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Editorial Introduction

This volume contains the proceedings of the International Workshop on Operator
Theory and Applications (IWOTA) which was held at the University of Connecti-
cut, Storrs, USA, July 24-27, 2005. This was the sixteenth IWOTA; in fact, the
workshop was held biannually since 1981, and annually in recent years (starting
in 2002) rotating among ten countries on three continents. Here is the list of the
fifteen workshops:

IWOTA’1981: Santa Monica, California, USA (J.W. Helton, Chair)
IWOTA’1983: Rehovot, Israel (H. Dym, Chair)

IWOTA’1985: Amsterdam, The Netherlands (M.A. Kaashoek, Chair)
IWOTA’1987: Mesa, Arizona, USA (L. Rodman, Chair)
IWOTA’1989: Rotterdam, The Netherlands (H. Bart, Chair)
IWOTA’1991: Sapporo, Hokkaido, Japan (T. Ando, Chair)
IWOTA’1993: Vienna, Austria (H. Langer, Chair)

IWOTA’1995: Regensburg, Germany (R. Mennicken, Chair)
IWOTA’1996: Bloomington, Indiana, USA (H. Bercovici, C. Foias, Co-chairs)
IWOTA’1998: Groningen, The Netherlands (A. Dijksma, Chair)
IWOTA’2000: Faro, Portugal (A.F. dos Santos, Chair)

IWOTA’2002: Blacksburg, Virginia, USA (J. Ball, Chair)
IWOTA’2003: Cagliari, Italy (S. Seatzu, C. van der Mee, Co-Chairs)
IWOTA’2004: Newcastle upon Tyne, UK (M.A. Dritschel, Chair)
IWOTA’2005: Storrs, Connecticut, USA (V. Olshevsky, Chair)

The aim of the 2005 IWOTA was to review recent advances in operator theory
and its applications to several areas including mathematical systems theory and
control theory.

Among the main topics of the workshop was the study of structured matrices,
their applications, and their role in the design of fast and numerically reliable algo-
rithms. This topic had already received a considerable attention at IWOTA’2002
and IWOTA’2003 when the main focus was mostly on the structures of Toeplitz,
Hankel and Pick types. In the year 2005 the interest shifted towards matrices with
quasiseparable structure.

The IWOTA’2005 was made possible through the generous financial support
of National Science Foundation (award : 0536873) as well as thanks to the funds of
the College of Arts and Sciences and of the Research Foundation of the University
of Connecticut. All this support is acknowledged with a gratitude.

Joseph Ball, Yuli Eidelman, William Helton,
Vadim Olshevsky, and James Rovnyak (Editors)
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Inverse Problems for First-Order Discrete
Systems

Daniel Alpay and Israel Gohberg

Abstract. We study inverse problems associated to first-order discrete systems
in the rational case. We show in particular that every rational function strictly
positive on the unit circle is the spectral function of such a system. Formulas
for the coefficients of the system are given in terms of realizations of the
spectral function or in terms of a realization of a spectral factor. The inverse
problems associated to the scattering function and to the reflection coefficient
function are also studied. An important role in the arguments is played by
the state space method. We obtain formulas which are very similar to the
formulas we have obtained earlier in the continuous case in our study of
inverse problems associated to canonical differential expressions.

Mathematics Subject Classification (2000). Primary: 34A55, 49N45, 70G30;
Secondary: 93B15, 47B35.

Keywords. Inverse problems, spectral function, scattering function, Schur pa-
rameters, state space method.

1. Introduction

Here we continue to study first-order discrete systems. We defined the character-
istic spectral functions associated to a first-order discrete in [7] and studied the
corresponding inverse problems in [8] for scalar systems. In the matrix-valued case,
see [3], a system of equations of the form

Xn(z)=<éi ?:) (Zé” I(Z)>Xn_1(z), n=12,..., (1.1)

is called a canonical discrete first-order one-sided system. The sequence of matrices
(an, Br) is not arbitrary, but has the following property: there exists a sequence A

Daniel Alpay wishes to thank the Earl Katz family for endowing the chair which supported his
research.



2 D. Alpay and I. Gohberg

of strictly positive block diagonal matrices in C??*2P such that

I, « I, a,\
"IAL ) = A, =12,..., 1.2
(ﬁn Ip) (ﬂn Ip> A (12

_ (I 0
=(7 %)

The sequence is then called A-admissible. In the scalar case (that is, when p = 1)
condition (1.2) forces o, = 3% (see [3]). Still for p = 1 these systems arise as the
discretization of the telegrapher equation; see [7] for a discussion and references.
An a posteriori motivation for the study of such systems is the fact that we obtain
formulas very close to the ones we proved in the continuous case in our study
of inverse problems associated to canonical differential expressions. To be more
precise we need to present our setting in greater details. We first gather the main
results from [3] needed in the sequel. Let

_(#p, O _ (0 By _
Z_<O Ip> and F”_<a* 0), n=12,...

n

where

Under the hypothesis

D (lanll + 118al) < o0, (1.3)
n=1
the infinite product
Y(z)= | [[Uop + 2 "Fuz™) (1.4)
n=1

converges absolutely and uniformly on the unit circle, and the functions
Xo(2)=2"((Isp + Z7"FpZ") -+ (Iop+ Z7'F12)) Y (2)7!, n=1,2,...,

define the unique C?P*?P_valued solution to the system (1.1) with the property
that
im (77 OV x.2)= Dy, |2=1. (1.5)
See [3, Section 2.1]. This solution is called the fundamental solution of the first-
order discrete system (1.1). The function Y (z)~! is called the asymptotic equiva-
lence matriz function; see [3, Section 2.2]. Under the supplementary hypothesis
lim A, >0 (1.6)

n——:o0

the function Y'(z) allows to define the characteristic spectral functions of the sys-
tem (1.1). We note that when (1.6) is not in force the situation seems to be much
more involved, and leads to degenerate cases. Furthermore, conditions such as
(1.2) and (1.6) seem to be specific of the discrete case; no counterpart of these
conditions is needed in the continuous case.
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Let
. (01 O
nler;o A, = (O 52> . (1.7)
The function

W (z) = ((Yar + Y22)(1/2)) " 65" ((Ya1 + Ya2)(1/2)) ™
= (Y11 + Y12)(1/2)) " 67 (Vi1 + Yi2)(1/2)) ™

is called the spectral function. The Weyl function is the uniquely defined function
N(z) analytic in the closed unit disk such that N(0) = I, and

W(z) =Im N(z), |z]=1.

Associated to IV is the reproducing kernel space of functions with reproducing ker-
nel XE=NW)" 14 denoted by L(N). The function W (z) is the spectral function

of the Slzilgary operator U defined in L(N) by
_ 2) — f(a
W —ary gz =TI 0y

See [11].
From (1.5) follows that there exists a C?**P-valued solution B, (z) to (1.1) with
the following properties:
(a) (I, —Ip) Bo(z) =0, and
(b) (0 L) Bu(z) = L +o(n), |z =1.
It then holds that
(Ip 0)Bn(z) =2"5(z) + o(n)
where
S(2) = (Y11(2) + Yiz(2)) (Ya1 (2) + Yoo (2)) 7" (1.8)
The function (1.8) is called the scattering matrixz function associated to the discrete
system. The scattering matrix function has the following properties: it is in the
Wiener algebra WP*P (see the end of the section for the definition), admits a
Wiener—Hopf factorization and is such that
S(2)*015(z) = 62, 2| =1. (1.9)

See [3, Section 2.3]. The inverse scattering problem considered in this paper is
defined as follows: given a function S(z) which admits a Wiener—Hopf factorization
and satisfies moreover the condition (1.9) for some matrices §; and dq, is S(z) the
scattering function of a first-order discrete system?

Some preliminary notation and remarks are needed to define the reflection coeffi-
cient function. First, for

M = (%ﬂ %12> eC**® and X eCP*?
21 22

we define the linear fractional transformation Ty (X):
T (X) = (M1 X + Myo) (M X 4 Ma) ™t
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Recall that the semi-group property
T@1 ©2 (X) = T@1 (T@2 (X))

holds when the three matrices Te,(X), To,(Te,)(X) and Te,e,(X) are well de-
fined. Next, it follows from (1.2) that the matrices

C, = AL/ <éi a:) Nk (1.10)

are J-unitary: C}JC,, = J. Moreover, for every n € N the solution ¥, (z) of the
system

U, (2) =",_1(2)C;

n

(zlp O), n=1,2,... and Uy(z)=1I, (1.11)

is a matrix-valued function whose entries are polynomials of degree at most n and
which is J-inner:

<0, |z <1,
=0, |z| = 1.
The reflection coefficient function is defined to be

J—0(2)J0(2)" { (1.12)

We proved in [3, Section 2.4] that R(z) belongs to the Wiener algebra WﬁXp and
takes strictly contractive values on the unit circle. We also proved in [3, Section
2.4] that

R(z) = ¥ (2) (Vo (2) ™" = S (Va(1/2)) Yas(1/2), [el =1,

and that the reflection coefficient function and the Weyl function are related by
the formula

N(z) =i(I, — zR(2))(I, + 2R(2)) " (1.13)
This paper presents the solution of the inverse spectral problem in the rational case.
We also briefly discuss how to recover the system using the scattering function or
the reflection coefficient function. In the paper [8], where we considered the scalar
case, a key role was played by the description of the solutions of an underlying
Nehari problem which are unitary and admit a Wiener—Hopf factorization. The
point of view in the present paper is different. A key tool is a certain uniqueness
result in the factorization of J-inner polynomial functions (see Theorem 2.4).

We would like to mention that the formulas we obtain in Theorems 4.2 and 4.3
(that is, when one is given a minimal realization of the spectral function or a min-
imal realization of a spectral factor, respectively) are very similar to the formulas
which we obtained earlier in the continuous case, in our study of inverse problems
associated to canonical differential expressions with rational spectral data; see in
particular formulas (4.7) and (4.12), which are the counterparts of [6, (3.1) p. 9]
and [6, Theorem 3.5 p. 9], respectively.
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The paper consists of five sections besides the introduction and its outline is as
follows. In the second section we review part of the theory of certain finite di-
mensional reproducing kernel Hilbert spaces (called H(O) spaces) which will be
needed in the sequel. The inverse spectral problem is studied in Section 3 and the
inverse scattering problem in Section 4. In the fifth and last section we consider
the inverse problem associated to the reflection coeflicient function.

We note that another kind of discrete systems have been studied in [18].

We will denote by D the open unit disk and by T the unit circle. The Wiener
algebra of Fourier series Y, z‘w, with absolutely summable coefficients:

Z|w4| < 00
¢

will be denoted by W. By W, (resp. W_) we denote the sub-algebra of elements
of W for which w; = 0 for £ < 0 (resp. £ > 0). We denote by WP*P (resp. WY™?,

resp. WP*P) the algebra of matrices with entries in W (resp. in W4, resp. in W_).
Finally, we denote by C; the space C? endowed with the indefinite inner product
<f7g>(CJ :g*‘].fv f?ge(CQP' (114)

2. Reproducing kernel Hilbert spaces

First recall that a Hilbert space H of CF-valued functions defined on a set  is
called a reproducing kernel Hilbert space if there is a C***-valued function K (z,w)
defined on 2 x 2 and with the following properties:

(i) For every w €  and every ¢ € C* the function z — K (z,w)c belongs to H.

(ii) It holds that

<f(2)7 K(Z, w)C>H = C*f(w)

The function K(z,w) is called the reproducing kernel of the space; it is positive
in the sense that for every £ € N* and every wi,...,wp, €  the block matrix
with 45 block entry K (w;,w;) is non-negative. Conversely, to any positive function
corresponds a uniquely defined reproducing kernel Hilbert space with reproducing
kernel the given positive function; see [9], [19], [1].

Finite dimensional reproducing kernel spaces with reproducing kernel of the form
J—0(z)JO(w)*

K@(sz) = 1 — zw*

have been studied in [2] and [4]. They correspond to rational functions which are
J-unitary on the unit circle (but they may have singularities on the unit circle). In
this work, a special role is played by the class P(J) of C?P*?P_valued polynomial
functions © which are J-inner (see (1.12) for the definition).

For © € P(J) the function Kg(z,w) defined above is positive (in the sense of
reproducing kernels) in C. We denote by H(©) the associated reproducing kernel
Hilbert space and gather in the next theorem the main features of these spaces
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which will be used in the sequel. In the statement, deg © denotes the McMillan
degree of © and Hs ; denotes the Krein space of pairs of functions (ggi;) with f
and ¢ in the Hardy space H, and indefinite inner product

(G- CEL,, =) ().

Furthermore, Ry denotes the backward shift operator

Rof(e)— LE)=IO)

z
Theorem 2.1. Let © € P(J).
(i) We have that RyH(©) C H(O).
(i) dim H(O) = deg ©.
(iii) det O(z) = cez9%€® for some cg € T.
)

(iv) The space H(O) is spanned by the columns of the matriz functions

R5O(2), (=1,2,...,
and in particular the elements of H(©) are C*P-valued polynomials.
(v)
H(©) =H3,; © 60H, ;. (2.1)
(vi) The product of any two elements in P(J) is always minimal, and for ©1 and
O2 in P(J) it holds that
H(@lgg) = H(@l) (&) @1H(@2)

Proof. For the proofs of items (i), (ii) and (iv) and further references and infor-
mation we refer to the papers [2] and [4]. These papers deal with the more general
case of rational functions J-unitary on the unit circle (or the real line). To prove
(iii) we note (see [2]) that © is a minimal product of degree one factors in P(J)
and that each one of these elementary factors has determinant equal to z. To prove
(2.1) one checks that the space Hy y © ©Hg ; has reproducing kernel Kg(z, w). By
uniqueness of the reproducing kernel we have the desired equality. Since (property
(iii))
det @1@2(2’) = CO,0, Zdeg ©10:
= (det @1)(det @2)

— 061 Zdeg 61662 Zdeg SP)

= co,Co, Zdeg ©1+deg O3
we have that
deg ©102 = deg ©; + deg Oa.

Thus the product ©105 is minimal. Finally from the equality
Ko, 0, (Za w) = Ko, (Zv ’LU) + @1(Z)K92 (Za w)gl(w)*



Inverse Problems for Discrete Systems 7

we see that
H(@lgg) = H(@l) + @1H(@2)
The sum is direct and orthogonal since the product ©10, is minimal, and this

proves (vi). O

In the next theorem we precise the structure of H(®) spaces.

Theorem 2.2. Let © € P(J). The space H(O) has a basis which consists of k < p
chains of the form

fi1(2)

fa(2) = zu1 + ua,

Uy,

fm(z) = 2w + 2 Mg+t U,
where U1, . .., Uy € C2P.

Proof. The elements of H(©) are polynomials (see (iv) of Theorem 2.1) and there-
fore the only eigenvalue of Ry is 0, and the corresponding eigenvectors are vectors
in C?. Let fi, ..., fx be the linear independent elements of C?? in H(©). The space
spanned by the f; is a strictly positive subspace of Hy ;. On constant vectors the
inner product of Hy ; coincides with the inner product of C; (see Definition (1.14))
and so k < p. To conclude we note that each Jordan chain corresponding to an
eigenvector is of the form (2.2). O

In general we can only state that m < deg ©. Here we are in a more special
situation. The ¥, (2) defined by (1.11) have moreover the following property, which
is important here: deg U,, = np and the entries of ¥,,(z) are scalar polynomials of
degree less or equal to n. Therefore, by Theorem 2.1 the components of the elements
of H(¥,,) are polynomials of degree less or equal to n—1 and the following theorem
shows that the space H(V,,) is spanned by p chains of length n.

Theorem 2.3. There exist matrices So, S1, ..., Sn—1 such that a basis of H(V,,) is
given by the columns of Fy(2),...,,Fn_1(z) where

o= (g).
Fi(2) =z (é’;) + (;}) : (2.3)

1, 0 0
Foi(z)=2"""(2 +z”_2<*)+--~+(* )
1(> (SO) Sl n—1
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Proof. By Theorem 2.2, a basis of H(¥,,) is made of k& < p chains of the form
(2.2). Since the components of the elements of H(¥,,) are polynomials of degree
less or equal to n — 1, these chains generate a space of dimension less or equal to
kn. On the other hand,

deg ¥,, = np = dim H(¥,,).

Therefore, k = p and each chain has length n. The space H(V,,) contains therefore
p linearly independent vectors f1, fo, ..., f, € C?. Set

(fi fo - fp)d;f' (?é)

where X; and X, are in CP*P. Since the f; span a strictly positive subspace of
H, ; we have X7 X; > X5 X,. Thus X is invertible, and we can chose:

Fy(z) = <X2§51_1) € H(W,).

We set Sg = XX '. The next p elements in a basis of H(0) form the columns of
a matrix-function of the form

2Fo(2)+V ==z (gf;) +V, VeC*P
0

By subtracting a multiple of Fy(z) to this function we obtain Fj(z). The rest of

the argument is proved by induction in the same way: if we know at rank ¢ that

Fy(z) is of the asserted form, then the next p elements in a basis of H(©) form a

matrix-function of the form zFy(z) + V. Removing a multiple of Fy(z) from this

function we obtain Fyy1(z). O

The following uniqueness theorem will be used in the solution of the inverse spec-
tral problem; see the proof of Theorem 4.1:

Theorem 2.4. Let (o, By) and (o, B,) be two admissible sequences with associated
sequences of diagonal matrices A, and Al respectively, normalized by Ao = Aj =
Iop. Let C,, be given by (1.10) and let C), be defined in a similar way, with (o, B5},)
and Al. Assume that

*zIpO_._*zIpO _,*ZIPO._.,*zIpO ,
(s p)e (e p)o-@ (T ) (g)v
:.@(z)v

where U and U’ are J-unitary constants. Then U = U’ and Cy = C} for { =
1,...m.
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Proof. We denote by the superscript ’ all the quantities related to the C/, and we
set A,, = diag (d1,n,dz2,). Equation (1.2) can be rewritten as:

We set

*
dl,n - and2,nan = dl,n—la

*
dl,nﬂn = andQ,n

2,n T ﬁndl,nﬁz = d?,n—l'

o =ci(y 1),

so that ©(z) = 01(2) - - - O (2).

By Theorem 2.1 (item (vi)) we have:
H(O) = H(01) © 01H(02) D 0102H(03) © - --

="H(07) © 01H(05) © 0105H(03) © - - .

By Theorem 2.3, the constant functions of H(0O) span both the spaces H (1) and

H(0}). Thus,

H(61) = H(61).

These two spaces have the same reproducing kernel and we get

Since

Ko, (z,w) = Kg; (2, w).

J—C (zwolp _OIP) o
Ko, (z,w) =

we get

1, I
(&) o= (§

1— zw*

L fwt =14+ 1)1 0
J_Cl<( 0 )P _Ip

)e

1— zw*

_J=ClIG (. <1p 0) e

0 0

1— zw*

I
(é) dia (I, B7).

JECC

It follows that di; = d} ; and 8, = (]. From the normalization Ag = Aj = Iy,

and equations (2.4)-(2.6) it follows that dg 1 = d5; and a3 = .

By induction we see that

n=23,...
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But, in a way similar to (2.8),

J-cx (Z“’OIP Y ) C, ;

1 — zw* ' n—1v

Ken (27 w) =

and it follows from A,,_; = Al _; (induction hypothesis at rank n—1) that 8, = (),
and dy,1 = dj, ;. Equations (2.4)-(2.6) imply then that a,, = o), and d,, 2 = d}, 5,
and finally that U = U’. O

Theorem 2.5. Let X (z) be analytic and contractive in the open unit disk and let
R(z) = lim Ty, .)(X(2)). Let R(z) = Ro + R1z+--- be the Taylor expansion of

R(z) at the origin. Then, the space H(VU,,) is spanned by the functions (2.3) with
the coefficients Ro, R1,..., Rn_1.

Proof. Let Ay, A1, ... be matrices such that H(¥,,) is spanned by the columns of
the functions
_ (1
A= ().

Fi(z) ==z (iﬁ) + (/(1)*) ,
=t (B (9) or (0

Since H(¥,,) = Hy s © ¥, Hy 5 (see Theorem 2.1) we have that
(Z Ao)

(Ip —A()) \I// ( ( Al (29)

The first equation leads to Ty, (.)(0) = Ao. Letting n — oo we have
Ao = R(0) = Ry.

The second equation will lead in a similar way to R'(0) = A;. More generally,
equations (2.9) lead to

(I, —(Ao+ A1+ 4 Au12"71)) Up(z) = O(z"). (2.10)
Set

Equation (2.10) implies that
Bul2) = (Ao + Ar + - Ay 12" 1)dn(2) = O(=").
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From the J-innerness of ¥, (z) the matrix-function d,,(z) is analytic and invertible
in D, with ||6,(2) 7} < 1; see [13]. Hence,

Ty, (2 0)=(Ao+A1+---+ An_lz"_l) +0(z")

and hence the result. O

3. Realization theory

As is well known a rational function W (z) analytic at the origin can be written in
the form

W(z)=D+2C(I—zA)"'B

where D = W(0) and where A, B and C are matrices of appropriate sizes. The
realization is called minimal when the size of A is minimal; see [10]. Assume
moreover that W(z) is analytic on the unit circle. Then A has no spectrum on the
unit circle and the entries of W(z) are in the Wiener algebra W; indeed, let Py
denote the Riesz projection corresponding to the spectrum of A outside the closed
unit disk:

Py=1I- 2L (¢TI — A)~tdc.

™ J1

Then,
W(z) =D+ 20(I —2A)"'B
=D+ 2CPy(I — zA) ' PyB + 20(I — Py)(I — zA)"Y(I — Py)B
=D —2CP A 2" Y1 —27'A")Y"'RB
+20(I — Py)(I — zA)"*(I — Py)B

=D-> z*CcrA*'RB
k=0

+) (I - Py)AR(I - Ry)B.
k=0

and thus the coefficients rj, in the representation W (z) = Y, 2*ry (with |z = 1)
can be written as

k—1/71 _
Tk:{CA (I-Py)B, k>0, 51)

Déyo — CAk_lpoB, k<0,
so that

Z lre]l < oo.
Z

The hypotheses of analyticity at the origin and at infinity are restrictive. In fact
any rational function analytic on the unit circle belongs to the Wiener algebra.
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We now review the relevant theory and follow the analysis in [14]. First recall that
any rational function W(z) analytic on the unit circle can be represented as

W(z)=1+C(zG—-A)~!
where zG — A is invertible on T; see [14, Theorem 3.1 p. 395]. The separating
projection is defined by
1
P=_— [ GG - A)dc. (3.2)
T

211

Next the right equivalence operator E and the associated operator 2 are defined
by
1 _
E = (1 (THEG=A)"1d¢ and Q—— (C (THG=A)71 (33)

2mi
See [14, Equations (2.2)—(2.4) p. 389]. Then, (see [14, p. 398])
_CEQ*(I - P)B, k=1,2,...,
re={1-CE(I-P)B, k=0,
CEQ % 'PB, k=-1,-2,....

The block entries of T,;! are now given as follows. Let AX = A — BC and define
P*, E* and Q% in a way analog to P, F and (2, that is:

X 1
pP* 2m/GCG A*)THC, (3.4)
B = [(1-¢ e - 47, (3.5)
27TZ T
and
X xX\—1
@ = o[- e - an. (36)
Define moreover
—1
Q=5 [(cG- a7 (37)
Vo = (I - QE*(I - P¥)
(3.8)
(= QB (@)™ PX 4 QEX ()" (I — P¥) + QE* P,
and
CEX(Q)*(I - P*)B, k=1,2,...,n,
rp =% I+CEX(I-P*)B, k=0,
—CEX(Q*)"*P*B, k=-1,...,—n,
and

k) = CEX (@) (T = PX)V, (I = Q)E*(Q*) P* B
— CEX ()" kP> V-LQEX ()" (I — PX)B.
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Then, T ! = (7’(5));”:1 with

'y,(;;) =+ k,(;;) (3.9)
See [14, Theorem 8.2 p. 422].

4. Inverse spectral problem

We focus on the rational case and consider three cases:

1. The weight function is general: it is rational and strictly positive on T.

2. We assume that the weight function is analytic at the origin and at infinity.
Then we get concrete formulas.

3. We start from a spectral factor.

The uniqueness theorem (Theorem 2.4) is used in the proof of the following theo-
rem.

Theorem 4.1. Let W(z) be a rational function without poles on the unit circle and
which takes strictly positive values there, and which is normalized by

1 2m ]
2 ). W(e)dt = I,. (4.1)

Then, W(z) is the spectral function of a uniquely determined first-order discrete
system normalized by Ao = Iap,. The associated first-order discrete system is com-
puted as follows: let
W(z)=I+C(:G—-A)™'B
be a realization of W (z) which is reqular on T. Then,
oy = CEX {(Q)"(I — P*) + ()"t (I — PV, ' (I — Q)E* P~
—P*VQEX(Q)"(I - P*)} B
X {I—|— CE*(I — P*)B+ CE*Q*(I — P*)V, 'EXP*P*B
—CE*(Q*)"P* Vn_lQEX ()T — PX)B}_l :
By = CEX {(QX)(”_UPX L QX - PXYVMI — Q)(QX)" P (4.2)
—P*V'QE*(I-P*)} B
X {I+CEX(I—PX)B
+ CEX ()™ )(1 — PV YT — Q)(Y)"P*B
—CE*P*V'QE*(I — P*)B} ",

with associated sequence of diagonal matrices given by

(i, O
s (B ) ws
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where
dyp =I+CE*(I —P*)B+CE* Q)"+ — PV - Q)(Q*)"P*B
— CEXP*V,'QEX(I — P*)B,
don =1+CE*(I — P*)B+CE*Q*(I — P*)V,'EXP*P*B
— CEX(Q)"P*V, 'QE*(Q*)"(I — P*)B
forn = 1,2, .... In these expressions, the quantities P, FE,{ and @ are given by

(3.2), (3.3) and (3.7) respectively and P*, E*,Q* and V,, are given by (3.4), (3.5),
(3.6) and (3.8) respectively.

Proof. We first prove the uniqueness of the associated first-order discrete system.
Fix n > 0. For every ¢ > 0 we have (recall that ¥,, is defined by (1.11) and 6,, by
(2.7))

Uniq(2) = Un(2)0n41(2) - Onpq(2),
and in particular

R(Z) = lim T\Pn(z)(T9n+1(z)---9n+q(z)(0))'

q—00

By Montel’s theorem, the limit
Rn(z) = qlinolo T9n+1(z)"'9n+q(z) (O)

exists (via maybe a subsequence). The limit is analytic and contractive in the open
unit disk. Thus

R(z) =Ty, () (Rn(2)).
By Theorem 2.5, the space H(¥,,) is built from the first n coefficients of the Taylor
expansion of R(z) at the origin.

Assume that there are two first-order discrete systems (normalized by Ag = Iap)
and with same spectral function W(z). By formula (1.13) these two systems have
the same reflection coefficient function R(z). Denoting by a superscript ' the second
one, we get H(¥,) = H(¥!]) for every n > 0. By Theorem 2.4 it follows that the
two systems are equal.

We now turn to the existence of such a system. The function W (z) is rational and
has no poles on the unit circle. It belongs therefore to the Wiener algebra WP*P.
We set W(e™) =3, r;e"" (note that ro = I, in view of the normalization (4.1)).
The block matrices T), are strictly positive and it follows from [12] that the pair

o =750 and By =0T, n=1,2,3.,  (44)
form an admissible sequence, with associated sequence of diagonal matrices given
by

A, =" m | n=012... (4.5)
0
Yoo

The normalization (4.1) implies that Ag = I,. We now proceed in a number of
steps:
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STEP 1: The limits lim,,_ oo 'yég) and lim,,_, o 'y,(ﬁl) exist and are strictly positive.

Set A, = diag (di n,d2,). We have 7(()3) = dy,, and 'y,(ﬁl) = da,,. Formula (3.9)

implies that the limits exist. Formulas (2.4)—(2.6) imply that 'yég) and 'y,(ﬁl) are

non-decreasing sequences of positive matrices, and so their limits are invertible
since Ag > 0.

Alternatively, one can prove STEP 1 as follows: That the first limit exits follows
from the projection method (see [17]). The invertibility of lim, 'yég) is proved

in [16, p. 123]. The second limit is reduced to the first one by considering W (1/z).
See the end of the proof of Theorem 1.8 in [3] for more information.

Thus (1.6) is in force. From (1.7) we have

lim ’yég) =6, and lim ") = 4§,.

STEP 2: Condition (1.3) is in force.

) (n)

This follows from the explicit formulas (3.9) for 'yéz and Yny

As proved in [3] it follows from STEP 2 that the first-order discrete system (1.1)
has a unique solution X, (z) such that (1.5) holds:

U ) (I, 0 B
nhlilo( 0 Ip)X”(Z)_<0 I,,)’ |2l = 1.

We set (see [12, p. 80])
¢ (n) ¢ _(n)
Zz Teo Zz Ten

Ay (z) =21, —Zpe (g, Colz Zm 215,
=0
where py(z) = 2°rg + 2 Zi:l AR
STEP 3: It holds that
lim An(z)* = 52()/21(2’) + }/22(2’)),

n—oo

lim 27"C,(2)" = 01(Y11(2) + Y12(2)), |2|=1.

n—oo

(4.6)

Indeed, set
2Ch(2)  An(2)

o= () Hih)
We have (see [12, Theorem 13.2 p. 127])

-1 _ —1 Ip (07 ZIp 0 .
®n(z)An - ®n—1(z)An—1 (ﬁn Ip 0 Ip ’ n= 1727”"
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It follows that the matrix-functions

Xo(z) = A (Z_(;Ip 2,) Ou()" =4, (An(z)* —5,52))

satisfy the recursion

(L, a,\ (2, O _
Xn(z)—<ﬁn Ip> <0 Ip)Xn_l(z), n=1,2...

Since, as already noticed, Ag = I3,, we have:

a1 (Ch(®)* CrZ)* I, I,\1
1 n n P p i
An (An(z>* —A%(Eyk Ip _Ip 2 n(z)a
where we recall that M,,(z) is the solution of (1.1) subject to the initial condition
Moy(z) = Ip. Hence, with Y (z) defined by (1.4),

wi-nrr=s2 (55 GE5) (5 )b

where X,,(z) is the solution to (1.1) subject to the asymptotic (1.5). Recalling
(1.7) we obtain:

lim <Z_glp 2) ) X (2)Y(2)

57t lim 27"Cy(2)"  lim 27"CR(2)"\ /1

_ n—oo n— o0 p p
- ( 0 5;1> lim A, (%) — lim A°(%)* (Ip —Ip>
Hence,

51 O Y(Z) Ip Ip . nlLII;oz_nCn(z)* nll_)H;OZ_"CZ(E)*
0 09 I, -I1,) lim A, (%) — lim Ag(Z)* .

In particular we have (4.6).

1
2

STEP 4: W(z) is the spectral function of the first-order discrete system associated
to the pair (4.7).

By [12, Theorem 10.4 p. 116], we have for |z| =1
W(z) = lim An(z)_*'yég)An(z)_l

n—oo

= lim C’n(z)_*vgfl)cn(z)_l.

n—oo
and thus, still on the unit circle

W(1/z) = lim A,(2) "7V A, (2)""

n—oo

= lim C,(2) "W C,(z)" L.

n—oo
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Hence, by the preceding two steps,

W(1/2) = (Ya1(2) + Yaa(2)) 67 10167 ' (Yar (2) + Yaa(2)) ™
= (Ya1(2) + Yao(2)) 7107 ' (Yar (2) + Yoz (2)) ™"
= (Y11(2) 4+ Yi2(2)) 7105 16205 1 (Y11 (2) + Yia(2))
= (Y1 (2) + Y12(2)) 7165 (Y1 (2) + Yiz(2)) ~*

and hence the result. O

In [3] we called admissible sequences of the form (4.4)—(4.5) Szegd admissible
sequences.

In the next theorem we assume that the weight function is analytic at the origin
and at infinity. This allows us to use formulas from [15].

Theorem 4.2. Let W (z) be a rational function analytic at infinity and at the origin,
and without poles on the unit circle. Assume that W (e®) > 0 for t € [0,2n] and
that the normalization (4.1) is in force. Then, W (z) is the spectral function of a
uniquely determined first-order system. The corresponding associated sequence is
obtained as follows: let

W(z) =D+ 2C(I — zA)™"

be a minimal realization of W. Then «., and 3, are given by
an = (D — CA™'B)" 1A ((1 - Po)(AX)‘”|kCYPO)_1 (I - Py)B,
. (4.7)
B ==D7'C (Ro(A*)"],,, ) RAT'B,
and the associated sequence of diagonals is given by A,, = diag(dy n,da,n) with
din=D"'+D7'CA) "W, RhA"'BD™,
do = D™t 4+ DTLOW, L BB A= DA BD T,

where Py denotes the Riesz projection corresponding to the spectrum of A outside
the closed unit disk,

1
Po=1-5— (21 — A)~tdz, (4.8)

™ Jr
and where W, is given by
Wn(I — By + P()A)_n(l — Py + PoAxn). (49)
The proof is a special case of the previous theorem. Formulas (4.7) have been
proved in our previous paper [3], and are the discrete analogue of [6, (3.1) p. 9],

where the potential associated to a canonical differential expression was computed
in terms of a minimal realization of the spectral function.

We now turn to the third case, where we start from a spectral factor.
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Theorem 4.3. Let g4 (z) be a CP*P-valued rational function analytic and invertible
in the closed unit disk, and at infinity. Let

W(z) = g+(2)g+(1/27)",
and assume that the normalization (4.1) is in force. Then W (z) is the spectral
function of a first-order discrete system of type (1.1). Let g4 (2) = d+zc(I—za)~tb
be a minimal realization of g1 (z) and let X and Y be the solutions of the Stein
equations
X —aXa* = bb* (4.10)

and

Y —a**Ya* = (de)*(d o). (4.11)
Assume that a is invertible (that is, W (z) is analytic at the origin and at infinity).
Then the following formulas hold:

an = (d—ca™'b)d*ca™ (™))" (I + X (Y — (a*)*"Y (a™)™)) "1 (bd* + aX "),

B = (d(d"—b*a™" ") " (X +db*a™) (I+(Y — (@)Y (a*)") X) ™" (a**)"c".
(4.12)

The associated sequence of diagonals is given by A,, = diag (d1n,d2,) where
din = (d(d* —c*a™*b*)) !

% (1 (—el@)" (I + X (Y = (X)™Y (a%)") 7 X (a%) 7D

—d*a " (@) (I + (Y = (a™)"Y (a™)")X)
X (I + (Y = () Dy () D) X) =1 (X)) D g =* e (d(d* — b*a_*c*)_l),

don = (d(d* — c*a™*b*)) !

X (I —(cX +db*a™)

X(I + (Y _ (aX)*(n-‘rl)Y(ax)(n+1))X)—1(a><>*

X (b(d* —b*a™*c*) + (@)Y (a™)" = Y)a™*c*) (d(d* — c*a™*b*)) 7).
Proof. The fact that W(z) is the spectral function of a system (1.1) stems from
Theorem 4.1. We now prove formulas (4.12). In the arguments to obtain a formula

for the Schur coefficients «,, and f,, in terms of a minimal realization of g4 (z) we
make much use of computations from our previous paper [5].

Let g4+(2) = d + z¢(I — za)~'b be a minimal realization of g (z). By hypothesis
the matrix a is invertible. Hence, a minimal realization of g4 (1/2*)* is given by

gr (12 =d* +b* (2] —a*)"'c*
:d* b* _*c*—l—b*((zl +CL *) *
_ d* b* — % * _ Zb*(j ) C*

=d" —b*a """ — zb*a *(I —za ") taTr e,
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and hence the matrices

A= (“ _bf_i_ ) B= (b(d —brare )), C=(c —db'a), (4.13)

0 a *c

and

D = d(d* — b*a~*¢") (4.14)
define a minimal realization W (z) = D+2zC (I —zA)~!B of W(z). See [5, Theorem
3.3 p. 155]). Furthermore, the Riesz projection (4.8) is given by

0 —X
P0:<0 I)?

where X is the solution of the Stein equation (4.10). We have (see [5, Equation
(3.21) p. 156])

X\Nn __ (ax)” 0
= (Y(ax)”—(ax*)‘"Y (ax*)—”)’ (4.15)

where Y is the solution to the Stein equation (4.11). Therefore

R = () K07 ) - Ko )
and hence
(Po(A)" | )™ = (@)™ (T + (Y = (@*)"Ya*™)X) .
We remark that the matrix I + (Y — (a™*)"Ya*™)X is indeed invertible since
X > 0 and since, for every n > 0,
Y — (a™)"Ya*" > 0.
The formula for 3, follows.

To prove the formula for «,, we first note that (using (4.15))

e (3 ) ol )6 )

- (U +X(Y = (@)Y (@) (@) I+ XY — (@)Y (a)") (@)X )
= 0 . .
Moreover,
D—CA™'B=W(x) = (d—ca 'b)d*,
CA™'(I-PR) = (ca™? ca1X),
and (using the Stein equation (4.10))

_(b(d* —b*a*c*) + Xa
(I— Py)B = ( ; )

_ (bd* +aXc*
= 0 )

The formula for «,, follows.
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We now compute dy ,, = %(171). Using [15, p. p. 36] we have

nn

where A, B,C and D are given by (4.13)-(4.14) and where W,, is defined by (4.9).
In [5, (4.8) p. 164] we proved that

") = DN 4+ C(A) "W, L BB A=Y BD ),

_(n 0 an
W1 Py A~ (D) = (0 Zﬂﬂ) (4.16)

where
ng1 = —X(I + (Y = (@) "y (o)) X) 71 (a2 )1,
b1 = (I + (Y — (@) Ty (@) ) X) 71 (@) 0.

Using (4.15) we have

x\n
(AX)an+1P0A_("+1) — (8 (a )han+1>

where
B = (Y (@)" = (@)Y )ans1 + (@) "basa
= (@) { (@)Y (@) = V)T + X(V = (%) Dy (@) )
x X (a*)*(nt+1)
(14 (Y = (@) (@) x) =1 @)D |
= (@)Y = (@)Y (@)Y + X (Y = (@)Y (@) )7L x
(I 4+ (¥ = (a%) DY (@) ) X) 7 ] (%) 0D
= (@)~
X (I (Y = (@)Y (@)")X)(I + (¥ = (@) Y (@) D) X) 7 (@) 0+,

Since
C(A )" W1 Pe A" B = (e(@*) ant1 — d*a” "¢ hpa™"c”,

we get the formula for dy ,,.

Finally, we compute the formula for da, = 'yég). By the formula in [15, p. 36] we
now have

Wy = DI+ CWpa RoA 40 4%y BD
By (4.16) and [15, p. 36] we have

CWyp1 PpA~(FD
= (O —(eX +db*a )1+ (Y — (ax)*(”"‘l)y(ax)("+1))X)—1(a><)*(n+l)) '
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Hence, using (4.15) we obtain
CWyp1 PBo A~ (AX)B = —(eX 4 d*b*a™)
~ (I + (Y _ (a><)*(n+1)Y(a><)(n+1))X)—l(a><)*
x (b(d* —b*a™"c*) 4+ ((a)*"Y (a*)" = Y)a"*c*)
and the formula for ’yég) follows. O

These formulas are the discrete analogs of the formula given in [6, Theorem 3.5 p.9],
where we computed the potential associated to a canonical differential expression
in terms of a minimal realization of a spectral factor of the spectral function.
Connections with the formulas for Nehari admissible sequences given in [3, Section
1.3] will be explored in a separate publication.

5. Connection with the scattering function

The connection between the scattering function and the spectral function allows to
reconstruct the discrete system from the scattering function by building first the
associated spectral function. We are given two strictly positive matrices §; and d
in CP*?_and consider a CP*P-valued rational function S(z) which admits a spectral
factorization S(z) = S_(z)S4+(z) and satisfies the following two conditions:

S(2)*615(z) = 02, 2| =1, (5.1)

and
1 2

o |, S_(e™)ortS_ (') dt = I,. (5.2)

We also assume that the factors Sy (z) and S_(z) are normalized by S;(0) =
S_(oc0) = I,. Note that for a given pair (d1,02) there need not exist associated
functions S(z) with the required properties. For instance, in the scalar case we
necessarily have d; = d2 (see [3]) and then S(z) is unitary on the unit circle.

Using (5.1) we define

S_(1/2)67 8- (1/2) 7" = 81 (1/2)87 1S+ (1/2)" = W (2). (5.3)
By Theorem (4.1) the function W (z) is the spectral function of a uniquely defined
first-order discrete system of the form (1.1) with Szegd admissible sequence defined
by (4.4)—(4.5). We know from the proof of Step 1 of Theorem 4.1 that the limits

lim 'yég) and lim #

n—oo n—oo

n)
nn

exist and are strictly positive. For the moment being we denote these limits by &y
and ko. Let Y (2) be defined by (1.4). Then (see Section 1)

W (z) = (Yo + Ya2)(1/2)ky ' (Yar + Yaa(1/2)) ™

. » (5.4)
= (Y11 4 Yi2)(1/2)ky (Va1 + Yia(1/2)) %
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By uniqueness of the spectral factorizations and comparing (5.3) and (5.4) we have
01 = ki,
02 = ko,
S_(1/z) = (Y11 + Y12)(1/2),
S+(1/2) = ((Yar + Yao)(1/2)) "
Hence, the associated scattering function is equal to
(Y11(2) + Y12(2)) (Ya1 (2) + Ya2(2)) 7" = S_(2)S+(2) = S(2).

This way, we can reconstruct the system associated to the scattering function using
the spectral function.

Theorem 5.1. Let S(2) be a rational matriz-function which admits a spectral fac-
torization and satisfies conditions (5.1) and (5.2) for some pair of strictly positive
matrices 61 and d2. Then S(z) is the scattering function of the first-order discrete
system with spectral function

S_(1/2)07 'S (1/2) " = §1.(1/2)05" 5.4 (1/2)".

6. Connection with the reflection coefficient function

Let R € WY*P be a rational function which is strictly contractive in the closed
unit disk. The function

W(z) = (I, — 2R(2)) "' (I, = R(=)R(2)") (I, — 2R(2)) ™", [z]=1,  (6.1)

is strictly positive on the unit circle and is the restriction there of the rational
function

1
2
Hence W (z) is the spectral function of a first-order discrete system. Since R(z)
defined uniquely W (z) we have:

W(z) (N(2) = N(1/2%)*) with N(2) =i(I, — 2R(2))(I, + 2R(2))"".

Theorem 6.1. Let R € W_’;Xp be a rational function which is strictly contractive in
the closed unit disk. Then it is the reflection coefficient function of the first-order
canonical discrete system (1.1) with associated spectral function (6.1).

Indeed, by Theorem 4.1 the function
1
2

is the spectral function of a uniquely defined first-order discrete system and R(z)
is uniquely determined by W (z).

W(z) (N(2) = N(1/z%)), 2l =1,
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Stability of Dynamical Systems via Semidefinite
Programming

Mihaly Bakonyi and Kazumi N. Stovall

Abstract. In this paper, we study stability of nonlinear dynamical systems by

searching for Lyapunov functions of the form A(z) = ) aixi—k% iz, N >
i=1 i=1

0,i=1,...,m, respectively T Az, where A is a positive definite real matrix.
Our search for Lyapunov functions is based on interior point algorithms for
solving certain positive definite programming problems and is applicable for
non-polynomial systems not considered by similar methods earlier.

Mathematics Subject Classification (2000). 34D20, 34D45, 90C22.

Keywords. Lyapunov function, attractor, semidefinite programming.

1. Introduction

The aim of the paper is to use semidefinite programming methods in the study
of stability of dynamical systems. It is well known that for linear systems z’ =
Bz, a matrix A > 0 such that AB + BTA < 0 defines the Lyapunov function
A(x) = 27 Az which implies the stability of the system. A new efficient algorithm
was introduced in [12] to search for Lyapunov functions that are sums of squares.
This method was generalized in [10] and [11]. We claim in this paper a method
which can be applied to even more general systems.

For definitions in the area of dynamical systems we mention [16] as a classical
reference. A compact region €2 in R" is called an attractor region for a dynamical
system if any trajectory for the system starting outside ) enters () after a finite
time interval T', determined by the initial distance to €2, and no trajectory starting
in  leaves §2. The existence of an attractor region gives precise information about
the asymptotic behavior of the system. Even if an attractor region exists, it is not
always possible to determine its shape. Research has shown that chaotic behavior
and fractal attractors are common. The study of chaos and fractals are currently
booming research areas, however, we do not want to enter into details here since
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it is not the aim of the present work. Our goal is to study the existence of an
attractor region within a hyperellipsoidal region, possibly of minimal diameter.
That is equivalent to the existence of such a region €2, such that for each solution
x(t) of the system there exists 7' > 0 which depends only on ||z(0)| such that
x(t) e Qfort>T.

We say 0 is the attractor trajectory for a system if for each € > 0 there exists
T > 0 such that for each solution x(t), ||z(¢)|] < € for ¢ > T'. T must depend only
on ¢ and ||z(0)]|.

In [6], Lyapunov functions of the form
m 1 m
Alz) = ;T + = )\ix2, 1
0= Yot 53 v W)

Ai >0,i=1,...,m, were considered and it was shown that if A = (A1,...,\,)7 is
a null-vector of a certain matrix determined by a dynamical system of a particular
form, then there exists an attractor region for the system within a hyperellipsoidal
region. Conditions on the sign-pattern of this matrix which guarantee the existence
of an entry-wise positive null-vector were established in [7]. Based on an algorithm
in Section 2, we can decide in polynomial time whether there exists a choice of
Lyapunov function of type (1) which implies the existence of an attractor region.

We also consider Lyapunov functions of the form A(z) = 27 Az, where A is a
real n xn positive definite matrix. For a class of dynamical systems, 0 is the attrac-
tor trajectory for the system when tr(AB,) = 0, where B,.,r = 1,...,m, are some
symmetric matrices determined by the system. The existence of such A is decided
by an algorithm in Section 2. Interior-point methods were previously used (see
[14], [4], and [2]) for finding Lyapunov functions for linear time-variant dynamical
systems, by solving a set of linear inequalities B A + AB, < 0, k =1,..., L, for
A > 0. In [12], a polynomial-time algorithm was developed for polynomial systems
for finding Lyapunov functions that can be represented as sums of squares of poly-
nomials. This method was extended in [10] for certain non-polynomial systems
which can be transformed to equivalent polynomial ones. A review of the latter
results can be found in [11]. The algorithm in this paper can be applied to systems
not covered by [10]. Its implementation is also simpler.

2. Positive Definite Optimization Problems

In this section we present an interior point algorithm derived from an algorithm
in [3]. It will be used in Section 3 for finding Lyapunov functions. For sake of
completeness, we include here the details. We refer the reader to [15] for a survey
on semidefinite programming.
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Let Ag, Aq,..., A, be n X n symmetric matrices. Assume Ay > 0 and that

m
there is no positive semidefinite matrix of the form > x;A;. Consider the set
=1

S={Q =40+ Z x;A; + @ > 0}, which is nonempty and bounded.

Let ¢ : S — R be defined by ¢(Q) = logdet Q. It is known ([5], Theorem
7.6.7) that ¢ is a concave function, and since near the boundary of S, ¢ approaches
—00, ¢ takes on a maximum value at a unique point Py € S. It is well-known that
Py is the only element of S which verifies tr(A; Py) =0 for i = 1,...,m (see, e.g.,
[1]). A method for approximating Py can be found in Section 1.2 of [9] (see also
Section 3.4 of [3] and [1]).

For our applications, we are interested in solving the following feasibility
problem.

Problem 1. “Given the matrices A; = AT € R"*" i = 1,...,m, determine whether

m
there exists a positive definite matrix of the form Y z;4;.”
i=1

Problem 1 can be solved adapting an algorithm in [3] to solve:
Minimize p
ul + Z r;A; >0 (2)

=1
|£UZ| < 1.

m
If 4Pt < 0, then there exist |x;| < 1 such that > z;A; > —u°PtI, thus there
i=1

m
exists a positive definite matrix of the form > z;A;. It is easy to see that u°P* < 0

i=1
is also a necessary condition for the existence of a positive definite matrix of the
m
form > ;A
i=1

The algorithm to solve the problem works as follows. Initialize with p(®) =1
and (¥ =0 € R™. Let

1 1
(k+1) _ = (k) _ = E
7! 2,u )\mm Z xZAZ

2(k+D) (k+1))

=" (u
Here Amin(Y. 2;4;) denotes the smallest eigenvalue of 3 x;4;, and 2*(u*+1) is

i=1 i=1
the vector in R™ which maximizes logdet(u* T 4+ 3 z;4;) + 3 log(1 — 2)
i=1 i=1

m

subject to pF+tT + 3" 2;4; > 0 and |z;| < 1. For approximating z*(u**+1) one
i=1

can use the algorithm mentioned at the beginning of this section.
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As shown in [3], we have that p®) — pu°P! at least geometrically, and

1Pt < 0 or p°Pt = 0 decides whether there is a positive definite matrix of the
m

form > x;A; or not.
i=1

The following is the dual of Problem 1.

Problem 2. “Given Bl = B, € R"™" i = 1,...,r, find whether there exists
A e R"™™ A >0, such that tr(AB;) =0, fori=1,...,r

Indeed, let AT = A; € R™ " i =1,...,m, be a linear basis for {Q = QT €
Rm>m tr(QB )=0,i=1,... ,r}. Then Problem 2 is equivalent to the existence

of A> 0 of the form A=) z;A

i=1
A particular case of Problem 1 is to determine whether there exists an entry-
wise positive vector that is a linear combination of some given vectors vy, ..., v, €

R™. The latter is equivalent to the existence of an entry-wise positive vector in
the null-space of a given matrix. As suggested to us by Florian Potra, the latter
problem can be solved in polynomial-time by applying Algorithm 2.1 in [13].

3. Stability of Nonlinear Dynamical Systems

Consider the dynamical system

i(t) = —eimi(t) + gi(2) (3)
where ¢; > 0,7 =1,...,n. Such systems are most commonly studied. We assume
here the existence of a linearly independent set of functions { f;(z)};”, which span
the set {g;(z)}r, as well as {zxg;(z) : i,k = 1,...,n}. A typical situation for
this is when each g;(x) is a polynomial in z1,z2,...,2,. We can thus assume the
system (3) is of the form

xT

x;( ) szz ‘|’ Z khfl (4)

for i =1,...,n. We are searching in this case for a Lyapunov function (see [6]) of
the form
n 1 n
= QT + = )\ixf 5
Lot °
where «; and A\; > 0 are unknown for ¢ = 1,...,n. The level sets of A(x) are
hyperellipsoids centered at (—5*,..., —5=). Then (by denoting A'(z) = %)
= Z ;T + Z N Ty = — Z €i0GT; — Z €iNiT?
i=1 i=1 i=1 i=1

+Z Za klz fl Z Z)\ kllxlfl (6)
=1 i=1

=1 i=1
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By our assumption we have that

zifilw) =Y ol fi(@).
Jj=1
Then

n m n m

i Xikixi fi(x ZZ Zklz )‘ ifi(x Z Zﬁﬂ

=1 i=1 Jj=11i=1 [=1 Jj=1 =1

Whereﬂﬂ—Zklz fOI‘Z—l onand j=1,...,m

We try to find o; and A\; > 0 which reduce the last two terms of (6) to 0.
This means that we want to make the coefficient of each fJ( ),j=1,...,m, to
vanish, namely that Z kjia; + E Bjixi =0for j =1,.

1= 1

Let A = [{k;i};2' -1, {571}1 1 j=1], which is an m x (2n) matrix and has
(a1,.. . 0n, A1, ..oy An)T as a null-vector. Let {vy,...,v,.} be a linear basis for
ker A and let for t = 1,...,r, wy be the vector in R™ which represents the last
n entries of v;. Since we want A\; > 0, our problem reduces in finding a vector

A= (A1,...,A)T with \; > 0 of the form Z xpwy, which can be solved using

a particular case of one of the algorithms descrlbed in Section 2. If the problem
admits a solution, then we have

n n

2

- E €04 — E 61‘/\1'1131-»
i=1 i=1

and A'(z) < 0 outside the hyperellipsoid of the equation A’(x) = 0. At points
where A'(x) < 0, A(z) decreases, thus the trajectory gets closer to the point
(=55 52 Let ¢ € R be such that @ = {z € R™ : A(z) < ¢} properly
contains {x € R™ : A’(z) > 0}. Then Q contains an attractor region for the
dynamical system (4).

The best known example of a dynamical system of type (3) which admits an
attractor region is the following one by Lorenz ([8]). This example triggered the
research on attractor regions of the type considered in the present work, which are
also called Lorenz attractors.

Example 1.
x} = —10z1 + 10z
xh = —x4 —|— 2811 — x173 (7)
xh = 3x3 + z129.
The simplest solution for which A1, Ao, Ao > 0is a1 = ag = 0, ag = —38, Ay =
A2 = A3 = 1. So we can consider
A(z) = —38z3 + %x% + %I% + %x%,
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for which
2888
—5

Then A’(z) < 0 outside an ellipsoid centered at (0,0, 19). Let ¢ € R be such that
Q= {z € R®: A(z) < ¢} properly contains {z € R?: A’(x) > 0}. Then 2 contains
a Lorenz attractor for the dynamical system (7).

8
N(z) = —1022 — 22 — g(xg —19)* +

Let ®;,1=1,..., M, be monomials in the variables z1, ..., x,. Consider the
dynamical system

M
0P
zi(t) = —eixi + ; klia—xi7
where €; > 0 fori=1,...,n, and {k;;} is an M x n real matrix. These systems are
a slight generalization of the problem considered in [7]. We try to find a Lyapunov
function of type A(z) = Z Niz?, N\ > 0,i=1,...,n. Let xi% = nydy (ng; is

the power of x; in @), and then

N(x) = Z Ny = — Z ezt + Z Z Nikiing ®(x
1 =1 [=1
-kt S ki
=1 =1
If A= {klimi}l]vi’ffi:l, we can search for a null-vector (A1,...,\,)%, \i > 0,
i=1,...,n, of A, using one of the algorithms mentioned in Section 2. For such
a choice of \;, we have A’'(x) = — > ¢;\;z7 < 0, implying that 0 is an attractor
i=1

trajectory for the system.

For a system of type (4), we consider next the existence of Lyapunov functions
of type

n
T
Alx) =o' Az = E i T %5,
ij=1

where A = {a;;}7;_, is a positive definite real matrix. Then

N(z) = i a;jTiT; + Z Qij T

1,j=1

aijxi(—€2; + Z ki fi(z Z aijri(—€;x; + Z kijfi(z

1 =1 1,j=1

I
:M3 I

=
&
Il
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By our assumption we have that z; fi(z) = > a§il) fi(z), thus

Jj=1
N(z)=— Z ai;(€ + €;)ziz; + Z aij Zk“ Za Jl)f
i,j=1 i,j=1 r=
+ Z a;j Zklﬂ Za
i,j=1 =1 r=1
= - Z a;j(€; + €;)ziz; + Z Z Qij Zk D) fu(a)
i,j=1 r=1 4,j5=1 =1
+Y (D ay Y kyal) fo(x)
r=1 ij=1  I=1

Let us denote ul Z ko) and B = diag(ey,€2,...,€,). Then AE =
{a’ljeﬂ}l] 1 EA= {elalj}zj 1 So

Al(x)

[
|
2
/—}\ﬂ
N
&
+
&5
=
2
+
]
&
<
RSN
<
+
=
oL~
S
~
&

For r = 1,...,m, let B, denote the symmetric matrix {l%('j + uﬂ)}l =1
3 aiglng + 1Y) = r(ABy).
0.
We try to find a matrix A > 0 such that AE + EA > 0 and tr(AB,) =0 for
r =1,...,m. This would then imply A(z) > 0 and A'(z) = —2T(AE + EA)z <0
for  # 0. As a consequence, 0 is an attractor trajectory for the system (4).
Consider the linear subspace M = {X = X7 : tr(AX) = 0} and find a basis
01,02, ‘e ,Cs for M. Let

jo C; 0
7| 0 EC +CE |’
i=1,...,s Then our problem is equivalent to the existence of a positive definite
matrix
A 0
0 B
of the form Y z;F;. If such a matrix exists, it is of the form

i=1
A 0
0 EA+AE |’

where A > 0and FA+AFE > 0,and A = Y 2;C;, sotr(AB,) =0forr=1,...,m
i=1
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The existence of A can be determined by the algorithm in Section 2 to solve
Problem 1. This represents a new way for finding in polynomial time a sufficient
condition which guarantees 0 is an attractor trajectory for a system of type (4).

Example 2. Consider the dynamical system:

) = —x1 + x1x2 + 62223 + T123
xh = —x9 + T2 — 22023 — 3T12T3
ah = —x3 — 3w 19 — 22223 + T1T3.

By considering a Lyapunov function of the type
Alx) = /\1x% + A2x§ + A3x§ + o111 + asxo + azxs
we cannot cancel in A’(z) all monomials of degree 3 for any A1, A2, A3 > 0.
Consider next A(z) = 27 Az, with A > 0. Since E = I, A > 0 automatically
implies AE + EA > 0. The conditions that all monomials of degree three in A’(x)

cancel can be written as equations of the form tr(AB,) = 0. By the method in
Section 2 we find

2 1
A=11 2 >0,
1 1

N ==

for which A’(z) = —227 Az, implying 0 is an attractor trajectory for the dynamical
system.

Example 3. Consider the dynamical system

@' =—x— Jy+ (z—2y)sinz
Yy =—3z—y+ (2z—y)sinz.

i 2 ] We search for a Lyapunov function of the form A(x,y) =
2

LetB:[

ail a2
aiz2 Q22
we want all terms containing sin  to cancel, condition equivalent to a11 +2a12 =0
and agz + 2a12 = 0. In this case, A’(z,y) = 27 (AB + BT A)z, and the Lyapunov
condition AB + BT A < 0 is sufficient for the stability of the system. It is clear

2 =11 . . . . .
that A = [ ] , is a proper choice for A for implying that 0 is an attractor

a112? + 2a122y + agey?, with A = { } > 0. In the expression of A’'(z,y),

-1 2
trajectory for the system.
The purpose of Example 3 is to illustrate the method; the matrix A could be
easily determined. For similar systems in more variables, for finding the existence
of a proper matrix A one needs the use of the algorithm in Section 2.
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Ranks of Hadamard Matrices and
Equivalence of Sylvester—-Hadamard and
Pseudo-Noise Matrices

Tom Bella, Vadim Olshevsky and Lev Sakhnovich

Abstract. In this paper we obtain several results on the rank properties of
Hadamard matrices (including Sylvester—Hadamard matrices) as well as gen-
eralized Hadamard matrices. These results are used to show that the classes of
(generalized) Sylvester-Hadamard matrices and of (generalized) pseudo-noise
matrices are equivalent, i.e., they can be obtained from each other by means
of row/column permutations.

Mathematics Subject Classification (2000). Primary 15A57, 15A23; Secondary
05B15, 05B20 .

Keywords. Hadamard matrices, generalized Hadamard matrices, pseudo-ran-
dom sequences, pseudo-noise sequences, pseudo-random matrices, pseudo-
noise matrices, rank, equivalence.

1. Ranks of certain matrices related to classical Hadamard
matrices

1.1. Hadamard and exponent Hadamard matrices

The classical n x n Hadamard matrices H(2,n) are defined as those composed of
+1’s and satisfying
H(2,n)H(2,n)T =nlI,, (1.1)

that is, their distinct rows are orthogonal. Hadamard matrices are widely used
in communication systems, data compression, error control coding, cryptography,
linear filtering and spectral analysis, see, e.g., [5], [7], and the references therein.
This popularity of Hadamard matrices is explained, among other reasons, by their
simplicity and efficiency in a variety of concrete practical applications. For exam-
ple, one simple way to construct a Hadamard matrix of the order n = 2™ is due
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to Sylvester. The method starts with defining a 1 x 1 matrix via H(2,1) = 1, and
proceeds recursively:

H(2,n) H(2,n)
H(2,n) —H(2,n)

It is immediate to see that H(2,2n) of (1.2) satisfies (1.1). Matrices generated
in this fashion are referred to as Sylvester—-Hadamard matrices. In addition to
the Sylvester construction (1.2), there are alternate ways to construct Hadamard
matrices, one of them is due to Paley, see, e.g., [5] and the references therein.

In many applications it is useful to consider matrices over GF(2), so one
typically changes —1’s to 0’s, e.g.,

H(2,2n) = (1.2)

1 1 ~ 11

nen= |y | —Aea=| ] | (13)
or, alternatively, one replaces —1’s by 1’s and 1’s by 0’s, e.g.,
1 1 = 0 0

H(2,2):{1 _1}—>H(2,2)_{0 1} (1.4)

We suggest to refer to matrices H (2,2n) and H(2,2n) obtained in this fashion as
exponent Hadamard matrices and complimentary exponent Hadamard matrices,
respectively. (The justification for the above nomenclatures is in that using the
entries of f[(?, 2n) as exponents for —1 one obtains the entries of H(2,n).)

In what follows we will adopt similar notations for any matrix A composed
of +1’s, and denote by A the matrix obtained from A by changing —1’s to 0’s, and
denote by A the matrix obtained from A by replacing —1’s by 1’s, and 1’s by 0’s.

1.2. General Hadamard matrices and ranks

In order to study the ranks of arbitrary Hadamard matrices we need to establish
the following auxiliary result that applies to row/column scaled H(2,n).

Lemma 1.1. Let

H(2,n) = [ eTl Hn_f ] (1.5)
be a Hadamard matriz whose first column and top row contain only 1’s, i.e.,
e=[1 - 1].
T

Let E[n_l denote the complimentary exponent matriz of H,_1 defined in Subsection
1.1. Then
n

Ho 1 HY | =tl,_1+ (t —1)J,_1, where t= o and Jo1 =eel. (1.6)

Proof. Tt follows from (1.5) and the definition (1.1) that
e+eHI | =0, Joa+Hy (HY | =nl, ;. (1.7)
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Consider an auxiliary matrix

B, 1=H, 1+ Jn—la (18)
and observe, before proceeding further, that
~ 1
Hn—l = §Bn_1. (19)

In view of (1.7) and (1.8) we have

B,1Bl =H, 1H'  +Jo 1 H  + Hy 1 Jp1 + Ju1Jna

(1.10)
= (n—[n—l - Jn—l) —Jp—1— Jp—1+ (n - 1)Jn—1 =nl,_1+ (n - 4)Jn—1'

Finally, (1.6) follows from (1.9) and (1.10). O

We are now ready to prove the following result.

Theorem 1.2. Let us partition H(2,n) by singling out its top row and first column:

hi1 1 }

H(2’n)_[ a1 Hp

Here hqy is a scalar, and H,—1 is an (n — 1) x (n — 1) submatriz of H(2,n). Let
H,,_, denote the complimentary exponent matriz of H,_1 defined in Section 1.1.
If 8 divides n, then

rankH,,_1(mod 2) < g (1.11)
If 8 does not divide n, then
rankH,,_;(mod 2) = n — 1. (1.12)

Proof. Without loss of generality we may assume that H(2,n) has the form shown
in (1.5) and that the result in (1.6) holds. Let us consider two cases.

e If 8 divides n, then ¢ = % is even, and (1.6) implies

H, 1 HY | = J,_1(mod 2). (1.13)
If we denote by k = rank H,_;(mod 2), then (1.13) implies
m-1)—k>k-1

and (1.11) follows.

e If 8 does not divide n, then ¢t = % is odd, and (1.6) implies

H, 1 H" | =tI,_i(mod 2), (1.14)
so that (1.12) follows. O
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1.3. Sylvester-Hadamard matrices, ranks and factorizations

In the previous subsection the result applied to arbitrary Hadamard matrices. Here
we consider special Sylvester—Hadamard matrices. Here is the main result of this
subsection.

Theorem 1.3. Let H(2,2™) be a Sylvester—Hadamard matriz, i.e., one constructed
via the recipe (1.2). Then

rank H(2,2™) = m(mod 2), (1.15)
where ﬁ(2, 2™) denotes the exponent matriz of H(2,2™) defined in Section 1.1.
The result (1.15) follows from the following lemma.

Lemma 1.4. The Sylvester—-Hadamard matriz H(2,2™) admits the decomposition

H(2,2™) = L, LT (mod 2), (1.16)
where the rows of the 2™ x m matriz
[0 0 0 0]
0 0 01
0 010
L,=|0 0 11
0 1 0 0
1 - 111

contain all possible binary m-tuples ordered naturally.

Proof. Tt is easy to see that for m = 1 we have

ﬁ(2,2)=[8 ?]:{H[o 1].

By applying an inductive argument we obtain

~ 7 m 77 m iy _>T -
A 2mty = | AR2") H@2") 0 L |1 OT LT gy
with
0 1
~ lo o1
o= 1, T =
0 1

The relations (1.17) and (1.16) coincide which completes the proof of the lemma.
O
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2. Pseudo-noise matrices

2.1. Linear recurrence relations and shift registers
Let m be a fixed positive integer, and hg, h1, ..., h,—1 € GF(2). Consider a linear
m-~term recurrence relation

a; = @i—1hm—1+ ai—2hm—2+ -+ ai—my1h1 + ai—mho fori>m (2.1)

over GF'(2). Observe that the above recurrence relation can be written in a matrix
form:

r y 1 r b
A (m+2) e Gi—(m+1)
Gi—m+3) | |0 0 O 1 . : Qi (m+2) (2.2)
: : : : IR 0 :
@i-1 o o o0 ... 0 1 @i—2

| ai 1 L he hi hy .. hpey hpoy | L@t

The m-tuple
{aim,- . ai—2,ai-1,}

is called the state vector corresponding to the time moment i —m. The semi-infinite
sequence
ap,a1,02,0a3,04,0as5, ... (23)

is called an (mth order) linear recurring sequence corresponding to (2.1). Clearly,
the latter is fully determined by the initial state vector {ag,a1,...,@m—2,@m-1}
and the coefficients hg, b1, ..., hp—1 of (2.1).

In order to define the concept of a pseudo-noise sequence it is useful to asso-
ciate (2.1) with a shift register. As an example, consider a special case of (2.1), a
4-term linear recurrence relation with hg = 1, h; = 0, hy = 0, hg = 1, and visualize

a; = Qj—1 + Qij—q (24)
with the help of the following figure:

M <
N
X

PN sequence

Y
Y
Y

as ag aq Qg

FIGURE 1. Shift register for (2.4). Time moment “zero”.



40 T. Bella, V. Olshevsky and L. Sakhnovich

The above figure corresponds to the time moment “zero”, i.e., it is characterized
by the initial state vector

{ao, a1, a2, a3} (2.5)
The next figure corresponds to the time moment “one”,

Mo
N |
!

PN sequence

a4 as a2 ai

FIGURE 2. Shift register for (2.4). Time moment “one”.

and its state vector

{a1,a2,a3,a4} (2.6)
is obtained from the one in (2.5) by shifting entries to the left (ap disappears),
and computing a4 via (2.4). Figures 1 and 2 graphically express both the shift and
computing a4. That is, a4 of Figure 2 is computed as as + a¢ of Figure 1.

2.2. Pseudo-noise sequences and matrices
Recall that the semi-infinite sequence in (2.3) is fully determined by the initial

state vector {ag, a1, . ..,am—2,am—1} and the coefficients hg, h1, ..., hpm—1 of (2.1).
Indeed, the rule (2.1) maps the state vectors to the next ones, i.e.,

[ Am—1 ] [ Qm ] I Am+1 1
Am—2 Am—1 Qm
— — —
ag as a4
ai az as
| ao | ax | a2 |

Since all the elements {a;} belong to GF(2), none of the recurrence relations of
the form (2.1) can generate more than 2™ — 1 different state vectors (we exclude
the trivial zero initial state vector). It follows that the sequence in (2.3) has to
be periodic with the period not exceeding 2™ — 1 (of course, there are coefficients
ho,h1, ..., hum—1 of (2.1) for which any sequence will have a period smaller that
2m —1).

If the sequence (2.3) has the maximal possible period 2™ —1, then it is called a
pseudo-noise sequence, see, e.g., [7]. Pseudo-noise sequences are useful in a number
of applications, see, e.g., [4], [3].
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A pseudo-noise matrix T(2,n) with n = 2™ is defined (see, e.g., [7]) as an
n X n matrix of the form

T(2,n)=| . (2.7)

N«

where T is a circulant Hankel matrix whose top row is a 1 x (2™ — 1) array that
is a period of the pseudo-noise sequence, and whose first m entries coincide with
the initial state.

Ezample. Let us again consider the 4-term recurrent relations (2.4) with with
hog =1,h; = 0,hy = 0,hs = 1 and the initial state

[CLO a; a2 ag]:[l 0 0 0}
This choice gives rise to the pseudo-noise sequence

100011110101100 100011110101100100011110101100. . ....
period 15 =23 — 1 period 15 period 15

and the 15 x 15 matrix 7' of (2.7) is given by

100011110101100
000111101011001
001111010110010
011110101100100
111101011001000
111010110010001
110101100100011
101011001000111
010110010001111
101100100011110
011001000111101
110010001111010
100100011110101
001000111101011
010001111010110

N
I

2.3. Equivalence of pseudo-noise and Sylvester—Hadamard exponent matrices

In order to establish the equivalence of the two classes of matrices we will need
the following counterpart of Theorem 1.3.

Lemma 2.1. For n = 2™ the rank of any n X n pseudo-noise matrix T is m.
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Proof. This follows from the immediate observation that the rows of the matrix

ao
. ai
T =
agm _9
satisfy the m-term recurrence relations
a; =a;_1hp_1 +a_2hm_2+- - +a_me1ht +a;_nho (2.8)
(of the form (2.1)), and hence they are linearly dependent. O

The following theorem implies that the Sylvester—-Hadamard matrices and
Pseudo-noise matrices are equivalent, i.e., they can be obtained from each other
via row/column permutations.

Theorem 2.2. Let H(2,2™) be the Sylvester—-Hadamard matriz, and let T(2,2™)
be a 2™ x 2™ pseudo-noise matriz. Then H(2,2™) is equivalent to T'(2,2™); i.e.,
there exist permutation matrices P1 and Ps such that H(2,2™) = PiT(2,2™)Ps.

Proof. Recall that the matrix H(2,2™) admits a factorization (1.16) into the prod-
uct of a 2™ x m matrix L,, and a m x 2™ matrix L, each of which contains all
possible binary m-tuples as rows/columns.

Secondly, by Lemma 2.1, T'(2,2™) also has a similar factorization T = MR
where M is a 2™ X m matrix, and R is an m x 2™ matrix. Further, the rows of M
are all distinct and hence they must contain all possible binary m-tuples, and the
same is true of the columns of R.

Hence these factorizations of H(2,2™) and of T'(2,2™) differ only by the
order in which the rows/columns appear, and this completes the proof. O

Theorem 2.2 was numerically checked to be valid for n = 8 and n = 16 in [6].

3. Generalized Hadamard matrices, ranks and factorizations

An n xn matrix H(g,n) is called a generalized Hadamard matrix [1] if its elements
coincide with one of the numbers

o
e =exp <%k>, 0<k<q-1, (3.1)

and it satisfies
H(q,n)H(q,n)* = nl,, (3.2)
where * denotes the complex conjugate transposed. Clearly, in the case ¢ = 2, the
generalized Hadamard matrices H(2,n) reduce to the classic Hadamard matrices
H(2,n).
Often we will be concerned with a matrix that contains not the entries €* of
H(q,n), but the values k from (3.1) corresponding to each entry. Specifically (as
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in Section 1.1), for a generalized Hadamard matrix H(g,n) = [h;;] we define its

~

exponent generalized Hadamard matrix H(q,n) = [hi;] such that h;; = €.

We will call a matrix H(g,n) normalized if all the elements of the first row
and first column are €® = 1. Without loss of generality, we will assume that all
matrices henceforth are normalized.

The Sylvester method can be generalized to the generalized Hadamard ma-
trices with a FFT-like construction:

Proposition 3.1. Let H(q,n) be a generalized Hadamard matriz. Then the matriz
given by

H(g,n) H(g,n) H(g,n) ... H(g,n)
H(q,n) eH(q,n) eH(g,n) ... €= 1H(q,n)
H(q,qn) = H(q, n) €2H (q,n) e*H(g,n) ... a"YH(q,n)
H(q,nj eq_lH(q,n)' e2<q_1)H(q,n5 e(q_l)QH(q,n)'
(3.3)

s also a generalized Hadamard matrix.

As with the Sylvester method for classical Hadamard matrices, the previous
proposition as well as the initial generalized Hadamard matrix (which is just the
DFT matrix)

r1 1 1 1 1 T
1 € €2 €3 e?~!
1 €2 et €8 ¢2(a-1)
H(g,q)=1|1 ¢ 6 &9 e3(g—1) (3.4)
| 1 el 2D 20D a-D)?

allows one to construct special generalized Hadamard matrices H(q, ™), which
we will call generalized Sylvester-Hadamard matrices.
The following result is a generalization of Theorem 1.3.

Theorem 3.2. Let H(q,q™) be a generalized Sylvester—Hadamard matriz. The rank
of its exponent matriz H(q,q™) is m(mod q).

This theorem follows from the following factorization result.

Theorem 3.3. Let H (g, q™) be the exponent matriz corresponding to the generalized
Sylvester—Hadamard matriz H(q,q™). Then H(q,q™) admits the decomposition

H(q,q™) = L LT, (mod q) (3.5)

where Ly, is a ¢™ X q matriz with elements from {0,1,...,q — 1}. Further, the
rows of L., contain all possible q-ary m-tuples ordered naturally.
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Proof. The proof is by induction on m. Letting m = 1, we have
H(g.q) = LiL]  (mod q) (3.6)
with
L{=[012 ... ¢g—1] (3.7)

which by construction contains all g-ary numbers as columns.
Proceeding inductively we see that

H(q,q™) = Ly LT, (mod q)

implies
O Ly,
A= | T [ % G e 55)
(= Dm L
modulo ¢, where we note that
7“7:51:[1“ T r] (3.9)

which are of size 1 x m.

The fact that L,,11 contains all possible g-ary (m + 1)-tuples as columns is
clear from the fact that all possible g-ary m-tuples are present in the columns of
L., by hypothesis, and L,, appears once beneath each of Oy, 1p,..., (¢ — 1)m.
This completes the proof. O

4. Generalized pseudo-noise matrices

In this section we generalize the results of Section 2 from GF(2) to GF(q).
Again, for a positive integer m, and hg, h1,...,hm—1 € GF(q) we define an
(m'h order) linear recurring sequence

ap, ay, az, . . .
via
a; = aj—1hm—1 + a;—2hm—o+ -+ aj—my1h1 + a;—mho for i > m. (41)

As in Section 2, it is easy to see that every m'" order linear recurring sequence
is periodic with period at least r < ¢™—1. A pseudo-noise sequence is an m™ order
linear recurring sequence with the maximal possible period ¢™ — 1. Furthermore,
a pseudo-noise matrix T'(g,¢™) is an ¢ X ¢"™ matrix of the form

00 ...0
0
T(q,q™) = | . (4.2)

N«
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where T is a circulant Hankel matrix with top row a pseudo-noise sequence
[ ap ap R agm _9 ] .

The following result is a generalization of Lemma 2.1.
Lemma 4.1. The rank of any ¢™ x ¢™ pseudo-noise matriz T(q,q™) is m.

