


Operator Theory: Advances and Applications

Vol. 178

Editor:
l. Gohberg

Editorial Office:

School of Mathematical
Sciences

Tel Aviv University
Ramat Aviv, Israel

Editorial Board:

D. Alpay (Beer-Sheva)

J. Arazy (Haifa)

A. Atzmon (Tel Aviv)

J. A. Ball (Blacksburg)

A. Ben-Artzi (Tel Aviv)

H. Bercovici (Bloomington)

A. Bottcher (Chemnitz)

K. Clancey (Athens, USA)

L. A. Coburn (Buffalo)

R. E. Curto (lowa City)

K. R. Davidson (Waterloo, Ontario)
R. G. Douglas (College Station)
A. Dijksma (Groningen)

H. Dym (Rehovot)

P. A. Fuhrmann (Beer Sheva)
B. Gramsch (Mainz)

J. A. Helton (La Jolla)

M. A. Kaashoek (Amsterdam)

Subseries
Linear Operators and
Linear Systems

Subseries editors:

Daniel Alpay

Department of Mathematics

Ben Gurion University of the Negev
Beer Sheva 84105

Israel

H. G. Kaper (Argonne)

S. T. Kuroda (Tokyo)

P. Lancaster (Calgary)

L. E. Lerer (Haifa)

B. Mityagin (Columbus)

V. Olshevsky (Storrs)

M. Putinar (Santa Barbara)
L. Rodman (Williamsburg)
J. Rovnyak (Charlottesville)
D. E. Sarason (Berkeley)

[. M. Spitkovsky (Williamsburg)
S. Treil (Providence)

H. Upmeier (Marburg)

S. M. Verduyn Lunel (Leiden)
D. Voiculescu (Berkeley)

D. Xia (Nashville)

D. Yafaev (Rennes)

Honorary and Advisory
Editorial Board:

C. Foias (Bloomington)
T. Kailath (Stanford)

H. Langer (Vienna)

P. D. Lax (New York)
H. Widom (Santa Cruz)

Joseph A. Ball

Department of Mathematics
Virginia Tech

Blacksburg, VA 24061

USA

André M.C. Ran

Division of Mathematics and
Computer Science

Faculty of Sciences

Vrije Universiteit

NL-1081 HV Amsterdam
The Netherlands



Factorization of Matrix
and Operator Functions:
The State Space Method

Harm Bart

Israel Gohberg
Marinus A. Kaashoek
André C.M. Ran

Linear
Operators &
inear
Systems

Birkhauser
Basel - Boston - Berlin



Authors:

Harm Bart

Econometrisch Instituut
Erasmus Universiteit Rotterdam
Postbus 1738

3000 DR Rotterdam

The Netherlands

e-mail: bart@few.eur.nl

André C.M. Ran

Department of Mathematics, FEW
Vrije Universiteit Amsterdam

De Boelelaan 1081a

1081 HV Amsterdam

The Netherlands

e-mail: ACM.Ran@few.vu.nl

Israel Gohberg

School of Mathematical Sciences
Raymond and Beverly Sackler
Faculty of Exact Sciences

Tel Aviv University

Ramat Aviv 69978

Israel

e-mail: gohberg@math.tau.ac.il

Marinus A. Kaashoek

Department of Mathematics, FEW
Vrije Universiteit

De Boelelaan 1081A

NL-1081 HV Amsterdam

The Netherlands

e-mail: m.a.kaashoek@few.vu.nl

2000 Mathematics Subject Classification: primary 47A48, 47A68, 47B35, 26C15;
secondary 15A21, 15A24, 30G30, 47A62, 90B35, 93B28

Library of Congress Control Number: 2007933911

Bibliographic information published by Die Deutsche Bibliothek
Die Deutsche Bibliothek lists this publication in the Deutsche Nationalbibliografie; detailed
bibliographic data is available in the Internet at <http://dnb.ddb.de>.

ISBN 978-3-7643-8267-4 Birkhéuser Verlag AG, Basel - Boston - Berlin

This work is subject to copyright. All rights are reserved, whether the whole or part of the

material is concerned, specifically the rights of translation, reprinting, re-use of

illustrations, recitation, broadcasting, reproduction on microfilms or in other ways, and

storage in data banks. For any kind of use permission of the copyright owner must be

obtained.

© 2008 Birkhduser Verlag AG, P.O. Box 133, CH-4010 Basel, Switzerland

Part of Springer Science+Business Media

Printed on acid-free paper produced from chlorine-free pulp. TCF

Cover design: Heinz Hiltbrunner, Basel

Printed in Germany

ISBN 978-3-7643-8267-4

987654321

e-ISBN 978-3-7643-8268-1

www.birkhauser.ch



Dedicated to the memory of
MOSHE LIvsIC

the founding father of the
characteristic function
in operator theory



Contents

Preface . . . . . . . . .

0 Introduction . . . . . . . . . . ... e

Part I Motivating Problems, Systems and Realizations

1

3

Motivating Problems

1.1 Linear time invariant systems and cascade connection . . . .. ..

1.2 Characteristic operator functions and invariant subspaces (1)

1.3 Characteristic operator functions and invariant subspaces (2)

1.4 Factorization of monic matrix polynomials . . . . . . ... ... ..

1.5 Wiener-Hopf integral operators and factorization . . . . . ... ..

1.6 Block Toeplitz equations and factorization . . . . . . . .. ... ..
Notes . . . . o o

Operator Nodes, Systems, and Operations on Systems

2.1 Operator nodes, systems and transfer functions . . . . . . ... ..

2.2 Inversion. . . . . . . ..o

2.3 Products. . . . . ..

2.4 Factorization and matching of invariant subspaces . . .. . .. ..

2.5 Factorization and inversion revisited . . . . . . .. ... oL
Notes . . . . o e

Various Classes of Systems
3.1 Brodskiisystems . . ... .. ... o
3.2 Krelnsystems . . . . . . ... oL
3.3 Unitary systems . . . . . .. ... L o
3.4 Monic systems . . . . .. Lo
3.5 Polynomial systems . . . . .. ... L o Lo
3.6 Mobius transformation of systems . . . ... ... 0L
Notes . . . . . . e



viii Contents

4 Realization and Linearization of Operator Functions

4.1 Realization of rational operator functions . . . . ... .. ... .. 65
4.2  Realization of analytic operator functions . . . . ... .. ... .. 67
4.3 Linearization . . . . . . . .. .. Lo 69
4.4 Linearization and Schur complements . . . . . ... ... ... .. 73
Notes . . . . o e 76
5 Factorization and Riccati Equations
5.1 Angular subspaces and angular operators . . . ... ... ... .. 77
5.2 Angular subspaces and the algebraic Riccati equation . . . . . .. 79
5.3 Angular operators and factorization . . . ... ... ... .. .. 80
5.4 Angular spectral subspaces and the algebraic Riccati equation . . . 86
Notes . . . . . . o 88
6 Canonical Factorization and Applications
6.1 Canonical factorization of rational matrix functions . . . . . . . .. 89
6.2 Application to Wiener-Hopf integral equations . . . . .. ... .. 92
6.3 Application to block Toeplitz operators . . . . .. ... ... ... 97
Notes . . . . o e 100

Part II Minimal Realization and Minimal Factorization

7 Minimal Systems

7.1 Minimality of systems . . . . ... ... o oo 105
7.2 Controllability and observability for finite-dimensional systems . . 109
7.3 Minimality for finite-dimensional systems . . . . ... .. ... .. 112
7.4 Minimality for Hilbert space systems . . . . . . .. ... ... ... 116
7.5 Minimality in special cases . . . . . . . . .. ... L. 125
7.5.1 Brodskiisystems . . ... ... o000 125
7.5.2 Kreinsystems. . . . . .. ... Lo 125
7.5.3 Unitary systems . . . . . . .. . ... .. 126
7.5.4 Monicsystems . . .. ... 127
7.5.5  Polynomial systems . . . . ... ... ... ... 128
Notes . . . . o o 128
8 Minimal Realizations and Pole-Zero Structure
8.1 Zero data and Jordan chains . . . . . .. ..o 129
8.2 Poledata . . .. .. ... 142
8.3 Minimal realizations in terms of zero or pole data . . . . . . .. .. 145
8.4 Local degree and local minimality . . . . . . .. .. .. ... .. .. 147
8.5 McMillan degree and minimality of systems . . . . .. .. ... .. 160

Notes . . . . . . 161



Contents ix

9 Minimal Factorization of Rational Matrix Functions

9.1 Minimal factorization . . . . .. . .. .. ... ... ... ... 163
9.2 Pseudo-canonical factorization . . . . .. ... .. ... ... ... 169
9.3 Minimal factorization in a singular case . . . . ... ... ... .. 172

Notes . . . . . . 179

Part III Degree One Factors, Companion Based Rational
Matrix Functions, and Job Scheduling

10 Factorization into Degree One Factors

10.1 Simultaneous reduction to complementary triangular forms . . . . 184
10.2 Factorization into elementary factors and realization . . . . . . .. 188
10.3 Complete factorization (general) . . . . . ... ... ... ... .. 195
10.4 Quasicomplete factorization (general) . . .. . .. ... ... ... 199
Notes . . . . . . e 209
11 Complete Factorization of Companion Based Matrix Functions
11.1 Companion matrices: preliminaries . . . . . . ... ... ... ... 212
11.2 Simultaneous reduction to complementary triangular forms . . . . 216
11.3 Preliminaries about companion based matrix functions . . . . . . . 231
11.4 Companion based matrix functions: poles and zeros. . . . . . . . . 234
11.5 Complete factorization (companion based) . . . . . . . .. ... .. 244
11.6 Maple procedures for calculating complete factorizations . . . . . . 246
11.6.1 Maple environment and procedures . . . . . . . .. ... .. 247
11.6.2 Poles, zeros and orderings . . . . . . .. ... ... ... 247
11.6.3 Triangularization routines (complete) . . ... ... .. .. 251
11.6.4 Factorization procedures . . . . . . . . .. .. ... ... .. 252
11.6.5 Example . . . . . . . ... 254
11.7 Appendix: invariant subspaces of companion matrices . . . . . . . 260
Notes . . . . . . e 266
12 Quasicomplete Factorization and Job Scheduling
12.1 A combinatorial lemma . . . . . . ... ... L 268
12.2 Quasicomplete factorization (companion based) . . . . .. ... .. 272
12.3 A review of the two machine flow shop problem . . . . . . . . . .. 288
12.4 Quasicomplete factorization and the 2MSFP . . . . . . . . . . . .. 293
12.5 Maple procedures for quasicomplete factorizations . . . . .. . .. 301
12.5.1 Maple environment . . . . . . . ... 302
12.5.2 Triangularization routines (quasicomplete) . . ... .. .. 303
12.5.3 Transformations into upper triangular form . . . . . .. .. 307

12.5.4 Transformation into complementary triangular forms . . . 308



X Contents

12.5.5 An example: symbolic and quasicomplete . . . . .. .. .. 309
12.5.6 Concluding remarks . . . . . ... ... .. ... ... 314
Notes . . . . . . e 315

Part IV  Stability of Factorization and of Invariant Subspaces

13 Stability of Spectral Divisors

13.1 Examples and first results for the finite-dimensional case . . . . . . 319
13.2 Opening between subspaces and angular operators . . . . . .. .. 322
13.3 Stability of spectral divisors of systems . . . . . . ... .. ... .. 327
13.4 Applications to transfer functions . . . . . ... ... ..o L. 332
13.5 Applications to Riccati equations . . . . . . . ... ... L. 335
Notes . . . . . . e 338
14 Stability of Divisors
14.1 Stable invariant subspaces . . . . . . ... ... 339
14.2 Lipschitz stable invariant subspaces . . . . . . . ... .. ... ... 345
14.3 Stable minimal factorizations of rational matrix functions . . . . . 348
14.4 Stable complete factorizations . . . . . . ... ... 352
14.5 Stable factorizations of monic matrix polynomials. . . . . . . . .. 356
14.6 Stable solutions of the operator Riccati equation . . . ... .. .. 359
14.7 Stability of stable factorizations . . . . . . .. ... .00 L. 360
14.8 TIsolated factorizations and related topics . . . . . . .. .. ... .. 363
14.8.1 Isolated invariant subspaces . . . . . . . .. ... ... ... 363
14.8.2 Isolated chains of invariant subspaces . . . ... ... ... 366
14.8.3 Isolated factorizations . . . . . . ... ... ... ... ... 369
14.8.4 TIsolated solutions of the Riccati equation . . . . ... ... 372
Notes . . . . o 372
15 Factorization of Real Matrix Functions
15.1 Real matrix functions . . . . . . ... ... ... L. 375
15.2 Real monic matrix polynomials . . . . . ... ... ... ... ... 378
15.3 Stable and isolated invariant subspaces . . . . . . . ... ... ... 379
15.4 Stable and isolated real factorizations . . . .. ... ... ... .. 385
15.5 Stability of stable real factorizations . . . . . ... ... ... ... 389
Notes . . . . . . e 391
Bibliography . . . . . . . .. 393
List of Symbols . . . . . . . . .. L 401



Preface

The present book deals with various types of factorization problems for matrix and
operator functions. The problems appear in different areas of mathematics and its
applications. A unified approach to treat them is developed. The main theorems
yield explicit necessary and sufficient conditions for the factorizations to exist and
explicit formulas for the corresponding factors. Stability of the factors relative to
a small perturbation of the original function is also studied in this book.

The unifying theory developed in the book is based on a geometric approach
which has its origins in different fields. A number of initial steps can be found in:

(1) the theory of non-selfadjoint operators, where the study of invariant sub-
spaces of an operator is related to factorization of the characteristic matrix
or operator function of the operator involved,

(2) mathematical systems theory and electrical network theory, where a cascade
decomposition of an input-output system or a network is related to a factor-
ization of the associated transfer function, and

(3) the factorization theory of matrix polynomials in terms of invariant subspaces
of a corresponding linearization.

In all three cases a state space representation of the function to be factored is
used, and the factors are expressed in state space form too. We call this approach
the state space method. It has a large number of applications. For instance, besides
the areas referred to above, Wiener-Hopf factorizations of some classes of symbols
can also be treated by the state space method.

The present book is the second book which is devoted to the state space
factorization theory. The first was published in 1979 as the monograph by H. Bart,
I. Gohberg and M.A. Kaashoek, “Minimal factorization of matrix and operator
functions,” Operator Theory: Advances and Applications 1, Birkhduser Verlag.
This 1979 book appeared very soon after the first main results were obtained. In
fact, some of these results where published in the 1979 book for the first time.

This second book, which is written by the authors of the first book jointly
with A.C.M. Ran, consists of four parts. Parts I, I and IV contain a substantial
selection from the first book, in a reorganized and updated form. Part III, which
covers more than a quarter of the book, is entirely new. This third part is devoted



xii Preface

to the theory of factorization into degree one factors and its connection to the
combinatorial problem of job scheduling in operations research. It also contains
Maple procedures to calculate degree one factorizations. In contrast to the other
parts, this third part is completely finite-dimensional and can be considered as
a new advanced chapter of Linear Algebra and its Applications. Almost each
chapter in this book offers new elements and in many cases new sections, taking
into account a number of new results in state space factorization theory and its
applications that have appeared in the period of 25 years after publication of the
first book. On the other hand in the present book there is less emphasis on Wiener-
Hopf integral equation and its applications than in the first book. However these
topics are not entirely absent but, for instance, the applications to transport do
not appear in this book. The text is largely self-contained, and will be of interest
to experts and students in Mathematics, Sciences and Engineering.

The authors are in the process of writing another book, also devoted to the
state space approach to factorization. There the emphasis will be on canonical
factorization and symmetric factorization with applications to different classes of
convolution equations. For the latter we have in mind the transport equation, sin-
gular integral equations, equations with symbols analytic in a strip, and equations
involving factorization of non-proper rational matrix functions. Furthermore, a
large part of this third book will deal with factorization of matrix functions satis-
fying various symmetries. A main theme will be the effect on factorization of these
symmetries and how the symmetries can be used in effective way to get state space
formulas for the factors. Applications to H-infinity control theory, which have been
developed in the eighties and nineties, will also be included.

The authors gratefully acknowledge a visitor fellowship for the second au-
thor from the Netherlands Organization for Scientific Research (NWO), and the
financial support from the School of Economics of the Erasmus University at Rot-
terdam, from the School of Mathematical Sciences of Tel-Aviv University and the
Nathan and Lily Silver Family Foundation, and from the Mathematics Depart-
ment of the Vrije Universiteit at Amsterdam. These funds allowed us to meet and
to work together on the book for different extended periods of time in Amsterdam
and Tel-Aviv.

In conclusion, we would like to express our gratitude to Johan Kaashoek who
wrote for this book two new sections with Maple procedures for computing certain
degree one factorizations. Without his help these sections would not have been.
He also read Part III of the book in detail and provided us with several useful
comments. We thank our friends and colleagues who made comments on earlier
drafts of this book. In particular, we would like to mention Sanne ter Horst for
his corrections to the first part of the book, Leonia Lerer for his comments on the
first two parts, and Rob Zuidwijk for his remarks about the third part.

The authors Amsterdam — Rotterdam — Tel-Aviv
Spring 2007






Chapter 0

Introduction

This monograph is devoted to theory and applications of various types of fac-
torizations for matrix and operator functions belonging to different classes. The
types of factorizations described in the book appear in several branches of algebra,
analysis and applications. Let us mention a few examples.

In the theory of non-selfadjoint operators [30, 108] there exists the notion of
regular factorization of the characteristic matrix or operator function of a given op-
erator. This type of factorization leads to the description of an invariant subspace
of the operator involved and, what is more important, to triangular representation
of this operator [61]. In systems theory and electrical network theory [27, 84] one
encounters the notion of minimal factorization of the transfer function of a system
or a network. Such a factorization allows one to represent a system or a network
as a cascade connection of systems or networks with simpler synthesis. Sometimes,
the situation allows for so-called complete factorizations. These are minimal factor-
izations where the factors are of the simplest possible type, namely of (McMillan)
degree one. Dropping the minimality requirement, factorizations into degree one
factors are always possible. Those that have the least possible number of factors
are called quasicomplete. Via this notion a connection is made with the two ma-
chine flow shop problem from the theory of combinatorial job scheduling. Another
type of factorization that we shall consider is that of canonical Wiener-Hopf fac-
torization [45, 57] of some classes of symbols. This factorization, when it exists,
allows one to invert Wiener-Hopf, Toeplitz and singular integral operators, and
when the factors are known one can also build explicitly the inverses of these op-
erators. Factorization of matrix or operator polynomials into polynomials of lower
degree [69, 101] is also a type of factorization we shall discuss.

The matrix and operator functions that are considered have in common that
they appear in a natural way as functions of the form

W) =D+CW\ —-A)'B (1)
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or (after some transformations) can be represented in this form. In the above for-
mula )\ is a complex variable, and A, B, C, and D are matrices or (bounded) linear
operators acting between appropriate Banach or Hilbert spaces. When A, B, C,
and D are matrices or the underlying spaces are all finite-dimensional, the function
W is a rational matrix function which is analytic at infinity. From mathematical
systems theory it is known that conversely any rational matrix function which is
analytic at infinity admits a representation of the above form. In systems theory
the right-hand side of (1) is called a state space realization of the function W, and
one refers to the space in which A is acting as the state space. For this reason we
call the method that we are using in this book the state space method.

The state space approach has been used very successfully in mathematical
systems theory and network theory. In this book we use the method to deal with
various classes of factorization problems. The method has also been used in other
branches of analysis, for instance, in interpolation theory [8, 43].

Realizations allow us to deal with factorization from a geometric point of
view. Special attention is paid to various types of factorizations, for example, to
canonical factorization, minimal and non-minimal factorizations, pseudo-canonical
factorization, degree one factorizations and others. The problem of numerical com-
putations of the factors of a given matrix or operator function leads in a natural
way to questions of stability of divisors under small perturbations. It turns out
that in general the factors are unstable. In this book the stable cases are described
and estimates are given for the measures of stability.

Not only motivations but also applications play an important role in the
book. We shall deal with applications to problems in mathematical systems the-
ory and control, to problems in the theory of algebraic Riccati equations, and to
inversion problems for convolution operators. Another special feature is the con-
nection between (generally non-minimal) factorizations into elementary factors
and a problem of job scheduling from combinatorial operations research. Appli-
cations to the theory of matrix and operator polynomials and rational matrix
functions are included too.

Our intention was to make this monograph accessible for readers working
in different areas of mathematics. We have in mind Linear Algebra, Linear Op-
erator Theory, Integral Equations, Mathematical Systems Theory and Applied
Mathematics. This forced us to make the exposition reasonably self-contained. In
particular, we included some known material about characteristic operator func-
tions, angular operators, minimal factorizations of rational matrix functions, the
gap between subspaces et cetera.

We shall now give a short description of the contents of the book. Not count-
ing the present introduction, the book consists of four parts.

Part I. The first part has a preparatory character. The motivating problems are
described, and the underlying concepts are developed. In this part also the notions
of nodes and characteristic function, and of systems and transfer functions are
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introduced. The main operations on nodes and systems are studied, and the effect
of these operations on the characteristic or transfer functions are described. The
basic factorization principle used throughout the book already appears in this
part, including its version in terms of angular subspaces and Riccati equations.
The problem of realization is also addressed, and the connection with linearization
of operator functions is clarified.

Part II. The second part deals with the notions of minimality of realizations and
minimality of factorizations. For finite-dimensional systems minimality is equiv-
alent to controllability and observability. For rational matrix functions minimal
realizations are constructed in terms of the pole-zero structure of the given func-
tion, and minimal factorizations are described in terms of pole-zero cancellation.
This part contains also a study of the notion of minimality for various classes of
finite- and infinite-dimensional systems. Using the notion of local minimality, the
concept of a pseudo-canonical factorization relative to a curve is introduced and
analyzed for rational matrix functions with singularities on the given curve.

Part III. The third part is devoted to the problem of factorization into elementary
functions, that is, into factors that have a minimal realization with a state space
of dimension one, the so-called degree one factors. A new feature is the connec-
tion to a job scheduling issue, namely to the two machine flow shop problem from
operations research. The latter involves quasicomplete factorizations, that is, gen-
erally non-minimal factorizations into degree one factors with the smallest number
of factors. Maple procedures are provided to calculate degree one factorizations,
complete as well as quasicomplete, of companion based 2 x 2 rational matrix func-
tions. This part is completely finite-dimensional and can be considered as a new
advanced chapter of Linear Algebra and its Applications.

Part IV. The fourth part deals with the behavior of the factors in a factoriza-
tion under small perturbations of the original function. Canonical factorization
is stable in the sense that a rational matrix function which has a canonical fac-
torization keeps this property under small perturbation. In this part we analyze
the dependence of the factors on the perturbations using state space realizations.
For minimal factorization the situation is different. It can happen that a rational
matrix function admits a non-trivial minimal factorization while after a small per-
turbation the perturbed function has no such factorization. Using the realization
theory the minimal factorizations that do not have this kind of instability are iden-
tified. The notions of stable, Lipschitz stable and isolated invariant subspaces turn
out to play an important role in the analysis. Applications to Riccati equations
are included. The case of factorization of real matrix functions is also treated in
this part and yields results that differ from the case when the underlying field is
complex.






Part 1

Motivating Problems,
Systems and Realizations

An important notion in this book is that of a time-invariant linear, discrete or
continuous, input-output system. This notion is taken from mathematical systems
theory. A related notion is that of an operator node. The latter originates from the
theory of non-selfadjoint operators. Nodes can be considered as finite- or infinite-
dimensional systems with some additional restrictions on the system coeflicients.
In the two theories different terminologies have been developed for objects that
are essentially the same. For instance, the transfer function of a system is the same
as the characteristic function of a node. On the other hand the type of problems
considered in the two theories are quite different.

This first part, which consists of six chapters, is of a preparatory character.
It presents in a unified way various aspects of the two theories. In Chapters 1
and 2 systems and nodes are introduced. The notions of transfer function and
characteristic function are defined and discussed. The main operations on sys-
tems and nodes — inversion, product, factorization — are introduced and studied
in detail. The effects of these operations on the transfer function or characteristic
function are analyzed. The main principle of state space factorization theory, used
throughout this book, already appears in Chapter 2 (see Section 2.4). Chapter 1
contains also a number of motivating problems. These problems and their varia-
tions reappear in different parts of the book. Chapter 3 contains the classification
of systems and nodes. Chapter 4 is dedicated to the problem of linearization of
analytic operator functions and of transfer functions of systems. In Chapter 5
the state space factorization theorem from Chapter 2 is reformulated in terms of
angular subspaces and solutions of algebraic Riccati equations. The final chapter
(Chapter 6) presents a first analysis of canonical factorization in terms of the state
space method. Included are also applications to convolution equations.






Chapter 1

Motivating Problems

This chapter has an introductory character. It presents a number of problems
involving factorization of matrix- and operator-valued functions of different types.
The functions considered appear as transfer functions of input output systems
(Section 1.1), as characteristic functions of Hilbert space operators (Sections 1.2
and 1.3), as monic matrix polynomials (Section 1.4) or as symbols of Wiener-Hopf
and singular integral equations of various types (Sections 1.5 and 1.6). For each
of these classes the corresponding factorization is described. This chapter also
motivates the state space setting for solving factorization problems.

1.1 Linear time invariant systems and
cascade connection

A system X can be considered as a physical object which produces an output in
response to an input. Schematically,

where u denotes the input and y denotes the output. Mathematically, the input u
and the output y are vector-valued functions of a parameter ¢. The input can be
chosen freely (at least in principle), but the output is uniquely determined by the
choice of the input. Hence the map u +— y is a well-defined transformation, which
is called the input output operator of the system.

The way in which the output is generated by the input can be quite compli-
cated. In this section we consider the simplest model and assume that the relation
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between input and output is described by a system of differential equations of the
following type:

' (t) = Ax(t) + Bu(t),
X< ylt) = Cz(t)+ Du(t), t>0, (1.1)
z(0) = 0

Here the coefficients are linear operators acting between Euclidean spaces,
A:C"—-C", B:CP—-C™", C:C"—=C" D:Cr—CY

Whenever convenient, we identify these operators with the corresponding matrices
(using the standard bases in the Euclidean spaces).

The space C™ is called the state space, and its elements (vectors) are called
states. The spaces CP and C? will be referred to as the input space and output
space, respectively. The operator A is the so-called state operator or main op-
erator of (1.1), B is the input operator, C' is the output operator, and D is the
external operator, which is also called the feed through coefficient. In what follows
we shall call (1.1) a finite-dimensional linear time-invariant system or just a sys-
tem. The qualification “finite-dimensional” refers to the finite dimensionality of
the underlying spaces, and the word “time-invariant” is reflected by the fact that
the coefficients A, B, C' and D do not depend on the variable ¢.

We shall assume that the inputs u of (1.1) are taken from the space PCE(CP)
which consists of all piecewise continuous CP-valued functions on [0, 00) that are
exponentially bounded. The latter means that for each u € PCE(CP) there exists
real constants M and v (depending on u), M > 0, such that ||u(t)|| < Met, t > 0.
Then the output y belongs to the space PCE(C?) which counsists of all piecewise
continuous exponentially bounded C?-valued functions. In fact, the input output
operator of (1.1) is the operator T': PCE(CP) — PCE(C?) given by

t
y(t) = (Tw)(t) = Du(t) + / Cet=94Bu(s)ds,  t>0,  (1.2)
0
To see this, note that
t
x(t) = / ¢4 Bu(s) ds, t>0, (1.3)
0

is the unique solution of the first equation in (1.1) satisfying the initial condition
x(0) = 0. Inserting (1.3) into the second equation in (1.1) yields formula (1.2) for
the input output operator.

From (1.2) it follows that the input output operator is linear. This explains
the use of the term “linear” in connection with (1.1). Furthermore, one sees that
(1.1) is causal. This means that future inputs do not affect past outputs, i.e., for
each 7 > 0 the output y(¢) on [0, 7] does not depend on the input u(t), ¢ > 7.
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Taking Laplace transforms in (1.1) we arrive at the equivalent form in fre-
quency domain:
M(s) = AzZ(N\) + Bu(N),
A (s) A( ) A( ) (1.4)
y(A) = Cz(\)+ Du(\).
Here, for any exponentially bounded vector-valued function v the symbol © denotes
its Laplace transform

50N = / Moy dt,  BA> e
0

where ¢ is some constant depending on v. From (1.4) one can solve g()\) in terms
of u(\). Indeed, on some open open right half-plane of C we have

J(\) = (D+ C(AL, — A)~'B)a(N),

where I,,, is the m x m identity matrix (or, if one prefers, the identity operator on
C™). So in the frequency domain the input output behavior of (1.1) is determined
by the function

W(\) = D+C(\,, — A)~'B, (1.5)
which is called the transfer function of the system (1.1). Since the system is finite-
dimensional, the transfer function is a ¢ X p matrix function all of whose entries
are rational functions. Such a function will be referred to as a rational matriz
function. Notice that the rational matrix function W in (1.5) is analytic at infinity.
A rational matrix function with this additional property is said to be proper.

We shall see later (in Chapter 4) that any proper rational matrix function
is the transfer function of a finite-dimensional time-invariant linear system. That
is, given a proper rational matrix function W, one can find matrices A, B, C,
D such that (1.5) holds. In this case we call the right-hand side of (1.5) or the
corresponding system (1.1) a realization of W. This connection allows one to
study problems involving a rational matrix function in terms of the four matrices
appearing in its realization. We refer to this approach as the state space method.
In particular, we shall use the state space method to solve factorization problems.

The problem to factorize a rational matrix function into factors of simpler
type appears naturally in system theory when one considers cascade connections.
By definition the cascade connection of two systems is the system which one ob-
tains when the output of the first system is taken to be the input of the second
system. Schematically:
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Let W1 and W5 be the transfer functions of the systems ¥; and Yo, respectively.
Then, given the input u, the output ys of s is given by 72(A) = Wa(A)u(N). Since
the input of X; is the output of s, it follows that the output y is given y(\) =
W1(A)g2(N). Clearly then, the transfer function W of the cascade connection of
these two systems is given by the product W = W1 W5 of W7 and Ws, that is,

y(A) = W)W (Mu(A) = WA)u(A).

Let us analyze this in terms of the operators appearing in the representation
(1.1). For j = 1,2, let W; be the transfer function of the system

zi(t) = Ajz;(t) + Bjuy(t),
Y8 vit) = Cjz;(t) + Djuy(t),  t>0,
z(0) = 0.

We take yo = u1, in other words, we form the cascade connection. Taking

=[]

as the state vector for the system thus obtained, we have

’(t) All'l(t) + Blul(t) All'l(t) + Blczl'g(t) + BlDQ'LLg(t)
xr = =
Asxo (t) + Bous (t) Asxo (t) + Bous (t)
A, B;C B1D
= | T e e | T e
0 Ay By
and
y(t) = () =Crai(t) + Diua(?t)

= (Cix (t) + ch’gxz(t) + D1D2U2(t)
= [ Cy D1Cy ] x(t) + D1 Dausa(t).

Thus the transfer function W = W1 W is also given by

:

The fact that the transfer function of the cascade connection is the product
of the transfer functions of the corresponding systems is the basis for the state
space approach to factorization used in this monograph. We shall develop the state

Al Bng
0 A

B1Ds

5 (1.6)

W()\) = D1Ds + [ C1 D1Cy } </\—
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space factorization method for various types of factorization, including canonical
factorization (Chapter 6), minimal factorization (Chapter 9), and factorization
of rational matrix functions into a product of elementary ones (see Chapter 10
and also Theorems 2.7 and 8.15). Factorization of the latter type corresponds to
cascade synthesis (of systems) involving components of simplest possible type (cf.,
[39] and the references therein)

As can be expected from (1.6) the problem of finding a factorization of W is
related to presence of invariant subspaces of the main operator in a realization of
W. This relation is one of the leading principles of this monograph. It also turns
up in the theory of characteristic operator functions which we shall discuss in the
next two sections.

1.2 Characteristic operator functions and
invariant subspaces (1)

In the theory of characteristic functions the main object is a bounded linear oper-
ator acting on a Hilbert space, and the characteristic function serves as a unitary
invariant for the operator. In this section we consider operators close to selfadjoint
ones.

Let A be a bounded linear operator acting on a Hilbert space H. The adjoint
of A will be denoted by A*. The imaginary part of A, given by 4-(A — A*), is a
selfadjoint operator on H, and hence there exists a Hilbert space G and operators
K :G — H and J : G — G such that

* 1 *
KJK' = S(A— A7)

and J is a signature operator. By definition, the latter means that J is invertible
and J~! =.J = J*. From A, K and J we construct the following operator-valued
function:

W) = I+ 2iK*(A—A)'KJ, A€ p(A). (1.7)
Here p(A) is the resolvent set of A, that is, the set of A € C such that A — A is
(boundedly) invertible.

The operator-valued function W defined by (1.7) is called the Livsic-Brodskii
characteristic operator function of A or, more precisely, of the operator node
(A,KJ,2iK*,I; H,G). A Hilbert space operator J satisfying J = J* = J~! is
called a signature operator. This function has special symmetry properties. In-
deed, using KJK* = (A — A*) one easily checks that

W) IWA) =J—2i(A=NJK*(A—A")"'(\A— A) 'K J.
It follows that
WA\ IW) = J, A€ p(A)NR,
WM JW) < J, A€ p(A), SA<0.
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These formulas remain true if the positions of W () and W(\)* are interchanged.
It is possible, using the above formulas, to give an intrinsic characterization of the
class of functions that appear as Livsic-Brodskii characteristic functions (see [30]).

The characteristic operator function can be viewed as the transfer function
of the following system

() = Ax(t)+ KJu(t),
y(t) = 2K*z(t) + u(t), t >0,
z(0) = 0.

The above system will be called a Brodskii J-system; this term will also be used
for the corresponding operator node (A, KJ,2iK*,I; H,G).

Suppose that A is unitary equivalent to an operator B, i.e., A = UBU*,
where U : Hy — H is unitary. Then

KJK _22,(A A)_%(UBU UBU)_2Z,U(B BHU™.
Taking L = U*K, we see that the system (B, LJ,2iL*, I; Hy,G) is also a Brodskii
J-system, and that this system has the same transfer function W as the system
(A, KJ,2tK*,I; H,G). So the characteristic operator function W does not change
under unitary equivalence. Under a certain additional minimality condition the
converse is also true. Indeed, if two characteristic operator functions Wy and Ws
given by

Wi(\) = T+2iK7(\—A) 'Ky J, A€ p(Ay),
Wa(\) = T+2iK;(\— A)) 'Ky, A € p(Ag),

coincide in some neighborhood of infinity and the corresponding systems are sim-
ple (cf., Subsection 7.5.1) then the operators A; and As are unitary equivalent.
Actually there exists a unitary operator U such that UA; = AU and UK, = Ko
(see [30], Theorem 1.3.2). This fact is of particular interest when the imaginary
part of A is small. For instance, when A has rank one, then W reduces to a
scalar function, and hence the infinite-dimensional operator A is determined up
to unitary equivalence by a scalar function.

The product of two Brodskii characteristic operator functions Wy and Ws is
again a Brodskii characteristic operator function. To see this, write

Wi(\) = T+2K;(\—A) 'Ky J, A€ p(Ay),
Wa(\) = T+2iK;(\— A)) 'Kyl A € p(Ag),

Here Ay : Hi — H; and Ay : Ho — Hs. As in the previous section it straight-
forward to check that the function W = W;Ws is the transfer function of the
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(

Here Hi @ H, is the Hilbert space direct sum of H; and Hs. Put

system

0 Ay 2

Al 2ZK1JK§ Kl .
, J,2i[ Ki K3 |,I; HHoHy,G|.

A:
0 Ay

Al 2ZK1JK5 Kl
K = .
) K2

Then (A — A*) = KJK*. So the function W is the characteristic operator
function of the operator A.

Notice that the operator A constructed in the previous paragraph has the
space H; as an invariant subspace. This fact contains a hint for constructing
factorizations within the class of characteristic operator functions.

To be more precise, let © = (A, KJ,2iK*, I; H, G) be a Brodskii system, and
assume that Hy is an invariant subspace of A. Let II be the orthogonal projection

onto Hy. Put
K,
; K =
Ky

with respect to the decomposition H = Hy @ Hg-. Then

A A
0 Ag

O = (A117K1J7 ZZKikaIv H07G)7 O = (A223K2J7 22K§717 H&aG)

are Brodskii J-systems. Indeed, the imaginary part of A is given by

1 < ) [Klﬂq KlJKS]
Z - )

KyJK? KoJK3
so in particular 4 (A1 — A3y) = K1JK} and £ (Ag — A3,) = K2 JK3. Moreover,
%Alg = K, JK;. This implies that the product of the characteristic operator
function of Aq; and the characteristic operator function of Ass (i.e., the product
of the transfer function of the systems ©; and ©) is the characteristic operator

function of A.

A Aie
0 Ay

A, 0O
Al Az

Under appropriate minimality conditions there is a one-one correspondence
between invariant subspaces of A and factorizations of the characteristic operator
function W of A as the product of two characteristic operator functions. Thus, in
certain cases, the problem of finding invariant subspaces of an operator A may be
solved by factorization of its characteristic operator function. For an example of
the application of this technique involving the unicellularity of a Volterra operator,
see Section XXVIIL.11 in [47].
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1.3 Characteristic operator functions and
invariant subspaces (2)

The Livsic-Brodskii characteristic operator function has been designed to study
operators that are not far from being selfadjoint. There are also characteristic
operator functions that have been introduced in order to deal with operators that
are close to unitary operators. Among them are the characteristic operator function
of Sz.-Nagy and Foias and the one of M.G. Krein (see [33] and [108] for references).
Here we shall only discuss the characteristic operator function of Krein.

The Krein characteristic operator function has the form

V(A) = J(K*)"N(J = R*(I - A)"'R). (1.8)

Here A: H - H R: G — H,J:G— G, K: G — G are operators, the
underlying spaces G and H are complex Hilbert spaces,

J=J"=J1' TI—-AA*=RJR*, J—R'‘R=K"'JK, (1.9)

and the operators A and K are invertible. Instead of (K*)~! we also write K ~*.
With this (1.8) becomes V(A) = JK~*(J — R*(I — MA)"'R).

Obviously, (1.8) does not directly fit into the framework developed in Section
1.1. However, replacing A by A~! and using (1.9), one can transform (1.8) into

U\ =K — JK *R*A(\— A)"'R.

This is the transfer function of the system

'(t) = Axz(t) + Ru(t),
y(t) = —JK *R*Az(t)+ Ku(t), t>0,
z(0) = 0.

The above system will be called a Krein J-system; this term will also be used for
the corresponding operator node

©=(AR,—~JK *R*A,K;H,G). (1.10)

Observe that the external operator of a Krein J-system is invertible.
The product of two Krein characteristic operator functions is again a Krein
characteristic operator function. To see this, suppose

Uj(\) = K; — JK; " RjAi(A — Aj) 7' R; j=1,2,

where
I_AjA; :RjJR;, J—R;Rj :KJ’»‘JKj. (1.11)
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Then U = U U, is the transfer function of the operator node

(

Moreover, this operator node is a Krein J-system. Indeed, using (1.11) we have

A —RiJK;*RiA;
0 Ay

Ri1 K5
Ry

| —JK[*RiA1 —KiJK; R3A, ],K1K2>.

Ay —RiJK;*R3A; A; 0

0 Ay —A3Ro K, NIRE A
R kiR Ry
- R2 2+4 2 ’
and
RiK>
J—[ K3R; Rj | " = K;K; JK Ko,
2

while finally
[ —JK{"RiA; —K1JK; R5A; |

A —RIJK;*RiA;

= ~JKK;' [ KiRi Rj | )
2

This proves that U = UyUs is the transfer function of a Krein J-system. Notice
that the main operator A is given by

Ay —RyJK;*R3A,
0 Ay

A:

and hence the space on which A; acts is an invariant subspace for A.

Let us consider the reverse implication. Our starting point is a Krein J-
system as in (1.10), with A acting on the Hilbert space H and A being invertible.
Assume that Hy is an invariant subspace of A. With respect to the decomposition
Hy @® Hy of the state space H, write

Ay A
0 A,

B,
Ry

)

Suppose that A; or, equivalently, As is invertible. From RJR* = [ — AA* one
easily deduces that RaJR5 = I — A A5. Since Ay is assumed to be invertible, this
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shows that I — Ry JR5 is invertible. But then I — JR3 R, is invertible, and hence
the same holds true for J — R5Ry. The invertibility of J — R Ry implies (see [33])
the existence of an invertible operator K> such that J — R5Ry = K3JK5. Put
Ky = KK;"' and Ry = ByK;'. Then K| is also invertible. We claim that A5 =
—R1JK; "R5A,. In order to prove this, we first note that Ay = —B1JR;A; ™ =
—R1K,JR5 A", Furthermore we have

Ky JR3ATS = JK;*(K3JKS)JRAS®

JK;*(J — RERy)JRSAS*

JK;*(R; — RyRyJRS) Ay
= JK; Ry — RyJRY) Ay = JK; "Ry As.

Thus A1 = —R1JK,; "R As. Tt follows that one can decompose the function
UN =K — JK *R*A(\N — A)"'R as a product of two functions corresponding
to Krein J-systems. In fact, U = U;Us, where

Uj;(N) :Kj—JK;*R;Aj(/\—Aj)_le, ji=12
with the coefficients satisfying (1.11).

We conclude this section with an interesting characterization of Krein J-
systems. Let G and H be complex Hilbert spaces, and let J be a signature operator
on G, that is, J = J* = J~!. A bounded linear operator T on G is called .J-unitary
if T is invertible and T—! = JT*J. By definition, a node © = (A, B,C,D; H,G)
is a Krein J-system if A and D are invertible and

I1—-AA*=BJB*, J—-B*B=D"JD, C=-JD *B*A.

A straightforward calculation shows that these conditions are equivalent to the
requirement that the external operator D of © is invertible and the operator

A B

P (1.12)

on H® G is j—unitary. Here J = I & J. Notice that J = J* = Z_l. The class of
nodes © = (A, B,C, D; H,G) for which the operator (1.12) is J-unitary (but D
not necessarily invertible) is closed under multiplication. Characteristic operator
functions of the form D+ AC(I —AA)"!B =D+ C(A~! — A)~!B, where A, B,C
and D are such that (1.12) is unitary, have been investigated (cf., [31]; see also
Section 3.3 below).

Observe that if (1.12) is J-unitary and U(\) = D + C(A — A)~!B, then

UN (=D)UN) = =T -1 = MN)B*A=A*(\—A)'B.
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So we have
UN* (= NHUN) = —J, A =1
UN*(=NHUN) < —J, [\ < 1.

It is possible to give an intrinsic characterization of the class of functions that
appear as transfer functions of Krein J-systems (cf., [33]; see also [1] for the case
of matrix functions).

1.4 Factorization of monic matrix polynomials

By definition a monic m x m matriz polynomial of degree ¢ is a function of the
form

L) = MLy + XA+ -+ Ay + A,

where Ag, ..., Ay_1 are m X m matrices. Given such a function, introduce
T 0 I 0o - 0 7
A= 0 , (1.13)
0 R | I,
[ 4o A1 o —Ar ]

the first companion operator matriz associated with L, and
c=[0 - 0 I,], B=| " |. (1.14)

Then the (pointwise) inverse L~ of L, given by L~1 = L(A\)~!, has the realization
L'\ =C(\I, —A)'B (1.15)
(see [66]).

To prove this identity, consider the set of differential equations in C™-valued
vector functions y given by

{ yOt) + A1y D) + - + Ay () + Aoy(t) = u(t),

(1.16)
y(0)=0, y'(0)=0, ..., y*=D(0) =0.
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Let us transform this to a higher-dimensional first-order system in the usual way,
by introducing

_ T

zt) = [y YO ..y O]

Then, because of (1.16), we have

' (t) = Ax(t) + Bu(t),
y(t) = Cuz(t), t>0, (1.17)
z(0) = 0,

where A, B, and C' are defined by (1.13) and (1.14). Taking Laplace transform in
(1.17) and eliminating Z(s) we obtain that

7(s) = C(s — A) "' Bu(s).

On the other hand, taking Laplace transform in (1.16) we get L(s)y(s) = u(s).
Thus (1.15) has been established.

We shall consider the problem of finding and describing factorizations of
L(A) of the form L(\) = La(\)L1(\), where Ly and Lo are again monic matrix
polynomials. Certain invariant subspaces of the operator A play an important role
in solving this problem (see Section 3.4).

1.5 Wiener-Hopf integral operators and factorization

In this section we outline the factorization method of [59] to solve systems of
Wiener-Hopf integral equations. Such a system may be written as a single Wiener-
Hopf equation

o(t) — /OOO kE(t —s)p(s)ds = f(t), 0<t< o0, (1.18)

where ¢ and f are m-dimensional vector functions and k& € L™ (—o0,00),
that is, the kernel function k is an m X m matrix function whose entries are
in Li(—00,00). We assume that the given vector function f has its component
functions in L,[0,00), and we express this property by writing f € L;'[0,00).
Throughout this section p will be fixed and 1 < p < co. The problem we shall
consider is to find a solution ¢ of equation (1.18) that also belongs to the space
L'[0, 00).

Equation (1.18) has a unique solution ¢ € L;'[0,c0) for any right-hand side
f € L0, 00) if and only if the Wiener-Hopf integral operator I —K : L7'[0,00) —
L0, 00) is invertible, where

(K) () = /OOO k(t— $)o(s)ds, &> 0.
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The usual method (see [59]) to solve equation (1.18) is as follows. First assume
that (1.18) has a solution ¢ in L;'[0,00). Extend ¢ and f to the full real line by
putting

o) =0,  f(t)=— /OOO k(t — $)o(s)ds, < 0.

Then ¢, f € Lj'(—oc,00) and the full line convolution equation

o(t) — / E(t —s)p(s)ds = f(t), —00 <t <00
is satisfied. By applying the Fourier transformation and leaving the part of f that
is given in the right-hand side, one gets

(In — K(\)®.(A) — F-(\) = Fy(\),  A€R, (1.19)

where

K\ = / h eME(t) dt, Fi(\) = /O h e f(t) dt,

— 00

9] 0
By (\) = / Mo dt, () = / M F (1) dt.
0 —0o0
Note that the functions K and F are given, but the functions ®; and F_ have
to be found. In fact in this way the problem to solve (1.18) is reduced to that of
finding two functions ®; and F_ such that (1.19) holds, while furthermore @
and F_ must be as above with ¢ € L}'[0,00) and f € L;*(—oc,0].

To find @4 and F_ of the desired form such that (1.19) holds, one factorizes
the m x m matrix function I,,, — K(\). This function is called the symbol of the
integral equation (1.18). Assume that the symbol admits a factorization of the
form

Iy — K\) = (L + G=(N) (Inm. + G£(N), A ER, (1.20)

where
0

G = [T Mg G- [ Mg

with g4 € L1"*™[0,00) and g_ € LT"*™(—00, 0] while, in addition, the determi-
nants det (I,, + G4(A)) and det (I,, + G_())) do not vanish in the closed upper
and lower half-plane, respectively. We shall refer to the factorization (1.20) as a
right canonical factorization of I, — K(\) with respect to the real line. Under the
conditions stated above the functions (I,,, + G4()\)) ~and (Im+G-(N)) ~ admit
representations as Fourier transforms:

(Im + G+(/\))’1 = I+ /OO ey (t) dt, (1.21)
0
0

(1m+G_(A))’1 = Im+/ ey _(t) dt, (1.22)
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with 74 € LT"™[0,00) and v— € L7"*™(—00,0]. Using the factorization (1.20)
and suppressing the variable ), equation (1.19) can be rewritten as

(L + 1) — (L + G_) " F_ = (I, + G_) ' Fy. (1.23)

Let P be the projection acting on the Fourier transforms of L}*(—00, 0o)-functions
according to the following rule

P (/_Z eMh(t) dt) = /OOO eMh(t) dt.

Applying P to (1.23), one gets
(Im + G)®y =P ((Im + G-)"'Fy),

and hence
Dy =(Ln+Gp) "P((L+G-)"Fy),

which is the formula for the solution of equation (1.19). To obtain the solution ¢
of the original equation (1.18), i.e., to obtain the inverse Fourier transform of &,
one can employ the formulas (1.21) and (1.22). In fact,

Mﬂzﬂw+émvwﬁﬂ$%7 £>0,

where the kernel (¢, s) is given by

7+(t—s)+/SW+(t—r)w,(r—s)dr, 0<s<t,
y(t, s) = 0 (1.24)
7,(t—s)—|—/07+(t—r)7,(r—s)dr7 0<t<s.

We conclude the description of this factorization method by mentioning that the
equation (1.18) has a unique solution in L}'[0,00) for each f in L0, 00) if and
only if its symbol admits a factorization as in (1.20). For details, see [45], [59].
To illustrate the method, let us consider a special choice for the right-hand
side f (cf., [59]). Take
ft) = e My, (1.25)

where g is a fixed vector in C™ and ¢ is a complex number with S¢ < 0. Then

Zo, SA > 0.

Fiy(\) = /0 A =Dt g dt = X !

Now observe that
7
A—q

(T +G-) ™" = (In +G-(@) )0
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is the Fourier transform of an L}'(—oc,0]-function and hence it vanishes when
applying the projection P. It follows that in this case the formula for &, may be
written as )

i ~1 ~1

Recall that the solution ¢ is the inverse Fourier transform of ®,. So we have

1

o(t) = eidt (Im + /0 t ey, (s) ds) (In + G_(q)) 0. (1.26)

1.6 Block Toeplitz equations and factorization

In this section we consider the discrete analogue of a Wiener-Hopf integral equa-
tion, that is, a block Toeplitz equation. So we consider an equation of the type

> aj kb =m;, =012, (1.27)
k=0

Throughout we assume that the coefficients a; are given complex m x m matrices

satisfying
> llajll < oo,
j=—00
and n = (1;)72, is a given vector from £;' = ¢,(C™). The problem is to find
§ = (&)iZo € £, such that (1.27) is satisfied. We shall restrict ourselves to the
case when 1 < p < 2; the final results however are valid for 2 < p < oo as well.
Assume § € £ is a solution of (1.27). Then one can write (1.27) in the form

o0

> ajw&=m,  j=0,£1,42,.., (1.28)

k=—o0

where & = 0 for k < 0 and 7, is defined by (1.28) for j < 0. Multiplying both
sides of (1.28) by A? with |[A\] = 1 and summing over j, one gets

a(Ng(A) —n-(A) =n4(A), Al =1, (1.29)
where the functions a, 14, n—, & and &, are given by
a’()‘) = Z;)i_oo )‘jaj7 77+()‘) = Z;}io )‘jnja
&) = EiL Vg, =) =252 o M.

In this way the problem to solve (1.27) is reduced to that of finding two functions
&4 and n— such that (1.29) holds, while moreover, £ and 7— must be as above
with (§;)52, and (1-;-1)72, from £}
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The usual way (cf., [59] or the book [42]) of solving (1.29) is again by fac-
torizing the symbol a of the given block Toeplitz equation. Assume that a admits
a right canonical factorization with respect to the unit circle. By definition this
means that a can be written as

a(A) = h-(Nhy(A),  A=1, (1.30)
0o 0

ha(\) = Y NS, ho(N)= > Nh,
=0 j=—o00

where (hj);?‘;o and (h” ;)52 belong to the space £}"*™ of all absolutely convergent

sequences of complex m x m matrices such that det hy(\) # 0 for |A] < 1 and
deth_(\) # 0 for |A| > 1 (including A = c0). Then h7"' and hZ" also admit a
representation of the form

e’} 0
YD PN E A S OV I NP L
j=0 j=—00
with (7;);?';0 and (v-;)72, from (7™ Defining the projection P by
P( > Ajbj) = Xb;,
j=—o0 j=0

one gets from (1.29) and (1.30) the identity & = hy"P(hZ'n, ). Here, for conve-
nience, the variable A is suppressed. The solution of the original equation (1.27)
can now be written as

&= sms,  k=0,1,..., (1.31)
s=0

where
s _
ET:O rY]jfrrY'rfw s < ka

s=k —
Vks = ZT:O 7;—7’77"—3’ s = k7 (132)

k _
Zr:O ryl_:—rrYr—m s > k.

The assumption that a admits a right canonical factorization as in (1.30) is
equivalent to the requirement that for each n = (;)32, in £ the equation (1.27)
has a unique solution § = (§x)32 in £} For details we refer to [59], [42].

By way of illustration, we consider the special case when

nJ:qJnOa .7:0’]-7
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Here 1 is a fixed vector in C™ and ¢ is a complex number with |¢| < 1. Then
clearly

1
= <1
77+(A) 1 — )\qTIOa |A| =4

and one checks without difficulty that formula (1.31) becomes

k
&k :quq_sﬂ'h:l(q_l)m, E=0,1,....
s=0

This is the analogue of formula (1.26) in the previous section.

Notes

The material in this chapter is standard, and can be found in much more detail in
various monographs, books, and papers. For the theory of time invariant systems
we refer to the books [84], [114], and the more recent [36]. Further information
on the theory of characteristic operator functions can be found in the books [30]
and [108]; see also the survey paper [7] and the references therein. For the general
theory of matrix polynomials, including the monic case, we refer to the book
[69]. For the corresponding theory of operator polynomials, see [101]. The idea to
think of the inverse of a monic matrix or operator polynomial as a characteristic
function appears and has been developed in [11]. Sections 5-7 contain standard
material about Wiener-Hopf integral equations and block Toeplitz equations. For
more information on these equations and the corresponding operators see the
monographs [45], [62], [63], [64] and [29]. A first introduction to the theory of
Wiener-Hopf integral equations and the theory of (block) Toeplitz operators can
be found in Chapters XII and XIII of [46] and Chapters XXIII-XXV of [47],
respectively. For an extensive review (with many additional references) of the
factorization theory of matrix functions relative to a curve and its applications to
inversion of singular integral operators of different types, including Wiener-Hopf
and block Toeplitz operators, the reader is referred to the recent survey paper [57].






Chapter 2

Operator Nodes, Systems,
and Operations on Systems

In this chapter the concepts of an operator node (abstract system) and its trans-
fer function are introduced and developed systematically. Important operations
on operator nodes (abstract systems) and the corresponding operations on the as-
sociated transfer functions are studied in detail: inversion (Section 2.2), products
(Section 2.3) and factorization (Section 2.4). With an eye on future applications,
a detailed analysis of the relationships between the various results is given in the
final section.

2.1 Operator nodes, systems and transfer functions

An operator node is a collection of three complex Banach spaces X, U, Y, and four
bounded linear operators

A: X — X, B:U— X, C:X =Y, D:U—-Y.

We shall denote such a node by © = (4, B,C, D; X, U,Y). Whenever convenient,
we shall think about the operators in an operator node as the coefficients of a
(possibly infinite-dimensional) time invariant system, either in continuous time,
that is
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or in a discrete time setting, i.e.,

z(n+1) = Az(n)+ Bu(n),
y(n) = Cx(n) + Du(n), n=0,1,2,....
x(0) = 0.

Therefore, in the sequel, we shall use the word system also to denote an operator
node. Furthermore, we shall freely use the terminology of system theory in the
operator node setting.

Let © = (A,B,C,D; X,U,Y) be a system (or operator node). The spaces
U, X and Y are called the input space, state space and output space of the system,
respectively. The operator A is referred to as the state space operator or main
operator of the system ©. When A is given or can be viewed as a matrix, the
terms main matriz and state matriz will be used too. We call D the external
operator of ©.

In the situation where U =Y, we denote © by (A4, B,C, D; X,Y). When, in
addition, D is the identity operator I = Iy on Y, we simply write (4, B,C; X,Y)
instead of (A, B,C,I; X,Y), and in that case we refer to © as a unital system.
When no confusion can arise, the spaces X,U and Y will sometimes be dropped
altogether, resulting in the notation © = (A, B, C, D).

By definition, the transfer function of © = (A, B,C,D; X,U,Y) is the func-
tion Wg given by

Wo(\) =D +C(A—A)" B, e p(A).

Here p(A) is the resolvent set of A. Note that the transfer function is proper in
the sense that
/\lim Wo(A\) =D (2.1)

exists. The transfer function Wg has to be considered as an analytic operator
function, defined on an open neighborhood of oo on the Riemann sphere CU {o0}.
Instead of (2.1), we often write Wg (c0) = D.

When the external operator D is invertible, we say that the system is biproper;
when D = 0, the system is called strictly proper. Mutatis mutandis, these terms
are also used for the transfer function .

Two systems

©1 = (A1,B1,C,D1; X1,U,Y), ©2 = (A2, By, Cs, Dy; X2, U,Y),

having the same input and output space, are said to be similar, written ©1 ~ O,
if D1 = Dy and there exists an invertible operator S : X; — X5 such that

A = S71A,S, By = S7'B,, Cy = Cs8.

In this case we say that S is a system similarity from ©; to ©2. Notice that ~
is reflexive, symmetric and transitive. Obviously, similar systems have the same
transfer function.
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Let W be an operator function, analytic on an open subset  of C U {oo}.
We say that the system © = (A, B,C, D; X,U,Y) is a realization for W on Q if
Q C p(A) U {oo} and W(A) = We(A) for each A € Q. If there is no danger of
confusion (e.g., when W is a rational matrix function), we shall simply use the
term “realization” and omit the additional qualifiers. The term realization will
also be used to denote any expression of the form W(\) = D + C(A — A)~!B.

2.2 Inversion

Let © = (A, B,C,D; X,U,Y) be a system which is biproper, that is, the external
operator D is invertible. Consider the corresponding linear time invariant system

2 (t) = Ax(t) + Bu(t),
y(t) = Cuz(t) + Du(t), t>0, (2.2)
z(0) = 0.

As D is invertible, we can solve u in terms of y from the second equation in (2.2).
Inserting the solution into the first equation yields

2'(t) = (A—-BD7'C)x(t) + BD y(t),
u(t) = —-D7'Cx(t)+ D 'y(t), t>0,
z(0) = 0.

The corresponding node will be denoted by ©%, i.e.,
0% =(A-BD'C,BD™',-D7'C, D7 X,Y,U),

and ©* will be called the associate or inverse system of ©. By slight abuse of
notation we write A* for A — BD~'C , and we call AX the associate state space
operator or associate main operator of ©. Whenever this is feasible, the terms
associate main matriz and associate state matriz will also be employed.

The slight abuse of notation we mentioned lies in the fact that A* does not
depend on A only, but also on the other operators appearing in the system ©. A
direct computation gives (©*)* = ©.

Theorem 2.1. Let © = (A, B,C, D; X, U,Y) be a biproper system, and let W = Wg
be its transfer function. Put A* = A — BD~'C, and take X € p(A). Then W()\)
is invertible if and only if X belongs to p(A*). In that case, for A € p(A) N p(A*),
the following identities hold

W\t = D'—D'CcA-A%)"'BD!,
A=A = A=A - -A ' BWNtCh - AT
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Moreover,
WD 'ON-A%)" = ocA-A)7,
A= ATIBD'W () (A= A)"'B,

where again X € p(A) N p(A™).

The first expression says that on p(A) N p(A*), the (pointwise) inverse W1
of W, given by W=1(\) = W(A\)~!, coincides with the transfer function Wegx
of the system ©*. The last two identities can be written in different forms, for
instance as

W 'e(a—A)! DA — A,

A=A)'BWN)Y = A-A"'BDL

We shall give two proofs of the theorem.

First proof of Theorem 2.1. Put W* = Wgx. For A € p(A) N p(A*), one has

WAW*(A) = (D+CA=A)'B)(D™'-=D'C(A—A)"'BD™)

Iy +CA\—A)'BD ' —C(A\—-A%)"'BD! +
~CA—A)'BD'ON—-A*)"'BD .
Now use that
BDT'C=A-A"=A-A4")-(A—A4).

It follows that W(A)W>*(A\) = Iy. Analogously one has W*(A\)W(\) = Iy. The
expression for (A — A*)~1 as well as the last two identities in the theorem are
obtained in a similar way. O

For the second proof of Theorem 2.1 we use Schur complements. First we
define this notion. Consider the 2 x 2 operator matrix

My Mo
Moy Moo

M = Z1+U—>ZQ+Y

Here M;;, 3,7 = 1,2, are bounded linear operators acting between complex Banach
spaces, M1, maps Z; into Zs, M12 maps U into Zs, and so on. Assume that Moo
is invertible. Then by Gauss elimination, M admits the following factorization

l Iz, 0
My Moy Iy

A0

Iz, MMy,
0 Iy

] ey

where A = M7 — M12M2}1M21. The operator A is called the Schur complement
of May in M. Since the first and third factor in the right-hand side of (2.3) are
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invertible operators, the operator M is invertible if and only if A is invertible, and
in that case

A1 —A_lMlgMQEI
Mt =
— My ' Myy A=Y Myt 4 My, Moy A= My My,

Similarly, if M7, is invertible, then the operator A = Moy — Moy Ml_llMlg is called
the Schur complement of Myy in M. Since My, is invertible, we have

o l Iz, 0 1 lMH 0 Iz, M;'Mi, 1

) (2.4)
My M Iy 0 A 0 Iy

Hence, when M, is invertible, we see that M is invertible if and only if the Schur
complement A is invertible, and in this case

Iy Ml_ll +M1_11M12A71M21M1_11 —MﬁlM12A71
—A71M21M1_11 AL

Thus if both M1 and Mo are invertible, then A is invertible if and only if the
same holds true for A. Moreover, by comparing the two formulas for M !, we see
that

ATV = M M My AT Moy M (2.5)
AL = My My Moy A™Y My M, (2.6)

Besides these inversion formulas, we also have the intertwining relations
AMy Moy = Moy M7 A, MiaMy'A = AM [  Mys. (2.7)

Second proof of Theorem 2.1. We apply the results about Schur complements
mentioned above to the operator matrix

A—Xx B

M) = .

X4+U—-X+Y.

According to our hypothesis, D is invertible. Thus the Schur complement of D in
M () is well defined and is given by

A(N)=A—Nx —BD'C = A" - \x.

Now take A € p(A). Then A — M\x is invertible, and the Schur complement of
A— Mx in M()) exists and is equal to W (A). It follows that W () is invertible if
and only if A()) is invertible, that is, W () is invertible if and only if A € p(A*).
Next assume that A € p(A)Np(A*). Then (2.5) and (2.6), specified for M = M (\),
yield the inversion formulas in Theorem 2.1. The last two identities in the theorem
are immediate from the intertwining relations (2.7). O
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By applying the Schur complement results mentioned above to

—-A B
¢ D

M = X +U—-X+Y,

we obtain another useful identity. Indeed, assume that A and D are invertible.
Then D+ C A~ B is invertible if and only if A+ BD~'C is invertible, and in this
case (2.6) yields

(D+CA'B)"' =D '~ D'C(A+BD'C)'BD.

2.3 Products

Let @1 = (Al, Bh 017 Dl; )(17 Ul, Y) and @2 = (AQ, BQ7 Cg, DQ; X2, U, }/2) be two
systems such that the output space Y5 of ©5 coincides with the input space U; of
O1. Let W; and W; be the transfer functions of ©; and ©,, respectively. Because
of the assumption Y2 = Uy, the product W(A) = Wi (A)Wa(\) is well defined
whenever A € p(A1) N p(Az).

The next theorem shows how to obtain the product function W = W;W,
from ©1 and ©5. Let © = (A, B,C, D; X,U,Y) be the system built from ©; and
O, by putting X = X;+ X, and

Ay BiCy ) .
A = Xi+ Xo — X1+ Xo,
0 Ag
B1D, )
B = U — X1+ X,
By
C = [Cl D102]2X1+X2—>Y,
D = D1D2 U — Y.

The system © is called the product of ©1 and ©5 and is denoted by © = ©10,.
Theorem 2.2. Let

@1 = (Al?Bl,ClﬂDl;XlaUlvy)u @2 = (A2a32702aD2;X2aUa}/2)

be two systems and assume that the output space Yo of Oy coincides with the input
space Uy of ©1. Write W1, Wy and W for the transfer function of ©1,0s and
O = 0105, respectively. Then

W) = Wi (NWa(N), A€ p(Ar) N p(As) C plA),

where A is the main operator of ©.
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Proof. Take A € p(A1) N p(Az). Then, as can be verified by direct computation,

(A=At H(X)
A-A)t= X E X - X X,
0 (A= A2)"

where H(A) = — (A — A1) "' B1Cy (A — Ay) ™. Using this and the expressions for
B, C and D given prior to the theorem, we have W (\) = D + C(A — A)"'B. The
right-hand side of the latter identity transforms into

(A=A H(\) By D,
DDy + [ C1 D1Co }
0 (A—Ay)7" By
-1 -1 BiD>

= DiDy+ [ Ci(A—A) ™" CiH\) + D10y (A — Ag) ™" | 5
2

= (Dl + Cl()\ — Al)ilBl) (D2 + Cg()\ — Ag)ilBg).

Thus W () = W1 (A\)Wa()), as desired. O

Note that the product W71 W5 is defined on the intersection p(A;) N p(Asz)
of the resolvent sets of Ay and Az, whereas W is defined for A € p(A). We have
p(A1) Np(Az) C p(A), and in general this inclusion is strict. Equality occurs when,
for instance, p(A) is connected or o(A;) No(Az) = 0. Note that p(A1) N p(Az) is
a neighborhood of infinity.

One verifies easily that (0102)* ~ 007, the natural identification of
X1+ X5 and Xo+ X; being a system similarity between (0105)* and ©507.

Modulo standard identifications of direct sums of Banach spaces, the product
of systems is associative. So, when systems ©1,..., 0 are given, one can unam-
biguously define the product ©q---0©y. In general, one has to assume that the
appropriate output and input spaces are coinciding, so that (in particular) the
product of the external operators in question is well defined. We give details for
the situation where all the input and output spaces are one and the same, while
all given systems Oy, ..., Oy are unital.

For j =1,...,k write ©, = (4,,B;,C;; X;,Y), and introduce

Al B16’2 s BlCn

A = X+ -+ Xy — X+ -+ X,
: ’ B,_1C,,
0 0 A,
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By
B2 . . . .

B = . Y_>X1++Xk:_)Xl++Xk7
B,

C = [C1Cy--Cp |1 Xu4 -+ X, - V.

The product of the (unital) systems ©1, ..., Oy, in that order, is now the (unital)
system
@1 @k = (A,B,O;X1+-'-+Xk,Y).

Again the transfer function of the product is the product of the transfer functions:

W@r“@k(/\) = Wel (A) e W@k (A)v AE p(A) C m p(Aj)'

j=1

This follows by a repeated application of Theorem 2.2.

2.4 Factorization and matching of invariant subspaces

In this section we study factorization of biproper systems and their transfer func-
tions. The main theorem will serve as the basis for the more involved factorization
results to be given in the sequel. Subspaces of Banach spaces are always assumed
to be closed , otherwise we use the term linear manifold.

Theorem 2.3. Let © = (A, B,C, D; X,Y) be a biproper system, let M and M™* be
subspaces of X, and assume

X =M+ M~ (2.8)
Write
A A By
Aoy Az By

for the operator matrix representations of A, B and C with respect to the decom-
position X = M + M*. Assume D = D1Ds, where D1 and Do are invertible
operators on'Y and introduce

@1 = (14117BlD2_17C’1,.D1;J\4'7 Y), (210)
@2 == (A227BQ,D1_102,D2;MX7Y). (2].].)
Then © = ©105 if and only if

AM] c M, AXM*) c M, (2.12)
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where, as before, AX = A— BD~1C. In that case the transfer function We admits
the factorization

Wo(h) = Wo,(WWe, (), A € p(An) A p(As2) C p(A).
The above identity, holding on p(A11) N p(A22), can be rewritten as
D+CA—A)"'B = (D14 Ci(A— A11) ' B1) (D2 + Co(A — Az2) "' By).

The left-hand side of this expression is defined and analytic on p(A), while the
two factors in the right-hand side are defined and analytic on the sets p(A11)
and p(Asg), respectively. In particular, the factors may be defined and analytic
on domains where the left-hand side is not. This will turn out to be relevant in
applications. For a more detailed discussion, see Section 2.5 (cf., the remark made
after Theorem 2.5 below).

We shall refer to (2.8) as the matching condition, and when this condition
is satisfied we refer to M, M* as a pair of matching subspaces. A pair of match-
ing subspaces M, M* satisfying (2.12) will be called a supporting pair of sub-
spaces for ©.

Proof. The first part of this theorem is an immediate consequence of the definition
of the product of two systems. The details are as follows.

Assume © = ©10,. Then we know from the definition of the product that
M is invariant under A. Identifying M+ M* and M * 4+ M, we have ©* = 0507,
and hence we conclude that M * is invariant under A*. This proves the only if
part of the theorem.

To prove the if part, we argue as follows. The fact that M is invariant under
A implies that As; = 0. As

Ay — BiD;'DyMCy Ay — B1D; DO,
A*=A-BD'C=
—ByD;'Dy'Cy Agy — BeDy'DIMCy

leaves the space M * invariant, we have A5 = B1 Dy 1D1_ LC,. But then the conclu-
sion © = 010, follows directly from the definition of the product of two systems.

The second statement in the theorem follows immediately from the first and
Theorem 2.2. 0

Elaborating on Theorem 2.3, we consider the case when the input/output
space Y is finite-dimensional. In that case the second part of (2.12) is equivalent
to a rank condition, an observation that will be used in an essential way in Section
9.3. Here are the details.

Proposition 2.4. Let © = (A, B,C, D; X,Y) be a biproper system, let M and M*
be subspaces of X, and assume X = M + M*. Suppose, in addition, that the
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dimension dimY" of the input/output space Y is finite. Then A*M* C M* if and

only if N
B
rank . '

— dimY. (2.13)
Cs

Here Ai2, By and Co are as in (2.9).

Proof. To see this we use Schur complements (cf., Section 2.2). Since D is invert-
ible, we can use formula (2.3) to show that

Az By
rank

c =rank D + rank(A12 — BlD_lcg).
2

Now rank D is equal to the dimension of Y which is assumed to be finite. Thus
(2.13) amounts to A3 — B1D~tCy = 0 which, in turn, is equivalent to the second
part of (2.12). O

In a certain sense Theorem 2.3 gives a complete description of all possible
factorizations of a system ©. Indeed, if © ~ ©]0) for some systems ©] and
©) having invertible external operators, then there exists a supporting pair of
subspaces M, M* for © such that ©; ~ O] and 2 ~ O}, where ©; and O, are
as in Theorem 2.3. In this sense Theorem 2.3 gives a complete description of all
possible factorizations of ©.

Matching pairs of subspaces correspond to projections. So Theorem 2.3 can
also be formulated in terms of projections. In fact, we have the following result.

Theorem 2.5. Let © = (A, B,C,D; X,Y) be a biproper system, and let W be its
transfer function. Put AX = A — BD7'C, and let II be a projection on X such
that

AlKerII] C KerlI, A*[Im1I] C ImII. (2.14)

Assume D = Dy Dy, where Dy and Dy are invertible operators on'Y and introduce,
for X € p(A),

Wi(A) Dy +C(\—A)~YI -1)BD; ",

Wo(\) = D+ D7'CTI(A—A)7'B.
Then W(A) = Wi (\)Wa()\) for all A € p(A).
This factorization can be rewritten as
D+CMA—A)"'B= (D +C(A—A)'(I-1)BD;")x
x(Dy + Dy 'CTI(A — A)"'B).

It holds on p(A), the resolvent set of A. However, in many cases (relevant for
applications), the factors in the right-hand side have an analytic extension to
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larger domain. This is already suggested by Theorem 2.3. In fact, one may wonder
how exactly the two factorization results Theorems 2.3 and 2.5 relate to each
other. We shall discuss this point in detail in Section 2.5 below.

A projection II satisfying (2.14) will be called a supporting projection for the
system ©.

Proof. For A € p(A), we have

Wi(MWa(A) = D+CA—A) I -T)B+CIO\N—-A) "B+
+C\—A)~YI -T)BD~'CI(A - A)~'B

D+C\—A)"YI-T)B+CII(A— A)'B+
+ON— A)"HI - TI)(A — AN — A)~'B.

Now ITA = ITAIT and A*II = ITA*II, hence (I — IT)A*II = 0 and
(I-HA-A T =AT-TA=T1(N— A) — (A — A)IL
From this, the desired identity is immediate. O

Suppose © = (A, B,C;X,Y) is a unital system, so the external operator
of © is I = Iy. Let Il be a supporting projection for ©. With respect to the
decomposition X = Ker II+Im II, write A, B,C as in (2.9). The system

pr(©) = (Az2, Bz, Co; ImIL YY) (2.15)

will be called the projection of © associated with IT (the terminology is taken from
[30]). Observe that

pr;_n(©) = (A1, By, Ci; Ker ILY). (2.16)

One easily verifies that pr(©*) = pry(©)*. Note that (2.15) and (2.16) are
defined for any projection II of the state space X. By Theorem 2.3, the projection
IT is a supporting projection for the system © if and only if © = pr;_;(0)pry(0).
In fact, the following slightly more general theorem, involving a product of possibly
more than two factors (see the end of Section 2.3), holds true.

Theorem 2.6. Let © = (A, B,C; X,Y) be a unital system (i.e., the external oper-
ator is the identity on YY), and let 11y, ... 11, be mutually disjoint projections of
X such that 11 + - - - + 11, is the identity on X. Then

6= pPT, (9)er2(@) o 'ann(@)

if and only if for j =1,...,n — 1, the projection Il;41 4 --- 4+ IL,, is a supporting
projection for ©.
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Proof. To prove the theorem one can employ the same arguments as in the prove
of Theorem 2.3. Of course the decomposition X = Ker II+Im II has to be replaced
by the decomposition X = X;+---+X,,, where X; = ImIl;, and with respect to
the latter decomposition one writes A, B and C' in block matrix form. O

Theorem 2.6 is formulated as a factorization result for systems, this in line
with the first part of Theorem 2.3. We could as well have stated it as a factorization
result for transfer functions, thereby generalizing the second part of Theorem 2.3
or Theorem 2.5.

As an application of Theorem 2.6 we prove the following result.

Theorem 2.7. Let © = (A, B,C; X,C™) be a unital system with a finite-dimen-
sional state space X, and let W be the transfer function of ©. Assume that A is
diagonalizable. Then W admits a factorization of the following form

1
W) = Un Ry)---(Im + ———Ry),
(N = (I + 375 R0+ (I + 5= Fn)
where A1, ..., A\, are the eigenvalues of A counted according to algebraic multiplic-
ity, and Ry, ..., R, are m X m matrices of rank at most one.

Recall that A is called diagonalizable if A is similar to a diagonal matrix. In
other words, A is diagonalizable if and only if its Jordan matrix is diagonal.

Proof. Since A is diagonalizable, we can find a basis ej,...,e, of the finite-
dimensional space X such that the matrix of A with respect to this basis is
diagonal, say
AL
A =
An

Here \q,..., )\, are the eigenvalues of A counted according to algebraic multi-
plicity. Next, we consider the associate main operator A*. We can choose a basis
fi, -, fn of X such that the matrix of A* has lower triangular form. Then clearly
fn is an eigenvector of A*. We may assume that the vectors ey, ..., e, are ordered
in such a way that

X =span{eq,...,en_1} +span{f,}.
Here span {V'} denotes the linear hull of V. For convenience we put
Xo =span{ey,...,en_1}, X, =span{f,}.

Clearly, X = X+ X,,, the space Xy is invariant under A, and the space X,, is
invariant under A*.

Let IT be the projection of X onto X, along X. Then II is a supporting pro-
jection for ©. Let W = Wy W,, be the corresponding factorization of W. Then W, is
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the transfer function of the node ©,, = pr;(0). Write 0,, = (A, By, Cy; X,,, C™).
The matrix of A with respect to the basis {e1,...,en—_1, fn} of X is given by

Al *

An,1 *
an

and it follows that a, = \,. Now a,, = A\, may be viewed as the matrix of the
operator A,, : X,, — X,, with respect to the basis singleton {f,} of X,,. Hence
o(Ap) ={ .} and

Wn(\) =1 R,,

+ R
A=A
where R, is an operator on C" of rank at most one.

Next consider the factor Wy which is the transfer function of the system
Op = pr—n(0). Write ©g = (Ao, By, Co; Xo,C™). Then Ay is the restriction of A

to Xo = span{ey,...,em_1}. Note that Ay is again diagonalizable. Therefore we
can repeat the above argument with Wy and ©¢ in place of W and ©, respectively.
In a finite number of steps, we thus obtain the desired result. O

A factorization of the type appearing in Theorem 2.7 is called a factorization
into elementary factors. An in depth analysis of such factorizations, including
connections with problems of job scheduling, will given in Part III of this book.
See also Theorem 8.15 for an alternative version of Theorem 2.7.

2.5 Factorization and inversion revisited

The previous section contains two factorization results: Theorems 2.3 and 2.5.
These theorems contain different expressions for the factors, and they also fea-
ture different domains on which the factorizations are valid. For systems with a
finite-dimensional state space the differences are not substantial. In the infinite-
dimensional case, however, the situation is more involved. We shall now analyze
the situation in detail by presenting a synthesis of Theorems 2.3 and 2.5. Along
the way, we will also clarify the relationship between these factorization results on
the one hand and the inversion result Theorem 2.1 on the other. The analysis in
question should be kept in mind whenever the results of the previous two sections
are applied.

It is convenient to fix some notation. Throughout © = (A, B,C,D; X,Y)
stands for a biproper system. Recall that a projection II on X is a supporting
projection for © if KerlIl is A-invariant and ImII is A*-invariant. Clearly this
is equivalent to the requirement that the complementary projection I — II is a
supporting projection for ©% = (A*, BD~!,—D~1C, D~1; XY, the inverse or
associate system of ©. Here, as usual, AX = A — BD~!C.
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Theorem 2.8. Let W and W™ be the transfer functions of the (biproper) systems
O and ©%, respectively, i.e.,

W(Q) = D+C\-A)'B, A€ p(A),
W*(\) = D'-D'CA\-A%)"'BD™ A € p(A™).

Suppose 11 is a supporting projection for © or, equivalently, I — 11 is a supporting
projection for ©*. Write

Ay A
0 A,

AF 0
Ay Ay

By
By

x = B= Lo=[C O]

)

for the operator matrix representations of A, A*, B and C with respect to the
decomposition X = Ker II + Im I, thus, in particular,

A=Ay —BiD'C1, AS = Ay — BoD 7' C.

Assume D = Dy Dy, where Dy and D4y are invertible operators on'Y , and introduce

0 Di+C(A=A)~"(I-1BD;", e p(A),
1 = _
Di+C (A= 4) ' BiD; Y, X € p(Ay),
T { Dy + D{ICTI(N — A)7'B, A € p(A),
2 = _

Dy + D' Cy (A — A2) ' By, X € p(As),
W) = Dyt =Dy'C(I —I)(A = A)7'BD™!, A€ p(AX),
' Dt = DyCy (A — A7) T ByD Y, € p(AY),
0y - Dy' =D 'C(\— A¥)"'IBD; Y, A€ p(AX),
2 Dy = D1y (A — AF) 'ByDy X € p(AY).

The following statements hold true:

(i) The functions Wl, /V\V/Q are well defined and analytic on their domains 0y =
p(A) Up(Ar), Qs = p(A) U p(As), respectively, and

W) = Wi (AWa(A), A€ QN =p(A).

Similarly, the functions Wlx, WQX are well defined and analytic on their do-
mains Q= p(AX) U p(A7), QF = p(AX) U p(AS), respectively, and

WX(A) = WX WWEQ),  AeQl nQf =p(AX).
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(i)

(iii)

(iv)

The operators W () and W*(X) are invertible for the same values of X\ and
for these they are each others inverse. In fact,

{A € p(A) | W(]) invertible} = {\ € p(A*) | W*(A) invertible}

— p(A) 1 p(4%),
and for X in these coinciding sets we have W(\)~1 = W>*(\).

The sets p(A) \ p(A1), p(A)\ p(Az) and p(A)\ (p(A1)Np(Az)) coincide; also,
for X in one (and hence all) of these sets, the operators

Wi(A\) = Dy+C(A—A)~'(I-I)BD;",
Wa(A) = Do+ D{'CI(A—A)"'B

are not invertible. Similarly, the sets p(A*)\ p(Ay), p(A™)\ p(AS) and
p(A)\ (p(A7)Np(AF)) coincide; also, for A in one (and hence all) of these
sets, the operators

W (A) Dyt = DylC(I —I)(A — AX)"'BD™,

W (A) Dy = D'C(A— AX)"'IBD; !

are not invertible.

The operators Wl()\) and Wlx (N\) are invertible for the same values of A and
for these they are each others inverse. In fact,

{X € Q| Wi(N) invertible} = {A € QF | W;X()\) invertible}

= p(A1) N p(AT)

and, for X in these coinciding sets, Wi Nt = Wlx (N). Analogously, the
operators Wa(X\) and W5 (X) are invertible for the same values of A and for
these they are each others inverse. In fact,

{\ € Qy | Wa(A) invertible} = {A € Q5 | W,()) invertible}
= p(Az2) N p(A3)

and, for X\ in these coinciding sets, Wg()\)_l = WQX (N).

Theorem 2.8 contains the earlier factorization results as special cases. Indeed,

for Theorem 2.5 restrict in (i) to p(A), for Theorem 2.3 (second part), restrict
to p(A1) N p(Az). In general, the factors /Wl(/\) and /V\V/Q(A) appearing in (i) are
defined and analytic on domains which are larger than p(A). This is of significance
for obtaining such special factorizations as those needed for solving Wiener-Hopf,
Toeplitz or singular integral equations (cf., Chapter 6 below). In that context, it
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is also necessary to have information on the sets where the factors take invertible
values and to have expressions for the inverses. These issues are covered by (iii)
and (iv). Statement (ii) is added for completeness and is a reformulation of part
of Theorem 2.1.

In certain important cases, assertion (iii) is redundant (completely or partly)
because the coinciding sets mentioned there are empty. Restricting ourselves to
the first part of (iii), the point in question is the relationship between p(A), p(A1)
and p(Asg). It is convenient to clear this issue up first. We begin by recording the
following simple lemma (in which X; may be read as KerIT and X5 as ImII).

Lemma 2.9. Let X1 and X5 be Banach spaces, and let
A Ag

IX1+X2—>X1—;—X2
0 A

be a bounded linear operator. Suppose two of the operators Ay, As and A are
invertible. Then so are all three of them.

The same conclusion is of course valid when the zero in the representation
of A is in the upper right instead of in the lower left corner.

Proof. Our hypotheses implies that at least one of the operators A; and As is
invertible. Suppose A; is. Then the Schur complement of A; in A exists. In view
op the (block) upper triangular form of A, this Schur complement is just the
operator As. From the intermezzo on Schur complements in Section 2.2 it is now
clear that A is invertible if and only if Ay is. The case when As is invertible, can
be dealt with analogously: use that the Schur complement of As in Ais 4;. O

Next we pass to resolvent sets. In Theorem 2.3 we already came across the
inclusion p(A1) N p(Az) C p(A). Now we see from Lemma 2.9 that this inclusion
can be made more precise as follows

p(A1) N p(Az) = p(A) N p(A1) = p(A) N p(Az). (2.17)

From this it is clear that the three sets mentioned in the first part of statement
(iii) of Theorem 2.8 do indeed coincide, that is,

p(A)\ (p(A1) N p(A2)) = p(A) \ p(A1) = p(A) \ p(A2). (2.18)

These (coinciding) sets are empty if and only if p(A) C p(A1) N p(A2) which,
together with the inclusion mentioned in the beginning of this paragraph, comes
down to p(A) = p(A1)N p(Asz) or, if one prefers, 0(A) = 0(A1)U o(Az). However,
more strikingly, we see from (2.17) that the set determined by (2.17) is already
empty under the weaker requirement p(A) C p(A1) U p(Az). In terms of spectra,
this condition may be rewritten as

(A1) N o(A2) C o(A).
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We conclude that one relevant case where Theorem 2.8 (iii) is redundant occurs
when the state space of the given system © is finite-dimensional (and hence one
can work with matrices and determinants). Another such situation occurs in the
important case of Wiener-Hopf factorization (see Chapter 6 below). The reason
there is that the spectra of A; and A, are disjoint and likewise those of A} and AJ'.

From (2.17) it is also clear that when ©; and Q9 are as in Theorem 2.8 (i),
then indeed, as is stated there, 1 NQy = p(A). The analogous identity Q2 NQS =
p(A™) comes about in the same way.

Proof of Theorem 2.8. Take X in p(A) N p(A41) = p(A4) N p(Az). With

HO) = —(A—41) "A(A — 45) 7,

we have
= a7 H(\ Ixermm 0
G-aig-m - | A .
I 0 (A — A2) 0 0
[ (A—AD)7" 0
- 0 0

which leads to
Dy +C\—A)'(I-T)BDy' = Dy +C1(\— A))"'ByD; .

Thus W; is well defined. The same conclusion hold for Wy. Indeed, for \ € p(A)N
p(Az) we have

T At — 0 0 (A—4)"" HO)
| 0 Limn 0 (A—4,)""
[0 0
Lo eayt ]
and hence

Do+ Dy'CI(A — A) "B = Dy + Dy'Co(A— A2) ™' Ba.

The analyticity of the functions W, and W on, respectively, the (open) sets Q; =
p(A)Up(Aq) and Qg = p(A) U p(Asz) is obvious. With respect to the factorization
in the first part of (i), recall that ©; N Qs = p(A), and use the conclusion of
Theorem 2.5.
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This proves the first part of statement (i). The second part is just the first, re-
formulated for the inverse system ©*. Further (ii) comes down to part of Theorem
2.1. So we can move on to (iii).

The equality of the sets in (iii) has already been established above. Take
A€ p(A)\ p(A1). Then

Wi(\) = Dy + C(A— A)~ (I —TI)BD; .

Suppose Wl () is invertible. By Theorem 2.1, this can only happen when A belongs
to the resolvent set of

A—(I-MBD;'D;'C A—(I-mMBD'C

= A+ (I —I)A*

0 0 AX 0
o0 A 0 0
AX 0
B 0 Ay |’

and it follows that A € p(A;) N p(Az). Given the choice of A, we now have that
A ¢ p(A;p) on the one hand and A € p(A)Np(Az2) on the other. By (2.17), however,
p(A)Np(A2) = p(A)Np(A1). So A € p(Ay), and we have arrived at a contradiction.
Thus for the values of A considered here, W, (M) is never invertible. A similar
reasoning gives the same conclusion for Wg()\) =Dy + D;'CTI(\ — A)~'B.

This proves the first part of statement (iii). The second part is just the first,
reformulated for the inverse system ©*. The arguments for the two parts of (iv)
are analogous. We concentrate on the first.

By (iii), the operator Wi () is not invertible whenever A belongs to the set
p(A)\ p(A471). So we can restrict our attention to the complement of this set in
Q1 = p(A) U p(A;). This complement coincides with p(A4;). Apply now Theorem
2.1 to the system (Aj, B1D2_1, C1, D1;KerIl,Y) which has the restriction of Wl
to p(A1) as its the transfer function. The conclusion is that, for A € p(A;), the
operator Wl(A) is invertible if and only if A belongs to p(A1) N p(A;). Also, for
these values of A,

Wi\ = Dy'=Di'Ci(A— (A — BiDy'DyCy)) T B D

D' = D'Cy (A= AX) T BiD Y,

in other words, Wi (A\)~! = WX (\). O
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In the above considerations, we came across the sets (2.17) and (2.18). Let
us, for convenience, denote them by € and Qq:

Q = p(A1) Np(A2) = p(A) Np(Ar) = p(A) N p(As),

Qo = p(A)\ (p(A1) N p(A2)) = p(A)\ p(A1) = p(A)\ p(A2).

Here
Ay A

0 A

as before. Without going into the proof, we note that the sets Q and €y have
a special structure in relation to p(A). Indeed, Q is the union of the connected
components of p(A) that have a nonempty intersection with both p(A;) and p(Asz),
and these are the connected components of 2. Likewise, g is the union of the
connected components of p(A) that do not intersect p(A;) or p(As), and these are
the connected components of £y. As a consequence, the unbounded components of
p(A) and Q coincide. In the finite-dimensional case, these unbounded components
are the only ones that exist.

We illustrate Theorem 2.8 with an example exhibiting the different aspects
of the result.

Example. Write Z, Z_ and Z, for the set of integers, (strictly) negative integers
and non-negative integers (including zero) , respectively. The system O that we will
consider has ¢1(Z) for its state space, C for its input/output space and the identity
operator on C as external operator. The other operatorsin © = (A4, B, C; ¢1(Z),C)
are

A El(Z) — gl(Z),

(Az); =241, 2 €(2), j €L,

B:C — t,1(Z),
(Bz)*l =z, (Bz)l = —Zz, (BZ)J = 07 j S Za .7 7é _]-7 ]-a
C:6(Z) — C,
Cr=x9p—(x_o+x_34+a_4+--), x € 01(Z).

We refrain from giving the analogous expressions for A = A — BC as they can
be obtained directly from those for A, B and C.

The spaces ¢1(Z.) and ¢1(Z_) will be viewed in the customary manner as
subspaces of ¢1(Z). Doing this, we have the direct sum decomposition

0(2) = 6(Z-) + L(Zs). (2.19)
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As is easily verified ¢1(Z_) is an invariant subspace for A, and ¢1(Z4) is an in-
variant subspace for A*. So the projection II of ¢1(Z) along ¢1(Z_) onto ¢1(Z)
is a supporting projection for ©. Also I — II is a supporting projection for ©* =
(A%, B,—C;t(Z),C).

We shall now explain what Theorem 2.8 means for the situation specified
above, thereby taking for Dy and D the identity operator on C. In line with the
theorem, we write

Al Ag ) :
A = G (Z)F 0(Zy) — 0(Z2) + 6(Zy),
0 A
A7 0 : :
AX = L e+ ez - 6@z + 6z,
L AO A2
[ By )
B = C—>£1(Z_)+ 61(Z+),
L B2
C = [ Cl Cg ] :fl(Z_) +€1(Z+) — C.

Our first task is to determine the spectra of Ay, Ay, A, A, AS and A*.

First note that A; and A, are unilateral shifts. So, as is well known, these
operators have the closed unit disc D as their spectrum. Since A is the (bilateral)
backward shift on ¢1(Z), the spectrum of A is T, the unit circle in the complex
plane.

Next consider A : €1(Z_) — 01(Z-). For x € £1(Z) we have

(Afl‘),l = T o+ T 3+ g+,

A?x)] = ijr], j:—Q,—?),... y

and so, modulo the standard identification of ¢1(Z_) and ¢1(Z,), it is the “Fi-
bonacci operator” featuring in [110], Section V.4, Problem 11. Thus, as is stated
there, its spectrum is D U {¢} with ¢ = % + %\/5 (golden ratio). To see this, we
argue as follows. For |\| < 1, the ¢1(Z_)-sequence (...,0,0,0,1) does not belong
to the image of A— A{". So D C o(A7). Clearly, A is a rank one perturbation of a
unilateral shift. So, for [A| > 1, the operator A — A{® is a rank one perturbation of
an invertible operator, hence Fredholm of index zero. Therefore the only way for
A, taken outside the closed unit disc, to be in the spectrum of A;* is to be an eigen-
value of A} It is easily verified that this is the case if and only if A — A —1 =0,
that is A = ¢, and in that case, the essentially unique eigenvector associated with
¢ is the ¢1(Z_)-sequence ( L3072 07t 1).
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We now turn to A5 : 01(Zy) — €1(Z4). If © € £1(Z4), then

(A;.I)O = T,
(A;< x)1 = o+ 22,
(A;x)] = Tj+1, .] :273747"'7

and it is clear that A5 is a contraction. Hence o(A5) C D. Also, each A in the
open unit disc is an eigenvalue of AJ with eigenvector

(1, A, (W2 =1), AN =1), (A= 1), (A =1), ...).

As spectra are closed, it follows that o(A5) = D.

It remains to determine the spectrum of A*. From what we now know about
AZ and the matrix representation of A* with respect to the decomposition (2.19),
it is clear that each A in the open unit disc is an eigenvalue of A*. It follows that
D C o(A*), which can be rewritten as o(AJ) C o(A*). But then

o(A*) =a(A*)Ua(A7) = o(A[)Ua(A]),

with the second identity based on (2.17), and hence o(A*) =D U {¢}.

As an intermediate step and aid for the reader, we summarize the results
obtained about the spectra of the operators A, Ay, A, A%, A and AJ. With an
eye on the formulation of Theorem 2.8, we do this in terms of their resolvent sets:

p(A) ={AeC A £1},
p(41) = pl(Az) = p(AF) = {A e C| ]A| > 1},
p(A¥) = p(A) = {A €T > 1, A # ¢}

where, as before, ¢ = %—i— %\/5 . The different sets featuring in the theorem are now
easy to determine. For instance, focussing on the first part of Theorem 2.8 (iii),
the three coinciding sets p(A)\ p(A1), p(A)\ p(Az) and p(A)\ (p(A1) N p(A2))
are all equal to the open unit disc.

Next we compute the transfer function W of ©. Identifying operators on C
with complex numbers (via the action of multiplication), W is a scalar function.
The resolvent of A is given by

SoATRAR N >
k=1

A=A = -
>R N <L
k=0
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Here S is the inverse of the operator A, i.e., S = A~! is the forward shift on ¢;(Z).
For |A\| > 1, we now get
2 1 A3 —2) -1

—k k—1
W) =1+ A*CA B=1-13-33= %
k=1

A similar argument, using that CSB =1 and CS/B = 0 for j > 1, yields that W
vanishes on the interior of D.
For the transfer function W* of the system 0% = (A%, B, —=C;/1(Z),C), we
have
)\3
WX\ =W\ = o T ANEP(A*)={NeC| |\ >1,)# ¢}
Bearing in mind that p(A*) C p(A), the quickest way to see this is to use Theorem
2.8 (ii) or Theorem 2.1. If one prefers to avoid the use of these theorems, the
statement can also be checked by computing the Laurent expansion of W* at
infinity from
WX =1-Y A*FC (4B, A >,
k=1
and applying the uniqueness theorem for analytic functions.

We end the example by considering the factorizations of W and W* induced
by the decomposition (2.19) and the associated projections II and I —II. In other
words, using the notation of Theorem 2.8, we analyze the situation with respect
to Wy, Wa, Wi and W5*. First let us consider W and Ws.

The domain of Wl is
Q1 =p(A)Up(A1) ={A e C[|A[#1}.

For |A\| > 1, we have

L+Ci(A=41) ' Bi=1+ Y A*ci b 1By
k=1

= 1 1 A —A—1
= 1—§)\"“:1——< 1): .
~ A2 \1-14 A2 -\

Also, calculating C'S7(I —II) B, we see that for |A| < 1,

Wi(\)

Wi(A) =1+CA—A) (I -IB=1-Y MCs" (I -m)B=0.
k=0

This is in line with Theorem 2.8 (iii). The domain 5 of /V\I//Q 18
Q2 = p(A) Up(ds) = {A € C | A £ 1},
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For |A\| > 1, we have

W2(>\) = 1+ CQ(/\ — AQ)_lBQ =1+ ZA_kO2A’2€7132
k=1
2 _
A2 A2

Taking |\| < 1 and computing CT1S’ B, we get

Wao(d) =1+ CIOA - A)7'B=1-Y M\CmOs*+' B =0,
k=0

again in agreement with Theorem 2.8 (iii). In connection with Theorem 2.8 (i),
we note that W(A) = Wi (A)Wa(A) on p(A) = {\ € C | |\| # 1}. For values of A
in p(Ay), i.e., for |A] > 1, this is corroborated by the simple identity

A —2X—1 A2 —A—1\ /A -1
Bt (Roaoh) eony o0
For values of A in p(A)\ p(41), i.e., for |A| < 1, the factorization has the trivial

form 0 =0 x 0.
Next we turn to W} and W5*. The domain of W{* is

QF =p(A*)Up(A7) ={X e C| [N > 1, A # ¢},
and for A in this set

A2 =\

WEN =W =77

A fast way to see this is via Theorem 2.8 (iv), but (if one wants to avoid the use of
1

the theorem) one can also use the Laurent expansion of the resolvent (A — A}) "
for |A\| > ¢ (cf., what was said about the computation of W*). The domain of
W, is
QF = p(A)Up(4F) = (A€ C| A > 1},
and for A in this set
/\2
RS

For this, one can rely on Theorem 2.8 (iv), but again an alternative approach can

W (A) = Wi(\) !

be taken via the Laurent expansion of (A — A;)_l for |A] > 1. The factorization
W>(A) = W5 (AW (X) on

p(A") ={AeC[]A[>1, A # ¢}
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exhibited in Theorem 2.8 (i) is corroborated by taking reciprocals in (2.20). The
second part of Theorem 2.8 (iii) is redundant because the three coinciding sets
p(AX)\ p(AL), p(A%)\ p(AF) and p(A%)\ (p(A}) N p(A)) happen o be empty
here. This finishes the example.

We conclude this section by comparing the two original forms that we have
of the factorization principle — Theorems 2.3 and 2.5 — in light of what we have
seen above. When invertibility of the factors plays a role, Theorem 2.3 is the
more effective of the two. On the other hand, the representation of the factors in
Theorem 2.5 is somewhat more straightforward than that in Theorem 2.3 and will
be often used, tacitly having in mind the above considerations and Theorem 2.8.
The latter is concerned with representations of the type D + C(M — A)~!B but,
via the necessary modifications, it can be made to hold also for the more general
realizations of the form D + C(AG — A)~!B which are appropriate for handling
non-proper functions (cf., Section 9.3). We will refrain from giving further details
later on. To keep things in perspective: in dealing with rational matrix functions
and finite-dimensional realizations, the finer details that are involved do not play
a role.

Notes

This chapter is based on the text of the first chapter of [14]. Here the presentation
of the material has been made more systematic. Some of the ideas are inspired by
the theory of characteristic operator functions; see the references in the notes to
the previous chapter. The final section is new. For linear fractional decompositions
in state space form we refer to [81]. For a brief description of the history of the
factorization principle presented in this chapter, we refer to the book I. Gohberg,
M.A. Kaashoek (Eds), Constructive methods of Wiener-Hopf factorization, OT 21,
Birkhauser Verlag, Basel, 1986.



Chapter 3

Various Classes of Systems

In this chapter we review the notions and results from the previous chapter for
various classes of systems. Included are Brodskii systems (Section 3.1), Krein sys-
tems (Section 3.2), unitary systems (Section 3.3), monic systems (Section 3.4) and
polynomial systems (Section 3.5). The final section (Section 3.6) concerns a change
of variable in the transfer function defined by a Mébius transform.

3.1 Brodskii systems

In this section we shall see how the results on inversion, products, and factorization
obtained in the previous chapter apply to the Brodskii systems introduced in
Section 1.2. By definition, a system © = (A, B,C; H, @) is a Brodskii J-system if
H and G are Hilbert spaces, J = J* = J~! and

A— A" =DBC, C=2iJB".

A system which is similar to a Brodskii J-system need not be of this type, but it
is a Brodskii J-system provided that the system similarity is a unitary operator
(cf., [30], page 11). On the other hand, if two Brodskii J-systems are similar, say
with system similarity S, then one can prove that there exists a unitary operator
U that provides the similarity too. In fact for U one may take the unitary operator
appearing in the polar decomposition S = U+ S*S of S.

Let © = (A, B,C; H,G) be a Brodskii J-system. As the external operator is
equal to the identity operator on G, the associate system ©* = (A%, B,—-C; H, Q)
is well defined. Note that A* = A — BC = A*. So in this case the associate main
operator of © depends exclusively on A and coincides with the adjoint of A. From
the relationships between the operator A, B and C'in © it follows that the associate
system ©* is a Brodskii (—J)-system.

