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Preface

This book is intended to give an introduction to the theory of forward-
backward stochastic differential equations (FBSDEs, for short) which has
received strong attention in recent years because of its interesting structure
and its usefulness in various applied fields.

The motivation for studying FBSDEs comes originally from stochastic
optimal control theory, that is, the adjoint equation in the Pontryagin-type
maximum principle. The earliest version of such an FBSDE was introduced
by Bismut [1] in 1973, with a decoupled form, namely, a system of a usual
(forward) stochastic differential equation and a (linear) backward stochastic
differential equation (BSDE, for short). In 1983, Bensoussan [1] proved the
well-posedness of general linear BSDEs by using martingale representation
theorem. The first well-posedness result for nonlinear BSDEs was proved
in 1990 by Pardoux-Peng [1], while studying the general Pontryagin-type
maximum principle for stochastic optimal controls. A little later, Peng [4]
discovered that the adapted solution of a BSDE could be used as a prob-
abilistic interpretation of the solutions to some semilinear or quasilinear
parabolic partial differential equations (PDE, for short), in the spirit of the
well-known Feynman-Kac formula. After this, extensive study of BSDEs
was initiated, and potential for its application was found in applied and the-
oretical areas such as stochastic control, mathematical finance, differential
geometry, to mention a few.

The study of (strongly) coupled FBSDEs started in early 90s. In his
Ph.D thesis, Antonelli [1] obtained the first result on the solvability of an
FBSDE over a “small” time duration. He also constructed a counterexam-
ple showing that for coupled FBSDEs, large time duration might lead to
non-solvability. In 1993, the present authors started a systematic investiga-
tion on the well-posedness of FBSDEs over arbitrary time durations, which
has developed into the main body of this book. Today, several methods have
been established for solving a (coupled) FBSDE. Among them two are con-
sidered effective: the Four Step Scheme by Ma-Protter—Yong [1] and the
Method of Continuation by Hu-Peng [2}, and Yong [1]. The former provides
the explicit relations among the forward and backward components of the
adapted solution via a quasilinear partial differential equation, but requires
the non-degeneracy of the forward diffusion and the non-randomness of the
coeflicients; while the latter relaxed these conditions, but requires essen-
tially the “monotonicity” condition on the coefficients, which is restrictive
in a different way.

The theory of FBSDEs have given rise to some other problems that are
interesting in their own rights. For example, in order to extend the Four
Step Scheme to general random coeflicient case, it is not hard to see that
one has to replace the quasilinear parabolic PDE there by a quasilinear
backward stochastic partial differential equation (BSPDE for short), with a
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strong degeneracy in the sense of stochastic partial differential equations.
Such BSPDEs can be used to generalize the Feynman-Kac formula and even
the Black-Scholes option pricing formula to the case when the coefficients of
the diffusion are allowed to be random. Other interesting subjects generated
by FBSDEs but with independent flavors include FBSDEs with reflecting
boundary conditions as well as the numerical methods for FBSDEs. It is
worth pointing out that the FBSDEs have also been successfully applied to
model and to resolve some interesting problems in mathematical finance,
such as problems involving term structure of interest rates (consol rate
problem) and hedging contingent claims for large investors, etc.

The book is organized as follows. As an introduction, we present several
interesting examples in Chapter 1. After giving the definition of solvabil-
ity, we study some special FBSDEs that are either non-solvable or easily
solvable (e.g., those on small durations). Some comparison results for both
BSDE and FBSDE are established at the end of this chapter. In Chapter
2 we content ourselves with the linear FBSDEs. The special structure of
the linear equations enables us to treat the problem in a special way, and
the solvability is studied thoroughly. The study of general FBSDEs over
arbitrary duration starts from Chapter 3. We present virtually the first
result regarding the solvability of FBSDE in this generality, by relating the
solvability of an FBSDE to the solvability of an optimal stochastic control
problem. The notion of approzimate solvability is also introduced and de-
veloped. The idea of this chapter is carried on to the next one, in which
the Four Step Scheme is established. Two other different methods leading
to the existence and uniqueness of the adapted solution of general FBSDEs
are presented in Chapters 6 and 7, while in the latter even reflections are
allowed for both forward and backward equations. Chapter 5 deals with a
class of linear backward SPDEs, which are closely related to the FBSDEs
with random coefficients; Chapter 8 collects some applications of FBSDEs,
mainly in mathematical finance, which in a sense is the inspiration for much
of our theoretical research. Those readers needing stronger motivation to
dig deeply into the subject might actually want to go to this chapter first
and then decide which chapter would be the immediate goal to attack.
Finally, Chapter 9 provides a numerical method for FBSDEs.

In this book all “headings” (theorem, lemma, definition, corollary, ex-
ample, etc.) will follow a single sequence of numbers within one chapter
(e.g., Theorem 2.1 means the first “heading” in Section 2, possibly followed
immediately by Definition 2.2, etc.). When a heading is cited in a different
chapter, the chapter number will be indicated. Likewise, the numbering
for the equations in the book is of the form, say, (5.4), where 5 is the sec-
tion number and 4 is the equation number. When an equation in different
chapter is cited, the chapter number will precede the section number.

We would like to express our deepest gratitude to many people who
have inspired us throughout the past few years during which the main
body of this book was developed. Special thanks are due to R. Buck-
dahn, J. Cvitanic, J. Douglas Jr., D. Duflie, P. Protter, with whom we
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enjoyed wonderful collaboration on this subject; to N. El Karoui, J. Jacod,
I. Karatzas, N. V. Krylov, S. M. Lenhart, E. Pardoux, S. Shreve, M. Soner,
from whom we have received valuable advice and constant support. We
particularly appreciate a special group of researchers with whom we were
students, classmates and colleagues in Fudan University, Shanghai, China,
among them: S. Chen, Y. Hu, X. Li, S. Peng, S. Tang, X. Y. Zhou. We also
would like to thank our respective Ph.D. advisors Professors Naresh Jain
(University of Minnesota) and Leonard D. Berkovitz (Purdue University)
for their constant encouragement.

JM would like to acknowledge partial support from the United States
National Science Fundation grant #DMS-9301516 and the United States
Office of Naval Research grant #N00014-96-1-0262; and JY would like to
acknowledge partial support from Natural Science Foundation of China, the
Chinese Education Ministry Science Foundation, the National Outstanding
Youth Foundation of China, and Li Foundation at San Francisco, USA.

Finally, of course, both authors would like to take this opportunity to
thank their families for their support, understanding and love.

Jin Ma, West Lafayette
Jiongmin Yong, Shanghai

January, 1999



Contents

Preface ... ... e e vii
Chapter 1. Introduction .......... ... ... ... . ... 1
§1. Some Examples ........oiiiiiii e 1
81.1. Afirst glance .......ooiiiii i 1

§1.2. A stochastic optimal control problem ...................... 3

§1.3. Stochastic differential utility .................c...oilL 4

§1.4. Option pricing and contingent claim valuation ............. 7

§2. Definitions and Notations ...............coiiiiiiiiiiiieennn.. 8

§3. Some Nonsolvable FBSDEs .............coiiiiiiiiiinant 10

§4. Well-posedness of BSDEs .......... . ..ot 14

§5. Solvability of FBSDEs in Small Time Durations ............... 19

§6. Comparison Theorems for BSDEs and FBSDEs ............... 22
Chapter 2. Linear Equations ..................... ... ... ...t 25
§1. Compatible Conditions for Solvability ......................... 25

§2. Some Reductions ............ooiiiviiiiiiiii i 30

§3. Solvability of Linear FBSDEs .............ccoiiiiiiiiiiony 33
§3.1. Necessary conditions .............oevuiiiniinninennnennn. 34

§3.2. Criteria for solvability ............ . ..ot 39

§4. A Riccati Type Equation ...........cooiiiiiiiiiiiiiiiinnnnnnn. 45

§5. Some Extensions ............. i 49
Chapter 3. Method of Optimal Control ......................... 51
§1. Solvability and the Associated Optimal Control Problem ...... 51
§1.1. An optimal control problem ............. ... .. ... 51

§1.2. Approximate Solvability ............ ... ...l 54

§2. Dynamic Programming Method and the HJB Equation ....... 57

83. The Value Function ................ccciiiiiiiiiiiiiiniinenns, 60
§3.1. Continuity and semi-concavity ..........c..ccovvuiiivennen.. 60

83.2. Approximation of the value function ...................... 64

84. A Class of Approximately Solvable FBSDEs .................. 69

85. Construction of Approximate Adapted Solutions .............. 75
Chapter 4. Four Step Scheme ................ ... .. ... ... ..... 80
§1. A Heuristic Derivation of Four Step Scheme ................... 80

§2. Non-Degenerate Case—Several Solvable Classes ............... 84
§2.1. A general Case .........oiriiiii i 84

§2.2. The case when h has linear growthinz ................... 86

§2.3. Thecasewhen m =1 .. .. ... . i, 88

§3. Infinite Horizon Case .................... e 89



xii Contents

§3.1. The nodal solution ............... e, 89

§3.2. Uniqueness of nodal solutions ...................0.......... 92

§3.3. The limit of finite duration problems ...................... 98
Chapter 5. Linear, Degenerate Backward Stochastic

Partial Differential Equations ..................... 103

§1. Formulation of the Problem ................ .. ... . ... ... 103

§2. Well-posedness of Linear BSPDEs ................. ... ... 106

§3. Uniqueness of Adapted Solutions .................ccoova... 111

§3.1. Uniqueness of adapted weak solutions .................... 111

83.2. AnItoformula ......... ... ... 113

84. Existence of Adapted Solutions .....................oiinl.. 118

§5. A Proof of the Fundamental Lemma, ......................... 126

§6. Comparison Theorems ...........cccvviiiiiiiiiiiianenn.. 130

Chapter 6. The Method of Continuation ...................... 137

81. The Bridge .....ooviniii e 137

§2. Method of Continuation ............ ... .o o it 140

§2.1. The solvability of FBSDEs linked by bridges ............. 140

§2.2. A priori estimate ...........ci i 143

§3. Some Solvable FBSDEs ...........coiiiiiiiiiiiiiiiiain... 148

83.1. Atrivial FBSDE ... 148

§3.2. Decoupled FBSDEs ..........coviiiiiiiiiiiiiiiiinnnn 149

§3.3. FBSDEs with monotonicity conditions ................... 151

§4. Properties of Bridges ..o, 154

85. Construction of Bridges ............cooviviiiiiiiiiiiina.. 158

§5.1. A general consideration ................. ... ..., 158

§5.2. A one dimensional case ...........oiiiiiiiiii i 161

Chapter 7. FBSDESs with Reflections .......................... 169

§1. Forward SDEs with Reflections ......................oooot. 169

§2. Backward SDEs with Reflections ............................ 171

§3. Reflected Forward-Backward SDEs ....................o...0. 181

§3.1 A priori estimates ..........cooiiiiiiiii e 182

§3.2 Existence and uniqueness of the adapted solutions ........ 186

§3.3 A continuous dependence result .......................... 190

Chapter 8. Applications of FBSDEs ........................... 193

§1. An Integral Representation Formula ......................... 193

§2. A Nonlinear Feynman-Kac Formula .......................... 197

§3. Black’s Consol Rate Conjecture ............c.coovvviiienn.... 201

§4. Hedging Options for a Large Investor ........................ 207

§4.1. Hedging without constraint .............................. 210

§4.2. Hedging with constraint ...................coiiiiia... 219

§5. A Stochastic Black-Scholes Formula ......................... 226



Contents xiii

§5.1. Stochastic Black-Scholes formula ........................ 227

§5.2. The convexity of the European contingent claims ........ 229

§5.3. The robustness of Black-Scholes formula, ................. 231

86. An American Game Option ............... ..ot 232
Chapter 9. Numerical Methods for FBSDEs .................. 235
§1. Formulation of the Problem ................... ... ... ool 235

§2. Numerical Approximation of the Quasilinear PDEs .......... 237
§2.1 A special €Ca8e ......uiriiii e 237
82.1.1. Numerical scheme ................. ... oo, 238

§2.1.2. Erroranalysis ........... ..ol 240

§2.1.3. The approximating solutions {u(™}S2, ............. 244

§2.2 General Case ...........iiiiiiiiiiii i 245

§2.2.1. Numerical scheme .............. ..ol 247

§2.2.2. Error analysis ...........cooiiiiiiiiiiiiiiii 248

§3. Numerical Approximation of the Forward SDE ............... 250
Comments and Remarks ............... ...t 257
References ........cooiiiiiiii ittt 259



Chapter 1

Introduction

§1. Some Examples

To introduce the forward-backward stochastic differential equations (FBS-
DEs, for short), let us begin with some examples. Unless otherwise speci-
fied, throughout the book, we let (2, F, {F;}:>0,P) be a complete filtered
probability space on which is defined a d-dimensional standard Brownian
motion W (t), such that {F;}:>¢ is the natural filtration of W (), augmented
by all the P-null sets. In other words, we consider only the Brownian fil-
tration throughout this book.

§1.1. A first glance

One of the main differences between a stochastic differential equation (SDE,
for short) and a (deterministic) ordinary differential equation (ODE, for
short) is that one cannot reverse the “time”. The following is a simple
but typical example. Suppose that d = 1 (i.e., the Brownian motion is
one-dimensional), and consider the following (trivial) differential equation:

(1.1) dy(t) =0, te[0,T],

where T > 0 is a given terminal time. For any £ € IR we can require
either Y(0) = £ or Y(T') = £ so that (1.1) has a unique solution Y (t) = &.
However, if we consider (1.1) as a stochastic differential equation (with
null drift and diffusion coefficients) in It6’s sense, things will become a
little more complicated. First note that a solution of an Ité6 SDE has to
be {F;}:>0-adapted. Thus specifying Y (0) and Y(T') will have essential
difference. Consider again (1.1), but as a terminal value problem:

(1.2) dy(t)=0, te€l0,T],

Y(T)=¢,

where £ € szT (Q; R), the set of all Fr-measurable square integrable ran-
dom variables. Since the only solution to (1.2) is Y(¢) = &, Vt € [0,T],
which is not necessarily {F;};>0-adapted unless £ is a constant, the equa-
tion (1.2), viewed as an 1t6 SDE, does not have a solution in general!
Intuitively, there are two ways to get around with this difficulty: (1)
modify (or even remove) the adaptedness of the solution in its definition;
(2) reformulate the terminal value problem of an SDE so that it may al-
low a solution which is {7;};>0-adapted. We note here that method (1)
requires techniques such as new definitions of a backward It6 integral, or
more generally, the so-called anticipating stochastic calculus. For more on
the discussion in that direction, one is referred to the books of, say, Kunita
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[1] and Nualart [1]. In this book, however, we will content ourselves with
method (2), because of its usefulness in various applications as we shall see
in the following sections.

To reformulate (1.2), we first note that a reasonable way of modifying
the solution Y'(t) = £ so that it is {F;}:>0-adapted and satisfies Y (T') = ¢
is to define

(1.3) Y(t) £ E{¢|F),  te[o,T].

Let us now try to derive, if possible, an (Itd) SDE that the process Y (-)
might enjoy. An important ingredient in this derivation is the Martingale
Representation Theorem (cf. e.g., Karatzas-Shreve [1]), which tells us that
if the filtration {F;}s>o is Brownian, then every square integrable martin-
gale M with zero expectation can be written as a stochastic integral with
a unique integrand that is {F;}¢>o-progressively measurable and square
integrable. Since the process Y'(-) defined by (1.3) is clearly a square inte-
grable {;}:>o-martingale, an application of the Martingale Representation
Theorem leads to the following representation:

(14) Y@ =Y(0)+ /OtZ(s)dW(s), Vte [0,T), as.,

where Z(-) € L%(0,T;R), the set of all {F;};>o-adapted square integrable

processes. Writing (1.4) in a differential form and combining it with (1.3)

(note that ¢ is Fr-measurable), we have

(L3 dY (t) = Z(t)dw(t), te[0,T),
: Y(T) =¢.

In other words, if we reformulate (1.2) as (1.5); and more importantly,
instead of looking for a single {F;};>o-adapted process Y (-) as a solution
to the SDE, we look for a pair (Y'(-), Z(-)) (although it looks a little strange
at this moment), then finding a solution which is {#;};>¢-adapted becomes
possible! It turns out, as we shall develop in the rest of the bock, that
(1.5) is the appropriate reformulation of a terminal value problem (1.2)
that possesses an adapted solution (Y,Z). Adding the extra component
Z(-) to the solution is the key factor that makes finding an adapted solution
possible.

As was traditionally done in the SDE literature, (1.5) can be written
in an integral form, which can be deduced as follows. Note from (1.4) that

T T
(16)  Y(0) :Y(T)—/O Z(s)dW (s) =g—/0 Z()dW (s).

Plugging (1.6) into (1.4) we obtain

t T
(L7) Y(t) =Y(©0)+ /0 Z(s)dW (s) = £ — /t Z(s)dW(s), ¥t e [0,T).
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In the sequel, we shall not distinguish (1.5) and (1.7); each of them is called
a backward stochastic differential equation (BSDE, for short). We would like
to emphasize that the stochastic integral in (1.7) is the usual (forward) It6
integral.

Finally, if we apply Itd’s formula to |V (£)|? (here | - | denotes the usual
Euclidean norm, see §2), then

T
(1.8) E|¢)? = E|Y (t))2 +/ E\Z(s)|?ds,  Vte[0,T).

t
Thus £ = 0 implies that Y = 0 and Z = 0. Note that equation (1.7) is
linear, relation (1.8) leads to the uniqueness of the {F;};>0-adapted solution
(Y(-), Z(")) to (1.7). Consequently, if £ is a non-random constant, then by
uniqueness we see that Y(t) = £ and Z(t) = 0 is the only solution of
(1.7), as we expect. In the following subsections we give some examples
in stochastic control theory and mathematical finance that have motivated
the study of the backward and forward-backward SDEs.

§1.2, A stochastic optimal control problem

Consider the following controlled stochastic differential equation:

(1.9 dX(t) = [aX (t) + bu(t)]dt + dW (), te€[0,T],
9) X(0) ==z,

where X (-) is called the state process, u(-) is called the control process.
Both of them are required to be {F;}:>o-adapted and square integrable.
For simplicity, we assume X, u and W are all one-dimensional, and a and
b are constants. We introduce the so-called cost functional as follows:

T
(110)  J) = %E{ /0 (X @F + (@]t + XD}

An optimal control problem is then to minimize the cost functional (1.10)
subject to the state equation (1.9). In the present case, it can be shown
that there exists a unique solution to this optimal control problem (in fact,
the mapping u — J(u) is convex and coercive). Our goal is to determine
this optimal control.

Suppose u(-) is an optimal control and X (-) is the corresponding (opti-
mal) state process. Then, for any admissible control v(-) (i.e., an {F;}s>o0-
adapted square integrable process), we have

J{u+ ev) — J(u)
I3

0<
(1.11) .
- Bf /0 [XOE® +u(®o(®)]dt + X DT}, €0,

where £(-) satisfies the following variational system:

(1.12) {df(t) = [a(t) + bu(®)]dt, te€[0,T],

£(0) = 0.
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In order to get more information from (1.11), we introduce the following
adjoint equation:
(1.13) dY (t) = —[aY (t) + X (t)]dt + Z(t)dW (¢t), te€[0,T],

' Y(T) = X(T).
and we require that the processes Y (-) and Z(-) both be {F;};>o-adapted.
It is clear that (1.13) is a BSDE with a more general form than the one we
saw in §1.1, since Y'(-) is specified at t = T', and X (T) is Fr-measurable in
general.

Now let us assume that (1.13) admits an adapted solution (Y (-}, Z(-)).
Then, applying It6’s formula to Y (¢)£(¢), one has

E[X(T)&(T)] = E[Y(T)E(T)]
T
(1.14) =E / [—aY(t) — X()]&(t) + Y (¢) [a(t) + bu(2)] }dt
=k / X ()E(t) + bY (H)v(t)] dt.

Hence, (1.11) becomces

T
(1.15) 0<E / [bY (8) + u(®)]v(t)dt

Since v(-) is arbitrary, we obtain that
(1.16) u(t) = =bY (¢), a.e.t € [0,T], as.

We note that since Y () is required to be {F;}:>o-adapted, the process
u() is an admissible control (this is why we need the adapted solution for
(1.13)!). Substituting (1.16) into the state equation (1.9), we finally obtain
the following optimality system:

dX(t) = [aX (t) — b’V (t)]dt + dW (2),
(1.17) dY (t) = —[aY (t) + X ()] dt + Z(t)dW (t),

X0 =z Y(T)=X(T).

€ [0,T,

We see that the equation for X (-) is forward (since it is given the initial
datum) and the equation for Y(-) is backward (since it is given the final
datum). Thus, (1.17) is a coupled forward-backward stochastic differential
equation (FBSDE, for short). It is clear that if we can prove that (1.17)
admits an adapted solution (X (-),Y (), Z(-)}, then (1.16) gives an optimal
control, solving the original stochastic optimal control problem. Further, if
the adapted solution (X (-),Y(-), Z(-)) of (1.17) is unique, so is the optimal
control u(-).

§1.3. Stochastic differential utility

Two of the most remarkable applications of the theory of BSDEs (a spe-
cial case of FBSDEs) in finance theory have been the stochastic differential
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utility and the contingent claim valuation. In this and the following sub-
sections, we describe these problems from the perspective of FBSDEs.

Stochastic differential utility is an extension of the notion of recursive
utility to a continuous-time, stochastic setting. In the simplest discrete, de-
terministic model (see, e.g., Koopmans [1]), the problem of recursive utility
is to find certain utility functions that satisfy a recursive relation. For ex-
ample, assume that the consumption plans are denoted by ¢ = {co,¢1,---},
where c; represents the consumption in period ¢, and the current utility is
denoted by V;, then we say that V = {V, : £ =0,1,---} defines a recursive
utility if the sequence Vp, V1, - - - satisfies the recursive relation:

(118) ‘/t :W(Cta‘/:‘,-f—l): t:():la'”)

where the function W is called the aggregator. We should note that in
(1.18), the recursive relation is backwards. The problem can also be stated
as finding a utility function U defined on the space of consumption plans
such that, for any t = 0,1, - -, it holds that V; = U({ct, ct+1, - -}), where V
satisfies (1.18). In particular, the utility function U can be simply defined
by U({co, 1, -}) = Vo, once (1.18) is solved.

In the continuous-time model one often describes the consumption plan
by its rate ¢ = {c(t) : t > 0}, where ¢(¢) > 0, Vt > 0 (hence the accumulate
consumption up to time ¢ is fot c(s)ds). The current utility is denoted by

Y (t) = U({c(s) : s > t}), and the recursive relation (1.18) is replaced by a
differential equation:

(1.19) ) — s, Y ),

where the function f is the aggregator. We note that the negative sign in
front of f reflects the time-reverse feature seen in (1.18). Again, once a
solution of (1.19) can be determined, then U(c) = Y (0) defines a unitiliy
function.

An interesting variation of (1.18) and (1.19) is their finite horizon ver-
sion, that is, there is a terminal time T > 0, such that the problem is re-
stricted to 0 <t < T'. Suppose that the utility of the terminal consumption
is given by u(c(T)) for some prescribed utility function u, then the (back-
ward) difference equation (1.18) with terminal condition Vr = u(¢(T')) can
be solved uniquely. Likewise, we may pose (1.19), the continuous counter-
part of (1.18), as a terminal value problem with given Y (T') = u(c(T)), or
equivalently,

T
(1.20) Y (t) = u(e(T)) + /t fle(s), Y (s))ds,  t€[0,T).

In a stochastic model (model with uncertainty) one assumes that both
consumption ¢ and utility Y are stochastic processes, defined on some (fil-
tered) probability space (Q, F,{F:}+>0,P). A standard setting is that at
any time ¢ > 0 the consumption rate ¢(t) and the current utility Y () can
only be determined by the information up to time ¢. Mathematically, this
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axiomatic assumption amounts to saying that the processes ¢ and Y are
both adapted to the filtration {F;};>0. Let us now consider (1.20) again,
but bearing in mind that ¢ and Y are {F;}s>o-adapted processes. Taking
conditional expectation on both sides of (1.20), we obtain

(L21)  Y() = BY()|%) = B{u(eT) + / F(e(s), Y (s))ds| 7.},

for all ¢t € {0,T]. In the special case when the filiration is generated by a
given Brownian motion W, just as we have assumed in this book, we can
apply the Martingale Representation Theorem as before to derive that

T
(1.22) Y (t) = u(e(T / F(c(s),Y(s)) ds—/t Z(s)dW,, tel0,T].

That is, (Y, Z) satisfies the BSDE (1.22). A more general BSDE that
models the recursive utility is one in which the aggregator f depends also
on Z. The following situation more or less justifies this point. Let U be
another utility function such that U = ¢ o U for some C? function ¢ with
@'(z) > 0, Yz (in this case we say that U and U are ordinally equivalent).
Let us define @ = pou, Y () = (Y (t), Z(t) = ¢'(Y (t))Z(t), and

©" (0 (y)) 3
' (1)

Then an application of It6’s formula shows that (Y, Z) satisfies the BSDE
(1.22) with a new terminal condition %(c(T)) and a new aggregator f, which
now depends on z.

The BSDE (1.22) can be turned into an FBSDE, if the consumption
plan depends on other random sources which can be described by some
other (stochastic) differential equations. The following scenario, studied by
Duflie-Ceoffard-Skiadas [1], should be illustrative. Consider m agents shar-
ing a total endowment in an economy. Assume that the total endowment,
denoted by e, is a continuous, non-negative, {ft}t>0 adapted process; and
that each agent has his own consumption process ¢* and utility process Y
satisfying

fle,1,2) = &' (0 W) fle, o™ () —

T T
(1.23)  Y'(t) = ui(c{(T)) + fi(ct(s),Y(s))ds + / Z(s)dW (s),
t t

for t € [0,T]. For a given weight vector o € R, we say that an allocation
ca = (ck,+ -+, c?) is a-efficient if

(1.24) ija,-Ui(c:;) =sup {ijaivi(c") | ic”(t) <e(t), t€ [o,T],a.s.},
i=1 i=1 =1
where U;(ct) = Y*(0).

It is conceivable that the a-efficient allocation ¢, is no longer an in-
dependent process. In fact, using techniques of non-linear programming
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it can be shown that, under certain technical conditions on the aggrega-
tors f*’s and the terminal utility functions u;’s, the process c, takes the
form: c4(t) = K(A(t),e(t),Y (1)), for some R™-valued function K, and
A= (\,---,A™), derived from a first-order necessary condition of the op-
timization problem (1.24), satisfies the differential equation:

(1.25) dXH(t) = A(@)b(t, A(t), Y (¢))dt; t € [0,T),

with b (¢, A, y,w) = %ﬁ,’-@
an FBSDE.

e=(Ki (e(t),9)) Thus (1.23) and (1.25) form

§1.4. Option pricing and contingent claim valuation

In this subsection we discuss option pricing problems in finance and their
relationship with FBSDEs. Consider a security market that contains, say,
one bond and one stock. Suppose that their prices are subject to the
following system of stochastic differential equations:

(1.26) dPy(t) = r(t)Po(t)dt, " (bond);
) dP(t) = P(t)b(t)dt + P(t)o(t)dW (t), (stock),

where 7(-) is the interest rate of the bond, b(-) and o(-) are the appreciation
rate and volatility of the stock, respectively.

An option is by definition a contract which gives its holder the right to
sell or buy the stock. The contract should contain the following elements:

1) a specified price ¢ (called the ezercise price, or striking price);

2) a terminal time T (called the maturity date or ezpiration date);

3) an exercise time. '

In this book we are particularly interested Furopean options, which
specify the exercise time to be exactly equal to T, the maturity date. Let
us take the European call option (which gives its holder the right to buy)
as an example. The decision of the holder will depend, conceivably, on
P(T), the stock price at time T. For instance, if P(T) < g, then the
holder would simply discard the option, and buy the stock directly from
the market; whereas if P(T) > q, then the holder should opt to exercise the
option to make profit. Therefore the total payoff of the writer (or seller) of
the option at time ¢t = T will be (P(T) - ¢)*, an Fr-measurable random
variable. The (option pricing) problem to the seller (and buyer alike) is
then how to determine a premium for this contract at present time ¢ = 0.
In general, we call such a contract an option if the payoff at time t = T can
be written explicitly as a function of P(T) (e.g., (P(T) — ¢)T). In all the
other cases where the payoff at time ¢t = T is just an Fr-measurable random
variable, such a contract is called a contingent claim, and the corresponding
pricing problem is then called contingent claim valuation problem.

Now suppose that the agent sells the option at price y and then invests
it in the market, and we denote his total wealth at each time t by Y (¢).
Obviously, Y(0) = y. Assume that at each time ¢ the agent invests a
portion of his wealth, say w(t), called portfolio, into the stock, and puts
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the rest (Y (t) — n(t)) into the bond. Also we assume that the agent can
choose to consume so that the cumulative consumption up to time t is
C(t), an {Ft}¢>0-adapted, nondecreasing process. It can be shown that the
dynamics of Y(-) and the portfolio/consumption process pair (w(-),C(-))
should follow an SDE as well:

(1.27) { v(0) - y{r Y () + Z(8)0(¢t) dt + Z(¢)dW (t) — dC(2),

where Z(t) = n(t)o(t), and 6(t) 2 o~ ()[b(t) — r(t)] (called risk premium
process). For any contingent claim H € L% -(Q,R), the purpose of the
agent is to choose such a pair (w,C) as to come up with enough money
to “hedge” the payoff H at time ¢ = T, that is, Y(T) > H. Such a
consumption/investment pair, if exist, is called a hedging strategy against
H. The fair price of the contingent claim is the smallest initial endowment
for which the hedging strategy exists. In other words, it is defined by

(1.28) y* = inf{y = Y(0); 3(r,C), such that Y™°(T) > H}.

Now suppose H = g(P(T)), and consider an agent who is so prudent that
he does not consume at all (i.e., C' = 0), and is able to choose 7 so that
Y(T) = H = g(P(T)). Namely, he chooses Z (whence #) by solving the
following combination of (1.26) and (1.27):

dP(t) = P(t)b(t)dt + P(t)o(t)dW (t),
(1.29) dY (t) = {r(O)Y (¢) + Z(2)0(t) }dt + Z(t)dW (t),
PO)=p, Y(T)=g(P(T)),

which is again an FBSDE (an decouped FBSDE, to be more precise). An
interesting result is that if (1.29) has an adapted solution (Y, Z), then the
pair (m,0), where 7 = Zo 1, is the optimal hedging strategy and y = Y (0)
is the fair price! A more complicated case in which we allow the interaction
between the agent’s wealth/strategy and the stock price will be studied
in details in Chapter 8. In that case (1.29) will become a truly coupled
FBSDE.

§2. Definitions and Notations

In this sections we list all the notations that will be frequently used through-
out the book, and give some definitions related to FBSDEs.

Let R™ be the n-dimensional Euclidean space with the usual Euclidean
norm | - | and the usual Euclidean inner product (-,-). Let R™* be the
Hilbert space consisting of all {m x d)-matrices with the inner product

(2.1) (A,BY2tr {ABT}, VA,BeR™

Thus, the norm |A| of A induced by inner product (2.1) is given by [A| =
V/tr{AAT}.  Another natural norm for A € R™*¢ could be taken as
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[ A]l 2 /max c(AAT) if we regard A as a linear operator from R™ to R,
where o(AAT) is the set of all eigenvalues of AAT. It is clear that the
norms | - | and || - || are equivalent since R™* is a finite dimensional space.
In fact, the following relations hold:

(22)  [lAIl < \/tr {AAT} = 4] < Vm A d|I4ll, VA€ R™,

where m A d = min{m,d}. We will see that in our later discussions, the
norm | - | in R™*% induced by (2.1) is more convenient.

Next, we let T > 0 be fixed and (Q, F, {F;}:>0,P) be as assumed at

the beginning of §1. We denote

(2.3)

for any sub-o-field G of F, L%(Q; R™) to be the set of all G-measurable
IR™-valued square integrable random variables;

L%(Q; L*(0,T;R™)) to be the set of all {F;}¢>o-progressively measur-
able processes X (-) valued in R™ such that fOT E|X(t)]?dt < co. The
notation LZ(0,T;R") is often used for simplicity, when there is no
danger of confusion.

L%(Q;C([0,T);R™)) to be the set of all {F;};>0-progressively mea-
surable continuous processes X (-) taking values in R", such that
E sup,eo,7) 1 X ()|* < 0.

Also, for any Euclidean spaces M and N, we let

LZ2(0,T;Wh(M;N)) be the set of all functions f : [0,T] x M x
2 — N, such that for any fixed 6 € M, (t,w) — f(t,6;w) is {Ft}i>0-
progressively measurable with f(¢,0;w) € L%(0,T; N), and there exists
a constant L > 0, such that

|f(t,8;w) — f(t,0;w)| < L|I0—8], V6,0 M, ae.tc[0,T), as.;

L%,.( Wh°(R™;R™)) be the set of all functions g : R” x @ = R™,
such that w — g(z;w) is Fr-measurable for all z € R"™ and z — g(z;w)
is uniformly Lipschitz in z € R" and g(0;w) € L%(Q;R™).

Further, we define
M0, T] 2 L%(9; C([0, T); R™) x L%(9; C([0, T); R™))
x L%(0,T;RY).

The norm of this space is defined by

(2.4)

H(X('),Y('),Z(-))H:{E sup |X(8) +E sup |Y(t)?
tef0,7) te[0,T]

+E/0T|Z(t)|2dt}1/2,

for all (X(-),Y(-),Z(-)) € M[0,T]. It is clear that M]0,T] is a Banach
space under norm (2.4).
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We are now ready to give the formal description of an FBSDE. Let us
consider an FBSDE in its most general form:

dX(t) = b(t, X(t),Y(t), Z(t))dt + o (¢, X (1), Y (2), Z(2))dW (¢),
(25) { dY () = h(t, X(8), Y (2), Z()dt + (8, X (2), Y (2), Z())dW (@),

X0) ==z, Y(T)=g(X(T)).
Here, the initial value z of X (-) is in R™; and b, o, h, & and g are some suit-
able functions which satisfy the following Standing Assumptions: denoting
M =R™ x R™ x R, one has

be LE (0, T;Wh(M;RY), o € L5(0, T; W (M;R™™)),
(2.6) < he LZ(0,T;Whe(M;R™)), & € L%(0,T; Whe(M;R™ %)),

9 € L, (G WH>(R™R™)).
Definition 2.1. A process (X (),Y (), Z(})) € M|[0,T]is called an adapted
solution of (2.5) if the following holds for any t € [0, T, almost surely:

( Xt)=z+ /tb(s,X(s),Y(s),Z(s))ds
0

N / o(s, X (s), Y (s), Z(s))dW (s),
(2.7) 0

T
Y(t) = g(X(T)) - / h(s, X (), Y (s), Z(s))ds

T
- [ 35, X0, Y(9), 2w o).
. t
Furthermore, we say that FBSDE (2.5) is solvable if it has an adapted
solution. An FBSDE is said to be nonsolvable if it is not solvable.

In what follows we shall try to answer the the following natural ques-
tion: for given b,0,h,0 and g satisfying (2.6) and for given z € R", is
(2.5) always solvable? In fact, what makes this type of SDE interesting is
that the answer to this question is not affirmative, although the standing
assumption (2.6) is already quite strong from the standard SDE point of
view.

§3. Some Nonsolvable FBSDEs

In this section we shall first present some nonsolvability results, and then
give some necessary conditions for the solvability.

It is well-known that two-point boundary value problems for ordinary
differential equations do not necessarily admit solutions. On the other
hand, an FBSDE can be viewed as a two-point boundary value problem for
stochastic differential equations, with extra requirement that its solution is
adapted solely to the forward filtration. Therefore, we do not expect the
general existence and uniqueness result, even under the conditions that are
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usually considered strong in the SDE literature; for instance, the uniform
Lipschitz conditions.

The following result is closely related to the solvability of two-point
boundary value problem for ordinary differential equations.

Proposition 3.1. Suppose that the following two-point boundary value
problem for a system of linear ordinary differential equations does not admit
any solution:

X (t)> (X (t)>
- = A(t , t € (0,7,
(31) (79) =40 (6 0.7}
X(©0) =z, Y(T)=GX(T),
where A(-) : [0, T} —» R™™*(+M) js 5 deterministic integrable function

and G € R™*". Then, for any properly defined o(t,z,y, 2) and (¢, z,y, 2),
the following FBSDE:

X\ _ o (X o(t, X (1), Y (8),
32) 19 (Y(t)) = Al) (Y(t)) dt + (a<t,x<t>,Y(t>,
X(O) =z,  Y(T)=GX(T),

ggt))) dw (),

does not admit any adapted solution.

Here, by properly defined o, we mean that for any (X,Y, Z) € M[0,T]
the process o(t, X(t),Y (t), Z(t)) is in L%E(O,T;]R"Xd). The similar holds
for &.

Proof. Suppose (3.2) admits an adapted solution (X,Y, Z) € M[0,T].
Then, (EX(-), EY (")) is a solution of (3.1), a contradiction. This proves
the assertion. |

There are many examples of systems like (3.1) which do not admit
solutions. Here is a very simple one: (n =m = 1)

X =Y,
(3.3) Y =X,
X(0) =z, Y(T)=-X(T).

We can easily show that for T' = kn + %’r (k, nonnegative integer), the
above two-point boundary value problem does not admit a solution for any
z € R\ {0} and it admits infinitely many solutions for z = 0.

Using (3.3) and time scaling, we can construct a nonsolvable two-point
boundary value problem for a system of linear ordinary differential equa-
tions of (3.1) type over any given finite time duration [0,7] with the un-
knowns X, Y taking values in R™ and R™, respectively. Then, by Proposi-
tion 3.1, we see that for any duration T' > 0 and any dimensions i, m, £ and
d for the processes X, Y, Z and the Brownian motion W (t), nonsolvable
FBSDEs exist.
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The case that we have discussed in the above is a little special since
the drift of the FBSDE is linear. Let us now look at some more general
case. The following result gives a necessary condition for the solvability of
FBSDE (2.1).

Proposition 3.2. Assume that b, o, h and 7 satisfy (2.6). Assume further
that o and G are continuous in (¢,z,y) uniformly in z, for each w € €;
and that g € C* N CH(R™;R™) and is deterministic. Suppose for some
z € R", there exists a T > 0, such that (2.5) admits an adapted solution
(X,Y,Z) € M|[0,T] with

(3.4) tr{gz2(X)(00")(-, X, Y, 2)} € L%(0,T;R), 1<i<m.
Then,
inf [3(T,X(T), 9(X(T)), 2)
(3.5) z€R
— g (X(M)o(T, X(T),9(X(T)),2)|=0, as.

Furthermore, suppose there exists a To > 0, such that for all T € (0, Ty},
(2.5) admits an adapted solution (X,Y, Z) (depending on T > 0) satisfying
the following:

T
(36) [ B{Ibs, X(5),Y(5), 26D +Ios, X(6), Y(5), 26D b < G,
0
for some constants C > 0 and 8 > 2, independent of T € (0,T,]. Then,

3.7) E if 15(0,2,9(z),2) — 92(2)0(0,2,9(2),2)| =0, as.
z€

Proof. Let (X,Y,Z) € M[0,T] be an adapted solution of (2.5). We
denote

’E(S) = (El(s)a e ,Em(s))T,
Ri= b = (gi,b) = str (gh,00T), 1<i<m.
Here, we have suppressed X, Y, Z and we will do so below for the notational

simplicity. Clearly, h € L2-(0,T;R™). Next, for any i = 1,2,---,m, by
It6’s formula

0= BYH(T) — g (X(T)?
T
= BlYi(t) - ¢ (X)) + E / 5 — giolds
T ) ) ) ) 1 )
Gs)  +E[ 20V - g XN~ (k) o ghaoo ] ds
T
= EYi(t) - ¢ (X@)P + E / 5% — giolds

T ~ .
+ E/t 2[Y*(s) — g*(X (s))] h'(s)ds.
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On the other hand, by (2.5) and Ité’s formula, we have

Yi(s) ~ g'(X(s)) = Y'(s) - YX(T) + g"(X(T)) — g*(X(s))

= /Tﬁi(r)dr - /T(ai — gio)dW (r).

Combining (3.8) and (3.9), we obtain that

(3.9)

T 2
E|Y () - g(X(t))|2 + E/ |3 — gxa| ds
T ' B
=28 [ (Y(5) =~ g(X(9),h(s)) ds
(3.10) —9E / / r)dr + / "6 — gaoldW(r), i(s)) ds

—2E/ / rYdr, h(s) ) ds

T —t) /t E|h(r)|*dr = o(T — t).

In the above, we have used the fact that

E{ </$T[a - gzU]dW(r),ﬁ(sn} =

Consequently, we have that

E Tmf !a(s X(s),Y(s),2) — gz (X (s))a(s,X(s),Y(s),z)|2ds
@11y
< E/ o — 9:0|"ds = o(T — 1).
t

Since o and & are continuous in (¢,z,y), uniformly in 2, the process
F(s) éinfzeﬂz Iﬁ(s, X(8),Y(s),2)—g(X(8))o(s, X (s),Y(s), z)|? is contin-
uous, and an easy application of Lebesgue’s Dominated Convergence The-
orem and Differentiation Theorem leads to that

1 T
EF(T) = Tl_lﬂoE{T—_—t/t F(s)ds} =0,
proving (3.5) since F(T') is nonnegative. Finally, if (3.6) holds, then by the

forward equation in (2.5) one has

(3.12) lim E|X(T) - z* =0,

T—0

uniformly (note that (X(-),Y(-), Z(:)) depends on the time duration {0, T
on which (2.5) is solved). Hence, (3.7) follows. O

We note that (3.4) holds if both g%, and o are bounded, and (3.6) holds
if both b and o are bounded.
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An interesting corollary of Proposition 3.2 is the following nonsolvable
result for FBSDEs.

Corollary 3.3. Suppose ¢ is continuous in (t,,y, z) and uniformly Lips-
chitz continuous in (z,y, z). Suppose there exists an € > 0, such that

(3.13) {7(0,2,y,2) | z € R} C R™*%\ B.(Gp), as.

for some (z,y) € R™ x R™ and some 3, € R™*%, where B.(d9) is the
closed ball in R™*¢ centered at 0o with radius €. Then there exist smooth
functions b, o, h and g, such that the corresponding FBSDE (2.1) does not
have adapted solutions over all small enough time durations [0, T].

Proof. In the present case, we may choose b, o, h and g such that (3.6)
holds but (3.7) does not hold. Then our claim follows. O

Since we are mainly interested in the case that FBSDEs do have
adapted solutions, we should avoid the situation (3.13) happening. A nat-
ural way of doing that is to assume that

(3.14) {3(0,z,y,2) | z€e R} =R™*?,  V(z,y) € R" x R™, as.
This implies that ¢ > md. Further, (3.14) suggests us to simply take
(3.15) a(t,z,y,z) = 2, V(t,z,y) €[0,T] x R™ x R™,

with z € R™*¢. From now on, we will restrict ourselves to such a situation.
Hence, (2.5) becomes

dX(t) =b(t, X (1), Y (), Z(@t)dt +o(t,X(t),Y(t), Z(t))dW (¢),
(3.16) dY (t) = h(t, X (1), Y (t), Z(t))dt + Z(t)dW (t),

X0y ==z, Y(T)=g(X(T)).
Also, (2.3) now should be changed to the following;:

M[0,T] 2 LE%(Q; C([0, T R™) x LE(9; C([0, T, R™))

(3.17) .
x L%(0,T; R™%).

We keep (2.4) as the norm of M0, T, but now |Z(t)|? = tr {Z(t)Z()T}.

§4. Well-posedness of BSDEs

We now briefly look at the well-posedness of BSDEs. The purpose of this
section is to recall a natural technique used in proving the well-posedness
of BSDEs, namely, the method of contraction mapping.

We consider the following BSDE (compare with (3.16)):

i1 dY (t) = h(t, Y (t), Z(t))dt + Z(t)dW (t), te€][0,T],
@ v =,

where ¢ € L% (O;R™) and h € L%(0,T; Wh(R™ x R™*% R™)) ie.,
(recall from §2), A : [0,T] x R™ x R™*? x 0 — R™, such that (,w) —
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h(t,y, z;w) is {F;}s>o-progressively measurable for all (y,z) € R™ x R™*¢
with h(t,0,0;w) € L2-(0,T; R™) and for some constant L > 0,

Ih(t,y, 2)—h(t,7,2)| < L{ly - 7 + |z — 2},

4.2) p
Yy, 7€ R™, z,Z€ R™*% a.e.t€[0,T], as.
Denote
(43)  NOTI2 L0, TER™) x L0, T;R™,
and

T 1
@9 OZOvon 2{E sp VO +E | 12000) "

Then, N[0, T] is a Banach space under norm (4.4). We can similarly define
N[t T, for t € [0,T).
Let us introduce the following definition (compare with Definition 2.1}).

Definition 4.1. A processes (Y (-),Z(-)) € N[0,T] is called an adapted
solution of (4.1) if the following holds:

T T
Y({t)=¢ —/t h(s,Y(s),Z(s))ds—/t Z(s)dW (s),
vt € [0,T), as.

(4.5)

The following result gives the existence and uniqueness of adapted so-
lutions to BSDE (4.1).

Theorem 4.2. Let h € L%(0,T; WhH*°(R™ x R™*% R™)). Then, for any
¢ € L% (9 R™), BSDE (4.1) admits a unique adapted solution (Y (-), Z(-)).-

Proof. For any (y(-),z(-)) € N[0, T), we know that
(4.6) h(-) = h(-,y(),2() € L%(0,T;R™).

Now, we define
T

= E{g-/o h(s)ds|F¢},
T

= E{é—/t h(s)ds|F},

Then M(t) is an {F:}s>o-martingale (square integrable), and

(4.7) t € [0,T].

T
(4.8) M(0) = E{¢ - /0 h(s)ds} = Y (0).

Therefore, by the Martingale Representation Theorem, we can find a Z(-) €
L%(0,T;R™*%), such that

(4.9) M(t) = M(0) + / ‘2@dw(s),  Vie [Tl
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Since ¢ is Fr-measurable, we see that (note (4.7)—(4.8))

T T
410)  £- /O h(s)ds = M(T) = Y(0) + /0 Z(s)dW (s).

Consequently, by (4.7)—(4.10), we obtain

Y(O)+/O Z(s)dW(s)%—/0 h(s)ds
T T
(4.11) —¢o /0 h(s)ds — /O Z(s)dW (s)

+ /0 h(s)ds + /0 " 2(s)aw(s)
o /tT h(s)ds — /T Z(s)dW (s).

t

It is not very hard to show that actually (Y'(-), Z(-)) € N[0, T] (See below
for a similar proof). Thus, we obtain an adapted solution (Y'(-), Z(-)) to
the following equation:

(4.12) {ﬁg?:mummamm+zmmwm

Now, let (g(-),Z(-)) € N[0,T] and (Y (), Z(-)) € N[0, T] be the correspond-
ing solution of (4.12). Then, by Ité’s formula and (4.2), we have

E|Y (@) - T + E/ |2(s) — Z(s)[2ds
(4.13)

S%Eélﬂﬂ (&){ly(s) — ()] + 2(s) — 2(s)|}ds.

Next, we set

_ i 211/2
(4.14) {(p(t) - {EIY(t) el 3/2 ’ 1/2
={Bly®) -y)*} "+ {El=(0) - z®)1’} "

Then, (4.13) implies

T T
(4.15) @) +E / 1Z(s) — Z(s)|%ds < 2L / o(s)b(s)ds, € [0,T].

We have the following lemma.
Lemma 4.3. Let (4.15) hold. Then,

(4.16) o(t +E/ |Z(s) |ds<L2 / (s ds , Vtelo,T).
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Proof. We call the right hand side of (4.15) 2L6(t). Then, by (4.15),

(4.17) 0'(t) = —p(O)p(t) > —(t)v/2LO(2),

which yields

(4.18) {(Vo®)} > —VLj2(1)

Noting 8(T") = 0, we have

(4.19) VO > —I2 / " o(s)ds

Consequently,

(4.20) % / P s)ds ) vt € [0,T].

Hence, (4.16) follows from (4.15) and (4.20). O

Now, applying the above result to (4.13), we obtain
T
EY({t)-Y(®)* + E/ |Z(s) — Z(s)|?ds

< 17 / {(Bly(®) ~TP) + (Blz(s) - 2(s)P) /Y ds)
< C(T = I(), 2()) = @O ZO)arge,7)-

Then, by Doob’s inequality, we further have

1Y (), Z20) = (¥ (), ZO) ey
<CT -, 2() ~ @O Z)IRpr,  VEED,T]

Here C > 0 is a constant depending only on L. By taking § = %, we
see that the map (y(-),2(:)) = (Y'(:), Z(-)) is a contraction on the Banach
space N[T — §,T]. Thus, it admits a unique fixed point, which is the
adapted solution of (4.1) with [0,T] replaced by [T — 4,T]. By continuing
this procedure, we obtain existence and uniqueness of the adapted solutions

to (4.1). O

We now prove the continuous dependence of the solutions on the final
data ¢ and the function h.

Theorem 4.4. Let h,h € L%(0,T; Wh°(R™ x R™*%R™)) and £, €
L% (R™). Let (Y() Z(-N,(Y (), Z(-) € N[0,T] be the adapted solu-

tions of (4.1) corresponding to (h, ) and (h,€), respectively. Then
1Y) =Y (), 20) = ZO) o,y
p— T —_
<C{BIE =8P+ B | 1h6,Y(9), 2() — s Y (), Z(s) P},
0

(4.21)

(4.22)

(4.23
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with C > 0 being a constant only depending on T > 0 and the Lipschitz
constants of h and h.

Proof. We denote

(4.24) {Y(‘)= Y()-Y0), 20)=2()-%
=€~ RO =h(,Y(),2()) -F

Applying It6's formula to |¥ (-)|2, we obtain

o~ T —~
PP + / 12(s) ds

T
9 / (P(s), 2(s)dW (s))
t
(425)  <|E2+2 / (P GIRE)] + LIP6) (P ()] +12(s)]) }ds
T
2 / (P(s), Z(s)dW (5))
- T t ~ 1 ~
5'§'Q+/t {420+ 2P 5)P + 5 1Z() + [R(s)P s

2 / (P05, B)aw (s)).

Taking expectation in the above, we have

BP0 + 3B / Z(s)Pds < EIEP + E / () 2ds
(4.26)
+ (1 + 2L 4 2L?) E/ s)|*ds, te[0,T].

Thus, it follows from Gronwall’s inequality that

E[Y(t |2+E/ Z(s)|*ds
(4.27) .

£12 7 S 2 .
<o{p@r+e [ fers), v

On the other hand, by Burkholder-Davis-Gundy’s inequality (see Karatzas-
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Shreve [1}]), we have from (4.25) that (note (4.27))

E{ sup [Y(®)]*} <C E|£[2+E/ s)|? ds
te[0,7]
+2E sup |/ P (s), Z(s)dW (s)) |

(4.28) t€[0,T]

< C{E|E|2+E/ [A(s)Pds

0
~ 1/2 T 1/2
+a(E s [FoP) (B / 1Z(5) ds)
t€[0,7) 0

Now (4.23) follows easily from (4.28) and (4.27). O

We see that Theorems 4.2 and 4.4 give the well-posedness of BSDE
(4.1). These results are satisfactory since the conditions that we have im-
posed are nothing more than uniform Lipschitz conditions as well as certain
measurability conditions. These conditions seem to be indispensable, unless
some other special structure conditions are assumed.

§5. Solvability of FBSDEs in Small Time Durations

In this section we try to adopt the method of contraction mapping used in
the previous section to prove the solvability of FBSDE (3.16) in small time
durations. The main result is the following.

Theorem 5.1. Let b, 0, h and g satisfy (2.6). Moreover, we assume that

|U(taway7 z;w) - a(t,x,y,i;w)l < LOlz _EI,

(5.1) ¥(z,y) € R® x R™, 2,7 ¢ R™*¢, ae.t >0, as.
lg(z;w) — g(T;w)| < Ly|z — T, Vz, T € R", as

with

(52) Lol < 1.

Then there exists a Ty > 0, such that for any T € (0,To] and any z € R™,
(3.16) admits a unique adapted solution (X,Y, Z) € M[0,T].

Note that condition (5.2) is almost necessary. Here is a simple example
for which (5.2) does not hold and the corresponding FBSDE does not have
adapted solutions over any small time durations.

Ezample 5.2. Let n =m = d = 1. Consider the following FBSDEs:
dX(t) = Z(@t)dW (),
(5.3) dY (t) = Z(t)dW (1),
X0 =0, Y(T)=X(T)+¢,

where ¢ is Fp-measurable only (say, £ = W(T')). Clearly, in the present
case, Ly = Ly = 1. Thus, (5.2) fails. If (5.3) admitted an adapted solution
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(X,Y, Z), then the process 2Y — X would be {F¢}s>0-adapted and satisfy
the following;:

5.0 { dn(t) =0, te[0,T),

n(T) =¢.

We know from §1 that (5.4) does not admit an adapted solution unless £ is
deterministic.

Proof of Theorem 5.1. Let 0 < Ty < 1 be undetermined and T' € (0, Tp].
Let z € R™ be fixed. We introduce the following norm:

T

A 2

65 10 2)lyon = sup (BIV O +E | 1zrasy”,
€10, t

for all (Y,Z) € N[0,T]. 1t is clear that norm (5.5) is weaker than (4.4). We
let V7[0, T] be the completion of A'[0, T] in L2.(0, T; R™) x L%(0, T; R™*%)
under norm (5.5). Take any (V;,Z;) € N[0,7], i = 1,2. We solve the
following FSDE for X;:

dXz = b(tv Xia }/ia Zz)dt + U(ta Xi, )/i, Zl)dW(t)v te [0’ T],
(5.6)
XZ(O) =2x.

It is standard that under our conditions, (5.6) admits a unique (strong)
solution X; € L%(9;C([0,T);R™)). By Itd’s formula and the Lipschitz
continuity of b and o (note (5.1)), we obtain

E|X1(t) — X2(1)?

i
< E/ {2L|X1 - X2|(|X1 — Xl + Y1 = Yal + 12, — ZQ|)
0
(5.7) .
+ (L0X1 = Xs| + (Y3 = Yal) + Lo|Z1 = Zal) }ds
t
<B [ {C.(1Xi - X + 1% - ¥aP) + (L3 + )| 2 - 2P s,
0

where C. > 0 only depends on L, Ly and € > 0. Then, by Gronwall’s
" inequality, we obtain

T

(5.8) BIXo(t)—Xa(t)]? < eCETE/ {Celvi—YalP +(L3+2)|21 - 2o }ds.
0

Next, we solve the following BSDEs: (: = 1,2)

59) { dY; = h(t,X;,Y:, Z;)dt + Z;dW(t), te[0,T],

Yi(T) = g(Xi(T)).

We see from Theorem 4.2 that (for i = 1,2) (5.9) admits a unique adapted
solution (Y;,Z;) € N[0,T] C NJ0,T]. Thus, we have defined a map
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T :_N[O, T] - NI0,T] by (Yi,Z;) — (Y4, Z;). Applying Itd’s formula
to [Y1(t) — Y2(¢)]?, we have (note (5.1) and (5.8))

T
mﬁm-?mW+E/|z-7ﬁ@
< LIE|Xy(T) — Xo(T))?

T
+2LE [ [F1=Tal(1X - Xal + 1 - Yal + 121 - Zul)ds
t
T — —_—
< L3E|X(T) — X2(T))? +C€E/ Y1 - Y.|%ds
i
(5.10) T , T ,
+€E/ IZ1"Z2| dS+E/ (|X1—X2|2+D/1—Y2| )dS
i t
T
gu%TMMF/[QM—HPH%+M&—%H@
0
T T
+5E/ |Z, —Zz|2ds+E/ Y7 — Ya|?ds
0 0
T — —
+C’5E/ V1 - V,|%ds.
t

In the above, C: could be different from that appeared in (5.7)-(5.8). But
C; is still independent of T > 0. Using Gronwall’s inequality, we have

T
E|Y:(t) - Y ()]* + E/ |Z, — Z5|%ds
t

. T
< eceT{CEE/ |V} — Ya|?ds
0
(5.11) T
+le+ (L +T)(LE + E)eOET]E/ 121 — Z2|2ds}
0
< eCT[C.T + e+ (L2 + T)(L2 + £)e®T)
¥, 21) = (Yz, 22z

where 55 > 0 is again independent of T' > 0. In the above, the last
inequality follows from the fact that for any (Y, Z) € N[0, T,

BIY®F < (Y, Dl 0y V€ 0,T)
(5.12) T i i
| BlzoPd <10 2) gy

Since (5.2) holds, by choosing £ > 0 small enough then choosing T' > 0
small enough, we obtain

(5.13)  |I(Y1,21) = (Y2, Z2)llpo,my < @ll(Y1, Z1) = (Y2, Z2)ll7j0,7»
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for some 0 < o < 1. This means that the map 7 : N[0,T} = N0,T] is
contractive. By the Contraction Mapping Theorem, there exists a unique
fixed point (Y, Z) for T. Then, similar to the proof of Theorem 4.2 we can
show that actually (Y, Z) € M[0,T]. Finally, we let X be the corresponding
solution of (5.6). Then (X,Y,Z) € M[0,T] is a unique adapted solution
of (3.16). The above argument applies for all small enough 7" > 0. Thus,
we obtain a T > 0, such that for all T € (0,7T5] and all z € R™, (3.16) is
uniquely solvable. d

In the above proof, it is crucial that the time duration is small enough,
besides condition (5.2). This is the main disadvantage of applying the Con-
traction Mapping Theorem to two-point boundary value problems. Starting
from the next chapter, we are going to use different methods to approach
the solvability problem for the FBSDE (3.16).

§6. Comparison Theorems for BSDEs and FBSDEs

In this section we study an important tool in the theory of the BSDEs—
Comparison Theorems. The main ingredients in the proof of the desired
comparison results are “linearization of the equation” plus a change of
probability measure. We should also note that in the coupled FBSDE case
the situation becomes quite different. We shall give an example in the end
of this section to show that the simple-minded generalization from BSDEs
to FBSDEs fails in general.
To begin with, we consider two BSDEs: for i = 1,2,

T T
(6.1) Yi(t)=§i+/t hi(s,Y"(s),Z"(s))ds—/t (Z(s)dW (s),

where W is a d-dimensional Brownian motion, and naturally the dimension
of Y’s and Z’s are assumed to be 1 and d, respectively. Assume that

(6.2) ¢€elL% (BR);  hie LZ0,T;Wh°@R™,R)),  i=1,2,

where L%(0, T; WH°(R%*! R)) is defined in §2. Since under these condi-
tions both BSDEs are well-posed, we denote by (Y*, Z%), i = 1,2 the two
" adapted solutions respectively. We have

Theorem 6.1. Suppose that assumption (6.2) holds, and suppose that
€1 > €2, and hl(t,y,2) > h2(t,y, 2), for all (y,z) € R, P-almost surely.
Then it holds that Y1(t) > Y?2(t), for all t € [0,T], P-a.s.

Proof. Denote Y (t) = Y1() — Y2(t), Z(t) = Z(t) — Z2(t), Vi € [0, T);
£=¢ - ¢ and

h(t) = K1 (8, Y2(t), Z2(t) — R2(t, Y2(8), Z2()),  t€ [0, ).

Clearly, his an {Ft}t>0-adapted, non-negative process; and ¥ satisfies the
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following (linear!) BSDE:
Y =&+ T{[h1 (5, Y'(s), 2" (s)) — h'(s,Y?(s), Z%(s))] + h(s) }ds

(6.3) - / " 2w (s)
t

]
)
-+
~~—
Q
=
=)
=
+
E
N

(s) + h(s }ds—/ Z(s)dW (s),
where
= /0 ' hl(s,Y2(s) + AV (), Z2(s) + AZ(s))d);
s) = / l RL(s, Y2(s) + AV (s), Z2(s) + AZ(s))dA.

Clearly, o and 3 are {F;}:>0-adapted processes, and are both uniformly
bounded, thanks to (6.2). In particular, § satisfies the so-called Novikov
condition, and therefore the process

t 1 t
v=exp{ [ Be)aw(s) - ; [(186)ds}, teo,T
0 2 Jo
is an P-martingale. We now define a new probability measure P by
— = M(T).
=M@
Then by Girsanov’s theorem, W( W(t fo (s)ds is a P-Brownian
motion, and under 13, Y satisfies

64) V@) =E+ /t la(s) () + h(s)]ds — /t 2(s)dW (s).
Now define I'(t) = exp{ fot a(s)ds}, then Ité’s formula shows that
D(T)E - ()P (2) = — / I'(s)5h(s)ds + / Z(s)dW (2).

Taking conditional expectation Eﬁ{-lft} on both sides above, and noticing
the adaptedness of I'(\)Y (-) we obtain that

T()Y(t) = EF {F(T)§+ /T I‘(s)ﬁ(s)dsl]—]} >0, Vtelo,T],

P-almost surely, whence P-almost surely, proving the theorem. O
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An interesting as well as important observation is that the comparison
theorem fails when the BSDE is coupled with a forward SDE. To be more
precise, let us consider the following FBSDEs: for i = 1, 2,

(

XHt)=1" +/O b*(s, X*(s),Y*(s), Z"(s))ds
+ [ 05, X005), (), 216w ()
0

Yi(t) = g*(X*(T)) +/O h'(s, X*(s),Y(s), Z'(s))ds

- /Ot Zi(s)dW (s).

We would like to know whether g,(z) > g2(z), Vz would imply Yi(t) >
Ya(t), for all t? The following example shows that it is not true in general.

Example 6.2. Assume that d = 1. Consider the FBSDE:

\

_ X()
IX() = Tyt + XOW
(6.6) 4y (1) 40 dt + Z(H)dW (2),

TZO-Y@))2 +1
X(0)==z;  Y(T)=g(X(T)).

We first assume that g(z) = g'(z) = x. Then, one checks directly that
X(t) = Y(t) = ZY(t) = zexp{W(t) +t/2}, t € [0,T] is an adapted
solution to (6.6). (In fact, it can be shown by using Four Step Scheme of
Chapter 6 that this is the unique adapted solution to (6.6)!)

Now let g?(z) = z + 1. Then one checks that X2(t) = Z2%(t) and
Y2(t) = X2(t) + 1 = Z2%(t) + 1, Vt € [0,T] is the (unique) adapted solution
to (6.6) with ¢?(z) = z + 1. Moreover, solving (6.6) explicitly again we
have Y2(t) = 1+ pexp{W (t)}.

Consequently, we see that Y1(t) — Y2(t) = pe" M[et/2 — 1] — 1, which
can be both positive or negative with positive probability, for any ¢t > 0,
that is, the comparison theorem of the Theorem 6.1 type does not hold!

O

Finally we should note that despite the discouraging counterexample
above, the comparison theorem for FBSDEs in a certain form can still be
proved under appropriate conditionis on the coefficients. A special case
will be presented in Chapter 8 (§8.3), when we study the applications of
FBSDE in Finance.



Chapter 2

Linear Equations

In this chapter, we are going to study linear FBSDEs in any finite time
duration. We will start with the most general case. By deriving a necessary
condition of solvability, we obtain a reduction to a simple form of linear
FBSDEs. Then we will concentrate on that to obtain some necessary and
sufficient conditions for solvability. For simplicity, we will restrict ourselves
to the case of one-dimensional Brownian motion in §§1-4. Some extensions
to the case with multi-dimensional Brownian motion will be given in §5.

§1. Compatible Conditions for Solvability
Let (Q, F, {Fi}t>0, P) be a complete filtered probability space on which de-

fined a one-dimensional standard Brownian motion W (t), such that {F;}:>0
is the natural filtration generated by W (t), augmented by all the P-null sets
in F. We consider the following system of coupled linear FBSDEs:
(dX(t) = {AX(¢) +BY()+CZ()+Db (t)}dt

+{AI X (t) + BiY (t) + C1Z(t) + D1o(t) }dW (),

dy (t) = {AX (1) +BY( )+ CZ(t) + Db(t) }dt
+ {4, X (t) + BiY (t) + CL Z(t) + D15(2) }dW (s)
t e [0,T],

(1.1) <

( X(0)=2, Y(T)=GX(T)+Fg.

In the above, 4, B, C etc. are (deterministic) matrices of suitable sizes, b,
g, b and G are stochastic processes and g is a random variable. We are
looking for {F;}:>0-adapted processes X (-), Y(-) and Z(-), valued in R",
R™ and R, respectively, satisfying the above. More precisely, we recall
the following definition (see Definition 2.1 of Chapter 1):

Definition 1.1. A triple (X,Y, Z) € MJ0,T] is called an adapted solution
of (1.1) if the following holds for all ¢ € [0, T, almost surely:

4

Xt)=z+ /t {AX (s) + BY(s) + CZ(s) + Db(s) }ds

/ (A X(s) + B1Y(s) + C1Z(s) + Dro(s) }dW (s),
(1.2) < -
Y(t) = GX(T) + Fg —/ {AX(s) + BY (s) + €2(s) + Db(s)}ds

L / (AX(s) + BiY(s) + CrZ(s) + Dy (s) }dW (s)
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When (1.1) admits an adapted solution, we say that (1.1) is solvable.

In what follows, we will let

(A, 4, e R™*™; B,B; ¢ R™™; C,C; € R™

A A, GeR™", B B, e R™™, C,C, e R™
D e R™ D, e R¥™; DeR™™,

(1.3) ¢ D; e R™*™; F e R™F,

be L%(0,T;R™); o ¢ L%(0,T;R™);

be L%(0,T;R™); &€ L%(0,T;R™);

Lg € L}T(Q;]Rk); z € R™

Following result gives a compatibility condition among the coefficients
of (1.1) for its solvability.

Theorem 1.2. Suppose there exists a T > 0, such that for all b, o, Z, 0,9
and x satisfying (1.3), (1.1) admits an adapted solution (X, Y, Z) € M[0,T].
Then

(1.4) R(Ci = GC1) 2 R(F) + R(D:1) + R(GDy),
where R(S) is the range of operator S. In particular, if
(1.5) R(F) + R(D;) + R(GD;) = R™,

then C; — GC, € R™** is onto and thus £ > m.

To prove the above result, we need the following lemma, which is in-
teresting by itself.