Proof. This follows from the immediate observation that the rows of the matrix
ap
. al
T =
a2n1_2
satisfy the m-term recurrence relations
a; =a;_1thp_1+a;o2hm_o+ - +a_my1ht +a;_nho
(of the form (4.1)), and hence they are linearly dependent. O

The above lemma implies the following result.

Theorem 4.2. The ¢"™ X q™ pseudo-noise matriz T(q,¢™) admits the decomposition
T(q.q™) = MR, (4.3)

where M is a ¢ X m matriz, and R is an m X ¢ matriz. Further, the rows of
M are all distinct and contain all possible q-ary m-tuples, and the same is true of
the columns of R.

Proof. The factorization (4.3) exists by Lemma 4.1. By the definition, the rows of
T(g,q™) are distinct, and therefore so are the rows of M. Since M is over GF(q)
with size ¢ x m, we conclude that M must contain all possible g-ary m-tuples as
rOWS.

Similarly, the columns of R are also distinct, and since R is also over GF(q),
we have that R contains all possible m-tuples as columns, which completes the
proof. (I

The following theorem implies that the generalized Sylvester-Hadamard ma-
trices and generalized pseudo-noise matrices are equivalent, i.e., they can be ob-
tained from each other via row/column permutations.

Theorem 4.3. Let H(q,q™) be a ¢" x ¢™ generalized Sylvester—Hadamard matriz,
and let T'(q,q™) be a ¢™ X ¢ pseudo-noise matrixz where q is prime. Then the
exponent matric ﬁ(q,qm) is equivalent to T(q,q™); i.e., there exist permutation
matrices P1 and Py such that ﬁ(q, q") = PiT(q,q™)Ps.

Proof. By Theorem 3.3, the exponent matrix H (¢,¢™) has a factorization into
the product of a ¢ x m matrix and an m x ¢™ matrix, each of which contains
all possible g-ary m-tuples as rows/columns. By Theorem 4.2, T'(q,¢™) also has
a factorization into the product of a ¢™ X m matrix and a m X ¢ matrix which
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contain all possible g-ary m-tuples as rows/columns. Thus the factorizations differ
only by the order in which the rows/columns appear, and this completes the proof.
O

Theorem 4.3 was announced in [2].

5. Conclusion

Several results for the ranks of generalized Hadamard matrices, Sylvester—Ha-
damard matrices, their exponent matrices and their generalizations were estab-
lished. These rank properties were used to demonstrate that the two classes of
matrices, those built from generalized pseudo-noise sequences, and the generalized
Hadamard matrices are equivalent up to permutations of the rows and columns.
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Image of a Jacobi Field
Yurij M. Berezansky and Artem D. Pulemyotov

Abstract. Consider the two Hilbert spaces H_ and T_. Let Kt : H_ — T_
be a bounded operator. Consider a measure p on H_. Denote by px the
image of the measure p under K+. This paper aims to study the measure pg
assuming p to be the spectral measure of a Jacobi field. We present a family
of operators whose spectral measure equals px. We state an analogue of the
Wiener-1t6 decomposition for pg. Finally, we illustrate our constructions by
offering a few examples and exploring a relatively transparent special case.

Mathematics Subject Classification (2000). 28C20, 60G20, 60H40, 47B36.

Keywords. Image measure; Jacobi field; spectral measure; Wiener-1t6 decom-
position; Lévy noise measure.

1. Introduction

Consider a real separable Hilbert space H and a rigging
H_>HDH;

with the pairing (-, ). We assume the embedding H. — H to be a Hilbert-
Schmidt operator. Consider another real separable Hilbert space T and a rigging

T_>T>T,

with the pairing (-,-)r. Given a bounded operator K : Ty — Hy, define the
operator K+ : H_ — T_ via the formula

(KT, f)r = (&, Kf)u, E€H_, feTy.

Let p be a Borel probability measure on the space H_. We denote by px
the image of the measure p under the mapping K+. This paper aims to study
the measure px assuming p to be the spectral measure of a Jacobi field J =
(J(¢)) e, - We base ourselves upon the papers [9] and [13] dedicated to the same
problem.
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By definition, a Jacobi field J = (J(¢))¢ecn, is a family of commuting self-
adjoint three-diagonal operators J (¢) acting in the Fock space

F(H) = émm, FulH) = HE"
n=0

(we suppose HE" = C). The operators .J(¢) are assumed to depend on the indexing
parameter ¢ € H linearly and continuously. In Section 2 of the present paper, we
adduce the definition and the basic spectral theory of a Jacobi field. More details
can be found in, e.g., [1], [2], [3], and [4]. Remark that the concept of a Jacobi field
is relatively new, therefore the definitions given in different papers may differ in
minor details.

Jacobi fields are actively used in non-Gaussian white noise analysis and theory
of stochastic processes, see [7], [22], [2], [4], [5], [19], [11], [8], [12], [23], [24], [25],
and [28]. In the case of a finite-dimensional H, the theory of Jacobi fields is closely
related to some results in [15], [16], and [14].

The most principal examples of spectral measures of Jacobi fields are the
Gaussian measure and the Poisson measure. The Jacobi field with the Gaussian
spectral measure is the classical free field in quantum field theory, see, e.g., [6], [7],
[22], [2], and [3]. The Jacobi field with the Poisson spectral measure is the so-called
Poisson field, see, e.g., [22], [2], [3], and [5]. De facto, it has been independently
discovered in [17] and [30]. Section 2 of the present paper contains the rigorous
definitions of the classical free field and the Poisson field.

For other examples of spectral measures of Jacobi fields, see [2] and [4].

In Section 3 of the present paper, for a given operator K and a given Jacobi
field J, we construct a Fock-type space

FOUTy, K) = @ F (T, K)

n=0

and a family Jx = (jK(f))feT+ of operators in F**(T, K') pursuing the three
following goals:

e To show that pg is the spectral measure of the family Jx.

e To show that the Fourier transform corresponding to the generalized joint
eigenvector expansion of Jx coincides with the generalized Wiener-I1t6-Segal
transform associated with pg.

e To obtain an analogue of the Wiener-Itd6 orthogonal decomposition for px
employing the generalized Wiener-1to-Segal transform associated with pg-.

A detailed description of the classical concept of the Wiener-1t6 decomposition can
be found in, e.g., [6] or [18]. Once again we emphasize that the space F°**(T , K)
depends on the Jacobi field J as well as on 7'y and K. We use the shorter notation
FY(T4, K) instead of F*(Ty, K, J) for the sake of simplicity.

The Wiener-It6-Segal transform I corresponding to the Gaussian measure
v on H_ is a unitary operator acting from F(H) to L*(H_,dv). It takes the
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orthogonal sum @?:0 F;(H) to the set P,, of all ordinary polynomials on H_
with their degree less than or equal to n. The unitarity of I implies

L*(H_,dv) = P (75n 975"_1) =P 1(F.(H))
n=0

n=0

(we suppose Py = {0}). This formula constitutes the Wiener-It6 orthogonal de-
composition for the Gaussian measure. It is a powerful technical tool for carrying
out the calculations in the space L2(H_,dy). Remark that analogous results are
possible to obtain considering the Poisson measure instead of the Gaussian mea-
sure 7.

The Fourier transform corresponding to the generalized joint eigenvector ex-
pansion of the classical free field coincides with the Wiener-It6-Segal transform I.
An analogous result is possible to obtain for the Poisson field. These facts give
the basis for investigating the concept of the Wiener-It6 decomposition from the
viewpoint of spectral theory of Jacobi fields.

The operator I can be represented as a sum of operators of multiple stochas-
tic integration. An analogous result is possible to obtain considering the Poisson
measure instead of the Gaussian measure 7.

Our generalization of the classical picture is as follows. One may introduce
the generalized Wiener-Ito-Segal transform I associated with the measure px
as an operator between F(T) and L*(T-,dpk). It takes @D)_y Fi(T+) to the
set Q,, of all continuous polynomials on T_ with their degree less than or equal
to n. We construct the space F**(T, K) so that Ix could be extended to a
unitary operator acting from Fe**(T,, K) to L?(T_,dpr). The orthogonal com-
ponent FX*(T,, K) has to be defined as the completion of F,(T4) with respect
to a new scalar product (-, -) zext(, K- Basically, the problem of constructing the
space F*¢(T'., K) consists in identifying this scalar product explicitly.

The unitarity of I implies

LA(T_,dpk) = @ (Qn o Qn—1> = @IK(‘F')?LXt(T“’?K))
n=0 n=0

(the notation Q,, stands for the closure of Q,, and we suppose Q_; = {0}). This
formula constitutes an analogue of the Wiener-It6 orthogonal decomposition for
the measure px . It discovers the Fock-type structure of the space L?(T_,dpr) and
enables one to carry out the calculations in L*(T_, dpg).

As mentioned above, the Wiener-1t6-Segal transform I can be represented as
a sum of operators of multiple stochastic integration. Presumably, an analogous
representation is possible to obtain for the generalized Wiener-It6-Segal trans-
form Ix. However, we do not concern ourselves with this problem in the present
paper.

We illustrate our abstract constructions with a few concrete examples. Among
others, we consider the case where K is the operator of multiplication by a function
of a new independent variable and J is the Poisson field. Then px appears to
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be a Lévy noise measure. Theorem 3.1 and Theorem 3.2 of the present paper
explain the Fock-type structure of L?(T_,dpy) in this case. Theorem 3.2 shows
that Fe<Y(T, , K) is similar to the extended Fock space investigated in [23]. A
special form of this space has been introduced in [20] in the framework of Gamma
white noise analysis. Its further study has been carried out in [10], [19], [11],
and [12], see also [24] and [28].

A family of operators with a Lévy noise spectral measure has been con-
structed in [8], see also [23]. The case of the Gamma measure was studied in [19].
An analogue of the Wiener-It6 decomposition for a Lévy noise measure has been
obtained in [23], see also [21], [26], [29], and [31]. The case of the Gamma measure
was studied in [20], [11], and [12]. Remark that the works [26], [29], [23], and [31]
(respectively, [11] and [12]) represent the generalized Wiener-Ité-Segal transform
associated with a Lévy noise measure (respectively, the Gamma measure) as a sum
of operators of stochastic integration. Once again we emphasize that the present
paper does not attempt to obtain an analogous representation for the generalized
Wiener-It6-Segal transform associated with the measure pg in the general case.

Our abstract considerations become much more transparent when the range
of the operator K is dense in H,. We explore this situation in Section 4 of the
present paper providing the reduction of the general construction along with three
examples. In particular, we study a Gaussian measure with a non-trivial correlation
operator. Relevant results can be found in [9].

Remark that the riggings we consider in this paper are all quasinuclear. One
may consider nuclear riggings instead.

2. Commutative Jacobi Fields

This section contains the definition, the basic spectral theory, and two examples
of Jacobi fields.

Let H be a real separable Hilbert space. Denote by H¢ the complexification
of H. Let ® stand for the symmetric tensor product. Consider the symmetric Fock
space

F(H) = DF(H).  Fa(H) = HE"
n=0

(we suppose HE" = C). This space consists of the sequences ® = ($,,)2, ®,, €
Fn(H). In what follows, we identify ®, € F,(H) with (0,...,0,9,,0,0,...) €
F(H) (®, standing at the nth position).

The finite vectors ® = (®4,...,9,,0,0,...) € F(H) form a linear topological
space Fun(H) C F(H). The convergence in Fg,(H) is equivalent to the uniform
finiteness and coordinatewise convergence. The vector Q = (1,0,0,...) € Fgun(H)
is called vacuum.
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Let
H_O>HDH, (2.1)

be a rigging of H with real separable Hilbert spaces Hy and H_ = (H;)' (here-
after, X’ denotes the dual of the space X). We suppose the embedding H; — H
to be a Hilbert-Schmidt operator. The pairing in (2.1) can be extended naturally
to a pairing between F,, (H4) and F,,(H_). The latter can be extended to a pairing
between Fg,(Hy) and (Fan(Hy)) . In what follows, we use the notation (-, -) g for
all of these pairings. Note that (Fgn(Hy))' coincides with the direct product of
the spaces Fp(H_), n € Z.

Throughout the paper, Prx F' denotes the projection of a vector F' onto a
subspace X.

2.1. The definition and the spectral theory of a Jacobi field

In the Fock space F(H), consider a family J = (J(¢))pecm, of operator-valued
Jacobi matrices

bo(¢) aj(¢) O 0 0
ao(¢) bi(¢) ai(o) 0 0
J(¢) = 0 ai(®) ba¢) as(p) 0

with the entries
an(9) : Fu(H) — Fpi1(H),
bn (@) = (bn(9))" : Fu(H) — Fn(H),
a7,(9) = (an(9))" : Fuga(H) — Fn(H),
¢€H+, TLGZ+:O,1,....
Each matrix J(¢) gives rise to a Hermitian operator J(¢) in the space F(H) with
its domain Dom(J(¢)) = Fan(H4).
Consider the following assumptions.
1. The operators a,(¢) and b, (¢), ¢ € Hy, n € Z,, are bounded and real (i.e.,
they take real vectors to real ones).
2. (Smoothness) The space Fpn(H4) is invariant with respect to a,(¢), by (@),
and a’ (o).
3. The operators J(¢), ¢ € Hy, are essentially selfadjoint and their closures
J(¢) are strongly commuting,.
4. The dependence of the entries a,(¢), b,(¢), and a}(¢) on the parameter ¢
is linear and weakly continuous.
5. (Regularity) The linear operators V;, : F,(Hy) — @ F;j(H) defined by
the equalities

VOZId(Ca Vn(¢1 ®®¢n) :J((bl)c]((bn)Qa
¢17"'7¢HGH+7 TLGN,
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are continuous. Furthermore, the operators
fn(H_‘_) BFHHVn,nFn:Pr}_n(HJr) VnFn an(H+), TLEZ+,

are invertible. Remark that V,, play an essential role in the constructions of
Section 3.

The family J = (J(¢))pen, is called a (commutative) Jacobi field if As-
sumptions 1-5 are satisfied (recall that J (¢) stands for the closure of the operator
J(¢)). For a more rigorous formulation of this definition, see, e.g., [4]. Once again
we should emphasize that the operators J(¢) act in the Fock space F(H).

One can apply the projection spectral theorem, (see [6] and [27]) to the field
J = (J(#))pem, . We only adduce the result of such an application here. Proofs
can be found in [2].

Given n € Z,, let P, stand for the set of all continuous polynomials

H_ 95’—>Z<€®j7a]‘>[{ e C, a; Efj(H+)
3=0
(we suppose 29 = 1). The set P = |J;—, P is a dense subset of L?(H_, dp). The
closure of P, in L?(H_,dp) is the set of ordinary polynomials. It will be denoted
by Pn.

Theorem 2.1. There exist a vector-valued function H_ > & — P(§) € (Fan(Hy))'
and a Borel probability measure p on the space H_ (the spectral measure) such
that the following statements hold:

o For every £ € H_, the vector P(§) € (Fan(Hy))' is a generalized joint eigen-
vector of J with eigenvalue &, i.e.,

(P(&), J(9)®) 1 = (&, 0)u(P(&), ®)m, &€ Hy, @€ Fan(Hy)
e The Fourier transform
Fin(Hy) > ®— I® = (O, P(-))y € L*(H_,dp)

can be extended to a unitary operator acting from F(H) to L*(H_,dp). We
preserve the notation I for this operator.
e The Fourier transform I satisfies the formula

I1®, = Prﬁneﬁn71<vn_,71q)m '®n>H7 o, € Fu(Hy), n€Zy,
(we suppose P_1 = {0}).

Corollary 2.1. The equality

L*(H_,dp) =P (75n o 75n_1) =P 1(Fu(Hy))
n=0 n=0

holds true.
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Along with the spectral measure p and the Fourier transform I introduced in
Theorem 2.1, our further considerations will involve the characteristic functional

po) = [ o), e,

of the measure p.

2.2. Two principal examples of Jacobi fields

In this paper, we will mostly deal with the classical free field Jop = (jCF(¢))¢€H+
and the Poisson field Jp = (Jp(¢))perm, -

Consider the classical creation and annihilation operators
Ji(@)Fn =Vn+1¢& Fy,
J_(¢) = (J4(9)",  d€Hy, Fn€Fyu(H), n€Ly,

in the space F(H). The classical free field is defined for an arbitrary rigging (2.1)
by the formula

Jor(¢) = Jo(d) +J-(¢), o€ Hy.

The corresponding spectral measure is the standard Gaussian measure v on H_.
Its characteristic functional is given by the formula

o) =ox (<3 loll ). oc i

The definition of the Poisson field is slightly more complicated. Namely, de-
manding that the space H in (2.1) equal L*(R¢, dy) for a o-finite Borel measure
u, we introduce the operators of the Poisson field as

Tp(6) = T4 (0) + Jo(9) + J_(6), ¢ € H.

In order to define Jy(¢), consider the operator b(¢) of multiplication by the function
¢ € H, in the space Hc. For an arbitrary F,, € F,,(H), define

Jo(#)Fo =0,
Jo(9)Fn = (b(¢) @ Idg ® --- @ Idg ) F,
+ (Idg ®b(¢) @ dy @ -+ - @ Idp)F, + - - -
+(Mdyg ®- - ®Idg ®b(¢))Fy, ¢ H, ncN.
In other words, Jy(¢) equals the second (differential) quantization of b(¢).
Of course, we choose the rigging (2.1) so that Jp would satisfy the definition
of a Jacobi field. One can see that the Poisson field is nothing but a perturbation
of the classical free field by a family of neutral operators Jy(¢).

The spectral measure of Jp is the centered Poisson measure m on H_ with
the intensity p. Its characteristic functional is given by the formula

(¢) = exp ( /R ) (ei“ﬂ —1- w(x)) du(w)) ,  ¢eH,.
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For both Jor and Jp, the operator V,, ,, satisfies the equality
Vn,n:\/EId]:n(H”, TLGZ_;,_.

The Fourier transform I coincides with the Wiener-I1t6-Segal transform associated
with the corresponding spectral measure. Corollary 2.1 constitutes the Wiener-1to6
decomposition.

3. Image of the Spectral Measure

This section aims to study the image of the measure p under a bounded operator.
Proofs of statements can be found in [13].
Consider a real separable Hilbert space T'. Let

T_>T>Ty (3.1)

be a rigging of T with real separable Hilbert spaces Ty and T— = (7). As in the
case of the rigging (2.1), the pairing in (3.1) can be extended to a pairing between
Fn(Ty) and F,,(T-). The latter can be extended to a pairing between Fap(T4)
and (Fen(T4)). We use the notation (-, -)r for all of these pairings.

Consider a bounded operator K : T — Hy such that Ker(K) = {0}. We
preserve the notation K for the extension of this operator to the complexified
space (T4 )c.-

The adjoint of K with respect to (2.1) and (3.1) is a bounded operator K+ :
H_ — T_ defined by the equality

(K*, f)r = Kf)u, E€H_, feT,.

One can prove that Ran(K ™) is dense in T_.
We denote by px the image of the measure p under the mapping K. By
definition, pg is a probability measure on the o-algebra

C={ACT_|(K")"'(A) is a Borel subset of H_}
((KT)71(A) denoting the preimage of the set A).

Remark 3.1. The characteristic functional

prc(f) = / DT A (W), €Ty

of the measure px satisfies the equality
P (f) = p(K[), fers.

Remark 3.2. The assumption Ker(K) = {0} is not essential. Indeed, the measure
pxr proves to be lumped on the set of functionals which equal zero on Ker(K).
This set can be naturally identified with (Ker(K)-)’. Thus we can always replace
T, with Ker(K)*+ C T}
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3.1. The space F***(T,, K) and the family Jx

Before constructing the space F°**(T,, K), we have to introduce an auxiliary no-
tation. Given n € Z., let V,, stand for the subspace of F(H) generated by the
vectors

V;K®'F;,  FjeFj(Ty), j=0,...,n

(we suppose K®° = Idc). Roughly speaking, V), is a “prototype” in F(H) for the
set @, of ordinary polynomials on 7 with their degree not greater than n. The
corresponding set of continuous polynomials will be denoted by Q,,.

Introduce the mapping A : Fn(T) — F(H) via the formula

1
V!
(we suppose V_1 = {0}). It is easy to see that Ker(4) = {0}. Let F&**(T4, K)
denote the completion of F,, (T ) with respect to the scalar product

(Fn, Gn)]—'ﬁ’“(T+,K) = (AFTL, AGn)_’F(H)7 F,, G, € fn(T+>, n e Z+.
Define

Fo(Ty) 3 F, — AF, = Pry, ey, , VuK®"F, € F(H), neZ,

o0
FOUTy, K) = @ Fo (T, K).
n=0
Obviously, the mapping A can be extended to an isometric operator acting from
F*YT4, K) to F(H). The notation A is preserved for this operator.

The structure of A will imply the unitarity of the map Ix mentioned in
Section 1. The rigorous definition of this map will be given in Theorem 3.1. We
emphasize that Ix is simultaneously the generalized Wiener-Ito-Segal transform
for px and the Fourier transform for the family Jx that we are about to construct.

Now we have to describe a natural rigging for the space F***(T',, K). Consider
a linear topological space

FOUTL, K) = A~ (Fan(Hy) N Ran(A)).

The sequence (F,);2 converges to F' in F(Ty, K) if and only if the sequence
(AF,)52, converges to AF in Fgn(Hy ). One can show that the space F§*(Ty, K)
is a dense subset of F<*(T,, K). This gives us the rigging

(FN(Te, K)) D FONTLL K) S FENTL K).

Denote the corresponding pairing by (-, ) 4.
Let us construct the family Jx. The set Fu,n(H4) NRan(A) is invariant with
respect to every J(K f), f € T. This allows us to introduce the operators

JK(f) = A_lJ(Kf)Aa Dom(JK(f)) = fiXt(T-i-?K)? f € T+'
in the space F™Y(T,, K). Evidently, they are essentially selfadjoint and their

closures Jx (f) are strong commuting. Define Jx = (Jx(f))fer,. Remark that
F¢U Ty, K) is invariant with respect to Jr(f), f € T
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We now state an analogue of Theorem 2.1 for Jx. In particular, this would
yield an analogue of the Wiener-It6 decomposition for the measure pg-.

Theorem 3.1. Assume Q = J,—, Q, to be a dense subset of L*(T_,dpk). There
exists a vector-valued function T— > w — Qw) € (F*(T4, K))" such that the
following statements hold:

o For pr-almost all w € T—, the vector Q(w) € (F$* (T, K)) is a generalized
joint eigenvector of the family Jx with the eigenvalue w, i.e.,

(QW), Tk (f)F)a = (w, ir(Qw), Fya,  F & F&Ty, K).

o The Fourier transform
FON T, K) > F s IxF = (F,Q("))a € L*(T_,dpk)

can be extended to a wunitary operator acting from FY T, K) to
L*(T_,dpr). We preserve the notation I for this operator.
o The Fourier transform Ik satisfies the equality

IxF, = Fn,'®n>T, F, efn(T+)7 TLEZ+

1
77 Pra.e0, !
(we suppose Q_1 = {0} and w®° =1 for any w € T_).
Corollary 3.1. If Q =~ O is a dense subset of L*(T_, dp ), then the equality

LA(T_,dpk) = @ (Qn S Qn—l) = @IK(fger(T“'?K))'
n=0

n=0

holds true.

Corollary 3.1 constitutes an analogue of the Wiener-It6 decomposition for
the measure pg.

3.2. A Lévy noise measure

We will now illustrate the preceding abstract constructions with some explicit
calculations. Namely, we will obtain an explicit formula for the operator A and the
scalar product (-, ) zext (7, k) in the case where K is the operator of multiplication
by a function of a new independent variable and J equals Jp. Then px appears
to be a Lévy noise measure. Remark that a slightly more complicated choice of K
leads to a fractional Lévy noise measure.

Consider a real separable Hilbert space S = L?(R%, do). Let the space T
equal L?(R% dr). We assume the Borel measures o and 7 to be finite on com-
pact sets. We also assume 7 to be absolutely continuous with respect to the
Lebesgue measure. Let the space H equal S ® T. Clearly, H can be identified
with L2(R4+% d(o @ 7)). Suppose J to equal Jp.

The spaces T and H; may be chosen arbitrarily provided that Jp satisfies
the definition of a Jacobi field. Typically, the role of T and Hy is played by
weighted Sobolev spaces.
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Define K via the formula
Ty 3 f(t) = (Kf)(s,t) = k(s)f(t), se€RM, teR®

The function x € S has to be chosen so that K would be a bounded operator
acting from T to Hy.

The operator K+ takes p to a probability measure px on T_. According to
Remark 3.1, the characteristic functional of pg is now given by the formula

prc(f) = exp < / § / | (em0r0 1 in(s)110)) do(s)dT(t)) . feT..

Denote by o, the image of o under k. The above formula implies that pg is the
Lévy noise measure on T_ with the Lévy measure o, and the intensity measure 7.

Before identifying the operator A and the scalar product (-, -)zext (7, &) €x-
plicitly, we have to carry out some preliminary constructions.

Given n € N, define £"(s) = (k(s))", s € R%. The function ™ belongs to
the space S for any n € N. Applying the Schmidt orthogonalization procedure to
the sequence (k™) , we obtain an orthogonal sequence (k,)52, in the space S.
Each k,, is a polynomial of degree n with respect to x. We normalize x,, so that
the leading coefficient of this polynomial would equal 1.

A vector F € Tg”, n € N, can be treated as a complex-valued func-
tion F(ty,...,t,) depending on the variables t,...,t, € R?. Analogously,
a vector ¢ € Hg’”, n € N, can be treated as a complex-valued func-
tion ®(s1,...,8n,t1,...,t,) depending on the variables si,...,s, € R and
t1, ... tn € R%. Vectors from F,,(T) and F,(H) appear as symmetric functions.
We assume the set of all smooth compactly supported functions on R%" to be a
dense subset of (T)&"

Consider an ordered partition w = (w1, ...,wy) of the set {1,...,n} into k
nonempty sets wi, . ..,ws. Let QF stand for the set of all such partitions and let
|wk| stand for the cardinality of wy. Introduce the mapping

R72F > (t17...,tk) ’—>7Tw(f17...,tk) = (til,... )GRdzn

in

with i; =1 for j € w;.
Given a smooth compactly supported symmetric function F' € F,,(T4), n €
N, denote Dp = (0, D}, ..., D%,0,0,...) € F(H) with

DIIC;(Sl,.. Sk,tl,...,tk)

= Z (Klwy|(51) Bl | (88)) F(ma(t1, ... tr), k=1,...,n.
wenk V!
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Theorem 3.2. Under the assumptions of the present subsection, the operator A and
the scalar product (-,-) Fext (1, i) Satisfy the equalities

1
AF = — Dy,
vn! r

_ i - k k ®k ®k
(F,G) st i) = — ]; /R RdlkDF(s,t)DG(m)da (s)dr®"(t)

for any smooth compactly supported symmetric functions F,G € F,(Ty+), n € N
(the overbar denoting the complex conjugacy).

Theorem 3.1 and Theorem 3.2 explain the Fock-type structure
of L?(T_,dpk). Theorem 3.2 shows that the space FY(T,,K) coincides
with the extended Fock space investigated in [23] up to scalar weights at the
orthogonal components. Note that one can construct an embedding of Fe**(T", , K)
into a weighted orthogonal sum of function spaces. Using the arguments from [10],
see also [19], [11], [12], [23], and [24], one can extend this embedding to a unitary
operator.

Since px is now a Lévy noise measure, the family Jg is probably isomorphic
in a certain sense to the operator family from [8]. (In the corresponding special
case, this family is the Gamma field, see [19].) The measure px would then be the
spectral measure of this family. We do not concentrate on these questions in the
present paper.

4. The case of a dense range

If the range Ran(K) is dense in H,, then the abstract constructions of Section 3
take a much simpler form. Before explaining the principal simplification, we should
point out that several relevant results can be found in [9]. In particular, a statement
similar to Corollary 3.1 is obtained there by means of an approximation procedure.
So we assume the range Ran(K) to be dense in H,. Then V,, = EB;-L:O F;(H)
and
1
e

If, additionally, J is the classical free field or the Poisson field, then
AFn:K(Xan, Fn GTH(T+), TLEZ+,

AF, Voo K®"F,,  F, € Fu(Ty), n€Z,.

and the scalar product (-, -)zext (1, k) satisfies the equality
(B, Gn) Fext(ry i) = (K€" Fo, K€" G) £, (1)
Fn,Gn (S fn(T+), n e Z+.

This formula shows that F°**(T,, K') may now be identified with F(Tp), the space
Ty being the completion of T with respect to the scalar product

(f,g)Toz(Kf,Kg)H, f,g€T+.
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We proceed with three examples.

4.1. A Gaussian measure

Choose an arbitrary rigging (2.1) and suppose the original field J to equal Jop.
The space Ty and the bounded operator K may be chosen arbitrarily. However, as
before, we assume Ran(K) to be dense in Hy and Ker(K) to equal {0}. According
to Remark 3.1, the characteristic functional of pg is given by the formula

() =exp (=3 IKTI ) =esp (-3 (KFKLDr) . FeT

(since H is a subset of H_, the operator K™K : T, — T_ is well defined). This
means pg is the Gaussian measure on T with the correlation operator K+ K.

Notice that we can choose the neutral space T in the rigging (3.1) to equal
the space Ty defined above. Then the restriction K+ | Ran(K) : Ran(K) — T-
coincides with the mapping K~! : Ran(K) — T, C T- and the characteristic
functional of px may be written in the form

it =ew (-3 l01 ). fet

Clearly, this means px is the standard Gaussian measure on 7.

Theorem 3.1 produces a family Jx whose spectral measure is px. Obviously,
this family coincides with the classical free field corresponding to the rigging (3.1)
with the neutral space T' = Ty. Originally, this fact has been pointed out by
E.W. Lytvynov.

4.2. An operator of multiplication

Let H be L?(R,dz) and let H, and Ty be the Sobolev spaces W4 (R, (1 + z?) dz)
and W3 (R, dz), respectively. Suppose J to be the Poisson field Jp and suppose
K : T, — H, to be the operator of multiplication by the function 6(z) = e~
One can easily verify that K is bounded and Ker(K) = {0}. The range Ran(K) is
dense in H, because it contains all the smooth compactly supported functions. On
the other hand, Ran(K) # H, because, e.g., the function ¥(x) = (1+22)"2 € H,
does not belong to Ran(K).

Choose T_ to be the dual of W} (R, dz) with respect to the neutral space
Ty = LQ(R,e_Q“”2 dz). Evidently, one may realize T_ as the dual of W3 (R, dx)
with respect to the neutral space L?(R, dz), in which case T is the usual negative
Sobolev space W5 (R, dz). Applying Theorem 3.1 in this situation yields a family
Jx whose spectral measure has the characteristic functional

pre(f (@) = exp ( [ (e 1 i ) dz> . feT..

The operator A is now an orthogonal sum of multiplication operators. The space
FYT,, K) where Jg is defined appears as an orthogonal sum of L2-spaces, each
of them with respect to a weighted Lebesgue measure.
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4.3. A differential operator
As before, let H be L?(R,dr). Let H, and Ty equal Wi (R,eé dz) and
W3 (R, e% dz), respectively. Suppose J to be the Poisson field Jp.
Define the operator K : T4 — Hy as the extension by continuity of the
mapping
G (R) 3 pla) e % 2

(C3°(R) stands for the set of all smooth compactly supported functions on R).
Evidently, K is bounded and Ker(K) = {0}. One can prove that the range Ran(K)
is dense in H.

€ H,

The space H_ is the negative Sobolev space W2_1 (R, eé dx), while T_ may
be realized as the dual of W2 (R, e dx) with respect to the zero space L?(R, dxr).

1,2
In this case, T_ is the usual negative Sobolev space W, 2(R,e* dz). Applying
Theorem 3.1 yields a family Jx whose spectral measure has the characteristic
functional

pic(f(z)) = exp (/R (exp <¢e—“f dg?) Cl—ie S %) dx) . feT,.

The operator A is an orthogonal sum of differential operators. The structure of the
space F<¢(T,, K) is now slightly more complicated than it was in the previous
example.
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Abstract. The higher order analogue of the classical Carathéodory-Julia the-
orem on boundary angular derivatives has been obtained in [7]. Here we
study boundary interpolation problems for Schur class functions (analytic
and bounded by one in the open unit disk) motivated by that result.
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1. Introduction

We denote by S the Schur class of analytic functions mapping the open unit disk
D into its closure. A well known property of Schur functions w is that the kernel

Ku(z,¢) = %ZZ’(O (1.1)

is positive on D x D and therefore, that the matrix
1 01— |w)*]"
ilg! 0200z3 1 —|z|?

PY(z) := (1.2)
i,j=0

which will be referred to as to a Schwarz-Pick matriz, is positive semidefinite for
every n > 0 and z € D. We extend this notion to boundary points as follows: given

a point tg € T, the boundary Schwarz-Pick matriz is
PY(to) = lim PY(2), (1.3)
zZ—1l0

provided the limit in (1.3) exists. It is clear that once the boundary Schwarz-Pick
matrix P¥(to) exists for w € S, it is positive semidefinite. In (1.3) and in what



64 V. Bolotnikov and A. Kheifets

follows, all the limits are nontangential, i.e., z € D tends to a boundary point
nontangentially. Let us assume that w € S possesses nontangential boundary
limits

W)
w; (to) _z11—>r11;10 7 for j=0,...,2n+1 (1.4)
and let
wito) -+ wns(to) wo(to)™ ... wn(to)”
Py (to) = : : W, (to) : ;
Wnt1(to) +++ want1(to) 0 wo (to)*

(1.5)
where the first factor is a Hankel matrix, the third factor is an upper triangular
Toeplitz matrix and where ¥,,(tg) = [\I’jg]? +—o is the upper triangular matrix

(o e (g )t ]
0 —t3 2t - (=D"( 7 )t
W,(to) = | G C VG s (1.6)
0 0 (_1)71(2)75(2)"“_
with entries
W = (-1)" ( j )tf;““, 0<j<l<n. (1.7)

For notational convenience, in (1.5) and in what follows we use the symbol a* for
the complex conjugate of a € C.
We denote the lower diagonal entry in the Schwarz-Pick matrix P¥(z) by

1 9% 1 — |w(z))?

dw n = — 1.8
() (nh)29zn0zr 1 —|z|? (18)
The following theorem was obtained in [7].
Theorem 1.1. Forw € S, to € T and n € Z, the following are equivalent:
1. The following limit inferior is finite:
lim itnf dyn(z) < 00 (1.9)
z—1o
where z € D approaches ty unrestrictedly.
2. The following nontangential boundary limit exists and is finite:
dy n(to) == ling dyn(2) < 0. (1.10)
z—10

3. The boundary Schwarz-Pick matriz PY¥(to) defined via the nmontangential
boundary limit (1.3) exists.
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4. The nontangential boundary limits (1.4) exist and satisfy
|wo(to)] =1 and Py (tg) >0, (1.11)
where PY (to) is the matriz defined in (1.5).
Moreover, when these conditions hold, then
P (to) = P2 (to). (1.12)

In the case n = 0, Theorem 1.1 reduces to the classical Carathéodory-Julia
theorem [9, 10]; this has been discussed in detail in [7]. The relation

’an(to)*
dwn(to) = [ wns1(to) -+ wania(to) | ¥n(to) :
U)o(to)*

expresses equality of the lower diagonal entries in (1.12); upon separating the term
containing wa,+1 it can be written as

n—1 n
dun(to) = > Y wnyita (to) Wi (to)wn—j(to)” + (—1)™ 5" wany1 (to)wo(to)".
i=0 j=0
(1.13)
Theorem 1.1 motivates the following interpolation problem:
Problem 1.2. Given points t1,...,tx € T, given integers ny,...,ni > 0 and given
numbersc, ; (7 =0,...,2n,+1; i =1,...,k), find all Schur functions w such that
limitr_lfdw)m(z) <oo (i=1,...,k) (1.14)
and
w(j)(z)
Wj(ti) = lllrtl ] = Cj,j (i:17...,k; j=07...,2ni—|—1). (115)
: T .

The problem makes sense since conditions (1.14) guarantee the existence of
the nontangential limits (1.15); upon preassigning the values w;(¢t;) fori =1,...,k
and j =0,...,2n;+1, we come up with interpolation Problem 1.2. It is convenient
to reformulate Problem 1.2 in the following form:

Problem 1.3. Given points t1,...,tx € T, given integers ny,...,ng > 0 and given
numbers

ci; and v (F=0,....2n;i=1,...,k),
find all Schur functions w such that
1 9?1 —|w(2)]?
11m =%
(n;!))2 2=t 9zm0z™ 1 — |z]?

and
wj(ti):ci,j (iz 1,...,]{}; ]ZO,,2TL1) (117)
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If w is a solution to Problem 1.2, then conditions (1.14) guarantee the exis-
tence of the nontangential limits (1.16) and by a virtue of (1.13),

n;—1 n;
) = 5 S st
=0 7=0
(=) 2 g, 4 (8)wo (8) ™ (1.18)

Thus, for every Schur function w, satisfying (1.14) and (1.15), conditions (1.16)
hold with
n—1 n;

Y=Y Y Cimirer1 Ve (to) iy + (1) e, 116 (1.19)
£=0 j=0

Conversely, if w is a solution of Problem 1.3, then it clearly satisfies (1.14) and
by Theorem 1.1, all the limits in (1.15) exist and satisfy relation (1.18). Since
wo(t;) is ummodular the equation (1.18) can be solved for way,,+1(t;); on account
of interpolation conditions (1.17), we have

n;—1 n;

dw,ni(tz) Z ch n1+2+1\I/EJ( ) zn1 j Ci,0~

=0 j5=0

= 2n;+1
Wan,41(t7) = (—1)"F,""

(1.20)
It is readily seen now that w is a solution of Problem 1.2 with the data c; 2,41
chosen by

n;i—1 n;

2n;+1
Cioni+1 = (1) =N Cimre1 Vi (t)es s | oo (1.21)
=0 7=0

It is known that boundary interpolation problems become more tractable if they
involve inequalities. Such a relaxed problem is formulated below; besides of certain
independent interest it will serve as an important intermediate step in solving
Problem 1.2.

Problem 1.4. Given points t1,...,tx € T, given integers ny,...,ng > 0 and given
numbers ¢; ; and y; (j =0,...,2n;; i =1,...,k), find all Schur functions w such
that

duwn, (i) < i, (1.22)

wi(ty) =cy; (@E=1,....k 7=0,...,2n;). (1.23)

By Theorem 1.1, for every solution w of Problem 1.3 there exists the limit

Wan, +1(t;) = zlgrtl? % which satisfies (1.20). Let ¢; 25,41 be defined as in
(1.21). Then it follows from (1.20), (1.21) and (1.22) that

0 < i = dun, () = (=1)™ 7" (Cion, 01 — wan,41(E:) € o (1.24)

It is convenient to reformulate Problem 1.4 in the following equivalent form.
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Problem 1.5. Given the data

t; €T and ¢; €C (j=0,....2n,+1;i=1,...,k), (1.25)
find all Schur functions w such that
dwn; (i) < i s (1.26)
wi(t)=cy; (@G=1,...,k 7=0,...,2n;) (1.27)
and
(=1)" 7 (Ciane1 — wan,+1(t)) o =20 (i=1,...,k), (1.28)

where the ~;’s are defined by (1.19).

In Section 3 we will construct the Pick matrix P in terms of the interpolation
data (1.25) (see formulas (3.1)—(3.2) below). Then we will show that Problem 1.5
has a solution if and only if |¢; 9] = 1 for ¢ = 1,...,k and P > 0. In case P is
singular, Problem 1.5 has a unique solution w which is a finite Blaschke product
of degree r < rank P. This unique w may or may not be a solution of Problem 1.2.
The case when P is positive definite is more interesting.

Theorem 1.6. Let [c;o| =1 fori=1,...,k and P > 0. Then

1. Problem 1.5 has infinitely many solutions which are parametrized by the linear
fractional transformation

w(z) = 50(2) + s2(2) (1 — S(z)s(z))_l E(2)s1(2) (1.29)

where & is a free parameter running over the Schur class S and where the
coefficient matriz

_ | so(2) s2(2)
S(z) = [ sl2) s(2) (1.30)
is rational and inner in D.
2. A function w of the form (1.29) is a solution of Problem 1.2 if and only if

either )
1—1& *
1izniitlilf 1_|7|(;|g| = or le_I}Itll E(z) # s(ti) (1.31)
fori=1,... k, where the latter limit is understood as nontangential, and s

is the right bottom entry of the coefficient matriz S(z).

Boundary interpolation problems for Schur class functions closely related
to Problem 1.5 were studied previously in [3]-[6], [16]. Interpolation conditions
(1.27) and (1.28) there were accompanied by various additional restrictions that
in fact are equivalent to our conditions (1.26). Establishing these equivalences is
a special issue which is discussed in [8]. A version of Problem 1.2 (with certain
assumptions on the data that guarantee (1.14) to be in force) was studied in
[4] for rational matrix-valued Schur functions. In this case, the parameters £ in
the parametrization formula (1.29) are also rational and therefore, the situation
expressed by the first relation in (1.31) does not come into play. A similar matrix-
valued problem was considered in [6] where the solvability criteria were established
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rather than the description of all solutions. Problem 1.3 was considered in [21] in
the case n; = ... = ng = 0; the second part in Theorem 1.6 can be considered as
a higher order generalization of some results in [21].

The paper is organized as follows. In Section 2 we recall some needed results
from [7] and present some consequences of conditions (1.26) holding for a Schur
class function. In Section 3 we introduce the Pick matrix P in terms of the inter-
polation data and establish the Stein equality this matrix satisfies. In Section 4 we
imbed Problem 1.5 in the general scheme of the Abstract Interpolation Problem
(AIP) developed in [11, 14, 15]. In Section 5 we recall some needed results on AIP
and then prove the first part of Theorem 1.6 in Section 6. Explicit formulas for
the coefficients in the parametrization formula (1.29) are derived in Theorem 6.3.
An explicit formula for the unique solution of Problem 1.5 in case P is singular
is given in Theorem 6.2. In Section 6 we also prove certain properties of the coef-
ficient matrix (1.30) which enable us to prove the second part of Theorem 1.6 in
Section 7.

2. Preliminaries

The proof of Theorem 1.1 presented in [7] relies on the de Branges-Rovnyak spaces
LY and H" associated to a Schur function w. In this section we recall some needed
definitions and results. We use the standard notation Lo for the Lebesgue space of
square integrable functions on the unit circle T; the symbols H; and H, stand for
the Hardy spaces of functions with vanishing negative (respectively, nonnegative)
Fourier coefficients. The elements in H, and H, will be identified with their
unique analytic (resp., conjugate-analytic) continuations inside the unit disk, and
consequently H2+ and H, will be identified with the Hardy spaces of the unit disk.

Let w be a Schur function. The nontangential boundary limits w(t) exist and

are bounded by one at a.e. ¢ € T and the matrix-valued function [ w(lt)* wit)

is defined and positive semidefinite almost everywhere on T. The space L* is the
w

1/2
range space [ u}* ) ] (Ly & Lg) endowed with the range norm. The set of

functions [ Y }f where f € Ly & Ly is dense in L™ and

H[u} zf]fiwzquf ?}f f>L2@L2. (2.1)

Definition 2.1. A function f = [ ;f ] is said to belong to the de Branges—Rovnyak
space H" if it belongs to L™ and if fy € H) and f_ € H, .

As it was shown in [7], the vector-valued functions

00555 (Luer V| wer ] E) e
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defined for z € D, t € T and j € Z,, belong to the space H* and furthermore, for

every z € D and every f = [ ;"’ } e HY,

| Y
(1 D), = 5551 (2.3)

Setting f = Kéi) in (2.3), we get

(i) ) _ L oIt 1- w(Z)@
<K< K >Hw gl 9290¢ ( 1—2C ’ 24)

Upon differentiating in (2.2) and taking into account that |¢| = 1, we come to the

following explicit formulas for K 5-7'):

1 w(t) Pl

() = ,
K(®) [ w(t) 1 ] Z we(z) (1 —tz) I | (2.5)
where wy(z) are the Taylor coefficients from the expansion

= w® (z
Q) =) _we(2)(¢—2)", wi(z) = (2)
£=0

The two next theorems (also proved in [7]) explain the role of condition (1.9).
Theorem 2.2. Let w e S, ty € T, n € Zy and let

liminf dy (2) < 0. (2.6)

z—to

Then the nontangential boundary limits

(@)
w;(to) == zli—>Ht10 v J(z) exist for j=0,...,n (2.7)
and the functions
t(1 — ttg) 71
K9 =| L. v i , o (2.8)
to w(t)* 1 _Z w[(t0>*t‘7_é(1 _ tto)ﬁ—]-l .
£=0

belong to the space H" for j = 0,...,n. Moreover, the kernels K deﬁned m
(2.5) converge to Kt(g) for 3 =1,....,n in norm of H" as z € D approaches t
nontangentially:

Kg-') il,uK(J) for j=1,....n as z— to.
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Theorem 2.3. Let w € S, tg € T, n € Zy. If the numbers cy, ..., c, are such that
the function

(1 — )~
F(t) = |: w(t)* 1 :| _Zcztn—é(l _ tfo)e_n_l
£=0

belongs to H", then condition (2.6) holds, the limits (2.7) exist, and w;(to) = ¢;

for j =0,...,n; consequently, F coincides with Kt:).

Now the preceding analysis can be easily extended to a multi-point setting.

Given a Schur function w and k-tuples z = (z1,..., 2x) of points in D and n =

(n1,...,ni) of nonnegative integers, define the generalized Schwarz-Pick matriz

k
107 [1—w()w()
Pl(z):=||— — — . (2.9
n(2) Qrl 92t0¢r ( 1—2(¢ 2=z, (29)
=z L=0,..., ng
O:eomy L j=1

Given a tuple t = (t1,...,tx) of distinct points ¢; € T, define the boundary
generalized Schwarz-Pick matrix

PY(t) := lini Pl (z) (2.10)
provided the latter limit exists, where z — t means that z; € D approaches t; for
1 =1,...,k nontangentially. It is readily seen that conditions

limitnf Ay (2) <o for i=1,...,k, (2.11)

(where dy, n, is defined via formula (1.8)) are necessary for the limit (2.10) to exist.
They are also sufficient as the next theorem shows.

Theorem 2.4. Let t = (t1,...,tx) be a tuple of distinct points t; € T, let n =

(n1,...,nk) € Z% and let w be a Schur function satisfying conditions (2.11).
Then:
1. The following nontangential boundary limits exist:
()
wj(t:) = lim = ,|(Z) (G=0,....2n,+1; i=1,....k). (2.12)
z—1; j

2. The functions
® (1 —tt;) =71
)y 1 w(t J _ _
R0 = [ w) 1 ] =) we(t) T — ) (2.13)
£=0

belong to the space HY for j =0,...,n; andi=1,... k.
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3. The boundary generalized Schwarz-Pick matriz PY(t) defined via the non-
tangential limit (2.10) exists and is equal to the Gram matriz of the set

Py = [KKS* &) ],

4. The matriz PY(t) can be expressed in terms of the nontangential limits (2.12)

k
0. s 1 . (2.14)
0,y

as follows:
w w1k
Pr(t) = [P35, ) (2.15)
where P is the (n; + 1) x (n; + 1) matriz defined by
Pl =Hi; ¥, (t;) W5, (2.16)

where W, (t;) is defined as in (1.6), W is the lower triangular Toeplitz
matriz given by

’wo(tj) 0 0
W, — wlgtj) wo(t;) - : 7 (2.17)
: 0
wnj (tj) e w1 (tj) wo(tj)

and where H;; is the matriz with the entries

Z e s+r—4 we (1

=0
t o s+r—1¢ wy(t;
_;(_1) < +T )(t_tj)% (2.18)

if 1 # j, and it is the Hankel matriz

w1 (t5) wa(t;) oo wny4a(t))
wa(t5) ws(t;) oo Wagal(ty)
Hj; = : : : (2.19)
wnj;l(tj) Wnyt2(ti) o wan;41(t))

otherwise.

Proof. The two first statements follow by Theorems 1.1 and 2.2. Due to relation
(2.4), the matrix in (2.9) can be written as

Py(z) = “<K§§), K:Sf)>HJ o, r : (2.20)
r=0 i,j=1

By Statement 3 in Theorem 2.2,
R I S

i

sy =100k,
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as z; approaches t; nontangentially. Passing to the limit in (2.20) we get the ex-
istence of the boundary generalized Schwarz-Pick matrix P¥(t) and obtain its
representation (2.14). Let us consider the block partitioning
k
Pg (Z) = [P:l; (Zi, 27)] ij=1
conformal with that in (2.15) so that

1o [1—w()w()
PY(z,2;) = | — _ _ 2.21
(o) =\ g ( 1—2C . (221)
¢ =z L=0,..., n;
r=20,..., n;
The direct differentiation in (2.21) gives
min{¢,r} r—szl—s
(é +r— S)' Zi Zj
P (2 = —
[ 'LJ(Z Zj)][ ; (g _ S)!(r _ s)! (1 _ zizj)é-i-r—s-s-l

r min{a,B} B—sza—s

(a+B—s) z "Z wialzi)wr—p(2)"
_ZZ Z (05—8)!(6—3)! (I—Zf )oz—i—ﬁ s+f .

a=0p3=0 s=0

For i # j, we pass to the limit in the latter equality as z; — t; and z; — ¢; and
take into account (2.12):

po, TS e
wler T (€ —s)(r—s) (1 —tt; )z+r—s+1

s=0

r min{a,8} B—sia—s *
(a+B—3s) t; "t "we—a(ti)wr—p(t))
a Z Z Z (a— $)I(B—9)! (Jl — titj)otAostl '

a=0p3=0 s=0

Verification of the fact that the product on the right hand side of (2.15) gives
the matrix with the same entries, is straightforward and will be omitted. Finally,
it is readily seen from (2.21) and (1.2) that the j-th diagonal block P (z;, z;)
coincides with the Schwarz-Pick matrix P}, (z;). Therefore, by Theorem 1.1 and
formula (1.5), its nontangential boundary limit equals

Py = Py (t)) (2.22)
wilty) o we4(t) wo(t;)" ... wn,(t;)"

= : W, (t5) J
Wn;41(t;) 0 wapya(ty) 0 wo(t;)”

which coincides with (2.16) for j = i. O

3. The Pick matrix and the Stein identity

The Pick matrix P defined and studied in this section is important for formulating
a solvability criterion for Problem 1.5 and for parametrizing its solution set. The
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definition of the Pick matrix is motivated by the formulas for the matrix Py (t)
discussed in the previous section. Namely,

k

P=[Pyl;,_, €CV*N where N=> (n;+1), (3.1)
i=1
and the block entries P;; € Ci+D* i+ are defined by
Py = H;j - Wy, (tj) . WJT“, (3.2)
where W, (t;) is defined as in (1.6), where
i Ci,0 0 . 0
Ci,1 Ci0 . 0
W, = . ) ) ) , (3.3)
L Cin; e Ci,1 Ci,0
i Ci,1 Ci,2 ce Cin;+1
Ci2 Ci,3 co Cin+2
Hy; = . . . (3.4)
| Cini+1 Cin;+2 " Ci2n;+1

for i =1,...,k and where the matrices H;; (for ¢ # j) are defined entrywise by

_ . o S+T—14 Cif
[Hz‘j]rys = Z(_l) ( s )(ti_tj)s-i-r—e-i-l

£=0

® o s+r—4 Cje
—2_=1) ( . ) )T (3:5)
£=0 :

forr =0,...,n; and s = 0,...,n;. The latter formulas define P exclusively in
terms of the interpolation data of (1.25). We also associate with the same data
the following matrices:

ti 1 0
Ty 0 _
T— ' , where T,= | U 1 . (36)
0 Tk : s s }
0 ... 0 &
E=[FE ... E ], where E;=[1 0 ... 0], (3.7)
M=[M ... M], where M;=[¢o ... ¢, |- (3.8)

Note that T; € CltDx(mitl) and E;, M; € C**(+D The main result of this
section is:

Theorem 3.1. Let |c;0| =1 fori =1,...,k and let us assume that the diagonal
blocks Py; of the matriz P defined in (3.1)~(3.5) are Hermitian for i = 1,... k.
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Then the matrixz P is Hermitian and satisfies the Stein identity
P —T*PT = E*E — M*M, (3.9)
where the matrices T, E and M are defined in (3.6)—(3.8).
In view of (3.6)—(3.8), verifying (3.9) is equivalent to verifying
P —T;P;T; =EE; — MM; (i,j=1,...,k). (3.10)

An identity like that is not totally surprising due to a special (Hankel and Toeplitz)
structure of the factors H;; and W; in (3.2). Indeed, the identity verified in the
next lemma (though, not exactly of the form (3.10)) follows from the structure of
P;; only (without any symmetry assumptions). Note that the right-hand side in
(3.9) as well as the one in (3.10) is of rank 2 .

Lemma 3.2. Let P;; be defined as in (3.2). Then
Pij =T PyTj = Ef My, (t;)W; T; — M; M, (3.11)
where, according to (3.8),
Mj = [ Cj’g Cj’l Cj,'n,j ] = EJWJT
Proof. We shall make use of the equalities
WiT; =T;W;, T;%, (t)T; =%, (t;), E;®, (t;)T; =E;. (3.12)
The first equality follows by the Toeplitz triangular structure of W7 and T);. The

matrix T; W, (t;)T; is upper triangular as the product of upper triangular matri-
ces, and due to (1.7) and (3.6), its s¢-th entry (for £ > s) equals

T,%,, (tj)Tjjls’e =W+t o1 +tVsi10+ VUop1 01

—cogen () =) (L) - ()]
= (—1)fgt ( ﬁ ) =V, .

This completes the verification of the second equality in (3.12). The last relation
in (3.12) follows by (1.7) and (3.6) and (3.7):

n. i1 _ _
By, )Ty = t; 2 . (ume | T=[1 0 0] =B,
We will also use the identity
Hi;T; —T;Hi; = EfM; — M;E, (3.13)
which holds for every 7,5 = 1,...,k and is verified by straightforward calculations
(separately for the cases i = j and i # j). We have
Py =Ty PyTy = Hig®, ()W = T7 Hiy W, ()T W5

= (H”Tj - T;Hij) lI’nj (tj>Tjoik
= (B - M} E;) @, (1) TV, (3.14)
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where the first equality follows by (3.2) and the first relation in (3.12), the second
equality relies on the second relation in (3.12) and the last equality is a consequence
of (3.13). Combining the third relation in (3.12) with formulas (3.3) and (3.8) we
get

B, (6)T;W] = E;W] = M,

which being substituted into (3.14) leads us to (3.11). O
Proof of Theorem 3.1. By Lemma 3.2 the structure of P implies (3.11). First we
consider the case when j = 4. Since, by assumption, matrices P;; (i = 1,...,k) are

Hermitian, the left-hand sides in (3.11) are Hermitian, and hence the right-hand
sides in (3.11) must be Hermitian. In other words,

EXM;®,, (t )W T, = (M;®,, (t;)W;T;)*E; for i=1,...,k.
Multiplying the latter relation by F; from the left and taking into account that
EiEf =1 and E; (MW, (t;)W;T:)* = (ciotic)oti)* =1,
we get
MV, (t)W; T, =E; for i=1,...,k.

Therefore, relations (3.11) turn into (3.10), which is equivalent to (3.9). Further-
more, for ¢ # j, the Stein equation

X — T} XT; = EfE; — M} M,

has a unique solution X. Taking adjoint of both sides in (3.10) we conclude that
the matrix P;; satisfies the same Stein equation as Pj; does and then, by the above
uniqueness, P = Pj; for i # j. It follows now that P is Hermitian. O

Theorem 3.3. Let ty,...,t, € T, ny,...,nx € Zo, N = Zle(nl + 1) and let us
assume that a Schur function w satisfies conditions (2.11). Then the matriz PY (t)
defined via the limit (2.10) (that exists by Theorem 3.1) satisfies the Stein identity

Py(t) —T'PL(t)T = E*E — (M¥)"M", (3.15)
where the matrices T and E are defined in (3.6), (3.7) and
MY = [ M1 Mk ] ) where le = [ U)Q(ti>* wni(ti)* ] (316)

Proof. By Theorem 2.2, the matrix P¥(t) admits the representation (2.15)—(2.18),
that has the same structure as the Pick matrix P constructed in (3.1)—(3.5) but
with parameters c;; replaced by wj;(t;). Furthermore, it is positive semidefinite
(and therefore, its diagonal blocks are Hermitian) due to representation (2.14),
whereas |wg(t;)| = 1 for i = 1,...,k, by Theorem 1.1. Upon applying Theorem
3.1 we conclude that P¥(t) satisfies the same Stein identity as P but with M®
instead of M, i.e., the Stein identity (3.15). O
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4. Reformulation of Problem 1.5

The formula (2.14) for P¥(t) motivates us to introduce the matrix function
Fo(t) = [ By ... Fpo | (4.1)
where
Fr) = k00 KM@ o K0 ] (=108, @2)
and Kt(ij) (t) (j =0,...,n;) are the functions defined in (2.13).

Theorem 4.1. Let t1,...,t; € T, ny,...,n; € Z4 and let us assume that a Schur

function w satisfies conditions (2.11). Then for F* defined in (4.2), (4.3) we have:

1. The function Fvz belongs to the de Branges-Rovnyak space H™ for every
vector x € CN and _

[Fz|f = 2" PR (t)a (4.3)
where PY(t) is the boundary generalized Schwarz-Pick matriz (that exists due
to conditions (2.11)) and N := Zle(ni +1).

2. F* admits the representation
Fo(r) = [ w(lt)* wit) } [ A } (1—1)", (4.4)

where the matrices T, E and M"™ are defined in (3.6), (3.7) and (3.16), respec-
tively.

Proof. By Theorem 1.1, conditions (1.26) guarantee that the functions Kt(f) de-
fined in (2.13) belong to H" and the boundary Schwarz-Pick matrix P (t) exists
and admits a representation (2.14). Now it follows from (4.1) and (4.2) that for
every x € C", the function F”x belongs to H" as a linear combination of the

kernels Kt(J ) € Hv, while relation (4.3) is an immediate consequence of (2.14).
Furthermore, by definitions (3.6), (3.7) and (3.16) of T}, E; and M}*,

1 ¢
E; 1 1—tt; 1= tt;)mit1
[ M :| (I—-1tT;) _wo(ti)* _2 wg(ti)*tm_é . (4.5)
1_ t{l . s (1 . tfi)ni+1—e
o . . 1 wt)
Multiplying both sides of (4.5) by the matrix w(t)* 1 on the left and
taking into account (2.13) and (4.2) we get
1 w(t) E 1 n;
[ w(t)* 1 ] [ —Mv } (=) = [ K00 kD@ o KM
= FY(t)  (i=1,...,k). (4.6)

Now representation formula (4.4) follows by definitions (block partitionings) (4.1),
(3.6), (3.7) and (3.16) of F*, T, E and M™. O
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Now we modify Fv replacing M"™ by M in (4.4): we introduce the function

wipy.— | 1 w() E -1
F“(t) .= { w(t)* 1 ] [ Y } (I—-1tT) (4.7)
with T, E and M defined in (3.6)—(3.8). The two next theorems show that Problem
1.5 can be reformulated in terms of this function and of the Pick matrix P.
Theorem 4.2. Assume that w solves Problem 1.5 (i.e., w € S and salisfies inter-
polation conditions (1.26)—(1.28)) and let F* be defined as in (4.7). Then

1. The function F*¥z belongs to H™ for every vector x € CN and

|F“2| 3w < 2*Px (4.8)
where P is the Pick matriz defined in (3.1)—(3.5).
2. The numbers c; o are unimodular fori =1,...,k and the matriz P is positive
semidefinite,
lciol=1 (i=1,...,k) and P >0. (4.9)

3. P satisfies the Stein identity (3.9).

Furthermore, if w is a solution of Problem 1.2, then
|FYz||%. = a*Px  for every x € CV. (4.10)

Proof. Conditions (1.26) guarantee (by Theorem 1.1) that the limits wq(¢;) are
unimodular for ¢ = 1,...,k; since wo(t;) = ¢;0 (according to (1.27)), the first
condition in (4.9) follows.

Conditions (1.26) also guarantee (by Theorem 4.1), that for every z € CV,
the function F¥z belongs to HY for every vector z € CV, and equality (4.3)
holds, where F* is defined by the representation formula (4.4). On account of
interpolation conditions (1.27) (only for j = 0,...,n; and for every i = 1,...,k)
and by definitions (3.8) and (3.16), it follows that M = M™. Then the formulas
(4.4) and (4.7) show that F* = F¥, so that equality (4.3) holds with F* instead
of Fv:

|FYz||30 = 2" PY(t)z. (4.11)

Thus, to prove (4.8), it suffices to show that P¥(t) < P. We will use formulas
(2.15)—(2.19) defining P¥(t) in terms of the boundary limits w;(¢;). In view of
these formulas and due to interpolation conditions (1.27), P¥(t) can be expressed
in terms of the interpolation data (1.25). Indeed, comparing (3.2)—(3.5) and (2.15)—
(2.18) we conclude that

P =Py (i#]) (4.12)
and that formula (2.22) for the diagonal blocks of P* turns into
Ci1 cee Cin;+1 C;O Cr,l e C;ﬁ,ni
Ci,2 e Cin;+2 0 Cf,o e Cf,ni—l
Pji = : . U, (t:) . (4.13)

Cimit1 0 Wangy1(ts) 0 ... 0 ¢



78 V. Bolotnikov and A. Kheifets

Taking into account the upper triangular structure of ¥,,,(¢;), we conclude from
(3.2), (3.3) and (4.13) that all the corresponding entries in P;; and P¥ are equal
except for the rightmost bottom entries that are equal to v; and to dy n, (L),
respectively. Thus, by condition (1.26),

0 ... 0

P, — P} = >0, (4.14)

0o ... Yi — dw,ni (tl)
for i = 1,...,k which together with (4.12) imply P > P* and therefore, relation
(4.8). If w is a solution of Problem 1.2 (or equivalently, of Problem 1.3), then
Vi — dym,; (t;) =0fori=1,...,k in (4.14) which proves the final statement in the
theorem. Since P > 0, we conclude from the inequality P > P* that P > 0 which

completes the proof of the second statement of the theorem. The third statement
follows from (4.9) by Theorem 3.1. O

The next theorem is the converse to Theorem 4.2.

Theorem 4.3. Let P, T, E and M be the matrices given by (3.1)—(3.8). Let |¢c; 0| = 1
and P > 0. Let w be a Schur function such that

w [ 1 w)][ B . .
FYz := { w1 } { M ] (I—tT) " x belongs to H (4.15)
for every x € CN and satisfies (4.8). Then w is a solution of Problem 1.5. If
moreover, (4.10) holds, then w is a solution of Problem 1.2.

Proof. By the definitions (3.6)—(3.8) of T, E and M, the columns of the 2 x N
matrix F* defined in (4.7), are of the form

(1 —tt;) =71
1 w(t) J
[ w(t)* 1 } e T AR )

£=0

forj=1,...,n;and ¢ =1,...,k, and all of them belong to H" by the assumption
(4.15) of the theorem. In particular, the functions

tmi (1 — tt_i)_ni_l

1 w(t) Mg
Fz(t) = |: w(t)* 1 :| _Zczztm—é(l _ tﬂ_)é—ni—l
£=0

belong to H", which implies, by Theorems 3.2 and 2.4, that
liminf dy n,(2) < oo for i=1,...,k, (4.16)

z—t;
and that the nontangential limits (2.12) exist and satisfy
wj(ti):cij for j:l,...,ni and i=1,...,k. (417)
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Therefore, w meets conditions (1.27) fori =1,...,k and ¢; =0,...,n,. By Theo-
rem 4.1, conditions (4.16) guarantee that the boundary generalized Schwarz-Pick
matrix PY(t) exists and that

|F¥z)|%. = 2*PY(t)z  for every z € CV, (4.18)

where F* is the 2 x N matrix function defined in (4.4). By Theorem 2.4, PY(t)
is represented in terms of the boundary limits (2.12) by formulas (2.15)—(2.18).
Equalities (4.17) along with definitions (3.8) and (3.16) of M and M™ show that
the two latter matrices are equal and thus F* = F*, by (4.4) and (4.7). Now
combining (4.18) and (4.15) gives P¥(t) < P which implies inequalities for the
diagonal blocks

Py <P; (i=1,...,k). (4.19)
Since dy, n, (t;) and 7; are (the lower) diagonal entries in P and P;;, respectively,
the latter inequality implies (1.28).

By Theorems 3.1 and 3.3, the matrices P and P¥(t) possess the Stein iden-
tities (3.9) and (3.15), respectively; since M = M™, the matrix P := P — P¥(t)
satisfies the homogeneous Stein identity

P-T*PT =0.

By the diagonal structure (3.6) of T and in view of (4.19) we have for the diagonal
blocks P;; of P,
Pi—T/P;T;=0 and P; >0 (i=1,...,k). (4.20)

By the Jordan structure (3.6) of T}, it follows from (4.20) that P;; is necessarily
of the form
0o ... 0

0 ... &
(for a simple proof see, e.g., [6, Corollary 10.7]). On the other hand, by the repre-
sentations (2.16) and (3.2),

Py =H;P,, (t,) W]

K3

and Pii = HiilI’ni (ti)Wi*

and since by (4.17), W; = W, (which is readily seen from the definitions (2.17)
and (3.3)), we conclude that

Py — Pl = (Hi; — Hy) W, (6) W]

Combining the last equality with (4.22) gives

H; —H;; = ot (‘I’nl (ti)W-*>_1 . (422)



80 V. Bolotnikov and A. Kheifets

Since |¢; 0| = 1, it is seen from definitions (1.6) and (3.3) that the matrix ¥, (¢;)W}*
is upper triangular and invertible and that its lower diagonal entry equals

gi 1= (~)mnHer. (4.23)

Therefore, the inverse matrix (¥, (t;)W;)~" is upper triangular with the lower
diagonal entry equal g; ! 50 that the matrix on the right-hand side in (4.22) has all
the entries equal to zero except the lower diagonal entry which is equal to d;g; L
Taking into account the definitions (2.19) and (3.4) we write (4.22) more explicitly

as
0o ... 0

[Cijrh+1 — Witk ()] g = | 1 .
0 ... (Sigi_l
Upon equating the corresponding entries in the latter equality we arrive at

wj(ti) = Cij (] = 1,...,27%)
and

Ciang+1 — Wan,+1 (L) = 6ig; "
The first line (together with (4.17)) proves (1.27). The second one can be written
as

(Ci2n;+1 — Wan,+1(t:)) gi = 6; > 0,

which implies (1.28), due to (4.23). In the case when equality (4.10) holds, we get
from (4.21) that ; = 0 for ¢ = 1,...,k and, therefore, that w is a solution of
Problem 1.3 (or equivalently, of Problem 1.2). O

We recall now briefly the setting of the Abstract Interpolation Problem AIP
(in a generality we need) for the Schur class S(€, £,) of functions analytic on D
whose values are contractive operators mapping a Hilbert space £ into another
Hilbert space &,. The data of the problem consists of Hilbert spaces £, £, and X,
a positive semidefinite linear operator P on X, an operator T on X such that the
operator (I — 2T has a bounded inverse at every point z € D except for a finitely
many points, and two linear operators M : X — £ and E : X — &, satisfying
the identity
P—-T*PT =FE‘E— M*M. (4.24)

Definition 4.4. A function w € S(&, &) is said to be a solution of the AIP with
the data

{P, T, E, M} (4.25)
subject to above assumptions, if the function
(FYz)(t) :== { wdy  Ig } { M ] I-tT) "=z (4.26)

belongs to the space H* and

IFYz| o < |P2z|x for every z € X.
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The main conclusion of this section is that Problem 1.5 can be included into
the AIP upon specifying the data in (4.24) in terms of the data (1.25) of Problem
1.5. Let X = CN and £ = &, = C and let us identify the matrices P, T, E and
M defined in (3.1)—(3.8) with operators acting between the corresponding finite
dimensional spaces. For T of the form (3.6), the operator (I—¢T")~! is well defined
on X for all t € T\ {t1,...,t;}. Also we note that when X = C",

|P22|% = 2*Px.
Now Theorems 4.2 and 4.3 lead us to the following result.

Theorem 4.5. Let the matrices P, T, E and M be given by (3.1)~(3.8) and let
conditions (4.9) be satisfied. Then a Schur function w is a solution of Problem 1.5
if and only if it is a solution of the AIP with the data (4.25).

Corollary 4.6. Conditions P > 0 and |c;o| =1 for i =1,...,k are necessary and
sufficient for Problem 1.5 to have a solution.

Proof. Necessity of the conditions was proved in Theorem 4.2. Sufficiency follows
from Theorem 4.5 and from a general result [11] stating that AIP always has a
solution. O

5. On the Abstract Interpolation Problem (AIP)

In this section we recall some results on the AIP formulated in Definition 4.4.
Then in the next section we will specify these results for the setting of Problem
1.5, when X = CV, & = & = C and operators T, E, M and P > 0 are just
matrices defined in terms of the data of Problem 1.5 via formulas (3.1)—(3.8). In
this section they are assumed to be operators satisfying the Stein identity (4.24)
for every x € X. This identity means that the formula
3 3
V:{;xx}%[PEfx}, z € X, (5.1)

defines a linear map that can be extended by continuity to an isometry V acting
from

Pzg
= C .
Dv Clos{[ Ma ],xeX}_[X]EBE’ (5.2)
onto
RV:cmsHP;fx},xex}g[)(]@&, (5.3)

1
where [X]| = Clos{P*X}. One of the main results concerning the AIP is the
characterization of the set of all solutions in terms of minimal unitary extensions
of V: let H be a Hilbert spaces containing [X] and let

U: HeéE—-HeéE (HDX) (5.4)
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be a unitary operator such that Ul|p,, = V and having no nonzero reducing
subspaces in H © [X]. Then the characteristic function of U defined as
w(z) =P, U(I —2PxU) "¢ (2€D) (5.5)

is a solution of the AIP and all the solutions to the AIP can be obtained in this
way.

A parametrization of all the solutions can be obtained as follows: introduce
the defect spaces

[X]

A= { [X]}epv and A, ;:{&

. } SRy (5.6)

and let A and A, be isomorphic copies of A and A, respectively, with unitary
identification maps
7: A—= A and i.: A, — A,.
Define a unitary operator Uy from Dy & A @ E* onto Rv & A, & A by the rule
Uolpy =V, Uola =i, Uolz, =i’ (5.7)

This operator is called the universal unitary colligation associated to the Stein
identity (4.24). Since Dy @ A = [X]® € and Rv & A, = [X] ® &, we can
decompose Uy defined by (5.7) as

Uin Uiz Uss [X] [X]
Up=| U1 Uz U |: E =1 & |. (5.8)
Ui Usz O A, A

Note that Uss = 0, since (by definition (5.7)) for every 4, € A,, the vector Uy,

belongs to A, which is a subspace of [X] @ &, and therefore is orthogonal to A.
The characteristic function of Uy is defined as

-1
S(z) = P¢ ¢aUo (I - 2Px)Uo) lega, (2€D), (5.9)

where P,z and P[x) are the orthogonal projections of the space [X] @ &, & A

onto & @® A and [X], respectively. Upon substituting (5.8) into (5.9) we get a
representation of the function S in terms of the block entries of Ugy:

S(z) = [28 552((,:))] (5.10)

— U22 U23 U21 B 1
- [Usz 0 ]+Z[U31}(In zUn1) [U12 Ulg].

The next theorem was proved in [11].

Theorem 5.1. Let S be the characteristic function of the universal unitary colliga-
tion partitioned as in (5.10). Then all the solutions w of the AIP are parametrized
by the formula

w(z) = so(z) + s2(2) (1 — S(z)s(z))_1 E(2)s1(2), (5.11)
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where £ runs over the Schur class S(A, A,).

Since 8 is the characteristic function of a unitary colligation, it belongs to the
Schur class S(€ @ Ay, & @ A) (see [18], [1], [2]) and therefore one can introduce
the corresponding de Branges-Rovnyak space HS as it was explained in Section 2.
The next result about realization of a unitary colligation in a function model space
goes back to M. Livsits, B. Sz.-Nagy, C. Foias, L. de Branges and J. Rovnyak. In
its present formulation it appears in [11]-[15].

Theorem 5.2. Let Ug be a unitary colligation of the form (5.8) and let S be its
characteristic function defined in (5.9). Then the transformation Fy, defined as

o — | Fle) ) ] _ [ Peoalo (I —2PpxUo) " [2]
ool ()= | o |- e

maps [X|] onto the de Branges—Rovnyak space HS and is a partial isometry.

(5.12)

The transformation Fy, is called the Fourier representation of the space
[X] associated with the unitary colligation Ug. Note that the last theorem does
not assume any special structure for Uy. However, if Uy is the universal unitary
colligation (5.7) associated to the partially defined isometry V given in (5.1), then
Fu, can be expressed in terms of P, T', E and M. The formulation of the following
theorem can be found (in a more general setting) in [12], [15]; the proof is contained
in [13]. We reproduce it here since the source is hardly available.
Theorem 5.3. Let Ug be the universal unitary colligation (5.7) associated to the
isometry V given by (5.1) and let S be its characteristic function given by (5.9).
Then

E(I —T)~!
1 I X S(t) 0
(fUDP2:r) (t):[ &8 Lox ] —M(IatT)‘l z (5.13)

for almost every point t € T and for every v € X.

Proof. We will verify (5.13) for “plus” and “minus” components separately, i.e.,

we will verify the relations
1 E M _
(.7-"$0P2x) (t) ([ . ]—S(t)[ . D (I —tT) 'z,
_ o1 «| F M _
(fUDsz) (t) (S(t) [ . }—{ 0 D(I—tT) Ly,
which are equivalent (upon analytic and conjugate-analytic continuations inside

D, respectively) to
(F&,P¥e) (2) ({ o ] ~8(2) { o D (I—=T) 'z,  (5.14)

(fGOP%x) (z) = = (S(z)* { g ] - { 1\04 D (ZI -T)"'z.  (5.15)
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To prove (5.14), we pick an arbitrary vector

y [X]
v=|e | €| £
0 A,

and note that by definitions (5.9) and (5.12),

<

P, AU (I—=PyUp)~" ¢ | = F 0 +8) [ ¢ } (5.16)

*
*

Introduce the vector
Yy
—1
= (I—ZP[X]U()) €
s

so that (I — 2P| X]Uo) v’ = v. Comparing the corresponding components in the
latter equality we conclude that e =¢€’, 0, = ¢, and

/ /

Y Y
y=y —2PxUo | ¢ | =9 —2PxUo | ¢ [, (5.17)
5. o
so that
Y L
v = 56 = (I — 2PxUy) 56 . (5.18)

Substituting (5.17) and (5.18), respectively into the right- and the left-hand side
expressions in (5.16) we arrive at

/ /

Y Yy
e
P, .xUo| e | = (fI'EOy’) (2) — 2 ‘FIFOP[X]UO e (2) + S(2) [ 5. ] .