Suppose now that IT is an orthogonal projection of H and A[Ker II] C Ker II.
Then automatically A*[ImII] C ImII, and hence II is a supporting projection for
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O. So we can apply Theorem 2.6 to show that

© =pr;_n(O)pr(O).

The systems pr;(©) and pr;_;(©) are Brodskii J-systems again (cf., [30], page
6). This result leads to an important multiplicative representation of the Livsic-
Brodskii characteristic operator function (cf., [30], page 143).

3.2 Krein systems

Next we consider Krein J-systems introduced in Section 1.3. By definition, a sys-
tem © = (A, R,—JK*R*A,K;H,G) is a Krein J-system if J is a signature
operator,

I — AA* = RJR", J—R'R=K"JK,
and the operators A and K are invertible. Since A is invertible, I — RJR* is

invertible. But then we can apply the operator identity (2.5) and J = K*JK+R*R
to obtain that

I+RK'JK*R*=(I - RJR")"".

Hence
(AA*)™ = (I = RJR*)™* =1+ RK'JK*R*.

It follows that ©* = (A**,RK*I, JR*A™* K% H, G). From this we see that
©* is a Krein (—J)-system. Observe that in this case the associate main operator
A* depends again exclusively on A and coincides with A™*.

Let II be an orthogonal projection of H. With respect to the decomposition
H = Ker II & Im II, we write

A A
Aoy Ag

Ry
Ry

A:

)

Suppose now that As; = 0 (i.e., Ker IT is an invariant subspace for A) and A
is invertible. Then Ass is invertible too and ImII is an invariant subspace for
A = A7 From RJR* = I — AA* it follows that RoJR5 = I — Ay A3,. But
this implies (see [33]) the existence of an invertible operator Ko on G such that
J—R5Ry = K5JK>. Put K| = KK;l. Then K is also invertible and K = K K>.
We are now in a position to apply Theorem 2.6 (with n = 2). The result is a
factorization © = ©105, where ©7 and ©5 can be described explicitly with the
help of formulas (2.10) and (2.11). It can be shown that ©; and Oy are Krein
J-systems (cf., [32]).
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3.3 Unitary systems

A system or operator node (A, B,C,D; X,U,Y) with X,U and Y Hilbert spaces
is said to be unitary if the operator

A
C

XU —-XapY

is unitary. The operator matrix in this formula is usually referred to as the system
matriz.

Let © = (A,B,C,D; X,U,Y) be a unitary system. Then its main operator
A is a contraction, that is, ||A|| < 1. It follows that the corresponding transfer
function We(\) = D + C(A — A)~!B is analytic on the exterior [A| > 1 of the
closed unit disc. It can be shown (see, e.g., Theorem XXVIIL.2.1 in [47]) that

IWoMl <1, N> 1.

The converse statement is also true, that is, if W is analytic on the exterior of the
closed unit disc (including the point 0o), and its values are contractions from the
Hilbert space U to the Hilbert space Y, then W = Wg for some unitary system ©.
Moreover, under some additional minimality conditions, the system © is unique
up to unitary equivalence.

As we mentioned above the main operator of a unitary system is a contrac-
tion. Conversely, any contraction appears as the main operator of a unitary system.
To see this, let A on X be a contraction. Put Dy« = D4« X and D4 = D2 X. Here,
for a contraction T, the operator Dy is the defect operator Dy = (I — T*T)'/2,
Since A*D s+« = DaA*, the operator A* maps D« into Dy. Now define B :
Dy« — X,C : X — Dy and D : Dy« — Dy by Bu = Dyu, Cx = Dyx and
Du = —A*u. Then the system (A, B,C,D; X, D4+, Dy4) is unitary and has A as
its main operator. For this system the transfer function is given by

W) =—-A"+Da(X— A)_lDA* :Dax — Dy,

that is, up to the change of variable A — A~! it coincides with the Sz-Nagy-Foias
characteristic operator function for A; see [108].

Notice that the external operator D of a unitary system does not have to be
invertible, and hence Theorem 2.1 need not apply to unitary systems. However (see
Proposition XXVIIL.2.7 in [47]), if © = (4, B,C, D; X,U,Y) is a unitary system
and |A| > 1, then Wg()\) is invertible if and only if A\=! € p(A), and in that case

Wo(A\) ™' = D* + AB*(I — \A*)"tC™.

The product of two unitary systems is again a unitary system (Theorem
XXVIIL6.1 in [47]). Also, invariant subspaces of the main operator of a unitary
system induce factorizations but to get the factors another method than the one
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of Section 2.4 has to be used because the external operator may not be invertible.
To get an analogue of Theorem 2.3 for unitary systems one proceed as follows.

Let © = (A, B,C, D; X,U,Y) be a unitary system, and let X; be an invariant
subspace of A. Let X2 be the orthogonal complement of X; in X. Put

U =U, Y, =Y,

and consider the following block operator matrix representations

A A
A = X188 Xo — X1 6 Xy,
| O 22
[ Bio
B = : U2 - Xl @X27
| B2
c = [011 012]:X1€BX2—>Y1.
Thus
A Az Bio
A B
= 0 Aoy Bog . (31)
C D
Ci1 Ci2 D

Since this operator is unitary, A7;A11 + C1;Cn1 = Ix,. Now put
T * *
U, = {[ yi } eXioh |A11I1+Cllyl :0}7

and define By : Uy — X7 and D, : Uy — Y; by

T T

31{ 1}2331, Dl[ 1}21/1.

Y1

Then the system ©1 = (411, By, C11, D1; X1, U1, Y1) is a unitary system, which is

called the left projection of © associated to invariant subspace X;.
Next, consider the product

Aikl Cikl 0 A11 Bis A12
By Dy 0 Cu D Cu |, (32)
0 0 Iy, 0 By Asx

which acts as an operator from X7 @ Us @ Xo to X7 @ Uy @ Xs. Since (3.1) is
unitary, the (1,1)-entry in the 3 x 3 operator matrix defined by the product in
(3.2) is equal to Ix,. On the other hand, the product in (3.2) defines a unitary
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operator, because both its factors are unitary. Hence the product in (3.2) is of the
form

Iv, 0 0
0 Dy Oy
0 DBy A

for certain operators Cy: Xo — Y7 and Dy: Uy — Uy. Now put Yo = U;. Then
the operators Agg, Bos, Co and Dy form a unitary system ©Oo,

©2 = (A2, B2z, Co, Da; X2, Us, Y2),

which is called the right projection of © associated to the invariant subspace Hj.
The following theorem is the analogue of Theorem 2.3 for unitary systems.

Theorem 3.1. Let © be a unitary system, and let X1 be an invariant subspace for
the main operator of ©. Then the left projection ©1 and the right projection Oy of
O associated with X, are unitary systems, and © = ©10,.

Proof. We continue to use the notation introduced in the two paragraphs preceding
the theorem. We already know that ©; and ©2 are unitary systems. From (3.2)
and the fact that ©; is unitary it follows that

Ann Bz A A Br 0 I 0 0
Chu D Ci2 |=|Cu D 0 0 Dy Cs
0 Boo A22 0 0 I 0 DBao A22
This identity is equivalent to the statement that © = ©10,. g

3.4 Monic systems

Let T: X - X, R:Y — X and @ : X — Y be operators, the underlying spaces
X and Y being complex Banach spaces, and let £ be a positive integer. The system
©=(T,R,Q,0; X,Y) is called a monic system of degree ¢ if the operator

Q
-, QT
col (QT'Y),_, = : (X - Y!
QTZfl
is invertible and its inverse is of the form
Trow (Uj,1)§:1 = [Uo, ceey Ugfl] : Yé — X
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with Uy—1 = R. The integer ¢ is uniquely determined by these properties. Monic
systems have been introduced and studied in [11], [12]. Its external operator being
zero, a monic system is strictly proper.

To justify our terminology we make the following remark. Suppose © =
(T,R,Q,0; X,Y) is a monic system of degree ¢, and let Uy, ...,Us_1 be as above.
Then the transfer function Wg of O,

We(\) =QM\~T)"'R,  Xep(A),

coincides with the inverse L~! of the monic operator polynomial L defined by

—1
L) =MNT-> NQT'U;

Jj=0

Furthermore, it can be shown that L can also be written as
=X Z NViT'R,

where col(Vz—;)_, is the inverse of the invertible operator row(T*7R)|_,. For
the proofs of these statements we refer to [11] and [12].
Suppose now, conversely, that L is a given monic operator polynomial the

coeflicients of which are operators on Y. Then one can construct a monic system
© for which Wg = L~'. Indeed, if

—1
L) =MNT+> N A,
=0
and _ _
0 I 0
Cip = : : A : ;
0 0 I
| Ao —Ar . Ay
then
© = (C1,L, col(d;eD)’—y, row(6e1)5—y, 05 YY) (3.3)

has the desired properties. Here 0;; is the Kronecker delta. The operator Ci r
is known as the first companion operator associated with L, and for that reason
(3.3) will be called the first companion system corresponding to L. When Y is
finite-dimensional it is possible to construct a system © with Wg = L~! from
the spectral data (eigenvalues, eigenvectors and associated eigenvectors) of L. The
construction may be found in [66], [69] (see also Chapter 8).
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As was mentioned before the external operator of a monic system is equal to
the zero operator, and hence, as for the unitary systems in the previous section,
the system ©* is not defined. Nevertheless, as we have seen in the preceding
paragraphs, there still is a construction of the inverse of the transfer function in
terms of the system.

If ©1 and ©- are monic systems of degree {1 and {5, respectively, then ©10,
is a monic system of degree £1 + f5. A system which is similar to a monic system
of degree ¢ is again a monic system of degree /.

In Section 2.4 we introduced the notion of a supporting projection for systems
having invertible external operator. This notion does not apply to monic systems
because its external operator, being the zero operator, is not invertible. Still, a
similar concept has been introduced in [11], [12]. We shall review some of the
material presented there.

Let © = (T, R,Q,0; X,Y) be a monic system of degree ¢, and let II be a
projection of X. We say that II is a monic supporting projection for © if Ker II
is a non-trivial invariant subspace for 7" and there exists a positive integer m
(necessarily unique and less than ¢) such that

col(QT7 N1, oy 7 : Ker IT— Y™ (3.4)

is invertible. We call m the degree of the monic supporting projection. The operator
(3.4) is invertible if and only if this is the case for the operator

I row(TF'R)Y_; : Y — Im 11 (3.5)

Here k = ¢ —m.

Let © = (T, R,Q,0; X,Y) be a monic system, and let Il be a monic sup-
porting projection for ©. Let m be the degree of II. Put X; = Ker II, and define
Ty : X1 — Xpand Qq: X1 — Y by Tix = Tx and Q12 = Qu. The invertibility of
the operator in (3.4) now implies that col(Qle_l);-”:1 is invertible. Hence there
exists a unique R; : Y — X; such that ©; = (71, R1, @1, 0; X1,Y) is a monic sys-
tem. This system, which has degree m, is called the left projection of © associated
with TI.

Put Xo = ImIl, &k = ¢ — m, and define Ty : X5 — X5 and Ry : Y — X
by Tox = Tz and Rey = IIRy. Since Ker II is invariant under 7', we have
IITTI = TIT. This, together with the invertibility of the operator in (3.5), implies
that row (Tzk —d R2)§:1 is invertible. Therefore there exists a unique Qs : Xo — Y
such that ©s = (T3, Ra, Q2,0; X2,Y) is a monic system. This system, which has
degree k = ¢ — m, is called the right projection of © associated with II.

Let © = (T, R,Q,0; X,Y) be a monic system, and let IT be a monic sup-
porting projection for ©. Let ©; and ©2 be the associated left and right pro-
jections. Then © and ©,0; are similar (see [12], Theorem 2.2). Conversely, if
01 = (Th,R1,@1,0; X1,Y) and ©2 = (1%, Ra,Q2,0; Xo,Y) are monic systems
such that © and ©10, are similar, then there exists a monic supporting projec-
tion for © such that the associated left and right projections of © are similar to
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07 and O, respectively. To prove this we may assume that © = ©10,. But then
one can take IT to be the canonical projection of X7 + X5 along X; onto X5.

By Theorem 2.2, the factorization of a monic system implies a factorization
of the corresponding transfer function. Since in this case the transfer functions
are inverses of monic operator polynomials, we can employ the theory explained
above to derive factorizations for monic operator polynomials with the factors
being monic operator polynomials too. In fact, the following factorization result
holds true (cf., Theorem 8 in [65], Theorem 13 in [67]; see also the book [69]). Let
L(\) = Ag+MA; +---+ X1 A, 1 + M1 be a monic operator polynomial, and let
© = (T,R,Q,0; X,Y) be a fixed monic system such that We = L~!. Let II be a
monic supporting projection for © of degree m, and let ©1 = (T1, Ry, Q1,0; X1,Y)
and Oy = (T, R2, Q2,0; X2,Y) be the associated left and right projections of .
Put

m—1
Li(\) =A™ = ) - Ny T{"W;
j=0
where row(W;)7," = (col(Qle‘_l);’;l)_l7 and
l—m—1
Ly(\) =X — Y NQuTy ™V,
j=0
with row(V;)s=m ! = (col(Q2T3")'=1) 7', Note that We, = L;* and We, =
L;l. As © ~ 0,05, we may conclude from Theorem 2.2 that L = LoL;.
Conversely, given a factorization L = LsL; where Ly and Lo are monic
operator polynomials, there exists a monic supporting projection II of © such
that for the associated left and right projections ©; and ©2 we have Lfl = We,
and L;l = Weo,. In fact, for II we may take the projection II = I — P, the
projection P being defined by

P = (col(@T)/=5") " col(@iTY) (col(Qle‘);":j)_1col(QTj);;51,

where m is the degree of L; and (T1,Q1,R1) is a monic system with transfer
function L " (see [65], Section 5 and [69]). By using an appropriate Mobius trans-
formation (see the final section of this chapter), this factorization theorem for
monic operator polynomials can also be deduced from Theorem 2.3; see Theorem
3.5 in Section 3.6 below.

In the previous paragraph the correspondence between the monic supporting
projections II of © and the right divisors L; of L is not one-one. The reason
may be explained as follows. Suppose II is a monic supporting projection for ©
of degree m, and let II' be another projection of X such that Ker IT = Ker II'.
Then it is immediately clear from the definition that II’ is also a monic supporting
projection for © of degree m. Furthermore, the left projections of © associated
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with II and II’ coincide. So what really matters in the definition of the monic
supporting projection II is the existence of a T-invariant complemented subspace
X1 of X such that the operator

COI(QTj_l);n:]_ |X1 : Xl — Y™

is invertible. Such a subspace X; is called a supporting subspace for © (cf., [65],
Section 5). The correspondence between the supporting subspaces of © and the
right divisors of L, L1 = W, is one to one (cf., [67] or [12]; see also the discussion
in the paragraph after the proof of Theorem 9.3.

For the companion type system (3.3) the supporting subspaces may be char-
acterized in a simple way. Indeed, a closed subspace X; of Y is a supporting
subspace for (3.3) if and only if X7 is invariant under the first companion operator
Cyr and X7 is an algebraic complement in Y of the subspace of Y* consisting
of all vectors for which the first m coordinates are zero. This is the contents of
the first part of Theorem 1.6 in [67]. Note that condition (iii) in this theorem is
superfluous (see also [69]).

3.5 Polynomial systems

In the previous section we have seen that the inverses of monic operator polyno-
mials can be seen as transfer functions of certain systems. Now we shall deal with
arbitrary polynomials. A system © = (A, B,C,D;X,Y) is called a polynomial
system if its main operator A is nilpotent. If, in addition, D = I, we say that ©
is a comonic polynomial system. The transfer function of a (comonic) polynomial
system is obviously a (comonic) polynomial in A=!. An operator polynomial is
said to be comonic if its constant term is the identity operator on the underlying
space.,

Now conversely. Let P be a regular operator polynomial of degree ¢ whose
coefficients are operators on Y. Here regular means that P(\) is invertible for at
least one \. In order to show that P(A~1!) is the transfer function of a polynomial
system, it suffices to consider the comonic case, where P(0) is the identity operator
on Y. Put L(A) = AX*P(A™1). Then L is a monic operator polynomial of degree £.
Let A =(T,R,Q,0; X,Y) be a monic system such that the transfer function Wa
is equal to L. Then

—1
L) =M= NQT'U;,
j=0
where ‘ .
row(Uj—1)5—y = (col(QT7 1)) . (3.6)

Further, Uy—1 = R (see the previous section). So

UoQ+ -+ Up QT 2+ RQT* 1 =1,



58 Chapter 3. Various Classes of Systems

and hence
T — RQT* = (col (QT 1)) " [0:511], ,_, (col (QTT1YSLy).

It follows that 7' — RQT* is nilpotent of order £. Also, using (3.6), one sees that
(T — RQT*)U; =U;_; for j=1,...,0— 1. But then

4
I-QT'AN=T+RQT)'R = I-> \JQT'U,,

j=1

= ML) =POh.
So P(A1) is the transfer function of the comonic polynomial system
© = (T - RQT",R,—QT" X,Y). (3.7)

Summarizing we obtain: the class of transfer functions of (comonic) polyno-
mial systems coincides with that of the (comonic) polynomials in A1, We observe
that the system © = (T — T*RQ,T*R,—Q; X,Y) is also a comonic polynomial
system and its transfer function is also equal to P(A™1).

Consider the system (3.7). Note that ©* = (T, R, —QT" X,Y) is the cor-
responding associate system. On p(7") \ {0} the transfer function of ©* coincides
with P(A~1)~!. From this fact one easily infers that P(A\™!) = QT*"*(I-\T)"'R.

The product of two (comonic) polynomial systems is again a (comonic) poly-
nomial system. A system that is similar to a (comonic) polynomial system is also a
(comonic) polynomial system. If © = (A, B, C; X,Y) is a comonic polynomial sys-
tem, then for any supporting projection IT of © the systems pr ;(0) and pr ;_;(0)
are comonic polynomial systems.

3.6 Mbobius transformation of systems

From the definition of the transfer function of a system it is clear that such a

function is analytic at infinity. Therefore, in general, the theory developed in the

previous sections can be applied to an arbitrary analytic operator function after

a suitable transformation of the independent variable. For this reason we study in

this section the effect of a Mobius transformation on complex variable A.
Throughout this section ¢ will be the Mébius transformation

(N

Here p,q,r and s are complex numbers and ps — qr # 0. We consider ¢ as a map
from the Riemann sphere C U oo onto itself. The inverse map ¢! is given by

_ pAtgq
T A+ s

(3.8)

—sA+gq

-1 o
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Theorem 3.2. Let W()\) = D+C(A—A)~1B be the transfer function of the system
© = (A,B,C,D; X,Y), and let ¢ be the Mobius transformation (3.8). Assume that
T =p—rA (= plx — rA) is invertible. Then Wy,(X) = W (@(X)) is the transfer
function of the system

0, = ((—(q —sA)T Y, T7'B, (ps — qr)CT~Y, D+ rCT 1B X, Y). (3.9)

Proof. AsT = p—rAis invertible, the inverse map ¢~ is analytic on the spectrum
a(A) of (A). So p~1(A) is well defined. In fact, the operator p~1(A) = —(q —
sA)T~! is equal to the main operator of ©,. By the spectral mapping theorem,
the resolvent set of ¢ ~1(A) is given by

P71 (A)) = {A € C | o) € p(A) U {oo}}.

It follows that the function W, as well as the transfer function of ©, are defined
on the same open set, namely on p(p~1(4)).

To prove that the two functions coincide there, take A in p(p~1(A)). Assume
first that A + s # 0. Then

-1
W) = D+C<)\§Iq—A> B
T S

= D+ (rA+s)C(Ap—r14)+q— sA)le

= D+ (rA+9)C(A—p Y(4) T 'B

— D4C(r(A—¢ HA) +ro (A +5) (A= (A)T'T'B

= D+rCT 'B+(ps —qr)CT ' (A — wfl(A))_lelB,

where we use that 7o~ 1(A) + s = (ps — qr)(p —rA) L.

Next, assume that A € p(¢~1(A)) and 7\ + s = 0. In this case, 7 = 0 implies
s = 0, because A € C. Since ps — qr # 0, we cannot have r = s = 0. So r # 0.
Notice that ¢(A\) = oo and W, (A) = D. On the other hand, it is not difficult to
check that the value of the transfer function of O, in A = —sr~! is equal to D
too. This completes the proof. O

The system O, introduced in formula (3.9) has several interesting properties;
some of them will be discussed below.
Proposition 3.3. For j = 1,2, let ©; = (A;,B;,C;,D;; X;,Y) be a system such
that both (©1), and (©2), exist. Then (©103), exists too and

(0102), = (01)4,(02),. (3.10)
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Proof. Recall that ©102 = (A4, B,C, D; X1 + X»,Y), where

A A1 Blcg B1D2
Lo 4 | R
C=[C DiCy |, D=DD,.

The fact that (©1), and (O2), exist comes down to the invertibility of p — rA4;
and p — rAs. Since 0(A) is a subset of 0(A;1) U o(Asz), it follows that p — rA is
invertible too. Thus (0103), is well defined. Equality (3.10) follows now by a
direct computation. O

Let C be a class of systems such that for each © € C the system ©,, is well
defined. Assume that C is closed under multiplication. For instance, we could take
for C the class of Brodskii systems for which ©, exists. Then we can form the class
C, = {0, | © € C}, and by Proposition 3.3 the new class C,, is again closed under
multiplication. In this way one can also establish certain relationships between
different classes of systems.

For example (cf., [33]), let ©® = (A, R,C, K; H,G) be a Krein J-system, and
let ¥ be the Mobius transformation

W(A)zaij).

Here |o| = 1, and we assume that « € p(A). It follows that ©y is well defined.
Put

Ay = —i(a+A)(a—A)""
By = (a—A)'R,

Cy = —2iaC(a—A)""
Dy = K+Ca—A)'R

Using the properties of Krein J-systems, one sees that
ByJBj = (a— A)"HI — AA")(a — A"~ (3.11)

It follows that
Ay — Ay = —2iByJBy,. (3.12)

This last identity is one of the defining properties of a Brodskii (—.J)-system.
However, note that in general Oy is not a Brodskii system, because its external
operator Dy may not be equal to the identity operator. As AX = (A*)~! for Krein
systems, we have a € p(A*), and hence Dy is invertible. We shall prove that the
system

A = (Ay, By, Dy'Cy; H,G) (3.13)
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is a Brodskii(—J)-system. In view of (3.12) it suffices to prove that Dy'Cy =
—2iJBy,. In other words we have to show that Cy = —2iDgJBy,. To do this,
observe that

ByJBjy = A*(a— A) ' +a(a—A)!

(cf., (3.11)). It follows that
Cy = —2i(— CA*(a — A*)"" + CByJBY). (3.14)

From the definition of ©g it is clear that Dy = K + CBy. So —2iDgJBy, =
—2i(K JBj}, + CByJB},). Employing the properties of Krein J-systems, we have

KJR* = J(K*)"Y(J—-R*R)JR*
= J(K*)'R*— J(K*)"'R*(I — AA¥)
= J(K*)"'R*AA* = —CA*.

Combining this with (3.14) yields C'y = —2iDygJ B}, and hence the system (3.13)
is a Brodskii (—J)-system. The relationship between the systems A and © can
also be expressed in terms of the corresponding characteristic operator functions
Wa and Wg. We have

Nt
Wa(\) = JWe(a)* JWe (a Afi) .
This is clear from the definition of A and the fact that D' = We(a)™! =
JWe(a)*J.
In the next couple of paragraphs we will consider the effect of the Mdbius
transformation on inversion and factorization.

Proposition 3.4. Let © = (A,B,C,D;X,Y) be a system such that ©, exists.
Assume that the external operators of © and ©, are invertible. Then (©*), and
(©y)* exist while, moreover,

(©%)p = (0y)". (3.15)

Proof. Let W and W, be the transfer functions of © and ©,, respectively. By
assumption the operators W(oco) = D and Wy(o0) = D + rC(p — rA)~'B are
invertible. If r # 0, then W(pr —!) = W,(00), and so pr~' € p(A4*), where
A* is the main operator of ©*. Hence p — rA* is invertible. This conclusion is
also correct if = 0, because then p # 0. It follows that (©%), exists. Also, as
D+ rC(p—rA)~'B is invertible, (0,)* exists too. Finally, using

(D+rC(p— rA)_lB)71 =D*'—rD'Clp—rA*)"'BD !,

formula (3.15) is proved by a direct computation. O
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Let © = (A, B,C, D; X,Y) be a system such that O, exists. Assume that the
external operators of © and ©, are invertible. Let II be a supporting projection
for O, i.e.,

AlKer II] C Ker II, A*[Im1I] C ImTI.

In general one may not conclude that II is a supporting projection for ©, too. But
if the state space of X is finite-dimensional, then the conclusion is correct. So let
us assume that dim X is finite. Let ©1 and ©3 be the factors of © corresponding
to I, and let D = D1 D5 be a factorization of D with Dy and Dy invertible (i.e.,
©; and O, are given by formulas (2.10) and (2.11), respectively). As X is finite-
dimensional, the systems (1), and (©2), are well defined, and we have (cf.,
Proposition 3.3)

O, = (01),(02),. (3.16)

This factorization corresponds to II (as a supporting projection for ©,) and a
special factorization of D + rC(p — rA)~!B into invertible factors induced by
D = D; D5. In the particular case that ¢ is a translation and the external operator
of © is the identity operator we may replace (3.16) by

pr(©4p) = (pr(0))e, pr;_n(©y) = (pr;_n(0))e.

Mobius transformations may be employed to derive from Theorem 2.3 factor-
ization theorems for transfer functions that do not take an invertible value at in-
finity. To illustrate this we shall give a new proof of the division theorem for monic
operator polynomials (cf., [67], Theorem 13, see also [69]) based on Theorem 2.3.

Theorem 3.5. Suppose L is a monic operator polynomial of degree £, and let A =
(T,R,Q,0; X,Y) be a monic system such that the transfer function of A is equal
to L1, Let X, C X be a supporting subspace, i.c., the space X1 is a non-trivial
(complemented) invariant subspace for T such that for some positive integer m
(necessarily unique and less than ¢)

col(QTifl)’;;lyxl XY™

is tnvertible. Define T1 : X1 — X1 and Q1 : X1 — Y by Tix =Tz and Q17 = Q.
Then col(Qlefl)’f:l is invertible, say with inverse row (W;_1)7L,. Introduce

m—1
Li(A) =A™ = Y N T{" W
§=0

Then Ly is a right divisor of L.

Proof. Consider the Mébius transformation W(\) = (aA+1)A\"L. Here « is a fixed
complex number in the unbounded component of the resolvent set of T. As T'— «
is invertible, the system © = A, is well defined. Put A= —(a —T)"!, B= (a —
T) 'R, C=-Q(a—T)tand D =Q(a—T) 'R. Then © = (A, B,C,D; X,Y),
and the external operator D of © is equal to L(«)~!. Further, the associate main
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operator of © is equal to
A*=A-BD'C=—(a—-T) '+ (a—T)'RL(a)Q(a—T)" .  (3.17)
With the supporting subspace X7 we associate the projection P defined by

Pz = (col (Qlefl)’f:l)fl (col (QT™H)TLy)a.

We know that Im P = X is invariant under 7'. As « is in the unbounded compo-
nent of 7', it follows that X is also invariant under A = —(a—T) 1. Furthermore,

we see that
A|X1 =—(a—T)) " (3.18)

Next we consider Xy = Ker P. From the theory of monic systems we know that
X, = Im (row (Tj_lR)g;T). We shall prove that X is invariant under A*. In
order to do this, recall that QT’R =0, j =0,...,/ —2 and QT 'R = 1. It
follows that, for s =0,...,¢ —1,

Qla—T)'T*R=0a*Q(a —T) 'R=a’L(a)™".
Using (3.17) we obtain A*R = 0. Also, for 1 < s < /¢ — 1, we have
A*T*R = —(a—T)'T*R+ (a —T) 'RL(a)Q(a — T) 'T*R
= —(a—T)"'T*R+a*(a—T) 'R
= T 'R+aT*?*R+---+a* 'R

So we know the action A* on T*Ry, 0 < s < £ — 1. It follows that X5 is invariant
under A*. Furthermore, we see that the restriction of A* to Xy is nilpotent of
order £ —m. Observe that by now we have proved that IT = I — P is a supporting
projection for ©.

As a — T3 is invertible, the same is true for the operator L;(«). Put Dy =
Ll(oz)_l and Dy = Ll(Oé)L(Oé)_l. Then D = D1D5. Let

A Bro
0 Ag

B,
By

- L Cc=[C O]

)

be the operator matrix representations for A, B and C' with respect to the decom-
position X = X; + X5. Consider the systems

©1 = (An,BiD;',C1,Di;X1,Y),
©2 = (As,Bo,Di'Ca,Do; X5,Y),

and, for j = 1,2, let W; be the transfer function of ©;. As AX; C X; and
A* Xy C Xa, we can apply Theorem 2.3 to show that ©® = ©105, and hence

L(T(a)) " = Wi ()W (V). (3.19)
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First we shall prove that L;(¥()\))~! = Wi (\). Let A; be the system A; =
(T1, R1,Q1,0; X1,Y), where Ty and @ are as before and Ry = W,,,_1. So Ay is
a monic system whose transfer function is equal to Ll_l. Thus in order to prove
that L(W()\))~! is equal to Wy (), it suffices to show that (A1)gy = ©1. Note that

(A)e = (—(a=T) " (a=T1) 'Ry, —Qi(a —T1) ", Li(e) ' X1, Y).

From (3.18) we know that A;; = —(a — T1)~!. By definition D; = Lq(a)™!
Further
Cl = —Q(O[ - T)|X1 = —Ql(oz - Tl)

It remains to prove that Bngl = (a—T1)"'R;. Take y € Y. By applying (3.18),
first for T, ), R and next for 17, Q1, Ry, we obtain

(col(QTI™) ) (a = T) " RL(a) Ly (a) 'y =
= (col(a? ' L(a) Uzﬂ)LﬁwLﬂaYJy
(COI QlTj 1 )(Oé — Tl) lRly.

But then Bngly = PBD;ly = (a — T1)"'Ryy, and we have proved that ©; =
(Ay)w.

As the restriction of A* to X5 is nilpotent of order ¢ — m, we know that
Wo(\)~! is a polynomial in A~! of degree at most £ — m. Put

Lo(N) = Wa (1 (M),

where ¥~ is the inverse map of the Mobius transformation W. In other words,
U=L(\) = (A — )7L It follows that Lo()\) is a polynomial in A of degree at most
£—m. From (3.19) we see that L(A\) = La(A)L1()\), and hence L is a right divisor
of L. O

Notes

The main references for Sections 3.1 and 3.2 are [30] and [32], respectively. Section
3.3 follows [47], Section XXVIIL.7. The results in Section 3.4 originate from [11],
[12]. These two papers were inspired on the one hand by the theory of character-
istic operator functions and on the other hand by the theory of monic operator
polynomials developed in [65], [66] (see also the books [69] and [101]). The con-
cept of a monic system does not appear in the latter publications but its role
is played by the notion of a standard triple. We note that a triple (Q,T, R) of
operators is a standard triple for a monic operator polynomial L if and only if
O = (T,R,Q,0; X,Y) is a monic system and Wg = L~!. Sections 3.5 and 3.6 are
taken from [14], Chapter 1.



Chapter 4

Realization and Linearization
of Operator Functions

The main problem addressed in this chapter is the realization problem for operator-
valued functions. Given such a function the problem is to find a system for which
the transfer function coincides with the given function. In the first section we
consider rational operator functions, and in the second analytic ones. In Section
4.3 it is shown that, in a certain sense, the transfer function of a system with an
invertible external operator can be reduced to a linear function, and we use this
reduction to describe the singularities of the transfer function. In the final section
a connection between Schur complements and linearization is described.

4.1 Realization of rational operator functions

We start our considerations with he following result.
Theorem 4.1. Given the operator polynomials
-1 -1
HO\) =Y NH;, L) =MN+Y NL;
j=0 j=0

with coefficients acting on the complex Banach space Y, let

0 I ... 0 0
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Then © = (A, B,C,0; Y Y) is a system such that
Wo(h) = HWL(N)™, A€ p(A).
Proof. We know already (see Section 3.4) that

L'\ =Q\—A)'B, A € p(A), (4.2)
where @ =[ 1 0 --- 0 ].For A€ p(A), define Cy(A),...,C¢()) by
col(C;(N)_, = (A= 4)7'B.

From (4.2) we see that Cy(\) = L7!(X). As (A — A)(col (Oj(A))jzl) = B, the
special form of A in (4.1) yields

C;(\) =N"tCi(N),  j=1,...,0

It follows that C(A — A)~"1B = Zg;é H;Cj11(N) = H(A)L(N)™!, and the proof is
complete. O

Let us employ Theorem 4.1 to obtain a realization for a proper rational
operator function W, the values of which act on a complex Banach space Y.
By definition, an operator function is rational if it can be transformed into an
operator polynomial by multiplication with a scalar polynomial. Such a function
is meromorphic with a finite set of poles.

Theorem 4.2. Let W be a proper rational operator function whose values act on the
complex Banach space Y, and put D = W (c0). Then there is a Banach space X,
and there are bounded linear operators A: X — X, B:Y - X and C : X — Y
such that p(A) coincides with the (finite) set of poles of A and

W) =D+ C(\— A)"'B, A € p(A).

Proof. By the definition given above, there exist a scalar polynomial ¢ and an
operator polynomial P such that

1
W(A) = WP()\), AeC, q(N) #£0.
Put D = W(o0) and introduce
H(\) =q(N) (W) = D) = P(X) —q(\)D.

Then H is an operator polynomial with coefficients acting on Y. Obviously we
may assume ¢ to be monic. Then, clearly, the operator polynomial L(\) = g(\) Iy
is monic and

W) =D+ HMNL\™, A€ C, g(N) #0.

Moreover, as W (oo) = D, we have limy_,o H(X\)L(\)~! = 0, and hence the degree
of H is strictly less than that of L. The desired conclusion now comes about by
applying Theorem 4.1. O
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The case when W is a proper rational matrix function corresponds to the
situation where Y is finite-dimensional and X can be taken to be finite-dimensional
too. A deeper analysis of the relation between the poles of a rational matrix
function W and the eigenvalues of the main operator A in a realization of W will
be given in Chapter 8.

4.2 Realization of analytic operator functions

By a Cauchy contour T' we shall mean the positively oriented boundary of a
bounded Cauchy domain in C. Such a contour consists of a finite number of non-
intersecting closed rectifiable Jordan curves.

Let I' be a Cauchy contour around zero, and let Y be a complex Banach
space. With " and Y we associate the space C(I',Y) of all Y-valued continuous
functions on I' endowed with the supremum norm. The canonical embedding of
Y into C(T',Y) will be denoted by 7, i.e., 7(y)(z) =y for each y € Y and z € I.
Further we define w : C(I',Y) — Y by setting

1 1
=— [ = dc.
olf) = 3= [ 1O
Since 0 is assumed to be in the interior domain of I', we may conclude that wr is

the identity operator on Y. This observation will be used in Section 4.3 below.
By L(Y) we mean the Banach algebra of all bounded linear operators on Y.

Theorem 4.3. Let ) be the interior domain of I', and let W be an operator function,
analytic on ), continuous towards the boundary T, and with values in L(Y'). Define
operators V. and M on C(T,Y) by

(V=) =2f(2),  (Mf)(z) = W(2)f(2).

Then
W) =I+wlV-VM)\-V)"l1, AeQCp(V).

In other words, the system © = (V,7,w(V —VM);C(I',Y),Y) is a realization for
W on .

Proof. First observe that Q C p(V). In fact, o(V) =T,

[(A—V)*lg}(z): )\izg(z), AgD;zeT.
It follows that for A ¢ T" we have
W(V = VM)A — V) Lry = (% /F AL—C (I - W(g)) d() g (43)

For A € Q the right-hand side of (4.3) is equal to W(A\)y — y, and the theorem is
proved. O
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The associate main operator V* of the system © introduced in the above
theorem is V* =V — 7w(V — VM). It follows that

(VPE) = 2G) = 5 [ (1=-W(0) 10 (4.4

27
In the next section (see Theorem 4.6) we shall show that, in a sense to be made
precise, V= is a linearization of W on €.

Theorem 4.3 can be proved for any bounded open set ) in C, regardless of
possible boundary conditions. In that case the space C(I', Y') must be replaced by
an appropriate Banach space, which one has to define in terms of the behavior of
W near the boundary (cf., [97]; see also the next theorem).

If © is an unbounded open set containing zero, then one cannot expect that
W admits a representation of the form D + C'(A — A)~! B, because the behavior
of W near infinity may be irregular. However one can always write W in the
alternative form D + AC(I — AA)~!B. This follows from the next theorem by
changing A into A~ 1.

Theorem 4.4. Let €2 be an open neighborhood of infinity in the Riemann sphere
C U {oo} not containing the origin, and let W : Q@ — L(Y') be analytic. Define X
to be the space of all Y -valued functions, analytic on 2, such that

@)
1l = s WD <>

The space X endowed with norm |- ||e is a Banach space. The canonical embedding
of Y into X is denoted by 1. Further v : X — Y s defined by v(f) = f(c0).
Finally, let M and V' be the operators on X given by

(Mf)(z) = W(z)f(0), z€Q,

V) = { lim z(f(z) — f(c0)), z = 00.

Z2—00

Then
W) = W(o0) +7(A = V) 'V M, AeQ C p(V)U{oo}.
In other words, the system (V,VMt,~v,W(c0); X,Y) is a realization for W on €.

Proof. 1t is straightforward to check that the operators 7,7,V and M are well
defined bounded linear operators. Next we prove that for each A € Q\ {oo} the
operator A — V' is invertible. Indeed, take A € Q\ {oo}. For g € X, put

29(A) — Ag(2)
z—A ’
h(z) =9 g(A) = Agd'(N), z=X,

z € Q\ {\, o0},

g(N), z = 00.
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Then h € X, and by direct computation one sees that
(A =V)h)(2) = Ag(2), z €.

Now A is nonzero (since 2 does not contain the origin), and it follows that A—V is
surjective. As is easily verified, A — V' is injective too. We conclude that A € p(V)
and (A —V)~tg = \"1h.

Now take g = VMry, i.e., g(z) = z2(W(z)y — W(oc0)y) for each z € Q. Then

/\iz(W(Z) —W()\))y7 2z € Q\ {), o0},
(A=V)"Tg)(2) = ¢ —AW'(\)y, 2o,
(W(/\) - W(OO))% zZ = 00,

and so Y(A = V)7lg = (A= V)7 tg)(o0) = (W(A) — W(o0))y. Thus
YA =V)TWMT =W (\) — W(0), A e Q\{x} C p(V),
and the theorem is proved. O

In the previous theorem the condition that 2 does not contain the origin may
be replaced by the requirement that C\ © # ). In the latter case one takes a point
in C\ , and with appropriate changes the theorem remains valid. If C\ Q = 0,
i.e., if  is the full Riemann sphere, the theorem does not go through, but on the
other hand in that case the function W is constant.

4.3 Linearization

Let W be the transfer function of a system © = (A, B,C, D; X,Y) with invertible
external operator D. Then W=1(\) = D=! — D71C(A — AX)"1BD~! for A in a
neighborhood of co. Here AX = A — BD~!C is the associate main operator. In
this section we shall point out another connection between W and A*. In fact we
shall prove that A* appears as a linearization of W.

First we define the notion of linearization. Let €2 be an open set in C, and
let W:Q — L(Y) be analytic. An operator T' € L(X) is called a linearization of
W on Q if there exist a Banach space Z and analytic operator functions £ and F
on {2 such that

W\ +1; = EQ)(A=T)F(\), AeQ, (4.5)

while the maps E()\),F()\) : Y+Z — X are bijective for each X in Q. Here we
follow the convention that for operators R:Y — Y and @) : Z — Z the operator
R+ Q stands for the diagonal operator on Y +Z build from R and Q, that is,

. R 0 . .
R+Q = Y+Z - Y+Z.

0 @
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The operator function W(X)+ I, in (4.5) is called the Z-extension of W. If two
operator functions Wi and Wy, analytic on Q, are connected as in (4.5), i.e., if
Wi(A) = E(NWo(ANF(X) for A € Q, with E, F analytic on Q and E(\), F(\)
invertible for each A € €, then W7 and W5 are said to be analytically equivalent
on .

Theorem 4.5. Let © = (A, B,C,D; X,Y) be a system with an invertible external
operator D, and assume that B has a left inverse. Then A* is a linearization
on p(A) of the transfer function We. In fact, if B™ is a left inverse of B and
Z = Ker Bt then the Z-extension of We is analytically equivalent to (A — A)~1
on p(A).

Further relevant details can be found in the proof.
Proof. For \ € p(A), define E(\),F(\) : Y+Z — X by
E\(y,z) = BD 'y+z+BD'C(\—A) 'z,

FN(y,2) = (A=A (By+2),

where y € Y and z € Z. Then E()\) and F()) are bounded linear operators de-
pending analytically on the parameter A € p(A). Also E()\) and F()\) are invertible
with inverses E(\)™!, F(A\)™! : X — Y+Z given by

EN'z = (DBYz—-C(\—A)"'(Ix — BBY)z, (Ix — BB")a),
FN) 'z = (BY(A—A)z, (Ix — BBT)(A - A)x)),
where z € X. Finally,
EON(WoW) +17) = (A= A)F(N), A€ p(A). (4.6)
The (straightforward) computations are left to the reader. 0

By applying Theorem 4.5 to the associate system ©* we may conclude that
under the conditions of Theorem 4.5 the operator A is a linearization on p(A*)
of the transfer function Wgx. So, roughly speaking, the operator A appears as a
linearization of Wg'()\) and A* as a linearization of We. For finite-dimensional
systems this corresponds to the fact that the eigenvalues of A are related to the
poles of Wg and the eigenvalues of A* are related to the zeroes of Wg. We shall
return to this relation in more detail in Chapter 8.

Theorem 4.5 has a counterpart for the situation where C' has a right inverse
O, say. One then takes Z = Ker C and proves (4.6) with the equivalence operators
E(\),F(\) : Y4+Z — X given by

EMN(y,2) = (A-4)(CTy+2z),

F(\)(y,2) = C'Dy—(Ix —CTC)(A—A)"'By+ 2z,
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where y € Y and z € Z. For the inverses E(\)™1, F(A\)™! : X — Y+Z of these
operators, we have the expressions

EN'z = (CA-A) 'z, (Ix —CTO)(A— A) '),
FN) 'z = (D7'Cx, (Ix —=C*O)(Ix + (A= A)"'BD™'C)x),
where x € X.

If B or C has a generalized inverse then one has to allow for extensions on
both sides (see [96] for details). Always, irrespective of any invertibility condition
on B or C, the functions We () + Ix and (A\—A*) + Iy are analytically equivalent
on p(A). In fact (cf., [52], Theorem 4.5),

Wo(N) + Ix = EQ)((A— A) F Iy)F(N), A€ p(A), (4.7)

where the equivalence operators and their inverses are given by

[ —C(A =4~ Wo () : .
E\) =  X4Y - Y+X,
| A=At —(A-A)"'B
[ A—=A)"B  Ix . .
F(\) = Y4X — XY,
L D_1W@(>\) D-C
[ BD™' M- A% , ,
E7'(N) = b1 polg (Y 4+X — X4Y,
[ -D'C Iy ) .
F7'(\) = : X+Y - Y4X.
| A=At A -4") -(A-A)"'B

In all these expressions, the dependance of the parameter A € p(A) is analytic.

The equivalence after two-sided extension embodied in (4.7) sheds new light
on Theorem 2.1. Indeed, it is now clear that Weg(A) and A — A* share not only
the property of being (non-)invertible, but Wg(\) and A — A* have all Fredholm
characteristics in common. Further details can be derived from [18], Section 2.
We give two examples. The first is about the nullity and says that the operator
(A —A)~! B maps Ker Wg(\) one-to-one onto Ker(A— A*), hence Ker Wg(\) and
Ker(A — A*) have the same (possibly infinite) dimension. The second is concerned
with the defect and reads as follows. If M is a (closed) complement of Im Wg ()
in Y, then BD71[M] is a (closed) complement of Im(A — A*) in X and BD~!
maps M one-to-one onto BD~![M], hence Im Wg()\) and Im(\ — AX) have the
same (possibly infinite) codimension in Y and X, respectively.

We now make the connection with Theorem 4.3 (see reference [52], Theorems
2.2 and 2.3).
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Theorem 4.6. Let I' be a Cauchy contour around zero in C, and let W be an
operator function, analytic on the interior domain of Q of ', continuous towards
the boundary T and with values in L(Y). Let T on C(T',Y) be defined by

(TF)(2) = 2/(2) — — / (Iy — W(Q)) F(C) dC.

- 2mi
Then T is a linearization of W on § and
o(T)=T U {X € Q| W(A) not invertible}. (4.8)
Proof. With the notation of Theorem 4.3, we have
W) =T+wlV-VM)\-V) ', AEQCp(V).

Since 0 is in the interior domain of I, the operator 7 has a left inverse. In fact, as
noted in the beginning of Section 4.2, we have wr = Iy. As Q C p(V), Theorem
4.5 shows that W(\) + Iker., is analytically equivalent to A — V> on €, in other
words V> is a linearization of W on €. Here V' * is the associate main operator of
the system © = (V,7,w(V — VM);C(I',Y),Y). So V* is given by formula (4.4),
and hence V* =T.

To prove (4.8), recall that o(V) =I' and consider the transfer function Weg
of the system © = (V,7,w(V — VM); C(I,Y),Y). We know that We(A) = W(X)
for A € Q. For A € C\ Q we have Wg(A) = I. This is clear from (4.3). So We () is
invertible for each A in the exterior domain of I'. As p(V') = C\T', we may apply
Theorem 2.1 to show that

o(V) N Q={Xe Q| W(A) not invertible},

and o(V>*) N[C\ Q] = 0. So to prove(4.8) it remains to show that I is contained
in o(V>).

Take Ao € I', and assume that A\g € p(V*). So Wgx(A) is defined in some
connected open neighborhood of U of \g. Observe that on [C\ Q] N U the function
Wex is identically equal to I. By analyticity Wgx (A) = I for each A € U. But then,
applying Theorem 2.1 to ©*, one obtains Ag € p(V'). This contradicts I' = o(V),
and the proof is complete. O

Theorem 4.5 is applicable only to systems with an invertible external op-
erator. To obtain a linearization of the transfer function of a system with a
non-invertible external operator one can employ an appropriate Mobius trans-
formation. In some cases a linearization can be given directly. For example, if
O = (T,R,Q,0; X,Y) is a monic system, then T is a linearization on C of We_l.
Recall (cf., Section 3.4) that in this case ng is a monic operator polynomial. To
describe the linearization in more detail, put Z = Y*~! where ¢ is the degree of
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0, and let E(\), F(\) : X — Y+Z be given by
ENz = (Qu, col (QT/(T = Nz); 7).

-1
F\Nz = (QT“a;JrZLj(A)QTJ’lx, —col (QTﬂ‘x)ﬁ_g)

Jj=1

Here Lj(\) = X1 — Y0207 A QT!U,, 4, where

[(Up - U ] = (col QTYy) ™

Then (cf., [12], Theorem 3.1; see also [11]) the operators E(A) and F()) are in-
vertible and

FNA=T) = [W5*(\) +Iz]E(N), AeC.

Notice that Theorem 4.5 is also applicable to the Livsic-Brodskii character-
istic operator function

W) =1+ 2iK*(\— A)"'KJ,

provided K has a left inverse, and in that case the adjoint operator A* is a lin-
earization on p(A) of W. A similar remark holds for Krein nodes.

4.4 Linearization and Schur complements

Let X1, X9, Y7 and Y5 be Banach spaces and K : X1 — Xo and L : Y7 — Y5 be
bounded linear operators. The operators K and L are called equivalent when there
exist invertible operators G : Xo — Y5 and H : Y7 — X; such that L = GKH.
Extending this notion, we say that K and L are equivalent after extension if there
exist Banach spaces Xy and Y such that

‘ K 0 ‘ ‘
K+IX0: IX1+X0—>X2+X0
0 Ix, |
and
‘ L 0] , ‘
L+1Iy, = YYo= Y+ Y
Iy, |

are equivalent. Equivalence and equivalence after extension are reflexive, symmet-
ric and transitive properties.
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In this section we apply the notions of equivalence and equivalence after
extension to Schur complements (see the paragraph after the first proof of Theorem
2.1), and explain the connection with the linearization results from the previous
section. Throughout M is the following 2 x 2 operator matrix

M1 Mo
M =

] ZX1+Y1—>X2+Y2. (49)
M1 Moo

We shall assume that both M;; and Mas are invertible. In this case the Schur
complements of M1 and My in M are well defined and given by

A = Moy — Moy M ' Mo, A = My — Mys My, My,

respectively.

Theorem 4.7. Let M be given by (4.9), and assume that M1 and Mag are invert-
ible. Then the Schur complement A of My in M is equivalent after extension to
the Schur complement A of Mag in M.

In fact
A4 1Ix, =E(A+ Iyv,))F

with the invertible operators E and F and their inverses given by

[ Moy Mt A _ _
L =  Xo+ Y, — Yo 4+ Xy,
M M Mo

— M My, Ix, _ ‘
r = Y14+ X — Xy + 17,
Iy, — Moy Moy M " Mys My, Moy

— Mo Myt A
E71 = Yo+ X1 — Xo Y4,
My,! My,' My,

. — My, Moy Iy, ' '
F = L L L X+ -+ Xy
Ix, — M MioMyy Moy My, Mo

Proof. The verification can be done by direct computation. The following reason-
ing, however, gives more insight (cf. the remark made after the proof).
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From the basic identities (2.3) and (2.4), one immediately gets

My 0
0 A
Iy, Mo M A0 Ix,  —M;'Mi
—MglMl_ll G 0 M22 M2_21M21 H

with G = Iy, — Moy M{;* Mo My, and H = Iy, — My,' May My," Mz, We also have

the simple equalities
My 0 0 Ix, A O 0 Iy
0 A] |y o 0 My || Ix, 0 |

A O Iy, 0 7[A 0 ] (A O Iy, 0
OMH]: 0 Mallo 1] Lo Iy2H0 Mu]’
A 0 Ix, 0 7T A 0 ] A 0 Ix, O
0M22]:l0 M [ Lo | Lo mHo MJ'
The desired result is now easily obtained by appropriately combining parts of these
identities. O

Now let © = (A,B,C,D; X,U,Y) be a system with an invertible external
operator D, and put
A—-)\ B

MO=1"6 p

Take A € p(A). Then both A— X and D are invertible, and we can apply Theorem
4.7. In this case the Schur complement of A— X in M (\) is equal to We(X), where
We is the transfer function of ©, and the Schur complement of D in M()) is
equal to A* — A. Thus Theorem 4.7 shows that Wg(\) and A — A* are equivalent
after extension whenever A € p(A). From the way the equivalence operators were
constructed, we see that the (invertible) operators establishing the equivalence
depend analytically on the parameter A. Hence in this way we recover (4.7) as a
corollary of Theorem 4.7.

One can also combine other parts of the identities given in the proof of
Theorem 4.7. This gives three additional results. The four results thus obtained
differ slightly from each other. There is no need to present all details here.

Theorem 4.7 is concerned with equivalence after two-sided extension. In cer-
tain situations, as in Theorem 4.5, one can make do with one sided extension.
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Theorem 4.8. Let M be given by (4.9) with M1 and Maa being invertible, and let
A and A be the Schur complements of M1y and Mas in M, respectively. Assume,
in addition, that either Mys @ Yy — Xao is left invertible or My : X1 — Y5
right invertible. Then there ewists a Banach space Z such that A+ Iz and A are
equivalent.

The proof of the above result is similar to that of Theorem 4.5. The details,
which are omitted, can be found in [18].

Notes

The problem of realization is a classical problem in system theory, and has many
different faces. The literature on this subject is rich. For references we refer to the
text books [84], [36]. The material of the first section is standard, cf., [9], Theorem
4.20. Sections 4.2 and 4.3 are based on the paper [52]. Theorem 4.4 is related to the
linearization result proved in [28]. For other versions of the realization theorems
in Section 4.2 we refer to [96]. The material in Section 4.4 is taken from [18]. We
return to the topic of realization in Chapters 7 and 8.



Chapter 5

Factorization and
Riccati Equations

In this chapter the state space factorization theory from Section 2.4 is presented
using a different terminology. Here it will be based on the notion of an angular
operator and the algebraic Riccati equation.

5.1 Angular subspaces and angular operators

Throughout this chapter, X is a complex Banach space and P is a given fixed
projection of X along X; onto X5, so KerP = X; and ImP = X5. Matrix rep-
resentations of operators acting on X will always be taken with respect to the
decomposition X = X;+Xo.

A closed subspace N of X is called angular (with respect to P) if X =
KerP+ N = X; + N. If R is a bounded linear operator from X5 into X1, then the
space

1

is angular with respect to P. The next proposition shows that any angular subspace
is of this form. The operator R appearing here is uniquely determined. It is called
the angular operator for N. In the next proposition we shall describe a few different
ways to express the angular operator.

NR:{RJ;+x|x€X2}:Im[R} (5.1)

Proposition 5.1. Let N be a closed subspace of X. The following statements are
equivalent:

(i) N is angular with respect to P,

(i) N = Ng for some bounded linear operator R from Xy into X,

(iii) the restriction ]P)‘N : N — Xy is bijective.
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In that case the angular operator R for N is given by
Re=(I-P)(P|y) 'z=(P|y) z—2, z€Xa (5.2)

Proof. As already observed, if N = Npg, then N is angular. To prove the converse,
assume that N is angular with respect to P, and let @) be the projection of X onto
N along X;. Put Rz = (Q — P)z for x € X5. Then N = Np.

Suppose that N is angular with angular operator R. The bijectivity of IE”| N
is clear from the fact that P(Rx 4+ x) = « for all x € X».

Next assume that P)| v is bijective and define R by (5.2). We shall prove that
N = Ng. First, take # € X5. Then Rz 4z = (P| ) "'z € N, and hence Ng C N.
Conversely, if w € N, then v = Pu € X5 and Rv + v = u. It follows that N C Ng,
and the proof is complete. O

The next proposition tells us when the kernel of a given projection is an
angular subspace with respect to P.

Proposition 5.2. Let Q be a another projection of X. Then Ker Q is angular with
respect to P if and only if the restriction Q’Ker[?’ : KerP — Im Q is bijective, and
in that case the angular operator R for Ker Q is given by

Ra = _(Q’KerP)7

Proof. Observe that KerQ is angular with respect to P if and only if KerP is
angular with respect to Q. So the first part of the proposition follows by applying
Proposition 5.1 to Ker P and Q.

Next, assume that Q‘Ker]}” is bijective. To determine the angular operator
R for Ker Q, note that

le7 S X2~ (53)

0= Q(Rz + z) = (Q|gep p) R + Qu
for each x € X5. From this, formula (5.3) is clear. O

In the next proposition we consider the image of X5 under a general operator,
and give conditions under which it is angular with respect to P.

Proposition 5.3. Let

TS o XX
- . 1 2 — 1 2
Sa1 S22

be an invertible bounded linear operator on X = X1+Xo. Then S[Xs] is angular
with respect to P if and only if Sao is bijective, and in that case R = 5125{21 1s its
angular operator.
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Proof. Put N = S[X3], and let Sy be the restriction of S to X» considered as an
operator from X5 into N. Then Sy is bijective. Also, let ]P" N be the restriction of
P to N considered as an operator into Xa. Since (P|5r)So = Saz, we see that P| 5
is bijective if and only if this is the case for Sss. Apply now Proposition 5.1 and
use that (I —P)Spu = Siou, u € Xs. O

5.2 Angular subspaces and the algebraic

Riccati equation
The following question is of interest in view of Theorem 5.5 below. Given an
angular subspace N of X and an operator T on X, when is N invariant under

T? The next proposition shows that the answer involves an algebraic (operator)
Riccati equation.

Proposition 5.4. Let N be an angular subspace of X with respect to P, and let
Ty, Tio
Tor T

. X1+X2 — X1+X2 (54)

be an operator on X = X1+Xo. Then N is invariant under T if and only if the
angular operator R for N satisfies

RI51R+ RTo — TR — T2 =0. (55)
Moreover, in that case the operators T|N and Toy + To1 R are similar.

Equation (5.5) is usually referred to as an algebraic Riccati equation, or more
precisely, a nonsymmetric version of it. The 2 X 2 operator matrix in (5.4) is often
referred to as the Hamiltonian of (5.5).

Proof. Let R be the angular operator for N, and let E be the operator given by

I R . .
X1+ Xy — X+ Xo. (56)

Note that FE is invertible and maps X2 in a one to one way onto IN. It follows
that T leaves N invariant if and only if E~1TE leaves X, invariant. A direct
computation yields

Ty — RT3 —RT5% R — Rl +Tii R+ Tho

E'TE = (5.7)

T To + 151 R

This formula shows that E~!TE leaves X invariant if and only if (5.5) is satisfied.
This proves the first part of the proposition.
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Next, let Fs be the restriction of E to X5 considered as an operator from X5
into N. Then Es is invertible. In fact, E; ' is the restriction of E~! to N viewed as
an operator from N into X. Using (5.7) we see that £, '(T|n)Ez = Tao + To1 R,
and hence T' |  and Toz + To1 R are similar. O

5.3 Angular operators and factorization

In this section we use the concepts introduced in the previous section to bring the
factorization theorem for systems in a somewhat different form. The main point
is that throughout we work with a fixed decomposition X = X7+ X, of the state
space X of the system that has to be factorized and the factors are described with
respect to this decomposition. In the finite-dimensional case this corresponds to
working with a fixed coordinate system.

Theorem 5.5. Let W (\) = D+C (M —A)~1B be the transfer function of a biproper
system © = (A, B,C,D; X,Y). Let P be a projection of X along X1 onto X, and
let N be an angular subspace of X with respect to P with angular operator R. So
R:Xs — X1 and N = Ng as in (5.1). Assume that

A[Xl] C Xy, AX[N] C N, (58)
and let D = D1 Dy with Dy and Do invertible operators on'Y . Write

A A
0 A

By
By

A= ,  B= ., c=[C 6]

for the matriz representations of A, B and C with respect to the decomposition
X = X4+ X5. Then R satisfies the algebraic Riccati equation

RByD 'CiR — R(Agys — BoD™'Cy) + (A1 — BiD 'Ch)R (5.9)

+ (Alg — BlDilcz) =0.
Furthermore W = W1 Ws, where

Wi(\) = Dy +Ci(A—An) (B — RB2)D;*,
Wa(\) = Dy+ Dy CiR+ Ca)(A— Ag) "By,
Wit(\) = D'—D7'Ci(A—AF)"YBy — RBy)D Y,
Wyt(\) = Dyt =D Y CiR+ Cy)(A— AS)'ByD;

with Ai( = A11 — (Bl - RBg)D‘lCl and A; = A22 — B2D_1(01R + 02)
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Proof. Put
©1 = (A11, (B1 — RB2)D3 ", Cy, D13 X1,Y),
O3 = (Asz, B2, DT (C1R + (o), Dy; X2,Y).

Then © ~ ©105. More precisely ©,0, = (E~'AE, E-'B,CFE, D; X,Y), where £
is the invertible operator
I R

E =
0 I

To see this, for convenience introduce

A B-lAE A Ay — RA» + AR
- 1o Ay ’
R . B — RB; R
B=FE "B= B R C:CE:[Cl 01R+CQ],
2

and set © = (A B,C,D; X, Y’). Observe that

A = E'A'E
A — (Bl — RBQ)D_lcl H
_B2D7101 A22 _B2D71(C]_R+C2)

)

where H is the left-hand side of (5.9). Now E maps X; onto X; and X5 onto N.
Thus (5.8) implies that

A[Xl] C Xy, AX[XQ] C Xs.

It follows that (5.9) is satisfied (see also Proposition 5.4).

Apply now Theorem 2.3 to show that 6 = 0,0,. As 0~ O, the proof of
the first part of the theorem is complete. The formulas for the factors and their
inverses are now immediate. O

Suppose that the angular subspace N in Theorem 5.5 is the image of Xs
under the invertible operator

[ Sll Sl2

Sa1 Sao

] : Xl—i—XQ — Xl—i—XQ.
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Then we know from Proposition 5.3 that Sas is invertible and the angular operator
R for N is given by R = S1255". So then the formulas for ©; and ©, become

01 = (A11, (B1 — 812555 Bo) Dy 1, C1, D13 X1,Y),
O3 = (Ag2, By, D71 (C1512555" + C2), D2; X5,Y).

Obviously, corresponding formulas for the factors W7 and W5 hold. In fact, for the
particular case when D = Dy = Dy = I, we get

@1 = (Alla B1 — 51252_2132, Ol; X17Y) (510)
Oy = (A22,3270151252_21 +02;X27Y). (5.11)

We shall use this to prove the following analogue of Theorem 4 in the L. Sakhnovich
paper [104]; see also [87].

Corollary 5.6. Let © = (A, B,C; X,Y) and 0= (AB,CN’;X7 Y) be systems such
that

AS-SA=BC, SB=B, (0S=-C (5.12)
for some operator S : X — X. Let P be a projection of X along X7 onto Xo, and
assume that

A[Xl] C Xy, A[XQ] C Xs.

If the operators S : X — X and Soy = IP’S]P’|X2 : Xo — X5 are invertible, then
O ~ 0102, where ©1 and Oy are given by (5.10) and (5.11), respectively.

Proof. Formula (5.12) and the invertibility of S imply that the associate system
O and © are similar, the similarity being given by S. As

S714*S =S8"1AS — S~ 'BCS = A,

the space N = SX5 is invariant under A*. The fact that Sys is invertible implies
that IV is angular with respect to P. But then the remarks made in the paragraph
preceding this corollary yield the desired factorization. O

The next theorem is a two-sided version of Theorem 5.5.

Theorem 5.7. Let W()\) = D+C(XN —A)~1 B be the transfer function of a biproper
system © = (A, B,C,D; X,Y), and let P be a projection of X along X1 onto Xa.
Further, let Ny and Ns be closed subspaces of X such that

X = X1+Ny = N1 +Xo,

i.e., Na is angular with respect to P and Ny is angular with respect to I — P. Let
Ris : Xo — X1 and Ra1 : X1 — Xo be the corresponding angular operators.
Assume

X = N1+ No, A[Nl] C Ny, A [NQ] C No, (513)
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and let D = D1 Dy with Dy and Do invertible operators on'Y . Write
Ay A By
Aoy Agp Bs

B= L =[G 6]

)

for the matriz representations of A, B and C with respect to the decomposition
X = X]_JFXQ. Introduce R1 =1— R12R21 and R2 =1- R21R12. Then Rl : Xl —
X1 and Ry : Xo — Xo are invertible. Also put

Af = Ajy — B1D7'Cy — Ri2As1 + R12Ba D™,
A; = Agy — BQ.D7102 + Ao1Rio — BgD7101R12.
Then W = W1 W5y, where

Wi(A) = D1+ (Ci+ CoRan)(A— (A + 141211321))_1 X
xRy '(By — R12B2) Dy,

WQ(}\) = Dg —+ Dl_l(clRm + CQ)Rg_l()\ — (A22 — R21A12))71 X
X(BQ — RQlBl)7
W t\) = Dyt —DiHCL 4 CaRo)RyY (N — ATY) ™ (By — Ri9Bo) D71,
Wy '(\) = Dy' =D HCiRis + Co)(\— AS) 'Ry (Ba — Roy1 By) Dyt

Before proving the theorem we present a lemma.
Lemma 5.8. Let N1 and Ns be closed subspaces of X such that

X = Xl—i-NQ - N1+X27

that is, No is angular with respect to P and Ny is angular with respect to I — P
where P be a projection of X along X1 onto Xo. Let Ryo : Xo — X1 and Ro :
X1 — X5 be the corresponding angular operators. Then the following statements
are equivalent.
(i) X = Ni+Ng,

(ii) I — Ro1R12 is invertible,

(iii) I — R12Ro1 is invertible,

I Ry

(iv) F =
Roy

: X14+Xo — X1+X, is invertible.

In case the equivalent conditions (i)—(iv) hold, the projection Pn of X along Ny
onto No is given by

Ry

Py = (I— 1?215’12)_1 | —Ra1 1],
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while the complementary projection I — Py can be written as

I

I—Py= [ ] (I—RisRy) ' [I —Ria].

Roy

Proof. The equivalence of (ii), (iii) and (iv) is straightforward. Observe that F
maps X; and X5 in a one-one manner onto N7 and Ns, respectively. As X =
X1+ Xa, it is clear that X = N1+Ns if and only if F is invertible. So (i) and (iv)
are equivalent.

To complete the proof it remains to prove the formula for Py. Observe that
the given formula does define a projection. Its image and kernel are given by

R12 I
Im , Im ,
Ry
respectively, so it is indeed equal to the projection Py. O

Proof of Theorem 5.7. From Lemma 5.8 we know that the operator

I Ry
Roy I

F = IXl—i—X2—>X1—i—X2

is invertible. Introduce © = (A, B, C, D; X,Y) with
A=F1'AF, B=F'B, (C=CF

Then the biproper systems © and O are similar, and so they have the same transfer
function, namely W. Note that

AlX)) Cc Xy,  AXX, C [Xy]

where, following standard convention A =A—BD'C, and so AX = F~1A*F.
Write

Ay A
0 Ay

)

and put
©1 = (A1, B1D; 1,01, Di; X1,Y),

©2 = (Asz, By, D' Cs, Doy Xo,Y).

Then © = ©,0,, and on p(A;1) N p(Agw) C p(A) = p(A), the function W is the
product of the transfer functions of the biproper systems 07 and Os.
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The inverse of F' is given by

Ry! —R{ 'Ry , .
Fl= XX, — X4 Xo.
—RoiRy' T+ Ry R{'Riy

Using this and the expression for F', one easily sees that
Ay = Ry (A1 + A1aRo1 — Ri2As — RioAssRan),
BiD;' = RyY(B1 — Ri2B2)D;', €1 =C1 + CaRo.
Now Rs; satisfies the algebraic Riccati equation
Ro1A12Ro1 + Ro1 A1n — A2aRoy — A2 =0,

and it follows that A1, = A11 + A2 Ror. Thus, for the transfer function of ©1, we
have
D+ él ()\ — All)ilBelD;l
= D1+ (C1 + CoRa1) (A — (A1 + A12R21))_1Rf1 (B1 — R12B:) Dy,
that is, it is precisely the factor W7 in the theorem.
Next we compute the transfer function of ©5. Using the alternative formula

I+ RixRy'Ry1 —RizRy* , ,
F = X+ Xy — X4+ Xo
—Ry'Ryy Ry*

for the inverse of F', we obtain
Ay = Ry (—=Ra1A11R12 — Ry A1a + Ay Ria + Ago)
= Ry'(As — Ry Ap)Ry',
By =Ry (By — RnBy),  Dy'Cy =Dy (CiRiz + Cs).
Hence the transfer function of ©4 is given by
Do + D;léz(A — AQQ)_132
= Dy + Dy YH(C1 Rz + Co) Ry ! (/\ — (A2 — R21A12))_1(B1 — R12B2)D5

so it coincides with the factor W5 in the theorem.
This proves that the factorization claimed in the theorem holds on

p(A11 + A12Ro1) N p(A22 — Ra1A12) C p(A).

What remains to be done is deducing the formulas for the inverses. But this
amounts to repeating the work with © replaced by its associate system ©*, thereby
employing the Riccati equation

Ri2(A21 — BoD71C1)Rig + Ri2(Ass — BoeD71(Cy)
—(A11 — BiD7'C1)R13 — (A12 — B1D71Cs) = 0,

for Ri» instead of the one for R2; used above. The details are omitted. O
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5.4 Angular spectral subspaces and the algebraic
Riccati equation

In this section Proposition 5.4 is specified further for the case when the angular
subspace N is a spectral subspace of T. We begin with some preliminaries that
will be useful in the next chapter too.

Let T be a Cauchy contour (see Section 4.2). We say that I splits the spectrum
o(S) of a bounded linear operator S if I' and o(S) have empty intersection. In
that case o(S) decomposes into two disjoint compact sets o1 and o_ such that
04 is in the inner domain of I" and o_ is in the outer domain of I'. If I" splits
the spectrum of S, then we have a Riesz projection, also called spectral projection,
associated with S and I', namely

P(S;T) = L/(A—S)—ldx.
r

271

The subspace N = Im P(S;T") will be called the spectral subspace for S corre-
sponding to the contour I' (or to the spectral set o).

Lemma 5.9. Let Y7 and Yo be complex Banach spaces, and consider the operator

Sll 512

: Yl—‘rYQ — Y1+Y2. (5.14)
0 Sa

Let I be any projection of Y = Y1+Ys such that KerII = Y;. Then the compression
HS’ImH : ImII — ImII and S : Yo — Yo are similar. Furthermore, Y7 1is
a spectral subspace for S if and only if o(S11) N o(S22) = 0, and in that case
o(S) = o(S11) U 0(S22) while, in addition,

Y; = Im P(S;T) = Im<i /F(/\ -5t d>\>, (5.15)

211

where T is a Cauchy contour around o(S11) separating o(S11) from o(Sa2).

Proof. Let P be the projection of Y = Y;+Y5 along Y7 onto Ys. As Ker P = KerI,
we have P = PII and the map

E =Py g : ImII— Y,

is an invertible operator. Write Sy for the compression ILS ’ImH of S to ImII
viewed as an operator from ImII into Im II, and take x = Ily. Then

ESpr = PIISIly = PSIly = PSPIly = Sy Fx,

hence Sy and Soo are similar.
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Now suppose o(S11) N 0(S22) = 0. Let A be an arbitrary complex number.
Since 0(S11) N o(S22) = 0, at least one of the two operators A — S7; and A — Sao
is invertible. But then, by applying Lemma 2.9 with X; = Y7, X5 = Y5 and
A= X— 5, we see that A — S is invertible if and only both A — S1; and A — Sas
are invertible. It follows that p(Si1) N p(S22) = p(9), an identity which can be
rewritten as o(S) = o(511) U 0(S22).

Still under the assumption that ¢(S11) N 0(S22) = 0, let T be a Cauchy con-
tour I around o(S11) separating o(S11) from o(S22). Then I' splits the spectrum
of S. In fact, if A € I, then both A — S1; and A — Sy, are invertible and

A=S1)7t (A= S11) " 12 (A — Sa2) 7t
A=9""1= ,
0 (A= S90)~t

which leads to an expression of the type

P(S;T) = “ ;]

for the Riesz projection associated with S and I'. In particular, it is clear that
Y, =1Im P(S;T). So Y] is a spectral subspace for S and (5.15) holds.

Finally, assume that Y7 = Im @, where @ is a Riesz projection for S. Put
II = I—Q, and let Sy be the restriction of S to Im IT. Then o(S11)N o(Sp) = 0. By
the first part of the proof, the operators Sy and Saq are similar. So o(Sp) = o(S22),
and we have shown that o(S11) N o (S22) = 0. O

Next we present the analogue of Proposition 5.4 for spectral subspaces. Recall
that PP is a projection of X along X; onto Xs.

Proposition 5.10. Let N be an angular subspace of X with respect to P, and let T
be the operator on X given by (5.4). Then N is a spectral subspace for T if and
only if the angular operator R for N satisfies the algebraic Riccati equation (5.5)
and

O'(Tll — RTQl) N O'(TQQ + TQlR) = @

More precisely the following holds. If N = Im P(T';T"), where I is a Cauchy contour
that splits o(T), then o(Tag + To1 R) is inside T' and o(T11 — RT%1) is outside T.
Conversely, if T' is a Cauchy contour such that o(Tay + To1R) is inside T' and
o(Ty1 — RTy1) is outside T', then the spectrum of T does not intersect with T' and
N =Im P(T;T).

Proof. Let R be the angular operator for N, and let F be the operator given by
(5.6). We know that F is invertible and maps X5 in a one to one way onto N. Since
a spectral subspace of T' is invariant under 7', we may without loss of generality
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assume that the angular operator R for N satisfies the Riccati equation (5.5).
Then formula (5.7) shows that

T11 — RI% 0
E-'TE = . (5.16)
1o, Too +To1R

Since F maps X9 in a one to one way onto N, the space N is a spectral subspace
for T if and only if X» is a spectral subspace for E~'TE. and we can apply Lemma
5.9 to get the desired result. O

Notes

The notion of an angular operator is standard in operator theory and goes back to
[90]. The theory of Riccati equations is important in system theory; see, e.g., the
text books [84], [36]. For more details on this subject we also refer to the mono-
graph [91] or Section 1.6 in [70]. For the basic facts about Cauchy domains, Riesz
projections and spectral subspaces used in Section 5.4 we refer to Sections I1.1-1.3
in [46]. This chapter is a rewritten and reorganized version of Chapter 5 in [14].



Chapter 6

Canonical Factorization
and Applications

As we have seen in Chapter 1 canonical factorization serves as tool to solve Wiener-
Hopf integral equations and their discrete analogues, the block Toeplitz equations.
In this chapter the state space factorization method developed in Chapter 2 is used
to solve the problem of canonical factorization (necessary and sufficient conditions
for its existence) and to derive explicit formulas for its factors. This is done in
Section 6.1 for rational matrix functions. The results are applied to invert Wiener-
Hopf integral equations (Section 6.2) and block Toeplitz operators (Section 6.3)
with a rational matrix symbol.

6.1 Canonical factorization of rational matrix functions

In this section we shall consider the factorization theorems of Section 2.4 (see also
Section 2.5) for the special case when the two factors have disjoint spectra. First
we introduce some additional terminology.

For a Cauchy contour I" we let F, denote the interior domain of I' and F_
will be the complement of F'; in the Riemann sphere C U {oc}. Note that it is
assumed that co € F_.

Let W be a rational m x m matrix function, with W(co) = I, analytic on
an open neighborhood of I', whose values on I are invertible matrices. By a right
canonical factorization of W with respect to I' we mean a factorization

W) =W_(NW,(\), Ael, (6.1)

where W_ and W, are rational m x m matrix functions, analytic and taking
invertible values on an open neighborhood of F'_ and F',, respectively.



90 Chapter 6. Canonical Factorization and Applications

F F
* r

If in (6.1) the factors W_ and W, are interchanged, then we speak of a left
canonical factorization.

Theorem 6.1. Let W(A\) = I,, + C(\I, — A)"1B be the transfer function of the
unital system © = (A, B,C;C™",C™), and let T be a Cauchy contour. Assume that
I' splits the spectra of A and A*. Then W admits a right canonical factorization
with respect to T if and only if

C" =Im P(A;T) + Ker P(A™;T). (6.2)
In that case, such a right canonical factorization is given by
W) =W_(MWL(A),  Aep(A),
where the factors and their inverses are given by

W_(\) = IL,+C\, - A", -1)B,

Wi(\) = IL,+CII(\, — A)~'B,

W\ = I,-C, -\, — A*)"'B,

(A)
(A)
OV
Wi\ = I,—-C\I, — A*)"'IB,

with II the projection of C™ along Im P(A;T") onto Ker P(A™;T).

For left canonical factorizations an analogous theorem holds. In the result
in question, the direct sum decomposition (6.2) is replaced by the decomposition
C" =Ker P(A;T) + Im P(A*;T).

Proof. Let © be as in the first part of the theorem. Assume that (6.2) holds. Note
that X7 = Im P(A;T") is invariant for A and X9 = Ker P(A*;T") is invariant for
A*. So, by definition, the projection II is a supporting projection for ©. Let

A Ao
0 A

A= L c=[CG O]

)
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be the matrix representations of A, B and C with respect to the decomposition
Cr = Xl—i—XQ. Then

pr(®) = (A2, Bs, 02 X3, C™),

prrn(®) = (A, B, C; X,,C"),
and we know that © = pr;_(©)pr7(©). It follows (see Sections 2.4 and 2.5) that
WO = Wo(A) = W_ () () (6.3)

for each \ € p(All) N p(AQQ)

As X is a spectral subspace for A, we can apply Lemma 5.9 to show that
0(A11) No(Aaz) = 0. But then p(A) = p(A11) N p(Asz) and it follows that (6.3)
holds for each X € p(A). Also, we see from Lemma 5.9 that

o(A11) =0(A)N Fy, o(Azz) =c(A)NF_. (6.4)
In a similar way one proves that
o(AY) =c(A")NFy, o(A%) =c(A*)NF_. (6.5)

As W_(\) = I + By(A — A11)7C1, we know that W_ is defined and analytic
on the complement of o(A1) and W_()) is invertible for A ¢ o(A7;). So using
the first parts of (6.4) and (6.5), it follows that W_ is analytic and has invertible
values on an open neighborhood of F_. In the same way, using the second parts
of (6.4) and (6.5), one proves that W is analytic and has invertible values on an
open neighborhood of F, .

Conversely, let W = W_W, be a right canonical factorization with re-
spect to I'. By a simple modification of the factors we can reach the situa-
tion where W_(oc0) = Wi (oc0) = W(oo) = I,. It is our task to show that
C" = Im P(A;T) 4 Ker P(A*;T). First the identity

Im P(A;T) N Ker P(A*;T) = {0}

will be established.
Suppose x € Im P(4;T) N Ker P(A*;T), and consider (A — A)~'z. This
function is analytic on an open neighborhood of F_. On the other hand (A —

A*)~lz is analytic on an open neighborhood of F ;. For A in the intersection of
p(A) and p(A*), we have

WACA—-A) = cA-A) "1+ 0N-A)'BON- AT
= COA-A)T4CN-A)HA-AHYN - AT
= A=A,

and it follows that W, (A)C(A — AX)~1 = W_(A\)"1C(A — A)~1. The analyticity
properties of the factors W_, W, and their inverses now imply that the function
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Wi (A)C(A=A*) "tz = W_(A)"LC(A—A) 'z is analytic on the extended complex
plane. By Liouville’s theorem it must be constant. As the function in question has
the value zero at infinity, it is identically zero. Hence both C(A — A*)~lx and
C(\ — A)~ 'z vanish. Next use the identity

A=A)BCA-A) =04t --a!

to obtain (A — AX)7lz = (A — A)~lz. But then this function is analytic on the
extended complex plane too. Using Liouville’s theorem again, we see that it must
be identically zero. Thus = = 0.

Observe that up to this point in the proof we have not used the finite dimen-
sionality of the state space.

We now finish the proof by a duality argument. Introduce

W*(\) = I, + B*(\I, — A*)~'C*,

and let I'* be the adjoint curve of I'; i.e., the curve obtained from I'" by complex
conjugation. Then W*(X) = Wi(A)WZ*(X) is a left canonical factorization. On
the basis of a similar argument as above, we may conclude that Ker P(A*,I'*) N
Im P((A*)*,T*) = 0. It follows that

Ker P(A*,T*) + Im P((A*)*,I'*) = C".

In first instance, this holds for the closure of Ker P(A*,I'*) + Im P((A*)*, '),
but in C" all linear manifolds are closed. O

With minor modifications we could have worked in Theorem 6.1 with two
curves, one splitting the spectrum of A and the other splitting the spectrum of
A (cf., [87]).

Finally, let us mention that Theorem 6.1 remains true if the Cauchy contour
I' is replaced by the closure of the real line on the Riemann sphere C U co. In that
case Fy is the open upper half-plane and F_ is the open lower half-plane.

6.2 Application to Wiener-Hopf integral equations

In this section the general factorization result proved in the preceding sections is
used to provide explicit formulas for solutions of the vector-valued Wiener-Hopf
equation

6(t) — /OOO k(t— s)p(s)ds = f(1), 0 <t< oo, (6.6)

where ¢ and f are m-dimensional vector functions and k € L™ (—o0, 00), i.e.,
the kernel function k is an m x m matrix function of which the entries are in
Ly (—00,00). We assume that the given vector function f has its component func-
tions in L, [0, 00), and we express this property by writing f € Ly [0, 0). Through-
out this section p will be fixed and 1 < p < oo. Given the kernel function k and the
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right-hand side f, the problem we shall consider is to find a solution ¢ for equation
(6.6) that also belongs to the space L7'[0,00). As was mentioned in Section 1.5,
equation (6.6) has a unique solution in L7'[0,00) for each f in L}'[0,00) if and
only if its symbol I,,, — K(\) admits a factorization as in (1.25).

Our aim is to apply the factorization theory developed in the previous sec-
tions to get the canonical factorization (1.25). Therefore, in the sequel we assume
that the symbol is a rational m X m matrix function. As K () is the Fourier
transform of an L™ (—o00, co)-function, the symbol is continuous on the real
line. In particular, I,,, — K(\) has no poles on the real line. Furthermore, by the
Riemann-Lebesgue lemma,

im  K(\) =0,
AER, |A|—=o0
which implies that the symbol I,,, — K(\) has the value I,,, at co.

The assumption that I,, — K () is rational is equivalent to the requirement

that the kernel function k is in the linear space spanned by all functions of the

form ‘
p(t)et, t>0,

q(t)et, t <0,

where p(t) and ¢(t) are matrix polynomials in ¢ with coefficients in C"™*™ and «
and 3 are complex numbers with Sa > 0 and I3 < 0.

Since I, — K(\) is rational, continuous on the real line, and takes the value
I,,, at oo, one can construct (see Section 4.1) a system © = (A, B, C; C"*, C™) such
that A has no real eigenvalues and

L, — K\ =1, +C(\, —A)™'B.

In the next theorem we express the solvability of equation (6.6) in terms of such
a realization and give explicit formulas for its solutions in the same terms.

Theorem 6.2. Let I, — K(\) = I,,, + C(\I,,— A) ™1 B be a realization for the symbol
of equation (6.6), and assume A has no real eigenvalues. In order that (6.6) has a
unique solution ¢ in Ly} [0,00) for each f in Ly [0, 00) the following two conditions
are necessary and sufficient:

(i) A* = A — BC has no real eigenvalues;

(i) C* = M+M*, where M is the spectral subspace of A corresponding to the
eigenvalues of A in the upper half-plane, and M™ is the spectral subspace of
A* corresponding to the eigenvalues of A* in the lower half-plane.

Assume conditions (i) and (ii) hold true, and let II be the projection of C™ along
M onto M*. Then the symbol I,,, — K(\) admits a right canonical factorization
with respect to the real line that has the form

Iy — KA) = (I + G=(\) (I, + G(N)), A ER,
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where the factors and their inverses are given by
I,+Gy(\) = I, +CI(\, — A)~'B,
I+ G-()) Ly, +C(\I, — A)~Y(I, =B,

(Im + G+ (V) ™ I, — C(M, — A)"'1IB,

(In+G-(\)) " = I,—C(I, =)\, — A)"'B.
The functions v4 and y— in (1.26) and (1.27) have the representation
vi(t) = +iCe "B, t>0,
v_(t) = —iC(I,—-Me B t<o.

Finally, the solution ¢ to (6.6) can be written as

ot) = (1) + / Tt 5)f(s) ds,

where I
+iCe A" TIeA™ B, s < t,
v(t,s) = o o
—iCe A" (I, — e B, s>t

Proof. We have already mentioned that equation (6.6) has a unique solution in
L}'[0,00) for each f in L;'[0,00) if and only if the symbol I, — K()\) admits a
right canonical factorization as in (1.25). So to prove the necessity and sufficiency
of the conditions (i) and (ii), it suffices to show that the conditions (i) and (ii)
together are equivalent to the statement that I,,, — K(\) admits a right canonical
factorization as in (1.25). We first observe that condition (i) is equivalent to the
requirement that I, — K(\) is invertible for all A € R (see Theorem 2.1). But
then we can apply the version of Theorem 6.1 referred to in the remark made at
the end of Section 6.1 to prove the first part of the theorem.

Next assume that conditions (i) and (ii) hold true. Applying Theorem 6.1
once again, we get the desired formulas for I, + G4 (), I, + G_(\) and their
inverses. The formulas for 74 and vy_ are now obtained by noticing that for A €
p(AX), SA >0,

/ eMe A L dt = i(M, — A) I,
0
while for A € p(A*), A <0,

0
/ e (T, — H)e—itAX dt = —i(I, — (A, — AX)~ L.

— 00

The proof of the latter identity uses (the first conclusion in) Lemma 5.9.
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It remains to prove the final formula for (¢, s). We use (1.24), and compute
first that

Yt —1)7-(r — 5) = Ce " IAIBC(I — L) ""94" B

Here and below I = I,. Now KerlIl = M is A-invariant and ImII = M* is
A*-invariant. Thus ITA(I —II) = 0 and ( — II)AXII = 0, from which it follows
that

MIBC(I —I) = TI(A — A)(I —TI) = TAX — AXIL
But then

Yt —=r)y_(r—s) = Ceit=r)A% (AXTI — HAX)e*i(T*S)AX B

_iice—i(t—r)AXHe—i(r—s)AxB.
dr
Inserting this in (1.24) we obtain for s < ¢ that

V(t,s) = iCe_i(t_s)AXHB—/ i L Cemit-n AT i 4% B g,
0 d’l’
= Ce t=9)AT B — Ce i t=)A  [[e—i(r—s)A Bl;_,

. A S oA X
= jCe ™A ™A B,

while for s > t we get

t
) « d ) x . x
v(t,s) = —iC(I—1ID)e =94 B+/ i Ce = A" [~ r=5)A" B gp
0 T

= —iC(I - M)e =47 B — Qe i t=nA [~ ir=94% |t

= —iCe ™ (I —)e™ 4" B.
This completes the proof. O

Corollary 6.3. Let I, — K(\) = I, + C(M,, — A)"'B be a realization for the
symbol of equation (6.6). Assume that A and A* = A — BC have no spectrum on
the real line, and that
C" =Im P + Ker P*,

where P and P* are the Riesz projections of A and A*, respectively, corresponding
to the spectra in the upper half-plane. Fiz x € Ker P, and let f(t) = Ce™ "4z, t >
0. Then f belongs to LZT[O, 00) and the unique solution ¢ in Ly [0,00) of equation
(6.6) with this particular f in the right-hand side is given by

o(t) = Ce A" I, 0<t<o0.

Here 11 is the projection of C™ onto Ker P* along Im P.
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Proof. Since x € Ker P, the vector e~ *4z is exponentially decaying in norm when
t — o0, and thus the function f belongs to L;'[0, c0). Furthermore, the conditions
(i) and (ii) in Theorem 6.2 are fulfilled, and hence for this f equation (6.6) has
a unique solution ¢ € L;'[0,00). Moreover from Theorem 6.2 we know that ¢ is
given by

t
o(t) = f(t) + iCe A (/ Me'sA™ BCe 4y ds)

0

—iCe~ A" (/ (I —I)e™A  BCe ™4z ds) .
t
Now use that

L ax , Cgx . d oax _;
ezsA BCefzsA _ iezsA (ZAX o Z'A)efzsA _ 7;d_ezsA efzsA.
S
It follows that
o(t) = f(t) — CeitA” (He“AX e_iSAac’D

+Ce A" ((I — H)eiSAX e*iSAac’:O)

Since (I — IT) = (I — I)P*, the function (I — M)e"4" = (I — MM)P*e"4”" is
exponentially decaying for s — oo. As we have seen, the same holds true for
e~ 4z, Thus

o(t) = f(t) — Ce A [IeitA e =ity 4 Ce™ A Iy
_CefitAX (I o H)eitAX e~ itA L
= f(t) + Ce "™ M — Ce™ g = Ce™ 4 TIx,
which completes the proof. O
Finally, let us return to the special case that the known function f is given

by formula (1.25), and assume that the conditions (i) and (ii) in the Theorem 6.2
hold true. Then the solution ¢ admits the following representation

t
o(t) = e ' (Im +i / Ce'la=A )R ds)
0
X (L — C(I = 10)(q — A*) "' B)xo;

see the expression (1.32).
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6.3 Application to block Toeplitz operators

In the previous section the factorization theory was applied to Wiener-Hopf in-
tegral equations. In this section we carry out a similar program for their discrete
analogues, block Toeplitz equations (cf., Section 1.6). So we consider an equation
of the type

S aj ke =m;,  j=012,... (6.7)
k=0

Throughout we assume that the coeflicients a; are given complex m x m matrices
satisfying

oo

> llall < o,

j=—00
and 7 = (1;)72, is a given vector from ¢;' = ¢,(C™). The problem is to find
§ = (&7 € £y such that (6.7) is satisfied.

As before, we shall apply our factorization theory. For that reason we assume
that the symbol a(\) = Z;‘;_OO Maj is a rational m x m matrix function whose
value at oo is I,,. Note that a has no poles on the unit circle. Therefore the
conditions on a are equivalent to the following assumptions:

(j) the sequence (a; — 6;0lm)52 is a linear combination of sequences of the form
;. oo
(ajer)j:()ﬂ
where || < 1, r is a non-negative integer and D is a complex m X m matrix;
(Jj) the sequence (a—;)72, is a linear combination of sequences of the form

(5ijjsE);‘)ilﬂ (dij);‘)ilﬂ

where |B] > 1, s and k are nonnegative integers and E and F are complex
m X m matrices.

Since a()) is rational and a(co) = I, one can construct (see Section 4.1) a
system © = (A, B,C,;C",C™) such that A has no unimodular eigenvalues and

a(\) = I, + C(\I,, — A)"'B (6.8)
is a realization for a. The next theorem is the analogue of Theorem 6.2.

Theorem 6.4. Let (6.8) be a realization for the symbol a of the equation (6.7),
and assume A has no unimodular eigenvalues. Then (6.7) has a unique solution
§ = (&)plg in £ for each m = (1;)52, in £ if and only if the following two
conditions are satisfied:

(i) A* = A— BC has no unimodular eigenvalues;

(i) C* = M+M*, where M is the spectral subspace of A corresponding to the
eigenvalues of A inside the unit circle, and M is the spectral subspace of
A* corresponding to the eigenvalues of A* outside the unit circle.
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Assume conditions (i) and (ii) are satisfied, and let I1 be the projection of C™ along
M onto M*. Then the symbol a admits a right canonical factorization with respect
to the unit circle that has the form

a(A) =h-(Nhe(X), A =1,

where the factors and their inverses are given by

hi(\) = I, +CIOA—-A)"'B,
ho(\) = In,+CM\—A)"YI-T)B,
YN = I, —C(\—AX)"'IB,
ht(\) = I,-CI—-T)(\—A*)"'B.
The sequences (7;');?';0 and (v-;)52o in (1.32) have the representation
o = In+C(AY)TIB,
v o= c@)"UthnB,  j=1.2,...,
Yo = lm,
v, = —C(I,-M)(A*)"UtIB,  j=-1,-2,....

Finally, the solution & to (6.7) can be written as & = Y .o o VksT)s where

C(A*)~+DII(AX)* B, s <k,
Vs = I + C(AX)~HIII(AX)* B, s=k,
—C (A=D1, —TI)(AX)*B, s> k.

Proof. The proof of Theorem 6.4 is similar to that of Theorem 6.2. Here we only
derive the final formula for 7.

With respect to the formulas for *y;f, we note that ImII is A*-invariant and
the restriction of A* to Im1I is invertible. So, with slight abuse of notation as far
as inverses of A* is involved,

heN)t = I,-C\—A"'IB

L+ C(I = AA*)") (4" 'IB

= In+ Y NCAX)"UTIB.
j=0
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Now compare coefficients with hy (\)~t = > 77 =0 )\J F. Similarly, the formulas for

7; are obtained by comparing

ho(N™t = I,—-CI-T)\— A%t
_ = 1 X j 1
= I,-C(— HZ;EA B
j:

= I, — Z NC(I -1 (A)~U+H B

j=—00

with ho(\) "1 =320 Moy
To obtain the formulas for s, we use formula (1.32). For s < k we have to

find
s—1
Trs = TR_ W0+ DMV ss
r=0
while for s > k we need to calculate
k—1
Ths =V Vs T D W—p Vs
r=0
Again by slight abuse of notation
W es = —C(A)ETTIIBO(I — ) (A%) st B

_ _C«(AX)f(kfrJrl)(AxH _ HAX)(AX) (r— s+1)B

_ _C(AX)f(kfr)H(Ax)7(rfs+l)B +
—|—C(AX)7(]€7T+1 (AX) (r— s)B
Observe that if we replace r by 7+ 1 in the last one of the latter two terms we get

the first one. So the summation in the formula for 7 is telescoping and collapses
into just a few terms. We proceed as follows.

For s < k we get
s = W0 — C(AY)"FFIB 4 C(A%) "V II(A%)* B
Since 7, = I and ;" , = C(A*)~(*=s+DIIB, this results into

Vics C(AX) k+1)H(A><)
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For s > k the computation is a little more involved as v,” = I,,+C(A* )~ 1IB.
Using that HBC’(I —1II) = A*II — TIA*, it runs as follows:
Yes = —(I+CA)IB)C(I —M)(A*)~F==FDB 4
+C(AX) k+l)H(A><) B — C(AX)—ln(AX)—(k—s)B

( —(k— S+1)B+
+C(AX) (HAX AT (AX) k=t 4
(

+C(A)~*HDI(AX) B — C(AX) 7 I(A*)~ =B

_ C(AX) k+1)H(A><) B— C(AX) (k— s+1)B
= () (T (A7) B

It remains to consider the case kK = s. Then we have

k—1

Yos =W V0 + D Ve Vres-
r=0

Following the line of argument as in the case s < k this yields
Yos = I+ C(A*)"HIB — C(A*)"HIB 4 C(AX)~F+DI[(AX)* B
= I, +CA)~FDIA)ER
which completes the proof. O

The main step in the factorization method for solving the equation (6.7)
is to construct a right canonical factorization of the symbol a with respect to
the unit circle. In Theorem 6.4 we obtained explicit formulas for the case when
a is rational and has the value I, at oo. The latter condition is not essential.
Indeed, by a suitable Mdbius transformation one can transform the symbol a(\)
into a function which is invertible at infinity (see Section 3.6). Next one makes
the Wiener-Hopf factorization of the transformed symbol relative to the image
of the unit circle under the Md&bius transformation. Here one can use the same
formulas as in Theorem 6.4. Finally, using the inverse Mobius transformation, one
can obtain explicit formulas for the factorization with respect to the unit circle,
and hence also for the solution of equation (6.7).

Notes

The material in this chapter is taken from [14] and [15]. The notion of a canonical
factorization can be viewed as a special case of minimal factorization which we
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shall treat later in Chapter 9. In Section 9.2 we shall resume the discussion of
canonical factorizations. Theorem 6.2 is a slightly changed version of Theorem
1.3.4 in [15]. With natural appropriate modifications Theorem 6.2 is also valid
in the infinite-dimensional case. Moreover in the infinite-dimensional case we can
sometimes allow for spectrum on the real line or (when the state space operators
are unbounded) at infinity. Finally, we note that the results of Section 6.1 extend
to operator-valued functions that are analytic on an open neighborhood of the
given contour. In fact, for such functions non-canonical Wiener-Hopf factorization
relative to the contour can also be described explicitly in terms of realizations. For
this and related results we refer to [16].






Part 11

Minimal Realization and
Minimal Factorization

This part is concerned with minimality of systems and minimality of factorization
of rational matrix functions. An analysis of rational matrix functions in terms of
spectral data (eigenvalues, eigenvectors and Jordan chains) is also included. This
part consists of three chapters (7-9).

Chapter 7 is devoted to minimality of systems. For finite-dimensional sys-
tems minimality is equivalent to controllability and observability. For various other
classes of systems the notion of minimality is analyzed. In particular, this done for
the classes of systems introduced in Chapter 3. Special attention is paid to Hilbert
space systems, that is, systems for which the input space, the output space and
the state space are (possibly infinite-dimensional) Hilbert spaces. In Chapter 8
finite-dimensional systems are studied in terms of the zero and pole data of their
transfer functions. This includes the construction of minimal realizations in terms
of the pole data, and a spectral analysis of rational matrix functions in terms of
eigenvalues, eigenvectors and Jordan chains. Here the notions of McMillan degree
and local degree are introduced. The final chapter (Chapter 9) contains the theory
of minimal factorization, with special attention for systems that are not biproper.
Also in this chapter, using the notion of local minimality, the concept of a pseudo-
canonical factorization relative to a curve is introduced and analyzed for rational
matrix functions with singularities on the given curve.






Chapter 7

Minimal Systems

In this chapter the notion of a minimal system is considered. If two systems are
similar, then they have the same transfer function. The converse statement is
not true. In fact, systems with rather different state spaces may have the same
transfer function. For minimal systems this phenomenon does not occur. In Section
7.1 minimal systems are defined as systems that are controllable and observable.
The latter two notions are explained in more detail for finite-dimensional systems
in Section 7.2. In the finite-dimensional case the connection between a minimal
system © and its transfer function Wg is very close. For example in that case ©
is uniquely determined up to similarity by We. This result, which is known as
the state space similarity theorem, will be proved in Section 7.3. Several examples,
presented in Section 7.4, show that a generalization of the finite-dimensional theory
to an infinite-dimensional setting is not possible in a straightforward way. An
appropriate generalization requires a further refinement of the state space theory.
In Section 7.5 the notion of minimality is considered for Brodskii systems, Krein
systems, unitary systems, monic systems, and polynomial systems.

7.1 Minimality of systems

Two similar systems have the same transfer function. On the other hand, the trans-
fer function will in general not determine the system up to similarity. For example,
consider the unital systems 01 = (41, B1,0; X1,Y) and Oy = (A43,0,Cs; Xo,Y).
The transfer functions of ®; and O, are both identically equal to the identity
operator on Y, but if either B; or Cs is nonzero, then ©; and ©5 will not be
similar.

More generally, let ©g = (Ao, By, Co, D; Xo,U,Y) be a system, and let X,
and X, be arbitrary complex Banach spaces. Put X = X;4+Xo+X,, and let
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A: X —-X,B:U— X and C: X — Y be operators of the form

* * % *
A=10 Ay x|, B=| By |, C=[0 Cy =], (7.1)
0 0 =« 0

where the stars * denote unspecified operators acting between appropriate spaces.
Now consider the system © = (A, B,C,D; X,U,Y). One easily verifies that the
transfer function of © coincides on a neighborhood of co with the transfer func-
tion of ©g. However, after a suitable choice of the spaces X; and X5 or of the
unspecified operators, the systems © and ©( will not be similar. Under certain
minimality conditions, to be discussed below, positive results on similarity do exist
(cf., Section 7.3)

When the system © = (A, B,C,D; X,U,Y) is related to the system ©y =
(Ao, By, Co, D; Xo,U,Y) as in (7.1), then O is called a dilation of ©g, and, con-
versely, ©g is called a restriction of ©. If the space Xy is strictly contained in X
or, equivalently, X7 or Xo (or both these spaces) contain nonzero vectors, then ©
is called a proper dilation of ©¢, and in this case we also say that ©g is a proper
restriction of ©.

Let © = (A,B,C,D; X,U,Y) be a system. In the sequel we let Ker (C|A)
and Im (A|B) be the linear submanifolds of X defined by

Ker (C|A) = KerCn KerCA N KerCA* N ---,
Im(A|B) = ImB + ImAB + ImA?B + -,

where the right-hand side of the latter expression denotes the linear hull of the
linear manifolds Im A’B, j = 0,1,2,... . If © is a proper dilation of a system
0y, then Ker (C]A) # {0} or Im (A|B) is not dense in X (and possibly even both
these properties hold true). We call © approzimately observable if Ker (C|A) = {0}
and we call © approximately controllable if Tm (A|B) is dense in X. In this case
we also say that the pairs (C, A) and (A, B) are approximately observable and
approximately controllable, respectively. In the sequel we shall omit the adverb
approximately and simply speak about observable and controllable. We say that
O is minimal if © is both observable and controllable. The terms observable and
controllable come from system theory, and for finite-dimensional systems they will
be explained in more detail in the next section.