Lemma 1.3. Suppose that for any ¢ € sz(O,T;IRk) and any g €
L_%:T(Q;IR’“), there exist h € L%(0,T;R™) and f € L%(Q;C([0,T);R™)),
such that the following BSDE admits an adapted solution (Y,Z) €
LZ(Q; C([0, T; R™)) x L%(0, T; R):

(16) dY (t) = h(t)dt + [f(t) + C1Z(t) + Da(t)|dW (t), t€[0,T),
' Y(T) = Fg.

where Cy € R™** and D € R™**. Then,

(1.7) R(C1) D R(F) + R(D).

Proof. We prove our lemma by contradiction. Suppose (1.7) does not
hold. Then we can find an 5 € R™ such that

(1.8) nTCy =0, butypTF#0, or 7TD#£0.
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Let ¢(t) = nTY(t). Then ((-) satisfies
{dC( ) = h(t)dt + [F(t) + 0" D (t)}dW (),

{T) =n"Fy,

where h(t) = nTh(t), f(t) = T f(t). We claim that for some choice of g and
(-), (1.9) does not admit an adapted solution ¢(-) for any h € L%(0,T; R)
and f € L%(®;C([0,T];R)). To show this, we construct a deterministic
Lebesgue measurable function J3 satisfying the following:

(1.9)

B(s) = £1, Vs € [0,T1],

(1.10) |{s € [T3,T] | B(s) = 1}| = T ; Ti’

T-T;

i>1,

{s € [T T | B(s) = -1} =

for a sequence T; 1T, where |{---}| stands for the Lebesgue measure of
{---}. Such a function exists by some elementary construction. Now, we
separate two cases.

Case 1. nTF # 0. We may assume that |[F7n| = 1.
Let us choose

T
(1.11) g= (/O B(s)W () FTn, (1) =0.
Then, by defining
(1.12) aw=( /0 Bedw(s)),  telo,T],
we have
(1.13) {dEC()t) f( ;] h(t)dt + [f(t) — B®1AW (1), te€[0,T],

Applying Itd’s formula to |¢(£) — C(t)|?, we obtain
E|¢(t) — t)[2 + E/ (s)’ds
= —-2E ( (s) — C(s), h(s)) ds
T T a T _ _
(1.14) —or [ ¢ / R(r)dr + / [F(r) — B(r))dW (r), F(s) ) ds
tT sT s
=2F (/ h(r)dr, h(s)) ds

t s
_ E’ /tT ﬁ(s)dsr < (T -1) /tT E|R(s)|2ds.
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Consequently, (note h € L%(0,T;R) and f € L2(Q;C([0,T];R)))

E/ IF(T) = B(s)Pds

(1.15) < ZE/ B(s)] ds+2E/ |F(T) — f(s)|%ds
<2 —t/ E|h(s) |ds+2E/ s)|*ds
=o(T —

On the other hand, by the definition of 3(-), we have

E / — B(s)P2ds

(1.16) “rom

(E|f( )= 12+ BIf(T) +17), Vi>1.
Clearly, (1.16) contradicts (1.15), which means n7 F # 0 is not possible.

Case 2. " F = 0 and 7D # 0. We may assume that |—D_Tn| =1.
In this case, we choose 5(t) = ,B(t)ﬁTn with () satisfying (1.10).
Thus, (1.9) becomes

L.17) d((t) = h(t)dt + [f(t) + B@®)dW (t),  t€[0,T],

' (1) =0.
Then the argument used in Case 1 applies. Hence, nT_D— # 0 is impossible
either, proving (1.7). O

Proof of Theorem 1.2. Let (X,Y,Z) € M[0,T] be an adapted solution
of (1.1). Set Y(t) = Y(t) —GX(t). Then Y (-) satisfies the following BSDE:
(dY = {(A-GA)X + (B -GB)Y
+(C ~GC)Z + Db — GDb}dt
(1.18) +{(4 - GA)X + (B, - GB)Y
+(Cy — GC)Z + D13 — GDya }dW (2),

\Y(T) =
Denote
(1.19) {'h = (/E ~GA)X + (B ~GB)Y + (C —GC)Z + Db — GDb,
= (A, - GANX + (B, - GB)Y.
We see that h € L%(0,T;R™) and f € LZ(Q;C([0,T);R™)). One can
rewrite (1.18) as follows:
(1.20) { i? = hdt + {f + (C1, — GC1)Z + D16 — GDy5}dW (1),
Y(T) = Fg.
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Then, by Lemma 1.3, we obtain (1.4). The final conclusion is obvious.

O
To conclude this section, let us present the following further result,
which might be less useful than Theorem 1.2, but still interesting.

Proposition 1.4. Suppose that the assumption of Theorem 1.2 holds.
For any b, 0, b, 0, g and = satisfying (1.3), let (X,Y,Z) € MI[0,T] be an
adapted solution of (1.1). Then it holds

[A1 — GA1 + (Bi — GB)GIX(T)

(1.21) ~ ~
+ (Bl — GBl)Fg € R(Cl - GC1), a.s.
If, in addition, the following holds:

R(A + BG) + R(BF) C R(D),
R(A1 + B1G) + R(B, F) € R(D1),

1.22 A A ©
" R(A+ BG) + R(BF) C R(D),
R(A; + B,G) + R(B,F) C R(D),
then
(1.23) R(Al ~GAL+ (B — GBl)G) + R((& - GBl)F)

C R(C, — GCy).
Proof. Suppose nn € R™ such that
(1.24) nT (6 — GCy) =
Then, by (1.4), one has
(1.25) nTF=0, yTDh, =0 nTGD;=0.
Hence, from (1.20), we obtain

{ﬂﬂ?whm%mm+fﬂwwm,tﬂmm

(1.26) FTET) - 0.

Applying Ité’s formula to [T Y (t)|2, we have (similar to (1.14))
mMYmP+E/|ffnwvn4E/ Y (s)nTh(s)ds
(1.27) ~2E / / h(r)dr + / T £ )W ()] nTh(s)ds
= E| /t nTh(S)dsl <(T —t) /tT Eln"h(s)|*ds.
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Dropping the first term on the left side of (1.27), then dividing both sides
by T' — ¢ and sending t — T, we obtain

(1.28) Bl () = 0.

By (1.19), and the relation Y(T') = GX(T) + Fg, we obtain

(1.29) nT[A; — GA, + (B, — GB)GIX(T) +nT (B, —GB,)Fg =0, a.s.
Thus, (1.21) follows. In the case (1.22) holds, for any z € R” and g € R™

(deterministic), by some choice of b, o, b and 3, (1.1) admits an adapted
solution (X,Y, Z) = (z,Gz + Fg,0). Then, (1.21) implies (1.23). O
§2. Some Reductions

In this section, we are going to make some reductions under condition (1.5).
We note that (1.5) is very general. It is true if, for example, F = I € R™*™,
which is the case in many applications. Now, we assume (1.5). By Theorem
1.2, if we want (1.1) to be solvable for all given data, we must have 61 -G,
to be onto (and thus £ > m). Thus, it is reasonable to make the following
assumption:

Assumption A. Let £ = m and 6‘1 — GC; € R™*™ be invertible.

Let us make some reductions under Assumption A SetY =Y - GX.
Then Y (T') = Fg and (see (1.18))

dY = (AX + BY + CZ + Db)dt
+ (A X + BiY + C1Z + D15)aw
— G(AX + BY +CZ + Db)dt
— G(A1X + BiY + C1Z + Dqo)dW

(2.1) = {[X—GA+ (B-GB)G)X + (B - GB)Y
+(C-GC)Z + Db~ GDb}dt
+ { [4, — GA; + (B, - GB1)G] X + (B — GB)Y
+(Cy - GC)Z + D15 — GDla}dW.
Define

Z =[A, — GAi + (B, - GB)G)X + (B, - GB)Y

(2.2) . .
+ (01 - GCl)Z + D13 - GDld.

Since (5’1 — G(C}) is invertible, we have

Z=(Ci - GC)™{Z - [A4, — GA, + (B, - GB)G] X

(2.3) ~ - -
- (Bl e GBl)Y - (le'\ - GDla)}
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Then, it follows that

(2.4)

where

(2.5)

(dx = (ZX+§?+67+z)dt
+ (ZIX +§17+617+6)dw,
dy = (ZOX +§0?+607+E)dt+7dw,

(X(0) =2, Y(T)=Fy,

|

1= A1+ BiG
— C1(C1 - GCy)7V[A; — GAy + (B — GB))G),

B, =B, - C1(C, - GC)"Y(B; - GBy),

‘ C1=C(C, - GCy) Y,
&= Do — C1(C, — GC,) (D16 — GDs0),
Ao =A-GA+ (B-GB)G

— (€~ GC)(C1 — GC) A1 — GAy + (B1 - GBI)G,
Bo=B-GB - (C-GC)(C, —GC,) ' (B) - GBy),
Co=(C -GC)(C, - GC) Y,
| % = Db— GDb — (C — GC)(Cy — GC;)™ (D15 — GD10).

(A=A+BG-C(C; - GC)™Y[A; — GA; + (B — GB1)G,
B=B-C(C, - GC) (B, -GB)),
C=c(C -Goy)™Y,
b= Db- C(C, — GC,)~"Y(D16 — GD10),

31

The above tells us that under Assumption A, (1.1) and (2.4) are equivalent.
Next, we want to make a further reduction. To this end, let us denote

(2.6)

Let ©(-) be the solution of the following:

(2.7)

d¥(t) = A¥(t)dt + A, T (t)dW (1), t>0
T(0) =1
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Then (2.4) is equivalent to the following: For some y € R™,

(é((tt))) = B() (‘;) + 0 )/Otmy(s)—l[(‘—zla)i(s)
28) +(3) = (76 Jas
+0(t) /0 t\y(s)—l[clf(s) + (Egs)) W (s),
t € (0,7,

C
(2.9) + (%((Z))) ) (Egs)) Jds
+(0,1)U(T) /0 T 632 + <E(03)) Jaw (s).

Clearly, (2.9) is equivalent to the following: For some y € R™ and Z(-) €
L%(0,T;R™), it holds

nEFg - (0,1)¥(T) (z)

—(O,I)‘I’(T)/O wo [ (1)) as - (7]

(2.10) —(0,1) \II(T)/ U(s)~ (”(3 )dW
— (0, I)¥(T) (2) +(0, I)\I!(T)/O U(s)"(C = AiC1)Z(s)ds

+ (0, D)T(T) / U()~1C1 Z()dW (s).

0

Thus, if we can solve the following:

1 d(*}’;‘) _ {z(é‘,) +C2 )i+ {A (%?) +T.Z)aw,
X0 =0, V(@ =n,

with 7 being given by (2.10), then for such a pair y = Y(0) and Z(-) = Z("),
by setting (X,Y) as (2.8), we obtain an adapted solution (X,Y,Z) €
M0, T] of (2.4). The above procedure is reversible. Thus, by the equiv-
alence between (2.4) and (1.1), we actually have the equivalence between

the solvability of (1.1) and (2.11). Let us state this result as follows.
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Theorem 2.1. Let F =1 € R™*™ and ¢ = m. Then (1.1) is solvable for
allb, 0, b, 7, z and g satisfying (1.3) if and only if (2.11) is solvable for all
7 € L%T(Q;]Rm).

We note that by Theorem 1.2, F' = I and £ = m imply Assumption
A. Based on the above reduction, in what follows, we concentrate on the
following FBSDE:

dX = (AX + BY + CZ)dt
+ (A X +B Y +CiZ2)dW(), tel0,T),
o1 (41X + BiY + C12)dW (t) [0,7]
= (AX + BY + CZ)dt + ZdW (t),
X(0)=0, Y()=g.

(4 B ¢

A B Cc)’
4 B

A= ( 0 0

we can write (2.12) as follows:

(2.14) ( ) ( ) +CZ}dt+ {A1 (if) +Clz}dW,

= Y(T)=n.

In what follows, we will not distinguish (2.12) and (2.14), and we will let

By denoting

(2.13)

(2.15) { (dl)qgé;)zzl..A@(t)dt + A ®(t)dW (¢), t € [0,T),

If we call (X,Y) the state and Z the control, (2.12) is called a (lin-
ear) stochastic control system. Then, the solvability of (2.12) becomes the
following controllability problem: For give g € L%T (Q;R™), find a control
Z € L%(0,T;R™), such that some initial state (X(0),Y(0)) € {0} x R™
can be steered to the final state (X(T),Y(T)) € L%, (;R") x {g} at the
moment ¢ = T, almost surely. This is referred to as the controllability of
the system (2. 12) from {0} x R™ to L%, (9 R™) x {g}. We note that g is
an Fr-measurable square integrable random vector, and we need exactly
control Y(T') to g.

§3. Solvability of Linear FBSDEs

In this section, we are going to present some solvability results for linear
FBSDE (2.12). The basic idea is adopted from the study of controllability
in control theory. For convenience, we denote hereafter in this chapter that
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H = L% (%R™) and # = L%(0,T;R™) (which are Hilbert spaces to
which the final datum g and the process Z(-) belong, respectively).

§3.1. Necessary conditions

First of all, we recall that if ® is the solution of (2.15), then, ®~! exists
and it satisfies the following linear SDE:

51) {dqu =314 - A2]dt - 1AW (), t>0,

®1(0) =1

Moreover, (X,Y, Z) € M[0,T] is an adapted solution of (2.12) if and only
if the following variation of constant formula holds:

X)) 0 SN
(3.2) (Y(t)> =2 <y> +<I»(t)/0 ®(s) 7 (C ~ AiC1)Z(s)ds
+ (P(t)/ Q(S)_l(;'lZ(s)dW(S), tc [O,T],

0

for some y € R™ with the property:

0 T
g=(0,n{a(T) +oT) [ ®(s)"(C - AC1)Z(s)ds
(3.3) { <y) /0

T
+<1>(T)/0 @(s)_lch(s)dW(s)}.

Let us introduce an operator K : H — H as follows:

T
Kz = (0.0{e() / B(s)"1(C — A1C1) Z(s)ds
(3.4) °
+<I>(T)/0 @(s)_lch(s)dW(s)}.

Then, for given g € H, finding an adapted solution to (2.12) is equivalent
to the following: Find y € R™ and Z € H, such that

(3.5) 9= (0, )®(T) <‘;) y+KZ,

and define (X,Y) by (3.2). Then (X,Y, Z) € M]0,T]is an adapted solution
of (2.12). Hence, the study of operators ®(T) and K is crucial to the
solvability of linear FBSDE (2.12). We now make some investigations on
®(-) and K. Let us first give the following lemma.

Lemma 3.1. For any f € L%(0,7;R"™) and h € L%(0,T;R™™), it
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holds
Ed(t) = et

t t
56 1 FY q»(t)/ <1>(s)~1f(s)ds}=/0 ACIBI, o
E{a(}) / )" h(s)aW (s)} =0,

Also, it holds that
(3.7) E sup |®(t)* +E sup |®8(¢) ' ** <0, VE>1.
0<t<T 0<t<T

Proof. Let us first prove the second equality in (3.6). The other two in
(3.6) can be proved similarly. Set

(3.8) &ty = t)/ ®(s)"'f(s)ds, te0,T].
Then £(-) satisfies the following SDE:

(3.9) dg(t) = [AL(t) + f(D)ldt + AL E(1)dW (¢),  te[0,T),
‘ £(0) = 0.

Taking expectation in (3.9), we obtain

dEE() = [AEL() + Ef(D)dt,  te[0,T),
(3.10) { BE(0) =
Thus,
(3.11) E¢(t) = / teA(‘_s)Ef(s)ds, t€0,T),
0

proving our claim.

Now, we prove (3.7). For any & € R™™, process £(t) 2 & ()¢, satisfies
the following SDE:

(3.12) { d{(t) = AL(t)dt + AE()AW (t),  t € [0,T),

f(o) = &.

Then, by Ité’s formula, Burkholder-Davis-Gundy’s inequality and Gron-
wall’s inequality, we can show that

(3.13) E sup €)1 < K6, k>1,
0<t<T
for some constant K > 0. Thus, the first term on the left hand side of

(3.7} is finite. Similarly, one can prove that the second term is finite as
well. 0
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From (3.7), we see that K : # — H is a bounded linear operator. Now,
applying (3.6) to (3.3), we obtain that (2.12) admits an adapted solution,
then

(3.14) Eg= (O,I){eAT ((I)) Y+ /T eAT=3) (¢ — Alcl)EZ(s)ds},
0

for some y € R™ and EZ(-) € L?*(0,T;R™). This leads to the following
necessary condition for the solvability of (2.12).
Theorem 3.2. Suppose (2.12) is solvable for all g € H. Then
AT (O
rank{(O,I)(e (I) ,C = A1C1, A(C — A1Ch),
(3.15)
o AT Alcl))} —m.

Proof. Set C=cC- A;1C1 and define
T
Lu() 2 / eAT=3)Cu(s)ds,  Vu(-) € L?(0,T;R™).
0

Then £ : L?(0,T;R™) — R" is a linear bounded operator. We claim that

~ ~

(3.16) R(L) = R(C) + R(AC) + - - - + R(A™™1C).
In fact, if z € R(L)*, then, for any u(-) € L%(0,T;R™), it holds

T
0=zlLu() = / «TeAT=3)Cu(s)ds,
0

which yields
Te®C=0, Vsel0,T)
Consequently,

R k
zTARC = _ci_k [zTeAsﬂ |S:0 =0, k>0.

This implies that
—~ —~ ~ 3L
ze {R( )+ R(AC) + - + R(A"+m—1c2)} ,

which results in

R(C) + R(AC) + - - - + R(AM™1C) C R(L).
The above proof is reversible with the add of Calay-Hamilton’s theorem.
Thus, we obtain the other inclusion, proving (3.16). Then (3.15) follows
easily. O
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We note that in the case C = A;Cy, (3.15) becomes

(3.17) det {(0, Ne” (?) L #0.

This amounts to say that the FBSDEs (2.12) (with C = A;C;) is solvable
for all ¢ € H implies that the corresponding two-point boundary value
problem for ODEs:

X\ _ , (X@®
(3.18) (Y(t) ) =A (y(t)> ,  te0,T],
X@0)=0, Y(I)=g,

admits a solution for all g € R™.

Let us now present another necessary condition for the solvability of
(2.12).

Theorem 3.3. Let C = 0. Suppose (2.12) is solvable for all g € H. Then,
(3.19) det {(0,)e*C,} >0,  Vte[0,T).

Consequently, if

(3.20) T = inf{T > 0| det [(0,1)e*TC;] = 0} < oo,

then, for any T > T, there exists a g € H, such that (2.12) is not solvable.

Remark 3.4. The above result reveals a significant difference between
the solvability of FBSDEs and that of two-point boundary value problems
for ODEs. We note that for (3.18) to be solvable for all § € R™, if and

only if (3.16) holds. Since the function ¢ —> det {(0, I)e (?) } is analytic

(and it is equal to 1 at t = 0), except at most a discrete set of T’s, (3.16)
holds. That implies that for any Ty € (0, 00), if it happens that (3.18) is not
solvable for T = Ty with some § € R™, then, at some later time T > Ty,
(3.18) will be solvable again for all ge IR™. But, in the above FBSDEs
case, if T < oo, then for any T > T we can always find a ¢ € H, such
that (2.12) (Wlth C = 0) is not solvable. Thus, FBSDEs and the two-point
boundary value problem for ODEs are significantly different as far as the
solvable duration is concerned.

Proof of Theorem 8.8. Suppose there exists an so € [0,T), such that
(3.21) det {(O,I)eA(T"s")Cl} =0

Note that sg < T has to be true. Then there exists an 5 € R™, || = 1,
such that

(3.22) nT (0, IeAT—20)¢; = 0.
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We are going to prove that for any € > 0 with sp + € < T, there exists a

g€ L}’MS (Q; R™) C H, such that (2.12) has no adapted solutions. To this

end, we let §:[0,7] = R be a Lebesgue measurable function such that

B(s)==%1, Vs€[0,s0+¢); B(s)=0, Vse€ (so+¢,T);

(323 o Hs€lsosil | Blo) =1} = 222,

k>1,
(s € ls0, 4] | B(s) = —1}] = =2,

for some sequence s | s and s < T — e. Next, we define
t
(3.24) )= [ Beawes),  telT)
0
and take g = ((T)n € L}SD+S(Q;R’”) C H. Suppose (2.12) admits an

adapted solution (X,Y, Z) € M[0,T] for this g. Then, for some y € R™,
we have (remember C = 0)

¢(T)n = (0, D{e*” (2)
+ /OT AT —3) [,41 ( ‘;,(((j))) + C1Z(s)] dw(s)}_

Applying 7 from left to (3.25) gives the following:

(3.25)

626)  =a+ [ C )+ (061, 266)) JW (),

where
a =T (0, 1)eAT (2) €R,

621 a0 =00 (F)) € @ co.TiRY),
P() = [nT(o, I)eA(T"')Cl]T is analytic, ¥(so) = 0.

Let us denote

39 00 =a+ [+ (W6, ZENW 6, teT)

Then, it follows that

(3.29) { dif() - ¢(B)] = [v(t) + ($(), Z(t)) —AWIAW (1), t € [0,T],
' [6(T) — ¢(T)] = 0.



§3. Solvability of linear FBSDEs 39
By It6’s formula, we have
0 =E|f(t) — {(1)I?
(3.30) .
| +E / (s) + ((5), Z(5)) ~B(s)ds, ¢ € [0,T)
Thus,
(3.31) B(s) —v(s) = (¢(s), Z(s) ), a.e.s €[0,T], as

which yields

(3.32) /s E|B(s) — v(s)] ds—-/ E|(¥(s),Z(s)) |*ds, Vk>1.

S0

Now, we observe that (note v € L%(€; C([0,T);R)) and (3.23))
[ Bige) —a(o)as
339 >3 [ Ble) ~s(eo)ds - [ B —rtso)as

Sk —$
> 1 ‘O'E[“ —y(s0)> +11 +’)’(80)|2] —o(sy, — s0), k>1.

On the other hand, since ¥(-) is analytic with ¥(so) = 0, we must have
(3.34) Y(s) = (s —so)u(s), s €0,T],

for some 9(-) which is analytic and hence bounded on [0,T]. Consequently,

35) [ BI(w(6),20)) Pds < Klse s0)” [ " Bj2(s)Pds.

8¢ §0
Hence, (3.32)—(3.33) and (3.35) imply

S — 8

2E[I1 = y(s0)l + 1+ ¥(s0)[*] — (s = 50)
(3.36) s
< K(sk — 30)2/ E|Z(s)|*ds, Vk>1.

This is impossible. Finally, noting the fact that det{(0,J )eAtcl}I o = L,
we obtain (3.19). The final assertion is clear. O

Tt is not clear if the above result holds for the case C # 0 since the
assumption C = 0 is crucial in the proof.
§3.2. Criteria for solvability

Let us now present some results on the operator K (see (3.4) for defini-
tion) which will lead to some sufficient conditions for solvability of linear
FBSDEs.
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Lemma 3.5. The range R(K) of K is closed in H.

Proof. Let us denote Hy = L% (R") and H = H,x H =
L% (5 R™™). Define

. T

Rz =a(T) / 8(s)"1(C — AiCy) Z(s)ds

(3.37) -

<I>(T)/ ®(s)"1C1Z(s)dW (s), Z € H.
0

Then, by (3.7), K is a bounded linear operator and K = (0,1 )K. We claim

that the range R(IC) of K'is closed in H. To show this, let us take any
convergence sequence

(3.38) ();:(%)) =KZy » (¢, inH,

where (X, Y) is the solution of the following:

Xk ) _ Xy
d ( ” ) ={4 ( v ) +czhar+ {4 ( ) +C1 2k AW (2),
(Xk(o)) =0

Y5 (0) '

Then, by It6’s formula, we have

(3.39)

E{ixor + P+ [ |4 (20) vazo] o)

(340) = B{IX:(D)P + ()
o[ () 4 () e

We note that (recall ; = (CIl ))

‘Al (‘;(,’“) +Clzk'
(3.41) =<(I+c{01)zk,zk)+|,41(f,:)] +2(CTA1( ) Zi)

1
> | Ze|? — C1Xk|? + Vi),
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for some constant C' > 0. Thus, (3.40) implies

T
B{IXu(OF + (@) + [ 124(s)Pds)
(3.42) < CE{|Xx(T)? + |V (T)|?

T
+/]t (I Xe(s)]> + |Yi(s)*)ds}, te[0,T).

Using Gronwall’s inequality, we obtain

T
E{X:(®) + V@) + / |Zi(s)|Pds)
< CE{|Xx(T)* + |Yx(D)f}, telo,T]

From the convergence (3.38) and (3.41), we see that Zj is bounded in 7.

Thus, we may assume that Z; — Z weakly in ‘H. Then it is easy to see
that KZ = ¢, , proving the closeness of R(K).

Now, R(IC) is a Hilbert space with the induced inner product from that

of H. In this space, we define an orthogonal projection Py : H- H by
the following:

(3.44) PH(f]):(g), v<5>eﬁzHoxH.

Then the space
(3.45) Py (R(K)) = {0} x R(K)

is closed in R(K) and so is in H. Hence, R(K) is closed in H. O
The following result gives some more information for the operator X

when C = A;C; = 0, which is equivalent to the conditions: C =0, C =0

and A;Cy + B; = 0. Note that A;, B; and C; are not necessarily zero.

Lemma 3.6. Let C =0 and let (3.19) hold. Then

(3.43)

(3.46) R(K) = {n€ H | En=0}2 N(E),

(3.47) N(K)2{Z eH|KZ =0} = {0}.

Proof. First of all, by Lemma 3.5, we see that R(K) is closed. Also,
by (3.4) and Lemma 3.1, R(K) € N(E) (since C = A;C;). Thus, to show
(3.46), it suffices to show that

(3.48) NE)REK)* = {0}.

We now prove (3.48). Take n € N'(E). Suppose
0=E(n,KZ)

(3.49)

= E(n,(0,1)2(T) /OT B(s)"1C1Z(s)dW (s)), VZ e H.
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Denote

(3.50) ();(((f))) = a() /O 8(s)"1C1 Z(s)dW(s), € [0,T].

Then, by C = A4;C1 =0, we have
X X X
d (7) - A <?> dt + {Al <?) +61Z}dW(t),

(58) -

By It6’s formula and Gronwall’s inequality, we obtain

(3.51)

(52 EB{XWP+ PO <K /tE|z<s>|2ds, te0,1].
[ E12,
Also, we have

(3.53) (g((tt))) :/Otef‘“—s){Al (gg;) +ClZ(s)}dW(s), te[0,T).

Since En = 0 and n € H, by Martingale Representation Theorem, there
exists a { € H, such that

T
(3.54) n = /0 ¢(s)dW (s).

Then, from (3.49) and (3.53), we have

0=E(n,KZ)=E(n,(0,I) <_§((§))) )
(3.55) _ /TE(C(S) © I)eA(T_S){Al (X(-‘ﬂ) +C1Z(s)})ds
i , (0, Y (s)

This yields
T . 0
[ Eere = (§) o200 ds
0

- _/OTEM}’eAT(T—s) (?) (), @((3) ) ds.

By (3.49), the above holds for all Z € H. Now, let 0 < § < T and take

(3.56)

(3.57) Z(s) = CTeA"(T~9) (?) C(8)xir-8,1)(8), s €[0,T].



§3. Solvability of linear FBSDEs 43

Then X(s) =0, Y(s) = 0 for all s € [0,T — §]. Consequently, (3.56) and
(3.52) result in

T 2
[ e () ol

(3.58) <k [ : (Bic@E) " ( [ 3_6 Bi2()ar)  ds

<k : (Bico)R) " ( [ 3_5 Bicr)Par)” ds.

By (3.19), we obtain

T T T 0 2
E|¢(s)2ds < K Eic;fef‘ (T~s) (1) C(s)‘ ds
T—6 T-4
T /2, f8 1/2
3.59 < 2 2
(3.59) <k [ (meer) ([ mcopar)
1 T T s
< —/ E|¢(s)[2ds + K E|¢(r)[2drds.
2Jr-s T8 JT~5

Thus, it follows that

T T
(3.60) | Biords<ks [ Bics)Pds

T—6 T35
with K > 0 being an absolute constant (independent of §). Therefore, for
¢ > 0 small, we must have
(3.61) ¢(s) =0, aese[T-4,T] as

This together with (3.56) implies that

/ T p(ereta-n ((}) ((s), 2(s)) ds

-~ T B (AT (?) (o), (—)%3 ) ) ds.

Then, thanks to (3.19), we can continue the above procedure to conclude
that (3.61) holds over [0, and hence it follows from (3.54) that n = 0.
This proves (3.48).

We now prove (3.47). Suppose KZ = 0. Again, we let (X(-),Y(-)) be
defined by (3.50). Then, for any { € H, by (3.53), we have

(3.62)

T
= E{ / C(s)dW (s),KZ )

(3.63) —
i [ o000 (59) ez}
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This implies that

(3.64) (O,I)eA(T“s){Al (gg;) + C1Z(s)} =0, ae.s€]0,7], as.

By (3.19), we easily see that
s+ B(s) e {(0, NeAMT-2)¢, }_1(0, NeMT=9) 4,
is analytic and hence bounded over [0, T]. From (3.64), we obtain

(3.65) Z(s) = —B(s) (7?{—8) ae.s €[0,T], as.

Then, (X,Y) is the solution of

o (2) = a(F) o 14 o) (5 awen,

3.66 —

(3.66) Yo\
Yoy~

Hence, we must have (X,Y) = 0, which yields Z = 0 due to (3.65). This

proves (3.47). O

A consequence of the above is the following.

Theorem 3.7. Let C = A;C; = 0. Then, linear FBSDE (2.12) is solvable
for all g € H if and only if (3.17) and (3.19) hold. In this case, the adapted
solution to (2.12) is unique (for any given g € H).

Proof. Theorems 3.2 and 3.3 tell us that (3.17) and (3.19) are necessary.
We now prove the sufficiency. First of all, for any g € H, by (3.17), we can
find y € R™, such that (3.14) holds (note C = 0). Then we have

(3.67) 9= 0.08(1) () v e M)
Next, by (3.46), there exists a Z € H, such that
(3.68) g - (0,1)®(T) (?) y=KZ.

For this pair (y,Z) € R™ x H, we define (X,Y) by (3.2). Then one can
easily check that (X,Y, Z) € M[0,T] is an adapted solution of (2.12). The
uniqueness follows easily from (3.47) and (3.17). O

The above result gives a complete solution to the solvability of linear
FBSDE (2.12) with C = A;C; = 0. By Theorems 1.2, 2.1 and 3.7, we can
obtain the solvability result for the original linear FBSDE (1.1). We omit
the precise statement here.
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84. A Riccati Type Equation

In this section, we present another method. It will give a sufficient condition
for the unique solvability of (2.12). We will obtain a Riccati type equation
and a BSDE associated with (2.12). Let us now carry out a heuristic
derivation.

Suppose (X,Y,Z) € M[0,T] is an adapted solution of (2.12). We
assume that X and Y are related by

(4.1) Y(t) = POX() +p(t), Vte[0,T], as.

where P : [0,T] - R™*" is a deterministic matrix-valued function and
p:{0,T]x Q@ = R™ is an {F;}:>0-adapted process. We are going to derive
the equations for P(-) and p(-). First of all, from (4.1) and the terminal
condition in (2.12), we have

(4.2) g=P(T)X(T)+ p(T).
Let us impose
(4.3) P(T)=0, p(T)=y.

Since g € L% (92;R™) and p(-) is required to be {F:};>o-adapted, we
should assume that p(-) satisfies a BSDE:

(4.4) { dp(t) = o(t)dt + q(t)dW (),  t€[0,T],

p(T) =gy,

with a(-),q(-) € L%(0,T;R™) being undetermined. Next, by Itd’s formula,
we have (for simplicity, we suppress t below):

dY = {PX + P[AX + BY + CZ] + a}dt
+ {P[Ai X + B1Y + C1Z]) + q}dW
= {[P+ PA+ PBP|X + PCZ + PBp + a}dt
+ {[PA; + PBiP]X + PC,Z + PBip+ q}dW,

(4.5)

Now, compare (4.5) with the second equation in (2.12) (note (4.1)), we
obtain that

(4.6) [P+ PA+PBP|X + PCZ + PBp+a=[A+ BP|X +CZ + Bp,
and

4.7 (PA; + PB1P)X + PC1Z + PBip+q=Z.

By assuming I — PC; to be invertible, we have from (4.7) that

(4.8) Z=(I-PC) "{(PAy + PBiP)X + PByp +q}.
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Then, (4.6) can be written as
0=[P+PA+PBP—-A-BP
+(PC - C)I - PCy)™*(PA; + PBiP)| X
+[PB-B+ (PC-C)(I~PC) *PBi]p
+(PC-C)I-PC) Yq+a.

(4.9)

Now, we introduce the following differential equation for R™*"-valued func-
tion P(-):
P+PA+PBP-A-BP
(4.10) +(PC - C)(I - PC1)"Y(PA; + PB,P) =0, te€l0,T),
P(T) =0.

We refer to (4.10) as a Riccati type equation. Suppose {4.10) admits a
solution P(-) over [0,T] such that

(4.11) [I — P(t)C1]™! is bounded for ¢ € [0, T].
Then, (4.9) gives
a=—[PB-B+(PC—C)(I-PC)'PBip
—(PC - C)(I - PC)) 'q.

Combining this with (4.4), we see that one should introduce the following
BSDE:

dp = —{ [PB - B+ (PC - C)(I - PC))"'PBy]p
(4.12) +(PC - C)(I - PCy)™q}dt +qaW, te[0,T],

p(T) =g.

When (4.10) admits a solution P(-) such that (4.11) holds, by Theorem 3.2
of Chapter 1, BSDE (4.12) admits a unique adapted solution (p(-),q(-)) €
N[0, T]. Then we can define the following:

A=A+ BP+C(I - PC) (P4, + PB,P),

A1 = A1 + ByP + C.(I = PC;)"Y(PA, + PB,P),
b=Bp+C(I - PC,) " Y(PBip+7q),

= Bip+ Ci(I - PC,) " (PBip+q).

(4.13)

It is clear that A and Xl are time-dependent matrix-valued functions and b
and ¢ are {F;}:>0-adapted processes. Further, under (4.11), the following
SDE admits a unique strong solution:

{ dX = (AX +b)dt + (A1 X +5)dW,  t€[0,T],

(4.14) X(0) =2,
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The following gives a representation of the adapted solution of FBSDE
(2.12). '

Theorem 4.1. Let (4.10) admits a solution P(-) such that (4.11) holds.
Then FBSDE (2.12) admits a-unique adapted solution (X,Y, Z) € M[0,T]
which is determined by (4.14), (4.1) and (4.8).

Proof. First of all, a direct computation shows that the process
(X,Y, Z) determined by (4.14), (4.1) and (4.8) is an adapted solution of
(2.12). We now prove the uniqueness. Let (X,Y,Z) € M[0,T] be any
adapted solution of (2.12). Set

Y = PX +p,
(4.15) { P

Z = (I - PC,)"'[(PA1 + PByP)X + PBip+4|,

where P and (p, q) are (adapted) solutions of (4.10) and (4.12), respectively.

Denote Y =Y —Y and Z = Z — Z. Then a direct computation shows that
dY = [(PB-B)Y

(4.16) +(PC - C)Z)dt + [PB,Y ~ (I - PC1)Z]dW(t),

Y(T) = 0.

By (4.11), we may set
(4.17) Z=PBY —-(I-PC)Z,
to get the following equivalent BSDE (of (4.16)):

d¥ = {[PB- B+ (PC - C)(I - PC,)"'PBy|Y
(4.18) —(PC = C)(I — PCy)™*Z}dt + ZdW (t),
Y(T) =o.

It is clear that such a BSDE admits a unique adapted solution (17, Z) =0

-~

(see Chapter 1, §3). Consequently, Z = 0. Hence, by (4.15), we obtain

Y = PX +p,
(4.19) { P

Z =(I - PC))~*[(PA: + PB1P)X + PBip+4,

This means that any adapted solution (X, Y, Z) of (2.12) must satisfy (4.19).
Then, similar to the heuristic derivation above, we have that X has to be
the solution of (4.14). Hence, we obtain the uniqueness. O

The following result tells us something more.

Proposition 4.2. Let (4.10) admits a solution P(-) such that (4.11) holds
for t € [Tp,T)] (with some Ty > 0). Then, for any T € [0,T — Tp), linear
FBSDE (2.12) is uniquely solvable on [0,T].
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Proof. Let
(4.20) Pt)=Pt+T-T), te[0,T).
Then P(-) satisfies (4.10) with [0, T] replaced by [0,T] and
(4.21) [ — P(t)C1]™! is bounded for t € [0, T].
Thus, Theorem 4.1 applies. O

The above proposition tells that if (4.10) admits a solution P(-) satisfy-
ing (4.11), FBSDE (2.12) is uniquely solvable over any [0, T (with T < T).
Then in the case C = A;C1, by Theorem 3.2, the corresponding two-point
boundary value problem (3.17) of ODE over [0,T] admits a solution for all
g € R™, of which a necessary and sufficient condition is

(4.22) det {(O,I)eAt (?) } >0, Vtelo,T).

Therefore, by Theorem 3.7, compare (4.22) and (3.17), we see that the
solvability of Riccati type equation (4.10) is only a sufficient condition for
the solvability of (2.12) (at least for the case C = A4;C; = 0).

In the rest of this section, we concentrate on the case C = 0. We do
not assume that A;C; = 0. In this case, (4.10) becomes

P+PA+PBP—-A-BP= telo,T
(423) { +PA+ 0, e [0,T],

P(T) =0,
and the BSDE (4.12) is reduced to

(4.24) { dp =B — PBlpdt + ¢dW(t),  t€][0,T],

p(T)=g.

We have seen that (4.22) is a necessary condition for (4.23) having a solution
P(-) satisfying (4.11). The following result gives the inverse of this.

Theorem 4.3. Let C =0, C = 0. Let (4.22) hold. Then (4.23) admits a

unique solution P(-) which has the following representation:

(4.25) P(t) = —[(0, DeAT-1) (?) ]_I(O,I)eA(T_t) (é) , teo,T).

Moreover, it holds

I-P(Cy = [(0,)eATY (?) |7 [0, ere=o ( “ ) ]

te€[0,T].

Consequently, if in addition to (4.22), (3.19) holds, then (4.11) holds and
the linear FBSDE (2.12) (with C = 0) is uniquely solvable with the repre-
sentation given by (4.14), (4.1) and (4.8).

(4.26)
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Proof. Let us first check that (4.25) is a solution of (4.23). To this end,
we denote

(4.27) Q(t) = (0, [)eA T (?) . telo,T)
Then we have (recall (2.13) for the definition of 4)
(4.28) O(t) = —(0, N)eAT-1 (é ) B — O(t)B.
Hence,
P =0"100"1(0,I)eAT-* (é) + 0710, )eAT-1 4 (é)
= @‘1{ — (0, 1)eMT- (é) B- @E}(—P)
(4.29) + 0710, )er TV %)

o~

= (PB - B)(—P) + ©71(0, )eAT~Y (é) A+ A
= -PBP+BP-PA+ A.

Thus, P(-) given by (4.25) is a solution of (4.23). Uniqueness is obvious
since (4.23) is a terminal value problem with the right hand side of the
equation being locally Lipschitz. Finally, an easy calculation shows (4.26)
holds. Then we complete the proof. O

§5. Some Extensions

In this section, we briefly look at the case with multi-dimensional Brown-
ian motion. Let W (t) = (W'(t),---,W¢%(t)) be a d-dimensional Brownian
motion defined on (Q, F, {F;}i>0,P) with {F¢}i>0 being the natural fil-
tration of W(-) augmented by all the P-null sets. Similar to the case of
one-dimensional Brownian motion, we may also start with the most general
case, by using some necessary conditions for solvability to obtain a reduced
FBSDE. For simplicity, we skip this step and directly consider the following
FBSDE:

(dX = (AX + BY)dt
d
+ 3 (ALX + BiY + CiZ")dWi (),
(5.1) =1 )
dy = (AX + BY)dt + > Z'dW'(t),
=1

L X(0)=0, Y(T)=y,

t € [0,T],




50 Chapter 2. Linear Equations

where A, B, etc. are certain matrices of proper sizes. Note that we only
consider the case that Z does not appear in the drift here since we have
only completely solved such a case. We keep the notation A4 as in (2.13)
and let

(5.2) Ai:(f(l)l Eg), c;’(c;f), 1<i<d.

If we assume X(-) and Y (-) are related by (4.1), then, we can derive a
Riccati type equation, which is exactly the same as (4.23). The associated
BSDE is now replaced by the following:

d
dp=[B - PBlpdt+» q¢'dW'(t), t€[0,T],

i=1

(5.3)
p(T)=g.

Also, (4.13), (4.14) and (4.8) are now replaced by the following:
A=A+BP, b=Bp,
Al = Al + BiP

(5.4) . , A ‘ ,
+ Ci(I - PC})"Y(PA} + PB;P), 1<i<d,
' = Bip+Ci(I - PC})"" (PBip+¢"),
o~ o~ d —~ . .
(5.5) dX = (AX +b)dt + Y (ALX +&)dW'(t), te[0,T),
: i=1

(56) Z'=(I-PCi)'{(PAi +PBiP)X +PBip+¢'}, 1<i<d.
Our main result is the following.

Theorem 5.1. Let (4.22) hold and

(5.7) det {(0,De*Ci} >0,  Wte[o,T], 1<i<d

Then (4.23) admits a unique solution P(-) given by (4.25) such that
(5.8) (I — P(t)C;]7" is bounded for t € [0,T], 1 < i <d,

and the FBSDE (5.1) admits a unique adapted solution (X,Y, Z) € M[0,T]
which can be represented by (5.5), (4.1) and (5.6).

The proof can be carried out similar to the case of one-dimensional
Brownian motion. We leave the proof to the interested readers.



Chapter 3
Method of Optimal Control

In this chapter, we study the solvability of the following general nonlinear
FBSDE: (the same form as (3.16) in Chapter 1)

dX(t) = b(t, X(1),Y(2), Z(t))dt + o(t, X (1), Y (t), Z(t))dW (),
0.1) <{ dY(t) = h(t, X(2),Y (1), Z(t))dt + Z()dW(t), € [0,T),
X0)=z, Y(T)=g(X(T).

Here, we assume that functions b, o, h and g are all deterministic, i.e., they
are not explicitly depending on w € Q; and T > 0 is any positive number.
Thus, we have an FBSDE in a (possibly large) finite time duration. As we
have seen in Chapter 1, §4, under certain Lipschitz conditions, (0.1) admits
a unique adapted solution (X (-),Y(:), Z(-)) € M[0,T], provided T > 0 is
relatively small. But, for general T > 0, we see from Chapter 2 that even if
b, o, h and g are all affine in the variables X, Y and Z, system (0.1) is not
necessarily solvable. In what follows, we are going to introduce a method
using optimal control theory to study the solvability of (0.1) in any finite
time duration [0, T']. We refer to such an approach as the method of optimal
control.

§1. Solvability and the Associated Optimal Control Problem
§1.1. An optimal control problem
Let us make an observation on solvability of (0.1) first. Suppose (X(-),
Y (), Z(:)) € M[0,T] is an adapted solution of (0.1). By letting y = Y (0) €
R™, we see that (X (-),Y(-)) satisfies the following FSDE:

dX( ) = b( ( ) ( ),Z(t))dt +o(t, X (1), Y (2), Z(t))dW (¢),
X(O) =7, Y(O) =Y

with Z(-) € Z[0, T]éL}(O,T;lR’"Xd) being a suitable process. We note
that y and Z(-) have to be chosen so that the solution (X(-),Y (-)) of (1.1)
satisfies the following terminal constraint:

(1.2) Y(T) = g(X(T))-

On the other hand, if we can find an y € R™ and a Z(-) € Z[0, T, such that
(1.1) admits a strong solution (X (-}, Y (-)) with the terminal condition (1.2)
being satisfied, then (X(-),Y(:), Z(:)) € M[0,T] is an adapted solution of
(0.1). Hence, (0.1) is solvable if and only if one can find an y € R™
and a Z(-) € Z[0,T], such that (1.1) admits a strong solution (X(-),Y(-))
satisfying (1.2).
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The above observation can be viewed in a different way using the
stochastic control theory. Let us call (1.1) a stochastic control system with
(X(),Y(-)) being the state process, Z(-) being the control process, and
(z,y) € R™ x R™ being the initial state. Then the solvability of (0.1) is
equivalent to the following controllability problem for (1.1) with the target:

(1.3) T = {{z, g(z)) I z € R"}.

Problem (C). For any z € R", find an y € R™ and a control Z(-) €
Z[0,T1], such that

(1.4) (X(T),Y(T)eT, as.

Problem (C) having a solution means that the state (X(t),Y(t)) of
system (1.1) can be steered from {z} x R™ (at time t = 0) to the target 7,
given by (1.3), at time ¢t = T, almost surely, by choosing a suitable control
Z(-) € Z[0,T).

In the previous chapter, we have presented some results related to this
aspect for linear FBSDEs. We point out that the above controllability
problem is very difficult for nonlinear case. However, the above formulation
leads us to considering a related optimal control problem, which essentially
decomposes the solvability problem of the original FBSDE into several rel-
atively easier ones; and we can treat them separately. Let us now introduce
the optimal control problem associated with (0.1).

Again, we consider the stochastic control system (1.1). Let us make
the following assumption:

(H1) Functions b(t, z,y, 2), o(t,z,y, 2), h(t,z,y, z) and g(z) are contin-

uous and there exists a constant L > 0, such that for ¢ = b, 0, h, g, it holds
that

I(P(t,(l),y,Z) - W(tafay7—2)| S L(l.’L‘ - TI + |y _y| + |Z _—ZD)
(1.5) l(t,0,0,0)|, |o(t, z,y,0)| < L,
Vte[0,T], z,Z € R, y,7 € R™, z,7 € R™*%,

Under the above (H1), we see that for any (z,y) € R"xR™, and Z(-) €
" Z[0,T), (1.1) admits a unique strong solution, denoted by, (X(:),Y(:)) =
(X(;2,9,2()),Y(-;2,y,Z(+))), indicating the dependence on (z,y, Z(-)).
Next, we introduce a functional (called cost functional). The purpose is
to impose certain kind of penalty on the difference Y (T") — g(X(T')) being
large. To this end, we define

(16) f(a:,y) =V 1+|y'—g($)|2 _1a V(Z‘,y) eR™ xR™.

Clearly, f is as smooth as g and satisfying the following:

(1.7) {f(‘”7 ) é 8, Y(z,y) € R* x R™,

Y
flz,y) if and only if y = g(x).
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In the case that (H1) holds, we have

|f($ay) - f(fvy)l Sle - ZE! + ly - yl,

(8 V(z,y), (%,7) € R" x R™.

Now, we define the cost functional as follows:
A
(L.9) J(@,y;Z2() = Ef(X(T;2,9,Z()), Y (T; 2,9, Z(-)))-
The following is the optimnal control problem associated with (0.1).
Problem (OC). For any given (r,y) € R” x R™, find a Z(-) € Z[0,T],
such that
pu— —A— pu—

110 Ve it J@y20) = @y Z0).

Any Z(-) € Z[0,T] satisfying (1.10) is call an optimal control, the
corresponding state process

X)L, YO)EX (52,5, Z()), Y (52,4, 2()))
is called an optimal state process. Sometimes, (X (),Y (-), Z(-)) is referred
to as an optimal triple of Problem(OC).
We have seen that the optimality in Problem(OC) depends on the
initial state (z,y). The number V(z,y) (which depends on (z,y)) in (1.10)
is called the optimal cost function of Problem(OC). By definition, we have

(1.11) V(z,y) >0, Y(z,y) € R® x R™.

We point out that in the associated optimal control problem, it is possible
to choose some other function f having similar properties as (1.7). For
definiteness and some later convenience, we choose f of form (1.6).

Next, we introduce the following:

(1.12) NT)E{(z,y) e R* x R™ | V(z,y) = 0}.

This set is called the nodal set of function V. We have the following simple
result.

Proposition 1.1. For z € R", FBSDE (0.1) admits an adapted solution
if and only if

(1.13) NV)(i{z} x R™ # ¢,

and for some (z,y) € N'(V?), there exists an optimal control Z(-) € Z[0,T},
such that

(1.14) V(z,y) = J(z,y; 2()) = 0.
Proof. Let (X(),Y(-), Z(-)) € M|0,T] be an adapted solution of (0.1).

Let y = Y(0) € R™. Then (1.14) holds which gives (z,y) € M(V) and
(1.13) follows.
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Conversely, if (1.14) holds with some (z,y) € R® x R™ and Z(-) €
Z[0,T], then (X(-),Y(:), Z(-)) € M[0,T] is an adapted solution of (0.1).
O

In light of Proposition 1.1, we propose the following procedure to solve
the FBSDE (0.1):

(i) Determine the function V(z,y).
(ii) Find the nodal set N (V) of V; and restrict z € R™ to satisfy (1.13).

(iii) For given z € R" satisfying (1.13), let y € R™ such that (z,y) €
N (V). Find an optimal control Z(-) € Z[0,T] of Problem(OC) with the
initial state (z,y). Then the optimal triple (X (:),Y(-), Z(:)) € M[0,T] is
an adapted solution of (0.1).

It is clear that in the above, (i) is a PDE problem; (ii) is a minimizing
problem over R™; and (iii) is an existence of optimal control problem.

Hence, the solvability of original FBSDE (0.1) has been decomposed into
the above three major steps. We shall investigate these steps separately.

§1.2. Approximate solvability

We now introduce a notion which will be useful in practice and is related
to condition (1.13).

Definition 1.2. For given z € R", (0.1) is said to be approzimately
solvable if for any € > 0, there exists a triple (X (-), Yz(*), Z(-)) € M[0,T],
such that (0.1) is satisfied except the last (terminal) condition, which is
replaced by the following:

(1.15) E|Y.(T) - g(X(T))| <.

We call (X.(-),Y:z(-), Z:(-)) an approzimate adapted solution of (0.1) with
accuracy €.

It is clear that for given z € R™, if (0.1) is solvable, then it is approxi-
mately solvable. We should note, however, even if all the coefficients of an
FBSDE are uniformly Lipschitz, one still cannot guarantee its approximate
solvability. Here is a simple example.

Example 1.3. Consider the following simple FBSDE:
X () =Y (t)dt + dW (),

(
(1.16) dY (t) = —X (t)dt + Z()dW (£),
X(0)=2,  Y(T)=-X(T),

Q.

with T = 2% and z # 0. It is obvious that the coefficients of this FBSDE are
all uniformly Lipschitz. However, we claim that (1.16) is not approximately
solvable. To see this, note that by the variation of constants formula with
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y = Y(0), we have
(38) = (o, i) (2)

# [l ) () a6,

Plugging t = T = 2L into (1.17), we obtain that

(1.17)

T
X(T)+Y(T)= -2z + / n(s)dW (s),
0

where 7 is some process in L%(0,T;R). Consequently, by Jensen’s inequal-
ity we have

E|Y(T) - 9(X(T))| = E|X(T) + Y(T)| > |E[X(T) + Y(T)]| = V2lz| >0,

for all (y, Z) € R™ x Z[0,T]. Thus, by Definition 1.2, FBSDE (1.16) is not
approximately solvable (whence not solvable). ‘ ]

The following result establishes the relationship between the approxi-
mate solvability of FBSDE (0.1) and the optimal cost function of the asso-
ciated control problem.

Proposition 1.4. Let (H1) hold. For a given z € R", the FBSDE (0.1) is
approximately solvable if and only if the following holds:

1.1 inf V =0.
(1.18) ot (z,y) =0

Proof. We first claim that the inequality {1.15) in Definition 1.2 can
be replaced by

(1.19) Ef(Xe(T),Y.(T)) <e.
Indeed, by the following elementary inequalities:

2
(1.20) TAT

<V1+r2-1<r, Vr € [0, 00),

we see that if (1.15) holds, so does (1.19). Conversely, (1.20) implies
1
Ef(Xe(T),Ye(T)) 2 —E(IYE(T) - g(Xe(T))I2I(|YE(T>—9<XE<T>)|51))

+ %E<|YE(T) - g(XE(T))|I(|Ye(T)—g(Xg(T))|>1))'
Consequently, we have
(1.21) E|Ye(T)-g(X:(T))| < 3Ef(Xc(T), Ye(T)++/3Ef (Xc(T), Yo (T)).

Thus (1.19) implies (1.15) with ¢ being replaced by &' = 3¢ +1/3¢. Namely,
(1.18) is equivalent to the approximately solvability, by Definition 1.2 and
the definition of V. O




56 ’ Chapter 3. Method of Optimal Control

Using Proposition 1.4, we can now claim the non-approximate solvabil-
ity of the FBSDE (1.16) in a different way. By a direct computation using
(1.21), one shows that

J(2,y;Z2() = Ef(X(T),Y(T))

[1/V2lz| + % — %]2 >0, VZ(-) e Z[0,T).
V(z,y) > %[\/\/Elxl + i - %]2 >0,

violating (1.18), whence not approximately solvable.

>

W =

Thus,

Next, we shall relate the approximate solvability to condition (1.13).
To this end, let us introduce the following supplementary assumption.

(H2) There exists a constant L > 0, such that for all (¢,z,y,2) €
[0,T] x R™ x R™ x R™*%, one of the following holds:

(1.22) { lb(t, z,y,2)| + lo(t,z,y,2)] < L1 + |x|2),
<h(t7$7y)z),y) > —‘L(l + Izl Iy] + |y| ),
(1.23) (h(t,2,y,2),y) > L1+ ly[*),
lg()| < L.

Proposition 1.5. Let (HI) hold. Then (1.13) implies (1.18); conversely,
if V(z,-) is continuous, and (H2) holds, then (1.18) implies (1.13).

Proof. That condition (1.13) implies (1.18) is obvious. We need only
prove the converse. Let us first assume that V is continuous and (1.22)
holds.

Since (1.18) implies the approximately solvability of (0.1), for every
e € (0,1], we may let (X.,Y:,Z.) € M[0,T] be the approximate adapted
solution of (0.1) with accuracy €. Some standard arguments using Itd’s
formula, Gronwall’s inequality, and condition (1.22) will yield the following
estimate

(1.24) EiIX:WP<CO+z»), Vtel0,T], €€ (0,1].

Here and in what follows, the constant C' > 0 will be a generic one, de-
pending only on L and T, and may change from line to line. By (1.24) and
(1.15), we obtain

E|Y(T)| < Elg(X(T)| + B|Ye(T) — g(Xe(T))

(1.25) <CO+|z)) +e < CA+|z]).
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Next, let {z) & /T+ |z}2. It is not hard to check that both D (z) and
D? (z) are uniformly bounded, thus applying Itd’s formula to { Y.(¢) ), and
note (1.22) and (1.24), we have

E(Y(T))—-E(Y:(t))
T

=E/t AT LRCONICe
['Z(S I = 12e(s Ta}:im}ds

> LE/ (14 X (s)| + (Ya(s) ))ds

e(5), Ye(s), Ze(5)))

(1.26)

T
Z—C(1+|x|)—LE/ (Y.(s))ds, Vtel[0,T].

Now note that |y| < (y) <1+ |y|, we have by Gronwall’s inequality and
(1.25) that

(1.27) E(Y.())<CQ+|z)), Vte[o,T], €€ (0,1].

In particular, (1.27) leads to the boundedness of the set {|Y:(0)|}:>0. Thus,
along a sequence we have Y, (0) — y, as k — oco. The (1.13) will now follow
easily from the continuity of V(z,-) and the following equalities:

(1.28) 0< V(an;k (0)) < Ef(Xe(T), Y, (T)) < &k-

Finally, if (1.23) holds, then redoing (1.25) and (1.26), we see that
(1.27) can be replaced by E(Y.(t)) < C, Vt € [0,T], € € (0,1]. Thus the
same conclusion holds. O

We will see in §3 that if (H1) holds, then V-, ) is continuous.

§2. Dynamic Programming Method and the HJB Equation

We now study the optimal control problem associated with (0.1) via the
Bellman’s dynamic programming method. To this end, we let s € [0,T) and
consider the following controlled system (compare with (1.1)):

dX () = b(t, X (1), Y (t), Z(t))dt + o(t, X (£), Y (£), Z(£))dW (t),
2.1) {dy(@t) = ht, X(@),Y t) Z@W)dt + Z@)dW(t),  te s, T),
X(s)=z, Y(s)

Note that under assumption (H1) (see the paragraph containing (1.5)), for
any (s,z,9) € [0,T) x R® x R™ and Z(-) € Z[s,T]2 L%(s, T; R™*%),
equation (2.1) admits a unique strong solution, denoted by, (X ( ),Y()) =

(X(;82,9,Z2(),Y(-;8,2,9,Z())). Next, we define the cost functional as
follows:

(2.2) J(s,2,9; Z() 2 Ef(X(T; 8,29, 2(-)), Y(T; 8,2,, Z())),
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‘with f defined by (1.6). Similar to Problem(OC), we may pose the follow-
ing optimal control problem.

Problem (OC),. For any given (s,z,y) € [0,T) x R” x R™, find a
Z(-) € Z[s, T}, such that

A . =
2.3 Vis,z,9)= £ J(s,z,yZ(0) = J(s,z,y; Z(:))-
(2.3) (s,2,y) 200 (8,24, Z() = J(s,2,y; Z(°))
We also define
(2.4) V(T,z,y) = f(z,y), (z,9) € R* xR™

Function V(-,-,-) defined by (2.3)-(2.4) is called the walue function of the
above family of optimal control problems (parameterized by s € [0,T)). It
is clear that when s = 0, Problem(OC); is reduced to Problem(OC) stated
in the previous section. In another word, we have embedded Problem(OC)
into a family of optimal control problems. We point out that this family of
problems contains some very useful “dynamic” information due to allowing
the initial moment s € [0,T") to vary. This is very crucial in the dynamic
programming approach. From our definition, we see that

(2.5) V(0,z,y) = V(z,y), Y(z,y) e R x R™.

Thus, if we can determine V'(s,z,y), we can do so for V(z,y). Recall
that we called V(z,vy) the optimal cost function of Problem(OC), reserving
the name wvalue function for V(s,x,y) for the conventional purpose. The
following is the well-known Bellman’s principle of optimality.

Theorem 2.1. For any 0 < s <5< T, and (z,y) € R" x R™, it holds

26) Vis,z,y)= inf  EV(5,X(5s,z,y,2(:),Y (5 s,2,9, Z(-))).
(26) Viszmy)= inf EVEX(Esr9,20)YEs 5y, 20)

A rigorous proof of the above result is a little more involved. We present
a sketch of the proof here.

Sketch of the proof. We denote the right hand side of (2.6) by Vi(s,z,y).
For any z(-) € Z[s,T], by definition, we have

Vis,z,y) < J(s,2,9; Z("))
= EJ(§7 ‘X(gi 5Z,Y, Z())a Y(’S\a $Z,Y, Z())1 Z())

Thus, taking infimum over Z(-) € Z[s, T, we obtain
(2.7) V(s,z,y) < V(s,2,9).
Conversely, for any ¢ > 0, there exists a Z.(-) € Z[s, T], such that
V(S,Il,',y) +e Z J(S,l’,y; ZE())

=EJ(5,X(555,3,Y, Z:(-), Y (55, 2,9, Z:(1)); Ze(°))

> EV (5, X(5;5,7,y,2:(1), Y (55, 3,9, Z: ("))

> V(s,z,y).

(2.8)
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Combining (2.7) and (2.8), we obtain (2.6). O

Next, we introduce the Hamiltonian for the above optimal control prob-
lem:

h(s,z,y,z)

(2.9) +—;—tr [Q (”(3’?%")) (0(8,2y,Z)>T]},
Y(s,z,9,4,Q,2) € [0,T] x R* x R™

% ]Rn+m % Sn+m X Rmxd’

Hes,2,2.092 {(a (020 ))

and

H(s,z,y,q,Q) = inf H(s,7,y,q,Q,2),
(2.10) ZER™ X4
Y(s,z,9,9,Q) € [0,T] x R” x R™ x R*™™ x §nt™

where S™™ is the set of all (n + m) x (n + m) symmetric matrices. We
see that since R™*¢ is not compact, the function H is not necessarily
everywhere defined. We let

(2.11) D(H) 2{(s,2,9,4,Q) | H(s,2,y,4,Q) > —o0}.

From above Theorem 2.1, we can obtain formally a PDE that the value
function V'(-,-,-) should satisfy.

Proposition 2.2. Suppose V(s,z,y) is smooth and H is continuous in
Int D(H). Then

(2.12) Vi(s,z,y) + H(s,z,y, DV (s, z,y), D*V (s,z,7)) =0,
for all (s,xz,y) € [0,T) x R™ x R™, such that

(2.13) (s,z,y, DV (s,x,y), D*V (s, z,y)) € Int D(H),
where

v, Voo Vi
DV:(””>, DQV:(” W).
Vy qu; Viy

Proof. Let (s,z,y) € [0,T) x R® x R™ such that (2.13) holds. For any
z € R™* 4 let (X(-),Y () be the solution of (2.1) corresponding to (s, z,y)
and Z(-) = z. Then, by (2.6) and It6’s formula, we have

V(§,X(.§),Y:(§)) - V(S,iL‘,y) }

= Vi(s,z,y) + H(s,z,y,DV (s,2,y), D*V (s, 1,y), 2).

214y 05 B

Taking infimum in z € R™*%, we see that

(2.15) Vi(s,z,y) + H(s,z,y,DV (s,z,y), D*V (s, z,y)) > 0.
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On the other hand, for any ¢ > 0 and § € (s,7), by (2.6), there exists
a Z(-) = Z.(-) € Z[s,T], with the corresponding state being (X (-),Y (-)),
such that

(2.16)

EZE{

§—8

V(§7X(§)7 Y(§)) — V(S, T, y) }

L5 [ {exw.ve

+H (1, X(6), Y (£), DV (¢, X (1), Y (1), D*V (£, X (1), Y (1)), Z())) bat

Lg [ {voexo.ve

+H(t, X (8),Y (), DV (£, X (£), Y (1)), D*V (8, X (1), Y (1))
s ‘/:9(57$7y) + H(Syz:y,DV(S,-T, y)?D2V(37:E7 y))

>

Here, we have used (2.13) and the assumption that H is continuous in
Int D(H). Combining (2.15)—(2.16), we obtain (2.12). O

Equation (2.12) is called the Hamilton-Jacobi-Bellman (HJB for short)
equation associated with our optimal control problem. In principle, one
can determine the value function V(-,-,-) through solving (2.12)-(2.13)
together with the terminal condition (2.4). However, since D(H) might
be a very complicated set, solving (2.12)-(2.13) together with (2.4) is very
difficult. Thus, much more needs to be done in order to determine the value
function V.

§3. The Value Function

In this section, we are going to study the value function V introduced in
the previous section in some details.

§3.1. Continuity and semi-concavity

We first look at the continuity of the value function V (s, z,y). Note that
since the control domain R™*¢ is not compact, we can only prove the
right-continuity of V (s, z,y) in s € [0, T).

Proposition 3.1. Let (HI) hold. Then V(s,z,y) is right-continuous in
s € [0,T) and there exists a constant C > 0, such that

0<V(s,z,y) <C1+ 2|+ y]),

3.1
(3-1) V(s,z,y) € [0,T] x R" x R™,

Vis,z,y) = V(s,7,7)| < C(lz — 2 + |y — 7,

(3.2) B O m
Vs €[0,7], z,Z€ R", y, 7 € R™.

Proof. 1t is clear that for any (s,z,y) € [0,T] Xx R" x R™, we have
0<V(s,z,9) < J(s,2,9;0) < C(1+|z| + lyl).
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This proves (3.1).

Next, let s € [0,T] and (z,y), (Z,7) € R" x R™ be fixed. Then, for
any Z(-) € Z[s, T}, by Ité’s formula and Gronwall’s inequality, using (H1),
we have

EIX(t; $Z,Y, Z()) - X(t; 5,T,Y, Z())|2
(33) +E|Y(t75)$7yaz()) 'Y(t>3,f7§7Z())|2
<C{lz—zP +ly -7}, telsT),
with C > 0 only depending on L and T. Then (3.2) follows from (1.8),
which implies the (Lipschitz) continuity of V(s,z,y) in (z,y).

We now prove the right-continuity of V(s,z,y) in s € [0,7"]. First of

all, it is clear that for any Z(-) € Z{0,T], the function

(5,2,9) = J(5,2,45 Z|, 1y ()

is continuous. Thus, by the definition of V, it is necessary that V (s, z,y)
is upper semi-continuous. On the other hand, by (2.6) and (3.2), taking
Z(-) = 0, we have

(3.4) V(s,z,y) < V(5 x,y) + C(5 - s)/2, VO<s<5<T.
Thus, by the upper semi-continuity of V', we must have

lim V(5,2,) = V(5,2,u),

which gives the right-continuity of V in s € [0,T). O

From (2.5) and (3.2), we see that under (H1), the function V(z,y) is
continuous, the assertion that we promised to prove in §1.

Next, we would like to establish another important property for the
value function. To this end, we introduce the following definition.

Definition 3.2. A function ¢ : R™ — IR is said to be semi-concave if there
exists a constant C' > 0, such that the function ®(z) = ¢(z) — C|z|? is
concave on R"”, i.e.,

(3.5) ®(Az+ (1 -X)ZT) > A®(z) + (1 - N®(Z), VA€[0,1], z,T € R™.

A family of functions ¢, : R™ — R is said to be semi-concave uniformly in
e if there exists a constant C' > 0, independent of ¢, such that ¢, (z) — C|z|?
is concave for all €.

We have the following result.

Lemma 3.3. Function ¢ : R™ — R is semiconcave if and only if
Mp(@) + (1 — V() — oAz + (1 = NF) < CAL - N[ - 22,

3.6
(26) vie[0,1], z,7 € R™.

In the case that ¢ € VVfoc1 (R™), it is semiconcave if and only if

(3.7) D*p(z) < CI, a.e.z € R",
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where D%y is the (generalized) Hessian of ¢ (i.e., it consists of second order
weak derivatives of p).

Proof. We have the following identity:

Nal? + (1= N[E? — Az + (1 - NEP = A1 - )z - 2P,
VA€[0,1], z,Z € R

Thus, we see immediately that (3.5) and (3.6) are equivalent.

