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Preface

Over the last few years the discrete mathematics and theoretical computer
science communities have witnessed an explosive growth in the area of algo-
rithmic combinatorics on words. Words, or strings of symbols over a finite
alphabet, are natural objects in several research areas including automata
and formal language theory, coding theory, and theory of algorithms. Molec-
ular biology has stimulated considerable interest in the study of partial words
which are strings that may contain a number of “do not know” symbols or
“holes.” The motivation behind the notion of a partial word is the comparison
of genes. Alignment of two such strings can be viewed as a construction of two
partial words that are said to be compatible in a sense that will be discussed
in Chapter 1. While a word can be described by a total function, a partial
word can be described by a partial function. More precisely, a partial word
of length n over a finite alphabet A is a partial function from {0,...,n — 1}
into A. Elements of {0,...,n — 1} without an image are called holes (a word
is just a partial word without holes). Research in combinatorics on partial
words is underway [10, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29,
30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 105, 111, 124, 130, 131] and
promises a rich theory as well as substantial impact especially in molecular
biology, nano-technology, data communication, and DNA computing [104].
Partial words are currently being considered, in particular, for finding good
encodings for DNA computations. Courses, covering different sets of topics,
are already being taught at some universities. The time seems right for a book
that develops, in a clear manner, some of the central ideas and results of this
area, as well as sets the tone of research for the next several years. This book
on algorithmic combinatorics on partial words addresses precisely this need.

An effort has been made to ensure that this book is able to serve as a text-
book for a diversity of courses. It is intended as an upper-level undergraduate
or introductory graduate text in algorithms and combinatorics. It contains a
mathematical treatment of combinatorics on partial words designed around
algorithms and can be used for teaching and research. The chapters not only
cover topics in which definitive techniques have emerged for solving problems
related to partial words but also cover topics in which progress is desired
and expected over the next several years. The principal audience we have in
mind for this book are undergraduate or beginning graduate students from
the mathematical and computing sciences. This book will be of interest to
students, researchers, and practitioners in discrete mathematics and theoret-
ical computer science who want to learn about this new and exciting class

13



14 Preface

of partial words where many problems still lay unexplored. It will also be
of interest to students, researchers, and practitioners in bioinformatics, com-
putational molecular biology, DNA computing, and Mathematical Linguistics
seeking to understand this subject. We do assume that the reader has taken
some first course in discrete mathematics.

BOOK OVERVIEW

The book stresses major topics underlying the combinatorics of this emerg-
ing class of partial words. The contents of the book are summarized as follows:

e Part I concerns basics. In Chapter 1, we fix the terminology. In par-
ticular, we discuss compatibility of partial words. The compatibility
relation considers two strings over the same alphabet that are equal ex-
cept for a number of insertions and/or deletions of symbols. It is well
known that some of the most basic combinatorial properties of words,
like the conjugacy (xz = zy) and the commutativity (zy = yx), can be
expressed as solutions of word equations. In Chapter 2, we investigate
these equations in the context of partial words. When we speak about
such equations, we replace the notion of equality (=) with compatibility
(7). There, we solve zz 1 zy and zy T yz.

e Part II which consists of Chapters 3, 4 and 5 focuses on three impor-
tant concepts of periodicity on partial words: one is that of period, an
other is that of weak period, and the last one is that of local period
which characterizes a local periodic structure at each position of the
word. These chapters discuss fundamental results concerning periodic-
ity of words and extend them in the framework of partial words. These
include: First, the well known and basic result of Fine and Wilf [77]
which intuitively determines how far two periodic events have to match
in order to guarantee a common period; Second, the well known and
fundamental critical factorization theorem [49] which intuitively states
that the minimal period (or global period) of a word of length at least
two is always locally detectable in at least one position of the word re-
sulting in a corresponding critical factorization; Third, the well known
and unexpected result of Guibas and Odlyzko [82] which states that the
set of all periods of a word is independent of the alphabet size.

e Part III covers primitivity. Primitive words, or strings that cannot be
written as a power of another string, play an important role in numer-
ous research areas including formal language theory, coding theory, and
combinatorics on words. Testing whether or not a word is primitive can
be done in linear time in the length of the word. Indeed, a word is prim-
itive if and only if it is not an inside factor of its square. In Chapter 6,
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we describe in particular a linear time algorithm to test primitivity on
partial words. The algorithm is based on the combinatorial result that
under some condition, a partial word is primitive if and only if it is not
compatible with an inside factor of its square. The concept of speciality,
related to commutativity on partial words, is foundational in the design
of the algorithm. There, we also investigate the number of primitive
partial words of a fixed length over an alphabet of a fixed size. The
zero-hole case is well known and relates to the Mobius function. There
exists a particularly interesting class of primitive words, the unbordered
ones. An unbordered word is a string over a finite alphabet such that
none of its proper prefixes is one of its suffixes. In Chapter 7, we extend
results on unbordered words to unbordered partial words.

Part IV relates to coding. Codes play an important role in the study
of the combinatorics on words. In Chapter 8, we introduce pcodes that
play a role in the study of combinatorics on partial words. Pcodes are
defined in terms of the compatibility relation. We revisit the theory
of codes of words starting from pcodes of partial words. We present
some important properties of pcodes, describe various ways of defining
and analyzing pcodes, and give several equivalent definitions of pcodes
and the monoids they generate. It turns out that many pcodes can be
obtained as antichains with respect to certain partial orderings. We
investigate in particular the Defect Theorem for partial words. We also
discuss two-element pcodes, complete pcodes, maximal pcodes, and the
class of circular pcodes. In Chapter 9, using two different techniques,
we show that the pcode property is decidable.

Part V covers further topics.

Chapter 10 continues the study of equations on partial words, study that
was started in Chapter 2. As mentioned before, an important problem
is to decide whether or not a given equation on words has a solution.
For instance, the equation x™y™ = 2P has only periodic solutions in
a free monoid, that is, if x™y™ = 2P holds with integers m,n,p > 2,
then there exists a word w such that x,y,z are powers of w. This
result, which received a lot of attention, was first proved by Lyndon and
Schiitzenberger [109] for free groups. In Chapter 10 we solve, among
other equations, x™y™ T 2P for integers m > 2,n > 2,p > 4.

Chapter 11 introduces the notions of binary and ternary correlations,
which are binary and ternary vectors indicating the periods and weak
periods of partial words. Extending the result of Guibas and Odlyzko
of Chapter 5, we characterize precisely which of these vectors represent
the period and weak period sets of partial words and prove that all
valid correlations may be taken over the binary alphabet. We show that
the sets of all such vectors of a given length form distributive lattices
under suitably defined relations. We also show that there is a well
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defined minimal set of generators for any binary correlation of length
n and demonstrate that these generating sets are the primitive subsets
of {1,2,...,n — 1}. Lastly, we investigate the number of partial word
correlations of length n.

The notion of an unavoidable set of words appears frequently in the
fields of mathematics and theoretical computer science, in particular
with its connection to the study of combinatorics on words. The theory
of unavoidable sets has seen extensive study over the past twenty years.
In Chapter 12, we extend the definition of unavoidable sets of words
to unavoidable sets of partial words. We demonstrate the utility of the
notion of unavoidability on partial words by making use of it to identify
several new classes of unavoidable sets of full words. Along the way we
begin work on classifying the unavoidable sets of partial words of small
cardinality. We pose a conjecture, and show that affirmative proof of this
conjecture gives a sufficient condition for classifying all the unavoidable
sets of partial words of size two. Finally, we give a result which makes
the conjecture easy to verify for a significant number of cases.

KEY FEATURES

Key features of the book include:

e The style of presentation emphasizes the understanding of ideas. Clar-
ity is achieved by a very careful exposition, based on our experience
in teaching undergraduate and graduate students. Worked examples
and diagrams abound to illustrate these ideas. In the case of concept
definitions, we have used the convention that terms used throughout
the book are in boldface when they are first introduced in definitions.
Other terms appear in italics in their definition.

e Many of the algorithms are presented first through English sentences and
then in pseudo code format. In some cases the pseudo code provides a
level of detail that should help readers interested in implementation.

e There are links to many World Wide Web server interfaces that have
been established for automated use of programs related to this book.
The power of these internet resources will be demonstrated by applying
them throughout the book to understand the material and to solve some
of the exercises.

e Bibliographic notes appear at the end of each chapter.
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e Exercises also appear at the end of each chapter. Practice through solv-
ing them is essential to learning the subject. In this book, the exercises
are organized into three main categories: exercises, challenging exer-
cises and programming exercises. The exercises review definitions and
concepts, while the challenging exercises require more ingenuity. This
wealth of exercises provides a good mix of algorithm tracing, algorithm
design, mathematical proof, and program implementation. Some of the
exercises are drills, while others make important points about the ma-
terial covered in the text or introduce concepts not covered there at all.
Several exercises are designed to prepare the reader for material covered
later in the book.

e At the end of the book, solutions or hints are provided to selected ex-
ercises to help readers achieve their goals. They are marked by the
symbols and respectively. Some solutions can be found in the
literature (the reference that solves the exercise is usually cited in the
bibliographic notes).

Sections of the book can be assigned for self study, some sections can be as-
signed in conjunction with projects, and other sections can be skipped without
danger of making later sections of the book incomprehensible to the reader.
The bibliographic notes also provide tips for further reading. The following
drawing depicts the interdependency of chapters.

]
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Chapter 1

Preliminaries on Partial Words

In this chapter, we give a short review of some basic notions on partial words
that will be used throughout the book.

1.1 Alphabets, letters, and words

Let A be a nonempty finite set of symbols, which we call an alphabet. An
element a € A is called a letter. A word over the alphabet A is a finite sequence
of elements of A.

Example 1.1
The following sets are alphabets:

A={a,b,c,n}

B =1{0,1}

The sequence of letters banana is a word over the alphabet A, as well as the
word cbancb. Over the alphabet B, the sequences 0, 1, and 01010111110 are
words. 0

For any word u, a(u) is defined as the set of distinct letters in u. We allow

for the possibility that a word consists of no letters. It is called the empty
word and is denoted by e.

Example 1.2
Consider the words u = banana, v = aaccaaa, and the empty word €. Then,

a(u) = {a,b,n}

25



26 Algorithmic Combinatorics on Partial Words

The set of all words over A is denoted by A* and is equipped with the
associative operation defined by the concatenation of two sequences. We use
multiplicative notation for concatenation. For example, if © = aaa and v =
bbb are words over an alphabet A, they are members of A*, and the word
uv = aaabbb is also a member of A*. The empty word is the neutral element
for concatenation, as any word u concatenated with the empty word is simply
itself again (ue = eu = u).

The set of nonempty words over A is denoted by A*. Thus we have AT =
A*\ {e}.

Notice that for any two words u and v in either A* or AT, their product
uv is also in the same set. The only difference between these sets is that the
empty word ¢ is an element of A* and not AT. We note that the set AT is
equipped with the structure of a semigroup. It is called the free semigroup
over A. The set A*, with its inclusion of the empty word, is equipped with
the structure of a monoid. It is called the free monoid over A.!

For a word u, we can write the i-power of u, where

uw=uuu...u
————

i times
We can also define u® recursively with the following definition:
- ifi=0
YT w1
Example 1.3

Let a and b be letters in an alphabet A. Then,

CL6 = aaaaaa

(aba)® = (aba)(aba)(aba) = abaabaaba

At this point, we define a word u to be primitive if there exists no word v
such that v = v* with i > 2.

Example 1.4
The word u = abaaba is not primitive, as shown here:

u = abaaba = (aba)? = v* where v = aba

1A semigroup is a nonempty set together with a binary associative operation. A monoid is
a semigroup with identity.
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The word aaaaa = a® is also clearly not primitive, whereas the word aaaab is
primitive.
We also note here that the empty word ¢ is not primitive, for

e =¢' for all 4

1.2 Partial functions and partial words

To students of mathematical sciences, the concept of a function is a familiar
one. We refine that concept with the following definition.

DEFINITION 1.1  Let f be a function on a set X. If f is not necessarily
defined for allx € X, then f is a partial function. The domain of f, D(f),
is defined as

D(f)={x € X | f(z) is defined}

A partial function where D(f) = X is a total function.

The “usual” idea of a function is captured in the definition of total function
above, because we typically state a function only on a set of input values for
which the function is defined. With the notion of a partial function, we allow
for the possibility that for certain values the function may not be defined.

Example 1.5
In Figure 1.1, we have a graphical representation of a partial function f on
the set {0,1,2,3,4} to the set {a,b,c}. Note that D(f) = {0, 1, 3}. I

In the context of our discussion about words, total functions allow us to refer
to specific letter positions within a given word in the following manner. A word
of length n over A can be defined by a total function u : {0,...,n —1} — A
and is usually represented as

u=agaj...a,—1 with a; € A

Example 1.6
Let uw: {0,1,2,3} — {a,b,c} be the total function defined below:

u(0) =a

e

1)=c
(2)=a
(3)=0

<
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I—

FIGURE 1.1: A picture of a partial function.

The word described by this function is therefore u = acab. Also, note that
the letter indices of a word begin at zero. I

Partial functions allow us to extend the above definition to words that are
“incomplete,” that is, words that have missing letters. For example, suppose
that u is a word of length 5 over an alphabet A, but that the letters in the
second and fourth positions are unknown. Using a partial function, we can
define a function w : {0,1,2,3,4} — A and then acknowledge that u(2) and
u(4) are undefined. We make the following definition.

DEFINITION 1.2 A partial word (or, pword) of length n over A is
a partial function u : {0,...,n —1} — A. For 0 < i <mn, if u(i) is defined,
we say that i belongs to the domain of u (denoted by i € D(u)). Otherwise
we say that © belongs to the set of holes of u (denoted by i € H(u)).

Just as every total function is a partial function, every total word is itself
a partial word with an empty set of holes. For clarity, we sometimes refer to
words as full words. For any partial word u over A, |u| denotes its length.
Clearly, |e| = 0.

Example 1.7
Let the function u : {0,1,2,3,4} — A be a partial function where u(2) and
u(4) are undefined. Therefore,

D(u) ={0,1,3} and H(u) = {2,4}
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It follows that u is a partial word with holes in the second and fourth positions

and |u| = 5. Example 1.5 and Figure 1.1 are examples of such a partial
function.
Example 1.8

Let the word u be given by Example 1.6. Then |u| = 4,
D(u) =1{0,1,2,3} and H(u) =0
and u is clearly a full word. I

We denote by Wy(A) the set A*, and for ¢ > 1, by W;(A) the set of partial
words over A with at most i holes. This leads to the nested sequence of sets,

Wo(A) C Wi(A) € Wo(A) C --- C Wi(A) C---

We put W(A) = U,;>o Wi(A), the set of all partial words over A with an
arbitrary number of holes.

Now that we have defined the notion of a partial word, we are in need of a
method to represent partial words. In particular, we need a way to represent
the positions of the holes of a partial word. In order to do this, we introduce
a new symbol, ¢, and make the following definition.

DEFINITION 1.3 If u is a partial word of length n over A, then the
companion of u, denoted by ue, is the total function us : {0,...,n — 1} —
AU {o} defined by

~_ Ju@@)ifie D)
uo (1) _{ o otherwise

We extend our definition of a(u) for any partial word u over an alphabet
A in the following way:

a(u) ={a € A| u(i) = a for some i € D(u)}

It is important to remember that the symbol ¢ is not a letter of the alphabet
A. Rather, it is viewed as a “do not know” symbol, and its inclusion allows
us to now define a partial word in terms of the total function u, given in the
definition.

Example 1.9
The word ue = abboboch is the companion of the partial word w of length 8
where D(u) = {0,1,2,4,6,7} and H(u) = {3,5}. Note that

uo(1) = u(1) = b because 1 € D(u) and
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U6 (3) = o while u(3) is undefined
a(u) = {a,b,c}

The bijectivity of the map u +— wu, allows us to define for partial words
concepts such as concatenation and powers in a trivial way. More specifically,
for partial words w, v, the concatenation of u and v is defined by (uv)e = uovs,
and the i-power of u is defined by (u%), = (uo)*.

Example 1.10
Let u and v be partial words, with their companions u, = a¢ and v, = boc.
The partial word wv is formed in terms of the companions in the expected
way:

(uv)e = Uy = acvboc

Similarly, powers are formed in terms of the companions as well,

(u?)s = (us)® = (a0)® = avcacas
[

With the operation now defined for partial words, the set W (A) becomes a
monoid under the concatenation of partial words (e serves as identity). For
convenience, we often drop the word “companion” from our discussion, and we
consider a partial word over A as a word over the enlarged alphabet AU {¢},
where the additional symbol ¢ plays a special role. Thus, we say for instance
“the partial word ¢abob” instead of “the partial word with companion ¢abob.”

1.3 Periodicity

Periodicity is an important concept related to partial words, and we intro-
duce two formulations of periodicity in this section.

DEFINITION 1.4 A (strong) period of a partial word u over A is
a positive integer p such that u(i) = wu(j) whenever i,j € D(u) and i =
jmod p. 2 In such a case, we call u p-periodic.

2Throughout the book, i mod p denotes the remainder when dividing i by p using ordinary
integer division. We also write ¢ = j mod p to mean that ¢ and j have the same remainder
when divided by p; in other words, that p divides ¢ — j (for instance, 12 = 7 mod 5 but
12 # 7Tmod 5 (2 = 7 mod 5)).
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Notice that nothing in the definition precludes a partial word from having
more than one period. The set of all periods of u will be denoted by P(u).
However, we will often want to refer to the minimal period of a partial word.
We represent this minimal period by p(u).

Example 1.11
Consider these examples of partial words and their periods:

u = ababab is 6-periodic, 4-periodic, and 2-periodic, and p(u) =
v = aooaob is 6-periodic, 4-periodic, and 3-periodic, and p(v) =
w = bbob is 4-, 3-, 2-, and 1-periodic, and p(w) =1

As seen above, any partial word w is trivially |u|-periodic, showing P(u) is
never empty.

Frequently, it is much easier to determine if a partial word w is p-periodic
by writing, in order, the letters of u into p columns. If every letter in each
column is the same, ignoring holes, then w is p-periodic.

Example 1.12
We use the partial words of the previous example and disregard the trivial
period. We see that u is indeed 4-periodic and 2-periodic by writing

ab
abab
and ab
ab
ab

Similarly, we verify that v is 4-periodic and 3-periodic:

aooa aoo
and
ob aob

In partial words, the presence of holes gives us an opportunity to define
another type of periodic behavior.

DEFINITION 1.5 A weak period of u is a positive integer p such that
u(i) = u(i + p) whenever i,i+p € D(u). In such a case, we call u weakly
p-periodic. We denote the set of all weak periods of u by P’'(u) and the
minimal weak period of u by p'(u).

As before, it is much easier to identify if a partial word u is weakly p-periodic
by writing u into p columns. However, now we only require that letters in a
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column be the same if there is no hole between them in that column. Letters
in columns with holes need to be the same if they are consecutive.

Example 1.13

Let u = abbobbebb. We write
abb

obb
cbhbbd

The partial word u is weakly 3-periodic but is not 3-periodic (this is because
a occurs in position 0 while ¢ occurs in position 6).

It is clear that if a partial word u is p-periodic, then u is weakly p-periodic,
and hence P(u) C P’(u) for any partial word u. The converse of this statement
holds only for full words, however, and thus we see that for full words there
is no distinction between periods and weak periods.

Example 1.14
In Example 1.11, we determined that for v = acoaob,

P(v) ={3,4,6}
This partial word v is also weakly 1-periodic, and therefore,
P'(v) ={1,3,4,6} and
p(v) =3 and p'(v) =1

0

Another difference between full words and partial words that is worth noting
is the fact that even if the length of a partial word u is a multiple of a weak
period of u, then w is not necessarily a power of a shorter partial word.

Example 1.15

For the full word, v = ababab, v is clearly 2-periodic and v = (ab)3. However,
recall the weakly 3-periodic word w from Example 1.13, u = abbobbcbb. The
partial word wu is not the power of a shorter partial word.

1.4 Factorizations of partial words
Given two subsets X,Y of W(A), we define
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XY ={w|ueXandveY}

We sometimes write X C Y if X C Y but X # Y. For a subset X of W(A),
we use the notation || X|| for the cardinality of X.

Example 1.16
Let X = {e,a,ac} and Y = {b,bb}. Then XY is the following set,

{b, bb, ab, abb, acb, acbb}
Note that this “set product” is not commutative, as Y X equals
{b, bb, ba, bba, bac, bbac}
I

Given a subset X of W(A), we can apply the previous idea and form the
set product of a set with itself.

Example 1.17
Let X = {a,b}. We can then construct the following sequence of sets:
X =X"={a,b}
XX = X? = {aa, ab, ba, bb}
XXX = X? = {aaa, aab, aba, abb, baa, bab, bba, bbb}

For completion, we define X° = {e}. I

In general, for a subset X of W(A) and integer i > 0, we denote by X* the
set

{urug .. w; | ug,...,u; € X}

We denote by X™ the submonoid of W (A) generated by X, or X* = {J;5 X
and by X the subsemigroup of W (A) generated by X, or Xt = J,,, X"

DEFINITION 1.6 A factorization of a partial word u is any sequence
U1, U, - .., u; of partial words such that u = ujus...u;. We write this fac-
torization as (uy,us,...,u;). A partial word u is a factor of a partial word
v if there exist partial words x,y (possibly equal to €) such that v = zuy.
The factor u is proper if u # € and u # v. The partial word u is a prefix
(respectively, suffix) of v if & = € (respectively, y = €).> We occasionally use

3Notation: If the partial word = is a prefix of y, we sometimes write <, y or simply = < y.
We can write x < y when x # y.
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the notation uli..j) to represent the factor of the partial word u starting at
position i and ending at position j — 1. Likewise, u[0..7) is the prefix of the
partial word u of length i, and u[j..|u|) is the suffiz of u of length |u| — j.

Factors of a partial word w are sometimes called substrings of u. It is
immediately seen that there may be numerous factorizations for a given partial
word.

Example 1.18
Let v = abcoab. The following are two factorizations of v:

(ab, co,a,b)
(a, beo, ab)

In addition, we call the factorizations (e, abcoab) and (abcoab, €) trivial. The
prefixes of v are ¢, a, ab, abc, abco, abcoa, and abeoab. Likewise, the suffixes
of v are ¢, b, ab, oab, coab, beoab, and abeoab.

For partial words w and v, the unique mazimal common prefix of v and v
is denoted by pre(u, v).

Example 1.19

Let w = aobcb and v = aobbab. The common prefixes of v and v are
€, a, ad, acb, the latter being pre(u,v).

By definition, each partial word u in X* admits at least one factorization
U1, U, - .., u; whose elements are all in X. Such a factorization is called an
X-factorization.

For a subset X of W(A), we denote by F(X) the set of all factors of elements
in X. More specifically,

F(X)={u|ue W(A) and there exist 2,y € W(A) such that zuy € X}

We denote by P(X) the set of all prefixes of elements in X and by S(X) the
set of suffixes of elements in X:

P(X)={u|ue€ W(A) and there exists © € W(A) such that ux € X}
S(X)={u|u e W(A) and there exists x € W(A) such that zu € X}

If X is the singleton {u}, then P(X) (respectively, S(X)) will be abbreviated
by P(u) (respectively, S(u)).
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1.5 Recursion and induction on partial words

We begin this section with the concept of the reversal of a partial word,
and use this concept to illustrate recursion and induction with partial words.

DEFINITION 1.7 If u € A*, then the reversal of the word u =
apay ...an—1 is rev(u) = an—1...a1a9 where a; € A for all i. The rever-
sal of a partial word u is rev(u) where (rev(u))e = rev(us). The reversal of
a set X C W(A) is the set rev(X) = {rev(u) | u € X}.

Example 1.20
If u = abed, then rev(u) = doba. I

Recursively, the reversal of a partial word is described in the following way:
1. rev(e) = ¢, and
2. rev(za) = arev(x)

where x € A* and a € A.
In a similar fashion, we provide a recursive description of A*, the set of all
words over an alphabet A:

1. e A*
2. If r € A* and a € A, then za € A*.

It is often very useful to use mathematical induction in order to prove results
related to partial words. Below we provide an example of using induction on
the length of a partial word to prove a result related to the reversal of the
product of two words.

Example 1.21
Let x,y be words over an alphabet A. Show that
rev(zy) = rev(y)rev(x)

As stated, we prove this by induction on |y|. First, suppose |y| =0 or y = .
Clearly,

rev(zy) = rev(z)

erev(z)

rev(e)rev(z)

rev(y)rev(x)
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Now assume that our result holds for all words y where |y| = n for some
nonnegative integer n. According to the process of induction, it remains for
us to show that the result holds for words of length n + 1.

Let |yl =n and a € A. Then ya is a word of length n + 1. Now,

rev(z(ya)) = rev((zy)a)
= arev(zy) by definition
= arev(y)rev(z) by inductive hypothesis
= rev(ya)rev(z)

Thus, the result holds for all words ya of length n + 1, and consequently the
result is proved for all words z,y in A*.

REMARK 1.1 The previous result can be generalized easily to partial
words by applying the same argument to the companions of partial words x
and y.

1.6 Containment and compatibility

We define equality of partial words in the following way.

DEFINITION 1.8 The partial words u and v are equal if u and v are
of equal length (that is, |u| = |v|), and

D(u) = D(v) and u(i) = v(i) for all i € D(u)(= D(v))

For full words, the equality of two words is straightforward, namely, letters
in corresponding positions must be equal. However, for partial words contain-
ing holes, the notion of equality is only part of the picture. This is because
the symbol ¢ is not an element of our alphabet, but a placeholder symbol for
a letter we do not know. So although the partial words aobo and acob are
not equal by our definition, they may very well be equal, if we only had more
information. To sharpen our understanding of this possibility, we introduce
and discuss two alternative methods of relating partial words: containment
and compatibility.

DEFINITION 1.9 Ifu and v are two partial words of equal length, then
u 1s said to be contained in v, denoted by u C v, if all elements in D(u) are
in D(v) and u(i) = v(i) for alli € D(u). We sometimes write u C v if u C v
but u # v.

Containment can be restated in the following equivalent way:
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For partial words u and v, u C v if everything that is known about the letters
of u is repeated in v. In this sense, the relation is “one-way,” from u to v.

In general, u C v does not imply that v C u.

Example 1.22
Let u = aobo. We can easily compare u to other partial words by writing u
above and checking our conditions. For v; = aoob, we write,

u=aobo

Lo

v =aoob

We can now easily see that D(u) ¢ D(vy), and therefore u ¢ vy. For ve =
acab, we see
u=aobo

Lo

vo=aoab
Because u(2) # v2(2), u ¢ vy. Lastly, for vs = aobb,

u=aobo

Lol

vs=aobbd

and u C v3. Notice the fact that v3(3) is defined implies that vz ¢ u. I

We can extend the notion of a word being primitive to a partial word being
primitive as follows:

A partial word w is primitive if there exists no word v such that u C v* with
i>2

Example 1.23
The partial word u = aoab is not primitive, because for v = ab, u C v2.
However, the partial word aobb is primitive. I

REMARK 1.2 Note that if v is primitive and v C u, then u is primitive
as well. The proof of this fact is left as an exercise.

Whereas the containment relation may be thought of as a nonsymmetric,
“one-way” relation between two partial words, we now define a new, symmet-
ric relation on partial words called compatibility.

DEFINITION 1.10 The partial words u and v are called compatible,
denoted by u T v, if there exists a partial word w such that w C w and v C w.
Equivalently, u T v if



38 Algorithmic Combinatorics on Partial Words
u(i) = v(i) for every i € D(u) N D(v)
It is obvious that u T v implies v T u.

Typically it is easier to test for the compatibility of two partial words by
writing them one above the other and applying the second formulation of the
definition, that is, if two letters “line up,” then they must be equal.

Example 1.24
Let x = aoboao and y = aoocbb. We write

r=aoboao
y=aoochbbd

and because z(4) # y(4),  J y. Now, let u = acbbco and v = obboco. We see
that u T v:

u=aobbco

v=obboco

For compatible words, we can construct a partial word w that contains both
w and v such that the domain of w is exactly the union of the domains of u
and v. In other words, the letters of w are defined “only when they need to
be” in order to contain u and v. For this reason, we call w the least upper
bound of v and v and denote w as u V v.

DEFINITION 1.11 Let u and v be partial words such that u T v. The
least upper bound of u and v is the partial word u \ v, where

uCuVuvandv CuVou, and
D(uVwv) = D(u)UD(v)

Example 1.25
Let u = abaooa and v = aooboa. Writing them over one another, we see u T v
and also how u V v is constructed:

u =abaooa
v =aooboa
uVv=ababoa

I

For a subset X of W(A), we denote by C(X) the set of all partial words
compatible with elements of X. More specifically,
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C(X)={u|ue W(A) and there exists v € X such that u T v}

If X = {u}, then we denote C'({u}) simply by C(u). We call a subset X
of W(A) pairwise noncompatible if no distinct partial words u,v € X satisfy
u T v. In other words, X is pairwise non compatible if for all v € X, X N

C(u) = {u}.

The following rules are useful for computing with partial words.
LEMMA 1.1
Let u,v,w,x,y be partial words.
Multiplication: If u T v and x Ty, then ux T vy.
Simplification: If ux 1 vy and |u| = |v|, then u T v and x T y.

Weakening: If u T v and w C u, then w T v.

We end this section with the following lemma.

LEMMA 1.2
Let u,v,x,y be partial words such that ux T vy.

o If |u| > |v|, then there exist pwords w,z such that w = wz, v | w, and

y T zx.
o If |u| < |v|, then there exist pwords w,z such that v = wz, u | w, and

z T zy.
PROOF The proof is left as an exercise. I

COROLLARY 1.1
Let u,v, 2,y be full words. If ux = vy and |u| > |v|, then u = vz and y = zx
for some word z.

Throughout the rest of the book, A denotes a fixed alphabet.

Exercises

1.1 The root of a full word wu, denoted by +/u, is defined as the unique
primitive word v such that u = v™ for some positive integer n. What is
Vu if u = ababab? What if u = ababba?
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1.2

1.3

1.4

1.5

1.6

1.7
1.8

1.9

1.10
1.11

1.12
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Let u = abbacbacba. Compute

1. The set of periods of u, P(u).
2. The set of weak periods of u, P’(u).
3. A partial word v over the alphabet {0, 1} satisfying all the following
conditions:
(a) [o] = |ul
(b) H(v) C H(u)
(c) P(v) =P(u)
(d) P'(v) = P'(u)

Let v and v be partial words. Prove that if v is primitive and v C u,
then u is primitive as well.

Let uw be a partial word of length p, where p is a prime number.
Prove that w is not primitive if and only if ||a(u)| < 1.

Construct a partial word with one hole of length 12 over the alphabet
{a, b} that is weakly 5-periodic, weakly 8-periodic but not 1-periodic.

Let u be a word over an alphabet A, and let v = ua for any letter a in
A. Prove that p(u) < p(v).

For partial words u and v, does v T v imply u C v. Is the converse true?

Show that if for partial words u, v we have that u C v, then P(v) C P(u)
and P’ (v) C P’ (u).

Consider the factorization (u,v) = (abbobab,bb) of w = abbobabbb. Is
abboba € C(S(u))? Is b e C(P(v))?

Prove Lemma 1.2.

A nonempty partial word w is unbordered if no nonempty words
r,v,w exist such that v C zv and v C wx. Otherwise, it is bordered.
If u is a nonempty unbordered partial word, then show that p(u) = |u]
and consequently, unbordered partial words are primitive.

Different occurrences of the same unbordered factor u in a partial word
w never overlap. True or false?

Challenging exercises

1.13

Two partial words u and v are called conjugate if there exist partial
words = and y such that v C zy and v C yx. Prove that conjugacy
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1.15

1.16

1.17

1.18

1.19

1.20

1.21

1.22
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on full words is an equivalence relation. Is it an equivalence relation on
partial words?

Let x be a partial word and set u = oz. Prove for 1 < p < |z|:

o p € P(u) if and only if p € P(z)
e p € P'(u) if and only if p € P’'(x)

Referring to Exercise 1.14, what can be said when v = ax with = a
nonempty partial word and a € A?

Construct a partial word u over the alphabet {0,1} for which no
a € {0,1} exists that satisfies ua is primitive.

