°]

Since the above is true for all such 8, we get

oo

y(eo) —v(xg) < c/t_”/" dt. (A.15)

r

Suppose now that 3 is a path connecting E and oo and is of the type used in defining
v(eo). Let 7 be a path that is part of a great circle on the sphere {x € R" : [x| = |xo|}
and that connects xo and yg at some point on the path 3. Let 3; be a subpath of 3
connecting E and yo. We have

)g/pds—i—/pdsg/pds—l—/pds.
B T B T

Also,
/p ds < length( ) < 27Clxo|' /7.

Hence,

) < /p ds + 27Clxo|' P < /p ds + 2mCrl="/P,

Since the above is true for all B connecting E and o, we have
v(xg) —v(eo) < 2mCr' NP, (A.16)

Relations (A.16) show that v is continuous at .
Define u : G — [0,°0) by u(x) = min(1,v(x)). Then it follows, using Lemma
A.12, thatu € &7 (E,F,G) and |Vu| < p a.e. in G. Therefore,

cap, (E,F,G) < /|Vu|”dm < /p” dm.
G R’l

Since p € Z is arbitrary and % is p-complete, we get Eq. (A.13).
Case 4. Suppose « € G, o ¢ F, and p > n. Define 6 : R" — [0, 1] b
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(1 it x| < e,
O() = {1/(x|10gx) it x> e

It is straightforward to verify that 6 € LP(R") and [;” 0(|x|) d|x| = e=. Choose
p€PBandeec (0,1). Let p' = p + €. Define u: G\ {co} — [0,0) by u(x) =
min(1,inf [g p’ ds), where the infimum is taken over all rectifiable f3 in G connecting
E and x. Choose r € (0,e) so that E C B*(0,r). If |xo| > r and f connects E and

Xo, then
||

/p'ds > e/edsz e/e(\x\)d\x\.

B B r

It follows that if |xo| is large, then [ p" ds > 1. Therefore, u extends continuously

tou: G — [0,0). Using Lemma A.12, we get u € o7 (E,F,G) and |Vu| < p’ a.e. in

G. Hence,

cap, (E,F,G) < /|Vu|p dm < /(p+£6)P dm.
G R"

Since p € Z and € € (0,1) are arbitrary and % is p-complete, we get Eq. (A.13).

O

We use the previous theorem to prove a continuity theorem for the modulus.

Theorem A.16. Suppose E1 D E> D ... and F1 D F> D ... are disjoint sequences of
nonempty compact sets in a domain G. Then

[—00

lim M, (E;, F;,G) = M, (ﬂEi, ﬂFi,G>-
i=1 i=1

Proof. The theorem follows immediately from Theorems A.15 and A.13. a

The reader may wish to compare the proof of Eq. (A.13) with Ziemer’s proof
in [338]. Ziemer defines a function u derived from a density p in a way that is
similar to the one in this section. Ziemer’s technique will not work for the situation
considered in this section since the “limiting path” of Lemma 3.3 in [338] need not
necessarily lie in G. The present proof “works” because there is a p-complete family
of densities p with L(p) > 1.

A.4 The Shlyk Equality

This section extends the result from Section A.3 to arbitrary condensers in the clo-
sure of a domain in R", n > 2; see [293], cf. with arguments in Chapter 2 and in the
papers [10,37,198].

Let us introduce some notations: R” = R" U {eo} is the one-point compactifica-
tion of the Euclidean space R”, n > 2; G C R”" is an open set in the topology of the
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space R"; Fy and F, are nonempty, disjoint, closed sets in G; mp, (Fo,F1,G) is the
p-modulus of the family A (Fp, F1,G) of all rectifiable paths connecting Fy and F} in
G; see [122] and [305]; here

mp (F(),Fl,G) :il‘lf/pp dx,
G

where the infimum is taken over the class admA (Fy, Fj,G) of all Borel functions
p : G — [0,e] satisfying the condition

/pdszl
Y

forevery ye A (Fy,F1,G); Cp (Fo, Fi,G) is the p-capacity of the condenser (Fy,Fi,G),
i.e.,

C, (Fo,F1,G) = inf/ Vul? dx,
G

where the infimum is taken over the class of all functions u € C~(G) NL},(G) (see
[215]), which are equal to 1 and 0 on neighborhoods of the F and Fj, respectively;
d(-,-) is the Euclidean distance; L, is the n-dimensional Lebesgue measure in R”.

Hesse has shown in [122] that m,, (Fy, Fi,G) = C, (Fo,F1,G), where Fy and F,
are compact subsets of G, G is a domain, and the monotonicity of m), (Fy,Fi,G)
is obtained as a consequence of this fact. Note that the connectivity of G in the
Hesse proof is not an essential restriction. Later on, M. Ohtsuka in [228] raised the
question of the monotonicity of m,, (Fy, F1,G) for arbitrary condensers (Fy, F1,G) .

The equality m, (Fy, Fi,G) = C, (Fy,F1,G) for arbitrary condensers is proved in
Theorem A.17 and answers the Ohtsuka question; see Corollary A .4.

Theorem A.17. The equality m, (Fy,F,G) = C, (Fo, F1,G) holds for p > 1.

Proof. The inequality m, (Fy,F1,G) < C, (Fy,Fi,G) < e is known; see [122]. We
need to show that m), (Fy,F1,G) > C, (Fy,Fi,G) . Since

mp (Fo,FhG) = mp(aFo,8F1,G\ (F()UFl))

and
c, (F(),Fl,G) =G (8F0,8F17G\ (F() UF1)),

in what follows we assume that Fyy, F; C dG. Consider the case when G is a bounded
open set and, consequently, F and F} are compact sets in R”. Then, given € € (0, 1),
there is the cut-off function p; € admA (Fy, Fi, G) such that

£
mp(Fo,Fl,G)—/pf’dx < Z
G
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Corresponding to [122] is a function p, € adm A (Fp, F1,G) that is continuous and

satisfies the condition
' €
/pé’dx—/pf)dx < h
G G

Select m € N such that, for

p3 = max {pa,1/m}, (A.17)

the inequality

/pé’dx—/pé’dx <§
G G

holds. The function ps is continuous in G and belongs to the class admA (Fy, F,G) .

In view of the inequality d(Fy,F;) > 0, there is a compact set ® such that R \
o = Ap U By, where Ag and By are open disjoint sets and Fy C Ag and F; C By;
see [292]. Using a covering of m by balls, we may assume that o is of the .£},-mea-
sure zero.

Similarly, let us construct open sets Ay and By, k =1,2,..., such that Ag Ay 3
A1, Bo D By 3 Biy1; % (814/( U&Bk) =0, m:):IAk =Fy, ﬂ;’:l B =F. Set B =
d(dA1, @), m = d(dB1,0), By = d(dAy-1,0A;), and Ny = d (dBy—1,9By) for
k > 2. Tt is clear that B; > 0 and 1y > 0 as k = 1,2,.... Let us give a decreasing
sequence & € (0, 1) such that

- £
Y 2rtle < 7 m- g < min (B, mx). (A.18)
k=1

Let us enclose dG \ (FhyUF;) # 0 into the union U of a sequence (possibly, finite)
of open balls such that the set R" \ (A;UBy) intersects at most a finite number
of its elements and U 1 (FRRUF) =0, kaJWk pldx < et where Vi = (UNG)N
(Ar—1 \Ax) and Wy = (UNG) N (Be_1 \Bx) , k=1,2,....