Now, if ¢ is C?, then, by the concavity of ¢(z) — C|z|?, we know that
(3.7) holds. By Taylor expansion, we can prove the converse. For the
general case, we may approximate g using mollifier. O

It is easy to see from the last conclusion of Lemma 3.3 that if ¢ has a
bounded Hessian, i.e., ¢, is uniformly Lipschitz, then, it is semi-concave.
This observation will be very useful below.

Let us make some further assumptions.

(H3) Functions b, o, h and g are differentiable in (z,y) with the deriva-
tives being uniformly Lipschitz continuous in (z,y) € R™ x R™, uniformly
in (t,2) € [0,T] x R™>4.

We easily see that under (H3), the function f defined by (1.6) has a
bounded Hessian, and thus it is semi-concave.
Now, we prove the following:

Theorem 3.4. Let (H1) and (H3) hold. Then the value function V (s, z,y)
is semi-concave in (z,y) € R™ x R™ uniformly in s € {0,T].

Proof. Let s €[0,T), zo,z1 € R" and yo,y1 € R™. Denote
(3.8) Ty = Az1 + (1 = A)zo, ya = Ay + (1 — A)yo, A€ [o0,1].

Then, for any £ > 0, there exists a Z.(-) € Z[s, T| (which is also depending
on M), such that

(3.9) J(s,2x,95; Ze (1)) < V(s,2x,0) + &

We now fix the above Z.(-) and let (X,(-),Ya(+)) be the solution of (2.1)
corresponding to (s,Zx,yx, Z:(-)). We denote

(3.10) {"*(r) = (), (), Ae0,1], s, T).

Ex(r) = Am(r) + (1 = Mno(r),
Using It6’s formula and Gronwall’s inequality, we have

(3.11) EIX1(t) - Xo@®)|* + EIV1(t) - Yo(8)|* < C(ler — zol* + lyr ~ wol*)-
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Since f(z,y) is semi-concave in (z,y) (by (H3)), we have

AV (s,z1,91) + (1 = M)V (s,20,90) — V(s,2x,42) — €
< A (s, 21,915 Ze (1) + (1 = A) I (5, %0, Y03 Ze ()

= J(8,22,42; Ze (1))
= B{M (D)) + (1 - ) f(mo(T)) - Fm(T)) }

< CB{A(1 ~ N (T) = mo(D)P + [Ex(T) - m(T)1}.

(3.12)

Let us now estimate the right hand side of (3.12). For the first term, we
have

(3.13) Elm(t) —mo@)|* < C(lz1 — zol* + 12 — wol®), t€s,T).
To estimate the second term on the right hand side of (3.12), let us denote

bk(r) = b('l‘, 77)\(1”)) ZE(T))’
(3.14) ha(r) = h(r,ma(r), Z:(r)), Aef0,1], r€s,T].
ox(r) = o(r,ma(r), Z:(r)),

Then, applying It6’s formula, one has (we suppress r in the integrand below)
2
E|&x(t) — ma(®)]

t
:2E/ ()\.Xl +(1—/\)X0—-X)\,)\b1+(1—)\)b0—b,\)d’l‘

(3.15) :
+2E/ ()\Yl +(1 —)\)YQ—Y)\,)\hl+(1—)\)h0—h)\>d7‘

¢
+ E/ Aot + (1 = N)ag — ax|*dr, tels, Tl

Note (we suppress r and Z,(r) from the second line on)

[Ab1(r) + (1 — A)bo(r) — ba(r)]
= |Ab(m) + (1 = N)b(no) — b(m )
< A b(n) — (6] + (1 = A)[b(no) — b(EN)]] + Liéx — mal

316) "\/0 (ba(éx + a(l = N)(m — n0))da, (1 = A)(m1 — 7o)

+(1-2) / (o (x — aA(m — mo))det, ~A(m —10))

+ L& — ma|
< CA(1 = X)|m — no|* + L|&x —ml-

We have the similar estimates for the terms involving A and ¢. Then it
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follows from (3.13) and (3.15) that
Eex(t) = m®)? < CX*(1 = X)?(le1 — zol® + |y1 — yol*)?
+C’/tE|£A(r) —m(r)Pdr,  Vtel[s,T)
By applying Gronwall’s inequality, we obtain
(3.17) Elen(®) —m@F < OX(1 = 2)2(|z1 = zol* + |y1 — wol*).-

Combining (3.12), (3.13) and (3.17), we obtain the semi-concavity of
V{(s,z,y) in (z,y), uniformly in s € [0, 7. O

§3.2. Approximation of the value function

We have seen that due to the noncompactness of the control domain R™*?,
it is not very easy to determine the value function V through a PDE (the
HJB equation). In this subsection, we introduce some approximations of
the value function, which will help us to determine the value function (ap-
proximately).

First of all, let W (¢) = (W, (t), Wa(t)) be an (n+m)-dimensional Brow-
nian motion which is independent of W(t) (embedded into an enlarged
probability space, if necessary) and let {ﬁt}tzo be the filtration generated

by W(t) and W (t), augmented by all the P-null sets in . Define
Zo[s, T) 2 Z[s,T),
(3.18) Zo[s, T)2{Z : [s,T] x @ = R™ ¢ | Z is {F;}1>0-adapted ,
JTE|Z®t)Pdt < o0 }.

Next, for any é > 0, we define

Zg[s,T]é{Z € Z[s,T) | 12(t)| < a.e.t€[s,T], as.},
(3.19)

255, T)12{Z € Zo[5,T) | |1Z(t)| < 5, ae.t€[s,T], as.}.

The following inclusions are obvious.

Zy [s, T] D] Z(jl [S, T] D 252 [s, T]
(3.20) N _n N Vg > 46, > 0.
Zo[s,T] D Z5(8,T) D Zs,(s,T]

In what follows, for any Z € Zy[s,T] (resp. go[s,T]) and § > 0, we
define the }-truncation of Z as follows:
. 1
Ztw), 2w <5

Z(t,w)
S Z(t,w)’

(3.21) Zs(t,w) =
if |Z(¢,w)| >

Sl =
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Clearly, Zs € Z;s,T) (resp. Zs[s, T)).
We now consider, for any € > 0, the following regularized state equation
(compare to (2.1)):

(dX(t) = b(t, X (1), Y (£), Z(t))dt + o (t, X (&), Y (£), Z(£))dW ()
+V2edW (1),

(3.22) ﬁ dY (t) = h(t, X(t),Y(t), Z(t))dt + Z(t)dW (1)

)

+V2edW,(t), tels,T),
| X(s) = =, Y(s)=y.

Define the cost functional by J%¢(s,z,y; Z(-)) (resp. J%¢(s,2,y;Z(-)))
which has the same form as (2.3) with the control being taken in Z;[s,T]
(resp. Z [s,T]) and the state satisfying (3.22), indicating the dependence
on é > 0 and ¢ > 0. The corresponding optimal control problem is called
Problem (OC)%¢ (resp. Problem (OC’)(:E). The corresponding (approxi-
mate) value functions are then defined as, respectively,

Vos(s,zy)= inf  J%(s,z,y; Z("),

(323) s Z(*)EZ&[S,T] s
Ve (s,z,y) = inf  J%(s,z,y; Z(-)).
(s,29) = Mof T2y ()

Due to the inclusions in (3.20), we see that for any (s, z,y) € [0,T] x R" x
R™,

VO (s,z,y) > VO (s,2,y) >0, Vde>

(3.24) Ve (s,z,y) > VOe(s,z,y), Vo >4
VOe(s,z,y) > VOUi(s,z,y), Vo >6&

|Vo

0,5
0, e

v

0,
0.

IV
[\

Also, it is an easy observation that V°O0(s,z,y) = V(s,z,y), Y(s,Z,y).
Note that for § > 0 and ¢ > 0, the corresponding HJB equation for the
value function V%% (s, z,y) takes the following form:

‘756,5 + EA‘75,6 + H‘S(s,m,y,DV‘s’a,DQ?‘s’a) =0,
(3.25) (s,z,y) € (0,7) x R x R™;
VOE(T,z,y) = f(z,y), (z,y) € R* x R™,

where A is the Laplacian operator in R™™, and H® is defined by the
following:

H(s,z,y, q,Q)— Erlnfxd {(q, (2((22:31}/’,?)>>
||<1/5

() () ),
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for (s,7,4,9,Q) € [0,T] x R™ x R™ x R™™ x §"*t™ where S"t™ is the
set of all (n+m) x (n+m) symmetric matrices. We observe that for € > 0,
(3.25) is a nondegenerate nonlinear parabolic PDE; and for € = 0, however,
(3.25) is a degenerate nonlinear parabolic PDE. The following notion will
be necessary for us to proceed further.

Definition 3.5. A continuous function v : [0,T] x R™ x R™ — R is called
a viscosity subsolution (resp. viscosity supersolution) of (3.25), if

o(T,2,y) < f(zy),  V(z,y) e R* xR™,

(3.26) (resp. v(T,2,9) > f(z,9),  V(z,y) € R® x R™),

and for any smooth function ¢(s, z,y) whenever the map v — ¢ attains a
local maximum (resp. minimum) at (s,z,y) € [0,T) x R™ x R™, it holds:

vs(s,3,y) +eAp(s, T,y)

(3.27) s \
+ H(s,z,y, Dy(s,z,y), D*p(s,z,y)) > 0 (resp. < 0).

If v is both viscosity subsolution and viscosity supersolution of (3.25), we
call it a viscosity solution of (3.25).

We note that in the above definition, v being continuous is enough.
Thus, by this, we can talk about a solution of differential equations without
its differentiability. Furthermore, such a notion admits the uniqueness.

The following proposition collects some basic properties of the approx-
imate value functions.

Proposition 3.6. Let (H1) hold. Then

(i) V%¢(s,z,y) and V% (s,z,y) are continuous in (z,y) € R” x R™,
uniformly in s € [0,T] and 6, > 0; For fixed § > 0 and € > 0, V%¢(s,z,y)
and V%¢(s,z,y) are continuous in (s,z,y) € [0,T] x R™ x R™.

(ii)) For § > 0 and g > 0, 175’5(5, z,y) is the unique viscosity solution of
(3.25), and for 6, > 0, V%¢(s,z,vy) is the unique strong solution of (3.25).

(iii) For § > 0 and € > 0, V%¢(s,z,y) is a viscosity super solution of
(3.25), VOO(s,z,y) is the unique viscosity solution of (3.25) (with € = 0).

The proof of (i) is similar to that of Proposition 3.1 and the proof of
(ii) and (ili) are by now standard, which we omit here for simplicity of
presentation (see Yong-Zhou [1] and Fleming-Soner [1], for details).

The following result gives the continuous dependence of the approxi-
mate value functions on the parameters § and ¢.

Theorem 3.7. Let (HI) hold. Then, for any s € [0,T], there exists a
continuous function 1, : [0,00) x [0,00) = [0, 00), with 15(0,7) = 0 for all
r > 0, such that

V5% (s,2,y) — V5(s,2,y)| < 116 — 8] + |e — &], || + ly]),
(328) |V6’6(37$7y) - Vé’é(s,ll,‘, y)l S 77(|5 - SI + |£ - él7 ,'Tl + 'yl):
V(s,z,y) € [0,T] x R® x R™, §,d,¢,& € [0,1].
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Proof. Fix (s,z,y) € [0,T] x R™ x R™, §,6,¢,¢ > 0, and Z € Z[s,T).
Let Z;s (resp. Z;) be the 1/4- (resp. 1/3—) truncation of Z; and (X,Y") (resp.
(X,Y)) the solution of (3.22) corresponding to (g, Zs) (resp. (¢,Z;)). By
It6’s formula and Gronwall’s inequality,

E{|X(T) - X ()] + |Y/(T )1*}
<o [ 17w - Zs(t)lzdt +IVE- VAR,
s
where C > 0 depends only on L and T'. Thus, we obtain

IVé,E(saw7y) - Vé,é(s1xay)|
SCI\/__\/EI7 V(S,iﬂ,y), 5;€7é20'

(3.29)

(3.30)

Combining with Proposition 3.6, we see that V¢(s, z,y) is continuous in
(e,z,y) € [0,00) x R™ x R™ uniformly in § > 0 and s € [0,7].

Next, for fixed (s,z,y) € [0,T] x R® x R™, & > 0, and 6 > § > 0, by
(3.24), we have

(3:31) 0< VPe(s,z,y) — VP<(s,2,7).
On the other hand, for any § > 0, and g9 > 0, we can choose Z°° € Z;[s, T
so that
(3.32) Vo€ (s,z,y) +e0 > I (s, 2,y; Z°).
Let Z5° be the %—truncation of Z¢, and denote the corresponding solution
of (3. 22) with Z°0 (resp. Z5°) by (X®°,Y*°) (resp. (X*°,¥*)). Setting
(X,Y) = (X*0,Y%0), (X,V) = (X®0,V*0), e = ¢, Z5 = Z°, and Z; = Z5°
in (3.29), we obtain
E{|X(T) — X(T)|* + |Y*(T) — Y*°(T)|*}
(3.33) T
<CE / 1750 (t) — 720 (1) Pt
We consider the following two cases:

Case 1. 6 > 0. In this case, note that |Z%°(¢) — Zg"(t)l < |1/6 —1/4),
a.e.t € [s,T], a.s. By (1.8) and (H1), one easily checks that

T0e(s,3,y; 2°0) > JO% (s, 2,y Z5°) — C‘l - ll
8 ) S

(3.34) s L

> Vo Sy p—

> V2(s,z,y) 0‘5 8.

Combining (3.31), (3.32) and (3.34), we obtain (note &g > 0 is arbitrary)

] 1 1
< 9.6 " _ybe 1.1
(3.35) 0< V() ~ VP(s,20)| < OJ5 - 5],

V(S,.’l:,y), 6a8 > O: €2 0:
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where C is again an absolute constant.

Case 2. § = 0. Now let § > 0 be small enough so that the right side of
(3.33) is no greater than €. Then, similar to (3.36), we have

(3.36) JO¢(s,z,y; Z°°) > VS’E(s,z,y) — €o.

Combing (3.31), (3.32) and (3.36), one has 0 < V‘S*E(s, z,y)—V®(s,z,y) <
2e9, which shows that

(3.37) Vie(s,z,y) LVO<(s,2,y), 610

Since V%¢(s, z,y) is continuous in (e, x,y) (see (3.30) and Proposition 3.6-
(1)), by Dini’s theorem, we obtain that the convergence in (3.37) is uniform
in (e, z, y) on compact sets. Thus, for some continuous function 7; : [0, co) X
[0,00) — [0, 00) with 775(0,7) = 0 for all r > 0, one has

0< Vg’s(s,l',y) - VO’E(Sal'ay) < 773(5) lz] + [yl),

(3.38) )
Y(s,z,y), € €[0,1], 6 > 0.

Combining (3.30), (3.35) and (3.38), we have that V¢ (s, z, ylis continuous
in (d,e,2,y) € [0,00) x [0,00) x R" x R™. The proof for V% is exactly
the same. O

Corollary 3.8. Let (H1) hold. Then
(3.39) VOO(s,z,y) = V*°(s,2,9), V(s,2,9) €[0,T] x R* x R™, § > 0.

Proof. If § > 0, then both V%0 and V% are the viscosity solutions of
the HJB equation (3.25). Thus, (3.39) follows from the uniqueness. By the
continuity of V%% and V%9 in § > 0, we obtain (3.39) for § = 0. O
Corollary 3.9. Let V(0,z,y) = 0. Then, for any € > 0, there exist §,& > 0
and Z%¢(-) € 2Z5[0,T)] satisfying

(3.40) I (0,z,y; 2%°()) <&,
such that, if (X%%(-),Y%¢(.)) is the solution of (2.1) with Z(:) = Z%¢(.),

then the triplet (X%¢,Y%¢, Z%¢) is an approximate solution of (1.1) with
accuracy 3€ + V3€.

Proof. Let V(0,z,y) = 0. Since V = V%9 by Theorem 3.7, there
exist §,¢ > 0, such that V%¢(0,z,y) < & Now by (3.9) we can find a
759 ¢ Z4[0, T such that (3.40) is satisfied. Let (X%, Y%#) be the solutions
of (2.1) with s =0, and Z = Z%¢. Then we have (see (1.21))

E|Y(T) — g(x**(T))|
< BEf(X*(T),Y*4(T)) + \/3Ef(X0=(T), Yo (T))

= 3T7(0,2,; 2%°()) +4/37%%(0,, 5, Z5¢())
< 3¢+ V3E.
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This proves our assertion. O
To conclude this section, we present the following result.

Proposition 3.10. Let (H1) and (H3) hold. Then Voe(s,z,y) is semi-
concave uniformly in s € [0,T], § € (0,1] and ¢ € [0,1]. In particular, there
exists a constant C > 0, such that

(341) A,V (s,z,y) <C, V(s,z,y) € [0, T} x R* x R™, d,e € (0,1],

where Ay =770, 05 .
Proof. The proof of the first claim is similar to that of Theorem 3.4.
To show the second one, we need only to note that by (3.7),

o _ 0 0\ 25566 (0 O
A,V _tr{<0 I)DV (0 I)}gc,

which gives (3.41). (|

§4. A Class of Approximately Solvable FBSDEs

We have seen from Proposition 1.4 that if (1.13) holds, then (0.1) is ap-
proximate solvable. Further, from §3 we see that if (z,y) € R" x R™ is
such that V(0,z,y) = 0, then one can actually construct a sequence of
approximate solutions to (0.1). Finally, (1.13) is also an important step of
solving (0.1) (see Proposition 1.1). In this section, we look for conditions
under which (1.13) holds. Moreover, we would like to construct the nodal
set (V) for some special and interesting cases.
In what follows, we restrict ourselves to the following FBSDE:

AX (t) = b(t, X(2), Y (£))dt + o(t, X (8), Y (1)) dW (8),
(4.1) dY (t) = h(t, X (t),Y (¢))dt + Z(t)dW (1), t e [0,T7],
X0) ==z, Y(T)=g(X(T))
The difference between (0.1) and (4.1) is that in (4.1), the functions b, o

and h are all independent of Z. To study the set N'(V), we introduce the
nodal set of value function V (s, z,y):

(4.2) N(V) = {(s,2,9) € [0,T] x R* x R™ | V(s,z,y) =0 }.
Clearly,
(4.3) {0} x N(V) = N(V)[ ] [{0} x R* x R™].

We will study NV(V) below, which will automatically give the information
on N (V) that we are looking for.

Let us now first make an observation. Suppose there exists a function
6:[0,7] x R® - R™, such that

(4.4) Vs, z,0(s,z)) =0, Y(s,z) € [0,T] x R",
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then it holds

(4.5) {(5,2,8(s,2)) | (s,2) € [0,T] x R"} C N(V).
In particular,
(4.6) (z,0(0,1)) e N(V), VzeR™

This gives the nonemptiness of the nodal set A'(V). Thus, finding some

way of determining 6(s, z) is very useful. Now, let us assume that both V

and @ are smooth and we find an equation that is satisfied by 8 (so that

(4.4) holds). To this end, we define

(4.7) w(s,x) = V(s,x,0(s,z)), V(s,z) € [0,T] x R™.

Differentiating the above, we obtain

ws = Vs +(V,,05),

wziZVz;+(Vya0z;>7 1<i<n,

wmng’ = Vz;zj + (V:c,-y,e:cj ) + (Vyxjyez.- >
+(Vya91¢:ﬂj)+(vyy0$j)9$i)7 ISZ’JSTL

(4.8)

Clearly,
(4.9)  tr[ooTw,a] = tr {007 [Vig + 2Vaybs + 05V + (Vy, 622 ]},

where we note that V;, is an (n x m) matrix and 6, is (m x n) matrix.
Then it follows from (2.12) that (recall (4.1) for the form of functions b, o
and h)

1
0=Vs+-itr[aaTsz]+(b,V$)+(h,Vy)

1 .
t3 zeglvfxd tr [V, 02" + VayzoT + V227

1
=w, — (Vy,0,) +5tr (00T (Waz — 2Viybe — 67 Viyy82)]
+ (bywy — TV, + (h, V) 1 (tra0 8,2, Vy)
2
(4.10) 1
+3 ,e}{lfxd tr [V oz + VoyzoT + Vyyz2"]
1
= {ws + §tr [UUTwM] + (b,wy) }
—(Vy, 05 + %tr [00T6,,) +6,b—h)}
1
+5 inf tr [2(z = 0,0)0 T Vyy + (22T - 6,6076T)V,,,].
z€R™X
Thus, if we suppose 6 to be a solution of the following system:
1 r n
@i {os +5trl0070,) +6.b—h =0, (s5,2) €[0,T) x R™,

0|s=T =9
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Then we have

1
(4.12) ws + 510 (00T wag] + (b0 ) 2 0,

Hence, by maximum principle, we obtain
(4.13) 0> w(s,z) =V(s,z,0(s,1)) >0, V(s,z) € [0,T] x R™

This gives (4.4). The above gives a proof of the following proposition.

Proposition 4.1. Suppose the value function V is smooth and 6 is a
classical solution of (4.11). Then (4.4) holds.

We know that V(s,z,y) is not necessarily smooth. Also since ool

could be degenerate, (4.11) might have no classical solutions. Thus, the
assumptions of Proposition 4.1 are rather restrictive. The goal of the rest
of the section is to prove a result similar to the above without assuming
the smoothness of V and the nondegeneracy of oo. To this end, we need
the following assumption.

(H4) Function g(z) is bounded in C%***(R") for some a € (0,1) and
there exists a constant L > 0, such that

(4.14) |b(s,z,0)| + |o(s,z,0)| + |h(s,,0)| < L, V(s,z)€[0,T] x R".

Our main result of this section is the following.

Theorem 4.3. Let (H1)-(H3) hold. Then, for any z € R", (1.13) holds,
and thus, (4.1) is approximately solvable.

To prove this theorem we need some lemmas.

Lemma 4.4. Let (H1)-(H3) hold. Then, for any € > 0, there exists a
unique classical solution 6 : [0,T] x R™ — R™ of the following (nondegen-
erate) parabolic system:

1
(4.15) {95 + A0 + Str[00T05,] + 056 —h =0, (s,3) €[0,T) x R™,

o° |s:T =9
with 6, 67 and 0; = all being bounded (with the bounds depending on

€ > 0, in general). Moreover, there exists a constant C > 0, independent
of € € (0,1], such that

(4.16) 6°(s,z)| < C, V(s,2) € [0,T] x R", € € (0,1].
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Proof. We note that under (H1)-(H3), following hold:

0 < (007)(s,z,y) < C(1+ )],

|(02:07) (5,2, 9)| + [(09.07) (5,2, 9)| < C(1 +|y]),
(4.17) 1<i<n, 1<k<m,

lb(s,z,y)| < L(1 +[yl),
Thus, by Ladyzenskaja, et al [1}, we know that for any £ > 0, there exists
a unique classical solution 6° to (4.15) with 6°, 67, and 67 . all being

bounded (with the bounds depending on € > 0). Next, we prove (4.16). To
this end, we fix an € € (0, 1] and denote

Aw2eAw + %tr (00T (s,2,6°(s, ) waez] + (b(s,z,6°(s,T)), ws )

(4.18) n n
= Z a;Weiz; + be’wz‘..
3,j=1 i=1
Set
= al . 2 _ 1 - e,k 2
(4.19) w(s,x) = 516°(s,2)* = 5;0 (s,z)%.

Then it holds that (note (4.17))

3

W, = Y 67F00k = 205‘[A05k+h’”(sz65)]

k=1 k=1
- Xm: - Z a5 05k — beask + (s, 2,6%)]
k=1 1,j=1
m
== z Z 'L]{[ 96 k CIJ z; T ei,zke;;k
k= 12,] 1
_Zzbf afk +Z€5khksw05)
k=1 i=1 k=1

> —-Aw—2Lw - L.
Thus,  is a bounded (with the bound depending on & > 0) solution of the

following;:

W, + AW + 2Lw > —L, (s,z) €{0,T) x R",
(4.20)

o, < 3ol
Wgmr = 9 Glloo-
By Lemma 4.5 below, we obtain

(4.21) w(s,z) <C, V(s,z)€[0,T] xR",
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with the constant only depending on L and ||g||cc (and independent of
€ > 0). Since w is nonnegative by definition (see (4.19)), (4.16) follows.
([l

In the above, we have used the following lemma. In what follows, this
lemma will be used again.

Lemma 4.5. Let A, be given by (4.18) and w be a bounded solution of
the following:

ws + Acw + Aow > —hg, (s,z) €[0,T) x R",
(4.22) ow > —hy, (s,2) €[0,T)
w's:T Sg()a

for some constants hy,go > 0 and Ay € R, with the bound of w might
depend on € > 0, in general. Then, for any A > X\ V0,

ho
A=A

(4.23) w(s,z) < T [go v ] Y(s,z) € [0,T] x R™.

Proof. Fix any A > Xy V0. For any 8 > 0, we define

(4.24) &(s,z) = eMw(s, ) — Blz)?, V(s,z) € [0,T] x R".
Since w(s, z) is bounded, we see that
(4.25) lim ®(s,z) = —cc.

|z|—>00

Thus, there exists a point (3,%) € [0,T7] x R™ (depending on § > 0), such
that

(4.26) ®(s,z) < 9(3,7), V(s,z) € [0,T] x R™.
In particular,
(4.27) eMw (3, T) - Bz = 8(5,%) > &(T,0) = T w(T,0),
which yields
(4.28) BIZ)? < eMw(3,z) — rTw(T,0) < C..
We have two cases. First, if there exists a sequence 3]0, such that 5 =T,
then, for any (s,z) € [0,T] x R", we have
w(s,z) < e M[B|z|> + &(T, 7))

(4.29) < e [Blal® + e go — BITI’]

< Blz|? + gy = gy, asf —0.
We now assume that for any 8 > 0, s < T. In this case, we have

0> (% + A:2)(5,7)
(4.30) = Xe*w + e*¥[ws + Acw] — ﬂAE(‘”’lez:E
> (A= Ao)e™w — e¥ho — BA(|z]?)]

="
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Note that (see (4.28))

Ac(|z?)|,_; = 2ne + [0(5,%,6°(3, %)) + 2(b(5,7,6°(5,7)), )
< 2ne+C. + Ce|Z| < C. + C. 57V

Hence, for any (s,z) € [0,T] x R", we have

eMw(s,z) — flz)? = ®(s,z) < <1>(- -) = eMw(35,7) - BF

e’\gho
<y ¢
<t AﬂA(m ) er
e)‘Tho AT
<
Sending § — 0, we obtain
e/\Tho .
(4.31) w(s,z) < , V(s,z) € [0,T] x R™.
A=A
Combining (4.29) and (4.31), one obtains (4.23). O

Proof of Theorem {.3. We define (note (3.24))
wde(s, x) éva’s(s,zﬁf(s,x)) >0, V(s,z)€[0,T]xR".

Then we obtain (using (3.25), (3.29) and (4.15))
0=V +eAVO 4 %tr (00T Ve + (b, V2 )+ (B, V<)

1. 76,eNT T |, 176, . T 76, T
t3 lzllgf/d tr[(Vey') oz +Vfzot + Vyfez']
1
= {wd* +eAw’F + St [ooTwle] + (b,wde) } +eA, Vo
(4.32) B
—(V2=,05 + eA6® + itr [ooTO5,] +65b —h)

1 5 -
+ 5 ikt [2(z — 650)0TVEE + (227 — 0200 (65)T)V,)]

1
< {wlf +eAw™ + St [ooTwle] + (b,wl®) } +&C.

The above is true for all €, > 0 such that |65(s, z)o(s,z,6(s,z))| < 3,
which is always possible for any fixed ¢, and § > O sufficiently small. Then
we obtain

{wg’s £ At > —eC, V(s,7) € [0,7] x R,

w‘S’EIS:T = 0.

On the other hand, by (H1) and (H3), we see that corresponding to the
control Z5(-) = 0 € Z4[s, T|, we have (by Gronwall’s inequality) |Y (T')] <
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C(1+ |y|), almost surely. Thus, by the boundedness of g, we obtain (using
Lemma 4.5)

0 < whe(s,z) = VO (s,z,6°(s, z))
< J*(s,x,6%(s,2);0) < C(1 + |6°(s,)]) < C.

Next, by Lemma 4.5 (with Ag = go = 0, A = 1 and hy = (), we must have
wh(s,2) < eCeT, ¥(s,z) € [0,T) x R™. Thus, we obtain the following
conclusion: There exists a constant Cy > 0, such that for any £ > 0, one
can find a § = §(g) with the property that

(4.33) 0 < V% (s,z,6°(s,z)) <eCo, V6 <)
Then, by (3.28), (3.39) (with § = 0) and (4.33), we obtain

0 < V(0,2,6°(0,2)) < |V*0(0,z,6°(0,)) — V¥(0,2,6%(0,2))| +eCo
< o€ + &, |z| + 16°(0,z)]) + £Co.

Now, we let § = 0 and then ¢ — 0 to get the right hand side of the above
going to 0. This can be achieved due to (4.16). Finally, since 6°(s,x)
is bounded, we can find a convergent subsequence. Thus, we obtain that
V(0,z,y) = 0, for some y € R™. This implies {1.13). O

§5. Construction of Approximate Adapted Solutions

We have already noted that in order that the method of optimal control
works completely, one has to actually find the optimal control of the Prob-
lem (OC), with the initial state satisfying the constraint (1.13). But on the
other hand, due to the non-compactness of the control set (i.e., there is no
a priort bound for the process Z), the existence of the optimal control itself
is a rather complicated issue. The conceivable routes are either to solve the
problem by considering relazed control, or to figure out an a priori compact
set in which the process Z lives (it turns out that such a compact set can
be found theoretically in some cases, as we will see in the next chapter).
However, compared to the other methods that will be developed in the fol-
lowing chapters, the main advantage of the method of optimal control lies
in that it provides a tractable way to construct the approximate solution
for fairly large class of the FBSDEs, which we will focus on in this section.

To begin with, let us point out that in Corollary 3.9 we had a scheme
of constructing the approximate solution, provided that one is able to start
from the right initial position (z,y) € M (V) (or equivalently, V(0,z,y) =
0). The draw back of that scheme is that one usually do not have a way
to access the value function V directly, again due to the possible degener-
acy of the forward diffusion coefficient ¢ and the non-compactness of the
admissible control set Z[0,T]. The scheme of the special case in §4 is also
restrictive, because it involves some other subtleties such as, among others,
the estimate (4.16).

To overcome these difficulties, we will first try to start from some initial
state that is “close” to the nodal set (V) in a certain sense. Note that
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the unique strong solution to the HIB equation (3.25), V%<, is the value
function of a regularized control problem with the state equation (3.22),
which is non-degenerate and with compact control set, thus many standard
methods can be applied to study its analytical and numerical properties, on
which our scheme will rely. For notational convenience, in this section we
assume that all the processes involved are one dimensional (i.e., n = m =
d = 1). However, one should be able to extend the scheme to general higher
dimensional cases without substantial difficulties. Furthermore, throughout
this section we assume that

(H4) g € C?; and there exists a constant L > 0, such that for all
(t,z,y,2) € [0,T] x R3,

5.) {|ME$AM@|+hﬂhzdh@|+VW%$Jh@|5141+Wﬂ%
' l9' @) + 19" ()] < L.

We first give a lemma that will be useful in our discussion.

Lemma 5.1. Let (H1) and (H4) hold. Then there exists a constant C > 0,
depending only on L and T, such that for all 8, > 0, and (s,z,y) €
[0,T] x R?, it holds that

(5.2) V< (s,2,y) > flz,y) — CA+ |z]?),

where f(z,y) is defined by (1.6).

Proof. First, it is not hard to check that the function f is twice con-
tinuously differentiable, such that for all (z,y) € R? the following hold:

L@l <@L 1@l <1,
 (4(@) —1)g" (@) ¢ (@)’
(5.3) { =Y = T @i T T - )

1 '
fyu(z,9) = 1+ (v -—g(:l:))z]% >0, foy(z,y) = —9g'(2) fyy(z,9)-

Now for any 8,e > 0, (s,z,y) € [0,T] x R? and Z € Z5[s,T), let (X,Y) be
the corresponding solution to the controlled system (3.22). Applying Ité’s
formula we have

J* (s, z,y; Z) = Ef(X(T),Y(T))
(5.4) T
= f(z,vy) +E/ (¢, X (¢), Y (¢), Z(¢))dt,
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where, denoting (f, = fz(z,v), fy = fy(z,y), and so on),
Ut z,y,2) = fab(t, 2,9, 2) + fyh(t, 2,9, 2)

1
+ §[fzz0'2(t: x,y,z) =+ 2fmy0'(ta$7y7 Z)z + fyyzz]
2

1 :
> [b(t,2,9,2) + fyh(t,3,9,2) + 5 [ foa — T2 ] 0% (2,9, 2)
2 fyy

(5.5)

> -C(1+1z%),

where C' > 0 depends only on the constant L in (H4), thanks to the esti-
mates in (5.3). Note that (H4) also implies, by a standard arguments using
Gronwall’s inequality, that E|X(¢)|> < C(1 + |z|?), V¢t € [0, T}, uniformly
in Z(-) € Z5[s,T], & > 0. Thus we derive from (5.4) and (5.5) that

Vo(s,z,y) = inf  J*(s,z,9;2)
ZGZJ[S,T]

T
= f@n)+ ot B[ 16X0,Y0,20)
ZeZs(s,T] s

> fz,y) — C(1+|z}?),
proving the lemma. O

Next, for any = € R and r > 0, we define

Q) E{y €R: f(z,y) <7+ C(L+]a?)},

where C > 0 is the constant in (5.2). Since lim|y|, o0 f(z,y) = +00, @z (r)
is a compact set for any z € R and » > 0. Moreover, Lemma 5.1 shows
that, for all , > 0, one has

(5.6) {y e R:V%(0,2,9) < r} C Qu(r).

From now on we set r = 1. Recall that by Proposition 3.6 and Theorem
3.7, for any p > 0, and fixed z € R, we can first choose d,¢ > 0 depending
only on z and Q,(1), so that

(5.7) 0 < V%(0,7,y) < V(0,z,y) + p, for all y € Q4 (1).

Now suppose that the FBSDE (1.1) is approximately solvable, we have
from Proposition 1.4 that inf,eg V(0,2z,y) = 0 (note that (H4) implies
(H2)). By (5.6), we have

0= inf V(0,z,y) = min V(0,z,y).
nf V(0,2,y) ,Sin 0,7,y)
Thus, by (5.7), we conclude the following
Lemma 5.2. Assume (H1) and (H4), and assume that the FBSDE (0.1)
is approximately solvable. Then for any p > 0, there exist d,¢ > 0 and
depending only on p, x and Q;(1), such that

0< inf V%5(0,z,y) = min V%(0,z,y) < p.
< Inf V2*(0,2,y) yin 0,z,y) <p
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0

Our scheme of finding the approximate adapted solution of (0.1) start-
ing from X (0) = z can now be described as follows: for any integer k, we
want to find {y®} c Q,(1) and {Z(®} C Z[0,T] such that

Cs
k b
here and below C, > 0 will denote generic constant depending only on L,

T and z. To be more precise, we propose the following steps for each fixed
k.

(5.8) Ef(X®(T),Y®)(T)) <

Step 1. Choose 0 < § < + and 0 < & < &%, such that

inf Ve 0,z,y) = min yoe 0,z,y) <
Jnf, 0,2,9) ,in 0,z,y)

?r.\ —

Step 2. For the given 6 and €, choose y*) € Q,(1) such that

~ ~ 1
V&(0,z,y®) < min V%(0,z,y) + .
0,z,y') ,Sin | 0,2,9) + ¢

Step 3. For the given §, €, and y*), find Z*) e Z;[0, T], such that

7(0,2,9%; 209) = BI(XO(T), YO (1)) < 75(0,2,5®) + &,
where (X®), V(#) is the solution to (2.1) with Y¥)(0) = y*) and Z = Z(*;
and C, is a constant depending only on L, T and =z.

It is obvious that a combination of the above three steps will serve our
purpose (5.8). We would like to remark here that in the whole procedure we
do not use the exact knowledge about the nodal set A'(V), nor do we have
to solve any degenerate parabolic PDEs, which are the two most formidable
parts in this problem. Now that the Step 1 is a consequence of Lemma 5.2
and Step 2 is a standard (nonlinear) minimizing problem, we only briefly
discuss Step 3. Note that V%€ is the value function of a regularized control
problem, by standard methods of constructing c-optimal strategies using
information of value functions (e.g., Krylov [1, Ch.5]), we can find a Markov
type control Z(®)(t) = a® (¢, X®)(¢), Y ®) (1)), where a(®) is some smooth
function satisfying sup, , , |a® (¢, 2,y)| < § and (X® Y®) is the corre-
sponding solution of (4.8) with Y(¥(0) = y*), so that

o~ -~ o~ ].
(5.9 J5’E(O,x,y(k); Z®)y < V‘S’E(O,x,y(’“)) + s

The last technical point is that (5.9) is only true if we use the state equa-
tion (3.22), which is different from (2.1), the original control problem that
leads to the approximate solution that we need. However, if we denote
(X®) YR to be the solutions to (2.1) with Y*)(0) = (¥ and the feed-
back control Z(®)(t) = o™ (X®) (1), Y*) (1)), then a simple calculation
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shows that
0 < J(0,2,9®); 20) = Ef(X*)(T), v *)(T))
(5.10) < Bf(XW(T), Y*(T)) + Cav/2e
< V%=(0,z,y®) + % + CoV/2e,

thanks to (5.9), where C, is some constant depending only on L, T and
the Lipschitz constant of o{*). But on the other hand, in light of Lemma
5.1 of Krylov [1], the Lipschitz constant of a®) can be shown to depend
only on the bounds of the coefficients of the system (2.1) (i.e., b, h, o, and
0(z) = z) and their derivatives. Therefore using assumptions (H1) and
(H4), and noting that sup, |Z®(£)| < sup|a®)| < 1, we see that, for fixed
8, Cg is no more than C(1+|z|+1/4) where C is some constant depending
only on L. Consequently, note the requirement we posed on £ and § in Step
1, we have

C; -1
k ’

(5.11)  CaV2e < C(A + || + %)\/254 < 2V20(1 + )6 <

where C, £ C(1 + |z])2v/2 + 1. Finally, we note that the process Z*)(.)
obtain above is {F;};>0-adapted and hence it is in Z;[0,T] (instead of
Z5[0,T)). This, together with (5.10)-(5.11), fulfills Step 3.
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Four Step Scheme

In this chapter, we introduce a direct method for solving FBSDEs. Since
this method contains four major steps, it has been called the Four Step
Scheme.

§1. A Heuristic Derivation of Four Step Scheme
Let us consider the following FBSDE:

dX(t) = b(t, X(t), Y (1), Z(t))dt + o(t, X (¢), Y (t), Z(¢))aW (¢),
(1.1)  { dY(t) = h(t, X(t), Y (2), Z(8))dt + Z(£)dW (¢),
X(0)==z  Y(T)=g(X(T).

We assume throughout this section that the functions b, o, h and g are
deterministic. As we have seen in the previous chapter that for any given
z € R", the solvability of (1.1) is essentially equivalent to the following:

V(Ov T, 9(0, z)) =0,

where 8(s, z) is the “solution” of some parabolic system and V' (s, z,y) is the
value function of the optimal control problem associated with the FBSDE
(1.1). Assuming the Markov property (since coefficients are determinis-
tic!) we suspect that V (¢, X (¢),0(¢t,X(t))) = 0, and Y(¢) = 6(t, X(t))
should hold for all {. In other words, we see a strong indication that there
might some special relations among the components of an adapted solution
(X,Y, Z), which we now explore.

Suppose that (X, Y, Z) is an adapted solution to (1.1). We assume that
that Y and X are related by

(1.2) Y(¢) =6t X)), Vte[0,T], as.P,

where € is some function to be determined. Let us assume that 8 ¢
CY2([0,T] x R™). Then by Ito’s formula, we have for 1 < k < m:

dY*(t) = do*(t, X (t))
= {Hf(t,X(t)) +(05(8, X (1)), b(t, X (1), 0(t, X (¢)), Z(1)) )

¥ 3t 65, (6, X () (00T (1, X(1), 06, X (1), Z(0)] } i
+ (85, X (1), (1, X (0), 006, X (0), Z0)AW (1)

(1.3)

Comparing (1.3) and (1.1), we see that if 8 is the right choice, it should be
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that, for k =1,---,m,
RE(t, X (t),0(t, X (t))
= 0F (t, X (1)) + (6%(t, X (), b(t, X (£),0(t, X (£)), Z(t)))

(1.4) 1 -
+gtr [0, (t, X (1) (00 )(t, X (1),6(¢, X (1)), Z(1))];
0(T, X (T)) = g(X(T)),
and
(1.5) 0:(t, X))o (t, X(1),0(t, X (t)), Z(t)) = Z(¢).

The above heuristic arguments suggest the following Four Step Scheme for
solving the FBSDE (1.1).

The Four Step Scheme:
Step 1. Find a function z(t,z,y, p) that satisfies the following:

2(t,z,y,p) = po(t,z,y,2(t,,y,p)),

(1.6)
V(t,z,y,p) € [0,T] x R* x R™ x R™*",

Step 2. Using the function z obtained in above to solve the following
parabolic system for 6(¢, x):

0% + 5tx 08, (00T (1, ,6,2(1,2,6,0.)]
(1.7) + (b(t’z76=z(t7z’070$))79§ ) —hk(t,m,e,z(t,z,t?, ez)) =0,
(t,z) € [0,T)xR", 1<k<m,
6(T,z) = gz), we€R™

Step 3. Using 6 and z obtained in Steps 1-2 to solve the following
forward SDE:

(1.8) { dX (t) = b(t, X (t))dt + &5(t, X (t))dW (t), t € [0,T),

X(0) ==z,
where
19) { b(t,z) = b(t, z,0(t, 1), 2(t, z,0(t, z), 0 (£, 7)),
a(t,x) = a(t,z,0(t,2),2(t,z,0(¢ ), 0: (¢, x))).
Step 4. Set
(1.10) {szemxwx
Z(t) = 2(t, X (1), 0(t, X (), 02 (£, X (2)))-

If the above scheme is realizable, (X,Y, Z) would give an adapted solution
of (1.1). As a matter of fact, we have the following result.
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Theorem 1.1. Let (1.6) admit a unique solution z(t,z,y,p) which is uni-
formly Lipschitz continuous in (z,y, p) with z(t,0,0,0) being bounded. Let
(1.7) admit a classical solution 6(t,x) with bounded 8, and 8,. Let func-
tions b and o be uniformly Lipschitz continuous in (z,y, z) with b(t,0,0,0)
and o(t,0,0,0) being bounded. Then the process (X(-),Y (), Z(-)) deter-
mined by (1.8)—(1.10) is an adapted solution to (1.1). Moreover, if h is also
uniformly Lipschitz continuous in (z,y,z), o is bounded, and there exists
a constant 3 € (0, 1), such that

llo(s,2,9,2) — a(s,2,y,2)]" 05 (s, 2)| < Blz - %,

(1.11) o )
V(s,z,y) € [0,T] x R* x R™, 2,7 € R™*,

then the adapted solution is unique, which is determined by (1.8)—(1.10).

Proof. Under our conditions both b(¢,z) and a(t,x) (see (1.9)) are
uniformly Lipschitz continuous in . Thus, for any z € R"™, (1.8) has a
unique strong solution. Then, by defining Y'(¢) and Z(t) via (1.10) and
applying Ité’s formula, we can easily check that (1.1) is satisfied. Hence,
(X,Y, Z) is a solution of (1.1).

It remains to show the uniqueness. We claim that any adapted solution
(X,Y,Z) of (1.1) must be of the form we constructed using the Four Step
Scheme. To show this, let (X,Y, Z) be any solution of (1.1). We define

(L12) V(1) =00, X(t), Z(t)=2(tX(1),6(t, X (1)), 0:(t X(1))).
By our assumption, (1.6) admits a unique solution. Thus, (1.12) implies
(1.13) Z(t) = 6, (t, X))o (t, X (1), Y (1), Z(t)),  as. t€[0,T).

Now, applying It6’s formula to (¢, X (¢)), noting (1.7) and (1.10), we have
the following (for notational simplicity, we suppress ¢t in X (t), etc.):
dY'*(t) = do*(t, X (t))
:{9f(t,X) +(6%(t, X),b(t, X,Y, Z) )+%tr (6%, (t, X)(o6T)(t, X, Y, Z)]}dt
+(05(t,X),0(t, X, Y, Z)dW (¢))
:{ <0§(t9X)ab(taX1Y1 Z) - b(t,X:?a Z))
+ %tr [6. (2, ){ 00 ™)(t, X, Y, 2) - (9070, X, ¥, 2}

+RR(L XY Z)}dt + (658, X), 0(t, X, Y, Z)dW (1) ) .
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Then, it follows from (1.1) and (1.13) that

EY@) -Y®P=-E[ Y {2(% —Yk).
tog=1

[(65(s, X),b(5, X, Y, 2) - (s, X, ¥, 7))

(1.14) + %tr (6% .(s, X) [(00T)(5, X, Y, Z) — (00T)(s, X, ¥, 2)]}

+RE(s, X, ¥, Z) — hE(s, X, Y, Z)]
~ o~ ~ 2
+ ]{a(s,x, Y,2)—o(s, X, ¥, 2} 65 (s, X) + Z — Z| }ds.

Since, by (1.11), the boundedness of #,, and the uniform Lipschitz conti-
nuity of o, we have

~ ~ ~ 2
{05, X,Y,2) - 05, X, 7, 2)} " 6(s, X) + Z - 2
ZlZ - le - [U(S7X7 Y, Z) - U(SaXa?’Z)(elzc)T(s:X)P
>1-PIZ -2z -ClY -YP,

here and in the sequel C > 0 is again a generic constant which may vary
from line to line. Thus (1.14) leads to that

~ T ~
EIV(®) - Y@F +(1-) [ BIZ() - Z(s)Pds
T —~ —~ —~
115) <0 [ BT - YOF +17() - Y@IZ() - Z(:)yds

<C. /T E|Y (s) = Y(s)[ds + s/T |Z(s) — Z(s)|*ds,
t i

where £ > 0 is arbitrary and C. depends on . Since 8 < 1, choosing
€ < 1 — B and applying Gronwall’s inequality, we conclude that

(1.16) Y(@)=Y(@®), Z@t)=2Z(), as., ae t€0,T]

Thus any solution of (1.1) must have the form that we have constructed,
proving our claim. o
Finally, let (X,Y, Z) and (X,Y,Z) be any two solutions of (1.1). By
the previous argument we have
(L.17) { Y(t) =00, X(t), Z(t)==z(tX(1),0(tX(2)),02(t X(8)),
' Y(t) =0t X)), Z(t)=2(t, X (2),0(, X (1), 05 (¢, X(2))-

Hence X (t) and X (t) satisfy exactly the same forward SDE (1.8) with the
same initial state . Thus we must have

X(@)=X(@t), Vtel0,T], as.P,
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which in turn shows that (by (1.17))
Y(t)=Y(t), 2(t) = Z(t), Vte[0,T], as.P.

The proof is now complete. O

Remark 1.2. We note that the uniqueness of FBSDE (1.1) requires the
condition (1.11), which is very hard to be verified in general and therefore
looks ad hoc. However, we should note this condition is trivially true if o
is independent of z! Since the dependence of o on variable z also causes
difficulty in solving (1.6), the first step of the Four Step Scheme, in what
follows to simplify discussion we often assume that o = o(¢,z,y) when the
generality is not the main issue.

§2. Non-Degenerate Case — Several Solvable Classes

From the previous subsection, we see that to solve FBSDE (1.1), one needs
only to look when the Four Step Scheme can be realized. In this subsection,
we are going to find several such classes of FBSDEs.

§2.1. A general case
Let us make the following assumptions.

(A1) d = n; and the functions b, ¢, h and g are smooth functions taking
values in R™, R™, R™™", R™*"™ and R™, respectively, and with first order
derivatives in z,y, z being bounded by some constant L > 0.

(A2) The function ¢ is independent of z and there exists a positive
continuous function v(-) and a constant u > 0, such that for all (¢,z,y,2) €
[0,7] x R* x R™ x R™*™

(2.1) v(lyDI < o(t,z,9)0(t ,9)7T < pl,
(2.2) |b(t, z,0,0)] + |A(t,z,0,2)| < p.

(A3) There exists a constant C > 0 and a € (0,1), such that g is
- bounded in C?**(R™).

Throughout this section, by “smooth” we mean that the involved func-
tions possess partial derivatives of all necessary orders. We prefer not to
indicate the exact order of smoothness for the sake of simplicity of presen-
tation.

Since o is independent of z, equation (1.6) is (trivially) uniquely solv-
able for z. In the present case, FBSDEs (1.1) reads as follows:

dX (t) = b(t, X (2), Y (£), Z(t))dt + o (t, X (£), Y (£))dW (t),
(2.3) dY (t) = h(t, X(8), Y (¢), Z(2))dt + Z(1)aW (), t€[0,T],
X0 =z,  Y(T)=g(X(D)),
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and (1.7) takes the following form:

o; + 1tr [052(c0) (8, 2,6)] + (b(t, 2,6, 2(t, ©,6,65)), 0% )
(2.4) — h*(t,3,8,2(t,2,0,0;)) =0,
(t,z) € (0,T)xR", 1<k<m,
0(T,z) =g(z), =zeR"

Let us first try to apply the result of Ladyzenskaja et al [1]. Consider
the following initial boundary value problem:

4 k3 n
0F + > aij(t,2,0)00,0; + Y bilt,,6,2(,2,6,0,))0%

1,j=1 =1
— h*(t,z,0,2(t,2,6,60,)) =0
(t,z) € [0,T] x Bg, 1 <k <m,
] |BBR: g(x), |z| =R
\ H(Ta J") = g($)7 z € BR7

where Bp is the ball centered at the origin with radius R > 0 and

(2.5)

1
(aij(t, z,y)) = §U(t,w,y)0(t,w,y)T,

(br(t,z,9,2), -+, balt, 2,y,2))T = b(t z,Y,2),
(h'(t,2,y,2), h'”(t z,9,2))7 = h(t,z,9,2).
Clearly, under the present situation, the function z(¢, z,y,p) determined by

(1.6) is smooth. We now give a lemma, which is an analogue of Ladyzen-
skaja et al [1, Chapter VII, Theorem 7.1].

Lemma 2.1. Suppose that all the functions a;;, b, h* and g are smooth.
Suppose also that for all (t,z,y) € [0,T] x R® x R™ and p € R™*", it
holds that

(2:) VDI < (a5 (t,2,9)) < ullyDT
.7) 806,29, 206, 2)] < (1 + o),
©.9) et + [gopat)| <o,

for some continuous functions u(-) and v(-), with v(r) > 0;

(2.9) h(t,z,y, 2(t, 2, 9,0))] < [e(lyl) + P(pl, lyD] (X + |p]),
where P(|p|, |y|) = 0, as |p| = oo and £(|y|) is small enough;

m
(2.10) > OREE, 3y, 2(t 2y, )Y > —L(A+ [y,
k=1
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for some constant L > 0. Finally, suppose that g is bounded in C*t*(R™)
for some a € (0,1). Then (2.5) admits a unique classical solution. |

In the case g is bounded in C?T*(R"), the solution of (2.5) and its
partial derivatives 0(¢,z), 0:(t,z), 0.(t,z) and €,-(¢,z) are all bounded
uniformly in R > 0 since only the interior type Schauder estimate is used.
Using Lemma 2.1, we can now prove the solvability of (2.4) under our
assumptions.

Theorem 2.2. Let (A1)-(A3) hold. Then (2.4) admits a unigue classical
solution 8(t,z) which is bounded and 6;(t,z), 8,(t,z) and 0,,(t, ) are all
bounded as well. Consequently, FBSDE (2.3) is uniquely solvable.

Proof. We first check that all the required conditions in Lemma 2.1 are
satisfied. Since o is independent of z, we see that the function z(¢,z,y,p)
determined by (1.6) satisfies

(2.11)  |z(t,z,y,p)| < Clpl, V(t,z,y,p) € [0,T] x R" x R™ x R™*".

Now, we see that (2.6) and (2.8) follow from (Al) and (A2); (2.7) follows
from (A1), (2.2) and (2.11); and (2.9)-(2.10) follow from (Al) and (2.2).
Therefore, by Lemma, 2.1 there exists a unique bounded solution 8(t, z; R)
of (2.5) for which 8,(t, z; R), 6, (¢, z; R) and 8, (¢, z; R) together with (¢, z)
are bounded uniformly in R > 0. Using a diagonalization argument one
further shows that there exists a subsequence (¢, z, R) which converges
uniformly to (t,z) as R — co. Thus 6(¢, z) is a classical solution of (2.4),
and 64(t,z), 0,(t,z) and 0., (¢, ), as well as 6(¢, z) itself, are all bounded.

Noting that all the functions together with the possible solutions are
smooth with required bounded partial derivatives, the uniqueness follows
from a standard argument using Gronwall’s inequality.

Finally, by Theorem 1.1, FBSDE (2.3) is uniquely solvable. O

§2.2. The case when h has linear growth in 2

Although Theorem 2.2 gives a general solvability result of the FBSDE (2.3),
condition (2.2) in (A2) is rather restrictive; for instance, the case that
the coefficient h(t,z,y, z) is linearly growing in z is excluded. This case,
however, is very important for applications in optimal stochastic control
- theory. For example in the Pontryagin maximum principle for optimal
stochastic control, the adjoint equation is of the form that the corresponding
h is affine in z. Thus we would like to discuss this case separately.
In order to relax the condition (2.2}, we compensate by considering the
following special FBSDE:

dX () = b(t, X (), Y (£), Z())dt + o (¢, X (£))dW (¢),
(2.12) dY (£) = h(t, X (t),Y (t), Z(t))dt + Z(£)dW (2),
X0) =z  Y(T)=g9(X(T)).

We assume that o is independent of y and z, but we allow A to have a linear
growth in z. In this case, the parabolic system looks like the following
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(compare with (2.4)):

Hf + %tr (0’;ma(t, z)o(t,m)T) + (b(t,z,@,z(t,x,ﬂ,Gz)),O’z“ )

(2.13) - — h¥(t,z,0,2(t,2,6,0,)) =0,
(t,z) € [0,T]xR", 1<k<m,
0(T,z) =g(z), =zeR"™
Since now h has linear growth in z, the result of Ladyzenskaja et al [1] does

not apply. We use the result of Wiegner [1] instead. To this end, let us
rewrite the above parabolic system in divergence form:

08 + " (aij(t,2)00.)s, = fX(t,2,6,62),

(2.14) L=t
(t,z) € [0, T} xR™, 1<k<m,

0(T,z) = g(z), =z€R”

where
1 T
(aij(t)z')) = _U(t) .'E)O’(t,Z') )
(2.15) k(t,z,y,p) Z aijz; (t,T)p Zbi(t,x,y,z(t,x,y,p))pf
- 1,j=1 i=1

+ h* (t,z,y,2(t,z,y,p)).

By Wiegner [1}, we know that for any T > 0, (2.14) has a unique classical
solution, global in time, provided the following conditions hold:

(2.16) vI < (a3(t,z)) < pl, V(t,z) € [0,T] x R",

k rk 2 2
> " y* 5t z,y,p) < eolpl* + CA + |yl?),

Y(t,z,y,p) € [0,T] x R® x R™ x R™™™,
where v, u,C,go are constants with o being small enough. (To fit the
framework of Wiegner [1], we have taken H = |y|?, ¢ = 0 and r* = 0,

k=1, ---,m. See Wiegner [1] for details). Therefore, we need the following
assumption:

{A2)" There exist positive constants v, i, such that
(2.18) vl < o(t,z)o(t,z)T < pl, v(t,z) € [0,T] x R",

|b(t, 2,9, 2)], |h(t, 2,0,0)] < p,

(2.19) y
V(t,z,y,2) € [0,T] x R® x R™ x R™*".
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Theorem 2.3. Suppose that (A1), (A2) and (A3) hold. Then (2.12)
admits a unique adapted solution (X,Y, 7).

Proof. In the present case, for the function z(¢,z,y,p) determined by
(1.6), we still have (2.11). Also, conditions (2.16) and (2.17) hold, which
will lead to the existence and uniqueness of classical solutions of (2.14) or
(2.13). Next, applying Theorem 1.1, we can show that there exists a unique
adapted solution (X,Y, Z) of (2.12). O

Since h(t,z,y, z) is only assumed to be uniformly Lipschitz continuous
in (y,2) (see (Al)), we have

lh(t, z,y,2)| <C(1+ |y| + |pl),

2.20
(2.20) V(t,z,y,2) € [0,T] x R* x R™ x R™*".

In other words, the function h is allowed to have a linear growth in (y, 2).

§2.3. The case when m =1

Unlike the previous cases, this is the case in which the existence of adapted
solutions can be derived from a more general system than (2.4) and (2.13).
The main reason is that in this case, function 6(¢, z) is scalar valued, and
the theory of quasilinear parabolic equations is much more satisfactory than
that for parabolic systems. Consequently, the corresponding results for the
FBSDEs will allow more complicated nonlinearities. Remember that in the
present case, the backward component is one dimensional, but the forward
part is still n dimensional.

We can now consider (1.1) with m = 1. Here W is an n-dimensional
standard Brownian motion, b, ¢, h and g take values in R™, R™*", R
and R, respectively. Also, X, Y and Z take values in R", R and R",
respectively. In what follows we will try to use our Four Step Scheme to
solve (1.1). To this end, we first need to solve (1.6) for z. In the present
case, using the convention that all the vector are column vectors, we should
rewrite (1.6) as follows:

(2.21) z=o0(t,z,y,2)7p.
Let us introduce the following assumption.

(A2)" There exist a positive continuous function v(-) and constants
C, 8 > 0, such that for all (¢,z,y,2) € [0,t] x R” x R x R",

(2.22) v(lyhI < o(t,x,y,2)0(t,2,y,2)T < CI,

(lo(t,z,y,2)7 7 2 = [o(t,2,y,2)T) 2,2 - 2)

2.23
(2.23) > Blz - zI%,

(2.24) |b(t,z,0,0)| + |h(t,z,0,0)] < C.
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We note that condition (2.23) amounts to saying that the map z —
[o(t,z,y,2)T] 7z is uniformly monotone. This is a sufficient condition for
(2.21) to be uniquely solvable for z. Some other conditions are also possible,
for example, the map z + —[o(t, z,y,2)T| "2 is uniformly monotone.

We have the following result for the unique solvability of FBSDE (1.1)
with m = 1.

Theorem 2.4. Let (A1) with m = 1, (A2)" hold. Then there exists a
unique smooth function z(t,z,y,p) that solves (2.21) and satisfies (2.11).
In addition, if (A3) also holds, then FBSDE (1.1) (with m = 1) admits an
adapted solution determined by the Four Step Scheme.

The proof is omitted here.

We should note that the well-posedness of (1.7) in the present case
(m = 1) follows from Ladyzenskaja [1, Chapter V, Theorem 8.1}. We see
that the condition (2.24) together with (A1) means that the functions b
and h are allowed to have linear growth in y and 2. Also, note that we do
not claim the uniqueness of adapted solutions since a condition similar to
(1.11) is not easy to be made explicit.

§3. Infinite Horizon Case

In this section, we are concerned with the following FBSDE:

dX(t) =b(X(#),Y(#)dt + o(X(t),Y(t))dW(t), te[0,00),
dY (t) = [h(X ()Y (t) — 1)dt — (Z(¢),dW (1)), t€ [0,00),
X(0) ==z,

Y(t) is bounded a.s., uniformly in t € [0, 00).

(3.1)

Note that the time duration here is [0, 00). Thus, (3.1) is an FBSDE in an
infinite time duration. In this section, we only consider the case m = 1,
i.e., Y () is a scalar-valued process. Hence, Z(-) is valued in R%. Note that
X (-) is still taking values in R"™.

§3.1. The nodal solution
First of all, let us introduce the following notion.

Definition 3.1. A process {(X(t),Y(t), Z(t))}i>0 is called an adapted

solution of (3.1) if for any T > 0, (X,Y, Z)|[0 1) € M[0,T], and

X(t):w-l—/o b(X(s),Y(s))ds+/O #(X(5), Y (s))dW (s),

T T
B2 Y v =y - [ )Y ) - nas+ [ (26),dw (),

0<t<T < o0,

such that 3IM > 0, |Y (t)| < M, Vt, P-a.s. Moreover, if an adapted solution
(X,Y, Z) is such that for some § € C2(R™)NC} (R"), the following relations
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hold:

(3.3) Y(t) =0(X(1),
' Z(t) = o(X (1), 0(X (1)) 0=(X (1)),

t e [0’ m)?

then we call (X,Y, Z) a nodal solution of (3.1), with the representing func-
tion 6.

Let us now make some assumptions.

(H1) The functions o, b, h are C! with bounded partial derivatives and
there exist constants A,p > 0, and some continuous increasing function
v : [0,00) = [0, 00), such that

(3.4) M < o(z,y)o(z,y) T < pl, (z,y) € R" xR,

(3.5) o(z, )| < v(lyl), (z,y) € R* xR,

(3.6) inf h(z) =4 >0, sup h(z) =~ < oco.
z€ER™ zcR™

The following result plays an important role below.

Lemma 3.2. Let (H1) hold. Then the following equation admits a classical
solution § € C?+*(R™):

(3.7) %tr (6220(2,0)07 (2,6)) + (b(z,6),6:) ~h(x)0 + 1 =0, z € R™.
such that

(3.8) <fz) <5 zeR"

2=
S| =

Sketch of the proof. Let Bgr(0) be the ball of radius R > 0 centered
at the origin. We consider the equation (3.7) in Bg(0) with the homo-
geneous Dirichlet boundary condition. By [Gilbarg-Trudinger, Theorem
14.10], there exists a solution 8% € C?**(Bg(0)) for some a > 0. By the
maximum principle, we have

(3.9) 0<6”(x)< =<, ze€ Bg(0).

Ny Sl

Next, for any fixed o € R", and
Theorem 14.6], we have

> |zo| + 2, by Gilbarg-Trudinger [1,

(3.10) 0F(z)| <C,  z € Bi(zo),

where the constant C' is independent of R > |z¢| + 2. This, together with
the boundedness of ¢ and the first partial derivatives of a,b, h, implies
that as a linear equation in 8 (regarding o(z,0(z)) and b(x,0(z)) as known
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functions), the coefficients are bounded in C*. Hence, by Schauder’s interior
estimates, we obtain that

(3.11) “6RHCZ+“(Bl(z0)) <C, VYR > |zo| + 2.

Then, we can let R — oo along some sequence to get a limit function 6(x).
By the standard diagonalization argument, we may assume that 6 is defined
in the whole of R™. Clearly, '€ C?***(R") and is a classical solution of
(3.7). Finally, by the maximum principle again, we obtain (3.8). O

Now, we come up with the following existence of nodal solutions to
(3.1). This result is essentially the infinite horizon version of the Four Step
Scheme presented in the previous sections.

Theorem 3.3. Let (H1) hold. Then there exists at least one nodal solu-
tion (X,Y, Z) of (3.1), with the representing function 6 being the solution
of (3.7). Conversely, if (X,Y, Z) is a nodal solution of (3.1) with the repre-
senting function 8. Then 8 is a solution of (3.7).

Proof. By Lemma 3.2, we can find a classical solution § € C*t*(IR")
of (3.7). Now, we consider the following (forward) SDE:

dX(t) = b(X (1), 0(X (t)))dt + o(X (t),0(X (£)dW (®), t > 0,
(3.12) X0) =z,

Since 0, is bounded and b and o are uniformly Lipschitz, (3.12) admits
a unique strong solution X (¢), ¢t € [0,00). Next, we define Y(-) and Z(")
by (3.3). Then, by Ité’s formula, we see immediately that (X,Y, Z) is an
adapted solution of (3.1). By Definition 3.1, it is a nodal solution of (3.1).

Conversely, let (X,Y, Z) be a nodal solution of (3.1) with the represent-
ing function 8. Since 8 is C?, we can apply It6’s formula to Y (t) = 0(X(t)).
This leads to that

ay (1) =[(B(X (1), 6(X (1)), 6(X (1))
(3-13) + %tr (GM(X(t))aoT(X(t),G(X(t))))]dt
+ (8:(X (1)), (X (), 8(X (1))AW (1))

Comparing (3.13) with (3.1) and noting that Y (¢) = 6(X(¢)), we obtain
that
(3.14)

(b(X(2),0(X(1))),0(X(¢))) +%tr [Bze (X (1))oo T (X (1), 0(X(1)))]
= hX{))O(X (@) -1, V>0, P-as.

Define a continuous function F: R™ — R by

F(z) 2 (b(z,0(z)), 62 (z)) +%tr [b20(z)00 ™ (2, 6(z))]
— h(z)8(z) + 1.

(3.15)
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We shall prove that F' = 0. In fact, process X actually satisfies the following
FSDE

(3.16) { dX (t) = b(X ())dt + F(X ()W (),  t>0;

XO=£E,

where Z(z)éb(x,Q(z)) and ﬁ(ar)éa(x,ﬁ(z)). Therefore, X is a time-
homogeneous Markov process with some transition probability density
p(t,z,y). Since both b and & are bounded and satisfy a Lipschitz con-

... . ~A . . - o e
dition; and since @=oo ' is uniformly positive definite, it is well known

(see, for example, Friedman [1,2]) that for each y € R", p(-,-,y) is the
fundamental solution of the following parabolic PDE:

1 < ..
2 ~ij bi(py X _ 2P
(3.17) 2 ijZ=1a (z) 8x13x] + ; (2 ) ox; 0

and it is positive everywhere. Now by (3.14), we have that F(X (t)) = 0 for
all t > 0, P-a.s., whence

(18) 0= Fos [FX@Y] = [ pltsn)F@)ds, Ve>o

By the positivity of p(t,z,y), we have F(y) = 0 almost everywhere under
the Lebesgue measure in IR”. The result then follows from the continuity
of F. O

Theorem 3.3 tells us that if (3.7) has multiple solutions, we have the
non-uniqueness of the nodal solutions (and hence the non-uniqueness of the
adapted solutions) to (3.1); and the number of the nodal solutions will be
exactly the same as that of the solutions to (3.7). However, if the solution
of (3.7) is unique, then the nodal solution of (3.1) will be unique as well.
Note that we are not claiming the uniqueness of adapted solutions to (3.1).