Proposition 7.1. Let © = (A, B,C,D; X,U,Y) be a biproper system, and assume
that the spectra of A and A* = A — BD~'C are disjoint. Then the system © is
minimal.

Proof. Let K = Ker (C|A). Obviously, K is a closed subspace of X which is
invariant under A. Thus K is a Banach space in its own right, and A|x is a
bounded linear operator on K.
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Assume that K = Ker (C|A4) # {0}. Then the spectrum of A|x is nonempty.
Choose \g in the boundary of the spectrum of A|x. Then (see Theorem V.4.1 in
[110]) the point Ao is in the approximate point spectrum of A|g, that is, there
exists a sequence of vectors, x1,xa, ..., in K such that ||z,|| = 1 for each n and
(Mo —A|g)xn — 0if n — co. Obviously, A|xx, = Az, forn=1,2,.... Since K C
Ker C, the operators A and A* coincide on K. Thus for our sequence x1, x2, . ..
we have

lznll=1, n=1,2,..., lim (A\g — A)z, =0,
lenll =1, n=1,2,..., lim (Mg — Az, = 0.

From the first part of the above formula we see that A € o(A4), and from the
second part that A € o(A*). Thus )¢ is a common point of the spectra of A and
A* which contradicts our hypotheses. Hence Ker (C|A) = {0}.

Next, we consider the system ©' = (A’,C’,B',D’; X', Y',U’), where the
prime means that one has to take the Banach space conjugate (see [48], Sections
11.4 and 13.5). Since a Banach space operator is invertible if and only if its Ba-
nach dual is invertible, the operators A" and (A*)" have no common spectra. But
(A*) = A'—C"(D")~B’, and therefore the result of the previous paragraph shows
that Ker (B’|A") = {0}. Now assume that Im (A|B) is not dense in X. Then, by the
Hahn-Banach theorem (see [48], Section 11.5), there exists a nonzero f € X’ such
that f(A™Bu) = 0 for each n and each u € U. It follows that B’(A")"f = 0, and
thus f € Ker (B’|A"). Therefore f = 0 which is a contradiction. Hence Im (4| B)
is dense in X.

From the results of the two previous paragraphs we conclude that © is min-
imal. U

The converse of Proposition 7.1 is not true. To see this, take X = C, U =
Y = C?, and
10
0 11"

Then © = (A, B,C, D;C,C?,C?) is a biproper minimal system. However, we have
BD~'C =0, and hence A = AX. In particular, the spectra of A and A% are not
disjoint.

The fact that minimality is not the same as disjointness of the spectra of the
main and associate main operator makes the notion of minimality an interesting
one.

1
A=1, B=[0 1], C:loy D=

By a minimal realization of an operator function W we mean a minimal
system that is a realization for W. Also, if W is given by

W) =D+C(\—A)"'B, (7.2)
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we say that (7.2) is a minimal realization for W if the system determined by the
operators A, B,C and D is minimal. In the same way one can define the notions
of an observable and a controllable realization.

Below we present some elementary facts concerning minimal systems. With
appropriate modifications the results are also valid for systems that are observable
or controllable only.

Suppose ©1 = (A1, B1,C1,D1; X;,Y) and Oy = (Ao, Bo,Cy, Do; X5,Y) are
similar systems. Then 01 is minimal if and only if ©5 is minimal. If S and S’ are
system similarities between ©7 and O, then

Im (S — 9’) C Ker (Ca]As).

So S =5, provided that ©; and ©5 are minimal. This proves the following result.

Proposition 7.2. A system similarity between two minimal systems is uniquely
determined by the given two systems.

If® = (A,B,C,D;X,Y) is a system with an invertible external operator
D, then © is minimal if and only if ©®* is minimal. This is immediate from the
identities

Ker (C|A) = Ker (-D~1C|AX), Im (A|B) = Im (AX|BD™).

The product of two minimal systems need not be minimal. To see this, mul-
tiply the minimal systems (0,1, 1;C,C) and (—1,1, —1;C,C). On the other hand,
we have the following proposition.

Proposition 7.3. If the product of two systems ©1 and ©2 is minimal, then so are
the factors ©1 and ©Os.

Proof. For j = 1,2, write ©; = (A;, B;,Cj, D1; X;,U,Y). Then the product ©,0,
is given by @1@2 = (A, B, O, D,Xl —|— X27Y) with

Ay BiCy
0 As

B1Dy

; C:[Ol 1)16(2}7 D = D1Ds.
Bo

Assume O is minimal. We shall prove that ©; and ©5 are both observable and
both controllable.

Take  in Ker (C7]A;). Then the column vector [z 0]T belongs to the space
Ker (C|A). But Ker (C|A) = {0}, and so # = 0. This proves that ©; is observable.
Next, we show that also ©3 is observable. Take z in Ker (C3|A2). This implies that
Cox =0 and Asz € Ker (C3]As). Thus one shows by induction that

of-

0
Aéx
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From this it follows that [0 2] is in Ker (C|A) = {0}. Hence z = 0, which proves
that ©5 is observable.

Next take z in X;. Then [z 0]7 is in the closure of Im (A|B). So the vector
[20]T can be approximated arbitrarily close by sums of the form Z?;Ol A’ By;
with yo,...,yn—1 in Y. The first coordinate of such a sum is easily seen to belong
to Im (A1|By). Thus z is in the closure of Im (A;|By), and we conclude that ©y is
controllable. To show that O is controllable, take z in X5. Then [z 0] T is in the
closure of Im (A|B), and it follows from this that z is in the closure of Im (A3|Ba).
Thus O, is controllable as well. O

If IT is a supporting projection for a unital system O (i.e., the external oper-
ator is the identity), then

© = pr;_n(O©)prn(0).

Thus, if © is minimal, then so are pr;_;(0) and pr(©). An arbitrary projection of
a minimal system need not be minimal, not even when the image of the projection
is an invariant subspace for the main operator of the system. Indeed, if © =
(A, B,C;C3,C?) and II are given by

10 00 0
0(,B=|01 ,0:{8(1)(”,11: 010][,
0 1 00 1

then © is minimal, but

o= ([3 1[5 ][5t

is not. Note that ImII is an invariant subspace for A.

7.2 Controllability and observability for
finite-dimensional systems

In the previous section we defined controllability and observability in a rather
formal way. In this section we present alternative definitions of these notions
for finite-dimensional systems. The new definitions, which reflect better the sys-
tem theoretical contents, will be shown to be equivalent to the ones appearing
in the previous section. Throughout this section we restrict ourselves to finite-
dimensional systems.

A system is called controllable (in systems theoretical sense) if (roughly
speaking) starting from an arbitrary initial state xy any other state xz; can be
reached by applying a suitable input. To make this more precise, let

© = (A,B,C,D; X,CP,CY)
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be a finite-dimensional system. For a given z in the state space X and a given
input u we let x(¢; xo,u) denote the unique solution of

z'(t) = Az(t) + Bu(t), t>0,
(t) (t) (t) (7.3)
x(0) = xo
In other words,
t
x(t;zo,u) = e oo + / (=94 Buy(s) ds, t>0. (7.4)
0

The system © is said to be controllable (in systems theoretical sense) if for any

xo,x1 in X there exist ¢; > 0 and v in PCE(CP) such that z1 = z(t1;x0, u).
Note that controllability does not involve the output operator C'. The next

proposition shows that for finite-dimensional systems the above definition of con-

trollability coincides with the one given in the previous section.

Proposition 7.4. Let © = (A, B,C,D; X,CP CY) be a finite-dimensional system.

Then O is controllable (in systems theoretical sense) if and only if Im (A|B) = X.

Proof. Let 7 > 0 be fixed, and let S(7) be the set of states in X that can be
reached at time ¢t = 7 starting from the initial state xo = 0. Thus

S(1) ={z(1;0,u) | u € PCE(CP)}.

Obviously, S(7) is a linear subspace of the state space X. Endow X with an inner
product, and consider the input

uo(t) = BT 047, t>0,

where x is an arbitrary vector in X. Here A* and B* denote the adjoints of A and
B, respectively. Note that u € PCE(CP). One computes that

x(7;0,u0) = (/ A BB* et dt)x.

0

Thus S(7) D Im ( [y e*“BB*e*4” dt). We shall prove that

S(r) =Im ( / etABB* et dt) = Im (A|B). (7.5)
0

Let z € X, and assume 2 L Im ( [ e!*BB*e*4" dt). To prove the first equality

in (7.5), it suffices to show that z L S(7). Our hypothesis on z implies that

Jo | B*et4" 2|2 dt = 0, and hence B*e'A"z = 0 for each t € [0,7]. In particular,

z 1 Imet2B for each 0 < t < 7 Now, take an arbitrary u € PCE(CP). Then

(750, u) :/ T4 Bu(s) ds = / e Bu(t —t) dt,
0 0
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and thus z L 2(7;0,u). Since u is arbitrary, we conclude that z L S(7). The first
equality in (7.5) is proved.

By definition A’By € Im (A|B) for each j > 0 and y € CP. Since B =
Ym0 %AJB and Im (A|B) is closed because of finite dimensionality, we conclude
that Im (] e’ BB*e'A" dt) C Im (A|B). Again take z L Im ( [ e*BB*e'A" dt).
To prove the second equality in (7.5) it remains to show that z L Im (A|B). We
have already seen that our hypothesis on z implies that

B*etA*ZZZ%th*(A*)jz:(), 0<t<r.
7=0
But then B*(A*)7z = 0 and hence z | Im A’B for j = 0,1,2,..., which proves
that z 1L Im (A|B).

We have now proved (7.5). Note that (7.5) implies that the space S(7) does
not depend on the choice of 7.

Assume that © = (A, B,C, D; X,CP,C19) is controllable in the systems the-
oretical sense. Take = € X. According to the definition given above, there exists
t1 > 0 and u € PCE(CP) such that x; = x(¢1;0,u). In other words, z € S(t1).
But then we can use (7.5) to show that # € Im (A|B). Since z is arbitrary, we
conclude that Im (A|B) = X.

Next, suppose that Im (A|B) = X. Take zg,z1 in X. Choose any 7 > 0.
According to (7.5) there exists u € PCE(CP) such that x; — ™42y = z(7;0,u).
But then x; = x(7;zg,u). Since xo and x; are arbitrary, we have proved that ©
is controllable. 0

We now turn to observability. Roughly speaking a system is observable (in
systems theoretical sense) if the output determines uniquely the state of the system
at time ¢ = 0. To make this more precise, let © = (A, B,C,D; X,CP,CY) be a
finite-dimensional system. Consider the system equations

2/ (t) = Az(t) + Bu(t),
y(t) = Cz(t) + Du(t), t>0, (7.6)
z(0) = zo.

For a given input u and initial state zyp we denote the output of (7.6) by y(t; zo, u).
Thus
Z/(t» Zo, u) = Cﬂf(t, Zo, u) =+ Du(t)v

where z(t; zo,u) is given by (7.4). Note that
t

y(t; zo, u) = y(t; 20, 0) —|—/ Ce™)4Bu(s) ds.
0

Hence y(t;zo,u) = y(t;Zo,w) if and only if y(¢;20,0) = y(t;To,0). Thus to de-
termine the initial state from the output, the role of the input is irrelevant. This
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leads to the following definition. The system © is observable (in systems theoret-
ical sense) if there exists 7 > 0 such that y(¢;x0,0) = y(¢;70,0) on 0 < ¢t < 7
implies that xg = Zg.

Note that observability does not involve the input operator B and the exter-
nal operator D. The next proposition shows that for finite-dimensional systems
the above definition of observability coincides with the one given in the previous
section.

Proposition 7.5. Let © = (A, B,C,D; X,CP CY) be a finite-dimensional system.
Then © is observable (in systems theoretical sense) if and only if Ker (C|A) = {0}.

Proof. Assume © is observable. Take zg € Ker (C|A). Thus CAJzg = 0 for each
j > 0. It follows that

1.

y(t; 2o, 0) = Cetfay = Z —t/CATxq =0, t>0.
. Oj!
]:

In particular, y(t; zo,u) = y(¢; 0,0) for all ¢ > 0. Since © is observable, this implies
xo = 0. Hence Ker (C|A) = {0}.

To prove the reverse implication, assume that Ker (C|A) = {0}. Take an
arbitrary 7 > 0, and let y(¢; zg,0) = y(¢; To,0) for 0 < ¢ < 7. Then

C’etA(xo — ) =0, 0<t<r

and hence C A7 (zg— o) = 0 for j > 0. In other words, g — 7o € Ker (C|A). Hence
T, = Tg, and O is observable. O

For operators acting between finite-dimensional spaces we shall sometimes
use the terms “null kernel pair” and “full range pair” in place of observable pair
and controllable pair. Thus a pair (C, A) of finite-dimensional operators is called
a null kernel pair if Ker (C]A) = {0}, and a pair (A, B) of finite-dimensional
operators is called a full range pair if Im (A|B) = X, where X is the space on
which A acts.

7.3 Minimality for finite-dimensional systems

Let © = (A, B,C,D; X,U,Y) be a finite-dimensional system. Thus © is a system
and the spaces X, U and Y are finite-dimensional. Let n be an integer larger than
or equal to the degree of the minimal polynomial of A (for instance n > dim X).
Then, by the Cayley-Hamilton theorem,

Ker (C|A) = KerCnN KerCA N KerCA?> N --- N KerCA™ !,
Im(A|B) = ImB + ImAB + ImA?B + ---4+ Im A" 'B.
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From this it is obvious that © is minimal if and only if the right hand sides of
these expressions are {0} and X, respectively, i.e.,

KerC N KerCA N KerCA* N --- N KerCA™ ' = {0},

ImB + ImAB + ImA?B + -+ ImA™'B = X.

An equivalent requirement is that the operators defined by col (CA7)7=} and

row (Aj)?:_o1 are left and right invertible, respectively.
Theorem 7.6. Any finite-dimensional system is a dilation of a finite-dimensional

minimal system. In particular, a finite-dimensional system is minimal if and only
if it does not have a proper restriction.

Proof. Let © = (A,B,C,D; X,U,Y) be a finite-dimensional system, and let n
be the degree of the minimal polynomial of A. Put 2 = col (C’Aj);?;ol and A =
row (A7B)'~). Then Q: X — Y™, A:U" — X and

AlKer Q] C KerQ, AImA] C ImA.

Put X; = Ker 2, and let X be a direct complement of X7 NIm A in Im A. Further,
choose X5 such that

X =X1 4+ Xo + Xo.
With respect to this decomposition the operators A, B and C' can be written in
the form

Ar o x * %
A= 0 AO * s B = Bo 5 C:[O Co *} (77)
0 0 A 0

Put ©g = (Ao, By, Co, D; X0,Y). Then the transfer functions of ©y and O coincide
(on a neighborhood of c0). One verifies without difficulty that

Ker Cy N Ker CyAg N Ker C()A(Q) N --- N Ker 00A871

{0},
ImBy + ImAgBy + Im A2By + ---+ Im A} 'B, = X,.

Thus O is a minimal system (obviously finite-dimensional), and © is a dilation
of @0.

Next we consider the final statement. Let © be as in the previous paragraph,
and assume that © does not have a proper restriction. Then the system ©¢ con-
structed in previous paragraph must be equal to ©. But Oq is observable and
controllable. It follows that the same holds true for ©, and thus © is minimal.

Conversely, assume © = (A, B,C, D; X,U,Y) is a finite-dimensional minimal
system, and ©¢ be a restriction of ©. Then (7.1) shows that X; C Ker (C|A)
and Im (A|B) C X;+ Xo. But, because of minimality, Ker (C|A) = {0} and
Im (A|B) = X. It follows that X; = {0} and Xo = {0}. Hence ® = 0y, and
thus © does not have a proper restriction. O
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Theorem 7.6 can be used to give a simple proof of Proposition 7.1 for finite-
dimensional systems. Indeed, let © = (A, B,C,D; X,U,Y) be a biproper finite-
dimensional system, and assume that the finite-dimensional operators A and A* =
A—BD™'C do not have a common eigenvalue. We have to show that © is minimal.
By Theorem 11.5 the system O is a dilation of a minimal system. Thus the state
space X admits a direct sum decomposition X = X;+ X+ X5 such that relative to
this decomposition the operators A, B and C' can be written in the form (7.7) with
the system Oy = (Ao, Bo, Co, D; Xo,Y) being minimal. Note that (7.7) implies
that

Al * *
A*=A-BD'C=| 0 A} = |,
0 0 A

where Af = Ao — BoD~'Cj. From the block matrix representations of 4 and
A* we see that each eigenvalue of A; and each eigenvalue of Ay is a common
eigenvalue of A and A*. But, according to our assumptions, A and A* do not
have a common eigenvalue. Thus the spaces X; and X5 consist of the zero vector
only, that is, X = X. Hence ©® = 0, and thus © is minimal.

The construction of the minimal system ©q presented in the proof of Theo-
rem 7.6 can also be carried out by taking quotients instead of complements. This
approach also works in the infinite-dimensional case. The next result is known as
the state space similarity theorem.

Theorem 7.7. For k = 1,2, let O = (Ag, By, Ck, Di; Xi, U, Y) be a finite-dimen-
sional minimal system. Assume that the transfer functions of ©1 and O coincide
(on some open set and hence on a neighborhood of o). Then ©1 and ©O2 are
similar. Moreover, the (unique) system similarity S between ©1 and © is given by

(<ol (C243)722) " (col (C147) 72,

(row (4382)" ) (row (A{Bl)j:‘g)t

where n is a positive integer larger than or equal to the degree of the minimal
polynomial of Ay, the superscript + indicates a left inverse and the superscript 1
indicates a right inverse.

S

Proof. For k=1,2, put

n—1
j=0"

n—1

Q) = col (C’kAi)j:O,

Ak = IOW (A?CB]C)

where n is a positive integer larger than or equal to the maximum of the degrees
of the minimal polynomials of A; and As. Since ©f is minimal, the operators €2
and Ay are left and right invertible, respectively. Let Q;j be a left inverse of

and let AL be a right inverse of Ay.
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Comparing the Laurent expansions of the transfer functions of ©; and ©5 at
00, we obtain

Dy =Dy,  C1AIB; = CyA)By,  j=0,1,2,....

It follows that Q1A7 = Q5A5. But then Q;Ql = AQAI. We denote the operator
appearing in this equality by S. Observe that S : X7 — Xs. A direct computation
shows that S is invertible with inverse QTQQ = A A; and that Q55 = Qq, SA| =
As. The last two identities yield

ApS = SA;, SB, = B, S = Ch.

Thus ©; and ©4 are similar. Moreover we proved that S is of the form indicated
in the theorem for n larger than or equal to the maximum of the degrees of the
minimal polynomials of A; and As. But these polynomials are the same since A;
and As are similar. So the proof is complete. g

By combining Theorems 7.6 and 7.7 we obtain the following result.

Corollary 7.8. The transfer functions of two finite-dimensional systems coincide
if and only if these systems are dilations of similar systems.

We conclude this section with a discussion of Mo6bius transformations of
finite-dimensional systems as defined in Section 3.6. We begin with a remark.

Let p,q,r and s be complex numbers. Forn =1,2,... andt,5=0,...,n—1,
let the complex number agz} be given by the expression

m(n—1—t t 1tk e k m
Z (_1)k+t ( h ><m>p 1-t kqt TkS )

k=0,....n—1—1

m=20,...,t
k+m=j
In other words a§f3, o ,ai?}kl are the coeflicients of the polynomial
(p—r2)" (s —q)".

(n)]n—l

The n x n matrix [am £ =0 will be denoted by [p, ¢, 7, s],. For what follows it is

important to note that

det[p, q, 7, s]n = (ps — qr)n(nfl)/2.

The proof goes by an induction argument involving the following recurrence rela-
tions
gl (n)

t,0 = —4% 105

(n+1)  _ (n) (n) _
Gy = Sa 4y 4y, k=1 m—1,
a(n+l) . (n)

t,n - Sa’tfl,nfl‘
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Theorem 7.9. Let © = (A, B,C,D; X,Y) be a system, and let

_ pAtgq
v(A) = rA+s

be a Mébius transformation. Suppose 1A — p is invertible. Then O is minimal if
and only if © is minimal.

Proof. Write ©, = (A1, B1,C1,D1; X,Y). Then, see formula (3.14),
Ay = —(q—sA)(p—rA)~t, Cy = (ps —qr)C(p —rA)~L.

A simple computation shows that forn =1,2,...
i\n—1 n iyn—1
(col (C’lAjl)jZO ) (p—rA)" = (ps—qr)lp,q,r, s]ncol (CAJ)FO .

Since ¢ is a Mobius transformation, we have ps — ¢r # 0. So the matrix [p, ¢, 7, ],

is invertible. By hypothesis, p — rA is invertible. It follows that col [Cl Aﬂ;zol is

left invertible if and only if col (CAj );;01 is left invertible. Thus ©,, is observable if
and only if © is observable. In the same way one can show that ©, is controllable
if and only if © is controllable. O

7.4 Minimality for Hilbert space systems

In this section we consider Hilbert space systems, that is, systems for which the
input space, the output space and the state space are Hilbert spaces. We present
an example showing that the state space similarity theorem for finite-dimensional
systems does not hold in this (possibly infinite-dimensional) Hilbert space setting.
To get an appropriate generalization of this result pseudo-similarity, a weaker
form of the usual similarity, has to be used. But even with this weaker similarity
it can happen that two minimal Hilbert space systems with the same transfer
function in a neighborhood of infinity are pseudo-similar but (in contrast to the
finite-dimensional case) the pseudo-similarity does not have to be unique.

A system © = (A,B,C,D;X,U,Y) is said to be a Hilbert space system
if the underlying spaces X, U, and Y are Hilbert spaces. The class of Hilbert
space systems is a subclass of the systems considered in Section 7.1, and hence
all terminology and notation introduced in that section applies to Hilbert space
systems. For instance, by definition, a Hilbert space systems is minimal if and
only if it is approximately observable and approximately controllable. The class
of Hilbert space systems is closed under taking restrictions, that is, the restriction
of a Hilbert space system is again a Hilbert space system. The latter does not
hold for dilations. A dilation © of a Hilbert space system is again a Hilbert space
system only when the state space of © is a Hilbert space. The following result is
a generalization of Theorem 7.6.
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Theorem 7.10. Any Hilbert space system is a dilation of a Hilbert space system
that is minimal. In particular, a Hilbert space system is minimal if and only if it
does not have a proper restriction.

Proof. With some modifications the proof follows the same line of reason as that of
the proof of Theorem 7.6. Let © = (A, B,C, D; X, U, Y) be a Hilbert space system.
Put X; = Ker (C|A), and let Xy be the orthogonal complement of Xy NIm (A|B)
in the closed subspace Im (A|B). Obviously, X; and X, are orthogonal closed
subspaces of X. We define X5 to be the orthogonal complement of X; & Xy in
X. Then X5 is also a closed subspace of X, and we see that X = X1 & Xy & Xo.
Furthermore, relative to this decomposition A, B, and C' partition as follows:

* * * *
A= 0 Ay = s B = By s C:[O Co *]
0 0 = 0

Since Xj is a closed subspace of the Hilbert space X, the space Xy is a Hilbert
space in its own right. Thus the system ©¢ = (Ao, By, Co, D; X0, U,Y) is a Hilbert
system and it is a restriction of ©.

We claim that O is also minimal. To see this, let xg be a vector in the space
Ker (Co, Ap). Thus CpA)xzo =0 for j =0,1,2.... Since

CA=[0 CA) =], j=012...,

it follows that the vector x = 0@ o ® 0 belongs to Ker (C, A) = X;. This can only
happen when zy = 0. Hence ©y is approximately observable. Next, take yo in X
such that yo L Im (Ag, Bp). Notice that

k
AB=| AlBy |, j=0,1,2....
0

Since yo L X7, we conclude that yo L Im (A, B). But Xy is contained in Im (A|B).
So yo = 0, and Og is approximately controllable. We have proved that Qg is
minimal.

The final statement of the theorem is proved in the same way as the final
statement of Theorem 7.6. One only has to replace Im (A|B) by its closure. O

Next, we present an example showing that two minimal Hilbert space systems
of which the transfer functions coincide in a neighborhood of infinity do not have
to be similar. For this purpose let £5 be the Hilbert space of all square summable
sequences = = (x,)>2, with entries in C. By T we denote the backward shift on
{5, that is, T is the operator defined by

T(wn)20 = (yn)o,  Where g = 2y for n=0,1,2,...
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We shall need the following lemma.

Lemma 7.11. For a real number r > 0, let ¢(r) be the element in o given by

ww>=<—11¥> . (7.8)
(n+1)! -

The element @(r) is cyclic with respect to the backward shift T, that is, the smallest
closed T-invariant subspace containing p(r) is the full space ls.

Proof. Let ¢, (r) be the nth entry in the sequence ¢(r). Then

—n —n

pnen(r) _ r r

o)k D (A EFD -l

It follows that

1 & )
sk = T3 2 |entk(r)]” < oo
lpr (1) ; !
Moreover the sequence s1, Sa, S3, . . . is decreasing, and hence limg_, o, sj exists. But
then we can use the solution to Problem 160 in [77] to show that ¢(r) is cyclic
with respect to the backward shift on /5. O

Now consider the Hilbert space system ©, = (A,., B,,C, D;{5,C,C), where

A, il — o, A, =T,

B, :C — {s, B,a = ayp(r), a € C,
C:ly — C, C((xn)ffzo) = x9,
D:C—C, Da = a, a € C.

Proposition 7.12. The Hilbert space systems ©, = (A,, B,,C, D;{5,C,C), r > 0,
are all minimal and their transfer functions coincide in a neighborhood of infinity.
Newvertheless, the systems ©,., r > 0, are mutually non-similar.

Proof. Fix r > 0. Note that
C’Ai((a:n)‘x’ )zrjxj, j=0,1,2,....

n=0

Thus, if = (2,)52, belongs to Ker (C|A,), then x; = 0 for each j =0,1,2,....
Hence ©,. is approximately observable. Next, observe that

Im [ B, A,B, - A"B, |
= spall { 90(71)’ TT(JO(T)ﬂ ) TnTn(P(T)}

=span{o(r), To(r), ..., T"p(r) }, n=20,1,2,....
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This implies that
Im (A,|B,) =span{T"¢(r) | n=10,1,2,...}.

But the latter space is dense in {5 by Lemma 7.11. Thus ©, is approximately
controllable. We have proved that ©, is minimal.

Next we compute the transfer function of ©,.. First note that for each a € C
we have

r—J a

iBra = aCAlp(r) = ar? =
CA]B,a = aCAlp(r) = ar GOl G+

j=0,1,2,....
Using this and taking || > [|A,] we get

We, ()

D+C(A—A) ‘B, =D+ i (l)jHCAg;BT

! +§O (%)M (j +1 - i%(%)J =

We conclude that for any pair r1 and 79 of positive numbers the transfer functions
of ©,, and O,, coincide in a neighborhood of infinity.

Finally, if r; and ry are different positive numbers, then ©,., and ©,,, are not
similar. Indeed, if ©,, and ©,, would be similar, then their state operators A,
and A,, would be similar too, but this can only happen when r; = rs. O

To deal with the phenomenon appearing in the previous proposition we in-
troduce a weaker type of system similarity. Consider two systems

@j:(Aj,Bj7Cj,Dj;Xj7U7Y), j:172

We say that the systems ©; and ©s are pseudo-similar if D1 = Dy, and there
exists an injective closed linear operator S(X; — X5) with domain D(S) in the
Hilbert space X; and range in the Hilbert space X5 such that

D(S) = X1, Im (S) = Xo, (7.9)
AL[D(S)] € D(S), SAi|pes) = A28, (7.10)
B,[U] € D(S), By =SBy, (7.11)
01|D(S) = (5 S. (7.12)

In this case we call S a pseudo-similarity from ©1 to ©2. (Some authors use the
term weak similarity, see, e.g., [106], however the term quasi-similarity is usually
used for the case when D(S) is the full space and hence S is bounded.)
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Conditions (7.10) and (7.11) imply that A7 B,U c D(S) and SA]B, = A} B,
for each 7 > 0, and thus

From (7.10)—(7.12) we get that ClA{Bl = C’gSA{Bl = C’gA%Bg for each j > 0.
Hence, if two Hilbert space systems ©; and O, are pseudo-similar, then their
transfer functions coincide in a neighborhood of infinity. The next theorem shows
that the converse is also true.

Theorem 7.13. Let ©1 and O9 be minimal Hilbert space systems, and suppose that
their transfer functions coincide in a neighborhood of infinity. Then ©1 and O4
are pseudo-similar.

Proof. Define R from Im (A;|B) into Im (A2|Bs) by setting
R( Z A{Bﬂ@) == Z A‘%BQUJ‘.
=0 §=0
Then R is well defined. To see this it suffices to show that

> A{Biu; =0 = Y A}Byu; =0. (7.14)
j=0 j=0

Assume the left—hand side of (7.14) holds. Then for each k = 0,1,2,... we have
E;L:() C’lAlfﬂ Biu; = 0. The fact that the transfer functions of ©; and ©; coincide
in a neighborhood of infinity is equivalent to the statement that

ClA;LBl = C’QASBQ7 TL:0,172,... . (715)

Thus
C2A§<ZAéBQUj> =0, n=0,1,2,....

§=0
But Ker (C|A2) = ;> Ker C245 = {0}, because O is minimal. Thus the right-
hand side of (7.14) is proved.

Next, we show that R is closable. Let a1, 2, ... be a sequence in Im (A;|By)
such that z,, — 0 and Rz, — y for n — co. We have to show that y = 0. Again
using (7.15), we see that for each n we have

CiAYx, = CoAkRz,, k=0,1,2,.... (7.16)

Fix k > 0. Then C; A¥z,, — 0 and C2 AL Rz, — Oy ALy for n — oo. Thus (7.16)
yields Cy Aky = 0 for k = 0,1,2,.... But Ker (C|Az) consists of the zero element
only, because 04 is minimal. Therefore y = 0, and thus R is closable.
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Let S be the closure of R. Then S is a closed operator. The operator S is
also injective. Indeed, assume = € D(S) and Sx = 0. Then there exists a sequence
Z1,x2,... in Im (A;|By) such that x,, — = and Rx,, — 0 for n — oo. For these
vectors x,, formula (7.16) holds, and hence

C1 AV = lim Cy A2, = lim CoASRz, =0, k=0,1,2,....

Since ©1 is minimal, this shows that z = 0, and thus S is injective.

We proceed by showing that (7.9)—(7.12) are fulfilled. By definition, we have
Im (A;|B1) C D(5), and thus the minimality of ©; yields D(S) = X;. Similarly,
ImS O ImR = Im (A2|Bsy), and thus Im S = X, because of the minimality of
©2. Thus (7.9) holds. Next, take x € D(S). So there exist 1, za, ... in Im (A1|By)
such that z,, — z and Rz,, — Sx for n — oco. Now

Alxn c Im (A1|Bl) C D(S), A1$n — All‘ (n — OO),
SAix, = RA,z, = AsRx,, — AySx (n — 0).

Since S is closed, this shows that A;z € D(S) and SA;z = AsSz. Thus (7.10)
holds. Since B1U C Im (A;|B1), we have BiU C D(S) and SB; = RB; = Bo,
because of the definition of R. Finally, to prove (7.12), take z € D(S). So there
exist x1,x2,... in Im (A1|By) such that z,, — = and Rx,, — Sx for n — oco. For
the vectors z,, formula (7.16) is valid. It follows that

Cix = lim Cix, = lim CyRz, = CySx,
which proves (7.12), and we are done. O

We conclude this section with two examples. The first shows that, in contrast
to the usual similarity, pseudo-similarity does not necessarily preserve minimality
of a Hilbert space system (see Proposition 7.14 below). The second example shows
(see Proposition 7.15 below) that, in general, the pseudo-similarity in Theorem
7.13 is not unique. Both examples use the same general setup which we will describe
first.

In the sequel S(X; — X») is a closed and injective linear operator with
domain D(S) in the Hilbert space X7 and range in the Hilbert space X5. We shall
assume that _

D(S) # X, D(S) = X, ImS # Xs. (7.17)

Fix v € X1, v € D(S), and w € Xy, w ¢ Im (S). Let S(X; — X3) be the operator
with domain R

DS)={w+d|XeC, deD(S)},
defined by S(\v + d) = Aw + Sd. We claim the operator S is also closed. To see
this, let G(S) and G(S) denote the graphs of S and S, that is,

T

g(S)z{[Sx} |$€D(S)}7 g(ﬁ):{{gx}mep(ﬁ)}.
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Since S is closed, its graph G(S) is a closed subspace of the Hilbert space direct
sum X1 ® Xs5. The definition of S implies that

G(S) = G(S) + span [ Z} } C X164 Xo.

Thus G(5) is a one-dimensional extension of the closed subspace G(S). It follows
that G(S) is closed too (cf., Theorem XI.2.5 in [48]), and hence S is a closed
operator. Obviously, we have

G(S) & G(S),  D(S) is dense in X;. (7.18)

The operator S is also injective, because S is injective and w ¢ Im S. Since D(S) C
D(S) and D(S) is dense in X1, we also know that D(S) is dense in X;. However,
D(S) # X1. Indeed, if D(S) = X, then S is bounded by the closed graph theorem.
This implies that the closed operator S = S |p(s) is also bounded. It follows that
D(S) = W = Xy, which contradicts the first part of (7.17).

Next we use the operators S and S to construct two Hilbert space systems.
For both systems the input space U is defined to be the space D(S) endowed with
the graph norm

o = (lz]® + [S2[*)'/%,  where z € D(S).

Analogously, by definition, the output space Y is the space ’D(S’ *) endowed with
graph norm

lylly = (15™yl* + lyl*)'/?, where y € D(S).

Here, as before the * means that one has to take the Hilbert space adjoint. Now
define the following operators:

By : U — Xy, Bix = x; By : U — X, Box = Sz, (7.19)
Y —X;, Twy=58% TIy:Y =Xy, Doy=y, (7.20)

and put
01:1—“{ 2X1—>Y, CQZF;XQ_)Y (721)

Obviously, the operators defined by (7.19) and (7.20) are bounded linear operators
with operator norm of at most one. It follows that the same holds true for the
operators in (7.21). We shall consider the following two Hilbert space systems:

@1 = (O,Bl,C’l,O;Xl,U, Y), @2 = (O7BQ7CQ7O;X2,U, Y) (722)

Let us show that the transfer functions of these two systems coincide in a
neighborhood of infinity. Note that the state operators and the external coefficients
of ©1 and O, are all zero operators. Thus in order to show that the transfer
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functions of ©; and O, coincide in a neighborhood of infinity, it suffices to show
that B1Cy = ByCs. The latter identity follows from

B
Im !

=G(S) cGS)=Ker [ C1 Cy]. (7.23)
By

The first equality and first inclusion in (7.23) are trivial. The second equality

follows from
1 1
Im = (Im
T,

L
] y e D(S‘*)} — G(9).

Ker [ Cl CQ ]

The last identity is a well-known property of a densely defined closed linear oper-
ator acting in Hilbert spaces (see Proposition XIV.2.1 in [46]). From (7.23) we see
that

u =0, u e U.

Hence B1C7 = Bs(Cs, and the transfer functions of ©; and O, are both equal to
A_1K7 where K = 3101 = BQCQ.

Proposition 7.14. In general, minimality of a Hilbert space system is not preserved
under pseudo-similarity.

Proof. We continue to use the notation introduced in the three paragraphs pre-
ceding this proposition. Let ©; and O be the Hilbert space systems defined by
(7.22). Assume additionally that

Xy =span{w} ® ImS. (7.24)

It is straightforward to construct such an operator S. We claim that in this case
©1 is minimal, ©5 is not minimal, and Sis a pseudo-similarity from ©; to O.
We first show that S is a pseudo-similarity. We have already seen that
S(X; — X5) is a densely defined injective closed linear operator. The additional
assumption (7.24) implies that Im § is dense in X,. Indeed, since w L Im S and

ImS C Im S, the space Tm S is properly contained in the space Im S. But then

(7.24) yields Im S = X,. Thus (7.9) holds with $ in place of S. Since A; and A
are both zero operators, condition (7.10) also holds with S in place of S. To show
that S satisfies (7.11) and (7.12), note that according to (7.23) we have

Im[gl}CG(S’)CKer[Cl ey ]
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The first inclusion implies that B;U C D(S’) and Bou = S’Blu for each u € U.
The second inclusion yields Crz — 582 = 0 for each z € D(S). Thus (7.11) and
(7.12) are satisfied for S in place of S. Thus S is a pseudo-similarity.

Notice that Im By = Im S, and hence Im By is not dense in X5 because of
(7.24). It follows that O9 is not minimal. On the other hand Im B; = D(9), and
hence by (7.17) the space Im By is dense in X;. Also

KerCy = (ImIy)* = (ImS*)* = Ker S = {0},

because S is injective. Thus ©; is minimal too.

Hence the Hilbert space systems ©1 to ©4 are pseudo-similar, ©; is minimal
and O3 is not minimal. We conclude that minimality is not preserved under pseudo-
similarity. O

Proposition 7.15. It can happen that two pseudo-similar minimal systems have two
different pseudo-similarities.

Proof. Again we use notation introduced in the three paragraphs preceding Propo-
sition 7.14. Let ©; and ©2 be the Hilbert space systems given by (7.22). In this
case we assume additionally that

ImS = X,. (7.25)

We claim that ©; and ©5 are both minimal, and that both S and S provide a
pseudo-similarity from ©1 to ©a.

As in the one but last paragraph of the proof of the preceding proposition,
one shows that ©; is minimal. Since Im By = Im S, the space Im By is dense in
X3 because of (7.25). Furthermore,

KerCy = (ImTy)t = D(S")*+ = {0}.

Thus the system O is also minimal.

Note that both S and S are injective, closed, densely defined, and have dense
range. Thus (7.9) is satisfied for both S and S. Since the state operators of ©;
and ©; are both zero operators, condition (7.10) is also satisfied for both S and S.
Using (7.23) it is straightforward to check (again see the proof of Proposition 7.14)
that (7.11) and (7.12) hold for both S and S. Thus S and S are pseudo-similarities
from ©; to ©y. The first part of (7.18) implies that S # S.

We conclude that ©7 and ©9 are pseudo-similar minimal Hilbert space sys-
tems which have two different pseudo-similarities. O

With minor modifications one can transform the example in the above proof
into an example of two pseudo-similar minimal systems ©; and ©5 for which
there exist infinitely many different pseudo-similarities from ©; to ©9. In fact,
this can already been achieved by choosing S in such a way that the quotient
space G(S)/G(S) has dimension two.



7.5. Minimality in special cases 125

7.5 Minimality in special cases

In this section we discuss the notion of minimality for the classes of systems
considered in Chapter 3.

7.5.1 Brodskii systems

Let © = (A4,KJ,2iK*; H,G) be a Brodskii J-system. Following [30] we call
O simple if Im (A|K) is dense in H. Thus simplicity is here synonymous to
controllability. However, in view of the fact that A — A* = 2iKJK™*, we have
Im (A]K) = Im (A*|K), and hence Ker (K*|A) is the orthogonal complement
Im (A|K)* of Im (A|K). Therefore, in this particular case, the notions of sim-
plicity (controllability) and minimality coincide.

In [30] it is shown that, given a Brodskii J-system ©, there exists a sim-
ple Brodskii J-system ©g of which the characteristic operator function (trans-
fer function) coincides with that of © on a neighborhood of co. In fact, if © =
(A, KJ,2tK*; H,G) and II is the orthogonal projection of H onto the closure of
Im (A|K), then II commutes with A and A* and Oy = pr;(©) has the desired
properties. Observe that

© = pr; (©)0¢ = Ogpr;_p(O).

The systems pr ;(0) and pr;_;(0) are called the principal part and excess part
of ©, respectively.

In [30] it is also shown that two simple Brodskii J-systems whose character-
istic operator functions coincide on a neighborhood of co are similar, the (unique)
similarity transformation being a unitary operator. This fact plays an important
role in [30]. For instance, it is used to prove the unicellularity of the Volterra
integral operator on L3(0,1).

7.5.2 Krein systems

It can be shown that two minimal Krein J-systems whose transfer function coincide
on a neighborhood of oo are similar, the (unique) similarity transformation being
a unitary operator. In fact, this conclusion can be reached under the somewhat
weaker assumption that the systems are prime. Following [33], we call a Krein
J-system © = (A, R, —J(K*)"'R*A, K; H,G) prime if

Im (A|R) + Im (A*|R)

is dense in H. In order to clarify this notion we make some general remarks.

To facilitate the discussion, we introduce a notation. Let N;, 7 € J be a
family of linear manifolds in a Banach space indexed with the help of the index
set J. The closure of the linear hull of these manifolds will be denoted by \/ jeg N;.
In case the underlying space is finite-dimensional, the linear hull in question is itself
already closed.
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Suppose © = (A, B,C, D; X,Y) is a system with an invertible main operator
A. We say that © is biminimal if

ﬁ KerCA’ =0, (7 ImA’B = H.

j=—00 j=—00

Obviously, if © is minimal, then © is biminimal too. The converse is also true
if, for example, A is an algebraic operator. The latter condition is automatically
fulfilled when X is finite-dimensional.

Now, returning to the subject of this subsection, assume that

O =(AR,-J(K*)'R*A,K; H,G)

is a Krein J-system. Using the relationship between A, A* and R appearing in
Section 3.2, one can show that

[e’e] 1 [e%s}
( \/ ImAJR> = (] KerR*A7,

while Im (A|R)+1Im (A*|R) is the linear hull of Im AR, j = 0, +1,+2,.... Hence ©
is prime if and only if © is biminimal. In particular, if © is minimal, then certainly
O is prime.

Finally we mention that if © is a Krein J-system, then there exists a prime
Krein J-system Oy whose transfer function coincides with that of © on a neigh-
borhood of co. The construction of Qg is suggested in [33], Sections 3 and 4.

7.5.3 Unitary systems

Given the unitary system © = (A, B,C, D; X,U,Y), define R(©) to be the closed
linear hull of the vectors A" Bu and (A*)¥C*y, where u and y are arbitrary vectors
in U and Y, respectively, and n,k = 0,1,2,... . The space R(O) is called the
principal subspace of ©, and its orthogonal complement in X is called the excessive
subspace and is denoted by N'(0). Both subspaces are invariant under A.

To explain the terminology, consider the orthogonal direct sum X = N(0)®
R(©), and write A, B, and C' as operator matrices relative to this decomposition.
It is straightforward to check that the operator matrices for A, B, and C are of
the following form:

A - |0 CN(O©) & R(O) — N(O) @ R(O), (7.26)
0 Ag

B = [ " — N(©) & R(O), (7.27)
By

C = [0 C|:NO)®R(O) — Y. (7.28)
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It follows that the system matrix of © partitions as

1 B Ay O 0
cpl” 0 Ayw By | :NO)@RO)®&U — N(O©)dR(O)DY.
0 Cy D

Since the system matrix is unitary, we conclude that A;; on N (©) and
Aoo  Bo

T RO)&U — R(O) DY
Co D

are both unitary operators. In particular, the system
©¢ = (Aoo, Bo, Co, D; R(©),U,Y)

is unitary. Furthermore, from the partitionings (7.26), (7.27) and (7.28) it follows
that © is a dilation of ©g, and hence ©® and ©( have the same transfer function.
The system ©y is called the principal part of ©.

A unitary system is called pure if its excessive subspace consists of the zero
vector only. One can show that the system ©q constructed in the previous para-
graph is pure. Hence one can restrict any unitary system to a pure one without
changing its transfer function.

The following result is the analogue of Theorem 7.7 for unitary systems; its
proof can be found in [47], Section XX VIIL.3.

Theorem 7.16. Two pure unitary systems have the same transfer function if and
only if these systems are unitarily equivalent, and in this case the unitary operator
establishing the unitary equivalence is unique.

If a unitary system is observable and controllable, then its excessive part
consists of the zero vector only, and hence such a system is pure. Thus a minimal
unitary system is pure. For a finite-dimensional unitary system the converse is also
true. In other words, a finite-dimensional unitary system is minimal if and only if it
is pure. For arbitrary infinite-dimensional unitary systems this result is not true. In
fact, it may happen that a pure unitary system with an infinite-dimensional state
space is neither observable nor controllable. An example is provided by Corollary
5.3 in Section XXVIIL5 of [47].

7.5.4 Monic systems

From the definition of a monic system it is clear that such a system is always
minimal. So it is not surprising that the notion of minimality does not appear
in [11], [12]. Note however that a monic system © is determined up to similarity
by its transfer function (cf., [12], Theorem 1.2). Also, because of linearization,
the spectral properties of the main operator of a monic system © are determined
completely by Wg L
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7.5.5 Polynomial systems

Let P be a comonic polynomial of degree ¢ whose coefficients are m x m ma-
trices (i.e., operators acting on C™). Put L(\) = A*P(A7!). Then L is a monic
polynomial of degree £. Let A = (T, R,Q,0;C™ C™) be a finite-dimensional
monic system whose transfer function coincides with L='. Then the unital system
0 = (T,T'R,Q;C™* C™) and its associate ©* = (T —T*RQ, T*R, —Q; C™,C™)
are realizations for P(A\™1)~! and P(A™!), respectively (cf., Subsection 3.5). As
col (QTV )ﬁ;é and row (T R)?;é are both invertible, we have

Ker (Q|T)= {0}, Im(T*R|T)=1ImT"

So © is observable, but generally not controllable. The same is true for ©*.

In order to obtain minimal realizations for P(A~1)~! and P(A~1), we apply
the method indicated in the proof of Theorem 7.6. Put Xo = Im 7. Then Xj is
invariant under T'. Let T be the restriction of T to X considered as an operator
on Xy. For convenience we write B instead of TYR. Note that B maps C" into
Xo. Let By be the operator B viewed as an operator from C™ into Xj. Finally,
let Qo be the restriction of Q to Xo. Then Oy = (T, Bo, Qo; X0, C™) and O =
(To — BoQo, Bo, —Qo; Xo, C™) are minimal realizations for P(A~!)~! and P(A71),
respectively.

Minimal realizations for P()\_l)fl and P(A7!) can also be obtained by ap-
plying the method of Section 8.3 in the next chapter. The alternative construction
presented above however is somewhat more direct. Observe that it can also be
used to produce a minimal realization for P(A~!) when P is an arbitrary, possi-
bly non-comonic, n x n matrix polynomial. Indeed, one just constructs a minimal
realization for I — P(0) + P(A~!) and adds P(0) — I to the external operator.

Notes

This chapter is based on the text of Chapter 3 in [14] with Sections 7.2 and 7.4,
and Subsection 7.5.3 as new additions. The notions of controllability, observability
and minimality are standard in system and control theory; see, e.g., the textbooks
[84] and [36]. Section 7.4 is taken from [4]. A full description of all vectors in fo
that are cyclic with respect to the backward shift can be found in [41]. Theorem
7.13 has appeared as Theorem 3b.1 in [79], and as Theorem 3.2 in [7] (see Theorem
9.2.3 in [106] for a continuous time version). The fact that the pseudo-similarity
constructed in the proof of Theorem 7.13 is closed can be found in [2], Proposi-
tion 6. Propositions 7.14 and 7.15 can also be viewed as results about minimal
representations of an operator as a product of two bounded operators; see [4]. For
more information about pseudo-similarity, see Sections 3.2 and 3.3 in [5]). With
appropriate modifications Theorem 7.6 and Corollary 7.8 hold for various classes
of time varying systems; see, e.g., [53] and [3].



Chapter 8

Minimal Realizations and
Pole-Zero Structure

In this chapter finite-dimensional systems are studied in terms of the zero or pole
data of their transfer functions. In the first two sections we describe the local zero
and pole data, and related Jordan chains, of a meromorphic m x m matrix function
of which the determinant does not vanish identically. In the third section these
results are used to construct minimal realizations of rational matrix functions in
terms of the zero or pole data of the function. The fourth section deals with the
notions of local degree of a transfer function and local minimality of a finite-
dimensional system. The global versions of these notions are studied in the final
section.

8.1 Zero data and Jordan chains

Throughout this section M is an m X m matrix function which is meromorphic
on the connected open set Q in C. We assume that M is regular on 2, that is,
det M (A) # 0. As usual the values of M are identified with their canonical action
on C™.

Let Ao be a point in €2, and let

oo

M) =Y (A=) 4

Jj=—q

be the Laurent expansion of M. Here it is assumed that ¢ > 0. Notice that ¢ =0
corresponds to the case when M is analytic at A\g. Although ¢ is not unique, the
definitions given below do not depend on the choice of ¢.
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We call \g a zero or eigenvalue of M if there exist vectors zg,z1,...,24 in
C™, x¢ # 0, such that

A,q‘rj-i--'--l-A,qujfL'o:(L 7=0,...,q. (81)

In that case the vector xg is called an eigenvector or root wvector of M at the
eigenvalue \g.

Proposition 8.1. The vector x # 0 is an eigenvector of M at Ao if and only if there
exists a C™-valued function ¢, analytic at Ao, such that p(Ng) = x, the function
M(N)e(N) is analytic at zero, and
lim M (A)g(A) =0. (8.2)
A— Ao

Proof. Let ¢ be an arbitrary C™-valued function which is analytic at Ag, and
consider its Taylor expansion at \g:

©(A) = o+ (A= Xo)p1 + (A= Xo)p2 + .
Then (8.2) holds if and only if
A_qpj+ -+ A_g4j00 =0, j=0,...,q.
By comparing this with (8.1) the proof of the lemma is immediate. O

The linear space of all eigenvectors of M at Ay together with the zero vector
will be denoted by Ker (M; Ag). The dimension of the space Ker (M; \g) is called
the geometric multiplicity of Ao as a zero of M. If M is analytic at g, we can
take ¢ = 0, and then )\ is an eigenvalue of M if and only if M (\g)zo = 0 for some
xo # 0 in C™. Furthermore in that case Ker (M; \g) = Ker M (Ag). In general, we
have Ker (M; \g) C Ker L(\g), where L(A) = (A — Xg)2M(X). For ¢ sufficiently
large, this becomes the trivial inclusion Ker (M; A\g) C C™ = Ker L(\o).

An ordered set (zg,1,...,x,—1) of vectors in C™ is called a Jordan chain
for M at Ao if zp # 0 and there exist vectors xy, 41, ..., Tq+k—1 in C™ such that
A_qu+"'+A_q+j.I‘0=0, ]ZO,,q—Fk—l (83)

The number k is the length of the chain. Note that x( is an eigenvector of M at
Ao if and only if z( is the first vector in a Jordan chain for M at \g.
The following observation extends Proposition 8.1.

Proposition 8.2. The vector x # 0 is the first vector in a Jordan chain for M at
Ao of length k > 0 if and only if there exists a C™-valued function ¢, analytic at
Ao, such that p(No) = = and

1

)\lin)\lo WM(}\)QO(}\) =0. (84)
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The proof of Proposition 8.2 is analogous to that of Proposition 8.1. The two
propositions show that the definitions given above do not depend on the particular
choice of q.

A function ¢ with the properties described in Proposition 8.2 is called a root
function of M at Ay of order at least k. Thus a C™-valued function ¢, analytic at
Mo, is called a root function of M at g of order at least k if and only if p(A\g) # 0
and M (A)p(A) has a zero at A\g of order al least k. If the order of A\g as zero of
M(N)e(N) is equal to k, then ¢ is root function of order k.

Given an eigenvector xg of M at \g, there are in general many Jordan chains
for M at \p which have x( as their first vector. However, as the next lemma shows,
the lengths of these Jordan chains have a finite supremum which we shall call the
rank of the eigenvector x.

Lemma 8.3. The length of a Jordan chain of M at \y is less than or equal to v —q,
where v is the order of Ao as a zero of det L(A) with L(\) = (A — Xo)IM(N).

Proof. Note that L(\) = (A— X\g)?M () is analytic at zero. Also det L(\) # 0 and
so the order v of A\g as a zero of the analytic scalar function det L(\) is finite. Put

QD()\) =x9+ ()\ — )\0)$1 e ()\ — )\o)ﬁkilxﬁk,l,

where xg, x1,...,Tq1r—1 satisfy (8.3). It follows that L(A)¢(A) is analytic at Ao,
and that the analytic vector function L(A)¢(\) has a zero at Ay of order at least ¢+

k. Since xg # 0, we can choose ya, . . . , Y, such that xg,ya, ..., ym is a basis of C™.
Let X () be the m x m matrix of which the columns are given by (), y2, .-, Ym-
From ¢(Ao) = o and the choice of the vectors ys,...,¥m, we conclude that

det X (\) # 0 for A sufficiently close to Ag. Next observe that
det LA\ det X(\) = det(L(\)X(N))
= det[ LX) L(N)yz -~ L\ |-

Since det X (\) # 0 for A sufficiently close to Ao, the order of A as a zero of the
term in the left-hand side is equal to v. On the other hand, (A — \g)?** is a factor
of the first column of the matrix in the right-hand side, and therefore also of the
determinant. It follows that g + k& < v. 0

To bring appropriate structure in the collection of Jordan chains correspond-
ing to the eigenvalue Ay, we proceed as follows. Choose an eigenvector z; ¢ in
Ker (M; \g) such that the rank r of x;1 ¢ is maximal, and let (1 ¢,..., 21 r—1)
be a corresponding Jordan chain of M. Next we choose among all vectors z in
Ker (M; Xg), with « not a multiple of x1 ¢, a vector xs o of maximal rank, 7,
say, and we select a corresponding Jordan chain (x2 ,...,%2 r,—1). We go on
inductively. Assume

(1,053 @1y —1)5 o5 (1,05 B0,y 1)
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have been chosen. Then, among all vectors in Ker (M;\g) not belonging to the
linear space span{z1 o,...,Z;j—1,0}, we pick z; ¢ having maximal rank, and we let
(%j,0,...,%j ,,—1) be a corresponding Jordan chain. In this way, in a finite number
of steps, we obtain a system

('731,03 . ,$17T1_1)7 (.I‘270, . 7552,7’2—1), ey (.I‘p707 . ,ZCP7 T’p—l) (85)

of Jordan chains for M at Ag with the following properties:

(1) the vectors x1 g,...,Tp, o form a basis for Ker (M;\g) and they have ranks
T1,...,Tp, respectively,
(ii) for j =1,...,p, the vector x; ¢ has maximal rank among all eigenvectors in

Ker (M; \o) that do not belong to span{z1 o,..., xj,l)o}; in particular the
rank of the eigenvector 1, o in Ker (M; A\g) has the maximal possible value.

A system with these characteristics will be called a canonical system of Jordan
chains for M at A\g. The above reasoning shows that such canonical systems of
Jordan chains always exist. They are not unique, however, and so it makes sense
to ask what can be said about the numbers p and r,...,7,.

For p the situation is easy: p = dim Ker (M; \p), a number which is completely
determined by M and independent of certain choices that can be made. With
respect to the ranks of the chains, we note the following. Clearly ry > 7o > -+ > 7).
Further, if

xr € span {-TLO, o ,Z‘j70} \ span {.I‘L(), A ,xj_170}7

then the rank r of x is equal to 7;. The argument is as follows. The fact that x is a
linear combination of z1, ¢, ..., o implies that there is a Jordan chain for M at
Ao, starting with 2, which has length r;. Just take an appropriate linear combina-
tion of Jordan chains starting with the vectors i o, ..., x; 0. Hence r; does not ex-
ceed r. But clearly we have r < r; too, because x is not in span {z1,0,...,%;-1,0}-
Sor =r;j.

We can now conclude that the set {r1,...,r,} coincides with the collection of
all possible ranks of eigenvectors of M at Ao, and is thus completely determined by
M . In fact, as our next result shows, uniqueness holds even for the (not necessarily
distinct) numbers 7, ..., r, themselves.

Proposition 8.4. Consider a canonical system of Jordan chains for M at g given
by (8.5), and let

(yLOu e 7y1,p171)u (y2,07 e 7y27p271)7 sy (yV,Oa ceey Y, pufl) (86)
be another system of Jordan chains for M at Ao with lengths p1, ..., py,, respec-
tively, where p1 > pgy > -+ > p,. Assume y1,0,-..,Yu,0 are linearly independent.
Then v < p and p; < r;, j =1,...,v. Moreover, (8.6) is a canonical system of

Jordan chains for M at Ao if and only if v =p and pj =715, j=1,...,v.
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Proof. Since y1,0,...,Yy,0 are linearly independent vectors, they are all nonzero,
and hence {y1,0,...,Yv,0} is a linear independent set in Ker (M;Xg). It follows
that v < p.

The eigenvector x1 o of M at g has maximal possible rank. In particular,
p1 < ri. Next fix 1 < j <w. The vectors 41,0, .. .,¥j, 0 are linearly independent in
Ker (M; \o) and the dimension of span{x1 ¢, ... 7%‘7170} is 7 — 1. So at least one
of the vectors y1,0,...,¥;,0 does not belong to span {z1,0,--- ,acj,l,o}, say Yk, o0-
Since x;, 0 is of maximal rank among all eigenvectors in Ker (M; ) that do not
belong to span{x1, o,...,%j_1,0}, we conclude that r; > pj. But then r; > p; too
as P = pj.

Assume that (8.6) is a canonical system of Jordan chains of M at Ag. Then
we may interchange the roles of the systems (8.5) and (8.6), and we can apply the
results obtained so far to (8.6) in place of (8.5). This yields, p < v and r; < p; for
j=1,...,p. Hence in this case we have v =p and p; =7;, j =1,...,v.

Finally, suppose v = p and p; = r; for j = 1,...,v. Assume (8.6) is not a
canonical system of Jordan chains of M at A\g. This means that for some k the
vector Yy ¢ is not an eigenvector of maximal rank among all vectors in Ker (M; \g)
that do not belong to span{yi,o,...,yx—1,0}. So we can choose a vector yi ¢ in
Ker (M; \o) outside span{yi,o,...,¥k—1,0} such that the rank of yi ¢ is larger
than pp = r. This allows us to construct a canonical system of Jordan chains of

M at Ao with ranks v1 > --- > v, such that v}, > ry, contrary to the conclusion
of the previous paragraph. O
As we have seen now, the numbers ry,...,r, in a canonical system (8.5) are

uniquely determined by M. They are called the partial zero-multiplicities of M at
Ao. Their sum ry + --- 4+ 7, is called the zero-multiplicity of M at A\g. The next
result provides a further motivation for this terminology.

Theorem 8.5. There exist m x m matriz functions ®(X) and E(X), analytic at A,
such that ®(\g) and E(X\g) are invertible while, for X in a neighborhood of Ao,

M(MN®(\) = E(A\)D(N), (8.7)
where D(X) is an m x m diagonal matriz given by
D(X) = diag (A = X0)"™, (A = 20)"2, ..., (A = X)) (8.8)

with exponents k1 > Ko > +++ > K. These exponents are uniquely determined by
M and do not depend on the particular choice of ® and E in (8.7). Furthermore,
Xo is a zero of M if and only if k1 > 0, and in that case the (strictly) positive
exponents in D(X) are the partial zero-multiplicities of M at \.

We shall refer to the diagonal matrix function D(X) in (8.8) as the local
Smith-McMillan form of M at Ag.
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Proof. We split the proof into three parts. In the first part we derive the identity
(8.7). In the second part we prove the uniqueness of the exponents in (8.8). The
third part concerns the final statement involving the strictly positive exponents.

Part 1. Let L be an m x m matrix function which is analytic at \g. Later we shall
make a particular choice for L, namely L(A) = (A — X\g)?M (\), which is obviously
analytic at \g, but for the time being L is arbitrary. Let

(1,053 @1,00-1)5 (2,05 502 15—1)5 - (Tt,05- -+, Tt, 0,—1) (8.9)

be a canonical system of Jordan chains for L at Ag. We know that the vectors
Z1,0,...,%,0 form a basis of Ker (L; \g) = Ker L(\g), and hence we can choose
vectors Tty1,0, ..., &m,0 such that zq o,..., 2z, o form a basis of C™. Write

Zj0+ ()\— )\o)xj)l + -4 ()\— )\o)ejflelj,l, g=1,...,1,
©i(A) =

35,0, j=t+1,...,m,

and let ®(X) be the m xm matrix for which the jth column vector is equal to ¢; (\).
Then @ is analytic at A, and ®(Xg) is invertible because the vectors ¢;(Ao) = 25,0,
j=1,...,m, form a basis of C". From the definition of a Jordan chain it follows
that

LNg;(N) = (A= X)¢; (M), (8.10)

where e; is a C™-valued function which is analytic at Ag. Here, in first instance,
j=1,...,t. For j =t+1,...,m, we take the index ¢; equal to zero, and hence we
can use the equality (8.10) to define an C™-valued function e; which is analytic
at Ao and satisfies (8.10). Put E(A) = [ e1(A) e2(A) -++ em(A) |. Then

L(AN)®(N\) = E(VNDA(N), (8.11)
where A()) is the m x m diagonal matrix given by
A(N) = diag (A= Xo)™, ..., (A= Xo)m).

Obviously, F is analytic at \g. Let us prove that E()\) is invertible.
To the contrary, assume E(\g)z = 0 for a vector z # 0. Without loss of
generality we may assume that, for appropriately chosen j,

Z:(0,...,0,17Zj+1,...,Zm)T.

Consider the function @; given by

m

G =i+ D (A= 20) " zipr(N).
i=j+1
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Note that the vector ¢;(Ag) does not appear as a linear combination of the vectors
©1(Ao)s -+, pj—1(Ao). Furthermore,

LV (N = LVe; () + Y, (A=) 2 L(N)gi(N)
i=j+1
= (A= Xo)Y (ej(A) + 3 ziei()\)) = (A= X)YE(N).
i=j+1

Since E(A\g)z = 0, it follows that Z; 0 = @;(Ao) belongs to Ker L()g). This im-
plies 1 < j < t. Indeed, if j > ¢, then the fact that ¢;(A\o) does not belong to
Span {@1(}\0), ey ‘Pj—l(AO)} implies that

Zj 0 ¢ span{p1(Xo),...,pt(Ao)} =span{zio,..., 20} = Ker L(\g).

Contradiction, and thus 1 < j < t. Notice that Z; ¢ is an eigenvalue of L at
Ao of rank at least ¢; 4+ 1. But this contradicts the choice of the vector z; o,
which is of maximal rank £; among all vectors in Ker L()o) that do not belong to
span{¢i(Xo), ..., ¢j—1(Ao)}. Thus E(Ng) is invertible.

From the identity (8.11) and the fact that ®(X\g) and E(\g) are invertible we
see that

Zﬁj = order of A\g as a zero of det L(\). (8.12)
j=1

Now, we specialize to L(A\) = (A— Xg)?M (X). Since L(\) is analytic at Ao, we
can apply the previous results for this choice of L(\). Put D(X) = (A—Xg) "7A(N).
Then (8.7) holds, the matrices ®(A) and E(X) have the desired properties, and
D()\) is the diagonal m x m matrix given by (8.8) with k; =¢; —¢q, j=1,...,m.

Part 2. Here we prove the uniqueness of the exponents k1 > kg > --+ > K, In
(8.8). Assume (8.7) is satisfied with ® and E being analytic and invertible at Ao.
Put I'(A) = (A — Xo)"M (X), where v is an integer such that p; = k; +v >0, j =
1,...,m. Note that

FA)2(A) = E(A)AN),

where A(A) is the diagonal m x m matrix
A(X) = diag (A = Ao)™, (A= X0)”, ..., (A= Xg)P™).

Since p1, . . ., pm are all positive, I is analytic at A\g and KerI'(Ag) = C™. Let ¢; ()
and e;(A) denote the jth columns of ®(X\) and E(A), respectively. The functions
p; and e; are analytic at \g, and

F(N)gi(A) = (A = A0) e;(A). (8.13)
Consider the Taylor expansion

©i(A) = @j0+ A= Xo)ej 1+ (A= X) w2+
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As ®(\g) is a invertible, the vectors @1 g, . . ., Pm, o form a basis of C"™ = KerI'(\o).
From (8.13) it follows that

(901,07---,%,;)1—1)7 (902,07---,@2,@—1)7 Sy (<Pn,o,---7<ﬂn,pm—1)

is a set of Jordan chains of I" at Ag. Let 71, ..., 7, be the partial zero-multiplicities
of T" at A\g. Since KerI'(\g) = C™, we have r = m. Now, apply Proposition 8.4 to
I' at Ag. It follows that p; <, for j =1,...,m. By applying the results of Part 1
to T in place of L, we can use (8.12) to show that Z;":l ~; 1s equal to order of g
as a zero of detI'(A\). But I'(A\)®(\) = E(A)A(XA) shows that the same holds true
for 37 ) pj. Thus 377", p; = >0, ;. This can only happen when p; = v; for
7 =1,...,m. We conclude that the numbers p1,..., p,, are uniquely determined
by I', and hence the same is true for K1,..., K-

Part 3. In this part we prove the final statement of the proposition. Since the
exponents in (8.8) are uniquely determined by M, we may assume without loss
of generality that x; = {; — ¢, where ¢; is defined in Part 1 of the proof. Here
j=1,...,m and, as in the last paragraph of Part 1, L(\) = (A — X\p)?M (). Note
that xg,...,x,—1 is a Jordan chain for M at \g if and only if there exist vectors
Zpy...,Zqyr—1 such that zg,..., x4 -1 is a Jordan chain for L at Ay and, in that
case, the ranks of xy as an eigenvector of L and as an eigenvector of M differ by q.

Assume )\ is a zero of M. Then there exist vectors zo,...,zq, o # O,
such that (8.1) holds. But zg # 0 and (8.1) are equivalent to the statement that
(zo,...,xq) is a Jordan chain of L at Ag of length ¢ + 1. Since (x1,0,...,21,¢,—1)
is a Jordan chain of L at )y of maximal length, we have ¢; > ¢ + 1, and thus
k1 = {1 —q > 1. Therefore k1 is (strictly) positive provided that \g is a zero of M.

Conversely, assume k1 = ¢1 —q > 1. Then ¢; > ¢ + 1. This implies that the
truncation (z1,0,...,21,q) of the chain (z1,0,...,21,¢6,—1) is well defined and is
a Jordan chain of L at Ag too. As we have seen in the previous paragraph, this
implies that x; ¢ is a zero vector of M at Ao, and hence \g is a zero of M.

Again assume that \g is a zero of M. Define

p=max{j=1,...,m, k; ={; —q> 0}

Then p does not exceed the number ¢ in (8.9) for, by definition, ¢,y = --- = ¢, =
0. Truncating the chains from (8.9) we obtain the following system of Jordan
chains for M at Ag:

(1‘1707 e ,x17~1,1)7 ($2)0, e ,x2752,1), ceey ($p707 ey {,Cp7 ,ipfl). (814)

The vectors z1,9, ..., Zp, 0 € Ker (M; \g) are linearly independent and have ranks
K1,...,kp, respectively. Also, for j = 1,...,p, the vector x; ¢ has maximal rank
among all eigenvectors in Ker (M; \g) that do not belong to the linear space
span{x1 g, ... ,xj,LO}. Suppose 1,0, - .., Zp, o is not a basis for Ker (M; A\o) and
take x in the space Ker (M; ) C Ker L(\g) but outside span{z1,o,...,Zp, 0}
Clearly the rank r of 2 as an eigenvector of L does not exceed ¢,y;, and so
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r—q < {py1 —q < 0. On the other hand r — ¢ is the rank of = as an eigen-
vector of M, hence a positive integer, and we have reached a contradiction. We
conclude that 1,0, ..., zp, o is a basis for Ker (M; \¢), and so (8.14) is a canonical
system of Jordan chains for M at A¢. In particular x1,..., s, are the partial zero-
multiplicities of M at Ag. But these numbers x1,..., k), are precisely the strictly
positive exponents in (8.8). O

Theorem 8.5 is a very useful one. To illustrate this, first note that the local
Smith-McMillan form of M at Ay is equal to the local Smith-McMillan form at Ag
of the transposed matrix function M T, M T(\) = M(A)". To see this, assume (8.7)
holds with D(\) given by (8.8) and with ® and E being analytic and invertible at
Ao. Then in a sufficiently small open neighborhood of Ay we have

MT(NEWN) =FADM)',

where ¥(\) = (E(A)~1) " and F() = (@(A\)~) . Since D()) is a diagonal matrix,
D = DT, and hence D is also the the local Smith-McMillan form of M T at Ag.
Thus, by Theorem 8.5, if g is a zero of M it is also a zero of M ", and conversely.
Moreover, in that case, the partial zero-multiplicities of Ay as a zero of M are the
same as the partial zero-multiplicities of Ay as a zero of the transposed matrix
function M.

The information contained in the canonical system (8.5) can be put into a
pair of matrices. In order to do this, let QQ; be the m X r; matrix of which the jth
column is equal to the column vector x; j_1. Thus Q; = [xi70 Ti1 o L e —1 ]
Put Q = [Q1 Q2 --- @Qp]. Further, let J be the block diagonal matrix

J = diag (Jl, Jg, ceey Jp)

where J; stands for the upper triangular r; x r; Jordan block with Ay on the
main diagonal. Note that J is a Jordan matrix with one single eigenvalue, namely
Ao. The orders of its blocks are equal to the partial zero-multiplicities of M at
Ao. Hence the order of J is precisely equal to the zero-multiplicity of Ay as an
eigenvalue of M. Furthermore,

dim Ker (Ao — J) = p = dim Ker (M; Xg).

So the geometric multiplicity of Ao as a zero of M is equal to the geometric
multiplicity of Ao as an eigenvalue of J.

The pair (@, J) is called a Jordan pair of M at Ag. The name Jordan pair
will also be used for any pair of matrices which is obtained from (@, J) by some
permutation of the blocks Ji in J and the same permutation of the corresponding
blocks in Q. Since the initial vectors x; ¢, ...,y ¢ are linearly independent and
each Ji — Ao is an upper triangular nilpotent r; x r; Jordan block, it is straight-
forward to show that

() Ker Qo — J)7 = {0}.

=0
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It follows that a Jordan pair (@, J) is an observable pair, that is,

ﬁ Ker QJ° = {0}. (8.15)

=0

Next we define the notion of a dual pair. Assume )\g is a zero of M, and
hence also of the transposed matrix functions M . Let

W00y m-1)s (2,005 Y2ima—1)s o (Up,0s o5 YUp,ry—1) (8.16)

be a canonical system of Jordan chains for M T at \g. The fact that the numbers
p,T1,...,7p are the same numbers as those appearing is (8.5) is justified by the
circumstance that the partial zero-multiplicities of M and M T at \g are the same
(see the paragraph directly after the proof of Theorem 8.5) . For i =1,...,p, let
R; be the r; x m matrix of which the kth row is formed by the entries of the vector
Yi,ri—k- In other words,

T

Rj = [ijrj—l Yjrj=2 " 3/310}

As before, let J; be the upper triangular r; x r; Jordan block with Ag on the main
diagonal. Define

Ry
Ry
R=| |,  J=dag(hJa....J,). (8.17)

Ry
The pair (J, R) is called a dual Jordan pair of M at Ag. This term will also be used
for any pair of matrices which is obtained from (J, R) by some permutation of the

blocks in (8.17). From the properties of a canonical system of Jordan chains, it
follows that

\/ImJ'R=C", (8.18)
i=0
where r = 71 + --- + 1, is equal to the order of the matrix J. In other words the
pair (J, R) is controllable.
Observe that a Jordan pair (Q,.J) and a dual Jordan pair (J, R) have the
same Jordan matrix J. We conclude that (J,Q, R,0;C",C™) is a system, and
(8.15) and (8.18) imply that this system is minimal.

Theorem 8.6. Assume that N is a zero of M. Then given a Jordan pair (Q,J) of
M at Ao, there exists a dual Jordan pair (J, R) of M at \g such that Q(A—J) 'R
is a minimal realization of the principal part of the Laurent expansion of M(\) ™
at )\0.
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Proof. Without loss of generality we may assume the Jordan pair (@, J) is deter-
mined by the canonical system of Jordan chains (8.5). Thus

Q:[Ql QQ"'Qp}a J:diag(JlaJ27"'aJp)7

where Q; = [a:i) 0 Th,1 *** Ti ri—1 } and J; is the upper triangular nilpotent r; x r;
Jordan block.
Put L(A) = (A — Ag)?M (N). From the type of reasoning presented in Part
3 of the proof of Theorem 8.5, we see that L has a canonical system of Jordan
chains at Ag,
(xl,()u ... 7:'61,@171)7 (1’2707 ... 7x2€271)7 ceey (.Tt707 L 7xt7€t71)7 (819)
such that, for ¢ = 1,...,p, the chain (z; 0,...,%i ¢,—1) is a continuation with ¢
vectors of the jth chain in (8.5). In particular,

bi—q=mr; 1=1,...,p, bi—q<0, i=p+1,....L (8.20)

Now, using the chains in (8.19), we construct, as in Part 1 of the proof of Theorem
8.5, matrix functions ®(A) and E()), analytic and invertible at Ao, such that

MN2(A) = E(A)D(),

where D(]) is the local Smith-McMillan form of M at \g. Put ©(\) = E(\)~1,
and write

01(A)
02(A)
O\ = : ;o) =[N @A) - em(N) ]
O (N)
It follows that
M)~ =oNDN) O = i(/\ — 20)? i (N8 (V).
i=1

Using (8.20), we conclude that the Laurent principal part P()\) of M(\)~! at
Ao is given by P(\) = >-?_| P;()\), where Pj(\) is the Laurent principal part
of (A — Xo) " ;i(N)0r(A). Thus in matrix form P(A) is given by the following
expression:

91{), kal

p —1 ok,Tk—2
P(A) = Z [ ©ko PRt Prm1 | (A= i) . . (8.21)
k=1 :

Ok, 0



140 Chapter 8. Minimal Realizations and Pole-Zero Structure

Here, for ¢ = 1,...,p, the matrix J; is the upper triangular r; x r; Jordan block
with Ag on the main diagonal, and the vectors ¢; ; and 6; ; are the jth coefficients
in the Taylor expansions of ¢;(\) and 6;(\) at Ao, respectively.
Next, observe that M T (A\)¥(\) = F(A\)D(A), where
ST T

YO =(ENT) =6, F)=(eN)) .

Let 9;(A) be the jth column of W(\), and consider the Taylor expansion
¥i(A) = Y0+ (A= Ao)yj1 + (A= X0) g2+

Then the chains

(yl,o,---,yl,n—l)a (y2707'--7y2,7“2—1)7 ) (l/p,ov---,yp,rp—l)

form a set of Jordan chains for M T at Ag. Since W()\g) is invertible, the vectors
Y1,0,- - - Yp,0 are linearly independent. Recall that r,...,r, are the partial zero-
multiplicities of M and of M at ). It follows that the above set of chains is
actually a canonical system of Jordan chains for M T at \g. Now put,

T
Yjrij—1 Ry
y]—‘l,—rj—2 R2

R; = _ , 7=1,...,p, R=

T
Y50 Ry

Then, by definition, the pair (J, R) is a dual Jordan pair of M at \o.
It remains to show that P(A\) = Q(A — J)"!R. To do this we first observe
that

QA—J) 'R= ij Qi\N—J) 'R,

i=1
From the construction of ® in Part 1 of the proof of Theorem 8.5 we know that
fori=1,...,pand j =0,...,r; the vector x; ; is equal to the jth coefficient in

the Taylor expansion of ¢; at A\g. It follows that

Qi:[%o 901‘71"'%,”—1], t=1,...,p.

Next, recall that ©(\) = ¥(A)". Thus 6;(A\) = ;(\) " for j = 1,...,m. It follows
that,forj =1,...,pand k =0, ...,r;, the vector y]—'—k is equal to the kth coefficient
in the Taylor expansion of 6; at A\g. But then we see that

05, r—1
9]'7 rj—2

Rj: . 5 jZl,...,p.

9j0
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Using the above expressions for @); and R; in (8.21) yields

P()) = Zp:Qi(A - Ji)ilRi =QM\—J) 'R,

i=1
which completes the proof. O

Let (Q,J) be a Jordan pair and (J, R) a dual Jordan pair of M at \g such
that Q(\ — J) 'R is equal to the Laurent principal part of M(\)~! at A\g. Then
we refer to the triple (Q, J, R) as a canonical Jordan triple of M(X\)~1 at Ag. The
previous theorem shows that a canonical Jordan triple always exists.

So far Ay has been a point in the finite complex plane. We conclude this
section by considering the case when \g = co. Thus let M be an m x m matrix
function which is meromorphic on a connected open subset of the Riemann sphere
C U oo. In that case M has an expansion at co of the form

M(\) = zq: N M;

j=—o0

where ¢ is a non-negative integer. As before, it is assumed that M (\) #Z 0. We call
Ao = 00 a zero or eigenvalue of M if there exist vectors xo, ...,z in C™, xg # 0,
such that

Myxj+ -+ My_jz9 =0, 7=0,...,q.

In that case the vector x¢ is called an eigenvector (or root vector) of M at the
eigenvalue oco. Clearly, Ay = oo is a zero of M if and only if the origin is an
eigenvalue of the function M# defined by

MFPN) = M(AY). (8.22)

This fact allows us (without any further explanation) to introduce for the point
Ao = oo all notions defined above for a finite eigenvalue. For example, we define
the partial zero-multiplicities of M at A\ = 0o to be equal to the partial zero-
multiplicities of M* at the point 0. Similarly, a triple (Qoo, Joo, Roo) is called a
canonical Jordan triple of M at Ay = 00 if (Qoo, Joo, Roo) 1S a canonical Jordan
triple of M* at the point 0. Observe that in that case .J,, is a nilpotent matrix.
Furthermore we have the following corollary.

Corollary 8.7. Let A\g = o0 be a zero of M at oo, and let (Qoo, Joo, Reo) be a
corresponding canonical Jordan triple of M at co. Then the system

(JOOa Qooa ROO703 Cpoo7cm)

is minimal and \Qoo (I — M\Joo) * Rso is equal to the principal part of M(\)~! at
00, that is, M(A)™! — AQoo (I — Moo) ' Rso is analytic at oo.
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8.2 Pole data

As in the previous section, M is an m xm matrix function which is meromorphic on
a connected open set §2, det M(\) # 0, and )¢ is a point 2. Thus in a neighborhood
of Ao the function M has the following expansion

o0

M) =" (A=) 4;.
J=—q
As before, the definitions given below do not depend on the choice of ¢ which is
again assumed to be a non-negative integer.
A nonzero vector x € C™ is called a pole-vector of M at Ay if there exist
vectors @1, ..., @ in C™ such that

[ A,1 A,Q s A,q ©1 x

A72 o 0 P2 0
=1 . (8.23)

LA O 0 ] e [O]

The linear space consisting of all pole-vectors of M at Ay together with the zero
vector will be denoted by Pol (M; Ag). Note that there exists a pole-vector of M
at Ao if and only if M has a pole at Ay, that is, at least one of the coefficients
A_q4, ..., A is nonzero.

The pointwise inverse M~! of M is given by M~1(\) = M(\)~!. From
Cramer’s rule for inverting a matrix it is clear that A/ ~! is meromorphic on €.

Lemma 8.8. The vector x is a pole-vector of M at X\g if and only if x is an
eigenvector of M~ at \g. In other words,

Pol (M; \o) = Ker (M™% \o).
Proof. Assume x € C™ is a pole-vector of M at \g. Put
P(A) = (A= Xo)p1 + -+ 4 (A = Ao)lepq,

where @1, ..., @, are as in (8.23), and set ¥(A) = M (A)p(A). Consider the Taylor
expansion of 1 at Ag:

P(A) =1%o+ (A= Xo)t1 + (A= Xo)th2 + -+ .
From (8.23) we see that 1)y = x. Furthermore, we have

M=HNP() = M) MN)e(V) = @(N).



8.2. Pole data 143

Write -
M=) = > A(A =),

J=—q

where ¢ > 0. The identity M ~1(X\)¥()\) = p(A) implies that
g*5¢]++g*5+j¢0:05 jzoava

Thus = = 1)y is an eigenvector of M~ at \o.
Conversely, assume x is an eigenvector of M~ at Ag. Then we can find
vectors o, ..., x5 in C™, ¢ = z, such that

A_§$J++A/—a+]x0:07 j:07,q

Put ¥(\) = 20 + (A — Ao)z1 + -+ - + (A — Ao)?xgz. Then M~1(A)y()) is analytic at
Ao and its Taylor expansion at A is of the form

MY NA) = (A= Xo)yr + (A= Xo)yz + -

It follows that

o0

M(A)(Z(A—Ao)j%) =x0+()\—)\0)x1_|_....

Jj=1

Hence (8.23) holds with = = ¢ and ¢; =y;, j =1,...,¢. Thus x is a pole-vector
of M at ). O

By applying the above lemma to M ! in place of M we also see that g is a
zero of M if and only if )\g is a pole of M1,

The dimension of the space Pol (M; \g) is called the geometric multiplicity
of Ao as a pole of M. By definition the rank of a pole-vector x of M at \g is the
rank of x as an eigenvector of M ! at \g. Similarly, the partial pole-multiplicities
of M at \g are by definition equal to the partial zero-multiplicities of M ~! at Ao,
and their sum is called the pole-multiplicity of M at Ag. Using Lemma 8.8 and the
above definitions, the following addition to Theorem 8.5 is immediate.

Proposition 8.9. Let D(A) = diag ((A—X0)", (A=X0)"2, ..., (A=X0)""), K1 > Kp >
<o+ > Ky, be the local Smith-McMillan form of M at Ag. Then Ao is a pole of M
if and only if K, < 0, and in that case the absolute values of the strictly negative
exponents in D(X) are the partial pole-multiplicities of M at \o. In particular,

the order of Ao as a pole of M is equal to the largest partial pole-multiplicity of
M at )\0.

Corollary 8.10. The order of A\g as a pole of M is equal to the pole-multiplicity of M
at \g if and only if the geometric multiplicity of \o as a pole of M is equal to one.
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Proof. Let my > mg > --- > m, > 0 be the partial pole-multiplicities of M at .
Then

m = the order of A\ as a pole of M,
> j—1mj = the pole-multiplicity of M at Ao,
r = the geometric multiplicity of Ay as a pole of M.

Since each 7; is strictly positive, we see that the order of Ag as a pole of M is
equal to the pole-multiplicity of M at A if and only if » = 1, that is, if and only
if the geometric multiplicity of Ay as a pole of M is one. 0

The next result, which is a supplement to Theorem 8.6, shows that the pole-
multiplicity is equal to the rank of the block matrix in the left-hand side of (8.23).

Proposition 8.11. Let \g be a pole of M, and let (Q, J, R) be a canonical Jordan
triple of M~ at \o. Then Q(A\—J) "R is equal to the principal part of the Laurent
expansion of M at \g, and

Ay Ay - A,
A,Q 0 ST

rank . . = pole-multiplicity of M at Ag. (8.24)
A, 0 - 0

Proof. The first statement is immediate from the definition of canonical Jordan
triple. It implies that the principal part of the the Laurent expansion of M at A\

is given by
o0

1 .
—Q(J—X)" 'R
; EESWE Q( 0)
Hence Q(J — X\o)" 'R = A_; for i = 1,...,q, while Q(J — X\o)" 'R = 0 for
1=q+1,q+2,.... Write

Q1(s) = col (Q(J — )\O)ifl);17 Qa(s) = row (J — )\0)’;11’%);17
where s = ¢,q+ 1,9+ 2, ... . Then the block matrix in the left-hand side of (8.24)
can be written as €4 (¢)Q2(q). Thus the left-hand side of (8.24) is equal to the rank
of the product €4(q)Q2(q). For s > ¢, the matrix ;(s)Q2(s) is obtained from
Q1(q)22(g) by adding s — g zero columns and zero rows. Since these operations do
not affect the rank, the left-hand side of (8.24) is equal to rank (Q1(s)Q2(s)), s > q.
From (8.15) and (8.18) we see that, for s sufficiently large, ©1(s) is injective and
Q(s) is surjective. Therefore the left-hand side of (8.24) is equal to the order of
J, which in turn is equal to the pole-multiplicity of M at Ag. O

We conclude this section by defining the various pole notions for the case
when \g = co. To do this we use again (8.22). So, for example, a nonzero vector x
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in C™ is called a pole-vector of M at oo if x is a pole vector for M* at the point 0.
Similarly, the partial pole-multiplicities of M at oo are by definition equal to the
partial pole-multiplicities of M#* at 0. In the same way one can define the other
notions too.

8.3 Minimal realizations in terms of zero or pole data

In this section W is a rational m x m matrix function which is assumed to be
regular, i.e., det W(A) # 0. We apply the results of the preceding two sections to
obtain minimal realizations of W =1 in terms of the zero data of W, and of W in
terms of the pole data. The following results are the main theorems of this section.

Theorem 8.12. Let W be a regular rational m X m matriz function. Let A1, ..., Ak
be the finite zeros of W, let p1, ..., pr be the corresponding zero-multiplicities and,
for i = 1,...k, let (Qi,Ji, R;) be a canonical Jordan triple of W at \;. Put
r=p1+---+ pk, and set

Q=row(Q)r,,  J=diag(J1,...,Jr), R=col(R)r,.
Furthermore, let (Qoo, Joo, Roo) be a canonical Jordan triple of W at oo. Then
WA P=Q\A\—J) "R+ D+ A\Qu(I — M) 'Roo
for a suitable choice of D. Moreover, if W1 is proper, then D = W~1(0), and
the system © = (J,R,Q, D;C",C™) is a minimal realization of W1,

Theorem 8.13. Let W be a reqular rational m x m matrix function. Let Ay, ..., ¢
be the finite poles of W, let o1, ...,0¢ be the corresponding pole-multiplicities and,
fori = 1,....¢, let (Qi,J;, R;) be a canonical Jordan triple of W= at ;. Put
s=o1+ -+ 0¢, and set

Q =row (Qi)i_y, J = diag (Ji,...,Je), R = col (R;)!_,.
Furthermore, let (Qoo, Joos Roo) be a canonical Jordan triple of W1 at co. Then
W) =QA=J) "R+ D+ Auc(I — M) 'Re

for a suitable choice of D. Moreover, if W is proper, then D = W(o0) and the
system © = (J, R, Q, D; C*,C™) is a minimal realization of W.

It suffices to prove Theorem 8.12. Indeed, one obtains Theorem 8.13 by ap-
plying Theorem 8.12 to W =1 in place of W.

Proof of Theorem 8.12. Observe that

k

QA= JI)'"R=)"Qi(A—J) 'Ri. (8.25)

i=1
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Theorem 8.6 gives that for each i € {1,...,k} the function Q;(\ — J;)"'R; is
a minimal realization of the principal part of the Laurent expansion of W (\)~!
at \;. In particular, W(A\)~! — Q(A — J)~'R has no poles in the complex plane
C. According to Corollary 8.7, the function AQuo (I — Moo ) ! Reo is equal to the
principal part of W(A\)~! at co. Since J.. is a nilpotent matrix, the function
AQoo (I — Moo) 1Ry is analytic on C. We conclude that the function

WA =QA—=J) 'R = MQuo(I — M) 'Roe

is analytic on C and at oo. But then Liouville’s theorem implies that this function
must be identically equal to a constant matrix, D say. Thus W (A)~! has the
desired form. If W(X\)~! is proper, the term AQoo (I — AJo) ' Roo is missing, and
we obtain

WA '=D+QM\—-J) 'R

It remains to show that © = (J,Q, R, D;C",C™) is minimal. Put

N = ﬁ Ker QJ".

=0

We need to show that N' = {0}. Assume not. Since A is invariant under J, there
exist a nonzero x € A and a complex number p such that Jr = pzx. Clearly p is
an eigenvalue of J. Recall that J = diag(Ji,...,Ji) where, for i = 1,...,k, the
matrix J; is an upper triangular Jordan matrix which has \; as its only eigenvalue.
We conclude that i = A; for some ¢ € {1,...,k}. Write x asasum x = 21+ - -4z,
corresponding to the partitioning J = diag (Ji,...,Ji) of J. Then, as A1,..., A
are distinct, Jx = A\;x implies that x;, = 0 for k # t. Thus 2 = x4, and QJ'x =
QiJiwe. But QJx = 0, and hence Q;Jfx; = 0, i = 0,1,.... Now recall that the
system (J¢, Q, R¢) is minimal. It follows that x = z; = 0.

We have established that ();—,Ker@QJ* = {0}. In a similar way one can
show that (2, Ker RT(J ") = {0} too. Thus the system (J,Q, R, D;C",C™) is

minimal. O

Combining the above results with those about minimal realizations in Section
7.3 we obtain the following corollary.

Corollary 8.14. Let W be the transfer function of the minimal finite-dimensional
system © = (A, B,C, D; X,Y). Suppose D s invertible, and let Ao € C. Then Ao
18 an eigenvalue of A if and only if Mg is a pole of W and the partial multiplicities
of Ao as an eigenvalue of A are the same as the partial pole-multiplicities of W at
Xo. Also, \g is an eigenvalue of AX = A — BD~'C if and only if \y s a zero of
W and the partial multiplicities of Ao as an eigenvalue of A* are the same as the
partial zero-multiplicities of W at Xg.

Proof. We apply Theorem 8.13. Since two minimal realizations of W are similar,
the system O is similar to the system (J, Q, R, D; C?, C™) constructed in Theorem
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8.13. In particular, A and J are similar, and hence A and .J have the same eigen-
values with the same partial multiplicities. But then the first part of the corollary
(about A) is an immediate consequence of the construction of the triple (@, J, R).

To prove the second part of the theorem, notice that the system ©* is min-
imal too. The transfer function of ©* coincides with W ~!. Now apply the first
part of the theorem to W~! and ©*. g

The preceding corollary can be used to prove the following addition to The-
orem 2.7.

Theorem 8.15. Let W be a proper rational m X m matriz function such that
W(o0) = I. Assume that W has simple poles only. Then W admits a factorization
of the following form

W) = (I+/\_1/\1R1)---(I+/\_1/\an)7

where Ry, ..., R, are rank one m x m matrices and n is the state space dimension
of a minimal realization of W.

Here we use the convention that a pole of W is said to be simple if it is of
order one.

Proof. Since W is proper and W (oo) = I, we can choose a unital minimal real-
ization © = (A, B,C;C™,C™) for W. Note that the state space dimension is n;
so finite in particular. As W has first-order poles only, we see from Corollary 8.14
that for each eigenvalue of A the algebraic multiplicity is equal to the geometric
multiplicity. It follows that the Jordan matrix for A is diagonal, and hence A is
diagonalizable. So we can apply Theorem 2.7 to get the desired result. O

The factorization of W constructed in the proof of Theorem 8.15 is a minimal
factorization in the sense of the first section of the next chapter (Section 9.1). This
implies that the points Aq,..., A, are precisely the poles of W counted according
to the pole-multiplicity (see Section 9.1). With minor modifications Theorem 8.15
can be extended to the case where det W(\) does not vanish identically and W
has a simple pole at oco.

For further information of the type of factorizations appearing in Theorem
8.15 we refer to Chapter 10; in particular, see Section 10.3.

8.4 Local degree and local minimality

Let W be a rational m x m matrix function, and let Ay € C. In a deleted neigh-
borhood of Ay we have the following expansion

W(\) = i (A= o) W;. (8.26)

Jj=—q
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Here ¢ is some positive integer. By the local degree of W at Ag we mean the number
0(W; Np) = rank Q, where € is the block Hankel matrix

W, Wy - W,
W_2 0

Q= . (8.27)
W, 0 - 0

Of course this definition does not depend on the choice of g. We also introduce
§(W;00) by putting §(W;00) = 6(W*0), where W#(\) = W(A~!). Observe that
W is analytic at a point p in the Riemann sphere CU{oo} if and only if §(W; i) = 0.
If det W(A) # 0, then 6(W; p) is just the pole-multiplicity of W at p as defined in
Section 8.2.

The local degree enjoys a sublogarithmic property. To see this, let W7 and
W5 be rational m x m matrix functions, suppose W = W;Ws, and take A\g € C™.
Write

W) = > (A =xlWP, k=12,
j==p
for some positive integer p. Then W admits an expansion of the form (8.26) with
q = 2p. Although the definition of the local degree has been given in terms of
block Hankel matrices, it is now convenient to change to block Toeplitz matrices.
So we introduce

W, - W Wy
0 W, - Wi
Q = 7
L o 0o W,
r k k k) 7
wh W
k k
N o w w)
o = . k=172
(*)
L0 0 W

Then §(W; \o) = rankQ and 6(Wj; Ao) = rank €2, k = 1,2. Observe that{ can

be written as
=[5 8 ][5 e ][R a0 )

0 O
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where the *’s denote matrices that we do not need to specify explicitly. It follows
that rank Q < rank 1 + rank 5. In other words

5(W1W2;/\0) < 5(W1;>\0) +5(W2;/\0). (828)

Obviously, we also have 6(W;Wa;00) < 6(W7;00) + 6(Wa; 00).

The definitions and statements of the preceding two paragraphs also apply
to rational functions of which the values are operators on an arbitrary finite-
dimensional space Y. Indeed, if dimY = m, such functions can be identified with
rational m X m matrix functions.

The next result shows that the difference between the left- and right-hand
side in (8.28) is the same for the product W = W; W5 and for the product W—1 =
Wy "Wt In fact, the result holds for products of two or more factors.

Theorem 8.16. Let W1, ..., Wy and W be proper rational m X m matriz functions,
all having the value I, at infinity, and suppose that W(X\) = Wi(\)--- Wi(A).
Then, for each a € C,

k k
Zé(Wj;oz) —(W;a) = Zé(Wj_l;a) — (Wt a). (8.29)

j=1 j=1

Roughly speaking, this theorem says the following. The poles of W (pole-
multiplicities counted) are among the poles of Wy, ..., Wy, the zeros of W (zero-
multiplicities counted) are among the zeros of W1, ..., Wy, and the additional poles
in the factorization W = Wi - - - Wy, coincide with the additional zeros (again the
appropriate multiplicities counted).

Proof. For j =1,...,k, let W;(\) = L, + Cj(A — A;) "' B; be minimal realization
of W;. Define the matrices A, B and C by

_Al 316’2 Blck
0 AQ . .
A= 7 (8.30)
: ' By, _1Cy
0 0 A
B,
B
B=| %1, C=[C C - C].
By,

Then, as can be seen by a repeated application of Theorem 2.2,

W) =IL,+CA\—-A)"'B
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is a realization of W. The matrix A is block upper triangular while A* = A— BC,
being of the form

AL 0 0
—ByC; AN . :
A% = I : (8.31)
L . .
| By - —ByCry A |

is block lower triangular.

As an intermediate step, it is useful to fix some notation. If « is a complex
number and 7' is a square matrix, then my(«) will denote the algebraic multiplicity
of a as an eigenvalue of T" when « € o(T"), and mr(«) = 0 otherwise. We are now
prepared to make the connection with the poles and zeros of W.

Recall from the material on dilation of Section 7.3 that there exists an in-
vertible n x n matrix S such that S~ AS, S~!'B and CS have the form

A_ o« * *
STTAS=| 0 Ay x |, S'B=|By |, CS=[0 Co =],
0 0 A 0

where W(A) = I, + Co(A — Ag) "' Bg is a minimal realization of W. The block
matrix representation of S~'AS implies that the characteristic polynomial of A is
the product of the characteristic polynomials of A_, Ag and A, i.e.,

det(A — A) = det(A — A_)det(A — Ag) det(A — A).
Thus, for a a complex number,
ma(o) =ma_(a) +ma,(a) +ma, (o). (8.32)

From the block upper triangular form of A in (8.30) it is clear that

k
ma(a) = ZmAj ().
j=1

Also, as the realization of W involving Ay, By and Cj is minimal, ma,(«) =
(W), and likewise ma, (o) = 6(Wj; ), j =1,...,k (cf., Section 8.3). But then
(8.32) can be rewritten as

k
Z S(Wysa) —8(Wia) =ma_(a) +ma, (). (8.33)
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Turning to A*, we note that

k

myx (o) = Zmij ().
j=1
This is obvious from (8.31). Further, with Aj = Ay — BoCp, we have m () =
(W=t a). Now ST1AXS = S71AS — S~1BCS has the form

A % *
STIAXS = 0 A x
0 0 A

Hence max (o) = ma_(a) + m 4 (a) +ma, (), and it follows that

Zé(Wfl;oz) —5(Wha)=ma_(a) +ma,(a). (8.34)

Combining (8.33) and (8.34), we see that the left-hand side and the right-hand
side of (8.29) are both equal to ma_(a) + ma, (o). O

We shall be interested in factorizations W7 Wy such that
5(W1W2;/\0) = 5(W1;>\0) —|—5(WQ;>\0) (835)

regardless of the choice of Ay € CU{o0}. Such factorizations are called minimal. We
shall come back to this concept in the next chapter. To understand the meaning
of condition (8.35), we introduce the notion of local minimality of a system.

Let © = (A,B,C,D; X,Y) be a finite-dimensional system and \g € C. We
say that © is minimal at the point \g if

[ Ker CA'P = Ker P, \/ ImPA'B =Tm P, (8.36)
j=0 j=0

where P is the Riesz projection of A at A\g. Note that © is minimal at each point in
the resolvent set p(A) of A. If the external operator of © is the identity operator on
Y, then O is minimal at )¢ if and only if the projection prp(0) of © is a minimal
system.

For later purposes we present the following local version of Proposition 7.1.
Proposition 8.17. Let © = (A,B,C,D; X,Y) be a biproper finite-dimensional

system, and assume that A\g € C is not a common eigenvalue of A and A* =
A — BD™'C. Then © is minimal at the point \g.
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Proof. We already noted that © is minimal at each point in the resolvent set p(A)
of A. Thus we may assume that Ao is an eigenvalue of A but not of A*.

Put X; = Ker (C|A), and let Xy be some linear complement of X; in X.
Relative to the decomposition X = X; 4+ X, the operators A, B and C can be
written as block matrices

Al *
0 Ao

*

Bg

Coo=[0 G .

)

Here we used that X7 € Ker C' and that X is invariant under A. The *’s denote
operators that will not be specified any further. From the block matrix represen-
tations of A, B and C we see that

Al *
A =A—-BD'C = ;
0 Af
where, following our standard convention, Af = Ay — ByD~'Cy. Since )y an

eigenvalue of A but not of A*, we know that Ay is not an eigenvalue of A;y. It
follows that the Riesz projection P of A at Ao partitions as

0 R
0 B

)

where Py is the Riesz projection of Ag at Ag. The fact that P is a projection implies
that the operator R in the block matrix representation of P satisfies RPy = R.
Thus Ker P = X; 4+ Ker Py. Next, note that

CAP=[0 CoAR ], j=0,12,....

Since X; = Ker (C|A), we have Ker (Cy|Ag) = {0}. Using this in the previous
formula, we see that

(| KerCA'P = X, + () Ker CoA} Py = X1 + Ker Py = Ker P.
j=0 j=0

Thus the first identity in (8.36) is proved.