If 0G\ (FoUF;) =0, we set U = 0. Then, under U # @ and dGNA;_1 \ Ay # 0,
we have d (8G NAk_1 \Ag, aU) > 0. Similarly, under U # @ and dGNBy_; \ By #

0, we have d (aGmB,H \Bk,aU) > 0. Thus, if

p3/€x+1, X € Vo1t UWapyr, k=1,2,...,
P4 =1 P3/€x, XE€Vyu UWy, k=1,2,...,
0, xeG\U,

then ps = p3+ps € admA (Fy, Fi,G) and |pf —m), (Fo, Fi,G) | < €. Set Fy j = 0A;N
@,FlﬁjzaB]ﬂ@ande:G\AjUBj,j: 1,2,....Thenfyp5 ds>1—egfor j= jy
and all VaS 1—} =A (F()ﬁj,F]}j,Gj) .
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We may assume that the family A (Fp, F1,G) is not empty, because otherwise it
is obvious that m,(Fy, F1,G) = 0 = C,(Fy, Fi, G). This implies the condition I'; # 0,
j> 1

Indeed, let us assume the contrary. Without loss of generality, we may consider
that, for every j € N, there is a path y; € I such that

/ps ds>1—¢. (A.19)
Y

Since ps > 1/m in G, in view of Eq. (A.19), the length s(y;) of the path y; is
at most m(1 —¢€). Hence, 7; = ;U {a;,b;}, where a; € Fyj, b; € F j. By the
Mazurkiewicz—Yanishevski theorem (see [186], p. 200), the continuum 7%; contains
a continuum A joining the points a; and b; and which is irreducible between them.
It is clear that A is a continuum of a finite one-dimensional Hausdorff measure
and, consequently, is a rectifiable path; see [138], p. 180. In view of the Hahn—
Mazurkiewicz—Sierpinski theorem [186], A is a locally connected continuum. Ap-
plying Moore’s theorem, (see [186], p. 262), we conclude that 4 \ {a b j} is a
simple rectifiable path from I’ and [; ps ds < 1 — €. Therefore, we further assume
that y; is a simple path.

Let fj : (0,s;) — ¥; be a natural parameterization of the same path y;, where
sj = s(y;). Then [f;(s") — fi(s")] < |s' — "] for all s',s" € (0,s;), j € N, and
|fi(s)] =1 ae. in (0,s;) with respect to the measure .%;. Without loss of gener-
ality, we may consider that s; — s9 < e as j — oo and, by the Ascoli theorem, f;
converges uniformly to a function f on compact subsets of (0,s¢), satisfying the
Lipschitz condition with the constant 1. By construction, ¥y = f((0,so)) joins com-
pact sets Fy and Fy and is contained in G. Moreover, |f(s)| < 1 a.e. on (0,s0). Let
7= (y\U)NG. Since p3 is continuous in G and p3 = ps in G\ U, we have

1= > tim [ py(£(5)) ds= [ ps((5)) ds= [ ps () ds

for every compactum 7' C 7, where e = ! (') C (0, 50). Hence,

/ psds<1—e. (A.20)
T

In particular, if U = 0, then 7 D ¥ € A (Fp, F1,G) and f7p5 ds > 1, which, in view of
Eq. (A.20), contradicts the above assumption. Hence, later on, we may consider U #
0.Let V; #0. Set 7y (V) = (ynV;) N (UNG) . Since ¥ joins Fy and Fy, one of the
connected components of YN (Ao \Ay ) joins the compact sets dAg and dA|. Denote
this component by s¢. Then s\ 71 (V) # 0. Indeed, let us assume that >\ 7, (V) =0
and let (a, B) C (0,50) be one of those intervals for which f ((¢;, )) = sc. Choosing
6 in (0,(B —a)/2), for large j, we obtain

;= fi ([ +8,B—8]) C Vin(UNG).
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Since 1 —¢€ > fy/_ ps ds > j/j ps ds, we have j%j ps ds < 1 and, consequently,
f%j ps ds < €. Hence, s(3j) < m-€;. Passing here to the limit as j — coand § — 0,
we have Bj =d (dAg,dA1) < s(3¢) <m-¢;, which contradicts the choice of & in Eq.
(A.18) under k = 1. Consequently, >\ 7; (V) # 0. A similar property can be estab-
lished for yN (Bo\ B1) , yN (A1 \A2) , N (B1\ B2) ,.... Then each connected com-
ponent of 7; (V) belongs in an open arc included in (6 NnU ) NV UW; UV; and either
the endpoints of these arcs simultaneously lie in one of the sets (dU NGNIV;),
(UNGNIW), (AUNGNAV,), or one of endpoints belongs to (U NGNIV})
and the other one to one of the sets (QUNGNIW;), (JUNGNIV,). Let us
enumerate these arcs as a (possibly finite) sequence 7;,;(V), [ =1,2,..., and set
71(V) = U; 71;. Let us parameterize g; : ¢1; — T, of the arc 7y (V') by restricting
f to the corresponding interval g;; C (0,s0). Since ps is a bounded function, in a
small neighborhood of the compact (dV;|JdW;JdV2) N (AU NG), the mappings
fj» f are Lipschitzian, f; — f on g ; as j — oo, and we can find numbers n; and n,

and segments [c;,d;] C q1, | = 1,ny, such that
1.if 67 = fu, ([c1,d1]), then U}, 0, C Vi UW, UV, N(UNG),

2.thesete=f (Ulan 41,1) lies in a small neighborhood of the compactum
(V1UIW UdV2)N (U NG)

and
/p5 ds < g1, (A.21)
e

3. if we join the point f;, (c;) by a line segment with the “left” endpoint of the arc
f (qu) , the point f,,(d;) by a line segment e ; with the “right” endpoint of the arc
f(q11),e11Uer; C G, 1=1,ny, then

nj ny

n
D /ps ds+/p5 ds | <e. (A.22)
=1 1, €
Note that
1
Z/p4ds§/p5ds§l—£.
=1, oy
Hence,
ny 3 n 3 .
Z/p3ds = 2 / p3ds+ / p3ds | <& +&. (A.23)

Y] o NV UW; o;NV

Replacing the arcs 77, in ﬂ(V) by arcs 0; and by the line segments ey ,ez;...,
I = 1,ny, we obtain instead of 7;(V) a set 7;(V) C G such that, in view of Egs.
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(A21)~(A.23),

/ p3ds <3e +&.
T(v)
In the case V; = 0, we set 71 (V) = 0.
Similarly, taking the sets Wy, V2, W,,... instead of Vi, we construct, for ‘L'L(W) =
(ynW)N(UNG), n(V)=(ynV2)N(UNG), (W)= (ynW2)N(UNG),...,
the corresponding sets 71 (W), 72(V), T2(W),... in G such that

/ p3ds < 3e+ &, / p3ds <3&+ € + &,
(W) n(V)

/ p3ds < 31 +81+ 63,0 (A24)
(W)

Combining Egs. (A.21)-(A.24), we come to the estimate

5
2 / p3ds < -E€.
k>1- ) 8

~n(V)um(w

Since ¥ = TU (M1 (%(V)) U (%(W))) € A (Fo, Fi,G), we have [5p3 ds > 1 and
1—(5/8)e < [,ps ds, which contradicts Eq. (A.20). Consequently, there is a jo
such that under j > jo,

/ psds>1—¢
Y
for all y € T;. Hence, the function

_ p5/<178)a XGGJ',
Ps=1 o, x¢G;,

belongs to admA (Fy,Fi,G;UAjUB;), j > jo. Using this and the equality
mp (F(),Fl,GjUAj UBj) =Gy (FQ,F],GJ'UAJ'UBJ') from [122], we obtain the fol-
lowing relations:

/pg dxzmp(Fo,F17G)+0(1) Zmp(Fo,Fl,GjUAjUBj)
G

=C,(Fy,F1,GjUA;UBj) > C,(Fy, Fi1,G),

where o(1) — 0 as € — 0 and j > jy. Passing to the limit as € — 0, we get the
conclusion of the theorem: m,, (Fy, Fi,G) = C, (Fy,F1,G).

Note that the equality

mp, (Fo,Fl,Gj UAjUBj) ZCP(Fo,Fl,GjUAjUBj)
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can be established by repeating the previous arguments (replacing G by GUA ; UB;)
and constructing by the function pg an admissible function « in the capacity problem
Cp (Fo,F1,GUA;UB;) such that quAjqu \VulP < [ pE dx; see, e.g., [122] and
[305].

