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Preface*

The subject of this book is Semi-Infinite Algebra, or more specifically, Semi-Infinite
Homological Algebra. The term “semi-infinite” is loosely associated with objects
that can be viewed as extending in both a “positive” and a “negative” direction,
with some natural position in between, perhaps defined up to a “finite” movement.
Geometrically, this would mean an infinite-dimensional variety with a natural
class of “semi-infinite” cycles or subvarieties, having always a finite codimension
in each other, but infinite dimension and codimension in the whole variety [37].
(For further instances of semi-infinite mathematics see, e.g., [38] and [57], and
references below.)

Examples of algebraic objects of the semi-infinite type range from certain
infinite-dimensional Lie algebras to locally compact totally disconnected topologi-
cal groups to ind-schemes of ind-infinite type to discrete valuation fields. From an
abstract point of view, these are ind-pro-objects in various categories, often en-
dowed with additional structures. One contribution we make in this monograph is
the demonstration of another class of algebraic objects that should be thought of
as “semi-infinite”, even though they do not at first glance look quite similar to the
ones in the above list. These are semialgebras over coalgebras, or more generally
over corings — the associative algebraic structures of semi-infinite nature.

The subject lies on the border of Homological Algebra with Representation
Theory, and the introduction of semialgebras into it provides an additional link
with the theory of corings [23], as the semialgebras are the natural objects dual to
corings. The author’s main interests belong to Homological Algebra, and so the
main body of the monograph consists of the formal development of the homological
theory of corings and semialgebras, while the representation-theoretic (and other)
examples and applications are relegated to appendices.

One such application worth mentioning here is related to the duality between
complexes of representations of an infinite-dimensional Lie algebra with the com-
plementary central charges, e.g., ¢ and 26 — ¢ for the Virasoro algebra [39, 77].
We interpret it as a particular case of a very general homological phenomenon
related to coalgebras, which we call the comodule-contramodule correspondence.
The latter is a coalgebra version of the Serre—Grothendieck duality — covariant,
noncommutative, and not depending on any finiteness assumptions (the coalge-
bra € itself plays the role of the dualizing complex; cf. [65, 71]). This allows us
to formulate the duality for infinite-dimensional Lie algebra representations as a
(covariant) equivalence of triangulated categories.

On a less ambitious level, with the formal neighborhood of a closed subgroup
in an algebraic group one can associate a semialgebra of (roughly speaking) dis-

*What follows is very speculative and should be taken with a grain of salt.
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tributions on it, and the category of Harish-Chandra modules over an algebraic
Harish-Chandra pair is the category of semimodules over this semialgebra. For
further applications to Representation Theory, see [16], [17], and [45].

Another important area that Semi-Infinite Algebra and Geometry are related
to is Mathematical Physics. The author of this monograph stands at the receiving
end of a long chain of interpretative work through which the ideas originating in
the interaction of Mathematics with Quantum Field Theory or String Theory are
transferred to the heart of Algebra. We are not in a position to comment here
on the possibilities of applications of the content of this book to Mathematical
Physics, so we will restrict ourselves to a couple of references and some very
general remarks. The semi-infinite homology of Lie algebras are closely related
to what the physicists call the BRST construction [10, 11]; for a discussion of
the significance of the semi-infinite homology in String Theory, see [41] and the
introduction to [42].

The field of functions on the formal circle, which is the field of Laurent power
series, is a very simple example of a semi-infinite algebraic object; and much more
complicated algebraic or geometric objects built on the basis of the formal circle
often have very visible semi-infinite structures. This includes the Virasoro and
affine Kac-Moody Lie algebras, the varieties [58] and groups of formal loops, the
semi-infinite flag variety [37], etc. The formal circle is obviously important for
Conformal Field Theory [12], hence the significance of such objects of study as the
semi-infinite homology [10, 40], the semi-infinite de Rham complex [58, 8], or the
chiral differential operators [10, 59] in Mathematical Physics.

Things semi-infinite play a role in Class Field Theory [83] and the Langlands
Program [11, 40] for the very same reason. A much more detailed discussion of the
links between the semi-infinite cohomology and various other mathematical and
physical disciplines can be found in the introduction to [84].

Another class of algebraic objects prominently featured in this monograph is
that of contramodules. Their definition, introduced originally in the case of coalge-
bras or corings [33], can be extended to certain topological rings, topological Lie
algebras, certain topological groups ... These are modules with infinite summa-
tion operations, but of the kind that cannot be interpreted as any sort of limit
with respect to a topology. Here one finds an approach to the infinite summation
entirely different from the one most common to Analysis.

Typically, for an abelian category of “discrete”, “smooth”, or “torsion” mod-
ules there is an accompanying abelian category of contramodules. The latter con-
tains all kinds of objects “dual” to the objects of the former, and some other ob-
jects in addition. For example, the category of “weakly [-complete abelian groups”
appearing in the continuous étale cohomology theory [54] is simply the category
of contramodules over the [-adic integers. While not “semi-infinite” in themselves,
contramodules always come up whenever one wishes to pass from a semi-infinite
homology to a semi-infinite cohomology theory.
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One area where our approach is inspired by, still essentially different from,
the classical one is Relative Homological Algebra. While the classical theory [47,
33, 80, 35| emphasizes relative derived functors of nonexact functors that may
be quite conventional and not necessarily “relative” in themselves, here we are
mainly interested in absolute derived functors, but the nonexact functors that we
derive and the categories where they are defined are essentially relative by their
nature. We always want our derived functors to assign long exact sequences of
cohomology to arbitrary short exact sequences of complexes in the arguments, not
only to short exact sequences that are split over some base. Still the base (or even
two bases, one over the other) are built into the definitions of the categories and
functors we work with.

One thing we cannot pretend to explain, still cannot avoid mentioning here,
are the exotic derived categories. These are variations on the theme of the un-
bounded derived category. Their names are the (conventional unbounded) derived,
the coderived, the contraderived, and the mixed, or semiderived categories. His-
torically, these first occurred in the derived nonhomogeneous Koszul duality the-
ory [61], but from a wider point of view, the coderived and contraderived categories
appear to be intrinsic to the comodules and contramodules (while occasionally use-
ful for modules, too). For a definitive treatment of the exotic derived categories
and their role in Koszul duality, we refer the reader to the long paper [76]. As to
the nonhomogeneous Koszul duality itself, it is developed and used in this book
as a strong technical tool.

An object of the contraderived category can be thought of as a complex
having, in addition to the conventional cohomology at finite degrees, some kind of
“cohomology in the degree +00”. Analogously, a complex in the coderived cate-
gory can be viewed as having a “cohomology in the degree —oo”. This is essential,
in particular, for the construction of the comodule-contramodule correspondence,
as the latter can well transform irreducible modules into acyclic complexes (i.e.,
those with no cohomology anywhere but “at infinity”) and back. For example, an
acyclic, but nontrivial object in the contraderived category of contramodules can
be represented by an acyclic, unbounded complex of projective contramodules,
and the latter thought of as a “left projective resolution of something living in
the degree +00”.

We also propose a very simple, bordering on self-evident, still apparently
not widely known, approach to derived functors of two arguments, which al-
lows us to obtain double-sided derived functors for free. It wouldn’t get one too
far without the exotic derived categories, though. The concrete double-sided de-
rived functors we are interested in are the SemiExt and SemiTor over semias-
sociative semialgebras, and the semi-infinite (co)homology of Tate Lie algebras
and locally compact totally disconnected topological groups. The semimodule-
semicontramodule correspondence connects these with the more conventional one-
sided Ext and CtrTor.
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The functors to be derived are the semitensor product and semihomomor-
phisms in the semiassociative case, and the semiinvariants and semicontrainvari-
ants in the Lie algebra or topological group case. These neither left, nor right
exact functors are naturally associated with certain semi-infinite algebraic struc-
tures, and particularly with semialgebras. Still they are nontrivial enough even for
finite-dimensional Lie algebras and finite groups.

To end these preparatory notes, let us say a few words about the state of
the subject after this monograph. It appears that the question of defining the
semi-infinite homology and cohomology generally, and in the case of associative
algebraic structures specifically, has been now worked out and understood to a
very significant extent. Compared to this development, our knowledge of the ways
of computing the semi-infinite cohomology is next to nonexistent outside of the
classical Lie algebra case. The only example where the semi-infinite cohomology
of associative algebras has been computed as of now is that of the small quantum
group with its triangular decomposition [4, 17]. The methods used for this
computation have so far resisted, essentially, all attempts of transfer to other
situations or generalization. Computing the semi-infinite cohomology remains a
challenge for future researchers to take on.

It is our special pleasure to finish these most cursory remarks with a reference
to B. Feigin’s paper [36] that introduced the semi-infinite homology and the very
term semi-infinite.



Introduction

This monograph grew out of the author’s attempts to understand the definitions
of semi-infinite (co)homology of associative algebras that had been proposed in
the literature and particularly in the works of S. Arkhipov [2, 3] (see also [17, 79]).
Roughly speaking, the semi-infinite cohomology is defined for a Lie or associative
algebra-like object which is split in two halves; the semi-infinite cohomology has
the features of a homology theory (left derived functor) along one half of the
variables and a cohomology theory (right derived functor) along the other half.

In the Lie algebra case, the splitting in two halves only has to be chosen up to
a finite-dimensional space; in particular, the homology of a finite-dimensional Lie
algebra only differs from its cohomology by a shift of the homological degree and
a twist of the module of coefficients. So one can define the semi-infinite homology
of a Tate (locally linearly compact) Lie algebra [10] (see also [5]); it depends, to be
precise, on the choice of a compact open vector subspace in the Lie algebra, but
when the subspace changes it undergoes only a dimensional shift and a determinan-
tal twist. For Lie superalgebras already, there is no such shift/twist phenomenon,
and the dependence on the choice of a compact open subspace or subalgebra is
very substantial [10]. Let us emphasize that what is often called the “semi-infinite
cohomology” of Lie algebras should be thought of as their semi-infinite homology,
from our point of view. What we call the semi-infinite cohomology of Tate Lie
algebras is a different and dual functor, defined in this book (see Appendix D).

In the associative case, people usually considered an algebra A with two sub-
algebras N and B such that N ® B ~ A and there is a grading on A for which N is
positively graded and locally finite-dimensional, while B is nonpositively graded.
To this data, under certain assumptions, one assigns another graded algebra A%
with the same subalgebras N and B such that B ® N ~ A. An attempt to un-
derstand this construction was the very starting point of the present research.
We show that both the grading and the second subalgebra B are redundant; all
one needs is an associative algebra R, a subalgebra K in R, and a coalgebra C
dual to K. Certain flatness/projectivity and “integrability” conditions have to be
imposed on this data. If they are satisfied, the tensor product 8§ = € ® R has a
semialgebra structure and all the machinery described below can be applied.

Furthermore, we propose the following general setting for semi-infinite
(co)homology of associative algebraic structures. Let € be a coalgebra over
a field k. Then C-C-bicomodules form a tensor category with respect to the
operation of cotensor product over C; the categories of left and right C-comodules
are module categories over this tensor category. Let 8 be a ring object in this
tensor category; we call such an object a semialgebra over € (due to it being
“an algebra in half of the variables and a coalgebra in the other half”). One
can consider module objects over 8 in the module categories of left and right
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C-comodules; these are called left and right 8-semimodules. The categories of left
and right semimodules are abelian if 8 is an injective right and left C-comodule,
respectively; let us suppose that it is. There is a natural operation of semitensor
product of a right semimodule and a left semimodule over 8, denoted by

Qs : simod-8 x 8-simod —— k-vect;

it can be thought of as a mixture of the cotensor product Oe over € and the tensor
product in the direction of 8 relative to €. This functor is neither left, nor right
exact. Its double-sided derived functor SemiTor is suggested as the associative
version of semi-infinite homology theory.

Before describing the functor SemiHom (whose derived functor SemiExt pro-
vides the associative version of semi-infinite cohomology), let us discuss a little
bit of abstract nonsense. Let E be an (associative, but noncommutative) tensor
category, M be a left module category over it, N be a right module category, and
K be a category such that there is a pairing between the module categories M and
N over E taking values in K. This means that there are multiplication functors

ExE——E ExM-—M, NxE-—-N, and NxM—K

and associativity constraints for ternary multiplications EXEXE — E, EXExM —
M, Nx ExXxE — N, and N x E x M — K satisfying the appropriate pentagonal
diagram equations. Let A be a ring object in E. Then one can consider the category
AEa of A-A-bimodules in E, the category 4 M of left A-modules in M, and the
category N4 of right A-modules in N. If the categories E, M, N, and K are abelian,
there are functors of tensor product over A, making 4E4 into a tensor category,
AM and N4 into left and right module categories over 4 E 4, and providing a pairing

NgxaM — K.

These new tensor structures are associative whenever the original multiplication
functors were right exact.

Suppose that we want to iterate this construction, considering a coring ob-
ject C in 4E4, the categories of C-C-bicomodules in 4 E4 and C-comodules in
AM and N4, etc. Since the functors of tensor product over A are not left exact
in general, the cotensor products over C' will be only associative under certain
(co)flatness conditions. If one makes the next step and considers a ring object S
in the category of C-C-bicomodules in 4E4, one discovers that the functors of
tensor products over S are only partially defined. Considering partially defined
tensor structures, one can indeed build this tower of module-comodule categories
and tensor-cotensor products in them as high as one wishes. In this book, we re-
strict ourselves to 3-story towers of semialgebras over corings over (ordinary) rings,
mainly because we don’t know how to define unbounded (co)derived categories of
(co)modules for any higher levels (see below).
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Now let us introduce contramodules. The functor (V, W) —— Homy(V, W)
makes the category opposite to the category of vector spaces into a module cate-
gory over the tensor category of vector spaces. A contramodule over an algebra R
or a coalgebra € is an object of the category opposite to the category of modules or
comodules in k-vect®? over the ring object R or the coring object € in k-vect. One
can easily see that an R-contramodule is just an R-module, while the vector space
of k-linear maps from a C-comodule to a k-vector space provides a typical example
of C-contramodule. Setting E = M = k-vect and N = K = k-vect®? in the above con-
struction, one obtains a right module category C-contra®® over the tensor category
C-comod-C together with a pairing Cohom‘ép: C-comod x C-contra®® — k-vect®P.
Given a semialgebra 8§ over €, one can apply the construction again and obtain
the category of 8-semicontramodules and the functor

SemiHomg’: 8-simod x 8-sicntr®® —— k-vect®?

assigning a vector space to an 8-semimodule and an 8-semicontramodule. Though
comodules and contramodules are quite different, there is a strong duality-analogy
between them on the one hand, and an equivalence of their appropriately defined
(exotic) unbounded derived categories on the other hand (see below).

Let us explain how we define double-sided derived functors. While the author
knows of no natural way to define a derived functor of one argument that would
not be either a left or a right derived functor, such a definition of derived functor
of two arguments does exist in the balanced case. Namely, let ©: H; x H, — K be
a functor and S; C H; be localizing classes of morphisms in categories H; and Hs.
We would like to define a derived functor

DO: Hy[S71] x Ha[Sy '] —— K.

Let F; be the full subcategory of “flat objects in H; relative to ©” consisting of
all objects F' € Hy such that the morphism ©(F, s) is an isomorphism in K for any
morphism s € So. Let Fo be the full subcategory in Hy defined in the analogous
way. Suppose that the natural functors

Fi[(Si NFy) ™' —— Hi[S; 1]

are equivalences of categories. Then the restriction of the functor © to the sub-
category F; x Hy of the Cartesian product H; x Hs factorizes through Fy[(S; N
F1)~!] x H2[S5 '] and therefore defines a functor on the category Hy[S; '] x Ha[S5 1.
The same derived functor can be obtained by restricting the functor © to the sub-
category Hy x Fo of Hy x Hs. This construction can be even extended to partially
defined functors of two arguments © (see 2.7).

For this definition of the double-sided derived functor to work properly, the
localizing classes in the homotopy categories have to be carefully chosen (see 0.2.3).
That is why our derived functors SemiTor and SemiExt are not defined on the con-
ventional derived categories of semimodules and semicontramodules, but on their
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semiderived categories. The semiderived category of 8-semi(contra)modules is a
mixture of the usual derived category in the module direction (relative to €) and
the co/contraderived category in the C-co/contramodule direction. More precisely,
one defines the semiderived category of 8-semimodules as the quotient category of
the homotopy category of complexes of 8-semimodules by the thick subcategory
formed by those complexes that, considered as complexes of C-comodules, vanish
in the coderived category of C-comodules. The coderived category of C-comodules
is equivalent to the homotopy category of complexes of injective C-comodules, and
analogously, the contraderived category of C-contramodules is equivalent to the
homotopy category of complexes of projective C-contramodules. So the distinc-
tion between the derived and co/contra/semiderived categories is only relevant for
unbounded complexes and only in the case of infinite homological dimension.

A notable attempt to develop a general theory of semi-infinite homological
algebra was undertaken by A. Voronov in [84]. Let us point out the differences
between our approaches. First of all, Voronov only considers the semi-infinite
homology of Lie algebras, while we work with associative algebraic structures.
Secondly, Voronov constructs a double-sided derived functor of a functor of one
argument and the choice of a class of resolutions becomes an additional ingredi-
ent of his construction, while we define double-sided derived functors of functors
of two arguments and the conditions imposed on resolutions are determined by
the functors themselves. Thirdly, Voronov works with graded Lie algebras and his
functor of semivariants is obtained as the image of the invariants with respect to
one half of the Lie algebra in the coinvariants with respect to the other half, while
we consider ungraded Tate Lie algebras with only one subalgebra chosen, and our
functor of semiinvariants is constructed in a much more delicate way (see below).
Finally, no exotic derived categories appear in [84].

Another approach to the semi-infinite cohomology (but not homology)
was developed in [17]. The definition of the semi-infinite cohomology of finite-
dimensional associative algebras proposed in [17] agrees with the one given in this
book when the algebra has a grading satisfying the restrictive conditions under
which the main argument of [17] applies, but is not readily comparable to our
definition in the general case. Indeed, for finite-dimensional algebras and modules
the object SemiExtg(M,P), being dual to the object SemiTors(‘B*,M), is a
complex of profinite-dimensional (compact) vector spaces; while the semi-infinite
cohomology as defined in [17] are discrete vector spaces. However, there is a
natural map from the latter to the former.

The coderived category of C-comodules and the contraderived category of
C-contramodules turn out to be naturally equivalent. This equivalence can be
thought of as a covariant analogue of the contravariant functor R Hompg(—, R):
D(R-mod) — D(mod-R) on the derived category of modules over a ring R.
Moreover, there is a natural equivalence between the semiderived categories of
8-semimodules and 8-semicontramodules. The functors RUg: DS (8-simod) —
D®!(8-sicntr) and Ldg: D (8-sicntr) — DS (8-simod) providing this equivalence
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are defined in terms of the spaces of homomorphisms in the category of 8-semi-
modules and the operation of contratensor product of an 8-semimodule and an
8-semicontramodule. The latter is a right exact functor which resembles the func-
tor of tensor product of modules over a ring. This equivalence of triangulated
categories transforms the functor SemiExtg into the functors Ext in either of the
semiderived categories (and the functor SemiTor® into the left derived functor
CtrTor® of the functor of contratensor product). We call this kind of equiva-
lence of triangulated categories the comodule-contramodule correspondence or the
semimodule-semicontramodule correspondence.

The duality-analogy between semimodules and semicontramodules partly
breaks down when one passes from homological algebra to the structure theory.
Comodules over a coalgebra over a field are simplistic creatures; contramodules
are quite a bit more complicated, though still much simpler than modules over a
ring, the structure theory of a coalgebra over a field being much simpler than that
of an algebra or a ring. We construct some relevant counterexamples. There is an
analogue of Nakayama’s Lemma for contramodules, a description of contramod-
ules over an infinite direct sum of coalgebras, etc. These results can be extended to
contramodules over certain topological rings (much more general than the topo-
logical algebras dual to coalgebras). Contramodules over topological Lie algebras
can also be defined; and an isomorphism of the categories of contramodules over a
topological Lie algebra and its topological enveloping algebra can be proven under
certain assumptions.

A coring C over a ring A is a coring object in the tensor category of bimod-
ules over A. (In a different terminology, this is called a coalgebroid.) A semialgebra
8 over a coring € is a ring object in the tensor category of bicomodules over C;
for this definition to make sense, certain (co)flatness conditions have to be im-
posed on € and 8 to make the cotensor product of bicomodules well-defined and
associative. Throughout this monograph (with the exception of Chapter 0 and the
appendices) we work with corings € over noncommutative rings A and semialge-
bras 8 over C. Mostly we have to assume that the ring A has a finite homological
dimension — for a number of reasons, the most important one being that otherwise
we don’t know how to define appropriately the unbounded (co)derived category of
C-comodules. No assumptions about the homological dimension of the coring and
the semialgebra are made. Besides, we mostly have to suppose that C is a flat left
and right A-module and 8 is a coflat left and right C-comodule, and even certain
(co)projectivity conditions have to be imposed in order to work with contramod-
ules.

All kinds of relative adjustness (flatness, projectivity, injectivity) properties
are considered in this monograph, but their definitions differ from the ones typical
of the classical relative homological algebra in one important respect. Specifically,
we define relative adjustness in terms of complexes or exact triples adjusted over
the base, rather than those split over the base. Our relative conditions tend to be
weaker than the ones defined in the classical manner, more delicate, and better
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behaved with respect to the exact sequences that do not split over the base. When
we need to consider relative adjustness properties defined in ways more resem-
bling the classical approach, we insert the word “quite” into our terms for such
properties.

Nonhomogeneous quadratic duality [73, 75] establishes a correspondence be-
tween nonhomogeneous Koszul algebras and Koszul CDG-algebras. This duality
has a relative version with a base ring, assigning, e.g., the de Rham DG-algebra to
the filtered algebra of differential operators (the base ring being the ring of func-
tions, in this case). For a number of reasons, it is advisable to avoid passing to the
dual vector space/module in this construction, working with CDG-coalgebras in-
stead of CDG-algebras; in particular, this allows one to include infinitely (co)gen-
erated Koszul algebras and coalgebras [74, 76]. In the relative case, this means
considering the graded coring of polyvector fields, rather than the graded algebra
of differential forms, as the dual object to the differential operators. The rele-
vant additional structure on the polyvector fields (corresponding to the de Rham
differential on the differential forms) is called a quasi-differential structure. An-
other important version of relative nonhomogeneous quadratic duality uses base
coalgebras in place of base rings. This situation is simpler in some respects, since
one still obtains CDG-coalgebras as the dual objects. As a generalization of these
two dualities, one can consider nonhomogeneous Koszul semialgebras over corings
and assign Koszul quasi-differential corings over corings to them. The Poincaré—
Birkhoff-Witt theorem for Koszul semialgebras claims that this correspondence is
an equivalence of categories.

The relative nonhomogeneous Koszul duality theorem provides an equiva-
lence between the semiderived category of semimodules over a nonhomogeneous
Koszul semialgebra and the coderived category of quasi-differential comodules over
the corresponding quasi-differential coring, and an analogous equivalence between
the semiderived category of semicontramodules and the contraderived category of
quasi-differential contramodules. In particular, for a smooth algebraic variety M
and a vector bundle F over M with a global connection V, there is an equivalence
between the derived category of modules over the algebra/sheaf of differential op-
erators on M acting in the sections of F and the coderived category (and also the
contraderived category, when M is affine) of CDG-modules over the CDG-algebra
Q(M,End(E)) of differential forms with coefficients in the vector bundle End(E).
The differential d in (M, End(E)) is the de Rham differential depending on V
and the curvature element h € Q2(M,End(E)) is the curvature of V.

Natural examples of semialgebras and semimodules come from Lie theory.
Namely, let (g, H) be an algebraic Harish-Chandra pair, i.e., g is a Lie algebra
over a field k and H is a smooth affine algebraic group over k corresponding to a
finite-dimensional Lie subalgebra h C g. Let C(H) be the coalgebra of functions
on H. Then the category O(g, H) of Harish-Chandra modules is isomorphic to the
category of left semimodules over the semialgebra 8(g, H) = U(g) @y ) C(H).
If the group H is unimodular, the semialgebra 8 = 8(g, H) has an involutive
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anti-automorphism. In general, the opposite semialgebras 8 and 8°° are Morita-
equivalent in some sense; more precisely, there is a canonical left 8®j8-semimodule
&€ = &(g, H) such that the semitensor product with € provides an equivalence be-
tween the categories of right and left 8-semimodules. Geometrically, E(g, H) is the
bimodule of distributions on an algebraic group G supported in its subgroup H and
regular along H. So the semitensor product of 8-semimodules can be considered
as a functor on the category O(g, H) x O(g, H). This functor factorizes through
the functor of tensor product in the category O(g, H) and is closely related to the
functor of (g, H)-semiinvariants M —— Mg g on the category of (g, H)-modules.
The semiinvariants are a mixture of invariants over H and coinvariants along g/b.

More generally, let (g, H) be a Tate Harish-Chandra pair, that is g is a Tate
Lie algebra and H is an affine proalgebraic group corresponding to a compact
open subalgebra ) C g. Let s: (¢/, H) — (g, H) be a morphism of Tate Harish-
Chandra pairs with the same proalgebraic group H such that the Lie algebra map
g’ — g is a central extension whose kernel is identified with k; assume also that
H acts trivially in k C g’. One example of such a central extension of Tate Harish-
Chandra pairs comes from the canonical central extension g~ of g; we denote the
corresponding morphism by szy. There is a semialgebra

8..(9, H) = U,.(9) ®u(y) C(H)

over the coalgebra C(H) such that the category of left semimodules over §,, =
8,.(g, H) is isomorphic to the category of discrete (g, H)-modules where the unit
central element of g’ acts by the identity (Harish-Chandra modules with the cen-
tral charge »). Left semicontramodules over the opposite semialgebra 8P can be
described in terms of compatible structures of g'-contramodules and C(H )-contra-
modules. These are called Harish-Chandra contramodules with the central charge
—¢; the dual vector spaces to Harish-Chandra modules with the central charge s
can be found among them.

The semialgebras 8,, and S‘ip%r% are naturally isomorphic, at least, when the
pairing U (h) ®y C(H) — k is nondegenerate in C(H). In view of the semimodule-
semicontramodule correspondence theorem, it follows that the semiderived cate-
gories of Harish-Chandra modules with the central charge s and Harish-Chandra
contramodules with the central charge s+ 3¢ over (g, H) are naturally equivalent.
So the well-known phenomenon of correspondence between complexes of modules
with complementary central charges over certain infinite-dimensional Lie algebras
can be formulated as an equivalence of triangulated categories using the notions
of contramodules and semiderived categories. Besides, it follows that the category
of right semimodules over §,, is isomorphic to the category of Harish-Chandra
modules with the central charge —s — 5. When the proalgebraic group H is
prounipotent (and h is exactly the Lie algebra of H), the object

SemiTor®=(N®, M*)

of the derived category of k-vector spaces is represented by the complex of semi-
infinite forms over g with coefficients in the g~-module N* ®; M?*. This provides



xxii Introduction

a comparison of our theory of SemiTor with the semi-infinite homology of Tate
Lie algebras. The semi-infinite cohomology of Lie algebras, whose coefficients are
contramodules over (the canonical central extensions of) Tate Lie algebras, is
related to SemiExt in the analogous way.

To a topological group G with an open profinite subgroup H and a com-
mutative ring k one can assign a semialgebra 8y (G, H) over the coring C,(H) of
k-valued locally constant functions on H such that the categories of left and right
semimodules over 8 (G, H) are isomorphic to the category of smooth G-modules
over k. So the category of semimodules over 8;(G, H) does not depend on H,
neither does the category of semicontramodules over 8 (G, H); all the semialge-
bras 8 (G, H) with a fixed G and varying H are naturally Morita equivalent. The
semiderived categories of semimodules and semicontramodules over 8;(G, H) do
depend on H essentially, however, as do the functors SemiTor and SemiExt over
8, (G, H). These double-sided derived functors may be called the semi-infinite
(co)homology of a group with an open profinite subgroup. The semi-infinite homol-
ogy of topological groups is a mixture of the discrete group homology and the
profinite group cohomology.

Examples of corings € over commutative rings A for which the left and the
right actions of A in € are different come from the algebraic groupoids theory, and
examples of semialgebras over such corings come from Lie theory of groupoids.
Namely, let (M, H) be a smooth affine groupoid, i.e., M and H are smooth affine
algebraic varieties, there are two smooth morphisms sy, ty: H = M of source
and target, and there are unit, multiplication, and inverse element morphisms
satisfying the usual groupoid axioms. Let A = A(M) be the ring of functions
on M and C = C(H) be the ring of functions on H. Then C is a coring over A.
Moreover, suppose that (M, H) is a closed subgroupoid of a groupoid (M, G). Let
g and h be the Lie algebroids over the ring A corresponding to the groupoids
(M,G) and (M, H), and let Ua(g) and Ua(h) be their enveloping algebras. Then
there is a semialgebra 8 = 8,/(G, H) = Ua(g) ®u ,(5) C(H) over the coring € and a
canonical left 8@, 8-semimodule € = & ), (G, H) providing an equivalence between
the categories of right and left 8-semimodules. The semimodule € consists of all
distributions on G twisted with the line bundle s%(Q,}) ® t&(Q},), supported
in H and regular along H (where Qj; denotes the bundle of top forms on M).

Examples of corings over noncommutative rings come from Noncommuta-
tive Geometry [62, 63]. Noncommutative stacks are represented as quotients of
noncommutative affine schemes corresponding to rings A by actions of corings C
over A. The cotensor product of C-comodules can be understood as the group of
global sections of the tensor product of a right and a left sheaf over a noncommu-
tative stack, while the tensor product of sheaves itself does not exist.

Notice that the roles of the ring and coring structures in our constructions are
not symmetric; in particular, we have to consider conventional derived categories
along the algebra variables and co/contraderived categories along the coalgebra
variables. The cause of this difference is that the tensor product of modules com-



Introduction xxiii

mutes with the infinite direct sums, but not with the infinite products. This can
be changed by passing to pro-objects; consequently one can still define versions of
derived functors Cotor and Coext over a coring € without making any homolog-
ical dimension assumptions at all by considering pro- and ind-modules (see Re-
marks 2.7 and 4.7). A problem remains to construct the comodule-contramodule
correspondence without any homological dimension assumptions on the ring A.
Here we only manage to weaken the finite homological dimension assumption to
the Gorensteinness assumption.

Algebras/coalgebras over fields and semialgebras over coalgebras over fields
are briefly discussed in Chapter 0. Semialgebras over corings and the functors
of semitensor product over them are introduced in Chapter 1, and important
constructions of flat comodules and coflat semimodules are presented there. The
derived functor SemiTor is defined in Chapter 2. Contramodules over corings and
semicontramodules over semialgebras are introduced in Chapter 3, and the derived
functor SemiExt is defined in Chapter 4. Equivalence of exotic derived categories
of comodules and contramodules is proven in Chapter 5; and the same for semi-
modules and semicontramodules is done in Chapter 6. Functors of change of ring
and coring for the categories of comodules and contramodules are introduced in
Chapter 7; functors of change of coring and semialgebra for the categories of
semimodules and semicontramodules are constructed in Chapter 8. Closed model
category structures on the categories of complexes of semimodules and semicontra-
modules are defined in Chapter 9. The construction of a semialgebra depending
on three embedded rings and a coring dual to the middle ring is considered in
Chapter 10. The Poincaré—Birkhoff-Witt theorem and the Koszul duality the-
orem for nonhomogeneous Koszul semialgebras are proven in Chapter 11. The
basic structure theory of contramodules over a coalgebra over a field is developed
in Appendix A. We compare our theory of SemiExt and SemiTor with Arkhipov’s
and Sevostyanov’s semi-infinite Ext and Tor in Appendix B. Semialgebras corre-
sponding to Harish-Chandra pairs and their Hopf algebra analogues are discussed
in Appendix C. Tate Harish-Chandra pairs are considered in Appendix D, and
the theorem of comparison with semi-infinite cohomology of Tate Lie algebras is
proven there. Semialgebras corresponding to topological groups are discussed in
Appendix E. Pairs of algebraic groupoids are considered in Appendix F.

Appendix C was written in collaboration with Dmitriy Rumynin. Appendix D
was written in collaboration with Sergey Arkhipov.

One terminological note: we will generally use the words the homotopy cat-
egory of (an additive category A) and the homotopy category of complexes of
(objects from A) as synonymous. Analogously, the homotopy category of com-
plezes (with a particular property) over A is a full subcategory of the homotopy
category of A.
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0 Preliminaries and Summary

This chapter contains some known results and some results deemed to be new,
but no proofs. Its goal is to prepare the reader for the more technically involved
constructions of the main body of the monograph (where the proofs are given).
In particular, we do not have to worry about nonassociativity of the cotensor
product and partial definition of the semitensor product here, distinguish between
the myriad of notions of absolute/relative coflatness/coprojectivity/injectivity of
comodules and analogously for contramodules, etc., because we only consider coal-
gebras over fields.

The material of Sections 0.1-0.3 roughly corresponds to that of Chapters 1-6.

0.1 Unbounded Tor and Ext
Let R be an algebra over a field k.

0.1.1 We would like to extend the familiar definition of the derived functor of
tensor product Tor®: D~ (mod-R) x D~ (R-mod) — D~ (k-vect) on the Cartesian
product of the derived categories of right and left R-modules bounded from above,
so as to obtain a functor on the Cartesian product of unbounded derived categories.

As always, the tensor product of a complex of right R-modules N*® and a
complex of left R-modules M* is defined as the total complex of the bicomplex
N? ®@gr M7, constructed by taking infinite direct sums along the diagonals. This
provides a functor Hot(mod-R) x Hot(R-mod) — Hot(k-vect) on the Cartesian
product of unbounded homotopy categories of R-modules.

The most straightforward way to define the object Tor™ (N*®, M*) of D(k-vect)
is to represent it by the total complex of the bicomplex

- — N @, R, R M* — N* @, R®, M* —— N*®, M*,

constructed by taking infinite direct sums along the diagonals. One can check that
this bar construction indeed defines a functor

Tor®: D(mod-R) x D(R-mod) —— D(k-vect).

The unbounded derived functor Tor® can be also defined by restricting the
functor of tensor product to appropriate subcategories of complexes adjusted to
the functor of tensor product in the unbounded homotopy categories of R-mod-
ules. Namely, let us call a complex of left R-modules M* flat if the complex of
k-vector spaces M*® ®@pr N* is acyclic whenever a complex of right R-modules N*
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is acyclic. Not every complex of flat R-modules is a flat complexr of R-modules
according to this definition.

In particular, an acyclic complex of left R-modules is flat if and only if it is
pure, i.e., it remains acyclic after taking the tensor product with any right R-mod-
ule. So an acyclic complex of flat R-modules is flat if and only if all of its modules
of cocycles are flat. On the other hand, any complex of flat R-modules bounded
from above is flat. If the ring R has a finite weak homological dimension, then any
complex of flat R-modules is flat.

For example, the acyclic complex M*® of free modules over the ring of dual
numbers R = k[e]/e? whose every term is equal to R and every differential is the
operator of multiplication with ¢ is not flat. Indeed, let N* = (--- — k[g/e?] —
k— 0 — ---) be a free resolution of the R-module k; then the complex N* Qg M*®
is quasi-isomorphic to k ® g M* and has a one-dimensional cohomology space in
every degree, even though the complex N* is acyclic.

Any complex of R-modules is quasi-isomorphic to a flat complex, and
moreover, the quotient category of the homotopy category Hotq(R-mod) of flat
complexes of R-modules by the thick subcategory of acyclic flat complexes
Acycl(R-mod)NHotq (R-mod) is equivalent to the derived category D(R-mod). This
result holds for an arbitrary ring [81], and even for an arbitrary DG-ring [60, 15].
The derived functor Tor® can be defined by restricting the functor of tensor
product over R to either of the full subcategories Hot(mod-R) x Hoty(R-mod) or
Hotq(mod-R) x Hot(R-mod) of the category Hot(mod-R) x Hot(R-mod).

0.1.2 The functor Hompg: Hot(R-mod)°® x Hot(R-mod) — Hot(k-vect) and its
derived functor Extr: D(R-mod)°? x D(R-mod) — D(k-vect) need no special
definition: once the unbounded homotopy and derived categories are defined, so
are the spaces of homomorphisms in them. For any (unbounded) complexes of left
R-modules L* and M?*, the total complex of the cobar bicomplex

Homk(L°,M°) — Homk(R ®p L, M.) — Homk(R Rk R®y L, M.) — e,

constructed by taking infinite direct products along the diagonals, represents the
object Extr(L*®, M*) in D(k-vect).

The unbounded derived functor Extg can be also computed by restricting the
functor Homp to appropriate subcategories in the Cartesian product of homotopy
categories of R-modules. Let us call a complex of left R-modules L*® projective if
the complex Homp(L®, M*®) is acyclic for any acyclic complex of left R-modules
M*. Analogously, a complex of left R-modules M* is called injective if the complex
Hompg(L*, M*) is acyclic for any acyclic complex of left R-modules L*.

Any projective complex of R-modules is flat. Any complex of projective
R-modules bounded from above is projective, and any complex of injective R-mod-
ules bounded from below is injective. If the ring R has a finite left homological
dimension, then any complex of projective left R-modules is projective and any
complex of injective left R-modules is injective.
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A complex of R-modules is projective if and only if it belongs to the minimal
triangulated subcategory of the homotopy category of R-modules containing the
complex -+ — 0 — R — 0 — --- and closed under infinite direct sums. Analo-
gously, a complex of R-modules is injective if and only if up to the homotopy equiv-
alence it can be obtained from the complex --- — 0 — Homy (R, k) — 0 — ---
using the operations of shift, cone, and infinite direct product. The homotopy
category Hotproj(R-mod) of projective complexes of R-modules and the homo-
topy category Hotinj(R-mod) of injective complexes of R-modules are equivalent
to the unbounded derived category D(R-mod). The results mentioned in this
paragraph even hold for an arbitrary DG-ring [60, 15]. The functor Extg can
be obtained by restricting the functor Hompg to either of the full subcategories
Hotproj(R-mod)°P x Hot(R-mod) or Hot(R-mod)® x Hotinj(R-mod) of the category
Hot(R-mod)°P x Hot(R-mod).

0.1.3 The definitions of unbounded Tor and Ext in terms of (co)bar constructions
were known at least since the 1960’s. The notions of flat, projective, and injective
(unbounded) complexes of R-modules were introduced by N. Spaltenstein [81]
(who attributes the idea to J. Bernstein). Such complexes were called “K-flat”,
“K-projective”, and “K-injective” in [81]; they are often called “H-projective” or
“homotopy projective” etc. nowadays.

0.2 Coalgebras over fields; Cotor and Coext

The notion of a coalgebra over a field is obtained from that of an algebra by formal
dualization. Since any coassociative coalgebra is the union of its finite-dimensional
subcoalgebras, the category of coalgebras is anti-equivalent to the category of
profinite-dimensional algebras. There are two ways of dualizing the notion of a
module over an algebra: one can consider comodules and contramodules over a
coalgebra. Comodules can be thought of as discrete modules which are unions
of their finite-dimensional submodules, while contramodules are modules where
certain infinite summation operations are defined. Dualizing the constructions of
the tensor product of modules and the space of homomorphisms between modules,
one obtains the functors of cotensor product and cohomomorphisms. Their derived
functors are called Cotor and Coext.

0.2.1 A coassociative coalgebra with counit over a field k is a k-vector space
C endowed with a comultiplication map pe: € — C ®; € and a counit map
ee: € — k satisfying the equations dual to the associativity and unity equations
on the multiplication and unit maps of an associative algebra with unit. More
precisely, one should have (ue ® ide) o pe = (ide Que) o pe and (e ®ide) o pe =
ide = (ide ®ee) o pe.

A left comodule M over a coalgebra € is a k-vector space endowed with a left
coaction map vy : M — C®, M satisfying the equations dual to the associativity
and unity equations on the action map of a module over an associative algebra
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with unit. More precisely, one should have (ue ®idnt) o vy = (ide ®va) o vy and
(ee ®@idy) ovp = iday. A right comodule N over a coalgebra C is a k-vector space
endowed with a right coaction map vy : N — N®j, C satisfying the coassociativity
and counity equations (vy ®ide)ovy = (idy Que) ovy and (idy Ree) ovy = idy.
For example, the coalgebra C has natural structures of a left and a right comodule
over itself.

The categories of left and right C-comodules are abelian. We will denote
them by C-comod and comod-C, respectively. Both infinite direct sums and infinite
products exist in the category of C-comodules, but only infinite direct sums are
preserved by the forgetful functor G-comod — k-vect (while the infinite products
are not even exact in C-comod). A cofree C-comodule is a C-comodule of the form
C ®r V, where V is a k-vector space. The space of comodule homomorphisms
into the cofree C-comodule is described by the formula Home(M, C ®; V) ~
Homy, (M, V). The category of C-comodules has enough injectives; besides, a left
C-comodule is injective if and only if it is a direct summand of a cofree C-comodule.

The cotensor product NOe M of a right C-comodule N and a left C-comodule
M is defined as the kernel of the pair of maps

(rn ®idy, idy @) : NQr M =2 N @k C @5 M.

This is the dual construction to the tensor product of a right module and a left
module over an associative algebra. There are natural isomorphisms N Qe € ~ N
and COe M ~ M. The functor of cotensor product over C is left exact.

0.2.2 The cotensor product N* Oe M*® of a complex of right C-comodules N* and
a complex of left C-comodules M* is defined as the total complex of the bicomplex
N Oe MY, constructed by taking infinite direct sums along the diagonals.

We would like to define the derived functor Cotor® of the functor of cotensor
product in such a way that it could be obtained by restricting the functor Oe
to appropriate subcategories of the Cartesian product of the homotopy cate-
gories Hot(comod-C) and Hot(C-comod). In addition, we would like the object
Cotor®(N*, M*) of D(k-vect) to be represented by the total complex of the cobar
bicomplex

N @ M®* —— N @ COEM® —— N @, CO COLM® —— -+ (1)

constructed by taking infinite direct sums along the diagonals. It turns out that
a functor Cotor® with these properties does exist, but it is not defined on the
Cartesian product of conventional unbounded derived categories D(comod-C) and
D(C-comod).

For example, let C be the coalgebra dual to the algebra of dual numbers
C* = k[e]/e?, so that C-comodules are just k[e]/e2-modules. Let M* be the acyclic
complex of cofree C-comodules whose every term is equal to € and every differential
is the operator of multiplication with e, and let N* be the complex of C-comod-
ules whose only nonzero term is the C-comodule k. Then the cobar complex that
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we want to compute Cotore(N',M') is quasi-isomorphic to the complex N*® Oe
M* and has a one-dimensional cohomology space in every degree, even though
M represents a zero object in D(C-comod). Therefore, a more refined version of
unbounded derived category of C-comodules has to be considered.

A complex of left C-comodules is called coacyclic if it belongs to the minimal
triangulated subcategory of the homotopy category Hot(C-comod) containing the
total complexes of exact triples 'K®* — K* — "X* of complexes of left C-comodules
and closed under infinite direct sums. (By the total complex of an exact triple of
complexes we mean the total complex of the corresponding bicomplex with three
rows.) Any coacyclic complex is acyclic; any acyclic complex bounded from below
is coacyclic. The complex M*® from the above example is acyclic, but not coacyclic.
(Indeed, the total complex of the cobar bicomplex (1) is acyclic whenever M* is
coacyclic.) The coderived category of left C-comodules D®(C-comod) is defined
as the quotient category of the homotopy category Hot(C-comod) by the thick
subcategory of coacyclic complexes Acycl®(C-comod).

In the same way one can define the coderived category of any abelian category
with exact functors of infinite direct sum. Over a category of finite homological
dimension, every acyclic complex belongs to the minimal triangulated subcate-
gory of the homotopy category containing the total complexes of exact triples of
complexes, even without the infinite direct sum closure.

The cotensor product N* Oe M*® of a complex of right C-comodules M* and
a complex of left C-comodules N* is acyclic whenever one of the complexes M?*
and N* is coacyclic and the other one is a complex of injective C-comodules. Be-
sides, the coderived category D°(C-comod) is equivalent to the homotopy category
Hot(C-comodiyj) of injective C-comodules. Thus one can define the unbounded de-
rived functor

Cotor®: D®(comod-€) x D®(C-comod) —— D(k-vect)

by restricting the functor of cotensor product to either of the full subcategories
Hot(comod-C) x Hot(C-comodinj) or Hot(comodinj-C) x Hot(C-comod) of the category
Hot(comod-C) x Hot(C-comod).

0.2.3 If one attempts to construct a derived functor of cotensor product on the
Cartesian product of conventional unbounded derived categories of comodules in
a way analogous to 0.1.1, the result may not look like what one expects.

Consider the example of a finite-dimensional coalgebra € dual to a Frobenius
algebra C* = F. Let us assume the convention that left C-comodules are left
F-modules and right C-comodules are right F-modules. Then the functor Oe is
left exact and the functor ® g is right exact, but the difference between them is still
rather small: if either a left (co)module M, or a right (co)module N is projective-
injective, then there is a natural isomorphism N Oe¢ M ~ (N O¢ F) ®p M, and
after one chooses an isomorphism between the left modules F' and @, the right
modules N and N Oe F will only differ by the Frobenius automorphism of the
Frobenius algebra F'.
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So if one defines “coflat” complexes of C-comodules as the complexes whose
cotensor products with acyclic complexes are acyclic, then the quotient category
of the homotopy category of “coflat” complexes by the thick subcategory of acyclic
“coflat” complexes will be indeed equivalent to the derived category of comodules,
and one will be able to define a “derived functor of cotensor product over €” in this
way, but the resulting derived functor will coincide, up to the Frobenius twist, with
the functor Tor? . (Indeed, any flat complex of flat modules will be “coflat”.) When
the complexes this derived functor is applied to are concentrated in degree 0, this
functor will produce a complex situated in the negative cohomological degrees,
as is characteristic of Tor?, and not in the positive ones, as one would expect of
Cotor®.

Likewise, if one attempts to construct a derived functor of tensor product
on the Cartesian product of coderived categories of modules in the way analogous
to 0.2.2, one will find, in the Frobenius algebra case, that the tensor product of a
complex of projective F-modules with a coacyclic complex is acyclic, the homotopy
category of complexes of projective modules is indeed equivalent to the coderived
category of F-modules, and one can define a “derived functor of tensor product
over F” by restricting to this subcategory, but the resulting derived functor will
coincide, up to the Frobenius twist, with the functor Cotor®.

Nevertheless, it is well known how to define a derived functor of coten-
sor product on the conventional unbounded derived categories of comodules (see
0.2.10, cf. Remark 2.7).

0.2.4 The category k-vect®P opposite to the category of vector spaces has a natural
structure of a module category over the tensor category k-vect with the action func-
tor k-vect x k-vect®® — k-vect®P defined by the rule (V, W°P) — Homy (V, W)°P.
More precisely, there are two module category structures associated with this func-
tor: the left module category with the associativity constraint Homy (U ®; V, W) ~
Homy (U, Homy (V, W)) and the right module category with the associativity con-
straint Homy (U ® V, W) ~ Homy (V, Homy (U, W)). The category of left contra-
modules over a coalgebra C is the opposite category to the category of comodule
objects in the right module category k-vect®® over the coring object € in the
tensor category k-vect. Explicitly, a C-contramodule P is a k-vector space en-
dowed with a contraaction map mp: Homy(C, ) — ‘P satistying the contraas-
sociativity and counity equations myp o Hom(ide, mp) = 7 o Hom(pue,idy) and
s © HOHI(&‘@, ldqg) = idqg.

For any right C-comodule N and any k-vector space V the space Homy (N, V)
has a natural structure of left C-contramodule. The category of left C-contra-
modules is abelian. We will denote it by C-contra. Both infinite direct sums and
infinite products exist in the category of contramodules, but only the infinite
products are preserved by the forgetful functor C-contra — k-vect (while the
infinite direct sums are not even exact in C-contra). The category of contramodules
has enough projectives. Besides, a C-contramodule is projective if and only if it
is a direct summand of a free C-contramodule of the form Homy(C, V') for some
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vector space V. The space of contramodule homomorphisms from the free C-con-

tramodule is described by the formula Hom®(Homy(C, V), ) ~ Homy (V, B).
Let M be a left C-comodule and ‘B be a left C-contramodule. The space of

cohomomorphisms Cohome (M, ) is defined as the cokernel of the pair of maps

(Hom (v, idg), Hom(idoy, 7))
Homy (€ ®r M, B) = Homy (M, Homg (C,B)) = Homy (M, B).

This is the dual construction to that of the space of homomorphisms between
two modules over a ring. There are natural isomorphisms Cohome(C,B) ~ P and
Cohome (M, Homy (N, V)) ~ Homg(NOeM, V). The functor of cohomomorphisms
over C is right exact.

0.2.5 The complex of cohomomorphisms Cohome(M?*,J*) from a complex of
left C-comodules M*® to a complex of left C-contramodules P* is defined as the
total complex of the bicomplex Cohome(M?,537), constructed by taking infinite
products along the diagonals. Let us define the derived functor Coexte of the
functor of cohomomorphisms.

A complex of C-contramodules is called contraacyclic if it belongs to the min-
imal triangulated subcategory of the homotopy category Hot(C-contra) containing
the total complexes of exact triples 'A* — R* — "R°* of complexes of C-contramod-
ules and closed under infinite products. Any contraacyclic complex is acyclic; any
acyclic complex bounded from above is contraacyclic. The contraderived category
of C-contramodules D' (C-contra) is defined as the quotient category of the homo-
topy category Hot(C-contra) by the thick subcategory of contraacyclic complexes
Acycl®"(C-contra).

The complex of cohomomorphisms Cohome (M?*,J3*) is acyclic whenever ei-
ther M* is a complex of injective C-comodules and B* is contraacyclic, or M* is
coacyclic and 3* is a complex of projective C-contramodules. Besides, the contra-
derived category D (C-contra) is equivalent to the homotopy category of projec-
tive C-contramodules Hot(C-contrapy;). Thus one can define the derived functor

Coexte: D®(C-comod)®? x D (C-contra) —— D(k-vect)
by restricting the functor Cohome to either of the subcategories
Hot(C-comodiyj)°® x Hot(C-contra) or Hot(C-comod)® x Hot(C-contrap)

of the Cartesian product Hot(C-comod)°? x Hot(C-contra).

The contramodule version of bar construction provides a functorial complex
computing Coexte. Namely, for any complex of left C-comodules M* and complex
of left C-contramodules B* the total complex of the bicomplex

- — Homy (€ ® C ®, M*, PB*) — Homy (C @ M*, PB°) — Homy(M*,B*),

constructed by taking infinite products along the diagonals, represents the object
Coexte(M*,PB*) in D(k-vect).
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0.2.6 The categories of left C-comodules and left C-contramodules are isomorphic
if the coalgebra C is finite-dimensional, but in general they are quite different.
However, the coderived category of left C-comodules is naturally equivalent to the
contraderived category of left C-contramodules, D®(C-comod) ~ D (C-contra).

Indeed, the coderived category D°(C-comod) is equivalent to the homo-
topy category Hot(C-comodinj) and the contraderived category D*'(C-contra) is
equivalent to the homotopy category Hot(C-contray.j). Furthermore, the addi-
tive category of injective C-comodules is the idempotent closure of the cate-
gory of cofree C-comodules and the additive category of projective C-contra-
modules is the idempotent closure of the category of free C-contramodules. One
has Home (€ @5 U, € ®; V) = Homy(C @ U, V) = Homy(U, Homg(C,V)) =
Hom® (Homy, (€, U), Homy (€, V)), so the categories of cofree comodules and free
contramodules are equivalent.

To describe this equivalence of additive categories in a more invariant way, let
us define the operation of contratensor product of a comodule and a contramodule.

Let N be a right C-comodule and 3 be a left C-contramodule. The contra-
tensor product N ©¢ P is defined as the cokernel of the pair of maps

((dy ®eve) o (VN @ idHom, (e,p)), idy omp): N ®r Homy (C,B) = N @ B,

where eve denotes the evaluation map € ®j Homy (C,J8) — B. The contratensor
product functor is not a part of any tensor or module category structure; instead,
it is dual to the functors Hom in the categories of C-comodules and C-contra-
modules. The functor of contratensor product over € is right exact. There are
natural isomorphisms N ®e¢ Homy(C, V) ~ N ®; V and Homi(N Ge B, V) ~
Hom® (P, Homy (N, V)).

The desired equivalence between the additive categories of injective left C-co-
modules and projective left C-contramodules is provided by the pair of adjoint
functors ¥e(M) = Home(C,M) and Pe(P) = C Oc P between the categories
of left C-comodules and left C-contramodules. Here the space Home (€, M) is en-
dowed with a C-contramodule structure as the kernel of a pair of contramodule
morphisms Homy (€, M) = Homy (€, € ®; M) (where the contramodule structure
on Homy (€, M) and Homy, (€, € ®j M) comes from the right C-comodule structure
on @), while the space C ®¢ P is endowed with a left C-comodule structure as the
cokernel of a pair of comodule morphisms € ®; Homy(C,B) = C ® P.

0.2.7 The following examples illustrate the necessity of considering the exotic de-
rived categories in the above construction of the derived comodule-contramodule
correspondence. Let W be a vector space and € be the symmetric coalgebra of W.
One can construct € as the subcoalgebra of the tensor coalgebra @ZOZO wen
formed by the symmetric tensors. Consider the trivial left C-contramodule k; it
has a left projective C-contramodule resolution of the form

- —— Homy(€, (A} W)*) —— Homy(C, W*) —— Homy(C, k).
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Applying the functor ®e to the above complex of contramodules, one obtains the
complex of injective left C-comodules

S CRR NI —— C@y W —— €. 2)

When W is finite-dimensional, the complex (2) has its only nonvanishing coho-
mology in the degree — dim W; this cohomology is a trivial one-dimensional C-co-
module naturally isomorphic to det(W)* = (/\2,1m W'W)* as a vector space. When
W is infinite-dimensional, the complex (2) is acyclic; one can think of it as an
“injective resolution of a one-dimensional C-comodule placed in the degree —oo”.
So when dim W = oo the equivalence of categories D°(C-comod) ~ D"(C-contra)
transforms the acyclic complex of C-comodules (2) into the trivial C-contramodule
k considered as a complex concentrated in degree 0, and back.

Analogously, consider the trivial left C-comodule k; it has a right injective
C-comodule resolution of the form

€—>€®kW—>G®k/\§W—>

Applying the functor We to this complex of comodules, one obtains the complex
of projective left C-contramodules

Homy, (€, k) —— Homy, (€, W) —— Homy(C, A7 W) — ---

When W is finite-dimensional, the latter complex has its only nonvanishing coho-
mology in the degree dim W; the cohomology is a trivial one-dimensional C-con-
tramodule naturally isomorphic to det(W) as a vector space. When W is infinite-
dimensional, this complex is acyclic; one can think of it as a “projective resolution
of a one-dimensional C-contramodule placed in the degree +o00”. In this case,
the equivalence of categories D®(C-comod) ~ D"(C-contra) transforms the trivial
C-comodule k considered as a complex concentrated in degree 0 into this acyclic
complex of C-contramodules, and back.

The above-mentioned cohomology computations are very similar to comput-
ing Extr(k, R) for the algebra R of polynomials in a finite or infinite number of
variables over a field k.

0.2.8 The functor Exte: D®(C-comod)°P x D (C-comod) — D(k-vect) of ho-
momorphisms in the coderived category D(C-comod) can be computed by re-
stricting the functor Home: Hot(C-comod)°? x Hot(C-comod) — Hot(k-vect) of
homomorphisms in the homotopy category Hot(C-comod) to the full subcategory
Hot(C-comod)°? x Hot(C-comodin;) of the category Hot(C-comod)°P x Hot(C-comod).
The complex Home(L®, M*) is acyclic whenever L° is a coacyclic complex of left
C-comodules and M* is a complex of injective left C-comodules.
Analogously, the functor

Ext®: D (C-contra)®® x D" (C-contra) — D(k-vect)
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of homomorphisms in the contraderived category D" (C-contra) can be computed
by restricting the functor Hom®: Hot(C-contra)°P x Hot(C-contra) — Hot(k-vect)
to the full subcategory

Hot(C-contrapye;)°® x Hot(C-contra)

of the category Hot(C-contra)® x Hot(C-contra). The complex Hom®(B*, Q°) is
acyclic whenever §3* is a complex of projective C-contramodules and £° is a con-
traacyclic complex of C-contramodules.

The contratensor product N* ®¢ PB* of a complex of right C-comodules N°*
and a complex of left C-contramodules * is defined as the total complex of the
bicomplex N®¢ePB7, constructed by taking infinite direct sums along the diagonals.
The complex N* ®e B is acyclic whenever N*® is a coacyclic complex of right C-co-
modules and B* is a complex of projective left C-contramodules. The left derived
functor Ctrtor® of the functor of contratensor product,

Ctrtor®: D(comod-@) x D" (C-contra) —— D(k-vect),

is defined by restricting the functor of contratensor product to the full subcategory
Hot(comod-C) x Hot(C-contrayr;) of the category Hot(comod-C) x Hot(C-contra).
Notice that the (abelian or homotopy) category of right C-comodules does not
contain enough objects adjusted to contratensor product.

The equivalence of triangulated categories D°(C-comod) ~ D (C-contra)
transforms the functor Coexte into either of the functors Exte or Ext~ and the
functor Cotor® into the functor Ctrtor®.

0.2.9 A left C-comodule M is called cofiat if the functor N —— N Oe M is exact
on the category of right C-comodules. A left C-comodule M is called coprojective
if the functor p — Cohome (M, P) is exact on the category of left C-contramod-
ules. It is easy to see that an injective comodule is coprojective and a coprojective
comodule is coflat. Using the fact that any comodule is a union of its finite-
dimensional subcomodules, one can show that any coflat comodule is injective.
Thus all the three conditions are equivalent.

A left C-contramodule P is called contraflat if the functor N — N ©e P
is exact on the category of right C-comodules. A left C-contramodule P is called
coingective if the functor M — Cohome (M, ) is exact on the category of left
C-comodules. It is easy to see that a projective contramodule is coinjective and
a coinjective contramodule is contraflat. We will show in 5.2 that any coinjec-
tive contramodule is projective and (independently) in A.3 that any contraflat
contramodule is projective. Thus all the three conditions are equivalent.

0.2.10 Our definition of the derived functor of cotensor product for unbounded
complexes differs from the most traditional one, which was introduced (in the
greater generality of DG-coalgebras and DG-comodules) by Eilenberg and Moore
[34]. Husemoller, Moore, and Stasheff [52, 1.4-5] call the functor defined by Eilen-
berg—Moore the differential derived functor of cotensor product of the first kind
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and denote it by Cotor®! or simply Cotor®, while the functor Cotor® defined
in 0.2.2 is (the nondifferential particular case of) what they call the differential
derived functor of cotensor product of the second kind and denote by Cotor®!.

The functor Cotor®! is computed by the total complex of the cobar bi-
complex (1), constructed by taking infinite products along the diagonals (while
the tensor product complexes N* ® C® --- ® C ® M*® constituting the cobar bi-
complex are still defined as infinite direct sums). It is indeed a functor on the
Cartesian product of conventional unbounded derived categories D(comod-€) and
D(C-comod).

The unbounded derived functor Tor® defined in 0.1.1 is a derived functor
of the first kind in this terminology. Roughly, derived functors of the first kind
correspond to the conventional derived categories D (which can be therefore called
derived categories of the first kind), while derived functors of the second kind
correspond to the coderived and contraderived categories D and D" (which
can be called derived categories of the second kind). The distinction, which is
only relevant for unbounded complexes of modules (comodules, or contramodules),
manifests itself also for quite finite-dimensional DG-modules (DG-comodules, or
DG-contramodules).

The coderived categories of comodules were introduced by K. Lefevre-Hase-
gawa [66, 61] in the context of Koszul duality; our definition is equivalent to
his (the nondifferential case). They first appeared in the author’s own research
in the very same context. An elaborate discussion of the two kinds of derived
categories and their roles in Koszul duality can be found in [76]; a proof of the
equivalence of the two definitions is also given there. Contramodules were defined
by Eilenberg and Moore in [33] and studied by Barr in [6]. A module version
of the comodule-contramodule correspondence was developed in [65], where the
homotopy categories of complexes of injectives and projectives are being used,
following the approaches of [55, 64], in lieu of the coderived and contraderived
categories.

All the most important results of this section can be extended straightfor-
wardly to DG-coalgebras and even CDG-coalgebras (see [76] or 0.4.3 and 11.2.2
for the definition). Generally, the constructions of derived categories and functors
of the first kind can be generalized to A..-algebras, while the constructions of
derived categories and functors of the second kind can be naturally extended to
CDG-coalgebras.

0.3 Semialgebras over coalgebras over fields

The notion of a semialgebra over a coalgebra is dual to that of a coring over a
noncommutative ring. The similarity between the two theories only goes so far,
however.

0.3.1 Let € and D be two coalgebras over a field k. A C-D-bicomodule X is
k-vector space endowed with a left C-comodule and a right D-comodule structures
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such that the left C-coaction map vj.: K — € ®; X is a morphism of right
D-comodules, or, equivalently, the right D-coaction map vy : X — K @ D is a
morphism of left C-comodules. A bicomodule can be also defined as a vector space
endowed with a bicoaction map KX — C ®i K ®j D satisfying the coassociativity
and counity equations. The category of C-D-bicomodules is abelian. We will denote
it by G-comod-D.

Let €, D, and &€ be three coalgebras, N be a C-D-bicomodule, and M be a
D-E-bicomodule. Then the cotensor product N Op M is endowed with a C-E-bi-
comodule structure as the kernel of a pair of bicomodule morphisms N ®; M =
N®iD®iM. The cotensor product of bicomodules is associative: for any coalgebras
€ and D, any right C-comodule N, left D-comodule M, and C-D-bicomodule K
there is a natural isomorphism N O (K Op M) =~ (N Oe K) Op M.

0.3.2 In particular, the category of C-C-bicomodules is an associative tensor
category with the unit object C. A semialgebra 8 over € is an associative ring
object with unit in this tensor category; in other words, it is a C-C-bicomod-
ule endowed with a semimultiplication map mg: 8§ e 8 — 8 and a semi-
unit map eg: € — 8 which have to be C-C-bicomodule morphisms satisfy-
ing the associativity and unity equations mg o(mg Oidg) = mg o(ids Omg) and
mg o(eg Oidg) = ids = mg o(idg Deg).

The category of left C-comodules is a left module category over the tensor
category C-comod-C, and the category of right C-comodules is a right module
category over it. A left semimodule M over 8 is a module object in this left
module category over the ring object 8 in this tensor category; in other words,
it is a left C-comodule endowed with a left semiaction map ny¢: 8§ Oe M —
M, which has to be a morphism of left C-comodules satisfying the associativity
and unity equations na¢ o(ms Oidyg) = nac o(ids Onyg) and nyg o(es Didag) =
idag. A right semimodule N over 8 is a right C-comodule endowed with a right
semiaction morphism of right C-comodules nx: N O 8§ — N satisfying the
equations ny o(ny Jidg) = ny o(idy Omg) and ny o(idy Deg) = idn.

For any left C-comodule L, the cotensor product 8 Oe £ has a natural left
semimodule structure. It is called the left 8-semimodule induced from a left C-co-
module L. The space of semimodule homomorphisms from the induced semimodule
is described by the formula Homg(8 Oe L, M) ~ Home (L, M). We will denote the
category of left §-semimodules by 8-simod and the category of right 8-semimodules
by simod-8. The category of left 8-semimodules is abelian provided that 8 is an
injective right C-comodule. Moreover, 8 is an injective right C-comodule if and only
if the category 8-simod is abelian and the forgetful functor 8-simod — C-comod
is exact.

The operation of cotensor product over € provides a pairing functor

comod-C x C-comod — k-vect

compatible with the right module category structure on comod-C and the left
module category structure on C-comod over the tensor category C-comod-C. The
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semitensor product N g M of a right 8-semimodule N and a left 8-semimodule
M is defined as the cokernel of the pair of maps

(nNDidm, idyOnyg): NOe 8Oe M = N Oe M.

There are natural isomorphisms N ¢g (8 Oe L) ¥ N e L and (ROe 8) O M ~
R Oe M. The functor of semitensor product is neither left, nor right exact.

0.3.3 The semitensor product N* ¢g M* of a complex of right 8-semimodules
N*® and a complex of left 8-semimodules M* is defined as the total complex of
the bicomplex N* Og M, constructed by taking infinite direct sums along the
diagonals. Assume that 8 is an injective left and right C-comodule. We would like
to define the double-sided derived functor SemiTor® of the functor of semitensor
product.

The semiderived category of left 8-semimodules D% (8-simod) is defined as the
quotient category of the homotopy category Hot(8-simod) by the thick subcategory
Acyclc°'e(8—simod) of complexes of 8-semimodules that are coacyclic as complexes
of C-comodules. For example, if the coalgebra € coincides with the ground field k,
and 8 = R s just a k-algebra, then the semiderived category D (8-simod) coincides
with the derived category D(R-mod), while if the semialgebra 8 coincides with
the coalgebra €, then the semiderived category D% (8-simod) coincides with the
coderived category D®(C-comod).

A complex of left 8-semimodules M* is called semiflat if the semitensor
product N* Og M* is acyclic for any C-coacyclic complex of right 8-semimodules
N*. For example, the complex of 8-semimodules 8 Oe £* induced from a complex
of injective C-comodules L£°® is semiflat.

The quotient category of the homotopy category Hotgn(8-simod) of semi-
flat complexes of 8-semimodules by the thick subcategory of C-coacyclic semiflat
complexes AcycICO'G(S—simod) N Hotsin (8-simod) is equivalent to the semiderived
category of 8-semimodules. The derived functor

SemiTor® : D (simod-8) x D*(8-simod) —— D(k-vect)

is defined by restricting the functor of semitensor product over 8 to either of the
full subcategories Hot(simod-8) x Hotgis (8-simod) or Hotgiq(simod-8) x Hot(8-simod)
of the category Hot(simod-8) x Hot(8-simod).

0.3.4 Let € and D be two coalgebras, X be a C-D-bicomodule, and B be a left
C-contramodule. Then the space of cohomomorphisms Cohome (X, ) is endowed
with a left D-contramodule structure as the cokernel of a pair of D-contramod-
ule morphisms Homy(C ®; K, B) = Homy, (K, Homy(C,B)) = Homy (XK, P). For
any left D-comodule M, left C-contramodule 3, and C-D-bicomodule X there is a
natural isomorphism Cohome (X Op M, PB) ~ Cohomap (M, Cohome (K, B)).
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0.3.5 Therefore, the category opposite to the category of left C-contramodules
is a right module category over the tensor category of C-C-bicomodules with re-
spect to the action functor Cohome. The category of left 8-semicontramodules
is the opposite category to the category of module objects in the right module
category C-contra®® over the ring object 8 in the tensor category C-comod-C. In
other words, a left semicontramodule P over 8§ is a left C-contramodule endowed
with a left semicontraaction map pgs: P — Cohome (8,9), which has to be a
morphism of left C-contramodules satisfying the associativity and unity equations
Cohom(ids, pg) © pgy = Cohom(ms, idg) o pgy and Cohom(es,idg) o py = idsp.

For example, if the coalgebra € coincides with the ground field k and 8§ = R
is just a k-algebra, then left 8-semicontramodules are simply left R-modules.

For any right 8S-semimodule N and any k-vector space V the space
Homy (N, V) has a natural structure of left 8-semicontramodule. For any left
C-contramodule 9, the space of cohomomorphisms Cohome(8, Q) has a natural
structure of left semicontramodule. It is called the left S-semicontramodule
coinduced from a left C-contramodule Q. The space of semicontramodule ho-
momorphisms into the coinduced semicontramodule is described by the formula
Hom® (3, Cohome (8, Q)) ~ Hom®(P, Q). We will denote the category of left
8-semicontramodules by S8-sicntr. The category of left 8-semicontramodules is
abelian provided that 8 is an injective left C-comodule. Moreover, 8 is an injective
left C-comodule if and only if the category 8-sicntr is abelian and the forgetful
functor 8-sicntr — C-contra is exact.

The functor Cohom%p: C-comod x C-contra®® — k-vect®? is a pairing com-
patible with the left module category structure on C-comod and the right module
category structure on C-contra®® over the tensor category C-comod-C. Thus one can
define the space of semihomomorphisms SemiHomg (M, P) from a left 8-semimod-
ule M to a left 8-semicontramodule 8 as the kernel of the pair of maps

(Cohom(nyr, idgs ), Cohom(ida, Pgs ) :
Cohome (M, PB) =% Cohome (S Oe M, PB) = Cohome (M, Cohome(S, R)).

There are natural isomorphisms SemiHomg(8 Oe £, PB) ~ Cohome(L,P) and
SemiHomg (M, Cohome(8,2)) ~ Cohome (M, Q). The functor of semihomomor-
phisms is neither left, nor right exact.

0.3.6 The complex of semihomomorphisms SemiHomg (M?*, *) from a complex
of left 8-semimodules M* to a complex of left 8-semicontramodules * is defined
as the total complex of the bicomplex SemiHomg (MZ,‘Bj ), constructed by tak-
ing infinite products along the diagonals. Assume that 8 is an injective left and
right C-comodule. Let us define the double-sided derived functor SemiExtg of the
functor of semihomomorphisms.

The semiderived category DS (8-sicntr) of left 8-semicontramodules is defined
as the quotient category of the homotopy category Hot(8-sicntr) by the thick sub-
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category AcycICt"e(S—sicntr) of complexes of 8-semicontramodules that are contra-
acyclic as complexes of C-contramodules.

A complex of left 8-semimodules M?* is called semiprojective if the complex
SemiHomg (M*,PB*) is acyclic for any C-contraacyclic complex of left 8-semicon-
tramodules PB*. A complex of left S-semicontramodules PB* is called semiinjective
if the complex SemiHomg (M*,P*) is acyclic for any C-coacyclic complex of left
8-semimodules M*. For example, the complex of 8-semimodules 8 Oe £°* induced
from a complex of injective C-comodules L°® is semiprojective. Any semiprojec-
tive complex of semimodules is semiflat. The complex of 8-semicontramodules
Cohome(8,9°) coinduced from a complex of projective C-contramodules 9Q° is
semiinjective.

The quotient category of the homotopy category Hotsipr(S-simod) of semi-
projective complexes of 8-semimodules by the thick subcategory of C-coacyclic
semiprojective complexes AcycICO'G(S—simod) N Hotgipr(8-simod) is equivalent to
the semiderived category of 8-semimodules. Analogously, the quotient category of
the homotopy category Hotgjin(8-sicntr) of semiinjective complexes of 8-semicon-
tramodules by the thick subcategory of C-contraacyclic semiinjective complexes
Acycl®™ ¢ (8-sicntr) N Hotgin (S-sicntr) is equivalent to the semiderived category of
S-semicontramodules. The derived functor

SemiExtg : D% (8-simod)° x D% (8-sicntr) —— D(k-vect)

is defined by restricting the functor of semihomomorphisms to either of the full
subcategories Hotsjpr (8-simod)°P x Hot(8-sicntr) or Hot(8-simod)°P x Hot;in (8-sicntr)
of the category Hot(8-simod)°P x Hot(8-sicntr).

0.3.7 Assume that 8 is an injective left and right C-comodule. Even when C
and 8 are finite-dimensional k-vector spaces, the categories of left 8-semimodules
and left 8-semicontramodules are quite different. Nevertheless, their semiderived
categories are equivalent in the very general case.

One can check that the adjoint functors We: C-comod — C-contra and
®e: C-contra — C-comod transform left C-comodules with an 8-semimodule
structure into left C-contramodules with an 8-semicontramodule structure and
vice versa. Therefore, there is a pair of adjoint functors Wg: 8-simod — 8-sicntr
and ®g: 8-sicntr — 8-simod agreeing with the functors We and ®e and providing
an equivalence between the exact categories of C-injective left 8-semimodules and
C-projective left 8-semicontramodules. To construct this pair of adjoint functors in
a natural way, let us define the operation of contratensor product of a semimodule
and a semicontramodule.

Let N be a right 8-semimodule and P be a left S-semicontramodule. The
contratensor product N @g B is defined as the cokernel of the pair of maps

(IlN@idc‘p, 78 © (idNDCS @pm)): (ND@ 8) CeP=2NOe P

where the natural “evaluation” map nx: (NOe X) ©@p Cohome (K, PB) — NoOeP
exists for any right C-comodule N, left C-contramodule B, and C-D-bicomodule



16 0. Preliminaries and Summary

X and is dual to the map

Homy,(ns, V) = Cohome (XK, —):
Hom® (P, Homy (N, V)) —— Hom™ (Cohome (X, B), Cohome (X, Homy (N, V)))

for any k-vector space V. There are natural isomorphisms (ROe8) @8 P ~ ROeP
and Homy(N @s B, V) ~ Hom® (P, Hom, (N, V)). The functor of contratensor
product over 8 is right exact whenever 8 is an injective left C-comodule.

The adjoint functors g and ®g can be defined by the formulas ¥g(M) =
Homg (8, M) and Ps(P) = S ©s P. Here the space Homg (8, M) is endowed with
a left 8-semicontramodule structure as a subsemicontramodule of the semicontra-
module Homy (8, M), while the space 8 ®g P is endowed with a left 8-semimodule
structure as a quotient semimodule of the semimodule 8§ @y, PB.

The quotient category of the homotopy category of C-injective 8-semimodules
Hot(8-simodinj-¢) by the thick subcategory of C-contractible complexes of C-injec-
tive 8-semimodules is equivalent to the semiderived category of 8-semimodules.
Analogously, the quotient category of the homotopy category Hot(8-sicntryrj-c)
of C-projective 8-semicontramodules by the thick subcategory of C-contractible
complexes of C-projective 8-semicontramodules is equivalent to the semiderived
category of 8-semicontramodules. Thus the semiderived categories of left 8-semi-
modules and left 8-semicontramodules are equivalent, D*(8-simod) ~ D (8-sicntr).

When 8 is not an injective left or right C-comodule, the exact categories of
C-injective 8-semimodules and C-projective 8-semicontramodules are still equiva-
lent, even though the functors Ug and ®g are not defined on the whole categories
of all comodules and contramodules.

0.3.8 The functor Extg : D¥(8-simod)°P x D (8-simod) — D(k-vect) of homo-
morphisms in the semiderived category D (8-simod) can be computed by restrict-
ing the functor Homg: Hot(8-simod)°? x Hot(8-simod) — Hot(k-vect) of homo-
morphisms in the homotopy category Hot(8-simod) to an appropriate subcategory
of the Cartesian product Hot(8-simod)°P x Hot(8-simod). Namely, a complex of left
S-semimodules L£° is called projective relative to C (8/C-projective) if the com-
plex Homg(L*, M*) is acyclic for any C-contractible complex of C-injective left
8-semimodules M*. For example, the complex of 8-semimodules 8 Oe £°* induced
from a complex of C-comodules L*® is projective relative to €. The quotient cate-
gory of the homotopy category Hot,j.s /¢ (8-simod) of 8/C-projective complexes of
S-semimodules by the thick subcategory AcycICO'C(S—simod) N Hotyroj-s /¢ (8-simod)
of C-coacyclic 8/C-projective complexes is equivalent to the semiderived category
of 8-semimodules. The functor Extg can be obtained by restricting the functor
Homsg to the full subcategory Hotpj s /¢ (8-simod)°P x Hot(8-simodin;.¢) of the cat-
egory Hot(8-simod)°P x Hot(8-simod).

Analogously, the functor Ext®: D¥(8-sicntr)°P x Ds(8-sicntr) — D(k-vect)
of homomorphisms in the semiderived category D% (8-sicntr) can be computed by
restricting the functor Hom® : Hot(8-sicntr)®P x Hot(8-sicntr) — Hot (k-vect) to an
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appropriate subcategory of the Cartesian product Hot(8-sicntr)°P x Hot(8-sicntr). A
complex of §-semicontramodules ° is called injective relative to € (8/C-injective)
if the complex Hom‘s(‘ﬁ', 0°) is acyclic for any C-contractible complex of C-projec-
tive 8-semicontramodules B°. For example, the complex of 8-semicontramodules
Cohome(8,Q°) coinduced from a complex of C-contramodules Q° is 8/C-injective.
The quotient category of the homotopy category Hotinj.s e (8-sicntr) of 8/C-injec-
tive complexes of 8-semicontramodules by the thick subcategory

Acycl® ¢ (8-sicntr) N Hotinj.s /¢ (8-sicntr)

of C-contraacyclic 8/C-injective complexes is equivalent to the semiderived cate-
gory of 8-semicontramodules. The functor Ext® can be obtained by restricting the
functor Hom® to the full subcategory Hot(8-sicntrppoj.c)°P X Hotinj.s /¢ (8-sicntr) of
the category Hot(8-sicntr)°P x Hot(8-sicntr).

The contratensor product N* @g PB* of a complex of right 8-semimodules
N*® and a complex of left 8-semicontramodules 3° is defined as the total com-
plex of the bicomplex N* ®g J”, constructed by taking infinite direct sums along
the diagonals. Let us define the left derived functor CtrTor® of the functor of
contratensor product over 8. A complex of right 8-semimodules N°* is called con-
traflat relative to C (8/C-contraflat) if the complex N* ®g PB* is acyclic for any
C-contractible complex of C-projective 8-semicontramodules PB°. For example,
the complex of 8-semimodules R* Oe 8§ induced from a complex of right C-co-
modules R* is contraflat relative to €. A complex of right 8-semimodules N* is
contraflat relative to € if and only if the complex of left 8-semicontramodules
Homy (N*®, k) is injective relative to €. The quotient category of the homotopy
category Hotcyfi.s /¢ (simod-C) of 8/C-contraflat complexes of right 8-semimodules
by the thick subcategory Acycl® ¢ (simod-8) N Hotcuf-s /e (simod-C) of C-coacyclic
8/C-contraflat complexes is equivalent to the semiderived category of right 8-semi-
modules. The left derived functor

CtrTor® : D¥(simod-8) x D% (8-sicntr) —— D(k-vect)

is defined by restricting the functor of contratensor product to the full subcat-
egory Hoteyq.g/c(simod-8) x Hot(8-sicntryop.e) of the category Hot(simod-8) x
Hot(8-sicntr).

The equivalence of triangulated categories D (8-simod) ~ D(8-sicntr) trans-
forms the double-sided derived functor SemiExtg into the functor Ext in either
of the semiderived categories and the double-sided derived functor SemiTor® into
the left derived functor CtrTor®.

0.3.9 Any semiprojective complex of 8-semimodules is 8§/C-projective. An 8/C-
projective complex of C-injective 8-semimodules is semiprojective. The homotopy
category of semiprojective complexes of C-injective 8-semimodules is equivalent to
the semiderived category of S-semimodules.
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Analogously, any semiinjective complex of 8-semicontramodules is 8§/C-in-
jective. An 8/C-injective complex of C-projective 8-semicontramodules is semiin-
jective. The homotopy category of semiinjective complexes of C-injective 8-semi-
contramodules is equivalent to the semiderived category of 8-semicontramodules.

Notice that our definitions of 8/C-projective and 8/C-injective complexes
differ from the traditional ones; cf. B.3 and Remark 9.2.1.

0.3.10 Semialgebras and their generalizations have been studied under the name
of “internal categories” in M. Aguiar’s dissertation [1]; see also [27]. In [21, 25, 22],
semialgebras over a coalgebra C were discussed under the name of “C-rings”.

0.4 Nonhomogeneous Koszul duality over a base ring

This section is intended to supply preliminary material for Chapter 11 and Ap-
pendix D.

0.4.1 A gradedring S = Sy®S1BS2®--- is called quadratic if it is generated by
S1 over Sy with relations of degree 2 only. In other words, this means that if one
considers the graded ring freely generated by the Sy-Sp-bimodule S; (the “tensor
ring” of the Sp-So-bimodule S1), i.e., the graded ring T, s, with the components
Si@son =51 ®s, S1 Vs, -+ Vs, S1, then the ring S should be isomorphic to the
quotient ring of Tg, g, by the ideal generated by a certain subbimodule Ig in
S1 ®s, S1-

A quadratic ring S is called 2-left finitely projective if both left Sp-modules
S1 and S5 are projective and finitely generated. A quadratic ring is called 3-left
finitely projective if the same applies to S1, Ss, and S3. Further conditions of this
kind are not very sensible to consider for general quadratic rings. Analogously one
defines 2-right finitely projective and 3-right finitely projective quadratic rings.

There is an anti-equivalence between the category of 2-left finitely projective
quadratic rings and the category of 2-right finitely projective quadratic rings,
called the quadratic duality. The duality functors are defined by the formulas
Ro = So, R1 = I‘IOIHS0 (Sl,So), R2 = I‘IOIHSO (Is,So), IR >~ HOHlSO(SQ,So), and
conversely, S = Hompger (R1, Ro), S2 = Hompor (IR, Ro), Is ~ Homper(R2, Ro).
Here we use the natural isomorphism

HOIHSO (N, So) ®s, HOIHSO (M, So) ~ HomSO(M ®s, N, So)

for Sy-Sp-bimodules M and N that are projective and finitely generated left
So-modules, and the analogous isomorphism

HOIanOm (N, Ro) QRo HOHIR(O)p (M, Ro) o~ HOH’IRme (M QRo N, R())

for Rp-Ro-bimodules M and N that are projective and finitely generated right
Ry-modules.
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The duality functor sends 3-left finitely projective quadratic rings to 3-right
finitely projective quadratic rings and vice versa. Indeed, set Jg = Is ®g, S1 N
S1 R, Is C S, R, S1 R, S7; then

0 —— Jg — Is®s5, S1 ® 51 ®s, Is — 51 Vs, 51 ®s, 51 —— S3 —— 0

is an exact sequence of finitely generated projective left Sy-modules, and R3 ~
Homg, (Js, Sp), since the sequence remains exact after applying Homg, (—, Sp).

0.4.2 A graded ring S = Sy P S1 @S2 @ --- is called left flat Koszul if it is flat
as a left Sp-module and one has Torfj(SO, So) = 0 for i # j. Here Sy is endowed
with the right and left S-module structures via the augmentation map S — Sy
and the second grading j on the Tor is induced by the grading of S. Right flat
Koszul graded rings are defined in the analogous way. A left /right flat Koszul ring
is called left/right (finitely) projective Koszul, if it is a projective (with finitely
generated grading components) left/right Sp-module.

Notice that when S is a flat left Sp-module, the reduced relative bar con-
struction

- —— S®sg, S/S0®8/Sy —— S® /Sy — S

is a flat resolution of the left S-module Sy, so one can use it to compute
TorS(So, So). When S is a projective left S-module, the same resolution can be
used to compute Extg(Sp, So). Assume that the grading components of S are
finitely generated projective left So-modules; then it follows that S is left finitely
projective Koszul if and only if Ext¢’ (So, So) = 0 for i # j and Ext¢'(So, So) are
projective right Sp-modules.

Assume that a graded ring S is a flat left Sp-module. Then S is left flat Koszul
if and only if it is quadratic and for each degree n the lattice of subbimodules in

S? %™ generated by the n — 1 subbimodules

S?Sol_l ®s, Is ®s, S?Son_l_l, 1=1,...,n—-1
is distributive. This means that for any three subbimodules X, Y, Z that can be
obtained from the generating subbimodules by applying the operations of sum and
intersection one should have (X4+Y)NZ = XNZ+Y NZ. Furthermore, if S is a left
finitely projective Koszul ring, then the ring R quadratic dual to S' is right finitely
projective Koszul, and vice versa; besides, in this case the graded ring Extg(So, So)
is isomorphic to R°P and the graded ring Extgor (Ro, Ro) is isomorphic to S.

0.4.3 Let S be a 3-left finitely projective quadratic ring. Suppose that we are
given a ring S~ endowed with an increasing filtration FpS™~ C F1 S~ C FR.8~ C ---
such that S = J,, F},S™ and the associated graded ring gr,S" is identified with S.
Such a ring S~ will be called a 3-left finitely projective nonhomogeneous quadratic
ring. If the graded ring S is left finitely projective Koszul, the filtered ring S™ is
called a left finitely projective nonhomogeneous Koszul ring.
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Let R be the 3-right finitely projective quadratic ring dual to S. We would
like to describe the additional structure on the ring R corresponding to the data
of a filtered ring S~ endowed with an isomorphism gr,S~ ~ §.

A CDG-ring (curved differential graded ring) is a graded ring R = @, R"
endowed with an odd derivation d of degree 1 and a “curvature element” h € R2
such that d?(z) = [h, ] for all x € R and d(h) = 0. A morphism of CDG-rings
'R — "R is a pair (f,a) consisting of a morphisms of graded rings f: 'R — "R
and a “change-of-connection element” a € "R! such that f(d'(z)) = d"(f(x)) +
[a, f(z)] (the supercommutator) for all z € 'R and f(h') = h” + d’(a) + o
Composition of morphisms is defined by the rule (g,b)(f,a) = (g9f, b + g(a)).
Identity morphisms are the morphisms (id, 0).

So the category of CDG-rings is defined. Notice that the natural functor
from the category of DG-rings to the category of CDG-rings is faithful, but not
fully faithful. In other words, two DG-rings may be isomorphic in the category of
CDG-rings without being isomorphic as DG-rings. Furthermore, two CDG-rings of
the form (R, d+ [a, ], h+d(a)+a?) and (R, d, h) are always naturally isomorphic,
the isomorphism being given by the pair (id, a).

There is a fully faithful contravariant functor from the category of 3-left
finitely projective nonhomogeneous quadratic rings S~ with a fixed ring FpS™ to
the category of CDG-rings (R,d, h) with the same component R = F,S™ such
that the underlying graded ring R of the CDG-ring (R, d, h) corresponding to S~
is the 3-right finitely projective quadratic ring dual to the ring S = grpS™ (in the
grading R; = RY).

This functor is constructed as follows. For each 3-left finitely projective non-
homogeneous quadratic ring S™ choose a complementary left Sy = FpS™~-sub-
module V to the submodule Fy.S™ in the left Sy-module F7.S™. This can be done,
because the quotient module S1 = F1.5™/FyS™ is projective. Since V' maps isomor-
phically to S1, it is endowed with a structure of an Sy-Sy-bimodule. The embedding
V — FpS™ is only a morphism of left Sp-modules, however; the right actions of
So in V and F;.S™ are compatible modulo FyS™. Put ¢(v,s) = m(v,s) — vs for
v eV, s €Sy, where m(v, s) is the product in S~ and vs denotes the right action
of Sp in V. This defines a map q: V ®z Sg — Sp.

Let I™ be the full preimage of the subbimodule Is C S7 ®g, S1 under the
surjective map S1®zS1 — S1®g,51. Using the identification of V with S, we will
consider I™ as the full preimage of F7.5™ under the multiplication map m: V ®z
V — S7™. Let us split the map m: I~ — F;S™ into two components (g, —h)
according to the direct sum decomposition F1.S~ ~ V @ Sy, so that g: I~ — V
and h: I™” — .

The differentials dg: R® — R' and d;: R' — R? are defined in terms of
the maps ¢ and g by the formulas

(v, do(s)) = q(v,5),  (i,di(r)) = (9(2),r) — q(@n, (i2, 7)),
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where (, ) denotes the pairing of V with R! and of Is with R? and 7 is any
preimage of ¢ € Ig in I™, written also as 7 = 71 ® 73. The map h factorizes through
Is, providing the curvature element in R? = Homg, (Ig, Sp).

Finally, to a morphism of nonhomogeneous quadratic rings f: "~ — §'~
with chosen complementary submodules V” C F{'S”"~ and V' C F|S'™ one as-
signs a morphism of dual CDG-rings (g,a): ('R,d’,h’) — ("R,d”,h”) defined
as follows. The morphism of quadratic rings ¢g: 'R — "R is the quadratic dual
map to the associated graded morphism gr f: S” — S’, while the change-of-
connection element a € "R' = Homg, (S}, So) is equal to minus the compo-
sition V" — F/'S"~ — F|S'~ — Sy of the embedding V" — F/'S"™~,
the map f, and the projection FjS’~ — Sy along V’. In particular, for a
given nonhomogeneous quadratic ring S™, changing the splitting of F1.5™ by the
rule V" = {v' —a(v') | v € V'} leads to a natural morphism of CDG-rings
(id,a): (R,d',h') — (R,d", h").

One has to make quite some computations in order to check that every-
thing is well defined and compatible in this construction. In particular, the 3-left
projectivity is actually used in the form of the duality between Jg (where some
self-consistency equations on the defining relations of S~ live) and R* (where the
equations d(e) = 0 for e € Ir, d*(r) = [h,7], and d(h) = 0 have to be verified).

The nonhomogeneous quadratic duality functor restricted to the categories
of left finitely projective nonhomogeneous Koszul rings and right finitely projec-
tive Koszul CDG-ring becomes an equivalence of categories. In other words, any
CDG-ring whose underlying graded ring is right finitely projective Koszul cor-
responds to a left finitely projective nonhomogeneous Koszul ring. This is the
statement of the Poincaré—Birkhoff-Witt theorem for finitely projective nonho-
mogeneous Koszul rings.

0.4.4 A quasi-differential ring R™ is a graded ring R~ = @p,, R"™ endowed with
an odd derivation 0 of degree —1 with zero square such that the cohomology of 0
vanishes (equivalently, the unit element of R™ lies in the image of 9). A quasi-
differential structure on a graded ring R is the data of a quasi-differential ring
(R™,0) together with an isomorphism of graded rings ker d ~ R.

The category of quasi-differential rings is equivalent to the category of
CDG-rings. This equivalence assigns to a CDG-ring (R, d, h) the quasi-differential
ring R~ = RJ[6] with an added generator ¢ of degree 1, the relations [4, x] = d(x)
(the supercommutator) for x € R and 62 = h, and the derivation & = 9/9¢ (the
partial derivative in d, meaning the unique odd derivation 0 of R™ for which
O(R) = 0 and 9(6) = 1). Conversely, to construct a CDG-ring structure on the
kernel R of the derivation 0 of a quasi-differential ring R™, it suffices to choose
an element § € R'™ such that 9(0) = 1 and set d(z) = [§,2], h = §2. Choosing
two different elements § leads to two naturally isomorphic CDG-rings.

A left CDG-module M over a CDG-ring (R,d,h) is a graded left R-mod-
ule endowed with a d-derivation dj; (that is a homogeneous map M — M of
degree 1 for which dy(rz) = d(r)z + (—1)I"lrd(z) for r € R, = € M, where
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7| denotes the degree of a homogeneous element r) such that d3,(z) = hz. A
quasi-differential left module over a quasi-differential ring R™ is just a graded left
R™~-module (without any differential). The category of left CDG-modules over a
CDG-ring (R, d, h) is isomorphic to the category of quasi-differential left modules
over the quasi-differential ring R™ corresponding to (R, d, h); this isomorphism of
categories assigns to a graded R™~-module structure on a graded left R-module M
the derivation dys(z) = dz on M.

Analogously, a right CDG-module N over (R, d, h) is a graded right R-mod-
ule endowed with a d-derivation dy (that is a homogeneous map N — N of
degree 1 for which dy (yr) = dy(y)r + (—=1)!¥lyd(r) for y € N, r € R) such that
d%;(y) = —yh. A quasi-differential right module over a quasi-differential ring R is
just a graded right R~-module. The category of right CDG-modules over (R, d, h)
is isomorphic to the category of quasi-differential R~-modules when R™ corre-
sponds to (R, d, h); this isomorphism of categories assigns to a graded R™~-module
structure on a graded right R-module N the derivation dy (y) = (—1)1#/*1ys on N.

0.4.5 CDG-modules over a CDG-ring form a DG-category, i.e., a category where
for any two given objects there is a complex of morphisms between them. We will
consider the cases of left and right CDG-modules separately.

Let L and M be two left CDG-modules over a CDG-ring (R, d, h). The com-
plex Hom% (L, M) is defined as follows. The component Hom', (L, M) consists of
all homogeneous maps L. — M of degree n supercommuting with the R-module
structures in L and M. This means that for f € Homyj(L, M) andr € R, z € L
one should have f(rz) = (—=1)™"lrf(z). The differential is defined by the formula
(df)(x) = dpr f(z) — (=) fdp (). One has d?(f) = 0, because f(hx) = hf(x).

Let K and N be two right CDG-modules over (R,d,h). The compo-
nent Hom'y (K, N) of the complex Hom% (K, N) consists of all homogeneous
maps K — N of degree n commuting with the R-module structures in
L and M (without any signs). The differential is defined by the formula
(df)(y) = dn f(y) — (=) fdr(y).

One can see that shifts and cones exist in the DG-categories of (left or right)
CDG-modules, and moreover, a CDG-module structure can be twisted with any
cochain in the complex of endomorphisms satisfying the Maurer—Cartan equa-
tion [19]. Explicitly, for any left CDG-module (M, dys) over (R,d,h) and any
q € Hom}%(M, M) such that d(q) + ¢*> = 0 the twisted differential dy/(q) =
dpr + q defines another CDG-module structure on M, and analogously, for any
right CDG-module (N, dy) over (R,d,h) and any ¢ € Homp(N, N) such that
d(q)+q* = 0 the twisted differential dx (q) = dy + ¢ defines another CDG-module
structure on N. It follows that the homotopy categories of CDG-modules, defined
as the categories of zero cohomology of the DG-categories of CDG-modules, are
triangulated.

Furthermore, one can speak about the total CDG-modules of complexes
of CDG-modules, constructed by taking infinite direct sums or infinite products
along the diagonals. In particular, there are total CDG-modules of exact triples
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of CDG-modules. This allows one to define the coderived and contraderived cate-
gories of CDG-modules over (R,d,h) as the quotient categories of the homotopy
categories of CDG-modules by the minimal triangulated subcategories containing
the total CDG-modules of exact triples of CDG-modules and closed under infinite
direct sums and infinite products, respectively.

Notice that one cannot define the conventional derived category of CDG-
modules, as CDG-modules have no cohomology groups.

0.4.6 Let S~ be a left finitely projective nonhomogeneous Koszul ring and
(R,d,h) be the dual CDG-ring. Assume that the ring Sy has a finite right
homological dimension. Then the Koszul duality theorem claims that the derived
category of right S™~-modules is equivalent to the coderived category of right
CDG-modules N over (R,d,h) such that every element of N is annihilated by
R™ for n > 0. Assuming that Sy has a finite left homological dimension, the
derived category of left S~-modules is also described as being equivalent to the
contraderived category of left CDG-modules over (R, d, h) in which certain infinite
summation operations are defined.

One can drop the homological dimension assumptions, replacing the derived
categories of S~-modules in the formulations of these results with certain semi-
derived categories relative to Sy (see Theorem 11.8 and Remark 11.7.3). And the
conventional derived category of right S™~-modules, without the homological di-
mension assumption on Sy, is equivalent to the quotient category of the coderived
category of locally nilpotent (in the above sense) right CDG-modules over (R, d, h)
by its minimal triangulated subcategory closed under infinite direct sums and con-
taining all the CDG-modules N where R™ act by zero for all n > 0 and which
are acyclic with respect to dy (one has d% = 0, since Nh = 0). The latter result
has an obvious analogue in the case of left CDG-modules with infinite summation
operations.

0.4.7 The following example is thematic. Let M be a smooth affine algebraic
variety and E be a vector bundle over M. Let Diff ; g denote the ring of differ-
ential operators acting in the sections of E. The natural filtration of Diff s i by
the order of differential operators makes it a left (and right) finitely projective
nonhomogeneous Koszul ring. To construct the dual CDG-ring, choose a global
connection Vg in E. Let Q(M, End(E)) be the graded algebra of differential forms
with coefficients in the vector bundle End(E) of endomorphisms of E, endowed
with the de Rham differential dv depending on the connection Vg,q(g) corre-
sponding to Vg and the element hy € Q(M,End(E)) equal to the curvature
of Vg. The Koszul duality theorem provides an equivalence between the derived
category of right Diff 5y g-modules and the coderived category of right CDG-mod-
ules over Q(M,End(E)). The proof of this result given in 11.8 generalizes easily
to nonaffine varieties (the approach with quasi-differential structures allows one
to get rid of the choice of a global connection).



24 0. Preliminaries and Summary

These results are even valid in prime characteristic, describing the derived
category of modules over the ring/sheaf of “crystalline” differential operators
(those generated by the endomorphisms and vector fields with the commutation
relations analogous to the zero characteristic case). Furthermore, it is not difficult
to see that the quotient category of the homotopy category of finitely generated
right CDG-modules over (M, End(E)) by its minimal thick subcategory contain-
ing the total CDG-modules of exact triples of finitely generated CDG-modules is a
full subcategory of the coderived category of CDG-modules. This full subcategory
is equivalent to the bounded derived category of finitely generated (coherent) right
Diff p;, p-modules. All of this is applicable to any smooth varieties, not necessarily
affine [76].

For a smooth affine variety M, the derived category of left Diff y; p-modules is
equivalent to the contraderived category of left CDG-modules over Q(M, End(FE)).

0.4.8 Koszul algebras were introduced by S. Priddy; the standard contempo-
rary sources are [13, 75]. Nonhomogeneous quadratic duality (the equivalence of
categories of nonhomogeneous Koszul algebras and Koszul CDG-algebras) was
developed in [73, 75]. Homogeneous Koszul duality (the equivalence of derived
categories of graded modules over dual Koszul algebras) was established in [13].
Koszul duality in the context of A,.-algebras and DG-coalgebras was worked out
in [66, Chapitres 1 and 2]. All of these papers only consider duality over the ground
field (or, in the case of [13], a semisimple algebra) rather than over an arbitrary
ring, as above.

Notable attempts to define a version of derived category of DG-modules
over the de Rham complex, so that the derived category of modules over the
differential operators would be equivalent to it, were undertaken in [56] and [11,
Section 7.2]. They were not entirely successful, in the present author’s view, in that
in [56] the analytic topology and analytic functions were used in the definition of
an essentially purely algebraic category, while in [11] the right-hand side of the
purported equivalence of categories is to a certain extent defined in terms of the
left-hand side. The latter problem is also present in Lefevre-Hasegawa’s Koszul
duality [66, 61].



1 Semialgebras and
Semitensor Product

Throughout Chapters 1-11, k is a commutative ring. All our rings, bimodules,
abelian groups, ... will be k-modules; all additive categories will be k-linear.

1.1 Corings and comodules

Let A be an associative k-algebra (with unit).

1.1.1 A coring C over A is a coring object in the tensor category of A-A-bimod-
ules; in other words, it is a k-module endowed with an A-A-bimodule structure
and two A-A-bimodule maps of comultiplication € — C ® 4 C and counit € —
A satisfying the coassociativity and counity equations: two compositions of the
comultiplication map € — C® 4 € with the maps C®4 € = CR4C®4 € induced
by the comultiplication map should coincide with each other, and two compositions
C — C®4C = C of the comultiplication map with the maps C® 4 € = € induced
by the counit map should coincide with the identity map of C.

A left comodule M over a coring C is a comodule object in the left module
category of left A-modules over the coring object € in the tensor category of
A-A-bimodules; in other words, it is a left A-module endowed with a left A-mod-
ule map of left coaction M — C ® 4 M satisfying the coassociativity and counity
equations: two compositions of the coaction map M — C ® 4 M with the maps
CRAM = C®4C®4M induced by the comultiplication and coaction maps should
coincide with each other and the composition M — C® 4 M — M of the coaction
map with the map C® 4 M — M induced by the counit map should coincide with
the identity map of M. A right comodule N over C is a comodule object in the
right module category of right A-modules over the coring object € in the tensor
category of A-A-bimodules; in other words, it is a right A-module endowed with a
right A-module map of right coaction N — N ® 4 € satisfying the coassociativity
and counity equations for the compositions N — N®4 C = N®4 C®4 C and
N—N®4C— N.

1.1.2 If V is a left A-module, then the left C-comodule € ® 4 V is called the left
C-comodule coinduced from an A-module V. The k-module of comodule homomor-
phisms from an arbitrary C-comodule into the coinduced C-comodule is described
by the formula
Home(M, C®4 V) ~ Homa (M, V).

This is an instance of the following general fact, which we prefer to formulate in
the tensor (monoidal) category language, though it can be also formulated in the
monad language.

L. Positselski, Homological Algebra of Semimodules and Semicontramodules, Monografie 25
Matematyczne 70, DOI 10.1007/978-3-0346-0436-9 2, © Springer Basel AG 2010
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Lemma. Let E be a (not necessarily additive) associative tensor category with a
unit object, M be a left module category over it, R be a ring object with unit in E,
and gM be the category of R-module objects in M. Then the induction functor
M — g M defined by the rule V — R® V is left adjoint to the forgetful functor
RM — M.

Proof. For any object V and any R-module M in M, the map
Homm (V, M) — Homm(R ® V, M)
is a split equalizer (see [67, VI.6]) of the pair of maps
Hompm(R®V, M) = Homy(R® R®V, M)
in the category of sets, with the splitting maps
Homp (V, M) «— Hompm(R ® V, M) «+— Homm(R® R®V, M)

induced by the unit morphism of R (applied at the rightmost factor R). O

We will denote the category of left C-comodules by C-comod and the category
of right C-comodules by comod-C. The category of left C-comodules is abelian
whenever C is a flat right A-module. Moreover, the right A-module € is flat if and
only if the category C-comod is abelian and the forgetful functor C-comod —
A-mod is exact. This is an instance of a general fact applicable to any monad
over an abelian category. The “only if” assertion is straightforwardly checked,
while the “if” part is deduced from the observations that the coinduction functor
Vi— C®4 V is right adjoint to the forgetful functor and a right adjoint functor
is left exact.

At the same time, for any coring € there are four natural exact categories [28]
of left comodules: the exact category of A-projective C-comodules, the exact cat-
egory of A-flat C-comodules, the exact category of arbitrary C-comodules with
A-split exact triples, and the exact category of arbitrary left C-comodules with
A-pure exact triples, i.e., the exact triples which as triples of left A-modules re-
main exact after the tensor product with any right A-module. Besides, any mor-
phism of C-comodules has a cokernel and the forgetful functor G-comod — A-mod
preserves cokernels. When a morphism of C-comodules has the property that its
kernel in the category of A-modules is preserved by the functors of tensor product
with € and € ® 4 C over A, this kernel has a natural C-comodule structure, which
makes it the kernel of that morphism in the category of C-comodules.

Infinite direct sums always exist in the category of C-comodules and the
forgetful functor C-comod — A-mod preserves them. The coinduction functor
A-mod — C-comod preserves both infinite direct sums and infinite products. To
construct products of C-comodules, one can present them as kernels of morphisms
of coinduced comodules, so the category of C-comodules has infinite products if it
has kernels.
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If € is a projective right A-module, or C is a flat right A-module and A is a
left Noetherian ring, then any left C-comodule is a union of its subcomodules that
are finitely generated as A-modules [23, 18.16 and 19.12].

1.1.3 Assume that the coring C is a flat left and right A-module and the ring A
has a finite weak homological dimension (Tor-dimension).

Lemma. There exists a (not always additive) functor assigning to any C-comodule
a surjective map onto it from an A-flat C-comodule.

Proof. Let G(M) — M be a surjective map onto an A-module M from a flat
A-module G(M) functorially depending on M. For example, one can take G(M)
to be the direct sum of copies of the A-module A over all elements of M. Let M
be a left C-comodule. Consider the coaction map M — € ®4 M; it is an injective
morphism of left C-comodules; let K(M) denote its cokernel. Let Q(M) be the
kernel of the composition

CRIILGM) — CR®4 M —— K(M).

Then the composition of maps QM) — C®4 G(M) — C ®4 M factorizes
through the injection M — € ®4 M, so there is a natural surjective morphism of
C-comodules Q(M) — M. Let us show that the flat dimension df 4 Q(M) of the
A-module Q(M) is smaller than that of M. Indeed, the A-module € ® 4 G(M) is
flat, hence

df 4 Q(M) = defK(M) —1< de(G XA M) —1<<dfaM—1,

because the A-module K(M) is a direct summand of the A-module C ® 4 M
and a flat resolution of the A-module € ®4 M can be constructed by taking
the tensor product of a flat resolution of the A-module M with the A-A-bimod-
ule €. It remains to iterate the functor M —— Q(M) sufficiently many times.
Notice that the comodule Q(M) is an extension of M by a coinduced comodule
C ®4 ker(G(M) — M). U

1.2 Cotensor product

1.2.1 The cotensor product NOeM of a right C-comodule N and a left C-comodule
M is a k-module defined as the kernel of the pair of maps

NRIAM=NRUuCRaM

one of which is induced by the C-coaction in N and the other by the C-coaction
in M. The functor of cotensor product is neither left, nor right exact in general;
it is left exact if the ring A is absolutely flat. For any right A-module V' and any
left C-comodule M there is a natural isomorphism

(V®AG)D@M2V®AM.

This is an instance of the following general fact.
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Lemma. Let E be a tensor category, M be a left module category over it, N be a
right module category, K be an additive category, and @: N x M — K be a pairing
functor compatible with the module category structures on M and N. Let R be a
ring object with unit in E, M be an R-module object in M, and V be an object
of N. Then the morphism V® R® M — V @ M induced by the action of R in M
is a cokernel of the pair of morphisms V@ R R M = V®R® M, one of which
is induced by the multiplication in R and the other by the R-action in M.

Proof. The whole bar complex
- — VOR®ROM — VOROIM — VM — 0
is contractible with a contracting homotopy
- —— VR®RIROIM «— VRIROIM «—— VM

induced by the unit morphism of R (applied at the leftmost factor R). O

1.2.2  Assume that C is a flat right A-module. A right comodule N over € is called
coflat if the functor of cotensor product with N is exact on the category of left
C-comodules. It is easy to see that any coflat C-comodule is a flat A-module. The
C-comodule coinduced from a flat A-module is coflat. A left comodule M over €
is called coflat relative to A (C/A-coflat) if its cotensor product with any exact
triple of A-flat right C-comodules is an exact triple. Any coinduced C-comodule is
C/A-coflat.

The definition of a relatively coflat C-comodule does not really depend on the
flatness assumption on €, but appears to be useful when this assumption holds.

Lemma. The classes of coflat right C-comodules and C/A-coflat left C-comodules
are closed under extensions. The quotient comodule of a C/A-coflat left C-comod-
ule by a C/A-coflat subcomodule is C/A-coflat; an A-flat quotient comodule of a
coflat right C-comodule by a coflat subcomodule is cofiat. The cotensor product of
an exact triple of coflat right C-comodules with any left C-comodule is an exact
triple and the cotensor product of an A-flat right C-comodule with an exact triple
of C/A-coflat left C-comodules is an exact triple.

Proof. All of these results follow from the standard properties of the right derived
functor of the left exact functor of cotensor product on the Cartesian product of
the exact category of A-flat right C-comodules and the abelian category of left
C-comodules. One can simply define the k-modules Cotorie (N, M), i=0, -1, ...
as the homology of the cobar complex

NOAM — NRACROAM — NR@ACRUCRAM — ---
for any A-flat right C-comodule N and any left C-comodule M. Then

CotorS (N, M) ~ N e M,
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and there are long exact sequences of Cotorf associated with exact triples of C-co-
modules in either argument, since in both cases the cobar complexes form an exact
triple. Now an A-flat right C-comodule N is coflat if and only if Cotory (N, M) = 0
for any left C-comodule M and all ¢ < 0. Indeed, the “if” assertion follows from
the homological exact sequence, and “only if” holds since the cobar complex is the
cotensor product of the comodule N with the cobar resolution of the comodule M,
which is exact except in degree 0. Analogously, a left C-comodule M is €/A-coflat
if and only if Cotor® (N, M) = 0 for any A-flat right G-comodule N and all i < 0,
since the cobar resolution of the comodule N is a complex of A-flat right C-comod-
ules, exact except in degree 0 and split over A. The rest is obvious. (]

Remark. A much more general construction of the double-sided derived functor
Cotor® (N, M) defined for arbitrary C-comodules M and N will be given, in the
stronger assumptions of 1.1.3 and 2.5, in Chapter 2. Using this construction, one
can prove somewhat stronger results. In particular, CotorZC (M,N) = 0 for any
C/A-coflat left C-comodule M, any right C-comodule N, and all ¢ < 0, since the
k-modules Cotorf (M, N) can be computed using a left resolution of N consisting
of A-flat right C-comodules (see 2.8). Therefore, any A-flat €/A-coflat C-comodule
is coflat. It follows that the construction of Lemma 1.1.3 assigns to any €/A-coflat
C-comodule a surjective map onto it from a coflat €-comodule with a €/A-coflat
kernel.

1.2.3 Now let C be an arbitrary coring. Let us call a left C-comodule M quasicofiat
if the functor of cotensor product with M is right exact on the category of right
C-comodules, i.e., this functor preserves cokernels. Any coinduced C-comodule is
quasicoflat. Any quasicoflat C-comodule is €/A-coflat.

Proposition. Let N be a right C-comodule, X be a left C-comodule endowed with
a right action of a k-algebra B by comodule endomorphisms, and M be a left
B-module. Then there is a natural k-module map

(N\:\@ fK) g M —— NOe (K@B M),
which is an isomorphism, at least, in the following cases:

(a) M is a flat left B-module;
(b) N is a quasicoflat right C-comodule;

(c) Cis a flat right A-module, N is a flat right A-module, X is a C/A-coflat left
C-comodule, X is a flat right B-module, and the Ting B has a finite weak
homological dimension;

(d) X as a left C-comodule with a right B-module structure is coinduced from an
A-B-bimodule.

Besides, in the case (¢) the cotensor product N Oe XK is a flat right B-module.
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Proof. The map (N Oe¢ X) ® g M — N ®4 X ®p M obtained by taking the
tensor product of the map N Oe K — N ® 4 K with the B-module M has equal
compositions with two maps N @4 K g M = N®4 C®4 K @p M, hence there
is a natural map (NOe X) @ p M — NOe (K ®p M). The case (a) is obvious. In
the case (b), it suffices to present M as the cokernel of a map of flat B-modules.
To prove (c) and (d), consider the cobar complex

NOeK — NR4K — NRACRAK — NR®4CR4CRpK —— --- (1.1)

In the case (c) this complex is exact, since it is the cotensor product of a €/A-coflat
C-comodule X with an A-split exact complex of A-flat C-comodules N — N ® 4
C—N®4CR4C — --- Since all the terms of the complex (1.1), except possibly
the leftmost one, are flat right B-modules and the weak homological dimension
of the ring B is finite, the leftmost term X Oe¢ M is also a flat B-module and the
tensor product of this complex with the left B-module M is exact. In the case (d),
the complex (1.1) is exact and split as a complex of right B-modules. ]

1.2.4 Let C be a coring over a k-algebra A and D be a coring over a k-algebra B.
A C-D-bicomodule X is an A-B-bimodule in the category of k-modules endowed
with a left C-comodule and a right D-comodule structures such that the right
D-coaction map KX — K ®p D is a morphism of left C-comodules and the left
C-coaction map K — C® 4 K is a morphism of right B-modules, or equivalently,
the right D-coaction map is a morphism of left A-modules and the left C-coaction
map is a morphism of right D-comodules. Equivalently, a C-D-bicomodule is a
k-module endowed with an A-B-bimodule structure and an A-B-bimodule map of
bicoaction X — C® 4 K®p D satisfying the coassociativity and counity equations.
We will denote the category of C-D-bicomodules by C-comod-D.

Assume that C is a flat right A-module and D is a flat left B-module. Then the
category of C-D-bicomodules is abelian and the forgetful functor €-comod-D —
k-mod is exact. Let € be a coring over a k-algebra F'. Let N be a C-E-bicomodule
and M be a E-D-bicomodule. Then the cotensor product N Og M can be endowed
with a C-D-bicomodule structure as the kernel of a pair of bicomodule morphisms
NIrM=NRr & r M.

More generally, let C, D, and &€ be arbitrary corings. Assume that the functor
of tensor product with € over A and with D over B preserves the kernel of the pair
of maps N@pM = N®pERQFM, that is the natural map C® 4 (NOeM)®@pD —
(CRaAN)Oe (M ®p D) is an isomorphism. Then one can define a bicoaction map
NOeM — C®4 NOg M) @5 D by taking the cotensor product over & of
the left C-coaction map N — € ®4 N and the right D-coaction map M —
M ®p D. One can easily see that this bicoaction is counital and coassociative, at
least, if the natural maps € ®4 C®4 (NOg M) — (C®4 C®4 N)Oe M and
NO:M) DD — NOg (M5 D ®p D) are also isomorphisms.