Let w € W(A). For 0 < p < |u|, prove that the following are
equivalent:

1. The partial word u is weakly p-periodic.

2. The containments u C zv and u C wz hold for some partial words
x,v,w satisfying |v| = |w| = p.

Prove that if v is a nonempty partial word, then there exists a
primitive word v and a positive integer n such that v C v™. (Hint:
Use induction on the length of u). Show that uniqueness holds for full
words, that is, if u is a nonempty full word, then there exists a unique
primitive word v and a unique positive integer n such that u = v™. Does
uniqueness hold for partial words?

Let x and y be partial words that are compatible. Show that (zy V
yz) C (z V y)?. Is the reverse containment true?

A nonempty word w is unbordered if p(u) = |u|. True or false?

Let u be a nonempty bordered partial word. Let z be a shortest
nonempty word satisfying v C zv and v C wz for some nonempty words
v,w. If [v| > |z|, then show that p(u) < |u|. Is this true when |v| < |z|?

Can you find partial words z,y and z not contained in powers of a
common word and satisfying =™y™ T zP for some integers m,n,p > 2.

Programming exercises

1.23

Write a program that discovers if two given partial words u, v of equal
length are compatible. If so, then the program outputs the least upper
bound of u and v, u V v.
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1.24 Describe an algorithm that computes the minimal weak period of a given
partial word. What is the complexity of your algorithm?

1.25 Design an applet that provides an implementation of your algorithm of
Exercise 1.24, that is, given as input a partial word u, the applet outputs
the minimal weak period of u, p'(u).

1.26 Write a program that when given a finite subset X of W(A) \ {e},
outputs F(C(X)). Run your program on X = {acb, abbaab}.

1.27 Repeat Exercise 1.26 to output F'(C(X™)).
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Chapter 2

Combinatorial Properties of Partial
Words

In this chapter, we analyze two properties of partial words: conjugacy and
commutativity.

2.1 Conjugacy

We start by investigating the case for full words and then extend our results
to include partial words.

2.1.1 The equation xz = zy

Suppose z, y, and z are words such that zz = zy. We are interested to
know what the relationships between these words must be. Upon inspection,
we observe that z must coincide with z in its first part and also with y in its
second part. We illustrate with an example.

Example 2.1
Let x = abeda, y = daabe, and z = abc. Then, it is clear that
rz = zy, because

(abeda)(abe) = (abe)(daabe)

Note that if |z| is greater than |z| and |y|, then 2z will be a prefix of z and y
will be a suffix of z.

In the following lemma, we expand the idea motivated by the previous
example.

LEMMA 2.1
Let x, y, z (x # € and y # €) be words such that vz = zy. Then x = v,
y = vu, and z = (uwv)u for some words u,v and integer n > 0.

43
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PROOF If |z| < |z|, then we make use of Corollary 1.1 from the last
chapter to show z = zw and y = wz for some word w. Putting u = 2z,
v = w, and n = 0, the result holds.

If |z| > |z|, then again by Corollary 1.1 z = ar for some word r. By
hypothesis, zz = zy, thus

z(xr) = (xr)y
implies xr = ry

Since x # ¢, |r| < |z] and the desired conclusion follows by induction on |z|.
The initial case is when |z| = |z| + 1, and r is a single letter. Then zr = ry,
and putting v =r = ap, v = ay ...da|y -1, and n = 1 we have our result. Now,
assume that the result holds for all words z, |z| < |z| + k. Let 2’ be a word
such that |2/| = |z| + £+ 1 and 2’ = 2’y. Then we have 2’ = xr and ar = ry
where |r| < |Z/|. In other words, |r| < |z| + k. By the inductive hypothesis,
there exist words v and v and an integer n > 0 where z = wv, y = vu, and
r = (uv)™u. Therefore, 2’ = xr = (uv)"*!u, and the result holds.

Example 2.2
Applying Lemma 2.1 to Example 2.1, we see that u = abc, v = da, and n = 0.

We note here that, as a consequence of the previous lemma, the word z is
|z|-periodic. This fact will become important in the forthcoming extension of
conjugacy to partial words.

2.1.2 The equation zz T zy

In this section, we consider the conjugacy property of partial words in
accordance with the following definition.

DEFINITION 2.1 Two partial words x and y are conjugate if there
ezist partial words w and v such that * C uv and y C vu.

Consequently, if the partial words x and y are conjugate, then there exists
a partial word z satisfying the conjugacy equation xz 1 zy. Indeed, by setting
z =u, we get xz C uwvu and zy C wvu.

In the previous section, we investigated the equation zz = zy on words.
For partial words, we obtain a similar result via the assumption of zz V zy
being |z|-periodic.

THEOREM 2.1
Let x,y,z be partial words with x,y nonempty. If xz 1 zy and xzz V zy is
|z|-periodic, then x C wv, y C vu, and z C (uwv)™u for some words u,v and
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teger n > 0.

Example 2.3
Let x = oba, y = obo, and z = boaboooo. Then we have

xz =obaboaboooo
zy =boabooooobo
zzVzy=bbaboaboobo

It is clear that xz 1 zy and 2z V zy is |z|-periodic. Putting v = bb and v = a,
we can verify that the conclusion does indeed hold.

If z is a full word, then the assumption xz T zy implies the one of xz V zy
being |z|-periodic and the following corollary holds.

COROLLARY 2.1
Let x,y be nonempty partial words, and let z be a full word. If xz T zy, then
x Cuv, y Cou, and z C (uv)™u for some words u,v and integer n > 0.

Note that Corollary 2.1 does not necessarily hold if z is not full even if z,y
are full as is seen in the following example.

Example 2.4

Let x = a, y = b, and z = obb. Then xz = aobb and zy = obbb, and it is clear
that xz T zy. However, if there exist full words u and v such that x C uwv,
then it must be that @ = uv. This in turn makes it impossible for y C vu. We
see, therefore, that the requirement that xz V zy be |z|-periodic is necessary
even if both x and y are full.

First, we investigate the equation xz T zy on partial words under the miss-
ing assumption of zz V zy being |x|-periodic. The following two results give
equivalences for conjugacy.

THEOREM 2.2
Let x,y and z be partial words such that |x| = |y| > 0. Then xz T zy if and
only if xzy is weakly |x|-periodic.

PROOF By the Division Algorithm, there exist integers m,n such that
|z| = m|z| + n, 0<n<|z

Equivalently, we can define m as L%j and n as |z| mod |x|.! Then let

IRecall that for a real number x, || is the greatest integer less than or equal to x.



46 Algorithmic Combinatorics on Partial Words

T = UV, Y = Ums1Umt2 and z = wUjUULV2 . .. Uy U Um+1 Where each wu;
has length n and each v; has length || —n. We may now align xz and zy one
above the other in the following way:

Up Vo U1 V1 +-- Um—1 Um—1 Um  Um Um+1 (2 1)
Uy U1 U2 V2 ... Um Um  Um+1 Um41 Um4-2

Assume xz 1 zy. Then the partial words in any column in (2.1) are compatible
by simplification. Therefore for all 4 such that 0 <i < m+1, u; T u;41 and for
all j such that 0 < j <m, v; T v;11. Thus 2z T zy implies that xzy is weakly
|z|-periodic. Conversely, assume xzy is weakly |x|-periodic. This implies that
u;v; T ui41v;41 for all ¢ such that 0 < ¢ < m. Note that w,,+1Um+41Um+2 being
weakly |z|-periodic, as a result w41 T Umy2. This shows that xz T zy which
completes the proof.

In the previous theorem and the next, it is helpful to realize that we are
factoring the partial words zz and zy into words of length |z| and each of these
factors is represented by wu;v;. The trailing u-factor on each partial word can
be thought of as the “remainder term” and indeed that is the case. Aligning
these factors and demonstrating their compatibility results in our conclusion
of |z|-periodicity.

THEOREM 2.3

Let z,y and z be partial words such that |z| = |y| > 0. Then the following
hold:

1. If xz 1 zy, then xz and zy are weakly |z|-periodic.

|z
\

2. If xz and zy are weakly |z|-periodic and L?\J >0, then zz T zy.

PROOF The proof is similar to that of Theorem 2.2. I

Example 2.5

Let x = abodo f, y = ooobeo, and z = abede fabode fabede f abede fabede fabod.
Figure 2.1 displays the compatibility relation xz T zy and highlights the fac-
torizations of =,y and z as is done in the proof of Theorem 2.2.2

The concatenation xzzy is seen to be weakly |z|-periodic.

2This graphic and the other that follows were generated using a C++ applet on one of the
author’s websites, mentioned in the Website Section at the end of this chapter.
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ab~d ~“f abcd ef ab"d ef abcd ef abcd ef abed ef ab™d
T abcd ef ab™d ef abed ef abed ef abed ef ab™d ~™ "“bc™

FIGURE 2.1: An example of the conjugacy equation.

abodo f
abcde f
abode f
abcde f
abcde f
abcecde f
abodoo
obco

0

In Theorem 2.3(2), the assumption L%J > 0 is necessary. To see this,
consider = aa, y = ba and z = a. Here, 2z and zy are weakly |z|-periodic,
but zz } zy as aaa # aba.

Second, we consider solving the system of equations z 1 2z’ and zz T 2'y.
Note that when z = 2/, this system reduces to zz | zy. As before, let m
be defined as \_%J and n as |z| mod |z|. Then let © = ugvy, Yy = Vm+1Um+2,
Z = UIVIULV2 - . . U VU1, and 2/ = wjviubvy ... up, v, ur, . where each
u;, u; has length n and each v;, v} has length |z| —n. The |z|-pshuffle and |x|-
sshuffle of xz and 2'y, denoted by pshuffle,|(xz, 2'y) and sshuffle,|(zz, 2"y),
are defined as

! !,/ !/ / !/
UpVoU V1 ULV U Vs . .. um_lvm_lumvmumvmum+1vm+1um+1

and

um+1um+2

respectively. The term shuffle is intentional, as the pshuffle interleaves the
w;v; and wiv) factors from z and 2z’

THEOREM 2.4

Let x,y,z and 2’ be partial words such that |z| = |y| > 0 and |z| = |2/| > 0.
Then z 1 2" and xz 1 2"y if and only if pshuffle,| (vz, 2"y) is weakly |z|-periodic
and sshuffley) (22, 2'y) is (|z| mod |x|)-periodic.

PROOF We may align z and 2z’ (respectively, xz and z’'y) one above the
other in the following way:

Uy U1 U2 V2 ... Um—1 Um—1 Um Um Um+1 2.9
li !/ / !/ ! / ! / !/ ( ° )
UL V] Ug Vg vv Upy_q Uppy 1 Uy Vg Uy
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Up Vo U1 V1 +-- Um—1 Um—1 Um  Um Um+1 (2 3)

! !/ / !/ ! / /!
U V] Uy V... U, Uy Ui Umpgl Umg2

Assume z T 2z’ and zz T z’'y. Then the partial words in any column in (2.2)
(respectively, (2.3)) are compatible using the simplification rule. Therefore for
all0 <4 <m, uj1vj 1 T uip1vi41 (by 2.2) and wv; T ujy v, (by 2.3). Also,
we have v, T U1 and the following sequence of compatibility relations: u,, T
Upy i1 Upp g1 | Ume1, a0 U1 | Umyo. This shows that pshuffle (22, 2'y) is
weakly |x|-periodic and that sshuffle (22, 2'y) is (|z| mod |z|)-periodic. The
converse follows symmetrically.

2.2 Commutativity

As before, we start by investigating the case for full words and then extend-
ing our results to include partial words.

2.2.1 The equation zy = yx

It is well known that two nonempty words x and y commute if and only if
both = and y are powers of a common word, and the proof is straightforward.

LEMMA 2.2

Let x and y be nonempty words. Then xy = yx if and only if there exists a
word z such that x = 2™ and y = 2™ for some integers m,n.

PROOF  Suppose zy = yx. We will use induction on the length of zy.
Since the words are nonempty, we begin with |zy| = 2. Because zy = yz, it is
immediate that x = y, and we are done. Now assume that the result is true
for all z,y such that |xy| < k for some positive integer k. Assume |zy| = k+1.
With the equation zy = yx and our conjugacy result in Lemma 2.1, we have
that © = wv = vu and y = (uv)'u for some words u and v and integer [ > 0.
If u =€ or v = ¢, then the result follows. Otherwise recall that y # ¢, and so
|uv| = |z| < |zy| = k + 1. By the inductive hypothesis, we conclude that u
and v are powers of a common word, z. Consequently, x and y are powers of
z, and the result is obtained. The converse statement is obvious.

2.2.2 The equation zy 7 y=x

To extend this characterization of commutativity to partial words, we use
the notion of containment. Certainly, if there exist a word z and integers m, n
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such that x C 2™ and y C 2™, then

Yy C Mt
yx C 2"t
and zy T yx. In addition, the converse holds as well, provided the partial
word zy has at most one hole. We state the theorem here without proof, as
we will later prove a more general result in Theorem 2.6.

THEOREM 2.5

Let x and y be nonempty partial words such that xy has at most one hole.
If xy T yx, then there exists a word z such that x C 2™ and y C 2™ for some
integers m, n.

However, if xy possesses more than one hole, the situation becomes more
subtle. Indeed, it is easy to produce a counterexample when xy contains just
one more hole.

Example 2.6
Let x = obb and y = abbo. Then

xy = obbabbo T abboobb = yx

Since ged(|z|, |y|) = 1, if  and y were contained in powers of a common word
z, then |z| would be equal to 1, which is not possible for y.

Definition of (k,l)-special partial word

To extend this theorem to the case when zy has at least two holes, we
will need to inspect the structure of the partial word zy more carefully by
stepping through a sequence of positions. We select positions motivated by
the following lemma, the proof of which is left to the reader.

LEMMA 2.3
Let z,y be nonempty partial words. If there exists a full word z such that
x C 2™ andy C 2", then xy is ged(|z|, |y|)-periodic.

We next develop a criterion based on the contrapositive of this statement to
determine whether a partial word with at least two holes can be decomposed
into z and y as contained in powers of a common word z. That is, if the pword
is not ged(|z|, |y|)-periodic, then such a decomposition cannot be found. If
this occurs, we say xy is (k,1)-special, where k = |z| and | = |y|. We adopt
the convention that k < [, as we can assume without loss of generality that
2] < Iyl
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For a partial word of length k + I, we can test for ged(k,[)-periodicity by
checking sequences of letters that are p positions apart, where p = ged(k,1).
Note that, because we are only interested in testing for periodicity, the order
of checking these positions is irrelevant.

For 0 < ¢ < k + [, we define the sequence of i relative to k,[ as seqm(i) =
(i0,81,%2,« -+, in,int1) Where ig = i = i,41 and where

For 1 <j<n,i; #4,

For 1 <j <n+1,i; is defined as

o ’L'j,1+k'if7;j,1<l
J ij—1 —l otherwise

Note that seqy;(i) is stopped at the first occurrence of i, which defines n+1.

/Wi\
o 1 2 3 4 5 6 7 8 ¢ 10 11 12 1
M/

FIGURE 2.2: The construction of seqg g(0).

3

Example 2.7

If k=6 and | = 8, then seqg 4(0) = (0,6,12,4,10,2,8,0). The path traversed
by this sequence is represented in Figure 2.2. It can be seen that this path
selects positions ged (6, 8) = 2 letters apart, beginning with position 0. To fully
verify periodicity, it will be necessary to generate another sequence beginning
at i = 1, which is seqgg(1) = (1,7,13,5,11,3,9,1). No other sequence is
necessary, for if we calculated seqg ¢(2) we simply would obtain a permutation

of the first sequence since it already contains the position 2. I

In general, to fully verify a given pword, ged(k,l) sequences are needed
corresponding to the positions 0 < i < ged(k,1). Now, we use these sequences

3Some readers may find the following (equivalent) definition of seqy,; (i) more intuitive:
ig =4 and for 1 <j<n+1,i; = (ij_1 +k) mod (k+1). (Recall that k+1 is the length of
the partial word being analyzed.) As before, continue the sequence until the first occurrence
of 7 is reached.
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to make our definition of (k,)-special partial word precise in the following
manner.

DEFINITION 2.2  Let k,l be positive integers satisfying k < [ and let
z be a partial word of length k + 1. We say that z is (k,l)-special if there
exists 0 < i < ged(k,1) such that seqy (i) = (o, 41,02, ,in,int1) contains
(at least) two positions that are holes of z while z(ig)z(i1) ... 2(int1) is not
1-periodic.

Notice that in order to show a partial word z is (k,[)-special, it is possible
that ged(k,l) sequences will need to be calculated. Once a sequence that
satisfies the definition is found, then z can be declared (k,)-special. However,
it is necessary to calculate all sequences in order to classify z as not (k,[)-
special.

Example 2.8
Let z = cbcavocheocaca, and let k = 6 and | = 8 so |z| = k + 1. We wish to
determine if z is (6, 8)-special. Find seqg ¢(0) = (0,6,12,4,10,2,8,0) and

2(0) 2(6) 2(12) z(4) 2(10) 2(2) 2(8) =(0)
c ¢ ¢ © ¢ ¢ ¢ ¢

This sequence does not satisfy the definition, and so continue with calculating
seqg (1) = (1,7,13,5,11,3,9,1). The corresponding letter sequence is

2(1) 2(7) 2(13) z(5) 2(11) 2(3) 2(9) (1)
b b a o a a o b

Here we have two positions in the sequence which are holes, and the sequence
is not 1-periodic. Hence, z is (6, 8)-special. I

THEOREM 2.6

Let z,y be nonempty partial words such that |z| < |y|. If zy T yz and xy is
not (x|, |y|)-special, then there exists a word z such that x C 2™ and y C 2"
for some integers m,n.

PROOF  Since zy T yz, there exists a word u such that xy C u and
yr C u. Put |z| = k and |y| = 1. Put I = mk + r where 0 < r < k. Either
r=0or r >0, and for each possibility the proof is split into three cases that
refer to a given position i of u. Case 1 refersto 0 < i < k, Case 2to k <i <,
and Case 3tol <1i < l+k (Cases 1 and 3 are symmetric as is seen by putting
it =1+ j where 0 < j < k). The following diagram pictures the containments
zy C u and yxr C w:
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zylz(0) ... z(k = 1)|y(0) ...yl —k—=D|y(l—k) ... y(l-1)
yzl|y0) ... y(k—1)|yk) ... y(l—-1) z(0) ... z(k—1)
wlu(0) ... u(k—1)|u(k) ... wu(l-1) u(l) Lu(l+k-—1)

We prove the result for Case 1 under the assumption that » > 0. The other
cases follow similarly and are left as exercises for the reader. We consider the
cases where ¢ < r and ¢ > r. If i < r, then

(i) Cu(i) and y(i) C u(i),

y(i) Cu(i+ k) and y(i + k) C u(i + k),
y(i + k) Cu(i+2k) and y(i + 2k) C u(i + 2k),
(i

y(i + 2k) C u(i + 3k) and y(i + 3k) C u(i + 3k),

y(i+ (m —1)k) C u(i + mk) and y(i + mk) C u(i + mk),

(i +
y(i+mk) Cu(i+ (m+1)k) and (i + k —r) Cu(i + (m + 1)k),
z(i+k—r)Culi+k—r)and y(i +k —7r) Culi +k —r),

(i

yli+k—r) Culi +2k —r) and y(i + 2k —r) C uli + 2k —r),

If i > r, then
(i) C u(i) and y(i) C u(i),
y(i) Cu(i+ k) and y(i + k) C u(i + k),
y(i + k) C u(i + 2k) and y(i + 2k) C u(i + 2k),
(i

y(i + 2k) C u(i + 3k) and y(i + 3k) C u(i + 3k),

y(i + (m—2)k) Cu(i+ (m—1)k) and y(i + (m — 1)k) C u(i + (m — 1)k),
y(i + (m —1)k) Cu(i+mk) and (i — r) C u(i + mk),
z(i—r) Cu(i—r) and y(i —r) Cu(i —r),

(i

(
wli+k—r)and y(i+k—7) Culi +k—r),
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If i < r, then let x(V)y(Q)y(i + k)...y(i + mk)z(i + k —7r)...2(i) = v;, and
if ¢ > r, then let z(Q)y())y(i + k)...y(i+ (m —Dk)x(i —r)...z(i) = v;. In
either case, we claim that v; is 1-periodic, say with letter a; in AU {o}. The
claim follows from the above containments in case v; has less than two holes.
For the case where v; has at least two holes, the claim follows since xy is
not (k,()-special. It turns out that a; = aj4, = --- for 0 < j < r. Let
Zz=agai...ar_1. If v divides k, then = C 2¥/" and y C 2(™¥/"+1 If r does
not divide k, then z is 1-periodic with letter a say. In this case, + C a* and
y C a.

Example 2.9

Given x = aboaocoacb and y = acobabbacoacd, the alignment of xy and yx
may be observed with the depiction in Figure 2.3. We can check that zy T yx
and also that zy is not (x|, |y|)-special (the latter is left as an exercise). Here
x C (abb)® and y C (abb)*.

ab™ a™~™ a"b a"b abbk a™" a"b

T a™ abb a™" a"b ab™ a™"™ a"b
FIGURE 2.3: An example of the commutativity equation.

Definition of {k,l}-special partial word

Next, we define the concept of {k, [}-special partial word as an extension of
(k, 1)-special partial word and give two lemmas that provide another sufficient
condition for two words x and y to commute.

DEFINITION 2.3 Let k,l be positive integers satisfying k <1 and let z
be a partial word of length k+1. We say that z is {k, l}-special if there exists
0 <i < ged(k,1) such that seqy (i) satisfies the condition of Definition 2.2 or
the condition of containing two consecutive positions that are holes of z.

Restated, z is {k,[}-special if there exists i such that seqy (i) either

1. has two positions that are holes and is not 1-periodic, OR

2. has two consecutive positions that are holes.

By definition, a partial word z that is (k,l)-special is {k,[}-special. The
converse is not true, as is seen in this example.
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Example 2.10
Let k =6, [ = 8, and z = obababooababab. Calculating seq,, ;(0), we have

2(0) z(6) 2(12) 2(4) 2(10) z(2) 2(8) 2(0)

<& <& a a a a a <

Since seqg g(0) contains the consecutive positions 0 and 6 that are holes of z,
z is {6, 8}-special. However, after calculating seqq 4(1), we observe that both

sequences are 1-periodic, and thus z cannot be (6, 8)-special. I

LEMMA 2.4
Let x,y be nonempty words and let z be a partial word with at most one hole.
If z C zy and z C yx, then xy = yx.

LEMMA 2.5
Let x,y be nonempty words and let z be a non {|z|,|y|}-special partial word.
If z C zy and z C yx, then xy = yx.

PROOF Put |z| = k and |y| = [. Without loss of generality, we can
assume that k < [. Put [ = mk + r where 0 < r < k. As before, either r = 0
or r > 0, and for each possibility the proof is split into three cases that refer
to a given position i of z. Case 1 treats the situation when 0 < i < k, Case
2 the situation when & < i < [, and Case 3 when | < i <[+ k (Cases 1 and
3 are symmetric). The following diagram pictures the inclusions z C zy and
z C yx:

z|z(0) ... z(k=1)|z(k) ... =2(I1-1) z(l) .oz(l+k=1)
zy|z(0) ... x(k—1)|y(0) ... y(l—k—-1)|y(l—k) ... y(l—-1)
yz|y(0) ... y(k = Dly(k) ... y(l-1) z(0) ... z(k-1)

We prove the result for Case 1 for both » = 0 and r» > 0. The other cases
follow similarly and are left as exercises for the reader.

We first treat the case where r = 0. If i € D(z), then z(i) C =(i) and
z(i) C y(i) and so x(i) = y(¢). If i € H(z), then we prove that (i) = y(i) as
follows. We have

z(i) C (i) and 2(i) C y(4),
2(i+ k) Cy(i) and 2(i + k) C y(i + k),
2(i+2k) Cy(i + k) and 2(i + 2k) C y(i + 2k),

2(i+ (m—1)k) Cy(i + (m—2)k) and 2z(i + (m — 1)k) C y(i + (m — 1)k),
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z(i+mk) Cy(i + (m — 1)k) and z(i + mk) C x(3).

Here seqy, (i) = (4,i+k, ..., i+mk, i) and z(i)z(i+k)z(i+2k) . .. z(i+mk)z(i)

does not contain consecutive holes and does not contain two holes while not

1-periodic since z is not {k, l}-special. So z(i) = y(i+ (m—1)k) = y(i + (m —

2)k) =--- =y(i + k) = y(i) (note that H(z) does not contain in particular
i+k,i+mk).

We now treat the case where r > 0. If i € D(z), then we proceed as in the

case where r = 0. If i € H(z), we consider the cases where i < r and i > r. If
i < r, then

z(i) C (i) and 2(i) C y(4),
2(i+ k) Cy(i) and 2(i + k) C y(i + k),

2(i+2k) C y(i + k) and 2(i + 2k) C y(i + 2k),

2(i+ (m—1)k) Cy(i+ (m—2)k) and z(i + (m — 1)k) C y(i + (m — 1)k),
z(i+mk) Cy(i+ (m —1)k) and z(i +mk) C y(i + mk),
2(i+ (m+1)k) Cy(i + mk) and z(i + (m+ 1)k) Cz(i + k — 1),

zi+k—r)Cax(t+k—r)and 20 + k—7r) Cyli+ k — 1),

If ¢ > r, then
z(i) C x(4) and z(2) C y(4),
2(i+ k) Cy(i) and 2(: + k) C y(i + k),

2(i+2k) C y(i + k) and 2(i + 2k) C y(i + 2k),

2(i+ (m—1)k) Cy(i+ (m—2)k) and 2z(i + (m — 1)k) C y(i + (m — 1)k),
z(i +mk) Cy(i + (m —1)k) and z(i + mk) C x(i — ),

z(i—7r)Ca(i—r)and 2(i —7) Cy(i —r),
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Applying the above repeatedly, we can show that z(i) = y(¢). More precisely,
in the case where i < r, seqy (i) = (i,i +k,...,i +mk,i+ (m+ 1)k,i +

kE—r,....i) leads to y(i) = y(i + k) = - = y(i + (m — 1)k) = y(i + mk) =
z(i+k—r)=---=x(i) since z is not {k,l}-special. Similarly, in the case
where i > r, seqy (1) = (4,i+k,...,i+ (m— 1Dk, i+mk,i—r,... i) leads to
ﬁ/(z) =y(i+k) = - =y(i+(m—-2)k) = y(i+(m—1)k) = z(i—r) = --- = z(i).

Note that in Lemma 2.5, the assumption of z being non {|z|, |y|}-special
cannot be replaced by the weaker assumption of z not being (|x|, |y|)-special.
To see this, consider the partial words x = ababab, y = cbababab, and z =
obababooababab from Example 2.10. Here, z C xy and z C yx, but xzy # yx.

We end this chapter with the concept of a pairwise nonspecial set of partial
words that is used in later chapters.

DEFINITION 2.4 Let X C W(A). Then X is called pairwise nonspe-
cial if all u,v € X of different positive lengths satisfy the following conditions:

o If|u| < |vl|, then v is non {|ul, |[v| — |u|}-special.

o If lu| > |v|, then u is non {|v|, |u| — |v|}-special.

Note that any subset of Wj(A) is pairwise nonspecial.

Exercises

2.1 Consider the partial words x = abedof, y = gomnoo and z =

abcde fabode fabede f abede f abede f
abodooobooqrmoopqrmnopqrmoop

e Show that zz T zy.

e Show that zzy is weakly |z|-periodic.

2.2 Referring to Exercise 2.1, display the factorizations of x,y and z as is
done in the proof of Theorem 2.2.

2.3 Set x = aocdoo, y = odefob, and
z = abeoooasode foocde fao

Show that xz | zy and xz V zy is |z|-periodic. Find words u,v and an
integer n > 0 that satisfy Theorem 2.1.
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If x and y are nonempty conjugate partial words, then there exists a
partial word z satisfying the conjugacy equation xz T zy. Moreover, in
this case there exist partial words w,v such that x C wv, y C vu, and
z C (uv)™u for some integer n > 0. True or false?

2.5 If Kk =4 and [ = 10, then determine whether the following partial

2.6
2.7

2.8
2.9
2.10

2.11

2.12

2.13

2.14

words are (4, 10)-special or not?

e acbaaboaabaaco
o obababobababob

Find k,! such that z = acbcaoocbeocac is (k, 1)-special.

Let x = aboaoocaob and y = acbabbacoacb. Show that xy T yx and that
xy is not (|zl,|y|)-special. Find a word z and integers m,n such that
r C 2™ and y C 2™

Prove Lemma 2.3.
Check that in Example 2.9 zy is not (|z|, |y|)-special.

Give an example of a partial word that is {3, 6}-special without
being (3, 6)-special.

Give partial words u, v, w such that w C wv, w C vu and wv # vu. Is
w (Jul, |v|)-special? Is it {|u|, |v|}-special? Does your answer contradict
Lemma 2.57

What can be said if  is a full word over the alphabet {0, 1} and satisfies
u0 = Ou? What can be said if u0 = 1u?

What can be said if u is a partial word with one hole over the alphabet
{0,1} and satisfies u0 = Ou? What can be said if u0 = 1u?

Repeat Exercise 2.13 if u satisfies u0 T Ou or u0 T 1u.

Challenging exercises

2.15
2.16
2.17

Prove Theorem 2.1.
Prove Corollary 2.1.

Let u,v € A" and let 2 € Wy (A). If uz | 2v, then prove that one of
the following holds:

1. There exist partial words x, ¥y, x1,x2 such that u = x1y, v = yao,
x C a1, x C g, and z = (x1y)™x(yxs)™ for some integers m,n > 0.
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2. There exist partial words z,y,y1,y2 such that u = xy1, v = ysx,
y Cy1, y C Yo, and z = (zy1)"ay(xy2) 2 for integers m,n > 0.

2.18 Let u,v € AT. Let 2 € Wi(A)\ AT and let 2/ € AT. If z ] 2/ and
uz T 2’'v, then prove that one of the following holds:

1. There exist partial words x, ¥y, x1,x2 such that u = x1y, v = yao,
x C 1, & C g, 2 = (x1y)"x(yz2)™, and 2/ = (x1y)™x; (ya2)™ for
some integers m,n > 0.

2. There exist partial words z,vy,y1,y2 such that u = zy1, v = ysx,
YTy, y C Yo, 2 = (zy1)™zy(zye)"z, and 2/ = (xy;)"H (xys)
for some integers m,n > 0.

2.19 Referring to Exercise 2.18, what can be said when u,v € A", 2 € AT
and 2’ € Wi(A) \ A" are such that z T 2/ and uz | 2'v?

2.20 Generalize Exercise 2.17 to z € Wh(A).

2.21 No primitive word u can be an inside factor of uu. True or false?
2.22 Prove Case 3 of Theorem 2.6.

2.23 Referring to Theorem 2.6, prove the case where r = 0.

2.24 Prove Case 2 of Theorem 2.6 when 7 > 0.

2.25 Prove Case 2 of Lemma 2.5.

2.26 Let x,y be nonempty partial words and let u, v be full words such that
x Cuandy Cov. Ifazyisnon {|z|,|y|}-special and yxr C wwv, then
xy C vu.

Programming exercises

2.27 Referring to Exercise 2.21, give pseudo code for an algorithm that tests
primitivity on full words. What is the complexity of your algorithm?

2.28 Write a program to find out whether or not two partial words x and y
are conjugate. Run your program on the pairs of partial words:
e 1 = acobabboa and y = obooaaco
e x = baobbbaa and y = acbabboa

e x = baobbbaa and y = obooaaco
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2.29 Write a program that when given a pword u and integers k, [ such that
k <1, discovers if u is or is not (k,!)-special. Modify your program to
let it also discover if u is {k,{}-special. What is the output for running
the program on u = aobaaboaabaace, k = 4 and [ = 10.

2.30 Starting with your program of Exercise 2.29, write a program that tests
whether or not a set X of partial words is pairwise nonspecial. Find a
set X that is pairwise nonspecial and one that is not.

2.31 Write a program that takes as inputs four nonempty partial words x, y, z
and 2z’ such that z T 2/ and zz | z’y, and outputs a factorization
of pshuffle|,|(z2,2'y) and sshuffle,|(xz, 2'y) according to the proof of
Theorem 2.4 and shows that they are weakly |z|-periodic and weakly
(]z] mod |z|)-periodic respectively.