To prove the second identity in (8.36) put X2 = Im (A|B), and let X be some
linear complement of X5 in X. Note that X5 is invariant under A and contains
Im B. Hence relative to the decomposition X = X + X» the operators A, B and
C' can be written as block matrices
Ay 0

* A2

A= y CZ[* 02}

)
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As before %’ s denote operators that will not be specified any further. From these
block matrix representations it follows that

Ay 0
x  AS

A* = A—BD7'C =

)

with AS = Ay — ByD~ (5. Since A\ an eigenvalue of A but not of AX, we know
that A\ is not an eigenvalue of Ay. It follows that the Riesz projection P of A at
Ao partitions as

0 0
e R
where Ps is the Riesz projection of Ay at Ay and Q) = P»>@Q. It follows that
, 0
Im PA’B = Im ) , i=0,1,2,....
Py A} By
As X9 = Im (A2|Bs), we see that
\/ ImPA’B=\/Im 4 ={0} +Im P, = Im P.
=0 =0 P,Al By
This proves the second identity in (8.36). O

The connection between local minimality and local degree is expressed by
the following theorem.

Theorem 8.18. Let W be the transfer function of the finite-dimensional system
O =(A,B,C,D;X,Y), let \g € C, and let P be the Riesz projection of A at \.
Then 6(W; Ng) < rank P, equality occurring if and only if © is minimal at \g.

Proof. Write W in the form (8.26) and note that
W_; =CP(A— X\)’'B, j=1,2,....
Here W_; =0 for j =q+1,¢+2,.... It follows that
col (C(ho — A1) Prow ((ho — A)T/B)]_| = 9, (8.37)

where Q is as in (8.27). From this and the definition of 6(Wi;Ag) we conclude
0(W; Np) < rank P. We may assume that ¢ is larger than or equal to the degree of
the minimal polynomial of A. In that case one has that © is minimal at \g if and
only if the rank of the operator

col (CA'1)1_, Prow (A7 B)?_, (8.38)

is equal to the rank of P. Moreover, the operator appearing in the left-hand side
of (8.37) has the same rank as the operator (8.38). Hence © is minimal at \¢ if
and only 0(W; \g) = rank P. O
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Suppose ©; and ©, are systems with the same input/output space. Let
Ao € C. If the product ©105 is minimal at A\g, then so are the factors ©1 and ©s.
The converse of this is not true. In the next theorem we present a necessary and
sufficient condition for ©105 to be minimal at \g. Part of the condition involves
the logarithmic property of the local degree; cf., formula (8.28).

Theorem 8.19. For j=1,2, let W; be the transfer function of the finite-dimensional
system O; = (A;,B;j,C;,D;;X;,Y), and let \g € C. Then ©104 is minimal at Ao
if and only if ©1 and O9 are minimal at Ny and, in addition,

5(W1W2;)\0) = 5(W1;>\0) +5(W2;)\0). (839)

Proof. Recall that ©10, = (A, B,C, D; X1 + X5,Y), where A, B, C, and D are
given by

Al Bng
0 Ay

B,

, C=[C1 Cy], D=DD,.
By

)

Let P, P, and P, be the Riesz projections of A, A; and As at \g, respectively.
Then, for a sufficiently small circle I' around )\, we have
1

P, — (/\—Al)_lBlcQ(/\—AQ)_l d\
P= 271 r

0 P

Let @ be the operator given by the integral in the right upper corner of the block
matrix for P. Since P? = P, we have Q = P,Q + QP. It follows that

I Q1P 0 I Q
— , (8.40)
0 I 0 P 0 I
But then
rank P = rank P, + rank P, (8.41)

because the first and the last factor in the right-hand side of (8.40) are invertible.
Suppose now that ©; and ©2 are minimal at Ao and that (8.39) is satisfied.
Then 6(W1;Ao) = rank Py and 0(Wa; A\g) = rank P, by Theorem 8.18. Together
with the above identity and (8.41) this gives rank P = §(W;Wa; \o). By applying
Theorem 8.18 again, we arrive at the conclusion that ©105 is minimal at Ag.

Conversely, assume that ©105 is minimal at A\g. Combining Theorem 8.18
and formulas (8.28) and (8.41), we get

rank P = 6(W1Wa; Ao)

IN

(W15 o) + 0(Wa; Ao)

IN

rank P; +rank P, = rank P.



8.4. Local degree and local minimality 155

Since the first and last quantity in this expression are the same, all the inequalities
are in fact equalities. In particular, we have (8.39). Moreover, it is clear from
Theorem 8.18 that §(WW7; \g) = rank Py and §(Wa; \g) = rank Ps. So, by the same
theorem, ©; and ©5 are minimal at Ag. O

If © is a minimal system, then clearly © is minimal at each point of C. The
converse of this is also true.

Theorem 8.20. Let © = (A,B,C,D;X.,Y) be a finite-dimensional system, and
suppose that © is minimal at each eigenvalue of A. Then © is a minimal system.

Proof. Let A be an eigenvalue of A, and let P be the corresponding Riesz projec-
tion. In view of (8.36), we have

P~ [Ker (C|A)] = Ker P, P[Im (A|B)] = Im P.

Observe that Ker (C|A) and Im (A|B) are invariant subspaces for A. Since X is
finite-dimensional, it follows that they are invariant for P too. Hence

Ker (C]A) ¢ P~ '[Ker (C|A)] = Ker P

ImP = P[Im(A|B)] C Im(A|B).

If A has just a single eigenvalue Ker P is the zero space, and Im P = X, so in
this case © is minimal. If A has more than one eigenvalue the intersections of the
kernels of the corresponding Riesz projections is zero, proving that © is observable.
Also, the direct sum of the images of the corresponding Riesz projections is the
whole state space X, proving that © is controllable. Hence © is minimal. O

Let © = (A,B,C,D; X,Y) be a finite-dimensional system and Ay € C. De-
note the Riesz projection of A at Ao by P. Then for k sufficiently large Im P =
Ker (A\g — A)* and Ker P = Im (\¢g — A)*. Using this one easily verifies that © is
minimal at the point A\g if and only if the operators

C

X — Y+X, [)\O—A B}:X—'&—Y—>X
Ao — A

are injective and surjective, respectively. Applying now the preceding theorem we
obtain the so-called Hautus test for minimality: The system © is minimal if and
only if

C

rank[ 1:rank[/\—A B}:dimX

for each eigenvalue \ of A.

Let W be as in (8.26), and let ¢ be a C™-valued function which is analytic at
Ao and such that ¢(Ag) = 0. We call ¢ a co-pole function of W at Ao if W(A)p(N)
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is analytic at A\g and y = limy_,», W(A)@(\) is nonzero. Note that in this case the
vector y is a pole vector of W at \g (see Section 8.2). Furthermore, if det W(\) £ 0
in a neighborhood of Ag, then the function 1, given by (X)) = W(A)p(A), is a
root function of W1 at Ag. A root function of W= at Ao is also referred to as
a pole function of W at Ag; see [8], page 67. The next proposition shows how
co-pole functions of W at Ay are related to Jordan chains of the main operator in
a realization for W which is minimal at \g.

Proposition 8.21. Let W be the transfer function of the finite-dimensional system
© = (A,B,C,D; X,C™), and let Ao be an eigenvalue of A. Assume © is minimal
at Ng. Let k> 1, and let

PN = (A= 20) ek + (A = 20) T rpr + -

be a co-pole function of W at A\g. Put

zj =Y P(A— )77 By, j=0,... k-1, (8.42)
i=k
where P is the Riesz projection of A corresponding to Ag. Then g, ..., xx—1 is a

Jordan chain of A at Ao, that is, xg # 0 and
(A — )\o)xo = 07 (A - /\o)rl‘k_l = Tk—1—7r, r = 0, vy k—1. (8.43)

Moreover, each Jordan chain of A at Ay is obtained in this way. Finally, if the
chain (8.42) is maximal, that is, vr—1 & Im (A — No), then ¢ # 0.

Proof. Since ¢ is a co-pole function of W at Ao, we know that
D Woiipi=0,  j=12,.... (8.44)
i=k

Here W_; is the coefficient of (A — Xg)™7 in the Laurent expansion of W at \¢.
Observe that only a finite number of the terms in (8.44) are nonzero. Since W is
the transfer function of the system ©, we have

W_;=CP(A- X))’ 'B, j=12,.... (8.45)

Using that P and A — Ao commute we see that

CA=X)'mg = Y C(A=X) P(A—Xo)"'By;
i=k

= Z CP(A - /\0)i+r71B<pi
i=k

= ZW,(Z-JFT)QOZ', r=1,2,....
i=k
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We conclude that (A — Ag)zg € Ker (C|A). By definition, z¢p € Im P, and thus

(A= Xo)zo € Im P. It follows that (A — Xg)zg € Ker (Clim p, Almm p), and the fact

that © is minimal at A\g yields (A — X\p)zo = 0. This proves the first part of (8.43).
To prove the second part of (8.43), we note that for 1 < j < k we have

(A — /\o)Ij = ZP(A — Ao)i_(j_l)_l(pi =xj-1-

i=k
Thus (A — X\o)"@k—1 = Tk—1—r for r =0,...,k — 1. From (8.42) we also see that
Tk—1 — B(pk = Z P(A — Ao)i_kB(pi € Im (A - /\0)
i=k+1
Thus x;—1 ¢ Im (A — \g) implies By # 0, and hence ¢y, # 0.

To deal with the converse statement, let xg,...,xr_1 be a Jordan chain of A
at \g. In particular, the vectors xg,...,zr_1 belong to Im P. Since © is minimal
at Ao, we have Im (Al p, PB) = Im P, and hence there exists ¢k, @gi+1,... in
C™, with only a finite number ¢;’s being nonzero, such that

Tp—1 = Z P(A—=X0) " (8.46)
i=k

Put p(\) = Z;’ik(A — Xo)¢;. Using (8.45) it follows that for j = 0,1,2,... we
have

i W_i_ip; = i CP(A— X))’ By,
i=k i=k

= CP(A—= )" 1> P(A- X)) "By
i=k

= CP(A — )\0)j+k71xk,1.

Since zg, ..., xy1 is a Jordan chain of A at Ao, we conclude that
e Ox(h .] = 07
Z W_j_igOZ' = (847)
ik 0, j=1,2,....

Thus W(A)p(A) is analytic at Ag, and limy_,x, W(X)p(X) = Cxo. To prove that
p is a co-pole function of W at A, it remains to show that Czy # 0. Assume
not, i.e., Cxg = 0. Since (A — o)z = 0 and ¢ € Im P, it follows that z¢ is in
Ker (Clm p, Alim ). Using again the minimality of © at \g, this yields zo = 0.
But zg,...,xx_1 is a Jordan chain of A at Ay, and thus zy # 0 by definition.
Therefore, Czy # 0.

Finally, since xq,...,z;r_1 is a Jordan chain of A at Ay and x;_; is given by
(8.46) it is clear that (8.42) holds. O
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Let W(X\) = D + C(A — A)~1B. Given a Jordan chain z,...,zx_1 of A at
Ao, any co-pole function (\) = Z;’ik(A — o) p; satisfying (8.42) will be called a
co-pole function corresponding to the Jordan chain xg,...,xk—1. Using (8.42) and
(8.45) it is clear that in this case Cz; (j =0,...,k —1) is precisely the coefficient
of (A= Xg)" in the Taylor expansion of W (X)¢(A) at Ag. This yields the following
corollary.

Corollary 8.22. Let W be the transfer function of the finite-dimensional system
© = (A,B,C,D; X,C™), and assume det W(X) £ 0. Let Ao be an eigenvalue of
A, and assume © is minimal at No. If xo,...,xx—1 s a Jordan chain of A at
Mo, then Cxo, . ..,Cxi_1 is a Jordan chain of W~ at \g, and each Jordan chain
of W1 at \o is obtained in this way. Furthermore, C maps Ker (A\g — A) in a
one-to-one way onto Pol (W; \g).

Proof. Let xg,...,xr_1 be a Jordan chain of A at \g. Let ¢ be a corresponding
co-pole function. Put ¢(A) = W(A)p(A), and for j = 0,...,k — 1 let y; be the
coefficient of (A — \g)? in the Taylor expansion of ¥ at Ag. From the remark
made in the paragraph preceding this proposition we know that y; = Cz; for
j=0,...,k—1. As ¢ is a co-pole function, 7 is analytic at Ao, the vector (o)

is nonzero, and
1

. —1
i, gy V) =0
Thus we know from Propositions 8.1 and 8.2 that 1) is a root function of W~ at
Mo of order at least k. This implies that vo ..., yx—1 is a Jordan chain of W~ at
Xo. Thus Cxo, ...,Cxp_1 is a Jordan chain of W~ at \.
Conversely, assume o . . ., yx—1 is a Jordan chain of W~' at \g. Then there
exists a root function 1 of W1 at )\ of order at least k such that

P = yo+ A=)y + -+ A= X0) " ypor -

Define () = W(A)"19(\). Then ¢ is analytic at Ao, has a zero of order at least
k at Ao, and W (A\)p(A) = (A). Thus ¢ is a co-pole function. Let g, ..., zx_1 be
the vectors defined by ¢ via formula (8.42). Then by Proposition 8.21, the vectors
xo,--.,Tk—1 form a Jordan chain of A at \g, and ¢ is a corresponding co-pole
function. Moreover, we have Cz; = y; for j =0,...,k—1.

Next we prove the final statement. First, let us recall from Lemma 8.8 that
Pol (W; \g) = Ker (W~1;\g). Thus it suffices to prove that C maps the space
Ker (Ao — A) in a one-to-one way onto Ker (W ~1; \g). By specifying the results
obtained so far for k = 1 we see that C[Ker (A\g — A)] = Ker (W~1; ). Hence
it remains to show that C' is one-to-one on Ker (Ao — A). To do this, take z¢ €
Ker (A\g — A), and assume that Cxg = 0. Then CAzg = X Czy = 0 for each
7 =0,1,2.... But the system © is minimal at Ay, and x¢ € Im P, where P is the
Riesz projection of A at A\g. Note that Pzy = x¢. But then the first identity in
(8.36) shows that Pxzy = xp € Ker P. This can only happen when zy = 0. Thus C
is one-to-one on Ker (Ag — A). O
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Let W be a proper rational m x m matrix function with realization
W) =D+C\—A)"'B. (8.48)

Fix Ao € C. As before, ma(\g) denotes the algebraic multiplicity of Ay as an
eigenvalue of A and ma(Ag) = 0 when Ag is not an eigenvalue of A. Note that
always ma(Ao) > 6(W; o), and we have ma(Ng) = 6(W; N\g) if and only if the
realization (8.48) is minimal at g (see Theorem 8.18). Now let \g be a pole of W
in (8.48). Then necessarily Ao is an eigenvalue of A, and the order of Ay as a pole
of W does not exceed the order of Ay as pole of (A — A)~1. When the latter two
numbers are equal, we say that the realization (8.48) is pole order preserving at
Xo- The phrase “the realization (8.48) is pole order preserving at Ay” will also be
used when ) is neither a pole of W nor a pole of (A — A)~L.

Proposition 8.23. Let W be a proper rational m X m matriz function with real-
ization (8.48), and let Ao be a pole of W. Then the realization (8.48) is minimal
at \o if and only Ao is an eigenvalue of A and the partial multiplicities of Ao as
a pole of W coincide with the partial multiplicities of Ao as an eigenvalue of A.
Moreover, in that case, the realization (8.48) is pole order preserving at \g.

Proof. If the realization (8.48) is minimal at Ao, then we know from Corollary 8.22
(cf., Theorem 8.6) that the partial multiplicities of A as a pole of W coincide with
the partial multiplicities of A\g as an eigenvalue of A.

For the converse, recall that 6(W;\g) is equal to the sum of the partial
multiplicities of Ay as a pole of W (see the first paragraph of Section 8.4; also
Proposition 8.11). On the other hand, the sum of the partial multiplicities of Ay
as an eigenvalue of A is equal to the algebraic multiplicity ma(Ag) of Ao as an
eigenvalue of A. Thus, if the partial multiplicities of Ay as a pole of W and as an
eigenvalue of A coincide, then §(W;\g) = ma(No), and hence the realization is
minimal at A\g. Since the order of \g as pole of W is equal to the largest partial
multiplicity of \g as a pole of W and the order of A as pole of (A — A)~! is equal
to the largest partial multiplicity of Ay as an eigenvalue of A, the final statement
is trivially true. O

Corollary 8.24. Let W be a proper rational m x m matrix function with realization
(8.48), and let Ao be an eigenvalue of A of geometric multiplicity one. Then the
realization (8.48) is minimal at Ao if and only if the realization (8.48) is pole order
preserving at Ag.

Proof. Since Ag is an eigenvalue of A of geometric multiplicity one, we have
dim Ker (A\g — A) = 1 and m4(\o) is equal to the order of \g as pole of (A — A)~L.

Assume the realization (8.48) is minimal at Ag. Then dimPol (IW;\g) =
dimKer (A9 — A), and hence the geometric multiplicity of Ay as a pole of W is
equal to one. It follows (Corollary 8.10 above) that the order of A\g as a pole of W
is equal to the pole-multiplicity, which in turn is equal to 6(W; \g). By minimality,
d(W;Xo) = ma(Xo). We conclude that the order Ao as a pole of W is equal to the
order of \g as a pole of (A — A)~L.
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To prove the converse implication, assume the realization (8.48) is pole order
preserving at \g. Since \g is an eigenvalue of A, the function (A — A)~! has a pole
at A\g. Our pole order preserving assumption implies that A\g as a pole of W and the
orders of \g as a pole of W and as a pole of (A— A)~! coincide. By the result of the
first paragraph, the order of \g as a pole of (A — A)~! is equal to m4(\o). Recall
from Theorem 8.18 that ma(Xo) > §(W; Ag). On the other hand it is clear from
the definition given in the first paragraph of the present section that the order of
Mo as a pole of W does not exceed §(W; o). Hence 6(W; Ng) > ma(Ag), and it
follows that §(WW; Ag) and ma(\g) coincide. But then the realization is minimal at
Ao by Theorem 8.18. g

By applying the previous corollary to each eigenvalue of the state matrix A
we get the following result.

Corollary 8.25. Let W be a proper rational m x m matrix function with realization
(8.48), and assume A is nonderogatory. Then the realization (8.48) is minimal if
and only if it is pole order preserving at each eigenvalue of A.

8.5 McMillan degree and minimality of systems

Let W be a rational m x m matrix function. Recall that the local degree §(W; \)
of W at X vanishes if and only if W is analytic at A. Therefore it makes sense to
put

SW)y="> (W)

A€ Cu{oo}

This number is known in the literature as the McMillan degree of W. It plays an
important role in network theory. Of course the definition applies to any rational
operator function of which the values act on a finite-dimensional space. A change
of parameter involving a Mobius transformation does not affect the McMillan
degree. Therefore we concentrate on the case when W is analytic at co. The next
theorem is an immediate consequence of Theorems 8.18 and 8.20.

Theorem 8.26. Let W be the transfer function of the finite-dimensional system O,
and let X be the state space of ©. Then 6(W) < dim X, equality occurring if and
only if © is minimal.

Let W be analytic at co. From Theorem 7.6 it is clear that the minimal real-
izations for W are just the realizations with smallest possible state space dimen-
sion. Theorem 8.26 adds to this that the smallest possible state space dimension
is equal to the McMillan degree of W.

Suppose W () is invertible for some A € C U {oo}. Then W~ is also a
rational m x m matrix function. We claim that

SW)y=6(Wh. (8.49)
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To see this, we may assume that W is analytic at co and W (oo) invertible. Other-
wise we apply a suitable Mobius transformation. Let © = (A, B, C, D; X,C™) be a
minimal system of which the transfer function coincides with W. Since D = W (00),
we have that D is invertible. But then ©* is well defined and its transfer func-
tion is W1, The minimality of © implies that of ©*. Formula (8.49) is now an
immediate consequence of Theorem 8.26.

As a second application of Theorem 8.26, we deduce another description of
the McMillan degree for the case when W is analytic at co. Let

1 1
_D1+_

D1t g Da ke

W) = D+
be the Laurent expansion of W at oo, and let H,, be the block Hankel matrix
given by

Hy = [Diyj1]
Then, for m sufficiently large, we have §(W) = rank H,,. To prove this, choose a
minimal system © = (A, B, C, D; X,C™) of which the transfer function coincides
with W. Then

ij=1"

D; = CAT™'B, j=1,2,....

Hence H,, = col (CA7~')7L, row (A7"'B)7.,. As © is minimal, we see that for m
sufficiently large rank H,, = dim X. But dim X = 6(W) by Theorem 8.26, and the
proof is complete.

From (8.28) we know that J has the sublogarithmic property, that is

The next theorem is the global analogue of Theorem 8.19; it is one of the main
tools for studying minimal factorizations (see the next chapter).

Theorem 8.27. For j=1,2, let W} be the transfer function of the finite-dimensional
system ©; = (A;, Bj,C;,D;; X;,Y). Then ©,04 is minimal if and only if ©1 and
©2 are minimal and §(W1Ws) = §(W1) + 6(Wa).

Proof. Combine the results of Section 8.4. 0

Notes

The results in the first two sections are taken from [74]. For analytic matrix func-
tions the results of the first section can also be found in the Appendix of [56].
Section 8.3 is based on Section 2.1 in [14]. For earlier material related to Theo-
rem 8.15 see [39], the references therein, and [104]. Sections 8.4 and 8.5 are based
on Sections 4.1 and 4.2 in [14]. Theorem 8.16 and the final part of Section 8.4
(starting from Proposition 8.21) are new.






Chapter 9

Minimal Factorization of
Rational Matrix Functions

In this chapter the notion of minimal factorization of rational matrix functions,
which has its origin in mathematical system theory, is introduced and analyzed.
In Section 9.1 minimal factorizations are identified as those factorizations that
do not admit pole zero cancellation. Canonical factorization is an example of
minimal factorization but the converse is not true. In Section 9.2 we use minimal
factorization to extend the notion of canonical factorization to rational matrix
functions that are allowed to have poles and zeros on the curve. In Section 9.3 (the
final section of this chapter) the concept of a supporting projection is extended
to finite-dimensional systems that are not necessarily biproper. This allows us to
prove one of the main theorems of the first section also for proper rational matrix
functions of which the value at infinity is singular.

9.1 Minimal factorization
Let W, W7 and W5 be rational n x n matrix functions, and assume that

W(A) = Wi (A\)Wa(N). (9.1)
Then we know from Section 8.5 that 6(W) < §(W7) + §(Ws). The factorization
(9.1) is called minimal if 6(W) = §(W1) + 6(W2). An equivalent requirement is
that this equality holds pointwise

W5 A) = 0(Wis A) + 0(Wa; A), A € CU {oc}. (9.2)

Minimal factorizations are important in network theory (see [113] and the refer-
ences therein).
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Applying, if necessary, a suitable M&bius transformation, we may assume that
W is analytic at co. But then, if (9.1) is a minimal factorization, the factors W
and W5 are analytic at oo too. Indeed, from 0 = §(W;00) = §(W7;00) + 6(Wa; 00)
it follows that §(W1;00) = 6(Wa;00) = 0. In view of this we shall concentrate on
the case when the rational matrix functions are analytic at co. In other words we
assume that they appear as transfer functions of finite-dimensional systems.

For such functions there is an alternative way of defining the notion of a
minimal factorization. The definition is suggested by Theorem 8.27 and reads as
follows: The factorization (9.1) is minimal if (and only if) from ©; and ©3 being
minimal realizations for W7 and W, respectively, it follows that ©,05 is a minimal
realization for W.

It is of interest to note that this alternative definition makes sense in a more
general context. One just has to specify a suitable class of systems together with
the corresponding transfer functions. For the Livsic-Brodskii characteristic oper-
ator function this leads to the concept of a factorization into regular factors. For
details, see [30] Section I.5. One could also consider Krein systems and the corre-
sponding transfer functions. However, for such systems biminimality rather than
minimality seems to be the natural property. As a final special case we mention
the class of transfer functions of monic systems with given fixed (possibly infinite-
dimensional) input/output space Y. This class coincides with that of the inverses
of monic operator polynomials having as coefficients bounded linear operators on
Y. Recall that monic systems are always minimal. So in this context every factor-
ization is minimal. For the finite-dimensional case this can also be seen directly
from the behavior of the McMillan degree. The argument may then be based on
the fact that the McMillan degrees of a function and its inverse coincide and the
observation that if L is a monic n x n matrix polynomial, then §(L) = §(L; c0) = nl
where ¢ is the degree of L.

Now let us return to the study of minimal factorizations of rational matrix
functions. So suppose W, W7 and Ws are rational m X m matrix functions. In
the remainder of this section we shall always suppose that det W(\) # 0. This
implies the existence of a scalar a € C such that W (a) is invertible. Put W()\) =
W(a)"*W(A~! + a). Then W(oo) = I,,. There is a one-to-one correspondence
between the (minimal) factorizations of W and those of W. Therefore there is no
loss of generality in assuming that W (oo) = I,;,.

Suppose W(oo) = I,,. We are interested in the minimal factorizations of
W. We claim that it suffices to consider only those factorizations (9.1) for which
Wi(o0) = Wa(oo) = Ip,. To make this claim more precise, assume that (9.1)
is a minimal factorization of W. Then W; and W5 are analytic at oo, and we
have W1 (0c0)Wa(o0) = I,. So Wi(oo) and Wh(oo) are each others inverse. By
multiplying Wi from the right with Ws(oo) and Wy from the left by Wi (c0), we
obtain a minimal factorization of W of which the factors have the value I,,, at co.

These considerations justify the fact that in this section, from now on, without
further notice, we only deal with rational matriz functions that are analytic at
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oo with value the identity matriz. In other words the rational matrix functions
considered below appear as transfer functions of unital finite-dimensional systems.

Intuitively, formula (9.2) means that in the product W7 W pole-zero cancel-
lations do not occur. The following theorem makes this statement more precise.
Recall that AT stands for the transpose of the matrix A. The meaning of the
symbols Ker (W;\) and Pol (W;\) has been explained in Sections 8.1 and 8.2,
respectively.

Theorem 9.1. The factorization W = W1Ws is a minimal factorization if and only
if for each A in C we have

(i) Ker (Wy; ) NPol (Wa; \) = {0},
(i) Pol (W,"; A) N Ker (W5 ;\) = {0}.

To prove this theorem we need the following lemma.

Lemma 9.2. Let W be the transfer function of the unital minimal system © =
(A, B,C;C™ C™). Then C maps Ker (A—\) in a one-one manner onto Pol (W; \).

Proof. Using a similarity transformation we may assume without loss of generality
that A= J, B= Rand C = @, where J, R and @) are the operators constructed in
Theorem 8.12. But for the minimal system (J, R, Q; C™,C™) the lemma is trivial.

O

Let W and © be as in the preceding lemma, and apply this lemma to the
associate system ©*. Then one sees that C' maps Ker (A* —\) in a one-one manner
onto Ker (W; \g).

Proof of Theorem 9.1. Let
01 = (41, B1,C1;C",C™), Oy = (Ag, By, C;C™2,C™)
be minimal realizations for Wy and W, respectively, and write
0 =(4,B,C;C" + C",C™)
for the product ©,05. So

Ay Bi1Cy
0 As

A:

Fix k£ > 1. By induction one proves that

AT, kol , ,
Ak = e Te= > AT B AL
0 A3 =0
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It follows that C A% = [ C’lA’f Zy, ]7 where

k—1
Zy = CLAE +>  C1AY T BICy AL (9.3)

j=0
Again employing induction one shows that

j—1
C1A] = Ci(AY) + ) CiAY)Y BG4, j=1.2,.... (9.4)

=0
Using this in (9.3) one obtains

k—1
Z = CoAS +>  Ci(A) 1 By Z;. (9.5)

Jj=0

As CAF = [ C1 A} Z |, we see from (9.4) and (9.5) that

r I 0 0 -~ 077 ¢ 7
—C1 B, I 0 : CA
—C’lAi(Bl —C1B, 1 : CA?

: : - . 0 :
| —CL(AN)RIBy —Cy(AF)* 2By - —CyBy 1| | CAF |
S o
CLAY Oy,

= | Ci(A])? Ca(Ay)?

L Ci(A])F Ca(Ag) |
In particular,
[ KerCA? = (Ker [ C1(A}) Ca(Az) ]. (9.6)
j=0 §=0

Using (9.6) we shall prove that the system © is observable if and only if
Ker (W7;A) NPol (Wa; A) = {0} for each A € C. First, assume

0 ,7é 7o € Ker (WI;)\O) N Pol (WQ;)\()). (97)
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Note that Ker (Wy;\g) = Pol (W, % \g). So applying Lemma 9.2 to O} and O,
we see that there exist 27 € Ker (A — A\g) and z2 € Ker (Ay — )g) such that
Crxy = Coxe = yg. As yg # 0, we have z1, x5 # 0. Furthermore,

Cl(Ai()jxl = )\'(]Jyo = Cg(Ag)jl'g, j = 07 1,27. e

But then we can use (9.6) to show that

Tro —
29
is a nonzero element in Ker (C|A), and it follows that © is not observable.
Next, assume that © is not observable. Applying (9.6) we conclude that the
space K = (2, Ker [C1(AY) C3(A2)7] is non-trivial. By [54] Lemma 2.2 (see
also [55], Theorem 9.1) we have

K:{l_;;llhcleM}

where M is a non-trivial Aj‘-invariant subspace of C"* and S : M — C" is a
linear map such that

Cy|p = CsS, S(AY |m) = A2S. (9.8)

Since M is non-trivial, the operator A} has an eigenvector, z; say, in M. Let Ao
be the corresponding eigenvalue. Put zo = Sz; and yo = Ciz7. Employing (9.8),
we see that Asxrs = Agxs and yg = Caxs. But then, we can apply Lemma 9.7 to
both O] and ©3 to show that

0 7 yo € Pol (W15 Xg) N Pol (Wa; Ao).

As Pol (W15 \g) = Ker (Wy; \g), we obtain (9.7). So we have proved that © is
observable if and only if condition (i) is satisfied for each A € C.

To finish the proof, observe that © is controllable if and only if @7 =
(AT, CT,BT;C" C™) is observable. Since W T = W, W', we see from the first
part of the proof that ©T is observable if and only if

Ker (W, ;\) N Pol (W ;\) = {0}, XeC.

In other words © is controllable if and only if condition (ii) is satisfied for each
A € C. This completes the proof O

From Theorem 9.1 it follows that canonical factorization is a special case of
minimal factorization. Indeed, if W(X) = W_ (X)W, () is a canonical factorization
of an m x m rational matrix function, then W, has its pole and zeros in the open
lower half-plane and W_ has its pole and zeros in the open upper half-plane. Hence
there is no pole-zero cancellation between the factors W, and W_, and thus the
factorization is minimal.
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We now come to the main theorem of this section. It gives a complete de-
scription of minimal factorizations in terms of supporting projections (see Section
2.4) of minimal systems.

Theorem 9.3. Let the unital system © be a minimal realization of the rational
m X m matrix function W.

(i) IfII is a supporting projection for ©, Wy is the transfer function of pr ;_(0©)
and Wy is the transfer function of pr(©), then W = W1Ws is a minimal
factorization of W.

(ii) If W = W1iWs is a minimal factorization of W, then there exists a unique
supporting projection 11 for the system © such that W1 and Wy are the trans-
fer functions of pr ;_1(0) and pr(0), respectively.

Proof. Let II be a supporting projection for ©. Then

© = pr;_n(O©)prn(O).

Since © is minimal, it follows that pr;_;(©) and pr;(©) are minimal. But then
one can apply Theorems 2.2 and 8.27 to show that W = W;W5 is a minimal
factorization. This proves (i).

Next assume that W = W31W5 is a minimal factorization. For i = 1,2, let
©; be a minimal realization of W; with state space C™. Here n; = 0(W;) is the
McMillan degree of W; (see Theorem 8.26). By Theorem 8.27 the product ©104
is minimal. Note that ©105 is a realization for W. Hence ©105 and © are similar,
say with system similarity S : C+C" — C", where n = ny + ny = §(W).
Let II be the projection of C™ along S[C™] onto S[C"2]. Then II is a supporting
projection for ©. Moreover pr;_(©) is similar to ©; and pr(©) is similar to
O,. It remains to prove the unicity of II.

Suppose P is another supporting projection of © such that pr;_p(©) and
pr p(©) are realizations of Wy and W, respectively. Then pr;_p(©) and pr p(O)
are minimal again. Hence pr;_;(©) and pr;_p(0) are similar, say with system
similarity U : KerIl — Ker P, and pr(0) and pr p(©) are similar, say with
system similarity V : ImII — Im P. Define T on C? by

U 0
0

T = :Kerll+ImII — Ker P+ Im P.

Then T is a system similarity between © and itself. Since © is minimal it follows
that 7" is the identity operatory on C™. But then II = P, as desired. 0

Theorem 9.3 may be viewed as an analogue of Theorem 5.4 and Theorem 5.6
in [30], where the one-one correspondence between regular divisors of the Livsic-
Brodskii characteristic operator function and the left divisors of a simple Brodskii
system is described. The one-one correspondence between the supporting sub-
spaces of a monic system © and the right divisors of L = Wg ! (cf., Subsection 3.4
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and the references given there) is the variant of Theorem 9.3 for monic operator
polynomials.

We conclude this section with an example that will be useful in later chapters.
Let n be an integer, n > 2, and consider the rational 2 x 2 matrix function

1
1 -

W) = AT (9.9)
0 1

We shall show that this rational matrix function does not admit any non-trivial
minimal factorization.

Note that W is proper and has only one pole, namely at zero. Using the
definition of the local degree (see Section 8.4) we see that the local degree of W
at zero is equal to n. It follows that McMillan degree of W is equal to n too.
Next, consider the following matrices (which have sizes n x n, n x 2 and 2 X n,
respectively):

01 0 0
0 1 00

o _[1 00 0

A= B O 0 0 0 0
1 0 0
0 0 1

The empty spots in the matrix for A stand for zero entries. It is straightforward
to check the system © = (A, B, C, I;C",C?) is a realization of W. Since §(W)
is equal to the order of A, it follows that this realization is minimal, by Theorem
8.26. Now observe BC' = 0, and so the matrices A and A* coincide. From the
special form of A it follows that the non-trivial invariant subspaces are the space
M; =span{ei,...,e;}, j=1,...,n, where eq,..., e, is the standard basis of C".
Since A and A* have the same invariant subspaces, the only supporting projections
for © are the zero operator and the identity operator on C". Hence, by Theorem
9.3, the matrix function W has no non-trivial minimal factorization.

9.2 Pseudo-canonical factorization

Let I" be a Cauchy contour in C. Denote by F the interior domain of I'; and by
F_ the exterior domain of I'. As usual, if T" is the closure of the real line F'. is
the open upper half-plane, and F_ is the open lower half-plane, while if T" is the
closure of the imaginary line, Fy is the open left half-plane and F_ is the open
right half-plane.

Let W be an m X m rational matrix function, analytic on an open neighbor-
hood of I" and at infinity, and having invertible values on I' and at infinity. By a
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right pseudo-canonical factorization of W with respect to I' we mean a factoriza-
tion

W(A) = W_o( MWL (N, rel, (9.10)
where W_ and W, are rational m x m matrix functions such that W_ has no
poles and zeros in F_, W, has no poles and zeros in F, and the factorization
(9.10) is locally minimal at each point of T'. If in (9.10) the factors W_ and Wy
are interchanged, we speak of a left pseudo-canonical factorization.

Observe the differences with a right canonical factorization of W. In that case
W has no poles and zeros on I', while in the case of pseudo-canonical factorization
it is allowed that W has poles and zeros on I'. Further, in a canonical factorization
the factors are required to have no poles and zeros on I' as well. If W has no poles
and zeros on I', then a pseudo-canonical factorization is a canonical factorization
because of the minimality condition: it follows from this condition that the factors
will not have poles and zeros on I either.

Also observe that since W_ has no poles and zeros in F_, and W, has no
poles and zeros in F, the factorization (9.10) is minimal at each point in F_,
as well as at each point of Fly. Hence the condition that the factorization (9.10)
is locally minimal at each point of I' can be replaced by the condition that the
factorization is minimal.

The following theorem describes all right pseudo-canonical factorizations of
W in terms of a minimal realization of W.

Theorem 9.4. Let W(\) = D + C(\,, — A)~'B be the transfer function of the
minimal system © = (A, B,C, D;C",C™), and let T be a Cauchy contour. Let D =
D1 Do, with Dy and D+ square matrices. Then there is a one-to-one correspondence
between the right pseudo-canonical factorizations W = W_W. of W with respect
to T with W_(o0) = D1 and Wy (c0) = Dao, and the set of pairs of subspaces
(M, M*) with the following properties

(i) M is an A-invariant subspace such that the restriction Alpyr of A to M has
no eigenvalues in F_, and M contains the span of all eigenvectors and gen-
eralized eigenvectors of A corresponding to eigenvalues in F,

(ii) M* is an A*-invariant subspace such that the restriction A*|yr< of A* to
M™>* has no eigenvalues in Fy, and M* contains the span of all eigenvectors
and generalized eigenvectors of A* corresponding to eigenvalues in F_,

(iii) M+M* =Cn.

The correspondence is as follows: given a pair of subspaces (M, M*) with the
properties (1), (i) and (iii), a right pseudo-canonical factorization of W with respect
to T is given by W(X\) = W_(ANWi (), where

W_(\) = Dy +C\—A)~Y(I-1)BD;*', (9.11)
Wi(\) = Dy+D{'TI(A—A)"'B, (9.12)

where 11 is the projection along M onto M*.
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Conversely, given a right pseudo-canonical factorization of W with respect to
I and with W_(o0) = Dy, W4 (00) = Da, there exists a unique pair of subspaces
M and M* with the properties (i), (ii) and (iii) above, such that the factors W_
and Wy are given by (9.11) and (9.12), respectively.

Observe that in general a pair of subspaces M, M* for which (i), (ii) and
(iii) hold need not be unique. Consequently, also pseudo-canonical factorizations
need not be essentially unique. An example of this phenomenon will be given after
the proof.

In comparison with the main theorem on canonical factorization (Theorem
6.1) we restrict attention here to minimal systems. This condition may be relaxed
to systems that are locally minimal at each point of I'; the same result holds for
such systems. For details we refer to Theorem 3.1 in [103].

Proof. First assume that M and M * are subspaces with the properties (i), (ii) and
(iii), and denote by II the projection onto M* along M. Define W_ and W, by
(9.11) and (9.12). Then the factorization W = W_W,. is a minimal factorization
because of (iii) and Theorem 9.3, and the factorization is a right pseudo-canonical
factorization because of (i) and (ii). Indeed, the poles of W_ are the eigenvalues of
(I —II)A(I —1II), while the zeros of W_ are the eigenvalues of (I —II)A* (I —1II).
So, the poles of W_ are in F} UT', and the zeros of W_ are in the same set.
Likewise, the poles of W, are the eigenvalues of ITAII, while the zeros of W are
the eigenvalues of ITTAXII. So, the poles and zeros of W are in the set F_ UT.
Hence the factorization is a right pseudo-canonical factorization.

Conversely, assume that the factorization is a right pseudo-canonical factor-
ization. As the factorization is minimal, by Theorem 9.3 there exist two subspaces
M and M* such that (iii) holds, and such that M is A-invariant and M * is A*-
invariant. Because the factorization is a right pseudo-canonical factorization the
poles of W_ lie in F'y UT', while the poles of W, lie in I~ UT". As the poles of W_
are precisely the eigenvalues of A|y; (the appropriate multiplicities counted), this
proves (i). A similar argument applied to the zeros of W_ and W, proves (ii). O

Let W=W_W, and W = w_ W+ be two right pseudo-canonical factoriza-
tions with respect to I'. These two factorizations are called equivalent if W_(c0) =
W_(o0), and there exists an invertible matrix F such that W_(\) = W_(\)E,
W (\) = E~'W,(\). Canonical factorizations, when they exist, are equivalent
in this sense. The following example shows that this is not the case for pseudo-

canonical factorizations.

Example. Let
A 3P\
A+20 (A—1d)(A+ 29)

W) =
A
X—i
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We are interested in right pseudo-canonical factorization with respect to the real
line of W. A minimal realization of W is given by

—2i 0 —i 1 2 1 1 0
|, B= o, C= , D= .
0 z] [0 z] [0 1] l() 11

One checks that A* = 0. Hence, the poles of W are —2i and 4, and the only zero
is 0, with double multiplicity.

For M we have only one choice, being the space spanned by the column
vector [0 1]T. For M* we can take the space spanned by any column vector of
the form [1 a]T. One computes that the corresponding factorization is given by

A:

W) = W oW,

where
T A—i(l+a) i(1+a)
A—1i A—1i
w0 = ,
—ia A+ i
L A—1 A—1
[ A+ia i(2—a)
A+ 24 A+ 20
Wi 0) =
i A+i(2— )
L A+ 22 A+ 20

Thus, for any complex number « we have a right pseudo-canonical factorization.

Now suppose that the two factorizations corresponding to « and [ are equiva-
lent. Then Wf)(/\)WJ(rﬁ)(/\)_1 =WN WP (\) would have to be a constant

matrix. However, this product is given by

Atile—p) —ila=p)

A A
W W ()7t = ,
ila=f) A-ifa-p)
A A

which clearly is not a constant when « # 3.

9.3 Minimal factorization in a singular case

In Section 2.4 we have introduced the notion of a supporting projection for sys-
tems that are biproper. In this section we extend this notion to finite-dimensional
systems with equal input and output space that are not necessarily biproper. More
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precisely, we shall consider systems of the form
©=(AB,C,D; X,C"), (9.13)

where dim X is finite, and D is allowed to be singular.
Let © be as in (9.13). Given a projection II of X we define M (II; ©) to be
the operator from ImII+C™ into KerII+ C™ given by
(I-IAIl (I -1)B
M(IL; 09) = . (9.14)
CII D

As we have seen in Section 2.4 (see the proof of Proposition 2.4), if © is biproper,
i.e., the external coefficient D is non-singular, then

rank M (II; ©) = rank D + rank (( — II)A*II),
where AX = A — BD~!C. Since rank D = m, it follows that for D non-singular
rank M(II;0) < m < AX[ImII] C ImIL
This proves the following proposition (which is a reformulation of Proposition 2.4).

Proposition 9.5. Let O in (9.13) be biproper. Then a projection I of X is a sup-
porting projection for © if and only if

AlKerII] C KerTI, rank M (IT; ©) < m. (9.15)

Note that in (9.15) the inverse of D does not appear. Hence we can use (9.15)
to extend the notion of supporting projections to systems © that are not biproper.
In the sequel, if O is as in (9.13), then a projection II of X is called a supporting
projection for © whenever (9.15) is satisfied.

The first condition in (9.15) allows us to write the operators in © in block
form, namely

o

where the block matrix representations are taken with respect to the decomposi-
tion X = KerIT +ImII. We shall refer to (9.16) as the block matriz representation
of © induced by the supporting projection II. Notice that in the notation of (9.16)
we have

Ay A
0 A,

B,
By

9

,[ C; Oy ],D;X,(Cm> , (9.16)

A By
Cy D

From the second condition in (9.15) it follows that M (II; ©) admits a factor-
ization over C™, that is, there exist operators

F KerIl
D, cm

M(11; ©) = (9.17)

:C" — , [G Dy ]: — Ccm (9.18)
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such that

F
M(II;0) = [D
1

] [G Dy ]. (9.19)

We shall refer to (9.19) as a C™-factorization associated with the supporting pro-
jection 11.

Now, let IT be a supporting projection for ©, let (9.16) be the block matrix
representation of © induced by II, and let (9.19) be a C™-factorization associated
with II. Consider the systems

@1 = (Al,F, Cl,Dl;Kerl'L(Cm), (920)
92 = (AQ,BQ7G7D2;IH1H, (Cm), (921)
We call ©4 the left factor of © associated with IT and the given C™-factorization

of M(IL; ®). Similarly, © is called the right factor of © associated with M and
the given C™-factorization. The next theorem justifies the use of this terminology.

Theorem 9.6. Let IT be a supporting projection for ©, let (9.16) be the block matriz
representation of © induced by 11, and let (9.19) be a C™-factorization associated
with IT and ©. Then © admits the factorization © = ©10,, where ©1 and B4 are
given by (9.20) and (9.21), respectively. Conversely, if © = ©104 is a factorization
of ©, with

©, = (41,B,C1,D1;X,,C™),
Oy = (A2,B2,02,Dy; X5,C™),

then the state space of X of © is given by X = X1+Xo, the projection 11 of X
along X1 onto Xa is a supporting projection of ©,

M(IL; ©) = [ gi } [ Cy D> ] (9.22)

is a C™-factorization associated with I1 and ©, and the left and right factors of
© associated with ITI and the C™-factorization (9.22) are equal to ©1 and O,
respectively.

Proof. Let ©1 and ©2 be given by (9.20) and (9.21), respectively. By definition
(see Section 2.3), the product ©103 is given by

Ay FG
0 A

FD,
By

9 )

0,0, = (

[ 01 DlG }7D1D2; KerH—l—ImH,(Cm)

The C™-factorization (9.19) of M(II; ©) yields
FG = Ay, FDy = By, DG = Cy, DDy = D.
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Since X = KerII+ImlII, it follows that ©;0, is precisely equal to the system
given by (9.16), that is, ©:0, = O.

To prove the converse statement, let © = ©105, where ©1 and ©5 are as in
the second part of the theorem. Again using the product definition we have

=

A1 3102
0 Ay

B1Ds
By

) )

[ 01 chg }7D1D2; KerH—i—ImH,Cm)

Then (9.22) holds, and it is straightforward to check that ©; is the left factor and
O3 is the right factor of © associated with II and the C™-factorization (9.22). O

Let O be a finite-dimensional system as in (9.13), and let IT be a supporting
projection of ©. Consider the block matrix representation (9.16) of © induced by
II. Then the transfer function Wg of © admits the following representation

()\ — Ag)ilBg

Wo(A) = [ Ci(A =A™ I, | M(IT; ©) 7

(9.23)

To see this, let (9.19) be a C™-factorization of M (II;©), and let ©; and O3 be
the finite-dimensional systems defined by (9.20) and (9.21), respectively. From
Theorem 9.6 we know that © = ©,0,, and hence the transfer function Wg of ©
admits the factorization Wg(\) = We, (A\)We, (A). Notice that

Wo,(\) = Di+Ci(A\—A)7F,
Wo,(\) = Dy+ G\ —A;) 'Bs.

Using (9.19), we see that We, (A\)We, (A) is precisely equal to the right-hand side
of (9.23), and hence (9.23) is proved.

In general, the matrix M (II, ©) has many different C™-factorizations. Hence
a single supporting projection of © yields many different factorizations of the
transfer function Wg. Given a supporting projection Il of ©® we say that a pair
of proper rational m x m matrix functions {W7, Wa} is a pair of factors of We
induced by II if there exists a C™-factorization of M (II; ©) such that W; = We,,
where ©1 is the left factor of © associated with II and the given factorization, and
Wy = We,, where Og is the right factor of © associated with II and the given
factorization. In that case, by Theorem 9.6, we have Wg(\) = Wi (A\)Wa(N). If
W is regular (that is, when there exists a complex number Ay, not a pole of Weg,
such that det Weg(Ag) # 0), then the set of factors {W7, W} induced by a single
supporting projection is relatively simple to describe. We have the following result.

Proposition 9.7. Let © be a finite-dimensional system as in (9.23), let II be a
supporting projection of ©, let (9.19) be a given C™-factorization of M(I1;0), and
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let ©1, O4 be given by (9.20) and (9.21), respectively. Assume Weg is reqular. Then
the set of all pairs of factors {Wr,Wa} of We induced by II is given by

{{W@)1(~)E7 E"'We, ()} ’E is a non-singular m x m matrix}. (9.24)
Proof. We first show that the regularity of Wg implies that
rank M (IT; ©) = m. (9.25)

To do this we use the representation (9.23). Since Wy is regular, we can choose
A € Cin such a way that the three matrices Wg(A), A\— A1, and A— As are all non-
singular. For such a choice of A the equality (9.23) is valid, and its left-hand side
has rank equal to m. The latter can only happen when rank M (IT; ©) > m. But II
is a supporting projection. Thus, by definition, rank M (IT; ©) < m. It follows that
(9.25) holds.

Next we use the given C™-factorization (9.19). Since (9.25) holds, any other
C™-factorization of M(II; ©) is of the form

FE

M(IL©) = {DlE

} [ G E-'Dy ], (9.26)
where E is an arbitrary non-singular m x m matrix. The representation (9.24) now
follows from (9.26) and Theorem 9.6. O

Next we consider minimal factorization. The following result is the analogue
of Theorem 9.3 for finite-dimensional systems that are not necessarily biproper.

Theorem 9.8. Let © in (9.13) be a minimal realization of the rational mxm matriz
function W.

(i) Assume that 11 is a supporting projection for ©, and let (9.19) be a C™-
factorization associated with II and ©. Then W = We, We,, where Oy is
the left factor and ©4 is the right factor associated with 11 and the given
C™-factorization (9.19), and the factorization W = Weo, We, is minimal.

(ii) Assume that W = W1 Wy is a minimal factorization of W. Then there exists
a unique supporting projection 11 for © and a unique C™-factorization asso-
ciated with II and © such that Wi = We, and Wy = We,, where ©; is the
left factor and ©O9 is the right factor of © associated with 11 and the given
C™-factorization.

Proof. We split the proof in three parts. In the first part we prove statement (i),
the two other parts concern item (ii).

Part 1. Let the conditions of (i) be satisfied. Then it follows from the first part of
Theorem 9.6 that © = 0104, and hence Wo = Wg, We,. Since W = Wg and ©
is minimal, we can apply Theorem 8.27 to show that W = Wg, We, is a minimal
factorization.
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Part 2. Let W = W1W5 be a minimal factorization. Since W = Wg, we know that
W is analytic at infinity. The minimality of the factorization then implies that the
same holds true for factors W; and Ws. Let ©) and O be minimal realizations of
W7 and Wa, respectively. Since the factorization W = W1 W5 is minimal, it follows
(see Theorem 8.27) that ©' = ©]0) is a minimal realization of W = Wg. Using
the minimality of ©, it follows that © and ©’ are similar, and the similarity from
O to ©’ is unique. Write

O = (A, B,,C}, D) X,,C™),  j=1,2.

Ay BiCy
0 A

B\ D,
B,

[ € DiCy |,DiDs; XHXQ,(CW).

Put X’ = X{+X}, and let IT" be the projection of X’ along X} unto X3. Notice
that

B
M(H/;@/): [ Cé D2 }
D,

Now, let S from X to X’ be the (unique) similarity from © to ©’, and put IT =

S—LI'S. Then II is a supporting projection for ©, and

-1

S; Sy 0

M(I1,0) = [ ,

M(11;©") [

m

where S is the restriction of S to Ker IT viewed as a map from Ker IT into Ker IT’,
and S is the restriction of S to ImII viewed as a map from ImIT into Im IT". Both
S1 and Sy are invertible. Put

F =58, G = C4S,.
Then
M(I;0) =

" [ G D ] (9.27)
2 |- .
Dy

Let ©1 be the left factor and ©5 the right factor associated with II and the C™-
factorization (9.27). Then it is straightforward to check that S; is a similarity from
©1 to ©), and that S5 is a similarity from 5 to ©5. We conclude that Wg, = We,
and Wy = Wg,, as desired.

Part 3. It remains to prove the uniqueness of Il and the C™-factorization associated
with IT and ©. To prove this uniqueness, let II be a supporting projection for ©,
and let _
F
M(IL; ©) =

Dy

[ G D, ] (9.28)



178 Chapter 9. Minimal Factorization of Rational Matrix Functions

be a corresponding C™-factorization such that W, = VV(:)1 and Wy = VV(:)Q7 where

él is the left factor and (:)2 the right factor associated with II and the C™-
factorization (9.28). First of all, note that

Dy =Wi(o0) = Wg (00) = D1, Dy =Wa(oo) = W_(00) = Ds.

For j = 1,2 the systems ©; and (:jj are minimal realizations of W;. Hence there
exists a similarity S; from ©; to ©;. From the first part of the proof we know that
O = @192 and © = @1@2. Thus

S0
S =
0 Sy
is a self-similarity of ©. For minimal systems the similarity is unique. Thus S is
an identity operator. Hence both S1 and Sy are identity operators. It follows that

©1 = O7 and Oy = ©5. We conclude that II = II and that the C™ factorizations
(9.27) and (9.28). O

Theorem 9.8 contains Theorem 9.3 as a special case. To see this, recall that
in Theorem 9.3 the systems are required to be unital, and the rational matrix
functions are assumed to be proper and to have the value I, at infinity. Now
let © be a unital finite-dimensional system, and let II be a supporting projection
for ©. Then the transfer function W = Wy is regular, and hence Proposition 9.7
applies. It follows that the set of all pairs of factors {Wy, Ws} of We induced by
IT is given by (9.24). But in Theorem 9.3 we are only interested in factors that
have the value I,,, at infinity. This restricts the choice of the invertible matrix F in
the set (9.24) to one matrix only, namely to the m x m identity matrix. It follows
that (9.24) contains only one pair of factors {Wi, Wz} with W; and W, having
the value I,,, at infinity. From these remarks we see that Theorem 9.3 is covered
by Theorem 9.8.

We conclude this section with an example which is not covered by Proposition
9.7. Let W be the 2 x 2 rational matrix function given by

0 0

W(A): 1 - \2 71— )\2

A2 A2

A minimal realization of W is provide by the following system

(N

;C2,C2).
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Let II be the projection of C? along the first coordinate space onto the second.
Identifying both KerIT and Im IT with C, the matrix M (II; ©) is given by

1 -1 -1
MILe)=|0 0 0
1 -1 -1

Note that rank M (II;©) = 1, and hence (9.25) is not fulfilled in this case. Since
W is not regular, Proposition 9.7 also does not apply. To illustrate this further we
consider the following C2-factorizations of M (II; ©):

11 10
1 0 0 1 -1 -1

MILO) = | 0 0 =0 1
0 -1 -1 0 0 0

11 10

These two C? factorizations of M (II; ©) yield, respectively, the following factor-
izations of W:

o0 Y[
_ DY

W) =1 a41 ax1 ! (9.29)
L X -l

0 1 1—X 1-2AX

W) =1\ ; A A : (9.30)
LA o0

Since © is a minimal realization of W, the two factorizations above are both
minimal. Note that the first factor in (9.30) is regular while the first factor in
(9.30) is not. Thus the set of all pairs of factors of W = Wg induced by II cannot
not be described by a formula like (9.24).

Notes

The material in Section 9.1 is taken from the first part of Chapter 4 in [14], in
particular from Section 4.3. Section 9.2 is based on the paper [102]; see also the
dissertation [103] which contains some additional applications of pseudo-canonical
factorization. For connections between contractive matrix functions and pseudo-
canonical factorization, see [72]. Section 9.3 originates from [35].






Part 111

Degree One Factors,
Companion Based Rational

Matrix Functions,
and Job Scheduling

This part is devoted to the study of factorization into degree one factors, that
is, into factors that have a minimal realization with a state space of dimension
one. A second main theme is the connection between the problem of degree one
factorization and a problem of job scheduling from operations research.

There are three chapters (10, 11 and 12) in this part. In Chapter 10 the
problem to factorize a rational matrix function in degree one factors is analyzed
in a state space setting. The notions of complete and quasicomplete degree one
factorizations are introduced. In general, the latter factorizations are non-minimal.
The results are specified further for so-called companion based matrix functions
in Chapter 11. Finally, in Chapter 12 it is shown that the issue of quasicomplete
degree one factorization of companion based matrix functions is intimately con-
nected to a particular job scheduling problem, namely the two machine flow shop
problem. Maple procedures to calculate degree one factorizations for companion
based matrix functions complement the text.






Chapter 10

Factorization into
Degree One Factors

In this chapter we study the factorization of a proper rational m x m matrix
function having the value I, at infinity into elementary factors satisfying the same
constraints. These elementary factors are of McMillan degree one by definition.
It turns out, by using realization, that the problem of factorizing a function in
such degree one factors is intimately connected with the issue of simultaneous
reduction to complementary triangular forms of pairs of matrices. We prove that
factorization into elementary factors is always possible.

In general, however, pole-zero cancellations occur so that the factorizations
in question are non-minimal. This is further underlined by the fact that one has to
allow for the introduction of new poles and zeros not present in the given function.
Such new poles and zeros do not occur in the situation where the factorization
has the additional property of being minimal. In that case the factorization is
called complete and the number of elementary factors in it is equal to the McMil-
lan degree of the function that is factorized. In general, complete factorization is
not possible. A quasicomplete factorization is one where the number of elementary
factors is as small as possible. The number of factors involved is called the quaside-
gree and we give an upper bound for it. Examples are presented to illustrate the
material.

This chapter consists of four sections. The main topic of the first section is
simultaneous reduction to complementary triangular forms of pairs of matrices.
A number of conditions for such reductions to exist are given. In the second sec-
tion factorization into elementary factors is studied in terms of realizations, and
the connection with simultaneous reduction to complementary triangular forms is
described. The third section is devoted to complete factorizations and the final
section deals with quasicomplete factorizations.
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10.1 Simultaneous reduction to complementary
triangular forms

We say that two complex n x n matrices A and Z admit simultaneous reduction
to complementary triangular forms if there exists an invertible n x n matrix S
such that S~'AS is an upper triangular matrix and S~'ZS is a lower triangular
matrix. As will become clear in the next section, this definition is inspired by
Theorem 2.6. It will turn out to be useful in the study of factorizations of rational
matrix functions involving factors of McMillan degree one only.

We begin with a proposition presenting a number of equivalent conditions
for the above notion. The first is geometric in nature and requires the following
terminology. A chain My C M; C --- C M, of subspaces of C" is called complete
if dim M; = j for j =0,1,...,n (in particular, My = {0} and M,, = C").
Proposition 10.1. Let A and Z be complex n X n matrices. Then A and Z admit

simultaneous reduction to complementary triangular forms if and only if one (or
all) of the following conditions is (are) satisfied.

(a) There exist complete chains My C My C --- C M,, and No C Ny C --- C N,
of subspaces of C"™ such that, for j=1,...,n,

AMj CMj, ZNjCNj, Mj‘i‘Nn_j:(Cn.

(b) There exist bases fi,..., fn and g1,...,gn of C™ such that, for j =1,...,n,
fioo s iy Gj+1, - -, Gn 15 a basis for C™while, in addition,

Af; € span{fi,..., f;}, Zg; € span{gj,...,gn}-

(c) There exist invertible n x n matrices F' and G such that F~YAF is upper
triangular, G=1ZG is lower triangular, and G='F admits a lower-upper fac-
torization.

Proof. We split the proof into four parts corresponding to the following list of im-
plications: (b) = (a) = (SR) = (¢) = (b). Here (SR) is a shorthand notation for the
property that A and Z admit simultaneous reduction to complementary triangular
forms.

Part 1. We prove (b) = (a). Let f1,..., fn and g1, ..., g, be bases of C" as in (b).
For j =1,...n, put

M; =span{fi,..., f;} Nj =span{gn—jt1,---,09n}-

Then My C My C --- C M, and N9 C N; C --- C N, are complete chains of
subspaces of C™. Note that for each j = 1,...n, the statement that the vectors
fioooos fjsGj+1, - - gn form a basis for C" is equivalent to the equality M; +
N,,_; = C". Finally, the inclusion properties in (b) show that the spaces M; and
Nj are invariant under A and Z, respectively. Thus (a) holds.
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Part 2. We prove (a) = (SR). Let My C My C --- C My, and Ny C Ny C---C N,
be complete chains of subspaces of C™ with the additional properties mentioned
in (a). It is an elementary matter to check that

dim (M; N Nyp—ji1) =1, j=1,...,n.

Pick s; # 0 from M; N N,,_j41, and let S = [ §1 So +++ Sp ]7 that is, S is the
matrix of which the jth column is equal to s; where 7 =1,...,n. Then sq,...,s,
form a basis for C" and S is invertible. The invariance conditions on the subspaces
M;j and N; imply that S~ AS is upper triangular and S~!'ZS is lower triangular.
Thus (SR) holds.

Part 3. We prove (SR)=(c). Let S be an invertible matrix such that S~'AS
is upper triangular and S~'ZS is lower triangular. Put F = G = S. Then all
conditions of (c) are fulfilled.

Part 4. We prove (c) = (b). Let F' and G be invertible n x n matrices such that
F~1AF is upper triangular and G~'ZG is lower triangular. Suppose G~ F can be
written as LU where L is an invertible lower triangular matrix and U is an invert-
ible upper triangular matrix. Put S = FU~!. Then S™*AS = U(F'AF)U ' is
upper triangular. Since S = GL, the matrix product S~'ZS is equal to the matrix
L=t (G’lZG)L, and hence S~'ZS is lower triangular. Now, for j = 1,...,n, take
fj = g; = s;, where s; is the jth column of S. Then f1,..., f, and g1,..., g, have
all the properties required in (b). O

Next we present two theorems with sufficient conditions for a pair of matrices
to admit simultaneous reduction to complementary triangular forms.

Theorem 10.2. Let A and Z be complex n X n matrices, one of which is diagonal-
1zable. Then A and Z admit simultaneous reduction to complementary triangular
forms. In fact, if A is diagonalizable, then, given an ordering (i,...,C, of the
eigenvalues of Z (algebraic multiplicities taken into account) there exists an in-
vertible n x n matriz S such that S~YAS is upper triangular and S~'ZS is lower
triangular with diagonal elements (i, ...,¢, (again algebraic multiplicities taken
into account).

Here and elsewhere diagonal elements of matrices are read from top left to
bottom right.

It suffices to prove the second part of the theorem. Indeed, if two n x n
matrices A and Z admit simultaneous reduction to complementary triangular
forms, then so do Z and A. To see this, use the nxn reversed identity matrix having

ones on the antidiagonal and zeros everywhere else (cf., the proof of Corollary 10.7
below).

Proof of Theorem 10.2. For n = 1, there is nothing to prove. So assume n is at
least two. Whenever convenient, we shall view A and Z as linear operators on C”.
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Let aq,...,a, be a basis in C"™ such that the matrix representation of A with
respect to this basis has diagonal form. So

Aaj:ajaj, j:l,...,n,

where aq, ..., q, are the eigenvalues of A counted according to algebraic multi-
plicity. Also, let z1,..., 2z, be a basis in C™ such that the matrix representation
of Z with respect to this basis has lower triangular form. So, for j =1,...,n, the
vector Zz; is in the linear hull of z;,..., 2z,. In particular 2, is an eigenvector of
Z. In fact, the basis z1,..., 2z, can be chosen in such a way that Zz,, = (,z,. We
may assume too that the basis aq, ..., a, is ordered in such a way that the vectors
ai,...,0an_1, 2, form a basis of C™ as well. Let X be the linear hull of ay, ..., a,_1
and let X be the linear hull of the single vector z,. Then C* = Xy+X; and with
respect to this decomposition, the matrix representations of A and Z have the
form

Ay Ay Zy 0

0 A |’ Z_ 7y |
The space Xy has dimension n — 1 and with respect to its basis a1,...,a,-1,
the linear operator Ay has diagonal form. Further, the eigenvalues of Z, are
€1y -5 Cu—1. We may assume (using induction) that there is a basis u1, ..., up—1

in Xy with respect to which Ag has upper triangular and Zy has lower triangular
form with (,...,{,—1 on the diagonal (read from top left to bottom right). But
then wuy,...,un_1,2, is a basis of C™ for which the matrix representations of A
and Z are upper and lower triangular, respectively, and the proof is complete. [

Theorem 10.3. Let A and Z be complex n X n matrices. Suppose A and Z have
no common eigenvalue and, in addition, rank (A — Z) = 1. Then A and Z ad-
mit simultaneous reduction to complementary triangular forms. In fact, given an
ordering aq, . . ., ay, of the eigenvalues of A and an ordering (1, ... ,(, of the eigen-
values of Z (in both cases algebraic multiplicities taken into account), there exists
an invertible n x n matriz S such that ST'AS is upper triangular with diago-
nal elements aq, ..., o, and ST'ZS is lower triangular with diagonal elements

CiyeeyCn-

The above theorem will be proved in the next section, by using the connec-
tion between reduction to complementary triangular forms and factorization into
elementary factors.

Another sufficient condition for a pair of matrices to admit simultaneous
reduction to complementary triangular forms is presented in Theorem 10.14 of
Section 10.3.

The equivalence of statements (b) and (¢) in Proposition 10.1 can also be
obtained as a corollary of the following more general result. For the sake of com-
pleteness we present the result with a full proof, although it will not play a role
in the sequel.
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Proposition 10.4. Let F' and G be invertible n x n complex matrices, and for
j=1,...,n, let f; and g; be the jth column of F and G, respectively. Then G™'F
admits a lower-upper factorization if and only if for j running from 1 ton — 1,
the vectors fi,..., fj,gj+1,---,9gn form a basis for C".

Proof. Suppose G~'F admits a lower-upper factorization, say G~'F = LU with
L and U invertible matrices, L lower triangular, U upper triangular. Putting H =
FU~! = GL we obtain an invertible n x n matrix. Clearly F = HU and G =
HL~'. Let j be an integer among 1,...,n—1, let U, be the j x j matrix obtained
from U by omitting the last n — j rows and columns, and let the (n —j) X (n — j)
matrix L_ be obtained from L~! by omitting the first j rows and columns. Since
U is invertible and upper triangular, the matrix U, is invertible. Similarly, as L~!
is invertible and lower triangular, the matrix L_ is invertible. Now

Us 0

[fo fj gjr - gn ] =H N

)

and it follows that the matrix [ fi f5 gj+1 - Gn ] is invertible. This proves
the only if part of the proposition.

Moving on to the if part, we assume that for j running from 1 to n, the n
vectors fi,..., fj,9j+1,--.,9n are linearly independent, i.e., the matrix

R; = [fl o fi i e gn]
is invertible. Putting Ryp = G and R,, = F', we have
G 'F=(Ry'Ry) - (R, yRn1) (R, Ry).
Now, by a straightforward argument,
RINRj=1I,+rje),  j=1,...n,

where r; = j_flfj and e; is the jth unit vector in C™ (having 1 on the jth position
and zeros everywhere else). Note that 1 + e;rrj #0, 7=1,...,n as the matrix
Rj__lle =1, + rje;r is invertible and its determinant is equal to 1 + e;»'—rj. It now
suffices to prove that the kth leading principal minor of the matrix

(In +71ef ) (In + rne1ey_1) (In + Tne,)) (10.1)

is given by (1 +e]71)---(1+elri), k=1,...,n. Indeed, this follows from the
well-known fact that a matrix allows lower-upper factorization if and only if all
its leading principal minors are invertible.

The argument for this employs induction (on n). For n = 1, the statement
is obviously correct. Suppose n > 2. The nth leading principal minor and the
determinant of (10.1) coincide and the value in question is

(L+efr) (L4 eq qmn1)(1+e,7n),
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as desired. Now let us look at the other leading principal minors of (10.1). These
coincide with the leading principal minors of the matrix R obtained from (10.1) by
omitting its last column and row. For j = 1,...,n—1, the last column of I, +rjejT
is e,,. Also the matrix obtained from I,, + rne;r by omitting the last column and
row is I,,_1. It follows that

R=(Lia+7e] ) (It + Fa1@y_y),

where 7; € C"~! is obtained from 7; by omitting the last component and the
vectors €y, . .., e,_1 are the unit vectors in C*~!. For k = 1,...,n—1, (by induction
hypothesis) the kth leading principal minor of R is (1 +¢]71)--- (1 + ¢, 7). But
this is clearly equal to (1 +e{71) - (14 ¢]ry), again as desired. O

10.2 Factorization into elementary factors
and realization

A rational m x m matrix function E is called elementary whenever the McMillan
degree of FE is equal to one. Throughout this chapter an elementary rational m xm
matrix function is also assumed to be proper and to have the value I,,, at infinity.
This allows us to write such a function E in the form

1
E\) =1, + —R, 10.2
) = I+ = (10.2)
where R is a rank one m X m matrix and « is the unique pole of E which is
necessarily simple (i.e., of order one). To describe the inverse E~1(\) = E(\)~!
of E(\), we put a® = « — trace R. Then E(\) is invertible if and only if A # o,

and in that case 1

S R.
This identity can be verified by direct computation, but one can also make a
connection with the material developed in Section 2.2. Here are the details. Write
Rinthe form R = ¢b", where b and ¢ are nonzero vectors in C™ and the superscript
T denotes the operation of taking the transpose. Then E(A\) = I,,, +c(A—a)~'b ",
which is a minimal realization of E with state space C and main operator (the
multiplication by) a. Now trace R = b'c, so a* = a — b' ¢, and we can apply
Theorem 2.1. Clearly the function E~! is again elementary and has o* = a —
trace R as its (unique) pole.

As we shall see in Section 10.4 below (see Theorem 10.15) any proper rational
m X m matrix function W with W(oco) = I,, can be written as a product of
elementary factors. For the scalar case (m = 1) this fact is easy to prove.

Indeed, let w be a scalar rational function with w(co) = 1. Then w is the
quotient of two scalar polynomials ¢* and a with the same leading coefficient 1
and of the same degree, n say. We shall assume, as we may do without loss of

E7Y\) =1, — (10.3)
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generality, that these polynomials are relatively prime, i.e., they have no common
zero. Writing

a*AN)=A-af) - (A=ay), ad)=A-a) - (A=an),

w()) = aax(f\’;) = (1 + %) (1 + %) : (10.4)

and this is a factorization of w into n scalar rational functions of McMillan degree
one, that is, a factorization into n scalar elementary factors. Note that in this
case n is precisely equal to the McMillan degree of w, and hence the factorization
is a minimal one. Factorizations into elementary factors that are minimal are of
special interest and will be studied in Section 10.3.

In the present section we analyze factorization into elementary factors in
terms of realizations. The following theorem, which is inspired by Theorem 2.6,
is our first main result. It clarifies the connection between simultaneous reduction
to complementary triangular forms (for pairs of matrices) and factorization into
elementary factors.

Theorem 10.5. Let W be a proper rational m x m matriz function with W (o) =
L, and let n be a non-negative integer. The following statements are equivalent:

(i) W admits a factorization into at most n elementary factors,
(ii) W admits a factorization into precisely n elementary factors,
(iii) W has a realization W(X\) = I, + C(AI,, — A)"1B such that A and A*(=
A — BC) are upper and lower triangular, respectively,

(iv) W has a realization W (X) = I, + C(A\l, — A)"'B such that A and A*(=
A — BC) admit simultaneous reduction to complementary triangular forms.

We begin with a lemma that will be needed in the proof.

Lemma 10.6. Fach elementary rational m x m matriz function can be written as
the product of two functions of the same type.

Proof. Consider E given by (10.2) with rank R = 1. Write R in the form R = ¢b ',
where b and ¢ are nonzero vectors in C™. Let 8 be a complex number different
from o and o = o — b'¢, and choose f € C™ such that fTc = 3 — aX. As
B —a* # 0, the vector f is a nonzero vector in C™. Also (fT —b")c =3 — «
and fT —b"T # 0. Now introduce the rank one matrices Ry = c(b" — fT) and
Ry =cfT. Then

Ri+Ry=c(b" —f )+cf" =cb' =R,
RiRy=c(b" — fO)efT =c[(d" — fN)|f" = (a—B)ef" = (o — B)Rs.
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This yields

1 1 1
Ip+——R=(1I,+—— Ip+——Rs |, 10.
e (e n) (). s

as can be verified via a straightforward computation. O

Note that each of the statements (i)-(iv) in Theorem 10.5 implies that n is
larger than or equal to (W), the McMillan degree of W. For (i) and (ii) this
follows from the sublogarithmic property (8.50) of the McMillan degree, for (iii)
and (iv) from Theorem 8.26. Further relevant details will be provided in the proof
below.

Proof of Theorem 10.5. The case n = 0 corresponds to the trivial situation where
W is constant with value I,,. Therefore we assume n to be positive. The proof
will be divided into three parts.

Part 1. First let us note some simple relations between the statements (i)—(iv).
The implications (ii) = (i) and (iii) = (iv) are trivial. The implication (iv)=- (iii)
comes about by applying the appropriate similarity transformation to the given
realization. Hence (iii) and (iv) amount to the same. If W can be written as the
product of at most n elementary factors, then Lemma 10.6 guarantees that (at
the possible expense of introducing additional poles) W also admits a factorization
into precisely n elementary factors. Thus (i) = (ii), and we conclude that (i) and
(ii) are equivalent. It remains to prove (ii) = (iii) and (iii) = (i).

Part 2. We prove (ii) = (iii). Suppose W can be written as a product of elementary
factors,

For j =1,...,n, write R; = cjb;r with b; and ¢; nonzero vectors in C™, so that
(10.6) becomes

W) = (Ln+ea(A—a1) ') (L +en(A—an) " 'by)).
Define matrices A, B and C' by

Mo bchz cee bchn
0 . :
A=] , (10.7)
. .. N b;Lr_lcn
L O 0 fo7
— bir
by
B = . , C = [ c1 Cco Cn ]
bT
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Then W(A) = I, + C(A, — A)~!'B, as can be seen by a repeated application of
Theorem 2.2. Next, put a = a; — trace R; (j = 1,...,n). Then

o 0 0
_bT X .
A =A-BO=| 27 ™ (10.8)
0
~bler oo =blenr aX

Note that the matrix A is upper triangular while A* is lower triangular. Thus (ii)
implies (iii).
Part 3. We prove (iii) = (i) We begin by relating the notion of simultaneous reduc-
tion to complementary triangular forms with Theorem 2.6. The matrices A and
Z admit simultaneous reduction to complementary triangular forms if and only if
there exist a chain

{0ycMyC---C M, CC"

of invariant subspaces for A and a chain

{O}CN1C"'CNn_1C(Cn

of invariant subspaces for Z such that, for j =1,...,n —1, the spaces M; and IV;
have (the same) dimension j while, moreover, C* = M;+N,,_;. But this, in turn,
is equivalent to the existence of mutually disjoint rank one projections Ily, ..., II,

of C" such that IT; +---4+1I, =C" and, for j=1,...,n— 1,
A[Ker (Hj+1 ++Hn)] Cc Ker (Hj+1 -l—-l-Hn)7
Z[Im (Hj+1 +"'+Hn)] C Im (Hj+1 + -4 10,).

From this the connection with Theorem 2.6 is obvious.
Now assume that (iii) is satisfied, and let

W) =1, +C\, — A)~'B (10.9)

be a realization with A and A* upper and lower triangular, respectively. From
what we saw in the previous paragraph and Theorem 2.6, it is already clear that
(i) holds, i.e., W admits a factorization into at most n elementary factors. For
later reference, however, it is useful to give some details.

Write
ap  ajp - A1n

0
A= @ , (10.10)

An—1,n

0O --- 0 an,
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a0 0
X X
Ax = | R : (10.11)
' 0
a';Ll a:z,m—l ay
T
by
B=1| . |, C=[ca e - ¢, (10.12)
bT

where by,...,b, and cq,...,c, are in C™. Since A* = A — BC, it follows that

X T R
aj = aj_bjCjV ] = ].,...,’I'L7
B T . , .
Qij = bl G ) = ]-a"'vna 1<),
% T .o . .
a’ij = _b’L Cj’ Z,] = ].7. Loany 1 > ]-

From this we conclude that

1 1
I, +———cib! ) (I, b7 10.1
( +>\_alclb1> ( +)\_anc bn), (10.13)

1 1

Some of the factors in these expressions may coincide with I,,,. Thus (10.13) and
(10.14) are factorizations of W and W~! into at most n elementary factors. In
particular (i) is satisfied. O

=

=

=
I

I
L

e

=
!

Notice that the eigenvalues aq,...,a, of A in (10.10) and the eigenvalues
aj, ... ar of A* in (10.11) are related by

X _

; bchj = trace (cjbjT), j=1,...,n.

a; —

It follows that the jth factor in (10.14) read from left to right is the inverse of the
(n+ 1 — j)th factor in (10.13).
Combining Theorems 10.5 and 10.2 we arrive at the following result.

Corollary 10.7. Let W be a proper rational m X m matrix function, let
W) =1I,+C\, —A)"'B

be a realization of W, and assume A* = A — BC' is diagonalizable. Then, given
an ordering aq, ..., ay, of the eigenvalues of A (algebraic multiplicities taken into
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account), there exist factorizations of W and W= of the form

W0 = (o) (e m). o

)\—oq n

Wt = (Im—)\%Rn>-~-<Im— 1XR1), (10.16)

— an A—af
where Ry, ..., R, are m x m matrices of rank at most one and oy, ..., are the
eigenvalues of A* (again algebraic multiplicities taken into account).

Proof. Apply Theorem 10.2 with A replaced by A*, Z by A and (1,...,(, by
Qp,...,o1. This gives an invertible n x n matrix T such that T7'AXT is up-
per triangular and T~ 'AT is lower triangular with diagonal elements ay,, ..., o
(read, as always, from top left to bottom right). Let E be the n x n reversed
identity matrix, and put S = TE. Then S~'AXS is lower triangular and S~!'AS
is upper triangular with diagonal elements o, . . ., a,. In other words, S~'AS and
S=1A*S are of the form appearing in the right-hand sides of (10.10) and (10.11),
respectively. From (the final part of) the proof of Theorem 10.5 we know that this
implies the existence of factorizations of the desired type. O

Using the remark made in the paragraph after the proof of Theorem 10.5,
we see that the jth factor in (10.16) read from left to right is the inverse of the
(n 4+ 1 — j)th factor in (10.15). Deleting in (10.15) and (10.16) possible factors
that are constant with value I,,,, one obtains factorizations of W and W' into
elementary factors.

There is an alternative version of Corollary 10.7 where it is assumed that A
(instead of A*) is diagonalizable. In this case we just consider

W\ =1, - C\I, —A)™'B

in place of W. In this alternative version, which clearly is a refinement of Theorem
2.7, the order of the eigenvalues of A* can be chosen at will.

To illustrate another (reverse) way of using Theorem 10.5 we prove now
Theorem 10.3 which is stated at the end of the previous section.

Proof of Theorem 10.3. Let A and Z be complex n x n matrices with rank (A —
Z) =1, and assume that A and Z have no common eigenvalue. Write A —Z = bc'
with b, ¢ € C", and put

w(\) =1+c (A, — A)~ b (10.17)

The associate main operator for this realization of the rational scalar function w is
A* = A—be" = Z and, by assumption, this matrix has no eigenvalue in common
with A. But then we know from Theorem 7.6 that the realization is minimal. In
particular, n = §(w).
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Now, let a4, ...,a, and (1, ..., (, be given orderings of the eigenvalues of A
and Z, respectively. By a well-known identity for the determinant, we have

w(N) =det (1+cT (AL, — A)7'b) = det (I, + (AL, — A)"beT).
It follows that

w(A) = det (I + (A, — A) "' (A - 2))
= det (In (M, — A)~ ((Mn—Z)—(AIn—A)))
_ det()\l ~ AL —Z))

Mn—2)  A=G) (A=)
M, —A) A—ai) (A=)

_ Bl SR R R el V)
- (i) ()

Using this factorization of w into elementary factors, we see from Part 2 of the
proof of Theorem 10.5, with R; = «; —; for j = 1,...,n, that w has a realization

det(
- (

det

w\) =1+¢ (M, — A)~'b, (10.18)

such that Ai | is upper triangular with diagonal elements a4, ..., a,, and the matrix
AX( A—beT" ) is lower triangular with diagonal elements (,...,(,. Since n =
0(W), the realizations in (10.17) and (10.18) are both minimal realizations of the
same function, and hence they are similar. Thus there exists an invertible n x n
matrix S such that

A=S5"14S, b=S5"p, ¢ =c's.

It follows that S™1ZS = S~YA — bc")S = A*. Since A is upper triangular
and AX is lower triangular, we see that A and Z admit simultaneous reduction
to complementary forms. Moreover, the matrices S~'AS and S~'ZS have the
desired triangular structure with desired diagonal entries. O

We conclude this section with a few remarks related to Lemma 10.6. The
factorization (10.5) is non-minimal and has been obtained at the expense of intro-
ducing a “non-essential” pole § (cf., the systematic analysis of “pole-zero cancel-
lation” presented in Chapter 8). Taking inverses in (10.5) leads to

-1
(Im+ ! R) = I, — L

A— A—aX

1 1
(Im — N o~ R2> (Im + mfh) .

Note that this factorization features the same “non-essential” pole (§ too.
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The phenomenon referred to above can be put in a more general context.
Indeed, by specifying Theorem 8.16 in Section 8.4 to factorization in elementary
factors, we obtain the following result.

Proposition 10.8. Let W be a proper rational m x m matriz function with W(oo) =
L. Suppose W is given as a product of elementary factors,

1 1
= Im e Im n . 1 .1
W(N) ( +)\—a1Rl) ( +)\—anR) (10.19)
Put a;( =a; —traceR; (j =1,...,n). Then, for each a € C, we have
H | 0y = a} — 8(Wia) = 47 | o = a} — 5(W1;0), (10.20)

and these coinciding numbers are non-negative integers.

Here f stands for number of elements, 6(WW; ) is the pole-multiplicity of W
at o, and §(W~1;q) is the pole-multiplicity of W' at «, which is equal to the
zero-multiplicity of W at «. If « is not a pole of W, respectively not a zero of W,
then §(W;a), respectively §(W~1; ), is zero by definition.

Roughly speaking, the second conclusion in Proposition 10.8 says the follow-
ing. The poles of W (pole-multiplicities counted) are among oy, . . . , a,, the zeros of
W (zero-multiplicities counted) are among a7, ..., @, and the additional poles in
the factorization coincide with the additional zeros (again multiplicities counted).

The question arises whether, in general, for an arbitrary biproper rational m x
m matrix function one can obtain factorizations into elementary factors without
adding new poles and new zeros. We shall prove later that the answer is negative;
see the final example in Section 12.4.

10.3 Complete factorization (general)

Let W be a rational m x m matrix function having the value I,, at infinity. A
complete factorization of W is a minimal factorization of W involving elementary
factors only. Thus a factorization of W is complete if it has the form

1 1
W) = (1n Ry |- | I, R, |, 10.21
() ( +)\—a1 1) ( +)\—an ) ( )
where n = §(W) is the McMillan degree of W, ayq, ..., «, are complex numbers,
and Ry,..., R, are rank one m x m matrices. Recall from the discussion in the

paragraph preceding the proof of Theorem 10.5 that in a factorization of the type
(10.21) the number of elementary factors is always at least §(1V)

In view of (10.3), the factorization (10.21) of W brings with it the factoriza-
tion

W\ = <Jm = A%RO e (Im B - R1> . (10.22)

—on A—aj
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Here ajx =oaj —traceR;, j=1,...,n. As W and W~ have the same McMillan
degree, the factorization (10.22) is complete if and only if this is the case for
(10.21). We conclude that W~! admits a complete factorization if and only if W
does.

From the result presented in the third paragraph of the previous section
(see (10.4)) we know that each proper rational scalar function (with the value
at infinity being one) admits a complete factorization. For matrix functions this
result does not hold true. Indeed, as we know from the example mentioned at the
end of Section 9.1, the McMillan degree two function

1
1 —

A2 (10.23)
0 1

does not admit any non-trivial minimal factorization. In particular, (10.23) cannot
be written as the product of two elementary functions. On the other hand, as we
shall see in the next section, dropping the requirement of minimality, one can write
(10.23) as the product of three elementary functions.

In this section we use the results of the previous sections to present four theo-
rems on complete factorization. The first makes the connection with simultaneous
reduction to complementary triangular forms.

Theorem 10.9. Let W be a rational m X m matriz function, and let
W) =1, +C\, —A)~'B

be a minimal realization of W. Then W admits a complete factorization if and only
if A and A* admit simultaneous reduction to complementary triangular forms.

Proof. Since the given realization of W is minimal, we have n = §(W). Suppose
W admits a complete factorization, i.e., a factorization into n elementary factors.
Then, by the implication (ii) = (iii) in Theorem 10.5, there is a realization

W(\) = I, + C(\,, — A)~'B (10.24)

with upper triangular A and lower triangular A* = A — BC. As n = 6(W), the
realization (10.24) is minimal. Applying Theorem 7.7 ( the state space isomorphism
theorem), one sees that A and A* admit simultaneous reduction to complementary
triangular forms. This proves the only if part of the theorem.

The if part can be immediately related to the implication (iv) = (ii) in The-
orem 10.5, but it is instructive to follow a slightly different path. Assume A and
A* admit simultaneous reduction to complementary triangular forms. Then the
proof of the implication (iv) = (ii) in Theorem 10.5 yields a factorization (10.13)
of W into at most n elementary factors. However, as already mentioned before
(and because of the sublogarithmic property of the McMillan degree), the number
of factors cannot be smaller than n = §(W). So the factorization in question is
complete. O
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The next two theorems can be viewed as additions to Theorem 8.15. As in
Theorem 8.15, let W be a rational m X m matrix function with W (o) = I,,,. Since
the state space dimension of a minimal realization of W is equal to the McMillan
degree of W, Theorem 8.15 tells us that W admits a complete factorization when-
ever the poles of W are all simple. Using the fact that W admits a complete factor-
ization if and only if W1 admits a complete factorization, the role of the poles in
the previous result can be taken over by the zeros. Indeed, defining a zero z of W
to be simple whenever z is a simple pole of W™, we see that W admits a complete
factorization whenever either all poles of W are simple or all zeros of W are sim-
ple. The next two theorems add to this statement that the poles of the elementary
factors in a complete factorization of W or W' can be chosen in prescribed order.

Theorem 10.10. Let W be a proper m x m rational matriz function with W (o) =
I,. Assume W has simple poles only. Then, given an ordering ai,...,a; of
the zeros of W (zero-multiplicities taken into account), there exists a complete
factorization of W= of the form

1 1
W=t = (I Ri| - (In+——R.]),
?) ( Y ) ( Ak )

where Ry, ..., R, are rank one m X m matrices.

Theorem 10.11. Let W be a proper rational m x m matriz function with W (o) =
Ly, Assume W has simple zeros only. Then, given an ordering i, ...,a, of the
poles of W (pole-multiplicities taken into account), there exists a complete factor-
1zation of W of the form

1 1
W(A) = (Im+>\—a1R1)"'<Im+>\_a Rn),

where Ry, ..., R, are rank one m X m matrices.

Proofs. Let W()\) = I, + C(\l,, — A)~1B be a minimal realization of W, so n
is the McMillan degree of W. Suppose W has simple zeros only. Then we see
from Corollary 8.14 that A* = A — BC is diagonalizable. By the same corollary,
Qi,...,q, are the eigenvalues of A counted according to algebraic multiplicity.
Apply now Corollary 10.7 to obtain Theorem 10.11. Applying the latter to W 1!
one arrives at Theorem 10.10. g

Theorem 10.12. Let W be a rational m X m matrixz function, and let
W) =1, +C(\I, — A)"'B (10.25)

be a realization of W such that rank BC = 1 or, what amounts to the same,
rank (A — A*) = 1. Suppose, in addition, that A and A* have no common eigen-
value. Then the given realization is minimal (i.e., d(W) = n) and W admits a
complete factorization. In fact, given an ordering aq, ..., a, of the eigenvalues of

A and an ordering oy ,...,a; of the eigenvalues of A* (in both cases algebraic
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multiplicities taken into account), there exist complete factorizations of W and
W1 of the form

1 1
(%) ( A—aoq 1) ( +)\—an )
1 1
w1\ = (I, ——R, ) (In— R, ),
» ( A —af ) ( A—af 1)
where Ry, ..., R, are rank one m X m matrices.

Since in the above theorem A and A* have no common eigenvalue, it follows
from Theorem 7.6 that the realization (10.25) of W is minimal. Hence, by Corollary
8.14, the poles of W are the eigenvalues of A and the poles of W~! are the
eigenvalues of A*, the appropriate multiplicities taken into account. Thus the
condition in the above theorem that A and A* have no common eigenvalue implies
that W and W~! have no common pole. Conversely, if W and W~! have no
common pole and the realization (10.25) is minimal, then A and A* have no
common eigenvalue. Thus Theorem 10.12 remains true if the phrase A and A*
have no common eigenvalue is replaced by W and W~' have no common pole
and the realization (10.25) is minimal. Moreover, in that case one can take for
ai, ...,y any ordering of the poles of W and for o], ..., o any ordering of the
poles of W1,

Proof. As mentioned in the preceding paragraph, since A and A* have no common
eigenvalue, we know from Theorem 7.6 that the given realization of W is mini-
mal. By Theorem 10.3, the matrices A and A* admit simultaneous reduction to
complementary triangular forms. Applying the if part of Theorem 10.9 we now see
that W admits a compete factorization. This proves the first part of the theorem.
The more detailed second part can be obtained by combining the second part of
Theorem 10.3 with Part 3 of the proof of Theorem 10.5. g

Rational matrix functions of the type appearing in the above theorem form
a subclass of the so-called companion based matrix functions. We shall come back
to this fact in the next chapter, Section 11.3.

As was remarked (and made more precise) in Section 9.1, minimal factor-
ization amounts to the absence of pole-zero cancellations. The next proposition
underlines this point for factorizations into elementary factors.

Proposition 10.13. Let W be a rational m x m matriz function, and let (10.21)
be a factorization of W into elementary factors. The following statements are
equivalent:

(i) the factorization (10.21) is complete,

(ii) «1,...,ay are the poles of W counted according to pole-multiplicity,
are the zeros of W counted according to zero-multiplicity.

(i) oy, ...,ak

Here af = aj —traceR;, j=1,...,n.
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Proof. From Part 2 of the proof of Theorem 10.5 we know that the factorization
(10.21) induces a realization

W) =1, +C(\I, — A~ 'B

of W such that A is upper triangular with aq, ..., «, on the diagonal. If (10.21) is
complete, n = 6(W) and the realization is minimal. But then Corollary 8.14 gives
that the poles of W and the eigenvalues of A coincide, taking the appropriate
multiplicities for poles and eigenvalues into account. From the special form of

A indicated above, it is clear however that «g,...,«, are the eigenvalues of A
counted according to algebraic multiplicity.
Thus (i) implies (ii). To establish the converse, let a1, ..., a, be the poles of

W counted according to pole-multiplicity. Then Theorem 8.13 shows that there is
a minimal realization of W with state space dimension n. It follows that n = 6(W),
and (10.21) is complete.

The factorization (10.21) of W induces the factorization (10.22) of W1,
Applying what we established above to W ™!, we get that (10.22) is complete if
and only if o, ..., o are the poles of W~! counted according to pole-multiplicity.
But this is the same as saying that (10.22) is complete if and only if o], ..., o
are the zeros of W counted according to zero-multiplicity. The equivalence of (i)
and (iil) now follows from our earlier observation that the factorization (10.22) is
complete provided this is the case for (10.21). O

10.4 Quasicomplete factorization (general)

As before, let W be a proper m x m rational matrix function having the value I,
at infinity. In this section we show that there is always a factorization of W into
elementary factors, and we give an estimate for the minimal number of factors in
such a factorization (see Theorem 10.15 and Corollary 10.16 below). The case of
an empty product of such factors corresponds to the trivial situation 6(W) = 0.
Therefore, in what follows, it will be assumed that the McMillan degree of W is
positive.

We begin with some preparations. Let T be an n x n matrix. By the spectral
polynomial of T we mean the (scalar) polynomial

pr(N) =K =m)-- (A=)

where 71, ..., 75 are the distinct eigenvalues of 7. It is the monic (scalar) polyno-
mial of minimal degree vanishing on the spectrum of 7. Along with the spectral
polynomial comes the matrix

pr(T) = (T —71l) (T — 751y)

which will play an important role in what follows. Note that p(7') is nilpotent,
and if T is nilpotent, then pp(T) = T. Also pp(T) = 0 if and only if T is diag-
onalizable. Finally, the subspace Kerpp(T') of C" is spanned by the eigenvectors
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of T'. In particular, it has a basis consisting of eigenvectors of T'. To see this, note
that, whenever S is an invertible n x n matrix,

Ds-1Ts = DT, ps—17s(STITS) = 5" pr(T)S,

and pass to the Jordan form. With an eye on later use, we also observe that
pr(T)" =pr-(T7).

Theorem 10.14. Let A and Z be n x n matrices, and suppose that (at least) one
of the following identities is satisfied

Kerpa(A) +Kerpz(Z) = C", Impa(A)NImpz(Z) = {0}. (10.26)
Then A and Z admit simultaneous reduction to complementary triangular forms.

If A is diagonalizable, then pa(A) = 0 and both identities in (10.26) are
trivially satisfied. Thus the first part of Theorem 10.2 is a special case of Theorem
10.14.

Proof. Assume that the first identity in (10.26) holds true. We shall prove that this
implies that A and Z admit simultaneous reduction to complementary triangular
forms. Let uq,...,u; be a basis of Kerpa(A) consisting of eigenvectors of A, and
let aq,...,ap in C be such that

AUj:OéjUj7 j:].,,k

Similarly, let vy,..., v, be a basis of Kerpz(Z) consisting of eigenvectors of Z,
and let (1,...,(y in C be such that

Z’UjZCjUj, j:l,...,m.

Then the first identity in (10.26) implies that C™ is spanned by the vectors

ULy ..., Uk, V1, .., Vm. From this collection of vectors, we now extract a basis
wi, ..., wy, for C™ in such a way that, for an appropriate choice of s, the ele-
ments wi, ..., ws are eigenvectors of A, while wg41,...,w, are eigenvectors of Z.

Now let Sy be the n x n matrix having w; as its jth column. Then S(;lASo and
Sy 'Z Sy have the form

Al AO Z1 0

Sy tASy = sy
0 2

. 85128 = l

Ay

with A; an s x s diagonal matrix and Z5 an (n — s) X (n — s) diagonal matrix. By
Theorem 10.2, applied to A1, Z; and As, Z5, there exist an invertible s X s matrix
S7 and an invertible (n — s) x (n — s) matrix S such that SflAl S1 and S{lAQSQ
are upper triangular while S 17,81 and S5 17,85 are lower triangular. Now put

S 0
S =25
0 S
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Then S is an invertible n x n matrix, S~'AS is upper triangular and S~1ZS is
lower triangular.

Next, assume that the second identity in (10.26) holds. Passing to orthogonal
complements and adjoints, we see that

Kerpa+(A*) + Kerpyz«(Z2*) = C".

Thus, by what we just proved, A* and Z* admit simultaneous reduction to comple-
mentary triangular forms. Let T be an invertible n x n matrix such that 71 A*T
and T~1Z*T are upper and lower triangular,respectively. Put S = (T*) "' E, where
E is the n x n reversed identity matrix. Then S~'AS is upper triangular and
S—1Z8S is lower triangular. O

Neither of the identities in (10.26) implies the other. To that see this, consider
the matrices
0 0 0 0 0 0
A=|o0 o0 1|, zZz=|100 (10.27)
0 0 0 0 0 0
and their adjoints.

To state the main theorem of this section about factorization into elementary
factors we introduce the following notation. Let W be an m x m rational matrix
function with W(oo) = I,,,. Write W in the form

W) =1, + C(\I,, — A)"'B,

and assume that this realization is minimal, i.e., n = §(W). By (W) we now
mean the integer
k(W) = min{k_ (W), ks (W)},

where

k(W)

§(W) 4 codim (Kerpa(A) + Kerpax (A™)), (10.28)
e(W) = 6(W)+dim (Impa(A) +Impax (AX)), (10.29)
or, what amounts to the same,
Ko(W) = 26(W)—dim (Kerpa(A) + Kerpyx (A7)
ke(W) = 26(W) — codim (Impa(A) + Impax(AX)).

The state space isomorphism theorem guarantees that «(7) does not depend on
the choice of the minimal realization for W. An example where x_ (W) and k(W)
do not coincide will be given at the end of the section.

Theorem 10.15. Let W be an m x m rational matriz function having the value I,
at infinity. Then W admits a factorization into k(W) elementary factors.
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Proof. We split the proof into two parts. In the first part we consider the case
k(W) = k_(W) < k4 (W); in the second the situation k(W) = k1 (W) < k_(W).

Part 1. In this part we suppose that k_(W) < k(W) and so k(W) = k_(W).
Write W in the form

W) =1, + C(\I,, — A)"'B,

and assume that this realization is minimal, i.e., n = §(W). As (by definition; cf.,
Section 7.1) minimality implies controllability, the spectral assignment theorem
(Theorem 6.5.1 in [70]) applies to the pair of matrices A, B. Therefore, given an
n—tuple of complex numbers (3, ..., (,, there exists an m X n matrix F', such that
A 4+ BF has eigenvalues (1, ..., (,. Henceforth we will assume these eigenvalues
to be distinct, so that A+ BF' is diagonalizable. We will also assume that none of
C1,...,Cn s an eigenvalue of A or A*.

Put k = rx_(W) —6(W) = codim (Kerpa(A) +Kerpyx (A*X)). As A+ BF is
diagonalizable, there exist k eigenvectors x1,...,x, of A+ BF such that

(Kerpa(A) + Kerpax (A¥)) + span{z1,..., 2} = C".
Renumbering the eigenvalues of A + BF (if necessary), we may write
(A+BF)$j:<j5L'j, j=1,... k.

Now introduce the n x k matrix X = — [ T1 e+ Tk } Then (A+BF)X = XG,
where G is the k x k diagonal matrix with diagonal elements (i,...,(x. With
K = FX, we arrive at XG — AX = BK.

Consider the matrices
A BK
0 G

~

Note that W(\) = I,,, + 5(AIn+k — E)_lé. We have

~ A XG— AX
R e
(I, X A 0 I, —-X
- 0 I 0 G 0 I
(1, X A 0 5, x 17"
B 0 I 0 G 0 I

It follows that

pi(4) 0 an X]_l
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and, consequently,
pi4) 0

Ker pA(A\) = p(C)
A

I, X
Ker
0 I

From the expression for A, it also follows that J(A\) = 0(G)Uo(A). Furthermore,
note that our choice of (1,...,( is such that ¢(G) and o(A) are disjoint. Thus

Pz(A) =pa(A)pa(N). But then
pa(A) =pc(Apa(4),  pz(G) = pa(G)palG) = 0.

In the latter identity we used that pe(G) = 0 which follows from the fact that G is
a diagonal matrix. Note also that pg(A) is invertible. A straightforward argument

now gives
(A 0 A) 0
Ker Pal4) = Ker P44) ,
0 pz(G) 0 0
and we arrive at
. L, X pa(A) 0
Ker p;(A) = Ker
) 0 I ( 0 0

Next consider the matrix
A* 0
0 G

A~ o~

A*=A-BC =

A similar reasoning as the one given above yields

pax(A*) 0
0 01/

-~

Combining this with the description of Ker p;(A) obtained in the previous para-
graph, we see that

Kerpz, (A%) = Ker <

Ker pg(ﬁ) + Kerp ;. (A¥) = Crth

if and only if
Kerpa(A) + Kerpyx (A*) +Im X = C".

By construction, the latter is the case. Theorem 10.14 now yields that the matrices
A and A* admit simultaneous reduction to complementary triangular forms. Next,
use Theorem 10.5 to see that W admits a factorization into n + k elementary
factors. Since k_ (W) = n + k (by definition), we can conclude that W admits a
factorization into k(W) = k_ (W) factors.



204 Chapter 10. Factorization into Degree One Factors

Part 2. In this part we suppose that k(W) < k_ (W) and so k(W) = k4 (W). The
argument goes by taking adjoints. Thus we consider the rational m x m matrix

function W* given by W*(\) = W(A\)*. Obviously
W*(\) = I, + B*(\I, — A*)~'C*,
and this is a minimal realization. Also A* — C*B* = (A*)*. But then
k—(W™*) =n + codim (KerpA* (A™) + Ker pax)- ((AX)*))
Since pa«(A*) = pa(A)* and, similarly, piax)- ((A%)*) = pax (AX)*, we have

ko(W*) = n+codim (Kerpa(A)* + Kerpyx (A%)*)

= n+ codim (ImpA(A)J‘ —|—Impr(AX)J‘)
= n+codim (Impa(A) NImp,x (AX))L
= n+dim (ImpA(A) ﬂImpr(AX))

= K+(W).
In a similar fashion, x4 (W*) = k_(W). Hence

Fe (W) = 5y (W) < 5 (W) = 5y (W),
and it follows that W* admits a factorization into k_(W*) = k(W) = k(W)
elementary factors. But then so does W. O

Again, let W be a proper m x m rational matrix function with W(co) = I,,,.
A factorization of W into elementary factors will be called quasicomplete if the
number of factors involved is minimal. This minimal number of factors will be
denoted by d4(W). We call it the quasidegree of W. Evidently the quasidegree
is sublogarithmic. Note that W admits a complete factorization if and only if
dq(W) = §(W). We have the following estimates for d,(W).