Since the vector v is arbitrary and I — 2PxUp is invertible, it follows by (5.17),
that v’ can be chosen arbitrarily in (5.19) . Fix a vector z € X and take

y Pig
V=1 e | =| Mz |. (5.20)
s 0

Then, by definition (5.7) of Uy and definition (5.1) of V,

Pig P:Tx
Ug | Mz | = Ex (5.21)
0 0
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and thus,
[ P2z Pzg E
1
PUo | Mz | =P3Te and P, zUp| Mz | = [ o ] .
0 0

Plugging the two last relations and (5.20) into (5.19) we get

5 |- (i) @ -2 (m i) () 4800 |

By linearity of Fg; , we have

[ i ] = (F§,PHI -~ 2T)2) (2) +S(2) [ e ]

and, upon replacing x by (I — 2Tz, we rewrite the last relation as

{ g ] (I—2T)'x = (flJEDP%x> (z) 4+ S(2) { ]\04 } (I - 2T)" 'z,

which is equivalent to (5.14). The proof of (5.15) is quite similar: we start with an
arbitrary vector

y [X]
v=| e | € %
0 A
and note that by definitions (5.9) and (5.12),

Yy
Peos U (1P 05) " | o ~(Foa) @+ 3867 | G| 6

Then we introduce the vector

V= | el | = (I-2PxU) 7 | e (5.23)
& 1)
and check that
yl
e.=e,, 0 =6 y=y — ZPxUg | ex |, (5.24)
1)

which allows us to rewrite (5.22) as

/ /

Yy Y
= * — = — * = * Cx
ZP..x Ug 65* = (fUOy’) (2)—z2 | Fg,Px1Ug 65* (2)+2S(2) [ 5 ] )
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By the same arguments as above, v’ can be chosen arbitrarily in [X]® &, & A and
we let

% P:Tx
V=1 e | = Ex , xeX. (5.26)
s 0
Since Up is unitary, it follows from (5.21) that
P:Tx Pix
Up” Ex =| Mz
0 0
and thus,
P3:Tx P3:Tx
PU; | Ee | =Pr and P, Uj| Ee |=|M*
x1Up : E@A, 0 o 0

Plugging the two last relations and (5.26) into (5.25) we get
_| Mz ~ pl (= pi - #
z [ 0 } = (fU0P2Tx) (2) —z (]:UDPMc) (2) + zS(z) [ 0
By linearity of Fyj,_, we have
_| Mx _ 1 _ _ « | Fx
Z [ 0 } = (fU0P2(T—zI)x) (z) + 2S(2) [ 0 ]

and, upon replacing = by (2I — T) ™'z, we rewrite the latter relation as

2| Er-m = (5 Piz) (2) + 28(2)° B Gr—ry,
0 0 0
which is equivalent to (5.15). O

6. Description of all solutions of Problem 1.5

Since Problem 1.5 is equivalent to the AIP with a specific choice of the data
(4.25), Theorem 5.1 gives, in fact, a parametrization of all solutions of Problem 1.5.
However, the fact that in the context of Problem 1.5, X = CN and £ = &, = C,
and that the matrices P, T, E and M are of special structure (3.1)-(3.8), allow
us to rewrite the results from the previous section more transparently. We assume
that the necessary conditions (4.9) for Problem 1.5 to have a solution are in force.
Then P satisfies the Stein identity

P+ M*M =T*PT + E*E (6.1)
(by Theorem 3.1) which in turn, gives raise to the isometry

[ P2z P:Tx N
vo[ 7] [Fie]. sec
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that maps
_ p: [X] _ P=T [X]
Dv_Ran{M}g{g} onto Rv—Ran{ B - e |
where [X] = Ran Pz. In the present context, the defect spaces (5.6)
A= [X] ©Dy and A, = [X] O Rv
E &y
admit a simple characterization.
Lemma 6.1. If P is nonsingular, then
. -1, 1,
A = Span —P 12 M ] and A, = Span P ({ )E (6.2)
If P is singular, then A = {0} and A, = {0}.
Proof. A vector [ [i] ] € [ [‘fg] } belongs to A if and only if
<la], Py >+ <e, My>=0
for every y € X, which is equivalent to
Plz]+ M*e=0. (6.3)

Equation (6.3) has a nonzero solution [i] if and only if the vector-column M*

belongs to [X]. If P is nonsingular, then [X] = X, therefore M* € [X], and (6.3)
implies the first relation in (6.2). The second relation is proved quite similarly.
Let now P be singular. Then M* ¢ [X]. Indeed assuming that M* € Ran Pz
we get that Ma = 0 for every « € Ker P, which implies, in view of (6.1), that Tz €
Ker P and Ex = 0 for every = € Ker P. In particular, Ker P is T-invariant and
therefore, at least one eigenvector xy of T belongs to Ker P, and this vector must
satisfy Exg = 0. However, by definitions (3.6, (3.7) Exg # 0 for every eigenvector
2o of T. The contradiction means that M* ¢ [X] and, therefore, equation (6.3) has
only zero solution, i.e., A = {0} in case when P is singular. The result concerning
A, is established in much the same way. O

Theorem 6.2. If P is singular, then Problem 1.5 has a unique solution
wo(z) = E (ﬁ - zPT)_l M, (6.4)
(which is a finite Blaschke product of degree equal to rank P), where
P:=P+M*M =T*PT + E*E. (6.5)

The inverse in (6.4) is well defined as an operator on X =RanP.
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Proof. By Lemma 6.1, if P is singular then Dy = [X]|® £ and Ry = [X]| & &,
where [X] = Ran Pz. Therefore, the isometry V defined by (5.1), is already a
unitary operator from [X]® & onto [X] @ E,. Therefore, the solution is unique and
is given by the formula (5.5) with V and [X] in place of U and H, respectively:

wo(z) =P, V(I —2PxV) e (z€D). (6.6)
Since dim[X] < oo, it follows that wy is a finite Blaschke product of degree equal
to dim[X] = rank P (see, e.g., [19]). It remains to derive the realization formula
(6.4) from (6.6).
Note that by definition of X , it is P-invariant. Since P is Hermitian, it is
invertible on its range X. In what follows, the symbol P~ will be understood as
an operator on X. We define the mappings

B X — [X] P ..

A:[?;]:)N(—’[X]@g and B_{PiT} X

Since N
A*A=B*B=P (6.7)
and since P is invertible on X , both A and B are nonsingular on X. Since P is
singular, it follows (by the proof of Lemma 6.1) that M* ¢ [X] and thus dim X =
dim[X] + 1. Therefore, A is a bijection from X onto [X] @ € and B is a bijection
from X onto [X] @ .. Using (6.7), one can also write the formulas for the inverses
A =P A [X]eE— X, B'=P'B*:[X]®& — X.

By definition (5.1), VA = B, which can be rephrased as V = BA~! = BP~14*.
Plugging this in (6.6) we get (6.4):
~ ~ -1
wo(z) = P, BPTIA"(I—:PgBP'A") e

= Pg* B]B_1 (I - ZA*P[X]Bﬁ_l)_l A*|5
= P.B (15 — zA*P[X]B)_l A*[e
- P.B(P- zPT>_1 A*le

- E (P - zPT>_1 M*.

All the inverses in the latter chain of equalities (except the first one) are understood
as operators on X. They exist, since the first inverse in this chain does, which, in
turn, is in effect since V is unitary. 0

Theorem 6.3. If P is nonsingular, then the set of all solutions of Problem 1.5 is
parametrized by the formula

w(z) = so(z) + s2(2) (1 — S(z)s(z))_1 E(2)s1(2), (6.8)
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where the free parameter £ runs over the Schur class S,

so(z) = E(P—zPT) 'M*, (6.9)
s1(2) = a! (1 —ZMT(P - zPT)—lM*) , (6.10)
s2(2) = B (1 _2E(P - zPT)—l(T—l)*E*) , (6.11)

s(z) = za 'B*MPT'P(P — zPT) YT~ Y)E*, (6.12)

the matriz P is given in (6.5) and o and B are positive numbers given by

a=V1+MP-M* and j=+/1+ET-1P-YT-1)*E*. (6.13)

The matrix (ﬁ — 2PT) is invertible for every z € D in this case.

Proof. By Theorem 5.1, all the solutions of Problem 1.5 are parametrized by the
formula (6.8) where the coefficients sg, s1, s2 and s are the entries of the char-
acteristic function S of the universal unitary colligation Ug. By Lemma 6.1, we
have dim A = dim A, = 1. Since, by the very construction of the universal colli-
gation, A and A, are isomorphic copies of A and A,, respectively, we have also
dim A = dim A, = 1, and we will identify each of these two spaces with C. How-
ever, we will keep the notations A and A, for the spaces so that not to mix them
up. Thus, in the present context, the characteristic function S of Uy is a 2 x 2
matrix-valued function and it remains to establish explicit formulas (6.9)—(6.12)
for its entries which are scalar-valued functions. First we will write relations (5.7)
defining the operator Uy : X & E & A, > X®E @A more explicitly. The first
relation in (5.7) can be written, by the definition (5.1) of V, as

[ P> P:T
Uy | M | = E . (6.14)
0 0
By Lemma 6.1, the spaces A and A, are spanned by the vectors
~1 - _1 _
_P 2M* X _P 2(T 1>*E* X
5= 1 €| ¢ and 6, = 1 el & |,
0 A, ] 0 A

respectively. Note that
6] =1+ MP'M* and |6.]°=1+ET'P~ 1T 1)*E*. (6.15)

By the second relation in (5.7), the vector Ugd belongs to A and therefore, it is

of the form
0

Upd=| 0 (6.16)

a
where [af = [|]|, due to unitarity of Uo. The latter equality and the first equality in
(6.15) imply that « # 0. In fact, we can choose the identification map i : A — A
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so that « will be as in (6.13). Equality (6.16) is an explicit form of the second
relation in (5.7). Similarly, the second identification map i, : A, — A, can be
chosen so that
0
Uy | 0 | =4, (6.17)
g

where [ is defined as in (6.13). Summarizing equalities (6.14), (6.16) and (6.17)
we conclude that Uy satisfies (and is uniquely determined by) the equation

UpA = B, (6.18)
where
Pz —P iM* 0 P:T 0 —Pz(TY)*E*
A=| M 1 0| and B=| E 0 1
0 0 6 0 « 0
(6.19)

are operators from X S F ®E, to X P E P A, and to X ® E, ® E, respectively.
Since Uy is unitary, it follows that A*A = B*B. We denote this matrix by P and
a straightforward calculation shows that

R P 0 0 X X
P:=A"A=B"B=| 0 |af 0 : E |l =1 € |. (6.20)
0 0 AP £ £,

where P is given in (6.5). Since P is nonsingular so is P and since a # 0 and
8 # 0, Pis nonsingular as well. Therefore, A and B are nonsingular. Now we
proceed as in the proof of Theorem 6.2: it follows from (6.18) and (6.20) that
Uy = BA™! = BP~'A* which being substituted into (5.9) leads us (recall that
since P is nonsingular, [X] = X = C¥) to
1

|5@§*

S(z) = P, xBP'A* (I—szBﬁ‘lA*)_

E.DA

~ PN 0
= [0 L |BP(I-24"PxBP") A" [ I } (6.21)
2

-1 | M* 0
STE ey 0]e) Y G
0 g
where Iy and Iy are 2 X 2 and NV X N unit matrices, respectively. The first inverse
in this chain of equalities exists for every z € D since Uy is unitary, all the others

exist since the first one does. By (6.19) and (6.20),

P—2PT 0 2(T—1)*E*
}B— :MT  |of2 —zMP~Y(T-1)*E*

P A [
0 0 |67

0 O
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Upon inverting the latter triangular matrix and plugging it into (6.21), we even-
tually get

s = [ 9 0]
s1(z s(z
ER(z)M* B=1(1 = zER(2)(T~1)* E*)

)

a1 (1 — zMTR(z)M*) za‘lﬁ_lMP_lﬁR(z)(T_l)*E*

~ —1
where R(z) = (P - zPT) , which is equivalent to (6.9)-(6.12). O

In conclusion we will establish some important properties of the coefficient
matrix S constructed in Theorem 6.3.

Theorem 6.4. Let S = zo 52
1

unitary colligation Ug defined in (6.19), (6.20). Then

be the characteristic function of the universal

1. The function sqg is a solution of Problem 1.2.

2. The function S(2) is a rational inner matriz-function of degree at most N.

3. The functions s1 and s3 have zeroes of multiplicity n;+1 at each interpolating
point t; and do not have other zeroes.

Proof. By Theorem 6.3, so is a solution of Problem 1.5 (corresponding to the
parameter £ = 0 in the parametrization formula (6.8)). Therefore, by Theorem 4.5,
F*0z belongs to the space H* for every € CV = X, where H*° is the de Branges—
Rovnyak space associated to the Schur function sy and where

Fo(f) = [ So(lt)* 501“) } [ By ] (1— )" (6.22)

Again, by Theorem 4.5, to show that sg is a solution of Problem 1.2, it remains
to check that ||F*°x|| ., = * Px. Letting for short

Rr(t) =1 —tT)"", (6.23)

we note that by (6.22) and by definition of the norm in the de Branges-Rovnyak
space,

1 So FE FE
|Foz|?., = <[ X } [ ]RTx, [ }RT:c> : (6.24)
H sg 1 —M -M L2c?)
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By Theorems 5.2 and 5.3, the function

E
(FuoPie) () = _SE)* SI(;) _MO Rr(t)x (6.25)
0
I E—So(t)M i
= SoéfigWM 1—tT) 'z
SQ(t)*E

belongs to HS for every vector x € CV. Note that E (I — tT)_1 x # 0, unless
x = 0. Indeed, letting

xr=| 1 |, where z;= : (t=1,...,k), (6.26)
xk xi,ni
we get, on account of definitions (3.6) and (3.7) of T and F, that
ti

— 5, 20 6.27
(T —tg)+1 # (6.27)

s
Il
-
<.
I
o

for every z # 0, since the functions

tJ ) ’
A=) (i=1,....,k j=0,...,n;)
are linearly independent (recall that all the points ¢1,...,t; are distinct).

Note also that so # 0 (since s2(0) = 8 # 0, by (6.11) and (6.13)) and
therefore,

so()E(1—tT) 'z #0
for every z € X, x # 0. It is seen from (6.25) that the latter function is the bottom
component of fUOP%ZL’, which leads us to the conclusion that

fUDP%x %0 forevery x #0.

The latter means that the linear map Fy, : [X] — HS is a bijection. Since Fy,
is a partial isometry (by Theorem 5.2), it now follows that this map is unitary,
i.e., that

2 2
H]—'UOP%xHHS = HP%xHX =" Px. (6.28)
Furthermore,
E E
1 2 12 S 0 0
H]:UDszHHS = <[ P } M Rrz, M RTx> ,
0 0

L2(C)
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by (6.25) and virtue of formula (2.1) for the norm in HS. Upon taking advantage
of the zero entries in the last formula and the partition of the matrix S, we get

E

1|2 B 1 0 s9 8o 0 E
HfU"P”HHs = <[so O U I I Vi e VS B
0

L2(C2)

<[ 51?3 510 } { —J\Jj ]RT% [ _]5 } RTw>L2(Cz). (6.29)

Comparing (6.24) and (6.29) and taking into account (6.28) we arrive at

1
IF* x| feo = H}—UOPQxHHS = 1" Pz,
which proves the first assertion of the theorem. The second assertion follows since

k
dimX =N = Z(nl +1) < oo (see, e.g., [19]).
=0
To prove the last assertion, we use (6.25) for z in the form (6.26) with the
only nonzero entry z; ,, = 1. For this choice of = we have by definitions (3.6)—(3.8)
of T, E and N,

B —tT) "'z = ﬂ—;ﬁ and M(I —tT)"\z = %
where .
ci(t) =Y "1 —th) e, (6.30)
Now we conclude from (6.25) thatg i
_slelt) o ope g g sl - (6.31)
(1 — tt;)ne+t T N A

By (6.30), c;(ti) = t;"c; o # 0 and thus, the first condition in (6.31) implies that
s1 has the zero of multiplicity at least n; + 1 at ¢;. The second condition in (6.31)
is equivalent to
sa(t)
(t — ti)ni_"l
which implies that so has zero of multiplicity at least n; + 1 at t;. On the other
k

hand, since s; and sy are rational functions of degree at most N = Z(nl +1)

€ Hf

=0
(the second assertion of this theorem) and since they do not vanish identically (by
the proof of the first assertion of this theorem), they can not have more than N
zeroes. Therefore, they have zeroes of multiplicities n; + 1 at ¢; for i = 1,...k
and they do not have other zeroes. O

Some consequences of Theorem 6.4 needed in the next section are proved in
the following lemma.
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Lemma 6.5. Let S = { zo 882 } be as in Theorem 6.4. Then |s(t;)| = 1,
1
(ni+1) (ni+1)
sp () s1(2) sy () s2(z)
(ni + 1)' zl—I}tli (z — ti)"77+1 70, (ni + 1)' zl—I}tli (z - ti)nﬁ_l 70,
(6.32)
and
sy ()" = (1) 2s() s (1) e (6.33)

Proof. By the third assertion of Theorem 6.4, the rational functions s; and s
have zeros of multiplicity n; + 1 at ¢;. This implies (6.32). By the second assertion
of Theorem 6.4, the matrix-function S is inner and rational. In particular, it is
unitary at t; € T and therefore, |s2(t;)|> + |s(¢;)|> = 1 which implies |s(t;)| = 1,
since s2(t;) = 0. Furthermore, by the reflection principle, S(1/2)*S(z) = I, or in
more detail,

e } [ o ] N { (1)

= O
—_

In particular,
$2(1/2)*so(z) + s(1/2)*s1(2) = 0. (6.34)
To verify (6.33), we note first that by the first relation in (6.32),

s(1/2)*s1(2)  s(t)*s? V(1)

lim = 6.35
z—t; (Z — ti)ni_"l (Tl1 + 1)' ( )
Since |t;| = 1, the second relation in (6.32) gives
ng—o—l)(ti) . 52(2—1>
(ni + 1)1 2=t (271 — ¢+’
which is equivalent, on account of z7! —¢; = — 2}?, to
i+l _\n, __ __
Sén i )(fz‘) - lim (_Zti>nl__‘—132(z D) e Sz(f D)
(ni+ 1)1 ==t (2 —t;)mt] s (B )t

Upon taking adjoints in the latter equality we get

¥ i+1 *
lim M — (_1)n¢+1?ni+2m
z—t; (Z — ti)ni+l 1 (nl ¥ 1)'

and, since so(t;) = ¢;,0 (recall that sq is a solution of Problem 1.2), we have also

. s2(27 )" s0(2) e sy T ()7
lim 22 2 20 qymtigZnet222 0 6.36
5 (o — gyt (=)™ (n; + 1)1 0 (6.36)
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z— ti>n’i+1
arrive, on account of (6.35) and (6.36), at the equality

s(t)* s () + ()T (1) e 0 = 0,

which is equivalent to (6.33), since |¢; 0| = |t:| = 1. d

Now upon multiplying (6.34) by and passing to limits as z — t;, we

7. Boundary interpolation problem with equality

In this section we establish a parametrization of all solutions of Problem 1.2. Recall
that all solutions w of Problem 1.5 are parametrized by the linear fractional formula
(6.8) with the free Schur class parameter £. Thus, for every function w of the form
(6.8), we have

§w_,i = Vz_dwnl(ti) 20 (Zzl,,k)

Theorem 7.4 below will present the explicit formula for the gaps d,, ; in terms of the
parameter £ leading to w via formula (6.8). As a consequence of this formula we
will get a characterization of all the parameters &, leading to functions w with zero
gaps, i.e., to solutions of Problem 1.2. We start with some needed preliminaries.
The proof of the first lemma can be found in [22] for the case when n = 0. For the
case n > 0 the proof was given in [6] using pretty much the same ideas.

Lemma 7.1. Let w be a function analytic in some nontangential neighborhood of a

point to € T and let wo, ..., wan+1 be complex numbers. Then equality
—wp — (2 —to)wy — ... — (z — tg)?"
i w(z) —wo — (2 — to)wy (z —to)*"wan Wi
it (z — to)2n+1
wW)(2)

holds if and only if the nontangential limits lim

exist and equal w; for
z—to ]! ’

j=0,....2n+ 1.

With every triple (w,tg,b) consisting of a Schur function w € &, of a point
to € T and a number b € C, we associate the quantity

Dostte) = [0 0| e V]| e [
- A(’ll—wggb

- A(’“’t(t_)tob 4 Lo b )m(dt),

|t = tof”
where m(dt) is the normalized Lebesgue measure on T. It follows from the very
definition that

11— tto]?

+wﬁiiﬁﬁﬂi>nwﬁ) (7.1)

O S Dw,b(to) S Q0.
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The next theorem (which is a variation of the classical Julia-Carathéodory The-
orem and can be mostly found in [22]) characterizes the cases when D, (o) is
zero, positive or infinite.

Theorem 7.2. Let w € S, tg € T, b € C and let D, v(to) be defined as in (7.1).
Then:
1. Dy p(to) < oo if and only if
1— 2
hzniitlolf %ﬁ?ﬂ < oo and Zli_)ntlow(z) =, (7.2)

where the second limit is understood as nontangential. In this case |b| = 1.
2. D, p(to) = oo if and only if either

. 2
hminfi1 jw2)] =

pt ’

or the function w fails to have a nontangential limit b at to.
3. Dy p(to) =0 if and only if w(z) =b and |b] = 1.
4. If |b] <1, then the equality
lim 2= G ) (7.3)
z—to 1 — 2ty '
holds where the limit is understood as nontangential.

Proof. Let H“ be the de Branges-Rovnyak space associated to the Schur class
function w and let us consider the function

Ko 5(t) = [ w(lt)* w?) ] [ _lb* } 1_1—% = [ ﬁZj 8 ] (7.4)
where

1 — w(t)b* -~ w(t
Ky p+(t) = # and Ky p-(t) =t %

= 7.5
1 -t ’ (7.5)

By formula (2.1),

ST L w1 =0 [ 1=ty | =b" | 1=t/ 1agye

which is equal to the first integral in (7.1). Therefore, D, 5(to) < oo if and only if
K, belongs to L, and in this case,

Disp(to) = [ Ko pll70- (7.6)

On the other hand, if D, 3(ty) < oo, then it follows from the second form of
D, »(to) in (7.1) that

/ 1—w(t)b*]?
T

— m(dt) < 00, i.e., that Kto b +(t) =
1—t% b
Since 1 — tfp is an outer function, it follows, by Smirnov’s maximum principle [23],
that K, 5+ € Hy . Similarly, it follows from the third representation of D, ;(to) in

1 —w(t)b*

7 ¢ L.
1— th, 2
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(7.1) that Ky, — € Hy . Therefore, Ky, belongs to H* by Definition 2.1. Thus,
we have shown that

D, p(to) <o <= Kyp €Ll < K, € H”.

Now the first assertion of the lemma follows from Theorem 2.3 (the case when
n = 0): the function K3, of the form (7.4) belongs to H* if and only if conditions
in (7.2) are satisfied. In this case |b| = 1, since

— |w(Z 2
1—16* = lim (1 — |w(2)]?) = lim M(l —|z|?) = 0.

z—to z—to 1 — |Z|2

The second assertion is simply the formal negation of the first one. To prove the
third assertion, we observe that D, ;(to) = 0 if and only if

L V[ ]

almost everywhere on T, which occurs if and only if

1 0] e P ]=0

almost everywhere on T. The latter equality collapses to w(t) —b=1—bw(t)* =0
which implies the requisite.
The proof of the fourth assertion splits up into three cases.

Case 1: Let D, 3(t9) < oo. Then by the first statement, conditions (7.2) are
satisfied. Then by Theorem 2.2, the kernels

K.(t) = { w(lt)* wf) ] { —wl(z)* } 1—1t2

converge to Ky, ; in norm of H“:

HY

KZ — Kto,b7 (77)
as z — to nontangentially. By the reproducing property (2.3) (for j = 0),
(f, K.)go = f+(z) forevery f= [ j} } € H”. (7.8)

Then, upon making subsequent use of (7.6), (7.7), (7.8) and of the explicit formula
(7.5) for Ky, p.+, we get (7.3):

Dw,b(t0> = HKto,bH?{“’ = Zli_)ntloéKvto,b7‘Krz>Hw
: .1 —w(z)b*
= le_)Hth Kto,b,-i-(z) = zh—>ntlo ﬁ . (79)

1— 2
Case 2: Let D, 4(to) = oo and lim inf Ll UG
l z—to 1— |Z|2
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The second assumption guarantees (by Theorem 2.3), that there exists the
nontangential limit w(ty) = lthl w(z) and that the function K, ) defined via
z—1lo

(7.4), belongs to H¥. Then by virtue of (7.9), we have
i L Collo)”
z—to 1— zto

Since Dy, p(to) = 00, it follows that b # w(to). It remains to note that (7.3) again
holds since

= wa(to)(tO) = HKto,w(to)”%-I“’ < Q.

lim ﬂ — lim 1 — w(z)w(to) +WEZ)(b —w(to)*) _ N
z—to 1 — 2ty 2—to 1— 2%,
1 —|w(2)”

Case 3: Let D, ,(t9) = oo and lim inf = 00. Since

z—to 1 —z]?
2R(1 —w(z)b* = (1—w@)")+ (1 —bw(2)")
= [1-w@b P+ 1 bPlw()* 2 1~ [bP|w ()%,
it follows that if [b| < 1, then
[1—w(z)b"[ = R(1 - w(2)b7) = %(1 — lw(2)]?). (7.10)
Furthermore, for every z in the following nontangential neighborhood
Lo(to) ={z€D: |to—z| <a(l—|z])}, a>1,

of tg, we have
1— |z 1—|z] 1
— > — —
[1—ztg] — |1 —2to] = a
which together with (7.10) leads us to

1 —w(2)b* S 11—|wz)? 11-|w(z)* 1-|z? 11— Jw(z)?
1—z2ty |~ 2 |1—ztd] 2 1—|22 |1—z2tg] 2a 1—|z2 °
Therefore,
1—w(z)b*
1. - = = == Dw t 5
S
which completes the proof of the theorem. Il

Corollary 7.3. If a Schur function w is analytic in a neighborhood of tg € T and
lw(to)| = 1, then Dy, yy)(to) < oo. In particular, D, ) (to) < oo for every
rational w € S with |w(to)| = 1.

Proof. If w meets the assumed properties, then the limit

L —w(z)wlto) _ (w(tO) —w(z)> w(to) _ w/(t())w(tO)

to —Zz fo tO

lim -
z—to 1— 2t

is finite, then, by the fourth assertion in Lemma 7.2, D,, . #,)(to) < oo. O
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The next theorem presents an explicit formula for the gap v; — dy p, (ti) for
any solution w of Problem 1.5. Recall that by Theorem 6.3, all solutions of Problem
1.5 are parametrized by formula (6.8).

Theorem 7.4. Let w be a solution of Problem 1.5, i.e., a function of the form (6.8),
w(z) = 50(2) + s2(2) (1 — S(z)s(z))_l E(2)s1(2) (7.11)
with a parameter £ € S. Then fori=1,... k,
1 sy ()2
((nl + 1)!)2 DS,s(ti)* (tl) +Ds,s(ti)(ti>’
where Dg y1,)-(ti) and D 4,)(ti) are defined according to (7.1).

Vi = duw,n; (t:) = (7.12)

Proof. Since w is a solution of Problem 1.5 and therefore satisfies conditions (1.26)—
(1.28), it follows by Lemma 7.1 that

. w(z) — Ci,O — (Z — ti)ci,l — ... (Z — ti)ani’Qni
Wap,+1(t:) = Zh_rg (z — t;)2nt1
for i = 1,...,k. Since sp is a solution of Problem 1.2 (by the first statement in
Theorem 6.4), we have (again by Lemma 7.1)
. 50(2) — Ci,O — (Z — ti)ci’l — ... — (Z — ti)ani’Qni
Ci2n;4+1 = Zh_r}g (z — t;)2mt1 :

Now it follows from the two latter equalities that

. 50(2) —w(2)
Ci,2n;+1 — Wap,+1(ti) = ZlgItl A
i i

which being substituted into (1.24), leads us to to

. N ip2ni+1 1 50(2) - w(z) %
Vi — dw,n; (tZ) = (_1)n t; Zlﬂltll (z _ ti)2m+1 €i0 -

Substituting (7.11) into the latter equality gives

o a0 = (A iy OO FEREEANE

(7.13)
Taking into account relations (6.32) (i.e., the fact that ¢; is a zero of multiplicity
n; of s1 and s9), we rephrase (7.13) as

(—1)nit2ni+2 (ni+1) (I =2t)E(2) (it
3 Q3 i 1 (2
((ni + 1) 2 (t:) limy 1—E(2)s(z)

Due to (6.33), the latter equality simplifies to
sy )P ER)s() (1 - =)

Vi — duw,n; (ti) = (ti)cio- (7.14)

Vi — duwm, (i) = ((Qni ) TyR M ey g s (7.15)
Since |s(t;)| =1 (by Lemma 6.5), we have
1—E&(2)s(2) _1- s(z)s(t;)* 4 s(2) 1- S(z)f(ti) s(t)". (7.16)

1—2{1 1—2{1 l—Ztl
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By the fourth assertion of Lemma 7.2,

1- i) 1= 17
lim M = D,.(ti), lim L:() = Deyiry-(t).  (7.17)

z—t; 1—2 i
Taking advantage of (7.17) we pass to limits in (7.16) as z — ¢; to get

lim 1-&(2)s(z)

z—t; 1-— ZEZ

= Ds,s(ti)(ti> +D5,s(ti)*(ti)' (7.18)

Since s is rational and [s(t;)| = 1, it follows by Corollary 7.3 that D, y,)(t:) is
finite. Since, by Theorem 6.4, S(t) is unitary for ¢ € T and s1(2), s2(2) are not
identical zeros, then s(z) is not a unimodular constant. Therefore, Dy 4, (t:) # 0,
by the third assertion in Lemma 7.2. Thus,

0< Ds,s(t,i)(ti) < Q.
If the second limit in (7.17) is also finite, then

lirrtlv E(z) = s(t;)*,
by the first assertion in Lemma 7.2. Therefore, (7.15) turns into (7.12) in this case.
If D¢ g1,)-(t;) is infinite, then, in view of (7.18), the denominator in (7.15) tends
to oo. Since the numerator £(z)s(¢;) is bounded, the limit in (7.15) is 0. Thus,
(7.12) holds in this case also. Theorem follows. O

Proof of Statement 2 in Theorem 1.6. As it was already pointed out, w is a so-
lution of Problem 1.2 if and only if it is of the form (7.11) with some (uniquely
determined) parameter £ € S and satisfies

5w,i = dw,ni (ti) =0 (Z = 1, ey k‘)

The formula for §,,; is given in (7.12) and it is easily seen that d,,; = 0 if and
only if

DS,s(ti)* (t1> + DS,S(ti)(ti> = Q.
Since Dy, 4,)(ti) < oo (by Corollary 7.3), the latter is equivalent to D¢ 4¢,)-(ti) =
oo which happens, by the second assertion in Lemma 7.2, if and only if either
L [E(R)
hﬁ%}f R = 00,

or the function £ fails to have the nontangential limit s(¢;)* at ¢;. O

Note that vanishing of the gap at the point ¢; depends on the local behavior of
the parameter £ at this point only. The number s(¢;)* absorbs all the interpolation
data, though. Note also that the maximum value of the gap &, ; is assumed when
Deg t,)+(ti) = 0, which happens if and only if £(z) = s(t;)*.
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A Generalization to Ordered Groups
of a Krein Theorem

Ramoén Bruzual and Marisela Dominguez

Abstract. We give an extension result for positive definite operator-valued
Toeplitz-Krein-Cotlar triplets defined on an interval of an ordered group.
When the triplet is positive definite and measurable we give a representa-
tion result.
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1. Introduction

Let a be such that 0 < a < +oo0 and let I = (—a,a). A kernel on [ is a function
K : I x1I — C. The kernel K is said to be positive definite if for any positive
integer n and any x1,...,x, in I, A1,..., A\, in C we have

n
Z K(LU“ 1'7))\1)\_7 > O,
i,j=1
and K is said to be a Toeplitz kernel if there exists a function k: I — I — C such
that K(z,y) = k(z —y) for all x , y in I.

M.G. Krein [10] proved that every continuous positive definite Toeplitz kernel
on I = (—a,a) can be extended to a continuous positive definite Toeplitz kernel
on the whole line.

The concept of positive definite kernel on I can be extended to a more

general context in the following natural way: Let H be a Hilbert space. A kernel
K : I xI— L(H) is said to be positive definite if

> (K (x,y)h(@), h(y))n > 0
x,yel
for each function h : I — H of finite support.

Both authors were supported in part by the CDCH of the Univ. Central de Venezuela and by
FONACIT grant G-97000668.
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M.L. Gorbachuk [9] extended the result of Krein for operator-valued contin-
uous Toeplitz kernels defined on an interval I = (—a,a). By the Naimark dila-
tion theorem (see [13, Theorem 7.1]), we have that a continuous positive definite
Toeplitz kernel on an interval I is of the form

K(z)=7"Uyr for all xzel

where {U,},er is a strongly continuous unitary representation of R on a larger
Hilbert space G and 7 : H — G is a bounded operator.

Several problems in analysis led Cotlar and Sadosky [6] to introduce the so-
called generalized Toeplitz kernels, as kernels defined in Z x Z or in R x R. These
kernels satisfy a condition more general than being Toeplitz in their domain. Also
generalized Toeplitz kernels with domain a product of intervals on the real line
have been considered.

An approach to continuous operator-valued generalized Toeplitz kernels with
domain a product of intervals on the real line was given in [3], where an extension
result was obtained.

In this paper we will consider a more general concept than the generalized
Toeplitz kernel on an interval of the real line; we will consider operator-valued
Toeplitz-Krein-Cotlar triplets defined on an interval of an ordered group. We ob-
tain an extension result, which extends Krein theorem, and a representation result
which extends a Crum result for this forms ([7], see also [4]).

2. Preliminaries

If Q is an abelian group, A is a subset of 2 and L(H) stands for the space of the
bounded linear operators of a Hilbert space H, a function F' : A — L(H) is said
to be positive definite if

> (F(x—y)h(x), h(y))n > 0

z,y€e)
for every function h : Q — H with finite support, such that support(h)—support(h)
is contained in A.
Proposition 2.1. Suppose that F : Q — L(H) is positive definite. Then

(a) If Q is a topological group and F is weakly continuous on a neighborhood of
0, then F is weakly continuous on Q.

(b) IfQ is a locally compact group and F is weakly measurable on a neighborhood
of 0, then F is weakly measurable on €.

Proof. For h € 'H the scalar-valued function
w = (F(w)h, h)

is positive definite.
From the corresponding results for scalar-valued functions (see [12, pages 24,
91]) and the polarization formula the result follows. O
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3. Toeplitz-Krein-Cotlar triplets on ordered groups

Let (T',+) be an abelian group with neutral element Op. T is an ordered group if
there exists a set I'y C I' such that:

Ly +Ty =Ty, Iy N(=T4) ={0r}, IyU(=Ty) =T.
In this case if z,y € ', we write t <y if y—xe€ ', wealsowritex <yifzx <y
and z # y,s0 'y = {v €T : v > 0r}. If there is no possibility of confusion, we
will use 0 instead of Op. When T is a topological group it is supposed that I'; is
closed.

If a,beT and a < b,

(a,b) ={x €Tl :a <z <b}, [a,b) ={x €T :a <z <b}, etc.

In the following I' is an ordered group, H;, Ho are Hilbert spaces and
L(H;,H2) stands for the space of the continuous linear operators from H; to
Hz, and L(H,) indicates the space of the continuous linear operators from H,, to
itself (for @« = 1,2).

ForaeT,a>01let Q1 =[0,a] and Q2 = [—a,0].

Proposition 3.1. Let a € T', a > 0, and let H be a Hilbert space. If the function
B :[—a,a] — L(H) satisfies
> (Bl —y)h(x),h(y)n >0
z,y€(0,a]
for all finite support function h : [0,a] — H, then B is positive definite on [—a,a).
Proof. Let h : T' — H with finite support such that support(h) — support(h) C
[—a, a]. Suppose that support(h) = {v1,...,7n}, where 11 < 72 < -+ < 7, then

Yn =M = a.
Consider /() = h(y 4+ v1); we have support(h’) C [0, a] and

> (Bx—yh(@),h(y)r= > (Blx—y)h'(),h (y))x > 0. O

z,yel z,y€[0,b]
Definition 3.2. Let a € T', a > 0. A Toeplitz-Krein-Cotlar triplet, C, on
(T, [0, a], H1,Hz) consists of three functions

CaﬁQa_Qﬁ_)L(HOHHﬁ) a?ﬁ:1727a§ﬁ'

If C is a Toeplitz-Krein-Cotlar triplet we define Ca(y) = Cia(—7)* for
7€ Q2 — Q.
Definition 3.3. We shall say that the Toeplitz-Krein-Cotlar triplet C on
(T, [0, a], H1, H2) is positive definite if

2
o Y (Casle—hal@) (), = 0

a,B8=1 (z,y)€EQaxQp

for all pairs of functions h,, : I' — H,, with finite support, such that support(h,) —
support(hg) is contained in Qo — Qg, o, f =1, 2.
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Remark 3.4. A Toeplitz-Krein-Cotlar triplet is a particular case of a Toeplitz-
Krein-Cotlar form, according to the definition given in [1].

4. Extension results

Theorem 4.1. Let T' be an abelian ordered group and let Hi,Hs be a pair of
Hilbert spaces. If C = (Cap) is a positive definite Toeplitz- Krein-Cotlar triplet on
(T, [0,a], H1,Hz), then there exist a Hilbert space G, a unitary representation
(Uy)ver of T on L(G) and two bounded operators 7o : Ho — G such that

(a) ( )—TgUTafOT’yGQa QB; a,3=1,2;

(b) g \/{U T1hy : ’YGF hléHl}\/\/{U Toho : ’YGF hQGHQ}

(c) if T is topological and C is weakly continuous, then U is strongly continuous;

(d) if T is locally compact and C 1is weakly measurable, then U, is weakly mea-
surable.

In order to prove this theorem we need the following result.

Proposition 4.2. Let C be a positive definite Toeplitz-Krein-Cotlar triplet on
(T, [0,a], H1, Ha). Then the function B : [—a,a] — L(H1 @© Ha) defined by

_( Culn) Cauly—a)
B(v) = (Cu(’y +a)  Can(y) )
is positive definite on [—a, al.

Proof. Let h : [0,a] — H1 @ Haz be a finite support function, thus h = hy @ ha,
where hq : [0,a] — Hi and hs : [0, a] — Ho are finite support functions. Then

S (Blx — y)h(e), h(y)x

zyel,a
= [%]% ]<Ou(:r —y)ha(z), ha(y)), + %;) ]<021(:zr —y — a)ha(x), hi(y))r,
+ ”z[;) ]<Clz(w —y+a)hi(x), ha(y))r, + % ]<sz(:c = y)ha(@), ha(y)) e
= i:r’«?n(x —y)hi(z), h1(y))w, + Z;F@yl (x’— Yha(z + a), hi(y))n,

+ ir<012(x —y)hi (), ha(y + a))r, fzep<022(ar — Yha(z + a), haly + a))r,

This sum is nonnegative because C is positive definite, support(h;) C [0,a] and
support(gz) C [—a, 0], where go2(x) = ha(z + a). O

Proof of Theorem 4.1. (a) Consider the function B : [—a,a] — L(H;$®Hs) defined

by
_( Culy) Caly—a)
B(y) = <Clzz’17 +a) 261'22(7) ) '
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From Proposition 4.2 it follows that B is positive definite on [—a, a] and from The-
orem 2.1 of [2] (with a natural modification in order to consider a closed interval) it
follows that B can be extended to a positive definite function
F:T — L(Hy & Ha).

If F = (Fag)ap=1,2, then the function

=y Fu(y)  Fa(y+a)
Fo = (F12('Y —a)  Fan(y) )

is also positive definite on I'. From Naimark’s theorem (see [13, Theorem 7.1]) it
follows that there exists a Hilbert space G, a unitary representation (U,) of I on
L(G) and a bounded operator R : Hy @& Ha — G such that

F(y) = R*U,R.
Let iy : Ho — Hi @ Ha be the canonical immersion (o« = 1,2) and let
v € [—a, a]. We have that
Coa(y) =i R*Uy Riq,
80 if 7, = Riq, then 7, is a bounded operator and
Coa(y) =75 Uy Ta.
We also have that
Cr2(y+a) =715 Uytpa 11,
o)
012(0') = 7'2* Ung,
for o € [0, 2al, in the same way the result is obtained for Cy;.

(b) In order to obtain the minimality condition it is enough to replace G by

\A{Uyrihi iy €T, by € Ha} v \/{Uymeha 1 y €T, hy € Ha}.

If C is weakly continuous, then B is weakly continuous and if C is weakly
measurable, then B is weakly measurable.

Since (—a,a) is a neighborhood of 0, from Proposition 2.1 and from the
general fact that the minimal Naimark dilation of a weakly continuous positive
definite function is is strongly continuous we obtain (c).

From the corresponding measurability result we obtain (d). O

5. Representation results

Theorem 5.1. Let T' be a locally compact abelian ordered group and let Hy,Ho
be a pair of separable Hilbert spaces. If C = (Cqog) is a weakly measurable posi-
tiwe definite Toeplitz-Krein-Cotlar triplet on (T, [0, a], H1, Ha), then there exist two
Toeplitz-Krein-Cotlar triplets on (T, [0,a], H1, Hz2), C¢ = (Cgy) and COo = (C’gﬁ)
such that

(a) Cap=CGs+ Cgﬁ fora,8=1,2;
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(b) C° = (Cgp) is positive definite and weakly continuous;

(c) C° = (Cgﬁ) is positive definite and each Cgﬁ is zero locally almost every-

Proof. From Theorem 4.1 there exist a Hilbert space G, a weakly measurable uni-
tary representation (Uy)yer of T' on L(G) and two bounded operators
Ta : Ha — G such that Cop(y) = 750574 for v € Qo — Qp, , 3=1,2.

Let 7: H1 ® Ha — G defined by 7(h1 @ h2) = 171 h1 + Toha; then the function
F:T — L(H1 ® Hz) defined by
TTUym Uy
F(vy)=1"Uy,T = ,
ToUm mUyT
is positive definite. Since (Uy)er is weakly measurable, F' is weakly measur-
able, so from the main result of [8] it follows that there exist two functions
F¢:T — L(Hy ®Hsz) and FY : T' — L(H; ® Ha) such that
(a) F =F°¢+ FY,
(b) F° is positive definite and weakly continuous;
(c) FO is positive definite and zero locally almost everywhere.

Considering C' 3 = 75F°7, and Cgﬁ = 75 F7, we obtain the result. O
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A Fast QR Algorithm for Companion Matrices

Shiv Chandrasekaran, Ming Gu, Jianlin Xia and Jiang Zhu

Abstract. It has been shown in [4, 5, 6, 31] that the Hessenberg iterates
of a companion matrix under the QR iterations have low off-diagonal rank
structures. Such invariant rank structures were exploited therein to design fast
QR iteration algorithms for finding eigenvalues of companion matrices. These
algorithms require only O(n) storage and run in O(n?) time where n is the
dimension of the matrix. In this paper, we propose a new O(nQ) complexity
QR algorithm for real companion matrices by representing the matrices in the
iterations in their sequentially semi-separable (SSS) forms [9, 10]. The bulge
chasing is done on the SSS form QR factors of the Hessenberg iterates. Both
double shift and single shift versions are provided. Deflation and balancing
are also discussed. Numerical results are presented to illustrate both high
efficiency and numerical robustness of the new QR algorithm.
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Keywords. Companion matrices, sequentially semi-separable matrices, struc-
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1. Introduction

After nearly forty years since its introduction [18, 19], the QR algorithm is still the
method of choice for small or moderately large nonsymmetric eigenvalue problems
Ax = Ax where A is an n X n matrix. At the moment of this writing, moderately
large eigenvalue problems refer to matrices of order 1,000 or perhaps a bit higher.
The main reason for such a limitation in problem size is because the algorithm
runs in O(n?) time and uses O(n?) storage.

The success of the algorithm lies on doing QR iterations repeatedly, which
under mild conditions [29] leads to Schur form convergence. However, for a general
nonsymmetric dense matrix A, one QR decomposition itself already takes O(n?)
operations, so even if we are lucky enough to do only one iteration per eigenvalue,
the cost would still be O(n?). To make the algorithm practical, it is necessary to
first reduce A into an upper Hessenberg matrix H and then carry out QR iterations
on H accordingly. It is also important to incorporate a suitable shift strategy (since
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QR iteration is implicitly doing inverse iteration), which can dramatically reduce
the number of QR iterations needed for convergence.

The rationale for reducing A to H is that the Hessenberg form is invariant un-
der QR iterations. Such Hessenberg invariance structure enables us to implement
QR iterations implicitly and efficiently by means of structured bulge chasing. In
practice, with the use of shifts, convergence to the Schur form occurs in O(n) bulge
chasing passes, each pass consists of O(n) local orthogonal similarity transforma-
tions, and each local similarity transformation takes O(n) operations. Therefore
the total cost of the algorithm is O(n?®) operations. This new algorithm has been
tested for many different types of examples and is stable in practice.

In this paper we consider the eigenvalue computation of a real companion
matrix of the form

ayp a2 ap—1 0n
1 0 ... 0 0
0 O 1 0

Since the eigenvalues of C' coincide with the zeros of a real univariate polynomial
p(x) =2 —az" ' = —ap_1x — ap, (2)

algorithms for computing matrix eigenvalues can be used to approximate the zeros
of p(z). In fact, the Matlab function roots finds the zeros of p(x) by applying the
implicit shift QR algorithm to Cj, a suitably balanced version of C' by means
of a diagonal scaling (note that Cj is not necessarily a companion matrix). The
algorithm costs O(n?) operations as we mentioned.

The O(n?) cost and O(n?) storage are still expensive for a large n. In fact, it
is possible to improve the performance of QR iterations by exploiting additional
invariance structures of the Hessenberg iterates of C' under QR iterations. It has
been shown independently in [4] and in [5, 6] that the Hessenberg iterates of a
companion matrix preserve an off-diagonal low-rank structure, called sequentially
semi-separable structure and semi-separable structure, respectively. This fact was
then exploited to design companion eigensolvers which require only O(n?) time
and O(n) storage.

In this paper, we present a new O(n?) QR variant algorithm for the real com-
panion matrix, with experiments showing numerical stability. We implement both
the single shift and double shift QR iterations with compact sequentially semi-
separable structures. Instead of working on the similarity transformations of C,
we work on the QR factors of these matrices. A swapping strategy for Givens rota-
tion matrices is used to efficiently conduct structured bulge chasing. To maintain
compact structured forms of those QR factors we introduce a structure recovery
technique. We also provide a structured balancing strategy.
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The paper is organized as follows. In Section 2, we describe the sequentially
semi-separable representation and some related operations including matrix addi-
tions and matrix-matrix multiplications. In Section 3, we adopt the approach in
[4] to prove why all Hessenberg iterates of C' have off-diagonal blocks with ranks
never exceeding 3. Similar off-diagonal rank results can be easily extended to the
QR factors Q and R in the QR iterations. Thus Section 4 shows the representa-
tions of @ and R in compact SSS forms. In Section 5, we describe the deflation
technique and the convergence criterion of the new QR algorithm, and then by
using a concrete 5 x 5 matrix example, we demonstrate how to implicitly do both
single and double shift QR iterations based on the compact representations of @
and R. Balancing strategy, which preserves the semi-separable structure, is dis-
cussed in Section 6. In Section 7, we present numerical results to demonstrate the
performance. Finally, Section 8 draws some concluding remarks.

2. SSS representation

In this section we lay out some necessary background information about sequen-
tially semi-separable (SSS) representations [9, 10]. Closely related matrix struc-
tures include quasiseparable matrices (e.g., [14, 15]), hierarchically semi-separable
matrices [8], etc. Both the name “SSS” and “quasiseparable” refer to the same type
of matrices. Related matrix properties and operations are discussed in the above
references. Here we use SSS representations and some associated operations in
[9, 10]. Similar results also appear in [14]. They will be used in our fast structured
QR iterations.

2.1. SSS notations
We say that A € R™*™ is in SSS form if it is represented as
D; ifi=j,
A= (A;j), where A;; e R™>*™Mi Ay = CUWigq--- Wj_lva ifi <j, (3)
PiRi—1-- Rj+1 Q;F if1> 3.

Here the empty products are treated as the identity matrices, and the partitioning

sequence {m;}7_, satisfies Y ._, m; = n, with r being the number of block rows
r—1

(or columns) of the partitioning scheme. The SSS generators {D;}i_,, {Ui}i—y,
VYo, VY2, AP}y, {Qi}iZ] and {R;}/Z) are real matrices with dimen-
sions specified in Table 2.1.

D; U, Vi Wi Pi Q; Ri
m; X My m; X ki m; X k)i_l ki_l X ki m; X li m; X li+1 li+1 X li

TABLE 1. Dimensions of matrices in (3).

To illustrate the compactness of this SSS representation when the off-diagonal
blocks of A have small ranks, assume m; = k; = I; = p < n, then we only need to
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store the SSS generators of A with about 7rp?(= 7pn) working precision numbers
instead of storing every entry of A with n? numbers.

It should be noted that the SSS structure of a given matrix A depends on
the partitioning sequence {m,}7_,. Different sequences will lead to different rep-
resentations.

The power of SSS representation for matrices with low-rank off-diagonal
blocks has been shown in [9, 10, 11, 30], where fast and stable linear system
solvers based on SSS representation were designed with applications to many
relevant engineering problems. In [9, 10], algorithms for SSS matrix operations
have been systematically introduced, including constructions of the SSS represen-
tations, (LU-like) factorizations of SSS matrices, fast SSS matrix additions and
fast matrix-matrix multiplications, etc. For our purpose of designing a new QR
iteration method for companion matrices, we need to use two important SSS ma-
trix operations, SSS addition and SSS multiplication. We present the results from
[9, 10] without proofs.

2.2. SSS addition
Let A and B be two SSS matrices that are conformally partitioned, that is,
m;(A) = m;(B) for i = 1,...,r. Then their sum A + B is an SSS matrix with
representation given by the following SSS generators [9, 10]:
Di(A+ B) = D;i(A) + Di(B),
Ui(A+ B) = (U;(A) U;(B) ), Vi(A+ B) = (Vi(A) Vi(B) ),
(

Wi(A + B) = (Wi . )

Pi(A+ B) = (Pi(A) Pi(B) ), Q;(A+ B) = (Q:(4) Qi(B) ),
Ri(4) 0
Ri(A—FB):( 0 Ri(B) )

Remark 2.1. Note that the computed SSS representation of the sum might be
inefficient in the sense that the dimensions of the SSS generators are increasing
additively, whereas in some cases the real ranks of the off-diagonal blocks might
be far smaller. Ideally, these formulas should be followed by some sort of rank-
reduction or compression step [9, 10].

2.3. SSS multiplication

Let A and B be two SSS matrices that are conformally partitioned. Define forward
and backward recursions

Sl = 0, Si+1 = Q;‘F(A)L{Z(B) + Rl(A)Slwl(B), for i = 1,2, vy — 1,
T,=0, T,y =VI(A)P(B)+W;(A)T;Ri(B), fori=rr—1,...,2.
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Then the SSS generators of the matrix A-B can be computed through the following
formulas [9, 10]:

Di(A - B) = Di(A)Di(B) + Pi(A)S; V] (B) + Ui( AT Q] (B),
Ui(A- B) = ( Di(A)Ui(B) + Pi(A)SiWs(B) Ui(A) ),
Vi(A-B) = ( Vi(B) DI(B)Vi(A) + Q:(B)TIWI(A) ) ,
WA= yrits) wia) )

(

(

Remark 2.2. In the case where m; = k; = [; = p, the total operation count of
this fast multiplication algorithm is at most 40p®n, contrasting with 2n3 flops for
doing ordinary matrix-matrix multiplication.

3. Invariant off-diagonal low-rank structure

The classical Hessenberg QR algorithm for finding eigenvalues computes a series
of Hessenberg matrices Hy which are orthogonally similar to C' in (1):

HO =C,
H® = QR RF gkt — pRIQF) kL =0,1,2,...

Generally, shifts are used in the iterations. It has been shown independently in
[4] and [5] that each such Hessenberg matrix Hj, (real or complex) maintains off-
diagonal low-rank structures. More precisely, the following result holds.

Theorem 3.1. [4, 5] max; <<, rank(H® (1: 4,5 +1:n)) < 3.

In what follows, we concentrate on real companion matrices. The proof of
the theorem relies on the results in the following two lemmas [4].

Lemma 3.2. For any Hessenberg matriz H*®) in the Hessenberg QR iterations,
there exist an orthogonal matriz Z®) € R™" and two vectors ¥, y(¥) € R" so
that

H®) = zF) 4 (k) ()T (4)
(H™® is an orthogonal-plus-rank-one structure.)

It suffices to establish the equation for H(® since the structure of a low-
rank modification to an orthogonal matrix is preserved under orthogonal similarity
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transformations. For H© = C, we can write
0 0 0 =+1 1
10 ... 0 0 0
C = 0 1 0 0 + | 0 (al as ... Qp_1 an:Fl)
00 ... 1 0 0

= 70 4 20O
For convenience, we choose the sign of the (1, n)-entry of Z(?) so that det(Z(®)) = 1.

Lemma 3.3. An orthogonal matrixz Z is rank-symmetric [4], in the sense that for
any 2-by-2 block partitioning
Z1n Ziz
Z = ,
( Zo1  Zaa

where Z11 and Zaa are square, we have rank(Z12) = rank(Zay).

This is a direct outcome of the CS decomposition (see [17]). Actually not only
rank(Z12) = rank(Zs1), Z12 and Zs; have the same singular values as well. There-
fore, we can expect that a slightly perturbed orthogonal matrix is still numerically
rank-symmetric.

Now let us prove Theorem 3.1. For simplicity of the notation, we drop the
superscript (k) from (4) in the rest of this section.

Proof of Theorem 3.1. Write L = xzy”. According to Lemma 3.2, we have H =
Z + L. Partition H as
Hy1 Hip
H= :
( Hs1  Hao

where Hq; and Hso are square, and partition Z and L conformally. Then Hs; has
rank at most 1, since there is only one possible nonzero in its upper right corner.
In addition,

[rank(Hi2) — rank(Ha )| = |(rank(Hi2) — rank(Z2)) — (rank(Hz;) — rank(Z12))|
< |rank(Hi2) — rank(Z12)| + |rank(Hay) — rank(Za;)]
(since Z is rank-symmetric)
< rank(L12) + rank(La)
< 2-rank(L) = 2.
Thus
rank(Hpz) < rank(Hsp) +2 < 3. O

Theorem 3.1 indicates that all H in the QR iterations have low-rank off-
diagonal blocks. Such a low-rank structure admits a compact representation for
H.
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Bini, Eidelman, et al. [6] take advantage of this property and represent each
H in a quasiseparable form which can be represented by a linear number of pa-
rameters. Similarly, the new QR algorithm proposed by Bindel, Chandresekaran,
et al. in [4] exploits this structure by writing the Hessenberg iterate H in terms
of its SSS representation. Both type of schemes provide explicit formulas for QR
iterations with single shifts.

Because during the structured bulge chasing passes only linear memory space
and only local updating for the quasiseparable or SSS generators of H are required,
those new QR algorithms are able to achieve O(n?) complexity and O(n) storage.
To maintain the compact quasiseparable or SSS representations for H, the algo-
rithm in [6] involves some compression schemes, and the algorithm in [4] incurs
merging and splitting SSS representations repeatedly during each bulge chasing
pass.

In this paper we propose a different approach for QR iterations: instead of
working explicitly on the compact representations of H, we choose to work on
@ and R directly, and in the meantime, to maintain compact representations for
them, where @ and R are QR factors of H. This allows more flexibility in handling
the structured QR iterations. Partly because of this reason we are able to provide
both single shift and double shift QR iterations, whereas [4] and [6] only provide
single shift versions.

We use the following theorem to characterize the similar low-rank off-diagonal
structures of @ and R.

Theorem 3.4. Suppose that a nonsingular upper Hessenberg matriz H can be ex-
pressed as H = Z +xyT, with Z being orthogonal and x,y € R™, and suppose that
it has QR factorization: H = QR. Then

1. @ has the form: Q = Q1Q2 - - Qn—1, where each Q; is a Givens rotation;
2. R can be written as: R = Z + xy™, with Z being orthogonal. Furthermore, if

we partition R as
_( Rii Ria
r= (0 )

where R11 and Rao are square, then
rank(Ry2) < 2.

Proof. For any Hessenberg matrix H, its QR decomposition can be obtained by
applying a sequence of Givens rotations {Qi}?z_ll to zero out its subdiagonal entries
from the top to bottom. Specifically, we will have Q = Q1Q2 - - Q,—1 and

R=QF - Q1QT H=Q"(Z+zy") = Z+3y"

where Z := QT Z and 7 := QTz. We can then finish the proof by using inequalities
similar to those in the proof of Theorem 3.1. O
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4. Compact Representations of () and R

Theorem 3.4 implies that it is possible to represent Q and R in compact forms. We
dedicate this section to the detailed description of such compact representations.

4.1. Compact representations of ()

Consider an orthogonal matrix ) which can be expressed in the form
Q=102 Qn- (5)
where Qi is a Givens rotation matrix
Qy = diag (Ik—h <

For convenience we call Qi the k-th Givens (rotation) matrix. Multiplying out
the product (5), it is straightforward to verify that @ takes the following form
(assuming c¢o = ¢, = 1):

CL Sk

2 2 _
s cn ) 7In—k—1) , ¢k, SE ER, ¢ + 55, =1. (6)

Q=0Q1Q2 Qn
CoC1 CpS1C2  CpS1S52C3 N N C0S1 " Sn—1Cn
—S1 C1C2 C159C3 C182 " 8Sp—-1Cn
—S82 C2C3 C283 - 8Sp—-1Cp

—Sn—2 Cp—2Cn-—1 Cp—25n—1Cn
—Sn—1 Cn—1Cn

It is evident that the maximum off-diagonal rank of @ is at most one. Hence an
SSS representation for () will come in handy when we need to conduct SSS matrix-
matrix additions or multiplications. With the partitioning sequence {m; = 1},
the SSS generators of @) are given by Table 2.

Di(Q) | Ui(Q) | Vi(Q) | Wi(Q) | Pi(Q) | 2i(Q) | Ri(Q)

Ci—1Ci | Ci—18i Ci Si 1 —8; 0

TABLE 2. SSS generators of Q.

4.2. Compact representations of R

The off-diagonal low-rank structure of R in Theorem 3.4 admits a compact SSS
representation. Using the partitioning sequence {m; = 1}, and taking into ac-
count that R is upper triangular, we have

d;, if i = j,
R = (Rij)NXN7 where Rij = § UjWiy1 -~ -wlj_l’l}rf, if 1 < j, (7)
0, ifi> 7.

Again, the empty products above are treated as identity matrices. The dimensions
of the (nonzero) SSS generators of R are specified in Table 3.
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Generator | D;(R) | U;(R) | Vi(R) | Wi(R)
matrix d; U; Uy w;
Size I1x1 | 1xp|1xp| pxp

TABLE 3. Dimensions of the SSS generators of R.

According to Theorem 3.4, a compact SSS representation of R will have p
not exceeding 2. During our new QR algorithm, however, we will allow not-so-
compact (redundant) intermediate SSS generators of R but will compress them
back to compact representations at the end of each QR iteration step.

Remark 4.1. As the SSS generators can be simply represented by a small number
of vectors or parameters, later in most places of this paper for convenience we
directly provide those vectors or parameters instead of writing the SSS forms.

5. A new QR algorithm for C'

Consider the n x n companion matrix (1). Let

o --- 0 =#1 1 a1
1 - 0 0 0 as

Z=1 . . . , et=1| . |, and y= ) ,
o --- 1 0 0 a, F 1

and choose the sign of the (1,n)-entry of Z so that det(Z) = 1. Clearly,
C=2Z+ey’.

Instead of updating the Hessenberg iterates H in the standard QR algorithm, our
new algorithm will carry out the implicit shift QR iterations based on the compact
representations of @@ and R mentioned in the previous section. The structured
representations of @ and R will lead to a more delicate deflation scheme and a
more convenient bulge chasing procedure, which are to be discussed in detail in
the following subsections.

5.1. Swapping real Givens matrices

Before presenting the detailed QR iterations we first consider an important tech-
nique which swaps two or three Givens matrices and will be used in the structured
bulge chasing. The notion of “swap” will become evident in a moment. Similar
techniques can also be found in other places (e.g., [28]).

First consider the product @; - Q;, 1 < 4,5 < n, where @; and Q; are two
real Givens matrices as specified in (6).
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e If i = j, then multiplying the product out we get @i = @ - Qj, which is
another Givens matrix, and

¢ 5 ~ N
( ~ o~ ) , Ci = CiCj — SiSj, Si = CiSj + §;Cj. (8)
—Si G

o If |i — j| > 2, then
Qi Q; =Qj Qi 9)
which is literally swapping the two Givens matrices.
Next consider the product of the form: Q;Q;+1G;, where Q; and G; are two
i-th Givens matrices and @41 is the (i + 1)-st Givens matrix, with 1 <47 <n —2.
Without loss of generality, we use Q1Q2G1 as an example. Given the three Givens
matrices in R3*3

C1 S1 1 aq B1
Q=] —s1 a ;o Q2= c2 82 |, Gi=| -1 a1 ;
1 —S9 C2 1
(10)
we want to find another three Givens matrices in R3*3
R 1 R R RG] R 1
Gy = ay P2 |, Qi=| —s @ ;o Qo= ¢ 5 |,
_ﬁ2 a2 1 —/8\2 /C\2
(11)
so that o
Q1Q2G1 = G2Q1Q2. (12)

We present Algorithm 1 (next page) for the computation of @2, @1 and @2

Note that both approaches in the third step of Algorlthm 1 for computing
Q1 and Qg (in exact arithmetic) yield Q1Q2G1 = G2Q1Q2 In a similar fashion,
given three Givens matrices G, Q1 and Q2 € R3*3, we can compute another three
Givens matrices Q1, Qo and G; € R3*3 5o that

G2Q1Q2 = Q1Q2G, (13)
where G5 has a similar form as G, in (11) but without the hats in the notations,
and the same situation holds for @1 and G1.

For the convenience of future reference, we call (12) a backward Givens swap,
and (13) a forward Givens swap, according to the direction of G; (or G2) being
pushed. It is not hard to prove the backward stability of such swapping formulas.

Lastly, consider a special case of a backward Givens swap: @,,—1Q,G,—1 with
Q. = diag[I,—1,—1]. We want to find another Givens matrix @n_l so that

Qn—lQnGn—l = @n—lQ?r (14)
This boils down to inspect the products of their trailing 2 x 2 blocks:

Cn—1 Sn—1 1 Qp—1 ﬁn—l o /c\n—l /S\n—l 1
—Sn—1 Cp—1 -1 _ﬁn—l Qp—1 n _/S\n—l /c\n—l -1



A Fast QR Algorithm for Companion Matrices 121

Algorithm 1 Givens swap of type I
(1) Compute

c1op — S16201 151 + s1coa S$182 X X X
A=0Q1Q:G1 = | —s101 —c1cf1 —s101+cicoar asa | =[x x X
—5261 —So0x1 C2 X X X

(2) Compute a Givens matrix G, so that

X X X
Ay =GFA=| x x x
X X

(3) We have two different approaches to get @1 and @2.
e Fither, let

/C\l = Al(l,l), /0\2 = A1(373)7
{a: _Ay(2,1), nd {@: _A4(3,2),

since if there holds A; = @1@2, A7 must also have the form

1 S5ic2 8182

A1= —§1 /8\162 /8\1:9\2
—32  Co

e Or, continue to find @1 so that

N X X X
Ay = Qr'erl = X X 5
X X
and then find @2 so that
N X X X
A3 = QgAQ = X X
X

Since Aj is triangular and orthogonal, it must be an identity matrix.

which leads to

6\n—l = Cp—1Q0n—1 + Sn—lﬁn—lv (15>
Sp—1 = — Cn—lﬂn—l + Sn—10n—1-

5.2. Initial QR factorization of C

We start the new QR algorithm by first finding the initial QR factorization of
C = OO, This can be easily done by applying a sequence of (transposes of)
Givens rotations {QlT}::ll to C from the left side to zero out its subdiagonal
entries (which are 1’s) from top to bottom. The process can be expressed as

@5 (QT(QT0)) ) = RO, (16)
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where R is an upper triangular matrix and @y, is the k-th Givens rotation matrix
of the form (6).
Thus from equation (16), we can write

C=@Q1Q2 Qu1-RY.

Let Q) = Q1Qs...Qn_1. Then Q© is completely represented in terms of its
cosine and sine parameters: {c¢;, 51‘}?:1 (with the assumptions ¢,, = 1 and s,, = 0).
As for RO it is straightforward to check that in terms of {c¢;, s;}_, and {a;};_,
we have:

ciSi—1---s1a; — s; if i = j,
RO = (Rg?)), where RE?) =4CSi—1- 810G if i < 7,
0 ifv> 7.
Or equivalently, we can use the following SSS generators to completely describe
RO):

D(R(O)) = di = C;Sj—1 " 810; — S, if 1 S ) S n,
UROD)  =w;=cis;1---51, ifl1<i<n-—1,
V(RO) = =a,, if2<i<n,
W(RO) =w; =1, if2<i<n-1.

Note that for now, p, the common column dimension of SSS generators, is 1.

5.3. Structured QR iteration: single shift case
In this section, by using a concrete 5 x 5 example, we describe in detail how to

implement the following implicit single shift QR iteration on an H as in Theorem
3.4, where o € R is a shift.

H—-o0l = QR,
H = RQ+ol = QTHQ.

Contrasting with the standard QR algorithm, where we chase a bulge along the
second subdiagonal of the Hessenberg iterate H, in our new QR algorithm, we
create and chase a bulge along the subdiagonal of R.

Before we start, we make two notations clear:

G : the Givens rotation used to generate a bulge at R(k + 1, k),
Gr : the Givens rotation used to eliminate the bulge at R(k + 1, k),

where R(i,j) denotes the (i,7) entry of R.
Suppose that at the beginning of the QR iteration, we have

H=Q1Q:2Q3Qs - R=7Z+ay",

where Z is orthogonal but not explicitly stored.
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Initiate bulge chasing. Let Hy = H. Choose a Givens rotation G of the form

G, = diag (( & 5 ) 713) ,  where & 457 =1,
—S1 C1
so that the first column of Gy, that is, the vector ( &1 =51 0 0 0 )T, is
proportional to, ( hi1—o hoy 0 0 O )T, the first column of Hy — ol.
Let
Hy = G{ HoGi1 = (G1Q1)Q2Q3Q4 - RG1.

Then a bulge is created at the (2,1) entry of RGy. In fact, if we formed RG
explicitly, we should expect

X X
+ X
RG1 = X

X
X

|
X X X X
X X X X X

where the bulge is indicted by a plus sign. Next choose

élzdiag<< _cél 2),&), where ¢ + 357 =1

so that Ry = @F{(Rél) is upper triangular again. Let Q; = GT Q;, then

Hy = (GTQ1)Q2Q3Q.4G - GTRyGy
= Q1Q2Q3QuG1 - Ry
= (Q1Q2G1)Q3Qa - R1 (G1 pushed forward)
= (G201Q2)Q3Q4 - Ry (backward Givens swap)
= G2 Q1Q2Q3Q4 - Ry
Second chasing. Let
Hy = GYH Gy = Q1Q2Q3Q4 - RiGo,

where if explicitly formed,

X X X X X

X X X X

Rlég = + X X X
X X

X

Thus the bulge has been “chased” from the (2,1) position to the (3,2)
position. To eliminate this bulge, we choose a Givens rotation G5 so that
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Ry = (N}g (R1G3) becomes upper triangular again. Thus
= Q1Q2Q3QuG> - G3 RiG
Q (Q2Q3G2)Q4 Ry (ég pushed forward)
@ (G3Q2Q3)Q4 Ro (backward Givens swap)
Gy - Q102Q3Qu - Ry. (G pushed forward).
(3) Third chasing. Similarly, let
Hs = G5 HyGy = Q1Q2Q3Q4 - RoGi3,

where if explicitly formed,

X X X X X
X X X X

RyGs = X X X
+ X X

X

Thus the bulge has been chased from the (3,2) position to the (4,3) po-
sition. To eliminate this bulge, we choose a Givens rotation Gj so that
R3 = GT(R2G3) becomes upper triangular again. Thus

Hs = Q1Q2(Q3Q4G3) - Gl R.G
= 01Q2(G4Q3Q4) - R (backward Givens swap)
=Gy Q1Q2Q3Q4 - Rs. (G4 pushed forward).
(4) Final chasing. Let
Hy =Gl H3Gy = @1@2@3@4 - R3Gly,

where if explicitly formed,

X X X
X X
R3G4 = X

4+ X X X X

X
X
X
X
X

Thus the bulge has been chased from (4, 3) to (5,4). This leads us to choose
a Givens rotation G4 such that Ry = G4T(R3C_¥4) ecomes upper triangular
again. Let Q4 = Q4G4, then

Hy = Q1Q2Q35(Q4Gy) - (GT RsGy).
= 1Q2Q3Q4 - Ru.
Let H = Hy. A cycle of QR iteration with single shift is then completed.
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Write é = 61626364, é = 61626364 and @ = @1@2@3@4. Then the
structured single shift bulge chasing procedure presented above tells us

Hy, = GTGTGTGT - Hy - G1GoGsGy = GT - Hy - G,
Ry =GIGIGIGT -Ry- G1G2G3Gy =G - Ry - G, (17)
Hy=Q-Ry.

Remark 5.1. Since the first column of G is proportional to that of Ho — o/,
according to the well known implicit Q theorem, G will be the same (up to sign
differences in each column) as the Q-factor of the QR decomposition of Hy — ol.

Next we discuss the computation and elimination of the bulges in terms of
the structured representations. Note that none of the Ry’s are formed explicitly
except certain entries. The explanation is as follows. Ry is represented via its
SSS generators, {d;,u;,v;, w;}. Not all these generators are updated during the
intermediate steps of a bulge chasing cycle. We need to form explicitly the main
diagonal vector (d; generators) and the first superdiagonal vector of Ry in order
to compute the bulges. To simplify the notations we temporarily write Ry as R,
in a general SSS form:

T T T
di W UWiVi g UiWit1 *** Wp—17;,
T
R = di—i—l Ui+1V; 49 te Ui 1Wi42 * - Wp—1Y,, s

T
dito2 e Ui 2Wig3 - - Wp—1Vy

where the i-th through (i + 2)-nd rows are shown. Let h be the first superdiagonal
vector. That is, h; = R 41 = uivﬁ_l. During the bulge chasing, a bulge b; is
created by right multiplying a Givens matrix G; = ( : _cfl ) to a 2-by-2
upper triangular diagonal block:

C/l\i le d; hi Ci  —S5;
~ = : 18
( b; diy1 ) ( 0 dit1 ) ( S; C; ) ( )
, A a5 d;
A new Givens matrix G; = 5z ) is now computed based on ( bl' ) so

as to eliminate the bulge b;:

d; th' _ ( Sz _~5i> d; Ahi ' (19)
0 di+1 Si Ci b; di+1
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Then the i-th and (i + 1)-st rows of R should be updated, which is done as follows:

L - . . .
( G =S ) di  hi | Uwig1viy - UiWit1 - Wn—1Vp
~ ~ -~ T T
Si G bi dit1 | Uip1vie - Uip 1 Wig2 * - W10,

Cﬂl;‘ ?Li El _gi U;Wi+1

T T T
= ~ ~ ~ v Wi4-20; o Wit s Wp—10,
((O diq1 S G U1 (02 2 ")

di  hy U T T T
= 5 ~ Viig  Wit2V; T Wiy Wi—1U
(( 0 di+1 Uit ( 142 142 n)

- - o N .
o di hs UiV, o . UjWit2 * * Wp—17;, (20)
- s o~ T ~ T .

0 diy1 Uit1viio - Uit 1 Wig2 * - W10,

That is, we only need to find the updated CE,EZ-HJN”, Ui, and ;1. After this
step, the new superdiagonal entry h;y; = ﬂi“vﬁ_l is formed. The next bulge will
be generated with another Givens matrix applied on the right to the next 2-by-2

diagonal block
disr his
0 diy2 )’

and the above process repeats. Therefore, during the bulge chasing cycle, {d;, u;}
are updated, and {h;} are formed. Clearly, we use each h; once a time and do not
need to store the entire h.

Equation (20) is sufficient for deriving h;11 and thus further computing and
eliminating the bulges. However, the u; it provides may not be an SSS generator of
the final R. As an example, the updated value of R; ;1 is h;, which is generally not
ﬁivﬁl. Therefore, to get a final updated SSS form for R, we update all {u;, v;, w;}
at the end of the bulge chasing cycle. For example, in the process (17) above, the
SSS generators of R4 are obtained by multiplying three SSS matrices (~¥T, Ry, and
G using the fast SSS matrix-matrix multiplication formulas in Subsection 2.3.

Remark 5.2. An outcome of using those multiplication formulas is that the column
dimensions of R4’s SSS generators will grow additively by 2 (in case of single shift
bulge chasing), since both G and G have the maximum off-diagonal rank 1. In
Subsection 5.5 we will show how to recover a compact representation for Ry.

5.4. Structured QR iteration: double shift case

This section describes how to maintain real arithmetic by employing two shifts
o and & at the same time, where & is the complex conjugate of o (although in
this paper notations with bars do not necessarily mean complex conjugates). The
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process of shifting o and & successively is like
H—ol =QWRWY,
Y = ROQW | o7 — (Qu))TH (Qu)) ’
H® — 571 = Q@R
H=H® =ROQ® 457 = (Q<1>Q<2>)TH (Qu)Q(z)) 7
which leads to
M= (Q<1>Q<2>) (R<2>R<1>) = (H —oI)(H —&I) = H? — sH +tI,  (21)

with s = 2Re(0), t = |o]?. Thus (QWQ®) (RPRMW) is the QR decomposition
of the real matrix M, and therefore QMW Q®?), as well as R R can be chosen
real, which means that H= (Q(l)Q(Q))T H (Q(l)Q(g)) is also real.

While the rationale for maintaining real arithmetic is exactly the same, the
difference of our new algorithm from the standard one lies in the use of the com-
pact representations for () and R. Contrasting with the standard implicit double
shift QR algorithm where a 2-by-2 bulge is chased along the subdiagonal of the
Hessenberg iterate H, in our new algorithm the 2-by-2 bulge is chased along the
subdiagonal of R. Before we start, we make the following notations clear

Fiy1 @ the Ist Givens used to generate a nonzero at R(k + 2, k),

Gy, : the 2nd Givens used to generate nonzeros at R(k+1: k + 2, k),
ﬁkﬂ : the 1st Givens used to eliminate the nonzero at R(k + 2, k),

Gr : the 2nd Givens used to eliminate the nonzero at R(k + 1, k).

Let us use the same 5-by-5 example from the last subsection. Suppose that
at the beginning of the QR iteration, we have

Ho=H =Q1Q:Q3Qs-R=Z +ay",
where Z is orthogonal but not explicitly stored.