In particular, if € is a flat right A-module and either D is a flat left B-module,
or N is a quasicoflat right &-comodule, or N is a flat right F-module, € is a flat
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right F-module, M is an €/F-coflat left €-comodule, M is a flat right B-module,
and B has a finite weak homological dimension, or M as a left £-comodule with a
right B-module structure is coinduced from an F-B-bimodule, then the cotensor
product N O¢ M has a natural C-D-bicomodule structure.

1.2.5 Let C be a coring over a k-algebra A and D be a coring over a k-algebra B.

Proposition. Let N be a right C-comodule, X be a C-D-bicomodule, and M be a
left D-comodule. Then the iterated cotensor products

NOeX)Op M and NDe (X Op M)

are naturally isomorphic, at least, in the following cases:

(a) Cis a flat right A-module, N is a flat right A-module, D is a flat left B-mod-
ule, and M is a flat left B-module;

(b) € is a flat right A-module and N is a coflat right C-comodule;

(¢) Cis a flat right A-module, N is a flat right A-module, X is a C/A-coflat left
C-comodule, X is a flat right B-module, and the Ting B has a finite weak
homological dimension;

(d) € is a flat right A-module, N is a flat right A-module, and X as a left C-co-
module with a right B-module structure is coinduced from an A-B-bimodule;

(e) M is a quasicoflat left C-comodule and K as a left C-comodule with a right
B-module structure is coinduced from an A-B-bimodule;

(f) X as a left C-comodule with a right B-module structure is coinduced from an
A-B-bimodule and X as a right D-comodule with a left A-module structure
s coinduced from an A-B-bimodule.

More precisely, in all cases in this list the natural maps from both iterated cotensor
products to the k-module N® s K@pM are injective, their images coincide and are
equal to the intersection of two submodules (N ® 4 K)Op M and NOe (K @5 M)
in the k-module N @ 4 KX @ g M.

Proof. One can easily see that whenever both maps (N Oe X) @ g M — N Qe
(KopM)and NOeK)@5DRM — Ne (K®p D@ M) are isomorphisms,
the natural map (N Oe¢ X)Op M — N ®4 K @5 M is injective and its image
coincides with the desired intersection of two submodules in N ®4 K @ g M. Thus
it remains to apply Proposition 1.2.3. (]

When associativity of cotensor product of four or more (bi)comodules is an
issue, it becomes important to know that the pentagonal diagrams of associativity
isomorphisms are commutative. Since each of the five iterated cotensor products of
four factors of the form NOe KXOg LOp M is endowed with a natural map into the
tensor product N ® 4 X @ p L ® p M, and the associativity isomorphisms are, pre-
sumably, compatible with these maps, it suffices to check that at least one of these
five maps is injective in order to show that the pentagonal diagram commutes. In
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particular, if the above proposition provides all the five associativity isomorphisms
constituting the pentagonal diagram and either M is a flat left B-module, or N is
a flat right A-module, or both X and £ as left (right) comodules with right (left)
module structures are coinduced from bimodules, then the pentagonal diagram is
commutative.

We will say that a multiple cotensor product of several bicomodules N Oe
-+ -Op M is associative if for any way of putting parentheses in this product all the
intermediate cotensor products can be endowed with bicomodule structures via the
construction of 1.2.4, all possible associativity isomorphisms between intermediate
cotensor products exist in the sense of the last assertion of Proposition 1.2.5 and
preserve bicomodule structures, and all the pentagonal diagrams commute. This
definition allows us to consider associativity of cotensor products as a property
rather than an additional structure. In particular, associativity isomorphisms and
bicomodule structures on associative multiple cotensor products are preserved by
the morphisms between them induced by any bicomodule morphisms of the factors.

1.3 Semialgebras and semimodules

1.3.1 Assume that the coring € over A is a flat right A-module.

It follows from Proposition 1.2.5(b) that the category of C-C-bicomodules
which are coflat right C-comodules is an associative tensor category with a unit
object C, the category of left C-comodules is a left module category over it, and
the category of coflat right C-comodules is a right module category over this tensor
category. Furthermore, it follows from Proposition 1.2.5(c) that whenever the ring
A has a finite weak homological dimension, the C-C-bicomodules that are flat
right A-modules and C/A-coflat left C-comodules also form a tensor category, left
C-comodules form a left module category over it, and A-flat right C-comodules
form a right module category over this tensor category. Finally, it follows from
Proposition 1.2.5(a) that whenever the ring A is absolutely flat, the categories
of left and right C-comodules are left and right module categories over the tensor
category of C-C-bicomodules. In each case, the cotensor product operation provides
a pairing between these left and right module categories compatible with their
module category structures and taking values in the category of k-modules.

A semialgebra over € is a ring object with unit in one of the tensor cate-
gories of C-C-bicomodules of the kind described above. In other words, a semial-
gebra 8 over C is a C-C-bicomodule satisfying appropriate (co)flatness conditions
guaranteeing associativity of cotensor products 8 Oe - -+ Oe 8 of any number of
copies of 8 and endowed with two bicomodule morphisms of semimultiplication
S0e 8 — 8 and semiunit C — 8 satisfying the associativity and unity equa-
tions. Namely, two compositions 8 e 8 e 8§ = 8§ Je 8 — 8 of the morphisms
S8Ue80e 8 = 8Ue 8 induced by the semimultiplication morphism with the semi-
multiplication morphism 8 Oe¢ 8 — 8 should coincide with each other and two
compositions 8 = 8§ Oe 8 — 8 of the morphisms 8 = 8 Oe 8 induced by the
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semiunit morphism with the semimultiplication morphism should coincide with
the identity morphism of 8.

A left semimodule over 8 is a module object in one of the left module cate-
gories of C-comodules of the above kind over the ring object 8 in the correspond-
ing tensor category of C-C-bicomodules. In other words, a left S-semimodule M
is a left C-comodule endowed with a left C-comodule morphism of left semiaction
SOe M — M satisfying the associativity and unity equations. Namely, two com-
positions 80e8Te M = 80 M — M of the morphisms 8Oe8OeM = STeM
induced by the semimultiplication and the semiaction morphisms with the semi-
action morphism 8 Oeg M — M should coincide with each other, and the com-
position M — 8 Oe M — M of the morphism M — 8 Oe M induced by
the semiunit morphism with the semiaction morphism should coincide with the
identity morphism of M. For this definition to make sense, (co)flatness conditions
imposed on 8 and/or M must guarantee associativity of multiple cotensor prod-
ucts of the form 8 O¢ - - - Oe 8 Oe M. Right semimodules over 8 are defined in an
analogous way.

If £ is a left C-comodule for which the multiple cotensor products 8Te - - -Ue
8 Oe L are associative, then there is a natural left 8-semimodule structure on the
cotensor product 8 Oe L. The left semimodule 8 Oe £ is called the left 8-semi-
module induced from a C-comodule L. According to Lemma 1.1.2, the k-module
of semimodule homomorphisms from the induced 8-semimodule to an arbitrary
8-semimodule is described by the formula

Homg (8 Oe L, M) ~ Home (L, M).

We will denote the category of left 8-semimodules by 8-simod and the cat-
egory of right 8-semimodules by simod-8. This notation presumes that one can
speak of (left or right) 8-semimodules with no flatness conditions imposed on
them. If 8 is a coflat right C-comodule, the category of left semimodules over 8 is
abelian and the forgetful functor 8-simod — C-comod is exact.

Assume that either 8 is a coflat right C-comodule, or 8 is a flat right A-module
and a C/A-coflat left C-comodule and A has a finite weak homological dimension,
or A is absolutely flat. Then both infinite direct sums and infinite products exist
in the category of left 8-semimodules, and both are preserved by the forgetful
functor 8-simod — C-comod, even though only infinite direct sums are preserved
by the full forgetful functor 8-simod — A-mod.

If 8 is a flat right A-module and a C/A-coflat left C-comodule and A has a
finite weak homological dimension, then the category of A-flat right 8-semimodules
is exact. Of course, if 8 is a coflat right C-comodule, then the category of A-flat left
S-semimodules is exact. In both cases there are exact categories of C-coflat right
8-semimodules and €/A-coflat left 8-semimodules. If A is absolutely flat, there
are exact categories of C-coflat left and right 8-semimodules. Infinite direct sums
exist in all of these exact categories, and the forgetful functors preserve them.
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1.3.2 Assume that the coring C is a flat left and right A-module, the semialgebra
8 is a flat left A-module and a coflat right C-comodule, and the ring A has a finite
weak homological dimension.

Lemma. There exists a (not always additive) functor assigning to any left 8-semi-
module a surjective map onto it from an A-flat left S-semimodule.

Proof. Let P(M) — M denote the functorial surjective morphism onto a C-co-
module M from an A-flat C-comodule P(M) constructed in Lemma 1.1.3. Then
for any left 8-semimodule M the composition of maps

S\:\@?(M) — 80eM — M

provides the desired surjective morphism of 8-semimodules. According to the last
assertion of Proposition 1.2.3 (with the left and right sides switched), the A-mod-
ule P(M) = § Oe P(M) is flat. O

Remark. In the above assumptions, the same construction provides also a (not al-
ways additive) functor assigning to any €/A-coflat right 8-semimodule a surjective
map onto it from a semiflat right 8-semimodule (see 1.4.2) with a C/A-coflat ker-
nel. This follows from Lemma 1.2.2 and Remark 1.2.2, since the cotensor product
with 8 over € preserves the kernel of the morphism P(N) — N and the kernel of
the map N Oec 8 — N is isomorphic to a direct summand of N Te 8 as a right
C-comodule.

1.3.3 Assume that the coring € is a flat right A-module, the semialgebra 8 is a
C/A-coflat left C-comodule and a coflat right C-comodule, and the ring A has a
finite weak homological dimension.

Lemma. There exists an exact functor assigning to any A-flat right 8-semimod-
ule an injective morphism from it into a coflat right 8-semimodule with an A-flat
quotient semimodule. Besides, there exists an exact functor assigning to any left
S-semimodule an injective morphism from it into a C/A-coflat left 8-semimodule.

Proof. For any A-flat right C-comodule N, set G(N) = N ®4 €. Then the coaction
map N — G(N) is an injective morphism of C-comodules, the comodule §(N) is
coflat, and the quotient comodule §(N)/N is A-flat. Now let N be an A-flat right
8-semimodule. The semiaction map N O 8 — N is a surjective morphism of
A-flat 8-semimodules; let IC(N) denote its kernel. The map NOe8 — G(N)Te8 is
an injective morphism of A-flat 8-semimodules with an A-flat quotient semimodule
(S(N)/N) Oe 8. Let Q(N) be the cokernel of the composition

KN) —— NOe8 —— G(N) e 8.

Then the composition of maps N Oe 8 — G(N) Oe 8 — Q(N) factorizes
through the surjection N Oe 8 — N, so there is a natural injective morphism of
S-semimodules N — Q(N). The quotient semimodule Q(N)/N is isomorphic to
(S(N)/N) Oe 8, hence both Q(N)/N and Q(N) are flat A-modules.
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Notice that the semimodule morphism N — Q(N) can be lifted to a comod-
ule morphism N — G(N) O¢ 8. Indeed, the map N — Q(N) can be presented
as the composition N — N O 8 — G(N) O 8 — 9Q(N), where the map
N — N e 8 is induced by the semiunit morphism € — 8 of the semialgebra 8.

Iterating this construction, we obtain an inductive system of C-comodule
morphisms

N—3N)Be8 — QN) — §(Q(N))Be 8 — Q2(QN)) — ---,

where the maps

N 2(N) 2OQMN)) — -

are injective morphisms of 8-semimodules with A-flat cokernels, while the
C-comodules G(N) Oe 8, G(Q(N)) Ue 8, ... are coflat. Denote by J(N) the
inductive limit of this system; then N — J(N) is an injective morphism of
S-semimodules with an A-flat cokernel and the C-comodule J(N) is coflat (since
the functor of cotensor product preserves filtered inductive limits).

A functorial injection M — J(M) of any left 8-semimodule M into a
C/A-coflat left 8-semimodule J(M) is provided by the same construction (with the
left and right sides switched). The only changes are that A-modules are no longer
flat, for any left C-comodule M the C-comodule §(M) = C ®4 M is €/A-coflat,
and therefore the 8-semimodule 8 Oe §(M) is €/A-coflat.

Both functors J are exact, since the kernels of surjective maps, the cokernels
of injective maps, and the filtered inductive limits preserve exact triples. O

1.4 Semitensor product

1.4.1 Assume that the coring € is a flat right A-module, the semialgebra 8 is a
flat right A-module and a C/A-coflat left C-comodule, and the ring A has a finite
weak homological dimension. Let M be a left S-semimodule and N be an A-flat
right 8-semimodule. The semitensor product N Og M is a k-module defined as the
cokernel of the pair of maps

NOec8OeM = NOeM

one of which is induced by the 8-semiaction in N and another by the 8-semiaction
in M. Even under the strongest of our (co)flatness conditions on € and 8, the
flatness of either N or M is still needed to guarantee that the triple cotensor
product N Oe 8 Oe M is associative.

For any A-flat right 8-semimodule N and any left C-comodule L there is a
natural isomorphism

N<>§ (SD@L) ENDQ L.

Analogously, for any A-flat right C-comodule R and any left 8-semimodule M
there is a natural isomorphism (ROe 8) O0s M ~ R Oe M. These assertions follow
from Lemma 1.2.1.
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1.4.2 If the coring C is a flat right A-module and the semialgebra 8 is a coflat
right C-comodule, one can define the semitensor product of a C-coflat right 8-semi-
module and an arbitrary left 8-semimodule. In these assumptions, a C-coflat right
S-semimodule N is called semiflat if the functor of semitensor product with N is
exact on the abelian category of left 8-semimodules. The 8-semimodule induced
from a coflat C-comodule is semiflat.

If C is a flat right A-module, 8 is a coflat right C-comodule and €/A-coflat
left C-comodule, and the ring A has a finite weak homological dimension, one can
define semiflat 8-semimodules as A-flat right 8-semimodules such that the functors
of semitensor product with them are exact. Then one can prove that any semiflat
S-semimodule is a coflat C-comodule.

When the ring A is absolutely flat, the semitensor product of arbitrary two
8-semimodules is defined without any conditions on the coring € and the semial-
gebra 8.

1.4.3 Let 8 be a semialgebra over a coring C over a k-algebra A and T be a
semialgebra over a coring D over a k-algebra B. Let I denote a C-D-bicomod-
ule. One can speak about 8-F-bisemimodule structures on K if the (co)flatness
conditions imposed on 8, T, and K guarantee associativity of multiple cotensor
products of the form 8 Qe --- e 8 Oe K Op T Op - - Op T. Assuming that this
is so, X is called an 8-J-bisemimodule if it is endowed with a left S-semimod-
ule and a right J-semimodule structures such that the right J-semiaction map
KX Op T — K is a morphism of left 8-semimodules and the left 8-semiaction
map 8 Je K — K is a morphism of right D-comodules, or equivalently, the right
J-semiaction map is a morphism of left C-comodules and the left S-semiaction
map is a morphism of right J-semimodules. Equivalently, the C-D-bicomodule K
is called an 8-J-bisemimodule if it is endowed with a C-D-bicomodule morphism of
bisemiaction S e KOp T — K satisfying the associativity and unity equations.

In particular, one can speak about 8-J-bisemimodules K without imposing
any (co)flatness conditions on K if € is a flat right A-module and either 8 is a coflat
right C-comodule, or 8 is a flat right A-module and a €/A-coflat left C-comodule
and A has a finite weak homological dimension, while D is a flat left B-module and
either J is a coflat left D-comodule, or J is a flat left B-module and a D/B-coflat
right D-comodule and B has a finite weak homological dimension. We will denote
the category of 8-T-bisemimodules by 8-simod-J. Besides, one can consider B-flat
8-T-bisemimodules if € is a flat right A-module and 8 is a coflat right C-comodule,
while D is a flat right B-module, J is a flat right B-module and a D/B-coflat right
D-comodule, and B has a finite weak homological dimension; and one can consider
D-coflat 8-T-bisemimodules if € is a flat right A-module and 8 is a coflat right
C-comodule, while D is a flat right B-module and J is a coflat right D-comodule.

1.4.4 Let R be a semialgebra over a coring £ over a k-algebra F. Let N be an
8-R-bisemimodule and M be an R-T-bisemimodule. We would like to define an
8-T-bisemimodule structure on the semitensor product N Q5 M.
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Assume that multiple cotensor products of the form 8 O¢ - - - Oe 8 Oe N O¢
RO MOp TOyp ---Op T are associative. Then, in particular, the semitensor
products (87" De N) O (M Op T”™) can be defined. Assume in addition that
multiple cotensor products of the form 8 e - - - OeSOe NOe MOp T Op ---Up T
are associative. Then the semitensor products (87" Oe¢ N) Ox (M Op T7™) have
natural C-D-bicomodule structures as cokernels of C-D-bicomodule morphisms.
Assume that multiple cotensor products of the form 8¢ - - -Oe 8 Te (N Ox M) Op
JOqp- - -OpT are also associative. Finally, assume that the semitensor product with
87" over € and with T7™ over D preserves the cokernel of the pair of morphisms
NOs ROg M = NUOeg M for n +m = 2, that is the bicomodule morphisms
(8" Oe N) Ok (M Op T7™) — 87" Oe (N O M) Op T=™ are isomorphisms.
Then one can define an associative and unital bisemiaction morphism 8 D¢ (N Ox
M)Op T — N Ox M by taking the semitensor product over R of the morphism
of 8-semiaction in N and the morphism of J-semiaction in M.

For example, if € is a flat right A-module, 8 is a coflat right C-comodule, D
is a flat left B-module, J is a coflat right D-comodule, € is a flat right F-mod-
ule, R is a flat right F-module and a &/F-coflat left &-comodule, and F' has
a finite weak homological dimension, then the semitensor product of any F-flat
8-R-bisemimodule N and any R-T-bisemimodule M has a natural 8-T-bisemi-
module structure. Since the category of 8-T-bisemimodules is abelian in this case,
the bisemimodule N Ox M can be simply defined as the cokernel of the pair of
bisemimodule morphisms N O¢ RO M = N Oe¢ M.

Proposition. Let N be a right 8-semimodule, K be an 8-T-bisemimodule, and M
be a left T-semimodule. Then the iterated semitensor products

(N Os K) O3 M and N O (K O M)

are well defined and naturally isomorphic, at least, in the following cases:

(a) € is a flat right A-module, 8 is a coflat right C-comodule, N is a coflat right
C-comodule, D is a flat left B-module, T is a coflat left D-comodule, and M
is a coflat left D-comodule;

(b) € is a flat right A-module, 8 is a coflat right C-comodule, N is a semiflat
right 8-semimodule, and either
e D is a flat right B-module, T is a coflat right D-comodule, and X is a
coflat right D-comodule, or

e D is a flat right B-module, T is a flat right B-module and a D/B-coflat
left D-comodule, the ring B has a finite weak homological dimension,
and K is a flat right B-module, or

o D is a flat left B-module, T is a flat left B-module and a D/B-coflat
right D-comodule, the ring B has a finite weak homological dimension,
and M is a flat left B-module, or

e the ring B is absolutely flat;
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(c) € is a flat right A-module, 8 is a coflat right C-comodule, N is a coflat right
C-comodule, and either

e D is a flat right B-module, T is a coflat right D-comodule, and K as a
left 8-semimodule with a right D-comodule structure is induced from a
D-coflat C-D-bicomodule, or

e D is a flat right B-module, T is a flat right B-module and a D/B-coflat
left D-comodule, the Ting B has a finite weak homological dimension,
and XK as a left 8-semimodule with a right D-comodule structure is
induced from a B-flat C-D-bicomodule, or

e D is a flat left B-module, T is a flat left B-module and a D/B-coflat
right D-comodule, the ring B has a finite weak homological dimension,
XK as a left S-semimodule with a right D-comodule structure is induced
from a C-D-bicomodule, and M is a flat left B-module, or

e the ring B is absolutely flat and K as a left 8-semimodule with a right
D-comodule structure is induced from a B-flat C-D-bicomodule.

More precisely, in all cases in this list the natural maps into both iterated semiten-
sor products from the k-module (NOe K)Op M ~ NOe (KOp M) are surjective,
their kernels coincide and are equal to the sum of the kernels of two maps from
this module onto its quotient modules (N Og XK) O3 M and N Og (K Op M).

Proof. Tt follows from Proposition 1.2.5 that all multiple cotensor products of
the form NOe 8O ---Ue 8Ue XKOp T Op ---Op T Op M are associative.
Multiple cotensor products N Oe 8 Oe -+ Oe 8 e (K O M) and (N ¢s K) Op
T Op -+ Op T Op M are also associative by the same proposition (here one
has to notice that the semitensor product N s K is a coflat right D-comod-
ule whenever X is a coflat right D-comodule and N is a semiflat right S-semi-
module). The map N Oe¢ K Op M — (N Qs K) Op M factorizes through the
surjection N Oe I Op M — N Og (K Op M), hence there is a natural map
N Os (KOp M) — (N Os K) Op M. One can easily see that whenever this
map and the analogous maps for I, T UOp T, and T Op M in place of M are
isomorphisms, the iterated semitensor product (N ¢g K) O M is defined, the
natural map N Oe¢ KOp M — (N Og K) O M is surjective, and its kernel is
equal to the desired sum of two kernels of maps from N Oe K Op M onto its
quotient modules. Thus it remains to prove that the map N ¢s (K Op M) —
(N 0s K)Op M is an isomorphism, i.e., the exact sequence of right D-comodules
NOe8OeXK — NOeXK — NOgXK — 0 remains exact after taking the cotensor
product with M over D. This is obvious if M is a quasicoflat D-comodule. If N
is a semiflat 8-semimodule, it suffices to present M as a kernel of a morphism
of (quasi)coflat D-comodules. Finally, if IC as a left 8-semimodule with a right
D-comodule structure is induced from a C-D-bicomodule, then our exact sequence
of right D-comodules splits. |
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2.1 Coderived categories

A complex C* over an exact category [28] A is called exact if it is composed
of exact triples Z* — C'" — Z™t! in A. A complex over A is called acyclic if it is
homotopy equivalent to an exact complex (or equivalently, if it is a direct summand
of an exact complex). Acyclic complexes form a thick subcategory Acycl(A) of the
homotopy category Hot(A) of complexes over A. All acyclic complexes over A are
exact if and only if A contains images of idempotent endomorphisms [69]. The
quotient category D(A) = Hot(A)/Acycl(A) is called the derived category of A.

Let A be an exact category where all infinite direct sums exist and the func-
tors of infinite direct sum are exact. By the total complex of an exact triple
'K* — K* — "K* of complexes over A we mean the total complex of the corre-
sponding bicomplex with three rows. A complex C* over A is called coacyclic if
it belongs to the minimal triangulated subcategory Acycl®(A) of the homotopy
category Hot(A) containing all the total complexes of exact triples of complexes
over A and closed under infinite direct sums. Any coacyclic complex is acyclic.
Acyclic complexes are not always coacyclic (see 0.2.2). It follows from the next
lemma that any acyclic complex bounded from below is coacyclic.

Lemma. Let 0 — M®%* — MY — ... be an exact sequence, bounded from below,
of arbitrary complexes over A. Then the total complex T* of the bicomplex M**®
constructed by taking infinite direct sums along the diagonals is coacyclic.

Proof. An exact sequence of complexes 0 — M%* — M* — ... can be presented
as the inductive limit of finite exact sequences of complexes 0 — M®%® — ... —
M™* — zZntle — 0. The total complex T of the latter finite exact sequence
is homotopy equivalent to a complex obtained from total complexes of the exact
triples Z™* — M™* — Z"*t1L* using the operations of shift and cone. Hence the
complexes T, are coacyclic. The complex T is their inductive limit; moreover,
the inductive system of T}y is obtained by applying the functor of total complex to
a locally stabilizing inductive system of bicomplexes. Therefore, the construction
of homotopy inductive limit provides an exact triple of complexes @, Ty —
@, Tn — T*. Since the total complex of this exact triple is coacyclic and the
direct sum of coacyclic complexes is coacyclic, the complex T is coacyclic. (In
fact, this exact triple of complexes is split in every degree, so its total complex is
even contractible.) O

The category of coacyclic complexes Acycl®(A) is a thick subcategory of the

homotopy category Hot(A), since it is a triangulated subcategory with infinite
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direct sums [69, 70]. The coderived category D®°(A) of an exact category A is
defined as the quotient category Hot(A)/Acycl®(A).

Remark. If an exact category A has a finite homological dimension, then the
minimal triangulated subcategory of the homotopy category Hot(A) containing the
total complexes of exact triples of complexes over A coincides with the subcategory
of acyclic complexes. Indeed, let C'* be an exact complex over A and n be a number
greater than the homological dimension of A. Let Z° be the objects of cycles of
the complex C*. Then for any integer j the Yoneda extension class represented by
the extension Z%" — C2I" — ... — C%ntn=l _, 72747 ig trivial, and therefore,
this extension can be connected with the split extension by a pair of extension
morphisms (Z2jn N Can NN C2jn+n—1 N Z2jn) N (Z2jn N /C2jn N
e /C«an+n—1 s Z2jn+n) - (Z2jn N Z2jn -0 - =0 — Z2jn+n N
Z2intn) Let 'C* be the complex obtained by replacing all the even segments
C?m — ... — O%ntn=l of the complex C* with the segments 'C%" — ... —
'C%m+n=1 while leaving the odd segments C%/"*" — ... — C20U+Nn=1 in place,
and let "C* be the complex obtained by replacing the same even segments of the
complex C* with the segments Z%2/" — 0 — --- — 0 — Z2"*" while leaving the
odd segments in place. Then the complex ”C* and the cones of both morphisms
C* — 'C* and "C* — 'C* are homotopy equivalent to complexes obtained
from total complexes of exact triples of complexes with zero differentials using the
operation of cone repeatedly.

2.2 Coflat complexes

Let € be a coring over a k-algebra A. The cotensor product N°*Oe M* of a complex
of right C-comodules N* and a complex of left C-comodules M* is defined as the
total complex of the bicomplex N? Oe M/, constructed by taking infinite direct
sums along the diagonals.

Assume that C is a flat right A-module. Then the category of left C-comodules
is an abelian category with exact functors of infinite direct sums, so the coderived
category D (C-comod) is defined. When speaking about coacyclic complezes of
C-comodules, we will always mean coacyclic complexes with respect to the abelian
category of C-comodules, unless another exact category of C-comodules is explicitly
mentioned.

A complex of right C-comodules N* is called coflat if the complex N* O M*®
is acyclic whenever a complex of left C-comodules M* is coacyclic.

Lemma. Any complex of coflat C-comodules is cofiat.

Proof. Let N* be a complex of coflat C-comodules. Since the functor of cotensor
product with N* preserves shifts, cones, and infinite direct sums, it suffices to show
the complex N*® Oe M* is acyclic whenever M?* is the total complex of an exact
triple of complexes of left C-comodules 'K* — X* — ”X*. In this case, the triple
of complexes N* Oe 'K®* — N*® Oe K* — N* O ”K*® is also exact, because N°® is
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a complex of coflat C-comodules, and the complex N*® Oe M* is the total complex
of this exact triple. O

If the ring A has a finite weak homological dimension, then any coflat complex
of C-comodules is a flat complex of A-modules in the sense of 0.1.1. (Indeed, if
V'* is a complex of right A-modules such that the tensor product of V'* with any
coacyclic complex of left A-modules is acyclic, then the tensor product of V'* with
any acyclic complex U® of left A-modules is also acyclic, since one can construct
a morphism into U® from an acyclic complex of flat A-modules with a coacyclic
cone.) The complex of C-comodules V* ®4 € coinduced from a flat complex of
A-modules V* is coflat.

Remark. The coderived category D®(C-comod) can be only thought of as the
“right” version of exotic unbounded derived category of C-comodules (e.g., for
the purposes of defining the derived functors Cotor® and Coexte, constructing
the equivalence of derived categories of C-comodules and C-contramodules, etc.)
when the ring A has a finite (weak or left) homological dimension. Indeed, what is
needed is a definition of “relative coderived category” of C-comodules such that for
C = A it would coincide with the derived category of A-modules, while when C is
a coalgebra over a field it would be the coderived category of C-comodules defined
above. (The same applies to the semiderived category D (8-simod) of 8-semimod-
ules— it only appears to be the “right” definition when the ring A has a finite
homological dimension.)

2.3 Semiderived categories

Let 8 be a semialgebra over a coring C. Assume that € is a flat right A-module
and 8 is a coflat right C-comodule, so that the category of left S-semimodules is
abelian. The semiderived category of left 8-semimodules D%(8-simod) is defined
as the quotient category of the homotopy category Hot(8-simod) by the thick
subcategory Acyclc°'e(8—simod) of complexes of 8-semimodules that are coacyclic
as complexes of C-comodules.

Remark. There is no claim that the semiderived category exists in the sense that
morphisms between a given pair of objects form a set rather than a class. Rather,
we think of our localizations of categories as of “very large” categories with classes
of morphisms instead of sets. We will explain in 5.5 and 6.5 how to compute the
modules of homomorphisms in semiderived categories in terms of resolutions; then
it will follow that the semiderived category does exist, under certain assumptions.

2.4 Semiflat complexes

Let 8 be a semialgebra. The semitensor product N* $g M*® of a complex of right
8-semimodules N* and a complex of left 8-semimodules M* is defined as the
total complex of the bicomplex N* {g M, constructed by taking infinite direct
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sums along the diagonals. Of course, appropriate (co)flatness conditions must be
imposed on 8§, N*, and M?* for this definition to make sense.

Assume that the coring € is a flat right A-module, the semialgebra 8 is a
coflat right C-comodule and a €/A-coflat left C-comodule, and the ring A has a
finite weak homological dimension. A complex of A-flat right 8-semimodules N*®
is called semiflat if the complex N*® Og M* is acyclic whenever a complex of left
8-semimodules M* is C-coacyclic. Any semiflat complex of 8-semimodules is a
coflat complex of C-comodules. The complex of 8-semimodules R* Oe 8§ induced
from a coflat complex of A-flat C-comodules R*® is semiflat.

If it is only known that € is a flat right A-module and 8 is a coflat right C-co-
module, one can define semiflat complexes of C-coflat right 8-semimodules. Then
the complex of 8-semimodules induced from a complex of coflat C-comodules is
semiflat; it is also a complex of semiflat semimodules.

Notice that not every complex of semiflat semimodules is semiflat (see 0.1.1).
In particular, it follows from Theorem 2.6 and Lemma 2.7 below that (in the
assumptions of 2.6) a C-coacyclic complex of A-flat right 8-semimodules N* is
semiflat if and only if its semitensor product with any complex of left 8-semimod-
ules M* (or just with any left 8-semimodule M) is acyclic. Thus a C-coacyclic
complex of semiflat 8-semimodules is semiflat if and only if all of its semimodules
of cocycles are semiflat.

On the other hand, any complex of semiflat semimodules bounded from above
is semiflat. Moreover, if --- — N™5* — N%* — 0 is a complex, bounded from
above, of semiflat complexes of 8-semimodules, then the total complex €° of the
bicomplex N** constructed by taking infinite direct sums along the diagonals is
semiflat. Indeed, the category of semiflat complexes is closed under shifts, cones,
and infinite direct sums, so one can apply the following lemma.

Lemma. Let --- — N~ b* — N%* — 0 be a complex, bounded from above, of
arbitrary complexes over an additive category A where infinite direct sums ezist.
Then the total complex E* of the bicomplex N** up to the homotopy equivalence
can be obtained from the complexes N~%* using the operations of shift, cone, and
infinite direct sum.

Proof. Let E? be the total complex of the finite complex of complexes 0 —
N—™* — ... — N%* — 0. Then the complex E* is the inductive limit of the
complexes E}, and in addition, the embeddings of complexes E;, — Ep, | split
in every degree. Thus the triple of complexes @, En — @, E;, — E* is split
exact in every degree and the complex E* is homotopy equivalent to the cone
of the morphism @, Er — @,, E, (the homotopy inductive limit of the com-

plexes E?). O
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2.5 Main theorem for comodules

Assume that the coring C is a flat left and right A-module and the ring A has a
finite weak homological dimension.

Theorem. The functor mapping the quotient category of the homotopy category of
complezes of coflat C-comodules (coflat complexes of C-comodules) by its inter-
section with the thick subcategory of coacyclic complexes of C-comodules into the
coderived category of C-comodules is an equivalence of triangulated categories.

Proof. We will show that any complex of C-comodules X*® can be connected with
a complex of coflat C-comodules in a functorial way by a chain of two morphisms
K — Ry(X*) — RolL;(K*) with coacyclic cones. Moreover, if the complex
XK* is a complex of coflat C-comodules (coflat complex of C-comodules), then the
intermediate complex Ry (K*®) in this chain is also a complex of coflat C-comodules
(coflat complex of C-comodules). Then we will apply the following lemma.

Lemma. Let C be a category and F be its full subcategory. Let S be a class of
morphisms in C containing the third morphism of any triple of morphisms s, t,
and st when it contains two of them. Suppose that for any object X in C there is
a chain of morphisms X — Fi(X) — -+ «— F,_1(X) — F,(X) belonging to S
and functorially depending on X such that the object F,, (X) belongs to F for any
X € C and all the objects F;(X) belong to F for any X € F. Then the functor
FI(SNF)™1] — C[S™Y] induced by the embedding F — C is an equivalence of
categories.

Proof. Tt is obvious that the functor between the localized categories is surjective
on the isomorphism classes of objects; let us show that it is bijective on morphisms.
It follows from the condition on the class S that the functors F; preserve it. Let
U and V be two objects of F and ¢: U — V be a morphism between them in
the category C[S™!]. Applying the functor F,: C — F, we obtain a morphism
Fo(¢): F,(U) — F,(V) in the category F[(SN F)~1]. The square diagram of
morphisms in the category C[S~!] formed by the morphism ¢, the isomorphism
between U and F,,(U), the morphism F,(¢), and the isomorphism between V'
and F,(V) is commutative, since it is composed from commutative squares of
morphisms in the category C. Since the other three morphisms in this commutative
square lift to F[(S N F)~!], the morphism ¢ belongs to the image of the functor
FI(SNF)~!] — C[S7!]. Now suppose that two morphisms ¢ and ¢: U — V
in the category F[(SN F)~!] map to the same morphism in C[S~!]. Applying the
functor F,,, we see that the morphisms F},(¢) and F,,(¢)) are equal in F[(SNF)~1].
So we have two commutative squares in the category F[(S N F)~!] with the same
vertices U, V, F,(U), and F,(V), the same morphism F,, (U) — F,(V), the same
isomorphisms U ~ F(U) and V ~ F(V), and two morphisms ¢ and ¢: U — V.
It follows that the latter two morphisms are equal. O
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Let X* be a complex of C-comodules. Let P(M) — M denote the functorial
surjective morphism onto an arbitrary G-comodule M from an A-flat C-comodule
P(M) constructed in Lemma 1.1.3.

The functor P is not always additive, but as any functor from an additive
category to an abelian one it is the direct sum of a constant functor M +—— P(0)
and a functor P (M) = ker(P(M) — P(0)) = coker(P(0) — P(M)) sending zero
objects to zero objects and zero morphisms to zero morphisms. For any C-co-
module M, the comodule PT(M) is A-flat and the morphism P+ (M) — M is
surjective.

Set Po(K*) = PH(K*), P1(K*) = PF(ker(PY(X*) — K*)), etc. For d large
enough, the kernel Z(X®) of the morphism Py_1(X®*) — Pyg_2(XK*) will be a
complex of A-flat C-comodules. Let L1 (X*) be the total complex of the bicomplex

Z(K*) —— Py 1(K®) —— o s PL(K®) —— Po(K*).

Then L;(X*) is a complex of A-flat C-comodules and the cone of the morphism
L;(X*) — X* is the total complex of a finite exact sequence of complexes of
C-comodules, and therefore, a coacyclic complex.

Now let L* be a complex of A-flat left C-comodules. Consider the cobar
construction

CRoaL* — CR4CRaL — CRAC®4ACR LY — -

Let Ro(L*®) be the total complex of this bicomplex, constructed by taking infinite
direct sums along the diagonals. Then Ry (L°) is a complex of coflat €-comodules.
The functor Ry can be extended to arbitrary complexes of C-comodules; for any
complex X*, the cone of the morphism X* — Ry (X*) is coacyclic by Lemma 2.1.

Finally, if K* is a coflat complex of C-comodules, then Ro(X*) is also a coflat
complex of C-comodules, since the cotensor product of Ro(X®) with a complex of
right C-comodules N°* coincides with the cotensor product of K*® with the total
cobar complex Ry (N®), and the latter is coacyclic whenever N*® is coacyclic.

We have constructed the chain of morphisms K® «— Rg(K*) — RyL (K*)
with the desired properties. The only remaining problem is that the functor L;
is not additive and therefore not defined on the homotopy category of complexes
of C-comodules, but only on the (abelian) category of complexes and their mor-
phisms. So we have to apply Lemma 2.5 to the category C of complexes of C-comod-
ules, the full subcategory F of complexes of coflat C-comodules (coflat complexes
of C-comodules) in it, and the class S of morphisms with coacyclic cones.

The corresponding localizations will coincide with the desired quotient cate-
gories of homotopy categories due to the following general fact [46, 111.4.2-3]. For
any DG-category DG where shifts and cones exist, the localization of the category
of closed morphisms in DG with respect to the class of homotopy equivalences
coincides with the homotopy category of DG (i.e., closed morphisms homotopic
in DG become equal after inverting homotopy equivalences). In particular, this is
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true for any category of complexes over an additive category that is closed under
shifts and cones. O

Remark. Another proof of Theorem 2.5 (for complexes of coflat comodules or
coflat complexes of A-flat comodules) can be found in 2.6. After Theorem 2.5 has
been proven, it turns out that the functors Ly and Ry can be also applied in the
reverse order: for any complex of C-comodules £°, the complex R (L°®) is a complex
of C/A-coflat C-comodules, and for any complex of €/A-coflat C-comodules K*,
the complex L;(X*) is a complex of coflat C-comodules (by Remark 1.2.2, which
depends on Theorem 2.5).

2.6 Main theorem for semimodules

Assume that the coring € is a flat left and right A-module, the semialgebra 8 is
a coflat left and right C-comodule, and the ring A has a finite weak homological
dimension.

Theorem. The functor mapping the quotient category of the homotopy category of
semiflat complexes of A-flat (C-coflat, semiflat) 8-semimodules by its intersection
with the thick subcategory of C-coacyclic complexes of 8-semimodules into the
semiderived category of 8-semimodules is an equivalence of triangulated categories.

Proof. We will show that in the following chain of functors betweeen triangu-
lated categories all the three functors are equivalences of categories. The quotient
category of (the homotopy category of) semiflat complexes of C-coflat (semiflat)
8-semimodules by (the thick subcategory of) C-coacyclic semiflat complexes of
C-coflat (semiflat) 8-semimodules is mapped into the quotient category of com-
plexes of C-coflat 8-semimodules by C-coacyclic complexes of C-coflat 8-semimod-
ules. The latter category is mapped into the quotient category of the homotopy
category of complexes of A-flat 8-semimodules by C-coacyclic complexes of A-flat
S-semimodules, and then into the semiderived category of 8-semimodules. Analo-
gously, in the chain of functors mapping the quotient category of (the homotopy
category of) semiflat complexes of A-flat 8-semimodules by (the thick subcate-
gory of) C-coacyclic semiflat complexes of A-flat 8-semimodules into the quotient
category of C-coflat complexes of A-flat 8-semimodules by C-coacyclic C-coflat
complexes of A-flat 8-semimodules, into the quotient category of complexes of
A-flat 8-semimodules by C-coacyclic complexes of A-flat 8-semimodules, and into
the semiderived category of 8-semimodules, all the three functors are equivalences
of categories.

In order to prove this, we will construct for any complex of 8-semimodules
K* a morphism L;(X*) — XK°* into K* from a complex of A-flat 8-semimod-
ules L; (K*), for any complex of A-flat 8-semimodules £° a morphism £° —
Ro(L£°®) from L° into a complex of C-coflat 8-semimodules Ry(L£°*), and for any
C-coflat complex of A-flat 8-semimodules (complex of C-coflat 8-semimodules) M*
a morphism L3(M®) — M* into M* from a semiflat complex of A-flat (semiflat)
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S-semimodules L3 (M?*) such that in each case the cone of this morphism will be a
C-coacyclic complex of 8-semimodules. Then we will apply the following lemma.

Lemma. Let H be a category and F be its full subcategory. Let S be a localizing
(i.e., satisfying the Ore conditions) class of morphisms in H. Assume that for any
object X of H there exists an object U of F together with a morphism U — X
belonging to S (or for any object X of H there exists an object V' of F together with
a morphism X — V belonging to S). Then the functor F[(SNF)~ — H[S™]
induced by the embedding F — H is an equivalence of categories.

Proof. 1t is obvious that the functor between the localized categories is surjective
on the isomorphism classes of objects; let us show that it is bijective on morphisms.
Any morphism in the category H[S™!] between two objects U and V from F can
be represented by a fraction U < X — V, where X is an object of H and the
morphism X — U belongs to S. By our assumption, there is an object W from F
together with a morphism W — X from S. Then the fractions U «— X — V
and U «+ W — V represent the same morphism in H[S™!], while the second
fraction represents also a certain morphism in F[(S NF)~!]. Furthermore, any two
morphisms from an object U to an object V in the category F[(S N F)~!] can be
represented by two fractions of the form U « U’ = V, with the same morphism
U — U’ from SNF and two different morphisms U’ = V (since the class of mor-
phisms SN F in the category F satisfies the right Ore conditions). If the images
of these morphisms in the category H[S™!] are equal, then there is a morphism
X — U’ from S with an object X from H such that two compositions X — U’ = V
coincide. Again there is an object W from F together with a morphism W — X
belonging to S. Since the two compositions W — U’ = V coincide in F, the mor-
phisms represented by the two fractions U « U’ = V are equal in F[(SNF)~1]. O

Let K* be a complex of 8-semimodules. Let P(M) — M denote the func-
torial surjective morphism onto an arbitrary 8-semimodule M from an A-flat
S-semimodule P(M) constructed in Lemma 1.3.2. As explained in the proof of
Theorem 2.5, the functor P is the direct sum of a constant functor M —— P(0)
and a functor PT sending zero morphisms to zero morphisms. For any 8-semi-
module M, the semimodule P (M) is A-flat and the morphism P (M) — M
is surjective.

Set Po(K*) = PH(K®), P1(K*) = P (ker(P°(K°*) — K°)), etc. For d
large enough, the kernel Z(XK*®) of the morphism P;_1(K*) — Py_o(K*) will
be a complex of A-flat 8-semimodules. Let L1 (JK®) be the total complex of the
bicomplex

2(K*) —— Py 1 (K —— o s PUK®) —— Po(K).

Then L, (K*) is a complex of A-flat 8-semimodules and the cone of the morphism
L;(X*) — XK° is the total complex of a finite exact sequence of complexes of
8-semimodules, and therefore, a C-coacyclic complex (and even an 8-coacyclic
complex).
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Now let £° be a complex of A-flat 8-semimodules. Let M — J(M) denote
the functorial injective morphism from an arbitrary A-flat 8-semimodule M into
a C-coflat 8-semimodule J(M) with an A-flat cokernel J(M)/M constructed in
Lemma 1.3.3. Set J°(£°) = J(£°), J*(£*) = J(coker(L* — J°(L*))), etc. Let
Ro(L£°®) be the total complex of the bicomplex

IL) — L) —F«L) — -,

constructed by taking infinite direct sums along the diagonals. Then Ro(L°) is a
complex of C-coflat §-semimodules and the cone of the morphism £°* — Ry(L°)
is a C-coacyclic (and even 8-coacyclic) complex by Lemma 2.1.

Finally, let M*® be a C-coflat complex of A-flat left 8-semimodules. Then the
complex 8 Oe M* is a semiflat complex of A-flat 8-semimodules. Moreover, if M*
is a complex of C-coflat 8-semimodules, then 8§ Oe M*® is a semiflat complex of
semiflat 8-semimodules. Consider the bar construction

- —— 808080 M* —— 8Te80e M* —— SO M°.

Let L3(M*®) be the total complex of this bicomplex, constructed by taking infinite
direct sums along the diagonals. Then the complex Lg(M®) is semiflat by 2.4
and the cone of the morphism L3(M®) — M* is not only C-coacyclic, but even
C-contractible (the contracting homotopy being induced by the semiunit morphism
C—38). O

Remark. It is clear that the constructions of complexes Ro(L°) and L3(M®) can
be applied to arbitrary complexes of 8-semimodules, with no (co)flatness condi-
tions imposed on them. For example, an alternative way of proving Theorem 2.6 is
to show that the functors mapping the quotient category of semiflat complexes of
C-coflat (semiflat) 8-semimodules by C-coacyclic semiflat complexes into the quo-
tient category of complexes of €/A-coflat 8-semimodules by C-coacyclic complexes
into the semiderived category of 8-semimodules are both equivalences of categories.
Indeed, for any complex of 8-semimodules £° the complex Ry(L°) is a complex
of C/A-coflat 8-semimodules by Lemma 1.3.3 and for any complex of C/A-coflat
S-semimodules K* the complex L;(&K*) is a complex of C-coflat S§-semimodules
by Remark 1.3.2 (hence the complex L3L; (&K*) is a semiflat complex of semiflat
S-semimodules). Yet another useful approach to proving Theorem 2.6 was pre-
sented in 2.5: any complex of 8-semimodules K* can be connected with a semiflat
complex of semiflat 8-semimodules in a functorial way by a chain of three mor-
phisms K* «— L3(K*) — L3R2(K*) «— L3sRyL;(XK®) with C-coacyclic cones,
and when K* is a semiflat complex of (A-flat, C-coflat, or semiflat) 8-semimodules,
all the complexes in this chain are also semiflat complexes of (A-flat, C-coflat, or
semiflat) 8-semimodules.

Question. Is the quotient category of C-coflat complexes of 8-semimodules by the
thick subcategory of C-coacyclic C-coflat complexes equivalent to the semiderived
category of 8-semimodules?
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2.7 Derived functor SemiTor

The following lemma provides a general approach to double-sided derived functors
of (partially defined) functors of two arguments.

Lemma. Let Hy and Ha be two categories, H be a (not necessarily full) subcategory
in Hy x Ha, and S1 and So be localizing classes of morphisms in Hy and Hs. Let
K be a category and ©: H — K be a functor. Let F1 and F3 be subcategories
in Hy and Ha. Assume that both functors F;[(S; NF;)™ — H;[S; '] induced by
the embeddings F; — H; are equivalences of categories and the subcategory H
contains both subcategories F1 x Hy and Hy X Fo. Furthermore, assume that the
morphisms ©(U,t) and ©(s,V) are isomorphisms in the category K for any ob-
jects U € Fy, V € Fo and any morphisms s € Sy, t € So. Then the restrictions
of the functor © to the subcategories F1 x Hy and Hy X Fo factorize through their
localizations by their intersections with S1 X Sa, so one can define derived functors
D10, DoO: Hi[ST!] x Ha[S5 | — K by restricting the functor © to these subcate-
gories. Moreover, the derived functors D10 and DO are naturally isomorphic to
each other and therefore do not depend on the choice of subcategories F1 and Fo,
provided that both subcategories exist.

Proof. Let us show that for any morphism s € S; N F; and any object X € Hso
the morphism ©(s, X) is an isomorphism in K. By assumptions of the lemma, the
image of X in HQ[SEI] is isomorphic to the image of a certain object V' € Fs.
First suppose that there exists a fraction X < Y — V of morphisms from So
connecting X and V. Then both morphisms of morphisms ©(s,Y) — O(s, X)
and O(s,Y) — O(s, V) are isomorphisms of morphisms, since the source and the
target of s belong to F;. Now the morphism ©(s, X) is an isomorphism, because
the morphism ©(s, V) is an isomorphism. In the general case, there exist a fraction
X « Y — V connecting X and V and two morphisms Y’ — Y and V — V' such
that the morphism Y — X and two compositions Y’ - Y - VandY -V — V'
belong to So. Then the compositions of morphisms of morphisms O(s,Y’) —
O(s,Y) — O(s,V) and O(s,Y) — O(s,V) — O(s, V') are isomorphisms
of morphisms, so the morphism of morphisms ©(s,Y) — O(s, V) is both left
and right invertible, and therefore, is an isomorphism of morphisms. Since the
morphism of morphisms ©(s,Y) — O(s, X) is also an isomorphism of morphisms
and the morphism ©(s, V) is an isomorphism, one can conclude that the morphism
O(s, X) is also an isomorphism.

Thus the derived functor D10 is defined; it remains to construct an isomor-
phism between D10 and D2O. But the compositions of the functors D; 0 and DG
with the functor Fy[(S1 N F1)~!] x Fo[(Se M F2)™1] — Hy[S; '] x Ha[S5*] coincide
by definition, and the latter functor is an equivalence of categories. O

Assume that the coring C is a flat left and right A-module, the semialgebra 8
is a coflat left and right C-comodule, and the ring A has a finite weak homological
dimension.
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The double-sided derived functor SemiTor® on the Cartesian product of the
semiderived categories of right and left 8-semimodules is defined as follows. Con-
sider the partially defined functor of semitensor product of complexes of 8-semi-
modules

Os: Hot(simod-8) x Hot(8-simod) ---+ Hot(k-mod).

This functor is defined on the full subcategory of the Cartesian product of ho-
motopy categories that consists of pairs of complexes (N*,M*) such that either
N* or M* is a complex of A-flat 8-semimodules. Compose it with the functor of
localization Hot(k-mod) — D(k-mod) and restrict to the Cartesian product of
the homotopy category of semiflat complexes of A-flat right 8-semimodules and
the homotopy category of complexes of left 8-semimodules.

By the definition, the functor so obtained factorizes through the semide-
rived category of left 8-semimodules in the second argument, and it follows from
Theorem 2.6 and Lemma 2.7 that it factorizes through the quotient category of
the homotopy category of semiflat complexes of A-flat right 8-semimodules by
its intersection with the thick subcategory of C-coacyclic complexes in the first
argument.

Explicitly, let N* be a C-coacyclic semiflat complex of A-flat right 8-semi-
modules and M*® be a complex of left 8-semimodules. Using the constructions
from the proof of Theorem 2.6, connect M*® with a semiflat complex of A-flat
left 8-semimodules £° by a chain of morphisms with C-coacyclic cones. Then the
complexes N*OgM* and N* Qg L° are connected by a chain of quasi-isomorphisms,
and since the complex N* Qg L* is acyclic, the complex N* $g M* is acyclic, too.

Thus we have constructed the double-sided derived functor

SemiTor® : D¥(simod-8) x D®(8-simod) —— D(k-mod).

According to Lemma 2.7, the same derived functor can be obtained by restrict-
ing the functor of semitensor product to the Cartesian product of the homotopy
category of complexes of left 8-semimodules and the homotopy category of semi-
flat complexes of A-flat right 8-semimodules, or indeed, to the Cartesian product
of the homotopy categories of semiflat complexes of A-flat right and left 8-semi-
modules. One can also use semiflat complexes of C-coflat 8-semimodules or semi-
flat complexes of semiflat S8-semimodules instead of semiflat complexes of A-flat
S-semimodules.

In particular, when the coring C is a flat left and right A-module and the ring
A has a finite weak homological dimension, one defines the double-sided derived
functor

Cotor®: D®(comod-€) x D®(C-comod) —— D(k-mod)

by composing the functor of cotensor product

Oe: Hot(comod-€) x Hot(C-comod) —— Hot(k-mod)
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with the functor of localization Hot(k-mod) — D(k-mod) and restricting it to the
Cartesian product of the homotopy category of complexes of coflat right C-comod-
ules and the homotopy category of arbitrary complexes of left C-comodules. The
same derived functor is obtained by restricting the functor of cotensor product to
the Cartesian product of the homotopy category of arbitrary complexes of right
C-comodules and the homotopy category of complexes of coflat left C-comodules,
or indeed, to the Cartesian product of the homotopy categories of coflat right
C-comodules and coflat left C-comodules. One can also use coflat complexes of
C-comodules or coflat complexes of A-flat C-comodules instead of complexes of
coflat C-comodules.

Remark. One can define a version of derived functor Cotor without making any
homological dimension assumptions by considering pro-objects in the spirit of [44,
45]. Let k-mod® denote the category of pro-objects over the category k-mod that
can be represented by countable filtered projective systems of k-modules; this is
an abelian tensor category with exact functors of countable filtered projective
limits and a right exact functor of tensor product commuting with countable
filtered projective limits. Let A be a ring object in k-mod”; then one can consider
right and left A-module objects and A-A-bimodule objects in k-mod®, which we
will simply call right and left A-modules and A-A-bimodules. Furthermore, let
C be a coring object in the tensor category of A-A-bimodules; we will consider
C-comodule objects in the categories of right and left A-modules and call them
right and left €-comodules. Define the functor of cotensor product over € taking
values in the category k-mod“ in the usual way and extend it to the Cartesian
product of the homotopy categories of complexes of right and left €-comodules by
taking infinite products along the diagonals in the bicomplex of cotensor products.
The categories of right and left A-modules are abelian. Assume that € is a flat
left and right A-module; then the categories of right and left C-comodules are
also abelian. Define the semiderived categories of right and left C-comodules as
the quotient categories of the homotopy categories by the thick subcategories of
A-contraacyclic complexes (the contraacyclic complexes being defined in terms
of countable products). Then one can use Lemma 2.7 to define the double-sided
derived functor ProCotor® of cotensor product on the Cartesian product of the
semiderived categories of right and left €-comodules in terms of coflat complexes
of C-comodules.

In order to obtain for any complex of G-comodules M* a coflat complex of
C-comodules connected with M*® by a functorial chain of two morphisms with
A-contraacyclic cones, one needs to construct a surjective morphism onto any
C-comodule M from an A-flat C-comodule F(M). This construction is dual to
that of Lemma 1.3.3 and uses the surjective map onto any A-module M from an
A-flat A-module §(M) = A ®¢ M’, where M’ is a pro-k-module represented by
a countable filtered projective system of flat k-modules mapping onto the pro-k-
module M and ®% denotes the functor of tensor product in k-mod“. The A-flat
C-comodule F(M) is obtained as the projective limit in k-mod® of the projective
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system of €-comodules M «— Q(M) «— Q(Q(M)) «— --- Given a complex of
A-flat G-comodules M*, a coflat complex of C-comodules endowed with a mor-
phism from the complex M* with an A-contractible cone is obtained as the total
complex of the cobar complex of M*, constructed by taking infinite products along
the diagonals. One can also consider the category of arbitrary pro-k-modules in
place of k-mod®. Notice that for a conventional coalgebra € over a field A = k
and complexes of C-comodules N* and M?* in the category of k-vector spaces that
are both bounded from above or from below the object of the derived category
of k-vector spaces obtained by applying the derived functor of projective limit to
the object ProCotor®(N*, M®) of the derived category D(k-vect”) coincides with
Cotor®T(N*, M*) (see 0.2.10).

2.8 Relatively semiflat complexes

We keep the assumptions and notation of 2.5, 2.6, and 2.7.

One can compute the derived functor Cotor® using resolutions of a different
kind. Namely, the cotensor product N* Oe M* of a complex of A-flat right C-co-
modules N* and a complex of €/A-coflat C-comodules M*® represents an object
naturally isomorphic to Cotore(M‘,N‘) in the derived category of k-modules.
Indeed, the complex Ry(N®) is a complex of coflat C-comodules and the cone
of the morphism N* — Ro(N*) is coacyclic with respect to the exact category
of A-flat right C-comodules, hence the morphism N* Oe¢ M* — Ro(N®) Qe M*®
is a quasi-isomorphism. One can prove that the cotensor product of a complex
coacyclic with respect to the exact category of A-flat G-comodules and a complex
of €/A-coflat C-comodules is acyclic in a way completely analogous to the proof
of Lemma 2.2.

One can also compute the derived functor SemiTor® using resolutions of
different kinds. Namely, a complex of left 8-semimodules is called semiflat relative
to A if its semitensor product with any complex of A-flat right 8-semimodules that
as a complex of C-comodules is coacyclic with respect to exact category of A-flat
right C-comodules is acyclic (cf. Theorem 7.2.2(a)). For example, the complex
of 8-semimodules induced from a complex of €/A-coflat C-comodules is semiflat
relative to A, hence the complex L3R5 (K*) is semiflat relative to A for any complex
of left 8-semimodules K*. The semitensor product N* g M?* of a complex of A-flat
right 8-semimodules N* and a complex of left 8-semimodules M* semiflat relative
to A represents an object naturally isomorphic to SemiTor® (N*®,M*) in the derived
category of k-modules. Indeed, L3R5 (N®) is a semiflat complex of right 8-semimod-
ules connected with N* by a chain of morphisms N* — Ry(N*) «— L3R2(N®)
whose cones are coacyclic with respect to the exact category of A-flat C-comod-
ules and contractible over €, respectively. Hence there is a chain of two quasi-
isomorphisms connecting N* ¢g M* with LgRa(N*®) Os M".

Analogously, a complex of left S-semimodules is called semifiat relative to C
if its semitensor product with any C-contractible complex of C-coflat right 8-semi-
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modules is acyclic. For example, the complex of 8-semimodules induced from any
complex of C-comodules is semiflat relative to €, hence the complex L3(XK®) is
semiflat relative to € for any complex of left 8-semimodules K°. The semitensor
product N* g M*® of a complex of C-coflat right 8-semimodules N* and a complex
of left 8-semimodules M* semiflat relative to € represents an object naturally
isomorphic to SemiTors(N',M') in the derived category of k-modules. Indeed,
L3(N*) is a semiflat complex of right 8-semimodules and the cone of the morphism
L3(N*®) — N°* is a C-contractible complex of C-coflat right 8-semimodules. It
follows that the semitensor product of a complex of left 8-semimodules semiflat
relative to € with a C-coacyclic complex of C-coflat right 8-semimodules is acyclic.

At last, a complex of A-flat right S-semimodules is called semifiat relative to
C relative to A (8/C/A-semiflat) if its semitensor product with any C-contractible
complex of C/A-coflat left 8-semimodules is acyclic. For example, the complex of
S-semimodules induced from a complex of A-flat C-comodules is 8/€/A-semiflat,
hence the complex L3lL; (K*) is 8/C/A-semiflat for any complex of right 8-semi-
modules K°*. The semitensor product N* ¢0g M* of an 8/C/A-semiflat complex
of A-flat right 8-semimodules N* and a complex of €/A-coflat left 8-semimodules
M represents an object naturally isomorphic to SemiTor® (N*,M*) in the derived
category of k-modules. Indeed, L3(M?*®) is a complex of left 8-semimodules semiflat
relative to A and the cone of the morphism L3(M®) — M?* is a C-contractible
complex of €/A-coflat right 8-semimodules. It follows that the semitensor product
of an 8/C/A-semiflat complex of A-flat right 8-semimodules with a C-coacyclic
complex of C/A-coflat left 8-semimodules is acyclic.

The functors mapping the quotient categories of the homotopy categories
of complexes of 8-semimodules semiflat relative to A, complexes of 8-semimod-
ules semiflat relative to €, and 8/€/A-semiflat complexes of A-flat 8-semimodules
by their intersections with the thick subcategory of C-coacyclic complexes into the
semiderived category of 8-semimodules are equivalences of triangulated categories.
The same applies to complexes of A-flat, C-coflat, or €/A-coflat 8-semimodules.
These results follow easily from either of Lemmas 2.5 or 2.6. So one can define
the derived functor SemiTor® by restricting the functor of semitensor product to
these categories of complexes of 8-semimodules as explained above.

Remark. Assuming that C is a flat right A-module, 8 is a coflat right and a
C/A-coflat left C-comodule, and A has a finite weak homological dimension, one
can define the double-sided derived functor SemiTor® on the Cartesian product
of the semiderived category of A-flat right 8-semimodules and the semiderived
category of left 8-semimodules. The former is defined as the quotient category of
the homotopy category of complexes of A-flat right 8-semimodules by the thick
subcategory of complexes that as complexes of C-comodules are coacyclic with
respect to the exact category of A-flat right G-comodules. The derived functor
is constructed by restricting the functor of semitensor product to the Cartesian
product of the homotopy category of complexes of A-flat right 8-semimodules and
the homotopy category of complexes of left 8-semimodules semiflat relative to A,
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or the Cartesian product of the homotopy category of semiflat complexes of A-flat
right 8-semimodules and the homotopy category of complexes of left 8-semimod-
ules. Assuming that C is a flat left and right A-module, 8 is a flat left A-module
and a coflat right C-comodule, and A has a finite weak homological dimension,
one can define the left derived functor SemiTor® on the Cartesian product of
the semiderived category of C/A-coflat right 8-semimodules and the semiderived
category of left 8-semimodules. The former is defined as the quotient category of
the homotopy category of complexes of C/A-flat right 8-semimodules by the thick
subcategory of complexes that as complexes of C-comodules are coacyclic with
respect to the exact category of €/A-coflat right C-comodules (cf. Remark 7.2.2).
The derived functor is constructed by restricting the functor of semitensor product
to the Cartesian product of the homotopy category of complexes of €/A-coflat
right 8-semimodules and the homotopy category of 8/C/A-semiflat complexes of
A-flat left 8-semimodules, or the Cartesian product of the homotopy category of
semiflat complexes of C-coflat right 8-semimodules and the homotopy category of
complexes of left 8-semimodules. Both of these definitions of derived functors are
particular cases of Lemma 2.7.

2.9 Remarks on derived semitensor product of bisemimodules

We would like to define the double-sided derived functor of semitensor product
of bisemimodules and in such a way that derived semitensor products of several
factors would be associative. It appears that there are two approaches to this
problem, even in the case of modules over rings. First suppose that we only wish
to have associative derived semitensor products of three factors. Let 8§ be a semi-
algebra over a coring € and J be a semialgebra over a coring D, both satisfying
the conditions of 2.6.

The semiderived category of 8-T-bisemimodules DS(8-simod-T) is defined
as the quotient category of the homotopy category Hot(8-simod-J) by the thick
subcategory of complexes of bisemimodules that as complexes of C-D-bicomodules
are coacyclic with respect to the abelian category of C-D-bicomodules. We would
like to define derived functors of semitensor product

0% : D% (simod-8) x D% (8-simod-T) —— D (simod-T)
0% : DS(8-simod-T) x D%(T-simod) —— D®(8-simod)
and prove the associativity isomorphism
SemiTor” (N* 0% K*, M*) ~ SemiTor®(N*, K* 02 M*).
Let us call a complex of C-coflat right 8-semimodules quite semifiat if it
belongs to the minimal triangulated subcategory of the homotopy category of

S-semimodules containing the complexes induced from complexes of coflat right
C-comodules and closed under infinite direct sums. One can show (see Remark 7.2.2
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and the proof of Theorem 8.2.2) that the quotient category of the category of
quite semiflat complexes of C-coflat 8-semimodules by its minimal triangulated
subcategory containing the complexes of 8-semimodules induced from complexes
of C-comodules coacyclic with respect to the exact category of C-coflat C-comodules
and closed under infinite direct sums is equivalent to the semiderived category of
S-semimodules. In other words, any C-coacyclic quite semiflat complex of C-coflat
8-semimodules can be obtained from the complexes of 8-semimodules induced
from the total complexes of exact triples of complexes of coflat C-comodules using
the operations of cone and infinite direct sum.

It follows (by Lemmas 2.2 and 1.2.2) that the restriction of the functor of
semitensor product Hot(simod-8) x Hot(8-simod-J) --» D*(simod-T) to the Carte-
sian product of the homotopy category of quite semiflat complexes of C-coflat
right 8-semimodules and the homotopy category of complexes of 8-T-bisemimod-
ules factorizes through the Cartesian product of semiderived categories of right
S-semimodules and 8-T-bisemimodules. So the desired derived functors are de-
fined; and the associativity isomorphism follows from Proposition 1.4.4. Notice
that this definition of a double-sided derived functor is not a particular case of the
construction of Lemma 2.7.

Question. Can one use arbitrary semiflat complexes of C-coflat 8-semimodules or,
at least, semiflat complexes of semiflat 8-semimodules instead of quite semiflat
complexes in this construction? In other words, assume that N* is a C-coacyclic
semiflat complex of semiflat right 8-semimodules and K is an 8-T-bisemimodule.
Is the complex N* ¢g K necessarily D-coacyclic? (Cf. 4.9.)

Now suppose that we want to have derived semitensor products of any num-
ber of factors. Let 8 be a semialgebra over a coring € over a k-algebra A, J be
a semialgebra over a coring D over a k-algebra B, and R be a semialgebra over a
coring € over a k-algebra F', all three satisfying the conditions of 2.6. We would
like to define the derived functor of semitensor product

O% : D¥(8-simod-R) x D (R-simod-T) —— D(8-simod-T).

This can be done, assuming that the k-algebras A, B, and F are flat k-modules.
Let us call a complex of F-flat 8-R-bisemimodules strongly R-semiflat if
its semitensor product over R with any &-D-coacyclic complex of R-T-bisemi-
modules is a C-D-coacyclic complex of 8-F-bisemimodules for any semialgebra J.
Using bimodule versions of the constructions of Lemmas 1.3.2 and 1.3.3, one can
prove that the quotient category of the homotopy category of strongly R-semiflat
complexes of F-flat 8-R-bisemimodules by its intersection with the thick subcat-
egory of C-E-coacyclic bisemimodules is equivalent to the semiderived category of
8-R-bisemimodules, and the analogous result holds for the homotopy category of
strongly 8-semiflat and strongly R-semiflat complexes of A-flat and F-flat S-R-bi-
semimodules. One just uses the functor G(M) = @, c s A®x F in the construction
of Lemma 1.1.3, considers the bicoaction and bisemiaction morphisms in place of
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the coaction and semiaction morphisms, etc. (As we only want our A-F-bimod-
ules to be A-flat and F-flat, no assumption about the homological dimension of
A®y F is needed.) So Lemma 2.7 is applicable to the functor of semitensor product
Hot(8-simod-R) x Hot(R-simod-T) --+ D% (8-simod-T) and we obtain the desired
double-sided derived functor. There is an associativity isomorphism

(N* 03 56) 0F M = N* 0F (K* 05 M),

In the case of derived cotensor product of bicomodules, one does not need to
introduce quite coflat or strongly coflat complexes. It suffices to consider complexes
of C-coflat C-comodules or complexes of (C-coflat and) E-coflat C-E-bicomodules.
One can define double-sided derived functors

02 : D(comod-€) x D®°(€-comod-D) —— D%(comod-D)
0% : D®(€-comod-D) x D®(D-comod) —— D% (C-comod)

and prove the associativity isomorphism
Cotor® (N* 02 K*, M*) ~ Cotor®(N*, K* 0% M*)

by replacing the complex of right C-comodules N* with a complex of coflat right
C-comodules and the complex of left D-comodules M*® by a complex of coflat left
D-comodules representing the same object in the coderived category of comodules.
The derived functors 0 and (0% are well defined, since any coacyclic complex of
coflat comodules is coacyclic with respect to the exact category of coflat comodules
(see 7.2.2). If the k-modules A and F are flat, one can prove that the quotient
category of the homotopy category of €-coflat C-E-bicomodules by its intersection
with the thick subcategory of coacyclic complexes of C-E-bicomodules is equivalent
to the coderived category of bicomodules, and the same applies to the homotopy
category of C-coflat and E-coflat C-E-bicomodules. Then one can apply Lemma 2.7
in order to define the double-sided derived functor

0% : D(C-comod-€&) x D®(&-comod-D) —— D% (C-comod-D),
and there is an associativity isomorphism

(N® Og K°) 0% M* ~ N* Og (X* 0% M*).






3 Semicontramodules and
Semihomomorphisms

Throughout Chapters 3-11, kY is an injective cogenerator of the category of
k-modules. One can always take k¥ = Homgy(k, Q/Z).

3.1 Contramodules

For two k-algebras A and B, we will denote by A-mod-B the category of k-modules
with an A-B-bimodule structure.

3.1.1 The identity Hom4 (K ®4 M, P) ~ Hom 4 (M, Hom4 (K, P)) for left A-mod-
ules M, P and an A-A-bimodule K means that the category opposite to the
category of left A-modules is a right module category over the tensor category
of A-A-bimodules with the functor of right action (P°°, N) —— Hom(N, P)P.
Therefore, one can consider module objects in this module category over ring
objects in A-mod-A and comodule objects in this module category over coring
objects in A-mod-A.

Clearly, a ring object B in A-mod-A is just a k-algebra endowed with a
k-algebra morphism A — B. A B-module in A-mod°? is an A-module P endowed
with a map P — Hom (B, P); so one can easily see that B-modules in A-mod®°?
are just (objects of the category opposite to the category of) usual left B-modules.

Let € be a coring over A. The category of left contramodules over € is the
opposite category to the category of comodule objects in the right module category
A-mod® over the coring object € in the tensor category A-mod-A. In other words,
a left C-contramodule ‘B is a left A-module endowed with a left contraaction map
Homy (€, ) — B, which should be a morphism of left A-modules satisfying the
following contraassociativity and counity equations. First, two maps

Hom4(C®4 C, PB) = Homu (€, Hom4(C,P) = Hom4(C,P),

one of which is induced by the comultiplication map of € and the other by the
contraaction map, should have equal compositions with the contraaction map
Homy (€, ) — B, and second, the composition

P = Homa(4,P) — Homa(C,B) — P

of the map induced by the counit map of € with the contraaction map should be
equal to the identity map of B. A right contramodule R over C is a right A-module
endowed with a right contraaction map Hom gop (C,R) — R, which should be a
map of right A-modules satisfying the analogous equations.

L. Positselski, Homological Algebra of Semimodules and Semicontramodules, Monografie 57
Matematyczne 70, DOI 10.1007/978-3-0346-0436-9_4, © Springer Basel AG 2010
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3.1.2 The standard example of a C-contramodule: for any right C-comodule N
endowed with a left action of a k-algebra B by C-comodule endomorphisms and any
left B-module V, the left A-module Homp(N, V') has a natural left C-contramod-
ule structure. The left C-contramodule Hom4 (G, V') is called the C-contramodule
induced from a left A-module V. According to Lemma 1.1.2, the k-module of
contramodule homomorphisms from the induced C-contramodule to an arbitrary
C-contramodule is described by the formula

Hom®(Hom (€, V), PB) ~ Hom 4 (V,P).

We will denote the category of left C-contramodules by C-contra and the
category of right C-contramodules by contra-C. The category of left C-contra-
modules is abelian whenever C is a projective left A-module. Moreover, the left
A-module € is projective if and only if the category C-contra is abelian and the
forgetful functor C-contra — A-mod is exact. This can be proven by the same
adjoint functor argument as the analogous result for C-comodules.

For any coring C, there are two natural exact categories of left contramod-
ules: the exact category of A-injective C-contramodules and the exact category
of arbitrary C-contramodules with A-split exact triples. Besides, any morphism
of C-contramodules has a kernel and the forgetful functor C-contra — A-mod
preserves kernels. When a morphism of C-contramodules has the property that its
cokernel in the category of A-modules is preserved by the functors of homomor-
phisms from € and € ® 4 € over A, this cokernel has a natural C-contramodule
structure, which makes it the cokernel of that morphism in the category of C-con-
tramodules.

Infinite products always exist in the category of C-contramodules and the
forgetful functor C-contra — A-mod preserves them. The induction functor
A-mod — C-contra preserves both infinite direct sums and infinite products.
To construct direct sums of C-contramodules, one can present them as cokernels
of morphisms of induced contramodules. All cokernels exist in the category of
C-contramodules [6], so the category of C-contramodules has infinite direct sums.

Question. If € is a flat right A-module, then subcomodules of finite direct sums of
copies of € constitute a set of generators of the category of left C-comodules [23,
3.13]. Does the category of C-contramodules have a set of cogenerators?

3.1.3 Assume that the coring C is a projective left and a flat right A-module and
the ring A has a finite left homological dimension (homological dimension of the
category of left A-modules).

Lemma.

(a) There exists a (not always additive) functor assigning to any left C-comod-
ule a surjective map onto it from an A-projective C-comodule. Moreover, the
kernel of this map is an iterated extension of coinduced C-comodules.
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(b) There ezists a (not always additive) functor assigning to any left C-contra-
module an injective map from it into an A-injective C-contramodule. More-
over, the cokernel of this map is an iterated extension of induced C-contra-
modules.

Proof. The proof of part (a) is completely analogous to the proof of Lemma 1.1.3
and part (b) is proven in the following way. Let P — G(P) be an injective map
from an A-module P into an injective A-module G(P) functorially depending on P.
For example, one can take G(P) to be the direct product of copies of the A-module
Hom 4 (A4, k") numbered by all k-module homomorphisms P — kY. Let 8 be a
left C-contramodule. Consider the contraaction map Homu4(C,PB) — PB; it is a
surjective morphism of C-contramodules; let £() denote its kernel. Let Q(P) be
the cokernel of the composition

A(P) — Homa(C,P) — Homa(C,G(P)).

Then the composition of maps Hom 4 (C, ) — Hom4(C,G(P)) — Q(P) fac-
torizes through the surjection Homu4 (€, ) — P, so there is a natural injective
morphism of C-contramodules P — Q(P). Let us show that the injective di-
mension dig Q(P) of the A-module Q(P) is smaller than that of PB. Indeed, the
A-module Hom4 (€, G(*P)) is injective, hence

dig Q(P) = dig K(P) — 1 < dig Homa (€, P) — 1 < dia(P) — 1,

because the A-module K(P) is a direct summand of the A-module Hom 4(C, )
and an injective resolution of the A-module Hom 4 (C, J3) can be constructed by ap-
plying the functor Hom 4 (€, —) to an injective resolution of 3. Notice that the cok-
ernel of the map P — Q(P) is an induced C-contramodule Hom 4(C, G(P)/P).
It remains to iterate the functor P8 — Q(P) sufficiently many times. O

3.2 Cohomomorphisms

3.2.1 The k-module of cohomomorphisms Cohome (M, ) from a left C-comodule
M to a left C-contramodule B is defined as the cokernel of the pair of maps

Homy (C®4 M, PB) = Homa (M, Homu4 (C,B)) = Homa (M, P)

one of which is induced by the C-coaction in M and the other by the C-contraaction
in B. The functor of cohomomorphisms is neither left nor right exact in general;
it is right exact if the ring A is semisimple. For any left A-module U and any left
C-contramodule P there is a natural isomorphism

Cohome (€ ®4 U, B) =~ Homu4 (U, B),

and for any left C-comodule M and any left A-module V' there is a natural iso-
morphism
Cohome (M, Hom 4 (C, V)) >~ Hom4 (M, V).
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These assertions follow from Lemma 1.2.1. Explicitly, the first isomorphism can
be obtained by applying the functor Homu4 (U, —) to the split exact sequence of
A-modules Hom4(C ®4 C, PB) — Homa(C,P) — P and the second one can
be obtained by applying the functor Hom(—, V') to the split exact sequence of
A-modules M — C R4 M — CR4 CR4 M.

3.2.2 Assuming that € is a projective left A-module, a left comodule M over €
is called coprojective if the functor of cohomomorphisms from M is exact on the
category of left C-contramodules. It is easy to see that any coprojective C-comodule
is a projective A-module. The C-comodule coinduced from a projective A-module
is coprojective. Assuming that C is a flat right A-module, a left contramodule
over C is called coinjective if the functor of cohomomorphisms into 3 is exact on
the category of left C-comodules. Any coinjective C-contramodule is an injective
A-module. The C-contramodule induced from an injective A-module is coinjective.

A left comodule M over C is called coprojective relative to A (C/A-copro-
jective) if the functor of cohomomorphisms from M maps exact triples of A-injec-
tive C-contramodules to exact triples. A left contramodule 8 over € is called coin-
jective relative to A (€/A-coinjective) if the functor of cohomomorphisms into P
maps exact triples of A-projective C-comodules to exact triples. Any coinduced
C-comodule is €/A-coprojective and any induced C-contramodule is €/A-coinjec-
tive.

For any right C-comodule N and any left C-comodule M there is a natural
isomorphism

Homy (N Oe M, k) ~ Cohome (M, Homg (N, kY)).

Therefore, any coprojective C-comodule M is coflat and any €/A-coprojective C-co-
module M is €/A-coflat. Besides, a right C-comodule N is coflat if and only if
the left C-contramodule Homyg (N, kY) is coinjective; if a right G-comodule N is
C/A-coflat, then the left C-contramodule Homy (N, k) is €/A-coinjective (and the
converse can be deduced from Lemma 3.1.3(a) and the proof of the lemma below
in the assumptions of 3.1.3).

It appears that the notion of a relatively coprojective left C-comodule is
useful when € is a flat right A-module, and the notion of a relatively coinjective
left C-contramodule is useful when C is a projective left A-module.

Lemma.

(a) Assume that C is a flat right A-module. Then the class of C/A-coprojec-
tive left C-comodules is closed under extensions and cokernels of injective
morphisms. The functor of cohomomorphisms into an A-injective left C-con-
tramodule maps exact triples of ©€/A-coprojective left C-comodules to exact
triples.

(b) Assume that C is a projective left A-module. Then the class of C/A-coinjec-
tive left C-contramodules is closed under extensions and kernels of surjective
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morphisms. The functor of cohomomorphisms from an A-projective left C-co-
module maps exact triples of C/A-coinjective left C-contramodules to exact
triples.

Proof. Part (a): these results follow from the standard properties of the left derived
functor of the right exact functor of cohomomorphisms on the Cartesian product
of the abelian category of left C-comodules and the exact category of A-injective
left C-contramodules. One can define the k-modules Coextzé M,B), i=0,-1, ...
as the cohomology of the bar complex

e — HomA((:’®A(:’®AM, ‘,]3) E— HomA(G®AM, ‘13) E— HOHIA(M,‘,B)

for any left C-comodule M and any A-injective left C-contramodule B. Then
Coextd (M, ) =~ Cohome(M,P) and there are long exact sequences of Coext
associated with exact triples of comodules and contramodules. Now a left C-co-
module M is €/A-coprojective if and only if Coext’s (M, ) = 0 for any A-injective
left C-contramodule P and all ¢ < 0. Indeed, the “if” assertion follows from the
homological exact sequence, and “only if” holds since the bar complex is isomor-
phic to the complex of cohomomorphisms from the C-comodule M into the bar
resolution

- —— Hom4 (€, Hom4(C,P)) —— Hom4(C,P)

of the C-contramodule 3, which is a complex of A-injective C-contramodules,
exact except in degree 0 and split over A. The proof of part (b) is completely
analogous; it uses the left derived functor of the functor of cohomomorphisms on
the Cartesian product of the exact category of A-projective left C-comodules and
the abelian category of left C-contramodules. |

Remark. It follows from Lemma 5.2 that any extension of an A-projective C-co-
module by a coprojective C-comodule splits, and any extension of a coinjective
C-contramodule by an A-injective C-contramodule splits. The analogues of the
results of Remark 1.2.2 also hold for (relatively) coprojective comodules and coin-
jective contramodules in the assumptions of 3.1.3; see the proof of Lemma 5.3.2
for details.

Question. Are all relatively coflat C-comodules relatively coprojective? Are all
A-projective coflat C-comodules coprojective?

3.2.3 Let C be an arbitrary coring. Let us call a left C-comodule M quasicoprojec-
tive if the functor of cohomomorphisms from M is left exact on the category of left
C-contramodules, i.e., this functor preserves kernels. Any coinduced C-comodule
is quasicoprojective. Any quasicoprojective comodule is quasicoflat. Let us call a
left C-contramodule B quasicoinjective if the functor of cohomomorphisms into 3
is left exact on the category of left C-comodules, i.e., this functor maps cokernels
to kernels. Any induced C-contramodule is quasicoinjective. (Cf. Lemma 5.2.)
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Proposition 1. Let M be a left C-comodule, X be a right C-comodule endowed
with a left action of a k-algebra B by comodule endomorphisms, and P be a left
B-module. Then there is a natural k-module map

Cohome (M, Homp (X, P)) —— Homp (X Oe M, P),

which is an isomorphism, at least, in the following cases:

(a) P is an injective left B-module;

(b) M is a quasicoprojective left C-comodule;

(¢) C is a projective left A-module, M is a projective left A-module, X is a
C/A-coflat right C-comodule, X is a projective left B-module, and the ring B
has a finite left homological dimension;

(d) X as a right C-comodule with a left B-module structure is coinduced from a
B-A-bimodule.

Besides, in the case (c) the left B-module X Oe M is projective.

Proof. The map Homp(K ®4 M, P) — Homp(X Oe¢ M, P) annihilates the dif-
ference of two maps Homp(K®4 C®4 M, P) =% Homp(K®4 M, P) and this pair
of maps can be identified with the pair of maps Homa(€C ® 4 M, Homp (X, P)) =
Homy4 (M, Homp (X, P)) whose cokernel is, by the definition, the cohomomorphism
module Cohome (M, Homp(XK, P)). Hence there is a natural map Cohome(M,
Homp (X, P)) — Homp (X Oec M, P). The case (a) is obvious. In the case (b), it
suffices to present P as the kernel of a map of injective B-modules. The rest of the
proof is completely analogous to the proof of Proposition 1.2.3 (with flat modules
replaced by projective ones and the left and right sides switched). O

Proposition 2. Let B be a left C-contramodule, K be a left C-comodule endowed
with a right action of a k-algebra B by comodule endomorphisms, and M be a left
B-module. Then there is a natural k-module map

Cohome (X ®@p M, PB) —— Homp (M, Cohome (XK, P)),

which is an isomorphism, at least, in the following cases:

(a) M is a projective left B-module;
(b) B is a quasicoinjective left C-contramodule;

(c) € is a flat right A-module, B is an injective left A-module, X is a C/A-co-
projective left C-comodule, X is a flat right B-module, and the ring B has a
finite left homological dimension;

(d) X as a left C-comodule with a right B-module structure is coinduced from an
A-B-bimodule.

Besides, in the case (¢) the left B-module Cohome (X, R) is injective.
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Proof. The map Homp(M,Hom4(X,)) — Homp(M, Cohome (X, P)) annihi-
lates the difference of two maps

Homp (M, Hom4 (€ ®4 K, B)) = Homp(M, Homa (X, P))

and this pair of maps can be identified with the pair of maps Hom4(C® 4 K®p M,
PB) = Homu (K @p M, B) whose cokernel is, by the definition, the cohomomor-
phism module Cohome (K ®p M, ). Hence there is a natural map Cohome(K®p
M, B) — Homp (M, Cohome (X, P)). The case (a) is obvious. In the case (b), it
suffices to present M as the cokernel of a map of projective B-modules. To prove
(c) and (d), consider the bar complex

- HOHIA(G ®A ¢ XA :K:a ‘B) — HOHlA(e ®a :K:a qg)
—— Homy (X, P) —— Cohome (X, P). (3.1)

In the case (c) this complex is exact, since it is the complex of cohomomorphisms
from a G/A-coprojective C-comodule X into an A-split exact complex of A-injec-
tive C-contramodules - -+ — Homa(C ®4 €, P) — Homa(C,P) — PB. Since
all the terms of the complex (3.1), except possibly the rightmost one, are injective
left B-modules and the left homological dimension of the ring B is finite, the
rightmost term Cohome (X, P) is also an injective B-module, the complex of left
B-modules (3.1) is contractible, and the complex of B-module homomorphisms
from the left B-module M into (3.1) is exact. In the case (d), the complex (3.1)
is also a split exact complex of left B-modules. O

3.2.4 Let C be a coring over a k-algebra A and D be a coring over a k-algebra B.
Assume that D is a projective left B-module. Let X be a C-D-bicomodule and
be a left C-contramodule. Then the module of cohomomorphisms Cohome (X, )
is endowed with a left D-contramodule structure as the cokernel of a pair of
contramodule morphisms Hom4 (C ® 4 K, P) = Homy (X, P).

More generally, let € and D be arbitrary corings. Assume that the functor
of homomorphisms from D over B preserves the cokernel of the pair of maps
Homu(C ®4 K, PB) = Homyu(K,PP), that is the natural map Cohome (XK ®p
D, B) — Homp(D, Cohome(K,P)) is an isomorphism. Then one can define
a left contraaction map Homp (D, Cohome(XK,P)) — Cohome (XK, P) by taking
the cohomomorphisms over € from the right D-coaction map K — K ®p D into
the contramodule . This contraaction is counital and contraassociative, at least,
if the natural map Cohome(X@pD@pD, P) — Homp(D®pD, Cohome (K, P))
is also an isomorphism.

In particular, if one of the conditions of Proposition 3.2.3.2 is satisfied (for
M = D), then the left B-module Cohome (X, ) has a natural D-contramodule
structure.

3.2.5 Let C be a coring over a k-algebra A and D be a coring over a k-algebra B.
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Proposition. Let M be a left D-comodule, KX be a C-D-bicomodule, and B be a
left C-contramodule. Then the iterated cohomomorphism modules

Cohome (X Op M, B) and Cohomop (M, Cohome (XK, PB))

are naturally isomorphic, at least, in the following cases:

(a) D is a projective left B-module, M is a projective left B-module, C is a flat
right, and B is an injective left A-module;

(b) D is a projective left B-module and M is a coprojective left D-comodule;

(c) € is a flat right A-module and P is a coinjective left C-contramodule;

(d) D is a projective left B-module, M is a projective left B-module, X is a
D/B-coflat right D-comodule, K is a projective left A-module, and the ring
A has a finite left homological dimension;

(e) € is a flat right A-module, P is an injective left A-module, K is a C/A-co-
projective left C-comodule, K is a flat right B-module, and the ring B has a
finite left homological dimension;

(f) D is a projective left B-module, M is a projective left B-module, and X
as a right D-comodule with a left A-module structure is coinduced from an
A-B-bimodule;

(g) Cis a flat right A-module, B is an injective left A-module, and X as a left
C-comodule with a right B-module structure is coinduced from an A-B-bi-
module;

(h) M is a quasicoprojective left D-comodule and K as a left C-comodule with a
right B-module structure is coinduced from an A-B-bimodule;

(i) B is a quasicoinjective left C-contramodule and X as a right D-comodule
with a left A-module structure is coinduced from an A-B-bimodule;

(j) X as a left C-comodule with a right B-module structure is coinduced from an
A-B-bimodule and X as a right D-comodule with a left A-module structure
is coinduced from an A-B-bimodule.

More precisely, in all cases in this list the natural maps from the k-module
Homu (K @p M, PB) = Homp (M, Hom (K, PB)) into both iterated cohomomor-
phism modules under consideration are surjective, their kernels coincide and are
equal to the sum of the kernels of two maps from this module onto its quotient
modules Cohome (K @ M, PB) and Cohomp (M, Hom 4 (XK, P)).

Proof. One can easily see that whenever both maps

Cohomp (M, Homy (X, B)) — Homa (K Op M, B)
and
Cohomp (M, Hom 4 (X, Homy4 (C,9))) — Homy (K Op M, Homu4 (C,B))
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are isomorphisms, the natural map Hom 4 (X @ g M, 8) — Cohome (X Op M, )
is surjective and its kernel coincides with the desired sum of two kernels of maps
from Hom (X ® p M, PB) onto its quotient modules. Analogously, whenever both
maps Cohome (X ®@p M, PB) — Homp (M, Cohome (X, P)) and Cohome (K ®p
DM, PB) — Homp(D @p M, Cohome(K,P)) are isomorphisms, the natural
map Homp (M, Hom4 (X,P)) — Cohomop (M, Cohome (K, P)) is surjective and
it kernel coincides with the desired sum of two kernels in Hom g (M, Hom 4 (X, B)).
Thus it remains to apply Propositions 3.2.3.1 and 3.2.3.2. ([

Commutativity of pentagonal diagrams of associativity isomorphisms be-
tween iterated cohomomorphism modules can be established in a way analogous
to the case of iterated cotensor products. Namely, each of the five iterated coho-
momorphism modules Cohome ((KOg £L)Op M, ), Cohome(KOe (LOp M), ),
Cohome (L Op M, Cohome(XK,PB)), Cohomp(M, Cohome (L, Cohome (K, R))),
and Cohomqp (M, Cohome(KOe L, PB)) is endowed with a natural map into it from
the homomorphism module Hom 4 (X ®p L ® g M, B), and since the associativity
isomorphisms are, presumably, compatible with these maps, it suffices to check
that at least one of these five maps is surjective in order to show that the pentag-
onal diagram commutes. In particular, if Proposition 3.2.5 together with Proposi-
tion 1.2.5 provide all the five isomorphisms constituting the pentagonal diagram
and either M is a projective left B-module, or P is an injective left A-module,
or both X and L as left (right) comodules with right (left) module structures are
coinduced from bimodules, then the pentagonal diagram is commutative.

We will say that multiple cohomomorphisms between several bicomodules
and a contramodule Cohome (K Og --- Op M, PB) are associative if the multiple
cotensor product KOg - - -0Op M is associative and for any possible way of represent-
ing this multiple cohomomorphism module in terms of iterated cotensor product
and cohomomorphism operations all the intermediate cohomomorphism modules
can be endowed with contramodule structures via the construction of 3.2.4, all
possible associativity isomorphisms between iterated cohomomorphism modules
exist in the sense of the last assertion of Proposition 3.2.5 and preserve con-
tramodule structures, and all the pentagonal diagrams commute. Associativity
isomorphisms and contramodule structures on associative multiple cohomomor-
phisms are preserved by the morphisms between them induced by any bicomodule
and contramodule morphisms of the factors.

3.3 Semicontramodules

3.3.1 Depending on the (co)flatness, (co)projectivity, and/or (co)injectivity con-
ditions imposed, there are several ways to make the category opposite to a cate-
gory of left C-contramodules into a right module category over a tensor category
of C-C-bicomodules with respect to the functor Cohome. Moreover, a category of
left C-comodules typically can be made into a left module category over the same
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tensor category, so that the functor Cohome would provide also a pairing between
these left and right module categories taking values in the category k-mod®P.

It follows from Proposition 3.2.5(b) that whenever C is a projective left
A-module, the category opposite to the category of left C-contramodules is a right
module category over the tensor category of C-C-bicomodules that are coprojective
left C-comodules; the category of coprojective left C-comodules is a left module cat-
egory over this tensor category. If follows from Proposition 3.2.5(c) that whenever
C is a flat right A-module, the category opposite to the category of coinjective left
C-contramodules is a right module category over the tensor category of C-C-bico-
modules that are coflat right C-comodules; the category of left C-comodules is a left
module category over this tensor category. It follows from Proposition 3.2.5(d) that
whenever C is a projective left A-module and the ring A has a finite left homological
dimension, the category opposite to the category of left C-contramodules is a right
module category over the tensor category of C-C-bicomodules that are projective
left A-modules and C/A-coflat right C-comodules; the category of A-projective left
C-comodules is a left module category over this tensor category. It follows from
Proposition 3.2.5(e) that whenever C is a flat right A-module and the ring A has
a finite left homological dimension, the category opposite to the category of A-in-
jective left C-contramodules is a right module category over the tensor category of
C-C-bicomodules that are flat right A-modules and €/A-coprojective left C-comod-
ules; the category of left C-comodules is a left module category over this tensor
category. Finally, it follows from Proposition 3.2.5(a) that whenever the ring A
is semisimple, the category opposite to the category of left C-contramodules is a
right module category over the tensor category of C-C-bicomodules; the category
of left C-comodules is a left module category over this tensor category. In each
case, there is a pairing between these left and right module categories compatible
with their module category structures and taking values in the category opposite
to the category of k-modules.

A left semicontramodule over a semialgebra 8 is an object of the category
opposite to the category of module objects in one of the right module categories
of the above kind (opposite to a category of left C-contramodules) over the ring
object 8 in the corresponding tensor category of C-C-bicomodules. In other words,
a left 8-semicontramodule P is a left C-contramodule endowed with a left C-con-
tramodule morphism of left semicontraaction P — Cohome(8, P) satisfying the
associativity and unity equations. Namely, two compositions

P — Cohome(8,P) =2 Cohome (8 Te 8, PB)
of the semicontraaction morphism P — Cohome (8, P) with the morphisms
Cohome (8, PB) = Cohome (8 Te 8, P) = Cohome (8, Cohome (S, P))

induced by the semimultiplication morphism of 8 and the semicontraaction mor-
phism should coincide with each other, and the composition

P — Cohome(8,P) — Cohome(C,P) =P
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of the semicontraaction morphism with the morphism induced by the semiunit
morphism of 8 should coincide with the identity morphism of . For this defini-
tion to make sense, (co)flatness, (co)projectivity, and/or (co)injectivity conditions
imposed on 8 and/or P must guarantee associativity of multiple cohomomorphism
modules of the form Cohome(8 Oe -+ Oe 8, P). Right semicontramodules over 8
are defined in the analogous way.

If Q is a left C-contramodule for which multiple cohomomorphisms

Cohome (8 Oe---Ue 8, Q)

are associative, then there is a natural left 8-semicontramodule structure on the
cohomomorphism module Cohome(8, ). The semicontramodule Cohome (8, )
is called the 8-semicontramodule coinduced from a C-contramodule Q. According
to Lemma 1.1.2, the k-module of semicontramodule homomorphisms from an ar-
bitrary 8-semicontramodule into the coinduced 8-semicontramodule is described
by the formula

Hom® (P, Cohome (8, Q)) ~ Hom® (P, Q).

We will denote the category of left 8-semicontramodules by 8-sicntr and the
category of right 8-semicontramodules by sicntr-8. This notation presumes that
one can speak of (left or right) 8-semicontramodules with no (co)injectivity con-
ditions imposed on them. If € is a projective left A-module and 8 is a coprojective
left C-comodule, then the category of left semicontramodules over 8 is abelian and
the forgetful functor 8-sicntr — C-contra is exact.

If € is a projective left A-module and either 8 is a coprojective left C-comod-
ule, or 8 is a projective left A-module and a €/A-coflat right C-comodule and A
has a finite left homological dimension, or A is semisimple, then both infinite direct
sums and infinite products exist in the category of left 8-semicontramodules and
both are preserved by the forgetful functor 8-sicntr — C-contra, even though only
infinite products are preserved by the full forgetful functor 8-sicntr — A-mod.

If € is a flat right A-module, 8 is a flat right A-module and a €/A-copro-
jective left C-comodule, and A has a finite left homological dimension, then the
category of A-injective left 8-semicontramodules is exact. If C is a projective left
A-module, 8 is a projective left A-module and a €/A-coflat right C-comodule, and
A has a finite left homological dimension, then the category of €/A-coinjective left
S-semicontramodules is exact. If € is a flat right A-module and 8 is a coflat right
C-comodule, then the category of C-coinjective left 8-semicontramodules is exact.
If A is semisimple, the category of C-coinjective 8-semicontramodules is exact.
Infinite products exist in all of these exact categories, and the forgetful functors
preserve them.

Question. When C is a flat right A-module and 8 is a coflat right C-comodule, a
right adjoint functor to the forgetful functor 8-simod — C-comod exists according
to the abstract adjoint functor existence theorem [67, V.8]. Indeed, the forgetful
functor preserves colimits and the category of left 8-semimodules has a set of
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generators (since the category of left C-comodules does; see Question 3.1.2). Does
a left adjoint functor to the forgetful functor 8-sicntr — C-contra exist? Can one
describe these functors more explicitly?

3.3.2 Assume that the coring C is a projective left and a flat right A-module and
the ring A has a finite left homological dimension.

Lemma.

(a) If the semialgebra 8 is a coflat right C-comodule and a projective left A-mod-
ule, then there exists a (not always additive) functor assigning to any left
S-semimodule a surjective map onto it from an A-projective 8-semimodule.

(b) If the semialgebra 8 is a coprojective left C-comodule and a flat right A-mod-
ule, then there exists a (not always additive) functor assigning to any left
8-semicontramodule an injective map from it into an A-injective 8-semicon-
tramodule.

Proof. The proof of part (a) is completely analogous to the proof of Lemma 1.3.2
(with the last assertion of Proposition 3.2.3.1 used as needed); and part (b) is
proven in the following way. Let P8 — J(P) denote the functorial injective mor-
phism from a C-contramodule P into an A-injective C-contramodule J() con-
structed in Lemma 3.1.3. Then for any 8-semicontramodule P the composition of
maps

P —— Cohome(8,P) —— Cohome(S,TI(P))

provides the desired injective morphism of 8-semicontramodules. According to the
last assertion of Proposition 3.2.3.2, the A-module J(P) = Cohome(8,T(P)) is
injective. O

Remark. The analogues of the result of Remark 1.3.2 hold for €/A-coprojec-
tive/semiprojective 8-semimodules and €/A-coinjective/semiinjective 8-semicon-
tramodules; see the proof of Lemma 9.2.1 for details.

3.3.3 Let 8 be a semialgebra over a coring € over a k-algebra A.

Lemma.

(a) Assume that C is a projective left A-module, 8 is a coprojective left C-co-
module and a C/A-coflat right C-comodule, and the ring A has a finite left
homological dimension. Then there exist

e an exact functor assigning to any A-projective left 8-semimodule an
A-split injective morphism from it into a C-coprojective §-semimodule,
and

e an exact functor assigning to any left 8-semicontramodule a surjective
morphism onto it from a C/A-coinjective 8-semicontramodule.

(b) Assume that C is a flat right A-module, 8 is a coflat right C-comodule and a

C/A-coprojective left C-comodule, and the ring A has a finite left homological
dimension. Then there exist
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e an exact functor assigning to any A-injective left 8-semicontramodule
an A-split surjective morphism onto it from a C-coinjective 8-semicon-
tramodule, and

e an exact functor assigning to any left 8-semimodule an injective mor-
phism from it into a C/A-coprojective 8-semimodule.

(c) When both the assumptions of (a) and (b) are satisfied, the two functors act-
ing in categories of semimodules (can be made to) agree and the two functors
acting in categories of semicontramodules (can be made to) agree.

Proof. The proof of the first assertion of part (a) and the second assertion of
part (b) is based on the construction completely analogous to that of the proof of
Lemma 1.3.3, with (co)flat (co)modules replaced by (co)projective ones, and the
left and right sides switches as needed. The only difference is that the inductive
limit of a sequence of coprojective comodules does not have to be coprojective,
because even the inductive limit of a sequence of projective modules does not have
to be projective. This obstacle is dealt with in the following way.

Sublemma A. Assume that C is a projective left A-module. Let Uy — Uy —
U3 — Uy — -+ be an inductive system of left C-comodules, where the co-
modules Usg; are coprojective, while the morphisms of comodules Ug;—1 — Uaiy1
are injective and split over A. Then the inductive limit li_n)luj s a coprojective
C-comodule.

Proof. Let us first show that for any C-contramodule 3 there is an isomorphism
Cohome (lim U;, P) = lim Cohome (U;, P). Denote by G the bar complex

- —— Homa(C®aC®4U;, P) —— Homa(C®aUj, P) —— Homa (U, B);

we will denote the terms of this complex by upper indices, so that G;L =0
for n > 0 and H%(G§) = Cohome(U;, ). Clearly, we have H°(limG%) =
Cohome(li_rr;uj,‘B). Since the comodules Uy; are coprojective, H"(GS;,) = 0

for n # 0, as the complex G, can be obtained by applying the functor
Cohome(Usg;, —) to the complex of C-contramodules - -+ — Hom4 (C®4C, P) —
Homy (€, 98), which is exact except at degree 0. Since the maps of A-modules
Ugzi—1 — Uszs41 are split injective, the morphisms of complexes G5, , — G3;_;
are surjective. Therefore, liLnl G = liLnl G5;_1 = 0, hence there is a “universal
coeflicients” sequence [86, Theorem 3.5.8]

0 — lim' H""Y(G}) — H"(imG}) — lim H™(G}) — 0.

In particular, for n = 0 we obtain the desired isomorphism Ho(ligl G;) =
lim H°(G*), because lim' H=1(G*) = lim' H~1(G3,;) = 0.
“— J — J P 7

Now for any exact triple of C-contramodules ' — B — P” we have an
exact triple of projective systems Cohome(Usz;, P’) — Cohome(Ug;, P) —
Cohome (Usg;, P”) and liinl Cohome (Usg;, P') = liLnl Cohome (Ug;—1,P) = 0,
hence the triple remains exact after passing to the projective limit. O
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Sublemma B. Assume that C is a flat right A-module. Let U1 — Uy — Uz —
Uy — -+ be an inductive system of left C-comodules, where the comodules Usz; are
C/A-coprojective, while the morphisms of comodules Ug;—1 — Ug;t1 are injective.
Then the inductive limit limU; is a C/A-coprojective C-comodule.

Proof. Analogous to the proof of Sublemma A, the only changes being that 3,
P, P are now A-injective C-contramodules and the complex - -+ — Hom4 (C® 4
C, P) — Homy (C,P) — P is an A-split exact sequence of A-injective C-con-
tramodules. |

Proof of the first assertion of part (b): for any A-injective C-contramodule 3,
set &(P) = Homa(C,P). Then the contraaction map &(P) — P is a surjec-
tive morphism of C-contramodules, the contramodule &(*B) is coinjective, and the
kernel of this morphism is A-injective. Now let P be an A-injective left S-semi-
contramodule. The semicontraaction map P — Cohome(8,P) is an injective
morphism of A-injective 8-semicontramodules; let () denote its cokernel. The
map Cohome (8, &(P)) — Cohome(8,P)) is a surjective morphism of S-semi-
contramodules with an A-injective kernel Cohome (8, ker(& () — P)). Let Q(P)
be the kernel of the composition

Cohome(8,8(B)) —— Cohome (8, P) —— K(P).

Then the composition of maps Q(P) — Cohome (S, &(P)) — Cohome(S, RP)
factorizes through the injection B — Cohome(8,PR), so there is a natural sur-
jective morphism of 8-semicontramodules Q(PB) — IPB. The kernel of the map
D(P) — P is isomorphic to the kernel of the map Cohome (8, B(P)) —
Cohome (8, ), hence both ker(Q(P) — P) and Q(P) are injective A-modules.

Notice that the semicontramodule morphism Q(PB) — P can be ex-
tended to a contramodule morphism Cohome(8, &(P)) — P. Indeed, the map
D(P) — P can be presented as the composition

Q(P) — Cohome(8, &(P)) — Cohome(S, P) — B,

where the map Cohome (8, ) — P is induced by the semiunit morphism € —
8 of the semialgebra 8.

Iterating this construction, we obtain a projective system of C-contramodule
morphisms

P ——— Cohome(8,8(P)) —— Q(P)
—— Cohome(8, &(Q(F))) —— QQAP)) —— -,
where the maps
P QF) — QAQAF) — -

are A-split surjective morphisms of A-injective 8-semicontramodules, while the
C-contramodules Cohome (S, B(PB)), Cohome (8, &(Q(P))), ... are coinjective.
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Denote by F(B) the projective limit of this system; then F(P) — P is an A-split
surjective morphism of 8-semicontramodules, while coinjectivity of the C-contra-
module F(P) follows from the next sublemma.

Sublemma C. Assume that C is a flat right A-module. Let 47 «— g «—— U3z +—
Uy «—— -+ be a projective system of left C-contramodules, where the contramodules
$o; are coinjective, while the morphisms of contramodules LUs;+1 — Ls;—1 are
surjective and split over A. Then the projective limit liililj s a coinjective C-con-
tramodule.

Proof. Completely analogous to the proof of Sublemma A. One considers the pro-
jective system of bar-complexes - - - — Homy(C®4C®aM, i;) — Homa(C®4
M, U;) — Hom4 (M, 4;), etc. O

The proof of the second assertion of part (a) is based on the same construc-
tion; the only changes are that A-modules are no longer injective, for any left
C-contramodule P the C-contramodule &(P) = Hom 4 (C,P) is C/A-coinjective,
and therefore the 8-semicontramodule Cohome (8, &(P)) is €/A-coinjective. The
projective limit F(P) is €/A-coinjective according to the following sublemma.

Sublemma D. Assume that C is a projective left A-module. Let {; «— Uy «—
Us «— Uy «— --- be a projective system of left C-contramodules, where the
contramodules a; are C/A-coinjective, while the morphisms of contramodules
HUoir1 — Y91 are surjective. Then the projective limit @ﬂj is a C/A-coin-
jective C-contramodule. O

Both functors § are exact, since the cokernels of injective maps, the kernels of
surjective maps, and the projective limits of Mittag-Leffler sequences of k-modules
preserve exact triples. Part (c) is clear from the constructions. (]

3.4 Semihomomorphisms

3.4.1 Assume that the coring € is a projective left A-module, the semialgebra
8 is a projective left A-module and a €/A-coflat right A-module, and the ring A
has a finite left homological dimension. Let M be an A-projective left 8-semimod-
ule and P be a left 8-semicontramodule. The k-module of semihomomorphisms
SemiHomg (M, P) is defined as the kernel of the pair of maps

Cohome (M, PB) == Cohome (S Oe M, PB) = Cohome(M, Cohome(8, P))

one of which is induced by the 8-semiaction in M and the other by the S-semi-
contraaction in ‘3.

For any A-projective left C-comodule L and any left 8-semicontramodule
there is a natural isomorphism

SemiHomg (8 e L, PB) ~ Cohome (L, P).
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Analogously, for any A-projective left 8-semimodule M and any left C-contramod-
ule 9 there is a natural isomorphism

SemiHomg (M, Cohome(8, 1)) ~ Cohome(M, Q).
These assertions follow from Lemma 1.2.1.

3.4.2 Assume that the coring C is a flat right A-module, the semialgebra 8 is a
flat right A-module and a €/A-coprojective left A-module, and the ring A has a
finite left homological dimension. Let M be a left 8-semimodule and 8 be an A-in-
jective left 8-semicontramodule. As above, the k-module of semihomomorphisms
SemiHomg (M, P) is defined as the kernel of the pair of maps Cohome (M, P) =
Cohome (8 Oe M, PB) = Cohome (M, Cohome (8, P)) one of which is induced by
the 8-semiaction in M and the other by the 8-semicontraaction in 3.

For any left C-comodule L and any A-injective left 8-semicontramodule P
there is a natural isomorphism SemiHomg (8 D¢ £, ) ~ Cohome (L, P). Analo-
gously, for any left 8-semimodule M and any A-injective left C-contramodule Q
there is a natural isomorphism SemiHomg (M, Cohome(8, 2)) ~ Cohome (M, Q).

Notice that even under the strongest of our assumptions on A, € and 8, the
A-projectivity of M or the A-injectivity of B is still needed to guarantee that the
triple cohomomorphisms Cohome (8 Oe M, P) are associative.

3.4.3 If the coring C is a projective left A-module and the semialgebra 8 is a co-
projective left C-comodule, one can define the module of semihomomorphisms from
a C-coprojective left 8-semimodule into an arbitrary left 8-semicontramodule. In
these assumptions, a C-coprojective left 8-semimodule M is called semiprojective if
the functor of semihomomorphisms from M is exact on the abelian category of left
8-semicontramodules. The 8-semimodule induced from a coprojective C-comodule
is semiprojective. Any semiprojective 8-semimodule is semiflat.

If the coring C is a flat right A-module and the semialgebra 8 is a coflat
right C-comodule, one can define the module of semihomomorphisms from an
arbitrary left 8-semimodule into a C-coinjective left 8-semicontramodule. In these
assumptions, a C-coinjective left 8-semicontramodule P is called semiinjective if
the functor of semihomomorphisms into P is exact on the abelian category of left
8-semimodules. The 8-semicontramodule coinduced from a coinjective C-contra-
module is semiinjective.

When the ring A is semisimple, the module of semihomomorphisms from an
arbitrary 8-semimodule into an arbitrary 8-semicontramodule is defined without
any conditions on the coring € and the semialgebra 8.

3.4.4 Let 8 be a semialgebra over a coring C over a k-algebra A and T be a
semialgebra over a coring D over a k-algebra B. Let K be an 8-J-bisemimodule
and P be a left §-semicontramodule. We would like to define a left T-semicontra-
module structure on the module of semihomomorphisms SemiHomg (XK, J3).
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Assume that multiple cohomomorphisms of the form Cohome (80eKOpT0p
---Op T, P) are associative. Then, in particular, the k-modules of semihomomor-
phisms SemiHomg (KOpTOp - - -Op T, P) can be defined. Assume in addition that
multiple cohomomorphisms of the form Cohome(KOpTOp---Op T, P) are asso-
ciative. Then the semihomomorphism modules SemiHomg(KOp T Oy - - -Op T, P)
have natural left D-contramodule structures as kernels of D-contramodule mor-
phisms. Assume that multiple cohomomorphisms of the form Cohomqp (TOgp - - -Op
T, SemiHomg (I, P)) are also associative. Finally, assume that the cohomomor-
phisms from T2 preserve the kernel of the pair of morphisms Cohome (XK, B) =
Cohome(8 Oe K, P) for m = 1 and 2, that is the contramodule morphisms
Cohomq (T2 SemiHomg (X, P)) —— SemiHomg (K Op T=™, PB) are isomor-
phisms. Then one can define an associative and unital semicontraaction morphism
SemiHomg (K, ) — Cohomqp (T, SemiHomg (XK, P)) by taking the semihomo-
morphisms over 8 from the right J-semiaction morphism X Op T — XK into the
semicontramodule 3.

For example, if D is a projective left B-module, J is a coprojective left D-co-
module, A has a finite left homological dimension, and either € is a projective
left A-module, 8 is a projective left A-module and a €/A-coflat right C-comodule,
and X is a projective left A-module, or C is a flat right A-module, 8 is a flat
right A-module and a €/A-coprojective left C-comodule, and P is an injective
left A-module, then the module of semihomomorphisms SemiHomg(JC, ) has
a natural left J-semicontramodule structure. Since the category of left T-semi-
contramodules is abelian in this case, the J-semicontramodule SemiHomg (XK, )
can be simply defined as the kernel of the pair of semicontramodule morphisms
Cohome (X, ) = Cohome (8 Oe K, P).

Proposition. Let M be a left T-semimodule, K be an 8-T-bisemimodule, and P
be a left 8-semicontramodule. Then the iterated semihomomorphism modules

SemiHomg (K O3 M, PB) and SemiHomg (M, SemiHomg (K, P))
are well defined and naturally isomorphic, at least, in the following cases:

(a) D is a projective left B-module, T is a coprojective left D-comodule, M is a
coprojective left D-comodule, C is a flat right A-module, 8 is a coflat right
C-comodule, and B is a coinjective left C-contramodule;

(b) D is a projective left B-module, T is a coprojective left D-comodule, M is a
semiprojective left T-semimodule, and either

e C is a projective left A-module, 8 is a coprojective left C-comodule, and
K is a coprojective left C-comodule, or

e C is a projective left A-module, 8 is a projective left A-module and a
C/A-coflat right C-comodule, the ring A has a finite left homological
dimension, and X is a projective left A-module, or
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e C is a flat right A-module, 8 is a flat right A-module and a C/A-copro-
jective left C-comodule, and P is an injective left A-module, or

e the ring A is semisimple;

(c) Cis a flat right A-module, 8 is a coflat right C-comodule, P is a semiinjective
left 8-semicontramodule, and either

e D is a flat right B-module, T is a coflat right D-comodule, and XK is a
coflat right D-comodule, or

e D is a flat right B-module, T is a flat right B-module and a D/B-co-
projective left D-comodule, the ring B has a finite left homological di-
mension, and K is a flat right B-module, or

e D is a projective left B-module, T is a projective left B-module and a
D/B-coflat right D-comodule, the ring B has a finite left homological
dimension, and M is a projective left B-module, or

e the ring B is semisimple;
(d) D is a projective left B-module, T is a coprojective left D-comodule, M is a
coprojective left D-comodule, and either
o C is a projective left A-module, 8 is a coprojective left C-comodule, and

K as a right T-semimodule with a left C-comodule structure is induced
from a C-coprojective C-D-bicomodule, or

e C is a projective left A-module, 8 is a projective left A-module and a
C/A-coflat right C-comodule, the ring A has a finite left homological di-
mension, and K as a right T-semimodule with a left C-comodule struc-
ture is induced from an A-projective C-D-bicomodule, or

e Cis a flat right A-module, 8 is a flat right A-module and a C/A-coprojec-
tive left C-comodule, the ring A has a finite left homological dimension,
K as a right T-semimodule with a left C-comodule structure is induced
from a C-D-bicomodule, and P is an injective left A-module, or

e the ring A is semisimple and K as a right T-semimodule with a left
C-comodule structure is induced from a C-D-bicomodule;

(e) € is a flat right A-module, 8 is a coflat right C-comodule, P is a coinjective
left C-contramodule, and either

e D is a flat ight B-module, T is a coflat right D-comodule, and K as a
left 8-semimodule with a right D-comodule structure is induced from a
D-coflat C-D-bicomodule, or

e D is a flat right B-module, T is a flat right B-module and a D /B-copro-
jective left D-comodule, the ring B has a finite left homological dimen-
sion, and K as a left 8-semimodule with a right D-comodule structure
18 induced from a B-flat C-D-bicomodule, or

e D is a projective left B-module, T is a projective left B-module and a
D/B-coflat right D-comodule, the ring B has a finite left homological
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dimension, XK as a left S-semimodule with a right D-comodule structure
1s induced from a C-D-bicomodule, and M is a projective left B-module,
or

e the ring B is semisimple and K as a left 8-semimodule with a right
D-comodule structure is induced from a C-D-bicomodule.