83.2. Uniqueness of nodal solutions

In this subsection we study the uniqueness of the nodal solutions to (3.1).
We first consider the one dimensional case, that is, when X and Y are
both one-dimensional processes. However, the Brownian motion W (t) is
still d-dimensional (d > 1). For simplicity, we denote

(319) a(e,y) = 3oy, (@y) R

Let us make the some further assumptions:

(H2) Let m = n = 1 and the functions a, b, h satisfy the following:

(3.20) h(z) is strictly increasing in z € R.
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1
oz, h(z) = @y =1) [ ayla,+ G- 1B 20>,

1
B [ @bty + 865 - )
—ay(z,y-l—ﬂ(@\—y))b(a:,y)]dﬂ20, y7§/\€ [%,%],QZGR

Condition (3.21) essentially says that the coefficients b, ¢ and h should
be somewhat “compatible.” Although a little complicated, (3.21) is still
quite explicit and not hard to verify. For example, a sufficient conditions
for (3.21) is

a(z,y)h(z) — (h(z)y — 1)ay(z,w) 21> 0,
(3.22) a(z,y)by (z,w) - ay(z,w)b(z,y) > 0,
y,w € [%,%], z € R.
It is readily seen that the following will guarantee (3.22) (if (H1) is as-
sumed):

(323) ay(x;y) =07 by(ff,y) 207 (.’L‘,y) E]R,X [%a% .
In particular, if both @ and b are independent of y, then (3.21) holds auto-
matically.

Our main result of this subsection is the following uniqueness theorem.

Theorem 3.4. Let (H1)-(H2) hold. Then (3.1) has a unique adapted
solution. Moreover, this solution is nodal.

To prove the above result, we need several lemmas.
Lemma 3.5. Let h be strictly increasing and 6 solves
(3.24) a(z,0)0y, + b(z,0)0, — h(z) +1=0, rzeR.
Suppose z s is a local maximum of § and ., is a local minimum of 6 with
0(zy,) < 6(xp). Then z,,, > ).

Proof. Since h is strictly increasing, from (3.24) we see that 6 is not
identically constant in any interval. Therefore z,, # zps. Now, let us look
at zps. It is clear that O;(xn) = 0 and 0,4 (zpr) < 0. Thus, from (3.24) we
obtain that

1
2 6 < .
(3.25) (xm) < h@n)
Similarly, we have
1
3.26 0(zm) > .
(3.26) (@) 2 s
Since &(zr,) < 0(zpr), we have
1 1
3.27 < ,
(327 W) = Bear)
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whence z) < z,,, because h(x) is strictly increasing. O
Lemma 3.6. Let (H1)-(H2) hold. Then (3.24) admits a unique solution.

Proof. By Lemima 3.2 we know that (3.24) admits at lease one classical
solution 8. We first show that € is monotone decreasing. Suppose not,
assume that it has a local minimum at z,,. Since # € C' and # is not
constant on any interval as we pointed out before, 8, > 0 near z,,. Using
Lemma 3.5, one further concludes that 8, > 0 over (z,,,00). In other
words, 8 is monotone increasing on (z,,,00). The boundedness of 6 then
leads to that lim,_,, 6(z) exists.

Next we show that
(3.28) lim 8,(z) = lim 6;,(z) =0,

00 T—00
To see this, we first apply Taylor’s formula and use the boundedness of 8.,
to conclude that there exists M > 0 such that for any z € (z,,,00) and
h>0

8(z + h) — 8(z) — MA? < 0,(2)h < 8(z + h) — 0(z) + M2,
Since limy_, 8(z + h) — 6(z) = 0, we have

—Mh? < lim 8,(x)h < Tim 6,(x)h < MAZ
z—00 oo

Dividing h and letting b — 0 we derive lim,_, o, 8;{z) = 0. Further, note

that

1
The boundedness of 6, 8, and 8, and the assumption (H1) then show that
0.z exists and is continuous and bounded as well. Thus apply Taylor’s
expansion to the third order and repeat the discussion above one shows
further that limg_, o, 0z (x) = 0 as well, proving (3.28). Consequently, by
(3.24) we have

) 1
On the other hand, by (3.20), we see that
1 1
. Ii m) > ,
(3.30) wi)rrolo0(:1:) > 0(zm) > e > h(00)

which contradicts (3.29). This means that 8 has no local minimum. Sim-
ilarly one shows that § can not have any local maximum either, hence it
must be monotone on R. Finally, since
1 1
> =
h(=00) = h(+00)

it is necessary that 8 is monotone decreasing. -

(3.31) (—oc0) = 8(+o0),
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Next, let 6 and 8 be two solutions of (3.24). Then, w = 8 — 9 satisfies

~

0 = a(z, O)wm z,0)w,
(3.32) ( (z) ~ / [ay(z,0 + Bw)bzy + by(z,0 + Bw)d m]dﬂ)w
= a(z, O)wee + bz, )w, — c(z)w,
where
1 p— —_—
o(z) = h(z) - /0 [ay(z,6 + pu) M2 azx 9’;(‘”’9)"”
+ by(z,0 + Bw)6.|dp
a(z, 0)h(z) - (h(z)8 — 1) [y ay(z,0 + BB — 6))dB
(3:33) - (2, 6)
1 -~
+ 16| /0 [a(z, 0)b, (2,0 + B@ - 6))
~ ay(z,80 + BB - 6))b(z,0)| df > Z‘
Here, we have used the fact that 6,(z) = —|0,(z)| (since 8 is decreasing

in ) and (3.21) as well as (3.7). From (H1), we also see that a(z,8) > 0
and b(z, ) are bounded. Thus, by the lemma that will be proved below,
we obtain w = 0, proving the uniqueness. O

Lemma 3.7. Let w be a bounded classical solution of the following equa-
tion:

(3.34) @(x)wge + b(x)w, — c(z)w = 0, z €R,

with c(z) > co > 0, @(z) > 0, € R™, and with @ and b bounded. Then
w(z) =0.

Proof. For any a > 0, let us consider ®,(z) = w(z) — ajz}?. Since w
is bounded, there exists some z, at which &, attains its global maximum.
Thus, ®/,(z4) = 0 and ®!(z,) < 0, which means that

(3.35) We(To) = 20T, Wer(Ts) < 2a.

Now, by (3.34),

A(Zo)W(To) = G(2o) Wy (To) + b(za)wz(za)
< 2a(@(za) + b(za)za)-

For any z € R, by the definition of z,, we have (note the boundedness of
@ and b)

(3.36)

w(z) — alz|? < w(z,) - alzal®

(3.37) < %(2&(@1) + 2b(24)Ta — |zal?) < Ca.
0
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Sending « — 0, we obtain w{z) < 0. Similarly, we can show that w(z) > 0.

Thus w(z) =0. O

Proof of Theorem 3.4. Let (X,Y, Z) be any adapted solution of (3.1).
Under (H1)-(H2), by Lemma 3.6, equation (3.24) admits a unique classical
solution § with 8, < 0. We set,

By Itd’s formula, we have (note (3.19))

ll

d¥ () =6, (X(D)B(X (1), Y (8)) + Bua(X ()X (1), ¥ (4))] dt

(3.39)
+(o(X (1), Y (t) (X (1)), dW (2)) .

Hence, with (3.1), we obtain (note (3.24)) that for any 0 < r < ¢t < 00,

E[Y(r) -Y(r)? - E[Y (t) - Y(t)]?
= —E/ {2Y Y] 9 (X)b(X,Y) + 0,0(X)a(X,Y)

= XY +1] +|0(X,Y)8.(X) - Z[*}ds
<-2E / 7 — ¥][6.() (b(X, Y) ~ b(X, 7))
(340) +622(X) (a(X, Y) — a(X, 7)) ~ h(X)(Y — 7)]ds
= -2E /Tt {7 - vP[ie.(x)] /01 b, (X, Y + B(Y - ¥))dp
— 020(X) /0 1 a,(X,Y + BY — ¥))dB + h(X)] }ds

= 98 / C )T () — Y(s)Pis,
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where (note the equation (3.24))

e(s) = K(X) + 6.(X)] /0 by(X, 7 + B(Y — ¥))dB

B(X, V)0, (X) — h(X)Y +1
a(X,Y)

1 —
: /0 ay(X,Y + B(Y —Y))dB

3.41 __ 1
(3.41) = X7 {a(X, Y)R(X)

—hX)F 1] /0 oy (X,¥ + B(Y = V))dB

1 —~ —~ ~
1 16,0 / [a(X, ¥)b,(X, ¥ + B(¥ - 7))

—b(X, P)ay (X, ¥ + B(Y - 7))]d > Z

Denote ¢(t) = E[Y (t) - Y (t)]? and o = %;"— > 0. Then (3.40) can be written
as

(342) o(r) < (t) - a/t p(s)ds, 0<r<t<oo.
Thus,
3 f P
(3.43) (e / p(s)ds) = e (p(t) — a / w(s)ds)
> e *p(r), t € [r,00).

Integrating it over [r,T’], we obtain (note ¥ and Y are bounded, and so is
®)
—al

—ar

€ — €

(3.44) .

T
p(r) < e_"‘T/ @(s)ds < CTe T, T >0.

Therefore, sending 7' — oo, we see that ¢(r) = 0. This implies that
(3.45) Y(r)=Y(r)=0(X(r)), rel0,00), as.we
Consequently, from the second equality in (3.40), one has

(3.46)  Z(s) = Z(s) = 0(X(),0(X(s))) " 0z(X (), Vs € [0,00).

Hence, (X,Y,Z) is a nodal solution. Finally, suppose (X,Y,Z) and
(X,Y,Z) are any adapted solutions of (3.1). Then, by the above proof,
we must have

(3.47) Y(t) = 0(X 1), V() =6X@®), tel0,o0).
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Thus, by (3.1), we see that X (-) and X (-) satisfy the same forward SDE
with the same initial condition (see (3.12)). By the uniqueness of the c strong

solution to such an SDE, X = X. Consequently, ¥ = Y and Z = Z. This
proves the theorem. O

Let us indicate an obvious extension of Theorem 3.4 to higher dimen-
sions.

Theorem 3.8. Let (H1) hold and suppose there exists a solution 6 to (3.7)
satisfying

n

1 o~
h(z) - /O [ afi(e, (1 - BO() + )., (2)

i,j=1

(3.48) _ Z b (2, (1 = 0)6(x) + )6, (x)]dB > 1 > 0,

Then (3.1) has a unique adapted solution. Moreover, this solution is nodal
with 6 being the representing function.

Sketch of the proof. First of all, by an equality similar to (3.32), we
can prove that (3.7) has no other solution except #(z). Then, by a proof
similar to that of Theorem 3.4, we obtain the conclusion here. 0

Corollary 3.9. Let (H1) hold and both a and b be independent of y. Then
(3.1) has a unique adapted solution and it is nodal.

Proof. In the present case, condition (3.48) trivially holds. Thus, The-
orem 3.8 applies. O

§3.3. The limit of finite duration problems

In this subsection, we will prove the following result, which gives a rela-
tionship between the FBSDEs in finite and infinite time durations.

Theorem 3.10. Let (HI1)-(H2) hold and let 8 be a solution of (3.7) with
the property (3.48). Let (X,Y,Z) be the nodal solution of (3.1) with the
representing function 0, and (X* V¥ ZK) € M][0,K] be the adapted
solution of (3.1) with [0, co) replaced by [0, K], and Y (K) = g(X (K)) for
some bounded smooth function g. Then

(349) Jim B{XX(0)- X ()P +[Y ()Y ()P +EIZX ()~ 2()} = 0,

uniformly in t on any compact sets.

To prove the above result, we need the following lemma.
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Lemma 3.11. Suppose that

M < (a¥(t,2)) < pl,
b(t,z)| <C, 1<i<n,
c(t,z) >n >0,

|wo(2)] < M,

(3.50) (t,z) € [0,00) x R",

with some positive constants A, u,n,C and M. Let w be the classical solu-
tion of the following equation:

n

wy — Z a¥ (t, )Wy a; — Z b (t, x)wg, + c(t, T)w = 0,

ij=1 i=1

(3.51)
(t,z) € [0,00) x R,
w|t= = wo(x).
Then
(3.52) |lw(t,z)| < Me™™, (t,z) € [0,00) x R™.

Proof. First, let R > 0 and consider the following initial-boundary
value problem:

4 I n
wi — Z aij(t,z)wfwj - Z b (t, 2)wl + c(t, r)w® =0,
ig=1 =1
(3.53) <« (t,2){0,00)x € Bg,
R
w'|gp, =0,
\ U)th_o - ’U.)O(Z')XR(.’E),

where Bp is the ball of radius R > 0 centered at 0 and xF is some “cut-
off” function. Then we know that (3.53) admits a unique classical solution
wl € C*tett+a/2(Bp x [0,00)) for some o > 0, where C?+1+/2 ig the
space of all functions v(z,t) which are C? in z and C! in ¢ with Hélder
continuous vy, and v; of exponent a and /2, respectively. Moreover, we
have

(3.54) lwfi(t,z)| < M, (t,z) € [0,00) X B,
and for any zo € R"and T'> 0, (0 < o' < @)
(3.55)  whSw, in €2t 149 /2([0, T x By(z0)), as R — oo,

where w is the solution of (3.51). Now, we let ¥(t,z) = Me~ (179 (¢ > 0).
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Then

n

Yo=Y (b, 2)s, Zb’(t 2)a, + c(t, 2)P
ig=1
(3.56) < = (c(t,z) —n+ 5)M—(n—€) > M~ 5
/(pIBBR > 0= leaBR’
. 1’b|t=0 =M Z U)O(x) = wn|t:0'

Thus, by Friedman [1, Chapter 2, Theorem 16], we have

(3.57) wi(t,z) < P(t,z) = M~ 07 (t,z) € [0,00) X Br.
Similarly, we can prove that
(3.58) wl(t,z) > —Me= ") (¢ 1) € [0,00) x Bp.

Since the right hand sides of (3.57)-(3.58) are independent of R, we see
that

(3.59) lw(t,z)] < Me= (9t (t,2) € [0,00) x R™.
Hence, (3.52) follows by sending ¢ — 0. O

Proof of Theorem 3.10. By the result from §2, we know that
(XK YK ZK) satisfies
YE() = 6% (t, X* (1)),
(3.60) ZR(t) = o(X K (),0% (¢, XK ()70 (1, XX (2)),
te[0,K], as.w € Q,

where 0¥ is the solution of the parabolic equation:

0K+Z i (z,0%)0K +Zb1z0K)0K h(z)8¥ +1=0,
1.71 =1

(3.61)
(z,t) € R™ x [0,T),

with a = %O'UT. Next, we define ¢ to be the solution of

k13

ot = D a9 (@, 0)paia; — 3 0@, 0)0a; + h(z)p —1=0,

(3.62) wi=t =t
(t,z) € [0,00) x R",

¢lio = 9(2)-
Clearly, we have

(3.63) 65 (t,z) = (K —t,z),  (t,z) € [0,K] x R".
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Now, we let w(t,z) = p(t,z) — 0(z). Then

rwt— ia” (z, ) We;a; — bego
i,j=1
1 n
— |h(z) — / a (z,0 + Pw)by,q,
(3.64) < [ 0 (i§_=:1 !
+ b (2,6 + )b, ) dB|w =0,
i=1
(v _ = g{z) — 6(x).

We note that both ¢(z,t) and 8(z) lie in [, +]. Thus, by condition (3.48)
and Lemma 3.11, we see that

|05 (t, ) — 0(x)| = |p(K —t,z) — 6(z)| < %e—n(K—t)7
(t,z) € [0,K] x R" x [0, K], K > 0.

(3.65)

Now, we look at the following forward SDEs:

dXE(t) = b(X (), 0% (¢, X (1)))dt
(3.66) { + a(X (@)K, 0K (t, X ()%))dW (2),
X¥0) ==

dX (t) = b(X (), (X (£)))dt + o (X (), 0(X (£)))dW (¢),
(3.67) { X(0) =s.

By Ito’s formula, we have
EIX® () - X(1)
= E/ 2( XK - X, b(XK,05 (s, X5)) - b(X,0(X)))
+tr ([o(XX,6% (5, X)) - o(X, 0(X))]-
[o(XK, 65 (s, X)) - a(x,e(X))]T)]ds
B8 <om [ [l - X1 - X1+ 85 X0 - 00
+ (1X5 = X|+16% (5, X) —00X")))*]ds
<c / t [E1X%(9) ~ X(5)? + e~ ds

<C’/ | X% (s) — X (5)|%ds + Ce™" 0.
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Applying Gronwall’s inequality, we obtain that
(369) E(IX¥@t) - X)) < Ce K- tc0,K], K >0.
Furthermore,
E (IY’_‘(t) ~Y(®)P) = E(16% ¢, X% (1)) - 6(X(®))I?)
< 2E (1% (8, X ¥ (#)) - 6(X* (#))
(3.70) +2E (|0(X5(t)) — 6(X (1))
< Ce 1K1 4 CE (| XX (t) - X (1))

< Ce K-t te[0,K], K >0.
Similarly, we have
(3.71) E(1ZX@®) - Z@)*) < Ce™™E-D ¢ 0,K], K > 0.

Finally, letting K — oo, the conclusion follows. a



Chapter 5

Linear, Degenerate Backward Stochastic
Partial Differential Equations

§1. Formulation of the Problem

We note that in the previous chapter, all the coefficients b, o, h and ¢
are deterministic, i.e., they are all independent of w € . If one tries to
apply the Four Step Scheme to FBSDEs with random coefficients, i.e., b,
o, h and g are possibly depending on w €  explicitly, then it will lead
to the study of general degenerate nonlinear backward partial differential
equations (BSPDEs, for short). In this chapter, we restrict ourselves to the
study of the following linear BSPDE:

du={- %V-(ADu) ~(a,Du) —cu— V-(Bq) — (b,q) —f}dt
(1.1) +{(gq,dW(®)), (t,z) €[0,T] x R",

ult:T =9

where Du is the gradient of u,

V-E=D 8.6, VE=(&, &) € C'(R™R™),

i=1

V-® = (V‘I’1,,V Qm)T’ vV = (‘1’1,"',‘I>m) € Cl(]Rn;IRnxm),

and
(A:[0,T]xR" x @ — S™,
B:[0,T] x R™ x @ - R™¢,
(1.2) a:[0,T] xR" x Q@ - R",

b:[0,7] x R® x Q - RY,
e, F:0,T]xR"x Q- R,
L9 R"xQ >R,

are random fields (S™ is the set of all (n x n) symmetric matrices). We
assume that W = {W(¢) : t € [0,T]} is a d-dimensional Brownian motion
defined on some complete filtered probability space (Q, F, { F; }:>0, P), with
{Fi}+>0 being the natural filtration generated by W, augmented by all the
P-null sets in F.

In our discussions, we will always assume that A and B are differen-
tiable in z. In such a case, (1.1) is equivalent to an equation of a general
form. To see this, we note that

tr [AD?u] = V-(ADu) — (V- A, Du);
(1.3) { T gl —
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where D?u is the Hessian of v and

az1q1 6:51Qd
Dg2(Dai,---,Dgq) £ :
a:c,.‘]l e aand
Therefore, if we define
1 ~
(1.4) E=a+§V-A; b=b+V-B,

then (1.1) is the same as

du={- %tr [AD?u] — (@, Du) —cu — tr[BT Dq]
(15) ~ (b,q) —f}dt+ (q,dW (), (tz)€[0,T]xR",
u't:T =9

Since (1.1) and (1.5) are equivalent, all the results for (1.1) can be
automatically carried over to (1.5) and vice versa. For notational conve-
nience, we will concentrate on (1.1) for well-posedness (§§2-5) and on (1.5)
for comparison theorems (§6).

Next, we introduce the following definition.

Definition 1.1. If A and B satisfy the following:
(1.6) A(t,z) — B(t,z)B(t,z)T >0, ae.(t,z) €[0,T]xR", as.,

we say that equation (1.1) is parabolic; if there exists a constant § > 0, such
that

(1.7)  A(t,z) — B(t,z)B(t,z)T > 461, ae.(t,z)€[0,T]xR" as.

we say that (1.1) is super-parabolic; whereas, if (1.6) holds and there exists
aset G C[0,T] x R" of positive Lebesgue measure, such that

(1.8) det [A(t,z) — B(t,z)B(t, a:)T] =0, VY(t,z)ed, as.
we say that (1.1) is degenerate parabolic.

We see that in the above definition, only A and B are involved. Thus,
the above three notions are adopted to equation (1.5) as well.

Note that if (1.1) is super-parabolic, it is necessary that A(t,z) is uni-
formly positive definite, i.e.,

(1.9) A(t,z) >0 >0, ae.(t,7)€[0,7]xR", as.

However, if A(t,z) is uniformly positive definite and (1.6) holds, we do
not necessarily have the super-parabolicity of (1.1). As a matter of fact, if
A(t, z) satisfies (1.9) and

(1.10) A(t,z) = B(t,z)B(t,z)T, ae. (t,z) €[0,T] xR", as.
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then (1.1) is degenerate parabolic. This is the case if we have the BSPDE
from the Four Step Scheme for FBSDEs with random coefficients (see Chap-
ter 4, §6).

Now, we introduce the notion of sélutions to (1.1). In what follows, we
denote Br = {zx € R" | |z| < R} for any R > 0.

Definition 1.2. Let {(u(t, z;w), q(t, z;w)), (¢, z,w) € [0,T] x R" x 0} be
a pair of random fields.

(i) (u,q) is called an adapted classical solution of (1.1) if

(1.11)

{u € Cx([0,T}; L*(Q; C*(BR))), VR > 0

g € L%(0,T;C* (Br; RY),
such that almost surely the following holds for all (¢,z) € [0,T] x R™:
u(t, z) = g(z) +/ { A(s,z)Du(s,z)] + (a(s, z), Du(s,z))

+ C(Sa .'l:) (87 '7;) -+ V[B(S, iL')q(S, :L')]
+ (b(s,z),q(s,z)) +f(s,z)}ds

T
- /t (q(s,),dW(s)) .

(1.12)

(ii) (u,q) is called an adapted strong solution of (1.1) if

{u € Cx([0,T); L*(Q; H*(Br))),

(L13) q € L%(0,T; H'(Bg; R?)),

VE >0,

such that almost surely (1.12) holds for all ¢ € [0,7], a.e.z € R".
(iii) (u,q) is called an adapted weak solution of (1.1) if

(1.14)

{U € Cx([0,T); L*(; H'(BR))), VE> 0

g € L%(0,T; L*(Bg;R%),

such that almost surely for all ¢ € C§°(R") and all t € [0,T7],

| utt.9)pla)de - /R 9(@)p(z)dz

/ /“ — = (A(s,z)Du(s,z), Dp(z))
(1.15) "

+(a (s z), Du(s, z) ) () + c(s, T)u(s, 2)y(s, )
— (B(s,z)q(s,z), Dp(z) ) + (b(s, 2),4(s, 7)) ()

T
+ f(s,2)p(a) b deds — / ([, als.pte)dz, W ()
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We note that in the definition of adapted classical solution, we need A
and B to be C* in z; in the definition of adapted strong solution, we need
A and B to be differentiable in 2 almost everywhere; and in the definition
of adapted weak solution, we need only the coefficients {A, B, a, b, c} to be
bounded and f and g to be locally square integrable.

It is clear that for (1.1), if (u,q) is an adapted classical solution, it is
an adapted strong solution; if (u,q) is an adapted strong solution, it is an
adapted weak solution. The following result tells the other way around,
which will be useful later. In the following proposition, by “the coefficients
are regular enough” we mean that all the coefficients have the required
differentiability, continuity and integrability.

Proposition 1.3. Let the coeflicients of (1.1) be regular enough. Let
(u,q) be an adapted weak solution of (1.1). If in addition, (1.13) holds,
then (u,q) is an adapted strong solution of (1.1). Further, if (1.11) holds,
then (u, q) is an adapted classical solution of (1.1).

Proof. Let (u,q) be an adapted weak solution of (1.1) such that (1.13)
holds. Then, from (1.15), by integration by parts, we have

[ a2 - @) ote)ie
T
= / {/ {% V-[A(s,z)Du(s, z)] + (a(s, ), Du(s, 1))
R U Jt
+ c(s, x)uls,z) + V-[B(s,z)q(s, z)] + {(b(s,z),q(s,z))
T
+ f(s,z)}ds - /t (q(s,2),dW(s)) }go(w)dw.

The above is true for all ¢ € C§°(R™). Then, (1.12) follows, proving that
(u,q) is an adapted strong solution. The other assertion is obvious. O

(1.16)

Although the parabolicity condition (1.6) is not necessary in Definition
1.2 and Proposition 1.3, we will see later that such a condition is very
crucial for our studying the well-posedness of BSPDE (1.1).

§2. Well-posedness of Linear BSPDEs

In this section, we state the results of well-posedness for BSPDE (1.1). The
proofs of them will be carried out in later sections.

To begin with, let us introduce the following assumption concerning
the coefficients of equation (1.1). Let m > 1.

(H)., Functions {4, B, a,b, c} satisfy the following:
A€ L¥(0,T;CH (R S™),
B € LF (0, T; G (R™ R™1),
(2.1) a € LE(0,T; Cy"(R™; R™)),
be L¥(0,T; C*(R™; RY)),
c € LE0,T;C*(R™)).
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We note that {H),, implies that the partial derivatives of A and B in
z up to order (m + 1), and those of a, b and ¢ up to order m are bounded
uniformly in (¢, z,w) by a constant K,, > 0. This constant will be referred
in the statements of Theorems 2.1, 2.2 and 2.3.

In what follows, we let

A , o
a=(ai1, --,0p), .;'s are nonnegative integers,
A A
A
a o & na o ald o [- 2
la| = E a;, 0*=0g1--- 057, z* =z xpe.
=1

Any a of the above form is called a multi-index. If 8 = (B,---,08,) is
another multi-index, by 8 < o, we mean that 3; < a; foreachi=1,---,n,
and by 8 < a, we mean 8 < « and at least for one i, one has 3; < a;.

Now, we state the following result concerning the well-posedness of
BSPDE (1.1).

Theorem 2.1. Suppose that the parabolicity condition (1.6) holds and
(H)m holds for some m > 1. Suppose further that the coefficient B(t,x)
satisfies the following “symmetry condition”:
(2.2) [B(6:,B™)]" =B(2:.B™),

’ ae. (t,z) € [0,T]xR", as., 1 <i<n.

Then for any random fields f and g satisfying

{ f € L%, T; H™(R™),

(23) g € L% (9 H™(R™)),

BSPDE (1.1) admits a unique adapted weak solution (u,q), such that the
following estimate holds:

T
A2 2
trerf&);]Ellu(t, Wem + E /0 llg(t, ) grm—1dt

T
+ ) E ((A — BBT)D(8%u), D(8%u))
(2.4) laf<m /0 /{

+ lBT[D(Bau)] + 8% 2}da:dt

<orf | TNt + gl

where the constant C' > 0 only depends on m, T and K,.

Furthermore, if m > 2, the weak solution (u,q) becomes the unique
adapted strong solution of (1.1); and if m > 2 + n/2, then (u,q) is the
unique adapted classical solution of (1.1).

The symmetry condition (2.2) is technical. It will play a very important
role in proving the existence of adapted solutions. However, we point out
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that such a condition is not needed for the uniqueness of adapted weak (and
hence strong and classical) solutions. See §3.1 for details. Several examples
satisfying such a condition are listed below:

d=n =1;B is a scalar;
(2.5) B is independent of z;
B(t,z) = ¢(t,z)Bo(t), where ¢ is a scalar-valued random field.

The following result tells us that the symmetry condition (2.2) can be
removed if the parabolicity condition (1.6) is strengthened.

Theorem 2.2. Suppose (1.6) holds and (H),, with m > 1 is in force.
Suppose further that for some g¢ > 0, either

(2.6) A—-BBT >¢BBT >0, ae.(t,2) €[0,T] x R", as.,
or
A-BBT > Y (0*B)(8*BT) > 0,
(2.7) laj=1
a.e.(t,z) €[0,T] x R", as.

Then the conclusion of Theorem 2.1 remains true and the estimate (2.4) is
improved to the following:

T
E||u(t, - 2m+E/ t, ) |[5rmdt
trerf(?:)ﬂ("] lu(t, )5 A lla(t, )|z

T
2.8) + Y F /0 [ (4D(@", D(@*w)) dods

|| <m
T
<CB{ [ 17t ymat + lolen .

where the constant C > 0 only depends on m, T, K,, and &q.

In addition, if A is uniformly positive definite, i.e., (1.9) holds for some
d > 0 (this is the case if (1.1) is super-parabolic, i.e., (1.7) holds), then
(2.8) can further be improved to the following:

T
max Ellu(t,)|[m +E/ {llu(t, Wemer + llg(t, )3 }at
te[o0,T) o

(2.9) .,
<CB{ [ 17t W Bm-sct + gl ).

We note here that conditions (2.6) and (2.7) together with (1.9) are
still weaker than the super-parabolicity condition (1.7). For example, if
n > d and B is an (n x d) matrix, then BBT is always degenerate. We can
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easily find an A such that (2.6), (2.7) and (1.9) hold but (1.7) fails. Let us
also note that if (2.6) or (2.7) holds, we have

(2.10) |BTEP? < (A€,€), VEER™, ae. (t,z) € [0,T] x R, as.

Thus, (2.8) follows from (2.4) easily.

In the above theorems, we have assumed that f and g are square inte-
grable in £ € R™ globally. This excludes the case that f and g approach
infinity as |z| goes to infinity. In some important applications, such a case
happens very often. Thus, in the rest of this section, we would like to ex-
tend the above theorems a little further so that f and g are allowed to have
certain growth as |z| — co. To this end, let us make an observation. Sup-
pose (u,q) is an adapted classical solution of (1.1). Let A > 0 and denote

(z)2 /]2 + 1. Set

{ v(t,x) = e_“‘)u(t,x),

(@11 p(t,7) = e Ma(t, ),

(t,z) € [0,T] x R™.

Then, by a direct computation, we see that (v,p) satisfies the following
BSPDE: (compare with (1.1))

dv={ ~ 3 V-(ADv) - (@, Dv) ~2 = V-(Bp) - (b,p) ~F}t

(2.12) +(p,dW(t)), (t,z)€[0,T] xR,
v|,_r =79
with
a=a+ ][],
22 A

1y {20 3 Al [ 43 ¥ (Als)) +) (e D

b=b+ BT [%],
726_(A)f(t7z)a E:e_(”g(t,m).

Conversely, if (v,p) is an adapted classical solution of (2.12), then (u,q),
which is determined through (2.11), is an adapted classical solution of (1.1).
Clearly, the same equivalence between (1.1) and (2.12) holds for adapted
strong and weak solutions, respectively.

On the other hand, from (2.13) we see easily that the group
{A, B, a,b,c} satisfies (H), if and only if {4, B, a, b, ¢} satisfies (H)p,. This
is due to the fact that for any multi-index «, it holds that

0% (z)]| <C, vz € R",

with the constant C > 0 only depending on |a|. Hence, from Theorems 2.1
and 2.2, we can derive the following result.
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Theorem 2.3. Let m > 1 and (H),, hold for {A, B,a,b,c}. Let (1.6) and
(2.2) hold. Let A > 0 such that

—/\( ) mmn
(2.14) { f € L%(0,T; H™(R™)),

g e Ly, (G H™(RY).

Then BSPDE (1.1) admits a unique adapted weak solution (u, q), such that
the following estimate holds:

s Bl Out, e + B / [ -
SE / / {((4~ BB)D[*(e™ u), Dlo*(e u)))

(2.15) |a|<m
+[BT{D@ (e Ou)l} + o (e Og)[ bawat

T
<cr{ /0 e £t fgmt + le ™ glEm |,

where the constant C' > 0 only depends on m, T and Kp,.

Furthermore, if m > 2, the weak solution (u,q) becomes the unique
adapted strong solution of (1.1); and if m > 2 4+ n/2, then (u,q) is the
unique adapted classical solution of (1.1).

In the case that (2.2) is replaced by (2.6) or (2.7), the above conclusion
remains true and the estimate (2.15) can be improved to the following:

A(-) —A( )
max ElleOu(t, ) + B / M3 dt

216 + 3 E/ / ( AD[9%(e=>¢ )], D[9*(e=* ¢ u)] ) dad

|at<m

T
<CB{ [ et Bt + 1™ Vglfn

Finally, if in addition, (1.9) holds for some 8 > 0, then (2.16) can further
be improved to the following:

PO TN
tgll(?g;]EIIe u(t, )l gm

T
(2.17) +E/O {lle™ Cult, Mmss + lle™ gl iFm }dt

T
< OB{ [ 11N+ e Oglgn )

Clearly, (2.14) means that f and g can have an exponential growth as
|z] = oco. This is good enough for many applications.
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We note that {4, B, a,b,c} satisfies (H),, if and only if {A,B,Ei,g, c}
satisfies (H),,, where @ and b are given by (1.4). Thus, we have the exact
statements as Theorems 2.1, 2.2 and 2.3 for BSPDE (1.5) with a and b

replaced by @ and b.

§3. Uniqueness of Adapted Solutions

In this section, we are going to establish the uniqueness of adapted weak,
strong and classical solutions to our BSPDEs. From the discussion right
before Proposition 1.3, we see that it suffices for us to prove the uniqueness
of adapted weak solutions.

§3.1. Uniqueness of adapted weak solutions

For convenience, we denote

Al
(3.1) { Lu= 3 V-[ADu] + (a, Du) +cu,

A
Mq=V-{Bg] + (b,q) -
Then, equation (1.1) is the same as the following:

32) {du =—{Lu+ Mg+ f}dt+(q,dW(t)), (t,z)€l[0,T]xR",

u|t=T =9
In this section, we are going to prove the following result.

Theorem 3.1. Let (2.3) hold and the following hold:

A e LE(0,T; L(R™; S™)),

B € LE(0,T; L®(R™; R™*%)),
(3.3) a € L¥(0,T; L>(R™;R")),

be LE(0,T; L (R™RY),

¢ € LE(0,T; L®(R™)).

Then, the adapted weak solution (u,q) of (3.2) is unique in the class

(3.4) {u € Cx([0,T); L*(Q; HY(R™)),

g € L%(0,T; L*(R™RY)).

To prove the above uniqueness theorem, we need some preliminaries.
First of all, let us recall the Gelfand triple H'(R™) — L*(R") — H~}(R").
Here, H-!(IR™) is the dual space of H!(R"), and the embeddings are
dense and continuous. We denote the duality paring between H'(R") and
H-1(R™) by (-,-)o, and the inner product and the norm in L?*(R™) by
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(-,-)o and | - |o, respectively. Then, by identifying L?(IR"™) with its dual
L?(R™)* (using Riesz representation theorem), we have the following:

<'(/)1‘P>0 = (%‘P)o

(35) = [ v, e P®Y, e H'®Y,
.
and
zn:aiwi € HY(R™), Vi € I*R™), 1<i<n,
(3.6) =t

(D0l =— | hil@diw(e)ds, Vo€ H'RY).
i=1

Next, let (u,q) be an adapted weak solution of (3.2) satisfying (3.4).
Note that in (3.4), the integrability of (u,q) in z is required to be global.
By (3.5)—(3.6), we see that

(3.7) Lu+ Mg € L%(0,T; H H(R™)).

In the present case, from (1.15), for any ¢ € H'(R") (not just C§°(R™)),
we have

(3.8) {d(“"”)":‘(£“+Mq+f,<ﬂ>o+((q,<p)o,dW(t)>, te[0,T],
L@ 9lir = (9,40)o.

Here, (q7 ‘10)0 é((ql ) (p)Oa T (Qd; <;0)0) and q= (fh, Ty qd) Sometimesa we
say that (3.2) holds in H~1(IR™) if (3.8) holds for all ¢ € H(R™).

In proving the uniqueness of the adapted weak solutions, the following
special type of Ité’s formula is very crucial.

Lemma 3.2. Let £ € L%(0,T; H*(R™)) and (u, q) satisfy (3.4), such that
(3.9) du = £dt + (q,dW (), t€0,T].

Then

lu(®)l§ = Iu(0)13+/ {2(&(s),u(s) )o + lg(s)[5 }ds
(3.10) 0

2 / (a(), u(s))o, AW (s)), t € [0,T].

Although the above seems to be a very special form of general Itd’s
formula, it is enough for our purpose. We note that the processes u, ¢ and ¢
take values in different spaces H'(R"™), L2(R") and H~!(IR™), respectively.
This makes the proof of (3.10) a little nontrivial. We postpone the proof of
Lemma 3.2 to the next subsection.
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Proof of Theorem 3.1. Let (u,q) be any adapted weak solution of (3.2)
with f and g being zero, such that (3.4) holds. We need to show that
(u,q) = 0, which gives the uniqueness of adapted weak solution. Applying
Lemma 3.2, we have (note (3.7))

T
Elu() = B / [2(Lu(s) + Ma(s), us) )o — la(s)2}ds

—E/ /n (ADu, Du) + {a, D(u?)) +2cu®

2(q,BTDu)+2(bu,q) —|Q|2}dwds
(311 = E/ / ((A— BBT)Du, Du)

— g+ BT Du — bul?
+[B*+2c-V-(a+ Bb)]u2}ds

T
gc/ Elu(s)2ds,  te[0,T].
t

By Gronwall’s inequality, we obtain
E|®)5=0, te[0,T].

Hence, u = 0. By (3.11) again, we must also have ¢ = 0. This proves the
uniqueness of adapted weak solutions to (3.2). (|

§3.2. An Itd formula

In this subsection, we are going to present a special type of Itd’s formula
in abstract spaces for which Lemma 3.2 is a special case.

Let V and H be two separable Hilbert spaces such that the embedding
V — H is dense and continuous. We identify H with its dual H' (by Riesz
representation theorem). The dual of V is denoted by V'. Then we have
the Gelfand triple V<— H = H' — V'. We denote the inner product and
the induced norm of H by (-,-)o and |- |o, respectively. The duality paring
between V and V' is denoted by (-,-)o, and the norms of V' and V' are
denoted by || - || and || - ||+, respectively. We know that the following holds:

(3.12) {(u,v)0 = (u,v)e, Yu€H, veV.

Due to this reason, H is usually called the pivot space. It is also known (see
[Lions]) that in the present setting, there exists a symmetric linear operator
A€ L(V,V'), such that

(3.13) (Av,v)o < —|l0||?, VveV.

Now, let us state the following result which is more general than Lemma,
3.2.
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Lemma 3.3. Let
u € C#([0,T}; V),
(3.14) g € L%(0,T; H)?,
¢ € L%(0,T; V"),

satisfying
(3.15) du = Edt + (g, dW (1)), te[0,T].
Then
L)l = o>|o+/ {2(€(s), u(s))o + la()3}ds
(3.16)
+2/ s),u(s))o,dW(s)), te€[0,T].

In the above, ¢ € L%.(0,T; H)? means that ¢ = (g1, -, qq) With ¢; €
L%(0,T; H). In what follows, we will see the expression ¢ € L%(0,T; V)4
whose meaning is similar. Before giving a rigorous proof of the above result,
let us try to prove it in an obvious (naive) way. From (3.16), we see that
the trouble mainly comes from ¢ since it takes values in V'. Thus, it is
pretty natural that we should find a sequence & € L%(0,T; H), such that

(317) fk - 5, in L_%:(O,T, V’)v (k - OO),
and let ux be defined by

t t
(318)  we(t) = u(0) + / x(s)ds + / (a(s),dW(s)), tel0,T).

Since the processes ug, & and ¢ are all taking values in H, we have

ur O =18 + [ {2(6(6),ue(0))o + la(e)}ds
(3.19) 0

t
+2 [ (o), u (o), aW (s)), v 0,71

0
This can be proved by projecting (3.18) to finite dimensional spaces, using
usual It6’s formula, then pass to the limit. Having (3.19), one then hopes

to pass to the limit to obtain (3.16). This can be done provided one has
the following convergence:

up = u, in L%(0,T;V).
However, (3.17)-(3.18) only guarantees
up = u, in L%(0,T;V").

Thus, the convergence of uy to u is not strong enough and such an approach
does not work! In what follows, we will see that to prove (3.16), much more
has to be involved.
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Let us now state two standard lemmas for deterministic evolution equa-
tions whose proofs are omitted here (see Lions [1]).

Lemma 3.4. Let v :[0,T] = V' be absolutely continuous, such that

(3.20) {v € L*(0,T;V),

v € L*(0,T;V").
Then v € C([0,T); H) and

(3.21) ZW®F = 2(50),v(8))o, ae.te[0,T].

Lemma 3.5. Let A € L(V,V') be symmetric satisfying (3.13). Then for
any vo € H and f € L?(0,T; V"), the following problem

{b:Av—t—f, t € [0,T),

(3.22) 2(0) = vo,

admits a unique solution v satisfying (3.20) and

(323) @B+ /0 lo(s)|12ds < Juof2 + /0 17(s)|2ds, ¢ e[0,T].

Moreover, it holds
t

(324) @R = uol} +2 / (Av(s) + f(s),v(s) Jods, € [0,T].
0

Now, we consider stochastic evolution equations. We first have the
following result.

Lemma 3.6. Let v be an {F;};>o-adapted V'-valued processes which is
absolutely continuous almost surely and ¢ be an {F;}:>0-adapted H-valued
process such that the following holds:

v e L%(0,T;V),
(3.25) v € L¥(0,T; V"),
g€ L%(0,T; V)
Let
(3.26) M(t) = / (a(s),dW(s)), te[o,T]

Then, M € Cx([0,T];V) and

M@ =2 / (M (5), q(8))o, dW (s / la(s) s,
tel0,7], a

(3.27)
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d(v(t), M(t))o = (0(t), M(t) Yodt + ((v(2), g(£))o, W () ),

3.28
(3.28) a.e.t €[0,7T], as.

Proof. First of all, it is clear that M € Cx([0,T); V) and (3.27) holds
since we may regard both M and ¢ as H-valued processes. We now prove
(3.28). Take a sequence of absolutely continuous processes v with the
following properties:

v € L?}_‘(O,T;V),
oy € L2(0,T; H),
vy = v, in L%.—(O,T; V),
vy =0, in LE(0,T;V").

(3.29)

Now, in H, we have (note (3.12))

d(vr(t), M(t))o = (0x(t), M (t))odt + ((vk(t), q(t))o, dW (t))
= (0 (t), M(t) Jodt + ((ve (), q(t))o, AW (2) ) .

Pass to the limit in the above, using (3.29), we obtain (3.28). O

(3.30)

Lemma 3.7. Let A € £L(V,V') be symmetric satisfying (3.13). Then, for
any f,q,uq satisfying

feLx0,1;V"),
(3.31) g€ L%(0,T; H)Y,

ug € H,

the following problem

(3.32) { du = (Au+ f)dt + (q,dW(t)), te€l0,T],

u(0) = uo,

admits a unique solution u € L%.(0,T; V) N C#([0,T); H), such that

[u(®)]5 = fuol +/ {2(Au(s) + £(s),u(s) )o + lg(s)|3 }ds
(3.33) 0

+2/0 {(g(s),u(s))o,dW(s)}, Vtel0,T], as.

Proof. We first let ¢ € L%(0,T; V)¢ and define M(t) by (3.26). Con-
sider the following problem:

(3.34)

v=Av+ f+AM, te[0,T],
v(0) = ug.
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By Lemma 3.5, for almost all w € €, (3.34) admits a unique solution v.

Obviously (by the variation of constants formula, if necessary), v is {F; }+>o0-
adapted. Thus, we have

v € LE(0,T; V),
v € L%(0,T,V"),

which implies (by Lemma 3.4) v € Cx([0,T]; H) and (by (3.24))

[o(6)[3 = [uof? + 2 / (Av(s) + £(s) + AM(s),(s) )ods,
vt € [0,7T], as.

(3.35)

Set u(t) = v(t) + M(t). Then, we see that u € L%(0,T; V) N Cx([0,T]; H)
is a solution of (3.32). We now combining (3.27)—(3.28) and (3.34)—(3.35)
to obtain the following:

lu(®)o = [v(®)[5 + 1M ®)]5 + 2(v(2), M (t))o

=l +2 [ A0(5) + 5(5) + AM(S),0(5) ods
+2AQM«@A@»mﬁww>+Aﬁa@ﬁw
+2A7v@xM@»mm+2LQ@@L¢@%@W@»
(3.36) = Juol? +2 /0 (Au(s) + F(5), 0(s) Yods
+;[«(> a())o, W (s) /|q|ws
2/0t(.Au(s) + f(s), M(s) )ods
= ool + [ 2 (Au(s) + 59 u(0))o + a9}

t
+2A<ww»«wndwwn.

Next, we claim that solution to (3.32) is unique (for any f, ¢ and ug sat-
isfying (3.31)). As a matter of fact, if @ is another solution to (3.32), then
u— U is a solution of (3.32) with f, ¢ and ug all being zero. Applying (3.36)
to u — U, we obtain (see (3.13))

|Mﬂ—ﬂﬂ%=2/ ( Afu(s) — a(s)), u(s) — a(s) Jods < 0,

which results in « = %. Thus, we have proved our lemma for the case
g € L%(0,T;V)?. Now, for general case, i.e., ¢ € L%(0,T; H)¢, we take a
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sequence g € L2.(0,T;V)? with
g —q, in L%(0,T; H)".

Let uy be the solution of (3.32) with ¢ being replaced by gi. Then applying
(3.36) to uy — ug, we have (note (3.13))

Elu(t) — ue(t) + 2B / lui(s) — ue(s)|Pds

(3.37) . 0

< E/ lgx (s) — qe(s)|3ds — 0, k,f — oo.
0

This means that the sequence {u;} is Cauchy in L%(0,T; V)NC#([0, T]; H).
Hence, there exists a limit u of {u}k in this space. Clearly, u is a solution
of (3.32). Also, we have a similar equality (3.33) for each u;. Pass to the
limit, we obtain the equality (3.33) for u (with general ¢ € L%(0,T'; H)?).

O

Now, we are ready to prove Lemma 3.3.

Proof of Lemma 3.3. Set

Ug = 'LL(O) € H7

fRE— Aue L%(0,T; V).
Then u is a solution of (3.32) with (3.31) holds. Hence, (3.33) holds, which
yields (3.16). O

Now, by taking V = HY(R"™), H = L*(R") and V' = H"}(R"), we see
that Lemma 3.2 follows immediately from Lemma 3.3.

§4. Existence of Adapted Solutions

The proofs of existence of adapted solutions is based on the following fun-
damental lemma.

Lemma 4.1. Let the parabolicity condition (1.6) and the symmetry con-
dition (2.2) hold. Let (H),, hold for some m > 1. Then there exists a

- constant C > 0, such that for any u € C°(R™) and ¢ € C(R™;RY), it
holds

/R{ > {{(A-BBT)D(8*u), D(8"u))
Ja|<m
+IBTDE ) + 07} + YD 107l fde
4.1) ot
: C/ > {-200"wo"(u+ M) + (6% + 19wl }da,
R” |al<m
a.e.t € [O,T], a.s.
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If (2.6) or (2.7) holds instead of (2.2), the above can be replaced by the
following:

| /R { 3 (AD(@%u),D(@Ew)+ Y lc’)"qlz}dm
la|<m lal<m

“2  <¢ / > { - 2007007 (Lu + Ma) + 107" + |6°ul? }do,

B lal<m
a.e.t€[0,T], as.

Furthermore, if (2.6) or (2.7) holds and A(t, z) is uniformly positive definite,
then (4.2) can be improved to the following:

/R {3 eup+ Y 0% s

le]<m+1 la|<m
43) ¢ / 3 { - 20703 (Lu + Ma) + 0% +16°ul* }de,
Rﬂ
laj<m

ae.tel0,T], as.

We note that the square root of the left hand side of (4.1) is a norm
in the space C°(R™) x C°(R™; R?). Thus, if we denote the completion of
the space CS°(R™) x C$°(R™; R?) under this norm by H™(t,w) (note that
it depends on (¢,w) € [0,T] x ), then we have the following inclusions:

CR(R™ x C(R™%RY) € H™(t,w) C H™(R™) x H™H(R™;RY).
It is clear that estimate (4.1) also holds for any (u,q) € H™(t,w). A similar
argument holds for (4.2) and (4.3).

Since the proof of the above lemma is rather technical and lengthy, we
postpone its proof to the next section.

Before going further, let us recall the following fact concerning the dif-
ferentiability of stochastic integrals with respect to the parameter. Let
h € L%(0,T; Cy*(R™; ]Rd)). Then it can be shown that the stochastic inte-

gral with parameter: fot (h(s,z,-),dW(s)) has a modification that belongs
to L%(0,T; C* H(R™;R™)) and it satisfies
t ¢
o [ (h(s,2,9, W () = [ (07h(s,z,,aW (5)),
0 0

for @] =1,2,---,m —1.

(4.4)

Consequently, if A € L%(0,T; C¢°), then

/0 (h(s,-, ), dW(s)) € L%(0,T; C5°),

and (4.4) holds for all multi-index a.
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In the rest of this section, we prove the existence of adapted weak
solutions to (1.1) (or equivalently (3.2)) under conditions of Theorems 2.1
or 2.2.

We first assume that conditions of Theorem 2.1 hold.
Let us take an orthonormal basis {¢}r>1 € C§°(R™) for the Hilbert
space H™ = H™(IR"™), whose inner product is denoted by

Gin= [ S @) Vo eH™.

|| <m
The induced norm is denoted by |- |,. When ¢ = (g1, -,44), P =
(p1,--+,pa) € (H™)?, we denote

d

(q,p)m = Z(‘hapz)m

=1

which should not be misunderstood from the context. As a usual conven-
tion, H® = L?(R"™). Let k > 1 be fixed. Consider the following linear
BSDE (not BSPDE):

k
={ =" [(Loi, 05 mub () — (M@, 05)m, (1)) ]
=1
— (f,05)m )t + (g (1), dW (£) ),
W (T) = (g,0))m, 1<j<Ek.

By the result of Chapter 1, we know that there exists a unique adapted
solution

(4.5)

(4.6) 1<j<k.

ukj(-) € C}'([Ov T]; IR)’
¢ () € L%(0, T;RY),

We define

k
uf(t, 2, w) Zu’” (t,w)p;(z),
(4.7) = (t,z,w) € [0,T] x R x Q.

k
k(t,z,w) qu’tuup]
j=1

Then we see that for any fixed (¢,w) € [0,T] x Q,
ub(t,,w) € C(R™), ¢*(t,-,w) € CR™RY).
Also, the following holds:

(4.8) {d“k = { - P[Cu* + Mg*] - f*}dt + (¢*,aW (2)),

uk|t=T = gk’
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where

Py : H™ = span {1, -, pr} S HY,
is the orthogonal projection (in H™), and

F=Pf,  ¢"=hg

Note that, as processes, uf and ¢f,---, ¢ are taking values in H®, where
q* = (¢f, -+, ¢%). Thus, in particular,
(4.9) Pouf=uf  k>1

Next, we want to derive a proper estimate for (u*,q¢*). By Lemma 4.1, we
have the following:

[ { S (-7, peut)

laj<m
+1BTD(0uF) + 0°¢* P} + Y 10°¢" }dz
(4.10) la <m—1
<o [ % {-20muorient + Ma) + 0%t
R® |a[<m

+ |8°‘uk|2}dz.

On the other hand, applying It6-Ventzel’s formula to [0%u*|?, we have from
(4.8) that

/ Z {16°g* (z)* — |0*uk (¢, z)|* }dz

|a[<m

_E//R > {20440 [Pu( - LuF — Mg*) - f*]

|a|<m
+10%¢*|* }dzds

(4.11) 2(u®, Py(Luf + Mq* )+f’“)m+|q’“|3n}d8

2(uf, LuF + Mgk + %), +|qk|fn}ds

{-
{-
/ > { = 200uk)o*(Lut + MgF)

la|<m

-5 [
o[
e

+18%¢k|? — 2(0%u*)(0° f*) } dzds.

The third equality in above is due to (4.9). Then combining (4.10)-(4.11),
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we obtain
[ A T txa-sen0@w, Do)
la|<m
HIBTD@ ) + P+ Y |9 Y

la|<m-—1
(412) < C{Blg"E - Bl @I,
+EY /T/ [2(0%*)(8° £*) + 6% 7] deds }

| <m
< C{BlgHf ~ Bl + | U B0 + 11 OR]ds).

By Gronwall’s inequality, we obtain

T
k 2 k 2
max B0+ B [ 10 e

T
E (A — BBT)D(8%u*), D(8%u*))
(4.13) ’ |a125m /" / {
+ |BT[D(8"uk)] + aaqk|2}dzdt

<cB] /0T|fk(t>|;+|gk|;}-

Note that the constant C' > 0 in (4.13) only depends on T, m and K,,.
From (4.13), we may assume that

(4.14) uf —u, weak*in LP(0,T;L*(Q; HY), 0<£<m,
' ¢* = ¢, weaklyin L%(0,T; HY)Y, 0<£<m-—1,

and for any |a| < m,

(A — BBT)Y/2D(8%u*) - (A — BBT)Y/2D(8%u),
(4.15) BT[D(8%u*)] + 8*¢* —» BT[D(8%u)] + 8%,
weakly in L%(0,T; H®).
By taking limits in (4.13), we see that (u,q) satisfies the estimate (2.4)
with the constant C' > 0 only depending on T, m and K,,. We are going

to prove that (u,q) is a weak solution of (3.2). To this end, let us take
p € H'(0,T) such that

(416) {p(O) =0, p(T)=1,

0<pt) <1, te[0,T].
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Let £ > 0 be fixed and k > £. For any ¢ € H* C C§°(R"), from (4.8) and
the fact Py = ¢, we have

(@00 = | (5060, 0m
(417) — p)(LUH (1) + M (E) + F5(8),9)m it
+ [ o) (¢ @), s WD)
By the definition of £ and M, using integration by parts, we obtain
T
() = [ {3000, 00
a0 S(A@D (1) + BOI(0), Dg)m
+ ({a(t), Dub (1)) +e(®)ut(t) + (b(2),¢° () +7*(8), 0)m] }dt

T
+ / o) (@), D)m, AW (D)), a5,

If we denote
{

T
Flz,w)=g- / (PNt (2) — ()] (alt), Dub(8) ) +e(t)u*(2)

T
(4.19) | (b, a* (1)) +F5 )]}t - / (p(t)g" (1), dW (1)),

Gaw) = | L O ADDE ) + BOF O
L T,w) = 0 p ) q )

then (4.18) reads

(4.20) (Fy@)m = (G, Dp)m, Vo € C5°(R™), a.s.
By the lemma below, we must have

(4.21) (F,p)o = (G, Do), Vo € C°(R™), a.s.

This tells us that
T
(@0 = [ {0t
(4.22) — plt) { Lu (8) + Ma*(8) + F*(8), 0o fdt
T
+ [ .00 a7 @), as

We want to pass to the limit in (4.22) to obtain a similar equality for (u, q).
By (4.14) with £ = 1 for u* and £ = 0 for ¢*, together with the convergence
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of (f*,g*) to (£, g), we can pass to the limit in (4.22) weakly in L2() for

all terms except the last term which is involving the It integral. To treat
this last term, we define K : L%.(0,T; H%)¢ — L%(Q) by

T
(423)  Kp= / o(t) (B(t), )0, AW (), ¥p € LZ(0,T; HO).
Then

T
E|Kp]® = E / 10(t) (0(8), ©)olPdt
(4.24) 0

T
< P / Ip(t)[3dt, Vp e LE(0,T; HO)"
0

This means that K is a bounded linear operator. Thus, for any € L%(f),
one has

T
B(n [ o0 (@) - a0, )0, aW 1))

= (0, K ("~ )20 = (K™0,¢" — Q)12 0,510y — 0.

(4.25)

Thus, we obtain
T
@00 = [ {s)u0). 000
(4.26) — p(t) (Lu(t) + Ma(t) + F(£), 0 )o pdt
T
+ [ e a0, oo @),  as
1]

Now, fixed any ¢ € (0,7). For any € > 0, we let

0, s<t-—g/2,
(4.27) pe(s) = ¢ 3+ =4, t—e/2<s<t+e/2,
1, s>t+e/2
Choosing p = p, in (4.26) and letting € — 0, we obtain

T
(9:¢)0 = (u(t), ©)o — / (Lu(t) + Ma(t) + (), )odt
(4.28) t

T
+ / (a(8),0)0, AW (1), Vo € C(R™), as.

This means that (u,q) is an adapted weak solution of (3.2). By Theorem
3.2, it is unique.

In the case that m > 2, from (2.4), we see that (1.13) holds and thus,
by Proposition 1.3, (u,q) is an adapted strong solution (3.2). In the case
m > 2+ n/2, by Sobolev’s embedding theorem, (1.11) holds and therefore,
(u,q) is an adapted classical solution of (3.2) by Proposition 1.3 again.
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Finally, let us look at the case when conditions of Theorem 2.2 hold.
Suppose (2.6) or (2.7) holds instead of (2.2). By Lemma 4.1, we still have
(4.1), which is now equivalent to (4.2). Then all the proof that we have
presented above remains true. Moreover, we have estimate (2.8). In the
case that A is uniformly positive definite, a little more careful estimate leads

0 (2.9). In fact, for the present case, in (4.12), we can use integration by
parts to get

E Z / /n 2(0%uk) (8% f*)dzds

(4.29) |of<m
< CE/ {[u*(8)Zpr + 1 75(8) 3y Hs.
We leave the details of the proof to the interested readers. |

We now prove the following lemma which has been used in the above
proof.

Lemma 4.2. Let F € H™(R") and G € H™(R™)", such that

(4.30) (F,0)m = (G, D), Vo € C(R").
Then
(4.31) (Fyp)o = (G, Dp)o, Vo€ C°(R™).

Proof. Let S£S(R™) be the set of all ¢ € C®(R™), such that

(4.32) B4,5(0) £ sup [2°0%p(2)| < 00, Va,b.
zeR™

Under the family of semi-norms @, g, S is a Fréchet space. Also, C§°(R") is
a dense subset of §. Thus, (4.30) holds for all ¢ € S. Next, by Hérmander
[1, p.161], Fourier transformation ¢ + $ is an isomorphism of S onto itself.
Applying Parseval’s formula to (4.30), we obtain

@33) | [Fe)- (6. (X ler)eous =0, v orm)

la]<m

- -1
Now, for any ¢ € C°(R"), we have w(f)(zmgm |§"|2) € S. Thus,
there exists a ¢ € S, such that

- -1
(4.34) 2© =90 X ler)
laj<m
Combining (4.33) and (4.34), using Parseval’s formula again, we obtain
(F, "l})m = (G,D’lﬁ)m, vy € Cgo(Rn)

This proves our lemma. O
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§5. A Proof of the Fundamental Lemma

In this section, we are going to prove Lemma 4.1, which has played an
essential role in the proof of well-posedness theorems for (1.1).

Proof of Lemma 4.1. Let €é|a| < m. For any u € C(R") and
g € C(R™;R?), by definition of £ and M, and differentiation, we have

724 / ) { — 2(8°%u)8%(Lu + Mq) + |(9°‘q]2}dz
= /n { — 2(8%u)0* [% V-(ADu) + (a, Du) +cu
+V-[Bq] + (b,q) | +10°g]* }de

- / {2600 [% V-[AD(8%W)] + {a, D(8%u) ) +c(8%u)

(5.1) + V-[B(0%g)] + (b, B“q)] +0%f?

—200°u) ) caﬂ[-;- V-[(8* P A)D(8%u)]
<A<
+ (8% Pa, D(8Pu) ) +(8%Pc)(0°u)

+ V-[(8°7PB)(8°g)] + (8°b,8°q) }] }dz
=I5+ I + I3 + I3,
where C,p is a positive integer depending on a and S, and
0 = / {-20°w [% V-[AD(8%u)] + { @, D(8%u) ) +c(8%w)

(5.2)
+ V{B@%)] + (5,0°0) | +10%q[* }de,

Y Cos(@u)[5 V@ P AD@ )]

" 0<B<a

=2
R

+(0°Fa, D(@%w)) +(8°7) (9%u) +(8° b, 6°q) | da,

(5.3)

(5.4) 5= -2 / § : Cop(8%u) V-[(8* P B)(6°q))dz,
B
<|a|—1

(5.5) I$ = -2 /R ) 3" Cap(0®u) V-[(8*F B)(8°)lde.
|ﬁ|;7cx<|cil

We note that in the case £ = 0, Z{*, Z¢ and Z§ are all absent. We now treat
I8, I¢, 1§ and I, separately.
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Since A and B are C’;”“ in z, we see immediately that
(5-6) ]+ 125 < C(jul? + lafz-1)-
Now, let us look at Zg and Z¢. Using integration by parts, we have
75 = [ {(AD©*), D(@*)) +2(0%, BTD(®°)) +I0°qF
~ (a, D[(0°u)?]) ~2¢(0°u)* ~ 2 (b(0°w), 8%¢) }dz
61 = / {4~ BBT)D(8°w), D(©"u)) +{BT D(@*w)[* + [0°q1"

+2(8%, BTD(8%) ) —2 (b(8%v), 8%q)
— 2(BTD(8%u), b(6°u) ) +[V-(a — Bb) — 2c](3°‘u)2}d:c

In the meantime, let us look at each term in 7§, For ,@ < awith |8] = |a]|-1,
using integration by parts, we have

A V((8*?B)(8°q)lds

= [ @0V (e By )i
(5.8)
=— / (D(8%u), (0 PB)d%q + (8**~P) B)0Pq) dx

— [ K@ BTD("),5%) +(D(©%), (62 B)oPq) da
-
Thus, it follows that
TS+ 18 = / {((A — BBT)D(8%u), D(8%u))

+|BTD(8%u) + 8%~ b(0™u) — Y Cap(9**BT)D D]
0<LB<a
1Bl=|al-1

— 1b(8%u) | S Cap(8*PBT)D(@"u )|

0<p<a
18)=lal-1

(59  +2 ) Cap((0°?BT)D(8°v), BT D(8%u))

0<p<a
|1Bl=|e|—1

—2 3" Cap((@* P BT)D(8u),b(8%w) )

0<B<a
1B]=]a}—1

+[V-(a — Bb) — 2c](8au)2
~2 Y Cap(D(0%u), (3% B)(9%9)) }da.

0<f<a
|18|=}e}—1
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Note that

BT D(8%u) 4+ 8%q — b(8%uw)

Je

- Yo g(aa_ﬁBT)D((?ﬁu)rdx
|£<?<a

(5.10) > %/

T a a 2
B* D(0%u) + 0%¢q| dx
2
b(0%u) + > Cap(0°?BT)D(8%u)| dz
0</3<a

/
2 n
|ﬂ| la|—

BTD(0*u) + 8%q¢ dz ~ Clul?.

v

2 e
Next, by the symmetry condition (2.2}, for 8 < a, |8| = |a| — 1, we have
/R ) (0*PBTYD(8%u), BT D(6%u) ) dz
_ / {(BO*?BT)D(6°u), D(9%u) ) da
(5.11) = / ) %[aa—ﬁ (Bo*~° BTYD(dw), D(6%u))
— (8°~# (B8P BT)D(9°w), D(9"u)) | dz

=—2 [ (8*B(B8°PBTYD(9%u), D(8%u)) dz > —C|ul}.
Rn

Combining (5.6), (5.9)—(5.11) yields
I =I§+ I+ Iy + I3
Giz 2 [ {w-BBDE", DE)

1
+ 5187 D(@u) + 9°q1* bz — C(|ul? + lal}_)-

Now, we sum (5.12) up for all |a| < £ to get the following:

v,A T / ~ 2(8°u)0° (Lu + M) + |04 bz

|a|<£
(5.13) > = Z/ ((A — BBTYD(8%u), D(8%u) )
lal<£

+1B"D(@"u) + 8°qf* }do — C(Juf} + lal}-y).
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Thus, it follows that

523 / (A - BBT)D(8%u), D(8%u) )
la<e 'R
(5:14) + BT D(0%u) + 8%q[* }da
< (e + fulf + g2, ).
Note that
(5.15) |0%g|? < 2|BTD(6°‘u) +0%g)? + 2|BT D(8%u)|?.

Using the parabolicity condition (1.6) and the definition of ®, (see (5.14)),
we have

(5.16) lals—y < C(Re-1 + [uff).
Consequently, from (5.14), we obtain
(5.17) B <C(Tr+® 1 +uff), 1<L<m.

On the other hand, for £ =0 (i.e.,, @ = 0), we have

/n { — 2u(Lu + Mq) + |q|2}ﬂhc
Z/n{_zu[-;-v-[ADuH(a,Du)m
+V(Bal +(b,0) ] + 1P bz
618 - / {{(A- BB")Du, Du) +|BTDul? + |qf*
+2(q,BTDu) -2 (bu,q)
—2(BTDu,bu) +[V-(a — Bb) — 20]u2}d$

> / ) {((A — BBT)Du, Du) +|B” Du + g|*dz — Clul?.
This implies

(5.19) By < / { ~ 2u(Lu+ Mg) + |a }dz + Clul?
Hence, it follows from (5.17) and (5.19) that

(5.20) B < C(Trm + Jul2,),

which is the same as (4.1).
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In the case that {2.6) holds, we use the following estimate:

/ (58 BT)D(8°u), BT D(6°u) ) dz
(5.21) :
. T N 2 _ el 2
> E/Rnus D(8°w)2dz C/Rnu)(a w)[2dz,

for small enough € > 0 to get

| {«a-BBND@*0), D)
+2 > Cap((0°?BT)D(8°u), BTD(6°u))

0<f<a
18]=|a|-1

> 529 (A — BBT)D(8%w), D(8%u) ) dz — Clul?.
.

(5.22)

Then, we still have (5.14) and finally have (5.20) which is the same as (4.1).
In the case (2.7) holds, we use the following estimate:

/ ((8*=PBT)D(8°u), BT D(6%u) ) dx

= / ((8°~PBT)D(8%u), 8% P[BT D(0Pu))
—(8*°BT)D(8Pu)) dz
623~ [ {(@PB")D@%), B D)
-

+ (8P BTYD(8%u), BT D(8°u) )
+[(@*#BT)D(8Pw)|? }dz

(6*~#BT)D(8%u)[*dz — C|ul3,

2—6/

for £ > 0 small enough to obtain (5.22) and finally to obtain (5.20).