Website
A World Wide Web server interface at

http://www.uncg.edu/mat/research/equations

has been established for automated use of programs related to the equations
discussed in this chapter. In particular, one of the programs takes as input
three partial words x,y and z such that |z| = |y| and zz T zy, and outputs
a factorization of z,y and z and shows that zzy is weakly |z|-periodic (this
program implements Theorem 2.2). Another program takes as input a set
{z,y} of two partial words such that |z| < |y|, zy T yx and zy is not (|z|, |y|)-
special, and outputs a partial word z and integers m,n such that x C 2™ and
y C 2" (this program implements Theorem 2.6).
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Chapter 3

Fine and Wilf’s Theorem

In this chapter, we discuss the fundamental periodicity result on words due
to Fine and Wilf in the context of partial words. Fine and Wilf’s result states
that any word having periods p and ¢ and length at least p + ¢ — ged(p, q)
has period ged(p, ¢). Moreover, the bound p + ¢ — ged(p, ¢) is optimal since
counterexamples can be provided for words of smaller length. We extend this
result to partial words in two ways:

First, we discuss weak periodicity extensions, that is, we consider long
enough partial words having weak periods p,q and show that under some
conditions they also have period ged(p, q). We start with partial words with
one, two, and three holes, and then generalize the result for partial words
with an arbitrary number of holes. The following table describes the number
of holes and section numbers where these results are discussed:

Holes Sections
0-1 3.1
2-3 3.2

arbitrary 3.3, 3.4 and 3.5

Second, we discuss strong periodicity extensions, that is, we consider in
Section 3.6 long enough partial words having strong periods p,q and show
that under some conditions they also have period ged(p, q).

3.1 The case of zero or one hole

In this section, we restrict ourselves to partial words with zero or one hole.
We omit the proof of the following theorem, because we will prove the general
result later in this chapter.

THEOREM 3.1
Let p and q be positive integers.

1. (Fine and Wilf) Let u be a word. If u is p-periodic and g-periodic and
|u| > p+ q—ged(p, q), then u is ged(p, q)-periodic.

63
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2. Let u be a partial word such that ||H(u)|| = 1. If u is weakly p-periodic
and weakly g-periodic and |u| > p+ q, then u is ged(p, q)-periodic.

The bounds for the minimal length of the partial word « in the above
theorem are optimal, that is, the result does not hold for partial words that
are weakly p-periodic and weakly g-periodic but of smaller length. In the next
examples we present a counterexample for each statement in Theorem 3.1.

Example 3.1

The bound p+ ¢ — ged(p, ¢) is optimal in Theorem 3.1(1). For example, using
p=3,g=4and p+ q— ged(p, q) = 6, the following picture shows that the
word aabaa of length 5 is 3-periodic and 4-periodic but is not 1-periodic:

012 34
aablaa

0123 4

aabala

Example 3.2
The bound p + ¢ is optimal in Theorem 3.1(2), as can be seen with aabaao of
length 6 which is weakly 3-periodic and weakly 4-periodic but not 1-periodic:

012 345
aablaac

0123 45
aabalac

3.2 The case of two or three holes

Theorem 3.1 does not hold for partial words with two holes. For instance,
the partial word u = aabaaco is weakly 3-periodic and weakly 4-periodic and
|u| > 3+ 4 but u is not ged(3, 4)-periodic.

To extend Theorem 3.1 to partial words with two or three holes (and be-
yond), we will emulate the process of the last chapter and define a subset of
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partial words w as (||H(u)l||,p, q)-special based on specific criteria. We will
then be able to extend our periodicity result to those pwords that are not
([|H (w)|, p, q)-special.

In this section, we limit ourselves to pwords with only two or three holes. We
provide definitions for (2, p, ¢)-special and (3, p, ¢)-special for completion, but
remind the reader that these definitions will be generalized in future sections.

DEFINITION 3.1 Let p and q be positive integers satisfying p < q. A
partial word u is called

1. (2, p, q)-special if at least one of the following holds:

(a) q = 2p and there exists p < i < |u|—4p such that i+p,i+q € H(u).
(b) There exists 0 < i < p such that i +p,i+q € H(u).
(c) There exists |u| —p < i < |u| such that i —p,i —q € H(u).

2. (3, p, q)-special if it is (2, p, q)-special or if at least one of the following
holds:

(a) q = 3p and there exists p < i < |u|—5p such that i+p,i+2p,i+3p €
H(u) or there exists p < i < |u|—Tp such that i+p,i+3p,i+5p €

(b) There exists 0 < i < p such that i+ q,i+2p,i+p+q € H(u).

(¢) There exists |u| —p < i < |u| such thati—q,i—2p,i—p—q € H(u).

(d) There exists p < i < q such that i —p,i+p,i+q € H(u).

(e) There exists |u| —q < i < |u|—p such thati—p,i+p,i—q € H(u).

(f) 2q = 3p and there exists p < i < |u| — 5p such that i + q, i+ 2p,i+
p+q€ H(u).

If p and ¢ are positive integers satisfying p < ¢ and ged(p, ¢) = 1, then for
each n > 0 we can construct a binary partial word u, with two holes such
that u,, is weakly p- and ¢-periodic but not ged(p, ¢)-periodic. Put

Uy, = abP~Lop?—P~1opn

Writing u,, into p columns, the first hole falls under the first letter a and we
see that u,, indeed is weakly p-periodic. Similarly, when u,, is written into ¢
columns, the second hole falls under the first letter a and thus u,, is weakly
g-periodic.

The partial word w,, is (2, p, ¢)-special by Definition 3.1(1)(b) as is seen by
setting ¢ = 0. We can think of a, the letter in position 0, as being “isolated”
by the holes in the pword u,, allowing u,, to not be 1-periodic.!

Similarly, the infinite sequence

ndeed, we will use this notion of “isolation” to define (|| H (u)]|,p, q)-special pwords u for
an arbitrary number of holes.
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p columns g columns
ab..b ab.bOb..b
b o b

FIGURE 3.1: A (2,p, q)-special binary partial word.

(abP~Lob9=P=Lobm0),,50

consists of binary (3,p,q)-special partial words with three holes that are
weakly p-periodic and weakly g-periodic but not 1-periodic.
We now state the theorem for partial words containing two or three holes.

THEOREM 3.2
Let p and q be positive integers satisfying p < q.

1. Let u be a partial word such that ||H(u)|| = 2 and assume that u is
not (2, p, q)-special. If u is weakly p-periodic and weakly q-periodic and
lul > 2(p + q) — ged(p, q), then u is ged(p, q)-periodic.

2. Let u be a partial word such that ||H(u)|| = 3 and assume that u is
not (3,p, q)-special. If u is weakly p-periodic and weakly q-periodic and
lu| > 2(p+ q), then u is ged(p, q)-periodic.

The bound 2(p + ¢) — ged(p, ¢) turns out to be optimal in Theorem 3.2(1).
For instance, the partial word abaabaocabaaba of length 14 is weakly 3-
periodic and weakly 5-periodic but is not 1-periodic:

aba
aba
ooa
baa
ba

abaab
acoab
aaba

A similar result holds for the bound 2(p+¢) in Theorem 3.2(2) by considering
abaabaooabaabac where p = 3,¢ =5 and 2(p + q) = 16:

aba
aba
oo a
baa
bao
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abaab
acoab
aabao

3.3 Special partial words

In this section, we give an extension of the notions of (2, p, ¢)- and (3, p, q)-
special partial words. We first discuss the case where p = 1 and then the case
where p > 1.

331 p=1

Throughout this section, we fix p = 1. Let ¢ be an integer satisfying ¢ > 1.
Let u be a partial word of length n that is weakly p-periodic and weakly
g-periodic. Then u can be represented in the following fashion:

u(0)  u(g)  u(2q)
u(l)  u(l+¢q) u(l+2q)---

u(q _ 1) u(2q.— 1) u(3q.— 1)---

The advantage to this representation is that the columns display the weak p-
periodicity of u and the rows display the g-periodicity of u. We can continue
this visualization and wrap the array around and sew the last row to the first
row so that u(g—1) is sewn to u(q), u(2g—1) is sewn to u(2¢), and so on. From
this, we get a cylinder for u, and sometimes refer to this as the 3-dimensional
representation of u.

Example 3.3

Let p =1 and ¢ = 5 for a word u. In Figure 3.2 we graphically show how
an array is sewn together to form the cylinder for u. Figure 3.3 shows the
cylinder in perspective.?

We say that ¢ — p (respectively, i + p) is immediately above (respectively,
below) i whenever p < i < n (respectively, 0 < i < n — p). Similarly, we
say that i — ¢ (respectively, i + ¢) is immediately left (respectively, right) of i
whenever ¢ < i < n (respectively, 0 < i < n—gq). The fact that u is weakly p-
periodic implies that if 4,44+ p € D(u), then w(é) = u(i+p). Similarly, the fact
that u is weakly g-periodic implies that if ¢,i+q € D(u), then u(i) = u(i+q).

2These graphics, and the others that follow, were generated using a Java applet on one of
the author’s websites, mentioned in the Website Section at the end of this chapter.
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14 19 24
mA 1

AAVAWN|
I ]
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FIGURE 3.2: A word u with p=1 and ¢ = 5.

FIGURE 3.3: Perspective view of a word u with p =1 and ¢ = 5.

The following definitions describe three types of isolation that will be ac-
ceptable in our definition of special partial word. In each, we have a continuous
sequence of holes isolating a subset of defined positions. The type of isolation
indicates where the isolation occurs: Type 1 is at the beginning of the partial
word, Type 2 is in the interior of the partial word, and Type 3 is at the end
of the partial word.

DEFINITION 3.2 Let S be a nonempty proper subset of D(u). We say
that H(u) 1-isolates S (or that S is 1-isolated by H(u)) if the following hold:

1. Left If i€ S andi > q, theni—q € S ori—q € H(u).
2. Right Ifi€ S, theni+q€ S ori+qe H(u).
3. Above Ifie€ S andi>p, theni—p€e S ori—pe H(u).
4. Below Ifi € S, theni+pe S ori+pe H(u).
DEFINITION 3.3 Let S be a nonempty proper subset of D(u). We say
that H(u) 2-isolates S (or that S is 2-isolated by H(u)) if the following hold:
1. Left If i€ S, theni—q€ S ori—q¢€ H(u).
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2. Right Ifi€ S, theni+q€ S ori+q¢e H(u).

3. Above Ifi € S, theni—pe€ S ori—pe€ H(u).

4. Below Ifi € S, theni+pe€ S ori+pé€ H(u).
DEFINITION 3.4 Let S be a nonempty proper subset of D(u). We say
that H(u) 3-isolates S (or that S is 3-isolated by H(u)) if the following hold:

1. Left If i€ S, theni—q€ S ori—q€ H(u).

2. Right Ifie S andi<n—gq, theni+q€ S ori+qe H(u).

3. Above Ifi€ S, theni—pe S ori—pe€ H(u).

4. Below Ifie S andi<n—p, theni+p€e S ori+pe H(u).
Example 3.4

As a first example, consider the partial word u; represented as the 3-dimensional
structure below. Here, u; is weakly 1-periodic and weakly 5-periodic:

0510 15 20 25 30 35 40 45 50 55 60

0coaaaodoeo f fo
lcooa o hoeo f f o
200b 0 0o o e eeo f fo
3aob boeeeof fff
4 aa0 ¢ goeeeoff

The set of positions with letter a is 1-isolated by H (u1); the set of positions
with letter b is 2-isolated by H(uj); the set of positions with letter ¢ is 1-
isolated by H(uq); the set of positions with letter d is 2-isolated by H (u1);
the set of positions with letter e is 2-isolated by H(u1); the set of positions
with letter f is 3-isolated by H(uq); the set of positions with letter g is 2-
isolated by H(u1); the set of positions with letter h is 2-isolated by H(uq);
and the set of positions with letter i is 3-isolated by H (u1). I

=

FIGURE 3.4: Entire cylinder for the partial word in Example 3.4.
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»

FIGURE 3.5: Latter part of the cylinder for the pword in Example 3.4.

Example 3.5

As a second example, consider the weakly 1-periodic and weakly 5-periodic
partial word us represented as the 3-dimensional structure below. We can see
that D(uz2) does not contain a nonempty subset of isolated positions:

0510 15 20 25 30 35 40 45 50 55 60

a a
a <
o0
a <
aa

= W= O
S Qa8 O e
S Q 8 9 2
[SEESIERCIER IS
S Q@ e 2 O
Q@2 Q2 ¢ 2
Q@ Q2 Q g 2
Q@ O 9 ¢ 2
S Q@ e e O
Q@ 2 Q@ g 2
Q@ 2 2 ¢ 2

Q@ 2 2 ¢

T 5T

—

FIGURE 3.6: Entire cylinder for the partial word in Example 3.5.

DEFINITION 3.5 Let q be an integer satisfyingq > 1. For1 <i < 3, the
partial word u is called (||H (w)]|, 1, q)-special of Type i if H(u) i-isolates
a nonempty proper subset of D(u). The partial word u is called (||H (u)||,1,q)-
special if w is (|[H (uw)l], 1, q)-special of Type i for some i € {1,2,3}.

It is a simple matter to check that the above definition extends the notion of
(2,1, q)-special and the notion of (3,1, ¢)-special (as given in Definition 3.1).
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FIGURE 3.7: Perspective view of the cylinder for the partial word in
Example 3.5.

Below we present the verification for (2, 1, ¢)-special, and leave the verification
of (3,1, q)-special to the reader.

Example 3.6
Definition 3.1(1)(a) corresponds to arrays like the following (with ¢ = 2 as
per the definition):

w(0) w(2) - u@m) ould+2m)---
u(1) w(3) -+ u(l +2m) o u(5+2m) ---

w(0) u(2) -+ w(2m) u(242m) o u(6 +2m) - -
u(1) u(3) -+ u(l+2m) o u(5+2m) u(7+2m) ---

For Definition 3.1(1)(b) we have the following array which shows a 1-isolation:

u(0) © u(2q)
o u(l+q) u(l+2q) -
w(2)  u(2+4q) uw2+2q) -

u(q _ 1) u(2q.— 1) u(3q.— 1)---

The symmetrical of the above array demonstrates Definition 3.1(1)(c) and
possesses a 3-isolation. I

We can also check that the partial word w; depicted in Example 3.4 is
(25,1, 5)-special, but the partial word wus depicted in Example 3.5 is not
(18,1, 5)-special.

3.3.2 p>1

Throughout this section, we fix p > 1. Let ¢ be an integer satisfying
p < q. Let u be a partial word of length n that is weakly p-periodic and
weakly g-periodic. We illustrate with examples how the positions of u can be
represented as a 3-dimensional structure.

In a case where ged(p,q) =1 (like p =2 and ¢ = 5) we get 1 array:
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w(0) u(5) u(10) u(15)
w(2) w(7) w(12) u(17)
u(4) w(9) u(14) u(19)
u(1) w(6) u(11) u(16) u(21)
u(3) u(8) u(13) u(18) u(23)

If we wrap the array around and sew the last row to the first row so that u(3)
is sewn to u(5), u(8) is sewn to u(10), and so on, then we get a cylinder for
the positions of u.

In a case where ged(p,q) > 1 (like p = 6 and ¢ = 8) we get 2 arrays:

w(0) w(8) u(16) u(24) -

u(6) w(14) u(22) u(30) - --

w(4) w(12) w(20) w(28) u(36) ---

w(2) u(10) u(18) u(26) u(34) u(42) - --

and

w(l) w(9) uw(17) u(25) ---

u(7) u(15) u(23) u(31) ---

w(5) uw(13) u(21) u(29) u(37) ---

w(3) w(11) w(19) w(27) u(35) u(43) - -

If we wrap the first array around and sew the last row to the first row so that
u(2) is sewn to u(8), u(10) is sewn to u(16), and so on, then we get a cylinder
for some of the positions of u. The other positions are in the second array
where we wrap around and sew the last row to the first row so that u(3) is
sewn to u(9), u(11) is sewn to u(17), and so on.

In general, if ged(p, q) = d, we get d arrays. In this case, we say that i — p
(respectively, i+ p) is immediately above (respectively, below) i (within one of
the d arrays) whenever p < i < n (respectively, 0 < ¢ < n — p). Similarly, we
say that i — ¢ (respectively, i + ¢) is immediately left (respectively, right) of i
(within one of the d arrays) whenever ¢ < i < n (respectively, 0 < i < n —q).
As before, the fact that u is weakly p-periodic implies that if ¢,i +p € D(u),
then u(i) = u(i + p). Similarly, the fact that u is weakly ¢-periodic implies
that if 4,7 + ¢ € D(u), then u(i) = u(i + q).

In what follows, we define N; = {i | i > 0 and ¢ = j mod ged(p,q)} for
0 < j < ged(p, q). Alternatively, N; is the set of indices in the j** array.

DEFINITION 3.6 Let p and q be positive integers satisfying p < q. For
1 < ¢ < 3, the partial word u is called (||H (u)]|, p, q)-special of Type 3
if there exists 0 < j < ged(p, q) such that H(u) i-isolates a nonempty proper
subset of D(u) N N;. The partial word w is called (|| H (w)||, p, q)-special if u is
(1H@)|l, p, q)-special of Type i for some i € {1,2,3}.
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Example 3.7

As a first example, the partial word us = ababacocbabobbobbbbbbbbb along
with its array of indices is shown below. It is (5,2, 5)-special (p = 2 and
g =5). The set of positions {0,2,4,9} is 1-isolated by H (us):

05 101520 aobbb
27121722 aobbb
491419 aaob
16111621 boobd
38131823 bbbbbd

Example 3.8
As a second example, the partial word

uy = ababababababobooababacababacoobabababab

below is not (6, 6, 8)-special. Note that because ged(6,8) = 2, uy is written as
two disjoint arrays:

aaaaa bbbbb

adaa and bobb

aoaoa bbobb
aaaaa bbbobd

3.4 Graphs associated with partial words

Let p and ¢ be positive integers satisfying p < ¢. In this section, we asso-
ciate to a partial word w that is weakly p-periodic and weakly g-periodic an
undirected graph G, ,y(u). Whether or not u is (|| H (u)||, p, ¢)-special will be
seen from G/, q)(u).

As explained in Section 3.3, u can be represented as a 3-dimensional struc-
ture with ged(p, ¢) disjoint arrays. Each of the ged(p, ¢) arrays of u is associ-
ated with a subgraph G' = (V, E) of G, 4)(u) as follows:

V is the subset of D(u) comprising the defined positions of u within the
array,

E = El U E2 where

E1 = {{271_]9} ‘ i7i_pe V}7
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Ey = {{sz_Q} | ivi_q € V}
For 0 < j < ged(p,q), the subgraph of G, 4 (u) corresponding to D(u) N
N; will be denoted by GY

(p7q)(u). Whenever ged(p, q) = 1, G(()p}q) (u) is just
G(nq)(u)-

Example 3.9

As a first example, the graph of the partial word us of Example 3.7, G (2 5)(u3),
is shown in Figure 3.8 and is seen to be disconnected. The cylinder for ug is
also seen to be disconnected in Figure 3.9.

FIGURE 3.8: G(y5)(us)

Example 3.10
As a second example, consider the partial word uy of Example 3.8. The
subgraphs of Gg,s)(us) corresponding to the two arrays of uy, G(()G,S)(u4) and

G(16 8) (u4), are shown in Figures 3.10 and 3.11 and are seen to be connected.

The corresponding cylinders for u4 are seen in Figures 3.12, 3.13, and 3.14. I

We now define the critical lengths. We consider an even number of holes
2N and an odd number of holes 2NV + 1.

DEFINITION 3.7 Let p and q be positive integers satisfying p < q. The
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FIGURE 3.9: Cylinder for uz in Example 3.9.

O—O—W)——C——C

FIGURE 3.10: G ¢ (ua)

(0]
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FIGURE 3.12: Both cylinders for u4 in Example 3.10.

FIGURE 3.13: Cylinder for G?ﬁ,s)(“‘l) in Example 3.10.
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FIGURE 3.14: Cylinder for G%678)(U4) in Example 3.10.

critical lengths for p and q are defined as follows:
1. loNp,q = (N +1)(p+q) — ged(p, q) for N >0, and

2. long1pq = (N+1)(p+q) for N >0.

In the following lemma, we establish the important connection between
(H, p, q)-special partial words and their graphs; namely, if all the graphs for
a given partial word are connected, then the word cannot be (H, p, q)-special.

LEMMA 3.1

Let p and q be positive integers satisfying p < q, and let H be a positive
integer. Let u be a partial word such that ||H(u)|| = H and assume that |u| >
l(H,p,q)- Then u is not (H, p, q)-special if and only if Gz (u) is connected for

all 0 < j < ged(p, q)-

P,q)

PROOF  We first show that if u is (H,p,q)-special, then there exists

0 < j < ged(p, q) such that G{p q)(u) is not connected. Three cases arise.

Case 1. u is (H,p, q)-special of Type 1.

There exists 0 < j < ged(p, ¢) such that H(u) 1-isolates a nonempty proper
subset S of D(u)NN;. The subgraph of G{p,q) (u) with vertex set S constitutes
a union of components (one component or more). There are therefore at least
two components in G{p’q)(u) since S is proper.

Case 2. u is (H,p, q)-special of Type 2.
This case is similar to Case 1.

Case 3. w is (H, p, q)-special of Type 3.
This case is similar to Case 1.
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We now show that if there exists 0 < j < ged(p, ¢) such that Ggp’q) (u)
is not connected, then w is (H,p,q)-special (or H(u) isolates a nonempty
proper subset of D(u) N N;). Consider such a j. Put p = p’ged(p,q) and
q = ¢ ged(p, q). As before, the partial word u; is defined by

u; = u(j)u(j + ged(p, q))u(j + 2 ged(p, q)) - . -

If H = 2N for some N, u; is of length at least (N + 1)(p’ + ¢') — 1; and if
H = 2N +1 for some N, u; is of length at least (N + 1)(p’ +¢'). In order

to simplify the notation, let us denote G, 4)(u;) by G7. Our assumption
implies that GY is not connected.

1. Let GJ be the graph constructed for the word u;, so there are no holes.
Then G’ is a subgraph of G obtained by removing the “hole” vertices.

2. Consider a set of consecutive indices in the domain of wj, say 7,7 +
ged(p, q),...,i + nged(p,q). Call such a set a “domain interval,” of
length n + 1.

3. Every domain interval of length p’ 4 ¢’ is the set of vertices of a cycle
in G%; that is, there is a closed path in G% which goes through exactly
this set of vertices. The point is that a cycle cannot be disconnected by
just one point.

4. Suppose C and C’ are components of G7 with vertex sets S and S,
and suppose neither S nor S’ is isolated. Then each domain interval of
length p’ + ¢’ must contain a point v from S and a point v’ from S’.

5. There must be two holes in each domain interval of length p’ + ¢’, since
otherwise the points v and v’ from Item 4 would be connected by a path
in the cycle formed by the domain interval.

6. If the number of holes is 2N + 1 and the length of u; is at least (N +
1)(p’ +¢') then Item 5 is impossible, since u; would have N + 1 pairwise
disjoint domain intervals of length p’ + ¢’ and Item 5 would then require
2(N +1) holes. Similarly, if the number of holes is 2N and the length of
u; is at least (N +1)(p’+4¢’) — 1 then Item 5 is impossible since u; would
have N pairwise disjoint intervals of length p’ + ¢’ and one remaining of
length p’ + ¢’ — 1, and so Item 5 would require 2N + 1 holes.

Note that this proves the lemma in case the number of holes is positive, and
in fact Item 3 is essentially the proof in the case of exactly one hole. The case
of 0 holes follows from the fact that every domain interval of length p’ 4+ ¢’ —1
is the set of vertices of a path in G%. I
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3.5 The main result

In this section, we give the main result which extends Theorems 3.1 and
3.2 to an arbitrary number of holes.

LEMMA 3.2

Let p and q be positive integers satisfying p < q and ged(p,q) = 1. Let u be
a partial word that is weakly p-periodic and weakly g-periodic. If G, oy (u) is
connected, then u is 1-periodic.

PROOF  Let ¢ be a fixed position in D(u). If i/ € D(u) and i’ # i, then
there is a path in G, ;) (u) between i’ and i. Let 4',4y,42,...,4,,i be such a

path. We get u(i') = u(i1) = u(iz) = -+ = u(in) = u(i). I

THEOREM 3.3
Let p and q be positive integers satisfying p < q. Let u be a partial word
that is weakly p-periodic and weakly q-periodic. If Gép a) (u) is connected for

all 0 < i < ged(p, q), then u is ged(p, q)-periodic.

PROOF  The case where ged(p, g) = 1 follows by Lemma 3.2. So consider
the case where ged(p,q) > 1. Define for each 0 < ¢ < ged(p, q) the partial
word u; by

w; = u(i)u(i + ged(p, q))u(i + 2ged(p, q)) ...

Put p = p’ ged(p, q) and ¢ = ¢’ ged(p, q). Each w; is weakly p’-periodic and
weakly ¢'-periodic. If G{, o () is connected for all 4, then G, ) (u;) is con-
nected for all . Consequently, each u; is 1-periodic by Lemma 3.2, and u is
ged(p, q)-periodic. I

THEOREM 3.4

Let p and q be positive integers satisfying p < q, and let H be a positive
integer. Let u be a partial word such that ||H(u)|| = H and assume that u
is not (H,p,q)-special. If u is weakly p-periodic and weakly g-periodic and
|u| > l(f,p,q), then u is ged(p, q)-periodic.

PROOF  If u is not (H,p,q)-special and |u| > l(f,p ), then Gfp (W) is
connected for all 0 < ¢ < ged(p, ¢) by Lemma 3.1. Then w is ged(p, g)-periodic
by Theorem 3.3. I
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The bound I3 5,4 turns out to be optimal for an even number of holes
2N, and the bound l(on41p,4) Optimal for an odd number of holes 2N + 1.
The following builds a sequence of partial words showing this optimality.

DEFINITION 3.8 Let p and q be positive integers satisfying 1 < p < q
and ged(p, q) = 1. Let N be a positive integer.

1. The partial word w(aN,p,q)0ver {a,b} of length lion . q) — 1 is defined by

(a) H(uonpq)) = {p+q—2,p+q—1,2(p+q)—2,2(p+q)—1,..., N(p+
q) —2,N(p+q) —1}.

(b) The component of the graph G, (Ui pq)) containing p — 2 is
colored with letter a.

(c) The component of the graph G, (U@ pq)) containing p — 1 is
colored with letter b.

2. The partial word w(zN+1,p,q)0ver {a,b} of length liony1,pq) — 1 is de-

fined by waN+1,p,q) = U@N,p,g)© S0 that H(uon11,p.q) = H(uenpq) U
{N+1)(p+q -2}

The partial word un p,q) can be thought as two bands of holes Band; =
{p+a—-1.2(p+q)—1,...,N(p+¢q)— 1} and Bands = {p+¢—2,2(p+¢q) —
2,...,N(p+ q) — 2} where between the bands the letter is a and outside the
bands it is b or vice versa (a similar statement holds for un1,p,q))-

Example 3.11
For example, the partial word w42 5) of length 19 is represented as the 3-
dimensional structure

aobbd

aaob

aaa
boaa

bboa

It is weakly 2-periodic and weakly 5-periodic but is not 1-periodic (it is not
(4,2, 5)-special).

Example 3.12
Similarly, the partial word w5 of length 20 is represented as the 3-
dimensional structure
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e

FIGURE 3.15: Cylinder for w4 2 5) in Example 3.11.

aobbd

aaob

aaao
boaa
bboa

It is weakly 2-periodic and weakly 5-periodic but is not 1-periodic (it is not
(5,2,5)-special).

FIGURE 3.16: Cylinder for us 2 5) in Example 3.12.

PROPOSITION 3.1
Let p and q be positive integers satisfying 1 < p < q and ged(p,q) = 1.
Let H be a positive integer. The partial word ug p q) of length L ,q) — 1 is
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not (H,p, q)-special, but is weakly p-periodic and weakly g-periodic. However
U(H,p,q) 'S not 1-periodic.

PROOF  We prove the result when H = 2N + 1 for some N (the even
case H = 2N is left as an exercise). As stated earlier, the partial word
U2N+1,p,q) Of length (N + 1)(p + ¢q) — 1 can be thought as two bands of
holes Band; = {p+¢—1,2(p+¢q) — 1,...,N(p+ ¢) — 1} and Bandy =
{p+q—22(p+q)—2,....,N(p+q) —2,(N +1)(p+ q) — 2}. The position
p—1is between the bands and p — 2 is outside the bands or vice versa. Let S
be the component that contains p —1 and S; be the component that contains
p—2. The partial word uan41,p,q) is D0t (2N +1, p, q)-special of Type 2 since
neither Sy nor Sy is 2-isolated by H(un41,p,q))- To see this, Definition 3.3(1)
fails with i = p—1 or i = p—2. To show that uin1,p,q) is n0t (2N +1,p, q)-
special of Type 3, we can use Definition 3.4(1) with i =p—1ori =p— 2.
To show that un41,p,q) is not (2N + 1, p, g)-special of Type 1, we can use
Definition 3.2(2) withi = N(p+¢q)—1+qori=N(p+q) —2+q. I

We end this section with Table 3.1 which summarizes the optimal lengths
for Fine and Wilf’s weak periodicity extensions.

TABLE 3.1: Optimal lengths for
weak periodicity.
Holes Lengths

p+q—ged(p, q)
p+yq
2(p + q) — ged(p, q)
2(p+q)
3(p+q) — ged(p, q)
(p +4q)

Gl W N~ O

2N (N+1)(p +q) gcd(n q)
2N + 1 (N+1)(p+q)

3.6 Related results

We now discuss another extension of Fine and Wilf’s periodicity result in
the context of partial words. The next remark justifies the results of this
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section.

REMARK 3.1 There exists an integer L (that depends on H, p and q)
such that if a partial word w with H holes has (strong) periods p and ¢ and
|u| > L, then u has period ged(p, q).

If p < q are positive integers, then the following result gives a bound L, o)
for H holes when ¢ is large enough.

THEOREM 3.5
Let H be a positive integer, and let p and q be positive integers satisfying
q > x(p, H) where

( )p if H is odd

If a partial word v with H holes is p-periodic and q-periodic and [u| > L p 4,
then u is ged(p, q)-periodic where

i if H is even
v(p. H) = {(;2 v

I _ (L)P‘Fq —ged(p,q) if H is even
PO = (B ) p+g if H is odd

PROOF Set L = Ly p,q), and suppose that ged(p,q) = 1. First, let
H = 2N + 1 for some N. Then we have that z(p,H) = (N +1)p. So
q > x(p, H) implies that ¢ = (N + 1) p + k for some k > 0. It is enough to
show that if |u| = L, then u has period 1 because if |u| > L, then all factors of
u of length L would have period 1, and so u itself would. To see this, suppose
|u| = L + 1. The prefix of u of length L has periods p and ¢, and so it has
period 1. The same holds for the suffix of u of length L. If u starts or ends
with ¢, then the result trivially holds. Otherwise, v = au’b for some u' of
length L — 1 and some a,b € A. There exists an occurrence of the letter b in
u’ because D(u’) # () by the way L is defined. The equality b = a hence holds.
Thus, by induction, any word u of length > L satisfying our assumptions is
1-periodic. Now, since |u| = (N +1)p+q and ¢ = (N 4+ 1)p + k, we have
that |u| =(H+1)p+k=2q—k.

Consider the graph of w. Since |u| = 2¢ — k, positions of u« within {q —
k,g—k+1,...,qg—2,9— 1} have no Esy-edges, and all other elements within
{0,...,qg—k—1} have exactly one Fy-edge. Therefore, the number of positions
of u which have exactly one Es-edge is |u| —k = (H + 1)p. Thus, each p-class
has exactly H + 1 elements with exactly one Fs-edge and all other elements
of the p-class have no Es-edges. In each it* p-class, N + 1 elements have Eo-
edges with elements in the ((i + ¢) mod p)*"p-class and N + 1 elements have
FEs-edges with elements in the ((i—q) mod p)*"p-class. Thus, there are at least
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N + 1 disjoint cycles in the graph that visit all p-classes and contain all the
vertices with Es-edges. In order to build N 4 1 such disjoint cycles, pick the
smallest vertex vy in the 0" = i{" p-class that has not been visited and that
has a E>-edge with an element w; of the 4" p-class. Then visit the vertex w;
followed by the smallest nonvisited vertex v; of that i} p-class. Go on like this
visiting vertices until you visit w,, in the 0" p-class. Then return to vy. Such
cycle has the form vg, wy, v1, w2, v2, ..., Wp_1,Vp_1,Wp, Vo. Also, for each such
cycle, every element of the graph either belongs to the cycle, or is p-connected
to a member of the cycle. There are two types of disconnections possible: one
that isolates a set of vertices with elements in different p-classes, and one that
isolates a set of vertices within a p-class. Thus in order to disconnect the
graph, either all N 4+ 1 cycles must be disconnected or all H + 1 Es-edges
of a single p-class must be removed. The latter case clearly takes more than
H holes, and since two holes are required to disconnect a cycle, we see that
at least H 4 1 holes are required to disconnect the graph in the former case.
Thus the graph of u is connected and u is 1-periodic.