More precisely, in all cases in this list the natural maps from both iterated semiho-
momorphism modules under consideration into the iterated cohomomorphism mod-
ule Cohome (IKOp M, PB) ~ Cohomp (M, Cohome (K, P)) are injective, their im-
ages coincide and are equal to the intersection of two submodules SemiHomg (KOp
M, PB) and SemiHomg (M, Cohome (K, P)) in this k-module.

Proof. Analogous to the proof of Proposition 1.4.4 (see also the proof of Proposi-
tion 3.2.5). O






4 Derived Functor SemiExt

4.1 Contraderived categories

Let A be an exact category in which all infinite products exist and the functors of
infinite product are exact. A complex C*® over A is called contraacyclic if it belongs
to the minimal triangulated subcategory Acycl®(A) of the homotopy category
Hot(A) containing all the total complexes of exact triples 'K* — K* — "K* of
complexes over A and closed under infinite products. Any contraacyclic complex
is acyclic. It follows from the next lemma that any acyclic complex bounded from
above is contraacyclic.

Lemma. Let --- — P~1* — P%* — 0 be an exact sequence, bounded from above,
of arbitrary complexes over A. Then the total complex T* of the bicomplex P**
constructed by taking infinite products along the diagonals is contraacyclic.

Proof. See the proof of Lemma 2.1. a

The category of contraacyclic complexes Acycl®"(A) is a thick subcategory of
the homotopy category Hot(A), since it is a triangulated subcategory with infinite
products. The contraderived category D (A) of an exact category A is defined as
the quotient category Hot(A)/Acycl™ (A).

Remark. One can check that for any exact category A and any thick subcategory
T in Hot(A) contained in the thick subcategory of acyclic complexes, contain-
ing all bounded acyclic complexes, and containing with every exact complex its
subcomplexes and quotient complexes of canonical filtration, the groups of homo-
morphisms Homyea)/7(X,Y[i]) between complexes with a single nonzero term
coincide with the Yoneda extension groups Exth(X,Y). Moreover, the natural
functors Hot™ ~/®(A)/(T N Hot™ ~/P(A)) — Hot(A)/T between the “T-derived
categories” with various bounding conditions are all fully faithful. Besides, when-
ever A is an abelian category there is a (degenerate) t-structure on Hot(A)/T
formed by the full subcategories of complexes concentrated in nonpositive and
nonnegative degrees. The core of this t-structure coincides with A. In particular,
all these assertions hold if T C Hot(A) consists of acyclic complexes and contains
either all exact complexes bounded from above or all exact complexes bounded
from below.

4.2 Coprojective and coinjective complexes

Let C be a coring over a k-algebra A. The complex of cohomomorphisms
Cohome(M*,B*) from a complex of left C-comodules M* into a complex of

L. Positselski, Homological Algebra of Semimodules and Semicontramodules, Monografie 77
Matematyczne 70, DOI 10.1007/978-3-0346-0436-9 5, © Springer Basel AG 2010
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left C-contramodules B* is defined as the total complex of the bicomplex
Cohome (M, B7), constructed by taking infinite products along the diagonals.

If € is a projective left A-module, the category of left C-contramodules is
an abelian category with exact functors of infinite products, so the contraderived
category D" (C-contra) is defined. When speaking about contraacyclic complezes
of C-contramodules, we will always mean contraacyclic complexes with respect to
the abelian category of C-contramodules, unless another exact category of C-con-
tramodules is explicitly mentioned.

Assuming that € is a projective left A-module, a complex of left C-comodules
Me is called coprojective if the complex Cohome(M?®,3*) is acyclic whenever a
complex of left C-contramodules * is contraacyclic. Assuming that C is a flat
right A-module, a complex of left C-contramodules B* is called coinjective if the
complex Cohome (M?®,P*) is acyclic whenever a complex of left C-comodules M*
is coacyclic.

Lemma.
(a) Any complex of coprojective C-comodules is coprojective.
(b) Any complex of coinjective C-contramodules is coinjective.

Proof. Argue as in the proof of Lemma 2.2, using the fact that the functor of
cohomomorphisms of complexes maps infinite direct sums in the first argument
into infinite products and preserves infinite products in the second argument. [

If the ring A has a finite left homological dimension, then any coprojective
complex of left C-comodules is a projective complex of A-modules in the sense
of 0.1.2 and any coinjective complex of left C-contramodules is an injective complex
of A-modules. The complex of C-comodules C ® 4 U* coinduced from a projective
complex of A-modules U*® is coprojective and the complex of C-contramodules
Homy (€, V*) induced from an injective complex of A-modules is coinjective.

4.3 Semiderived categories

Let 8 be a semialgebra over a coring €. Assume that € is a projective left A-mod-
ule and the semialgebra 8 is a coprojective left C-comodule, so that the category
of left 8-semicontramodules is abelian. The semiderived category of left S-semi-
contramodules D% (8-sicntr) is defined as the quotient category of the homotopy
category Hot(8-sicntr) by the thick subcategory Acycl¢(8-sicntr) of complexes
of 8-semicontramodules that are contraacyclic as complexes of C-contramodules.

4.4 Semiprojective and semiinjective complexes

Let 8 be a semialgebra. The complex of semihomomorphisms SemiHomg (M?*, 3°)
from a complex of left 8-semimodules M* to a complex of left 8-semicontramod-
ules PB* is defined as the total complex of the bicomplex SemiHomg(M', P7),
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constructed by taking infinite products along the diagonals. Of course, appropriate
conditions must be imposed on 8, M*, and PB* for this definition to make sense.

Assume that the coring € is a projective left A-module and a flat right A-mod-
ule, the semialgebra 8 is a coprojective left 8-semimodule and a coflat right 8-semi-
module, and the ring A has a finite left homological dimension.

A complex of A-projective left 8-semimodules M?* is called semiprojective
if the complex SemiHomg(M?*,°) is acyclic whenever a complex of left 8-semi-
contramodules PB° is C-contraacyclic. Any semiprojective complex of 8-semimod-
ules is a coprojective complex of C-comodules. The complex of 8-semimodules
8 D¢ L° induced from a coprojective complex of A-flat C-comodules is semipro-
jective. Any semiprojective complex of 8-semimodules is semiflat. Analogously,
a complex of A-injective left 8-semicontramodules SB* is called semiinjective if
the complex SemiHomg(M?*,P*) is acyclic whenever a complex of left 8-semi-
modules M* is C-coacyclic. Any semiinjective complex of 8-semicontramodules is
a coinjective complex of C-contramodules. The complex of 8-semicontramodules
Cohome(8,*) coinduced from a coinjective complex of A-injective C-contramod-
ules is semiinjective.

Notice that not every complex of semiprojective semimodules is semiprojec-
tive and not every complex of semiinjective semicontramodules is semiinjective. On
the other hand, any complex of semiprojective semimodules bounded from above
is semiprojective. Moreover, if --- — M™5* — M>* — 0 is a complex, bounded
from above, of semiprojective complexes of 8-semimodules, then the total complex
E* of the bicomplex M** constructed by taking infinite direct sums along the diag-
onals is semiprojective. Indeed, the category of semiprojective complexes is closed
under shifts, cones, and infinite direct sums, so one can apply Lemma 2.4. Anal-
ogously, any complex of semiinjective semicontramodules bounded from below is
semiinjective. Moreover, if 0 — P>* — P* — ... is a complex, bounded from
below, of semiinjective complexes of 8-semicontramodules, then the total complex
¢&* of the bicomplex P** constructed by taking infinite products along the di-
agonals is semiinjective. Indeed, the category of semiinjective complexes is closed
under shifts, cones, and infinite products, so one can apply the following lemma.

Lemma. Let 0 — P%* — PL* — ... be a complex, bounded from below, of
arbitrary complexes over an additive category A where infinite products exist. Then
the total complex E* of the bicomplex P** up to the homotopy equivalence can be
obtained from the complexes P"* using the operations of shift, cone, and infinite
product.

Proof. See the proof of Lemma 2.4. |

4.5 Main theorem for comodules and contramodules

Assume that the coring € is a projective left and a flat right A-module and the
ring A has a finite left homological dimension.
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Theorem.

(a) The functor mapping the quotient category of the homotopy category of com-
plexes of coprojective left C-comodules (coprojective complexes of left C-co-
modules) by its intersection with the thick subcategory of coacyclic complexes
of C-comodules into the coderived category of left C-comodules is an equiva-
lence of triangulated categories.

(b) The functor mapping the quotient category of the homotopy category of com-
plexes of coinjective left C-contramodules (coinjective complezes of left C-con-
tramodules) by its intersection with the thick subcategory of contraacyclic
complezes of C-contramodules into the contraderived category of left C-con-
tramodules is an equivalence of triangulated categories.

Proof. The proof of part (a) is completely analogous to the proof of Theorem 2.5.
It is based on the same constructions of resolutions L1 and R», and uses the result
of Lemma 3.1.3(a) instead of Lemma 1.1.3.

To prove part (b), we will show that any complex of left C-contramodules £°
can be connected with a complex of coinjective C-contramodules in a functorial
way by a chain of two morphisms R* — L(8&°) <« L3R, (R*) with contraacyclic
cones. Moreover, if the complex K* is a complex of coinjective C-contramodules
(coinjective complex of C-contramodules), then the intermediate complex Lg(R°)
is also a complex of coinjective C-contramodules (coinjective complex of C-contra-
modules). Then we will apply Lemma 2.5 in the way explained in the end of the
proof of Theorem 2.5.

Let 8° be a complex of left C-contramodules. Let P — T(*P) denote the
functorial injective morphism from an arbitrary left C-contramodule P into an
A-injective C-contramodule J(*B) constructed in Lemma 3.1.3(b). The functor J
is the direct sum of a constant functor ¢ —— J(0) and a functor J* sending
zero morphisms to zero morphisms. For any C-contramodule 3, the contramodule
JT () is A-injective and the morphism P — T+ (P) is injective. Set JV(R*) =
JT(R*), JY(8R*) = T (coker(R* — J°(8*))), etc. For d large enough, the cokernel
3(8*) of the morphism J9~2(&*) — J971(R*) will be a complex of A-injective
C-contramodules. Let Ry (8*) be the total complex of the bicomplex

jo(ﬁ') . jl(ﬁ') [ jdfl(ﬁc) . 3(@.)

Then Ry (8*) is a complex of A-injective C-contramodules and the cone of the mor-
phism &°* — R;(R*) is the total complex of a finite exact sequence of complexes
of C-contramodules, and therefore, a contraacyclic complex.

Now let R* be a complex of A-injective left C-contramodules. Consider the
bar construction

- —— Homu4 (€, Hom4(C,R*)) —— Homy4 (C,R*).

Let Lo(R*) be the total complex of this bicomplex, constructed by taking infinite
products along the diagonals. Then Ly (fR*) is a complex of coinjective C-contra-
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modules. The functor Ly can be extended to arbitrary complexes of C-contramod-
ules; for any complex &*, the cone of the morphism Lo (R*) — K* is contraacyclic
by Lemma 4.1.

Finally, if 8° is a coinjective complex of C-contramodules, then Ly (R*®) is also
a coinjective complex of C-contramodules, since the complex of cohomomorphisms
from a complex of left C-comodules M* into Lg(8*) coincides with the complex of
cohomomorphisms into &* from the total cobar complex Ry(M?*), and the latter
is coacyclic whenever M* is coacyclic. O

Remark. Another proof of the theorem (for complexes of coprojective comodules
and complexes of coinjective contramodules) can be deduced from the results of
Chapter 5. In addition, it will follow that any coacyclic complex of coprojective
left C-comodules is contractible and any contraacyclic complex of coinjective left
C-contramodules is contractible (see Remark 5.5).

4.6 Main theorem for semimodules and semicontramodules

Assume that the coring C is a projective left and a flat right A-module, the semi-
algebra 8 is a coprojective left and a coflat right C-comodule, and the ring A has
a finite left homological dimension.

Theorem.

(a) The functor mapping the quotient category of the homotopy category of
semiprojective complexes of A-projective (C-coprojective, semiprojective) left
S-semimodules by its intersection with the thick subcategory of C-coacyclic
complezxes of 8-semimodules into the semiderived category of left 8-semi-
modules is an equivalence of triangulated categories.

(b) The functor mapping the quotient category of the homotopy category of semi-
injective complexes of A-injective (C-coinjective, semiinjective) left 8-semi-
contramodules by its intersection with the thick subcategory of C-contra-
acyclic complexes of 8-semicontramodules into the semiderived category of
left 8-semicontramodules is an equivalence of triangulated categories.

Proof. There are two approaches: one can argue as in 2.5 or as in 2.6. Either way,
the proof is based on the constructions of intermediate resolutions L; and R;.
For part (a), it is the same constructions that were presented in the proof of
Theorem 2.6. One just has to use the results of Lemmas 3.3.2(a) and 3.3.3(a)
instead of Lemmas 1.3.2 and 1.3.3. Let us introduce the analogous constructions
for part (b).

Let &* be a complex of left 8-semicontramodules. Let P — T (P) denote
the functorial injective morphism from an arbitrary left 8-semicontramodule P
into an A-injective 8-semicontramodule J(*PB) constructed in Lemma 3.3.2(b).
The functor J is the direct sum of a constant functor P — J(0) and a functor
37" sending zero morphisms to zero morphisms. For any 8-semicontramodule 93,
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the semicontramodule J¥ () is A-injective and the morphism P — FT(P) is
injective. Set 3°(R*) = 37(K*), F'(K*) = T (coker(R* — I°(R"))), etc. For d
large enough, the cokernel 3(&*) of the morphism 3¢ %(&*) — J%1(&*) will be
a complex of A-injective 8-semicontramodules. Let Ry (&°) be the total complex
of the bicomplex

IF(R) — T(R) — - —— TTH(R) — 3(’).

Then Ry (8R®) is a complex of A-injective 8-semicontramodules and the cone of
the morphism & — R;(8°) is the total complex of a finite exact sequence of
complexes of 8-semicontramodules, and therefore, a C-contraacyclic complex (and
even an 8-contraacyclic complex).

Now let PR®* be a complex of A-injective left 8-semicontramodules. Let
F(PB) — P denote the functorial surjective morphism onto an arbitrary A-in-
jective 8-semicontramodule B from a C-coinjective 8-semicontramodule F(P)
with an A-injective kernel ker(F(P) — P) constructed in Lemma 3.3.3(b). Set
Fo(R*) = FR°®), F1(R°) = F(ker(Fo(M°®) — MN*)), etc. Let Lo(M®) be the

total complex of the bicomplex
—— F2(R) — F1(R) — Fo(R),

constructed by taking infinite products along the diagonals. Then Ly(9R®) is a
complex of C-coinjective 8-semicontramodules. Since the surjection F(P) —
B can be defined for arbitrary left 8-semicontramodules, the functor Ls can be
extended to arbitrary complexes of 8-semicontramodules. For any complex K°,
the cone of the morphism Ly(&*) — K° is a C-contraacyclic complex (and even
an 8-contraacyclic complex) by Lemma 4.1.

Finally, let PB° be a C-coinjective complex of A-injective left 8-semicontra-
modules. Then the complex Cohome(8,P°) is a semiinjective complex of A-in-
jective left 8-semicontramodules. Moreover, if J3° is a complex of C-coinjective
S-semicontramodules, then Cohome(8,PB*) is a semiinjective complex of semiin-
jective 8-semicontramodules. Consider the cobar construction

Cohome(8,PB*) —— Cohome(8, Cohome(S, P*)) — ---

Let R3(P*) be the total complex of this bicomplex, constructed by taking in-
finite products along the diagonals. Then complex R3(8°) is semiinjective by
Lemma 4.4. The functor R3 can be extended to arbitrary complexes of 8-semi-
contramodules; for any complex K°, the cone of the morphism K° — R3(K*) is
not only C-contraacyclic, but even C-contractible (the contracting homotopy being
induced by the semiunit morphism € — 8.)

It follows that the natural functors between the quotient categories of
the homotopy categories of semiinjective complexes of semiinjective 8-semi-
contramodules, semiinjective complexes of C-coinjective 8-semicontramodules,
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complexes of C-coinjective 8-semicontramodules, semiinjective complexes of A-in-
jective 8-semicontramodules, C-coinjective complexes of A-injective 8-semicon-
tramodules, complexes of A-injective 8-semicontramodules by their intersections
with the thick subcategory of C-contraacycliccomplexes and the semiderived cat-
egory of left 8-semicontramodules are all equivalences of triangulated categories.
Moreover, any complex of left 8-semicontramodules &° can be connected with a
semiinjective complex of semiinjective 8-semicontramodules in a functorial way by
a chain of three morphisms K* — R3(R*) «— R3L2(R*) — R3L2R;(K®) with
C-contraacyclic cones, and when K° is a semiinjective complex of (A-injective,
C-coinjective, or semiinjective) 8-semicontramodules, all complexes in this chain
are also semiinjective complexes of (A-injective, C-coinjective, or semiinjective)
S-semicontramodules. (]

Remark. One can show using the methods developed in Chapter 6 that any
C-coacyclic semiprojective complex of C-coprojective left S-semimodules is con-
tractible, and analogously, any C-contraacyclic semiinjective complex of C-coinjec-
tive left 8-semicontramodules is contractible (see Remark 6.4).

4.7 Derived functor SemiExt

Assume that the coring C is a projective left and a flat right A-module, the semi-
algebra 8 is a coprojective left and a coflat right C-comodule, and the ring A has
a finite left homological dimension.

The double-sided derived functor

SemiExtg : D¥(8-simod) x D% (8-sicntr) —— D(k-mod)

is defined as follows. Consider the partially defined functor of semihomomorphisms
of complexes

SemiHomsg : Hot(8-simod)°? x Hot(8-sicntr) ---» Hot(k-mod).

This functor is defined on the full subcategory of the Cartesian product of ho-
motopy categories that consists of pairs of complexes (M®,B*) such that ei-
ther M* is a complex of A-projective 8-semimodules, or * is a complex of
A-injective 8-semicontramodules. Compose it with the functor of localization
Hot(k-mod) — D(k-mod) and restrict either to the Cartesian product of the ho-
motopy category of semiprojective complexes of A-projective 8-semimodules and
the homotopy category of 8-semicontramodules, or to the Cartesian product of the
homotopy category of 8-semimodules and the homotopy category of semiinjective
complexes of A-injective 8-semicontramodules.

By Theorem 4.6 and Lemma 2.7, both functors so obtained factorize through
the Cartesian product of semiderived categories of left semimodules and left semi-
contramodules and the derived functors so defined are naturally isomorphic. The
same derived functor is obtained by restricting the functor of semihomomorphisms
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to the Cartesian product of the homotopy categories of semiprojective complexes of
A-projective 8-semimodules and semiinjective complexes of A-injective 8-semicon-
tramodules. One can also use semiprojective complexes of C-coprojective 8-semi-
modules or semiinjective complexes of C-coinjective 8-semicontramodules, etc.

In particular, when the coring € is a projective left and a flat right A-module
and the ring A has a finite left homological dimension, one defines the double-sided
derived functor

Coexte: D(C-comod)®® x D" (C-contra) —— D(k-mod)
by composing the functor of cohomomorphisms
Cohome : Hot(C-comod)®? x Hot(C-contra) —— Hot(k-mod)

with the functor of localization Hot(k-mod) — D(k-mod) and restricting it to ei-
ther the Cartesian product of the homotopy category of complexes of coprojective
C-comodules and the homotopy category of arbitrary complexes of C-contramod-
ules, or the Cartesian product of the homotopy category of arbitrary complexes
of C-comodules and the homotopy category of complexes of coinjective C-contra-
modules. The same derived functor is obtained by restricting the functor of coho-
momorphisms to the Cartesian product of the homotopy categories of coprojective
C-comodules and coinjective C-contramodules. One can also use coprojective com-
plexes of C-comodules or coinjective complexes of C-contramodules.

Question. Assuming only that C is a flat left and right A-module, one can define
the double-sided derived functor Cotor® on the Cartesian product of coderived
categories of the exact categories of right and left C-comodules of flat dimension
over A not exceeding d, for any given d, using Lemma 2.7 and the corresponding
version of Lemma 1.1.3. Analogously, assuming that € is a projective left and a
flat right A-module, one can define the double-sided derived functor Coexte on
the Cartesian product of the coderived category of left C-comodules of projective
dimension over A not exceeding d and the contraderived category of C-contra-
modules of injective dimension over A not exceeding d. One can even do with the
homological dimension assumption on only one of the arguments of Cotor® and
Coexte, using the corresponding versions of the results of Theorem 7.2.2. Can
one define, at least, a derived functor SemiTor® for complexes of A-flat S-semi-
modules and a derived functor SemiExtg for complexes of A-projective 8-semi-
modules and A-injective 8-semicontramodules without the homological dimension
assumptions on A7 The only problem one encounters attempting to do so comes
from the homological dimension conditions in Propositions 1.2.3(c) and 3.2.3.1-2(c)
and consequently in Lemmas 1.3.3 and 3.3.3; when 8 satisfies the conditions of
Proposition 1.2.5(f) there is no problem.

Remark. In a way completely analogous to Remark 2.7, without any homological
dimension assumptions one can define the double-sided derived functor IndCoexte
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for complexes of left G-comodules in k-mod® and complexes of left G-contramod-
ules in the category k-mod,, of ind-objects over k-mod representable by countable
filtered inductive systems of k-modules. Here the category opposite to k-mod,
is considered as a module category over the tensor category k-mod“ and € is a
coring over a ring A in k-mod“. Appropriate coflatness and “contraprojectivity”
conditions have to be imposed on €. The countability assumption can be dropped.

4.8 Relatively semiprojective and semiinjective complexes

We keep the assumptions and notation of 4.5, 4.6, and 4.7.

One can compute the derived functor Coexte using resolutions of other kinds.
Namely, the complex of cohomomorphisms Cohome(M?®,3*) from a complex of
C/A-coprojective left C-comodules M* into a complex of A-injective left C-con-
tramodules PB* represents an object naturally isomorphic to Coexte(M®,B*) in
the derived category of k-modules. Indeed, the complex Lo(B*) is a complex of
coinjective C-contramodules and the cone of the morphism Ly(B*) — P° is
contraacyclic with respect to the exact category of A-injective C-contramodules,
hence the morphism Cohome(M®,L2(B*)) — Cohome(M*,B*) is an isomor-
phism. Analogously, the complex of cohomomorphisms Cohome(M?®,J3°*) from a
complex of A-projective left C-comodules M* into a complex of €/A-coinjective left
C-contramodules JB* represents an object naturally isomorphic to Coexte(M®, P*)
in the derived category of k-modules.

One can also compute the derived functor SemiExte using resolutions of other
kinds. Namely, a complex of left 8-semimodules is called semiprojective relative
to A if the complex of semihomomorphisms from it into any complex of A-in-
jective left 8-semicontramodules that as a complex of C-contramodules is contra-
acyclic with respect to the exact category of A-injective C-contramodules is acyclic
(cf. Theorem 7.2.2(c)). The complex of semihomomorphisms SemiHome (M*, P*)
from a complex of left 8-semimodules M*® semiprojective relative to A into a com-
plex of A-injective left 8-semicontramodules $PB*® represents an object naturally
isomorphic to SemiExtg(M?*,°) in the derived category of k-modules. Indeed,
R3L2(PB*) is a semiinjective complex of 8-semicontramodules connected with J3°
by a chain of morphisms P° «— La(P*) — R3L2(P°) whose cones are con-
traacyclic with respect to the exact category of A-injective C-contramodules and
contractible over €, respectively. Analogously, a complex of left 8-semicontramod-
ules is called semiinjective relative to A if the complex of semihomomorphisms
into it from any complex of A-projective left 8-semimodules that as a complex of
C-comodules is coacyclic with respect to the exact category of A-projective C-co-
modules is acyclic (cf. Theorem 7.2.2(b)). The complex of semihomomorphisms
SemiHome (M*,PB°) from a complex of A-projective left 8-semimodules to a com-
plex of left 8-semicontramodules semiinjective relative to A represents an object
naturally isomorphic to SemiExtg(M?®,3°) in the derived category of k-modules.
For example, the complex of 8-semimodules induced from a complex of €/A-co-
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projective left C-comodules is semiprojective relative to A and the complex of
8-semicontramodules coinduced from a complex of €/A-coinjective left C-contra-
modules is semiinjective relative to A.

A complex of left 8-semimodules is called semiprojective relative to C if the
complex of semihomomorphisms from it into any C-contractible complex of C-coin-
jective left 8-semicontramodules is acyclic. The complex of semihomomorphisms
SemiHome (M*,PB°) from a complex of left 8-semimodules M* semiprojective rel-
ative to € into a complex of C-coinjective left 8-semicontramodules P* represents
an object naturally isomorphic to SemiExtg(M*,J3°) in the derived category of
k-modules. Indeed, R3(P°) is a semiinjective complex of 8-semicontramodules
and the cone of the morphism PB°* — R3(P°) is a C-contractible complex of
C-coinjective 8-semicontramodules. Analogously, a complex of left 8-semicontra-
modules is called semiinjective relative to C if the complex of semihomomorphisms
into it from any C-contractible complex of C-coprojective left S-semimodules is
acyclic. The complex of semihomomorphisms SemiHome (M*, 3°) from a complex
of C-coprojective left 8-semimodules M*® into a complex of left 8-semicontramod-
ules P* semiinjective relative to C represents an object naturally isomorphic to
SemiExtg (M*®,PB°) in the derived category of k-modules. It follows that the com-
plex of semihomomorphisms from a complex of left 8-semimodules semiprojective
relative to € into a C-contraacyclic complex of C-coinjective left 8-semicontra-
modules is acyclic, and the complex of semihomomorphisms into a complex of
left 8-semicontramodules semiinjective relative to € from a C-coacyclic complex of
C-coprojective left 8-semimodules is acyclic. For example, the complex of 8-semi-
modules induced from a complex of left C-comodules is semiprojective relative
to € and the complex of 8-semicontramodules coinduced from a complex of left
C-contramodules is semiinjective relative to C.

At last, a complex of A-projective left S-semimodules is called semipro-
jective relative to C relative to A (8/C/A-semiprojective) if the complex of
semihomomorphisms from it into any C-contractible complex of €/A-coinjec-
tive left S-semicontramodules is acyclic. The complex of semihomomorphisms
SemiHome(M*,PB°) from an 8§/C/A-semiprojective complex of A-projective left
S-semimodules M?* into a complex of C/A-coinjective left 8-semicontramodules
B* represents an object naturally isomorphic to SemiExtg(M*®,PB*) in the derived
category of k-modules. Indeed, R3(33°) is a complex of left 8-semicontramodules
semiinjective relative to A and the cone of the morphism PB* — R3(P°) is a
C-contractible complex of €/A-coinjective 8-semicontramodules.

Analogously, a complex of A-injective left 8-semicontramodules is called
semiinjective relative to C relative to A (8/C/A-semiinjective) if the complex
of semihomomorphisms into it from any C-contractible complex of €/A-co-
projective left 8-semimodules is acyclic. The complex of semihomomorphisms
SemiHome (M*®,PB°) from a complex of €/A-coprojective left 8-semimodules M*
into an 8/C/A-semiinjective complex of A-injective left 8-semicontramodules J3°
represents an object naturally isomorphic to SemiExtg(M*,J3*) in the derived
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category of k-modules. It follows that the complex of semihomomorphisms from
an 8/C/A-semiprojective complex of A-projective left S-semimodules into a
C-contraacyclic complex of €/A-coinjective left 8-semicontramodules is acyclic,
and the complex of semihomomorphisms into an 8/C/A-semiinjective complex of
A-injective left 8-semicontramodules from a C-coacyclic complex of €/A-copro-
jective left 8-semimodules is acyclic. For example, the complex of 8-semimodules
induced from a complex of A-projective left C-comodules is 8/€/A-semiprojective
and the complex of 8-semicontramodules coinduced from a complex of A-injective
left C-contramodules is 8/C/A-semiinjective.

The functors mapping the quotient categories of the homotopy categories of
complexes of 8-semimodules semiprojective relative to A, complexes of 8-semimod-
ules semiprojective relative to €, and 8/€/A-semiprojective complexes of 8-semi-
modules by their intersections with the thick subcategory of C-coacyclic complexes
into the semiderived category of left 8-semimodules are equivalences of triangu-
lated categories. Analogously, the functors mapping the quotient categories of
the homotopy categories of complexes of 8-semicontramodules semiinjective rel-
ative to A, complexes of 8-semicontramodules semiinjective relative to €, and
8/C/A-semiinjective complexes of 8-semicontramodules by their intersections with
the thick subcategory of C-contraacyclic complexes into the semiderived category
of left 8-semicontramodules are equivalences of triangulated categories. The same
applies to complexes of A-projective, C-coprojective, and €/A-coprojective 8-semi-
modules and complexes of A-injective, C-coinjective, and C/A-coinjective 8-semi-
contramodules. These results follow easily from either of Lemmas 2.5 or 2.6. So
one can define the derived functor SemiExtg by restricting the functor of semiho-
momorphisms to these categories of complexes as explained above.

Remark. One can define the double-sided or right derived functor SemiExtg in
the assumptions analogous to those of Remark 2.8 in completely analogous ways.

4.9 Remarks on derived semihomomorphisms from bisemimodules

Let 8 be a semialgebra over a coring € and J be a semialgebra over a coring D,
both satisfying the conditions of 4.6. One can define the double-sided derived
functor

D SemiHomsg : DS (8-simod-T)°P x D*(8-sicntr) —— D(J-sicntr)

by restricting the functor of semihomomorphisms SemiHomsg : Hot(8-simod-J)°P x
Hot(8-sicntr) --+ D®(J-sicntr) to the Cartesian product of the homotopy cate-
gory of complexes of 8-T-bisemimodules and the homotopy category of semiin-
jective complexes of C-coinjective left 8-semicontramodules (using the result of
Remark 6.4). There is an associativity isomorphism

SemiExtg(K® 02 M*, PB*) ~ SemiExty (M, D SemiHomg (K*, PB*)).
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Let R be a semialgebra over a coring € satisfying the conditions of 4.6. If
the k-algebra A is a flat k-module and the k-algebras B and F are projective
k-modules, then the derived functor D SemiHom can be defined using Lemma 2.7
in terms of strongly 8-semiprojective complexes of A-projective 8-T-bisemimod-
ules and semiinjective complexes of C-coinjective left 8-semicontramodules (or
strongly semiinjective complexes of A-injective left 8-semicontramodules). Here a
complex of A-projective 8-T-bisemimodules K* is called strongly 8-semiprojective
if for any C-contraacyclic complex of left 8-semicontramodules P* the complex of
left T-semicontramodules SemiHomg (K*,P*) is D-contraacyclic; strongly semi-
injective complexes are defined in an analogous way. In this case, there is an
associativity isomorphism

D SemiHomg (K* 05 M°®, PB*) ~ D SemiHomy (M*, D SemiHomg (K*, PB*))

for any complex of J-R-bisemimodules M*, any complex of 8-F-bisemimodules
XK*, and any complex of left 8-semicontramodules J3°.

In particular, even without any conditions on the k-module A, for any com-
plex of right 8-semimodules N* and any complex of left 8-semimodules M* there
is a natural isomorphism

Homy, (SemiTor® (N*, M*), k) ~ SemiExts(M*, Hom; (N°®, k).



5 Comodule-Contramodule
Correspondence

5.1 Contratensor product and comodule/contramodule
homomorphisms

Let C be a coring over a k-algebra A.

5.1.1 The contratensor product N ®¢e P of a right C-comodule N and a left C-con-
tramodule B is a k-module defined as the cokernel of the pair of maps

N@A HomA(G,‘B) = N®A ‘B

one of which is induced by the C-contraaction in P, while the other is the com-
position of the map induced by the C-coaction in N and the map induced by the
evaluation map C ®4 Homy4 (C,B) — P.

The contratensor product operation is dual to homomorphisms in the cate-
gory of contramodules: for any right C-comodule N with a left action of a k-algebra
B by C-comodule endomorphisms, any left C-contramodule B, and any left B-mod-
ule U there is a natural isomorphism

Homp(N ®¢ B, U) ~ Hom®(P, Homp(N, U)).

Indeed, both k-modules are isomorphic to the kernel of the same pair of maps
Homy (P, Homp (N, U)) = Homa(Hom4(C,B), Homp (N, U)). Taking B = k, one
can conclude that for any right C-comodule N and any left A-module V there is a
natural isomorphism

N©eeHoma(C, V) 2 N®@a V.

When C is a projective left A-module, the functor of contratensor product
over C is right exact in both its arguments.

5.1.2 Let D be a coring over a k-algebra B. For any C-D-bicomodule X and any
left C-comodule M, the k-module Home (X, M) has a natural left D-contramodule
structure as the kernel of a pair of D-contramodule morphisms Hom 4 (K, M) =
Homy (K, M ®p D). Analogously, for any D-C-bicomodule X and any left C-con-
tramodule 3, the k-module K ®e P has a natural left D-comodule structure as
the cokernel of a pair of D-comodule morphisms X ® 4 Hom 4 (C,PB) = K @4 P.

For any left D-comodule M, any D-C-bicomodule X, and any left C-contra-
module P there is a natural isomorphism

Homp (X ©¢ B, M) ~ Hom® (P, Homop (K, M)).

L. Positselski, Homological Algebra of Semimodules and Semicontramodules, Monografie 89
Matematyczne 70, DOI 10.1007/978-3-0346-0436-9_6, © Springer Basel AG 2010
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Indeed, a B-module map X ® 4 P — M factorizes through K ©e M if and only
if the corresponding A-module map P — Homp(K,M) is a C-contramodule
morphism, and a B-module map X® 4P — M is a D-comodule morphism if and
only if the corresponding A-module map P — Hompg (K, M) factorizes through
Homop (K, M).

In particular, there is a pair of adjoint functors ¥e: C-comod — C-contra
and ®e: C-contra — C-comod between the categories of left C-comodules and left
C-contramodules defined by the rules

Ue(M) = Home(C,M) and ®e(P) =CoeP.

5.1.3 A left C-comodule M is called quite injective relative to A (quite C/A-in-
jective) if the functor of C-comodule homomorphisms into M maps A-split exact
triples of left C-comodules to exact triples. It is easy to see that a C-comodule is
quite €/A-injective if and only if it is a direct summand of a coinduced C-comod-
ule. Analogously, a left C-contramodule B is called quite projective relative to A
(quite C/A-projective) if the functor of C-contramodule homomorphisms from
maps A-split exact triples of left C-contramodules to exact triples. A C-contra-
module is quite €/A-projective if and only if it is a direct summand of an induced
C-contramodule.

The restrictions of the functors We and ®e on the subcategories of quite
C/A-injective left C-comodules and quite C/A-projective left C-contramodules are
mutually inverse equivalences between these subcategories. Indeed, one has

Home(C, C®4 V) =Homa(C,V) and COHomy(C,V)=C®4V,

so the functors e and ®e transform the coinduced comodule C ® 4 V' into the
induced contramodule Hom 4 (C, V') and back. This equivalence between the cat-
egories of coinduced left C-comodules and induced left C-contramodules is a par-
ticular case of the isomorphism of Kleisli categories [26].

5.1.4 A left C-comodule M is called injective relative to A (€/A-injective) if the
functor of homomorphisms into M maps exact triples of A-projective left C-co-
modules to exact triples. A left C-contramodule B is called projective relative to A
(€/A-projective) if the functor of homomorphisms from 3 maps exact triples of
A-injective left C-contramodules to exact triples. (Cf. Lemma 5.3.2.)

Remark. What we call quite relatively injective comodules are usually called rela-
tively injective comodules [23] (cf. [47]). We chose this nontraditional terminology
for coherence with our definitions of relative coflatness, relative coprojectivity, etc.,
and also because what we call relatively injective comodules is a more important
notion from our point of view.

Question. One can compute modules Ext in the exact category of left C-comodules
with A-split exact triples in terms of the cobar resolution. When € is a projective
left A-module, this resolution can be also used to compute modules Ext in the
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exact category of A-projective left C-comodules, which therefore turn out to be
the same. How can one compute modules Ext in the exact category of A-projective
C-comodules without making any projectivity assumptions on C?

5.1.5. When € is a flat right A-module, the coinduction functor A-mod —
C-comod preserves injective objects. It follows easily that any left C-comodule
is a subcomodule of an injective C-comodule; a C-comodule is injective if and only
if it is a direct summand of a C-comodule coinduced from an injective A-mod-
ule. Analogously, when C is a projective left A-module, the induction functor
A-mod — C-contra preserves projective objects. Hence any left C-contramodule
is a quotient contramodule of a projective C-contramodule; a C-contramodule is
projective if and only if it is a direct summand of a C-contramodule induced from
a projective A-module.

5.1.6 When C is a flat left A-module, a left C-contramodule B is called contrafiat
if the functor of contratensor product with 8 is exact on the category of right
C-comodules. The C-contramodule induced from a flat A-module is contraflat.
Any projective C-contramodule is contraflat.

A left C-contramodule B is called quite C/A-contraflat if the functor of con-
tratensor product with B maps those exact triples of right C-comodules which
as exact triples of A-modules remain exact after the tensor product with any
left A-module to exact triples. Any quite €/A-projective C-contramodule is quite
C/A-contraflat. A left C-contramodule B is called C/A-contraflat if the functor
of contratensor product with 8 maps exact triples of A-flat right C-comodules
to exact triples. Using the dualization functor Homy(—, k"), one can easily check
that any €/A-projective C-comodule is C/A-contraflat.

5.2 Associativity isomorphisms

Let € be a coring over a k-algebra A and D be a coring over a k-algebra B. The
following three propositions will be mostly applied to the case of X = D = € in
the sequel.

Proposition 1. Let N be a right D-comodule, X be a D-C-bicomodule, and B be
a left C-contramodule. Then there is a natural map

(NOp K) @ P —— NOp (X ©c B)

whenever the cotensor product NOp K is endowed with a right C-comodule struc-
ture such that the map NOp X — N ®p K is a C-comodule morphism. This
natural map is an isomorphism, at least, in the following cases:

(a) C is a flat left A-module and B is a contraflat left C-contramodule,

(b) B is a quite C/A-contraflat left C-contramodule and K as a left D-comodule
with a right A-module structure is coinduced from a B-A-bimodule;
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(c) B is a C/A-contraflat left C-contramodule, D is a flat right B-module, N is
a flat right B-module, and X as a left D-comodule with a right A-module
structure is coinduced from an A-flat B-A-bimodule;

(d) P is a C/A-contraflat left C-contramodule, D is a flat right B-module, N is
a flat right B-module, X is a flat right A-module, X is a D/B-coflat left
D-comodule, and the ring A has a finite weak homological dimension;

(e) N is a quasicoflat right D-comodule.

Proof. The map (NOp K) @ P — N ®p K ©c P has equal compositions with
two maps N ®p K 0P = N®p D ®p K ©c¢ P, so there is a natural map
(NOp X) @B — NOp (K ©e P). Besides, the composition

(NDD fK) ®Aq3 —— N0Op (K@A‘B) —— NOp (fKG)e‘m

annihilates the difference between two maps (N Op K) ® 4 Hom 4 (C, ) = NOp
K) ® 4P, which leads to the same natural map (NOp K) ©eP — NOp (KoeP).
To prove cases (a-d), one shows that the sequence 0 — NOp K — N K —
N®pD®pK remains exact after taking the contratensor product with . Indeed,
the case (a) is obvious, in the cases (b-c) this exact sequence of right A-modules
splits, and in the cases (c-d) this sequence of right A-modules is exact with respect
to the exact category of flat A-modules (see the proof of Proposition 1.2.3). To
prove (e), one notices that the sequence X ®4 Homa(C,B) — KX @4 P —
X ®e P — 0 remains exact after taking the cotensor product with N and uses
Proposition 1.2.3(b). O

Proposition 2. Let L be a left D-comodule, KX be a C-D-bicomodule, and M be a
left C-comodule. Then there is a natural map

Cohomq (£, Home (X, M)) —— Home (X Op L, M)

whenever the cotensor product XOp L is endowed with a left C-comodule structure
such that the map K Op L — K ®@p L is a C-comodule morphism. This natural
map is an isomorphism, at least, in the following cases:

(a) Cis a flat right A-module and M is an injective left C-comodule;

(b) M is a quite C/A-injective left C-comodule and X as a right D-comodule
with a left A-module structure is coinduced from an A-B-bimodule;

(¢) M is a C/A-injective left C-comodule, D is a projective left B-module, L is a
projective left B-module, and X as a right D-comodule with a left A-module
structure is coinduced from an A-projective A-B-bimodule;

(d) M is a C/A-injective left C-comodule, D is a projective left B-module, L is a
projective left B-module, X is a projective left A-module, X is a D/B-coflat
right D-comodule, and the ring A has a finite left homological dimension;

(e) L is a quasicoprojective left D-comodule.
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Proof. Analogous to the proof of Proposition 1 and Proposition 3 below (see also
the proof of Proposition 3.2.3.1). In particular, to prove (e) one notices that the
sequence 0 — Home (X, M) — Homy (K, M) — Hom (K, € ®4 M) remains
exact after taking the cohomomorphisms from L. O

Proposition 3. Let P be a left C-contramodule, K be a D-C-bicomodule, and L be
a left D-contramodule. Then there is a natural map

Cohomyp (X ©¢ B, Q) —— Hom® (P, Cohomyp (K, Q))

whenever the cohomomorphism module Cohomqp (XK, Q) is endowed with a left
C-contramodule structure such that the map Homp (X, Q) — Cohomqp (XK, Q) is
a C-contramodule morphism. This natural map is an isomorphism, at least, in the
following cases:

(a) © is a projective left A-module and B is a projective left C-contramodule;

(b) B is a quite C/A-projective left C-contramodule and K as a left D-comodule
with a right A-module structure is coinduced from a B-A-bimodule,

(c) B is a C/A-projective left C-contramodule, D is a flat right B-module, 9 is
an ingective left B-module, and X as a left D-comodule with a right A-module
structure is coinduced from an A-flat B-A-bimodule;

(d) B is a C/A-projective left C-contramodule, D is a flat right B-module, 9 is
an injective left B-module, X is a flat right A-module, X is a D/B-projective
left D-comodule, and the ring A has a finite left homological dimension;

(e) Q is a quasicoinjective left D-contramodule.

Proof. The map Hom® (B, Homp (X, Q)) — Hom®(P, Cohomqp (K, L)) annihi-
lates the difference of two maps

Home(iﬁ7 Homp(D ®p XK,Q)) = Home(iﬁ, Homp (X, Q))

and this pair of maps can be identified with the pair of maps Hompg(D®pK0e B,
) = Homp (X ©e P, Q) whose cokernel is, by the definition, the cohomomor-
phism module Cohomp (K @e P, ). Hence there is a natural map Cohomp (K ®e
P, Q) — Hom® (P, Cohomyp (K, Q)). Besides, the composition

Cohomp (K ©¢ B, Q) — Cohomp (K @4 P, Q) — Hom 4 (B, Cohomq (X, Q))
has equal compositions with the two maps
Hom 4 (3, Cohomp (K, Q)) = Hom 4 (Hom4 (€, ), Cohomp (X, Q)),
which leads to the same natural map
Cohomqp (X G¢ B, Q) — Hom® (P, Cohomyp (X, Q)).

To prove cases (a—d), one shows that the sequence Homp(D ®p X, Q) —
Homp (K, Q) — Cohomqp(X,Q) — 0 remains exact after applying the func-
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tor Hom® (B, —). Indeed, the case (a) is obvious, in the cases (b-d) this sequence
of left A-modules splits, and in the cases (c-d) it is also an exact sequence of in-
jective A-modules (see the proof of Proposition 3.2.3.2). To prove (e), one notices
that the sequence X®4 Homy (€, PB) — K@4P — K©eP — 0 remains exact
after taking the cohomomorphisms into 9 and uses Proposition 3.2.3.2(b). ]

In the case of X = D = €, the natural maps defined in Propositions 2—-3 have
the following property of compatibility with the adjoint functors e and ®e: for
any left C-comodule M and any left C-contramodule ‘B the maps

Cohome (®e(P), Ye(M)) — Home(Pe(P), M)
and
Cohome (®e(P), Te(M)) — Hom® (P, Te(M))

form a commutative diagram with the isomorphism

Home (®e (), M) ~ Hom® (P, Ue(M)).

The following important lemma is deduced as a corollary of Propositions 2—-3.

Lemma.

(a) A C-comodule is quasicoprojective if and only if it is quite C/A-injective. If
C is a projective left A-module, then a left C-comodule is coprojective if and
only if it is a direct summand of a comodule coinduced from a projective
A-module.

(b) A C-contramodule is quasicoinjective if and only if it is quite C/A-projective.
If © is a flat right A-module, then a left C-contramodule is coinjective if and
only if it is a direct summand of a contramodule induced from an injective
A-module.

Proof. Part (a): let M be a quasicoprojective left C-comodule. Denote by [ the
coaction map M — C®4 M. It is an A-split injective morphism of quasicopro-
jective C-comodules. According to Proposition 2(e), we have an isomorphism of
morphisms Home (I, M) ~ Cohome (I, Home (€, M)). But the map Cohome (I, P) is
surjective for any left C-contramodule B. Therefore, the map Home (I, M) is also
surjective, hence the morphism [ splits and the comodule M is quite C/A-injective.
Now suppose that M is coprojective; then we already know that M is quite C/A-in-
jective. Set P = ¥e(M). It follows from Proposition 3(b) that there is an isomor-
phism of functors Hom® (4, —) ~ Cohome (M, —) on the category of left C-contra-
modules. Therefore, the C-contramodule 8 is projective, hence it is a direct sum-
mand of a C-contramodule induced from a projective A-module and M is a direct
summand of the C-comodule coinduced from the same projective A-module. The
proof of part (b) is completely analogous; it uses Propositions 3(e) and 2(b). O

Question. Are there any analogues of the results of the lemma for (quasi)coflat
comodules and (quite relatively) contraflat contramodules?
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5.3 Relatively injective comodules and relatively
projective contramodules

Assume that C is a projective left A-module. For any right C-comodule N and
any left C-contramodule P denote by Ctrtorie (N,B) the sequence of left derived
functors in the second argument of the right exact functor of contratensor product
N©®ePB. By the definition, the k-modules Ctrtorie (N, ) are computed using a left
projective resolution of the C-contramodule B. Since projective contramodules are
contraflat, the functor Ctrtorf (N, *B) assigns long exact sequences to exact triples
in either of its arguments.

Question. Can one compute the derived functor Ctrtor using contraflat resolutions
of the second argument? In other words, is it true that Ctrtory (N,9) = 0 for
any right C-comodule N, any contraflat left C-contramodule ‘B, and all ¢ > 07
Also, is it true that Ctrtorie (N,B) = 0 for any A-flat right C-comodule N, any
(quite) €/A-contraflat left C-contramodule 9, and all ¢ > 0?7 A related question:
is Ctrtorgo(N, PB) an effaceable functor of its first argument?

Now assume that € is a projective left and a flat right A-module and the ring
A has a finite left homological dimension.

Lemma 1.

(a) A left C-comodule M is C/A-injective if and only if for any A-projective left
C-comodule L the k-modules Ext’é(ﬁ,, M) of Yoneda extensions in the abelian
category of left C-comodules vanish for all i > 0. In particular, the functor of
C-comodule homomorphisms from an A-projective left C-comodule L maps
exact triples of C/A-injective left C-comodules to exact triples. Besides, the
class of C/A-injective left C-comodules is closed under extensions and cok-
ernels of injective morphisms.

(b) A left C-contramodule B is C/A-projective if and only if for any A-injective
left C-contramodule 9 the k-modules Exte’i(ip,ﬂ) of Yoneda extensions in
the abelian category of left C-contramodules vanish for all © > 0. In particu-
lar, the functor of C-contramodule homomorphisms into an A-injective left
C-contramodule Q maps exact triples of C/A-projective left C-contramodules
to exact triples. Besides, the class of C/A-projective left C-contramodules is
closed under extensions and kernels of surjective morphisms.

(¢) For any C/A-projective left C-contramodule B and any A-flat right C-comod-
ule N the k-modules Ctrtorf(N, V) wvanish for all i > 0. In particular, the
functor of contratensor product with an A-flat right C-comodule maps exact
triples of C/A-projective left C-contramodules to exact triples.

Proof. Part (a): the “if” part of the first assertion is obvious; let us prove the
“only if” part. An arbitrary element of Extzé(ﬁ,, M) can be represented by a mor-
phism of degree ¢ from an exact complex --- — L; — .-+ — Ly — L — 0 to the
comodule M. According to Lemma 3.1.3(a), any left C-comodule is a surjective
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image of an A-projective C-comodule. Therefore, one can assume that the comod-
ules L; are A-projective. Now if L is also A-projective, then our exact complex of
C-comodules is composed of exact triples of A-projective C-comodules, so if M is
C/A-injective, then the complex of homomorphisms into M from this complex of
C-comodules is acyclic. The remaining two assertions follow from the first one. The
proof of part (b) is completely analogous. To prove (c), notice the isomorphism
Homy, (CtrtorS (N, ), k) ~ Ext® (B, Homy (N, kV)). O

Remark. Analogues of the third assertion of Lemma 1(a) and the third assertion
of Lemma 1(b) are not true for quite relatively injective comodules and quite
relatively projective contramodules (see Remark 7.4.3; cf. Remark 9.1).

Theorem. For any C/A-injective left C-comodule M the left C-contramodule
Ve (M) is C/A-projective and for any C/A-projective left C-contramodule B the
left C-comodule ®e(M) is C/A-injective. The restrictions of the functors ¥e and
Do to the full subcategories of C/A-injective C-comodules and C/A-projective
C-contramodules are mutually inverse equivalences between these subcategories.

Proof. Let us first show that the injective dimension of a €/A-injective left C-co-
module M in the abelian category of C-comodules does not exceed the left ho-
mological dimension d of the ring A. Indeed, it follows from Lemma 3.1.3(a) that
any left C-comodule £ has a finite resolution 0 — L5 — -+ — Ly — L — 0
with A-projective C-comodules L;; and since Exti(Lj,M) = 0 for all j and all
i > 0, the complex Home (Lo, M) computes Exte (L, M). So the C-comodule M
has a finite injective resolution, and consequently it has a finite resolution 0 —
M — K% — ... — K% — 0 consisting of quite €/A-injective C-comodules K7.
According to Lemma 1(a), this exact sequence is composed of exact triples of
C/A-injective C-comodules, which the functor Ue maps to exact triples; so the
sequence 0 — We(M) — We(K°) — - — We(K?) — 0 is also exact. Since
the C-contramodules We(X7) are quite €/A-projective, it follows from Lemma 1(b)
that the C-contramodule ¥e(M) is €/A-projective and the latter exact sequence
is composed of exact triples of €/A-projective C-contramodules. Thus it follows
from Lemma 1(c) that the sequence 0 — ®eW¥e(M) — PeV¥e(K?) — -+ —
PeWe(K?) — 0 is also exact. Now since the adjunction maps ®eWe(X7) — K7
are isomorphisms, the adjunction map ®e¥e(M) — M is also an isomorphism.
The remaining assertions are proven in a completely analogous way. O

Lemma 2.
(a) In the above assumptions, a left C-comodule is C/A-coprojective if and only
if it is C/A-injective.
(b) In the above assumptions, a left C-contramodule is C/A-coinjective if and
only if it is C/A-projective.

Proof. Part (a) in the “if” direction: it follows from Proposition 5.2.3(c) that
whenever a left C-contramodule P is €/A-projective, the C-comodule e () is
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C/A-coprojective. Now if a left C-comodule M is C/A-injective, then the C-con-
tramodule P = ¥e(M) is C/A-projective and M = P () by the above theo-
rem. Part (a) in the “only if” direction: in view of Lemma 1(a), the construction
of Lemmas 1.1.3 and 3.1.3(a) represents any left C-comodule M as the quotient
comodule of an A-projective C-comodule P(M) by a €/A-injective C-comodule.
We will show that whenever M is a €/A-coprojective C-comodule, P(M) is a co-
projective C-comodule; then it will follow that M is a €/A-injective C-comod-
ule by Lemma 5.2(a) and Lemma 1(a). Indeed, an extension of €/A-coprojective
left C-comodules is €/A-coprojective by Lemma 3.2.2(a); let us check that an
A-projective €/A-coprojective C-comodule is coprojective. For any left C-comod-
ule M and any left -contramodule 8 denote by Coextls(M, ) the cohomology of
the object Coexte (M, P) of the derived category D(k-mod) that was constructed
in 4.7. This definition agrees with the definition of Coextg (M, ) for an A-pro-
jective C-comodule M or an A-injective C-contramodule B given in the proof
of Lemma 3.2.2. The functor Coextg (M, ) assigns long exact sequences to ex-
act triples in either of its arguments. For any A-projective left C-comodule M
and any left C-contramodule P one has Coextl(M,P) = 0 for all i > 0 and
Coext® (M, B) ~ Cohome (M, B). Therefore, an A-projective left C-comodule M is
coprojective if and only if Cohomp (M, ) = 0 for any left C-contramodule P and
all 4 # 0. For any €/A-coprojective left C-comodule M and any left C-comodule
P one has Coextls (M, B) = 0 for all i < 0, since one can compute Coexte (M, )
using a finite A-injective right resolution of 8 by the result of 4.8. Thus an A-pro-
jective €/A-coprojective left C-comodule is coprojective. The proof of part (b) is
completely analogous; it uses Proposition 5.2.2(c) and Lemma 3.1.3(b). O

Question. It follows from Proposition 1(c) that if € is a flat right A-module, then
whenever a left C-contramodule P is C/A-contraflat the C-comodule ®e(P) is
C/A-coflat. Does the converse hold?

5.4 Comodule-contramodule correspondence

Assume that the coring C is a projective left and a flat right A-module and the
ring A has a finite left homological dimension.

The categories of C/A-injective left C-comodules and €/A-projective left
C-contramodules have natural exact category structures as full subcategories,
closed under extensions, of the abelian categories of left C-comodules and left
C-contramodules.

Theorem.

(a) The functor mapping the quotient category of the homotopy category of com-
plexes of C/A-injective left C-comodules by its minimal triangulated subcate-
gory containing the total complezes of exact triples of complexes of C/A-injec-
tive C-comodules into the coderived category of left C-comodules is an equiv-
alence of triangulated categories.
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(b) The functor mapping the quotient category of the homotopy category of com-
plezes of C/A-projective left C-contramodules by its minimal triangulated
subcategory containing the total complexes of C/A-projective C-contramod-
ules into the contraderived category of left C-contramodules is an equivalence
of triangulated categories.

Proof. Part (a): let M* be a complex of left C-comodules. Then the total complex
of the cobar bicomplex € ® 4 M* — C®4 C®4 M* — --- is a complex of
(quite) €/A-injective C-comodules, the complex M*® maps into this total complex,
and the cone of this map is coacyclic. Hence it follows from Lemma 2.6 that the
coderived category of left C-comodules is equivalent to the quotient category of the
homotopy category of complexes of €/A-injective C-comodules by its intersection
with the thick subcategory of coacyclic complexes of C-comodules. It remains to
show that this intersection of subcategories coincides with the minimal triangu-
lated subcategory containing the total complexes of exact triples of complexes of
C/A-injective C-comodules.

Lemma.
(a) For any exact category A where infinite direct sums exist and preserve exact
triples, the complex of homomorphisms from a coacyclic complex over A into
a complex of injective objects with respect to A is acyclic.
(b) For any exact category A where infinite products exist and preserve exact
triples, the complex of homomorphisms from a complex of projective objects
with respect to A into a contraacyclic complex over A is acyclic.

Proof. Analogous to the proofs of Lemmas 2.2 and 4.2. Part (a): let M* be a
complex of injective objects with respect to A. Since the functor of homomor-
phisms into M*® maps distinguished triangles in the homotopy category to dis-
tinguished triangles and infinite direct sums to infinite products, it suffices to
check that the complex Homa(L®, M*) is acyclic whenever L* is the total com-
plex of an exact triple 'K* — K* — "K* of complexes over A. But the complex
Homa (L*®, M*®) is the total complex of an exact triple of complexes of abelian
groups Homa ("K*, M*) — Homa(K®, M*) — Homa(’K*, M*) in this case.
The proof of part (b) is dual. O

In the remaining part of the proof we will show that the following two trian-
gulated subcategories:

(i) the minimal triangulated subcategory containing the total complexes of exact
triples of complexes of C/A-injective C-comodules, and
(ii) the homotopy category of complexes of injective C-comodules

form a semiorthogonal decomposition [18] of the homotopy category of complexes
of C/A-injective left C-comodules. This means, in addition to the subcategory (i)
being left orthogonal to the subcategory (ii), that for any complex X* of €/A-injec-
tive C-comodules there exists a (unique and functorial) distinguished triangle £°* —
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K* — M* — L°[1] in the homotopy category of C-comodules, where L® belongs
to the subcategory (i) and M* belongs to the subcategory (ii). Then it will follow
that the subcategory (i) is the maximal subcategory of the homotopy category of
complexes of €/A-injective C-comodules left orthogonal to the subcategory (ii),
hence the subcategory (i) contains the intersection of the homotopy category of
complexes of C/A-injective C-comodules with the thick subcategory of coacyclic
complexes of C-comodules.

Indeed, let X* be a complex of €/A-injective left C-comodules. Choose for
every n an injection j" of the C-comodule X™ into an injective C-comodule J™.
Consider the complex £* = £(K*) whose terms are the C-comodules " = Jnggnti
and the differential d: €® — "1 maps J"*! into itself by the identity map
and vanishes in the restriction to J” and in the projection to g»*+2. There is a
natural injective morphism of complexes KX* — E°* formed by the C-comodule
maps K" — E™ whose components are j7: X" — J" and j"+1d§‘<: xXxr —
Jntl. Set 0&* = £(K*), 1€* = &(°€*/K*), etc. As it was shown in the proof of
Theorem 5.3, the injective dimension of a C/A-injective left C-comodule does not
exceed the left homological dimension d of the ring A. Therefore, the complex
Z°* = coker(472€* — 971€*) is a complex of injective C-comodules. Now it is clear
that the total complex M* of the bicomplex °* — 1&* — ... — d=1ge __, ¢
is a complex of injective C-comodules and the cone L°* of the morphism X* — M*
belongs to the minimal triangulated subcategory containing the total complexes
of exact triples of complexes of €/A-injective C-comodules by Lemma 5.3.1(a).

Part (a) is proven; the proof of part (b) is completely analogous and uses
Lemma 5.3.1(b). O

Remark. Let A be an exact category where infinite direct sums exist and preserve
exact triples, every object admits an admissible monomorphism into an object
injective relative to A, and the class of such injective objects is closed under infi-
nite direct sums. Then the thick subcategory of coacyclic complexes with respect
to A and the triangulated subcategory of complexes of injective objects form a
semiorthogonal decomposition of the homotopy category Hot(A), so the coderived
category D®(A) is equivalent to the homotopy category of complexes of injec-
tives in A. Indeed, orthogonality is already proven in the lemma, so it remains to
construct a morphism from any complex C* over A into a complex of injectives
M* with a coacyclic cone. To do so, one proceeds as in the proof of the theorem,
constructing a morphism from C'* into a complex of injectives °E* that is an admis-
sible monomorphism in every degree, taking the quotient complex, constructing
an analogous morphism from it into a complex of injectives 'E*, etc. Finally, one
constructs the total complex M*® of the bicomplex *E*® by taking infinite direct
sums along the diagonals; then M* is a complex of injectives and the cone of the
morphism C* — M* is coacyclic by Lemma, 2.1. Consequently, the homotopy cat-
egory of acyclic complexes of injectives in A is equivalent to the quotient category
Acycl(A)/Acycl®(A) and to the kernel of the localization functor D°(A) — D(A)
(cf. [64]). When A has a finite homological dimension, the condition that the class
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of injectives is closed under infinite direct sums is not needed in this argument.
This is a somewhat trivial situation, though; see Remark 2.1. Moreover, let A be
an exact category where infinite direct sums exist and preserve exact triples and
every object admits an admissible monomorphism into an injective. Let F C A be
a class of objects closed under cokernels of admissible monomorphisms, containing
the injectives, and consisting of objects of finite injective dimension. Then every
complex over F that is coacyclic as a complex over A belongs to the minimal tri-
angulated subcategory of Hot(A) containing the total complexes of exact triples of
complexes over F. When there is a class F C A closed under infinite direct sums,
consisting of objects of finite injective dimension, and such that every object of
A admits an admissible monomorphism into an object of F, the coderived cate-
gory D°(A) is equivalent to the homotopy category of complexes of injectives in A
(cf. [55], where in the dual situation the role of the class F is played by flat mod-
ules). To show this, one has to repeat twice the above construction of a resolution
*E*, taking infinite direct sums along the diagonals for the first time and finite
direct sums along the diagonals of the canonical truncation for the second time.
When A is the abelian category of C-comodules, one can take F to be the class of
C/A-injective C-comodules or quite C/A-injective C-comodules. The related results
for comodules and contramodules are obtained in Theorem 5.5 and Remark 5.5.

Corollary. The restrictions of the functors ¥e and ®e (applied to complexes term-
wise) to the homotopy category of complexes of C/A-injective C-comodules and the
homotopy category of complexes of C/A-projective C-contramodules define mutu-
ally inverse equivalences RUe and L®e between the coderived category of left
C-comodules and the contraderived category of left C-contramodules.

Proof. By Theorem 5.3, the functors ¥e and ®¢ induce mutually inverse equiv-
alences between the homotopy categories of C/A-injective left C-comodules and
C/A-projective left C-contramodules. According to Lemma 5.3.1(a) and (c), the
total complexes of exact triples of complexes of C/A-injective C-comodules cor-
respond to the total complexes of exact triples of complexes of €/A-projective
C-contramodules under this equivalence. So it remains to apply the above theo-
rem. (]

Question. Can one obtain a version of the derived comodule-contramodule corre-
spondence (an equivalence between appropriately defined exotic derived categories
of left C-comodules and left C-contramodules) not depending on any assumptions
about the homological dimension of the ring A? It is not difficult to see that one
can weaken the assumption that A has a finite left homological dimension to the
assumption that A is left Gorenstein, i.e., the classes of left A-modules of finite
projective and injective dimensions coincide. In this case, the coderived category
of left C-comodules and the contraderived category of left C-contramodules are
naturally equivalent whenever the coring € is a projective left and a flat right
A-module. Indeed, arguing as in Theorem 5.5 below, one can show that the co-
derived category of left C-comodules is equivalent to the quotient category of the
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homotopy category of complexes of C-comodules coinduced from left A-modules
of finite projective (injective) dimension by its minimal triangulated subcategory
containing the total complexes of exact triples of complexes of C-comodules that
at every term are exact triples of C-comodules coinduced from exact triples of
A-modules of finite projective (injective) dimension. Analogously, the contrade-
rived category of left C-contramodules is equivalent to the quotient category of the
homotopy category of complexes of C-contramodules induced from left A-modules
of finite projective (injective) dimension by its minimal triangulated subcategory
containing the total complexes of exact triples of complexes of C-contramodules
that at every term are exact triples of C-contramodules induced from exact triples
of A-modules of finite projective (injective) dimension. The key step is to notice
that the class of left A-modules of finite projective (injective) dimension is closed
under infinite direct sums and products.

5.5 Derived functor Ctrtor

The following analogue of Theorem 5.4 holds under slightly weaker conditions.

Theorem.

(a) Assume that the coring @ is a flat right A-module and the ring A has a finite
left homological dimension. Then the functor mapping the homotopy cate-
gory of complexes of injective left C-comodules into the coderived category
of left C-comodules is an equivalence of triangulated categories. In addition,
the functor mapping the quotient category of the homotopy category of com-
plexes of quite C/A-injective left C-comodules by the minimal triangulated
subcategory containing the total complexes of exact triples of compleres of
coinduced C-comodules that at every term are exact triples of C-comodules
coinduced from exact triples of A-modules into the coderived category of left
C-comodules is an equivalence of triangulated categories.

(b) Assume that the coring C is a projective left A-module and the ring A has
a finite left homological dimension. Then the functor mapping the homo-
topy category of complexes of projective left C-contramodules into the con-
traderived category of left C-contramodules is an equivalence of triangulated
categories. In addition, the functor mapping the quotient category of the ho-
motopy category of complexes of quite C/A-projective left C-contramodules by
the minimal triangulated subcategory containing the total complexes of exact
triples of complexes of induced C-contramodules that at every term are exact
triples of C-contramodules induced from exact triples of A-modules into the
contraderived category of left C-contramodules is an equivalence of triangu-
lated categories.

Proof. Part (a): when C is also a projective left A-module, the first assertion follows
from the proof of Theorem 5.4. To prove both assertions in the general case, we
will show that
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(i) the minimal triangulated subcategory containing the total complexes of exact
triples of complexes of coinduced C-comodules that at every term are exact
triples of C-comodules coinduced from exact triples of A-modules, and

(ii) the homotopy category of complexes of injective C-comodules

form a semiorthogonal decomposition of the homotopy category of complexes of
quite C/A-injective left C-comodules. Then we will argue as in the proof of Theo-
rem 5.4.

Any complex of quite €/A-injective C-comodules is homotopy equivalent to
a complex of coinduced C-comodules. Let X*® be a complex of coinduced left C-co-
modules; then X" ~ € ®4 V" for certain A-modules V™. Let Vi — I' be injec-
tive maps of the A-modules V" into injective A-modules I"; set J" = C®4 I".
Then J" are injective C-comodules endowed with injective €-comodule morphisms
K™ — J™. As in the proof of Theorem 5.4, we construct the complex of injective
C-comodules €°* with € = J” @ J”*! and the injective morphism of complexes
X* — E&°. Let us show that there exists an automorphism of the C-comodule £
such that its composition with the injection X — €™ is the injection whose com-
ponents are j,: K® — g™ and the zero map K® — J"*!. Since the comodule
g7t is injective, the component K — g1 of the morphism K» — £” can be
extended from the comodule X™ to comodule J™ containing it. Denote the mor-
phism so obtained by h™: J* — J"*1; then the automorphism of the comodule "
whose components are —h", the identity automorphisms of §” and J"*!, and zero
has the desired property. Now it is clear that the triple X* — €* — &£°*/X* is an
exact triple of complexes of coinduced C-comodules which at every term is an ex-
act triple of C-comodules coinduced from an exact triple of A-modules. Moreover,
En /K™ ~ C®4 W™, where the injective dimension dig W™ is equal to dig V" — 1.
So we can iterate this (nonfunctorial) construction, setting °€* = &(X*) = &°,
lege = £(%€*/K*), etc., and Z°* = coker(9=2€* — 971€*). Then the total complex
M® of the bicomplex °€* — 1€* — ... — d=1g* __, 2* ig a complex of in-
jective C-comodules and the cone L°® of the morphism K* — M?* belongs to the
minimal triangulated subcategory containing the total complexes of exact triples
of complexes of coinduced C-comodules that at every term is an exact triple of
C-comodules coinduced from an exact triple of A-modules. O

Remark. Theorem 5.5 provides an alternative way of proving Corollary 5.4. Be-
sides, it follows from 5.1.3, Lemma 5.2, and Theorem 5.5 that in the assumptions
of 5.4 the functor mapping the homotopy category of complexes of coprojective
left C-comodules into the coderived category of left C-comodules and the functor
mapping the homotopy category of complexes of coinjective left C-contramodules
into the contraderived category of left C-contramodules are equivalences of trian-
gulated categories. This is a stronger result than Theorem 4.5.

The contratensor product N* ®¢e PB* of a complex of right C-comodules N°*
and a complex of left C-contramodules P* is defined as the total complex of the
bicomplex N*® ¢33/, constructed by taking infinite direct sums along the diagonals.
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Assume that the coring C is a projective left A-module and the ring A has a finite
left homological dimension. One can prove in a way completely analogous to the
proof of Lemma 2.2 that the contratensor product of a coacyclic complex of right
C-comodules and a complex of contraflat (and in particular, projective) left C-con-
tramodules is acyclic. The left derived functor of contratensor product

Ctrtor®: D(comod-@€) x D" (C-contra) —— D(k-mod)

is defined by restricting the functor of contratensor product to the Cartesian prod-
uct of the homotopy category of right C-comodules and the homotopy category of
complexes of projective left C-contramodules.

The same derived functor can be obtained by restricting the functor of contra-
tensor product to the Cartesian product of the homotopy category of complexes
of A-flat right C-comodules and the homotopy category of complexes of quite
C/A-projective left C-contramodules. Indeed, it follows from part (b) of the theo-
rem that the contratensor product of a complex of A-flat right C-comodules and a
contraacyclic complex of quite €/A-projective left C-contramodules is acyclic. Now
if N* is a complex of A-flat right C-comodules, B* is a complex of quite €/A-pro-
jective left C-contramodules, and "B* — P* is a morphism from a complex of
projective C-contramodules "PB* into P* with a contraacyclic cone, then the map
N* @e B* — N* ©¢ B is a quasi-isomorphism. In particular, if the complex N°*
is coacyclic, then the complex N*® ®¢e B* is acyclic, since the complex N* ®¢ "PB*
is. When € is also a flat right A-module, one can use complexes of €/A-projective
C-contramodules instead of complexes of quite €/A-projective C-contramodules,
because the contratensor product of a complex of A-flat right C-comodules and a
contraacyclic complex of €/A-projective left C-contramodules is acyclic by Theo-
rem 5.4(b) and Lemma 5.3.1(c). Notice that this definition of the derived functor
Ctrtor® is not a particular case of Lemma 2.7 (instead, it is a particular case of
Lemma 6.5.2 below).

Analogously, assume that the coring € is a flat right A-module and the ring A
has a finite left homological dimension. According to Lemma 5.4, the complex of
homomorphisms from a coacyclic complex of left C-comodules into a complex of
injective left C-comodules is acyclic. Therefore, the natural map

HomHot(G—comod) (L., M.) - HomD°°((‘3—comod) (L., M.)

is an isomorphism whenever M*® is a complex of injective C-comodules. So the
functor of homomorphisms in the coderived category of left C-comodules can be
lifted to a functor

Exte: D(C-comod)®® x D®°(C-comod) —— D(k-mod),

which is defined by restricting the functor of homomorphisms of complexes of C-co-
modules to the Cartesian product of the homotopy category of left C-comodules
and the homotopy category of complexes of injective left C-comodules.
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The same functor Exte can be obtained by restricting the functor of homo-
morphisms to the Cartesian product of the homotopy category of complexes of
A-projective left C-comodules and the homotopy category of complexes of quite
C/A-injective left C-comodules. Indeed, it follows from part (a) of Theorem 5.5
that the complex of homomorphisms from a complex of A-projective left C-comod-
ules into a coacyclic complex of quite C/A-injective left C-comodules is acyclic.
Now if L* is a complex of A-projective left C-comodules, M* is a complex of
quite C/A-injective left C-comodules, and M* — 'M* is a morphism from M?*
into a complex of injective C-comodules "M* with a coacyclic cone, then the map
Home (L%, M*) — Home(£L°,'M?*) is a quasi-isomorphism. When € is also a pro-
jective left A-module, one can use complexes of €/A-injective C-comodules instead
of complexes of quite €/A-injective C-comodules.

Finally, assume that the coring C is a projective left A-module and the ring
A has a finite left homological dimension. By Lemma 5.4, the natural map

HomHot(C’—contra) (‘*B. ) Q.) - Hoch"(C—contra) ("B. s Q.)

is an isomorphism whenever 3° is a complex of projective C-contramodules. So the
functor of homomorphisms in the contraderived category of left C-contramodules
can be lifted to a functor

Ext®: D (C-contra)®® x D (C-contra) —— D(k-mod),

which is defined by restricting the functor of homomorphisms of complexes of
C-contramodules to the Cartesian product of the homotopy category of complexes
of projective left C-contramodules and the homotopy category of left C-contra-
modules.

The same functor Ext® can be obtained by restricting the functor of ho-
momorphisms to the Cartesian product of the homotopy category of complexes
of quite C/A-projective left C-contramodules and the homotopy category of com-
plexes of A-injective left C-contramodules. When € is also a flat right A-module,
one can use complexes of C/A-projective C-contramodules instead of complexes of
quite C/A-projective C-contramodules.

5.6 Coext and Ext, Cotor and Ctrtor

Assume that the coring € is a projective left and a flat right A-module and the
ring A has a finite left homological dimension.

Corollary.
(a) There are natural isomorphisms of functors

Coexte(M*,P*) ~ Exte(M®, Lde(P*)) ~ Ext®(REe(M*), B*)

on the Cartesian product of the category opposite to the coderived category of
left C-comodules and the contraderived category of left C-contramodules.
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(b) There is a natural isomorphism of functors
Cotor®(N*, M*) ~ Ctrtor®(N*, RUe(M*))

on the Cartesian product of the coderived category of right C-comodules and
the coderived category of left C-comodules.

Proof. Clearly, it suffices to construct natural isomorphisms

Coexte(L®, RUe(M*)) ~ Exte(L*, M*), Coexte(LdPe(P*), Q") ~ Ext®(P*,Q°),
and Cotor®(N®, Lde(P*)) =~ Ctrtor®(N*, P*).

In the first case, represent the image of M* in D°(C-comod) by a complex
of injective C-comodules, notice that the functor ¥e maps injective comodules to
coinjective contramodules, and use Proposition 5.2.2(a). Alternatively, represent
the image of M* in D°°(C-comod) by a complex of €/A-injective C-comodules and
the image of L* in D®(C-comod) by a complex of coprojective C-comodules, and
use Proposition 5.2.2(e); or represent the image of M*® in D*(C-comod) by a com-
plex of €/A-injective C-comodules and the image of L* in D*(C-comod) by a com-
plex of A-projective C-comodules, and use Proposition 5.2.2(c), Lemma 5.3.2(b),
and the result of 4.8.

In the second case, represent the image of PB* in D?(C-contra) by a com-
plex of projective C-contramodules, notice that the functor ®¢ maps projective
contramodules to coprojective comodules, and use Proposition 5.2.3(a). Alterna-
tively, represent the image of 3* in D" (C-contra) by a complex of €/A-projective
C-contramodules and the image of ° in D®'(C-contra) by a complex of coinjec-
tive C-contramodules, and use Proposition 5.2.3(e); or represent the image of B*
in D" (C-contra) by a complex of C/A-projective C-contramodules and the im-
age of Q°* in D®'(C-contra) by a complex of A-injective C-contramodules, and use
Proposition 5.2.3(c), Lemma 5.3.2(a), and the result of 4.8.

In the third case, represent the image of P* in D(C-contra) by a complex
of projective C-contramodules, notice that the functor ®¢ maps projective contra-
modules to coprojective comodules, and use Proposition 5.2.1(a). Alternatively,
represent the image of 3* in D" (C-contra) by a complex of €/A-projective C-con-
tramodules and the image of N* in D®(comod-C) by a complex of coflat C-comod-
ules, and use Proposition 5.2.1(e); or represent the image of 3* in D*"(C-contra) by
a complex of €/A-projective C-contramodules and the image of N* in D*°(comod-C)
by a complex of A-flat C-comodules, and use Proposition 5.2.1(c), Lemma 5.3.2(a),
and the result of 2.8.

Finally, to show that the three pairwise isomorphisms between the functors
Coexte(M®,P*), Exte(M®,Lde(P*)), and Ext®(REe(M*),B*) form a commu-
tative diagram, one can represent the image of M* in D®(C-comod) by a complex
of coprojective C-comodules and the image of * in D" (C-contra) by a complex
of coinjective C-contramodules (having in mind Lemma 5.2), and use a result
of 5.2. O






6 Semimodule-Semicontramodule
Correspondence

6.1 Contratensor product and semimodule/semicontramodule
homomorphisms

Let 8 be a semialgebra over a coring C.

6.1.1 We would like to define the operation of contratensor product of a right
S-semimodule and a left 8-semicontramodule. Depending on the (co)flatness
and/or (co)projectivity conditions on € and 8, one can speak of 8-semimodules
and 8-semicontramodules with various (co)flatness and (co)injectivity conditions
imposed on them. In particular, when € is a projective left A-module and either
8 is a coprojective left C-comodule, or 8 is a projective left A-module and a
C/A-coflat right C-comodule and A has a finite left homological dimension, or A is
semisimple, one can consider right 8-semimodules and left S-semicontramodules
with no (co)flatness or (co)injectivity conditions imposed. When € is a flat right
A-module, 8 is a flat right A-module and a C/A-projective left C-comodule,
and A has a finite left homological dimension, one can consider A-flat right
S-semimodules and A-injective left 8-semicontramodules. When € is a flat right
A-module and 8 is a coflat right C-comodule, one can consider C-coflat right
8S-semimodules and C-coinjective left 8-semicontramodules.

The contratensor product N @g B of a right 8-semimodule N and a left
8S-semicontramodule P is a k-module defined as the cokernel of the following pair
of maps

(NOe 8) @ P = Noe PB.

The first map is induced by the right 8-semiaction morphism N Oe 8 — N. The
second map is the composition of the map induced by the left 8-semicontraaction
morphism P — Cohome(8,P) and the natural “evaluation” map

ns: (NOe 8) ®e Cohome(8,P) — N O¢ P.

The latter is defined in the following generality. Let € be a coring over a
k-algebra A and D be a coring over a k-algebra B. Let K be a C-D-bicomodule, N
be a right C-comodule, and P be a left C-contramodule. Suppose that the cotensor
product NOe X is endowed with a right D-comodule structure via the construction
of 1.2.4 and the cohomomorphism module Cohome (X, P) is endowed with a left
D-contramodule structure via the construction of 3.2.4. Then the composition of
maps

(NOeX) ®@pHoma (K, B) — NRAa K@ Homa (K, B) — NRAP — NoeP

L. Positselski, Homological Algebra of Semimodules and Semicontramodules, Monografie 107
Matematyczne 70, DOI 10.1007/978-3-0346-0436-9 7, © Springer Basel AG 2010



108 6. Semimodule-Semicontramodule Correspondence

factorizes through the surjection
(NOe X) @ Homa (X, B) —— (N Oe X) @p Cohome(X, ),
so there is a natural map
Nyc: (N Oe K) @p Cohome (K, P) —— N ©e P.

Indeed, the kernel of this surjection is equal to the sum of the images of the
difference of two maps (NOeX)®@pHom4 (K@pD, P) = (NOeX)®@pHom4 (XK, B)
and the difference of two maps (N Oe K) @ s Homa(C®4 K, P) = NOe K) ®p
Homy (K, 98). The difference of the first pair of maps vanishes already in the
composition with the map (N O¢ K) ® 5 Homu (X, B) — N ®@4 P, while the
second pair of maps can be presented as the composition of the map (NOe K) ®p
Homa (C® 4K, P) — N s1Homy4 (C,P) and the pair of maps N®@ 4Hom 4(C, ) =
N ® 4 P whose cokernel is, by the definition, N ®¢ P. The “evaluation” map nx
is dual to the map

Homg (ng, k) = Cohome (X, —):
Hom® (B, Homy (N, kY)) — Hom?® (Cohome (X, B), Cohome (X, Homy (N, k¥))).

6.1.2 The operation of contratensor product over 8 is dual to homomorphisms in
the category of left 8-semicontramodules: for any right 8-semimodule N and any
left 8-semicontramodule B there is a natural isomorphism

Hom; (N @s B, k) ~ Hom® (P, Homy (N, kV)).

Indeed, both k-modules are isomorphic to the kernel of the same pair of maps
Hom® (98, Homy (N, k) = Hom® (38, Cohome (8, Homy (N, kY))). It follows that
for any right C-comodule R for which the induced right 8-semimodule R O¢ 8 is
defined and any left 8-semicontramodule 8 the composition of the map (R Q¢
8) ©ecP — (ROe 8) ®e Cohome (8, P) induced by the 8-semicontraaction in P
with the “evaluation” map (R O¢ 8) ®e Cohome(8,P) — R G P induces a
natural isomorphism

(ROe 8) @s P ~ R oe P.

When C is a projective left A-module and 8 is a coprojective left C-comodule,
the functor of contratensor product over 8 is right exact in both its arguments.

6.1.3 Let 8 be a semialgebra over a coring € and J be a semialgebra over a
coring D. We would like to define a J-semimodule structure on the contratensor
product of a J-8-bisemimodule and an 8-semicontramodule, and an 8-semicon-
tramodule structure on semimodule homomorphisms from a J-8-bisemimodule to
a J-semimodule.

Let N be a right D-comodule, K be D-C-bicomodule with a right 8-semimod-
ule structure such that the multiple cotensor products N Op KOe 8O -0 8
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are associative and the semiaction map K Oc 8§ — K is a left D-comodule
morphism, and P be a left 8-semicontramodule. Then the contratensor product
XK @©s B has a natural left D-comodule structure as the cokernel of a pair of
D-comodule morphisms (K Oe 8) e P = K ©¢ P. The composition of maps
(NOp K) ©e B — NOp (K oePB) — NOp (K @s B) factorizes through
the surjection (N Op K) @e P — (N Op K) @s B, so there is a natural map
(NOp K) @s P — NOp (Kos PB).

Indeed, the composition of the pair of maps (NOp K Oe 8) O P = (NOp
XK) ®c P whose cokernel is, by the definition, (N Op K) ©s PR, with the map
NOp K) @ P — NOp (K ©e P) is equal to the composition of the map
(NOp KO 8) @ P — NOp (K Oe 8) ¢ P) with the pair of maps N Op
(KOe8) ©eP) = NOp (K oe P).

Now let K be a T-8-bisemimodule and B be a left S-semicontramodule.
Assume that the multiple cotensor products I Op - - - Op T Op (K ©s P) are asso-
ciative and the D-comodule morphisms (T2 0p K)0s P — T Op (KosP)
are isomorphisms for m < 2. Then one can define an associative and unital semi-
action morphism T Op (K@ P) — K ©s P by taking the contratensor product
over 8 of the semiaction morphism JOp I — K with the semicontramodule $PB.

Analogously, let L be a left C-comodule, K be a D-C-bicomodule with a left
J-semimodule structure such that the multiple cotensor products T Op - - -Op T0p
KOeL are associative and the semiaction map JOpI — K is a right C-comodule
morphism, and M be a left T-semimodule. Then the module of homomorphisms
Homg (K, M) has a natural left C-contramodule structure as the kernel of a pair
of C-contramodule morphisms Homq (K, M) = Homqp (T Op K, M). The com-
position of maps Cohome (L, Homg (K, M)) — Cohome (L, Homp (I, M)) —
Homp (K Oe L, M) factorizes through the injection Homg (K Qe L, M) —
Homp (I Oe L, M), so there is a natural map Cohome (L, Homg (K, M)) —
HOHI:]’(ZK Oe L, M)

Now let K be a J-8-bisemimodule and M be a left T-semimodule. Assume
that the multiple cohomomorphisms Cohome(8S O¢ - -+ Oe 8, Homg (K, M)) are
associative and the €-contramodule morphisms Cohome (87", Homg (K, M)) —
Homg (K Oe 87", M) are isomorphisms for n < 2.

Then one can define an associative and unital semicontraaction morphism
Homg (I, M) — Cohome(8, Homg (K, M)) by taking the T-semimodule homo-
morphisms from the semiaction morphism K Oe8 — XK into the semimodule M.

6.1.4 Let M be a left T-semimodule, K be a T-8-bisemimodule, and P be a
left 8-semicontramodule. Assume that a left I-semimodule structure on K @s P
and a left 8-semicontramodule structure on Homg (K, M) are defined via the
constructions of 6.1.3. Then there is a natural adjunction isomorphism

Homg (K @5 P, M) ~ Hom® (P, Homy (K, M)).

Indeed, the module Homg (K ©s B, M) is the kernel of the pair of maps
Homqp (K @ P, M) = Homqp (T Op K ©s P, M) and there is an injection
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Homqp (T0pKosP, M) — Homop ((TOpK)@eP, M). The module Homqp (Ko s
P, M) is the kernel of the pair of maps Homp (K ©Oe P, M) = Homop (K D¢
8) ©eP, M). There is a pair of natural maps Homp (K e P, M) = Homop ((TTp
K) ©e P, M) (one of which goes through Homp (T Op (K e P), M)) extending
the pair of maps Homp (K @5 B, M) = Homp (T Op K @5 P, M). Therefore,
the module Homg (X ©g 3, M) is isomorphic to the intersection of the kernels
of two pairs of maps Homp (K G¢ P, M) = Homqp ((K Oe 8) Ge P, M) and
Homp (K ©e P, M) = Homp (T Op K) Ge P, M). Analogously, the mod-
ule Hom® (P, Homy (I, M)) is embedded into Hom® (8, Homp (I, M)) by the
composition of maps Hom® (93, Homg (K, M)) — Hom® (38, Homy (K, M)) —
Hom® (93, Homp (K, M)) and its image coincides with the intersection of the ker-
nels of two pairs of maps Hom® (8, Homqp (K, M)) = Hom®(P, Homop (T Op
%K, M)) and Hom® (3, Homop (K, M)) = Hom® (P, Homp (K O¢ 8, M)). These
are the same two pairs of maps.

In order to obtain adjoint functors and equivalences between specific cat-
egories of left semimodules and left semicontramodules, we will have to prove
associativity isomorphisms needed for the constructions of 6.1.3 to work.

6.2 Associativity isomorphisms

Let 8 be a semialgebra over a coring € over a k-algebra A and J be a semialgebra
over a coring D over a k-algebra B. The following three propositions will be mostly
applied to the cases of K =T =8 or T =D =€, K =8 in the sequel.

Proposition 1. Let N be a right T-semimodule, I be a T-8-bisemimodule, and P
be a left 8-semicontramodule. Then there is a natural map

(NOg K) @s P —— N Os (K os B)

whenever both modules are defined via the constructions of 1.4.4 and 6.1.3. This
map is an isomorphism, at least, in the following cases:

(a) D is a flat left B-module, C is a projective left A-module, B is a contraflat
left C-contramodule, and either

o J is a coflat left D-comodule, 8 is a coprojective left C-comodule, and
K as a right 8-semimodule with a left D-comodule structure is induced
from a D-coflat D-C-bicomodule, or

e T is a flat left B-module and a D/B-coflat right D-comodule, 8 is a
projective left A-module and a C/A-coflat right C-comodule, the ring A
(resp., B) has a finite left (resp., weak) homological dimension, K as a
right 8-semimodule with a left D-comodule structure is induced from a
B-flat and C/A-coflat D-C-bicomodule, and I as a left T-semimodule
with a right C-comodule structure is induced from a B-flat D-C-bico-
module, or
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e the ring A is semisimple, the ring B is absolutely flat, K as a
right 8-semimodule with a left D-comodule structure is induced from a
D-C-bicomodule, and K as a left T-semimodule with a right C-comodule
structure is induced from a D-C-bicomodule;

(b) N is a flat right B-module, D is a flat right B-module, T is a flat right
B-module and a D/B-coflat left D-comodule, C is a flat right A-module, 8
is a flat right A-module and a C/A-coprojective left C-comodule, the ring A
(resp., B) has a finite left (resp., weak) homological dimension, K as a right
S-semimodule with a left D-comodule structure is induced from an A-flat and
D/B-coflat D-C-bicomodule, K as a left T-semimodule with a right C-comod-
ule structure is induced from an A-flat and D/B-coflat D-C-bicomodule, and
P is an A-injective and C/A-contraflat left C-contramodule;

(¢) N is a flat right B-module, D is a flat right B-module, T is a flat right
B-module and a D/B-coflat left D-comodule, the ring B has a finite weak
homological dimension, K as a right 8-semimodule with a left D-comodule
structure is induced from an A-flat D-C-bicomodule, C is a projective left
A-module, B is a C/A-contraflat left C-contramodule, and either

e 8 is a coprojective left C-comodule and the ring A has a finite weak
homological dimension, or

e 8 is a projective left A-module and a C/A-coflat right C-comodule, the
ring A has a finite left homological dimension, and K as a left T-semi-
module with a right C-comodule structure is induced from a D-C-bico-
module;

(d) D is a flat right B-module, T is a coflat right D-comodule, N is a coflat right
D-comodule, and either

o C is a projective left A-module and 8 is a coprojective left C-comodule,
or

o C is a projective left A-module, 8 is a projective left A-module and a
C/A-coflat right C-comodule, the right A has a finite left homological di-
mension, and K as a left T-semimodule with a right C-comodule struc-
ture is induced from a D-C-bicomodule, or

o Cisa flat right A-module, 8 is a flat right A-module and a C/A-coprojec-
tive left C-comodule, the ring A has a finite left homological dimension,
K as a left T-semimodule with a right C-comodule structure is induced
from an A-flat D-C-bicomodule, and P is an injective left A-module,
or

e C is a flat right A-module, 8 is a coflat right C-comodule, K as a

left T-semimodule with a right C-comodule structure is induced from
a C-coflat D-C-bicomodule, and B is a coinjective left C-contramodule.

Proof. If N — N” — N’ — 0 is a sequence of right 8-semimodule morphisms
which is exact in the category of A-modules and remains exact after taking the
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cotensor product with 8 over C, then for any left 8-semicontramodule 8 there is
an exact sequence N ©g P — N @ P — N ©5 P — 0. Hence whenever a
right 8-semimodule structure on N5 X is defined via the construction of 1.4.4, the
k-module (NO5K)©s P is the cokernel of the pair of maps (NOpTOpK)esP =
(NOp K) @8 PB. By the definition, the semitensor product N Qg (K @s P) is the
cokernel of the pair of maps NOp T Op (K@sP) = NOp (K@s P). There are
natural maps (NOp K) ©s P — NUOp (Ke@sPB) and (NOp TOp K) ©s P —
NOp T Op (K ©s P) constructed in 6.1.3. Whenever the left T-semimodule
structure on K @©g P is defined via the construction of 6.1.3, the corresponding
(two) square diagrams commute. So there is a natural map (N 05 K) @5 P —
NOg (Ko@), which is an isomorphism provided that the map (NOpK)©sP —
NOp (KesP) and the analogous map for NOp I in place of N are isomorphisms;
and the left J-semimodule structure on K ©g B is defined provided that the
analogous map for J in place of N is an isomorphism. It is straightforward to
check that in each case (a-d) a right 8-semimodule structure on N Qg XK is defined
via the construction of 1.4.4 (that is where the conditions that X as a left I-semi-
module with a right C-comodule structure is induced from a D-C-bimodule are
used). It is also easy to verify the (co)flatness conditions on K ©g P that are
needed to guarantee that the semitensor product N Qg (K ©s P) is defined in the
case (a). Thus it remains to show that the map (NOp K)@sP — NOp (KesR)
is an isomorphism.

In the case (d), the map (N Op K) e P — N Op (K G P) and the
analogous map for IOe 8 in place of K are isomorphisms by Proposition 5.2.1(e)
and the module N Op (K @g P) is the cokernel of the pair of maps N Op ((K Oe
8) @ P) = NOp (K G P), so it is clear from the construction of the map
(NOp X)@s P — NUOp (K©s P) that it is an isomorphism. In the cases (a-c),
one has I ~ KX Oe 8 and the multiple cotensor products NOp KOe8Ue---Ue S
are associative. So the map (N Op K) @s P — N Op (K ©s P) is naturally
isomorphic to the map (N Op K) @ P — N Op (X ©c PB). The latter is an
isomorphism by Proposition 5.2.1(a) in the case (a) and by Proposition 5.2.1(d)
in the cases (b-c). O

Proposition 2. Let L be a left C-semimodule, K be a T-8-bisemimodule, and M
be a left T-semimodule. Then there is a natural map

SemiHomg (£, Homg (K, M)) —— Homg (K Os L, M)

whenever both modules are defined via the constructions of 1.4.4 and 6.1.3. This
map is an isomorphism, at least, in the following cases:

(a) © is a flat right A-module, D is a flat right B-module, M is an injective left
D-comodule, and either

e 8 is a coflat right C-comodule, T is a coflat right D-comodule, and K as
a left T-semimodule with a right C-comodule structure is induced from
a C-coflat D-C-bicomodule, or
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e 8 is a flat right A-module and a C/A-coprojective left C-comodule, T
is a flat right B-module and a D/B-coflat left D-comodule, the ring A
(resp., B) has a finite left (resp., weak) homological dimension, K as a
left T-semimodule with a right C-comodule structure is induced from an
A-flat and D/ B-coflat D-C-bicomodule, and I as a right 8-semimodule
with a left D-comodule structure is induced from an A-flat D-C-bico-
module, or

o the ring A is semisimple, the ring B is absolutely flat, K as a left
T -semimodule with a Tight C-comodule structure is induced from a
D-C-bicomodule, and I as a right 8-semimodule with a left D-comodule
structure is induced from a D-C-bicomodule;

L is a projective left A-module, C is a projective left A-module, 8 is a pro-
jective left A-module and a C/A-coflat right C-comodule, D is a flat left
B-module, T is a flat left B-module and a D/B-coflat right D-comodule, the
rings A and B have finite left homological dimensions, I as a left T-semi-
module with a right C-comodule structure is induced from a B-projective and
C/A-coflat D-C-bicomodule, K as a right 8-semimodule with a left D-comod-
ule structure is induced from a B-flat and C/A-coflat D-C-bicomodule, and
M is a B-flat and D/B-injective left D-comodule;

L is a projective left A-module, C is a projective left A-module, 8 is a pro-
jective left A-module and a C/A-coflat right C-comodule, the rings A and
B have finite left homological dimensions, K as a left T-semimodule with a

right C-comodule structure is induced from a B-projective D-C-bicomodule,
D is a flat right B-module, M is a D/ B-injective left D-comodule, and either

o J is a coflat right D-comodule, or

e J is a flat right B-module and a D/B-coflat left D-comodule, and I as
a right 8-semimodule with a left D-comodule structure is induced from
a D-C-bicomodule;

C is a projective left A-module, 8 is a coprojective left C-comodule, £ is a
coprojective left C-comodule, and either

e D is a flat right B-module and T is a coflat right D-comodule, or

e D is a flat right B-module, T is a flat right B-module and a D/B-coflat
left D-comodule, and K as a right 8-semimodule with a left D-comodule
structure is induced from a D-C-bicomodule, or

e D is a flat left B-module, T is a flat left B-module and a D/B-coflat
right D-comodule, K as a right 8-semimodule with a left D-comodule
structure is induced from a B-flat D-C-bicomodule, and M is a flat left
B-module, or

e D is a flat left B-module, T is a coflat left D-comodule, K as a right

S-semimodule with a left D-comodule structure is induced from a
D-coflat D-C-bicomodule, and M is a coflat left D-comodule.
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Proof. Any sequence L"” — L"” — L' — 0 of T-semimodule morphisms which is
exact in the category of B-modules and remains exact after taking the cotensor
product with J over D is exact in the category of TJ-semimodules, i.e., for any
T-semimodule M there is an exact sequence

0 — Homg (L', M) — Homg (L"”, M) — Homg (L"", M).

Hence whenever a left J-semimodule structure is defined on K (g L via the con-
struction of 1.4.4, the k-module Homg (I s £, M) is the kernel of the pair of
maps

Homg (K Oe £, M) = Homg (K Oe 8 Oe L, M).

By the definition, the k-module SemiHomg (£, Homy (K, M)) is the kernel of the
pair of maps Cohome (L, Homg (K, M)) == Cohome (8 Oe £, Homy (K, M)) =
Cohome (L, Cohome (8, Homg (K, M))). There are natural maps

Cohome (L, Homg (K, M)) — Homg (K O L, M)
and
Cohome (8 Oe £, Homg (K, M)) — Homg (K Oe SOe £, M)

constructed in 6.1.3.

Whenever the left 8-semicontramodule structure on Homg (K, M) is defined
via the construction of 6.1.3, the corresponding (two) square diagrams commute.
So there is a natural map

SemiHomg (£, Homg (3¢, M)) — Homg (K Os L, M),

which is an isomorphism provided that the map Cohome (L, Homg (K, M)) —
Homg (K Oe L, M) and the analogous map for 8 Oe £ in place of £ are isomor-
phisms; and the left 8-semicontramodule structure on Homg (IC, M) is defined
provided that the analogous map for 8 in place of £ is an isomorphism.

It is straightforward to check that in each case (a-d) a left JT-semimod-
ule structure on K Og L is defined via the construction of 1.4.4. It is also
easy to verify (using Proposition 5.2.2(a)) the (co)injectivity conditions on
Homg (I, M) that are needed to guarantee that the semihomomorphism module
SemiHomg (£, Homg (K, M)) is defined in the case (a). Thus it remains to
show that the map Cohome (L, Homg (K, M)) — Homg (K Oec L, M) is an
isomorphism.

In the case (d), the map Cohome (£, Homqp (K, M)) — Homp (KOe L, M)
and the analogous map for J Op XK in place of K are isomorphisms by Proposi-
tion 5.2.2(e) and the module Cohome (£, Homg (I, M)) is the kernel of the pair of
maps Cohome (£, Homg (I, M)) = Cohome (L, Homg (TOp K, M)), so it is clear
from the construction of the map Cohome (L, Homg (K, M)) — Homg (K Oe
L, M) that it is an isomorphism. In the cases (a-c), one has I = T Op K and
multiple cotensor products J Op --- Op T Op K Oe L are associative. So the
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map Cohome (£, Homg (K, M)) — Homg (K Oe £, M) is naturally isomorphic
to the map Cohome (L, Homp (K, M)) — Homp (K O L, M). The latter is
an isomorphism by Proposition 5.2.2(a) in the case (a) and by 5.2.2(d) in the
cases (b-c). O

Proposition 3. Let P be a left S-semicontramodule, K be a T-8-bisemimodule,
and L be a left T-semicontramodule. Then there is a natural map

SemiHomg (K @5 B, Q) —— Hom® (P, SemiHomy (K, 9Q))

whenever both modules are defined via the constructions of 3.4.4 and 6.1.3. This
map is an isomorphism, at least, in the following cases:

(a) D is a projective left B-module, C is a projective left A-module, B is a pro-
jective left C-contramodule, and either

e T is a coprojective left D-comodule, 8 is a coprojective left C-comod-
ule, and I as a right 8-semimodule with a left D-comodule structure
18 induced from a D-coprojective D-C-bicomodule, or

e J is a projective left B-module and a D/ B-coflat right D-comodule, 8 is
a projective left A-module and a C/A-coflat right C-comodule, the rings
A and B have finite left homological dimensions, K as a right 8-semi-
module with a left D-comodule structure is induced from a B-projective
and C/A-coflat D-C-bicomodule, and K as a left T-semimodule with
a right C-comodule structure is induced from a B-projective D-C-bico-
module, or

e the rings A and B are semisimple, K as a right 8-semimodule with a
left D-comodule structure is induced from a D-C-bicomodule, and K as
a left T-semimodule with a right C-comodule structure is induced from
a D-C-bicomodule;

(b) D is a flat right B-module, T is a flat right B-module and a D/B-coflat left
D-comodule, £ is an injective left B-module, € is a flat right A-module, 8
is a flat right A-module and a C/A-coprojective left C-comodule, the rings A
and B have finite left homological dimensions, I as a right 8-semimodule
with a left D-comodule structure is induced from an A-flat and D/B-copro-
jective D-C-bicomodule, K as a left T-semimodule with a right C-comodule
structure is induced from an A-flat and D/B-coprojective D-C-bicomodule,
and P is a coinjective left C-contramodule;

(¢) D is a flat right B-module, T is a flat right B-module and a D/B-coflat left
D-comodule, £ is an injective left B-module, the rings A and B have finite
left homological dimensions, K as a right 8-semimodule with a left D-co-
module structure is induced from an A-flat D-C-bicomodule, C is a projective
left A-module, P is a C/A-projective left C-contramodule, and either
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e 8 is a coprojective left C-comodule, or

e 8 is a projective left A-module and a C/A-coflat right C-comodule, and
K as a left T-semimodule with a right C-comodule structure is induced
from a D-C-bicomodule;

(d) D is a flat right B-module, T is a coflat right D-comodule, Q is a coinjective
left D-comodule, and one of the conditions of the list of Proposition 1(d)
holds.

Proof. Let 9 be a left D-contramodule, I be a D-C-bicomodule with a right
8-semimodule structure such that multiple cohomomorphisms Cohomqy (KOe8Oe
-+-0e 8, Q) are associative and the semiaction map KOe 8 — K is a left D-co-
module morphism, and P be a left S-semicontramodule.

Then there is a natural left 8-semicontramodule structure on the mod-
ule Cohomqp (XK, £9). The composition of maps Cohomp (K ®©g P, Q) —
Cohomyp (K @¢ B, Q) — Hom®(P, Cohomn (K, Q)) factorizes through the
injection Hom® (93, Cohomp (K, )) — Hom® (98, Cohomp (X, )), so there is a
natural map Cohomp (X ©s B, Q) — Hom® (P, Cohomqp (X, Q)). The rest of
the proof is analogous to the proofs of Propositions 1 and 2. O

Assume that € is a projective left A-module, 8 is a coprojective left C-co-
module, D is a flat right B-module, and J is a coflat right D-comodule. Then
it follows from 6.1.4 together with Propositions 1(d) and 2(d) that for any left
T-semimodule B, and T-8-bisemimodule K, and any left 8-semicontramodule
there is a natural isomorphism Homg (K @g 98, M) ~ Hom® (B, Homg (I, M)).

In particular, when C is a projective left and a flat right A-module and 8 is a
coprojective left and a coflat right C-comodule, there is a pair of adjoint functors
Ug: 8-simod — 8-sicntr and $g: 8-sicntr — 8-simod compatible with the func-
tors We: C-comod — C-contra and ®e: C-contra — C-comod. In other words,
the 8-semimodule ¥g(M) as a C-comodule is naturally isomorphic to ¥e (M) and
the 8-semicontramodule ®s(P) as a C-contramodule is naturally isomorphic to
Pe(P).

Assume that C is a projective left A-module and either 8 is a coprojective left
C-comodule, or 8 is a projective left A-module and a €/A-coflat right C-comod-
ule and A has a finite left homological dimension. Then it follows from Proposi-
tions 1(a) and 2(b,d) that the categories of C-coprojective left 8-semimodules and
C-projective left 8-semicontramodules are naturally equivalent.

Assume that € is a flat right A-module and either 8 is a coflat right C-co-
module, or 8 is a flat right A-module and a €/A-coprojective left C-comodule and
A has a finite left homological dimension. Then if follows from Propositions 1(b,d)
and 2(a) that the categories of C-injective left 8-semimodules and C-coinjective
left S-semicontramodules are naturally equivalent.

Assume that C is a projective left A-module and a flat right A-module, A has
a finite left homological dimension, and either 8 is a coprojective left C-comodule
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and a flat right A-module, or 8 is a projective left A-module and a coflat right C-co-
module. Then it follows from Propositions 1(c,d) and 2(c,d) that the categories
of €/A-injective left 8-semimodules and €/A-projective left 8-semicontramodules
are naturally equivalent.

Finally, assume that the ring A is semisimple. Then it follows from Propo-
sitions 1(a) and 2(a) that the categories of C-injective left 8-semimodules and
C-projective left 8-semicontramodules are naturally equivalent.

In each of these cases, the natural maps defined in Propositions 2-3 in the
case of KX = J = 8 have the following property of compatibility with the adjoint
functors between categories of 8-semimodules and 8-semicontramodules. For any
left 8-semimodule M and any left 8-semicontramodule P such that the S-semi-
module ®s(P) = 8 ©s P, the S8-semicontramodule Ug(M) = Homg (8, M), and
the k-module of semihomomorphisms SemiHomg (Ps(P), Ts(M)) are defined via
the constructions of 6.1.3 and 3.4.4, the maps SemiHomg(®s(P), ¥s(M)) —
Homg (®s(PP), M) and SemiHomg (P (), Us(M)) — Hom® (P, Ug(M)) form
a commutative diagram with the adjunction isomorphism Homg(®g(P), M) ~
Hom® (B, Us(M)).

6.3 Semimodule-semicontramodule correspondence

Assume that the coring C is a projective left and a flat right A-module, the semi-
algebra 8 is a coprojective left and a coflat right G-comodule, and the ring A has
a finite left homological dimension.

Theorem.

(a) The functor mapping the quotient category of complexes of C/A-injective left
8-semimodules by the thick subcategory of C-coacyclic complexes of C/A-in-
jective 8-semimodules into the semiderived category of left 8-semimodules is
an equivalence of triangulated categories.

(b) The functor mapping the quotient category of complexes of C/A-projective left
S-semicontramodules by the thick subcategory of C-contraacyclic complezres
of C/A-projective 8-semicontramodules into the semiderived category of left
8S-semicontramodules is an equivalence of triangulated categories.

Proof. Part (b) follows from Lemma 5.3.2(b) and Lemma 2.6 applied to the con-
struction of the morphism of complexes Lo (P°*) — P* from the proof of The-
orem 4.6(b). As an alternative to using Lemma 5.3.2, one can show that Lo (*3*)
is a complex of €/A-projective 8-semicontramodules in the following way. Use
Lemma 3.3.2(b) to construct a finite right A-injective resolution of every term of
the complex of left 8-semicontramodules B, then apply the functor Lo, which
maps exact triples of complexes to exact triples, and use Lemmas 3.3.3(c), 5.2(b),
and 5.3.1(b). The proof of part (a) is completely analogous. O

Remark. The analogue of the above theorem holds for complexes of quite C/A-in-
jective 8-semimodules and quite C/A-projective 8-semicontramodules. Moreover,
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for any complex of left 8-semimodules M® there exists a morphism from M*®
into a complex of C-injective 8-semimodules with a C-coacyclic cone, and for any
complex of left 8-semicontramodules PB* there exists a morphism into P* from a
complex of C-projective 8-semicontramodules with a C-contraacyclic cone. Indeed,
consider the complex of €/A-injective 8-semimodules ®sLo(P*) and apply to it
the construction of the morphism of complexes L, (K*) — K* from the proof of
Theorems 2.6 and 4.6(a). For any complex of C/A-injective 8-semimodules K°, the
complex L;(K*®) is a complex of C-coprojective 8-semimodules by Remark 3.2.2
and Lemma 5.3.2(a) (or simply because the class of €/A-injective left C-comodules
is closed under extensions and any A-projective C/A-injective left C-comodule is
coprojective, which is easy to check). So the complex of C-coprojective 8-semi-
modules L (PsL2(3PB*)) maps into PgLo(P*) with a C-coacyclic cone, hence the
complex of C-projective 8-semicontramodules WglLi (PgLo(P*)) maps into LoPB°
and P* with C-contraacyclic cones.

Corollary. The restrictions of the functors Ug and ®g (applied to complexes term-
wise) to the homotopy category of complexes of C/A-injective 8-semimodules and
C/A-projective 8-semicontramodules define mutually inverse equivalences R¥g
and L®g between the semiderived category of left 8-semimodules and the semide-
rived category of left 8-semicontramodules.

Proof. By Corollary 5.4, the restrictions of functors Wg and ®g induce mutu-
ally inverse equivalences between the quotient category of the homotopy category
of €/A-injective 8-semimodules by its intersection with the thick subcategory of
C-coacyclic complexes and the quotient category of the homotopy category of
C/A-projective 8-semicontramodules by its intersection with the thick subcategory
of C-contraacyclic complexes. Thus it remains to take in account Theorem 6.3. [

6.4 Birelatively contraflat, projective, and injective complexes

We keep the assumptions of 6.3.

A complex of left 8-semimodules M* is called projective relative to € rela-
tive to A (8/C/A-projective) if the complex of homomorphisms over 8§ from M?*
into any C-coacyclic complex of €/A-injective 8-semimodules is acyclic. A com-
plex of left 8-semicontramodules RB° is called injective relative to C relative to A
(8/C/A-injective) if the complex of homomorphisms over 8 into PB° from any
C-contraacyclic complex of €/A-projective 8-semicontramodules is acyclic.

The contratensor product N* @g P* of a complex N°* of right 8-semimodules
and a complex JP* of left 8-semicontramodules is defined as the total complex
of the bicomplex N* ©g P”, constructed by taking infinite direct sums along the
diagonals. A complex of right 8-semimodules N* is called contraflat relative to C
relative to A (8/€C/A-contraflat) if the contratensor product over 8 of the complex
N* and any C-contraacyclic complex of €/A-projective left 8-semicontramodules
is acyclic.
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It follows from Theorem 5.4 and Lemma 5.3.1 that the complex of left 8-semi-
modules induced from a complex of A-projective C-comodules is 8/€C/A-projective,
the complex of left 8-semicontramodules coinduced from a complex of A-injec-
tive C-contramodules is 8/C/A-injective, and the complex of right 8-semimodules
induced from a complex of A-flat C-comodules is §/C/A-contraflat.

Lemma.
(a) Any 8/C/A-semiflat complex of A-flat right 8-semimodules (in the sense
of 2.8) is 8/C/A-contraflat.
(b) A complex of A-projective left 8-semimodules is 8/C/A-projective if and only
if it is 8/C/A-semiprojective (in the sense of 4.8).
(c) A complex of A-injective left 8-semicontramodules is 8/C/A-injective if and
only if it is 8/C/A-semiinjective (in the sense of 4.8).

Proof. The functors ¥g and ®g define an equivalence between the category of
C-coacyclic complexes of C/A-injective left S-semimodules and the category of
C-contraacyclic complexes of C/A-projective left 8-semicontramodules. There-
fore, part (a) follows from Proposition 6.2.1(c) (applied to K = I = 8) and
Lemma 5.3.2(a), part (b) follows from Proposition 6.2.2(c) and Lemma 5.3.2(b),
and part (c) follows from Proposition 6.2.3(c) and Lemma 5.3.2(a). O

In view of the relevant results of 4.8, it is also clear that a complex of A-pro-
jective left 8-semimodules is 8/C/A-projective if the complex of 8-semimodule
homomorphisms from it into any C-contractible complex of €/A-injective 8-semi-
modules is acyclic. Analogously, a complex of A-injective left S-semicontramodules
is 8/C/A-injective if the complex of 8-semicontramodule homomorphisms into it
from any C-contractible complex of €/A-projective 8-semicontramodules is acyclic.

Question. One can show using the construction of the morphism of complexes
of left 8-semimodules £° — Ry(L°) and Lemma 1.2.2 that any 8/C/A-con-
traflat complex of (appropriately defined) §/C/A-semiflat right S-semimodules
is 8/€/A-semiflat. One can also show using the functor SemiTor® that any A-flat
8/€/A-contraflat right 8-semimodule (defined in terms of exact triples of €/A-pro-
jective or C/A-contraflat left 8-semicontramodules) is 8/€/A-semiflat; the converse
is clear (cf. 9.2). Are all 8/C/A-contraflat (in either definition) right 8-semimod-
ules A-flat? Are all 8/C/A-contraflat complexes of A-flat right 8-semimodules
8/C/A-semiflat?