(1) Initiate bulge chasing. Given a pair of complex conjugate shifts o and 7, we
compute the first column of M in (21):

Mey = (H2—5H+tI)el = ( r1 wy x3 0 -+ 0 )T,
where
r1 = hiy + hizhor — shi +t,
x2 = hoi(hi1 + hao — s), (22)
z3 = hathso.

Then find two Givens rotations G and Fh such that
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In other words, the first column of (Fg@l) should be made proportional to
Mel. Let
H, = (FQGl)T : : (FQGl)
= (G ) (P TQ1Q2) Q3Q4 - RoF2Gy
( ) <Q1Q2F1> Q3Q4 . R()Fgél (fOI‘W&I‘d Givens swap)
( ) Q2Q3Q4 - (ﬁlRO) Gy
= Q1Q2Q3Qu - RoFLGh,
1= (G)TQy, Ry = ERO, and if formed explicitly,

where @

X
+
+

4+ X X
X X X

éopgél =

X X X X
X X X X X

We see that there is a 2-by-2 bulge, indicted by plus signs. Next choose two
Givens rotations Fy and Gy to zero out entries (3,1) and (2,1) of RyF»Gy in

order. Let R1 = <G1> <F2> . (ROFQGl), then we may write

= Q1Q2Q3Q4 (F2G1)

=) (Q QgFQ) Q4G1- Ry (F, pushed forward)

= Q1 ( 2Q3) Q4G1 - Ry (backward Givens swap)

= P ( 1) 0sQs- Ry (Fs and G pushed forward.)
= (Gng Q2> Q3Q, - R (backward Givens swap)

= P3Gy - Q,Q2Q3Qu - Ry.
(2) Second chasing. Let

My = (FyGo)” - Hy - (FaGa) = Q1 QeQa@u - (RuFsGa)

where if explicitly formed,

RiF3Go =

+ + X X
+ x x X
X X X X
X X X X X



A Fast QR Algorithm for Companion Matrices 129

Thus compared with ﬁoﬁg G, the 2-by-2 bulge has been chased to the right
for one column. Next choose two Givens rotatioTns F3 %nd G5 to zero out
(4,2) and (3,2) entries in order. Let ﬁg = (ég) (ﬁg)) . (Elﬁgég), then

we may write

Hy = 51@2 3Q4 <ﬁ3G2> Ry
= 51@2 Q3Q4ﬁ3) Go - Ry
5.6 (AG:0

I
S~
<p>>

= F4ég . @1@2@3Q4 . ]A:L;Q. (Gg pushed fOI‘W&I‘d).
Final two steps of bulge chasing. Let

Hs = (F4G3) 2+ (FuGs) = 5152@?@4 ' <E2F4G3> ;

where if explicitly formed,

RyFyGy =

+ + X X X
+ X X X X
X X X X X

Thus compared with R1F3G2, the 2-by-2 bulge has been chased by one col-
umn to the lower right. Next choose two Givens rotations F4 and Gg to zero

out the (5,3) and (4, 3) entries in order. Let Ry = (Gg)T (F4)T- (R2F4G3),

then we may write

H; = @1@2@3@ ( Gs) R
=Q,Q, (A3@4é3) Ry (Q1=QuF)
= @1@2 <G4C§3C§4> - Rs (backward Givens swap)
=Gy - @1@2@3@4 - Rs. (G4 pushed forward).
Lastly, let
T _ a2 a A -
Hy=(Ga) - Hs- (G1) = Q1QxQ5Q4 - (R3G4) ,
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where if explicitly formed,

X X X
X X
R3G4 = X

+ X X X X
X X X X X

Next choose a Givens rotation G4 to zero out the (5,4) entry above to get
T - _
an upper triangular matrix Ry = (G4> - R3G4. Now we may write
=Q1@Q2Q3Q, - Ry (Q4 = QuGa).
Let H = Hy. A cycle of QR iteration with a pair of complex conjugate shifts
{o,5} is then completed. Define Q= @1@2@3@4, and

= (EEE)E) : (616‘2@3@4)
=F.G.
We can then summarize the structured double shift bulge chasing procedure as:
H,=W".-Hy-W = (FG) - Hy - (FG),
Ry=WT .Ry-W = (FG)- Hy - (FQ),
Hy= Q- Ry.

Remark 5.3. Since the first column of W is proportional to that of H? — sH +tI
(with s = 2Re(0), t = |0|?), according to the well known implicit Q theorem, W
will be the same (up to sign differences in each column) as the Q-factor of the QR
decomposition of H2 — sH + tI.

Remark 5.4. Similar to the single shift case, none of the Ry’s are formed explicitly,
except few diagonal vectors which are needed for computing the bulges. The SSS
generators {d;,u;} of Ry are updated during the process. At the end of a bulge
chasing cycle, {v;, w; }, are updated (also {u;}, in fact), and this can be done effi-
ciently by applying the fast SSS matrix-matrix multiplication formulas. However,
an outcome of using those multiplication formulas is that the column dimensions
of R’s SSS generators will grow by 4 in case of double shift bulge chasing, since
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both W and W have the maximum off-diagonal rank to be 2. In the next subsec-
tion, we will show how to recover a compact representation for Ry, or in general
Ry_1.

5.5. Recovery of the compact SSS representation of R

In both single and double shift cases, we computed the SSS representation of R,,_1
(n =5 for the 5-by-5 example we considered) through the formula

R,-1=GT Ry -G,
where for simplicity of notation, we have written in case of double shift iteration:
W = FG as G W = FG as G. As pointed out in Remarks 5.2 and 5.4, the
column dimensions of the SSS generators of R,,_; increase by 2 and 4 in single
and double shift cases, respectively. However, the mathematical ranks of the off-
diagonal blocks of R,,—; do not increase starting from n = 2. The reason is that

given Hy = Z + ay”, where Z is orthogonal but never explicitly stored, we can
represent R, _1 as a rank-one modification to an orthogonal matrix:

Ry = QTH, 1 = QTG HoG = (QTGT2G) + (QTGx) - (6Ty)"
According to Theorem 3.4, rank(R12) < 2 for any 2-by-2 blocking partitioning.
To recover a compact representation of R,,_1, we do the following.

(1) Compute T = @TGTx and §J = GTy. As just shown, the computed R,_;
in a redundant SSS form can be viewed as a rank-one perturbation to an
orthogonal matrix, that is,

R,_1 — 2y’ is an orthogonal matrix.

(2) Find a sequence of Givens rotations { X7, Xs,..., X,,—1}, and let
X=X1Xo--- X1,
so that
XZ/E\ = €.

Apply X to R,_1 —zy” from the left-hand side. Now X R,,_1 —e1§” remains
orthogonal. On the other hand, since R, _1 is upper triangular and X is upper
Hessenberg, XR,,_1 — elﬂT is also upper Hessenberg.

(3) Thus we can find another sequence of Givens rotations {Y,,—1,Y,,_a,..., Y1},

let Y =Y1Y5---Y,,_1, so that
(XRn_l - BlgT) YT =1.
(4) The last equation provides an alternative way to express R, _1, that is,
Ro1=XTYy + XTeg" = xTy + 777,
Both X are Y have orthogonal upper Hessenberg matrices with similar struc-
ture as that of @, so that they can be written as SSS matrices with the maxi-
mum off-diagonal rank to be 1. The rank-one matrix 2y’ can also be written

in SSS form with off-diagonal rank to be 1. By applying the fast SSS matrix-
matrix multiplication in Subsection 2.3 to XY we obtain an SSS form for
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XTY with generator sizes bounded by 2 (the sizes increase additively). Then
another fast SSS addition (Subsection 2.2) makes R,,_1 = (XTY) + (zg7) a
new SSS matrix with generator sizes bounded by 3. That means, we get a
new compact representation for R,,_;. Here although theoretically, according
to Theorem 3.4 it is possible to further make the generator sizes no larger
than 2, it does not make a significant difference in practice. We allow the
sizes to be 3 for the sake of convenience in the programming. The above re-
covery process also applies to all subsequent QR iterations and it guarantees
the generators sizes to be bounded by 3. Another implication of the equation
above is that in exact arithmetics, X7Y +2y” is an upper triangular matrix.

5.6. Deflation and Convergence Criterion

After showing the details of the fast structured bulge chasing schemes we provide
the deflation technique and the convergence criterion in terms of SSS representa-
tions.

Deflation is an important concept in the practical implementation of the
QR iteration method. It amounts to setting small subdiagonal elements of the
Hessenberg matrix to zero. After deflation, it splits the Hessenberg matrix into two
smaller subproblems which may be independently refined further. Theoretically,
assume that deflation occurs to an intermediate Hessenberg matrix

H=Q: - Qn1 R,

and a subdiagonal entry h; ;1 of H becomes 0. This corresponds to the fact that
the Givens matrix Q;_ in the Q-factor sequence of H becomes an identity matrix:

H=(Qi Qi—2) Qi-1-(Qi--Qn-1) R
=@ Qi2)- I -(Qi*Qn-) R (23)

In traditional deflation schemes H will be treated as two subproblems individually.
That means here we have to look for a new orthogonal-plus-rank-one representa-
tion such as (4) for each subproblem. It is not obvious so far how we can quickly
get those representations based on the original orthogonal-plus-rank-one represen-
tation. However, instead of seeking new representations, we will keep the original
orthogonal-plus-rank-one representation, reuse the original @- and R-factors, and
in the meantime, keep track of the identity matrices such as @;_1. The identity
matrix @;—1 in (23) splits the @, factors into two subgroups (corresponding to the
two subproblems in traditional deflation schemes). In later bulge chasing steps,
operations will be done within each subgroup. That is, we maintain global repre-
sentations for @)- and R-factors, but keep the actual structured operations locally
within subgroups.

We also need to take care of deflation criteria based on the low-rank struc-
tures. In traditional computations there are various deflation criteria, such as the
one proposed by Wilkinson which is used in LAPACK [2] and a new one proposed
by Ahues and Tisseur [1]. For our new QR algorithm, we can adopt similar criteria.
The difference is that since the Hessenberg iterate H is not explicitly formed, we



A Fast QR Algorithm for Companion Matrices 133

need to compute relevant elements of H on the fly through compact representa-
tions of ) and R. For example, Wilkinson’s deflation criterion will set h;;—1 to
zero if

hii—1] <7+ ([himvi-1] + [hail), (24)
where 7 is a given tolerance. In terms of the elements of Q and R we have

T
Uj—2V;_1 X
hic1i1 X\ [ —Si—2 Ci2¢i1 X d . T
h h/ - i—1 ui—lvi )
i1 i —8i—1  Ci—1C; B
3

where x denotes certain element in the corresponding matrix. This gives us

hiic1 = —si—1di—1,
_ T
hicii—1 = —si—2(ui—ov;,_1) + ¢i—oci—1di—1,
_ T
hii = —si—1(ui—1v; ) + ci—1¢:d;.

When the criterion (24) is satisfied, we want to set h; ;—1 to zero. However, since
H is not explicitly stored, we choose to do this by making s;_1 zero. There are
two possible scenarios:
1. If |s;—1] < O(e), with € being the machine precision, it’s straightforward: we
will just set s;—1 =0 and ¢;—1 = sign(c¢;—1) without changing anything else.
2. If |s;—1| > O(e), things become tricky. We first multiply (Q;—1Q; - - Qn—1) to
Rtoget H(i—1:mn,i—1:n)in its SSS form. We then find another sequence
of Givens rotation matrices (@i_léi e @n_l), whose transpose applied to
the left side of H(i —1:n,i—1:n) will yield a new upper triangular matrix
R. Note that:
(a) Q;—1 is automatically an identity matrix, since h;;_1 is small enough
to be ignored;
(b) all matrix-matrix multiplications are done quickly by updating SSS gen-
erators.

In the standard QR algorithm, we say that the algorithm converges if the
Hessenberg iterate Hj eventually becomes a real quasi triangular matrix (called
the Schur form). In our new QR algorithm for real companion matrices, we say
that the algorithm converges if the Q-factor in its trigonometric parametrization
form Q = Q1Q32 - - - Q1 satisfies the following convergence criterion: for any two
consecutive Givens rotations {Qr, Qr+1} (K =1,2,...,n — 2), one of them must
be an identity matrix.

5.7. Summary of the new QR algorithm for C

The gist of our new QR algorithm for companion matrices is the usage of compact
representations for @ (as a product of a sequence of Givens rotations) and for R
(in terms of its SSS form) during the QR iteration process. The feasibility of such
compact representations for () and R is guaranteed by the fact that the Hessenberg
iterates of the companion matrix during QR iteration process have low-rank off-
diagonal blocks (the maximum off diagonal rank of H never exceeds 3). Similar
low-rank properties extend to the Q- and R-factors of H.
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In terms of compact representations of @) and R, rather than explicitly form-
ing and updating structured matrices for the Hessenberg iterates H as done in [4]
and [6], we may summarize our new QR iteration method in Algorithm 2.

6. Balancing Strategy

We also briefly mention the balancing strategy. Before QR iterations for the eigen-
values of a matrix A we usually apply a diagonal similarity transformation to A for
the purpose of better accuracy and efficiency. That is, we compute the eigenvalues
of DAD~! where D is a diagonal matrix. The matrix D is often chosen such that
the norms of each row and the corresponding column of DAD™! are close.

A similar balancing strategy as in [4] can be used. In our new fast eigensolver
for the companion matrix C, we have exploited the fact that the Hessenberg it-
erates under the QR iteration have low-rank off-diagonal blocks, so we are able
to use compact representations for the Q- and and R-factors. However, after bal-
ancing these rank structures for the iterates of DC D! may be destroyed, where
D = diag(dy, . ..,d,). That is, The Hessenberg iterates for DC'D~! may no longer
have low-rank off-diagonal blocks. However, notice

al g—;ag PN dfil Ap—1 g—ian
| B 0 0
1 ds
pcpt=|( 0 & .- 0 0 : (25)
: : . d:n :
0 0o ... 7 — 0
If we can select D such that
de ds dn
= T = ... = =«
dl dQ dn—l
for certain «, then DC'D~! becomes the multiple of a new companion matrix:
a1 ag n—1  an
o a2 an—1 amn
1 0 0 0
DCD ' =a- 0 1 0 0 Ea-a7
0o 0 ... 1 0

where C is the companion matrix corresponding to the polynomial p(cx)/a™, with
p(z) being the polynomial (2) corresponding to the original companion matrix C.
This means that we can choose a geometric scaling (d; = '), and apply the fast
QR iterations to C so as to preserve the low-rank structures. After the eigenvalues
of the new companion matrix C are obtained we can multiply them by a to get
those of C.

Some efficient balancing algorithms for a given matrix A based on the ap-
proximation of Perron vectors of |A| are developed in [12]. It was also shown
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Algorithm 2 New structured QR algorithm for a real companion matrix C

Input: the first row of C: ( ai as... Gn—1 Gn )
Output: Q: in terms of {¢(Q), s(Q)};
R: in terms of {d(R),u(R),v(R),w(R)}.

(1) Initialization
(a) Compute QR factorization of C: C = Q1Q2...Qpn—1 - R.
(b) Find 2 and y such that C = Z + zy®. [Note that only {c;(Q),s:(Q)},
{di(R),u;(R),v;(R),w;(R)}, x and y are explicitly stored.]
(2) Repeat
(a) Modified Bulge Chasing with shift(s)
(i) Determine what shift to use (Francis single or double shift or ex-
ceptional shift).
(ii) For i = 1, find G; to create a bulge on subdiagonal of R and then
find CNJi to eliminate it.
(iii) Fori=2,...,n—1:
(iv)  Update @ by Givens swaps: Qi_leCNJi_l :>G'i@i_1 @1 Store G;.
(v)  Update R by bulge elimination: find G; to eliminate the bulge
in RG;. For example, for single shift:
Update d;(R), d;+1(R), form the bulge b; in RG;, and update
h;, as in (18).
Compute G; and update d;(R),
Update u;(R), u;+1(R) as in (2
(vi) Endfor
(vii) Merge Gn 1 into Qp_1: Qn 1:=Qn_ 1Gn 1. Each Ql becomes the
new ;.
(viii) Get updated SSS representation for R by two SSS matrix multi-
plications (see, e.g. (17)).
(b) Deflation:
(i) If H;y1, is small enough to be thrown away and if @; is not an
identity matrix, update @, ..., Q,—1 and the corresponding parts
of SSS generators of R.
(c) Restore Compact Representation of R

c)ll_H( ) as in (19).

(1) @ and G are available through the parametric reprebentations of @1
and Gl, respectively. Let 2 := QTGTx 7= GTy, then R satisfies:
R=7+ zy” for some orthogonal Z.

(ii) Find X so X7 = ¢; = XR - e1y! is orthogonal and upper
Hessenberg.

(i) Find Y so that (XR — e;57)Y7T = I.

(iv) Compute SSS generators {d;(R),u;(R),v;(R),w;(R)} of R :=
XTY 4 27 first use SSS multiplications to obtain an SSS form
for XTY with generator sizes no larger than 2. Then use SSS ad-
ditions to obtain an SSS form for R with generator sizes no larger
than 3.

Until convergent
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that if A is irreducible and z and y are the right and left Perron vectors of
|A|, respectively, then D = diag(1/x1,...,1/x,) minimizes |DAD™}!| s, and
D = diag(\/y1/21,. .., \/Yn/Tn) minimizes ||[DAD~!||s. Here C is a compan-
ion matrix, and so is |C|. The matrix C' has a right Perron vector with entries
x; = o™~ where « is the maximum positive eigenvalue of |C|, or equivalently the
largest positive root of 2™ — |a1|z" ™! — -+ — |a,_1]x — |an|. Therefore, a geometric
scaling with such an o minimizes the infinity-norm of DCD~!. In our algorithm,
however, only orthogonal transformations are applied. Ideally, we should look for
a geometric scaling strategy such that ||[DCD~!(|5 is minimized. Empirically, we
find the following criterion for choosing « to be useful: choosing « to make

~1 1= ~ max{|€1|,,.,,|5n|,1}
R 1} = — =
ange{|cl|7|82|7 a|cn|7 } min{|cl|,...,|cn|,1}

a;

as small as possible, where ¢; = 2%

In practice, « is often selected to be a power of the machine radix so as to
avoid errors in computing DC'D~!. In our numerical experiments we have tried
different powers of 2 as « (see the next section), although more work needs to be
done on a systematic way of choosing «.

7. Numerical Experiments

We have tested our new structured QR algorithm on many different examples and
it is stable in practice, although it is still an open problem to show whether the
new algorithm is stable or not. We implemented the new QR-iteration method
in FORTRAN 90 for computing the eigenvalues of real companion matrices. The
codes are available online.! Numerical experiments are run on a laptop with an
Intel Pentium M 1.7GHz CPU and 512MB RAM. Results are summarized in the
following two subsections to illustrate both the performance, i.e., O(n?) complexity
and the stability in practice.

We first point out that among all our numerical tests, the program runs stably
and we did not observe any significant failure or corruption of the orthogonal-plus-
rank-one structures by using the compact SSS QR factors. The low-rank Hessen-
berg structures are well preserved in the experiments.

7.1. O(n?) complexity Tests
We use real polynomials with uniformly random coefficients as test polynomials.
The degree of the polynomials doubles from 25 up to 102,400. We also show the
relative backward error

IGT-Co-G—QURIM||

[Colloo ’

where Cj denotes the initial companion matrix, m is the number of iterations
needed for convergence, QU™ and R(™) are explicitly formed Q- and R-factors

Thttp://www.math.ucla.edu/~jxia/work /companion/
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| n (size) || DGEEV(sec) || New SSS(sec) | iter. # | rel. BkErr

25 0.01 0.01 83 [ Ix10 D
50 0.03 0.03 161 2x10-1
100 0.12 0.09 300 | 3x 10D
200 0.33 0.22 584 | Tx 10° D
400 1.70 051 | 1200 2x 101
800 12.33 1.98] 2165 | 3x 10 @
1,600 95.82 743 4170 | Ix 1053
3,200 865.22 56.11 | 8125
6,400 - 296.21 | 15569
12,800 - 1,302.22 | 30551
25,600 - 5,465.76 | 62080
51,200 - 21,080.34 | 116708
102,400 - 83,583.64 | 252822

TABLE 4. Numerical results on new O(n?) companion eigensolver.

of the final convergent Schur form of Cp, and G is the accumulated orthogonal
similarity transformation.

Remark 7.1. The break-even size of the current new companion eigensolver imple-
mentation versus LAPACK is about n = 50. For the test problem of size 102, 400,
it took the new companion eigensolver about 23 hours to converge all the roots;
on the other hand, the LAPACK routine DGEEV can’t even run for problems of size
about 8,000 since it uses O(n2) storage; even if the memory was not an issue, it
would take DGEEV more than 300 days to converge on the same machine since it’s
an O(n3) method.

Remark 7.2. From Table 4 and Figure 1, we clearly see the quadratic (i.e. O(n?))
complexity of the new QR iteration Algorithm 1, see Figure 1 (a). The average
iteration number needed per eigenvalue is less than 3, see Figure 1 (b). In the
mean time, we observe nearly linear growth in both backward and forward errors.

Note that Figure 1 (a) reports the ratio between the running time for matrices
of sizes n = 25 x 2% and n = 25 x 2¥~1. Since the new companion eigensolver is
an O(n?) algorithm, we expect the ratio to be close to 4 for large n.

7.2. Backward Stability Tests

If the new QR algorithm for companion matrix is backward stable in eigenproblem
sense, then according to error analysis by Van Dooren and Dewilde [13], and further
by Edelman and Murakami [16], the new algorithm is also backward stable in
polynomial sense, more precisely, the “calculus” definition holds: “the first order
perturbations of the matrix lead to first order perturbations of the coefficients”,
see [16] for details.
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FIGURE 1. New companion eigensolver, with test matrices of size
25 x 2"~ 1 <n<13.

Following Toh and Trefethen [27] and Edelman and Murakami [16], we explore
the following degree 20 monic real coefficient polynomials:

(1

) “Wilkinson polynomial”: zeros 1,2,3, ..., 20.
(2) the monic polynomial with zeros [— 2.1 : 0.2 - 1.7].

(3) p(z) = (20) Y3y 2"/ k.

(4) the Bernoulli polynomial of degree 20.

(5) the polynomial 220 4+ 2% 4+ 218 4 ... 4 2 + 1.

(6) the univariate polynomial with zeros 2710 279 278 29,
(7) the Chebyshev polynomial of degree 20.

In addition, we tested some random polynomials of degree 100, 200, . . ., 1600:
(8) random coefficients with uniform distribution.

Like what Edelman and Murakami did in their paper [16], for each example
above, we first computed the coefficients either exactly or with ultra-high preci-
sion using MPFUN90 (Multiple Precision package by David Bailey, [3]). Then we
rounded these numbers to double precision (in F90). And we took the rounded
polynomials stored in F90 to be our official test cases.
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For all test cases, we computed two sets of relative backward errors. One is
the norm-wise matrix relative backward error:

1 E|lso _ ||GT .C-G— Q(m)R(m)”OO
1C]lso 1€l

)

where C denotes the scaled companion matrix after balancing in (25), G is the
accumulated orthogonal similarity transformation, and Q™ R("™) converges to the
Schur form of C. The other is the component-wise coefficient relative backward
error:

0ci| _ |ai —ail

il il
where ¢ corresponds to the coefficient of the characteristic polynomial of 6’, and
¢; is the ith coefficient of the polynomial recovered from the computed zeros by

using ultra-high precision, e.g. MPFUN90.

Test M 1@ | B | @[ 6) 16 |7
a 8 1 8 2 1 1/4 | 1/2
11C1loo 7 3 4 2 2 22 4
rel bkerr | 10715 | 10715 | 10716 | 1015 | 10715 | 10716 | 1015

TABLE 5. Test (1-7): matriz norm-wise backward errors.

7.2.1. Test (1-7), degree 20.

Remark 7.3. 1. The last two rows of Table 6 show (1) Z,4,: the maximum
positive root of py(z) = 2™ — |eq |2t — -+ — |ep_1|@1 — |en|, and (2) a: the
particular scaling factor chosen so that the maximum coefficient backward
error is minimized. As we can see, such « usually doesn’t agree well with
Tmaz- Although using 2,4, as scaling factor will minimize ||DCD ™!, the
magnitudes of the coefficients of the new polynomial under such scaling could
vary wildly.

2. The empty entries for Test 4 and 7 correspond to zero coefficients.

7.2.2. Test(8), random polynomials, degree 100, 200, . ..1600.

Remark 7.4. 1. From Table 7, we can see that the new companion eigensolver
has small backward error in matrix-norm sense, it also finds roots with small
(coefficient) backward errors. In our random polynomial experiments, we
choose o = 1. When the size of polynomial gets bigger, to balance the corre-
sponding companion matrix with geometric scaling limits our option.

2. Where the “average abs_bkerr” (average absolute backward error) is com-
puted as average of {logy, |ci|}, and the “average rel_bkerr” (average rela-

tive backward error) is computed as average of {log10 Ifcciill } .
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index/Test (1) (2) (3) (4) (5) (6) (7)
1 -l Mo {10107 ] 1071 -
2 10°1% 107" | 107 | 107 | 10713 | 10714 | 1071°
3 10~ (107 | 10714 - 10713 | 10713 -
4 107 (102 | 107 | 107 | 10~ | 10713 | 10°1°
5 1014107107 - 1074 | 10713 -
6 10714 1073 107 | 107 | 10713 | 10713 | 10715
7 10714 107 | 10714 - 10713 | 10713 -
8 107 (107" | 107|107 | 10713 | 10713 | 10°1°
9 04|10 10| - 10713 | 10713 -
10 10714 107 107 | 107 | 10713 | 10713 | 107
11 107 [ 1071 | 10714 - 10713 | 10713 -
12 107 (107" | 1074|107 | 10713 | 10713 | 1071
13 10713 [ 10713 | 10714 - 10713 | 10713 -
14 1071 (107" | 107|107 | 10713 | 10713 | 10714
15 107108107 - 10713 | 10713 -
16 10718 1073 107 | 107 | 10713 | 10713 | 107
17 -1 - 1071 | 10713 -
18 10°13 (1078 | 1074|1073 | 107 | 10713 | 1071
19 10713 [ 10712 | 1074 - 10714 | 10712 -
20 10713 1073 107 | 107 | 1074 | 10712 | 107
max bkerr | 1073 [ 1072 [ 107 ™ [ 1073 |10~ | 1072 [ 107
Tmaz 296.2 6.1 38.2 12.6 2.0 |1319.8 | 2.6
« 8 1 8 2 1 1/4 1/2
TABLE 6. Test (1-7): coefficient-wise backward errors with appro-
priate .
size matrix-wise polynomial coeff.-wise
[Clleo | relbkerr || average abs_fwderr | average abs_fwderr
100 [[ 5 x 10t [ 3 x 10~ 10~ 10~13
200 || 9x10' | 7x 10710 10713 10713
400 || 2x10% |2 x 10~ 10~12 10—12
800 || 4x10%|3x10714 10~12 10—t
1600 || 8 x 102 | 1 x 10713 10~ 10~

TABLE 7. Test (8): backward errors in matriz and polynomial coefficients.

8. Conclusions

In this paper we presented a new fast QR algorithm for computing the eigenvalues
of a real companion matrix. The algorithm is backward stable in practice. The
success of the new method relies on (i) compact (SSS) representations for @ and
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R, (ii) a new technique called Givens rotation swaps to update @ in an efficient
fashion, and (iii) exploring the special rank structure of R for the purpose of
efficient compression. The overall complexity is O(n?), though we have not yet
derived the counts in detail. Our suspect is that the counts are similar to those in
[6].

We also expect to propose a modified version with stability proof in the near
future.
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The Numerical Range of a Class of
Self-adjoint Operator Functions

Nurhan Colakoglu

Abstract. The structure of the numerical range and root zones of a class of
operator functions, arising from one or two parameter polynomial operator
pencils of waveguide type is studied. We construct a general model of such
kind of operator pencils. In frame of this model theorems on distribution of
roots and eigenvalues in some parts of root zones are proved. It is shown
that, in general the numerical range and root zones are not connected but
some connected parts of root zones are determined. It is proved that root
zones, under some natural additional conditions which are satisfied for most
of waveguide type multi-parameter spectral problems, are non-separated, i.e.,
they overlap.

Mathematics Subject Classification (2000). 47A56; 47A12.

Keywords. Waveguide, operator pencil, numerical range, root zone, eigenvalue.

1. Introduction

The purpose of this paper is to study the numerical range and the structure of root
zones for a class of self-adjoint operator functions, arising from one or two param-
eter polynomial operator pencils of waveguide type (w.g.t.). These are questions
mainly from the variational theory of the spectrum of operator pencils of w.g.t.
The main difficulties in the variational theory of the spectrum of multi-parameter
operator pencils are based on the fact that their root zones overlap, i.e., they
are non-overdamped pencils. For this reason, we construct a general model of self-
adjoint operator pencils which contains not only operator pencils of w.g.t., but also
a wide class of non-overdamped pencils. Throughout, we study these problems in
the frame of this model (see conditions (I)-(IV)).

The study of waveguiding systems of an arbitrary order often leads to the
spectral theory of two parameter polynomial operator pencils, so-called pencils of
w.g.t. (see [1], [2] and [9], see also for definition Examples 3.1, 3.2 and 3.3), in the
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form
n n—1
L(k,w) := A+ Z k*Cy_1 + Z K>t B, + iwD — w21,
s=1 s=0
where A, D, B; and Cs, s = 0,1,...,n — 1, are symmetric operators in a Hilbert

space H and all but C,,_1 may be unbounded.

Such kind of operator pencils arise from a dynamical model of regular wave-
guiding system constructed by A. S. Silbergleit and Yu. I. Kopilevich in [7], [8] and
[9]. These works are devoted to general spectral problems for quadratic operator
pencils of w.g.t. It seems that [2] is the first paper devoted to the spectral theory
(mainly variational theory of the spectrum) of two parameter polynomial operator
pencils of w.g.t. Although variational principles for definite type eigenvalues for
quadratic operator pencils of w.g.t. were studied in detail in [1], this paper also
contains some new results (see Theorem 2.2) about the numerical range and root
zones in this case.

In the spectral theory, especially in the variational theory of the spectrum
of one or two parameter operator pencils of w.g.t., we often deal with operator
functions whose root zones overlap in an interval [a, b] (see [1], [2], [4], [5]). Namely
we have an operator function L and the equation (L(A)z,z) = 0 has only two roots
p—(x) and p4 () in [a, b] for some z from a cone G’ in a Hilbert space H. We recall
that a real root A of the equation (L(A)z,z) = 0 is said to be of the first kind, of
the second kind, and neutral if the number (L'(\)x,z) is greater than zero, less
than zero, and equal to zero, respectively. We define also the cone

G={zeC |p-(x) #pi(2)}

and the bounds of the ranges of functionals p4 (z) on G and G':
6 =infpy(z), o4 =supp_(v),
G G
k_ =infp_(x), ky = suppy(z),
G G
k" =infp_(x), k' = supp(z).
G’ el

In the spectral theory of one or two parameter operator pencils of w.g.t., in
general, we have two different models for distribution of roots and curves (L(\)z, x)
(see Figures 1 and 2).

para oy v il v e Sy

Figure 1. Model A Figure 2. Model B
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Especially in the solutions of variational problems, distribution of roots as in
model B (Figure 2) and connectedness of the parts of root zones in the intervals
[k—,d_) and (04, k4] are very important.

In this paper we aim to give conditions under which such distribution of roots
(Figure 2) occurs. This is considered in Section 2.

In addition, examples of one and two parameter operator functions satisfying
these conditions are given in Section 3.

2. On the structure of root zones

Let A be a bounded linear operator on the Hilbert space H. The set of all numbers
of the form (Ax,x), where ||z|| = 1, is called the numerical domain of A and
denoted by W (A). It is obvious that W(A) is a nonempty subset of C. This set
is not closed in general. If Az = A (||| = 1), then (Az,z) = A, ie., all the
eigenvalues of A are in W(A). The spectrum of A need not be contained in W (A)
but is necessarily in W(A). We know also that W(A) is a convex set.

Let A()) be an operator function whose values are bounded operators. The set
of all roots of all possible functions (A(\) z, ) (z # 0) is called the numerical range
of the operator function A(A) and denoted by R(A). In other words, A\g € R(A) if
there exits a vector xq such that ||zg|| = 1 and (A(Xg)zo, z¢) = 0. Obviously, each
eigenvalue of A()) is in the numerical range.

Note. In some resources the notion of ‘numerical domain’ for an operator, defined
above, is called ‘numerical range’. That is, the term ‘numerical range’ is used both
for operators and operator functions (see [3]). But in order to differantiate between
this two notions for operators and operator functions, we prefer to use both terms.

The numerical range of the operator function A — Al coincides with the
numerical domain of the operator A, so the concept of the numerical range of
an operator function is a natural generalization of the concept of the numerical
domain of an operator.

The relation between numerical domain and spectrum of an operator can be
generalized to operator functions. If A()) is an operator function holomorphic in
a domain U and there exists a number zo € U such that 0 ¢ W(A(z)), then
o(A) C R(A) (see [6, p. 139]).

In contrast to the numerical domain of an operator, the numerical range of
an operator function is nonconvex and even disconnected in general.

In the finite dimensional case, the following theorem exhibits a close relation-
ship between the eigenvalues and numerical range of a monic self-adjoint matrix
polynomial, namely, that every real boundary point of R(L) is an eigenvalue of
L(N).

Theorem 2.1 ([3, Theorem 10.15]). Let L(\) be a monic self-adjoint matriz poly-
nomial, and let \g € R(L) N (R\ R(L)). Then Ao is an eigenvalue of L(\).
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As mentioned above we are mainly interested in problems about the structure
of root zones, which we encounter in the variational theory of operator pencils of
w.g.t. in the nonoverdamped case. For this reason we prefer to deal, not with
conditions on the coefficients, but with conditions that derive from them and are
easier to apply in our case. So we construct a general model given by the conditions

(I) L(k) : [a,b] — S(H), L € C'[a,b] and for all x # 0 from a cone G’ in a

Hilbert space H the equation (L(k)z,z) = 0 has only two roots p_(x), p4(x)

in [a,b] (multiplicities taken into account and p_(z) < p4(z)) and has no

roots in [a,b] for other z € H \ {0}. Here S(H) denotes the set of bounded

self-adjoint operators in H.

(IT) If z € G, then (L' (p—(x))z,z) < 0 and (L' (p4+(x))x,x) > 0, where

G={zeC [p(x) #pi(2)}.

(ITI) There exist a number k € [a, b] such that (L(k)z,z) < 0 if and only if z € G.
(IV) If {z,} C G’ weakly convergent to x € G’, then

liminfp_(zn) 2 p-(z),  limsuppy(zn) < pi(2).

Operator pencils of w.g.t. (see Examples 3.1, 3.3 and 3.2), as well as a wide
class of nonoverdamped operator pencils, form a subclass of this model, i.e., they
satisfy the conditions (I)—(IV).

We set

Wy, = {pa(a) |z € &)
and

Wy, = {p+(z) | z € G}
which are called root zones of the pencil L.

Lemma 2.1. The functionals p+ are continuous on G’.

Proof. Let x,,x € G' and z,, — x. We want to show that p4(z,) — py(x). Let
Bn = p+(xy,). Since 5, € [a,b] it is bounded, it has a convergent subsequence. Let
us denote it again by 8, and let 8, — (. Now we must show that 8 = py(x).
Since

0= (L(Bn)xn,zn) — (L(B)z,2) =0
it follows that 8 = p4(z) or 8 = p_(x). If we consider the condition (II), then
Now there are two cases. If (L'(8)x,x) > 0, then 8 = py(x). If (L'(B)x,z) = 0,
then 8 = py(x) = p_(x). Consequently py(x,) — py(x). O
The following theorem particularly shows that for operator pencils of w.g.t.

we have distribution of roots as in Figure 2.

Theorem 2.2. Let L be an operator function satisfying the conditions (I)—(IV).
Then we have the following properties:

(i) ki € or(L) == o(L) NR,
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(i) If k+ (k-) is not a limit point of o(L), every k € W, N (84, k] (k €
W) N [k_,6-)) is a root of the first kind (second kind). Particularly, all
eigenvalues in (04, k4] ([k—,0-)) are eigenvalues of first (second) kind.

Proof. First we prove the property (i) for k. We select a sequence {z, } with the
properties
T, €G, |zoll =1, py(zn) — ki, Tn —> 2. (1)
Since
|(L(ks)zn, 2)| < ||L(k4+) = Lps(20))ll,
we have
nlLIr;o(L(k+)xn,xn) =0.

From the conditions (IT)—(III) and the definition of ky follows that L(ky) > 0.
Consequently we have
lim L(ky)x, =0, L(ki)x=0. (2)

n—oo
From the existence of a sequence satisfying (1) and (2) it follows that k4 € or(L).
In a similar way one shows that k_ € or(L).

We now prove (ii). We show that roots in W, N (d4, k+] are of the first kind.
First we establish that k1 is an eigenvalue and has an eigenvector of the first kind.
We select a sequence having the properties (1) and (2). Since k4 is not a limit
point of o(L), the vector & cannot be zero, so from (2) it follows that &y, = is an
eigenpair. From the condition (IV) we have

pi(x) —p_(z) > limsup py(x,) — liminf p_(x,).
Since p4(z,,) — k4, choosing a subsequence we can write
p+(@) —p-(2) = lim py(zn) — lim p_(z).

We show that the right side of the inequality is strictly positive. Assume that

lim py(x,)— lim p_(z,) =0,
then

ki = lim py(z,) = lim p_(x,) < d4.

So we obtain a contradiction to the fact that 1 < k4. So p_(z) < p+(z) and
x € G. Since k4 < py(x) by the condition (IV), we have k4 = py(x) and the pair
k4, x is of the first kind by the condition (II).

Now we show that k4 is an eigenvalue of the first kind. Let z be an arbitrary
(nonzero) eigenvector corresponding to k. If it is of the second kind, we have a
contradiction with the fact that k4 is the upper bound of p, on G. We show that
z cannot be neutral. Assuming that (L'(ky)z,2z) = 0 we set z; = tx + (1 — 1)z,
t € [0,1] where z is the previously found eigenvector of the first kind for k. Since
L(ky)z = 0, we have z; € G' and py(z¢) = k4 for t € [0,1]. Let K = {z |
t € [0,1]}, then K C G’ is a pathwise connected set. Note that the functional
p— is continuous on G’, p_(29) = p—(2) = k4 and p_(z1) = p_(x) < ;. Since
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p—(K) is connected, for every k € (p_(z),p—(z)) there exist a z;, € K such that
p—(z,) = k. If we choose k such that §; < k < ky we have p_(z,) = k < k4,
p+(z,) = k+ and z;, € G. Since p_(z;,) = k > 4 this leads to a contradiction
with the fact that d4 is the upper bound of p_ on G. We conclude that z cannot
be neutral and k4 is an eigenvalue of the first kind.

Now let us prove that if (L(k4)z, z) = 0, then (L'(k+)z, 2) > 0. Since L(ky) >
0 we can write

1L (k)21 < LR N (LR )z, 2)

so z, k4 is an eigenpair and it is of the first kind.

Let 04+ < k < k4 and z be a corresponding vector such that (L(k)z,z) = 0.
The vector z cannot be of second kind since from the condition (L'(k)z,2) < 0
follows that z € G and k = p_(z), contradicting the fact that d+ < k. Assume
that (L'(k)z, z) = 0, therefore k = py (z). We consider an eigenvector x of the first
kind corresponding to the eigenvalue k£ and we set z, = z + ax. Replacing = by
—x, we can assume that Re (L(k)z,z) < 0. We note that since d; < k < k4, we
have (L(k)x,x) < 0 and therefore

(L(k)za, za) = (L(k)z, 2) + 2aRe (L(k)z, ) + o (L(k)z,z) <0,

if @ > 0. By the condition (III) we have z, € G, @ > 0 and we obtain the
contradiction

04 2 lim p_(za) =p-(2) =k

with the fact that 6, < k. The case of W, N[k_,0_) is analyzed in an analogous
manner. g

Theorem 2.3. Let L be an operator function satisfying the conditions (I)—(IV). If
ke W, N(ky, k] (keW, N[k, k_)), then k is a neutral eigenvalue.

Proof. 1f k € Wy, N (k4, K. ], then there exist € G’ such that (L(k)z,z) = 0.
Since k > k4 we have L(k) > 0. Using the inequality

IZ(k)al|* < | L(k)|| (L), z)

we see that L(k)z = 0 and k, x is an eigenpair, since € G’ \ G it is a neutral
eigenpair. O

As the example below shows the sets W), are not necessarily connected for
every operator function L satisfying (I)-(IV).

Example. Let M (k) = A+ kB + k?C be a one parameter operator pencil, H = C?

and
1 0 1 4 1 0
a=(o) m=(i0) o=(0 1)

The operator pencil M satisfies (I)~(IV) and the graphs of sets W,,_ and W,,, (see
Figure 3), obtained by computational methods, are disconnected.
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Figure 3. Graphics of W,_ and W,

Now we show that some parts of W,  are connected. For this purpose we
define the sets

Gy = {2eGlpt(x)>d4}
G- = {zeG|p_(z)<i_}.
If G+ (G-) is nonempty then some part of W, turns out to be connected, as we
can see in Figure 3.
We set Jo = pi(Gy). If the set G4 (G_) is empty, then we consider J4 (J_)
is empty. In the case G4 # () we have
Jo = Wy, 0(04 k]
Jo = W, nNlk_,-).

Theorem 2.4. Let L be an operator function satisfying (I)—(IV). If H is a complex
Hilbert space, then the sets G4 are pathwise connected and Ji are connected.

Proof. Since the functionals p+ are continuous on G, the connectedness of J. fol-
lows from pathwise connectedness of G. We show that G is pathwise connected.
Let z,y € G4, then py(z),p+(y) > 6+ and p_(x),p—(y) < d+. We select £ > 0
such that py(x),p+(y) > 04 + € and we set k = §; + €. Then

k€ (p—(z),p+(x)) N (p-(v), p+(v)). (3)

We select A =1 or —1 so that Re[A (L(k)z,y)] is nonpositive, and we set & = Az,
Zoa = 0% + (1 — @)y, a € [0,1]. Then

(L(k)zar 20) = 2(L(K)2,2) + 2(1 — a) Re (\(L(K)2, )] + (1 — )2 (L(K)y, y).
Note that if z € G from (II) and (III),
(L(t)z,x) <0 <=t € (p-(2),p+(2)).

Taking ¢ = k from (3) we obtain that both (L(k)z,z) and (L(k)y,y) are negative.
Therefore (L(k)za, 2o) is negative for a € [0, 1]. From this follows that z, € G and
k < pt(zq). Since k > d4 we have z, € G4+ for a € [0,1]. Thus, Z can be joined
with y in G4+ by a segment. Since H is a complex space, in the case A = —1 the
vectors x an —z in G can be joined by ze®?, (0 < ¢ < m). For G_ the proof is
similar. O
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Now we show that the root zones, under some additional conditions, are not
separated. An example was given above (see Figure 3). First we prove the following:

Lemma 2.2. The set G is open and G = G'.

Proof. First we show that G¢ is closed. Let {x,} C G° and x,, — z. Then for
every a € [a,b] we have

0 < (L(@)xp,zn) — (L()z,x) >0,

so z € G° and G* is closed.

Now let {x,,} C G and x,, — 2. Then to every z,, corresponds an «,, € [a, ]
such that (L(ay)Tn,z,) < 0. Since {a,} C [a,d] is bounded, it has a convergent
subsequence. Let us rename it again as {a, } and let o, — «. Since

0> (L{ap)xn, xn) — (L(@)z,z) <0,
it follows that 2 € G’ and G = G". O

Theorem 2.5. Let L be an operator function satisfying the conditions (I)~(IV). If
G #0 and G # H \ {0}, then _ < 4.

Proof. By the condition G # () there exists x1 € G. On the other hand it follows
from G # H \ {0} that there exists o ¢ G. Define a path from x; to z2 by
2zt = (L —t)x + tae, 0 <t < 1. Since 21 € G, 2 ¢ G and G is open, there exists
a number t, € (0,1] such that 2, € G for all t € [0,t,). From G = G’ follows that
zt, € G'. Now we can write

= 1 < 1 =
o infpi(z) < lim py(2) = ps(an,)

=p-(z.) = lm p_(z) < Stelgp—(Z) =04 -

3. Examples

Now we give some examples of classes of operator functions satisfying the condi-
tions (I)-(IV). Here, in the first two examples, we aim to show where our problem
comes from. Note that, even if these two classes are studied extensively, some of
the results (see Theorem 2.2) are new for these classes as well.

3.1. One parameter pencils of waveguide type

Definition 3.1 ([1, pp. 1278-1279]). An operator pencil of the form L(k) = k*C +
kB+ A, where A, B and C' are bounded and symmetric operators in a Hilbert space
H is said to be an operator pencil of waveguide type if the following conditions
are satisfied.

) C >0;

) A:Al—AQ,A1>>O, AQESQO;

) B and C are compact operators;
)

G#0,G#H\{0};
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(A5) —oo <k, k| < oo.
We set d(z) = (Bx,x)? — 4(Cxz,x)(Az,r). The sets G and G’ are defined as

G = {x]d(x) =0}

G = {z]|d(z) >0},
and the functionals py (z) have the form

—(B \vd
p(z) = (B, 7) + (x), zed.
2(Cz, x)

Now we choose [a,b] = [k”_, k. ] and the conditions (I)~(IV) follow from the
conditions (A1)-(A3) [1, p. 1281].

3.2. Two parameter quadratic pencils of waveguide type

Definition 3.2 ([4, Definition 2.1]). An operator pencil of the form L(k,w) = A+

kB + k2C — w?I is called weak two parameter pencil of waveguide type if the

following conditions are satisfied:

(B1) The operator A is nonnegative and (A + I)~! € S., where Sw is the set of
compact operator.

(B2) C is a bounded and positive definite operator.

(B3) B is symmetric and (A +I)"'2B(A+1)"/? € S...

Additionally, if the following condition:

(B4) Je satisfying 0 < € < 1 such that (Au,u) + k(Bu,u) + 2k?(Cu,u) > 0,
Vk €R,u € D ((A+1)"/?) - the domain of the operator (A + I)!/? - called

the energy stability condition is satisfied then we say that we have a weak
operator pencil with the energy stability condition.

Here the coefficients A and B may be unbounded. We can transform the
pencil L(k,w) to the pencil L(k,w) := (A + )2 L(k,w)(A + I)~%/? which has
bounded coefficients. Note that o(L) = o(L). If we write

L(k,w) = k*°C + kB + A(w),
then

Aw)=T—-Q+w*)(A+D)7Y, C=A+D)"YV2CA+1)7V2,

B=(A+1)"Y2C(A+1)"Y2
Now, for fixed w € R, let us check the conditions (A1)-(A3) and (A5).
(A1) By the condition (B2), C > 0. ) )
(A2) Alw)=T— 1+ wH(A+D A1 =1>0, Ay =1+w?)(A+1)"t € Sy
by (B1). ) )
(A3) It follows from the conditions (B1)-(B3) that B and C are compact.
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(A5) It follows from the conditions (B2) and (B4) that there exists a number ¢y > 0
such that for all k € R and for all u € D ((A+1)"/?),
(Au,u) + k(Bu,u) + k*(Cu,u) > c2k?(u, u).
Forv € H,v#0let u= (A+I)~*/?v, then we have
(I = (A+D)7Yv,v) + k(Bv,v) + k*(Cv,v) > EE*(A+ 1) v, v)

and

(L(k, w)v,v) > (2k* —w?)((A+ 1) to,v).
If k is a root of the equation (L(k,w)v,v) = 0, i.e, k = p_(v) or k = p4(v),
then

2
0> (cak? —w?)((A+ I)"'v,v) = (Bk? — w?) ’(A + I)_l/QvH :

Consequently, we have ¢§k* < w?, hence —oco < k”_, k| < oo.

Now the conditions (I)-(IV) follow from Example 3.1.

3.3. Polynomial operator pencils of waveguide type
Definition 3.3. The two parameter operator pencil

n—1

Lik,w) = A+ k*Coy+ Y KB, +iwD — w’I
s=1 s=0

is said to be an operator pencil of waveguide type iff

(C1) A is a self-adjoint nonnegative operator satisfying (A +I)~! € S, and D is
a symmetric operator which satisfies D(A + I)~/2 € S, where S, is the
set of compact operators,

(C2) Cy,—1 is a bounded and positive definite operator:

c1(u,u) < (Choru,u) < co(u,u), u € H and 0 < ¢q < co.

(C3) The operators Bs, s =0,1,...,n—1and Cs, s =0,1,...,n—2 are symmetric
and (A+I)"V2B(A+1)"12 € Sy, and (A+1)"Y2C,(A+1)71/? € S.
Particularly, these conditions mean D((A+1)/2) € D(By), s =0,1,...,n—
1,and D((A+1)'/?) c D(Cy), s =0,1,...,n— 1.

(C4) There exists a number g > 0 such that for all k € R and u € D((A + I)'/?)
the following inequality holds:

n n—1
(Au,u) + Z E*(Co_qu,u) + Z E* T Byu,u) > p?(u, ).
s=1 5=0

In addition we say that a two parameter pencil of w.g.t. satisfies the energetic
stability condition if the following condition is fulfilled:
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(C5) There exist real numbers ¢ > 0 and ¢y > 0 such that for all £ € R and all
ue D((A+1)'/?),

n n—1
(Au,u) + Z E%(Co_qu,u) + Z k> (Bou, u) > (co®k*™ + ¢) (u, ).
s=1 s=0

For this class, in the case D = 0, the conditions (I)-(IV) are fulfilled on some
parts of the root domain.
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A Perturbative Analysis of the Reduction
into Diagonal-plus-semiseparable Form of
Symmetric Matrices

Dario Fasino

Abstract. It is known that any symmetric matrix can be transformed by an
explicitly computable orthogonal transformation into diagonal-plus-semisepa-
rable form, with prescribed diagonal term. In this paper, we present perturba-
tion bounds for such transformations, under the condition that the diagonal
term is close to (part of) the spectrum of the given matrix. As an applica-
tion, we provide new iterative schemes for the simultaneous refinement of the
eigenvalues of a symmetric matrix, having quadratic convergence.
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1. Introduction

In this paper, a symmetric semiseparable matrix is a real, symmetric n x n matrix
S whose entries depend bilinearly on a set of 2n parameters, as follows:

u1v1 U2V1 s UnV1
UV U2 - UpU2

S = n . (1.1)
UpV1  Upl2 - UpUn

The numbers u;,v; are arbitrary, and are called the generators of the matrix S.
Actually, the above definition is referred to in the modern literature as genera-
tor representable semiseparable matriz [14], since the most general definition of a
semiseparable matrix is given in terms of ranks of nondiagonal submatrices [3, 7.

Moreover, we call diagonal-plus-semiseparable matriz [4, 5, 8] (dpss, for short),
any real, symmetric matrix A admitting a decomposition in the form A = D 4 S,

This work was partially supported by MIUR, grant number 2004015437 (PRIN 2004 fundings).
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where S is as in (1.1) and D = Diag(ds,...,d,) is any real, diagonal matrix. Al-
though all the forthcoming discussions go almost unchanged in the complex Her-
mitian case, we prefer to stick with real symmetric matrices, just for notational
simplicity.

Diagonal-plus-semiseparable matrices own interesting structural and compu-
tational properties, that make them a convenient tool for numerical linear algebra
problems:

e numerically stable representations in O(n) parameters [2, 14];

o fast algorithms for the solution of associated linear systems [5, 6, 7], compu-
tation of the characteristic polynomial [9], eigendecomposition [10], and basic
factorizations (QR, LU) [3, 4, 12];

e structural invariance under (shifted) QR steps [8];

e relationships with orthogonal rational functions and rational Lanczos meth-
ods [8, 11];

e implicit-Q theorems and inverse eigenvalue problems [8, 9].

Many of the above-mentioned results admit certain generalizations to wider
matrix classes, known as rank structures, recently found by authors including Bini,
Chandrasekaran, Eidelman, Fiedler, Gemignani, Gohberg, Gu, Koltracht, Mas-
tronardi, Olshevsky, Van Barel, Vandebril, Tyrtyshnikov (among others). The in-
terested reader may consult the recent overview paper by Vandebril, Van Barel,
Golub, Mastronardi [13], which contains a commented bibliography on 134 papers
on the topic of semiseparable and rank-structured matrices.

Recently, Van Barel and co-authors found an O(n?) algorithm to reduce a
generic symmetric matrix into dpss form via orthogonal transformations, Q7 AQ =
D + S, where the diagonal term D can be prescribed in advance [15]. Extensive
numerical experiments with that algorithm show that, if D is close to the exact
spectrum of A, then S vanishes. Moreover, if D approximates only part of the
spectrum of A, say,

|>\z—d1|<<|/\z—dj|, i=1,....k j#i,

where A1,...,\, are the eigenvalues of A, then S has an almost block diagonal
structure:
o ( Sy ST ) Vi
So1 S22 }n — k,

where the submatrix So; has a considerably small norm. This paper is basically
motivated by these observations. Indeed, our aim is to give a rigorous explanation
of these facts, on the basis of a perturbative analysis of the similarity reduction of
a generic symmetric matrix into dpss form. After setting some basic notation and
results, in Section 3 we develop a perturbative analysis of the matrices @) and S
occurring in this reduction, under the condition that the diagonal term D approx-
imates (part of) the spectrum of A. As an application of the forthcoming results,
in Section 4 we devise a new numerical method for the simultaneous refinement of
“good” initial approximations of the eigenvalues of A.
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2. Notation and basic results

We will use the following notation: Let I,, denote the identity matrix of order n.
Let A1,..., A\, be the eigenvalues of the real symmetric n X n matrix A, and let
di,...,d, be pairwise distinct real numbers, such that all matrices A — d;I,, are
nonsingular. Let D = Diag(dy,...,d,), and let v € R™ be arbitrary. Under these
assumptions, the rational Krylov matriz

K(A,v,D) = [(dil, — A~ v, ..., (I, — A)~1v]

is well defined. We recall from [8] the following result, establishing necessary and
sufficient conditions for nonsingularity of the rational Krylov matrix:

Lemma 2.1. Let A = UAUT be the spectral decomposition of the symmetric matriz
A, where A = diag(\1,...,\n), and let UTv = w = (wy, ..., w,)T. Under the pre-
viously mentioned hypothesis on di,...,d,, the matriz (A, v, D) is nonsingular
if and only if A\; # A; for i # j and all entries of w are nonzero.

Proof. See [8, Lemma 1]. O

We will denote by Q(A, v, D) the orthogonal factor of the QR factorization
of K(A4,v, D), under a suitable condition ensuring continuity of I with respect to
D (see later). This orthogonal factor is the key to define the orthogonal transfor-
mation of A into dpss form:

Theorem 2.2. If the matriz K(A,v, D) is nonsingular, and Q(A,v,D) = Q, then
QTAQ is a symmetric dpss matriz, QT AQ = D + S, with the diagonal matriz
D = diag(dy,...,dy,).

Proof. See [8, Thm. 1]. O

Remark 2.3. By construction, the first column of Q(A, v, D) is parallel to the one
of K(A,v, D), whence

Q(A,v,D)eq q=(diI—- Ao

-7

lall’

Moreover, we have also the following theorem of “Implicit-Q” type, stat-

ing that, under minor assumptions, there is a one-to-one correspondence between

transformation into dpss form and the first column of Q(A,v, D), whence the
vector v, by virtue of the previous remark:

Theorem 2.4. Suppose that Q1 and Q2 are orthogonal matrices such that Q¥ AQ, =
My and QT AQy = My are symmetric dpss matrices having the same diagonal
term, that is, M1 = D 4+ S1 and My = D + Sy, with S1 and Sy semiseparable.
Furthermore, suppose that Q1e1 = Qse1. Then there exists a diagonal matrix
A = Diag(+£1,...,+£1) such that Q2 = Q1A and M; = AM>A.

Proof. See [8, Thm. 2]. O
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As a consequence, we can introduce another matrix-valued operator, whose
value is the semiseparable part of the dpss form of A defined by the diagonal
matrix D and the vector v, as in Theorem 2.2:

S(A,v,D) = Q(A,v,D)T AQ(A,v, D) — D. (2.1)

Remark 2.5. The above-defined operators own the following invariance properties,
whose proof is elementary:

1. K(UAUT,Uv,D) = UK(A,v,D)

2. QUAUT Uv,D) =UQ(A,v, D)

3. SWWAUT,Uv, D) = S(A,v, D).

On the basis of the previous remark, in the analysis of these operators we
can restrict ourselves to the case where A = A is diagonal. In this way, we can
identify the vector v appearing in the definition of I, Q, S, with the vector w in the
hypotheses of Lemma 2.1. From here on, we assume existence and uniqueness of
all preceding matrices (i.e., the operators K, Q, S, are well defined). In particular,
the matrix (A, w, D) is assumed nonsingular. Necessary and sufficient conditions
ensuring this are those given in Lemma 2.1.

We close this section by recalling a perturbation bound for the orthogonal
factor in the QR decomposition; here and in what follows, || - || denotes the
Frobenius matrix norm.

Theorem 2.6. Let A= QR and A = QR. Then, up to first order,
1@ —Qllr S V2IIAH A - Allp.
Proof. See [1, Thm. 4.2]. O

3. New Results

This section contains the main results of this paper. Assuming that the diagonal
matrix D is “close” to the spectrum of A, in the following two subsections we
consider individually the perturbative analysis of the matrices @ and S occurring
in the transformation of A into dpss form. In the last subsection, we address the
case where D approximates only part of the spectrum of A.

3.1. Perturbative analysis of Q

Theorem 3.1. Under the previous notation and hypotheses, let Q.= Q(A, w, AHeA),
with A = Diag(d1,...,0n), and let E = (e;;) where

Wi ‘51' ; ;

4
eij:{ SjjAj_Ai .#],
’ 1= ].

Up to first order terms in €,
1Qc — Lnllr < V2[ell Ell £

In particular, lim._o Q. = I,,, independently on w.
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Proof. By definition, Q. is the orthogonal factor of the rational Krylov matrix
K. = [(diI, — A~ w,...,(d,I, — A)~tw], where d; = \; + £6;. Introduce the
matrix Z = Diag(edy/wi,...,e0,/wy). For the (i, 7)-th entry of the matrix K.Z
we obtain

W; gd; 1 i:j7
(KsZ)i,j =—_—J - = { w; _€0;

w; (Nj+¢ed; —N\) e on T O(e?) i #j.
Hence, we have the following expansion in powers of ¢:
K.Z =1, +eE+O(?).
The effect of the matrix Z is to scale the columns of K., hence it does not affect
its orthogonal factor. In other words, Q). is the orthogonal factor of the matrix

I, +eE+0(?). In order to complete the proof, it is sufficient to apply Theorem
2.6 with A =1, and A =1, + eE + O(e?). O

Owing to the formulas for the entries of the matrix E, we can supplement
the foregoing theorem with the (rather crude) bound

100 — Inllr < max; |wj| 2(n—1)
€ n ~

One obvious extension of the preceding result is the following: If there exists a per-
mutation 7 of the integers 1,...,n such that |d; — Az = O(e) then lim. o Q. =
P, where P is the matrix representation of . A neater statement is the following:

leA]l 7.

min; |w;| ming£; A, — A

Corollary 3.2. Let P € R™*"™ be a permutation matriz, and let
Q. = Q(A,w, PTAP +cA).
Then, lim._.g Q. = P, independently on A.
Proof. Let A = PTAP, & = PTw, and Q. = Q(A, @, A + €A). Then, by the

property of the operator Q mentioned in Remark 2.5, we have Q. = PQ.. Theorem
3.1 gives us ||Q: — I,||F = O(e), and the claim follows. O

3.2. Perturbative analysis of S

Let S; = S(A,w, A +¢€A). Using Theorem 3.1, for ¢ — 0 we have Q. — I,,. Hence
from (2.1) we obtain

e—0 = S.=QTAQ.— (A+eA)—O. (3.1)
More precisely, we can prove the following result:
Theorem 3.3. Under the previous notation and hypotheses, we have
S(A,w, A +eA) =eS + O(e?),
where S is the semiseparable matriz given by
UL Uplp
5’2 , o Up = Wy, v = ——.

Upvy - UnUn
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Proof. For € # 0, the matrix e 1S(A,w, A + cA) is semiseparable. It is known
that the closure (in any norm-induced metric) of the set of semiseparable ma-
trices is made of all block diagonal matrices with semiseparable blocks, see [14].
Nevertheless, we set

g:ﬁ%éSMﬂMA+8A)

and we look for an expression of § having the form (1.1). Having found it, the
claim will follow by uniqueness of the limit.
Under our assumptions, QR factors are differentiable [1], whence

Q- =1, +eX +0(?), (3.2)

where X = — X7 In fact, the Lie algebra of the Lie group of orthogonal matrices
is the set of real skewsymmetric matrices [1]. Hence, neglecting O(g?) terms, for
the diagonal entries of S, we have:
elS.e; = el (QETAQE —(A+ EA)) €;
~ el (In—eX)A(I, +eX)e; — (\i +¢e6;)
~ elAej+eel (AX — XA)e; — (N +¢6;)
—651'.

As a consequence, u;v; = S’” = —0¢;, for i = 1,...,n. In order to complete the
description of S, it is sufficient to compute its first column.

By Theorem 2.4, Q.e; characterizes Q. = Q(A, w, A+cA). Owing to Remark
2.3, Qe is proportional to K.ej, and the latter is proportional to

1 0
0 wo X 61/\
+e| T+ 0.
: Wy '6
0 wr >\1—1>\n
By (3.2), this gives us the first column of X:
T
w9 51 Wnp, 51
Xep=(0,— ey — .
e (71111/\1—)\27 7w1/\1_)\n)

Using the preceding equation, the task of characterizing the first column of S is
accomplished as follows:

Se; = 1iII(1)§ [QTAQ: — (A+2A)] e
= (AX —XA)e; — Aeq

= (A — Alln) X61 — 5161

w wy \ " 1
—(51,51—2,...,51—n) :——1w
w1 w1
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Thus in (1.1) we have u;u1 = w;v;w;/wq, for i = 1,...,n. Recall that all entries of
w are different from zero, by hypothesis. Letting u; = —w; and v; = §; /w; all the
preceding equalities are fulfilled, and the proof is over. O

Corollary 3.4. Let w™ = (1/wy,...,1/wy,) denote the Moore-Penrose inverse of
the vector w = (wy, ..., wy)T. For the matriz S in Theorem 3.3 we have

S|l < + .
I1S]F < V2lwl|w?| gﬁgﬂl&l

Proof. Consider the rank-1 matrix M = —ww™A. The lower triangular part of S
coincides with that of M, hence it is not difficult to realize that ||S|r < v2||M||F.
The proof is completed by the inequality ||M]|r = |Jw||||wT Al < ||w]|||wt||]|A]-

(]

A straightforward consequence of Theorem 3.3 is the following:

Corollary 3.5. For the diagonal part of the matrix S(A,w, A + eA) we have
Diag (S(A,w, A +cA)) = —eA + O(£?),
independently of w.

3.3. Partial spectral approximation

Now we consider the case where D, A are partitioned consistently as

D, O A O
b= (2 2). as(y Q) a3
where Dq,A; are k x k, and Ay = D7 — Ay has “small” norm. Thus, we are
considering here the case where D approximates only part of the entries of A. In
this case, usually the matrix S(A, w, D) shows a small norm submatrix in its lower
left corner, see [15]. In this subsection we will provide an explanation of this fact.
Let us define

K = IC(A7 w7 D)Z7 Q = Q(A7 w) D)’ S = S(A7 w7 D)7
with the diagonal matrix Z = Diag(z1, ..., 2zn),
{ di=h 1 <<k
Zi = !

wsq

1 k+1<i<n,
being chosen so that the first k diagonal entries of K are all ones:
_( Ik EKi2 E. O _
k=(g 1) (5 o)-rr
Actually, the scaling operated by Z is analogous to the one exploited in the proof
of Theorem 3.1. In fact, letting £; = (6(»1»)) and Ey = (6(2)), we have the following

ij ij
formulas:

0

iz @) Wrte dj =N
= wj dj=Ai ] ey = _— (34)
0 i=7J, wj dj = Nt
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fori,j=1,...,kand £ =1,...,n — k. We partition the above matrices as K =
(Kij)ij=1,2 and so on, consistently with (3.3). Remark that K, Q, S are actually
functions of Aj. For simplicity of notation, we refrain from indicating explicitly
this dependence. By the way, the column scaling of K, which is irrelevant to @
and S, is introduced in order to obtain by continuity the equations

) _ . _(Irx O . (0O O
Aim, K= Ko, AlirﬂoQ—<o @22) Alifﬁos—(o s> (8:5)

with Q22 = Q(A27 (wk-‘rl? (R 7wn>T7 D2> and S22 = S(A27 (wk-‘rla ) 7wn)T7 D2>
Consider the rectangular QR factorization of the first £ columns of K:

(P52 ) =& )a=1( &)+ (%) e

where Y is upper triangular. Neglecting higher order terms, we can write

() a~[(5) (M)

whence Q21 = Xo = Fs.
Now, consider the first & columns of the equation Q(D + S) = AQ, see (2.1).

We have:
Q11 Q12 D, S1 AQu
= . 3.6
( Q21 Q22 o)* S21 A2Q@21 (36)
Due to the limiting relations (3.5), we can rewrite the last n — k rows of the
left-hand side of (3.6) up to first-order terms in ||E|| r as

Q21(D1 + S11) + Q22591 ~ Q21D + Q22591

By equating the last expression with the corresponding term of the right-hand side
of (3.6), we obtain
Q22521 ~ Ay Fs — 5D

Since Q95 is orthogonal, we have HQggSngF = ||S21||F. On the other hand, from
the expression of the entries of Ey found in (3.4) we see that

W4
AsEs — E;Dy = ( ML — dj)>
wy 1<i<n—k, 1<j<k

is a rank-1 matrix:

A2Es — EsDy = wiwi (D1 — Ay),
where wy, = (Wkt1,---,wn)? and wjf; = (1/wy,...,1/wy) is the Moore-Penrose
inverse of wg = (wy, ..., ws)T. The Frobenius norm of a rank-1 matrix is exactly

the product of the norms of its defining vectors. Hence, we arrive at the following
result:
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Theorem 3.6. Let S = S(A,w, D). Under the hypotheses stated at the beginning of
this section, we have:

1921117 & llwr[lwir(Dy = A < Jwellwi |l max |d; = Ail,
<i<k

where wi, = (W41, .-, wp)T and wil = (1/w1, ..., 1/ wy).

4. Simultaneous eigenvalue refinement

The results in the previous sections allow us to devise a possible numerical scheme
to compute the eigenvalues of a symmetric matrix, starting from the knowledge of
good initial approximations. Let A be a symmetric matrix, and let D be a diagonal
matrix whose diagonal entries are “close” to the exact eigenvalues of A. Recall that
the expression S(A, v, D) + D stands for the dpss matrix that is similar to A, has
D as diagonal term, and whose transforming orthogonal matrix is the one whose
first column is given in Remark 2.3.

We adopt the shortcut $*(A, D) to denote any particular matrix S(A, v, D),
under the sole hypotheses that v = v(A, D) fulfills the hypotheses of Lemma
2.1 and the resulting map (A, D) — S*(A,D) = S(A,v(A4, D), D) is sufficiently
smooth. One such matrix can be computed in O(n®) operations by means of the
previously mentioned algorithm in [15]. Indeed, for this algorithm, one obtains from
[15, Thm. 6] that there exists a suitable polynomial (), whose coefficients depend
polynomially on the entries of D, such that v(A4, D) = m(A)e,. Furthermore, the
resulting semiseparable matrix S(A,v(A, D), D) is unreduced exactly when the
hypotheses of Lemma 2.1 are met, see [15, Sect. 3.1] (when they are not met,
S(A,v(A, D), D) splits into the direct sum of smaller semiseparable matrices, and
one can deflate the eigenvalue problem for A into smaller subproblems). Finally,
the smoothness of (A, D) — S(A,v(A, D), D) follows by the ones of the maps
(A,D) — K(A,v(A,D),D) and (A, D) — Q(A,v(A, D), D).

Theorem 4.1. Assume that the map (A, D) — S*(A, D) fulfills the previously men-
tioned well-posedness and smoothness hypotheses. Let Ag = A, and let Dy be an
arbitrary diagonal matriz. Consider the sequence {D;} of diagonal matrices gen-
erated by the iteration D; = Diag(A;), where A; is defined according to one of the
two following equations:

A, = S*(AO,Di—1)+Di—1, or (41)
A = 8(Ai_1,Dir)+ Dis. (4.2)

Then, the sequence {D;} locally converges to the diagonal matriz A of eigenvalues
of A. Moreover, this convergence is quadratic.

Proof. Firstly, observe that for ¢ > 0 all matrices A; are dpss and similar to A.
Denote by D,, the set of all n x n diagonal matrices. The computation of the
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eigenvalues of A can be accomplished by the solution of the fixed point problem
A = ®(A) in the unknown A € D,,, where

o : D, — D,, ®(A) = Diag(S*(A,A)) + A.

In fact, as shown in Equation (3.1), if A is a diagonal matrix containing the eigen-
values of A, then S*(A4, A) = O, hence A is a fixed point of ®.

By the assumed smoothness of the map (A, D) — S*(A, D) we have that
also @ is sufficiently smooth. Moreover, the Fréchet derivative ®'(A) is the zero
operator. Indeed, consider an arbitrary A € D,,. From Corollary 3.5 and the third
part of Remark 2.5 we have:

1
/ _ : _ _
V(M)A = lim - <<I>(A +eA) <I>(A))
~ lm é (Diag(§* (A, A +2A)) — Ding(S" (4, A)) +24)
= lim l<—<€A—i—<€A—i—O(<€2)) =0
e—0 ¢ )

Hence ®'(A) vanishes. Now, equation (4.1) can be restated as D; = ®(D;_1). Thus,
there exists a constant C' such that

[Di = Al = [ @(Di—1) = (A)[| < C||Di—1 = A|I* + o[ Di—1 — A[*),

and we have the claim. Iteration (4.2) can be restated in a suitable product space

A\ _ & Aicr \ S*(Ai—1,Di—1) +Diy
D; ) D;—y )\ Diag(S*(Ai—1,Di-1)) +Di1 )’
and the corresponding claim follows by analogous arguments. O

A numerical method based on the previous theorem could work as follows:
After reducing the starting matrix to dpss form, using the initial eigenvalue ap-
proximations as diagonal term, the method constructs a sequence of dpss matrices,
each step using the diagonal part of the previous step as diagonal term. The it-
eration proceeds possibly using a deflation technique based on Theorem 3.6, until
all eigenvalues are resolved to a prescribed accuracy.

By the way, the resulting algorithm would not be competitive with the ex-
isting techniques for solving symmetric eigenvalue problems, because of the cubic
cost of each iteration, if the algorithm in [15] is used as computational core. Never-
theless, iteration (4.2) requires only dpss matrices, hence in principle one can argue
that fast algorithms could be devised for such task, acting only on generators. This
remark prompts the following open question:

Is it possible to compute S*(A, D) in O(n?) operations, when A is dpss but
having a diagonal term different from D?
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The Eigenstructure of Complex Symmetric
Operators
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Abstract. We discuss several algebraic and analytic aspects of the eigenstruc-
ture (i.e., eigenvalues, eigenvectors, and generalized eigenvectors) of complex
symmetric operators. In particular, we examine the relationship between the
bilinear form [z, y] = (z, C'y) induced by a conjugation C on a complex Hilbert
space H and the eigenstructure of a bounded linear operator 7" : H — H which
is C-symmetric (T' = CT*C).
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Keywords. Complex symmetric operator, bilinear form, Toeplitz matrix, Han-
kel operator, Riesz idempotent, Riesz basis, generalized eigenvectors.

1. Introduction

In this note, we discuss several algebraic and analytic aspects of the eigenstructure
(i.e., eigenvalues, eigenvectors, and generalized eigenvectors) of complex symmetric
operators, a particular class of Hilbert space operators discussed in [3, 5, 6, 7.
Before proceeding, let us recall a few definitions.

A conjugation on a complex Hilbert space H is an antilinear operator C' : H —
H that is involutive (C? = I) and isometric, meaning that (z,y) = (Cy, Cz) for all
z,y in H (we assume that H is separable and that our operators are bounded, un-
less otherwise stated). We say that a linear operator T': H — H is C-symmetric if
T = CT*C and complex symmetric if it is C-symmetric with respect to some con-
jugation C. For a fixed conjugation C, there exists an orthonormal basis (e,, )3m*
of H such that Ce,, = e, for all n [6, Lem. 1]. We refer to such a basis as a C'-real
orthonormal basis and note that the matrix representation of a C-symmetric op-
erator with respect to such a basis is symmetric (see [6, Prop. 2] or [5, Sect. 2.4]).
In particular, an operator T is complex symmetric if and only if it is unitarily

Work partially supported by National Science Foundation Grant DMS-0638789.
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equivalent to a symmetric matrix with complex entries, considered as an operator
on an [? space of the appropriate dimension.

The class of complex symmetric operators includes all normal operators, op-
erators defined by (finite or infinite) Hankel matrices, compressed Toeplitz oper-
ators (including the compressed shift), and the Volterra integration operator (see
[3, 5, 6, 7]). Since we are more concerned here with eigenvectors and generalized
eigenvectors of operators rather than with the operators which produce them,
we could certainly consider unbounded complex symmetric operators as well (see
[6, 7, 10] for details and references).

When dealing with C-symmetric operators, it turns out that the bilinear form

[z,y] = (z, Cy) (1)
induced by C is almost as important as the standard sesquilinear form (-, - ).
We will say that two vectors x and y are C-orthogonal if [x,y] = 0 (denoted by
z Lo y). We shall also say that two subspaces £ and &; are C-orthogonal (denoted
&1 Lo &) if [z, 2] = 0 for every a1 in & and x5 in &. It is not hard to see that
the bilinear form (1) is nondegenerate, in the sense that [z,y] = 0 for all y in H if
and only if = 0. Unlike the sesquilinear form (-, - ), however, the bilinear form
[-, -] is not positive since [¢%/%z, €!/2x] = €[z, z] for any 6.

With respect to [+, -], C-symmetric operators somewhat resemble selfadjoint
operators. For instance, an operator T is C-symmetric if and ouly if [Tz,y] =
[z, Ty] for all 2,y in H. As another example, the eigenvectors of a C-symmetric
operator corresponding to distinct eigenvalues are orthogonal with respect to
[+, -], even though they are not necessarily orthogonal with respect to the original
sesquilinear form (-, -).

Lemma 1. The eigenvectors of a C-symmetric operator T corresponding to distinct
eigenvalues are orthogonal with respect to the bilinear form [-, -].

Proof. The proof is essentially identical to the corresponding proof for selfadjoint
operators. If Ay # Ag, Tx1 = A1x1, and T'xo = Aoxo, then

M1, 2] = [Mz1, 22] = [Tx1, x2] = @1, Txa] = [21, Aoxa] = Ao[z1, 22).

Since A1 # Ao, it follows that [z1,z2] = 0. O

There are some obvious differences between selfadjoint and complex sym-
metric operators. For instance, a complex symmetric matrix can have any possible
Jordan canonical form (see [5, 6] and the references therein) while a selfadjoint
matrix must be unitarily diagonalizable. Nevertheless, we will see in Section 2
that the generalized eigenspaces of an arbitrary C-symmetric operator are always
C-orthogonal.