Now, let G be unbounded and open. Then we need the next modifications in
the previous proof. Instead of p3 = max{p,,1/m} in Eq. (A.17), we set p3 =
max {p2, g}, where g is a positive continuous function on R” such that [, g7 dx <
€ /4. We correspondingly request for &, in Eq. (A.18) the following conditions:

& < min g(x)min (B, n;)  [where min g(x) < eo for Vi UW, = 0],
Vi UW Vi UW

ifeeo€ HUF,k=1,2,...,and > € (Ag\A;) U (Bo\B1),

& < min g(x) min (B, nx) [where min g(x) X oo for Vi UWy = 0]
Vi UWy Vi UW,

ifeod FpUF, k=2,3,.... Moreover, if o ¢ Fyy U F], it is necessary to add to the
set U the exterior of a closed ball centered at O with a large radius. Finally, in the
definition of limit path 7, instead of ps > 1/m, it is necessary to use the estimate
ps > ming > 0, where K is an arbitrary given compactum in R”. Using the Cantor
diagonal process makes it possible to find subsequence {fjk} converging locally
uniformly to f. The function f determines either a bounded rectifiable path v, join-
ing Fy and F} or a path y joining Fy and o € F} or a path Y joining o and Fp and
Fy. Moreover, y C G, fj, — f on every compactum e C f~! (y\ {e}), and f;, f are
Lipschitzian functions on e with the constant 1.

Similar to the above scheme, replacing ¥ by the corresponding 7, we obtain the
desired conclusion for unbounded G. The proof is complete. a

Corollary A.3. Let E be an NC,-set in G; see [92]. Then
m, (Fo,Fl,G) =mp (Fo,Fl,G\E)

Jor p € (1,e0).
Proof. The statement follows from the equality C, (Fo,F1,G) = C,, (Fo,F1,G\E).
O

Corollary A4. Let Fy; D Fop D ... and Fi1 D Fi2 D ... be disjoint sequences
of nonempty closed sets in G and (\;_, Fij = F, i = 0,1. Then m,(Fo,F1,G) =
lim;j_mp,(Fo j, F1,j,G) for p € (1,00).

Proof. The last relation follows from the similar equality for the p-capacity:
Cy(Fy,Fi,G) =1limj_..Cy(Fo j, Fi1,j,G); see [122], Section A.3. O
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A.5 The Moduli by Fuglede

Fuglede [64] considered measures in a fixed abstract set X. “A measure in X"’ means
a countably additive o-finite set function with nonnegative values (the value oo
being admitted) defined on a o-field of subsets of X. The completion of a measure
u is denoted f1. The domain of [i consists of all sets E C X such that A C E C B for
suitable A and B from the domain of u with u(B\ A) = 0; then i = u(A) = u(B).

One such measure in X will be kept fixed throughout the present section. This
basic measure will be denoted by m and its domain of definition by .. It is assumed
that X € .#. By the applications described in the other chapters, X will be the
Euclidean n-dimensional space R”, .# the system of Borel subsets of R", m the n-
dimensional Borel measure, and hence m the n-dimensional Lebesgue measure. We
shall now consider other measures, or rather systems ( = sets) of other measures,
in relation to this fixed measure m. We denote by M the system of all measures
u in X whose domains contain the domain .# of m. Given system E of measures
U € M, a nonnegative m-measurable function p defined in X is called admissible
for E, written p € adm E, if

/ pdu > 1
X
for every i € E. The modulus M), 0 < p < o, is now defined as follows:
M,(E) = f rd
(8=t [ o7 am

interpreted as 4o if adm E = 0 (it is possible only if £ contains the measure y =
0). As a partial motivation for this definition, we may mention that the measure
m(E) of an arbitrary set E € . equals the minimum of [y p(x)? dm(x) when f
ranges over all nonnegative m-measurable functions such that p(x) > 1 everywhere
in E. A minimizing function f is the characteristic function ) for E. This analogy
expresses, by the way, an actual connection between the measure m and the module
M, in the special case where the system E consists of “Dirac measures.” [With
any x € X is associated the Dirac measure y, defined by yx(A) = ya(x) =1 or 0
depending on whether or not A contains x]. If E denotes a system of such measures
Xx» obtained by taking for x the points of some given set E € M, then it follows easily
that M,,(E) = m(E). Returning to general systems of measures, we shall establish a
few simple properties of M,,.

Theorem A.18. The module M), is monotone and countably subadditive:
(a) Mp(E) < M,(E') if EC E';
(b) Mp(E) < 3, My(E;) if E=U;E

Proof. The monotonicity of M, follows at once from the fact that p AE’ implies p A
Eif E C E". The subadditivity may be proved as follows. If p (x) = sup; p;(x), where
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each p; is a nonnegative m-measurable function defined in X, then p is likewise such
a function, and _ ‘

/ppdeZ/plpdm.

X L x

To see this, we define, for an arbitrary index n,

gn(x) = max{pl(x)a""p’l(x)}7
Xi = {xeX:pi(x) =gn(x)}.

Then g, is m-measurable, X; € .#, and X = |J_, X;. Hence,
n n oo
[epam <3 [gham =3 [pram <3 [pf dm.
e i=lg, i=ly. i=l3

The desired inequality now follows for n — e since g,(x) — f(x) monotonically,
and hence [y gh dm — [y p” dm. Next, let p; € adm E; and

€

/p;’ dm < My(E)+ 2.
X

Then p € adm E, and
M,(E) < /pp dm < Z/pf dm < ZM,,(Ei)—i—e.
4 =1y i=1

O

Remark A.6. If, in particular, the systems E; are “separate” in the sense that there
exist mutually disjoint sets S; € .# such that (X \ S;) =0 when u € E;, then the
sign of equality holds in Theorem A.18(b). In fact, if p € adm E, and hence p
is admissible for each E;, and if we define functions p; by p;(x) = p(x) or =0
dependins on whether x € S; or x ¢ S;, then p; € adm E;. Hence,

/pp dm = /plp dm > M,(E;)
Si X

and, consequently,

v
M
=
5

/ppdmZZ/ppdmf
g

X

which implies
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The concept of the extremal length, A, = 1/ M,,, was introduced by A. Beurling.
We shall say that a system E of measures ¢ € M is minorized by a system E’ of
such measures if there corresponds to any u € E a measure y’ € E' such that yu > y’,
i.e., W(A) > u'(A) for every point set A € ..

Theorem A.19. (¢) IfE is minorized by E', then A,(E) > A(E').

(d) If the systems E| ,E,,... are separate, and if each E; is minorized by a system
E, then

Le.,

(e) If p > 1, the systems E|,E,,... are separate, and a system E is minorized by
each E;, then

Ap(E)PT > 3 (BT

Proof. Statement (c) is easily verified. Statement (d) contains the above remark as
a special case and is proved exactly like it. In particular, the sign of equality holds if
E =, E;, where the E; are separate (but otherwise arbitrary) systems. By the proof
of (e), it is convenient to express the definition of the “extremal length” 4, in the
following form:

Jp(B)=sup Ly(BY,  p=0, pel(m).  [prdm—1.
p

where
Ly(E) = inf [pdpu.
ucE
If A,(E;) = 0 for some i, the corresponding term may be neglected. If A,(E;) =
+eo for some i, it follows from (c) that A,(E) = 4-eo. Thus, we may assume that
0 < A, (E;) < +oo for every i and also that 0 < A,(E) < +oe. To any given number
€& > 0 corresponds a function p; > 0, p; € LP(m), such that

/pl-pdmzl

Ly, > A,(E)VP —g.

and

Choosing disjoint sets S; so that ((X \ S;) =0 when u € E;, we may assume, more-
over, that p; = 0 in X \ S;. Define p(x) = ¥,;,p;(x), where #; > 0, and 3,1/ = 1. It

follows that
/ppdm=2tf/pfdm:2tf = 1.
i i

Hence,
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Ap(E) = Ly (E)".

Let u € E. By assumption, there are measures u; € E; such that u > ;. Conse-
quently,

/pfdu zti/Pidﬂ > Zti/Pidlii

Ly, (Ei) > Ztilp(Ei)l/p — Xt

Y

It follows that

> zlilp(Ei)l/p - ztigi

P
>4, P
i
In Holder’s inequality,

(zsers) < 3o (zhimro)

the sign of equality holds if, and only if, the numbers 7/ are proportional to the
numbers A, (E;)'/(P=1). This optimal choice of the multipliers #; leads to the desired
inequality.