Corollary 10.16. Let W be a proper m X m rational matriz function with W (oo) =
Iy, and (W) > 0. Then

(W) < 5q,(W) < k(W) <25(W) — 1. (10.30)
Proof. From the sublogarithmic property of the McMillan degree it is obvious that
d(W) < §4(W). From Theorem 10.15 it is clear that 6q(WW) < x(W). In the case
of positive McMillan degree considered here, it follows that d4(W) < 26(W) — 1.
Indeed, p4(A), being nilpotent, has a non-trivial kernel, so k(W) < 26(W)—1. O

We conclude this section with three illuminating examples. The first illus-
trates Theorem 10.15 and its proof.
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Example. Consider the rational 2 x 2 matrix function

1 L
W) = A2l (10.31)
0 1
Introducing the matrices
0 1 00 10
A = 5 B - ) O = ?
00 0 1 00

we have the representation W()\) = Iy + C(Ay — A)~!B, and this realization
is minimal (both observable and controllable). Hence 6(W) = 2. From Section
9.1 we know that the function W does not admit a complete factorization. Thus
d4(W) > 3. Following up on what was already announced in the paragraph in the
previous section containing (10.23), we shall now prove that equality holds, i.e.,
dq(W) = 3. This will be done by concretely factorizing W into three elementary
factors along the lines suggested by the proof of Theorem 10.15. Note that here
k(W) = k(W) = ke (W) = 3. Indeed, A = A* and both Ker A and Im A are

one-dimensional.
0 0
F= .
1 0

Put
1
0 b

and A + BF is diagonalizable with eigenvalues 1 and -1 both different from the
unique eigenvalue 0 of A = A*. The number k = x_(W) — §(W) in the proof of
Theorem 10.15 is here equal to 1. So the matrix X appearing there is a vector in
C? and the matrix G can be identified with a scalar. In fact, with

[t e so[l]

Then
A+ BF =

)
I

Q)

I

Q

=

I
p—
(an)
(an)
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Then W(A) = Ir + C(Als — A)~'B and

o~

AX=A-BC=1]0 0 0

The matrices A and A* admit simultaneous reduction to complementary triangu-
lar forms. In fact, with

1 1 0 0 1 0
S=110 0], St=11 -1 0
1.0 1 0 -1 1
we have
1 0 1 0
STTAS=10 0 -1, S7'A*s=]|1
00 0 1 01

As explained in the proof of Theorem 10.5, the realization
WA =1+ CS\5 — S'48)"'s~'B

can now be used to obtain a factorization W (A) = W1 (A)Wa(A)Ws5(A) into three
elementary factors Wy, Wy and W3. Using that

0 1
~ ~ 1 1 0
s'B=|0 -1|, CS= :
1 0 1
0 -1
these factors can be computed as follows:
T
Wi (A B P T R
1()_ _01_+_1-)\_1[ ]_ OL ’
A—1 ]
1_
Wa () (1 0] _1-1[0 1} 1 R
= + — — = s
’ 0 1 0|
) 7 0 1
) o 1 0
1 0 011
Ws(A) = + [0 -1] =
0 1] |[1]A 0 A1
A
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For W given by (10.31), we have 6q(W) = 26(W) — 1. As we shall see in
Section 12.4, this equality remains true when the term A? in (10.31) is replaced
by A", where n is any positive integer. This shows that the estimate d,(W) <
20(W) — 1 is sharp in the sense that for every value of the McMillan degree 6(W)
equality can occur. On the other hand, there are situations with strict inequality
0q(W) < 26(W) — 1. The next example presents such a case.

Example. In this example we show that it may happen that 64(W) < (W) =
k(W) =k (W) < 26(W) — 1. Consider the 2 x 2 rational matrix function

1+ 2+ !
A2 AN
W) =
.
A A2
Introducing the matrices
01 0 0 1
1 01
A=1]10 0 1], B=|1 0], C = ,
010
0 00 0 1

we have the representation W (\) = Iy + C(A3 — A)~!B, and this realization is
easily seen to be minimal (both observable and controllable). Hence §(W) = 3.
Note that A is nilpotent, and so is

0 0 0
A*=A-BC=| -1 0 0
0 -1 0

Thus pa(A) = A and pax (A*) = A*. It is now easy to check that k_(WW) =
k4 (W) = 4. However 64(W) = §(W) = 3 because W admits the complete factor-
ization

1 2 1
1 1
t% 3w R
1 1| 1y 7
3 14,-F 0 1 2\ 0 1

which is readily obtained from the fact the A is upper and A is lower triangular.

Recall from (10.30) that 64(W) < 2§(W) — 1. This inequality can be sharp-
ened to
(W) <26(W) — (W), (10.32)
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where v(WW) stands for the maximal number of non-trivial factors that can occur in
a minimal factorization of W. To verify (10.32), consider a minimal factorization
W =Wy Wy of W involving (W) non-trivial factors. For j =1,...,v(W),
we then have d4(W;) < 26(W;) — 1, and so

v(W) v(W)
Ba(W) < 7 da(Wy) < 30 (2600)) — 1) = 26(W) — (W),

For completeness, note that 1 < v(W) < §(W). We conclude with an example
featuring a situation where the inequality (10.32) is strict.

Example. This example shows that it may happen that x_ (W) < k(W) and
0q(W) < 26(W) — v(W). Consider the 3 x 3 rational matrix function

1 0 0
1 1 1 1 2 1
W= x"» DY AA2
1 1 1 1+1 1
A8 A A A2
Introducing the matrices
010 01 -1 0 0 0
A=|l0 01}, B=|0O0 1|, C=|-110],
0 0 0 1 0 O -1 0 1

we have the representation W(\) = I3 + C(Al3 — A)~! B, and this realization is
easily seen to be minimal (both observable and controllable). Thus §(WW) = 3. Also

0 0 1
A*=A—-BC=|1 0 0 |=848"1,
00 0

where
0 1 0
S=8"1=|1 0 0
0 0 1

Obviously both A and A* are nilpotent. Hence pa(A4) = A and pax (A%) = A*.
It is now easy to check that x_ (W) =4 and x4 (W) = 5. So this is a case where
k_(W) and k4 (W) are different. The matrices A and A* are unicellular. The
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non-trivial invariant subspaces of A are span{e;} and span{e;,es}, where e; is
the vector in C? with the jth entry equal to one and the other two entries equal
to zero. The non-trivial invariant subspaces of A* are span{Se;} = span{es}
and span {Sej, Sea} = span{es,e;}. Hence there are no non-trivial supporting
projections for the minimal realization of W under consideration. But then W does
not admit any non-trivial minimal factorization (see Theorem 9.3), i.e., (W) = 1.
It also follows that d,(7W) > 3. On the other hand, §,(W) < k(W) < k_(W) =4,
and we arrive at 0q(W) =4 < 5=26(W) —v(W).

Notes

This chapter has its roots in a number of theorems on factorization of rational
m X m matrix functions into elementary factors appearing in [14]. However, the
problem of simultaneous reduction of two matrices into complementary triangular
forms, which is a core element in constructing such factorizations, appears in [14]
only implicitly. This second problem was introduced and studied in [19]; see also
the survey paper [10]. Section 10.1 is based on [19]. Sections 10.2 and 10.3 originate
from Sections 1.1, 1.3 and 3.2 of [14]; see also [39], the references therein, and [104]
for earlier material in this direction.

Theorem 10.2, which appears implicitly in the proof of Theorem 1.6 in [14],
is taken from Section 7.2 in the survey paper [10] (see also Section 1 in [19], where
an alternative proof using lower-upper factorization is given). For an extension of
the first part of Theorem 10.2 to commuting families of matrices, see Theorem 1.4
in [19]. Theorem 10.3 can be found in Section 7 of [19], though in a slightly differ-
ent form. Other results on reduction to complementary triangular forms, mainly
concerned with special classes of matrices, can be found in various publication: see
[24], [111], [121], [26], and references therein. Section 2 in [19] contains a complete
analysis of the case where the given matrices have order 2. In [119] and [120] some
aspects of the infinite-dimensional case are treated.

A non-trivial general characterization of simultaneous reduction to comple-
mentary triangular forms is as yet not available. This differs from the situation
where one looks for simultaneous reduction to the same (say upper) triangular
form. For that type of reduction an algebraic characterization exists in the form
of McCoy’s theorem, see [95]. We note that there does exist a rather straight-
forward connection between simultaneous reduction to complementary triangular
forms and simultaneous reduction to upper (or lower) triangular form. This has
been established in [26], but the result given there does not combine with Mc-
Coy’s theorem so as to produce an effective non-trivial general characterization of
simultaneous reduction to complementary triangular forms.

There is no direct reference for Theorem 10.5, but it is closely related to
Theorem 1.3 in [14], and the material presented in Section 6 of [19]. Corollary 10.7
is a refined version of Theorem 1.6 in [14]; see also Section 7.2 in [10]. The fact
that in Section 10.3 the elementary factors are required to be square is important.
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Indeed, minimal factorization involving elementary factors only is always possible
if one allows for non-square elementary factors. This result has been established
in [109]. We also note that it can happen that a real rational m x m matrix
function which has simple pole only or simple zeros only, does not have a complete
factorization with real factors. In other words, Theorems 10.10 and 10.11 do not
have real counterparts. An example illustrating this point is given at the end of
Section 15.1.

Theorem 10.9 is a reformulation of Theorem 6.1 in [19]; see also Section 7.2
in [10]. Theorem 10.10 is a somewhat stronger version of Theorem 3.4 in [14], and
Theorem 10.11 is a modification of the same result (the role of the poles being
taken over by the zeros). Theorem 10.12 goes back to the material of Sections 6
and 7 in [19] (cf., the remark made at the end of Section 7 in [19], in particular).

The result that any proper rational m x m matrix function W with W(co) =
I,, can be written as a product of elementary factors is due to [39]. The upper
bound for the minimal number of factors in such a factorization given in Theorem
10.15 was proved in [119]; see also [121]. An example in [121] shows that this upper
bound is sharper than the one which is obtained via the approach presented in
[39]. The analysis in Section 10.4 follows the lines set out in [119] and [121]. In
particular, Theorem 10.14 is identical to Proposition 2.3.3 in [119], and Theorem
3.3 in [121]. The example in Section 10.4 involving the function

1
L %
0 1

appears in [119] and [121]. A concrete factorization of this function into three
elementary factors (as given in the example) was already known to G.Ph.A. Thijsse
(personal communication).



Chapter 11

Complete Factorization
of Companion Based
Matrix Functions

In this chapter results of the previous chapter are specified further for rational
matrix functions of a special type, namely for the so-called companion based func-
tions. These are characterized by the fact that they are rational matrix function
having a minimal realization in which both the main matrix and the associate main
matrix are (first) companions. A description of such functions is presented for the
2 x 2 case, and necessary and sufficient conditions are given for such functions to
admit a complete factorization. The factorization results in this chapter are based
on a detailed analysis of simultaneous reduction to complementary forms of pairs
of companion matrices.

The present chapter consists of seven sections. The first contains preliminar-
ies about companion matrices, including a description of all complete chains of
invariant subspaces for such a matrix. The second section deals with simultaneous
reduction to complementary forms of companion matrices. Companion based ma-
trix functions are introduced and studied in the third and fourth section. The fifth
section is devoted to complete factorization of companion based matrix functions,
and the six section presents Maple procedures to calculate such factorizations ex-
plicitly. The final section has the character of an appendix; in this section, as a
preparation for the next chapter, detailed information is given about the lattice
of invariant subspaces of a companion matrix.
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11.1 Companion matrices: preliminaries

A matrix is called an n X n first companion (matrix) if it has the form

0 1 0o - 0
0 0 1 0
: . ) (11.1)
0 0 0 1
L ~@ —a1 —az -+ —0np-1 |
where aq,...,a,—1 are complex numbers. More specifically, we sometimes call

(11.1) the first companion (matrix) associated with the monic polynomial a(\) =
A" 4@y 1 A" 4+ - -4 ag. This polynomial is precisely the characteristic polynomial
of (11.1). First companion matrices are nonderogatory, i.e., their eigenvalues have
geometric multiplicity one. In fact, a matrix is nonderogatory if and only if it is
similar to a first companion matrix. If «v is an eigenvalue of the nxn first companion
matrix A, then Ker (al,, — A) is spanned by the column vector (1,a,...,a" )T,
Here the symbol T stands for taking the transpose.

A matrix is called an n x n second companion (matrix) if it has the form

00 0 —ag

1 0 0 —aq

0 1 0 —a || (11.2)
L 0 0 1 —Onp—1 |

Clearly, second companion matrices are just the transposes of first companions.
Hence what is said above for first companion matrices holds, with appropriate
modifications, for second companions. For instance, if « is an eigenvalue of the
n x n second companion matrix A, then Ker (al, — A) is spanned by the column
vector (x1,...,2Tn_1,%,)  if and only

Ty
)

[1 A o At ]| :;(_A)ax” and z,, # 0, (11.3)
Tn

where a(\) = ag + -+ + @, 1 A"+ A"
It is well known that a square matrix and its transpose are always similar.
For companion matrices, this statement can be made more explicit. Indeed, if A
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and AT are given by (11.1) and (11.2), respectively, then HA = AT H where

a1 as c+ QAp—1 1
as S0
H= A . (11.4)
Gp1 - 0
| 1 0o - 0 0]

Since H is invertible, this proves that A and AT are similar. The matrix H is a
Hankel matrix and it is called the symmetrizer of A.

We shall now discuss similarity to the transpose for pairs of first companion
matrices. There is an analogous result for second companion matrices; just take
transposes.

Proposition 11.1. Let A and Z be n x n first companion matrices. Then there
exists an invertible n x n matriz S such that STYATS = A and S™'Z7S = Z
if and only if either A and Z are identical or (the other extreme) A and Z do
not have a common eigenvalue. In the latter case, the similarity S is unique up to
multiplication with a nonzero scalar.

Proof. First we deal with the only if part. So let S be an invertible n xn matrix such
that S7'ATS = Aand S~'Z7S = Z, and assume that « is a common eigenvalue
of A and Z. Then the vector v = (1,a,...,a" 1T is a common eigenvector of
A and Z corresponding to the eigenvalue o. Hence Sv is a common eigenvector
of the second companion matrices AT and ZT corresponding to the eigenvalue a.
Let x,, is be the nth entry of the column vector = Swv. Using the remark made
at end of the second paragraph of this section (see formula (11.3)) we know that
n 7# 0 and

n—1 _ a’()‘)

[ 1 A A ] Sv = N a‘rna
..ol _ 2

[ 1 A A ] S'U = N _ O[xn’

But then the fact that x,, # 0 yields that @ and z coincide. Hence A (the first
companion associated with a) and Z (the first companion associated with z) are
identical too. This proves the only if part of the proposition.

Next we turn to the if part. The case when A = Z is covered by the material
on the symmetrizer presented prior to the proposition. So we assume that A and
Z have no common eigenvalue.

As before, let a and z be the characteristic polynomials of A and Z, re-
spectively, and let Bez(a, z) be the Bezoutian associated with a and z. The latter
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means (see, e.g., [92], Section 13.3) that Bez(a, z) is the n x n matrix (b;;)
determined by

n
i,j=1

a(Nz(p) —a(w=(\) _ < i1 -

A—p =D bipA i
i,j=1
By the Barnett factorization theorem (Proposition 13.3.2 in [92]), the Bezoutian
admits the factorization Bez(a, z) = Hz(A) where H is the symmetrizer of A given
by (11.4). Using that HA = AT H, we obtain

Bez(a,2)A = Hz(A)A = HAz(A) = A" Hz(A) = A" Bez(a, 2).

Interchanging the roles of A and Z, we get Bez(z,a)Z = ZTBez(z,a). But,
as is obvious from the definition, Bez(z,a) = —Bez(a,z), and it follows that
Bez(a,2)Z = Z'Bez(a, z). Recall now that that Bez(a, z) is invertible if (and
only if) a and z do not have a common zero. In other words, Bez(a, z) is invertible
if (and only if) A and Z do not have a common eigenvalue. The latter has been
assumed in this part of the proof.

This proves the following: under the assumption that A and Z do not have a
common eigenvalue, the matrix S = Bez(a, z) is invertible and indeed transforms
the pair A, Z into the pair AT, ZT. Of course, every nonzero scalar multiple of
Bez(a, z) will do too. It remains to prove that this is all the freedom there is.

Let S be any invertible n x n matrix such that ST'ATS = Aand S7'1Z7S =
Z. Write A — Z = bc" where b and ¢ are nonzero vectors in C" such that the
n X n matrix B = [ b Ab --- A™1b } is invertible. This is possible, since A
and Z are different first companion matrices. In fact, one can take for b the nth
unit vector in C™ with last entry one and all others equal to zero. Now cb' =
AT —ZT = S(A—2)S™1 = (Sb)(c"S71). Since ¢" S~ is a nonzero vector, it
makes sense to put

bT(cTs )T
CTS—l(cTS—l)T’

so that Sb = oc with ¢ necessarily nonzero because Sb # 0. It follows that

ag =

SB = [Sb SAb .. SAp |
— [ s ATsy o (aT)" s ]
= olc ATe - (AT)"lc].

Replacing S by Bez(a, z), we also get
Bez(a,z)B=71[c ATc -+ (AT)"'c],

where 7 is again a nonzero scalar. Hence 7.5B = oBez(a, z) B. Since B is invertible,
this gives S = ZBez(a, z), so indeed S is a nonzero scalar multiple of the Bezoutian
Bez(a, z). O
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Note that the above proof shows that for the case when A and Z do not have
a common eigenvalue, the essentially unique similarity S appearing in Proposition
11.1 can be identified as the Bezoutian Bez(a, z) associated with the characteristic
polynomials a and z of A and Z, respectively.

In general, for A = Z the similarity S appearing in Proposition 11.1 is not
unique up to multiplication by a nonzero scalar. To see this, let A = Z be the
upper triangular 2 x 2 Jordan block. Then S~*ATS = A and S~'ZTS = Z for
any S of the form

0 a
a b

The next proposition will be useful in the next two sections.

, a # 0.

Proposition 11.2. Let A and Z be n x n matrices with rank (A — Z) = 1. Then
A and Z have no common eigenvalue if and only if there exist invertible n x n
matrices S1 and Sz such that

(i) S;YAS) and S;'ZSy are first companion matrices, and

(i) Sy 'ASy and Sy 'ZSy are second companion matrices.

Proof. Suppose there exist S7 and So with the properties (i) and (ii). Introduce
Ay =STYAS),  Zy=S57'72S), Ay =S7'ASy,  Zy=S,'ZS,.

Then A; and Z7 are first companion matrices. Also, As and Zs are second compan-
ion matrices. Since the characteristic polynomials of A; and As are the same (both
equal to that of A), we have that Ay = A . Similarly Z, = Z,/. Put S = S, 'S;.
Then S is invertible and

Ay =814, =8"1A]S  Z,=5"1'2,5=85"17]5.

The rank condition on A and Z implies that A; and Z; are different. Proposition
11.1 now gives that A; and Z; do not have a common eigenvalue. But then the
same is true for A and Z. This settles the if part of the proposition.

Next we focus on the only if part. So assume that, besides the rank condition
rank (A — Z) = 1, the matrices A and Z have no common eigenvalue. Write
A—Z = be" with b,c € C". The expression w(A) = 1+ ¢ (A, — A)71bis a
minimal realization as, by assumption, A and A* = Z have no common eigenvalue
(cf., the proof of Theorem 10.3). In particular, the n X n matrix

CT

cTA

CTAn—l



216 Chapter 11. Complete Factorization of Companion Based Matrix Functions

is invertible, with inverse V! = [ Vg VL ot Up_q } Notice that here the
entries vg, Vg, ...,v,_1 belong to C". Let A; and Ay be the companion matrices
(11.1) and (11.2), respectively, where

aj:—cTA”vj7 j=0,....,n—1.

A straightforward computation, using that

n—1

T
E vic' AV =1,
Jj=0

shows that A,V = VA. With H as in (11.4), we have HA; = HA] = A;H. Put
Sy =V ~'H~!. Then Ss is invertible and

Sy ASy = HVAV'H ' = HA H™! = A,.

Thus Sy L AS, is a second companion matrix.
The matrix S5 178, is second companion too. To see this we argue as follows.
Clearly
Sy 178y = Sy ASy — Sy tbe! So

and we need to show that the first n — 1 columns of the matrix Sy 'bc' S have
only zero entries. For this it is sufficient to establish that the first n — 1 entries in
the row vector ¢ 'Sy are equal to zero. This, however, is clear from the identity

c'Vv'i=[10 -+ 0]=[10 - 0]H.

This proves (ii).

Statement (i) can be now be obtained in several ways. One way is to employ
that the matrix [ b Ab ---  A""'b ] is invertible and mimic the above reason-
ing. Another way is to consider transposes, using that a matrix and its transposed
have the same eigenvalues and rank. Finally, one can resort to Proposition 11.1.
Indeed, with S as above, (Sy *ASy) " and (S;'ZS,)" are different first compan-
ion matrices without a common eigenvalue, and hence there is an invertible matrix
T such that T—1(S5 ' ASo)T = (S5 1 ASy) T and T—1(S5 1 ZS2)T = (S5 ' ZS,) " are
first companions. Now put S; = SoT', and we are done. O

11.2 Simultaneous reduction to complementary
triangular forms
In this section we deal with simultaneous reduction to complementary triangular

forms of pairs of companion matrices (of the same type). The first main results
are the following two theorems.
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Theorem 11.3. Let A and Z be nxn first companion matrices. Then A and Z admit
simultaneous reduction to complementary triangular forms if and only if there exist
orderings azq,...,a, of the eigenvalues of A and (1,...,(, of the eigenvalues of
Z (in both cases algebraic multiplicities taken into account)such that

ar #£¢,  kj=1,...,n, k<j. (11.5)

Theorem 11.4. Let A and Z be n X n second companion matrices. Then A and
Z admit simultaneous reduction to complementary triangular forms if and only if
there exist orderings aq, . .., a, of the eigenvalues of A and (1, ...,(, of the eigen-
values of Z (in both cases algebraic multiplicities taken into account) such that

ar #¢,  kj=1,...,n, k>j. (11.6)

One can derive the first theorem from the second and conversely. In other
words, the two theorems are equivalent. To see this we make a few observations.
First, by the remark made in the paragraph preceding the proof of Theorem 10.2,
two m X m matrices A and Z admit simultaneous reduction to complementary
triangular forms if and only if Z and A admit simultaneous reduction to comple-
mentary triangular forms. But the latter is equivalent to AT and Z' admitting
simultaneous reduction to complementary triangular forms. Next, note that A and
Z are first (second) companion matrices if and only if AT and Z T are second (first)
companion matrices. Finally, conditions (11.5) and (11.6) on the orderings of the
eigenvalues of A and Z are equivalent in the following sense. There exist orderings
of the eigenvalues of A and of the eigenvalues of Z such that (11.6) holds if and
only there are orderings for which (11.5) is satisfied. This follows by just reversing
the order. Since the eigenvalues of A (of Z) are the same as those of AT (ZT)
with algebraic multiplicities taking into account, we see that Theorems 11.4 and
11.3 are equivalent. Thus it suffices to prove Theorem 11.4.

In order to prove Theorem 11.4 we first introduce some notation and prove
a few auxiliary results. Let n be positive integer. Given complex numbers

His-vy Un—1, V1y--.3Vn—1,
welet U(p1, ..y fln—1;V1, - -, Vn—1) be the n x n matrix [“’W]Z;io determined by
n—1
D u A= (A=) A=) (A = ) - (A = paea)- (11.7)
k=0

For j = 0 the right side of the above formula reduces to (A — 1) -+ (A — pp—1).
An analogous interpretation holds for j = n — 1. Note that the n x n matrix
U=U(u,.sfn-1;V1,-..,Vn—1) is uniquely determined by the equation

[1 A - Anfl ]U (11.8)
=[ o) w(d) - w(N) ], AeC,
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where for j =0,...,n — 1 the entry u;(\) is the polynomial defined by the right-
hand side of (11.7).

Lemma 11.5. For any choice of p1, ..., in—1 and vi,...,v,_1 we have
n—1ln—1
det U(p1y oy fbn—15 V15 oy Up—1) = H H (vj — pk)- (11.9)
=1 k=j
In particular, U(pi, ... n—1;V1, - ., Vn—1) s non-singular if and only if
HE 7 Vs k,j=1,....n—1, k> 7. (11.10)
Proof. Note that both sides of the identity (11.9) depend continuously on the pa-
rameters (i1, ..., fin—1 and vy, ..., v,_1. Thus, in order to prove the equality (11.9),
we may assume without loss of generality that the numbers vq,...,v,_1 are all
different. Let v, be any complex number different from the numbers vy, ..., v, _1,

and let V' be the n x n matrix defined by

i 1 12 e 1/1’7‘71 T
1 Vo e 1/5‘71
V =
n—1
1 v,_1 v,
1 v, vt

The matrix V is a Vandermonde matrix, and hence

n j—1
detV = H H(Vj — V).
j=1k=1

Put U=U(p1,.-sftn-1;V1,---,Vn—1). Using (11.8) we see that

uo (1) wi(v1) o0 Up—1(1)
UO(VQ) Ul(l/z) t un—l(VQ)
VU =
Uo(l/n—l) ul(l/n—l) t un—l(Vn—l)
uo(ve)  wi(vn) o0 up(vp-1)

Hence VU is a lower triangular n x n matrix, and for j = 1,...,n the jth diagonal
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entry A; of VU is given by

It follows that

J=1
j—1 n—1
( (v —Vk)> [T =), i=2.
k=j
J=n

det VU = (ﬁﬁ(uj - Vk) H H (v; — pk)-
j=1k=1 =1 k=j
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Since det V' # 0, we have det U = det VU/ det V. This, together with the formulas
for det VU and det V, yields the desired expression for det U.

Lemma 11.6. Let A be an n X n second companion matriz, let aq, ..
eigenvalues of A (algebraic multiplicities taken into account), let (. . .

[ a1 =G
0 o)
A=
0 0
L0 0
Put S = U(ag,y...,an; (...

determined by

a1 — Q1 ar — G
ag — (2 o — (2
Op—1 an—l‘_Cn—l
0 a,

. -1
,Cn—1), that is, S = [sk;j]z,jzo

n—1
> sk = (A= G- (A= A= agpa) - (A — ).
k=0

Then SA = AS.

O

., ap be the
, Cn be com-
plex numbers, and let A be the upper triangular n X n matriz given by

(11.11)

is the n x n matriz

(11.12)
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Proof. We begin with a few observations. Introduce the n x n matrix

1 -1 0 0 0 7
0o 1 -1 0
F =
0 O 1 -1
L0 O 0 1 |
Clearly F' is invertible. Furthermore,
i a1 _Cl 0 0 0 T
0 (6%} —CQ 0
AF =
0 0 Op—1 _Cn—l
L O 0 0 an

Complete Factorization of Companion Based Matrix Functions

Thus both F and AF are simple two-diagonal matrices. Also, note that

S00 S01 — S00 S0,n—1 — S0,n—2
510 S11 — S10 S1,n—1 — S1,n—2
SF =
Sn—2,0 Sn—2,1 — Sn—-20 Sn—2,n—1 — Sn—2,n—2
L Sn—1,0 Sn—1,1 — Sn—1,0 Sn—1,n—1 — Sn—1,n—2 |

Finally, since F' is invertible, the identity S A=ASis equivalent to S AF = ASF.
Next, for each A € C let A(\) be the one row matrix appearing as the first
factor in the left-hand side of (11.8), that is, A(A) = [ 1 A AT
is sufficient to prove that, regardless of the choice of A, the one row matrices
A(N)SAF and A(N)ASF are the same. Write A in the form (11.2). Then

A" 4 Ti MNeap =detA—A) =N —a1) (A —a2) - (A — ). (11.13)
k=0
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Using this identity, we have
ANA=[ X X2 - At —g()) ],
where a(A) = (A — a1)(A — a2) -+ (A — a,,). Furthermore,
AN)S = [ so(A) s1(A) - spa(A) ],

where for j = 0,...,n — 1 the element s;(\) is equal to the right-hand side of
(11.12). Now using the matrix representations of AF and SF'in the first paragraph
of the proof it is straightforward to show that A(A\)SAF = A(\)ASF for any choice

of A. 0
Lemma 11.7. Let Z be an n X n second companion matriz, let (i,...,(, be the
eigenvalues of Z (algebraic multiplicities taken into account), let aq,...,q, be

complex numbers, and let Z be the lower triangular n X n matriz given by

G 0 0 0
G — G 0 0
7= . : . (11.14)
Cn—1 _.anfl Cne1 — Q1 -~ G110
| G- Co—an o o Cn—am Ca

Also let S = Ulag,...,an;Cy -3 Cno1), that is, S = [S’w']zgio is the n X n
matriz determined by (11.12). Then SZ = ZS.

Proof. Clearly, it is possible to give a direct argument along the lines of the proof
of Lemma 11.6. However, we shall follow another approach and derive the lemma
as a corollary of Lemma 11.6.

Introduce the n x n matrix T = [t’w‘]zgio by stipulating that

n—1
St = —an) (A= ans1- ) A= Gior—g) - (A= G) (11.15)
k=0

Thus T is defined in the same way as S in Lemma 11.6 with the understanding
that the eigenvalues aq,...,a, of A and the complex numbers (y,...,{, there
are replaced here by the eigenvalues (,,...,(1 of Z and the complex numbers
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Qp, ..., oq. It follows that TZ = ZT, where

[ Ca Cn—Qn e e Cn — an Cr — an
0 Gt o Cum1 = el Gl — Qe
7=
0 0 . G2 C2;O¢2
i 0 0 0 Cl |

Observe now that (11.15) can be rewritten as

Ztkj A=C) AN =Crm1—j ) A= ang1—5) - - (A — am).

Comparing this with the defining expression for S, we see that
tkj = Skn—1—j> k,j=0,...,n—1.

In other words T' = SE, where E is the n x n reversed identity matrix (having ones
on the antidiagonal and zeros everywhere else) Combining this with TZ = ZT,
we get SEZ = ZSE, and it follows that S(EZE) = ZS. The argument is now
completed by observing that EZE=127. O

Proof of Theorem 11.4. Let A and Z be second companion matrices. Assume
that there exist an ordering «q,...,qa, of the eigenvalues of A and an order-
ing (1,...,(, of the eigenvalues of Z such that (11.6) is satisfied. Put S =
U(ag,...,n;C1,. .., Cu1). Using the final part of Lemma 11.5, we see that (11.6)
is equivalent to the invertibility of S. But then we can use Lemmas 11.6 and 11.7 to
show that S~1AS and S~!ZS are upper triangular and lower triangular, respec-
tively. Thus A and Z admit simultaneous reduction to complementary triangular
forms.

Next, we prove the reverse implication. Assume S is an invertible n x n

matrix such that S~!'AS is upper triangular with diagonal elements a1, ...,y
and S~!ZS is lower triangular with diagonal elements (i, ..., (,. Suppose also,
contrary to (11.6), that ay, = ¢ for some k > j. Put 7= (ST)"1. Then T~1ATT =
(S71AS)T is lower triangular with diagonal elements o, ..., a,. Write T-1ATT
in the form
r-iarp— | 0 ,
* A2

with 47 a (k— 1) x (k — 1) matrix and As an (n — k+ 1) x (n — k + 1) matrix.
Clearly A, is lower triangular with «j on the diagonal (actually as first entry).
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Hence «j is an eigenvalue of As. Note that a corresponding eigenvector can be
transformed into an eigenvector for the full matrix 7' AT T, again corresponding
to the eigenvalue oy, by adding k — 1 zeros at the beginning. The upshot of this
is that there exists a nonzero vector a = (ay,...,a,)" in Ker (axl, — T71ATT)
such that

a; =0, i=1,....k—1. (11.16)

Analogously, by virtue of the upper triangularity of 7='Z 7T, there is a nonzero
vector z = (21,...,2,) " in Ker (¢;I, — T~*ATT) for which

=0, i=j+1,....n (11.17)
Now Ta € Ker (I, —A") and Tz € Ker (¢;I,,— Z ). Since AT is a first compan-
ion matrix, the space Ker (ay I, — A") is spanned by the vector (1, ay,...,a} ") 7.

Similarly, the space Ker (¢;I,, — Z ") is spanned by the vector (1,(j, ..., C]’-L_l)—r.
But we have assumed that o = (;. It follows that the one-dimensional spaces
Ker (I, — A") and Ker (¢jI, — Z") are spanned by one and the same vector.
Hence T'a and T'z are scalar multiples of each other. As T' is invertible, we conclude
that a and z are scalar multiples of each other. Combining this with (11.16) and
(11.17), and using that k£ > j, we see that a = z = 0, contradicting the fact that
a and z are nonzero vectors. g

The above proof provides some additional information on both parts of The-
orem 11.4. Indeed, for n x n second companion matrices A and Z, we have proved
the following two facts.

(a) If a1, ..., ay is an ordering of the eigenvalues of A and (3, ..., (, is an order-
ing of the eigenvalues of Z such that the conditions in (11.6) are satisfied, then
S=U(ag,...,an;C1,...,Cu 1) is invertible, ST1AS = Ais upper triangular
with diagonal elements a1, ..., a,, and S‘~1Z S = Z is lower triangular with
diagonal elements (i, ..., (,. Here A and Z are as in (11.11) and (11.14).

(b) If there exists an invertible n x n matrix S such that S~tAS is upper tri-

angular with diagonal elements a,...,q, and S™'ZS is lower triangular
with diagonal elements (1, ..., (,, then the inequalities (11.6) hold (i.e., the
matrix U(aa,...,an; (..., Cu—1) is invertible).

In this form Theorem 11.4 can be seen as a generalizations of Theorem 10.3.
Indeed, the hypotheses of Theorem 10.3 imply (by Proposition 11.2) that the given
matrices A and Z admit simultaneous reduction to second companion forms, which
allows us to derive Theorem 10.3 as a corollary of Theorem 11.4.

In a similar way Theorem 11.3 can be specified further. In fact, by taking
transposes (cf., the observations made in the paragraph directly after Theorem
11.4) we see that for n x n first companion matrices A and Z, the following two
statements hold true.
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(¢) If aq,...,q, is an ordering of the eigenvalues of A and (3,...,(, is an or-
dering of the eigenvalues of Z such that the conditions in (11.5) are satisfied,
then T = U((a, ..., sty .., 1) | is invertible, TAT~! is upper triangu-
lar with diagonal elements o, ..., ay,, and TZT ™! is lower triangular with
diagonal elements (1, ..., (,.

(d) If there exists an invertible n x n matrix T such that TAT ! is upper tri-
angular with diagonal elements a1, ...,a, and TZT~! is lower triangular
with diagonal elements (1, ..., (,, then the inequalities (11.5) hold (i.e., the
matrix U(Ca,...,(n; 1, ..., ap_1) is invertible).

The next theorem is the third main result of this section. Its proof will provide
further insight in orderings of the eigenvalues of A and Z satisfying (11.5) or (11.6).

Theorem 11.8. Let A and Z be n X n companion matrices of the same type (so
either both first or both second companions). Then A and Z admit simultaneous
reduction to complementary triangular forms if and only if there exists an ordering
f1, .-, s of the (different) elements of o(A) U o(Z) such that

t t—1
Zmz(uz-) < 1—|—ZmA(,u¢), t=1,...,s. (11.18)
i=1 i=1

Here, as before, m 4 (1) denotes the algebraic multiplicity of i as an eigenvalue
of A (taken to be zero when p is not in the spectrum of A), and likewise with A
replaced by Z. At first sight, the theorem seems to be non-symmetric in A and Z,
but in fact it is not. This can be seen by taking the elements of o(A) Uo(Z) in
the reversed order ps, ..., pu; and using that the algebraic multiplicities for A, as
well as those for Z, add up to n. Indeed, for t =1,...,s we have

t s—t
D omalpsti) = n—Y ma(u)
i=1 i=1

s—t+1 t—1
< n+1- Z mz(pu;) =1+ Zmz(us+1—i)-
i=1 i=1

Proof. As has been established earlier in this section, A and Z admit simultaneous
reduction to complementary triangular forms if and only if there exist orderings
ai, ..., a, of the eigenvalues of A and (1, ..., (, of the eigenvalues of Z such that
(11.5) is satisfied. So we need to prove the equivalence of this condition on the
eigenvalues of A and Z with the one mentioned in the present theorem which
concerns the algebraic multiplicities of the eigenvalues of A and Z. In view of our
needs later (see the proof of Theorem 12.8), we shall establish a somewhat more
general result. In fact we shall prove that, for h an arbitrary non-negative integer,
the following two statements are equivalent:
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(A) There exist orderings aq, ..., a, of the eigenvalues of A and (s, ..., (, of the
eigenvalues of Z such that

ar #¢,  kj=1,...n, k<j—h. (11.19)

(B) There exists an ordering ji1,. .., s of the different elements of o(A4) U o(2)
such that

t t—1
> mz(p) < b+ malp),  t=1,....s (11.20)
i=1 i=1

Note that (11.19) reduces to (11.5) and, likewise, (11.20) boils down to (11.18) by
taking h = 1. We split the argument into two parts.

Part 1. In this part we prove that (B) implies (A). Assume that there is an ordering
p, - - ., pus of the (different) elements of o(A) Uo(Z) such that (11.20) is satisfied.

First we introduce an ordering ag, ..., a, of the eigenvalues of A. Take k among
the integers 1,...,n. Then there exists a unique integer ¢(k) among 1,...,s such
that
t(k)—1 t(k)
T+ ) ma(w) <k <Y malp),
i=1 i=1

and we put ay = pyr). Note that, for t =1,...,s,

t—1 t
ap =y for k=1 +ZmA(/,Li),..., ZmA(,ui).
i=1 i=1
In this way, indeed, aq,...,q, is an ordering of the eigenvalues of A (algebraic

multiplicities taken into account). This ordering can also be written as

iy 1 25 o b2 oo Hs—1y -y s—1 sy -5 s

ma(p)  ma(pz) .. ma(ps—1) ma(ps)

of course with the (natural) convention that an underbraced subsequence of length
zero is just absent. In the same vein,

| AEREREY 5] 2y ey B2 cee fs—1y ey Hs—1 Hsyeny s
mz(pa)  mz(pz) .. mz(ps—1)  mz(ps).
is an ordering (1, . .., (, of the eigenvalues of Z (algebraic multiplicities taken into

account) with

t—1 t
Cp =y for k:l—&—ZmZ(m),...,Zmz(/,Li).
i=1 i=1

We claim that (11.19) is satisfied.
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Let £ and j be integers among 1,...,n, and suppose that oy = (;. Let ¢ be
the unique integer among 1, ..., s for which y; = a3 = ¢;. Then

t—1 t
L4+ Y ma(p) <k <> m
i=1 =1
and
t—1 t
L+ mz(pi) <j SZ
=1 =1

Combining the appropriate parts of these inequalities with (11.20) gives

t—1

t
Z AU <h—|—z:m,4/,tZ ) < k+h-—1,

=1

so k > j — h, as desired.
Part 2. Next we prove that (A) implies (B). Suppose that a1, . .., a, is an ordering

of the eigenvalues of A and (1,...,(, is an ordering of the eigenvalues of Z such
that (11.19) is satisfied. We shall first make clear that there is no loss of generality
in assuming that the ordering a, ..., a, of the eigenvalues of A has the clustered
form
Hiyeoos U1 (U2 .oy U2 cee Mp—1y-es Up—1 Hpye-.y Mp
_ —_— — (11.23)
ma(p)  ma(p2) .. ma(pp-1) ma(pp)
where g1, ..., up are the different eigenvalues of A. As there is nothing to prove
when p = 1, we will consider the case p > 1.
Put p1 = 1. Then py appears at exactly ma(p1) positions in g, ..., ay,.
Let [ be the largest integer among 1,...,n such that a; = p1. Then I > ma(u1).
If { = ma(p1), the sequence aq, ..., «, has the form
7 N 1 B P *, (11.24)
ma (1) n—ma(p)

with p; not appearing among the entries denoted by a star. Now suppose [ >
ma(p1). Then ma(pq1) > 1 (hence [ > 2) and there must be an integer ¢ among

.,1 — 1 such that ay # p1. With the help of such a ¢ — which in practice is
best taken as small as possible — we produce a new ordering &y, ...,Q, of the
eigenvalues of A. Namely by putting p; on the tth position, a; on the [th position,
and leaving the rest intact. One verifies easily that

ar # ¢, k,j=1,...,n, k<j—h.

Also the largest integer lAamong 1,...,n such that a; = py is strictly smaller than
[. Proceeding in this way, one arrives in a finite number of steps at an ordering —
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written again as aq, ..., a, by slight abuse of notation — of the eigenvalues of A
of the form (11.24) and still satisfying (11.19).

Next, put p2 = @144, (4,)- Using the same type of reasoning as in the pre-
vious paragraph, one sees that it may be assumed that the ordering oy, ..., a, of
the eigenvalues of A has the form

R 2 B ¥ U B *
—— Y

ma(m)  ma(pe)  n—ma(p) —ma(pz)

with g1 and pe not among the entries denoted by a star. In case A has only two
distinct eigenvalues (so p = 2) we are ready. In the situation where p > 2, we
continue the process, thereby arriving at (11.23) after a finite number of steps.
The reasoning (as well as certain arguments given below) can be formalized by
using finite induction.

For what follows it is relevant to note that the construction can be arranged
in such a way that (11.23) starts with the possible eigenvalues of A not belonging
to the spectrum of Z. Indeed, if necessary shift these eigenvalues to the left. Thus,

from now on, we assume that the ordering aq, ..., a, has the form

M1y -y 1 B S RERY YAy T IRy LA | cee Hpseees Hp
—_— —_ — —_ (11.25)

ma(p) ... ma(pr) ma(tr41) o malpp),

with 1, ..., g, the r different eigenvalues of A that are not in o(Z), and with
Hrt1s -, fbp the p —r different common eigenvalues of o(A) and o(Z). Here we
have 0 < r < p, with the cases r = 0 and r = p corresponding to the situation
where 0(A) C o(Z) and 0(A) N o(Z) = O, respectively. The eigenvalues pg, . . .,
of A (but not of Z) can be taken in any order.

Next we turn to Z. Carrying out the procedure described above, with the
necessary alteration of details, the ordering (1, ..., (, of the eigenvalues of Z can
be brought in clustered form too. This time the construction can be carried out
in such a way that the ordering ends with the (possible) eigenvalues of Z that
do not belong to o(A) and starts with the common eigenvalues of A and Z. In
first instance, however, these common eigenvalues do not necessarily appear in the
order fiy41, ..., tp in which they come in (11.25). Thus the clustered ordering for
Z has the form

Ho(r+1)s -y Ho(r+1) -+ Ho(p)s--->Ho(p) Hp+ls- -5 Hp+1 o Hsyoooy ls
mz (fe(r+1)) o g (M) mz(pp+1) . mz(ps)
(11.26)
where o is a suitable permutation of r+1,...,p, and jipy1, ..., ps are the different

eigenvalues of Z that do not belong to o(A). Here r < p < s, with the cases p=1r
and p = s corresponding to the (extreme) situation where o(A4) N o(Z) = () and
0(Z) C o(A), respectively. The eigenvalues pipi1, ..., s of Z (but not of A) can
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be taken in any order. As we have the disjoint union
o(A) U o(Z) = (J(A)\J(Z)) U (J(A) N O’(Z)) U (U(Z)\J(A))7

the number of different elements in o(A) U o(Z) is r+ (p—r) + (s — p), hence this
number is equal to s. In line with this, 1, ..., us is an ordering of the different
elements of 0(A) U o(Z). This ordering satisfies (11.20). However, to see this, the
above ordering of the eigenvalues of Z needs to be cleaned up first.

Suppose the permutation o is not the identity mapping on r 4+ 1,...,p (so
in particular p > r + 1), and let k be the unique integer among r + 1,...,p such
that o(j) =4, j=k+1,...,p and o(k) # k (in particular kK = p when o(p) # p).
Write o(k) = ¢g. Then r+ 1 < ¢ < k and the ordering (11.25) of the eigenvalues of
A has the form

[ Y s Moy ooy U
N—— N——
ma(pr) oo, ma ()

L Py A Hg—1s- -5 Hg—1
N—— —
ma(flrg1y) e ma(tig—1))

Hqy -y g Hg+1y--- s Hg+1 oo o ME—1y--5 Hk—1 ks -5 Pk

—_— Y——
ma(pq) ma(pgr) - malp-1) ma(p)
J T U S Hpy-ooy Up
— — .
ma(pg) it ma(pp)

Also, k = o(1) for some [ among the numbers (r+1),...,(k— 1), and the ordering
of the eigenvalues of Z obtained in the preceding paragraph looks like

Ho(rd1)s s Ho(rd1)  ovveeeees Ho(l=1)s -5 Mo(i—-1)
myg (No(r+1)) ......... my (,u,g(l_l))

Py v s bk Bo@41)s - Ho(+1) -+ Ho(k—1)s- s Ho(k—1) Hags- -+ lq
mz(jik) mz (Ko@s1)) . mz (Ko (k-1)) mz(fiq)
Na(k+1)7 ey p,g(k_;,_l) ......... /J,U(p), ce ,/Lg(p)

[ ——
my (,Ufa(k+1)) ......... mz (/Lg(p))
[ R ¥ R R sy Msye oy s
—_———— —— .
mz(fp+1) oo mz(fs)

At this point it is crucial to observe that, without violating the property embodied
in (11.19), one can replace

Hhs ook Ho(l+1)s -5 Ho(i+1) -+ Ho(k=1)s- -+ Ho(k—1) Hqr-- -1 Hq
——— ——

mz () mz (o) - Mz (Ho(-1)) mz(pq)
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in the ordering for Z by

Ho(41)s- s Ho(41) - Ho(k—1)r s Ho(k—1) Has---sHq fhy- - [k
mz (o+1)) ., mz (fo(k—1)) mz(pg)  mz(ur)

and it can be concluded that we may change the permutation o, already satisfying
o(j) =4, j =k+1,...,p, so that o(k) = k too. To be precise, if & is the
permutation of » + 1,...,p given by

G(j)a j:T+1,...,l—l7
~ . U(]+1)7 j:l7-..,k—17
a(j) = ,

G(Z)a j:k,

a(4), j=k+1,....p

(so o(k —1) = o(k) = q and o(k) = o(l) = k), then the ordering (11.26) of the
eigenvalues of Z may be replaced by

HG(r41)s -+ s HG(r41) o+ HG(p)s- s Ma(p)  Hptlo--sHptl oo Hsyooos s
mz (Hs(ri1)) o mg (Hep) mz(ppt1) oo mz(ps)
where o(j) = j, j =k, ..., p. It follows, formally by finite induction, that o can be
taken to be the identity mapping on r + 1,...,p. Thus, from now on, we assume

that the ordering (3, ..., (, of the eigenvalues of Z has the form

Hrdds ooy r4l oo Hpyooos p o Hptdse ooy Bpt1 oo sy oovy s
< IR —_— —- — — (11.27)
mz(pr41) e mz(pp) mz(pp+1) o mz(ps)

(cf., the ordering (11.25) of the eigenvalues of A), and we are ready to establish
(11.20).

Take ¢ from the integers 1,...,s. If ¢ < r, the complex numbers p1, ...,y do
not belong to ¢(Z), and the inequality in (11.20) holds trivially because its left-
hand side vanishes (and h is non-negative by assumption). If ¢ > p, the complex
numbers fipy1, ..., He—1 do not belong to o(A). Hence the right-hand side of the
inequality in (11.20) comes down to

t—1 p
h+ZmA(/M) = h—&—Zm,q(/h‘) =h+n.
i=1 i=1

As the left-hand side of the inequality in (11.20) certainly does not exceed n,
the desired inequality is again trivial. Suppose now that r +1 < ¢t < p. Then
pr € o(A) N o(Z) and py appears in (11.25) and (11.27) at the positions

t—1 t

k=14 ma(p), j=Y mz(m), (11.28)

i=1 i=1
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respectively. But then, as the condition (11.19) is met, it is impossible that k& <
j—h. Thus j < h+k — 1, which is exactly what (11.20) says. O

Part 2 of the above proof actually contains an algorithm. Given orderings
i, ..., of the eigenvalues of A and (3,...,(, of the eigenvalues of Z such
that (11.5) is satisfied, the algorithm produces new orderings featuring a special
structure, and it does so keeping the property embodied in (11.5) intact. Roughly
speaking, the special structure in question comes down to the following: the eigen-
values are clustered in blocks (possibly empty), and these come in the same order
for A as for Z. For a graphic depiction, see the expressions (11.21) and (11.22). In
the next chapter (Section 12.3) we shall encounter a basically identical situation in
the context of job scheduling. It is for that reason that Part 2 of the proof of The-
orem 11.8 has been given in considerable detail. This enables us to be brief on the
point in question later. We complete the discussion with an example illustrating
the algorithm.

Example. Let A and Z be the 10 x 10 (first) companion matrices associated with
the polynomials
a(d) = A=DA=3)" A=A =5)*(A-6),
2N = (A=2PA =3\ =49\ - 5)*(A - 6)%,
respectively. The eigenvalues of A are the zeros of a, and the eigenvalues of Z
are the zeros of z (the appropriate multiplicities counted in both cases). Here are
orderings of the eigenvalues of A and Z respecting (11.19) with h = 2:
A: 1 3 3 3 5 5 3 4 5 6,
Z: 3 3 3 5 4 5 2 6 2 6.
We now follow the algorithm developed in Part 2 of the proof of Theorem 11.8.
Accordingly, we begin by dealing with the eigenvalues of A. First, the eigenvalue
3 in the seventh position is interchanged with the eigenvalue 5 in the fifth:
A: 1 3 3 3 3 5 5 4 5 6,
Z: 3 3 3 5 4 5 2 6 2 6.
Next interchange the eigenvalue 5 in the ninth position with the eigenvalue 4 in

the eighth:
A: 1 3 3 3 3 5 5 5 4 6,

Z: 3 3 3 5 4 5 2 6 2 6.

With this, our operations on the eigenvalues of A are completed, and we turn
to those of Z. Here, consecutively, we interchange the eigenvalue 6 in the eighth
position with the eigenvalue 2 in the ninth position, and the eigenvalue 5 in the
fourth position with the eigenvalue 4 in the fifth:

A: 1 3 3 3 3 5 5 5 4 6,
Z: 3 3 3 4 5 5 2 2 6
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Although both orderings now feature the desired block structure, the process has
not been finished yet. One issue is the position of the eigenvalues having zero-
multiplicity for either A or Z. These are the eigenvalue 1 of A and 2 of Z. Now
1 is already in the desired leftmost position, but the eigenvalues 2 do not yet
appear at the far right. This, however, can easily be arranged by shifting the two
eigenvalues 2 to the right, i.e., by replacing the sequence 2 2 6 6 in the ordering
for Z by 6 6 2 2:

A: 1 3 3 3 3 5 5 5 4 6,
Z: 3 3 3 4 5 5 6 6 2 2

The next (and final) point to be addressed is that in the ordering of the eigenvalues
of Z, the eigenvalue 4 precedes the eigenvalues 5, while in the ordering of the
eigenvalues of A this is the other way around. The remedy consists of replacing
the sequence 4 5 5 in the ordering for Z by 5 5 4:

A: 1 3 3 3 3 5 5 5 4 6,
Z: 3 3 3 5 5 4 6 6 2 2

With 1 =1, po = 3, ug =5, pa =4, s = 6 and pe = 2, we now have an ordering
Wi, pe (e, 1,3, 5,4, 6, 2) of the different elements of o(A) U o(Z) satisfying
(11.20) with h = 2.

This is not the only ordering of this type. Indeed, another one is obtained by
interchanging the eigenvalues 3 and 5:

A: 1 5 5 5 3 3 3 3 4 6,

. (11.29)
Z: 5 5 3 3 3 4 6 6 2 2

In fact, the ordering in question (i.e., 1,5, 3, 4, 6, 2) of the different elements of
0(A) U o(Z) even satisfies (11.20) with h = 1, and it follows from Theorem 11.8
that the companion matrices A and Z admit simultaneous reduction to comple-
mentary triangular forms (cf., the Examples in Sections 11.5 and 12.3.

11.3 Preliminaries about companion based
matrix functions

From the material presented in Section 4.1 it is clear that a proper rational op-
erator function can be realized in such a way that both the main operator and
the associate main operator have the form of an operator companion (cf., the
expressions (4.1) for A, B and C in Theorem 4.1). This holds in particular for
proper rational matrix functions, and there block matrix companions take the
role of operator companions. In general, however, one cannot make realizations
with ordinary companions of the type discussed in the preceding section. Here we
shall study the case when one can, even when the extra condition of minimality is
imposed.
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A rational m x m matrix function W will be called (first) companion based
if it admits a minimal realization

W) =1, +C\, —A)~'B (11.30)

with A and A* = A — BC first companion matrices.

Clearly, there is an alternative concept where first companions are replaced
by their transposes, the second companions, but there is no need to pursue this
issue here. Therefore in the following we will usually drop the qualifier “first” and
simply speak about companion based matrix functions meaning all the time first
companion based matrix functions.

We begin with two preliminary propositions. The first is a simple uniqueness
result.

Proposition 11.9. Let W be a companion based m X m matriz function, and for
j=1,2, let
W(A) = I, + Cj(A\,, — Aj)""'B;

be a minimal realization of W such that A; and AY = A; — B;C; are first com-
panions. Then Ay = Ay and A = A

Proof. By the state space isomorphism theorem, the matrices A; and A, are sim-
ilar. Hence the characteristic polynomials of A; and A, are the same. As A; and
Aj are first companions, A; = Ay follows. The identity A} = AJ is obtained in
the same way using the similarity of A; and A. O

Next we investigate in how far some simple operations leave the property of
being companion based intact. If W is a rational m x m matrix function, then the
functions W~! and W T are given by W=1(\) = W(A)~! (when det W ()) does not
vanish identically) and W T (X\) = W(\)T. Also, for T an invertible m x m matrix,
Wz denotes the function defined by Wr(A\) = T~1W()\)T. Note that a companion
based matrix function W is biproper, and hence W~ exists.

Proposition 11.10. Assume W is a companion based m X m matriz function. Then
the following holds.

(i) The matriz function W1 is companion based.

(ii) The matriz function W is companion based if and only if either W and
WL have no common pole, or (the other extreme) W and W~ have the
same poles, pole-multiplicities taken into account.

(iil) For T an invertible m x m matriz, W is companion based.

Recall that the poles of W~! coincide with the zeros of W, with pole-
multiplicities and zero-multiplicities corresponding to each other (see Chapter 8).
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Proof. Let (11.30) be a minimal realization of W with A and A* = A — BC first
companion matrices. Then

W=\ =1, —C(\I, — A*)™'B

is a minimal realization of W~ for which both AX and (A*)* = AX + BC = A
are first companions. This proves the first item of the proposition.

Turning to the second item, we first assume that the poles of W and W~!
meet the requirement mentioned in the theorem. In terms of the minimal realiza-
tion (11.30), involving first companions A and A*, this means that either A and
A* have no common eigenvalue, or (the other extreme) A and A* have the same
characteristic polynomial and are therefore the same. But then Proposition 11.1

guarantees that there exists an invertible n x n matrix S such that S~'ATS = A
and S71(A*)TS = A*. Now

W'\ =IL,+B"(\, — A"~ tCT (11.31)

is a minimal realization of W . Replacing AT by SAS~!, we obtain another
minimal realization for W', namely

WT(\)=1I,+B'S\\, — A)~1s1cT.

AsA-S7ICTBTS =S YAT -CTBT)S = S71(A*)TS = AX, we can conclude
that W is companion based.
Next, assume that W is companion based. Then W T admits a minimal

realization R L
WT\) =1, +C(\\,, — A~ 'B (11.32)

with A and A% = A — BC first companions. The state space similarity theorem,
applied to (11.31) and (11.32), guarantees the existence of an invertible n x n
matrix S such that

SASTL=AT,  A*ST'=8(AT —CTBT)S = (4T,

In particular, the characteristic polynomials of A and A coincide, and the same
is true for those of A* and A*. As we are dealing here with first companions,
we may conclude that A = A and A* = AX. But then SAS™' = AT and
SA*S~1 = (AX)T. Proposition 11.1 now gives that either A and A* do not have
a common eigenvalue, or (the other extreme) A and A* are identical. In view of
the minimality of (11.30), this amounts exactly to what should be established for
the poles of W and W L. This completes the proof of item (ii).

To prove that Wy is companion based, we start with the minimal realization
(11.30) for W, assuming (as before) that A and A* = A—BC are first companions.
The function W can be represented as

Wr(A\) =1, + T"'C(\I,, — A)"'BT,

and this again is a minimal realization. The desired conclusion is now immediate
from A — (BT)(T~'C)=A— BC = A*. O
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In Section 10.3, we already mentioned that rational matrix functions of the
type featuring in Theorem 10.12 form a subclass of the companion based matrix
functions introduced in the present section. The next two propositions make this
statement explicit.

Proposition 11.11. Let W be a rational m x m matriz function, and let
W) =1, +C\, —A)~'B

be a realization of W such that rank BC' = 1 or, what amounts to the same,
rank (A — A*) = 1. Suppose, in addition, that A and A* have no common eigen-
value. Then W is companion based.

Proof. Since A and A* have no common eigenvalue, it follows from Theorem 7.6
that the given realization of W is minimal. Also, by Proposition 11.2 there exists
an invertible n X n matrix such that S~'AS and S~'A*S are first companion
matrices. Write A = S™'AS, B=S"'B and C = CS. Then

W) = I, + C(\L, — A)~'B

is a minimal realization of W for which A = S~1AS and AX = A—BC = S—1A*S
are first companions. Hence W is companion based. O

Proposition 11.12. Let W be a rational m x m matriz function, let
W) =1, +C(\I, — A)~'B

be a minimal realization of W, and assume rank BC' = 1 or, what amounts to the
same, rank (A— AX) = 1. Suppose, in addition, that W and W1 have no common
pole or, equivalently, that the set of poles of W is disjoint from the set of zeros of
W. Then W is companion based.

Proof. As the given realization is minimal, the poles of W and W' coincide
with the eigenvalues of A and A, respectively. Hence A and A* have no common
eigenvalue. With this we are back in the situation of the previous proposition. [

11.4 Companion based matrix functions:
poles and zeros

In this section we deal with the problem of describing companion based matrix
functions with prescribed poles and zeros. We start with some terminology.
Let W be a rational m x m matrix function having the value I,,, at infinity.
By the pole-polynomial of W we mean the (monic) scalar polynomial
(A=aq) - (A= ay,), where aq, ..., a, are the poles of W, pole-multiplicities (see
Section 8.2) taken into account. The pole-polynomial of W ~! will be referred to as
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the zero-polynomial of W. It has the form (A—aj*) -+ - (A— ), where ', ..., ax
are the zeros of W, zero-multiplicities (see Section 8.1) taken into account. The
pole-polynomial and the zero-polynomial of W have the same degree, namely the
McMillan degree §(W) of W. Actually, if (11.30) is a minimal realization of W,
then the pole-polynomial of W coincides with the characteristic polynomial of A,

and the zero-polynomial of W is identical to the characteristic polynomial of A*.

Suppose W is a companion based m xm matrix function. By Proposition 11.9,
a companion based matrix function uniquely determines a pair of first companion
matrices. As a matter of fact, if (11.30) is a minimal realization of W with A
and A* first companions, the pair in question is A, A*. These companions are
completely determined by the pole-polynomial and zero-polynomial of W the
converse is also true.

We now turn to the issue of describing the companion based matrix functions
having a given pole and zero-polynomial. So the problem is the following: given two
monic scalar polynomials p and p* of the same degree, find all companion based
m X m matrix functions having p as pole-polynomial and p* as zero-polynomial. In
this connection, we will especially pay attention to the size m. One more prelimi-
nary remark (showing that with any m each larger integer will do) is in order here.

Suppose W is a companion based m X m matrix function having pole-
polynomial p and zero-polynomial p*, let I be an identity matrix of arbitrary
size, k say, and define Wy by

I 0
Wext(A) = [ 1 . (11.33)
0 W(\)

Then Wey is again companion based. Indeed, if (11.30) is a minimal realization
of W with A and A first companions, then,

Wext(A) = Im+k +

0
A, —A)"'[0 B].
o |on-ato s
This is again a minimal realization, and the desired conclusion comes from

A-[0 B =A—-BC=A"

It also follows that Wyt has p as its pole-polynomial and p* as its zero-polynomial.

We are now ready to deal with the problem formulated above. In light of the
remark contained in the preceding paragraph, we add as an additional requirement
that the size m of the companion based functions sought for should be as small as
possible. As we will see, this brings us to the low-dimensional cases m = 1 (scalar
functions) and m = 2 (2 x 2 matrix functions).
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Theorem 11.13. Let p and p* be monic scalar polynomials of the same positive
degree, n say. Then there exists a scalar companion based function having p as pole-
polynomial and p™ as zero-polynomial if and only if p and p™ have no common
zero. In that situation, the function w given by

(11.34)

18 the unique scalar companion based function having p as pole-polynomial and p*
as zero-polynomial.

Proof. Assume p and p* have no common zero. As is explained in the first para-
graph of Section 10.3, the scalar function w given by (11.34) admits a minimal
realization of the type w(\) = 1+ ¢ (A, — A)~1b with b,c € C", A an upper
triangular n x n matrix having the zeros of p on the diagonal, and A* = A—bc' a
lower triangular n x n matrix having the zeros of p* on the diagonal. In particular
A and A have no common eigenvalue, and it also follows that A — A% = be" has
rank one. Proposition 11.11 now gives that w is companion based. Also w has p as
its pole-polynomial and p* as its zero-polynomial. This can be seen directly from
(11.34), but it is clear as well from the fact that the characteristic polynomial of
A is p and that for A* is p*.

Now suppose that w is a a scalar companion based function having p as
pole-polynomial and p* as zero-polynomial. We shall prove that p and p* have
no common zero and, in addition, that w is necessarily given by (11.34).

Clearly, the McMillan degree of W is n. Let

w\) =1+c" (M, — A)7'b, (11.35)

with b, ¢ € C", be a minimal realization such that A and AX = A — be" are first
companions. From the proof of Theorem 10.3 we know that

_det(AI, — A%)
v = Geon A

However, the characteristic polynomials of A and A* are p and p*, respectively,
and it follows that w is given by (11.34). Assume now that p and p* do have
a common eigenvalue. Then w can be written as a quotient of two polynomials
of degree less than n. Again referring to the first paragraph of Section 10.3, we
conclude that w has a realization with state space dimension less than n. But that
is impossible in view of the minimality of (11.35). O

Next we consider the more complicated situation when the given polynomials
p and p* do have a common zero. In that case scalar companion based functions
are ruled out (by Theorem 11.13). The next result shows that one can always make
do with 2 x 2 matrix functions.
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Theorem 11.14. Let W be a rational 2 X 2 matriz function, let p and p™ be monic
polynomials of the same positive degree, n say, and suppose p and p* have at least
one common zero. Then the following statements are equivalent:

(i) W is companion based with pole-polynomial p and zero-polynomial p*,
(ii) W is of the form

LY
A
W) =171 ppx((;) T, (11.36)
0
p(A)

where T is an invertible 2 X 2 matrix, r is a scalar polynomial of degree not
exceeding n — 1 while, moreover, p, p* and r do not have a common zero.

The latter requirement implies, given the assumption that p and p* have
a zero in common, that r cannot be the zero-polynomial. Scalar polynomials of
degree zero (so nonzero constants) are not ruled out, however.

In order to prove Theorem 11.14 it will be convenient to prove first the
following auxiliary result.

Lemma 11.15. Let W be a proper rational 2 X 2 matriz function of the form

W(A)z[l wlz(A)l and  lim W(A)z[l 01. (11.37)
0 UJQQ(/\) A—00 0 1

Then W is companion based, its pole-polynomial p(\) is equal to the least common
multiple of the denominators of wia(\) and waz(X), and its zero-polynomial p* (\)
is given by p*(A) = p(AN)waz(N).

Proof. Let q(\) be the least common multiple of the denominators of wi2(\) and
waz(A). Thus ¢(\) is a monic polynomial, g(A)wi2(A) and g(A)wez2(N) are polyno-
mials, and there is no monic polynomial of smaller degree with the same properties.
Put

r(A) =aMwiz(N), " (N) = g(Mwaa(N). (11.38)

We split the (remaining part of the) proof into three parts. The first part has a
preliminary character. In the second part we prove that ¢ is the pole-polynomial
of W, and the final part we show that W is companion based and that ¢* is its
zero-polynomial.

Part 1. We claim that the polynomials ¢, ¢* and r do not have a common zero.
Indeed, assume that « is a common zero of these three polynomials. Then there
exists polynomials ¢1, ¢;° and r; such that

N =aMNA-a), TN =g NA-a), ) =r(N)A-a).
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It follows that

r0) ) g

wig(A) = —=% = , woa (A) = =

e =0 T a0

Thus ¢ (\)wi2(\) and g1 (M) waa(A) are polynomials, and g (\) is a monic polyno-

mial of degree strictly less than the degree of ¢()\), which is impossible. Thus g,
q* and r do not have a common zero.

From (11.38) and the first identity in (11.37) we see that

r(\)

W) = qqx(?;) : (11.39)

q(\)

The second identity in (11.37) implies that ¢(A\) and ¢*(\) have the same degree
and that the degree of () is strictly less than the degree of g(\).

Part 2. In this part we show that ¢ is the pole-polynomial of W. The poles of W
are certainly zeros of ¢. Hence (cf., Chapter 8) the McMillan degree §(W) of W is
given by

(W)=Y W.a),

« zero of q
where (W, ) is the local degree of W at a. Write n(«a) for the multiplicity of «
as a zero of ¢. It suffices to prove that 6(W, «) = n(«).
Let « be a zero of ¢. It is clear from (11.39) that the order of «v as a (possible)

pole of W does not exceed n(«), and so the Laurent expansion of W at « has the

form
oo

W)= Y (A—a)W;. (11.40)
j=—n(a)
By definition (cf., Section 8.4), the local degree §(W;«a) of W at « is the rank of
the block upper triangular block matrix

W_y W - W—n(a)
W_2 o 0
W) 0 . 0
Now, obviously, Wi,...,W_,(,) are 2 x 2 matrices with vanishing first column.

Hence 6(W,a) < n(a), equality holding if and only if W_, ) # 0. The latter,
however, is the case because « is not a common zero of ¢, ¢* and r. Thus ¢ is the
pole-polynomial of W.
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Part 3. Let n be the degree of ¢(\). Then the degree of ¢*(\) is also n and the
degree of r is strictly less than n (see the last paragraph of the first part of the
proof). Since both ¢(\) and ¢*(\) are monic, the degree of g(\) — ¢*(\) is also
strictly less than n.

Since ¢ is the pole-polynomial of W, we know that the McMillan degree of
W is equal to n. Now, let A denote the n x n first companion matrix associated
with the polynomial p, and put

0 0
0 0
B=1|: |, c¢c=|"0 " o T (11.41)
. . Vo V1 e Up—1
0 0
0 1
where 7o, ..., 7,—1 are the coefficients of r(\), and vy, ..., v,—1 are the coefficients

of ¢g(\) — ¢*(N\). As A is first companion, we have (cf., the proof of Theorem 4.1)

0 1
0 A
N, —A)1| | = L
" ; aN) | o,
0 A"
1 Anfl

Using the above identity, a straightforward calculation shows that

(N

q(A)

(N —a(N)
q(A)

It follows that W () = I +C (A, — A) "' B and this realization is minimal because
W has McMillan degree n. Note that BC' has [vgv; ... v,—1] as its last row and
zeros everywhere else. Hence, along with A, the matrix A* = A — BC is a first
companion. In fact, A* is the first companion associated with ¢*. Thus W is
companion based and ¢* is the zero-polynomial of W. O

CA—A)"'B=

Proof of Theorem 11.14. We split the proof into five parts. The first part concerns
the implication (ii) = (i). The other four parts deal with the reverse implication.

Part 1. From Proposition 11.10 we know that it suffices to prove the implication
(ii) = (i) for

()

1 4

w _ -1 _ p(A)
W) =TWNT " = . )
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But then we can apply Lemma 11.15 with

r(N) P (N
)\ = )\ — .
wi2(A) () w2(A)
The fact that the three polynomials p(\), p*(\) and r(\) do not have a common
zero implies that p is the least common multiple of the denominators of wia(A)
and waz(A). Hence Lemma 11.15 yields (i).

Part 2. In the remainder of the proof it is assumed that (i) is satisfied, and we
show that (i) = (ii). We begin with some preliminary observations. The McMillan
degree of W is n and there is a minimal realization W (\) = Iy + C(\I,, — A)~'B
of W such that both A and A* are first companion matrices. The latter implies
that BC' = A — A* has rank at most one. Now B isann x 2 and C'is a 2 X n
matrix. Hence, if B and C have both rank 2, then BC' has rank 2 as well. Thus
either B or C has rank at most one. On the other hand, none of these matrices can
be the zero matrix because this would conflict with 6(W) = n and the assumed
positivity of n. Thus either B or C' has rank one.

Part 3. Suppose rank B = 1, and write B = b3 with b and 8 nonzero vectors in C"
and C2, respectively. On account of Cramer’s rule, and using that the characteristic
polynomial of A is p, we can write C (A — A)~1b in the form

C(A—A)*lb—i o
M sy |

where w and w are scalar polynomials of degree at most n — 1. Let 7" be an
invertible 2 x 2 matrix having the non zero row vector 81 as its last row, i.e.,
BT =[0 1]T. Define the scalar polynomials r and 7 by

l r(A)
(A

Then r and 7 have degree at most n — 1. Also

W) = ILi+CW\,—A) 8" =1 S v BT
- 2 n — 12 p()\) &7()\)
1 [
Ig+mT F(A)][o 1]7
r(A)
_ ! p() .
o PA)+TY
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Taking determinants, we get

PN +7(N)
p(N)

where for the latter identity we refer to the proof of Theorem 10.3. As the char-
acteristic polynomials of A and A* are p and p*, respectively, it follows that
p(A) + 7(A) = p*(A). So W has the form (11.36). Now the matrix function

W(X) = TW(A)T~! has the same McMillan degree as W, that is n. But

_det(M, — A¥)

R
. hy
W= ppx((:)

p(A)

It follows that p, p* and r cannot have a common zero.

Part 4. In this part we consider the situation rankC = 1. We shall show that
this condition implies p = p*. In the previous paragraph we did not use the fact
that A and A* are first companions. The reasoning only depended on the fact
that rank B = 1 and that the characteristic polynomials of A and A* are p and
p*, respectively. Thus, under the assumption rank C' = 1, the arguments can be
repeated for W T, which is given by the realization W T (\) = L+BT(A\-AT)"!CT.
Hence W has the form

r(A\)

p(A)
p*(\)
p(A)

where T is an invertible 2 x 2 matrix, r is a scalar polynomial of degree not
exceeding n — 1 while, moreover, p, p* and r do not have a common zero. By the
implication (ii)=> (i) which has already been established, this implies that W'
is companion based. Proposition 11.10 now gives that either W and W~! have
no common pole, or (the other extreme) W and W~! have the same poles, pole-
multiplicities taken into account. In other words, either p and p* have no common
zero, or (the other extreme) p and p* have the same zeros, multiplicities taken
into account. The first possibility is ruled out by the hypothesis that p and p* do
have a common zero. So rank C' = 1 implies p = p*, and we have to find out what
happens in this special case. This we do in the next and final part of the proof.

Wi =11

Part 5. Assume p = p*. Since A and A* are first companions with characteristic
polynomial p and p*, respectively, it follows that A = A* or, what amounts to
the same, BC = 0. Let T be an invertible 2 x 2 matrix such that the second
row of the 2 x n matrix T'C' is zero. Then the first row of the rank one matrix
TC does not vanish. Now (BT ~!)(TC) = BC = 0, and it follows that the first
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column in the n x 2 matrix BT ! is zero. Once again applying Cramer’s rule, we
conclude that there exists a polynomial r of degree not exceeding n — 1, such that
TWNTt=1,+TC(\— A)~"'BT! has the form

I I
TWONT ' = p(A) | = px
P\
0 1 0
p(A)
This can be rewritten in the desired form
r(A)
SO
W) =T Y T =T 'WT.
0o P
p(A)
As before, W has McMillan degree n, and it follows that p = p* and r cannot
have a common zero. O

Implicitly the material presented above contains complete information about
2 x 2 companion based matrix functions, also for the case when the pole and zero-
polynomial do not have a common zero. The details for the latter case are covered
by the following result.

Theorem 11.16. Let W be a rational 2 X 2 matriz function, let p and p* be monic
polynomials of the same positive degree, n say, and suppose p and p* have no
common zero. Then the following statements are equivalent:

(i) W is companion based with pole-polynomial p and zero-polynomial p*,
(i) W or WT is of the form

At
71 ppx(?j) T, (11.43)
0

p(A)
where T is an invertible 2 X 2 matriz and r is a scalar polynomial of degree

not exceeding n — 1.

Taking for r the zero-polynomial, (11.43) gets the form
1 0
—1
r P | T
p(A)

This is in line with Proposition 11.10, Theorem 11.13 and the remark made in
connection with (11.33).
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Proof. The implication (i) = (ii) is contained in Parts 24 of the proof of Theorem
11.14.

Next, assume (ii) is satisfied. Note that the conditions of the Theorem imply
that the polynomials p, p*, and r have no common zero. Thus, if W is of the form
(11.43), the argument given in Part 1 of the proof of Theorem 11.14 shows that W
is companion based. Suppose W T is of the form (11.43). Then (by same argument)
WT is companion based. By hypothesis, p and p* do not have a common zero.
However, from the expression (11.43) for W T, it is clear that the poles of W T are
zeros of p and that those of (W T)~! are zeros of p*. Hence W T and (WT)~! do
not have a common pole. The second part of Proposition 11.10 applied to W T
now gives that W = (W) T is companion based too. O

We close this section with a few comments about rational 2 x 2 matrix func-

tions of the form

1 w12 ()\)

. (11.44)
0 w22 ()\)

As we have seen, such functions appear in a prominent way in Theorem 11.14 and
its proof, in Lemma 11.15, and in Theorem 11.16.

In what follows we say that a rational matrix function W has a A-independent
fized point if there exists a nonzero vector u such that

W(Nu = u, A not a pole of W. (11.45)

Note that a rational 2 x 2 matrix function W has the form (11.44) if and only
if (11.45) holds with u equal to the first unit vector e = [1 0]T in C2. We shall
write F'P for the class of all proper rational 2 x 2 matrix functions W such that
W(o0) = I and W has a A-independent fixed point.

First, we note that W € FP if and only if there exists an invertible matrix 7’
such that T='W (AT has the form (11.44). Indeed, if such an operator T exists,
then clearly u = Te is a A-independent fixed point of W. Conversely, if u is a
M-independent fixed point of W, then we can choose v € C? so that the vectors
u and v form a basis of C?. Given such a vector v, put 7' = [u v], i.e., T is given
by the 2 x 2 matrix of which the first column is given by u and the second by wv.
Then T is invertible, and e = T~ 'u is a MA-independent fixed point of the function
T-'W(MNT.

Given the result of the previous paragraph, we can use Lemma 11.15 and
item (iii) of Proposition 11.10 to show that W € FP implies that W is companion
based. The converse implication is not true. To see this, take
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Note that W € FP, and hence W' is companion based. But then, since W T
and (W T)~! have no common pole, we can apply item (ii) of Proposition 11.10
with W7 in place of W to show that T is companion based. On the other hand,
it is a simple matter to verify that W does not have a A-independent fixed point
in C2. Thus, in this case W is companion based and W ¢ FP.

Returning to the general case, we can use Theorems 11.14 and 11.16 to show
that T is companion based implies that W or W T belongs to the class FP. More
precisely, when W and W~! do not have a common pole, then W is companion
based if and only if W or W' has a global fixed point, and when W and W1
have a common pole, then W is companion based if and only if W has a global
fixed point. We omit the details.

In conclusion we mention that the case when W and W~! do have a common
pole is of special interest in view of the connection with the two machine flow shop
problem from combinatorial job scheduling theory to be made in the next chapter
(Section 12.4 in particular).

11.5 Complete factorization (companion based)

In this section, combining the results from Section 11.2 with those of Section
10.3 , we derive necessary and sufficient conditions for the existence of complete
factorizations of companion based matrix functions.

Theorem 11.17. Let W be a companion based rational m X m matriz function,
and let n be the McMillan degree of W (assumed to be positive in order to avoid
trivialities). Then W admits a complete factorization if and only if there exist an
ordering a1, ...,y of the poles of W (pole-multiplicities taken into account) and

an ordering o, ..., a of the zeros of W (zero-multiplicities taken into account)
such that

ar # af, k,j=1,...,n, k<j. (11.46)
In fact, given such orderings, there exist complete factorizations of W and W1
of the form

wo) = (1 LI Int——R
- m N\ o 1 m N\ — U n |
1 1
w1\ = (I, ——R, ) (In— Ry ),
W ( A= ax ) ( Ao )

where Ry, ..., R, are rank one m X m matrices.

Proof. Let W()\) = I, + C(AI,, — A)~!B be a minimal realization of W with A
and A* = A — BC first companion matrices. The condition on the poles and zeros
of W can be rephrased as a requirement on the eigenvalues of A and A*. In fact
it amounts to the existence of orderings ag,...,a, of the eigenvalues of A and
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ai’,...,ar of the eigenvalues of A* (in both cases algebraic multiplicities taken
into account) such that (11.46) holds. In turn, this requirement is equivalent to
the condition that the first companion matrices A and A* admit simultaneous
reduction to complementary triangular forms (see Theorem 11.3). The first part
of the theorem is now immediate from Theorem 10.9. The second part follows
by combining the details contained in the notes (c) and (d) (see the one but last
paragraph preceding Theorem 11.8) with the proof of Theorem 10.5. U

From the above proof, it is clear that Theorem 11.17 can also be formulated
in terms of realization (so that one obtains a formulation in the same vein as, for
instance, Theorem 10.12). The following reformulation of the first part of Theorem
11.17 is along this tack.

Theorem 11.18. Let W be a companion based rational m X m matriz function,
and let W(X\) = I, + C(\I,, — A)~'B be a minimal realization of W, so that n is
the McMillan degree of W (assumed to be positive in order to avoid trivialities).
Then W admits a complete factorization if and only if there exists an ordering
W1, .-, s of the (different) elements of o(A) U o(A*) such that

t t—1
ZmAx(m) < 1+ZmA(,u¢), t=1,...,s.
i=1 i=1

Proof. On account of the state space similarity theorem, we may assume that A
and A* = A— BC are first companions. By Theorem 11.8, the above requirement
on (the algebraic multiplicities of) the eigenvalues of A and A* then amounts
to the condition that A and A* admit simultaneous reduction to complementary
triangular forms. Again the desired result is immediate from Theorem 10.9. O

We conclude this section with an example illustrating the above theorem.
Let W be given by

1
A=1DA=3)*(A—=4)(A=5)3(A—6)

W) =
(A =2)*(A—6)
O~ 1A —3)(x—5)

From the material presented in Section 11.4, we see that W is companion based,
its pole and zero-polynomial are

) = A=1DA=3)*A=4)(A -5\ -6),
P = A=2PA=3° (A=A = 5)* (A - 6)%,

respectively, and the McMillan degree of W is 10. Also, taking for A and Z the
first companion matrices associated with p and p*, respectively, and appropriately
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choosing the matrices B and C, we can produce a minimal realization W(\) =
I+ C(\— A)"'B of W such that AX = Z. Note that A and Z are precisely
the matrices featuring in the example given at the end of Section 11.2. From
the last paragraph of that example it is now clear that Theorem 11.18 can be
applied to show that W admits a complete factorization. In fact, retracing the
steps in the argument leading to (the if part of) Theorem 11.18, one gets complete
factorizations of W and W~! where the poles of the elementary factors appear
in the order 1,5,3,4,6 and 2,6,4, 3, 5, respectively (see (11.29) or the formulas
in Theorem 11.17). We shall return to this example in Subsection 11.6.5 below,
where the factors will be calculated explicitly using Maple procedures.

11.6 Maple procedures for calculating complete
factorizations

In this section Maple procedures are presented to calculate complete factorizations
of a proper rational 2 x 2 matrix function W of the form

W= | w4 i woy= | O (11.47)
0 waa(X) 0 1

We know from Lemma 11.15 that W is companion based, its pole-polynomial p(\)
is equal to the least common multiple of the denominators of wi2(\) and was (M),
and its zero-polynomial p* () is given by p* (A) = p(A)wa2(A). Hence we can apply
Theorems 11.17 and 11.18 to check whether W admits a complete factorization,
and if this the case, to construct such factorizations. Throughout n is the McMillan
degree of W.

In the first part of Subsection 11.6.2 a Maple procedure is provided which
calculates the least common multiple polynomial of the denominators of the entries
of any rational square matrix function. When applied to W (), this yields the pole-
polynomial p(X). Subsequently, the zero-polynomial p* () is constructed, the poles
and zeros of W () are calculated using the polynomials p(\) and p*(A), and the
set of different poles and zeros is determined.

The second step is to find an ordering g, ..., a, of the poles of W (pole-
multiplicities taken into account) and an ordering (,...,(, of the zeros of W
(zero-multiplicities taken into account) such that

ar #£¢,  kj=1,...,n k<j. (11.48)

In the second part of Subsection 11.6.2 we shall present a Maple procedure which
produces an ordering aj, ..., «a, of the poles of W and an ordering (i, ...,(, of
the zeros of W such that

ar#¢,  kj=1,...n k<j—h, (11.49)
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with the positive integer h as small as possible (cf., formula (11.19)). The procedure
given provides first an ordering j1, .. ., us of the different elements of o(A)Uo(Z)
such that (11.20) holds, where A and Z are the first companion matrices associated
with p(A\) and p* (), respectively. In fact, all such orderings are obtained.

Next, a Maple procedure is given (see Subsection 11.6.3) to find a transfor-
mation matrix T such that the matrix TAT ! is in upper-triangular form and the
matrix TZT " is in lower-triangular form. This procedure is a Maple implemen-
tation of formula (11.12) which will return a matrix

T = U(C27 . .,Cn;oq, . ,Oén_l)—r,

which does the job; see item (c) in the second paragraph preceding Theorem 11.8.

As a fourth step, a procedure (Subsection 11.6.4) is implemented to calculate
degree one factors, given a realization of W (\) with the state matrix and associate
state matrix in complementary triangular form. In this case the code is a trans-
lation into Maple of formula (10.13), and the preceding formulas (10.10)—(10.12),
where the identities described by the formulas (10.10)—(10.12) are the result of the
triangularization previously calculated. Here, the starting point is the realization
described in Part 3 of the proof of Lemma 11.15, which is transformed into the
desired form by using the state space similarity given by the matrix T appearing
in the previous paragraph.

Finally (see Subsection 11.6.5), we conclude with the example appearing at
the end of Section 11.5. Although an ordering of poles and zeros is already given
by (11.29), we will ignore this knowledge and use Maple to calculate all orderings
(based on multiplicities; see (11.20) with h = 1) instead. As we know such orderings
satisfy (11.48), and hence the corresponding W admits a complete factorization.
We use Maple to calculate such a factorization for two different orderings.

All procedures and calculations in this section are tested under Maple, ver-
sion 9, [93]. In the text the Maple command lines start with the symbol > . For
introductory texts on Maple, see [78], [107]. The Maple worksheet containing all
procedures and commands presented in this section is available on request by email
from the fourth author (ACM.Ran@few.vu.nl).

11.6.1 Maple environment and procedures

First the Maple environment is defined by loading some Maple packages.
> restart; # almost clean start
> with(LinearAlgebra):
> with(MatrixPolynomialAlgebra) :

11.6.2 Poles, zeros and orderings

The Maple procedure LCMDenomMatrixPolynom returns the least common de-
nominator of W (that is, the least common multiple of the denominators of the
entries of W) as a monic Maple expression in a Maple name x.
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LCMDenomMatrixPolynom least common denominator
of a rational matrix function

Calling sequence LCMDenomMatrixPolynom (W x)
Parameters W - square rational matrix function
x - name (unevaluated)
Output expression in x with leading coefficient 1.
> LCMDenomMatrixPolynom:=proc(W,x)
> 1local k,m,nc,D0,D1,cofmax,mat; mat := convert(W(x),Matrix):
> nc := ColumnDimension(mat): DO:=[]:for k from 1 to nc do
> for m from 1 to nc do DO:=[op(DO),denom(mat [k,m])];
> end do end do;
> D1:=1lcm(op(D0)): cofmax:=coeff(D1,x,degree(D1,x)):

> return(expand(D1/cofmax)) ;end;

The procedure GetPolesandZeros extracts from given pole- and zero-polynomial
functions, the poles and zeros, multiplicities included and the set of different poles
and zeros. The output is a list of Vectors of Maple type.

GetPolesandZeros calculate
Calling sequence  GetPolesandZeros(pf,zf)

Parameters pf - polynomial function (= pole polynomial)
zf - polynomial function (= zero polynomial)
Output list:

first element: Vector of poles (multiplicities included)
second element: Vector of zeros (multiplicities included)
third element: Vector of different poles and zeros

GetPolesandZeros:=proc(pf,zf)

local poles, zeros, mu;

poles:=[solve(pf(x),x)]: print(’poles’=poles);
zeros:=[solve(zf (x) ,x)]: print(’zeros’=zeros);

mu:=convert ([op(op(convert (poles,list)),
op(convert(zeros,list)))],Vector[row]): print(‘Set of different
poles and zeros‘=mu); return([convert(poles,Vector[row]),
convert (zeros,Vector [row]) ,mul);

end proc;

VVV VYV VVYV

Vv

The next step is to convert the vectors of poles and zeros of W into vectors of
multiplicities. For this purpose we use Maple procedure GetMultiplicity.

GetMultiplicity  calculate for each member of a given (second) vector,
how many times it is a member of an other (first) vector
Calling sequence GetMultiplicity (p,mu)
Parameters p - Vector
mu - Vector
Output Vector mP such that mP; = #{k | pr = mu;}.
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GetMultiplicity:=proc(p::Vector,mu::Vector)
local dimp,dimgv,mP,k,m;

dimp:=Dimension(p): dimgv:=Dimension(mu) :
mP:=Vector [row] (dimgv,0) :

for k from 1 to dimgv do for m from 1 to dimp do
if evalb(p[m]=mulk]) then mP[k]:=mP[k]+1; end if:
> end do: end do: return(mP) ;end;

V V.V V VYV

For the conversion of the vectors of poles and zeros of W () into vectors of multi-
plicities the starting point is the Maple Vector mu build from the set {1, ..., us} =
o(A)Uo(Z). The Vector p is then either the vector of the poles of W () or the vec-
tor of zeros of W(A). E.g, the Maple command muA :=GetMultiplicity(poles,mu)
will return a Maple vector muA such that mud; = #{k | poles = muy, k =
1,...,n} for t = 1,...,s. Analogously, muZ:=GetMultiplicity(zeros,mu) will re-
turn a Maple vector muZ such that muZ, = #{k | zeros, = mus,k =1,...,n}
fort=1,...,s.

The actual search for a feasible ordering, satisfying condition (11.20), is performed
in the procedure GetAllIMOrderings. In this procedure, starting with h = 1, the
procedure GetMOrderingsH is called with increasing A till an ordering is found
satisfying (11.20). Actually, if for some (minimal) h an ordering is found, all or-
derings satisfying (11.20) are returned.

GetAlIMOrderings calculate all feasible, see condition (11.20),

orderings of poles and zeros for minimal h
Calling sequence GetAlIMOrderings(mA,mZ,mu)
Parameters mA - Vector (of multiplicties of poles)

mZ - Vector (of multiplicties of zeros)

mu - Vector (of different poles and zeros)
Output List, with first element is h and

the other elements are the output

of GetMOrderingsH.

GetAllMOrderings:=proc(mA: :Vector,mZ: :Vector,mu: : Vector)
local h,kordering,orderings, newperm;
newperm:=true:h:=0:kordering:=0:while (kordering=0) do
h:=h+1:orderings:=GetMOrderingsH(mA,mZ,mu,h,newperm) :
newperm:=false: kordering:=orderings[1]: end do:

> return(h,orderings) ;end;

V V.V V V

The procedure GetMOrderingsH needs some further explanation. For a given pos-
itive integer h, all permutations of {u1,...,us} = o0(A) U o(Z) (see the Maple
variable mu), are tested; this test is performed in the procedure TestOrdering-
MAZ. If the test is successful, then a variable counting the number of admissible
permutations (i.e., those permutations that yield a feasible ordering) is increased
by one. Subsequently, the vectors of multiplicities of poles and zeros are converted
back to vector of poles and zeros with multiplicities included and ordered (with
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blocks of equal poles and zeros, respectively) according to the found ordering of
{p1,. .., us}; see procedure GetOrderedVector. The resulting vectors are added
to an output list.

Since in Maple the calculation of permutations is very time- and cpu-consuming,
a boolean variable is added to the arguments list such that only one, initial call
to Maple’s procedure permute is needed; the output of permute is assigned to the
Maple variable allperm which is defined as global.

GetMOrderingsH calculate all feasible orderings of poles and zeros for
given h

Calling sequence GetMOrderingsH(muA ,muZ,mu,h,newperm)

Parameters muA - Vector (of multiplicities of poles)

zeros - Vector (of multiplicities of zeros)
mu - Vector: different poles and zeros

h - positive integer

newperm - boolean

Output If orderings are found, the output is a list, of which the
first element is the number of feasible orderings and
the second and third elements are list with entries the
ordering of poles and zeros respectively.

If no ordering is found, the output is just 0.

GetMOrderingsH:=proc(muA,muZ,mu,h,newperm)

local nmu,nperm,kk,k,perm,orderingP,orderingZ; global allperm;
nmu:= Dimension(mu): if newperm=true then

allperm:= combinat[permute] (nmu): end if:

nperm:= combinat [numbperm] (nmu) :

kk:=0: for k from 1 to nperm do perm:=allperml[k]:

if (TestOrderingMAZ(muA,muZ,perm,h)) then kk:=kk+1:
orderingP [kk] :=GetOrderedVector (muA,mu,convert (perm,list)):
orderingZ[kk] :=GetOrderedVector (muZ,mu,convert (perm,list)):
end if: end do: if kk>0 then return(kk,orderingP,orderingZ)
else return(kk); end if: end proc;

VVVVVVVVVVYV

Let {p1,...,ps} = 0(A) Uo(Z) and let ma and mz be vectors such that ma,
and mz;, t = 1,...,s, denote the multiplicity of p; as pole and zero of W(\),
respectively, and let perms be a permutation of (1,...,s). Then a call to the
Maple procedure TestOrderingMAZ(ma,mz,perms,h) will test whether the order-
ing perms satisfies condition (11.20) for given h. To be specific, the following
condition is tested:

t—1

t
Zmzperms(i) <h + Zmaperm(i), t=1,...,s.

i=1 =1
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TestOrderingMAZ test whether a given ordering
satisfies condition (11.20) for a given h.
Calling sequence TestOrderingMAZ(ma,mz,perms,h)
Parameters ma - Vector of multiplicities of poles
mz - Vector of multiplicities of zeros
perms - Vector; permutation vector, ordering
h - positive integer
Output boolean: true if ordering for given h
satisfies condition (11.20) otherwise false

TestOrderingMAZ:= proc(ma,mz,perms,h)

local s, bol, t;

s:=Dimension(mz): bol:=true: t:=0: while (t<s) and bol do
t:=t+1: bol:=not((add(mz[perms[m1]],mi=1..t)-

add (ma [perms [m2]] ,m2=1..(t-1)))>(h)): end do;return(bol) ;end;

V V.V V V

GetOrderedVector calculate a vector V such that, for a given ordering,
the multiplicity vector of V equals a given ordered
(multiplicity) vector (reverse of GetMultiplicity).
Calling sequence GetOrderedVector (ma,mu,ordering)
Parameters ma - Vector (multiplicity vector)
mu - Vector of different elements
ordering - List: permutation list

Output Vector

> GetOrderedVector:=proc(ma,mu,ordering)

> local no,nl,tk,nc, k, m, mup, mpp, orderedV;

> mup:=mulordering]: mpp:=malordering]: no:=Dimension(mu):

> nl:=add(malk],k=1..n0): nc:=0: orderedV:=Vector[row] (n1,0):
> for k from 1 to no do tk:=mppl[k]: for m from 1 to tk do

> nc:=nc+1: orderedV[nc]:=mup[k]: end do: end do:

> return(orderedV) ;end proc;

11.6.3 Triangularization routines (complete)

This part implements the triangularization of a companion matrices A and Z, given
an ordering of poles and zeros of W satisfying condition (11.46). The Maple code
is based on the construction exposed in the second paragraph preceding Theorem
11.8. This involves the calculation of the matrix T=U(Ca, ..., 1, n_1)7
where ((1,...,(,) are ordered zeros and (a7, ..., ;) ordered poles; see (11.12).
The code is split in two: the procedure Scol(0Z,0A,j) outputs the jth column of
the matrix U(Ca,...,Cn; 01, ..., @p—1). The second and main procedure is called
Tcomplete which calls Scol for £k =1,...,n, and collects the returned vectors in a
n X n matrix.
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Tcomplete calculate transpose of U((a,...,(n; @1, .., tp—1)
Calling sequence  Tcomplete(oZ,0A)
Parameters 0Z - Vector (of ordered zeros)
oA - Vector (of ordered poles)
Output Matrix T such that TAT ! is upper triangular,

TZT~ is lower-triangular

Tcomplete:=proc(oZ: :Vector,oA: :Vector)

local k,nc,S;

nc:=Dimension(oA): if not (Dimension(oZ)=nc) then

error "Input vectors should have equal length"; end if:
S:=Sco0l(0Z,0A,0): for k from 2 to nc do S:=<S|Scol(oZ,0A,k-1)>:
end do: return(Transpose(S));end;

V V.V V VYV

Scol calculate one column of U(a, ..., n; 1, an—1)
Calling sequence Scol(0Z,0A,j)
Parameters 0Z - Vector (e.g. ordered zeros)
oA - Vector (e.g. ordered poles)
j - integer 0 < j < Dimension(oA)
Output Vector

Scol:=proc(oZ,0A,j)

local pol, k, nc, vj, x;
nc:=Dimension(oA);vj:=Vector(nc):pol:=1:

if (j>0) then for k from 1 to j do pol:=pol*(x-oA[k])
end do: end if: if ((j+1)<nc) then

for k from (j+1) to (nc-1) do pol:=pol*(x-o0Z[k+1]):
end do: end if:

for k from 1 to nc do vjl[k]:=coeff(pol,x,k-1);end do:
return(vj); end;

VVVVVVYVYVYV

11.6.4 Factorization procedures

We begin with some general remarks. In constructing factorizations into elemen-
tary factors for concrete examples (see, e.g., the next subsection) the starting
point will be the minimal realization W (\) = I + C(\I,, — A)~!'B given in Part
3 of the proof of Lemma 11.15. Thus A is the first companion matrix associated
with the pole-polynomial p()\), and B and C are given by (11.41). Note that in
this case A* = A — BC = Z, the first companion matrix associated with the
zero-polynomial p* (). In what follows we write

Amin = A, Bmin = B, Cmin = C, Amincross = A*.

We do not use subscripts here because in Maple subscripts play a different role.
Furthermore, we shall use the state space transformation 7' constructed in the
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preceding subsection, to produce the matrices
Atr = TAminT ™!, Btr =T Bmin, Ctr = CminT ™1,
Atreross = T AmincrossT .

Thus we have a minimal realization W(\) = I + Ctr(\l,, — Atr)~!Btr, where
Atr is upper triangular and Atrcross = Atr — BtrCtr is lower triangular.

The Maple procedures to create a factorization of W (\) into elementary factors
given in this section calculate the elementary factors from the upper triangular
form of Atr and lower triangular form of Atrcross, using formula (10.13) and the
preceding formulas (10.10)—(10.12). In the present subsection, with some abuse of
notation, the label ¢r will be omitted. Thus we start with a minimal realization
W(X\) = Iy + C(M,, — A)~1 B with A in upper triangular form and A* = A — BC
is lower triangular form.

For each k = 1,...,n, a factor is of the form

1

I
2+>\_Olk

Ry,

where I5 is the 2 x 2 identity matrix, Ry is a 2 X 2 matrix and «y, is kth pole which
is equal to the kth main diagonal element of A.

The main procedure is called MakeFactorization while, for each k = 1,...,n, the
Rjp-matrix is calculated in the procedure MakeRmatrix; this procedure is based
on formula (10.13). The output of MakeFactorization is a vector of length n with
each entry is a realization factor (as matrix function).

As a test facility, the procedure Factors2Transfer is written; it returns, for a vector
of realization factors, a transfer function equal to the product of those factors. The
factors itself should be matrix functions.