Another somewhat superficial resemblance between complex symmetric and
selfadjoint operators concerns the relationship between the kernel and range. If T is
a C-symmetric operator, then the subspaces ker T and cl(ranT') are C-orthogonal
subspaces. Indeed, this follows immediately from the definition of C-symmetry and
the fact that ker T = (ranT*)~. In this respect, C-symmetric operators resemble
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selfadjoint operators since the kernel and range of a selfadjoint operator are always
orthogonal to each other. On the other hand, it turns out that ker T’ N cl(ranT')
may be nontrivial for arbitrary complex symmetric operators. The vectors x in
this intersection are isotropic, meaning that [z,z] = 0. The simplest example of
this phenomenon occurs in two dimensions:

Example 1. If T : C2 — C? denotes the operator induced by a nilpotent 2 x 2
Jordan block, then T is C-symmetric with respect to C(z1,22) = (Z2,%1) (see
[5, 6]). It is clear that ker T’ = ranT = span{(;;) } and that [(}), (})] = 0.

As we will see in Section 4, isotropic eigenvectors of complex symmetric oper-
ators play an important role. To be specific, the existence of isotropic eigenvectors
is directly related to the multiplicity of the corresponding eigenvalue.

Diagonalizable complex symmetric operators are naturally quite tractable
objects of study. We discuss several aspects of the diagonalization of complex
symmetric operators in Section 5. We conclude this note with a few basic remarks
on Riesz bases of eigenvectors in Section 6.
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2. Generalized eigenspaces

In this section, we show that the generalized eigenspaces of a complex symmetric
operator (when they exist) are always mutually C-orthogonal. Thus although we
do not necessarily have orthogonality with respect to the original hermitian form
(-, -), we are able to separate the generalized eigenspaces via the bilinear form
[+, -]. Our first proof is purely algebraic. A somewhat less general, but slicker and
more sophisticated approach based on the Riesz functional calculus (which suffices
for most cases of interest) is discussed later.

Theorem 1. If T is a C-symmetric operator and \y # Ao, then
ker(T — Alj)ml J_c ker(T — )\QI)mz
for all my,mo > 0. In particular, generalized eigenspaces of a C-symmetric oper-

ator corresponding to distinct eigenvalues are mutually C-orthogonal.

Proof. Note that the case m; = mo = 1 is handled via Lemma 1. By subtracting
a multiple of the identity from T, we may assume that A\; = 0 and that Ao = X is
nonzero. Moreover, it suffices to show that any two subspaces of the form

& = span{z, Tz, T?z,..., T™z}

& = Span{yv (T_ /\I)ya (T_ /\I)zya"'7(T_ )‘I)mzy}v
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where T™x # 0, (T — M)™y # 0, and T™ g = (T — A\I)™Tly = 0, are
mutually C-orthogonal.

STEP 1: We first prove that the eigenvector (T' — AI)™2y is C-orthogonal to &; by
showing that [TVz, (T — A\)™2y] = 0 for 0 < j < m;. Indeed, we have
NI Tig (T — X)™2y] = [T72, ™ T179(T — X)™2y)
— [T9a, T HII(T — ALy
= [Tt (T — N)™y)
0.

Since A # 0, it follows that [T7x, (T — AI)™2y] = 0 for all 0 < j < m; as claimed.

STEP 2: Suppose now that we have proved [T7z, (T — A)™2"%g] = 0 for all 0 <
7 < mq and some 0 < k < mo — 1. Under this assumption we have:

ATz, (T = AIy™==k=1y] =

Iteration ultimately yields
NPT, (T AT ly) = [P+ (T = A"+l =

whence [Tz, (T —AI)™2~%~1y] = 0 for all 0 < j < m;. Thus the theorem is proved
by induction. O

A slight modification of this argument shows that generalized eigenspaces
can be separated from the “quasinilpotent vectors” as well (see Section 3).

Example 2. If x = (21,22,...,2,) and y = (y1,¥2, .- .,Yn) are generalized eigen-
vectors which correspond to distinct eigenvalues of a complex symmetric matrix
acting on C", then Y " | z;y; = [x,y] = 0.

Example 3. If x = (21,22,...,2,) and y = (y1, Y2, ..., Yn) are generalized eigen-
vectors which correspond to distinct eigenvalues of an n x n Toeplitz matrix, then
x,y] = > ziyn—i = 0 (see [5, 6] for details).

One of the classical techniques of spectral theory for dealing with generalized
eigenspaces is the use of contour integrals involving the resolvent. Recall that the
resolvent set p(T') of a bounded linear operator T is the set of complex numbers z
for which the resolvent R(z,T) = (zI — T)~! exists as a bounded operator. The
spectrum o(T') of T is simply the complement of p(T) in C and the resolvent is
an analytic operator valued function on the open set p(T).

If T is a bounded linear operator and f is a holomorphic function on a (not
necessarily connected) neighborhood € of o(T"), then the Riesz functional calculus
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allows us to define an operator f(7") via the Cauchy-type integral formula

2m/f (2,T)dz (2)

where I' denotes a finite system of rectifiable Jordan curves, oriented in the positive
sense, lying in  [4, p. 568]. The integral in (2) is to be interpreted in the sense of
Riemann and hence f(7T) is approximable by Riemann sums involving the operator
R(z,T).

For each clopen (relatively open and closed) subset A of o(T'), there exists a
natural idempotent P(A) defined by the formula

P(A) = %/FR(Z,T) dz (3)

Yy

where I" is any rectifiable Jordan curve such that A is contained in the interior
int(T) of T and o(T)\A does not intersect int(I"). We refer to this idempotent as
the Riesz idempotent corresponding to A.

If the spectrum of an operator T' decomposes as the disjoint union of two
clopen sets, then the corresponding Riesz idempotents are usually neither self-
adjoint (i.e., they are not necessarily orthogonal projections), nor are their ranges
necessarily orthogonal to each other. Indeed, any diagonalizable but non-normal
operator on C2 shows that this is not the case. Nevertheless, the Riesz idempotents
that arise from complex symmetric operators have some nice features.

Theorem 2. Let T' be a C-symmetric operator. If o(T) decomposes as the disjoint
union o(T) = A1UAs of two clopen sets, then the corresponding Riesz idempotents
P, = P(Ay) and P, = P(As) (defined by (3)) are

(i) C-symmetric: P, = CPFC fori=1,2,
(ii) C-orthogonal, in the sense that ran P| Lo ran Py (i.e., PLPy = PoPy =0).

Proof. For each z in p(T), it is easy to see that the resolvent R(z,T) = (21 —T)~!
of T is also C-symmetric. Indeed, it can be uniformly approximated by polynomials
in T and such polynomials are clearly C-symmetric. Since the Riesz idempotents
P, and P, corresponding to A1 and As, respectively, are approximated by Rie-
mann sums, it follows that P, and P, are C-symmetric. In particular, the Riesz
idempotents P, and P, are C-symmetric and satisfy PiP, = P,P, = 0, whence
their ranges are C-orthogonal. O

We will refer to a C-symmetric idempotent as a C-projection. In other words,
a bounded linear operator P is a C-projection if and only if P = CP*C and
P? = P. Tt is not hard to see that if P is a C-projection, then || P|| > 1 and ran P
is closed. Moreover, for any C-projection, we have ker PNran P = {0}. This is not
true for all C-symmetric operators, as Example 1 shows.

Example 4. If u is a nonisotropic vector, normalized so that [u,u] = 1, then
P,z = [z, u]u is the C-projection onto span{u}. On the other hand, if w is isotropic,
then there can be no C-projection onto the subspace spanned by u. Indeed, such
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an operator would have to be of the form Pz = (z,v)u for some v. If P = CP*C,
then it would follow that u and C'v are multiples of each other and hence Pu = 0,
a contradiction.

If P is a C-projection, then ker P and ran P are disjoint C-orthogonal sub-
spaces and hence I = P + (I — P) gives a C-orthogonal decomposition of H (the
C-orthogonality of ker P and ran P follows from Lemma 1).

A classical theorem of spectral theory [4, p. 579] states that if T is a com-
pact operator, then every nonzero point A in o(T) is an eigenvalue of finite order
m = m(A). For each such A, the corresponding Riesz idempotent has a nonzero
finite dimensional range given by ran Py = ker(T' — AI)™. In particular, the
nonzero elements of the spectrum of a compact operator correspond to generalized
eigenspaces. Using Riesz idempotents, it is possible to give a much shorter proof
of Theorem 1 if the complex symmetric operator T is assumed to be compact.

Theorem 3. The generalized eigenspaces of a compact C-symmetric operator are
C'-orthogonal.

Proof. 1t follows immediately from Theorem 2 and the preceding remarks that

the generalized eigenspaces corresponding to nonzero eigenvalues of a compact

C-symmetric operator T are mutually C-orthogonal. Since 0 is the only possible

accumulation point of the eigenvalues of 7', it follows that a generalized eigenvector

corresponding to a nonzero eigenvalue is C-orthogonal to any vector in the range
of

Ps = L

27

if € > 0 is taken sufficiently small. In particular, ran P. contains the generalized

eigenvectors for the eigenvalue 0 (if any exist). O

R(z,T)dz

|z|=e

3. Quasinilpotent Vectors

Recall that a bounded linear operator T : H — H is called quasinilpotent if
lim || 7" ||* = 0.

In particular, any nilpotent operator is quasinilpotent and the spectral radius
formula implies that a bounded operator is quasinilpotent if and only if o(T") = 0.

There are many examples of quasinilpotent complex symmetric operators. For
instance, quasinilpotent Hankel operators can be constructed using certain symbols
with lacunary Fourier series [9, Section 10.3, p. 443-449]. A familiar example of
a quasinilpotent complex symmetric operator is the Volterra integration operator
[6, 7]. Moreover, the Fredholm alternative indicates that any Volterra operator is
quasinilpotent [8, Pr. 187] and hence quasinilpotent complex symmetric operators
are quite easy to produce.

We say that a vector ¢ in H is a quasinilpotent vector (for T') if

lim || T"q ||% =0.
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If T is compact, then it is not hard to show that the set Q of quasinilpotent
vectors coincides with the orthogonal complement of the span of the generalized
eigenspaces of T™.

Theorem 4. Q 1o ker(T — AI)™ for all m > 0 and A # 0. In other words,
every quasinilpotent vector is C-orthogonal to the generalized eigenspaces of T
corresponding to nonzero eigenvalues.

Proof. We proceed by induction on m. The case m = 0 is trivial. Now suppose
that we have shown that Q L& ker(T —AI)™ for some m. Let ¢ denote an arbitrary
quasinilpotent vector for T' and let x be a unit vector in ker(T' — AI)™*+1. It follows
that the vector y = (T — AI)x belongs to ker(T — AI)™ and hence

Mg, 2] = [g, Az] = [q,Tz] — [q,y] = [T'q, 2]
by the inductive hypothesis. Iteration of the preceding yields A"[q, z] = [T"q, x]
from which it follows that

IA"[[g, «]| = llg, A"=]| = |lg, T"x]| = [[T"q, =]| < | T"q]||

holds for every n > 0. Taking nth roots shows that |A||[g, z]|= < || T™¢||*, which
tends to 0. Since A # 0, it follows that [¢,z] = 0 and hence ¢ is C-orthogonal to
ker(T — ). O

4. Isotropic eigenvectors and multiplicity

We say that a vector z is isotropic if [z, 2] = 0. Although 0 is clearly an isotropic
vector, it turns out that nonzero isotropic vectors are nearly unavoidable (see
Lemma 2 below). However, isotropic eigenvectors are not mere algebraic incon-
veniences, for they often have meaningful interpretations. For example, isotropic
eigenvectors of complex symmetric matrices are considered in [12] in the context
of elastic wave propagation. In that theory, isotropic eigenvectors correspond to
circularly polarized waves.

The following simple lemma implies that any subspace of dimension > 2 con-
tains isotropic vectors (see [2, Lem. 2]). In particular, this suggests the relationship
between isotropy and multiplicity that we will explore in this section.

Lemma 2. If C is a conjugation on a complex Hilbert space H, then every subspace
of dimension > 2 contains isotropic vectors for the bilinear form [z,y] = (z, Cy).

Proof. Let dim’H > 2 and consider the span of two linearly independent vectors
r1 and xo. If either x7 or x4 is isotropic, then we are done. If neither x; nor xo
is isotropic, then we easily obtain C-orthogonal vectors y; and ys with the same
span as x1 and xo:
[2, 4]
Yyp==a1, Y2=T2— T
(1, 21]
In this case, either y is isotropic (and hence we are done) or neither y; nor ys is
isotropic. If this happens, then we may assume that y; and y, are normalized so
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that [y1,y1] = [y2,y2] = 1. It is then easily verified that the vectors y; + iys are
both isotropic. O

The following lemma shows that the existence of an isotropic eigenvector for
an isolated eigenvalue is completely determined by the multiplicity of the corre-
sponding eigenvalue.

Theorem 5. If T is a C-symmetric operator, then an isolated eigenvalue A of T is
simple if and only if T has no isotropic eigenvectors for A.

Proof. If X is an isolated eigenvalue of T', then the Riesz idempotent P corre-
sponding to A is a C-projection. If A is a simple eigenvalue, then the eigenspace
corresponding to A is spanned by a single unit vector x. If x is isotropic, then it
is C-orthogonal to all of H since = is C-orthogonal to the range of the comple-
mentary C-projection I — P. This would imply that x is C-orthogonal to all of H
and hence z = 0, a contradiction. Conversely, if A is not a simple eigenvalue, then
there are two cases to consider:

Cask 1: If dimker(T'— AI) > 1, then by Lemma 2, ker(T'—A\I) contains an isotropic
vector. Thus T has an isotropic eigenvector corresponding to the eigenvalue \.
CASE 2: If dimker(T — AI) = 1, then ker(T' — AI') = span{x} for some = # 0 and
dimker(T — A\I)? > 1 since X is not a simple eigenvalue. We can therefore find a
nonzero generalized eigenvector y for A such that x = (T — AI)y. Thus

[,2] = [z, (T = M)y] = [(T = A}z, = 0
and hence z is an isotropic eigenvector. O

We remark that the hypothesis that the eigenvalue A is isolated is crucial.
Indeed, S@® S* (where S is the unilateral shift on [?) is complex symmetric (see [7])
and has each point in the open unit disk as a simple eigenvalue. The corresponding
eigenvectors are all isotropic.

Example 5. If X is an isolated eigenvalue of multiplicity > 2 for a Hankel matrix
(possibly infinite), then there exists an eigenvector x corresponding to A so that

ST 42 — [x,%] = 0. Here x; denotes the ith entry of the vector x.

Example 6. If )\ is an eigenvalue of multiplicity > 2 for an n x n Toeplitz matrix,
then there exists an eigenvector x = (21,22, ...,2,) corresponding to A so that
Z?:l Tilp—i = [X,X] = O

Example 7. Let H? denote the Hardy space of the open unit disk and let ¢ denote
a nonconstant inner function. If X is an eigenvalue of multiplicity > 2 for the
compression of a Toeplitz operator to H2SpH?, then there exists an eigenfunction
fin H? © oH? so that

1P,

2mi Jop #(2)
where 0D denotes the unit circle (oriented in the counter-clockwise sense). See
[3, 5, 6, 7] for further details and various special cases.

z =0,
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Having seen that isotropic eigenvectors are related to the multiplicity of eigen-
values, we can go a bit further into the decomposition of generalized eigenspaces:

Theorem 6. If T is a C'-symmetric operator, then for each complexr number \ there
exists an increasing sequence of subspaces IC,(I)‘) such that

ker(T — M) = [ker(T — XI)"™ N cl(ran(T — XI)™)] & KWV

is both an orthogonal and C-orthogonal direct sum. Furthermore, the subspaces
ker(T — AI)™ Ncl(ran(T — A\I)™) consist entirely of isotropic vectors.

Proof. Tt suffices to consider the case A\ = 0. For each n, there exists a subspace
K, = K of ker T (possibly the zero subspace) such that

ker T" = [ker T" Ncl(ranT™)] @ K., (4)

where @ denotes the usual orthogonal direct sum. Since ker T is C-orthogonal
to cl(ranT™) and K,, C kerT", it follows that (4) is also a C-orthogonal de-
composition. In particular, every vector in ker 7™ N cl(ranT™) is isotropic. That
the sequence KC,, is increasing is clear from the fact that ker 7" C ker T+ and
ran7"t! C ranT". O

Example 8. Consider the operator T' : C°> — C° induced by a 5 x 5 nilpotent
Jordan block and let {eq, eq, €3, €4, €5} denote the standard orthonormal basis for

C5. The relevant subspaces IC,(lo) of the preceding theorem are readily exhibited:

n kerT™ ranT™ kerT" NranT™ IC%O)
0 {0} C° {0} C°
1 span{e; } span{es, ea, €3,€4} span{ey } {0}
2 span{er, e} span{ey, eq, e3} span{ey, ea} {0}
3 || span{ei,es, es} span{ey, ea} span{ey, ea} {es}
4 || span{es, ea, €3,€4} span{e; } span{ey } {ea,e3,¢e4}
5 Ch {0} {0} Cs

5. Diagonalization of complex symmetric operators

Suppose that T' is a complex symmetric operator which has a complete system of
(nonzero) eigenvectors (u, )% ;. By complete, we mean that the closed linear span
of the wu,, is all of H. Implicitly, we will assume that dim’H = oo since the finite
dimensional case is somewhat trivial in comparison.

If the corresponding eigenvalues A, are distinct, then Lemma 1 tells us that
the (un)52; are mutually C-orthogonal. We may therefore assume that the system
(un)$2; is C-orthonormal: [uj,ux] = d;k, where d;; denotes the Kronecker -
function. Indeed, if [uy,u,] = 0 for some n, then [u,,z] = 0 would hold for all =
since the system (u,,)52; is complete, whence u,, = 0.

We consider here the linear extension of the map u,, — Cu,. Since the u,
are not necessarily orthonormal with respect to the usual hermitian inner prod-
uct (-, -), this map does not immediately extend (as a bounded linear operator)
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further than the dense linear submanifold spanned by finite linear combinations
of the u,. To be specific, we say that a vector f in H is finitely supported if
it is a finite linear combination of the w, and we denote the linear manifold of
finitely supported vectors by F. Due to the C-orthonormality of the u,, it follows
immediately that each such f can be recovered via the skew Fourier expansion

[= Z [fs un]un, (5)

where all but finitely many of the skew Fourier coefficients [f,u,] are nonzero.
We will let Ag : F — H denote the linear extension of the map Agu, = Cu, to
F. Since F is a dense linear submanifold of H, it follows that if Ayg : F — H is
bounded on F, then Ay has a unique bounded extension (which we denote by A)
to all of H.

It turns out that the presence of the conjugation C ensures that the exten-
sion A will have several desirable algebraic properties. In particular, the following
lemma shows that if A is bounded, then it is C-orthogonal. Specifically, we say that
an operator U : H — H is C-orthogonal if CU*CU = I. The terminology comes
from the fact that, when represented with respect to a C-real orthonormal basis,
the corresponding matrix will be complex orthogonal (i.e., U'U = I as matrices).

The importance of C-orthogonal operators lies in the fact that they preserve
the bilinear form induced by C. To be specific, U is a C-orthogonal operator if and
only if [Uz,Uy] = [z,y] for all z,y in H. Unlike unitary operators, C-orthogonal
operators can have arbitrarily large norms. In fact, unbounded C-orthogonal op-
erators are considered in [11], where they are called J-unitary operators.

Lemma 3. If Ay is bounded, then its extension A : H — H is positive and C-
orthogonal. If this is the case, then A is invertible with A= = CAC > 0 and the
operator B = v/A is also C-orthogonal.

Proof. By (5), it follows that (Ao f, f) = > oy [[fsun]|? > 0 for all f in F. If A
is bounded, then it follows by continuity that A will be positive. The fact that
A is C-orthogonal (hence invertible) follows from the fact that (CA*C)Au, =
(CA)?u,, = uy, for all n. Since (CBC)(CBC) = CAC = A~! and CBC > 0,
it follows that CBC is a positive square root of A~'. By the uniqueness of the
positive square root of a positive operator, we see that CBC = B~! and hence B
is also C-orthogonal. O

We remark that Lemma 3 shows that if the map w, — Cu, is bounded,
then its linear extension A : H — H is necessarily invertible. This property dis-
tinguishes C-orthonormal systems (u,,)52 ; and their duals (Cu, )2, from general
biorthogonal systems (which do not necessarily arise from conjugations on H).
Among other things, Lemma 3 also shows that if Ay is bounded, then the skew
congugation J (307 | cain) = Y oo | Couy, (defined initially on F) is given by

n=1 n=1

J=CA=CBB=B"'CB.
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In other words, the skew conjugation J is similar to our original conjugation C
via the operator B = v/A. Another consequence of the boundedness of Ay is the
existence of a natural orthonormal basis for H:

Lemma 4. If Ay is bounded, then the vectors (s,)%2, defined by s, = Bu,, (where
B = +/A) satisfy the following:

(1) (sn)52y is orthonormal: (sj, sg) = 0% for all j, k,
(ii) (sn)S%y is C-orthonormal: [s;, sk] = d;k for all j, k,

(i) Csy = sy for all n.
Furthermore, (s,)521 s an orthonormal basis for H.
Proof. Conditions (i), (ii), and (iii) follow from direct computations:
(sj,81) = (Buy, Bug) = (uj, Aug) = (uj, Cuk) = [uj, ur] = ;i
[sj,8k] = (s;,Csi) = (Buj, CBuy) = (Buj, B~ Cuy) = (uj, Cup) = 8k,
Cs; = CBuj = B~'Cu; = B~'B*u; = Buj = s;.

We now show that the system (s,,)322; is complete. If f is orthogonal to each s;,
then (Bf,u;) = (f, Bu;) = (f,s;) = 0 for all j. Since B is invertible, it follows
that f = 0 since (uy)32; is complete. (]

If the operator Ag is bounded, then its extension A is a positive, invertible
operator whose spectrum is bounded away from zero. Thus © = —ilog A can
be defined using the functional calculus for A and the principal branch of the
logarithm. Since A is self-adjoint and the principal branch of the logarithm is real
on (0,00), it follows that © is skew-Hermitian: ©* = —O. Moreover, since A is
a C-orthogonal operator, it follows that © is a C-real operator: © = ©, where
0 =(CocC.

Returning to our original C-symmetric operator T', we see that if Ag is
bounded, then T is similar to the diagonal operator D : H — H defined by
Ds,, = Apsy, since T = B~1DB. Writing this in terms of the exponential repre-
sentation A = exp(i©) and inserting a parameter ¢ € [0, 1], we obtain a family of
operators

T, = e~ TODe®
which satisfies Tp = D and T7; = 7. This provides a continuous deformation of
T to its diagonal model D. We also remark that the fact that © is C-real and
skew-Hermitian implies that the operators exp(+%©) are C-orthogonal for all ¢.
From here, it is easy to show that each intermediate operator T; is C-symmetric
and that the path t — Ty from [0,1] to B(H) is norm continuous.

In particular, this framework applies to complex symmetric matrices (e.g.,
Hankel matrices) or to finite Toeplitz matrices. Moreover, the compressed shift
corresponding to an interpolating Blaschke product produces exactly such a sys-
tem (u,)$2; (consisting of certain scalar multiples of reproducing kernels, see [6]
for details and references). The boundedness of Ag is guaranteed by Carleson’s
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interpolation theorem. It would be interesting to concretely identify the operators
A, B, and © in such an example.

6. Riesz bases of eigenvectors

Recall that an arbitrary sequence of vectors (uy)22 ; is called a Bessel sequence if
there exists a constant M > 0 (called a Bessel bound) such that

o0
Z @, un) > < M|z |?

for all x in H. Also recall that a sequence (u,, )22 ; is called a Riesz basis if it is the
image of an orthonormal basis of H under a bounded, invertible linear operator
R. It is well known (see [1, Prop. 3.6.4]) that (u,)32, is a Riesz basis if and only
if there exist there exist constants My, Ms > 0 such that

oo
M| |® <) [z, un) < M3 |,
n=1
Furthermore, the optimal constants are My = || R™! ||~ and My = || R||?.
Our final theorem consists of a number of equivalent statements concerning
C-orthonormal systems. Our interest in such systems stems from the fact that
they often arise as eigenvectors of C-symmetric operators.

Theorem 7. If (u,)52

ing are equivalent:

1 45 a complete C-orthonormal system in 'H, then the follow-

(i) (un)Sy is a Bessel sequence with Bessel bound M.
(i) (un)S, is a Riesz basis with lower and upper bounds M~' and M.

(iii) The assignment Agu, = Cu,, extends to a bounded linear operator A : H — H
satisfying || Al < M.

(iv) There exists M > 0 satisfying

n=1 n=1

for every finite sequence c1,¢C2,. .., Cm.

(v) The Gram matriz ({u;, uk>);°k:1, acting on finitely supported sequences, dom-
inates its transpose: l

(M (ujy ur) = (upyug)) -y =0 (7)
for some M > 0.

(vi) The Gram matric G = ((uj,uk>);°k:1 is bounded on 12(N). Furthermore,
|G| < M and G is orthogonal (G'G = I as matrices).
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(vii) For each f in H, the skew Fourier expansion > - i [f, un)u, converges to f
in norm and

1 o0
M”fHQSZvaun”QSM”f”Q' (8)
n=1
In all cases, the infimum over all such M equals the norm of Ag.

Proof. The proof consists of a number of parts. We first prove the implications
(i) = (iil) = (i) = (i) and then establish the equivalences (iii) < (iv) < (v),
(iil) < (vi), and (ii) < (vii).

(1) = (iii) If (up)52 4 is a Bessel sequence with Bessel bound M, then

SO ual? =Y (CFun)> < M| CF|? = M| £
n=1 n=1

holds for all f. It follows that the coordinate map Lf = ([f, un])32, is a bounded
linear operator from H into 1?(N) whose norm satisfies || L || < v/M. Since [f, u,] =
(f,Cuy), it is not hard to see that L*Lu,, = Cu, = Aou, and thus L*L agrees
with Ag on the dense submanifold F. This implies that Ay extends to a bounded

linear operator A satisfying || A|| = ||L*L || < M.

(iil) = (i) (un)S2, is the image of the orthonormal basis (s,)3%; under the
bounded, bijective operator B~! (see the preceding section for terminology). The
bounds follow from [1, Prop. 3.6.4].

(ii) = (i) This follows from the well-known fact that a Riesz basis is always a
Bessel sequence (see [1, Prop. 3.6.4]).

(iii) < (iv) This follows directly from the fact that the antilinear operator J =
CAy fixes each u,. Since Ag = CJ on F and C' is isometric, the desired result
follows.

(iv) < (v) Upon squaring both sides of (6) and simplifying, one sees that (6) holds
if and only if (7) holds (with the same M).

(i) < (vi) If Ay is bounded, then Ay extends to a bounded, invertible oper-
ator A : H — H. Indeed, A=! = CAC since these two operators agree on
the complete system (Cuy,)$2 . The entries in the Gram matrix G are given by
(uj,up) = (B7's;, B~1sg) = (A7 1sj, s). Hence G is simply the matrix represen-
tation for the bounded operator A~! with respect to the C-real basis (5,)5%,.
In particular, this implies that G is bounded as an operator on [?(N). Since
(Asj, sg) = (Bsj, Bsg) = (Cuj, Cug) = (ug,u;) for all j, k, it follows that G*
is simply the matrix representation for A and hence G'*G = I. Conversely, if G is
bounded, then a straightforward computation shows that Aj is bounded.

(i) < (vii) Condition (ii) holds if and only if

1 oo
TiE IR
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for every f in H. Upon substituting C'f for f and noting that [f, u,] = (f, Cu,) =
(C'f,up), these inequalities assume the form required by (vii). Once (8) is estab-
lished, it is clear that each f in H can be represented as a norm-convergent skew
Fourier series. O

We conclude this article with a simple, but illustrative, example:

Example 9. Let w = o+ i3 where a and 3 are real constants and consider L]0, 1],

endowed with the conjugation [Cf](x) = f(1 —z). A short computation shows
that if w is not an integer multiple of 27, then the vectors

un () = expli(w + 27n)(z — 3)], ne€Z,

are eigenfunctions of the C-symmetric operator

(Tf)(x) = e/ / ") dy + e [

(ie., T = ™/2V 4 e~ "/2V* where V denotes the Volterra operator) and that the
system (up,)22; is complete and C-orthonormal. One the other hand, one might
also say that the wu,, are eigenfunctions of the derivative operator with boundary
condition f(1) = e £(0).

We also see that the map u, — Cu, extends to a bounded operator on all
of L?[0,1]. Indeed, this extension is simply the multiplication operator [Af](z) =
e?8(==1/2) f () whence B = /A is given by

[Bf](z) = "2 f(x).

As expected, the positive operators A and B are both C-orthogonal and the system
(un)S2, forms a Riesz basis for L2[0,1]. In fact, (uy)S%, is the image of the C-
real orthonormal basis (s,)22,, defined by s, = Buy, under the bounded and

invertible operator B~!. The s,, are given by
sn(z) = expli(a + 2mn)(z — 3)]

and they are easily seen to be both orthonormal and C-real (see [5, Lem. 4.3]).
Such bases and their relationship to the C-symmetric properties of the Volterra
operator and the “compressed shift” corresponding to the atomic inner function
©(z) = exp[(z + 1)/(2 — 1)] are discussed in [5].
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Abstract. We prove a higher order asymptotic formula for traces of finite block
Toeplitz matrices with symbols belonging to Holder-Zygmund spaces. The
remainder in this formula goes to zero very rapidly for very smooth symbols.
This formula refines previous asymptotic trace formulas by Szegd and Widom
and complement higher order asymptotic formulas for determinants of finite
block Toeplitz matrices due to Béttcher and Silbermann.
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1. Introduction and main result

1.1. Finite block Toeplitz matrices

Let Z,N,Z,, and C be the sets of integers, positive integers, nonnegative integers,
and all complex numbers, respectively. Suppose N € N. For a Banach space X, let
Xn and Xnxn be the spaces of vectors and matrices with entries in X. Let T be
the unit circle. For 1 < p < oo, let LP := LP(T) and H? := HP(T) be the standard
Lebesgue and Hardy spaces of the unit circle. For a € LY, one can define

1 2m

ay a(e®)e=*an (k€ 7),

= % ;
the sequence of the Fourier coefficients of a. Let I be the identity operator, P be
the Riesz projection of L? onto H?, Q := I — P, and define I, P, and Q on L3,

This work is supported by Centro de Matematica da Universidade do Minho (Portugal) and by
the Portuguese Foundation of Science and Technology through the research program POCTI.
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elementwise. For a € LY, v and t € T, put a(t) := a(1/t) and (Ja)(t) := t~a(t).
Define Toeplitz operators

T(a):= PaP[ImP, T(a):=JQaQJ|Im P
and Hankel operators

H(a) := PaQJ|Im P, H(a):= JQaP|Im P.
The function a is called the symbol of T'(a), T'(a), H(a), H(a). We are interested
in the asymptotic behavior of finite block Toeplitz matrices T, (a) = [aj—k?]jn,krzo
generated by (the Fourier coefficients of) the symbol a as n — co. Many results in

this direction are contained in the books by Grenander and Szegd [10], Bottcher
and Silbermann [3, 4, 5], Simon [18], and Béttcher and Grudsky [1].

1.2. Szeg6-Widom limit theorems

Let us formulate precisely the most relevant results. Let K3 5 be the Krein
algebra [12] of matrix functions a in L3P, , satisfying

o0
Y llawlP (k] +1) < oo,
k=—oc0
where | - || is any matrix norm on Cpyxy. The following beautiful theorem about
the asymptotics of finite block Toeplitz matrices was proved by Widom [21].

Theorem 1.1. (see [21, Theorem 6.1)). If a € K%, and the Toeplitz operators
T(a) and T(a) are invertible on HZ;, then T(a)T(a™') — I is of trace class and,
with appropriate branches of the logarithm,

logdet Ty, (a) = (n + 1)log G(a) + logdet T'(a)T(a™ ') + o(1) as n — oo, (1)

where
o0

. [P e ~ b In| 4ind
G(a) := TE{EOGXP <%/0 log det @, (e )dﬁ),ar(e )= nzz_ooanr e, (2)

In formula (1), det T(a)T(a™!) refers to the determinant defined for opera-
tors on Hilbert space differing from the identity by an operator of trace class [9,
Chap. 4].

The proof of the above result in a more general form is contained in [3,
Theorem 6.11] and [5, Theorem 10.30] (in this connection see also [8]).

Let )\gn), ceey AgZ}H)N denote the eigenvalues of T),(a) repeated according to
their algebraic multiplicity. Let sp A denote the spectrum of a bounded linear
operator A and tr M denote the trace of a matrix M. Theorem 1.1 is equivalent

to the assertion
> T log A = tr log Ty, (a) = (n + 1) log G(a) + log det T(a)T(a™") + o(1).

Widom [21] noticed that Theorem 1.1 yields even a description of the asymptotic
behavior of tr f(T),(a)) if one replaces f(A) = logA by an arbitrary function f
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analytic in an open neighborhood of the union spT'(a) UspT'(a) (we henceforth
call such f simply analytic on spT'(a) UspT(a)).

Theorem 1.2. (see [21, Theorem 6.2]). If a € K%, 5 and if f is analytic on
spT(a) UspT(a), then

tr f(Tn(a)) = (n+1)Gs(a) + Ef(a) +0(1) as n — oo, (3)
where
1 2 )
Gpla) = o ; (tr f(a))(e”)db,
o) = 5 5 f(/\)% log det Tla — \|T[(a — A)~']dA,

and Q) is any bounded open set containing sp T (a)Usp T (a) on the closure of which
f is analytic.

The proof of Theorem 1.2 for continuous symbols a is also given in [5, Section
10.90]. In the scalar case (N = 1) Theorems 1.1 and 1.2 go back to Gabor Szegd
(see [10] and historical remarks in [3, 4, 5, 18]).

1.3. Holder-Zygmund spaces

Suppose g is a bounded function on T. The modulus of continuity of g is defined
for s > 0 by

wi(g.s) := sup {|g(e" @) — ()| : @, h €R, |h| < s},

By the modulus of smoothness (of order 2) of g is meant the function (see, e.g.,
[19, Section 3.3]) defined for s > 0 by

wa(g, s) := sup {|g(e’ ™M) — 29(e™) + g(e’®™M)| : x,h € R, |h| < s}.

Let C = C(T) be the set of all continuous functions on T. Given v > 0, write
v =m+0d, where m € Z4 and ¢ € (0, 1]. The Holder-Zygmund space C7 = C7(T)
is defined (see, e.g., [16, Section 3.5.4]) by

Cri={feC:fD e, 1<j<m, [f™)]; < oo}
with the norm

11y =31 Do + (™15,
=0

where fU) is the derivative of order j of f, || - ||eo is the norm in L>, and
(g5 := sup %95"9), 0<d<1.
>0 B

Notice that if 4 > 0 is not integer, then [g]s can be replaced by

(4] ;:sup#, 0<d<1
s>0

in the above definition.
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1.4. Bottcher-Silbermann higher order asymptotic formulas for determinants
Following [21] and [5, Sections 7.5-7.6], for n € Zy and a € L%, 5 define the
operators P, and Q,, on H% by

o0 n
P, : Zaktk — Zaktk, Q. :=1-PF,.
k=0 k=0

The operator P, T(a)P, : P,H% — P,H% may be identified with the finite block

Toeplitz matrix 75, (a) := [a;j—]} —o- For a unital Banach algebra A we will denote
by GA the group of all invertible elements of A. For 1 < p < oo, put
HY = {a€L’:ag,=0forneN}.

Béttcher and Silbermann [2] proved among other things the following result.

Theorem 1.3. Let p € N and o, 8 > 0 satisfy o+ 3 > 1/p. Suppose a = u_uy,
where uy € G(CY N HYP)nvxn and u_ € G(CP N H®)nxn, and the Toeplitz
operator T'(a) is invertible on H%. Then
(a) there exist v— € G(H )NxN and vy € G(H)nxn such that a = vyv_;
(b) there exists a constant E(a) # 0 such that

logdetT,,(a) = (n+1)logG(a)+ log E(a)
n p— 1 p—j—1 J
LS (5 o)
=1 j= 1 k=0

+O(1/n(e+OP-1)

as n — 0o, where the correcting terms Gy (b, c) are given by

Gor(b,¢) i= PoT()Qu(QeH(D)H(@)Q:) QT (0)Py  (¢,k € Zy) (4)
and the functions b, c are given by b := v_ujrl and ¢ == u" vy .
If, in addition, p =1, then
(c) the operator T(a)T(a=') — I is of trace class and
logdet Ty, (a) = (n + 1)log G(a) + logdet T(a)T(a™1) + O(1/n*+P~1)  (5)
as n — oo.

The sketch of the proof of parts (a) and (b) is contained in [3, Sections 6.18(ii)]
and in [5, Theorem 10.35(ii)]. Part (c) is explicitly stated in [3, Section 6.18(ii)] or
immediately follows from [5, Theorems 10.35(ii) and 10.37(ii)].

1.5. Our main result

Our main result is the following refinement of Theorem 1.2.

Theorem 1.4. Let v > 1/2. If a € C} y and if f is analytic on spT(a)Usp T'(a),
then (3) is true with o(1) replaced by O(1/n?7~1).
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Clearly, this result is predicted by Theorem 1.3(c) with v = a = . The key
point in the Widom’s proof of Theorem 1.2 is that (1) is valid for @ — A in place
of a, uniformly with respect to A in a neighborhood of 99Q2. We will show that the
same remains true for the higher order asymptotic formula (5) with v = o = S.
In Section 2 we collect necessary information about right and left Wiener-Hopf
factorizations in decomposing algebras and mention that a nonsingular matrix
function belonging to a Holder-Zygmund space C}, ; (v > 0) admits right and
left Wiener-Hopf factorizations in C};, . In Section 3 we give the proof of The-
orem 1.4 using an idea of Bottcher and Silbermann [2] of a decomposition of
tr log{I — >3~y Gnk(b,c)}. We show that this decomposition can be made for
a — A uniform with respect to A in a neighborhood of 92. This actually implies
that (5) is valid with v = @ = 8 and a replaced by a — A uniformly with respect
to A in a neighborhood of 92. Thus, Widom’s arguments apply.

1.6. Higher order asymptotic trace formulas for Toeplitz matrices with symbols
from other smoothness classes

Let us mention two other classes of symbols for which higher order asymptotic

formulas for tr f(T},(a)) are available.

Theorem 1.5. Suppose a is a continuous N X N matrix function on the unit circle
and f is analytic on spT(a)UspT(a). Let || - || be any matriz norm on Cnxn-.
(a) (see [20]). If v > 1 and
Do llawl+ D llawl®k]” < oo,
k=—oc0 k=—o
then (3) is true with o(1) replaced by o(1/n7~1).
(b) (see [11, Corollary 1.6]). If o, 8 >0, o+ 3 > 1, and

oo o0
S ol + 3 facli? < .
k=1 k=1

then (3) is true with o(1) replaced by o(1/n*+8=1).

2. Wiener-Hopf factorization in decomposing algebras of
continuous functions

2.1. Definitions and general theorems

Let D be the open unit disk. Let R_ (resp. R4) denote the set of all rational
functions with poles only in D (resp. in (CU{o0})\ (DUT)). Let Cy be the closure
of R4 with respect to the norm of C. Suppose A is a Banach algebra of continuous
functions on T that contains Ry U R_ and has the following property: if a € A
and a(t) # 0 for all t € T, then a=* € A. The sets Ay := AN Cy are subalgebras
of A. The algebra A is said to be decomposing if every function a € A can be
represented in the form ¢ = a_ + a, where a+ € A4.
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Let A be a decomposing algebra. A matrix function a € Axxny is said to
admit a right (resp. left) Wiener-Hopf (WH) factorization in Ay n if it can be
represented in the form a = a_day (resp. a = ayda_), where

ar € G(AL)nxn, d(t) =diag{t™,...,t"¥}, Kk, €Z, K1 <---<EkKnN.

The integers k; are usually called the right (resp. left) partial indices of a; they
can be shown to be uniquely determined by a. If k1 = --- = kny = 0, then the
respective WH factorization is said to be canonical.

The following result was obtained by Budjanu and Gohberg [6, Theorem 4.3]
and it is contained in [7, Chap. II, Corollary 5.1] and in [13, Theorem 5.7’].

Theorem 2.1. Suppose the following two conditions hold for the algebra A:

(a) the Cauchy singular integral operator

1 o(7)

Se)(t) := —v.p. | —=d teT

S0 = wop. [ EDdr (e
15 bounded on A;

(b) for any function a € A, the operator aS — Sal is compact on A.

Then every matriz function a € Anxn such that det a(t) # 0 for allt € T admits a
right and left WH factorization in Axyxn (in general, with different sets of partial
indices).

Notice that (a) holds if and only if A is a decomposing algebra.
The following theorem follows from a more general result due to Shubin [17].
Its proof can be found in [13, Theorem 6.15].

Theorem 2.2. Let A be a decomposing algebra and let || - || be a norm in the algebra
Anxn. Suppose a,c € Anxn admit canonical right and left WH factorizations
in the algebra Anxn. Then for every € > 0 there exists a § > 0 such that if
lla — c|| < 6, then for every canonical right WH factorization a = a(_r)as_r) and for
every canonical left WH factorization a = ag)a(l)

WH factorization ¢ = c(_r)cgf) and a canonical left WH factorization ¢ = cﬁ)c(_l)

such that

one can choose a canonical right

al) — ) <, a1 = (]| <,
! ! Dq— 1) _
ol — L <e, a7 = [P < e

2.2. Wiener-Hopf factorization in Holder-Zygmund spaces
Theorem 2.3. (see [15, Section 6.25]). Suppose v > 0. Then

(a) C7 is a Banach algebra;

(b) a € C7 is invertible in C7 if and only if a(t) # 0 for all t € T;

(¢) S is bounded on C7;

(d) for a € C7, the operator al is bounded on C7 and the operator aS — Sal is
compact on C7.
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For v ¢ Z4, parts (c) and (d) are proved in [6, Section 7] (see also [7,
Chap. II, Section 6.2]). Note that a statement similar to (d) is proved in [14,
Chap. 7, Theorem 4.3].

Theorem 2.4. Let v > 0 and X be a compact set in the complex plane. Suppose
a: X — Clyn s a continuous function and the Toeplitz operators T (a(X)) and
T([a(N\)]™) are invertible on H3% for all X € 3. Then for every A € ¥ the function
a(A) : T — C admits canonical right and left WH factorizations

a(A) = u-(Nut(A) = v1-(Nv-(A)

in O v ati -1 -1, Y
in O}y - These factorizations can be chosen so that u+,v+,uy vy 35 — CRy
are continuous.

Proof. Fix A\ € ¥ and put a := a(\). If T'(a) is invertible on H%, then det a(t) # 0
for all t € T (see, e.g., [7, Chap. VII, Proposition 2.1]). Then, by [7, Chap. VII,
Theorem 3.2], the matrix function a admits a canonical right generalized factor-
ization in L%, that is, a = a_ay, where atl e (H®)nun, af € (H})nxn (and,
moreover, the operator a_ Pa”'I is bounded on L3).

On the other hand, from Theorems 2.1 and 2.3 it follows that a € C}, y
admits a right WH factorization a = u_du, in C}, . Then

up € (CL)nwn C (HE)vxn, ui' € (CLnxn C (HE)nxn-
By the uniqueness of the partial indices in a right generalized factorization in L%,
(see, e.g., [13, Corollary 2.1]), d = 1.

Let us prove that a admits also a canonical left WH factorization in the alge-
bra C};., - In view of Theorem 2.3(b), a=! € C};, 5. By [5, Proposition 7.19(b)],
the invertibility of 7'(a) on H% is equivalent to the invertibility of T(a™') on H%.
By what has just been proved, there exist f+ € G(C])nxn such that a™! = f_f.
Put vy := fi_l. Then vy € G(C])nxn and a = vyv_ is a canonical left WH fac-
torization in C},, -

We have proved that for each A € ¥ the matrix function a(A) : T — C
admits canonical right and left WH factorizations in C};, 5. By Theorem 2.2,
these factorizations can be chosen so that the factors u4,v+ and their inverses
ui',v;! are continuous functions from ¥ to O3, - O

3. Proof of the main result

3.1. The Boéttcher-Silbermann decomposition

The following result from [3, Section 6.16], [5, Section 10.34] is the basis for our
asymptotic analysis.

Lemma 3.1. Suppose a € L, satisfies the following hypotheses:

(i) there are two factorizations a = u_uy = vyv_, where uy, vy € G(HP)nxnN
and u_,v_ € G(H®)nxnN;
(ii) U_ € CN><N or ug € CN><N-
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Define the functions b, ¢ by b := v_ull, ¢ :=u" vy and the matrices Gn.x(b,c) by
(4). Suppose for all sufficiently large n (say, n > Ny) there exists a decomposition

tr log {I - Z Gn i (b, c)} =—trH, + sp (6)

k=0
where {Hy,}72 n, is a sequence of N x N matrices and {sn};2y, i a sequence

of complex numbers. If Y77\ |s,| < oo, then there exist a constant E(a) # 0
depending on {Hn};f:]\,O and arbitrarily chosen N x N matrices Hy,..., Hn,—1
such that for all n > Ny,

logdet Ty, (a) = (n + 1)log G(a) + tr (Hy + - - - + Hy,) + log E(a) Z Sk,
k=n-+1

where the constant G(a) is given by (2).

3.2. The best uniform approximation

Let P™ be the set of all Laurent polynomials of the form

t):Zajtj, OéjG(C, teT.
j=—n
By the Chebyshev theorem (see, e.g., [19, Section 2.2.1]), for f € C and n € N,
there is a Laurent polynomial p,(f) € P™ such that

1F = pn(f)llec = b 1S = plloo- (7)

cpn

This polynomial p,(f) is called a polynomlal of best uniform approximation.
By the Jackson-Ahiezer-Stechkin theorem (see, e.g., [19, Section 5.1.4)), if f
has a bounded derivative f(™ of order m on T, then for n € N,

Cnm
f o X —— (m) 8
ot IS =l Sorom (f n+1> (8)
where the constant C,,, depends only on m.

From (7) and (8) it follows that if f € C7 and n € N, where v = m + ¢ with
m € Z4 and ¢ € (0,1], then there is a p,,(f) € P™ such that

Cnm C,,[F(m) .
I = pul Dl < e (1 2 ) < S <0, b g

3.3. Norms of truncations of Toeplitz and Hankel operators

Let X be a Banach space. For the definiteness, let the norm of a = [a;]);_; in

Xnxn is given by [lallxyn = | Jnax [laijllx. We will simply write ||al/c and

[[ally instead of [|al[rg, , and [lallcy . respectively. Denote by [|Al| the norm of

N XN
a bounded linear operator A on H%,.
A slightly less precise version of the following statement was used in the proof
of [5, Theorem 10.35(ii)].
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Proposition 3.2. Let a, 5 > 0. Suppose b = U_ull and ¢ = u:1v+, where
uy € GIC*NHP)nyn, u- € GCPNH®)Nxn, v € GHT)NxN.

Then there exist positive constants M, and Mg depending only on N and o and
B, respectively, such that for alln € N,

M, _ M, _
1@ T®)Poll < —llv—llocllui llas  1QuH B < —llo-lloollui[las
n n

M _ Mg _
[PoT (c)@nll < n—§|\v+||oo||u_l||a7 I @Qn] < —F s loollu="l5-

Proof. Since b=v_uT', ¢=u"'v, and v, u+ € G(H®)nx N, one has
+ + +

QuT ()P = QuT(v-)QuT (u3") P, (10)
QuH(b) = QuT (v-)QnH (ui), (11)
PoT(c)Qn = PoT (uZ")QuT (v4)Qn, (12)
H(€)Qn = H(uZ")QnT (v4)Qn- (13)

Let pn(ull) and p,(u~") be the polynomials in PR« n of best uniform approxi-
mation of ujrl and u”', respectively. Obviously,

QnT[pn(uz )] Po =0, QnH[pn(u3)] =0,
PoT{pn(u=!)]@n =0, H(pn(u="))"]Qn = 0.
Then from (9) it follows that
1QT@ Pl = [QuTlz" ~ paez IR0
< P = palu Yo < 2 e (14)
and similarly
1QuH )] < 222 o (15)
1T @Z)Qul < o 5, (16)
IH @)@ < 22 = o a7)

where M, and Mg depend only on «, 3 and N. Combining (10) and (14), we get

_ M, _
1QnT (®)Poll < IT(v) [ 1QuT (=" Poll < — vl llui"fla-
n

All other assertions follow from (11)—(13) and (15)—(17). O
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3.4. The key estimate

The following proposition shows that a decomposition of Lemma 3.1 exists.

Proposition 3.3. Suppose the conditions of Proposition 3.2 are fulfilled. If p € N,
then there exists a constant Cp, € (0,00) depending only on p such that

[e%e) — p—i—1 J
tr log {IZGn,k(b,c)} + tr Z ( Z Gn.1(b )
k=0 =7\ =0

p

MM, _
< G (221 oo ol el o

- - 1/(a+p)
for all > (Mo Mpg|luz allu="l|sllv-lollv+]lo) :

Proof. From Proposition 3.2 it follows that

k+1
MoMs, 10 o -
1600, 00 = | 20 = oo |

for all k € Z; and n € N. If n > (Mo Mg|ul|loluZ']s]lv- ||Oo||v+|\oo)1/ a+ﬁ)
then the expression in the brackets is less than 1. In view of these observations the
proof can be developed as in [11, Proposition 3.3]. O

Theorem 1.3 (b) follows from the above statement and Lemma 3.1. In the
next section we will use the partial case p = 1 of Proposition 3.3 as the key
ingredient of the proof of our main result.

3.5. Proof of Theorem 1.4
Suppose v > 1/2 and A ¢ spT'(a) UspT(a). Then

Tla)— AN =T(a—-X\), T@ —-M=T(a—-\")

are invertible on H%. Since a— A is continuous with respect to A as a function from
a closed neighborhood ¥ of 8§ to C}, , in view of Theorem 2.4, for each A € I,
the function a — A : T — C admits canonical right and left WH factorizations
a—X=u_(Nup(A) = ve(AN)v—(N) in CYy and these factorizations can be
chosen so that the factors u, v+ and their inverses u3', v3' are continuous from
Y to O}, - Then

A = max ([[ul W =" V)l o= o+ (V) < o0
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Put b = v_ull and ¢ = u:1v+. From Proposition 3.3 with p = 1 it follows that
there exists Cy € (0, 00) such that

tr log {I — i Gk (b(N), C(/\))H
k=0

M
< = I = )l o= Wllso o4 (W) oo

for all n > (M2Ax)'/3) and all A € . Obviously

> k% =0(1/n>h. (19)

k=n-+1

From Lemma 3.1 and (18)—(19) it follows that there is a function E(a,-) : ¥ —
C\ {0} such that

logdet Ty,(a — A) = (n+ 1) log G(a — ) + log E(a, A) + O(1/n*'~1)  (20)

as n — oo and this holds uniformly with respect to A € X. Theorem 1.3 (c) implies
that T'(a — \)T([a — A\]=1) — I is of trace class and

E(a,\) =detT(a — \)T([a — A1) (21)
for all A € 3. Combining (20) and (21), we deduce that
logdet T;,(a—\) = (n+1)log G(a—\)+logdet T(a — \)T([a— A" +O0(1/n* 1)

as n — oo uniformly with respect to A € 3. Hence, one can differentiate both
sides of the last formula with respect to A, multiply by f()), and integrate over
0f). The proof is finished by a literal repetition of Widom’s proof of Theorem 1.2
(see [21, p. 21] or [5, Section 10.90]) with o(1) replaced by O(1/n*Y~1). O
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Abstract. It is shown that certain transformations of multi-dimensional arrays
posses unique positive solutions. These transformations are composed of lin-
ear components defined in terms of Stieltjes matrices, and semi-linear compo-
nents similar to u — ku®. In particular, the analysis of the linear components
extends some results of the Perron-Frobenius theory to multi-dimensional ar-
rays.
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1. Introduction

In this paper we extend to multi-dimensional arrays, results for one-dimensional
arrays presented in paper [2]. In the case of two-dimensional arrays we consider
the following nonlinear eigenvalue problem for an n x n unknown matrix U,

AU +UB+ F(U) = \U, (1.1)

where A and B are n X n symmetric positive definite, irreducible M-matrices. Such
matrices are called Stieltjes matrices, and all entries of their inverses are strictly
positive. It follows from the Perron-Frobenius theory that the smallest positive
eigenvalue p of a Stieltjes matrix has multiplicity 1 and that the corresponding
eigenvector p has strictly positive entries. The function F(U) is assumed to be
“diagonal”,

Juir(uin)  fiz(wiz) oo fin(uin)

FO)=| : 2

fnl (un1> fn2 (un2> .. fnn(unn)

with the property that f;;(ui;) > 0 if u;; > 0 and F(0) = 0.
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Our objective is to characterize all (component-wise) positive solutions U =

[Uij] of (11)
For the linear part of the operator in (1.1) we use the notation

T(U) = AU + UB.

It is well known (see e.g. [7] ) that eigenvalues of T are all possible sums of
eigenvalues of A and B, and that the corresponding eigen-matrices are the outer
products of corresponding eigenvectors of A and B, that is, if ApF = u*p* and
Bq* = v*¢*, then T(p*(¢*)*) = (u* + v*¥)p*(¢*)t. In particular, if 4 and v are
the smallest eigenvalues of A and B respectively then p 4+ v > 0 is the smallest
eigenvalue of T, it is simple and the corresponding eigen-matrix is pqt. It is not
hard to see that A > u + v is a necessary condition for (1) to have a non-negative
eigenmatrix U. Indeed, given an U > 0,U # 0, multiply (1.1) by p’ on the left and
by g on the right to get

PPAUq+ p'UBq+ > > fij(xi)pig; = Mp'Uq.
i=1 j—1
Since

p'AUq+ p'UBq = (p+v)p'Uq >0 and Z Z fij(wij)pig; > 0,
i=1 j=1
it follows that (u +v) < A.
We give sufficient conditions on F' under which the following result holds:

For any X\ > (pu+v), there exists a unique positive solution U(X) of equation (1.1).
Moreover, if (u+v) < A1 < Ag, then U(A1) < U(M2), component-wise, which
means that each entry of U()\1) is less than the corresponding entry of U(Az).

Partial motivation for this extension comes from a discretization of the Gross-
Pitaevskii partial differential equation which models a certain aspect of the Bose-
Einstein condensation of matter at near absolute zero temperatures, (see [4] for
more details and references). In the case of two spatial variables the Gross-Pitaevs-
kii equation has the form

—Au+V(z,y)u+ku® =, k>0, u>0, (1.2)

lim / / u(x da:d =1,
I(I7y)|—><>0 ) V=

where v = u(z,y) is a function to be found together with A s.t. the above nor-
malization condition holds, and Au = uyz + uy, denotes the two-dimensional
Laplacian. For some A the solution may not exist. Here we are interested in A
for which there exists a unique positive solution (which corresponds to the stable
state of the Bose-Einstein condensate, briefly BEC). The positive constant k of
non-linearity is proportional to the number of atoms in the condensate and can be
very large. Denoting the linear differential operator —A 4+ V' also by T,

u=—Au(z,y) + V(z,y)u(z,y),
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we can write (1.2) as
Tu+ ku® = u.

We further assume that the potential V(z,y) is separable,
Vi(z,y) = Vi(z) + Va(y),

where V7 and V5 are non-negative functions of one variable. This assumption is
there for BEC applications, where

V(z,y) = az® +by*, a>0, b>0,

is the harmonic potential used to create a magnetic trap for BEC by experimenta-
tors. Given that u(z,y) converges to zero at infinity, we restrict our equation to a
finite domain [—L, L] x [- L, L]. The discretization of second derivatives at points,
T1,...,Ty and y1,...,Yn, leads to the matrix equation

DU +UD, +kU? = \U,

where U is n x n matrix and U? is an n x n matrix whose entries are third powers

of entries of U, and x; = y; = ih,h = HL_H,Z' =1,...,n, and where
2+ h2Vi(z1) -1 0
-1 2+ h2Vy(x9) —1
1
2+h2V1($n—1> -1
0 -1 2+ h2Vi(x,)

corresponds to the discretized negative second derivative in x plus the potential
Vi(z), and similarly D,. The matrix D, is clearly a positive definite irreducible
M-matrix.

In this paper we consider a somewhat more general equation

AU+ UA,+FU)=XU, k>0,
where A, and A, are Stieltjes matrices, or equivalently,
TU)+ F(U) = \U.
The three-dimensional analog can be described as
A (U)+AU)+ A, (U)+ FU)=XU (1.3)
where U is a triple array,
U= {Uijk}Zj,k:h

and the linear transformation A, is defined as follows: for a given (j,k), j,k =
1,...,n,

Az (U)1,55 UL j k U1 5.k
Az (U] tima = : =Al | =

Az (U)njk Un, jk T j ks
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Thus A, (U) is the triple array composed of the entries @; jx, ¢,7,k = 1,...n.
A, (U) and A,(U) are defined similarly. Equation (1.3) includes a discretized ver-
sion of the Gross-Pitaevskii equation in three spatial variables:

— Au+V(z,y, 2)u+ku® = \u, u>0, lim w=0,

|(w,y,2)|—o0
/ / / u(z,y, 2)?dedydz = 1.

Here u = u(z,y, 2), Au = Ugg + Uyy + U, is the three-dimensional Laplacian and
V(z,y,2) = az® + by? + cz2.
We also comment on a similar case for more than three variables,

T(U)+ F(U) = \U, (1.4)

where U is an N-dimensional array and T'(U) = A(1)(U)+ Ay (U)+...+ Ay (U),
and A(;)(U) are defined similar to A,(U). We observe that T is monotone:

I TWU)=P~PT(V)=0@Q and P < Q (in the componentwise sense), then
U<V.

Moreover, eigenvalues of T', are all possible sums of eigenvalues of A1), A(2),
Ay, -+, Agvy and for A > Zf\il i, where for ¢ = 1,..., N, pu; are the smallest
eigenvalues of A(;), (1.4) has a unique positive solution.

We first consider Equation (1.4) in R?, where the matrix operations “Vec”
and “®” are used to extend proofs from [2]. In Section 3 we consider the case
of RV, N > 2, with most emphasis on N = 3. We extend the three-dimensional
array into a vector, and the Kronecker product for three matrices is used (see
[5] for the discussion of relevance of Kroneker products to the discretization of a
Laplacian in three variables). The conversion of a three-dimensional array into an
n3-vector is not unique, and we give a definition of ‘Vec’ in three dimensions which
allows extension of results for one and two-dimensional arrays to three-dimensional
arrays. This definition can be extended to higher-dimensional arrays as well.

Finally we remark that not all discretization techniques lead to a Stieltjes
matrix A. In particular, the collocation method based on interpolation at Legendre
points gives an A whose inverse has entries with mixed signs. However, numerical
experiments for N = 3 (see [3]) suggest that also in this case, for A > (pz+py+p2),
Equation (1.4) has a unique positive solution.

2. Two Variable Case

Claim 2.1. Let A and B be Stieltjes matrices and T(U) = AU + UB. Then T is
monotone, that is, if T(U) =P, T(V) =Q and P < Q, then U < V.

Proof. Consider the Vec-function associated with the matrix AU 4+ UB (see [7, p.
409])

Vec(AU + UB) = [(I, ® A) + (B ® I,,)]Vec(U)
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where I, ® A = diag[A, A, ..., A] and

b11l, b, ... binly
Bol=| : :
bniln bpoly, ... bpnly

Eigenvalues of D = (I, ® A) + (B ® I,,) are all possible sums of eigenvalues of A
and B (see [7, p. 412]). Since A and B are symmetric positive definite it follows
that D is also positive definite. Indeed it is symmetric by construction, and all its
eigenvalues are positive.

Since sign pattern of A and B is preserved in D, it follows that D is an M-
matrix itself, and hence monotone. Therefore T'(U) > 0 = Vec(U) > 0 and hence
U >0. O

The proof of the existence is based on a certain reformulation of (1.1) as a
fixed point problem, and on the fundamental result of L.V. Kantorovich, ( see [8],
[9] or [11] and references therein). Here we present for completeness the statement
of the theorem by Kantorovich. By [y, z] we denote the interval y < z < z where
the inequality is component-wise.

Theorem 2.2. Let Z be a K-space (R™ in our case) and 'V : Z — Z be defined on
ly, z] which satisfies the following conditions:

(i) y<V(y) <=
(i) y < V(z) < z.
(i) y <@ < o < z implies y < V(zy) < V(xg) < 2.
(iv) fy<ay <...<azp <...<zand zp | x, then V(zy) T V(x).
Then

(a) the fized point iteration x = V(xr—1) with g = y converges: T — Tx,
V() = 2u, y < s < 25

(b) the fized point iteration xy = V(xg—1) with xg = z converges: x; — x*,
V(zg*)=2a*, y<z* <z

(c) if x is a fized point of V in [y, 2], then z. < x < x*;

(d) Vhas a unique fized point in [y, 2] if and only if x,. = x*.

(The arrow T means that z; monotonically increases and converges to x.)

Theorem 2.3. Let (14 v) be the smallest positive eigenvalue of T(U) = AU +UB
and pq' be the corresponding eigen-matriz, here A and B are Stieltjes matri-
ces, i and v are the smallest positive eigenvalues and p = [p1,...,pn)t and ¢ =
[q1,-..,qn]t are the corresponding positive eigenvectors of A and B, respectively.
Let A > (p+v) and

f11(U11) f12(U12) fln(uln)
FU)=| : S
fnl (un1> fn2(un2> e fnn(unn)
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where, for i,j = 1,...,n, fij : (0,00) — (0,00) are C' functions satisfying the

conditions ; .
lim f®) =0, lim Jut) = 0. (2.1)
t—0 t t—o0 t

Then AU + UB + F(U) = AU has a positive solution. If in addition for i,j =

1,...,n,
fij(s) < fijt(t)

S
then the positive solution is unique.

Proof. First take 3 small enough so that f;;[(B1pq")i;] < (A — (1 + v))(Bipg)ij,
for i,5 = 1,...,n and B2 > [ large enough so that (A — (u + v))(B2pqt)i; <
fii[(B2pgt)ij]  fori,j=1,...,n. This is possible because of condition (2.1). Take
a positive number ¢ > 0 s.t.

whenever 0 < s <t, (2.2)

¢> max | sup IFGIERY (2.3)
ISEISN (Bipgt)s; <t<(Bapgt)s;
Let T(U) = (cI +A)U+UB. Since (cI + A)U+UB = (c+ AU — F(U) and since
eigenvalues of T are bounded from below by eigenvalues of T', it follows that T is
invertible, and hence

U=T"'(c+\NU—-F(U)], or U=5(U),
where by definition S(U) = T~![(c + \)U — F(U)]. To prove existence we show
that S satisfies the conditions of Theorem 2.2 with y = Bipg* and z = (apg".
For condition (i) of Theorem 2.2, note that T(pq') = (¢ + (1 + v))pg" and

therefore pgt = T (c+ (p + v))pq'.
Now T~1U > 0 whenever U > 0, therefore it is suffices to show that

(c+ (n+v)Bipg" < (c+ N)Bipg" — F(Bipg")
or equivalently that

(c+ (u+v)(Bipg")i; < (c+ N (Bipa")ij — fis(Bipa")ij),
or
fii((Bipa")is) < A= (0 +v))(Bipg")ijs 1,5 =1,...,n.

The last inequality follows immediately from the choice of (.

In the same way one can show that for the above choice of (G2 one has
S(Bapg’) < Bapg’.

The conditions (iii) and (iv) can be verified in the similar way using condition
(2.3) on ¢ and by continuity of (1.1) in U. Now suppose that the condition (2.2) is
satisfied. We show that in this case U, = U*, where U, and U* are the solutions of
(1.1) obtained by the fixed point iteration starting at 31pq® and Bapq?, respectively.

We have AU, +U.B+F(U,) = AUy, and AU*+U*B+F(U*) = A\U*. Indeed,

DVec(U,) + Vec(F (U,)) = AVec(U.,), (2.4)

similarly,
DVec(U*) 4+ Vec(F(U™*)) = AVec(U™), (2.5)
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where D is defined in the proof of Claim 2.1. Since D is symmetric, pre-multipying
(2.4) and (2.5) by Vec(U*)" and Vec(U.)", respectively and subtracting we get
Vec(U*)*Vec(F(U,)) = Vec(U, )t Vec(F(U*)), or equivalently that

3wy L2200 il

(u*)ig ()i
Since all the terms are nonnegative the sum is zero only when (u*);; = (u.); for
all i,j = 1,...,n, implying that U* = U, 0

Claim 2.4. Let (u+v) < A\ < Ay < 00, and Sy, (U) = T~ (c+ \)U — F(U)],
i=1,2, where U > 0. Then Sy, (U) < S, c(U).
Proof. Since T~'U > 0 whenever U > 0, it is sufficient to show that

(c+M)U —=F(U) < (c+ X)U — F(U),
or (¢c+ A1)U < (¢ + A2)U, which follows immediately from the fact that U > 0.
Thus SAl,c(U) < S)\Q’C(U). O

Theorem 2.5. Let conditions (2.1) and (2.2) of Theorem 2.3 be satisfied, and let
U(X) denote the unique positive eigenmatriz corresponding to Ae(p+ v, 00). Then,

(1) UA) <UQ2) if (p+v) <A< Ay

(2) U(N) is continuous on (p+ v,00);
(3) hm Uij(A) =00, 4,j=1,...,n;
4) hm Uij(A)=0,4,j=1,...,n

A= (ptr)t

Proof. (1) If c is sufficiently large and g is sufficiently small so that ﬁ/pqt <
min (U (A1), U()2)), one can start both iterations at the same 3 pqt such that

UM = 8y, o(8pg") < Sxge(Bpg') = U,

Since Sy,(U) satisfies the conditions of Kantorovich Theorem, it follows that
Sx.¢(U) is a monotone function of U, and so we have

UsY = 8, o(UY) < Sy, o(UP) = U

UM < U,
and, passing to the limits,
U()q) < U()\g)
(2) To prove the left continuity let Ao > (@ + v) and {Ax} be a monotone
increasing sequence converging to Ag. Since {U(\;)} is also monotone increasing
and bounded by U()\g), the sequence has a limit.

Suppose limg o, U(Ax) = W. Since Equation (1.1) is continuous in U and in
A, it follows that the pair A\g and W satisfies (1.1). So by uniqueness, W = U(\).
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Thus U(A) is left continuous. In the same way we can prove the right continuity.
Therefore U(A) is continuous in (u + v, 00).

(3) Let (4,5), 1 <1i,7 < n, be an ordered pair. Pre- and post-multiplying the

equation
AUN) +UN)B+F(U(N) =AUV

by el (i-th unit vector) and e; (j-th unit vector) and using the fact that A and
B are M-matrices, we obtain
(@i +bi)uig\) + D (@ (N) + D (win(Nbig) + fij (wig(\) = Azij (V).

k=1,k+#i k=1,k#j
For A — oo, since u;;(\) is bounded from below for increasing A, it follows that
the right-hand side increases to infinity and hence so does the left-hand side. Since
aipuki(A) < 0 and wik(A\)bk; < 0,k # 4,k # j, it follows that if u;;(A\) is bounded
from above, then by continuity so is fi;(u;;(A)), and therefore the left-hand side
would be bounded from above, leading to a contradiction. Thus u;;(A) — oo.

(4) Pre- and post-multiplying (1.1) by p' and ¢, we get p! AUq + p'UBq +
ptF(U)q = \ptUq, or, p' F(U)q = (A — (u + v))ptUq. Since p, q are fixed positive
vectors and U () are bounded from above for A approaching (u+v) from the right,
U(A) >0, and f;; : (0,00) — (0, 00), it follows that

(
FUMN)—0 as A— (u+v).
Since F'is continuous and U(\) is monotone decreasing it implies that

U\ — 0. O

3. Three variable case

Claim 3.1. Let A = [a;;], B = [b;j] and C = [c;5] be n x n irreducible Stieltjes
matrices, let I,, denote the n x n identity matriz and let

M=AxI,®I,+1,BI,+1,1,%C.

Then M is an n® x n® irreducible Stieltjes matriz.

allfnz alglnz N alnInz
Proof. AQIL, @I, =AQ[,®IL,|=A®1, = : : :
anlfnz anglnz N a,mInz
is an n® x n? symmetric matrix, as a;; = a;;.
bul, bi2l, ... binly
I,®B®I, = [,Q[BRI,] = 1,98, where B = : : :
bpiln bp2ly ... bunln

B is symmetric as b;; = bj;. Thus I,, @ B& I,, = diag(B, ... B) is an n® x n?
symmetric matrix. Finally, I, ® I,, ® C' = diag(C,...C) is an n3 x n® symmetric
matrix as C' is symmetric.
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Since A ® I,,2 is symmetric and its eigenvalues are just eigenvalues of A with
increased multiplicity, it follows that A® I,, ® I,, is positive definite as A is positive
definite. Similarly I, ® B® I,, and I, ® I,, ® C are symmetric positive definite as
B and C positive definite. Hence M is a symmetric positive definite matrix.

Also the sign pattern of A and B and C' is preserved in M = [my;], ms >0
and m;; < 0 for ¢ # j . Now it remains to show that M is irreducible. Writing
All A12 e Al’l’b
A, @I, = : :

where

Q5
we proceed by contradiction. Suppose A is reducible, then there exists a permuta-
tion matrix P such that

PTA®I®I)P = [B é}

0 D
i Ay Ay Ay Ay oo Ay, i
_ A~r1 Ar? s AT’I‘ Arr-&-l s Arn
Ar—i—l,l Ar+1,2 .. Ar—i—l,r Ar+1r+1 cee Ar+1,n
An,l An,Q e An,r Anr+1 Ann m

where B is an ’I”XT,D isann—rxn—r, Cisanrxn—r matrix, 0isann—r xr
zero matrix, and A;; are the elements of (A ® I ® I) after permutation.

It is clear that if (A® I, ®I,,) is reducible, then A~” =0fori=r+1,...nand
7 = 1...r, which is a contradiction as A~ij are diagonal matrices whose diagonal
elements are the off diagonal elements a;; of the matrix A which can not be equal
to zero as A is an irreducible matrix.

Thus A® I, ® I, is irreducible. I, ® B& I,,, and I ® I ® C' are block diagonal
matrices, where every block has positive main diagonal elements and non-positive
off diagonal elements, it follows that A®Q [, I, + [, ® BRI, + I, ® I,, ® C'is
irreducible as well. O

Claim 3.2. Let A, B and C be nxn irreducible Stieltjes matrices, T(U) = A, (U)+
B,(U)+ C.(U), where U is a triple array,

U = {uijk}i k=1
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and the linear transformation A, is defined as follows: for a given (j,k), j,k =
1,...,n,

Az (U)1,5 UL 4k U1 5.k
{TA=(U)]i gk iz = : =Al =] |,
AI(U)n,j,k un,j,k ﬂn,j,k

and By(U) and C.(U) are defined similarly. Then T is monotone.

Proof. To prove the claim we expand the three-dimensional array into an n3-
vector in the following way. In U = {u;;}7; ,—, we first expand for index 7, then
corresponding to each fixed ¢ write the expansion for the index j, and then for
each fixed j expand for k. For example, for i,j,k = 1,2,

U111
U112
U1k U121
_ 2 _ | Uk | _ jU12K | _ | U122
VeC(U)—VeC([uijk]ijkzl)_ | = =
U2k U21k U211
U2k U212
U221
| U222 |
In general,
(w111 ]
Ulln
Uinl

U nn
Vec(U) = u1211

U2nn

Unnl

_unnn_

Now, to prove that T'(U) is monotone, we first show that

Vec(A,(U)+ By (U)+C,(U)) = (A1, ®I1,+ [, BRI, +1,® I, ® C)Vec(U).
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It is clear that Vec(U) defined above is linear, so it is sufficient to show that
Vec(A,(U)) = (A® I, ® I,,)Vec(U), Vec(By(U)) = (In ® B ® I,,)Vec(U), and
Vec(C,(U)) = (I, ® I, ® C)Vec(U).

Here we show the above result for i, j, k = 1, 2, the general case can be proved
in a similar way. Let

a1 —ai2 ..
A= a;; >0,4,7=1,2
—ais a9 ) (] ) 4 » &

A:(U) = ([Ae(U))igi)ijhm1 = ([Eﬁiggggiﬂ)jk_l N (A [ZZ:Djk_l

2 R 2
_ (| eniuijre — arzugjk _ [ |k
iUk + Aok | ) iy Ugjk| ) ;jer
a11u111 — A12U211

a11U112 — @12U212
a11U121 — G12U221

S R e

U2jk] ) ; k1 —a12U111 + A22U211
—a12U112 + G22U212
—a12u121 + G22U221
| —G12U122 + G22U222 |
i ai1 —a12 i
Uil
U112
U121
_ a11 —a12 U122
B —ai2 a22 U211
U212
U221
| U222 |
—ax2 a2 |

(:4 ® I, ® I,)Vec(U).

bin  —bio
B =
[ biz  ba

Let
bi; >0, i,7=1,2,

2 2
B, (U zlk _ (g |uitk )
By 7,2,1@ ik=1 Wik i,k=1

2
. briusik — biouiok
—biaUiik + baoUiok

|
B,(U) = (B, (0)]igt)% ([
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briui1r — biaui21
briui1e — biaui22
—biaur11 + baouion
—biau112 + baouiao
briu11 — b1ouao1
bi1u212 — b1ouooo
—biaua11 + baougor
| —b12u212 + b2ouaas |

2
biiusie — biausok
B = =
Vee(B,(U)) = Ve <[_b12uilk + bzﬂnk})i)k_l

b1 0 —b O U111
0 b11 0 —bi2 U112
—bi2 0 boo 0 U121
- 0 —bip O bao U122
N b11 0 —bi2 O U211
0 b11 0 —bi2 U212
—bi2 0 boo 0 U221
0 —biz O baa | |u222]

= (_In ® B ® I,)Vec(U).

Similarly C,(U)) = (I,® I, @ C)Vec(U). Let M = AQIQI+I®@BRI+IRI®C,
then Vec(T'(U) = Vec(A4,(U) + By (U) + C,(U)) = MVec(U). Now

T(U) > 0= MVec(U) > 0.

Since from claim (3.1) M is a Stieltjes matrix and hence monotone, it follows that
Vec(U) > 0 and hence U > 0. O

The proofs of Theorems 3.8 and 3.4 below are straightforward extensions,
without any significant changes, of the proofs of Theorems 2.3 and 2.5, and there-
fore are omitted here.