Note that in the case (2.6) or (2.7) holds, we have (2.10). Then, (4.2)
follows from (4.1) easily. Finally, if in addition, (1.9) also holds, then, (4.3)
follows from (4.2). This completes the proof of Lemma 4.1. 0

§6. Comparison Theorems

In this section, we are going to present some comparison theorems on the
solutions of different BSPDEs. For convenience, we consider BSPDEs of
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form (1.5). Let us denote (compare (3.1))

(Cul %tr [AD%u] — (a, Du) ~—cu

) Mg £+t [BTDg] —

b
6.1) 1 ),
Tu2 5tr [AD*W] - (g, Du) —zu,

— T -

( Mg2tc(B' Dgl - (5,3).

We assume that (H),, holds for {4, B,a,b,c} and {4, B,@,b,¢}. Consider
the following BSPDEs:

62) { du=—{Lu+ Mg+ fldt +(q,dW(t)), (t,z)€[0,T]xR",

ul,_r=9.

63) { du = —{Lu+ Mg+ f}dt + (g, dw(t)), (t,z)€][0,T]xR",
ult:T =g
Note that (6.2) and (3.2) are a little different since the operators £ and
M are defined a little differently. However, by the discussion at the end
of §2, we know that Theorems 2.1, 2.2 and 2.3 hold for (6.1). Throughout
this section, we assume that the parabolicity condition (1.6), the symmetry
condition (2.2) and (H),, (for some m > 1) hold for (6.2) and (6.3). Then
by Theorem 2.3, for any pairs (f,g) and (f,g) satisfying (2.14), there exist
unique adapted weak solutions (u,q) and (%,q) to (6.2) and (6.3), respec-
tively. We hope to establish some comparisons between v and % in various
cases.
Our comparison results are all based on the following lemma.

Lemma 6.1. Let (1.6), (2.2) and (H),, with m > 1 hold. Let (u,q)
be the unique adapted weak solution of (6.2) corresponding to some (f, g)
satisfying (2.14) for some X\ > 0. Then there exists a constant yu € R, such
that

E e*’\(m>|u(t,w)_|2da;
R~

(6.4) Se“‘T't)E/ e g(2)"|"de
RVL
T 2
+E/ eMs—t)/ e M) | f(s,2)" | dads,  Vt€[0,T).
t R”

Proof. We first assume that (f,g) satisfies (2.14) with A = 0. Let
¢ : R — [0,00) be defined as follows:

r2, r < -1,
(6.5) o(r) =< (6r + 8t 4 3r%)2, -1<r <0,
0, r>0
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We can directly check that ¢ is C? and
@(0) = ¢'(0) = " (0) =
p(-1) =1, w’(—l) =

Next, for any € > 0, we let ¢ (r) = e2p(%). Then, it holds

(6.6)

—2, o'(-1) = 2.

- -2 . 1 9. .
lim ge(r) =[r~|%, limec(r) = =2r7, uniformly,

lpd(r)| <C, Ve>0, rekR;

6.7
(6.7 i ) = 2, r <0,
im ¢
e—0 0, 7> 0.
Denote
(6.8) a:a—%VA, b=b-V-B
Then by (1.3), we have
e [AD?u] + {a,Du) = lV-[ADu] + (@, Du)
(6'9) { 2 b 2 ~ ? )
tr [BTDg] + (b,q) = V-(Bg) + (b,q) -

Applying the Itd’s formula to ¢, (u), we obtain (let Q¢ = [¢,T] x R")

E /R elg(@)dz ~ E /R e (ult, ))ds

=5 [ {dw]- 2 V-(ADw) - V-(Bg) - (3, Du)

o~

~eu—(b,q) ~f] + gl dads
_.E/ 2%(u )[{(ADu, Du) +2 (BT Du,q) +|q|*]
—@E(u)[(a,Du)+cu+(3,q)+f}}dzds

(6.10)  _ E/ {%wg’(u)[((A—BBT)Du,Du)+IBTDu+q—3142]

+ %cp's'(u) [- B)%u? + 2 (BT Du,bu ) +2 (zu,q)]

- (3, Dsos(w ) gL (w)eu+ (B,q) +] }dods
> E/ ©" (u)[b|>u® + ( Bb, D/ Y (r)rdr )

+le E(U)U ~ @t ()] (,q) +(V-@)pe (u)
— pL(u)cu + f]}d:cds.
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We note that

(6.11) | ettrrdr = it putw),
and
(6.12) hm[cp (wu — e (u)] = 2ul(y<o) + 2u~ = 0.

Thus, let £ — 0 in (6.10), we obtain

E lg(z)~|%dz — E |u(t, )~ 1*dxds
R™ R™

> E/ { — I(u<o) |/I;|2u2 — V-(BZ)[—2u“u - |u_|2]
Qt B

(6.13) +(V-@)u |2 + 2u[eu + f]}d:z:ds
>E i {(-|E|2 —V(Bb) +V-a—2)u|? - 2u~f—}dxds
> —uE 1u—|2dzds—E/ |f~|?dzds,
Q: Qt
where
(6.14) ﬂétsg [ V-G + V-(Bb) + [b? + 2¢ + 1] < 0.

Then by Gronwall’s inequality, we obtain (6.4) for the case A = 0. The
general case can be proved by using transformation (2.11) and working on
(v,p) for the transformed equations. O

Our main comparison result is the following.

Theorem 6.2. Let (1.6), (2.2) and (H),, hold for (6.2) and (6.3). Let
(f,9) and (f,q) satisfy (2.14) with some A > 0. Let (u,q) and (q,q) be
adapted strong solutions of (6.2) and (6.3), respectively. Then for some
u>0,

E/ —’\(z)l (t,z) —u(t,z) _| dz

< eHTOp / e |[g(z) — 7)) | de
(6.15)
E pis— t) e M@ Ya(s,
+ / e - (€ - L)u(s,z)
+ (M = M)g(s,2) + f(s,2) — f(s,2))”|"dads,
vt € [0,T),
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In the case that
g(z) —9g(z) >0, vz € R, a.s.
(6.16) (£ - T)u(t, ) + (M — M)g(t,z) + f(t,2) - F(t,3) >0,
Y(t,z) € [0,T] x R", a.s.

it holds
(6.17) u(t,z) > u(t, ), V(t,z) € [0,T] x R", a.s.
This is the case, in particular, if L = £, M = M and
z) > glz), ae.z€R" as.
(6.18) 9(=) 2 (=)
fit,z) > f(t,z), ae.(t,z) € [0,T] x R", as.

Proof. 1t is clear that

diu—7) = —{L(v—T) + M(g—7)
+(L-Lya+(M-—M)g+ f— f}dt
+{q—q,dW(t)),

(u—-1)|,_p=9-7

Then, (6.15) follows from (6.4). In the case (6.16) holds, (6.15) becomes

(6.19)

(6.20) E/ e M= [u(t, @) — u(t,2)]"|’dz <0, Vte[0,T).
R"

This yields (6.17). The last conclusion is clear. a
Corollary 6.3. Let the condition of Lemma 6.1 hold. Let

(6.21) {g(m) >0, ae.z € R" as.

flt,z) >0, a.e.{t,z) € [0,T7] x R", as.
and let (u,q) be an adapted strong solution of (6.2). Then
(6.22) u(t,z) >0, a.e.(t,z) € [0,T] xR", as.

Proof. We take L = £, M = M, f =0and § = 0. Then (T,3) =
(0,0) is the unique adapted classical solution of (6.3) and (6.18) holds.
Consequently, (6.22) follows from (6.17). O

Let us make an observation on Theorem 6.2. Suppose (%,q) is an
adapted strong solution of (6.3). Then (6.16) gives a condition on A, B,
a, b, ¢, f and g, such that the solution (u, q) of the equation (6.2) satisfies
(6.17). This has a very interesting interpretation (see Chapter 8). We now
look at the cases that condition (6.16) holds.

Lemma 6.4. Let A, B, @, b and ¢ be independent of z. Let f and § be
convex in z. Let (4,q) be a strong solution of (3.1). Then, T is convex in
z almost surely.
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Proof. First, we assume that f and g are smooth enough in z. Then,
the corresponding solution (@,g) is smooth enough in z. Now, for any
n € R", we define

v(t,z) = (D*u(t,z)n,n);
p(t,z) = (' (t,z),---,p(t, 2)), V(t,z) € [0,T] x R", as.
p*(t,2) = (D*q"(t,z)n,n), 1<k<d,

Then, it holds

(6.23) { dv = [~Lv — Mp — ((D*F)n,n)dt + (p,dW (?)),

vlt:T = ((D2§)77,7I) .
By Corollary 6.3 and the convexity of f and g (in z), we obtain

{ D*u(t,z)n,n) = v(t,z) >0,

6.24
(6.24) V(t,z) € [0,T) x R", n € R", as.

This implies the convexity of u(¢, ) in = almost surely. In the case that f
and g are not necessarily smooth enough, we may make approximation.

O

Proposition 6.5. Let A, B, @, b and ¢ be independent of x. Let f and
g be convex in = and nonnegative. Let (@,q) be a strong solution of (6.3).
Let M = M and let

A(t,z) = A(t) + Ao(t, z),
c(t,z) =t) + colt, z),
f(t,2) = f(t, ) + fo(t, ),
9(z) = g(2) + go(=),

(6.25) (t,z) € [0,T] x R", as.

with
Aolt,z) >0, colt,z) >0,
(6.26) ot,2) 20, eolt, ) 2
fo(t,z) 20, go(z) 20,
Then (6.16) is satisfied and thus (6.17) holds.

Proof. By Corollary 6.3 and Lemma 6.4, @ is convex and nonnegative.
Thus,

Y(t,z) € [0,T] x R", as.

(£ - D)alt,z) = %tr [46D%) + coT > 0.

Then (6.16) follows. O
Next, we have the following.

Proposition 6.6. Let all the functions 4, B,a,b,¢ f and g be determin-

istic. Let T be the solution of the following equation:

(6.27) {Et =-Lu-Ff, (tz)€[0,T]xR",
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Further, we assume that u(t, z) is convex in z. Next, let (6.25) hold. Then
(6.16) is satisfied and (6.17) holds.

Proof. In the present case, (%,0) is an adapted strong solution of (6.3).
Then similar to the proof of Proposition 6.5 and note § = 0, we can obtain
our assertion. O

Note that in Proposition 6.6, B and b are arbitrary.



Chapter 6
Method of Continuation

In this chapter, we consider the solvability of the following FBSDE which
is the same as (3.16) of Chapter 1 (We rewrite here for convenience):

dX (t) = b(t, X (1), Y (£), Z(t))dt + o(t, X (£), Y (£), Z(t))dW (2),
0.1) 4 dY(t) = h(t, X(t), Y (), Z(t))dt + Z(t)dW (2),
X(0) =z,  Y(T)=g(X(T)).

Here, functions b, o, h and g are allowed to be random, i.e., they can depend
on w € Q). For the notational simplicity, we have suppressed w and we will
do so below.

We have seen that for the case when all the coefficients are determin-
istic, one can use the Four Step Scheme to approach the problem (see
Chapter 4), which involving the study of parabolic systems; in the case of
random coeflicients, in applying the Four Step Scheme, we need to study
the solvability of BSPDEs (see Chapter 5). In this chapter, we are going
to introduce a completely different method to approach the solvability of
{(0.1). Such a method is called the method of continuation.

§1. The Bridge

Recall that S™ is the set of all (n X n) symmetric matrices. In what follows,
whenever A is a square matrix, (with X being a scalar), by A+ A, we mean
A+ M. For any A € S™, by A > §, we mean that A — § is positive
semidefinite. The meaning of A < —4 is similar. For simplicity of notation,
we will denote M = R™ x R™ x R™*%; a generic point in M is denoted
by 6 = (z,y,2) with z € R", y € R™ and z € R™*%. The norm in M is
defined by

(1.1) 012 {|z)? + 9> + 12}%, V8= (z,9,2) € M,

where |z|? S (z2T). Similarly, we will use © = (X,Y, Z), and so on.
Now, let T' > 0 be fixed and let

H[0,T] =L%(0, T; W (M; R™ x R"™*¢ x R™))
X L, (0 W= (R R™)).
Any generic element in H[0,T] is denoted by I' = (b,0,h,g). Thus, I' =
(b,0,h,g9) € H[0,T] if and only if
be L340, T; Wh(M;R™)),
o € L%(0,T; WhH°(M; R™1)),
h € LE(0, T; Wh°(M;R™)),
g € L% (Q; W (R™; R™)),

(1.2)
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where the space LZ(0, T; W1°(M;R™)), etc. are defined as in Chapter 1,
§2. Further, we let
#H[0,T) = L%(0,T; R™) x L%(0,T; R™*%)

1.3
1.3) x L5(0,T;R™) x L (R™).

An element in #[0,T] is denoted by v = (bo, o0, ho, go) With

bo € L%(0,T;R™),
oo € L%(0,T; R™ %),
ho € L%(0,T;R™),
90 € L3, (% R™).
We note that the range of the elements in H[0,T] and #[0,T] are all in

R" x R™*? x R™ x R™. Hence, for any T' = (b,0,h,g) € H[0,T] and
v = (bo, 00, ho, go) € H[0,T], we can naturally define

(1.4) I'+y=(b+bo,0+09,h+ ho,g+ g0) € H[0,T].

Now, for any ' = (b,0,h,9) € H[0,T], v = (b, 70, ho, 90) € H[0,T]
and z € R", we associate them with the following FBSDE on [0, T):
dX(t) = {b(t,0(t)) + bo(t) }dt + {o(t, O(t)) + oo (t) }dW (¢),
(1.5)rq,z § dY'(t) = {h(t, O(t)) + ho(t) }dt + Z(t)dW (¢),
X(0) =z,  Y(T)=g(X(T))+ 90,
with ©(t) = (X (2),Y (¢), Z(t)). In what follows, sometimes, we will simply

identify the FBSDEs (1.5)r . with (I',,z) or even with I (since v and z
are not essential in some sense). Let us recall the following definition.

Definition 1.1. A process O(-) = (X(-),Y (), Z(:)) € M[0,T] is called
an adapted solution of (1.5)r . », if the following holds for any ¢ € [0, 7],
almost surely.

(X(t) =2+ /t{b(t, O(s)) + bo(s)}ds
0

t

| + / {0(t,0(s)) + 0o (s)}dW (s),
(1.6)1‘,%z T
Y (t) = g(X(T)) + g0 — / {h(t,00(s)) + ho(s)}ds

- /t ! Z(s)dW (s).

\

When (1.5)r 4, admits a unique adapted solution, we say that (1.5)r,4,2 18
(uniquely) solvable.

We see that (1.6)r,4,¢ is the integral form of (1.5)r . In what follows,
we will not distinguish (1.5)r 4, and (1.6)r 4,2
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Definition 1.2. Let T' > 0. A T € HJ[0,T] is said to be solvable if for
any £ € R" and v € H[0,T), equation (1.5)r ., admits a unique adapted
solution ©(-) € M([0,T]. The set of all I' € H[0,T] that is solvable is
denoted by S[0,T]. Any I € H[0,T]\ S[0,T] is said to be nonsolvable.

Now, let us introduce the following notions, which will play the central
role in this chapter.

Definition 1.3. Let T'> 0 and I = (b,0,h,g) € H[0,T]. A C! function
T
a=(4 % ) . [0,T] = S7+™, with A: [0,T] = S™, B : [0,T] = R™*"

and C : [0,T] — S™, is called a bridge extending from T', (defined on [0, T']),
if there exist some constants K,§ > 0, such that

C(T)<0,  A@W)>0, Vte[0,T],

- MMSK(égy

and either (1.8)—(1.9) or (1.8)'—(1.9)' hold:

T—7T rT—T —12 — n
(1.8) (®(T) (g(z)—g(f)) , (g(x)_g(j)))zﬂz—zl , VYz,T € R™

w0 (5732

(1.9) +2(20) (Z :9 ’ (;:E:zg - Z((tt’,?)) )
+ (2 ( a(t, 0) Z(t 9)> , (a(t,ﬂi:;r(t,—é)))

< ~d|lz - F?, V0,0 € M, ae.t€[0,T], a
1.8)  (&(T) (g(x) - 5@)) , (g(a; B §(5)> }>0, VYe,7eR™