MakeFactorization calculate a factorization if (at least) state space
matrices are in complementary triangular form
Calling sequence MakeFactorization(A,B,C,x)
Parameters A - Matrix (state space matrix in triangular form)
B,C - Matrices (input- and output-matrices)
x - name (unevaluated Maple name)
Output Vector, containing all the factors as
matrix expressions in x
MakeFactorization:=proc(A,B,C,x)
local WW, nv, m, Im, k, R, oa;
m:=RowDimension(C) ;nv:=Dimension(A) :Im:=IdentityMatrix(m) :
WW:=Vector(nv): for k from 1 to nv[1] do R:=MakeRmatrix(B,C,k):
WWlk]:=
unapply (map (factor, Im+ScalarMultiply(R,1/(x-A[k,k]))),x):
end do: return(WW) ;end;

V V.V VV VYV
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MakeRmatrix calculate R matrix for kth pole
Calling sequence MakeRmatrix(B,C,k)

Parameters B,C - Matrices (input- and output-matrices)
k - integer, index
Output Matrix (kth R matrix)

> MakeRmatrix:=proc(B,C,k)

local nc, mat, i, j;

nc:=RowDimension(C); mat:=Matrix(nc,nc,0); for i from 1 to

nc do for j from 1 to nc do mat[i,jl:=C[i,k]*B[k,j]l; end do end
do: return(mat) ;end;

vV V. V V

Factors2Transfer Calculate from given factorization factors
the transfer function
Calling sequence Factors2Transfer(AllFactors,x)

Parameters AllFactors - Vector: elements are Matrix functions
x - name (unevaluated Maple name)
Output Matrix: rational matrix function
> Factors2Transfer := proc(AllFactors,x)
> local Wtest, DimS, k, n, Wdum, ResultW;
> DimS:=ColumnDimension(AllFactors[1](x)):
> mn:=Dimension(AllFactors): Wtest:=IdentityMatrix(DimS):
> for k from 1 to n do
> Wtest:=map(simplify,Wtest.AllFactors[k](x)): end do:
>  Wdum:=convert (map(factor,map(simplify,evalm(Wtest))) ,Matrix):
> ResultW:=unapply(Wdum,x): return(ResultW);end proc;

11.6.5 Example

The above defined procedures are applied to the example given at the end of
Section 11.5:

> Wi=x-><<1,0><1/((x-1)*(x-3) “4* (x-4) * (x-5) "3*(x-6) ),
> (x-2)"2%(x-6)/ ((x-1)*(x-3)*(x-5))>>: ‘W(lambda) ‘=W(lambda);

1
A= DA =34 (A—4)(A—5)3( — 6)
W) = (11.50)
(A =2\ -6)
A=1DA=3)(A=5)

We will use Lemma 11.15 to calculate first the least common denominator poly-
nomial ¢ of W. Then the pole-polynomial p is ¢. Subsequently, again using
Lemma 11.15, we calculate the zero-polynomial p*.
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q:=unapply(LCMDenomMatrixPolynom(W,x) ,x):
ppoles:=q:pzeros:=unapply(simplify(W(x) [2,2]*q(x)) ,x):
’p(lambda) ’=sort (collect (ppoles(lambda) ,lambda) ,lambda) ;

>
>
>
> 7 (p~(x)) (lambda) ’=sort(collect (pzeros(lambda) ,lambda) ,lambda) ;

p(A) = A —38)7 +640 A% — 6284 \7 4 39778 A% — 169304 \° +
489456 A* — 945684 A% + 1162485 A2 — 814050 \ + 243000
P (N = A9 —39)7 + 67475 — 6794 \7 + 44217 \® — 194071 \° +

581556 A* — 1174536 A 4 1529712 A% — 1159920 ) + 388800

The next step is the calculation of poles and zeros and orderings, satisfying con-
dition (11.20):

resl:=GetPolesandZeros(ppoles,pzeros):

poles:=resl[1] :zeros:=res1[2] :mu:=res1[3]:
npoles:=Dimension(poles) ;nzeros:=Dimension(zeros);
nmu:=Dimension (mu) ;

muA:=GetMultiplicity(poles,mu) ;muZ:=GetMultiplicity(zeros,mu);
A11MOrderings:=GetAl1MOrderings (muA,muZ,mu) :A11MOrderings;

VVV VVYV

AllM Orderings = 1, 12, orderingP, orderingZ

Hence, we found 12 orderings of poles and zeros which satisfy condition (11.20)
for h = 1, the first element of AlIMOrderings. As actual ordering we take the
sixth found ordering and use this ordering in the Maple variables orderedA and
orderedZ; this ordering is just equal to the one in (11.29):

> orderedA:=A11MOrderings[3] [6]: ‘alpha‘=orderedA;
> orderedZ:=A11MOrderings[4] [6]: ‘zeta‘=orderedZ;

a = [1,5,5,5,3,3,3,3,4,6]
C = [5a 57 33 37 33 47 Ga 67 2a 2]

This concludes the search for a feasible ordering with A = 1.

To construct a minimal companion based realization of W (\), we start from the
minimal realization of W () given in Part 3 of the proof of Lemma 11.15. This
minimal realization is written (cf., the first paragraph of the preceding subsec-
tion) as

W(X\) = Dmin + Cmin(\,, — Amin) ™! Bmin.

Thus Amin is the first companion matrix associated with the pole-polynomial
p, Bmin and Cmin are as in (11.41), Dmin the (2 x 2) identity matrix, and
Amincross is the first companion matrix associated with the zero-polynomial p*.
The Maple commands are as follows.
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Cmin[1,k]
Cmin[2,k]

V V.V V VV VYV

Chapter 11.

r:=unapply(simplify(W(lambda) [1,2]*ppoles(lambda)) ,lambda) :
Amin:=Transpose(CompanionMatrix (ppoles(lambda),lambda)) ;
Bmin:=Matrix(npoles,2):Bmin[npoles,2]:=1:
Cmin:=Matrix(2,npoles,0): for k from 1 to npoles do
=coeff (r(lambda) ,lambda,k-1):

=coeff (pzeros(lambda)-ppoles(lambda) ,lambda,k-1):

end do: Dmin:=IdentityMatrix(2,2):
Amincross:=Transpose (CompanionMatrix(pzeros(lambda) ,lambda)) ;

Complete Factorization of Companion Based Matrix Functions

Note that the standard Maple procedure CompanionMatriz gives the second com-

panion matrix.

By Theorem 11.3, Amin and Amincross, with the given ordering of poles and ze-
ros, allow for simultaneously triangularization in complementary triangular forms.
Calling the procedure Tcomplete with arguments orderedZ and orderedA, with
Z = Amincross and A = Amin will output a transformation matrix which is
needed to bring Amin in upper-triangular form. In Maple this matrix carries the

name 1'r.

> Tr:=Tcomplete(orderedZ,orderedA): ‘T‘=Tr;

[ —=77760
—15552
—25920
—43200
—72000
—54000
—27000
—13500
—20250

L —40500

216432 —262656
595728
89424

—84672
—129888
143280 —198528
229200 —302240
176400 —239880

92700 —133890
48600 —74295
69525 —100980

128925 —172260

182376 —79836
72072 —38028
105048 —52388
152200 —71596
219096 —97028
179912 —82567
107621 —53332
63743

82272

—33979
—41704
128904 —60092

22847 —4274
12931 —2838
16765 —3452
21539 —4162
27421 —4976
24181 —4542
16963 —3474
11707 —2613
13698 —2924
18202 —3596

504
388
442
500
562
530
443
365
392
448

—34
-30
—32
—34
—36
—35
—32
-29
-30
—32

1
1

Next one calculates the inverse of Tr and put Amin in upper-triangular form (and
Amincross in lower-triangular form) and apply corresponding transformations to
Bmin and C'min; the resulting matrices are named Atr, Btr, Ctr and Atrcross.

> Trinv:=MatrixInverse(Tr):

> Atr:=Tr.Amin.Trinv: ‘A‘=Atr; Btr:=Tr.Bmin:Ctr:=Cmin.Trinv:
> Atrcross:=Tr.(Amincross).Trinv:’A~(x)’=Atrcross;
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For our example this yields:

102 20 -1 -3 -3 2 4
05220 -1 -3 -3 2 4
00520 -1 -3 -3 2 4
00050 -1 -3 -3 24
Air — 00003 -1 -3 -3 24
00000 3 -3 -3 2 4
00000 0 3 -3 24
00000 O O 3 24
000O0O0O O O 0 44
00000 0O 0 0 0 6|
and ) -
50 0 0 0O0O0O0 O O
45 0 0 0O0O0OO0O O O
40 3 0 0O0O0OO0O O O
40 -2 3 00O0O0 O O
Aireross — 4 0 -2 -2 3 000 0 O
4 0 -2 -2 04 00 0 O
4 0 -2 -2 016 0 0 O
4 0 -2 -2 0136 0 0
4 0 -2 -2 013 3 2 0
140 -2 -2 0 1 3 3 -2 2 |

Finally, with Amin and Amincross in triangular form, the factorization proce-
dure MakeFactorization is called with arguments the Maple variables Atr, Ctr,
Btr and name \. With the given ordering of poles and zeros, the factorization is
complete (see Theorem 11.17).

> Allfactors:=

> map(simplify,MakeFactorization(Atr,Btr,Ctr,lambda)):

and the result is printed on the console:

> afactors:=Vector[row] (npoles,0):
> for k from 1 to npoles do afactors[k]:=Allfactors[k] (lambda) :
> end do: print(‘Elementary factors‘=afactors);
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The elementary factors are:

(1 s -] (1 -9
|0 % _’ 0 1 _7
1 —%(A—Wl' 1 %(A—@*l'
= O ]
1 ﬁ(A—i’))_l_ 1 —%(A—B)‘l_
|0 1 _7 | 0 :\\—:g _’
1 2475()\—3)_1_ [ %()\—3)_1_
CIE = N U S
1 —% A—4)"" 1 5i4 A=6)" ]
KIS R =

With these factors (ordered from left to right and top to bottom) we have a
complete factorization of the rational matrix function W considered at the end of
Section 11.5.

To test whether the foregoing calculations are indeed a factorization of the ini-
tially given rational matrix function, give the following Maple commands. Note
that Factors2Transfer will return a rational matrix function which should be
equal to (11.50).

> Wtest:=Factors2Transfer(Allfactors,lambda): print(‘Product
> elementary factors‘=Wtest(lambda));

This concludes the test of the calculations related to the sixth ordering.

It will be convenient to put the triangularization and factorization commands in
one procedure.
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> MakeCompleteFactors:=proc(Amin,Bmin,Cmin,orderP,orderZ,x)
> 1local Tr,Trinv,Atr,Btr,Ctr,Allfactors,afactors,k,np;

> np:=Dimension(orderP): Tr:=Tcomplete(orderZ,orderP):

> Trinv:=MatrixInverse(Tr): Atr:=Tr.Amin.Trinv:

> Btr:=Tr.Bmin:Ctr:=Cmin.Trinv:

> Allfactors:=map(simplify,MakeFactorization(Atr,Btr,Ctr,x)):
> afactors:=Vector[row] (np,0): for k from 1 to np do

> afactors[k]:=Allfactors[k] (x): end do:

> print(‘Elementary factors‘=afactors);end proc;

The procedure MakeCompleteFactors has as arguments the companion pole and
zero polynomial based realization matrices A, B, C' of W, see (11.41), (in Maple
named Amin, Bmin and C'min), a vector of ordered poles, a vector of ordered
zeros and a Maple name zx.

Since all orderings have been calculated and were collected in the Maple variable
AllM Orderings, the next commands will give a factorization. As an example the
5th ordering is taken which differ from the original ordering only in the zero’s:

> orderP:=A11MOrderings[3] [6] :orderZ:=A11MOrderings[4] [5]:
> print(‘ordering poles‘=orderP) ;print(‘ordering zeros‘=orderZ);
> MakeCompleteFactors(Amin,Bmin,Cmin,orderP,orderZ,lambda);

The orderings are:

ordering poles = [1,5,5,5,3,3,3,3,4,6],
ordering zeros = 1[5,5,3,3,3,4,2,2,6,6].

The elementary factors are (again ordered from left to right and top to bottom):

[ _foo“_l)_l_ 1 ﬁlgu—@*l_
| 0 % _7 L 0 1 _7
1 —%( 5] 1 %(A—@*l'
CREE= R R CR =
I ﬁu—:s)—l 1 —61—;15 (A-3)"

| 0 1 | 0 i—:g |
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r 4 -1 32 -1 7
1 —— (A= i
675 (A=3) 6075 (A—3)
A—2 ’ A—2 ’
L0 A—3 0 A3 |
- 151 . -
= (A —4) 1 L o_et
12150 510 ( )
A—6
0 A 0 1
N4 -

11.7 Appendix: invariant subspaces of
companion matrices

In this section we present detailed information about the lattice of invariant sub-
spaces of n x n first companion matrices. For a large part the material presented
here is standard. It will be used in the next chapter, in particular, it will play an
important role in the proof of Theorem 12.2. Whenever there is reason to do so,
n X n matrices are identified in the customary manner with linear operators on C".

First we fix some notation. As before, if « is a complex number and A is
a square matrix, then ma(a) will denote the algebraic multiplicity of « as an
eigenvalue of A when « € o(A), and ma(«) = 0 otherwise. For n and k integers,
0 <k < n,and a € C, write vi(a) for the vector in C™ having for its jth

component
(j ; 1) Qi-1-k

when j is among (k + 1),...,n, and zero otherwise. An alternative way of intro-
ducing vi () is via the expression

Let A be an n x n first companion matrix, and let a be an eigenvalue
of A. Then vo(a) is the unique (up to a nonzero scalar multiple) eigenvector
corresponding to A and «. More generally, for &k = 1,...,ma(«a), the vectors
vo(a), ..., ve—1(a) form a basis for Ker (A—al,)*. In fact, vo(), ..., Vyy, (a)—1(c)
form a Jordan chain for A, that is,

Avo(a) = avp(a), Avi(a) = avi(a) + vi—1(a), (11.51)
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where k is in the range 1 up to m4(«a) — 1. Using this result, we shall describe the
invariant subspaces of A.

Fix an ordering ay, ..., as of the different eigenvalues of A, write my, ..., my
for the corresponding algebraic multiplicities, and introduce

V= [ Vo(al) le_l(al) Vo(as) vms_l(as) } . (1152)

Then V is an n X n matrix (because my + - - - + mg = n) and

s k—1
det V=[] [](ax — aj)™m™, (11.53)
k=2 j=1
where the empty product (appearing when s = 1) is read as 1. Since ay,...,a,

are different, the matrix V is invertible. Also (11.51) gives that VAV ™! has upper
triangular Jordan form. In fact,

Jb 0 - 0
VAV ™! = , (11.54)
0
0 - 0 J,
where, for j = 1,...,s, the matrix J; is the m; x m; upper triangular Jordan

block with eigenvalue a;. Since each eigenvalue has geometric multiplicity one, for
each eigenvalue there is only one Jordan block, and hence the lattice of invariant
subspaces of A is finite. In fact, as the following proposition shows, it consists of
m; X --- X mg members.

Proposition 11.19. Let A be an n X n first companion matriz, and let a, ..., a5 be
an ordering of the different eigenvalues of A with my, ..., my being the correspond-
ing algebraic multiplicities. If mq, ..., mgs are non-negative integers not exceeding
the numbers my, ..., mgy, respectively, then

M =span{vo(ai),..., Vi, —1(a1),...,vo(as), ..., vim,—1(as)} (11.55)

is an invariant subspace for A. Conversely, if M is an invariant subspace of A, then
there exist unique non-negative integers my, ..., mg, not exceeding my, ..., mgy re-
spectively, such that (11.55) holds.

Proof. Let M be an invariant subspace for A. Then V™[M] is an invariant sub-
space for the upper triangular Jordan matrix J appearing in the right-hand side of
(11.54). Since the upper triangular Jordan blocks Ji, . . ., J; correspond to different
eigenvalues, we can decompose V™ [M] in a unique way as V"' [M] = M;+- - -+ M,
with M; an invariant subspace for J;. Put m; = dim M;, so that m; is a non-
negative integer not exceeding m;. Now J; is unicellular, i.e., it has only one
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complete chain of invariant subspace. In particular, J; has only one invariant sub-
space of dimension m;, and this subspace is the span of the first m; elements in
the standard basis for C™¢, the space on which the m; x m; matrix .J; acts as a
linear operator. For M; viewed as as subspace of C™, this means

My = span {em, .41 +1; - - - €y toeetiivg 1+ b
where eq, ..., e, is the standard basis (consisting of the unit vectors) in C". Hence
V[M,;] is spanned by the vectors vo(at),...,Vvm,—1(a¢), and the representation

(11.55) follows from M = V[M;]+- -+ V[M,]. So far about existence. Uniqueness
is clear from the fact that, if M is given by (11.55) and V~'[M] is written in the
form of a direct sum M7 + - -+ M, as above, then necessarily m; = dim M;. O

Now let aq,...,a, be an ordering of the eigenvalues of A (algebraic multi-
plicities taken into account). We introduce the generalized Vandermonde matriz
associated with this ordering as the n X n matrix V = V(a,...,a,) for which
the jth column is the vector v, (;)(c;) where v(j) is the number of times that the
eigenvalue «; appears among its predecessors a1, ..., a;_1. Clearly V' can be ob-
tained from the matrix V appearing above by an appropriate permutation of the
columns. Therefore, modulo a plus or minus sign, the determinant of V' is equal to
the product in the right-hand side of (11.53). In particular, V' is invertible. Up to
a permutation similarity, V' AV is an upper triangular Jordan matrix. A closer
look reveals that V~'AV is upper triangular with diagonal elements oy, ..., .
The argument, using (11.51), runs as follows. Let j € {1,...,n}. If v(j) = 0,
then the jth column of AV is Avg(e;) = «;vo(a;), and so the jth column of
V=LAV has a; as its jth component and zeros everywhere else. Now assume v(j)
is positive, hence j > 1. Then the jth column of AV is

Avy (o) = vy () (o) + Viug)—1 ().

It follows that the jth column of V~'AV has a; on the jth position and zeros
everywhere else, except the number 1 on the kth position where

E=max{l|l=1,...,(j - 1), oy = a;} < j,
and so v(k) =v(j) — 1.

We proceed this review by discussing complete chains of invariant subspaces

of a first companion nxn matrix A. Let a1, . . ., a, be an ordering of the eigenvalues
of A (algebraic multiplicities counted) and write M; for the span of the first I
columns of the generalized Vandermonde V = V (a1, ..., ;). Then, as V1AV is

upper triangular, {0} = My C My C -+- C M, C M,, = C" is a complete chain
of invariant subspaces for A. As the next proposition shows, the converse is also
true.

Proposition 11.20. Let A be an n X n first companion matriz, and let

{0} =MycCcM,C---CM,1CM,=C" (11.56)
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be a complete chain of A-invariant subspaces. Then there exists a unique ordering
a1, ..., qn of the eigenvalues of A (algebraic multiplicities counted) such that, for
l=0,...,n, the subspace M; is the span of the first | columns of the generalized
Vandermonde matriz V(aq, ..., qy).

We shall refer to V(ay,...,ay,) as the generalized Vandermonde matriz for
the chain (11.56). An alternative formulation of the conclusion of the proposition
reads this way: there exists a unique ordering a7, ..., «a, of the eigenvalues of A
(algebraic multiplicities counted) such that, for [ =0,...,n,

M; = span {v,y(ai1),..., v, ()}, [=0,...,n, (11.57)

where v(j) is the number of times that the eigenvalue «; appears among its pre-
decessors aq, ..., 1.

Proof. For the sake of completeness we present the full proof, which will be split
into two parts. The first part deals with the uniqueness statement. Throughout
we use the notations introduced above.

Part 1. Suppose we have two orderings &1,...,4&, and &q,...,d&, of the eigen-
values of A (algebraic multiplicities counted) such that, for I = 0,...,n, the sub-
space spanned by the first [ columns of V' (&, ..., d&,) coincides with the subspace

spanned by the first [ columns of V(&q,...,d&,). Thus, for [ =0,...,n,

span {vy1)(G1), ..., Vo) (de)} = span {vy1)(da),..., Vi ()}, (11.58)
where (j) is the number of times that the eigenvalue &; appears among its pre-
decessors @1, ...,G&; -1, and ©(j) is the number of times that the eigenvalue ¢&;
appears among &, ...,0&;j_1. Fort =0,...,sand [ = 0,...,n, introduce

mell] = Hk|k=1,...,1, & =a},
mell] = HEk|k=1,...,1, dp =a},

where, as before, the symbol # stands for number of elements. Fix (for the time
being) t € {1,...,s}, 1 € {0,...,n}, and consider the r[l] vectors among

Vo) (@1), -5 Vo) (du) (11.59)
corresponding to the eigenvalue a;. Writing

{k‘|k:1,...,l, &k:at}:{kl,...,kmt[l]},

with k1 < --- < ky, [, these vectors are vy(x,)(as), ... ,vﬁ(kmtm)(at). But o(k;) =
j—1forj=1,...,ml], and we conclude that the vectors under consideration are
vo(ar),. .., Vi, —1(ar). Letting £ now run from 1 to s, we see that via a suitable

reordering, (11.59) can be transformed into

Vo(ar)s s Vi 1(a1) sy V0(@s); - Vi1 (as)-
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So the latter vectors span the subspace in the left-hand side of (11.58). In the
same vein we have that

Vo(ar)s s Vi1 a1) s+ V0(@s)s - Vom 1 (2)-

span the subspace in the right-hand side of (11.58). However, the left and right-
hand side of (11.58) are the same, and it follows that

Tht[l]:mt[l], t:L...,S,l:O,...,TL.

From this it is clear that the orderings &1, ..., &, and &, ..., &, must coincide.
Indeed, if &; = a;, then h[l] = Mmy[l] = me[l — 1]+ 1 = e[l — 1]+ 1, and it follows
that a; = a; = a;.

Part 2. We now prove existence. Given the complete chain of A-invariant subspaces
as in the proposition, write M; in the form

My = span{vo(ai), ..., Vp,—1(a1) ;.- -, vo(as), ..., vim,-1(as)},
where mq[l],..., m4[l] are non-negative integers not exceeding the algebraic mul-
tiplicities my, ..., my, respectively. Note that

> mull] = dim M; =1, 1=0,...,n,
t=1

while, for the extreme values [ = 0 and [ = n,
me[0] =0, my[n] = my, t=1,...,s.
Further it is clear from our considerations concerning (11.55) that
myl — 1] < my[l] < my[l — 1] +1, t=1,...,s, j=1,...,n.

Thus the value of m,[l] — my[l — 1] is either 0 or 1. Also

S

Sl =mfl=1]) =1-(-1)=1, j=1,...,n.

t=1

Hence the differences m;[l] — m[l — 1] are 0, except for one which is equal to 1.
Forl=1,...,n, write 7(1) for the unique integer ¢ among 1,...,s such that
me[l] — me[l — 1] = 1 for ¢ = 7(1). A little later, we shall see that

mell] = k| k=1,...,1, 7(k) =t}, t=1,...,s,l=1,...,n. (11.60)

assuming this for the moment, we proceed as follows. Put ax = a, (). Then oy is
an eigenvalue of A. For t = 1,...,s, we have

]i{k|k:1,...,n, ak:at} = ﬁ{k|k:1,,n, T(k):t}v
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and the latter, by (11.60), is equal to my[n] which, in turn, is just m,. Thus
i, ..., is an ordering of the eigenvalues of A, algebraic multiplicities taken
into account. As we shall see, the associated generalized Vandermonde matrix
V(aa,...,a,) has the desired property.

Take [ among the integers 1,...,n, and consider the subspace of C" spanned
by the first I columns of V' (a1, ..., q,), that is, by the vectors

vu(l)(al)a s avu(l) (Oél), (1161)

where v/(j) is the number of times that the eigenvalue «; appears among its prede-
cessors i, ..., 1. Take t € {1,...,s}. Then, as we see by another application
of (11.60),

k| k=1,....0, ap=a) = ${k | k=1,....1, 7(k) = t} = my[l],

and it follows (see the first paragraph of the proof) that via a suitable change of
order (11.61) can be rearranged into

Vo(a1)s s Vi 1a1) s+ V0 (@) Vi1 (25)-

So the latter vectors span the same subspace as those of (11.61). They also span
M;. Thus M is given by (11.57), as desired.

We still have to establish (11.60). Recall that 7(I) is the unique integer ¢
among 1,...,s such that m[l] — m4[l — 1] = 1 for ¢ = 7(I). Thus, employing the
familiar Kronecker delta notation, the property uniquely determining 7(I) can be
expressed as follows:

my[l] = mg[l — 1] + 6 ), t=1,...,8, l=1,...,n. (11.62)

The proof of (11.60) now goes by finite induction (on ).

Let t € {1,...,n}, and take [ = 1. Then the right-hand side of the identity
in (11.60) is equal to the number of integers k in the singleton set {1} such that
T(k) = t. It 7(1) = t, this number is 1; if 7(1) # ¢, it is equal to 0. So in this
situation (I = 1), the right-hand side of the identity in (11.60) equals &; ().
However, by (11.62), together with m;[0] = 0, we have that m.[1] = J; ;(1) too.
Hence (11.60) is true for [ = 1.

Turning to the induction step, let ¢ € {1,...,n} and | € {1,...,n — 1}.
Clearly #t{k | k=1,...,(l+ 1), 7(k) =t} is equal to

e | k=1,...,1, 7(k) =t} + t{k|k=1+1, 7(k) =t}

If 7(I + 1) = ¢, the second term in the latter expression is 1; if 7(I + 1) # ¢, it
is equal to 0. In other words, the number in question is d; ;(;41). Combining this
with (11.60), which may be assumed to hold by induction hypothesis, we get

ﬁ{k | k= 17. . ,l+ 1, T(k) = t} = mt[l] +5t,7(l+1)-

By (11.62), the right-hand side of this identity is m.[l + 1], and the desired result
follows. O
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Notes

Propositions 11.1 and 11.2 can be found in somewhat different form in [24]. The
latter paper also deals with simultaneous reduction to companion forms of an
arbitrary number (instead of just pairs) of matrices. The proof of Proposition 11.1
given here, exhibiting a connection with the Bezout matrix, is from [20]; see also
[122]. Section 11.2 is based on Section 3 of [19]. Observations strongly related to
Theorem 11.8 can be found in Section 2 of [24], and Section 4 of [20].

The material on companion based matrix functions of Sections 11.3 and 11.4
is inspired by Section 3 in [20]. The approach there is more general in that also com-
panion based matrix functions of size larger than two are considered. The results
of Section 11.5 on complete factorization of companion based matrix functions can
be traced back to Sections 3 and 6 in [19], and to Section 4 in [20]. In the latter
paper (possibly non-complete) minimal factorization of companion based matrix
functions is discussed in detail, including (canonical) Wiener-Hopf factorization. It
is interesting to note (see Theorem 4.1 in [20]) that the class of companion based
matrix functions behaves well under minimal factorization: If W = W1 W5 is a
minimal factorization of a companion based matrix function W, then Wy and Wy
are companion based too. The proofs of Theorems 11.17 and 11.18 are construc-
tive as long as the poles and zeros of the companion based matrix function W
are known. This fact is illustrated by the Maple procedures presented in Section
11.6 which have been written by Johan F. Kaashoek. The material on invariant
subspaces of companion matrices in Section 11.7 is of text book type (cf., Section
2.11, Exercises 21 and 22 in [92]) but not readily available in the specific form
needed for Chapter 12. A similar (though less elaborate) exposition can be found
in the proof of Lemma 1.1 in [24].



Chapter 12

Quasicomplete Factorization
and Job Scheduling

In this chapter a connection is made between the issue of quasicomplete factoriza-
tion discussed in Section 10.4 and a problem from the theory of combinatorial job
scheduling. The problem in question is the so-called two machine flow shop prob-
lem (2MFSP for short) where one wants to find optimal schedules for processing
jobs on two machines, given certain precedence constraints. It turns out that such
problems are in correspondence (one-to-one, essentially) with the companion based
rational matrix functions considered in the previous chapter. We show that the
number of factors in a quasicomplete factorization of a companion based matrix
function is directly related to the minimum makespan (i.e., the time needed for
carrying out a optimal schedule) of the associated instance of 2MFSP. Illustrative
examples are given. In one of them the (computationally fast) algorithm called
Johnson’s rule for 2MFSP is used to compute the quasidegree of a companion
based function.

The present chapter consists of five sections. The first presents a combina-
torial lemma that will be used in the analysis of quasicomplete factorization of
companion based matrix functions. The latter topic is the main subject of the sec-
ond section. In the third section we introduce the two machine flow shop problem
and review some of the related results, including Johnson’s rule. In the fourth sec-
tion we establish the relation to quasicomplete factorization of companion based
matrix functions. The final section presents Maple procedures to calculate explic-
itly quasicomplete factorization of a companion based 2 x 2 matrix function.
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12.1 A combinatorial lemma

In the next section we shall consider quasicomplete factorization (into elemen-
tary factors) of companion based rational matrix functions. Here we present a
combinatorial auxiliary result to be used in that context.

Lemma 12.1. Let p be positive integer, and let ai,...,a, and a1,...,a, be two
(finite) sequences of elements (not specified at the moment but later to be taken
from the complex numbers). Let r be a positive integer not exceeding p, and assume
that for [ =r,...,p the sequences a1, ...,a; and Gy, ..., aptr—; have at most r —1
entries in common, multiplicities counted. Then there exist permutations 7T and 7
of the set {1,...,p} such that

Az (s) 7 Gz (s)s 3,5=1,...,p; 8+5<p+2—r.

It is helpful to clarify the hypotheses of the lemma via some notations that
will also be used in the proof. Forl =r,....,pand o € A = {a1,...,Gap,G1,...,0p},
introduce

va(l) = #{jlji=1,...,l; a; = a},
vall) = B1i=1.. L 4 =a},
(where, as in Section 11.1, the symbol f stands for number of elements) and
fall) = min{oa(D), Zalp+r — D)},
fa(l) = min{o,(),0a(p+r—1)}.

Note in this context that when [ runs through r, ..., p, then p+4r —[ runs through
D,...,r. Obviously fin(l) = fia(p + 7 — 1), and the overlap assumptions of the
lemma can be expressed as

S ()= falp+r—10)<r, I=r...p (12.1)
acA acA

Clearly there is symmetry here with respect to the two given sequences a, and a,
(replace I by p+r—1). In line with this, the conclusion of the lemma is symmetric
in a and a. too.

Proof. As everywhere else in this section where this is convenient, we use the
notation introduced above. Take o € A and write

(li=L...pa=af = {ffl], a2, ..., talFa®)]},
(li=1....pa;=0a} = {tall], fal2], ..., ta[Pa(p)]},
with 4 [1] < 1a]2] < -+ < ta[Pa(p)] and {4[1] < £4[2] < - -+ < ta[Pa(p)]. Then, for
l=r,...,p,
{.7 | Jj= 1,....0 &j = a} = {fa[l]v Aoé[2]v SR ta[ﬁa(l)]}v

Gli=1,..La=a} = {L]
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Now put

Oull) = {fall], fal

Oa(l) = {tall], al

As fia (1) < 7(1) and f1o (1) < 74(1), both Oy (1) and O, (1) are subsets of {1,...,1}.
Taking (disjoint) unions, we obtain

o) =J 0, OW) = 0aW),
acA

acA

2]
2]

sy o
sy o

~+

again both are subsets of {1,...,l}. We now claim that
a; # a; (12.2)

whenever £ € {1,...,1} \ O(l), i € {1,...,1} \ O(l) with [ and [ from {r,...,p}
satisfying [+ 1 < p+r. The proof goes by contradiction. Assume a; = a; = o
Then

fef{l,...,l}\O.(), fe{1,....[}\0.().

Clearly i€ {j | j=1,....5; a;j = a} = {La[1], ..., talta()]}. Also
{fall], - talZaD)} = {Lalll, .. talfa (D], talPa(D)]}
= Oa(i) U {ia[ﬂa(i) +1]a~'~7ta[’>a(i)]}a

and, since £ ¢ Oy (1), it follows that 0o (1) > fia(l) = va(p+1—1). Asp+r—1>1,
we have

Uo(p+r—1) = ﬁ{j|j:1,...,p+r—f;dj:a}
> t{jili=1,....5; a; = a} = v,(0),

and so 74 (1) > U4 (l). In the same vein (or, if one prefers, by reasons of symmetry),
we also have 7y (1) > fia () = Pa(p + 7 — 1) > 4(l), and a contradiction has been
obtained which shows that (12.2) does indeed hold.

Next we turn to the construction of the permutation 7. Here the overlap

assumptions (12.1) come into play. Note that

EOU) =Y t0.() =) fall), l=r....p

acA acA

Thus (12.1) gives tO(l) < 7. Specializing to | = r, we have £O(r) < r. On the
other hand O(r) C {1,...,7}. So O(r) is a proper subset of {1,...,7} and we can
take (1) € {1,...,7} \ O(r). In case r < p — 1, we proceed as follows. Clearly

H({()} U O +1)) < 1+10(+1) < 147
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Combining this with {#(1)} U O(r+1) C {1,...,7+1} leads to the choice of 7 (2)
satisfying 7(2) # #(1) and #(2) € {1,...,7+ 1} \ O(r +1). When r < p — 2, this
procedure can be continued. Indeed, let s € {1,...,p — r} and assume that the
different integers 7(1),...,7(s) have been chosen in such a way that

#()e{l,....,r+j—1}\O(r+j-1), j=1,...,s.
Then {#(1),...,7(s)} U O(r +s) C {1,...,7 + s}. The number of elements in
the left-hand side of this inclusion is at most s + #O(r + s), hence smaller than
s + r. Therefore it is possible to pick #(s + 1) from {1,...,r + s} such that
A(s+1) #a(1),...,7(s) and 7(s+ 1) € {1,...,r+ s} \ O(r + s). In other words,
the above expression (displayed) is also valid for j = s + 1.

In this way (more formally, by finite induction), the existence has been es-
tablished of an injective function 7 : {1,...,p—r +1} — {1,...,p} with

#()e{l,...,r+j—1}\ O(r+j—1), j=1,....,p—r+1.

We complete this function to a permutation of {1,...,p} by choosing mutually
different values 7(p — r + 2),...,7(p) from the set

(1,....p} \ {7(Q),....7(p—r+ 1)}

Analogously (or, if one prefers, by symmetry) there exists a permutation 7 of
{1,...,p} satisfying

) e{l,...,r+i—1}\O(r+j—-1), j=1,....,p—r+1
Now suppose §,§ € {1,...,p} and §+ 35 <p+2—r. Put
i=#3), i=%@»), Il=r+5-1, I=r+35-1
Then [,[E{l,...,p} and
[+1=2r—2+46+5<2r—24p+2—1r =p+r.
Also 8,5 € {1,...,p+r—1} and so
i =3 e{1,...,1}\ O, t=x)e{1,...,01}\ O).

Thus we have the situation considered in the second paragraph of this proof.
Therefore (12.2) holds, i.e., Gz(s) # d#(s), as desired. O

We close this section with an example illustrating Lemma 12.1 and its proof.
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Take p = 9 and let the (finite) sequences a1, ..., a9 and a1, ..., a9 be given —
schematically — by

1 2 3 4 5 6 7 8 9

a. d & A & KO & O
a. Q o KO O M
For [ =4,...,9, the sequences a1,...,a; and a1, ...,a13—; have at most 3 entries

in common, multiplicities counted. Thus the overlap conditions of the lemma are
fulfilled for r = 4. It is not hard to verify that

O, =11, 2}, 0, =1{1,2,3},
s = {1. 5}, 05 = {1. 2},
Os = {1, 5, 6}, O = {1, 2},
O7 = {5, 6}, Or ={1,2, 7},
Os = {5, 6}, Os = {2, 7},
Og = {5, 6, 9}, O = {7, 9}.
One can now construct permutations 7 and 7 of {1,...,9} along the lines indicated

in the above proof. In the present case different choices can be made. One of the
possible outcomes is given — schematically — by

1 23456789
#() : 342178569
#(): 43651879 2

The sequences az (1), - -, Gz(9) and dx(1), - - -, dz(9) can now be displayed as

1 2 3 4 5 6 7 8 9
CISRER S N S SR VINP?
ey © H KK O QO O & 4 R

A simple check shows that
dﬁ-(g)#dﬁ-(g)7 5,§=1,...,9, s+s8<7

as required.



272 Chapter 12. Quasicomplete Factorization and Job Scheduling

12.2 Quasicomplete factorization (companion based)

In this section we consider quasicomplete factorization of companion based func-
tions. For the relevant definitions, see Section 10.4.

Theorem 12.2. Let W be a companion based rational m x m matriz function,
and let n be the McMillan degree of W (assumed to be positive in order to avoid
trivialities). Then the quasidegree dq(W) of W is the smallest integer d larger than
or equal to n for which there exist an ordering aa, ..., ay, of the poles of W (pole-
multiplicities taken into account) and an ordering o, ..., o of the zeros of W
(zero-multiplicities taken into account) such that

a # af, kij=1,....,n, k<j—(d—n). (12.3)

If (12.3) holds for a certain integer d, then so it does when one replaces d by
any larger integer. Also (12.3) is vacuously satisfied for d = 2n — 1. This is in line
with the estimate 4(W) < 26(W) — 1 of the quasidegree given in (10.30).

The proof of Theorem 12.2 is quite involved and will be split in two parts.
The first depends heavily on the combinatorial lemma of the previous section. We
begin with a few lemmas.

Lemma 12.3. Let X_, Xo, Xt and X be finite-dimensional Banach spaces, and
assume X = X_+Xo+X1. For M a subspace of X, write M[0] = (M+X_) N X.
Then M|[0] = Po[M N (X_ + Xo)|, where Py is the projection of X onto Xy along
X_ + Xy. In addition, assume that T : X — X is a (bounded) linear operator
whose 3 X 3 operator matrix representation with respect to the given decomposition
has the upper triangular form

* * *
T = 0 T() * ZX_—i—Xo—i—X+—>X_—;—X0—i—X+7
0 0 =

with the stars denoting unspecified (possibly nonzero) entries acting between the
appropriate spaces, and with Ty : Xo — Xo. Then a sufficient condition for M]0]
to be invariant for Ty is that M is invariant for T'.

Proof. Take x € M[0]. Then xz € Xy, so Pyx = x. Also x = m+xz_ for some m € M
andz_ € X_.Nowm = —a_+z € X_+Xgand Pom = —Pyx_+Pyx = Pyx = .
Thus M[0] C Py[M N (X_ 4 Xo)]. For the reverse inclusion, assume y = Pym
withm € M N (X_ + Xg). Write m = z_ +x¢ with z_ € X_ and 29 € Xy. Then
y=PFPom=Pyxg=xg=m—x_ € M+ X_. Also y = Pym € Xy, and it follows
that Po[M N (X_ + Xo)] € M|0], as desired.

Suppose now that M is an invariant subspace for T. Then, as X_ + X is
T-invariant too, so is M N (X_ 4 Xj). This will be used to prove the Ty-invariance
of M[0] = P[M N (X_ + Xo)].
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With respect to the decomposition X = X_ + X + X, the operators PyT
and PyT Py have the form

0 0 0 0 0 O
P()T = 0 T() * s P()TP() = 0 To 0
0 0 0 0 0 O

From the first identity we see that X_ C Ker PyT, from the second that Tyzy =
PyTPyxq for all zyp € Xo. Take mg € M[0] C Xo. Then mg = Pym for some
me M N (X, + Xo) Now Tomg = PyT Pymg = PoT Pym. Also m — Pym € X_
(for m € X_ + Xy), so m — Pym € Ker PyT. Hence Tymg = PyTPym = PyT'm.
But T'm belongs to M N (X_ + Xy), and so Tymo € Po[M N (X_ + Xo)] = M|0],
as desired. O

With the same notation as above, we also have the following result.

Lemma 12.4. Let X_, Xo, Xy and X be finite-dimensional Banach spaces such
that X = X_ + Xo + X, and let M and N be subspaces of X. Then

dim (M[0] N N[0]) < dim(M N N)+dimX_, (12.4)

i (M)

Also, if M C N, then M[0] C N[0] and dim (N[0]/M[0]) < dim(N/M).

IN

: X :

Proof. The argument for (12.4) goes as follows. Choose a basis m{,...,m? in

M]0]. Note here that we may assume that M[0] (as well as N[0]) is non-trivial,
otherwise (12.4) is evident. For j =1, ..., s, choose m; in X_ such that mg—mj_ €
M. Then, clearly, (m{ —my),...,(m2 —mg) € M N (M[0] + X_). Suppose
21(m§ —m7) + -+ z5(m% —m7) =0, where 21,...,2, € C. Then

0 0 — -
zamy + o+ zsmg = 2z1my 0+ 2smy

The left-hand side of this identity is in M[0] C X, the right-hand side in X_.
But Xo N X_ = {0}. So (z1m{ + -+ + z;m?) = (z1m] + -+ + zsm; ) = 0. Since

m{,...,m? are linearly independent, it follows that z; = -+ = z; = 0. Thus the
elements (m{ —m7),...,(m% —m;) are linearly independent too.

Putting M = span {(m9—m7),...,(m%—m;)}, we obtain a subspace M of

X for which M ¢ M N (M[0]+X_) and dim M = dim M]0]. In the same vein there
is a subspace N of X satisfying N C N N (N[0] + X_) and dim N = dim N|0].
By a standard identity

dim M + dim N = dim (]\//.7 N N) + dim (]\/Z—i-.f/\\f)7
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and it follows that dim M[0] 4+ dim N[0] = dim (M N N) + dim (]\/4\ + N) As
M+N c M[0]+N[0]+X_, the dimension of M+ N does not exceed dim (M[0]+
N{[0]) + dim X_. Hence

dim M[0] + dim N[0] < dim (M 1 N) 4 dim (M[0] + N[0]) + dim X_.

Together with dim(M[0] N N[0]) = dim M|[0] + dim N[0] — dim (M [0] + N[0]),
(again the standard identity), this gives

dim (M[0] N N[0]) < dim (M N N) + dim X_.

As the dimension of M N N does not exceed that of M N N inequality (12.4)
follows.

Next, we deal with (12.5). Let Py be the projection of X onto X, along
X_ + Xo. Choose my,...,m; in M such that the vectors Pymy, ..., Pym; span
the subspace Py[M]. Take m € M. Then there exist y1,...,7 € C such that
Pim=vPimi+ - +yPimy. Put y=m — (yamq + -+ +ymy). Then y € M
and y € Ker P, = X_ + X;. Now

= (y — Poy) + Poy + (vama + -+ + yemy).

The second term Pyy in the right-hand side belongs to Po[M N (X_ 4 Xo)] = M|0]
(see Lemma 12.3). For the first term y — Pyy the following holds. On the one hand
it belongs to Ker Py = X_ + X, on the other hand it is a member of (X_ + Xo) +
Xo=X_+Xp. Hence y— Poy € (X— +X1) N (X_+ Xo) = X_, and we conclude
that m € X_ + MJ0] + span{m1,...,m;}. In case P, [M] is non-trivial, one can
take ¢ equal to the dimension of Py[M] C X, so that dim (span{m1,...,m;}) <
dim X . The latter can also be arranged when Py [M] = {0}. Just take ¢t = 1 and
mi = 0. N N

Putting M = span {m1,...,ms}, we obtain a subspace M of X such that
M c X_+ M[0] + M and dim M < dim X, . In the same vein there is a subspace
N of X satisfying N € X_ + N[0] + N and dim N < dim X . Let L be a linear
complement of M + N in X. Then X = L+ (M +N) = L+ X_+ (M[0]+ N[0]) +

M+ N , and it follows that
dim X < dim L + dim X_ + dim (M [0] + N[0]) + 2dim X ..

Combining this with the identity dim X = dim X_ + dim Xy +dim X, we get the
inequality dim X, — dim (M[0] + N[0]) < dim L + dim X, which amounts to the
same (12.5).

Finally, assume M C N. Then evidently M[0] C N[0]. By standard quotient
space arguments, there exist an injective linear mapping

(N+X)NXo  N+X
M+X)nXo M+Xx_'
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and a surjective linear mapping

N N+ X_
S el
M M+ X_
It follows that
. NJ0] . (N+X_) N X . N+ X_ . N
dim ——= = d <d ) < dim—
0] 1m((M+X) nxy) = "\ Mmrx_) ="
and the proof is complete. O

Let us mention that in the application of Lemma 12.4 given below, the di-
mension of X is strictly larger than the dimensions of X_ and X, . Note that in
that case the inequalities (12.4) and (12.5) are non-trivial.

First part of the proof of Theorem 12.2. Put ¢ = 04(W). Then 6(W) =n < ¢ <
2n — 1 and we shall prove that there exist an ordering aq, .. ., «;, of the poles of W
(pole-multiplicities taken into account) and an ordering a5, ..., . of the zeros of
W (zero-multiplicities taken into account) such that (12.3) is satisfied with d = q.
When ¢ = 2n — 1, there is nothing to prove. So we shall assume that ¢ < 2n — 2
(and n > 2). It is convenient to break up the argument into a number of steps.

Step 1. Since W admits a factorization into ¢ elementary factors, Theorem 10.5
guarantees that W can be written as W(\) = I, + C(Al, — A)~'B with 4 an
upper and A* = A— BC a lower triangular ¢ X ¢ matrix. As has been discussed in
detail in Section 10.1, these triangularity conditions come down to the existence of
a complete chain My C M; C --- C M, of A-invariant subspaces, and a complete
chain Mg* C M{* C--- C M of A*-invariant subspaces, such that

Mj+MqX_j:Cq7 j=0,...,q. (12.6)
Here, as everywhere else where this is convenient, matrices are identified in the
usual way with operators acting between Euclidean spaces.

Step 2. Put X = C?. By the material on dilations presented in Section 7.3, we
know that X admits a decomposition X = X_ + Xg + X, such that A, B and C
have the form

_>(< * *
A = 0 A() * ZX,+X0—;—X+—>X,-‘-X0-‘-X+7
| 0 0 =
[ *
B = BO Z(Cm—>X,—‘;-X0—‘;-X+,
0

C = [0 O() *]IX,+X0+X+—>(CM7
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with the stars denoting unspecified (possibly nonzero) entries acting between the
appropriate spaces, and with

W(A) = I, + Co(Mx, — Ao) ™' Bo (12.7)

being a minimal realization of W, so in particular dim Xy = n. Given the com-
plete chains of subspaces from Step 1, we now construct comparable chains in
the space Xj.

Step 3. For this we employ the material (including the notation) contained in
Lemmas 12.3 and 12.4. So we apply the [0]-operation introduced in Lemma 12.3
to the complete chains of invariant subspaces featuring in Step 1. In other words,
we consider the subspaces

Mj[O]:(Mj-‘y—X,) N Xo, MjX[O]:(ijﬁ-Xf) N Xo.

Note that M;[0] is Ap-invariant and M;[0] is Ag-invariant (see Lemma 12.3).
Here it should be taken into account that the operator A* = A — BC' has the
representation

* * *
A*=10 A =* | X_+Xo+X: > X_+Xo+ Xy,
0 0 =«

again with the stars denoting possibly nonzero entries, and with AJ being the as-
sociate main operator of the unital system (Ao, By, Co, C"™,C") underlying (12.7),
i.e.7 AE; = AO - B()Co.

Step 4. For j =0,...,q — 1, we have

(see Lemma 12.4). Put d; = dimM;[0]. Then dy = 0 (for My = {0}) and
dy, = dim Xy = n (because M, = X). Further dy < < s <dger < dy
and two consecutive elements in this (finite) sequence differ at most one. Hence
{do,....dg} ={0,...,n}. For k=0,...,n, let

j(k) =min{j | j=0,...,q; dj =k}, Ny = M [0].

M;[0] € M;41[0],  dim (MJ+ 0[? ) < dim ( )
0
d

Then Nog C N1 C --- C N, is a complete chain of Agp-invariant subspaces. Intro-
ducing

k) = minfj | j=0,....q; dim MX[0] =k}, N = M

7% (k) [0]

we obtain a complete chain Ng° C Ny C -+ C N}

X of Aj-invariant subspaces as
well.
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Step 5. Let M, N be a pair of subspaces of X, and consider the pair of associated
subspaces M|0], N[0] of Xy. In view of the matching conditions (12.6) we are
interested in the cases M N N = {0} and M + N = X. Here is what results from
the inequalities (12.4) and (12.5) in Lemma 12.4. If M N N = {0}, then

dim(M[0] N N[0]) < d_, (12.8)

where d_ =dim X_;if M + N = X, then

. Xo
dim (m> < dg, (12.9)

where dy = dim X.

In line with the remark immediately following the proof of Lemma 12.4,
we note that (12.8) and (12.9) are trivial when dim Xy < d_ = dim X_. This,
however, is not the case here. Indeed, by assumption ¢ < 2n—2, where n = dim X,
hence dmX_=g—n—dy <n—2anddimX; =¢g—n—-d_<n—-2.

Step 6. Consider the inequality
dim (N; N N)) < d_. (12.10)

Because its left-hand side is bounded above by min{l, k}, the inequality is certainly
valid when [ or k£ does not exceed d_. The estimate, however, also holds in non-
trivial cases. In fact, (12.10) is satisfied for [,k = (d— 4+ 1),...,n with |+ k <
n+d_ —dy (where it should be noted that 2(d—_4+1) =q—n—dy +d_+2 < 2n—
2—n—dy+d_+2=n+d_—diandd_+1=qg—n—dy+1<2n—2—n+1l=n—1).
The reasoning, employing the matching conditions (12.6), runs this way.
Recall that
Ni= Myl N = M, 0]

Now M;;y + qufj(l) =C9 If j(I) + j* (k) < q, we have Mgy N ijx ) C My N
qu_j(l) = {0} and (12.10) follows from (12.8). When j(I) + j* (k) > ¢, we have
My + M o D Moy + M)y = X, and (12.9) gives

Thus dim(N; + N)) > n — dy. But then

dim (N; N N) = dim N, + dim N — dim (N; + N)
I+ k—dim (N, + N))
< l+k—n+dy.

As the last expression is bounded above by d_ when [+ k <n+d_ —dy =, the
desired inequality (12.10) follows.
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Step 7. Recall that (12.7) is a minimal realization of W. The function W is com-
panion based. Therefore, by the state space isomorphism theorem, we may assume
that Xy = C" and that the matrix representations of Ay and AJ = Ay — ByCo
with respect to the standard basis in C" are first companions. As was indicated
in Proposition 11.20, complete chains of invariant subspaces of first companion
matrices can be described with the help of generalized Vandermonde matrices.
This is the key for the rest of the argument.

Let V(ay,...,ay) be the generalized Vandermonde matrix for the complete
chain Ng ¢ Ny C --- C N, of Ap-invariant subspaces. Thus ai,...,a, is an
appropriate ordering of the eigenvalues of Ay (algebraic multiplicities counted)
and, using the notation of Section 11.7,

Ny = span {v,(1)(a1),...,vyq)la)}, [=0,...,n

where v(j) is the number of times that the eigenvalue a; appears among its prede-

Cessors ai, . ..,a;j_1. Similarly, let V(ag,. .., n) be the generalized Vandermonde
matrix for the complete chain Ny C N C --- C N of A -invariant subspaces.
So ay,...,a) is a suitable ordering of the eigenvalues of Ag (algebraic multiplic-

ities counted) and
N =span{v,x)(ai), ..., Vi< (a;)}, k=0,...,n,

where v*(j) is the number of times that the eigenvalue a appears among the

numbers ay’,...,a; ;.

We are now ready to set things up for the application of the combinatorial
lemma of the preceding section. Put p = n — (dy + 1) and r = d_ + 1. Then
p < n—1and r is a positive integer not exceeding p (for d_ +1 = ¢ —n —

di +1<n-dy—1). Forl =r,...,p (hence p+ r — [ in the same range) and

04GA:{a17...,ap,ai<7,_,’a;}7 introduce
Va(l) = ﬁ{]|j—1 .. <_a}
V:;(l) = u{j|j:1,,l, a,j:a}’

and po (1) = min{v,(l), v (p +r — 1)}. Note that > _ 4 pa(l) is the number

of common entries in ay,...,a and ay,...,a), ., (multiplicities counted). Take
a € A. Then vo(a), ..., v,, () appear among the first [ columns of V' (a1, ..., ax,)
which span N;. Similarly, vo(a), ..., v, (p+r l)( «) appear among the first p+r—1
columns of V(ay', ..., a;) which span N, ;. Thus the vectors

vo(a), ..., V. a)(a), acA
belong to N; N N;DX+T ;- These vectors, being different columns of V' (ay, ..., ay) or,
for that matter, of V(aj,...,ay), are linearly independent. Their total number is

Y acatall), and so

D pall) < dim (N, AN ).
acA
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The integers [ and p + r — [ are in the range r = (d— + 1) up to p, with p not
exceeding n. Also, I+ (p+r—1) =p+r =n+d_ — ds. Hence (12.10) holds
with & = p+7—1 (see Step 6). It follows that } 4 pa(l) < d_, and we conclude
that the number of common entries in aq, ..., and ay, ..., a;+r_l (multiplicities
counted) is at most d_ =r — 1.
Now apply Lemma 12.1. This gives two permutations o and ¢* of {1,...,p}
for which
ag(s);«féCijx(t)7 s,t=1,...,p, s+t<p+2-—r. (12.11)

We complete o to a permutation of {1,...,n} and do likewise with o*. By slight
abuse of notation, these extended permutations are again denoted by o and o*.
For k=1,...,n, put

— X X
Ok = Qo (k), Q= aa'x(n+l—k)'
Clearly ajq,...,q, is an ordering of the eigenvalues of Ay and o, ..., is an
y ) 9 1> »

ordering of the eigenvalues of A, algebraic multiplicities taken into account. We
claim that (12.3) is satisfied with d = ¢. Let k,j € {1,...,n}, and assume k <
7+ n—q. Then

E+(n+l—j)<2n—q=n—(d+dy)=p+2—r

Asp+2—r <p+1, both k and n + 1 — j do not exceed p. Taking s = k and
t=n+1-jin (12.11), it follows that ay # o .

In closing we recall the fact that the eigenvalues of Ay coincide with the poles
of W and those of A coincide with the zeros of W, in both cases the appropriate
multiplicities taken into account (cf., Chapter 8). O

Next, we turn to the second part of the proof of Theorem 12.2. First we
establish some auxiliary results.

Proposition 12.5. Let A be an n X n first companion matriz and let B be an n X m
matriz. The following statements are equivalent:

(i) the pair (A, B) is controllable,

(ii) there exists an invertible n xn matriz T such that AT = T A and, in addition,
0

cImT 'B.

The latter can be rephrased as: the last column of T is a linear combination
of the columns of B.
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Proof. The column vector appearing in the displayed formula in (ii) will be denoted
by e,. Since A is a first companion, the n x n matrix

[ en Ae, - A" le, }

is invertible. Hence, given a vector x € C", there exist (unique) complex numbers
P0,---,Pn_1 (depending on z) such that E?:_Ol pjAie, = x. The latter can be
rewritten as p(A)e, = x, where p is the scalar polynomial p(\) = po+ A\p1 +--- +
)\nflpnil.

By assumption, the pair (A, B) is controllable, in particular B # 0. Let
Z1,...,%, be vectors in C" that span Im B. With z1,...,x,, we associate scalar
polynomials py, ..., p, in the way indicated above. Thus

pi(A)e, = z;, j=1,...,m

We claim that a common zero « of p1,...,p, can not be an eigenvalue of A.
Suppose it is. For j = 1,...,r, the polynomial p; is divisible by the linear factor
A —«, and so Imp;(A4) C Im (A — al,). Hence

zj =pj(A)e, € Im(A—aly), j=1,...,m7

and, as a consequence, Im B C Im (4 — al,). Along with (4, B), the pair (A —
al,, B) is controllable, and we conclude that A —«l, has to be invertible. In other
words, « is not an eigenvalue of A.

Let a be an eigenvalue of A. Then at least one of the complex numbers
p1(@),...,pr(a) is nonzero. Hence the set of vectors (B1,...,0,) in C" deter-
mined by

Z Brpr(a) #0
=1

is open and dense in C". But then the (finite) intersection of these sets over all
« in the spectrum of A is (open and) dense too. In particular, this intersection is
nonempty. Thus there exist complex numbers 31, ..., 3, such that the polynomial
q= 25:1 Bjp;j does not vanish on the spectrum of A. Define T' = ¢(A). Then T
is invertible and, of course, AT = T'A. As,

Te, = q(A)e, = Zﬁjpj(A)en = Zﬂjx]— € ImB,
j=1

j=1
the lemma is proved. 0

Underlying the definition of quasicomplete factorization and quasidegree is
Theorem 10.15. In the proof of that theorem, the spectral assignment theorem
(Theorem 6.5.1 in [70]) is used. The next proposition is a specialization of the
latter result to first companions.
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Proposition 12.6. Let A be an n X n first companion matriz, let B be an n X m
matriz, and assume

0
€ Im B. (12.12)

0

1
Then, given complex numbers y1, ... ,vn (not necessarily distinct), there exists an
m X n matrix K such that A+ BK is again a first companion and 1, ...,Yn are

the eigenvalues of A+ BK (algebraic multiplicities taken into account).

Note that (12.12), together with the fact that A is a first companion matrix,
implies that the pair (A, B) is controllable.

Proof. Write A in the form (11.1), and take v € C™ such that Bv = e,. Here e,
stands for the left-hand side of (12.12). Let ¢, ..., ¢,—1 be the complex numbers
determined by

n—1
XD TN = (A=) (A=), (12.13)

§=0

and introduce the m x n matrix K via

K= (ao—co)v (a1 —ci)v -+ (an-1—cn1)v |.
Observe that
A+BK = A+B(v[ (ap —co) (a1 —c1) -+ (an—1—Cn-1) ])
= A+te, [ (ao — Co) (a1 — Cl) v (an,1 — Cnfl) ] .

Hence A 4+ BK is a first companion matrix. In fact, A + BK is (11.1) with
ag, - .., a1 replaced by cg,...,c,—1. The characteristic polynomial of A + BK
is given by (12.13). Hence the eigenvalues of A + BK are 71,...,7, (algebraic
multiplicities taken into account). O

After these preparations, we are ready for the second part proof of the proof
of Theorem 12.2.

Second part of the proof of Theorem 12.2. Let d > n be an integer for which there
exist an ordering a1, ..., , of the poles of W (pole-multiplicities taken into ac-
count) and an ordering ..., a} of the zeros of W (zero-multiplicities taken

into account) such that (12.3) is satisfied, i.e.,
ar # af, k,j=1,...,n, k<j+n—d.

In this second part of the proof of Theorem 12.2, we show that d4(WW) < d.
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Note that the case d = n is already covered by Theorem 11.17 (complete
factorization, hence d4(W) = 6(W) = n). So we may assume d > n + 1. It may be
assumed as well that d < 2n — 1. This is clear from the remark made right after
Theorem 12.2.

By assumption, W is companion based. Let W()\) = I, + C(\I, — A)~!
be a minimal realization of W such that A and A* = A — BC are first companion
matrices. Then s, ..., a, is an ordering of the eigenvalues of A and a5, ..., a)f is
one for the eigenvalues of A* (cf., Chapter 8). We shall now appropriately change
the realization of W to suit our purpose.

First we shall show that without loss of generality it may be assumed that
Im B contains the vector e,, where e, is the column vector in C" given by the
left-hand side of (12.12). When A # A*, the proof is simple. Indeed, the difference
of the first companions A and A* then has a nonzero column of which all entries
are zero except the last. Hence

en € Im(A—A*) = ImBC C Im B,

and so we can even leave the realization as it is. In case A = A*, the argument
is somewhat more involved. Let T" be an invertible n x n matrix, and put A =
T—YAT, B=T"'B and C = CT. Then

W) =L, + C(AL, — A)~*

is a minimal realization of W and AX = T-1AXT = T-'AT = A. As the pair
(A, B) is controllable, we can apply Proposition 12.5 to choose T" in such a way
that all four matrices A A, A* and AX are the same while, in addition, e,, € Im B.
Thus what we desire can be reached by replacing B by T~'B and C by CT.

From now on it is assumed that e, € Im B, that is, condition (12.12) is
satisfied. Let 71,...,7, be complex numbers such that i, ...,v4—, are distinct
and outside the spectra of A and A*. Applying Proposition 12.6 we obtain an
m x n matrix K such that A+ BK is a first companion having 71, ...,7, as its
eigenvalues. Introduce the n x (d — n) matrix

X = [vo(m) vo(y2) - vo(Ya—n) ]
i 1 1 1
Y1 Y2 Yd—n
— 7 B il , (12.14)
A Vitn

and let G be the diagonal (d — n) x (d — n) matrix with diagonal elements
Y,---3Yd—n- Then (A + BK)X = XG. With F equal to the m x (d —n) ma-
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trix KX, the identity (A+ BK)X = X G transforms into the intertwining relation
XG—-AX = BF.

Introduce the matrices

AA:[’QBGF}, @;[ﬂ, é-[c Fl. (12.15)

having dimensions d x d, d x m and m X d, respectively. Since
W) = I, + C(\My— A)"'B

(Cf the material on dilation in Section 7.1), it suffices to prove that Aand A% =
A— BC admit simultaneous reduction to complementary triangular forms. Indeed,
Theorem 10.5 then gives that W admits a factorization into d elementary factors,
so that dq(1W) < d as desired. The approach we take is via chains of matching
subspaces (cf., Section 10.1, in particular, Proposition 10.1; see also the proof of
Theorem 10.5).

With the ordering o, . .., a, of the eigenvalues of the first companion A, we
associate the generalized Vandermonde matrix V = V(aq,...,a,) as in Section
11.7. Then V is invertible and V=Y AV is upper triangular with diagonal elements
ai, ..., a,. Analogously, putting VX = V(aX, ..., ay"), the matrix (V)" 1AXV >
is upper triangular with diagonal elements ., ..., o . For clarity, we emphasize
that the eigenvalues of A* have been taken here in the (reversed) order of, ..., a5 .
We will now construct a complete chain of invariant subspaces for A and one for
A* as well. Let us consider A first.

Recall from Section 11.7 that V = v1 vy --- vy, | with

Vj = vl/(j)(aj)7 j: 17' -y 1

where v(j) is the number of times that the eigenvalue «; appears among its pre-

decessors av,...,q 1. For j = 1,...,d —n, let e; be the vector in C%" having
1 in the jth position and zeros everywhere else. We now introduce the vectors
A1y ey Qdeny Gdpils - -, 0q € C4 = C" + C4™ as follows:

lvO(w) ] j=1,....d—n,
e

a; = (12.16)

lvﬁgd]v j=d-n+l,....d

As is easily seen, these vectors form a basis for C?. With respect to this basis,
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A has upper triangular form. Indeed, for j = 1,...,d — n, we have
i Avo(vyj) + BFe; Avo(v;) + BK Xe; 1
aj = =
Gej Vi€j

{ (A + BK)vo(v;) } _ l Y5vo(75) ]

Vi€ Vi€j
= Wjaj.

Also, for j=d—n+1,...,d,

Avjn—d € span vt o Vitn—d
0 0 0

= span {aqg—nt1,...,0;}.

Aaj =

Here we used that V' AV is upper triangular. Now put
J\/Zk:span {ai,...,;ax}, k=0,...,d. (12.17)

Then {0} = M\O - M\l C M\Q C - C ]/\4\d_1 C ]/\4\d = C? is a complete chain of
A-invariant subspaces.
For A* = A — BC the construction is analogous. Note that

~ A BF B A 0
AX = [C F] =
0 G 0 0o G
Let VX be the n x n matrix V> = [ vlowS e o } with
v = v, (af), j=1,....n,

X

where v (j) is the number of times that the eigenvalue «;

appears among the

numbers a;, ..., o, ;. Furthermore, set

0 :

, ji=1,....,d—mn,
€
X _
af = ) (12.18)
v .
[ d+1]]’ ]:d—n+1,,d
0

Then a',...,a} is a basis for C?, and with respect to this basis A* has upper

triangular form. Hence, with

]\/kazspan {af,... )}, k=0,...,d, (12.19)
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we have that {0} = M C M € My C --- C M), C M} = C%is a complete
chain of A*-invariant subspaces.
We need to prove that

Mp+M7, =C%  k=1,...,d-1 (12.20)

It is convenient to distinguish three cases, depending on the value of k. Recall
here that we assumed n + 1 < d < 2n — 1. From these inequalities we see that
1<d—n<n<d-1.

Case 1. Let 1 < k < d —n. In this case ]\//.Tk is spanned by the k vectors

[ vo(m) 1 [ vo(e) 1 , (12.21)

€1 €k

and J\/Zj_k by the d — k vectors

0 0 vl v
[6117...,[%_”]7[ 0 ][ ‘“0“ 1 (12.22)

Note here that the assumption k < d — n, taken together with d — n < n, implies

d—k > d—n. The vectors v,S, . .. ,kaH are the first n—k& columns in the generalized
Vandermonde matrix V> = V (a5, ..., a7). Also 71,...,7% do not appear among
the numbers o, ..., o, ;. Thus

[vo(y) - wvolw) o -+ vy ]

is a matrix of generalized Vandermonde type, and so the n vectors

vo(y1)s -3 Vo(Yk), Vs -5 Uy

are linearly independent. As the same is true for eq,...,e4_,, the d vectors given
by (12.21) and (12.22) together are linearly independent, and (12.20) is indeed
satisfied.

Case 2. Let d — n < k < n. In this situation M\k is spanned by the k vectors

[ vo(71) ] - [ vo(Yd—n) 1 ’ [ U1 1 L [ Untk—d ] ’ (12.23)
e €d—n 0 0

and M}, by the d — k vectors

0 0 vl vy
[611,...,[&”],[ 0 ][ ’“0+ ] (12.24)
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Note that the assumption k < n is the same as d — k > d — n. As before, the
vectors v)<, ..., v 1 are the first n — &k columns in the generalized Vandermonde
matrix V* = V(a),...,af). Similarly, the vectors vi,...,v,4k—q are the first
n+k —d columns in V = V(ay,...,a,). Also, the condition (12.3) implies that
the sets {a;, 1,..., o} and {a1,...,ank—a} are disjoint. Finally, the numbers
Y-+, Yd—n do not appear among the numbers

3 X

Qs Qg heds Qg s e oy O
Thus the matrix
[vo(r1) - Vo(Ya—n) V1t Unik—a VX Uy ]
is of generalized Vandermonde type, and hence the n vectors
VoY1), -+ s VO(Vdern)s U1y« -+ s Unkiedy Ups s« - - a”12<+1

are linearly independent. As the same is true for ey, ..., eq_p, the d vectors given
by (12.23) and (12.24) together are linearly independent, and we conclude again
that (12.20) holds.

Case 3. Let n <k <d-—1. Now J\/Z;C is spanned by the k vectors

[ vo(71) ] N [ vo(Yd—n) 1 ’ [ U1 1 L [ Un+k—d ] ’ (12.25)
€1 €d—n 0 0

and M, by the d — k vectors

[0 ][ 0 ] (12.26)
€1 Cd—k

Note that in the present case k > d —n and d — k < d — n. To prove that the d
vectors given by (12.25) and (12.26) together are linearly independent, it suffices
to show that the linear independency condition is satisfied for the vectors

vo(7) vo(Yd—k) vo(Yd—k+1) vo(Yd—n)
0 . ) I I

e ]

Now ey, ...,e4—, are linearly independent, and what we have to establish is the
linear independence of vo(v1), ..., Vo(Ya—k)s V1.« Untk—d- AS Yd—kt1,- -+, Vd—n
do not appear among «y, . . ., @y +k—d, the vectors in question form again a matrix
of generalized Vandermonde type, and once more we conclude that (12.20) is
satisfied. O

Theorem 12.2 can be reformulated a follows.
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Theorem 12.7. Let W be a companion based rational m X m matrix function and
let n be the McMillan degree of W (assumed to be positive in order to avoid triv-

ialities). Furthermore, let aq,...,a, be an arbitrary ordering of the poles of W
(pole-multiplicities counted), and let o, ..., o) be an arbitrary ordering of the
zeros of W (zero-multiplicities counted). Then

S(W) = n+  min max {j —k | k<], Qg = aj(j)} , (12.27)
where S(n) stands for the collection of all permutations of {1,...,n} and max({

is defined to be zero.
Proof. By Theorem 12.2 there are permutations o, 7 € S(n) such that
ag(k)#af(j), k,j=1,....n, k<j—(dq —n),

where 04 = dq(WW). For these permutations we clearly have
max{j —k | k<j, am) = af(j)} < 9 — 1.

Hence the right-hand side in (12.27) does not exceed the left-hand side.
Now conversely. Let 0,7 € S(n), and put
Mo,r = max{j —k | k<j, agp) = ozTX(j)}.
;((j)v then either £ < j and 7 — k < ms > or & > j. In the latter
situation, we have j — k < m, , too, because m,, . is non-negative (as max( is
zero by definition). So ag ) = af(j) implies j — k < m,,» which one may also
write as

If Oég(k) =

Oéo’(k)#aj(j)7 k,j:17...,n, k<j_mg77--

Theorem 12.2 now gives n + mq,» > d4(W), and it follows that the left-hand side
of (12.27) does not exceed the right-hand side. O

Theorems 12.2 and 12.7 are stated in terms of poles and zeros of the given
function W. Clearly they can also be formulated in terms of realizations (cf., the
remark made after the proof of Theorem 11.17). The following result is phrased
along this line. It is a counterpart (in fact, a generalization) of Theorem 11.18.

Theorem 12.8. Let W be a companion based rational m x m matriz function, and
let W(A) = I, + C(M,, — A)"1B be a minimal realization of W, so that n is
the McMillan degree of W (assumed to be positive in order to avoid trivialities).
Then the quasidegree dq(W) of W is the smallest integer d larger than or equal
to n for which there exists an ordering u,...,us of the (different) elements of
o(A) U o(A%) such that

t—1

t
S oma(p) < (d=n)+1+> ma(w), t=1,...,s
=1

i=1
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Proof. From the proof of Theorem 11.8 (take h = d —n+1 there), we see that the
above requirement on the (algebraic multiplicities of the) eigenvalues of A and A*
is equivalent to the existence of orderings of the type mentioned in Theorem 12.2.
Recall in this connection that the eigenvalues of A and A* = A — BC' correspond
to the poles and zeros of W, respectively (the appropriate multiplicities taken into
account). O

For an integer k, we let k; = 1 (k + |k|). In other word, k.. is the maximum
of k and zero.

Theorem 12.9. Let W be a companion based rational m x m matriz function, and
let W(A) = I, + C(M,, — A)"1B be a minimal realization of W, so that n is
the McMillan degree of W (assumed to be positive in order to avoid trivialities).

Furthermore, let py, ..., us be an arbitrary ordering of the (different) elements of
o(A) U o(A%). Then

¢ t—1
dq(W) = n+ min max (—l—i-ZmAx (o)) — ZmA (/%(z‘))) )
i=1 +

S(s) t=1,...;s
o€ S(s) =

where S(s) stands for the collection of all permutations of {1,...,s}.

Proof. The proof is similar to that of Theorem 12.8 but based on Theorem 12.7
instead of Theorem 12.2. O

Theorems 12.7 and 12.9 suggest that calculating the quasidegree is a task
of high computational complexity. No matter how this may be in general, for the
class of companion based rational matrix functions to which the theorems apply,
the computational complexity is actually very low (assuming that its poles and
zeros are known). The key to this is a connection with the theory of job scheduling
which will be made in the next two sections.

12.3 A review of the two machine flow shop problem

In this section we introduce the two machine flow shop problem and review some
related results.

The two machine flow shop problem — 2MFSP for short — is concerned with
two machines, written M; and Ms, and a number of jobs, indexed by the integers
1,..., ksay. The jobs have to be processed by the two machines. Each job j involves
(at most) two operations: a (possible) first operation O; to be processed on the
first machine My, and a (possible) second operation sz to be processed on the
second machine Ms. Each machine can be processing at most one operation at the
same time. In standard 2MFSP, it is required that for every job j processing O?— on
M, cannot start until processing Ojl» on M; has been completed. In non-standard
versions of 2MFSP other constraints may be imposed.
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The processing times of the operations are given and fixed. That of Ojl is
denoted by s;, and the processing time of OJZ is denoted by t;. Hence, formally,
an instance J of 2MFSP involving k jobs consists of k tuples

(s1,t1)s - 5 (Skstk) (12.28)

specifying the processing times of the operations. Of course these processing times
are taken to be non-negative numbers. As already suggested above, we do allow for
the possibility that one of the numbers s;,¢; is zero, meaning that the job indexed
Jj does not require the machine in question (M; when s; = 0, My when t; = 0).
However, in order to avoid trivialities, we assume that for each j, either s; or ¢; is
nonzero (i.e., for each job something has to be done). There is another assumption
that we will adopt in the present exposition, namely that the processing times are
integers. In practical situations, they will usually be rational numbers which can
be made into integers by an appropriate choice of the time unit.

A schedule for J is a rule indicating in what order the jobs are carried out
on the two machines. This is an informal definition which can be made precise
by using two functions (one for M; and one for My) mapping a time interval
into the set {1,...,k} indexing the collection of jobs. We refrain from burdening
the discussion with the details. A schedule is said to be feasible if it satisfies the
specified constraints. The length of the time interval required to carry out all jobs
is called the makespan of the schedule. Of course such a makespan is always larger
than or equal to the maximum of the numbers

k
s(J):Zsj, tI) =Dt

where it is assumed that .J is given by (12.28). In the versions of 2MFSP considered
here (including the standard one), the objective is to find an optimal schedule, that
is a feasible schedule with smallest possible makespan, the so-called minimum
makespan.

To give a feel for what is going on, let us first concentrate on the standard
version of 2MFSP and indicate some properties of the optimal schedules for this
case. The minimum makespan of an instance J of standard 2MFSP will be denoted
by p(J). Clearly

max{s(J), t(J)} < p(J) < s(J)+1(J).

Also, the hypotheses that all processing times are integers, implies that p(J) is an
integer too. Indeed, if € is a number strictly between 0 and 1 such that u(J) — €
is integer, there would exist a feasible schedule with makespan u(J) — ¢, strictly
smaller than p(J), which is impossible.

Next, let us turn to some less trivial observations. It is known that each
instance J of standard 2MFSP has an optimal non-preemptive schedule (see the
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textbook [6]). By this we mean that the optimal schedule has the additional prop-
erty that, once a machine has started processing an operation, it does not start
processing another operation until the one it has begun working on has been com-
pleted. Additionally it may be assumed that once a machine has been activated,
it works uninterrupted until all the operations to be carried out on the machine
in question have been completed. This can be achieved by appropriately shifting
the jobs on M; to the left (i.e., backward in time) and those on My to the right
(i.e., forward in time). In this way, M; is occupied during the time interval from
0 to s(J), while Mj is occupied during the time interval from pu(J) — t(J) to u(J)
with s(J), t(J) and p(J) as above.

A schedule is a permutation schedule if it is non-preemptive and for all i # j
with strictly positive processing times s;, ¢;, s; and t;, the operation O? is pro-
cessed before the operation OF on the second machine My if (and only if) the
operation O} is processed before the operation Ojl- on the first machine M;. Thus
the order of the operations on the first machine is the same as the order of the
operations on the second machine. It is known that the optimal schedule can be
chosen to be a permutation schedule.

Again these definitions can be formalized by using functions mapping a time
interval into the set of integers indexing the collection of jobs, but for our purposes
here, it is not necessary to do so. Also we refrain from giving proofs of the obser-
vations contained in the preceding paragraph. In fact, using the type of arguments
employed in the proof of Theorem 11.8, any schedule can be transformed into a
permutation schedule without increasing the makespan.

An optimal permutation schedule for an instance of 2MFSP can be obtained
by the application of Johnson’s rule (see Johnson [82]; also [6]). According to this
algorithm, an optimal schedule can be constructed as follows:

Step 1: Introduce Vi ={j | s; <t;}and Vo ={j | s; >¢;}.

Step 2: Put the jobs in V; in order of increasing processing time (s;) on
M, and put the jobs in V5 in order of decreasing processing time
(tj) on Mz.

Step 3: Process the jobs in V; first, and those in V5 thereafter.

The running time of Johnson’s rule is O(klogk). Thus 2MFSP belongs to the
class of tractable problems that can be solved in polynomial time (cf., Garey and
Johnson [44]).

Example. Let J be an instance of 2MPSP involving 6 jobs (so k = 6), the tuples
specifying the processing times being

(817?51) = (0, ].)7 (827?52) = (2,0)7 (837?53) = (3,4)7

(847?54) = (]., ].)7 (857?55) = (2,3)7 (567t6) = (2, ].)
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Note that job 1 does not require any action on M; and job 2 not on Ms. Further
s(J) = t(J) = 10 (cf., the standing assumption introduced at the end of the one
but last paragraph of this section). Combining Steps 1 and 2 in Johnson’s rule, we
obtain V7 = {1,5,3} and V2 = {4,6,2}. An optimal permutation schedule is now
obtained by processing the jobs in the order 1,5,3,4,6,2 (Step 3); schematically:

Mo : « 1 5 5 5 3 3 3 3 4 6 (2
My: (1) 5 5 3 3 3 4 6 6 2 2 =
Time : 1 2 3 4 5 6 7 8 9 10 11

Here a job number between parenthesis means that for that job no action is re-
quired (processing time zero) on the machine in question, and a star indicates that
the machine is idle. We conclude that the minimum makespan p(J) of this par-
ticular instance J of the 2MFSP is equal to 11. The specifics (i.e., the processing
times) of this example are inspired by the material contained in the example given
at the end of Section 11.2. To facilitate the comparison of the above scheme with
(11.29) from the earlier example, the schedule for Ms has been put on top and
that for M; at the bottom.

In the above example, the sum of the processing times on the two machines is
the same: s(J) = t(J). As far as the minimum makespan is concerned, this equality
may be assumed without loss of generality. To see this, consider an instance J of
standard 2MFSP, given by (12.28), and assume s(J) and ¢(J) do not coincide.
We now augment J to another instance of 2MFSP by adding a ”dummy job” as
follows: the job listed (sg41,tr+1) with

k
Sk41 = Z(tj — Sj), tke1 =0

j=1

in case s(J) < ¢(J), the job listed (so, o) with

k
s =0, t(0) =D (s — ;)

=1

in case s(J) > t(J). The instance Jext of 2MFSP obtained this way meets the
desired condition $(Jext) = t(Joxt) and is essentially identical to J, satisfying
w(J) = u(Jext) in particular.

So far about the standard 2MFSP. As was already indicated, there are vari-
ants of 2MFSP. One of them, actually very closely related to the standard version,
is especially appropriate for making the connection with the phenomenon of qua-
sicomplete factorization discussed earlier in this chapter. It is what we shall call
the Reduced two machine flow shop problem which we will describe in a moment.
But first let us put things in a somewhat wider framework.
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The non-standard versions of the two machine flow shop problem come about
by relaxation of the predecessor constraints. Thus it is allowed that the processing
of O3 already starts before that of O} has been completed, resulting in an infeasi-
bility max{0, F(O}) — S(03)}, where F(O}) denotes the finish time of operation
Ojl» on M; and S(sz) stands for the start time of sz on M. Here, of course, only
those jobs are taken into account for which the processing times on both machines
are positive. The infeasibilities introduced in this way should now be minimized in
some prescribed sense. For standard 2MFSP, the requirement is that they are all
zero, but there is a variety of other possibilities (see [22] and the references given
therein).

Staying still very close to the standard version of 2MFSP, one can require
that the infeasiblities do not surpass a given threshold 7. In other words, instead
of the standard predecessor restriction we have the relaxed constraint: for each
job j in the given instance of 2MFSP, processing OJZ on My cannot start until 7
time units before processing Ojl on M; has been completed. An optimal schedule
is then obtained by taking one for standard 2MFSP and shifting the jobs on My
backwards over a time interval of length min{r, u(J) — t(J)}, resulting in a mini-
mum makespan max{s(J), t(J), u(J)—7 }. As a consequence, an optimal schedule
can be obtained via Johnson’s rule of low computational complexity. Note that
for this variant of 2MFSP, the instances J and Joy (see the paragraph directly
following the example) are again essentially identical, their minimum makespans
coinciding in particular. Thus, from now on, we adopt as a standing assump-
tion that the sum of the processing times on the two machines is the same:

s(J) = t(J).

We now specialize to the situation pertinent to the connection with quasicom-
plete factorization, the case 7 = 1 where it is required that non of the infeasibilities
exceeds 1. This version of 2MFSP will be named reduced two machine flow shop
problem — abbreviated 2MFSP,..q. We shall denote the minimum makespan of an
instance J of 2MFSP.cq by pireda(J) and call it the reduced minimal makespan of
J. For later use, we explicitly record that

tred (J) = max{v(J), p(J) — 1}, (12.29)

where v(J) = s(J) = ¢(J). Hence v(J) < prea(J) < 20(J) — 1. Again it may be
assumed that once a machine has been activated, it works uninterrupted until all
the operations to be carried out on it have been completed. In that case Mj is
occupied during the time interval from 0 to v(J), while My is occupied during
the time interval from pireq(J) — v(J) to preda(J). Since the processing times are
integers, both v(J) and u(J) are integers as well. Also u(J) > v(J). Thus pireq(J) =
v(J) when p(J) = v(J), and pirea(J) = p(J) — 1 when p(J) # v(J). It is also
worthwhile to recall from the previous paragraph that 2MFSP..q has the same
(low!) computational complexity as standard 2MFSP.
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Finally, for the example presented above, now considered as an instance of
2MFSP,cq, we have the optimal permutation schedule

M, : 1 5 55 3 3 3 3 4 6 (2
My: (1) 5 5 3 3 3 4 6 6 2 2

Time : 1 2 3 4 5 6 7 8 9 10

corroborating the identity (12.29): prea(J) = u(J) —1 = 10. As before, a job num-
ber between parenthesis means that for that job no action is required (processing
time zero) on the machine in question.

12.4 Quasicomplete factorization and the 2MSFP

This section is devoted to the connection of the two machine flow shop problem
(2MFSP) with quasicomplete factorization. The discussion will draw heavily upon
the material on companion based rational matrix functions presented in Sections
11.4 and 12.2.

First we indicate how a companion based matrix function can be associated
with an instance of 2MFSP and vice versa. Let W be a companion based m x m
matrix function, of positive McMillan degree to avoid trivialities, and let J be an
instance of 2MFSP, determined by (12.28) and satisfying the standing assumptions
formulated above. Thus, for j =1,...,k, the processing times s; and t; are non-
negative integers, not both vanishing, and the sum of the processing times on the
two machines M; and Ms is the same. As before, these coinciding sums will be

denoted by v(J), so,
k

k
v(J) = Zsj =t (12.30)

1

We say that the companion based function W and the instance J of 2MFSP are
associated if the pole-polynomial p of W and the zero-polynomial p* of W can be
written in the form

P = (A=B)" (A= B2)"= - (A= B, (12.31)
P = (A=B)" (A= B2) (A= Br)™, (12.32)

with B1,..., 0 different complex numbers. Note that in this definition all three
standing assumptions have a role. First, the processing times s; and ¢; must be
integers in view of (12.31) and (12.32). Second, the pole-polynomial p and the zero-
polynomial p* need to have the same degree, and this is guaranteed by (12.30).
Indeed, the common degree of p and p* is v(J) = s(J) = ¢(J) and coincides with
the McMillan degree §(WW) of W. Third, the number k, i.e., the number of jobs in
J, is also the number of different elements is the union of the set of poles of W
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and the set of zeros of W. Here it is used that for each job in J at least one of the
processing times is nonzero.

For a given companion based matrix function W (of positive McMillan de-
gree) there exists an instance J of 2MFSP such that W and .J are associated. To
see this, write the pole and zero-polynomial of W in the form (12.31) and (12.32),
respectively, and take for J the instance of 2MFSP given by (12.28). This instance
of 2MFSP is uniquely determined by W up to the ordering of the jobs in (12.28),
an irrelevant feature from the point of view of job scheduling. Conversely, if J is
an instance of 2MFSP with k jobs as in the preceding paragraph, then there do
exist companion based matrix functions W such that W and J are associated.
This can be seen as follows. First, choose k different complex numbers (i, ..., Ok
(for example 8; = j, j = 1,...,k). Next, introduce the polynomials p(\) =
(A= B1)" (A= B2)2 - (A= Br)"* and p () = (A = B1)** (A = B2)%2 -+ (A — Bk ).
Finally, define the 2 x 2 rational matrix function W by

1
W(\) = 1 P (12.33)
0 PN | .
p(A)

Then W is a companion based with pole-polynomial p and zero-polynomial p*
(see Section 11.4). Hence W and J are associated.

The function W in (12.33) is completely determined by the given instance J
of 2MFSP. There are, however, more possibilities to produce a companion based
function associated with J. For example, if T" is any invertible 2 x 2 matrix, then
T~'WT and .J are associated as well. Still other possibilities are provided by the
material in Section 11.4. In any case, if J is an instance of 2MFSP (satisfying our
standing assumptions), there exist several companion based matrix functions W
such that W and J are associated. However, all these functions have basically the
same factorization properties. So, from a factorization point of view, the differences
between them are irrelevant and in this relaxed sense, we have uniqueness here as
well.

After these preparations, we come to the result we have been aiming at.

Theorem 12.10. Let W be a companion based rational matrix function of positive
MecMillan degree, let J be an instance of the two machine flow shop problem, and
suppose W and J are associated. Then

Sq(W) = pirea(J). (12.34)

In other words, the quasidegree of W is precisely equal to the reduced minimum
makespan of J where the latter is viewed as an instance of 2MFSP 4.

In terms of the standard minimum makespan p(.J), the conclusion of the
theorem reads as

5(W) = max{8(W), u(J) - 1}.
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This is clear from (12.29) and the identity v(J) = 6(W). Thus Theorem 12.10
says that either W admits a complete factorization (namely when p(J) < v(J) +
1=4§(W)+ 1), or the function W has a non-minimal quasicomplete factorization
involving dq(W) = u(J) — 1 elementary factors (namely when p(J) > v(J) +1 =
o(W)+1).

Proof. We begin by fixing notation. Write n = 6(W) and d = piyea(J). Then
n=wv(J) too and n <d < 2n — 1. Also, let p be the pole-polynomial of W and let
p* be the zero-polynomial of W. Then p and p* have the same (positive) degree
n. Finally, let §1,..., 0 be as in the paragraphs above where we discussed the
association of companion based functions and instances of 2MFSP, so (12.31) and
(12.32) hold.

Consider an optimal schedule for the given instance J of 2MFSP,q, so one
with makespan d = fiyea(J), and assume (without loss of generality) that M; is
occupied during the time interval from 0 to n, while My is occupied during the
time interval from d —n to d. Also assume that the schedule is non-preemptive (or
even a permutation schedule, if one desires). Then, in particular, for [ =1,...,n,
the machine M; is working on a single job during the time interval from [ — 1 to [,
say the one indexed by ji(I) € {1,...,k}. Set a;° = 3; ;). In this way, we obtain
an ordering oy, ..., a of the zeros of W, zero-multiplicities counted. Similarly,
put a; = (3j,;) where jz(l) is the integer among 1,...,k uniquely determined by
the requirement that My is processing the job indexed by j2(l) during the time

interval from d—n+1—1to d—n-+1. Then ay,...,a, is an ordering of the poles
of W, pole-multiplicities counted.
Suppose now that a; = o/ for some [ and i in {1,...,n}. Then M; is busy

with the job indexed ji(I) during the time interval from [ — 1 to [. Also My is
working on the job indexed j3(7) during the time interval from d —n +i — 1 to
d—n+i. But §;,;) = a; = o = 3,1y, and so ja(i) = ji(l). Thus the two jobs
in question are the same, indexed by j = j2(i) = j1({). Hence, by the predecessor
constraints imposed in the case of 2MFSP, ¢4,

d—n+i-12> S(07) > F(O))—1>1-1,

where, as before, S(OF) denotes the start time of operation O% on My and F(OJ)
stands for the finish time of Ojl» on M;. The conclusion is that «; = o implies
i > 1 — (d—n) and Theorem 12.2 gives 6q(W) < d = piyed(J).

It remains to establish the converse inequality. Write dq = d4(W). Again on
the basis of Theorem 12.2, we know that there exist an ordering ay, ..., «a, of the
poles of W (pole-multiplicities counted) and an ordering ..., X of the zeros
of W (zero-multiplicities counted) such that

a; # o, i,l=1,...,n, i<l—(0q—m).

In the next paragraph these orderings will be used to produce a feasible schedule
for J, viewed as an instance of 2MFSP,.qq.
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Forl=1,...,n, there exist unique integers j(I) and j* (1) in the set {1,...,k}
such that a; = ;) and a) = Bjx (1y- We now stipulate that machine M; processes
the job indexed 77 () during the time interval from [ — 1 to [, and that Ms works
on the job indexed j(!) during the time interval from 6q —n+1—1 to dq —n-+I. The
schedule obtained this way satisfies the predecessor constraints imposed in the case
of 2MFSP,cq. To see this, consider the job from J indexed by j € {1,...,k}, and
assume that s; and t; are both positive. So 3; is both a zero and a pole of W. Hence
there are ¢ and [ in {1,...,n} such that 3; = a; = ;. But then j = j(i) = j*(0),
and so the job indexed by j is processed on machine M; during the time interval
from [ —1 to [ and on My during the time interval from 4 —n+i—1to 64 —n+1.
As a; = o, we have i > | — (64 — n). Taking for ¢ and [ the smallest and largest
possible value, respectively, it follows that

S(OJQ») =0;—n+i—1 Zl—le(Ojl‘)_l’

as required in the case of 2MFSP,.q. The feasible schedule thus obtained has
makespan dq, and so pired(J) < dq = 04(W) as desired. O

Elaborating on the second part of the proof, we note that the feasible sched-
ule constructed there need not be non-preemptive. However, by first reordering
ai,...,an and ag, ..., a along the lines indicated in the proof of Theorem 11.8,
one can see to it that the schedule becomes not only non-preemptive, but even a
permutation schedule.

We conclude this section with three examples. The first illustrates Theorem
12.10.

Example. Let J be an instance of 2MPSP involving 5 jobs, the tuples specifying
the processing times being

(Shtl) = (2,2)7 (827t2) = (3,4)7 (837t3) = (1,0)7

(847t4) = (5,4)7 (857t5) = (1,2)7

so that s(J) = ¢(J) = 12 and the standing assumption introduced at the end of
the all but last paragraph in the previous section section is satisfied. Choose five
distinct complex numbers (1, B2, 83, 84 and G5, and introduce

1
L TR0 B 0= B B
W) =
, (A~ Bs)(A — Ba)

(A = fB2)(A = 35)
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Then W is companion based, the pole and zero-polynomial of W are
P = (A=51)*(A = B2)" (A = B (A — B5)?
= (A=B)(A=B2)* (A= B3)°(A = Ba) (A = B5)7,

PN = (A= 1)2(A = B2)> (A = B3)(A = Ba)° (A = Bs)
= (A=B)*(A = B2)’(A = B3) (A = Ba)° (A = B5)",

respectively, and §(W) = 12. Clearly W and J are associated. Thus, by Theorem
12.10, the quasidegree dq(W) of W is equal to the reduced minimum makespan
tred(J) of J. Now fireq(J) is the maximum of §(W) and u(J) — 1, where u(J) is
the minimum makespan of J viewed as an instance of standard 2MFSP. So we
need to determine p(.J).

Combining Steps 1 and 2 in Johnson’s rule described in Section 12.3, we
obtain Vi = {j | s; < tj} = {5,2} and Vo = {j | Sj > L‘j} = {4, 1,3} An
optimal permutation schedule is now obtained by processing the jobs in the order
5,2,4,1,3, (Step 3); schematically (with the schedule for My on top and that for
M; at the bottom, to keep in line with an earlier example):

My: * *x % 5 5 2 2 2 2 4 4 4 4 1 1
My;: 5 2 2 2 4 4 4 4 4 1 1 3 *x %

Time: 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

where a star indicates that the machine is idle. Note that job 3 (with ¢3 = 0) does
not require any action on machine Ma.

We conclude that the (standard) minimum makespan p(J) of J is equal to
15. Recall that d4(W) = max{d(W), u(J) — 1}. In the present situation, we have
0(W) = 12 and u(J) = 15. Hence 64(W) = 14. In particular do(W) > §(W),
so W does not admit a complete factorization. It is worth stressing that these
conclusions have been reached by the application of Johnson’s rule.

Our second example demonstrates that the general estimate
dqW) < 20(W)—1

appearing in the inequalities (10.30), is sharp in the sense that for every positive
value of the McMillan degree 6(W) equality can occur (cf., the examples in Section
10.4, the first one in particular).

Example. Let n be a positive integer, and consider the 2 x 2 rational matrix function
W given by
1
L=
W) = A
0 1
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This function, which has McMillan degree n, also features in the example given at
the end of Section 9.1. It was proved there that W does not admit any non-trivial
minimal factorization, so d4(W) > 6(W) = n whenever n > 2. Note that W is of
the form (12.33) with p(A\) = p*(\) = A". In particular W is companion based.
Let J be the instance of 2MFSP consisting of just one job with processing time n
on both machines. Then evidently yea(J) = 2n — 1, and it follows from Theorem
12.10 that 64(W) = 2n — 1 too.

For the case n = 2, hence d4(W) = 3, the following quasicomplete factoriza-

tion )
1 1 1 0
1 — 1 — _Z
A2 B A—1 ! A
- A A—1
0 1 O s—=7]lo 1 0 -
has been obtained in Section 10.4. For n = 3, hence §,(W) = 5, we have
1 1 2 2
— 1 — 1 _z
! A3 A—1 220 +1 L A
= ><
A 2\
0 1 O X1 LGy 0 1
1 0 1 0
oA 22+ 1
0 A 0 2\

as a quasicomplete factorization.
Note that these explicit factorizations are in accordance with Proposition
10.8. Indeed, for the case n = 2 we have

011:17 042:0, 04320,
a’ =0, ay =0, o =1
and for the case n = 3 we have
ap =1, ag = —1/2, az =0, ay =0, as =0,
a’ =0, a3 =0, ay =0,  ay =1 af =-1/2.

In the above quasicomplete factorizations, poles and zeros occur that are
not present in the given function that is factorized. On the one hand, this differs
from the case of complete (more generally, minimal) factorization. On the other
hand, the phenomenon is completely in line with the proof of Theorem 10.15, where

the overall possibility of factorization into elementary factors was established. The
question is: can one do without such additional new poles and zeros? We shall now



12.4. Quasicomplete factorization and the 2MSFP 299

see that the answer is generally negative and that a counterexample is provided
by the function W from the previous example with n = 2.

Example. Consider the 2 x 2 rational matrix function W given by

1

]_ _

W(A) = A
0 1

This function has the origin as its only pole and zero, both with multiplicity two.

Let
1 1 1
W(A) = (I+ A—a1R1> <I+ /\—a2R2> (I+ A_@gRg)

be factorization of W involving three rank one 2 x 2 matrices Ry, Ro and R3 and
three poles a1, as and a3 in the right-hand side. Then

1 1 1
W tN) = (1- R I-— R I-— R
*) ( A—af 3)( A—ay 2)( A—af 1)

is a factorization of W~! and the poles in the right-hand side are the complex
numbers ozjx = a; —trace Rj, j = 1,2, 3. The claim is that one cannot have

ol =ay=a3=0 or of =a) =a; =0.

We shall prove this by reductio ad absurdum.

Suppose one of the collection of identities in question holds. Then, in fact,
both of them are satisfied. Indeed, specializing the conclusion of Proposition 10.8
by taking oo = 0 yields

i laj =0 =2 =1#{j | af =0} -2 >0,
so, in particular, #{j | a; = 0} = #{j | o = 0}. Now a; = o if and only if
trace R; = 0. Thus we need to establish the impossibility of a factorization of the
form

1
]_ -
2| 1 1 1
o = <1+ )\Rl) (I+ ARz> <I+ NS (12.35)

in which R, Ry and R3 are rank one matrices having zero trace. The latter means
that R; has the form

R; = 7 (12.36)
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where a;, b; and ¢; do not simultaneously vanish and cf + a;b; = 0. Substituting
(12.36) into (12.35), the right-hand side of the latter becomes

c1 by C2 bo c3 b3

1+a 1+2 2 1+8 0=

LAWY TN LD WD
a1 Cc1 as Co as C3
o a 2 2 R
A A A A A A

and this can be written as

1 + wll(/\) w12(>\)
wWa1 ()\) 1+ woo ()\)

with w1 (A), wi2(N), wer(A), and was(N) given by
1

1
wii(A) = )\(cl +ceotc3)+ 2 (byas + bras + baas + c1ca + c1¢3 + cacs)
1
+3 (brazes — bicgag + c1baaz + crcacs),
1 1
le(/\) - X(bl + b2 + bg) + F (Clbg + Cgbg + Clbg - b162 - b163 - bQCg)
1
+3 (brazbs + bicacg + c1cabs — c1bacs),
1 1
wWa1 ()\) = X(al + as + a3) + F (alcg + ajc3 + ascy — crag — craz — 02a3)
1
+ bl (a1cacs + arbaag + crczas — cragces),
— 1
’u}22(>\) = T(Cl +co + 03) + F (albg + a1b3 + asbs + c1co + cres + 6203)

1
+ ﬁ (alcgbg - a1b263 — Clagbg — 610263).
Inspection of the coefficients of 1/\ yields

ay +az +asz =0, by + ba + b3 = 0, c1+co+c3 =0,

and it follows that

_ 22 2
2cic = c3—cf —C;

= —asgbs + ai1by + asbs
= —(a1+a2)(by + b2) + a1by + azbs

= —(a1b2 + blag).
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By straightforward computations, the expressions for the functions w;;(\), can
now be simplified to

1 1
wir(A) = 2 (braz 4+ cic2), wi2(N) = ¥ (c1by — bies),
1
war(A) = 2 (a1cz — craz), waz(N) = v (a1b2 + c1¢2),

(where we note that in the simplification process the coefficients of the powers of
1/)A3 are becoming zero). Again by comparison of coefficients, this time of 1/)\2,
we find the identities

bias + c1ca =0, c1by — bieg =1, arbs +c1e0 =0

(and, of course, also ajca — ¢iaa = 0 but that one does not play a role in the
further derivation). It follows that

1 = c¢1by —bica = c1(c1ba — brea)ba — by(c1by — bica)eo
= (C%bg — bicrca)by — by (crbaco — blcg)
= —(a1b1ba + brcrca)by — bi(c1baca + brashs)
= —bi(a1bs + c1¢2)ba — bi(c1co + braz)bs = 0,

which is an obvious contradiction.

12.5 Maple procedures for quasicomplete factorizations

This section gives Maple procedures to calculate quasicomplete factorizations of a
proper rational 2 x 2 matrix function W of the form

[1 wlg()\)

TN=10 \)

] and W(c0) = E (1)] (12.37)

From Section 10.4 we know that W always admits quasicomplete factorizations.
The fact that W is companion based (see Lemma 11.15) allows us to use the
method described in Section 12.2 to get such a factorization. The topic of this
section is the implementation of the method of Section 12.2 in Maple procedures.
Throughout n is the McMillan degree of W.

We assume the reader to be familiar with the contents of Section 11.6.
There we have given Maple procedures to get the pole-polynomial and the zero-
polynomial of W its poles and zeros itself, and procedures to get orderings of the
poles and zeros for minimal h, h > 0, satisfying condition (11.20). Since the McMil-
lan degree of W is equal to n, the quasidegree d,(W) is given by d,(W) = n+h—1,
where h is smallest positive integer satisfying (11.20); see Theorems 12.2 and 12.9.
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Hence from the procedure GetAllMorderings in Subsection 11.6.2, especially its
first output element, we can calculate the quasidegree of W.

Again, as in Section 11.6, we denote by A the first companion matrix corre-
sponding to the pole-polynomial p(\) of W, and by Z(= A*) the first companion
matrix corresponding to the zero-polynomial p* () of W. Thus it remains to pro-
vide Maple procedures for the construction of the matrices A and A% appearing
in the second part of the proof of Theorem 12.2, and the triangularization of those
matrices in complementary triangular form. From that point on we can apply the
Maple factorization procedure MakeFactorization presented in Subsection 11.6.4
to get a quasicomplete factorization of W.

The Maple procedures in this section fall apart in three. First, the matrices
A and AX = A — BC are constructed; see formula (12.15). The starting point is
a companion based rational matrix function W as in Theorem 12.2. The Maple
procedure QCmatrices presented in Subsection 12.5.2 follows directly the second
part of the proof of Theorem 12.2. This means that a matrix K as in Proposition
12.6 and a matrix X as in formula (12.14) are calculated, and subsequently, A, B
and C are constructed according to formula (12.15).

The second step is the construction in Maple of the vectors

A1y ey Od—ny Gd—n+1s -5 Ad;s

where d is the quasidegree, in (12.16). These vectors are in Maple collected in
one matrix denoted by TA; see Maple procedure MakeBasisA. Analogously, the
vectors aj,...,a;_ ., Gy . q,---,a,; in (12.18) are calculated and collected in a
Maple matrix denoted by TZ; see procedure MakeBasisZ. As linear transforma-
tions, the matrices TA and TZ will bring A and A* in upper-triangular form; see
Subsection 12.5.3.

In the third step a procedure is implemented to extract from the previously
calculated matrices TA and TZ the matrix S such that A and AX can be brought in
complementary triangular form. The procedure is based on the proof of Proposition
10.1 (c); see Subsection 12.5.4.