The functor mapping the quotient category of 8/C/A-contraflat complexes of
right 8-semimodules by its intersection with the thick subcategory of C-coacyclic
complexes into the semiderived category of right 8-semimodules is an equivalence
of triangulated categories, since the complex L3lL; (K*) is 8/€/A-contraflat for any
complex of right 8-semimodules K*. The analogous results for 8/€/A-projective
complexes of left 8-semimodules and 8/€C/A-injective complexes of left 8-semicon-
tramodules follow from the corresponding results of 4.8.
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Remark. It follows from the above lemma and Lemma 5.2 that any C-coacyclic
semiprojective complex of C-coprojective left 8-semimodules is contractible.
Indeed, such a complex is simultaneously an 8/€/A-projective complex and a
C-coacyclic complex of €/A-injective 8-semimodules.

Analogously, any C-contraacyclic semiinjective complex of C-coinjective left
S-semicontramodules is contractible. Hence the homotopy category of semipro-
jective complexes of C-coprojective 8-semimodules is equivalent to the semide-
rived category of left 8-semimodules and the homotopy category of semiinjective
complexes of C-coinjective 8-semicontramodules is equivalent to the semiderived
category of left 8-semicontramodules (see Theorem 4.6).

Furthermore, it follows that the homotopy category of semiprojective com-
plexes of C-coprojective 8-semimodules is the minimal triangulated subcategory
containing the complexes of left 8-semimodules induced from complexes of C-co-
projective C-comodules and closed under infinite direct sums. Analogously, the ho-
motopy category of semiinjective complexes of C-coinjective 8-semicontramodules
is the minimal triangulated subcategory containing the complexes of left 8-semi-
contramodules coinduced from complexes of C-coinjective C-contramodules and
closed under infinite products. (Cf. 2.9.)

6.5 Derived functor CtrTor

The following lemmas provide a general approach to one-sided derived functors of
any number of arguments. They are essentially due to P. Deligne [29, 1.2.1-2].

Lemma 1. Let H be a category and S be a localizing class of morphisms in H. Let
P and J be full subcategories of H such that either

(a) the map Homy(Q,j) is bijective for any object Q@ € P and any morphism
j €SnNJ, and for any object Y € H there is an object J € J together with a
morphism Y — J belonging to S, or

(b) the map Homy(q, J) is bijective for any morphism ¢ € SNP and any object
J € J, and for any object X € H there is an object QQ € P together with a
morphism Q — X belonging to S.

Then for any objects P € P and I € J the natural map Homp(P,I) —
Hompys-1)(P, I) is bijective.

Proof. Part (b): any element of Homys-1(P, ) can be represented by a frac-
tion of morphisms P «— X —— [ in H, where the morphism X — P belongs
to S. Choose an object @@ € P together with a morphism  — X belonging
to S. Then the composition @ — X —— P belongs to S N P, hence the map
Homy(P,I) — Homu(Q,I) is bijective and there exists a morphism P — T
that forms a commutative triangle with the morphisms Q — X — P and
@ — X — I. Obviously, this morphism P — I represents the same morphism
in H[S™!] that the fraction P «— X — I. Now suppose that there are two
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morphisms P = I in H whose images in H[S™!] coincide. Then there exists a mor-
phism X — P belonging to H which has equal compositions with the morphisms
P = I. Choose an object @@ € P together with a morphism ¢ — X belonging
to H again. The composition  — X —— P has equal compositions with the
morphisms P = I, and since the map Homy (P, I) — Homy(Q, I) is bijective,
our two morphisms P = I are equal. Proof of part (a) is dual. O

Lemma 2. Let H;, i = 1,...,n be several categories, S; be localizing classes of
morphisms in H;, and Fy be full subcategories of H;. Assume that for any object
X in H; there is an object U in F; together with a morphism U — X from S;. Let
K be a category and ©: Hy X --- x H, — K be a functor such that the morphism
OU1,...,Ui—1,t, Uiy, ..., Uy) is an isomorphism for any objects U; € F; and any
morphismt € S;NF;. Then the left derived functor LO: Hi[S7 ] x---xH,[S; 1] —
K obtained by restricting © to F1x---xF, is a universal final object in the category
of all functors Z: Hy x - -- x H,, — K factorizable through Hy[S7 ] x - --x H,[S; ]
and endowed with a morphism of functors = — ©.

Proof. Tt suffices to consider a single category H = H; x - -+ x H,, with the class of
morphisms S = S; X - - xS,,, the full subcategory F = F; x- - - x F,,, and the functor
of one argument ©: H — K. The functor F[(SNF)~!] — H[S71] is an equivalence
of categories by Lemma 2.6, so the derived functor LO can be defined. For any
object X € H, choose an object Ux € F together with a morphism Ux — X
from S; then we have the induced morphism LO(X) = ©(Ux) — O(X). For any
morphism X — Y in H there exists an object V in F together with a morphism
V — Ux belonging to S and a morphism V' — Uy in H forming a commutative
diagram with the morphisms Uy — X — Y and Vx — Y. So we have
constructed a morphism of functors LO — ©O. Now if a functor Z: H — K
factorizable through H[S™!] is endowed with a morphism of functors & — O,
then the desired morphism of functors = — LO can be obtained by restricting
the morphism of functors = — © to the subcategory F C H. |

Notice the difference between the construction of a double-sided derived func-
tor of two arguments in Lemma 2.7 and the construction of a left derived functor
of any number of arguments in Lemma 2. While in the former construction only
one of the two arguments is resolved, and the conditions imposed on the resolu-
tions guarantee that the two derived functors obtained in this way coincide, in the
latter construction all of the arguments are resolved at once and it would not suf-
fice to resolve only some of them. In other words, the construction of Lemma 2.7
only works to define balanced double-sided derived functors, while construction of
Lemma 2 allows us to define nonbalanced one-sided derived functors.

Assume that the semialgebra 8 satisfies the conditions of 6.3. According to
Lemma 1(a) and (the proof of) Theorem 6.3(a), the natural map

HomHot(S—simod) (L., M.) - HomDSE(S—simod) (L., M.)
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is an isomorphism whenever £° is a complex of 8/€/A-projective 8-semimodules
and M*® is a complex of €/A-injective 8-semimodules. So the functor of homo-
morphisms in the semiderived category of left 8-semimodules can be lifted to a
functor

Extg: D% (8-simod)° x D*(8-simod) —— D(k-mod),

which is defined by restricting the functor of homomorphisms of complexes of left
8-semimodules to the Cartesian product of the homotopy category of 8/C/A-pro-
jective complexes of 8-semimodules and the homotopy category of complexes of
C/A-injective 8-semimodules. By Lemma 2, this construction of the right derived
functor Extg does not depend on the choice of subcategories of adjusted complexes.

Analogously, according to Lemma 1(b) and (the proof of) Theorem 6.3(b),
the natural map

HomHot(S—sicntr)(m.aQ.) - HomDSi(S—sicntr)(m.vQ.)

is an isomorphism whenever J° is a complex of €/A-injective 8-semicontramod-
ules and 9° is a complex of §/C/A-injective 8-semicontramodules. So the functor
of homomorphisms in the semiderived category of left 8-semicontramodules can
be lifted to a functor

ExtS: D¥(8-sicntr)°P x D®(8-sicntr) —— D(k-mod),

which is defined by restricting the functor of homomorphisms of complexes of
left 8-semicontramodules to the Cartesian product of the homotopy category of
complexes of C/A-projective 8-semicontramodules and the homotopy category of
8/C/A-injective complexes of 8-semicontramodules.

Finally, the left derived functor of contratensor product

CtrTor®: D¥(simod-8) x D*(8-sicntr) —— D(k-mod)

is defined by restricting the functor of contratensor product over 8 to the Cartesian
product of the homotopy category of 8/€/A-contraflat complexes of right 8-semi-
modules and the homotopy category of complexes of €/A-projective left 8-semicon-
tramodules. By the definition, this restriction factorizes through the semiderived
category of left 8-semicontramodules in the second argument; let us show that it
also factorizes through the semiderived category of right 8-semimodules in the first
argument. The complex of left 8-semicontramodules Homy(N*®, k) is 8/C/A-in-
jective whenever a complex of right 8-semimodules N*® is 8 /€/A-contraflat; and the
complex Homy (N*®, kV) is C-contraacyclic whenever the complex N* is C-coacyclic.
Hence if N* is a C-coacyclic 8/C/A-contraflat complex of right 8-semimodules and
P is a complex of C/A-projective left 8-semicontramodules, then the complex
Hom® (PB*, Homy, (N*, k) is acyclic, so the complex N*® @g P* is also acyclic. By
Lemma 2, this construction of the left derived functor CtrTor® does not depend
on the choice of subcategories of adjusted complexes.

Notice that the constructions of derived functors R¥g and L®g in Corol-
lary 6.3 are also particular cases of Lemma 2.
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Remark. To define/compute the composition multiplication Extg(L®, M®) @}
Extg (K, L°%) — Extg(XK®,M?®) it suffices to represent the images of K°*, L°,
and M* in the semiderived category of left 8-semimodules by semiprojective com-
plexes of C-coprojective 8-semimodules. The same applies to the functor Ext® and
semiinjective complexes of C-coinjective 8-semicontramodules. Besides, one can
compute the functors Extg, Ext®, and CtrTor® using resolutions of other kinds.
In particular, one can use complexes of C-injective 8-semimodules and complexes of
C-projective 8-semicontramodules (see Remark 6.3) together with (appropriately
defined) 8/C-projective complexes of left 8-semimodules, 8/C-injective complexes
of left 8-semicontramodules, and 8/C-contraflat complexes of right 8-semimod-
ules. One can also compute the functor Extg in terms of injective complexes of
S-semimodules (defined as complexes right orthogonal to C-coacyclic complexes in
Hot(8-simod)) and the functor Ext® in terms of projective complexes of 8-semi-
contramodules. These can be obtained by applying the functor ®g to semiinjective
complexes of C-coinjective 8-semicontramodules and the functor Wg to semiprojec-
tive complexes of C-coprojective 8-semimodules, and using Propositions 6.2.2(a)
and 6.2.3(a). Injective complexes of 8-semimodules can be also constructed using
the functor right adjoint to the forgetful functor 8-simod — C-comod (see Ques-
tion 3.3.1) and infinite products of complexes of 8-semimodules; this approach
works assuming only that € is a flat right A-module, 8 is a coflat right C-comod-
ule, and A has a finite left homological dimension.

6.6 SemiExt and Ext, SemiTor and CtrTor

We keep the assumptions of 6.3.

Corollary.
(a) There are natural isomorphisms of functors

SemiExtgs (M®, PB*) ~ Exts(M*, Los(P*)) ~ Ext® (RUs(M*), B*)

on the Cartesian product of the category opposite to the semiderived category
of left 8-semimodules and the semiderived category of left 8-semicontramod-
ules.

(b) There is a natural isomorphism of functors
SemiTor® (N*, M*) ~ CtrTor® (N*, RUg(M*))

on the Cartesian product of the semiderived category of right 8-semimodules
and the semiderived category of left S-semimodules.

Proof. 1t suffices to construct natural isomorphisms
SemiExtg (L, RUg(M*)) ~ Extg(L*, M*),
SemiExtg (L®s(PB*), Q°) ~ Ext® (P*, Q°),
SemiTor® (N*, Ldg (PB*)) ~ CtrTor®(N*,PB*).
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In the first case, represent the image of M* in D% (8-simod) by a complex
of C/A-injective 8-semimodules and the image of £° in D*(8-simod) by a semi-
projective complex of C-coprojective 8-semimodules, and use Proposition 6.2.2(d)
and Lemma 6.4(b). Alternatively, represent the image of M*® in D% (8-simod) by
a complex of €/A-injective 8-semimodules and the image of £° in DS (8-simod)
by an 8/C/A-semiprojective complex of A-projective 8-semimodules (see 4.8), and
use Proposition 6.2.2(c), Lemma 6.4(b), and Lemma 5.3.2(b).

In the second case, represent the image of §8° in D*(8-sicntr) by a complex
of @/A-projective 8-semicontramodules and the image of £° in D% (8-sicntr)
by a semiinjective complex of C-coinjective 8-semimodules, and use Propo-
sition 6.2.3(d) and Lemma 6.4(c). Alternatively, represent the image of PB°
in Ds(8-sicntr) by a complex of €/A-projective 8-semicontramodules and the
image of £Q° in D% (8-sicntr) by an 8/C/A-semiinjective complex of A-injective
S-semicontramodules (see 4.8), and use Proposition 6.2.3(c), Lemma 6.4(c), and
Lemma 5.3.2(a).

In the third case, represent the image of * in D*(8-sicntr) by a complex
of €/A-projective 8-semicontramodules and the image of N* in D*(simod-8) by
a semiflat complex of C-coflat 8-semimodules, and use Proposition 6.2.1(d) and
Lemma 6.4(a). Alternatively, represent the image of 8* in D*(8-sicntr) by a com-
plex of €/A-projective 8-semicontramodules and the image of N* in DS (simod-8)
by an 8/C/A-semiflat complex of A-flat 8-semimodules (see 2.8), and use Propo-
sition 6.2.1(c), Lemma 6.4(a), and Lemma 5.3.2(a).

Finally, to show that the three pairwise isomorphisms between the func-
tors SemiExts (M®, PB*), Exts(M*, Los(P*)), and Ext® (RUs(M*), PB*) form a
commutative diagram, one can represent the image of M* in D®(8-simod) by
a semiprojective complex of C-coprojective 8-semimodules and the image of J3°
in D®(8-sicntr) by a semiinjective complex of C-coinjective 8-semicontramodules
(having in mind Lemmas 6.4 and 5.2), and use a result of 6.2. O
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7.1 Compatible morphisms
Let C be a coring over a k-algebra A and D be a coring over a k-algebra B.

7.1.1 We will say that a map € — D is compatible with a k-algebra morphism
A — B if the biaction maps A ®; C®x A — Cand By D®x B — D
form a commutative diagram with the maps € — D and A ®; C R A —
B ®y D ®, B (in other words, the map € — D is an A-A-bimodule morphism)
and the comultiplication maps € — C®4 C and D — D ®p D, as well as the
counit maps € — A and D — B, form commutative diagrams with the maps
A— B, C— D,and C®,C— D D.

Let € — D be a map of corings compatible with a k-algebra map A — B.
Let M be a left comodule over € and N be a left comodule over B. We will say
that a map M — N is compatible with the maps A — B and € — D if the
action maps A @ M — M and B® N — N form a commutative diagram with
the maps M — N and A ®, M — B ®; N (that is the map M — N is an
A-module morphism) and the coaction maps M — C @4 M and N — DN
form a commutative diagram with the maps M — N and C®4 M — D ®@p M.
Analogously, let B be a left contramodule over € and 9 be a left contramodule
over D. We will say that a map  — ‘B is compatible with the maps A — B and
€ — D if the action maps P — Homy(A,P) and Q — Homy (B, Q) form a
commutative diagram with the maps Q — 9 and Homy (B, Q) — Homy (4, B)
(that is the map Q — P is an A-module morphism) and the contraaction maps
Homa (C,B) — P and Homp(D,Q) — 9O form a commutative diagram with
the maps Q — ‘B and Hompg (D, Q) — Hom4(C, R).

Let M/ — N’ be a map from a right C-comodule M’ to a right D-comodule
N’ compatible with the maps A — B and € — D, and M"” — N” be a map
from a left C-comodule M” to a left D-comodule N” compatible with the maps
A — B and € — D. Then there is a natural map M’ O M” — N’ Op N”.
Analogously, let M — N be a map from a left C-comodule M to a left D-comod-
ule N compatible with the maps A — B and € — D, and Q — ¥ be a map
from a left D-contramodule 9 to a left C-contramodule P compatible with the
maps A — B and € — D. Then there is a natural map Cohomp(N,Q) —
Cohome (M, B).

7.1.2 Let € — D be a map of corings compatible with a k-algebra map A — B.
Then there is a functor from the category of left C-comodules to the category of
left D-comodules assigning to a C-comodule M the D-comodule

BM=B®aM
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with the D-coaction map defined as the composition B 4M — BRACR4M —
DRAM = DRp(B®4M) of the map induced by the C-coaction in M and the map
induced by the map € — D and the left B-action in D. The functor M — Mp
from the category of right C-comodules to the category of right D-comodules is
defined in an analogous way. Furthermore, there is a functor from the category
of left C-contramodules to the category of left D-contramodules assigning to a
C-contramodule ‘B the D-contramodule

B‘B = HOHlA(B, ‘B)

with the contraaction map defined as the composition Hompg (D, Homy (B,B)) =
Homy (D, P) — Homy(C ®4 B, PB) = Homa (B, Homa(C,B)) — Homy(B,P)
of the map induced by the map € — D and the right B-action in D with the
map induced by the C-contraaction in .

If € is a flat right A-module, then the functor M —— M has a right adjoint
functor assigning to a left D-comodule N the left D-comodule

eN=CpOp N,

where Cp = C ®4 B is a C-D-bicomodule with the right D-comodule structure
provided by the above construction. These functors are adjoint since both k-mod-
ules Homop (M, N) and Home (M, ¢N) are isomorphic to the k-module of all maps
of comodules M — N compatible with the maps A — B and € — D, so

Homp (M, N) ~ Home (M, eN).

Without any assumptions on the coring €, the functor N —— N is defined on
the full subcategory of left D-comodules such that the cotensor product Cg Op N
can be endowed with a left C-comodule structure via the construction of 1.2.4;
this includes, in particular, quasicoflat D-comodules. Analogously, if € is a flat left
A-module, then the functor M — Mp has a right adjoint functor assigning to a
right D-comodule N the right C-comodule Ne = N Op g€, where gC = B®4 C
is a D-C-bicomodule with the left D-comodule structure provided by the above
construction.

Furthermore, if € is a projective left A-module, then the functor P —— ZP
has a left adjoint functor assigning to a left D-contramodule £ the left C-contra-
module

€9 = Cohomyp (5C, Q).

These functors are adjoint since both k-modules Hom® (9, ZP) and Hom®(¢Q, )
are isomorphic to the k-module of all maps of contramodules Q — B compatible
with the maps A — B and € — D, so

Hom?® (9, BP) ~ Hom®(°Q, R).

Without any assumptions on the coring €, the functor Q — € is defined on the
full subcategory of left D-contramodules such that the cohomomorphism module
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Cohomyp (5C, ) can be endowed with a left C-contramodule structure via the
construction of 3.2.4; this includes, in particular, quasicoinjective D-contramod-
ules.

If C is a projective left A-module, then for any right C-comodule M and any
left D-contramodule Q there is a natural isomorphism

Mg Op Q ~Moe ¢Q.

Indeed, both k-modules are isomorphic to the cokernel of the pair of maps M ® 4
Homp(D,Q) = M ®4 Q, one of which is induced by the D-contraaction in
£ and the other is the composition of the map induced by the C-coaction in
M and the map induced by the evaluation map Cp ® 5 Homp(D,Q) — Q.
This is obvious for Mg ®p 9, and in order to show this for M ®e €9 it suf-
fices to represent €9 as the cokernel of the pair of C-contramodule morphisms
Homp(5C,Homp(D,Q)) = Homp(5C, Q). Without any assumptions on the cor-
ing G, there is a natural isomorphism Mp ©®p Q ~ M G ©Q for any right
C-comodule M and any left D-contramodule 9 for which the C-contramodule
€9 = Cohomyp (g€, Q) is defined via the construction of 3.2.4.

7.1.3 Let € — D be a map of corings compatible with a k-algebra map A — B.

Proposition.
(a) For any left C-comodule M and any right D-comodule N for which the right
C-comodule N¢ is defined there is a natural map

NeOeM —— NOp pM,

which is an isomorphism, at least, when C and M are flat left A-modules or
N is a quasicoflat right D-comodule.

(b) For any left C-contramodule B and any left D-comodule N for which the left
C-comodule ¢N is defined there is a natural map

Cohomp (N, By — Cohome (eN,B),

which is an isomorphism, at least, when either C is a flat right A-module and
B is an injective left A-module, or N is a quasicoprojective left D-comodule.

(¢c) For any left C-comodule M and any left D-contramodule 9 for which the left
C-contramodule ©Q is defined there is a natural map

Cohomp (M, Q) —— Cohome(M, ¢9Q),

which is an isomorphism, at least, when € and M are projective left A-mod-
ules or Q is a quasicoinjective left D-contramodule.

Proof. Part (a): for any left C-comodule M and any right D-comodule N there
are maps of comodules M — pM and Ne¢ — N compatible with the maps
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A — B and € — D. So there is the induced map Ne Og M — N Op M.
On the other hand, for any left C-comodule M there is a natural isomorphism
of left D-comodules pM ~ pC Oe M, hence Ne Oe M = (N Op pC) Oe M and
NOp pM =NOp (5COe M). Let us check that the maps Ne Oe M — NOp pM,
NeOeM — N®ppCR4M and NOp pM — NRpgrC®4M form a commutative
diagram. Indeed, the map (NOp gC) @4 M — N ®p g€ ®4 M is equal to the
composition of the map (NOp gC) @4 M — (NOp 5C) ®4 € ®4 M induced by
the C-coaction in NOp pC with the map (NOp pC)@4CROAM — NRpC4M
induced by the maps N Op g€ — N and € — pC; while the composition of
maps NOp gC) @4 M — N®p (€0 M) — N®p g€ ®4 M is equal to the
composition of the map (NOp pC) @4 M — (NOp C) ®4 C®4 M induced by the
C-coaction in M with the same map (NOp gC) @4 CR4M — N®p gCo4 M. It
remains to apply Proposition 1.2.5(d) and (e) with the left and right sides switched.
The proofs of parts (b) and (c) are completely analogous; the proof of (b) uses
Proposition 3.2.5(g,h) and the proof of (c) uses Proposition 3.2.5(f,i). O

7.1.4 Let € — D be a map of corings compatible with a k-algebra map A — B.
Assume that C is a projective left and a flat right A-module.

Then for any left D-contramodule £ there is a natural morphism of C-co-
modules

De(°Q) — c(Pp9),

which is an isomorphism, at least, when D is a flat right B-module and 9 is a
D/B-contraflat left D-contramodule. Indeed, ®e(“Q) = € Ge ¢Q ~ Cp Op Q
as a left C-comodule and ¢(PpQ) = Cp Op (D ©p Q), so it remains to apply
Proposition 5.2.1(c). Analogously, for any left D-comodule N there is a natural
morphism of C-contramodules

C(UpN) — Te(eN),

which is an isomorphism, at least, when D is a projective left B-module and N is a
D/ B-injective left D-comodule. Indeed, ¥e(eN) = Home(C, ¢N) ~ Homp (5C,N)
as a left C-contramodule and ¢ (¥pN) = Cohomy (5C, Homxp (D, N)), so it remains
to apply Proposition 5.2.2(c).

Without any assumptions on the corings € and D, there is a natural isomor-
phism ®¢(¢Q) ~ ¢(®pQ) for any quite D/B-projective D-contramodule 9 and
a natural isomorphism ¢(UpN) ~ We(eN) for any quite D/B-injective D-comod-
ule N.

The natural morphisms ®¢(°Q) — ¢(®pQ) and € (TpN) — Te(eN)
have the following compatibility property. For any left D-comodule N and left
D-contramodule £ for which the C-comodule ¢N and the C-contramodule ¢Q
are defined via the constructions of 1.2.4 and 3.2.4, for any pair of morphisms
dpQ — N and Q — WpN corresponding to each other under the adjunction
of functors Up and ®p, the compositions ®e(°Q) — ¢(PpQ) — N and
€ — C(UpN) — We(eN) correspond to each other under the adjunction of
functors ¥e and Pe.



7.2. Properties of the pull-back and push-forward functors 129

7.2 Properties of the pull-back and push-forward functors

7.2.1 Let € — D be a map of corings compatible with a k-algebra map A — B.

Theorem.

(a) Assume that C is a flat right A-module. Then the functor N —— N maps
D/B-coflat (D/B-coprojective) left D-comodules to C/A-coflat (C/A-copro-
jective) left C-comodules. Assume additionally that D is a flat right B-mod-
ule. Then the same functor applied to complexes maps coacyclic complexes of
D/B-coflat D-comodules to coacyclic complezes of C-comodules.

(b) Assume that C is a projective left A-module. Then the functor Q —— ¢Q
maps D/B-coinjective left D-contramodules to C/A-coinjective left C-con-
tramodules. Assume additionally that D is a projective left B-module. Then
the same functor applied to complexes maps contraacyclic complexes of
D/ B-coinjective D-contramodules to contraacyclic complexes of C-contra-
modules.

Proof. Part (a): the first assertion follows from parts (a) (with the left and right
sides switched) and (b) of Proposition 7.1.3. To prove the second assertion, denote
by X* the cobar resolution Cg ®p D — Cp ®p D ¥ D — --- of the right
D-comodule Cg. Then X* is a complex of D-coflat C-D-bicomodules and the cone
of the morphism Cp — X* is coacyclic with respect to the exact category of
B-flat C-D-bicomodules. Thus if N*® is a coacyclic complex of left D-comodules,
then the complex of left C-comodules X*® Op N*® is coacyclic and if N* is a complex
of D/B-coflat left D-comodules, then the cone of the morphism Cp Op N* —
K* Op N is coacyclic. The proof of part (b) is completely analogous. |

7.2.2 It is obvious that the functor M —— M maps complexes of A-flat C-co-
modules to complexes of B-flat D-comodules. It will follow from the next theorem
that it maps coacyclic complexes of A-flat C-comodules to coacyclic complexes of
D-comodules.

Theorem.

(a) Assume that the coring C is a flat left and right A-module and the ring A has
a finite weak homological dimension. Then any complex of A-flat C-comod-
ules that is coacyclic as a complex of C-comodules is coacyclic with respect
to the exact category of A-flat C-comodules.

(b) Assume that the coring C is a projective left and a flat right A-module and the
ring A has a finite left homological dimension. Then any complex of A-pro-
jective left C-comodules that is coacyclic as a complex of C-comodules is
coacyclic with respect to the exact category of A-projective left C-comodules.

(¢) In the assumptions of part (b), any complex of A-injective left C-contramod-
ules that is contraacyclic as a complex of C-contramodules is contraacyclic
with respect to the exact category of A-injective left C-contramodules.
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Proof. The proof is not difficult when k is a field, as in this case the functors of
Lemmas 1.1.3 and 3.1.3 can be made additive and exact. Then it follows that for
any coacyclic complex of C-comodules M* the complex LL; (M?®) is coacyclic with
respect to the exact category of A-flat C-comodules, while it is clear that for any
complex of A-flat C-comodules M* the cone of the morphism L;(M®) — M*
is coacyclic with respect to the exact category of A-flat C-comodules. Besides,
parts (b) and (c) can be derived from the result of Remark 5.5 using the cobar
and bar constructions for C-comodules and C-contramodules. Finally, part (a)
can be deduced from part (b) using Lemma 3.1.3(a), but this argument requires
stronger assumptions on € and A.

Here is a direct proof of part (a). Let us call a complex of C-comodules
m-flat if its terms considered as A-modules have weak homological dimensions
not exceeding m, and let us call an m-flat complex of C-comodules m-coacyclic
if it is coacyclic with respect to the exact category of C-comodules whose weak
homological dimension over A does not exceed m. We will show that for any
m-coacyclic complex of C-comodules M*® there exists an (m — 1)-coacyclic complex
of C-comodules L°* together with a surjective morphism of complexes L®* — M*
whose kernel X* is also (m — 1)-coacyclic. It will follow that any (m — 1)-flat
m-coacyclic complex of C-comodules M is (m—1)-coacyclic, since the total complex
of the exact triple X* — L* — M?* is (m — 1)-coacyclic, as is the cone of the
morphism K* — £L°. By induction we will deduce that any 0-flat d-coacyclic
complex of C-comodules is 0-coacyclic, where d denotes the weak homological
dimension of the ring A; that is a reformulation of the assertion (a).

Let M* be the total complex of an exact triple of m-flat complexes of C-co-
modules "M* — “"M* — ""M?*. Let us choose for each degree n projective A-mod-
ules 'G™ and "”’G™ endowed with surjective A-module maps 'G" — 'M" and
"Gn — ""M™. The latter map can be lifted to an A-module map ""G™ — "M",
leading to a surjective map from the exact triple of A-modules'G™ — 'G"®"'G™ —
"'G™ to the exact triple of C-comodules 'M" — "M"™ — ""M™. Applying the
construction of Lemma 1.1.3, one can obtain a surjective map from an exact triple
of A-flat C-comodules 'P" — ""P" — "P" to the exact triple of C-comodules
M — "M™ — ""M™. Now consider three complexes of C-comodules 'L°, ”L*, and
"L* whose terms are (VL™ = (DPr=1 & (DPn and the differential d7t, . : (VL™ —
ML+ maps (P into itself by the identity map and vanishes in the restriction to
(DPn=1 and in the projection to (VP"+1. There are natural surjective morphisms
of complexes (VL* — (IN* constructed as in the proof of Theorem 5.4. Taken
together, they form a surjective map from the exact triple of complexes 'L* —
"Le — "L* onto the exact triple of complexes 'M® — "M* — ""M*. Let 'K* —
"K* — "XK* be the kernel of this map of exact triples of complexes; then the
complexes (VL* are 0-flat, while the complexes (VK* are (m — 1)-flat. Therefore,
the total complex L® of the exact triple 'L® — "L®* — "L* is 0-coacyclic, while
the total complex K* of the exact triple 'K* — "X* — ""K* is (m — 1)-coacyclic.
There is a surjective morphism of complexes L®* — M?® with the kernel X°.
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Now let 'K* — 'L°* — 'M*® and "X* — "L* — "M* be exact triples
of complexes of G-comodules where the complexes 'X*, 'L°®, "X*, and "L°®
are (m — 1)-coacyclic, and suppose that there is a morphism of complexes
'M* — "M*. Let us construct for the complex M*® = cone(M* — "M*®) an exact
triple of complexes K* — L* — M* with (m — 1)-coacyclic complexes K* and L°.
Denote by "/ L® the complex 'L*@®" L*; there is the embedding of a direct summand
'L* — ""L* and the surjective morphism of complexes "’L* — ""M* whose com-
ponents are the composition 'L* — 'M®* — ”M* and the surjective morphism
"L* — "M?*. These two morphisms form a commutative square with the mor-
phisms 'L* — 'M*® and ‘M* — ”"M?". The kernel ”/X* of the morphism """ L®* —
"M* is the middle term of an exact triple of complexes "X* — "XK* — 'L°.
Since the complexes "X® and 'L* are (m — 1)-coacyclic, the complex ""XK* is also
(m—1)-coacyclic. Set £L* = cone('L* — ""L*) and K* = cone('K* — ""K*); then
there is an exact triple of complexes K* — L®* — M* with the desired properties.

Obviously, if certain complexes of C-comodules M?, can be presented as quo-
tient complexes of (m — 1)-coacyclic complexes by (m — 1)-coacyclic subcomplexes,
then their direct sum @ M?, can be also presented in this way.

Finally, let M* — 'M* be a homotopy equivalence of m-flat complexes of
C-comodules, and suppose that there is an exact triple 'X®* — 'L®* — 'M* with
(m —1)-coacyclic complexes K*® and 'L°. Let us construct an exact triple of com-
plexes X* — L* — M* with (m — 1)-coacyclic complexes K* and L*. Consider the
cone of the morphism M®* — ‘M?*; it is contractible, and therefore isomorphic to
the cone of the identity endomorphism of a complex of C-comodules N*® with zero
differential. The complex N*® is m-flat, so it can be presented as the quotient com-
plex of a complex of A-flat C-comodules P* by its (m—1)-flat subcomplex Q°. Hence
the complex cone(M* — ‘M?*) is isomorphic to the quotient complex of a 0-flat con-
tractible complex cone(idpe) by an (m—1)-flat contractible subcomplex cone(idge).

As we have proven, for the cocone "M?* of the morphism 'M®* — cone(M* —
'M*) there exists an exact triple "K* — "L® — "M* with (m — 1)-coacyclic
complexes "K* and “L°. The complex "M?* is isomorphic to the direct sum
of the complex M*®* and the cocone of the identity endomorphism of the
complex 'M*. (Indeed, there is a term-wise split exact triple of complexes
cone(id/pte)[-1] — "M* — M* and the complex cone(id/ye)[—1] is con-
tractible.) The latter cocone can be presented as the quotient complex of an
(m — 1)-flat contractible complex 'P* by an (m — 1)-flat contractible subcomplex
'Q®, e.g., by taking 'P* = cone(id/¢«)[—1] and 'Q* = cone(id/x+)[—1].

Now suppose that there are exact triples "X* — ”“L®* — "M*® and 'Q* —
'Pe — 'N* with (m—1)-coacyclic complexes "X*, ”L*,'Q* and 'P* for certain com-
plexes "M®* = M* @’N® and 'N*. Let us construct an exact triple X* — L°* — M*
with (m — 1)-coacyclic complexes X* and L* (in fact, we will have X* = "X* and
our construction with obvious modifications will work for the kernel M* of a sur-
jective morphism of complexes "M®* — 'N*). Set ""M* = M*&’'P*; then there is a
surjective morphism of complexes ”’M®* — ”"M* with the kernel ‘Q°. Let "/L* be
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the fibered product of the complexes ""M*® and ”/L* over "M*; then there are exact
triples of complexes "X* — ""L* — ""M* and 'Q* — ""L* — "L°. Tt follows
from the latter exact triple that the complex ”/L£* is (m — 1)-coacyclic. Further-
more, there is an injective morphism of complexes M®* — ""M* with the cokernel
'Pe. Let L°* be the fibered product of the complexes M* and ""L® over "M®; then
there are exact triples of complexes "XK* — L®* — M*® and L* — ""L* — 'P°.
It follows from the latter exact triple that the complex L°® is (m — 1)-coacyclic.
Part (a) is proven; the proofs of parts (b) and (c) are completely analo-
gous. ([l

Remark. It follows from part (a) of the theorem that (in the same assump-
tions) any coacyclic complex of coflat C-comodules is coacyclic with respect to
the exact category of coflat C-comodules. Indeed, for any complex of C-comod-
ules M* coacyclic with respect to the exact category of A-flat C-comodules the
complex Ro(M*) is coacyclic with respect to the exact category of coflat C-comod-
ules, and for any complex of coflat C-comodules M* the cone of the morphism
M* — Ro(M*) is coacyclic with respect to the exact category of coflat C-comod-
ules (by Lemma 1.2.2). Analogously, if € is a flat right A-module then any coacyclic
complex of €/A-coflat left C-comodules is coacyclic with respect to the exact cat-
egory of C/A-coflat left C-comodules. For coprojective C-comodules, coinjective
C-contramodules, (quite) €/A-injective C-comodules, and (quite) C/A-projective
C-contramodules even stronger results are provided by Remark 5.5, Theorem 5.4,
and Theorem 5.5.

7.3 Derived functors of pull-back and push-forward

Let € — D be a map of corings compatible with a k-algebra map A — B.

Assume that € is a flat right A-module and D is a flat right B-module. Then
the functor mapping the quotient category of the homotopy category of complexes
of D/B-coflat left D-comodules by its intersection with the thick subcategory of
coacyclic complexes to the coderived category of left D-comodules is an equiv-
alence of triangulated categories by Lemma 2.6. Indeed, for any complex of left
D-comodules N* there is a morphism from N*® into a complex of D/ B-coflat D-co-
modules Ry(N*) with a coacyclic cone, which was constructed in 2.5. Compose
the functor N* —— N°® acting from the homotopy category of left D-comod-
ules to the homotopy category of left C-comodules with the localization functor
Hot(C-comod) — D¢ (C-comod) and restrict it to the full subcategory of com-
plexes of D/B-coflat D-comodules. By Theorem 7.2.1(a), this restriction factor-
izes through the coderived category of left D-comodules. Let us denote the right
derived functor so obtained by

N* — EN*: D°(D-comod) —— D% (C-comod).

According to Lemma 6.5.2, this definition of a right derived functor does not
depend on the choice of a subcategory of adjusted complexes.
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Assume that C is a flat left and right A-module, A has a finite weak homo-
logical dimension, and D is a flat right B-module. Then the functor mapping the
quotient category of the homotopy category of complexes of A-flat C-comodules
by its intersection with the thick subcategory of coacyclic complexes to the co-
derived category of C-comodules is an equivalence of triangulated categories by
Lemma 2.6. Indeed, for any complex of C-comodules M* there is a morphism into
M?* from a complex of A-flat C-comodules IL; (M*®) with a coacyclic cone, which was
constructed in 2.5. Compose the functor M* —— pM?* acting from the homotopy
category of left C-comodules to the homotopy category of left D-comodules with
the localization functor Hot(D-comod) — D (D-comod) and restrict it to the full
subcategory of complexes of A-flat C-comodules. It follows from Theorem 7.2.2(a)
that this restriction factorizes through the coderived category of left C-comodules.
Let us denote the left derived functor so obtained by

M* — EM*: D®(C-comod) —— D®(D-comod).

According to Lemma 6.5.2, this definition of a left derived functor does not depend
on the choice of a subcategory of adjusted complexes.

Analogously, assume that C is a projective left A-module and D is a projective
left B-module. Then the left derived functor

Q° — £Q°: D (D-contra) —— D (C-contra)

is defined by restricting the functor Q°* —— ©Q¢* to the full subcategory of com-
plexes of D/B-coinjective left D-contramodules.

Assume that C is a projective left and a flat right A-module, A has a finite
left homological dimension, and D is a projective left B-module. Then the right
derived functor

B — BP*: DV (C-contra) —— D (D-contra)

is defined by restricting the functor * —— ZPB* to the full subcategory of com-
plexes of A-injective left C-contramodules.

Properties of the above-defined derived functors will be studied (in the greater
generality of semimodules and semicontramodules) in Chapter 8. In particular, the
functor N* — EN* is right adjoint to the functor M® — 3, M* when the latter is
defined; the functor Q°* — £0Q°* is left adjoint to the functor P* — ZP* when
the latter is defined; the equivalences of categories D°°(C-comod) ~ D" (C-contra)
and D (D-comod) ~ D (D-contra), when they are defined, transform the functor
N* — &N into the functor Q°* — ED'; and there are formulas connecting our
derived functors with the derived functors Ctrtor, Cotor and Coext.
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7.4 Faithfully flat/projective base ring change

7.4.1 The main ideas of the following section are due to Kontsevich and Rosen-
berg [62, 63].

Let C be a coring over a k-algebra A and A — B be a k-algebra morphism.
The coring gCp over the k-algebra B is constructed in the following way. As a
B-B-bimodule, gCp is equal to B ® 4 € ® 4 B. The comultiplication in gCpg is
defined as the composition B C @4 B — BRA1CR4CR4 B —B®4C®4
B®4C®4B=(B®sC®4 B)®p(B®4C®a B) of the map induced by the
comultiplication in € and the map induced by the map A — B. The counit in
BCp is defined as the composition B®4 C®4 B — B®4 B — B of the map
induced by the counit in € and the map induced by the multiplication in B.

The coring pCp is a universal initial object in the category of corings D over
B endowed with a map € — D compatible with the map A — B.

As always, B is called a faithfully flat right A-module if it is a flat right
A-module and for any nonzero left A-module M the tensor product B ® 4 M is
nonzero. Assuming the former condition, the latter one holds if and only if the
map M = A®as M — B ®4 M is injective for any left A-module M. Therefore,
B is a faithfully flat right A-module if and only if the map A — B is injective
and its cokernel A/B is a flat right A-module. Analogously, the ring B is called
a faithfully projective left A-module if it is a projective generator of the category
of left A-modules, i.e., it is a projective left A-module and for any nonzero left
A-module P the module Hom 4 (B, P) is nonzero. Assuming the former condition,
the latter one holds if and only if the map Homa (B, P) — Homyu(A,P) = P
is surjective for any left A-module P. Therefore, B is a faithfully projective left
A-module if and only if the map A — B is injective and its cokernel A/B is a
projective left A-module.

If the coring € is a flat right A-module and the ring B is a faithfully flat
right A-module, then the functors M —— M and N —— N are mutually inverse
equivalences between the abelian categories of left C-comodules and left gCpg-co-
modules,

G-comod ~ pCp-comod.

Analogously, if € is a projective left A-module and B is a faithfully projective
left A-module, then the functors P —— BP and Q —— ©Q are mutually in-
verse equivalences between the abelian categories of left C-contramodules and left
BCp-contramodules,

CG-contra ~ gCp-contra.

Both assertions follow from the next general theorem, which is the particular case
of Barr—Beck Theorem [67, VI.7] for abelian categories and exact functors.

Theorem. If A: B — A is an exact functor between abelian categories mapping
nonzero objects to nonzero objects and I': A — B is a functor left (resp., right)
adjoint to A, then the natural functor from the category B to the category of
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modules over the monad AT (resp., comodules over the comonad AT') over the
category A is an equivalence of abelian categories. O

To prove the first assertion, it suffices to apply the theorem to the functor
A: C-comod — B-mod mapping a C-comodule M to the B-module B ® 4 M and
the functor I': B-mod — G-comod right adjoint to A mapping a B-module U to
the C-comodule € ®4 U. To prove the second assertion, apply the theorem to the
functor A: C-contra — B-mod mapping a C-contramodule B to the B-module
Hom 4 (B, 93) and the functor I': B-mod — C-contra left adjoint to A mapping a
B-module V' to the €-contramodule Hom 4 (C, V).

7.4.2 Let Cbe a coring over a k-algebra A and A — B be a k-algebra morphism.

Assume that € is a flat left and right A-module and B is a faithfully flat
left and right A-module. Then it follows from Proposition 7.1.3(a) that for any
right C-comodule N and any left C-comodule M there is a natural map N Oe
M — NpOgey M, which is an isomorphism, at least, when one of the A-mod-
ules N and M is flat or one of the gCp-comodules Ny and gM is quasicoflat.
Analogously, assume that € is a projective left and a flat right A-module and B
is a faithfully projective left and a faithfully flat right A-module. Then it follows
from Proposition 7.1.3(b-c) that for any left C-comodule M and any left C-contra-
module 9B there is a natural map Cohom e, (M, BP) — Cohome (M, ), which
is an isomorphism, at least, when the A-module M is projective, the A-module P
is injective, the pCp-comodule pM is quasicoprojective, or the gCp-contramodule
By is quasicoinjective.

Remark. In general the map NOeM — NpO, e, pM is not an isomorphism, even
under the strongest of our assumptions on A, B, and €. For example, let € = A and
BCr = B®4 B; then NOe M = N®4 M, while Ng O,e, sM is the kernel of the
pair of maps N® 4 B AaM = N® 4 B® 4 B® 4M induced by the map A — B. The
sequence 0 — N M — NRABRAM — NR®4B®4B® 4 M is exact if one of
two A-modules M and N is flat or admits a B-module structure, but in general the
map N®4 M — N®4 B®a M is not injective. Indeed, let k be a field, A = k[x]
be the algebra of polynomials in one variable, and B = k[x, ;] be the algebra
of differential operators in the affine line. Let M = k£ = N be one-dimensional
A-modules with the trivial action of x. Then the map N@a M — N®a B4 M
is zero, sincem®1@n=m® (0, — 20, ) @n=0in N®4 B®a M.

Assume that C is a projective left and a flat right A-module and B is a
faithfully projective left and a faithfully flat right A-module. Then the equiva-
lences between the categories C-comod and pCp-comod and between the cate-
gories C-contra and pCp-contra transform the functors e and ®e into the func-
tors ¥, e, and ®,¢,. Indeed, one has Hom e, (pCp, pM) = Home(Cp, M) =
Hom 4 (B, Home (€, M)) and gCp @ e, 2P = C O P = B4 (C o P). Al-
ternatively, the same isomorphisms can be constructed as in 7.1.4 using Proposi-
tions 5.2.1(e) and 5.2.2(e).
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7.4.3 Let C be a coring over a k-algebra A and A — B be a k-algebra morphism.

Obviously, if € is a flat right A-module and B is a faithfully flat right A-mod-
ule, then a complex of left C-comodules M* is coacyclic if any only if the complex
of left pCp-comodules pM* is coacyclic. So the functor M* —— pM?* induces an
equivalence of the coderived categories of left C-comodules and left gCp-comod-
ules. If € is a projective left A-module and B is a faithfully projective left A-mod-
ule, then a complex of left C-contramodules B* is contraacyclic if and only if the
complex of gCp-contramodules P9P* is contraacyclic. So the functor P — BP*
induces an equivalence of the contraderived categories of left C-contramodules and
left pCp-contramodules.

If € is a flat left and right A-module, B is a faithfully flat left and right A-mod-
ule, and A and B have finite weak homological dimensions, then the equivalences
of categories

D“(comod-€) ~ D°(comod-gCp) and D“(C-comod) ~ D“°(pCp-comod)

transform the derived functor Cotor® into the derived functor Cotor®®Z. If € is
a projective left and a flat right A-module, B is a faithfully projective left and a
faithfully flat right A-module, and A and B have finite left homological dimen-
sions, then the equivalences of categories D°(C-comod) ~ D (5Cp-comod) and
D (C-contra) ~ D" (5 Cp-contra) transform the derived functor Coexte into the
derived functor Coext,e,. In the same assumptions, the same equivalences of
categories transform the mutually inverse functors RUe and L®e into the mu-
tually inverse functors R¥ ¢, and L& c,. If € is a flat right A-module, B is a
faithfully flat right A-module, and A and B have finite left homological dimen-
sions, then the above equivalence of categories transforms the functor Exte into
the functor Ext e,. If € is a projective left A-module, B is a faithfully projec-
tive left A-module, and A and B have finite left homological dimensions, then the
above equivalences of categories transform the functors Ext® and Ctrtor® into the
functors Ext?®? and Ctrtor®©z .

These isomorphisms of functors can be deduced from the uniqueness/
universality assertions of Lemmas 2.7 and 6.5.2 or derived from the preserva-
tion/reflection results of the next remark. Besides, they are particular cases of
the much more general isomorphisms constructed in Chapter 8.

Remark. In the strongest of the above flatness/projectivity and homological di-
mension assumptions, almost all the properties of comodules and contramodules
over corings considered in this book are preserved by the passages from a coring C
to the coring 5Cp and back. This applies to the properties of coflatness, coprojec-
tivity, coinjectivity, relative coflatness, relative coprojectivity, relative coinjectiv-
ity, injectivity, projectivity, contraflatness, relative injectivity, relative projectivity,
relative contraflatness. All of this follows from the facts that an A-module M is
flat if and only if the B-module B ® 4 M is flat, an A-module M is projective if
and only if the B-module B ® 4 M is projective, and an A-module P is injective
if and only if the B-module Homy4 (B, P) is injective. Indeed, suppose that the
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left B-module B ® 4 M is flat. Any flat left B-module is a flat left A-module,
since the ring B is a flat left A-module. Consider the tensor product of complexes
(A= B)®4a - ®4(A — B)®a M, where the number of factors A — B is at least
equal to the weak homological dimension of A. This complex is exact everywhere
except its rightmost term, since the map A — B is injective and B/A is a flat right
A-module. Since all terms of this complex, except possibly the leftmost one, are
flat left A-modules, the leftmost term A is also a flat left A-module. Alternatively,
one can consider the Amitsur complex M — BRs M — BRABIa M — ---
with the alternating sums of the maps induced by the map A — B as the differ-
entials; this complex of left A-modules is acyclic, since the induced complex of left
B-modules is contractible. Notice that the assumption of finite weak homological
dimension of the ring A is necessary for this argument, since otherwise the ring B
can be absolutely flat while the ring A is not (see Remark 8.4.3). Assuming only
that C is a flat right A-module and B is a faithfully flat right A-module, the right
BCp-comodule Np is coflat if a right C-comodule N is coflat, etc.

On the other hand, even under the strongest of the above assumptions there
are more quite C/A-injective C-comodules than quite pCp/B-injective pCp-co-
modules and there are more quite C/A-projective C-contramodules than quite
BCp/B-projective pCp-contramodules; i.e., quite relative injectivity and quite
relative projectivity is not preserved by the equivalences of categories M —— gM
and P — BP in general. Analogously, there are more quasicoflat C-comodules
than quasicoflat 3Cp-comodules.

Indeed, consider the case when € = A and gCg = B ®4 B is a “Galois
coring” [23]. Then all C-comodules are coinduced and all C-contramodules are
induced, while a pCp-comodule is quite gCp/B-injective, or a pCp-contramod-
ule is quite pCp/B-projective, if and only if the corresponding A-module is a
direct summand of an A-module admitting a B-module structure. For example, if
A = k[z] and B = k[z, 9;] as in Remark 7.4.2, then the one-dimensional A-mod-
ule M with the trivial action of z is not the direct summand of any A-mod-
ule admitting a B-module structure, since the equation zm = 0 would imply
m = —xd,m. At the same time, any projective left A-module is a direct summand
of a projective left B-module and any injective left A-module is a direct summand
of an injective left B-module. It follows, in particular, that the cokernel of an
injective morphism of quite €/A-injective C-comodules is not always quite C/A-in-
jective and the kernel of a surjective morphism of quite €/A-projective C-contra-
modules is not always quite C/A-projective.

7.5 Remarks on Morita morphisms

7.5.1 A Morita morphism from a k-algebra A to a k-algebra B is an A-B-bimod-
ule E such that F is a finitely generated projective right B-module. For any Morita
morphism E from A to B, set Y = Hompe(E, B); then EV is a B-A-bimodule
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and a finitely generated projective left B-module. To any k-algebra morphism
A — B, one can assign a Morita morphism £ = B = EV from A to B.

Equivalently, a Morita morphism from A to B can be defined as a pair con-
sisting of an A-B-bimodule F and a B-A-bimodule EV endowed with an A-A-bi-
module morphism A — E®pEY and a B-B-bimodule morphism EY®4F — B
such that the two compositions

E—FE®gEY®yE — E and EY — EV®4E®gEY —— EY

are equal to the identity endomorphisms of £ and EV.
For any Morita morphism E from A to B the functor

N»—>AN:E®BN=HOH13(EV,N)

from the category of left B-modules to the category of left A-modules has a left
adjoint functor
M+— gM = EY ®Xa M

and a right adjoint functor
P+—— 8P =Homu(E, P).

Analogously, the functor N — N4 = N ®p EY = Hompe(E,N) from the
category of right B-modules to the category of right A-modules has a left ad-
joint functor M —— Mp = M ®4 E and a right adjoint functor P — PP =
Hompe (EY, P).

Let € be a coring over a k-algebra A and E be a Morita morphism from A
to B. Then there is a coring structure on the B-B-bimodule

BCp=E'@.C24 F

defined in the following way [24]. The comultiplication in pCp is the composition
EYR4CRAE — EV®41C0ACRAE — E'@4CR4E®@pEY®ACQ4 E
of the map induced by the comultiplication in € and the map induced by the
map A — E ®p EV. The counit in gCp is the composition EY @4 C®4 F —
EY ®4 E — B, where the first map is induced by the counit in C.

All the results of 7.1-7.3 can be generalized to the situation of a Morita
morphism FE from a k-algebra A to a k-algebra B and a morphism gCp — D of
corings over B. In particular, for any left C-comodule M there is a natural D-co-
module structure on the B-module gpM = EY ® 4 M, and analogously for right
comodules and left contramodules. For any right C-comodule M’ and any left C-co-
module M” there is a natural map M’ Oe¢ M — M’z Op pM” compatible with
the map M' @ 4 M — Mz @ pM”, etc. All the results of 7.4 can be generalized
to the case of a Morita morphism E from a k-algebra A to a k-algebra B. In
particular, EV is a (faithfully) flat right A-module if and only if £ ®p EV is a
(faithfully) flat right A-module, etc.
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7.5.2 One would like to define a Morita morphism from a coring € to a coring
D as a pair consisting of a €-D-bicomodule € and a D-C-bicomodule &Y endowed
with maps € — & Op &Y and &Y Oe & — D satisfying appropriate conditions.
This works fine for coalgebras over fields, but in the coring situation it is not
clear how to deal with the problems of nonassociativity of the cotensor product.
That is why we restrict ourselves to the special case of coflat/coprojective Morita
morphisms.
Notice that, assuming D to be a flat right B-module, a k-linear functor

A: C-comod —— D-comod

is isomorphic to a functor of the form M —— KOe M for a certain D-C-bicomodule
X if and only if it preserves cokernels of the morphisms coinduced from morphisms
of A-modules, kernels of A-split morphisms, and infinite direct sums. Analogously,
assuming D to be a projective left B-module, a k-linear functor

A: C-contra —— D-contra

is isomorphic to a functor of the form g8 —— Cohome (K, P) for a certain C-D-bi-
comodule X if and only if it preserves kernels of the morphisms induced from
morphisms of A-modules, cokernels of A-split morphisms, and infinite direct prod-
ucts. Indeed, let us compose our functor A with the induction functor A-mod —
C-contra and with the forgetful functor D-contra — B-mod; then the functor
A-mod — B-mod so obtained has the form U —— Homx (X, U) for an A-B-bi-
module K. This follows from a theorem of Watts [85] about representability of
left exact product-preserving covariant functors on the category of modules over
a ring, which is a particular case of the abstract adjoint functor existence theo-
rem [67, V.8]. The morphism of functors Hom4 (€, Hom(C,U)) — Homx(C,U)
induces a left C-coaction in X, while the functorial D-contramodule structures on
the B-modules Hom4 (X, U) induce a right D-coaction in K. Since the functor A
sends the exact sequences Hom(C, Homy4(C,PB)) — Homux(C,P) — P — 0
to exact sequences, it is isomorphic to the functor P —— Cohome (XK, B).

Let € be a coring over a k-algebra A and D be a coring over a k-algebra B.
Assume that C is a flat right A-module and D is a flat right B-module. A right
coflat Morita morphism from C to D is a pair consisting of a D-coflat C-D-bi-
comodule & and a C-coflat D-C-bicomodule €V endowed with a C-C-bicomodule
morphism € — & Op &Y and a D-D-bicomodule morphism &Y Oe & — D such
that the two compositions

E—80p&Y0eé — & and & — &V D0e&0p &Y — &Y

are equal to the identity endomorphisms of € and &Y. A right coflat Morita mor-
phism (&,&"Y) from € to D induces an exact functor M — oM = €Y Oe M from
the category of left C-comodules to the category of left D-comodules and an exact
functor N —— ¢N = E0p N from the category of left D-comodules to the category



140 7. Functoriality in the Coring

of left C-comodules; the former functor is left adjoint to the latter one. Conversely,
any pair of adjoint exact k-linear functors preserving infinite direct sums between
the categories of left C-comodules and left D-comodules is induced by a right coflat
Morita morphism.

Analogously, assume that C is a projective left A-module and D is a projec-
tive left B-module. A left coprojective Morita morphism from € to D is defined as a
pair consisting of a C-coprojective C-D-bicomodule € and a D-coprojective D-C-bi-
comodule &Y endowed with a G-C-bicomodule morphism € — &€ Op &Y and a
D-D-bicomodule morphism €Y Oe & — D satisfying the same conditions as above.
A left coprojective Morita morphism (&, €Y) from € to D induces an exact functor
P — PP = Cohome (&, P) from the category of left C-contramodules to the cat-
egory of left D-contramodules and an exact functor Q — ¢Q = Cohomqp (€Y, Q)
from the category of left D-contramodules to the category of left C-contramod-
ules; the former functor is right adjoint to the latter one. Conversely, any pair of
adjoint exact k-linear functors preserving infinite products between the categories
of left C-contramodules and left D-contramodules is induced by a left coprojective
Morita morphism.

All the results of 7.1-7.3 can be extended to the situation of a left coprojective
and right coflat Morita morphism from a coring € to a coring D. In particular, for
any right G-comodule M and any left D-contramodule £ the compositions (M O¢
&)OnQ — MOe &) ®p Cohome (€, Cohomp (€Y,9)) — M e Cohomap (€Y, Q)
and M ®e¢ Cohomqp (€Y, Q) — (M Oe €Op €Y) ®e Cohomp (€Y,Q) — (M Oe
&) ®p Q of the maps induced by the morphisms €Y e & — D and € — E0p &Y
and the natural “evaluation” maps are mutually inverse isomorphisms between
the k-modules Mp Op Q and M @e Q. For any left D-contramodule £ there
are natural isomorphisms of left C-comodules ®¢(¢Q) = C 0 Q ~ Cp Op Q ~
EOp Q~EOp (D Op Q) =ce(PpQ) by Proposition 5.2.1(e), etc. However, one
sometimes has to impose the homological dimension conditions on A and B where
they were not previously needed and strengthen the quasicoflatness (quasicopro-
jectivity, quasicoinjectivity) conditions to coflatness (coprojectivity, coinjectivity)
conditions.

7.5.3 A right coflat Morita equivalence between corings C and D is a right coflat
Morita morphism (€, €Y) from € to D such that the bicomodule morphisms ¢ —
&Op &Y and &Y Oe & — D are isomorphisms; it can be also considered as a
right coflat Morita morphism (€Y, &) from D to C. Left coflat Morita equivalences
and left coprojective Morita equivalences are defined in the analogous way. A right
coflat Morita equivalence between corings € and D induces an equivalence of the
categories of left C-comodules and left D-comodules, and, assuming that C is a flat
right A-module and D is a flat right B-module, any equivalence between these two
k-linear categories comes from a right coflat Morita equivalence. Analogously, a left
coprojective Morita equivalence between corings € and D induces an equivalence of
the categories of left C-contramodules and left D-contramodules, and, assuming
that € is a projective left A-module and D is a projective left B-module, any
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equivalence between these two k-linear categories comes from a left coprojective
Morita equivalence.

Let € be a coring over a k-algebra A and (F, EV) be a Morita morphism from
A to B. If € is a flat right A-module and EV is a faithfully flat right A-module,
then the pair of bicomodules € = Cp = C®4 F and €V = g€ = EV @4 Cis a
right coflat Morita equivalence between the corings € and gCp. Analogously, if C
is a projective left A-module and F is a faithfully projective left A-module, then
the same pair of bicomodules &€ = Cp and &Y = gC is a left coprojective Morita
equivalence between the corings C and gCp. This is a reformulation of the results
of 7.4.1 in the case of a Morita morphism of k-algebras.

All the results of 7.4.3 can be generalized to the situation of a Morita equiva-
lence, satisfying appropriate coflatness/coprojectivity conditions, between corings
C and D. The same applies to the results of 7.4.2, with homological dimension con-
ditions added when necessary and the quasicoflatness (quasicoprojectivity, quasi-
coinjectivity) conditions strengthened to coflatness (coprojectivity, coinjectivity)
conditions.

Remark. When the rings A and B are semisimple, one can consider Morita mor-
phisms from the coring € to the coring D without any coflatness/coprojectivity
conditions imposed. Moreover, for any Morita morphism (&, ") from € to D the
left C-comodule € is coprojective and the right G-comodule £V is coprojective. In
particular, any Morita equivalence between C and D is left and right coprojective.
On the other hand, without such conditions on the rings A and B not every right
coflat Morita equivalence between € and D is a left coflat Morita equivalence. For
example, when C is a finite-dimensional coalgebra over a field k, B is the algebra
over k dual to €, and D = B, the right coflat Morita equivalence between C and
D inducing the equivalence of categories C-comod ~ B-mod is not left coflat, since
this equivalence of categories does not preserve coflatness of comodules.






8 Functoriality in the Semialgebra

8.1 Compatible morphisms

Let € — D be a map of corings compatible with a k-algebra map A — B. Let
8 be a semialgebra over the coring € and J be a semialgebra over the coring D.

8.1.1 A map 8 — T is called compatible with the maps A — B and ¢ — D if
the biaction maps AR, 8y A — 8 and B®r T ® B — J form a commutative
diagram with the maps 8 — J and A®QE8®; A — BRI Qi B (that is the map
8 — J is an A-A-bimodule morphism), the bicoaction maps 8§ — C 48 ®4 C
and T — D®p T ®p D form a commutative diagram with the maps 8§ — T
and CRA8®4C — DRp T ®pD (that it the induced map BRs8®4 B — T
is a D-D-bicomodule morphism), and furthermore, the semimultiplication maps
808 — 8 and TOp T — T and the semiunit maps € — 8 and D — T form
commutative diagrams with the maps € — D, § — T, and 8T8 — TOp T.

Let 8 — J be a map of semialgebras compatible with a map of corings
¢ — D and a k-algebra map A — B. Let M be a left S-semimodule and N
be a left T-semimodule. A map M — N is called compatible with the maps
A— B, € — D, and § — T if it is compatible with the maps A — B and
€ — D as a map from a C-comodule to a D-comodule and the semiaction maps
STeM — M and T Op N — N form a commutative diagram with the maps
M — N and SOecM — TOp N. Analogously, let B be a left 8-semicontramod-
ule and £ be a left T-semicontramodule. A map £ — P is called compatible
with the maps A — B, € — D, and 8§ — T if it is compatible with the maps
A — B and € — D as a map from a D-contramodule to a C-contramodule
and the semicontraaction maps P8 — Cohome(8, P) and Q — Cohomqp (T, Q)
form a commutative diagram with the maps Q — P and Cohomp (T, Q) —
Cohome (8, B).

Let M' — N’ be a map from a right 8-semimodule to a right T-semimodule
compatible with the maps A — B, € — D, and 8 — T, and let M" — N”
be a map from a left 8-semimodule to a left T-semimodule compatible with the
maps A — B, € — D, and § — J. Assume that the triple cotensor products
M Oe 8O M” and N’ Op T Op N are associative. Then there is a natural map
of k-modules M’ O M — N’ Og N”. Analogously, let M — N be a map from
a left 8-semimodule to a left T-semimodule compatible with the maps A — B,
C— D,and 8§ — T, and let Q — P be a map from a left T-semicontramodule
to a left 8-semicontramodule compatible with the maps A — B, € — D, and
8 — TJ. Assume that the triple cohomomorphisms Cohome(8 Oe M, P) and
Cohomo (T Op N, Q) are associative. Then there is a natural map of k-modules
SemiHomg (N, Q) — SemiHomg (M, B).
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8.1.2 Let 8 — T be a map of semialgebras compatible with a map of corings
€ — D and a k-algebra map A — B.

Assume that C is a flat right A-module and either 8 is a coflat right C-co-
module, or 8 is a flat right A-module and a €/A-coflat left C-comodule and A
has a finite weak homological dimension, or A is absolutely flat. Then for any left
T-semimodule N there is a natural 8-semimodule structure on the left C-comodule
eN. It is constructed as follows: the composition 80e ¢ N — TOpN — N of the
map induced by the maps 8§ — T and ¢N — N with the T-semiaction in N is a
map from a C-comodule to a D-comodule compatible with the maps A — B and
€ — D, hence there is a C-comodule map 80eeN —— ¢N. Analogously, assume
that C is a projective left A-module and either 8 is a coprojective left C-comodule,
or 8 is a projective left A-module and a €/A-coflat right C-comodule and A has a
finite left homological dimension, or A is semisimple. Then for any left J-semicon-
tramodule £ there is a natural 8-semicontramodule structure on the left C-contra-
module ¢£. Indeed, the composition £ — Cohomqp (T, ) — Cohome (8, ©Q)
is a map from a D-contramodule to a C-contramodule compatible with the maps
A — B and C — D, hence a C-contramodule map ®Q —— Cohome(8, ¢£Q).
Assuming that D is a flat right B-module, € is a flat right A-module, and 8
is a coflat right C-comodule, for any D-coflat right T-semimodule N there is a
natural 8-semimodule structure on the coflat right C-comodule Ne and for any
D-coinjective left T-semicontramodule £ there is a natural 8-semicontramodule
structure on the coinjective left @-contramodule ¢£) provided that B is a flat right
A-module.

Assume that C is a flat right A-module, 8 is a coflat right C-comodule, D
is a flat right B-module, and J is a coflat right D-comodule. Then the functor
N +— N from the category of left T-semimodules to the category of left 8-semi-
modules has a left adjoint functor M —— M, which is constructed as follows.
For induced left 8-semimodules, one has

7(8 Oe L) =J 0Op L;

to compute the J-semimodule M for an arbitrary left 8-semimodule M, one
can represent M as the cokernel of a morphism of induced 8-semimodules. Both
k-modules Homg (M, ¢N) and Homg (M, N) are isomorphic to the k-module of
all maps of semimodules M — N compatible with the maps A — B, € — D,
and 8 — T, hence

Homg (M, eN) ~ Homg (M, N).

There are also a few situations when the functor M —— M is defined on the
full subcategory of induced 8-semimodules. Under the analogous assumptions, the
functor M —— Mg left adjoint to the functor N —— Ne acts from the category
of right 8-semimodules to the category of right J-semimodules.

Now assume that € is a flat left and right A-module, 8 is a flat left A-mod-
ule and a coflat right C-comodule, A has a finite weak homological dimension, D
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is a flat right B-module, and J is a coflat right D-comodule. Then the functor
N +—— N can be constructed in a different way: when M is a flat left A-module,
one has

M =Te Os M,

where Te = T0Op pC is a T-8-bisemimodule with the right 8-semimodule structure
provided by the above construction. To compute the J-semimodule M for an
arbitrary left 8-semimodule M, one can represent M as the cokernel of a morphism
of A-flat 8-semimodules. Assuming only that C is a flat right A-module, 8 is a
coflat right C-comodule, D is a flat right B-module, and J is a coflat right D-co-
module, the functor M —— M can be defined by the formula M = T¢ O M for
any M whenever B is a flat right A-module. If C is a flat left and right A-module,
8 is a coflat left and right C-comodule, D is a flat right B-module, and J is a coflat
right D-comodule, the functor M —— M is given by the formula M = Te Og M
on the full subcategory of C-coflat 8-semimodules M.

Furthermore, assume that C is a projective left A-module, 8 is a coprojective
left C-comodule, D is a projective left B-module, and J is a coprojective left
D-comodule. Then the functor £ — ©£ from the category of left T-semicontra-
modules to the category of left 8-semicontramodules has a right adjoint functor
P — TP, which is constructed as follows. For coinduced left 8-semicontramod-
ules, one has

7 Cohome (8, /) = Cohomy (T, PR);

to compute the T-semicontramodule 73 for an arbitrary left 8-semicontramodule
B, one can represent P as the kernel of a morphism of coinduced 8-semicontra-
modules. Both k-modules Homs(eﬂ,‘,p) and HomT(Q,T‘B) are isomorphic to
the k-module of all maps of semicontramodules £ — P compatible with the
maps A — B, € — D, and 8 — T, hence

Hom®(“Q, P) ~ Hom” (Q,7P).

There are also a few situations when the functor 8 —— 7B is defined on the full
subcategory of coinduced 8-semicontramodules.

Now assume that C is a projective left and a flat right A-module, 8 is a
coprojective left C-comodule and a flat right A-module, A has a finite left homo-
logical dimension, D is a projective left B-module, and J is a coprojective left
D-comodule. Then the functor 8 — TP can be constructed in a different way:
when P is an injective left A-module,

TP = SemiHomsg (T, P);

to compute the T-semicontramodule 7 for an arbitrary left 8-semicontramodule
B, one can represent P as the kernel of a morphism of A-injective 8-semicontra-
modules. Assuming only that C is a projective left A-module, 8 is a coprojec-
tive left C-comodule, D is a projective left B-module, and J is a coprojective
left D-comodule, the functor P —— T can be defined by the formula TP =
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SemiHomg (T, P) for any P whenever B is a projective left A-module. If € is a
projective left and a flat right A-module, 8 is a coprojective left and a coflat right
C-comodule, D is a projective left B-module, and J is a coprojective left D-co-
module, the functor 8 — TP is given by the formula 7P = SemiHomg (¢ T, B)
on the full subcategory of C-coinjective 8-semicontramodules 8.

Assume that C is a projective left A-module, 8 is a coprojective left C-co-
module, D is a projective left B-module, and J is a coprojective left D-comodule.
Then for any right 8-semimodule M and any left J-semicontramodule £ there is
a natural isomorphism

My @7 Q ~Mos °Q.

Moreover, both k-modules are isomorphic to the cokernel of the pair of maps
(MOe 8)p ©p Q = Mp ©p Q one of which is induced by the 8-semiaction in
M and the other is defined in terms of the morphism (M D¢ 8)p — Mp Op T,
the T-semicontraaction in £, and the natural “evaluation” map (Mg Op T) Op
Cohomq (T,9) — Mp Op Q. This is clear for M ©g £, and to construct this
isomorphism for Mg @5 £ it suffices to represent M as the cokernel of the pair
of morphisms of induced 8-semimodules M Oe 8 Oe 8 = M O¢e 8. In the above
situations when Mg = M Og T, this isomorphism can be also constructed by
representing Mg as the cokernel of the pair of J-semimodule morphisms M Oe
S Oe T = M e T and using the isomorphisms M Oe T ~ Mp Op T.

8.1.3 Let 8 — T be a map of semialgebras compatible with a map of corings
€ — D and a k-algebra map A — B.

Proposition.

(a) Let M be a left 8-semimodule and N be a right T-semimodule. Then the
semitensor product yIM = Te Og M can be endowed with a left T-semimod-
ule structure via the construction of 1.4.4 and the map of semitensor products

NC OSM — NQ{)’TM

induced by the maps of semimodules Ne — N and M — M is an
isomorphism, at least, in the following cases:

e D is a flat right B-module, T is a coflat right D-comodule, N is a coflat
right D-comodule, C is a flat left A-module, 8 is a flat left A-module and
a C/A-coflat right C-comodule, the ring A has a finite weak homological
dimension, and M is a flat left A-module, or

e D is a flat right B-module, T is a coflat right D-comodule, N is a coflat
right D-comodule, C is a flat left A-module, 8 is a coflat left C-comodule,
and M is a coflat left C-comodule, or

e D is a flat right B-module, T is a coflat right D-comodule, N is a
coflat right D-comodule, C is a flat right A-module, 8 is a coflat right
C-comodule, and B is a flat right A-module, or
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e D is a flat left B-module, T is a flat left B-module and a D/B-coflat

right D-comodule, the ring B has a finite weak homological dimension,
C is a flat left A-module, 8 is a coflat left C-comodule, and M is a
semiflat left 8-semimodule, or

e D is a flat left B-module, T is a coflat left D-comodule, gC is a coflat

left D-comodule, C is a flat left A-module, 8 is a coflat left C-comodule,
and M is a semiflat left S-semimodule.

When the ring A (resp., B) is absolutely flat, the C/A-coflatness (resp.,
D/B-coflatness) assumption can be dropped.

Let B be a left §-semicontramodule and N be a left T-semimodule. Then the
module of semihomomorphisms 7P = SemiHomsg(¢T,P) can be endowed
with a left T-semicontramodule structure via the construction of 3.4.4 and
the map of the semihomomorphism modules

SemiHomg (N, 798) —— SemiHomsg (¢ N, B)

induced by the maps of semimodules and semicontramodules e N — N and
TP — P is an isomorphism, at least, in the following cases:

o D is a projective left B-module, T is a coprojective left D-comodule, N

is a coprojective left D-comodule, C is a flat right A-module, 8 is a flat
right A-module and a C/A-coprojective left C-comodule, the ring A has
a finite left homological dimension, and P is an injective left A-module,
or

D is a projective left B-module, T is a coprojective left D-comodule,
N is a coprojective left D-comodule, C is a flat right A-module, 8 is a
coflat right C-comodule, and B is a coinjective left C-comodule, or

D is a projective left B-module, T is a coprojective left D-comodule, N
18 a coprojective left D-comodule, C is a projective left A-module, 8 is
a coprojective left C-comodule, and B is a projective left A-module, or
D is a flat right B-module, T is a flat right B-module and a D/B-co-
projective left D-comodule, the ring B has a finite left homological di-
mension, C is a flat right A-module, 8 is a coflat right C-comodule, and
B is a semiinjective left §-semicontramodule, or

D is a flat right B-module, T is a coflat right D-comodule, Cp is a
coflat right D-comodule, C is a flat right A-module, 8 is a coflat right
C-comodule, and P is a semiinjective left 8-semicontramodule.

When the ring A (resp., B) is semisimple, the C/A-coprojectivity (resp.,
D/ B-coprojectivity) assumption can be dropped.

(c) Let M be a left 8-semimodule and 9 be a left T-semicontramodule. Then

the map of semihomomorphism modules

SemiHomy (M, ) —— SemiHomg (M, )
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induced by the map of semimodules M — M and the map of semicontra-
modules £ — 9 is an isomorphism, at least, in the following cases:

e D is a flat right B-module, T is a coflat right D-comodule, L is a
coingective left D-contramodule, C is a projective left A-module, 8 is
a projective left A-module and a C/A-coflat right C-comodule, the ring
A has a finite left homological dimension, and M is a projective left
A-module, or

e D is a flat right B-module, T is a coflat right D-comodule, L is a
coingective left D-contramodule, C is a projective left A-module, 8 is a
coprojective left C-comodule, and M is a coprojective left C-comodule,
or

e D is a flat right B-module, T is a coflat right D-comodule, L is a
coingective left D-contramodule, C is a flat right A-module, 8 is a coflat
right C-comodule, and B is a flat right A-module, or

o D is a projective left B-module, T is a projective left B-module and a
D/B-coflat right D-comodule, the ring B has a finite left homological
dimension, C is a projective left A-module, 8 is a coprojective left C-co-
module, and M is a semiprojective left 8-semimodule, or

e D is a projective left B-module, T is a coprojective left D-comodule, 5C
is a coprojective left D-comodule, C is a projective left A-module, 8 is
a coprojective left C-comodule, and M is a semiprojective left S8-semi-
module.

When the ring A (resp., B) is semisimple, the C/A-coflatness (resp., D/ B-co-
flatness) assumption can be dropped.

Proof. Part (a): under our assumptions, there is a natural isomorphism of right
S-semimodules Ne ~ N Qg Te. For any left S-semimodule M and right J-semi-
module N for which the iterated semitensor products (N Og Te) Os M and N O
(TeOsM) are defined and the triple cotensor product NOp TeOeM is associative,
the map (N O3 Te) Os M — N Og (Te 0s M) induced by the bisemimodule maps
8§ — Je¢ — T compatible with the maps A — B, € — D, and § — T
forms a commutative diagram with the maps NOp TeOeM — (N Og5Te) OsM
and NOp Te Oe M — N Og (Te Os M). Indeed, the map N Op Te O M —
N Op (Te Os M) is equal to the composition of the map N Op Te Oe M —
NOp TOp (Te OsM) induced by the maps Te — T and M — T OsM and the
map NOpTOp (TeOsM) — NOp (TeOsM) induced by the left T-semiaction in
Te Og M. To check this, one can notice that the diagram in question is obtained
by taking the cotensor product with N of the diagram of maps Je e M —
T0Op (TeOsM) — Te Os M and compose the latter diagram with the surjective
map Je e S Oe M — Te Oe M induced by the left S-semiaction in M. On the
other hand, the composition of maps N Op Te Oe M — (N O3 Te) Os M —
NOp (Te Os M) is equal to the composition of the same map NOp TeOeM —
Ndp I0Oop (7@ Os M) and the map NOp T Op (7@ Os M) — N0Oop (7@ Os M)



8.1. Compatible morphisms 149

induced by the right J-semiaction in N, since both compositions are equal to the
composition of the map N UOp Te Oe M — N Oe M induced by the composition
NOpTe — NO5Te — N with the map NOeM — NOp (Te O0s M) induced
by the map M — T Qg M. It remains to apply Proposition 1.4.4. The proofs of
parts (b) and (c) are completely analogous. O

8.1.4 Let 8 — T be a map of semialgebras compatible with a map of corings
€C — D and a k-algebra map A — B.

Assume that C is a projective left and a flat right A-module, 8 is a copro-
jective left and a coflat right C-comodule, D is a projective left and a flat right
B-module, and J is a coprojective left and a coflat right C-comodule. Then for any
left T-semicontramodule £ the natural map of G-comodules ®¢(¢Q) — ¢(PpQ)
is an 8-semimodule morphism

ds(CQ) — e(Pr).

Indeed, ®5(¢Q) = § ©s °Q ~ 85 ©5 N ~ T ©7 N as a left §-semimodule
and ¢(®59Q) = ¢(T @y ), so there is an 8-semimodule morphism ®g(¢Q) —
e(®59); it coincides with the C-comodule morphism ®¢(®Q) — ¢(PpQ) de-
fined in 7.1.4. Analogously, for any left T-semimodule N the natural map of C-con-
tramodules ¢(UpN) — We(eN) is an 8-semicontramodule morphism

C(UgN) — Tg(eN).

Indeed, ¥g(eN) = Homg(8,eN) ~ Homg(38,N) ~ Homg(Te,N) as a left
8-semicontramodule and ¢(UgN) = ¢ Homg (T, N).

Assume that C is a projective left A-module, 8 is a coprojective left C-comod-
ule, D is a projective left B-module, J is a coprojective left D-comodule, and B is a
projective left A-module. Then the equivalence of categories of C-coprojective left
S-semimodules and C-projective left 8-semicontramodules and the equivalence of
categories of D-coprojective left T-semimodules and D-projective left 8-semicon-
tramodules transform the functor N —— N into the functor £ — €. Indeed,
the above argument shows that for any D-projective left J-semicontramodule £Q
the isomorphism ®¢(®Q) =~ ¢(Pp Q) preserves the §-semimodule structures.

Assume that C is a flat right A-module, 8 is a coflat right C-comodule, D is a
flat right B-module, J is a coflat right D-comodule, and B is a flat right A-module.
Then the equivalence of categories of C-injective left 8-semimodules and C-coinjec-
tive left 8-semicontramodules and the equivalence of categories of D-injective left
J-semimodules and D-coinjective left S-semicontramodules transform the functor
N — N into the functor £ —— ©£. Indeed, the above argument shows that
for any D-injective left T-semimodule N the isomorphism ¢ (UpN) ~ We(eN)
preserves the 8-semicontramodule structures.

Assume that C is a projective left and a flat right A-module, 8 is a coprojec-
tive left C-comodule and a flat right A-module, D is a projective left and a flat right
B-module, J is a coprojective left D-comodule and a flat right B-module, and the
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rings A and B have finite left homological dimensions. Then the equivalence of
categories of €/A-injective left 8-semimodules and €/A-projective left §-semicon-
tramodules and the equivalence of categories of D/B-injective left T-semimodules
and D/B-projective left T-semicontramodules transform the functor N — N
into the functor  —— ©9Q. Indeed, the above argument shows that for any
D/ B-projective left T-semicontramodule £ the isomorphism ®¢ () ~ ¢(PpD)
preserves the 8-semimodule structures. The analogous result holds when 8 is a
projective left A-module and a coflat right C-comodule and J is a projective left
B-module and a coflat right D-comodule; it can be proven by applying the above
argument to the isomorphism ¢ (W pN) ~ We(eN) for a D/B-injective left T-semi-
module N.

Finally, assume that the rings A and B are semisimple. Then the equivalence
of categories of C-injective left 8-semimodules and C-projective left 8-semicontra-
modules and the equivalence of categories of D-injective left T-semimodules and
D-projective left T-semicontramodules transform the functor N —— N into the
functor Q — ©Q. One can show this using the semialgebra analogues of the
assertions of 7.1.2 related to quasicoflat comodules and quasicoinjective contra-
modules.

8.2 Complexes, adjusted to pull-backs and push-forwards

Let 8 — J be a map of semialgebras compatible with a map of corings € — D
and a k-algebra map A — B. The following result generalizes Theorem 6.3.

Theorem 1.

(a) Assume that D is a flat right B-module, T is a coflat right D-comodule and a
D/B-coflat (D/B-coprojective) left D-comodule, and the ring B has a finite
weak (left) homological dimension. Then the functor mapping the quotient
category of the homotopy category of complezes of D/B-coflat (D/B-copro-
jective) left T-semimodules by its intersection with the thick subcategory of
D-coacyclic complezes into the semiderived category of left T -semimodules is
an equivalence of triangulated categories.

(b) Assume that D is a projective left B-module, T is a coprojective left and a
D/B-coflat right D-comodule, and the ring B has a finite left homological
dimension. Then the functor mapping the quotient category of the homotopy
category of complexes of D/B-coinjective left T -semicontramodules by its in-
tersection with the thick subcategory of D-contraacyclic complexes into the
semiderived category of left T-semicontramodules is an equivalence of trian-
gulated categories.

Proof. To prove part (a) for D/B-coflat T-semimodules, use Lemma 1.3.3, the
construction of the morphism of complexes £°* — Ro(L£°®) from the proof of
Theorem 2.6, and Lemma 2.6. To prove part (a) for D/B-coprojective T-semi-
modules, use Lemma 3.3.3(b). To prove part (b), use Lemma 3.3.3(a) and the
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construction of the morphism of complexes Ly($R*) — QR* from the proof of
Theorem 4.6. U

A complex of 8-semimodules is called quite 8/C/A-semiflat (quite 8/C/A-
semiprojective) if it belongs to the minimal triangulated subcategory of the ho-
motopy category of complexes of 8-semimodules containing the complexes in-
duced from complexes of A-flat (A-projective) C-comodules and closed under in-
finite direct sums. Analogously, a complex of 8-semicontramodules is called quite
8/C/A-semiinjective if it belongs to the minimal triangulated subcategory of the
homotopy category of complexes of 8-semicontramodules containing the complexes
coinduced from complexes of A-injective C-contramodules and closed under infinite
products. Under appropriate assumptions on 8, C, and A, any quite 8/C/A-semi-
flat complex of A-flat 8-semimodules is 8/€/A-semiflat in the sense of 2.8, and
analogously for birelative semiprojectivity and semiinjectivity in the sense of 4.8.
Any quite 8/C/A-semiflat complex of right 8-semimodules is 8/C/A-contraflat,
any quite 8/C/A-semiprojective complex of left 8-semimodules is 8/C/A-projec-
tive, and any quite 8/C/A-semiinjective complex of left 8-semicontramodules is
8/C/A-injective in the sense of 6.4.

Theorem 2.

(a) Assume that C is a flat (projective) left and a flat right A-module, C is a
flat (projective) left A-module and a coflat right C-comodule, and the ring A
has a finite weak (left) homological dimension. Then the functor mapping the
quotient category of the homotopy category of quite 8/C/A-semiflat (quite
8/C/A-semiprojective) complexes of left 8-semimodules by its minimal tri-
angulated subcategory containing complexes induced from coacyclic complexes
of A-flat (A-projective) 8-semimodules and closed under infinite direct sums
into the semiderived category of left 8-semimodules is an equivalence of tri-
angulated categories.

(b) Assume that C is a projective left and a flat right A-module, C is a coprojective
left C-comodule and a flat right A-module, and the ring A has a finite left
homological dimension. Then the functor mapping the quotient category of the
homotopy category of quite 8/C/A-semiinjective complezes of left 8-semicon-
tramodules by its minimal triangulated subcategory containing complexes of
coinduced from contraacyclic complexes of A-injective C-contramodules and
closed under infinite products into the semiderived category of left 8-semi-
contramodules is an equivalence of triangulated categories.

Proof. Proof of part (a): for any complex of 8-semimodules K* there is a nat-
ural morphism into K* from a quite 8§/€/A-semiflat complex of 8-semimodules
L3l (K*®) with a C-coacyclic cone. Hence it follows from Lemma 2.6 that the
semiderived category of 8-semimodules is equivalent to the quotient category of
the homotopy category of quite 8/C/A-semiflat complexes of 8-semimodules by
its intersection with the thick subcategory of C-coacyclic complexes. It remains
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to show that any C-coacyclic quite 8/C/A-semiflat complex of 8-semimodules be-
longs to the minimal triangulated subcategory containing the complexes induced
from coacyclic complexes of A-flat 8-semimodules and closed under infinite direct
sums. Indeed, if a complex of A-flat left 8-semimodules M*® is C-coacyclic, then
the total complex L3 (M®) of the bar bicomplex - - - — 80e8TeM* — 8T M*
up to the homotopy equivalence can be obtained from complexes of 8-semimod-
ules induced from coacyclic complexes of A-flat C-comodules using the operations
of cone and infinite direct sum. So the same applies to a C-coacyclic complex of
8-semimodules M*® homotopy equivalent to a complex of A-flat 8-semimodules.
On the other hand, if a complex of 8-semimodules M* is induced from a complex
of C-comodules, then the cone of the morphism of complexes Lg(M®*) — M* is
a contractible complex of 8-semimodules, since it is isomorphic to the cotensor
product over € of the bar complex - -+ — 8 de 808 — 80 8 — 8, which is
contractible as a complex of left 8-semimodules with right C-comodule structures,
and a certain complex of left C-comodules. So the same applies to any complex
of 8-semimodules M* that up to the homotopy equivalence can be obtained from
complexes of 8-semimodules induced from complexes of C-comodules using the
operations of cone and infinite direct sum. Part (a) for quite 8/C/A-semiflat com-
plexes is proven; the proofs of part (a) for quite 8/€/A-semiprojective complexes
and part (b) are completely analogous. O

Theorem 3.

(a) Assume that C is a flat right A-module, 8 is a coflat right C-comodule, D is
a flat right B-module, and T is a coflat right D-comodule. Then the functor
M® — gM* maps quite 8/C/A-semiflat (quite 8/C/A-semiprojective) com-
plezes of left 8-semimodules to quite T/D/B-semiflat (quite T /D /B-semi-
projective) complezes of left T-semimodules. Assume additionally that C and
8 are flat left A-modules and the ring A has a finite weak homological dimen-
sion. Then the same functor maps C-coacyclic quite 8/C/A-semiflat com-
plezes of left 8-semimodules to D-coacyclic complexes of left T -semimodules.

(b) Assume that C is a projective left A-module, 8 is a coprojective left C-comod-
ule, D is a projective left B-module, and T is a coprojective left D-comod-
ule. Then the functor SP* —— TP* maps quite 8/C/A-semiinjective com-
plezes of left 8-semicontramodules to quite T /D /B-semiinjective complexes
of left T-semicontramodules. Assume additionally that C and 8 are flat right
A-modules and the ring A has a finite left homological dimension. Then the
same functor maps C-contraacyclic quite 8/C/A-semiinjective complexes of
left 8-semicontramodules to D-contraacyclic complezes of left T-semicontra-
modules.

(¢) Assume that C is a projective left and a flat right A-module, 8 is a coprojective
left and a cofiat right C-comodule, A has a finite left homological dimension,
D is a projective left and a flat right B-module, T is a coprojective left and
a coflat right D-comodule, and B has a finite left homological dimension.
Then the functor M® —— gM® maps 8/C/A-projective complexes of left
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S-semimodules to T /D/B-projective complezes left T-semimodules and the
functor PB* —— TPR* maps 8/C/A-injective complexes of left 8-semicon-
tramodules to I /D /B-injective complexes of left T-semicontramodules. The
same functors map C-coacyclic 8/C/A-projective complezes of left S-semi-
modules to D-coacyclic complexes of left T-semimodules and C-contraacyclic
8/C/A-injective complexes of left 8-semicontramodules to D-contraacyclic
complezes of left T-semicontramodules.

Proof. Part (a): the functor M —— M maps the 8-semimodule induced from
a C-comodule L to the J-semimodule induced from the D-comodule gL. The
first assertion follows immediately; to prove the second one, use Theorem 7.2.2(a)
and Theorem 2(a). The proof of part (b) is completely analogous. Part (c): the
first assertion follows from the adjointness of functors M*® —— ¢M?* and N* ——
eN*, the adjointness of functors P* — TP* and Q°* —— ©NO°, and the second
assertions of Theorem 7.2.1(a) and (b). The second assertion follows from the first
assertions of Theorem 7.2.1(a-b), because a complex of left 8-semimodules M*
is 8/C/A-projective and C-coacyclic if and only if the complex Homg(M*®, £°) is
acyclic for all complexes of €/A-injective left 8-semimodules £°, and a complex of
left 8-semicontramodules PB* is 8§/€/A-injective and C-contraacyclic if and only
if the complex Hom®(R®,J3*) is acyclic for all complexes of C/A-projective left
8-semicontramodules R* (and analogously for complexes of T-semimodules and
T-semicontramodules). This follows from Theorem 6.3 and the results of 6.5, since
a complex of 8-semimodules is C-coacyclic iff it represents a zero object of the
semiderived category of 8-semimodules, and a complex of 8-semicontramodules
is C-contraacyclic iff it represents a zero object of the semiderived category of
8-semicontramodules. O

8.3 Derived functors of pull-back and push-forward

Let 8 — J be a map of semialgebras compatible with a map of corings € — D
and a k-algebra map A — B.

Assume that € is a flat right A-module, 8 is a coflat right C-comodule, D
is a flat right B-module, J is a coflat right D-comodule and a D/B-coflat left
D-comodule, and B has a finite weak homological dimension. The right derived
functor

N* — EN*: D(T-simod) —— D®(8-simod)

is defined by composing the functor N* — ¢N* acting from the homotopy cate-
gory of left J-semimodules to the homotopy category of left 8-semimodules with
the localization functor Hot(8-simod) — D% (8-simod) and restricting it to the full
subcategory of complexes of D/B-coflat T-semimodules. By Theorems 8.2.1(a)
and 7.2.1(a), this restriction factorizes through the semiderived category of left
J-semimodules.
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Assume that C is a flat left and right A-module, 8 is a flat left A-module and
a coflat right C-comodule, A has a finite weak homological dimension, D is a flat
right B-module, and J is a coflat right D-comodule. The left derived functor

M*® — EM*: D¥(8-simod) —— D*(JT-simod)

is defined by composing the functor M* —— $M°* acting from the homotopy
category of left 8-semimodules to the homotopy category of left T-semimodules
with the localization functor Hot(J-simod) — DS(T-simod) and restricting it
to the full subcategory of quite 8/C/A-semiflat complexes of 8-semimodules. By
Theorems 8.2.2(a) and 8.2.3(a), this restriction factorizes through the semiderived
category of left 8-semimodules.

Analogously, assume that € is a projective left A-module, 8 is a coprojective
left C-comodule, D is a projective left B-module, J is a coprojective left D-co-
module and a D/B-coflat right D-comodule, and B has a finite left homological
dimension. The left derived functor

0° — £0O°: D¥(T-sicntr) —— D (8-sicntr)

is defined by composing the functor 9°* —— ©£9°* with the localization func-
tor Hot(8-sicntr) — DS (8-sicntr) and restricting it to the full subcategory
of complexes of D/B-coinjective T-semicontramodules. By Theorems 8.2.1(b)
and 7.2.1(b), this restriction factorizes through the semiderived category of left
J-semicontramodules. According to Lemma 6.5.2, this definition of a left derived
functor does not depend on the choice of a subcategory of adjusted complexes.

Assume that C is a projective left and a flat right A-module, 8 is a copro-
jective left C-comodule and a flat right A-module, A has a finite left homological
dimension, D is a projective left B-module, and J is a coprojective left D-comod-
ule.

P — SPB*: D¥(8-sicntr) —— DS(T-sicntr)

is defined by composing the functor P°* —— TP* with the localization func-
tor Hot(J-simod) — D(T-simod) and restricting it to the full subcategory of
quite 8/C/A-semiflatcomplexes of 8-semicontramodules. By Theorems 8.2.2(b)
and 8.2.3(b), this restriction factorizes through the semiderived category of left
S-semicontramodules. According to Lemma 6.5.2, this definition of a right derived
functor does not depend on the choice of a subcategory of adjusted complexes.

Notice that in the assumptions of Theorem 8.2.3(c) above and Corollary 1(c)
below one can also define the left derived functor M* —— 5M* in terms of
8/€/A-projective complexes of left 8-semimodules and the right derived functor
P — P in terms of §/C/A-injective complexes of left 8-semicontramodules.

The derived functors N* — EN* and 9° —— £0Q° in the categories of
semimodules and semicontramodules agree with the derived functors N* —— DéN‘
and Q° — EQ' in the categories of comodules and contramodules, so our notation
is not ambiguous.
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Remark 1. Under the assumptions that € is a flat right A-module, 8 is a coflat right
C-comodule, D is a flat right B-module, J is a coflat right D-comodule, and B has
a finite left homological dimension, one can define the derived functor N* — EN*
in terms of injective complexes of left T-semimodules (see Remark 6.5).

Corollary 1.

(a) The derived functor M*® —— SM® is left adjoint to the derived functor
N* — EN* whenever both functors are defined by the above construction.

(b) The derived functor SB°* —— TP* is right adjoint to the derived functor
0° +—— $0° whenever both functors are defined by the above construction.

(c) Assume that C is a projective left and a flat right A-module, 8 is a coprojective
left and a coflat right C-comodule, A has a finite left homological dimension,
D is a projective left and a flat right B-module, T is a coprojective left and a
coflat right D-comodule, and B has a finite left homological dimension. Then
for any objects M* in D% (simod-8) and 9Q° in D (T-sicntr) there is a natural
isomorphism

CtrTor” (M5, 9Q°) ~ CtrTor®(M*, Q°)

in the derived category of k-modules.

Proof. In the assumptions of part (c), one can prove somewhat stronger versions
of the assertions (a) and (b): for any M*® in D%(8-simod) and N* in D% (JT-simod),
there is a natural isomorphism Exty(5M,N) ~ Extg(M,EN) and for any
P°* in D%(8-sicntr) and £0Q° in D% (JT-sicntr) there is a natural isomorphism
Ext” (Q°,7P*) ~ Ext®(Q°*,9°*) in the derived category of k-modules. To
obtain the first isomorphism, it suffices to represent the object M® by an
8/€/A-projective complex of left §-semimodules and the object N* by a complex
of D/B-injective left T-semimodules, and use Lemma 5.3.2(a), Theorem 7.2.1(a),
and Theorem 8.2.3(c). In the second case, one can represent the object J* by
an 8/C/A-injective complex of left 8-semicontramodules and the object Q° by a
complex of D/B-projective left T-semicontramodules, and use Lemma 5.3.2(b),
Theorem 7.2.1(b), and Theorem 8.2.3(c). To verify part (c), it suffices to represent
the object M*® by a quite 8/€/A-semiflat complex of right 8-semimodules and
the object Q° by a complex of D/B-projective left 8-semicontramodules, and
use Lemma 5.3.2(b), Theorem 7.2.1(b), and Theorem 8.2.3(a). Finally, parts (a)
and (b) in their weaker assumptions follow from the next lemma. O

Lemma. Let Hy and Ho be categories, S1 and Se be localizing classes of morphisms
i Hy and Hs, and F1 and Fo be full subcategories in Hy and Hy. Assume that
for any object X € Hy there exists an object U € Fy together with a morphism
U — X from Si and for any object Y € Hq there exists an object V. € Fq
together with a morphism'Y — V' from So. Let ¥: Hi — Ho be a functor and
IT: Hy — Hy be a functor right adjoint to ¥. Assume that the morphism X(t)
belongs to So for any morphism t € F1 NSy and the morphism II(s) belongs to Sq
for any morphism s € Fo N'Sy. Then the right derived functor RIIL: Hg[Sgl] —
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Hl[Sfl] defined by restricting 11 to Fo is right adjoint to the left derived functor
LY: Hy[S'] — Ha[S5 '] defined by restricting ¥ to F;.

Proof. The functors F;[(F; N'S;)~!] — H;[S; '] are equivalences of categories by
Lemma 2.6, so the derived functors L3 and RII can be defined. For any objects U €
Fi1and V' € Fy we have to construct a bijection between the sets Homy, 571 (U,IIV)

and H01rn,_|2[52;1](EU7 V), functorial in U and V. Any element of the first set can
be represented by a fraction U <+ U’ — IIV in H; with the morphism U’ — U
belonging to S;. By assumption, one can choose U’ to be an object of F1. Assign
to this fraction the element of the second set represented by the fraction YU «
YU’ — V. By assumption, the morphism XU’ — XU belongs to So. Analogously,
any element of the second set can be represented by a fraction XU — V/ « V in
Ho with the morphism V' — V' belonging to Sa, and one can choose V' to be
an object of Fa. Assign to this fraction the element of the first set represented by
the fraction U — IIV’ « IIV. The compositions of these two maps between sets
of morphisms are identities, since the square formed by the morphisms U’ —
U, U— IV, U — IV, and I[IV — IIV’ and the square formed by the
morphisms XU" — XU, XU — V', YU’ — V,and V — V' are commutative
simultaneously. |

Let R be a semialgebra over a coring € over a k-algebra F', and I — R be
a map of semialgebras compatible with a map of corings D — € and a k-algebra
map B — F. Then the composition provides a map of semialgebras 8§ — R
compatible with a map of corings € — & and a k-algebra map A — B.

Corollary 2.

(a) There is a natural isomorphism &(HL*) ~ EL* for any object L* in
Dsi(R-simod) whenever both functors L° —— %L* and N* — EN* are
defined by the above construction.

(b) There is a natural isomorphism (5M*) ~ LTM® for any object M°® in
Ds!(8-simod) whenever both functors M* — SM* and N* — LN are
defined by the above construction.

(c) There is a natural isomorphism £(PR®*) ~ R for any object K* in
Ds|(R-sicntr) whenever both functors K* — PR® and Q° — £Q° are
defined by the above construction.

(d) There is a natural isomorphism R(TP*) ~ FP* for any object P°* in
D®i(8-sicntr) whenever both functors SP* —— TP* and Q° — RO are
defined by the above construction.

Proof. Part (a) follows from the first assertion of Theorem 7.2.1(a), part (b) follows
from the first assertion of Theorem 8.2.3(a), part (c¢) follows from the first assertion
of Theorem 7.2.1(b), part (d) follows from the first assertion of Theorem 8.2.3(b).

(]
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Recall that a complex of C-coflat right 8-semimodules is called quite semi-
flat if it belongs to the minimal triangulated subcategory of the homotopy cate-
gory of right 8-semimodules containing the complexes of 8-semimodules induced
from complexes of coflat right C-comodules and closed under infinite direct sums
(see 2.9). This definition presumes that € is a flat right A-module and 8 is a coflat
right C-comodule.

Corollary 3.

(a) Assume that C is a flat left and right A-module, 8 is a coflat left and right
C-comodule, A has a finite weak homological dimension, D is a flat left and
right B-module, T is a coflat left and right D-comodule, and B has a finite
weak homological dimension. Then for any objects M*® in DS (8-simod) and
N* in DS (simod-T) there is a natural isomorphism

SemiTor” (N*,5M*) ~ SemiTor® (N&*, M*)

in the derived category of k-modules.

(b) Under the assumptions of Corollary 1(c), for any objects P* in DS (8-sicntr)
and N* in D¥(T-simod) there is a natural isomorphism

SemiExty(N*, T9°) ~ SemiExts (EN®, B*)

in the derived category of k-modules.

(c) Under the assumptions of Corollary 1(c), for any objects M* in Ds!(8-simod)
and Q° in D¥(T-sicntr) there is a natural isomorphism

SemiExty (3M®, 9°) ~ SemiExtg(M*, £0Q°)
in the derived category of k-modules.

Proof. Part (a): represent the object M*® by a quite semiflat complex of 8-semi-
modules and the object N* by a semiflat complex of D-coflat T-semimodules, and
use the second case of Proposition 8.1.3(a). Alternatively, represent M*® by a quite
8/C/A-semiflat complex of A-flat 8-semimodules and N* by a complex of D-coflat
JT-semimodules, and use Theorem 7.2.1(a), Theorem 8.2.3(a), the result of 2.8,
and the first case of Proposition 8.1.3(a); or represent M*® by a quite semiflat
complex of semiflat 8-semimodules and N* by a complex of D/B-coflat T-semi-
modules, and use the same theorems, the result of 2.8, and the fourth case of
Proposition 8.1.3(a).

Part (b): represent the object P° by a semiinjective complex of C-coinjec-
tive 8-semicontramodules (having in mind Lemma 6.4(c) or Remark 6.4) and the
object N* by a semiprojective complex of D-coprojective T-semimodules, and
use the second case of Proposition 8.1.3(b). Alternatively, represent P°* by a
quite 8/C/A-semiinjective complex of A-injective 8-semicontramodules and N*
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by a complex of D-coprojective T-semimodules, and use Theorem 7.2.1(a), Theo-
rem 8.2.3(b), the result of 4.8, and the first case of Proposition 8.1.3(b); or repre-
sent PB* by a semiinjective complex of semiinjective 8-semicontramodules and N*
by a complex of D/B-coprojective T-semimodules, and use the same theorems,
the result of 4.8, and the fourth case of Proposition 8.1.3(b).

Part (c): represent the object M® by a semiprojective complex of C-copro-
jective 8-semicontramodules (having in mind Lemma 6.4(b) or Remark 6.4) and
the object £° by a semiinjective complex of D-coinjective T-semicontramodules,
and use the second case of Proposition 8.1.3(c). Alternatively, represent M* by a
quite 8/C/A-semiprojective complex of A-projective 8-semimodules and £Q° by a
complex of D-coinjective T-semicontramodules, and use Theorem 7.2.1(b), Theo-
rem 8.2.3(a), the result of 4.8, and the first case of Proposition 8.1.3(c); or represent
M?* by a semiprojective complex of semiprojective 8-semimodules and £° by a
complex of D/B-coinjective T-semicontramodules, and use the same theorems,
the result of 4.8, and the fourth case of Proposition 8.1.3(c). O

Remark 2. Suppose that two objects 'M*® in D®(simod-8) and "N* in D(simod-TJ")
are endowed with a morphism ' M}L — 'N*®, or, which is the same, a morphism
"M* — ‘N, and two objects "M® in D¥(8-simod) and “N*® in D (T-simod)
are endowed with a morphism “/M® — ”N°*, or, which is the same, a mor-
phism "M* — EIN®. Then the two morphisms SemiTor® ('M*,”"M"*) —
SemiTor” ('N*,”N*) in D(k-mod) provided by the compositions

SemiTor® (‘M*,"M*) — SemiTor® ('N&,"M*)
~ SemiTorT (/:N‘, Lé’,M‘) N SemiTor:T (/N., //N.)

and
SemiTor® ("M®,"M*) — SemiTor® (‘M*, BIN*)
~ SemiTor:T(’M'TH‘, ”N') - SemiTorT(’N', //N.)

coincide with each other. Indeed, let us represent the objects ‘M® and 'N°® by
complexes of right 8-semimodules and J-semimodules in such a way that the ad-
joint morphisms ‘M5 — 'N* and 'M* — 'N&* could be represented by a map
of complexes of semimodules 'M® — 'N*® compatible with the maps A — B,
€ — D, and 8 — TJ. Applying to the complexes of "M* and "N* simultane-
ously the constructions from the proof of Theorem 2.6, one can construct a map
of quite semiflat complexes of right semimodules L3RaL; ('M®) — L3RoL; ("N®)
representing the same adjoint morphisms in the semiderived categories of left
semimodules. So one can assume "Me and 'N® to be quite semiflat complexes.
Analogously, represent the morphisms “/M* — “N® and "M* — BIN* in the
semiderived categories of left semimodules by a map of quite semiflat complexes
of left semimodules "M® — "”"N°*® compatible with the maps A — B, € — D,
and 8 — J. Then both compositions in question are represented by the same
map of complexes of k-modules "M* g "M* — "N* O "N°.
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Furthermore, suppose that two objects M® in DS (8-simod) and N* in
Dsi(T-simod) are endowed with a morphism 5M® — N°®, or, which is the
same, a morphism M® — &N°*, and two objects P° in D (8-sicntr) and Q°
in D®(J-sicntr) are endowed with a morphism £Q° — D{“B', or, which is the
same, a morphism {£°* — B*. Then the two morphisms SemiExty(N*, Q°) —
SemiExtg(M*®,B°) in D(k-mod) provided by the compositions

SemiExty(N*, 0Q°) — SemiExty(N*, SP°)
~ SemiExts(BN®,P*) — SemiExtgs(M*, PB*)

and
SemiExty(N*, 9Q°) — SemiExty(5M°®, Q°)

~ SemiExtg(M®, £Q°) — SemiExtg(M*, PB°)
coincide with each other.

Corollary 4. Under the assumptions of Corollary 1(c), the mutually inverse equiv-
alences of categories

RWg: D¥'(8-simod) — D% (8-sicntr) and Lds: D¥(8-sicntr) — D% (8-simod)
and the mutually inverse equivalences of categories

RWy : DS (T-simod) — D(T-sicntr) and Ldg: DS (T-sicntr) — D (T-simod)
transform the derived functor N* — EN* into the derived functor Q° — £Q°.

Proof. To construct the isomorphism L®g(£9Q°) ~ E(L®5Q*), represent the ob-
ject 9Q° by a complex of D/B-projective C-contramodules, and use Lemma 5.3.2,
Theorem 7.2.1(b), and the results of 7.1.4 and 8.1.4. To construct the isomor-
phism  (RUsN*) ~ RUg(EN*), represent the object N* by a complex of D/B-in-
jective C-comodules, and use Lemma 5.3.2, Theorem 7.2.1(a), and the results
of 7.1.4 and 8.1.4. To show that these isomorphisms agree, it suffices to check
that for any adjoint morphisms L®5$£° — N*® and Q° — RU5N* in the semi-
derived categories of J-semimodules and J-semicontramodules the compositions
Les(fQ°) — E(Le50Q°) — EN* and £9Q°* — S(RUFN®) — RUg(EN®) are
adjoint morphisms in the semiderived categories of 8-semimodules and 8-semi-
contramodules. Here one can represent N* by a semiprojective complex of D-co-
projective left T-semimodules and £° by a semiinjective complex of D-coinjective
left T-semicontramodules (having in mind Lemmas 5.2 and 6.4), and use a result
of 7.1.4. O

Thus we have constructed three functors between the semiderived categories
D®i(8-simod) ~ D®(8-sicntr) and D*'(T-simod) =~ DS (J-sicntr): the functor de-
scribed in Corollary 4, and two functors adjoint to it from the left and from the
right, described in Corollary 1.
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Remark 3. One can show that the isomorphisms of derived functors from Corol-
lary 6.6 are compatible with the change-of-semialgebra isomorphisms from Corol-
laries 1, 3, and 4 in the following way. To check that the compositions of isomor-
phisms

SemiExty (5M®, RU5(N®)) — Exty(5M°, N*) — Extg(M*, EN*)

and
SemiExty (5M®, RU3(N*)) — SemiExts(M*®, S (RTsN*®))

— SemiExtg(M*, RUg(EN*)) — Extg (M, EN*)

coincide, represent the object M*® by a semiprojective complex of semiprojective
left 8-semimodules and the object N* by a complex of D/B-injective left T-semi-
modules, and use the result of 4.8. To check that the compositions of isomorphisms

CtrTor® (M*, £9°) — CtrTor” (M5, Q°) — SemiTor” (M5, L& (Q°))
and
CtrTor®(M*, £9°*) — SemiTor® (M*, Log ($9*))
— SemiTor® (M*, §(L&50*)) — SemiTor” (M3F, Lo5(0°))

coincide, represent the object M*® by a quite semiflat complex of semiflat right
S-semimodules and the object Q° by a complex of D/B-projective left T-semicon-
tramodules, and use the result of 2.8. Commutativity of the respective diagrams on
the level of abelian categories is straightforward to verify under our assumptions
on the terms of the complexes representing the objects M°.

8.4 Remarks on Morita morphisms

8.4.1 Let C be a coring over a k-algebra A and D be a coring over a k-algebra B
such that € is a flat right A-module and D is a flat right B-module. Let (€,EY)
be a right coflat Morita morphism from € to D and J be a semialgebra over the
coring D such that J is a coflat right D-comodule. In this case, there is a natural
semialgebra structure on the C-C-bicomodule

eTe=E0Op T Op ev,

The semimultiplication in ¢J¢ is defined as the composition E0p T Oy Y Oe EOp
TOp&Y — EO0pTOpTUpEY — EOpTOpEY of the morphism induced by the
morphism €Y Oe¢ & — D and the morphism induced by the semimultiplication
in J. The semiunit in ¢J¢e is defined as the composition € — & Op Y —
EOp T Op €Y of the morphism induced by the morphism € — & Op €Y and the
morphism induced by the semiunit in J.

For example, if € — D is a map of corings compatible with a k-algebra map
A — B such that B is a flat right A-module and Cp is a coflat right D-comodule,
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one can take & = Cp and €Y = €. Then the algebra ¢J ¢ is a universal final object
in the category of semialgebras 8 over € endowed with a map 8§ — J compatible
with the maps A — B and € — D. The semialgebra ¢JTe¢ = Cp Op T Op C
can be also defined, e.g., when (E, EY) is a Morita morphism from a k-algebra
A to a k-algebra B and gCp = EY ®4 C®4 E — D is a morphism of corings
over B such that EV is a flat right A-module, gC = EY @4 € is a D/B-coflat left
D-comodule, T is a flat right B-module and a D/B-coflat left D-comodule, and
the rings A and B have finite weak homological dimensions.

All the results of 8.1-8.3 can be extended to the situation of a left coprojective
and right coflat Morita morphism (&, &") from a coring € to a coring D and a
morphism 8 — ¢J e of semialgebras over C. In particular, when C is a flat right
A-module, D is a flat right B-module, 8 is a coflat right C-comodule, T is a coflat
right D-comodule, and (&, &Y) is a right coflat Morita morphism, the functor

Ni— e N=EOp N

from the category of left T-semimodules to the category of left 8-semimodules has
a left adjoint functor
M+— g’M = 7@ <>g M.

Analogously, when € is a projective left A-module, D is a projective left B-mod-
ule, 8 is a coprojective left C-comodule, J is a coprojective left D-comodule, and
(€,&Y) is a left coprojective Morita morphism, the functor

90— ¢9 = Cohomyp (€Y, Q)

from the category of left J-semicontramodules to the category of left 8-semicon-
tramodules has a right adjoint functor

m — Tfp = SemiHom5(677 m)v

etc. However, one sometimes has to impose the homological dimension conditions
on A and B where they were not previously needed.

8.4.2 Assume that C is a flat right A-module and D is a flat right B-module. A
right D-comodule X is called faithfully coflat if it is a coflat D-comodule and for
any nonzero left D-comodule M the cotensor product K Op M is nonzero. A right
coflat Morita morphism (€, EY) from € to D is called right faithfully coflat if the
right D-comodule € is faithfully coflat. A right coflat Morita morphism (€, €&Y)
is right faithfully coflat if and only if the right D-comodule €Y O¢ € is faithfully
coflat and if and only if the morphism €Y Oe & — D is surjective and its kernel
is a coflat right D-comodule. Indeed, the cotensor product & Op M is nonzero if
and only if the morphism &Y Qg & Op M — M is nonzero; this holds for any
nonzero left D-comodule M if and only if the morphism &Y Oe € Op M — M
is surjective for any left D-comodule M, and it remains to use the results of (the
proof of) Lemma 1.2.2.



162 8. Functoriality in the Semialgebra

Let (&,&"Y) be a right faithfully coflat Morita morphism from € to D and T
be a semialgebra over the coring D such that J is a coflat right D-comodule. Then
the functor N —— N is an equivalence of the abelian categories of left J-semi-
modules and left ¢J e-semimodules. This follows from Theorem 7.4.1 applied to
the functor A: J-simod — C-comod mapping a J-semimodule N to the C-co-
module ¢N and the functor I': C-comod — T-simod left adjoint to A mapping a
C-comodule M to the J-semimodule J Op pM.

Now assume that € is a projective left A-module and D is a projective left
B-module. A left D-comodule X is called faithfully coprojective if it is a coprojec-
tive D-comodule and for any nonzero left D-contramodule 3 the cohomomorphism
module Cohomqp (XK, ) is nonzero. A faithfully coprojective D-comodule is faith-
fully coflat. A left coprojective Morita morphism (€, &) from € to D is called left
faithfully coprojective if the left D-comodule €V is faithfully coprojective. A left co-
projective Morita morphism (€, €V) is left faithfully coprojective if and only if the
left D-comodule &Y Oe € is faithfully coprojective and if and only if the morphism
&Y Oe & — D is surjective and its kernel is a coprojective left D-comodule.

Let (&, EY) be a left faithfully coprojective Morita morphism from € to D and
J be a semialgebra over the coring D such that J is a coprojective left D-comod-
ule. Then the functor Q — €£ is an equivalence of the abelian categories of left
TJ-semicontramodules and left ¢J e-semicontramodules. This follows from Theo-
rem 7.4.1 applied to the functor A: J-sicntr — C-contra mapping a J-semicon-
tramodule £ to the C-contramodule ®£Q and the functor I': C-contra — T-sicntr
right adjoint to A mapping a C-contramodule P to the T-semicontramodule
Cohomqp (T, PP).