The sign of equality holds in (e) if, in particular, E = Y, E;, where the E; are
separate (but otherwise arbitrary) systems. In fact,

Ly(E) < ZLP(E)

for arbitrary p > 0, p € LP(m), since y; € E; implies >; u; € E. Defining 7; =
{Us,p? dm}'/P and p;(x) =1, 'p(x) or = 0 depending on whether or not x to be-
longs S;, we have p > Y #;p;, and

and, hence, that

/p” dm > Y1 (A25)
i
On the other hand, L, (E;) = t;L,,(E;), and hence
Ly(E) < Y Ly(E) = Y tiLp (E) < Zt, E;)'/7.
i i

Applying Holder’s inequality as above, we obtain

p—1
E)’ < zt” (ZA )/ = 1) . (A.26)
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Combining Egs. (A.25) and (A.26), we arrive at the desired inequality:

p—1
lp(E) < (le(Ei)l/(P—l)> .

O

A system E C M will be called exceptional of order p, abbr. p-exc, if M,(E) =
0.

The well-known fact concerning point sets £ C X that /m(E) = 0 if, and only if,
there exists a function p € L”(m), p > 0, such that p(x) = +eo for every x € E (the
value of p > 0 being irrelevant) may be generalized as follows:

Theorem A.20. A system E C M is p-exc if, and only if, there exists a function
p € LP(m), p > 0, such that

/pdu = 4o VUEE.
X

Proof. Tf p has these properties, then n~'p € adm E for every n = 1,2,...; and
J(n~'p)P dm =n"P [pP dm — 0 as n — oo} hence, M,(E) = 0. Conversely, let
M, (E) = 0 and choose a sequence of functions p, € adm E so that [ py dm < 47"
Writing

1/p
peo={ S0}
n

we infer that

/p”dm:ZZ"/p,fdm<oo;
on the other hand,

/p dp > /2”/";)” du >2""
forevery u € E and every n=1,2,..., and hence [ p du = 0. a

A proposition concerning measures U, which belong to some specified system
E C M, is said to hold for almost every 1t € E of order p, abbr. p-a.e. u € E, if the
system of all measures i € E for which the proposition fails to hold is exceptional
of order p. This amounts to the existence of a function p € L”(m), p > 0, such that
the proposition holds for every p € E for which [ p dy < co.

Theorem A.21. (a) Any subsystem of a p-exc system is p-exc.

(b) The union of a finite or denumerable family of p-exc systems is p-exc .
(¢) If p > q, then every p-exc system of finite measures is g-exc .

(d)IfE C X and m(E) =0, then i(E) = 0 for p-a.e. 4 € M.

(e) If p € LP (1), then p € L'(f1) for p-a.e. i € M.
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(f) If a sequence of functions p; € LP(m) converges in the mean of order p with
respect to m to some function p, i.e.,

1im/|pi—p|”dﬁ1 =0,
[—00
X

then there is a subsequence of indices iy tending to o with the property that, for
p-a.e. W €M, p;, converges to p in the mean of order 1 with respect to [i:

tim [ |pi, ~pl dit = 0.
X

Sor p-ace. i € M. Statements (d), (e), and (f) remain valid if m and i are replaced
by m and [, respectively.

Proof. Statements (a) and (b) are contained in Theorem A.18. To prove (c), let E
denote a p-exc system of finite measures i € M, and let p € L”(m), p > 0, be
chosen so that [ pdu = +eo for every u € E. Now, p?/4 € L9(m), and an application
of Holder’s inequality shows that [ p?/9du = +oo when u € E since p(X) < oo and
p/q > 1. In fact,

a/p
+°°:/p du < </p”/qdu> u(x)' -,

As to statements (d), (e), and (f), we begin by proving the corresponding statements
in which 7 and [1 are replaced by m and , respectively. The statement correspond-
ing to (e) is then contained in Theorem A.20, while (d) may be proved as follows.
Let E € .#, m(E) =0, and p(x) = 4o for x € E, p(x) =0 for x ¢ E. Then p
belongs to L” (m) and

/p dp = (+e0)- W(E) = oo

for every u such that u(E) > 0.
As to (f), we choose an increasing sequence of integers iy so that

[ 1) =p )17 dmix) < 27
and we write gy (x) = |p;, (x) — p(x)|. Introducing the systems

Av:{/.LEM:/gvdu > 27V},

Brl = UAV7

v>n

and
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E = (B,
we have 2Vg, € adm A, and hence
Mp(ay) < [@gn)rdm =27 [gham < 2.

This implies, in view of Theorem A.18, that

My(E) < Mp(By) < Y My(Ay) < 27"

v>n

Consequently, M,(E) = 0. To every u € M\ E corresponds an index n such that
uéB,, e, [|pi, —p|ldu=[gydu<2""forevery v >n.Hence, limy_.. [ |p;, —
pldu=0.

It remains to reduce the original statements (d), (e), and (f) to the above cor-
responding statements in which m and [t were replaced by m and u, respectively.
As to (d), let E C X and assume that m(E) = 0. There exists a set E* € . such
that m(E*) = 0 and E* D E. The system of all measures y such that fi(E) > 0 is,
therefore, contained in the p-exc system of all measures y such that g (E*) > 0. As
to (e), the function p may be replaced by an equivalent m-measurable function p*.
Applying (d) to the set E = {x: p(x) # p*(x)}, we infer that fi =0 for p-a.e. u, in

particular,
[iptdn = [1p*1dn = [1p*ldu < =

for p-a.e. u. Statement (f) may be treated in a similar manner, and the proof is
complete. O

Remark A.7. Simple examples show that the infimum in the definition of M,(E) is
not necessarily attained by any function p € adm E. However, the following theorem
exists for any order p > 1 and any system E of measures y # 0, u € M : There exists
a function p > 0 such that [y pPdm = M,(E) and [y p du > 1 for p-a.e. u € E.
[The former property of p obviously depends only on the m-equivalence class of p,
and so does the latter by virtue of Theorem A.21 (d).]

The existence of p is clear if M,(E) = +eo; and if M),(E) < oo, it is a conse-
quence of the well-known facts that the Banach space L”(m) is uniformly convex
when p > 1 and that any convex, closed, and nonempty subset of a uniformly convex
Banach space contains a unique vector with minimal norm (cf., e.g., [223], p. 7). For
any system E of measures (t # 0, u € M, the set of all functions p € L”(m), p >0,
such that [, p du > 1 for p-a.e. u € E, is convex and nonempty, and it is closed in
L?(m) by virtue of Theorem A.21(f). From the uniqueness of the minimal vector, it
follows that the minimal function p is uniquely determined up to a set of measure
m = 0. Simple examples show that the restriction p > 1 is essential for the existence
as well as the uniqueness of p.
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A.6 The Ziemer Equality

Gehring in [77] showed that the conformal capacity is related to the modulus of a
family of surfaces that separate the boundary components of R. Gehring assumes
that the separating surfaces are sufficiently smooth; Krivov [168] establishes a sim-
ilar result under the assumption that the extremal metric is well behaved. Under
similar assumptions, other authors have dealt with the modulus of separating sur-
faces; cf. [64,121,290].

The purpose of this section is to eliminate the need for these assumptions; see
[340]. Thus, we consider the case of two disjoint compact sets Cp,C; contained
in the closure of bounded, open, connected set G. It is proved that the conformal
capacity C of Cy,Cy, relative to G, is related to the n/(n — 1)-dimensional module
M of all closed sets that separate Cy from C; in the closure of G by

C T =M. (A27)

This is accomplished by using a technique of Gehring’s Lemma 3 in [66], which
eliminates all assumptions concerning the behavior of the extremal metric. Then, a
surface-theoretic approximation theorem, first developed in [60] (8.23), permits the
consideration of arbitrary closed separating sets.