w0 (;3). ()
(1.9) <q’(t)(y §> (ﬁ
(@ ()(a(ta) o(t,8

zZ

\_/
N—’
N

Q
~~~
vﬂ

w2
|
w| Q
~~
\.FF
5

g

~—
S—

<-6{ly-7*+|2 -2}, V6,0€ M, ae.t€[0,T], as.

If (1.7)—(1.9) (resp. (1.7) and (1.8)'—(1.9)") hold, we call ® a type (I) (resp.
type (II)) bridge extending from I' (defined on [0,T]). The set of all type
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(I) and type (II) bridges extending from I' (defined on [0,T]) are denoted
by Br(T';[0,T]) and By(T;[0,T]), respectively. Finally, we let

(1.10) B(T;[0,T)) = Br(T; [0, T)) | Brr(T; [0, T0),
' B*(T;[0,T7) = Br(T; [0, T)) () Brr(T; [0, T)).

Any element & € B*(T';[0,7]) is called a strong bridge extending from I'
(defined on [0,T7)).

Definition 1.4. Let T > 0 and I', T € H[0,T]. We say that they are linked
by a direct bridge if

{B:(T;[0,T)) (| B1(T; [0, 7))}
U {Br(T;[0,T)) ﬂBII(F; [0,T))} # &

and we say that they are linked by a bridge, if there are 'y, - - - ,I'y € HI0, T],
such that with I'y = I' and ['y41 =T, it holds

{B1(T5;00,T)) () Br(Tix1; [0, TN}
U{Bu@s [0, 1) () Brr(Tig1; [0, TN} # ¢, 0<i<k.

(1.11)

(1.12)

We may similarly define the notion that I and T are linked by a (direct)
strong bridge.

§2. Method of Continuation

In this section, we are going to present the solvability of FBSDEs by the
method of continuation. The notion of bridge plays an important role here.

§2.1. The solvability of FBSDEs linked by bridges
Let us state the following theorem.

Theorem 2.1. Let T > 0 and I'1,I'y € H[0,T] be linked by a bridge.
Then, I'1 € §[0,T] if and only if Ty € S[0,T].

The above theorem tells us that if the FBSDE associated with I'; is
solvable, so is the one associated with T's, provided I'y and I'y are linked
by a bridge. In applications, if one wants to prove the solvability of the
FBSDE associated with 'z, he/she can start with a known solvable FBSDE
I';, and try to construct a bridge linking I'; and I';. We will see a detailed
construction of bridges in §5 for an interesting case.

Let us now explain the idea of proving Theorem 2.1. First of all, we
make a simple reduction. By induction, to prove Theorem 2.1, it suffices
to prove it for the case that 'y = (by,01,R1,71) and Ty = (be, 02, ha, g2)
are linked by a direct bridge. We now assume this. Next, for any v =
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(Bo(-),00(-), ho(-),90) € H[0,T], z € R™ and «a € [0,1], we consider the
following FBSDE:

dX(t) = {(1 - a)bi(t,0(1)) + aba(t, O(t)) + bo(t) }dt
+ {(1 — a)o1(t,0(t)) + aoa(t,O(t)) + oo(t) }dW (),
(2.1)5, § dY () = {(1 — a)h1(2,0(t)) + aha(t, O(t)) + ho(t) }dt
Z($)dW (t),
X0) ==z, Y(T)=(1-a)g(X(T))+ag(X(T))+g.

We may give the definition of the (adapted) solutions to above system
(2.1)§ , similar to Definition 1.1. It is clear that (2.1)9 , and (2.1)} ,
incide with (1.5)r, 4. and (1.5)r, 2, respectively. Let us assume that
Iy € S[0,T], ie., (2.1)3, is uniquely solvable for any v € #[0,T] and
z € R". We want to prove I'; € §[0,T], i.e., (2.1)} , is uniquely solvable
for all v € H[0,T] and z € R". The essence of the method of continuation
is contained in the following claim:

There exists a fixed step-length € > 0, such that if for some

a € [0,1), (2.1)5 , is uniquely solvable for any v € H[0,T] and
z € R™, then the same conclusion holds for a being replaced
by a +¢ <1 with € € [0,&0).

Once this has been proved, we can start with (2.1)5 , with o = 0 which
is solvable by our assumption, increase the parameter o step by step and
finally reach a = 1, which gives the unique solvability of (2.1)} ,

In order to prove the above claim, the following a priori estimates for

the adapted solutions of (2.1)5 , will be crucial.

Lemma 2.2. Let a € [0,1]. Let ©()2(X(),Y(),Z() and 0()2
(X(-),Y(),Z(")) be adapted solutions of (2. 1)§,; and (2.1)5 7, respectively,

with v = (bo, 00, ho, 90), 7 = (bo, Fo, ho, Jo) € 'H[O T] and z,% € R". Then,
the following estimate holds

19¢) = OO go,my

=F sup |X(t) - ()|2+E sup IY(t) Y(o)P
t€[0,T)

(2.2) +E / )2t
{1z -2 + Elgo - 5ol’ + E / {1bot) ~Bo(t)?
+1o0(t) ~ o (®) + Iho(t) - Fo(8)*}dt .
Since the proof of the above lemma is technical and lengthy, we would
like to postpone it to the next subsection. Based on the above a priori esti-

mate, we now prove the following result, which we call it the continuation
lemma.



142 Chapter 6. Method of Continuation

Lemma 2.3. Let I,y € H[0,T] be linked by a direct bridge. Then,
there exists an absolute constant €9 > 0, such that if for some o € [0,1],
(2.1)2 , is uniquely solvable for any v € H[0,T] and = € R", then the same
is true for (2.1)5%° with e € [0,0], a +¢ < 1.

Proof. Let g9 > 0 be undetermined. Let ¢ € [0,&5]. For & > 0, we
successively solve the following systems for ©%(t) 2(X*(t), Y*(t), Z*(t)):
(compare (2.1)$%°
[(0°(1) £(X°(2), Y°(t), 2°()) = 0,

dX*H(t) = {(1 — a)bi(t, ©FF1(t)) + aby(t, ©F (1))

— by (t, 0% (1)) + eba(t, O%(8)) + bo(t) }dt

+{(1 = a)o1(t, 0F1 (1)) + aoa(t, 05 (1))

— €01 (t, OF (1)) + £02(t, O (1)) + oo(t) }AW (2)
23)5%  { dY* (@) = {(1 — )i (¢, 05 (1) + ahe(t, 0FT (1))

— ehy (t, ©F(t)) + ha(t, OF (2)) + ho(t) }dt

+ ZFL(H)dW (1),
Xk+1(0) =g,
YEUT) = (1 — ) g (X*TH(T)) + ag(X*TH(T))
— 1 (XM(T)) + £92(X*(T)) + go.

By our assumption, the above systems are uniquely solvable. We now apply
Lemma 2.2 to ©%*1(-) and ©*(:). Tt follows that

105F1(-) — ©*()llmpo, 7
c{e?BIXH(T) - X+ (D)

\

(2.4) T
+eB [ |okn) - e+ (0)et)
0
< 2Gol|OF () — OF ()| mpo, -
We note that the constant Cy > 0 appearing in (2.4) is independent of

a and e. Hence, if we choose g9 > 0 so that £2Cy < 1/2, then for any
€ € [0,&0], we have the following estimate:

25) 104() - 0*()llagorr < F10%() — O O)llagory, Vh = 1.

This implies that the sequence {©%(:)} is Cauchy in the Banach space
M][0,T]. Hence, it admits a limit. Clearly, this limit is an adapted solution
to (2.1)%4°. Uniqueness follows from estimate (2.2) immediately. O

Now, we are ready to give a proof of our main result.

Proof of Theorems 2.1. We know that it suffices to consider the case
that I'y and I'; are linked by a direct bridge. Let us assume that (1.5)r, ,,z
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is uniquely solvable for any v € H[0,7] and z € R™. This means that
(2.1)3 , is uniquely solvable. By Lemma 2.3, we can then solve (2.1)5,
umquely for any a € [0,1]. In particular, (2.1)} ,, which is (1.5)r,,4,2, 18
uniquely solvable. This proves Theorem 2.1. O

Note that Lemma 2.2 has the following implication.

Corollary 2.4. Let T € H|0,T} with B(I';[0,T]) # ¢. Then, for any
v € H[0,T} and z € R", (1.5)r,,, admits at most one adapted solution.
Moreover, for any v, € H[0,T] and z,T € R", the stability estimate (2.2)
holds for any adapted solutions ©(-) of (1.5)r .- and 6(-) of (1.5)r 57

Proof. We take I'y = I’y = I in Lemma, 2.2. Then, (2.2) applies. O

From Corollary 2.4 we see that for the I" associated with example (3.3)
in Chapter 1, B(I;[0,T]) = ¢ for T = kr + 3£, k > 0.

§2.2. A priori estimate

In this subsection, we present a proof of the a priori estimate stated in
Lemma 2.2. .
Proof. Let © and © be two adapted solutions of (2.1)5 , and (2.1)$ 7,

respectively. Define E: E—Efor £ = XY, Z,@,bo,ao,ho,go, T=1z-1I,
‘and

bi(t) = bilt, (1)) — bi(t, B (1)),
(26) zz(t) = 0(t, 0(t)) — 0i(t, B(1)), i=12,
hi(t) = hit, ©(t)) — hi(t, O(t)),

9:(T) = g:(X(T)) — 9:(X(T)),

Note that I'; € H[0,T] implies that all the functions b;, g3, hi, g; are uni-
formly Lipschitz continuous. Suppose the common Lipschitz constant is
L > 0. Applying Itd’s formula to | X (£)|2, we obtain that

X0 =z +2 /t (X (s), (1 — a)bi(s) + aba(s) + bo(s) ) ds
0
+ /Ot [(1 = a)5y (5) + aBa(s) + Go(s)|2ds
2 /0 (X(5),[(1 — a)31(s) + aBa2(s) + Go(s)ldW (5))
< I:?12+C/0 IX(&){IX(8) + [V (s)] +1Z(s)] + [bo(s)| }ds
+C/0 {IX () + ¥ ()| +12(s)| + [Go(s)|} ds

+2 /O (R(),[(1 - )31(s) + (5) + Fo(s)]AW(5) ),
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with some constant C > 0. As before, in what follows, C' will be some

generic constant, which can be different in different places. By taking the
expectation and using Gronwall’s inequality, we obtain

—~ T -~ o~ o~
(28) BIX()P < cB{ja+ / {IV@F+IZ@) P +Bo+ 5o () }dt

with some constant C = C(L,T). Next, applying Burkholder-Davis-
Gundy’s inequality to (2.7) (note (2.8)), one has that

—~ T ~ Py
B swp [ROP <c{igP+ [ {IP0F +IZ0)F
(2.9) telo.7) 0

+ [Bo(t)[? + |50 (1)) }dt}.

On the other hand, by applying Itd’s formula to ]?(t)IQ, we have

PP+ [ C|2)ds
— 7)) -2/ (P(s), (1~ a)hu(s) + ahas) + ho(s) ) ds
T tA N
(2.10) 9 / (P(s), Z(s)dW (s))

- T ~ -~ o~
C{|X(T)|2 + {90l +/t {X )P +1Y () + |h0(s)|2}ds}

T
-1 / |2 (s)[2ds — 2 / (¥(s), Z(s)aW(s))

Similar to the procedure of getting (2.9), we obtain

E sup |[Y(t ]2+E/ (t)*dt
(2.11) t€[0,T]

T —~
<CE{X@ + @l + | {IROF +Fo( Jat}.

We emphasize that the constants C' appeared in (2.9) and (2.11) only de-
pend on L and T'. Also, in deriving these two estimates, only the condition
I'; € H[0,T] has been used (and we have not used the bridge yet). Now,
we apply [t6’s formula to
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It follows that

(1 - a)51(t) + ada(t) + Go(2)
( Vi )>}‘”'

Let us separate two cases.
Case 1. Suppose ® € Br(I';;[0,T]) (i = 1,2). In this case, we have

A X(T)
F(a) =(2(T) ((1_a)§1(T)+agz(T)>’

( Xm ) )
(1-a)g1(T) + ag2(T)
G139 = (ADX(@), R(T)) +2(BOXT), (1- 03 () + ada(T))
+(C(THA = )91 (T) + ag2(T)}, (1 — )gu(T) + aga(T) )
a® (C(T){G(T) — G1(1)}, {g2(T) ~ 2u(D)})
+ol -+ {-}2AXMPE,  vaelo1],
where {---} are terms that do not depend on a. The above holds because

C(T) < 0 implies that F(a) is concave in «, whereas (1.8) tells us that
(recall @ € B,(I';;[0,T]),:=1,2)

(2.14) F(0), F(1) > 8| X (T)%.

Then, (2.13) follows easily. Similarly, we have

oo (30).(50)
race0 (50, (SR 24
+(®(1) ((1 ")“Z((Ef @(t)) ’
((l—aal(t)-i-affz(t)))

(2.15)

o® (A(t){52(t) — 51(8)},52(t) — 51(t) )
tof-- 3+ { -} <X,  Vae[o1],
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since now A(t) > 0 which implies f(a) is convex in . Then, we have

Left side of (2.12) = E{ (AT)X(T), X(T))
+2(B(T)X(T),(1 - )§i(T) + @52(T) + Go)
+(C(M{(1 - )g1(T) + ag2(T) + Go},

(1= a)3i(T) +aGa(T) +30) |

(2.16) E(®(0) (Yz )) (YZO)) )

> SE|X(T)|? - 2|B(T)E(1X (T)|[3ol)
- 2L|0<T>|E(|X<T)u§ol) ~ |C(D)|EGo)? — K5

EIX(T = C{lal* + Elgl*}-

Here, the constant C' > 0 only depends on K, L, §, |B(T)| and |C(T)|.
Similarly, we have the following estimate for the right hand side of (2.13).

=
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r2(a@ (1IN FeR0) (B0,

+ (20 (70, (80 )) Jar

< ——E/ |2dt+eE/ {IY@®))? + | Z(t)|* }ats

(2.17)

+C.E /O {Bo(@®)? + [o(®)I + [ho(8)|? .

with the constant C. > 0 only depending on the bounds of |®(¢)|, as well
as 6, L and the undetermined small positive number £ > 0. Combining
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(2.16)—(2.17) and note (2.11), we have
E|X(T)? + E/ (t)|%dt
T o~ -~
< C{IgP + Blgol + B | {[Ba)P +5o(0) + Tha(t)*) e
0
2 T =
2.18 — 2 2
@1+ 3B [ {FOP 120
T o~ —~
< Co{IaP + B@ol + B [ {Bo(®P + Bolt) + [ho(t)} e}
0
— ~ T —~ -
+OB{IRDP + Gl + [ {IZOP + Fo®)l}dt},
0

with the constant C independent of ¢ > 0, and C. might be different from
that appeared in (2.17). Thus, we may choose suitable € > 0, such that

o~ T o~
E]X(T)|2+E/ | X (t)[2dt
(2.19) 0 r
<CB{al + (Gl + [ {Bo(®F + Ba(® + (0 }dt}.
0

Then, return to (2.11), we obtain

E sup |[Y(t |2+E/ (t)|dt
(2.20) t€[0,T]

< C‘E{lﬁél2 +[go|? +/ {lbo(®)? + [Bo(£)* + Iﬁo(t>|2}dt}-
0
Finally, by (2.9), we have

E swp |X(t) <CE{[a* + [Gof?
t€[0,T)
(2.21)

T
+ [ Bt + B + ot} at}.

Hence, (2.2) follows from (2.20) and (2.21).

Case 2. Let ® € B (1';;[0,T]) ({ = 1,2) now. In this case, we still
have (2.9), (2.11) and (2.12). Further, we have inequalities similar to (2.13)

and (2.15) with | X (T)|? and |X(2)|? replaced by 0 and [V (£)|? + |Z(2)|?,
respectively. Thus, it follows that

(2.22) Left side of (2.12) > —eE|X(T)|2 — C.{|Z® + Elgo|*},

with the constant C; > 0 depending on K, L,§, |B(T)|, |C(T)|, and the
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undetermined constant € > 0. Whereas,

Right side of (2.12)

Y RN S T
(2.23) <38 [ AP @ +1Z0P)a b [ R0k

T “
+ CEE/O {Bo()I? + 13o(8)]? + [ho(t)]? dt.

Now, combining (2.22)—(2.23) and using (2.9), we obtain (for suitable choice
of e > 0)

T ~ o~
B[ {IP0F +120)P )
0

(2.24) .
<CB{igP+ @l + [ {IBo)F +[Go(0) + (ot} *}at}.
0
Finally, by (2.9) and (2.11) again, we obtain the estimate (2.2). (]

§3. Some Solvable FBSDEs

In this section, we are going to prove the unique solvability of some FBSDEs
by constructing appropriate bridges.

§3.1. A trivial FBSDE

We denote 'y = (0,0,0,0) € H[0,T]. The FBSDE associated with I'q reads
as (compare with (1.5)r 4,z)

dX (t) = bo{t)dt + oo (t)dW (t),
(3.1) dY () = ho(t)dt + Z(t)dW (t),

X0 =s, Y=g
Clearly, (3.1) is trivially uniquely solvable for all ¥ = (bg,00,%0,90) €
H[0,T] and z € R™. Thus, hereafter, we will refer to the FBSDE associated
with [y as the trivial FBSDE. Now, let us present the following result.
_Proposition 3.1. Let T > 0 and Ty = {0,0,0,0} € H{0,T]. Then,

_ (4 BT ) .
®= (B c ) € B*(Lo;[0,T)) if and only if

(3.2 {C’(O) <0, A >0,

&) <0, Vvtelo,T]

Proof. By Definition 1.3, we know that & € B*(I'g;[0,71) if and only
if (1.7)—(1.9) and {1.8)'—(1.9) hold. These are equivalent to the following:

q)(t) S _6, vt e [O$T]7
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for some § > 0. We note that under condition C'(0) < 0, the second
inequality in (1.7) is always true for sufficiently large K > 0. Then, we see
easily that ® € B*(T;[0,T]) is characterized by (3.3) since § > 0 can be
arbitrarily small. O

From the above, we also have the following characterization:
B?(Tp;[0,T]) = {Q —/ U(s)ds ’
0

o<ut)= (i) ) e co.smm,

Uy(-)  Wg(-
(3.0 o Q2T2( ) j( )
Q:(QQ QB)ES 7Q3<07

Q1 — /OT U, (s)ds > O}.

A useful consequence of Proposition 3.1 is the following.

Corollary 3.2. Let I" € H[0,T] admit a bridge & € B(T';[0,T]) satisfying
(3.2). Then, T € S§[0,T].

Proof. Under our assumptions, it holds that
® € B(To; [0, T)) () B(T; [0, T1).
Since I'g € §[0,T], Theorem 2.1 applies. O

Next, we would like to discuss some concrete cases.

§3.2. Decoupled FBSDEs
Let I = (b,0,h,g) € H[0,T] such that

35) {Mm%%dzbw@,

V(t,z,y,2) € [0,T] x M.
olt,2,0,2) = oltyz), oY) €0T]

We see that the associated FBSDE is decoupled, which is known to be
solvable under usual Lipschitz conditions, by the result of Chapter 1, §4.
The following result recovers this conclusion with some deeper insight.

Proposition 3.3. Let T > 0, Iy = (0,0,0,0) € H[0,T] and T =
(b,0,h,g) € H[0,T] satistying (3.5). Then,

(3.6) B*(To; [0, T)) () B*(T; [0, T]) # ¢-
Consequently, ' € S[0,T].
Proof. We take

_fa®)I O
3.7) ‘I’(t)_( 0 c(t)I)’
a(t) = Age® T8 (t) = —Coe®t,  te]0,T),
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where Ay, Coy > 0 are undetermined constants. We first check that this
® € B5(T;[0,T]). In fact,

c(0) = —Cop < 0, a(T) = A9 >0,
(3.8) a(t) = —AZe®T D <0,  te[0,T),

ét) = —C2e%t <0,  te[0,T).
Thus, by Proposition 3.1, we see that & € B5(T';[0,7]). Next, we show
that ® € B*(T;[0,T]) for suitable choice of Ag and Cy. To this end, we let

L be the common Lipschitz constant for b,0,h and g. We note that (3.8)
implies (1.7). Thus, it is enough to further have

(3.9) a(T) + L?*c(T) > 6,
and
at)lo — 3 + &(t)ly — 5 + e(t)]z — 2
+ 2a(t) (‘T -7, b(t,ll:) - b(ta—‘f) ) +a(t)|a(t, .’L‘) - O'(t,f)|2
(3.10) +2¢(t) (y =, h(t, z,y,2) = h(t,7,7,2))
< =6{lz -z +ly - 9* + 1z - 2"},
vt e [07T]a z,TE Rn7 /NTRS Rma 2,Z € ]R'dea a.s.
Let us first look at (3.10). We note that
Left side of (3.10) < a(t)|z — F|? + ¢(8)|y — 71 + c(t)|z — Z?
+ 2a(t)L|z — F|* + a(t)L2|z — T|?
(3.11) +2(c(t)|Lly - 1{le ~ 7| + |y — 7 + |z — 2|}
< {a(t) + 2a(t)L + a(t)L* + |c(t)| L}z — Z|?

+ {é(t) + 3|c(®)|L + 2L |e() |}y — 9I* + -C(z—t)}z -z

Hence, to have (3.10), it suffices to have the following:

a(t) + (2L + L?a(t) + Llc(t)| < =4,
(3.12) é(t) + (3L + 2L)c(t)] < -4, vt € [0, 7).
e(t) < —25,

Now, we take a(t) and c(t) as in (3.7) and we require

¢(t)+(3L + 2L%)|c(t)| = —Co(Co — 3L — 2L%)eC?,

(3.13) )
< —Co(Co — 3L — 2L < -6,  Vte[0,T],

and

(3.14) c(t) = —Coe®t < —Cp < ~26;  Vt€[0,T).
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These two are possible if Cy > 0is large enough. Next, for this fixed Cy > 0,
we choose Ay > 0 as follows. We want

(3.15)  a(T) + o(T)L? = Age?oT=t) — CuL%e%0t > Ag — CoL%e%T > §,
and
a(t) + (2L + L*)a(t) + Lic(t)|
(3.16) = —Ao(Ag — 2L — L2)e(T=) 4 [CoeCo
< —Ag(Ag — 2L — L?) 4+ LCpe®T < —4.
These are also possible by choosing Ag > 0 large enough. Hence, (3.9) and
(3.12) hold and ® € Bs(I;[0, 7). O

From the above, we obtain that any decoupled FBSDE is solvable. In
particular, any BSDE is solvable. Moreover, from Lemma 2.2, we see that
the adapted solutions to such equations have the continuous dependence
on the data. '

The above proposition also tells us that decoupled FBSDEs are very
“close” to the trivial FBSDE since they can be linked by some direct strong
bridges of I'y.

§3.3. FBSDEs with monotonicity conditions

In this subsection, we are going to consider coupled FBSDEs which satisfy
certain kind of monotonicity conditions. Let I' = (b,a, h,g) € H[0,T]. We
introduce the following conditions:

(M) Let m > n. There exists a matrix B € R™*" such that for some
B > 0, it holds that

(317)  (B(z-%),9() - 9(@) > fla -3, Vo, ZER", as.

(318) +(B[U(ta0) —a(t,?)],z—z) < _ﬂlw_EP’
vt € [0,T], 6,8 € M, as.
(M)’ Let m < n. There exists a matrix B € R™*" such that for some
B > 0, it holds that
(3.17) (B(z —%),g9(x) — g(Z)) > 0, Vz,T € R", as.

<BT[h(t’6) - h(t,g)],.’lt '—T) + (B[b(t’e) - b(t,g)},y —y>
(3.18)' +(B[o(t,0) —o(t,0)],2 —2) < —B(ly ~7* + |1z — 2%),
vt €[0,T], 6,8 € M, as.

Condition (3.17) means that the function = — B7Tg(z) is uniformly
monotone on R", and condition (3.18) implies that the function 6 —
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—(BTh(t,0), Bb(t,6), Ba(t,0)) is monotone on the space M. The mean-
ing of (3.17)" and (3.18)' are similar. Here, we should point out that (3.17)
implies m > n and (3.17)' implies m < n. Hence, (M) and (M)’ overlaps
only for the case m = n.

We now prove the following.

Proposition 3.4. Let T > 0 and T = (b,0,h,g) € H[0,T] satisfy (M)
(resp. (M)'). Then, (3.6) holds. Consequently, T € S[0,T].

Proof. First, we assume (M) holds. Take

(AW BT
W‘(B(t) c<t>>

(3.19) A(t) = a(t) = 6eT7HI, t€[0,T],

C(t) = c(t)] = —26CeC°t I,
with §, Cy > 0 being undetermined. Since
C(0) = —26CoI < 0,

(3.20) A(T) =4I ; g’_q )
: —de
¢ = ( 0 —2<scgeCot> <0

by Proposition 3.1, we see that & € B*(T;[0,T]). Next, we prove ® €
B#*(T; [0, T)) for suitable choice of § and Cp. Again, we let L be the common
Lipschitz constant for b, 0, h and g. We will choose ¢ and Cp so that

(3.21) a(T) + 2B + c(T)L? > 4,
and
a(t)|z* + e@)lyl* + c®)le® + 2La(®)|z|(|z| + Iyl + |2])
(3.22) +2Lle®)] lyl(il + Iyl + |20) + L2a(®) (2] + |y| + |2])*
< (28 - 8)laf” — 6(lyl® + |2, v(t,0) € [0,T] x M.
It is not hard to see that under (3.17)—(3.18), (3.21) implies (1.8) and (3.22)

implies (1.7) and (1.9) (Note (1.8) implies (1.8)). We see that the left hand
side of (3.22) can be controlled by the following:

{a(t) + Kal(t) + K|c(t)|}|ar:|2 + {c'(t) + Kle(®)| + Ka(t)}|y[2
(3.23) o(t) 2
+ {T + Ka(t) }|2|?,

for some constant K > 0. Then, for this fixed K > 0, we now choose ¢ and
Cy. First of all, we require

(3.94) ? + Ka(t) = —6Coeot + KdeT™t < —§C, + KéeT < -3,
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and

é(t) + Kle(t)| + Ka(t) = —20C2e%0t 4+ 2K Cobet + K el

(3.25) ’
< 226Co(Co — K) + KbeT < 6.

These two can be achieved by choosing Cy > 0 large enough (independent
of § > 0). Next, we require

a(t) + Ka(t) + K|c(t)| = =0T 7t + KéeT 7 4 26K Cpe®°t

3.26

(3.26) -6+ KéeT + 20K Coe°T < 28 — 4,
and

(3.27) a(T) + 28+ ¢(T)L? =6 + 28 — 26Cpe“°TL? > 4.

Since B8 > 0, (3.26) and (3.27) can be achieved by letting § > 0 be small
enough (note again that the choice of Cy is independent of § > 0). Hence,
we have (3.21) and (3.22), which proves & € B*(T';[0,T]).

Now, we assume (M)’ holds. Take (compare (3.19))

(A(t t)T ) 7

(3.28) At) = a(t)I = 640 eA°<T VI,  vtelo,T],

B(t) = B,

C(t) = c(t)I = —d¢'I,

with §, Ap > 0 being undetermined. Note that

C(0) = 461 <0,
(3.29) A(T) = Aog ; O;n,(:r—t)] 0

Lo [ —b8A%

B(t) = ( 0 —5etI> < 0.

Thus, by Proposition 3.1, we have & € B*(T'g;[0,T]). We now choose the
constants 6 and Ay. In the present case, we will still require (3.21) and the
following instead of (3.22):

a(®)|z® + e@®)lyl* + c(®)21* + 2La(®)|z|(|z] + |y + |2))
(3.30) + 2Ljc(t)llyl (2] + [yl + |21) + La(t) (12| + |yl + |2])®
< —dlaf* + (28 - O){lyl® + |21}, V(t,60) € 0,7 x M.
These two will imply the conclusion & € B*(T';[0,T]). Again the left hand
side of (3.30) can be controlled by (3.23) for some constant K > 0. Now,
we require
a(t) + Ka(t) + Klc(t)| = —6A2e T 4 §K AgeoT—Y 4 K et

(3.31) p
S —(5A0(A0 bl K) +5K6 S —(5,
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and
a(T) + c(T)L? = §Age Tt — §L2et

3.32
( ) > 6(A0 — LzeT) > 4.

We can choose Ay > 0 large enough (independent of § > 0) to achieve the
above two. Next, we require

(3.33) C(z—t) + Ka(t) < Ka(t) < 6K AgeeT <28 -4,

and
é(t) + Klc(t)| + Ka(t) = —8et + Kdet + K Agdeo(T—H)

3.34
(3.34) < 6(KeT + KAge®T) <28 - 6.

These two can be achieved by choosing é > 0 small enough. Hence, we
obtain (3.21) and (3.30), which gives ® € B*(T; [0, T]).

It should be pointed out that the above FBSDEs with monotonicity
conditions do not cover the decoupled case. Here is a simple example.
Let n = m = 1. Consider the following decoupled FBSDE:

dX(t) = X (t)dt + dW (1),
(3.35) dY (t) = X (t)dt + Z(t)dW (),
X(0) =z, Y(T)=X(T).

We can easily check that neither (M) nor (M)’ holds. But, (3.35) is uniquely
solvable over any finite time duration [0, T.

Remark 3.5. From the above, we see that decoupled FBSDEs and the
FBSDEs with monotonicity conditions are two different classes of solvable
FBSDEs. None of them includes the other. On the other hand, however,
these two classes are proved to be linked by direct bridges to the trivial
FBSDE (the one associated with Ty = (0,0,0,0)). Thus, in some sense,
these classes of FBSDEs are very “closer” to the trivial FBSDE.

84. Properties of the Bridges

In order to find some more solvable FBSDEs with the aid of bridges, we
need to explore some useful properties that bridges enjoy.

Proposition 4.1. Let T > 0.
(i) For any I' € H[0, T, the set By(T;[0,T) is a convex cone whenever
it is nonempty. Moreover,

(41) BI(F; [07T]) = BI(F +7; [OaT])a V’Y S H[OaT]
(i) For any T'1,T's € H[0, T, it holds

(42)  Bi(Tu;0,T)(\Bi(Ts0,T) € [ Bi(als + AT5[0,T).
o,3>0
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Proof. (i) The convexity of By(T'; [0, T1]) is clear since (1.7)-(1.9) are lin-
ear inequalities in ®. Conclusion (4.1) also follows easily from the definition
of the bridge.

(ii) The proof follows from (2.13), (2.15) and the fact that B;(T; [0, T])
is a convex cone. O

It is clear that the same conclusions as Proposition 4.1 hold for
B11(T;[0,T1) and B*(T; [0, 7).
As a consequence of (3.2), we see that if I'1,I'y € H[0, T}, then

Br(al'; + BT2;[0,T)) = ¢, for some o, 8 > 0,

(4.3) = Br(Ty1;[0,7)) ﬂBI(Fz; [0,T]) = ¢.

This means that for such a case, I'; and I'y are not linked by a direct bridge
(of type (I)). Let us look at a concrete example. Let T'; = (b;, 04, by, g;) €

H[0,T], i = 1,2,3, with
b1 . - 0 T b2 _ Al xz
hi) \ -1 —v y /)’ ha/ —\O v y /)’
()=o) 6) oot
h3 -1 0 Yy ’ g1 =g2=g3 = —I,

with A,v € R. Clearly, it holds

(4.4)

(4.5) Ty =T +T,.

By the remark right after Corollary 2.4, we know that B(I's;[0,7]) = ¢.
Thus, it follows from (3.5) and (4.3) that I'; and T’y are not linked by
a direct bridge. However, we see that the FBSDE associated with I'; is
decoupled and thus it is uniquely solvable (see Chapter 1). In §5, we will
show that for suitable choice of A and v, I's € S[0,T]. Hence, we find two
elements in S[0, 7 that are not linked by a direct bridge. This means I';
and T'; are not very “close”.

Next, for any by, by € L%(0,T; WH°(M;R™)), we define

|16 — ballo(t)
46)  _ esssup sup |61 (2, 0;w) — b1 (¢,8;0) — ba(t, ;) + ba(t,6;w)] .
w€Q g FeM |6 — 6

We define ||hy — hallo(t) and [jo1 — o2|lo(t) similarly. For g;,g2 €
L% (9 WhHe(R™ R™)), we define

lgr — 92llo

(4.7) |91(z;w) — g1(T;w) — g2(%;w) + 62(T; w)|
= esssup sup ~ )
weR z,TeR™ |z —Z|
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Then, for any T; = (b;, 04, hi,g:) € H[0,T] (i =1,2), set

IIT1 = Tallo(t) = b1 — ballo(t) + llo1 — o2llo(?t)

(4.8)
+[lh1 = hllo(t) + llgr — g2llo-

Note that || - [|o(t) is just a family of semi-norms (parameterized by ¢ €
[0,T]). As a matter of fact, ||y — 2|jo(¢) = 0 for all ¢ € [0,T] if and only if

(49) F2 = Fl +7,

for some vy € H[0,T].

Theorem 4.2. Let T > 0 and T’ € H[0,T|. Let ® € B*(T';[0,T}). Then,
there exists an € > 0, such that for any IV € H[0,T] with

(4.10) IC—T'|o(t) <&,  Vte[o0,T),

we have ® € B*(I';[0,T1)).

Proof. Let T' = (b,0,h,g) and I" = (V',0',h',¢'). Suppose & €
B*(I;[0,T]). Then, for some K, > 0, (1.7)-(1.9) and (1.8)'~(1.9)" hold.
Now, we denote (for any 6,0 € M)

= b(t,0) — b(t,8), ¢ = 0(t,0) —a(t,0),
(4.11) )
,0), 3 =d'(t,0) — o' (t,0),
t,8), § =g¢'(z) - 4'(@).

Then one has

(4.12) |9 =3l = 1g'(z) — ¢'(@) — 9(z) + 9(Z)| < llg’" — gllolZ].
Similarly, we have

o' =B < |Ib' - bllo(t)I8],
(4.13) ' - 3| < llo’ - ollo(®)I8],
[ =l < ||B' — Rllo()[8].
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Hence, it follows that
+(®(T) [
(4.14) (&( )( i
z

provided {|¢’ — g]|o is small enough. Similarly, we have the following:

w0 3)- (3w (3)-(2)

1= s
41 -0 o -7
(415) w0 (757). (757D
< =8| +2(A@®)Z + B®)TH,V - b)
+2(Bt)Z +Ct)g, 1 —h)
+2(Bt)T2,6' —5)+ (A@t)(@ +07),5 —5)
<{-d+2040)1+ BOIY - blo(t)
+2(IB@)| +ICON IR = hllo(?)
+2[B@®)llle’ - allo(t) + [AB)llo" + allo(®)llo” — Ullo(t)}|5|2-
Then, our assertion follows. O
The above result tells us that if the equation associated with I' is solv-
able and I' admits a strong bridge, then all the equations “nearby” are

solvable. This is a kind of stability result.

Remark 4.3. We see from (4.14) and (4.15) that the condition (4.10) can
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be replaced by
(2(1B(T) +|C(TD)lllg" +gllo)llg" — gllo < &,

sup_{2(1A(0)| + (B IV ~ bllo(2)
(4.16) ¢ el
+2(IB@)] + [CO IR ~ hllo(?)

+ [21B®] +14W®llo’ + ollo®)]llo’ ~ allo(t)} <5,

\

where § > 0 is the one appeared in the definition of the bridge (see Defi-
nition 1.3). Actually, (4.16) can further be replaced by the following even
weaker conditions:

(2(B(T)%,3' —9)+(C(T)(@ +9),§ —79) > [z,
Vz,T € R",

sup 12(A(®)Z+ B@®)T5,5 -b
@iy {2 {2402 BOTEY D)

+2(B®)Z +C(t)7,h' —h)+2(B(t)T%,6 -7)
+{AWE +7),5' - 5) | <5, vo,8€ M.

\

The above means that if the perturbation is made not necessarily small but
in the right direction, the solvability will be kept. This observation will be
useful later.

To conclude this section, we present the following simple proposition.
Proposition 4.4. Let T > 0, I' = (b,0,h,g) € H[0,T] and & €
Br(T;[0,T)). Let 8 € R and
{ B(t) = 25tB(t), tel0,T),

(4.18) -
r= (b_ ,3$,0',h —ﬂyag) € H[O’T]

Then, ® € B;(T;[0,T)).

The proof is immediate. Clearly, the similar conclusion holds if we
replace B;(T; [0, T]) by Br(T;[0,T]), B(T;[0,T]) or B5(I;[0,T7).
§5. Construction of Bridges
In this section, we are going to present some more results on the solvability
of FBSDEs by constructing certain bridges.
§5.1. A general consideration
Let us start with the following linear FBSDE:

X@®)\ _ X(t) bo(2) oo(t)
i d (Y(t)) ={4 (Y(t) + ho(t) ot + z@) |V ©),
(5.1) te€ 0,71,
X0) ==z, Y(T)=GX(T)+ g,
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where A € R(™t™*(n4m) ¢ ¢ R™X" oy = (bg, 50, ho, go) € H[0,T] (see
(1.3)) and z € R™. We have the following result.

Lemma 5.1. Let T > 0. Then, the two-point boundary value problem
(5.1) is uniquely solvable for all v € H[0,T) if and only if

(5.2) det {(-G,I)eAt (‘;) } >0, telo,T].
Proof. Let
63 (56) = (%6 D)

Then we have the linear FBSDE for (¢, 7) as follows:

4(56) =% D)4(6 D ()
(53) < + (ho (f)“ggo 0 ) Jat
’ (Z(t)U—O(C?Uo(t)> dw(®), t€[0,T],
L) =2, 0(T) =g,

Clearly, the solvability of (5.3) is equivalent to that of (5.1). By Theorem
3.7 of Chapter 2, we obtain that (5.3) is solvable for all v € H[0,T] if and
only if (3.16) and (3.19) of Chapter 2 hold. In the present case, these two
conditions are the same as (5.2). This proves the result. O

Now, let us relate the above result to the notion of bridge. From
Theorem 2.1, we know that if I'; and I'; are linked by a bridge, then
I'; and T'; have the same solvability. On the other hand, for any given T',
Corollary 2.4 tells us that if I' admits a bridge, then, the FBSDE associated
with I' admits at most one adapted solution. The existence, however, is not
claimed. The following result tells us something concerning the existence.
This result will be useful below.

Proposition 5.2. Let Ty > 0 and I = (b,0, h, g) with

(5.4) (;‘fé Z))) -4 (;’) . g@) =Gz, V(t,0) €[0,To) x M.

Then T € 8[0,T) for all T € (0,Ty] if B(T;[0,T]) # ¢ for all T € (0, To}.

Proof. Since B(T;[0,T1) # ¢, by Corollary 2.4, (5.1) admits at most
one solution. By taking v = (bo, 09, ho,g0) = 0 and z = 0, we see that
the resulting homogeneous equation only admits the zero solution. This is
equivalent to that (5.1) with the nonhomogeneous terms being zero only
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admits the zero solution. On the other hand, in this case, the solution of
(5.1) is given by

9 (¥0) == (v@) repm

with the condition
(5.6) 0=(-G,I) ()}fg))) = (=G, I)eAT (?) Y(0).

We require that (5.6) leads to ¥(0) = 0. Thus, it is necessary that the left
hand side of (5.2) is non-zero for ¢t = T. Since T € (0,Ty)] is arbitrary, we
must have (5.2). Then, by Lemma 5.1, we have I € S[0, T). O

Let us now look at some class of nonlinear FBSDEs. Recall the semi-
norms || - [o(¢) defined by (4.8).

Theorem 5.3. Let Ty > 0, A € RYX(tm) gng 1 = (b,0,h,9) be
defined by (5.4). Suppose (5.2) holds for T = Ty and that B*(T;[0,T]) # ¢
for all T € (0,Ty]. Then for any T € (0, T}, there exists an € > 0, such that
forall 3 € R and T = (5,7, h,3) € H[0,T] with

(5.7) ITNo(2) <e, t€[0,T],
the following FBSDE:
X\ _ X(t) b(t, O(t))
d (Y(t)) ={(+a1) (Y(t)) + (h(t,@(t))) i
(5.8) + (E(}%t”) aw (), telo,T),

X(0) =z, Y(T)=GX(T)+3g(X(T)),
admits a unique adapted solution © = (X,Y, Z) € M[0,T].
Proof. We note that if

(5.9) b(t,0) = e”'b(t,e7P0),  V(t,0) € [0,T] x M,
then,
(5.10) [Bllo(2) = [[Bllo(t), ¥t € [0,T).

Similar conclusion holds for @, k and g if we define &, h and g similar to
(5.9). On the other hand, if ©(t) = (X (t),Y (t), Z(t)) is an adapted solution
of (5.8) with 8 = 0, then ©(¢t) 2 t0O(t) is an adapted solution of (5.8).
Thus, we need only consider the case 8 = 0 in (5.8). Then, by Theorems
2.1, 4.2 and Proposition 5.2, we obtain our conclusion immediately. o

We note that FBSDEs (5.8) is nonlinear and the Lipschitz constants
of the coefficients could be large. Also, (5.8) is not necessarily decoupled
nor with monotonicity conditions. Thus, Theorem 5.3 gives the unique
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solvability of a (new) class of nonlinear FBSDEs, which is not covered
by the classes discussed before. On the other hand, by Remark 4.3, we
see that condition (5.7) can be replaced by something like (4.16), or even
(4.17). This further enlarges the class of FBSDEs covered by (5.8).

We note that the key assumption of Theorem 5.3 is that I' = (5,0, h, g)
given by (5.4) admits a strong bridge. Thus, the major problem left is
whether we can construct a (strong) bridge for I'. In the rest of this section,
we will concentrate on this issue.

We now consider the construction of the strong bridges for I' =
(b,0,h,g) given by (5.4). From the definition of strong bridge, we can
check that ® € B*(I';[0,T1]) if it is the solution to the following differential
equation for some constants K, K,0,e >0,

d(t)+ AT®() + @) A= —6I, te[0,T),
5.11
(11 w0=(5 %)

satisfying the following additional conditions:

(1,0)8(2) (é) >0, (0,1)3(t) (3) < —eI, Vtel0,T],

(5.12)
(I, GT)(T) ( é) > el

On the other hand, we find that the solution to (5.11) is given by

K 0 T
(1) = —AT¢ ( ) —At_(s/ —A's —.Asd ,
(5.13) (t)=e 0 _-I)€ ; e e s

t €[0,7T].

Thus, in principle, if we can find constants K, K, d,& > 0, such that (5.12)
holds with ®(t) given by (5.13), then we obtain a strong bridge ®(-) for I’
and Theorem 5.3 applies.

§5.2. A one dimensional case

In this subsection, we are going to carry out a detailed construction of strong
bridges for a case of n = m = d = 1 based on the general consideration of
the previous subsection. The corresponding class of solvable FBSDEs will

also be determined.
—A z
0 0 y )’

Let T = (b,0, h, g) be given by
for all (t,z,y,2) € [0,00) x R*, with ), i, g € R being constants satisfying

o1y | Gemed)=a(s)

g((l:) = —gz,
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the following:

1 L
(5.15) Au,g>0, + 53 >

1
2

We point out that conditions (5.15) for the constants A, i, g are not neces-
sarily the best. We prefer not to get into the most generality to avoid some
complicated computation. Let us now carry out some calculations. First
of all

T v
(5.16) eAt:<eo s(1 . )>, vt > 0.

Thus, for all ¢t > 0,

ATt (K 0_ — At
c (0 _K)e

on = D ) )
_ ( Ke?t _ifx&( 2,\z) )
%(e)\t —ey K+ 5%( eMyz )’
and

t . t 62As !i( As __ 2,\s)
/ e~ A se‘Asds=/ ( A )ds
0 0 %(e,\s _ 62’\3) 1+ y_(l _ 6)‘3)
_(%(2)\7‘._1) _#(At )

2 2
_I;\T( )2 223 (eM —2) A t— X 3

(5.18)

m

We let K > 0 be undetermined and choose
(5.19) K=— 6 =1.

Then, according to (5.13), we define

(AW B
‘I)“)*<B<t) c@)
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with
) 5 ) )
_we2xt _ 9 ot gy 9N ax , O
At) = Ke? = (e — 1) (K 2/\)e + 5
=%(e”‘+2),
Ku ' op
B(t):_/\_(e/\t 2At)+2_)\3(e)\t__ )2
B SN axe B 8\ e OB
= /\(K 2)\)6 +A(K )\)e o
[
_4)\2 (e2>\t + eAt _ 2),
(5.20) 4 _ KuZ 62
C) = -K + 55~ 1) - é—’;g(e*t —2)?
5(/\2+/L2)t su?
X2 2)3
2 2 2
SN O I WSV T A Ve VR 6 )
“,\Z(K 2)\)6 \2 (K ,\)e AZ(K 2A)
= 0 +p?)
-K- t
AZ
MZ _ >‘2+N2
\ :Z\E(62M+2€M+3)‘K— 5t

From (5.12), we need the following: (¢ > 0 is undetermined)

(5.21) {A(t) >0, C(t)<-e, Vte[0,T),

A(T) - 2¢gB(T) + g°C(T) > ¢.

Let us now look at these requirements separately.
First of all, it is clear true that A(t) > 0 for all ¢t € [0,T]. Next,
C(t) < —¢ for all t € [0, T, if and only if

_ 2 )\2 2
(5:22) B>e+ (™ +20%+3) - ;“ t2 50,  tel0,T)

Since f'(t) > 0 for all t € [0, 00), the function f(¢) is convex. Thus, (5.22)
holds if and only if

(5.23) K > f(0)V £(T).
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Finally, we need

e < A(T) - 2¢B(T) + ¢*C(T)

4)\( 2>\T+2)+%(62AT+6)\T_2)
(5.29) + %‘;(e”me”m) _ K - MT
41,\(1+ ) AT 4 I (14 2T %@T
+%_%+3ZA3 - 9°K.

Thus, we need (note (5.23))

sl 9HN? oar , g g\ v g0 + )
e _- (1 9B (14 T _ TN )
F(T) 4,\(+)\) +2A2(1+A)e e L
(5.25) 1 gu 382
RS VILA T

> ¢°K > g*(f(0) v f(T)).

We now separate two cases (with f(T) and f(0), respectively). First of all,
for f(T), we want

0 < F(T) - g* f(T)

(5.26) 1 291\ oar , 9P a1, 1 g
4)\(14- )\) +2/\2 +ﬁ—'/\—2—5(1+9)—F(T)'

We see that T — ﬁ(T) is monotone increasing. Thus, to have the above,
it suffices to have

(5.27) 0< F(0) = % —e(1+9%).
Hence, in what follows, we take

3
5.2 -3
(5.28) 421+ ¢?)

Then, (5.26) holds. Next, we claim that under (5.15) and (5.28), the fol-
lowing holds.

(5.29) F(T) - ¢21(0) > 0

In fact, by the choice of ¢ and by (5.27),

(5.30) F(0) - g*£(0) = F(0) = 0.
On the other hand,

Ty = L(14 9 enr g\ v P +pP)
(5.31) F(T)_2(1+>\)e 2)\(14- ) e
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Thus, by (5.15), it follows that

1 3gup
) "0y=({=+=2=-¢%)>0.
(5.32) Fi(0)= (5+55 —9°) 20
Then, by F"(T) > 0, together with (5.30) and (5.32), we must have (5.29).
Hence, we obtain (5.25). This shows that a strong bridge ®(¢) has been
constructed with K, § and ¢ being given by (5.19) and (5.28), respectively,
and we may take

(5.33) K = f0)V f(1).

It is interesting that the ®(-) comstructed in the above is not in
B(T; [0, T)) for any T > 0 since A(t) > 0. On the other hand, we note that
both A(t) and B(t) are independent of T. However, due to the fact that
K depending on T, C(t) depends on T. But, we claim that there exists a
constant co > 0, only depending on A, i1, ¢ (independent of T'), such that

—c—-f(T)<C®) < _Z)\_(%'??
3
A1+ g¢?)’

where f(t) is defined by (5.22). In fact, by (5.20), (5.22), (5.28) and (5.33),
we have

t e (0,71,
(5.34)
—c <C(T) <

(5.35) C(t) = £0) - FOV FT) = oy
Clearly, C(t) is convex. Thus,
(5.36) C(t) < C(0) vV C(T) = “4T(13+—g2)’ vt € [0, T7.

On the other hand, by the fact that f(¢) is strictly convex and

lim;—, 00 f(t) = 00, we see that there exists a unique Ty > 0, only depending

on A and p, such that

__ 3
41+ g2y’

This proves the first relation in (5.34). Next, we see easily that there exists

a unique T1 > Ty, such that f(71) = f(0), and

.f(t) < f(o)a Vt e [07T1]’
F) > £(0), vt € (T1,00).

(5.37) C(t) > f(To) - F(O) v £(T) t€[0,T].

(5.38)

Hence, we obtain

3

(5-39) C(T) > f(To) — f(0) - YD)

This proves the second relation in (5.34).
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Now, from Remark 4.3 and Theorem 5.3, we know that the following
FBSDE: is solvable on [0, T).

= {(B-NX(t) +pY () +b(t, X(¢),Y(t), Z(t)) }dt
(5.40) +7(t, X (), Y (t), Z(t))dW (t),
dY (t) = {BY (t) + h{t, X (£),Y (t), Z(t)) }dt + Z(£)dW (¢),
X0)==z, Y(T)=-gX(T)+g(X(T)),

where A, u,g > 0 satisfying (5.15), 8 € R, and T = (b,5,h,7) € HI[0,T]
satisfying

2[B(T)lligllo + [C(D)llIgllz < e AL,

Gany { s {20401+ IBODIBI) + 2080+ 1O
+2BOITI® + [A®IITI (0} < A1,

with A(-), B(-) and C(-) given by (5.20) and ¢ > 0 given by (5.28). If we
use (4.17), then, (5.41) can be relaxed to the following:

2B(T)Zg + C(T)(7 - 292)7 >

(5.42) i {2(A ®)Z + Bt)T§)b +

—(e AD)|Z)?, Vz,Z € R,
2(B()z + C(1)7)h

+2B(t)55 + A(t)?z} <(eAD)B], V8,8¢ M.

If b, 7, h and g are differentiable, ‘then, we see that (5.42) is equivalent to
the followmg

( 2B(T)g,(z) + C(T)(g. () — 29)7,(z) > —(e A 1),

A(t) B(t) 0 ~ 3
B(t) C(t) 0 }/(Vb(t,8),Vh(t,9),Ve(t,6))
0 0 B
4 (

Vz € R,

(5.43)

( (t) B() 0 ) _ _ T
+{ B(t) C(t) 0 (Vb(t,G),Vh(t,ﬂ),VE(t,H))}
0 0 B

[+ ADVE(,0){VE(E,0) T <ent,
where Vb(t,0) = (b(t,6),b,(¢,0),b

b.(t,6))T, and so on. Some direct com-
putation shows that the first relation in (5.43) is equivalent to the following

V(t,0) € [0,T] x M,

A [ehL B B@)
o can * (o ~9) ~ G ro< 7@

EAL B(T) 2 B(T)
< \/lo(T)I + (C(T) g) . C(T) + g, Vz € R.
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By (5.34), we know that C(T) is bounded uniformly in T, while, B(T) —
—oo as T — oo (see (5.20)). Thus, by some calculation, we see that

(5.45) -\ /I%% > —r(T)}—c0,  asT — oo,

and g need only to satisfy the following:
(5.46) —r(T) <7,(z) <0, vt € R.

Clearly, the larger the T, the weaker the restriction of (5.46). The second
condition in (5.43) is also checkable (although it is a little more complicated
than the first one). It is not hard to see that the choice of functions b and 7
are independent of T' as A(t) and B(t) do not depend on T. However, since
C(t) depends on T, by some direct calculation, we see that in order FBSDE
(5.40) is solvable for all T' > 0, we have to restrict ourselves to the case that
h(t,0) = h(t,y). Clearly, even with such a restriction, (5.40) is still a very
big class of FBSDEs, which are not necessarily decoupled, nor monotone.
Also, 7 is allowed to be degenerate. We omit the exact statement of the
explicit conditions on b, and h under which (5.40) is solvable to avoid some
lengthy computation. Instead, to conclude our discussion, let us finally look
at the following FBSDE:

dX(t) = {(B - NX() + pY(t) +b(t, X (£),Y (t), Z(¢)) }dt
+3(t, X (), Y (1), Z()dW (t),

dY (t) = {BY (t) + ho(t) }dt + Z(t)dW (1),

X(O0)=z, Y(T)=-9X(T)+ go,

(5.47)

with A, , g > 0 satisfying (5.15) and

sup {Z(IA(t)I +1B®)1)Ibllo(t) + 2|B(0)1 lIgllo(¢)
(5.48) te[o,o0)
+1ADIla(®?} < oAl

This is a special case of (5.40) in which h = ho and § = go. Then, by the

above analysis, we know that (5.47) is uniquely solvable over any finite time
duration [0,T]. Condition (5.48) can be carried out explicitly as follows:

{2(62At +2)+ ?i;i(ezxt e 2)}||5||o(t)

(5.49) N 3;12.(% + &M — 2|70 (8)
+ (€2>\t + 2)“5“0@)2 < min{4M, __3_}, t € [0, 00).

1+¢?

It is clear that although (5.47) is a special case of (5.40), it is still very
general and in particular, it is not necessarily decoupled nor monotone.
Also, if we regard (5.47) as a nonlinear perturbation of (5.1) (with m =
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n =d =1 and (5.14) holds), then the perturbation is not necessarily small
(for ¢ not large).



Chapter 7

Forward-Backward SDEs with Reflections

In this chapter we study FBSDEs with boundary conditions. In the simplest
case when the FBSDE is decoupled, it is reduced to a combination of a well-
understood (forward) reflected diffusion and a newly developed reflected
backward SDE. However, the extension of such FBSDEs to the general
coupled case is quite delicate. In fact, none of the methods that we have
seen in the previous chapters seems to be applicable, due to the presence of
the refiecting process. Therefore, the route we take in this chapter to reach
the existence and uniqueness of the adapted solution is slightly different
from those we have seen before.

§1. Forward SDEs with Reflections

Let O be a closed convex domain in R", Define for any z € 80O the set of
inward normals to O at z by

(L.1) Ne={v:]7[=1, and (y,2-y) <0, Vye O}.

It is clear that if the boundary O is smooth (say, C*), then for any z € 80,
the set N, contains only one vector, that is, the unit inner normal vector
at z. We denote BV ({0, T];R"™) to be the set of all R"-valued functions of
bounded variation; and for n € BV ([0,T}; R™), we denote |n{(T") to be the
total variation of n on [0,T7].

A general form of (forward) SDEs with reflection (FSDER, for short)
is the following:

(1.2) X(t) = :1:+/0 b(s,X(s))ds+/0 a(s, X (s))dW (s) + n(t).

Here the b and o are functions of (t,z,w) € [0,T] x R"™ x © (with w being
suppressed, as usual); and n € BVx([0,T];R™), the set of all {F;}i>0-
adapted processes 1 with paths in BV ([0, T];R™).

Definition 1.1. A pair of continuous, {F;}:>o-adapted processes (X,7) €
L%([0,T);R™) x BV£([0,T);R™) is called a solution to the FSDER (1.2) if

1) X(t) € O,Vt € [0,T), as.;

2) ﬂ(t) = fg 1{X(s)€30}7(3)d|n|(5), where ’Y(S) € NX(s), 0 <s<t< T,
d|nj-a.e.;

3) equation (1.2) is satisfied almost surely.

A widely used tool for solving an FSDER is the following (determinis-

tic) function-theoretic technique known as the Skorohod Problem: Let the
domain O be given,
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Problem SP(-;0): Let ¢ € C([0,T];R™) with ¥(0) € O be given. Find
a pair (¢,n) € C([0,T];R") x BV([0,T]; R") such that

1) ¢(t) = ¥(t) +n(t), Vt € [0,T], and ©(0) = %(0);
2) o(t) € O, for t € [0,T);

3) Inl() = f; Lo(wreoopdll(s);
4) there exists a measurable function « : [0,T] — R™, such that y(¢) €
Now (din] as.) and n(t) = f; v(s)dln](s)-

A pair (p,n) satlsfymg the above 1)-4) is called a solution of the
SP(y; 0).

It is known that under various technical conditions on the domain O
and its boundary, for any ¢ € C([0,T];IR") there exists a unique solu-
tion to SP(y;0). In particular, these conditions are satisfied when O
is convex and with smooth boundary, which will be the case considered
throughout this chapter. Therefore we can consider a well-defined map-
ping I' : C([0,T}; R™) = C([0,T); R"™) such that T'(¢))(¢) = ¢(t), t € [0,T],
where (p,n) is the (unique) solution to SP(1; ©). We will call T the solu-
tion mapping of the SP(-; O).

An elegant feature of the solution mapping I' is that it may have a
Lipschitz property: for some constant K > 0 that is independent of 7', such
that for ¢; € C([0,T],R™), « = 1,2, it holds that

(1.3) IT(1)() - T(2) Ol < Kln () = 207,

where |£|; denotes the sup-norm on [0,¢] for & € C([0,T];R™). Conse-
quently, if (i, ;), ¢ = 1,2 are solutions to SP(y;; O), i = 1,2, respectively,
then for some constant K independent of T,

(1.4) o1 () + 20)l7 + Im () = m()l7 < Kl () — 42 0)l7-

In what follows we call a (convex) domain O C R"™ regular if the so-
lution mapping of the corresponding SP(-;O) satisfies (1.3). The sim-
plest but typical example of a regular domain is the “half space” O =

RY é{(:L'l,---,:z:n) € R" : z, > 0}. With a standard localization tech-
nique, one can show that a convex domain with smooth boundary is also
regular. A much deeper result of Dupuis and Ishii [1] shows that a convex
polyhedron is regular, which can be extended to a class of convex domains
with piecewise smooth boundaries. We should note that proving the regu-
larity of a given domain is in general a formidable problem with independent
interest of its own. To simplify presentation, however, in this chapter we
consider only the case when the domains are regular, although the result we
state below should hold true for a much larger class of (convex) domains,
with proofs more complicated than what we present here.
We shall make use of the following assumptions.

(A1) (i) for fixed z € R", b(-,z,-) and o(-,z,-) are {F;}s>o-progressively
measurable;
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(ii) there exists constant K > 0, such that for all (¢,w) € [0,T] x 2 and
z,z' € R", it holds that

|b(t,z,w) — b(t,z',w)| < Klz — 2'|;

1.5
(1.5) lo(t, z,w) — o(t, 2, w)| < K|z — z'|.

Theorem 1.2. Suppose that O C R" is a regular, convex domain; and
that (A1) holds. Then the SDER (1.2) has a unique strong solution.

Proof. Let I' be the solution mapping to SP(-; ). Consider the fol-
lowing SDE (without reflection):

(1.6) T =z+ /O B(s, X(-))ds + /0 5(s, X ()W (s),
where for y(-) € C([0,T];R"™),

Z(tay(')7w) = b(t,I‘(y)(t),w); E(t,y(-),w) = a(t,l"(y)(t),w).

Note that for any {F;}:>0-adapted, continuous process Y, the processes
b(-,Y(),-) and (-, Y (-),-), are all {Ft}t>o0-progressively measurable. Fur-
ther, the regularity of the domain ) implies that there exists a constant
Ky > 0 depending only on the Lipschitz constant of I' and K in (A1), such
that for any {F;}+>0-adapted, continuous processes Y and Y”, it holds that

lg(s,Y(-,w),w) -Z(s,Y’(-,w),w)]Z‘ < KOIY(saw) - Y’(va))lf;
IG(S)Y("W)’W) - 5(37Yl('7w)aw)|: < Ko'Y(S,UJ) - Yl(saw))ﬁ’

for all (t,w) € [0,T] x O. Therefore, by the standard theory of SDEs (cf.
e.g., Protter [1]), we know that the SDE (1.6) has a unique strong solution
X.

Next, we define a process X (t) = I'(X)(t), t € [0,T]. Then by definition
of the Skorohod problem, we see that there exists a process n such that
(X,n) satisfies the conditions 1)-3) of Definition 1.1. Consequently, for all
t € [0, T], we have

X(8) = X (&) +n(t)

:z+/0 E(s,)?(~))ds+/ F(s, X (-))dW (s) + n(t)
t Ot
=w+/0 b(s,X(s))als—i—/O o(s, X (8))dW (s) + n(t).

In other words, (X,7) is a solution to the SDER (1.5). The uniqueness fol-
lows easily from the construction of the solution and the Lipschitz property
(1.3) and (1.4). The proof is complete. a

§2. Backward SDEs with Reflections

In this section we study the reflected BSDEs (BSDERs, for short). For
clearer notation we will call the domain in which a BSDE lives by O,
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to distinguish it from those in the previous section. A slight difference is
that we shall allow Oy to “move” when time varies, and even randomly.
Namely, we shall consider a family of closed, convex domains {Os(t,w) :
(t,w) € [0,T] x 2} in R™ satisfying certain conditions. Let £ € Ox(T,w)
be given, we consider the following SDE:

T T
(21) Y{t)=¢ +/t h(s,Y(s), Z(s))ds —/t Z(s)dW (s) + ¢(T) — ¢(2).

Analogous to the FSDER, we define the adapted solution to a BSDER
as follows:

Definition 2.1. A triplet of processes (Y, Z,¢) € LL(Q;C([0,T};R™)) x
L%(0,T; R™ %) x BV£([0,T);R™) is called a solution to (2.1) if

(1) Y(t,w) € O2(t,w), for all t € [0,T], P-a.e.w;

(2) for any {F;}:>0-adapted, RCLL process V(t) such that V() €
Os(t,-), Vt € [0,T}), a.s., it holds that {Y(t) — V(¢),d({t)) <0, as a signed
measure.

We note that Definition 2.1 more or less requires that the domains
{O2(-, )} be “measurable” (or even “progressively measurable”) in (¢,w) in
a certain sense, which we now describe. Let y € R™ and 4 C R™ be any

closed set, we define the projection operator Pr with respect to A, denoted
PT’( 7A)1 by

1
(2.2) Pr(y;A) =y - 5Vyd*(,4),  yeR™;
where d(-,-) is the usual distance function:

(2.3) d(y, A) 2inf{ly - »| : z € A}.

For each y € R™, we define A(t,y,w) = Pr(y; O2(t,w)). Throughout this
chapter we shall assume the following technical condition.

(A2) (i) For every fixed y € R™, the process (t,w) — B(¢,y,w) is {Ft}t>o0-
progressively measurable;
(it) for fixed y € R™, it holds that

T
(2.4) E / 1B(t,y,)Pdt < oo.

Before we go any further, let us look at some examples.

Example 2.2. Let H,, be the collection of all compact subsets of R™,
endowed with the Hausdorff metric d*, that is,

(2.5) d*(A, B) = max{sup d(z, B}, supd(y, A)}, VA,B € Hy,.
T€EA yEB

It is well-known that (H,,, d*) is a complete metric space. Now suppose that
O, é{(%(t,w) 1 (tw) €0, T x Q} € (Hm,d*), then we can view (0, as an
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(Hm,d*)-valued process, and thus assume that it is {F;}s>o-progressively
measurable. Noting that for fixed y € R™, the mapping A — d(y, A) is a
continuous mapping from (H,,,d*) to R, as

|d(y, A) —d(y, B)] <d"(A,B), VyeR"™, VA, BeMtn,

the composition function (t,w) = d?(y, O(t,w)) is {Fi}i>o-progressively
measurable as well, which then renders V,d*(y,O:(:,-)) an {Fi}i>o0-
progressively measurable process, for any fixed y € R™. Consequently,
O, satisfies (A2)-(i).

Next, using elementary inequality |d(z1, A) — d(z2, 4)| < |21 — 22,
Vz1,20 € R™, VA CIR™ one shows that

IVyd*(y, Oa(t,w))| < 2d(y, Oa(t, w)).

Assumption (A2)-(ii) is easily satisfied provided d(y, O2(:,-)) € L*([0,T] x
Q), which is always the case if, for example, 0 € Oy(t,w) for all (t,w), or,
more generally, Oz(t,w) has a selection in L2-(0,T; Q). O

Ezample 2.3. As a special case of Example 2.2, the following moving do-
mains are often seen in applications. Let {O(¢,z) : (t,z) € [0,T] x R"} be
a family of convex, compact domains in R™ such that

(i) the mapping (t,z) + O(t, ) is continuous as a function from [0, 7] x
R"™ to (Hm,d*).

(ii) for each (t,7), 0 € O(t,z); and there exists a constant C' > 0 such
that

sup d*(O(t,z),0(t,0)) < Cla|.
tef0,T]

Let X € L%(%; C([0,T;;R™)), and define Os(t,w) £ O, X (t,w)), (t,w) €
[0,T] x Q. We leave it to the readers to check that O satisfies (A2). a

Ezample 2.4. Continuing from the previous examples, let us assume that
m =1and O(t,z) = [L(t,2),U(t,z)], where —oco < L(t,z) <0 < U(t,z) <
oo for all (t,z) € [0,7] x R™. Suppose that the functions L and U are both
uniformly Lipschitz in z, uniformly in ¢ € [0,T]. Then a simple calculation
using the definition of the Hausdorff metric shows that

d*(O(t,0), O(t,z)) = max{|L(t,z) — L(t,0)|, |{U(t,z) — U(t,0)|} < Clxz|.
Thus O, satisfies (A2), thanks to the previous example. O
Let us now turn our attention to the well-posedness of the BSDER  (2.1).

We shall make use of the following standing assumptions on coefficient
h:[0,T] x R™ x R™*% x Q = R™ and the domain {Os(t,w)}.

(A3) (i) for each (y,z) € R™ xR™*? h(-,y,z,-) is an {F; }¢>o-progressively
measurable process; and for fixed (¢,2) € [0,T] x R™*? and ae.w € Q,
h(t,-, z,w) is continuous;
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(i) E fT |h(t,0,0)[2dt < oo;
(ii1) there exist @ € R and ky > 0, such that for all t € [0,T], y,9’ €
R™, and z,z' € R™*%, it holds P-a.s. that

(y - yl,h‘(ta y,Z) - h’(t7 y’vz)) S a'y - y,|2;
Ih(tayaz) - h(t,y,z’)| S k?lz - Z’l;
|h(t,y,2) — h(t,0,2)] < ka2 (1 + [y]).

(iv) The domains {O2(t,-)} is “non-increasing”. In other words, it
holds that

Ot,w) C O(s,w), YVt > s, a.s.

Our main result of this section is the following theorem.

Theorem 2.5. Suppose that (A2) and (A3) are in force. Then the BSDER
(2.1) has a unique (strong) solution. Furthermore, the process (; is abso-
lutely continuous with respect to Lebesgue measure, and for any process V;
such that V;(w) € Oq(t,w), Vt € [0,T], a.s., it holds that

d¢

(26) (E_ani - ‘/t) < 07 Vit e [O,T], a.s.

Remark 2.6, Suppose m =1 and Op = [L, U], for appropriate processes
Land U. Denote by ( = {*—(~, {§ = {; = 0, the minimal decomposition
of { as a difference of two non-decreasing processes. By replacing V in (2.6)
by
L _
Vi = Lel g oy + Yel g cop
v _ .
V:‘, —Utl{%ct_tSO}+Yt1{%%>o}a te [O7T]>

respectively, we obtain

(2.7)  (Yi—Ly,d)=0, (Y,-U,d(7)=0, Vte[0,T], as.

Proof of Theorem 2.5. Since the proof is quite lengthy, we shall split it
into several lemmas. To begin with, let us first recall the notion of Yosida
approzimation, which is another typical route of attacking the existence and
uniqueness of an SDE with reflection other than using Skorohod problem.

Let ¢ be any proper, lower semicontinuous (l.s.c., for short), convex
function (by proper we mean that ¢ is not identically equal to +o0). Let
D(p) = {z : p(z) < 0o}. We define the subdifferential of o, denoted by dyp,
as

de(y) é{z* eER™: (z",y—zx) >0, Vz € D(p)}.

In what follows we denote 4 2 8. Define, for each € > 0, a function

e

inf { =y~ ol + 0(2) }.

(238) pe) 2 inf
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Since R™ is a Hilbert space, and ¢ is a l.s.c. proper convex mapping, the
the following result can be found in standard text (cf. Barbu [1, Chapter
I1)):

Lemma 2.7. (i) The function . is (Fréchet) differentiable.

(ii) The Fréchet differential of ., denoted by Dy., satisfies Dy, = A.,
where A. is the Yosida approzimation of A, define by

1

Lo n),  whee k() = (4eA) )

(290 A

(iii) |Je(z) = J(v)] < |z - yl; [Ac(z) — Ac(¥)| < Lz — ],
(iv) Ae(y) € Fp(Je(y))-

|4%(z)], ifzeO;
Ae e
(v) [Ac ()] 'm0 { + 00, otherwise,
y € R™. H

where A°(y) & Pra,(y)(0),

Let us now specify a l.s.c. proper convex function to fit our discussion.
For any convex, closed subset @ C R™, we define its indicator function,
denoted by ¢ := I to be

()é 0 y € O
= + o0 y¢ 0,

In this case, D(p) = O. Now by definitions (2.8) and (2.9), we have

1 , 1
= = _— —_ —_ —-d2
we(y) inf 25Iy x| 5 (¥, 0),

1 1
Ae(y) = De(y) = 5-Vd*(y,0) = ~(y — Pr(y,0)),
Consequently, we have

Je(y) = Pr(y; 0), Ve > 0;
(2.10) A:(y) =0, Yy € O, Ve > 0;
Ay) =0, Wyeo.

Further, we replace O by the (Hp,,d*)-valued process {O,}, then
1
et y,w) = iICb(i,w)(?/)a Ve > 0;
(2.11) Je(t,y,w) = (I +eA(t,-,w) ™ (v);
1
Ae(t7yaw) = g(y - JE(tayaw))'

By (2.10) we know that J.(¢,y,w) = Pr(y,O2(t,w)), and by assumption
(A2) we have that for every & > 0, J.(-,y,-) € L%(0,T;R™) for ally € R™.
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Let us now consider the following approximation of (2.1):

T T
Ve() = £ + / h(s, Y¥(s), Z°(s))ds — / Z5(3)dW (s)
(2.12) ¢ t

T
- / A(Y¥(5))ds,

where A, is the Yosida approximation of A(t,w) = 90lp, ) defined by
(2.11). Since A, is uniform Lipschitz for each fixed ¢, by Lemma 2.7-(iii)
and by slightly modifying the arguments in Chapter 1, §4 to cope with the
current situation where a in (A3) is allowed to be negative, one shows that
(2.12) has a unique strong solution (Y¢, Z?) satisfying

T
(2.13) E{ sup [YE())? + / HZE(t)szt} < 0.
0<t<T 0

We will first show that as € — 0, (Y%, Z¢) converges in a certain sense, then
show that the limit will give the solution of (2.12). To begin with, we need
some elementary estimates.

Lemma 2.8. Suppose that condition (A3) holds, and that £ € L% ().
Then there exists a constant C > 0, independent of €, such that the follow-
ing estimates hold

T
B sw o)F + [ 177 0)Pa} <C;
(2.14) te[0,7T] 0

E{ /T ]AE(t,YE(t))th} <cC.

Proof. The proof of the first inequality is quite similar to those we
have seen many times before, with the help of the properties of Yosida
approximations listed in §2.2, we only prove the second one. First note that
since O, is convex, so is @, (t,-,w) (recall (2.11)). We have the following
inequality {(suppressing w):

(2.15) et y) + (Do (6, 9),7 —y) <we(t,y),  VY(ty), as.

Now let t = tg < t; < -+- < t, = T be any partition of [¢,T]. Then (2.15)
leads to that
@ (i, Y (:)) + ( Dope (5, Y (£:)), Y= (tin1) — Y (83) )

< @e(ti, Yo(tig1)) < @e(tin, Y (tig1)), a.s.,
where the last inequality is due to Assumption (A3)-iv). Summing both

sides of (2.16) up and letting the mesh size of the partition max; [t;41 —%;| —
0 we obtain that

(2.16)

T
@17 @ult, Yo() + / (De.(s,Y¥(5)),dY*(s) ) < e (T, ) = 0.
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Thus, recall the equation for Y¢ we have
1 T
ot Y O) + [ IDpve(s)Pds
t
T
(2.18) oL+ [ (Diels, Y3(5), hls, Y (), 25(5) s
t

T
- [ (Doutye(on, z7am.).
t
By Cauchy-Schwartz inequality and (A3)-(iii),

(De(t,y), bt y,2)) < Q—E!D%(t DIP +eCA+ 2l + ll*), Y(t,y,2).

We now recall that . > 0; £ € O05(T,") (e, ¢.(T,6) = 0); and
Ac(t,y,w) = Dye(t,y,w). Using the first inequality of this lemma we ob-
tain that

E/ (£, Y (s))2ds = E/ Do, (V<(s))ds

<C(1+E sup 1Y€(t)|2+E/ |z @)t < &,
0

te[0,T)

where C > 0 is some constant independent of €. Thus, by a slightly abuse
of notations on the constant C, we obtain the desired estimate. O

Lemma 2.9. Suppose that the assumptions of Lemma 2.8 hold. Then
there exists a constant C > 0, such that for any €,6 > 0, it holds that

T
(2.19) E{ sup |Y€(t)-Y"(t)|2+/0 |Z5(t) — ()|2dt} (e +0)C.

t€f0,7)

Proof. Applying It6’s formula we get
T
YO -V OP+ [ 1250 - 2 IPds
t

+2 /T (Ac(s,Y5(5) — As(5,Y°(5)), Y*(5) = Y°(s) ) ds

(2.20) -

=2 [ (H(o, Y5 (6),2(5) = hs, Yo (6), 25(6), Y (8) = ¥V (s) )

T
=2 [ (Y6 = YO (2~ Z@IaW ().
Since Ac(t,y,w) € p(J:(y)), we have by definition that

(AE(t7y7w)aJE(t;y1w)_m) ZO, V:EEOz(t,w).
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In particular for any ¥ € R™, and any § > 0, Js(t,7,w) € Oz(t,w) and
therefore

(Ac(t,y,w), Jo(t,y,w) — J5(t,7,w)) >0, VFeR™ aewell
Similarly,
(Als(tig’w)a']é(t,g’w) - Je(tyyaw)) Z 0, v Y € Rm, a.e.w € Q.
Consequently, we have (suppressing w)
(AE(t7y) - Aé(t7m7y - g)
= (Aa(ta y)v [y - JE(t’y)] + [Je(t,y) - Jﬁ(t, :U)] + Jé(taﬂ) - :'7)
(221) + (Ag(t,?j), [17_ Jé(tam] + [JtS(t,g) - JE(t7 y)] + JE(t7 y) - y)

—(Ac(t,y),045(t,9)) — (As(t,9),e4e(4,y))
== (€+5) (AE(t’y)’AJ(t:y)>‘

Also, some standard arguments using Schwartz inequality lead to that

~ ~ 1 - ~
(2.22) 2(h(t,y,2) = h(t,5,2),y = T)) < Sllz = 2| + Cly — §".

Combining (2.20)—(2.22) and using the Burkholder and Gronwall inequal-
ities we obtain, for some constant C' > 0,

E{ sup |Y*(t) Y"(t)|2+/OT||ZE(t)—Zﬁ(t)n?dt}

tef0,T)

<(e+4) E/ (8, Y(2)), As(t, YO(2) 'dt
<(e+9) E/ (YE(8)|?dt - E/ |As(Yo(2 ))|2dt}% < (e +90)C,

thanks to (2.14). This proves the Lemma. O

As a direct consequence of Lemma 2.8, we see that if we send € to
zero along an arbitrary sequence {z,}, then there exist processes ¥ €
LZ(9;C([0,T;R™)), Z € L%(2 x [0, T);R™)), independent of the choice
of the sequence {e,} chosen, such that

(Y™, ZM)B(ye, 25%) » (Y, Z),  asn — oo,

strongly in L%(Q; C([0,T]; R™)) x L%(Q x [0,T|; R™).

Furthermore, by Lemma 2.8 and the equation (2.12), it follows that
for some 7 € L}(O, T;R™), ¢ € L%(; C([0, T);IR™)), and possibly along a
subsequence which we still denote by {e,}, it holds that

A, (Y5 () = —n(), weakly in L%(0,T; R™);

oiltlET|/ A (Yo (s))ds + ((t )' }—)O, as n — 0.
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Here, we use —n and —(¢ to match the signs in (2.1) and (2.12). Obviously,
we see that the limiting processes Y, Z, and ¢ will satisfy the SDE (2.1),
and the proof of Theorem 2.6 will be complete after we prove the following
lemma.

Lemma 2.10. Suppose that the process (Y,Z), n, and { are defined as
before. Then (Y, Z,() satisfies (2.11), such that

@) BICI(T) = E [ In(t)]dt < oo;
(i) Y(t) € Os(t, ), V2 € [0,T), a.s.;

(iii) for any RCLL, { ¥;}+>0-adapted process V, (Y (t) =V (t),n(t) ) <0,
a.s., as a signed measure.

Proof. (i) We first show that ¢ has absolutely continuous paths al-
most surely and that ( = 1. To see this, note that n is the weak limit of
A., (Ye~)s. By Mazur’s theorem, there exists an convex combination of
Ag, (Yer)’s, denoted by A, (Y*"), such that A, (Ye*) — 7, strongly in
L% (2 x [0, T];R™)). Note that for this sequence of convex combinations of
the sequence A, (Y°"), we also have

B{ sup / A (Vo= (s))ds + ((¢ )| b0, asnooo
0<t<T

Thus the uniqueness of the limit implies that {(¢) fo s)ds, ¥Vt € [0,T].
Furthermore, since L%(Q) C L'(Q), we derive (i) 1mmed1ately

(ii) In what follows we denote d(y, t,w) = d(y, O2(t,w)). Since Oa(¢,w)
is convex for fixed (t,w), d(-, Oz2(¢,w)) is a convex function. Further, since
O, has smooth boundary, one derives from (2.9) that

d(y,t,w) = ly — Pry, Oz(t,w))| = |y — Je(y)] = el A (y, ¢, w)|.
for all y € R™, and ¢ € [0,T], P-a.s.. Hence by part (i), we see that

T T
E /0 A(Y(8),t,w)dt < cE /0 A (VE(2))|dt
T
gs\/TE{/O 1A (Y< ()| dt} 0.

Next, define for each (¢,w) € [0,7] x Q the conjugate function of d(,¢,w)
by

(2.23)

(2.24) G(z,t,w) 2 inf{d(y, t,w) — (2,9)},
v
and define the effective domain of G by
(2.25) Dé(t,w)={z€R: G(z,t,w) > —00}.

Since d(-,t,w) is convex and continuous everywhere, it must be identi-
cal to its biconjugate function, or equivalently, its closed convex hull (see
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Hiriart-Urruty-Lemaréchal [1]). Consequently, the following conjugate re-
lation holds:

(2.26) d(y,t,w) = sup {G(z,t,w) +(2,9)};
2€DC (t,w)

and both the infimum of (2.24) and the supremum of (2.26) are achieved
for every fixed (t,w). Now for fixed (t,w), and any zy € DF(t,w), we let
Yo = Yo(t,w) be the minimizer in (2.24). Then

d(yo,t,w) — (Yo, 20) = G(z0,t,w) < d(y,t,w) — (¥, 20), Vy € R",
and hence
(y_yOaz()) Sd(y,t,w)—d(yo,t,w), vyEBn

Since it is easily checked that d(-,¢,w) is uniformly Lipschitz with Lipschitz
constant 1, we deduce from above that |zo| < 1. Namely D%(t,w) C [-1,1].

Now let Y be the limit process of Y*, we apply a measurable selec-
tion theorem to obtain a (bounded) {F;}:>0-adapted process R, such that
R(t,w) € D9(t,w) C [-1,1], Vt, a.s.; and

(2.27) dY (t,w), t,w) = G(R(t,w), t,w) + (R(t,w), Y (t,0)),
. d(Y* (t,w), t,w) > G(R(t,w), t,w) + (R(t,w), Y (t,w)),

Therefore, recall that Y5 — Y, we have
T T
B[ dv,e)d=5 [ {0+ (RO, Y0O)d
0 0
T

= lim E {G(Y(t),t,-)+(R(t),Y"(t))dt

n—r 00

0
T

< lim E / AV (8),1,-)dt = 0,
]

n—ro0

thanks to (2.23). That is, EfOT d(Y (t),t,-)dt = 0, which implies that
Y (t,w) € Oy(t,w), dt x dP-a.e. Thus the conclusion follows from the con-
tinuity of the paths of Y.

(iii) Let V(t) be any {F;}:>0-adapted process such that V(i,w) €
O, (t,w), Vt € [0,T], P-a.s. For every € > 0, and t € [0,T], consider

t
(228) A =F / (. (YS(5)) = V(5), A (Y*(s))) ds.

Since V (t) € Oq(t,"), for all ¢, and A.(Y*(t)) € Olp,,)(Je(YE(t)) (see
Lemma 2.7-(iv)), we have

(J(Y*(®)) = V(2), A= (, Y5(2)) > 0.
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Namely, A.(t) > 0, Ve > 0 and ¢ € [0,7]. On the other hand, since
A= B [ {(L07) - Y¥(s), Ao, 77(6))
(2.29) F(YE(s) — V(s), Ac(s, YE(s)) ) }ds
= E/o {~ elAc (8, YE(s)IP+(Y°(s) — V(s), Ac(5,Y"(s)) )}ds

Now using the uniform boundedness (2.14) and the weak convergence
of {A., (-, Y*")(-))}, and the fact that Y*~ converges to Y strongly in
L%(Q; C([0,T);R™)), one derives easily by sending n — oo in (2.29) that

0< E/t (Y(s) =V (s),—n(s))ds, Vte][0,T].
0

Or equivalently,

d
(Y(#) =V(®),n(1)) = (Y () - V(2), d—g(ﬂ) <0, Vie[0,T], as.
as a (random) signed measure. Thus completes the proof of Lemma 2.10.
O

£3. Reflected Forward-Backward SDEs

We are now ready to formulate forward-backward SDEs with reflection
(FBSDER, for short). Let (J; be a closed, convex domain in R”, and
Oy = {O012(t,w) : (t,w) € [0,T] x R™ x Q} be a family of closed, convex
domains in R™. Let z € Oy, and ¢ : R™ x 2 = R™ be a given Fr-
measurable random field satisfying

(3.1) 9(z,w) € Ox(Tyw),  V(z,w).
Consider the following FBSDER:

i i
Xi=z +/ b(s, Xs,Ys, Z,)ds +/ o(s,Xs,Ys, Zs)dWs + ns;
(3.2) R 0 r
Vo= g(Xn)+ [ b XY Z)ds - [ 2aWe+ o -
i t

Definition 3.1. A quintuple of processes (X, Y, Z,7n, () is called an adapted
solution of the FBSDER (3.2) if
1) (X,Y) € L%(9,C(0,T;R™ x R™)), Z € L%(0,T;R™*%), (n,¢) €
BVz(0,T;R" x R™);
2) Xy € O1,Y; € Os(t,°), Yt € [0,T], a.s.;
3) Inle = fy Lix.eoonydinls; m = fy vsdinls, V¢ € [0,T], as., for some
progressively measurable process y such that s € Nx,(0;), d|n|-a.e.;
4) for all RCLL and progressively measurable processes U such that U; €
Os(t,-), YVt € [0,T], a.s., one has (Y; — U, d¢: ) <0, Vte[0,T], as.;



182 Chapter 7. FBSDEs with Reflections

5) (X,Y, Z,n, () satisfies the SDE (3.2) almost surely.

In light of assumptions (A1)-(A3), we will assume the following
(A4) (i) 01 has smooth boundary;

(il) Oq2(t,w) C Oz(s,w), Vt > s, a.s.; and for fixed y € R™, the map-
ping (t,w) — B(t,y,w) éPr(y; Os(t,w) belongs to L%([0, T|; R™).

(iii) The coefficients b, h, o, and g are random fields defined on
[0,T] x R™ x R™ x R™*? such that for fixed (z,y,z), the pro-
cesses b(a T, Y2, '): h('7$7 Y,2, ')a and 0'('737, Y2, ) are {‘Ft}tzo_
progressively measurable, and ¢(z,-) is Fr-measurable.

(iv) For fixed (¢,%,2) and a.e. w, h(t,z,-, z,w) is continuous, and there
exists a constant K > 0 such that |h(t, z,y, z,w)| < K(1+]z|+]yl),
for all {¢,z,y, z,w). Moreover,

T T
E/ |b(t,0,0,0)|%dt + E/ lo(t,0,0,0)|*dt + E|g(0)|* < .
0 0

(v) There exist constants k; > 0,7 = 1,2 and v € R such that for all
(t,w) € [0,T] x Q and xé(x,y,z),xi é(zi,yi,zi) € R" x R™ x
R™>4 §=1,2, and x° é(w,y) for x = (z,y, 2).

o |b(t,x1,w) — b(t, %2, w)| < K|x1 — Xal;

i (h’(t:xayl)zaw) - h(tvzyy%z’w)ayl — Y2 ) S 7|y1 - y2|2;

o |h(t,21,y, 21,w) = h(t, 22,4, 22,w)| < K(|z1 — 22| + [l21 — 22|]);
o [lo(t, x1,w) = a(t, %z, 0)|I> < K?[x] — x5|% + k{[lz1 — 22|l

¢ lg(z1,w) — g(z2,w)| < ka|z1 — 22|.

We should note that if k&; = ko = 0, then ¢ and g are independent
of z, just as the many cases we considered before. Therefore, the FBSDE
considered in this chapter is more general. We note also that the method
presented here should also work when there is no reflection involved (e.g.,
01 = ]Rn, 02 = ]Rm)

§3.1. A priori estimates

We first establish a new type of a priori estimates that is different from
what we have seen in the previous chapters. To simplify notations we shall
denote, for ¢t € [0,T), H(t,T) = L%(¢,T;R), and let H°(¢,T') be the subset
of H(t,T) consisting of all continuous processes. For any A € R, define an
equivalent norm on H(¢,T) by:

l1€llex & {E/tT 6_A5|5(8)|2ds}%.

Then H,(¢,T) é{f € H(t, T) : [|€]|sn < 00} = H(¢,T). We shall also use
the following norm on H®(¢,T):

lélt,h,,@ée_ATElfTP + 6“6“%,)\1 €€ Hc(taT)’ AE ]R,,B >0,



83. Reflected FBSDEs 183

and denote H), g(t,T') to be the completion of H®(¢,T) under norm |-+, 8.
Then for any A and 8, Hj g(t,T) is a Banach space. Further, if ¢ = 0, we
simply denote [|-[lx 2 [|-llos 13,5 21 13 0 g5 H = H(0,T); HE = HE(0,T);
H, = H)\(t,T), and H)y g = H}Hﬁ(t,T).

Moreover, the following functions will be frequently used in this section:
for A € R and t € [0, 77,

_ LAt 1
(3.3) A\ t) = e~ N0 B() ¢) = L : = t/ e dg.
0
It is easy to see that, for all A € R", B(},-) is a nonnegative, increasing
function, A(A,t) > 1; and B(A,0) =0, A(A,0) = 1.
Lemma 3.2. Let (A4) hold. Let (X,Y,Z n,¢) and (X',Y',Z', %', (")

be two solutions to the FBSDER (3.2), and let Eég — &', where { =
X,Y,Z,n,(, respectively.

(i) Let A\ € R,C;,Cy >0, and let \; = A — K(2+C7' +C;1) — K2,
Then, for all X' € R,

t
e_'\tElXt|2 + (O — )\/)/ e—Are—/\’(t—r)ElXledT
(3.4) 0

]
< / e e N EK(Cy + K)E|Y, > + (KCs + k3)E|Z,|* }dr.
0

(ii) Let A € R and C3,C4 > 0, and let Ay = -\ — 2y~ K(C3' +C ).
Then, for all ' € R,

T
e_)‘tE}Yt|2 + (5\2 _ )‘l)/ e—Are—A’(T-t)E|YT|2dT
t

T
(3.5) +(1-KCy) / e e N DR Z 2dr

t

T
< k%e—)\Te—/\'(T—t)EIXTIQ + ch/ e—/\Te—/\'(T—t)lXTIZdT
t

Consequently, if KCy = 1 — « for some « € (0,1), then
(36) e MEX7 + M|XIR < K(Cy+ KV + (KCs + B)IIZI

(3.7) X113 < B, T)K(CL + KV |3 + (KCs + EDIIZI3).
(3.8) IVI3 < BOw, T)k3e " E|Xr|? + KCs||X113],

~ AN, T B ~ ~