8.4.3 Assume that C is a flat right A-module and D is a flat right B-module. Let
(€,&Y) be a right coflat Morita morphism from € to D and J be a semialgebra
over the coring D such that J is a coflat right D-comodule. Then the functor
N*® — eN*® maps D-coacyclic complexes of T-semimodules to C-coacyclic com-
plexes of T e-semimodules and the semiderived category of left T e-semimodules
is a localization of the semiderived category of left J-semimodules by the ker-
nel of the functor induced by N* — ¢N*® (as one can check by computing the
functor M* — ¢(5M?®) on the semiderived category of left T e-semimodules).
The triangulated categories D (T-simod) and DS(¢T e-simod) are equivalent when
(€,&Y) is a right coflat Morita equivalence, or more generally when the morphism
&Y Oe & — D is an isomorphism.

Analogously, assume that C is a flat right A-module and D is a projective left
B-module. Let (&,&Y) be a left coprojective Morita morphism from € to D and
J be a semialgebra over the coring D such that J is a coprojective left ‘D-comod-
ule. Then the functor 9° —— ©£9°® maps D-contraacyclic complexes of T-semi-
contramodules to C-contraacyclic complexes of ¢J e-semicontramodules and the
semiderived category of left ¢J e¢-semicontramodules is a localization of the semi-
derived category of left T-semicontramodules by the kernel of the functor induced
by 9Q° —— ©Q°. The triangulated categories D*(T-sicntr) and Ds(¢Te-sicntr) are
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equivalent when (&, €Y is a left coprojective Morita equivalence, or more generally
when the morphism &Y Oe & — D is an isomorphism.

Remark. The semiderived categories of left T-semimodules and left ¢J e-semimod-
ules can be different even when (€, €Y) is a right faithfully coflat Morita morphism
and the abelian categories of left J-semimodules and left ¢Je-semimodules are
equivalent. Indeed, let A = B = k be a field and F be a finite-dimensional algebra
over k. Let D = F* and € = End(F)* be the coalgebras over k dual to the
finite-dimensional k-algebras F' and End(F). Then there is a coalgebra morphism
€ — D dual to the algebra embedding ' — End(F) related to the action of
F in itself by left multiplications. Since End(F’) is a free left F-module, C is a
cofree right D-comodule. Set & = € = &€V this is a right faithfully coprojective
Morita morphism from € to D. Now put J = D; then the semiderived category
of left J-semimodules coincides with the coderived category of left D-comodules.
At the same time, the coalgebra € is semisimple and a complex of C-comodules is
coacyclic if and only if it is acyclic, so the semiderived category of left ¢J e-comod-
ules is equivalent to the conventional derived category of left ‘D-comodules. When
F is a Frobenius algebra, End(F) is a free left and right F-module, so (&,&Y)
is a left and right faithfully coprojective Morita morphism, but the categories
DS{(T-simod) and DS (¢JTe-simod) are still not equivalent when the homological
dimension of F' is infinite. Alternatively, one can consider the right coprojective
Morita morphism from the coalgebra € = k to the coalgebra D = F* with € = F*
and &Y = F and the same semialgebra I = D over D; then the semialgebra
eJe over € is isomorphic to the algebra F over k; the category D (J-simod) is
the coderived category of F*-comodules and the category DS(eJ e-simod) is the
derived category of F-modules.

Assume that @ is a flat left and right A-module, D is a flat left and right
B-module, the rings A and B have finite weak homological dimensions, J is a coflat
left and right D-comodule, and (&, EY) is a left and right coflat Morita morphism
from € to D. Then whenever the functor N* —— ¢N* induces an equivalence of
the semiderived categories of left J-semimodules and left ¢J e¢-semimodules and
the functor N* —— NG induces an equivalence of the semiderived categories of
right J-semimodules and right ¢J e-semimodules, these equivalences of categories
transform the functor SemiTor” into the functor SemiTore” .

Assume that € is a projective left and a flat right A-module, D is a projective
left and a flat right B-module, the rings A and B have finite left homological
dimensions, J is a coprojective left and a coflat right D-comodule, and (&, EY) is
a left coprojective and right coflat Morita morphism from € to D. Then whenever
the functor N* —— @N*® induces an equivalence of the semiderived categories
of left T-semimodules and left T e-semimodules and the functor Q° — ©£9°
induces an equivalence of the semiderived categories of left J-semicontramodules
and left ¢J e-semicontramodules, these equivalences of categories transform the
functor SemiExtg into the functor SemiExt,. and the equivalences of categories
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RUgy and L®g into the equivalences of categories RV g, and L®,,. The same
. ) T T " ons
applies to the functors Exty, Ext”, and CtrTor” , under the relevant assumptions.

8.4.4 Here are some further partial results about equivalence of the semiderived
categories related to J and ¢J¢e. The problem is, essentially, to find conditions
under which a complex of left D-comodules N* is coacyclic whenever the complex
of C-comodules ¢N°® is coacyclic, or a complex of left D-contramodules Q° is
contraacyclic whenever the complex of G-contramodules ©Q° is contraacyclic.

Consider the following general setting. Let A and B be exact categories with
exact functors of infinite direct sum, A: B — A be an exact functor preserving
infinite direct sums and such that a complex C*® over B is acyclic if the complex
A(C*®) over A is contractible, and I': A — B be an exact functor left adjoint
to A. Clearly, if a complex C* is coacyclic then the complex A(C*) is coacyclic;
we would like to know when the converse holds.

First, if a complex C* is coacyclic whenever the complex A(C*) is contract-
ible, then a complex C* is coacyclic if and only if the complex A(C*®) is coacyclic.
Indeed, consider the bar bicomplex

. — TATA(C®) — TA(C®) — C*

whose differentials are the alternating sums of morphisms induced by the ad-
junction morphism I'’A — Id. The total complex of this bicomplex constructed
by taking infinite direct sums along the diagonals becomes contractible after ap-
plying the functor A; the contracting homotopy is induced by the adjunction
morphism Id — AT'. By assumption, it follows that the total complex itself is
coacyclic over B. On the other hand, if the complex A(C*®) is coacyclic over A,
then every complex (I'A)"(C*) is coacyclic over B, since the functors A and T
are exact and preserve infinite direct sums. The total complex of the bicomplex

- — TATA(C*) — TA(C*) is homotopy equivalent to a complex obtained
from the complexes (I'A)™(C*®) using the operations of shift, cone, and infinite
direct sum; hence the complex C*® is coacyclic.

By the same argument, a complex C* is acyclic if and only if the complex
A(C*) is acyclic, so if the exact category B has a finite homological dimension,
then a complex C* is coacyclic if and only if the complex A(C*®) is coacyclic. This
is the trivial case.

Finally, let us say that an exact functor A: B — A has a finite relative
homological dimension if the category B with the exact category structure formed
by the exact triples in B that split after applying A has a finite homological
dimension. We claim that when the functor A has a finite relative homological
dimension, a complex C* over B is coacyclic if and only if the complex A(C*) is
coacyclic, in our assumptions. Indeed, consider again the bar bicomplex - -+ —
I'ATA(C*) — T'A(C®) — C*. One can assume that the category B contains
images of idempotent endomorphisms, as passing to the Karoubian closure doesn’t
change coacyclicity. One can also assume that the complex C* is bounded from
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above, as any acyclic complex bounded from below is coacyclic. The complex

- — TATA(X) — TA(X) is split exact in high enough (negative) degrees for
any object X € B, since it is exact and the complex of homomorphisms from it
to an object Y € B computes Ext(X,Y") in the relative exact category. Let d be
an integer not smaller than the relative homological dimension; denote by Z(X)
the image of the morphism (T'A)4*+1(X) — (T'A)4(X). Then the total complex
of the bicomplex

- —— (TA)H(C*) —— (TA)TH(C") — Z(C")
is contractible, while the total complex of the bicomplex
(TA)H(C*)/2(C*) —— (TA)THC®) — -+ —= TA(C*) — C°

is coacyclic. If the complex A(C*) is coacyclic, the total complex of the bicomplex
- — TATA(C*) — TA(C*) is also coacyclic; thus the complex C* is coacyclic.

8.4.5 Let 8 be a semialgebra over a coring C and I be a semialgebra over a
coring D. Assume that C is a flat right A-module, D is a flat right B-module, 8
is a coflat right C-comodule, and J is a coflat right D-comodule. A right semiflat
Morita morphism from 8 to T is a pair consisting of a T-semiflat 8-T-bisemimod-
ule € and an 8-semiflat T-8-bisemimodule £ endowed with an 8-8-bisemimodule
morphism 8 — € 05 &Y and a T-T-bisemimodule morphism &" {g & — T such
that the two compositions

€ — €078 0s& — & and & —— €V 0sEO5EY —— €Y

are equal to the identity endomorphisms of & and €Y. A right semiflat Morita
morphism (€, ") from 8 to T induces an exact functor

M— sM=E" Os M

from the category of left 8-semimodules to the category of left T-semimodules and
an exact functor

Ni—gN=EO0sN

from the category of left J-semimodules to the category of left S-semimodules;
the former functor is left adjoint to the latter one. Conversely, any pair of adjoint
exact k-linear functors preserving infinite direct sums between the category of
left 8-semimodules and left J-semimodules is induced by a right semiflat Morita
morphism. Indeed, any exact k-linear functor 8-simod — J-simod preserving
infinite direct sums is the functor of semitensor product with an 8-semiflat I-8-bi-
semimodule; this can be proven as in 7.5.2.

Analogously, assume that C is a projective left A-module, D is a projective
left B-module, 8 is a coprojective left C-comodule, and J is a coprojective left
D-comodule. A left semiprojective Morita morphism from 8 to T is defined as a
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pair consisting of an 8-semiprojective 8-T-bisemimodule € and a J-semiprojec-
tive T-8-bisemimodule &€" endowed with an 8-8-bisemimodule morphism 8§ —
€ Qg &Y and a T-T-bisemimodule morphism €Y Og & — T satisfying the same
conditions as above. A left semiprojective Morita morphism (&, €") from 8 to T
induces an exact functor

P — TP = SemiHomg (€, P)

from the category of left 8-semicontramodules to the category of left T-semicon-
tramodules and an exact functor

0 — 59 = SemiHomy (£, Q)

from the category of left T-semicontramodules to the category of left 8-semicontra-
modules; the former functor is right adjoint to the latter one. Conversely, any pair
of adjoint exact k-linear functors preserving infinite products between the category
of left 8-semicontramodules and left J-semicontramodules is induced by a left
semiprojective Morita morphism. Indeed, any exact k-linear functor 8-sicntr —
JT-sicntr preserving infinite products is the functor of semihomomorphisms from
an 8-semiprojective 8-J-bisemimodule.

A right semiflat Morita morphism (&,&") from 8 to T is called a right
semiflat Morita equivalence if the bisemimodule morphisms 8 — & O €Y and
€Y 0s & — T are isomorphisms; then it can be also considered as a right semiflat
Morita morphism (€, €) from T to 8. Left semiprojective Morita equivalences are
defined in an analogous way. A right semiflat Morita equivalence between semialge-
bras 8§ and J induces an equivalence of the abelian categories of left 8-semimodules
and left J-semimodules, and in the relevant above assumptions any equivalence
between these two k-linear categories comes from a right semiflat Morita equiv-
alence. Analogously, a left semiprojective Morita equivalence between 8 and I
induces an equivalence of the abelian categories of left 8-semicontramodules and
left J-semicontramodules, and in the relevant above assumptions any equivalence
between these two k-linear categories comes from a left semiprojective Morita
equivalence.

Assume that the coring € is a flat right A-module and the coring D is a
flat right B-module. Let I be a semialgebra over D such that J is a coflat right
D-comodule and (€, €Y) be a right faithfully coflat Morita morphism from € to D.
Then the pair of bisemimodules €& = ¢J and €' = T¢ is a right semiflat Morita
equivalence between the semialgebras J and ¢Je. Analogously, assume that C
is a projective left A-module and D is a projective left B-module. Let I be a
semialgebra over D such that J is a coprojective left D-comodule and (€,EY) be
a left faithfully coprojective Morita morphism from € to D. Then the same pair
of bisemimodules € and €Y is a left semiprojective Morita equivalence between T
and @7@.

All the results of 8.1 can be extended to the case of a left semiprojec-
tive and right semiflat Morita morphism (€,€Y) from a semialgebra 8 to
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a semialgebra J. In particular, for any left J-semimodule N there are nat-
ural isomorphisms of left 8-semicontramodules Ug(sN) = Homsg(S,sN) ~
Homg (38, N) ~ Homg(EY,N) ~ SemiHomy (€", Homg (T,N)) = $(¥sN) by
Proposition 6.2.2(d), etc. However, one sometimes has to strengthen the coflatness
(coprojectivity, coinjectivity) conditions to the semiflatness (semiprojectivity,
semiinjectivity) conditions.

The first assertions of Theorem 8.2.3(a), (b) and (c) do not hold for Morita
morphisms of semialgebras, though. The derived functors M* —— 5M* and
P* — TP* still can be defined in terms of 8/C-projective (= quite 8/C-semi-
flat) complexes of 8-semimodules and 8/C-injective (= quite 8/C-semiinjective)
complexes of 8-semicontramodules. The right derived functor N* —— §N* can
be defined in terms of injective complexes of J-semimodules and the left derived
functor £°* +—— $9° can be defined in terms of projective complexes of T-semi-
contramodules (see Remark 6.5).

The results of Corollaries 8.3.2-8.3.4 do not hold for Morita morphisms of
semialgebras, as one can see in the example of the Morita equivalence related to
a Frobenius algebra from Remark 8.4.3 considered as a Morita morphism in the
inverse direction. The mentioned results remain valid for left semiprojective and
right semiflat Morita morphisms from 8 to J when the categories of C-comodules
and C-contramodules have finite homological dimensions, or the Morita morphism
of semialgebras is induced by a left coprojective and right coflat Morita morphism
of corings, or more generally when the functors N* — gN*, N°* — Ng, and
9° — 89° map D-coacyclic and D-contraacyclic complexes to C-coacyclic and
C-contraacyclic complexes.

Morita equivalences of semialgebras do not induce equivalences of the semi-
derived categories of semimodules and semicontramodules, except in rather special
cases. A right semiflat Morita equivalence between 8§ and I does induce an equiv-
alence of the semiderived categories of left 8-semimodules and left J-semimodules
when the categories of left C-comodules and left D-comodules have finite homologi-
cal dimensions, or when the Morita equivalence comes from a right faithfully coflat
Morita morphism of corings and one of the conditions of 8.4.3-8.4.4 is satisfied.

8.4.6 A short summary: one encounters no problems generalizing the results of
7.1-7.4 and 8.1-8.3 to the case of a Morita morphism of k-algebras and related
maps of corings and semialgebras. The problems are manageable when one con-
siders Morita morphisms of corings. And there are severe problems with Morita
morphisms/equivalences of semialgebras, which do not always respect the essential
structure of “an object split in two halves” (see Introduction).






9 Closed Model Category Structures

By a closed model category we mean a model category in the sense of Hovey [49].
The closed model categories that we will construct are also abelian model categories
in the sense of [51], so our results can be viewed as particular cases of the general
framework developed in [50].

9.1 Complexes of comodules and contramodules

Let C be a coring over a k-algebra A. Assume that C is a projective left and a flat
right A-module and the ring A has a finite left homological dimension.

Theorem.

(a) The category of complexes of left C-comodules has a closed model category
structure with the following properties. A morphism is a weak equivalence
if and only if its cone is coacyclic. A morphism is a cofibration if and only
if it is injective and its cokernel is a complex of A-projective C-comodules.
A morphism is a fibration if and only if it is surjective and its kernel is a
complex of C/A-injective C-comodules. An object is simultaneously fibrant
and cofibrant if and only if it is a complex of coprojective left C-comodules.

(b) The category of complezxes of left C-contramodules has a closed model category
structure with the following properties. A morphism is a weak equivalence if
and only if its cone is contraacyclic. A morphism is a cofibration if and only
if it is injective and its cokernel is a complex of C/A-projective C-contramod-
ules. A morphism is a fibration if and only if it is surjective and its kernel is
a complex of A-injective C-contramodules. An object is simultaneously fibrant
and coftbrant if and only if it is a complex of coinjective left C-contramodules.

Proof. Part (a): the category of complexes of left C-comodules has arbitrary limits
and colimits, since it is an abelian category with infinite direct sums and products.
The two-out-of-three property of weak equivalences follows from the octahedron
axiom, since coacyclic complexes form a triangulated subcategory of the homotopy
category of left C-comodules. The retraction properties are clear, since the classes
of projective A-modules, €/A-injective C-comodules, and coacyclic complexes of
C-comodules are closed under direct summands. It is also clear that a morphism
is a trivial cofibration if and only if it is injective and its cokernel is a coacyclic
complex of A-projective C-comodules, and a morphism is a trivial fibration if and
only if it is surjective and its kernel is a coacyclic complex of €/A-injective C-co-
modules. Now let us verify the lifting properties.

Lemma 1. Let U, V, X, and Y be four objects of an abelian category A, U — V
be an injective morphism with the cokernel E, and X — Y be a surjective mor-
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phism with the kernel K. Suppose that Ext,ﬁ(E,K) = 0. Then for any two mor-
phisms U — X and V. — Y forming a commutative square with the above two
morphisms there exists a morphism V. — X forming two commutative triangles
with the given four morphisms.

Proof. Let us first find a morphism V' — X making a commutative triangle with
the morphisms U — X and U — V. The obstruction to extending the morphism
U — X from U to V lies in the group Extx(E, X). Since the composition U —
X — Y admits an extension to V, our element of Extj(E, X) becomes zero in
Exta(E,Y) and therefore comes from the group Exta (E, K ). Now let us modify the
obtained morphism so that the new morphism V' — X forms also a commutative
triangle with the morphisms V' — Y and X — Y. The difference between the
given morphism V' — Y and the composition V' — X — Y is a morphism
V' — Y annihilating U, so it comes from a morphism £ — Y. We need to lift
the latter to a morphism E — X. The obstruction to this lies in Extp(E, K). O

To verify the condition of Lemma 1, consider an extension £€* — M* — K*
of a complex of A-projective left C-comodules X* by a complex of €/A-injec-
tive left C-comodules €°. By Lemma 5.3.1(a), this extension is term-wise split,
o it comes from a morphism of complexes of C-comodules X* — E°[1]. Now
suppose that one of the complexes K* and €° is coacyclic. Then any morphism
K* — £&°[1] is homotopic to zero by a result of 5.5, hence the extension of
complexes £* — M* — K* is split. The lifting properties are proven.

It remains to construct the functorial factorizations. These constructions
use two building blocks: one is Lemma 3.1.3(a), the other one is the following
Lemma 2(a).

Lemma 2.

(a) There exists a (not always additive) functor assigning to any left C-comodule
an injective morphism from it into a C/A-injective left C-comodule with an
A-projective cokernel.

(b) There ezists a (not always additive) functor assigning to any left C-contra-
module a surjective morphism onto it from a C/A-projective left C-contra-
module with an A-injective kernel.

Proof. Part (a): let M be a left C-comodule and P(M) — M be the surjec-
tive morphism onto it from an A-projective C-comodule P(M) constructed in

Lemma 3.1.3(a). Let X be kernel of the map P(M) — M and let P(M) —
C®4 P(M) be the C-coaction map. Set J(M) to be the cokernel of the composition

K — PM) — C®4 P(M).

Then the composition of maps P(M) — C®4 P(M) — J(M) factorizes through
the surjection P(M) — M, so there is a natural injective morphism of C-co-
modules M — J(M). The C-comodule J(M) is C/A-injective as the cokernel of
an injective map of €/A-injective C-comodules X — € ®4 P(M). The cokernel
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of the map M — J(M) is isomorphic to the cokernel of the map P(M) —
C®a P(M) and hence A-projective. Part (a) is proven; the construction of the
surjective morphism of C-contramodules §(B) — P in part (b) is completely
analogous. O

Let us first decompose functorially an arbitrary morphism of complexes of left
C-comodules L* — M* into a cofibration followed by a fibration. This can be done
in either of two dual ways. Let us start with a surjective morphism P+ (M*®) — M*
onto the complex M* from a complex of A-projective left C-comodules P+ (M*)
constructed as in the proof of Theorem 2.5. Let X* be the kernel of the morphism
L@ PTH(M*) — M*® and let K* — JT(K*) be an injective morphism from the
complex X* into a complex of €/A-injective left G-comodules J*(X*) constructed
in an analogous way using Lemma 2. The cokernel of this morphism is a complex
of A-projective C-comodules. Let €* denote the fibered coproduct of £* & P+ (M*)
and JT(X*) over X*. There is a natural morphism of complexes £* — M* whose
composition with the morphism J*(X*) — &* is zero and composition with the
morphism L£°* @ PT(M*) — €° is equal to our morphism L£°* @ P+ (M*) — Me.
The morphism L°* — M?* is equal to the composition

LS — & — M°.

The cokernel of the morphism L* — £° is an extension of the cokernel of the
morphism K* — J+(X*) and the complex PT(M*), hence a complex of A-projec-
tive C-comodules. The kernel of the morphism €* — M* is isomorphic to J*(X*),
which is a complex of €/A-injective C-comodules. Another way is to start with an
injective morphism £* — J7(L*) and consider the cokernel of the morphism
Lo — M @It (Le).

Now let us construct a factorization of the morphism £°* — M?* into a
cofibration followed by a trivial fibration. Represent the kernel of the morphism
&* — M?* as the quotient complex of a complex of A-projective left C-comodules
&} by a complex of €C/A-injective C-comodules; represent the latter complex as
the quotient complex of a complex €3 with the analogous properties, etc. The
complexes ! are also complexes of €/A-injective C-comodules as extensions of
complexes of C/A-injective C-comodules. For d large enough, the kernel Z°* of the
morphism €5 — £4_; will be a complex of A-projective C-comodules. Actually, €3
and Z* are complexes of coprojective C-comodules, as a €/A-injective A-projective
left C-comodule Q is coprojective (since the injection of C-comodules Q — C® 4 Q
splits, Q — C®4 Q — C®4 9/Q being an exact triple of A-projective C-comod-
ules). Let X* be the total complex of the bicomplex

z° e es ee.

Then the morphism L* — M?* factorizes through X* in a natural way, the kernel
of the morphism X* — M?* is a coacyclic complex of C/A-injective C-comodules,
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and the cokernel of the morphism £°* — X* is a complex of A-projective C-comod-
ules. Notice that the complex X* is the cone of the natural morphism L, (ker(£® —
M*)) — &°, where LL; denotes the functor from the proof of Theorem 4.5.

Finally, let us construct a factorization of the morphism L£* — M* into a
trivial cofibration followed by a fibration. Represent the cokernel of the morphism
L* — &°* as a subcomplex of a complex of C/A-injective left C-comodules *€*
such that the quotient complex is a complex of A-projective C-comodules; repre-
sent this quotient complex as a subcomplex of a complex 2€* with the analogous
properties, etc. The complexes *E® are also complexes of A-projective G-comodules
as extensions of complexes of A-projective C-comodules (so they are complexes of
coprojective C-comodules). Let X* be the total complex of the bicomplex

ge 18. 28. e

constructed by taking infinite direct sums along the diagonals. Then the morphism
L* — M?* factorizes through X*® in a natural way, the cokernel of the morphism
L* — K* is a coacyclic complex of A-projective C-comodules, and the kernel of
the morphism X* — M* is a complex of €/A-injective C-comodules. The class of
C/A-injective C-comodules is closed under infinite direct sums by Lemma 5.3.2(a).

Part (a) is proven; the proof of part (b) is completely analogous. O

Remark. It follows from the proof of Lemma 2 that any €/A-injective left C-comod-
ule can be obtained from coinduced C-comodules by taking extensions, cokernels
of injective morphisms, and direct summands. Analogously, any €/A-projective
left C-contramodule can be obtained from induced C-contramodules by taking
extensions, kernels of surjective morphisms, and direct summands.

Let € and D be two corings satisfying the above assumptions and ¢ — D
be a map of corings compatible with a k-algebra map A — B. Then the pair
of adjoint functors M®* —— pM?*® and N°* —— eN°® is a Quillen adjunction [49)
from the category of complexes of left C-comodules to the category of complexes
of left D-comodules; the pair of adjoint functors Q°* —— ¢Q* and P* — BP* is
a Quillen adjunction from the category of complexes of left D-contramodules to
the category of complexes of left C-contramodules. The same applies to the case of
a Morita morphism (E, EY) from A to B and a morphism gCp — D of corings
over B.

The pair of adjoint functors ®¢ and ¥e applied to complexes term-wise is
not a Quillen equivalence, and not even a Quillen adjunction, between the model
category of complexes of left C-contramodules and the model category of complexes
of left C-comodules. This pair of functors is a Quillen equivalence, however, when C
is a coring over a semisimple ring A. In general, the model categories of complexes
of left C-comodules and left C-contramodules can be connected by a chain of three
Quillen equivalences (see Remark 9.2.2).
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9.2 Complexes of semimodules and semicontramodules

Let 8 be a semialgebra over a coring € over a k-algebra A. Assume that € is a
projective left and a flat right A-module, 8 is a coprojective left and a coflat right
C-comodule, and the ring A has a finite left homological dimension.

A left 8-semimodule £ is called 8/C/A-projective if the functor of 8-semimod-
ule homomorphisms from £ maps exact triples of €/A-injective left 8-semimodules
to exact triples. An A-projective left 8-semimodule £ is called 8/C/A-semipro-
jective if the functor of semihomomorphisms from £ over 8§ maps exact triples
of €/A-coinjective left 8-semicontramodules to exact triples. Analogously, a left
8-semicontramodule £ is called 8/€/A-injective if the functor of 8-semicontra-
module homomorphisms into £ maps exact triples of €/A-projective left 8-semi-
contramodules to exact triples. An A-injective left 8-semicontramodule £ is called
8/C/A-semiinjective if the functor of semihomomorphisms into £ over 8§ maps
exact triples of C/A-coprojective left 8-semimodules to exact triples.

As in Lemma 6.4, it follows from Proposition 6.2.2(c) that an A-projective
left 8-semimodule is 8/C/A-projective if and only if it is 8§/C/A-semiprojective.
Analogously, it follows from Proposition 6.2.3(c) that an A-injective left 8-semi-
contramodule is 8/C/A-injective if and only if it is §/C/A-semiinjective. It will
be shown below that any 8/C/A-projective left 8-semimodule is A-projective and
any 8/C/A-injective left 8-semicontramodule is A-injective.

Theorem.

(a) The category of complexes of left 8-semimodules has a closed model category
structure with the following properties. A morphism is a weak equivalence if
and only if its cone is C-coacyclic. A morphism is a cofibration if and only if
it is injective and its cokernel is an 8/C/A-projective complex of 8/C/A-pro-
Jjective 8-semimodules. A morphism is a fibration if and only if it is surjective
and its kernel is a complex of C/A-injective 8-semimodules. An object is si-
multaneously fibrant and cofibrant if and only if it is a semiprojective complex
of semiprojective left 8-semimodules.

(b) The category of complexes of left 8-semicontramodules has a closed model
category structure with the following properties. A morphism is a weak equiv-
alence if and only if its cone is C-contraacyclic. A morphism is a cofibration
if and only if it is injective and its cokernel is a complex of C/A-projective
S-semicontramodules. A morphism is a fibration if and only if it is injective
and its cokernel is an 8/C/A-injective complex of 8/C/A-injective 8-semi-
contramodules. An object is simultaneously fibrant and cofibrant if and only
if it is a semiinjective complex of semiinjective left 8-semicontramodules.

Proof. Part (a): existence of limits and colimits, the two-out-of-three property
of weak equivalences, and the retraction properties are verified as in the proof
of Theorem 9.1. It is clear that a morphism is a trivial cofibration if and only
if it is injective and its cokernel is a C-coacyclic 8/C/A-projective complex of
8/C/A-projective 8-semimodules, and a morphism is a trivial fibration if and only
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if it is surjective and its kernel is a C-coacyclic complex of €/A-injective 8-semi-
modules. To check the lifting properties, use Lemma 9.1.1. Consider an extension
& — M* — XK°* of an 8§/C/A-projective complex of 8§/C/A-projective left
8-semimodules K* by a complex of C/A-injective left 8-semimodules E°. By the
next Lemma 1(a), this extension is term-wise split, so it comes from a morphism of
complexes of 8-semimodules K* — £°[1]. Now suppose that one of the complexes
K* and €° is C-coacyclic. Then any morphism X°* — E°[1] is homotopic to zero
by a result of 6.5, hence the extension of complexes £€° — M* — K°* is split. So
after Lemma 1 is proven it will remain to construct the functorial factorizations.

Lemma 1.

(a) A left 8-semimodule L is 8/C/A-projective if and only if for any C/A-injec-
tive left S-semimodule M the k-modules Extls (L, M) of Yoneda extensions
in the abelian category of left 8-semimodules vanish for alli > 0. The functor
of 8-semimodule homomorphisms into a C/A-injective 8-semimodule maps
exact triples of 8/C/A-projective left 8-semimodules to exact triples. The
classes of 8/C/A-projective left 8-semimodules and 8/C/A-projective com-
plezes of 8/C/A-projective left 8-semimodules are closed under extensions
and kernels of surjective morphisms.

(b) A left 8-semicontramodule Q is 8/C/A-injective if and only if for any
C/A-projective left 8-semicontramodule P the k-modules Ext‘s’i(‘,B,Q) of
Yoneda extensions in the abelian category of left 8-semicontramodules vanish
for all i > 0. The functor of 8-semicontramodule homomorphisms from a
C/A-projective 8-semicontramodule maps exact triples of 8/C/A-injective
left 8-semicontramodules to exact triples. The classes of 8/C/A-injective left
8-semicontramodules and 8/C/A-injective complexes of 8/C/A-injective left
S-semicontramodules are closed under extensions and cokernels of injective
morphisms.

Proof. Part (a): the forgetful functor 8-simod — C-comod preserves injective
objects, since it is right adjoint to the exact functor of induction. Let us show
that any €/A-injective left 8-semimodule M is a subsemimodule of an injective
8-semimodule (it will follow that the category of left 8-semimodules has enough
injectives).

The construction of Lemma 3.3.2(b) assigns to a €/A-coinjective left
8-semicontramodule P an injective map from it into a semiinjective 8-semi-
contramodule J(P) with a C/A-coinjective cokernel. Indeed, the cokernel of
the map P — J(P) is a C/A-coinjective C-contramodule by Lemma 3.1.3(b),
so J(P) is a €/A-coinjective C-contramodule as an extension of two €/A-coin-
jective C-contramodules and a coinjective C-contramodule as an A-injective
and C€/A-coinjective C-contramodule. Hence J(P) = Cohome(S,T(P)) is a
semiinjective 8-semicontramodule. The cokernel of the composition of injective
morphisms

P —— Cohome(8,P) —— Cohome (S, T(P))



9.2. Complexes of semimodules and semicontramodules 175

is an extension of the cokernel of the morphism
Cohome(8,B) —— Cohome (8, I(PB))

and the cokernel of the morphism 8 — Cohome(8, P); the former is €/A-coin-
jective since the cokernel of the morphism P — T(P) is, and the latter is
C/A-coinjective as a C-contramodule direct summand of Cohome(8,J). Hence
the cokernel of the morphism P — TF(P) is €/A-coinjective.

Applying these observations to the 8-semicontramodule P = Tg(M) and
using Lemmas 5.3.2(b) and 5.3.1(c), we conclude that

M ~ q)g\lfs(M) E— q)sj(\I/sM)

is an injective morphism of 8-semimodules for any €/A-injective left 8-semimod-
ule M. Now the functor ®g maps semiinjective 8-semicontramodules to injective
8-semimodules by Proposition 6.2.2(a).

So any C/A-injective left 8-semimodule M has an injective right resolution;
by the construction or by Lemma 5.3.1(a), this resolution is exact with respect to
the exact category of €/A-injective 8-semimodules. Applying to this resolution the
functor of 8-semimodule homomorphisms from an 8/€/A-projective left 8-semi-
module £, we obtain the desired vanishing Extf (L, M) = 0 for all i > 0. The
remaining assertions follow (to verify the assertions related to complexes, notice
that the class of acyclic complexes of k-modules is closed under extensions and
cokernels of injective morphisms). Part (a) is proven; the proof of part (b) is com-
pletely analogous and based on the construction of a semicontramodule projective
resolution.

Alternatively, one can argue as in the proof of Lemma 5.3.1(a-b). |

The analogous results for 8/€/A-semiprojective (complexes of) left 8-semi-
modules and 8/C/A-semiinjective (complexes of) left §-semicontramodules can be
obtained by considering the derived functor SemiExtg (M, J3), defined as the coho-
mology of the object SemiExtg(M,P) of D(k-mod). For an A-projective 8-semi-
module M and a €/A-coinjective 8-semicontramodule P or a C/A-coprojective
S-semimodule M and an A-injective 8-semicontramodule P it is computed by
the cobar-complex Cohome(M,PB) — Cohome(8 Oe M, P) — ---, hence
SemiExts (M, 98) = 0 for i > 0 and SemiExt$ (M, PB) = SemiHomg (M, PB).

Lemma 2.

(a) There exists a (not always additive) functor assigning to any left 8-semimod-
ule an injective morphism from it into a C/A-injective 8-semimodule with an
8/C/A-projective cokernel. Furthermore, there exists a functor assigning to
any complex of left S-semimodules an injective morphism from it into a com-
plex of C/A-injective 8-semimodules such that the cokernel is a C-coacyclic
8/C/A-projective complex of 8/C/A-projective 8-semimodules.
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(b) There exists a (not always additive) functor assigning to any left 8-semicon-
tramodule a surjective morphism onto it from a C/A-projective 8-semicon-
tramodule with an 8/C/A-injective kernel. Furthermore, there exists a func-
tor assigning to any complex of left S-semicontramodules a surjective mor-
phism onto it from a complex of C/A-projective 8-semicontramodules such
that the kernel is a C-contraacyclic 8/C/A-injective complex of 8/C/A-in-
jective 8-semicontramodules.

Proof. Part (a): modify the construction of the second assertion of Lemma 1.3.3,
replacing the injective morphism of C-comodules M — G(M) = C® 4 M with the
injective morphism of C-comodules M — J(M) constructed in Lemma 9.1.2(a).
In other words, for any left 8-semimodule M denote by K (M) the kernel of the
morphism SOeM — M and by Q(M) the cokernel of the composition K(M) —
SOeM — 80eJ(M). The composition of maps SOeM — 80eJ (M) — Q(M)
factorizes through the surjection 8 Oe¢ M — M, so there is a natural injective
morphism of 8-semimodules M — Q(M). The cokernel of this morphism is iso-
morphic to 8 Oe (J(M) /M), which is an 8/C/A-projective 8-semimodule because
J(M)/M is an A-projective C-comodule. As in the proof of Lemma 1.3.3, the
S-semimodule morphism M — Q(M) can be lifted to a €-comodule morphism
M — SO J(M). Let J(M) denote the inductive limit of the sequence

M —— 80 J(M) —— QM) — 8T J(LM)) — QM) — -+

it is the desired C/A-injective 8-semimodule into which M maps injectively with
an 8/C/A-projective cokernel. Indeed, J(M) is €/A-injective by Sublemma 3.3.3.B
and the cokernel of the morphism M — J(M) is 8/C/A-projective by the next
sublemma.

Sublemma.

(a) Let 0 =U5 — U] — U — --- be an inductive system of complezes of
left 8-semimodules such that the successive cokernels coker(;_; — A7) are
8/C/A-projective complezes of 8/C/A-projective 8-semimodules. Then the
inductive limit imU? is an 8/C/A-projective complex of 8/C/A-projective
S-semimodules.

(b) Let 0 = U5 «— $U} «—— $U5 «—— --- be a projective system of complexes of
left 8-semicontramodules such that the successive kernels ker(4; — A7 ;)
are 8/C/A-injective complexes of 8/C/A-injective 8-semimodules. Then the
projective limit mﬂ; is an 8/C/A-injective complex of 8/C/A-injective
8-semimodules.

Proof. The forgetful functor 8-simod — A-mod preserves inductive limits, since

it preserves cokernels and infinite direct sums, so one has Homg (Lim U7, M*) =

lim Homg (U7, M*®) for any complex of left 8-semimodules M®. Analogously, the

J4m

forgetful functor 8-sicntr — A-mod preserves projective limits, since it preserves

kernels and infinite products, so one has Hom® (33*, lim $) = lim Hom® (33°, 42)
pa— pa—
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for any complex of left 8-semicontramodules P°. As the projective limits of se-
quences of surjective maps preserve exact triples and acyclic complexes, the asser-
tions of the sublemma follow from Lemma 1. |

The first statement of Lemma 2(a) is proven. To prove the second one, con-
sider the functor assigning to a complex of left 8-semimodules M*® the injec-
tive map from it into the complex J*(M?®), which is constructed in terms of the
functor M —— J(M) as in the proof of Theorem 2.5. By Sublemma 9.2, the
cokernel of the morphism M* — J7(M") is an 8/C/A-projective complex of
8/€/A-projective §-semimodules, since a complex of 8-semimodules induced from
a complex of A-projective C-comodules belongs to this class. Set °J* = J*(M*),
19° = J" (coker(M* — °3°)), etc. The complexes *J* are complexes of C/A-injec-
tive 8-semimodules and the complexes coker(M* — °J*), coker(*"1J* — 'J°*) are
8/€/A-projective complexes of 8/C/A-projective 8-semimodules. The complexes
td° for i > 0 are also 8/€/A-projective complexes of 8/C/A-projective 8-semimod-
ules as extensions of complexes with these properties. Let K*® be the total complex
of the bicomplex

030 130 230 -

constructed by taking infinite direct sums along the diagonals. Then K* is a com-
plex of C/A-injective 8-semimodules and the cokernel of the injective morphism
M®* — K* is a C-coacyclic (and even 8-coacyclic) 8/€/A-projective complex of
8/€/A-projective 8-semimodules. To check the latter properties, one can apply
Sublemma 9.2 to the canonical filtration of the complex °g*/M* — 13° —
29° —, ...

The proof of Lemma 2(b) is completely analogous and based on the modi-
fication of the construction of the second assertion of Lemma 3.3.3(a) using the

surjective morphism of C-contramodules §() — P from Lemma 9.1.2(b) in
place of the morphism &(*P) = Hom4 (C,P) — P. O

In the sequel we will denote by M —— J(M) the functor constructed in
Lemma 2 rather than its more simplistic version from Lemmas 1.3.3 and 3.3.3.

Lemma 3.

(a) There exists a (not always additive) functor assigning to any left 8-semimod-
ule a surjective map onto it from an 8/C/A-projective 8-semimodule with a
C/A-injective kernel. Furthermore, there exists a functor assigning to any
complex of left 8-semimodules a surjective map onto it from an 8/C/A-pro-
jective complex of 8/C/A-projective 8-semimodules such that the kernel is a
C-coacyclic complex of C/A-injective 8-semimodules.

(b) There exists a (not always additive) functor assigning to any left 8-semicon-
tramodule an injective map from it into an 8/C/A-injective 8-semicontra-
module with a C/A-projective cokernel. Furthermore, there exists a functor
assigning to any complex of left S-semicontramodules an injective map from
it into an 8/C/A-injective complex of 8/C/A-injective 8-semicontramodules
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such that the cokernel is a C-contraacyclic complex of C/A-projective 8-semi-
contramodules.

Proof. Part (a): for any left 8-semimodule £, consider the injective morphism
L — J(L) from Lemma 2 and denote by K(L) its cokernel. The functor M ——
P(M) of Lemmas 1.3.2 and 3.3.2 assigns to a C/A-injective left 8-semimodule
M a surjective morphism onto it from the 8-semimodule P(M) induced from a
coprojective C-comodule P(M) such that the kernel is a €/A-injective 8-semimod-
ule (see the proof of Lemma 1). Denote by F(L) the kernel of the composition

PAL)) — J(L) — KL).

The composition of maps F(L) — P(J(L)) — J(L) factorizes through the
injection L — J(L), so there is a natural surjective morphism of 8-semimodules
F(L) — L. The 8-semimodules P(J(L)) and K (L) are §/C/A-projective, hence
the 8-semimodule F(L) is also 8/C/A-projective. The kernel of the morphism
F(L) — L is €/A-injective, since it is isomorphic to the kernel of the morphism
P(I(L)) — J(L). This proves the first statement of part (a).

Now consider the functor assigning to any complex of left 8-semimodules
L° the surjective map onto it from the complex F*(£L£*). The complex F(L*)
is 8/C/A-projective as the kernel of a surjective morphism of 8/C/A-projective
complexes; it is also a complex of 8/C/A-projective and A-projective 8-semimod-
ules. Set Ff = FT(L*), F} = F " (ker(F, — L)), etc. The complexes ker(F§ —
L*), ker(F; — F;_,) are complexes of €/A-injective 8-semimodules, hence the
complexes F; for ¢ > 0 are also complexes of C/A-injective 8-semimodules as
extensions of complexes of C/A-injective 8-semimodules. For d large enough, the
kernel Z° of the morphism Fj_; — F3_, will be a complex of A-projective
S-semimodules, and consequently a complex of C-coprojective 8-semimodules. Let
E*® be the total complex of the bicomplex

- —— 80e80e %" — 802 — F5_, ¥, ¥,

constructed by taking infinite direct sums along the diagonals. Then the complex
E* is a complex of 8§/C/A-projective 8-semimodules, and it is an 8/C/A-projec-
tive complex since it is homotopy equivalent to a complex obtained from such
complexes using the operations of cone and infinite direct sum. The kernel of
the morphism €* — L° is a complex of C/A-injective 8-semimodules, and it is
C-coacyclic since it contains a C-contractible subcomplex of 8-semimodules such
that the quotient complex is the total complex of a finite exact complex of com-
plexes of 8-semimodules. Part (a) is proven; the proof of part (b) is completely
analogous. O

Let us show that any 8/C/A-projective left 8-semimodule L is A-projective.
Consider the surjective morphism F(L) — L from Lemma 3. Since its kernel is
C/A-injective, we have an extension of an 8/C/A-projective left 8-semimodule by
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a C/A-injective left 8-semimodule, which is always trivial by Lemma 1. Therefore,
L is a direct summand of F(L), while F(L) is A-projective by the construction.
Analogously, any 8/€/A-injective left 8-semicontramodule is A-injective.

Let us show that any 8/€/A-projective C/A-injective left S-semimodule M
is a direct summand of the 8-semimodule induced from the C-comodule coinduced
from a projective A-module; in particular, a left 8-semimodule is simultaneously
8/C/A-projective and C/A-injective if and only if it is semiprojective. Consider
the exact triple KX — 8 Oe M — M, where K = ker(8 Oe M — M). If an
S-semimodule M is €/A-injective, then so is the 8-semimodule 8§ Oe M, since
C/A-injectivity is equivalent to €/A-coprojectivity; then the 8-semimodule K is
C/A-injective as a C-comodule direct summand of 8 Oe M. If the 8-semimodule
M is also 8/C/A-projective, then our exact triple splits over 8§ and M is a direct
summand of the induced 8-semimodule 8T M. Since the C-comodule M is A-pro-
jective and C/A-injective, it is a direct summand of the C-comodule coinduced
from a projective A-module. Analogously, any 8§/C/A-injective €/A-projective left
S-semicontramodule *P is a direct summand of the 8-semicontramodule coinduced
from the C-contramodule induced from an injective A-module; in particular, a left
8-semicontramodule is simultaneously 8/€/A-injective and €/A-projective if and
only if it is semiinjective. In other words, M is a direct summand of a direct sum
of copies of the 8-semimodule 8§ and P is a direct summand of a product of copies
of the 8-semicontramodule Homg (8, kV).

An 8/C/A-projective complex of C-coprojective left 8-semimodules M* is
homotopy equivalent to a complex obtained from complexes of 8-semimodules
induced from complexes of C-coprojective C-comodules using the operations of
cone and infinite direct sum. In particular, the complex M® is semiprojective.
Indeed, the total complex of the bicomplex -+ — 8 e 8HOeg M — ST M —
M is contractible, being a C-coacyclic 8/C/A-projective complex of €/A-injec-
tive left 8-semimodules. Analogously, an 8/C/A-injective complex of C-coinjec-
tive left 8-semicontramodules P* is homotopy equivalent to a complex obtained
from complexes of 8-semicontramodules coinduced from complexes of C-coinjective
C-contramodules using the operations of cone and infinite product. In particular,
the complex PB* is semiinjective.

Finally we turn to the construction of functorial factorizations. As in the
proof of Theorem 9.1, let us first decompose an arbitrary morphism of complexes
of left 8-semimodules £° — M?* into a cofibration followed by a fibration. This
can be done in either of two dual ways. Let us start with an injective morphism
from the complex £° into the complex g (L£°®) constructed in Lemma 2. Let K* be
the cokernel of the morphism £° — M*@®J"(L*) and let F©(K*) — K* be the
surjective morphism onto the complex K* from the complex F(K*) constructed
in Lemma 3. Let £° — &° — F(K*) be the pull-back of the exact triple
L° — M* @ JT (L") — K* with respect to the morphism F©(K*) — K°.
Then the morphism £°* — M?* is equal to the composition

L — & — M°.
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The cokernel F*(K*) of the morphism £° — &€* is an 8/€/A-projective complex
of 8/€/A-projective 8-semimodules. The kernel of the morphism £° — M?® is an
extension of the complex J*(£°) and the kernel of the morphism F*(K*) — K°,
hence a complex of €/A-injective §-semimodules. Another way is to start with the
surjective morphism F*(M*) — M* and consider the kernel of the morphism
L°DFT (M) — M°.

Now let us construct a factorization of the morphism L£°* — M?® into a
cofibration followed by a trivial fibration. Represent the kernel of the morphism
E° — M as the quotient complex of an 8/C/A-projective complex of §/C/A-pro-
jective left 8-semimodules P* by a C-coacyclic complex of €/A-injective 8-semi-
modules. Then the complex P* is also a complex of €/A-injective 8-semimodules
(so it is even a semiprojective complex of semiprojective 8-semimodules). Let
X* be the cone of the morphism P* — E°. Then the morphism L£°* — M*®
factorizes through X°® in a natural way, the kernel of the morphism K* — M?*
is a C-coacyclic complex of €/A-injective 8-semimodules, and the cokernel of the
morphism £°* — K* is an 8§/C/A-projective complex of 8 /C/A-projective 8-semi-
modules.

It remains to construct a factorization of the morphism £°* — M?® into a
trivial cofibration followed by a fibration. Represent the cokernel of the morphism
L* — E* as a subcomplex of a complex of C/A-injective 8-semimodules Q° such
that the quotient complex is a C-coacyclic 8/C/A-projective complex of 8 /C/A-pro-
jective 8-semimodules. Then the complex Q° is also an 8/C/A-projective complex
of 8/€/A-projective 8-semimodules (hence a semiprojective complex of semipro-
jective 8-semimodules). Let K*® be the cocone of the morphism £* — Q°®. Then
the morphism £° — M?® factorizes through X°® in a natural way, the kernel of
the morphism K* — M* is a complex of C/A-injective 8-semimodules, and the
cokernel of the morphism £°* — K*® is a C-coacyclic 8/C/A-projective complex
of 8/C/A-projective 8-semimodules.

Part (a) of the theorem is proven; the proof of part (b) is completely analo-
gous. O

Remark 1. One can obtain descriptions of 8/C/A-projective complexes of
8/C/A-projective 8-semimodules, C-coacyclic 8/C/A-projective complexes of
8/C/A-projective 8-semimodules, etc., from the proof of the above theorem.
Namely, let M* be an 8§/C/A-projective complex of 8/C/A-projective left 8-semi-
modules; decompose the morphism 0 — M?® into a cofibration 0 — XK*
followed by a trivial fibration K* — M* by the above construction (this can
be also obtained directly from Lemma 3). Then the complex M*® is a direct
summand of K* and therefore can be obtained from complexes of 8-semimodules
induced from complexes of A-projective C-comodules using the operations of
cone, infinitely iterated extension in the sense of inductive limit, and kernel
of surjective morphism. Let M*® be a C-coacyclic 8/C/A-projective complex of
8/C/A-projective left 8-semimodules; decompose the morphism 0 — M?® into
a trivial cofibration 0 — XK* followed by a fibration K* — M?* by the above
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construction. Then the complex M?* is a direct summand of K* and therefore up
to the homotopy equivalence can be obtained from the total complexes of exact
triples of 8/C/A-projective complexes of 8/€C/A-projective 8-semimodules using
the operations of cone and infinite direct sum. The analogous results hold for
complexes of left 8-semicontramodules.

Let 8 and J be two semialgebras satisfying the above assumptions and § —
J be a map of semialgebras compatible with a map of corings € — D and a
k-algebra map A — B. Then the pair of adjoint functors M* —— M?* and
N*® — ¢N* is a Quillen adjunction from the category of complexes of left 8-semi-
modules to the category of complexes of left J-semimodules; the pair of adjoint
functors 9Q° — ¢0°* and P* — TP* is a Quillen adjunction from the category
of complexes of left T-semicontramodules to the category of complexes of left
8-semicontramodules. These results follow from Theorems 7.2.1 and 8.2.3(c). They
also hold in the case of a left coprojective and right coflat Morita morphism (&, &Y
from € to D and a morphism 8 — ¢J ¢ of semialgebras over C.

The pair of adjoint functors &g and Vg applied to complexes term-wise is
not a Quillen equivalence, and not even a Quillen adjunction, between the model
category of complexes of left 8-semicontramodules and the model category of
complexes of left 8-semimodules. Instead, this pair of adjoint functors between
closed model categories has the following properties.

The functor &g maps trivial cofibrations of complexes of left S-semicontra-
modules to weak equivalences of complexes of left 8-semimodules. The functor ¥g
maps trivial fibrations of complexes of left S-semimodules to weak equivalences
of complexes of left 8-semicontramodules. For a cofibrant complex of left 8-semi-
contramodules PB° and a fibrant complex of left 8-semimodules M?*, a morphism
Ds(P*) — M® is a weak equivalence if and only if the corresponding morphism
P* — Wg(M®) is a weak equivalence. Furthermore, the functor ®g maps cofi-
brant complexes to fibrant ones, while the functor ¥g maps fibrant complexes
to cofibrant ones. The restrictions of the functors ®g and Wg are mutually in-
verse equivalences between the full subcategories formed by cofibrant complexes
of left 8-semicontramodules and fibrant complexes of right 8-semimodules. These
restrictions of functors also send weak equivalences to weak equivalences.

Remark 2. One can connect the above model categories of complexes of left 8-semi-
modules and left 8-semicontramodules by a chain of three Quillen adjunctions by
considering other model category structures on these two categories. The above
model category structure on the category of complexes of left 8-semimodules can
be called the semiprojective model structure, and the model category structure
on the category of complexes of left 8-semicontramodules can be called the semi-
injective model structure. In addition to these, there is also the injective model
structure on the category of complexes of left 8-semimodules, and the projec-
tive model structure on the category of complexes of left 8-semicontramodules.
In these alternative model structures, weak equivalences are still morphisms with
C-coacyclic or C-contraacyclic cones, respectively. A morphism of complexes of
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semimodules is a cofibration if and only if it is injective, and a morphism of com-
plexes of semicontramodules is a fibration if and only if it is surjective. A morphism
of complexes of semimodules is a fibration if and only if it is surjective and its
kernel is an injective complex of injective semimodules in the sense of Remark 6.5
and the proof of Lemma 1 above; a morphism of complexes of semicontramodules
is a cofibration if and only if it is injective and its cokernel is a projective complex
of projective semicontramodules. One can check that these are model category
structures in a way analogous to (and much simpler than) the proof of Theorem
9.2 above. The functors ®g and Ug are a Quillen equivalence between the injec-
tive and the projective model category structures; the identity functors are Quillen
equivalences between the semiprojective and the injective model structures, and
between the semiinjective and the projective model structures.



10 A Construction of Semialgebras

10.1 Construction of comodules and contramodules

10.1.1 Let A and B be associative k-algebras.

For any projective finitely generated left A-module U and any left A-module
V there is a natural isomorphism Hom4 (U, A) ® 4 V >~ Homy4 (U, V') given by the
formula v* ® v — (u +— (u,u*)v). In particular, for any A-B-bimodule C' and
any projective finitely generated left B-module D there are natural isomorphisms
Homy (C ®p D, A) ~ Homp(D,Hom4(C, A)) ~ Homp(D, B) @ g Homy4 (C, A).

It follows that there is a tensor anti-equivalence between the tensor cate-
gory of A-A-bimodules that are projective and finitely generated as left A-mod-
ules and the tensor category of A-A-bimodules that are projective and finitely
generated as right A-modules, given by the mutually-inverse functors C +—
Homy (C, A) and K —— Hom oo (K, A). Therefore, noncommutative ring struc-
tures on a right-projective and finitely generated A-A-bimodule K correspond bi-
jectively to coring structures on the left-projective and finitely generated A-A-bi-
module Hom 40p (K, A). On the other hand, for any coring C over A there is a
natural structure of a k-algebra on Hom4(C, A) together with a morphism of
k-algebras A — Hom 4 (C, A).

Furthermore, let K be a k-algebra endowed with a k-algebra map A —
K such that K is a finitely generated projective right A-module, and let C =
Hom 40p (K, A) be the corresponding coring over A. Then the natural isomorphism
N ®4 € = Homgop (K, N) for a right A-module N provides a bijective corre-
spondence between the structures of right K-module and right C-comodule on N.
Analogously, the natural isomorphism Hom 4 (C, P) = K ® 4 P for a left A-module
P provides a bijective correspondence between the structures of left K-module
and left C-contramodule on P. In other words, there are isomorphisms of abelian
categories comod-C ~ mod-K and C-contra ~ K-mod.

10.1.2 Here is a generalization of the situation we just described. Let C be a
coring over a k-algebra A and K be a k-algebra endowed with a k-algebra map
A — K. Suppose that we are given a pairing

0:CRAL K — A

which is an A-A-bimodule map satisfying the following conditions of compatibility
with the comultiplication in € and the multiplication in K and with the counit of C
and the unit of K. First, the composition CRAK R4 K — CRUCRA KR4 K —
C®a K — A of the map induced by the comultiplication in €, the map induced
by the pairing ¢, and the pairing ¢ itself should be equal to the composition
CRoa K®4 K — C®4 K — A of the map induced by the multiplication in A
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and the pairing ¢. Second, the composition € = C®4 A — C®4 K — A of
the map coming from the unit of K with the pairing ¢ should be equal to the
counit of €. Equivalently, the map K — Hom4 (€, A) induced by ¢ should be a
morphism of k-algebras.

Then for any right C-comodule N the composition N @4 K — N®4 C®4
K — N of the map induced by the C-coaction in N and the map induced by the
pairing ¢ defines a structure of right K-module on N. Analogously, for any left
C-contramodule ‘P the composition K ® 4 P — Hom(C,P) — P of the map
given by the formula &' @ p — (¢ — ¢(c, k')p) and the C-contraaction map defines
a structure of left K-module on PB. So the pairing ¢ induces faithful functors

A,: comod-C —— mod-K  and A?: C-contra —— K-mod.

In particular, a pairing ¢ provides the coring € with a structure of left C-co-
module endowed with a right action of the k-algebra K by C-comodule endomor-
phisms. Moreover, the data of a right action of K by endomorphisms of the left
C-comodule € agreeing with the right action of A in C is equivalent to the data of
a pairing ¢.

10.1.3 When @ is a projective left A-module, the functor A? has a left adjoint
functor
I'*: K-mod —— C-contra.

This functor sends the induced left K-module K ® 4V to the induced left C-contra-
module Hom 4 (€, V) for any left A-module V; to compute I'*(M) for an arbitrary
left K-module M, one can represent M as the cokernel of a morphism of K-mod-
ules induced from A-modules. Analogously, when C is a flat right A-module, the
functor A, has a right adjoint functor

I'y: mod-K —— comod-C.

This functor sends the coinduced right K-module Hom 4or (K, U) to the coinduced
right C-comodule U ®4 € for any right A-module U; to compute I'y(N) for an
arbitrary right K-module IV, one can represent N as the kernel of a morphism of
K-modules coinduced from A-modules.

Without any conditions on the coring €, the composition of functors
Ue: C-comod — C-contra and A?: C-contra — K-mod has a left adjoint
functor of the form

K-mod —— @G-comod, M— CRg M.

Analogously, the composition of the functors ®eer: contra-€ — comod-C and
Ag: comod-C — mod-K has a right adjoint functor given by

mod-K —— contra-C, N +—— Hompgop (C, N).

So one can compute the compositions of functors ®eI'* and WeerI'y in this way.



10.2. Construction of semialgebras 185

10.1.4 It is easy to see that the functor Ay is fully faithful whenever for any right
A-module N the map

N ®4 € —— Hom e (K, N), n®c— (k' — no(c, k')

is injective (cf. [23, 19.2]). In particular, when A is a semisimple ring, the functor
Ay is fully faithful if the map € — Homep (K, A) induced by the pairing ¢ is
injective, i.e., the pairing ¢ is nondegenerate in C.

10.2 Construction of semialgebras

10.2.1 Assume that a coring € over a k-algebra A is a flat left A-module. Let K be
a k-algebra endowed with a k-algebra map A — K and a pairing ¢: C®4 K —
A satisfying the conditions of 10.1.2, and let R be a k-algebra endowed with a
k-algebra map f: K — R such that R is a flat left K-module. Then the tensor
product C ®k R is a coflat left C-comodule endowed with a right action of the
k-algebra K (and even of the k-algebra R) by left C-comodule endomorphisms.

Suppose that there exists a structure of right C-comodule on C® g R inducing
the existing structure of right K-module and such that the following three maps
are right C-comodule morphisms:

(i) the left C-coaction map C®x R — C®4 (C ®k R),

(ii) the semiunit map € = C®x K — C ®x R induced by the k-algebra map
f+ K — R, and

(iii) the semimultiplication map (€ @k R) Oe¢ (E ®x R) ~ C®x RQ®x R —
C ®k R, where the isomorphism is the inverse of the natural isomorphism of
Proposition 1.2.3(a) and the map C ®x R ®x R — C®g R is induced by
the multiplication in R.

Then the semiunit and semimultiplication maps (ii) and (iii) define a semi-
algebra structure on the C-C-bicomodule 8§ = C ®k R.

Notice that the maps (i-iii) always preserve the right K-module structures. If
the functor Ay is fully faithful, then a right G-comodule structure inducing a given
right K-module structure on C® g R is unique provided that it exists, and the maps
(i-iii) preserve this structure automatically. If the functor Ay is an equivalence of
categories, then a unique right C-comodule structure with the desired properties
always exists on C @k R.

The associativity of semimultiplication in 8 follows from the associativity of
multiplication in R and the commutativity of diagrams of associativity isomor-
phisms of cotensor products.

10.2.2 By Proposition 1.2.3(a), for any right C-comodule N there is a natural
isomorphism

NOe 8 ~ N®xk R,
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hence every right 8-semimodule has a natural structure of right R-module. So
there is a faithful exact functor

Ay, i simod-8 —— mod-R

which agrees with the functor Ay: comod-C — mod-K. Moreover, the category
of right 8-semimodules is isomorphic to the category of k-modules N endowed
with a right C-comodule and right R-module structures satisfying the following
compatibility conditions: first, the induced right K-module structures should co-
incide, and second, the action map N ® x R — N should be a morphism of right
C-comodules, where the right C-comodule structure on N ® i R is provided by the
isomorphism N ® g R = N Oe 8. When the functor Ay is fully faithful, the cate-
gory simod-8 is simply described as the full subcategory of the category of right
R-modules consisting of those modules whose right K-module structure comes
from a right C-comodule structure.

Analogously, if € is a projective left A-module and R is a projective left
K-module, then 8 is a coprojective left C-comodule and by Proposition 3.2.3.2(a)
for any left C-contramodule B there is a natural isomorphism

Cohome(8,B) ~ Hompg (R, ),

hence any left 8-semicontramodule has a natural structure of left R-module. So
there is a faithful exact functor

A?f . 8sicntr —— R-mod

which agrees with the functor A?: G-comod — K-mod. Moreover, the category
of left 8-semicontramodules is isomorphic to the category of k-modules 3 endowed
with a left C-contramodule and a left R-module structures satisfying the follow-
ing compatibility conditions: first, the induced left K-module structures should
coincide, and second, the action map P — Hompg (R, ) should be a morphism
of C-contramodules, where the left C-contramodule structure on Homg (R,P) is
provided by the isomorphism Homg (R, P) = Cohome (8, P).

10.2.3 When K is a projective finitely generated right A-module and the pairing ¢
corresponds to an isomorphism € ~ Hom 40p (K, A), the isomorphisms of categories
Ay: comod-C ~ mod-K and A?: C-contra ~ K-mod transform the functor of
contratensor product over € into the functor of tensor product over K:

N@@‘,B o~ N@K‘B

This follows from the isomorphism Hom 4 (€, ) = K® 49. When in addition R is a
projective left K-module, the isomorphisms of categories Ay, f: simod-8 ~ mod-R
and A%/ 8-sicntr ~ R-mod transform the functor of contratensor product over 8
into the functor of tensor product over R:

NesP ~NogPB.

One checks this using the isomorphism N Oe¢ 8 = N ®x R and the above formula
for the contratensor product over C.
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10.2.4 The functor Ay s has a right adjoint functor
Iy : mod-R —— simod-§,

which agrees with the functor I'y: mod-K — comod-C. The functor I'y s is con-
structed as follows. Let N be a right R-module; it has an induced right K-mod-
ule structure. Consider the composition Ag(I'y(N)Oe 8) = Agl'y(N) ®x R —
N®g R — N of the isomorphism of Proposition 1.2.3(a), the map induced by the
adjunction map Agl'y(N) — N, and the right action map. By adjunction, this
composition corresponds to a right G-comodule morphism I'y(N)Oe 8 — T'y(N),
which provides a right 8-semimodule structure on I' (V).

Analogously, if € is a projective left A-module and R is a projective left
K-module, then the functor A®f has a left adjoint functor

'*’. R-mod —— 8-sicntr,

which agrees with the functor I'?: K-mod — C-contra. The functor I'*f is con-
structed as follows. Let P be a left R-module; it has an induced left K-module
structure. Consider the composition

P — Homg (R, P) — Hompg (R, A’T?(P)) = A?(Cohome(8,T?(P)))

of the action map, the map induced by the adjunction map P — A?T?(P),
and the isomorphism of Proposition 3.2.3.2(a). By adjunction, this composition
corresponds to a left C-contramodule morphism I'?(P) — Cohome(8,T%(P)),
which provides a left 8-semicontramodule structure on I'?(P).

Notice that the semialgebra 8 has a structure of left 8-semimodule endowed
with a right action of the k-algebra R by left 8-semimodule endomorphisms. So
when C is a flat right A-module and 8 turns out to be a coflat right C-comodule,
there is the functor

8-simod —— R-mod, M — Homg(8, M) = Home (€, M).
This functor has the left adjoint functor
R-mod —— 8-simod, M—8r M =CRx M.

In the case when C is a projective left A-module and R is a projective left K-mod-
ule, the former functor is isomorphic to A?fWg, and consequently the latter func-
tor is isomorphic to ®gI'?/. Analogously, when € is a projective right A-module
and 8§ turns out to be a coprojective right C-comodule, the functor Wgerl'y f
maps a right R-module N to the right 8-semicontramodule Hompe (8, N) =
HOHlKop (G, N)

Let us point out that no explicit description of the category of left 8-semi-
modules is in general available. We only described the categories of right 8-semi-
modules and left 8-semicontramodules, and constructed certain functors acting to
and from the category of left 8-semimodules.
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10.2.5 The following observations were inspired by [3, Section 5].

Suppose that there is a commutative diagram of k-algebra maps A — K,
K—R A —K, K — R, A— A, K— K, R— R.LetCGC
be a coring over A and €’ be a coring over A’ endowed with a map of corings
€ — @ compatible with the k-algebra map A — A’. Assume that € is a flat
left A-module, €’ is a flat left A’-module, R is a flat left K-module, and R’ is
a flat left K’-module. Let ¢: C®4 K — A and ¢': €' ® 4 K’ — A’ be two
pairings satisfying the conditions of 10.1.2 and forming a commutative diagram
with the maps C ®4 K — €@ ®4 K’ and A — A’. Furthermore, suppose that
the natural map K ®4 A’ — K’ is an isomorphism. Assume that there is a
structure of right C-comodule on € ® ¢ R and a structure of right €’-comodule
on €' @+ R’ satisfying the conditions of 10.2.1, so that € ® k¢ R is a semialgebra
over C and € ®k+ R’ is a semialgebra over €’. Then the natural map from the
right €’-comodule C® g R®4 A’ to the right €’-comodule €’ ®x+ R’ is a morphism
of right K’-modules. If it is also a morphism of right ¢’-comodules, then the map
C®x R — C' ®g/ R’ is a map of semialgebras compatible with the map of corings
€ — €’ and the k-algebra map A — A’.

Suppose that there is a commutative diagram of k-algebra maps A — K,
K—R A—K, KK — R, K— K, R— R LetCandC be
two corings over A and €' — € be a morphism of corings over A. Assume that
C and €' are flat left A-modules, R is a flat left K-module, and R’ is a flat
left K’-module. Let ¢: € ®4 K — A and ¢': ¢’ ® 4 K’ — A be two pairings
satisfying the conditions of 10.1.2 and forming a commutative diagram with the
maps € 94 K — C®4 K and ¢’ ®4 K — €' ®4 K'. Furthermore, suppose
that the natural map K’ ® x R — R’ is an isomorphism. Assume that there is
a structure of right C-comodule on € ® ¢ R and a structure of right €’-comodule
on €' @+ R’ satisfying the conditions of 10.2.1, so that € ® k¢ R is a semialgebra
over € and €' ks R’ is a semialgebra over €. In this case, if the right K-mod-
ule map €' @ R = € @ K' 9k R~ €' ®x R — € ®k R is a morphism of
right C-comodules, then it is a map of semialgebras compatible with the morphism
€’ — € of corings over A.

10.3 Entwining structures

An important particular case of the above construction of semialgebras was con-
sidered in [21]. Namely, it was noticed that there is a set of data from which one
can construct both a coring and a semialgebra.

10.3.1 Let € be a coring over a k-algebra A and A — B be a morphism of
k-algebras. A right entwining structure for € and B over A is an A-A-bimodule
map

P:C®a B —B®sC

satisfying the following equations:
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(i) the composition C® 4 B4 B — BR4CR4B — BR4B®4C — B®4C of
two maps induced by the map ¢ and the map induced by the multiplication
in B is equal to the composition C®4 B4 B — C®4 B — B ®4 C of
the map induced by the multiplication in B and the map ;

(ii) the map 1 forms a commutative triangle with the maps € — € ®4 B and
C — B ®4 € coming from the unit of B;

(iii) the composition C®4 B — CR4C®4B — CR4B®4C — B4 B®4C
of the map induced by the comultiplication in € and two maps induced by
the map 1 is equal to the composition CRq B — B4 C — B®R4C®4C
of the map ¢ and the map induced by the comultiplication in C;

(iv) the map ¢ forms a commutative triangle with the maps € ® 4 B — B and
B ®4 € — B coming from the counit of C.

A left entwining structure for € and B over A is defined as an A-A-bimodule
map
v*: BRyuC — C®4 B

satisfying the opposite equations. Notice that whenever a map ¢¥: C ®4 B —
B ® 4 C is invertible the map v is a right entwining structure if and only if the
map % =~ is a left entwining structure.

10.3.2 A (right) entwined module over a right entwining structure ¢: €@ 4 B —
B ®4 Cis a k-module N endowed with a right C-comodule and a right B-module
structures such that the corresponding right A-module structures coincide and
the following equation holds: the composition N ®4 B — N ®4 C®4 B —
N®asB®a€C— N®Rjy C of the map induced by the C-coaction in N, the map
induced by the map %, and the map induced by the B-action in N is equal to the
composition N®4 B — N — N ®4 € of the B-action map and the C-coaction
map.

A (left) entwined contramodule over a right entwining structure 1 is a k-mod-
ule B endowed with a left C-contramodule and a left B-module structures such that
the corresponding left A-module structures coincide and the following equation
holds: the composition Homa(C,B) — Homu(C, Homa(B,B)) = Homa(B ®4
C, PB) — Homu(C®4 B, P) = Homa(B,Homy(C,P)) — Homa(B,P) of the
map induced by the B-action in B3, the map induced by the map v, and the map
induced by the C-contraaction in ‘P is equal to the composition Hom 4 (C,P) —
B — Hom(B,P) of the C-contraaction map and the B-action map.

(Left) entwined modules and (right) entwined contramodules over a left en-
twining structure are defined in an analogous way.

10.3.3 Let v: C®4 B — B ®4 € be a right entwining structure. Define a coring
D over B as the left B-module

D=B®sC
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endowed with the following right action of B, comultiplication, and counit. The
right B-action is the composition (B®4C)®@4 B — B®4B®4C — B®4 C of
the map induced by the map 1 and the multiplication in B. The comultiplication
is the map B4 C — BR4C®4C = (B®4C)Rp (B ®4 C) induced by the
comultiplication in €. The counit is the map B ®4 € — B ®4 A = B coming
from the counit of C. One has to use the equation (i) on the entwining map 1 to
check that the right action of B is associative, the equation (ii) to check that the
right action of B agrees with the existing right action of A, and the equations (iii)
and (iv) to check that the comultiplication and counit are right B-module maps.

Analogously, for a left entwining structure 1)# : B®4C — C® 4 B one defines
a coring D# = € ®4 B over B. When 1# = ¢)~! are two inverse maps satisfying
the entwining structure equations, the maps 1 and ¥# themselves are mutually
inverse isomorphisms D# ~ D between the corresponding corings over B.

10.3.4 Let ¢: C®4 B — B ®4 C be a right entwining structure. Define a
semialgebra 8 over € as the left C-comodule

8§ =C®4B

endowed with the following right coaction of €, semimultiplication, and semiunit.
The right C-coaction is the composition CR 4B — CRACR4B — (CR4B)®4C
of the map induced by the comultiplication in € and the map induced by the
map 9. The semimultiplication is the map (C®4 B) Oe (C®4 B) = C®4 B®a
B — C ®a B induced by the multiplication in B. The semiunit is the map
C=C®4A — CR®4 B coming from the unit of B. The multiple cotensor products
NOeS8Oe8Oe: - -0e8 and the multiple cohomomorphisms Cohome (8O- - -De8, )
are associative for any right C-comodule N and any left C-contramodule P by
Propositions 1.2.5(e) and 3.2.5(h).

Analogously, for a left entwining structure v#: B ®4 € — € ®4 B one
defines a semialgebra 8% = B®4 C over C. When Y# =1~ are two inverse maps
satisfying the entwining structure equations, the maps 1 and # themselves are
mutually inverse isomorphisms 8§ ~ 8% between the corresponding semialgebras
over C.

10.3.5 An entwined module over a right entwining structure ¢ is the same thing as
a right D-comodule and the same thing as a right 8-semimodule; in other words,
the corresponding categories are isomorphic. Analogously, an entwined module
over a left entwining structure ¢# is the same as a left D#-comodule and the same
as a left 87 -semimodule. Similar assertions apply to contramodules: an entwined
contramodule over a right entwining structure 1 is the same thing as a left D-con-
tramodule and the same thing as a left 8-semicontramodule; analogously for a left
entwining structure.

For any entwined module N over a right entwining structure 1 there is a
natural injective morphism

N— NR®pDx=2N®sC
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from N into an entwined module which as a C-comodule is coinduced from an
A-module. Analogously, for any left entwined contramodule 3 over v there is a
natural surjective morphism

Hom(C,*B) ~ Homp(D,P) — P

onto P from an entwined contramodule which as a C-contramodule is induced
from an A-module. So we obtain, in the entwining structure case, a functorial
injection from an arbitrary 8-semimodule into a €/A-injective 8-semimodule and a
functorial surjection onto an arbitrary 8-semicontramodule from a €/A-projective
8S-semicontramodule constructed in a way much simpler than that of Lemmas 1.3.3
and 3.3.3 (cf. [2, 3, 17]).

When the ring A is semisimple, there is also a functorial surjection onto an
arbitrary D-comodule N from a B-projective D-comodule N8 ~ N® 4 B and a
functorial injection from an arbitrary D-contramodule B into a B-injective D-con-
tramodule Cohome(8, ) ~ Hom 4 (B, P); these are much simpler constructions
than those of Lemmas 1.1.3 and 3.1.3.

When B is a flat right A-module, the construction of the semialgebra 8§ =
C ®4 B corresponding to an entwining structure i) becomes a particular case of
the construction of the semialgebra 8§ = C® R corresponding to a pairing ¢ (take
K = A, R= B, and the only possible ¢).

10.3.6 When # = ¢! are two inverse entwining structures, there is an explicit
description of both the categories of left and right comodules over D# ~ D and
both the categories of left and right semimodules over 8 ~ 87 .

When 1 is invertible, the multiple cotensor products NOe8Oe - -Oe80eM
and the multiple cohomomorphisms Cohome (8 O¢ -+ - Oe 8Oe M, B) are associa-
tive for any right C-comodule N, left C-comodule M, and left C-contramodule
by Propositions 1.2.5(f) and 3.2.5(j), so the functors of semitensor product and
semihomomorphism over 8 are everywhere defined.

10.4 Semiproduct and semimorphisms

Let ¢: C®4 B — B ®4 € be a right entwining structure; suppose that ¢ is an
invertible map. Let 8 = C®4 B and D = B® 4 € be the corresponding semialgebra
over C and coring over B.

One defines [79] the semiproduct N@$§M of a right entwined module N over 1)
and a left entwined module M over 1! as the image of the composition of maps

NOeM — NI M —— N M.

Analogously, one defines the k-module of semimorphisms HomeB(M, PB) from a left
entwined module M over 1! to a left entwined contramodule P over v as the
image of the composition of maps

Homp(M,J) —— Homy (M,P) —— Cohome (M, ).
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There is a natural map of semialgebras 8 — B compatible with the map
€ — A of corings over A. Hence for any entwined modules N over ¢ and M
over 1! there is a natural injective map from the pair of morphisms NOeSOeM =
NOe M to the pair of morphisms N®4 B®4 M = N ®4 M . Therefore, we have
a natural surjective map

NOs M — NeSM,

which is an isomorphism if and only if the map N 0 M — N ®p M is injec-
tive. Analogously, for any entwined module M over )~ and entwined contra-
module P over ¢ there is a natural surjective map from the pair of morphisms
Homy4 (M, PB) = Homa (B @4 M, B) to the pair of morphisms Cohome (M, P) =
Cohome (8 Oe M, B). So we get a natural injective map

Hom$ (M, ) —— SemiHomg (M, B),

which is an isomorphism if and only if the map Hompg (M, ) — SemiHomg (M, )
is surjective.

Consider the natural injective morphism of entwined modules N — N ®p
D =N ®4 C. Taking the semitensor product of this morphism with M over 8§, we
obtain the map N Qs M — (N ®4 C) O0s M ~ N ®p M that we are interested
in. Hence the natural map N Os M — N ®% M is an isomorphism whenever
the semitensor product with M maps A-split injections of right 8-semimodules to
injections or N has such property with respect to left 8-semimodules. This includes
the cases when N or M is an 8-semimodule induced from a C-comodule.

Analogously, consider the natural surjective morphism of entwined con-
tramodules Hom4(C,*B) = Homp(D,P) — P. The map Homp(M,P) —
SemiHomg (M, P) can be obtained by taking the semihomomorphisms over 8
from M to the morphism Homu4(C,B) — P or by taking the semihomomor-
phisms over 8 from the morphism M — € ® 4 M to PB. Thus the natural map
Hom$, (M, ) — SemiHomg (M, P) is an isomorphism whenever the functor of
semihomomorphisms from M maps A-split surjections of left 8-semicontramod-
ules to surjections or the functor of semihomomorphisms into B maps A-split
injections of left 8-semimodules to surjections. This includes the cases when M
is an 8-semimodule induced from a C-comodule or B is an 8-semicontramodule
coinduced from a C-contramodule.

In the same way one constructs a natural injective map N®% M — NOpM
and shows that it is an isomorphism whenever the cotensor product with N or M
over D maps surjections of D-comodules to surjections, in particular, when one of
the D-comodules M or N is quasicoflat. Analogously, there is a natural surjective
map Cohomqp (M,P) — Hom$ (M, P), which is an isomorphism whenever the
functor of cohomomorphisms from M over D maps injections of left D-contra-
modules to injections or the functor of cohomomorphisms into B over D maps
surjections of left D-comodules to injections, in particular, when M is a quasico-
projective D-comodule or P is a quasicoinjective D-contramodule.



11 Relative Nonhomogeneous
Koszul Duality

11.1 Graded semialgebras

11.1.1  All the constructions of Chapters 1-10 can be carried out with the category
of k-modules replaced by the category of graded k-modules.

So one would consider a graded k-algebra A, a coring object € in the ten-
sor category of graded A-A-bimodules, a ring object 8 in a tensor category of
graded C-C-bicomodules, assume A to have a finite graded homological dimension,
consider graded 8-semimodules and graded S-semicontramodules. All of our defini-
tions and results can be transferred to the graded situation without any difficulties.
All the functors so obtained commute with the shift of grading in modules.

Furthermore, there are two forgetful functors ¥ and II from the category of
graded k-modules k-mod® to the category k-mod, the functor X sending a graded
k-module to the infinite direct sum of its components and the functor IT sending
it to their infinite product. For any graded semialgebra 8 over a graded coring @
over a graded k-algebra A, there are natural structures of a k-algebra on YA, of
a coring over 2 A on X.C, and of a semialgebra over € on 8. For any graded
S-semimodule M there is a natural structure of a ¥8-semimodule on XM and for
any graded 8-semicontramodule 3 there is a natural structure of a ¥8-semicon-
tramodule on ITI3.

The functors of semitensor product and semihomomorphism defined in the
graded setting are related to their ungraded analogues by the formulas

S(N OF M) = SN Oxs EM
and
I SemiHom§ (M, ) ~ SemiHomsg (XM, IIP).

The functors N — N and M —— #M commute with the forgetful functors X
and the functors £ — ©Q and P — TP commute with the forgetful functors
II. The corresponding derived functors SemiTor, SemiExt, etc., have the same
properties. However, the functors Homg, Homs, CtrTor®, g, and ®g and their
derived functors have no properties of compatibility with the functors of forgetting
the grading. Thus one has to be aware of the distinction between Homg and Hom§',
®g and ®F, etc.

11.1.2 Assume that A is a nonnegatively graded k-algebra, C is a nonnegatively
graded coring over A, and 8 is a nonnegatively graded semialgebra over C. Let
S-simod' and simod'-8 denote the categories of nonnegatively graded S-semimod-
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ules, and 8-contrat denote the category of nonpositively graded 8-semicontramod-
ules.

All the constructions of Chapters 1-4 in their graded versions preserve the
categories of comodules and semimodules graded by nonnegative integers and the
categories of contramodules and semicontramodules graded by nonpositive inte-
gers. All the definitions and results of these chapters can be transferred to the
described situation of bounded grading and no problems occur. In particular,
one can apply Lemma 2.7 to define the functors SemiTor and SemiExt in the
bounded grading case. Moreover, the functors so obtained agree with the functors
SemiTorgr and SemiExt§ defined in terms of complexes with unbounded grad-
ing. This is so because the constructions of resolutions agree. For the same rea-
sons, in the assumptions of 6.3 the functors D (8-simod') — D% (8-simod®") and
Dsi(8-sicntr!) — DS (8-sicntre") are fully faithful, and the functor CtrTor defined
by applying Lemma 6.5.2 in the bounded grading case agrees with the functor
CtrTorgr. But the functors g and % do not preserve the bounded grading.

11.2 Differential semialgebras

11.2.1 Let B be a graded k-algebra endowed with an odd derivation dp of degree 1
and D be a graded coring over B. A homogeneous map dp: D — D of degree 1
is called a coderivation of D with respect to dp if the biaction map B ®; D ®
B — D and the comultiplication map D — D ®p D are morphisms in the
category of graded k-modules endowed with endomorphisms of degree 1, where
the endomorphisms of the tensor products are defined by the usual super-Leibniz
rule d(zy) = d(x)y + (—1)1*lzd(y) (the degree of a homogeneous element z being
denoted by |z|). In this case, it follows that the counit map D — B satisfies the
same condition. In the particular case when B is concentrated in the degree 0 and
dp = 0, the condition on the biaction map simply means that dp is a B-B-bimod-
ule morphism.

Now assume that B is a DG-algebra over k, i.e., d3 = 0. A DG-coring
over B is a graded coring D over the graded ring B endowed with a coderivation
dp: D — D with respect to dp such that d% =0.

Let D be a DG-coring over a DG-algebra B. Then the cohomology H (D)
is endowed with a natural structure of a graded coring over the graded algebra
H(B) provided that the natural maps H(D) ®gpy H(D) — H(D ®p D) and
H(D)®p) HD)@pp) HD) — H(D ®p D ®@p D) are isomorphisms. A map
of DG-corings ¢ — D compatible with a morphism of DG-algebras A — B in-
duces a map of graded corings H(C) — H(D) compatible with the morphism of
graded algebras H(A) — H(B) whenever both DG-corings € and D satisfy the
above two conditions. Here a map € — D from a DG-coring € over a DG-algebra
A to a DG-coring D over a DG-algebra B is called compatible with a morphism
of DG-algebras A — B over k if the map of graded corings € — D is compat-
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ible with the morphism of graded algebras A — B and the map ¢ — D is a
morphism of complexes.

11.2.2 Coderivations of a graded coring D of degree —1 with respect to coderiva-
tions of a graded k-algebra B of degree —1 are defined in the same way as above.

Now let A be an ungraded k-algebra. A quasi-differential coring D~ over
A is a graded coring over A endowed with a coderivation @ of degree 1 (with
respect to the zero derivation of the k-algebra A, which is considered as a graded
k-algebra concentrated in degree 0) such that 8> = 0 and the cohomology of 9
vanishes. If D™~ is a quasi-differential coring over a k-algebra A, then the cokernel
D~/im 9 of the derivation 9 has a natural structure of graded coring over A. A
quasi-differential structure on a graded coring D is the data of a quasi-differential
coring D™ together with an isomorphism of graded corings

D~/im9 ~ D.

We will denote the grading of a quasi-differential coring D~ by lower indices,
even though the differential raises the degree. This terminology and notation is
explained by the following construction (cf. 0.4.4).

We will use Sweedler’s notation [82] p +—— p(1) ®p(2) for the comultiplication
map of a coring D over A; here p € D and p1) @ p2y € D@4 D. A CDG-coring
D over a k-algebra A is a graded coring over A endowed with a coderivation d
of degree —1 (with respect to the zero derivation of A) and an A-A-bimodule
map h: Dy — A satisfying the equations d?(p) = h(pay)p2y — Pyh(pe2y) and
h(d(p)) = 0 for all p € D, where the map h is considered to be extended by zero to
the components D; with i # 2. Given a CDG-coring D over a k-algebra A and a
CDG-coring € over a k-algebra B, a morphism of CDG-corings D — &€ compatible
with a morphism of k-algebras A — B is a pair (g,a), where g: D — € is a
map of graded corings compatible with a morphism of k-algebras A — B and
a: D1y — B is an A-A-bimodule map satisfying the equations d(g(p)) = g(d(p)) +
a(p))9(p@) + (=1)Plg(pay)a(pez) and h(g(q)) = h(q) + a(d(q)) + alqq))alg))
hold for all p € D and ¢ € Dy (where the map a is extended by zero to the
components D; with 7 # 1).

Composition of morphisms of CDG-corings is defined by the rule

(g/’a/)(g//’a//) — (g/g//’ a/g// _’_a//);

identity morphisms are the morphisms (id, 0). So the category of CDG-corings is
defined. Notice that two CDG-corings of the form (D,d’,h’) and (D,d",h") over
a k-algebra A with d”(p) = d'(p) + a(P(l))P(z) + (_1)|plp(1)a(P(2)) and h"(q) =
h'(q) + a(d'(q)) + a(qa))a(qe)), where a: Dy — A is an A-A-bimodule map,
are always naturally isomorphic to each other, the isomorphism being given by
(id,a): (D,d',n') — (D,d",h").

The category of DG-corings (over ungraded k-algebras considered as DG-al-
gebras concentrated in degree zero) has DG-corings D over k-algebras A as ob-
jects and maps of DG-corings D — € compatible with morphisms of k-algebras
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A — B as morphisms. The category of quasi-differential corings can be de-
fined as the full subcategory of the category of DG-corings whose objects are
the DG-corings with acyclic differentials. One can also consider the category of
DG-corings (over ungraded k-algebras) with coderivations of degree —1. There
is an obvious faithful, but not fully faithful functor from the latter category to
the category of CDG-corings, assigning the CDG-coring (D,d,h) with h = 0
to a DG-coring (D, d) and the morphism of CDG-corings (g,0) to a map of
DG-corings g: D — & compatible with a morphism of k-algebras A — B.

There is a natural fully faithful functor from the category of CDG-corings
to the category of quasi-differential corings, whose image consists of the quasi-
differential corings D~ over A for which the counit map Dj — A can be pre-
sented as the composition of the coderivation component dy: Dy — D7 and
some A-A-bimodule map d: DT — A. In other words, a quasi-differential cor-
ing comes from a CDG-coring if and only if the counit map Dy /0_1D~; — A
can be extended to an A-A-bimodule map DY — A, where the A-A-bimodule
Dy /0-1D is embedded into the A-A-bimodule D}* by the map 9. In particu-
lar, the categories of quasi-differential corings and CDG-corings over a field A = k
(quasi-differential coalgebras and CDG-coalgebras over k) are naturally equivalent.

Let us first construct the inverse functor. Given a quasi-differential coring
(D~,0) and a map 0: DY — A as above, set D = D~ /im 9 and define d and
h by the formulas d(p) = 0(p(1))Pz) + (- )'plmfﬂp@)) and h(7) = 6(q1))é(q(2))
for p € D~ and ¢ € D7, Where the map ¢ is extended by zero to the components
D7 with ¢ # 1 and ¥ € D denotes the image of an element r € D~. To a map of
quasi-differential corings g: D~ — &~ endowed with maps dp: DY — A and
dg: €7 — B with the above property, compatible with a morphism of k-algebras
f: A — B, one assigns the morphism of CDG-corings (g, deg — fép), where
g: D — & denotes the induced morphism on the cokernels of the coderivations 0.

Conversely, to a CDG-coring (D, d, h) over a k-algebra A one assigns the
quasi-differential coring (D™, d) over A whose graded components are the A-A-bi-
modules D} = D; & D;_1, the coderivation J is given by the formula d(rp +
dq) = Op, and the comultiplication is given by the formula 7p + g — TP(1) ®
™(2) + (=D)P0l7d(pay) @ Bpga) + (—=1)P@Ih(p(1))dp(2) ® Ip(s) + D1y @ Tq(2) +
(—1)|q<1>|7'q(1) ® gq(z) (— )|q<1>|8d( ) ® 6q(2), Where ™+ 0q = (p,q) is a for-
mal notation for an element of @, (D; @ D,_1). To a morphism of CDG-corings
(g,a): D — &, the morphism of quasi—differential corings @,(D; & D) —
D, (€ © &;1) given by the formula 7p+dg — 79(p) + a(p(1))Ig(p(2)) + dg(q) is
assigned. For a quasi-differential coring (D™, 0) over a k-algebra A endowed with
amap 0: D) — A with the above property and the corresponding CDG-coring
(D, d, h), the natural morphism of quasi-differential corings D~ — @, (D;&D;_1)
over A is given by the formula p — 7p+ 6(p(1))5% for p € D~. This morphism
is an isomorphism, since the induced morphism of the cokernels of the coderiva-
tions 0 is an isomorphism.
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11.2.3 Let B be a graded k-algebra endowed with a derivation dg of degree 1
and D be a graded coring over B endowed with a coderivation dp with respect
to dp. Let T be a graded semialgebra over D. A homogeneous map dg: I — T of
degree 1 is called a semiderivation of T with respect to dp and dp if the biaction
map B ®; T ® B — T, the bicoaction map T — D ®p T ®p D, and the
semimultiplication map J Op I — T are morphisms in the category of graded
k-modules endowed with endomorphisms of degree 1. In this case, it follows that
the semiunit map D — T satisfies the same condition. In the particular case
when B and D are concentrated in degree 0 and dg = 0 = dp, the conditions
on the biaction and bicoaction map simply mean that dy is a D-D-bicomodule
morphism.

Let B be a DG-algebra over k and D be a DG-coring over B. A DG-semi-
algebra over D is a graded semialgebra over the graded coring D endowed with a
semiderivation dy with respect to dp and dp such that d2 = 0.

Let J be a DG-semialgebra over a DG-coring D. Then the cohomology H(T)
is endowed with a natural structure of graded semialgebra over the graded coring
H(D) provided that

(i) the natural maps from the tensor products of cohomology to the cohomology
of the tensor products are isomorphisms for the tensor products D ®p D,
DepDepD, DT, TopD, DopD®pT, T@pD@pD, DepITegD,
TeT, DT T, TopT oD, T@DRsT, DopTopDepT,
TepD@T @D, T@pT®@pT, TpD®T®pT, T@pIT@pDepT;

(ii) the multiple cotensor products H(JT) Og(py - - - Op(py H(T) are associative,
where the graded H(D)-H (D)-bicomodule structure on H(T) is well defined
in view of (i); and

(iii) the natural maps H(TOp T) — H(T)Ogpy) H(T), HD@pTOpT) —
H('D)@H(B)H(T)DH(@)H(T), H(TDDT(@B‘D) — H(T)DH('D)H(T)@H(B)
H(D), and H(T Op TOp T) — H(T) Op(py H(T) Op(py H(T), which are
well defined in view of (i) and (ii), are isomorphisms.

A map of DG-semialgebras 8§ — J compatible with a map of DG-corings
€ — D and a morphism of DG-algebras A — B induces a map of graded
semialgebras H(8) — H(J) compatible with the map of graded corings H(C) —
H(D) and the morphism of graded k-algebras H(A) — H(B) whenever both
DG-semialgebras 8 and T satisfy the above three conditions. Here a map 8§ — T
from a DG-semialgebra 8§ over a DG-coring € to a DG-semialgebra I over a
DG-coring D is called compatible with a map of DG-corings € — D and a
morphism of DG-algebras A — B if the map of graded semialgebras § — J is
compatible with the map of graded corings € — D and the morphism of graded
k-algebras A — B, and the maps 8§ — J and € — D are morphisms of
complexes.
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11.3 One-sided SemiTor

The only purpose of this section is to weaken certain (co)flatness assumptions as
far as possible. Let 8 be a semialgebra over a coring € over a k-algebra A. We will
consider two situations separately.

11.3.1 Assume that C is a flat right A-module and 8 is a coflat right C-comodule.

Consider the functor of semitensor product over 8 on the Cartesian product
of the homotopy category of complexes of C-coflat right 8-semimodules and the
homotopy category of complexes of left 8-semimodules. The semiderived category
of C-coflat right 8-semimodules is defined as the quotient category of the homotopy
category of C-coflat right 8-semimodules by the thick subcategory of complexes of
right 8-semimodules that as complexes of C-comodules are coacyclic with respect
to the exact category of coflat right C-comodules. A complex of left 8-semimod-
ules M* is called semifiat relative to C if the complex N* §g M* is acyclic for any
C-contractible complex of C-coflat right 8-semimodules N* (cf. 2.8).

The left derived functor SemiTor® on the Cartesian product of the semide-
rived category of C-coflat right 8-semimodules and the semiderived category of left
8-semimodules is defined by restricting the functor of semitensor product to the
Cartesian product of the homotopy category of C-coflat right 8-semimodules and
the homotopy category of complexes of left 8-semimodules semiflat relative to €, or
to the Cartesian product of the homotopy category of semiflat complexes of right
8S-semimodules and the homotopy category of left 8-semimodules. This definition
of a derived functor is a particular case of both Lemmas 2.7 and 6.5.2. If N*® is a
complex of C-coflat right 8-semimodules and M* is a complex of left 8-semimod-
ules, then the total complex of the bar bicomplex - -+ — N°* Qe 8O 8O M* —
N°® Oe 8Oe M*®* — N*®* Oe M®, constructed by taking infinite direct sums along
the diagonals, represents the object SemiTor® (M®, N*) in D(k-mod). When the
semiunit map € — 8 is injective and its cokernel is a flat right A-module (and
hence a coflat right G-comodule by Lemma 1.2.2), one can also use the reduced bar
bicomplex - -+ — N‘D@S/@D@S/@DQM. — N* DGS/GDG M*® — N°Oe M°.

In the case when 8 is a graded semialgebra one analogously defines the derived
functor SemiTorgr acting from the Cartesian product of the semiderived category
of C-coflat graded right 8-semimodules and the semiderived category of graded
left S-semimodules to the derived category of graded k-modules.

11.3.2 Assume that C is a flat right A-module, 8 is a flat right A-module and a
C/A-coflat left C-comodule, and the ring A has a finite weak homological dimen-
sion.

Consider the functor of semitensor product over 8 on the Cartesian product
of the homotopy category of complexes of A-flat right 8-semimodules and the ho-
motopy category of complexes of C/A-coflat left 8-semimodules. The semiderived
category of A-flat right 8-semimodules (€/A-coflat left 8-semimodules) is defined
as the quotient category of the homotopy category of A-flat right 8-semimodules
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(€/A-coflat left 8-semimodules) by the thick subcategory of complexes of 8-semi-
modules that as complexes of C-comodules are coacyclic with respect to the exact
category of A-flat right €-comodules (€/A-coflat left C-comodules). A complex of
C/A-coflat left 8-semimodules M?* is called semiflat relative to A if the complex
of k-modules N* O0g M*® is acyclic for any complex of right 8-semimodules N*
that as a complex of right C-comodules is coacyclic with respect to the exact cat-
egory of A-flat right C-comodules. A complex of A-flat right 8-semimodules N*
is called 8/C/A-semiflat if the complex of k-modules N* ¢g M* is acyclic for any
C-contractible complex of C/A-coflat left 8-semimodules M* (cf. 2.8).

The left derived functor SemiTor® on the Cartesian product of the semi-
derived category of A-flat right 8-semimodules and the semiderived category of
C/A-coflat left 8-semimodules is defined by restricting the functor of semitensor
product to the Cartesian product of the homotopy category of A-flat right S-semi-
modules and the homotopy category of complexes of €/A-coflat left 8-semimodules
semiflat relative to A, or to the Cartesian product of the homotopy category of
8/C/A-semiflat complexes of A-flat right 8-semimodules and the homotopy cat-
egory of C/A-coflat left S-semimodules. This definition of a derived functor is a
particular case of both Lemmas 2.7 and 6.5.2. If N*® is a complex of A-flat right
8S-semimodules and M?* is a complex of C/A-coflat left 8-semimodules, then the to-
tal complex of the bar bicomplex - - - — N°*Oe80e8HeM*® — N°*He8HeM*® —
N*® Oe M*, constructed by taking infinite direct sums along the diagonals, repre-
sents the object SemiTor® (M*®, N*) in D(k-mod). When the semiunit map € — 8
is injective and its cokernel is a flat right A-module (the cokernel is a €/A-coflat
left C-comodule by Lemma 1.2.2), one can also use the reduced bar bicomplex

. —N*® D@S/@DQS/GD@M. — N* DGS/GD@M. — N* Oe M°.

In the case when 8 is a graded semialgebra one analogously defines the derived
functor SemiTorgr acting from the Cartesian product of the semiderived category
of A-flat graded right 8-semimodules and the semiderived category of €/A-coflat
graded left 8-semimodules to the derived category of graded k-modules.

11.4 Koszul semialgebras and corings

11.4.1 Let 8 be a semialgebra over a coring € over a k-algebra A. Suppose that
8 is endowed with an augmentation, i.e., a morphism 8 — € of semialgebras
over C; let 8 be the kernel of this map. We will denote by Bar®(8, €) the reduced
bar complex

. —>S+DCS+DCS+ —>S+DGS+ —>S+ — C.

It can be also defined as the coring .-, SEG" over the k-algebra A (the “cotensor
coring” of the C-C-bicomodule 8) endowed with the unique grading such that the
component 8 is situated in degree —1 and the unique coderivation (with respect
to the zero derivation of A) of degree 1 whose component mapping 84 Oe 84+
to 84 is equal to the semimultiplication map 84 Oe 84+ — 84. So Bar®*(8,C)
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is a DG-coring over the k-algebra A considered as a DG-algebra concentrated in
degree 0.

Now let 8 be a graded semialgebra over a coring C over a k-algebra A, where
A and @ are considered as a graded k-algebra and a graded coring concentrated
in degree 0; assume additionally that 8 is concentrated in nonnegative degrees, C
is the component of degree 0 in 8, and the augmentation map 8 — C is simply
the projection of 8§ to its component of degree 0. In this case there is a graded
version Barg, (8, C) of the above bar complex, which is a bigraded object with the
grading denoted by upper indices coming from the cotensor powers of 8, and the
grading denoted by lower indices coming from the grading of 8 itself. Notice that
the component Bar’, (8, €) can be only nonzero when 0 < —i < n.

Let € and D be corings over a k-algebra A. Suppose that we are given two
maps 6 — D and D — C that are morphisms of corings over A such that
the composition € — D — C is the identity; let Dy be the cokernel of the
map € — D. Assume that the multiple cotensor products D Oe - - - O D, where
D is endowed with a C-C-bicomodule structure via the morphism D — C, are
associative. We will denote by Cob®(D, €) the reduced cobar complex

C— Dy — Dy0eDy — Dy 0D 0Dy — -+

It can be also defined as the semialgebra @, DE“” over the coring € (the
“cotensor semialgebra” of the C-C-bicomodule D) endowed with the unique grading
such that the component D is situated in degree 1 and the unique semiderivation
(with respect to de = 0 and d4 = 0) of degree 1 whose component mapping D to
D4 Oe Dy is equal to the comultiplication map Dy — D OeDy. So Cob* (D, C)
is a DG-semialgebra over the coring € over the k-algebra A, where A and C are
considered as a DG-algebra and a DG-coring concentrated in degree 0.

Now let D be a graded coring over a k-algebra A considered as a graded
k-algebra concentrated in degree 0 and € be a coring over A; assume additionally
that D is concentrated in nonnegative degrees, € is the component of degree 0
in D, and the maps € — D and D — € are simply the embedding of and the
projection to the component of degree 0. In this case there is a graded version
Cobg, (D, €) of the above cobar complex, which is a bigraded object with the
grading denoted by upper indices coming from the cotensor powers of D and
the grading denoted by lower indices coming from the grading of D itself. Notice
that the component Cob!,(D, €) can be only nonzero when 0 < i < n.

11.4.2 Let C be a coring over a k-algebra A. Assume that C is a flat right A-mod-
ule. A graded semialgebra 8 over C is called right coflat Koszul if

(i) 8 is nonnegatively graded and the semiunit homomorphism is an isomorphism
C~ So;
(ii) the components §; are flat right A-modules;
(iii) the cohomology H, Barg, (8, €) are only nonzero on the diagonal —i = n; and
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(iv) whenever the component Bar} (8, C) is a complex of A-flat right C-comod-
ules, so the diagonal cohomology H, " Barg.(8,€) can be endowed with a
right C-comodule structure as the kernel of a morphism in the category of
right C-comodules, it is a coflat right C-comodule.

When the ring A has a finite weak homological dimension, there is an analo-
gous definition of a right flat and left relatively coflat Koszul semialgebra 8 over C.
One imposes the same conditions (i-iii) and replaces (iv) with the condition

(iv') the diagonal cohomology H, ™ Barg, (8, €) is a €/A-coflat left C-comodule for
all n.

A graded coring D over the k-algebra A endowed with a morphism D — C
of corings over A is called a right coflat Koszul coring over @ if

(i) D is nonnegatively graded and the morphism D — € vanishes on the com-
ponents of positive degree in D and induces an isomorphism Dy ~ C;

(ii) whenever a component D,, is a flat right A-module, it is a coflat right C-co-
module;

(iii) whenever all the multiple cotensor products entering into the construction of
the component Cob;, (D, €) are associative, so this component is well defined,
the cohomology H® Cob! (D, €) is only nonzero on the diagonal i = n; and

(iv) in the assumptions of (iii), the diagonal cohomology H™ Cob;, (D, €) is a flat
right A-module.

When the ring A has a finite weak homological dimension, there is an analo-
gous definition of a right flat and left relatively coflat Koszul coring D over €. One
imposes the same conditions (i-i), (iv), and replaces (iii) with the condition

(iil’) the component D, is a €/A-coflat left C-comodule for all n.

11.4.3 The objects of the category of right coflat Koszul semialgebras are right
coflat Koszul semialgebras 8 over corings € over k-algebras A such that € is a flat
right A-module. Morphisms are maps of graded semialgebras § — 8’ compatible
with maps of corings € — €’ and morphisms of k-algebras A — A’. Impos-
ing the additional assumption that A has a finite weak homological dimension,
one analogously defines the category of right flat and left relatively coflat Koszul
semialgebras.

The objects of the category of right coflat Koszul corings are right coflat
Koszul corings D over corings C over k-algebras A such that C is a flat right
A-module. Morphisms are maps of graded corings D — D’ compatible with
morphisms of k-algebras A — A’. Imposing the additional assumption that A
has a finite weak homological dimension, one analogously defines the category of
right flat and left relatively Koszul corings.

Theorem. The category of right coflat Koszul semialgebras is equivalent to the
category of right coflat Koszul corings. Analogously, the category of right flat and
left relatively coflat Koszul semialgebras is equivalent to the category of right flat
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and left relatively coflat Koszul corings. In both cases, the mutually inverse equiv-
alences are provided by the functor assigning to a Koszul semialgebra 8 the coring
of cohomology of the graded DG-coring Barg,(8,C) and the functor assigning to
a Koszul coring D the semialgebra of cohomology of the graded DG-semialgebra
Cobg, (D, C).

Proof. The assertions of the theorem follow from Propositions 1 and 2 below.
To check the conditions of 11.2 needed for the coring of cohomology and the
semialgebra of cohomology to be defined, use Lemma 1.2.2 and Proposition 1.2.5.

|

Let € be a coring over a k-algebra A.

Proposition 1.

(a) Assume that C is a flat right A-module. Then a graded semialgebra 8 over
C is right coflat Koszul if and only if

(i) 8 is nonnegatively graded and the semiunit map is an isomorphism
C~ So;

(ii) for any n = 1 the natural map from the quotient k-module of the coten-
sor power 81':’@" by the sum of the kernels of its maps to cotensor prod-
ucts 8¢ 0 8,0 8T 71 i =1,...,n—1, to the component S,
s an isomorphism;

(iii) the lattice of submodules of the k-module 8?6" generated by these n—1
kernels is distributive;

(iv) all the quotient modules of embedded submodules belonging to the men-
tioned lattice are flat right A-modules in their natural right A-module
structures; and

(v) all the quotient modules of embedded submodules belonging to this lattice
are coflat right C-comodules in their right C-comodule structures that
are well defined in view of (iv).

(b) Assume that C is a flat right A-module and A has a finite weak homological
dimension. Then a graded semialgebra 8 over C is right flat and left relatively
coflat Koszul if and only if it satisfies the conditions (i-iv) of (a) and the
condition

(v') all the quotient modules of embedded submodules belonging to the lattice
under consideration are C/A-coflat left C-comodules in their natural left
C-comodule structures.

Proposition 2.

(a) Assume that C is a flat right A-module. Then a graded coring D endowed
with a morphism D — € of corings over A is a right coflat Koszul coring
over C if and only if
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(i)

D is nonpositively graded and the morphism D — C wvanishes on

the components of positive degrees in D and induces an isomorphism
DO ~ G;

(ii) for any n > 1 the natural map from the component D,, to the intersec-

tion of images of the maps from cotensor products fDlDCFl Oe Do Oe
pHen=i=l "y —1 ..., n—1, to the cotensor power DY™ is an isomor-
phism;

the lattice of submodules of the k-module Dlmen generated by these n—1
1mmages is distributive;

all the quotient modules of the embedded submodules belonging to the
mentioned lattice are flat right A-modules in their natural right A-mod-
ule structures; and

all the quotient modules of embedded submodules belonging to this lattice
are coflat right C-comodules in their right C-comodule structures that are
well defined in view of (iv).

(b) Assume that C is a flat right A-module and A has a finite weak homological
dimension. Then a graded coring D endowed with a morphism D — C of
corings over A is a right flat and left relatively coflat Koszul coring over ©
if and only if it satisfies the conditions (i-iv) of (a) and the condition

(v')

all the quotient modules of embedded submodules belonging to the lattice
under consideration are C/A-coflat left C-comodules in their natural left
C-comodule structures.

Proof of Propositions 1 and 2. Both propositions follow by induction in the inter-
nal degree n from Lemma 1.2.2, Proposition 1.2.5, and the next Lemma 1 (parts
(a)<=(c), (a)<=(c*)), and the final assertion) and Lemma 2. O

Lemma 1. Let W be a k-module and X;,...,X,—1 C W be a collection of sub-
modules such that any proper subset X1,..., Xk, ..., Xn—1 generates a distributive
lattice of submodules in W. Then the following conditions are equivalent:

(a) the collection of submodules X1, ..., X,—1 generates a distributive lattice of
submodules in W ;

(b) the following complex of k-modules K¢(W; X1, ..., X,_1) is exact

00— XiN---NX,—1 —XonN---NX,_1 —>X3ﬂ~~~ﬂXn,1/X1—>

-1 .
_)"ﬂ XS/ZZ;iXt%—}

s=i+1

Xp1/(X1 4+ Xp3) — W/( X1+ + Xp2)

WXyt Xg) — 0,

where we denote Y/Z =Y/Y NZ;
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(c) the following complex of k-modules Be(W; X1,...,Xpn—1)

W — @t W/X, — - — @t1<...<tn_i WSl X, —
i VV/Z:9 X, —0

is exact everywhere except for the leftmost term;
(c*) the following complex of k-modules B*(W; X1,...,Xn—1)

0—>ﬂsXS—>~~~—>®t1<m<t ﬂ?;{th—>—>®tXt—>W

is exact everywhere except for the rightmost term.

Besides, the complex in (c) is always exact at its two rightmost nontrivial terms,
and the complex in (c*) is always exact at its two leftmost nontrivial terms.

Proof. See the proof of [75, Proposition 7.2 of Chapter 1]. O
Assume that the coring € is a flat right A-module.

Lemma 2. Let W be a k-module and X;,...,X,—1 C W be a collection of sub-
modules generating a distributive lattice of submodules in W.

(a) Suppose that W is a right A-module and X, are its A-submodules. Then all
the subquotient modules in the lattice of submodules generated by X, are flat
right A-modules if and only if for any 1 < t;1 < -+ < ty_1 < n — 1 the
quotient module W/(Xy, + -+ + Xt,,_,) s a flat right A-module.

(b) Suppose that W is a left C-comodule and X are its C-subcomodules. Then
all the subquotient modules in the lattice of submodules generated by X, are
C/A-coflat left C-comodules if and only if for any 1 < t1 < -+ <tp_1 <n—1
the submodule Xy, N---N X, is a C/A-coflat left C-comodule.

(¢) Suppose that W is a right C-comodule and X, are its C-subcomodules such
that all the subquotient modules in the lattice of submodules generated by X
are flat right A-modules. Then all these subquotient modules are coflat right
C-comodules if and only if for any 1 <t1 < -+ < tym—1 < n—1 the submodule
X, N---NXy,  , is a coflat right C-comodule.

m—1

Proof. Part (a): proceed by induction in n. Since the lattice is distributive, any sub-
quotient module can be presented as an iterated extension of subquotient modules
of the form (), ; X;/ ;s X;N2 ;¢ Xis where J C {1,...,n—1}. Whenever the
inclusion J C {1,...,n — 1} is proper, this subquotient module can be presented
as an element of a smaller lattice generated by the submodules X;/X; N34 ; X;
in the quotient module W/ Zi¢ ; X;. It follows from the induction hypothesis that
all the submodules belonging to this smaller lattice are flat right A-modules. It
remains to show that the submodule X;N---NX,,_1 is a flat right A-module. But
the latter submodule is the only nonzero cohomology module at the leftmost term
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of the complex of flat right A-modules B,(W;X1,..., X,_1) from Lemma 1(c).
The proofs of parts (b) and (c) are completely analogous, except for the use of
Lemma 1.2.2. (See also [75, Proposition 7.1 of Chapter 6].) O

A right coflat (right flat and left relatively coflat) Koszul semialgebra and
a right coflat (right flat and left relatively coflat) Koszul coring corresponding to
each other under the equivalence of categories from the above theorem are called
quadratic dual to each other.

11.4.4 Let 8 be a right coflat (right flat and left relatively coflat) Koszul semial-
gebra over a coring € and D be the right coflat (right flat and left relatively coflat)
Koszul coring over € quadratic dual to 8. Then on the cotensor products 8 Oe¢ D
and D Oe 8 there are structures of graded complexes whose differentials are the
compositions

Si De Dj — S,’ D@ Dl D@ Dj—l ~ SZ De 81 D@ Dj—l — Si+1 De Dj—l

of the maps induced by the comultiplication in D and the maps induced by the
semimultiplication in 8 (and analogously for D Oe 8). These complexes are called
the Koszul compleres of the semialgebra 8 and the coring D. All the grading
components of the Koszul complexes with respect to the grading i + j, except the
component of degree i + j = 0, are acyclic. This follows from Lemma 11.4.3.1
((a)=(b)).

Note added in proof. After this manuscript had been prepared the author learned
that the Koszul property essentially does not depend on the basic (co)ring. In
particular, a graded coring D = C@® D1 @ Do @ - - - is right coflat (right flat and
left relatively coflat) Koszul over a coring € over A if and only if the graded coring
A®D; ®Ds@--- has the same property over the ring A considered as a coring
over itself, provided that D; are coflat right C-comodules whenever they are flat
right A-modules (D; are C/A-coflat left C-comodules), and C and A satisfy the
appropriate flatness and homological dimension assumptions above. Analogously,
assuming that € = A, a graded (semi)algebra 8 = AG8; ®82@P - - - is right (co)flat
Koszul over A if and only if the graded (semi)algebra k & 81 @ 83 @ - - - is right
(co)flat Koszul over k, provided that 8; are flat right A-modules and flat right
k-modules for ¢ > 1. One can prove this using the characterizations of Koszulity
in terms of distributive lattices given in Propositions 1-2 and the results of [75,
Section 6 of Chapter 1].

11.5 Central element theorem

Let € be a coring over a k-algebra A. Assume that C is a flat right A-module.

A right coflat increasing filtration F on a semialgebra 8™ over a coring € is
a family of C-C-bicomodules F,, 8~ endowed with injective morphisms of C-C-bico-
modules F,, 18~ — F,8" and an isomorphism of C-C-bicomodules lii>nFnS~ ~
8™ such that
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(i) ;8™ =0for i <0, Fy8™ = C, and the map Fy8~ — 8" is the semiunit
map;
(i) the compositions F;8~ O¢ F;8" — 8 0e 8 — 8 of the maps induced by
the injections F,,8~ — 8 and the semimultiplication map factorize through
Fi ;87
(iii) the successive quotients F,,8~ /F,_18" are flat right A-modules; and

(iv) the filtration components F,, 8™ are coflat right C-comodules (then the suc-
cessive quotients are also coflat right €-comodules).

Assuming that A has a finite weak homological dimension, one analogously de-
fines right flat and left relatively coflat increasing filtrations by replacing the con-
dition (iv) with the condition

(iv') the filtration components F,, 8" are €/A-coflat left C-comodules (then the
successive quotients are also C/A-coflat left C-comodules).

Theorem. Let 8™ be a semialgebra over a coring C endowed with a right coflat
(right flat and left relatively coflat) increasing filtration F. Then the graded semi-
algebra T = @, F,8" over the coring € is right coflat (right flat and left relatively
coflat) Koszul if and only if the graded semialgebra 8 = @, F,8" /F,_18" over
the coring C is right coflat (right flat and left relatively coflat) Koszul.

Proof. Consider the reduced bar resolution - - - — I 0T 10T — T 0T —
T of the right J-semimodule € and denote by X* its semitensor product

. —>7+DG‘J"+DGS—>‘J’+D@S—>S

with the left F-semimodule 8. Denote by Y* the two-term complex of graded right
S-semimodules J1 — 8¢ ¢ 81, where J7 is endowed with a right S-semimod-
ule structure via the augmentation of 8§ and 8y @ 81 is the quotient semimodule
8/ D, 8n; the components of the differential in this complex are the zero map
J1 — 8¢ and the projection T3 — 8;. There is a natural morphism of complexes
of graded right 8-semimodules X* — Y* whose components are the projections
T,08 —T10e8 ~T; and 8 — 8§y @ 8;.