Below E" is Euclidean n-space and L, n-dimensional Lebesgue measure. Haus-
dorff k-dimensional measure in E” is denoted by H¥ (see, e.g., [57]), and in this
section, only H' and H"~! are used. If A C E", then JA means the boundary of A
and for x € E", dist(x,A) is the distance from x to A. More generally, dist (A, B)
denotes the distance between the sets A and B, B(x, r) stands for the open n-ball of
radius r and centered at x. If A is an L,-measurable subset of E”, then L”(A) denotes
those functions f for which |f|? is L,-integrable over A and || ||, is its L”-norm.

A real-valued function u defined on an open set U C E” is said to be absolutely
continuous in the sense of Tonelli ACT on U if it is ACT on every interval I C U;
cf. [281], p. 169. Thus, the gradient of u, Vu, exists at L,-almost every point in U.
The following co-area formula, which was proved in [342], will be used frequently
throughout this section.

Theorem A.22. If A is an L,-measurable subset of U and u is ACT on U, then

/|Vu( )| dL(x /H” ' (s)NA) dL (x). (A28)
A
Therefore,
+
/ F(x)|Vu(x)| dL,(x / / f(x) dH" ' (x) dLi(s) (A.29)
U —oyu—l(s)

whenever f € L'(U).
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The following will be standard notation throughout. G is an open, bounded, con-
nected set in £, and Cy,C; are disjoint compact sets in the closure of G. We will let
R=G\ (CyUCy) and R* = RUCyUC). The conformal capacity of Cy,C relative
to the closure of G is defined as

C[G,Co,C1] = inf / \Vul" dL,, (A30)
%

where the infimum is taken over all functions u that are continuous on R*, are ACT
on R, and assume boundary values 1 on C; and 0 on Cy. Such functions are called
admissible for C[G,Cy,C]. Sometimes we will write C for C[G,Cy,C}].

If CoUC; C G and if Cy UCj consists of only a finite number of nondegenerate
components, then the arguments of [73] can be applied with only slight modifica-
tions to prove that the infimum in Eq. (A.30) is attained by a unique admissible
function u that is ACT in G. By using the methods of Chapter III in [64], one can
prove the existence of an extremal for more general situations. This extremal func-
tion u satisfies the variational condition

/ \Vu|"2VuVwdL, = 0 (A31)

for any function w that is ACT on G, assumes boundary value 0 on Cp UC}, and for
which |Vw| € L*(R).

The following notion, which was first introduced in [56], p. 48 , is used later on.
An L,-measurable set E C E™ has the unit vector n(x) as exterior normal to E at x
if, letting

(xvr) = {y: |y*x| <r}7
(xv r) = B(x,r)N{y: (y —x)n(x) > 0},
_(x,r) = B(x,r)N{y: (y—x)n(x) <0},
o = Ly[B(x,1)],
we have
Z}iir(l)Ln[B,(x, r)NEl/ar" =1 (A.32)
and
21iﬂrr(1)Ln [Bi(x,r)NE]/ar" =0. (A.33)

The set of points x for which n(x) exists is called the reduced boundary of E and
denoted by B(E). Obviously, B(E) C JE. The importance of the exterior normal is
seen in the following general version of the Gauss—Green theorem [49, 58].

Theorem A.23. If E is a bounded L,-measurable set with H"~'[B(E)] < oo, then

/ div f(x) dL,( / f(x)-n(x) dH" ! (x) (A.34)
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whenever f: E" — E" is continuously differentiable.

This theorem enables us to regard a bounded, open set U C E” with
H"™ 1 (9U) < oo (A.35)

as an integral current mod 2 (or integral class), i.e., integral current 7 with coeffi-
cients in the group of integers mod 2; see [341] or [63]. Thus, if ¢ is a differential
n-form of class C, then

T(p) = /(p dL,. (A.36)
U

The boundary of T, dT, is defined as d7 (@) = T(dw) whenever @ is an n— 1
form and d is its exterior derivative. Now f3(U) is a Hausdorff (n — 1)-rectifiable
set and, therefore, Theorem A.23 allows us to identify (U) with dT'; see [341].
Thus, the support of JT is the closure of B(U), cl B(U) C JU, the mass of T is
M(T) =L,(U),and M(dT) = H* '[B(U)]; see [341].

In view of this identification, the following theorem is an immediate consequence
of (6.2) in [341] although the original version was given by (8.23) in [60]. An open
set is called a convex cell if it can be expressed as the finite intersection of open
half-spaces and an n-dimensional polyhedral set is the union of a finite number of
convex cells.

Theorem A.24. If U C E" is a bounded, open set with H"~'(QU) < oo, then there
is a sequence of n-dimensional polyhedral sets P; such that

(i) B C{x:8(x,U)<i™ '},
(ii) Ly(P,) — Ly(U) as i — o,
(iii) H"'(9F) — H" ' [B(U)] as i — .

Remark A.8. Moreover, by employing an argument similar to that of (5.6) and (5.7)
in [63], it can be arranged that

(iv) OP; C {x: 8[x,BU] < i~ '}.

Of course, one could apply (5.6) and p. 170 in [63] directly after verifying that
the boundary of U in Fleming’s sense is §(U). Finally, defining the measure y; as
the restriction of H"~! to dF; and p as the restriction of H"~! to B(U), (iii) above
and (5.7) in [341] or (4.2) in [63] imply that

(v) W; — p weakly as i — oo, ie.,
[ran— [ rau (A37)

for every continuous f.

Instead of dealing with extremal length, we prefer to work with the module as
developed in [64]; see the previous section.
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Let M be the class of all Borel measures on E”. With an arbitrary system £ C M
of measures is associated a class of nonnegative Borel functions f subject to the
condition

/pdyzl VueE. (A.38)
B

We will write p € adm u if Eq. (A.38) is satisfied for every u € E. For 0 < p < oo,

the module of E, M,(E), is defined as

My(E) = inf / PP dL,. (A.39)
pecadm u
En

A statement concerning measures [ € M is said to hold for p-a.e. u if the statement
fails to hold for only a set of measures Ey with M, (Ey) = 0.

For the applications in this section, the measures tt are complete (in fact, they are
the restrictions of Hausdorff measure to compact sets) and for such measures, we
have the following.

Theorem A.25. If p > 2, E| C E; C ... are sets of complete measures, and E = UE;,
then
M,(E) = }LI?GMP(Ei). (A.40)
Proof. Inview of (i) above, observe that the limit exists and is dominated by M, (E).
Therefore, only the case where the limit is finite needs to be considered.
For each i, let p; be the Borel function associated with E; as in (vii) above. Clark-
son’s inequality [43] states, for any i/ and j, that

14
[ s f
E}l
(A41)

Ell
If i > j, then 27! (p; +pj) € adm p for My-a.e. p € E;. Therefore, because of Eq.

(A.41),
/

En

pi+pj
2

pPi—pj
2

p
dL, < 2_1/|pi|" dLn+2_1/|pj|p dL,.
El’l E)l

p

PiPil" gL, < 27'\M,(E) — 27" M, (E)). (A42)

The right side of Eq. (A.42) tends to zero as i, j — oo with i > j and, therefore,
there is a nonnegative function p such that ||p; — p||, — 0. Thus, from the above
properties of module [especially (f) in Theorem A.21], we have that p € adm u for
My-a.e. u € E. This implies that

My(E) < [ p" dLy = lim M, (E),
EYl
which is all that is required to prove. a

Below we establish the relationship between conformal capacity and arbitrary
closed separating sets G, R*, R, C| and Cj.
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We say that a set  C E" separates Cy from C; in R* if 6 N R is closed in R and
if there are disjoint sets A and B that are open in R* \ ¢ such that R*\ 6 = AUB,
Co C A, and C; C B. Let X denote the class of all sets that separate Cy from C; in
R*. With every o € X, associate a complete measure (U in the following way: For
every H"'-measurable set A C E", define

u(A) = H"'(AnoNR). (A.43)

From the properties of Hausdorff measure, it is clear that the Borel sets in E” are
U-measurable and, therefore, the module of X can be as defined as in Eq. (A.39).
Thus, forn’ =n/(n—1),

My(X2) = inf /p" dL,, (A.44)
peadm}:

where p € adm X means that p is a nonnegative Borel function on E” such that

/de"*‘ >1 Voes. (A.45)
oNR

Remark A.9. As for (2.3) in [322], one can show that if X" denotes those ¢ € X for
which H"~1(6 N R) = o, then M,y (X') = 0.