Now, let H = 2N for some N. The idea of the proof in this case is similar
to that of an odd number of holes. We must disconnect N cycles that each
requires two holes to break and one path that requires one hole to break.
Hence we require H + 1 holes to disconnect the graph of length Lz, 4.

Suppose ged(p,q) = d # 1. Also suppose that H = 2N for some N (the
odd case H = 2N + 1 is similar). Thus |u| = (N + 1) p+ ¢ — d. Consider the
set of partial words wug,...,uq—1 where u; = u(i)u(i + d)u(i + 2d).... Each
of these words has periods & and % which are co-prime. So if each u; had
period 1, then the word u has period d. Each u; has length (N +1) 5+ 4 —1
and at most H holes. Thus, by the proof given of this theorem for the case
ged(p, ¢) = 1, each w; has period 1, and therefore u is d-periodic. I

In the case of no hole, we see that z(p,0) = 0 and the formula presented in
Theorem 3.5 agrees with [(g p, o) = p+q—gecd(p, ¢) of Theorem 3.1(1). The case
of one hole yields x(p, 1) = p and once again, the formula gives L 5, o) = p+¢
which corresponds to the expression given in Theorem 3.1(2).

If ¢ > x(p, H), then the bound L 5, 4) is optimal for H holes. The following
builds a sequence of partial words showing this optimality.

Let p and ¢ be integers satisfying 1 < p < ¢ and ged(p,q) = 1. Let Wy, 4
denote the set of all words of length p+¢—2 having periods p and q. We denote
by PERy the set of all words of maximal length for which Theorem 3.1(1) does
not, apply, that is,

PERo = Wo.p.q

ged(p,g)=1
The reader is asked to show that Wy, , contains a unique word w (up to a
renaming of letters) such that ||a(w)|| = 2, in which case w is a palindrome
(or w reads the same forward and backward). It is easy to verify that w =
aabaabaabaa when p = 3 and g = 10.
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DEFINITION 3.9 Let p and q be positive integers satisfying 1 < p <
x(p, H) < q and ged(p,q) = 1. Let N be a positive integer.

1. The partial word v(2N,p,q)over {a,b} of length Lian p.q) — 1 is defined
by van p.g) = (W[0..p — 2)o0)Nw where w is the unique palindome over
{a,b} in Wy, q of length p+q — 2.

2. The partial word v(aN41,p,q)0ver {a,b} of length Lioni1.p.q) — 1 is de-
fined by viaN11,p,q) = V(2N,p,g)O-

Example 3.13

For example, the partial word v(4 3 10) = aocaccaabaabaabaa has four holes,
is 3-periodic and 10-periodic, has length 17 = 3(3) 4+ 10 — ged(3,10) — 1, but
is not 1-periodic. I

PROPOSITION 3.2

Let p and q be positive integers satisfying 1 < p < x(p, H) < q and ged(p, q) =
1. Let H be a positive integer. The partial word v(g .4y of length Lg g — 1
is p-periodic and g-periodic. However vy p q) i not 1-periodic.

PROOF  We prove the result when H = 2N for some N (the odd case
H = 2N +1 is left as an exercise). Set u = v(g,pq). First, note that since w
is not 1-periodic, we also have that u is not 1-periodic. Now, note that w is
p-periodic. Also, w[0..p — 2)o¢ has length p and since w[0..p — 2)oo C w[0..p),
we see that u is p-periodic. Since ¢ > z(p, H) = Np, w is of length ¢ +p—2 >
Np+ p— 2. In order to show that u is g-periodic, it is enough to show that

u[0..Np+p—2) T ullu] — (Np+p—2)..Ju|)
Now, u[0..Np+p —2) = (w[0..p — 2)o0)Nw[0..p — 2), and
ullul = (Np+p—2)..|u|) = wl|lw| = (Np+p—2)..|w]) = w[0.Np+p—2)

since w is a palindrome. Since w is p-periodic, we have w[0..Np+p — 2) =
(w[0..p))Nw[0..p — 2) and the desired compatibility relationship follows.

Table 3.2 summarizes the optimal lengths for Fine and Wilf’s extensions
for strong periodicity when ¢ is large enough.

We end this chapter with the following result which is left as an exercise
for the reader.

THEOREM 3.6

Let p < q be positive integers. If a partial word w with H > 0 holes is p-
periodic and g-periodic and |u| > (H +1)p+ q — ged(p, q), then u is ged(p, q)-
periodic.
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TABLE 3.2: Optimal lengths for strong
periodicity.

Holes Lengths Conditions

p+q—ged(p,q)
p+q

2p + q — ged(p, q) q>p
2p+q q>2p

3p +q —ged(p, q) q>2p
3p+q q>3p

Tl W N~ O

2N (N+1)p+q—ged(p,q) q> Np
2N +1 (N+1p+gq g>(N+1p

Exercises

3.1

3.2

3.3

3.4

3.5

3.6

Consider p = 3 and ¢ = 5. For 2 < i < p, construct a word u; such that
the following three conditions hold:

L |uil =p+q—1i,
2. ||a(u;)]| = ¢ where a(u;) denotes the set of distinct letters in u;,

3. u; has periods p and q.

Using p = 3 and ¢ = 5, show that the bound p + ¢ — ged(p, ¢) is optimal
in Theorem 3.1(1) by providing a counterexample for a word of smaller
length. Repeat for the bound p + ¢ in Theorem 3.1(2).

Using Theorem 3.1(2), prove that if u is a partial word with one hole
and ¢ is a weak period of u satisfying |u| > p’(u)+ ¢, then ¢ is a multiple
of p’(u). What can be said when u has no hole?

Referring to Theorem 3.1(2), consider the following corollary: “Let p
and ¢ be positive integers and u be a partial word such that || H (u)|| = 1.
If w is p-periodic and g¢-periodic and |u| > p + ¢, then wu is ged(p, q)-
periodic.” Is the bound p + ¢ optimal here?

Check that Definition 3.5 extends the notion of (3,1, q)-special pword
as given in Definition 3.1.

Let p and ¢ be positive integers satisfying p < ¢ and ged(p,q) = 1.
For each n > 0, let v, = abP~lob9 P~lobo. Show that v, is a bi-
nary (3, p, q)-special partial word with three holes according to Defini-
tion 3.1 that is weakly p-periodic and weakly g-periodic but that is not
1-periodic.
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3.7 Using Definitions 3.2, 3.3 and 3.4, prove the following statements:

1. The (5,2, 5)-special partial word « pictured in

aobbb

aobbb

aaob
boobbd
bbbbbd

shows an isolation of Type 1.

2. The (6,2, 5)-special partial word v

bbobb

boaob

boao
bbbob
bbbbb

shows a Type 2 isolation.

3. The (4,2, 5)-special partial word w

bbbbo

bbboa

bboa
bbbbo
bbbbb

shows a Type 3 isolation.

3.8 Is the partial word
u = ababacocababaooababa

of length 19 (4,2, 5)-special?

3.9 Let u = abbaaboacbaab. Build the undirected graph G 7y(u). Is u
(2,4, 7)-special? Why or why not?

3.10 Using p = 3 and g = 5, show that the bound (N +1)(p+q) — ged(p, q) is
optimal for 2N holes in Theorem 3.4 by providing a counterexample for
a partial word of smaller length. Repeat for the bound (N + 1)(p + q)
for 2N + 1 holes in Theorem 3.4.
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Challenging exercises

3.11 Prove Proposition 3.1 for the even case H = 2N.

3.12 Prove that Wy, , contains a unique word u (up to a renaming of letters)
such that ||a(u)|| = 2. Also prove that w is a palindrome. Give the
unique word of length 11 in PER( having periods 5 and 8.

3.13 Repeat Exercise 3.6 for v,, = cab?~lob? P~ Lop™,

3.14 Does 2-isolation imply 1-isolation or 3-isolation? Does 1-isolation or
3-isolation imply 2-isolation? Why or why not?

3.15 Let u,v be nonempty words, let y,z be partial words, and let w be a
word satisfying |w| > |u| + |v| — ged(|ul, |v]). Show that if wy C u™ and
wz C v"™ (respectively, yw C u™ and zw C v™) for some integers m,n,
then there exists a word z of length not greater than ged(|ul, |v]) such
that u = 2* and v = 2! for some integers k, I.

3.16 Fixing an arbitrary number of holes, H > 2, and positive inte-
gers p and ¢ satisfying p < ¢ and ged(p,q) = 1, construct an infinite
sequence (uy)n>0 where w, is a binary (H,p,q)-special partial word
with H holes that is weakly p-periodic and weakly ¢-periodic but not
ged(p, q)-periodic.

3.17 Using the floor function “| |,” rewrite /(g p q) of Definition 3.7 in one
single expression for any H > 0.

3.18 Let p, ¢ and r be integers satisfying 1 < p < ¢, ged(p,q) = 1, and
0<r<p+4+q—1 Fori#qg—1and 0 <i < p+q— 1, we define the
sequence of 7 relative to p, ¢ and r as seq,, , ,.(4) = (io, 1,92, - -, in—1,1n)
where 79 = 7 and

o Ifi=r theni, =q—1,

If i #r, then i, =r or i, = ¢ —1,
For 1 <j <mn,i; ¢ {i,r,q -1},
e For 1 < j < n,i; is defined as

{ij1+pifij1<q—1
J

ij_l —qifij_l >q—1
We define seq,, , .(¢ — 1) = (¢ — 1).

The sequence seq,, , (i) gives a way of visiting elements of {0,....p+
q — 2} starting at ¢. You increase by p as long as possible, then you



Fine and Wilf’s Theorem 89

decrease by ¢ and you start the process again. If you start at ¢ — 1 or
hit ¢ — 1, you cannot increase by p and you cannot decrease by ¢ and
so you stop. If you hit r, you stop. Compute seq471175(i) for all 7. Show
that seqy 17 5(3) is the longest sequence ending with 5 and seqy 11 5(5)
is the longest ending with 10 and all the other sequences are suffixes of
these two.

3.19 Show that the sequence seq, , .(i) defined in Exercise 3.18 is always
finite.

3.20 Let p and g be integers satisfying 1 < p < g and ged(p,q) = 1. Let
W1 ,p,q denote the set of all partial words with one hole of length p+¢—1
having weak periods p and q. We denote by PER; the set of all partial
words with one hole of maximal length for which Theorem 3.1(2) does
not apply, that is,

PER, = Ugcd(p,q):l Wl,p,q

Given a singleton set H satisfying H C {0,...,p+q—2}\{p—1,q—1},
show that Wy ,, contains a unique partial word w (up to a renaming
of letters) such that ||a(u)|] = 2 and H(u) = H. Also, show that if
H={p—1}or H={q—1}, then Wy , , contains a unique partial word
u such that ||a(u)|| =1 and H(u) = H.

3.21 Prove the odd case H = 2N + 1 of Proposition 3.2.

3.22 Prove Theorem 3.6.

Programming exercises

3.23 Write a program that receives as input two positive integers p, g satis-
fying p < ¢ and that for 2 < ¢ < p, constructs a word wu; such that the
three conditions of Exercise 3.1 hold.

3.24 Write a program that finds isolation of Type 1, 2 or 3 if present in a
given pword u. Run your program on the partial words of Exercise 3.7.

3.25 Design an applet that builds a two-dimensional representation out of a
pword based on two of its weak periods.

3.26 Write a program that computes the critical length for weak periods 4,
7, 8, 12 and number of holes 4 and that provides a counterexample of
length one less than the critical length.
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3.27 Write a program to compute the critical length for strong periods 2,
3 and number of holes 4. Your program should also output all the
counterexample pwords (up to a renaming of letters) of length one less
than the critical length (not including symmetric cases).

Websites
World Wide Web server interfaces at

http://www.uncg.edu/mat/research/finewilf

http://www.uncg.edu/mat/research/finewilf2
http://www.uncg.edu/mat/research/finewilf3
http://www.uncg.edu/cmp/research/finewilf4

have been established for automated use of programs related to generalizations
of Fine and Wilf’s periodicity result in the framework of partial words.

e The finewilf website provides an applet that builds two- and three-
dimensional representations out of a partial word based on two of its
weak periods. Isolation is visible if it occurs within the pword. In the
2D version, the array is repeated to show where the top of the array
connects with the bottom.

e The finewilf2 website asks the user to list at least two weak periods
in ascending order and to enter a nonnegative integer for the number of
holes. The applet outputs the critical length for the given weak period
set and number of holes as well as a counterexample pword for one less
than the critical length if applicable.

e The finewilf3 and finewilf4 websites provide applets that compute
the critical length for given number of holes and strong periods p, ¢ with
p smaller than ¢ and p not dividing ¢q. The applets also build two-
dimensional arrays of all counterexample pwords for one less than the
critical length (up to renaming of letters and symmetry).

Bibliographic notes

The problem of computing periods in words has important applications in
data compression, string searching and pattern matching algorithms. The
periodicity result of Fine and Wilf [77] has been generalized in many ways:
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Extension to more than two periods are given in [47, 54, 97, 139]; Period-
icity is taken to the wide context of Cayley graphs of groups which produce
generalizations that involve the concept of a periodicity vector [81]; Other gen-
eralizations are produced in the context of labelled trees [80, 123]; Yet, other
related results are shown in [3, 4, 5, 6, 7, 8, 48, 75, 78, 109, 116, 117, 122, 135].

Fine and Wilf’s result has been generalized to partial words in two ways:

First, any partial word u with H holes and having weak periods p,q and
length at least (s, 4 has also period ged(p,q) provided u is not (H,p,q)-
special. This extension was done for one hole by Berstel and Boasson in their
seminal paper [10] where the class of (1, p, g)-special partial words is empty
(the zero-hole case of Theorem 3.1 in Section 3.1 is from Fine and Wilf [77]
and the one-hole case from Berstel and Boasson [10]); for two-three holes by
Blanchet-Sadri and Hegstrom [32] (Section 3.2); and for an arbitrary number
of holes by Blanchet-Sadri [15] (Sections 3.3, 3.4 and 3.5).

Second, any partial word u with H holes and having periods p, ¢ and length
at least the so-denoted L 4 has also period ged(p,q). This extension
was initiated by Shur and Gamzova in their papers [130, 131] where they
proved Theorem 3.6 (Section 3.6). Theorem 3.5 and Proposition 3.2 are
from Blanchet-Sadri, Bal and Sisodia [19] (the two-hole case having first been
proved by Shur and Gamzova).

Exercise 3.12 is from Choffrut and Karhtimaki [51]. Tt turns out that PERg
has several characterizations based on quite different concepts [11, 62, 63, 64].
Blanchet-Sadri extended to PER; the well known property that states that
PER contains a unique word (up to a renaming of letters) that is binary [14]
(Exercise 3.20). Exercise 3.3 is from Blanchet-Sadri and Chriscoe [23], Exer-
cise 3.15 from Blanchet-Sadri [17], and Exercises 3.18 and 3.19 from Blanchet-
Sadri [14].






Chapter 4

Critical Factorization Theorem

In this chapter, we discuss the fundamental critical factorization theorem in
the framework of partial words.

The critical factorization theorem on full words states that given a word w
and nonempty words u, v satisfying w = uwv, the minimal local period associ-
ated to the factorization (u,v) of w is the length of the shortest repetition (a
square) centered at position |u| — 1. Tt is easy to see that no minimal local
period is longer than the minimal (or global) period of the word. The crit-
ical factorization theorem shows that critical factorizations are unavoidable.
Indeed, for any string, there is always a factorization whose minimal local
period is equal to the global period of the string.

In other words, we consider a string agay . .. an—_1 and, for any integer ¢ such
that 0 <7 < n—1, we look at the shortest repetition centered in this position,
that is, we look at the shortest (virtual) suffix of agay ...a; which is also a
(virtual) prefix of ;4142 ... an—1. The minimal local period at position i is
defined as the length of this shortest square. The critical factorization theorem
states, roughly speaking, that the global period of aga; ...a,_1 is simply the
maximum among all minimal local periods. As an example, consider the word
w = babbaab with global period 6. The minimal local periods of w are 2, 3,
1, 6, 1 and 3 which means that the factorization (babb, aabd) is critical.

In summary, the following table describes the number of holes and section
numbers where the critical factorization theorem is discussed:

Holes Sections

0 4.2
arbitrary 4.3, 4.4 and 4.5

4.1 Orderings

A binary relation < defined on an arbitrary set S is a subset of S x S.
The relation =< is called reflexive if v < wu for all u € S; antisymmetric if
uw =3 vand v X u imply u = v for all u,v € S; transitive if u < v and v X w

93
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imply v < w for all u,v,w € S. A reflexive, antisymmetric, and transitive
relation < defined on S is called a partial ordering. A total ordering is a
partial ordering for which v < v or v < u holds for all u,v € S. An element
u of S (respectively, of a subset X C S) ordered by = is mazimal if for all
v € S (respectively, v € X) the condition u < v implies u = v. Of course each
subset of a totally ordered set has at most one maximal element.

In this section, we define two total orderings of W (A), <; and =,, and state
some lemmas related to them that will be used to prove the main results.

First, let the alphabet A be totally ordered by < and let ¢ < a for all a € A.

e The first total ordering, denoted by =;, is simply the lexicographic or-
dering related to the fixed total ordering on A and is defined as follows:
u < v, if either u is a proper prefix of v, or

u = pre(u,v) a x
v = pre(u,v) by

with a,b € AU {o} satisfying a <; b.!

e The second total ordering, denoted by =, is obtained from <; by re-
versing the order of letters in the alphabet, that is, for a,b € A, a <; b
if and only if b <, a.

LEMMA 4.1
For all partial words u,v,x,y, the following hold:

o u < v if and only if xu <; xv,
e u <, v if and only if xu <, xv,
o u =< v and u ¢ P(v) imply ux <; vy,

e u =, v andu ¢ P(v) imply ux <, vy.

Now, if u is a partial word on A and 0 < ¢ < j < |ul, then u[i..j) denotes
the factor of u satisfying (u[i..j))e = uo(%)...us(j — 1). The mazimal suffic
of u with respect to < (respectively, <,.) is defined as u[i..|u|) where 0 <i <
|u| and where ulj..|ul) = uli..|u]) (respectively, u[j..|u|) <, uli..]u])) for all
0<j<|ul

Example 4.1

If @ <; b, then the maximal suffix of bacbbaab with respect to =<; is bbaab
and with respect to =<, is aab. Indeed, the nonempty suffixes are ordered as
follows with respect to =<;:

IRecall that pre(u,v) denotes the maximal common prefix of v and v as defined in Chap-
ter 1.
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obbaab <; acbbaab <; aab <; ab <; b <; bacbbaab <; baab <; bbaab
and as follows with respect to <,

obbaab <, b <, bbaab <, baobbaab <, baab <, acbbaab <, ab <, aab

LEMMA 4.2
Let u,v,w be partial words.

1. Ifwv is the mazimal suffix of w = uv with respect to <;, then no nonempty
partial words x,y are such that y C x, uw = rx and v = ys for some
pwords 1, s.

2. If v is the mazimal suffiz of w = uv with respect to <., then no nonempty
partial words x,y are such that y C x, u = rx and v = ys for some
pwords 1, s.

PROOF We prove Statement 1 (Statement 2 is similar). Let x,y be
nonempty partial words satisfying y C z, v = ra and v = ys for some pwords
r,s. Since w = uv = raxv = rxys, by the maximality of v, we have zv <; v
and s =; v. Since v = ys, these inequalities can be rewritten as xys =<; ys
and s =; ys. Now, from the former inequality we obtain that yys =; ys since
y C x. We then obtain that ys <; s, which together with s <; ys imply that
s = ys. Therefore, y = ¢ and x = ¢ leading to a contradiction.

LEMMA 4.3
Let u,v,w be partial words.

1. Ifwv is the mazimal suffix of w = uv with respect to <;, then no nonempty
partial words x,y,s are such that y C z, u = rx and y = vs for some
pword .

2. If v is the mazimal suffiz of w = uv with respect to <., then no nonempty
partial words x,y,s are such that y C z, u = rx and y = vs for some
pwords r.

PROOF We prove Statement 1 (Statement 2 is similar). Let z,y,s be
nonempty partial words satisfying y C x, v = rz and y = vs for some pword
r. Here w = wv = rzv, and since v is the maximal suffix with respect to =<,
we get xv <; v. Since y C z, we get yv <; v. Replacing y by vs in the latter
inequality yields vsv <X; v, leading to a contradiction.
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4.2 The zero-hole case

In this section, we discuss the critical factorization theorem on full words.
Intuitively, the theorem states that the minimal period p(w) of a word w of
length at least two can be locally determined in at least one position of w.
This means that there exists a critical factorization (u,v) of w with u,v # ¢
such that p(w) is the minimal local period of w at position |u| — 1.

A factorization of a word w being any tuple (u, v) of words such that w = uv,
a local period of w at position |u| — 1 is defined as follows.

DEFINITION 4.1 Let w be a nonempty word. A positive integer p is
called a local period of w at position i if there ezist u,v € AT and x € A*
such that w = wv, |u| = i+ 1, |x| = p, and such that one of the following
conditions holds for some words r,s:

1. w=rx and v = xs (internal square),

2. x =ru and v = xs (left-external square if r # €),

3. w=rx and x = vs (right-external square if s # €),

4. x=r1u and x = vs (left- and right-external square if r,s # € ).

The minimal local period of w at position i, denoted by p(w,1), is
defined as the smallest local period of w at position i.

s X X 5

FIGURE 4.1: Internal square.

FIGURE 4.2: Left-external square.
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FIGURE 4.4: Left- and right-external square.

Intuitively, around position ¢, there exists a factor of w having as its minimal
period this minimal local period. A factorization (u,v) of w is called critical
when u,v # ¢ and p(w) = p(w, |u| — 1). In such case, the position |u| — 1 is
called a critical point. Clearly,

1 < p(w,i) < p(w) < |w|

Example 4.2

Consider the word w = babbaab with minimal period 6. The minimal local
periods of w are: p(w,0) = 2, p(w,1) =3, p(w,2) =1, p(w,3) =6, p(w,4) =
1, and p(w,5) = 3. Here, p(w) = p(w,3) which means that the factorization
(babb, aab) is critical.

t|r |uw v s p(w, i) | Type of square

Ola |b abbaab 2 left-external

116 |ba bbaab 3 left-external

2 bab baab 1 internal

3 | aa | babb aab abb | 6 left- and right-external
4 babba | ab 1 internal

5 babbaa | b aa |3 right-external

Note that the minimal period of w is simply the maximum among all its
minimal local periods.

The following theorem states that each word of length at least two has at
least one critical factorization.

THEOREM 4.1
Let w be a word such that |w| > 2. Then w has at least one critical factor-
ization (u,v) with u,v # ¢ and p(w) = p(w, |u| — 1).
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While Theorem 4.1 shows the existence of a critical factorization, the fol-
lowing algorithm shows that such a factorization can be found by computing
two maximal suffixes of w with respect to the orderings <; and =,..

ALGORITHM 4.1
The algorithm outputs a critical factorization for a given word w of length at
least two.

Step 1: Compute the mazimal suffiz of w with respect to <; (say v) and the
mazimal suffix of w with respect to <, (say v').

Step 2: Find words u,u’ such that w = uv = u'v’.
Step 3: If [v| < |v'|, then output (u,v). Otherwise, output (u',v").
Example 4.3

Returing to Example 4.2, the nonempty suffixes of w = babbaab are ordered
as follows (where a <; b and b <, a):

jl jr

aab b

ab bbaab

abbaab | babbaab

b baab

baab ab

babbaab | abbaab

bbaab aab
The maximal suffix of w with respect to =<; is v = bbaab and the maximal
suffix of w with respect to <, is v = aab. Here 5 = |[v| > |v'| = 3 which

means that the factorization (u’,v") = (babb, aab) is critical.

We have omitted the proof of Theorem 4.1 as well as the proof of Algo-
rithm 4.1 because we will prove the general results later in this chapter.

4.3 The main result: First version

In this section, we discuss a first version of the critical factorization theorem
for partial words with an arbitrary number of holes. Intuitively, the theorem
states that the minimal weak period of a nonspecial partial word w of length
at least two can be locally determined in at least one position of w. More
specifically, if w is nonspecial according to Definition 4.3, then there exists
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a critical factorization (u,v) of w with w,v # ¢ such that the minimal local

period of w at position |u] — 1 (as defined below) equals the minimal weak
period of w.

DEFINITION 4.2 Let w be a nonempty partial word. A positive integer
p is called a local period of w at position ¢ if there exist nonempty partial
words u,v,x,y such that w = wv, |u| =i+ 1, |z| = p, x T y, and such that
one of the following conditions holds for some partial words r,s:

1. w=rxz and v = ys (internal square),
2. x =ru and v =ys (left-external square if r # €),
3. u=rx and y = vs (right-external square if s # ),

4. x=r1u and y = vs (left- and right-external square if r,s # €).

The minimal local period of w at position ¢, denoted by p(w,i), is
defined as the smallest local period of w at position i. Clearly,

1< p(w,i) <p'(w) < [uwl

and no minimal local period is longer than the minimal weak period.

r x S §

FIGURE 4.5: Internal square.

FIGURE 4.6: Left-external square.

A partial word being special is defined as follows.
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1] 1 ¥

FIGURE 4.8: Left- and right-external square.

DEFINITION 4.3 Let w be a partial word such that p’'(w) > 1. Let v
(respectively, v') be the mazimal suffiz of w with respect to =<; (respectively,
=r). Let u,u’ be partial words such that w = uv = u'v’.

o If |v| < |V'|, then w is called special if one of the following holds:

1 p(w,|ul = 1) < |u] and v & C(S(u)) (as computed according to
Definition 4.2).

2. p(w,|ul — 1) < |v] and s & C(P(v)) (as computed according to
Definition 4.2).

o If |v| > |v'|, then w is called special if one of the above holds when
referring to Definition 4.2 where u is replaced by v’ and v by v'.

The partial word w is called nonspecial otherwise.

Example 4.4

To illustrate Definition 4.3, first consider w = aaoobaocobb. The maximal
suffixes of w with respect to <; and =<, are v = bb and v/ = aacobaoobb
respectively. Here |v] < |[v'| and u = aaococbaco. We get that w is special
since 1 = p(w, |u| — 1) < |u| = 8 and r = aaoobae & C(S(u)). Now, consider
w = abooa with maximal suffixes v = booa and v’ = abooa. Again |v| < |v/].
We have |u| =1 <2 =p(w,|u| —1) < |v]| =4 but s = oa € C(P(v)), and so
w is nonspecial. I

The proof of the following theorem not only shows the existence of a critical
factorization for a given nonspecial partial word of length at least two, but
also gives an algorithm to compute such a factorization explicitly.

THEOREM 4.2
If the partial word w is nonspecial and satisfies |w| > 2, then w has at least
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one critical factorization. More specifically, if p'(w) > 1, then let v denote
the mazimal suffix of w with respect to <; and v' the mazimal suffiz of w with
respect to =,. Let u,u’ be partial words such that w = uv = u/v’. Then the
factorization (u,v) is critical when |v| < |v'|, and the factorization (u',v") is
critical when |v| > |[v'].

PROOF If p/(w) =1, then

Mp—1

— Mo miy m
W=0qqg 00y ©...0, 1 CQp"

for some ag,ay,...,a, € A and integers mqg,my,...,m, > 0. The result
trivially holds in this case. So assume that p’(w) > 1 and that |v] < |v/| (the
case where p’(w) > 1 and |v| > |v/| is proved similarly but requires that the
orderings <; and =<, be interchanged). First, assume that u = &, and thus
w = v. Since |v| < |v'|, we also have w = v'. Setting w = az for some a € A
and z € W(A), we argue as follows. If b € A is a letter in z, then b <; a and
b <, a. Thus, b = a and w is unary. We get p'(w) = 1, contradicting our
assumption and therefore u # e.

Now, let us denote p(w, |u| — 1) by p. We will use 53¢~ as an abbreviation
for 517 ~vand 8 ¢ v and v ¢ B holding simultaneously. The proof is split into
four cases that refer to p in relation to |u| and |v|. Case 1 refers to p > |u]
and p > |v|, Case 2 to p < |u| and p > |v], Case 3 to p < |u| and p < |v| and
Case 4 to p > |u| and p < |v|. We prove the result for Cases 1 and 2. The
other cases follow similarly and are left as exercises for the reader.

Case 1. p > |u] and p > |v|

If p > |u| and p > |v|, then Definition 4.2(4) is satisfied. There exist pwords
x,y,r,s such that |z| = p, 1y, © = ru, and y = vs. First, if |r| > |v|, then
p = |z| = |ru| > |uv| = |w|, which leads to a contradiction. Similarly, we see
that |s| < |u| Now, if |r| < |v|, then we may choose partial words r, s, z, 2’
such that v = rz, u = 2’s, and z 7 2z/. By definition of compatibility, there
exists 2" such that z C 2” and 2’ C 2”. Thus, uv = 2’'srz C 2”srz"” showing
that p = |z| = |ru| = |rz’s| = |2 sr| is a weak period of wwv, and so p'(w) < p.
On the other hand, p’(w) > p. Therefore, p’(w) = p which shows that the
factorization (u,v) is critical.

Case 2. p < |u] and p > |v|

If p < |u| and p > |v|, then Definition 4.2(3) is satisfied. There exist partial
words x,y,r, s, such that |x| =p, x Ty, u=rz =rvys, and y = vs. If v C v,
then y C z, and v being the maximal suffix of w with respect to <;, we get
a contradiction with Lemma 4.3. If v C v or 7$ v, then we consider whether
or not r € C(S(u)). If r € C(S(u)), then w is special by Definition 4.3(1). If
r € C(S(u)), then a'r T ra for some a’. By Theorem 2.2, u = rz is weakly
|x|-periodic, and so rxy = rawvs is weakly |z|-periodic since = T y. Therefore,
p = |z| is a weak period of uv = rav and the result follows as in Case 1.

REMARK 4.1 In the course of the proof of Theorem 4.2, we showed
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in addition that if |v| < |v’| and the factorization (u,v) is critical, then w is
nonspecial, and if |v| > |v'| and the factorization (u',v’) is critical, then w is
nonspecial.

Referring to Definition 4.3, assume that a <; b and b <,- a. We now provide
special partial words w with no position i satisfying p’(w) = p(w,i). These
examples show why Theorem 4.2 excludes the special partial words.

Example 4.5

For each given pword w, we give answers to the two questions: Is r € C'(S(u))
and is s € C(P(v))? We also exhibit u, v, x, y, r and s for the different
scenarios.

e Definition 4.3(2) answers “yes” and “no” when w = aacoboooobba. Here
u=re,v=ys, =9,y =>b r=aaccbooc and s = ba.

e Definition 4.3(1) gives “no” and “yes” for w = baaobbo, and computa-
tions give u = rx, v =ys, x = ¢, y = b, r = baa and s = bo.

e Definition 4.3(2) answers s ¢ C(P(v)) if w = aboaca. We can check
that u =a, v =ys, x =ru, y = bo, r =b and s = aca.

e Definition 4.3(1) gives r ¢ C(S(u)) for w = obobbabbb, and u = rx,
v = bbb, x = obba, y = vs, r = ob and s = a.

From the proof of Theorem 4.2, we can obtain an algorithm that outputs
a critical factorization for a given partial word w with p’(w) > 1 and with an
arbitrary number of holes of length at least two when w is nonspecial, and
that outputs “special” otherwise. The algorithm computes the maximal suffix
v of w with respect to <; and the maximal suffix v’ of w with respect to <.
The algorithm finds partial words u,u’ such that w = uv = uv/v’. If || < |o'|,
then it computes p = p(w, |u| — 1) and does the following:

1. If p < |ul, then it finds partial words x,y,r, s satisfying Definition 4.2.
If r ¢ C(S(u)), then it outputs “special.”