Theorem 3.3. Let (u+ v + o) be the smallest positive eigenvalue of T = A, (U) +
B, (U)+C.(U) and V = [vij] = [pig;Tr] be the corresponding eigenarray; here A,
B and C are Stieltjes matrices, p, v and o are the smallest positive eigenvalues and
p,q, and r are the corresponding positive eigenvectors of A, B and C, respectively.
Let A\ > (p+v+0) and

FU) = [fijr(uijr)],

where fori,5,k =1,...,n, fijr : (0,00) — (0,00) are C* functions satisfying the
conditions
ijk(l i
lim Jigk(t) =0, lim fig(®) _ (3.1)
t—0 t t—00

Then Ay (U)+ By(U)+ C.(U)+ F(U) = AU has a positive solution. If in addition
fori, g k=1,....,n,
figr(s) _ fije(t)
<
s t
then the positive solution is unique.

whenever 0 < s <t, (3.2)
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Theorem 3.4. Let conditions (3.1) and (3.2) of Theorem 3.3 be satisfied, and let
W(A) denote the unique positive eigenvector corresponding to Ae(p + v + o, 00).
Then,

(1) W(/\l) < W()\Q) if (,u—|—1/+a) <A1 < Ag;

(2) W(A) is continuous on (u—+ v + 0,00);
(3) All_)II;o w”k(/\) = 00, i,j, k= 1, ey

4 lim wiik(A)=0,1,5,k=1,...,n.
@ hm wg) =0,

N-variable case, N > 3

Analogous results can be obtained in a way similar to the case of N = 3. They are
not presented here due to the cumbersome book-keeping.
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On Embedding of the Bratteli Diagram
into a Surface

Igor V. Nikolaev

Abstract. We study C*-algebras Oy which arise in dynamics of the interval
exchange transformations and measured foliations on compact surfaces. Us-
ing Koebe-Morse coding of geodesic lines, we establish a bijection between
Bratteli diagrams of such algebras and measured foliations. This approach
allows us to apply K-theory of operator algebras to prove a strict ergodicity
criterion and Keane’s conjecture for the interval exchange transformations.
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Introduction

Let A = (A1,...,A,) be a partition of the unit interval into a disjoint union of
open subintervals. Let ¢ : [0,1] — [0,1] be an interval exchange transformation
(with flips). Consider a unital C*-algebra O, generated by the unitary operator
u(¢) = ¢ o p~! and characteristic operators xy,,--.,Xx, in the Hilbert space
L?([0,1]). This (noncommutative) C*-algebra has an amazingly rich geometry.

O, is Morita equivalent to a groupoid C*-algebra corresponding to measured
foliations on a compact surface of genus greater than one. To this end, O, is
an extension of the irrational rotation algebra Ay whose theory experienced an
extensive development in the last decades.

O, is closely related to simple C*-algebras of minimal homeomorphisms on
a Cantor set. These C*-algebras were in focus of a brilliant series of works of
I. F. Putnam starting with the papers [10], [11]. We refer the reader to our work
[9] for discussion of connections between Putnam’s algebras and Oj.

The K-groups of O, are finitely generated and can be obtained from the
Pimsner-Voiculescu diagram for the crossed products. Namely, Ky(O,) = Z",
K1(0)) = Z, where n is the number of intervals in the partition of [0,1]. The

The work was partially supported by the NSERC grant RT733895.
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dimension group (Ko, K, [1]) of O was calculated in [9]. (The reader is referred
to the appendix for the details of this construction.) When ¢ is minimal, the
dimension group (Ko, K, [1]) is simple.

Recall that the state on dimension group is a positive homomorphism of
(Ko, Ki,[1]) to R which respects the order units [1] and 1 € R. The state space
Se of (Ko, K, [1]) is a Choquet simplex of dimension < n — 1. The dimension of
Se is equal to the number of linearly independent invariant ergodic measures of
. Each invariant measure corresponds to a 1-dimensional linear subspace of the
state space, and dim S, = 1 if and only if the interval exchange transformation ¢
is strictly (uniquely) ergodic.

It might be one of the most intriguing problems of topological dynamics
since 25 years to indicate conditions of strict ergodicity of ¢. Some results in this
direction are due to Veech and Boshernitzan. In 1975 Keane conjectured that
“typically” ¢ is strictly ergodic. Masur [6] and Veech [15] proved this conjecture in
positive using methods of complex analysis and topological dynamics, respectively.

This note is an attempt to study dynamics of ¢ using the ideas and methods
of operator algebras. A foundation to such an approach is given by the following
main theorem (to be proved in Section 2):

Theorem 0.1. Let n > 2 be an integer. Let (P, Py,[u]) be a simple and totally
ordered ! dimension group of order n > 2. Then there exists an interval exchange
transformation ¢ = @(\, 7€) of n intervals and a C*-algebra Oy with the group
(Ko, K, [1]) which is order-isomorphic to (P, Py, [u]). The transformation ¢ is
manimal.

The proof of the above theorem is based on the identification of the infinite
paths of Bratteli diagram with the symbolic geodesics on a compact surface (so-
called Koebe-Morse theory). This method has an independent interest since it
provides direct links between geometry of geodesics and K-theory of operator
algebras.

The paper is divided into five sections. In Section 1 we introduce notation and a
lemma on positive cones in K,(O,). In Section 2 we give the proof of main theorem.
In Sections 3 and 4 we apply Theorem 0.1 to establish a strict ergodicity criterion
and Keane’s Conjecture, respectively. Section 5 is an Appendix containing quick
review of dynamics of the interval exchanges, measured foliations, K-theory and
rotation numbers associated to the C*-algebra O,. The reader is encouraged to
read the “Conclusions and open problems” section at the end of this paper.

1. Notation

Let A be a unital C*-algebra and V(A) be the union (over n) of projections in the
n X n matrix C*-algebra with entries in A. Projections p,q € V(A) are equivalent

IThe total ordering condition ensures that the Unimodular Conjecture is true, see Effros [2] and
Elliott [3]. The author believes the condition is technical, but cannot drop it at this point.
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if there exists a partial isometry u such that p = v*u and ¢ = uu*. The equivalence
class of projection p is denoted by [p].

Equivalence classes of orthogonal projections can be made to a semigroup by
putting [p] + [q] = [p + g]. The Grothendieck completion of this semigroup to an
abelian group is called a Ko-group of algebra A.

Functor A — Ky(A) maps a category of unital C*-algebras into the category
of abelian groups so that projections in algebra A correspond to a “positive cone”
K C Ko(A) and the unit element 1 € A corresponds to an “order unit” [1] €
Ko(A). The ordered abelian group (Ko, K7 ,[1]) with an order unit is called a
dimension (Elliott) group of C*-algebra A.

For the C*-algebra Q) one easily finds that Ko(O,) = Z", see the Appendix.
It is harder to figure out the positive cone K (O,). The rest of the section is
devoted to this specific question.

Let us fix the following notation:

H Lobachevsky complex half-plane {z = z + iy|ly > 0}
endowed with the hyperbolic metric ds = |dz|/y;

OH absolute, i.e., line y = 0 of the Lobachevsky half-plane;
G Fuchsian group of the first kind;
Mg.m  orientable surface of genus g with m boundary components;

F measured foliation of M,, obtained as suspension over
interval exchange transformation ¢ = (A, 7, €) with n intervals;

A geodesic lamination corresponding to F;
vy geodesic “generating” A, i.e. ¥y = A.

Thurston has shown that each measured foliation F can be represented by a “ge-
odesic lamination” A consisting of disjoint non-periodic geodesics, which lie in the
closure of any of them; cf. Thurston [13]. Denote by p : H — M, ,,, a covering
mapping corresponding to the action of a discrete group G.

The geodesic lamination A is a product K xR C My ,,, where K is a (linear)
Cantor set. The preimage p~1(A) C H is a collection of geodesic half-circles without
self-intersections except, possibly, at the absolute. The “footpoints” of these half-
circles is a subset of OH homeomorphic to K.

Fix a Riemann surface My ,, = H/G of genus g together with a point p €
Mg m. Let v be a “generating” geodesic of the lamination A, i.e. such that closure
7 = A. Consider the set

Sp (v) = {0,772, ---} (1)

of periodic geodesics ~; based in p, which monotonically approximate ~y in terms of
“length” and “direction”. The set Sp () is known as spectrum of v and is defined
uniquely upon 7.
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Let n=2g+m—1. Then the (relative) integral homology Hi (Mg, OMg m; Z)
>~ 7Z™. Since each ~; is a l-cycle, there is an injective map f : Sp (y) —
H (Mg m,0My m;Z), which relates every closed geodesic its homology class. Note
that f(y;) = p; € Z™ is “prime” in the sense that it is not an integer multiple of
some other point of lattice Z™. Denote by Sps(7y) the image of Sp () under the
mapping f. Finally, let SL(n,Z) be the group of n X n integral matrices of deter-
minant 1 and SL(n,Z") its semigroup consisting of matrices with strictly positive
entries. It is not hard to show, that in an appropriate basis in Hy (Mg m, OMg m; Z)
the following is true:

(i) the coordinates of vectors p; are non-negative;
(ii) there exists a matrix A; € SL(n,Z") such that p; = A;(pi—1) for any pair of
vectors p;—1,p; in Spr(7y).

Definition 1.1. The ordered abelian group (Z",(Z™)*,[1]) defined as inductive
limit of simplicially ordered groups:

zn A, gn L2, gn A, (2)
is called associated to the geodesic 7.

(We have shown in [9] that the order structure on (Z", (Z")*,[1]) is indepen-
dent of the choice of M, ,,, and ~.)

Lemma 1.2. The dimension group (Ko, K;,[1]) of the C*-algebra O is order-
isomorphic to the associated group (Z™,(Z™)*,[1]) of Definition 1.1.

Proof. See [9]. O

2. Proof of Theorem 0.1

Let us outline main idea of the proof. To every dimension group (P, Py, [u]) with
P ~ 7" one can relate a Bratteli diagram (V, E). The path space X of (V, E)
can be made a topological space by putting two paths “close” if and only if they
coincide at the initial steps. (X is called Bratteli-Cantor compactum.) X can be
embedded (as topological space) into the complex plane H by identification of each
x € X with a geodesic in H via Morse coding of the geodesic lines. We show that
X = p~(A), where A is Thurston’s geodesic lamination on the surface M,, = H/G;
cf. Thurston [13]. A concluding step is to recover F and ¢ from A.

Let (P, Py,[u]) be a simple totally ordered dimension group with P ~ Z™.
Recall that a Bratteli diagram of (P, Py, [u]) consists of a vertex set V and edge
set E such that V is an infinite disjoint union V3 LU V5 U ..., where each V; has
cardinality n. The latter condition follows from the total ordering of Z™. Any pair
Vi—1,V; defines a non-empty set E; C E of edges with a pair of range and source
functions r, s such that r(E;) C V; and s(E;) C V;_1.

An AF C*-algebra whose dimension group is order-isomorphic to (P, Py, [u])
is an inductive limit of multi-matrix algebras

lim M, (C) & - - & M, (C).
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We shall say that a Bratteli diagram (V, E) corresponds to the group (P, Py, [u])
if the range and source functions of (V, F) represent the embedding scheme of the
above multi-matrix algebras. (In other words, an AF-algebra defined by (V, E)
has Elliott group (P, Py, [u]).)

The equivalence class of Bratteli diagrams corresponding to a simple totally
ordered dimension group of form Z™ has a representative (V, E) with no multiple
edges, since every positive integral matrix decomposes into a finite product of non-
negative matrices whose entries are zeros and ones. For the sake of simplicity, we
always assume this case of Bratteli diagrams.

By an infinite path on (V,E) we shall mean an infinite sequence of edges
(eg,€1,...) such that eg € Eg,e1 € Eq, etc. The set of all infinite paths on (V) E)
is denoted by X. Let us identify “coordinates” x; of x € X with vector (e, e1, .. .).
Fix z,y € X. This metric d(x,y) = 1/2F, where

k=max{le N |z, =y, fori <},

turns X into an absolutely disconnected topological space which is called a Bratteli-
Cantor compactum. To construct an embedding X — H where each z € X repre-
sents a geodesic, a portion of symbolic dynamics is needed.

Koebe-Morse coding of geodesics. Let M, ,, be a hyperbolic surface of genus g
with m totally geodesic boundary components vy, ..., v,. We dissect M ,, to a
simply connected surface as follows [7]. Let P be an arbitrary point of v,,. One
draws geodesic segments hy, ..., hy—1 from P to some arbitrarily chosen points of
V1,...,Um—1. (Thus, the h; have only P as common point.) Next one dissects the
handles of M, ,, by closed geodesics ci, ..., caqy issued from point P. Clearly, the
resulting surface is simply connected and has the boundary

017...,ng;h17...,hm_1. (3)

Now given a geodesic half-circle S C H passing through the unique point
0 € 7 one relates an infinite sequence of symbols

01,02,03,. -, (4)

which “take values” in the set o. One prescribes 0,, p = 1,...,00 a “value”
gi, 1 <1 < nif and only if S has a transversal intersection point with the side
a; = b; of p-th image of G, € 7. (In other words, code (4) “counts” points of
intersection of S with “sides” of tessellation 7.) A sequence of symbols (4) is
called a Koebe-Morse code of the geodesic S.

Morse showed that there is a bijective correspondence between sequences (4)
satisfying some admissibility requirements? and the set of non-periodic geodesics
on surfaces of negative curvature; see the bibliography to Morse and Hedlund [8].

Lemma 2.1. Let S be a geodesic with the Koebe-Morse code (o1,04,...). Then any
congruent to S geodesic S’ will have the same Koebe-Morse code, except possibly
in a finite number of terms.

2Narnely, there should be no words with the syllabi a;b; or b;a;, where a; and b; are “dual”
symbols from the alphabet G,.
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Proof. This follows from the definition of coding and invariance of 7 by the G-
actions. O

Let X be a Bratteli-Cantor compactum. Let V; — o be a bijection between
the vertices V. =V; UV U... of (V, E) and the set of symbols o. This bijection
can be established by labeling each element of V; from the left to the right by
symbols {g1,...,9n}. Thus, every x € X is a “symbolic geodesic” (x1,x2,...)
whose “coordinates” take values in ¢. Each sequence is admissible and by Morse’s
Theorem realized by a (class of congruent) geodesic whose Koebe-Morse code
coincides with (z1,z2,...). Where there is no confusion, we refer to z € X as a
geodesic line in the complex plane H.

Lemma 2.2. Let I, be an image of geodesic x € X on the surface My ,, under
projection H — H/G. If the Bratteli diagram (V, E) is simple, then l, € Clos I,
for any y € X.

Proof. The simplicity of (V, E) means that every infinite path x € X is transitive,
i.e. any finite “block” of symbols {z,,Zni1,...,Zntk} occurs “infinitely many
times” in the sequence x = (z1,Z2,...). Indeed, simplicity of (V, E) means the
absence of non-trivial ideals in the corresponding AF' C*-algebra. Using Bratteli’s
dictionary [1] between ideals and connectedness properties of (V,E), it can be
easily shown that an arbitrary infinite path in (V) E) “visits” any given finite
sequence of vertices infinitely often.
Suppose that By is a block of symbols of length & > 1. Let

T = (:I:la”'7xn—laBk7$n+k7+17"'>7 Yy = (yla"'7ym—l7Bk7ym+k+17'~'>

be the first time By, appears in sequences z,y € X. By a congruent transformation,
the geodesics z,y € H can be brought to the from

' = (B, Tt1,- - - )s Y = (B, Ykt1s---)-

This means that dist (z/,y") < 1/2*. Since By occurs in sequences = and y infinitely
often. The lemma follows. O

Lemma 2.3. The set Clos I, of Lemma 2.2 is a set A C My, consisting of con-
tinuum of irrational geodesic lines.

Proof. This follows from the proof of Lemma 2.2. O

By Lemmas 2.2 and 2.3, A is homeomorphic to Thurston’s geodesic lami-
nation on a surface of genus g > 2; cf. Thurston [13]. To finish the proof of the
theorem, one needs to “blow-down” A to a measured foliation F. The required
interval exchange transformation ¢ is the “mapping of first return” on a global
transversal to IF. By the construction, ¢ is minimal and has n = 2g+m—1 intervals
of continuity.

Theorem 0.1 is proven. O
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3. Criterion of strict ergodicity for the interval exchange
transformations

In general, the group (Ko, K, [1]) may be not totally ordered. The total order
happens if and only if positive cone K is bounded by a unique “hyperplane” in
the “space” Kj. There exists up to (n — 2) hyperplanes in a group Ky of rank n
which constitute a boundary of K ; cf Goodearl [4], p. 217.

A state is a homomorphism f from (Ko, K, [1]) to R such that f(K7) C R
and f([1]) = 1. The space of states S, is dual to the linear space K . From this
point of view, “hyperplanes” correspond to linearly independent “vectors” of the
space Se. A total order is equivalent to the requirements dim S, = 1 and absence
of “infinitesimals”, cf. Effros [2] p. 26.

Let ¢ be an interval exchange transformation built upon (Ko, K, [1]). Invari-
ant measures of ¢ form a vector space w.r.t. sums and multiplication of measures
by positive reals. This vector space is isomorphic to Se. The requirement that ¢ be
strictly (uniquely) ergodic is equivalent to the claim that S, be one-dimensional.
Strict ergodicity of the interval exchange transformations has been a challenging
problem in the area for years. (Find a working criterion to determine whether
given ¢ is strictly ergodic.)

This saga started in 1975 when examples of interval exchange transformations
with two and three invariant ergodic measures became known due to Keynes and
Newton. Keane made an assumption that the “majority” of transformations ¢
are strictly ergodic. This assumption was turned to a theorem independently by
Masur and Veech who used for this purpose the Teichmiiller theory and topological
dynamics, respectively. The proof of Keane’s conjecture based on Theorem 0.1 is
given in Section 2.3.

In this section we establish strict ergodicity for a class of interval exchange
transformations which we call “stationary”. The name comes from theory of or-
dered abelian groups, because such transformations have stationary Bratteli dia-
grams; cf. Effros [2]. Foliations that correspond to such transformations are known
as pseudo-Anosov or foliations whose leaves are 1-dimensional basic sets of the
pseudo-Anosov homeomorphisms of a compact surface.

Definition 3.1. Let ¢ = ¢(A, m,¢) be an interval exchange transformation whose
Bratteli diagram is given by the infinite sequence of multiplicity matrices

{PY17PY27PY37"'}' (5)

If the set (5) can be divided into the blocks By = { Py, , Py, ,,- .., Py,,, } such that
Py, Py, ... Py, , = P, then v is called stationary. In particular, ¢ is stationary

if Py, =Py, =Py, =---=P.

Theorem 3.2. Fvery stationary interval exchange transformation ¢ is strictly er-
godic.
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Proof. The proof is based on the Perron-Frobenius Theorem. A dual (projective)
limit

@) = (RY) 25 @) =2 (6)
consists of operators Py, acting on the dual space (R™)* to Z™ C R™. (In other
words, we identify the space of positive homomorphisms Z" — R and the space
of linear functionals R” — R.) The diagram (6) converges to the state space Se of
dimension group (Ko, K, [1]). When Py, = P, where P is a matrix with strictly
positive entries, or can be reduced to this case, then there exists a maximal simple
eigenvalue A > 0 of matrix P (Perron-Frobenius Theorem). The eigenvector
defines a 1-dimensional P-invariant subspace of (R™)* lying in the limit of diagram
(6) and which is identified with S,. Let us formalize this idea.

For 1 < ¢ < n denote by e; and e} the vectors of canonical bases in the
vector space R™ and the dual space (R™)*. By (aq,...,ay) and (of,...,a)) we
denote vectors in R™ and (R")*. (R™)* and (R™)** are collections of vectors
whose coordinates are a; > 0 and o > 0, respectively. The same notation (Z")+
is reserved for the integer vectors of R". By Ag C (R™)* we understand the n-

*

dimensional simplex spanned by the vectors 0, €7, ..., e. To each linear mapping

¢ : R™ — R™ one associates a dual mapping ¢* : (R")* — (R™)*.
Denote by P an dimension group corresponding to the limit

P2 lim Py, (7)

where the Py are ordered groups whose positive cone is defined to be an inverse
of k-th iteration of the set (Z")" under the automorphism ¢:

BF =7z, (8)
The set Ag has been introduced earlier. For kK =1,..., 00 we let
Ap = Se(Py), (9)

which is a state space of the group Pj. Define Ay to be a simplex spanned by the
vectors 0, Jy (k), ..., Jn(k), where

X1(k) X, (k)

M=mer PR (10)
and
Xi(k)=¢"(e), .. Xaulk) = ¢"(e}). (11)
It is evident that
AgDA; DAy DD AL, (12)
where
Ay = ﬁ Ay, (13)
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A recurrent formula linking X;(k — 1) and X;(k) is given by the equation
Xi(k) = _pi X;(k = 1), (14)
j=1

where the p;; are the entries of matrix of “partial multiplicities” P,.

Note that the simplex A,, has dimension r < n. The original problem of
calculating the state space S, is reduced to calculation of the asymptotic simplex
A whose spanning vectors are linked by equation (14). We shall see that A
can be completely calculated under the hypothesis of Theorem 3.2. The following
lemma is basic.

Lemma 3.3. (Perron-Frobenius) A strictly positive n x n matriz P = (p;;) always
has a real and positive eigenvalue A which is a simple root of the characteristic
equation and exceeds the moduli of all the other characteristic values. To this maz-

imal eigenvalue \ there corresponds an eigenvector x = (z3,...,xY) with positive
coordinates x4 >0, i =1,...,n. 3
Proof. Let x = (x1,x2,...,x,) be a fixed vector. A function
Pzx);
T, = min (P)i (15)
1<i<n  @;

is introduced. We have r, > 0 since

(Pz); = sz'jl“jv (16)

31n fact, there exists a more general statement due to Frobenius which treats matrices with non-
negative entries. Because of exceptional importance of this statement in understanding why the
unique ergodicity may vanish, and also due to the clear connection of Frobenius theorem with
the root systems of Coxeter-Dynkin, we give the formulation of this theorem below.

Theorem (Frobenius) An irreducible non-negative n x n matriz P = (p;;) always has a positive
eigenvalue A that is a simple root of the characteristic equation. The moduli of all the other
eigenvalues do not exceed \. To the maximal eigenvalue \ there corresponds an eigenvector with
positive coordinates.

Moreover, if P has r eigenvalues Ao = A, A1,...,A\r—1 of modulus X\, then these numbers
are all distinct and are roots of the equation
2N —=A"=0.
More generally: The whole spectrum Ao, A1, ..., An—1 of P, regarded as a system of points in the

complez plane, is mapped into itself under a rotation of the plane by the angle 27 /r. If r > 1,
then P can be put into the cyclic normal form

O P2 O o
o] [0 Pos o]
O o O N
P o o O

where Pjj are mon-zero square blocks along the main diagonal and O are zero square blocks
elsewhere.
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is a non-negative matrix. However, in the definition of minimum (15), the values of
i for which z; = 0 are excluded. The lemma follows from the variational principle
for the continuous function r,, which must assume a maximal value for some vector
x with non-negative coordinates. O

Now we can finish the proof of the main theorem. By strict positivity of matrix
P and Lemma 3.3, there is a positive maximal eigenvalue A\, whose eigenvector x
has positive coordinates. Notice that

¢*(x2) = (A\)*z, (17)

so that the iterations of ¢ leave invariant a 1-dimensional linear subspace {a}
spanned by z. All other vectors in (R™)** converge accordingly (14) to the sub-
space {a}. We conclude that

As ={a}, (18)

which is one-dimensional. Theorem 3.2 is proved. O

Remark 3.4. In the context of ordered abelian groups, Theorem 3.2 was known to
Effros [2] and Elliott [3]. The main ingredients of proof can be traced in the work
[14] of W. Veech.

4. Masur-Veech Theorem

The theorem of Masur and Veech is formulated in Section 5.2. There are two
known proofs of this theorem, due to Masur [6] who used complex analysis and
Teichmiiller theory and Veech [15] who used methods of topological dynamics. In
this section we suggest an independent proof using Theorem 0.1 and a lemma of
Morse and Hedlund from symbolic dynamics; cf. Morse and Hedlund ([8].

Parametrization of (Ko, K, [1]).* Let H, 7 and S be as in Definition 1.1 of Section
2. Without loss of generality we assume that S is a unit semi-circle in the complex
plane H. Consider a family S; of the unit semi-circles parametrized by real numbers
equal to a “horizontal shift” of S in H. (In other words, ¢ is equal to the z-
coordinate of the centre of unit circle S;.) A family of dimension groups which
are defined by “positive cones” Sy, we shall denote by (P, P%, [u]). By results of
Sections 1-3 every dimension group of form Z™ has a representative in (P, P, [u])
and every measured foliation (with fixed singularity data) arises in this way.

Theorem 4.1. Denote by F; a family of measured foliations corresponding to
(P,PL,[u]) and by t1 ~ ty an equivalence relation on R identifying topologically
equivalent foliations Fy, and Fy,. If X = R/ ~ is a topological space, then for a
residual set of the second category in X foliation Fy is strictly ergodic.

4The idea of such a parametrization was communicated to the author by G. A. Elliott.
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Proof. The idea is to apply Koebe-Morse coding to each geodesic S € S;. In this
setting, X becomes a space of symbolic sequences with the topology described in
Section 2. It is not hard to see that strict ergodicity of an individual geodesic S
is equivalent to “uniform approximation” of S by periodic sequences of length N.
(Using the terminology of Morse and Hedlund, such approximation property of a
geodesic means that a transitivity index ¢(NN) tends to a covering index 8(N) of
the geodesic as N — oo; cf. Morse and Hedlund [8].) The same authors proved
that limy_, s inf % = 1 for a residual set of the second category in X. Let us
give the details of this construction.

Let S be a geodesic in the complex plane H and
01,02,03,...,

the Koebe-Morse code of S which we shall call a ray; cf. Section 3. The ray R
is transitive if it contains a copy of each admissible block. (Block is shorthand
for a finite sequence of symbols.) A function ¢ : N — N of a transitive ray R is
called a transitivity index if the initial block of R of the length ¢(N) contains all
admissible blocks of the length N and there are no shorter initial subblocks with
this property. Dropping the claim that block B C R is initial gives us function
0 : N — N which is called a covering index of the recurrent ray R. These functions
satisfy an obvious inequality:

¢(N) = O(N).

Lemma 4.2 (Morse-Hedlund). A set of rays whose transitivity index and covering
index satisfy the condition
N
lim inf o(N) =1

is a residual set of the second category in the space X of all infinite rays endowed
with the topology described in Section 2.

Proof. For a complete proof see [8]. Denote by Y the set of rays satisfying the
condition of lemma. The following items will be proved consequently:

(i) Y is not empty;

(ii) Y is everywhere dense in X;

(iii) The complement of Y is nowhere dense in X.

(i) Let H(n) be a block of minimum length containing all admissible blocks

of length n. For a growing sequence of integers rg,71,...,7x—1 consider a block
H(ro)o1H(r1)os2...op—1H(rp—1)ok (19)
of length my. Let us choose 1y sufficiently large so that
O(ri) +m
7( k> k <1+ 5k,
0(rr)

where 0 is a vanishing positive real. The transitivity index of (19) satisfies the
inequality
(b(rk) < Q(Tk) + my.
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By the construction, % — 0 as k — oo so that (19) satisfies the condition of

the lemma.

(ii) Let A be an arbitrary admissible block of length k¥ and R € Y. For a
suitably chosen o the ray
R = AoR
is admissible. We have the following inequalities for R and R’
O(N) < ¢'(N) < ¢(N) + k+1,
where ¢ and ¢’ are the transitivity indices of R and R’. The condition of the lemma
is satisfied and therefore R’ € Y.

(iii) This item follows from (ii) and an accurate construction of closed sets
lying in the complement of Y7 cf [8] for the details. This argument finishes the
proof of the Morse-Hedlund lemma. O

Let R be a transitive ray and By, ..., By admissible blocks of length N. We
say that R is uniformly distributed relatively By, ..., By if
¢(N) =EkN.
(In other words, each admissible block appears in the initial block of R with the

“probability” 1/k.) In the geometric terms this means that geodesic R is located
at the same distance from periodic geodesics

Bl,Bl,...; BQ,BQ,...; ceey Bk,Bk,....

Lemma 4.3. Suppose that R is uniformly distributed relatively admissible blocks
By, ..., By for each integer N > 0. Then

oY)
J\}Enmlnf oN) 1.
Proof. This follows from the equality ¢(N) = 0(N). O

To finish the proof of Theorem 4.1 it remains to notice that strict ergodicity
of R is equivalent to uniform distribution of periodic “blocks” in R and apply
Lemmas 4.2 and 4.3. O

5. Appendix

5.1. Interval exchange transformations

Let n > 2 be a positive integer and let A = (A1,...,\,) be a vector with positive
components A; such that A\; +---+ A, = 1. One sets

Bo =0, Bi = Z)\j, v; = [Bi—1,08:;) C [0,1].
j=1
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Let 7 be a permutation on the index set N = {1,...,n} and ¢ = (&1, ...,&,) a
vector with coordinates ; = £1,7 € N. An interval exchange transformation is a
mapping @(A,m,¢€) : [0,1] — [0, 1] which acts by piecewise isometries
(p(LL') =&x — Bi-1+ ﬁ:(i)—h x € v,
where 37 is a vector corresponding to A" = (Az-1(1), Ax-1(2), -+ Ar—1(n)). The
mapping ¢ preserves or reverses orientation of v; depending on the sign of ;. If
g; =1 for all © € N, then the interval exchange transformation is called oriented.
Otherwise, the interval exchange transformation is said to have flips.

An interval exchange transformation is said to be irreducible if 7 is an irre-
ducible permutation. An irreducible interval exchange transformation 7' is called
irrational if the only rational relation between numbers A1, ..., A, is given by the
equality Ay + ...+ A, = 1. Recall that measure p on [0, 1] is called invariant if
u(p(A)) = u(A) for any measurable subset A C [0, 1]. The following theorem due
to M. Keane [5] estimates the number of invariant measures.

Finiteness Theorem. Let ¢ be an irrational interval exchange transformation of n
intervals. Then there are at most finitely many ergodic invariant measures whose
number cannot exceed n + 2.

In case of the interval exchange transformations without flips, there exists an
estimate of the number of invariant ergodic measures due to Veech [15].

Veech Theorem. Let ¢ be an irrational interval exchange transformation without
flips onn > 2 intevals. Then the number of invariant ergodic measures of ¢ is less
or equal to [Z], where [o] is integer part of the number.

5.2. Measured foliations

Measured foliations are suspensions over the interval exchange transformations
which preserve the ergodic measure on intervals and such that their singularity set
consists of p-prong saddles, p > 3. Measured foliations can be defined via closed
1-forms which is more elegant way due to Hubbard, Masur and Thurston.

Definition 5.1 (Hubbard-Masur-Thurston). Let M be a compact C*° surface of
genus g > 1, without boundary. A measured foliation F on M with singularities of
order ki, ...,k at points z1, . . ., x, is given by an open cover U; of M\{z1,...,z,}
and non-vanishing C*° real-valued closed 1-form ¢; on each U;, such that

(l) Qsz = Zl:(bj on Ul N Uj;

(ii) at each x; there is a local chart (u,v) : V. — R? such that for z = u + iv,

¢; = Im (2¥/2dz) on V N U;, for some branch of z%/2 in U; N V.

Pairs (U;, ¢;) are called an atlas for F.

As it follows from the definition, apart from the singular points, measured
foliations look like a non singular volume preserving flows. In singularities, the
substitution z — 7€’ brings ¢;, mentioned in (ii), to the form

k

73

¢ = TT[sin(% + 1)ydr + rcos(% + 1)ypdy].
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It can be readily established, that ¢; are closed differential 1-forms, that is d¢; = 0
for all k; > 1. To see which singularities are generated by the above formula, let
us consider a vector field v;, given by the system of differential equations

dr N k‘i dw o kz
prie —rcos(E + 1), = = sin( 5 + 1)3.

Clearly, v; is tangent to a foliation given by the equation ¢; = 0. Our prior interest
is to study the behavior of trajectories of v; in a narrow stripe II = {(r, )| —e <
r <e,0 <y <27}, There are exactly k; + 2 equilibria p,, € II, which have the
coordinates (0, ]31"2 ), where n € N varies from 0 to k; + 2. The linearization of the
vector field v; in these points yields

(~1)? 0

Apn) =
0 (-1)"(& +1)
Therefore all p,, are saddle points. One maps the half-stripe r > 0 to the neigh-
bourhood of the singular point z;. Generally, a singular point x; of the order k; is
a (k; + 2)-prong saddle of a measured foliation F.

Let M be a compact surface and F a measured foliation on M. By measure
u of F one understands a line element ||¢|| related with the point € M, induced
in each z € U; by ||¢i(x)]|. It measures a ‘transversal length’ of F, since y vanishes
in direction tangent to the leaves of F.

Take a cross-section of the measured foliation F. [F induces an interval ex-
change transformation ¢ on this cross-section. Depending on the orientability of IF,
© may have flips. Flips are excluded if F is an orientable measured foliation (in this
case F is given by orbits of a measure-preserving flow). For orientable measured
foliations, an estimate of number of invariant ergodic measures is due to Sataev

12].

Sataev Theorem. Let n and k be a pair of natural numbers, such thatn > k and let
M be a compact orientable surface of genus n. Then there exists a C°° orientable
measured foliation F on M whose singularity set consists of 4-separatriz saddles
and which has exactly k invariant ergodic measures.

An important question arises when the measured foliation has a unique in-
variant measure. It was conjectured by M. Keane and proved by H. Masur and
W. Veech that ‘almost all’ measured foliations have a unique invariant measure,
which is a multiple of Lebesgue measure.

Masur-Veech Theorem. ([6], [15]) Suppose that a family Fy of measured foliations
is given by trajectories of a holomorphic quadratic differential et ¢ on the surface
M. Then for ‘almost all’ values of t, the foliation F; is strictly ergodic.

5.3. O, as a crossed product C*-algebra

Lemma 5.2. Let ¢ = p(\, ) be an interval exchange transformation and A\ =
(M, yAn). Then Ko(Oy) = Z™ and K1(O)) = Z.
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Proof. Let p1,...,pn be the set of discontinuous points of the mapping ¢. Denote
by Orb ¢ = {¢™(p;): 1 <i<mn, n€Z} aset of full orbits of these points. When
 is irrational, the set Orb ¢ is a dense subset in [0, 1]. We replace every point
x € Orb ¢ in the interior of [0, 1] by two points £~ < + moving apart banks of
the cut. The obtained set is a Cantor set denoted by X.

A mapping ¢ : X — X is defined to coincide with the initial interval exchange
transformation on [0,1]\Orb ¢ C X prolonged to a homeomorphism of X. The
mapping ¢ is a minimal homeomorphism of X, since there are no proper, closed, ¢-
invariant subsets of X except the empty set. Thus, Oy = C(X) %, Z is a crossed
product C*-algebra, where C(X) denotes a C*-algebra of continuous complex-
valued functions on X. The following diagram of Pimsner and Voiculescu consists
of exact sequences:

id — Py s

Ko(C(X)) Ko(C(X))

Ko(C(X) %, Z)

T id — px

Ki(C(X) %, Z) K1(C(X))

Ki(C(X))

It was proved in [10] that Ko(C(X)) ~ Z™ and K;(C(X)) ~ 0. To obtain the
conclusion of Lemma 5.2 it remains to calculate all short exact sequences in the
diagram of Pimsner and Voiculescu. O

5.4. Rotation numbers

One of the striking invariants of the algebra O, are rotation numbers associated
to this algebra. In the dynamical context, rotation numbers are equal to “average
inclination” of leaves of measured foliation relatively a coordinate system on M,,.
(In fact, the original study of O, was motivated by the possibility to introduce
such numbers; cf. [9].) Rotation numbers for O, play the same role as real numbers
0 for the irrational rotation algebra Ag.

Recall that the cone Kar C H is a limit of “rational” cones P,j C H:
Ka' = klim P,j .
— 00

Each P,j’ is represented by a periodic geodesic ;. Suppose that g € G is an
isometry which moves the geodesic yx—1 to the geodesic ~; and let

a; bi
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be an integral matrix with non-negative entries and determinant +1, corresponding
to gi. The continued fraction
aq Cq

0= ——
—2
c1 dy  as 5

C2 C3

converges to a real number #) which is called a rotation number associated to the
algebra O,. The importance of rotation numbers is stipulated by the following
theorem.

Theorem. Let Oy and O be two C*-algebras whose rotation numbers are 05 and
0\. Then Oy is Morita equivalent to O% if and only if 65 and 0\ are modular
equivalent:

O\ +0b

0y =2 b deZ d—be = +1.

A 69)\ + d’ a,o,c, S ) a C

Proof. This was proved in [9)]. O

Corollary 5.3. Suppose that ¢ is a stationary interval exchange transformation
described in Section 3. Then the rotation number 0y is a quadratic surd (i.e.,
irrational root of a quadratic equation).

Proof. By the results of Section 3, the dimension group of O, is stationary and
must correspond to a periodic continued fraction (i.e., g1 = g2 = -+ = const).
These fractions generate a field of quadratic algebraic numbers. O

Conclusions and open problems

The criterion of strict ergodicity of Section 3 is highly constructive and can be used
in practice to check whether a given interval exchange transformation is strictly
ergodic or not. (This can find applications in the theory of billiards in the rational
polygons.) Of course, these conditions are only sufficient. The necessary conditions
seem to be an open problem so far.

Another open problem is to relate the arithmetic of rotation numbers 8y with
the number of invariant measures of the transformation ¢. (In the case of strictly
ergodic ¢ the answer is given by Corollary 5.3.)
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Superfast Inversion of Two-Level Toeplitz
Matrices Using Newton Iteration and
Tensor-Displacement Structure

Vadim Olshevsky, Ivan Oseledets and Eugene Tyrtyshnikov

Abstract. A fast approximate inversion algorithm is proposed for two-level
Toeplitz matrices (block Toeplitz matrices with Toeplitz blocks). It applies to
matrices that can be sufficiently accurately approximated by matrices of low
Kronecker rank and involves a new class of tensor-displacement-rank struc-
tured (TDS) matrices. The complexity depends on the prescribed accuracy
and typically is o(n) for matrices of order n.
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1. Introduction

Dense matrices arise, for example, in numerical solution of multidimensional inte-
gral equations; their approximate inverses are often of interest either themselves
or as preconditioners in iterative methods, and the size of matrices occurs to be
about a few hundred of thousands or even millions. These cases are not very easy
to handle. The standard Gaussian elimination has the O(n?®) complexity and is
unacceptable. Even a method with O(n?) complexity (an obvious lower bound) is
still too slow for matrices on this scale. Luckily, in many cases the matrices possess
some structure suggesting a way to make them tractable.

If A is a nonsingular Toeplitz matrix (a;; = a;—;), then all the entries of A™!
can be computed in O(n?) operations [13]. It is even more important that A=! can
be expressed by the Gohberg—Semencul formula [3] through some O(n) parameters
so that it can be multiplied by a vector in O(nlogn) operations. A tremendous

E. Tyrtyshnikov supported by the Russian Fund of Basic Research (grant 05-01-00721) and a
Priority Research Grant of the Department of Mathematical Sciences of the Russian Academy
of Sciences.
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impact of this formula on the field of structured matrices and numerical algorithms
was systematically presented in the remarkable book by G. Heinig and K. Rost [5].
A direct but nontrivial generalization to block Toeplitz matrices is the Gohberg—
Heinig formula [2].

In this paper we consider two-level Toeplitz matrices, which are block Toeplitz
matrices with Toeplitz blocks. If p is simultaneously the block size and the size of
blocks, then n = p? and such a matrix is defined by O(n) parameters. In this case
the Gohberg-Heinig formula contains as many as O(p®) = O(n®/?) parameters,
which is viewed as too many, when compared with O(n). A better approach can
be one that we outlined and started to develop in [9]. However, it applies only to
those two-level Toeplitz matrices that are of low tensor (Kronecker) rank. As a nice
consequence of this combination of Toeplitz and tensor structure, such matrices are
determined by O(y/n) parameters, the same is expected from their approximate
inverse matrices and may (and does, as we show) result in the o(n) complexity.
Luckily again, this special subclass of two-level Toeplitz matrices seems to cover
all practically interesting matrices.

We will make use of the following iterative method attributed to Hotelling
[6] and Schulz [12]:

X =2X;1 - X;1AX;,, i=0,1,..., (1)

where X is some initial approximation to A=1. Since I — AX; = (I — AX;_1)?, the
iterations (1) converge quadratically, provided that ||I — AXp|| < 1. This method
is a special form of the Newton method for nonlinear equations and referred to
as Newton iteration. It has some nice properties such as numerical stability and
ease for parallel computations. All the same, each iteration requires two matrix
multiplications, which is expensive for general matrices.

In order to perform the Newton iteration in a fast way, we need the following
two ingredients:

e a fast matrix-by-matrix procedure;
e a method to preserve structure.

The first means that X and A must hold on some structure to facilitate the com-
putation of matrix products. However, if the X do not belong to a commutative
algebra (circulants, diagonal matrices etc), every next iterate Xj41 might be “less
structured”. As a consequence, the matrix-by-matrix complexity grows with every
iteration. In order to slow down this growth, we should preserve the structure by
“brute force” — using a method to substitute computed iterates with some ap-
proximations by “better structured matrices”. We introduce a truncation operator
R(X) acting on n x n matrices as kind of a nonlinear projector. Then, the Newton
iteration with approximations (truncations) reads

X;=R(2X,_1 — X;-1A4X;_1). i=0,1,.... (2)
The Newton iteration was successfully applied to matrices with the displacement

structure [1, 11] and matrices represented as a sum of tensor (Kronecker) products
[10]. In the case of low-displacement-rank matrices, V. Pan [11] proved that the
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quadratic convergence is maintained even after truncations. Then, it was discov-
ered in [10] that the latter property holds true for many useful structures rather
than one considered in [11]. A pretty general formulation stemming from [10] is
given in [4].

Theorem 1.1. Suppose that ||(R(X) — A7Y| < M||X — A7Y|| for all X. Then for
any initial guess Xo sufficiently close to A=1, the truncated Newton iterates (2)
converge quadratically:

[JA™Y — X3|| < (14 M) JA||||A™" — Xp—a ], E=1,2,....

Now, with this encouraging result, we are going to propose an algorithm for
computing an approximate inverse to a given two-level Toeplitz matrix. Our main
idea is to combine two efficient matrix representations using the low-Kronecker-
rank and low-displacement-rank properties. Thus, we introduce a new matrix for-
mat — the TDS format (tensor displacement structure), and therefore assume
that A and A~! should be in the TDS format, at least approximately. A rigorous
theory behind this assumption is still lacking; however, all of our numerical exper-
iments on various matrices show that the complexity of the proposed algorithm is
O(y/nlogn).

The paper is organized as follows.

In Section 1 we define the TDS format and the transformation of a two-level
Toeplitz matrix into this format. In Section 2 we describe all the basic matrix
operations in the TDS format and propose a fast recompression procedure (in
other words, define the operator R).

In Section 3 we discuss the Newton iteration with approximations and its
modification which speeds up the computations dramatically. Also, we suggest a
method for efficient selection of the initial guess Xg. In Section 4 we present some
numerical experiments.

2. The TDS format

Below we recall a general notation of multilevel matrices introduced in [14] and
the displacement rank constructions presented in [5] as a far-reaching development
of the definition introduced first in [7].

Definition 2.1. A matrix T is considered as two-level with the size-vector (ny,ns)
if it contains n; x n1 blocks and each block is of size ny X ng. Such a matrix is
called two-level Toeplitz matriz if

T = [a(i—]J)], (3)

where i = (i1,42) and j = (j1, j2) define the place of the element in the two-level
matrix: (i1,71) specifies the block position and (iq, j2) does the element location
inside the block.
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Definition 2.2. The operator L is said to be of Sylvester type if
L(M)=Vap(M)=AM — MB (4)
and of Stein type if
L(M)=Asp(M)=M - AMB. (5)
The value o = rank(L(M)) is called the displacement rank of M. Any n x «
matrices G and H from the skeleton decomposition
L(M)=GH'

are called the generators of M. A matrix defined by its generators is referred to as
a displacement-structured matriz. By the very definition, displacement ranks and
generators of a matrix depend on the choice of the displacement operator L.

We will use the Stein type operators. The Toeplitz matrices can be associated
with the displacement operators Z,, ZbT , where

Zy =7 +aepe,y_q, Zy = Z + bege,_,

Z is a unit lower shift matrix and a,b are some scalars. Let Ay, (M)=GH"
and G = [g1,...,9a], H=[h1,...,hs]. Then

(1= ab)M = Zu(9)Z; (hy). (6)

Here, Z,(g) and Zy(h) are defined as follows. Let ¢ be a scalar and v a vector; then
Z.(v) is a Toeplitz matrix with the entries
R Vi—j, 7’_]207

w*m”_{wHFﬁi—j<o
If M is nonsingular, then M ~! can be expressed by a formula of the same type
as (6), considered in this case as one of possible generalizations of the Gohberg—
Semencul formula to Toeplitz-like matrices. Both in the latter formula and in (6), a
matrix is the sum of special Toeplitz matrices belonging to some algebras; however,
the Gohberg—Semencul formula and (6) use different algebras. If M is a Toeplitz
matrix, then a < 2.

Definition 2.3. A matrix A is said to be in the tensor format of the tensor rank r,
if
A=Y Alo A} (7)
k=1

Given a two-level matrix A, we can try to approximate it by a low-tensor-rank
matrix. Let

VH(A) = [b(i17j1)(i2,.7'2)]
be a two-level matrix with the size-vectors (ni,n1) and (n2,n2), and define it by
the rule

b(i1 1) (G2,52) = Q(i1,i2) (j1,42) -
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Then, as is readily seen, the tensor rank of A is equal to the rank of V,(A4).
Moreover,

||A - ATHF = ||Vn(A) - Vn(AT)HF»
which reduces the problem of optimal tensor approximation to the problem of
optimal lower-rank approximation. The latter can be solved using the SVD or
the Lanzos bidiagonalization algorithm. However, in the case of two-level Toeplitz
matrices we can solve this problem much easier [8] (for more general constructions
see [9]).
Given T = [a(i — j)], we compose a smaller matrix

W(A) =[aw], 1—-m<p<ni—1,1-ny<v<ng—1, (8)

construct an optimal rank-r approximation

W(A) = Z vy
k=1

Ur = [uﬁ—jl]v 0<141,51 <np—1,
VE=[k_ 1, 0<izja<ny—1,

and finish with the tensor approximation of the form

T~ T,=) UreVk (9)
k=1

It is proved that this is an optimal tensor-rank-r approximation to 7" in the Frobe-
nius norm. The computational cost is that of finding a low-rank approximation
to the matrix of size (2n; — 1) x (2n2 — 1). Remarkably, the tensor factors are
themselves Toeplitz matrices. A crucial parameter defining the complexity is the
tensor rank r. It depends on the prescribed approximation accuracy and is di-
rectly related to the properties of the symbol (generating function) of T'. Some
upper estimates on r were proposed in [9] for asymptotically smooth symbols.

It is proved in [9] that a two-level Toeplitz matrix with an approximately
separable symbol can be approximated by a sum of tensor products of Toeplitz
matrices. Now we embed this format into a more general one which suits better
to approximate the corresponding inverse matrices.

Definition 2.4. A two-level matrix A is said to be in the TDS (tensor-displacement
structure) format if it is in the tensor format (7) with each factor being a displace-
ment-structured matrix.

Let r be the tensor rank and s the maximal displacement rank of the factors.
Obviously, the TDS format requires a storage of O(y/nrs) cells.
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3. Matrix arithmetic in the TDS format

3.1. Basic operations in the displacement format

Consider matrices A and B of Toeplitz displacement rank « and (. Then it is is
well known that

e a matrix-by-vector product Az can be computed in O(anlogn) operations;
e a matrix-by-matrix product AB can be computed in O(afnlogn) operations,
with the displacement rank of AB increasing at most to o + 3.

3.2. Basic operations in the tensor format

If two matrices M7 and M are in the tensor format
1 T2
M =N AleBl, M= A?e B,
i=1 i=1

then the product

1 T2
M'M? =" (A} A?) @ (B} B}) (10)
i=1 j=1
is already in the tensor format. However, it requires a larger storage as the tensor
ranks are to be multiplied. The sum of two matrices in the tensor format is also in
some tensor format (we even should not do anything — only merge two arrays).
But again, the tensor rank grows. Thus, we should find a way to approximate the
results of matrix operations by matrices of lower tensor rank. This task can be
accomplished very efficiently through an SVD-based procedure called recompres-
sion. Since the problem of finding a low-tensor-rank approximation to matrix A is
equivalent to the problem of finding a low-rank approximation to V,(A), we can
expoit the following.
Given a low rank matrix B = UV, U,V € R™", we can find ¢ < r and
matrices U , VT e Rrxa approximating A with the desired accuracy e:

1B=TUVT||r <el|Blle (11)

All we need is to find the SVD of B. Since B is already in the low-rank format,
we proceed as follows:

(1) Find the QR-decomposion of U and V: U = Q, R,V = Q,R,.

(2) Find the SVD of a 7 x r matrix R,R,: R,R] = U; XV, .
Then, B = (Q,U1)X(Q, V1) is the SVD of B. Now, take the smallest possible ¢ so
that

Ogp1t oo+ o] <ellBllp.

When r is small, the cost of this method is dominated by the @ R-decomposition
complexity, which is O(nr?), and is linear in matrix size. But, recall that the
columns of U and V come from the reshaped tensor factors which are stored
in the displacement format (to be extracted from the generators). Does it help to
perform the recompression faster? The answer is yes, the algorithm being described
in the next subsection.
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3.3. The TDS recompression

Let us look more closely at the recompression steps. The Q) R-decomposition can be
implemented through the Gram—Schmidt orthogonalization algorithm applied to
the vectors uq, ..., u,. The orthogonality is defined by the ordinary scalar product
(z,y) = > p_; %;J;- Now, instead of working with vectors, we suggest to work
directly with their matrix prototypes. The scalar product for matrices is defined
as the Frobenius scalar product:

(A, B)p = tr(AB").

Other operations required in the Gram—Schmidt algorithm, which are multiplica-
tion by numbers and addition, can be performed directly with matrices. Moreover,
employing the displacement structure in these operations leads to the O(y/nlogn)
complexity. Thus, we should focus on fast calculation of the Frobenius scalar prod-
uct of two matrices given in the displacement formats.

Given p x p matrices A, B with displacement ranks «, (3, we need to find
tr(AB*). First, we calculate AB*. As we know, that can be done in O((a+8)plogp)
operations and the displacement rank of the product does not exceed a + (. It
remains to calculate the trace of a Toeplitz-like matrix. Fortunately, this can be
done by a simple formula involving the generators.

Lemma 3.1. Let C be a p X p matriz and Ay, 57(C) = GHT, G = [¢',..., 9%,
= [ht,..., h?®], where h', g* € RP. Then

a p—1

1_ab22hkgk (p — k + abk). (12)

r=1 k=0

tr

Proof. According to (6), the matrix C' can be represented as

R T
C= m;Za(gj)Zb (hj)~

Therefore,
(€)= 12 ab th a(9)2) (hy))- (13)

Each term in the sum (13) is of the form

p—1 p—1p—1

tr(ZU«(g)ZbT(h)) = Z(Za( Z Za szb
i=0 i=0 k=0
7 p—1 p—1
- Z Zgl k:hz kTt abz Z Ip+i— k:hp-H k-
1=0 k=0 =0 k=1+1

The first summand is transformed as

p—1 i p—1 ¢ p—1
DO gikhik =2 grhx =Y hugr(p—k),
k=0

=0 k=0 i=0 k=0
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and, similarly, the second one is

p—1 p—1
Z Gp+i— khp-’rl k—zhkgkk O
1+1

1
1=0 k=
3.4. Truncation operator

The truncation operator R(X) can be defined by setting either some bounds on

the ranks or accuracy. Fixing the ranks, we find R, (X) through the following
steps:

(1) Find the best tensor-rank-p approximation X, to X using the fast recom-
pression algorithm.
(2) Approximate tensor factors by some displacement-rank-s matrices.

It can be verified that such an operator satisfies the conjectures of Theorem 1.1.
It follows that the Newton method with the truncation operator R, s(X) retains
an important property of quadratic convergence.

However, in practice it is expedient to prescribe the accuracy and let the rank
vary. Denote the corresponding operator by R.. Formally the steps are the same,
but the ranks are no longer constant. The first step ends with the best low-tensor
approximation to X satisfying ||X — X..|| < ¢]|X]|, the second step produces an
approximation with the preset accuracy and smallest possible displacement rank.

4. Newton iteration for approximate inversion of matrices

Let A be in the TDS format. If an initial approximation Xy to A~! is in the
same format, then it can be fastly improved by the iteration (1). The residuals
Ry = I — AX}, satisfy Ry41 = RZ, which proves the quadratic convergence of
the process provided that the spectral radius of Ry is less than 1. The initial
approximation can be always selected as

Xo = O[A*

with some « > 0. In this case the estimated number of the operations to achieve
accuracy [|[A™ — Xp|l2/||A7Y|2 < e is

1
log, (¢* 4 1) + logy In .

where c is the spectral condition number of matrix A. For ill-conditioned matrices,
the cost is dominated by log, (c? + 1).

4.1. Modified Newton iteration

On each step of the Newton method (2), we replace Xy with R.(X}j), where
is the accuracy parameter. We can also use a modification [10] that works with
approximations much better. Indeed, a typical tensor rank of matrices in our ex-
amples is about 10 + 15, so each Newton step involves about 200 multiplications
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of Toeplitz-like matrices with the displacement ranks being typically about 10.
Following [10], we consider the following modification of the Newton iteration:

Xp = Xp1(2I = X3y), Yi = Ve (21— Xy_1),  k=1,2,..., (14)

where Y} is an initial approximation to A~! and Xy = AYj is a nonsingular matrix
of which we require that the spectral radius of I — X is less than 1. The latter
implies

lim X =1,

k—oo

and since it is easy to derive from (14) that
Vip X =YX h= =YXt =47

we conclude that
lim Y, = A7L.

k—o0
In case of general matrices, it is easy to see that (14) is just another way of writing
(1). However, in the approximate arithmetic the situation changes dramatically.
The modified Newton method with approximations now reads

Xp = Ro(Xp_1(21 — X5_1)), Vo = Re(Yi1(2I — X5_1)), k=1,2,.... (15)

A good argument in favour of this modification is the following. As long as Xy
converges to the identity matrix, its tensor rank decreases and, hence, the displace-
ment ranks of the factors become smaller and cause the complexity get down. (This
should supposedly hold for any class of structured matrices in which the identity
matrix is considered as one with “perfect” structure).

4.2. Selection of the initial approximation

Selection of the initial approximation X to A~! is crucial, in particular for ill-
conditioned matrices. The common choice Xy = aA* with an appropriate o > 0 is
ever available, of course, but never good if we want a sufficiently accurate answer.
However, we can play with the accuracy parameter €. In the case of structured
matrices it controls both the final accuracy and the truncation accuracy on iter-
ations. Thus, it accounts for the ranks after truncation, and thence the speed of
calculations. When the process is “far” from the fast convergence stage, we can
carry out the truncation with a much lower accuracy €. Consequently, the matrix
operations become pretty fast in the beginning. On later stages € must diminish
and in the end stay on the level of the desired final accuracy.

This idea was used in [10] for a two-level Toeplitz matrix arising after dis-
cretization of a hypersingular integral equation. It can be summarized in the fol-
lowing scheme:

(1) Set Xg = aA* and perform the Newton iteration with the truncation accu-
racy 6 > e. This results in a rough approximation M to the inverse, but the
advantage is that the §-truncated Newton iterations are expected to have a
low complexity.

(2) Use the previous approximation M as a new guess to start the Newton iter-
ation with finer accuracy e.
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Of course, this scheme can be extended to three or more steps with relative errors
01, 02, and so on.

5. Numerical results

Here two model numerical examples are presented. For simplicity we assume nq =
ng =+/n

First is the standard 5-point Laplacian. It is a two-level Toeplitz matrix
[ai—j], with free parameters a;; defined as a;; = 0, for —n1 +1 < i < ny — 1,
j=-no+1<j<mng—1, except for

ago =4, ao+1=-1, at10=-1
Second is a dense two-level Toeplitz matrix with a;; determined by formulas

aij = —f(i+0.5,j—0.5)+ f(i—0.5,j—0.5) — f(i—0.5,5+0.5) + f(i+0.5,j+0.5),

where
Vaz+y?
fl@y) = ——.
ry
This matrix comes from the discretization of the hypersingular integral equation
[10].

The results are given in Tables 1 and 2. We calculated tensor ranks for the
approximate inverse and mean displacement ranks of the factors. All computa-
tions were conducted with ¢ = 107 (this means that “tensor rank” and “mean
displacement rank” in these tables stand for e-ranks).

n 647 1282 2567 5122
Running time 154 sec | 333 sec | 966 sec | 2555 sec
Tensor rank of A1 9 10 11 12

Mean displacement rank of A= | 13.5 13.5 16.8 18.6

Table 1. Numerical results for the case 1.

n 642 1282 2562 5122
Running time 270 sec | 433 sec | 817 sec | 1710 sec
Tensor rank of A~1 13 13 12 11
Mean displacement rank of A~! 8.5 9.3 9.5 9.7

Table 2. Numerical results for the case 2.

At least for these two examples we can see that the running time obeys the
expected O(y/nr2,.,,) asymptotics (where Tyean is a mean displacement rank; the
dependence from tensor rank is hard to observe in these examples). However, we
are not very satisfied with the absolute values: the constant seems to be quite large.
After examining the program code it was found that the main computational efforts
were spent while recompressing the results of the multiplication of two “large” (of
tensor rank 5-10, approximately) TDS matrices. The multiplication using formula
(10) was very fast. However, the recompression was much, much longer and it can
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be explained why. We have to compress the matrix of tensor rank approximately
50-100. This involves computation of many scalar products. We do not take into
account that the matrix is in fact of much lower tensor rank (say, 10). This surely
can be used in some kind of rank-revealing approximation of such a matrix. In
the current implementation we have to calculate, in fact, the Frobenius scalar
products between all the factor matrices and that is approximately 100? scalar
products and that leads to serious slowdown. The rank-revealing version of the
structured recompression will be reported elsewhere.
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of Quadratic Operators
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Abstract. It is shown that the result of T'so-Wu on the elliptical shape of the
numerical range of quadratic operators holds also for the essential numerical
range. The latter is described quantitatively, and based on that sufficient
conditions are established under which the c-numerical range also is an ellipse.
Several examples are considered, including singular integral operators with the
Cauchy kernel and composition operators.
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1. Introduction

Let A be a bounded linear operator acting on a complex Hilbert space H. Recall
that the numerical range W(A) of A is defined as

W(A) = {{Az,z): z € H, ||z| = 1}.

If ¢ is a k-tuple of non-zero (in general, complex) numbers cy, ..., ¢k, then the
c-numerical range of A is

k
W.(A) = ch (Axj, x;): {xj}le is an orthonormal subset of H

j=1

Of course, if ¢ consists of just one number ¢; = 1, W,.(A) is nothing but the regular
numerical range of A. Also, for ¢; = ... = ¢, = 1, the c-numerical range W.(A)

The research of both authors was partially supported by NSF grant DMS-0456625.



242 L. Rodman and I.M. Spitkovsky

turns into Wi (A) — the so-called k-numerical range® introduced by Halmos; see
[17]. Finally, the essential numerical range introduced in [31] can be defined [12]
as

Wess(A) = (W (A + K), (1.1)

where the intersection is taken over all operators K that are compact on H, and the
symbol cl denotes the topological closure. Considering W,.(A) or Wegs(A), we will
implicitly suppose that dimH > k or that H is infinite dimensional, respectively.

There are several monographs devoted to the numerical range and its various
generalizations (including those mentioned above), see for example [5, 16]. We
mention here only the results which are of direct relevance to the subject of this
paper.

From the definitions it is clear that all three sets are unitarily invariant:

W(U*AU) = W(A), Wo(U*AU) = Wo(A), Weeo(U* AU) = W (A)  (1.2)

for any unitary operator U on H. Also, they behave in a nice and predictable way
under affine transformations of A:

W(aA+ BI) = aW(A) + 8, Wess(aA + BI) = aWess(A) + 3, (1.3)

and
k
We(aA + BI) = aWe(A) + 8 ¢ (1.4)
j=1
for any «, 8 € C.

It is a classical result (known as the Hausdorff-Toeplitz theorem) that the
set W (A) is convex. Clearly, Wess(A) is therefore convex as well. The c-numerical
range is convex if all ¢; lie on the same line passing through the origin but not in
general [34]. In what follows, we suppose that the ¢; satisfy the above mentioned
condition. Moreover, since

We(aA) = Wee(A), a€C,
we then may (and will) without loss of generality suppose that all ¢; are real. We
will also arrange them in non-increasing order:

€1 2 Cy... 2 Ck,

since permutations of the c; leave W, (A) invariant.

When dimH = 2, the numerical range of A is the closed (as is always the
case in the finite dimensional setting) elliptical disc with the foci at the eigenval-
ues A, A2 of A and the minor axis \/tr(A*A) —|A1]? = [A2f? (the elliptic range
theorem, see, e.g., [16, Section 1.1]). According to the Cayley-Hamilton theorem,
A in this setting satisfies the equation

A2 —2uA —vI=0 (1.5)

IWe realize that there is a slight abuse of notation here, but both W(A) and W},(A) are rather
standard, and the meaning is usually clear from the content.
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with

n= (/\1—|-)\2)/2, V= —MA\a.
For arbitrary H, operators A satisfying (1.5) with some p,v € C are called qua-
dratic operators.

Rather recently, Tso and Wu showed that W (A) is an elliptical disc (open or
closed) for any quadratic operator A, independent of the dimension of H [32].

In this paper, we continue considering the (generalized) numerical ranges of
quadratic operators. We start by stating Tso-Wu’s result and outlining its proof
(different from the one presented in [32]), in order to show how it can be modified to
prove ellipticity of the essential numerical ranges of quadratic operators. We then
use the combination of the two statements to derive some sufficient conditions
for the c-numerical range to also have an elliptical shape. This is all done in
Section 1. Section 2 is devoted to concrete implementations of the results obtained
in Section 1.

2. Main results

2.1. Classical numerical range
We begin with the Tso-Wu result.

Theorem 2.1. Let a non-scalar operator A satisfy equation (1.5). Then W (A) is
the elliptical disc with the foci M2 = p £/ 2 + v and the major/minor azis of
the length

5:|:|u2—|—u|5_1. (2.1)
Here s = ||A — pl||, and the set W(A) is closed when the norm ||A — pl|| is at-
tained and open otherwise.

Proof. As in [32, Theorem 1.1], observe first that (1.5) guarantees unitary simi-
larity of A to an operator of the form

MI® NI D [/\1] 2)1

0 ol

acting on Hy @ Ha @ (H3 & Hs), where dim H; (> 0) is defined by A uniquely, and
X is a positive definite operator on Hs. According to the first of properties (1.2),
we may suppose that A itself is of the form (2.2).

Using the first of formulas (1.3) we may further suppose that ¢ = 0 and
v > 0; in other words, that in (2.2)

/\1 = —/\2 =\ Z O, )\2 = V. (23)

(2.2)

The case Hs = {0} corresponds to the normal operator A when W (A) is the
closed line segment connecting A; and Az. This is in agreement with formula (2.1)
when v # 0, since in this case s = /v is attained, and s — vs~! = 0.

In the non-trivial case dimHs > 0 our argument is different from that in
[32]. Namely, we will make use of the fact that the (directed) distance from the
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origin to the support line £y with the slope 6 of W(A) is the maximal point wy of
the spectrum of Re(ie~* A). Moreover, £y actually contains points of W (A) if and
only if wp belongs to the point spectrum of Re(ie =% A).

For A of the form (2.2) with A; as in (2.3),

, : . —if
Re(ie™? A) = (Asin0)I @ (—Asin0)I @ [()\sm Or "X } .

—ie® X (=Asin6)I
Thus,
Re(ie ™ A) — wI

Asind —w)I ie” WX

= (Asinf —w)I & (—Asinf —w)l & {( ey —()\sin9+w)l] . (249)

For any w # Asin6, the last direct summand in (2.4) can be rewritten as

I 0 I 0] [(Asin® — w)I ie X (2.5)
0 ssmg—l] [-ie”X I 0 (w2 — N2sin?O)T — X?|° '
Therefore, wy = 1/A2sin?0 + || X||* is the rightmost point of the spectrum of

Re(ie~*A). In other words, the support lines of W (A) are the same as those of
the numerical range of the 2 x 2 matrix

b 213

The description of W(A) as the elliptical disc with the foci and axes as given in
the statement of the theorem follows from here and the elliptic range theorem.
Moreover, wy is an eigenvalue of Re(ie~" A) if and only if the norm of X
(or equivalently, of A itself) is attained, so that this either happens for all § or
for none of them. In the former case, every support line of W(A) must contain at
least one of its points, and the elliptical disc W(A) is closed. In the latter case,
the support lines are disjoint with W (A), so that it is open. O

Remark. Formula (2.1) is formally different from the result of [32, Theorem 2.1],
where the lengths of the axes of W(A) are given in terms of ||A — A I||, not
||A — uI||. The two operators coincide when p? 4 v = 0. If this is not the case, the
relation between their norms follows from the general property

1 _
121 = S SI+ 1Sl )

of any projection P and associated with it involution S = 2P — I (see [29]) applied
to P=(A—=X1I)/(Aa— A1) and S = (A — pul)//p? +v.

As a matter of fact, the relation between A and involution operators shows
that A can be represented as a (rather simple) function of two orthogonal pro-
jections. This observation allows one to describe the spectra and norms of all
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operators involved in the proof of Theorem 2.1 straightforwardly, using the ma-
chinery developed in [30]. We chose an independent exposition, in the interests of
self-containment.

2.2. Essential numerical range

If A satisfies (1.5) and one of its eigenvalues (say A1) has finite multiplicity, then in
representation (2.2) the spaces H; and Hs are finite dimensional. Thus, A differs
from Aol by a compact summand, and Wess(A) is a single point. Let us exclude
this trivial situation, that is, suppose that gess(A) = o(A) = {\1, A2}

From (1.1) it is clear that the support lines ¢§* with the slope 6 are at
the distance wg™ from the origin. Here wg® is the maximal point of the essential
spectrum of Re(ie~%A). This observation allows us to repeat the statement and
the proof of Theorem 2.1 almost literally, inserting the word “essential” where
appropriate (of course, the last paragraph of the proof becomes irrelevant since the

essential numerical range is always closed). We arrive at the following statement.

Theorem 2.2. Let the operator A satisfy equation (1.5), with both eigenvalues
AL2 = pE/p? + v having infinite multiplicity. Then Wess(A) is the closed ellipti-
cal disc with the foci M1 2 and the magjor/minor azis of the length so+ ‘;ﬂ + V| 551,
where sy is the essential norm of A — ul.

In the trivial case so = 0 (when A differs from I by a compact summand,
so that necessarily 1% + v = 0) we by convention set [u? + v|s;' = 0. This agrees
with the fact that Wees(A) then degenerates into a singleton p.

Corollary 2.3. Let the operator A satisfying (1.5) be such that
[A—pdl| > [[A— pd]
Then the elliptical disc W(A) is closed.

Proof. Indeed, (2.6) holds if and only if || X|| . < [|X] for X from (2.2). Being
positive definite, the operator X then has || X|| as an eigenvalue. In other words,
the norm of X (and therefore of A — uI) is attained. It remains to invoke the last
statement of Theorem 2.1. O

(2.6)

ess *

2.3. c-numerical range

The behavior of W,.(A), even for quadratic operators, is more complicated; see [9]
for some observations on the k-numerical range. With no additional assumptions
on A, we give only a rather weak estimate. In what follows, it is convenient to use
the notation [cf = 325 |ej.

Lemma 2.4. Let A be as in Theorem 2.2. Denote by s and sg the norm and essential
norm of A — ul respectively, and by E and Fy two elliptical discs with the foci at

k
p2jmr i Vvl
e the first closed, with the azes (s + [p® +v|s™') ¢/, and
e the second open, with the azes (so + | +v|sg") ||
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Then W.(A) contains Ey and is contained in E.

Proof. Using (1.4) we may assume without loss of generality that u = 0, v > 0,
as in the proof of Theorem 2.1. Since all the sets E, Ey and W, (A) are convex,
we need only to show that the support line to W,.(A) in any direction lies between
the respective support lines to Fy and E. In other words, the quantity

k
sup ch Re(ie " Az, z;): {x;}}_, is orthonormal (2.7)
j=1

must lie between
lell fvsin? 0+ |XI2, and e \/vsin® 0+ | X
with X given by (2.2). But this is indeed so, because (2.5) implies that the spectrum

and the essential spectrum of Re(ie~# A) have the endpoints 41/vsin® 6 + || X||?
and :l:\/u sin 0 + | X||2._, respectively. O

ess’?

An interesting situation occurs when the norm of A — ul coincides with
its essential norm (equivalently, || X|| = [|X| . for X from (2.2)), so that E is
simply the closure of Fy. To state the explicit result, denote by m4 the number
of positive/negative coefficients ¢; and let m = max{m,,m_}.

Theorem 2.5. Let A be as in Theorem 2.2, and on top of that
|A—ull = [A-uI.... (2.8)

Define E and Ey as in Lemma 2.4. Then W.(A) coincides with E if the norm
of A — ul is attained on a subspace of the dimension at least m, and with Ey
otherwise.

Proof. Consider first a simpler case, when in (2.2) dimHs < oco. Then due to

(2.8), Hz = {0}, so that the operator A is normal. The norm |u? + V}l/Q of A —
ul is attained on infinite dimensional subspaces H; and Ha, and W,.(A) is the
closed line segment connecting the points p Z?Zl ci+/ 1?2 +vc|| and p 2?21 ci—
V112 + v ||e||. This segment apparently coincides with E.

Let now Hs be infinite dimensional. From Lemma 2.4 it follows that W.(A)
lies between E and its interior Ej, so that the only question is which points of
the boundary of E belong to W.(A). It follows from (2.5) that the minimal and
maximal points of the spectrum of Re(ie~" A) have the same multiplicity as its
eigenvalues; this multiplicity does not depend on € and coincides in fact with the
dimension d (> 0) of the subspace on which the norm of X is attained. From
(2.2) under conditions (2.3) it follows that the norm of A — uI is attained on a
d-dimensional subspace as well.

On the other hand, the supremum in (2.7) is attained if and only if this
multiplicity is at least m. Thus, the boundary of E belongs to W.(A) if d > m
and is disjoint with W,.(A) otherwise. O



Numerical Ranges of Quadratic Operators 247

3. Examples

We consider here several concrete examples illustrating the above-stated abstract
results. All the operators A involved happen to be involutions which corresponds
to the choice 4 = 0, v = 1 in (1.5). According to Theorems 2.1 and 2.2, the
major/minor axes of the elliptical discs W(A) and Wess(A) then have the lengths

A £ A7 and |||y £ 1Al (3.1)

respectively.

3.1. Singular integral operators on closed curves

Let ' be the union of finitely many simple Jordan rectifiable curves in the extended
complex plane C = C U {oo}. Suppose that T" has only finitely many points of
self-intersection and that it partitions C into two open disjoint (not necessarily
connected) sets DT and D~ . Moreover, we suppose that I" is the common boundary
of DT and D™, and that it is oriented in such a way that the points of D¥ lie to
the left/right of T

The singular integral operator S with the Cauchy kernel is defined by

(56)(t) = — f o(r) -2 (3.2)

i T—t

It acts as an involution [14] on the linear manifold of all rational functions with the
poles off T', dense in the Hilbert space H = L?(T'), with respect to the Lebesque
measure on I'. This operator is bounded in L? norm, and can therefore be continued
to an involution acting on the whole L?(T'), if and only if T is a so-called Carleson
curve. This result, along with the definition of Carleson curves, as well as detailed
proofs and the history of the subject, can be found in [6]. For our purposes it
suffices to know that S is a bounded involution when the curve I' is piecewise
smooth, i.e., admits a piecewise continuously differentiable parametrization.

If I is a circle or a line, then S is in fact selfadjoint, and both its norm and
essential norm are equal to 1. This situation is trivial from our point of view, since
W (S) and Wegs(S) then coincide with the closed interval [—1,1] and W,.(S) is
= el el .

As it happens [19], circles and lines are the only simple closed curves in C
for which S is selfadjoint. On the other hand, for all smooth simple closed curves
the essential norm of S is the same, that is, equal to 1 (see [14, Chapter 7] for
Lyapunov curves; the validity of the result for general smooth curves rests on
the compactness result from [15] and is well known within the singular integral
community). Thus, lines and circles are the only smooth closed curves in C for
which the norm and the essential norm of S coincide. However, such a coincidence
is possible for other piecewise smooth (even simple) curves.

One such case occurs when I is a bundle of m lines passing through a common
point, or of m circles passing through two common points. According to [13], then

ess —

m
Sl =S > cot —
IS0 = 1]y = cot
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with the last inequality turning into equality for at least m = 1,2, 3. Respectively,
for such curves T' the sets W(.S), Wess(S) are the ellipses with the foci at +1,
coinciding up to the boundary, and with the major axes of the length at least
2 csc 57— This length equals 2 csc 57— for m = 2,3. The c-numerical range of S is
the same ellipse, only scaled by ||c||.

The equality ||S|| = ||S]|. also holds for ' consisting of circular arcs (one
of which can degenerate into a line segment) connecting the same two points in
C [3, 4]; in order for an appropriate orientation on I' to exist the number of these

arcs must be even. If, in particular, there are two of them (that is, the curve I is

simple), then

B sinh(m¢¢)
Dy = SUP{ cosh(m§) &2 0}

and 7(1 — ¢) is the angle between the arcs forming T' [3]. The ellipses W(S5),
Wess(S) therefore have the major axes of the length 2, /D7 + 1.

where

For some particular values of ¢ the explicit value of Dy can be easily com-
puted, see [3]. If, for instance, I' consists of a half circle and its diameter, that is
¢ = 1/2, then Dy = 1/2v/2. Respectively, the major axes of W(S) and Wegs ()
have the length 3/\/5

It would be interesting to describe all curves I' for which the norm and the
essential norm of the operator (3.2) are the same.

3.2. Singular integral operators on weighted spaces on the circle

Let now I' be the unit circle T. We again consider the involution (3.2), this time
with H being the weighted Lebesgue space L?). The norm on this space is defined
by

1/2

ot e 2 (T e R ey
13 = oAl = = ([ P as)

where the weight p is an a.e. positive measurable and square integrable function
on T. In this setting, the operator S is closely related with the Toeplitz and Hankel
operators on Hardy spaces, weighted or not. All needed definitions and “named”
results used below and not supplied with explicit references can be conveniently
found in the exhaustive recent monograph [25].

3.2.1. The involution S is bounded on L2 if and only if p* satisfies the Helson-
Szeg6 condition, that is, can be represented as

exp(§ +7) with &, n € L°(T) real valued and ||n|| < 7/2 (3.3)
[25, p. 419]. This condition is equivalent to
JH.| <1, (3.4)
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where

w = ﬂ/p—i-v (35)

p+ is the outer function such that |p4| = p a.e. on T, and H,, denotes the Hankel
operator H,, with the symbol w acting from the (unweighted) Hardy space H? to
its orthogonal complement in L2. It is also equivalent to the invertibility of the
Toeplitz operator T,, on H?. Moreover [11],

1+ | Ho|l
Sllpn = 4| el

and a similar relation holds for the essential norms of S and H,. But
| Hol| = dist(w, H>)
(Nehari theorem [25, p. 3]) and

| Ho ... = dist(w, H* + C)

€ss

(Adamyan-Arov-Krein theorem [25, Theorem 1.5.3]), where H is the Hardy class
of functions that are bounded analytic in D, and its sum with the set C' of contin-
uous on T functions is the Douglas algebra H*> + C'. Thus, the ellipses W (S) and
Wess(S) have the major axes

1 — dist(w, H>®) and 2/+/1 — dist(w, H® + C),

respectively.