Lemma A.13. Let u be an admissible function for C|G,Cy,C,| and let S C [0,1] be
an Li-measurable set. If £(S) = {u~'(s) : s € S} and M,y [Z(S)] =0, then L, (S) =

Proof. Since M,/[X(S)] = 0, Theorem A.20 provides a nonnegative Borel function

pE L such that
/ p dHn71 — oo

for every s € S.
However, Holder’s inequality and the co-area formula (A.29) imply that

o > /p|Vu| dL, >/ / p(x) dH" (x) Ly (s)

0 y=1(s
and, therefore, L; (S) = 0. O
Theorem A.26. M,/(X) > C[G,Co,C;]~ /"1,

Proof. Choose € > 0 and let p be any function for which p € adm X. Let u be an
admissible function for C = C[G,Cy,C}] such that

/|Vu|” dL, < C+e.
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R* is connected since G is, and it is therefore clear that u~!(s) € X forall 0 < s < 1.
Hence, by Holder’s inequality and Theorem A.18, we have
1/n' 1/n 1/n
/p”, dL, (C+e)/m> /p dL, /|Vu|" dL,

R

1
2/p|Vu|dLn z/ / p(x) dH" ' (x) dLi(s) > 1.
R 0 u1(s)

Since ¢ is arbitrary,
/'pn’ dL, > ¢/
R
which is also true for the infimum over all p € adm X, and thus the result follows.
O

The opposite inequality will be established by a sequence of approximations.
We will begin by first assuming that Cy U Cy consists only of a finite number of
nondegenerate continua and that Co UCy; C G. We will also assume initially that
H" 1(9G) < .

Let V be an open connected set such that G D¢l V DOV D CyUC; and let v
be the extremal function for C = C[G,Cy,C)]; see Eq. (A.30). Since v satisfies the
variational condition (A.31), the proof of the following lemma is very similar to that
of Lemma 3 in [77] and will not be given here. It is possible to obtain a stronger
result, but the following is sufficient for our purposes.

Lemma A.14. Let 1w be the boundary of an n-dimensional polyhedral set P (P not
necessarily contained in'V) such that Cy C P and C, C E"\ ¢l P. Then &t separates
Co from Cy in'V and

/ Vvl dL, > 26C[V,Co,Cl]
n(b)
whenever 0 < b < dist(r,Co UCy) and where mt(b) = {x : dist (x,7) < b}.

Remark A.10. In Lemmas A.15 and A.16, the integral average p, of |[Vv|"~! will be
used. Thus, defining Vv = 0 on the complement of V, for each r > 0, we have

prv) = a()™ [ V) dL),
B(x,r)
where o(r) = L,[B(x,r)]. It is well known that p, is continuous and that

— W™ L-ae.
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asr — 0.
Also, by a result of K. T. Smith [294] and Lebesgue’s dominated convergence
theorem, |||,y — |||[Vv|"~!|,» as r — 0 and, consequently, | p, —|Vv|"~!|,, — 0.

Lemma A.15. With & as in Lemma A.14,

[pram'> cyv.cocy

whenever r < dist(m,CoUCy).

Proof. Choose b >0, r > 0 so that b+ r < dist (7,Co UCy). If m, denotes the trans-
lation of m through the vector y, then Fubini’s theorem and Lemma A.14 imply

[ i) aat) (A46)

— a(r)! / / IVo(x+ )" dLn(x) dLa(y)
B(0.r) 7(b)

— a(r)! / / V()" dLy(x) dLn(y) > 2bC[V,Co,C1]

B(0,r) 7y(b)

since 7, satisfies the condition of Lemma A.14. In addition to this, if d(x) =
dist (x, ), then |Vd| =1 Ly-a.e. on E"\  (3) of 4.8 in [59]; therefore, Theorem
A.18 gives

/ pr(x) dLy( /b / x) dH" "V dLy(s). (A47)
04

Let F(s) denote the inner integral on the rlght. Since p, is continuous on E” and 7
is the boundary of a polyhedral set, it is clear that

11mF —Z/pr dH" !

Hence, from Eqs. (A.46) and (A.47) we have

b
Clv.Co,C1) < lim (26)° / ) dLy (s / p, dH".
0

Lemma A.16. If X is the class of sets that separate Cy from C in G, then

/|Vv|"’1dH”’1 > CV,Co,C1]
oNR
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for My-ae. 0 € X.

Proof. Select ¢ € X and let U be that part of a partition of G\ ¢ that contains Cp.
Since H"!'(dG) < o by assumption, by appealing to Remark A.9, we can take
H""'(9U) < . Recall that G D ¢l V and that Vv = 0 on the complement of V.
Hence, we can choose g so small that the support of p,, is contained in G (and
therefore for all r < ry) and ry < dist(dU,Cy,Cy).

By applying Theorem A.11 to the set U, we obtain a sequence of n-dimensional
polyhedral sets B;. Let ; = d P,. From properties (i), (ii), and (iv) of Theorem A.11,
itis clear that eventually Cy C P, and C; C E"\ (¢l P;). Thus, Lemma A.15 applies to
m; for all large i. Now, B(U) C dU C dGU o and since the support of p, is contained
in G for all r < ry, it is clear that

/ py dH"' > / o dH'™ ' Y r<n. (A.48)
o BW)
Since p, is continuous, (v) of Theorem A.11 and Lemma A.15 imply
/ p, dH"™ = 1im/pr dH"™ > CV,Co,Ci] ¥ r<ro.
B) TTw
Thus, from Eq. (A.48) we have

/p, dH"' > C[V,Co,C1] V<. (A.49)
(e2

In light of the fact that ||p, — |Vv|"~!||,; — 0 as r — 0 (see Remark A.10), the result
follows from Theorem A.21(e) and (f) and (A.49). O

Lemma A.17. Let Co UC consist only of a finite number of nondegenerate con-
tinua, let CoUC; C G and H" ' (dG < o), and let u be the extremal function for
C[G,Cy,C,]. Then for My-a.e. 0 € X,

/ Vul""' dH"" > C[G,Co,C1] = C.
oNR

Proof. Let V; be a sequence of open connected sets such that
GOV DVig1 D ViV D ChUuC

and G = UV;. Let v; be the extremal function for C[V;,Cy,Ci] = C;.

We will first show that C; — C as i — oo. Recall that C < . If i > j, then the
restriction of v; to V; is an admissible function for V; and, thus, so is 2-1 (vi+w).
As in the proof of Theorem A.25, an application of Clarkson’s inequality [43] gives
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| Vv — Vy; 1 1 o
/ S AL, < 5G4 ¢ Vi (A.50)
R

Since C; is a monotonically increasing sequence bounded above by C, Eq. (A.50)
implies the existence of a vector-valued function p such that

/|Vv,-—p|"dLn—>O (AS1)
4

as i — oo,

In fact, since Cp UC consists only of a finite number of nondegenerate continua,
an argument similar to that of [73], p. 362, shows that there is an admissible function
u’ such that Vu' = p L,-a.e. on R. Thus, Eq. (A.51) shows that

limC; = C. (A.52)

j—o0

This also implies that «’ is the extremal function for C, i.e., u' = u.