All the three complexes X°, Y°*, and ker(X* — Y*) are complexes of C-coflat
right 8-semimodules (A-flat right 8-semimodules). Let us show that the complex
ker(X* — Y°) is is coacyclic with respect to the exact category of coflat graded
right C-comodules (A-flat right C-comodules). Indeed, denote by Z* the kernel of
the map from the reduced bar resolution of the right J-semimodule € (written
down above) to € itself. The complex of graded T-semimodules Z° has a natural
endomorphism z of internal degree 1 and cohomological degree 0 induced by
the endomorphism of the reduced bar resolution acting by the identity on the
cotensor factors I, and by the natural injections J,,_; — T, on the cotensor
factors J. Since Z°® is a contractible complex of coflat graded right C-comodules
(A-flat right C-comodules), the endomorphism z is injective, and its cokernel is
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a complex of coflat right C-comodules (A-flat right C-comodules), this cokernel
is coacyclic with respect to the exact category of coflat graded right C-comodules
(A-flat right C-comodules). Now the kernel ker(X*®* — Y°*) is isomorphic as a
complex of right C-comodules to the kernel of a surjective morphism from coker(z)
to the contractible two-term complex of coflat right C-comodules (A-flat right
C-comodules) I — T7.

Since the semitensor product X* Os € is isomorphic to Barg (T, €), it

represents the object SemlTor (G, €) in the derived category of graded k-modules
(see 11.3). On the other hand since X* is a bounded from above complex whose
terms considered as one-term complexes are semiflat complexes of graded right
S-semimodules (8/C/A-semiflat complexes of graded right 8-semimodules), X*
is a semiflat complex of graded right 8-semimodules (8/C/A-semiflat complex of
graded right 8-semimodules). The cone of the morphism X* — Y* is coacyclic
with respect to the exact category of coflat graded right C-comodules (A-flat
graded right C-comodules), so the semitensor product X* (s C represents also the
object SemiTor;(‘d', C) in the derived category of graded k-modules.

In the semiderived category of graded C-coflat (A-flat) right S-semimodules
there is a distinguished triangle C(—1)[1] — Y* — € — C(—1)[2] (where the
number in round brackets denotes the shift of internal grading M (1), = M,41).
It follows from the induced long exact sequence of cohomology of the objects
SemlTorgr( , €) by induction in the internal degree that Barg, (8, €) has nonzero
cohomology on the diagonal —i = n only if and only if Barg (T, €) has nonzero
cohomology on the diagonal —i = n only. Assume that this 1s so; then there are
short exact sequences

0 — H, ”HBar +(8,€) —— H, " Barg, (T,€) —— H, " Barg,(8,C) — 0.

Furthermore, the diagonal cohomology H,™ Barg (T, €C) and H, " Barg, (8, C) are
flat right A-modules by Lemma 11.4.3. 2( ), and so are endowed Wlth C-C-bico-
module structures. The maps H, " Barg, (T,C) — H,_ " Barg (8, C) in the short
exact sequences above are induced by the morphism of semlalgebras J — 8,
hence they are morphisms of C-C-bicomodules.

Let us describe the compositions

H, " Barg, (T,€) —— H, " Barg, (8, G)—>Hn_f11Bar (T,0),

which will be denoted by 9,. Let t: € — J; be the natural injection. Consider
the endomorphism Oy of internal degree 1 and cohomological degree —1 of the
complex of graded right 8-semimodules X*® that is defined by the following formu-
las: the component 8 maps to I Oe 8 by tOid, the component I Oe 8 maps to
T,+0eT+0e8 by tOidOid —id Ot Oid, etc. Consider also the endomorphism Oy
of internal degree 1 and cohomological degree —1 of the complex of graded right
S-semimodules Y mapping 8¢ & 8; to T1 by the composition of the projection
8y @& 81 — C and the embedding ¢. Then the endomorphisms dx and Jdy form a
commutative diagram with the morphism X* — Y°.
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Since the endomorphism Oy represents in the semiderived category of C-coflat
(A-flat) graded 8-semimodules the composition of morphisms Y* —C—Y*(1)[—1]
from the distinguished triangle above, the desired maps 0, are induced by
the endomorphism OJpa, of the bar complex Barg (T,C) = X* Qs € that is
induced by the endomorphism Jx of the complex X°®. The endomorphism
OBar maps the component € to J4 by ¢, the component I, to T Oe T4 by
t Oe id —idOet, etc. Since dgar is an endomorphism of complexes of C-C-bi-
comodules, 0, are also endomorphisms of CG-C-bicomodules. Hence the maps
H " Barg, (8,€) — H, " Barg,(J,€) in the short exact sequences above
are morphisms of C-C-bicomodules. Now it follows easily by induction using
Lemma 1.2.2 that all H," Barg (T,C) are coflat right C-comodules (€/A-coflat
left C-comodules) if and only if all H, " Barg, (8, C) are coflat right C-comodules
(€/A-coflat left C-comodules). O

A semialgebra 8™ over a coring € endowed with a right coflat (right flat
and left relatively coflat) increasing filtration F' is called a right coflat (right flat
and left relatively coflat) nonhomogeneous Koszul semialgebra over C if the equiv-
alent conditions of Theorem 11.5 are satisfied for it, i.e., the graded semialgebras
@D, F.8" and @, F,8" /F,_18" are right coflat (right flat and left relatively
coflat) Koszul semialgebras over C.

11.6 Poincaré-Birkhoff-Witt theorem

Let C be a coring over a k-algebra A; assume that C is a flat right A-module. A
quasi-differential coring D™~ over A concentrated in the nonnegative degrees and
endowed with an isomorphism € ~ Df is called right coflat (right flat and left
relatively coflat) Koszul over € if the graded coring D™~ /im0 is right coflat (right
flat and left relatively coflat) Koszul over C.

Lemma. Let I be a right coflat (right flat and left relatively coflat) Koszul semial-
gebra over C and & be the quadratic dual right coflat (right flat and left relatively
coflat) Koszul coring over C. Then a C-C-bicomodule morphism C — Ty ~ &;
can be extended to a graded T-T-bisemimodule morphism T — T of degree 1
(i.e., represents a “central element” of ) if and only if it can be extended to a
coderivation € — & of degree 1 of the coring & (with respect to the zero coderiva-
tion of A). Both the T-T-bisemimodule morphism and the coderivation of & with
the given component € — Ty ~ &y are unique if they exist; the coderivation
always has a zero square.

Proof. Both conditions hold if and only if the difference of the two maps
7128[‘@71—?71\:‘@71 and 71271\:‘@8—>71D871
induced by our map € — J factorizes through the injection

82—>815@812T1[|@71. O



11.6. Poincaré—Birkhoffl-Witt theorem 209

The objects of the category of right coflat nonhomogeneous Koszul semial-
gebras are right coflat nonhomogeneous Koszul semialgebras (87, F') over corings
C over k-algebras A such that C is a flat right A-module. Morphisms are maps
of semialgebras 8~ — 8™’ compatible with maps of corings @ — €’ and mor-
phisms of k-algebras A — A’ which map the filtration components F,, 8" into
the filtration components F’'8~’. Imposing the additional assumption that A has
a finite weak homological dimension, one analogously defines the category of right
flat and left relatively coflat nonhomogeneous Koszul semialgebras.

The objects of the category of right coflat Koszul quasi-differential corings
are right coflat Koszul quasi-differential corings D~ over corings C over k-algebras
A such that € is a flat right A-module. Morphisms are maps of graded corings
D~ — D~ compatible with morphisms of k-algebras A — A’ and making a
commutative diagram with the coderivations & and ¢’. Imposing the additional
assumption that A has finite weak homological dimension, one analogously defines
the category of right flat and left relatively coflat Koszul quasi-differential corings.

Theorem. The category of right coflat (right flat and left relatively coflat) nonho-
mogeneous Koszul semialgebras is equivalent to the category of right coflat (right
flat and left relatively coflat) Koszul quasi-differential corings. If a filtered semial-
gebra 8~ over a coring C and a quasi-differential coring D™~ correspond to each
other under this duality, then the graded semialgebra T = @@,, F,,8" and the graded
coring D~ are quadratic dual right coflat (right flat and left relatively coflat) Koszul
semialgebra and coring over C; the graded semialgebra 8 = @, F,87 /F,_18"
and the graded coring D = D~ /im0 are quadratic dual right coflat (right flat
and left relatively coflat) Koszul semialgebra and coring over C; the related iso-
morphisms F18~ ~ DY and F18" /Fy8~ ~ Dy /0Dy are compatible with each
other; and the injection Fo8~ —— F18™ corresponds to the coderivation compo-
nent 0y: Dy — DY under the isomorphisms Fy8~ ~ C ~ Dy and 18~ ~ DY

Proof. 1t follows from the lemma that the category of right coflat (right flat and
left relatively coflat) Koszul semialgebras J endowed with a J-JT-bisemimodule
morphism J — T of degree 1 is equivalent to the category of right coflat (right
flat and left relatively coflat) Koszul corings € endowed with a coderivation of
degree 1. It remains to prove that semialgebras I with maps I — J of degree 1
coming from right coflat (right flat and left relatively coflat) nonhomogeneous
Koszul semialgebras 8™ correspond under this equivalence to right coflat (right
flat and left relatively coflat) Koszul quasi-differential corings D~ = € and vice
versa. Besides, we will have to show that whenever for a quasi-differential coring
D~ the graded coring D~ /imd is a right coflat (left relatively coflat) Koszul
coring over a coring C, the graded coring D™ is also a right coflat (left flat and
right relatively coflat) Koszul coring over C.

According to the proof of Theorem 11.5, for any right coflat (right flat and
left relatively coflat) nonhomogeneous Koszul semialgebra 8™ there is a right coflat
(right flat and left relatively coflat) Koszul quasi-differential coring D™~. Indeed,
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set D~ = P, H, " Barg,(T,C), where T = P, F,8"; then the endomorphism
0 of the G-C-bicomodule D~ induced by the endomorphism dg,, of the reduced
bar construction Barg, (T, €) is a coderivation of degree 1 (with respect to the
zero coderivation of A) and its restriction to D§ coincides with the injection
Dy ~ Tog — T ~ D7 It also follows from this proof that the right coflat
(right flat and left relatively coflat) Koszul semialgebra 8 = @ F,,8"/F,,—18" is
quadratic dual to the coring D = D~ /im 9, which is therefore right coflat (right
flat and left relatively coflat) Koszul over C.

Let us now construct the nonhomogeneous Koszul semialgebra corresponding
to a right coflat (right coflat and left relatively coflat) Koszul quasi-differential
coring D™~ over a coring €. Set D = D~/im 9. Consider the bigraded coring X
over the k-algebra A (which is considered as a bigraded k-algebra concentrated
in the bidegree (0,0)) with the components X4 = Dy for p < 0, ¢ < 0 and
XP9 = 0 otherwise. The coring X considered as a graded coring in the total
grading p + ¢ has a coderivation dx (with respect to the zero coderivation of A)
mapping the component X7 to XP9*! by 9,_,; one has 8§< = 0. There is a
morphism of bigraded corings X — D inducing an isomorphism of the corings
of cohomology, where the coring D is placed in the bigrading DP® = D_,, and
endowed with the zero differential.

Denote by K, the cokernel of the injection € ~ X%0 — XK. Let R =
@fio IKECT be the “cotensor semialgebra” of the bigraded C-C-bicomodule K. By
the definition, R is a trigraded semialgebra over the coring € (which is considered
as a trigraded coring concentrated in the tridegree (0,0,0)) with the gradings p
and ¢ inherited from the bigrading of K, and the additional grading r by the
number of cotensor factors. We will consider R as a graded semialgebra in the
total grading p + g + r. The semialgebra R is endowed with three semiderivations
(with respect to the zero derivation of the coring €) of total degree 1, which we
will now introduce.

Let Ox be the only semiderivation of R which preserves Xy C R (embedded
as the part of degree r = 1) and whose restriction to X is equal to —0x. Let dx
be the only semiderivation of R which maps X to K4 Oe K4 by the composition
of the comultiplication map K; — K, Oe K1 and the sign automorphism of
K, Oe K4 acting on the component KP4 Oe KP'+4" as (—1)p'+q'. Finally, let éx
be the only semiderivation of R whose restriction to X is the identity map of the
component X~ ~ € to the semiunit component R*%0 — @ and zero on all the
remaining components of K. All the three differentials are constructed so that
they satisfy the super-Leibniz rule in the parity p + ¢ + r. The semiderivations
Ox, dw, and dx have tridegrees (0,1,0), (0,0,1), and (1,1, —1), respectively, in
the trigrading (p, g, 7). All the three semiderivations have zero squares, and they
pairwise anti-commute.

There is a right coflat (right flat and left relatively coflat) increasing filtration
F on the graded semialgebra R whose component F,R is the direct sum of all
trigrading components RP?" with —p < n. This filtration is compatible with the
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differentials Ox, dx,and dx; the semialgebra @, F;, R/ F,,_1 R with the differential
induced by Ox + dg + dx is naturally isomorphic to the semialgebra R with the
differential dg + dx.

Consider the following sign-modified version of the cobar construction
Cob(D, €). Define 'Cob(D,C) as the “tensor semialgebra” O, DT¢" of the
C-C-bicomodule D and endow it with the grading p coming from the grading
DP = D_, of D, and the grading r by the number of cotensor factors. We will
consider ‘Cob(D, €) as a graded semialgebra over € in the total grading p + r.
Let df,, be the only coderivation of ‘Cob(D, €) which maps D, C 'Cob(D, €) to
D, Oe D4 by the composition of the comultiplication map D, — Dy Oe D4
and the sign automorphism of Dy Oe D, acting on the component Dr Oe D’
as (—1)?". Then one has d,, = 0. Notice that the differential dj,., satisfies the
super-Leibniz rule in the parity p + r, while the differential dco, of the cobar
construction Cobg, (D, €) satisfies the super-Leibniz rule in the parity r. The
automorphism of @, DEGT acting on the component DP Oe - - - Oe DPr by minus
one to the power >\ _ ps(ps +1)/2 + D 1<sctcr Ps(pe + 1) transforms degop, to
dgy,» SO the semialgebras of cohomology of the DG-semialgebras ‘Cob(D, €) and
Cobg, (D, €) are naturally isomorphic in the Koszul case.

Consider the morphism of DG-semialgebras (R, 0r +dx) — ('Cob(D,C), d¢,},)
induced by the morphism of corings X — D. This morphism of DG-semialgebras
induces an isomorphism of the semialgebras of cohomology. Indeed, the compo-
nents of fixed grading p of the DG-semialgebra (R, O + dx) are the total com-
ponents of finite bicomplexes whose components of fixed grading r are multiple
cotensor products of components of fixed grading p of the DG-coring X, and the
natural maps from these multiple cotensor products to the corresponding multiple
cotensor products of components of the coring D are quasi-isomorphisms. Hence
HY, (4. (R) ~8 and Hj . (R) =0 for i # 0, where 8 denotes the right coflat
(right flat and left relatively coflat) Koszul semialgebra quadratic dual to D. Anal-
ogously, the morphism of DG-semialgebras (R, Ox + dr) — ('Cob(D, €), d¢,)
induces quasi-isomorphisms of the tensor and cotensor products related to these
DG-semialgebras that were listed in (i) and (iii) of 11.2.3.

The associated graded quotient complexes to the tensor and cotensor prod-
uct of the DG-semialgebra (R, Ox + dr + dx) listed in (i) and (iii) of 11.2.3
with respect to the filtrations induced by the filtration F' are naturally isomor-
phic to the corresponding tensor and cotensor products of the DG-semialgebra
(R, Or + dx). Therefore, the associated graded modules of the cohomology of
these tensor and cotensor products of the DG-semialgebra (R, dx + dg + dx) are
isomorphic to the cohomology of the corresponding tensor and cotensor products
of the DG-semialgebra (R, dx +dx). In particular, set 8~ = H_ ;s (R); then
8™ is endowed with an increasing filtration F' such that @, F,87/F,_18~ ~ 8,
while H) ;s (R) = 0 for i # 0. Since 8 is a coflat right €-comodule (a flat
right A-module and a €/A-coflat left C-comodule), the associated graded quotient
modules to the tensor and cotensor products under consideration of the cohomol-
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ogy module 8™ are isomorphic to the corresponding tensor and cotensor products
of 8. Thus 87 is a semialgebra over € and F is its right coflat (right flat and left
relatively coflat) increasing filtration.

Since the semialgebra 8 is right coflat (right flat and left relatively coflat)
Koszul, so is the semialgebra T = @, F,8~. Let D™’ be the right coflat (right
flat and left relatively coflat) coring quadratic dual to J; then D~ is endowed
with a coderivation 9’, making it a right coflat (right flat and left relatively coflat)
Koszul quasi-differential coring, as we have already proven. Moreover, the cok-
ernel D’ of the coderivation @ is quadratic dual to 8, hence there is a natural
isomorphism of graded corings D ~ D’. Furthermore, the embedding of the com-
ponent DY = R_; 01 — R induces an isomorphism D} ~ F18™. The compo-
sition Dy — DY Oe DY ~ FA8™ Ue F18™ — F38" of the comultiplication
and semimultiplication maps vanishes, so there is a natural morphism of graded
corings D~ — D~'. Since the embedding Fy8~ — F18~ corresponds to the
map Jp: Dy — D7’ under the isomorphisms Fy8™~ ~ € ~ D§ and F18"~ ~ DY,
the morphism D~ — D™’ forms a commutative diagram with the differentials
9 in D~ and & in D~'. The induced morphism D~/imd — D~'/imd’ coin-
cides with the natural isomorphism D — D’ on the components of degree 1, and
consequently on the other components as well. Hence the morphism of corings
D~ — D~ is also an isomorphism. Thus the coring D™ is right coflat (right flat
and left relatively coflat) Koszul over €, and the semialgebra I quadratic dual to
it together with its J-J-bicomodule endomorphism of degree 1 comes from the
right coflat (right flat and left relatively coflat) nonhomogeneous Koszul semial-
gebra 87. (]

A right coflat (right flat and left relatively coflat) nonhomogeneous Koszul
semialgebra and a right coflat (right flat and left relatively coflat) Koszul quasi-
differential coring corresponding to each other under the equivalence of categories
from Theorem 11.6 are called nonhomogeneous quadratic dual to each other.

All the definitions and results of 11.4-11.6 have their obvious analogues for
the coflatness conditions replaced with coprojectivity ones. So, when € is a pro-
jective left A-module one can speak of left coprojective Koszul semialgebras and
corings. When C is a flat right A-module and A has a finite left homological dimen-
sion, one can define right flat and left relatively projective Koszul semialgebras
and corings. When € is a projective left A-module and A has a finite left homolog-
ical dimension, one can consider left projective and right relatively coflat Koszul
semialgebras and corings. Of course, when C is a flat left A-module, one can define
left coflat Koszul semialgebras and corings, etc.

Remark. All the results of 11.4-11.6 have their analogues for semimodules and
semicontramodules over semialgebras, comodules and contramodules over corings.
In particular, for any right coflat Koszul semialgebra 8 and the right coflat Koszul
coring D quadratic dual to 8 there is a natural equivalence between the categories
of Koszul left 8-semimodules and Koszul left D-comodules given by the functors
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of cohomology of the reduced bar and cobar constructions with coefficients in the
semimodules and comodules. No (co)flatness conditions need to be imposed on the
semimodules and comodules in this setting. For any left coprojective Koszul semi-
algebra 8 and the left coprojective Koszul coring D quadratic dual to 8 there is an
equivalence between the categories of Koszul left 8-semicontramodules and Koszul
left D-contramodules (which are nonpositively graded). For any right flat and left
relatively coflat Koszul semialgebra 8§ and the right flat and left relatively coflat
Koszul coring D quadratic dual to 8 there is an equivalence between the categories
of A-flat Koszul right 8-semimodules and A-flat Koszul right D-comodules, etc.
Furthermore, for a right coflat nonhomogeneous Koszul semialgebra 8™ and a left
semimodule M"™ over 8™ endowed with an increasing filtration F' compatible with
the filtration of 87, the semimodule @,, F,, M™ is Koszul over the semialgebra
@,, F.8" if and only if the semimodule @, F,,M"~ /F,,_iM" is Koszul over the
semialgebra @,, F,8" /F,_18". A filtered semimodule M" satisfying these con-
ditions can be called a nonhomogeneous Koszul semimodule over 8. The Koszul
D-comodule quadratic dual to the second of these graded semimodules is naturally
isomorphic to the Koszul D~-comodule quadratic dual to the first semimodule
with the induced D-comodule structure. A Koszul quasi-differential left D™~-co-
module is a graded left D™~-comodule that is Koszul as a D-comodule; then it is also
Koszul as a D~-comodule. There is a natural equivalence between the categories
of nonhomogeneous Koszul left semimodules over 8~ and Koszul quasi-differential
comodules over D~. When 87 is a left coprojective nonhomogeneous Koszul semi-
algebra, there is an analogous equivalence of categories of nonhomogeneous Koszul
left semicontramodules over 8™ and Koszul quasi-differential contramodules over
D~ (where nonhomogeneous Koszul semicontramodules are semicontramodules
endowed with complete decreasing filtrations).

11.7 Quasi-differential comodules and contramodules

11.7.1 Let (D~,0) be a quasi-differential coring over a k-algebra A; set D =
D~ /im d. Assume that D is a flat graded right A-module.

A quasi-differential left comodule over D™ is just a graded left D™~-comod-
ule (without any differential). The DG-category of quasi-differential left D™~-co-
modules DG(D™~-qcmd) is defined as follows. The objects of DG(D™~-qcmd) are
quasi-differential left D~-comodules. Let us construct the complex of morphisms
in the category DG(D™~-qcmd) between quasi-differential left D™~-comodules £ and
M, denoted by Hom%, (£, M). The component Hom', (£, M) of this complex is the
k-module of all homogeneous maps L — M of degree —n supercommuting with
the coaction of D in L and M. This means that an element f € Homf, (L, M)
should satisfy the equation f(z)_1) ® f(x)@) = (—1)”\w(—1>|m ® f(z() in
Sweedler’s notation [82], where z — 2z(_1) ® 2(g) denotes the left coaction maps,
D is the image of an element p € D~ in D, and |p| is the degree of a homogeneous
element p. To define the differential d(f) of an element f, consider the super-
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commutator of the coaction maps L — D~ Op L and M — D~ Op M with
[, that is the map dy: L — D~ Op M given by the formula x — f(z)_1) O
f() ) — (—1)”'3”(*1)'95(,1) O f(z(0)). For any f € Homi, (L, M), the map d; factor-
izes through the injection M ~ DOpM — D~OpM induced by the homogeneous
morphism 3: D — D~ of degree 1 given by 9(p) = d(p), hence the desired map
d(f): L — M of degree —n — 1.

Since the map d; and the morphism 0 supercommute with the left coactions
of D, so does the map d(f). Let us check that d?(f) = 0, in other words, that d(f)
supercommutes with the left coactions of D~ in L and M. Consider the two ho-
mogeneous maps L — D~ Op M given by the formulas 2 +—— (df)(z)—1) O
(df)(z)y and = — (—1)("4'1)'3”(*1)'35(,1) O (df)(w(0)); we have to check that
these two maps coincide. Consider the image of the former map under the map
Hom;™ (£, D~ Op M) — Hom;™ (L, D~ Op D~ Op M) given by the formula
gr— (z— (-1)lEenlg(z_1))Og(z(0))) and the image of the second map un-
der the map Hom%ﬂ(ﬁ,, D~OpM) — Hom%ﬂ(ﬁ,, D~Op D~ 0OpM) given by the
formula g — (& — (~1)#g(x), 0 (g(x)s1)) O g(e)a(0)), where y = g1 Dy
is a notation for an element y € D~ Op M. The sum of these two elements of
Hom; ™ (£, D~ Op D™ Op M) is equal to the image of the element &; under the
map Hom;™ (L, D~ 0Op M) — Homy (L, D~ Op D~ Op M) induced by the co-
multiplication map D~ — D~ Op D™, There is a commutative square formed by
the diagonal embedding D~ — D~ @ D™, the morphism D~ HD~ — D~0Op D™
given by the formula (z,y) — 0(z(1)) O z(2) + (—1)|y<1>|y(1) 0 9(y(2)), the mor-
phism 9: D~ — D™, and the comultiplication morphism D~ — D~ Op D™.
Considering the filtrations originating from the two-term filtration 9(D~) C D™,
one can check that this square is Cartesian. It remains Cartesian after applying
the functors — Op M and Hom/s™ (£, ), so we are done.

Let M be a quasi-differential left D~-comodule and g: M — M be an
element of Hom, (M, M) satisfying the Maurer-Cartan equation d(q)+¢* = 0. The
quasi-differential left D™~-comodule structure on M twisted with ¢ is constructed
as follows. First of all, the structure of a graded D-comodule on M does not change
under twisting. Next, the twisted coaction map M — D~ Op M is the sum of the
original coaction map and the composition M — M — D~OpM — D~ 0Op M
of the map ¢: M — M, the coaction map M — D~ Op M, and the map
D~ Op M — D~ Op M induced by the morphism 0: D~ — D~. Denote
the quasi-differential D™~-comodule we have constructed by M(q). For any quasi-
differential left D~-comodule L the differential in the complex Hom%, (L, M(q))
differs from the differential in the complex Hom, (£, M) according to the formula
do(f) =d(f) +qo f.

Since infinite direct sums and shifts of objects clearly exist in the DG-cat-
egory DG(D™~-qcmd), it follows from the above construction, in particular, that
cones exist in it. Therefore, the homotopy category Hot(D™~-gcmd), whose objects
are the objects of DG(D™~-qcmd) and morphisms are the zero cohomology of the
complexes of morphisms in DG(D™~-qcmd), is naturally triangulated. Furthermore,
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for any complex of quasi-differential left D~-comodules one can define the total
graded quasi-differential left D™~-comodule such that the corresponding graded left
D-comodule will coincide with the infinite direct sum of the shifts of the terms
of the complex considered as graded left D-comodules. In particular, one can
speak about the total quasi-differential left D™~-comodules of exact triples of quasi-
differential left D~-comodules. This allows us to define the coderived category of
quasi-differential left D~-comodules D<°(D~-qcmd) as the quotient category of
the homotopy category Hot(D~-qcmd) by its minimal triangulated subcategory
containing such objects associated to exact triples and closed under infinite direct
sums. The objects of the latter subcategory are called coacyclic quasi-differential
comodules.

11.7.2 Let (D™~,0) be a quasi-differential coring over A; assume that D=D"~ /im0
is a flat graded left A-module.

A quasi-differential right comodule over D~ is just a graded right D™~-co-
module. Let us define the DG-category of quasi-differential right comodules
DG(gcmd-D™) over D~. The objects of DG(qecmd-D™~) are quasi-differential
right D~-comodules. The complex of morphisms Hom%~(R,N) in the cate-
gory DG(qecmd-D™) between quasi-differential right D~-comodules R and N is
constructed as follows. The component Homf,~ (R,N) of this complex is the
k-module of all homogeneous maps R — N of degree —n commuting with
the D-comodule structures (without any signs). To define the differential of
an element f € Hom% (R, N), consider the map dp: R — N Op D™ given by
the formula z +—— f(2)) O f(x)a) — f(2©)) O (1), where z —— 2z ® z(1)
denotes the right coaction maps. The map d; factorizes through the injection
N — N Op D~ given by the formula y — (—1)|y<0>|y(0) 0 9(y(1)), hence the
desired map d(f): R — N.

Let N be a quasi-differential right D~-comodule and ¢ € HomZ, (N, N) be an
element satisfying the equation d(q) + ¢*> = 0. To define quasi-differential right
D~-comodule structure on N twisted with ¢, set the new coaction map N —
NOp D~ to be the sum of the original coaction map and the composition N —
N — D~ 0Op N of the map g: N — N and the map N — N Op D™~ given
by the formula y — (—1)|y<0>|y(0) 0 9(y(1))- Denote the quasi-differential D™~-co-
module so constructed by N(g); for any quasi-differential right D~-comodule R
the differential in the complex Hom, (R, N(q)) differs from the differential in the
complex Hom, (R, N) by the rule dq(f) = d(f) +qo f.

The definitions of the homotopy category of quasi-differential right D~-co-
modules Hot(qcmd-D™) and the coderived category of quasi-differential right
D~-comodules D“°(qcmd-D~) are the same as in the left quasi-differential
comodule case.

11.7.3 Let (D™,0) be a quasi-differential coring over A; assume that D=D"~ /im0
is a projective graded left A-module.



216 11. Relative Nonhomogeneous Koszul Duality

A quasi-differential left contramodule over D™ is just a graded left D™~-con-
tramodule. Let us define the DG-category of quasi-differential left D™~-contra-
modules DG(D™~-qentr). The objects of DG(D™~-qentr) are quasi-differential left
D~-contramodules. The complex of morphisms Hom”* (P, Q) in the category
DG(D™~-qentr) between quasi-differential left D~-contramodules 8 and 9 is con-
structed as follows. The component Hom”™ " (8, Q) of this complex is the k-module
of all homogeneous maps P — 0 of degree —n supercommuting with the D-con-
tramodule structures. This means that an element f € Hom®™"(9,Q) should
satisfy the equation wg(f o x) = (—1)™" f(mg(z)) for any = € Homa (D, P),
where mp denotes the contraaction map. To define the differential of an element
f € Hom®™™ (P, Q), consider the map &;: Cohomqp (D™, ) — 9 given by the
formula T +—— mp(f o ) — (—=1)™" f(mp(z)) for x € Homyu(D;,,P), where T
denotes the class of  in Cohomp (D™, ). The map J; factorizes through the
surjection Cohomp (D™, PB) — Cohomp(D,P) ~ P induced by the morphism
0: D — D™, hence the desired map d(f): P — Q.

Let B be a quasi-differential left D~-contramodule and ¢ € Hom™"! (B, B) be
an element satisfying the equation d(q) + ¢*> = 0. To define the quasi-differential
left D~-contramodule structure on B twisted with ¢, set the new contraaction
map Cohomqp (D™, B) — P to be the sum of the original contraaction map and
the composition of the map Cohomp (D™, P) — P induced by 9: D — D~
and the map ¢q: P — ‘B. Denote the quasi-differential left D~-contramodule
so counstructed by P(q); for any quasi-differential left D~-contramodule 9 the
differential in the complex Hom®™*(9,%(q)) differs from the differential in the
complex Hom®’°(Q,‘B) by the rule dy(f) =d(f) +qo f.

The definitions of the homotopy category of quasi-differential left D™~-con-
tramodules Hot(D™-qcentr), its triangulated subcategory of contraacyclic quasi-
differential D~-contramodules, and the contraderived category of quasi-differential
left D~-contramodules D (D~-qentr) are completely analogous to the corre-
sponding definitions in the comodule case; the only difference is that one considers
infinite products instead of infinite direct sums.

Remark. One can define the DG-categories of CDG-comodules and CDG-con-
tramodules over a CDG-coring (see 11.2.2 and 0.4.4) and identify them with
the DG-categories of quasi-differential comodules and contramodules in the case
when a quasi-differential coring corresponds to a CDG-coring. More generally, let
(D~,0) be a quasi-differential coring over a k-algebra A such that the compo-
nents D; of the coring D = D~/im d are projective left A-modules. Then there
is a natural structure of quasi-differential k-algebra on the graded A-A-bimod-
ule with the components R™™~ = Homa (D, A). Let (R,d, h) be a CDG-algebra
over k corresponding to R™. In this situation the DG-category of quasi-differential
right D™~-comodules is isomorphic to a full subcategory of the DG-category of right
CDG-modules over (R, d, h), and there is a forgetful functor from the DG-category
of quasi-differential left D~-contramodules to the DG-category of left CDG-mod-
ules over (R, d, h).
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11.8 Koszul duality

Let C be a coring over a k-algebra A.
Theorem.

(a) Assume that C is a flat right A-module. Let 8™ be a right coflat nonhomoge-
neous Koszul semialgebra over the coring C and D™ be the right coflat Koszul
quasi-differential coring over C nonhomogeneous quadratic dual to 8~ . Then
the semiderived category of left 8™ -semimodules is naturally equivalent to the
coderived category of quasi-differential left D™ -comodules.

(b) Assume that C is a flat left A-module. Let 8™ be a left coflat nonhomogeneous
Koszul semialgebra over the coring € and D™~ be the left coflat Koszul quasi-
differential coring over C mnonhomogeneous quadratic dual to 8~ . Then the
semiderived category of right 8™ -semimodules is naturally equivalent to the
coderived category of quasi-differential right D™~ -comodules.

(c) Assume that C is a projective left A-module. Let 8~ be a left coprojective
nonhomogeneous Koszul semialgebra over the coring C and D~ be the left co-
projective Koszul quasi-differential coring over € monhomogeneous quadratic
dual to 8™ . Then the semiderived category of left 8™ -semicontramodules is
naturally equivalent to the contraderived category of quasi-differential left
D~ -contramodules.

Proof. Part (a): let us construct a pair of adjoint functors between the DG-cate-
gory of complexes of left 8™ -semimodules and the DG-category of quasi-differential
left D™~-comodules. The functor = assigns to a left 8™-semimodule M the graded
left D-comodule D Oe M endowed with the following left D~-comodule structure.
Consider the map D}y Oe¢ M — D, Oec M equal to the sum of the identity map
and (—1)™ times the composition D)y Oe M — DY Oe DY Oe M — D7, e
M — Dy Oe M of the map induced by the comultiplication morphism D), —
Dy Oe D7, the map induced by the semiaction morphism 18~ Oe M — M,
and the map induced by the morphism 0,,—1: Dy_; — D;’. This map factorizes
through the surjection D) Oe M — D,, Oe M, since its composition with the
map D;_; Oe M — Dy’ Oe M induced by the morphism 0,,_; vanishes. So we
obtain a natural map
D, O0e M —— Dy Oe M.

Now the compositions D;y; D¢ M — 'DZH Oe M — D; Oe DjN Oe M —
D7 Oe D;j Oe M of the maps Dt Oe M — D;H Oe M we have constructed
with the maps induced by the comultiplication maps D7 ; — D7* Oe D} and
the maps induced by the natural surjections D" — D; define the desired graded
D~-comodule structure on D Oe M. To a complex of left 8~ -semimodules M?*
the functor = assigns the total quasi-differential D~-comodule of the complex of
quasi-differential D™~-comodules D Oe M.

The functor T assigns to a quasi-differential left D™~-comodule £ the complex
of left 8™ -semimodules Y*(L) = 8™ O L with the terms T*(L) = 8~ Ue L_; and
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the differential defined as the composition
870l — 8" 0eDTHe L — 87 0e L

of the map induced by the coaction morphism L — D7 Oe L and the map
induced by the semimultiplication morphism 8~ Oe¢ F18~ — 8”. The functor
E is right adjoint to the functor Y, since both complexes Hom%, (L, Z(M*®)) and
Homg~ (T*(L), M*) are naturally isomorphic to the total complex of the bicomplex
Home (L, M?), one of whose differentials is induced by the differential in M* and
the other one assigns to a G-comodule morphism f: £L; — M’ the composition

Lip1 —— DY Oe Ly — DY Oe MV ~ B8~ Oe MY —— MY

of the coaction map, the map induced by the morphism f, and the semiaction
map.

Let us show that the functors = and Y induce mutually inverse equiva-
lences between the semiderived category D (8~ -simod) and the coderived category
D (D~-gcmd). Firstly, the functor = sends C-coacyclic complexes of 8-semimod-
ules to coacyclic quasi-differential D~-comodules. Indeed, for any complex of left
S-semimodules M* the quasi-differential D~-comodule Z(M*) = D Oe M* has an
increasing filtration by quasi-differential D~-subcomodules defined by the formula

Fu(DOeM*) = @, D;i Oe M.

The associated graded quotient quasi-differential comodule to this filtration is
described as follows. There is a functor from the DG-category of complexes of
C-comodules to the DG-category of quasi-differential D~-comodules assigning to
a complex of C-comodules the total quasi-differential D~-comodule of the com-
plex of quasi-differential D~-comodules whose terms are the terms of the original
complex of C-comodules endowed with the graded D™~-comodule structure via the
embedding € ~ D5 — D~. (This functor can be also described in terms of the
quasi-differential subcoring in D~ whose components are Dy and 9y(Dy’) C D7)
Clearly, this functor sends coacyclic complexes of C-comodules to coacyclic quasi-
differential D~-comodules. Now the quasi-differential D~-comodules F,=(M"*)/
F,,_12(M?*) are isomorphic to the images of the C-comodules D,, Oec M*® under
this functor, and are, therefore, coacyclic whenever M* is C-coacyclic.

Secondly, the functor T sends coacyclic quasi-differential D~-comodules to
complexes of 8™ -semimodules that are coacyclic not only over €, but even over 8™.

Thirdly, let us check that for any complex of left 8-semimodules M* the cone
of the natural morphism of complexes of 8-semimodules T*=Z(M*) — M?® is coa-
cyclic as a complex of left C-comodules. The complex of C-comodules T*Z(M*) =
8™ Oe¢ D Oe M* has an increasing filtration given by the formula

F,TEM*) = 3

The cone of the morphism YT*Z(M®) — M* has an induced filtration F' whose
components are the cones of the morphisms F, T*Z(M*) — M?*. The quotient

F,8™ Oe 'Dj OcM*® C 8 O D O M°.

i+j<n
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complex cone(F, T*Z(M*) — M*)/ cone(F,,_1 T*E(M*) — M?*) is isomorphic to
the cone of the identity endomorphism of M* for n = 0 and to the cotensor product
of a positive-degree component of the Koszul complex 8 O¢ D and the complex
M for n > 0 (where, as always, 8 = @, F,87 /F,_18"). Thus in both cases the
quotient complex is coacyclic.

Fourthly, it remains to check that for any quasi-differential left D™~-comod-
ule L the cone of the natural morphism of quasi-differential D~-comodules L —
EY*(L) is coacyclic. First let us show that it suffices to consider the case when
L is a graded C-comodule endowed with a graded D~-comodule structure via the
embedding of corings D5 — D~. To this end, consider the increasing filtration
of L by quasi-differential D~-subcomodules

Gn(L) = Vil(EBi@ D~;Oe L),

where vp: L — D~ Oe¢ L denotes the coaction map. The quotient quasi-
differential comodules G, (L)/Gp-1(L) are graded D~-comodules originating
from graded C-comodules; the filtration G induces a filtration on the cone of
the morphism £ — ZY*(L) whose components are the cones of the morphisms
G,(L) — EY*(G,(L)); and the associated quotient quasi-differential comodules
of the latter filtration are the cones of the morphisms G, (L)/Gp-1(L) —

Now assume that L is a graded C-comodule with the induced graded D™-co-
module structure, or even a complex of C-comodules with the induced quasi-
differential D~-comodule structure. In this case, the quasi-differential D™~-comod-
ule ZT*(L) = D Oe 8™ Ue L has an increasing filtration by quasi-differential
subcomodules given by the formula

FnET.(L) = Z 'Dj O ;8 e L C DO 8 e L.

i+j<n
The cone of the morphism L — ZY*(L) has the induced filtration F whose
components are the cones of the morphisms L — F,ZY*(L). The associated
quotient comodules of the latter filtration are coacyclic quasi-differential D™~-co-
modules. Indeed, the component Fy cone(L — ZY*(L)) is isomorphic to the cone
of the identity endomorphism of £, while the quotient quasi-differential comodules
with n > 0 are isomorphic to cotensor products of positive-degree components
of the Koszul complex D Oe 8 and the C-comodule L, endowed with the quasi-
differential D~-comodule structures originating from their structures of complexes
of C-comodules. Thus all these quotient quasi-differential comodules are coacyclic.

Part (b): we will only construct a pair of adjoint functors between the
DG-category of complexes of right 8™'-semimodules and the DG-category of quasi-
differential right D~-comodules; the rest of the proof is identical to that of part (a).
The functor = assigns to a right 8-semimodule N the graded right D-comodule
N Oe D endowed with a right D~-comodule structure in terms of the follow-
ing maps N Oe¢ D,, — N UOe D;. Consider the map N Oe D,, — N Oe D,
equal to the difference of the identity map and the composition N Oe D, —
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NOe Dy Qe Dy — NOe D,y _; — NOe Dy of the map induced by the
comultiplication morphism, the map induced by the semiaction morphism, and
the map induced by the morphism 9, _;. This difference factorizes through the
surjection N Oe Dy — N Oe D,,, hence the desired map. The functor T assigns
to a quasi-differential right D~-comodule R the complex of right 8™-semimodules
T*(R) = ROe8™ with the terms T¢(R) = R_;[0e8" and the differentials d* defines
as (—1)" times the composition R_;0e8~ — R_;_ 10Dy 08~ — R_;_ 108~
of the map induced by the coaction morphism and the map induced by the semi-
multiplication morphism.

Part (c): let us construct a pair of adjoint functors between the DG-cate-
gory of complexes of left 87-semicontramodules and the DG-category of quasi-
differential left D~-contramodules. The functor = assigns to a left 8-semicontra-
module P the graded left D-contramodule Cohome(D,P) endowed with a left
D~-contramodule structure in terms of the following maps Cohome (D], B) —
Cohome(Dy,, P). Consider the map Cohome (D), P) — Cohome (D], PB) equal
to the difference of the identity map and the composition Cohome (D), PB) —
Cohome(D;_;,B) — Cohome(D;_,, Cohome(D7,P)) — Cohome(Dy,P)
of the map induced by the morphism 9,,_1, the map induced by the semicon-
traaction morphism P — Cohome(F187, ), and the map induced by the co-
multiplication morphism D}y — D7’ Oe D;y_;. This difference factorizes through
the injection Cohome (D, P) — Cohome (D], P), hence the desired map. The
functor Y right adjoint to = assigns to a quasi-differential left D™~-contramodule
9 the complex of left 8™ -semicontramodules T*(9) = Cohome (8™, Q) with the
terms T(Q) = Cohome(8~,Q_;) and the differential defined as the composition
Cohome(8™,Q) — Cohome(F18™ Oe 87, Q) — Cohome (8™, Q) of the map
induced by the semimultiplication morphism F18™ Oe¢ 8~ — 8" and the map
induced by the contraaction morphism Cohome (D7, Q) — Q.

The rest of the proof is analogous to that of part (a), with the exception of
the argument related to the filtration G (the first step of the fourth part of the
proof). The problem here is that the decreasing filtration G of a graded D~-con-
tramodule 9 whose components are the images G™Q of the contraaction maps
Cohome (D~/ P;¢,, D7”, Q) — Qs not in general separated, i.e., the intersection
of G"Q may be nonzero (see Appendix A). What one should do is replace an ar-
bitrary quasi-differential left D~-contramodule £ with the total quasi-differential
contramodule PR of its bar resolution - - - — Cohome (D~ Oe D~ Oe D, Q) —
Cohome (D™ Oe D™, Q) — Cohome (D™, Q). Since the cone of the natural mor-
phism of quasi-differential D~-contramodules R — £ is contraacyclic, one can
consider the quasi-differential D~-contramodule R instead of 9.

In addition to the filtration G introduced above, consider also the decreasing
filtration ‘G of a graded D~-contramodule Q whose components are the images
'G"Q of the contraaction maps Cohome(D/ D¢, Di, Q) — Q. It is clear that
R ~ mn R/'G™R, since the graded D-contramodule R is simply the infinite
product of the terms of the above bar resolution. Next one can either show that
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‘G is a filtration by graded D~-subcontramodules and use the filtration ‘G of
R, or show that the filtrations G and ‘G are commensurable, 'G"R C G"R C
‘G"~1R, and use the filtration G of R. (The quotient quasi-differential D~-contra-
modules G"Q/G" 19 originate from graded C-contramodules, while the quotient
quasi-differential D~-contramodules 'G"Q/'G"1Q originate from complexes of
C-contramodules, which is also sufficient.) Both assertions for an arbitrary graded
D~-contramodule £ follow from the fact that the composition DY — D7 Oe
D71 — D7 Oe D1 of the comultiplication map and the map induced by the
natural surjection D7Y ; — D,;_; is injective and its cokernel, being isomorphic
to the cokernel of the comultiplication map D; — D1 Oe D;_1, is a coprojective
left C-comodule. To check the latter, consider the composition of the map D —
DT Oe D,—1 in question with the map 0;_1.

Alternatively, one can replace an arbitrary quasi-differential D™~-contra-
module 9 with the cone of the morphism ker(Cohome (D™, Q) — Q) —
Cohome (D™, ) and use the appropriate generalization of Lemma A.2.3. O

Remark. Notice that no homological dimension condition on the k-algebra A
is assumed in Theorem 11.8. In particular, when € = A, so 8 is just a fil-
tered k-algebra, Theorem 11.8 provides a description of certain semiderived cat-
egories of 87 -modules relative to Fy8~ = A. A description of the conventional
derived category can also be obtained. Namely, in the assumptions of part (a) of
the theorem the conventional derived category of left 8™ -semimodules is equiv-
alent to the quotient category of the coderived category of quasi-differential left
D~-comodules by its minimal triangulated subcategory containing all the quasi-
differential D~-comodules originating from acyclic complexes of left C-comodules
and closed under infinite direct sums. This is so because for any acyclic complex of
8~ -semimodules M* the quasi-differential D™~-comodules F,,Z(M?*)/F,_1=(M")
originate from acyclic complexes of C-comodules, and conversely, for any quasi-
differential D~-comodule L originating from an acyclic complex of C-comodules
the complex of 8™7-semimodules T*(L) is acyclic. The analogous result holds for
right 8™-semimodules in the assumptions of part (b); and in the assumptions of
part (c) the conventional derived category of left 8™ -semicontramodules is equiv-
alent to the quotient category of the contraderived category of quasi-differential
left D~-contramodules by its minimal triangulated subcategory containing all the
quasi-differential contramodules originating from acyclic complexes of left C-con-
tramodules and closed under infinite products.

11.9 SemiTor and Cotor, SemiExt and Coext

11.9.1 Let (D™, 0) be a quasi-differential coring over a k-algebra A; assume that
D =D~/imJ is a flat left and right A-module.

Let N be a quasi-differential right D~-comodule and M be a quasi-differential
left D™~-comodule. Assume that one of the graded A-modules N and M is flat.
Then on the cotensor product NOp M of the graded comodules N and M over the
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graded coring D there is a natural differential with zero square, which is defined
as follows.

Consider the map §: NOp M — N Op D~ Op M given by the formula
20y — —x(0) 0z (1) Dy+20y—1)0y(0)- This map factorizes through the injection
NOpM — NOp D~OpM given by the formula Oy — (—1)|x(0>|x(0)56(x(1))5
y=(=1)llzO 9(y(—1)) O y(0), hence the desired map d: NOp M — NOp M.
Let us check that d> = 0, that is the image of d is contained in N Op~ M. Set
d(x0y) = 2’0Oy’. Consider the two elements x’DyEfl)DyEO) and x’(O)Dx’(l) Oy of the
cotensor product NOp D™~ 0Op M; we have to check that these two elements coincide.
Consider the image of the former element under the map N Op D~ Op M —
NOpD~Op D~ OpM given by the formula udbOv — (—1)14©lu 08 (u (1)) 060V
and the image of the latter element under the map NOpD~OpM — NOpD~0qp
D~ Op M given by the formula uObOv — (—1)“+ Py b0 O(v(—1y) Ov(gy. The
sum of these two elements of N Op D~ Op D~ Op M is equal to the image of the
element §(z0y) under the map NOp D~ Op M — NOp D~Op D~ Op M induced
by the comultiplication map D~ — D~ Op D™. It remains to notice that the
Cartesian square formed by the maps D~ — D~®D~, D~@D~ — D~0Op D™,
D~ — D™, and D~ — D~0Op D™ constructed in 11.7.1 remains Cartesian after
taking the cotensor product with N and M. We will denote the complex we have
constructed by N O%, M; its terms are N O M = (N Op M) _,,.

Now assume that the ring A has a finite weak homological dimension. In order
to define the double-sided derived functor of the functor 0%, we will show that the
coderived category of quasi-differential D™~-comodules is equivalent to the quotient
category of the homotopy category of D-coflat quasi-differential D~-comodules by
its intersection with the thick subcategory of coacyclic quasi-differential D™-co-
modules.

The argument is analogous to that of either Theorem 2.5 or Theorem 2.6.
First let us construct for any quasi-differential left D~-comodule X a morphism
into it from an A-flat quasi-differential left D~-comodule L;(X) with a coacyclic
cone. Use the graded version of Lemma 1.1.3 to obtain a finite resolution 0 —
Z— Py 1(K) — -+ — Pp(K) — X of a graded D~-comodule K consisting
of A-flat graded D~-comodules. The total quasi-differential D~-comodule of the
complex of quasi-differential D~-comodules

Z — :Pd_l(g(:) —_— i ':Po(fK)

is an A-flat quasi-differential D™~-comodule whose morphism into X has a coacyclic
cone. Indeed, the total quasi-differential D~-comodule of any acyclic complex of
quasi-differential D~-comodules bounded from below is coacyclic, since it has an
increasing filtration by quasi-differential D~-subcomodules such that the associ-
ated quotient D™~-comodules are isomorphic to cones of identity endomorphisms
of certain quasi-differential D™~-comodules.

Now let us construct for any A-flat quasi-differential left D™~-comodule L a
morphism from it into a D-coflat quasi-differential left D~-comodule Ry (L) with
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a coacyclic cone. Consider the cobar construction
D" @4L — D" @AD" R@AL — ---

Notice that D~ is a coflat graded left D-comodule, since there is an exact triple of
left D-comodules D(—1) — D~ — D (where D(—1); = D;_1). Hence the total
quasi-differential D™~-comodule of this cobar complex of quasi-differential D™~-co-
modules is a D-coflat quasi-differential D~-comodule such that the map into it
from the quasi-differential D~-comodule L has a coacyclic cone.

It is easy to see that the cotensor product of a quasi-differential right D™~-co-
module and a quasi-differential left D~-comodule is an acyclic complex whenever
one of the two quasi-differential D™~-comodules is coacyclic and the other one is
D-coflat. The double-sided derived functor

CotorqDN: D (gemd-D™) x D®°(D~-gcmd) —— D(k-mod)

is defined by restricting the functor 0%, to the Cartesian product of the homotopy
category of quasi-differential right D™~-comodules and the homotopy category of
D-coflat quasi-differential left D~-comodules or to the Cartesian product of the
homotopy category of D-coflat quasi-differential right D™~-comodules and the ho-
motopy category of quasi-differential left D™~-comodules, and composing it with
the localization functor Hot(k-mod) — D(k-mod).

11.9.2 Let (D™, 0) be a quasi-differential coring over a k-algebra A; assume that
D =D~/imd is a projective left and a flat right A-module.

Let M be a quasi-differential left D™~-comodule and B be a quasi-differential
left D~-contramodule. Assume that either the graded A-module M is projec-
tive, or the graded A-module B is injective. Then on the graded k-module
of cohomomorphisms Cohomp(M,P) from the graded comodule M to the
graded contramodule ‘P over the graded coring D there is a natural dif-
ferential with zero square, which is defined as follows. Consider the map
0: Cohomp (M, Cohomqp (D™, P)) ~ Cohomq (D™~ Op M, ) — Cohomqp (M, )
defined by the formula f —— mp o f — f o vy (where mp and vy denote
the contraaction and coaction morphisms). This map factorizes through the
surjection Cohomqp (D~ Op M, PB) — Cohomqp (M, P) induced by the morphism
0: D — D~, hence the map d: Cohomp(M,B) — Cohomp(M,). We
will denote the complex we have constructed by Cohom?, (M, B); its terms are
Cohom, (M, P) = Cohomp (M, B) .

Assume that the ring A has a finite left homological dimension. Then the
coderived category of quasi-differential left D~-comodules is equivalent to the
quotient category of the homotopy category of D-coprojective quasi-differential
left D~-comodules by its intersection with the thick subcategory of coacyclic
quasi-differential D™~-comodules. Analogously, the contraderived category of quasi-
differential left D~-contramodules is equivalent to the quotient category of the ho-
motopy category of D-coinjective quasi-differential left D~-contramodules by its
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intersection with the thick subcategory of contraacyclic quasi-differential D™~-con-
tramodules. The double-sided derived functor

Coextd,.. : D°°(D~-qecmd)°® x D (D~-qentr) —— D(k-mod)

is defined by restricting the functor Cohomy, to the Cartesian product of the
homotopy category of D-coprojective quasi-differential left D~-comodules and the
homotopy category of quasi-differential left D~-contramodules or to the Cartesian
product of the homotopy category of quasi-differential left D™~-comodules and the
homotopy category of D-coinjective quasi-differential left D~-contramodules, and
composing it with the localization functor Hot(k-mod) — D(k-mod).

11.9.3 Let C be a coring over a k-algebra A. Assume that C is a flat left and
right A-module and A has a finite weak homological dimension. Let 8™ be a left
and right coflat nonhomogeneous Koszul semialgebra over €, and D™~ be the left
and right coflat Koszul quasi-differential coring nonhomogeneous quadratic dual
to 87.

Corollary.
(a) The equivalences of categories

D% (simod-8™~) ~ D®°(qcmd-D~) and D (8™ -simod) ~ D°(D~-qcmd)

transform the derived functor SemiTor®™ into the derived functor Cotor? -

(b) Assume additionally that C is a projective left A-module, A has a finite left
homological dimension, and 8" is a left coprojective nonhomogeneous Koszul
semialgebra. Then the equivalences of categories

Ds(8~-simod) ~ D°(D~-qcmd) and D (8 -sicntr) ~ D" (D~-qentr)
transform the derived functor SemiExtg~ into the derived functor Coextd,...

Proof. Part (a): for any complex of right 8 -semimodules N* and any quasi-
differential left D~-comodule L there is a natural isomorphism of complexes of

k-modules
ENN*)OH L ~ N* s~ T*(L).
Indeed, both complexes are isomorphic to the total complex of the bicomplex

N'Oe L, one of whose differentials is induced by the differential in N* and the
other is equal to the composition

N'Oel; — N'Oe Dy Oe Lj—1 —— N'Oe Ly

of the map induced by the D~-coaction in L and the map induced by the
8~ -semiaction in N'. Now let N* be a semiflat complex of C-coflat right
87 -semimodules and M* be a complex of left 8™ -semimodules. Then there is
an isomorphism Z(N*) 0%, Z(M*) ~ N* Og~ T*=(M?*) and a quasi-isomorphism
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N*® Os~ T*E(M*®) — N* Os~ M*. Analogously, for a complex of right 8™ -semi-
modules N* and a semiflat complex of C-coflat left 8™-semimodules M* there is
an isomorphism =(N*®) 0%, E(M*®) ~ T*=(N*) Os~ M*® and a quasi-isomorphism
TE(N®) Os~ M* — N*® Og~ M. It is easy to check that the square diagram
formed by these maps is commutative. The proof of part (b) is completely
analogous. O

Question. Can one construct a comodule-contramodule correspondence (equiva-
lence between the coderived and contraderived categories) for quasi-differential
comodules and contramodules? Also, is there a natural closed model category
structure on the category of quasi-differential comodules (contramodules)?
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A Contramodules over Coalgebras
over Fields

Let C be a coassociative coalgebra with counit over a field k. It is well known
(see [82, Theorems 2.1.3 and 2.2.1] or [68, 5.1.1]) that C is the union of its finite-
dimensional subcoalgebras and any C-comodule is a union of finite-dimensional
comodules over finite-dimensional subcoalgebras of €. The dual assertion for
C-contramodules is not true: for the most common of noncosemisimple infinite-
dimensional coalgebras C there exist C-contramodules B such that the intersection
of the images of Hom(C/U,P) in P over all finite-dimensional subcoalgebras
U C € is nonzero. A weaker statement holds, however: if the contraaction map

Homy (€/U,B) —— P

is surjective for every finite-dimensional subcoalgebra U of €, then P = 0. Besides,
even though adic filtrations of contramodules are not in general separated, they are
always complete. Using the related techniques we show that any contraflat C-con-
tramodule is projective, generalizing the well-known result that any flat module
over a finite-dimensional algebra is projective [7].

A.1 Counterexamples

A.1.1 Let C be the coalgebra for which the dual algebra C* is isomorphic to the
algebra of formal power series k[[x]]. Then a C-contramodule 3 can be equivalently
defined as a k-vector space endowed with the following operation of summation of
sequences of vectors with formal coefficients z": for any elements pg, p1, ... in 3,
an element of P denoted by > 7 2"p,, is defined. This operation should satisfy
the following equations:

o0 0o oS
n _ n n
Zn:O x ((lpn + bqn) =a ano x"py, + b ano 2"
fora, b€k, py, ¢, € P (linearity);
& n
Z T Pn = PO Whenp1:p2:...:0
n=0
(counity); and
) Z( © ) B 00 n( )
Zi:o Z Zj:O T Ppij ) = ano x ZiJrj:n Dij

for any p;; € B, 4,5 = 0,1,... (contraassociativity). In the latter equation, the
interior summation sign in the right-hand side denotes the conventional finite sum
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of elements of a vector space, while the three other summation signs refer to the
contramodule infinite summation operation.

The following examples of C-contramodules are revealing. Let & denote the
free C-contramodule generated by the sequence of symbols eg, e1, .. .; its elements
can be represented as formal sums Y .©, a;(x)e;, where a;(x) are formal power
series in x such that a;(x) — 0 in the topology of k[[z]] as ¢ — co. Let § denote
the free C-contramodule generated by the sequence of symbols f1, fo, ...; then
C-contramodule homomorphisms from § to & correspond bijectively to sequences
of elements of € that are images of the elements f;. We are interested in the map
g: & — € sending f; to z'e; — eg; in other words, an element Yoo bi(@)fi of §
is mapped to the element > 2, 2b;(z)e; — (3oi2, bi(x))eo. It is clear from this
formula that the element ey € € does not belong to the image of g. Let 8 denote
the cokernel of the morphism g and p; denote the images of the elements e; in 3.
Then one has pg = z"p, in PB; in other words, the element py belongs to the
image of Homy(C/U,P) under the contraaction map Homy(C,P) — P for any
finite-dimensional subcoalgebra U = (k[[z]]/=™)* of C.

Now let & be the free C-contramodule generated by the symbols e, ea, ...,
P’ denote the cokernel of the map ¢': § — ¢’ sending f; to x;e;, and p) denote
the images of e} in P’. Then the result of the contramodule infinite summation
o2, a"pl, is nonzero in P, even though every element z"p/, is equal to zero.
Therefore, the contramodule summation operation cannot be understood as any
kind of limit of finite partial sums. Actually, the C-contramodule B’ is just the
direct sum of the contramodules k[[z]]/z"k[[x]] over n =1, 2, ... in the category
of C-contramodules. Notice that the element fozl x™p), also belongs to the image
of Homy (C/U,PP’) in P’ for any finite-dimensional subcoalgebra U C €.

Remark. In the above notation, a C-contramodule structure on a k-vector space 3
is uniquely determined by the underlying structure of a module over the algebra
of polynomials k[z]; the natural functor C-contra — k[z]-mod is fully faithful.
Indeed, for any pg, p1, ... in P the sequence g, = ZZO:O "Dm4n €B, m =0,
1, ... is the unique solution of the system of equations ¢, = Pm + T¢m+1- The
image of this functor is a full abelian subcategory closed under kernels, coker-
nels, extensions, and infinite products; it consists of all k[z]-modules P such that
Extz[x](k[x, x71],P) =0 for i = 0, 1. It follows that if D is a coalgebra for which
the dual algebra D* is isomorphic to a quotient algebra of the algebra of formal
power series k[[21, ..., Zm,]] in a finite number of (commuting) variables by a closed
ideal, then the natural functor D-contra — k[z1,. ..,z ]-mod is fully faithful.

A.1.2 Now let us give an example of finite-dimensional (namely, two-dimen-
sional) contramodule 8 over a coalgebra € such that the intersection of the images
of Homy(C/U,P) in P is nonzero. Notice that for any coalgebra C there are natu-
ral left C*-module structures on any left C-comodule and any left C-contramodule;
that is there are natural faithful functors

G-comod —— C*-mod and C-contra —— C*-mod
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(where C* is considered as an abstract algebra without any topology). The functor
C-comod — C*-mod is fully faithful, while the functor C-contra — C*-mod is
fully faithful on finite-dimensional contramodules.

Let V be a vector space and C be the coalgebra such that the dual algebra
C* has the form kis @12V *iy & kiy, where 47 and iy are idempotent elements with
i192 = i9i7 = 0 and i1 + 7o = 1. Then left C*-modules are essentially pairs of
k-vector spaces M7, My endowed with a map

V* @k My —— Mo,
left C-comodules are pairs of vector spaces My, My endowed with a map
My —— V @, Ma,
and left C-contramodules are pairs of vector spaces P71, P2 endowed with a map
Homy,(V, B1) — Po.

In particular, the functor C-contra — €*-mod is not surjective on morphisms of
infinite-dimensional objects, while the functor €-comod — C*-mod is not surjec-
tive on the isomorphism classes of finite-dimensional objects. (Neither is in general
the functor C-contra — C*-mod, as one can see in the example of an analogous
coalgebra with three idempotent linear functions instead of two and three vector
spaces instead of one; when k is a finite field and € is the countable direct sum
of copies of the coalgebra k, there even exists a one-dimensional €*-module which
comes from no C-comodule or C-contramodule.)

Let B be the C-contramodule with 1 = k = Po corresponding to a linear
function V* — k coming from no element of V. Then the intersection of the
images of Homy(C/U,P) in P over all finite-dimensional subcoalgebras U C € is
equal to Ps.

More generally, for any coalgebra C any finite-dimensional left C-comodule
M has a natural left C-contramodule structure given by the composition

Homk(G,M) ~ M — C"RCRIEM — M

of the map induced by the C-coaction in M and the map induced by the pairing
C* ®, € — k. The category of finite-dimensional left C-comodules is isomorphic
to a full subcategory of the category of finite-dimensional left C-contramodules; a
finite-dimensional C-contramodule comes from a C-comodule if and only if it comes
from a contramodule over a finite-dimensional subcoalgebra of C. We will see below
that every irreducible C-contramodule is a finite-dimensional contramodule over a
finite-dimensional subcoalgebra of C; it follows that the above functor provides a
bijective correspondence between irreducible left C-comodules and irreducible left
C-contramodules.
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Comparing the cobar complex for comodules with the bar complex for con-
tramodules, one discovers that for any finite-dimensional left C-comodules £ and
M there is a natural isomorphism

Ext® (L, M) ~ Exts (L, M)*.

In other words, the Ext spaces between finite-dimensional C-comodules in the cate-
gory of arbitrary C-contramodules are the completions of the Ext spaces in the cat-
egory of finite-dimensional C-comodules with respect to the profinite-dimensional
topology.

A.2 Nakayama’s Lemma

The exposition below is based on the structure theory of coalgebras, see [82, Chap-
ters VIII-IX] or [68, Chapter 5].

A coalgebra is called cosimple if it has no nontrivial proper subcoalgebras. A
coalgebra C is called cosemisimple if it is a union of finite-dimensional coalgebras
dual to semisimple k-algebras, or equivalently, if the abelian category of (left or
right) C-comodules is semisimple. Any cosemisimple coalgebra can be decomposed
into an (infinite) direct sum of cosimple coalgebras in a unique way. For any
coalgebra €, let C% denote its maximal cosemisimple subcoalgebra; it contains all
other cosemisimple subcoalgebras of C.

Lemma 1. Let C be a coalgebra over a field k and B be a nonzero left C-contra-
module. Then the image of the space Homy (C/C%, B) under the contraaction map
Homy, (C,B) — P is not equal to P.

Proof. Notice that the coalgebra without counit D = C/C* is conilpotent, that is
any element d € D is annihilated by the iterated comultiplication map D — D®"
with a large enough n (dependent on d). We will show that for any contra-
module P over a conilpotent coalgebra D surjectivity of the contraaction map
7y Homy (D, PB) — P implies vanishing of PB. Indeed, assume that my is surjec-
tive. Let p be an element of ; it is equal to myp(f1) for a certain map f1: D — .
Since the map my is surjective, the map fi can be lifted to a certain map

D —— Homy(D,P),
which supplies a map fo: D ®; D — P. So one constructs a sequence of maps
fi: D¥—— P

such that f;_1 = myp,1(fi), where mq 1 signifies the application of my at the first
tensor factor of D¢, Set

gi=pp2. i(fi)=fioupa. i, 9:DOD — P, i>2,
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where pip2. i DR®D — D®? denotes the tensor product of the identity map
D — D with the iterated comultiplication map D — D®~1 We have

mp1(9i) = o1, i—1(fic1) and  puo(g:) = po.1. . i(fi)

Notice that by conilpotency of the coalgebra D the series Zfiz g; converges in
the sense of point-wise limit of functions D ®; D — B, and even of functions
D — Homy (D, P). (As always, we presume the identification Homy (U®;V, W) =
Homy, (V, Homy, (U, W)) when we consider left contramodules.) Therefore,

TP,1 (ZZQ gi) = Zzz poa . i-1(fie1)

and
HD (ZizQ gi) = Zizz wo.1..i(fi)
hence
.1 (ZM gi) — pip (ZM gi) = fi.
By the contraassociativity equation, it follows that p = mg(f1) = 0. O

Lemma 2. Let coalgebra C be the direct sum of a family of coalgebras C,. Then
any left contramodule P over C is the product of a uniquely defined family of left
contramodules P, over C,.

Proof. Uniqueness and functoriality is clear, since the component B, can be re-
covered as the image of the projector corresponding to the linear function on C
that is equal to the counit on €, and vanishes on Cg for all 8 # a. Existence is
obvious for a free C-contramodule. Now suppose that a C-contramodule £ is the
product of C,-contramodules Q,; let us show that any subcontramodule R C 9 is
the product of its images R, under the projections Q — Q. Let r, be a family
of elements of R. Consider the linear map f: € — 9 whose restriction to €, is
equal to the composition

Co — k——%NR

of the counit of C, and the map sending 1 € k to ro. Set r = mx(f). Then the
image of the element r under the projection R — R, is equal to the image of r,
under this projection. Thus R is identified with the product of fR,. It remains to
notice that any C-contramodule is isomorphic to the quotient contramodule of a
free contramodule by one of its subcontramodules. (|

Corollary. For any coalgebra C and any nonzero contramodule B over C there
exists a finite-dimensional (and even cosimple) subcoalgebra W C € such that the
image of Homy(C/U,P) under the contraaction map Homy(C,P) — P is not
equal to P.
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Proof. By Lemma 1, the image of the map Homy(C/C%,93) — P is not equal to
PB. Denote this image by 9Q; it is a subcontramodule of 8 and the quotient con-
tramodule /9 is a contramodule over C*. By Lemma 2, there exists a cosimple
subcoalgebra €, of €% such that J3/Q has a nonzero quotient which is a contra-
module over C,. O

Lemma 3. Let Cop C C; C Cy C --- C € be a coalgebra with an increasing sequence
of subcoalgebras. For a C-contramodule B, denote by G*B the image of the con-
traaction map Homy(C/C;, B) — P. Then for any C-contramodule P the natural
map P — lim, B/GHB is surjective.

Proof. The assertion is obvious for a free C-contramodule. Represent an arbitrary
C-contramodule P as the quotient contramodule /R of a free C-contramodule
. Since the maps G'Q — G"P are surjective, there are short exact sequences

0 — R/ANG'Q — Q/G'Q —— P/G'P — 0.

Passing to the projective limits, we see that the map lim_ 2/G'Q — lim_ B/GHR
is surjective. (]

When € = (J,; C;, it follows, in particular, that & =~ @Z R/G'R for any
C-contramodule K which is a subcontramodule of a projective C-contramodule.

A.3 Contraflat contramodules

Lemma. Let C be a coalgebra over a field k. Then a left C-contramodule is con-
traflat if and only if it is projective.

Proof. For any C-contramodule 9 and any subcoalgebra V C € denote by
V9 = coker(Homy,(C/V, Q) — 9) =~ Cohome(V, Q)

the maximal quotient contramodule of 9 that is a contramodule over V. The
key step is to construct for any C*-contramodule R a projective C-contramodule
0 such that €9 ~ M. By Lemma A.2.2, 9 is a product of contramodules over
cosimple components C,, of €%. Any contramodule over C,, is, in turn, a direct sum
of copies of the unique irreducible C,-contramodule. Hence it suffices to consider
the case of an irreducible C,-contramodule fR.

Let e, be an idempotent element of the algebra € such that R is isomorphic
to €% ey. Consider the idempotent linear function e on €% equal to e, on C, and
zero on Cg for all B # a. It is well known that for any surjective map of rings
A — B whose kernel is a nil ideal in A any idempotent element of B can be lifted
to an idempotent element of A. Using this fact for finite-dimensional algebras and
Zorn’s Lemma, one can show that any idempotent linear function on €% can be
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extended to an idempotent linear function on C. Let e be an idempotent linear
function on € extending egs; set Q = C*e. Then one has

GSSQ ~ (Gsse*)e ~ ess*ess ~ R

as desired.

Now let P be a contraflat left C-contramodule. Consider a projective left
C-contramodule 9 such that ¢~ Q ~ ¢, Since 9 is projective, the map Q —
€9 can be lifted to a C-contramodule morphism

f:Q—%.

Since " (coker f) = coker(®" f) = 0, it follows from Lemma A.2.1 that the mor-
phism f is surjective; it remains to show that f is injective.

For any right comodule N over a subcoalgebra U C € there is a natural
isomorphism

NOe P ~Noy Mg,

hence the U-contramodule W is contraflat. Now let U be a finite-dimensional
subcoalgebra; then W is a flat left U*-module. Denote by K the kernel of the
map Uf: UQ — WP, For any right U*-module N we have a short exact sequence

0 — Ny K —— N @y 1Q —— N @y U —— 0.

Since for any cosimple subcoalgebra U, C U the map U} @« Uf = Uof is an
isomorphism, we can conclude that the module U}, @+ K = UsK is zero. It
follows that K = 0 and the map Uf is an isomorphism.

Finally, let & be the kernel of the map Q — B. Since Uf is an isomorphism,
the subcontramodule & C Q is contained in the image of Homy(C/U, Q) in 9 for
any finite-dimensional subcoalgebra U C €. But the intersection of such images is
zero, because the Q is a projective C-contramodule. O

Remark. Much more generally, one can define left contramodules over an arbi-
trary complete and separated topological ring R where open right ideals form a
base of neighborhoods of zero (cf. [8]). Namely, for any set X let R[[X]] denote the
set of all formal linear combinations of elements of X with coefficients converging
to zero in R, i.., the set of all formal sums ) . r,x, with r, € R such that
for any neighborhood of zero U C R one has r, € U for all but a finite number
of elements x € X. Then for any set X there is a natural map of “opening the
parentheses” R[[R[[X]]]] — R[[X]] assigning a formal linear combination to a
formal linear combination of formal linear combinations; it is well defined in view
of our condition on R. There is also a map X — R[[X]] defined in terms of
the unit element of R; taken together, these two natural maps make the functor
X — R[[X]] a monad on the category of sets. Left contramodules over R are,
by the definition, modules over this monad. One can see that the category of left
R-contramodules is abelian and there is a forgetful functor from it to the category
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of R-modules; this functor is exact and preserves infinite products. For example,
when R = Z; is the topological ring of [-adic integers, the category of R-contra-
modules is isomorphic to the category of weakly I-complete abelian groups in the
sense of Jannsen [54], i.e., abelian groups P such that Exty(Z[I~'], P) = 0 for
1 =0, 1. When R is a topological algebra over a field, the above definition of an
R-contramodule is equivalent to the definition given in D.5.2. There is an obvious
way to define the contratensor product of a discrete right R-module and a left
R-contramodule. Now if T is a topological ring without unit satisfying the above
condition, and T is pronilpotent, that is for any neighborhood of zero U C T there
exists n such that T™ C U, then any left T-contramodule P such that the con-
traaction map T[[P]] — P is surjective vanishes. Besides, any left contramodule
over the topological product R of a family of rings (with units) R, satisfying the
above condition is naturally the product of a family of left R,-contramodules. Fi-
nally, let R be a topological ring satisfying the above condition and endowed with
a decreasing filtration R > G'R D G?R D --- by closed left ideals such that any
neighborhood of zero in R contains G*R for large i. For any left R-contramodule
P, denote by G'P the image of the contraaction map G*R[[P]] — P; then the
natural map P — hm P/G'P is surjective. The proofs of these assertions are
analogous to those of Lemmas A.2.1-A.2.3. When open two-sided ideals form a
base of neighborhoods of zero in R and the discrete quotient rings of R are right
Artinian, a left R-contramodule P is projective if and only if for any open two-
sided ideal J C R the cokernel of the contraaction map J[[P]] — P is a projective
left R/J-module. The proof of this result is analogous to that of Lemma A.3. It
follows that the class of projective left R-contramodules is closed under infinite
products under these assumptions. For a profinite ring R (defined equivalently
as a projective limit of finite rings endowed with the topology of projective limit
or as a profinite abelian group endowed with a continuous associative multiplica-
tion with unit) one can even obtain the comodule-contramodule correspondence.
Namely, the coderived category of discrete left R-modules is equivalent to the
contraderived category of left R-contramodules; this equivalence is constructed in
a way analogous to 0.2.6 with the role of a coalgebra € played by the discrete
R-R-bimodule of continuous abelian group homomorphisms R — Q/Z. More
generally, let R be a topological ring where open two-sided ideals form a base
of neighborhoods of zero and the discrete quotient rings are right Artinian. A
pseudo-compact right R-module [43, IV.3] is a topological right R-module whose
open submodules form a base of neighborhoods of zero and discrete quotient mod-
ules have finite length. The category of pseudo-compact right R-modules is an
abelian category with exact functors of infinite products and enough projectives;
the projective pseudo-compact right R-modules are the direct summands of in-
finite products of copies of the pseudo-compact right R-module R. There is a
natural anti-equivalence between the contraderived categories of pseudo-compact
right R-modules and left R-contramodules provided by the derived functors of
pseudo-compact module and contramodule homomorphisms into R.



B Comparison with
Arkhipov’s Ext®>/2T* and
Sevostyanov’s Tor,, /2.

Semi-infinite cohomology of associative algebras was introduced by S. Arkhipov [2,
3]; later A. Sevostyanov studied it in [79]. The constructions of derived functors
SemiTor and SemiExt in this monograph are based on three key ideas which were
not known in the 1990s, namely:

(i) the functors of semitensor product and semihomomorphisms;
(ii) the constructions of adjusted objects from Lemmas 1.3.3 and 3.3.3; and

(iii) the definitions of semiderived categories.

We have discussed already Sevostyanov’s substitute for (i) in 10.4 and men-
tioned Arkhipov’s substitute for (ii) in 10.3.5. Here we consider Arkhipov’s sub-
stitute for (i) and suggest an Arkhipov and Sevostyanov-style substitute for (iii).
Combining these together, we obtain comparison results relating our SemiExt to
Arkhipov’s Ext™/?** and our SemiTor to Sevostyanov’s Torag /o4 -

Throughout this appendix we will freely use the notation and remarks of 11.1.

B.1 Algebras R and R*

B.1.1 Let R be a graded associative algebra over a field k& endowed with a pair
of subalgebras K and B C R. Assume that all the components K, are finite
dimensional, K; = 0 for i large negative, and B; = 0 for i large positive. Set
C; = K*,; and C = @, C;; this is the coalgebra graded dual to the algebra K. The
coalgebra structure on € exists due to the conditions imposed on the grading of
K. There is a natural pairing ¢: C ®, K — k satisfying the conditions of 10.1.2.

Notice that a structure of graded (left or right) C-comodule on a graded
k-vector space M with M; = 0 for ¢ > 0 is the same as a structure of graded
(left or right) K-module on M. Analogously, a structure of graded (left or right)
C-contramodule on a graded k-vector space P with P; = 0 for ¢ <« 0 is the
same as a structure of graded (left or right) K-module on P. Indeed, one has
Hom§' (€, P) ~ K ®, P.

Furthermore, assume that the multiplication map K ®; B — R is an iso-
morphism of graded vector spaces. The algebra R is uniquely determined by the
algebras K and B and the “permutation” map

B, K — K®iB
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obtained by restricting the multiplication map R ®; R — R ~ K ®; B to the
subspace B ®; K C R ®; R. Transferring the tensor factors K to the other sides
of this arrow, one obtains a map

€ ®r B —— Hom} (K, B), c@br— (K'— (¢ ®idp)(c ® bK")),

where the graded Hom space in the right-hand side is defined, as always, as direct
sum of the spaces of homogeneous maps of various degrees. By the conditions
imposed on the gradings of K and B, we have B ®; € ~ Hom} (K, B), so we get
a homogeneous map

Vv: CRry B —— B ®y C.

One can check that the map 1 is a right entwining structure for the graded coal-
gebra C and the graded algebra B over k.

Conversely, if the map 1 corresponding to a “permutation” map B ®; K —
K ®j B satisfies the entwining structure equations, then the latter map can be
extended to an associative algebra structure on R = K ®; B with subalgebras K
and B C R. However, not every homogeneous map C®y B — B ®y C comes from
a homogeneous map B ® K — K ®j B.

In the described situation the constructions of 10.2 and 10.3 produce the
same graded semialgebra

CRrxk R=8 ~C®yB.

The pairing ¢: € ®; K — k is nondegenerate in C, so the functor Ay is fully
faithful and in order to show that the construction of 10.2 works one only has to
check that there exists a right C-comodule structure on C® i R inducing the given
right K-module structure. This is so because 8; = 0 for ¢ > 0 according to the
conditions imposed on the gradings of K and B.

B.1.2 Now suppose that we are given two graded algebras R and R# with the
same two graded subalgebras K, B C R and K, B C R* such that the multipli-
cation maps

K®,B —— R and B®, K — R*

are isomorphisms of vector spaces. Assume that dimy K; < oo for all i, K; =0
for i < 0, and B; = 0 for ¢ > 0. Furthermore, assume that the right entwining
structure ¢¥: C®i B — B®}, € coming from the “permutation” map in R and the
left entwining structure ¢#: B @) € — € ®, B coming from the “permutation”
map in R# are inverse to each other.

Then there are isomorphisms of graded semialgebras

S:€®KR:€®kB:B®k€:R#®K€:S#,

which allow one to describe left and right 8-semimodules and 8-semicontramod-
ules in terms of left and right R-modules and R*#-modules. In particular, 8 has a
natural structure of graded R*-R-bimodule.
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By the graded version of the result of 10.2.2, a structure of graded right
S-semimodule on a graded k-vector space N with N; = 0 for ¢ > 0 is the same
as a structure of graded right R-module on N. A structure of graded left 8-semi-
module on a graded k-vector space M with M; = 0 for ¢ > 0 is the same as a
structure of graded left R#-module on M. A structure of graded left 8-semicon-
tramodule on a graded k-vector space P with P, = 0 for ¢ < 0 is the same as a
structure of graded left R-module on P. In other words, there are isomorphisms
of the corresponding categories of graded modules and homogeneous morphisms
between them.

Besides, for any graded right R-module N with N; = 0 for ¢ > 0 and any
graded left R-module P with P; = 0 for ¢ < 0 there is a natural isomorphism
N ©§ P~ N ®@g P. Indeed, one has N ©f P~ N ®k P and (N Of 8) ©f P ~
N ®rg R®k P.

B.1.3 A graded K-module M with M; = 0 for i > 0 is injective as a graded
C-comodule if and only if it is injective as a graded K-module and if and only if it
is injective in the category of graded K-modules with the same restriction on the
grading. Analogously, a graded K-module P with P; = 0 for ¢ < 0 is projective as
a graded C-contramodule if and only if it is projective as a graded K-module and
if and only if it is projective in the category of graded K-modules with the same
restriction on the grading.

By the graded version of Proposition 6.2.1(a), for any graded right R-mod-
ule N with N; = 0 for i > 0 and any K-injective graded left R#-module M with
M; = 0 for i > 0 there are natural isomorphisms

NO§ M~ N @y Vg (M)~ N og Hom$,, (8, M).

Analogously, for any K-injective graded right R-module N with N; =0 for ¢ > 0
and any graded left R#-module M with M; = 0 for i > 0 there is a natural
isomorphism

N 0§ M ~ M ©%., Hom%., (8, N).

The contratensor products in the right-hand sides of these formulas cannot be in
general replaced by the tensor product over R and R¥, as the graded 8-semicon-
tramodule g (M) does not have zero components in large negative degrees. In
this situation the contratensor product is a certain quotient space of the tensor
product.

By the graded version of Proposition 6.2.3(a), for any K-injective graded left
R#-module M with M; = 0 for i > 0 and any graded left R-module P with P; = 0
for i < 0 there are natural isomorphisms

SemiHom§ (M, P) ~ Hom$ (V& (M), P) ~ Hom3, (Hom?%, (8, M), P).

Here the homomorphisms of graded 8-semicontramodules again cannot be re-
placed by homomorphisms of graded left R-modules. The former homomorphism
spaces are certain subspaces of the latter ones.
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By the graded version of Proposition 6.2.2(a), for any graded left R#-mod-
ule M with M; = 0 for ¢ > 0 and any K-projective graded left R-module P with
P; =0 for i < 0 there are natural isomorphisms

SemiHom{ (M, P) ~ Homg (M, ®§'(P)) ~ Hom%,, (M, 8 ®% P).

Here the homomorphisms of graded left 8-semimodules can be replaced by the
homomorphisms of graded left R#-modules, since the functor A, is fully faithful,
and consequently so is the functor Ay ;.

All of these formulas except the last one have ungraded versions:

N Os M ~ N ©g HomR#(S,M), N Qg M ~ M ©@gor HomRop(S,N),
SemiHomg (M, P) ~ Hom® (Hom g« (8, M), P)

under the appropriate K-injectivity conditions.

B.2 Finite-dimensional case

When the subalgebra K C R is finite-dimensional, the algebra R# can be con-
structed without any reference to the grading or the complementary subalgebra B.

B.2.1 Let K be a finite-dimensional k-algebra and € = K™* be the coalgebra
dual to K. Then the categories of left C-comodules and left C-contramodules are
isomorphic to the category of left K-modules and the category of right C-comod-
ules is isomorphic to the category of right K-modules.

The adjoint functors ®e and We can be therefore considered as adjoint end-
ofunctors on the category of left K-modules defined by the formulas

P—CRg P and M+— KOe M ~ Hompg(C, M).

The restrictions of these functors define an equivalence between the categories of
projective and injective left K-modules.

By Proposition 1.2.3(a-b), the mutually inverse equivalences P — C ®x P
and M —— K Oe M between the category of K-K-bicomodules that are projective
as left K-modules and the category of K-K-bicomodules that are injective as left
K-modules transform the functor of tensor product over K in the former category
into the functor of cotensor product over C in the latter one. In other words,
these two tensor categories are equivalent, and therefore there is a correspondence
between ring objects in the former and the latter tensor category.

B.2.2 Let K be a finite-dimensional k-algebra and K — R be a morphism
of k-algebras. By the above argument, if R is a projective left K-module, then
the tensor product 8 = € ®x R has a natural structure of semialgebra over C.
Furthermore, if 8 is an injective right K-module, then the cotensor product R# =
8 Oe K has a natural structure of k-algebra endowed with a k-algebra morphism
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K — R¥. In this case the semialgebra 8 can be also obtained as the tensor
product R¥* @ C.

By the result of 10.2.2, a structure of right 8-semimodule on a k-vector space
N is the same as a structure of right R-module on N. A structure of left 8-semi-
module on a k-vector space M is the same as a structure of left R#-module on
M. A structure of left 8-semicontramodule on a k-vector space P is the same as a
structure of left R-module on P. In other words, the corresponding categories are
isomorphic. Besides, for any right R-module N and any left R-module P there is
a natural isomorphism N @s P ~ N ®@p P (see 10.2.3).

Remark. The case of a Frobenius algebra K is of special interest. In this case
the k-algebra R* is isomorphic to the k-algebra R, but the k-algebra morphisms
K — R and K — R# differ by the Frobenius automorphism of K.

B.2.3 By Proposition 6.2.1(a), for any right R-module N and any K-injective
left R-module M there are natural isomorphisms

N Os M ~ N @ Ug(M) ~ N ® Homps (S, M).

Analogously, for any K-injective right R-module N and any left R#-module M
there is a natural isomorphism

N Os M ~ Hompgor (8, N) @ g# M.

By Proposition 6.2.3(a), for any K-injective left R#-module M and any left
R-module P there are natural isomorphisms

SemiHomg (M, P) ~ Hom® (¥g(M), P) ~ Homp(Hom g« (S, M), P).

By Proposition 6.2.2(a), for any left R#-module M and any K-projective left
R-module P there are natural isomorphisms

SemiHomg (M, P) ~ Homg (M, ®s(P)) ~ Hompx (M, S @r P).

All of these formulas have obvious graded versions.

B.3 Semijective complexes

Let 8 be a graded semialgebra over a graded coalgebra € over a field k. Suppose
that 8§; = 0= C; for ¢ > 0 and Gy = k. Assume also that 8 is an injective left and
right graded C-comodule. Let C-comod! and comod!-€ denote the categories of
C-comodules graded by nonpositive integers, C-contra denote the category of left
C-comodules graded by nonnegative integers, 8-simod!, simod!-8, and 8-sicntr!
denote the categories of graded 8-semimodules and 8-semicontramodules with
analogously bounded grading.

Any acyclic complex over C-comod! is coacyclic with respect to C-comod!.
Analogously, any acyclic complex over C-contra! is contraacyclic with respect to
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C-contra'. Indeed, let K* be an acyclic complex of nonpositively graded G-comod-
ules. As before, we denote by upper indices the homological grading and by lower
indices the internal grading. Introduce an increasing filtration on X* by the com-
plexes of graded subcomodules F, K7 = @i>_n XKZ. Then the acyclic complexes
of trivial C-comodules F,,X*/F,_1X* are clearly coacyclic.

So we have DS (8-simod!) = D(8-simod*) and D®(8-sicntr) = D(S-sicntr).

A complex M*® over C-comod! is called injective if the complex of homoge-
neous homomorphisms into M*® from any acyclic complex over C-comod! is acyclic.
In this case the complex of homogeneous homomorphisms into M* from any acyclic
complex over C-comod®" is also acyclic. Analogously, a complex J3* over C-contral
is called projective if the complex of homogeneous homomorphisms from §B* into
any acyclic complex over C-contra! is acyclic. In this case the complex of homo-
geneous homomorphisms from * into any acyclic complex over C-contrag" is also
acyclic.

By Lemma 5.4, any complex of injective objects in G-comod! is injective and
any complex of projective objects in C-contra! is projective.

A complex M* over 8-simod' is called quite 8/C-projective if the complex
of homogeneous homomorphisms from M?® into any C-contractible complex over
S-simod* is acyclic. Equivalently, M*® should belong to the minimal triangulated
subcategory of Hot(S—simodl) containing the complexes of graded semimodules
induced from complexes over C-comod! and closed under infinite direct sums.
Indeed, any quite 8/C-projective complex of graded S-semimodules is homotopy
equivalent to the total complex of its bar resolution.

Analogously, a complex P* over 8-sicntr! is called quite 8 /C-injective if the
complex of homogeneous homomorphisms into * from any C-contractible com-
plex over 8-sicntr! is acyclic. Equivalently, SPB° should belong to the minimal tri-
angulated subcategory of Hot(S-sicntrT) containing the complexes of graded semi-
contramodules coinduced from complexes over C-contral and closed under infinite
products.

A complex M* over 8-simod is called semijective if it is C-injective and quite
8/C-projective. Analogously, a complex * over S-sicntr! is called semijective if
it is C-projective and quite 8/C-injective. Clearly, any acyclic semijective complex
of semimodules or semicontramodules is contractible.

By the graded version of Remark 6.4, any semiprojective complex of non-
positively graded C-injective 8-semimodules is semijective and any semiinjective
complex of nonnegatively graded C-projective 8-semicontramodules is semijective.
Hence the homotopy category of semijective complexes over 8-simod* or S-sicntr!
is equivalent to the derived category D(S—simodl) or D(8-sicntr!), any semijective
complex is semiprojective or semiinjective, and one can use semijective complexes
to compute the derived functors SemiTor® and SemiExts.
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B.4 Explicit resolutions

Let us return to the situation of B.1.2, but make the stronger assumptions that
dimg K; < oo for all i, K; =0 fori <0, Ko =k, and B; = 0 for i > 0. Set
Ci=K*,and 8 =C®xk R~ R¥ @ C = 8%.

7

B.4.1 For any complex of nonnegatively graded left R-modules P* denote by
Lo(P*) the total complex of the reduced relative bar complex

. — > R®pR/B®s R/B®p P* — R@p R/B®s P* —— R®p P°.

It does not matter whether we construct this total complex by taking infinite di-
rect sums or infinite products in the category of graded R-modules, as the two
total complexes coincide. The complex Lo(P*) is a complex of K-projective non-
negatively graded left R-modules quasi-isomorphic to the complex P*.

For any complex of nonpositively graded left R#-modules M* denote by
L3(M?*) the total complex of the reduced relative bar complex

- —— R* @k R* /K @k R¥* /K @ M*
—— R¥* @ R¥ /K ®x M* —— R¥ @ M",
constructed by taking infinite direct sums along the diagonals. The complex
L3(M?®) is a quite 8/C-projective complex of nonpositively graded left 8-semi-
modules quasi-isomorphic to the complex M?*.
By 4.8 and B.1.3, the complex
HomY, (L3(M*), 8 ®% La(P*))
represents the object SemiExtg (M*®, P*) in D(k-vect®). We have reproduced
Arkhipov’s explicit complex [2, 3] computing Ex‘cjf%o/zﬂk(M‘7 Pe).
B.4.2 For any complex of nonpositively graded left R#-modules M* denote by
Ro(M*) the total complex of the reduced relative cobar complex
Hom% (R#, M*) —— Hom% (R* /B ®p R, M*)
—— Hom% (R*/B®p R*/Bop R, M*) —— ---
It does not matter whether we construct this total complex by taking infinite
direct sums or infinite products in the category of graded R*¥-modules, as the
two total complexes coincide. The complex Ry(M*®) is a complex of K-injective
nonpositively graded left R#-modules quasi-isomorphic to the complex M®.
For any complex of K-injective nonpositively graded left R#-modules M*
the complex L3(M*®) defined in B.4.1 is a semiprojective complex of C-injective

left 8-semimodules, since it is isomorphic to the total complex of the reduced bar
complex

. —78[‘@8/8\:‘@8/@[‘@ M* —>SD@S/@D@M' —— 80 M*

and the left C-comodule 8/C is injective in our assumptions.
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Let N*® be a complex of nonpositively graded right R-modules and M*® be a
complex of nonpositively graded left R#-modules. By 10.4, the complex

N°* ®p LsRy(M*)

represents the object SemiTorgr(N *,M*) in D(k-vect®). We have reproduced
Sevostyanov’s explicit complex [79] computing Tor’ Jo4 (N®, M),

B.5 Explicit resolutions for a finite-dimensional subalgebra

Let us consider the situation of an associative algebra R endowed with a pair of
subalgebras K and B C R such that the multiplication map K ®; B — R is an
isomorphism of vector spaces and K is a finite-dimensional algebra. Let € = K*
be the coalgebra dual to K. Then the construction of B.1.1-B.1.2 is applicable,
e.g., with R endowed by the trivial grading, and whenever the entwining map

Y: BRpC — C®yi B

turns out to be invertible, this construction produces an algebra R¥ with sub-
algebras K and B and isomorphisms of semialgebras 8 = C®x R ~ C®y B ~
B®y, C~ R* @ C=87.

B.5.1 For any complex of right R-modules N* denote by Ro(N*®) the total com-
plex of the reduced relative cobar complex

HOHlBOP(R, N.) — HOHlBOP(R XB R/B, N.)
- HOmB°P(R®B R/B@B R/B, N') — e

constructed by taking infinite direct sums along the diagonals. The complex
Ro(N*) is a complex of K-injective right R-modules and the cone of the mor-
phism N* — Rg(N*) is K-coacyclic (and even R-coacyclic). For any complex of
left R#-modules M* the complex Ry(M?*) is constructed in an analogous way.

For any complex of left R-modules P* denote by Lo(P*) the total complex
of the reduced relative bar complex

- —— R®pR/B®p R/B®p P* — R®pR/B®pP* — RQp P*,

constructed by taking infinite products along the diagonals. The complex Lo (P*)
is a complex of K-projective left R-modules and the cone of the morphism
Lo(P*) — P* is K-contraacyclic (and even R-contraacyclic).

For any complex of right R-modules N* denote by L3(N*) the total complex
of the reduced relative bar complex

- — N*®@x R/IK®x R/IK @k R — N*®kx R/K @k R — N°®* ®k R,

constructed by taking infinite direct sums along the diagonals. The complex
L3(N*) is a quite 8/C-projective complex of right 8-semimodules and the cone
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of the morphism L3(N®) — N* is C-contractible. Whenever N*® is a complex
of C-injective right S-semimodules, L3(N*®) is a semiprojective complex of C-in-
jective right 8-semimodules, as it was explained in B.4.2. For a complex of left
R#-modules M* the complex L3(M*) is constructed in an analogous way.

For any complex of left R-modules P* denote by R3(P*®) the total complex
of the reduced relative cobar complex

Homg (R, P*) —— Homg(R/K ®x R, P*)
—— Homg(R/K ®x R/K ®x R, M*) —— -+ |

constructed by taking infinite products along the diagonals. The complex R3(P*)
is a quite 8/C-injective complex of left S-semicontramodules and the cone of the
morphism P* — R3(P*) is C-contractible. Whenever P* is a complex of C-projec-
tive left 8-semicontramodules, R3(P*®) is a semiinjective complex of C-projective
right 8-semimodules, since it is isomorphic to the total complex of the reduced
cobar complex

Cohome(8, P*) —— Cohome(8/C0e 8, P°*)
—— Cohome(8/€ Oe S/GD@ 8§, P —— -

and the right C-comodule 8/C is injective in our assumptions.

B.5.2 One can use these resolutions in various ways to compute the derived
functors SemiTor®, SemiExtg, s, s, Exts, Ext®, and CtrTorS.

Specifically, for any complex of right R-modules N® and any complex of
left. R#-modules M* the object SemiTor®(N*®, M*) in D(k-vect) is represented by
either of the four complexes

N*®*®pg HomR#(S,LgRg(M')), ]Lg(N.) ®r Hompx (S,RQ(M.)),
Hom gov (S,LgRQ(N.)) Qp#r M®, HOmRop(S,RQ(N.)) Qp# ]Lg(M.)

according to the formulas of B.2.3 and the results of 2.8. For any complex
of left R#-modules M*® and any complex of left R-modules P* the object
SemiExtg(M*, P*) in D(k-vect) is represented by any of the four complexes

Homp(Homp# (S, LsRa(M*)), P*), Homp(Hompgx(S,Ra2(M*)),R3(P*)),
HOHIR# (M., S ®Qr Rg]LQ(P.)), HOHIR# (]Lg(M.), S ®r LQ(P.))
according to the formulas of B.2.3 and the results of 4.8.
One can also use the constructions of 10.4 instead of the formulas B.2.3.

For any complex of left R#-modules M* the object Ug(M*) in D*(8-sicntr)
is represented by the complex of left R-modules

Hompx# (8, Ra(M*)).
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For any complex of left R-modules P* the object ®g(P*) in DS(8-simod) is rep-
resented by the complex of left R#-modules

8 ®r Lo (P*).

For any complexes of left R#-modules L* and M* the object Extg(L*, M*)
in D(k-vect) is represented by the complex

Homp# (L3 (L®),Ra2(M?*)).

For any complexes of left R-modules P* and @Q°® the object ExtS(P',Q‘) in
D(k-vect) is represented by the complex

HOIIIR(LQ(P.),R3<Q.))‘

For any complex of right R-modules N°* and any complex of left R-modules P*®
the object CtrTor®(N*, P*) in D(k-vect) is represented by the complex

L3(N°®) ®@p La(P*).

These assertions follow from the results of 6.5.

In the situation of B.2.2 (with no complementary subalgebra B) one may have
to use the constructions of resolutions Rz (N), Ry(M), and L (P) from the proofs
of Theorems 2.6 and 4.6 instead of the constructions of B.5.1. The alternative is

simply to replace “B” with “k” in the formulas defining the resolutions Ry and
Lo in B.5.1.



C Semialgebras Associated to
Harish-Chandra Pairs

by Leonid Positselski and Dmitriy Rumynin

Recall that in 10.2 we described the categories of right semimodules and left semi-
contramodules over a semialgebra of the form 8 = € ®x R, but no satisfactory
description of the category of left semimodules over 8§ was found. Here we consider
the situation when € and K are Hopf algebras over a field k, and, under certain
assumptions, construct a Morita equivalence between the semialgebras € ®x R
and R ®x C. So left semimodules over € ® ¢ R can be described. This includes
the case of an algebraic Harish-Chandra pair (g, H) with a smooth affine algebraic
group H.

C.1 Two semialgebras

C.1.1 Let K and C be two Hopf algebras over a field k with invertible antipodes s.
Using Sweedler’s notation [82], we will denote the multiplications in K and € by
r ®y —— xy and the comultiplications by z —— (1) ® z(); the units will be
denoted by e and the counits by ¢, so that one has s(x(1))z ) = e(x)e = x(1)s(x(2))
forz € K or C. Let (, ): K ®, C — k be a pairing between K and € such that

(wy,c) = (x,c)) (W, c2)) and  (z,cd) = (x1), c)(7(2),d)

for z, y € K, ¢, d € C; besides, one should have (z,e) = ¢(z) and (e,c) =
g(c). Then it follows that the pairing (, ) is also compatible with the antipodes,
(s(z),c) = (z,5(c)).

Finally, suppose that we are given an “adjoint” right coaction of C in K
denoted by z +— xjg] ® z[y], satisfying the equations

ryys(T2)) = (T, Y1) Yo

and (zy)[o) @ (2Y)p1) = T)Y[0) @ T)yp); besides, assume that ey ® ep) = e @ e.
This coaction should also satisfy the equations of compatibility with the squares
of antipodes (s%x)j] ® (s*x)) = s*(2j9)) ® s~ 2(2p)) and compatibility with the
pairing (s~ (z(g]), ¢(2))s(c)) ey = (s (2), ¢)e. When the pairing (, ) is non-
degenerate in C, the latter four equations follow from the first one and the previous
assumptions.
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Indeed, one has

(. 5* (@) (")) = )8 (@)s(y@) = (s ws((s~*y) @)
= (s 2(y),zp))s” (o) = (g, s> () s” (2p0))
and (™ (@0))s c@)) (s ey e@y@y)
= (s Mz, ) ) W) ) Wy slea)) W), @)
:<s*1<y<3>xs<y<4>>>,c<2>><< D)y o)
= (s(yay)yys " (@)s (Y)Y > = (57 (@) )e(y);

analogously for the second and the third equations.

C.1.2 Let R be an associative algebra over k endowed with a morphism of alge-
bras f: K — R and a right coaction of the coalgebra C, which we will denote by
u— up @ up], u € R. Assume that f is a morphism of right C-comodules and
the right coaction of € in R satisfies the equations

f@)uf(s(x)) = (z,up)u

and (uv)jo] ® (uv)1) = ujopvig) ® upjvp for u, v € R, x € K.
Define a pairing ¢, : C ®, K — k by the formula

¢r(c,x) = (s7'(x),c).

The pairing ¢, satisfies the conditions of 10.1.2; in particular, it induces a right
action of K in € given by the formula

c—1x = <s*1(x), c(2))c(1)-

Assume that the morphism of k-algebras f makes R a flat left K-module. We will
now apply the construction of 10.2.1 in order to obtain a semialgebra structure on
the tensor product 8" = C @k R.

Define a right C-comodule structure on € ® ¢ R by the formula

¢ QK U ca) OK U] @ C2)Up)-

First let us check that this coaction is well defined.

We have (c—a)@u = (57, ¢ )er) @1 — ey @xcuio)@ (s, cgs)eyupy
and ¢ @ f(2)u — cq) Ox f@o)un @ coyzpup = (cq) < 2p0) @K U @
cTaun) = ¢y Ot ® (e, s (2))eeepupy; now (s7H(), de)da) =
<S_ (96[0]),d(g))d(l)s(d(g))d(4)x[1] = <S (l‘[o] d(1)>d 2)T[1] ford € C, =z € K.
Furthermore, this right C-comodule structure agrees with the right K-module
structure on € ®x R, since <5*1(x),c(2)u{1}>c(1) @K up) = (s~ Hz(2)), c2))c) Ok
(s7Hzqy), uppup) = (¢ z3)) @k f(s™(z2))uf(zq)) = c @k uf(z). It is easy
to see that this right coaction of € commutes with the left coaction of € and that
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the semiunit map € — C ®x R is a morphism of right C-comodules. Finally,
to show that the semimultiplication map (€ ®x R) Oe (C®x R) — C®x R is
a morphism of right C-comodules, one defines a right C-comodule structure on
C®Kk R ®kg R by the formula ¢ g u @ v — c1) @K Ujg] DK Vo] @ C(2)U[1]V]1)
and checks that both the isomorphism C®x R®kx R ~ (C®x R)Ue (C®k R) and
the map C®xg R ®Kx R — C®k R are morphisms of right C-comodules.

C.1.3 Define a pairing ¢;: K ®; € — k by the formula
Pu(x;¢) = (s(x), ).
The pairing ¢; induces a left action of K in € given by the formula
r— c=(s(x),c))c2)-

Assume that the morphism of k-algebras f makes R a flat right K-module. We
will apply the opposite version of the construction of 10.2.1 in order to obtain a
semialgebra structure on 8! =RexC.

Define a left C-comodule structure on R ® ¢ € by the formula

u®k ¢ — c)s” (u) ® o) O C)-
This coaction is well defined, since one has
u® (z—c) =ud (s(z),c))ee) — (s(x), cy)ee)s ™ (up) @ upg @ )
and .
uf(x) @ cr— cys™ (upzn) ® u)f(zp)) @k c2)

=cs ™ (zm)s (uy) ® upg @ (0 = €(2))

= (s(z[0), c@))eys ™ (@p))s ™ (upy) © up) @k )
now the identity (s(2), ¢(1))c@) = (s(g), ¢2))ca)s ™ (zp)) follows from the identi-
ties <S_1(l‘),d(2)>d(1) = <S_1(l‘[0]),d(1)>d(2)x[1] and (82$)[0] ® (82$)[1] = 82(33[0]) ®
5_2(96[1]). This left C-comodule structure agrees with the left K-module struc-
ture on R ®x C, since (s(x), c(ys™(up))))u) @k c2) = (s(xay), s (up))) @
(8(2(2)), cny)e) = {Tay, upp)ugo) O (22) =€) = 2)us((2))2E) Ox ¢ = U@k .

The rest is analogous to C.1.2; the left C-comodule structure on R ® g R ®k C is
defined by the formula u® g v @k ¢ — cays (vp))s ™ (up)) @ U @K Vo) Ok ¢(2)-

C.1.4 According to 10.2.2, the category of right 8 -semimodules is isomorphic
to the category of k-vector spaces N endowed with right C-comodule and right
R-module structures such that

<8_1(.%‘), n(1)>n(0) = nf(x) and (nr)(o) ® (nr)(l) = N(0)7[0] X n(1)T)

forn € N, z € K, r € R, where n —— ng) ® n(;) denotes the right C-coaction
map and n ® r — nr denotes the right R-action map.
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Assuming that R is a projective left K-module, the category of left 8"-semi-
contramodules is isomorphic to the category of k-vector spaces P endowed with
left C-contramodule and left R-module structures such that

mp(c— (s™(z),c)p) = f(z)p
and

T (¢ = 1ioi9(crpy)) = rrg(g)

forpe P, x€ K, ce€C, reR, gec Homy(C,P), where my denotes the
contraaction map and r ® p — rp denotes the left action map.

The category of left 8'-semimodules is isomorphic to the category of k-vector
spaces M endowed with left C-comodule and left R-module structures such that

(s(z), m_1y)mo) = f(z)m
and

(rm)(—1) @ (rm)(o) = m—1)s~ " (rp)) ® rioymyg)

forme M, z € K, r € R, where m —— m(_;) ® m ) denotes the left C-coaction
map and r ® m — rm denotes the left R-action map.

C.2 Morita equivalence

C.2.1 Let € be a k-vector space endowed with a C-C-bicomodule structure and a
right C-module structure satisfying the equation

(o) (=1 @ (o) o) @ (Je) 1) = J—nca) @ Jo)ce) @ J1)C@3)

for j € & c € C, where j — j_1) ® jo) ® j(1) denotes the bicoaction map and
j ® ¢ — jc denotes the right action map.

In particular, € is a right Hopf module (see [82, 4.1] or [68, 1.9]) over €, hence
€ is isomorphic to the tensor product F ®; C as a right C-comodule and a right
C-module, where F is a k-vector space which can be defined as the subspace in &
consisting of all i € € such that i) ®i(;) = i®e. One can see that E is a left C-sub-
comodule in &€, so € can be identified with the tensor product E®y C endowed with
the bicoaction (Z'®C)(,1) ®(i®c)(0) ®(i®c)(1) = Z'(,l)C(l) ®(i(0) ®C(2))®C(3) and the
right action (i®c)d = i®cd. Besides, the isomorphism F®C ~ C®y FE given by the
formulas i ® ¢ — i(_1)c®i(g) and c @i — (o) ® s~ (i(_1))c identifies & with the
tensor product C®; £ endowed with the bicoaction (¢c®1)(_1)®(c®1)(0)®(c®1i) 1) =
ca) @ (c2) ® (o)) ® s~ (i(—1))¢(3) and the right action (¢ ® i)d = ¢d @ i.

C.2.2 The pairings ¢; and ¢, induce left and right actions of K in € given by the
formulas x — j = (s(x),j(—1))j(0) and j 2z = (s‘l(aj),j(l))j(o) forjeé, xe€ K.
Assume that these two actions satisfy the equation

z) — (jap) = j <, orequivalently, x—j=(js '(z11))) 2. (%)
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Let us construct an isomorphism
E®r R~ R®Kk €.
Set the map € ® x R — R ®k € to be given by the formula
J ®K u — ujg) QK Jup)
and the map R ®x € — € ®x R to be given by the formula
u®p j — s (up)) @k up

for j € €, u € R. We have to check that these maps are well defined.
One has

z — (je) = (s(2), j-1ycq))iocq)
= (s(z(2)), J—){s(z))e)doyca) = (@@) = )(@a) — o).
Therefore,
(z) day)z) = (Jd@) = (23 = )@@ — (57 (z) = d) = (= — j)d.

Now we have (j « z) ® u — ujg) @k (j + x)upy) and

J® f(x)ur— f(z)0)uj @K jrpjup
= f(zo1))wof (s(T0y2)) f (T(0)3)) @K JTpjUn)
= (@), v vl f(To)2)) @K Jopjugp)
= up) @k (Tp)(1), v o)) = Grpe) = wo @k (2o — Gzp))up-

Analogously, one has

(jo) —z = (s~ (z),J)yc@)iocq)
= (s (x(@2), J) sz c@)ica) = (G — z@)(c—zq)).

Therefore,

(s7Mz)), day) (G (d2)) «— @) = (), s (dw) (s~ (d2)) — z2)
= (j — @) ((s7Hd) — s(zm)) —z(2)) = (j — z)s ' (d).
Now we have
u® (z— j) — (= j)s~ (up)) @K ug)

and
uf(x) ®j— js~ apy)s ™ (up)) @k ug f ()

=js Nap)s(up) @k f(w[O](g))f( (@ (0)(2))) ugo) f (2 p0)(1))
= js ™ @py)s ™ (up) @k (57 (@0)1)), u) £ (2 p0)2) o)
MNap)s™ ( upg))) < T(o)(2) OK U[o]

= (571(96[0](1))#[1])(
= ((Gs M (zp))) — zo))s ™ (upy)) @k u)-

Checking that these two maps are mutually inverse is easy.
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C.2.3 Assume that R is a flat left and right K-module. Then the vector space
€ ®x R~&0e (CoKk R)

is endowed with the structures of left G-comodule, right 8"-semimodule, and right
R-module. The vector space

R®x &~ (R®x €)Oe €

is endowed with the structures of right C-comodule, left 8'-semimodule, and left
R-module.

Let us check that the isomorphism € ® x R ~ R®p & preserves the C-C-bico-
module structures. Indeed, one has (j®xu)—1)®(JOr ) 0)R(JOrU)1) = j(—1)®
(o) @K ujo) @J(1yup) and (u@x j)(—1) @ (u®k J)(0) @ (U@ j) (1) = d(-1)s ™" (up) @
(uj0)® K J(0)) ®@J(1), hence (ug @k jupy) (—1) @ (Ui @ K Jup)) (—0) @ (U] @K jup)) (1) =
Jnyugzs ™ (up)) @ (U] @k Joyuis) @ oy upa) = J—1) @ (upo] @k Geoyuqny) ® -

Set £E g R =& ~ Rk €. The left and right actions of R in & commute;
indeed, the left and the induced right actions of R in R ® ¢ € are given by the
formulas w(u ®k j) = wu @k j and (v Qx j)v = uvjg) @K JU[)-

It follows easily that

E0e8 ~&~80eé
is an 8'-8"-bisemimodule.

C.2.4 Now assume that the C-C-bicomodule £ can be included into a Morita
autoequivalence (€, €&Y) of €. This means that a C-C-bicomodule €Y is given to-
gether with isomorphisms of €-C-bicomodules € O €V ~ € ~ &Y Qe & such that
the two induced isomorphisms & Oe €Y Oe € = € coincide and the two induced
isomorphisms &Y O¢ € Oe €Y = &Y coincide (see 7.5). The Morita equivalence
(€,&Y) is unique if it exists, and it exists if and only if the left C-comodule E is
one-dimensional. In the latter case, the bicomodule €V is constructed as follows.
The left C-coaction in E has the form i(_1)®ig) = cg®1 for a certain element
cg € € such that cp1) ® cpe) = cg ® cg and (cg) = 1. Set EY = Homy(E, k)
and define a left coaction of € in EY by the formula i(_1) ® i) = s(cg) ® i. Take
&Y = EVY ®; C and define the G-C-bicomodule structure on €Y by the formula
(I®c)—1) @ (1@ c)) @ (I ®c)ay = i—1ca) @ (i) @ c2)) ® ¢3)- Then one has
E0e YV ~E®LEY®,C~Cand &V He & ~ EY @1 E ®, € >~ C. There is also an
isomorphism EY ® € ~ € ®; EY given by the formulas analogous to C.2.1.

C.2.5 Taking the cotensor product of the isomorphism & Oe 8" ~ 8! Oe & with
the C-C-bicomodule &Y on the left, we obtain an isomorphism

Sr >~ 8\/ D@ Sl De E.

Define a semialgebra structure on &Y Qe 8' Oc € in terms of the semialgebra
structure on 8! and the isomorphisms & O¢ &Y ~ € ~ &Y D¢ & (see 8.4.1). Using
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the facts that € Oe 8" ~ 8! Oe € is an 8'-8"-bisemimodule and the isomorphism
E0e 8 ~ 8 O & forms a commutative diagram with the maps & — & O 8"
and & — 8'O¢ € induced by the semiunit morphisms of 8" and 8!, one can check
that 8" ~ &Y Oe 8! Oe € is an isomorphism of semialgebras over C.

It follows that 8' and 8" are left and right coflat C-comodules. Set 8" e &Y =
&Y ~ &V e 8 then & is an 8"-8'-bisemimodule and the pair (€, &Y) is a left
and right coflat Morita equivalence between 8' and 8" (see 8.4.5).

The category of left 8 -semimodules can be now described. Namely, it is
equivalent to the category of left 8'-semimodules; this equivalence assigns to a
left 8"-semimodule £ the left 8'-semimodule & Oe £ and to a left 8'-semimod-
ule M the left 8" -semimodule &Y Oeg M. On the level of C-comodules, one has
E0e L~ E®,L and €Y Oe M ~ EVY ®;, M; the left C-coaction in F ®; L and
EY @, M is given by the formulas (i ® 1)(_1) ® (i ®1)(0) = cel(—1) ® (i ® l(¢y) and
(f@m)—1y ® (T@m)e = s(ce)m—1) @ (1@ mq)).