2. If p < |v], then it finds partial words z,y,r, s satisfying Definition 4.2.
If s ¢ C(P(v)), then it outputs “special.”

3. Otherwise, it outputs (u,v).

If |u| > |v'[, then the algorithm computes p = p(w, |u’|—1) and does the above
where u is replaced by v’ and v by v’.
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Example 4.6

As an example, consider w = aaabobabb. Its maximal suffix with respect to =<
(where a < b) is v = bb and with respect to <X, (where b < a) is v’ = aaabobabb.
Here |v| < |v'| and the factorization (aaaboba,bb) is not critical since w is
special. Now, if we consider rev(w) = bbabobaaa, its maximal suffix with
respect to <; is v = bbabobaaa and with respect to =<, is v = aaa. Here
|[v| > |v'| and rev(w) is nonspecial and so the factorization (bbabob,aaa) of
rev(w) (which corresponds to the factorization (aaa, bobabb) of w) is critical.

The observation in the preceding example on the reversal leads us to im-
prove the algorithm by considering both w and rev(w).

ALGORITHM 4.2
The algorithm outputs a critical factorization for a given partial word w with

p'(w) > 1 and |w| > 2 when w is nonspecial or rev(w) is nonspecial, and that
outputs “special” otherwise.

Step 1: Compute the mazimal suffix vo of w with respect to =<; and the
mazimal suffic vy of w with respect to <,. Also compute the mazimal
suffiz vy of rev(w) with respect to <, and the mazimal suffix v] of rev(w)
with respect to =<,..

Step 2: Find partial words ug,uf such that w = ugvy = ugvy. Also find
partial words uy,u} such that rev(w) = ujvy = ujv].

Step 3: If |vo| < |v)] and |vi| < |v]|, then compute py = p(w, |ug| — 1) and
p1 = p(rev(w), Jui| —1).

Step 4: If pg > p1, then do the following:

1. If po < |ug|, then find partial words x,y,r,s satisfying Defini-
tion 4.2. If r & C(S(up)), then output “special.”

2. If po < |vol|, then find partial words x,y,r,s satisfying Defini-
tion 4.2. If s ¢ C(P(vg)), then output “special.”

3. Otherwise, output (ug,vo).

Step 5: If pg < p1, then do the work of Step 4 with p1,u; and vy instead of
Do, Ug and vg.

Step 6: If |vg| > |[v{| (or |v1]| > |vi]), then do the work of Step 3 with uj
and vy instead of ug and vy (or do the work of Step 8 with v} and v}
instead of uy and v1). The algorithm may produce (uf,v}) unless w is
special (or may produce (u},v]) unless rev(w) is special) (in those cases,
output “special”).
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4.4 The main result: Second version

In this section, the nonempty suffixes of a given partial word w are ordered
as follows according to =;:

V0, |w|—1 =1 V0,|w|—2 =1 " =1 V0,0

The factorizations of w called (uo,0,v0,0), (%0,1,v0,1), - .. result. Similarly, the
nonempty suffixes of w are ordered as follows according to =<,.:

/ / /
Vo,Jw]—1 =7 Yo, |wj—2 =r " =r Voo

The factorizations of w called (ug o, vg o), (4,150 1), - - - result. The nonempty
suffixes of rev(w) are ordered as follows:

V1, jw|—1 =1 V1,|w|-2 =1 """ =1 V1,0
/ / !
Ul =1 =7 Vw2 =r = Vo

The factorizations of rev(w) called

(u1,07 vl,O)a (ul,h Ul,l); HCRE) (U/L()? vLO)a (u/1,17 Ull,l)a s

result.

Referring to Definition 4.3, the following table provides examples of special
partial words w whose reversals are also special and for which there exists
a position ¢ such that p'(w) = p(w,i) or p’(w) = p(rev(w),i) resulting in a
critical factorization (it is assumed that a <; b and b <, a):

w Fact Crit | Fact Crit || Fact Crit
aaaooba (u0,0,v0,0) | no (ul,0, 1)1 0) | no (u1,0,v1,0) | yes
abbaoabb (10,0, v0,0) no (U1 05 U1 0) no (uo,1,v0,1) | yes

acabbobbbaa | (up,0,v0,0) | no (u1,0, v1 0) | no (uo,2,v0,2) | ves
aocbac (1,0, v0,0) | mo | (uig,v10) | mo | (uoz2,v0,2) | yes

The above examples lead us to refine Theorem 4.2. First, we define the
concept of an ((k,1))-special partial word (note that the concept of special in
Definition 4.3 is equivalent to the concept of ((0,0))-special in Definition 4.4).

DEFINITION 4.4 Let w be a partial word such that p'(w) > 1, and let
k,l be a pair of integers satisfying 0 < k,l < |w|.

o Ifvok| < vg,l, then w is called ((k,1))-special if one of the following
holds:

1. p(w,|ug k| —1) < |uok| and r & C(S(uok)) (as computed according
to Definition 4.2).
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2. p(w, lug k| —1) < |vok| and s € C(P(vox)) (as computed according
to Definition 4.2).

o If lvox| > [vg,l, then w is called ((k,1))-special if one of the above
holds when referring to Definition 4.2 where ug i, is replaced by u{u and
vo,k by Ué,l-

The partial word w is called ((k,1))-nonspecial otherwise.

We now describe the algorithm (based on Theorem 4.3) that outputs a
critical factorization for a given partial word w with p’(w) > 1 and with an
arbitrary number of holes of length at least two when such a factorization
exists, and that outputs “no critical factorization exists” otherwise.

ALGORITHM 4.3

Step 1: Compute the nonempty suffizes of w with respect to =<

Vo, jw|—1 = *** =1 V0,0

and the nonempty suffives of w with respect to <,
U(/J,\w|—1 =r = U

Also compute the nonempty suffizes of rev(w) with respect to <
V1 jw|—1 =1 " =1 V1,0

and the nonempty suffizes of rev(w) with respect to <,
Vw1 = = V1

Step 2: Set kg =0,1,=0, k =0, [; =0, and mwp = 0.

Step 3: If ko > |w| —[[H(w)|| orlp = |w| —[[H(w)|| or k1 > w| = [[H (w)]
orly > |w| — |H(w)||, then output “no critical factorization exists”.

Step 4: If vor, < ”(/),lo; then update Iy with lg + 1 and go to Step 3. If
Ué,lo =r Vo,ky, then update ko with ko + 1 and go to Step 3. If vi 5, <
vy ,,, then update ly with Iy + 1 and go to Step 3. If vy, <y vik,, then
update ki with k1 + 1 and go to Step 3.

Step 5: If kg > 0 and v{)’lo = w, then update ly with lo + 1 and go to Step
3. Iflg > 0 and vo r, = w, then update ky with kg +1 and go to Step 3.
If k1 > 0 and vy, = rev(w), then update Iy with Iy + 1 and go to Step
3. If Iy > 0 and vy 1, = rev(w), then update k1 with k1 + 1 and go to
Step 3.
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Step 6: Find partial words ug ko, u) 1o such that w = o, kyVo,k, = “0 lovo I
Find partial words us k, , u} m such that rev(w) = uy g, U1k, = Uy v 1 o

Step 7: If lvok,| < [vpy| and |vig,| < |UI1,11‘7 then compute por, =
p(w’ |u071€0| - 1) and Pk, = p(rev(w), |u171€1| - 1)'

Step 8: If po r, < mwp, then move up which means to update ko with ko+1

and to go to Step 3. If p1r, < mwp, then move up which means to
update ki with k1 + 1 and to go to Step 3.

Step 9: If po r, > P1,k,, then update mwp with po i,. Do the following:

1. If po.ky < |Uo,kol, then find partial words x,y,r, s satisfying Defini-
tion 4.2. If r & C(S(uok,)), then move up which means update ko
with ko 4+ 1 and go to Step 3.

2. If po.ky < |Vo,kl, then find partial words x,y,r, s satisfying Defini-
tion 4.2. If s ¢ C(P(vo,k,)), then move up which means update ko
with kg + 1 and go to Step 3.

3. Otherwise, output (Uo kg, V0,kp )-

Step 10: If por, < D1k, then update mwp with p1 , and do the work of
Step 9 with p1 k,, U1k, ond vy, instead of Po k,, U0k, GNA Vo kg -

Step 11: If |vok,| > [vy,| (or [vik,| > |1, 1), then compute po;, =
p(w,[ug,,| = 1) and do the work of Step 8 with po,, ug,, and vy,
instead of po ke, Uo.k, @nd Vo, (move up here means update ly with
lo+1 and go to Step 3) (or compute p1i, = p(rev(w), vy, | —1) and do
the work of Step 8 with p1,, “11 and ”11 instead 0fp1 ke ULk ond
U1k, (move up here means update Iy with [, +1 and go to Step 3)). The
algorithm may produce (ug ; , vy ) unless w is ((ko, lo))-special (or may
produce (uy ;, , vy, ) unless rev(w) is ((k1,11))-special) (in those cases,
move up).

We illustrate Algorithm 4.3 with the following example.

Example 4.7

Below are tables for the nonempty suffixes of the partial word w = aocbac and
its reversal rev(w) = cabcoa. These suffixes are ordered in two different ways:
The first ordering is on the left and is an <;-ordering according to the order
¢ < a < b= c and the second is on the right and is an <,-ordering where
¢ < ¢ < b < a. The tables also contain the indices used by the algorithm,
ko, lo, k1,11, and the local periods that needed to be calculated in order to
compute the critical factorization (acc,bac). The minimal weak period of w
turns out to be equal to 4.
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ko | Poko | YVo,ke | Yoy, | Pos |lo
5 ocbac | ocbac 5
4 aochac | ¢ 4
3 ac cbac 3
2 4 bac bac 2
1 3 c aocbac 1
0 1 cbac ac 3 0
ki | Pk, [V, |1y, |[Pun |l
5 oa oa 5
4 a coa 4
3 abcoa | cabeoa 3
2 beoa beoa 2
1 4 coa a 1 1
0 cabcoa | abeoa | 3 0

Algorithm 4.3 starts with the pairs
(v0,0,vp,9) = (cbac, ac) and (v1,0,] o) = (cabcoa, abcoa)

and selects the shortest component of each pair, that is, vy, and v} 4. In
Step 11, po,o is computed as 3 and p; 9 as 3. Since po,g > p1,0 > mwp = 0,
the factorization (ug g, vp o) = (aoch, ac) is chosen and the algorithm discovers
that w is ((0,0))-special according to Definition 4.4. The variable [y is then
updated to 1 and the pairs

(v0,0,vp,1) = (cbac, aocbac) and (vy,0,v] o) = (cabcoa, abcoa)

are treated with shortest components vy g, ULO respectively. Now, pg o is com-
puted as 1 and pq,9 as 3. Since pog < p1,0 < mwp = 3, kg gets updated to 1
and /; to 1. Now, the pairs

(110’171)6’1) = (¢, aocbac) and (’ULo,’Ui’l) = (cabeoa, a)

are considered and in Step 5, [y is updated to 2 since kg = 1 > 0 and U(')JO =
vy, = w. The pairs

(’00,1,716,2) = (¢, bac) and (1)170,1){71) = (cabeoa, a)

are treated and in Step 5, k; is updated to 1 since I; = 1 > 0 and v, =
v1,0 = rev(w). Comes the turn of

(v0,1,vp.2) = (¢, bac) and (vy 1,0 ;) = (coa, a)

with shortest components v ; and v] ;. The algorithm computes po 1 = 3 and
pi1 = 1. Since p11 < po,1 < mwp = 3, the indices ky and [; get updated to
2 and the pairs

(’UO,Q,’U6’2) = (bac, bac) and (111’1,1)3’2) = (coa, beoa)
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are considered with shortest components vg 2,v1,1 and with pgo = 4,p11 =4
calculated in Step 7. Since pp2 > p1,1 > mwp = 3 leads to an improvement
of the number mwp, the algorithm outputs (ug,2, vo2) in Step 9 with mwp =
po,2 =4 (here w is ((2, 2))-nonspecial). I

We now prove Theorem 4.3.

THEOREM 4.3

1. Let (ko,lo) be a pair of nonnegative integers being considered at Step 9
(when po k, > mwp or when po i, > mwp). If w is a ((ko, lo))-nonspecial
partial word satisfying |w| > 2 and p'(w) > 1, then w has at least one
critical factorization. More specifically, the factorization (U ky,V0,k,)
critical when [vo,k,| < |vg 4, |, and the factorization (ug ;. , vy ,,) s critical
when [vo k| > v, |-

2. Let (k1,11) be a pair of nonnegative integers being considered at Step 10
(when p1 g, > mwp or when p1;, > mwp). If rev(w) is a ((k1,01))-
nonspecial partial word satisfying |w| > 2 and p'(w) > 1, then rev(w)
has at least one critical factorization. More specifically, the factoriza-
tion (u1,k,,v1,k,) 4 critical when |v1 x| < |v1, |, and the factorization
(uy,,v1,,) is critical when vy g, | > |v] ;|-

PROOF We prove Statement 1 (Statement 2 is proved similarly). The
pair (ko,lp) = (0,0) was treated in Theorem 4.2. So, we may assume that
(ko,lo) # (0,0). We consider the case where |vg k.| < [vg ;| (the case where
[vo,k0| > |v6’lo\ is handled similarly but requires that the orderings =<; and =,
be interchanged). Here, ug,k, # € unless vo x, = v, = w. In such case, if w
begins with ¢, then the algorithm will discover in Step 3 that w has no critical
factorization. And if w begins with a for some a € A, then ky < |w|— || H (w)||
and lop < |w| — [[H(w)|. In such case, we have (kg > 0 and v, = w) or
(lp > 0 and vg x, = w). In the former case, Step 5 will update Iy with lo + 1
resulting in the pair (ko,lop + 1) being considered in Step 3; in the latter case,
Step 5 will update ko with ko + 1 and (ko + 1, 1y) will be considered in Step 3.

We now consider the following cases where pg , denotes p(w, |ug k.| — 1).
Again, we use ¢ as an abbreviation for 8 T ~, 8 ¢ v and v ¢ (3 holding
simultaneously. The proof is split into four cases that refer to po g, in relation
to |uok,| and |vo k|- Case 1 refers to por, > %ok and Poky = 0.k,
Case 2 to pok, < |wo.k| and pox, > |vok,|, Case 3 to por, < |uok| and
Poko < |V0.k |, and Case 4 t0 po k, > |0k, | and po.x, < [V0,k |-

We prove the result for Case 1 (the other cases are left as exercises for the
reader). Here Definition 4.2(4) is satisfied and there exist pwords z,y,r, s
such that |z| = poky, ¢ T Y, T = rugr, and y = vok,s. First, if |r| > |vo k|,
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then por, = |z| = |[ruor,| > |uo.kevok,| = lw| > p'(w), which leads to a
contradiction. Now, if |r| < |vg |, then by Lemma 1.2, there exist r/, z such
that vox, = 7'z, r T 7/, and ugk, 1 zs. There exists " such that » C 7"
and r’ C ", and there exist 2/, s’ such that ug, C 2’s’, 2 C 2 and s C ¢'.

Thus, wo k,vo,k, C 2's'r'2" showing that po r, = |2's'r’| is a weak period of
U0,k V0,ky, a0d p'(w) < pok,. On the other hand, p’(w) > po,. Therefore,
P’ (w) = po k, which shows that the factorization (ug k,,vo.k,) is critical. I

REMARK 4.2 Referring to the above theorem, the following strengthen
Statements 1 and 2:

L If fvok,| < |vg,,| and the factorization (ug k,,vo,k,) is critical, then
w is ((ko,lo))-nonspecial, and if |vox,| > |v,,| and the factorization
(10 105 V01,) I8 critical, then w is ((ko, lo))-nonspecial.

2. If |14, | < |v1,,| and the factorization (uik,,v1k,) is critical, then
rev(w) is ((k1,01))-nonspecial, and if |v1y,| > [v] ;| and the factoriza-

tion (uf ,; ,v],, ) is critical, then rev(w) is ((k1,/1))-nonspecial.
I

We conclude this section by characterizing the special partial words that
admit critical factorizations. If w is such a special partial word satisfying
[vo,ol < [vgol, then poo = p(w, [uge| — 1) < p'(w). The following theorems
give a bound of how far pg ¢ is from p’(w) and explain why Algorithm 4.3 is
faster in average than a trivial algorithm where every position would be tested
for critical factorization.

THEOREM 4.4

Let w be a special partial word that admits a critical factorization, and let vg o
(respectively, vj o) be the mazimal suffiz of w with respect to = (respectively,
=r). Let ugo,ug o be partial words such that w = ugovo,0 = ug gV o- If w is
special according to Definition 4.3(1), then

e If[vool < |vgol, then the following hold:

1. If poo < |vool, then there exist nonnegative integers m,n, par-
tial words xg, . . ., T2, T, ..., 2,1 of length n, and partial words
Y05+ Ym41,Y1s - - > Y Of length p'(w) — po,o — n such that

— ZOYoTYYLT1YL - - - T 1Ym—1T 1 Yo T Ym Loy 4 1 Ymt1Tm41 has a
weak period of p'(w) — po.o,

- xm+1 Txm,+27

= P00 = |[T1Y1%2Y2 - - - T YmTmt1| < Po,o + |Toyol = p'(w),

— ug,0 s a suffiz of a weakly p'(w)-periodic partial word ending
with ToYoT1Y1T2Y2 - - - TmYmTm+1,
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— vo,0 8 a prefix of a weakly p'(w)-periodic partial word starting
with TYY1TGYs - - T Y T 1 Y1 T2
2. If po,o > |vool, then let s denote the nonempty suffix of length
Po,0 — [vo,0] of ugo. Then there exist nonnegative integers m,n and
partial words as above except that

— DPo,o = |331y13€2y2 . --wmym$m+18|;

— uo,0 18 o suffic of a weakly p’(w)-periodic partial word ending
with ToYoT1Y122Y2 - - - TmYmTm415,

= V0,0 = TYY1TYd + - - Loy Y Lo g1 -

e Iflvool > [vgol, then the above hold when replacing ug,0,v0,0 by up o, Vg o
respectively.

PROOF Letz,y,r € W(A)\{e} and s € W(A) be such that |z| = po,o, z T
Y, Up,0 = rx, and either vy o = ys or y = vy ¢s. We first assume that vy o = ys
(this case is related to Statement 1). Since w admits a critical factorization,
there exists (ko,lp) # (0,0) such that w is ((ko,lp))-nonspecial and either
(UO,k’mUO,kO) (lf ‘voyko‘ < |v(/),lg|) or (ug,lo’vé,lo) (lf |U0,ko| > |U6,l0‘) is critical
with minimal local period ¢ (here poo < ¢ = p'(w)). Let o, 8 € W(A) \ {e}
be such that ax 1 yB, |ax| = |y8| = ¢, either ug is a suffix of ax or az is a
suffix of ug o, and either y3 is a prefix of vy or vy is a prefix of y3. Let m
be defined as L%j and n as |z|(mod |«|). Then let & = ZoYo, 8 = Ym+1Tm+2,
T = T1Y1T2Y2 - - TmYmTmt1, and y = zhyiabys ... 2y, 2,1 where each
x;, «; has length n and each y;,y; has length || — n. By Theorem 2.2,

pshuffle|,| (ax, y3) =
) YA ! / A
ToYoT1Y1T1Y1L2Y2 - - - Tm—1Ym—1T i YmTmYmLi 1 1Ym+1Tm+1

is weakly |al-periodic and sshuffle (e, yB) = Tmi1Zma2 is |2|(mod|al)-
periodic (which means that z,,11 | Zm42) and the result follows. We now
assume that y = vg0s with s # ¢ (this case is related to Statement 2). Set
x = ~vs. Here ax T vgfs for some o, 3 € W(A) \ {¢}. By simplification,
ay T v,083, and we also have v T vg,0. The result follows similarly as above. I

THEOREM 4.5

Let w be a special partial word that admits a critical factorization, and let vg o
(respectively, vj o) be the mazimal suffiz of w with respect to = (respectively,
=r). Let ugo,ug o be partial words such that w = ugovo,0 = U gV o- If w is
special according to Definition 4.3(2), then the following hold:

e If vl < |vgl, then the following hold:

1. If po,o < |uo,0l, then there exist monnegative integers m,n, par-

tial words xo, . . ., Tyy2, T, ..., ), 1 of length n, and partial words
Y0s -y Ymt1: Yo - - > Y Of length p'(w) — po,o — n such that
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- ffoyoxiyixlm~~~xm—1ym—1$;nyq/n$mymx/m+1ym+1$m+1 has a
weak period of p'(w) — poo,

= Tmt1 | Tma2,
= D00 = |TINT5Ys - T YT g1 | < P00+ [Ymi1Tme2| = p'(w),
Uo,0 15 a suffiz of a weakly p'(w)-periodic partial word ending
with ToYoT1Y1T2Y2 - - - TmYmTm1,

— vo,0 8 a prefix of a weakly p'(w)-periodic partial word starting

with TYY1TGY) - Ty Y T 1 Y1 T2

2. If poo > |uool, then let v denote the nonempty prefiz of length

Po,0 — [o,0| of vo,0. Then there exist nonnegative integers m,n and
partial words as above except that

= Poo = [PTYITGYS - X Y Ty,

— Uo,0 = T1Y122Y2 - . - TmYmTm+1,

— 0,0 8 a prefix of a wealky p'(w)-periodic partial word starting
with TR YITGY) - T Y T 1 Yt 1 T2

o Iflvool > [vgol, then the above hold when replacing uo,0,v0,0 by ug o, Vg o
respectively.

PROOF Let x,y,s € W(A)\ {e} and r € W(A) be such that |z| = po,o,
x 1y, either ugo = rxz or x = rupg, vo,0 = ys, and let (ko,lo) and g be as
above. Statement 1 is similar to Statement 1 of Theorem 4.4. For Statement
2, let o, B,y € W(A) \ {e} be such that y = rv, raupo T y0, |az| = [y6| = ¢,
and either y3 is a prefix of v ¢ or vy is a prefix of y3. By simplification,
oaugo T B, and we also have ug g T . The result follows from Theorem 2.2. I

4.5 Tests

In this chapter, we considered one of the most fundamental results on pe-
riodicity of words, namely the critical factorization theorem, and discussed it
in the framework of partial words. While the critical factorization theorem
on full words, Theorem 4.1, shows that critical factorizations are unavoid-
able, Theorem 4.2 shows that such factorizations can be possibly avoidable
for the so-called special partial words. Then, Theorem 4.3 refines the class
of the special partial words to the class of the so-called ((k,1))-special partial
words. Theorem 4.3’s proof leads to an efficient algorithm which, given a
partial word with an arbitrary number of holes, outputs “no critical factor-
ization exists” or outputs a critical factorization that gets computed from the
lexicographic/reverse lexicographic orderings of the nonempty suffixes of the
partial word and its reversal.
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Finally, Theorem 4.4 and 4.5 characterize the ((0,0))-special partial words
that admit critical factorizations.

In the testing of the algorithm, it is important to make the distinction
between partial words that have a critical factorization and partial words for
which no critical factorization exists. In Table 4.1, we provide data concerning
partial words without critical factorizations. Tests were run on all partial
words with an arbitrary number of holes over a 3-letter alphabet from lengths
two to twelve.

TABLE 4.1: Percentage of partial words without critical

factorizations.
Length | Number without CFs | Number | Percentage

2 0 16 0.0

3 0 64 0.0

4 24 256 9.375
) 144 1024 14.063
6 816 4096 19.922
7 3852 16384 23.511
8 17376 65536 26.514
9 73962 262144 28.214
10 311460 1048576 29.703
11 1269606 4194304 30.270
12 5115750 16777216 30.492

In the case where a partial word has no critical factorization, Algorithm 4.3
exhaustively searches |w| — ||H(w)|| positions for a factorization. Table 4.2
shows the average values for the indices kg, ly, k1,1 after the algorithm com-
pletes over the same data set. Also, it shows the average values for these
indices when partial words without critical factorizations are ignored.

This data shows that if a partial word has a critical factorization, then
Algorithm 4.3 discovers it extremely quickly.

Exercises

4.1 Let A be totally ordered by a < b < ¢. Order the nonempty suffixes of
u = abcoocaco with respect to <; and with respect to <,.. What are the
maximal suffixes of u with respect to =<; and with respect to <,.?

4.2 Prove Statement 2 of Lemma 4.2.

4.3 Prove Statement 2 of Lemma 4.3.
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TABLE 4.2: Average values for the indices ko, lg, k1, 11.

Length All partial words Partial words with CFs
ko lo k1 L ko lo k1 I

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.137 0.180 0.105 0.102 | 0.0 0.0 0.0 0.0
0.352 0.377 0.233 0.212 | 0.017 0.017 0.010 0.010
0.617 0.657 0.453 0.394 | 0.049 0.049 0.033 0.033
0.848 0.910 0.651 0.568 | 0.083 0.081 0.058 0.058
1.093 1.181 0.862 0.763 | 0.123 0.121 0.091 0.090
1.297 1.413 1.050 0.945 | 0.160 0.158 0.121 0.120
1.505 1.650 1.242 1.134 | 0.196 0.194 0.151 0.150
1.676 1.848 1.407 1.301 | 0.229 0.228 0.180 0.179
1.834 2.030 1.562 1.460 | 0.262 0.261 0.209 0.209

—
RES©XTI0u s w

4.4

4.5

4.6

4.7

4.8

4.9

4.10

4.11

Use Algorithm 4.1 to find a critical factorization of w = abbcbac.

We call a partial word u a palindrome if u = rev(u). Prove that every
full palindrome has at least 2 critical factorizations.

Classify the square at position 4 of w = abbooocbb. Is it internal? Left-
external? Right-external? Left- and right-external?

Can you build a pword w that contains squares that are internal, left-
external, right-external, and left-and right-external?

Is the factorization (abb, coaoch) of w = abbeoaoch critical? Why or why
not?

Compute all minimal local periods of w = acbocba. What is the
maximum among all minimal local periods? Does w have a critical
factorization?

There exist unbordered partial words of length at least two that have
no critical factorizations. True or False? Justify your answer.

Is w = ccboaboba special? Why or why not?

Challenging exercises

4.12

Prove, using the definitions, that under some restrictions on u and
v, the relations u =<; v and u =<, v together define “u is a prefix of v”.
In other words, if u € A* and v € Wi (A) \ {e}, then prove that both
u = v and u =, v if and only if u € P(v).
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4.13 Let u,v be nonempty partial words. Show that both v =<; v and v <, v
if and only if u € P(v) or there exist pwords z,y and a € A such that
u = pre(u,v)or and v = pre(u,v)ay (the first position where v and v
differ is a hole in u).

4.14 Prove Theorem 4.1.

4.15 Prove Algorithm 4.1.

4.16 Prove Cases 3 and 4 of Theorem 4.2.

4.17 Are these partial words special? Do they have critical factorizations?

e baaobb
e aaadaabaaa
e abboabba
e babbabbabob
e babboab
e aboaaba
4.18 Determine integers k, | for which the following partial words are ((k,1))-
special. Do they have critical factorizations?
o aabobabbabba
e aabbacabbababa
e bobaabbaab
e baababaacb
e baabbbacbaa
e aaabobabb

4.19 Run Algorithm 4.3 on input w = aocbba and discuss as in Exam-
ple 4.7.

4.20 Repeat Exercise 4.19 for w = cchboabobbeco.
4.21 Prove Cases 2, 3 and 4 of Theorem 4.3.

Programming exercises

4.22 Write a program that takes as input a partial word w and a total order-
ing of a(w), and outputs the nonempty suffixes of w with respect to the
two orderings <; and =<,.. Run your program on w = abboobbaobcabbe.
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4.23 Design an applet that provides an implementation of Algorithm 4.1, that
is, given as input a word w of length at least two, the applet outputs a
critical factorization for w.

4.24 Write a program that computes all the minimal local periods of a given
pword and that classifies them as internal? left-external? right-external?
left- and right-external? Run your program on

e cchoaboba

o abbooochb
4.25 Give pseudo code for Algorithm 4.2.

4.26 Write a program to determine whether or not a given partial word w
is special. Your program should also determine whether or not w has a
critical factorization. Run your program on the pwords of Exercise 4.17.

Websites
A World Wide Web server interface at

http://www.uncg.edu/mat/research/cft2

has been established for automated use of Algorithm 4.3. An earlier version
of the algorithm, that works only for one hole, was established at

http://www.uncg.edu/mat/cft

Bibliographic notes

Several versions of the critical factorization theorem on words exist [49, 51,
68, 69, 70, 106, 107]. Section 4.2 discusses the version which appears in [51].

Algorithm 4.1 is from Crochemore and Perrin who showed that a critical
factorization can be found very efficiently from the computation of the maxi-
mal suffixes of the word with respect to the two total orderings described in
Section 4.1: the lexicographic ordering related to a fixed total ordering on the
alphabet =<;, and the lexicographic ordering obtained by reversing the order
of letters in the alphabet <, [57]. There exist linear time (in the length of the
word) algorithms for such computations [57, 58, 114] (the latter two use the
suffix tree construction).
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In [29], Blanchet-Sadri and Duncan extended the critical factorization the-
orem to partial words with one hole. In this case, they called a factorization
critical if its minimal local period is equal to the minimal weak period of the
partial word. It turned out that for partial words, critical factorizations may
be avoidable. They described the class of the special partial words with one
hole that possibly avoid critical factorizations. They gave a version of the
critical factorization theorem for the nonspecial partial words with one hole.
By refining the method based on the maximal suffixes with respect to the lex-
icographic/reverse lexicographic orderings, they gave a version of the critical
factorization theorem for the so-called ((k,!))-nonspecial partial words with
one hole. Their proof led to an efficient algorithm which, given a partial word
with one hole, outputs a critical factorization when one exists or outputs “no
such factorization exists”. Lemmas 4.2 and 4.3 as well as Definition 4.2 are
from Blanchet-Sadri and Duncan [29].

In [42], Blanchet-Sadri and Wetzler further investigated the relationship
between local and global periodicity of partial words. They extended the
critical factorization theorem to partial words with an arbitrary number of
holes. They characterized precisely the class of partial words that do not
admit critical factorizations. They then developed an efficient algorithm which
computes a critical factorization when one exists. Sections 4.3, 4.4 and 4.5
are from Blanchet-Sadri and Wetzler [42].

In [57], a new string matching algorithm was presented, which relies on the
critical factorization theorem and which can be viewed as an intermediate
between the classical algorithms of Knuth, Morris, and Pratt [98], on the
one hand, and Boyer and Moore [44], on the other hand. The algorithm is
linear in time and uses constant space as the algorithm of Galil and Seiferas
[79]. It presents the advantage of being remarkably simple which consequently
makes its analysis possible. The critical factorization theorem has found other
important applications which include the design of efficient approximation
algorithms for the shortest superstring problem [45, 88, 106].

A periodicity theorem on words, which has strong analogies with the critical
factorization theorem, and three applications were derived in [115]. There,
the authors improved some results motivated by string matching problems
[59, 79]. In particular, they improved the upper bound on the number of
comparisons in the text processing of the Galil and Seiferas’ time-space op-
timal string matching algorithm [79]. For other recent developments on the
critical factorization theorem and on the study of the local periodic structure
of words, we refer the reader to [70, 71, 72].



Chapter 5

Guibas and Odlyzko’s Theorem

In this chapter, we discuss a fundamental periodicity result on words due to
Guibas and Odlyzko which states that for every word u, there exists a “binary
equivalent for u,” that is, a binary word v of same length as u that has exactly
the same set of periods as w. In summary, the following table describes the
number of holes and section numbers where the above mentioned result is
discussed:

Holes Sections

0 5.1
1 5.2 and 5.3

5.1 The zero-hole case

In this section, we restrict ourselves to full words. We first state Guibas
and Odlyzko’s result.

THEOREM 5.1
For every word u over an alphabet A, there exists a word v of length |u| over
the alphabet {0,1} such that P(v) = P(u).

Example 5.1

If w = abacbaba, then the set of periods of w is P(u) = {5,7,8}. It is
easy to see that v = 01011010 satisfies the desired properties in the theorem.
Note that the existence of a binary equivalent for u is not unique here since
01010010 does the job as well. I

We omit the proof of Theorem 5.1 because we will prove a more general
result in the next section. We mention though that an elementary short
constructive proof exists that is based on a few properties of words. We start
with the following property that relates to primitivity.

117
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LEMMA 5.1
Let u be a word over the alphabet {0,1}. Then u0 or ul is primitive.