Finally, in Subsection 12.5.5 the use of the procedures is elucidated by an
example of quasicomplete factorization of a rational matrix function defined in
Maple symbols.

As in Section 11.6 all procedures and calculations in this section are tested
under Maple, version 9, [93] and, as usual, the Maple command lines start with
the symbol >. Also, the Maple worksheet containing all procedures and commands
presented in the present section is available on request by email from the fourth
author (ACM.Ran@few.vu.nl).

12.5.1 Maple environment

> restart;# almost clean start
> with(LinearAlgebra):
> with(MatrixPolynomialAlgebra) :
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Note: To run an example as included in this section, or a newly defined one, one
needs to activate all the poles and zeros Maple procedures of Section 11.6.2 and
the Maple factorization procedures of Section 11.6.4.

12.5.2 Triangularization routines (quasicomplete)

The starting point for this subsection is a companion based rational matrix func-
tion W as in Theorem 12.2. We assume that we have a realization

W(A) =D+ C(Al, — A)~

where D is the m-dimensional identity matrix and A and A* are first companion
n x n matrices. The aim is to construct A B and C as in (12.15). This task is
performed by the Maple procedure QCmatrices.

The first four arguments of QCmatrices are the companion based realization ma-
trices, in Maple named Amin, Bmin, Cmin and Dmin; see Section 11.6. The fifth
argument is the quasidegree (in Maple denoted by dqw). The sixth argument gam-
mav needs some attention: it should be a vector of length n with the first 6,(W)—n
entries distinct and outside the spectra of A and A*; see the paragraph containing
(12.14). Let mu be the Maple vector of which the entries are the different elements
of the spectra of A and A*. Here, for the sake of simplicity, we shall take gammav
so that all its entries are distinct and unequal any element of mu. Always, we
can take the entries of gammav to be Maple symbols 71, ..., 7, different from the
elements of mu. In case one wants gammav to be a vector of complex numbers,
the construction of the vector gammav given here proceeds as follows. First, define
MaTmy t0 be the maximum over the real part of the elements of mu that are com-
plex numbers (and set mawx,,, = 0 if mu consists of Maple symbols only). Next
gammav is then defined as gammav[k]=k + mazy,, k = 1,...,n; see procedure
MakeGamma. Of course, gammav should be calculated before any call is made
to QCmatrices but it is also used (as an argument) to routines which follow up
QCmatrices and it should not be altered in between.

The procedure QCmatrices heavily makes use of generalized Vandermonde ma-
trices which are calculated from a separate procedure. If the quasidegree d,(W)
equals the McMillan degree §(W), the procedure does nothing and returns just the
matrices given as arguments of QCmatrices. This allows us to use this procedure
and the following procedures also for the case of a complete case factorization, i.e.,
when 64(W) = §(W) = n.

Finally, the procedure QCmatrices calls the procedure MakeKmatrix with second
argument a vector v; this vector v should be such that

0

Bminv =
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see Proposition 12.6. Because of the special structure of Bmin, see (11.41), one
may take v = [0, 1], which is done in QCmatrices.

QCmatrices calculate matrices A, B, C (and D)
Calling sequence QCmatrices(Amin,Bmin,Cmin,Dmin,dqw,gammav)
Parameters Amin,Bmin,Cmin,Dmin - Realization matrices

with Amin companion form
dqw - scalar: quasidegree
gammav - Vector

Output list of Matrices Ahat, Bhat, Chat, Dhat.

Note If dqw = Column Dimension(Amin) = McMillan degree,
then the returned matrices are just the matrices
(Amin,Bmin,Cmin,Dmin).

QCmatrices:=proc(Amin,Bmin,Cmin,Dmin,dqw,gammav)

local v, k, Kmat, Xmat, Fmat, Gmat, Ahat, Bhat, Chat, Dhat,
LastRowA, na;

if not (IsCompanionForm(Amin)) then error "First

input matrix should be in companion form but get %1",Amin; end
if; na:=Dimension(Amin): if (dqw>na[2]) then
LastRowA:=Row(Amin,na[1]): v:=Vector([0,1]);

Kmat :=MakeKmatrix(LastRowA,v,gammav) :

Xmat :=MakeXmatrix(gammav,dqw,na[2]) :
Gmat:=DiagonalMatrix(gammav[1..(dqw-na[2])], (dqw-nal2]),
(dqw-na[2])): Fmat:=Kmat.Xmat:
Ahat:=<<Amin,ZeroMatrix(dqw-na[2] ,na[2])>|<Bmin.Fmat,Gmat>>:
Bhat :=<Bmin,ZeroMatrix(dqw-na[2] ,ColumnDimension(Bmin))>:
Chat:=<<Cmin>|<Fmat>>: else Ahat:=Amin: Bhat:=Bmin: Chat:=Cmin:
end if: Dhat:=Dmin: return(Ahat,Bhat,Chat,Dhat); end proc;

VVVVVVVVVVYVYVYVVYV

Secondary routines used in QCmatrices
The procedure MakeGamma constructs a vector with entries outside the spectra
of A and A*.

MakeGamma calculate a vector of length dw = §(W)
Calling sequence MakeGamma(dw,mu,symbols)
Parameters dw: scalar (McMillan degree 6(W))

mu: Vector of different poles and zeros
symbols: boolean (true or false).
If symbols is true then the output vector
is a Maple Vector of symbols (71, ..., Yaw)-
Otherwise, the output vector is a Maple Vector with
numerical entries only.

Output Vector(dw)



12.5. Maple procedures for quasicomplete factorizations 305

> MakeGamma:=proc (dw,mu,symbols)

> local nmu,mm,k,numval,gammav;

> if symbols then gammav:=Vector(dw,symbol=gamma): else

> gammav:=Vector(dw) :nmu:=Dimension(mu) :k:=0: numval:=[0]:

> for k from 1 to nmu do if (type(mulk],complex)) then

> numval:=[op(numval) ,Re(mul[k])]: end if: end do:

> mm:=max(op(numval)): for k from 1 to dw do gammav[k]:=mm+k:
> end do: end if: return(gammav);end proc;

The procedure IsCompanionMatrix outputs true if the input matrix is in compan-
ion form, otherwise false.

IsCompanionMatrix test whether a (square) matrix is of companion form

Calling sequence IsCompanionForm(A)

Parameters A - Matrix

Output true, if A has companion form, else false

> IsCompanionForm:=proc(A)

> 1local na, zm, tm, k, bol;

> na:=Dimension(A): zm:=Matrix(nal[1]-1,nal[2],0):

> for k from 1 to (na[1]-1) do zm[k,k+1]:=1: end do:

> tm:=SubMatrix(A,[1..na[1]-1],[1..nal[2]]):

> bol:=Equal(map(simplify, (tm-zm)),ZeroMatrix(na[1]-1,na[2])):

> return(bol) ;end proc;

The procedure GenVandermondeMatrix returns a generalized Vandermonde ma-
trix according to the definition in the paragraph after the proof of Proposition
11.19.

GenVandermondeMatrix calculate the generalized Vandermonde matrix

Calling sequence GenVandermondeMatrix(r,av)

Parameters r - scalar (row dimension returned matrix)
av - Vector of algebraic values

Output Matrix(r,c) M with ¢ is dimension of av;

M= (a7 j=(k+1),...,1,
zero otherwise

GenVandermondeMatrix:=proc(r,av::Vector)

local GVM,m,v,j,c;

c:=Dimension(av) :v:=0:GVM:=GenVandermondeVector (r,av([1],v):
for j from 2 to ¢ do v:=0:for m from 1 to (j-1) do

if (av[m]=av[j]) then v:=v+1: end if: end do:
GVM:=<GVM|GenVandermondeVector(r,av[j],v)>:end do:

> return(GVM) ;end proc;

vV V.V V V V

The actual calculation of the columns of a generalized Vandermonde matrix is
done by the procedure GenVandermondeVector.
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GenVandermondeVector calculate a column (vector) of the
generalized Vandermonde matrix

Calling sequence GenVandermondeVector (r,a,k)

Parameters 1 - scalar (dimension (length) output vector)
a - scalar value
k - integer (column index)

Output Vector(r) V with V' is kth column of a
generalized Vandermonde matrix

GenVandermondeVector:=proc(r,a,k)

local colgvm,j;

colgvm:=Vector(r,0): for j from 1 to r do if (j>k) then
colgvm[j] :=binomial(j-1,k)*a”~(j-1-k):end if: end do:

> return(colgvm); end proc;

vV V. V V

The next two procedures will output a matrix K with the properties described in
Proposition 12.6 and a matrix X defined as in formula (12.14).

MakeKmatrix calculate matrix K as in Proposition 12.6
Calling sequence MakeKmatrix(a,v,gammav)
Parameters a - Vector: final row of companion matrix

v - Vector: solution of B.v = e,;

see Proposition 12.6

gammav - Vector: output of MakeGamma
Output Matrix K

MakeKmatrix:= proc(a,v,gammav)

local nc,k,Kmat,pol;

nc:=Dimension(a):pol:=1: for k from 1 to (nc) do
pol:=pol*(lambda-gammav[k]):end do: pol:=expand(pol):
Kmat:=ScalarMultiply(v,-a[1]-coeff (expand(pol),lambda,0)):
for k from 2 to (nc) do Kmat:=

<Kmat |ScalarMultiply(v,-al[k]-coeff (expand(pol),lambda,k-1))>:
end do:return(Kmat) ;end proc;

V V.V V V V VYV

MakeXmatrix calculate matrix X, see formula (12.14)
Calling sequence MakeXmatrix(gammav,d,n)
Parameters gammav - Vector: output of MakeGamma
d - scalar (d > n)
n - scalar
Output Matrix X (n,d —n).

MakeXmatrix:=proc(gammav,d,n)

local gd,k,m,X;

X:=GenVandermondeVector (n,gammav[1],0) :

for k from 2 to (d-n) do
X:=<X|GenVandermondeVector (n,gammav [k] ,0)>: end do:
return(convert (X,Matrix)); end proc;

V V.V V VYV
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12.5.3 Transformations into upper triangular form

The two procedures MakeBasisA and MakeBasisZ (where Z refers to A*) con-
struct bases such that A and A* are in upper-triangular form with respect to
those bases.
MakeBasisA calculate a basis (transformation matrix) as in the
paragraph containing formula (12.16)
Calling sequence MakeBasisA (orderedA,dqw,gammav)
Parameters orderedA - Vector of ordered poles
dqw - scalar: quasi degree
gammav - Vector: output of MakeGamma
Output Matrix(dqw,dqw).
If dgw=Dimension(orderedA)=McMillan degree then
this matrix is just the generalized
Vandermonde matrix with vector orderedA.

MakeBasisA:=proc(orderedA,dqw, gammav)

local BasisMat,id,zerod,n,j,jj,GVM,npoles,k;
npoles:=Dimension(orderedA) :

GVM:=GenVandermondeMatrix (npoles,orderedA) :
n:=Dimension(GVM) [1]: if dqw>n then id:=IdentityMatrix(dqw-n):
zerod:=Vector (dqw-n,0) :

BasisMat :=<GenVandermondeVector (n,gammav[1],0),Column(id,1)>:
for j from 2 to (dqw-n) do BasisMat:=

<BasisMat | <GenVandermondeVector (n,gammav[j],0),Column(id, j)>>:
end do: for j from (dqw-n+1) to dqw do jj:=j+n-dqw:
BasisMat:=<BasisMat |<Column(GVM, jj) ,zerod>>:end do: else
BasisMat:=GVM: end if: return(BasisMat);end proc;

VVVVYVVVVVYVYVYV

MakeBasisZ calculate a basis (transformation matrix) as in the
paragraph containing formula (12.12.17)

Calling sequence MakeBasisZ(orderedZ,dqw,gammav)

Parameters orderedZ - Vector of ordered zeros
dqw - scalar : quasi degree
gammav - Vector: output of MakeGamma

Output Matrix(dqw,dqw).
If dgw=Dimension(orderedZ)= McMillan degree then
this matrix is just the generalized Vandermonde
matrix with vector orderedZ in reverse order.

MakeBasisZ:=proc(orderedZ,dqw, gammav)

local BasisMat,id,zerod,n,j, jj,nzeros,ReorderedZ,GVM,k;
nzeros:=Dimension(orderedZ) :

ReorderedZ:=ReverselOrder (orderedZ) :
GVM:=GenVandermondeMatrix (nzeros,ReorderedZ) :
n:=Dimension(GVM) [1]: if dqw>n then
id:=IdentityMatrix(dqw-n) :zerod:=Vector(n,0):

V V.V V V VYV
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BasisMat:=<zerod,Column(id,1)>: for j from 2 to (dqw-n) do
BasisMat:=<BasisMat |<zerod,Column(id, j)>>: end do:
zerod:=Vector(dqw-n,0): for j from (dqw-n+1) to dqw do
jji=dquw+l-j:jj:=j-dquw+n:

BasisMat:=<BasisMat |<Column(GVM, jj) ,zerod>>: end do: else
BasisMat:=GVM:end if; return(BasisMat);end proc;

The procedure ReverseOrder reverts the order of elements of a vector.

ReverseOrder calculate vector with elements in reverse order

of a given vector

Calling sequence ReverseOrder(v)
Parameters v - Vector or list
Output Vector rv such that rvy =vp—gy1, k=1,--- ,n,

V V. V V

with n is dimension of v.

ReverseOrder:=proc(v)

local rv,n,k;

n:=Dimension(v): rv:=Vector(n): for k from 1 to n do
rv[k] :=v[n-k+1]: end do: return(rv);end proc;

12.5.4 Transformation into complementary triangular forms

In Maple we use the name T4 for the output of MakeBasisA; it is a transformation
which brings A in upper-triangular form. Similarly, TZ is the output of MakeBa-
sisZ; it is a the transformation which brings A* in upper-triangular form. Then the
procedure UpperLowerTransformation extracts from TA and TZ a transformation
which allows for a simultaneous reduction to upper- and lower-triangularization
of A and A*, respectively; see Proposition 10.1 (c).

UpperLowerTransformation calculate a matrix S which brings A and

AX in upper- and
lower triangular form (see Section 10.1)

Calling sequence UpperLowerTransformation(TA,TZ,dqw)
Parameters TA - Matrix: output of MakeBasisA

T7Z - Matrix: output of MakeBasisZ
dqw - quasidegree

Ouput Matrix(dqw,dqw)

V V.V V VYV VYV

UpperLowerTransformation:=proc(TA,TZ,dqw)
local S1,8S,k;
S:=op(IntersectionBasis([[Column(TA,1)],
[Column(TZ, [1..dqw])]1)):

for k from 2 to dqw do
S1:=op(IntersectionBasis([[Column(TA, [1..k])],
[Column(TZ, [1..dqw-k+1]1)]]1)): S:=<S|S1>:end do:
return(map(simplify,S));end proc;
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12.5.5 An example: symbolic and quasicomplete

The next lines define a rational 2 x 2 matrix function W of the form (12.37) in
symbolic variables (unevaluated names). We start with two polynomials ¢(\) and
q* () of degree n; in this example n = 3. We take the degree of the numerator of
w12 to be equal to n — 2.

> n:
> p:—3 r):q —)q)
> swl: —<<1 O>|<’s (lambda)/ ’q(lambda)’, ’(q~(x)) (lambda)’/
> ’q(lambda)’>>: ’W(lambda)’=swl;
> ppol:=proc(x,p,nn) local r,k; r:=1: for k from 1 to (nn) do r:=
> rx(x-pl[k-1]): end do: return(r); end proc:
> p:=’p’: p:=array(0..(n-1)):
> pp =x->ppol(x,p,n): ’q(lambda) ’=pp(lambda) ;
> z:=’z’: z: —array(O (n-1)):
>  zz:=x->ppol(x,z,n): ’q"(x)’(lambda) = zz(lambda);
> ri=’r’: r:=array(0..(n—1)):
> rs:=x->ppol(x,r,n-2): ’s(lambda)’=rs(lambda);
s(\)
q(A)
W) =
(N
q(A)
¢(A) = (A=po)(A=p1) (A —p2)
(N = A—2)A-2)A-2)
s(A) = A—=rmp.

In this example, we assume that the polynomial ¢ has two equal zeros (p; =
po) and that all zeros of the polynomial ¢* are equal to the zeros of ¢, that is
zi = p;i, @ = 0,1,2. If one wants to change or leave out any condition, one has
to rerun the foregoing Maple lines and change (or comment out) the next two
lines. Note that Maple will consider variables with different, unevaluated names
as different.

> p:=’p’: z:="z’: r:="r’: p[1]:=p[0];

> z[0]:=p[0]; z[1]:=p[1]; z[2]:=p[2];

Next the rational function is defined:

> W:i=x-><<1,0>|<rs(x) /pp(x),zz(x) /pp(x)>>:
> ’W(lambda)’ =W(1ambda§);

A — To
W\ = (}\_po)z (A=p2) . (12.38)
0 1
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Now we will start our example showing how to use the previously defined Maple
procedures, with W as defined in (12.38) (and neglecting any knowledge about
how W is constructed). As before, most of the actual output is not shown. The
Maple variable Dim.S is used throughout this subsection.

> DimS:=ColumnDimension(W(x));

Next we get the pole-polynomial and zero-polynomial of W in (12.38), and its
poles and zeros itself, just as in Section 11.6. So we will give the following Maple
lines without any comment.

> q:=unapply(LCMDenomMatrixPolynom(W,x) ,x) :

> ppoles:=q:pzeros:=unapply (simplify(W(x) [2,2]*q(x)) ,x):

> ’p(lambda)’=sort(collect(ppoles(lambda) ,lambda),lambda) ;

> 7 (p~(x)) (lambda) ’=sort(collect (pzeros(lambda) ,lambda) ,lambda) ;

p(A) = X+ (=2po—p2) A+ (po® + 2pop2) A — po’p2

P (N = A+ (=2po—p2) A’ + (po® + 2pop2) A — po’p2

> resl:=GetPolesandZeros(ppoles,pzeros):

> poles := resl[1]: zeros:=resl[2]:

> mu:=resl[3]:

> npoles:=Dimension(poles) ;nzeros:=Dimension(zeros);

> nmu:=Dimension(mu);

The calculation of companion based realization matrices results from a Maple
implementation of Lemma 11.15; see again Section 11.6. Again, the realization
matrices are named in Maple Amin, Bmin, Cmin and Dmin.

> r:=unapply(simplify (W(x) [1,2]*ppoles(x)),x) :r(lambda) :
> Amin:=Transpose (CompanionMatrix (ppoles(x),x)):
> Bmin:=Matrix(npoles,DimS,O):Bmin?npoles,DimS]:=1:
> Cmin:= Matrix(DimS,npoles):
> for k from 1 to npoles do
> Cmin[1,k]:= coeff(r(lambda),lambda,k-1):
> Cmin[2,k] := coeff(pzeros(lambda)-ppoles(lambda),lambda,k-1):
> end do: Dmin:=IdentityMatrix(DimS,DimS):
> Amincross:=Transpose(CompanionMatrix(pzeros(x),x)):
> 2A’=Amin;
> ‘transpose(B) ‘=Transpose(Bmin) ;
> ‘C‘=Cmin;
[0 1 0
A = 0 0 1

[Po®p2 —po® — 2pop2 2po + p2

(0 0 0

transpose (B) =
0 0 1
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—To 1 0
Cc = .
0 00
The next step, see again Section 11.6, is getting feasible orderings of poles and
Zeros.

\

muA:=GetMultiplicity(poles,mu);
muZ:=GetMultiplicity(zeros,mu);
ResultOrdering:=GetAl1MOrderings (muA,muZ,mu) ;
h: =ResultOrdering[1];

‘number of

orderings ‘=ResultOrdering[2];
orderedA:=ResultOrdering[3] [1];
orderedZ:=ResultOrdering[4] [1];

VVV VVVYV

h =

number of orderings =
orderedA = [po,po,p2)
orderedZ = [po,po,p2]

The Maple variables orderedA and orderedZ are the used orderings of poles and
zeros of W, respectively. In this case, we have taken the first found ordering.
If one would like to have results on a different ordering, one should change the
Maple variables orderedA and orderedZ, e.g., orderedA:=ResultOrdering[3][2] and
orderedZ:=ResultOrdering[4][2], and re-run the worksheet from this point on.

The Maple variable dw is the McMillan degree (W) and is equal to 3. The quaside-
gree 04(W) is denoted in Maple as dqw. The value of dqw is 4 since h = 2.

> dw := npoles: dqw:=h-1+npoles:
> ’deltalql (W)’ = dqw;
> print(’deltalq] (W)-delta(W)’=dqu-dw) ;

5,(W) = 4
Sg(W)—s(W) = 1

Triangularization: quasicomplete case

First the matrices A, B, C' and D are made by calling QCmatrices with arguments
the previously calculated matrices Amin,Bmin, Cmin, Dmin and the quasidegree
value dqw. In Maple the output matrices are named Ahat, Bhat, Chat and Dhat.
The matrix A* is named Ahatcross.

> gammav:=MakeGamma (dw,mu,true) :

In this case, gammav is a vector with elements 71, v2, 3.
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Allhat:=QCmatrices(Amin,Bmin,Cmin,Dmin,dqw, gammav) :

Ahat := map(simplify,Allhat[1]): Bhat :=

Allhat[2]: Chat := map(simplify,Allhat[3]): Dhat := Allhat[4]:
Ahatcross:=Ahat-Bhat.Chat:

For typographical reasons we show only the transpose of A:

V'V VYV

00 Po’p2 0
i 10 —po? — 2 pop2

0 1 2po + p2 0

0 0 —po’p2+mpo® +27pop2 — 271%p0 — M®p2+1° M

Next, we calculate the matrices TA and TZ which bring A and A% in upper-
triangular form.

> TA:=MakeBasisA(orderedA,dqw,gammav) :

> TZ:=MakeBasisZ(orderedZ,dqw,gammav) :

Finally, the matrix S which will bring A and A% in complementary triangular
form, is constructed. Applying S to to previously calculated matrices Ahat etc.,
will result in matrices Atr, Atrcross, Btr, Ctr (and Dtr) with Atr and Atrcross
indeed in complementary triangular form.

> S:=UpperLowerTransformation(TA,TZ,dqw) ;
> Sinv:=MatrixInverse(S):
> Atr:=convert (map(simplify,Sinv.Ahat.S) ,Matrix):
> Atrcross:=convert(map(simplify,Sinv.Ahatcross.S) ,Matrix):
> Btr:=convert(Sinv.Bhat,Matrix);
> Ctr:=convert (map(simplify,Chat.S) ,Matrix):
> Dtr:=Dhat;
v 0 a1
~ 0 po az3 o
A= ,
0 0 po as
0 0 0 po
where
a1 = p2® —y1p2 — Pop2 + 1P,
2 2 _ 2, .2 3
0y = _PoP2tpon +2poyip2 — 2P0 — NP2+
Po — P2 ’
T _ p2® — 7Pz — pop2 + Y1Po
—po+m
Pop2 — Y1Po — Y1P2 + 712
Qy = - )
Po — P2
po? + 71?2 — 271po
a5 = )

Po — P2
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and
0 0 0
A\X _ 1 Po 0 0
Bi 0 p2 O
B 0 Bz m
with
—pot+m
p1 = —77,
—p2+m
Po — P2
P = —,
—Po+M
By = —po®p2 + 2 pop2® — p2® + po?y1 — 2poyip2 + P2’ m
— = )
(=po+ )

Having obtained a realization (Atr,Btr, Ctr,Dtr) with Atr and Atrcross in comple-
mentary triangular form, the elementary factors follow from a call to MakeFactor-
ization; see Subsection 11.6.4.

> Allfactors:=
> map(simplify,MakeFactorization(Atr,Btr,Ctr,lambda)):

Finally, the factors in the factorization can be shown:

> afactors := Vector[row] (dqw,0): for k
> from 1 to dqw do afactors[k]:=Allfactors[k] (lambda): end do:
> print(‘Elementary factors‘=afactors);

The elementary factors (with ordering left to right and top to bottom) are:

B —Tot+m 7 K —To + Po

(A =71)(Po —71)(P2 — M) (A =po)(po — p2)(Po — M)

A —po ’ ’

° ppu—— I Lo 1
1 To — P2 7 r 0

(A =po)(p2 — 71)(Po — p2)
0 A —D2 0 A—m
- A—po - L A —Dp2

One may apply a final test:
> Wtest:=Factors2Transfer(Allfactors,lambda):
and show that Wtest is equal to W.
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12.5.6 Concluding remarks

The implementation of the method of Section 12.2 in Maple, as done in the fore-
going Sections 12.5 and 11.6, has two main features.

First of all, it allows for getting (quasi-)complete factorizations of a proper
rational 2 x 2 matrix function W as in formula (12.37), completely defined in
symbolic names. Secondly, one can calculate all feasible orderings of the set of the
different elements of o(A) Uo(Z) such that (11.20) holds, where A and Z are the
first companion matrices associated with the pole polynomial and zero-polynomial
of W, respectively. From there on, one can calculate the corresponding orderings
of poles and zeros of W and subsequently, the corresponding factorizations.

The advantages referred to above have also their drawbacks. We have already
mentioned in Section 11.6 that in Maple the calculation of all permutations (i.e.
orderings) is very much time- and cpu-consuming for sets with more than, say,
8 elements. To overcome this problem, one could get one ordering by applying
Johnson’s rule, see Section 12.3. Note that Johnson’s rule is of order klog(k),
where k is the number of different elements of o(A) U o(Z), while our procedure
is at least of order k!. On the other hand, as soon as Johnson’s rule has been used
to produce a desired ordering, the Maple procedures given in this section can be
used to calculate corresponding quasicomplete factorizations. We also note that
this Maple implementation of Johnson’s rule in producing one valid ordering can
be used in the same manner in the case of complete factorizations, h = 1, cf.,
Section 11.6.

For the sake of completeness, a Maple implementation of Johnson’s rule is provided
here. The calling sequence of the Maple procedure JohnsonRule is just the same as
the procedure GetAlIMOrderings in Section 11.6. Although not part of the specific
Johnson algorithm, the first element of the Maple output will be the value of h as
used in condition (11.20). Moreover, to be completely in line with the procedure
GetAlIMOrderings which has as second output argument, the number of found
orderings, we add also in the output of the procedure JohnsonRule as second
argument the value 1 since in contrast with our implementation, this procedure
will give only one ordering.

JohnsonRule calculate ordering of poles and zeros
Calling sequence JohnsonRule(mA,mZ,mu)
Parameters mA - Vector (of multiplicties of poles)

mZ - Vector (of multiplicties of zeros)
mu - Vector (of different poles and zeros)
Output List, with first element is h, see condition (11.20) and
with second argument, the number 1
third element, a list with the ordering of poles
and the ordering of zeros
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JohnsonRule:=proc(mA,mZ,mu)

local V1,V2,VZ1,VA2,S,1vl,nm,k,h;

nm:=Dimension(mu) :VZ1:=[]:VA2:=[]:V1:=[]:V2:=[]:

for k from 1 to nm do if (mZ[k]<mA[k]) then
Vi:=[op(V1),k]:VZ1:=[op(VZ1) ,mZ[k]]

else V2:=[op(V2),k]:VA2:=[op(VA2),-1*mA[k]]: end if:end do:
lvi:=ord(VZ1) [2]:S:=[]:for k from 1 to nops(V1) do
S:=[op(8S),V1i[lvi[k]]]:end do: lvi:=ord(VA2)[2]:

for k from 1 to nops(V2) do
S:=[op(S),V2[1vi[k]]]:end do: h:=1: while (h<nm) and
not (TestOrderingMAZ(mA,mZ,S,h)) do h:=h+1: end do:
return(h,1, [GetOrderedVector (muA,mu,S),
GetOrderedVector (muZ,mu,S)]) ;

end proc;

VVVVVVVVVVVYVYVYV

The procedure JohnsonRule uses the following sorting procedure ord.

ord sort a list in increasing order

Calling sequence ord(x)

Parameters x - Maple list

Output List, with first element is the sorted list

and second element, the reordered index positions,

the permutation vector
> ord:= proc(x) local i,s;
> s:=sort([seq([x[i],i],i=1..nops(x))], (a,b)->evalb(al[1]<b[1]));
> [map(x->x[1],s) ,map(x->x[2],s)] end:

A second point of consideration is the use of the built in Maple procedure In-
tersectionBasis in our procedure UpperLowerTransformation. In case of symbolic
names for the poles and zeros, this procedure is again very slow. For instance, a
problem with McMillan degree n is 6, and quasidegree §,(WW) = 8 it takes about
3 minutes to calculate for all three found orderings their minimal factorizations.

Notes

For the largest part the first four sections in this chapter are based on and an
elaboration of [23]. The Maple procedures presented in Section 12.5 were made by
Johan F. Kaashoek. As we have mentioned the running time of Johnson’s rule is
O(klogk) for a 2MFSP with & jobs. The analogous problem with three or more
machines is NP-hard.






Part IV

Stability of Factorization and
of Invariant Subspaces

Numerical computations of the factors in a factorization lead in a natural way to
the problem of stability of factors under small perturbations of the initial matrix
function. The entire present part is devoted to this problem. The state space
approach to factorization allows one to deal with the problem of stable factors in
terms of stability of invariant subspaces of matrices or operators. It turns out that
in general the factors of a minimal factorization of a rational matrix function are
unstable. Only in some special cases, including the case of canonical factorization,
we have stability of the factors. A full description of these stable cases is given.
This part consists of three chapters (13-15).

Chapter 13 has partly a preparatory character. Some illustrative examples are
given, and the theory of distances between subspaces is reviewed. The stability of
the factors in a canonical factorization is proved. Applications to transfer functions
and to Riccati equations are included. Chapter 14 is the main chapter of this part.
The notion of a stable invariant subspace is introduced, and all stable invariant
subspaces of a matrix are described. The stronger notion of Lipschitz stability
of subspaces is studied separately. For a matrix it is shown that the Lipschitz
stable invariant subspaces coincide with the spectral subspaces. On the basis of
these theorems a full description is given of all minimal factorizations of finite-
dimensional systems with stable and Lipschitz stable factors. Applications are
given for factorizations of rational matrix function and matrix polynomials. The
results are specified further for Riccati equations. Chapter 15 contains the study
of factorization and stability of the factors in the real case. The results are based
on the study of the stability of real invariant subspaces.






Chapter 13

Stability of Spectral Divisors

In numerical computations of minimal factors of a given transfer function questions
concerning the conditioning of the factors turn up naturally. According to the
division theory developed in the previous chapters, all minimal factorizations may
be obtained in an explicit way in terms of supporting projections of minimal
systems. This fact allows one to reduce questions concerning the conditioning of
minimal factorizations to questions concerning the stability of divisors of a system.
In the present chapter we study the matter of stability of spectral divisors mainly.
In this case the investigation can be carried out for finite- as well as for infinite-
dimensional state spaces. The invariant subspace method employed in this chapter
will also be used to prove that “spectral” solutions of an operator Riccati equation
are stable. The case of minimal non-spectral factorizations will be considered in
the next chapter.

13.1 Examples and first results for the
finite-dimensional case

The property of having non-trivial minimal factorizations is ill-conditioned. For
example it may happen that a transfer function admits non-trivial minimal fac-
torizations while after a small perturbation the perturbed function has no such
factorizations. On the other hand it may also happen that the perturbed function
admits non-trivial minimal factorizations while the original function does not have
this property. To see this we consider the following examples. Let

1 €
14 = =
+)\

W.(\) = . (13.1)
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For each ¢ this matrix function is the transfer function of the unital minimal
system ©. = (A, I,I;C2% C?), where I is the identity on C? and

0 ¢

0 0|

Note that the associate main operator AX of ©, is given by AX = A.—1I. To find a
non-trivial minimal factorization of the function (13.1), we have to find non-trivial
divisors of the system ©. (cf., Theorem 9.3), i.e., we must look for non-trivial

subspaces M and M* of C2, invariant under A, and A. — I, respectively, such
that

Ae =

M+ M* = C%

Note that A and A. — I have the same invariant subspaces, and for £ # 0 there is
only one such space of dimension one, namely the first coordinate space. It follows
that for € # 0 the function (13.1) has no non-trivial minimal factorizations. For
€ =0 we have

1
1+x 0|t Y

Wo(A) = A 1

0 1 0 1+X

and this factorization is minimal, because the McMillan degree of Wy(A) is equal
to 2 and the McMillan degree of each of the factors is one.

Next consider the function

1 0
0 0

e 1 0 0
3 B = y C =
0—51 [0 11

Then W is the transfer function of the unital system ©. = (A., B, C;C% C?). As
O, is minimal, the McMillan degree of W; is equal to 2. For ¢ # 0 we have the
following factorization

1 —1

1 — 1 —

W.(\) = 2e(A —¢) 2e(A+¢)
0 1 0 1

By comparing the McMillan degrees of the factors with the McMillan degree of
We, we see that this factorization is minimal. On the other hand, as has been
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established at the end of Section 9.1, the function

1

]_ _

Wo(\) = N2
0 1

does not admit any non-trivial minimal factorization.

Although the first example proves that in general minimal factorizations are
not stable, the next theorem shows that in an important case the possibility to
factorize in a minimal way is stable under small perturbations. This theorem will
appear as a corollary to the main stability theorem to be proved in this chapter.

Theorem 13.1. Consider the minimal realization
Wo(A) = I + Co(ML, — Ag) ™" Bo,
and assume that Wy admits a (minimal) factorization
Wo = Wo1Woa, Wo;(A) = Ly, + Coj (A, — Aoj) ™" Boy,

where n = nq + no and the factors Wy and Wya have neither common zeros nor
common poles. Then, given € > 0, there exists w > 0 with the following property.
If A, B and C are matrices of appropriate sizes, with

1A= Aoll +[IB = Bol| + € = Col| <w, (13.2)

then the realization W (X) = I, + C(Al,, — A)"'B is minimal and W admits a
(minimal) factorization:

W(A) = WiWs, W;(A) = L + Cj(M,, — A;)"'B;,

such that the factors W1 and Wy have no common zeros and no common poles
and

[Aoj — 4l <e, | Boj — Bjll < e, [Coj — Cjll <e
forj=1,2.

Later we shall avoid the £/w-language and give more explicit formulas for the
relation between the quantity in the left-hand side of (13.2) and the perturbation of
the factors (see Theorem 13.7). In Section 13.4 it will also be shown that the factors
change analytically whenever the operators appearing in the minimal realization
of the original function do so (see Theorem 13.8).

The results referred to above will appear as corollaries to infinite-dimensional
stability theorems for certain divisors of systems, which deal mainly with the case
of spectral factorization (see Section 13.3). In the next chapter the case of stable
non-spectral minimal factorizations will be completely described (see Theorem
14.9).

The next section is of preliminary nature; there we describe the relation
between angular operators and the minimal and maximal opening between sub-
spaces. In Section 13.5 we employ the method of Section 13.3 to prove stability
for certain solutions of the Riccati equation.
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13.2 Opening between subspaces and angular operators

From the description of the factors of a system in terms of angular operators
(see Theorem 5.5) it is clear that for our purposes it is important to know how
the angular operator changes when the operators in the system are perturbed a
little. For this reason we study the properties of angular operators in terms of the
minimal and maximal opening between certain subspaces.

Let My and M, be closed subspaces of the Banach space X. The number
n(My, M) = inf{|lz +y|| | = € My, y € My, max(||z]], [|y[|) = 1}

will be called the minimal opening between M; and Ms. Note that always 0 <
1 < 1 except when both M; and Ms are the zero space in which case n = co. It is
well known (see [71], Lemma 1) that n(My, M) > 0 if and only if My N My = {0}
and Mj + Mo is closed. If II is a projection of the space X, then

1

|, |7 -1} € ————.
a1 1T =11} < e

(13.3)

To see this, note that for each z € X we have
2] = [Tz + (I = )z|| > n(Im IT, Ker IT) - max(|[ILz{], || (1 — TD)z])).
Sometimes it will be convenient to describe n(M;, M3) in terms of the minimal

angle Ymin between My and My. By definition (cf., [71]) this quantity is given by
the following formulas:

0 S ®min S B Sin(pmin - W(M13M2)-

ol

Now let us assume that M; and My are closed subspaces of a Hilbert space
H with inner product < .,. >, and let @; and Q5 be the orthogonal projections
of H onto M; and Ms, respectively. Note that
inf{llz +yl |y € Mo} = [lv — Qozl|, =€ M.

It follows that

n(M, Ms) = min{ inf Iz = Qzzll inf M}
’ 0£zE€ M), lzll 7 orvema |y

If both M; and M5 are non-trivial, then the two infima in the right-hand side of
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the previous identity are equal. This follows from

- 2 2 2 2
iy (Hx szll) O e [ R[]
0#£2E M, ||| 0£wE M, [|l]] ozeer; |1zl
| <a,y >
= 1—sup sup ——=—5—
reMy ye My ”$”2”y”2
x#0 y#0
| <2,y>?
= 1l—sup sup ——5—5—

yEMo €M, ||$||2||y||2
y#0 x#0

L |Qul* _ ||y—czly||>2.

= i
ozyerz  [|yI? 0¢y€Mz( [yl

From the previous equalities it also follows that

Q2x||? Q1y2
1—n(My, My)?> =  sup Q2 2|| . I 1y2|| 7
ozzex, 2] oryers; [yl

(13.4)

provided both M; and M5 contain nonzero elements.
Returning to the Banach space case, put

ol =yl
My, Ms5) = sup inf
P, ) o£zeM; vEM2  [|z]

If My = {0}, then p(My, M3) = 0 by definition. When P and @ are projections of
X, then for x € Im P and y € Im @) we have

oo Nl =yl < [[Pe—Qal < |IP = QI - |l

and thus p(Im P,Im @) < ||P — Q||. The number
gap (M1, M2) = max{p(My, M2), p(Mz2, M1)}

is the so-called gap (or mazimal opening) between the subspaces M; and M.
There exists an extensive literature on this concept, see, e.g., [86] and the references
given there. From what we remarked above we see that the gap has the following
property: if P and @ are projections of X, then gap (Im P,Im Q) < ||P — Q|

In the Hilbert space case we actually have gap (Im P,ImQ) = [P — Q|,
provided that the projections P and @ are orthogonal. Furthermore

p(Ma, Mi") = /1 —1(Mi, M2)? = 08 Pmin (13.5)
whenever My # {0}. To see this, note that for My # {0}
(I —
ly—(-Quul _ . IQul

p(A4Q7A4L):: - ’
! 0#£ye M- ”y” 0F#ye M ”y”
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where (1 is the orthogonal projection onto Mj. But then we can use (13.4) to get
formula (13.5). If My = {0}, then (13.5) holds trivially.

The next lemma is well known, but explicit references are difficult to give.
For this reason it will be presented with full proof.

Lemma 13.2. Let Iy, IT and I1; be projections of the Banach space X, and assume
that Ker Iy = Ker Il = KerIl;. Let R and Ry be the angular operator relative to 11,
of the angular subspaces ImII and Im1Ily, respectively. The following statements
hold true:

(i) n(KerIlp,ImIly) - p(Im Iy, ImII) < |R; — R||;
(i1) of p(Im Iy, ImII) < n(Ker II, Im IT), then

p(Im Ty, Im IT) (1 + || R|])
n(Ker IL, Im IT) — p(Im IT;, Im IT)

|[R1 —R| <

In particular, if p(Im Iy, ImIly) < n(Ker Iy, ImIly), then

p(Im Iy, Im IIp)
n(Ker Ilp, Im Ig) — p(Im Ty, Im T1g)

[Rafl < (13.6)

Finally, if X is a Hilbert space and Iy is an orthogonal projection, then ||R;|| =
ctg Ymin, where pumin s the minimal angle between KerIly and Im11;.

Proof. First we present the proof of the second part of the lemma. We begin with
formula (13.6). Put po = p(Im1I;,Im1Ily) and ny = n(Ker Iy, ImIIy). Recall (cf.,
Proposition 5.1) that

Ry = (I — TIo)| g 11, - (13.7)

For z € Im1II; and z € Im1Ily we have
[(Iy = o)a|| = [[(I = o)z|| = (I = Io)(z — 2)[| < I — o]l - [l — z]|.
Taking the infimum over all z € Im Iy and using inequality (13.3), one sees that

(I, — o)z|| < 22z, = €ImI,. (13.8)
7o

Now recall that Ry +y € ImII; for each y € ImIly. As Ryy € Kerlly = KerIly,
we see from (13.7) that

(IT; =) (Riy +y) = Ruy.

So, using (13.8), we obtain

Po
Ryl < %||Rly+y||7 y € Im1I,.
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It follows that (1 — pomg V)| R1yll < pomg 'yl for each y € Im Ty, which proves
the inequality (13.6).

Next, assume that X is a Hilbert space, and that Iy is an orthogonal pro-
jection. If KerIly = {0}, then Ry = 0 and ¢min = 5, and hence, in that case,
we certainly have ||Ri|| = ctg¢@min. S0 we assume that KerIly # {0}. Then, by
(13.4),

I-T1 2
COS2 Pmin = 1-— n(Ker H07ImH1)2 = o Squ " (W) .
xelm IIy

Given x € ImIly, there exists y € Im Il such that x = Ryy+y. As (I-1lp)z = Ryy,
this implies that

cos2cp ) p ||R1y||2
min
oyetm, [|1R1y + yll?
O 17 O 111
ozyemit, Y12+ Ryl 1+ |[Ra?
Hence, || R1|| = ctg @min, and we have proved the second part of the theorem.

Next we establish (i). Take an arbitrary y € ImII;. Then y = Rijx + x for
some z € ImII,. Note that Rz + 2 € ImII. So

i —z| < ly— < _ Rl .
_nf ly—zl| < Jly— (Re + )| < [|By — R[]

Then |ly|| = [[Rix + x| > no||z||, where ny = n(KerIly, ImIly). It follows that
nod(y, Im1II) < ||R1 — Rzl - ||y||. This proves (i).
Finally, we turn to statement (ii). Recall that

Ry = (I = o)y 11y, B = (1= 1o) 1y 11, -

So, (Ry — R)z = (II; — I)z for each = € ImIIy. Let R be the angular operator
of ImTIIy with respect to II. Note that ]:’,y = (II; — )y for all y € ImII. Take
x € ImTIly. As Im (I —II) = KerII = KerII;, we have (II; — ) = (II; — II)IIx =
RIlz. Now
[Tzf| < [[(TT = To)z + [Tox|| < ([[R] + 1) [|l]]-

It follows that B

I(Ry = Rzl < [|RIl (1Rl + 1) ] (13.9)
As p(ImII;, Im ) < n = n(Ker I, Im IT), we can use formula (13.6) for II instead

of Iy to show that
p(Im Iy, Im IT)

n— p(ImIly, Im II)"
Substituting this in (13.9) gives the desired inequality. O

IR|| <

The following lemma will be useful in the next section.
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Lemma 13.3. Let P, P*, Q and Q* be projections of the Banach space X, and
put ag = gn(Im P,Im P*)([|[P*| +1)~!. Assume X =1Im P 4 Im P* and

|P—Ql+||P*—Q"| < ap. (13.10)
Then X =ImQ +ImQ* and there is an invertible operator S : X — X such that
() SImQ| =P, S[mQ¥] = mP*,
(i) max{[|S —I|,[[S7" =1} < B(IP QI+ [P*—Qx]).
where 8 = 2(aon(Im P, Im Px))_l.
Proof. Recall that
gap(Im P, Im Q) < [P = @Qll,  gap(Im P, Im@Q*) < [|P* - Q.
Thus condition (13.10) implies that
2gap (Im P, Im Q) + 2gap (Im P*, Im Q™) < n(Im P,Im P*).

But then we may apply [71], Theorem 2 to show that X =Im @ + Im Q*.

Note that (13.10) implies that [|[P — Q|| < 1/4. Hence S; = I + P — @ is
invertible, and we can write S; ' = I+V with [|[V[| < 2| P-Q| < 3. As [ - P+Q
is invertible too, we have

ImP =PI-P+Q)X = PQX = (I+P—-Q)QX = S1(ImQ). (13.11)
Moreover,
51Q*S;t—P* = (I+P-Q)Q*(I+V)— P~
= Q+(P-QQ*+Q*V+(P-QQ*V - P
= Q" -P"+(P-Q)Q"-P")+(P-Q)P" +
+(Q* = PX)V + PV + (P - Q)(Q* — P*)V +
+ (P —Q)P*V.
So [$1Q* St — PX| < 3]|Q* — P*|| +3|[P = Q| - [|P*||. But then
p(Im S1Q* ST Im PX) < |S:Q*S;* — PX||
< 3([IP = Q[+ [[P* = *[)(IP*[| + 1)
< %n(ImRIme).

Let IIp be the projection of X along Im P onto Im P*, and let II be the
projection of X along Im @ onto Im Q*. Put II = 5’11_15’1_1. Then II is a projection
of X, and by (13.11) we have Ker IT = Ker ITy. Furthermore, ImIT = Tm $;Q* Sy ",
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and so we have 1
p(Im 1L, Im T1y) < §n(KerHO,ImHO).

Hence, if R denotes the angular operator of Im II with respect to Iy, then because
of formula (13.6) in Lemma 13.2, we get

1
Il < (1P = QI+ [1P7 — Q7). (13.12)

Next, put Sy = I — RIly, and set S = 555;7. Clearly, S5 is invertible, in fact,
Sy ' — I + RIy. Tt follows that S is invertible too. From the properties of the
angular operator one easily sees that with this choice of S statement (i) holds
true. It remains to prove (ii).

To prove (ii) we simplify our notation. Put d = ||P — Q|| + ||P* — Q%],
and let n = n(Im P,Im P*). From S = (I — RIly)({ + P — @) and the fact that
| P — Q| < 1 one deduces that ||S —I|| < [P — Q| + 2| R| - ||Iol|. For ||R] an
upper bound is given by (13.12), and from (13.3) we know that [|Io|| < n~t. It
follows that

5
IS — 1| < d+Zd(aon)_1. (13.13)
Finally, we consider S~'. Recall that S;' = I +V with |V < %HP -Q| < %
Hence

IS~ =1l < VII+ VI Il - R+ (| R]| - |||

4 4
< 5IP=QI+ IRl |

4 4
< §d+ gd(aon)_l.

Using the fact that agn < £, it is easy to derive statement (i) from (13.13) and
the previous inequality. O

13.3 Stability of spectral divisors of systems

To state the main theorem of this section we need the following definition. If © =
(A,B,C;X,Y) and Oy = (Ao, By, Cp; X,Y) are two systems, then the distance
between © and O is defined to be

[© — 6ol = [|A— Aol + || B — Bo| + [|C = Col.

In particular, we set ||O| = ||A]| + || B]| + ||C||. If W(A) and Wy(A) are the transfer
functions of © and Oy, respectively, then
1© — Ol - [O]] - [|O0]l

Al [l Aol ’

W) = W) <

provided |A| > 2max{||A|, || 40|}
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Theorem 13.4. Let Oy = (Ao, By, Co; X,Y) be a system with a supporting projec-
tion Iy, and put AJ = Ag — BoCy. Assume that

KerIlp = Im P(Ag; T), ImIly = Im P(Ag;T%),

where T' and T are Cauchy contours which split the spectra of Ay and Af, re-
spectively. Then there exist positive constants o, 1 and B such that the following
holds. If © = (A, B,C; X,Y) is a system such that ||© — O < «, then T splits
the spectrum of A, I'* splits the spectrum of A* = A — BC,

X = Im P(A;T) + Im P(A%;T%),

the projection 11 of X along Im P(A;T") onto Im P(A*;T) is a supporting pro-
jection for ©, and there exists a similarity transformation S such that

S = Il < B1]|© — ©oll,

Iy = SIIS™!, and the projection Tly is a supporting projection for the system

© = (SAS~L, SB,CS~Y, X,Y) while for the corresponding factors we have

(i) IPr 7-11,(©0) = Pr 111, (B) ]| < B[O — B0,
(i) [Iprr, (©0) = prig, ©)[ < B2(1© — 0.

Furthermore, if ©¢ is minimal and the spaces X and Y are finite-dimensional,
then a can be chosen such that © is minimal whenever [|© — gl < a.

From the proof of the theorem it will become clear that in the first part of
the theorem we may take for the constant « the following quantity:

1 . {1 1 aoﬂ'}
o = ————minql, —, —— 7,
1+ O] 2y 2%
where ¢ is the maximum of the lengths of the curves I' and I'*,
— A= Ao, A= A497
7= max { mane (A= A0) 7', maxc (% — A7)

and ap = 2n(KerIlo, Im ITo) (|| P(AS; T)| + 1) 7. Furthermore, we may take

-1
Bi = 4(1+[0ll) v (mon(KerHo,Imno)) 7
_ 9 2v2¢0
Pz = n(Ker Iy, Im Iy )3 (1 + o 180l (1 + ||@0||)>.

To prove Theorem 13.4 we first establish the following auxiliary result.
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Theorem 13.5. Let ©¢ = (Ao, By, Co; X,Y) be a system with supporting projection
Ily, and assume that

KerIly = Im P, ImIIy = Im P*,

where P and P> are given projections of X. Put
1 _
ap = gn(lm P, Im P¥)(|[ P +1) g

Let © = (A, B,C; X,Y) be another system, and let Q and Q* be projections of X
such that
AIm@Q] C Im Q, A [ImQ*] c ImQ™, (13.14)

1P = QI+ [IP* - Q% < ao. (13.15)

Then X =Im Q +Im Q. Moreover there exists an invertible operator S : X — X
such that S~'I1yS is the projection II of X onto Im Q> along Im Q, the projection
Iy is a supporting projection for the system © = (SAS~L, SB,CS~Y X,Y), while
for the corresponding factors we have

max {|[pr ; _py, (©0) = pr 111, ()|, [Ipryy, () — pryy, (B)||} < (13.16)

9

1 X X
(Tt P, Tm PX)? (||@ - 60| + a—O”@OH ~(IP=@QlI+1P*-Q ||)) :

Proof. From Lemma 13.3 we know that X = Im Q 4+ Im Q*. Let II be the projec-
tion of X along Im @ onto Im @Q* . Then (13.14) implies that IT is a supporting
projection for ©. Take S as in Lemma 13.3. Then we see from statement (i) in
Lemma 13.3 that SIIS~! = Ilp. But then it is clear that Iy is a supporting
projection for ©.

Let ©¢; and él be the left factors of ©g and O associated with 11y, and let
Op2 and ©9 be the corresponding right factors. From the definition of the factors
(see Section 2.4) it is clear that

1€01 = 81l < 117 = THol| (1|40 — Al + [ Bo — Bl +|Co — C1])

It follows that [©g1 — ©1] < [[T —TIo|| - |©g — ©]. Similarly, [©g — O <
o] - [|©0 — ©]]. Using (13.3) we obtain

160 — O]

_——. 13.1
7n(Im P, Im P>) (13.17)

 — 0] <
g??é”em 04 <

As [|©9—0| < [|©¢— O]+ ||©— O], it remains to compute a suitable upper bound
for ||© — O]
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Put S=71+V and S~! =1+ W. Note that
lI©—86| = ||[A-SAS™'|+|B—SB|+[|C-CS7|
< AL AV I+ VI WD) + 1B VI IC- -

By Lemma 13.3(ii) we have max{||V]|, [|[W]} < 2d(a017)71, where d = ||P — Q| +
|IP* — Q| and n = n(Im P,Im P*). Tt follows that

le—8| < 4d (1+ain>||@||. (13.18)
0

Qon

Since dag ' < 1 and 77 < 1, we can use (13.18) to show that

~ 8d
100 —=0f < [©0-06]+—5]6]
Qon
8d 8d
< 80 =0+ —=0 - 6|l + —1O0|
Qo7 Qo7
9 8d
< =le-e ©
< 3 l ol + P ©0ll
9 d
< S(1e-edl+ el ).
Ul @o
By using this in (13.17) we obtain the desired inequality (13.16). O

Proof of Theorem 13.4. Take ~y, ¢, ap and « as in the first paragraph after Theorem
13.4, and take ||© — Og|| < a. In particular, we have ||© — ©g|| < 1. Note that

|AX =AY < ||A= Aol +||B - Bo| - ||C — Coll +
+Bol| - |C = Col| + [|Col| - |B = Bol|

IN

1© — 6ol - (1+[€0)).
It follows that

14
max{[|A — Aol|, |A* = AF [} < (|6 = Ool| - (1 +|80]) = 27 (13.19)

where 0 < v < 1. Using elementary spectral theory, we may conclude from (13.19)
that the curves I' and I'* split the spectra of A and A, respectively, while in
addition

A=A = A=4)7Y < 2920 -60]- (1+]©0]]), AeT,

A=A = =407 < 2920 -6 - (1+[O0ll),  Aer™.
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Hence for the corresponding Riesz projections we have,
IP(AT) = P(A D) + [P(A%:T%) = P(AST)) € (13.20)

72
< 2—1® = B0 (1 + [|60]]) < ao.
So, for P = P(Ag;T"), P* = P(A;, ), Q@ = P(A;T) and Q* = P(A*;T%), the
coinciding conditions (13.10) and (13.15) are satisfied. Hence we can apply Lemma
13.3 and Theorem 13.5 to the four projections P, P*, @ and Q*.

It follows that X = Im P(A;T')+Im P(A*;T*). Further, if IT is the projection
of X along Im P(A;T) onto Im P(A*;T*), then II is a supporting projection for
the system ©. Also there exists a similarity transformation S such that IIy =
SIIS~! and Iy is a supporting projection for the system

© = (SAS™',SB,CS™' X,Y).

Finally, by virtue of Lemma 13.3(ii) and formulas (13.16) and (13.20), we have
1S = I < 1]|© — ©l| and

max { [[pr;_p, (©0) — PYI—H0(60)||7 lpro, (©o) — prno(éo)”} <
< B2(© = O],

where (1 and 5 are as in the paragraph after Theorem 13.4.

Now suppose that ©g is minimal, and that X and Y are finite-dimensional.
The minimality of ©¢ and the finite dimensionality of X imply that for some k the
operator col(CpAp)* %_o is injective and the operator row(Ay Bo)* o is surjective.
As Y is finite-dimensional too, it follows that for

[© =60l = [|A— Aol + ||B — Bo| + [|C — Col|

sufficiently small the operator col(C A7 )?:0 will be injective and the operator

row (A7 B);?:O will be surjective. This implies that © will be minimal whenever
|© — ©g| is sufficiently small. This completes the proof of Theorem 13.4. O

Theorem 13.6. Let ©. = (A, B:,C:; X,Y) be a system, and assume that the
operators A, B, and C. depend analytically on € in a neighborhood of € = 0. Put
Ay = Ao — BoCo, and let Iy be a supporting projection of ©¢. Assume that

KerIly = Im P(Ay;T), Im Py = Im P(AJ;T%),

where T' and T are Cauchy contours that split the spectra of Ay and A, respec-
tively. Then for |e| sufficiently small, there exists a similarity transformation Se,
depending analytically on €, such that So = I and the projection 1y is a supporting
projection for the system

éa = (SEAESe_laSEB&:yCESE_l;X, Y)
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In particular, if
Prr_m, (és) = (11157 Elsa 516; Kerlly,Y),
Pr, (és) = (2{267 EQE, 6725; Im Iy, Y)a

the operators Als, ZQE, Els, Ezg, 515 and 5’25 depend analytically on €.

Proof. We know already that for |e| sufficiently small the Cauchy contours I" and
I'* split the spectra of A, and A, respectively. Put

P.=P(A;T),  PX=P(AX.T%).

From the Cauchy integral formulas for the Riesz projections P. and P it follows
that P. and P* depend analytically on e.

Now we proceed as in the proof of Lemma 13.3. Put S;. = I + Py — P-. Then
S1e depends analytically on €, the operator S19 = I, and hence Si. is invertible
for |e| sufficiently small.

Let II. be the projection of X along Im P. onto Im P*. As both P. and P
are analytic functions of e, the same is true for II. (cf., [105]). It follows that
ﬁs = SlEHESfEl is analytic in € also. Note that ﬁo = II,.

Next we consider the angular operator R, of Im ﬁs with respect to Ily. Recall
(see Section 5.1) that

Re = (L. — )y 11, -

It follows that R. depends analytically on ¢ and Ry is the zero operator. So the
operator So. = I — R_Il is analytic in € and Sog = I. In particular, we see that So.
is invertible for |e| sufficiently small. Now put S; = S5.51.. Then for || sufficiently
small S. has all desired properties. O

13.4 Applications to transfer functions

In this section we shall prove Theorem 13.1. We begin with its infinite-dimensional
analogue. Throughout this section X and Y are Banach spaces.

Theorem 13.7. Consider the transfer function
Wo(\) = Iy + Co(Mx — Ag) ' B, (13.21)
and assume that Wy admits a factorization
Wo = Wo1 Woa, Wo;(A) = Iy + Co; (M x, — Aoj) ™" Boj,
such that (with Agj = Agj — Bo;jCo; as usual)

o(Ap1) N o(Ag2) = 0, a(Ay) N o(Agy) = 0, (13.22)
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while, in addition, the system Oy = (Ao, By, Co; X,Y) is similar to the product
©01002, where Op; = (Aoj, Boj, Coj; X;,Y). Then there exist positive constants
ag and By such that the following holds. If A, B and C' are matrices of appropriate
sizes, with

|A = Aol + || B = Bol| + [|C — Col| < a, (13.23)

then the transfer function W (X) = Iy + C(Mx — A)"1B admits a factorization
W=WWs,  W;Q\)=Iy +Cj(\x, — A;))"'B; (13.24)
such that (with AT = Aj — B;C; as usual)
a(A1) N o(Az) =0, a(A7)N o(AS) =0, (13.25)
and, for j =1,2,
[4; = Aosll + [|1Bj = Bojll + 1C; = Cosl < (13.26)
< Bo([[A— Aol +[|B = Bol| + [|C — Coll).  (13.27)

Proof. Let T : X — X1 + X5 be a system similarity between Oy and ©g10gs.
Assume (13.23) holds, and put

0 = (TAT L, TB,CT ' X, + X,,Y).
Note that for the system distance ||©¢10¢2 — O], we have

1001002 = O|| = |(TAT ' —TAT |+ ||TBo — TB| +
+|CoT™t —CT7|

IN

(1A= Aol + 1B = Boll + [|C = Coll) -
(THANT=H A+ T+ 1)

Relative to the direct sum X; + X5 the main operator of the system 9y =
©01002 and the associated main operator (respectively) have the following form

_ Aot x Ay 0
AO = ) AO -
0 A02 * A(>)<2

Put a Cauchy contour I" around o(Ap;) that separates the spectrum o(Ag;) from
o(Apz2). Similarly, put a Cauchy contour I'’* around o(Ag,) such that I'* separates
o(Ap,) from (Ag;). Then we can apply Lemma 5.9 to show that

X, =ImP(Ay:T), X, =ImP(4,:T*).

It follows that we may apply Theorem 13.4 to the system Oy = ©g1Oqs.
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Let o and (2 be the positive numbers that according to Theorem 13.4 cor-
respond to the system Oy. Put

— _ -1
ao = (| T T~ + |17+ 1T~ -

Now assume that (13.23) holds. Then [|©p — O] < . So by Theorem 13.4 there
exists a similarity transformation S such that for the system

© = (STAT'S~',STB,CT'S7'; X, + X5,Y)

the projection IIy of X7 + X5 along X7 onto X5 is a supporting projection. This
shows that W admits a factorization of the form (13.24). Moreover we know that

Ir7—11,(©0) = Prr_r, O) < B2 — B,
IPris, (©) = prig, (O) < a6 — B.
But this is the same as
[ Aoi — Aill + || Boi — Bill + |Coi — Cil| < 52|00 = O,  i=1,2.

So, if we take
Bo = Bo(IITI-IT~H + 1T+ 1T7H),

then (13.26) holds true.

Let A be the main operator of ©, and let 4™ be the main operator of the
associated system 07, As [©0— 0| < a, we can apply Theorem 13.4 to show that
the curves I and I'* split the spectra of A and ZX, respectively, and

X1+ Xy = ImP(A;T) + Im P(A™;T%).

Let IT be the projection of X; + X5 along Im P(A;T) onto Im P(A™;T'*). Then
Iy = STIS~L. It follows that o(A;) is inside the contour I' and o(Az) is outside the
contour I'. Similarly, o(AJ) is inside I'* and o(A}) is outside I'*. In particular,

we see that (13.25) holds true. This completes the proof of the theorem. O

To prove Theorem 13.1, we shall show that Theorem 13.1 appears as a
corollary of Theorem 13.7. To do this, let us assume that X and Y are finite-
dimensional. Further, let us assume that the realization (13.21) is minimal. Ap-
plying the last paragraph of Theorem 13.4, we see that in Theorem 13.7 the pos-
itive number oo may be chosen such that (13.23) implies that the realization
W(\) = Iy + C(A\Ix — A)~!'B is also minimal. Next we observe that the assump-
tion in Theorem 13.7 that ©g is similar to the product ©y; 092 may be replaced by

dim X = dim X; + dim Xo, (13.28)
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because we have assumed that ©g is minimal. Moreover, again because of mini-
mality, the condition (13.22) is equivalent to the requirement that the factors Wopy
and Wy2 have no common zeros and no common poles, and, similarly, (13.25) is
equivalent to the statement that the factors Wi and W5 have no common zeros
and no common poles. By virtue of (13.28), the minimality of the realizations of
Wy and W implies that Wo(A) = Woi (M) Woe A and W(A) = Wi (A\)Wa A are mini-
mal factorizations (cf., Section 9.1). Using the above remarks it is simple to obtain
Theorem 13.1 as a corollary of Theorem 13.7.

Using Theorem 13.6 in the same way as Theorem 13.4 has been used in the
proof of Theorem 13.7, one can see that the following analytic version of Theorem
13.7 holds true.

Theorem 13.8. Consider the transfer function
W.(A\) = Iy + C-(Mx — A.) ' B,

with the operators Ac, B: and C. depending analytically on e in a neighborhood
of e = 0. Assume that Wy admits a factorization

Wo = Wo1Woa, Woj(A) = Iy + Coj(Mx, — Aoj) ' Boj,
such that (with Agj = Agj — Bo;jCo; as usual)
o(Ao) N o(Ae2) =0,  o(Ag) N o(Ag) =0,
while, in addition, the system Oy = (Ao, By, Co; X,Y) is similar to the product

©01002, where Oy; = (Aoj, Boj, Co;; X;,Y). Then for |e| sufficiently small the
transfer function W, admits a factorization,

W, = Wi Wa, Wic(A) = Iy + CS (A X, — A5)7'B;,
such that (with (AG;)* = AG; — Bg,;C5; as usual)

o(Aj) N a(A5) =0, o ((45)°) N o ((45)*) =0,
the operators A5, A5, Bf, B5,C{ and C5 depend analytically on ¢, and for ¢ =0
they are equal to A1, Ag2, Bo1, Boz, Co1 and Coa, respectively.
13.5 Applications to Riccati equations
In this section we show that the method of Sections 5.4 and 13.3 can also be used to
prove stability theorems for certain solutions of the Riccati equation. Throughout

this section X; and X, are Banach spaces, and we use the symbol £(X}, X;) to
denote the space of all bounded linear operators from X into X;.
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Theorem 13.9. Fori,j = 1,2, let Tj; € L(X;,X;), and let R € L(X2,X1) be a
solution of
RT5 R+ R15 — TR — T2 = 0. (1329)

Assume o(T11 — RT%1) and o(Tas + To1 R) are disjoint, and let T' be a Cauchy
contour with o(Tae + To1R) in the inner domain of T' and o(T11 — RT%1) in the

outer domain. Then there exist positive constants o and 8 such that the following
holds. If Sl'j S ,C(Xj,Xi), and

||SU - TZ]” < «, Za.] - 1327 (1330)

then the equation

Q521Q + QS22 — S11Q — S12 =0 (13.31)

has a solution Q € L(X2,X1) such that o(Saz + S21Q) lies in the inner domain
of I, the set o(S11 — QS21) lies in the outer domain of ', and

IR—-Q| < ﬂir]ﬂleQ | Ti; — Sijl|- (13.32)

Proof. Consider the operators

Ty Tia
T =

[ S11 Sz 1
, S =

Toy Too Sa1 - Sao

on X = X; + X5. Assume that X is endowed with the norm ||(z1, z2)|| = ||z1] +
lz2||. Then
1T =S| < max |[Ti; — S| (13.33)
i,j=1,

As the Riccati equation (13.29) has a solution R such that o(71; — RT%;) and
0(Ta + T21 R) do not intersect, we know from Proposition 5.10 that the space

Nir = {(Rz,2) | z € Xa}

is a spectral subspace for T'. In fact, if " is as in the statement of the theorem,
then I" splits the spectrum of T" and Ng = Im P(T;T).

Let ¢ be the length of ', and put v = maxyer ||(A—T)7!||. Take S such that
|IT — S| < (2y)~!. By elementary spectral theory this implies that T' splits the
spectrum of S and

IA=T)"" == < 29°|S =T, AeT.
1%
But then ||[P(T;T) — P(S;T)|| < 22||S — 7.
™

As X = Xy + Ng, the number n(Xy, Ng) is positive. Put

. 1 T
o= mln{ﬂ, mn(Xl,NR)}7
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and assume that (13.30) holds true. By (13.33) this implies that ||T'— S|| < 2a <
(2y)~71, and we can apply the result of the previous paragraph to show that

1
I1P(T; ) = P(S; D)l < 5n(X1, NR).
In particular we see that
1
gap (Ng,Im P(S;T")) < 517(X17NR). (13.34)

By [71], Theorem 2 this implies that X = X; 4+ Im P(S;T). It follows that there
exists @ € L(X2, X1) such that

Ng = {Qz+ z|z € X} =Im P(S;T).

By Proposition 5.10, this operator @ is a solution of equation (13.31), the spectrum
0(S22+521Q) is in the inner domain of I' and ¢(S11 —@QS21) is in the outer domain
of T.

According to (13.34), we have gap (Ng, Ng) < $17(X1, Ng). So we can apply
Lemma 13.2(ii) to show that

2(1 +[|R])
R— < ————~gap (Ng, Ng). 13.35
IR=Qll < S aap (Ve No) (13.35)
But
7L
gop (N, No) < |IP(D) — P(S:D)| < Zom -5 (18.30)
2
vl
< 27— max [|IT3; — Syl
Put )
vl
=41+ ||R||) ———-
8 =41+ |1Rl)
Then we see from (13.35) and (13.36) that (13.32) holds true. This completes the
proof of the theorem. O

Using arguments similar to the ones employed in the proof of Theorem 13.6,
one can see that the following analytic analogue of the previous theorem holds
true.

Theorem 13.10. Fori,j = 1,2, let T;;(e) : X; — X; be bounded linear operators
depending analytically on e in a neighborhood of € = 0. Let R € L(X2,X1) be a
solution of

RTzl(O)R + RTQQ(O) — Tll(O)R — T12(0)R =0,
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and assume that o(T11(0) — RT»1(0)) and o (T22(0) + T21(0)R) are disjoint. Then
for || sufficiently small, there exists R(e) € L(X1, X2), depending analytically on
e, such that R(0) = R,

R(E)Tzl(E)R(€) + R(E)TQQ(E) — T11(€)R(E) — T12(E) = 0,

and
U(T11(€) — R(E)Tgl(E)) N O'(TQQ (E) + Tzl(E)R(E)) = 0.

Notes

The material in this chapter is taken from Chapter VII in [14]. The notion of a gap
between subspaces has been introduced and developed in [89]. It was developed
further and used in Fredholm theory in [58] and [85]. As our main sources for
topological properties of subspaces we used [71] and [86]. For Euclidean spaces
they can also been found in Chapter 13 of [70].



Chapter 14

Stability of Divisors

In this chapter we shall prove that there exist stable factorizations which are
not spectral factorizations. In fact, for the finite-dimensional case we shall give
a complete description of all possible stable minimal factorizations. It will also
be shown that stability amounts to the same as the property of being isolated
provided the underlying field is complex (which will be the case in this chapter).

14.1 Stable invariant subspaces

In the previous chapter we have implicitly been dealing with invariant subspaces
which have a certain stability property. In this section we shall investigate this
matter explicitly.

Let T be a bounded linear operator on a Banach space X. A closed T-
invariant subspace N of X is called stable if given £ > 0, there exists § > 0 such
that the following holds. If S is a bounded linear operator on X and ||S —T'|| <
0, then S has a closed invariant subspace M such that gap (M,N) < e. The
property of being a stable invariant subspace is similarity invariant in the following
sense. Let E' be an invertible operator on X, and introduce 17" = E-'TE, N =
E71[N]. Then N is a stable invariant subspace for T' if (and only if) N is a
stable invariant subspace for T'. The argument is straightforward and involves the
condition number ||[E~Y|| - ||E|| of E.

If N is the image of a Riesz projection corresponding to 7', then NN is clearly
a stable invariant subspace for T'. In general, not every stable T-variant subspace
is of this form. For the finite-dimensional case we shall give a complete description.
Let A be a k x k matrix. As usual we identify A with its canonical action on

C*. The generalized eigenspace Ker (Ao — A)* of A corresponding to the eigenvalue
Ao will be denoted by N(Ag).
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Theorem 14.1. Let \i,..., )\, be the different eigenvalues of the k X k matriz
A. A subspace N of C* is a stable A-invariant subspace if and only if N =
Ni+ -+« +N,, where for each j the space Nj is an arbitrary A-invariant sub-
space of N(\;) whenever dimKer (A\; — A) = 1, while otherwise N; = {0} or
N; = N(\)).

The proof of Theorem 14.1 will be based on a series of lemmas and an aux-
iliary theorem which is of some interest in itself. To state the latter theorem we
recall the following notion. Given a k x k matrix A, a chain

Moy C My C--- C My_1 C My

of A-invariant subspaces in C*, written in shorthand as {M;}, is said to be com-
plete if dim M; = j for j =0,... k.

Theorem 14.2. Given € > 0, there exists § > 0 such that the following holds true. If
B is a kx k matriz with | B— Al < 6 and {M;} is a complete chain of B-invariant
subspaces, then there exists a complete chain {N;} of A-invariant subspaces such
that gap (N;, M;) <e forj=1,....k—1.

In general, the chain {N;} for A will depend on the choice of B. To see this,

consider
100 |00 L+ 10 v
e R ) P e P

where v € C. For v # 0 the unique one-dimensional invariant subspace of B, is
{0} 4 C, while the only one-dimensional invariant subspace for B;} is C + {0}.

Proof. Assume that the conclusion of the theorem is not correct. Then there exists
e > 0 with the property that for every positive integer m there exists a k x k matrix
B, satisfying ||B,, — A|| < 1/m and a complete chain {M,,;} of B,-invariant
subspaces such that for every complete chain {N;} of A-invariant subspaces we
have

1§r]r_1§]z<_lgap (Nj, Mp,;) > e, m=1,2.... (14.1)
Denote by F,,; the orthogonal projection of C* onto M, ;. Since CF is finite-
dimensional and all P,,; are in the unit ball of L(C*, C*), there exist a subsequence
my,Ma, ... of the sequence of positive integers and operators P, ..., P,_; on CF
such that
iumij:Pj7 j:(),,k
— 00

Note that Pi,...,P,_1 are orthogonal projections and that N; = Im P; has
dimension j. By passing to the limits it follows from B,,Ppn; = Pm;jBmPnj
that AP; = PjAP;. Hence N; is A-invariant. Since P,; = Pp, j+1Pm; we have
P; = Pj1P;, and thus N; C Njiq. It follows that IV; is a complete chain of
A-invariant subspaces. Finally, gap (N, My,,;) = ||[Pj — Pm,;|| — 0 for i — oc.
But this contradicts (14.1), and the proof is complete. O
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Corollary 14.3. If A has only one eigenvalue, Ny say, and if Ker (A\g — A) is one-
dimensional, then each invariant subspace of A is stable.

Proof. The conditions on A are equivalent to the requirement that for each j =
0,...,k, the operator A has only one j-dimensional invariant subspace and the non-
trivial invariant subspaces form a complete chain. So we may apply the previous
theorem to get the desired result. 0

Lemma 14.4. If A has only one eigenvalue, Ao say, and if Ker (A\g — A) has di-
mension at least two, then the only stable A-invariant subspaces are {0} and CF.

Proof. Let J = diag(Jy,...,Js) be a Jordan matrix for A. Here J; is a simple
Jordan block with Ay on the main diagonal and of size k;, say. As dim Ker (A9 —
A) > 2 we have s > 2. By similarity, it suffices to prove that J has no non-trivial
stable invariant subspace.

Let eq,..., e, be the standard basis for C¥. Define on CF the operator 7.
by setting T.e; = cej—1 if i = r1 +---+r;+1,5=1,...,5s =1, and Tee; =0
otherwise. Put B. = J + T.. Then B. — J as € — 0. For ¢ # 0 the operator
B, has exactly one j-dimensional invariant subspace namely, N; = sp {e1,...,e;}.
Here j =0, ..., k. It follows that IV; is the only candidate for a stable J-invariant
subspace of dimension j.

Now consider J = diag (Js, ..., J1). Repeating the argument of the previous
paragraph for J instead of J, we see that NN; is the only candidate for a stable
J-invariant subspace of dimension j. But J = SJS— ! where S is the similarity
transformation that reverses the order of the blocks in J. It follows that SN is
the only candidate for a stable J-invariant subspace of dimension j. However, as
s > 2, we have SN; # Nj for j =1,...,k — 1, and the proof is complete. O

Corollary 14.3 and Lemma 14.4 together prove Theorem 14.1 for the case
when A has one eigenvalue only. The next two lemmas will show that the gen-
eral version of the theorem may be proved by reduction to the case of a single
eigenvalue.

In the remainder of this section X will be a complex Banach space and T
will be a bounded linear operator on X.

Lemma 14.5. Let I' be a Cauchy contour splitting the spectrum of T, let Ty be
the restriction of T to Im P(T;T'), and let N be a closed subspace of Im P(T;T).
Then N is a stable invariant subspace for T if and only if N is a stable invariant
subspace for Ty.

Proof. Suppose N is a stable invariant subspace for Ty, but not for 7. Then one
can find € > 0 such that for every positive integer m there exists S, € L(X)
satisfying

1
1Sm =T < —, (14.2)
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while in addition
gap (N, M) > &, M e Q. (14.3)

Here 2,,, denotes the collection of all closed invariant subspaces of Sy,. From (14.2)
it is clear that S,, — T. By assumption I" splits the spectrum of T'. Thus, for m
sufficiently large, the contour I' will split the spectrum of S;, as well. Moreover,
P(S,,,I') = P(T;T'), and hence Im P(5,,,; ') tends to Im P(T';T") in the gap topol-
ogy. But then, for m sufficiently large,

Ker P(T;T) + Im P(S,,;;T) = X

(cf, [71], Theorem 2).

Let R,, be the angular operator of Im P(S,,; ') with respect to P(T;T"). Here,
as in the sequel, m is supposed to be sufficiently large. Recall that P(S,,;T') —
P(T;T). Thus we have R,, — 0. Put

I R,
Ep =

0 I
where the matrix representation corresponds to the decomposition
X =Ker P(T;T) + Im P(T;T). (14.4)

Then FE,, is invertible with inverse

Furthermore, E,,[Im P(T;T')] = Im P(S,,;I") and E,;, — I when m — cc.

Put T), = E,' Sy Er,. Then T,,Im P(T;T) C Im P(T;T) and T,,, — T Let
Tmo be the restriction of T}, to Im P(T;T"). Then T},0 — Tp. As N is a stable
invariant subspace for Ty, there exists a sequence Ni, Na, ... of closed subspaces
of Im P(T';T") such that each N,, is Tjo-invariant and gap (N,,, N) — 0. Note
that IV, is also T;,-invariant.

Now put M,,, = E,, N,,,. Then M,, is a closed invariant subspace for S,,,. Thus
M, € Q. Since E,,, — I if m — o0, one can easily deduce that gap (M,,, N,,) —
0. Together with gap (N,,, N) — 0 this gives gap (M,,,, N) — 0, which contradicts
(14.3).

Next assume that N is a stable invariant subspace for T', but not for Tj;. Then
one can find € > 0 such that for every positive integer m there exists a bounded
linear operator Sy,0 on Im P(T;T") satisfying

1
1Smo = Toll < —, (14.5)
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while in addition
gap (N, M) > e, M € Qpo. (14.6)

Here Q,,0 denotes the collection of all closed invariant subspaces of S,,o. Let T}
be the restriction of T to Ker P(T;T) and write

T 0 ]
0 SmO ’

Sm =

where the matrix representation corresponds to the decomposition given in (14.4).
From the inequality (14.5) it is clear that S,,, — T'. Hence, as NN is a stable invariant
subspace for T', there exists a sequence N7, No, ... of closed subspaces of X such
that N,, is Sp,-invariant and gap (Ny,, N) — 0. Put M,, = P(T;T')N,,. Since
P(T;T) commutes with S,,, we have that M,, is an invariant subspace for Sy,o. As
N is a closed subspace of Im P(T';T"), the minimal opening n = n(N, Ker P(T;T"))
is strictly positive. From Lemma 2 in [71], we know that gap (N, N) — 0 implies
that 7(Nm,Ker P(T;T)) > 1n > 0. It follows that Ny, 4+ Ker P(T;T) is closed.
But then M, is also closed by Lemma IV.2.9 in [75]. Hence M,, is a closed
invariant subspace for S,,0. In other words M,,, € Q,,0. We shall now prove that
gap (M,,, N) — 0, thus obtaining a contradiction to (14.6).
Take y € M,,, with |ly|| < 1. Then y = P(T;T")x for some z € M,,. As

lyll = |1P(T; 1)

V

inf{||lx — u|| | v € Ker P(T;T)}

we see that [|y|| > $nllz| for m sufficiently large. Using this it is not difficult to
deduce that

2
a0 (Mo V) < (142 ) [P - gap (¥, N)
for m sufficiently large. We conclude that gap (N,,, N) — 0 when m — oo, and

the proof is complete. O

Lemma 14.6. Let N be a complemented invariant subspace for T, and assume that
the Cauchy contour I" splits the spectrum of T' and the spectrum of the restriction
operator T|nr. If N is stable for T, then P(T;T')N is a stable closed invariant
subspace for the restriction Ty of T to Im P(T;T).

Proof. 1t is clear that M = P(T;I")N is Tp-invariant. For each A € T" we have
A=T|n)"' = (A =T)" . This implies that

M = P(T;T)N = Im P(T|5;;T) C N,

and it follows that M is closed.
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Assume that M is not stable for Tj;. Then M is neither stable for T by Lemma
14.5. Hence there exist ¢ > 0 and a sequence S7, So, ... such that

gap (L, M) > ¢, Le€Qn,, (14.7)

where €2, denotes the set of all closed invariant subspaces of S,,,, while moreover
Sy — T for m — oo.

As N is stable for T', one can find a sequence N1, Ns, ... of closed subspaces
such that S, N,,, C Ny, and gap (N,,,, N) — 0. Also, since I" splits the spectrum of
T and S,,, — T, the contour I' will split the spectrum of S, for m sufficiently large.
But then, without loss of generality, we may assume that I" splits the spectrum of
each Sp,. Again using S, — T, it follows that P(S,,;I") — P(T;T).

Let Z be a closed complement of N in X, that is, X = Z+ N. Because
gap (N,,, N) — 0, we have X = Z + N,, for m sufficiently large. So, without loss
of generality, we may assume that X = Z + N,, for each m. Let R,,, be the angular
operator of N, with respect to the projection of X along Z onto N, and put

I R,
o

0 I

where the matrix representation corresponds to the decomposition X = Z 4+ N.
Note that T}, = E,*S,, E,, leaves invariant N. Since R,, — 0, we have E,, — I,
and so T, — T.

By assumption I' splits the spectrum of T'|nr. As T, — T and N is invariant
under Ty, the contour I will split the spectrum of T5,|r as well, provided m is
sufficiently large. But then we may assume that this happens for all m. Also, we
have

lim P(Tm|N; F) — P(T|N, F)

Hence M, = Im P(T;,|p;T) — Im P(T'|pr;T') = M in the gap topology.

Now consider L,, = E,,M,,. Then L,, is a closed S,,-invariant subspace of
X. In other words, L,, € Q,,. From E,, — I it follows that gap (L, M,,) — O.
The latter, together with gap (M,,, M) — 0, implies that gap (L,,, M) — 0. So we
arrive at a contradiction to (14.7) and the proof is complete. O

Proof of Theorem 14.1. Suppose N is a stable invariant subspace for A. Put N; =
PjN, where P; is the Riesz projection corresponding to A and A;. Then N =
Ni+ -+ 4+ N,.. By Lemma 14.6 the space Nj is a stable invariant subspace for the
restriction A; of A to N(A;). But A; has one eigenvalue only, namely \;. So we
may apply Lemma 14.4 to prove that /N; has the desired form.

Conversely, assume that each IN; has the desired form, and let us prove that
N = N+ --- + N, is a stable invariant subspace for A. By Corollary 14.3, the
space N is a stable invariant subspace for the restriction A; of A to Im P;. Hence
we may apply Lemma 14.5 to show that each N is a stable invariant subspace for
A. But then the same is true for the direct sum N = Ny + --- + N,.. O
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For shortness sake, the proofs of Lemmas 14.5 and 14.6 were given by reductio
ad absurdum. It is of some practical interest to note that they could have been
given in a more constructive way.

The next theorem indicates the way in which Theorem 14.1 will be applied
in the context of minimal factorization theory.

Theorem 14.7. Let X1 and Xo be finite-dimensional spaces, and let

A1 Ay
A =
0 A

be a linear operator acting on X = X1 + Xo. Then X1 is a stable invariant subspace
for A if and only if each common eigenvalue of Ay and As is an eigenvalue of A
of geometric multiplicity one.

Proof. 1t is clear that X; is an invariant subspace for A. We know from Theorem
14.1 that X is stable if and only if for each Riesz projection P of A corresponding
to an eigenvalue \g with dim Ker (Ag—A) > 2, we have PX; = {0} or PX; = Im P.

Let P be a Riesz projection of A corresponding to an arbitrary complex
number \g. Also, for ¢ = 1,2, let P; be the Riesz projection associated with A;
and A\g. Then P has the form

P PQi+ Q2P
P = ,
0 Py

where @1 and @y are certain linear operators acting from X5 into X; (cf., the
proof of Theorem 8.19). It follows that {0} # PX; # Im P if and only if )¢ is a
common eigenvalue of A; and As. This proves the theorem. O

14.2 Lipschitz stable invariant subspaces

In this section we consider a different concept of stability. Let 7" be a bounded
linear operator on a Banach space X. A closed T-invariant subspace N of X is
called Lipschitz stable if there exist 6 > 0 and K > 0 such that the following
statement holds true. If S is a bounded linear operator on X and ||S — T|| < ¢,
then S has a closed invariant subspace M such that gap (M, N) < K|S —T|.
Clearly, a Lipschitz stable invariant subspace is also a stable one.

If N is the image of a Riesz projection corresponding to 7', then N is a
Lipschitz stable invariant subspace for T'. To see this, we argue as follows. Let T’
be a closed positively oriented Jordan curve not intersecting the spectrum of T
such that N = Im P(T;T'). For § small enough and S a bounded linear operator
on X such that ||S — T'|| < ¢ also S will have no spectrum on I'. Thus the Riesz
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projection P(S;T) is well defined too. Put M = Im P(S;T'). From the material on
the gap presented in Section 13.2 we recall that gap (M, N) < ||P(S;T')—P(T;T)||,
and so

gap (M, N)

IN

1 N
I35 [OT=9)" = (1 =T)" |

- /(/\I 8N (T = )M = T)"Ld)|.
27

Now let C be such that maxyer ||[(M —T) 7| < C. Such a C exists as (\[ —T) 1
is continuous on I' and I' is compact. Take § small enough so that 6C < 1. Since
A=S=A-T)I-A-T)"%S—=T)),and as [(A=T)"1(S—=T)| < 6C < 1 for
A €T, we see that [[(A] —S)7 Y| < C(1 —-6C)~t, A €T. Hence

2
gop (M, N) < (1) T |15 = 71,

where ¢(I") denotes the length of I'. Thus the spectral subspace N is a Lipschitz
stable T-invariant subspace.

Not every stable T-variant subspace is Lipschitz stable. In fact, for the finite-
dimensional case we shall show that the Lipschitz stable subspaces are precisely
the images of Riesz projections.

Theorem 14.8. Let X be a finite-dimensional Hilbert space, let T be a linear op-
erator on X, and let N be a T-invariant subspace. Then N is Lipschitz stable if
and only if it is the image of a Riesz projection for T.

Proof. The arguments above show that a spectral subspace is Lipschitz stable.
Hence we only need to show the converse. Let N be a Lipschitz stable T-invariant
subspace. Since N is stable, we know (see Theorem 14.1) that for every eigenvalue
A of T with dimKer (A — T') > 2 either N contains the spectral subspace of T'
corresponding to A, or N has zero intersection with that spectral subspace.

As in the proof of Lemma 14.6 one shows that for every eigenvalue A of T' the
subspace Im Py (T')N is Lipschitz stable for the restriction of T to Im Py (T'). Here
Py(T) is the Riesz projection of T corresponding to the eigenvalue A. Recall that
the spectral subspace Im Py (T') of T corresponding to an eigenvalue A is given by
Ker (A —=T)", where n is the dimension of X. Also note that N is Lipschitz stable
for T if and only if S~'V is Lipschitz stable for S~1T'S.

Now consider an eigenvalue A of T' with dim Ker (A—T7") = 1, and assume that
NnKer (A=T)™ # {0}. We have to show that Ker (A—T)" C N. Assume this is not
the case. Let x1,...,2, be a Jordan chain for 7" corresponding to the eigenvalue
A such that zq, ..., 2, form a basis for the spectral subspace Ker (A—1T')". By our
assumption and the fact that IV is a stable invariant subspace, we see from the
previous section that N NKer (A—T)" = span{z1,...,z;} for some j < p. By the
arguments of the previous paragraph we may assume that X = span{z1,...,x,},
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and that T is in Jordan normal form. More precisely, we may assume that X = CP
and N = span{e1,...,e;}, where ¢; is the ith unit vector in CP, while T' = A, +J
where J is a single Jordan block of order p with 0 on the main diagonal, i.e,

ro 1 0 -+ 07
0

J = 0
: .0
L0 -« .- 0 0|

Now consider the perturbation T'(¢) obtained from T by changing the zero in the
lower left-hand corner to € > 0, that is,

rTA 1 0 - 07
0

T(e) = 0
0 RN |
Le 0 -+ 0 X

It is easily checked that the eigenvalues of T'(¢) are the pth roots of €, i.e., they
are given by el/pexp(ﬂ%) for ¢ =1,...,p. The eigenvector of T'(¢) corresponding

to A\ = 51/1’exp(€%) is given by

-1
Ae
)\2
Ye = ¢

p—1
L /\Z _

Thus, any j-dimensional invariant subspace of T'(¢) is spanned by j of these vec-
tors. Let M be any one of them. Then M is spanned by, say, ye,, ..., ye,. Denote
by P the orthogonal projection onto IV, and by @ the orthogonal projection onto
M. Let yi be any one of the eigenvectors spanning M. Then

1
gap (N, M) = ||P-Q| > mllek—kall =
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Since |\x| = €'/, we see that for ¢ sufficiently small
1, —

On the other hand, ||T'— T'(¢)|| = . From this it becomes clear that for j =
1,...,n — 1 the space N cannot be Lipschitz stable. O

14.3 Stable minimal factorizations of rational
matrix functions

Throughout this section Wy, Wy and Wyy are proper rational m X m matrix
functions with value I,,, at infinity. We assume that Wy = Wy Wy and that this
factorization is minimal. In view of Theorems 13.1 and 13.7 the following definition
is natural. Let

Wo(\) = I, + Co(M,, — Ag) ™' By, (14.8)

Woj(A) = Iy, + Coj(AL,; — Aoj) ™" By, j=1,2, (14.9)

be minimal realizations of Wy, Wy1 and Wys. The factorization Wy = Wy, Wos is
called stable if for each & > 0 there exists w > 0 such that |4 — Ag|| + || B — Bol| +
|C' — | < w implies that the realization

W) = I, +C(\, — A)™'B (14.10)
is minimal and W admits a minimal factorization W = W1 W5,
W;(A) = I, + Cj(M,, — Aj)"'B;,  j=1,2, (14.11)

with the extra property that ||A; — Ao;||+|Bj — Boj||+|/Cj — Co;l| < € for j =1, 2.

We make a few comments. The fact that the realization of Wy in (14.8) is
minimal, implies that the realization of W in (14.10) will also be minimal whenever
the quantity ||[A — Aol + [|B — Bol|| + ||C — Co|| is sufficiently small (regardless
of €). Next, note that the minimality of the factorization W = W1 Wy with W;
given by (14.10) is clear from the minimality of the realization (14.10) and the
identity n = ny + no holding for the state space dimensions. Finally, since in the
finite-dimensional case all minimal realizations of a given transfer function are
mutually similar, the above definition does not depend on the particular choice of
the minimal realizations (14.8) and (14.9).

From Theorem 13.1 we see that a sufficient condition for the factorization
Wo = Wo1Woa to be stable is that Wy and Wye have no common poles and no
common zeros. The next theorem characterizes stability of minimal factorization
in terms of spectral data.

Theorem 14.9. Suppose Wy = W1 Wos is a minimal factorization. This factoriza-
tion is stable if and only if each common pole (respectively zero) of Wo1 and Woa
is a pole (respectively zero) of Wy of geometric multiplicity one.
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In connection with this result (and a number of theorems below) we recall
from Sections 8.2 and 8.4 (see Corollary 8.10 and the last sentence of the first
paragraph of Section 8.4 ) that a pole (zero) Ao of Wy has geometric multiplicity
one if and only if the order of Ay as a pole of Wy (W, ') is equal to the local degree
S(Wo; Ao) (W5t Xo)).

The proof of Theorem 14.9 will be given in a number of steps. Recall that
there is a one-one correspondence between minimal factorizations and supporting
projections of minimal realizations (see Theorem 9.3). Therefore we begin by char-
acterizing stability of minimal factorizations in terms of supporting projections.
This leads to the notion of a stable supporting projection.

Let IIy be a supporting projection for the system Oy = (Ao, By, Co; X, Y).
We call 11y stable if, given € > 0, there exists w > 0 such that the following is
true. If © = (A4, B,C; X,Y) is a system satisfying [|© — Og|| < w, then © has a
supporting projection IT such that [|IT — Iy < e.

Lemma 14.10. Let Wo(\) = I, + Co(M,, — Ag) "1 Bgy be a minimal realization,
and let Iy be the supporting projection for the system Oy = (Ag, By, Cp; C™*,C™)
corresponding to the minimal factorization Wy = W1 Woa. This factorization is
stable if and only if Iy is stable.

Proof. We know already that for ||[A — Ag|| + ||B — Bol|| + ||C — Co|| sufficiently
small the realization W (\) = I, + C(\l,, — A)~!'B will be minimal. So, if I, is
stable, we can apply Theorem 13.5 to show that the factorization Wy = Wy Woo
is stable too.

Conversely, let the factorization Wy = Wy Wyo be a stable factorization,
and assume Il is not stable. Then there exist € > 0 and a sequence ©1,0,, ... of
systems such that ||©; —©g|| — 0 for &k — oo and |[|[II—TIy|| > ¢ for each supporting
projection II of Oy. Since O is minimal and ||©y — Og|| — 0, we may assume that
O is minimal for all k. Also we may assume that for each k the transfer function
Wy, = We, admits a minimal factorization Wy, = Wi Wia,

ij()\) = I+ ijO\Inj — Akj)*lBkj7 71 =12,
such that for j = 1,2 we have
Akj — Aoj, Bkj — B()j7 ij b Coj, (k b OO) (].4].2)

Here I, + Coj(Mp; — Aoj)*lBoj is a minimal realization of Wo;.

Let II; be the supporting projection for Oj corresponding to the minimal
factorization Wy, = Wi Wio. Write Oy; = (Agi, Bri, Cri; C%,C™). Then O 02
and Oy are similar, say with system similarity Sy : C™ & C" — C". For k =
0,1,2,..., we have Il = SkPSk*l, where P is the projection of C™ ¢ C"2 along
C"* onto C™. From Theorem 7.7 we know how Sj can be described explicitly.
This description, together with (14.12) and ||©; — GO¢|| — 0, gives S — So. So
I, — Iy, which contradicts the fact that ||II; — IIg|| > ¢ for all n. We conclude
that IIy must be stable. O
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Next we make the connection with stable invariant subspaces.

Lemma 14.11. Let ©¢ = (Ao, Bo,Co; X,Y) be a given system, and let Iy be a
supporting projection for this system. Then 11y is stable if and only if KerIly and
Im Il are stable invariant subspaces for Ay and Af = Ay — BoCy, respectively.

Proof. Let KerIIy and Im Il be stable invariant subspaces for Ay and A, respec-
tively. Assume Iy is not stable. Then there exist ¢ > 0 and a sequence ©1,0s, . ..
of systems such that [|© — ©¢|| — 0 and ||II — IIy|| > ¢ for every supporting
projection IT of ©f. Write ©y = (A, By, Ck; X,Y). Then clearly

Ak—>Ao7 A;; = Ak—Bka — AO_BOCO:A6<7 (k—>oo)

But then our hypothesis ensures the existence of two sequences My, Mo, ... and
M, My, ... of closed subspaces of X such that

Ak[Mk] C My, A;C([ka] C ka, k=1,2,...,
while in addition
gap (M, KerIly) — 0, gap (M}, ImTly) — 0, (k — 00). (14.13)

By [71], Theorem 2 we may assume that X = M, + M, for all k. Let IIj, be the
projection of X along M}, onto M. Then IIj is a supporting projection for ©.
Moreover, it follows from (14.13) that II; — IIy. This contradicts the fact that
I — IIg|| > & for all k. So II must be stable.

Now conversely, let TIy be a stable supporting projection for ©¢ and assume
KerIly is not stable for Ag. Then there exist ¢ > 0 and a sequence Ay, Ao, ...
of bounded linear operators on X such that Ay — Ao and gap (M, KerIly) > ¢
for each closed invariant subspace M of Ag. Put O = (A, By, Co; X,Y). Then
|8k — O¢|| — 0. So we can find a sequence 11y, I, . .. of projections such that ITj
is a supporting projection for ©y and Il — IIy when k — oco. Hence KerIlj is a
closed invariant subspace for Ay and gap (Ker IT, Ker IIp) — 0. But this conflicts
with gap (KerIIy,KerIly) > ¢, k = 1,2,.... So KerIlp must be stable for Ap.
Likewise Im Il is a stable invariant subspace for Aj. O

We now come to the proof of Theorem 14.9. Recall that Wy, Wy; and Woys
are proper rational m X m matrix functions that are analytic at oo with value I,,,.
Moreover Wy = W1 Wye, and this factorization are minimal.

Proof of Theorem 14.9. Let Wo(\) = I, + Co(M,, — Ag) !By be a minimal re-
alization for Wy, and let IIy be the supporting projection for the system ©y =
(Ap, By, Cp; C™,C™) corresponding to the minimal factorization Wy = Wy Woa.
From Lemma 14.10 we know that this factorization is stable if and only if Iy is
stable.
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With respect to the decomposition C* = Ker Il + Im Iy, we write

Al *
Ao =

0 A

Applying Theorem 14.7 we see that KerIlj is a stable invariant subspace for Ag
if and only if each common eigenvalue of A; and As is an eigenvalue of Ay of
geometric multiplicity one. But then Lemma 9.2 gives that Ker Il is stable for Ay
if and only if each common eigenvalue of A; and A, is a pole of Wy of geometric
multiplicity one. Observe now that A; and A are the main operators in the
systems pry (©) and pr; _, (©), respectively. Since these systems are minimal,
we have that o(A;) and o(A3) coincide with the sets of poles of Wy and Wos,
respectively. Hence Ker Il is stable for Ay if and only if each common pole of Wy,
and Wys is a pole of Wy of geometric multiplicity one. Likewise Im Iy is stable for
Aj if and only if each common zero of Wy, and Wy, is a zero of Wy of geometric
multiplicity one. The desired result is now immediate from Lemma 14.11. O

In the remainder of this section we deal with Lipschitz stability. As before,
Wo, Wo1 and Wyo are proper rational m x m matrix functions with value I, at
infinity, and we assume that Wy = Wy, Wy is a minimal factorization. Let

Wo()\) =1, + Co(AIn — Ao)ile
Woj(A) = Iy, + Coj(AL,; — Aoj) ™" Boj, j=12

be minimal realizations of Wy, Wy and Wys. The factorization Wy = Wy Woe
is called Lipschitz stable if there are positive constants w and K such that the
inequality ||A — Ap|| + || B — Bol| + ||C — Cop|| < w implies that the realization

W) =1, +C(\,, — A)"'B
is minimal and W admits a minimal factorization W = W1 W5,
W;(A) = I, + C;(M,, — A;)"'B;,  j=1,2,
with the extra property that
145 = Aojll + 1 Bj = Bojll + [IC; = Cos|
SE([A= Ao+ B = Bol +[C = Coll),  5=12

The comments that have been made in the second paragraph of this section (about
the definition given in the beginning of that section) apply here too. In particular,
the definition of Lipschitz stability given above does not depend on the particular
choice of the minimal realizations for Wy, Wy and Wye. Note that we already
encountered a Lipschitz stable factorization in Theorem 13.7 above, without using
the term there (cf., Theorem 14.12 below).

Given the above realization of W;, one has that the minimal factorization
Wo = W1 Woys is Lipschitz stable if and only if for the corresponding supporting
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projection Ily, the kernel Ker Il is a Lipschitz stable Agp-invariant subspace and
the range Im1Ily is a Lipschitz stable Aj-invariant subspace. Here, as usual, we
have A] = Ag — BoCy. This is analogous to the situation for stable invariant
subspaces (cf., Lemma 14.11). The results of Section 14.2 now imply that the
factorization Wy = Wy Woe is Lipschitz stable if and only if both KerIly and
Im I, are images of Riesz projections for Ay and A(, respectively. This leads to
the following result.

Theorem 14.12. The minimal factorization Wy = Wy1Woe is Lipschitz stable if
and only if Wy1 and Wya have no common poles and no common zeros.
14.4 Stable complete factorizations

Let Wy be a rational m x m matrix function with minimal realization
Wo(\) = Ly, + Co(M,, — Ag) ™' By. (14.14)

Suppose

1 1
Wo(\) = ([m + - amROl) (Im + R R0n> (14.15)

is a complete factorization of Wy. We say that this complete factorization (14.16)
is stable if for all € > 0 there exists w > 0 such that

[A = Aol +[|B = Bo| + |C = Co|| < w

implies that the realization W()\) = I,,+C (A, — A)~! B is minimal and W admits
a complete factorization

W) = <1m S R1> <1m + LJ@) (14.16)

A — (e73] A— Qp
with the extra property that
|aj—040j|+||Rj—Roj|| < g, j=1...,n. (14.17)

Note that this definition is not completely analogous to the one of a stable
minimal factorization involving just two factors as given in Section 14.3. To mimic
that one, we should write the complete factorizations (14.15) and (14.16) in the
form

1
W0(>\) = (Im + )\_70[01601bgl> e (Im + C()nb(;rn> s (1418)

1
)\_aOn

1 1
W\ = (Im + HCM) (Im + 3

cnb§> , (14.19)
1

n
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with boj, coj, b;, ¢; nonzero vectors in C”, and the estimates (14.17) as
|Oéj — Ozoj| + ||bj — bOj” + ||Cj — Coj” < g, j=1,...,n.
A routine argument shows that the two possibilities amount to the same.