C.2.6 In particular, when the left and right actions of K in € satisfy the equation
x[o) — (cx1)) = ¢+, or equivalently, z—c= (cs_l(xm)) —x, (%)

one can take & = C = &Y. Thus the semialgebras 8" and 8! are isomorphic in this
case, the isomorphism being given by the formulas ¢ ® x u —— wujo] @k cupy) and
UQK ¢ — cs‘l(um) ®x ujo) for c € € and u € R.

Remark. One can construct an isomorphism between versions of the semialgebras
8" and 8' in slightly larger generality. Namely, let x,, xi: K — k be k-algebra
homomorphisms satisfying the equations

X(@o))zp) = x(@)e  and  x(@p)2))Zp)1) ® (1) = X(2(2))T(1)[0] @ T(1)[)-

These equations hold automatically when the pairing (, ) is nondegenerate in €
(apply id ®x to the identity

(W, zp) o)1) @ Toj2) = (Ys 2pp)eo)) (1) @ (U Tay) o) 2)
= (ymrs(y@2)) 1) © WayzsWe))e) = ynra)sWa) @ ye)r2)sy@s)))-

Define pairings ¢,: C®x K — k and ¢;: K ®;, C — k by the formulas ¢, (c,z) =
xr(z2)) (s (za)), ¢) and ¢y(z, ¢) = xi(z(2))(s(2(1)), ¢), and modify the definitions
of the right and left actions of K in € accordingly, c«—x = ¢, (c(2), ¥)c(1) and z—c =
é1(x, c(1y)c(2)- Then the tensor products C® x R and R®k € are semialgebras over €
with the C-C-bicomodule structures given by the same formulas as in C.1.2-C.1.3.
Assuming that the modified left and right actions of K in € satisfy the above
equation, the maps ¢ Qg u — Ujo] ®K cu[l]and UQK CH—— csil(um) ®K U[g) are
mutually inverse isomorphisms between these two semialgebras.
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C.2.7 The opposite coring D°P to a coring D over a k-algebra B and the opposite
semialgebra T°P to a semialgebra J over D are defined in the obvious way; D°P is
a coring over B°" and J°P is a semialgebra over D°P.

In the above assumptions, notice the identity s(x—c¢) = s(c)«s(z) forz € K,
¢ € C. Suppose that the k-algebra R is endowed with an anti-endomorphism s
satisfying the equations f(s(z)) = s(f(z)) and c(1y) @k (s(u))jo] ® ce2y(s(u))p) =
c(1) @K s(ugg)) upiic(2); the second equation follows from the first one if the pairing
(, ) is nondegenerate in €. Then there is a map of semialgebras s: (R®x C)°P —
C ®k R compatible with the isomorphism of coalgebras s: C°P ~ C; it is defined
by the formula s(u ® k ¢) = s(c) @k s(u).

Suppose that we are given amap s: & — & satisfying the equation (s(j))0)®
(5(9))1y = 5(j(0)) @ 8(j(=1)). Then one has s(x — j) = s(j) < s(x). The induced
map s: R®x & — E®k R given by the formula s(u®x j) = s(j) ®x s(u) is a map
of right semimodules compatible with the isomorphism of coalgebras s: C°P ~ €
and the map of semialgebras s: 8'°° — 8", where the right 8'°P-semimodule
structure on R ® g € corresponds to its left 8'-semimodule structure.

Now assume that € is commutative, K is cocommutative, and our data satisfy
the equations s*(u) = u, s%(j) = j, s(jc) = s(j)s(c), and (s(u))j @ (s(w))p =
s(up)) ® upy; the latter equation holds automatically when the pairing (, ) is
nondegenerate in €. Then the composition of the isomorphism of 8'-8"-bisemi-
modules € ®x R~ R®k € and the map s: R®x € — € ®x R in an involution
of the bisemimodule € transforming its left 8'-semimodule and right 8"-semi-
module structures into each other in a way compatible with the isomorphism of
coalgebras s: @ — € and the isomorphism of semialgebras s: 8'°? ~ 8", In
particular, in the situation of C.2.6 the map s: R ®x ¢ — € ®x R becomes
an involutive anti-automorphism of the semialgebra 8! ~ 8" compatible with the
anti-automorphism s of the coalgebra C.

C.3 Semitensor product and semihomomorphisms,
SemiTor and SemiExt

Let us return to the assumptions of C.1.1-C.2.4.

C.3.1 Let N be a right C-comodule and M be a left C-comodule. Then one can
easily check that the two injections N Oe¢ €Y O M ~ N O¢ (EY ®; €) O M =~
NOe (BY @ M) — N@p EY @M and NOe &Y OeM ~NOe (CRi EV)Oe M ~
(N®r EY)OeM — N ®i EY ® M coincide.

Let N be a right 8"-semimodule and M be a left 8'-semimodule (see C.1.4).
Then the isomorphism (N ®x R) Oe (EY @ M) 2 NOe (CQxk R)Oe €Y Je M =~
NOe&VOe (R®k C)OeM ~ (N®, EY)Oe (R® K M) induced by the isomorphism
(C®k R)Oe &Y ~ &Y Oe (R®k C) can be computed as follows.

There is an isomorphism (€ ®, R) Oe €Y ~ &Y O¢ (R ®, C) defined by the
same formulas as the isomorphism 8" e &Y ~ &Y Oe 8! (®k being replaced with
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®). Hence the induced isomorphism (N ®j R) O¢ (EY @ M) ~ (N ®@; EY) Oe
(R ®k M), which is given by the simple formulan @ r @ i@ m +— n®i@r @ m.
The isomorphisms (N @k R) O¢ (EY @, M) ~ (N @, EV) Oc (R ®x M) and
(N®g R)Oe (EY @ M) =~ (N®k EV) Oe (R®, M) form a commutative diagram
with the natural maps (N ®; R) O¢ (EY @ M) — (N ®x R) Oc (EY @, M)
and (N @y EY) Oe¢ (R ®r M) — (N @i EY) e (R ®x M). This provides a
description of the first isomorphism whenever the latter two maps are surjective —
in particular, when either NN or M is a coflat C-comodule. To compute the desired
isomorphism in the general case, it suffices to represent either N or M as the kernel
of a morphism of C-coflat semimodules (both sides of this isomorphism preserve
kernels, since R is a flat left and right K-module).

C.3.2 Let M be a left C-comodule and P be a left C-contramodule. Then one can
check that the two surjections Homy(EY @ M, B) — Cohome(EY @ M, PB) ~
Cohome (€YOeM, P) and Homy, (M, Homy (EY,)) — Cohome (M, Homy (EY, P))
~ Cohome (M, Cohome (€Y, P)) coincide.

Let M be a left 8'-semimodule and B be a left 8 -semicontramodule. As-
suming that R is a projective left K-module, the isomorphism Cohome(EY ®f M,
Homg (R, P)) ~ Cohome(EY O M, Cohome(C @k R, P)) ~ Cohome((R @k
€) Oe M, Cohome (&Y P)) ~ Cohome(R @ x M, Homg(EY,PB)) induced by the
isomorphism (€ @k R) Oe¢ &Y ~ &Y Te (R ®k C) can be computed as follows.

The isomorphism Cohome(EY @5 M, Homy (R, P)) ~ Cohome(R ®j M,
Homy (EY,9)) induced by the isomorphism (€ ®j R) Oc &Y ~ &Y e (R ®y C)
is given by the simple formula g — h, h(r ® m)(i) = g(i ® m)(r). The isomor-
phisms Cohome (EY @M, Homg (R, P)) =~ Cohome (R® M, Homg (EY,P)) and
Cohome (EY @M, Homy (R, B)) ~ Cohome (R®; M, Homy (EY,P)) form a com-
mutative diagram with the natural maps Cohome(EY ®; M, Homg (R, P)) —
Cohome(EY @, M, Homy(R,P)) and Cohome (R ®x M, Homy(EY,P)) —
Cohome (R ®; M, Homy(EY,9B)). This provides a description of the first iso-
morphism in the case when the latter two maps are injective — in particular, when
either M is a coprojective C-comodule, or P is a coinjective C-contramodule. To
compute the desired isomorphism in the general case, it suffices to either represent
M as the kernel of a morphism of C-coprojective semimodules, or represent B as
the cokernel of a morphism of C-coinjective semicontramodules.

C.3.3 Assume that the k-algebra R is endowed with a Hopf algebra structure
U Uy ® u), u+—— £(u) with invertible antipode s such that f: K — R
is a Hopf algebra morphism. Let N be a right 8"-semimodule and M be a left
8!-semimodule; assume that either N or M is a coflat G-comodule. Define right
R-module and right C-comodule structures on the tensor product N @ EY @, M
by the formulas (n ® I @ m)r = nro) ®1® s~ (rqy)m and (n ® 7@ m)) ® (n ®
1@m)ay = (n@e) ®1Qmg)) @ s (m1))cena). Then the semitensor product
NOgr &Y Ogt M (which is easily seen to be associative) is uniquely determined by
these right R-module and right G-comodule structures on N ®; EY @ M.
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Indeed, the subspace N (EY @ M) 2 NOe &Y OeM ~ (M e, EV)Oe M
of the space N @i EV @ M can be defined by the equation n) @ 1 ® my) @
s_l(m(,l))cEn(o) =n®Ii®m® e. The isomorphism N @, R ®, EV @, M ~
N @y BEY @ M @ R given by the formulas n @ r@i@mir— n®iQ® T(1)M @ 7(2)
and n®@IQMr — n®re) @I® s ! (rq))m transforms the pair of maps N @y
RepEY @M = N®i EY ®, M given by the formulas n®r®@i®@m — nri®@m,
n®Ii®rm into the pair of maps N®@r EV @ M@ R = N®i EY @M given by the
formulas nQIQMRT — nr(2)®i®s_1(r(1))m, g(r)n®i®@m. This isomorphism also
transforms the subspace (N®xR)Oe (EY ;M) of N®y RQr EV @M, which can be
defined by the equation n(g)®rjg ®i®m(0)®5*1 (m(—1))cEnyrp) = nRreIvmKe,
into the subspace of N @ EY ®; M ®;, R defined by the equation ny) ® i ®
re)ojm (s~ (r@))mo) @reee © s (57 ra)m)s ™ (mn)eenayren =
n®I®mr  e. Finally, the same isomorphism transforms the quotient space
Nog Rop EY @, M of the space N ®; R @i EV ®; M into the quotient space
(N @k EY @ M) @k R of the space N ®; EY @ M ®; R, as one can check
using the isomorphism N ®; K @ RQi EY @t M 2N @, EY @, M@ K @ R
given by the formulas n @ 2 @ r @ i@ m —— n @I ® x(1)r1)yMm @ T(2) @ r(2) and
NRIOMAOTRT N T(2) DT ®1Q s‘l(r(l))s_l(m(l))m.

C.3.4 Let M be a left 8'-semimodule and P be a left 8 -semicontramodule;
assume that either M is a coprojective C-comodule, or P is a coinjective C-con-
tramodule. Define left R-module and left C-contramodule structures on the space
Homy (EY @M, ) by the formulas rg(i@m) = r(2g(i®s™ ' (rq))m) and w(h)(i®
m) = mop(c— h(s™ (m(_1))cec) (i ® m())) for g € Homy(EY @, M, PB) and h €
Homy, (€, Homy (EY ®5 M, PB)), where mqs denotes the C-contraaction in 9. Then
the semihomomorphism space SemiHomg-(E Ogt M, PB) is uniquely determined
by these R-module and C-contramodule structures on Homy(EY @5 M, P).
This is established in a way analogous to C.3.3 using the isomorphism
Homy (R®y EY @, M, PB) ~ Homy (R, Homg (EY @, M, PR)) given by the formulas
g—h, gr@iem)="h(re)(iery), h(r)(@em)=g(re @ios (rq))m).

C.3.5 Now assume that € is commutative, K is cocommutative, and the equations
(s(u)joy ® (s(u)yy = s(up)) ® upy, e(up)upy = e(u)e, and u)p ® u)o @
U(1)[1)%(2)[1] = U[o](1) @ Ujoj(2) @ upy] are satisfied for u € R; when the pairing (, )
is nondegenerate in C, these equations hold automatically.

Let N be a right 8"-semimodule and M be a left 8'-semimodule. Define
right R-module and right C-comodule structures on the tensor product N ®@; M
by the formulas (n ® m)r = nri @ s~H(rq))m and (n ® m)) ® (n @ m)y =
() ® m(o)) ® s_l(m(,l))n(l). These right action and right coaction satisfy the
equations of C.1.4, so they define a right 8 -semimodule structure on N @ M.
The ground field k, endowed with the trivial left R-module and left C-comodule
structures ra = £(r)a and a(_1) ® a() = e ® a for a € k, becomes a left 8'-semi-
module. Then there is a natural isomorphism

N Ogr ev OSL M ~ (N Rk M) Osr ev Qsz k.
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Indeed, let us first assume that either N or M is a coflat C-comodule; notice
that N®xM is then a coflat C-comodule, too. The isomorphism NOe (EY @5 M) ~
(N®@rM)Oe EV given by the formula n®i®m —— n®m®7 and the isomorphism
(N®k R)Oe (EY @, M) ~ (N@rM)®@k R)Oe EY constructed in C.3.3 transform
the pair of maps whose cokernel is N ¢gr € Ogt M into the pair of maps whose
cokernel is (N @ M) Osr € Qg1 k. In the general case, represent N or M as the
kernel of a morphism of C-coflat semimodules; then the pair of maps whose cokernel
is N Ogr € Ogt M and the pair of maps whose cokernel is (N ®; M) Osr €Y Ogi k
become the kernels of isomorphic morphisms of pairs of maps.

C.3.6 Let M be a left 8'-semimodule and PR be a left 8 -semicontramod-
ule. Define left R-module and left C-contramodule structures on the space
Homy, (M, PB) by the formulas rg(m) = r(2)g(s~ ' (r(1y)m) and w(h)(m) = 7 (c —
h(s~H(m_1))e)(m)) for g € Homi(M,P) and h € Homy (€, Homy (M, P)).
These left action and left contraaction satisfy the equations of C.1.4, so they
define a left 8"-semicontramodule structure on Homy (M, J3). Then there is a
natural isomorphism

SemiHomg (€Y Ogt M, PB) ~ SemiHomg: (€Y Qg k, Homy (M, R)).

C.3.7 Let N*® be a complex of right 8 -semimodules and M® be a complex of left
8'-semimodules. Then there are natural isomorphisms

SemiTor® (N®, €Y Ot M*) ~ SemiTor® (N* Osr £Y, M*)
~ SemiTor® (N* @, M*, £" g1 k)

in the derived category of k-vector spaces. The isomorphism between the first two
objects is provided by the results of 8.4.3, and the isomorphism between either of
the first two objects and the third one follows from C.3.5.

Indeed, assume that the complex N°* is semiflat. Then the complex N*® ® M*
is also semiflat, since (N* ®@j M?®) Ogr L° ~ (N°* @5 M*) Q- ey Ogi € Ogr L° ~
(N* @, M* @y, (€ Osr L°)) Osr EY Ogi bk = N* Ogr £Y Og1 (M* @y, (€ Qs L)) for
any complex of left 8"-semimodules £°.

C.3.8 Let M*® be a complex of left 8'-semimodules and PB* be a complex of left
8"-semicontramodules. Then there are natural isomorphisms

SemiExtg- (€Y Ogt M*, P*) ~ SemiExtg: (M*, SemiHomg-(E", P*))
~ SemiExtgr(Sv Ogi k, Homy (VM°,B*)).
C.4 Harish-Chandra pairs

For a discussion of terminology related to Harish-Chandra pairs and Harish-
Chandra modules, see D.2.5.
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C.4.1 Let (g,H) be an algebraic Harish-Chandra pair over a field k, that is H
is an algebraic group, which we will assume to be affine, g is a Lie algebra into
which the Lie algebra b of the algebraic group H is embedded, and an action of
H by Lie algebra automorphisms of g is given. Two conditions should be satisfied:
b is an H-submodule in g where H acts by the adjoint action of H in h, and the
action of h in g obtained by differentiating the action of H in g coincides with the
adjoint action of b in g. Notice that the dimension of h is presumed to be finite,
though the dimension of g may be infinite.

Set K = U(h) and R = U(g) to be the universal enveloping algebras of
and g, and f: K — R to be the morphism induced by the embedding h — g.
Let € = C(H) be the coalgebra of functions on H. Then €, K, and R are Hopf
algebras; the adjoint action of H in h and the given action of H in g provide us
with right coactions x —— g ® x[1) and u — up) ® up) of € in K and R; and
there is a natural pairing ( , ): K®;€ — k such that the equations of C.1.1-C.1.2
and C.3.5 are satisfied.

C.4.2 So we obtain two opposite semialgebras 8' = 8'(g, H) and 8" = 8" (g, H)
such that the categories of left 8!-semimodules and right 8"-semimodules are iso-
morphic to the category of Harish-Chandra modules over (g, H). Recall that a
Harish-Chandra module N over (g, H) is a k-vector space endowed with g-module
and H-module structures such that the two induced h-module structures coincide
and the action map g ®, N — N is a morphism of H-modules. The assertion
follows from C.1.4; indeed, it suffices to notice that the equations of C.1.4 hold
whenever they hold for x and r belonging to some sets of generators of the algebras
K and R.

Analogously, the category of left 8" (g, H)-semicontramodules is isomorphic
to the category of k-vector spaces P endowed with g-module and C(H)-contra-
module structures such that the two induced h-module structures coincide and
the action map P — Homyg(g,P) is a morphism of C€(H)-contramodules. Here
a left C-contramodule structure induces an h-module structure by the formula
xp = —myp(c — (z,c)p) for p € P, x € h, ¢ € C; for a left C-comodule M
and a left C-contramodule P, the left C-contramodule structure on Homy (M, )
is defined by the formula 7(g)(m) = mp(c — g(s™ (m1))c)(m)) for m € M,
g € Homy (€, Homy (M, P)). Vector spaces P with such structures may be called
Harish-Chandra contramodules over (g, H) (see D.2.8).

C.4.3 Now assume that the algebraic group H is smooth (i.e., reduced). Let &
be the C-C-bicomodule and right C-module of differential top forms on H, with
the bicomodule structure coming from the action of H on itself by left and right
shifts and the module structure given by the multiplication of top forms with
functions. Let €Y be the G-C-bicomodule of top polyvector fields on H. Then the
equation of C.2.1 is clearly satisfied, and one can see that (€,&Y) is a Morita
autoequivalence of €. The left C-comodules E and EV can be identified with the
top exterior powers of the vector spaces Homy (b, k) and b, respectively; cg is the
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modular character of H. The inverse element anti-automorphism of H induces a
map s: &€ — € satisfying the equations of C.2.7.

Let us show that the equation (x) of C.2.2 holds for . First let us check that
it suffices to prove the desired equation for all x belonging to a set of generators
of the algebra K. Indeed, one has (zy)) — (j(zy)py) = 2y — Grpyp) =
o) Y0152 po12)2p13) — G2ym) = (@), ¥n)Yo@o)e — Gemye) = yo) —
((012) = (o)1) Y dzyyge))) = Ypo) — (o) — (Gzy))yp) for j € €, z,y € K,
since z(9) — ((z(), cay)ic) = 2@ = (G (za) =) = (@) = )@e) —
(s (z@)) =) =(@—j)cfor je & xe K, ceC. So it remains to check that
the equation holds for z € h C K.

For h € b, let r;, and I; denote the left- and right-invariant vector fields
on H corresponding to h. Then one has r, = hyyjlp,,, hence w — h = Lie,, w =
Lielhm] (whpy) = hjo) = (whyy) for w € €, where Lie, w denotes the Lie derivative
of a top form w along a vector field v.

C.4.4 Thus there is a left and right coflat Morita equivalence (E(g, H), €Y (g, H))
between the semialgebras 8" (g, H) and 8'(g, H). The functors of semitensor prod-
uct with & (g, H) and €" (g, H) provide mutually inverse equivalences between the
category of left 8 -semimodules and the category of left 8'-semimodules. Notice
that the underlying C-comodule structures of semimodules are not preserved by
this equivalence, but get twisted with the one-dimensional modular representa-
tion of H. The 8'-8"-bisemimodule &(g, H) is endowed with an involutive auto-
morphism transforming its two semimodule structures into each other in a way
compatible with the antipode isomorphisms C°P ~ € and 8'°P ~ 8". When the
algebraic group H is unimodular (i.e., admits a biinvariant differential top form),
the equation (s#) of C.2.6 is satisfied, so the semialgebras 8'(g, H) and 8" (g, H)
are naturally isomorphic and endowed with an involutive anti-automorphism.

Remark. Let us assume for simplicity that the field k has characteristic 0 and
the Harish-Chandra pair (g, H) originates from an embedding of affine algebraic
groups H C G. Then the bisemimodule E€(g, H) can be interpreted geometrically
as the Harish-Chandra bimodule of distributions on G, supported on H and reg-
ular along H. Technically, the desired vector space of distributions can be defined
as the direct image of the right Diff z-module of top forms on H under the closed
embedding H — G, where Diff denotes the rings of differential operators [14].
This vector space has two commuting structures of a Harish-Chandra module over
(g, H), one given by the action of H by left shifts and the action of g by right
invariant vector fields, the other in the opposite way; so it can be considered as
an 8'-8"-bisemimodule. The desired map from the vector space € ~ & @x R to
the space of distributions can be defined as the unique map forming a commuta-
tive diagram with the embeddings of the space of top forms £ into both vector
spaces and preserving the right R-module structures. To prove that this map is
an isomorphism, it suffices to consider the filtration of € induced by the natural
filtration of the universal enveloping algebra R and the filtration of the space of
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distributions induced by the filtration of Diff ¢ by the order of differential opera-
tors. When the algebraic group H is unimodular, one can identify the semialgebra
8! ~ 8 = 8" itself with the above vector space of distributions by choosing a
nonzero biinvariant top form w on H. The semiunit and semimultiplication in 8
are then described as follows. Given a function on €, one has to multiply it with
w and take the push-forward with respect to the closed embedding H — G to
obtain the corresponding distribution under the semiunit map. To describe the
semimultiplication, denote by G x G the quotient variety of the Cartesian prod-
uct G x G by the equivalence relation (g'h, g"”) ~ (¢', hg""). Then the pull-back of
distributions with respect to the smooth map G' x G — G x G using the relative
top form w identifies 8 Je 8 with the space of distributions on G x* G supported
in H ¢ G x G and regular along H. The push-forward of distributions with
respect to the multiplication map G x G — G provides the semimultiplication
in 8. (Cf. Appendix F.)

C.5 Semiinvariants and semicontrainvariants

C.5.1 Let h C g be a Lie algebra with a finite-dimensional subalgebra; let N be
a g-module. Then there is a natural map

(det(h) @k 8/ @1 N)? —— (det(h) @k N)",

where det(V) is the top exterior power of a finite-dimensional vector space V' and
the superindex h denotes the h-invariants. This natural map is constructed as
follows.

Tensoring the action map g®; N — N with det(h) and passing to the h-in-
variants, we obtain a map (det(h) ®x g @ N)? — (det(h) ®x N)". Let us check
that the composition

(det(h) @ h @ N)? —— (det(h) @1 g @k N)? —— (det(h) @ N)°

vanishes. Notice that this composition only depends on the h-module structure
on N. Let n be an h-invariant element of det(h) @ hRx N; it can be also considered
as an h-module map n*: (det(h) ® h)* — N, where V* denotes the dual vector
space Homyg (V, k). Let ¢ denote the trace element of the tensor product (det(h) ®y
h) @k (det(h) @k h)*; then ¢ is an h-invariant element and one has (id®@n*)(t) = n.
So it remains to check that the image of ¢t under the action map

(det(h) @k b) @ (det(h) @k h)" —— det(h) @x (det(h) @k h)" ~b”

vanishes; this is straightforward.
We have constructed a map

(det(h) @k g @1 N)"/(det(h) @1 h @ N)? —— (det(h) @x N)".
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When N is an injective U(h)-module, this provides the desired map (det(h) &y
g/b @, N)Y — (det(h) ®x N)Y. To construct the latter map in the general case, it
suffices to represent N as the kernel of a morphism of U (h)-injective U(g)-modules
(notice that any injective U(g)-module is an injective U (h)-module). Indeed, both
the left- and the right-hand sides of the desired map preserve kernels.

The vector space of (g, )-semiinvariants Ngy of a g-module N is defined
as the cokernel of the map (det(h) @ g/h @1 N)» — (det(h) @1 N)" that we
have obtained. The (g, h)-semiinvariants are a mixture of invariants along b and
coinvariants in the direction of g relative to b.

C.5.2 Let P be another g-module. Then there is a natural map
Homy (det(h), P)y, —— Homy(det(h) ® g/h, P)p,

where the subindex § denotes the h-coinvariants. This map is constructed as fol-
lows.

Tensoring the action map P — Homy (g, P) with det(h)* and passing to the
h-coinvariants, we obtain a map Homy(det(h), P)y — Homy(det(h) @k g, P)y-
Let us check that the composition

Homy(det(h), P)y —— Homy(det(h) @ g, P)y —— Homy(det(h) @ b, P)y

vanishes. Notice that this composition only depends on the h-module structure
on P. Let p be an b-invariant map Homyg(det(h) ® b, P) — k; it can be also
considered as an h-module map p*: P — det(h) ® h. Then the map p factorizes
through the map

Homy (det(h) ®x b, P) —— Homyg(det(h) ®x b, det(h) @ bh)

induced by p*. So it suffices to consider the case of a finite-dimensional h-module
P = det(h) ® b, when the assertion follows by duality from the result of C.5.1.

We have constructed a map from Homyg(det(h), P), to the kernel of
the map Homg(det(h) ®x g, P)y — Homy(det(h) ®% b, P)y. When P is a
projective U(h)-module, this provides the desired map Homy(det(h), P)y —
Homy(det(h) ®x g/h, P)y. In the general case, represent P as the cokernel of a
morphism of U(h)-projective U(g)-modules and notice that both the left- and the
right-hand side of the desired map preserve cokernels.

The vector space of (g, h)-semicontrainvariants PP of a g-module P is de-
fined as the kernel of the map Homy(det(h), P), — Homy (det(h) @k g/h, P)y that
we have obtained. The (g, h)-semicontrainvariants are a mixture of coinvariants
along b and invariants in the direction of g relative to b.

C.5.3 Now let (g,H) be an algebraic Harish-Chandra pair. Let N be a right
8" (g, H)-semimodule, that is a Harish-Chandra module over (g, H). Then the
action map g ®; N — N is a morphism of Harish-Chandra modules. Tensoring
it with det(h) and passing to the H-invariants, we obtain a map

(det(h) @5 g @k N)H —— (det(h) @ N)H.
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By the result of C.5.1, the composition
(det(h) @k b @k N)T —— (det(h) @k g @k N) —— (det(h) @5 N)
vanishes. When N is a coflat €(H )-comodule, this provides a natural map
(det(h) @, g/h @k N)T —— (det(h) @x N);

to define this map in the general case, it suffices to represent N as the kernel of a
morphism of C-coflat 8"-semimodules (see Lemma 1.3.3).

The vector space of (g, H)-semiinvariants Ng g is defined as the cokernel of
the map (det(h) @ g/h @k N)7 — (det(h) @ N)* that we have constructed.

C.5.4 Let P be a left 8"(g, H)-semicontramodule (see C.4.2). Then the action
map P — Homy(g, P) is a morphism of 8" -semicontramodules. Applying to it
the functor Homy(det(h), —), we get a morphism of C(H )-contramodules. Passing
to the H-coinvariants, i.e., the maximal quotient C-contramodules with the trivial
contraaction, we obtain a map

Homy (det(h), )y —— Homy(det(h) @ g, B)u-

By the result of C.5.2, the composition

Homy(det(h), )y —— Homy(det(h) @k g, P)ug —— Homy(det(h) @ b, P)u

vanishes. When ‘B is a coinjective C-contramodule, this provides a natural map

Homy,(det(h), B)n —— Homy(det(h) @k g/b, B)u;

to define this map in the general case, it suffices to represent P as the cokernel of
a morphism of C-coinjective 8"-semicontramodules (see Lemma 3.3.3).

The vector space of (g, H)-semicontrainvariants P is defined as the ker-
nel of the map Homyg/(det(h), )y — Homy(det(h) @k g/h, P)u that we have
constructed.

C.5.5 Let N be a right 8" (g, H)-semimodule and M be a left 8'(g, H)-semimod-
ule; assume that either N or M is a coflat C(H )-comodule. Then there is a natural
isomorphism

N Ogr €Y Osr M =~ (N ®@% M)g.11,

where N ®j M is considered as the tensor product of Harish-Chandra modules N
and M.

Indeed, introduce an increasing filtration F of the k-algebra R = U(g) whose
component F;R, ¢t =0, 1, ... is the linear span of all products of elements of g
where at most ¢ factors do not belong to . In particular, we have FoR ~ K = U(h).
Set

F8" = C®k FiR;
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then we have Fy8" ~ @, the natural maps F;_18" — F;8" are injective, their
cokernels are coflat left and right G-comodules, 8" ~ li_H)lFtST, and the semimulti-
plication map F,8 " O¢ F,8" — 808 — 8 factorizes through F),, ,8". Moreover,
the maps F),8" O¢ F,8" — F)1+,8" are surjective and their kernels are coflat left
and right C-comodules. (Cf. 11.5.)

Let N be a right 8"-semimodule and £ be a left 8"-semimodule such that
either N or L is a coflat C-comodule. Denote by

Mt : ND@ FtST DCL — ND@L

the map equal to the difference of the map induced by the semiaction map F;8" O¢
L — L and the map induced by the semiaction map N O¢ F;:8" — N. Let us
show that the images of 7; coincide for ¢ > 1. Let p, ¢ > 1; then the map

NOe FPST Oe FqS’“ Oc L —— NOe FerqST Oc L

is surjective in view of our assumption on N and L. The composition of the
map N O¢ F,8" O¢ F,8" Oc £ — N O¢ Fp4,8" Oc £ with the map 1,14 is
equal to the sum of the composition of the map N O¢ F,8" O¢ F,8" O L —
N Oe F,8" O¢ L induced by the semiaction map F,8" Oe L — L and the map
7p, and the composition of the map NOe F,8" O¢ F,8" Oc L — NOe F,8 T L
induced by the semiaction map NOe F,8" — N and the map 7,. So the assertion
follows by induction. Therefore, the semitensor product N Qg L is isomorphic to
the cokernel of the map 7;.

On the other hand, the map 7y vanishes. In view of our assumption on N
and L, the quotient space (N Oe F18" Oe L)/ (N Oe Fo8" O L) is isomorphic to
NOe F18"/Fy8" Oe L. Hence the semitensor product N Qg L is isomorphic to the
cokernel of the induced map

e NOe (Flsr/FOST) Oe L —— NOe L.

Now when £ = &Y 0g M for a left 8'-semimodule M, the natural iso-
morphisms N Oe €Y O M ~ (N @ EY @r M)H ~ (EY @ N @, M) and
NDOe (Flsr/F()Sr) Oc &Y Oe M ~NDe (6 Rk g/f)) Oec &Y 0 M ~ (N@k g/f) Rk
EVer M) ~ (EV®,g/h@iN@i M) given by the formulas i@n®@m — n®i®@m
andn®zZ®I®m — 1® zZ®n ®m identify the map 7; with the map whose
cokernel is, by the definition, the space of semiinvariants (N @z M)g m.

C.5.6 Let M be a left 8'(g, H)-semimodule and P be a left 8" (g, H)-semicon-
tramodule; assume that either M is an coprojective C(H)-comodule, or N is a
coinjective C(H)-contramodule. Then there is a natural isomorphism

SemiHomg- (€Y Ot M, ) ~ Homy,(M, )",

where the structure of left 8 -semicontramodule on Homy (M, PB) was introduced
in C.3.6. The proof is analogous to that of C.5.5.
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In order to formulate the comparison theorem relating the functors SemiTor and
SemiExt to the semi-infinite (co)homology of Tate Lie algebras, one has to con-
sider Harish-Chandra pairs (g, H) with a Tate Lie algebra g and a proalgebraic
group H corresponding to a compact open subalgebra f C g. In such a situation,
the construction of a Morita equivalence from Appendix C no longer works; in-
stead, there is an isomorphism of “left” and “right” semialgebras corresponding
to different central charges. The proof of this isomorphism is based on the non-
homogeneous quadratic duality theory developed in Chapter 11 (see also 0.4).
Once the isomorphism of semialgebras is constructed and the standard semi-
infinite (co)homological complexes are introduced, the proof of the comparison
theorem becomes pretty straightforward. The equivalence between the semide-
rived categories of Harish-Chandra modules and Harish-Chandra contramodules
with complementary (or rather, shifted) central charges follows immediately from
the isomorphism of semialgebras.

D.1 Continuous coactions

D.1.1 Let k be a fixed ground field. A linear topology on a vector space over k
is a topology compatible with the vector space structure for which open vector
subspaces form a base of neighborhoods of zero. In the sequel, by a topological
vector space we will mean a k-vector space endowed with a complete and separated
linear topology. Equivalently, a topological vector space is a filtered projective
limit of discrete vector spaces with its projective limit topology. Accordingly, the
(separated) completion of a vector space endowed with a linear topology is just
the projective limit of its quotient spaces by open vector subspaces.

The category of topological vector spaces and continuous linear maps between
them has an exact category structure in which a triple of topological vector spaces
V' — V — V" is exact if it is an exact triple of vector spaces strongly compat-
ible with the topologies, i.e., the map V' — V is closed and the map V — V"
is open. Any open surjective map of topological vector spaces is an admissible
epimorphism. Any closed injective map from a topological vector space admitting
a countable base of neighborhoods of zero is a split admissible monomorphism.

A topological vector space is called (linearly) compact if it has a base of neigh-
borhoods of zero consisting of vector subspaces of finite codimension. Equivalently,
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a topological vector space is compact if it is a projective limit of finite-dimensional
discrete vector spaces. A Tate vector space is a topological vector space admitting
a compact open subspace. Equivalently, a topological vector space is a Tate vec-
tor space if it is topologically isomorphic to the direct sum of a compact vector
space and a discrete vector space. The dual Tate vector space VV to a Tate vector
space V' is defined as the space of continuous linear functions V' — k endowed
with the topology where annihilators of compact open subspaces of V form a base
of neighborhoods of zero. In particular, the dual Tate vector spaces to compact
vector spaces are discrete and vice versa; for any Tate vector space V', the natural
map V — (VV)V is a topological isomorphism.

D.1.2 The projective limit of a projective system of topological vector spaces
endowed with the topology of projective limit is a topological vector space. This
is called the topological projective limit.

The inductive limit of an inductive system of topological vector spaces can be
endowed with the topology of inductive limit of vector spaces with linear topolo-
gies; we will call the inductive limit endowed with this topology the uncompleted
inductive limit. The completed inductive limit is the (separated) completion of the
uncompleted inductive limit. For any countable filtered inductive system formed
by closed embeddings of topological vector spaces the uncompleted and completed
inductive limits coincide. Moreover, let V,, be a filtered inductive system of topo-
logical vector spaces satisfying the following condition. For any increasing sequence
of indices a1 < ag < --- the uncompleted inductive limit of V,,, is a direct sum-
mand of the uncompleted inductive limit of V,, considered as an object of the
category of vector spaces endowed with noncomplete linear topologies. Then the
uncompleted and completed inductive limits of V,, coincide.

D.1.3 We will consider three operations of tensor product of topological vector
spaces [8]. For any two topological vector spaces V' and W, denote by V' ®' W the
completion of the tensor product V ®; W with respect to the topology with a base
of neighborhoods of zero consisting of the vector subspaces V' @ W +V @ W/,
where V! C V and W’ C W are open vector subspaces in V' and W.

Furthermore, denote by V ®* W the completion of V ®; W with respect to
the topology formed by the subspaces of V@ W satisfying the following conditions:
a vector subspace T'C V ® W is open if

(i) there exist open subspaces V! C V, W’ C W such that V'@ W' C T,

(i) for any vector v € V there exists a subspace W C W such that v@ W"” C T,
and

(iii) for any vector w € W there exists a subspace V" C V such that V' @w C T.

Finally, denote by V ® W the completion of V ®; W with respect to the
topology formed by the subspaces satisfying the following conditions: a vector
subspace T' C V ®; W is open if
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(i) there exists an open subspace W’ C W such that V ®, W’ C T, and

(ii) for any vector w € W there exists an open subspace V” C V such that
V'e@wCT.

Set W@V =VaW.

The topological tensor products ®' and ®* define two structures of asso-
ciative and commutative tensor category on the category of topological vector
spaces. The topological tensor product ® defines a structure of associative, but
not commutative tensor category on the category of topological vector spaces.
For any topological vector spaces Vi, ..., V,, and W the vector space of contin-
uous polylinear maps V; x --- x V,, — W is naturally isomorphic to the vector
space of continuous linear maps V; ®* --- ®* V;, — W. When both topological
vector spaces V and W are compact (discrete), the topological tensor product
VO*WeVOW~V@W ~V® W is also compact (discrete). The functor @'
preserves topological projective limits. The functor ®* preserves (uncompleted or
completed) inductive limits of filtered inductive systems of open injections. The
topological tensor product V@W is the topological projective limit of @—products
of V with discrete quotient spaces of W. The functor (V, W) — V @ W preserves
completed inductive limits in its second argument W. The underlying vector space
of the topological tensor product V' ® W is determined by (the topological vector
space W and) the underlying vector space of the topological vector space V.

For Tate vector spaces Vi, ..., V,, and a topological vector space U, consider
the vector space of continuous polylinear maps X;V; — U endowed with the
topology with a base of neighborhoods of zero formed by the subspaces of all poly-
linear maps mapping the Cartesian product of a collection of compact subspaces
V! C V; into an open subspace U’ C U (the “compact-open” topology). This vec-
tor space is naturally topologically isomorphic to the topological tensor product
VY@ - @ VY ® W [10, 3.8.17]. For any topological vector spaces U, W and
Tate vector space V, the vector space of continuous linear maps V ®* W — U is
naturally isomorphic to the vector space of continuous linear maps W — VV®'U.

D.1.4 Let C be a coalgebra over the field k£ and V be a topological vector space.
A continuous right coaction of € in V is a continuous linear map

V — Ve,

where C is considered as a discrete vector space, satisfying the coassociativity and
counity equations. Namely, the map V — V @' € should have equal compositions
with the two maps V ®' € = V ®' € ®' € induced by the map V — V @' € and
the comultiplication in C, and the composition of the map V — V ®"' € with the
map V ®' € — V induced by the counit of € should be equal to the identity map.
Equivalently, a continuous right coaction of € in V' can be defined as a continuous
linear map
Ve — 1V,
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where @V is considered as a compact vector space, satisfying the associativity and
unity equations. Continuous left coactions are defined in an analogous way.

A closed subspace W C V of a topological vector space V endowed with a
continuous right coaction of a coalgebra € is said to be invariant with respect to
the continuous coaction (or C-invariant) if the image of W under the continuous
coaction map V — V ®' € is contained in the closed subspace W ®'C c V®'€. It
follows from the next lemma that any topological vector space with a continuous
coaction of a coalgebra C is a filtered projective limit of discrete vector spaces
endowed with C-comodule structures.

Lemma. For any topological vector space V endowed with a continuous coaction
V — V®'C of a coalgebra C, open subspaces of V invariant under the continuous
coaction form a base of meighborhoods of zero in V.

Proof. Let U C V be an open subspace; then the full preimage U’ of the open
subspace U ®' € C V ®' € under the continuous coaction map V — V ®' € is an
invariant open subspace in V contained in U. To check that U’ is C-invariant, use
the fact the functor of ®@'-product preserves kernels in the category of topological
vector spaces, and in particular, the ®'-product with € preserves the kernel of the
composition V — V ®' € — V/U @' €. To check that U’ is contained in U, use
the counity equation for the continuous coaction. O

The category of topological vector spaces endowed with a continuous coaction
of a coalgebra € has an exact category structure such that a triple of topological
vector spaces with continuous coactions of € is exact if and only if it is exact as a
triple of topological vector spaces.

If V is a Tate vector space with a continuous right coaction of €, then the
dual Tate vector space V'V is endowed with a continuous left coaction of €.

Let V' be a topological vector space with a continuous right coaction of a
coalgebra € and W be a topological vector space with a continuous coaction of a
coalgebra D. Then all the three topological tensor products V&' W, V ®@* W, and
V @ W are endowed with continuous right coactions of the coalgebra € ®; D. To
construct the continuous coaction on V &' W, one uses the natural isomorphism

Ve'e)e We' D)~ (Ve W e (CxyDd).

The continuous coaction on V ®@* W is defined in terms of the natural continuous
map

(Ve e) e (We' D) — (Vo W) (Car D),

which exists for any topological vector spaces V, W and any discrete vector spaces
C, D. The continuous coaction on V ® W is defined in terms of the natural con-
tinuous map

Ve'e)g(We' D) — Veaw)e (CoyD).
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It follows that for a commutative Hopf algebra € the topological tensor prod-
ucts Vo'W, Ve*W,and V@ W of topological vector spaces with continuous
right coactions of € are also endowed with continuous right coactions of C. Be-
sides, one can transform a continuous left coaction of € in V into a continuous
right coaction using the antipode.

Now let W, U be topological vector spaces and V' be a Tate vector space;
suppose that W, U, and V are endowed with continuous coactions of a commuta-
tive Hopf algebra C. Let f: V @* W — U and g: W — V'V @' U be continuous
linear maps corresponding to each other under the isomorphism from D.1.3; then
f preserves the continuous coactions of C if and only if g does.

D.1.5 A topological Lie algebra g is a topological vector space endowed with a Lie
algebra structure such that the bracket is a continuous bilinear map g x g — g.
Topological associative algebras are defined in an analogous way. For example, let
V be a Tate vector space. Denote by End(V') the associative algebra of continuous
endomorphisms of V' endowed with the compact-open topology and by gl(V') the
Lie algebra corresponding to End(V). Then End(V) is a topological associative
algebra and gl(V) is a topological Lie algebra.

Let U, V, W be topological vector spaces endowed with continuous coactions
of a commutative Hopf algebra C. Then a continuous bilinear map V. x W — U
is called compatible with the continuous coactions of € if the corresponding linear
map V ®* W — U preserves the continuous coactions of €. So one can speak
about compatibility of continuous pairings, Lie or associative algebra structures,
Lie or associative actions, etc., with continuous coactions of a commutative Hopf
algebra.

Explicitly, a bilinear map V x W — U is continuous and compatible with
the continuous coactions of € if and only if the following condition holds. For any
C-invariant open subspace U’ C U and any finite-dimensional subspaces £ C V,
F C W there should exist invariant open subspaces V' c V" c V, W' C
W' C W such that E C V", F C W”, the map V"' ®, W" — U/U’ factorizes
through V" /V' @, W" /W', and the induced map V" /V' @, W' /W' — U/U’ is
a morphism of C-comodules.

D.1.6 For any Tate vector spaces V and W, there is a split exact triple of topo-
logical vector spaces

VRO'W — VaWaeawaV — Ve'w,

where the first map is the sum of the natural maps V@*W — V@W, VoW —
W ® V, while the second map is the difference of the natural maps V @ W —
VW, WaV — V& W. Let us take W = VV. Then V @' V'V is naturally
isomorphic to gl(V); the spaces V @ VV and VY @ V can be identified with the
subspaces in gl(V') formed by the linear operators with open kernel and compact

closure of image, respectively; and V ®@* VV is the intersection of V ® VV and
VY@V in gl(V).
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Taking the push-forward of the exact triple Ve* VY — VaVVaVVaV —
V®'VV with respect to the natural trace map tr: V®@* VY — k corresponding to
the pairing V' x V¥V — k, one obtains an exact triple of topological vector spaces

k—— gl(V)™ —— gI(V).

This is also an exact triple of gl(V)-modules, which allows one to define [10,
2.7.8] a Lie algebra structure on gl(V)~ making it a central extension of the Lie
algebra gl(V'). The anti-commutativity and the Jacobi identity follow from the
fact that the commutator of an operator with open kernel and an operator with
compact closure of image has zero trace.

Now assume that a Tate vector space V' is endowed with a continuous coaction
of a commutative Hopf algebra €. Then V@*VVY — VaVVaVVaV — Ve'VVY
is an exact triple of topological vector spaces endowed with continuous coactions
of C; the trace map also preserves the continuous coactions. Thus the topological
vector space gl(V)™ acquires a continuous coaction of C.

D.1.7 Here is another construction of the Lie algebra gl(V)™ (see [10, 3.8.17-18]).
Consider the quotient space of the vector space V @, VY @ VV @, V @& k by the
relation v ® g + g ® v = (g, v), where (, ) denotes the pairing of V'V with V. This
vector space is a Lie subalgebra of the Clifford algebra CI(V & VV) of the vector
space V @ V'V with the symmetric bilinear form given by the pairing ( , ); the Lie
bracket on this subalgebra is given by the formulas

[v1 ® g1, V2 ® g2] = (g1, v2)v1 ® g2 — (g2, v1)v2 ® g1, [v®g, 1] =0.

This Lie algebra acts in the vector space V' by the formulas (v ® g)(v') = (g,v")v,
1(v) = 0. There is a separated topology on this Lie algebra with a base of neigh-
borhoods of zero formed by the Lie subalgebras V@ W'+ V' ®@ V"V, where V! C V
and W’ C VV are open subspaces such that (W', V') = 0. The completion of
this Lie algebra with respect to this topology can be easily identified with the Lie
algebra gl(V)~ defined above.

Hence the Lie bracket on gl(V)™ is continuous. In addition, we need to check
that when V' is endowed with a continuous coaction of a commutative Hopf alge-
bra C, the Lie bracket is compatible with the continuous coaction of € in gl(V)™.
The latter follows from the existence of a well-defined commutator map

Hom (X, X3, X1; X/X1, X4/ X1, X2/X1)®? — gl(X)”/(X @ Xi + X ® XV)

for any flag of finite-dimensional vector spaces X7 C Xy C X35 C Xy C X, where
the Hom space in the left-hand side consists of all maps X, — X/X; sending X3
to X4/ X1 and X; to X2/X7, and YL ¢ XV denotes the orthogonal complement
to a vector subspace Y C X.

D.1.8 A Tate Lie algebra is a Tate vector space endowed with a topological Lie
algebra structure. Let g be a Tate Lie algebra endowed with a continuous coaction
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of a commutative Hopf algebra € such that the Lie algebra structure is compatible
with the continuous coaction. Then C-invariant compact open subalgebras form a
base of neighborhoods of zero in g.

Indeed, choose a C-invariant compact open subspace U C g; let h be the
normalizer of U in g, i.e., the subspace of all = € g such that [x,U] C U. Then b is
a C-invariant open subalgebra in g, since it is the kernel of the adjoint action map
g — Homy (U, g/U). Therefore, the intersection h N U is a C-invariant compact
open subalgebra in g contained in U.

The canonical central extension g~ of a Tate Lie algebra g is defined as
the fibered product of g and gl(g)™~ over gl(g), where g maps to gl(g) by the
adjoint representation. The vector space g™ is endowed with the topology of fibered
product; this makes g™~ a Tate Lie algebra. The central extension g~ — g splits
canonically and continuously over any compact open Lie subalgebra h C g. Indeed,
the image of h in gl(g) is contained in the open Lie subalgebra gl(g,h) C gl(g) of
endomorphisms preserving b, and gl(g,5) can be embedded into gl(g)™ as the
completion of the subspace

gk bt +g” @b

The natural continuous coaction of € in g~ is constructed as the fibered
product of the coactions in g and gl(g)™; it is clear that the Lie algebra structure
on g~ is compatible with the continuous coaction. If h C g is a C-invariant compact
open subalgebra, then the canonical splitting h — g~ preserves the continuous
coactions.

When a Tate vector space V is decomposed into a direct sum V ~ E @ F of
a compact vector space E and a discrete vector space F, there is a natural section
gl(V) — gl(V)™ of the central extension gl(V)~ — gl(V); the image of this
section is the completion of the subspace

VFV+FVY+VVQE+EY®V.

Consequently, when a Tate Lie algebra g is decomposed into a direct sum g >~ h®b
of a compact open Lie subalgebra h and a discrete vector subspace b, there is a
natural section g — g~ of the central extension g~ —— g; this section agrees
with the natural splitting h — g~.

D.2 Construction of semialgebra

D.2.1 We will sometimes use Sweedler’s notation [82] ¢ —— ¢(1) ® ¢(2) for the
comultiplication map in a coassociative coalgebra C. The analogous notation for
coactions of € in a right C-comodule N and a left C-comodule M is n —— n ) @ny)
and m —— m(_1) ® m(g), where n, n) € N, m, m) € M, and n(), m_) € C.

A Lie coalgebra L is a k-vector space endowed with a k-linear map L —
/\i L from L to the second exterior power of L denoted by I —— l{1) Al{2), which
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should satisfy the dual version of Jacobi identity
Hapy Alyzy Ay = Ly Ay Algzyey,

where I’ Al” A" denotes an element of /\i L. A comodule M over a Lie coalgebra
L is a k-vector space endowed with a k-linear map M — L ® M denoted by
m —— my_1y ® mygy satisfying the equation

my—1y AMoy{—1} @ M{o}{o} = M{-1}{1} NM{-1}{2} ® M{0},

where I’ Al” ® m denotes an element of /\Z L @, M.

A Tate Harish-Chandra pair (g,C) is a set of data consisting of a Tate Lie
algebra g, a commutative Hopf algebra C, a continuous coaction of € in g such that
the Lie algebra structure on g is compatible with the continuous coaction, a C-in-
variant compact open subalgebra h C g, and a continuous pairing 1: € x h — k,
where C is considered with the discrete topology. This data should satisfy the
following conditions (cf. [12, Section 3.1]):

(i) The pairing ¢ is compatible with the multiplication and comultiplication
in @, ie., the map v: € — B§V corresponding to v is a morphism of Lie
coalgebras such that

B(c'e") = e()(") +e()d(e)
for ¢/, ¢ € C. Here the Lie coalgebra structure on € is defined by the formula
¢+ ¢(1) Ac(z) and the Lie coalgebra structure on bV is given by the formula

(z*, [x/’ x”]> = <x?1}v x”><l‘{2}, x/> - <.7j?1}, x/><x}<2}v lj,)
for z* € bV, 2/, 2" € h. By £ we denote the counit of €.

(ii) The pairing % is compatible with the continuous coaction of € in § obtained
by restricting the coaction in g and the adjoint coaction of € in itself. The
latter is defined by the formula

¢V ¢l ® 1) = ¢(2) ® 5(c1))C(3)s

where s denotes the antipode map of the Hopf algebra € (the square brackets
are used to avoid ambiguity of notation). The compatibility means that the
continuous linear map € ®* h — k corresponding to 1 preserves the contin-
uous coactions, or equivalently, the map 1 is a morphism of €-comodules.

(iii) The action of h in g induced by the continuous coaction of € in g and the
pairing 1 coincides with the adjoint action of § in g. Here the former action
is constructed as the projective limit of the actions of h in quotient spaces
of g by C-invariant open subspaces; for a right C-comodule N, the h-module
structure on N induced by the pairing v is defined by the formula

xn = —(nay, r)ne) forze€bh, neN.
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Given a Tate Harish-Chandra pair (g, C), one can construct a Tate Harish-
Chandra pair (g™, C) with the same Lie subalgebra f, where g™ is the canonical
central extension of a Tate Lie algebra g. A continuous coaction of € in g~ and
a canonical embedding of h into g preserving the continuous coactions of € were
constructed above; it remains to check the condition (iii). Here it suffices to notice
that the adjoint action of gl(g) in gl(g)~ coincides with the action of gl(g) in
gl(g)~ induced by the action of gl(g) in g, hence the adjoint action of b in gl(g)™
coincides with the action of b in gl(g)™ induced by the coaction of € in gl(g)™~ and
the pairing .

D.2.2 Let (g/,€) be a Tate Harish-Chandra pair such that the Tate Lie algebra
g’ is a central extension of a Tate Lie algebra g with the kernel identified with k;
assume that € coacts trivially on k C g’ and the Lie subalgebra h C g’ that is a
part of the Tate Harish-Chandra pair structure does not contain k. Then (g, C) is
naturally also a Tate Harish-Chandra pair with the induced continuous coaction of
Cin g and the Lie subalgebra fh C g defined as the image of h in g. In this case, we
will say that (g’,C) — (g, €) is a central extension of Tate Harish-Chandra pairs
with the kernel k. One example of a central extension of Tate Harish-Chandra
pairs is the canonical central extension (g~,C) — (g, C).

Let »: (g/,€) — (g, C) be a central extension of Tate Harish-Chandra pairs
with the kernel k. Consider the tensor product

8..(9,C) = C®y(y) Us(g),

where U(fh) and U(g') denote the universal enveloping algebras of the Lie al-
gebras h and g’ considered as Lie algebras without any topologies, U,.(g) =
U(g')/(1y(gy — 1g/) is the modification of the universal enveloping algebra of g
corresponding to the central extension k¥ — g’ — g, and 1y gy and 1y denote
the unit elements of the algebra U(g’) and the vector subspace k C g, respectively.
The structure of right U ()-module on € comes from the pairing ¢: Co,U(h) — k
corresponding to the algebra morphism U(h) — €V induced by the Lie algebra

morphism ¢: h — €V, where the multiplication on €* is defined by the formula
(", c) = (", c)) (", cqy) for ¢*, " € €*, ¢ € € and the Lie bracket is
given by the formula [¢'*, ¢"*] = ¢/*¢"* — "* ™.

We claim that the vector space 8 (g, C) has a natural structure of semial-
gebra over the coalgebra C provided by the general construction of 10.2.1. The
construction of this semialgebra structure becomes a little simpler if one assumes
that

(iv) the pairing ¢: C ®x U(h) — k is nondegenerate in C,

but this is not necessary. When b is the Lie algebra of the proalgebraic group H
corresponding [30] to ©, and the characteristic of the field k is zero, the condi-
tion (iv) simply means that H is connected [78].
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D.2.3 To construct a right C-comodule structure on 8,,(g,€), we will have to
approximate this vector space by finite-dimensional spaces. Let Vi, ..., V; be a
sequence of C-invariant compact open subspaces of g’ containing § and k such
that V; + [V;, V;] C Vi_1. Let N be a finite-dimensional right C-comodule. Choose
a C-invariant compact open subspace W7 C b such that the C-comodule N is
annihilated by the action of W3 obtained by restricting the action of h induced by
the pairing ¥. For each ¢ = 2, ..., t choose a C-invariant compact open subspace
W; C b such that W; + [V;, W;] C W;_1. Denote by 87, (N; V1, ..., ;) the quotient
space of the vector space

New (ke Vi/Wid--- & (Vi/Wy)®)

by the obvious relations imitating the relations in the enveloping algebra U.,.(g)
and its tensor product with N over U(h). It is easy to see that this quotient space
does not depend on the choice of the subspaces W;. In other words, denote by
R(V4,...,V;) the subspace

Ub)(k+Vi+---+V}) C Uslg);

it is an U(h)-U(h)-subbimodule of U,.(g) and a free left U(h)-module. There is a
natural isomorphism

SL(N, Vl,...ﬂ/'t) ~ N®U(h) R(Vl,,‘/t)

This is an isomorphism of right U (f)-modules; when N = D is a finite-dimensional
subcoalgebra of €, this is also an isomorphism of left C-comodules. Clearly, the
inductive limit of 87 (D;Vi,...,V;) over increasing ¢, V;, and finite-dimensional
subcoalgebras D C € is naturally isomorphic to 8 (g, C).

Now the vector space 8, (N;Vi,...,V;) has a right C-comodule structure
induced by the right G-comodule structure on N®y, (k@ Vi /W1 @ -+ @& (Vi /Wy)®?)
obtained by taking the tensor product of the C-comodule structures on V;/W; and
the right C-comodule structure on N. The inductive limit of these C-comodule
structures for N = D provides the desired right C-comodule structure on 8’ (g, €).
It commutes with the left C-comodule structure on 8’ (g, C) and agrees with the
right U(h)-module structure, since such commutativity and agreement hold on
the level of the spaces 8_,(D; Vi, ..., V;). Furthermore, by the (classical) Poincaré-
Birkhoff-Witt theorem U,.(g) is a free left U(f)-module. If the condition (iv) holds,
the construction of the semialgebra 8’ (g, ) is finished; otherwise, we still have
to check that the semiunit map € — 87 (g, €) and the semimultiplication map
87.(g,C) 0e 8,(g,€) — 87.(g, ©) are morphisms of right C-comodules.

The former is clear, and the latter can be proven in the following way.
Any finite-dimensional C-comodule N is a comodule over a finite-dimensional
subcoalgebra € C €. There is a natural isomorphism N ®g ) R(V1,..., Vi) ~
NOe (E®@y ) R(V1, ..., Vi)). The corresponding isomorphism 87, (N; V1,..., Vi) ~
NDOe 8.(&;V1,...,V;), which is induced by the isomorphism N ~ N O¢ &, pre-
serves the right C-comodule structures. All of this is applicable to the case of
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N =8(V/,...,V/;D), where V{, ..., V/ is another sequence of subspaces of
g’ satisfying the above conditions. Now let V{’, ..., V3, C ¢’ be a sequence of
subspaces satisfying the above conditions and such that V;, V; € V/};. The map
C @u(n) Usx(9) @u(n) Us(g) — € @y Us(g) induced by the multiplication map
Us.(9) @u(p) Us(g) — U,.(g) is the inductive limit of the maps

D ®U(h) R(Vll, ey Vt/) ®U(h) R(Vl, ey Vt) — D ®U(h) R(Vlll, e ‘/212)

over increasing t, V;, V/, V', and D. The corresponding map

8 (8. (D; V..., V) Vi,.... V) —— 8L (D; V', ..., Vyr)

is induced by the map

Dy (kaVi /Wi & (V//W)®) @, (ke Vi/Wi & - & (V;/Wy)®)
— Dex (ke V' /W & & (Var /Wyy) %),

where the sequences of subspaces W/, W;, W/’ satisfy the above conditions with
respect to the sequences of subspaces V/, V;, V. and the right C-comodules D,
Dep (ke V] /W@ @ (V! /W])®), D, respectively, and the additional condition
that W/, W; C W};. One can easily see that the latter map is a morphism of right
C-comodules. The semialgebra 8’ (g, €) over the coalgebra € is constructed.

D.2.4 Analogously one defines a semialgebra structure on the tensor product
8! (g,@) = U..(g) ®u(p) €. The semialgebras 87, = 8/ (g,C) and 8. =8 (g0
are essentially opposite to each other (see C.2.7) up to replacing s with —s.
More precisely, the antipode anti-automorphisms of U(g’) and € induce a natu-
ral isomorphism of semialgebras 87, ~ Sl_oﬁ compatible with the isomorphism of
coalgebras C°P ~ C, where —¢ is defined as the central extension of Tate Harish-
Chandra pairs with the kernel k that is obtained from the central extension s by

multiplying the embedding k — g’ with —1.

D.2.5 A discrete module M over a topological Lie algebra g is a g-module such
that the action map g x M — M is continuous with respect to the discrete
topology of M. Equivalently, a g-module M is discrete if the annihilator of any
element of M is an open Lie subalgebra in g. In particular, if ¢: € x h — k is a
continuous pairing between a compact Lie algebra h and a coalgebra € such that
the map ¢: € — h" is a morphism of Lie coalgebras, then the h-module structure
induced by a C-comodule structure by the formula of D.2.1(iii) is always discrete.

Let »: (g’,€) — (g, C) be a central extension of Tate Harish-Chandra pairs
with the kernel k. Then the category of left semimodules over Sl%(g, ©) is isomor-
phic to the category of k-vector spaces M endowed with C-comodule and discrete
g’-module structures such that the induced discrete h-module structures coincide,
the action map g/U ®, L — M is a morphism of C-comodules for any finite-
dimensional C-subcomodule L C M and any C-invariant compact open subspace



276 D. Tate Harish-Chandra Pairs and Tate Lie Algebras

U C gannihilating £, and the unit element of ¥ C g’ acts by the identity in M. The
second of these three conditions can be reformulated as follows: for any C-invariant
compact subspace V' C g’, the natural Lie coaction map M — V'V ®; M is a mor-
phism of C-comodules. When the assumption (iv) of D.2.2 is satisfied, the second
condition is redundant.

Abusing terminology, we will call vector spaces M endowed with such a struc-
ture Harish-Chandra modules over (g, @) with the central charge ». Analogously,
the category of right semimodules over 8’.(g,C) is isomorphic to the category
of Harish-Chandra modules over (g, C) with central charge —s. The category of
Harish-Chandra modules over (g, C) with the central charge 3¢ will be denoted by
O%(ga e)

Remark. The terminology related to Harish-Chandra modules is a hopeless mess.
In classical representation theory, by “Harish-Chandra modules” people meant
modules over a Lie algebra over the field of real numbers integrable to a maximal
compact subgroup of the corresponding Lie group [32]. Later came abstract Harish-
Chandra pairs (Lie algebra; subgroup), algebraic Harish-Chandra pairs (with an
algebraic group in the role of subgroup), and modules over these [9]. What we
might now call “Harish-Chandra modules over a semisimple Lie algebra relative
to its Borel subgroup” came to be known as “the Bernstein—Gelfand—Gelfand cate-
gory O” [53]. We reflect this terminology in the notation above. What we call “Tate
Harish-Chandra pairs” (with a proalgebraic subgroup) were first introduced, under
the name of “Harish-Chandra pairs”, by Beilinson-Feigin—Mazur in [12] (the expo-
sition in loc. cit. is restricted to the case of the ground field of complex numbers). In
our approach, some results are applicable to arbitrary Tate Harish-Chandra pairs,
or just those satisfying a weak assumption (iv). This includes Theorem D.3.1 and
Corollary D.3.1. And Tate Harish-Chandra pairs can be thought of as analogues
of the classical Harish-Chandra pairs in that the subgroup corresponds to a com-
pact Lie subalgebra §, although this is an entirely different notion of compactness.
Still the case that interests us most is that of a prounipotent subgroup (we are
not concerned about this prounipotent subgroup being maximal in any sense, but
only about it corresponding to a compact open Lie subalgebra). So what we work
with in D.6 is a variation of the classical “category O” rather than the classical
“Harish-Chandra modules”. An additional detail is that Verma modules, which
were among the most important objects of the “category O” from the classical
point of view, are hardly visible in our approach at all. Dual, or contragredient,
Verma modules are important for us instead (see Remark D.3.1). Neither do we
have any duality functor acting from our category O,.(g, C) to itself. Instead, we
consider duality functors O,.(g, €)°®? — O (g, C) transforming Harish-Chandra
modules into Harish-Chandra contramodules (see D.2.8).

D.2.6 For a topological vector space V' and a vector space P, denote by V& P the
tensor product V@' P =V ® P considered as a vector space without any topology,
where P is endowed with the discrete topology for the purpose of making the
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topological tensor product. In other words, one has
Ve ™ P= 1iLnU V/U ® P,

where the projective limit is taken over all open subspaces U C V.

For a topological vector space V, denote by A™?(V) the completion of /\Z(V)
with respect to the topology with the base of neighborhoods of zero formed by
all the subspaces T C /\i(V) such that there exists an open subspace V! C V
for which /\i(V’ ) C T and for any vector v € V there exists an open subspace
V" c V for which v AV” C T. For any topological vector spaces V and W, the
vector space of continuous skew-symmetric bilinear maps V' xV — W is naturally
isomorphic to the vector space of continuous linear maps /\2’*(V) — W. The
space /\*’Q(V) is a closed subspace of the space V ®* V; the skew-symmetrization
map V @* V — V @* V factorizes through A\**(V).

Let g be a topological Lie algebra. A contramodule over g is a vector space
P endowed with a linear map g ® P — P satisfying the following version of
Jacobi equation. Consider the vector space A*?(g) @ P. There is a natural map
/\*’2(9) ®"P — g® P induced by the bracket map /\*’2(9) — g. Furthermore,
there is a natural map

(" g P —— g@ (@ P),

which is constructed as follows. For any open subspace U C g there is a natural
surjection (g ®* g) @ P — (g/U ®* g) ® P and for any discrete vector space F
there is a natural isomorphism

(F@*g)@ P~F® (g P),

so the desired map is obtained as the projective limit over U. Composing the map
N2 (g) @ P — (g®* g) @ P induced by the embedding \*?(g) — g®* g with
the map (g ®* g) @ P — g® (g ® P) that we have constructed and with the
map g R (g P) — g P induced by the contraaction map g~ P — P, we
obtain a second map A\**(g) @ P — P. Now the contramodule Jacobi equation
claims that the two maps /\*’2(9) ®"P = g ® P should have equal compositions
with the contraaction map g @~ P — P.

Alternatively, the map (g ®* g) P — g® (g ®  P) can be constructed
as the composition

(2" g) @ P — (g29) @ P~gg@P ~ga (3@ P)

of the map induced by the natural continuous map g ®* g — ¢ ® g and the
natural isomorphisms whose existence follows from the fact that the topological
tensor product W ®V considered as a vector space without any topology does not
depend on the topology of V. The following comparison between the definitions
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of a discrete g-module and a g-contramodule can be made: a discrete g-module
structure on a vector space M is given by a continuous linear map

gOM ~g@*M =g M — M,

while a g-contramodule structure on a vector space P is given by a discontinuous
linear map

g P~g®'P=g®P — P,

where M and P are endowed with discrete topologies. For any topological Lie
algebra g, the category of g-contramodules is abelian (cf. D.5.2). There is a natural
exact forgetful functor from the category of g-contramodules to the category of
modules over the Lie algebra g considered without any topology.

For any discrete g-module M and any vector space E there is a natural struc-
ture of g-contramodule on the space of linear maps Homy, (M, E). The contraaction
map g® Homy (M, E) — Homy (M, E) is constructed as the projective limit over
all open subspaces U C g of the maps

a/U @, Homy (M, E) — Homy (MY, E)

given by the formula Z ® g — (m — —g(zm)) for z € g/U, g € Homi(M, E),
and m € MY, where MY C M denotes the subspace of all elements of M annihi-
lated by U.

More generally, for any discrete module M over a topological Lie algebra
g1 and any contramodule P over a topological Lie algebra go there is a natu-
ral (g1 @ g2)-contramodule structure on Homy (M, P) with the contraaction map
(g1 @ g2) ® Homy (M, P) — Homy (M, P) defined as the sum of two commuting
contraactions of g; and go in Homy (M, P), one of which is introduced above and
the other one is given by the composition

g2 ® Homy (M, P) —— Homy (M, g2 @ P) —— Homy (M, P)

of the natural map go ® Homg (M, P) — Homyg(M, go ® P) and the map
Homy (M, g2 ® " P) — Homy, (M, P) induced by the go-contraaction in P. Hence
for any discrete g-module M and any g-contramodule P there is a natural g-con-
tramodule structure on Homy (M, P) induced by the diagonal embedding of Lie
algebras g — g ® g.

D.2.7 When g is a Tate Lie algebra, a g-contramodule P can be also defined as
a k-vector space endowed with a linear map

Homy(VY,P) —— P

for every compact open subspace V C g. These linear maps should satisfy the
following two conditions: when U C V C g are compact open subspaces, the
maps Homy (U, P) — P and Homg(VY, P) — P should form a commutative
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diagram with the map Homg(UY, P) — Homy(V"V, P) induced by the natural
surjection VvV — UV, and for any compact open subspaces V', V", W C g such
that [V/, V"] C W the composition

Homy (V'Y @, V'Y, P) —— Homy(W",P) —— P

of the map induced by the cobracket map WV — V"V ®, V'V with the contraac-
tion map should be equal to the difference of the iterated contraaction map

Homy, (V"Y @, V'V, P) ~ Homy(V'"Y,Homy(V"Y, P)) — Homy(V'V, P) — P

and the composition of the isomorphism Homy (V"Y @ V'V, P) ~ Homy (V'Y ®j
V"V P) induced by the isomorphism V'V @5 V"V ~ V"V @, V'V with the iterated
contraaction map

Homy, (V'Y @, V"V, P) ~ Homy(V"Y, Homy (V'Y P)) — Homy(V"Y, P) — P.

The following example illustrates the notion of a contramodule over a Tate
Lie algebra as a kind of module with infinite summation operations (cf. A.1).
Let g = k((t))d/dt be the Lie algebra of vector fields on the formal circle with
its natural topology. Denote by L; = t**1d/dt its topological basis; then the Lie
bracket in g is given by the formula [L;, L;] = (j —4)Li;;. A g-contramodule P is
a k-vector space endowed with the infinite summation operations

+oo
(P-N P-N415---) — ZiziN Lip;

defined for any N € Z and assigning to a sequence of vectors p; € P the cor-
responding infinite sum, which must be also an element of P. These summation
operations should satisfy the following equations:

Z::V Lipi = Z:iM Lip;

whenever —N < —M and p_y = -+ = p_pr4+1 = 0 (agreement);

Z+DON Li(api +bg;) = a Z::v Lipi +b Z::v Liqi

i=—

for any a, b € k and p;, ¢; € P (linearity); and

+oo +oo too oo
Zi:*N Lz (ZJ:*M L,]pl.]> - ijfM Lj (Zzz—N Llij)
+oo ' .
= Z":—N—M Ln (Zi+j:n (] — l)pi-&-j)
for any p;; € P,i > —N, j > —M (contra-Jacobi equation).

For a Tate Lie algebra g, a discrete g-module M, and a g-contramodule
P, the structure of g-contramodule on Homy (M, P) defined above is given by the
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formula 7(g)(m) = 7p(2* = g(x*)(m))—g(ms_1y)(myoy) for a compact open sub-
space V C g, a linear map g € Hom(VY, Homy (M, P)), and elements z* € V'V,
m € M, where m —— my_13 ® myoy denotes the map M — VY ® M corre-
sponding to the g-action map V x M — M and 7wp denotes the g-contraaction
map Homy(VY, P) — P.

If ¢p: €xh — k is a continuous pairing between a coalgebra € and a compact
Lie algebra b such that the map ¢): @€ — hY is a morphism of Lie coalgebras,
then for any left C-contramodule B the induced contraaction of § in P is defined
as the composition Homg(hY,P) — Homy (€, B) — ‘B of the map induced by
the map ¢ and the C-contraaction map.

D.2.8 Let s: (g/,€) — (g,C) be a central extension of Tate Harish-Chandra
pairs with the kernel k. Then the category of left semicontramodules over the
semialgebra 8 (g, €) is isomorphic to the category of k-vector spaces P endowed
with a left C-contramodule and a g’-contramodule structures such that the induced
h-contramodule structures coincide, for any C-invariant compact open subspace
V' C g the g-contraaction map

Homy,(VY,P) — P

is a morphism of C-contramodules, and the unit element of k¥ C g’ acts by the iden-
tity in . Here the left C-contramodule structure on the vector space Homy, (M, 3)
for a left C-comodule M and a left C-contramodule 8 is defined by the formula
7(g)(m) = mp(c > gls(m(_1))e)(m (o)) for m € M, g € Homy (€, Homy (M, F)).

Indeed, according to 10.2.2, a left 8 -semicontramodule structure on P is
the same that a left C-contramodule and a left U,.(g)-module structures such that
the induced U(fh)-module structures on P coincide and the (semicontra)action
map

P —— Homyy) (Us(g), P) ~ Cohome(S,, B)

is a morphism of C-contramodules. The latter condition is equivalent to the map
P — Homy ) (U(h) - V, P) ~ Cohome(C @y ) U(h) - V, PW) being a morphism
of C-contramodules for any compact C-invariant subspace h &k C V C ¢, where
U(h) -V C U,(g). Given this data, one can use the short exact sequences

bR P — H PRV (P — VP

to construct the Lie contraaction maps V @ P — PB. Then the map P —
Homy ) (U(H) - V, PB) is a morphism of C-contramodules if and only if the map
Homy (VV,B) — P is a morphism of C-contramodules. To check this, one
can express the first condition in terms of the equality of two appropriate maps
Homy (C,P) = Homy(V,P) and the second condition in terms of the equality
of two maps Homy (V" @ €, P) = P. These two pairs of maps correspond to
each other under a natural isomorphism VV ®; C ~ € ®; V'V depending on the
C-comodule structure on V. In particular, our maps Homy(VY,P) — P are
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morphisms of h-contramodules, and it follows that they define a g’-contramodule
structure.

We will call vector spaces P endowed with such a structure Harish-Chandra
contramodules over (g,C) with the central charge s. The abelian category of
Harish-Chandra contramodules over (g, C) with the central charge s will be de-
noted by O(g,C). If »1: (¢/,€) — (g,C) and »»: (g”,€) — (g,C) are two
central extensions of Tate Harish-Chandra pairs with the kernels &, and M and P
are a Harish-Chandra module and a Harish-Chandra contramodule over (g, C) with
the central charges »; and sz, respectively, then the vector space Homy (M, R)
has a natural structure of Harish-Chandra contramodule with the central charge
25 — 3. Here 360 — 301 : (""", €) — (g, ©) denotes the Baer difference of the cen-
tral extensions s and z¢. This Harish-Chandra contramodule structure consists
of the g”’-contramodule and C-contramodule structures on Homy (M, P) defined
by the above rules.

D.3 Isomorphism of semialgebras

D.3.1 For any two central extensions of Tate Harish-Chandra pairs »': (g',C) —
(g,C) and »”: (g”,C) — (g, €) with the kernels identified with k& we denote by
# + 5 their Baer sum, i.e., the central extension of Tate Harish-Chandra pairs
(g"”,€) — (g,C) with g""" = ker(¢’ ® g” — g)/imk, where the map g’ &g’ — g
is the difference of the maps g’ — g and g’ — ¢, and the map k — g’ ® g” is
the difference of the maps k — g’ and kK — g”. The canonical central extension
(g~,€) — (g, C) will be denoted by s¢.

We claim that for any central extension of Tate Harish-Chandra pairs
»:(g,€) — (g,€) with the kernel k such that the condition (iv) of D.2.2 is

satisfied there is a natural isomorphism
811 (8,€) = 8..(g,€)

of semialgebras over the coalgebra C. This isomorphism is characterized by the
following three properties.

(a) Consider the increasing filtration F' of the k-algebra U,.(g) with the compo-
nents

FiUx(g) = (k+g +-+g")U®H) =U®O)(k+g' + +g")
and the induced filtration
E8L = FU..(g) ®u) C
of the semialgebra 8! = 8' (g, €). Then we have Fo8\ ~ €, 8, ~ li_n)lFiSl%,

and the semimultiplication maps FZ-Sl%DeFjSl% — 8 08!, — 8! factorize
through F,-_H-Sl%. There is an analogous filtration

F8 ... = C®Ou) Filsin(9)
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of the semialgebra 87, =8 ., (g,C). The desired isomorphism 8/, =~

8! preserves the filtrations F.

The natural maps F,»,lsl% — FiSl% are injective and their cokernels are
coflat left and right C-comodules, so the associated graded quotient semial-
gebra

ngSlu = @z FiSlz/FFlSL

is defined (cf. 11.5). The semialgebra gr,8, is naturally isomorphic to the
tensor product Sym; (g/h) @ € of the symmetric algebra Sym;(g/h) of the
k-vector space g/h and the coalgebra €, endowed with the semialgebra struc-
ture corresponding to the left entwining structure

Symy(g/b) ®r € —— € ®y Symy(g/h)

for the coalgebra € and the algebra Sym,,(g/h) (see 10.3). Here the entwining
map is given by the formula u ® ¢ —— cu_1) @ u(g), where u — u_1) @ u(q)
denotes the C-coaction in Sym,,(g/h) induced by the C-coaction in g/h. Analo-
gously, the semialgebra gr87. 5 18 naturally isomorphic to the tensor prod-
uct € ®y Symy(g/h) endowed with the semialgebra structure corresponding

to the right entwining structure

€ ®y Symy(g/h) —— Symy,(g/bh) ®x C.

Here the entwining map is given by the formula ¢ ® u — wu(g) ® cu(y), where
the right coaction u —— u(g) ® u(y) is obtained from the above left coaction
u — u(_1) @ u(g) by applying the antipode. These left and right entwining
maps are inverse to each other, hence there is a natural isomorphism of

semialgebras
!
ngS;{ = ngSr%+u0 .
This isomorphism can be obtained by passing to the associated graded quo-

tient semialgebras in the desired isomorphism Sif ~8, ..

Choose a section b': g/h — g’ of the natural surjection g/ — g'/(h D k) ~
g/h. Composing &’ with the surjection g’ — g, we obtain a section b of
the natural surjection g — g/b, hence a direct sum decomposition g ~
h @ b(g/h). So there is the corresponding section g — g~ of the canonical
central extension g~ — g; denote by b the composition g/h — g — g~
of the section b and the section g — g~. The Baer sum of the sections b’
and b provides a section b”: g/h — g, where (g”,€) — (g, C) denotes the
central extension s + 3¢y. Now the composition

9/h @k € — ¢’ @1 C ~ FU,.(5) @ € — F18.,

of the map induced by the map &', the isomorphism induced by the natural
isomorphism g’ ~ F1U,.(g), and the surjection U,.(g) ®x € — U..(g) ®u () C
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provides a section of the natural surjection 18\, — F\8. /F8! ~ g/h@,C.
This section is a morphism of right €-comodules. Hence the corresponding
retraction Flsl% — FOSl% ~ € is also a morphism of right C-comodules.
Analogously, the composition

Corg/h — COrY’ = Co FilUuts(g) — F18,

43200

where the first morphism is induced by the map b”, is a section of the nat-
ural surjection Fi8) ,  ~— Fi8) ., /F8) P ~ C ®y, g/bh; this section is
a morphism of left C-comodules. Hence so is the corresponding retraction
S, .. — Fo8, ., =~ C. The desired isomorphism RS ~ RS, ..
identifies the compositions

Flsl —— C —— %k and F8’

iy —— €

of the retractions Fi8!, — € and RS, ., — € with the counit map

€ — k. This condition holds for all sections b’.

Theorem. Assuming the condition (iv), there exists a unique isomorphism of semi-
algebras 87, , (g,€) ~ 8 (g,@) over @ satisfying the above properties (a—c).

Proof. Uniqueness is clear, since a morphism from a C-C-bicomodule to the bi-
comodule € is determined by its composition with the counit map ¢ — k. The
proof of existence occupies subsections D.3.2-D.3.7.

The next result is obtained by specializing the semimodule-semicontramodule
correspondence theorem to the case of Harish-Chandra modules and contramod-
ules.

Corollary. There is a natural equivalence R¥g = Ldg! between the semide-

et 3¢
rived category of Harish-Chandra modules with the centml0 charge » over (g,C)
and the semiderived category of Harish-Chandra contramodules with the central
charge » + g over (g,C). Here the semiderived category of Harish-Chandra mod-
ules is defined as the quotient category of the homotopy category of complexes of
Harish-Chandra modules by the thick subcategory of C-coacyclic complexes; the
semiderived category of Harish-Chandra contramodules is analogously defined as
the quotient category by the thick subcategory of C-contraacyclic complexes.

Proof. This follows from the results of D.2.5 and D.2.8, Theorem D.3.1, and Corol-
lary 6.3. |

Remark. The main property of the equivalence of semiderived categories pro-
vided by Corollary D.3.1 is that it transforms the Harish-Chandra modules M
that, considered as C-comodules, are the cofree comodules C ®; E cogenerated
by a vector space F, into the Harish-Chandra contramodules P that, consid-
ered as C-contramodules, are the free contramodules Homy(C, E') generated by
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the same vector space F, and vice versa. A similar assertion holds for any com-
plexes of C-cofree Harish-Chandra modules and C-free Harish-Chandra contra-
modules. The above corollary is a way to formulate the classical duality between
Harish-Chandra modules with the complementary central charges s and —s — ¢
[39, 77]. Of course, there is no hope of establishing an anti-equivalence between
any kinds of exotic derived categories of arbitrary Harish-Chandra modules over
(g, @) with the complementary central charges, as the derived category of vector
spaces is not anti-equivalent to itself. At the very least, one would have to im-
pose some finiteness conditions on the Harish-Chandra modules. The introduction
of contramodules allows us to resolve this problem. Still one can use the func-
tor ®g to construct a contravariant functor between the semiderived categories
of Harish-Chandra modules with the complementary central charges. Choose a
vector space U; for example, U = k. Consider the functor N — Homy (N, U)
acting from the semiderived category of Harish-Chandra modules over (g, C) with
the central charge —sc — 3¢ to the semiderived category of Harish-Chandra con-
tramodules over (g,C) with the central charge » + 5. Composing this func-
tor Homy(—,U) with the functor ]Lq)‘siwo’ one obtains a contravariant functor
D'(0_s—.,(g,C)) = Ds(simod-8,, ., ) — Ds(8! -simod) = D%(0..(g, €)). The
latter functor transforms the Harish-Chandra modules that as C-comodules are
cofreely cogenerated by a vector space E into the Harish-Chandra modules that
as C-comodules are cofreely cogenerated by the vector space Homy(E,U), and
similarly for complexes of C-cofree Harish-Chandra modules. One cannot avoid
using the exotic derived categories in this construction, because the functor Ldg
does not preserve acyclicity, in general (see 0.2.7).

D.3.2 The semialgebras 8. and 8", 45, €ndowed with the increasing filtrations F
are left and right coflat nonhomogeneous Koszul semlalgebras over the coalgebra €
(see 11.5). In other words, the graded semialgebras gr.8’, and gr,8”, 4z OVer €
are left and right coflat Koszul in the sense of 11.4. Indeed, there are natural
isomorphisms of complexes of C-C-bicomodules

Bary, (grp8L,€) =~ Barg,(Symy(a/h), k) @ €

and Barg, (grp8), . ., C) ~ C®y, Barg, (Sym,,(g/b, k), and the k-algebra Sym, (g/b)
is Koszul. Here the left C-coaction in Barg, (Symy,(g/h), k)®4C is the tensor product
of the C-coaction in Barg, (Symy(g/h), k) induced by the C-coaction in g/h and
the left C-coaction in C, while the right C-coaction in Barg, (Symy(g/h), k) ®x €
is induced by the right C-coaction in €. The C-C-bicomodule structure on € ®
Barg, (Symy,(g/h, k) is defined in an analogous way (with the left and right sides
switched).

The left and right coflat Koszul coalgebras D' and D" over € quadratic dual
to the left and right coflat Koszul semialgebras gr FS and gry8S’, are described
as follows. One has

4220

D' =~ Ayla/h) x €,
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where A, (g/bh) denotes the exterior coalgebra of the k-vector space g/b, i.e., the
coalgebra quadratic dual to the symmetric algebra Sym,(g/h). The counit of
Ak (8/h) @y C is the tensor product of the counits of A, (g/h) and €, while the co-
multiplication in A\, (g/b) @4 € is constructed as the composition A, (g/h) @, C —
Ae(8/6) @ A(a/b) Dk € @1 € —> A, (8/8) @i € @5 Ay(a/b) @ € of the map
induced by the comultiplications in A, (g/h) and € and the map induced by the
“permutation” map A, (g/h)®rC — C®r A\, (g/h). The latter map is given by the
formula u ® ¢ — cuj_1) ® uyg) for u € A, (g/h) and ¢ € C, where u — uj_y) @ u
denotes the C-coaction in A, (g/h) induced by the C-coaction in g/b.
Analogously, one has D" ~ € ®; A\, (g/bh), where the counit of C®, A, (g/h)
is the tensor product of the counits of A, (g/h) and €, while the comultiplication
in C®r A\x(g/b) is defined in terms of the “permutation” map C @i A,(g/b) —
Ar(8/5)®1C. The latter map is given by the formula c®u — wujg ®cujy}, where the
right coaction u —— wu[o)®@uy) is obtained from the left coaction u —— wu_1j®u[) by
applying the antipode. Both coalgebras A, (g/h) ® € and C®y A\, (g/bh) have grad-
ings induced by the grading of A, (g/b). The two “permutation” maps are inverse
to each other, and they provide an isomorphism of graded coalgebras D! ~ D" .
Now recall that we have assumed the condition (iv) of D.2.2. Denote by
- C V2@ c V€ c V@ = C the decreasing filtration of € orthogonal to the
natural increasing filtration of the universal enveloping algebra U(h), that is

Vie={ceC|¢(c,z)=0 forallz € k+bh+---+ b CcU(h)}.

Notice that the decreasing filtration V' is compatible with both the coalgebra and
algebra structures on C; in particular, it is a filtration by ideals with respect to
the multiplication. The subspace V'@ is the kernel of the counit map C — k;
the subspace V2C is the kernel of the map € — Y @ k which is the sum of the
map ¢ and the counit map.

Define decreasing filtrations V on the coalgebras D! and D" by the formulas

VIDl~ A, (g/b) @k V'€ and VD" ~ V'€ @i Ay (a/b);

these filtrations are compatible with the coalgebra structures on D! and D", and
correspond to each other under the isomorphism D! ~ D", Set D! = D ~ D". The
coalgebra D is cogenerated by the maps D — Dy/V2Dg and D — D, /V1Dy,
i.e., the iterated comultiplication map from D to the direct product of all tensor
powers Do/V2Dy @ D;/VID; is injective. Moreover, the decreasing filtration
V on D is cogenerated by the filtrations on Do/V2Dy and Dy /VIDy, i.e., the
subspaces VD are the full preimages of the subspaces of the induced filtration
on the product of all tensor powers of Dy/V2Dy @ D1/VID; under the iterated
comultiplication map.

D.3.3 Composing the equivalences of categories from 11.2.2 and Theorem 11.6,
we obtain an equivalence between the category of left (right) coflat nonhomoge-
neous Koszul semialgebras over € and the category of left (right) coflat Koszul
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CDG-coalgebras over C. Here a CDG-coalgebra (D, d, h) is called Koszul over C
if the underlying graded coalgebra D is Koszul over €. Recall that for a left
(right) coflat nonhomogeneous Koszul semialgebra 8~ and the corresponding
quasi-differential coalgebra D™~ one has F18™ ~ D7, so to construct a specific
CDG-coalgebra (D, d, h) corresponding to a given filtered semialgebra 8~ one has
to choose a linear map
d: F18~ — k

such that the composition of the injection € ~ Fy8~ — F18™ with ¢ coincides
with the counit map of C.

Choose a section b': g/ — g’ and construct the related section o’ : g/h —
g"’; denote by

(55,: Flsl% —— k and &} : Fi8)

»+320 — k
the corresponding linear functions constructed in (c) of D.3.1. In order to obtain
an isomorphism of left and right coflat nonhomogeneous Koszul semialgebras

Sl% ~ 8 we will construct an isomorphism between the CDG-coalgebras

320
(‘Dl, dl/, hlb/) and (@T, dg//, h/g//)

corresponding to the filtered semialgebras 8!, and 87, 45, endowed with the linear

functions 5@, and dy,,. For the corresponding isomorphism of semialgebras to iden-
tity the linear functions 5@, and 0/, we need this isomorphism of CDG-coalgebras
to have the form (f,0), i.e., the change-of-connection linear function has to vanish.
The isomorphism of coalgebras D! ~ D7 is already defined; all we have to do is
to check that it identifies df,, with dj,, and hé, with hy,.

Besides, we need to show that the isomorphism Sl% ~ 8 ,,, so obtained
does not depend on the choice of b'. Here it suffices to check that changing the

section b’ to b} leads to isomorphisms of CDG-coalgebras
(idval): (‘Dla Z” IT)’) - (Dl’dri’ Z’l)
and

(id,a/r): (D’I"7 gu, h/gu) E— (D’I"7 Z/ll7 glll)

with the linear functions a! and a” being identified by the isomorphism D! ~ D,
Since the coalgebra D! = D ~ D is cogenerated by the maps

D — Do/V*Dy ChY @k and D — Dy/ViDy ~g/h,

it suffices to check that the compositions of dé, and dp, with these two maps
coincide in order to show that dé, = d},,. We will also see that these compositions
factorize through D;/V?2?D; and Dy/V1Da, respectively, and the induced map
D1/V?D; — Dy/V?2Dy preserves the images of V! (actually, even maps the
whole of D1/V?D; into V1Dy/V2Dy), hence it will follow that the differential
dé, = dj,, preserves the decreasing filtration V. Besides, we will see that the linear
function hé, = hj},, annihilates the subspace V2D5 and the linear function a =a”
corresponding to a change of section b’ annihilates the subspace V2D;.
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D.3.4 Let us introduce notation for the components of the commutator map
with respect to the direct sum decomposition g’ ~ h @ b/'(g/h) @ k. As above,
the Lie coalgebra structure on " is denoted by z* — xf{‘l} A J;’{k2}. Denote the
Lie coaction of ¥ in g/b, i.e., the map g/ — b§Y ® g/h corresponding to the
commutator map h x g/ — g/b, by u — uy_13 ® ugo}. These two maps do
not depend on the choice of the section &’; the rest of them do.

Denote by u ® z* —— u(z*) the map g/h ®x hY — Y corresponding
to the projection of the commutator map ' (g/h) x h — g’ — h. Denote by
uAv+— {u,v} the map /\Z(g/f)) — g/b corresponding to the commutator map
A2V (a/h) — g/b. Denote by uAv@a* +— (u,v),+ the map Aj(a/h)@xh" — k
corresponding to the projection of the commutator map /\i b(g/h) — g — b

The above five maps only depend on the Lie algebra g with the subalgebra
h and the section b: g/h — g, but the following two will depend essentially on g’
and b'. Denote by p': g/ — §" the map corresponding to the projection of the
commutator map b'(g/h) x h — g’ — k. Denote by o’: /\Z(g/f)) — k the map
corresponding to the projection of the commutator map /\i b(g/h) — g — k.
Denote by p, 6 and p”, 0" the analogous maps corresponding to the central
extensions g~ — g and g” — g with the sections b and b”. Clearly, we have
p'=p +pand o’ =0 +5.

Set b = b(g/h) C g. The composition # of the commutator map in gl(g)™~ with
the projection gl(g)~ — k corresponding to the section gl(g) — gl(g)™~ coming
from the direct sum decomposition g ~ hPb is written explicitly as follows. For any
continuous linear operator A: g — g denote by Ay_p: h — b, Ap_p: b — b,
etc., its components with respect to our direct sum decomposition. Then the
cocycle 0 is given by the formula §(A A B) = tr(As—pBy—s) — tr(Be—pAy—p),
where tr denotes the trace of a linear operator h — h with an open kernel.

Using this formula, one can find that, in the above notation, p(u) =
—ugoy(ug—_1y) and a(u A v) = —(u,v(0))o_yy + (U, Ug0} )ui_ys-

D.3.5 We have D} ~ €, D| ~ g/h @ C, and D} ~ /\Z(g/f)) ®y C. The
composition of the map dé,: g/b ®, € — C with the counit map e: € — k
vanishes, since dé, is a coderivation. Let us start with computing the composition
of the map d}, with the map ¢: € — §.

The class of an element u ® ¢ € g/h ®, € can be represented by the element
V(u) @y ¢ € Fi1U(g) ®u) € =~ DL~ in the quasi-differential coalgebra D'~
corresponding to the filtered semialgebra Si{. Denote the image of 0'(u) ®y ) ¢
under the comultiplication map D{~ — € ®; D™~ by 1 ® (2 @) c2),
where z € F1U,.(g). The total comultiplication of b'(u) @) ¢ is then equal to
c1 @ (2 ®uy) c2) + (' (u) ®uy) c1y) ® c2y- We have

dyy (u ® ¢) = &, (b (w) @u(y) c1))e@) — Oy (2 Quy) c2)er = =0y (2 By c2)er
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Furthermore,

W(dyy (u®c),x) = —(c1, )8 (2 Ruy) c2) = =6 (b (1) R (h) )
= —557'([337 v (u)] ®u(p) €) — 511)/ (0 (u) ®u(p) Tc)
= 0 ([V' (), 2] @u(p) ©) = (2, u(P(e))) + (2, p' (u))e(c)

for x € b, since Y (z, c1)z @y (y) c2 = 2b'(u) Ry (y) c.

So the composition of the map dé, : g/f)v®k @ — C with the map ¢: € — Y
is equal to the composition of the map id ®(¢,¢): g/h®,C — g/hRk (hY Dk) with
the map g/h Q% (hY & k) — bY given by the formula v ® z* +v — u(z*) + p'(v).

Now let us compute the composition of the map d., : /\i(g/f)) Rk C —
9/b®% C with the map id ®e: g/h®; C — g/b. The vector space D5~ is the kernel
of the semimultiplication map F18i4 Oe F18i4 — FQSL, which can be identified
with the kernel of the map F1U..(g) ®u(n) FU..(g) ®u(n) C — FU,(g) ®u(p) C
induced by the multiplication map F1U..(g) ®u ) F1U.(g) — F2U,.(g). The class
of an element uAv®c € /\i (9/b)®%C can be represented by the element b’ (u) @y ()
b/(U)®U(h)C_b/(U)®U(h) b’(u)®U(h)c— [b’(u), b’(v)]@U(h) 1®U(h)c in the latter kernel.

Denote the image of V' (v) @y () ¢ under the comultiplication map DL~ —s
C®r DL~ by 1 @ (2 ®y(y) c2), where z € F1U,.(g); then the image of b'(u) @y )
V' (v) ®u(p) ¢ under the comultiplication map DL~ — DI~ @, DY~ is equal to
(' (u) ®up) €1) ® (2 @y () c2)- The image of [B(u), b (v)] @y (n) 1 @u(y) ¢ under the
same map D4~ — DL~ @, D!~ is equal to ([ (u), b (v)] @1 h) (1)) ® (1Ru(p) C(2))-
We have 6}, (b'(v) @y () c1)z @ (y) €2 = 0 and 6, (2@ () c2) (id @) (w) @) c1 =
e(c1)0L, (2 ®u(p) c2)u = 6, (V' (v) ®u(y) c)u = 0, where p € DY denotes the image
of an element p € D}~. Furthermore, &}, ([t'(u), b (v)] @y (y) ca1))I @ (y) ¢2) = 0.
Hence (id ®e)d}, (u A v ® ¢) = =6, (1 Qu(y) c2))(id @e)[V (u), b (v)] ®u @) cay =
—(id ®e)[b'(u), V' (v)] ®u(y) ¢ = —{u,v}ie(c).

So the composition of the map d.,: /\i(g/f)) ®r ¢ — g/h ®, C with
the map id®e: g/h ®, € — g/h is equal to the composition of the map

id ®e: /\i(g/h) ®r € — /\i(g/f)) with the map /\i(g/f)) — g/b given by the
formula u A v — —{u,v}.

Finally, let us compute the linear function k!, : /\i(g /h) @k € — k. We have
85, (V' (1) @u () €1)04 (2 @u(y) c2) = 0, hence h(u Av @ ) = =0, ([b'(u), b (v)] @u ()
8L (1@ myci)) = =64 (b (w), b (v)]@umyc) = —(u,v) (o —0 (uAv)e(c). So the
)y (18um)c(2) b ; U(h) »0)i(e)
linear function h!, is equal to the composition of the map id ® (i), ): /\i(g/h) Ok

€ — Ai(a/h) @k (hY @ k) and the linear function A:(g/h) @x (hY & k) — k
given by the formula uy A vy @ 2* + u A v — —(ug, 1)z — o' (u A v).

D.3.6 Analogously, we have D ~ €, D] ~ C®g/h, and D} ~ €®;€/\i(g/h). The
composition of the map dj,, : C®g/h — C with the map e : € — k vanishes. The
composition of the map dj,, : C®y g/h — € with the map ¢): € — h" is equal to
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the composition of the map (¥, ¢) ®id: CRr g/h — (h¥ @ k) ®x g/h and the map
(b @ k) ®, g/h — bY given by the formula z* @ u + v — u(x*) + p”(v). The
composition of the map dy, : C®y, /\i(g/h) — C® g/h with the map e®id: C®y
g/bh — g/b is equal to the composition of the map ¢ ® id: C ®y, /\i(g/h) —
/\i(g/h) and the map /\i(g/h) — g/b given by the formula u A v — —{u,v}.
The linear function h},, : C®p /\i(g/f)) — k is equal to the composition of the map
(¥, £)®id: €®k/\i(g/f)) — (h\/@k)@k/\i(g/h) and the linear function (hY & k)R
/\i(g/h) — k given by the formula x* @ us Avy +uAv — —(u1,v1)x —0” (uWAD).

The isomorphism g/h ®; € ~ C ®y g/h forms a commutative diagram with
the map g/h ®; C — g/b Q@ (hY ® k), the map C® g/h — (hY & k) Q@ g/b,
and the isomorphism g/b @5 (Y @ k) =~ (hY @ k) @ g/bh given by the formula
URT"+v — T*R@u+v{_1}®V(o}+v. Analogously, the isomorphism /\Z (g/5)®%C ~
C @ /\i(g/f)) forms a commutative diagram with the map /\i(g/h) ®r C —

Aic(g/b) @i (8" & k), the map € © Aj(a/h) — (b @ k) @x Ai(g/h), and the
isomorphism /\Z(g/f)) Rk (BY k) =~ (Y D k) @4 /\i(g/h) given by the formula
UM AV RT +uAv— T* @up Avr tuj_1y Qupoy Av+vi_1) ®uA vy +uAv.

Now it is straightforward to check that the isomorphism D! ~ D" identifies
dé, with dj,, modulo V2Do @ VD, @Dy @Ds@--- and hé, with hj,,. Indeed, one
has u(z*) + vioy (v(—1y) + P’ (v) = u(x*) + p'(v) and —(uy,v1)p — (ugoy, v)u{_l} -
(u, v{0} o1y — " (uNv) =—(u1,v1)er — ' (wAv).

D.3.7 Finally, let b}: g/h — g’ be another section of the surjection g —
g /(h & k) ~ g/h. Then we can write b} = b+ ¢+ ¢ with ¢: g/b — b and
t': g/h — k. Analogously, the sections E)lz g/b — ¢~ and b7: g/h — ¢”
corresponding to by have the form by = b+ ¢+t and b/ = b” +t + ¢’ with
"=t +1.

Denote by 7, 71: gl(g) — gl(g)™ the sections corresponding to direct sum
decompositions g = h @ b(g/h) and g = h D b1(g/h) with by =b+¢, t: g/h — b.
Then one has 71 (A) —7(A) = tr(tAy_g4,y) for any A € gl(g), where Ay_ 4/ denotes
the composition h — g — g — g/bh of the endomorphism A with the injection
h — g and the surjection g — g/b.

Using this formula, one can find that #(u) = —(ug_1y,t(ugoy)), where ()
denotes the natural pairing ¥ x h — k.

The natural isomorphism (id, a'): (D!, d!,, hl,) — (D!, dé,l, hé,l) between the
CDG-coalgebras corresponding to the sections b and b} can be computed easily;
the linear function a': D} — k is the composition of the map id ®(¢),€): g/b
C — g/h @k (Y ® k) and the linear function g/h Q@ (h ® k) — k given by
the formula u ® z* + v — —(z* t(u)) — t'(v). Analogously, the linear function
a” in the natural isomorphism (id,a”): (D", d,., hy,) — (iDr,dZ,l,,hZ,l,) between
the CDG-coalgebras corresponding to the sections b” and b/ is the composition
of the map (¥,¢) ® id: C ®% g/h — (Y @® k) @k g/b and the linear function
(hY @ k) ®k g/h — k given by the formula z* @ u + v — —(z*, t(u)) — t"(v).
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Now it is straightforward to check that the isomorphism D! ~ D" identifies
a' with a”. Indeed, —(z*, t(u)) — (v{_1}, t(v{oy)) — t"(v) = —(a*, t(u)) — ¢'(v).

Theorem D.3.1 is proven. (]

D.4 Semiinvariants and semicontrainvariants

D.4.1 Let g be a Tate Lie algebra, g~ — g be the canonical central extension,
and h C g be a compact open subalgebra; recall that the central extension g~ — g
splits canonically over . Let N be a discrete g~-module where the unit element
of k£ C g~ acts by minus the identity. We would like to construct a natural map

(3/h @k N)» —— NP,

where the superindex h denotes the h-invariants and the action of  in N is defined
in terms of the canonical splitting h — g~.

Choose a section b: g/h — g of the surjection g — g/h. The direct sum
decomposition g ~ h®b(g/h) leads to a section of the central extension gl(g)~ —
gl(g), and consequently to a section of the central extension g~ — g. Composing
the section b with the latter section, we get a section b: g/h — g~ of the surjection
g° —g7/(h@ k) ~g/b.

Consider the composition

(8/b @k N)» — g/h@r N — g~ @, N —— N

of the natural injection (g/h ®i N)? — b, the map g/h @x N — g~ @ N
induced by the section b: g/bh — g7, and the g~-action map g~ ®x N — N. Let
us check that this composition does not depend on the choice of b and its image
lies in the subspace of invariants N9 C N, so it provides the desired natural map
(/b @x N)? — NP.

Let u ® n be a formal notation for an element of g/h ®; N. Denote by
n — ng_1y @ ngey the map N — hY @i N corresponding to the h-action map
h x N — N. Rewriting the identity zb(u)n = b(u)zn + [z, b(u)]n for z € b in
the notation of D.3.4, we obtain the identity (E(u)n){_l} ® (l;(u)n){o} =n_13 ®
b(u)ngoy +ug—13®@b(ugoy)n—u(ng_1})®@ngoy —uqoy (ug—1}) ®n. Now whenever u®@n
is an b-invariant element of g/h® N one has ny_1} @u@noy+uf_13@ugey®@n = 0,
hence (b(u)n n){-1} @ (b(u)n n)goy = 0 and b(u)n is an b-invariant element of N.

Let b1: g/h — b be another section of the surjection g — g/h and
by: g/b — g~ be the corresponding section of the surjection g~ — g/b. Ac-
cording to D.3.7, we have by = b+t +1 with amapt =>b; —b: g/h — bh and
the linear function ¢: g/h — k given by the formula t(u) = —(ug_1y,t(uso}))-
Let u ® n be an bh-invariant element of g/h ® N; then the equation ny_;3 ® u ®
ngoy +ug—1} @ugoy ®n = 0 implies (ny_1y,t(u))ngoy + (ug_1},t(ugoy))n = 0 and
t(u)n — t(u)n = 0.
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The cokernel Ny p of the natural map (g/h ®; N)" — NP that we have
constructed is called the space of (g, h)-semiinvariants of a discrete g-module N.
The (g, h)-semiinvariants are a mixture of h-invariants and “coinvariants along

a/bh”.

D.4.2 For a topological Lie algebra h and an h-contramodule P the space of
h-coinvariants Py is defined as the maximal quotient contramodule of P where b
contraacts by zero, i.e., the cokernel of the contraaction map h P — P.

Let g be a Tate Lie algebra with a compact open subalgebra h. Let P be a
g~ -contramodule where the unit element of & C g™~ acts by the identity. We would
like to construct a natural map

Py —— Homy(g/bh, P)y,

where the h-contraaction in Homyg(g/b, P) is induced by the discrete action of
in g/bh and the h-contraaction in P as explained in D.2.6-D.2.7.

As above, choose a section b: g/h — g and construct the corresponding
section b: g/h — g~ . Consider the composition

P — Homk(QN,P) — Homk(g/f),P) — Homk(g/h,P)h

of the map P — Homy (g™, P) corresponding to the action of g™ in P induced by
the contraaction of g~ in P, the map Homy (g™, P) — Homy(g/h, P) induced by
the section b, and the natural surjection Homyg(g/h, P) — Homy(g/h, P)y. Let
us check that this composition factorizes through the natural surjection P — P,
and does not depend on the choice of b, so it defines the desired map P, —
Homy(g/h, P)y.

Let f a linear function h¥ — P and wp(f) € P be its image under the
contraaaction map. The image of wp(f) under the composition

P — Homyg(g~, P) — Homy(g/b, P)
is given by the formula
w— b(w)mp(f) = wp(a™ = b(u) f(2*)) = bugoy) f(ug-1})
+mp(@” — f(u(a”))) — fugoy(ug-1y))

in the notation of D.3.4. This element of Homg(g/h, P) is the image of the ele-
ment g € Homg(hY, Homg(g/bh, P)) given by the formula g(z*)(u) = b(u) f(z*) +
f(u(z*)) under the contraaction map.

If b1: g/h — g is a different section, then

by (u) = by (u) + t(u) — (ug_1y,t(ugoy))

and for any p € P the element of Homy(g/h, P) given by the formula u ——
t(u)p — (ug_1y,t(ugoy))p is the image of the element g € Homy(h", Homy(g/b, P))
given by the formula g(z*)(u) = (z*, t(u))p under the contraaction map.
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The kernel P99 of the natural map P, — Homyg(g/h, P)y is called the space
of (g, h)-semicontrainvariants of a g-contramodule P. The (g, h)-semicontrainvari-
ants are a mixture of h-coinvariants and “invariants along g/h”.

Remark. The above definitions of (g, h)-semiinvariants and (g, h)-semicontrain-
variants agree with the definitions from C.5.1-C.5.2 up to twists with a one-
dimensional vector space det(h), essentially for the following reason. When g is
a discrete Lie algebra, the central extension g~ —— g has a canonical splitting
induced by the canonical splitting of the central extension gl(g)~ — gl(g). When
g is a Tate Lie algebra and h C g is a compact open Lie subalgebra, the central
extension g~ — g has a canonical splitting over fj. When g is a discrete Lie alge-
bra and h C g is a finite-dimensional Lie subalgebra, these two splittings do not
agree over b; instead, they differ by the modular character of the Lie algebra b.

D.4.3 Let € be a coalgebra endowed with a coaugmentation (morphism of coalge-
bras) e: k — C, b be a compact Lie algebra, and ¢: €xh — k be a pairing such
that the map ¥: h¥ — € is a morphism of coalgebras and v annihilates e(k). For
any right C-comodule N, the maximal subcomodule of N where the coaction of €
is trivial can be described as the cotensor product N Oe k. Here a coaction of € is
called trivial if it is induced by e; the vector space k is endowed with the trivial
coaction. There is a natural injective map NOe k — NP, which is an isomorphism
provided that the assumption (iv) of D.2.2 holds.

Analogously, for any left C-contramodule ‘B the maximal quotient C-con-
tramoduleof P with the trivial contraaction can be described as the space of
cohomomorphisms Cohome(k, ). There is a natural surjective map Py, —
Cohome (k,P), which is also an isomorphism provided that the condition (iv)
holds. Indeed, it suffices to consider the case when B = Homg(C, E) is an
induced C-contramodule; in this case one only has to check that the kernel of the
composition € — C ®;, C — C ®; hY of the comultiplication map and the map
induced by the map 1 coincides with e(k).

Let € be a commutative Hopf algebra. Then for any right C-comodule N
and left G-comodule M there is a natural isomorphism NOe M ~ (N ®; M) Oe &,
where the right C-comodule structure on NOe M is defined using the antipode and
multiplication in €. Analogously, for any left C-comodule M and left C-contramod-
ule P there is a natural isomorphism Cohome (M, P) ~ Cohome (k, Homy (M, )).

D.4.4 Nowlet »: (g',C) — (g, C) be a central extension of Tate Harish-Chandra
pairs with the kernel k satisfying the assumption (iv) of D.2.2 and 8!, = 8 ~ 81
be the corresponding semialgebra over C.

Lemma.

(a) Let N be a Harish-Chandra module with the central charge —» — s and

M be a Harish-Chandra module with the central charge 3 over (g,C); in
other words, N is a right 87, -semimodule and M is a left 8! -semimod-
ule. Assume that either N or M is a coflat C-comodule. Then there is a
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natural isomorphism
NOsM =~ (N®,M)gp,

where the tensor product N® M is a Harish-Chandra module with the central
charge — .

(b) Let M be a Harish-Chandra module with the central charge s and P be a
Harish-Chandra contramodule with the central charge s + 3¢ over (g,C); in
other words, M is a left Sl,{—semimodule and P is a left 8, ,, -semicon-
tramodule. Assume that either M is a coprojective C-comodule, or B is a
coinjective C-contramodule. Then there is a natural isomorphism

SemiHomg (M, ) ~ Homy, (M, )%,

where the space Homy (M, B) is a Harish-Chandra contramodule with the
central charge .

Proof. Part (a): denote by 7;: N O¢ F;8 Oe M — N Oe M the map equal to
the difference of the map induced by the semiaction map F;8 Oe M — M and
the map induced by the semiaction map N Oe F18 — N. The map 7y vanishes
and the quotient space (N Oe F18 Oe M)/(N Qe Fp8 Oe M) is isomorphic to
N Oe (F18/Fy8) Oe M, hence the induced map

m: NOe (Fls/Fos) Oe M —— N e M.

The cokernel of the map 777 coincides with the semitensor product N g M for the
reasons explained in C.5.5. The cotensor product

NOe (F18/Fo8) Oe M ~ N Ue (g/h @5 €) Oe M ~ N UOe (g/h @, M)

is isomorphic to the space of invariants (g/h @ M @5 N)? in view of the assump-
tion (iv); this isomorphism coincides with the isomorphism

NOe (F18/Fy8) Oe M ~ (g/h @ M @5 N)?

induced by the isomorphism F18/Fy8 ~ C ®j, g/h. Let us check that this isomor-
phism identifies the map 7; with the map whose cokernel is, by the definition, the
space of semiinvariants (N @5 M)g .

Choose a section b': g/h — ¢ and consider the corresponding section
b': g/h —> g". There is an isomorphism of right C-comodules Cg/h®;C ~ F1 8.,
given by the formula ¢} + v ® ¢’ — 1@y | + V' (v) @y(y) ¢ and an analo-
gous isomorphism of left C-comodules C @® € ®; g/b ~ F18),, , given by the
formula ¢ + ¢” @ v’ +—— ¢ @y 1 + " @y b”(u”). The induced isomor-
phism M @ g/h @, M ~ 18\ Oe M ~ FU,.(g) ®u(p) M is given by the for-
mula my +u ®m — 1 @y m1 + b'(u) @y m. Now let z = n® (¢ +
' Quy ) @m =n® (cf + " @y u”’) ®m be an element of N Oe F18 Oe M.
Then the corresponding element of N D¢ F1U,.(g) ®u() M can be written as



294 D. Tate Harish-Chandra Pairs and Tate Lie Algebras

e(c])n® 1@y m+e(cd)n @' (u') @y () m, hence the image of z under the map
NOe Fi8 O M — N e M induced by the semiaction map F18 O M — M is
equal to e(c))n@m+e(c)n @b (u')m. Analogously, the image of z under the map
NOe Fi8 O M — N Oe M induced by the semiaction map N Oe F18& — N
is equal to e(cf)n @ m — (") (u”)n ® m. One has e(c}) = e(c}) by the condi-
tion (c) of D.3.1. Thus 71(z) = n @ b'(w)m + b’ (u)n @ m = b(u)(n ® m), where
u = e(d)u’ = e(")u”. Part (a) is proven; the proof of part (b) is completely
analogous. O

D.5 Semi-infinite homology and cohomology

D.5.1 A discrete right module N over a topological associative algebra R is a
right R-module such that the action map N x R — N is continuous with respect
to the discrete topology of N. Equivalently, a right R-module N is discrete if the
annihilator of any element of N is an open right ideal in R.

Let A and B be topological associative algebras in which open right ideals
form bases of neighborhoods of zero. Then the topological tensor product A ®' B
has a natural structure of topological associative algebra with the same property.
The tensor product of a discrete right A-module and a discrete right B-module is
naturally a discrete right A ®' B-module.

Let »: g’ — g be a central extension of topological Lie algebras with the
kernel k. Then the modified enveloping algebra U..(g) = U(g’)/(1y(g) — 1g) can
be endowed with the topology where right ideals generated by open subspaces of g’
form a base of neighborhoods of zero (see [10, 3.8.17] and [8, 2.4], where left ideals
are considered in place of our right ideals). Denote the completion of U,.(g) with
respect to this topology by U, (g); this is a topological associative algebra. The
category of discrete g’-modules where the unit element of & C g’ acts by minus
the identity is isomorphic to the category of discrete right U, (g)-modules.