Example 5.2
Considering the word 01010, if we append 1 we get the word (01)% that is
clearly nonprimitive, but if we append 0 we get the primitive word 010100. I

The next three properties the theorem is based on, stated in Lemmas 5.2,
5.3 and 5.4, can be illustated with the word u equal to

abacbabacbabacbaba

of length |u| = 18 and set of periods P(u) = {5, 10,15,17,18}. Factorizing u
into blocks of length p(u) =5 gives

(abacd)(abacd)(abach)aba
with a leftover block of length 3, and continuing further we get
(aba(cb))(aba(cb))(aba(cb))aba

Setting v = aba and w = cb, we can rewrite u as (vw)*v with k = 3. Note that
the periods ¢ of u satisfying ¢ < |u| —p(u) are 5 and 10 which are multiples of
p(u), and the ones that satisty |u|—p(u) < ¢ < |u| are 15 and 17. If we consider
17 for example, it can be written as ¢ =17 = (3-1)54+7 = (k — )p(u) +r
with |v] =3 <7 < 8 = |v| + p(u). Note that » = 7 € P(abacbaba) = P(vwv).
A similar statement can be said about the period 15.

LEMMA 5.2
Let u be a word over an alphabet A. If q is a period of u satisfying q <
|u| — p(u), then q is a multiple of p(u).

LEMMA 5.3
Let u be a word over an alphabet A with minimal period p(u). Then there
are words v,w (possibly v = ¢) and a positive integer k such that u = (vw)*v,

w # € and p(u) = Jvw|.

LEMMA 5.4

Let w be as in Lemma 5.3 with k > 1, and let q be such that |u| —p(u) < ¢ <
lu|. Put g = (k—1)p(u)+r where |v| <r < |v|+p(u). Then g € P(u) if and
only if r € P(vwo).

The above mentioned properties lead to an algorithm that computes a bi-
nary equivalent of any given input.
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ALGORITHM 5.1
Given as input a word u over an alphabet A, the algorithm computes a word

Bin(u) of length |u| over the alphabet {0,1} such that P(Bin(u)) = P(u).

Find the minimal period p(u) of .
Step 1: If p(u) = |ul, then output Bin(u) = 011¥~1,

Step 2: Ifp(u) # |u|, then find words v,w and a positive integer k such that
u = (vw)*v, w # e and p(u) = [vw|.

e If k =1, then compute Bin(v), find c in the alphabet {0,1} such
that Bin(v)11*1=1¢ is primitive, and output

Bin(u) = Bin(v)1!"1=1¢ Bin(v)

e If k > 1, then compute Bin(vwv) = v'w'v’ where |v'| = |v| and
|w'| = |w| and output

Bin(u) = (v'w')*v’

REMARK 5.1 Note that Bin(e) = ¢, and if u # ¢ then Bin(u) begins
with 0.

We give an example.

Example 5.3
Returning to the word u = abacbabacbabacbaba, the following depicts the path
pursued by the algorithm on wu:

abacbabacbabacbaba 010110101101011010

! T
abacbaba 01011010
! T
aba 010
l T
a — 0

Computations show that
Bin(abacbaba) = Bin(aba(cb)aba) = 010(11)010

Both abacbaba and 01011010 have the periods 5,7 and 8 as noticed earlier.
Another possible output for abacbaba is 01010010 since both 01011 and 01010
are primitive. Now, both u = (aba(cb))3aba and Bin(u) = (010(11))3010
have the periods 5,10,15,17 and 18. Another possible output for Bin(u) is
(010(10))3010.
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The time complexity of Algorithm 5.1 is stated in the following theorem.

THEOREM 5.2

Given a word u over an alphabet A, a word Bin(u) over the alphabet {0,1}
with the same length and the same periods of u can be computed in linear
time.

5.2 The main result

In this section, we extend Theorem 5.1 to partial words with one hole.
We prove that for every partial word uw with one hole over an alphabet A,
there exists a partial word v of length |u| over the alphabet {0,1} such that
H(v) C H(u), P(v) = P(u) and P’(v) = P'(u) (Theorem 5.3).

We first define a construction of a word of length n from a given word w of
length n over the alphabet AU {o}. Let S be a subset of {0,...,n — 1} and
a € AU {¢o}. We define the word u(S,a) as follows:

u(i)ifi ¢ S

a  otherwise

(S, a)(i) = {

“ ”

More specifically, u(S, a) is built by replacing all the positions in S by “a.

Example 5.4
Consider the word u = abbocbba over the alphabet {a,b, ¢, o}. We can see that
u({0, 3,4}, a) = abbaabba.

If S is the singleton set {s}, then we will sometimes abbreviate u(S, a) by
u(s,a). Throughout this chapter, 0 will denote 1 and 1 will denote 0.

A first step towards our goal is to extend to partial words with one hole
the properties of words and periods of Section 5.1. They are Lemmas 5.5, 5.6,
5.7, 5.8 and 5.9 that follow.

LEMMA 5.5
Let u be a partial word with one hole over the alphabet {0,1} which is not of
the form xox for any x. Then u0 or ul is primitive.

PROOF  Assume that u0 C v*, ul C w' for some primitive words v, w
and integers k,l > 2. Both |v| and |w| are periods of u, and, since k,I > 2,
lu| = ko] — 1 =1ljw| — 1 > 2max{|v|, |w|} = 1 > |v| + |w| — 1.
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Case 1. |u| = |v| + |w| = 1
Here |v| = |w| and k =1 = 2. Since v ends with 0 and w with 1, put v = y0
and w = z1 with |y| = |z|. We get v C y0y and u C z1z. We conclude that
u = xoxr where r = y = z, a contradiction.
Case 2. |u] > |v| + Jw| — 1
By Theorem 3.1, w is also ged(|v|, |w|)-periodic. However, ged(|v], |w|) di-
vides |v| and |w]|, and so u C 2™ with some word x satisfying |z| = ged(|v], |w]|)
and some integer m. Since v ends with 0 and w with 1, we get that = ends
with 0 and 1, a contradiction.

The following lemma gives the structure of the set of weak periods of a
partial word with one hole.

LEMMA 5.6
Let u be a partial word with one hole over an alphabet A. If q is a weak period
of u satisfying q < |u| — p'(u), then q is a multiple of p'(u).

PROOF See Exercise 3.3. I

The following lemma factorizes a partial word with one hole.

LEMMA 5.7
Let u be a partial word with one hole over an alphabet A with minimal weak
period p'(u). Then one of the following holds:

1. There is a positive integer k and there are partial words v, w1, wa, . .., Wk
(possibly v =€) such that

U = VWLVWs . . . VWEV

where p'(u) = |vwy| = |vwy| = -+ = |vwg| and where there exists
1 < <k such that w; = xoy, w; = zay if j <1, and w; = xby if j >4
for some a,b € A and x,y € A*.

A Y X Y X y
N TN N TN N TN
= Y P
Vi~ Vo~ Vo~ Y
Wi W; Wi—;

FIGURE 5.1: Type 1 factorization.



122 Algorithmic Combinatorics on Partial Words

2. There is a positive integer k and there are partial words w, vy, ve, ..., Vi1
such that

U = VJWUW . . . VW41

where p'(u) = |[viw| = |vow| = -+ = |vpw| = |vgr1w|, w # €, and where
there exists 1 < i < k +1 such that v; = xoy, v; = zay if j < 4, and
v; = xby if j > for some a,b € A and x,y € A",

x oy Xy x oy
N TN TN N TN
PN g
W e w e w S W
Vi Vi Vioi

FIGURE 5.2: Type 2 factorization.

PROOF Let u be a partial word with one hole over A with minimal
weak period p’(u). Then |u| = kp'(u) + r where 0 < r < p'(u). Put u =
VIWIVWs . . . VpWgVE+1 Where |viwy| = |vaws| = -+ = |ypwg| = p'(u) and
|vi] = |va| = -+ = |vg| = |vk41| = r. Since p'(u) is a weak period of u,
viw; T vip1wi4q for all 1 <4 < k and vy T vgy1. Two cases arise.

Case 1. There exists 1 < i < k such that the hole is in w;.

In this case, v1 = v9 = -+ = v = vp41 = v for some possibly empty v.
Here we get the situation described in Statement 1.

Case 2. There exists 1 < i < k + 1 such that the hole is in v;.

In this case, w; = wy = - -+ = wg = w for some nonempty w (if w is empty,
then r = |vgy1| = |vg| = p'(u), a contradiction). Note that k > 1 (otherwise,
u = vp41 and u has weak period |vky1| < p'(u) contradicting the fact that
p’(u) is the minimal weak period of u). Here we get the situation described
in Statement 2.

We illustrate Lemma 5.7 with the following examples.

Example 5.5
If u = abedabodabfd, then we get the factorization

(abed) (abod) (abfd)

wy W2 w3
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where v = ¢, k = 3, ¢ =2, © = ab and y = d. The underlined “¢” is the

a” mentioned in Lemma 5.7, while the underlined “f” is the “b” mentioned
there. Now,

abedab f dab f dabedabedabodab f dabedabedabedab f d
can be factorized as

(abcdabfdabfd) (abed) (abedabodabfd) (abed) (abedabedabfd)
U1 w V2 w U3

where k = 2, i = 2, = abedab and y = dabfd. I

LEMMA 5.8

Let u be as in Lemma 5.7(1) with k > 1, and let q be such that |u| — p'(u) <
q < |u|. Putq = (k—1)p(u)+r where [v]| < r < |[v| + p'(u). Also put
H(vw;v) = {h}. Then q € P(u) if and only if ¢ € P'(u). Moreover, ¢ € P’ (u)
if and only if the following three conditions hold:

1. r € P'(vwv).
2. Ifi# 1 and h+7r < |v| +p'(u), then (vwv)(h+71) = a.

3. Ifi#k and r < h, then (vw;v)(h — 1) =b.

PROOF Forany 0 < j < |u|—¢ = p'(u)+]|v|—7r, we have u(j) = (vwiv)(j)
and u(j+¢q) = (vwiw)(j+7). Hence u(j) = u(j+q) if and only if (vwqv)(j) =
(vwgw)(j +r). The latter implies that ¢ € P’(u) if and only if Conditions 1-3
hold. To see this, first let us assume that ¢ € P’(u) and let j, j+r € D(vw;v).
We have j € D(vwyv) and j 4+ r € D(vwgv) and so 4,5 + g € D(u). We get
u(j) = u(j+q) and so (vw0)(j) = (vwr0)(j) = (VRe)+7) = (V) (G +7)
showing that Condition 1 holds. To see that Condition 2 holds, note that
h € D(u) and h 4+ g € D(u). We have (vw;v)(h + 1) = (vwgv)(h + 1) =
u(h + q) = u(h) = (vwyv)(h) = a. To see that Condition 3 holds, note that
h—r € D(u) and h—r+q € D(u). We have (vw;v)(h—r) = (vwiv)(h—1) =
u(h—r) =u(h —r+ q) = (vwgv)(h) = 0.

Now, let us show that if Conditions 1-3 hold, then g € P’(u). Let j,j+¢q €
D(u). We get j € D(vwiv) and j +r € D(vwyv). If 5 & {h,h —r}, then
j € D(vwv) and j + r € D(vw,v). In this case, (vwv)(j) = (vwv)(j) =
(vw;v)(§+71) = (vwgw)(j + 1) since Condition 1 holds, and so u(j) = u(j+q).
If j = h, then i # 1 and j + r € D(vw;v). In this case, u(j) = (vwyv)(j) =
a = (vwv)(j + 1) = (vwgv)(j +r) = u(j + q) since Condition 2 holds. If
j =h—r,then i # k and j € D(vw;v). In this case, u(j) = (vwiv)(j) =
(vw;v)(§) = b = (vwrv)(J + r) = u(j + ¢) since Condition 3 holds.
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LEMMA 5.9

Let u be as in Lemma 5.7(2) with k > 1, and let q be such that |u| — p'(u) <
q < |u|l. Putq=(k—1)p'(u)+r where |v;| <r < |v;|+p'(u). Then q € P(u)
if and only if ¢ € P'(u).

1. Ifi#k+1 and H(v;) = {h}, then ¢ € P'(u) if and only if the following
two conditions hold:
(a) m € P'(v;wvitq).
(b) If i £ 1 and h+r < |v;| + D' (u), then (v;wviy1)(h+71) = a.
2. If i # 1 and H(vi—qwv;) = {h}, then q € P'(u) if and only if the
following two conditions hold:
(a) r € P (v;—1wuv;).
(b) If i £k +1 and r < h, then (v;—ywv;)(h —r) =b.

PROOF For any 0 < j < |u| — ¢ = p'(u) + |v;| — r, we have u(j) =
(v1wve)(j) and u(j+¢q) = (vpwvgr1)(Jj+7r). Hence u(j) = u(j+¢) if and only
if (viwve)(j) = (vkwvk+1)(7 + 7). The proof is similar to that of Lemma 5.8.
I

Lemma 5.9 is pictured in Figures 5.3 and 5.4.

iy Xy b x oy
YN YN TN N TN
A e | = b |
:'\___J:___/W E\______/:WE\.______,/
v v Ve
i ix ¥y :r-—r——: E
VAP E i

E_H b | —f +
L

L

3

FIGURE 5.3: The case of Lemma 5.9(1).

Algorithm 5.2, that will be described fully in Section 5.3, works as follows:
Let A be an alphabet not containing the special symbol O. Given as input
a partial word u with one hole over A where H(u) = {h}, Algorithm 5.2
computes a triple T'(u) = [Bin'(u), cy, 8], where Bin’(u) is a partial word of
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x y Xy i xi oy
YN TN YN TN NN
| @ i | F— & |
S e B
v I Y
ol s |
AL e o
— b | e fy -

E \.___i______/

i Vi

wjp -y

FIGURE 5.4: The case of Lemma 5.9(2).

length |u| over the alphabet {0,1} such that Bin'(u) does not begin with 1,
H(Bin'(u)) C {h}, where P(Bin'(u)) = P(u) and P’(Bin’(uv)) = P’(u), and

where

o = O if h—p'(u) <0
“ 7 u(h — p'(u)) otherwise

and

it h+p'(u) > |u]
{ (h+ p'(u)) otherwise
In particular, T'(¢) = [0,0
[0F O,a]. Moreover, 1f Pu
u(h — p'(v)) # u(h + p'(u)
H(Bin'(u)) = {h}.

,0], and if a € A and k > 1, then T(0a*~!) =
) # P'(u), then H(Bin'(u)) = {h} and a, =
) = Bu. Also, if a, # O and (3, # O, then

In summary, the algorithm works as follows:

find the minimal weak period p’(u) of w
if p/(u) = |u| then output T'(u) = [011*-1 O, O]
if p'(u) # |u| then find pwords that satisfy Lemma 5.7
1. if the pwords found satisfy Lemma 5.7(1) then
(a) k=1
(b) if k> 1 then compute T(vw;v) = [Bin'(vw;v),, f]
(i) if ¢=1 then
A. B=0
B. =0 and §#0
C. a# 0 and f#0
(ii) if 4=k then
A. a=0
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B. a# 0 and =0
C. a#0 and f#0
(iii) 1<i<k and a=1b
(iv) if 1<i<k and a # b then
A. #0 and =0
B. f#0 and x =¢
C. (e =0 and f=0) or (#0 and = #¢€)
2. 1if the pwords found satisfy Lemma 5.7(2) then
(a) if k=1 then
(1) if vy = xoy and vy = xby then
compute 7'(v1) = [Bin'(v1), @, (]
A. 3=0
B. f#0
(ii) if vy = zay and vy = zoy then
compute 7'(v2) = [Bin'(vs), , (]

A. o=10
B. a#0
(b) if k> 1 then
(1) i=1
(i1) i=k+1

(iii) 1<i<k+1 and a=1b
(iv) if 1<i<k+1 and a #b then
compute T'(v;) = [Bin'(v;), v, (]
A.

MmO Qo

We will prove a series of lemmas that handle different cases of the algorithm,
and illustrate them with a few examples. We first concentrate on pwords that
satisfy Lemma 5.7(1). Lemma 5.10 deals with & = 1 and Lemmas 5.11, 5.12,
5.13 and 5.14 with & > 1.

LEMMA 5.10 (Item 1(a))

Let w be as in Lemma 5.7(1) with k = 1. Assume that Bin(v) begins with 0.
For c € {0,1} such that Bin(v)11*11=1c is primitive, P'(u') = P(u') = P(u) =
P'(u) for the binary word u' = Bin(v)11"11=1¢ Bin(v).

PROOF Put w; = w. Here ¢/ is a full word and so P’(v') = P(v'). Also
P’(u) = P(u) holds since every weak period of u is greater than or equal to
p'(u) = |ow|. Clearly, P(u) C P(u), since P(Bin(v)) = P(v) and all periods
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q of u satisfy ¢ > p(u) > p/(u) = |vw| = |Bin(v)11*/~1¢|. Assume then that
there exists ¢ € P(u') \77( ) and also that ¢ is minimal with this property.
Either ¢ < |Bin(v)| or |Bin(v)| + |w| — 1 < ¢ < |u|, since Bin(v) does not
begin with 1.

If ¢ < |Bin(v)|, then, by the minimality of ¢, ¢ is the minimal period of
o/, and Lemma 5.2 implies that p/(u) is a multiple of ¢, and so Bin(v)11*I~1¢
is not primitive, a contradiction. If ¢ = |Bin(v)| + |w| — 1, then ¢ = 0. In
this case, if |w| > 1, we get Bin(v)1 = 0Bin(v), which is impossible, and if
|w| = 1, we get that Bin(v) consists of 0’s only and Bin(v)1*I=1¢ = Bin(v)0
is not primitive. Therefore ¢ > |Bin(v)| + |w| — 1, and ¢ > p’(u) = |vw]| since
p(u) &€ P(u')\ P(u). Put ¢ = p'(u) + r where r > 0. Then r is a period of
Bin(v) and hence of v. But this implies ¢ € P(u), a contradiction.

To illustrate Lemma 5.10, we consider the following example.

Example 5.6

Let u = acacocbaca with P(u) = P'(u) = {7,9,10}. We can decompose u as
in Lemma 5.7(1) obtaining the factors v = aca and w; = coch. Since Bin(v) =
Bin(aca) = 010, both ¢ = 0 and ¢ = 1 make Bin(v)1!"1/=1¢ primitive. Thus
0101110010 and 0101111010 have the same periods and weak periods as u. I

The following remark will be useful for understanding the next four lemmas.

REMARK 5.2 If u and ¢ € P(u) satisfy the assumptions of Lemma 5.8
and T'(vw;v) = [Bin' (vw;v), o, B8], then r € P’ (vw;v) and the following hold:

e First, if h4+r < |vw;v|, then h+p' (vw;v) < h+r < Jvw;v| and so § # O.
Moreover, y # € or v # ¢ (otherwise,

|z| +7 = |vz|+ 1 =h+r <|ow| = [veoyy| = |xo| = |x] + 1

which leads to a contradiction with the fact that r > 0).

e Second, if r < h, then p'(vw;w) < r < h and so h — p'(vw;v) > 0
and o # O. Moreover, ¢ # ¢ (otherwise, we get the contradiction
[v| <r < h=lvz| =|v|).

e Third, if h +r < |vwv| and r > h, then |z| < |y| (otherwise, h +
r > h+h = |vz| + |vx| > |vaeyv| and so h +r > |vzoyv| = |[vwv| a
contradiction).

e Fourth, if A+ r > |vw,v| and r < h, then |z| > |y| (otherwise, |vw;v| <
h+r <h+h=|vz|+ |vz| < |vzyv| < |[vw;v| a contradiction).

e Fifth, if h+r < |vw;v| and « # O, then [vw;v| > p/'(vw;v)+7r (otherwise,
lvw;v| < p'(vw;v) +r < h + 71 < |vw;v| a contradiction).
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e Sixth, if » < h and 8 # 0O, then |vw;v| > p/'(vw;v) + r (otherwise,
lvw;v| < p’ (vw;v) + r < p'(vw;v) + h implying 8 = O a contradiction).

e Seventh, if « = O and § # O, then |z| < |y| (otherwise, h + p'(vw;v) >
h+ h = |vx| + |vz| > |vzyv| which implies h + p'(vw;v) > Jvw;v| and
thus § = O a contradiction).

e Eight, if « # O and 8 = O, then |z| > |y| (otherwise, h + p’(vw;v) <
h+h = |vz| + |vz| < Jvayv| < Jvw;v| and so § # O a contradiction).

0

The next four lemmas refer to the following binary values whenever they
exist:

di = Bin' (vw;v)(h — p' (vw;v)) (5.1)
dy = Bin'(vw;v)(h — p'(vw;v)) (5.2)
dz = Bin'(vw;v)(h + p' (vw;v)) (5.3)
dy = Bin' (vw;v)(h + p' (vwv)) (5.4)

They also refer to “T” which means “True” and “F” which means “False.”

LEMMA 5.11 (Item 1(b)(i))
Let u be as in Lemma 5.7(1) with k > 1. If T(vw;v) = [Bin' (vw;v), a, F]
with H( Bin' (vw;v)) C H(vw;v) = {h} and i = 1, then the following hold:

A. If 8 = 0O, then put Bin(vwgv) = v'w'v" where [v'| = |v] and |w'| = |wg|.
Then P'(u') = P(u') = P(u) = P'(u) for the binary word

o = (v/w/)kvl
B. If a = O and B # O, then |z| < |y| and put Bin'(vw;v) = v'w'v’ where
[v'| = |v| and |w'| = |w;|. Then P'(uv') =Pu') = P(u) = P'(u) for the
binary partial word

u' = (V'w')(h, o) ((v'w")(h, da))* =/

C. Otherwise, put Bin' (vw;v) = v'w'v’" where |v'| = |v] and |w'| = |w;|. Then
P'(u')=P) ="P(u) =P'(u) for the binary partial word

u = v’w’((v’w’)(h, J))kflvl

where d is defined by the following table when o = (:
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b=a z=¢ y=¢c v=c [z|<|yl |z|]=Iy| [|z]> |yl

T T T T d dr dr
T T T F d dy d
T T F T d dr dq
T T F F d dr dr
T F T T d dy d
T F T F d dr dy
T F F T

T F F F d dy
F T T T ds do do
F T T F ds do do
F T F T do do do
F T F F ds do do
F F T T ds do do
F F T F do do do
F F F T ds do do
F F F F

and by the following table when o # (3:

b=a z=¢ y=c v=c |z|<|yl |z]=y| [z[>]y|

T T T T d dr d
T T T F d dy d
T T F T d dy dy
T T F F d dr d
T F T T d dy d
T F T F d dy dy
T F F T d dr d
T F F F d d
F T T T do do do
F T T F ds do do
F T F T do do do
F T F F do do do
F F T T ds do do
F F T F do do do
F F F T do do do
F F F F ds do do

unless an entry is empty in which case

u' = rev( Bin (rev(u)))

PROOF First, let us show that P’/(u) = P(u). The inclusion P(u) C P’ (u)
clearly holds. Solet g € P'(u). If ¢ < |u|—p'(u), then ¢ is a multiple of p’(u) by
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Lemma 5.6. In this case, since p’(u) € P(u), also ¢ € P(u). If ¢ > |u| —p/(u),
then clearly ¢ € P(u).

Now, let us show that P(v’) = P(u). Obviously, |u| € P(u) and |u| € P(v').

First, consider ¢ with ¢ < |u|—p'(u). If ¢ € P(u), then Lemma 5.6 gives that
¢ is a multiple of p’(u), and therefore ¢ € {p’(u),2p'(w),...,(k—1)p'(u)}. We
get ¢ € P(u') since p’(u) € P(u'). On the other hand, assume that ¢ € P(u’).
Now, |[v/| = |u| > p'(u) + ¢, and thus, by Theorem 3.1, ged(p'(u), q) € P(u').
For Statement A, ged(p'(u),q) is a period of v'w’v’ and hence of vwyv. So
ged(p'(u),q) € P(u) and since ¢ is a multiple of ged(p'(u), q), we also get
q € P(u). For Statement C, v'w’v’ has a hole since « # O and 8 # O, and
for the nonempty entries gcd(p’(u),q) is a period of (v'w’)(h,d)v’. If b = a,
then b = (vw;v)(h — p'(vw;v)) and so d = d; = Bin'(vw;v)(h — p'(vw;v)). In
this case, ged(p’(u), q) is a period of vwgv. So ged(p'(u),q) € P(u) and since
q is a multiple of ged(p'(u), q), we also get ¢ € P(u). The case where b # «
follows similarly.

Second, consider ¢ with |u| — p’(u) < ¢ < |u|, and put ¢ = (k — 1)p'(u) +r
where |v] < r < p'(u) + |v]. For Statement A, g € P(u) if and only if r €
P(vwgw) if and only if r € P(v'w’v’) if and only if ¢ € P(u'). For Statements
B and C, 8 # O and if g € P(u), then the conditions of Lemma 5.8(1,3) hold.
Here r € P'(vw;v) and if r < h, then (vw;v)(h — 1) =b.

Case 1. r < h

By Remark 5.2(2,6), @ # O and = # ¢ and |ow;v| > p'(vww) + r. By
Lemma 5.6, r is a multiple of p’(vw;v) and so b = (vw;v)(h—7r) = (vw;v)(h —
p'(vw;v)) = a. For the nonempty entries, we get (v'w'v')(h — r) = d since
d =dy, and ¢ € P(u') by Lemma 5.8.

Case 2. v > h

For Statement B, we have r € P(v'w'v’) and thus r € P'((v'w’)(h,o)v").
For Statement C, we have r € P/(v'w'v’), and in either case ¢ € P(u’) by
Lemma 5.8.

The cases r < h and r > h are handled similarly as above in order to show
that if ¢ € P(u') then g € P(u).

Last, let us show that P'(u') = P’'(u). Obviously, |u| € P'(u) and |u| €
P’'(v'). Note that p'(u) = |vwy| = -+ = |vwg| = |v'w’| and so p'(u) € P'(u)
and p'(u) € P'(u').

Consider ¢ with ¢ < |u| — p/(u). If ¢ € P’(u), then Lemma 5.6 gives that ¢
is a multiple of p/(u), and therefore ¢ € {p'(u),2p'(u),...,(k — 1)p'(u)}. We
get ¢ € P'(u’). On the other hand, if ¢ € P'(v'), then |u/| = |u| > p'(u) + g,
and thus, by Theorem 3.1, ged(p'(u),q) € P(uv'). Since P(u') = Plu) C
P’ (u), we get that ged(p'(u),q) € P’'(u). By the minimality of p(u), we have
ged(p'(u),q) = p'(u), and therefore p’(u) divides q. We get g € P’ (u).

Now, consider ¢ with |u| — p'(u) < ¢ < |u], and put ¢ = (k — 1)p'(u) +r
where |v| < r < p'(u) + |v]. We show that P'(u) C P'(v') (the inclusion
P'(u") C P'(u) is proved similarly). If ¢ € P’(u), then ¢ € P(u). Since
P(u) = P(u'), we get that ¢ € P(u') and hence ¢ € P’'(u'). I
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Example 5.7
Consider u = accabe that is factorized as

(aoc) (abe)

according to Lemma 5.7(1) withv=¢, k=2 >1,i=1,z =a and y = c.
Here

T (vw;v) = [Bin' (vwv), o, B] = [001, a, c]

and we have o = a # O and 3 = ¢ # O, thus the computation of v’ falls into
Lemma 5.11(C). The “b” value is b which is not equal to «, x # &, y # ¢,
v =¢ and |z| = |y|. Moreover, setting Bin'(vw;v) = v'w'w’ where [v'| = |v|
and |w'| = |w;| implies that v" = € and w’ = 00l. In addition, o # § and
H(vw;v) = {h} = {1}. The value d is then

ds = Bin' (vw;v)(h — p' (vw;v)) = (001)(1 —1) =0
In this case,
u = v'w'((v'w')(h,0))? v = 001011
We can check that both « and u’ have periods 3, 6 and weak periods 3, 6. I
LEMMA 5.12 (Item 1(b)(ii))

Let u be as in Lemma 5.7(1) with k > 1. If T(vw;v) = [Bin' (vwv), o, §]
with H(Bin' (vw;v)) C H(vw;v) = {h} and i = k, then the following hold:

A. If a = O, then put Bin(vwiv) = v'w'v" where |v'| = |v| and |w'| = |wy].

Then P'(u") = P(uw') = P(u) = P'(u) for the binary word
o = (v’w’)kv'

B. If a # O and 8 = O, then |x| > |y| and put Bin'(vw;v) = v'w'v’ where
[v'| = |[v| and |W'| = |w;|. Then P'(v') = P(u') = P(u) = P'(u) for the
binary partial word u' defined as follows. If v =€ and y # €, then

u' = rev( Bin' (rev(u)))
Otherwise

u' = ((V'w')(h,d1))F (0w’ ) (h, o)

C. Otherwise, put Bin'(vw;v) = v'w'v’ where [v'| = |v| and |w'| = |w;|. Then
P'(u') =P') =P(u) =P (u) for the binary partial word

w = ((v’w')(h, d))k—lvlw/v/
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where
d— ds ifa=0
d4 otherwise
PROOF The proof is similar to that of Lemma 5.11. I

LEMMA 5.13 (Item 1(b)(iii))

Let u be as in Lemma 5.7(1) with k > 1. If T(vw;v) = [Bin' (vwv), o, B]
with H(Bin' (vw;v)) C H(vw;w) = {h} and 1 < i < k and a = b, then put
Bin(vwiv) = v'w'v' where |v'| = |v| and |w'| = |w1]. Then P'(v') = P(u') =
P(u) =P’ (u) for the binary partial word

uw = (v’w’)iil(v’w')(h,o)(v’w’)k*iv’

PROOF  The equality P’(u) = P(u) is proved as in Lemma 5.11. For the
equality P(u’) = P(u), the case where ¢ < |u| — p/(u) is handled similarly as
in Lemma 5.12(A). As for the case where |u| — p'(u) < q < |u|, ¢ € P(u) if
and only if 7 € P(vwv) if and only if r € P(v'w'v’) if and only if ¢ € P(u’).
Finally, the equality P’(u’) = P’(u) is proved as in Lemma 5.11.

Figures 5.5 and 5.6 will be useful for understanding Lemma 5.14. In Fig-
ure 5.5, if r > h, then r is seen to be a period of vw;v, while in Figure 5.6, if
h +r > |vw;v|, then r is seen to be a period of vwyw.

FIGURE 5.5: The case when r > h.

LEMMA 5.14 (Item 1(b)(iv))

Let u be as in Lemma 5.7(1) with k > 1. If T(vw;v) = [ Bin' (vw;v), a, G]
with H(Bin'(vwv)) C H(vw;w) = {h} and 1 < i < k and a # b, then the
following hold:
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FIGURE 5.6: The case when h +r > |vw;v|.

A. If a # 0 and § = 0O, then put Bin(vwiv) = v'w'v' where |v'| = |v| and
|w'| = |wgl|, and put d = (v'w')(h). Then P(u') = P(u) and P'(u') =
P’(u) for the binary partial word

W = (') (h, d)) = (') (h, o) (') (b d) )

B. If 8 # 0O and x = ¢, then put Bin(vwiv) = v'w'v’ where |v'| = |v| and
|w'| = |wi|, and put d = (V'w')(h). Then P(u') = P(u) and P'(v') =
P'(u) for the binary partial word

W = (') (h, d)) = (') (h, o) (') (b, d)E

C. Otherwise, put Bin' (vw;v) = v'w'v’ where |v'| = |v] and |w'| = |w;|. Then

P(u') =P(u) and P'(u') = P'(u) for the binary partial word

u' = ((v'w')(h, d)" = (v'w’) (b, o) ((v'w') (R, d))F 0"

where d = 0 unless § # 0 and x # €.

In the case where 8 # O and x # €, d is defined by the following table
if a = 0:

a=p8 |z|<ly|

T ds
F dy

and by the following table if o # O:
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a=08 b=a y=¢ v=¢ |z|<|y|l |z|=]y| |=|> |y

T T T T d dr dr
T T T F d; dy d
T T F T d; dq d
T T F F d; dr dr
T F T T ds do do
T F T F ds do do
T F F T ds do do
T F F F ds do do
F T T T ds do do
F T T F d dr dr
F T F T

F T F F d dr d
F F T T ds do do
F F T F ds do do
F F F T do do
F F F F ds do do

unless an entry is empty in which case

u' = rev( Bin'(rev(u)))

Example 5.8
The pword u = abedabodab fd illustrates Item 1(b)(iv)C of Lemma 5.14.

e The partial words found satisfy Lemma 5.7(1) with 1 < ¢ < k and a # b.
Indeed,

u = (abed)(abod)(abfd) = wiwaws

and the partial words found satisfy Lemma 5.7(1) with v = ¢, k = 3,
i = 2, the “a” value c is distinct from the “b” value f.

e And T(vw;v) = [Bin'(vw;v),a, 3] is such that a = O and g = O.
Indeed, T'(w2) = [0111, 0, 0O.