The norm of S is attained only simultaneously with the norm of H,,. This
happens, in particular, if H,, is compact, that is, w € H>° 4 C. The latter condition
can be restated directly in terms of p [11] and means that logp € VMO, where
VMO (the class of functions with vanishing mean oscillation) is the sum of C' with
its harmonic conjugate C.

Thus, for all the weights p such that log p € VMO the ellipse W(.9) is closed,
while Wess(S) degenerates into the line interval [—1,1].

A criterion for the norm of H, to be attained also can be given, though in
less explicit form. Recall that the distance from w to H* is always attained on
some g € H* (this is part of Nehari’s theorem). This ¢ in general is not unique,
and any f of the form w — g is called a minifunction. By (another) theorem of
Adamyan-Arov-Krein [25, Theorem 1.1.4], the norm of H,, is attained if and only
if the minifunction is unique and can be represented in the form

f(2) = || Hy| 20h/h, (3.6)
where 6 and h (€ H?) are some inner and outer functions of z, respectively?.

2Formally speaking, Theorem 1.1.4 in [25] contains only the “only if” part. The “if” direction is
trivial, since the norm of H,, is attained on h from (3.6); see Theorem 2.1 of the original paper

(2).
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3.2.2. We now turn to possible realizations of the outlined possibilities. If f ad-
mits a representation (3.6) with 6 of an infinite degree (that is, being an infinite
Blaschke product or containing a non-trivial singular factor), then ||H,| is an
s-number of H, having infinite multiplicity. In particular,

[1Holl = (||| (3.7)

ess *

According to Theorem 2.5, W(S) in this case coincides with the closed ellipse
Wess(S), all c-numerical ranges also are closed and differ from W(S) only by an
appropriate scaling.

Now let 6 in (3.6) be a finite Blaschke product of degree b(> 0) while h is
invertible in H2. Suppose also that |h|* does not satisfy Helson-Szeg8 condition,
that is, cannot be represented in the form (3.3) (such outer functions are easy to
construct — take for example h with |h|*" € L2 but |h| ¢ L**¢ for any e > 0).
Then the Toeplitz operator Ty has (b+1)-dimensional kernel, dense (but not closed)
range [21, Corollary 3.1 and Theorem 3.16], and therefore is not left Fredholm. By
Douglas-Sarason theorem [25, Theorem 1.1.15],

dist(f, H* + C) = [f| = || Ho || = | Hl| -

We conclude that (3.7) holds again. So, the ellipse W (S) is closed and coincides
with Wess(S). According to Theorem 2.5, the c-numerical range of S is closed if
the number of coefficients c; of the same sign does not exceed b+ 1, and open
otherwise.

Finally, if a unimodular function w is such that the operator T,, is invertible,
(3.7) holds, but its minifunction is not constant a.e. in absolute value, then the
norm of H,, is not attained. Accordingly, all c-numerical ranges, W (.S) in partic-
ular, in this case are open.

A concrete realization of the latter possibility is given in the next subsection.
All the other possibilities mentioned earlier also occur. To construct the respec-
tive weights p, the following procedure can be applied. Starting with any inner
function @ and outer function h € H?, choose f as in (3.6) with ||H,|| changed
to an arbitrary constant in (0, 1). Let w be an 1-canonical function® of the Nehari
problem corresponding to the Hankel operator Hy. As such, w is unimodular, and
can be represented as w = ¢/g, where g is an outer function in H? [25, Theo-
rem 5.1.8]. Since ||H, || < 1, the Toeplitz operator T,,-1 is invertible [25, Theorem
5.1.10] (the last two cited theorems from [25] are again by Adamyan-Arov-Krein
[2]). The desired weight is given by p = |g|.

By Treil’s theorem [25, Theorem 12.8.1], any positive semi-definite nonin-
vertible operator with zero or infinite dimensional kernel is unitarily similar to the
modulus of a Hankel operator. Thus, the multiplicity of the norm of H, as its
singular value can indeed assume any prescribed value, whether or not (3.7) holds.

3See [25, p. 156] for the definition.



Numerical Ranges of Quadratic Operators 251

3.2.3. Consider the concrete case of power weights
p(t)=TJlt-#t1", €T 8 eR\ {0} (3.8)

It is an old and well-known result that S is bounded on Lz with p given by (3.8)
if and only if |3;] < 1/2. This fact, along with other results about such weights
cited and used below (and established by Krupnik-Verbitskii [33]) can be found in
the monograph [20, Section 5].

The essential norm of S does not depend on the distribution of the nodes ¢;
along T, and equals

[IS]] .o = cot , where 3 = max|3;] . (3.9)

(1 —2)
€ess 4

In case of only one node (say to, with the corresponding exponent (), the
norm of S is the same as (3.9). The function w constructed by this weight p
in accordance with (3.5) is simply w(t) = t%°, having a discontinuity at to. The
distance from w to H* is the same as to H> + C, it equals sin(7 |5p]) and is
attained on a constant ¢ = cos(r |Bg|)e™™. A corresponding minifunction f = w—/¢
is not constant a.e. in absolute value; thus, it cannot admit representation (3.6).
Consequently, the norm of H,, is not attained. Accordingly, W.(S) is open for all
¢; the numerical range W (.S) has the major axis of the length 2sec(m |5p|). Other
c-numerical ranges are scaled by |||, as usual.

More generally, the norm of S coincides with (3.9) independently of the num-
ber of nodes, provided that one of the exponents (say §y) differs by its sign from
all others and at the same time exceeds or equals their sum by absolute value. The
size and the shape of all the ellipses W (.S), Wess(S), We(S) is then the same as
for the weight with only one exponent f;.

In case of two nodes (¢; and t3), the condition above holds if the respective
exponents 31, B2 are of the opposite sign. If the signs are the same, the norm of
S actually depends on argt;/ts. It takes its minimal value (for fixed ;) when
t1/t2 < 0. This value coincides with (3.9), thus making Theorem 2.5 applicable
again.

3.3. Composition operators

For an analytic mapping of the unit disc D into itself, the composition operator
Cy is defined as

(Csf)(2) = f(¢(2))-

3.3.1. We consider this operator first on the Hardy space H?2. In this setting, the
operator Cy is bounded and, if ¢ is an inner function,

ICsll = L+ 160)] (3.10)

1—[p(0)]"

see [24], also [10]. It is easily seen from the proof of (3.10) given there that the norm
of Cy is not attained, unless ¢(0) = 0. As was shown in [27, 28], the essential norm
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of Cy for ¢ inner coincides with its norm; moreover, this property is characteristic
for inner functions.

The numerical ranges of composition operators Cy with ¢ being conformal
automorphisms of D were treated in [8]. It was observed there, in particular, that
W (Cy) is an elliptical disc with the foci at £1 when Cy is an involution, that is,

o(2) = lp__]_fz (3.11)

for some fixed p € D. The major axis of this disc E, was computed in [1], where

as a result of rather lengthy computations it was shown to equal 2/4/1 — |p|*. For
p =0, Cy is an involution of norm 1. Respectively, Ey degenerates into the closed
interval [—1,1]. The question of openness or closedness of E, for p # 0 was not
discussed.

It follows from Theorem 2.1 that E, is open (if p # 0); moreover, the length
of its axes can be immediately seen from (3.1) and (3.10):

1+p| 1—p| >
+ =2/\/1—p|".
\/1—|p| Tl VT
Furthermore, Theorem 2.2 implies that Wess(Cy) is the closure of E,. Finally, by
Theorem 2.5 the c-numerical range of Cy is E, dilated by ||c]|.

3.3.2. These results, with some natural modifications, extend to the case of the
operator Cy with ¢ given by (3.11) acting on weighted spaces Hp2. Namely, for a

non-negative function p € L?(T) with logp € L' we define the outer function p,
as in (3.5). Then

Hy = {f: p+f € H?} and ||f]72 = I+ fllgze -

A change-of-variable argument, similar to that used in [24], shows the following
equality:

27

ICa s =5 [ 17 (6(e) P(o(e”) Pas

1 27 ) ' 1 9
=g7 ), MEIP (@ (¢)))* ﬁdﬂ = Ilfxl3s» (3.12)
where
V1= p(otr)

X(t) = , teT.

Ip — t| p(t)

The norm of a multiplication operator on weighted and unweighted Hardy spaces
is the same. According to (3.12) the operator Cy is therefore bounded on H? if

and only if
> p(o(t))
ter  p(t)

< 0. (3.13)
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Observe that (3.13) is equivalent to
PO
teT  p(t)
because ¢ is an involution. Apparently, (3.13) holds if p € L™ is bounded below
from 0, but there are plenty of unbounded weights p satisfying (3.13) as well.
Under this condition, ||Cy|| . = M, where

t
M=1/1- |p|28upp(¢7()). (3.14)
tet |p —t| p(t)
For any ¢ > 0, consider a function g € Hg with the norm 1 and such that
HC¢9HH§ > M — €. Then HC¢9nHH§ > M — € for g,(z) = 2"g(2), n = 1,2,....

Since the sequence g,, converges weakly to zero in H p2, from here it follows that the
essential norm of Cy also equals M. (We use here the well-known fact that com-
pact operators on Hilbert spaces map weakly convergent sequences into strongly
convergent sequences, see, for example, [26, Section 85].) Moreover, the norm of Cy
is attained if and only if there exist non-zero functions in Hg with absolute value
equal zero a.e. on the subset of T where |x(t)| # M. Due to uniqueness theorem

for analytic functions, a necessary and sufficient condition for this to happen is

p(6(t))
(p = t)p(t)
If (3.15) holds, then the norm is attained in particular on all inner functions, so
that the respective subspace is infinitely dimensional. Consequently, Wess(Cy) is
the closed ellipse with the foci at £1 and the axes M &+ M~!, and W (Cy) is the
same ellipse when (3.15) holds or its interior when it does not. The c-numerical
range is simply ||c|| W(Cly).

Of course, for p(t) = ¢ condition (3.13) holds, formula (3.14) turns into (3.10),
and (3.15) is equivalent to p = 0. Thus, the results obtained match those already
known in the unweighted setting.

‘ = const a.e. on T. (3.15)

3.3.3. Onme can also consider composition operators Cy on weighted Lebesgue
spaces L?,. Formulas for the norm and the essential norm of Cy remain exactly
the same, with no changes in their derivation?. The condition for the norm to be
attained is different: in place of (3.15) it is required that the supremum in its left-
hand side is attained on a set of positive measure. The respective changes in the
statement about the numerical ranges are evident, and we skip them. We note only
that for p(t) =t the supremum in the right-hand side of (3.15) either is attained
everywhere (if p = 0) or just at one point (if p # 0). Thus, all the sets W (Cy),
Wess(Cp) and W, (Cy) are exactly the same whether the composition operator Cy
with the symbol (3.11) acts on H? or L.

4Moreover, condition logp € L' can be weakened simply to p being positive a.e. on T, as was
the case in Subsection 3.2.
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3.3.4. Finally, we consider the operator Cy on the Dirichlet space D. Recall that
the latter is defined as the set of all analytic functions f on D such that

1713 = [FO) + / F(2)PdA(z) < o,
D

where dA is the area measure.
It was shown in [22, Theorem 2] that for any univalent mapping ¢ of D onto
a subset of full measure,

L+2+LA+1L)
|Csllp = 5 7

where L = —log(1 — |$(0)|?). This simplifies to
VL+Vi+L
2 )

1Csllp =

and is of course applicable when ¢ is given by (3.11). Consequently, the elliptical
disc W(Cy) has the major axis

1
4+ log —.
1—[p|”

Moreover, the operators considered in [22, Theorem 2] attain their norms, so that
W (Cy) is closed.

It was further observed in [18, Proposition 2.4] that the essential norm of Cy
on D does not exceed 1, for any univalent ¢. For ¢ given by (3.11), the essential
norm of Cy on D must be equal 1, since the essential norm of an involution on
an infinite dimensional space is at least one. Thus, Wees(Cy) in this setting is the
closed interval [—1,1].

Analogous remarks can be made in other contexts where the norms and
essential norms of composition operators are known.

Added in proof. To illustrate this point: in [7], the composition operator Cy was
considered on Hardy spaces H?(By) and Bergman spaces A?(By), where By is
the unit ball in the space CV of N complex variables. Among other things, the
length of the major axis of the ellipse Ex = W(Cy) was computed there, for ¢
being the involutive linear-fractional transformation of By. It also follows from
the results of [7] that, as in the setting of Subsection 3.3.1, the essential norm of
Cy coincides with its norm and the latter is not attained unless ¢(0) = 0. Thus,
for ¢(0) # 0 the ellipse Ey is in fact open, Wess(Cy) is its closure, and W.(Cy) is
Ey dilated by |||

As we learned from the referee, the openness of the ellipse E, in the setting
of Subsection 3.3.1 was also shown in [23].
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Inverse Problems for Canonical Differential
Equations with Singularities

James Rovnyak and Lev A. Sakhnovich

Abstract. The inverse problem for canonical differential equations is investi-
gated for Hamiltonians with singularities. The usual notion of a spectral func-
tion is not adequate in this generality, and it is replaced by a more general
notion of spectral data. The method of operator identities is used to describe
a solution of the inverse problem in this setting. The solution is explicitly
computable in many cases, and a number of examples are constructed.
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1. Introduction

By a canonical differential equation we understand a system of the form
dy
— =izJH(2)Y, 0<z<{,
dx (1.1)
D2Y1 (0, Z) + Dl)/z(o, Z) = 0,

where H(z) = H(z)* has 2m x 2m matrix values and satisfies
H(z) >0 (1.2)

on [0,¢). Here ¢ is a finite positive number, z is a complex parameter,

J = L?n 16” . Y(x,2) = [égzg] (1.3)
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where Y1 (z, 2), Ya(z, z) have m x 1 matrix values, and Dy, Dy are m x m matrices
such that D1 D5 + Dy D} = 0 and D1 D7 + Dy D5 = I,,,. Without loss of generality
(see [21, p. 52]), we can take

D, =0, Dy =1I,,. (1.4)

The fundamental solution is the 2m X 2m matrix-valued function Wz, z) such
that

aw
e izJH(x)W, W(0, 2) = Iop,. (1.5)
With the aid of this function, we define a transform
Vf=F,

¢
F(z)= /0 [0 I W(z,2)* H(z)f(z) dz,

where f(z) is a 2m x 1 matrix-valued function on [0, £) and F(z) is an m x 1 matrix-
valued entire function. A nondecreasing m X m matrix-valued function 7(¢) on the
real line is called a spectral function for (1.1) if

/Of(:c)* d:v—/ Pl [dr(t)] F(2) (1.6)

for any transform pair f(z), F'(z). The direct problem of spectral theory is to find
all spectral functions 7(¢) for a given system (1.1). The inverse problem is find a
system (1.1) having a given spectral function 7(t).

We recall how the inverse problem is solved in [18, 21] for systems (1.1)
having locally integrable Hamiltonians H (z). Let v(z) be an m x m matrix-valued
Nevanlinna function such that v(iy)/y — 0 as y — oo. Then

u(z)=00+/_0;{ ! —L] dr (), (1.7)

t—z 1+1¢2

where 7(t) is a nondecreasing matrix-valued function such that [~ _dr(t)/(1+¢%)
converges and C is a constant selfadjoint m x m matrix. To construct a system
(1.1) which has 7(t) as a spectral function, we choose a Hilbert space £, a Volterra
operator A € £()), and an operator @2 € £(8, ) where & = C™ in the Euclidean
metric. Define operators S = S, in £($)) and &; = &, in £(&, H) by

Sy = /OO (I — At) ™10, [dr (1)) 5(T — A*t) 7L, (1.8)
Py, =—i /_OO [A(I — At R Dy [d7(t)] + iP2Co. (1.9)

If the integral in (1.8) is weakly convergent, then so is the integral in (1.9). In this
case,

AS — SA* =i [®1®) + @7, (1.10)
and S > 0. Let A* have an eigenchain of projections P,, 0 < z < /¢, with Py =0
and P, = I. Write 9, = P, $), and assume that the operators S, = P, SP,|$. are
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invertible. Then under conditions detailed in in [21, pp. 5455, Theorems 2.1, 2.2],
the function

W(z,2) = Iop + iz I* P, S; ' Po(I — 2A) 7T, = [0 @], (1.11)

has a continuous product representation

W(z,2) = lim exp{/tn P2 JH(t) dt}---exp{/tlinH(t) dt}

tn—1 to
:/ exp {izJH(t)dt}, (1.12)
0
where 0 = ¢p < t; < -+ < t, = x is a partition of the interval [0, z] and where

the limit is taken as the maximum length of the intervals in the partition tends to
zero. The function H(z) is extracted from this representation by the formula

d
H(z) = o *P, S, ' P,II. (1.13)

x
Moreover, the function W (z,z) given by (1.11) is the fundamental solution of a
canonical differential system (1.1) with Hamiltonian (1.13), and 7(¢) is a spectral

function for this system.

In this paper we generalize the preceding approach to the inverse problem.
We retain the assumption of positivity but allow the Hamiltonian H(z) to have
singularities 0 < z7 < x2 < --- < £ (that is, points where H(x) is not locally
integrable). Thus in place of (1.2) we have

H(z) >0, TF T, T, . (1.14)
Consider now a generalized Nevanlinna function v(z) satisfying v(iy)/y — 0 as

y — o0o. The representation (1.7) is replaced by the Krein-Langer integral repre-
sentation,

t—z

o(z) = JZ_:O/A { ! —Sj(t,z)} dr(t) + R(2). (1.15)

This representation depends on certain quantities
T={7(t); Ao, ..., Ar;a1,...,0;p1,...,pr; R(2)} (1.16)

that we call Krein-Langer data (see Theorem 2.1). A transform V is defined for
systems (1.1) as before. We say that (1.1) admits 7 as spectral data if

¢
/0 f(2) H(z)f(z) dz = (F(z), F(2)), (1.17)

for all transform pairs f(z) and F(z), where (-, )
eralizes the right side of (1.6).

To solve the inverse problem for systems with singularities, we use formulas
from [12] that generalize (1.8) and (1.9) to construct an operator identity (1.10).
Now we assume only that the operators S, in the previous scheme are invertible
except at certain points 0 < 1 < x2 < --- . Then (1.11) and (1.13) define the

» is an inner product that gen-



260 J. Rovnyak and L.A. Sakhnovich

fundamental solution and Hamiltonian of a system (1.1) satisfying (1.2) but hav-
ing singularities at the points x1, x2, ... . We emphasize that a system constructed
in this way satisfies (1.14). Hence by the Parseval relation (1.17), the inner prod-
uct (-,-),. is positive on the range of the transform V. In what follows, precise
conditions will be given for the validity of the procedure just described.

It will be shown in examples that there are cases in which the calculations
can be carried out explicitly. The singularities which occur are of pole type. The
examples can be expanded to the complex domain, and in a number of cases it is
possible to construct the global solutions to (1.5) in an explicit form.

The study of systems (1.1) has a long history, and we only mention a part
of this development. Gohberg and Krein [6] considered such systems on a finite
interval, named them canonical differential equations, and introduced notions of
eigenvalue and eigenfunction. L. de Branges [4] has obtained deep results on in-
verse problems by an analysis of families of Hilbert spaces of entire functions. The
approach to inverse problems from the viewpoint of factorization problems and
operator identities is given by L.A. Sakhnovich [18, 21]. The properties of spectral
functions for canonical systems have also been investigated by A.L. Sakhnovich
[16]. In a series of papers including [1] and [2], Arov and Dym have made thorough
studies of inverse monodromy, inverse scattering, and inverse impedance problems
for canonical systems with an emphasis on the strongly regular case. An indefinite
theory is initiated in Krein and Langer [9] and developed in an interesting paper
by Langer and Winkler [11]. The indefinite case of canonical differential systems
presents new technical difficulties. The theory of de Branges has a successful gen-
eralization to Pontryagin spaces, due to Kaltenbédck and Woracek [7]. Indefinite
problems for canonical systems are studied in the simplest case of discrete sys-
tems by the authors [13], by the method of factorization and operator identities.
Continuous systems are added to this theory in [15] under some simplifying as-
sumptions. This list of references is not complete, and the sources cited here should
be consulted for additional references.

The purpose of this paper is to describe classes of inverse problems in which
the solution by means of operator identities produces examples of canonical differ-
ential systems (1.1) such that H(z) > 0 and H(z) has singularities. We note how
this paper differs from [15]. In [15] we considered systems (4.1) such that B(x)
has at most simple discontinuities at isolated points in [0, ¢). Here we allow these
points to be singularities, that is, points where B(x) and H(z) = B’(x) may fail to
be locally integrable. Using the results of [12] and [14], we are also able to extend
the theory to the full class of generalized Nevanlinna functions: in this paper we
allow the points a1, ..., a, in Theorem 2.1(1°), whereas such points are excluded
n [15]. In [15] we also considered some problems with s = oo, but such problems
are not considered here.

In Sections 2 and 3 we formulate results from [12] and [14] that are needed
for what follows. These concern the Krein-Langer integral representation and op-
erator identities associated with generalized Nevanlinna functions. In Section 4 we
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construct a system with a given operator identity. The main scheme to solve the
inverse problem is described in Section 5. Section 6 gives additional results for
integral operators. Concrete examples are constructed in Section 7.

Notation. Throughout § is a separable Hilbert space, m is a positive integer, and
® = C™ in the Euclidean metric. By £(9) and £(®, ) we mean the usual spaces
of bounded linear operators on §) into itself and on & into £. Write CL for the
open upper and lower half-planes. The matrix J is as in (1.3). Let N,, be the
generalized Nevanlinna class of m x m matrix-valued functions v(z) which are
meromorphic on C; U C_ such that v(z) = v(2)* and the kernel

v(z) —v(Q)”

z—¢
has s negative squares (s a nonnegative integer). If S € £(9) is a selfadjoint
operator on a Hilbert space, g is the dimension of the spectral subspace for
the set (—o00,0). Thus »g < oo if and only if the negative spectrum consists of
eigenvalues of finite total multiplicity.

2. The Krein-Langer integral representation

The Krein-Langer integral representation of a generalized Nevanlinna function
v(z) generalizes the integral formula (1.7) for classical Nevanlinna functions. The
functions which occur in our applications satisfy the additional condition

Him 2 g (2.1)

y—oo Y
and we state the result for this case. For the general case, see [3, 10, 14].

Theorem 2.1. Every m x m matriz-valued function v(z) which belongs to some
class N,,, » > 0, and satisfies (2.1) can be written as

v(z) = J_ZO /A j {i - Sj(t,z)} dr(t) + R(=), (2.2)

where Aq,..., A, are bounded open intervals having disjoint closures, Aqg is the
complement of their union in the real line, and

(1°) there are points ax, ..., q, and positive integers p1, ..., pr such that a; € A;,
j=1,...,r, and

2p;
1 1 t—aj ’
— -t, = J A', .:1,...’ 5
t—z () t—z(z—aj) on e J "

1 1+tz 1

t— 2 o(t,2) t— 2 1412

on Ao ;
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(2°) 7(t) is an m x m matriz-valued function which is nondecreasing on each of

the r + 1 open intervals determined by o, ..., a, such that the integral
/°° (t— )%t (t — )% dr(t)
oo (14 ¢2)prt-tpr 1+¢2

18 convergent;
(3°) R(2) is an m x m matriz-valued rational function which is analytic at infinity
and satisfies R(z) = R(Z)*.

Conversely, every function of the form (2.2) belongs to some class N,, and satisfies
(2.1).
Proof. This follows from Theorems 2.1 and 4.1 in [14]. O

The function 7(t) in (2.2) is essentially unique and can be recovered from v(z)
by a Stieltjes inversion formula [14, Corollary 3.3]. However, the other quantities
in (2.2) are not unique.

We note that any function R(z) satisfying (3°) can be written as

R<z>=co—i[Rk(z_lkk)+Rk(5_1Ak)*]7 (23

where Cj is a constant selfadjoint m x m matrix, A1,..., s are distinct points
in the closed upper half-plane, and R;(z),..., Rs(z) are polynomials such that
R1(0) =--- = R4(0) =0.
Definition 2.2. The quantities

T = {T(t)7 AOv Al? RS} AT, Qlyee oy Qpi P1y e ey Pry R(Z)} (24)

appearing in a representation (2.2) are called Krein-Langer data for v(z).

3. Operator identities

Generalized Nevanlinna functions v(z) and their Krein-Langer integral represen-
tations (2.2) are used to construct operator identities

AS — SA* =i [D1DF + B2P]]
A Sef($H), O1,P€L(8,9),
where §) is a Hilbert space, & = C™, and S = S*. The method that we use here
follows [12] and generalizes the formulas (1.8) and (1.9) from the definite case
[20, 21]. In place of the inequality S > 0 which is used in [20, 21], it is assumed
here and in [12] that g < co. We do not require the full generality of [12], since

in the present applications A is a Volterra operator and v(z) satisfies (2.1). In this
section, we review background from [12] in the form needed in this paper.

(3.1)

By a Volterra operator A we mean a compact operator on a Hilbert space
such that o(A) = {0}.
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Assumptions 3.1. Let A € £(9) and ®3 € £(8, 9) be given operators, and let v(z)
be an m X m matriz-valued generalized Nevanlinna function satisfying (2.1) which
is represented in the form (2.2) for associated Krein-Langer data (2.4). Assume

(i) A is a Volterra operator, and
(i) the integral [, (I — At) " g [dr(t)] @5(I — A*t)~ converges weakly.

When these conditions are met, then following [12] we define operators S, €
£($H) and @1, € £(6, H) by

Sy = ; /A{(I — AT Dy [dr (1))@ (I — A*t)™) — dr; (t; A, @2)}

2; (I = M) Do RONDL(I — AA) L d), (3.2)
chh,_z/ { (I — Ab)- 6j(t;A)}<I>2 [dr(2)]
5 A(I = NA)TIP,R(N) d\ — $2C). (3.3)
i Jr

n (3.2) and (3.3), I is any closed contour that winds once counterclockwise
about each of the poles of R(A), that is, about each of the points Aq,...,\s in a
representation (2.3). Explicit formulas for these contour integrals are given in [12,
Section 3]. The constant selfadjoint matrix Cy plays no role and can be chosen
arbitrarily. If Cy is chosen is as in (2.3), that is, Cy = R(c0), then (3.2) and (3.3)
reduce to (1.8) and (1.9) when » = 0.

The convergence terms dr;(t; A, @) and &,(¢; A) in (3.2) and (3.3) are de-
fined in this way. For j = 0, define
174
1+12
1

dTO(t; A7 (1)2) = 07 60(t7 A) = -

For j =1,...,r, use the Taylor expansion of (I —tA)~
(I —tA) " Dy [dr(t)]P5(T — tA*) ™!

about o to write

(t—ay)’ D Aplay) Boldr ()5 Ag(ay)”,
£=0 p+q=¢
P20
AT =A™ =" (t—a;)PAp(e))A,
p=0
where A, () = AP(I — a;A)~P~! for all p > 0. Then take
2pj—1
drj(t; A, ®2) = Y (t—ay)" Y Aplay) Dafdr(t)]®3 Ag ()",
£=0 p+q=¢

p,q>0
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2pj—1

Sj(t; A) = D (t—ay)PAp(ay)A.

p=0
With these definitions, the integrals in (3.2) and (3.3) converge weakly.
The formulas (3.2) and (3.3) that define S, and ®;, agree with the corre-
sponding formulas in [12]. From Theorems 3.4 and 3.5 in [12], we obtain:

Theorem 3.2. Let A, @2, and v(z) satisfy Assumptions 3.1. Then

(i) the definitions of the operators S, and ®1, are independent of the choice of
Krein-Langer representation (2.2) for v(z);
(ii) the operator S, is selfadjoint, and g, < 00;
(iii) the operators A, @9, S =S, and &1 = @y, satisfy

AS — SA* = i [B1DF + DoB7].

4. Systems associated with operator identities

The main result of this section, Theorem 4.1, shows how to construct a canonical
differential equation from an operator identity. We first pass to an integral form
of a system (1.1):

Y(2,2) = Y(0,2) +i2J /j[dB(t)] Y(t,2),

(4.1)
D>Y1(0,2)+D1Y2(0,2) =0,
0 < < {. Here Y(z,2) and J are as in (1.3). As before, we take
[D1 D] =0 I].
In (4.1), we allow singularities at points 0 < x; < x2 < --- which have no

limit point in [0, ¢). Thus we assume that B(z) has selfadjoint 2m X 2m matrix
values and is continuous and nondecreasing on the intervals

[0,$1),(x1,x2),(:1:2,x3),... . (42)

For an interval (z,,2,11) with n > 1, we interpret (4.1) to mean that
Y(b,2)— Y(a,2) = iz] / "B Y (. 2) (4.3)
whenever [a,b] C (zp, Tnt1). A similar meanil;g is attached to the equation
W(a, 2) = Lo +i2] /0 NdBOIW (L 2), (4.4)

where W (x, z) is a 2m X 2m matrix-valued function. On (x,, zp41) with n > 1,
we interpret (4.4) to mean that

b
W(b,z)—W(a,z) = in/ [dB(t)] W (t,z) (4.5)
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whenever [a,b] C (2, 2Zn4+1). In particular, (4.3) and (4.5) hold in each of the
intervals (4.2). In the usual way, (4.1) reduces to (1.1) when B(x) is absolutely
continuous and H(x) = B'(x).

We call any solution W (x, z) of (4.4) a fundamental solution for the system
(4.1). The fundamental solution is not unique when singularities are present due to
the way in which we interpret (4.4) in the intervals between the points z1, 22, ... .
A fundamental solution is continuous in z on the intervals (4.2) for fixed z, and
entire in z for each fixed x. In Theorem 5.3 we show that for systems associated
with operator identities, there is a distinguished choice of fundamental solution.

Theorem 4.1. Let A, S € £(9) and ©1, P2 € £(8, H) satisfy (3.1) with A Volterra,
S selfadjoint, and »xs < oo. Let A* have a strongly continuous eigenchain of
projections P, 0 < x < £, satisfying an inequality

|(Pryaz — Po)A(Poyaz — Pﬂc)” <M Az
whenever 0 <z < x + Az < £ for some M > 0. Assume:

(1) there are points 0 < x1 < ®g < --- having no limit point in [0,) such
that the operator S, = PySPy|s, is invertible on $, = Pp$ for each x in

0,0\ {x1,22,...};

(ii) S, 1P, is a strongly continuous function of  on the intervals (4.2).
Then the 2m x 2m matriz-valued function
B(z) = 1I*P,S; ' P11, II=[® &, (4.6)
is continuous and nondecreasing in each of the intervals (4.2), and
W(x,2) = Iop, +izJ T*PS; P(I — 2A) I (4.7)
is a fundamental solution for the system (4.1) with B(x) defined by (4.6).

In Theorem 4.1, we assume that the eigenchain is indexed so that Py = 0
and Pg =1.

Lemma 4.2. Under the assumptions in Theorem 5.3,
P:S; ' PeSP,S, ' Py = P.S'F,

where ¢ = min{&,n} and &,n are any points in [0, €] such that the inverses exist.

Proof of Lemma 4.2. If § <, then P:SP,|s, = P:P,SP,|s, = P:Sy, and
P:S: ' PeSPy S, Py = PeSg ' PeS,y S, ' Py = PeSg ' P

If £ > n, then PSP, = P:SP: P, = S¢F,, and
PeS; PSP, S, Py = PeS 'S¢ Py S, Py = PSPy,

as was to be shown. O
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Proof of Theorem 4.1. By (ii), B(x) is continuous in each of the intervals (4.2).
To show that it is nondecreasing in these intervals, it is sufficient to show that for
each u € & x &, the function

B(x) = u"B(x)u

is nondecreasing in the intervals. We assume that 3(a) > 3(b) for some compact
subinterval [a, b] of one of the intervals (4.2) and derive a contradiction. Since G(x)
is continuous on [a, b], by the intermediate value theorem, for any positive integer
r > g we can find points a; > by > ag > by > -+ > a, > b, in [a, b] such that

Blar) > B(br) > Blaz) > B(b2) > -+ > Blar) > B(by).

For each j =1,...,r, set

fi = Po; Sy, Py, Tlu — Py, Syt Py, T

By Lemma 4.2, if £, 7 € [a, b],
(PS8, Pyllu, PeS; Pellu) = w1 PeS Pl = B(C),

where ¢ = min{&, n}. It follows that

) _ 5]7 J:kv
(S, fr) = {0, P4k
For when j =k,
(Sfj, f5) = B(bj) — Blaj) — Blay) + Bla;) = d;.
If j < k,

(Sfj, fr) = B(bj) — B(b;) — Bla;) + Bla;) =0,
and similarly if j > k. Since 6; < 0 for each j, $ contains an r-dimensional
subspace O which is the antispace of a Hilbert space in the inner product

(Sf.9),  fgeMn

This is impossible since r > 3¢5 (because the projection of 91 into the spectral
subspace of S for the negative axis is one-to-one). It follows that B(z) is nonde-
creasing on each of the intervals (4.2). [In the case S > 0, a different argument to
show that B(z) is nondecreasing is given in [21, p. 42].]

The proof that W (z, z) is a fundamental solution for the resulting system is
essentially identical to the first part of the argument in [12, Theorem 3.3]. An extra
condition is used in [15, Theorem 3.3], namely, that ||S; || is bounded on [0, ¢]. In
our case, ||S; || is locally bounded by (ii) and the uniform boundedness principle,
and this is all that is needed in the argument. O
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5. Spectral data and the inverse problem

Consider a system (4.1) with fundamental solution W (x, z). Define a transform
Vf=F
¢ . (5.1)
FE) = [0 5] W) @B f(e).

where f(x) is a 2m X 1 matrix-valued function on [0,¢). We assume that f(z) is
compactly supported, vanishes in an open interval about each point x1,xo,...,
and is continuous except for a finite number of simple discontinuities. For each
such f(x), the corresponding F'(z) is an m x 1 matrix-valued entire function.

Let v(z) be an m x m matrix-valued function in N,, satisfying (2.1) with
Krem-Langer data 7 given by (2.4). If F(z) and G(z) are m X 1 matrix-valued
entire functions such that the integrals

[ rerareire. [ coraneico 6:2)
Ao Ao

converge, we define

(FG,a6), =Y [ {0 o) P - doy(i: 7,6}
7=075i
~ L [ ety roVF() (5.3)
21t Jp

In the last term, I' is any closed contour that winds once counterclockwise about
each of the poles of R()). In the first integral term, we take

doo(t; F,G) = 0.

Then the integral on in (5.3) converges since the two integrals in (5.2) converge.
For j = 1,...,r, use the Taylor series F(t) = Z;OZO F,y(a;)(t — a;)P and G(t) =
> a0 Ga(aj)(t — ;) to formally write

GO [dr(®)] F(t) =D (t—a;)" Y Gylay)” [dr(t)] Fy(ay).

=0 p+q=~
p,q>0
Then choose
ij—l
doj(F,G) = > (t—a;)" Y Golay)" [dr(t)] Fy(ay).
=0 p+q=~
p,q20

With this choice, the integral [ A, I (5.3) converges by the condition (2°) in
Theorem 2.1.
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Lemma 5.1. Let T be Krein-Langer data for a function v(z) € N,, which satis-
fies (2.1). Suppose F(z) = ®3(I —2A*)"Lf and G(z) = ®3(I — 2A*)"Lg, f,g € 9,
where A € £(9) and ®o € £(&, 9) satisfy the conditions in Assumptions 3.1 and
Sy is defined by (3.2). Then

<F(z),G(Z)>_’_ = <Svfog> .

Proof. If the integrals in (3.2) are interpreted in the weak sense, the inner product
(Svf,g) reduces to (5.3) by the definition of S, in Section 3. O

Definition 5.2. Consider a system (4.1) with fundamental solution W (x,z) and
transform V defined by (5.1). Let

T = {T(t);A07A17"‘7Ar;a17"‘7a7‘;p17"'7pT;R(z>}

be Krein-Langer data for an m X m matriz-valued function in N,, satisfying (2.1).
We call T spectral data for the system (4.1) if the Parseval identity

£
/0 g(0)" [dB(t)] f(t) = (F(2),G(2)), (5.4)
holds for all transform pairs f(t), F(z) and g(t), G(z).

We now describe a solution to the inverse problem for systems (4.1).

Theorem 5.3. Let v(z) € N,, be an m X m matriz-valued function satisfying (2.1)
which has Krein-Langer data 7. Choose operators A € £(9) and @2 € £(8,9)
satisfying Assumptions 3.1, and define S = S, and &1 = @1, by (3.2) and (3.3).
Then S is selfadjoint, »g < oo, and A, S, ®1, Py satisfy (3.1). Any system (4.1)
constructed from these operators by means of the formulas (4.6) and (4.7) in The-
orem 4.1 has spectral data T.

Proof. The stated properties of A, S, &1, Py follow from Theorem 3.2. Let ~,d
of [0,¢) be subintervals of [0,¢) whose closures do not contain any of the points
T1,Z2,.... We first prove the identity

¢
/O g9s(t)" [dB(t)] f+(t) = (Fy(2), Gs(2))., (5.5)
for any transform pairs fy(z), F,,(2) and gs(x), G5(2) such that

H(@) = xy(@u,  gs(x) = xs(x)o, (5.6)

where u,v € &. We allow the possibility that v and ¢ are contained different
intervals in the list (4.2). Clearly,

14
/ga(t)*[dB(t)]fw(t)=/ v* [dB(t)] u. (5.7)
0 yNo
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If v = [a, b], then by (4.5),

b
P(z) = / [0 L, W(t,2)* [dB(0)]u
W(b, )" — W(a, 2)"J

—1z

= [0 Iu]

u.

Hence by (4.7),
Fy(z) = [0 L] {I"(1 = 24") ' RS BT
(I - zA*)_lPaSa_lPaHu}
= 03I — 2A") " (hy — ha),
where h, = P,S; ! P,Ilu and h; = PbSb_leHu. Similarly, if 6 = [¢, d], then
Gs(2) = ®5(I — zA*) (kg — ko),

where k. = P.S;'P.Iv and kg = PnglPde. Now set S = 5, and apply Lemma
5.1 to get

(F5(2), G5(2)) . = (S(ho = ha), ka = ke)
= (SP,S, ' P,IIu, PyS; ' PyIlv) — (SP,S; ' Pyllu, P.S; * P.IIv)
— (SP.S, ' PIu, PyS; ' Pallv) + (SP,S, ' P,ITu, P.S; ' P.IIv) . (5.8)

Case 1: yN§ = 0. If a < b < ¢ < d, then by (5.7), (5.8), and Lemma 4.2,
(Fy(2),Gs(2)),. = v*II*P,S, ' PlTu — v*I1* B, S, " PyTIu

4
— o*II* P, S, P, TTu + v*II* P, S; ' P,TIu = 0 = / gs(t)* [dB(t)] £+ (t).
0
Case 2: YN § # (. Here we can assume that a < ¢ < b < d. As above,
(Fy(2),Gs(2)), = v*II* P, S, ' Pllu — v*[I* P.S, ' P.ITu

— v*II* P, S, ' P,TTu + v*11* P, S ' P,TTu

b 0
:/ 95(t)" [dB(t)] fv(t)=/0 95(t)" [dB ()] 5 (1)-

The general case follows by linearity and approximation. (|

Corollary 5.4. In the situation of Theorem 5.3, (F(z),G(2)), is a strictly positive
inner product on the range of the transform (5.1).

Proof. The inner product is nonnegative by the Parseval formula (5.4) and the
fact, established in Theorem 4.1, that B(x) is nondecreasing in the intervals (4.2).
If (F(z), F(z)), = 0 for some transform pair f(z), F(z), the same identity implies
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that [) £(£)* [dB(t)] f(t) = 0. Then F(z) = 0 by (5.1) and the Cauchy-Schwarz
inequality. O

In many examples of Theorem 5.3, (4.1) is equivalent to a system

d—Y:inH(x)Y, 0<z<{,
dx (5.9)
Y1(0,2) =0,
where H(z) has the form (see Theorem 6.2)
hl(l')*
H(z) = hi(z) ha(z)|. 5.10
@ h2<x>*1[1“ 2(2)] (5.10)
Then it is natural to consider an alternative form for the transform (5.1). In (5.1)
write
fl(x) Wu(:z:,z) W12($,Z)
= W =
=[5 wea=limtd w3
and

9(x) = ha(z) f1(x) + ha(z) f2(2),
Y(xz,z) = Wig(z,2)" ha(x)* + Waa(z, 2)" ha(x)™.

Then (5.1) assumes the form

‘N/g =G,
¢ (5.11)
G(:) = [ (e 2)ala) do
The Parseval relation (5.4) becomes
¢
/0 g9(t)"g(t) dt = (G(2),G(2)), (5.12)

in this case.

Paley-Wiener example. The simplest example of Theorem 5.3 yields the Paley-
Wiener transform. Consider the spectral data 7(t) = t/(27) on Ag = (—00,00)
and associated Nevanlinna function v(z) = /2, Imz > 0. We apply Theorem 5.3
with § = L?(0,¢), & = C, and

(Af)(z) = i/om ft) dt and (Pac)(z) = ¢

for all f € L?(0,¢) and ¢ € C. We find that S, = I and (®1,,¢)(z) = 5 c for all
c € C. If P is the projection onto L?(0,&), short calculations of the quantities
(4.6) and (4.7) yield
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1

5 1

L 1
1 2

The transform (5.11) and Parseval relation (5.12) are given by

NIEg

+ eizf

W(, 2) = [

T3
Z .
G(z) = /0 e *Tg(z) dx (5.13)

/ lg(x)|? do = —/ z)|? dx. (5.14)

The associated canonical differential equation, of course, has no singularities. Ex-
amples with singularities are given in Section 7.

and

6. Integral operators

In Theorem 6.1 we identify a large class of operator identities (3.1) for which the
hypotheses of Theorem 4.1 are satisfied. Theorem 6.2 shows that in many cases a
2m x 2m matrix-valued Hamiltonian H(z) = B’(z) obtained from (4.6) satisfies
rank H (z) = m except at the points of singularity. For difference-kernel operators,
the Hamiltonian has a special form, which is given in Theorem 6.3.

Let § = L2,(0,¢) and & = C™ for some positive integer m. Let P be the
projection of ) onto e = L2,(0,£), 0 < £ < £. Assume that

Un@=i [ sed. e Lioo. (6.1
0
and that ®; and ®5 are operators on & into §) given by
(@19)(2) = p1(2)g,  (P2g)(2) = p2(2)g, g€ C™, (6.2)
where ¢1(z) and p2(z) are continuous m x m matrix-valued functions. Let
K(z,t)f
Do) = o)+ [ Ko (63

K(z,t) = K(t,z)", z,t€(0,0),

where K (z,t) is a bounded continuous m X m matrix-valued function. We assume
that the identity

AS — SA* =i [D105 + P, ] (6.4)
is satisfied.

When the operators A, S, @1, Py are as in (6.1)—(6.4), the formula (4.6) for
the Hamiltonian takes the form

d <S.g_19017801>£ <S§_1<P27801>£

H(f):Bl(f):d_g <Sg1<p17802>5 <5§—1<p27302>E ;

(6.5)
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where (-,-), denotes the inner product in L3, (0,£). In (6.5) and below, we under-
stand that operatlons on matrix-valued functions are performed as required on the
columns of the functions.

The next result gives a sufficient condition for the technical hypotheses of
Theorem 4.1 to be met.

Theorem 6.1. The hypotheses of Theorem 4.1 are satisfied if A, S, ®1, P2 are as in
(6.1)—(6.4), and if K(x,t) has an extension to a function K (z, @) which is bounded
and analytic as functions of z and w in a region G such that G contains the interval
(0,€) and zt,zZt € G whenever z € G and 0 <t < 1.

Proof. Tt is clear from (6.3) that S is selfadjoint, and s < oo since S is a compact
perturbation of the identity operator. The assumptions on A are verified in a rou-
tine way. The main problem is to check the conditions (i) and (ii) in Theorem 4.1.

(i) For small &, the operator

(Sef)(z /th

on L2, (0,¢) differs from the identity operator by an operator of norm less than
one. Therefore S¢ is invertible for 0 < £ < ¢ for some € > 0; for £ = 0, S¢ is the
identity operator on the zero space and hence invertible.

For each ¢ in (0, £), define Ug from L2, (0,¢) to L2,(0,£) b

(Ugf)(it):\/gf(%x), 0<z<E&

Then Ug maps L2 (0,¢) isometrically onto L2 (0,¢), and

14
Hence Ug_ngUg is a bounded operator on L2 (0, /) given by

U SeUef) @) = () + 5 / (5‘” 5t)f<t> dt.

Clearly S¢ is invertible if and only if U 1S¢Uy is invertible. Write
Ug'SeUs = T+ T(9). (6.6)

W@ =y5a(F).  o<a<

The assumptions on G allow us to define an operator T'(z) on L2 (0, /) by

(T( é/ (zx Zt) fdt, e

The operator T'(z) is compact and depends holomorphically on z, and T'(z) agrees
with the operator T'(¢) defined by (6.6) when z = ¢ is a point of (0,¢). Since
I+ T(€) is invertible for small positive &, I + T'(z) is invertible except at isolated
points of G (see Kato [8], Theorem 1.9 on p. 370). In particular, (i) follows.
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(ii) In this condition, we interpret Sé_l as acting from L2 (0,/) into itself.
Hence, for 0 < £ < ¢,

S¢ ' Pe = EcUcF(§U; ' Py, (6.7)

where F(£) = [I + T(¢)]7! and E¢ is the natural embedding of L2 (0,¢) into
L2,(0,¢). In any interval that does not include singularities, all of the operators
on the right side of (6.7) are locally bounded. The function F (&) is continuous
in the operator norm, and one checks easily that U 'P; and E¢Ug are strongly
continuous. It follows that SE 1P5 is strongly contlnuous at any point £ in (0, ¢)

which is not one of the singularities z1,x2,... . The strong continuity of S ng
at the point { = 0 is clear because ||S; Y is bounded for small £ by (6. 7) and
| Pef|l — 0 as &€ — 0 for every f in L2 (O 0). O

Theorem 6.2. Let B(x) be constructed by (4.6) for operators A, S, ®1, P2 as in
(6.1)—(6.4). Then B(x) is continuously differentiable in the intervals between sin-
gularities, and in these intervals

1 =€ = [1&) ] m© m@). (6:5)

where hq(§) and ha(€) are continuous m x m matriz-valued functions.

Proof. We use results from [6, Chapter IV, §7], which should be consulted for
additional details. For each &,

(Sef)(x / K(z,t)f(t) dt, feL?(0,8).
Suppose that S¢ is invertible for 1 < £ < 2. Then
1 ¢ 2
(5:0)@) = f@) + [ Tewnf) i, fe 120,
0
where T'¢(z,t) is continuous in x and ¢ and differentiable in £, and
€ Fs(x t) =Te(z, Te(,1). (6.9)

The last formula is (7-10) in [6, Chapter IV, §7]. We shall compute H(§) us-
ing (6.5). For any continuous functions f and g in L2 (0, ),

<551Pef, Psg>£ = /:g(w)*

13
f(x)-i—/o Te(x,t)f(2) dt] dz.
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Differentiation yields
€

(S Pt Pea) = a6 1€+ [ ot Tele 0 f0) e

13
+/ 9(2)"Te(x, )£ (€) de

/ / t) f(t) dtdx.

3
F(s7 Rt Pa) =0 1O+ [ o Tele s @

By (6.9),

13
+ / o) Te (2, ) f(€) du
/ / V' Te(2, €)Te (6, )£ (¢) dt da

=lg<s>*+/0 o) Te(z,€) d ]

3
. f(£)+/0 Le(&,0)f(t) dt].

By (6.5), on choosing f = ¢; and g = ¢y, j,k = 1,2, we obtain (6.8) with
3
m(©) =19+ [ Tele ) d,
0

3
ha(©) = e2(O) + [ Tele.Dalt) at,
0
which yields the result. O

We suppose next that the operator (6.2) has a difference kernel: K(z,t) =
k(z —t). That is, we assume that S is defined on L2, (0,¢) by

¥/
(SF)(x) = f(z) + / k(e — 6)f(t) dt,
k(z) = k(—x)*, =z € (-L1),

where k(x) is a bounded continuous m x m matrix-valued function on (—¢,¢). By
writing

(6.10)

%Im—i-/ k(u) du, 0<z <,
s(r) = o (6.11)
-1l +/0 k(u) du, —{ <z <0,
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we can bring (6.10) to the form (see [19]):

Diw) = d_/ (z=0)F () dt, (6.12)
s(z) = —s(—2)", w & (~L,0).
Define A, @, and P4 by (6.1) and (6.2), with
v1(z) = s(x), wa(z) = Iy, O<a <t (6.13)

The condition (6.4) is easily checked by direct calculation.

Theorem 6.3. Let B(x) be constructed by (4.6) for operators A,S,®1, Dy as in
(6.10)—(6.13). Assume also that k(z) has selfadjoint values. Then in the intervals
between singularities,

L lQ(I) Im 1 (6.14)

131 Q@

2
where Q(x) is a continuous m X m matriz-valued function whose values are non-
negative and invertible.

A similar result is obtained in [22, p. 507] under different assumptions,
namely, S > 0 and S is factorable.

Lemma 6.4. Define an involution U on L2 (0,£) by

Uf))=f(t—=),  feLy(0,0.

Let S have the form (6.10), and assume also that k(x) = k(z)* on (—¢,¢). Then
USU =8S.

Proof of Lemma 6.4. Write S in the form (6.12) with s(z) given by (6.11). The
assumptions on k(z) imply that s(z)* = s(z) = —s(—z)* on (—£,£). It is sufficient

to show that USU f = Sf whenever f is continuously differentiable on [0, ¢] and
f(0) = f(¢) = 0. For such f, integration by parts yields

¥/
Sh@) = [ stw=0r)
Therefore
4 4
USUD@) =~ [ s-a+07 0 dt= [ s 0r @ dt = (SF)w)
0 0
as was to be shown. O

Proof of Theorem 6.3. By Theorem 6.2, H(z) has the form (6.8). To deduce (6.14),
it is sufficient to show that h3(¢)hi(€) = 1 I, that is,

d _
pr3 <S£ 1901,902>E = %Im (6.15)
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for £ in any interval between singularities. For such &,

d [
Sehe) =g [ se—nr@an  feroe. (619
Since s(z)* = s(z) = —s(—x)* on (—¢,¥),

d
Selm = / s(x—1t) = /w_f s(u) du

=s(x) — s(z — &) = s(x) + s(§ — ),
0 < & < &. Therefore by (6.13),
Selm = 01+ Ugpr,
where (Ug f)(z) = f(§ —x) for all f € L2 (0,€). By Lemma 6.4, Ug S¢Ue = Se, and
S0
Im =S¢ 1 + S ' Uepr = I = S¢ 'p1 + UeS¢ M n.
Writing Sglgpl = f and integrating, we get

2<S§_1<,017902>£ = 2/0£ f(z) de = /Og[f(x) + f(§—2)| de = &Ly,

This yields (6.15) and hence the result. O

7. Examples

The examples in this section illustrate Theorems 4.1 and 5.3 in a number of ways.
Each example features operators S, A, @1, P4 satisfying (3.1). We exhibit a corre-
sponding canonical differential system (1.1) and spectral data. The systems which
are constructed in the examples have Hamiltonians which are analytic except for
poles. The calculations are straightforward but sometimes lengthy, and we only
give the final results.

Let us first fix notation for the examples. In all cases, the underlying spaces
are $ = L2 (0,¢) and & = C™ for some positive integer m. The operators A € £($)
and @, € £(8, H) are the same in all of the examples:

= i/j f(t)dt and (Pac)(z) = pa(x)e, @a(x) = L. (7.1)

The operators S and ®; are special to each example. Since ®; € £(&, ), we
always have

(®10)(2) = @1 (x)e,
where ¢1(x) is an m xm matrix-valued function. Let P: be the projection of §) onto
$e = L2(0,€),0 <& <L, and let S¢ = P¢SPe|s,. Then according to Theorem 4.1,
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the system (4.1) associated with the operator identity (3.1) is obtained with

<Sg_1§017§01>£ <Sg_1802,</91>§

<S§_1(p17902>£ <S§_1<P27<P2>£

Here (-, ), denotes an inner product in L2.(0,€). In (7.2), we understand that ¢,
and o are first restricted to (0,&), and we interpret <SE—1%., Sﬁk>£ as an m X m
matrix by viewing S ! as acting on the columns of the matrix-valued functions
p; and @, 5,k =1,2

B(&) =" PSPl = (7.2)

In the examples we are mainly concerned with the scalar case, m = 1. In
this case the underlying spaces are $ = L?(0,/) and & = C, and we use standard
scalar notation.

Example 1. Assume the scalar case: = L?(0,¢) and & = C. Define A and ®3 by
(7.1), and let

(Sf)(@) +6/ 0

(P1c)(z) = p1(2)e, 5 + Bz,
where 3 is real and § < 0.

The operator identity (3.1) is satisfied, and S = S, and ®; = ®;,, where

v(z) = $i— 3/z for Imz > 0. The function v(z) belongs to N1 and has the

representation
(2) /°° 1 t da g
v(z) = - — - =
oo t—2  14t2] 27 2z

Thus v(z) has Krein-Langer data 7 = {7(t); Ao; R(z)}, where 7(t) = t/(27) on
Ay = (—o0,00) and R(z) = —(3/z. We obtain

(Sef)(x) = f(x)+ 5 [ [f(t)dt,

(S f)(@) = fla) = BA+ O™ | f(t) dt,

0
on L?(0,&). The function (4.6) in Theorem 4.1 is given by

(3¢ +36¢2 + 32¢?)/12 3¢
B() 1
3¢ §/(1+ B¢)
The solution to the inverse problem in Theorem 5.3 is the system
dy
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(1+ px)?/2 1
H(z)=B'(z) = § :
1 2/(1 + Br)?

0 < z < £. The Hamiltonian has a singularity at =1 = —1/8 if —=1/8 < £. The
transform (5.11) and Parseval relation (5.12) are given by

B 4 Ciew ﬂ e—izz_l
6= [ (e - L S gt as

[oopa= - [” 6w a s sieopr

Thus we obtain a perturbation of the Paley-Wiener example (5.13)—(5.14).

Example 2. Assume the scalar case as in Example 1. The operator identity (3.1)
is satisfied with A and ®4 given by (7.1), and

(Sf)( + 6/ z/\(x t) z)\(w—t) f(t) dt,
ei)\m _ e—i)\z
(®10)(2) = p1(2)e, pi(x) =5+ —
where 8 and A are real numbers such that 3 < 0 and A > 0.
We have S = 5, and ®; = ®; ,, where
.. 8 B
vE) =i s T o
This function belongs to Ny and has Krein-Langer data 7 = {7(t); Ag; R(2)},
where 7(t) = t/(27) on Ay = (—o0,00) and R(z) = —8/(z — X\) — B/(z + ). We
find

Imz > 0.

(Sef)(x) = f(x) + / ) 1] £1) at

13
(S () = f(a) - K(@)T(E)™ / K1) f(t) dt
where K (z) = [e?*  e7"*], and
E+871 49
1  E+p7t

Using Theorem 5.3, we obtain a solution to the inverse problem given by

=20 _ 1

T = &) = ——3

Y
e izJH(2)Y, Y1(0,2) =0,

hl (ZC
h2 (ZC

~

H(z) = [ [hi(z)  ha(@)],

~
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where

_ 1 BT AT sin(Aa)
hu(@) =3 x+ 31 =X tsin(\z)’

x+ 371 — A tsin(\x)

ha(z) = x4+ 1+ A tsin(\x)

Singularities occur when det T'(z) = (z + 371)? — A\"2sin*(\z) =

Example 3. Let § = L2 (0,/¢) and & = C™. Define A and ®, by (7.1), and let

(5P / Zﬁje”j(””‘“f(t) dt
zA]w _
(®10)(2) = p1(2)c, =3 +Zﬁj ~—
where 31,..., 3, are invertible selfadjoint m x m matrices and Aq,..., A, are dis-

tinct real numbers; in the formula for ¢ (z), if A; = 0 for some j, the expression
[eAi® —1]/(i);) is interpreted as

)\jZO

The operator identity (3.1) is satisfied, and S = S, and ®; = ®; ,,, where

:%Z’Im—z ﬁj_7 Imz>0.
J

_1z_)‘J

This function has Krein-Langer data 7 = {7(t); Ag; R(2)}, where 7(t) = t/(27) on
Ag = (—00,00) and R(z) = — >, B;/(z — A;). We find

(Sef)(a / K(@)CK () f(t) d, (7.3)
(S )@ / K (2)p(€) " K (1) £ (1) dt, (7.4)
where K (z) = [e?® ... 7] C =diag{f,..., 5.}, and
3
§=c! +/ K(t)*K(t) dt. (7.5)
0

The inverse operator S; ! exists when det p(€) # 0. Theorem 5.3 yields a solution
to the inverse problem given by

Y
Ccll_x =izJH(2)Y, Y1(0,2) =0, (7.6)
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H(x) = [ZZ; ] ha(x) hole)], (7.7)

where
h(z) = o1(z) — K(2)p(x)™? / K(t) ¢ (t) dt, (7.8)
ho(z) =1 — K(z)p(z) ™" /095 K(t)* dt. (7.9)

These functions are computable in closed form, but the expressions are not simple
except in particular cases. We note that Examples 1 and 2 are special cases of this
example with m = 1.

Example 4. In Examples 1-3, v(z) is analytic for nonreal z. In this example, v(z)
has nonreal poles. Fix complex numbers A # A and # # 0. Again with m = 1,
define A and ®5 by (7.1), and let

L -
(Sh(@) = fla)+ [ [3ede0 4 geXe] f) ae

AT iIAT
e -1 _ e —1
i\ +6 ix

(P1c)(z) = p1(2)e, pi(z) =5+ 0

The identity (3.1) is satisfied, and S = S, and ®; = ®; ,, where
B 3

= z—X

This function belongs to N; and has Krein-Langer data 7 = {7(t); Ao; R(2)},
where 7(t) = t/(2m) on Ay = (—o00,00) and R(z) = —(/(z — ) — 3/(z = A\). The
inverse problem is solved by Theorem 5.3 using the identical formulas (7.3)—(7.9)
from Example 3, but now taken with

Imz > 0.

K(z) = [ ]| c:[o ﬁ],

B 0
i T AT

1 e —1 e 1
901(x)_2+ﬁ iX + B B

Example 5. Let § = L?(0,¢) and & = C. Define A and ® by (7.1), and let

T ¥/
(51)(@) = f(x) +ia / £(t) dt —ia / F(t) dt.

(®10)(x) = p1(x)e,  @1(x) = 3 + iax,

where a # 0 is a real number. The identity (3.1) is satisfied.

A priori we do not know a generalized Nevanlinna function v(z) such that
S =S5, and ®&; = ®; ,, but we shall determine such a function later. Nevertheless,
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we may apply Theorem 4.1 since S is a compact perturbation of the identity
operator and hence g < co.

We find

(Sef)(x) —|—2a/ ft dt—m/ 1)
-1 — %a 2ia(t—x) 2ia 562ia(t—m)
(S 1) (@) = f(x) — 2i / ) dt+ e [ 7t at

eQzaE +1

for all ¢ such that €2"%¢ +1 # 0, that is, for all points £ = (n — %)W/a, n=12...,
that lie in [0, £). The system constructed in Theorem 4.1 for the operator identity
(3.1) is

% =izJH(2)Y, Y1(0,2) =0,
iz
H(r) = th(x) [hi(z)  he(z)],
where .
- d sl - b

Next we determine v(z) belonging to some class N,, such that S = S,
and ®; = ®;,. This is an interpolation problem of a type first solved by A.L.
Sakhnovich [17]. Alternatively, we may use [12, Theorem 5.3]. Thus we may choose

v(z) = ia(z)/c(2), (7.10)
where

a(z) b(2)| _ ;e - aan-1g-1
[c(z) d(z)}_lz (I = zA%) " S7L (7.11)

II = [fl)l fIJQ]. It can be shown that all of the conditions required in [12, Theorem
5.3] are met. We obtain S = S, and ®; = &4 ,,, where

v(z)z—(%—i—g) cot(z—;ﬂ.

We remark that this provides a nontrivial example of the interpolation result in
[12, Theorem 5.3].

Example 6. Let $ = L?(0,¢) and & = C, and let «, 3 be real numbers, a3 # 0.
The operator identity (3.1) is satisfied with A and ®5 defined by (7.1), and

(SF)(x) )+ 8 / kel (1)

(P10)(z) = pr(z)e, @()—1+67a_.
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The hypotheses of Theorem 4.1 are satisfied. By Theorem 6.3, the Hamiltonian
H(&) = B'(§) constructed from (4.6) has the form

1o =5 % )

where Q(£) is a positive continuous function in the intervals between singularities.
The location of singularities and form of Q(§) depend on cases.

Case 1: o2 + a8 > 0. Put w? = a? + af3, w > 0. We obtain

(7.12)

2
w (w+ a)ez?t — (w—a)e 2%
QO (w+ a)ez?t + (w— a)e” 2%

Q) = [—

There are no singularities if a > 0. If @ < 0, there is one singularity at

1 w—a
=—1
& w Og‘w—ka
if this point is less than ¢. We have S = S, and ®; = &, , with
v(z)=1i— ﬁ, , Imz > 0.
Z 4+

For o > 0, v(z) belongs to Ny, that is, it is a classical Nevanlinna function; its
Krein-Langer (Nevanlinna) representation is

o(z) = /_O; [tiz - H’f—tz} dr(t),

dr(t)—[l+ﬁ a ]dt.

where

- 1
T mwt24a? (7.13)

For a < 0, v(z) belongs to N; and has Krein-Langer representation

_ [ a t B B
v(z)_/m{t—z_lth?] dT(t)_erm_z—m’

where d7(t) has the same form (7.13).
Case 2: o2 + af = 0. In this case, 3 = —a. We find that
Q) = (1 + 5a&)™>

There are no singularities if & > 0. If @ < 0, there is one singularity at

if this point is less than ¢. We have S = S, and ®; = ®,, for the same v(z) as in
Case 1 taken with 8 = —a.
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Case 3: o2 + a8 < 0. In this case,
2

w
Q&) = =5 cot” (3w + p),
where w? = |a? 4+ aff|, w > 0, and tanp = w/a. There are singularities at all of
the points
1
& =—(kmr—2p), k=0,£1,%2,...,
w

which lie in (0, £). An explicit choice of generalized Nevanlinna function v(z) such
that § = S, and ®; = ¥, can be constructed as in Example 5 using the formulas
(7.10) and (7.11). We obtain

v(z)=1—

8 i {1+ﬁa_1z

z4+ia  c(z)

where
‘o t o’ 1 1
C(Z) = —ZZA e [_ﬁ + o COS ((U(t — 5[)):| dt

and 0 = 2w?[a cos(3wl) — wsin(3wl)]/[a(a® + w?)]. The integral in the formula
for ¢(z) is easily computed in terms of elementary functions.

Example 7. This example uses a generalized Nevanlinna function v(z) whose Krein-
Langer representation (2.2) involves a nontrivial term with A; = (—1,1). Let
$ = L*(0,¢) and & = C, and let o, 3 be real numbers with a # 0. The operator
identity (3.1) is satisfied with A and @4 defined by (7.1), and

¢
Sf—f(x)+/0 [oz|$—t|—|—ﬁ] f@t) de
¢

= @ .
P19 = ¢1(2)g,
where
%—!—ﬁx—k%aﬁ, O<x<d,
s(z) =
—%+ﬁx—%am27 —{<x<0,

and ¢1(x) = s(z) for 0 < = < £. Theorems 4.1 and 6.3 produce a system with
Hamiltonian H(§) = B’(&) of the form

where Q(€) is positive and continuous in the intervals between singularities.
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Case 1: a < 0. For sufficiently large ¢ there is one singularity, and

|, 0+ N RN A
V20a] o£VIal2 4 g—e\/lal/2

N =

Q&) =

2
af + 203
+ VT tanh(§\/|a|/2)1 .

In this case S = S, and ®; = @, ,,, where v(z) € N is given by

N~

v(z)=1%i—— - =, y > 0.

This function has the Krein-Langer representation

o(z) = / 1 { LI z)] dr(t)

t—z

</ /)[t—z 1@2}6”@-%,

where C' = (78 — 2|a] — 1)/7 and

1 || 1
t)= —t— — — t#0.
) =5t -0 g
In the definition of Si(t, z), we take @3 = 0 and p; = 1:
1 1
— = S1(t,2) = —.
t— 1(t,2) t— 2z 22

Case 2: o > 0. In this case,

2
1 ol + 20
=— |1+ tan( a2)] .
Q) =3 |1+ =7 tan (60
For large ¢ there can be an arbitrarily large number of singularities. These occur
at the points in (0, ¢) where Q() is zero or undefined. To find v(z) in some class

N.. such that S = S, and ®; = &, ,,, we again use the formulas (7.10) and (7.11)

as in Example 5. Setting o = $w?, we get

v(z) = 3i— f - E
(A4 B) 2w
2 zsin(%20) cos(3wl) — w cos(§20) sin(5we)’
where
1 1 28\ . 1
A= Lcos(dwl) + (Ewﬁ + U) sin(zw/),
B= —gsin(%wf).

w
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Example 8. We return to Example 1 and show a connection with Bessel’s equation.
Write the system constructed in Example 1 as

Cfl—y =izJH(2)Y, Y1(0,2) =0,
x

Hz) =1 [Q(””) ! } 7 (7.14)

Q(z) = 1(1 + Ba)”.
Here 8 < 0. In the regular case, the form of Hamiltonian in (7.14) occurs in the
theory of dual systems [22]. We apply similar constructions and set

Ulz,z) = [g;g:zﬂ =Y (2z,z)e” "=

This leads to the system

au

i =i4zJ [Péx) P(;))—l

P(z) =Q(2z), 0<az<it

We refer to [5, 22] for the notion of dual equations. In our case, the dual equations
derived from (7.15) have the form
P'(x)

] U, Ul(O,Z) = 07 (715)

U// U/ 2U =0
1 + P({E) 1 +z 1 y
P'(x)
Uy — Uy + 2°Us =0
27 Py 20
with appropriate boundary conditions that play no role here. Writing
1
Tl = ——,
g

we obtain Q(z) = 3 #%*(z — 21)? and P(z) = 26?(z — § 21)?. The dual equations
become

2
U/ + —5—Uj + 2°U; =0,
x 5 L1

2

2
——— U} +2°Us = 0.

1
U2_ 1
x—5x1

On setting Uy = (x — %xl)_lyl and Us = (z — %xl)y% we obtain
yi + 2%y =0,
2
" 2
+ 2z — =0,
Ya ( (x_%xl>2>y2

which are forms of Bessel’s equation for the orders v =
[23, §4.3, p. 95]).

2 and v = 2 (see Watson
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8. Open problems

A number of open problems are suggested by our results, among them:

(1) Investigate the direct problem.
(2) Hamiltonians of the form

H(z) =3 {ng) Q(;)—l}

arise in Theorem 6.3. In the regular case such Hamiltonians give rise to a
pair of dual equations [5, 22]. An example of a dual pair for a system with
singularities is given in Example 8. The theory of dual equations should be
generalized to systems with singularities. This requires introducing a new
notion of spectral data for selfadjoint second order equations, and relating
such a notion to spectral data for the associated canonical differential system.

(3) According to Theorem 6.1, the hypotheses of Theorem 4.1 hold when an ana-
lyticity condition is met. The examples in Section 7 show that the hypotheses
of Theorem 4.1 also hold in situations which are not covered by Theorem 6.1.
It is likely that there are general criteria that cover such examples.

Errata. In [15], Section 3, citations to theorems and definitions are shifted by one
beginning with Theorem 3.2. For example, on p. 130, line 1, replace “conclusions
of Theorem 3.2” by “conclusions of Theorem 3.3”.
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1. Introduction

In the Hilbert space L2 (a,b) we define the orthogonal projectors P:f = f(x),
a<z<&and Pef=0,&<x<b,where f(z) € L2 (a,b).

Definition 1.1. A bounded operator S_ on L2 (a, b) is called lower triangular if for
every ¢ the relations

S_Q¢ = QeS-Qs, (1.1)
are true, where Q¢ = I — Pk.

Definition 1.2. A bounded operator S; on L2, (a,b) is called upper triangular if
for every ¢ the relations

S, P: = P:S, P (1.2)

are true.

Definition 1.3. A bounded, positive and invertible operator S on L2 (a,b) is said
to admit the right triangular factorization if it can be represented in the form

S=5,5%, (1.3)

where S and S;l are upper triangular, bounded operators.



290 L.A. Sakhnovich

Definition 1.4. A bounded, positive and invertible operator S on L2 (a,b) is said
to admit the left triangular factorization if it can be represented in the form

S=58_6", (1.4)
where S_ and S~! are lower triangular, bounded operators.

I. Gohberg and M.G. Krein [5] studied the problem of factorization under
the assumption
S —1T1€ Y, (1.5)
where v, is the set of compact operators. The operators S_ and S were assumed
to have the form Sy =T+ X, S_ =1+ X_; X4, X_ € 7. The factorization
method plays an important role in a number of analysis problems (for instance in-
tegral equations [17], spectral theory [18], nonlinear integrable equations). Giving
up condition (1.5) and considering more general triangular operators would essen-
tially widen the scope of the factorization method. D. Larson proved in his famous
work [9] the existence of positive non-factorable operators. In Section 2 we formu-
late the necessary and sufficient conditions under which the positive operator S
admits a triangular factorization. The factorizing operator V = S~ is constructed
in an explicit form. In Section 3 we consider the class of positive operators S which
satisfy the operator identity

AS — SA* = TLJIT*. (1.6)
For operators of this class, the factorization conditions have a simpler form. The

general results of Sections 2 and 3 are applied to operators with difference kernels
(Section 4),

d a
= — - t 1-
57 =40 [ st —nar (17)
and to operators with sum-difference kernels (Section 5),
2 b
Sf =5 [ 1w = 1)+ sae + 1) (00, (18)
0
where f(t) € L?(0,b). In particular, we prove that the Dixon operator [4], [8], [19]
A0
f=1w-3 [ Lt =gt (19)

where f(x) € L*(0,1) and A < 1, admits a left triangular factorization. We note
that the operators of the forms (1.7) and (1.8) play an important role in theoretical
and applied problems (inverse problems, stationary processes, prediction theory).
In Section 6 we investigate the case when

Af = z/ f(@®)dt, rank(AS — SA*)=1. (1.10)
0
In this case the factorizing operator S_ has the special form

S f- %/0 FOo(x — tydt. (1.11)
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In Section 7 we consider a class of operators of the form
1
1
SF=F(@)~ [ k(L)1 dy = G(a), (1.12)
0

where F(x) € L?(0,1). The Dixon operator belongs to this class.

Remark 1.1. In our paper we consider triangular operators in the space L2 (a,b)
with the special set of projectors P:. A general theory of triangular operators is
constructed in the works [2], [3], [7], [9]-]13].

2. Triangular factorization

Let S be a linear, bounded and invertible operator S on L2,(a,b). We introduce
the notation

£
Se= PSP (f.9)c= [ ¢ @@ (2.1)
where f(z),g(x) € L2,(a,b).

Theorem 2.1. Let the bounded and invertible operator S on L2, (a,b) be positive.
For the operator S to admit the left triangular factorization it is necessary and
sufficient that the following assertions are true.

1. There exists an mxm matriz function Fy(x) such that

b
Tr/ Fj (x)Fo(x)dx < oo, (2.2)
that the m x m matriz function
M(&) = (Fo(z), S¢ ' Folx))e (2.3)
is absolutely continuous, and almost everywhere
detM'(€) # 0. (2.4)

2. The vector functions
/w v*(z,t) f(t)dt (2.5)
are absolutely continuous. HZre f(x) € L2 (a,b) and
v(&,t) = S¢ ' PeFo(x), (2.6)

(In (2.3) the operator 55—1 transforms the matriz column of the original into
the corresponding column of the image.)
3. The operator

i d[f
dz J,

Vf=[R(z)] ¥ (z,t) f(t)dt (2.7)
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is bounded, invertible and lower triangular with its inverse V1. Here R(x)
is an mxm matriz function such that

R*(z)R(z) = M'(x). (2.8)
Proof. Necessity. We suppose that the operator S admits the left triangular fac-

torization (1.4). Let Fy(x) € L2 (a,b) be a fixed mxm matrix function satisfying
relation (2.2). We introduce the mxm matrix function

R(z) = VFy(x), (2.9)

where V = S~'. We can choose Fy(x) in such a way that almost everywhere the
inequality

detR(z) #0 (2.10)
is true. From relations (1.4), (2.3) and (2.9) we have
3
M(€) = / R*(2)R(x)dz. (2.11)
Hence the function M () is absolutely continuous and
M'(z) = R*(x)R(x). (2.12)
Now we use the equality
(£,S¢ " Fo)e = (Vf, VEo)e. (2.13)
Relations (2.9) and (2.13) imply that
% v*(z,t) f(t)dt = R*(x)(V f). (2.14)

The necessity is proved.
Sufficiency. Let the conditions 1-3 of Theorem 2.1 be fulfilled. It follows from
(2.6)—(2.8) that
VEy = R(z). (2.15)
From relations (2.6), (2.7) and (2.15) we deduce that (V f, VEFp)e = (f, SE_1P§F0)§,
ie.,
V*PVP:Fy = S; ' PeFy. (2.16)
We define v(&,t) in the domain & < ¢t < b by the equality v(&,t) = 0. It follows
from the triangular structure of the operators V and V! that

PV 'P:VP: = P,. (2.17)
Hence in view of (2.6) and (2.16) we have
PVHVH (€, t) = PeF. (2.18)

It is easy to see that P:Sv(&,t) = P¢Fy. Thus according to relations (2.17) and
(2.18), the equality

(VTHV T (€ 1), o(ps 1)) = (Sv(€,t),v(ust)) (2.19)
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is true. If there exists such a vector function fo(x) € L2 (a,b) that (fo,v(&,t)) =0,
then due to (2.7) the relation

Vy=0 (2.20)
is valid. The operator V is invertible. Hence from (2.20) we deduce that fy; = 0.
This means that v(&,t) is a complete system in L2 (a,b). Using this fact and
relation (2.19) we obtain the desired equality

S =V (2.21)
The theorem is proved. O

Corollary 2.1. If the conditions of Theorem 2.1 are fulfilled, then the corresponding
operator S~ can be represented in the form

S~ =v*v. (2.22)

‘We introduce the notation
b
Ce = QeSQe. [f.9e = /E ¢ (2)f (@)da. (2.23)

In the same way as Theorem 2.1 we deduce the following result.

Theorem 2.2. Let the bounded and invertible operator S on L2 (a,b) be positive.
For the operator S to admit the right triangular factorization it is necessary and
sufficient that the following assertions are true.