D.5.2 Let R be a topological associative algebra where open right ideals form a
base of neighborhoods of zero. Then for any k-vector space P there is a natural
map
R (R® P) — R®"P

induced by the multiplication in R; it is constructed as the projective limit over
all open right ideals U C R of the maps R/U ®j, (R®"P) — R/U ®, P induced
by the discrete right action of R in R/U. A left contramodule over R is a vector
space P endowed with a linear map R ® P — P satisfying the following con-
traassociativity and unity equations. First, the two maps RQ(R®"P) = R®"P,
one induced by the multiplication in R and the other induced by the contraaction
map R® P — P, should have equal compositions with the contraaction map.
Second, the composition P — R®™P — P of the map induced by the unit of R
and the contraaction map should be equal to the identity endomorphism of P.

The category of left R-contramodules is abelian and there is a natural ex-
act forgetful functor from it to the category of left modules over the algebra R
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considered without any topology (cf. Remark A.3). Notice also the isomorphisms
R®(R®P)~R®R®P ~ (R®R) & P,

demonstrating the similarity of the above definition with the definition of a contra-
module over a Lie algebra given in D.2.6. The above natural map R® (R®"P) —
R®P is induced by the continuous multiplication map R®R — R, which exists
for any topological associative algebra R where open right ideals form a base of
neighborhoods of zero [8]. Just as for Lie algebras, a structure of a discrete right
R-module on a vector space N is given by a continuous linear map

N®R~N® R=N®R —— N,

while a structure of a left R-contramodule on a vector space P is given by a
discontinuous linear map

R®"P~R® P=R®P — P,

where N and P are endowed with discrete topologies.

For any discrete right R-module N and any k-vector space E, the vector space
Homy (N, E) has a natural structure of left contramodule over R. The contraaction
map R® " Homy (N, E) — Homy (N, E) is constructed as the projective limit over
all open right ideals U C R of the maps

R/U ®; Homy (N, E) —— Homy(NY, E)

given by the formulas 7 ®; g — (n — g(n7)) for 7 € R/U, g € Homy(N, E),
and n € NU, where NV C N denotes the subspace of all elements of N annihilated
by U.

More generally, let A and B be topological associative algebras where open
right ideals form bases of neighborhoods of zero, N be a discrete right B-mod-
ule, and P be a left A-contramodule. Then the vector space Homy (N, P) has a
natural structure of left contramodule over A ®' B. The contraaction map (A ®'
B)®"Homy (N, E) — Homy (N, E) is constructed as the projective limit over all
open right ideals U C B of the compositions

A®"(B/U ®; Homy(N, P)) — A ®" Homy(NY, P)
—— Homy(NY, A®"P) —— Homy(NY, P),

where the first map is induced by the right B-action in N and the third map is
induced by the A-contraaction in P.

D.5.3 Let »: g — g be a central extension of topological Lie algebras with
the kernel k. Assume that the topological Lie algebra g’ has a countable base of
neighborhoods of zero consisting of open Lie subalgebras (concerning the second
part of this condition, cf. [§]).
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Theorem. The category of g’ -contramodules where the unit element of k C ¢’
acts by the identity is isomorphic to the category of left contramodules over the
topological associative algebra U, (g).

Proof. Tt is easy to see that the composition g’ @ P — U, (g) @ P — P defines
a g'-contramodule structure on any left U (g)-contramodule P (so, in particular,
U (g) itself is a g’-contramodule). Let us construct the functor in the opposite
direction.

The standard homological Chevalley complex

- —— Ai(0) @k Unlg) — o @ Unlg) — Us(g) — 0
is acyclic. For any open Lie subalgebra  C g’ not containing k C g’, the complex
c —— Na(h) @5 Uslg) — b @k Us(g) — hU(g) — 0

is an acyclic subcomplex of the previous complex. Taking the quotient complex
and passing to the projective limit over h, we obtain a split exact complex of
topological vector spaces

C s NG) ® Un(g) — ¢ @ Un(g) — Us(g) — 0,

where we denote by A\™*(g’) the completion of A} (g') with respect to the topol-
ogy with a base of neighborhoods of zero formed by the subspaces A} (h) and
the enveloping algebra U,.(g) is considered as a discrete topological vector space.
Applying the functor ® P, we obtain an exact sequence of vector spaces

N2 (@) @ (Us(g) @k P) — g/ @ (Un(g) @ P) — UL(g) @ P —— 0

for any k-vector space P.

Now let P be a g’-contramodule where the unit element of & C g’ acts by
the identity; then, in particular, P is a g’-module and a U,.(g)-module. It is clear
from the above exact sequence that the composition

g @ (U(g) 9x P) — g @ P — P

of the map induced by the U,,(g)-action map and the g’-contraaction map factor-
izes through U (g)® P, providing the desired contraaction map U, (g)® P — P.

Let us check that this contraaction map satisfies the contraassociativity equa-
tion. Any element z of U,;(g) ® P can be presented in the form z = Y:° u; @ p;
with u; € U, (g) and p; € P, where u; — 0 in U, (g) as i — oo and the infinite
sum is understood as the limit in the topology of UL (g) ®' P. Let us denote the
image of the element ), u; ® p; under the contraaction map U, (g) ® P — P
by >, uip; € P. In this notation, the U (g)-contraaction map is defined by the
formula 37, (zi, @4y -~ @iy, )pi = Y2 @iy (T4, - - @iy pi) for any x;, € ¢’ and p; € P
such that z;, — 0 in g’ as ¢ — oo. We have to show that >, u; Zj VijDij =
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Zivj(’uivij)pij for any u,, vij; € U,(g) and p;; € P such that u; — 0 as i — oo and
v;; — 0 as j — oo for any 1.

Let us first check that )", x; Zj YijDij = Zi,j(m‘iyij)pij for any x;, yi; € ¢
and p;; € P such that z; — 0in g’ as ¢ — oo and y;; — 0in g’ as j — oo for
any ¢. Choose an integer j; for each ¢ such that {y;; | j > ji} converges to zero in
g as i+ j — oo. Then we have

Zi,j (l'iyij)pij = Z yzgpu + Z yw zpu + Z xu Z/zy Dij-

To check that

Zi Ty Zj>j71 YijPij = Z ym zng + Z .’EZ, yzg Dij,

apply the equation on the contraaction map of a contramodule over a topological
Lie algebra to the element .. x; A y;; @ py; of the vector space N2 (g)) @ P.

It follows that ), x; Zj VijDij = Ziyj(xivij)pij for any x; € ¢/, vi; € Us(g),
and p;; € P such that z; — 0in g’ as ¢ — oo and v;; — 0in U (g) as j — oo for
any 7. Indeed, assuming that vij = yij1¥ij2 - - - Yijk,,; » where y;;; € g’ and y;;1 — 0
in g as j — oo, we have

Z Ty Z yZleij2 e yzﬂcu ij Z Ty Z Yij1 yij2 T ymk“plj)
= Z (xiYij1)(Yij2 - -~ Yijhs; Pij) = Zi](xzymym “Yijhis )Pij-

Furthermore, it follows that z1 -2 3, v;p; = > (21 -+ sv;)p; for any z € ¢,
vj € U,.(g), and p; € P such that v; — 0 in U,;(g) as j — co. Now to check that
Do Wi Zj VijPij = Zi,j (usv;5)pij, we can assume that u; = x;, 5, -+ - @, , where
x;, € ¢ and z;;, — 0in g’ as i — oo. Then we have

E i(xilxig o .'Tik,i) E j Umng = § xll :L.Zz : :I/.Zk E vl]pl]
= E . Tin E j(xifz Ty VigPij) = E ij(ﬂﬁil Tiy * Tiy Vig)Pig - U
,

Question. Can one construct an isomorphism between the categories of “g-contra-
modules with central charge »” and left U, (g)-contramodules without the count-
ability assumption on the topology of g'?

D.5.4 The following weaker version of Theorem D.5.3 holds without the count-
ability assumption. Let sc: g — g be a central extension of topological Lie alge-
bras with the kernel k; assume that open subalgebras form a base of neighborhoods
of zero in g’. Let B be a topological associative algebra where open right ideals
form a base of neighborhoods of zero, N be a discrete right B-module, and P be
a g’-contramodule where the unit element of k C g’ acts by the identity. Then
one can define the contraaction map (g’ ®' B) ®~ Homy (N, P) — Homy (N, P)
as in D.5.2.
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Consider the iterated contraaction map

(¢ ® B)® (¢’ @ B)) ® Homy(N, P)
~ (¢ ® B) @ ((¢' ® B) ®" Homy(N, P)) — Homy(N, P).

It was noticed in [8] that a topological associative algebra A has the property
that open right ideals form a base of neighborhoods of zero if and only if the
multiplication map A ®* A — A factorizes through A ® A. Let K denote the
kernel of the multiplication map

(¢ @ B)® (¢ @ B) — U, (9) ®' B.
We claim that the composition of the injection
K @ Homy(N,P) — ((¢ @ B)® (¢ @ B)) @~ Homy(N, P)
and the iterated contraaction map
(¢ © B)® (g @ B)) @ Homy (N, P) — Homy(N, P)

vanishes.
For any topological vector spaces U, V, X, Y there is a natural map

Ue'X)a(Ve'Y) — UaV)e' (X3Y).

The composition (g'®'B)®(g'®'B) — (¢’®g')®' (B®B) — (¢’ ®¢')®' B induces
the map ((¢/®'B)® (¢’ ®' B))® Homy (N, P) — ((¢'©¢')®' B)® Homy (N, P). A
contraaction map ((¢/ ® ¢') ®' B) @ Homy (N, P) — Homy, (N, P) can be defined
in terms of the discrete right action of B in IV and the iterated contraaction map
(¢ ®g') @ P — P. The iterated contraaction map ((¢/ ®' B) ® (¢ ® B)) @~
Homy, (N, P) — Homy (N, P) is equal to the composition ((g'®'B)® (¢ ®' B))®@™
Homy (N, P) — ((¢/ ® ¢) ®" B) ® Homy (N, P) — Homy(N, P) of the above
induced map and contraaction map. Let (Q denote the kernel of the multiplication
map
g ®d — UZ(g)

The image of K under the map (¢’ ®' B)® (g ®' B) — (¢ ® ¢/) ®' B is contained
in Q ®" B. So it suffices to check that the composition of the injection Q @ P —
(¢ ® ¢') @ P and the iterated contraaction map (g’ ® g’) ® P — P vanishes.

The topological vector space @ is the topological projective limit of the ker-
nels of multiplication maps g'/h ®* ¢ — U..(g)/HU..(g) over all open subal-
gebras h C g’ not containing k& C g’. Since the intersection of hU,.(g) and g'?
inside U,.(g’) is equal to hg', the kernel of the (nontopological) multiplication
map g’ ®; g — U..(¢g') maps surjectively onto the kernels we are interested in.
This nontopological kernel is the image of the map /\Z (¢)) — ¢’ @ ¢ given by
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the formula x Ay — 2y — y ® z — 1 ® [z,y]. The kernel of the composition
/\i(g’) — ¢g'®rg’ — g’/ /h®r g’ is the subspace /\Z(h) C /\Z(g’) Hence the kernel
of the map g'/§@*g’ — U..(g)/HU..(g) is the subspace Az (g')/ Az(h) C ¢'/h2*d,
embedded by the above formula, endowed with the induced topology of a closed
subspace. One can easily check that this topology on /\Z(g’)/ /\i(h) is the topol-
ogy of the quotient space /\*’2(9’)/ /\*’2([)). Thus the topological vector space @
is isomorphic to A*%(g’).

D.5.5 The following constructions are due to Beilinson and Drinfeld [10, 3.8.19—
22].

Let V be a Tate vector space and ¥ C V be a compact open subspace. The
graded vector space of semi-infinite forms

V) =@, A\ W)

is defined as the inductive limit of the spaces A\, (V/U) @i det(E/U)Y over all
compact open subspaces U C E. Here det(X) denotes the top exterior power
of a finite-dimensional vector space X and A, (W) denotes the direct sum of all
exterior powers of a vector space W the grading on A, (V/U) @ det(E/U)Y is
defined so that /\i(V/U) ®rdet(E/U)Y is the component of degree j —dim(E/U).
The limit is taken over the maps induced by the natural maps

NL(V/U') @ det(U'/U") — ALF™(V/U"),

where U” C U’ and m = dim(U’/U"). The spaces of semi-infinite forms corre-
sponding to different compact open subspaces E C V', only differ by a dimensional
shift and a determinantal twist: if F* C V is another compact open subspace, then
there are natural isomorphisms

ARV = \FPTTEED () @) det(B, F),

where dim(E, F) = dim(E/ENF) — dim(F/ENF) and det(E, F) = det(E/E N
F) @ det(F/ENF)Y.

Denote by Cl(V) the algebra of endomorphisms of the vector space /\OEO/ (V)

endowed with the topology where annihilators of finite-dimensional subspaces of

OEO/ 2(Vlform a base of neighborhoods of zero. Clearly, the topological associative
algebra C1(V') does not depend on the choice of a compact open subspace E cV;
open left ideals form a base of neighborhoods of zero in C1(V'). Denote by CI*(V)
the closed subspace of homogeneous endomorphisms of degree i in C1(V').

The Clifford algebra CI(V & VV) acts naturally in /\?/Z(V), so there is a
morphism of associative algebras e: CI(V & VV) — CI(V); in particular, the
map e sends V to C11(V) and V'V to C1=1(V). Let A" (VV) denote the completion
of /\Z(VV) with respect to the topology with the base of neighborhoods of zero
formed by the subspaces U A AL '(VY) € AL(VY), where U € VY is an open
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subspace. The composition A (V) — CL(V & V) — CI(V) can be extended
by continuity to a map /\!’Z(VV) — CI(V), which we will denote also by e. The
construction of D.1.7 provides a morphism of topological Lie algebras gl{(V)~ —
W),

Let g be a Tate Lie algebra and s¢: g~ — g be its canonical central exten-
sion. Consider the topological tensor product g™ @' Cl(g)°P, where Cl(g)°P denotes
the topological algebra opposite to Cl(g); this topological tensor product is a bi-
module over Cl(g)°P. The unit elements of Cl(g)°? and k C g~ induce embeddings
of g~ and Cl(g)°P into g~ ®' Cl(g)°P. Consider the difference of the composi-
tion g~ — gl(g)~ — Cl(g) ~ Cl(g)°® — g~ ®' Cl(g)°? and the embedding
g~ — g~ ®'Cl(g)°P; this difference maps k C g™~ to zero and so induces a natural
map

I:g — g~ ® Cl(g)P.

The composition of the map [ with the embedding g™~ @' C1~!(g)°? — U, ()@
Cl71(g)°P is an anti-homomorphism of Lie algebras, i.e., it transforms the com-
mutators to minus the commutators.

Denote by 6: g¥ — /\!’Q(QV) the continuous linear map given by the formula
(") = xfyy Aalyy, where (27, [2/,2"]) = (2, 2" )(x 2}, 2") — <l’_?1},1'/><1'?2}, z'")
for z* € g, 2/, 2 € g. Define the map x: g® g¥ — g~ ®' Cl7!(g)°? by the
formula

x(z@a®) = l(z)e(z")P — e(x)Pe(d(27))P = e(x)*Pl(z) — e(d(2"))Pe()P,

where a®P denotes the element of Cl(g)°P corresponding to an element a € Cl(g);
and extend this map by continuity to a map

x:g®' g¥ — g~ ®' Cl ' (g)>.

Identify g ®' g¥ with End(g) and set 9 = x(idg) € g~ ®' Cl~1(g)°P.

Denote the image of @ under the embedding g™ ®' C1=1(g)°? — U, (9) ®'
C171(g)°P also by 2. Using the identity [I(x), e(y)°P] = —e([z,y])°P, one can check
that [0, e(x)°P] = I(z) and [[02, e(z)°P], e(y)°P] = O for all z, y € g, where [, | de-
notes the supercommutator with respect to the grading in which U, (g)®'CI’(g)°P
lies in the degree i. It is easy to see that any element of Cl?(g) supercommut-
ing with e(x) for all x € g is zero when 7 < 0; hence the same applies to ele-
ments of U, (g) ®' CI*(g)°P with i < 0. It follows that 0 is the unique element of
Uy, (g) ® Cl71(g)°P satisfying the equation [0, e(z)°P] = I(z), and that 2% = 0.

D.5.6 Let g be a Tate Lie algebra and E C g be a compact open vector subspace.
Let N be a discrete g~-module where the unit element of k& C g~ acts by minus
the identity. Then N can be considered as a discrete right U7 (g)-module and

?/2(9) is a discrete right Cl(g)°P-module, so the tensor product /\%O/Q(g) QK N
is a discrete right module over Uy, (g) @' Cl(g)°P. The action of the element 0 €
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Uy, (g) ® Cl71(g)°P defines a differential d, /2 of degree —1 on the graded vector
space Cfo/2+. (g, N) with the components

CoEo/2+i(ga N) = oJL;O/ZH(EA) @ N.

One has d? ,, = 0, since 2* = 0; so Cfo/2+.(g,N) becomes a complex. This
complex is called the semi-infinite homological compler and its homology is called
the semi-infinite homology of a Tate Lie algebra g with coefficients in a discrete
g~-module N. One defines the semi-infinite homology of g with coefficients in
a complex of discrete g~-modules N°® as the homology of the total complex of
the bicomplex C’fo /2 +.(g, N*) constructed by taking infinite direct sums along the
diagonals.

Let P be a g™~-contramodule where the unit element of & C g™~ acts by
the identity. First assume that g has a countable base of neighborhoods of zero.
Then P can be considered as a left U (g)-contramodule and /\OEO/ %(g) is a dis-

crete right Cl(g)°P-module, so the space of homomorphisms Homk(/\oEo/z(g),P)
is a left contramodule over Uy, (g) ®' Cl(g)°". The action of the element d €
U, (g) ® Cl~1(g)°P defines a differential d>/2 of degree 1 on the graded vector

space CEO/2+° (g, P) with the components

CX/* (g, P) = Homy (AS/*T(g), P).

One has (d*/?)? = 0, since 9> = 0. Without the countability assumption, the
element 0 € g~ ®' Cl71(g)°P still acts on the graded vector space C’EO/H' (g, P)
by an operator d*/? of degree 1. By the result of D.5.4, the identity 9> = 0 in
U, () @ Cl(g)°P implies the equation (d°/2)? = 0; so C§/2+°(g, P) becomes a
complex. This complex is called the semi-infinite cohomological complexr and its
cohomology is called the semi-infinite cohomology of a Tate Lie algebra g with
coefficients in a g~-contramodule P. One defines the semi-infinite cohomology of
g with coefficients in a complex of g~-contramodules P* as the cohomology of
the total complex of the bicomplex C:;O/ 2te (g, P*) constructed by taking infinite
products along the diagonals.

D.6 Comparison theorem

D.6.1 The purpose of this subsection is to partly extend to arbitrary charac-
teristic the classical equivalence between the categories of nilpotent Lie algebras
and unipotent algebraic groups in characteristic zero (see [31, Corollary IV.2.4.5],
or [72, 3.3.6] and [78, Remark LG.V.4.1], or [48]). We will not obtain an equiv-
alence of categories, but only construct a functor assigning a commutative Hopf
algebra to a pronilpotent Lie algebra over a field k.

The correspondence h —— L = hY provides an anti-equivalence between
the categories of compact Lie algebras and Lie coalgebras. The correspondence
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between the action maps h x M — M and the coaction maps M — h¥ @, M
defines an equivalence between the categories of discrete h-modules and L-comod-
ules.

A Lie coalgebra L is called conilpotent if it is a filtered inductive limit of
finite-dimensional Lie coalgebras dual to finite-dimensional nilpotent Lie algebras;
in other words, L is conilpotent if the dual compact Lie algebra b is pronilpotent.
A comodule M over a Lie coalgebra L is called conilpotent if it is an inductive limit
of finite-dimensional comodules which can be represented as iterated extensions of
trivial comodules (that is comodules with a zero coaction map); analogously one
defines nilpotent discrete modules over topological Lie algebras. A coassociative
coalgebra C endowed with a coaugmentation map k — C is called conilpotent if
for every element ¢ of the coalgebra without counit C/imk there exists a posi-
tive integer 7 such that the iterated comultiplication map €/imk — (€/im k)®*
annihilates c.

Remark. The terminology related to conilpotent (coassociative) coalgebras is
not well settled. Sweedler [82] calls such coalgebras “pointed irreducible”, Mont-
gomery [68] calls them “connected”, and many recent publications (see, e.g., [61])
use the word “cocomplete”. The latter term comes from the condition that the
natural filtration (defined above) should be cocomplete (i.e., exhaustive). In our
view, this terminology is misleading and the term “conilpotent” is preferable.

For a conilpotent Lie coalgebra L, the conilpotent coenveloping coalgebra C(L)
is constructed as follows. Consider the category of finite-dimensional conilpotent
L-comodules together with the forgetful functor from it to the category of finite-
dimensional vector spaces; by [30, Proposition 2.14], this category is equivalent
(actually, isomorphic) to the category of finite-dimensional left comodules over a
certain uniquely defined coalgebra C(L) together with the forgetful functor from
this category to the category of finite-dimensional vector spaces. Clearly, the cat-
egory of (arbitrary) left C(L)-comodules is isomorphic to the category of conilpo-
tent L-comodules. The trivial L-comodule k defines a coaugmentation k& — C(L);
since this is the only irreducible left €(L)-comodule, the coalgebra C(L) is conilpo-
tent.

The coalgebra C(L) is the universal final object in the category of conilpotent
coalgebras € endowed with a Lie coalgebra morphism € — L such that the
composition k — € — L vanishes. Indeed, there is a morphism of Lie coalgebras
C(L) — L, since there is a natural L-comodule structure on every left €(L)-co-
module, and in particular, on the left comodule C(L). Conversely, a morphism
€ — L with the above properties defines a functor assigning to a left C-comod-
ule M a conilpotent L-comodule structure on the same vector space M, hence
a left C(L)-comodule structure on M; this induces a coalgebra morphism € —
C(L). Since the category of finite-dimensional conilpotent L-comodules is a tensor
category with duality, the coalgebra C(L) acquires a Hopf algebra structure.

Let b be the compact Lie algebra dual to L; then the pairing ¢: C(L) X
U(h) — k is nondegenerate in C, since the morphism C(L) — L factorizes
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through the quotient coalgebra of C(L) by the kernel of ¢, so a nonzero kernel
would be contradict the universality property.

Let M be a conilpotent C-comodule; set € = C(L) and €4 = €/imk. Then
the natural surjective morphism from the reduced cobar complex

M — e+®kM — e+®ke+®kM —_—
computing Cotore(k;7 M) ~ Exte (k, M) onto the cohomological Chevalley complex
M— LM — ATLM — -

is a quasi-isomorphism. It suffices to check this for a finite-dimensional Lie coal-
gebra L dual to a finite-dimensional nilpotent Lie algebra b; essentially, one has
to show that the fully faithful functor from the category of nilpotent h-modules to
the category of arbitrary h-modules induces isomorphisms on the Ext spaces. This
well-known fact can be proven by induction on the dimension of h using the Serre—
Hochschild spectral sequences for both types of cohomology under consideration.
The key step is to check that for a Lie subcoalgebra € C L the €(L/E)-comodule
C(L) is injective and the E-comodule C(€) is the comodule of L/&-invariants in
the L-comodule C(L); it suffices to consider the case when L /€ is one-dimensional.

D.6.2 Let g be a Tate Lie algebra and h C g be a compact open Lie subalgebra.
Assume that b is pronilpotent and the discrete h-module g/ is nilpotent. Then
the conilpotent coalgebra € = C(hV) coacts continuously in g, making (g, C) a Tate
Harish-Chandra pair. Let K — g’ — g be a central extension of Tate Lie algebras
endowed with a splitting over b; then there are a Tate Harish-Chandra pair (g’, C)
and a central extension of Tate Harish-Chandra pairs »: (¢’,C) — (g, €) with
the kernel k. Denote by 54 : (g™, C) — (g, C) the canonical central extension. Set

8., =8.(0.0) =8, (0.0) =8

»+20°

Theorem.

(a) Let N* be a complex of right 8., ,, -semimodules and M* be a complex of
left SL—semimodules; in other words, N* is a complex of Harish-Chandra
modules with the central charge —sx — >y and M°® is a complex of Harish-

Chandra modules with the central charge » over (g, C).

Then the total compler of the semi-infinite homological bicomplex

C (g, N* @ M*) constructed by taking infinite direct sums along the

diagonals represents the object SemiTorS= (N*,M?*) in the derived category
of k-vector spaces. Here the tensor product N*®* @i M® is a complex of
Harish-Chandra modules with the central charge — .

(b) Let M* be a complex of left 8. -semimodules and PB°* be a complex of
left 8., -semicontramodules; in other words, M°® is a complex of Ha-
rish-Chandra modules with the central charge s and PB° is a complex of

Harish-Chandra contramodules with the central charge s + 59 over (g, C).

b
00/2+e
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Then the total complex of the semi-infinite cohomological bicomplex

C°°/2+'(g, Homy, (M®,B*)) constructed by taking infinite products along the

dzagonals represents the object SemlExtSz (M*,B°) in the derived category
of k-vector spaces. Here Homy(M*,B*) is a complex of Harish-Chandra con-
tramodules with the central charge .

Proof. Part (a): set SC%O ~ 8 = 8. Consider the semi-infinite homological com-
plex C" 0 /24 (g,8) of the g~-module 8 with the discrete g™~-module structure orig-
inating from the left st o-Semimodule structure. The complex ch 50/24e (g,8) is

a complex of right Ss—semlmodules. Let us check that it is a semiflat complex
naturally isomorphic to the semimodule k in the semiderived category of right
8¢-semimodules.

Let F;8 denote the increasing filtration of the semialgebra 8 introduced

in D.3.1. Set
c0/2 i c0/2
Fi(N(9) = Ailo) AN ().
Denote by F the induced filtration of the tensor product P 0/2 +.(g,8)

/\00/2( ) @ 8; this is an increasing filtration of the complex of right 8{-semi-
modules C’;’o /2 +.(g,S) by subcomplexes of right C-comodules. The complex

gr.C% +4(8,8) can be identified with the total complex of the cohomological
Chevalley bicomplex

Ak(0Y) @& Ay (g/b) @k Symy,(g/h) @k €

of the complex of h¥-comodules A, (g/h) @i Sym,,(g/h) @ € obtained as the tensor
product of the Koszul complex A, (g/h) ®x Symy(g/h) with the coaction of h"
induced by the coaction in g/h and the left G-comodule € with the induced hY-co-

module structure. It follows that the cone of the injection FOCOO/2+.(g,S) —
Ch

00/2+e
The complex FOC'SO /24 (g,8) is naturally isomorphic to the cohomological

(g,8) is a coacyclic complex of right C-comodules.

Chevalley complex A, (hY)®yC; it is a complex of right C-comodules bounded from
below and endowed with a quasi-isomorphism of complexes of right C-comodules
k — F,CP /2+.(g,8). Let us check that the right 8f-semimodule structure on

HOC’OO 2te (g,8) ~ k corresponds to the trivial g-module structure. The unit ele-
ment of this homology group can be represented by the cycle A®1 € Coo/2+0 (9,8),
where A denotes the unit element of k ~ /\h /2+0( h) C /\h /2+0(g) and 1e CC8
is the unit (coaugmentation) element of €. Then for any z € g one has (A® 1)z =
A@ (1 ®um) 2) = A (b(Z(0)) Qu(y) 5(Z(-1))) = doo/2((Z(0) A A) @ 5(Z(—1))), where
Z denotes the image of z in g/h and b: g/h — g~ is the section correspond-

ing to any section b: g/h — g. The second equation holds, since the elements
1 ®u(y) 2 and b(Z(0)) ®u(p) s(Z(—1)) of F18 have the same images in F18/Fp8 and
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are both annihilated by the left action of h and the map 5% = 6;. To check the
third equation, one can use the supercommutation relation [0, e(y)°P] = I(y) for
yeg.

Now let 750Cs/2+4(8,8) denote the quotient complex of canonical trunca-
tion of the complex of right 8j-semimodules (3'00/2Jr (g9,8) concentrated in the
nonnegative cohomological (nonpositive homological) degrees; then there are nat-
ural morphisms of complexes of right 8(-semimodules

k —bs T>OCDO/2+.(gvS) A oo/2+o(g’s)

with C-coacyclic cones. Indeed, recall that any acyclic complex bounded from

below is coacyclic. The embedding FOC’OO/2+.(9,8) — C’OO/2+.(g,S) has a
C-coacyclic cone, as has the composition FOC’OO/2Jr (g,8) — Cgo/2+. (g,8) —

7'>OCOO/2Jr (9,8), so the cone of the map Coo/2+.(9>8) — T>0Cm/2+.(g,8)
also C-coacyclic.

For any complex of left Slﬂo—semimodules XK*, the semitensor product
C’go /2 +.(g, 8) 0s K* is naturally isomorphic to the total complex of the bicomplex

Ch

o0/2 +.(8,K?*), constructed by taking infinite direct sums along the diagonals.

Consider the increasing filtration of the total complex of CDO/2+.(g,fJC') =

/\00/2( ) ® K°® induced by the above filtration F of /\00/2( ). The associated
graded quotient complex of this filtration can be 1dent1ﬁed with the total complex
of the cohomological Chevalley bicomplex

Ar(6Y) @k A (8/b) @5 K°

of the tensor product of the graded h¥-comodule A, (g/h) and the complex I* with
the hY-comodule structure induced by the left C-comodule structure. It follows that
the complex C” /2+.(g, ) Os K* is acyclic whenever a complex of left st 2o -SEM-
modules X* is C-coacyclic, so the complex of right 8;-semimodules C’OO 2te (g,8)
is semiflat.

The tensor product C” 0 /24 (9,8) ®r N* of the complex of Harish-Chandra

modules CDO /2 +.(g,8) with central charge 0 and the complex of Harish-Chandra
modules N* with central charge —s — 7 is a complex of Harish-Chandra mod-
ules with the central charge —s — 0. This complex of right 87 , . -semimodules
is semiflat and naturally isomorphic to N*® in the semiderived category of right
8. 1 ,.,-semimodules. The latter is clear, and to check the former, notice the iso-

morphisms of Lemma D.4.4(a)

(Cgo/2+.(g,8) Ok N7) Ogt, £ = (Olojo/2+.(978) Rk N* @5 L%)g
= oo/2+.(gv 8) Oss (N* @, L*)
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for any complex of left 8! -semimodules £°. Now the object SemiTorS> (N*, M%)
is represented by the complex

(Ch/a1a(8,8) @k N*) Ogt M* = CF 5, (9,8) Os (N* @1 M)
~ CY (8 N* @ M)

in the derived category of k-vector spaces.

Another way to identify SemiTorS> (N*,M*) with Cgo/2+. (g, N* @, M*)

is to consider the semiflat complex of left 8’ -semimodules C” /2+.(g,8) Q@ M*

o0
naturally isomorphic to M* in the semiderived category of left Sl,{—semimodules.
To check that these two identifications coincide, represent the images of N* and
M?* in the semiderived categories of semimodules by arbitrary semiflat complexes.
The proof of part (b) is completely analogous. a

Question. Can one obtain the semi-infinite homology of arbitrary discrete modules
over a Tate Lie algebra with a fixed compact open subalgebra (rather than only
Harish-Chandra modules under the nilpotency conditions) as a kind of double-
sided derived functor of the functor of semiinvariants on an appropriate exotic
derived category of discrete modules? Notice that the cohomology of the Cheval-
ley complex M — L @ M — /\ZL Qk M — --- for a comodule M over a
Lie coalgebra L is indeed the right derived functor of the functor of L-invariants
on the abelian category of L-comodules, since the category of L-comodules has
enough injectives and the cohomology of the Chevalley complex is an effaceable
cohomological functor. The former holds since the category of discrete modules
over a compact Lie algebra h = LV has exact functors of filtered inductive limits
preserved by the forgetful functor to the category of k-vector spaces, and the dis-
crete h-modules U(h) @y (a) k induced from trivial modules over open subalgebras
a C b form a set of generators, so the forgetful functor even has a right adjoint.
To check the latter, one can represent cocycles in the cohomological Chevalley
complex by discrete h-module morphisms into M from the relative homological
complexes -+ — /\i(f)/a) ®u@a) Uh — b/a @y U(h) — U(h), which are
quotient complexes of the Chevalley homological complex of the h-module U(h)
and finite discrete h-module resolutions of the trivial h-module k. Furthermore,
the semiderived category of discrete modules over a Tate Lie algebra g, defined as
the quotient category of the homotopy category of discrete g-modules by the thick
subcategory of complexes coacyclic as complexes of discrete h-modules, does not
depend on the choice of an open compact subalgebra h C g. This can be demon-
strated by considering the tensor product over k of the above relative homological
complex with a complex of discrete h-modules coacyclic over a. Notice that in the
above proof we have essentially shown that the semi-infinite homology is a functor
on the semiderived category of discrete g-modules.

D.6.3 We keep the assumptions and notation of D.6.2, and also use the no-
tation of Corollary D.3.1. The following result makes use of the semimodule-
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semicontramodule correspondence in order to express the semi-infinite homology
and cohomology in terms of compositions of one-sided derived functors.

Corollary.

(a) Let M® be a complex of Harish-Chandra modules with the central charge >
and PB°* be a complex of Harish-Chandra contramodules with the central
charge s + s over (g,C). Then the semi-infinite cohomological complex

C;O/2+°(g,H0mk(M.aq3.)) represents the object
Extg (M, L®s; () =~ Ext®rxo (RUg (M), P*)

in the derived category of k-vector spaces.

(b) Let M* be a complex of Harish-Chandra modules with the central charge
and N* be a complex of Harish-Chandra modules with the central charge —»—
sy over (g,C). Then the semi-infinite homological complex CSO/H. (g, N* ®p
M?®) represents the object

CtrtorS=+=o (N',R\Ilsi{(M')) ~ Ctrtorsi%(M',R\Ilsz_%_ (N*)

>0

in the derived category of k-vector spaces.

Proof. This follows from Theorem D.6.2 and Corollary 6.6. (]
Remark. Set 8) = 8§ ~ 8., and consider the complex of left 8-semimodules

R = 8@y /\20/2+.(g). This is a semiprojective complex of semiprojective left
8-semimodules isomorphic to the trivial 8-semimodule & in D%(8-simod). Assume
that the pronilpotent Lie algebra b is infinite-dimensional (cf. 0.2.7). Then the
complex of left 8-semicontramodules ¥g(R*®) is acyclic. Indeed, it suffices to check
that the complex of left C-contramodules obtained by applying the functor Ue
to the cohomological Chevalley complex € @ A, (hY) is acyclic; one can reduce
this problem to the case of an abelian Lie algebra by considering the decreasing
filtration b D [b,5] D [h,[h,h]] D -+ on b and the induced increasing filtrations
on hY and €. The complex Wg(R*) is also a projective complex of projective left
8-semicontramodules (see Remark 6.5 and Section 9.2); it can be thought of as
the “projective 8-semicontramodule resolution of a (nonexistent) one-dimensional
left 8-semicontramodule placed in the degree 4+-00”. It is a complex over O (g, €).
For any complex of right 8-semimodules N*, the contratensor product complex
N*©sUs(R®) computes the semi-infinite homology of g with coefficients in N*. For
any complex of left 8-semicontramodules PB°, the complex of semicontramodule
homomorphisms Homs(\Ils (R*),PB°) computes the semi-infinite cohomology of g
with coefficients in °. (Cf. [84, Subsection 3.11.4].)






E Groups with Open
Profinite Subgroups

To a locally compact totally disconnected topological group G and a commutative
ring k one associates a family of left and right semiprojective Morita equivalent
semialgebras 8§ = 8 (G, H) numbered by open profinite subgroups H C G. As
explained in 8.4.5, Morita equivalences of semialgebras do not have to preserve
the semiderived categories or the derived functors SemiTor and SemiExt, and this
is indeed the case here: SemiTor® and SemiExtg depend very essentially on H.
For a complex of smooth G-modules N*® over k and a complex of k-flat smooth
G-modules M*® over k, we show that SemiTorS+( 1) (N*, M*) only depends on the
complex of smooth G-modules N* @, M*, and analogously for SemiExts, (G, m)-

When £ is a field of zero characteristic, one can climb one step higher and
assign to a “good enough” group object G in the category of ind-pro-topological
spaces with a subgroup object H belonging to the category of pro-topological
groups a coring object in the tensor category of representations of H x H in pro-
vector spaces over k. So there is a functor of cotensor product [45] on certain
categories of representations of central extensions of G; it has a double-sided de-
rived functor ProCotor.

E.1 Morita equivalent semialgebras

E.1.1 In the sequel, all topological spaces and topological groups are presumed
to be locally compact and totally disconnected (see [20, I1.4.4 and I11.4.6]).

For a topological space X and an abelian group A, denote by A(X) the
abelian group of locally constant compactly supported A-valued functions on X.
For any proper map of topological spaces X — Y, the pull-back map A(Y) —
A(X) is defined. For any étale map (local homeomorphism) of topological spaces
X — Y, the push-forward map A(X) — A(Y) is defined.

For any topological spaces X and Y and an abelian group A, there is a natural
isomorphism A(X x Y) ~ A(X)(Y). For any topological space X, a commutative
ring k, and a k-module A, there is a natural isomorphism A(X) ~ A ®;, k(X).

For a topological space X and an abelian group A, denote by A[[X]] the
abelian group of finitely-additive compactly supported A-valued measures defined
on the open-closed subsets of X. For any map of topological spaces X — Y, the
push-forward map A[[X]] — A[[Y]] is defined.

For any compact topological space X, a commutative ring k, and a k-module
A, there is a natural isomorphism A[[X]] ~ Homy (k(X), A). When the space X is
discrete, we use the notation A[X] instead of A[[X]].
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E.1.2 Let H be a profinite group and k be a commutative ring. Then the module
of locally constant functions k(H) has a natural structure of coring over k where
the left and right actions of k coincide (or a “coalgebra over k” in the more
traditional terminology of [23]). This coring structure, which we denote by € =
Cr(H), is defined as follows. The counit map k(H) — k is the evaluation at
the unit element e € H. The comultiplication map k(H) — k(H) ®; k(H) is
provided by the pull-back map k(H) — k(H x H) induced by the multiplication
map H x H — H together with the identification k(H x H) ~ k(H) ® k(H).

Let G be a topological group and H C G be an open profinite subgroup. Then
the module of locally constant compactly supported functions k(G) has a natural
structure of semialgebra over the coring Cy (H). This semialgebra structure, which
we denote by 8 = 8;(G, H), is defined as follows. The bicoaction map

k(G) — k(H) @k k(G) @k k(H) ~ k(H x G x H)

is the pull-back map induced by the multiplication map H x G x H — G. The
semiunit map k(H) — k(G) is the push-forward map induced by the injection
H — G. Denote by G xH G the quotient space of the Cartesian square G x G by
the equivalence relation (¢'h, g") ~ (¢, hg") for ¢’, ¢ € G and h € H. The pull-
back map k(G x G) — k(G x G) induced by the natural surjection G x G —
G x G identifies k(G x G) with the cotensor product

k(G) Oeqan k(G) C k(G) @k k(G) ~ k(G x G).

The semimultiplication map k(G) Oe k(G) — k(G) is the push-forward map
induced by the multiplication map G x# G — G.

The involutions k(H) — k(H) and k(G) — k(G) induced by the inverse
element maps H — H and G — G provide the isomorphism of semialgebras
8k(G,H)°? ~ 8;(G, H) compatible with the isomorphism of corings Cj(H)°P ~
Cr(H) over k (in the notation of C.2.7).

Now let H1, Ho C G be two open profinite subgroups of G. Then the k-mod-
ule k(G) = 8x(G, Hy) has a natural left 8(G, Hy)-semimodule structure and
at the same time k(G) = 8;(G, Hz) has a natural right 8;(G, Hz)-semimodule
structure. Obviously, these two semimodule structures commute; we denote this bi-
semimodule structure on k(G) by 8 (G, Hy, Hz). For any three open profinite sub-
groups Hy, Hy, H3 C G, there is a natural isomorphism 8 (G, H1, Hz) Os, (¢, 12)
Sk(G,HQ,Hg) ~ Sk(G,HQ) <>Sk(G',H2) Sk(G,HQ) >~ Sk(G, H2) >~ Sk(G,Hl,Hg);
this is an isomorphism of 8 (G, H1)-8; (G, Hs)-bisemimodules.

One can check that k(H) is a projective k-module. Clearly, 8;(G, H) is a
coprojective left and right Cx(H )-comodule. So the pair

(Sk(Ga Hla H2)7 Sk’(GvHQa Hl))

is a left and right semiprojective Morita equivalence between the semialgebras
Sk(G, Hl) and Sk(G, HQ).
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E.1.3 The semialgebra 8;(G,H) can be also obtained by the construction
of 10.2.1.

Denote by k[H] and k[G] the group k-algebras of the groups H and G consid-
ered as groups without any topology. There is a pairing ¢: Cr(H) ®x k[H] — k
satisfying the conditions of 10.1.2, given by the formula (c, h) — c(h™!) for any
¢ € k(H) and h € H. The induced functor Ag: comod-Cy(H) — mod-k[H] is
fully faithful; its image is described as follows.

A module M over a topological group G is called smooth (discrete), if the
action map G x M — M is continuous with respect to the discrete topology
of M; equivalently, M is smooth if the stabilizer of every its element is an open
subgroup in G. The functor Ay identifies the category of right Cy(H)-comodules
with the category of smooth H-modules over k.

The tensor product Cr(H) ®pp) k[G] is a smooth G-module with respect to
the action of G by right multiplications, so it becomes a semialgebra over Cy(H).
This semialgebra can be identified with 84 (G, H) by the formula (c®g) — (g’ —
c(g’g™1)), where a locally constant function ¢: H — k is presumed to be extended
to G by zero. By the result of 10.2.2, the category of right 8; (G, H)-semimodules
is isomorphic to the category of smooth G-modules over k.

One also obtains the following description of the category of left 8 (G, H)-
semicontramodules. For a topological group G and a commutative ring k, a
G-contramodule over k is a k-module P endowed with a k-linear map P[[G]] — P
satisfying the following conditions. First, the point measure supported in the
unit element e € G and corresponding to an element p € P should map to the
element p. Second, the composition P[[G x G]] — P[[G]][|[G]] — P of the
natural map

PG x G| — P[G]][[G]]

and the iterated contraaction map P[[G]][|G]] — P][G]] — P should be equal
to the composition P[[G x G]] — PJ[G]] — P of the push-forward map P[[G x
G]] — PJ[G]] induced by the multiplication map G x G — G and the contraac-
tion map P[[G]] — P. The images of the point measures under the contraaction
map define the forgetful functor from the category of G-contramodules over k to
the category of (nontopological) G-modules over k.

The category of left 8y(G, H)-semicontramodules is isomorphic to the
category of G-contramodules over k. Indeed, the result of 10.2.2 describes left
8k (G, H)-semicontramodules as vector spaces endowed with compatible struc-
tures of a left Cp(H)-contramodule and a left k[G]-module, or equivalently, a
left H-contramodule and a left G-module over k. One checks that such a pair of
compatible structures can be extended to a G-contramodule structure in a unique
way.

E.1.4 For any smooth G-module M over k and any k-module F there is a natural
G-contramodule structure on the space of k-linear maps Homy (M, E). The con-
traaction map Homy (M, E)[[G]] — Homy (M, E) is constructed as the projective



312 E. Groups with Open Profinite Subgroups

limit over all open subgroups U C G of the compositions
Homy, (M, E)[[G]] —— Homy(M, E)[G/U] —— Homy (MY, E)

of the maps Homy (M, F)[[G]] — Homy (M, E)[G/U] induced by the surjections
G — G/U and the maps Homy (M, E)[G /U] — Homy (MY, E) induced by the
action maps G/U x MY — M, where MY denotes the k-submodule of U-invari-
ants in M and G/U is the set of all left cosets of G modulo U.

More generally, let G; and G5 be topological groups. Then for any smooth
G1-module M over k and Go-contramodule P over k there is a natural G'; X Go-con-
tramodule structure on Homy (M, P) with the contraaction map

Homy (M, P)[[G1 x G2]] — Homy (M, P)
defined as either of the compositions

Homy (M, P)[[G1 x Go]] — Homy (M, P)[[G1]][[G2]]

— Homy (M, P)[[G2]] — Homyg (M, P)
Homy, (M, P)[[G1 x Ga]] — Homy, (M, P)[[G2]][[G1]]

— Homy (M, P)[[G1]] — Homy (M, P),

where the Gp-contraaction map Homy (M, P)[[G1]] — Homy (M, P) is defined
above and the Ga-contraaction map Homy (M, P)[[G2]] — Homy (M, P) is con-
structed as the composition

Homy (M, P)[[G2]] —— Homy (M, P[[G2]]) —— Homy (M, P).

Hence for any smooth G-module M over k and any G-contramodule P over k there
is a natural G-contramodule structure on Homy (M, P) induced by the diagonal
map of topological groups G — G x G.

E.2 Semiinvariants and semicontrainvariants

E.2.1 Let G be a topological group and H C G be an open profinite subgroup.
For a smooth H-module M over k, let IndgM denote the induced G-module
k[G] ®kiy M. For any smooth G-module N over k we will construct a pair of
maps

(Ind§; N7 = N,

where the superindex H denotes the k-submodule of H-invariants. Namely, the
first map (Indg N)# — N is obtained by applying the functor of H-invariants
to the map (Indg N) — N given by the formula g ®n —— g(n). The second map
(Ind$ N — N only depends on the H-module structure on N.
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To define this second map, identify the induced representation Indg N with
the k-module of all compactly supported functions G — N transforming the right
action of H in G into the action of H in N; this identification assigns to a function
g — ng the formal linear combination }° ./ x 9 ® ng, where G/H denotes the

set of all left cosets of G modulo H. An H-invariant element of Ind§ N is then
represented by a compactly supported function G — N denoted by g — n4
and satisfying the equations ng, = h™'(ny) and npy = ny for g € G, h € H.
The second map (Ind$ N)? — N sends a function g — ng to the element
> gema Mg € N, where H\G denotes the set of all right cosets of G modulo H.

The cokernel Ng g of this pair of maps (Indg N)¥ = N¥ is called the
module of (G, H)-semiinvariants of a smooth G-module N. The (G, H)-semiin-
variants are a mixture of H-invariants and coinvariants along G relative to H.

E.2.2 For an H-contramodule Q over k, let Coind%(Q) denote the coinduced
G-contramodule Homyz) (k[G], Q) ~ Cohome, () (8k(G, H), Q). For any G-con-
tramodule P over k we will construct a pair of maps

Py = Coind$(P),

where the subindex H denotes the k-module of H-coinvariants, i.e., the maximal
quotient H-contramodule with the trivial contraaction. Namely, the first map
Py — Coindg(P) g is obtained by applying the functor of H-coinvariants to
the (semicontraaction) map P — Coind$ (P) given by the formula p — (g —
9(p))-

The second map Py — Coindg(P) # only depends on the H-contramodule
structure on P. It is given by the formula p — deG/Hg x p for p € P, where
g*p: k|G] — P is the k[H]-linear map defined by the rules hg — h(p) for h € H
and ¢’ — 0 for all ¢’ € G not belonging to the right coset Hg. Clearly, the infinite
sum over G/H converges element-wise on k[G] for any choice of representatives
of the left cosets; its image in the module of coinvariants does not depend on this
choice and is determined by the image of p in Py.

The kernel P of this pair of maps Py = Coind$ (P) g is called the module
of (G, H)-semicontrainvariants of a G-contramodule P. The (G, H)-semicontra-
invariants are a mixture of H-coinvariants and invariants along G relative to H.

E.2.3 Denote by x: G — Q* the modular character of G, i.e., the character
with which G acts by left shifts on the one-dimensional Q-vector space of Q,
of right invariant Q-valued measures defined on the open compact subsets of G.
Equivalently, x(g) is equal to the ratio of the number of left cosets contained in
the double coset HgH to the number of right cosets contained in it. Whenever the
commutative ring k contains Q, there is a natural isomorphism

Ngu ~ (N ®qQy)c

for any smooth G-module N over k, where the subindex G denotes the k-module
of G-coinvariants.
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Indeed, the composition M# — M — My is an isomorphism for any
smooth H-module M over k, so in particular there are isomorphisms N¥ ~ Ny
and (Ind§ N) — (Ind$)y. These isomorphisms transform the above pair of
maps (Ind% N)¥ = N into the pair of maps (Ind$ N)y = Ny given by the
formulas g ® n +—— g(n) and g @ n — x~(g)n.

E.2.4 For any G-contramodule P over k denote by P¢ the k-module of G-in-
variants in P defined as the submodule of all p € P such that for any measure
m € k[[G]] the image of the measure pm € P[[G]] under the contraaction map
P[[G]] — P is equal to the value m(G) of m at G.

Assuming that the commutative ring k contains Q, the composition Q7 —
@@ — Qg is an isomorphism for any H-contramodule @) over k, as one can show
using the action of the Haar measure of the profinite group H in the contra-
module Q. One can also use the Haar measure to check that Q% is the maximal
subcontramodule of @ with the trivial contraaction of H, and it follows that P¢
is the maximal subcontramodule of P with the trivial contraaction of G, under
our assumption. Finally, when k D Q there is a natural isomorphism

PYH ~ Homg(Q,, P)°.

E.2.5 Let N be a left 8;(G, H)-semimodule and M be a right 8;(G, H)-semi-
module; in other words, N and M are smooth G-modules over k. Then there is a
natural isomorphism

N s, c,my M ~ (N @ M) u,

where N ®; M is considered as a smooth G-module over k. Here the semitensor
product is well defined by Proposition 1.2.5(f).

Indeed, there is an obvious isomorphism N Oe, gy M ~ (N ® M)H. The
k-module N Oe, (g)8% (G, H)Oe, () M can be identified with the module of locally
constant compactly supported functions f: G — N ® M satisfying the equations
f(hg) = hf(g) and f(gh) = f(g)h for g € G, h € H, where (g,a) — ga and
(a,g) — ag denote the actions of G in N ®; M induced by the actions in N
and M, respectively. At the same time, the k-module (Ind% (N ®x M))H can
be identified with the module of locally constant compactly supported functions
f': G — N ®; M satisfying the equations f(hg) = f(g) and f(gh) = h='f(g)h.
The formula f'(g) = g~ 'f(g) defines an isomorphism between these two k-mod-
ules transforming the pair of maps whose cokernel is N Og, ¢,y M into the pair
of maps whose cokernel is (N ®; M)¢.u-

E.2.6 Let M be a left 8(G, H)-semimodule and P be a left 8§;(G, H)-semicon-
tramodule. Then there is a natural isomorphism

SemiHoms, (¢, ) (M, P) ~ Homy(M, Pyt

where Homy, (M, P) is considered as a G-contramodule over k and the semihomo-
morphism module is well defined by Proposition 3.2.5(j).
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Indeed, the quotient modules Cohome, (f)(M, P) and Homy (M, P)g of the
k-module Homy, (M, P) coincide. There are two commuting contraactions of G in
Homy, (M, P) induced by the smooth action in M and the contraaction in P; denote
these contraaction maps by 7y and mp, and the corresponding actions of G in
Homy, (M, P) by (g,2) — gu(z) and (g, 2) — gp(2).

The k-module Cohome, (i) (8% (G, H) O, gy M, P) can be identified with
the quotient module of the module of all finitely-additive measures defined on
compact open subsets of G and taking values in Homy (M, P) by the submodule
generated by measures of the form

Ur— (W= p(U x W) = p({(g,h) | gh € U})
and
Ur— mp(W = v(UxW)) —v({(h,g)| hg € U}),

where p and v are finitely-additive measures defined on compact open subsets of
G x H and H x G, respectively, and taking values in Homy (M, P). Here U denotes
a compact open subset of G and W is an open-closed subset of H; by W~! we
denote the (pre)image of W under the inverse element map.

At the same time, the k-module Coind$ (Homy (M, P))z can be identified
with the quotient module of the same module of measures on G by the submodule
generated by measures of the form

Ur— p'(Ux H) = i/'({(g,h) | gh € U})
and
U r— mp(Wa = g (Wh = v/ (Wy N Wo) x U))) = v'({(h,g) | hg € U}),

where p/ and 1/ are finitely-additive measures defined on compact open subsets of
G x H and H x G, respectively, and taking values in Homy (M, P). Here W7 and
W5 denote open-closed subsets of H. The formulas

m'(U) =7y (V— mUNV1)) and mU) =y (V— m'(UNV)),

where V' denotes an open-closed subset of G, define an isomorphism between these
two quotient spaces of measures.
The pair of maps

COhOInek(H) (M, P) = Cohom@k(H) (Sk(G,H) D@k(H) M, P)

whose kernel is SemiHomg, (¢, 7)(M, P) is given by the rules

—1
T deG/H 9 (2)0g and z+— deH\G gr(z)dg,

where yd, denotes the Homy, (M, P)-valued measure defined on compact open sub-
sets of G that is supported in the point ¢ € G and corresponds to an element
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y € Homy(M, P). The pair of maps Homy (M, P); = Coind$ (Homy (M, P)) g
whose kernel is Homy (M, P)%H is given by the rules deG/H xd, and
Ty, GEH\G grgnm(z)dg. The above isomorphism between two quotient spaces
of measures transforms one of these two pairs of maps into the other.

E.2.7 Let H; C H; be two open profinite subgroups of a topological group G and
N be a smooth G-module over k. Then, at least, in the following two situations
there is a natural isomorphism Ng g, ~ Ng, m,: when N as a G-module is induced
from a smooth Hi-module over k, and when N as an Ho-module over k is coinduced
from a module over the trivial subgroup {e} (i.e., N is a coinduced Cj(H3)-co-
module).

These isomorphisms are constructed as follows. In the first case, one shows
that the triple semitensor product N Os, (q,m,) Sx(G, H1, H2) Os, (G, m,) k is asso-
ciative in the sense that the conclusion of Proposition 1.4.4 applies to it.

In the second case, one shows that the triple semitensor product N s, (a, m,)
8k (G, Ha, Hy) Os, (G, H,) k is associative in the similar sense. In both cases, the
argument is analogous to that of Proposition 1.4.4.

E.2.8 Let H; C Hy be two open profinite subgroups of G and P be a G-contra-
module over k. Then, at least, in the following two situations there is a natural
isomorphism P%Ht1 ~ PCHz. when P is coinduced from an Hi-contramodule
over k, and when P as an Hs-contramodule over k is induced from a contramodule
over the trival subgroup {e} (i.e., P is an induced Cj(Hs)-contramodule).

E.3 SemiTor and SemiExt

E.3.1 Assume that the ring k has a finite weak homological dimension. Then for
any complexes of smooth G-modules N® and M* over k the object SemiTorS+(¢ )
(N*, M*) in the derived category of k-modules is defined. Furthermore, whenever
either N*® or M* is a complex of k-flat smooth G-modules over k there is a natural
isomorphism

SemiTorS* (G (N* M*) ~ SemiTorS (&1 (N* @, M, k)

in D(k-mod).

Indeed, assume that M* is a complex of flat k-modules. If N*® is a semiflat
complex of right 8 (G, H)-semimodules, then so is the tensor product N°® ®j M*,
since (N* @ M*) Os,.(a,m) L* = (N* @ M* @1 L*)c.m = N* s, (a,m) (M* @4 L*)
for any complex of smooth G-modules L*® over k, and the complex of left Cy,(H)-co-
modules M*®y,L* is coacyclic whenever the complex of left € (H )-comodules L*® is.
It remains to use the natural isomorphism N* Os, (¢, q) M*® ~ (N* @, M*®)g,u.

E.3.2 Let ¥’ — k be a morphism of commutative rings of finite weak homological
dimension. Then for any complex of smooth G-modules N*® over k the image of the
object SemiTor®* (@) (N* k) under the restriction of scalars functor D(k-mod) —
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D(k’-mod) is naturally isomorphic to the object SemiTor®s(GH)(N* k). This
follows from Corollary 8.3.3(a). In this sense, the object SemiTorS*(@H)(N* k)
does not depend essentially on k, but only on G, H, and N°*. The cohomology
k-modules of the complex

SemiTor®+ (&) (N* k)

are called the semi-infinite homology of G relative to H with coefficients in N°.

Remark. When G is a discrete group, H = {e} is the trivial subgroup, and N
is a G-module over k, the cohomology of the object SemiTorS*(E{eD (& N) co-
incides with the discrete group homology H,(G,N) and is concentrated in the
nonpositive cohomological degrees. When G is a profinite group, H = G is the
whole group, and N is a smooth (discrete) G-module over k, the cohomology of
SemiTor®* (% &) (k, N) coincides with the profinite group cohomology H*(G, N)
and is concentrated in the nonnegative cohomological degrees. More generally,
when G = G X G4 is the product of a discrete group (G; and a profinite group
Go, H =Gy C G, kisafield, and N = N; ®; Ny is the tensor product of
a G1-module and a smooth Gs-module, the cohomology of SemiTorS"'(G’H)(k, N)
is isomorphic to the tensor product H,.(G1, N1) ®; H*(G2, N2). Applying these
observations to the case of a finite group G, one can see that the semi-infinite
homology of a topological group G does depend essentially on the choice of an
open profinite subgroup H C G.

E.3.3 Assume that the ring k£ has a finite homological dimension. Then for any
complex of smooth G-modules M*® over k and any complex of G-contramodules P*®
over k the object SemiExtg, (¢, 7)(M*, P*) in the derived category of k-modules
is defined. Furthermore, whenever either M*® is a complex of projective k-modules
or P* is a complex of injective k-modules there is a natural isomorphism

SemiExtg, (¢, i) (M*, P*) ~ SemiExtg, (¢ m)(k, Homy(M*, P*))
in D(k-mod).

E.3.4 Let ¥ — k be a morphism of commutative rings of finite homological di-
mension. Then for any complex of G-contramodules P* over k the image of the ob-
ject SemiExtg, (¢, i) (k, P*) under the restriction of scalars functor D(k-mod) —
D(k’-mod) is naturally isomorphic to the object SemiExts, ,(c,m)(k’, P*). The co-
homology k-modules of the complex

SemiExtg, (¢, m)(k, P*)

are called the semi-infinite cohomology of G relative to H with coefficients in P*°.
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E.4 Remarks on the Gaitsgory—Kazhdan construction
This section contains some comments on the papers [44, 45].

E.4.1 Let G be a topological group and k be a field of characteristic 0. Then the
category of discrete G x G-modules over k has a tensor category structure with the
tensor product of two modules K’ ® ¢ K" defined as the module of coinvariants
of the action of G in K’ ® K" induced by the action of the second copy of G in
K’ and the action of the first copy of G in K”. The category of discrete G-mod-
ules over k has structures of a left and a right module category over this tensor
category; and the functor

(N,M)— N®c M = (N, M)g

defines a pairing between these two module categories taking values in the category
of k-vector spaces. A finitely-additive k-valued measure defined on compact open
subsets of G is called smooth if it is equal to the product of a locally constant
k-valued function on G and a (left or right invariant) Haar measure on G. The
G x G-module A(G) of compactly supported smooth k-valued measures on G is
the unit object of the above tensor category.

Notice that the G x G-module A(G) has a natural k-algebra structure, given
by the convolution of measures. However, this algebra has no unit and the category
of (left or right) modules over it contains the category of smooth G-modules over k
as a proper full subcategory.

E.4.2 For any category C, denote by Pro C and Ind C the categories of pro-objects
and ind-objects in C. Let Sets, denote the category of finite sets. We will identify
the category of compact topological spaces with the category Pro Setsy,, the cate-
gory of (discrete) sets with the category Ind Setg,, and the category of topological
spaces with a full subcategory of the category Ind Pro Sety, formed by the inductive
systems of profinite sets and their open embeddings. In addition, we will consider
the category Ind Pro Setg, as a full subcategory in ProInd Pro Setg;,, and the latter
category as a full subcategory in Ind Pro Ind Pro Setg,. All of these categories have
symmetric monoidal structures coming from the Cartesian product of sets in Setg,.

Let H be a group object in ProInd Pro Setg, such that H can be represented
by a projective system of topological groups in Ind Pro Sets;, and open surjective
morphisms between them. A representation of H in k-vect is just a smooth G-mod-
ule over k, where G is a quotient group object of H that is a topological group in
Ind Pro Setgin,. The category Rep,, (H) of representations of H in Pro(k-vect), defined
in [44], is equivalent to the category of pro-objects in the category of representa-
tions of H in k-vect. So the category Rep, (H x H) has a natural tensor category
structure with the unit object A(H) given by the projective system formed by the
modules A(G) of smooth compactly supported measures on topological groups
G that are quotient groups of H and the push-forward maps between the spaces
of measures. The category Rep,(H) is a left and a right module category over
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this tensor category, and there is a pairing between these left and right module
categories taking values in Pro(k-vect).

E.4.3 Let G be a group object in Ind ProInd Pro Sets, and let H C G be a sub-
group object which belongs to Pro Ind Pro Setg,. Assume that the object G is given
by an inductive system of objects G, € Prolnd Pro Sets, and the group object H
is given by a projective system of its quotient group objects H/H! € Ind Pro Set,
satisfying the following conditions. It is convenient to assume that Gy = H = H°
is the initial object in the inductive system of G, and the final object in the pro-
jective system of H?. As the notation suggests, H? are normal subgroup objects of
H. The group object H acts in G, in a way compatible with the action of H in
G by right multiplications. The quotient objects G, /H’ are topological spaces in
Ind Pro Seti,. The morphisms G, /H* — Gg/H® are closed embeddings of topo-
logical spaces; the morphisms G,/H! — G,/H7 are principal H!/H’-bundles.
Finally, the quotient objects G, /H are compact topological spaces, i.e., belong to
Pro Setg, C Ind Pro Sets,.

Let G’ be a group object in Ind Pro Ind Pro Setg, endowed with a central sub-
group object identified with the multiplicative group k*, which is considered as a
discrete topological group, that is a group object in Ind Sets, C ProInd Pro Sety,.
Suppose that the quotient group object G'/k* is identified with G and the central
extension G’ — G is endowed with a splitting over H, i.e., H is a subgroup object
in G’. Moreover, denote by G/, of the preimages of G, in G’ and assume that the
morphisms G/, /H* — G, /H’ are principal k*-bundles of topological spaces in
Ind Pro Setg,.

E.4.4 One example of such a group G’ is provided by the canonical central ex-
tension G~ of the group G with the kernel £*, which is constructed as follows. For
each « let us choose 7 such that Adg-1(H*) C H and j such that Adg, (H’) C H".
For any topological group G denote by 1(G) the one-dimensional vector space of
left invariant finitely-additive k-valued Haar measures defined on compact open
subsets of G. An element of the topological space G, /H is a pair consisting of an
element of g € G,/H and an isomorphism

pu(H'/ Adg (HY)) o p(H' /HY).

The topology on G’ /H is defined by the condition that the following set of sections
of the k*-torsor G /H — G, /H consists of continuous maps. Choose m such that
Adg-:(H™) C H/, a compact open subset U in the quotient group H'/H™, and
an element a € k*; for each g € G,/H define the isomorphism p(H*/ Ad,(H7)) ~
w(H/HY) so that the left-invariant measure on H'/ Ad, (H”) for which the measure
of the image of U is equal to 1 corresponds to the left-invariant measure on H’/H7
for which the measure of the image of U is equal to a. The ratio of any two such
sections is a locally constant function. Now the object G, of ProInd Pro Sets, is
the fibered product of G//H and G, over G, /H; it is easy to define the group
structure on G™ (one should first check that the construction of GY /H does not
depend on the choice of H! and HY).
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E.4.5 Let ¢': G — G be a central extension satisfying the above conditions.
Denote by Rep. (G) the category of representations of G’ in Pro(k-vect) in which
the central subgroup k* C G’ acts tautologically by automorphisms proportional
to the identity, as defined in [44]. Then the forgetful functor Rep, (G) — Rep(H)
admits a right adjoint functor, which can be described as the functor of tensor
product over H with a certain representation of G’ x H in Pro(k-vect). The under-
lying pro-vector space of this representation, denoted by €./ (G, H), is the space of
“pro-semimeasures on G relative to H on the level ¢”; it is given by the projective
system formed by the vector spaces

kc’ (Ga/HZ) QK M(H/Hi)a

where the first factor is the space of locally constant compactly supported functions
on G/,/H! which transform by the tautological character under the action of k*.
The morphism in this projective system corresponding to a change of « is the pull-
back map with respect to a closed embedding, while the morphism corresponding
to a change of 7 is the map of integration along the fibers of a principal bundle.
Hence the representation €. (G, H) considered as an object of the tensor category
Rep(H x H) is endowed with a structure of coring (with a counit €. (G, H) —
A(H)), and it follows from Theorem 7.4.1 that the category Rep. (G) is equivalent
to the category of left comodules over €. (G, H) in Rep(H).

Now let ¢”’: G” — G be the central extension satisfying the same conditions
and complementary to ¢, i.e., the Baer sum ¢’ + ¢” is identified with minus the
canonical central extension ¢g: G~ — G. Gaitsgory and Kazhdan noticed that
one can extend the right action of H in €. (G,H) to an action of G” commuting
with the left action of G’, with the central subgroup k* of G” acting tautologically.
Moreover, in [45] there is a construction of a natural anti-isomorphism of corings

(‘Zc/ (G, H) ~ (‘ch (G, H)

permuting the left and right actions of G’ and G”. Thus the category Rep.. (G) is
equivalent to the category of right comodules over €. (G, H) in Rep(H).

E.4.6 So there is the functor of cotensor product
Oe,, c,1): Rep.(G) x Rep., (G) —— Pro(k-vect),

which is called “semi-invariants” in [45]. This functor is neither left, nor right exact
in general. One can construct its double-sided derived functor in a way analogous
to that of Remark 2.7, at least when the set of indices ¢ is countable.

The semiderived category D¥(Rep,,(G)) is defined as the quotient category of
the homotopy category Hot(Rep, (G)) by the thick subcategory of complexes that
are contraacyclic as complexes over the abelian category Rep(H). Then Lemma 2.7
allows us to define the double-sided derived functor

ProCotor® (¢ : D¥(Rep_..(G)) x D¥(Rep, (G)) —— D(Pro(k-vect))
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in terms of coflat complexes in Hot(Rep.»(G)) and Hot(Rep, (G)). The key step is
to construct for any object of Rep., (G) a surjective map onto it from an object of
Rep, (G) that is flat as a representation of H. This construction is dual to that of
Lemma 1.3.3; it is based on the fact that any module over a topological group G
induced from the trivial module k over a compact open subgroup H C G is flat
with respect to the tensor product of discrete G-modules over k.

Question. Can the cotensor product N O¢_, (g,m M of an object N € Rep,.. (G)
and an object M € Rep,,(G) be recovered from the tensor product N ®} M in
the category of pro-vector spaces, considered as a representation of G™ with the
diagonal action?






F Algebraic Groupoids with
Closed Subgroupoids

To any smooth affine groupoid (M, H) one can associate a coring C(H ) over a ring
A(M) and a natural left and right coflat Morita autoequivalence (&, &Y) of C(H);
it has the form

C(H) @am) E ~ &~ FE®a) C(H)
and
EY ®A(M) G(H) ~ &YV~ @(H) ®A(M) Ev,

where (E, EV) is a certain pair of mutually inverse invertible A(M )-modules. To
any groupoid (M, @) containing (M, H) as a closed subgroupoid, one can assign
two opposite semialgebras 8'(G, H) and 8" (G, H) over C(H) together with a nat-
ural left and right semiflat Morita equivalence (€, E€") between them formed by
the bisemimodules

8(G,H) D¢y € ~ € ~ & Qe 8"(G, H)
and
€Y Oem 8'(G H) ~ €Y ~ 8 (G, H) O €Y.

To obtain these results, we will have to assume the existence of a quotient vari-
ety G/H.

In this appendix, by a variety we mean a smooth algebraic variety (smooth
separated scheme) over a fixed ground field k of zero characteristic. The structure
sheaf of a variety X is denoted by O = Ox and the sheaf of differential top forms
by = Qx; for any invertible sheaf L over X, its tensor powers are denoted by L™
for n € Z.

F.1 Coring associated to affine groupoid

A (smooth) groupoid (M,G) is a set of data consisting of two varieties M and
G, two smooth morphisms s, t: G = M of source and target, a unit morphism
e: M — G, a multiplication morphism m: G xpy G — G (where the first
factor G in the fibered product G X p; G maps to M by the morphism s and the
second factor G maps to M by the morphism t), and an inverse element morphism
i: G — G. The following equations should be satisfied: first, se = idy; = te and
m(e x idg) = idg = m(idg xe) (unity); second, tm = tp;, sm = spa, and
m(m x idg) = m(idg xm), where p; and ps denote the canonical projections
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of the fibered product G xj; G to the first and the second factors, respectively
(associativity); third, si = ¢, ti = s, m(i X idg)A; = es, and m(idg xi)A; = et,
where A and A; denote the diagonal embeddings of G into the fibered squares
of G over M with respect to the morphisms s and ¢, respectively (inverseness). It
follows from these equations that i2 = idg.

A groupoid (M, H) is said to be affine if M and H are affine varieties. In the
sequel (M, H) denotes an affine groupoid; its structure morphisms are denoted by
the same letters s, ¢, e, m, .

Let A= A(M)=0O(M) and € = C(H) = O(H) be the rings of functions on
M and H, respectively. The maps of source and target s, t: H = M induce two
maps of rings A = €, which endow € with two structures of A-module; we will
consider the A-module structure on € coming from the morphism ¢ as a left module
structure and the A-module structure on € coming from the morphism s as a right
module structure. Then there is a natural isomorphism O(H Xy H) =~ C®4 C,
hence the multiplication morphism m: H Xy H — H induces a comultiplication
map € — C ®4 C. Besides, the unit map e: M — H induces a counit map
C — A. It follows from the associativity and unity equations of the groupoid
(M, H) that these comultiplication and counit maps are morphisms of A-A-bi-
modules satisfying the coassociativity and counity equations; so € is a coring
over A. Clearly, C is a coflat left and right A-module.

F.2 Canonical Morita autoequivalence

Consider the invertible sheaf
V =Vyg = Qu@s* () @t (Q})

on H. Let ¢; and g2 denote the canonical projections of the fibered product H x y; H
to the first and the second factors, respectively. Then there are natural isomor-
phisms

(V) =m*(V) = g3 (V)

of invertible sheaves on H x p; H. Indeed, one has ¢7 (Qp) ~ Qux,, 0 ® ¢ (Q;) ®
at* () and m* () ~ Qo m @ (") ® ¢3s* (). Now denote by U the
invertible sheaf

e*Qp @ Q,F
on M. Applying the functors of inverse image with respect to the morphisms
e X idg, idg xe: H = H xj; H to the above isomorphisms, one obtains natural
isomorphisms of invertible sheaves

t*'U ~V ~ s*U.

Set & = V(H) and €Y = V~1(H). Then & and €Y are C-modules, and
consequently A-A-bimodules. The pull-back map V(H) — m*(V)(H xn H)
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with respect to the multiplication morphism m together with the isomorphisms
m*(V)(H XM H) ~ qT(V)(H XM H) ~ €& ®A (¢

and m*(V)(H xp H) ~ ¢5(V)(H xp H) ~ C ®4 & defines the right and left
coactions of € in €. It follows from the associativity equation of H that these
coactions commute; so € is a C-C-bicomodule. Analogously one defines a C-C-bi-
module structure on €Y. Set E = U(M) and EV = U~!(M); then there are natural
isomorphisms of C-comodules CQUE ~ € ~ E®4Cand EVY®4C~ &Y ~ CR s EVY.
These isomorphisms have the property that two maps € ~ C ®4 F — E and
€ ~FE®yC — F induced by the counit map € — A coincide, and analogously
for £V. Besides, there are obvious isomorphisms £ ®@4 EY ~ A~ EV @4 E.

It follows that € O¢ &Y ~ (E®4C)Je (CRA EY) ~ F®4C®4 EYV ~ C,
and analogously €Y Oe € =~ €. So the pair (&,EY) is a left and right coflat Morita
equivalence (see 7.5) between € and itself. Since the bicomodules € and €Y can be
expressed in the above form in terms of the A-modules E and EV, it follows that
there are natural isomorphisms of corings

E®A8®AEVZGEEV®AG®AE.

F.3 Distributions and generalized sections

Let X D Z be a variety with a (smooth) closed subvariety and L be a locally
constant sheaf on X. The sheaf LZ of generalized sections of L, supported in Z
and regular along Z, can be defined as the image of L with respect to the d-th
right derived functor of the functor assigning to any quasi-coherent sheaf on X
its maximal subsheaf supported set-theoretically in Z, where d = dim X — dim Z.
The sheaf LZ is a quasi-coherent sheaf on X supported set-theoretically in Z.

There is a natural isomorphism L? ~ L ®o, O%. The sheaf Q% can be
alternatively defined as the direct image of the constant right module Q7 over
the sheaf of differential operators Diff ; under the closed embedding Z — X
(see [14]); this makes Q% not only an Ox-module, but even a Diff x-module. The
sheaf Q% is called the sheaf of distributions on X, supported in Z and regular
along Z.

Let g: Y — X be a morphism of varieties and Z C X be a closed subvariety.
Assume that the fibered product Z x x Y is smooth and dimY —dimZ xx Y =
dim X — dimZ if Z xx Y is nonempty. Then there is a natural isomorphism
g*(L?) ~ (g*L)?*xY of quasi-coherent sheaves on Y. In particular, there is a
natural pull-back map of the modules of global generalized sections

g7 LA(X) —— (g"L)7* 7 (Y).

Let h: W — X be a morphism of varieties and Z C W be a closed subvari-
ety such that the composition Z — W — X is also a closed embedding. Then
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there is a natural push-forward map h.(Q%,) — Q% of quasi-coherent sheaves
on X. Consequently, for any locally constant sheaves L’ on X and L” on W en-
dowed with an isomorphism L” ® Q;‘,l ~ h*(L ® Q)_(l) there is a push-forward
map h,(L"?) — L'?. In particular, there is a natural push-forward map of the
modules of generalized sections

hy: L"?(W) — L'?(X).

Let g: Y — X and h: W — X be morphisms of varieties satisfying the
above conditions with respect to a closed subvariety Z C W. Assume also that the
fibered product W x x Y is smooth and dim W x x Y +dim X = dim W +dim Y if
W x x Y is nonempty. Set g =idw xg: W xxY — W and h=h xidy: W xx
Y — Y. Then there is a natural isomorphism of invertible sheaves

Jow ® Oyl oy = (0" Ax @ Q)

on W xx Y, as one can see by decomposing g and h into closed embeddings fol-
lowed by smooth morphisms. For any quasi-coherent sheaf F' on W supported set-
theoretically in Z there is a natural isomorphism h.G*F ~ g*h. F of quasi-coherent
sheaves on W x x Y. The push-forward maps of the sheaves of distributions with
respect to the morphisms i and h are compatible with the pull-back isomorphisms
with respect to g and g in the obvious sense.

The sheaf of generalized sections LZ of a locally constant sheaf L on a variety
X D Z is endowed with a natural increasing filtration by coherent subsheaves
F,,L? of generalized sections of order no greater than n. This filtration is preserved
by all the above natural isomorphisms and maps. The associated graded sheaf
grp0% is the direct image under our closed embedding ¢t: Z — X of a sheaf
of Oz-modules naturally isomorphic to the tensor product Qz ®o, Symgy, Nz x,
where Nz x is the normal bundle to Z in X and Sym denotes the symmetric
algebra.

In particular, there is a natural isomorphism X\g: t.Qz — FyQ%. Further-
more, there is a natural map of sheaves of k-vector spaces A1: 1.0z ®o Tx —
Flﬁ}z( which induces the isomorphism ¢.(Qz ®o, Nz x) ~ Flﬁ)z(/FOQ)Z(, where
T = T'x denotes the tangent bundle of X. The map A satisfies the equation

M(fw®v) = M(w® fv) = fA(w@v) = Ao(v(f)w)
for local sections f € Ox, w € Qz, and v € Tx, where (v, f) — v(f) denotes
the action of vector fields in functions.
F.4 Lie algebroid of a groupoid

A Lie algebroid g over a commutative ring A is an A-module endowed with a Lie
algebra structure and a Lie action of g by derivations of A satisfying the equations
[z,ay] = alz,y] + z(a)y and (az)(b) = a(x(d)) for a, b € A, =z, y € g. The
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enveloping algebra Ua(g) of a Lie algebroid g over A is generated by A and g with
the relations a-b = ab, a-x = azx, r-a =azx+z(a), and z-y—y-x = [z,y], where
(u,v) — u-v denotes the multiplication in Ua(g). The algebra U4(g) is endowed
with a natural increasing filtration F,,Ua(g) defined by the rules FoUa(g) = im A,
FiUa(g) = imA+img, and F,,Ua(g) = F1U4(g)™ for n > 1. When g is a flat
A-module, the associated graded algebra grU(g) is isomorphic to the symmetric
algebra Sym 4 (g) of the A-module g.

Let (M,G) be a groupoid with an affine base variety M; set A = A(M) =
O(M). Then the A-module g = Na),g(M) has a natural Lie algebroid struc-
ture. To define the action of g in A, consider the A-module (e*T¢)(M) of vec-
tor fields on e(M) tangent to G. There are natural push-forward morphisms s,
ty: (e*Tg)(M) = T(M). Identify g with the kernel of the morphism ¢, ; then the
action of g in A is defined in terms of the map s;: g — T (M). To define the
Lie algebra structure on g, we will embed g into a certain module of generalized
sections on G, supported in e(M) and regular along e(M).

Set

K'(G) = ("2 © 6)"M(G);

this module of generalized sections is endowed with a natural filtration F'. The
O(G)-module structure on K!(G) induces an A-A-bimodule structure; as in F.1,
we consider the A-module structure coming from the morphism ¢ as a left A-mod-
ule structure and the A-module structure coming from the morphism s as a
right A-module structure. There is a natural isomorphism of A-A-bimodules A ~
FyK'(G). Define a k-linear map of sheaves

e*Ne(M),G — (t*QX; & Qg)e(M)

locally by the formula v — t*w™! ® A\ (w ® v), where v is a local vector field on
e(M) tangent to G such that t.(v) = 0 and w is a local nonvanishing top form
on M; it is easy to show that this expression does not depend on the choice of w.
Passing to the global sections, we obtain an injective map g — Fy K'(G) inducing
an isomorphism g ~ F} K'(G)/FyK'(G). This injective map and the A-A-bimod-
ule structure satisfy the compatibility equations a - x = ax and z - a = x(a) + ax
for z € g € 1K' (G) and a € A, where (a,x) — ax denotes the action of A in g,
while (a,u) — a-u and (u,a) — u - a denote the left and right actions of A in
FKY(Q).

Let us define a k-algebra structure on K!(G). There is a natural isomorphism
of invertible sheaves on G x5 G,

pi(t* Q) ® Q6) @ p3(t* QY © Qa) ~ pit* Q) @ Qaxwe-

The pull-back with respect to the closed embedding G Xy G — G Xgpeck G
provides an isomorphism

(Pt 0} © Qax ) MG Xy G) ~ KYG) @4 KY(G),
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and the push-forward with respect to the multiplication map G x; G — G
defines an associative multiplication K'(G) ®4 K'(G) — K'(G). The associated
graded algebra grK'(G) is naturally isomorphic to Sym, F1 K'(G)/FoK'(G).
The formula (u, a) — t, (st (a)u) defines a left action of K'(G) in A; the subspace
g in F{ K!(G) is characterized as the annihilator of the unit element of A under
this action. Hence g is a Lie subalgebra of K'(G); this makes it a Lie algebra and
a Lie algebroid over A. It follows that there is a natural isomorphism

Ua(g) ~ KYQ).

Analogously one defines an algebra structure on the A-A-bimodule of gener-
alized sections
K'(G) = (s"Qy/ © Q6)M(G);

then there is a natural isomorphism of k-algebras U4 (g)°? ~ K" (G).

F.5 Two Morita equivalent semialgebras

Let (M,H) — (M,G) be a morphism of smooth groupoids with the same base
variety M such that the groupoid H is affine and the morphism of varieties H —
G is a closed embedding. Denote by h = N, 5 (M) the Lie algebroid of the
groupoid H; then there is a natural injective morphism h — g of Lie algebroids
over A(M).

There is a natural pairing

¢ K'(H)®4C — A, di(u,¢) =ty (it (c)u)

between the algebra K'(H) and the coring € satisfying the conditions of 10.1.2 with
the left and right sides switched. The push-forward with respect to the closed em-
bedding H — G defines an injective morphism of k-algebras K'(H) — K'(G);
this is the enveloping algebra morphism induced by the morphism of Lie algebroids
h — g. Since b and g/b are projective A-modules, K'(G) is a projective left and
right K'(H)-module. Set

8' = 8/(G, H) = K'(G) @1 €

we will use the construction of 10.2.1 to endow 8' with a structure of semialgebra
over C.

Consider the cotensor product 8'0e & ~ KYG) @iy €. Denote by p; and
q2 the projections of the fibered product G xp; H to the first and the second
factors. There is a natural isomorphism

Pt Q) ©Q6) @ g3 (Vir) ~ pit* Q) @ Qasn @ 435"y

of invertible sheaves on G x s H, where Vg = Qp ® s*(,,) ® t*(Q,}) is the
invertible sheaf on H defined in F.2. The pull-back with respect to the closed
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embedding G xXyr H — G Xgpecr, H identifies the tensor product KYG)®a &
with the module of generalized sections

(Pt Q) @ Qospr ® @387 Q) MM H (G oy H).

The push-forward with respect to the multiplication morphism G x;; H — G
defines a natural map K'(G) ®4 & — &, where € = VZI(G) is the space of
generalized sections of the invertible sheaf

Vo = Qe ® s () @ ()

on G. It follows from the associativity equation for the two iterated multiplication
maps G x pr H x 3y H = G that this map factorizes through K'(G) @iy € The
induced map

is an isomorphism, since the associated graded map with respect to the filtra-
tions F' is.

Denote by ¢; and ps the projections of the fibered product H x 5; G to the first
and second factors. One constructs a natural isomorphism m*(Vg) ~ p5(Vg) of
invertible sheaves on H X 5y G in the same way as in F.2. The pull-back with respect
to the multiplication map m: H Xy G — G together with this isomorphism
provide a left coaction of € in €. Analogously one defines a right coaction of C
in &; it follows from the associativity equation for H Xy G Xy H = G that these
two coactions commute. We have 8! Oe & ~ &, thus the isomorphism S~ e0eeY
provides a left coaction of € in 8’ commuting with the natural right coaction of
Cin 8.

Since the natural map &€ — & provided by the push-forward with respect
to the closed embedding H — G is a morphism of C-C-bicomodules, so is the
semiunit map ¢ — 8. It remains to show that the semimultiplication map S'Oe
8 —8lisa morphism of left C-comodules; here it suffices to check that the map
808 0eé —80eceisa morphism of left C-comodules. After we have done
with this verification, the latter map will define a left 8'-semimodule structure
on E.

Analogously, define the pairing

¢r: CR®AK'(H) — A, br(c,u) = sy (it (c)u)
and set
8" =8"(G,H) = Cokru) K"(G).

The same construction makes 8" a semialgebra over € and &€ a right 8" -semimod-
ule. We will have to check that the left 8'-semimodule and the right 8"-semimodule
structures on € commute.

After this is done, we get an 8'-8"-bisemimodule

Sl0ee ~E&~E0eS,
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where both the maps € = € induced by the semiunit maps ¢ — Sand @ — 8"
coincide with the push-forward map V(H) — V& (G) under the closed embedding
H — G. The isomorphisms £¥0e8' =~ £V0e8' 00" ~ EVOeEDe8 et ~
8" Oe €V define an 8"-8'-bisemimodule

Ve 8 =&Y ~8 e &Y

endowed with bisemimodule isomorphisms & ¢g- €Y ~ (E0e 8") Os- (8" Oe &Y) ~
E0e8 el ~ 8 and Y Ogi & ~ (VeS8 0gi (8'0c &) ~ EVHe8 O & ~ 8.
This provides a left and right semiflat Morita equivalence (€, &") between the
semialgebras 8! and 8", and isomorphisms of semialgebras

8§ ~&Ve8Teé and 8 ~&0e8 e &V.

(See 8.4.5 and 8.4.1 for the relevant definition and construction.)

F.6 Compatibility verifications
In order to check that the map
80c€~80e80e8 — 8D0ece~E

is a morphism of left C-comodules, we will identify this map with a certain push-
forward map of appropriate modules of generalized sections.

Here we will need to assume the existence of a variety of left cosets G/H such
that G — G/H is a smooth surjective morphism and the fibered square Gx ¢, g G
can be identified with G'x s H so that the canonical projection maps G X/ g G =
G correspond to the projection and multiplication maps p1, m: G xr H = G.

Actually, we are interested in the quotient variety G x¥ G of G x,; G by
the equivalence relation (¢'h, g"”) ~ (¢',hg") for ¢’, ¢ € G and h € H; it can be
constructed as either of the fibered products

H\GX]\/[GEGXHG:GX]\/[G/H,

where H\G denotes the variety of right cosets, H\G ~ G/H. Analogously one can
construct the quotient variety

Gx"Gx"G=GxyGxyuG/{(gh1,9"ha,g") ~ (¢, h1g" hag™)}

for g/a g//a g/// € G and hl, h2 € H.
We have 8! O¢ € ~ € Oe &Y Oe €. Consider the natural map

r:Gxay Hxy G — GxHG, (g, h,g") — (g'h,g") = (¢',hg").

Let p1, ¢o2, p3 denote the projections of the triple fibered product G xas H X3 G
to the three factors and n: G x G — G denote the multiplication morphism.
There are natural isomorphisms

Pit* () ® Qe mxnc @ p3s™ () = pi(Ve) ® 63 (2m) @ p3(Va)
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and therefore
(N Q) © Qayxng @n*s* V) ~ pi(Ve) @ (Vi ') @ py(Ve)

of invertible sheaves on G X H X G.
The pull-back with respect to the closed embedding

GXMHXMG E— GXSpeCkHXSpeCkG
provides an isomorphism
(piVe @ @5 Vi ' @ py V)X (G H x iy G) ~ E@4 Y @4 E.

The pull-back with respect to the smooth morphism r identifies the module of
generalized sections

(n*t* Q) ® Qayre @ n*s* Q) H (G <7 @)

with the submodule €O £V Oe € C E®R4 €Y ®4 &, as one can see by identifying
the tensor product E®4C®4 €Y ®4 C®4 € with a module of generalized sections
on the fibered square of G x; H x 31 G over G x G. Now our map

EDecEV 0 E — &

is identified with the push-forward map with respect to the multiplication mor-
phism n; to check this, one can first identify the map

KY(G)®4 & — K'G) @xip) € = €O €V e €

with a push-forward map with respect to the morphism G x,; G — G x G.
The desired compatibility with the left C-comodule structures now follows from
the commutation of the pull-back and push-forward maps of generalized sections.

To check that the left 8'-semimodule and the right 8"-semimodule structures
on € commute, one can identify 8'0¢ 068" with a module of generalized sections
on G x G x™ G and use the associativity equation for the iterated multiplication
maps

GxPax?a=ax"a— G.
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Notation

Z — ring of rational integers

Q — field of rational numbers

k — commutative ring or field

kY — injective cogenerator of k-modules

R, S, K — noncommutative rings

A, B, F — associative k-algebras

M,N,L P, E U,...

K, E — bimodules

g, b, a — Lie algebras

g, b — Lie algebroids

G, H — topological groups, (pro)alge- braic
groups, algebraic groupoids

G, H — groups in (ind-)pro-ind-pro-finite
sets, see E.4.2-F.4.3

— modules

U, V, W, E, ... —vector spaces
M, X, Y, Z, ... — algebraic varieties
E, L, U, V, ... — vector bundles/locally

free sheaves

P, @ — contramodules over topological
rings/Lie algebras/groups

¢ D,E, ...

L — Lie coalgebra

M, N, LR X, &P Q9 7, U, 2Z, ...
comodules

X, & — bicomodules

B, Q, R K ¢ F, T, 4 3, ... — contra-
modules over coalgebras or corings

S, T, R, ... — semialgebras

XK, € — bisemimodules

MN L RX EPOQTF I WUZ,...

— coalgebras or corings

— semimodules
PB,ONR K EF T, U 3, ... —semicon-
tramodules
A, H, K, M, N, E, F, ... — categories
0,5, A, T, % I, A, ... — functors
M*®, M*®, M*, ... — complexes

D — double-sided derived functor
L — left derived functor
R — right derived functor

L1, L2, L3 — functorial partial left resolu-
tions, see 2.5, 2.6, 4.5, 4.6

R1, R2, R3 — functorial partial right reso-
lutions

C/A-, D/B-, 8/C-, ... — relatively

8/C/A-, T/D/B-, ... — birelatively

Hompg(L, M), Hompgop (K, N) — left mod-
ule, right module homomorphisms

N Oe M — cotensor product

Cohome (M, B) — cohomomorphisms

N ®e P — contratensor product over coal-
gebra or coring

Home (£, M), Hom®(P, Q) - left comod-
ule, left contramodule homomorphisms

Cotor® — right or double-sided derived
functor of e, see 0.2.2, 1.2.2, 2.7

Coexte — left or double-sided derived func-
tor of Cohome, see 0.2.5, 3.2.2, 4.7

Ctrtor® — left derived functor of Ge,
see 0.2.8, 5.3, 5.5

Exte — right derived functor of Home

Ext® — right derived functor of Hom®

N 0s M — semitensor product

SemiHomg (M, PB) — semihomomorphisms

N ©s P — contratensor product over semi-
algebra

Homs (£, M), Hom®(P, Q) - semimod-
ule, semicontramodule homomorphisms

SemiTor® — double-sided derived functor of
Os, see 0.3.3, 2.7

SemiExts — double-sided derived functor
of SemiHomg, see 0.3.6, 4.7

CtrTor® — left derived functor of ®@s,
see 0.3.8, 6.5

Extg — right derived functor of Homg

Ext® — right derived functor of Hom®

@e(m) =COe P, \I’G(M) = Home (G,M)
—see 0.2.6, 5.1, 5.3

L®e, RUe — derived comodule-contramod-
ule correspondence functors, see 5.4

[OFY (ﬁp) =80©s ‘Ap, Ug (M) = Homg (8, M)
—see 0.3.7, 6.2
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L®s, R¥s — derived semimodule-semi-
contramodule correspondence, see 6.3

ProCotor® — see 2.7, E.4.6

IndCoexte — see 4.7

M — gM, M +— Mg, P+ PP -
change-of-ring functors, see 7.1.2

Ni— eN, N+ Ne, 9 +— 0 -
change-of-coring functors, see 7.1.2

M— gM, M+— My, Pr— TP -
change-of-semialgebra functors,
see 8.1.2

C+—— pCp, see 7.4.1, 7.5.1

T +— Te, see 8.4.1

M® — %M., M® — M;B]L7 mo N D?m.
— derived push-forwards, see 7.3

N. — DéN., Nc — NEJR, Q. '_)]EQ. o
derived pull-backs, see 7.3

N. — DéN.y N. — NER7 Q. — EQ.
— derived pull-backs, see 8.3

Mc N H&M., Mc N M;JL, ;p. N
IPB* — derived push-forwards, see 8.3

functors Ag, A® — see 10.1.2

functors Ty, T'® — see 10.1.3

functors Ag ¢, A — see 10.2.2

functors Ty, 7, %/ — see 10.2.4

N ®% M, Hom%(M,P) — semiproduct,
semimorphisms, see 10.4

Ind§ N, Coind§ P — induced and coin-
duced representations, see E.2.1-E.2.2

N NH —invariants

Py, Pg — coinvariants

Ngy, Ng, 1, Ng,u — semiinvariants

poY pe-H pGH _ semicontrainvariants

&, SemiHom', Hom$,, ®&, ... — graded

versions of functors, see 11.1.1, B.1.3

3, IT — forgetting-the-grading functors,
see 11.1.1

M®* — E(M®), L r— T*°(L) — derived
Koszul duality functors, see 11.8

R°P, C°P, 8°P — opposite ring, coring,
semialgebra

C° — opposite category

IndC, ProC — categories of ind-objects,
pro-objects

Hot — (unbounded) homotopy category
D — (unbounded) derived category

Notation

ICO |ctr

Acycl, Acycl®, Acycl® — categories of
acyclic, coacyclic, contraacyclic
complexes

D%, D%, D% — coderived, contraderived,
semiderived category

R-mod, mod-R, k-vect — categories of left,
right R-modules, k-vector spaces

C-comod, comod-C — categories of left,
right C-comodules

C-contra — category of left C-contramod-
ules

8-simod, simod-8 — categories of left, right
8-semimodules

S-sicntr — category of left 8-semicontra-
modules

D~-gecmd, qcmd-D~ — categories of left,
right quasi-differential D~ -comodules

D~-qentr — category of left quasi-differ-
ential D~ -contramodules

O(g,H), O.(g,C) — category of Harish-
Chandra modules

0%'(g,C) — category of Harish-Chandra
contramodules

k-vect®, k-mod®, C-comod®, C-contra¥,
8-simod®’, 8-sicntr®’, ... — categories
of graded modules, comodules, contra-
modules, semimodules, etc., see 11.1

8-simod', simod'-8, 8-sicntr!, G-comod!,
C-contra’, 8-simod!, 8-sicntr!, ... —
categories of nonnegatively /nonpositiv-
ely graded modules, see 11.1.2 and B.3

Rep, (H) — see E.4.2

Rep. (G) — see E.4.5

Setsin — category of finite sets

€e, [e, Um, Tp — counit, comultiplication,
coaction, contraaction maps

e, m, n, p — semiunit, semimultipli-
cation, semiaction, semicontra-
action morphisms

¢ ) ®e), T T ® o),
T — o] Q T[], [ — l{l} ® l{g},
— Sweedler’s notation for comultiplica-
tions and coactions,
see [82, 1.2 and 2.0].

c+— s(c), =+ s(z) — antipode map



Notation

ker(X —Y), coker(X —Y), cone(X*® —
Y*) — kernel, cokernel, cone of map

im0, imk — image of map or set

id, ide, idg, ... — identity endomorphism

Id — identity endofunctor

V +—— V* — dual vector space

V +—— VY — dual Tate vector space

N (V) — exterior (co)algebra

Sym, (V) — symmetric (co)algebra

det(W) = ?mW(W) — top forms
OEO/Z(V) — semi-infinite forms

U(g) — enveloping algebra

U..(g) — modified for a central extension,
see D.2.2

Ua(g) — enveloping algebra of Lie algebroid

C(L) = €(hY) — conilpotent coenveloping
coalgebra, see D.6.1

End — endomorphisms

End(E) — bundle of endomorphisms of a
vector bundle

End(V), gl(V) — continuous endomor-
phisms of Tate vector space, see D.1.5

gl(V)™, g~ — canonical central extensions,
see D.1.6, D.1.8

Cl(V @ V) — Clifford algebra, see D.1.7

Cl(V), see D.5.5

Ve'w, Ve'Ww, Vaw, Vaw -
topological tensor products

AV, ATH(V), AY(V) - topological
exterior powers, see D.2.6, D.5.3, D.5.5

V ®" P — completed tensor product,
see D.2.6

U,.(g) — topological enveloping algebra,
see D.5.1

Ox — structure sheaf/trivial bundle

Qx — sheaf/bundle of top forms

Q(M, E) — differential forms with coeffi-
cients in vector bundle F

Diff s — differential operators on M

Diffpr, g — acting in the sections of E

Tx — tangent bundle

Nz x — normal bundle to Z in X

L(X) — global sections of a sheaf L on X

G Xy G — fibered product

G xH G —see C4.4, E.1.2, F.6
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(E,EY), (&,€&Y), (&,&") - Morita mor-
phisms

A(M) —see F.1

C(H) —see C.4.1 and F.1

Cx(H) — see E.1.2

8", 8 —see C.1.2-C.1.3

8'(g,H), 8 (g, H) — see C.4.2

87.(g,€), 8.(g,C) —see D.2.2, D.2.4

8;(G,H) — see E.1.2

8"(G,H), 8(G,H) ~seec F.5

A(G), A(H) —see E4.1, E.4.2

C.(G,H) — see E4.5

A(X), A[X], A[[X]] - functions and mea-
sures, see K.1.1

Ad, - adjoint action of a group element g
in the group

LZ — sheaf of generalized sections of L sup-
ported in Z

g, h.« — inverse, direct images of quasi-
coherent sheaves

g+, hy — pull-back, push-forward of gener-
alized sections, see F.3

P* =71, see 10.3

R and R™, see B.1.2, B.2.2

€ — C* — maximal cosemisimple sub-
coalgebra, see A.2

Barg, (8, €), Cobg, (D, €) —relative bar and
cobar constructions, see 11.4.1

F; X, G, X, ... — increasing filtrations

ViX, G"X, ... - decreasing filtrations

gr X — associated graded object to filtered
object (X, F)

Hi X Hy --+ K — partially defined functor
(well-defined on a full subcategory)

P(M) — M —see 1.1.3, 1.3.2

P — T(B) — see 3.1.3, 3.3.2

M — J(M) — see Lemma 9.1.2

F(P) — P — see Lemma 9.1.2

P(M) — M — see 1.3.2

P — T(P) — see 3.3.2

N — J(N) — see 1.3.3

F(P) — P —see 3.3.3

M — J(M) — see Lemma 9.2.2

F(L) — L — see Lemma 9.2.3

PH(M), IT(B), PT(M), ... —see 2.5, 2.6
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adjoint functor existence theorem, 67, 139

antipode map, 247, 272

Barr-Beck theorem, 134
BGG category O, 276
bicoaction map, 12, 30
bicomodule, 11, 30
bimodule, 25
bisemiaction morphism, 36
bisemimodule, 36
of distributions, xxi, xxii, 259, 329
bisemimodules, complex of
strongly semiflat, 54
strongly semiprojective, 88
BRST construction, xii

CDG-coalgebra, xx, 196

Koszul, quadratic dual, 285
CDG-comodule, 216
CDG-contramodule, 216
CDG-coring, 195
CDG-module, 21
CDG-ring, 20

Koszul, 21

quadratic dual, 20
central charge, xi, xxi, 276, 281, 283, 303
change-of-connection element, 20
coaction map, 3, 25
coacyclic complex, 5, 39

of A-flat C-comodules, 129

of coflat comodules, 132
coalgebra, 3

analogue of, 236

conilpotent, 232, 302

coenveloping, 302
cohomology, 303

cosemisimple, 232

cosimple, 232

direct sum of, 233

quasi-differential /CDG, xx, 196

Koszul, quadratic dual, 286

related to (pro)algebraic group, xx,
258, 273
coalgebroid, xix
coassociativity equation, 3, 25
coderivation, 194
coderived category, xiii, 5, 40
of CDG-comodules, 11
of CDG-modules, xx, 23
of comodules, 5, 40
of exact category, 40
of quasi-differential comodules, xx, 215
“relative”, 41
cohomomorphisms, 7, 59
from bicomodule, 13, 63
triple/multiple, associativity, 13, 65
of complexes, 7, 77
of quasi-differential co/contramodules,
223
coinvariants, of contramodule, 262, 291,
313
comodule, 3, 25
CDG (curved DG), 216
coflat, 10, 28
complex of, 40, 43, 50
faithfully, 161
relatively, 28, 29
complex of, 51
cofree, 4
coinduced, 25, 90
coprojective, 10, 60, 94
complex of, 78, 84, 102, 169
faithfully, 162
relatively, 60, 96
complex of, 85
in k-mod®, 50
injective, 4, 10, 91
complex of, 5, 101, 103
quite relatively, 90, 94, 137
complex of, 101, 104
relatively, 90, 95, 96, 172
complex of, 97, 100, 169
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Koszul, quadratic dual, 212
over Lie coalgebra, 272, 302
cohomology, 303, 306
conilpotent, 302
quasi-differential, 213
coacyclic, 215
Koszul, quadratic dual, 213
quasicoflat, 29, 92, 127, 137
quasicoprojective, 61, 94
comodules, complex of
coacyclic, 5, 40
coflat, 40, 43, 50
“coflat”, 6
coprojective, 78, 80, 84
injective, 242
compatible map
of CDG-corings, 195
of comodules, 125
of contramodules, 125
of corings, 125
of DG-corings, 194
of DG-semialgebras, 197
of filtered semialgebras, 209
of quasi-differential corings, 196, 209
of semialgebras, 143
of semicontramodules, 143
of semimodules, 143
comultiplication map, 3, 25
continuous coaction, 267
invariant subspace, 268
contra-Jacobi equation, 277, 279
contraaction map, 6, 57, 236, 277, 294,
311
contraacyclic complex, 7, 77
of A-injective C-contramodules, 129
contraassociativity equation, 6, 57
contraderived category, xiii, 7, 77
of CDG-contramodules, 11
of CDG-modules, xx, 23
of contramodules, 7, 78
over topological ring, 236
of exact category, 77
of pseudo-compact modules, 236

of quasi-differential contramodules, xx,
216

Index

contramodule, xii, xvii, 6, 57
CDG (curved DG), 216
coinjective, 10, 60, 94
complex of, 78, 84, 102, 169
relatively, 60, 96
complex of, 85
complete in induced topology, 234
contraflat, 10, 91, 234
quite relatively, 91
relatively, 91
direct sum of, 6, 58, 230
finite-dimensional, 230
free, 6, 230
in k-mod,,, 85
induced, 58, 90
irreducible, 231
Koszul, quadratic dual, 213
nonseparated in induced topology, 230
over algebraic Harish-Chandra pair,
258
over coalgebra or coring, 6, 57
over ring, xvii, b7
over Tate Harish-Chandra pair, 281
over topological group, 311
over topological Lie algebra, 277
over topological ring, 235, 294
projective, 6, 10, 91
complex of, 7, 101, 103
quite relatively, 90, 94, 137
complex of, 101, 103
relatively, 90, 95, 96, 172
complex of, 98, 100, 169
quasi-differential, 216
contraacyclic, 216
Koszul, quadratic dual, 213
quasicoinjective, 61, 94
contramodules, complex of
coinjective, 78, 80, 84
contraacyclic, 7, 78
projective, 242
contratensor product, xix
over coalgebra or coring, 8, 89
of complexes, 10, 102
over semialgebra, 15, 107
of complexes, 17, 118
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over topological ring, 236
with bicomodule, associativity, 92
with bisemimodule, 109
associativity, 111
coring, 25
CDG (curved DG), 195
DG (differential graded), 194
flat as module, xix, 26, 27
graded, 193
in k-mod®, 50
“contraprojectivity” condition, 85
Koszul, 201, 212
quadratic dual, 205
of pro-semimeasures, 320
opposite, 254
projective as module, 58
quasi-differential, xx, 195
Koszul, 208
quadratic dual, 212
related to affine groupoid, xxii, 324
related to noncomm. stack, xxii
related to profinite group, xxii, 310
cotensor product, 4, 27
of bicomodules, 12, 31
triple/multiple, associativity, xvi,
12, 31
of complexes, 4, 40
of quasi-differential comodules, 221
counit map, 3, 25
counity equation, 3, 6, 25, 57
curvature element, 20

de Rham (C)DG-algebra, xx, 23
derived category
conventional unbounded, xiii, 1, 5
exotic, xiii, xviii, 5, 8
bounded/t-structure, 77
existence, 41
mixed, xiii, xviii, 13, 14
of the first/second kind, 11
derived functor
absolute, xiii
balanced, 121
differential, 10, 221-225
double-sided, xiii, xvii, 48
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of the first/second kind, 10
one-sided, xiii, 120
adjoint, 156
DG-category, 22, 44, 213, 216
differential operators, xx, 23, 135, 259,
325
“crystalline”, 24
distributions, xxi, xxii, 259, 325
dualizing complex, xi

entwined
contramodule, 189, 190
module, 189, 190
entwining structure, 188
“evaluation” map, 15, 107
exact category
complexes of injectives/projectives, 98
exact/acyclic complex, 39
of comodules, 26, 90, 97
of contramodules, 58, 97
of finite homological dimension, 40
of semicontramodules, 16, 67
of semimodules, 16, 33
of topological vector spaces, 265
with continuous coaction, 268
exact functor
of finite relative homol. dimension, 164
reflecting coacyclicity, 164

formal circle, xii, 279
Frobenius algebra, 5, 163, 167, 241

generalized sections, 325
group, algebraic affine, xi, 258
smooth, xx, 258
unimodular, 259
group, proalgebraic affine, xxi, 273, 276
condition (iv), 273
prounipotent, xxi, 276, 301
group, topological, xi, 309
profinite, 310

groupoid, algebraic smooth affine, xxii,
323
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Harish-Chandra
bimodule of distributions, xxi, 259
contramodule, 258, 281
module [algebraic], 258, 276
pair, xx—xxii
algebraic, 258
Tate, 272
homological dimension, finite, xix
of k-algebra, 23
left, 58, 62, 68, 84
weak, 27, 29, 34, 84
of coring, 167
homotopy category, xxiii, 22, 44, 214, 216
Hopf algebra, 247
commutative, 269, 272

ind-k-module, xxiii, 85
ind-object, xi, 85, 318

countability assumption, 85
ind-scheme, xi

infinite summation operations, xii, 229,

279

kind, first and second, 10
Koszul [relatively]
graded comodule, 212
graded contramodule, 213
graded coring, 201
quadratic dual, 205
graded ring, 19
graded semialgebra, 200
quadratic dual, 205
graded semicontramodule, 213
graded semimodule, 212
Koszul complex, 205, 219, 304
Koszul duality, xiii, xx, 23, 24, 217, 221
Koszul, nonhomogeneous [relatively]
ring, 19
quadratic dual, 21
semialgebra, 208, 284
quadratic dual, 212, 286
semicontramodule, 213
semimodule, 213

Index

Lie algebroid, 326
enveloping algebra, 327
Lie coalgebra, 271, 301
conilpotent, 302
coenveloping coalgebra, 302

module

discrete, over topological Lie algebra,
275
nilpotent, 302
over compact Lie algebra, 302
discrete, over topological ring, 236, 294
Harish-Chandra [algebraic], 258, 276
over k, injective cogenerator, 57
pseudo-compact, 236
smooth, over topological group, xxii,
311
module category, xvi, 6
induction functor, 25
pairing functor, xvi, 27
modules, complex of
flat, 1, 41
injective, 2
projective, 2
pure, 2, 26
monad, 25
Morita autoequivalence
of coalgebra, 252
of coring related to groupoid, 325
Morita equivalence
of coalgebras, 141
of corings
coflat, 140
coprojective, 140
of semialgebras
related to groupoid pair, xxii, 330
related to Harish-Chandra pair, xxi,
259
related to Hopf algebra pair, 247,
253
related to topological group, xxii,
310
semiflat, 166
semiprojective, 166
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Morita morphism
of k-algebras, 137
faithfully flat, 138
of coalgebras, 141
of corings, 139
coflat, 139
coprojective, 140
faithfully coflat, 161
faithfully coprojective, 162
of semialgebras
semiflat, 165
semiprojective, 165
Quillen adjunction, 172, 181

Nakayama’s Lemma for contramodules
over coalgebra, 232
over topological ring, 236

object, split in two halves, xv, 167

PBW theorem, xx, 21, 208, 274

“permutation” map, 237, 285

pro-k-module, 50

pro-object, xi, xxiii, 50, 318
countability assumption, 50, 320

pro-semimeasures, 320

pro-vector space, 318

proalgebraic group, affine, xxi, 273, 276
prounipotent, xxi, 276

profinite group, 310

profinite ring, 236

profinite set, 318

quadratic [relatively] ring, 18
quadratic dual, 18
quadratic, nonhomogeneous ring, 19
quadratic dual, 20
quasi-differential
coalgebra, xx, 196
comodule, 213
Koszul, quadratic dual, 213
contramodule, 216
Koszul, quadratic dual, 213
coring, xx, 195
Koszul, 208
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quadratic dual, 212
module, 22
ring, 21
structure, xx, 21, 195
quite, xx, 90

relatively, xix, 18, 90

semi-infinite, xi
cohomology, xvi
of associative algebra, 237, 243
of Tate Lie algebra, xv, xxii, 301,
307
of topological group, 317
forms, 299
homology, xvi
of associative algebra, 237, 244
of Tate Lie algebra, xv, xxii, 301,
306, 307
of topological group, xxii, 317
semiaction morphism, 12, 33
semialgebra, 12, 32
“left” and “right”
related to groupoid pair, xxii, 328
related to Harish-Chandra pair, xx,
258
related to Hopf algebra pair, 248
related to Tate H.-Ch. pair, xxi, 273
coflat as comodule, xix, 33, 34
coprojective as comodule, 67, 68
DG (differential graded), 197
filtration, increasing, 205, 281
graded, forgetful functor X, 193
Koszul, 200, 212
quadratic dual, 205
nonhomogeneous Koszul, 208, 284
quadratic dual, 212, 286
opposite, 254
related to topol. group pair, xxii, 310
semiassociativity, 12, 32
semicontraaction morphism, 14, 66
semicontrainvariants, xiii
over Harish-Chandra pair, 262, 263
over Lie algebra, 261
over Tate Lie algebra, 292, 293
over topological group, 313, 314
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semicontramodule, 14, 66
coinduced, 14, 67
graded, forgetful functor II, 193
injective, birelatively, 173, 179, 181
Koszul, quadratic dual, 213
nonhomogeneous, 213
projective, 175, 182
semiinjective, 72, 173, 179
birelatively, 173
semicontramodules, complex of
injective
birelatively, 118, 122, 181
quite relatively, 242
relatively, 17, 123
projective, 123, 182
birelatively, 173
semiinjective, 15, 18, 79, 120, 173
birelatively, 86, 119
quite birelatively, 151
relatively, 85, 86
strongly, 88
semijective, 242
semiderivation, 197
semiderived category, xviii
of bisemimodules, 53
of comodules, 50
of discrete modules / Tate Lie algebra,
306
of group in ind-pro-ind-pro-finite sets,
320
of modules, 221
of semicontramodules, 14, 78
of semimodules, 13, 41
flat as modules, 52
relatively coflat as comodules, 53
semihomomorphisms, 14, 71
from bisemimodule, 72
associativity, 75
of complexes, 14, 78
semiinvariants, xiii
over Harish-Chandra pair, xxi, 262
over Lie algebra, 261
over Tate Lie algebra, 291, 293, 305,
306
over topological group, 313, 314, 316
“semi-invariants”, 320

Index

semimodule, 12, 33
contraflat, birelatively, 119
graded, forgetful functor X, 193
induced, 12, 33
injective, 174, 182
Koszul, quadratic dual, 212
nonhomogeneous, 213
projective, birelatively, 173, 178, 180
semiflat, 36, 37
semiprojective, 72, 173, 179
birelatively, 173
semimodules, complex of
contraflat
birelatively, 118, 122
relatively, 17, 123
injective, 123, 182
projective
birelatively, 118, 122, 173, 180
quite relatively, 242
relatively, 16, 123
quite semiflat, 53, 157
semiflat, 13, 42, 45
birelatively, 52, 119, 199
quite birelatively, 151
relatively, 51, 198
semijective, 242
semiprojective, 15, 17, 79, 120, 173
birelatively, 86, 119
quite birelatively, 151
relatively, 85, 86
semimorphisms, 191
semimultiplication morphism, 12, 32
semiproduct, 191, 244
semitensor product, 13, 35
of bisemimodules, 36
associativity, 38
of complexes, 13, 41
partially defined, xvi
semiunit morphism, 12, 32
semivariants, xviii

Tate
Harish-Chandra pair, 272
central extension, 273
condition (iv), 273
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Lie algebra, xv, 270
canonical central extension, 271
nilpotency condition, 303
vector space, 266
dual, 266
topological
associative algebra, 269
enveloping algebra, 294
contramodule over, 296
group, xi, 309
inductive limit,
uncompleted & completed, 266
countability assumption, 266
Lie algebra, 269
base of open subalgebras, 271, 295
compact, 301
pronilpotent, 302
countability assumption, 295
projective limit, 266
ring, xix, 235
pronilpotent, 236
space [loc. compact tot. disconn.], 309
as ind-pro-finite set, 318
tensor products, 266
with Tate vector space, 267
vector space [with linear topology], 265
compact [linearly], 265
compact-open topology, 267
continuous coaction, 267
invariant subspace, 268
countability assumption, 265

Verma module, contragredient, 276

weakly [-complete, 230, 236
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