In this case,

1. Factorize Bin'(vw;v) as v'w'v’ where |[v'| = |v| and |w’| = |w;|. Here

Bin'(wz) = (£)(0111)(e).
2. Compute h and d. Here h = 2 and d = 0.

3. Output

u' = ((v'w')(h, d))" = (v'w') (h, o) ((v'w") (b, d))"v'
= (0111)(h, 0)(0111) (h, ©)(0111)(h, 0)
= (0101)(0101)(0111)
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Both u and v/ have only the period 12 and the weak periods 4, 12.

Now, we will concentrate on pwords that satisfy Lemma 5.7(2).

LEMMA 5.15 (Item 2(a)(i)A)

Let u be as in Lemma 5.7(2) with k = 1. Assume that v = xoy and vy = xby,
and that T'(vy) = [Bin'(v1),a, B]. Also assume that 8 = O. If ¢ € {0,1} is
such that Bin(ve)11"!= ¢ is primitive, then P'(u') = P(u') = P(u) = P'(u)
for the binary word

u' = Bin(vy)11"1= ¢ Bin(vy)

PROOF The proof is very similar to that of Lemma 5.10 and is left as an
exercise for the reader.

LEMMA 5.16 (Item 2(a)(i)B)

Let u be as in Lemma 5.7(2) with k = 1. Assume that vi = xoy and vy = xby.
Assume that T'(vy) = [Bin'(v1), «, 8] with H(Bin'(v1)) C H(vy) = {h}. Also
assume that 8 # 0. Define d as follows:

Bin'(v1)(h —p'(v1)) if a #0 and b= «

d= 14 Bin'(v1)(h —p'(v1)) if « # 0 and b # «
1 otherwise

1. If Bin(v1) = 01=lo11¥l | then let ¢ = 1.

2. Otherwise, if Bin'(v1)11"I=1 is not of the form zoz for any z, then let
c € {0,1} be such that Bin'(v1)11"I=1c is primitive.

3. Otherwise, if Bin (v1)11%I=1 s of the form zoz for some z, then let
c=d.

Then P'(u') = P(u') = P(u) = P'(u) for the binary partial word
u' = Bin (v1)11*1=1e Bin/ (v1) (H(Bin (v1)), d)
Example 5.9

The pword u = abcdabodab f dabedabedabedab fd illustrates Item 2(a)(i)B of
Lemma 5.16.

e The partial words found satisfy Lemma 5.7(2) with k£ = 1. Indeed,

u = (abedabodab fd) (abed)(abedabedabfd) = viwwvg
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and the “b” value is c.

e And T'(v;) = [Bin'(v;),, ] is such that a # O and § # O. Indeed,
T(vy) = [(0101)(01¢1)(0111), ¢, f] by Example 5.8.

In this case,

1. Compute Bin’(v1)11%!=1 which is equal to 010101610111111 and is not
of the form zoz for any z.

2. Find “¢” in {0,1} such that Bin'(v;)1/"*/=1¢ is primitive. Here ¢ = 1
works.

3. Compute h and d. Here H(vy) = {h} = {6}, and
d = Bin'(v;)(h — p'(v1)) = (010101610111)(6 — 4) = 0

since o # O and the “b” value is «.

4. Output

u' = Bin'(v)1"1=1eBin’ (v, ) (H(Bin’ (v1)), d)
= (010101610111)(1111)(010101610111) (A, d)
= (010101610111)(1111)(010101010111)

Both u and ' have only the periods 16, 20, 28 and the weak periods
16, 20, 28.

LEMMA 5.17 (Item 2(a)(ii)A)

Let u be as in Lemma 5.7(2) with k = 1. Assume that v = zay and vy = xoy,
and that T'(ve) = [Bin/(ve), a, B]. Also assume that « = O. If ¢ € {0,1} is
such that Bin(vy)11"|= ¢ is primitive, then P'(u') = P(u') = P(u) = P'(u)
for the binary word

u' = Bin(vy)1"1= ¢ Bin(vy)

PROOF  Again the proof is very similar to that of Lemma 5.10 and is left
as an exercise.

LEMMA 5.18 (Item 2(a)(ii)B)

Let u be as in Lemma 5.7(2) with k = 1. Assume that v = zay and vy = xoy.
Assume that T(vy) = [Bin/ (va), o, 8] with H(Bin'(ve)) C H(va) = {h}, and
that o # O. Define d as follows:
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Bin' (va)(h +p'(v2)) if 8# 0 and a = 3
d = 9§ Bin/(va)(h+p'(v2)) if # O and a #

0 otherwise

Let ¢ € {0,1} be such that Bin/(vo)(H(Bin'(vs)),d)11"I= ¢ is primitive (let
¢ =1 in the case where Bin/(vy) = 01lo11¥1). Then P'(u') = P(u') = P(u) =
P’'(u) for the binary partial word

u' = Bin (vy) (H(Bin/ (v2)), d)11"1=1c Bin' (vy)

PROOF We prove the lemma when Bin'(vz) has a hole (when Bin'(vz)
is full, the proof is left as an exercise). Note that Bin'(vy)(h,d) begins with
0 (otherwise, h = 0 and o = O). Note also that in the case where Bin'(vy) =
01761191 we have that Bin’(vy)(h, d)11*I=1c = 01#ld111+1] is primitive.

As in the proof of Lemma 5.16, P'(u) = P(u) and P’'(v') = P(u'). To
see that P(u) C P(u'), first note that all periods ¢ of u satisfy ¢ > p'(u) =
lvyw| = |Bin'(va)(h, d)11*1=1¢|. Clearly p/(u) € P(u) and p'(u) € P(u'). So
put ¢ = p'(u) + r with » > 0. We get that r is a weak period of ve and hence
r is a weak period of Bin'(vq). If h 41 > |vg|, then ¢ € P(u'). If h+1r < |va],
then 0 # O since h + p'(ve) < h+ 1 < |vg| and |vg| > p'(v2) + 7 since a # O.
By Lemma 5.6, r is a multiple of p’(vy). We have vy (h+7r) = vi(h) and so 5 =
vo(h +p'(v2)) = va(h + 1) = v1(h) = a. In this case, d = Bin’(vs)(h + p'(v2))
and so Bin'(ve)(h + ) = Bin'(v2)(h,d)(h) implying ¢ € P(u’).

To see that P(u’) C P(u), assume that there exists ¢ € P(u')\P(u) and also
that ¢ is minimal with this property. Either ¢ < |v1] or 1|+ |w|—1 < ¢ < |ul,
since Bin’(vy)(h,d) does not begin with 1.

If ¢ < |v1|, then, by the minimality of ¢, ¢ is the minimal period of «’, and
Lemma 5.6 implies that p’(u) is a multiple of ¢, and so we get a contradiction
with the choice of c.

If ¢ = |v1] + |w|] — 1, then ¢ = 0. In this case, if |w| > 1 and d = 1,
then we get Bin'(v2)(h,1)1 = 0Bin’(v2), which is impossible. If |w| > 1 and
d = 0, then we get that Bin’(vs) looks like 0/*/o1!¥! and therefore that ¢ = 1,
a contradiction. If [w| = 1 and d = 1, then we get an impossible situation.
And if |w| =1 and d = 0, then we get that Bin'(v2)(h,0) consists of 0’s only
and therefore that Bin'(v2)(h, 0)11"I=1c = Bin’(v2)(h,0)0 is not primitive.

Therefore ¢ > |v1| + |w| — 1, and ¢ > p/(u) since p'(u) & P(uv') \ P(u). Put
q = p'(u) + 7 where r > 0. We get that r is a weak period of Bin'(vs) and
hence of ve. If h+ 1 > |ua], then ¢ € P(u). If h 4+ r < |vg], then § # O and
|va| > p/(va) +r. By Lemma 5.6, r is a multiple of p/(vse). We get Bin'(va)(h+
r) = Bin'(vg)(h,d)(h) = d and so d = Bin'(vz)(h +r) = Bin'(v2)(h + p'(v2)).
In this case, a = § and so v1(h) = a = = va(h+p'(v2)) = v2(h+7) implying
q € Pu). I

LEMMA 5.19 (Item 2(b)(i))
Letu be as in Lemma 5.7(2) with k > 1. Assume thati = 1. Put Bin' (v;wv, 1) =
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v"w'v" where [v'| = |v"| and |w'| = |w|. Then P'(u') = P(w') = P(u) = P (u)
for the binary partial word

u/ — U//(w/vl)k

PROOF First, the equality P’(u) = P(u) is proved as in Lemma 5.11.

Second, the equality P’'(u') = P’(u) follows as in Lemma 5.11 once the
equality P(u') = P(u) is proved.

Third, let us show the equality P(u’) = P(u). The case where ¢ € P(u)
with ¢ < |u| — p’(u) is proved as in Lemma 5.11. The case where g € P(u')
with ¢ < |u| — p(u) is proved as follows. We have |v/| = |u| > p'(u) + ¢, and
thus, by Theorem 3.1, ged(p'(u),q) € P(u'). We also have that ged(p’(u), q)
is a period of v"w'v" and hence of v;wv; 1. So ged(p'(u), q) € P(u) and since
q is a multiple of ged(p'(u), q), we also get ¢ € P(u).

The case where |u| — p'(u) < ¢ < |u] is proved as follows. Here ¢ =
(k—1)p'(w) +r with |v;] < r < p'(u)+|v;|. By Lemma 5.9(1), ¢ € P(u) if and
only if r € P'(v;wviq1) = P’ (v"w'v") which, by Lemma 5.4 or Lemma 5.9(1),
is equivalent with ¢ € P(v’).

LEMMA 5.20 (Item 2(b)(ii))
Let u be as in Lemma 5.7(2) with k > 1. Assume that i = k+ 1. Put
Bin' (v;i—qwv;) = v'w'v" where [v'| = [v"| and |w'| = |w|. Then P'(u') =

Pu') =P(u) = P'(u) for the binary partial word

u/ _ ('Ul’u)/)k’l]/l

PROOF The proof is similar to that of Lemma 5.19 but uses Lemma 5.9(2E|
instead of Lemma 5.9(1).

LEMMA 5.21 (Item 2(b)(iii))

Let u be as in Lemma 5.7(2) with k > 1. Assume that 1 < i < k+1 anda = .
Also assume that H(v;) = {h}. Put Bin(vywv;) = v'w'v’ where [v'| = |vy]
and |w'| = |w|. Then P'(v') = P(u') = P(u) = P'(u) for the binary partial
word

u/ _ ('Ulw/)iilﬂl(h, <>)(w/vl)k:—iJrl

PROOF  The proof is similar to that of Lemma 5.19 except for the case
where ¢ € P(u) with |u] — p/(u) < ¢ < |u| when we want to prove that
g € P(u). Here ¢ = (k — 1)p'(u) +r with |v;] < r < p'(u) + |v;]. In this
case r € P(viwvy), and hence r € P(v'w'v') and r € P(V'(h,0)w'v"). If
h +r > |vywuy|, then ¢ € P(v') by Lemma 5.9(1). If h 4+ r < |vywv],
then (v;wvi11)(h + 1) = (vywvy)(h +7) = a by Lemma 5.9(1)(b). We get
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(V' (h,0)w'v")(h 4+ 1) = (Vw'v')(h+7) = (Vw'')(h) = v'(h), and q € ’P(U’EI
by Lemma 5.9(1).

The following remarks will be useful for understanding the next lemma.

REMARK 5.3 If u satisfies Lemma 5.9(1) and T'(v;) = [Bin(v;), a, 3],
then the following hold:

e If « = 0O and 8 # O, then |z| < |y| (otherwise, h + p'(v;) > h + h
|z| + |z| > |zy| which implies h + p'(v;) > |zoy| = |v;| and thus 8 =
a contradiction).

O

o If « # O and § = O, then |z| > |y| (otherwise, h + p'(v;) < h + h
|z| + |z| < |zy| < |zoy| = |v;| and so B # O a contradiction).

REMARK 5.4 Ifwuand q € P(u) satisfy the assumptions of Lemma 5.9(2)
and T(v;) = [Bin'(v;), a, 8], then 7 € P’(v;_1wv;) and the following hold:

o If r < h, then p/'(v;) < p'(vi—ywv;) < r < h and so h — p'(v;) > 0 and

a# 0.

o If r <hand 8 # O, then |v;| > p'(v;) + 7 (otherwise, |v;| < p'(v;) +r <
p'(v;) + h implying 8 = O a contradiction).

REMARK 5.5 Ifwuandq € P(u) satisfy the assumptions of Lemma 5.9(1)
and T (v;wv;1) = [Bin'(v;wviys1), o, B], then r € P’ (v;wv;y1) and the follow-
ing hold:

o If h +r < |v;wviqq], then h 4+ p'(viwvir1) < h+ 71 < |v;wv;41| and so

B#0D.

o If h+r < |v;wv;y1| and « # O, then |v;wv; 1| > p'(v;wvip1) + 7 (other-
wise, |v;wvip1| < p'(viwvip1) + 1 < h+r < |v;wv;p1| a contradiction).

I

REMARK 5.6 Ifuand q € P(u) satisfy the assumptions of Lemma 5.9(2)
and T (v;_wv;) = [Bin(v;_1wv;), , B], then r € P'(v;_jwv;) and the follow-
ing hold:

o If r < h, then p'(v;—ywv;) < r < h and so h — p'(v;_ywv;) > 0 and

a# 0.
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e If r < h and B8 # O, then |v,_jwv;| > p'(v;1wv;) + r (otherwise,
|v;—1wv;| < p'(vi—qwv;) +r < p'(v;—1wv;) + b implying S = O which is
a contradiction).

I

Being inspired by Lemma 5.21, we describe a comparison routine. Consider
the pword

ceda f stcedo f stcedb f

which can be factorized as

(cedaf) (st) (cedof) (st) (cedbf)

U1 w V2 w U3

where k = 2,7 =2, x = ced and y = f. Imposing the period 16 results in the
following alignment:

cedafstcedo fstce
dbf
which implies the equalities c = d = f and e = b. So the pword is
(cbeac) (st) (cbeoc) (st) (cbebe)
U1 w (%) w U3

which we call u. Using Algorithm 5.1, we get
Bin(vywwvs) = (01011)(11)(11010) = v'w'v”

where |v'| = |v1], |w'| = |w]|, and |v”| = |vz|. Now, create a word v as follows:

First, align v’ and v” where the underlined positions are determined by the
imposed period:

[l (=]
— =
o 1o
b= =
o =

Then for each column 7 of the alignment, v(7) is the element of {0,1} that is
underlined if any, otherwise it is 1:

01010

Now, the value d is computed as follows: if the position A of ¢ (which is 3) is
underlined in v’, then d = v/(h) and if it is underlined in v”, then d = v”(h).
We claim that the pword

v(h, d)w'v(h,o)w'v(h,d)
has the same periods and weak periods as u:

(01000)(11)(01000)(11)(01010)
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where d = v"'(3) = 1.

LEMMA 5.22 (Item 2(b)(iv))

Let u be as in Lemma 5.7(2) with k > 1. Assume that 1 < i < k+ 1 and
a #b. Assume that T(v;) = [Bin/ (v;), o, 8] with H(Bin'(v;)) C H(v;) = {h}.
Then P(u') = P(u) and P'(u') = P'(u) for the binary partial word v’ that
gets computed according to one of the following as described in the two tables
below:

A. Put Bin/(vi_qwv;) = v'w'v” where [v'| = [v"] and |w'| = |w|, and put
d=1v'(h). Then

! = (! (h, ) Y=o/ (o) (! (h, )

B. Put Bin'(viwviy1) = v"w'v' where |v'| = |v"| and |w'| = |w|, and put
d=v'(h). Then

o = (V' (h,d)w) "1 (h, o) (w'v'(h,d))kF—+!
C. Put

u' = rev( Bin' (rev(u)))

D. Put Bin(vywvg41) = v'w'v” where [V'| = |v”| and |w'| = |w|.

o If k=2, then
u/ — v/wlowlv//
o Ifk > 2, then

1. Find first 0 in v".
(a) If it exists and is within x, then d = v"(h). Otherwise
d=1v'(h).
(b) If it does not exist, then d = v'(h).
2. Build v as follows: xo from v’ and y from v".
Put
u' = (v(h,d)w') " v(h,o)(w'v(h,d)) "+
E. Put Bin(vywugyy) = v'w'v” where |V'| = V"] and |w'| = |w].
o If p'(viwogi1) < |viw|, then do X if E-X is the item.
o If p/ (viwvpy1) = [viwogy|, then v =011"1"1 and d = 0 and put
W = (o(h, d)ur )~ o (h, o) (wo(h, d))

o If|nyw| < p/(viwvgy1) < [viwzo|, then d = v'(h), and if [vywzo| <
P (vwvgy1) < |[viwvkt1|, then d = v (h). In either case,
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F. Put Bin(viwvg41) = v'w'v” where |v
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u' = (V' (h,d)w ) "' (h, o) (w'v' (h,d))kF—+1

[N/ l|:|,U//| and |w/|:|w|

o Ifp/(viwvpyy) < % or p'(viwvgy1) < |v1], then do X if F-X
s the item.

o If p/(viwvgq1) > w then

1.

If v' and v" differ only in the hole position, then

u/_ (v’w’)l 1 /(h <>)( / //)k i+1

2. If v and v" differ in more than the hole position, then

(a) If p'(viwvpy1) = [viworgq], then v = 01171 and d = 0
and put

= (v(h, d)w)*" v(h, o) (w'v(h, d))* =
(b) If lv1| <p (Ulka+1) _ |vyw|, then do compamson routine
to build v and set d = v(h ) (align v and v"" and 0’s win).

Put
= (v(h,d)w")" " v(h, o) (w'v(h, )~
(c) If lvyw| < p'(viwogs) < [vywz o |, then d = v'(h), and if
[vywz o | < p'(viwvgsr) < [viwvgsa], then d = v"(h). In
either case,

u = (U/(h’d)w/)ifl’v'(h,o)(u}"u/(h, J))k,iJrl

B=0 x=¢ y=¢ a=p|Item 2(b)(iv) when a = 0O
T T T D
T T F A
T F T B
T F F B
F T T T A
F T T F A
F T F T E-A
F T F F F-A
F F T T A
F F T F B
F F F T A
F F F F E-B
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B=0 x=¢ y=¢ a=0B b= a|ltem 2(b)(iv) when o« # O
T T T T A
T T T F A
T T F T A
T T F F A
T F T T E-C
T F T F C
T F F T B
T F F F B
F T T T T A
F T T T F A
F T T F T A
F T T F F A
F T F T T A
F T F T F A
F T F F T A
F T F F F A
F F T T T B
F F T T F B
F F T F T B
F F T F F B
F F F T T B
F F F T F E-A
F F F F T E-A
F F F F F B

Example 5.10
This example illustrates Item 2(b)(iv)B of Lemma 5.22. Consider

u = abedab f dab f dabedabedabodab f dabedabedabedab f d

e The partial words found satisfy Lemma 5.7(2) with 1 < i < k+ 1 and
a # b. Indeed,

(abedabfdabfd) (abed) (abedabodabfd) (abed) (abedabedabfd)

(% w (%) w V3

e T(v;) = [Bin'(v),q, 3] is such that « # O, 8 # O, x # &, y # &,
the “a” value is 3, and the “b” value is a. Indeed, since T'(vy) =
[010101010111, ¢, f], we have « = ¢ # O, § = f # O, x = abedab # &,
y = dabfd # €, the “a” value is f which is 8, and the “b” value is ¢
which is «.

In this case, u falls into Lemma 5.22(B).

1. Compute H(v;) = {6} and so h = 6.
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2. Compute Bin'(v;wv;41) = v"w'v’ where [v/| = [v'] and |w'| = |w|. Here

Bin' (vywus) = v”w'v’ = (010101610111)(1111)(010101010111).

3. Compute d = v'(h) or d = v’'(h) = (010101010111)(6) =0 =
4. Output
u' = (v'(h, d)w')"! v (R, ©) (w'v'(h, d))F -

v

/(h, D't/ (h, o'’ (1, T)
= (010101110111)(1111)(010101610111)(1111)(010101010111)

Both u and Bin’(u) have only the periods 36, 44 and the weak periods
16, 36, 44.

I

We now state and prove the existence of a binary equivalent for any given
pword with one hole.

THEOREM 5.3
For every partial word u with one hole over an alphabet A, there exists a

partial word v of length |u| over the alphabet {0,1} such that v does not begin
with 1, H(v) C H(u), P(v) = P(u), and P'(v) = P'(u).

PROOF  The proof is by induction on |u|. For |u| < 3, the result is
obvious. Assume that the result holds for all partial words with one hole of
length less than or equal to n > 3.

First, assume that w is as in Lemma 5.7(1) with |u| = n + 1. For k = 1,
the word Bin(v) satisfies P(Bin(v)) = P(v). If Bin(v) = ¢, then v = ¢
and v’ = 011%=1 satisfies P(u') = P(u) and P’'(u') = P'(u), since, in this
case, P(u) = P'(u) = {Ju|}. If Bin(v) # ¢, then Bin(v) begins with 0. By
Lemma 5.1, there exists ¢ € {0,1} such that Bin(v)1/*1/=1¢ is primitive. By
Lemma 5.10, the word u' = Bin(v)1/*1/=1¢Bin(v) satisfies P(u') = P(u) and
P'(u') = P'(u). For k > 1, the result follows by Lemmas 5.11, 5.12, 5.13,
and 5.14. We have |vw;v| < n and, by the inductive hypothesis, there exists a
partial word Bin'(vw;v) over the alphabet {0, 1} such that Bin'(vw;v) begins
with 0 or o, H(Bin'(vw;v)) C H(vw;v) = {h}, P(Bin' (vw;v)) = P(vw;v), and
P'(Bin' (vw;v)) = P’(vw;v). Consider for instance the case where 1 < i < k
and a # b and Quu,y = O and Byy,y # O and & # €. By the induc-
tive hypothesis, there exist v and w’ over the alphabet {0,1} such that
Bin' (vw;v) = v'w'v’, |v'| = |v| and |w’| = |w;|. The partial word

u' = ((v'w)(h, )"~ (v'w") (h, @) ((v'w") (h, d))* "'
where d is defined as in Lemma 5.14(C) satisfies the desired properties. In

particular, v’ begins with 0. To see this, since x # & we have h > 1, and since
v'w’v’ begins with 0 the result follows. The other cases are handled similarly.
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Now, assume that v is as in Lemma 5.7(2) with |u| = n+ 1. For k = 1,
first say v1 = zoy and vy = xzby (here u = xoywzby). We have |v1] < n
and, by the inductive hypothesis, there exists a partial word Bin'(v;) over
the alphabet {0,1} such that Bin'(v1) begins with 0 or o, H(Bin'(v)) C
H(v1), P(Bin'(v1)) = P(v1), and P'(Bin'(v1)) = P'(v1). If 3,, # O, then
Lemma 5.16 shows the existence of binary numbers ¢ and d such that the
partial word «/ = Bin’(v1)11*!=1¢Bin’ (v, ) (H (Bin’(v;)), d) satisfies the desired
properties. If 3, = O, then the result follows by Lemma 5.15.

Now say v; = zay and vy = xoy (here u = zaywzoy). We have |va| < n
and, by the inductive hypothesis, there exists a partial word Bin'(vg) over
the alphabet {0,1} such that Bin’(vs) does not begin with 1, H(Bin'(vq)) C
H(vg), P(Bin'(v2)) = P(v2), and P’'(Bin’(v3)) = P’(v2). We first consider
the case where av,,, # O (here z # ¢). In this case, H(Bin'(v2)) # {0}. For
d defined as in Lemma 5.18, by Lemma 5.1 there exists ¢ € {0,1} such that
Bin'(ve)(H (Bin'(v)), d)11"1"¢ is primitive (put ¢ = 1if Bin'(vy) = 0l*lo1l¥]).
By Lemma 5.18, the partial word

u' = Bin'(vo) (H(Bin' (v3)), d)11*1=cBin’ (vy)

satisfies the desired properties. The case of «,, = O follows from Lemma 5.17.

For £ > 1, the result follows by Lemmas 5.19, 5.20, 5.21 and 5.22.
For the case where 1 < i < k+ 1 and a # b for instance, by Lemma 5.22,
we have |v;] < n and, by the inductive hypothesis, there exists a partial
word Bin’(v;) over the alphabet {0, 1} such that Bin’(v;) begins with 0 or o,
H(Bin'(v;)) C H(v;) = {h}, P(Bin'(v;)) = P(v;), and P’ (Bin’(v;)) = P’ (v;).
Consider for instance the case where «,, # O, §,, # 0, = # &, y # ¢,
a = (3, and b = a,,. Then by Lemma 5.22(B), since |v;wv; 1| < n, by the
inductive hypothesis, there exist v/, w’, and v over the alphabet {0, 1} such
that Bin'(v;wviy1) = v"w'v', [v'| = [v”| and |w'| = |w|, v"w'v’ begins with 0,
H"w'v'") C H(wwvi41) = {h}, P"w'v") = P(v;wvit1), and P/ (v"w'v') =
P’ (viwvit1). The partial word

u' = (V' (h,d)w") = (h, o) (w'v' (h,d))k—i+1
where d = v/(h) satisfies the desired properties. In particular, u’ begins with
0 since h # 0 and v" begins with 0.

5.3 The algorithm

As a consequence of Theorem 5.3, we provide a linear time algorithm which,
given the partial word u, computes the desired binary partial word v. We first
describe the algorithm (note that the output may have to be complemented
so that it does not begin with 1).
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ALGORITHM 5.2

Let A be an alphabet not containing the special symbol O. Given as input a
partial word u with one hole over A, put H(u) = {h} where 0 < h < |u|. The
following algorithm computes a triple T'(u) = [Bin' (u), au, Bu)], where Bin'(u)
is a partial word of length |u| over the alphabet {0,1} such that Bin'(u) does
not begin with 1, where H(Bin'(u)) C {h}, where P(Bin'(u)) = P(u) and
P'(Bin'(u)) = P'(u), and where

_Jo ifh—p'(u) <0
Qu = u(h — p'(u)) otherwise

and
5[0 i1/ () 2 o
“ L ulh + p'(u)) otherwise

Moreover, if P(u) # P'(u), then H(Bin'(u)) = {h} and a, = u(h — p'(u)) #
u(h +p'(u)) = By. Also, if a, # 0 and 3, # O, then H(Bin'(u)) = {h}.

Find the minimal weak period p'(u) of u. If p'(u) = |ul, then output T'(u) =
(01—t 0, 0. Ifp'(u) # |ul, then find partial words satisfying Lemma 5.7(1)
or Lemma 5.7(2).

1. If the partial words found satisfy Lemma 5.7(1), then do one of the
following:

(a) If k = 1, compute Bin(v), find ¢ € {0,1} such that Bin(v)1l*tl=1¢
s primitive, and output
T(u) = [Bin(v)1"11=1¢ Bin(v), 0, O]
(b) If k > 1, then compute T(vw;v) = [Bin' (vwv), o, 8] and compute
B =h—(i—1)p'(u). Then do one of the following:
i. If i =1, then do one of the following:
A. If p = 0, then compute Bin(vwgv) = v'w'v’ where |v'| =
|v| and |w'| = |wg|. Then output
T(u) = [(vw")kv', O, b]
B. If a = O and B # O, then compute Bin'(vw;v) = v'w'v’
where |[v'| = |v] and |w'| = |w;|. Put d = Bin/ (vw;v)(h' +
p'(vw;v)) and output
T(u) = [(vw) (B, 0)((v'w") (K, d)*~v', O, b
C. Otherwise, compute Bin'(vw;v) = v'w'v’ where |[v'| = |v]
and |w'| = |w;|. Find d € {0,1} according to the tables of
Lemma 5.11(C) and output
T(u) = [o'w' (Ww')(W,d))* 10", 0, 0]
unless the corresponding entry in one of the tables is empty
i which case output
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T(u) = [rev( Bin' (rev(u))), O, b]
. If i =k, then do one of the following:

A. If « = O, then compute Bin(vwiv) = v'w'v’ where |v'| =

|v] and |w'| = |w1|. Then output
T(u) = [(vw')kv' a, O]

B. If a # O and 8 = O, then compute Bin' (vw;v) = v'w'v’
where |v'| = |v| and |w'| = |w;|. Ifv=c¢c and y # €, then
outpul

T(u) = [rev( Bin/ (rev(u))), a, O]
Otherwise, put d = Bin' (vw;v)(W — p/ (vw;v)) and output
T(u) = [(vw) (R, d)*  (v"w')(h', 0)v", a, O]

C. Otherwise, compute Bin' (vw;v) = v'w'v' where [v'| = |v]
and |w'| = |w;|. Find d € {0,1} as follows:

J— { Bin' (vw;v) (k' + p'(vwv)) if a = 3
| Bin/ (vwv) (W + p'(vwiv)) if a # B

and output
T(u) = [((v"w") (W, d)F~ ' w'v a, 0]
iii. If 1 < i < k and a = b, then compute Bin(vwiv) = v'w'v’
where |v'| = |v| and |w'| = |wyi|. Then output
T(u) = [(vw) L (W'w ) (W, o) (vw ), a, b]
w. If 1 <i<k anda#b, then do one of the following:

A. If a« # 0 and f = O, then compute Bin(vwgv) = v'w'v’
where [V'| = |v| and |w'| = |wg|, and put d = (v'w')(R').
Then output T'(u) which is equal to

[((v"w') (R, d))"H (v"w") (B, o) (v'w") (R, d)* 0", a, b]

B. If 8 # O and © = ¢, then compute Bin(vwiv) = v'w'v’
where [V'| = |v| and |W'| = w1, and put d = (V'w')(R').
Then output T(u) which is equal to

[((v"w')(h',d))"H (v"w") (B, o) (v'w") (R, d)* "0, a, b]

C. Otherwise, compute Bin/ (vw;v) = v'w'v’ where |v'| = |v]
and |W'| = |w|. If 8 = O or x = ¢, then put d =
0. Otherwise find d € {0,1} according to the tables of
Lemma 5.14(C). Then output T'(u) equal to

[(('w") (', )= (v'w") (W, o) ((v'w) (', d)* "0, a, D]
unless the corresponding entry in one of the tables is empty
in which case output T'(u) equal to

[rev( Bin' (rev(u))), a, b]

2. If the partial words found satisfy Lemma 5.7(2), then do one of the
following:

(a) If k =1, then do one of the following:
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i. If vy = xoy and vy = xby, compute T'(vy) = [Bin'(v1), a, A].
A. If B = 0O, then compute Bin(vs), find ¢ € {0,1} such that
Bin(vy)11%1=1¢ is primitive, and output
T(u) = [Bin(vy)11"*1=1c Bin(vy), O, b]
B. If 8 # O, then find d € {0,1} as follows:
Bin'(v1)(h —p'(v1)) if « # 0 and b = «
d= < Bin'(v1)(h—p'(v1)) ifa# 0 and b # «
1 otherwise
Find ¢ € {0,1} as follows. If Bin/(v1) = 01®lo1¥l then
let ¢ = 1. Otherwise, if Bin'(v1)11*I=1 is not of the form
20z, then let ¢ be such that Bin'(v1)11*!=1¢ is primitive.