1. There exists an mxm matriz function Fy(x) such that

b
Tr/ Fy () Fo(z)dx < oo, (2.24)
that the mxm matrix function
N(€) = [Fo(x), CF ' Fo(x)]e (2.25)
is absolutely continuous, and almost everywhere
detN'(&) # 0. (2.26)

2. The vector functions
b
/ uw*(x,t) f(t)dt (2.27)

are absolutely continuous. Here f(x) € L?(a,b) and

w(Et) = O QeFv. (2.28)
3. The operator
d [t
Uf= —[Q*(w)]_la w(z,t) f(t)dt (2.29)
is bounded, upper triangular and invertible together with its inverse UL,

Here
Q" (2)Qx) = —N'(x). (2.30)
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Corollary 2.2. If the conditions of Theorem 2.2 are fulfilled, then the corresponding
operator S~ can be represented in the form

S—t=uUrU. (2.31)

Remark 2.1. Formulas (2.6), (2.7) and (2.28), (2.29) give the right and left factor-
ization of the operator T'= S~'. It can be useful for solving operator equations of
the form Sf = g. Using the notation

T=8" T:=QTQe, w(&t)=T; QcTH, (2.32)

we introduce the operator
b
Wf= —[R*(:z:)]*%/ w*(x, t) f(t)dt. (2.33)

The connection between the operators V and W is given by the following assertion.

Proposition 2.1. Let the operator V' defined by formula (2.7) be bounded. Then the
operator W defined by formula (2.33) is also bounded and

WT = V. (2.34)
Proof. Tt can be proved by linear algebra methods that (see [18], p. 41)
TQ:T; 'QcT =T — 5 ' Pe. (2.35)
From relations (2.6), (2.32) and (2.35) we have
Tw(,t) =TFy —v(,t). (2.36)
Hence the equality
[Tf,w(&, t)]e = (T'f, Fo) = (f,v(&,1))e (2.37)
is true. From formulas (2.7) , (2.33) and (2.37) we obtain relation (2.34). The
proposition is proved. O

Using Proposition 2.1 we deduce the following important assertion.

Proposition 2.2. Let S be a bounded, positive, invertible operator and let the oper-
ator V' defined by formula (2.7) be bounded. If the relations

VF, = R(), (2.38)

and
Vf#0, |(fI[#0 (2.39)

are true, then the operator V is invertible, the operator V=1 is lower triangular,
and

T=V*V. (2.40)
(Thus the operator T admits the right triangular factorization.)
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Proof. Tt follows from the boundedness of the operator V and relation (2.34) that
the operator W is also bounded. Let us consider

w5 = [ w0 s = 5. Fo) (2.41)
ie.,
W*R = . (2.42)
Due to (2.38) and (2.42) we have
VW'R = R. (2.43)
From (2.34) we deduce that
WTW* = VIv*. (2.44)

Using (2.44) we see that the operator VIW* is selfadjoint and lower triangular. It
means that the operator VW™ has the form

VW' f = L(2)f, (2.45)
where L(x) is an mxm matrix function. Taking into account equality (2.43) we
have L(z) = I, i.e.,

VW =1, WV*=1I. (2.46)

Let us introduce the notation H = W*L2 (a,b). If for all h € H the relation
(g,h) = 0 is true, then Wg = 0. Hence in view of relation (2.34) we obtain that

Vi=0 (f=T""'9). (2.47)
From condition (2.39) we deduce that g = 0. Then the equality
H=12/(a,b) (2.48)

is valid. Due to (2.46) and (2.48) the operator W* maps L2 (a,b) onto L2 (a,b)
one-to-one. According to the classical Banach theorem [1] the operator W* is
invertible. It follows from (2.46) that the operator V is also invertible and

Vol =wr, (2.49)
and

VW =1. (2.50)
From (2.34) and (2.50) we directly obtain that T = V*V. The proposition is
proved. O

Example 2.1. Let us consider the operator
. b
t
Sf = f(z)+ %V.P./ f(t)c(x)%(f)dt, —o0 < a<b< oo, (2.51)

where 0 < m < ¢(t) < 1. The operator (2.51) does not satisfy condition (1.5) but
admits the left triangular factorization (see [15]).
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3. Operator identity and factorization problems

We consider the operators A, S, IT and J satisfying the operator identity
AS — SA* =I1LJIT*. (3.1)

We suppose that the operators A and S act on the Hilbert space L2 (0,b), the
operator II maps G (dimG = n < oo) into L2 (0,b), the operator J acts on
G, and J = J*, and J? = I,. We note that the operator II has the form
Mg = [¢1(x), p2(x),. .., dn(x)]g, where ¢r(z) are mx1 vector functions, g =
collg1, g, - -, gn), dx(z) € L2,(0,b). Relation (3.1) is fulfilled for the operators
S which play an important role in the spectral theory of the canonical differential
systems (see [18]). We shall use the following result ([18], Ch. 4).

Theorem 3.1. Let the following conditions be fulfilled.
1. The operator S is bounded, positive and invertible.
2. The relations
A*Pg = PgA*P57 0<E<SD (32)
are true.

3. The spectrum of the operator A is concentrated at the origin and there is a
constant M > 0 such that

|(Perae — Pe)A(Perae — Pe)ll < MIAE],  0<E<b. (3.3)
Then the nxn matriz function
W(E, 2) = I, +izJ IS (I — 2A) ' Pell (3.4)
satisfies the matriz integral equation
W(z,2) = I, —|—in/ BV (2, 2), (3.5)
0
where
B(&) =" S ' Pl (3.6)

From relations (1.4) and (3.6) we obtain the necessary conditions for the
operator S to admit the left triangular factorization.

Proposition 3.1. Let the operator S satisfy the relation (3.1) and let the conditions
of Theorem 3.1 be fulfilled. If the operator S admits the left triangular factorization,
then the matriz function B(x) is absolutely continuous and

2 B(r) = H(x) = 5 (2)6(x), (37)
where
B(x) = [h1(x), ha(@), ..., hn(2)],  hi(x) = Vr(z), V =5" (3.8)
Using relations (3.5) and (3.7) we obtain that

%W(,T?Z) =izJH ()W (z, 2). (3.9)
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Lemma 3.1. Let the conditions of Proposition 3.1 be fulfilled and let the mx1 vector
functions

Fj(z,2) =1 —Az)"'¢;, 1<j<n (3.10)
form a complete system in L2 (a,b). Then we have the equality
mesE = 0, (3.11)
where the set E is defined by the relation
x€FE if H(x)=0. (3.12)

Proof. We use the following relation (see [18], Ch. 4):
i(m=2)
Formula (3.13) implies that

=1 (I — @A) S (1 — AT PeIL (3.13)

(50 ). Frlo g = HEESTED =2 ,

where Y;(z, ) = col[Wq ;(z, X), Wa i (x, A), ..., Wy, j(z,A)]. Here W; ;(z, \) are en-
tries of W(x, ). In view of (3.9) and (3.14) we have

d

Y (0.1) 7Y (0. )]

(3.14)

%(Sgle(x,A),Fg(x,u))g =0, ¢(€E. (3.15)
From (3.12) and (3.15) it follows that

d

d_é-(VFJ(x7>\)7VFZ(x7,u))§ 207 fEE, (316)
i.e., the relation

[VFJ(z,A\) =0, z€E, 1<j<n, (3.17)

is true. As the operator V is invertible and the system of functions Fj(x,\) is
complete in L2 (0,b), the system of the functions V Fj(z, ) is also complete in
L2,(0,b). The assertion of the lemma follows from this fact and equality (3.17). O

Further we suppose that the nxn matrix function B(z) is absolutely contin-
uous and that relations (3.7), (3.8) are true. Let us introduce the mxm matrix
functions

R(z) = hi(x)aq + ha(z)ag + - + hp(z)an, (3.18)
Fo(z) = ¢1(z)or + dpa(x)az + - - + dn (), (3.19)
(€, x) = Sg ' PeFy(x), (3.20)

where «y; are constant 1xm matrices. From Proposition 3.1 we deduce:

Corollary 3.1. Let the conditions of Theorem 3.1 and Lemma 3.1 be fulfilled. If
m = 1, then there exist numbers oy, s, ...,a, such that almost everywhere we
have the inequality

R(x) # 0. (3.21)

Now we can formulate the main result of this section.
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Theorem 3.2. Let the following conditions be fulfilled.

1. The operator S satisfies relation (3.1).

2. The conditions of Theorem 3.1 are valid.

3. The matriz function B(zx) is absolutely continuous and formulas (3.7) and
(3.8) are true.

4. The vector functions Fj(z, ) (1 < j < n) form a complete system in L2 (a,b).

5. Almost everywhere the inequality

detR(z) #0 (3.22)
holds.

Then the operator T = S™' admits the right triangular factorization

Proof. We introduce the operator

Vi= B L / V¥ (2, 1) f (). (3.23)
dz J,
From (3.4), (3.22) and (3.23) we deduce the equality
VF; =[h(z),..., h(2)]Y;(x, 2). (3.24)
Relation (3.24) implies that
b
(VEy (w0, VEr(oo)) = [ ¥ (@ H @)Y N (3.25)
0
Using equality (3.24) and relation
%}/J(ZE, z) =1zJH(x)Y;(x, 2) (3.26)
we have
Y Y; -Yy Y;
(VFj(z, ), VEy(z,p)) = UL AGIDL J(b’Aﬁ)_ /\’f (0, 1) 77,0, M)} (3.27)
Comparing formulas (3.14) and (3.27) we obtain the equality
T=V*V. (3.28)

This means that the introduced operator V is bounded, V f # 0, and ||f]|| # 0.
Taking into account (3.18), (3.19) and (3.24) when z = 0 we obtain the relation

VFy=R. (3.29)
Thus all conditions of Proposition 2.2 are fulfilled. The assertion of the theorem
follows from Proposition 2.2. O

Proposition 3.2. Let the following conditions be fulfilled.

1. Conditions 1-3 of Theorem 3.2 are valid.
2. The mxm blocks b1 ;(z) (1 < j < n) of the matriz B(x) are absolutely
continuous and
b1,j(x) = hi(z)h;(z). (3.30)
3. All the entries of the matrices h;(z) belong to L*(a,b).
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4. Almost everywhere the inequality (3.22) holds. Here R(x) = hi(z).
Then the operator V' defined by formula (3.23) and the equality
v(€,x) = S Pegn(x) (3.31)
are bounded.

Proof. We introduce the matrix H(x) = 8*(z)8(x), where f(z) = [h1(z), ha(z),
..y hn(z)]. Relations (3.23)—(3.25) remain true. We use the formula

b
| ¥ @B @) e x)as = o (3.32)

and the inequality H(z)dr < dB(x). From formulas (3.14), (3.25) and (3.32) we
deduce that

V'V <T. (3.33)
The proposition is proved. O

4. Operators with difference kernels

Let us consider the bounded, positive and invertible operator S with the difference
kernel

Sf= % /Oa f@&)s(z —t)dt. (4.1)
Let us put
Af = z/ f®yat, fe€L*0,a). (4.2)
0
Equality (3.1) is valid (see [17], Ch. 1), if
J= [ . } 7 (4.3)
¢)1 (ZZ?) = M(ZZ?), gf)Q([E) = 1, (44)

where M (z) = s(z), 0 <z < a.In the case under consideration the matrix B()
has the form

(S7'M, M) (S7'1,M) }
B =] & s 45
The corresponding function F(x, A) has the form
F(x,)\) = ™. (4.6)

The operator A defined by formula (4.2) satisfies all the conditions of Theorem
3.1. The following fact is useful here.
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Theorem 4.1. Let the operator S be bounded, positive, invertible and have the form
(4.1). If the matriz function B(x) is absolutely continuous and

B'(z) = p*(x)B(x), B(z) = [h(x), ha(2)], (4.7)
then the equality

hi(x)ha () + ho(z)h1(x) =1 (4.8)
is true almost everywhere.

Proof. Let us consider the expression

i¢ = (Sg 'PeM, 1) + (1,5 PcM). (4.9)
Setting
N1($7§> :S§_1PEM7 (410)
we rewrite formula (4.9) in the form i = f(f [Ni(z, &) + Ni(z,&)dz | ie.,
3 _
7,5:/ [N1($,§)+N1(f—$,f)]d$ (411)
0
We use the relation (see [17], Ch. 1)
Ni(z,8) + Ni(§ —x,8) = 1. (4.12)
In view of (4.11) and (4.12) we obtain the equality
ie = €. (4.13)
Taking into consideration Equalities (2.1), (3.8), (4.1) and (4.9) we deduce that
3 __
ic = / (b ()P (@) + ho(2) Py (@) dar. (4.14)
0
Relation (4.8) follows from (4.13) and (4.14). The theorem is proved. O

From equality (4.8) we have
ho(z) 20, 0<z<a. (4.15)
Remark 4.1. The operators of the form

Sf=flz)+ /Oa F®)k(z — t)dt, (4.16)

where k(z) € L(—a,a), belong to class (4.1). For this case inequality (4.15) was
deduced by M.G. Krein by another method (see [5], Ch. 4). The main result of this
section follows directly from Proposition 3.1, Theorem 3.2 and Inequality (4.15).

Theorem 4.2. Let the operator S be positive, invertible and have the form (4.1).
The operator S admits the left triangular factorization if and only if the matrix
B(z) is absolutely continuous and relation (4.7) is valid.

Remark 4.2. If a bounded operator S on L?(0,b) has the form (4.1) and admits
one of the factorizations (left or right) then it admits another factorization too
(see [15]).
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Example 4.1. Let us consider the operator Sg of the form

B b f)
Sof=f+_—VP. i et (4.17)

where —1 < 0 < 1. This operator with a difference kernel is bounded, invertible
and positive (see [15]). The operator Sz does not satisfy condition (1.4). Never-
theless Sz admits the left triangular factorization Sz = W, W}, where

Iioz d x Cin
/0 F(t)(z — t)"odt. (4.18)

Wef = ch(ma)T (i — 1) dz

Here oo = Larcthf, and I'(z) is the gamma function.

5. Operators with sum—difference kernels

Let us consider the following class of bounded and positive operators which can
be represented in the form ((4, —)-class):

2 b
Sf= % /0 [s1(z —t) + sa(x + )] f(t)dt, (5.1)

where f(t) € L?(0,b). We introduce the operator
Af = / (t — 2)f(1)dt. (5.2)
0

Then the operator identity (3.1) is valid. Here the 4x4 matrix J is defined by the

relation
| 0 I
s=[o ], -

and the operator II has the form

I = [®q, Do, (5.4)
the operators ®; and ®5 are defined by the relations
D19 =—iM(z)g1 — iMo(x)ga, (5.5)
Pog = g1 + 292, (5.6)
where
M(z) = —[s1(z) + s2(z)],  Mo(z) = si(z) — s3(x), (5.7)

and a constant 2x1 vector g has the form g = col[gi, g2]. The main result of this
section follows directly from Proposition 3.1, Lemma 3.1 and Theorem 3.2.

Theorem 5.1. Let the operator S be positive, invertible and have the form (5.1).
The operator S admits the left triangular factorization if and only if the matrix
B(z) is absolutely continuous and

B'(x) = 8" (2)B(x), B(x) = [h(x), ha(), ha(w), ha(x)]- (5-8)
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Example 5.1. Let us consider the equation
. 1 1
ip f(®) A / f(®)
= —V.P. —=dt — — —=dt = 5.9
Sf= @)+ 0 /0 T —t T™Jg v+t 9(), (59)

where f(z) € L2(0,1), A = X\, p = 1, and |A| + |p| < 1. Tt is well known ([5],
Ch. 9) that the operator S is bounded, positive and invertible, i.e., the operator
S belongs to the (+,-) class . We introduce the functions

v(z, ) =S, al\p) = /1 v(z,\, p)de = (S7'1,1) > 0. (5.10)
In view of (5.9) and (5.10) the relatior?s
Sg'Pel = v(? M), (57 Pel, 1) = Ea(h p) (5.11)
are true. We introduce the operator

)dt. (5.12)

1 d /g” t
Vf=——— tyv(—, A,
f o 4y F@&yo(=, A p
Using Proposition 3.2 we deduce that the operator V is bounded and S—! > V*V.

Open problem 5.1 Prove that
Vf#0, when ||f|| #0. (5.13)

Remark 5.1. If relation (5.13) is true, then S~! = V*V and the operator S admits
the left triangular factorization

S =V (5.14)

Remark 5.2. Relation (5.13) is valid when A = 0 (see Example 4.1). Now we
consider separately the case when u = 0, i.e., the case of the Dixon equation [4],
(8], [19]:

1
Sf=f(z)- %/0 fo—i)tdt = g(x), (5.15)

where f(z) € L?(0,1), and A < 1. M.G. Krein deduced the formula for the Dixon
equation resolvent (see [8], Ch. 4). This formula can be written in the following
way: S™! = V*V. Thus we obtain:

Proposition 5.1. The Dizon operator S defined by (5.15) admits the left triangular
factorization S = V=1[V*]~1 where the operator V has the form (5.12).

6. Triangular factorization, Class R,

Let us consider the integral operators

T b
Af = i/o f@dt, A*f= —i/ f(t)dt, (6.1)
where f(z) € L?(0,b).
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Definition 6.1. We say that the linear bounded operator S acting in the Hilbert
space L%(0,b) belongs to the class R; (rank 1) if the following conditions are
fulfilled:

1)

m(f, [) < (Sf,[) < M(f, f), 0<m<M <o, (6.2)
2) rank(AS — SA*) =1, i.e.,
(AS = SA*)f = i(f,6)6, o(x) € L2(0,b). (6.3)
We associate with the operator S the operator
d xr
S_f= @/0 f@)p(x — t)dt. (6.4)

It is easy to see that
S_1=¢. (6.5)

Lemma 6.1. Let the bounded operator S satisfy relation (6.3). If the corresponding
operator S_ is bounded, then the representation

S=85_5" (6.6)
18 true.
Proof. We consider the operator

X =58_5". (6.7)
Using formula (6.3) and relation AS_ = S_A we deduce the equality

AX - XA*=85_(A—-A")ST = AS — SA". (6.8)

The equation AX — X A* = F has no more than one solution X (see [17], Ch. 1).
Hence we deduce from (6.8) that S = X. The lemma is proved. O

Lemma 6.2. If the bounded operator S satisfies the relation (6.3), then this operator
can be represented in the form (6.6), where the operator S—_ is defined by formula
(6.4).

Proof. To prove that the operator S_ is bounded we introduce the operator
X f=AS_f= z/ f)o(z — t)dt. (6.9)
0

We note that

b
X f=8S"A"f= —i/ f@)o(t —z)dt (6.10)
where the operator S* has the form ’
a [*,  —
Stf= —%/z F®)o(t — x)dt. (6.11)

According to Lemma 6.1 we have
ASA* =X_X*. (6.12)
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It follows from relations (6.9) and (6.12) that S = S_S*. Hence the operator S_
is bounded. The lemma is proved. O

Now we shall deduce the main result of this section.

Theorem 6.1. If the operator S belongs to the class Ry, then this operator admits
the left triangular factorization.

Proof. We suppose that for some fo(z) € L?(0,b) the relation

S—fo=0 (llfoll #0) (6.13)

is true. In view of the well-known Titchmarsh theorem (see [19], Ch. 11) and (6.13)
we have

d(x) =0, 0<z<i. (6.14)
Using (6.3) and (6.14) we deduce that
AsSs — S5A5 =0, (6.15)

where Asf = Zfo t)ydt, 0 <z < 4§, and S5 = P5SPs. Operator equation (6.15)
has only the trivial solutlon Ss=0 (see [17], Ch. 1). The last equality contradicts
relation (6.2). It means that equality (6.13) is impossible when ||fo|| # 0. Hence
in view of (6.6) the operator S_ maps L?(0,b) one-to-one onto L?(0,b). This fact
according to the classical Banach theorem [1] implies that the operator S_ is
invertible. The operator S~' is defined by formula (see [17], Ch. 1)

S f_dx/f N(z —t)d (6.16)

where N(z) = S”'1. Thus the operators S_ and S”' are bounded and lower
triangular. The assertion of the theorem now follows directly from Definition 1.4.
d

Example 6.1. We consider the case when

o(z) = log(b — ). (6.17)
In this case we have

S_f= % /090 f@®)log(b—x +t)dt = f(x)logb — /090 b—f#dt (6.18)

Let us introduce the operator

_ [T f®)
Kf_/o — (6.19)

It is well known (see [19], Ch. 11) that ||K|| < m. Hence the operator S_ defined
by (6.18) and the operator S~! are bounded, when logb > 7. From Lemma 6.1 we
obtain the assertion.

Proposition 6.1. If log(b) > 7, then the operator S defined by relations (6.3) and
(6.17) admits the left triangular factorization (6.6) where the operator S_ has the
form (6.18).
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7. Homogeneous kernels of degree (-1)

In this section we consider operators of the form

5P = F@) - [ FokL) L= G, (71)
where F(z) € L*(0,1) and
vyl _n 5l
w7 = k). (7.2)
We assume that
= 1 l 732 dr < oo
A 2/0 B dr < oo. (7.3)

It follows from condition (7.2) that the operator S is selfadjoint. From condition
(7.3) we deduce that the operator

KF = /mF k(2
x

is bounded and (see [5], Ch. 9)

&I'—‘

(7.4)

K| < A (7.5)

Theorem 7.1. Let conditions (7.2) and (7.3) be fulfilled and let the corresponding
operator S be positive and invertible, then the operator S admits the left triangular
factorization.

Proof. We introduce the change of variables z = e~ and y = e™". Hence equation
(7.1) takes the form

Lf= f(u / FO)H(u—v)dv = g(u), (7.6)
where
flu) =F(e™)e ™2, g(u) = G(e ")e /2, (7.7)
H(u) = H(—u) = k(e")e"?, u>0.
It follows from relation (7.3) that

/ (W) |du = A (7.9)

— 0o

We denote by v(u) the solution of Equation (7.6) when g(u) = H(u). In the theory
of equations (7.6) the following function plays an important role (see [8], Ch. 2):

Gi(N) =1 —|—/ y(u)et dt, TmA > 0.
0

Let us consider the solution ¢ (u) of equation (7.6) when g(u) = e™¢ and Im ¢ > 0.
We use the formula (see [8], Ch. 2)

ve(u) = Co (D1 + / (e dr)ee. (7.10)
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Further we need the particular case of vy¢(u) when £ = ¢/2. In this case we have

Yis2(u) = B[1 —l—/ y(r)e" 2dr]e "/, (7.11)
0
where
B =G4(i/2). (7.12)
Let us introduce the function v(z), which satisfies Equation (7.1) when G(z) =
It is easy to see that

v(e ™) = ’yi/Q(u)e“/g. (7.13)
From (7.11) and (7.13) we deduce that
V()2 = =By (t)e 2, (7.14)
and
v(l) = pB. (7.15)

Using relations (7.11) and (7.13) we can calculate the integral

—logz
a:/ v(x) 1+/ / rYe’ 2drdz].
0

Hence the equalities

=p[1 —l—/ y(r)e~"/2drdx] = 3B (7.16)
0
are true. The operator V in (7.1) has the form
Vf———/ f(t) (7.17)
In view of (7.14) and (7.15) we can represent the operator V in the form
Vf=f(z / f(t) (7.18)
where
L(z) = y(t)e /2, (7.19)
Now the assertion of the theorem follows from Proposition 2.2. O

Corollary 7.1. Let the conditions of Theorem 7.1 be fulfilled. Then we have the
equality

St =v*V, (7.20)
where the operator V is defined by relations (7.18) and (7.19).

Example 7.1. We obtain an interesting example when
A

[1—u|*(1+u)?’

where A =\, @ >0, 8> 0, and a + 3 = 1. We note that k(u) satisfies conditions

(7.2) and (7.3). Equations (7.1) and (7.21) coincide with the Dixon equation when
a=0.

k(u) = (7.21)
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Solutions for the H°°(D") Corona Problem
Belonging to exp(L2n1——1)

Tavan T. Trent

Abstract. For a countable number of input functions in H*(D"), we find
explicit analytic solutions belonging to the Orlicz-type space, exp(L 771 ).
Note that H>(D") — BMO(D") S exp(L?-1) S (12° HP(D").

Mathematics Subject Classification (2000). 30A38, 46J20.
Keywords. Corona theorem, polydisk.

We give a solution, for general corona data on the polydisk, which, although not
bounded or even in BMO, still belongs to a space better than ﬂ;ozl HP(D™);

namely the Orlicz-type space, exp(L TEn ). Also, we establish the HP-corona theo-
rem on the polydisk. This paper is closely related to Trent [19]. The main purpose
of the paper is to make explicit the algebraic requirements to represent solutions
on D".

For the case of two functions in the input data, Chang [6] showed that solu-
tions to the general corona problem for the bidisk can be found which belong to
Mpes HP(D?). Again for two functions on the bidisk, Amar [1] and Cegrell [5] have
found solutions to the general corona problem for the bidisk belonging to BMO.
For a finite number of input functions, the O-input data is more complicated and,
for this case, first Varopoulos [20] and then Lin [14] found solutions to the general
corona problem on the polydisk belonging to ﬂ;ozl HP(D™). [See Chang and R.
Fefferman [8] for a brief discussion of the difference (involving the Koszul complex)
between two and a general finite number of input functions.] However, even in this
case no relationship between the lower bound of the input data (denoted by ¢€) and
the size of the solutions was obtained. An estimate will be given in this paper.

For a finite number of input functions, Li [13] and, independently, Lin [14]
implicitly solved the H?(D™) corona theorem (1 < p < oo) based on the work of
Lin. Again, for a finite number of input functions, Boo [4] gave an explicit solution

Partially supported by NSF Grant DMS-0400307.
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to the H?(D™) corona theorem (1 < p < c0), which was based on integral formulas.
For the case p = 2, we have already established the H?(D™) corona theorem in the
vector-valued case; that is, with an infinite number of input functions. The current
paper will establish the HP(D™) corona theorem in the vector-valued case.

We note that for the unit ball or even strictly pseudoconvex domains in C™,
there are more complete results known. See Andersson and Carlsson [2] for these
precise results and further references. Of course, when the dimension is greater
than 1, bounded analytic solutions have not been found in any of the above cases,
for general bounded analytic input data.

Our main technique is a linear algebra result, which enables us to exhibit
explicit solutions (in the smooth case) which have the appropriate estimates. This
is based on considering explicit mappings, arising from the Koszul complex. The
basic idea for the corona estimates involves iterating the one-variable Littlewood-
Paley results, motivated by T. Wolff’s proof of Carleson’s corona theorem on the
unit disk. (See Garnett [10].) However, to simplify the estimates we will appeal to
the remarkable H!(D") weak factorization theorem of Lacey-Terwilleger [12].

We will use the following notation:

D open unit disk in the complex plane, C

T unit circle, T'= 90 D

D" polydisk, D" = D x -+ X D, n times

™ distinguished boundary of D", T" =T x --- x T, n times
do normalized Lebesgue measure on [—m, 7]

doy, denotes doi(t1)...dog(t)

dA area Lebesgue measure on D

dL measure on D defined by dL(z) = In # dilr(z)

dLy, denotes dLi(z1)...dLk(zk)

HP(D"™) Hardy space of analytic functions on D", 1 < p < 00

[We will also identify this space with
{fer?(T")| for {k;}7_; C Z with at least one k; <0,

feftr, . .. ettn)emthats | e=hatn do(ty) .. do(t,) = 0}]
TTL
LP(TT) {f: T" —1?| fis strongly measurable and

p def

U [ I doth) . do(t) < o)

forl1<p< oo
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L°(T™) {f: T" —1*| f is strongly measurable and
def
|f|00 = €88 sup H.f(ulvauﬂ)HQ <OO}
UL yeenyUn €T

HP(D™) {f: D" —I?| fis analytic,!*-valued on D™ and

715 < SlTlp(/ IF(re™,....re)fdo(t)...do(t,)) < oo}
rT1 Tn

forl1<p<oo
H>(D") {f:D"™ —I?| fis analytic,!*-valued on D™ and
def
Ifloo = sup ||f(217...,zn)|‘2<00}
€D

ARTERT) Zn

1
e( Hf*h) " doy...do, <2

n

ep(Lt)  {ferinon;: [
for some A > 0 (depending on f)}

1
2\ %
| fle.x the smallest A so that / e( *2) doi...do, <2
& (u) the j** Cauchy transform of a (possibly 1?-valued)
¢ function on D"
jth
~ ith 1 7...,'7 ey
¢-7(u1,...,J2,...,un):——/ il z Un) dA(w)
z m™JD w—z
Tr Toeplitz operator with symbol F acting on H?(D™)
for any 1 <p < o0
F the operator of pointwise multiplication by the matrix
[fjk(eitl, e eit")]szl = F(e", ..., e") on LP(T™)
F(z1,...,2,) the operator on 12 gotten by applying the matrix
F(z1,- 5 2n) = [fix(21, -5 20)] 5521

to the standard basis of 2.

We will prove the following two theorems:
Theorem A. Let F' € H*(D™) and assume that
0<e<F(z)F(z)* <1
for all z € D™. Then there exists u € exp(Lﬁ) satisfying

C
Fu=1 for |u|lean-1 < 6—70.
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Theorem B (H?(D")-corona theorem). Let F'€ H*>(D™) satisfy 0<e* < F(z) F(z)*
< 1 for all z € D™. Then Tr acting from HP(D™) to HP(D™) is onto for each
1<p<oo.

Observe that the general corona problem for D™ has the hypothesis of The-
orem A (or Theorem B), but the conclusion requires that a solution to Fu = 1
belong to H>(D™). Both of these theorems follow trivially from a positive solution
to the general corona problem. In fact, the raison d’etre of Theorems A and B is
an attempt to understand some of the difficulties of the general corona problem
for the polydisk.

We will give a proof of Theorem A and show how to modify it to get Theorem
B. Several well-known lemmas will be required.

Lemma 1. Let ¢ (possibly vector-valued) be C®) in a neighborhood of D. Then:

@ o0) = [ otednt) - [ 2o T

(b) for = € D, 6(2) = % [ ) gL [ 2 g,
and

(b') for z € D, ¢(z) = /_7T % do(t) + (/¢\)gl(z)7

$(2) = (P:9) (2) +9:(¢) (2).

See Koosis [11] for details. Notice that for smooth functions on D", (b) says

that .
@), (™ e™) = (Pro)(e™, .. e)

where P; denotes the orthogonal projection of L?(do1, ..., do,) onto the subspace
of functions whose Fourier coefficients, ay,,.. &, are 0 if k; < 0. For several vari-
ables, the order of application of the Cauchy transforms is irrelevant, so we may
unambiguously write $1’2’5, etc. to denote three applications of the Cauchy trans-
forms on the 1st, 2nd, and 5th variables in any order.

The next lemma seems to be due to Uchiyama. See Nikolski [15] for the simple
proof.

Lemma 2. Assume that a € C®) (D), |lallce.0 < 00, a > 0 and Na > 0 on D.
Then for p an analytic polynomial, we have

/AalpldLSBHaHoo/ 1p| dor
D

—T
To write down explicit solutions (in the smooth case), we need Cauchy trans-

forms and the following representation theorem which appeared in Trent [18]. The
proof will be provided in the Appendix for convenience. We also note that the
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lemma is a purely linear algebra result, but we state it here in the context of
algebras of bounded analytic functions on the polydisk, D™.

Lemma 3. Assume that F' € H*(D"). Then there exist operators Q; : D™ — B(I?)
such that for allz € D™ and 1 =0,1,...,

(a) Qu(z) Qi+1(z) = 0,
(b) (F(2) F(2)") I = Q; (2)Qi(2) + Qu11(2) Q111 (2)-
Moreover, the entries of Q(z) are 0, or else, for some n, either f,(z) or —f.(z).

The pertinent observation is that under the hypothesis that 0 < €2 <
F(z) F(z)* <1, for z € D" fixed; we have for [ = 0,1,... and Qo(z) = F(z):
(i Qi(2) Qu(z)"
F(2)F(2)*
Q1—1(z). Thus, range Q;(z) = kernel Q;_1(2).
(i) Qu(2)Qu(z)" < (F(2) F(z)") L2 < Ip2.
(iii) Differentiating (b) with respect to z; and Z; gives us that
02y Qu(2) (00, Qu(2))" < 0y F(2) (34, F(2))" I
The proof can be found in the Appendix. By (iii),
19;Q;(2)llop < 10;F(2) 12,

so all estimates involving (Q;); are replaced by Fj.

is the orthogonal projection of I? onto the kernel of

We give an example illustrating the finite case when we have four functions
in H>°(D™). Then

F = (f1, fa, f3, fa),

fa fs  fa 0 0 0
0 = -fi 0 0 [ fs fr O
0 —f1 0 —f2 0 f4
0 0 —fi| 0 —fo —f3
and
s 0] o]
—f2 0 fa 0
0 - _
Qs = fo —f3| O
J1 0 0 fa
0 f1 0 |—f3
. 0 0 fr | fo ]
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The lemma below can be found in Stein [16, pp. 450-451]. We state the
version we will require. For the proof when n = 2, see Trent [19].

Fix a p with 1 < p < oo and assume that 7 € B(LP(T")). We wish to
define an operator 7, on B(LP(T™)) as follows: For H = (hy, ha,...) € LP(T™),
we wish to define J H = (T h1,7 ha,...). The following lemma tells us that
J € B(Lr(T™)) and || T = [|IT]-

Lemma 4. (a) Let T € B(LP(T™)). Then | H|, < | T|||H|, for all H € LP(T™).
Thus, J € B(LP(T™)) with ||T || = || 7]
(b) The analogous result is true: T € B(HP(D"™)), then J € B(HP(D™)) and
1T =171-

For notational purposes, we will use “7” to denote both the operator in
B(LP(D"™)) and the operator in B(LP(D™)). Thus, for example, “P;” may de-
note the projection operator from LP(T"™) onto those LP(T™) functions whose
biharmonic extension into D" is analytic in the jth variable or it may denote the
corresponding operator from L£P(T™). It should be clear from the context which
operator is meant. Also, we may not always refer explicitly to this lemma, but it is
clearly in the background for extending, for example, the usual Carleson measure
results to the vector-valued case.

Recall that doy, = doy ...dox and dLjp = dL;...dLy. For an analytic func-
tion A(z) on D™ and iy,...,i C {i1,...,n}, we will denote 9;, ...0;, A by
A

15000y tn "

Lemma 5. Let F € H>®(D") with |[F|l < 1. Fiz ¢ € H*(D") for 1 < j < n.
Then there exists Cy < oo such that

Proof. By induction, the case j = 1 is just the Paley-Littlewood estimate, Lemma
2. For 1 <j<m,

-%2L/' j/ Py, 1), 12 L, dL
Di—1

34011/Ademu
T
where C;_; is the constant for j terms. Let Cy =2C}_1. O

Lemma 6. Let {1,...,n}zleng...UIkUJUK. Then there exists C; < 0o
so that for h,k € H*(D™) we have

/D [Elle - [ Ell2 [Frll2 - - [ 2 s llz (R ll2dLn < Crl[All2 [1K]]2-
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Proof. Let {1,...,n} =JUJ = KUK’

/||F1||2~-~|\Fn|\2||F11|\2-~-||F1k|\2|\hJH2IIkKllzdLn

(M

k
=S ) (LRLRTET B O AT 0 (A
P jes j=1

J¢J

3 k
< 2|J \/ / hJ||2dLJd0'J/) C§|J|/ / H HFI]~H3||]CK||2dLJ/dO'J
TJ/ T DJ/ j:1

3 k
2|J‘/ / hJ||2dLJd0'J/) COQ|J|/ / HHFIjH§||kK||2dLJ’dO-J
TJ JDJI' =1
: }
< 03'”/ |B]|3dor, CS'K‘/ / ks || 2dLc do i
T’Vl TK/ DK

<&y,

[V

IN

[SIE

by applying Lemmas 2 and 5. O

The next lemma is due to Chang [6].

Lemma 7. Let {1,...,n} =1 OIQ UUIk U N. Then there exists Cy < > s0
that for H € H'(D™) we have

/ B2 [Enll2 1 Frll2 - [1En |2 [ H 2 dLn < Co |H]y. (1)

Proof. By Lemma 4, we need only prove (1) for scalar H € H'(D"). In this case,
by the Lacey-Terwilleger weak factorization result [12], there exists an M < oo, so
that for each H € H'(D™) there exist {k;}52, and {I;}52, contained in H*(D"),
satisfying H = " k;l; in H'(D™) (and pointwise in D™); moreover,

IH <> K ll2lL]l2 < M| H]J.
j=1

Now we apply Lemma 6 to ||(k;) 2| (!;)n—s||2 for each j and each subset J C N;
then add to get (1), where Cy = 2NClM. O

The differential operators we need can be written in the following way. Fix
n, the dimension of D™. We will consider all operators as matrices of differential

operators acting on vectors with entries in C°(D"). Let 0; = (8,, +19y,) for
1 <7 <n. Then
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01
D1 (n) : E,

On
Dn(n) = (5117 _511—17 ey (—1)”'_181),

and, inductively, for 1 < k < n,

Din-1)| (1) 01

Dk(n) =
0 | Din-1)
Here D (n — 1) is the operator Dy (n — 1), but with the n — 1 terms numbered
2,...,n instead of 1,2,...,n — 1. Note that Dg(n) is an (7 ) x (x”1) matrix for
1<k<n.

For example,

N _ dy | =01 0

Dats) - prey|(vaer | | | Y
2(0) = = 3 —01
o | Die 0|3 o
3 — U2

We wish to find integral operators K;(n), so that
Di(n) Ki(n) + Ki41(n) Dig1(n) =1 for 0 <1 <n.
For the polydisk, we can achieve this by setting
Ko(n)=P ... P,
Ki(n) =(Py... PyA1, Ps... PyAo, ... Ay),
As

and, inductively, for 1 < k < n,
K/ (n—1) ‘ 0
0 | K-

Note that Kj(n) is an (;”1) x () matrix for 1 <1 <n.

Ki(n) =

For example,
PsAs A3 | O
= 0 0 [ As
0 010
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Lemma 8.
(a) Diy1(n)Di(n) =0 forl=0,1,...,n
(b) Ki(n) Kj41(n) =0 forl=0,1,...,n
(¢) Di(n) Ki(n) + Kj41(n) Diga(n) =1 forl=0,1,...,n.

[Note that in (¢) “I” denotes an (7) x (7) identity matrix acting on (7)
copies of C°°(D") and similarly for the “0” in (a) and (b).]

Proof. The proof is by induction on (n+1). Now n=1,2,... and 0 <[ < n. For
n—+1=1, we have n =1 and [ = 0. In this case we have

D1(1)Do(1) = 0:1(1) = 0;
Ko(1)K1(1) = PtAy = 0;
Do(1)Ko(1) + K1(1)Dy(1) =T — Py + A0y = P+ P = 1.
Assume that (a), (b), and (c) hold for (n+1—1) = j < 2n, where 0 <[ <n — 1.
We show that (a), (b), and (c) hold for n + . If [ = 0, then
01 0
Di(n)Do(n) = | + | I=]:]=0
On 0
Ko(n)Ki(n) = Py ... Po(Py... PyAy, Py... Py, ..., Ay) =0
since PjA; =0 forall 1 <j <n.
n—1
Do(n)Ko(n) + Ki(n)Dy(n) =1-Py...Py+ > Pi1... PaAjD; + AyDy
=P ..Pt+ Y P'Pi1...Pat P
j=1
=P ...P,+PIP,...P,
n—1
+Y P Pjy1...Pu+ Py
j=2
n—1
=P..Pat+ Y P'Pi1... Pt Py
j=2

= =P, +Py =1

Now we may assume that 1 <[ <n. Then
Df(n—1) (-1l Df (n—1) (D)o eI

Diy1(n)Di(n) = 0 Dltrl(” —1) 0 Dz+(” -1)
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D (n=1)Df (n=1) (~)'7'Df (n—1)dy + ()2, D (n — 1)
0 D} (n—1)Df (n—1)
_ {0 0}
0 o’

since the diagonal terms vanish by induction and 91 ® I commutes with D} (n—1),
so the off-diagonal term is 0. Similarly, K;(n)K;11(n) = 0.

Finally,
Di(n)Ki(n) + Kiy1(n)Dita(n)

D (n—1) (-9 eI || Kify(n—1) 0
) 0 D (n—1) 0 K (n—1)
L| K 0 Dftn—1) (-1)'g @I
0 K i(n—1) 0 Dii(n—1)

I 0
0 I
This follows since, by induction, the diagonal terms equal I. Also, K l+ (n—1) only

involves P; and A; for j = 2,...,n, so 01 < K, (n —1). Thus the off-diagonal
term is 0 and this completes the 1nduct10n step. (Il

Suppose that we have formally:

Q()EO =1 and DlKl + KQDQ =1
EoQo+Q1E1 =1

. D, Ky, 1+ K,D,=1
En—lQn—l + QnEn =1 DnKn = I(Dn+l == 0)

a’nd QJQJ+1 j-‘—lE =D; D]-‘rl Qj+1QJ = O

We form words by concatenation assuming, in addition, that

D;Qj = Q;D; forall i=1,...,n
7=0,1,...
and DI =0.

Then we have the following:
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Lemma 9. Let

u = EO + Z(_l)leKl PN QjKjEij e ElDlEo.
j=1

Then
Dlu = 0

Proof. Let

Up + = EnDn .. .E1D1E0
Up—1 = n—an—1~-~ElD1EO _QnKnun

uy 1 = E1D1Ey — QaKaus
ug : = Fy — Q1 Kqu;.
Then u = ug; so we must show that Dijug = 0. Since D,+1 = 0, Dypt1u, = 0.
Assume D ouji1 = 0. For 0 < j <n—1, we show that D 1u; = 0 and this will
complete the proof.
Djy1uj = Dj1 [EjDj ... EyD1Ey — Qi1 Kjy1uj]
=Dj1E;Dj... ExD1Ey — Qj+1(Dj+1 Kjy1)ujva
= D4 1E;D; ... EyD1Ey — Q1[I — Kj42Djialujsr
= D1 E;D; ... EyD1Ey — Qjs1tj41
=Dj1E;Dj... E1D1Ey — Qj11[Ej1Dj1 ... ExD1Ey — Q2K youjy o]
= - Qj+1Ej+1)Dj1E;D; ... E1D1Eg
= (EjQj)Dj1E;D; ... ExD1 Ey
= E;D;11(Q;E;)D;E;_1D;_ ... By D1 Fy
= E;Dj1(I — E;1Q;—1)D;E;_1D;_, ... B Dy Ey
= (=DE;jDj1Ej1D;j(Qj1Ej-1)Dj1 ... E1D1Ey

= (=1)E;D;11E; 1 D; ... D1(QoEv)
=0 since QoFg =1 and Dy(I) =0. 0

Up to an analytic perturbation, which will be specified later, we can now
write our solution. Let
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Suppressing the z € D™, we set

EO+Z JQlKl QJKJEJDJElDlEO

Clearly Fug =1 in D", since F Q1 = 0 there. By Lemma 9, Dyug =0 in D' It
only remains to estimate the size of the solution wug.

Lemma 10. (a) There exist operators { Bx }renj), so that

Q1K1 ... QjK; = [BrlAxlren()-

This is a 1 x () row vector with operators as entries. For m = (i1,...,14;),
A denotes Ay, ... . Here By is a finite product of operators belongmg to
{Qi, Py, P - 1§l<] 1<k<n}

(b) Eij...ElDlEo = [ 5 Q 8 F] rell(j) - This is an

(FF*)JH T=(i1,ris)
el
(/) x 1 column vector, whose entries are vectors of functions.
(¢) Each By appearing in (a) can be written as a finite sum of terms involving
no repetitions of the projections {Pj};‘:l. Thus each term involves at most n
different projections.

Proof. Consider (a). For n = 1 analytic variable,
Q1 K1(1) = Q1Aq,

so we are done. Forn > 1 and 1 < j < n,

+ _
QiK1 ... QiK; = [Q1P2... PaAi, K (n = 1)] Qo {Kl (75 Y K;_(T?— 1)
K (n—-1) 0
. Qj 10 K y(n- 1)]

=[QiPy. .. PaM(Q2KT (n —1)...Q; K~ (n — 1),
By induction on the number of analytic variables,
Qle(n—l)QjK;'(n—l) [B A ]rreH )
1¢7T

and QgKf(n -1).. QJ (n —1) = [Colsloen(j—1)-
1¢o

Here B, and C, denote operators formed from finite products of Q;’s, Px’s, and
P,ﬁ-’sforlglgjand2§k§n.

But
AlcUAO' = Bl,UAlAU = BTI'A7T7
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where 7 € II(j) and 1 € m. To see this, first notice that neither expression
Q1K (n—1). ..QjKJ'-"(n — 1) or Q2K{(n—1)... QjKJ'-"_l(n — 1) involves the
projection P; and A; P, = PiyA; for 2 < k < n. Also, we have

X AQ)Y = X PQiA Y. (2)

Continuing this procedure with A; commuting across the Py’s and using (2) to
move A; to the right of the @;’s, (a) follows.

As for (b), first note that

QF | Qi1 F* Q;
D, — .. D = J__D.Q* ,...DyQiDF*.
Fre ViR PVER = Fpeym D1 D201
This follows since
X D Y=X D)(—— Y +—D;Qf Y
7 Dipps FF*[ Z(FF*)Ql_l T T 1Q1-1Y]
— X DQr,Y, using QQ]_, = 0.

(FF~)?
Now D;Qi_y...D1F* = (D;Q}_4)...(D1F") is formally (as in the Appendix)
the same as

Q5 O F*
: ARRRRA : (3)
0n Q4 O F'*

== Z Z (—1)55]"0‘5&(”)6@;_1 N -ga(il)F* (7

This last equality comes from the fact that

ga(ij)Q;‘—l .. -ga(il)F* = (Ea(ij)F*) VARERIVAN (ga(il)F*)
= (=1)""* 9y, F* N--- NO;, F*
= (~1)*" 9, Q% ... 0, F.
Thus
Q; -1 F* o
D,—2— . . . D ——=[j! J
T et Ty U

ey Qi Ol e
T=(%1,...,%n)

asan () x 1 vector.

Consider elements from B, which from (a) involves finite products using
only elements from {Ql}{zl, {P}7_,, and {P}7_,. Replace any P’s by I — Py,
and write B, as a finite sum of terms containing no P,j’s. Consider a term in
B, of the form X PyS P,Y. Then P.Y is analytic in the kth variable. Since S
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involves (;’s which are analytic and P;’s, we have that S P,Y is analytic in the
kth variable. Thus X PyS P.Y = X S P,Y. Using this procedure, we may assume
that in each term of B, at most one occurrence of Py for 1 < k < n appears. Thus
(c) follows. O

Lemma 11. For each Q1K ...Q; K, from Lemma 10, there is an operator A; such
that

(1) FA; =0 in D",
(2) Aj is analytic in D",
(3) terms of Q1K1 ...Q;K; + A; involve at most n — 1
of the projections {P;}7_;.
Proof. By construction,
QiK1 ... Q;K; =[Q1Py... PaP(Q2K{ (n—1)...Q; K} (n—1))Ay,
QK (n—1)...Q;K] (n— 1))
Let
Aj = [QiP.. . PP Q2K (n—1)...Q;K "1 (n — 1))A1,0].
Then (1) and (2) are clear.
QK1 QK+ Aj = [Q1P .. Py(Q2K{ (n = 1) ... Q; K (n — 1)) Ay,
QK (n—1)...Q;K;(n—1)].
By Lemma 10,
Q1K (n—1)... QK (n—1) = {BzAs }wfgm
and
Q2K (n—1)... QjK;__l(n — DAy = {CoAsA1}oeni(i—1)-
Since B, and C, do not contain the projection P; and thus Qlf;% ... P,C, does
not contain P either, we see that the terms of Q1K ...Q;K;+ A; do not involve

P, and by Lemma 10 can thus be written as sums of terms involving at most
(n — 1) projections. O

We are now ready to complete our estimates.

Proof of Theorem A. Suppose that F € H>®(D") and 0 < € < F(z)F(z)* <1
for all z € D™. We lose no generality (by considering F,.(z) = F(rz)) in assuming
that F' € H*>(D?%), for some % > 1. Then we must show that our estimates are

independent of r and apply a compactness argument to complete the proof.

Let
—UO+Z A E D ElDlEo.
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We use the subscript “r” to remind us that all the terms are defined using F;. in
place of F. Suppose we show that |u,|, < =5%rp?"~! with C; independent of r
and p > 2. This suffices for u, to belong to exp(Lﬁ), since u, is analytic in D
by Lemma 9 and

(HurHZ)ﬁ > 1 an—fl
e X d01~-~d0n227klurl k
n —o k! \an—1 2n—1
4n
S Z | . 2n—1
o

S p AT
T S T ]_ @)
R o e R B
Thus (3) is finite for A & . So
Co

< -
|ur|e,2n—1 = €3n+1
This estimate is independent of 7, so a compactness argument gives us our analytic
1
. I 1 C
uw with Fu=11in D", u € exp(LZ-T) and |ufe,2n—1 < Zatt.

It remains to show that if

Upr = Ug + Z(-l)'jAjEij N ElDlEo,
j=1

then there exists Cy < 0o, independent of r so that

Co

2n—1
il P > 2.

|ur|p <

Fix p > 2. Now by Lemma 10

_ Qr  _ _ Ax
—1)7 - J X * . *
1( 1) e§n<-> ! Bx {7(FF*>J.+18”QJ_1...8HF ,
™ J

ﬂ:(il ..... ij)

.....

where Ar = A; ;. By Lemma 11, B; is a finite sum (of at most n! terms)
of finite products of contractions @; and of at most (n — 1) projections among
{P:}?_,. Now as an operator on LP(T™), p > 2, P, has norm || Py|| < Cop. [See
Garnett [10] for this fact on LP(T').] Thus

| Bx | (cr(rny) < Cop™ ™,
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where Cj is independent of r and p (but depends on n).

Estimating, we get

, Qr = . — e
lurly < Z ) ]!H[W&j%—lmaiﬁ]A”HD’(T") Cop" ™"
j=1  mel(j)
™= (11) 71])

We estimate the worst term in growth rate; the others follow more easily.
Let
Qs =
= 9] .0 F*
02 D
We must show that

to complete the proof.

By duality, since LP(T™)* ~ L1(T™) for 1 < p < 0o (see Edwards [9], p. 607)
and [Mon = PL L PLIALon ) e have

e, = sup [ )
keLd(T™)
[klg<1
= sup |(Ivn PhLLPEE)
keLd(T™)
[klg<1
sup |<ZA1"“’",FO>|
Hoezl...Zan(Tn)
|H0|q§COPn
sup |<ZA1""’",FO>|.

Ho€z1...2, HY(T™)
| Hol1 <Cop™

IN

IN

Applying Lemma 1 n times, we must estimate

<lA1,...,n7FO> 81 8 <l F0> dLl dLn

Q; o
/ O .. FF*)"'H nQn 1..-01F* Hy)dL, (5)

for Hy € 21 ...z, HY(T™) and |Hp|1 < Cop™.
Since Q0,Q% _, ...01F* is coanalytic in D", all 9y, ..., 0, derivatives in (4)

apply to either W or to Hy. Let {1,...,n} = TUJ. IfJ = {j1,-- . Jp}, let
0 denote 9, ...0;, and similarly for I.

Then we must estimate sums of terms of the form

1 — -
/n<81((FF*)n+1)Q 9,Q%_y ... 01 F*, 9, Ho) dLy,
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1 * 3 * ) *
S/Dn ”al(m)||0pHQnH0p||anQn—1HOP'””alF H2||8JH0||2dLn'

Recall that [|0,Q%lop < [0xF*||l2, k =0,...,n and j = 1,...,n. The result now
follows from Lemma 7. This completes the proof of Theorem A. O

The above argument shows that [21~" € BMO(T™) N H2(D™) and with

=1
BMO norm independent of 0 < r < 1. Thus, in the case that n = 1,1, € BMO A

and sup ||lArl||BMo £ () < o0. So there exist ¢,y € L>(T) and h(,) € H3(T)
0<r<1
~1 ~1
so that P (o) = b, ¢y = lr + ¢y and sup [[¢()]lec = Co < 00. Then
0<r<1

*

Up = %—Qr[go(r)] gives a corona solution with ||u, || < 2+Cp forall 0 < r < 1.

We will outline the modifications of Theorem A necessary to establish The-

orem B. To show that Tr € B(HP(T™)) is onto, fix any G € HP(T™). Then for
0<r<li,

- j : Q% 3 * 3 *
e Zl v %) J!Bﬁ[m%@j—l 0L F G
J= well(y

satisfies
Tr ug, = G, € HP(T™)
and luc,|p < Col|Grlp, (6)
where C is independent of r.

To verify (5), we estimate |ug, |, as we did |u,|, in Theorem A. The proof
is completed with a compactness argument. More details for the case n = 2 and
the compactness argument can be found in Trent [19].

Appendix

We finish this paper by providing a proof of the linear algebra result, Lemma 3.
Certainly, the basic exterior algebra idea in Lemma 3 is classic. See, for example,
Birkhoff-MacLane [3, Problem 4, p. 566].

We will sketch the basic idea. Note that although our operators defined below
are (of course) “bases free” it is only with respect to a particular fixed basis that
the entries of the corresponding matrices belong to the algebras in question; which
for us is H>(DN).

For our notation, Z(QH) will denote the exterior product of I with itself n-

times, i.e., If,) =1* A~ A 1% (n times). For n = 0, I = C. Let {¢;}32, denote

the standard basis in /2. If II(n) denotes increasing n-tuples of positive integers
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and if (iy,...,i,) € I(n), we let m, = {i1,...,4, } and, abusing notation, we write
T € I(n).

Define e, = e;, A---Ae;,. Then {er, }r, cmmn) denotes the standard basis
for 12 ..

(n)

For f ~ {f,}2%, and f, € H>(DV), we assume that ¢ < F(z)F(z)* <1
forallz € DV. Fix z € DN. For n=0,1,... define

Qr(2) : 110 = iy
by
Q(z)(wy) = F(z) A wy,, where w,, € l%n).

Now

Qi(@)(er,) = YT e; Aex,.

So with respect to the standard basis, then entries of @ (z) are 0 or else + f,(z)
for some n. Thus Q,(-) has analytic entries with respect to the standard basis.
This is the only place where we are using the particular algebra H>(DN).

Proof. Fix z € DY and let a = F(z) and Q}, = Q}(z). Then Q}(w,) = a A wy,.

Choose an orthonormal basis {uy, }5°; of I? with u; = ﬁ (Note ||a||?> > €2.) Then

it follows that for 7, € II(n) and ur, = w;, A--- A u;,, we have that {ur, }r, c1(n)

is an orthonormal basis for Z(QH). Thus

Qn(wni1) = Z (@n(wnt1), Un, )tr,

T €I1(n)

= Z (Wnt1,a A Ug, YUn,
mn €I1(n)

=lall Y (wpi1,u1 At ur,. (7)
7w €II(N)

We wish to show that for n =0,1,...

)

QnQn + Qn1Qriy = llal* Lz (8)

(nt+1)”
For n = 0, Cﬁ;ﬁf is the rank one projection of 12 onto a. So given (7), Cﬁ;% is
a projection. But then qﬁ;ﬁ?; must be a projection. Applying (7) again, we see

that Cﬁ;ﬁ? is a projection. Repeating this procedure, we conclude that 6‘2";% is the

projection onto the range of @,,. Also, given (7), it follows that Ker Q,, =ran Q1.

2
(n+1)

1Qn (wnr)I* + Q5 41 (wns)I* = lalllwna |- 9)

To prove (7) it suffices to check that for wy4+1 €1
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Denote wy4+1 by w. Then from (6), we see that

1Qu(@)I* =llal* > [w,u1m,)l

T €I1(n)
1¢my,

=llal® Y [ un, )

7Tn+1€H(TL+1)
lemnt1

Also, since

Q;;-&-l (w) =aNw= HQ” up A Z <w7uﬂ'n+1> Uy, 41
7"71+1€H(n+1)

HQ” Z <w7u7rn+1>ul A uﬂ"n+17

7rn+1€H(n+1)
1¢mn 41

we compute that

Q@) =llal® > [w un,., )P

Tni4l GH(TL—‘,—l)
1¢mp41

So (8) holds. This completes the proof of Lemma 3. O

References

[1] E. Amar, Big Hankel operator and Op-equation, J. Oper. Theory 33 (1995), 223-233.

[2] M. Andersson and H. Carlsson, Estimates of solutions of the H? and BMOA corona
problem, Math. Ann. 316 (2000), 83-102.

[3] G. Birkhoff and S. MacLane, Algebra, MacMillan, Toronto, 1971.
[4] J. Boo, The H? corona theorem in analytic polyhedra, Ark. Mat. 35 (1997), 225-251.

[5] U. Cegrell, On ideals generated by bounded analytic functions in the bi-disc, Bull.
Soc. Math. Frances 121 (1993), 109-116.

[6] S.A. Chang, Carleson measures on the bi-disc, Annals of Math. 109 (1979), 613-620.
7]

, Two remarks about H' and BMO on the bidisk, Conference on Harmonic
Analysis in Honor of Antoni Zygmund, Vol. II, Wadsworth, Inc., 1983.

[8] S.A. Chang and R. Fefferman, Some recent developments in Fourier analysis and
HP-theory on product domains, Bull. Amer. Math. Soc. 12 (1985), 1-44.

[9] R.E. Edwards, Functional Analysis, Theory and Applications, Dover Pub., New York,
1995.

[10] J.B. Garnett, Bounded Analytic Functions, Academic Press, New York, 1981.

[11] P. Koosis, Introduction to H? Spaces, Cambridge University Press, New York, 1980.

[12] M. Lacey and E. Terwilleger, Hankel operators in several complex variables and
product BMO(Q? C4), preprint.

[13] S.-Y. Li, Corona problems of several complex variables, Madison Symposium of Com-
plex Analysis: Contemporary Mathematics, vol. 137, Amer. Math. Soc., 1991.



328 Tavan T. Trent

[14] K.C. Lin, H? solutions for the corona problem on the polydisc in C", Bull. Sci.
Maith. 110 (1986), 69-84.

[15] N.K. Nikolski, Treatise on the Shift Operator, Springer-Verlag, New York, 1985.

[16] E.M. Stein, Harmonic Analysis, Princeton University Press, Princeton, New Jersey,
1993.

[17] T.T. Trent, A new estimate for the vector-valued corona theorem, J. Func. Anal.
189 (2002), 267-282.

, An H?-corona theorem on the bidisk for infinitely many functions, Linear

Alg. and its Appl. 379 (2004), 213-227.

, A vector-valued HP-corona theorem on the polydisk, Int. Equa. and Op.

Theory, to appear.

[18]

(19]

[20] N.Th. Varopoulos, Probabilistic approach to some problems in complex analysis,
Bull. Sci. Math. 105 (1981), 181-224.

Tavan T. Trent

Department of Mathematics
The University of Alabama
Box 870350

Tuscaloosa, AL 35487-0350
USA

e-mail: ttrent@gp.as.ua.edu



Operator Theory:
Advances and Applications, Vol. 179, 329-338
(© 2007 Birkh&duser Verlag Basel/Switzerland

A Matrix and its Inverse: Revisiting Minimal
Rank Completions

Hugo J. Woerdeman

Abstract. We revisit a formula that connects the minimal ranks of triangular
parts of a matrix and its inverse and relate the result to structured rank
matrices. We also address a generic minimal rank problem that was proposed
by David Ingerman and Gilbert Strang.
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Keywords. Minimal rank, matrix completion, nullity theorem, band matrix,
semi-separable, quasi-separable.

1. Introduction

In this paper we revisit the following result from [22]:

Let [(Tij)i =1 = (Sij)i'j=1 be block matrices with sizes that are compatible for
multiplication. Other than the full matriz (which is of size N, say), none of the
blocks need to be square. Then

Tnw 7 - ? ?
. T2]_ T22 ctt ? . 521 . .
min rank ) ) . + min rank . ) . .| =N.
Tnl Tn2 T Tnn Snl e Sn,n—l ?

(1.1)
With the recent interest in numerical algorithms that make effective use of ma-
trices with certain rank structures (see, e.g., [4], [21], [18], [7], [9], and references
therein), it seems appropriate to revisit this formula that captures many of the
rank considerations that go into these algorithms. The nullity theorem due to [10]
is a particular case. The papers [17] and [20] show the recent interest in the nullity
theorem. It is our hope that this general formula (1.1) enhances the insight in rank
structured matrices.

Supported in part by National Science Foundation grant DMS-0500678.
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In addition, in Section 3 we will address the so-called “generic minimal rank
problem”. This problem was introduced by Gilbert Strang and David Ingerman.

2. Minimal ranks of matrices and their inverses

Let us recall the notion of partial matrices and their minimal rank. Let F be a
field and let n,m,vy,...,Vn, 11, ..., tm be nonnegative integers. The pattern of
specified entries in a partial matrix will be described by a set J C {1, .. .,n} X
{1, e ,m}. A pattern K that is a subset of J will be called a subpattern of J. Let
now Ajj, (4,7) € J, be given matrices with entries in IF of size v; x pj. We will allow
v; and i to equal 0. The collection of matrices A = { A;;; (i,7) € J} is called a
partial block matriz with the pattern J. When all the blocks are of size 1 x 1 (i.e.,
v; = pt; = 1 for all ¢ and j), we will simply talk about a partial matriz. Clearly, any
block matrix as above may be viewed as a partial matrix of size N x M as well,
where N =v1 4+ ...+ v, M = pu1 + ...+ . It will be convenient to represent
partial block matrices in matrix format. As usual a question mark will represent
an unknown block. For instance, A = {Aij 1<K < n} will be represented as

Ay 7 ... 7
A:

: - ?

Al . .. Apn

Let a partial matrix A = { A;;; (i,5) € J} be given. A block matrix B =
(Bij)?:l,g'nzl with Bij € Fvix#ti is called a completion of A if Bij = Aij, (Z,]) S
The minimal rank of A (notation: min rank(A)) is defined by

min rank(A) = min{rank B : Bisacompletionof A}.

The formula that connects the minimal ranks of triangular parts of a matrix
and its inverse is the following. The result appeared originally in [22] (see also [24]
and Chapter 5 of [23]).

Theorem 2.1. [22] Let T = (Tj;)7;—; be an invertible block matriz with T;; of
size v; X pg, where v; > 0, i >0 and N = v; + ...+ vy = pi + ...+ piy. Put
T = (Sij)ij=1 where Sij is of size p; X v;. Then

Ti1 7?7 .. ? ? ? . ?
Ty, Tay - ? So1 7 . ?

min rank . . . + min rank . ) . .| =N.
Tnl Tn2 T Tnn Snl e Sn,n—l ?

As we will see, one easily deduces from Theorem 2.1 that the inverse of a
lower Hessenberg matrix has the upper triangular part of a rank 1 matrix. The
strength of Theorem 2.1 lies in that one easily deduces a multitude of such results
from it.
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From the same paper [22] we would also like to recall the following result.

Theorem 2.2. [22] The partial matriz T = {TZ—J— 1<j<i< n} has minimal rank

n T; o Ty n—1 Ti+1,1 e Ti+1,i
minrank 7 = Z rank - Z rank : :
i=1 To1 .. Ty i=1 To1 ... T

For the 2 x 2 case of Theorem 2.2 one needs to observe that the minimal rank

(% )
Ty T2

will at least be the rank of (Tll) plus the minimal number of columns in Tb

of

To
that together with the columns of T5; span the column space of (Tgl ng) . Once
such a minimal set of columns in 752 has been identified, put any numbers on top
of these columns. Now any other columns in 75 can be completed to be a linear
combination of fully completed columns. Doing this leads to a completion of rank

rank <?1> + rank (Tgl ng) —rank 751,
21

yielding the case n = 2 of Theorem 2.2. The general case now follows easily by
induction.

The proof of Theorem 2.1, which can be found in [22] is easily derived from
Theorem 2.2 and the nullity theorem, which we recall now.
Theorem 2.3. [10] Consider

A B\' (P Q
C D “\R S/
Then dim ker C = dim ker R.

Proof. Since CP = —DR , Plker R] C ker C. Likewise, since RA = —SC, we get
Alker C] C ker R. Consequently,

AP[ker R] C Alker C] C ker R.
Since AP+ BR = I , AP[ker R] = ker R, thus
Alker C] = ker R.

This yields dim ker C' > dim ker R. By reversing the roles of C' and R one obtains
also that dimker R > dimker C'. This gives dimker R = dimker C, yielding the
lemma. O

The nullity theorem is in fact the case n = 2 of Theorem 2.1. Indeed, if

71— <T11 T12>_1: <511 512>
T21 T22 521 S22 ’
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we get from Theorem 2.1 that

rank (;11) + rank (T21 TQQ) — rankT51 + rankSs; = N. (2.1)
21

As T is invertible we have that (?1> and (To1 Th) are full rank, so (2.1) gives
21
p1 + ve —rank Toy +rank So; = py + po = v1 + v,

and thus
vy —rank Thy = po — rank Soq,

which is exactly Theorem 2.3.

To make the connection with some of the results in the literature we need
the following proposition.

Proposition 2.4. Let T = {tij 1 <5< < n} be a scalar-valued partial matriz.
Then minrank (7) = n if and only if t;; # 0,5 =1,...,n, and t;; =0 for i > j.

Proof. The “if” part is immediate. For the only if part write

t11 n
minrank7 =rank | @ | + Z Si, (2.2)
o =2
where
ta ...t ta .. tiia
s; =rank [ : — rank
i1 e b tnl oo tnioi

All the terms in (2.2) are at most 1, and as there are exactly n terms they need
to all be equal to 1 for min rank(7) = n to be satisfied. But then s,, = 1 implies

th1 = ... =typn-1 = 0 and t,, # 0. Inductively, one can then show that s =1
implies tp1 = ... = tpr—1 = 0 and gy # 0,k = n—1,...,2. Finally the first
column of 7 needs to have rank 1. As ¢;; = 0,5 = 2,...,n, was already established
we get that t11 # 0. This proves the result. O

We now easily obtain the following corollary, due to Asplund [1].

Corollary 2.5. [1] Let p > 0 and A = (aij)gjzl be an N x N scalar matriz with
inverse B = (bij)};—,. Then ai; = 0 for all i and j with j > i+ p, and a;; # 0,
j =1i+p, if and only if there exist an N X p matriz F and a p X N matriz G so
that bj; = (FG)ij, i < j+p. In particular, if p =1 (so A is lower Hessenberg),
then bj; = F;G;, 1 <i<j <N, where Fy,...,Fn,G1,...,Gn are scalars.

Proof. Let (Sij)ﬁ;-_:plﬂ = A, where S;; isofsize 1 xp,i=1,...,n—p, SN—pt1,1
has size p X p, SN_p+1,; hassize px 1, j =2,...,N —p+1, and all the other S5;;
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are 1 x 1. Let B = (Tij)gj_:pl'Irl be partitioned accordingly. Then, it follows from
(1.1) that

? ? e ?
Sor 7 e ?
min rank . ) ] |l =N-»p
Sp1 o Spmo1 7
if and only if
Ty, 7 - ?
Tor T -+ 7
min rank . ) . =Dp.
Ti Thae -+ Ton
Using Proposition 2.4 the result now follows. (]

Corollary 2.5 shows that Theorem 2.1 is useful in the contexts of semi-
separability and quasi-separability (see, e.g., [19] and [6] for an overview of these
notions). In a similar way it is easy to deduce results by [3], [13], [14], [15], [16]
and [8] from Theorem 2.1.

3. The generic minimal rank completion problem

Let » € N. We will call a pattern J C {1,...,n} x {1,...,m} r-sparse if for every
K c{l,...,n}and every L C {1,...,m} with |K| = |L| > r we have that

TN (K x L)| < 2|K| —7)r.

Thus square submatrices of size N intersect the pattern in at most 2Nr — r?

positions. The number 2Nr — r? comes from the situation where exactly r rows
and r columns in an N x N submatrix are prescribed.

Recently D. Ingerman and G. Strang observed that a 1-sparse matrix with
nonzero entries has a completion of rank 1. We will give a proof of this fact below.
This observation led Ingerman and Strang to ask: Is it true that one can “generi-
cally” complete a r-sparse partial matrix to a matrix of rank < r? Of course, to be
able to answer the question one needs to define “generically”. The 1-sparse case
suggests that it may suffice to require that all fully specified matrices are nonsin-
gular. The following example, however, shows that this is not the right formulation
of “generic”.

Ezxample 3.1. Consider the matrix

A=

—a W o
S B = W
— N =R
R we
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where x, ¥y, z and w are the unknowns. Note that this partial matrix has a pattern
that is 2-sparse. However there is no completion of rank 2. Indeed, suppose that
rankA = 2. Then we have that

666G -

and since the rank of the first term is 2, the second term must also have rank 2.
Thus, we have that xy # 1 and zw # 1. Next, we also have that

2 1) (2 3\ (x 1\ (63 _,
1 w 1 1)\1 y 3.1)
Multiplying on both sides with xy — 1, the off-diagonal entries yield the equations

zy—6y—3x+10=0, zy—6y—3x+8=0.

These are not simultaneously solvable (as long as we are in a field where 8 # 10).
It should be noted that this is a counterexample for any field in which 6 # 9,
6#£1,3#1,9+#1 (so that we have full rank-specified submatrices) and 8 # 10.
As an aside, we note that for some of the small fields it may be impossible to fulfill
the nondegeneracy requirement on the data. E.g., when F = {0, 1}, a 2 x 2 matrix
can only be nonsingular if zeroes are allowed in the matrix.

In order to formulate our results and conjectures it is useful to introduce
the bipartite graph associated with a pattern. Given a pattern J the corresponding
(undirected) bipartite graph G(J) has vertices {v1, ..., Up, U1, . .., Um }, and (v;, u;)
is an edge in G(J) if and only if (¢,j) € J. A subset K C J is called a cycle in
G(J) if K is of the form

K = {(ihjl)v (7;27]'1)7 (i27j2)7 B (i/wjk)? (117]}’@)} (31>

for distinct i1, ..., 4 and distinct jq, ..., jg, where k > 2. In other words, G(K) is
a cycle in G(J). The length of the cycle K is its number of elements; so for K in
(3.1) we have that its length is 2k. Note that in a bipartite graph all cycles have
even length. When a pattern is 1-sparse, it cannot have any cycles as a cycle of
length k requires the corresponding partial matrix to have 2k specified entries in
a k X k submatrix. This observation makes it easy to apply a result in [5] to prove
the statement by Ingerman and Strang.

Proposition 3.2. [11] Any partial matriz whose pattern is 1-sparse and whose given
entries are nonzero, has a rank 1 completion.

Proof. Let J denote the pattern of specified entries of the matrix. By the ob-
servation before the proposition we have that G(J) does not contain any cycles.
Therefore by Lemma 6.2 in [5] it suffices to observe that the absence of zero speci-
fied entries implies trivially that the partial matrix “is singular with respect to all
three lines in G(J)” (the latter condition can be rephrased as saying that for all
2 x 2 submatrices there is a rank one completion). g
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We say that the cycle K in (3.1) has a chord in J if for some 1 < p,q < k we
have that (ip,jq) € J \ K. One can think of a chord as a “shortcut” in the cycle.
The cycle K is called minimal in J if it does not have a chord in J. Notice that
a 4-cycle is a complete bipartite subgraph, and by definition it is automatically
minimal. Cycles of larger (necessarily even) length can be minimal or not. We say
that a bipartite graph is called chordal if it does not have minimal cycles of length
6 or larger.

Notice that the bipartite graph associated with the partial matrix in Example
3.1 is a minimal cycle of length 8, and therefore the graph is not chordal. Therefore
it could be that the obstruction of finding a solution in Example 3.1 lies in the
non-chordality of the underlying bipartite graph. As we have seen in [5, Theorem
3.1] it is also the non-chordality that prevents graphs from being so-called “rank
determined”. In addition, notice that in the case r = 1 the 1-sparse property
prevents the existence of minimal cycles of length 6 or more, and thus in that case
all patterns are automatically bipartite chordal. Thus we arrive at the following
conjecture.

Conjecture 3.3. Consider an r-sparse partial matriz A with a bipartite graph that
is chordal. If all fully specified submatrices have full rank, then A has a completion
of rank at most r.

We can prove the conjecture for the subclass of banded patterns. Recall (cf.
[25]) that a pattern J C {1,...,n} x {1,...,m} is called banded if there exist
permutations o on {1,...,n} and 7 on {1,...,m} so that

Jor = {(0(i),7(4)) ; (i,5) € J}
satisfies
(i,5), (k,1) € Joryi S kj 2 1= (i kY X {L 5} C o

Theorem 3.4. Let F be an infinite subfield of C. Consider a r-sparse partial matriz
with a banded pattern and suppose that all fully specified submatrices have full
rank. Then there exists a completion of rank at most r.

To prove this result we need the notion of triangular pattern: a pattern J is
called triangular if there exist permutations o and 7 so that J, . satisfies

(1,5) € Jor = {i,...,n} x{1,...,j} C Jpr.

Proof of Theorem 3.4. By Theorem 1.1 in [25] it suffices to show that for every
triangular subpattern (for the definition, see [25]) we have that the minimal rank
is < r. But a triangular subpattern can always be embedded in a pattern that
corresponds to r rows and columns specified (due to the condition that in any
k x k submatrix at most (2k — r)r entries are specified). But then the result
follows. (]

Observe that the proof shows that if the bipartite chordal minimal rank
conjecture (Conjecture 3.3 in [5]; see also Chapter 5 in [23]) is true, then Conjecture
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3.3 above is true as well. The techniques developed in [2] and/or [12] may be helpful
in proving this conjecture above.

While Example 3.1 shows that not every r-sparse partial matrix with full
rank-specified submatrices has a rank r completion, it should be noticed that if we
consider the example as one over an infinite subfield of C and we perturb the data
slightly, then there is a rank r completion. This observation leads to the following.

Let F be an infinite subfield of C, and let J be a pattern. Consider the set
P; of partial matrices over F with pattern J. We can identify P; with the set
FI/I, and we use this correspondence and the usual topology on F!’! to define a
topology on P;. We can now formulate the following conjecture, which probably
best describes the conjecture that Ingerman and Strang had in mind.

Conjecture 3.5. Let J be an r-sparse pattern. Then there is a dense subset P’ of
Py, so that all partial matrices in P’ have a completion of rank at most r.

Analyzing Example 3.1 it is not hard to convince oneself that Conjecture 3.5 is
true for the 2-sparse pattern J = {1,...,4} x{1,...,4}\{(1,4),(2,3),(3,2),(4,1)}.
Indeed, a desired set P’ is described by all partial matrices for which the given
entries satisfy 4 nonequalities. These nonequalities are obtained by eliminating
three out of four unknowns, and requiring that the coefficient in front of the
highest power is not equal to 0; doing this for all possible choices of the remaining
unknown, we get 4 nonequalities. Also, by the results stated earlier, the conjecture
is true for » = 1, and for banded J.

One may perhaps prove Conjecture 3.5 in the following way. View the par-
tial matrices in P; as a regular matrix where the unknowns are represented by
variables x1,...,xk, k = nm — |J|. Let I be the ideal generated by the determi-
nants pi,...,pn of (r+ 1) x (r + 1) submatrices as polynomials in the unknowns
T1,...,T. We now need to show that generically, the constant polynomial 1 is
not in I. Use of elimination theory may perhaps be used to now show that one
can only eliminate all variables when the coefficients satisfy certain equalities. Fi-
nally, observing that these equalities are generically not satisfied one may finish
the proof.
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