Since |||Vvi| — [Vul||, — 0 as i — oo, there is a subsequence of |Vv;| that will still
be denoted by |Vv;| such that |Vv;| — |Vu| L,-a.e. and therefore that [Vv;["~! —
|Vu|"~! L,-a.e. on R. This fact, along with

Vil = 1V,
leads to
Vil "' = V", — 0

as i — oo, Thus, by Theorem A.21(e), we have for another subsequence

lim [ |Vy|" 'aH"! = / |Vu""t dH"! (A.53)
[—o0

oNR oNR
for M,y-a.e. o € X.
Lemma A.16 states that for each i,
/ |Vv,‘\”*1 danl > Cl
ONR

for M,y-a.e. 6 € X, and, therefore, the result follows from Egs. (A.52) and (A.53),
and Theorem A.18(b). a

Theorem A.27. If G is a bounded, open, connected set, Co UC| consists only of a
finite number of nondegenerate continua, and Co\UC| C G, then

M,y =C|G,Co,C, ]~/ 1.

Proof. 1f it were the case that H"~!(dG) < o, then the result would follow imme-
diately from Theorem A.26 and Lemma A.17: If we let p = C~!|Vu|"~! where u
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is the extremal for C, then by Lemma A.17, there is Xy C X such that p € adm X
and M,y (%) = M,;(X). Hence, by Theorem A.26,

VUt < My(z) < /P”/ dL, = ¢/,
R

In order to eliminate the assumption H"~!(dG) < oo, select a sequence of open,
connected sets V| C V5 C ... such that Co UCy C Vy, H" 1 (dG) < o0, and G=UV;.
As in the proof of Lemma A.17, let v; be the extremal for C[V;,Cy,C| = C; and
again we have

Ci—C, |||[Vvil" ' = |Vu" !, — 0 (A.54)

as i — oo, Thus, for a subsequence,

lim [ [V dBm! = / Vu"! B! (A.55)
j—00

oNR oNR

for M,y-a.e. o € X.
For each i, every ¢ € X separates Cyp from Cj in V;, and, thus, applying Lemma
A.17 with V; replacing G, we have

/ |VV,’|n_1 dHn—l > / |VVi|n_1 dHn—l > Ci

oNR onv;

for M,y-a.e. o € X. (Observe that Lemma A.17, with V; replacing G, applies only to
%;, which are those sets that separate Cy from C; in V;. However, a class in X that is
M, -zero relative to X; is M,,-zero relative to X.) Hence, in view of Egs. (A.54) and
(A.55),
/ Vul" ' aH" ! > C (A.56)
ONR

for M,ys-a.e. o € X, which, as we have seen from the above, is sufficient to establish
the theorem. O

Corollary A.5. With the hypotheses of Theorem A.27, and if u is the extremal for
C[G,Co,cl], then

(i) 0 <u(x) <1 forallx € G,

(ii) [org |Vu" "V dH""! > C[G,Co,C)] for Myy-a.e. 0 € X,

(iii) f,-1(5) |Vu""" dH"! = C[G,Co,C] for Li-a.e. s € [0,1].

Proof. By truncating u at levels 1 and O if necessary, a new admissible function
would be formed whose gradient would be bounded above by the gradient of u.
However, the extremal is unique and, thus, (i) follows. (ii) is just a restatement of

Eq. (A.56).
In order to prove (iii), let
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F(s) = /\Vu\"’ldH"’l
(s

for Li-a.e. s, and observe that since G is connected, u~!(s) € £ whenever 0 < s <
1. Thus, (ii) above and Lemma A.13 imply that F(s) > C for Lj-a.e. s € [0,1].
However, (i) and an application of Lemma A.18 give

c = /\Vu|"dLn - /IF(S) ALy (s),
0

R
which implies that F(s) = C for Lj-a.e. s € [0, 1]. |

Remark A.11. The following observation has some interest in view of Theorem 2
of [73]: In addition to the hypotheses of Theorem A.5, assume that H"~'(Cy) = 0.
Then there is a point xy € Cy such that

limsup |[Vu(x)| = oo.

X—X(0

If this were not the case, then, since Cy is compact, there would be a constant

K > 0 and an open set U such that G\ C; D clU DU D Cp and [Vu|" ! <K Ly,-ae.

on U. Choose € > 0. Since H" ! (Cy) = 0, Cy can be covered by a countable number
of open n-balls B; such that

UB;, CU (A.57)

and
S H"'(9B;) < ek . (A.58)

Since Cy is compact, a finite number of the B; will cover Cy, say By, B>, ...,B.
According to Theorem A.20, there is a nonnegative Borel function p € L (R) such
that (ii) of Corollary A.5 fails to hold for only those ¢ € X for which

/pa’H”*1 = oo,

oNR

By employing Theorem A.18, we can replace each n-ball B;, i = 1,2,...,k, by a
slightly larger one B; such that

/p dH" ! < oo,

5;

where S} = 9B/, |Vul[""! < K H" '-a.e. on S}, and Eq. (A.57) still holds. Now let
0 = d(UB.). Then ¢ € X and (ii) of Corollary A.5 imply that C[G,Cy,Ci| < &,
which means that it is zero since € is arbitrary. This would mean that Vu =0 L,-a.e.
on G. That is, since G is connected and u is ACT on G, u would be constant, a
contradiction. a
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In the following theorem, we will consider the general case of two disjoint com-
pact sets Cp and C; that are contained in the closure of an open, bounded, connected
set G.

Theorem A.28. M,/ (X) = C[G,C()’Cl]*]/(n*l)_

Proof. In view of Theorem A.26, we may assume that C = C[G,Cy,C,]| # 0. For
each positive integer i, let

Ko(i) = cl {x:dist(x,Co) < (2i)~'}

and
Hy(i) = {x:dist(x,Co) <i '}.

Define K (i) and H (i) similarly and let G; = G U Hy(i) U H, (i). Since G is con-
nected, it is clear that G; is open and connected, and notice that Ko (i) UK (i) con-
sists only of a finite number of nondegenerate continua. We will consider only those
i for which Ky(i) and K; (i) are disjoint. Thus, let v; be the extremal function for
C; = C[Gi,Ko(i),K1(i)] and observe that if i > j, then the restriction of v; to G; is an
admissible function for C;. Finally, let Z; be those sets o that separate Ko(i) from
K| (i) in G; and subject to the condition that o N[Hy(i) UH, (i)] = 0. The purpose for
this requirement is that now an M,,-null class in %; is also M,y-null in X. It is clear
that X C % C ..., X; C X forall i, and

Uz == (A.59)

Since C; is a monotonically decreasing sequence bounded below by C, we can
employ again part of the argument of Theorem A.17 to find a vector-valued function
p such that

lim [ |Vvi—p|"dL, = 0
[—o0
E)l

and, therefore, for a subsequence,

}Lﬂ“lvvdnil - |p‘n7] lw = 0. (A.60)

Hence, if L = lim;—.C;, gi = C; '[Vv;|""!, and g = L~!|f|""!, then Theorem
A.21(f) provides another subsequence such that

lim [ g dH"™ = /gdH” ‘ (A61)

IHMGQR oMR
for M,y-a.e. o € X.
Now, by employing Corollary A.5 with G, Cy, C; replaced by G;, Ko(i), K (i),
respectively, we have for each i,
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/ g dH"' > 1 (A.62)

for M,y-a.e. 6 € X;. Therefore, by the Fuglede theorem, Egs. (A.59) and (A.61)
imply that

/ gdH" ' > 1 (A.63)

for M,;-a.e. o € X. Since v; is the extremal for C;, (ii) of Corollary A.5 and Theorem
A.26 show that, for each i,

[t ar, = ¢V,

En
Thus, with Egs. (A.60), (A.62), and (A.63), we have

¢t > time = tim [ (g L, = [ dL, > m(2).
j—o0 [—o0
E}’L

El’l
Theorem A.26 gives the opposite inequality and, thus, the proof is complete. g
We will conclude with a result concerning null sets for conformal capacity.

Theorem A.29. Suppose Cy and C are disjoint compact sets in the closure of G. If
E C G\ (CouCy) is a compact set with H' ' (E) = 0, then

C[G,Cy,C,] = C[G\E,Cy,C].