(3.9) 1213 < 282D et 0 4 Koy X2,

Proof. We first show (3.4). Let t € (0,T], A\, X' be arbitrarily given, and
consider the function Fi(s,z) 2 e\ (¢=9)|z|2, for (s,z) € [0,#] x R™.
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Applying It6’s formula to Fy (s, X s) from 0 to ¢, and then taking expectation
we have

i
e ME|X: 2+ (A - A\)E / e e N1 X |2dr
0

i
= / e-”e—*’“—”{u X:,b(r, X:,Ys, Z,) = b(1, X, Y], Z}))
0

+llo(r, X, Y, Z0) = 0(r, X}, Y, Z)|I bar

T T

i
+2E / e e N (X di ).
0

Since X;, X; € Oy, Vt € [0,T], a.s., we derive from Definition 3.1-(3)
that e~ *e~*(=7) (X, dff,) < 0 (as a signed measure), Vs € [0,T], a.s..
Therefore, repeatedly applying the Schwartz inequality and the inequality
2ab < ca? + ¢71b?, Ve > 0, using the definition of A;, together with some
elementary computation with the help of (A4}, we derive (3.4).

To prove (3.5), we let Fy(s,z) = e 28e=XN(s=)|z2 and apply Itd’s
formula to F(s,Y;) from t to T to get

T
e ME|Y)* + (N + NE / e M NTD|Y, 2dr
t

T
+ E/ e e N || Z, | 2dr
t
= e e T Blg(Xr) — g(X7))?

Ty iy Hr

T
+2/ e N =D=M (Y (1, X,,Ys, Z.) — (1, XL, Y!, Z1) ) dr
t
T , = -
+2F / e MDA (Y, dC, ).
i

Again, since Y (¢,-),Y'(¢,-) € O2(¢,-), P-a.s., by Definition 3.1-(4) we have
(Yi(w),dC(w)) < 0, dt x dP-a.s.. Thus, by using the similar argument as
before, and using the definition of Ay, we obtain (3.5).

Now, letting ' = 0 and t = T in (3.4) yields (3.6); letting X' = A; in
(3.4) and then integrating both sides from 0 to T yields (3.7), since B(A1, )
is increasing; letting A’ = X, in (3.5) and integrating from 0 to T yields
(3.8). Finally, note that if A, < 0, then letting ' = Xy and t = 0 in (3.5)
one has (remember KCy =1 — @)

T 3 -~
1212 < / e 2, | 2dr

el’—\2|T

{Be B X + KGHIIRIR);
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while if g > 0, then let A’ = 0 in (3.4) one has

12 < = {ReTEIR: P + KO5IIR )
Combining the above we obtain (3.9). O

We now present another set of useful a priori estimates for the adapted
solution to FBSDER (3.2). Denote 0°(t,w) = 0(s,0,0,0,w), fO(t,w) =
f(5,0,0,0,w), h°(t,w) = A(t,0,0,0,w), and ¢°(w) = g(0,w).

Lemma 3.3. Assume (A4). Let (X,Y,Z,n,() be an adapted solution to
the FBSDER (3.2). For any \,X € R,e > 0,C1,C,,C5,Cy > 0, we define
X5 =X — (14 K?)e and X = A; — ¢, where \; and )y are those defined in
Lemma 3.2. Then

t
MBI + (0 =) [ eI B Py < o
0
(3.10) foN(er) [ L 2 ! 2
+ € € {EElf(Taoa(LO)‘ + 1+E |U(T’O,O’O)|
0
+ K(C + K(1+6)B|Y, 2 + (KCy + B (1 + ) E| Z, [ }dr.
and
—_ T 7
e MEY|* + (35 - X) / e N (T A E|Y, Pdr
i
T 7
+ (1 _ k404)/ e“)\ (T_t)e_ATE'ZledT
(3.11) ‘ .
<k2(1+e)e N TDe AT B X7 |2 + (1+g) e (T~ Elg(0)|?
T , 1
+ / e_>\ ("'_t)e_>‘7'{_Z”{C‘%_E‘LX’-,-'2 + gElh(T7 07 O,O)IQ}d’r
t

Consequently, if Cy = 1_T°‘, for some o € (0,1), we have

B + XX < |l + K(Co + K+ eIV
(3.12) . .
+(KCo+ B+ eNZIR+ 21508 + (14 2) 10718

IXI < BOST) af + K (€ + K1+ Y
(3.13) 1 1
KGNz + 210+ (1+ 1) 10718
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V15 < BOS. ) (1 -+ e B|xa + KCall X}

(3.14) ) .
s (14 DB + 210l

AQE, T _
1218 < 25 i + e Bl + KCulXIR
(3.15)

1 1
+ (1 + g) G_ATE|QO|2 + g||h0”2} .

§3.2. Existence and uniqueness of the adapted solutions

We are now ready to study the well-posedness of the FBSDER. (3.2). To
begin with we introduce a mapping I' : H® — H° defined as follows: for

fixed z € R”, let X 2T(X) be the solution to the FSDER:
t t
(3.16) Xi=z +/ b(s, X s, Yy, Z,)ds +/ o (8, X s, Y, Zo)dW, + 7,
0 0

where the processes Y and Z are the solution to the following BSDER:

T T
(317) }ft = g(XT) + / h(SaX37Ys> Zs)ds - / stWs + CT - Ct-
t i

Clearly, the assumption (A4) enables us to apply Theorem 2.5 to con-
clude that the BSDER (3.17) has a unique solution (Y, Z, ), which in turn
guarantees the existence and uniqueness of the adapted solution X to the
FSDER. (3.16), thanks to Theorem 1.2. Furthermore, by definition of A§
(Lemma 3.3) we see that if A is chosen so that A; > 0, then it is always
possible to choose € > 0 small enough so that A{ > 0 as well; and (3.12) will
lead to X € H, 5, (since A1 > 0 and X > 0). Let us try to find a suitable
A1 > 0 so that T is a contraction on H %, » Which will lead to the existence
and uniqueness of the adapted solution to the FBSDER (3.2) immediately.

To this end, let X!, X2 € H®; and let (Y?, Z4,¢) and (X, 7%),i = 1,2,
be the corresponding solutions to (3.17) and (3.16), respectively. Denote
AE =& — €, for £ = X,Y,Z,X. Applying (3.6)—(3.9) (with Cy = 1—;{"—)
we easily deduce that

e ME|AX 7|2 + M [|AX 3

3.18
(318 < pla, T) {i2e T E|A X1 + KCol|AX |3}
where
AT
(19 w2+ KB, T) + 202D k0, 1 k),

and (recall Lemma 3.2)

(320) M1 = A-K(2+C7'+Cy =K% X =-A-2y—K(C;'+Crh).
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Clearly, the function u(-,-) depends on the constants K, ki, k3, y, the du-
ration T' > 0, and the choice of C1—-Cy as well as A\, @. To compensate the
generality of the coefficients, we shall impose the following compatibility
conditions.

(C-l) 0< kka < 1;
(C-2) k2 = 0; 3a € (0,1) such that u(o, T)KC3 < Ay,
(C-8) k2 > 0; 3 € (k1kz, 1), such that p(ad, T)k2 < 1and A; = %(g’l?-

We remark here that the compatibility condition (C-1) is not a surprise.
We already saw it in Chapter 1 (Theorem 1.5.1). In fact, in Example 1.5.2
we showed that such a condition is almost necessary for the solvability of
an FBSDE with general coefficients, even in non-reflected cases with small
duration. The first existence and uniqueness result for FBSDER. (3.2) is
the following.

Theorem 3.4. Assume (A4) and fix Cy = 1—_1{&3 Assume that the compat-
ibility conditions (C-1), and either (C-2) or (C-3) hold for some choices of
constants A, o, and C1-Cs. Then the FBSDER (3.2) has a unique adapted
solution over {0, T.

Proof. Fix Cy = 1—;{—0‘3 First assume that (C-1) and (C-2) hold. Since
ke = 0, (3.18) leads to that

— a, YKC
axg < Ao D yaxg,

Since we can find C1—Cj3 and a € (0,1) so that u(e, T)KCs; < 1,T'is a
contraction mapping on (H,|| - ||»). The theorem follows.

Similarly, if (C-1) and (C-3) hold, then we can solve X from (3.20) and
A1 = KC3/k2, and then derive from (3.18) that

1AX 130 5, < plod, TIEIAX 3o 5, »

Let C;, i = 1,2,3 and ag € (ki1k2,1) be such that u(ad,T)k2 < 1, the
mapping I' is again a contraction, but on the space H, 5 , proving the
theorem again. O

A direct consequence of Theorem 3.4 is the following.

Corollary 3.5. Assume (A4) and the compatibility condition (C-1). Then
there exists Ty > 0 such that for all T € (0,Ty], the FBSDER (3.2) has a
unique adapted solution.

In particular, if either ky = 0 or ks = 0, then the FBSDER (3.2) is
always uniquely solvable on [0,T] for T small.

Proof. First assume ko = 0. In light of Theorem 3.4 we need only show
that there exists Ty = To(C1, Ca, Cs, A, @) such that (C-2) holds for some
choices of C1—Cj3 and A, a, for all T € (0, T}
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For fixed C1,C,,C3, A, and « € (0,1) we have from (3.19) that
(KCo + k2)KCs

,u(a, 0)KC3 = o
Therefore, let C1—C3 and a be fixed we can choose A large enough so that
w(a,0)KC3 < A holds. Then, by the continuity of the functions A(a,-)
and B(a, ), for this fixed A we can find Ty > 0 such that u(a, T)KC3 < A\
for all T € (0,7p). Thus (C-2) holds for all T € (0, Tp] and the conclusion
follows from Theorem 3.4.
Now assume that ko > 0. In this case we pick an ag € (kiks, 1), and
define

1K

2~ 2
ki ag

e

(3.21) 5 > 0.

Now let Cy = %—;’g, Cy = 1_;{33’ and choose X so that A\; = (k3C3)/k2 > 0.

Since in this case we have

2 KCy + k‘% 1 k‘% 1
N(QO’O)"‘ a(g) _ﬂg+2ag < k%’

thanks to (3.21). Using the continuity of u(aZ, ) again, for any C1,C; > 0
we can find Tp(Ch,Cs) > 0 such that p(ad, T)kZ < 1 for all T € (0, Tp).
In other words, the compatibility condition (C-3) holds for all T' € (0, To],
proving our assertion again.

Finally if ky = 0, then (C-1) becomes trivial, thus the corollary always
holds. O

From the proofs above we see that there is actually room for one to play
with constant C;—Cj3 to improve the “maximum existence interval” [0, Tp).
A natural question is then s there any possibility that To = co so that the
FBSDER (3.2) is solvable over arbitrary duration [0,T]? Unfortunately,
so far we have not seen an affirmative answer for such a question, even
in the non-reflecting case, under this general setting. Furthermore, in the
reflecting case, even if we assume all the coefficients are deterministic and
smooth, it is still far from clear that we can successfully apply the method
of optimal control or Four Step Scheme (Chapters 3 and 4) to solve an
FBSDER, because the corresponding PDE will become a quasilinear varia-
tional inequality, thus seeking its classical solution becomes a very difficult
problem in general.

We nevertheless have the following result that more or less covers a
class of FBSDERs that are solvable over arbitrary durations.

Theorem 3.6. Assume (A4) and the compatibility condition (C-1). Then
there exists a constant A > 0, depending only on the constants K, k;, ka,
such that whenever v < —A, the FBSDER (3.2) has a unique adapted
solution for all T > 0.

Proof. We shall prove that either (C-2) or (C-3) will hold for all T > 0
provided v is negative enough, and we shall determine the constant A in
each case, separately.



§3. Reflected FBSDEs 189

First assume k; = 0. In this case let us consider the following mini-
mization problem with constraints:

(3.22) mlp F(Cl 5 CZ) 037 Xl ’ O(),
C;>0, i=1,2,3;X1>0,0<a<]1,
X} —2K(KC3+k2)C3>0
where
< C —|—K)K2C'3 <
F(C1,C,Cs, 1,00 2 & +X
gy S SToke, rRKG t Y

-1 -1 — 2 a
+KQ+CT+C O + K (1_a)
Let A be the value of the problem (3.22) and (3.23). We show that if
v < —A/2, then {(C-2) holds for all T' > 0. B
Indeed, if y < —A/2, then we can find C1, C3,C3, A1 > 0and a € (0,1),
such that Ay — 2(KC> + k?)KC3 > 0, and
(Cy + K)K203 5

2> < X
T2 N —2(KC, + KGO

2 —
+K@2+C7 +Ct +C’§1)+K2(1_Z).

(3.24)

On the other hand, eliminating X in the expressions of A; and X, in (3.20),
and letting Cy = g1;{_a) we have

- - K2
Yo=—(M+KQ@+CT+ 05+ 05N + o +K?) -2y
Thus (3.24) is equivalent to

L{K(Cl + K) N (KCo + k2)
5\1 /_\2 87

(3.25) }KC’s <1,

and X, > 0. Consequently, A(X2,T) = 1 and B(Xz,T) < X" (recall (3.3));

and (3.25) implies that u(a, T)KC3 < A\, i.e., (C-2) holds for all T > 0.
Now assume ko > 0. Followmg the arguments in Corollary 3.5 we

choose &y = K82 >0, s = “3¢2, and g € (kikz, 1). Let & > 0 be that

defined by (3. 21) and consider the minimization problem:

(326) min F(Cl, Cz, Cg)

Cc;>0, i=1,2,3;
5ag—KCz>0

where
F(Cy,Cy,C5) 2 @K—(C%Cﬁ) +KQ+Ci + e+ Y
(3.27) e y o2
3 2 — Of
* k2 K (1 - a%)'
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Let A be the value of the problem (3.26) and (3.27), one can show as in
the previous case that if v < —A/2, then Az > 0 (hence A(A2,T) = 1 and
B, T) < A71Y), and p(o2, T)k? < 1. Namely (C-3) holds for all T > 0.
Combining the above we proved the theorem. O

§3.3. A continuous dependence result

In many applications one would like to study the dependence of the adapted
solution of an FBSDE on the initial data. For example, suppose that there
exists a constant 7' > 0 such that the FBSDER (3.2) is uniquely solv-
able over any duration [¢,T] C [0,7], and denote its adapted solution by
(Xte yt® Zhe phe (62) Then an interesting question would be how the
random field (t,z) — (X%®, Vb Zb% pb® (4%) behaves. Such a behav-
ior is particularly useful when one wants to relate an FBSDE to a partial
differential equation, as we shall see in the next chapter.

In what follows we consider only the case when m = 1, namely, the
BSDER is one dimensional. We shall also make use of the following as-
sumption:

(A5) (i) The coeflicients b, h, o, g are deterministic;

(i) The domains {Oz(-,-)} are of the form O(s,w) = Oa(s, X¥*(s,w)),
(s,w) € [t,T] x R", where Oz(t,z) = (L(¢,z),U(t,z)), where L(-,-) and
U(-,-) are smooth deterministic functions of (¢, z).

We note that the part (ii) of assumption (A5) does not cover, and is
not covered by, the assumption (A4) with m = 1. This is because when
m = 1 the domain O, is simply an interval, and can be handled differently
from the way we presented in §2 (see, e.g., Cvitanic & Karatzas [1]). Note
also that if we can bypass §2 to derive the solvability of BSDERs, then
the method we presented in the current section should always work for the
solvability for FBSDERs. Therefore in what follows we shall discuss the
continuous dependence in an a priori manner, without going into the details
of existence and uniqueness again. Next, observe that under (A5) FBSDER
(3.2) becomes “Markovian”, we can apply the standard technique of “time
shifting” to show that the process {Y*2(s)}s>¢ is Ff-adapted, where Fi =
o{W,,t <r < s}. Consequently an application of the Blumenthal 0-1 law
leads to that the function u(¢,z) = Y;*® is always deterministic!

In what follows we use the convention that X%(s) = z, Y%(s) =
Y2(t), and Z%%(s) = 0, for s € [0,¢]. Our main result of this subsection is
the following.

Theorem 3.7. Assume (A5) as well as (A4)-(iii)—(v). Assume also
that the compatibility conditions (C-1) and either (C-2) or (C-3) hold. Let
u(t, z) éY;t’z, (t,z) € [0,T] x O1. Then v is continuous on [0,T] x O and
there exists C > 0 depending only on T, b, h, ¢, and o, such that the
following estimate holds:

(328) |U(t1,.’L’1) - U(tg,xz)lz S C(IIL‘l - .’122|2 + (1 + l$1|2 \% ll‘z,z)ltl - tzl) .
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Proof. The proof is quite similar to that of Theorem 3.4, so we only
sketch it.

Let (t1,71) and (t2,22) be given, and let X = X*:®1 — Xt2:22 Assume
first t; > 5, and recall the norms || - ||¢,» and ||, at the beginning of
§83.1. Repeating the arguments of Theorem 3.4 over the interval [ty, T], we
see that (3.8) and (3.9) will look the same, with || - || being replaced by
I} - ll¢z,2; but (3.6) and (3.7) become

e MEXT + MIX|2

(3.6)’ - - -
<K(Ci+EK)|IY |}, » + (KCo + EDIZI, x + EIX (t2)].

IX12, 2 B, DK (Cy+ K)IY13, 0

(3'7)’ 2\(| 712 % 2
+ (KCa + kP ZIE, 5 + EIX (t2)[7],

where B(\,T) S LME;—fi Now similar to (3.18), one shows that

e M E|Xr[* + MIIX|2,

(3.18)' . - -
<u(e, T){k3e T EIXr* + KCs||X|7, } + EIX (¢82) 1.

Arguing as in the proof of Theorem 3.4 and using compatibility conditions
(C-1)-(C-3), we can find a constant C > 0 depending only on T > 0 and
K, kl, kz such that

(3:29) IX1%,5,5 < CE|X (%)]* = CElas — X" (t2) %,

where 8= A1 — u(a, T)KC3 if ky = 0; and 8 = p(a, T)k2 if ky > 0.

From now on by slightly abuse of notations we let C > 0 be a generic
constant depending only on T, K, k; and ks, and be allowed to vary from
line to line. Applying standard arguments using Burkholder-Davis-Gundy
inequality we obtain that

(3.30) E sup |X'(s)?P+E sup |[Y(s)? < CE|X(t2)]?,
ta<s<T ta<s<T

To estimate E|X (t)|? let us recall the parameters X and A§ defined

in Lemma 3.3. For each £ > 0 define

AQS, T

(e, T) 2 K(C, +K(1+¢)B(X\5,T) + ——(—2—)KC’2.

1-KCy
Since A = A1, A§ = Az, and pf (o, T) = pla,T), as € — 0, if the compat-
ibility condition (C-1) and either (C-2) or (C-3) hold, then we can choose
g > 0 such that p(a, T)k2(1 +¢€) < 1 when ky = 0 and pf(a, T)KC5 < X§
when ky # 0. For this fixed ¢ > 0 we can then repeat the argument of
Theorem 3.4 by using (3.12)—(3.15) to derive that

(1 _ ﬂ’e(aa T)KC3

v JIXE < Ce) [|x1|2 +(1+ é)} , ke =0;
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or
(1wl DN Ry < 0@ [lnP + (14 2)], k2o

where C(¢) is some constant depending on T, K, k;, ks, and €. Since € > 0
is now fixed, in either case we have, for a generic constant C' > 0,

X3 <O +la ),

which in turn shows that, in light of (3.12)—(3.15) [[Y}||2 < C(1 + |=1[?),
and ||Z]|2 < C(1 + |21|?). Again, applying the Burkholder and Holder
inequalities we can then derive

(3.31) E{ sup |X1(t)|2}+E{ sup |Y1(t)|2}§C(1+]m112).

1, <s<T t1<s<T

Now, note that on the interval [t1, 3] the process ()? Y,z ) satisfies the
following SDE:

X(s) = (z1 — 22) + /s bl (r)dr + /s ot (r)dW (r),
(3.32) s 2 s € [t1, t2),
V(s) = V() + / RY(r)dr + / Z(r)dW (r),

8

where b(r) = b(r, X*(r),Y'(r), Z*(r)), a*(r) = o(r, X (), Y(r), 2" (r)),
and hl(r) = h(r, X (r),Y*(r), Z'(r)). Now from the first equation of (3.32)
we derive easily that

B{ sup |X(s)'} < Cllos —mf* + (1+ (21 )lts — 2]}

Combining this with (3.30), (3.31), as well as the assumption (A4-iv), we
derive from the second equation of (3.32) that

EY (t1)]* < EIY (t2)? + C(1 + 1] V [22]?) ]t — 2]
< C{ll'l - 332|2 -+ (1 + ].’L’llz \Y% ].T2]2)'t1 - tzl}.

Since Y'(t;) = u(ty, 1) — u(ta, T2) is deterministic, (3.28) follows. The case
when t; < ¢2 can be proved by symmetry, the proof is complete. O



Chapter 8
Applications of FBSDEs

In this chapter we collect some interesting applications of FBSDEs. These
applications appear in various fields of both theoretical and applied prob-
ability problems, but our main interest will be those that related to the
truly coupled FBSDEs and their applications in mathematical finance. Let
us first recall the FBSDE in its general form: denote © = (X,Y, Z),

t t
X(t)== —|—/ b(s,©(s))ds +/ a(s, 0(s))dW (s),
(1.1) 0 T 0 r
Y() = gX@) + [ bs,00)ds ~ [ Z()aW(s), te [0,T)

t t
In different applications we will make assumptions that are variations of
what we have seen before, in order to suit the situation.

§1. An Integral Representation Formula

In this section we consider a special case: b= 0, and o is independent of z.
Thus (1.1) takes the form:

X(t)=z+ /t b(s,O(s))ds + /t o(s, X (s),Y (s))dW(s),
(1.2) 0 0

T
Y () = g(X(T)) - / Z(s)dW(s), te0.T),

From the Four Step Scheme (see Chapter 4), we know that if we define
z(t,z,y,p) = po(t,z,y), and let 8(¢, z) be the classical solution of the fol-
lowing system of PDEs:

95*%“ (0% 0(t,z,0)0(t,z,0)T]+(b(t, 2,0, 2(t,,6,6,)),85 ) = 0,
(1.3)

0(T7 :U) = g(w),
then the (unique) adapted solution of (1.2) is given by

k:l)...7m;

X(t)=m+/0 5(3,X(s))ds+/0 (s, X (s))dW (),

G99 v = e, x0);
Z(t) = 0,(t, X (t))o(t, X (t),0(t, X (t))).
where
b(t,z) = b(t,z,8(t,x),0,(t,x)o(t, x,0(t, z)));
(1.5) { a(t,z) = o(t,z,0(t, 1)),
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Now from the second (backward) equation in (1.2), and noting that Y; is
non-random by Blumenthal 0-1 law, we have Yy = EYy = Eg(Xr); and
setting ¢ = 0 in (1.2) we then have

T
(1.6) g(X(T)) = E!J(X(T))Jr/0 0(s, X (s))o (s, X (s),0(s, X (s)))dW ().

Let us compare (1.6) with the Clark-Haussmann-Ocone formula in this
special setting. For simplicity, we assume m = n = 1. Recall that the
general form of the Clark-Haussmann-Ocone formula in this case is:

T
(17)  g(X(T)) = Eg(X(T)) + / E{D,g(X(T))|F.}dW,,

where D is the so-called “Malliavin derivative” operator. Note that by
Malliavian calculus we have, for each s € [0,7], that Dsg(X(T)) =
9'(X(T))DsX(T), and

DX(®) =505, X(9) + [ b, X() DX (r)dr

+/ Gz (r, X (r))Ds X (r)dW (r), telsT].
Denote

2(t) = / ba(r, X ())dr + / 5o, X (r))dW (1),

8

and let £(Z); be the Doléans-Dade stochastic exponential of Z, that is,

E(Z): = exp{Z(t) ~ +[Z, Z)()}
(1.8) 2
= exp {/S G (T, X(r))dW(r)-i—/ [l~)m (r, X(r)) — %Eri (r, X(r))]dr} .

Then the process u(t)éDsX (t), t € [s,T] can be written as u(t) =
E(Z)15(s, X (s)). Therefore,

E{Dsg(X(T))|7:} = E{g'(X(T))D: X (T)|F}

(1.9) = E{g'(X(T))E(Z)r|Fs}a(s, X (s)).

Putting this back into (1.7) and comparing it to (1.6) we obtain immediately
that

T
| {B0ax @) - 666, X (6806, X () Jaw (5) =0,
and consequently,

(1.10) {E{Dsg(X(T))ifs}=&<s,X(s)>ez(s,X(s»; P & dbac,

E{g'(X(T))E(X)T|Fs} = 0:(s, X (s)),
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Since the expressions on the right sides of (1.10) depend neither on the
Malliavin derivatives, nor on the conditional expectations, they are more
amenable in general. Also, since forward SDE in (1.4) depends actually on
Y and Z, we thus obtained an integral representation formula (1.6) that is
more general than the “classical” Clark-Haussmann-Ocone’s formula, when
the Brownian functional is of the form g(X (T)).

It is interesting to notice that the second equation in (1.10) does not
contain the Malliavin derivative, and it leads to Haussmann’s version of
integral representation formula. Let us now prove it directly without using

Malliavin calculus. To do this, we define a the process p; 2 0.(t, X (t)
(such a process is often of independent interest in, e.g., stochastic control
theory). For simplicity we assume m = n = 1 again and that the FBSDE
is decoupled. That is

Xt)=z+ [ b(s,X(s))ds+ t a(s, X (s))dW (s),
. ! l

T
Y(t) = g(X(T)) - / Z(s)dW(s), t€[0,T],

and the PDE (1.3) becomes

8, + %()maz(t, z) + b(t, 2)8, = 0,
0(T, z) = g(z),

(1.12)

We should note that the following arguments are all valid for the coupled
FBSDEs with b = 0, in which case we should simply replace (1.11) by (1.4).

Proposition 1.1 There exists an adapted process {K(t) : t > 0} such that
(p, K) is the unique adapted solution of the following backward SDE:

T
P =g (X(T)) + / [be (5, X (5))Tps + 72 (5, X (5)) K (5))ds
(1.13)

r t
- /t K(s)dW (s).

In particular, if the function 8 is C3, then K (t) = 0,4 (t, X (t))o(t, X (t)) for
t>0.

Proof. We first assume that 6 is C3. Taking one more derivative in the
x variable to the equation (1.12) and denote u = 8, we have

2

(1.14) { ug + luma2 (t,z) + [b(t,z) + (0o, (t, 2)|us + b(t,x)u =0,
u(T, z) = g, (z).

On the other hand, if we apply Itd’s formula to u from ¢ to 7 (0 <t < 7),
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then we have

u(r X(7) = u(t, Xt) + | fur(s, X () + a5, X (5))b(5, X (5))
(1.15) F Jtaals, X ()05, X (s))}ds

+ /tT ug (3, X (8))o(s, X (5))dW (s).

Using (1.14) and denoting K(t) = u,(t, X (¢))o(t, X(t)), we obtain from
(1.15) that

u(r, X(r)) = ult, X()) — /t b + ua(002)](s, X (5))ds

+ /T uz (s, X(8))o(s, X (s))dW (s)
(1.16) ¢ ,
= u(t, X () /t [ubs (5, X (5)) + K ()02 (s, X (s))|ds

+ / "K(s)dw (s),

Now setting p; = u(t, X (¢)) and 7 = T, we obtain (1.13) immediately.

In the general case where 6 is not necessarily C® we argue as follows.
Let (p, K) be the adapted solution to the backward SDE (1.13), and we are
to show that p, = 6,(¢, X (¢)), that is, Vh € R,

(1.17) 0(t, X (&) + h) — 0(t, X(1)) = pth + o(h), Vi, as.
To this end, fix t € [0,T] and consider the SDE
(1.18) X"1)=X(@t)+h+ /T b(s, X"(s))ds + /T a(s, X™(s))dW (s),
t t
for t <7 < T. Define ¢* = X"(r) — X(r), 7 € [t,T). Then it is easy to
verify that ¢ satisfies
(1.19)  d¢M(7) = bo(r, X (7))CM(7) + 04 (7, X (7)) (1)dW (1) + (1),

where
T 1
hir) — h Zb(s h(g\ds
() = [ [ uls. X6+ 509D = bl X618} P o)
- /t { /0 [o2(5, X (5) + BC*(5)) — 02 (5, X ())}dB } ()W (s).
Thus by the standard results in SDE we have E{sup,<,<7 [eh(r)lift} =

o(h).
On the other hand, using Four Step Scheme one shows that

0(¢, X (1)) = E{g(X(T))|F:},  0(t, X(t)+h) = E{g(X(T))}ft},
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thus
e(taX(t) + h) - e(t’X(t))
=B{g(X"(T)) - (X (1)) |2}

1.20 1
20 gy gz + B / lo' (X + BCR) — 9/ (Xr)|dBCh| 7}

=E{g'(X(T))¢h|Fi} + o(h).
Now applying Ité’s formula to p,(* from 7 =t to 7 = T we have
(¢'(X(T)¢M(T) = peh + o(h) +m(T) — m(t),

where m stands for some {¥;};>o-martingale. Taking conditional expecta-
tion we obtain from (1.20) that

8(t, X (8) + h) — 0(t, X (£)) = pth+ o(h),  P-as., Vi € [0,T].

Using the continuity of both X and p we have 0,(t, X (t)) = pt, V¢, P-as,,
proving the proposition. O

§2. A Nonlinear Feynman-Kac Formula

In this section we establish a stochastic representation theorem for a class
of quasilinear PDEs, via th route of FBSDEs. We note that following
presentation will include the BSDEs as a special case. To begin with, let
us rewrite (1.1) again, on an arbitrary time interval [t,T], t € [0,T): for
t<s<T,

X(s)=z+ /ts b(r, ©(r))dr +/ a(r, X(r), Y (r))dW(r),

(2.1 T T
Y (s) = g(X(T)) +/ h(r,©(r))dr —/ Z(r)dW (r)

We would like to show that if the FBSDE (2.1) has unique adapted solutions
on all subintervals [t,T] C [0,T], denoted by (X*® Y%, Z"*), then the

function u(t,z) éYt*””(t) would give a wiscosity solution to a quasilinear
PDE. Thus if we can prove the uniqueness of such viscosity solution (see
Chapter 3, §3), then clearly we obtain a certain “probabilistic solution”
to the corresponding PDE, in the spirit of the celebrated Feynman-Kac
formula. For this purpose, in what follows we shall always assume the
solvability of the the FBSDE (2.1), under the following assumptions:

(A1) (i) m = 1; and the coefficients b, h, o, g are deterministic.
(ii) The functions b and h are differentiable in z.

Note that (A1)-(i) amounts to saying that coefficients of (1.2) are
“Markovian”. Thus the standard technique of “time shifting” can be used
to show that the process {Y}*},>¢ is Ff-adapted, where F} = a{W;,¢ <
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r < s}. Consequently the function u(t,z) = Y}* is deterministic, thanks
again to the Blumenthal 0-1 law.

In order to describe the quasilinear PDE that an FBSDE is correspond-
ing to, let us denote S(n) to be the set of n X n symmetric non-negative
matrices, and for p € R™, @ € S(n), define

al

H(ta z,u,p, Q) 'itr {UUT(t: z, U)Q + (b(t, z,u, U(t, z, u)p),p)

(2.2)
+ h(t,z,u,o(t, z,u)p),

and denote Du2 Vu = (8,,u,--,8,,u)T, D?u = (82.5,u)i; (the Hessian
of u), and u; = G;u. The quasilinear PDE that we are interested in is of
the following form:

(2.3) { ug + H(t,z,u, Du, D*u) = 0,

w(T, z) = g(z),

We have the following theorem.

Theorem 2.1. Assume (Al). Suppose that for a given time duration
[t,T], the FBSDE (2.1) has an adapted solution (X%*,Y*%® Z"%). Then
the function u(t, z) = Y}, (t,z) € [0,T) x R™ is a viscosity solution of the
quasilinear PDE (2.3).

Proof. We shall prove only that u is a viscosity subsolution to (2.3).
The proof of the “supersolution” is left as an exercise. First note that
u(t,z) = Y¥*(t) is continuous on [0,T] x R", locally Lipschitz-continuous
in z, and locally Holder-$ in t.

Let (t,z) € [0,T) x R" be given; and let ¢ € CY2([0,T] x R™) be such
that (t,z) is a global maximum point of u — ¢ such that u(t, z) = ¢(2, z).
We are to check that the inequality (3.27) of Chapter 3 holds.

To simplify notations, in what follows we suppress the superscript “ *® ”
for the processes X, Y, and Z. First note that by modifying ¢ slightly at
“infinite” if necessary we assume without loss of generality that and Dy
is uniformly bounded, thanks to the uniform Lipschitz property of v in z.
Next note that the pathwise uniqueness of the FBSDE leads to that for
any 0 < 7 < 7 < T one has u(r, X(7)) = Y(r), hence we can rewrite the
backward SDE in (2.1) as

u(t,z) = u(r, X (7)) + /T h(s,X(s),Y(s),Z(s))ds
(2.8) ; !
- /t Z(s)dW (s).
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Now applying Itd’s formula to ¢(-, X (-)) from ¢ to 7 we have
o(r, X (1) = g(t,2) + / " e(s, X ())ds
+f " (Do, X(5)), b(s, X(s),u(s, X(5)), Z(s)) ) ds

(2.9) 1
+/t itr{UUT(S,X(s),u(s,X(s)))chp(s,X(s))}ds
+ /tT {(Dy(s, X(s)),0(s, X (s),u(s, X(s)))dW (s)).
Write
h(s, X (5),Y (s), Z(s)) = h(s, X(s),Y (s), [0T De](s, X (s),Y (s)))
10 +(a(s),2(5) = [o" Del(s, X (), Y (5)) )
b(s, X (s),Y (s), Z(s)) = b(s, X (5), Y (), [67 Dyl(s, X (5), Y (5)))
+ B(s){Z(s) — [0 Dyl(s, X (s), Y (s)))},
where
1
a(s) =/ g—h (s, X(s),Y(s), Z,(s))db;
(2.11) 1 b

B = | 5
Zo(s) = 02(s) + (1= 8)07 (5, X(5), Y (5)) Dipls, X (5)).

s, X(8),Y(s), Za(s))db;

By assumption (A1), we see that « and § are bounded, adapted pro-
cesses. Therefore, subtracting (2.9) from (2.8), using (2.10) and (2.11),
and noting the facts that u(t,z) = (t,z) and u(r, X (1)) < (1, X (7)), we
obtain

0>u7‘X('r)) (1, X (1))
= [ (= 555, X060 = Pls, X(9), Y161, 0 D5, X(5), Y (9)
" )t TDso](s X(s), Y (5)) a(s) - Dils, X ()8} s

+f " (2(s) - (07 De(s, X (), Y (5)), dW (s) .

(2.12)

Since 6(s) éa(s) + D(s, X(s))B(s), s € [t,T] is uniformly bounded, the
following process is a P-martingale on [¢, T

@géexp{—ls(G(r),dW(r))~%Zs 6()Pdr}, s € [T,

By Girsanov’s Theorem, we can define a new probability measure P via
48 = 0%, so that Wi(s) = W(s) = W(t) — [ 6(r)dr is a P-Brownian
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motion on {t, T]. Furthermore, since the processes (X,Y, Z)) satisfies

E{ sup |X(s)|2}+E{ sup |Y(s)l2}+E/tT|Z(s)|2ds<oo,

t<s<T t<s<T

the boundedness of Dy and the uniform Lipschitz property of o imply that,
for some constant C > 0,

B[ 112 - 7D, X(9), Y () s}

< GE{@tT(/tT[l +1Z(s)]? + | X ()| + IY(8)|Zst)%}

1
2

1 T
< C{E(@tT)2}§{E/ 14+ 1Z(s)* + [X () + ¥ ()Mds ) < oo
t
In other words, the integral

Mt(U)=/tu(Z(S) —[oTDy)(s, X (), Y (5)),dW (s)),  w€ [t,T]

is a P-local martingale on [t,T] satisfying E (M *},1%1 < oo, the by
Burkholder-Davis-Gundy’s inequality, one shows that it is a f’-martingale
on {t,T]. Hence, by taking expectation E{-} on both sides of (2.12) we
obtain that
(2.13) .

02 B [ {520, X(9)~Hs, X(5),Y(5), [ Dol(5, X(s),¥ () } .

Dividing both sides by 7 and then sending 7 — 0 we obtain (3.27) of
Chapter 3 immediately. O

Remark 2.2. For a more complete theory, one should also prove that the
viscosity solution to the quasilinear PDE (2.3) is unique. This is indeed the
case when the coefficient ¢ is independent of y as well (ie., 0 = (¢, z));
and when the solution class is restricted to, for example, bounded, contin-
uous functions that are uniform Lipschitz in x and Holder —% in t. We note
that due to the special quasilinearity, the function (2.2) is neither mono-
tone, nor even one-sided uniform Lipschitz in the variable z, therefore H
is not “proper” in the sense of Crandall-Ishii-Lions [1], or convertible to a
proper function using the standard technique of “exponentiating” (see, e.g.,
Fleming-Soner [1]). Consequently, the uniqueness of the viscosity solution
is by no means trivial. However, since this issue is more or less beyond the
scope of this book, we will not include the proof here. We refer the inter-
ested readers to the works of Barles-Buckdahn-Pardoux [1], Pardoux-Tang
(1}, or Cvitanic-Ma [2].
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§3. Black’s Consol Rate Conjecture

One of the early applications of FBSDE is to confirm and explore a conjec-
ture by Fischer Black regarding consol rate models for the term structure
of interest rates. A consol is by definition a perpetual annuity, that is, a
security that pays dividends continually and in perpetuity. A consol rate
model is one in which the stochastic behavior of the short rate, taken as a
non-negative progressively measurable process below, is influenced by the
consol rate process. The relation between the two rate processes then yields
a special term structure of interest rates.

In order to set up a mathematical model, let us consider the following
simplest situation in which the short rate is a constant » > 0, then there
should be no difference between the short rate and long term (consol) rate.
In this case the consol price ¥ can be calculated as the simple actuarial
present value of a perpetual annuity. Assuming, for instance, that the
annuity is in a form of annuity-immediate in terms of actuarial mathematics,
that is , it pays, say $1, at the end of each year, then the price Y can be
calculated easily as

o0
1 1 1
(3.1) = : — ==
k:l 1+7' 1+r) 1——-(1+T) r

In other words, the price for the (unit) consol is the reciprocal of the interest
(consol) rate. In general, let us define the consol rate to be the reciprocal
of the consol price, then instead of studying the original term structure
of interest rates, it would be equivalent to study the relation between the
consol price and the short rate.

Now let us generalize the above idea. For a given short rate process
r = {ry : t > 0}, we use the standard ezpected discounted value formula (an
extension of the aforementioned actuarial present value formula) to evaluate
the consol price process Y = {Y; : ¢t > 0} 1

t} >0

(3:2) Y(t)=E {/t o= Jo rwdu

(One can check that if r(t) = r, then Y(¢) = I, as (3.1) shows!). The
Consol rate problem can be formulated as follows. Assume that the short
rate process depends on the consol price (whence consol rate) in a non-
anticipating manner, via the following SDE:

(3.3) dr(t) = p(r(t),Y (£))dt + a(r(t), Y (£))dW (£).

where W is a standard Brownian motion in R?, and p, o are some appro-
priate functions. Then is there actually a pair of adapted processes (r,Y)

t Without getting into the associated definitions and related notions of ar-
bitrage, it is not unusual in applications to work from the beginning with the
so-called “equivalent martingale measure,” in the sense of Harrison and Kreps
[1], and we do so.



202 Chapter 8. Applications of FBSDEs

that satisfies both (3.2) and (3.3)? If so, can Y also be described by an
SDE? In an earlier work Brennan and Schwartz [1] proposed a model of
term structure of interest rates in which both short rate and long rate are
characterized by SDEs. However, it was shown later by Hogan [1] by ex-
amples that such a model may not be meaningful in practice. Sensing that
the controversy might be caused by the inappropriate specification of the
coeflicients, together with a simple observations by using Ito’s formula and
(3.1), the late economist/mathematician Fisher Black made the following
conjecture:

(Black’s Conjecture). Under at most technical conditions, for any (u, @)
there is always a function A : (0,00) x (0,00) = (0,00) depending on p and
«, such that

dY () = (r()Y (t) — 1) dt + A(r(t), Y (£))dW (¢).

Black’s conjecture essentially re-confirms the SDE model of Brennan
and Schwartz, but it was not clear at the time for how to determine the
function A, and how it should related to the coefficients u and « in (3.3).

We now show how to confirm Black’s conjecture by using the theory of
FBSDEs. To this end, let us assume first that the short rate r process is
“hidden Markovian”. That is, there is a (Markovian) “state process” X in
R™ such that the short rate is given by ry = h(X;), for some well behaved
function h. To be more specific, we will assume that X satisfies an SDE:

i dX () = (X (£), Y (£)dt + o(X (1), Y (£))dW (1),
(34 X(0)=z, te[0,T),

where b, o are some appropriate functions defined on R™ x IR. Since the
coefficients b and o can be computed explicitly in terms of y, a, and h using
It6’s formula, we can recast the consol rate problem as follows.

Infinite Horizon Consol Rate Problem (IHCR). Find a pair of
adapted, locally square-integrable processes (X,Y), such that

dX (@) =b(X(t),Y(#)dt +a(X(2),Y (&) dW (1), t € [0,00),
35) {Y() = E{/oo o Ry ‘ ft},

Xo =, t € [0,00).

Any adapted process (X,Y) satisfying (3.5) is called an adapted solution of
Problem IHCR. Moreover, an adapted solution (X,Y’) of Problem IHCR is
called a nodal solution with representing function 8 if there exists a bounded
C? function § with 6, being bounded, such that

(3.6) Y(t) =6(X(t), teo,00).

Recall that the term “nodal solution” was first introduced in Chapter 4,
§3, where we studied the FBSDE in a infinite horizon [0, co) of the following
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type:

dX (t) = b(X (t), Y (8)) dt + o (X (2),Y (£))dW (1),

dY (t) = (X ()Y () — Dt — (Z(1),dW (1)),  t€[0,00),
X(0) ==z,

Y(t) is bounded a.s., uniformly in ¢ € [0, c0).

(3.7)

The following theorem shows that (3.7) is exactly the system of SDEs that
can characterize the process X and Y simultaneously, which will be the
first step towards the resolution of Black’s conjecture. First let us recall
the technical assumptions (3.4)—(3.6) of Chapter 4:

(A2) The functions o,b,h are C' with bounded partial derivatives and
there exist constants A, > 0, and some continuous increasing function
v :[0,00) — [0, 00), such that

M <o(z,y)o(z,y)" <pl, (z,39) € R" xR,
1b(z, y)| < v(jyl), (z,y) € R xR,

inf h(z)=14>0, sup h(z) =7 < 0.
zER™ zEcR™

Theorem 3.1. Assume (A2). If (X,Y, Z) is an adapted solution to (3.7),
then (X,Y) is an adapted solution to Problem (IHCR).

Conversely, if (X,Y) is an adapted solution to Problem IHCR, then
there exists an adapted, R%-valued, locally square-integrable process Z,
such that (X,Y, Z) is an adapted solution of (3.7).

Proof. To see the first assertion, let (X,Y, Z) be an adapted solution to

(3.7). LetT'(t) = e Js MX(w)du 4 ¢ 0, T). Then using integration by parts
(or 1t&’s formula) one shows easily that

T T
T(T)Y(T) = T(H)Y (t) + /t T(s)dY (s) + /t Y (s)dT(s)

T s

_ _/ e-ft A(X (@)du g
t

or

T T T
V() = o Jo X () s +/ i WX ge L (T) — mt).
t

where m denotes some {7;}:;>o-martingale, as usual. Taking conditional
expectation E{ - |F;} on both sides and letting T — oo, we prove the first
assertion.

Conversely, suppose that (X,Y) is an adapted solution to Problem
THCR. Define

3.8 U(t) = e f;h( (“))duds.
t
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Clearly, U(t) is well-defined for each ¢ > 0, thanks to (A2). We claim
that U is the unique bounded solution of the following ordinary differential
equation with random coefficients:

dU(t)
Tdt

Indeed, by a direct verification one shows that the function U defined by
(3.8) is a bounded solution of (3.9). On the other hand, let U be any
bounded solution to (3.9) defined on [0,00). Then for any 0 < ¢t < T, we
can apply the variation of constants formula to get

T T s
(3.10) Ut) = e Jo MEXDdug ey o / o Ji BX W)du
t

(3.9) = hX@WU@E) -1, te]0,00).

Since U(T) is bounded for all T > 0, and by (A2), h(X(u)) > 4 > 0
Vu € [0,T], P-a.s., sending T' — oo on both sides of (3.10) we obtain (3.8),
proving claim.

Next, define Y (¢t) = E{U(t)|F:}. Note that since the filtration {F;}:;>0
is Brownian, the process Y is continuous and is indistinguishable from the
optional (as well as predictable) projection of U. Hence, for any bounded,
{F:}+>0-adapted process H, it holds thatt

(3.11) E{/TH(S) ds'ft = /H (s)ds’ft},

Now for 0 <t < T < oo we have from (3.9) and (3.11) that

- ,
Y(t) = E(U@)|F) = E{U(T) - / [R(X (s))U(s) — l]ds\ft}
(3.12) £

= E{v(T) - /tT[h(X(s))Y(s) ~ l]ds,}'t}.

Thus, by using the martingale representation theorem one shows that there
exists an adapted, square-integrable process Z(T) defined on (0,77, such
that for all ¢ € [0, T,

T T
(3.13) Y()=Y(T)- / [R(X (5))Y (s) — 1]ds + / (ZT)(s),dW, ).

t t
Since (3.13) holds for any T' > 0, let 0 < T < T < o0, we have for
t € [0,T1] that

i T
Y(t)=Y(Ty) - ) [A(X(5))Y (s) — 1]ds +/t (2T (s)aW (s))

T Ty
= (1) - [ X ()Y (s) ~ s + /t (Z(T2)(s),dW (s)).

T See, for example, Dellacherie and Meyer [1, Chapter VI].
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From this one derives easily that

s
(3.14) / (ZT)(s) — 2T (s),dW (s)) =0,  for all

t
This leads to that E {fOTl [Z(T2) (s) — Z(Tl)(s)]st} = 0. In other words,
zM) = z(T2) | dt ® dP-almost surely on [0, 7] x Q. Consequently, modulo
a dt ® dP-null set, we can define a process Z by Z, = Z(N)(t), if t € [0, N],
where N = 1,2,---. Clearly Z is locally square-integrable, and (3.13) can
now be rewritten as

T T
(3.15) Y(t)=Y(T)- /t [h(X(s))Y (s) — 1]ds + /t (Z(s),dW (s)),

for all T > 0, or equivalently, (X,Y") satisfies the SDE (3.7). Finally, the
boundedness of Y follows easily from the definition of Y and the fact that
Uy < %, ¥t >0, P-as., proving the proposition. O

We remark here that Theorem 3.1 shows that the Black’s conjecture
can be partially solved if the FBSDE (3.7) is solvable. However, in order to
confirm Black’s conjecture completely, we have to show that the process Z
can actually be written as Z(t) = (X (t), Y (t)) for some function ¢, which
in turn will give Z(t) = A(r(¢),Y (t)) for some functionA, as the conjecture
states. But this is exactly where the nodal solution comes into play, and
the Chapter 4, Theorem 3.3 essentially solves the problem. We recast that
theorem here in the new context.

Theorem 3.2. Assume (A2). Then there exists at least one nodal solution
(X,Y) of Problem IHCR. Moreover, the representing function 6 satisfies
(i) v <6(z) <671, forall z € R.
(ii) 8 satisfies the following differential equation for z € R"™:

(3.16) —;tr (6200(2,8)07 (2,0)) + (b(t,6), 6, ) () +1 = 0,

Consequently, The Black’s conjecture is solved (in terms of Problem IHCR)
with A(z,y) = o7 (z,y)8.(z).

Proof. This is the direct consequence of Chapter 4, Theorem 3.3; and
the last statement if due to the fact that Z(¢t) = A(X(¢),Y(¢)) whenever
the nodal solution exists. O

Remark 3.3. We should point out here that although the bounded solution
U of the random ODE (3.9) with infinite-horizon is unique, the uniqueness
of the adapted solution to the FBSDE (3.7) over an infinite duration is
still unknown. In fact, as we saw in Chapter 4 (§3), the uniqueness of the
adapted solution, as well as that of the nodal solution, to FBSDE (3.7),
is a more delicate issue, especially in the higher dimensional case. How-
ever, since Black’s conjecture concerns only the existence of the function
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A, Theorem 3.2 provides a sufficient answer. Interested readers could of
course revisit Chapter 4, §3 for more details on various issues regarding
uniqueness.

Finite-Horizon Valuation Problem and its limit.

In the standard theory of term structure of interest rates the time
duration is often set to be finite. Namely, we content ourselves only in
a finite time interval [0,7]. Let us now view the process Y as a long
term interest rate (or the price of a long term bond to be comparable to
the consol price). and view X as the state process for the short rate r,
with r(t) = (X (¢)), and h satisfies (A2). In order to study the explicit
relation between X and Y, let us assume that they have an explicit relation
at terminal time T: Y (T') = g(X(T)). We consider the following Finite-
Horizon- Valuation Problem. Note that Such a problem is a generalization of
the well-known finite horizon annuity valuation problem, which corresponds
to the case when g = 0 below, by allowing the annuity price to influence
the short rate.

Problem FHYV. Find an adapted process (X,Y) such that for

X(t) =2 +/0 b(X(5), Y (s))ds +/0 (X (s), Y (s))dW (s),

(3.17)

Y(t):E{Fgg(X(T))+/TFSdSl]:t}, t e [O,T],
t

where T8 2 e~ JOrx

Any adapted process (X,Y) satisfying (3.17) is called an adapted so-
lution of Problem FHV. Further, an adapted solution (X,Y) of Problem
FHYV is called a nodal solution of Problem FHYV if there exists a function
6 :[0,T) x R" — R, which is C! in t and C? in z, such that

(3.18) Y(t) =60 X(¢), te[o,T)

Conceivably the Problem FHV will associate to an FBSDE as well, as
was seen in the IHCR case. In fact, some similar arguments as those in
Theorem 3.1 shows that if (X,Y") is an adapted solution to the Problem
FHYV, then there exist a progressively measurable, square integrable process
Z such that (X,Y, Z) is an adapted solution to the following FBSDE:

dX(t) = (X (@), Y (t)) dt + o(X(t), Y (t))dW(2),
(3.19) dY (t) = (h(X (@)Y (t) — L)dt — { Z(¢),dW (¢} ), te€[0,T],
X(0) ==z, Y(T)=g(X(T)).
Conversely, if (X,Y, Z) is an adapted solution to (3.19), then a variation

of constant formula applied to the backward SDE in (3.19) would lead
immediately to that Y satisfies (3.17). Furthermore, using the results in
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Chapter 4 (Four Step Scheme) we see that if ¢ is regular enough, then any
adapted solution of (3.19) must be a nodal solution. These facts, together
with Chapter 4, Theorem 3.10, give us the following theorem, which slightly
goes beyond the Black Conjecture.

Theorem 3.4. In addition to (A2), assume further that the function g
belongs boundedly to C?T*(R") for some « € (0,1). Then, Problem FHV
admits a unique adapted solution (X,Y’). Moreover, this solution is in fact
a nodal solution.

Furthermore, if the Problem: IHCR has a unique nodal solution, denoted
by (X,Y), where Y = 0(X) and 6 satisfies the differential equation (3.16);
and if we denote (X¥,YX) to be the nodal solution of Problem FHV on
the interval [0, K], then it holds that

(3.20) Jim B - viP + BIXE - X, =0,
uniformly in t € {0, 00) on compacts.

§4. Hedging Options for a Large Investor

In this section we apply the theory of FBSDEs to another problem in fi-
nance: hedging contingent claims for a large investor. We recall that the
_problem of hedging a contingent claim was discussed briefly in Chapter 1,
§1.3. In this section we shall remove one of the fundamental assumptions
on which the Black-Scholes theory is built, that is, the “small investor” as-
sumption. Roughly speaking, the “small investor” assumption says that no
individual investor is influential enough so that his/her investment strat-
egy, or wealth, once exposed, could affect the market prices. Mathemati-
cally, under such an assumption the coefficients of the stochastic differential
equation that characterizes the price of underlying security should be inde-
pendent of the portfolio of any investor. Although such an assumption has
long been deemed as common sense, it has been also noted recently that
the investors that are “not-so-small” could really make disastrous effect to
a financial market. A probably indisputable evidence, for example, is the
“Hedge Fund” crisis of 1998 in the global financial market, in which the
“large investors” obviously played some important roles. In this section, we
try to attack the problem of hedging a contingent claim involving “large in-
vestors”. We should point out here that the model that we will be studying
is still quite “ad hoc”, and we shall only concentrate on the mathematical
side of the problem.

Recall from Chapter 1, §1.3 the mathematical model of a continuous-
time financial market. There are d+ 1 assets traded continuously: a money
market account and d stocks, whose prices at each time t are denoted by
Py(t), Pi(t), i = 1,---,d, respectively. An investor is allowed to trade
continuously and frictionlessly. The “wealth” of the investor at time ¢ is
denoted by X (t); and the amount of money that the investor puts into the
i-th stock at time t is denoted by =;(t), 1 = 1,---,d (thus the amount of
money that the investor puts into the money market at time ¢ is X (t) —
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E?:l 7;(t)). We assume that the investor is “large” in the sense that his
wealth and strategy, once exposed, might influence the prices of the financial
instruments. More precisely, let us assume that the prices (P, P, - -, Py)
evolves according to the following (stochastic) differential equations on a
given finite time horizon [0, 7] (comparing to Chapter 1, (1.26)):

(dPo(t) = Po(t)r(t, X (8),n(t))dt,  0<t<T
dP;(t) = Pi(t){bi(t, P(t), X (), m(¢))dt

d
(4.1) S + Z 05 (¢, P(t), X (t), 7(¢))dW;(t)},

gPO(O):l) Pi(o):pi>0, i:-l)"',d7

where W = (Wy,---,W,) is a d-dimensional standard Brownian motion
defined on a complete probability space (2, 7, P), and we assume as usual
that {F:}:>0 is the P-augmentation of the natural filtration generated by
W. To be consistent with the classical model, we call b the appreciation
rate and o the volatility matriz of the stock market.

Further, we assume that the investor is provided an initial endowment
z > 0, and is allowed to consume, and denote C(t) to be the cumulative
consumption time ¢. It is not hard to argue that the change of the wealth
“dX (t)” should now follow the dynamics:

d ] _ d T
dx(t) = —;8 apy(t) + & P%Tl @) 4oty - ac(e)
(4.2) =1 ’
X(0)=z>0.

To simplify presentation, from now on we assume that d = 1 and that
the interest rate r is independent of 7 and X, i.e., 7 = r(¢), ¢ > 0. Denote

@3 b(t,p, z,7) 2(z — m)r(t) + 7b(t, p, 7, 7);
a(t,p,z,m) a wo(t,p, T, ),

for (¢,p,z,m) € [0,T] x R*. We can rewrite (4.1) and (4.2) as

Py(t) = exp { /Ot‘r(s)ds},

4D N P =p+ [ P)bLs, P, X(0),m(e)ds te 0T}
0
+o(s, P(s),X(s),n(s))dW (s)},
X(t) =z + /tz(s, P(s), X (s), 7(s))ds
(4.5) 0

+/ a(s,P(s,X(s),n(s))dW (s) — C(t);
0
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Before we proceed, we need to make some technical observations: first,
we say a pair of {F;}s>0-adapted processes (7,C) is a hedging strategy
(or simply strategy) if C(-) has nondecreasing and RCLL paths, such that
C(0) =0 and C(T) < oo, a.s.-P; and EfOT |7(s)|*ds < oo. Clearly, under
suitable conditions, for a given strategy (v, C') and the initial values p > 0
and = > 0 the SDEs (4.4) and (4.5) have unique strong solutions, which will
be denoted by P = PP®™C and X = XP*™C whenever the dependence
of the solution on p, z, 7, C needs to be specified.

Next, for a given = > 0, we say that a hedging strategy (=,C) is
admissible w.r.t. z, if for any p > 0, it holds that PP®™C(t) > 0 and
XpemC(t) > 0, Vt € [0,T], a.s.P. We denote the set of strategies that
are admissible w.r.t. z by A(z). It is not hard to show that A(z) # 0
for all z. Indeed, for any > 0, and p > 0, consider the pair # = 0 and
C = 0. Therefore, under very mild conditions on the coefficients (e.g., the
standing assumptions below) we see that both P and X can be written as
“exponential” functions:

t 1 0 t
" P(t) = pexp { /0 [b(s) = lo(s)P)ds + /O o(s)dW (s)} > 0,

t
X(t) = wexp{/ r(s)ds} > 0,
0
where b(s) = b(s, P(s),0,0) and o(s) = o(s, P(s),0,0). Thus (0,0) € A(z).
Recall from Chapter 1, §1.3 that an option is an Fp-measurable random

variable B = g(P(T)), where g is a real function; and that the hedging price
of the option is

(4.7)  h(B)Zinf{z € R:3(r,C) € A(z),s.t. X*(T) > B as.}.

In light of the discussion in Chapter 1, §1.3, we will be interested in the
forward-backward version of the SDEs (4.4) and (4.5):

,

t
P(t)=p+ / P(s){b(s, P(s), X (s),(s))ds
+ (s, P(s), X (s),7(s))dW (5)},

T/\
X(t) = g(P(T)) - / B(s, P(s), X (s),7(s))ds

T
L —/t o (s, P(s, X (s),n(s))dW (s);

We first observe that under the standard assumptions on the coefficients
and that g > 0, if (P, X, m) is a solution to FBSDE (4.8), then the pair (#, 0)
must be admissible w.r.t. X(0) (a deterministic quantity by Blumenthal
0 — 1 law). Indeed, let (P, X,w) be an adapted solution to (4.8). Then a
similar representation as that in (4.6) shows that P(t) > 0, Vt, a.s. Further,
define a (random) function

flt,z,2) = r()x + 2o~ (t, P(t), X (t), 7(t))[b(t, P(t), X (t), n(t)) — r(2)],
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then z(t) = X(t), 2(t) = o(t, P{t), X (t), n(t))7(t) solves the following back-
ward SDE

T T
() = oPD) + [ (5,05),2(9)ds + / 2()dW (s).

Applying the Comparison theorem (Chapter 1, Theorem 6.1), we conclude
that X (t) = z(t) > 0, V¢, P-as., since g(P(T)) > 0, P-a.s. The assertion
follows.

§4.1. Hedging without constraint

We first seek the solution to the hedging problem (4.7) under the following
assumptions.

(H3) The functions b, ¢ : [0,T] x R® — R are twice continuously differ-
entiable, with bounded first order partial derivatives in p, £ and 7 being
uniformly bounded. Further, we assume that there exists a K > 0, such
that for all (¢,p,z,7),

g+ g+ ozl + o] < ¢

(H4) There exist constants K > 0 and p > 0, such that for all (¢,p,z, )
with p > 0, it holds that

p<a’(t,pz,m)<K.

(H5) g € CET*(IR) for some a € (0,1); and g > 0.

Remark 4.1. Assumption (H4) amounts to saying that the market is
complete. Assumption (HS5) is inherited from Chapter 4, for the purpose
of applying the Four step scheme. However, since the boundedness of g
excludes the simplest, say, European call option case, it is desirable to
remove the boundedness of g. One alternative is to replace (H5) by the
following condition.

(H5)' limp|—o0 g(p) = o0; but g € C*(R) and ¢’ € CZ(R). Further, there
exists K > 0 such that for all p > 0,

(4.9) lpg' () < K(1+9(p));  Ip°9"(0)| < K.

The point will be revisited after the proof of our main theorem. Finally, all
the technical conditions in (H3)—(H5) are verified by the classical models.
An example of a non-trivial function o that satisfies (H3) and (H4) could
be o(t,p,z,m) = o(t) + arctan(z? + |7)?).

We shall follow the “Four Step Scheme” developed in Chapter 4 to solve
the problem. Assuming C = 0 and consider the FBSDE (4.8). Since we
have seen that the solution to {4.8), whenever exists, will satisfy P(t) > 0,
we shall restrict ourselves to the region (t,p,z,7) € [0,T] x (0,00) x IR?
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without further specification. The Four Step Scheme in the current case is
the following:

Step 1: Find z : [0,T] x (0,00) x R* = R such that

(4.10)  gpo(t,p,,2(t,p,3,9)) — 2(t,p, 2, 9)o(t, p, 2, 2(t, p, 7, 9)) =0,

In other words, z(¢,p,z,q) = pé] since o > 0 by (H4).

Step 2 Using the definition of b and & in (4.3), we deduce the following
extension of Black-Scholes PDE:

(4.11)
6(T,p) =g(p), p>0.

Step 3 Let 8 be the (classical) solution of (4.11), set

1
{ 0=20,+ 502 (t,p, 9,p9p)p26pp + pb, — r(t)8,

(4.12) { b(,1) = b(t,,6(t, ), DB (1,1))

(t,p) = o(t,p,0(t, p), pbp(t, p)),

and solve the following SDE:
(4.13) t)—-p+/ P(s)b(s, P(s ds+/ P(s)5(s, P(s))dW (s).
Step 4: Setting

(4.14) {X(t) =0(t, P(t))

7(t) = P(t)6p(t, P(2)),

show that (P, X,n) is an adapted solution to (4.8) with C' = 0.

The resolution of the Four Step Scheme depends heavily on the exis-
tence of the classical solution to the quasilinear PDE (4.11). Note that
in this case the PDE is “degenerate” near p = 0, the result of Chapter 4
does not, apply directly. We nevertheless have the following result that is
of interest in its own right:

Theorem 4.2. Assume (H3)—(H5). There exists a unique classical solution
6(-,-) to the PDE (4.11), defined on (t,p) € [0,T] x (0,00), which enjoys
the following properties:

(i) 8 — g is uniformly bounded for (t,p) € [0,T] x (0, c0);

(ii) The partial derivatives of 0 satisfy: for some constant K > 0,

(4.15) Ip0p(tp) < KA +1pl);  1P*0pp(t,0)| < K.
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__ Proof. First consider the function E 29— g. It is obvious that §t = b,
0, = 0p — gp and 0y, = O, — gyp; and 6 satisfies the following PDE:

0="0;+ %UZ(t,pﬁJr 9(0), pBp + ¢'®)))P* (Bpp + ¢)
(4.16) +r(®)p@, +¢) — @+9)),
6(T,p)=0, p>0.

To simplify notations, let us set a(¢,p,z,7) = o(t,p,z + g(p), * + pg'(p)),
then we can rewrite (4.16) as

-~

~ 1 g Pt
(4.17) 0 =6: + 56°(t,p,0,p0,)p"0pp + T (t)pbp + 7(t,, 6, p0y),
H(T,p) =0, p>0,

where
(18) 7(t,p,3,7) = 55°(t,p,2, 7" (p) + r(1)pg' () — r(D)(x + 9(p).

Next, we apply the standard Euler transformation: p = ef, and de-
note 4(t, f) (t ef). Since 8;(t,€) = B;(t,eb), 6’~£(t,§) = efé\p(t,ef), and
Oee(t,€) = €28, (1, €8) + €€, (t, ef), we we derive from (4.17) a quasilinear
parabolic PDE for 6:

~ 1 -~ o~ ~ ~ -~
0=6; + 552(75, €%,0,0:)(Bee — €°0;) + r(t)6e + 7(t,€%,8,6;),
1 -~
(19) 9 =8+ 503(6,6,0,00)0e + bo(t,€,0,00)0 + o(t,,6,5¢),
6(T,¢)=0, ¢€R,

where
ao(t, &, x,m) = 6(t, e, z,7m);

- (4.20) bo(t, €, 3, 7) = r(t) — l[ao(t ¢ o, m);

Bo(t, &, z,m) = 7(t, e, z, ).

Now by (H3) and (H4) we see that &¢(¢,&,z,7) > u > 0, for all
(t,&,z,7) € [0,T] x R® and for all (¢,&,z,7), it holds (suppressing the
variables) that

66'0 80 E 80 7

o)
3
8{ (‘)p Oz a9 (¢ )

o [0 (e)e + efg' ().

Thus, either (H5) or (H5), together with (H3), will imply the boundedness
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of a—"Q Similarly, we have

9
By 16507+ 9(6), 7+ ¢/ (e6))ef | < oo;

sup
(¢,6,z,m)
8o
sup |52 (t + g(et), ™ + efg'(e9))g' (et
(t&,a,m) 0T
<K sup (—9—-(t z + g(et), 7+ efg'( ‘[1+ (z + g(e*))] < o0;
(t,€,3,7) Oz
sup |37 (1, + g(ef),m + ¢/ (¢6)g'(9)ef
(t,8,3,7) or
8o
< K sup (tm+g(e§)7r+eg' |[1+ (z + g(e%))] < o0,
(t’§’$71r) 67“

Consequently, we conclude that the function &y has bounded first order
partial (thus uniform Lipschitz) in the variables ¢, = and 7, and thus so is
bg. Moreover, note that for any

1
E&g (t, &, z,m)e?2g" (ef)

is uniformly bounded and Lipschitz in £, z and 7 by either (H5) or (H5)', we
see that by is also uniform bounded and uniform Lipschitz in (z,€, 7). Now
we can apply Chapter 4, Theorem 2.1 to conclude that the PDE (4.11) has
a unique classical solution § in C** %2+ (for any a € (0, 1)). Furthermore,
5, together with its first and second partial derivatives in &, is uniformly
bounded throughout [0,7] x R. If we go back to the original variable,
then we obtain that the function 8 is uniformly bounded and its partial
derivatives satisfy:

1
552(75, et,z,m)g" (ef) =

sup [pB,(t,p)| < 00;  sup |p*Opy(t,p)| < 00.
(t.p) (t.p)

This, together with the definition of # and condition (H5) (or (H5)'), leads
to the estimates (4.15), proving the proposition. O

A direct consequence of Theorem 4.2 is the following

Theorem 4.3. Assume (H3), (H4), and either (H5) or (H5)'. Then for
any given p > 0, the FBSDE (4.8) admits an adapted solution (P, X, ).

Proof. We follow the Four Step Scheme. Step 1 is obvious. Step 2 is the
consequence of Theorem 4.2. For step 3, we note that since 6, and 8,, may
blow up when p| 0, a little bit more careful consideration is needed here.
However, observe that b and & are locally Lipschitz in [0,T] x (0,00) x R?,
thus one can show that for ant p > 0, the SDE (4.13) always has a “local
solution” for ¢ sufficiently small. It is then standard to show (or simply
note the exponential form (4.6)) that the solution, whenever exists, will
neither go across the boundary p = 0 nor explode before T'. Hence step 3
is complete. Since step 4 is trivial, we proved the theorem. O
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Our next goal is to show that the adapted solution of FBSDE (4.8)
does give us the optimal strategy. Also, we would like to study the unique-
ness of the adapted solution to the FBSDE (4.8), which cannot be easily
deduced from Chapter 4, since in this case the function o depends on 7 (see
Chapter 4, Remark 1.2). It turns out, however, under the special setting of
this section, we can in fact establish some comparison theorems which will
resolve all these issues simultaneously. We should note that given the coun-
terexample in Chapter 1, §6 (Example 6.2 of Chapter 1), these comparison
theorems should be interesting in their own rights.

Theorem 4.4. (Comparison Theorem): Suppose that the assumptions
of the Theorem 4.3 are in force. For given p € le+, let (m,C) be any
admissible pair such that the corresponding price/wealth process (P, X)
satisfies X(T) > ¢(P(T)), a.s. Then X(-) > 6(-,P(:)), where 6 is the
solution to (4.11).

Consequently, if (P',X") is an adapted solution to FBSDE (4.8) start-
ing from p € IRi, constructed by the Four-Step scheme. Then it holds that
X(0) > 6(0,p) = X'(0).

Proof. We only consider the case when condition (H5)' holds, since
the other case is much easier. Let (P, X, w,C) be given such that (7,C) €
A(Y(0)) and X(T) > g(P(T)), a.s. We first define a change of probability
measure as follows: let

Oo(t) = [0 [b—rl](t P(t), X (2),7(t))

(4.21) Zo(t) /90 )W (s ——/ |60 (s)|? ds
Py

TP = = Zo(T),

so that the process Wy (t) Wi(t) + fo 6o(s)ds is a Brownian motion on the
new probability space (2, F, Py). Then, the price/wealth FBSDE (4.4) and
(4.5) become

;

P(t)=p+ / P(s){r(s, X (s),7(s))ds

+ / o (s, P(s), X (s),7(5))dWo(s)},
(4.22) °

T
X(#) =9(P(T))—/t r(s, X(t),7(5))X (s)ds

T
= [ #(©)o(s, Ple), X (s), mle)dWals) + C(T) = (o),
\ t
Since in the present case the PDE (4.11) is degenerate, and the function
g is not bounded, the solution 6 to (4.11) and its partial derivatives could
blow up as p approaches to 81Ri and infinity. Therefore some modification
of the method in Chapter 4 are needed here. First, we apply Itd’s formula
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to the process g(P(-)) from ¢ to T to get
T
9(P®) = 9(P(T) - [ {go(PIr(s X,mP = 50", P, X, W (P}

- /T 9p(P)o(s, P, X, 7)dWs(s),

here and in what follows we write (P, X, 7) instead of (P(s), X(s),n(s)) in
all the integrals for notational convenience.

Next, we define a process X = X — g(P), then X satisfies the following
(backward) SDE:

=% / {r(s, X, m)[X — go(P)P] ~ 50°(5, P, X, m)gyp (P))}ds

/ (n(s) — Pgy(P))o(s, P, X, m)dWa(s) + C(T) — C(t)

We now use the notation 8 = 6 — g as that in the proof of Theorem 4.2;
then it suffices to show that X(t) > (¢, P(t)) for all t € [0,T], a.s. Po. To

this end, let us denote X (t) = 8(¢, P(t)), #(t) = P®)[0,(t, P()) + go(P())];
and Ax (t) = X(t) — X(t), Ag(t) = n(t) — #(t). Applying It6’s formula to
the process Ax(t), we obtain

T o~
Ax(t) = X(T) - / {r(5, X, W)Y — (gp(P) + By(s, P) P

~0(5, P) = 50%(s, P, X, 7By (5, P) + gpol(P)]1ds

(4.23) _ / T(W — Plg,(P) + 8,(s, P)lo(s, P, X, 7)dWp(s)
t

=X(T / A(s)ds—/ Ayo(s, P, X, m)dWy(s)
+C(T) - C(1),

where the process A(-) in the last term above is defined in the obvious way.
Recall that the function 6 satisfies PDE (4.16), that (¢, P(t)) + g(P(t)) =
X (t) — Ax(t), and the definition of 7, we can easily rewrite A(:) as follows:

A(s) = (s, X, m) X (s) — r(s, X — Ax,T)[X(s) — Ax(s)]
— (s, X, m)m(s) — r(s,8(s, P),7)7(s)
+ %{Aa(s, P, X,n,7,6(s, P))O(s, P) = I1(s) + I,(s) + Is(s),
where
{ O(t,5) 2 1> Bpp 8, 9) + 53 (0));
Ao(t,p,x,m,7,q) £ 0*(t,p,q + g(p), 7) = 02(t,p, 2, 7)),
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and I,’s are defined in the obvious way. Now noticing that

Ii(s) = [r(s X, m)X(s) —r(s, X — Ax,m)(X — Ax)]
[r(s, X — Ax,7) —r(s, X — Ax,M][X(s) — Ax(s)]

/ —{r(s,z,m)z} d/\}AX(s)

+ ST(SX Ax, T+ AAL)[X — Ax]dAAx(s)
0

= a1(s)Ax(s) + B1(s)Ax(s)),

we have from condition (A3) that both oy and f; are adapted processes
and are uniformly bounded in (¢,w). Similarly, by conditions (H1)-(H3)
and (H5’), we see that the process O(-, P()) is uniformly bounded and
that there exist uniformly bounded, adapted processes a2, az and B2, B3
such that

2=(X (s)~AAx(s))

L(s) = r(s, X, m)w(s) — r(s,08(s, P),w)m(s)
+ [r(s,0(s, P), m)w(s) — r(s,8(s, P), 7)7(s)]
= az(s)Ax(s) + B2(8)Ax(s)
I3(s) = az(s)Ax(s) + B3(s)Ax(s).

Therefore, letting o = Zf’zl a;, B= 2?21 B;, we obtain that
A(t) = a(t)Ax (1) + B(H)Ax(2),

where o and § are both adapted, uniformly bounded processes. In other
words, we have from (4.23) that

T
Ax(t) = R(T) - / {a(5)Ax(5) + B(5) A (s)}ds
(4.24) ¢

- /'T Ar(8)o(s, P, X, m)dWy(s)) +C(T) — C(t).
t

Now following the same argument as that in Chapter 1, Theorem 6.1
for BSDE’s, one shows that (4.24) leads to that

exp ( - /Ot a(s)ds)Ax t) = E{ exp ( - /OT a(s)ds) Ax(T)
T s
+ /t exp ( - /0 a(u)du)dC(s)|}'t}.

Therefore Ax(T) = X(T') — g(P(T)) > 0 implies that Ax(t) > 0, Vt €
[0,T], P-a.s. We leave the details to the reader.

Finally, note that if (P’, X’) is an adapted solution of (4.8) starting
from p and constructed by Four Step Scheme, then it must satisfy that
X'(0) = 6(0,p), hence X(0) > X'(0) by the first part, completing the
proof. O

(4.25)
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Note that if (P, X,n) is any adapted solution of FBSDE (4.8) starting
from p, then (4.25) leads to that X (t) = 6(¢, P(t)), V¢t € [0,T], P-as.,
since C =0 and A(T) = X(T) — g(P(T)) = 0. We derived the following
uniqueness result of the FBSDE (4.8).

Corollary 4.5. Suppose that assumptions of Theorem 4.4 are in force.
Let (P, X, m) be an adapted solution to FBSDE (4.8), then it must be the
same as the one constructed from the Four Step Scheme. In other words,
the FBSDE (4.8) has a unique adapted solution and it can be constructed
via (4.13) and (4.14).

Reinterpreting Theorem 4.4 and Corollary 4.5 in the option pricing
terms we derive the following optimality result.

Corollary 4.6. Under the assumptions of Theorem 4.4, it holds that
h(g(P(T))) = X(0), where P, X are the first two components of the adapted
solution to the FBSDE (4.8). Furthermore, the optimal hedging strategy is
given by (m,0), where 7 is the third component of the adapted solution to
FBSDE (4.8). Furthermore, the optimal hedging prince for (4.7) is given
by X (0), and the optimal hedging strategy is given by (,0).

Proof. We need only show that (m,0) is the optimal Strategy. Let
(n',C) € H(B). Denote P’ and X' be the corresponding price/wealth pair,
then it holds that X/(T) > g(P'(T)) by definition. Theorem 4.4 then tells
us that X'(0) > X (0), where X is the backward component of the solution
to the FBSDE (4.8), namely the initial endowment with respect to the
strategy (m,0). This shows that h(g(P(T))) = X(0), and therefore (7,0) is
the optimal strategy. O

To conclude this section, we present another comparison result that
compares the adapted solutions of FBSDE (4.8) with different terminal
condition. Again, such a comparison result takes advantage of the special
form of the FBSDE considered in this section, which may not be true for
general FBSDEs.

Theorem 4.7. (Monotonicity in terminal condition) Suppose that the
conditions of Theorem 4.3 are in force. Let (P, X% %), i = 1,2 be the
unique adapted solutions to (4.8), with the same initial prices p > 0 but
different terminal conditions X*(T) = ¢*(P(T)), i = 1,2 respectively. If
g', g2 all satisfy the condition (H5) or (H5)', and g'(p) > ¢*(p) for all
p > 0, then it holds that X1(0) > X2(0).

Proof. By Corollary 4.5 we know that X' and X? must have the form
X' =01, P XP(t) = 60°(t, PA(Y),

where 6! and 62 are the classical solutions to the PDE (4.11) with terminal
conditions g* and ¢, respectively. We claim that the inequality 6*(¢,p) >
62(t,p) must hold for all (¢,p) € [0,T] x RL.

To see this, let us use the Euler transformation p = e¢ again, and define
ui(t, &) = 04T —t,ef). It follows from the proof of Theorem 4.2 that u!
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and u? satisfy the following PDE:

1
0=u — 552 (t7€a uauﬁ)uﬁﬁ - bO(t7 € u, UE)Ug + UF(L U,Ug),
u(0,€) = g'(e*),  £eRY,

respectively, where

(4.26)

a(t, & z,m) = e to(T —t, e, z,7);
bo(t,&,z,7m) =r(T - t,z,m) — %62(T —t,&,z,7);
t,z,m) =r(T —t,z,7).
Recall from Chapter 4 that u*’s are in fact the (local) uniform limits of the

solutions of following initial-boundary value problems:

1
0=u; — iﬁf(t,f,u,ugugg —bo(t, &, u, ug)ug + ur(t, u, ue),

427)  § ulyp, (46 =g'(e),  l€ =R

u(0,§) = gi(eé)’ f € BRa
i = 1,2, respectively, where Bg é{f; |€] < R}. Therefore, we need only
show that ug (¢, &) > uk(¢,€) for all (¢,€) € [0,T) x Bg and R > 0.

For any € > 0, consider the PDE:
1

U = 56'2(t7 57 u, u{)“{f + bO(t7£a u)“‘f)u’f - 'LI,T'(t,’U,, ,U’{) )

(4.27¢) ulpp, (6 = g'(e) +e, €| =R
u(0,§) =g'(¢*) +e, (€ Br,

and denote its solution by u} .. It is not hard to check, using a standard

technique of PDEs (see, e.g., Friedman [1]), that uj . converges to uf,
uniformly in [0, 7] x R%. Next, We define a function

1 ~ ~ _
F(t>§sm7q7a\) = 562(t,§,.’5,q)q + bo(t,f,q,(f)q - .’ET(t,ﬂJ,q).

Clearly F' is continuously differentiable in all variables, and uf . and u?
satisfies

1
'U,R’
0 = > F(t € up ., (un e, (URee);

ou? 2 (.2 2 .
S = Pt & uf, (wh)e, (uh)ee);

uke(t,€) > uh(5:,€),  (4,€) € [0,T] x Br( {0} x 8B,

Therefore by Theorem IL.16 of Friedman [1], we have uy . > u} in Bg.
By sending € — 0 and then R — oo, we obtain that ul(t,&) > u2(t,¢)
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for all (t,&) € [0,T] x R%, whence 61(-,-) > 62(-,-). In particular, we have
X1(0) = 61(0,p) > 6%(0,p) = X2(0), proving the theorem. O

Remark 4.8. We should note that from 6(t,p) > 6%(t,p) we cannot
conclude that X1(t) > X2(¢) for all t, since in general there is no comparison
between @' (¢, P'(t)) and 6%(¢, P2(t)), as was shown in Chapter 1, Example
6.2!

84.2. Hedging with constraint

In this section we try to solve the hedging problem (4.7) with an extra
condition that the portfolio of an investor is subject to a certain constraint,
namely, we assume that

(Portfolio Constraint) There exists a constant Co > 0 such that |7(t)| <
Cb, for all t € [0,T], a.s.

Recall that 7(t) denotes the amount of money the investor puts in the
stock, an equivalent condition is that the total number of shares of the stock
available to the investor is limited, which is quite natural in the practice.

In what follows we shall consider the log-price/wealth pair instead of
price/wealth pair like we did in the last subsection. We note that these two
formulations are not always equivalent, we do this for the simplicity of the
presentation. Let P be the price process that evolves according to the SDE
(4.1). We assume the following

(H6) b and o are independent of 7 and are time-homogeneous; g > 0 and
belongs boundedly to C?** for some a € (0, 1); and r is uniformly bounded.

Define x(t) = In P(t). Then by It&’s formula we see that x satisfies the
SDE:
t

X(t)=x0+ [ B, X(6) — 5%, X ())ds
(4.21) + o (eX) X (5))dW (s)
=0+ [ B X()ds + [ 50x(s), X)W (o),