Theorem 14.13. Let Wy be a proper rational m x m matriz function with Wy(oo) =
L. A necessary condition for Wy to admit a stable complete factorization is that
the poles and zeros of Wy all have geometric multiplicity one. In that case there
are only finitely many complete factorizations of Wy and these are all stable.

Note that the theorem does not guarantee that W, admits a complete fac-
torization. The number of these factorizations might be zero.

Recall from Section 8.2 that a complex number )\ is a pole of Wy of geometric
multiplicity one if and only if dim Pol (WW; Ag) = 1. Similarly (see Section 8.1), Ao
is a zero of Wy of geometric multiplicity one if and only if dim Ker (W; \g) = 1.

Now assume that Wy is given by the minimal realization (14.14). Then,
using the final statement of Corollary 8.22 we see that dimKer (Ao — Ag) =
dim Pol (W; \g). It follows that Ag is a pole of Wy of geometric multiplicity one
if and only if )¢ is an eigenvalue of geometric multiplicity one of Ay. Applying
this result to WO_1 and using Lemma 8.8, we obtain that \g is a zero of Wy of
geometric multiplicity one if and only )y is an eigenvalue of geometric multiplicity
one of the associate state matrix A; . Therefore the poles and zeros of Wy all have
geometric multiplicity one if and only if both Ay and A are nonderogatory. Hence
an equivalent way to formulate Theorem 14.13 is as follows.

Theorem 14.14. Let Wy be a proper rational m x m matriz function with minimal
realization Wo(A\) = I, + Co(M,, — Ag) 1 By. A necessary condition for Wy to
admit a stable complete factorization is that both Ay and Ay = Ay — BoCy are
nonderogatory. In that case there are only finitely many complete factorizations of
Wy and these are all stable.

Companion matrices are nonderogatory. Thus we have the following imme-
diate consequence of Theorem 14.14.

Corollary 14.15. Let Wy be a companion based rational m X m matriz function.
Then there are only finitely many complete factorizations of Wy and these are all
stable.

Again Theorem 14.14 and Corollary 14.15 do not guarantee that Wy admit
a complete factorization.

From Sections 10.1-10.3 we know that complete factorizations are closely
related to complete chains of invariant subspaces. The proof of Theorem 14.13 is
therefore similar to that of Theorem 14.9 provided one has an analogue of Theorem
14.1, where the single invariant subspace featuring there is replaced by a complete
chain of invariant subspaces. Thus our task here is to analyze stability of complete
chains of invariant subspaces. First we give the formal definition.
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Let A be an n x n matrix, whenever convenient identified with its canonical
action on C", considered here as a Hilbert space. Suppose M = {M;}} is a
complete chain of A-invariant subspaces, i.e.,

{O}ZM()CMlC"'CMn_lCMn:Cn

and, for I = 1,...,n — 1, dimM; = [ and A[M;] C M;. We call M stable (for
A) if given £ > 0, there exists 0 > 0 such that the following is true: if B is a an
n x n matrix and ||B — A|| < 4, then there exists a complete chain N = {N;}}_,
of B-invariant subspaces for which the gap between M and N defined by

GAP (M, N) = ,_max_ gap (Ny, M) (14.20)
does not exceed €. Note that the values 0 and n for [ do not play a role in (14.20)
because all chains start with {0} and end with C™.

Theorem 14.16. The matriz A has a stable complete chain of invariant subspaces
if and only if A is nonderogatory. In that case, A has a finite number of complete
chains of invariant subspaces and all these chains are stable.

Proof. Suppose A has a stable complete chain {Ml}fzo of invariant subspaces.
From the definition given above it is clear that My, ..., M} are then stable invari-
ant subspaces for A. Assume that A is derogatory, and let Ay be an eigenvalue of
A with dim Ker (Ag — A) > 2. Write P for the spectral projection corresponding to
Mo and Ay for the restriction of A (viewed as an operator) to ImP. According to
Lemma 14.6, the subspaces PMy, ..., PM} are stable for Ay. Hence, on account
of Lemma 14.4, these subspaces are either trivial or have dimension at least two.
However, as {Ml}fzo is a complete chain of A-invariant subspaces, there must be
at least one j for which the dimension of PMj is one (cf., first part of the proof of
Theorem 12.2; Step 4). Contradiction. The conclusion is that A is nonderogatory.

Next assume that A is nonderogatory and let M = {M;}}_; be a complete
chain of A-invariant subspaces. By Theorem 14.1 each A-invariant subspace is
stable. In particular, all members M; of M are stable. But then M is a stable
complete chain of invariant subspaces for A by an observation made on page 464
of the book [70], in a comment connected to Theorem 15.6.1 in the same book
[70], which is concerned with the more general notion of a stable lattice.

To complete the proof, we recall that if the matrix A is nonderogatory, it has
only a finite number of invariant subspaces and hence the collection of all complete
chains of A-invariant subspaces is a finite set. In fact, if the nonderogatory matrix
A has s different eigenvalues with algebraic multiplicities my, ..., mg, the number
of complete chains of A-invariant subspaces is

(m1+ ma+--- +my)!
mi! X ma! X -+ X mg!’

This follows from Proposition 11.19 by virtue of the well-known fact that the
nonderogatory matrices are precisely those that are similar to first companions.
O
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Proof of Theorems 14.13 and 14.14. We shall focus on Theorem 14.14 which is
nothing else than a reformulation of Theorem 14.13.

Let Wo(A\) = I, + Co(A — Ag) 1By be a minimal realization of Wy. As we
know, there is a one-to-one correspondence between minimal factorizations of Wy
and direct sum decompositions C* = M-+ M* where the subspaces M and M *
are invariant for A and A respectively. From Lemmas 14.10 and 14.11 we see that
a minimal factorization is stable if and only if the corresponding subspaces M and
M are stable for A and A*, respectively. This fact has a straightforward analogue
for complete factorizations. Indeed, a complete factorization of Wy corresponds
with two complete chains of subspaces: a chain

{0}: MycMyC---CM,_1CM,= cn (1421)
of A-invariant subspaces, and a chain
{0}=MyCcMC---CM,CM =C" (14.22)

of A*-invariant subspaces, such that for j = 1,...,n — 1 the subspaces M; and
MS_ j match in the sense that M; + Mnx_ i= C™. Now the complete factorization
in question is stable if and only if (14.21) is a stable complete chain for A and
(14.22) is a stable complete chain for A*. In view of this, Theorem 14.14 is an

immediate consequence of Theorem 14.16. O

Next, we consider Lipschitz stability of complete chains of invariant sub-
spaces. Let M = {Ml}fzo be a complete chain of A-invariant subspaces. This
chain is called Lipschitz stable if there are positive constants § and K such that
the following holds: if B is a k x k matrix with ||A— B]| < ¢, then B has a complete
chain of invariant subspaces N' = {N;}F_, with GAP (M,N) < K||A - B|.

Theorem 14.17. The k x k matriz A has a Lipschitz stable complete chain of
mwvariant subspaces if and only if A has k distinct eigenvalues. In that case all
complete chains of invariant subspaces are Lipschitz stable.

Proof. Suppose that A has a Lipschitz stable complete chain of invariant sub-
spaces. From the above definition it follows that each of the invariant subspaces
M is Lipschitz stable, and hence must be a spectral subspace (see Theorem 14.8).
Then it is easily seen that A must have k distinct eigenvalues.

Conversely, assume that A has k distinct eigenvalues. Then, for ¢ small
enough, if ||A — BJ| < ¢ also B has k distinct eigenvalues. Now selecting a com-
plete chain of invariant subspaces of such a matrix is equivalent to choosing an
ordering of the eigenvalues. Suppose that the eigenvalues A1, ..., A\ of A are or-
dered so that for the corresponding unit eigenvectors z;, I = 1,...,k we have
M; = span {x1,...,2;}. Let pq,...p, be the eigenvalues of B ordered so that
[\ — p] is small, and let y;, [ = 1,...,k be the corresponding eigenvalues. Con-
sider N; = span {y1,...,4}. Then, letting B tend to A and using the fact that all
M)’s are Lipschitz stable we see that the chain M is Lipschitz stable. O
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Next, we define Lipschitz stability of complete factorizations. Suppose Wy is
a rational m X m matrix function with minimal realization (14.14). The complete
factorization (14.15) of Wy is called Lipschitz stable if there are positive constants
w and K such that ||A— Ag||+||B— Bol||+]|C —Co|| < w implies that the realization
W(A) = I, + C(\, — A)~1B is minimal and W admits a complete factorization
(14.16) with the property that

laj — aoj| + |R; — Rojll < K(|][A— Aol + [|B = Bol| +|IC = Coll),

where j is allowed to take the values 1,...,n. An equivalent definition using (14.18)
and (14.19) is, of course, again possible.

Theorem 14.18. Let Wy be a proper rational m x m matriz function with Wy(oo) =
L. A necessary condition for Wy to admit a Lipschitz stable complete factorization
18 that the poles and zeros of Wy all have geometric and algebraic multiplicity one.
In that case all complete factorizations are Lipschitz stable.

Proof. Like in the proof of Theorem 14.14 we see that a complete factorization
is Lipschitz stable if and only if the corresponding complete chains of invariant
subspaces for Ay and AJ are Lipschitz stable. The theorem is then a direct con-
sequence of Theorem 14.17. g

14.5 Stable factorizations of monic matrix polynomials

Throughout this section m will be a fixed positive integer. Given a positive integer
£, we denote the set of all monic m x m matrix polynomials of degree ¢ by MP,.
If Ly and Ly are in MPy, say

-1

i=0
we put
-1
1Ly = Lol = Y (141 — Aail.
=0

This defines a metric on MP;.

Suppose Lo, Lop1 and Lo are monic m X m matrix polynomials of degree
p, ¢ and 7, respectively. So Ly € MP,, Lot € MP, and Loz € MP,. Assume
Lo = Lo2Lo1.- We say that this factorization is stable if, given € > 0, there exists
0 > 0 with the following property. If L € MP, and ||L — Lo|| < J, then L admits
a factorization L = LoLy with Ly € MP,, Ly € MP, and

ILj — Lojll <&, j=1,2.

The aim of this section is to characterize stability of a factorization in terms of
spectral data. We begin by making the connection with stable invariant subspaces.
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This will be done via the notion of a supporting subspace, here always taken with
respect to first companion systems (see Section 3.4). For briefness sake we shall
simply speak about supporting subspaces (of the first companion operator) of the
given monic matrix polynomial Lg. Recall that there is a one-one correspondence
between the supporting subspaces of Ly and the factorizations of Ly into monic
operator polynomials.

Lemma 14.19. Let Lo, Lo1 and Loz be monic m X m matrixz polynomials, and
assume Lo = LoaLg1. This factorization is stable if and only if the corresponding
supporting subspace is stable for the first companion operator of Lg.

Proof. Tt is possible to give a rather quick proof based on [68], Theorem 3. We
prefer however to present a more direct argument.

As before, we write p for the degree of Ly and ¢ for that of Lg;. Further, the
first companion operator of Ly is indicated by Cjy, the supporting subspace of Ly
corresponding to the factorization Lo = Loa L1 by M.

Suppose the factorization is stable. In order to prove that My is a stable
invariant subspace for Cy we consider a sequence C, Cs, . . . of operators converging
to Cy. Using the Kronecker delta notation, put

Q = row (6,1 1)%_,, Sp = col (QC%)?;&, n=0,1,2,....
Then Si, S9,... converges to Sy which is equal to the identity operator on C™P.

So, passing if necessary to a subsequence, we may assume that S, is invertible for
all n. Write S, ' = row (Uy;)?_;. Then

Um' — col (5ﬂf)p 1= ]., ey D (1423)

]:17

A straightforward calculation shows that S,,C,,.S,, L is the first companion operator
associated with the monic operator polynomial

p
Ln(A) = NI = XT1QCEU,;.

i=1

From (14.23) and the fact that C,, — Cj it follows that || L,,—Lo|| — 0. But then we
may assume that for all n the polynomial L,, admits a factorization L,, = L,2Ly1
with L,; € MPy, Lps € MP,, r =p —q, and

|Lnj — Lojl| — 0,  j=1,2.

Let M, be the supporting subspace corresponding to the factorization L,, =
L,oL,1. We shall show that M,, — My in the gap topology. In order to do this we
describe M, as follows. Let D,, be the first companion operator of L,,;. Then M,
is the image of the operator

col (QD},)P=y : CF" — Ck»
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(see Section 3.4). Define P to be the projection from C™? = C™" + C™®~") onto
C™" given by P = [ I 0 ]. Since P is surjective, we have that M, = Im P,,

where P, = (col (QD;)?;Ol)P has the form
I
Fy,

P, = . omr +Cm(p—r) — qmr +Cm(p—r).

Observe that P, is a projection. Now ||L,1 — Lo1|| — 0 implies that F,, — Fp.
Hence P, — Py. But gap (M,, My) = gap (Im Py, Im Py) < ||P, — Fo||, and so
gap (Mn, MO) — 0.

Put V,, = S, L'M,,. Then V,, is an invariant subspace for C,. Moreover, it
follows from S,, — I that gap (V,,, M,,) — 0. But then gap (V,,, M) — 0, and the
first part of the proof is complete.

Next assume that My is a stable invariant subspace of Cy, and let Ly, Lo, . ..
be a sequence in MP, converging to Lg. Denote the first companion operator of
L, by C,. Then C),, — Cj, and hence there exists a C,-invariant subspace M, of
C™? such that gap (M, My) — 0. Recall now that C™? = M, + N,, where

)
Ny=1qz=| : | eClzg; eC" 2y =---=2,=0. (14.24)
Lp
So, passing if necessary to a subsequence, we may assume that
C™ = M, + Ny, n=0,1,2,.... (14.25)

This means that M,, is a supporting subspace for L,,. Let L, = Ly2L,1 be the
corresponding factorization. We need to show that ||L,1 — Lo1|| — 0 and || L2 —
L02|| — 0.

With respect to the decomposition (14.24) we write

On 1 CnO

Cn: 5 Qn:[in Qn2 ]

0 Cn2

The polynomial L,; can be explicitly expressed in terms of Cp1 and Q1 (cf.,
Section 3.4). A complication here is that the decomposition (14.25) depends on
n. This difficulty however can be easily overcome by the usual angular operator
argument. From the expression for L,; one then sees that |[L,; — Lo1|]| — 0. In
the same way one shows that ||L,2 — Lo2|| — 0, and the proof is complete. O

Recall that a complex number Ag is an eigenvalue of the matrix polynomial L
if L(\o) is not invertible. In that case Ker L(\g) is non-trivial and its dimension is
the geometric multiplicity of Ay as an eigenvalue of L. This number is also equal to
the geometric multiplicity of Ao as an eigenvalue of the first companion operator
of L.
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Theorem 14.20. Let Ly, Lo1 and Lo be monic m x m matrix polynomials, and
assume Lo = LgoLg1. This factorization is stable if and only if each common
eigenvalue of Loy and Lgs is an eigenvalue of Ly of geometric multiplicity one.

Proof. Let My be the supporting subspace of L corresponding to the factorization
Lo = Lo Lo1. From Lemma 14.19 we know that this factorization is stable if and
only if My is a stable invariant subspace for the first companion operator Cy of Ly.
Let p be the degree of Lo, let ¢ be the degree of Loi, and let N, be as in (14.24).
Then C™ = My + N,. With respect to this decomposition we write

Co1 Coo
Co =

0 Co2

Then it is known (cf., Section 3.4 and the one but last paragraph of Section 4.3)
that a complex number is an eigenvalue of Cy; if and only if it is an eigenvalue of
Loi, © =1, 2. The desired result is now obtained by applying Theorem 14.7. [

Next, we discuss Lipschitz stability. Let Ly = Lg2Lo1 be a factorization of the
monic matrix polynomial Lg into monic factors, as above in the definition of stable
factorization given at the start of this section. We shall say that this factorization
is Lipschitz stable if there are positive constant K and ¢ such that L € M,
with ||L — Lo|| < ¢ admits a factorization L = LoL; with L1 € My, Ly € M,
and ||L; — Loi|]| < K||L — Lo||. One can prove (see Theorem 17.3.1 in [70]) that
the factorization is Lipschitz stable if and only if the corresponding supporting
subspace is Lipschitz stable. This gives the following theorem.

Theorem 14.21. The factorization Lo = Lo2Loy is Lipschitz stable if and only if
Loy and Lgo have no common eigenvalues.

14.6 Stable solutions of the operator Riccati equation

Consider the operator Riccati equation
XTo1 X + XToo — T X — T2 = 0. (14.26)

Here T;; € L(Y;,Y;), 4,5 = 1,2, where Y7 and Y, are assumed to be finite-
dimensional Banach spaces. A solution R : Yo — Y7 of (14.26) is said to be
stable if for each € > 0 there exists § > 0 such that the following is true: if
Si; € L(Y;,Y;), i,j = 1,2, and max; j—12||Si; — Ti;|| < 9, then the Riccati
equation

X591 X 4+ XS99 — 511X —5.2=0

has a solution @ : Y2 — Y3 for which ||Q — R| < e.
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Theorem 14.22. A solution R of the operator Riccati equation (14.26) is stable if
and only if each common eigenvalue of T11 — RT51 and Tes +T21 R is an eigenvalue
of geometric multiplicity one of the operator

Ty Tia
To1 Tho

Y1 Y, — VY.

Proof. Let R be an operator from Y, into 7. Put N = {Rz+ 2z | z € Ya}.
Then Y; + N = Y] + Y5 and R is the angular operator for N with respect to the
projection of Y; + Y5 along Y; onto Y3. By Proposition 5.4, the hypothesis that
R is a solution of (14.26) is equivalent to the assumption that N is an invariant
subspace for T It is not difficult to prove that R is a stable solution of (14.26) if
and only if N is a stable invariant subspace for 7. The latter is the case if and only
if Y5 is a stable invariant subspace for the operator given by the right-hand side of
(5.7). The desired result is now an immediate consequence of Theorem 14.7. [

A solution R of (14.26) is called Lipschitz stable if there are positive constants
K and § such that max; j—1 2 [|Si; — Ti;|| < ¢ implies that the Riccati equation

X891 X + XS0 —S11X—-S12=0

has a solution @ with ||Q — R|| < K (max; j=1.2 ||Sij —Ti;|). The proof of Theorem
14.22 shows that R is Lipschitz stable if and only if the subspace N = {Rz + z |
z € Y3} is a Lipschitz stable invariant subspace for T'. This observation is the main
ingredient of the proof of the following theorem. Compare also Proposition 5.10.

Theorem 14.23. A solution R of the Riccati equation (14.26) is Lipschitz stable if
and only if T11 — RT%1 and Tae + To1 R have no eigenvalues in common.

14.7 Stability of stable factorizations

Let X be a finite-dimensional Banach space, and let T be a bounded linear operator
on X. If N is a stable invariant subspace for T' then, by definition for each € > 0
there exists > 0 such that || —T'|| < ¢ implies that S has an invariant subspace
M with gap (M, N) < . On the basis of Theorem 14.7 one can prove that for an
appropriate choice of § the space M may always be chosen to be stable for S. This
is the contents of the next theorem.

Theorem 14.24. Let N be a stable invariant subspace for a linear operator T acting
on a finite-dimensional space X. Then, given € > 0, there exists 6 > 0 such
that ||S — T|| < 0 implies that S has a stable invariant subspace M such that
gap(M,N) < e.

Proof. Suppose not. Then there exist € > 0 and a sequence Si,S2,... of linear
operators on X converging to T such that for £k =1,2,...

gap (M,N) > e, M e Q.
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Here € denotes the collection of all stable invariant subspaces for Si. Since N
is stable for T and Sy — T there exists a sequence Ny, Na,... of subspaces of
X with Sg[Ng] € Nj and gap (Ny, N) — 0. For k sufficiently large, we have
gap (N, N) < e, and hence Ny ¢ . So, passing if necessary to a subsequence,
we may assume that for all k& the Sj-invariant subspace Ny, is not stable.

Let Z be an algebraic complement of N in X. Since Nj converges to N in
the gap topology, we may assume that Z + N = Z 4+ N = X for all k. Let Ry, be
the angular operator of N with respect to the projection of X onto IV along Z.
Then Ri — 0. Write

I Ry
Ej, =

0 I

where the matrix representation is taken relative to the decomposition X = Z + N.
Then Ej, is invertible, Ex[N] = Ny and Ey, — I. Put T}, = E,;lSkEk. Obviously,
Ty — T and Tx[N] C N. Note that N is not stable for T}.

With respect to the decomposition X = N + Z, we write

U Vv U Vi

T= , Ty =

0 w 0 Wy

Then U, — U and W) — W. Since N is not stable for T}, Theorem 14.7 ensures
the existence of a common eigenvalue Ay of U, and W such that

dimKer A\l — Tp) > 2, k=1,2,.... (14.27)

Now |A;| < ||Ug|| and Uy, — U. Hence, the sequence A1, Ag, . .. is bounded. Passing,
if necessary, to a subsequence, we may assume that A\ — Ao for some \y € C. But
then

/\kI—Uk—>/\oI—U, /\kI—Wk—>/\oI—VV, (k‘—>OO)

It follows that Ag is a common eigenvalue of U and W. Again applying Theorem
14.7, we see that Ao is an eigenvalue of T of geometric multiplicity one. But
this cannot be true in view of (14.27) and the fact that for k& — oo we have
Al — T, — Mol —T'. This can be proved by using a standard rank argument. [J

With the help of Theorem 14.24 one can sharpen Theorem 14.9 as follows.

Theorem 14.25. Suppose Wy = Wo1 Wi is a stable minimal factorization involving
proper rational m X m matriz functions that have the value I, at infinity. Let

Wo()\) =1y + Co()\.[n — Ao)ilBo,

Wo;(A) = Ly, + Coj (M, — Aoj) ' Boj, Jj=12
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be minimal realizations for Wy, Wo1 and Wya. Then for each € > 0 there exists
w > 0 with the following property. If

1A= Aol +[IB = Boll + | = Col| < w,

then W(X) = I, +C(\, — A)~1B is a minimal realization and W admits a stable
minimal factorization W = W1 Wa,

W;i(A) = Im + Cj(My, — Aj)7'B;,  j=1,2,
with the extra property that ||A; — Aoj|| + || Bj — Boj|| + ||Cj — Coj|| < e.

Note that each common pole (zero) of Wi and Ws is a pole (zero) of W
of geometric multiplicity one. So Theorem 14.25 extends Theorem 13.1. Similar
refinements can be formulated for Theorems 14.20 and 14.22. For the exact formu-
lation, see [13], Theorems 4.2 and 4.3. The arguments are again based on Theorem
14.24.

Theorem 14.25 has also a counterpart for complete factorizations.

Theorem 14.26. Let Wy be a rational m x m matriz function given by the minimal
realization Wo(\) = I, + Co(A,, — Ag) 1By, and suppose

1 1
Wo(\) = ([m + . amROl) (Im + P R0n> (14.28)

is a stable complete factorization of Wy. Then for each € > 0 there exists w > 0
with the following property. If
JA = Ag|) + 1B = Bo|l +IC — Col| < , (14.29)

then W(X) = L, + C(\I, — A)~ 1B is a minimal realization and W admits a stable
complete factorization

W) = <1m 1 R1> <1m + Lb@) (14.30)

A—aoq A —
with the extra property that
|aj —a0j|+||Rj—Roj|| < g, j=1...,n. (14.31)

Proof. Let € be a positive number. As (14.28) is a stable complete factorization of
W, there exists w > 0 such that (14.29) implies that W (\) = I, + C(\l,—A)~'B
is a minimal realization and W admits a complete factorization (14.30) which
satisfies (14.31). According to Theorem 14.14, both the matrices Ay and Aj =
Ag — ByCy are nonderogatory, i.e., all their eigenspaces are one-dimensional. As
is easily seen via a simple rank argument, this is a property that is retained under
small perturbations. Thus if w is taken sufficiently small, then (14.29) implies that
A and A* = A — BC are nonderogatory too. But then the complete factorization
(14.30) is stable by Theorem 14.14. O
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The proof of Theorem 14.26 can also be based on the analogue of Theorem
14.24 for stable complete chains of invariant subspaces. This result is interesting
in its own right. Employing matrix terminology (just as in Section 14.4), it reads
as follows.

Theorem 14.27. Suppose the n x n matriz A has a stable complete chain of in-
variant subspaces M. Then, given € > 0, there exists 6 > 0 with the following
property. If B is an n X n matriz with ||B — Al < 0, then B has a stable sta-
ble complete chain of invariant subspaces M for which GAP (M, N) < e, where
GAP (M, N) is as defined in (14.20).

Proof. Let ¢ be a positive number. As M is a stable complete chain of invariant
subspaces for A, there exists 6 > 0 such that ||B — A|| < ¢ implies that B has
a complete chain N of invariant subspaces such that GAP (M, N) < e. Accord-
ing to Theorem 14.16, the matrix A is nonderogatory, i.e., all its eigenspaces are
one-dimensional. As mentioned earlier, this property is retained under small per-
turbations. Thus if ¢ is taken sufficiently small, |B — A|| < ¢ implies that B is
nonderogatory too. But then the complete chain N referred to above is stable for
B by Theorem 14.16. O

14.8 Isolated factorizations and related topics

In the previous sections of this chapter we studied invariant subspaces, factoriza-
tions and solutions of the Riccati equation from the point of view of stability. In
the present section, we deal with another property, namely that of being isolated
which, apart from bearing a certain resemblance to stability, turns out to be equiv-
alent to stability. For reasons of systematic presentation, the material has been
divided in four subsections.

14.8.1 Isolated invariant subspaces

Let T be a bounded linear operator on a complex Banach space X. A closed
invariant subspace N of T is called isolated if there exists € > 0 such that the
following holds. If M is a closed invariant subspace of T' and gap (M, N) < ¢, then
M = N.In the same way as for stability, the property of being an isolated invariant
subspace is similarity invariant in the following sense. Let E be an invertible
operator on X, and introduce T = E~'TE, N = E~![N]. Then N is an isolated
invariant subspace for T if (and only if) N is an isolated invariant subspace for
T. The argument, which involves the condition number ||[E~!|| - ||E| of E, is
straightforward.

In the remainder of this subsection we will restrict ourselves to the finite-
dimensional case. Whenever convenient, matrices will be considered as operators.
Recall that the generalized eigenspace Ker (A\g — A)* of a k x k matrix A corre-
sponding to the eigenvalue A is denoted by N(\g).
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Theorem 14.28. Let A\1,...,\. be the different eigenvalues of the k x k matriz
A A subspace N of C* is an isolated A-invariant subspace if and only if N =

Ni+ -+ + N, where for each j the space Nj is an arbitrary A-invariant subspace
of N(\;) whenever dimKer (\;—A) =1, whzle otherwise Nj = {0} or N; = N();).

Proof. First we deal with the case when A has only one eigenvalue, without loss
of generality taken to be zero. So 7 = 1, A\; = 0 and N(X\;) = CF. There are two
different situations that have to be dealt with: dim Ker A = 1 (nonderogatory A)
and dimKer A > 2 (derogatory A). The first is trivial because there are only a
finite number of A-invariant subspaces then. So assume dim Ker A > 2. Obviously
the trivial subspaces {0} and C* are isolated invariant subspaces for A. What we
need to show is that the non-trivial A-invariant subspaces are not isolated.

Let N be a non-trivial A-invariant subspace. In the case when N = Ker AP
for some positive integer p we argue as follows. Let

{xj’f}?:l, 0 (14.32)
be a basis of C* such that the corresponding matrix representation of A has Jordan
form. In other words, for j = 1,...,q, we have

ijo :0, Al‘jk = Tj k-1, k= 1,...,7‘j. (1433)

For convenience we assume that r; > 75 > --- > r,. Observe that Ker A? is the
span of

{x]k}j 1, k: 0 . (14.34)

Here r; A (p — 1) is the minimum of r; and p — 1. We claim that r; > p. Indeed,
for if not N = Ker AP would be all of C* . For ¢ # 0, let N, be the span of

—1 rjA(p—1 1)
{xjk}?:l,k:o(p ) U {zgk } p = U {wq,rqA(p—l)+5$1p}a

where the middle term in the union is absent when r4 A (p — 1) = 0. Since
q = dimKer A > 2, we have that N. is an invariant subspace of T'. Moreover,
gap (Ne, N) — 0 when € — 0. As all N, are different from N, it follows that NV is
not isolated.

Next assume that N is not of the form Ker A™. Since Ker A™ = CF for m
sufficiently large and N # CF, there exists a unique non-negative integer p such
that

Ker AP C N, Ker AP ¢ N.

Consider the restriction Ag of A to N. The spectrum of Ay consists of zero only. Let
(14.32) now denote a basis of N such that the corresponding matrix representation
for Ag has Jordan form. This means that (14.32) is a basis of N for which (14.33)
holds. Again we assume that 71 > r9 > -+ > r,. Now Ker A? = Ker A} is the span
of (14.34). Since N # Ker AP, it follows that r; > p. Choose u € Ker APT1\ N,
and put

up = AP~ Fy, k=0,...,p.
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Then clearly
AUOZO, Auk:uk_l, k':l,...,p.

Moreover, up, = u ¢ N. For € # 0, we now define N, to be the span of

{win}ioico U {zn il ™ U {@1m—pik + cur iy,

where the middle term in the union is absent when p = ;. Then N, is well defined
for 71 > p. Observe that N. is A-invariant and gap (N., N) — 0 when ¢ — 0. Since
all N. are different from NN, it follows that IV is not isolated, as desired.

We now drop the restriction that A has only one eigenvalue, so r is allowed to
be larger than one. Write X1, ..., X, for the generalized eigenspaces corresponding
to the different eigenvalues Aq,..., A\, of A. Thus X; = N(\;) for j = 1,...,r.
Then C* = X; + --- 4 X, and relative to this decomposition A has the (diagonal)
form

A 0 0

0o . : ) . . )
A= C X b X, o X4 B X,

: L0

0o .- 0 A,

with o(A;) = {\;} for all j.

Let N be an isolated invariant subspace for A. For j = 1,...,7, put IV; =
N N X;. Then N; is an A-invariant subspace of X; and N = N; + -+ N,. We
need to prove that N is either {0} or X; whenever dim Ker (A; — A) > 2. Suppose
the latter is the case and {0} # N; # X,. Then Nj; is a non-trivial Aj-invariant
subspace where A; is derogatory and has only one eigenvalue. Hence N; is not
isolated for A;. But this immediately implies that, contrary to our assumption, /N
cannot be isolated for A.

Next, assume N = N; + --- + N,., where for each j the space Nj is an ar-
bitrary A-invariant subspace of X; whenever dim Ker (A\; — A) = 1, while other-
wise N; = {0} or N; = X,. Then, by the preliminary observations made above
about the single eigenvalue case, Ny, ..., N, are isolated invariant subspaces for
Ay, ..., A, respectively. Suppose now that N is not isolated for A. This means
that there is a sequence of A-invariant subspaces NV, N . all different from
N, such that gap (N, N) — 0 when n — co. Put N;") = NN X;. Then N;")

is an invariant subspace for A;. Also N = an) Foo N and
lim gap(NJ(n),Nj): 0, j=1,...,mr
As Nj is isolated for A;, we may conclude that N J(n) = N; for n sufficiently large,

depending on j. Now j takes only a finite number of values. It follows that there
exists ng such that

N;n):Nj j=1,...,m, n=mng,no+1,....
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But then N(®) = N for n larger than or equal to ng . This yields a contradiction,
and we conclude that N is an isolated A-invariant subspace. O

Comparing Theorem 14.28 to the characterization of stability given in The-
orem 14.1, one obtains the conclusion that an invariant subspace is isolated if and
only if it is stable. This result is typical for the case of spaces over C. In fact, as
we shall see in the next chapter (Section 15.3), when the underlying scalar field
is R instead of C, then stable invariant subspaces are isolated, but the converse is
no longer true.

Returning to the situation where the underlying field is C, we note that
Theorem 14.7 remains true when the word stable is replaced by isolated. The
argument is the same as that for Theorem 14.7 where, of course, one has to read
stable instead of isolated and with the reference to Theorem 14.1 replaced by one
to Theorem 14.28.

We close this subsection with one additional remark. From Theorem 14.28
one immediately has the following two observations. If o(T') consists of exactly
one eigenvalue of geometric multiplicity one, then each invariant subspace of T
is isolated; if o(T) consists of exactly one eigenvalue of geometric multiplicity at
least two, then no non-trivial invariant subspace of T" is isolated. This can be used
to give a quick elementary proof of [40], Theorem 9.

14.8.2 Isolated chains of invariant subspaces

Next we turn to chains of subspaces. A complete chain N of invariant subspaces
for the n x n matrix A is said to be isolated (for A) if there exists ¢ > 0 with
the following property. If M is a complete chain of A-invariant subspaces and
GAP (M, N) < g, then M = N. In analogy to what was observed above about
isolated subspaces, a complete chain of A-invariant subspaces is isolated if and
only if it is stable. This is immediate from the following result combined with
Theorem 14.16.

Theorem 14.29. The matriz A has an isolated complete chain of A-invariant sub-
spaces if and only if A is nonderogatory. In that case, A has a finite number of
complete chains of invariant subspaces and all these chains are isolated.

Proof. Suppose A is nonderogatory. Then, as we already have seen in the last
paragraph of the proof of Theorem 14.16, the (nonempty) collection of all complete
chains of A-invariant subspaces is finite, and it is obvious that each complete chain
of A-invariant subspaces is isolated.

In the remainder of this proof it is assumed that A is derogatory. The aim is
to show that there are no isolated complete chains of A-invariant subspaces. First
we deal with the case when A has only one eigenvalue, without loss of generality
taken to be zero.
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Let M = {M;}}"_, be a complete chain of A-invariant subspaces, and choose
a basis u1, ..., u, of C" such that

M; = span{us,...,u}, l=0,...,n,

where following standard practice span{@} = {0}. Let U = [uj ug - - uy,] be the
n x n matrix whose [th column is u;. Then U is invertible and U~'AU is upper
triangular. Clearly U~tAU has the eigenvalues of A on the diagonal. Now (as
assumed for the time being) A has zero as its only eigenvalue. Thus the diagonal
of U=1 AU features only zeros. But then U~ AU is strictly upper triangular and

Au; € span{uy,...,u—1}, I=1,...,n. (14.35)

Clearly, U1 AU has the zero vector in C" as its first column. If the other columns
in U~' AU were linearly independent, the rank of U ' AU would be n — 1 contra-
dicting the fact that A is derogatory. Indeed, the latter means that dim Ker A is
a least 2 so the (coinciding) ranks of A and U~'AU are at most n — 2. Choose p
among the integers 1,...,n—1 such that the (p+1)th column in Ut AU is a linear
combination of the columns of Ut AU in the positions 1 up to (and including) p.
Note that one can take p = 1 if and only if U~ AU has the zero vector in C" not
only as its first, but also as its second column. For the specific value [ = p+ 1, the
expression (14.35) can now be sharpened into

AuP+1 € span {ul, . ,up_l}. (1436)

For k = 1,2,..., put vy = w; for Il = 1,...,n, | # p and (with slight abuse of
notation because the dependance on k is suppressed)

1
Up = Up + U1 (14.37)
Then, for Il =1,...,n, l #p,p+ 1,
Av; = Au; € span{uq,...,u;—1} = span{vy,...,v_1}.

This is evident from (14.35) and the definition of v, ..., v,. Further,
1
Av, = Auy, + EAupH € span{ui,...,up—1} = span{vi,...,Up_1}.
Here we used not only (14.35) but also (14.36). Finally, based on (14.36),

Avpi1 = Aupyq € span{u, ..., up—1} = span{vi,...,vp_1}.

We conclude that that the subspaces span{vy,...,v;} form a complete chain of
A-invariant subspaces. We shall denote this chain, which via (14.37) depends on

k, by NF) = {Nl(k)}lnzo. Forl=0,...,n, | # p, we have

Nl(k) = span{vy,...,u} =spaniuy,...,u} = M,
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and so GAP (N® M) = gap (N*, M,). Now

k
st) = span{ul,...,up_l,up+ﬁupﬂ},

M, = span{ui,...,up_1,up},

and it follows that limy .., GAP (N, M) = limy_... gap (NS, M,) = 0. For all
k, the subspaces Nz(,k) and M, are different, hence the chains A %) and M are
different too. We conclude that the complete chain M of A-invariant subspaces is
not isolated.

We now drop the restriction that A has only one eigenvalue. Write oy, .. ., ag
for the different eigenvalues of A and Pi,..., Ps for the corresponding spectral
projections. For j = 1,...,s, put X0 = Im P;. Then XM X6 are the
generalized eigenspaces corresponding to the different eigenvalues aq, ..., as of A.
Hence CF = XM 4 ... 4 X and with respect to this decomposition A has the
(diagonal) form

AD o L. 0
0o : C S
A= XD f b x® o xO X6
: Y0
0 --- 0 A®

with o (AW)) = {a;} for all j and at least one of the diagonal entries A, ... A()
derogatory, say A (without loss of generality).

Let M = {M;}}", be a complete chain of A-invariant subspaces. Taking the
intersection of the subspaces M; with the generalized eigenspace X; we obtain a
complete chain M) = {Ml(j)}?:jo of AW)-invariant subspaces. Here dim X; =n,;.
The subspaces constituting the chain M can now be written in the form

_ v L@ Loar(s) _

M, = Mul(1)+Mul(2)+ +Mul(s)7 [=0,...,n, (14.38)
with 7;(j) among 0, ...,n;, and this representation is unique. The nonnegative
integers v;(1),...,v(s), being the dimensions of Mlgll()ly e Mzgll()s)v add up to the
dimension [ of M;. Also v;(j) = v—1(j) for all j = 0,..., s except one, written ry,

for which vy (k1) = vi—1(k1) + 1. Here I = 1,...,n.

As AW is derogatory and has only one eigenvalue, the complete chain of A()-
invariant subspaces M) is not isolated. This means that there exist complete
chains of AM-invariant subspaces Nl(l),/\@(l), ..., all different from M such
that limg o GAP (VY MDY = 0. Write NV = {N}™, and introduce

_ar(D) i ar(2) ; i oar(s)
Nt =N oy Nyt -+,

kv (s)? [=0,...,n,
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with 2(1),...,v(s) as in (14.38). Then N, = {Ni}]-, is a complete chain of
A-invariant subspaces and

khm GAP (N, M) = 0.

Now N1, Na, ... are all different from M, and we may conclude that M is not
isolated. 0O

14.8.3 Isolated factorizations

Next we consider factorizations. Let Wy be a proper rational m x m matrix function
with Wy(00) = I, and let Wy = Wy Woo be a minimal factorization. Further-

more, let
Wos(N) = I+ Co;(\Ln, — Aqy) 'Boj,  j=1,2,  (14.39)

be minimal realizations of Wy and Wys. The factorization Wy = Wy Wi is called
isolated if the following condition (IF) is fulfilled:

(IF) There exists € > 0 such that if Wy, = W1;Ws, while W; and W admit

minimal realizations
W;(A) = L, + Cj(M,, — A;j)"'B;, j=1,2,
satisfying
14j = Aojll + [1Bj = Bojll + IC; = Cojll <&, 5 =1,2,
then W7 = Wy and Wy = Ws.

As for stable minimal factorization, the definition of isolated minimal factorization
does not depend on the particular choice of the minimal realization in (14.39).
Indeed, consider another pair of minimal realizations

Woj(A) = I + Coj(ALn, — Aoj) *Boj,  j=1,2, (14.40)

and assume condition (IF) is fulfilled. We have to show that this condition is
also fulfilled when the minimal realizations in (14.39) are replaced by the minimal
realizations in (14.40). As a first step, note that by the state space isomorphism
theorem there exist invertible matrices S; and S (of appropriate size) such that

Aoj = Sjgoij_l, Boj = Sjgoj, Coj = éojS;l7 7 =12
Put £ = ¢/, where
a = max {[[S1]| - ST, 1Sl 157l ISl - 155 1S, 1155}

We claim that with the minimal realizations in (14.39) being replaced by the
minimal realizations in (14.40), condition (IF) is fulfilled with € in place of .
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To see this, let Wy = Wl Wg, where Wl and Wg are given by the minimal
realizations

W;(\) = Iy + C;(M,, — Aj))7B;,  j=1,2,
and assume that
[4; — Aojll + |B; — Bojll +IC; — Cosll <&, j=1,2.
Using the invertible matrices S; and Sy we introduce the matrices:
Aj=S;A;87,  B;j=S;B;,  C;=0C;S7, j=1,2

Then Wj()\) = I + Cj(Al,, — A;)"'B;, j = 1,2, and these realizations are
minimal. Furthermore, we have

|45 = Aojll + |1B; — Bos [l + 1C5 — Caj
= ||S;4;8; 1 — S;A0;S; M| + 118,85 — S;Bosl| + 11C58; 1 — Co ;71|
< IS5 15571 1145 = Aozl + 1151 - 1B; = Bosll + 1155711 - 1€ — Cos
< a([|A; — Al + 1 B; — Bos |l + [IC; — Cos)
<ae=c¢.
Since (IF) is fulfilled, we conclude that /Wl = Wy and /Wl = Wp1, as desired.

Theorem 14.9 remains true with the word stable replaced by isolated.

Theorem 14.30. Suppose Wy = W1 Woe is a minimal factorization. This factor-
ization is isolated if and only if each common pole (zero) of Wo1 and Woe is a
pole (zero) of Wy of geometric multiplicity one.

Thus a minimal factorization of a rational matrix function is isolated if and
only if it is stable. This is different when the underlying scalar field is R instead of
C. In that situation stable minimal factorizations are isolated, but the converse is
no longer true; see the next chapter (Section 15.4). The proof of Theorem 14.30 is
along similar lines as that of Theorem 14.9 but uses Theorem 14.7 with the word
stable replaced by isolated (cf., the last paragraph of Subsection 14.8.1).

The next topic to be treated in this subsection is isolated complete factor-
izations. Let Wy be a rational m x m matrix function with Wy(co) = I,,, and
let

1 1
Wo(\) = ([m + - amROl) (Im + R R0n> (14.41)



14.8. Isolated factorizations and related topics 371

be a complete factorization of Wy. We say that this complete factorization is
isolated if there exists € > 0 such that the following holds. If

WO = (It o) oo (It =) (11.42)

A — oy A — oy,
is a complete factorization of Wy and
laj — aoj| +[|[Rj — Rojll < e, j=1,....m, (14.43)

then (14.41) and (14.42) coincide, i.e., a; = ag; and R; = Roj, j = 1,...,n.
Again (see the second paragraph in Section 14.4) this definition is not completely
analogous to the one given of an isolated minimal factorization involving just two
factors. It can, however, also be given along these lines using representations of
the form (14.18) and (14.19).

As might be expected by now, Theorems 14.13 and 14.14, remain true when
the word stable is replaced by isolated, and this is true for Corollary 14.15 as well.
The precise statements are covered by the following results.

Theorem 14.31. Let Wy be a rational m x m matriz function with Wy(oco) = I,,.
A necessary condition for Wy to admit an isolated complete factorization is that
the poles and zeros of Wy all have geometric multiplicity one. In that case there
are only finitely many complete factorizations of Wy and these are all isolated.

Theorem 14.32. Let Wy be a rational m X m matriz function with minimal real-
1zation
Wo(A) = L + Co(Al, — Ao) ™" Bo.

A necessary condition for Wy to admit an isolated complete factorization is that
both Ay and Af = Ao — BoCy are nonderogatory. In that case there are only
finitely many complete factorizations of Wy and these are all isolated.

Corollary 14.33. Let Wy be a companion based rational m X m matriz function.
Then there are only finitely many complete factorizations of Wy and these are all
isolated.

Note that these results do not guarantee that Wy admits a complete factor-
ization. The number of these factorizations might be zero. Observe also that for
complete factorizations, the stable and the isolated ones coincide.

As in Section 14.5, let Lo = Lo L1 where Lg, Loy and Lgs are monic m X m
matrix polynomials of degree p, ¢ and r, respectively, so Ly € MP,, Lo1 € MP,
and Lgs € MP,.. We say that the factorization Ly = LgoLg; is isolated if there
exists € > 0 with the following property. If Ly = LoL; with L; € MP, and
Ly € MP,., and

IL; — Lojll <e,  j=1,2,

then L1 = Loy and Ly = Lgo. Theorem 14.20 remains true with the word stable
replaced by isolated.
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Theorem 14.34. Let Ly, Lo1 and Lo be monic m x m matrix polynomials, and
assume Lo = LooLg1. This factorization is isolated if and only if each common
eigenvalue of Loy and Lgs is an eigenvalue of Ly of geometric multiplicity one.

Thus a minimal factorization of monic matrix polynomials is stable if and
only if it is isolated. In the case when the underlying scalar field is R instead of
C, things are different. Stable minimal factorizations are then always isolated, but
the converse is no longer true. For details, we refer to the next chapter.

14.8.4 Isolated solutions of the Riccati equation

A solution R of a given operator Riccati equation is called isolated if there exists
€ > 0 such that the following holds. If @ is also a solution of the Riccati equation
in question and ||Q — R|| < ¢, then Q = R. Theorem 14.22 remains true with the
word stable replaced by isolated.

Theorem 14.35. Consider the operator Riccati equation
XTon X + XTo —T11 X =T = 0,

with Ty; € L(Y;,Y;), 1,5 = 1,2, where Y1 and Ys are finite-dimensional Banach
spaces. A solution R of this equation is isolated if and only if each common eigen-
value of Th1 — R1%1 and Tae + 121 R is an eigenvalue of geometric multiplicity one
of the operator
Ty Tio ) )
T = IY1—|—Y2—>Y1+Y2.
Tay Too

Thus as far as solutions of the operator Riccati equation is concerned, the
stable and the isolated ones are the same. In the case when the underlying scalar
field is R instead of C, the situation is different. Then stable solutions are isolated,
but the converse is no longer true. For details, we refer once more to the next
chapter.

Notes

This chapter covers the material from Chapter VIII in [14], with Sections 14.2,
14.4 and a large part of 14.8 as substantial novel additions. For further informa-
tion about stability of invariant spaces we refer to [70]; see also Chapter S4 in [69].
The notion of Lipschitz stability (Section 14.2) was introduced in [83], where one
also can find Theorem 14.8 and its proof. Theorem 14.21 is a particular case of
Theorem 17.3.3 in [70]; Theorem 14.23 is Theorem 17.9.3 in [70]. The fact, men-
tioned in Section 14.8, that in the finite-dimensional case an invariant subspace is
stable if and only if it is isolated has been proved in [34] too (see also [37]). The
main theorem in [34] contains the characterization given in Theorem 14.1. For
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related material, see [40]. Analytic properties of invariant subspaces depending on
a complex parameter, also with applications to factorizations of rational matrix
functions and to quadratic matrix equations can be found in Part Four of [70].
Stability of chains (more generally, of lattices) of invariant subspaces has been
considered in [70], Section 15.6. The results in Section 14.4 on (Lipschitz) stability
of complete factorizations are new. Also new are the results in Section 14.8 on iso-
lated complete chains of invariant subspaces and isolated complete factorizations.

As a further development we mention the notion of a-stability of invariant
subspaces which originated from [70], Exercise 16.7. An A-invariant subspace M
is called a-stable if there exist positive constants ¢ and K such that |[A— B < ¢
implies the existence of a B-invariant subspace N with gap(M, N) < K||A— B||*.
It follows that the notion of a-stability is weaker than Lipschitz stability and
stronger than usual stability. A full characterization of a-stable invariant subspaces
was first given in [98]. The related concept of strong a-stability was introduced
and studied in [100]. Other related notions of stability and applications can be
found in [99] and the references cited therein. The paper [99], which has survey
character, also points the way to the literature on stability of invariant subspaces
of matrices with symmetry properties in indefinite inner product spaces. The latter
can be applied to study stability of symmetric factorizations for rational matrix
functions W(\) that have selfadjoint values for real values of \.

For the connections with computational aspects, we refer to [17], where
among other things rough estimates are given for the number of computations
involved in the construction of a minimal factorization of a transfer function.






Chapter 15

Factorization of Real
Matrix Functions

In this chapter we review the factorization theory for the case of real matrix
functions with respect to real divisors. As in the complex case the minimal fac-
torizations are completely determined by the supporting projections of a given
realization, but in this case one has the additional requirement that all linear
transformations must be representable by matrices with real entries. Due to the
difference between the real and complex Jordan canonical form the structure of
the stable real minimal factorizations is somewhat more complicated than in the
complex case. This phenomenon is also reflected by the fact that for real matrixes
there is a difference between the stable and isolated invariant subspaces.

15.1 Real matrix functions

We begin with some notation and terminology. Let = (x1,...,2,)" be a vector
in C". Then T = (Ty,...,T,) ' is called the conjugate of x. We say that x is real
if x =7T. So the real vectors in C" are just the elements of R"™.

Let M be a subspace of C". Then, by definition, M = {Z | + € M}. Note
that M is also a subspace of C". We call M self-conjugate if M = M. This notion
will be used in Sections 15.2 and 15.3. It is easy to see that M is self-conjugate
if and only if there exists a subspace N (uniquely determined by M) of the real
vector space R™ such that M = {z+ iy | z, y € N}.

Suppose A = [ajk]?zlfgzl is a complex matrix. By the conjugate A of A, we
mean the matrix

A = [a]f i

The matrix A is called real if A = A. In other words, A is real if and only if all
its entries are real numbers. Now specify bases eq,..., e, of C™ and f1,..., f, of
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C™ consisting of real vectors. Then the matrix A defines a linear operator from
C™ into C". Note that A is a real matrix if and only if this operator maps real
vectors in C™ into real vectors in C™.

Let W be a rational m x m matrix function. We say that W is real if W(\)
is a real matrix for all real A in the domain of W (i.e., not being a pole of W). A
realization

W) = D+C(\, —A)'B (15.1)

is called a (minimal) real realization of W if (it is minimal in the sense of Section
7.1 and) A, B,C and D are real matrices. Clearly, if W admits a real realization,
then W is a real matrix function. The converse of this is also true; in fact, one can
always make a minimal real realization (cf., [116], Lemma 1).

Theorem 15.1. Let W be a proper rational m x m matriz function. Assume W is
real. Then W admits a minimal real realization.

Proof. Let n be the McMillan degree of W. Then W admits a minimal realization
of the form (15.1), where A, B,C and D are complex matrices of appropriate

sizes. Define the rational m x m matrix function W by W(\) = W()\). Then
clearly W(A\) = D + C(\ — A)~!'B is a minimal realization for W. For all real
A in the domain of W, we have W()\) = W(\). It follows that W = W, and
hence W()\) = D + C(A — A)~!B is a minimal realization for W. So the systems
(A, B,C,D;C",C™) and (A, B,C,D;C",C™) are similar. In particular D = D,
thus D is a real matrix.

Let U be an invertible complex matrix such that

U AU = 4, U™'B=B8, CcU =C. (15.2)

Put Q = col (CA7~1)7_,. Then Q = col (CA "y, and so QU = Q. Due to the

i=0
minimality, the matrix Q has rank n. Now we construct a special left inverse Q(—1)
of 2 and an invertible n x n matrix S such that

Q- =513,
Write Q = [wij]fﬁl)j”:l. Choose 1 < i1 < ip < ++- < i, < kn such that

S = [wiaﬁ]z,ﬁ:l

is invertible. Define Q(—1 to be the n x kn matrix all of whose columns are zero
except those with index i1, ..., i,, while together the latter form the inverse of S.
Then 2 and S have the desired properties, and hence

U=00Y0=5713.
Using this in (15.2) we get
SAS™t=SAS-T, SB =SB, csS™t=Cs-1.
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Thus SAS™!, SB, and CS~! are real matrices. But then
W(\) = D+CS '\, —SAS™1)"'SB
is clearly a minimal real realization for . This completes the proof. O

Let W be a rational m x m matrix function, and write
W) = [wi;(N)]=1-

If the functions w;; may be written as quotients of (scalar) polynomials having
real coefficients, then obviously W is real. The converse is also true. For the special
case when W is proper, this is an easy consequence of Theorem 15.1. For arbitrary
real rational m x m matrix functions, not necessarily proper, the result follows by
applying a suitable Mdbius transformation mapping the extended real line onto
itself.

Next we study real factorizations of rational matrix functions. Let W, W and
W5 be rational m x m functions, and suppose that W = W1 W5. We say that this
factorization is a (minimal) real factorization if (it is a minimal factorization and)
the factors W, and W5 are real. We shall characterize minimal real factorizations
in terms of supporting projections. For convenience we restrict ourselves to the
case where the functions W, Wy and W5 are proper and have the value I, at
infinity.

Theorem 15.2. Suppose W (A) = I,,, + C(\I,, — A) "1 B is a minimal real realization.
Let 11 be a supporting projection of the system © = (A, B,C;C™ ,C™), and let
W = W1 Wy be the corresponding (minimal) factorization of W. This factorization
1s real if and only if 11 is a real matrix.

Proof. One checks without difficulty that II is also a supporting projection of the
system ©. The corresponding (minimal) factorization is W = W W4, where

Wi\ =w;(0), =12
The desired result is now immediate from Theorem 9.3. O

Let us remark that it may happen that W has plenty of minimal factorizations
with non-real factors, but no minimal real factorization. To give an example, let
W be the real rational 3 x 3 matrix function given by

A+ 2X2 1 3N+ 1
A(A2 +1) A(A2 +1)

X2 -1 A3 —2M2 -1
A2+ 1) A2+ 1)
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and introduce

0 1 1 1
1 1 1
A= -1 0 0 |, B=1|0 1], C =
-1 0 -1
0 0 11

Then W(A) = Iy + C(A3 — A)~!B is a minimal real realization for W. Observe
that

0 0 0
A*=A-BC=|0 0 1
0 -1 0

The non-trivial invariant subspaces of A, considered as an operator on R? are
R+R+{0} and {0}4+{0}+R. The non-trivial invariant subspaces of A*, considered
as an operator on R? are R+ {0} +{0} and {0} + R4 R. From this it is clear that
the system © = (A, B, C; C3,C?) has no real supporting projections. But then the
function W does not admit any minimal real factorization. In particular W has no
minimal factorization involving real elementary factors. This is in contrast with
the situation where complex factorizations are considered. Indeed, as the function
W has simple poles, it can be written as a product of three complex elementary
factors (Section 10.2). In fact, one such factorization into degree one factors is
given by

A4l 1 | L2 Aol4i 1—i

- ) ) Nt N1 a_1
-1 A+ , A-i ~1 A—1

) ) Nt N1 A

Note that from the above example it follows that Theorems 10.10 and 10.11 do
not have real counterparts.

15.2 Real monic matrix polynomials

Throughout this section L will be a monic m x m matrix polynomial. We say that
L is real if L(\) is a real matrix for all A € R. An equivalent requirement is that
all coeflicients of L are real matrices.

Let [ be the degree of L. If there exists a monic system ©,

@ = (T7 R’ Q?O; (le7Cm)7

such that the transfer function of © is L=! and T, R and @ are real matrices,
then clearly L is real. The converse is also true. To see this, just take the first
companion system (3.3) corresponding to L. This characterization of real monic
matrix polynomial could also have been obtained from Theorem 15.1.
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Assume that L = LoL, where Ly and Lo are monic m X m matrix polynomi-
als. We say that the factorization L = LoLq is real if the factors Ly and Lo (and
therefore also L) are real. The next theorem is the analogue of Theorem 15.2.

Theorem 15.3. Suppose that © = (T, R, Q,0; C™, C™) is a monic system such that
the transfer function of © is L™, and let T, R and Q be real matrices. Let M be
a supporting subspace for ©, and let L = Lol be the corresponding factorization
of L. This factorization is real if and only if M is self-conjugate.

Proof. Write M = {T | 2 € M}. Then M is also a supporting subspace for © and
the corresponding factorization of L is L = Lo L1, where

Lin) = L)),  j=12

This implies the desired result. O

15.3 Stable and isolated invariant subspaces

In this section we study stable invariant subspaces and isolated invariant subspaces
of operators acting on finite-dimensional real spaces. We refrain from giving the
explicit definition of these notions because they are formally the same as those
presented in Sections 14.1 and 14.8. In the one but last paragraph of Subsection
14.8.1 we mentioned that in the complex case each stable invariant subspace is
isolated and conversely. When the underlying scalar field is the real line, this is no
longer true.

We shall begin our investigation by considering some simple special cases.
But first we introduce some notation and terminology.

Let E be a real Banach space. The complexification of E will be denoted by
E°. As a set, E° consists of all (ordered) pairs (z,y) with x and y in E. Instead of
(z,y) we shall write x + dy. If n =  + iy belongs to E€, then 77 = x — iy is called
the conjugate of n. We call n = x + iy real if n = 7 or, equivalently, y = 0. The
real vectors are identified with those of E in the usual way.

If N is a subspace of E, then N€¢ is a subspace of E¢. Let M be a subspace
of E¢. Then M = {7 | n € M} is also a subspace of E°. We call M self-conjugate
if M = M. Observe that M is self-conjugate if and only if there exists a subspace
N of E such that M = N¢.

Suppose T is a (bounded) linear operator from E into F. Here E and F
are real Banach spaces. Define T¢ : E¢ — F° by T¢(z + iy) = Tz + iT'y. Then
T¢ is a (bounded) linear operator which is called the complexification of T. For
an arbitrary (bounded) linear operator S : E° — F° we define the conjugate
S : E¢ — F° by S(n) = S(7). Observe that S is a (bounded) linear operator. We
call S real if S = S. One checks without difficulty that S is real if and only if
S =T for some (bounded) linear operator T': E — F'. Also, S is real if and only
if S maps real vectors in E into real vectors in F'.
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Assume now that F and F are finite-dimensional real spaces with bases
€1,...,em and fi1,..., fn, respectively. Note that ey,...,e, and fi,..., f, form
bases of E¢ and F°, respectively. With respect to these bases a linear operator
S : E° — F° can be represented by a matrix, say

S = [sjklj=1k=1-

A straightforward calculation shows that S is then given by

S =[Skl 1

Thus S is real if and only if all entries s;j; in the matrix representation for S
are real. So, after specification of bases consisting of real vectors, real operators
between complexifications of finite-dimensional real spaces can be identified with
real matrices.

Let T be a linear operator acting on a finite-dimensional real space E. The
spectrum of T is by definition the spectrum of T°. It is denoted by o(T). Since the
characteristic polynomial of T¢ has real coefficients, the spectrum of 7" is symmetric
with respect to the real line. The points of o(7T') are called the eigenvalues of T'.
If A\ is a real eigenvalue of T', the geometric and algebraic multiplicity of Ay are
equal to dim Ker (Ao — T") and dim Ker (Ag — T")", respectively. Here n = dim E.

Lemma 15.4. Suppose dim E is odd and o(T') consists of exactly one real eigenvalue
of geometric multiplicity one. Then each invariant subspace of T is both stable and
1solated.

Proof. The hypothesis on T implies that 7" is unicellular. Hence each invariant
subspace of T is isolated.

Let N be an invariant subspace of T'. Put k = dim V. Since dim F is odd each
operator S on E has an invariant subspace of dimension k. To see this, observe
that o(S) contains at least one real point and use the real Jordan normal form
for S (cf.,[88], 36.2). The proof that NNV is stable is now similar to that of Theorem
14.2 (see also the proof of Corollary 14.3). O

Lemma 15.5. Suppose dim E is even and o(T') consists of exactly one real eigen-
value of geometric multiplicity one. Then the even-dimensional invariant subspaces
of T are stable and the odd-dimensional invariant subspaces of T are not stable.
All invariant subspaces of T are isolated.

Proof. The last statement of the theorem is clear from the fact that 7" is unicellular.

Let NV be an invariant subspace of T', and put £ = dim N. Assume k is even.
Then each operator S on E has an invariant subspace of dimension k. This follows
from the hypothesis that dim E is even and the real Jordan normal form of S.
Using the same method as in the proof of Lemma 15.4 we can now show that N
is stable.
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Next assume that k is odd. In order to prove that N is not stable, we may
suppose that o(T) = {0}. With respect to a suitable basis for F, the matrix
representation of 7' has the upper triangular nilpotent Jordan form

ro 1 0 -+ 07
0
T = 0
0
L0 -« - 0 0|

Now let € be positive a positive number, and let 7. be the matrix which one
obtains if for even j from 2 to n, the (j,j — 1)th entry in 7T is set to be —&2
while all other entries remain unchanged. Here n is the order of 7', and according
to our hypotheses this number is even. Clearly 7. — T as € | 0. One checks
without difficulty that o(T.) = {ie, —ic}. So o(T:) N R = (). Recalling that a
(scalar) polynomial with real coefficients and odd degree has at least one real
zero, we see that 7. has no invariant subspaces of odd dimension. This completes
the proof. O

From Lemma 15.5 it is already clear that not every isolated invariant subspace
will be stable.

Lemma 15.6. Suppose o(T') consists of exactly one real eigenvalue of geometric
multiplicity at least two. Then T has neither stable nor isolated non-trivial invari-
ant subspaces.

Proof. Let N be a non-trivial invariant subspace of T'. The proof that N is not
stable is almost verbatim the same as that of Lemma 14.4. To establish that N is
also not isolated, use the argument presented in the second and third paragraph
of the proof of Theorem 14.28 with C* replaced by E and A by T. a

From Lemmas 15.4-15.6, we obtain the following two observations. If o(T)
consists of exactly one real eigenvalue of geometric multiplicity one, then each
invariant subspace of T' is isolated. Also, if o(T") consists of exactly one real eigen-
value of geometric multiplicity at least two, then no non-trivial invariant subspace
of T is isolated. In Subsection 14.8.1 we have seen that in the complex case the
same conclusions hold even when the single eigenvalue is non-real.

Lemma 15.7. Suppose o(T) consists of two non-real eigenvalues of geometric mul-
tiplicity one. Then each invariant subspace of T is both stable and isolated.

Proof. First of all, note that T is unicellular. Hence each invariant subspace of T’
is isolated. Next observe that all invariant subspaces of T' are even-dimensional.
In particular the dimension of E is even. The rest of the argument is now similar
to that presented in the second paragraph of the proof of Lemma 15.5. O
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Lemma 15.8. Suppose o(T') consists of two non-real eigenvalues of geometric mul-
tiplicity at least two. Then T has neither stable nor isolated non-trivial invariant
subspaces.

Proof. Let N be a non-trivial invariant subspace of T'. The proof that N is not
stable is analogous to that of Lemma 14.4. In order to prove that N is also not
isolated, we argue as follows.

Consider N¢ = {z+1iy | ¢,y € N}. Observe that N¢ is a non-trivial invariant
subspace of T°. The spectrum of T consists of two non-real eigenvalues of geo-
metric multiplicity at least two. Denote these eigenvalues by a + i and « — 0,
and let Ny, respectively N_, be the generalized eigenspace corresponding to T
and « + i3, respectively a — i3. The non-trivial stable invariant subspaces of T
are Ny and N_. In the complex case, however, the notion of a stable and that of
an isolated invariant subspace coincide. So the only non-trivial isolated invariant
subspaces of T¢ are Ny and N_. Now N_ = {5 |n € Ny} and E¢ = N, + N_.
From this it is clear that N_ # N¢ # N_. It follows that the T°-invariant subspace
N°€ is not isolated.

Let My, Ms, ... be a sequence of T“-invariant subspace all different from N€,
such that gap (Mg, N¢) — 0. For k =1,2..., we put

MP=MynNy, M, = M,NN_.

Then My = M;"+ M, ", gap (M,", N°N N;) — 0 and gap (M, ,N°NN_) — 0 for
k — oo. From M} # N€¢ and

N¢ = [N°NNy]+ [N N N_],

we see that either M,j #N°NNy or M, # N°N N_. Assume, for instance, that
M, ,j' # N°¢N N, for infinitely many k. Then, by passing to a subsequence, we may
assume that M;" # N¢N Ny for all k. Put

L= M} +{7|neM}.

Then Ly is T°-invariant. Moreover, Ly is self-conjugate and hence we have Lj =
Nf ={x+1y|z,y € N} for some T-invariant subspace Ny, of E.
Observe that
Ng = [NgN N2+ [NE NN,

where Nf NNy = M," and NENN_ = {5 | ne M;}. So

gap (Nf NNy, N°NNy) — 0, k — 00),

gap (NF N N_,N°NN_) — 0, k — 00).

(

(
It follows that gap (Ng, N¢) — 0. But then gap (N, N) — 0 too. Since N NN, =
M;" # N°¢N N4, we have that Ny # N for all k. We conclude that N is not
isolated, and the proof is complete. O
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In order to deal with an arbitrary linear operator 7' on a finite-dimensional
real space F, we introduce some more notation and terminology. Let Ay be a real
eigenvalue of T'. Recall that the algebraic multiplicity of Ag is equal to dim Ker (A\g—
T)", where n = dim E. The space Ker (A\g —T)" can be described as follows. Con-
sider the spectral projection of T¢ corresponding to Ag. It is easy to see that
this spectral projection is a real operator. Hence it is of the form P(T'; \g)¢ for
some projection P(T’; Ag) of E. We call P(T; \o) the spectral projection of T cor-
responding to Ag. The image of P(T; \g) is the space Ker (A\g — T)"; it is called
the generalized eigenspace corresponding to T" and .

Next let a4 i3 be a non-real eigenvalue of T'. Then o — i3 is an eigenvalue
of T too, and the geometric (algebraic) multiplicities of o + i3 and « — i3 are
the same. The spectral projections of T corresponding to a + i8 and o — i3
are non-real. However, their sum is real. In other words, there exists a projection
P(T;a,B) of E such that P(T;«a, 3)¢ is the spectral projection corresponding to
T and the spectral set {a + i3, a —i5}. We call P(T; a, §) the spectral projection
corresponding to a +i3. Note that

(Im P(T; «, ﬂ))c = Ker (a+i8 —T°)" + Ker (o — i3 — T)".

The image Im P(T; a, B) of P(T; v, B) is called the generalized eigenspace corre-
sponding to T" and « + i3; its dimension is two times the algebraic multiplicity of
« + i as an eigenvalue of T¢. Write

o(T) = {\j}tj=1 U {ax £ Bk}

where A1, ..., \. are the distinct real eigenvalues of 7" and ay + 01, ..., as + i
are the different eigenvalues of T' lying in the upper half-plane. Put

P()\j) = P(T; ))), P(ay, Br) = P(T; o, Br),
N(Aj) = Im P(T; \;), N(ag, Br) = Im P(T; ag, Br).

So N(A1),...,N(\) and N(ay,B1),...,N(as,Bs) are the different generalized
eigenspaces of T'. Note that the projections

P(A1),.... P(A), P(ax,Br), ..., Plas, Bs)
are mutually disjoint and add up to the identity. Hence
E=NM)+ - +N)+ N, f1) + -+ N(as, Bs).
The invariant subspaces for T are the subspaces of E of the form
N=N+---4+N,+N + --- + N, (15.3)

where, for j =1,...,r, the space N; is a T-invariant subspace of N();) and, for
k=1,...,s, the space Ny is a T-invariant subspace of N (ay, ).
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Theorem 15.9. A subspace N of E is T-invariant and stable if and only if N is of
the form (15.3), where for j=1,...,r and k=1,...,s we have

(1) Nj is an arbitrary even-dimensional T-invariant subspace of N (\;) whenever
the algebraic multiplicity of \; is even and the geometric multiplicity of \; is
one;

(ii) N; is an arbitrary T-invariant subspace of N(\;) whenever the algebraic
multiplicity of \j is odd and the geometric multiplicity of \; is one;

iii) N; = {0} or N; = N()\,;) whenever \; has geometric multiplicity at least

J J j j
twoy
(iv) Ny is an arbitrary T-invariant subspace of N (o, Bi) whenever oy, + i and
ag — 18 have geometric multiplicity one;

(v) N = {0} or Ny = N(ayg, Bk) whenever ay+i0y and oy —i8x have geometric

multiplicity at least two.

Also, N is an isolated invariant subspace of T if and only if N is of the form
(15.3), where for j =1,...,7r and k = 1,...,s the conditions (iii), (iv), (v) and,
moreover,

(vi) Nj is an arbitrary T-invariant subspace of N(\;) whenever the geometric
multiplicity of \; is one

are satisfied.

Proof. Let N be an invariant subspace of T, and write N in the form (15.3),
where N; = P(X\)N, j = 1,...,r, and Ny = P(ak,Br)N, k= 1,...,s. For
j =1,...,7r let T; be the restriction of T to N()\;). Also, for k = 1,...,s, let
T} be the restriction of T to N(ag, Bk). It is easy to see that N is isolated if
and only if for j = 1,...,r, the space N; is an isolated invariant subspace of
T; and for £ = 1,...,s the space Nj is an isolated invariant subspace of Ty.
This statement remains true if isolated is replaced by stable. The proof of this
involves the analogues for the real case of Lemmas 14.5 and 14.6. Observe now
that o(T) = {\;} and o(Tx) = {ax + iB, ar — iBk}. Here j = 1,...,r and
k=1,...,s. The desired result is now immediate from Lemmas 15.5-15.8. O

Theorem 15.9 implies that every stable invariant subspace is also isolated.
As we already observed, the converse of this is not true. The next theorem is a
reformulation of Theorem 15.9.

Theorem 15.10. Let N be an invariant subspace for T. Then N is stable if and
only if N meets the following requirements:

(i) If {0} # P(X\;)N # N(J\;), then the geometric multiplicity of \; is one,
j=1...,r;

(ii) If P(\;)N has odd dimension, then the algebraic multiplicity of A; is odd too,
jg=1,...,r;
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(iii) If {0} # P(ag, Bx)N # N(aw, Bi), then the geometric multiplicity of ay, i
is one, k=1,...,s.

Also N is isolated if and only if (1) and (iii) are satisfied.

In the next section we shall deal with stable and isolated real factorizations
of rational matrix functions and of monic matrix polynomials, and also with sta-
ble and isolated solutions of the real operator Riccati equation. The version of
Theorem 15.9 most fitted for studying these notions reads as follows.

Theorem 15.11. Let Ey and Es be finite-dimensional real spaces, and let

T, Ty
T =

0 Tb

be a linear operator acting on E = Ey 4+ Ey. Then Ey is a stable invariant subspace
for T if and only if the following conditions are salisfied:

(i) each common eigenvalue of Ty and Ty is an eigenvalue of T of geomelric
multiplicity one;

(ii) each common real eigenvalue of Ty and Ty of which the algebraic multiplicity
with respect to T4 is odd, has odd algebraic multiplicity with respect to T'.

Also, Eq is an isolated invariant subspace for T if and only if (i) is satisfied.

Proof. The proof is similar to that of Theorem 14.7. Use Theorem 15.10 instead
of Theorem 14.1. O

15.4 Stable and isolated real factorizations

In this section we discuss stable and isolated real factorizations of rational matrix
functions and monic matrix polynomials. Also we deal with stable and isolated so-
lutions of the real operator Riccati equation. We begin by considering real rational
matrix functions.
Suppose
WO = W01W02 (154)

is a minimal real factorization. Here W, Wy and Wy, are real proper rational
m X m matrix functions which have the value I, at infinity. For j = 1,2, let

Woj(A) = L + Coj(My; — Agj) ™" By, (15.5)

be a minimal real realization for Wy;. We say that the factorization (15.4) is
isolated (with respect to real perturbations) if there exists € > 0 with the following
property. If Wy = W1 W5, where W7 and Wy admit minimal real realizations

W;(A) = L + Cj(M,, — A;)"'B; j=12,
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such that
|A; = Aojll + [|Bj = Bojll + 1Cj — Cojll <&, j=1,2,

then W7 = Wy, and Wy = Wys. By Theorem 7.7, this definition does not depend
on the choice of the minimal realizations (15.5). The definition of the notion of a
minimal factorization that is stable (with respect to real perturbations) is analogous
to that of a stable minimal factorization given in Section 14.3. The only difference
is that now all (minimal) realizations are required to be real. We omit the details.

Closely related to the concepts introduced in the preceding paragraph are
those of an isolated and of a stable real supporting projections. Let Agy, By and Cjy
be real matrices of appropriate sizes, and consider the corresponding system Oy =
(Ao, By, Cp; C™,C™). Here, as usual, the matrices Ay, By and Cj are identified with
their canonical actions between the corresponding Euclidean spaces. Suppose Il
is a real n X n matrix whose canonical action on C" is a supporting projection for
Op. In other words, Ilj is a real supporting projection for ©y. We say that Ilj is
isolated (with respect to real perturbations) if there exists € > 0 such that each real
supporting projection II for Og different from Il satisfies |[II—1IIp|| > . Similarly,
we call Iy stable (with respect to real perturbations) if, given € > 0, there exists
w > 0 such that the following is true. If ®y = (Ag, Bg, Co; C™,C™) is a system
with real matrices A, B, C' and ||© — O¢|| < w, then © has a real supporting
projection II such that ||II — IT|| < e.

In the next theorem Wy, Wy1 and Wy, are real proper rational m x m matrix
functions with value I,,, at infinity.

Theorem 15.12. Suppose Wy = Wy1Wyo is a minimal real factorization. This
factorization is stable with respect to real perturbations if and only if the following
conditions are satisfied:

(i) each common pole (zero) of Wy and Wog is a pole (zero) of Wy of geometric
multiplicity one;

(ii) each common real pole of Wy1 and Wya of which the order with respect to
Wo1 is odd has odd order as a pole of Wy;

(iit) each common real pole of Wy,* and Wy,' of which the order with respect to
Woo! is odd has odd order as a pole of Wy *.

Also, Wy = W1 Woe is isolated with respect to real perturbation if and only if (i)
18 satisfied.

Proof. We only present an outline of the proof. Let
W()\) = In + Co(AIn — A0)7130

be a minimal real realization of W. Denote the supporting projection for Oy =
(Ao, Bo, Cp; C™,C™) corresponding to the factorization (15.4) by Ily. From Theo-
rem 15.2 we know that Ilj is real. Using the techniques of Section 14.3, one can
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show that (15.4) is stable (isolated) with respect to real perturbations if and only
if the same is true for IIy. Consider the matrices Ay, By, Cp and Iy now as op-
erators from R™ into R™, from R™ into R™, from R™ into R™ and from R™ into
R™, respectively. Then IIj is stable (isolated) with respect to real perturbations if
and only if KerIly and Im Il are stable (isolated) invariant subspaces for Ay and
Ap — ByCl, respectively. From Theorem 15.11 we conclude that Theorem 15.12 is
correct if (ii) and (iii) are replaced by

(ii)" each common real pole (zero) of Wor and Woya of which the pole- (zero-)
multiplicity with respect to Wo1(Woe) is odd, is a pole (zero) of Wy of odd
pole- (zero-) multiplicity,

Note that a pole of Wy has geometric multiplicity one if and only if its order
and pole-multiplicity are the same (cf., Corollary 8.10). The desired result is now
immediate from the fact that if Ay is a pole of Wy of geometric multiplicity one,
then the geometric multiplicity of Ay with respect to Wy, does not exceed one. [

In Theorems 14.9 and 15.12 poles of geometric multiplicity one play an im-
portant role. If \g is a pole of a rational matrix function Wy of (positive) order p,
then always p < 6(Wy; A\o), where §(Wy; Ag) is the local degree (pole-multiplicity)
of Wy at \g; equality occurs if and only if the geometric multiplicity of g is one.
This fact was used in the proof of Theorem 15.12. It is also useful in dealing with
specific examples.

Example. Consider the case where

1 1 1

A A2

Wo(A) = )

0 1+ —

* A

1 1 0
]_ _

Woi(\) = A, Woa(A) = 1
0 1 0 1+ N

Then Wy = Wy Wos and this factorization is minimal. Indeed, 6(Wy) = 6(Wy;0) =
2 and 6(Wo1) = 0(Wo1;0) = 6(Wo2) = 6(Wop2;0) = 1. The (only) common pole
of Wp1 and Wyy is 0 and the order of 0 as a pole of Wy is equal to §(Wy;0),
namely 2. Moreover, Wy; and Wy, have no common zeros. So the factorization
Wo = Wo1 Woe is isolated with respect to real perturbations. It is clear that (ii) is
not satisfied, so this factorization is not stable with respect to real perturbations.
Note that it is a stable factorization in the sense of Section 14.3.

Next we consider factorizations of real monic matrix polynomials that are
stable or isolated (with respect to real perturbations). The definition of these no-
tions is straightforward, see Section 14.5 and the closing paragraph of Section 14.6.
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Therefore we omit the details. The crucial point is that now all factorizations are
required to be real. The proof of the next theorem may be based on the material
contained in Section 15.3 and involves the techniques of Section 14.5.

Theorem 15.13. Let Lo, Lo1 and Loz be real monic k x k matriz polynomials,
and suppose that Ly = LoaLoy. This factorization is stable with respect to real
perturbations if and only if the following conditions are satisfied:

(i) each common eigenvalue of Lo and Loa is an eigenvalue of Ly of geometric
multiplicity one;

(ii) each common real eigenvalue of Loy and Loy with odd zero-multiplicity rela-
tive to Loy, is an eigenvalue of Lo with odd zero-multiplicity.

Also, the factorization Lo = LoaLo1 is isolated with respect to real perturbations if
and only if condition (i) is satisfied.

Note that the zero-multiplicity of an eigenvalue Ay of a monic matrix poly-
nomial L is equal to the order of )y as zero of the scalar polynomial det L(\).
Using this one can easily construct examples showing that an isolated factoriza-
tion of a real monic matrix polynomial need not be stable (with respect to real
perturbations). Finally, we consider the real operator Riccati equation

XTo X + XToy — T11 X — Tis = 0. (15.6)

Here T}y, is a linear operator from the finite-dimensional real space E} into the
finite-dimensional real space E; (j,k = 1,2). The definition of a stable solution of
(15.6) is formally the same as that given in Section 14.6. The only difference is
that here the underlying spaces are real instead of complex.

Theorem 15.14. Let R be a solution of the Riccati equation (15.6), and put

Ty The : :
T = cEh+ E FE1+ Es.
[ Ty, T } 1+ Lo — L+ Lo

Then R is stable if and only if the following conditions are satisfied:

(i) each common eigenvalue of Ty — RT91 and Tag 4+ To1 R is an eigenvalue of
T of geometric multiplicity one;

(ii) each common real eigenvalue of T11 — RT21 and Tae + To1 R for which the
algebraic multiplicity with respect to The + To1 R is odd, is an eigenvalue of
odd algebraic multiplicity of T'.

Tt is also possible to introduce the notion of an isolated solution of of (15.6).
The definition goes along the lines indicated at the end of Section 14.6, with the
understanding that in the present situation the underlying spaces are real instead
of complex. We refrain from further pursuing this point here.
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15.5 Stability of stable real factorizations

In order to simplify the following discussion we introduce some terminology. Let
T be a linear operator on a finite-dimensional real space E. An invariant subspace
N of T is called perfectly stable if for each € > 0 there exists 6 > 0 such that
IS—T|| < ¢ implies that S has a stable invariant subspace M with gap (M, N) < ¢.
This terminology will be only of temporary use because we shall show that the
notion of a stable and that of a perfectly stable invariant subspace coincide. It is
clear that perfect stability implies stability.

Lemma 15.15. Suppose that all eigenvalues of T have geometric multiplicity one.
Putn=dimFE. If n is odd, then for each integer k between 0 and n, the operator
T has a stable invariant subspace of dimension k. If n is even, then for each
even integer m between 0 and n, the operator T has a stable invariant subspace of
dimension m.

Proof. Consider the real Jordan normal form of S (cf., [88], 36.2) and apply The-
orem 15.9. 0

From the material contained in Section 15.3, we recall the following facts. If
o(T') consists of one real eigenvalue of geometric multiplicity one and dim F is even,
then an invariant subspace for T is stable if and only if it has even dimension. If
either o(7") consists of one real eigenvalue of geometric multiplicity one and dim E
is odd, or o(T') consists of two non-real eigenvalues of geometric multiplicity one,
then each invariant subspace for T is stable. Also note that if 7' has no real
eigenvalue, then each T-invariant subspace (so in particular E itself) has even
dimension.

Lemma 15.16. Suppose that either o(T') consists of exactly one real eigenvalue of
geometric multiplicity one, or o(T) consists of two non-real eigenvalues of geomet-
ric multiplicity one. Then each stable invariant subspace of T is perfectly stable.

Proof. Let N be a stable invariant subspace for T', and put k = dim N. Since T
is unicellular, N is the only T-invariant subspace of dimension k. Let T7,T5, ...
be a sequence of operators on E converging to 7. A simple rank argument (cf.,
the proof of Theorem 14.24) shows that for n sufficiently large all eigenvalues of
T, have geometric multiplicity one. But then Lemma 15.15 guarantees that for n
sufficiently large the operator T;, has a stable invariant subspace M,, of dimension
k. The method used to prove Theorem 14.2 can now be employed to show that

there exists a subsequence of My, Mo, ... converging in the gap topology to a k-
dimensional invariant subspace M for T'. Since M must be equal to N, the proof
is complete. O

Theorem 15.17. Let N be a stable invariant subspace for a linear operator T acting
on a finite-dimensional real space E. Then, given € > 0, there exists § > 0 such
that ||S — T|| < & implies that S has a stable invariant subspace M satisfying
gap (M,N) <e.
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Proof. The conclusion of the theorem which we have to establish is that N is
perfectly stable. We only present an outline of the proof.

Let us adopt the notation of Section 15.3. Write N in the form (15.3), where
N;=P(\)N, j=1,...,r, and Nip = P(og,B)N, k=1,...,s. For j=1,...,r,
let T} be the restriction of T' to N();). Also, for k = 1,...,s, let T}, be the
restriction of T to N(ay, Ox). From the proof of Theorem 15.9 and Lemma 15.16
it follows that IN; is a perfectly stable invariant subspace for 7}, and Ny is a
perfectly stable invariant subspace for Tj.

Fix j between 1 and r, and let S1,S5,... be a sequence of operators on F
converging to 7. Further, let I be a circle centered at A; such that all eigenvalues
of T' different from A; are outside I'. For m sufficiently large, the circle I' will split
the spectrum of S,,. Moreover,

Jim_ P(S5:T) = PTST) = POy,
where P();) is as defined in Section 15.3. Note that P(Sg,;T') is a real operator,
so P(S¢,;T) = P¢, for some projection P, of E. We obviously have
im_ Py = P().
Put F,, = P(X\j)Pn + (I — P(\;))(I — Py). Then F,, — I. By passing to a
subsequence (if necessary) we may assume that F,, is invertible for all m. It is
clear that F, Py, = P(\;)Fp,, so

P(\j) = FunPoFY,  m=1,2,....
Set T, = FmSmFgl. Then T, — T. MOYGOVQL
P(X)¢ =P(T5;T), m=12,....

Let T}y,; be the restriction of T}, to N(A;) = Im P();). Then T5,,; — T as m — 0.
Since N; is a perfectly stable invariant subspace for T}, there exists a sequence
Ly, Lo, ... of subspaces of N(\;) such that L,, is a stable T}, j-invariant subspace
and gap (L, Nj) — 0 as m — oo. Observe now that L,, is also a stable invariant
subspace for T;,,. This we know from the real analogue of Lemma 14.5. Put M,,, =
Fnlem. Then M,, is a stable invariant subspace for S,,. From F,, — I one
gets that gap (M., L,,) — 0. Together with gap (L,, N;) — 0, this gives that
gap (M, Nj) — 0 as m — oo.

We have now proved that the spaces N; are perfectly stable invariant sub-
spaces for T. In the same way one can show that the spaces Ny are of this type.
Since N has the form (15.3), it follows that N is a perfectly stable invariant sub-
space for T, and the proof is complete. O

One might think that Theorem 15.17 could be proved in the same way as
Theorem 14.24, using Theorem 15.11 instead of Theorem 14.7. This method of
proof however does not work.
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With the help of Theorem 15.17 one can sharpen Theorems 15.12; 15.13
and 15.14. By way of example, we present the details concerning the extension of
Theorem 15.14 (see also Theorem 14.25 and [13], Theorems 4.2 and 4.3).

Theorem 15.18. Let R be a stable solution of the Riccali equation (15.6). Then,
giwen ¢ > 0, there exists 6 > 0 such that ||Sji — Tjr|| < 6 for j,k = 0,1 implies
that the Riccati equation

XS89 X + XS0 —S11X—-S12=0

admits a stable solution @ for which ||Q — R|| < €.

We emphasize that the solution @ is stable. This can also be expressed as
follows. Each common eigenvalue of S1; — Q.S21 and Sa + 521 Q) is an eigenvalue of

Si1 Sz
S pr—
Sa1 - Sao

of geometric multiplicity one, and each common real eigenvalue of S1; — @S2 and
Sao + 591 Q) for which the algebraic multiplicity with respect to Sag + 521 @ is odd,
is an eigenvalue of odd algebraic multiplicity of .S.

Notes

This chapter is practically identical to Chapter XI in [14], except for the proof of
Lemma 15.6 which has been shortened considerably via a reference to the proof of
Theorem 14.28. The real invariant subspaces of a real matrix are also discussed in
[70]; Sections 14.6 and 15.9 in the latter book study the topology of the set of real
invariant subspaces, and the stability issue, while applications are given in Section
17.10. Further developments, including a-stability and stability of special classes
of subspaces for matrices that have symmetries with respect to an indefinite inner
product, can be found in [99] and the references cited therein.
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List of Symbols

Symbol Description

Z set of integers

7_ set of (strictly) negative integers

7 set of non-negative integers (including zero)

R real line

C complex plane

D closed unit disc in complex plane

cr FEuclidean space of complex n—vectors

RA real part of complex number A

SA imaginary part of complex number A

A complex conjugate of complex number A

tV number of elements in (finite) set V'

span V' span or linear hull of set V'

v closure of subset V' of topological space

dim M dimension of linear manifold M

codim M codimension of linear manifold M

M+ orthogonal complement of subspace M in Hilbert space

z1l M element z perpendicular to set M (Hilbert space)

M/N quotient space of M over N (also denoted by %)

% quotient space of M over N (also denoted by M/N)

® orthogonal direct sum (of subspaces) of Hilbert spaces

+ algebraic (possibly non-orthogonal) direct sum of
linear manifolds or (sub)spaces

X’ conjugate of Banach space X

A’ conjugate of Banach space operator A

I identity matrix or identity operator on a Hilbert or Banach space

1, n X n identity matrix or identity operator on C"

n
Ker A kernel or null space of operator or matrix A
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ImA range or image of operator or matrix A

rank A rank of operator or matrix A

det A determinant of matrix A

trace A trace of matrix A

AT transpose of matrix A

A* adjoint of (complex) Hilbert space operator or
(complex) matrix

A1 inverse of invertible operator or matrix

A stands for (A*)~!

Dr defect operator (I — T*T)'/?

A—A shorthand for AI — A (standard practice)

p(A) resolvent set of operator or matrix

o(A) spectrum of operator or matrix A

ma(a) algebraic multiplicity of « as an eigenvalue of square
matrix A; is zero when Ag is not an eigenvalue

DA spectral polynomial of square matrix A

P(A;T) stands for 3= [.(A\ — A)~! d), the spectral or Riesz
projection associated with A and I’

AM image of M under operator A (also denoted by A[M])

A[M)] image of M under operator A (also denoted by AM)

A M] inverse image of M under operator A

Alpr restriction of operator A to subspace M

A(X; — Xo) (possibly) unbounded operator A with domain in X;
and range in Xo

D(A) domain of (possibly) unbounded operator A

N(N) generalized eigenspace for eigenvalue A of a matrix

Ng angular subspace associated with (angular) operator R

R+Q diagonal operator built from R and Q

L(Y) Banach algebra of all bounded linear operators
on Banach space Y

L(X,Y) Banach space of all bounded operators from Banach
space X into Banach space Y

cT,Y) Banach space of all Y-valued continuous functions on I'
endowed with the supremum norm

MPy set of all monic m x m matrix polynomials of degree ¢

(A,B,C,D; X, U,Y) system

(A,B,C,D;X,Y)  system with coinciding input/output space

(A,B,C; X,Y) unital system with coinciding input/output space and
the identity operator as external operator

(A,B,C,D) system (no underlying spaces specified)

G} system



List of Symbols

We

(,_,:)X

AX
0,0,
Q,---0;
pri(©)

Ker (C]A)
Im (A|B)
Oy
1© — O

~

Ker (W; X\o)
Pol (W; Ao)
Kk— (W)

K (W)

k(W)

\%
Viat,...,an)

2MFSP

OMFSP,cq
k

Oj

(/)
(J)
p(J)
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transfer function of system ©

associate or inverse system

associate main or state (space) matrix (operator)
product of two systems

product of k& systems

projection of system © associated with supporting
projection IT

stands for Ker C N Ker CANKerCA2N---
stands for Im B 4+ Im AB + Im A%?B + - -

Mébius transformation of system ©

distance between systems © and O

similarity between systems

rational matrix or operator-valued function

pointwise inverse of W (defined by W=1(\) = W(\)™1)
pointwise adjoint of W (defined by W*(\) = W(\)*)
pointwise transpose of W (defined by W (\) = W(\)T)
matrix function defined by W#(\) = W(A™1)

local degree of W at g

local degree of W at oo

McMillan degree of W

quasidegree of W

maximal number of non-trivial factors that can occur

in a minimal factorization of W

space of eigenvectors or root vectors of W at A\

space of pole-vectors of W at A\

stands for §(W) + codim (Kerpa(A) 4+ Kerpax (A*)); see (10.28)
stands for §(W) + dim (Impa(A) + Imp 4« (A¥)); see (10.29)
stands for min{x_ (W), k4 (W)}

stands for the matrix given by (11.52)

generalized Vandermonde matrix

two machine flow shop problem

reduced two machine flow shop problem

operation involving job j in (instance) of 2MFSP to be
processed on the kth machine

sum of processing times of first machine in instance J of 2MFSP
sum of processing times of second machine in instance J 2MFSP
minimal makespan (i.e., smallest possible makespan) of

instance J of 2MFSP

augmented instance of 2MFSP

finish time of operation O} in (instance of) 2MFSP

start time of operation Ojl in (instance of) 2MFSP
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Pred(J) reduced minimal makespan (i.e., smallest possible makespan) of
instance J of 2MFSP,qq
v(J) coinciding sums of processing times of the two machines in

instance J 2MFSP

(M, Ma) minimal opening between subspaces M, and My

@min(M1, Ma) minimal angle between subspaces M; and My

p(My, My) stands for supg_,c s, infyens, %

gap (M, Ms) gap or maximal opening between subspaces M; and Mo
i.e.,, max{p(My, Mz), p(Ms, M1)}

GAP (M, N) gap between complete chains M and N of subspaces

T conjugate (Ty,...,T,)" of vector x € C"

M stands for {T | € M} of a subspace of C" (not to be

confused with the closure operation)

conjugate of matrix A

pointwise conjugate of W (defined by W(\) = W (X))

complexification of real Banach space FE

T — 1y conjugate of vector x + iy in complexification of real
Banach space

& =] =

T° complexification of (bounded) linear operator between
real Banach spaces (defined by T¢(z + iy) = Tx + iTy)
T conjugate of (bounded) linear operator 7' between

complexifications of real Banach spaces
(defined by T(n) = T (7))

P(T; \o) spectral projection of operator T' corresponding to real
eigenvalue A\ (real spaces) of matrix T

P(T;a, ) the range of P(T; \o)
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2MFSP, 288
2MFSPyeq, 292

algebraic Riccati equation, 79

analytic equivalence of operator
functions, 70

analytically equivalent operator
functions, 70

angular operator, 77

angular subspace, 77

approximately controllable,
controllable system, 106

approximately observable,
observable system, 106

associate main matrix (of system),
27

associate main operator (of system),

27

associate state matrix (of system),
27

associate state space operator (of
system), 27

associate system, 27

associated companion based
function, 293

biminimal system, 126
biproper system, 26
biproper transfer system, 26
Brodskii J-system, 12

canonical Jordan triple, 141

canonical Jordan triple at infinity,
141

canonical system of Jordan chains,
132

cascade connection of systems, 9

Cauchy contour, 67

causal (system), 8

co-pole function, 155, 158

comonic operator polynomial, 57

comonic polynomial system, 57

companion based, 232

complete chain, 184

complete chain of invariant
subspaces, 340

complete factorization, 195

complexification of (bounded) linear
operator between real Banach
spaces, 379

conjugate (in complexification of
real Banach space), 379

conjugate matrix, 375

conjugate of (bounded) linear
operator between
complexifications of real Banach
spaces, 379

conjugate vector, 375

controllable, 106, 110

controllable realization, 108

defect operator, 51

degree of monic matrix polynomial,
17

degree of monic supporting
projection, 55

degree of monic system, 53

diagonalizable, 36

dilation of a system, 106
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distance (between systems), 327
dual Jordan pair, 138

eigenvalue (real case), 380

eigenvalue of a matrix function, 130

eigenvector of a matrix function, 130

elementary rational matrix function,
188

equivalence after extension of
operators, 73

equivalence of operators, 73

equivalent operators, 73

extension of operator function, 70

external operator (of system), 8, 26

factorization into elementary
factors, 37

feasible schedule, 289

feed through coefficient (of system),
8

Fibonacci operator, 44

finite-dimensional linear
time-invariant system, 8

first companion, 212

first companion operator associated
with monic (operator)
polynomial, 54

first companion operator matrix
associated with monic matrix
polynomial, 17

first companion system
corresponding to monic
(operator) polynomial, 54

frequency domain, 9

full range pair, 112

gap (between subspaces), 323

gap between complete chains of
subspaces, 354

generalized eigenspace (real case),
383

generalized eigenspace
corresponding to conjugate pair
of eigenvalues (real case), 383

Index

generalized Vandermonde matrix,
262

generalized Vandermonde matrix for
a chain of subspaces, 263

geometric multiplicity as a pole, 143

geometric multiplicity as a zero, 130

Hamiltonian of Riccati equation, 79
Hautus test, 155
Hilbert space system, 116

infeasibility, 292

input operator (of system), 8

input output operator (of system), 7

input space (of system), 8, 26

inverse of matrix function
(pointwise), 17

inverse of operator function
(pointwise), 28

inverse system, 27

isolated complete chain of invariant
subspaces, 366

isolated complete factorization, 371

isolated factorization (with respect
to real perturbations), 385

isolated factorization of monic
matrix polynomial (with respect
to real perturbations), 387

isolated factorization of monic
matrix polynomials, 371

isolated invariant subspace, 363

isolated invariant subspace (real
case), 379

isolated minimal factorization, 369

isolated solution of Riccati equation,
372

isolated supporting projection (with
respect to real perturbations),
386

J-unitary , 16

Johnson’s rule, 290

Jordan chain of a matrix function,
130

Jordan pair, 137



Index

Krein characteristic operator
function, 14
Krein J-system, 14

left canonical factorization, 90

left projection of monic system, 55

left projection of unitary system, 52

left pseudo-canonical factorization,
170

linear manifold, 32

linearization of operator function, 69

Lipschitz invariant subspace, 345

Lipschitz stable complete chain, 355

Lipschitz stable factorization of
monic matrix polynomials, 359

Lipschitz stable minimal
factorization, 351

Lipschitz stable solution of Riccati
equation, 360

Livsic-Brodskii characteristic
operator function, 11

local degree, 148

local Smith-McMillan form, 133

main matrix (of system), 26

main operator (of system), 8, 26

makespan, 289

matching condition, 33

maximal opening (between
subspaces), 323

McMillan degree, 160

minimal, 116

minimal angle (between subspaces),
322

minimal factorization, 163

minimal opening (between
subspaces), 322

minimal realization, 107

minimal realization at a point, 151

minimal system, 106

minimal system at a point, 151

minimum makespan, 289

monic matrix polynomial, 17

407

monic supporting projection for
monic system, 55
monic system, 53

non-preemptive schedule, 289
null kernel pair, 112

observable, 106, 112

observable realization, 108
operator node, 25

operator node (Livsic-Brodskii), 11
optimal schedule, 289

order of a root function, 131
output operator (of system), 8
output space (of system), 8, 26

partial pole-multiplicities, 143

partial pole-multiplicities at infinity,
145

partial zero-multiplicities, 133

partial zero-multiplicities at infinity,
141

perfectly stable invariant subspace
(real case), 389

permutation schedule, 290

pole function, 156

pole order preserving, 159

pole-multiplicity, 143

pole-polynomial, 234

pole-vector, 142

pole-vector at infinity, 145

polynomial system, 57

prime Krein system, 125

product of operator nodes, 30

product of systems, 30

projection of system (or operator
node), 35

proper dilation, 106

proper function, 26

proper rational matrix function, 9

proper restriction, 106

pseudo-similar realizations, 119

pseudo-similarity, 119

pure unitary system, 127
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quasicomplete factorization, 204
quasidegree, 204

rank of eigenvector, 131

rank of pole-vector, 143

rational matrix function, 9

rational operator function, 66

real (bounded) linear operator
between complexifications of real
Banach spaces, 379

real (in complexification of real
Banach space), 379

real factorization (minimal), 377

real factorization of monic matrix
polynomial, 379

real matrix, 375

real monic matrix polynomial, 378

real rational matrix function, 376

real realization (minimal), 376

real vector, 375

realization, 27

realization of operator function, 27

realization of transfer function, 9

reduced minimal makespan, 292

reduced two machine flow shop
problem, 292

regular matrix function, 129

regular operator polynomial, 57

resolvent set of operator, 11

restriction of a system, 106

Riesz projection, 86

right canonical factorization, 89

right canonical factorization (of
symbol) with respect to real line,
19

right canonical factorization (of
symbol) with respect to the unit
circle, 22

right projection of monic system, 55

right projection of unitary system,
53

right pseudo-canonical factorization,
170

root function, 131

Index

root vector, 130

schedule, 289

Schur complement, 28, 29

second companion, 212

self-conjugate (in complexification
of real Banach space), 379

self-conjugate subspace, 375

signature operator, 11

similar systems, 26

similarity of systems, 26

simple Brodskii J-system, 125

simple pole, 147

simple zero, 197

simultaneous reduction, 184

spectral polynomial, 199

spectral projection, 86

spectral projection (real case), 383

spectral projection corresponding to
conjugate pair of eigenvalues (real
case), 383

spectral subspace, 86

spectrum (real case), 380

splitting of spectrum, 86

stable complete chain of invariant
subspaces, 354

stable complete factorization, 352

stable factorization (with respect to
real perturbations), 386

stable factorization of monic matrix
polynomial (with respect to real
perturbations), 387

stable factorization of monic matrix
polynomials, 356

stable invariant subspace, 339

stable invariant subspace (real case),
379

stable minimal factorization, 348

stable solution of Riccati equation,
359

stable solution of Riccati equation
(real case), 388

stable supporting projection, 349
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stable supporting projection (with
respect to real perturbations),
386

state matrix (of system), 26

state operator (of system), 8

state space (of system), 8, 26

state space method, 9

state space operator (of system), 26

state space similarity theorem, 114

states (of system), 8

strictly proper system, 26

strictly proper transfer function, 26

subspace, 32

supporting pair of subspaces for
system (or operator node), 33

supporting projection, 173

supporting projection for system (or
operator node), 35

supporting subspace for monic
system, 57

symbol of (block) Toeplitz equation,
22

symbol of Wiener-Hopf integral
equation, 19

409

symmetrizer, 213

system, 8, 26

system matrix of system (or
operator node), 51

system similarity, 26

Sz-Nagy-Foias characteristic
operator function, 51

Toeplitz equation, 21
transfer function (of system), 9, 26
two machine flow shop problem, 288

unital system, 26
unitary system (or operator node),
51

Wiener-Hopf integral equation, 18
Wiener-Hopf integral operator, 18

zero, 130
zero-multiplicity, 133
zero-polynomial, 235