Proof. The topological dimension of E is no more than n — 2 since H""'(E) = 0
and, therefore, G\ E is connected. Thus, the right-hand side of the equality has
meaning. Clearly,

C[G,Cy,C,] > C[G\E,Cy,C]. (A.64)

The opposite inequality will be established by considering separating sets. Let X*
be those sets that separate Cp from Cj in

[(G\E)\ (CouC)]U[GCUCY]

and let X be those that separate C from C; in R*. In light of Eq. (A.64) and Theorem
A.28, it is sufficient to prove that

My(2) > My(Z). (A.65)

To this end, let p be a function for which p € adm X. In order to establish Eq. (A.65),
we need only show that p € adm X*. Choose 6* € X* and notice that 6* UE € X.
Thus,

/de”’1 > 1

oUE
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and since H"~!(E) =0,
/p dH" ! > 1.
c*

This shows that p € adm X* and, consequently, proves the theorem. O

When G is compactified in E”, Bagby showed that C[G,Cy,C] = M,,(I"), where
I' is the family of all arcs that meet both Cy and C; (Ph.D. thesis, Harvard univ.
1966). By using Theorem A.28, [64], and [332], one can show that this result is
valid when G is an open, bounded, connected set and Cyp UC; C G. [Moreover,
if CoUC; C cl G, the result is also valid if certain conditions are imposed on the
tangential behavior of (dG) N (CoUCy).] Thus, if I'* is the family of arcs that join
Cp to C; in G\ E, then Theorem A.29 implies

M,(') = M, (T).

This result was obtained by Viisild [317] in the case where Cy and C; are nonde-
generate continua.



Appendix B
BMO Functions by John—Nirenberg

A real-valued function u in a domain D in R” is said to be of bounded mean oscil-
lation in D, u € BMO(D), ifu € L] (D) and

loc

1
le|l := sup — /\u(x)—u3| dm(x) < oo, (B.1)
s |B
B
where the supremum is taken over all balls B in D,

1
ug = ] B/u(x) dm(x),

and m denotes the Lebesgue measure in R”. We say that u € BMO),.(D) if u €
BMO(U) for every relatively compact subdomain U of D. We will write BMO or
BMO. if it is clear from the context what D is.

If u € BMO and c is a constant, then # + ¢ € BMO and ||u, = ||u + c||.. Thus,
the space of BMO functions modulo constants with the norm given by Eq. (B.1)
is a Banach space. Obviously, L™ C BMO. Fefferman and Stein [61] showed that
BMO can be characterized as the dual space of the Hardy space H'. BMO has
become an important concept in harmonic analysis, partial differential equations,
and related areas. John and Nirenberg have established the following fundamental
lemma, which plays an important role in the theory of BMO-qc mappings; see [140],
cf. also [110].

Lemma B.1. If u is a nonconstant function in BMO(D), then

b,
[{x € B: |u(x) —up| > t}| <ae T-".|B| (B.2)

for every ball B in D and all t > 0, where a and b are absolute positive constants
that do not depend on B and u. Conversely, if u € Llloc, and if for every ball B in D
and for all t > 0,

|{x € B : |u(x) —up| > t}| < ae""|B| (B.3)
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Sfor some positive constants a and b, then u € BMO(D).
We need the following lemma, which follows from Lemma B.1.

Lemma B.2. [f u is a nonconstant function in BMO(D), then

{x € B:|u(x)| > 1} <Ae P7.|B| (B.4)
for every ball Bin D and all T > |up|, where

B=>b/|ull,, A=aelsl/lul (B.5)
and the constants a and b are as in Lemma B.1.

Proof. Fort >0, let T =1t+|ug|, D ={x € B: |u(x)| > 1}, and D, = {x € B:
|u(x) —up| > t}. Then, by the triangle inequality, D; C D, and, hence, by Eq. (B.2),

ID\| < |Dy| < aellusl/Null< | o=7b/ ||« . |B|,
which implies Eq. (B.4) with A and 8 as in Eq. (B.5). a
Corollary B.1. BMO C LI forall p € [1,e0).

Indeed, for u € BMO, u # const, by Lemma B.2,

/|u(x)|p dx < |B| {jus]” +A /tpe_ﬁt i} < o,
B |up|

~ We need also several facts about BMO functions given in the extended space
R" = R" U {eo} and their relations to BMO functions on R”.
Let S” be the unit sphere in R"*!,

S ={x e R x| = 1}.

The space R" may be identified with the hyperplane x,,1 = 0 in R™*1. This is done
with the aid of the stereographic projection P of " onto R”, which is given by

Plx) = (X1, ey %n)

y:
L —xp41

for x = (x1,..., %0, %n41) € 8"\ (0,...,0,1). The point (0,...,0,1) € R+ corre-
sponds to e € R”". Note that the element of the spherical area

is invariant with respect to the rotations of the sphere S”.
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A real-valued measurable function u in a domain D C R” is said to be in BMO(D)
if u is locally integrable with respect to the spherical area and

1
vo =SUp—— [ |u—up| do < o, B.6
Jul-o sng(B)B/w us| do < (B.6)

where the supremum is taken over all spherical balls B in D and

1
B

The first of the following two lemmas enables us to decide whether a function
u in a domain D C R” belongs to BMO(D) (in the spherical sense) by considering
the restriction ug of u to Dy = D\ {eo}; see [255], p. 7. The second lemma is a
consequence of Lemma B.2.

Lemma B.3. u € BMO(D) iff up € BMO(Dy). Furthermore,
¢ Huoll < [luellso < elluoll+ (B.8)
where c is an absolute constant.

Lemma B.A. [f either u € BMO(D) or ug € BMO(Dy), then, for T > v,
of{xeB:|u(x)| > 1} < oeP* (B.9)

for every spherical ball B in D, where the constants o, 3, and y depend on B as well
as on the function u.

Proof. If B € R", then we have Eq. (B.4) by Lemma B.2, and, since o (E) < 4|E| for
every measurable set E C C, Eq. (B.9) follows. If e € B, then for a suitable rotation
R of 8", o is exterior to B/, B' = R(B), and the assertion follows by Lemma B.3 and
the validity of Eq. (B.9) with B’ and /i = uo R~ instead of B and u. Now, in view
of the invariance of the spherical area with respect to rotations, by Lemmas B.2 and
B.3, we have Eq. (B.9). a

The following lemma holds for BMO functions and cannot be extended to
BMOj, functions; see, e.g., [255], p. 5.

Proposition B.1. Let E be a discrete set in a domain D, D C R", and let u be a
Sunction in BMO(D\ E). Then any extension ii of u to D is in BMO(D) and ||ul|. =
2]+

The following lemma is a special case of a theorem by Reimann on the characte-
rization of qc maps in R”, n > 2, in terms of the induced isomorphism on BMO;
see [254], p. 266.
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Proposition B.2. If f is a K-qc map of a domain D in R" onto a domain D' and
u € BMO(D'), then v =uo f belongs to BMO(D) and

[[V[l+ < cflael]«
where c is a constant that depends only on K.

We say that a Jordan surface E in R” is a K-quasisphere if £ = f($"~ ") for some
K-qc map f: R" — R”. The next statement is due to Jones; see [143].

Proposition B.3. Let D be a Jordan domain such that 0D is a K-quasisphere, and
let u be a function in BMO(D). Then u has an extension ii to R" that belongs to
BMO(R") and

lall, < clu.

where ¢ depends only on K.

The following proposition (see, e.g., [255], p. 8), which concerns a symmetric
extension of BMO functions, will be needed in studying the reflection principle and
boundary behavior of BMO-qc. It should be noted that this proposition cannot be
extended to BMO),. functions.

Proposition B.4. If u belongs to the class BMO in the unit ball B" and #i is an
extension of u to R" that satisfies the symmetry condition

o Jux) ifxeB",
(o) = {u<x/x2> fxeR\B",

then it € BMO(R") and ||u||. = ||@]|+

Remark B.1. Given a domain D, D C R", there is a nonnegative real-valued function
u in D such that u(x) < Q(x) a.e. for some Q(x) in BMO(D) and u ¢ BMO(D). For
D = R?, one can take, for instance, Q(x,y) = 1+ |log|y||, (x,y) € R?, and u(x,y) =
O(x,y)if y > 0and u(x,y) = 1if y <0.
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