where xo = Inp; b(x,z) = b(eX,z) — zo%(eX,z); and 6(x,z) = o(eX,x).
Next, we rewrite the wealth equation (4.5) as follows.

t
X(t) =z + / [r(5)X () + 7(s) (B(P(s), X (5)) = r(s))]ds
(4.22) —l—/o w(s)a(P(s), X (s))dW (s) — C(t)

=z - /0 f(s,x(s), X(s),m(s))ds + /0 7(s)dx(s) — C(t).
where

(4.23) £t x,7,m) = —r(s)z — W[%ar? (x,7) — r(s)].
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In light of the discussion in the previous subsection, we see that in order
to solve a hedging problem (4.7) with portfolio constraint, one has to solve
the following FBSDE

r t~ t
xw=m+Amm¢mm@+Aammxwwwn
T T
(maﬁxm=mwm+lfmﬂaxwm@m—lw@ww

+ C(T) - C(1),
L (1)] < Oy, dt x dP-a.e. (t,w) € [0,T] x €.

In the sequel we call the set of all adapted solutions (x, X, w,C) to
the FBSDE (4.24) the set of admissible solutions. We will be interested
in the nonemptyness of this set and the existence of the minimal solution,
which will give us the solution to the hedging problem (4.7). To simplify
discussion let us make the following assumption:

(H7) b and & are uniformly bounded in (x,z) and both have bounded first
order partial derivatives in y and z.

We shall apply a Penalization procedure similar to the one used in
Chapter 7 to prove the existence of the admissible solution. Namely, we let
¢ be a smooth function defined on IR such that

0 lz] < Co;
= —(Co+1 >Co+ 2

wam  C@={r-G+) 2> Cy
-z~ (Ch+1) z2<—-Co—2

|p'(z)| <1, Vz € R;

and consider the penalized FBSDEs corresponding to (4.24) with C' = 0:
foreachn > 0,and 0 <t <s<T,
(4.26)

[ X"(s) = xo + /ts b(x™(r), X" (r))dr + /ts a(x"™(r), X" (r))dW(r),

A

T
X"(s) = g(x™(T)) +/ [£(r,x™(r), X™(r), 7" (r)) + nep(n™ (r))]dr

- /ST ™ (r)dx™ (7).

\

Applying the Four Step Scheme in Chapter 4 (in the case m = 1), we see
that (4.26) has a unique adapted solution that can be written explicitly as

s € [t,T7],

X"(s) = 0™(s,x"(s));
(4.27) {W"(S) = 03(s,x"(5)),
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where 6" is the classical solution to the following parabolic PDE:

2
0™(T,x) = g(x)-

Further, the solution 6", along with its partial derivatives 67, 87 and 67
are all bounded (with the bound depending possibly on n). The following
lemma shows that the bound for 8™ and 67 can actually be made indepen-
dent of n.

1
o7 1+ 252 (y, 670" n gn o
(4.28) { P 557X, 00 + Ft X, 07, 0%) +np(dy) =

Lemma 4.9. Assume (H6) and (H7). Then there exists and constant
C > 0 such that

0<6™(x,2) <C;  |83(x,2)| <C,  V(x,z) € R%.
Proof. By (H6) and (H7), definitions (4.23) and (4.25), we see that there

exist adapted process a” and ™ such that |a™(s)| < L, |8"(s)| < Ln,
Vs € [t,T], Vn > 0, P-as., for some L > 0, L, > 0; and that

(s, X(S) X7(s),7"(5)) + nep(n™(s)) = o™ (s) X"(s) + 5" (s)7" (s)-
Define R™(s) = exp{ [, a?dr}, s € [t,T]. Then by Itd’s formula one has

T
R™(s)X™(s) =R”(T)9(X"(T))+/ R™(r)B" (r)n™(r)dr
T L
(4.29) ~/ R™(s)n™(r)dW (r)

T
— RM(T)g("(T)) - / R ) (r)dW™ (1),

where W"(s) = W(s) - — f; B™(r)dr. Since ™ is bounded for each n,
there exists probablhty measure Q" << P such that W™ is a ™ Brownian
motion on [t, T}, thanks to Girsanov’s Theorem. We derive from (4.29) and
(HS6) that

0 < R™(s)X™(s) = E¥{RMT)g(x*(T))|Fs} < C,  Q™as.

where the constant C' > 0 is independent of n. Consequently X", is uni-
formly bounded, uniformly in n, almost surely. In particular, there exists
C > 0 such that 0 < XJ* = 6™(¢,x) < C, proving the first part of the
lemma.

To see the second part, denote Z"(s) = 63, (s, x(s))7 (s, x(5))- Since we
can always assume that 6" is actually C® by the smoothness assumptions
in (H6) and (H7), we can use the similar argument as that in Proposition
1.1 to show that the pair (7™, Z™) is an adapted solution to the BSDE:

T
T (s) = ¢'(x(T)) + / [A"(r)Z"(r) + B™(r)x"(r) + C"(r)]dr

-/ " waw),
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where
(47(s) = {506,2)[6x (6, 2) + 5o (x,2)03 (8, ) + 0 ()
+ S, X, T, T
Frlo:X )} I(xm)z(xn(s)ﬁn(s,st)),e;(s,x"(s)))
(4.30) jB" ( )
s) = Sy X, T, T
(5) = fals,x Ocz,m)=(x"(s),0" (s,x™ (5)),0% (s,x™ (5)))
| C™(6) = Fuls o 2,m)]

(oz,m)=(x"(5),07(5,x™(5)),0% (s:x™ (5)))

Since B™ and C™ are uniformly bounded, uniformly in n, by (H6) and (HT7),
and A™ is bounded for each n, a similar argument as that of part 1 will
lead to the uniform boundedness of 7™, with the bounded independent of
n. The proof of the lemma, is now complete. O
Next, we prove a comparison theorem that is not covered by those in
Chapter 1, §6.
Lemma 4.10. Assume (H6) and (H7). For any n > 1 it holds that
07 (t, x) = 0™ (¢, x), ¥(t,x) € [0,T] x R.
Proof. For each n, let (x™, X", #n") be the adapted solution to
(4.26), defined on [t,T]. Define X"(s) = 6™(s,x"*1(s)) and #"(s) =

by 1]

6% (s, x"1(s)). Applying It6’s formula and using the definition of X", 7",
and " one shows that

dX"(s) = { = fls, X" (s), X (), 7 (5))
= (4 (A" (5)) + ()¢ (), X (5)) ds
+#8)F (¢" (s), X" ())dW (5).
On the other hand, by definition we have
dx™(s) = { = £(s, X"+ (), X" (5), 7 (5))
= (1 + (a1 (5)) + 7(8)B (" (5), X" (s)) }ds
+ ()T (" (s), X" (5)) AW (5).

Now denote X™ = X"+ — X" and 4" = 27! — 7™, and note that ¢ is
uniform Lipschitz with Lipschitz constant 1, b and ™ are uniformly bound,
we see that for some some bounded processes a™ and " it holds that

dx™(s) = { = a"(5)X"(5) = B(8)7"(s) = (" +1(5))
+ A (5)3 (0 (), X7 ())dW (s).

Since X ™(T') = 0 and ¢ > 0, the same technique of Theorem 4.4 than shows
that under some probability measure ) which is equivalent to P one has

Xn(s) = E@{ / ) R™(r)p(n™+! (r.))dr\fs} >0,
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where T'(s) = exp{J;’ a™(r)dr}. Setting s = t we derive that §7+1(t,x) >
0™ (t, x). O

Combining Lemmas 4.9 and 4.10 we see that there exists function 8(¢, )
such that 8"(t,x) / 8(t,x), as n — oo. Clearly 6 is jointly measurable,
uniformly bounded, and uniform Lipschitz in x, thanks to Lemma 4.9. Thus
the following SDE is well-posed:

(431)  x(s) = ts B0, 00 x(rir + [ " (), 6(r, x(r)) AW (r);

Now define X (s) = 6(s, x(s)). It is easy to show, using the uniform Lips-
chitz property of  (in z) and some standard argument for the stability of
SDEs, that

(4.32) lim E{ su£T|X"(s) - x(s)l} =0

n—oo

and, together with a simple application of Dominated Convergence Theo-
rem, that

E{|X™(s) = X(s)|} = E{6" (s, x"(5)) — 0(s, x(s))I}
< 2C3E{|x"(s) — x()I} + 2E{16™ (s, x(5)) — 6(s, x())|} = O,

as n — oo. We should note that at this point we do not have any infor-

mation about the regularity of the paths of process X, and neither do we

know that it is even a semimartingale. Let us now take a closer look.
First notice that Lemma 4.9 and the boundedness of r(-) and &

(4.33)

E/tT 7" (s)[?ds < C; E/tT |£(s,x"(5), X"(s), 7" (5))]*ds < C.

Therefore for some processes m, f° € L% (¢, T;R) such that, possibly along
a subsequence, one has

(4.34) (7", £(5,X™(8), X"(5), 7"(5))) = (m, £°),in (L% (t, T; R))*.

Next, let us define

A™(s) = /8 np(r™(r))dr, 0<t<s<T,

(4.35)
A(s) = 0(t, ) - / FO(r)dr - / w(r)dx(r).
Since
A™(s) = 0™(t,x) — X"(s) - /s[f(ﬁx“(r),X"(T),ﬂ"(r))dr
(4.36) t

- [T oo,
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Cdmbining (4.32)-(4.34), one shows easily that, A™ converges weakly in
L?(0,T;R) to A(s). Therefore it is not hard to see that for any fixed
t < s1 < s <T it holds that

(4.37) P{4;, < A5} =0,

since A™’s are all continuous, monotone increasing processes. Thus one
shows that both A(s—) and A(s+) exist for all s € [¢,T]. Denote A(s) =
A(s+), then A is cadlag, and for fixed s, A(s) < A(s), P-a.s.. We claim
that the equality actually holds. Indeed, from (4.35) we see that X (-)+ A(-)

is continuous. Let Q be the rationals in R, then for each s € [t, T}, it holds
almost surely that

(4.38)  lim X(r) = im[X(r) + A(r) — A(r)] = X(s) + A(s) — A(s).
red éa
On the other hand, since for each r € [t,T] one has X(r) = 8(r,x(r)) >

6™ (r, x(r)), using the continuity of the functions 8™’s and the process x({-)
we have

lim X (r) > lim 6™ (r, x(r)) = 6" (s, x(s))-
rls rls
Letting n — oo and using (4.38) we derive

X(s) + A(s) = lim X(r) +A(s) > lim 67(s, x(s)) + A(s)

rEQ

= 0(s, x(s)) + A(s) = X (s) + A(s).

Consequently, A(s) > A(s), P-as., whence A(s) = A(s), P-a.s.. In other
words, A(s) is a cadlag version of A.
From now on we replace A by its cadlag version in (4.35) without further

specification. Namely the process X (é 0(-,x(-))) is a semimartingale with
the decomposition:

T T
(4.39) X(s) =6(¢, X)—(/ fo(r)dr+A(s)) —/ w(r)dx(r), t<s<T,
and is cadlag as well. We have the following theorem.

Theorem 4.11. Assume (H6) and (H7). Let x, f° = be defined by
(4.31) and (4.34), respectively; and let X (s) = 6(s, x(s)), where 8 is the
(monotone) limit of the sohitions of PDEs (4.28), {6™}. Define

(4.40) C(s) é/ts{fo(S) = F(x(r), X(r),n(r))}dr + A(s), t<s<T.

Then (x,X,m,C) is an adapted solution to the FBSDE with constraint
(4.24). o
Furthermore, if (%, X,7,C) is any adapted solution to (4.24) on [¢, T},

then it must hold that X(t) < X(t). Consequently, z* éX(O) is the
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minimum hedging price to the problem (4.7) with the portfolio constraint
= ()} < Co.

Proof. We first show that fO(r) — f(x(r), X(r), Z(r))} > 0, dt x dP-a.e.
In fact, using the convexity of f in the variable z and that f(t,2,0,0) =0
we have, for each n,

Fs,x"(8), X™(s), 7" (8)) — f (5, x(s), X (), 7(s))
2 =L(Ix™(s) = x(s)] + |X™(s) = X(s)])

+ £ (5, x(s), X (s),7"(5)) — f(s,x(5), X (5), 7(s))]
> —L(Ix"(s) — x(s)| + 1X"(s) — X(s)])

+ (7(s) — m(s)) fx (x(5), X (5), ().

Using the boundedness of f,, we see that for any n € L%(0,T; R) such that
1 > 0, dt x dP-a.e., it holds that, as n — oo,

T
E / [F2() = F(r, x(), X (), 7(r)) e

T
= lim E / LF(r, X™() X (), () — F(r, X(0), X (), () e

N~ 00

T
> LE / ™ () = x(7)] + [X™() = X () In(r)dr

T
+E / (™ (r) = 7)) f (), X (), 7())m(r)dr — 0.

Therefore f0(s) — f(s, x(s), X (s),7(s)) > 0, dt x dP-a.e., namely C(-) is a
cadlag, nondecreasing process. Now rewriting (4.39) as

T T
X(S)=9(X(T))+/ f(T,X(T),X(T),W(T))dTJr/ w(r)dx(r}+C(T)~C(s),

for t < s < T, we see that (x,X,,C) solves the FBSDE in (4.24). Tt
remains to check that w(t) € T, dt x dP-a.e. But since ¢r(0) = 0 and
ler| < 1, we have

T T
E / lor (™ (s))|Pds < E / " (s)[2ds < C.

Thus, possibly along a subsequence, we have @ (77 (-)) = ¢ for some 2 €
L?(0,T;R). Since ¢g is convex and C! by construction, we can repeat the
argument as before to conclude that ¢%(s) > ¢r(n(s)) > 0, dt x dP-a.e..
But on the other hand,

T T T
E/t wr(n(r))dr < E/t @2(r)dr = nh_}rr;oE/t wr ("™ (r))dr

= lim SEA™(T) =0,

n—o0o N
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we have that ¢r(7(s)) =0, dt x dP-a.e.

To prove the last statement of the theorem let (¥, X, 7, 5) be any other
solutions of the FBSDE (4.24). Denote for each n, X"(s) = 8" (s, x(s)) and
7"(s) = 0%(s, x(s)). Applying It&’s formula and Using (4.28) one can show
that X™ is a solution to the BSDE

o~ T o~
Xn(s) = g(R(T)) + / £, %), B2 (r), 7)) + np(F (1)
(4.41) s

1 _ _ T
- 5(02(52(7"),)( (1) = o (x(r), X" (r))ldr — / 7" (r)dx(r).

It then follows, with X 2 X — X», # 2% — #7, that

~ T ~ T —~ ~
X(s) = / (o™ (r) X () + B ()i (r)]dr / #(r)dx(r) + O(T) - E(s),

where a™ and " are some bounded, adapted processes, thanks to the
assumptions on the coefficients. Thus some similar arguments as those in
Lemma 4.10 shows that X(s) > 0, Vs € [t,T], P-a.s. In particular, one
has X(t) > Xn(t) = 8"(t,x), for all n. Letting n — oo we obtain that
X(t) > 6@, x) = X (t). Thus (x, X,n,C) is the minimum solution of (4.24)
on [t,T]. Finally, if t = 0, then we conclude that z* = X (0) is the minimum
hedging price to (4.7) with portfolio constraint, proving the theorem. |

§5. A Stochastic Black-Scholes Formula

In this section we present another application of the theory established in
the previous chapters to the theory of option pricing. First recall that in the
last section we essentially assumed that the market is “Markovian”, that is,
we assumed that all the coeflicients in the price equation are deterministic
so that the Four Step Scheme could be applied. We now try to explore
the possibility of considering more general market models in which the
market parameters can be random. To compensate this relaxation, we
return to a standard “small investor” world. Namely, we assume that the
price equations are (compared to (4.4)):

5) { dPO(t) = r(t)P°(t)dt; (bond)

dP(t) = P()[b(t)dt + c(t)dW ()],  (stock)

where r, b, and o are now assumed to be bounded, progressively measur-
able stochastic processes. We also assume that o is bounded away from
zero. To simplify discussion, we shall assume that both P and W are one
dimensional. Thus the wealth equation (4.5) now becomes (replacing X by
Y in this section)

(6.2) dY(t) = [Y(t)r(t) + n(t)(b(t) — r(t))]dt + w(t)o(t)dW (t) — dC(t).

In the case where r(:) = 7, b(-) = b, and o(-) = o are all constants,
the standard Black-Scholes theory tells us that the fair price of an option
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of the form g(P(T")) at any time ¢ € [0,T] is given by
(5-3) Y(t) = E{e " g(P(T))| 7},

Here E is the expectation with respect to some risk-neutral probability
measure (or “equivalent martingale measure”). Furthermore, if we denote
u(t,z) to be the (classical) solution to the backward PDE:

1
(5.4) ug + §a2z2um +reu, —ru =0, (t,z) € [0,T) % (0, 0);

w(T,z) = g(),

then it holds that Y (t) = u(t, P(t)), V¢t € [0,T], a.s.. Further, using the
theory of BSDE, it is not hard to show that if (Y, Z) is the unique adapted
solution of the backward SDE:

T T
Y(t) =g(P(T)) — /t [rY (s) + 07 (b —1)Z(s)]ds — /t Z(s)dW (s),

then Y coincides with that in (5.3); and the optimal hedging strategy is
given by n(t) = 01 Z(t) = v, (¢, P(t)).

In light of the result of §4, we see that the valuation formula (5.3) is not
hard to prove even in the general cases when 7, b, o, and g(-) are allowed to
be random. But a more subtle problem is to find a proper replacement, if
possible, of the “Black-Scholes PDE” (5.4). We note that since the coeffi-
cients are now random, a “PDE” would no longer be appropriate. It turns
out that the BSPDE established in Chapter 5 will serve for this purpose.

85.1. Stochastic Black-Scholes formula

Let us consider the price equation (5.1) with random coeflicients r, b, o;
and we consider the general terminal value g as described at the beginning
of the section. We allow further that r and b may depend on the stock
price in a nonanticipating way. In other words, we assume that r(t,w) =
r(t, P(t,w),w); b(t,w) = b(t, P(t,w),w), and o(t,w) = o(t, P(t,w),w)
where for each fixed p € R, r(-,p,-), b(:,p,-), and o(-,p,-) are predictable
processes. Thus we can write (5.1) and (5.5) as an (decoupled) FBSDE:

,

P(t) =p+/0 P(s)b(s,P(s))ds-{—/O P(s)o(s)dWs,

T
(56) { Y(t)=g(P(T)) - / [Y (s)r(s, P(s)) + Z(5)6(s, P(s))lds

T
- / Z(s)dW (s),

\

where 6 is the so-called risk premium process defined by

8(t, P(t)) = o~ ' (t, P(O)[b(t, P(1)) —r(t, P(t))], ~ Vt€[0,T];
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and Z(t) 2 m(t)o(t). We shall again make use of the Euler transformation
z = logp introduced in the last section. By Ité’s formula we see that the

log-price process X = log P and the wealth process Y will satisfy

(xt)=¢+ / B(s, X (s))ds + / 5(5, X (s))dW (s),
7)Y =§X(T) /[y X(s)) + Z(s)(s, X (5)))ds
-] " ss)aws),
where

b(t,z,w) = b(t,e®,w) — %02 (t, e®w);

(5.8) F(t,z,w) = r(t,e”,w); &t z,w) = o(t,e*,w);

e_(t7z’w) :0(t7ewvw)a §(p,w) :g(ez,w)_

We have the following result.

Theorem 5.1. (Stochastic Black-Scholes Formula) Suppose that the ran-
dom fields b, 7,  and g defined in (5.8) are progressively measurable in
(t,w), and are m-th continuously differentiable in the variable x, with all
partial derivatives being uniformly bounded, for some m > 2. Let Let
the unique adapted solution of (5.7) be (X,Y,Z). Then the hedging price
against the contingent claim g(P(T),-) at any ¢ € [0, is given by

Y(t) _ E{e_ftT F(s,X(s))dsg(X(T),.)lft}

(5.9) _ 5 { — [T r(s,P(s))ds :
5l o(P(1), |7},

where E‘{|ft} is the conditional expectation with respect to the equivalent
martingale measure P defined by

~ T T
o =eo{- [ e xepawn -2 | e x@ra}.

Furthermore, the backward SPDE

T 1 _ _
u(t,z) = g(x) + ~52Ugzg + (b — 60)u,
(5.10) l 2

T
—Tu+5qy — qO_}ds — / q(s,z)dWs
t

has a unique adapted solution (u,q), such that the log-price X and the
wealth process Y are related by

(5.11) Y()=ut,X(®),), Vte[0,T], as.
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Finally, the optimal hedging strategy w is given by, for all t € [0,T],
w(t) =571 (¢, X () Z(t)

(5.12)
= Vu(t,X(t),") +a(t, X (t) tq(t, X(2),-), as.

Proof. First, since the FBSDE (5.7) is decoupled, it must have unique
adapted solution. Next, under the assumption, the backward SPDE (5.10)
admits a (classical) adapted solution, thanks to Chapter 5, Theorems 2.1-
2.3. Applying the generalized It6’s formula, and the following the Four Step
Scheme one shows that the adapted solution (X,Y, Z) to (5.7) satisfies

(6.13) Y(¢) = ult, X(¢)), Z(t) = q(t, X (1)) + a(t, X (1)) Vul(t, X (t)).

On the other hand, using the comparison theorem for BSDE (Chapter
1, Theorem 6.1), and following the same argument of Corollary 4.6, one
shows that the hedging price at any time ¢ is Y'(¢), and the hedging strat-
egy is given by (5.12). Finally, since the Y satisfies a BSDE in (5.7), an
argument as that in Theorem 4.4 gives the expression (5.9). g

Remark 5.2. In the case when all the coefficients are constants, by unique-
ness we see that the adapted solution to the BSPDE (5.10) is simply (u,0),
where u is the classical solution to a backward PDE which, after a change of
variable z = log 2’ and by setting v(t,z') = u(t,logz'), becomes exactly the
Black-Scholes PDE (8.4). Thus Theorem 5.1 recovers the classical Black-
Scholes formula.

§5.2. Convexity of the European contingent claims

In this and the following subsection we apply the comparison theorems for
backward SPDEs derived in Chapter 5 to obtain some interesting conse-
quences in the option pricing theory, in a general setting that allows random
coefficients in the market models. Our discussion follows the lines of those
of El Karoui-Jeanblanc-Picqué-Shreve [1].

The first result concerns the convexity of the European contingent
claims. In the Markovian case such a property was discussed by Bergman-
Grundy-Wiener [1] and El Karoui-Jeanblanc-Picqué-Shreve [1]. Let us now
assume that r and o are stochastic processes, independent of the current
stock price. From Theorem 5.1 we know that the option price at time ¢
with stock price z is given by 4(t, z) éu(t, log z), where u is the adapted
solution to the BSPDE (5.10). (Note, here we slightly abuse the notations
z and p!). The convexity of the European option states that the function
4(t, ) is a convex function, provided g is convex. To prove this we first note
that by using the inverse Euler transformation one can show that % is the
(classical) adapted solution to the BSPDE:

1
du = {—ipzazﬁm — Ty + 78 — TOG, — Og}dt — qdW (1),

(5.14) [0,T) x (0,00)
a(T,z) =g(z), z2>0.
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Differentiating (5.14) with respect to = twice and denote v = uzz, P = ¢oz,
then we see that (v, p) satisfies the following (linear) BSPDE:

dv = { - %:ﬁo%m — (2z0? + zr)v, — (62 + 1)
(5.15) ~z0p,— (20 — O)pdt —pdW(t);  (t,y) € [0,T) X R;
(T, z) = ¢"(z).

Here again the well-posedness of (5.15) can be obtained by considering its
equivalent form after the Euler transformation (since r and o are indepen-
dent of z!). Now we can applying Chapter 5, Corollary 6.3 to conclude that
v > 0, whenever ¢ > 0, and hence @ is convex provided g is.

We can discuss more complicated situation by using the comparison
theorems in Chapter 5. For example, let us assume that both r and o are
deterministic functions of (t,z), and we assume that they are both C? for
simplicity. Then (5.10) coincides with (5.4). Now differentiating (5.4) twice
and denoting v = uy,, we see that v satisfies the following PDE:

1 .
O0=uv; + §w202vm + azvg + v + rz(zuy — u),

(5.16)
v(T,z)=g¢"(z), =20,

where

4= 20% + 2z00, + 1,

b=0?+4z00, + (x02)? + 220040 + 207 + 7.

Now let us denote V = zu, — u, then some computation shows that V
satisfies the equation:

(5.17) 0=V + %w202Vm +éxVy + (zry — )V, on [0,T) x (0, c0),

V(T, "L') = :rg'(a:) - g(x), x> 07

for some function & depending on a and b (whence r and o). Therefore
applying the comparison theorems of Chapter 5 (use Euler transformation
if necessary) we can derive the following results: assume that g is convex,
then

(i) if r is convex and zg¢'(z) — g(z) > 0, then u is convex.

(i) if r is concave and zg'(z) — g(z) < 0, then u is convex.

(iii) if 7 is independent of z, then u is convex.

Indeed, if zg'(z) — g(z) > 0, then V > 0 by Chapter 5, Corollary 6.3.
This, together with the convexity of r and g, in turn shows that the solution
v of (5.16) is non-negative, proving (i). Part (ii) can be argued similarly.
To see (iii), note that when r is independent of z, (5.16) is homogeneous,
thus the convexity of h implies that of @, thanks to Chapter 5, Corollary
6.3 again.
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§5.3. Robustness of Black-Scholes formula

The robustness of the Black-Scholes formula concerns the following prob-
lem: suppose a practitioner’s information leads him to a misspecified value
of, say, volatility ¢, and he calculates the option price according to this
misspecified parameter and equation (5.4), and then tries to hedge the con-
tingent claim, what will be the consequence?

Let us first assume that the only misspecified parameter is the volatil-
ity, and denote it by ¢ = o(t,z), which is C? in z; and assume that the
interest rate is deterministic and independent of the stock price. By the
conclusion (iii) in the previous part we know that u is convex in x. Now let
us assume that the true volatility is an {F;}+>0-adapted process, denoted
by &, satisfying

(5.18) a(t) > o(t,x), Y(t,z),a.s.

Since in this case we have proved that u is convex, it is easy to check that
in this case (6.16) of Chapter 5 reads

(519 (£-LDut M- Mg+~ f= 526"~ 0luaa > 0,

where (E, ./T/i\) is the differential operator corresponding to the misspecified
coefficients (r,5). Thus we conclude from Chapter 5, Theorem 6.2 that
a(t,z) > u(t, ), V(¢,z), a.s. Namely the misspecified price dominates the
true price.

Now let us assume that the inequality in (5.18) is reversed. Since
both (5.4) and (5.14) are linear and homogeneous, (—u, —¢) and (—u,0)
are both solutions to (5.14) and (5.4) as well, with the terminal condition
being replaced by —g(z). But in this case (5.19) becomes

(2 = £)(~u) = %::;2[&2 — 6%](~tigs) > 0,

because u is convex, and 62 < ¢?. Thus —@ > —u, namely @ < u.

Using the similar technique we can again discuss some more compli-
cated situations. For example, let us allow the interest rate r to be mis-
specified as well, but in the form that it is convex in z, say. Assume that
the payoff function h satisfies zh'(z) — h(z) > 0, and that 7 and ¢ are
true interest rate and volatility such that they are {F:}:>o-adapted ran-
dom fields satisfying #(¢,x) > r(¢,%), and 6(t,z) > o(t,z), V(t,z). Then,
using the notation as before, one shows that

(L—Lyu= %mZ[&Z — 0?uge + (F — 7)[zuy —u] >0,
because u is convex, and zu, —u = V > 0, thanks to the arguments in the
previous part. Consequently one has 4(t,z) > u(t, z), V(t,z), a.s. Namely,
we also derive a one-sided domination of the true values and misspecified
values.
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We remark that if the misspecified volatility is not the deterministic
function of the stock price, the comparison may fail. We refer the inter-
ested readers to El Karoui-Jeanblanc-Picqué-Shreve [1] for an interesting
counterexample.

§6. An American Game Option

In this section we apply the result of Chapter 7 to derive an ad hoc option
pricing problem which we call the American Game Option.

To begin with let us consider the following FBSDE with reflections
(compare to Chapter 7, (3.2))

t ¢

Xi=1z +/ b(s, Xs,Ys, Zs)ds +/ 0(s,Xs,Ys, Z5)dWs;

(6.1) L. 0 r

)/t = g(XT) +/ h(S,XS,Y;,ZS)dS - / stWs + <T - Ct-
t t

Note that the forward equation does not have reflection; and we assume
that m = 1 and Oq(t,z,w) = (L({,z,w),U(t,z,w)), where L and U are
two random fields such that L(¢,z,w) < U(t, z,w), for all (¢,z,w) € [0, T] x
R™ x 2. We assume further that both L and U are continuous functions
in z for all (t,w), and are {F;};>o-progressively measurable, continuous
processes for all z.

In light of the result of the previous section, we can think of X in
(6.1) as a price process of financial assets, and of Y as a wealth process
of an (large) investor in the market. However, we should use the latter
interpretation only up until the first time we have d{ < 0. In other words,
no external funds are allowed to be added to the investor’s wealth, although
he is allowed to consume.

The American game option can be described as follows. Unlike the
usual American option where only the buyer has the right to choose the
exercise time, in a game option we allow the seller to have the same right
as well, namely, the seller can force the exercise time if he wishes. However,
in order to get a nontrivial option (i.e., to avoid immediate exercise to be
optimal), it is required that the payoff be higher if the seller opts to force
the exercise. Of course the seller may choose not to do anything, then the
game option becomes the usual American option.

To be more precise, let us denote by M; 7 the set of {F;}+>o-stopping
times taking values in [¢,T], and ¢t € [0,T) be the time when the “game”
starts. Let 7 € M, r be the time the buyer chooses to exercise the option;
and 0 € My 1 be that of the seller. If 7 < o, then the seller pays L(r, X,);
if ¢ < 7, then the seller pays U(o, X,). If neither exercises the option
by the maturity date T', then the scller pays B = g(X7). We define the
minimal hedging price of this contract to be the infimum of initial wealth
amounts Yy, such that the seller can deliver the payoff, a.s., without having
to use additional outside funds. In other words, his wealth process has to
follow the dynamics of ¥ (with d¢ > 0), up to the exercise time c AT AT,
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and at the exercise time we have to have
(6.2) Yonrar > g(XT)l{a/\-r:T} + L(r, XT)1{1-<T,T§U} +Ulo, Xg)1{0<,.}.

Our purpose is to determine the minimal hedging price, as well as the
corresponding minimal hedging process.

To solve this option pricing problem, let us first study the following
stochastic game (Dynkin game) is useful: there are two players, each can
choose a (stopping) time to stop the game over an given horizon [¢,T]. Let
o € Mgt be the time that player I chooses, and 7 € M, 1 be that of player
II'w. If o < 7, the player I pays U(c)(= U(o, X)) to player II; whereas if
7 < o < T, player I pays L(7)(= L(r, X;)) (yes, in both cases the player I
pays!). If no one stops by time T, player I pays B. There is also a running
cost h{t)(= h(t, X:,Y:, Z;)). In other words the payoff player I has to pay
is given by

aAT
RP(o,7) & / h(w)du + Blynr—
(6.3) s (0,7) ’ (u)du {oAT=T}

L(T)1{7'<T, 7<0} -+ U(0)1{0<T}7

where B € L?(Q) is a given Fr—measurable random variable satisfying
L(T) < B < U(T). Suppose that player II is trying to maximize the
payoff, while player I attempts to minimize it. Define the upper and lower
value s of the game by

(t) = essinf esssup E{RE(o 7')|.7:t
geEMy T TEM;,
(6.4)
(t)—fgial,lg eesjsd'nf E{RP(o,7)|7:}

respectively; and we say that the game has a value if V() = V.(¢) 2 V().

The solution to the Dynkin game is given by the following theorem,
which can be obtained by a line by line analogue of Theorem 4.1 in Cvitanié
and Karatzas [2]. Here we give only the statement.

Theorem 6.1. Suppose that there exists a solution (X,Y,Z,() to FB-
SDER (6.1) (with Os(t,z) = (L(t,z),U(t,z)). Then the game (6.3)
with B = g(X7), h(t) = h(t,X:,Y:,Z;), and L(t,w) = L(t, X¢(w)),
U(t,w) = U(t, X¢(w)) has value V(t), given by the backward component
Y of the solution to the FBSDER, i.e. V(t) =V (t) = V(t) = Y3, as., for
all 0 < t < T. Moreover, there exists a saddle-point (¢, 7;) € My x My T,
given by

G, 2inf{s € [t,T): Y, =U(s,Xs)} AT,
#E2inf{se[t,T): Y, = L(s, Xs)} AT,
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namely, we have

B{R{T (50, 7)|F.} < B{RIF™) (64, 7,)| 72}
=Y, < B{R{¥7) (0, #,)| 72}, as.

for every (o,7) € My x My . O

In what follows when we mention FBSDER, we mean (6.1) specified as
that in Theorem 6.1.

Theorem 6.2. The minimal hedging price of the American Game Option
is greater or equal to V(0), the upper value of the game (at t = 0) of
Theorem 6.1. If the corresponding FBSDER has a solution (X,Y, Z,(),
then the minimal hedging price is equal to Y.

Proof: Fix the exercise times o, 7 of the seller and the buyer, respec-
tively. If Y is the seller’s hedging process, it satisfies the following dynamics
fort <TAOAT:

t t
Yt+/ h(s,Xs,Ys,Zs)ds=/ Z,dW, — G,
1] 0

with { non-decreasing. Hence, the left-hand side is a supermartingale.
From this and the requirement that ¥ be a hedging process, we get Y; >
E{Rtg(XT)(a, T)|Ft}, Vt, a.s. in the notation of Theorem 4.1. Since the
buyer is trying to maximize the payoff, and the seller to minimize it, we
get Vi > V;. Vt, a.s.. Consequently, the minimal hedging price is no less
than V(0).

Conversely, if the FBSDER has a solution with Y as the backward
component, then by Theorem 6.1, process Y is equal to the value process
of the game, and by (4.4) (with ¢+ = 0) and (2.10), up until the optimal
exercise time & := &g for the seller, it obeys the dynamics of a wealth
process, since (; is nondecreasing for t < go. So, the seller can start with
Yp, follow the dynamics of ¥ until ¢ = & and then exercise, if the buyer
has not exercised first. In general, from the saddle-point property we know
that, for any 7 € My r,

Yonr 2 9(X1)Ysnr=1} + L(7, X7) Lir<T,r<s} + U(T, X5y Lis<1}-

This implies that that the seller can deliver the required payoff if he uses
& as his exercise time, no matter what the buyer’s exercise time 7 is. Con-
sequently, Yo = V'(0) is no less than the minimal hedging price. O



Chapter 9
Numerical Methods for FBSDEs

In the previous chapter we have seen various applications of FBSDEs in
theoretical and applied fields. In many cases a satisfactory numerical simu-
lation is highly desirable. In this chapter we present a complete numerical
algorithm for a fairly large class of FBSDEs, and analyze its consistency as
well as its rate of convergence. We note that in the standard forward SDEs
case two types of approximations are often considered: a strong scheme
which typically converges pathwisely at a rate O( \/—) and a weak scheme
which approximates only approximates E{f(X(T))}, with a possible faster
rate of convergence. However, as we shall see later, in our case the weak
convergence is a simple consequence of the pathwise convergence, and the
rate of convergence of our scheme is the same as the strong scheme for pure
forward SDEs, which is a little surprising because a FBSDE is much more
complicated than a forward SDE in nature.

§1. Formulation of the Problem

In this chapter we consider the following FBSDE: for ¢ € [0,T],

)—x+/ b(s, O(s)) ds+/ o (5, X(5), Y ())dW (s):
(1.1) .
Y () = g(X(T)) + / (s, 0(s))ds — / 2(s)dW (s),
t t

where © = (X,Y, Z). We note that in some applications (e.g., in Chapter
8, §3, Black’s Consol Rate Conjecture), the FBSDE (1.1) takes a slightly
simpler form:

X () =:v+/t b(s,X(s),Y(s))ds+/ta(s,X(s),Y(s))dWs
(1.2) 0 0

T T
Y(t) = g(X(T)) +/t b(s, X (s),Y (s))ds ——/t Z(s)dW (s).

That is, the coeflicients b and b do not depend on Z explicitly, and often in
these cases only the components (X,Y") are of significant interest. In what
follows we shall call (1.2) the “special case” when only the approximation
of (X,Y) are considered; and we call (1.1) the “general case” if the approx-
imation of (X,Y, Z) is required. We note that in what follows we restrict
ourselves to the case where all processes involved are one dimensional. The
higher dimensional case can be discussed under the same idea, but techni-
cally much more complicated. Furthermore, we shall impose the following
standing assumptions:
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(A1) The functions b, b and o are continuously differentiable in ¢ and twice
continuously differentiable in x,y,z. Moreover, if we denote any one of
these functions generically by 1, then there exists a constant a € (0,1),
such that for fixed y and 2, ¥(-,-,y, 2) € C** %2+ Furthermore, for some
L>0,

”1/)(7 'ay7z)”1,2,a < L’ V(y7z) € ]Rz'

(A2) The function o satisfies
(1.3) p<o(tzy) <C,  Vitazy) €0,T]xR?
where 0 < g < C are two constants.

(A3) The function g belongs boundedly to C*** for some a € (0,1) (one
may assume that « is the same as that in (Al)).

It is clear that the assumptions (A1)—(A3) are stronger that those in
Chapter 4, therefore applying Theorem 2.2 of Chapter 4, we see that the
FBSDE (1.1) has a unique adapted solution which can be constructed via
the Four Step Scheme. That is, the adapted solution (X,Y, Z) of (1.1) can
be obtained in the following way:

X(t) :x+/0 B(S,X(s))ds+/0 (s, X (5))dW (s),
Y (t) = 0(t, X (1)), Z(t) = o(t, X(t),0(t, X (¢))0:(t, X (1)),

(1.4)

where
B(t7 x) = b(t7 m’ O(t’ m)? O-(t7 m’ B(t’ -’L‘))H(B (t’ z)))’
a(t,z) =o(t,z,0(t,x));

and # € C1*%2%* for some 0 < a < 1 is the unique classical solution to
the quasilinear parabolic PDE:

0; + %0(t,:c,0)2¢9m +b(t,z,0,0(t,x,60)8, )8,

(1.5) +B(t,,0,0(t,2,0)8,) =0,  (t,7) € (0,T) x R,

(T, z) = g(z), z € R.

We should point out that, by using standard techniques for gradient esti-
mates, that is, applying parabolic Schauder interior estimates to the differ-
ence quotients repeatedly (cf. Gilbarg & Trudinger [1]), it can be shown
that under the assumptions (A1)-(A3) the solution 6 to the quasilinear
PDE (1.5) actually belongs to the space C?*%:4+%  Consequently, there
exists a constant K > 0 such that

Our line of attack is now clear: we shall first find a numerical scheme
for the quasilinear PDE (1.5), and then find a numerical scheme for the
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(forward) SDE (1.4). We should point out that although the numerical
analysis for the quasilinear PDE is not new, but the special form of (1.5)
has not been covered by existing results. In the next Section 2 we shall study
the numerical scheme of the quasilinear PDE (1.5) in full details, and then
in Section 3 we study the (strong) numerical scheme for the forward SDE
in (1.4).

§2. Numerical Approximations of the Quasilinear PDE

In this section we study the numerical approximation scheme and its con-
vergence analysis for the quasilinear parabolic PDE (1.5). We will first
carry out the discussion for the special case completely, upon which the
study of the general case will be built.

§2.1. A special case

In this case the coefficients b and b are independent of Z, we only ap-
proximate (X,Y). Note that in this case the PDE (1.5), although still
quasilinear, takes a much simpler form:

2.1) 0; + %o(t,z,e)%’m + b(t,z,6)8, +3(t,z,0) =0, te€(0,T),

(T, z) = g(x), z € R.
Let us first standz}rdize the PDE (3.1). Define u(t,z) = 8(T — t,z),
and for ¢ = o, b, and b, respectively, we define
o(t,z,y) = (T - t,z,y),  V(t,z,y).
Then u satisfies the PDE

1 - =
(2.2) ug — 552(t,w,u)um — b(t, z, u)ug — b(t, z,u) = 0;

w(0,z) = g(z).

To simplify notation we replace @, b and b by o, b and b themselves in
the rest of this section. We first determine the characteristics of the first
order nonlinear PDE

(2.3) up — b(t, z,u)uy = 0.

Elementary theory of PDEs (see, e.g., John [1]) tells us that the character-
istic equation of (2.3) is

det|ai;t'(s) — 8;;2'(s)] =0, s>0,
where s is the parameter of the characteristic and (a;;) is the matrix

0 0 0
0 —b(t,z,u) O
0 -1 0
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In other words, if we let parameter s = ¢, then the characteristic curve C is
given by the ODE:

(24) ' (t) = b(t, (t), u(t, z(t))-

Further, if we let 7 be the arclength of C, then along C we have

[~

dr = [1+ b*(t, z,u(t,z))] 2 dt,

and

0 o 0
5 =3l5 5t

[V

where ¢(t,z) = [1 + (¢, z,u(t, 7))]
simplified to

. Thus, along C, equation (2.2) is

Ou 12
Var = 2°

u(0,z) = g(z).

We shall design our numerical scheme based on (2.5).

(2.5) (t, 2, u)uas + b(t, T, u);

§2.1.1. Numerical scheme

Let h > 0 and At > 0 be fixed numbers. Let z; = ¢h, 1 = 0,£1,-
and t* = kAt, k = 0,1,---, N, where tY = T. For a fumction f(t, :1:) let
fE() = f(t*,-); and let fF = f (tk,xl) denote the grid value of the function
f. Define for each k the approximate solution w* by the following recursive
steps:

Step 0: Set w? = g(=x;), i = ---,—1,0,1,--; use linear interpolation to
obtain a function w®(z) defined on z € R.

Suppose that w*~(z) is defined for z € R, let w*~! = w*~1(z;) and

b = b(t*, zi, wlY); oF = o (tF, 2, wh); B = B(tF, 3, wETY);
(26) < ZF =z - BEAL, @wF ' = w1 (zh);

52( ) 2I:u}z-+—l—2'l‘u +w'L 1]

Step k: Obtain the grid values for the k-th step approximate solution,
denoted by {w¥}, via the following difference equation:

k —k—1 1

S =5+ B —co<i<oo,

2.7) =

Since by our assumption ¢ is bounded below positively and b and g are
bounded, there exists a unique bounded solution of (2.7) as soon as an
evaluation is specified for w1 (z).

Finally, we use linear interpolation to extend the grid values of
{wk}® _ . toall z € R to obtain the k-th step approximate solution w*(-).
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Before we do the convergence analysis for this numerical scheme, let
us point out a standard localization idea which is essential in our future
discussion, both theoretically and computationally. We first recall from
Chapter 4 that the (unique) classical solution of the Cauchy problem (2.2)
(therefore (2.5)) is in fact the uniform limit of the solutions {uf*} (R — o)
to the initial-boundary problems:

1 _ =
ug — 56(t,a:,u)2um - b(t,z,w)uy — b(t, z,u) =0,

(22) u(0,2) = g(z), zER;
u(t,s) = g(z), |2o|=R, 0<t<T.

It is conceivable that we can also restrict the corresponding difference equa-
tion (2.7) so that —ip < i < ig, for some ig < co. Indeed, if we denote wio-*
to be the following localized difference equation

F_ gkl ~
w—l% = 5D w); + O)F; —io <i <o,
(2.7)io w? = g(z;),  —~io <i<ig;

wfhio :g(xiio)7 k:07172,"'7

then by (A1) and (A2), one can show that w¥ is the uniform limit of {w:***},
as ig — o0, uniformly in 7 and k. In particular, if we fix the mesh size h > 0,

and let R = igh, then the quantities

(2.8)  maxfu(t*,z) —wf| and  max [uf(t*,2i) - w"|
? —ZoS’LSlo

differ only by a error that is uniform in %, and can be taken to be arbitrarily
small as i¢ (or igh = R) is sufficiently large. Consequently, as we shall see
later, if for fixed h and At we choose R (or ig) so large that the error
between the two quantities in (2.8) differ by O(h + |At|), then we can
replace (2.2) by (2.2)g, and (2.7) by (2.7);, without changing the desired
results on the rate of convergence. But on the other hand, since for the
localized solutions the error |uf(t*, z4; ) — w;‘;gl =0forallk=0,1,2,---,
the maximum absolute value of the error [uf(t*, z;) —w®"*|, i = —ig, - -, i,
will always occur in an “interior” point of (—R, R). Such an observation
will be particularly useful when a maximum-principle argument is applies
(see, e.g., Theorem 2.3 below). Based on the discussion above, from now on
we will use the localized version of the solutions to (2.2) and (2.7) whenever
necessary, without further specifications.

To conclude this subsection we note that the approximate solutions
{w*(-) are defined only on the times t = t*, k = 0,1,---,N. An approxi-
mate solution defined on [0,7] x R is defined as follows: for given h > 0
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and At > 0,

N
(2.9) wh,At(t ) = Zwk (Sﬂ)l(tk—17tk](t), te (0,T];
‘ ’ k=1

w®(z), t=0.

Clearly, for each k and i, w2 (t* x;) = w¥, where {w’} is the solution to
@.7).

§2.1.2. Error analysis
We first analyze the approximate solution {w*(-)}. To begin with, let us
introduce some notations: -for each k and i, let

(2.10) xES g — btk 2, ub )AL, @ Rt RE).

Let {x(t) : t*~! < t < t*} be the characteristic such that z(t¥) = z;. That
is, by (2.4),
tk
z(t) =z; — b(s,z(s),u(s, z(s)))ds, thl <t <tk
t

Denote Z = z(#*~!). It is then easily seen that

sup |z(t) — zi| < [|bllooAt;
tk—IStStk

% —z| < / t |b(t*, zi,uf 1) — b(t, 2(8), u(t, z(t)))|dt

tk—1
< {llbelloo + 1oz lloolIblloo + [1Bulloo (ltitllco + [1uslloolblloo) } A2

To simplify notations from now on we let C' > 0 to be a generic constant
depending only on b, b, o, T, and the constant K in (1.6), which may vary
from line to line. Thus the above becomes
(2.11) sup |z(t) — ;) < CAt;  |XF - 2| < CA.
thk—1 Ststk
We now derive an equation for the approximation error. To this end,

recall Z and X¥ defined by (2.10); and note that along the characteristic
curve C,

ou u(th, z) —u(t*,5) u(th, z) — u(tt—1, %)
[z VI P NV VT
_u(th,z) —u(tF 1, 3)
= N .

The solution of (2.5) thus satisfies a difference equation of the following
form: for —co <i<ooand k=1,---,N,

uf —af ™t 1 k\252/ Nk o ok g Lk
(2.12) —Ar - §(U(u)i) 0z (u)i +b(u); + €7,
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where @F~! = u*~1(x¥) and B(u)} and o(u)¥ correspond to B and o
defined in (2. 6) except that the values {w "} are replaced by {u’c 11, e
is the error term to be estimated. We have the following lemma.

k
i
k
i

Lemma 2.1. There exists a constant C > 0, depending only on b, g,
o, T, and the constant K in (1.6), such that for all k = 0,---,N and
—00 <t < 00,

lek| < C(h + At).

Proof. First observe that at each grid point (¢*,z;)

(20 + b(tk,wi,uf).

1
= —g2 (tk, z;, uf)uzﬂc

t*. z;
(,) oy 2

Therefore, for —co <t <00, k=1,---,N,

k ~k—1
E_ U —Uu k.. 3_“
b { At v 75'31)87_ (tkﬂ’i)}
I Y = w2t
2 b 7y 1 T (tk,z‘-) 2 k3 1

+ {BE, ws,uf) ~ Bk} = I+ 1P 4 IPE,

We estimate Iil’k, If’k and If ** geparately. Recall that C will denote
a generic constant that might vary from line to line. Using the uniform
boundedness of b, and u; we have

(2.13) II3F| = [b(t*, 23, uk) = B(t*, 2, ub1)| < CAL,
Similarly,

(124 < {107 (i) = 02 (2%, 20,0 1>num<t z))

—2u; +
(214) + 102(tk Ti, U f 1)| uzz(t zl) :’2 uz 1 ‘}
< C(“Ut“ooAt + Huzzz”ooh) < C(h’ + At).
To estimate I"* we note from (2.11) that
k=1 =y _ k—1 £k = _ 3k
(215) U(t 7$) U(t ’Xz) < “'U’I“OOI:B xz| S CAt,

At - At

On the other hand, integrating along the characteristic from (¢*=!,Z) to
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(t*, z;), we have

) ) 1 / Lot ae))at
1t
(2.16) “At /t,kt:[Ut = b(-, - u)ug|(t, z(t))dt
=Zl"t/tk_1 [«p%] (t, z(t))dt
= 1/18—“ (t’“,:/cz-)+i t wa_u (t,z(t) — ¢QE (t*, z:) pdt.
or At [ or or

2
. L. u
Since along the characteristics —— depends on wg, uy, and wy, and b,

which are all bounded, one can easily deduce that

(2.17) }ilﬁngﬁnm»—W%k&%gﬂgcm+mx

Combining (2.11)-(2.17), we have
+ ’“(tkami) — ;"
At

1k u(th, z;) — u(tF~1, 7) oy k-
|Ii | < ‘ At - [1#8—7] (t 7171)
< Clh+Ab),

proving the lemma. O

We are now ready to analyze the error between the approximate solu-
tion w?A*(¢,z) and the true solution u(t, ). To do this we define the error
function ¢(t,z) = u(t,z) — wh?(t,z) for (t,z) € [0,T] x R; as before, let

¢k = ((tk, z;) = uf — wF. We have the following theorem.

Theorem 2.2. Assume (Al)-—(A3). Then
sup |¢CF| = O(h + Ab).
ki

Proof. First, by subtracting (2.7) from (2.12), we see that {¢}} satisfies
the difference equation

_g— _k—

o) Howbswt - e
(2.18) + [E(U)f - gf] +ek;

¢ =0
Since

;7 = of T = [u(t T RE) — w20 + [u(tt T 7F) - vt (E)]

1 ? K
=G a1 %) — u(tt T, 2])],
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where (F7! = w(t*~1, 2%) — wk~1(zF), and

(0(W§)?0 ()i ~ (0f)* 85 (w)}
= (01)?02(OF + [o* (¢, @i, u{ ™) = o2 (18, i, wi )6 (w)f,

we can rewrite (2.18) as

S W
(219) At 5( ) s (C) +Ii + €5,
¢ =0,
where
P et I Gt
LT At
31020, @, ut ) — 0(¢ s 0 IEW) + )~ B

It is clear that, by (1.6) and (2.11), for some constant C' > 0 that is inde-
pendent of k£ and 4, it holds that

o~

S,z ™) — % (i, w62t + Bl ~ 8| < 1k,

‘u(tk“l,if) —u(tt1z
At

k
) < CAt.

Consequently we have
(2.20) IF] < CIGEH + Ad).

Now by (2.19) we have
G=0+ {%(af)%sz(o +IF + b JAL.

Considering the “localized” solution of u (described in the previous sub-
section) if necessary, we assume without loss generality that the maxi-
mum absolute value of ¢¥ occurs at an “interior” mesh point xf( k) where

—R < i(k)h < R for some large R > 0. Now, if we set ||¢¥|| = max; |C¥],
then at i(k) we have 53(C)f(k) < 0. Applying Lemma 2.1 and (2.20) we
have

1K1 < max |GE2 |+ mae { || + ek b A

(2’21) k—1 k—1
<max|( |+ CIICETH|At + C(h + At)At,

where C is again a generic constant. Note that the constant C is indepen-
dent of the localization, therefore by taking the limit we see that (2.21)
should hold for the “global solution” as well.
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In order to estimate max; ||, we let I;(u)(t*,-) denote the linear
interpolate of the grid values {u¥}2°__ and w*(-) the linear interpolate of
{wk}2_, then

(2.22)  max|(f | < max (¢ + max|u(t*, 2F) - Li(w) (1, 2.
Apply the Peano Kernel Theorem (cf. e.g., [ ]) to show that
max |u(tF 71, 25 — I (w) (¢, )| < Ch*h,

where h* = O(At) and C > 0 is independent of k¥ and . This, together
with (3.27), amounts to saying that (2.21) can be rewritten as

ICEN < IC M+ ClICE 1AL + C(h + At)AL,
= ||C5=Y|(1 + CAt) + C(h + Ab)At,

where C is independent of k. It then follows from the Gronwall lemma and
the bound on ||¢°] that ||¢¥|| < C(h + At), proving the theorem. O

(2.23)

§2.1.3. The approximating solutions {u(™}%

We now construct for each n an approximate solution u(™ as follows. for
each n € N let At =T/n, and h = 2||b||cAt. Since h > CAt implies that
|Z% — ;] < ||blloAt < h, ¥ do not go beyond the interval (z¥_,,z¥, ) for
each i. Now define

(2.24) u™(t,z) =w

2Pl T T
n

(¢, 1), (¢,2) € [0,T] xR,

where w4 is defined by (2.9). Our main theorem of this section is the
following.
Theorem 2.3. Suppose that (A1)—(A3) hold. Then, the sequence
{u(™(.,.)} enjoys the following properties:
(1) for fixed z € R, uw™(-,z) is left continuous;
(2) for fixed t € [0, T), ul™(t,-) is Lipschitz, uniformly in t and n (i.e.,
the Lipschitz constant is independent of t and n);
(3) supy ™) (t,2) — u(t, )| = O(L).
Proof. The property (1) is obvious by definition (2.9). To see (3), we
note that
N
u(")(t,x)—u(t,a:) = [wo(m)—u(O,x)]l{o}(t)-l-Z[wk(x)—u(t,x)]l(tk-11tk](t).
k=1
Since for each fixed t € (t*~1,¢¥], k > O or ¢t = 0, we have u(™ (¢, z) = w* (=)
fork>0o0r k=0if t =0. Thus,

sup [u* () - u(t, z)|

< ”CkH + Suplll(u)(tkvm) - u(tk)x)l + sup |u(tk,;c) - u(t,:z:)l

< NICH + ol + A0) + llulloost = O(h + A = O(),
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by virtue of Theorem 2.2 and the definitions of A and At. This proves (3).

To show (2), let n and t be fixed, and assume that ¢ € (t*,¢t5!]. Then,
u{™(t,1) = w*(x) is obviously Lipschitz in z. So it remains to determine
the Lipschitz constant of every w*. Let ! and 22 be given. We may assume
that z* € [z;,7;1) and 22 € [zj,zj41), with i < j. Fori < £ < j —1,
Theorem 2.2 implies that

[w* (we) — w*(@er1)] < [wh(ze) — u(t*, z)|
(2.25) + Ju(th, zg) — u(th, zo1)| + [w(t?, zo1) — WP (zegs))|
< 2ICH N+ lfuallooee — zer1| < Kh = K(ze41 — ),

where K is a constant independent of k, £ and n. Further, for 2! €
[-’l?i,il?i+1),

k k
w(r;11) — w®(x;
wk(xl) — wk($i+1) + ( i+ ) ( 1) (xl _-T'H—l)-
Tip1 — T4
Hence,

wk(zi41) — wh(z)

1 1
T —x < Klz* —z;
Pp—— 1 i1 < K| i1l

lw*(2') — wM(ia)| =
where K is the same as that in (2.25). Similarly,
lw* (a?) — w* ()] < K|2* — x5,
Combining the above gives

[k (z") — w*(2?)|

. il
Slw(ah) —wh(@ir)| + ) Jwk (2e) — wb(@en)) + 0k (z;) — wh ()]
=1

j—1
§K{(zi+1 —z') + Z(le ~zp) + (2 - xj+1)} = K|z? — z'}.

Since the constant K is independent of ¢ and n, the theorem is proved.

O

§2.2. General case

In order to approximate the adapted solution © = (X,Y, Z) to the general
FBSDE (1.1), we need to approximate also component Z. In fact this com-
ponent is particularly important in some application, for instance, it is the
hedging strategy in an option pricing problem (see Chapter 1). The main
difficulty is, in light of the Four Step Scheme, we need also to approximate
the derivative of the solution 8 of the PDE (2.4), which in general is more
difficult. Our idea is to reduce the PDE (2.4) to a system of PDEs so that
6 becomes a part of the solution but not the derivative of the solutions.
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To be more precise let us assume that b and b both depend on z, thus
PDE (2.4) becomes

1
0=0; + 50°(t,2,0)0zz +b(t, 2,0, ~0(t,,0)0:)0.

(2.25) +b(t, 7,0, —0(t,z,0)6);

8(T,z) = g(a).

Define by and Eo by
bo(t,z,y,z) = b(t,z,y,—c(t,x,y)z);
(2.26) Ao( Y, 2) A( y,—o(t,z,9)z)
bo(t,z,y,z) = b(t,.’lf,y, —U(taw;y)z)‘

One can check that, if o, b and b satisfy (A1)—(A3), then so do the functions
o, by and by. Further, if we again set u(t,z) = 0(T — t,z), Y(t,z), then
(2.25) becomes

1 _ =
Uy = 562(t,$,u)um + bo(t, z,u, uz)uy + bo(t, T, u, Uz );

u(0,z) = g(x).

HL=»

(2.27)

We will again drop the sign in the sequel. Now define v(t,z) = us(¢t, z).
Using standard “difference quotient” argument (see, e.g., Gilbarg-Trudinger
[1]) one can show that under (A1)-(A3) v is a solution to the “differenti-
ated” equation of (2.27). In other words, (u,v) satisfies a parabolic system:

1 ~
Uy = 56’2(t,;1;7u)uzx + bo(t,.’L‘,U, v)uz + bO(t? $,U,'U);
1 ~
(2.28) v = 5&2(t,w,u)vm + Bo(t, z,u,v)v; + Bo(t, z,u,v);
u(0,2) = g(z), v(0,2) = g'(x),
where

Bo(t,z,y,2) = o(t,z,y)[o:(t, z,y) + 0y(t, 2, y)2]) + b(t, 2,9, 2)

+b,(t,z,y,2 +3, t,z,y,2);
o | (2.9 +B(hmp 2l
Bo(t,z,y,2) = [be(t, z,y, 2) + by(t, z,y,2)2]z + bt, z,y, 2)2

+ bz(t,m,y,z).

We should point out that, unlike in the previous case, the functions By
and By in (2.29) are neither uniformly bounded nor uniformly Lipschitz,
thus more careful consideration should be given before we make arguments
parallel to the previous special case. First let us modify (2.29) as follows.
Let K be the constant in (1.6) and let ¢x € C*°(R) be a “truncation
function” such that px(2) = z for |z| < K, g (z) = 0 for |z| > K +1, and
|k (2)] < C for some (generic) constant C' > 0. Define

A =~ . A S
Bg((t’way7z):BO(tvaya(PK(z)); Bg(t:xayaz)=BO(tax7yv()0K(Z))'
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Then B¥ and Eé{ are uniformly bounded and uniform Lipschitz in all vari-
ables. Now consider the “truncated” version of (2.28), that is, we replace By
and By by B and BE in (2.28). Applying Lemma 4.2.1 we know that this
truncated version of (2.28) has a unique classical solution, say, (u¥,v¥),
that is uniformly bounded. But since |jv||c < K by (1.6), (u,v) is also a
(classical) solution to the truncated version of (2.28), thus we must have
(u,v) = (u¥,vX) by uniqueness. Consequently, we need only approximate
the solution to the truncated version of (2.28), which reduces the technical
difficulty considerably. For notational simplicity, from now on we will not
distinguish (2.28) and its truncated version unless specified. In fact, as we
will see later, such a truncation will be used only once in the error analysis.

§2.2.1. Numerical scheme

Following the idea presented in §2.1, we first determine the characteristics
of the first order system

ug — bo(t, z,u,v)uy = 0;
vy — Bo(t, z,u,v)v, = 0.

It is easy to check that the two characteristic curves C; : (¢,z;(t)), i = 1,2,
are determined by the ODEs

dz1(t) = bo(t, 21 (t), u(t, z1 (1), v(t, 21 (2)))dt;
dz2(t) = Bo(t, za(t), u(t, z2(t)), v(t, z2(t)))dt.

Let 71 and 7 be the arc—lengths along C; and C,, respectively. Then,
dTl = ’1/)1 (t, I (t))dt; d’T2 = ’([12(t, .’Ez(t))dt,
where

{¢1 (t,x) = [1 + b2(t, 2, ult, z),v(t, z))]l/z;
a(t,x) = [L+ B3 (t, 3, ult, 2),v(t,z))]"/>.

Thus, along C; and Cs, respectively,
7] o 0 3 a ]
%3_7’1-{5—1)05:;}’ %6_7'2_{&_3087}’

and (2.28) can be simplified to

0 1 ~
1/1167” = 502(t,z,u)u” + bo(t, z,u,v);
(2.30) 1
dv 1, ~
¢257; = EU (t,z,u)vye + Bo(t, z,u,v).

Numerical Scheme.

For any n € N, let At = T/n. Let h > 0 be given. Let t* = kAt,
k=0,1,2,---,and z; =th,i =---,—1,0,1,- -, as before.
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Step 0: Set UP = g(z;), V2 = ¢'(x;), Vi, and extend U° and VO to all z € R
by linear interpolation.

Next, suppose that U*~1, V¥~1 are defined such that U*~1(z;) = UF !,
VE1(z;) = V¥ and let

k]

b = 2 + bo(th, 25, U VAT At

k
2
k
1
(2.31) of = o(t*, z;, U,
k
i
Y=+ Bo(th, i, U, VEY A,

\ i
and UF~' = Uk-1(zF), VF! = vi-1(zh).

Step k: Determine the k-th step grid values (U*,VF*) by the system of
difference equations

Uk-0f' 1 ~

NI §(Uf)25§(U)f + (bo)¥;
(2.32) e i

J_Af— = 5(05)253(‘/)? + (Bo)¥.

We then extend the grid values {U}} and {V;*} to the functions U*(z) and
V¥(z), z € R, by linear interpolation.
§2.2.2. Error analysis

We follow the arguments in §2.1. First, we evaluate the first equation in
(2.30) along C; and the second one along Cs to get an analogue of (2.12):

k ~k—1

T 1 ~
= = 5@ W)k +Bolu,v)f + (1))
ful" - 6{“—1 1 ~
A = S8} + Bo(u,v)} + (e2)f,

where uf = u(tk, z;), vF = v(t*, ;) (recall that (u,v) = (u,uz) is the true
solution of (2.29)), and @F~! = w(t*~1, ), OF = v(t*1,%;), with

Z¥ = x4+ bo(tF, 2, ul WP AL R =z, + Bo(t*, zs, ub ™ 0 )AL
Also, o (u)¥, bo(u,v)* and By(u,v)¥ are analogous to o, (bo)* and (Bo)¥,
except that UZ-’“_1 and Vik—1 are replaced by uf‘l and vf‘l.

Estimating the error {(e;)¥} and {(e2)¥} in the same fashion as in
Lemma 2.1 we obtain that

(2.33) S;lp{l(el)fl +1(e2)f[} < O(h + A).
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We now define as we did in (2.9) the approximate solutions U(™ and
V() by

4

Z ((k T kr{t), te (0,7}
U™(t,z) = = o

Uo(m)a t=0;

ka(ﬁ)l(w kT (t)a te (OaT],
vt =< o o

(2.34) >

z), t=0.

(
Let &£(t,z) = u(t,z) — U™(t,z) and ((t,z) = v(t,z) — V™(t,z). We can
derive the analogue of (2.19):

kE _ gk—1

SE - LB RO+ () + )
k _ 7k—1

SIS 2 LR + () + (el

where

w(th=1 Tk k=1 gk
(1) = ~ M08 — L8 | g )t — (o)

[az(tk :r,,u’” Y — o?(tF, IZ,Uk 1162 (u)k;

vkl’\k v(th1, %5 R
X)) | (Bou, )t - (Bl

F o100, 0f ) — 0208, 2 VW)

(L)} =

Using the uniform Lipschitz property of 30 in y and z, one shows that
(2.35) [(1)f] < Co{l&F T+ G Y + Ca(h+ AL), ki,

To estimate (I)¥, we will assume that ({U}}, {V}¥}) is uniformly bounded,

otherwise we consider the truncated version version of (2.28). Thus E{ is
uniform Lipschitz. Thus,

|Bo(u, v)f = (Bo)i| < CallEF 1+ ICETM), ki,
where Cy depends only on the bounds of u, v, {UF}, {VF}, and that of o,
b, b and their partial derivatives. Consequently,
(2.36) (I)F| < CHIETH N +IGT ) + C(h + AY), Vi

Use of the maximum principle and the estimates (2.33), (2.35) and (2.36)
leads to

HEFI < 1€ 1 + Ca(llE* =1 + HI* N AL + Cs (b + At)At
ICEE < HCPH I+ Colle™ M I+ 1IKE DAL + Oy (h + Ab)At
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Add the two inequalities above and apply Gronwall’s lemma; we see that

Sukp(llﬁkll +ICFI) = O(h + A).
Applying the arguments similar to those in Theorem 2.3 we can derive the
following theorem.
Theorem 2.4. Suppose that (A1)-(A3) hold. Then,
1
SWHW”&M—UQﬂ%HWMw@—UAWM}=0%)
(t,z)

Moreover, for each fixed z € R, U™ (-, z) and V(™ (., z) are left-continuous;
for fixed t € [0,T], U™(t,-) and V(™) (t,-) are uniformly Lipschitz, with the
same Lipschitz constant that is independent of n.

83. Numerical Approximation of the Forward SDE

Having derive the numerical solution of the PDE (1.5), we are now ready
to complete the final step: approximating the Forward SDE (1.4). Recall
that the FSDE to be approximated has the following form:

¢ ¢
(3.1) Xe=z+ / b(s, X;)ds + / o(s, Xs)dWs,
0 0

where

b(t, ) = b(t, z,0(t, z), —o(t, z,0(t, )84 (t, ) = bo(t, z,0(t, T), 0, (¢, 7));
o(t,z) = o(t,z,6(t,x)).

for (t,z) € [0,T] x R.
To define the approximate SDEs, we need some notations. For each
n € N, set At, = T/n, t"* = kAt,, k =0,1,2,---,n, and

n—1

(3.2) () = Z tn’kl[t",k,tﬂ-’““)(t)a te[0,T);
: k=0
" (T)=T.

Next, for each n, let (U™, V(") be the approximate solution to the PDE
(1.5), defined by (2.35) (in the special case we may consider only u(™
defined by (2.24)). Set

(3.3) on(t,x) = UCNT —t,z),  O°(t,z) = V(T —t, 1),
and
b (t,3) = bo(t, ,07(t,x),02(t,2));  &"(t,x) = o(t,z,07(t, ).

By Theorem 2.4 we know that ™ is right continuous in ¢ and uniformly
Lipschitz in z, with the Lipschitz constant being independent of ¢ and n;
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thus, so also are the functions b and 5™. We henceforth assume that there
exists a constant K such that, for all £ and n,

(34) [b"(t,x) — b"(t,2)| + [3"(t,2) — 5"(t,2')| < K|z — /|, =,2’ €R.

Also, from Theorem 3.4,

| (3.5) stuzp [6"(¢, z) — b(t, z)} + sup [5" (¢, z) — o(t,z)| = (’)(l)

t,x n

We now introduce two SDEs: the first one is a discretized SDE given
by

t t
60 Xp=at [ O pgdst [ 506X 0dW,

where n” is defined by (3.2). The other is an intermediate approxzimate
SDE given by

t t
(3.7) Xt":aH—/ bn(s,xg)ds+/ (s, X)dW,.
0 0

It is clear from the properties of b and 5" mentioned above that both
SDEs (3.6) and (3.7) above possess unique strong solutions.
We shall estimate the differences X;* — XJ* and X™ — X, separately.

Lemma 3.1. Assume (A1)—(A3). Then,

] 1
n_ yni2| _ Y.
E{Ogltlsme xp} = 0(2)

Proof. To simplify notation, we shall suppress the sign “~” for the
coefficients in the sequel. We first rewrite (3.6) as follows:

t t
Xp=Xotup+ [ 05, XDds+ [ 0"(s, X)WL,
0 0

where

t t
W= [ X0 =80 XD+ [ 07X 0 =0 o, KDV

Applying Doob’s inequality, Jensen’s inequality, and using the Lipschitz
property of the coefficients (3.4) we have

n v ni2
E{S;I;QIXS - X¢ }
t
(3.8) §3E{sup |u?|2} +3Kzt/ EB{|Xx7 - X’;‘|2}ds
s<t 0

t
+ 121{2/0 E{|x7 - X7|*}ds.
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Now, set an(t) = E{ sup,<¢ [ X7 ~ X2}, Then, from (3.8),
¢
an(t) < 3E{supul*} + 3K*(T +4) / an(s)ds,
s<t 0
and Gronwall’s inequality leads to
(3.9) E{ sup | X2 - X7} < 363K2<T+4>E{ sup [u7[?}.
s<t s<t
We now estimate E{sup,, |u?|?}. Note that if s € [t™F,tmk+1) for
some 1 <k < n, then n"(s) = kAt, (whence T — n"(s) = (n — k)Atp, as
=nAt,) and T — s € ((n ~ k — 1)At,, (n — k)At,]. Thus, by definitions
(2 9) and (3.2), for every z € R
8" (1" (s),2) = ul™ (T = 77*(s), 2) = u™((n ~ k) Atn, )
=u"(T - s,2) = 6" (s, 7).
More generally, for all (s,z) € [0,T] x R,
b™(s,z) = b(s, z,0"(s,x)) = b(s, z,0" (n"(s), 2))-
Using this fact, it is easily seen that

t
‘/ b X () — B7(s, XT)ds

ds

[ B0, s 80050 K ) = B, X505, X2)
<[ {lb(n X207 (5, X ) = bl X2, 075, K|

}ds

Using the boundedness of the functions b, b, and by, we see that

+ |b 5, X707 (5, X o)) — bls, X2, 67 (5, X7))
=1 + L.

i
B [ {ibdeotn(6) = ol + oalleol K3 = X2 s,
i
B < Kbyl [ X - X7|ds.
0
Thus,
i N ~ [t _
| [ 06 =0 X0 < B [ {in(6) =l + Ky = X7 s,

where K depends only on K, J1btlloos Nbzlloe and {|bylleo. Since

n—1 thtlag 171—1 Tz
—slds = (s —tF)ds < Atp)? = —
JCCERTRS 5 OIS s

kAt E—0
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ilgu b, XY m (e — D5, X")ds‘ }

(3.10) \

. _ T
< 2K2{T/0 E|X ) — X3Pds + 4—2}

Using the same reasoning for ¢ with Doob’s inequality, we can see that

5] [ #60X0wo oo [

(3.11) < 81?2{/0 E|XD. o — XD|ds +/0t(3 —n"(s))2ds}

¢
~ _ T
2 n _yn|2
< 8K {/0 B|X () — X2[2ds + 3n2}
Combining (3.10) and (3.11), we get

16, 1
E{sup|uk| }<K2(4T+16)/ E| X7 — X"l ds + K*T(T + 6)n2

Thus, by (3.9),
E{ sup | X2 - X7’}
s<t
(3.12) < 33K T R2(4T + 16 / B|XD — X0 ds
16, 1
)
Finally, noting that | X%y — X7| < |X7. ) — X7+ |X7 — X7| and that
ris) — Ko =0 XN (s) (8 = 17(8)) + 0 (, X () (W = Win (),
we see as before that
i i
/0 B\ X — X2lPds < 2/ {Ilbllio(s —1"(5))? + lloll5als — n"(S)I}ds
0

ABIZT 1 oo 1
S,—3°°—'F+||U||OOT'E-

Therefore, (3.12) becomes

772
+ K*T(T + <) —

X

n__ yn|2 1 1 t
(3.13) E{ S:;I;IXs -XJ }§C15+C'2n—2+6'3/0 {ili}: !X" X7 }ds7

where Cy, C5 and C; are constants depending only on the coeflicients b,
o and K and can be calculated explicitly from (3.12). Now, we conclude
from (3.13) and Gronwall’s inequality that

an(t) < Bre®r,  Vte[0,T),
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where 8, = Cin~' + Cyn~2 and Cr = C3T. In particular, by slightly
changing the constants, we have

_ C C. 1
T E Xn__)(n2 1 2_(:)_
on(T) {oéltlng ¢ 4 } s n  n? (n)’

proving the lemma. O
The main result of this chapter is the following theorem.

Theorem 3.2. Suppose that the standing assumptions (A1)—(A3) hold.

Then, the adapted solution (X,Y, Z) to the FBSDE (1.1) can be approxi-

mated by a sequence of adapted processes (X", Y™, Z™), where X™ is the
solution to the discretized SDE (3.6) and, for t € [0,T],

V= 0n( KDY 2P = —olt, R, 67(E XD)OL(E XD,

with 8" and 07 being defined by (3.3) and U™ and V(™ by (2.34). Fur-
thermore,

(3.14) E{ sup |XP—Xi|+ sup |V"—Yi|+ sup |Zp—zt|}=0(—).
0<t<T 0<t<T 0<t<T vn

Moreover, if f is C? and uniformly Lipschitz, then for n large enough,
vn o 7n K
(3.15) |[B{£(xE, 220} - BUS (X, 20} <

for a constant K.

Proof. Recall that at the beginning of the proof of Lemma 3.1, we have
suppressed the sign “™” for b and 7 to simplify notation. Set

e*(t) = { sup B"(t,2) = b(t, )" + suplo™(t,2) — ot ) .

where b, b, o and o™ are defined by (3.1) and (3.3). Then, from (3.5) we
know that sup, |¢"(¢)| = O(Z5). Now, applying Lemma 3.1, we have

E{ sup | X7 - X,[?} < 2B{ sup |7 - X7} +2B{ sup X' - X,[2}

_ 1 n _ 2
= O(n)+2E{ sup | X3 — Xl }
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Further, observe that

E{ sup | X3 —Xslz}

i t
§2T/ E|b"(s, XT) —b(s,Xs)|2ds+8/ Elo™(s, X7}) —a(s,Xs)‘zds
0 0
i
§4T/ E[b"(s, XT) — b"(s, X,)|"ds
0
i 9 t
+16/ Elo™(s, XT) — o"(s, X,)| ds+4(T+4)/ en(s)ds
0 0

<4(T + H)K> /

t ¢
E{ sup|X,’,‘—X,.|2}ds+4(T+4)/ en(s)ds.
0 0

r<s
Applying Gronwall’s inequality, we get
¢ .,
(3.16) E{Sup 1Xn — Xs|2} < AT+ 4)/ en(s)ds - ATHOK < €
s<t

iy 27

0 n

where C is a constant depending only on K and T. Now, note that the
functions § and 8™ are both uniformly Lipschitz in x. So, if we denote their
Lipschitz constants by the same L, then

E{ OggngYt - Yt"lz}

< 2E{ sup |0(t, X;) — 6™(t, X?)iz}
0<t<T

+2B{ sup |67(t, X}") - 6(t, 7)1}

0<t<T
_ 1
<20?B{ sup |X, - X[} + 25up |0(t, ) — 0" (¢, 9 = O(-),
0<t<T (t,z) n

by Theorem 3.4 and (3.16). The estimate (3.14) then follows from an
easy application of Cauchy-Schwartz inequality. To prove (3.15), note that
Theorem 2.3 implies that, for n large enough, sup; ) 0"(t,z) — 0(t,7)| <
Cn~!, for some (generic) constant C' > 0. We modify X} as defined by
(3.6) by fixing n and approximating the solution X™ of (3.7) by a standard
Euler scheme indexed by k:

Xt"’k=z+/
0

It is then standard (see, for example, Kloeden-Platen [1, p.460]) that

t 1]
b(',X.n’k)nk(s)dS+/ U(-,X_n’k)nk(s)dWs.
0

(3.17) By - Bt < L
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On the other hand, we have
|E{f(X7)} - E{f(XP)}| < KE{|XT — X7|}

C
SE{ sup lXt—thI} <2
0<i<T n

(3.18)

for Lipschitzian f, by (3.16). Therefore, noting that XP as defined by (3.6)
is just X", the triangle inequality, (3.17) and (3.18) lead to (3.15). O



Comments and Remarks

The main body of this book is built on the works of the authors, with
various collaboration with other researchers, on this subject since 1993.
Some significant results of other researchers are also included to enhance
the book. However, due to the limitation of our information, we inevitably
might have overlooked some new development in this field while writing
this book, for which we deeply regret.

In Chapter 1, the results on the pure BSDEs, especially the fundamen-
tal well-posedness result, are based on the method introduced in the seminal
paper of Pardoux-Peng [1]. The results on nonsolvability of FBSDEs are
inspired by the example of Antonelli [1]. The well-posedness results of FB-
SDEs over small duration is also based in the spirit of the work of Antonelli
[1]. The whole Chapter 2 is based on the paper of Yong [4].

In Chapter 3 we begin to consider a general form of the FBSDE (1)
with an arbitrarily given T > 0. The main references for this chapter
are based on the works of Ma-Yong [1], virtually the first result regarding
solvability of FBSDE in this generality; and Ma-Yong [4], in which the
notion of approzimate solvability is introduced. A direct consequence of the
method of optimal control is the Four Step Scheme presented in Chapter 4.
The finite horizon case is initiated by Ma-Protter-Yong [1]; and the infinite
horizon case is the theoretical part of the work on “Black’s Consol Rate
Conjecture” presented later in Chapter 8, by Duffie-Ma-Yong [1].

Chapter 5 can be viewed either as a tool needed to extend the Four Step
Scheme to the situation when the coefficients are allowed to be random, or
as an independent subject in stochastic partial differential equations. The
main results come from the papers of Ma-Yong [2] and [3]; and the appli-
cations in finance (e.g, the stochastic Black-Scholes formula) are collected
in Chapter 8.

The method of continuation of Chapter 6 is based on the paper of Hu-
Peng [2], and its generalization by Yong [1]. The method adopted a widely
used idea in the theory of partial differential equations. Compared to the
Four Step Scheme, this method allows the randomness of the coefficients
and the degeneracy of the forward diffusion, but requires some analysis
which readers might find difficult in a different way.

Chapter 7 is based on the work of Cvitanic-Ma, [2]. The idea for the
forward SDER. using the solution mapping of Skorohod problem is due
to Anderson-Orey [1], while the Lipschitz property of such solution map-
ping is adopted from Dupuis-Ishii [1]. The proof of the backward SDER
is a modification of the arguments of Pardoux-Rascanu [1], [2], as well as
some arguments from Buckdahn-Hu [1]. The proof of the existence and
uniqueness of FBSDER adopted the idea of Pardoux-Tang [1], a general-
ized method of contraction mapping theorem, which can be viewed as an
independent method for solving FBSDE as well.
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Chapter 8 collects some successful applications of the FBSDEs devel-
oped so far. The integral representation theorem is due to Ma-Protter-Yong
[1]; the Nonlinear Feynman-Kac formula is in the spirit of Peng [4], but the
argument of the proof follows more closely those of Cvitanic-Ma {2]. The
Black’s consol rate conjecture is due to Duffie-Ma-Yong [1]; while hedging
contingent claims for large investors comes from Cvitanic-Ma [1] for uncon-
straint case, and from Buckdahn-Hu [1] for constraint case. The section on
stochastic Black-Scholes formula is based on the results of Ma-Yong [2] and
[3], and the American game option is from Cvitanic-Ma [2].

Finally, the numerical method presented in Chapter 9 is essentially
the paper of Douglas-Ma-Protter [1], with slight modifications. We should
point out that, to our best knowledge, the scheme presented here is the
only numerical method for (strongly coupled) FBSDEs discovered so far,
and even when reduced to the pure BSDE case, it is still one of the very
few existing numerical methods that can be found in the literature.

In summary, FBSDE is a new type of stochastic differential equations
that has its own mathematical flavor and many applications. Like a usual
two-point boundary value problem, there is no generic theory for its solv-
ability, and many interesting insights of the equations has yet to be dis-
covered. In the meantime, although the theory exists only for such a short
period of time (recall that the first paper on FBSDE was published in
1993!), many topics in theoretical and applied mathematics have already
been found closely related to it, and its applicability is quite impressive.
It is our hope that by presenting a lecture notes in the series of LNM,
more attention would be drawn from the mathematics community, and the
beauty of the problem would be further exposed.
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