Otherwise, let ¢ = d. Then output
T(u) = [Bin' (v1)11*= e Bin/ (v ) (H( Bin' (v1)), d), O, b]
ii. If v1 = zay and v = xoy, compute T(ve) = [Bin'(v2), a, A].
A. If o = 0O, then compute Bin(v1), find ¢ € {0,1} such that
Bin(vy)11*1=1¢ is primitive, and output
T(u) = [Bin(v)1"1=1¢ Bin(v,), a, O]
B. If a # 0O, then compute b’ = h —p'(u) and find d € {0,1}
as follows:
Bin/(va)(h' +p'(v2)) if B# O and a = 8
d=q Bin'(va)(W +p'(v2)) if B # 0 and a # 8
0 otherwise
Find ¢ € {0,1}: If Bin(vy) = 01#lo11¥ | let ¢ = 1. Other-
wise, let ¢ be such that Bin/(vy)(H(Bin/ (vs)),d)1"1= ¢ is
primitive. Then output
T(u) = [Bin' (vo) (H(Bin' (v2)), d) 11"~ ¢ Bin/ (v5), a, O]
(b) If k > 1, then do one of the following:

",/

i. If i = 1, compute Bin/(vywv;11) = v"w'v’ where [v'| = |v"|
and |w'| = |w|, and output
T(u) = " (w'v")*, 0,0
ii. Ifi = k+1, compute Bin' (v;_1wv;) = v'w'v" where [v']| = |[v"]

| = |wl|, and output

T(u) = [(v'w')*v",a,0]

iii. If 1 <i< k41 and a =b, compute h' = h — (i — 1)p'(u),
compute Bin(viwvr) = v'w'v’ where |v'| = |v1| and |w'| = |w],
and output

T(u) = [(vw') =1/ (B, o) (w'v')F =11 a, b]

. If 1 <i<k+1 and a # b, compute T(v;) = [Bin'(v;), , (],
and compute ' = h — (i — 1)p'(u). Then do one of A to F
according to the tables of Lemma 5.22:

and |w
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A. Compute Bin'(v;_1wv;) = v'w'v” where [v'| = |v"| and
|w'| = |w|, and put d =v'(h'). Then output
T(u) = (' (K, d)w ) ="' (B, o) (w'v' (W, d)F~ L a, b]
B. Compute Bin/(v;wv;41) = v"w'v' where [v'| = |v"'| and
|w'| = |w|, and put d =v'(h'). Then output
T(u) = [(V' (B, d)w )~ ' (W', o) (w'v' (R, d))* =1 a, b]

REMARK 5.7 In the above algorithm, note that when a value d gets
computed according to the tables of Lemma 5.11(C) say, the h occurring in
one of the equalities (5.1), (5.2), (5.3) or (5.4) becomes h'.

The correcteness of the algorithm follows from the proof of Theorem 5.3.
We now consider the complexity of the algorithm.

THEOREM 5.4

Given a partial word u with one hole over A, a partial word Bin'(u) with at
most one hole over {0,1} with the same periods and weak periods of u can be
computed by Algorithm 5.2 optimally in linear time.

PROOF  Let us first compute the complexity of the main functions of
Algorithm 5.2.

o Compute the minimal weak period: Let us consider finding the minimal
weak period of a partial word with one hole. A linear pattern matching
algorithm can be easily adapted to compute the minimal period of a
given word u. Given words v and w, the algorithm finds the leftmost
occurrence, if any, of v as a factor of w. The comparisons done are of the

type a < b, for letters a and b. Such an algorithm can be easily adapted
to compute p’(u) for a partial word u with one hole by overloading the

comparison operator in a Z b to return all comparisons of the special
symbol ¢ with any letter a or b as true. (For example, both ¢ Z band

a = o returns true for all letters a and b in the alphabet A, while a Ly
only returns true if both a and b are the same symbol.) Overloading
the operator does not change the time complexity of the algorithm any
more than by a constant factor. Thus, the computing of p/(u) can be
performed in linear time.

e Find partial words satisfying Lemma 5.7: Finding a positive integer
k and partial words v, w1y, we, ..., w; satisfying Lemma 5.7(1) (respec-
tively, finding a positive integer k and partial words w,v1,va, ..., Vgt1
satisfying Lemma 5.7(2)) is performed in linear time, since we know
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that p'(u) = |vwy| = [vws| = - -+ = |vwy| (respectively, p'(u) = |vyw| =
lvow| = -+ = |vgw| = |vg1w]) from computing the minimal weak pe-
riod as described above.

o Test for primitivity: Primitivity can be tested in linear time for full
words as was shown in Exercise 2.21. Indeed, a word w is primitive if
and only if u? = xuy implies that either 2 = ¢ or y = . This part of
the algorithm needs to be altered slightly to handle binary partial words
with one hole. By far the easiest approach would be to substitute the
hole with a 0 and test the new binary full word for primitivity as above.
If the new word is primitive, then substitute the hole for 1 and test this
new word for primitivity. If both words are primitive, then the binary
partial word with one hole is primitive, otherwise it is not. This change
in the algorithm increases the time complexity by at most a constant
factor.

Algorithm 5.2 also uses Algorithm 5.1, which is linear, for constructing
binary images of given words via Bin.

Algorithm 5.2 is recursive, so let us compute the complexity of a single call
of the procedure T, say f(n), where n is the length of the current partial word
for this call, say u. Let us consider the call related to Item 2(a)(i)A (the other
items are handled similarly). There, u satisfies Lemma 5.7(2) with k£ = 1,
v1 = zoy and v = zby. Algorithm 5.2 computes the following functions:

1. Compute p’(u).

2. Find partial words satisfying Lemma 5.7.
3. Compute Bin(vs).

4. Test for primitivity.

Since every function used in Algorithm 5.2 requires at most linear time, we
have shown so far that a single call of T requires f(n) € O(n) time.! More
precisely, there is a constant k such that f(n) < kn, for any n > 0.

To calculate the time required for the whole algorithm on an input u of
length n, we first determine how fast the length of the current partial word
decreases from a call to the next call or the next two calls. Let us examine
the worst case of Lemma 5.7(2) following path 2(b)(iv)X with X being any
subcase. Consider u; and us the current partial words for two consecutive
calls of T on u, respectively. For instance, for 2(b)(iv)A, we have that u =
VIWUW . . . VW41, U1 = V;, and ug = v;_qwv;, and consequently |ui| <
luz| < Z|u|. Therefore, the time required by Algorithm 5.2 to compute Bin' ()
is at most

For f,g: ZT — R, we say that f is “big oh of g,” and write f € O(g), if there exist k € Rt
and a positive integer N such that |f(n)| < k|g(n)| for all integers n > N.
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hence it is linear, as claimed. Finally, it is clear that the algorithm is optimal,
as the problem requires at least linear time.

Exercises

5.1 Give a constructive proof of Lemma 5.3 by providing an algorithm

5.2

5.3

5.4
5.5

5.6

5.7
5.8

5.9

5.10

5.11

5.12

that given as input a word u over an alphabet A, outputs the desired
factorization of u.

Run Algorithm 5.1 on input u = abcabcabea.

If u = aobe, then 4 is the only period and weak period of u. Show
that no partial word v with one hole over {0,1} satisfies the desired
properties of Theorem 5.3, but the full word 0111 does.

For u = abcaoca, compute p'(u), o, and §,. What is T'(u)?
Factor the following partial words according to Lemma 5.7:

o u; = abcdabedabedabodabedabedabedabedabed
e uy = adabedodabedadabe

Show that a partial word u has the same set of periods and the same
set of weak periods as rev(u).

What does Algorithm 5.2 output for u = abbocbb?

Using Algorithm 5.2, compute T(abbcocaabb). Which item does this
example illustrate?

What does Algorithm 5.2 output given the pwords with one hole of
length three or less? Which items of the algorithm handle these pwords?

Which item of Algorithm 5.2 does u = adabcdodabedadabe illustrate?

Show that the partial word
u = abodabedabed

illustrates Item 2(a)(i)B of Lemma 5.16. Show your computations as in
Example 5.9.

Show that the partial word
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5.13

5.14

Algorithmic Combinatorics on Partial Words
u = abcdabedabcdabodabedabedabedabedabed

illustrates Item 1(b)(iv)C of Algorithm 5.2. What is the output of the
algorithm?

Let z be a partial word with one hole over {0,1}. Say H(z) = {h}
and let z(h, a) be the partial word obtained from z after replacing h by
a € {0,1}. What can be said when

1. z(h,1)1 =027

2. z(h,0)1 =027

3. [s] z(h,1) is a prefix of 027

4. z(h,0) is a prefix of 027

What is the output of Algorithm 5.2 on input cadcastcodcastcbdea?

Challenging exercises

5.15

5.16

5.17
5.18
5.19

5.20

5.21

5.22

Prove Lemma 5.1.

Let u € A* be factorized as in Lemma 5.3 with & > 1. Suppose that
v'w'v’ is a binary equivalent of vwv where |[v'| = |v| and |w'| = |w].
Then show that P(u) = P(u’) for the binary word v’ = (v'w’)*v’.

Prove Lemma 5.4.
Prove Theorem 5.1.
Prove Theorem 5.2.

Let u be a nonempty partial word over an alphabet A with min-
imal weak period p’(u). Then there exist a positive integer k, (possi-
bly empty) partial words vy, vs,...,vk+1, and nonempty partial words
w1y, Wa, . .., Wy such that

U = V1W102W2 . .. VgWEVE+1

where p’(u) = |[vywi| = |vaws| = - -+ = |vgwy|, where |v1| = |vg| = -+ =
|vg| = |vk+1], and where v; T v;4q for all 1 <4 < k, and w; T w;41 for
all 1 <i<k.

Prove Lemma 5.9.

Give examples for all items of Lemma 5.12.
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5.24
5.25
5.26

5.27
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Show P’(u') = P’ (u) for Lemma 5.14.
Prove Lemma 5.15.

Prove Lemma 5.16.

Prove Lemma 5.17.

Prove Lemma 5.18 when Bin'(vg) is full. Why is 3 = O in this case?

Programming exercises

5.28

5.29

5.30

5.31

5.32

Design an applet that provides an implementation of Algorithm 5.1.

Write a program that finds pwords satisfying Lemma 5.7. What is the
output for running the program on

e abcdabedabedabodabedabedabedabedabed

e adabcedodabedadabe

Write a program that when given as input a partial 4 with one hole, out-
puts the item number of Algorithm 5.2 u falls into. That is, Item 1(a),

1(b)(i), 1(b)(ii), L(b)(iii), 1(b)(iv), 2(a)(i), 2(a)(ii), 2(b)(i), 2(b)(ii),
2(b)(iii) or 2(b)(iv).

Refine your program of Exercise 5.30 to handle A, B, ...items.

Write a program to look for a partial word u with two holes that has
no binary equivalent v satisfying all the following conditions:

* [v] = |ul

e P(v) =P(u)

o P'(v) =P'(u)
o H(v) C H(u)

Website
A World Wide Web server interface at

http://www.uncg.edu/mat/AlgBin
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has been established for automated use of Algorithm 5.2. Another one has
been established at

http://www.uncg.edu/mat/bintwo

that takes as input a partial word w with an arbitrary number of holes and
that outputs a binary equivalent v that satisfies the conditions |v| = |ul,
Pv) = P(u), P'(v) = P'(u) and H(v) C H(u) if such binary equivalent

exists.

Bibliographic notes

Theorem 5.1 is from Guibas and Odlyzko [82]. Their proof uses properties
of correlations and is somewhat complicated. The algorithmic approach of
Section 5.1 that includes Lemmas 5.1, 5.2, 5.3, 5.4, Algorithm 5.1, and The-
orem 5.2 is from Halava, Harju and Ilie [87]. Sections 5.2 and 5.3 contain a
new version of an algorithm from Blanchet-Sadri and Chriscoe [23].
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Chapter 6

Primitive Partial Words

In this chapter, we study primitive partial words. Recall that a full word over
a finite alphabet is primitive if it cannot be written as a power of another
word. In the case of a partial word, we have the following definition.

DEFINITION 6.1 A partial word u is primitive if there exists no word
v such that u C v* with i > 2.

Recall that in FExercise 1.18 of Chapter 1, a property was stated that
nonempty full words can be written as powers of primitive words. More-
over, if u is a nonempty partial word, then there exists a primitive word v
and a positive integer i such that « C v’. Uniqueness however holds for full
words but not for partial words.

In Section 6.1, we describe a linear time algorithm to test primitivity on
partial words. The algorithm is based on the combinatorial result that under
some condition, a partial word is primitive if and only if it is not compatible
with an inside factor of its square. One of the concepts of speciality discussed
in Chapter 2, which relates to commutativity on partial words, is foundational
in the design of the algorithm.

The number of primitive words of a fixed length over an alphabet of a fixed
size is well known and relates to the Mobius function. In Section 6.2, we
discuss a formula for the number of primitive full words of length n over an
alphabet of size k, and start counting primitive partial words by considering
the case of prime length. Section 6.3 contains several definitions and some
important general properties of exzact periods of partial words that are useful
for the counting. In Section 6.4, we present a first counting method which
consists in first considering all nonprimitive pwords with ~ holes obtained by
replacing h positions in nonprimitive full words with ¢’s, and then subtracting
the pwords that have been doubly counted. There, we express in particular
the number of primitive partial words with one or two holes of length n over a
k-size alphabet in terms of the number of such full words. Section 6.5 discusses
a second method. We count nonprimitive partial words of length n with h
holes over a k-size alphabet through a constructive method that refines the
counting done in the previous sections.

Finally, Section 6.6 extends several well known basic properties on the ex-
istence of primitive words to primitive partial words.

157
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6.1 Testing primitivity on partial words

The property of being primitive is testable on a word of n symbols in O(n)
time. A linear time algorithm can be based on the combinatorial property
that no primitive word u can be an inside factor of uu (see Exercise 2.21).
Indeed, u is primitive if and only if w is not a proper factor of uu, that is,
wu = zuy implies £ = € or y = . The following proposition shows that the
property also holds for partial words with one hole.

PROPOSITION 6.1
Let u be a partial word with one hole. Then w is primitive if and only if
wu T xuy for some partial words x,y implies t =€ ory =«¢.

PROOF  Assume that u is primitive and that uu T zuy for some nonempty
partial words z, y. Since |z| < |ul, by Lemma 1.2, there exist nonempty partial
words z,v such that v = zv, 2 T x, and vu T wy. Then zvzv T xzvy yields
vz | zv by simplification. By Lemma 2.5, v and z are contained in powers of
a common word, a contradiction with the fact that u is primitive.

Now, assume that uu T zuy for some partial words x,y implies x = ¢ or
y = €. Suppose to the contrary that w is not primitive. Then there exists a
nonempty word v and an integer i > 2 such that v C v’. But then uu T v~ luv
and using our assumption we get v'~! = ¢ or v = ¢, a contradiction.

In the case of partial words with at least two holes, the following holds.

PROPOSITION 6.2
Let u be a partial word with at least two holes.

1. If vu T xuy for some partial words x,y implies x = € or y = €, then u
18 primitive.
2. Ifuu T xuy for some nonempty partial words x and y satisfying |x| < |y|,
then the following hold:
(a) If |x| = |y|, then u is not primitive.
(b) If u is not (|x|,|y|)-special, then u is not primitive (it is contained
in a power of a word of length |x|).

(c) If u is (||, |y|)-special, then u is not contained in a power of a word
of length |x|.

PROOF  Statement 1 follows as in Proposition 6.1. For Statement 2,
assume that uu T zuy for some nonempty partial words z,y. Let u; be the



Primitive Partial Words 159

prefix of length |z| of u and ug be the suffix of length |y| of u (u = ujug). The
compatibility relation ujusuiug T xuiusy yields ujus T usui. For Statement
2(a), since |z| = |y, urus T uguy implies uy T uz. By definition, there exists
a partial word w such that u; C w and uy C w. We get u = ujus C w?, and
the statement follows. For Statement 2(b), since u = ujus is not (Juy|, |uz|)-
special, by Theorem 2.6, u; and ug are contained in powers of a common
word, showing that u is not primitive. Here, for 0 < i < [z], seq|q|,|y|(?)
is 1-periodic with letter a; for some a; € AU {¢}. We conclude that u is
contained in a power of apa; . .. aj; 1. For Statement 2(c), put |y| = m|z|+r
where 0 < r < |z|. If » > 0, then u is obviously not contained in a power of
a word of length |z|. And if » = 0, then there exists 0 < ¢ < |z| such that
5€q|g),y| (1) = (4,4 |z|,i+2[z|,...,i+m|z|,7) contains two positions that are
holes of u while w(i)u(i 4 |z|)u(i +2|z|) . .. w(i +m|z|)u(i) is not 1-periodic. []

Example 6.1

This example illustrates Proposition 6.2(2(c)). The primitive partial word
u = abobbbob is compatible with an inside factor of its square uu as illustrated
in the following diagram:

abobbbobabobbbob
abobbbod

Here u is (2, 6)-special since segz 6(0) = (0, 2,4, 6,0) contains the holes 2 and 6
while 4 (0)u(2)u(4)u(6)u(0) = acboa is not 1-periodic. Here, u is not contained
in a power of a word of length 2.

We now give an algorithm for testing whether a partial word is primitive.

Algorithm Primitivity Testing

input: partial word u
output: primitive (if w is) and nonprimitive (otherwise)
U «—uu
count « || H(u)l
if count < 2 then
check compatiblity of w with a substring of U[l..2u| —1)
if successful then
return nonprimitive
else
return primitive
else
k1 and [ — |u|—1
while k<1 do
check compatibility of u with Ulk..k + |u|)
if successful then
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if w is (k,l)-special and k <! then
k—k+1and [ —1-1
if u is not (k,l)-special or k=1 then
return nonprimitive
else
k—k+1 and l —1—-1
return primitive

REMARK 6.1 Note that if u is primitive, then its reversal rev(u) is also
primitive. This fact justifies the while loop being for k <. I

The following example illustrates our algorithm.

Example 6.2
Consider the partial word u = aooabae where D(u) = {0, 3,4,5} and H(u) =
{1,2,6}. The algorithm proceeds as follows:

k =1,1 = 6: Compatibility of u with U[1..8) is nonsuccessful.

k = 2,1 =5: Compatibility of v with U[2..9) is successful.

avooabacacoabac
acoabao

Here, the partial word w is (2, 5)-special.
k = 3,1 = 4: Compatibility of u with U[3..10) is nonsuccessful.

Thus the partial word u is primitive.
Now, consider the partial word u = aboobcobe where D(u) = {0,1,4,5,7,8}
and H(u) = {2,3,6}. The algorithm proceeds as follows:

k =1,1 = 8: Compatibility of u with U[1..10) is nonsuccessful.
k =2,1=7: Compatibility of « with U[2..11) is nonsuccessful.

k = 3,1 = 6: Compatibility of u with U[3..12) is successful.

aboobcobcecaboobeobe
aboobecobe

Here, the partial word u is not (3,6)-special and is thus nonprimitive
(u C (abe)?).
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In conclusion, the following theorem holds.

THEOREM 6.1
The property of being primitive is testable on a partial word of length n in
O(n) time.

PROOF The correctness of our algorithm follows from Propositions 6.1
and 6.2. To see that primitivity can be tested in linear time in the length of a
given partial word u, any linear time pattern matching algorithm can be easily
adapted to test whether the string u is compatible with an inside substring
of uu. The algorithm finds the leftmost occurrence, if any, of a factor of uu,
Ulk..k + |u|), compatible with u. For a full word u, the comparisons done are

of the type a ~ b, for letters a and b in the alphabet A. For a partial word w,
we can overload the comparison operator in a Z b to return all comparisons of
the special symbol ¢ with any letter a or b as true. (For example, both ¢ Zb

and a = o returns true for all letters a and b in A, while a Z only returns
true if both a and b are the same symbol.) Overloading the operator does
not change the time complexity of the algorithm any more than by a constant
factor. Thus, the discovery of the leftmost occurrence, if any, of a substring
Ulk..k + |u|) compatible with u can be performed in linear time. This part
of the algorithm needs to be altered slightly to handle partial words with at
least two holes.

Fixing £ > 0, the following diagram pictures the alignment of u with
Ulk..k + |u]):

w(0) w(l) ...u(jul—k—1)u(ul —k) u(jul —k+1) ... u(Ju| — 1)
u(k) wk+1) ... wu(ul—1) u(0) u(1) cou(k—1)

Now, let | = |u| — k. If k < [, then the checking of whether or not u is
compatible with U[k..k + |u|) can be done simultaneously with the checking
of whether or not u is (k,l)-special. Indeed, for any 0 < i < k, consecutive
positions in seq;(7) turn out to be aligned positions in the above diagram.
The algorithm starts by considering ¢ = 0 and repeats the following, increas-
ing ¢ until ¢ = k (whenever ¢ = k, both u is compatible with Ulk..k + |ul)
and u is not (k,l)-special). While considering 4, the algorithm computes
seqr1(i) = (o, 91,12, ...,1int1) along with its letter seqletter initialized with
u(z). Whenever the position i; is added to the sequence, the algorithm com-
pares u(i;) with u(i;_1). If not compatible, then the compatibility of u with
Ulk..k+|u|) is nonsuccessful and the algorithm increases k by 1 and decreases
[ by 1. If compatible, then the algorithm updates seqletter depending on the
value of u(ij). There are four cases that can arise while updating seqletter
(here a, b denote distinct letters in A): (1) seqgletter = o and u(i;) = ¢ (no up-
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date is needed); (2) seqletter = o and u(i;) = a (segletter is updated with a);
(3) seqletter = a and u(i;) = a (no update is needed); and (4) seqletter = a
and u(ij) = b (here it is discovered that u(ig)u(i1)u(iz)...u(in+1) is not 1-
periodic). If any of Cases (1), (2) or (3) occurs and j < n + 1, then the
algorithm repeats the process by adding the position 7,41 to the sequence. If
any of Cases (1), (2) or (3) occurs and j = n+ 1, then the algorithm increases
i. If Case (4) occurs, then we claim that the algorithm will increase k by 1
and decrease [ by 1. To see this, if the number of holes seen so far in the se-
quence, or segholes, is not less than 2, then w is (k, 1)-special and regardless of
whether or not u is compatible with U[k..k + |u|), the algorithm will increase
k by 1 and decrease [ by 1. If seqholes < 2, then w is (k,)-special or u is not
compatible with Ulk..k + |u]), and again regardless of which case happens,
the algorithm will increase k£ by 1 and decrease [ by 1. These changes in the
original algorithm increase the time complexity by at most a constant factor.

6.2 Counting primitive partial words

We begin the counting of primitive partial words with some notation. De-
note by P, ;(n) (respectively, Ny, x(n)) the number of primitive (respectively,
nonprimitive) partial words with h holes of positive length n over a k-size
alphabet A. Also, denote by Py, i (n) (respectively, Ny i(n)) the set of prim-
itive (respectively, nonprimitive) partial words with h holes of length n over
A. Let Tj, (n) denote the total number of partial words of length n with h
holes over A, and 7j, ,(n) the set of all such partial words. The equality

Ph7k(n) + Nh7k(n) = Th,k(n) (61)

holds and it is easy to see that

Th(n) = (Z) knh = h!(n”!h)!k”—h (6.2)

The partial word abocaoce belongs to Na 3(8) while the word abocacca be-
longs to P2 3(8).

REMARK 6.2 Note that P (1) = k while Ny (1) = 0. Note in addition
that when h > n, we have Py ;(n) = Npp(n) =0. Whenn =h+1> 1, we
have Pj, ;(n) = 0 and Ny, ,(n) = nk. And when h = n, we have P, ;(n) =1

if n =1, and 0 otherwise, and also Nj, (n) = 0 if n = 1, and 1 otherwise. [

We first count primitive full words. We start with a definition.
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DEFINITION 6.2 The Mobius function, denoted by p, is a number
theoretic function defined by

1 ifn=1
wu(n) =< (=1)" if n is a product of i distinct primes (6.3)
0 if n is divisible by the square of a prime

The first few values of y are u(1) = 1, u(2) = (—1)* = —1 since 2 is a
prime, u(3) = —1, u(4) = 0 since 4 = 22, u(5) = —1, p(6) = (—1)% = 1 since
6 =2x3, u(7) =—1, u(8) = 0 since 8 = 23, u(9) = 0, and u(10) = 1. Notice

that ;
1 ifn=1
;“(d):{o ifn>2 (6.4)

forn=1,...,10.

Equality 6.4 is actually always true. One can deduce from it that two
functions ¢, from P to Z are related by Zd‘nd)(d) = ¢(n) if and only if
2 apn #(d)d() = p(n) (these are left as exercises for the reader). Since there
are exactly k™ words of length n over a k-size alphabet and every nonempty
word w has a unique primitive root v for which w = v™/? for some divisor d
of n, the following relation holds:

> Pox(d) =" (6.5)
d|

Using Equality 6.5 and setting ¢(n) = k™ and 9(d) = P x(d), we obtain the
following expression for Py ;(n):

Poi(n) =) u(d)k"? (6.6)
d|n

Example 6.3
Using Equality 6.6, the number of primitive words of length n = 10 over an
alphabet of size k = 2 is

Po2(10) =Y pu(d)2'0/*
d|10
_ M(1)210/1 +M(2)210/2 +H(5)210/5 +M(10)210/10
= (1)2'9 4 (=1)2° + (—=1)2% 4 (1)2!
=1024 -32—4+2
=990

I

We now count primitive partial words of prime length p. If w is a nonprimi-
tive pword with h holes of length p, then w must consist of a string containing
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h ¢’s and p — h a’s for some letter a € A. In other words, w C aP. There are
k choices for the letter a and (Z) choices for positioning the ¢’s. Thus

N (p) = (2) k

Pk (p) = Thx(p) — Nnx(p) = (Z) (K=" — k)

The tables below contain some numerical values for alphabets of sizes k = 2
and k = 3 where prime numbers n are underlined. These tables were obtained
by having a computer generate all possible partial words with zero, one, two or
three holes, and count the number of primitive and nonprimitive such words.

(6.7)

(6.8)

TABLE 6.1: Values for alphabet of size k = 2 and h € {0,1}.

n To’g(n) P()J(’I’l) Ngiz(n) T1’2(’I’L) P1’2 (n) Nl’g(n)

1 2 2 0 1 1 0

2 4 2 2 4 0 4

3 8 6 2 12 6 6

4 16 12 4 32 16 16

5 32 30 2 80 70 10

6 64 54 10 192 132 60

7 128 126 2 448 434 14

8 256 240 16 1024 896 128
9 512 504 8 2304 2232 72
10 1024 990 34 5120 4780 340
11 2048 2046 2 11264 11242 22
12 | 4096 4020 76 24576 23664 912
13 8192 8190 2 53248 53222 26
14 16384 16254 130 114688 112868 1820
15 | 32768 32730 38 245760 245190 570
16 | 65536 65280 256 524288 520192 4096
17 | 131072 131070 2 1114112 1114078 34
18 | 262144 261576 568 2359296 2349072 10224
19 | 524288 524286 2 4980736 4980698 38
20 | 1048576 1047540 1036 10485760 10465040 20720

6.3 Exact periods

In this section, we discuss the concept of exact period which will play a role
in our counting of primitive partial words. It is defined as follows.
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Values for alphabet of size k = 2 and h € {2, 3}.

TABLE 6.2:
n T2,2(n) P2,2 (TL) Nz’z(n) T3,2 (n) P3,2(n) N3,2(n)
1 0 0 0 0 0 0
2 1 0 1 0 0 0
3 6 0 6 1 0 1
4 24 4 20 8 0 8
b 80 60 20 40 20 20
6 240 102 138 160 24 136
7 672 630 42 560 490 70
8 1792 1376 416 1792 1088 704
9 4608 4320 288 5376 4716 660
10 11520 10070 1450 15360 11920 3440
11 28160 28050 110 42240 41910 330
12 67584 62760 4824 112640 97920 14720
13| 159744 159588 156 292864 292292 572
14| 372736 361354 11382 745472 703528 41944
15| 860160 856170 3990 1863680 1846470 17210
16 | 1966080 1936384 29696 4587520 4458496 129024
17 | 4456448 4456176 272 11141120 11139760 1360
18 | 10027008 9942408 84600 26738688 26312400 426288
19 | 22413312 22412970 342 63504384 63502446 1938
20 | 49807360 49615640 191720 | 149422080 148333200 1088880
TABLE 6.3: Values for alphabet of
size k =3 and h = 0.
n T0,3(’I”L) Po,g(’n) N0,3(TI,)
1 3 3
2 9 6 3
3 27 24 3
4 81 72 9
5 243 240 3
6 729 696 33
7 2187 2184 3
8 6561 6480 81
9 19683 19656 27
10 59049 58800 249
11 177147 177144 3
12 531441 530640 801
13 1594323 1594320 3
14 4782969 4780776 2193
15| 14348907 14348640 267
16 | 43046721 43040160 6561
17 | 129140163 129140160 3
18 | 387420489 387400104 20385
19 | 1162261467 1162261464 3
20 | 3486784401 3486725280 59121




166 Algorithmic Combinatorics on Partial Words
TABLE 6.4: Values for alphabet of size
k=3and h=1.

n T1’3(TL) P1,3(n) N1,3(’n)

1 1 1 0

2 6 0 6

3 27 18 9

4 108 72 36

5 405 390 15

6 1458 1260 198

7 5103 5082 21

8 17496 16848 648

9 59049 58806 243

10 196830 194340 2490

11 649539 649506 33

12 2125764 2116152 9612

13 6908733 6908694 39

14 | 22320522 22289820 30702

15| 71744535 71740530 4005

16 | 229582512 229477536 104976

17| 731794257 731794206 51

18 | 2324522934 2324156004 366930

19| 7360989291 7360989234 57

20 | 23245229340 23244046920 1182420

TABLE 6.5: Values for alphabet of size k = 3 and h € {2,3}.

n T2,3(n) Pz’g(n) Ng’g(’l’l) T3’3(’I’l) P3’3(7l) N3’3(7l)
110 0 0 0 0 0
2 |1 0 1 0 0 0
3 19 0 9 1 0 1
4 |54 12 42 12 0 12
5 | 270 240 30 90 60 30
6 | 1215 e 441 540 144 396
7 | 5103 5040 63 2835 2730 105
8 | 20412 18360 2052 13608 10368 3240
9 | 78732 77760 972 61236 59022 2214
10 | 295245 284850 10395 262440 239040 23400
11 | 1082565 1082400 165 1082565 1082070 495
12 | 3897234 3847284 49950 4330260 4183632 146628
13| 13817466 13817232 234 16888014 16887156 858
14 | 48361131 48171774 189357 | 64481508 63805728 675780
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DEFINITION 6.3 We call a partial word w an %-repeat if w is d-
periodic and d is a divisor of n distinct from n. In such case, d is called an

exact period of w.

Example 6.4

To illustrate the definition, consider the partial word w; = abocob. Aligning
wi in rows of length 3 and 2, we can see that w; is an g—repeat as well as an
g—repeat. Both 3 and 2 are exact periods.

abo ab
oob oo
ob

DEFINITION 6.4 We call the ¢ in position i of partial word w free with
respect to exact period d if whenever j € D(w), we have j % i mod d.

Returning to Example 6.4, none of the ¢’s are free with respect to any of
the exact periods. Such is not the case with the following example.

Example 6.5
If we consider the partial word wo = bboobe and align it with respect to two
of its exact periods, namely 3 and 2,

bb bbo
oo obo
b o

we see that the ¢’s in positions 2, 3, and 5 are not free with respect to exact
period 2, the ¢ in position 3 is not free with respect to exact period 3, but
the ¢’s in positions 2 and 5 are free with respect to exact period 3.

Continuing with some more terminology, let w = aq...a,_1 where a; €
AU{o}. We denote by D(n) the set of divisors of n distinct from n, by £(w)
the set of exact periods of w, that is,

E(w)={d|deP(w) and d € D(n)}
and by R(w) the reduced set of exact periods of w, that is,
R(w) ={d | d € &(w) and there exists no d’ € £(w) ND(d)}
If d is an exact period of w, we set

By(i) ={a; | 0 < j <nand j =imod d}
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Now, assume that w is nonprimitive, and let ¢; < 19 < --- < i, be the elements
in H(w). Suppose that w has exact period d and has no free ¢’s with respect
to d. Note that for all j, Bq(i;) = {o,b;,} for some b;; € A. We define the
function fg as fq(i1,i2,...,in) = (biy, biy, ..., bs, ). We also define the function
f with domain £(w) where d — f4(i1,12,...,1p), and set v(w) = || f(E(w))].

Returning to Example 6.4, Figure 6.1 depicts the mapping f for w = abooob.
Here, v(w) = 2.

FIGURE 6.1: Mapping f for w = abooob.

LEMMA 6.1

Let w be a nonprimitive partial word that has no free ©’s with respect to any
of its exact periods. Then v(w) = ||R(w)]|.

PROOF Let i1 < ig < -+- < ip, be the elements in H(w). It is easy to
see that v(w) < ||R(w)]|| because (i1, iz, ...,4,) will get mapped to the same
h-tuple under both f; and f,,q for all integers m > 1. We now show that f
is one-to-one on R(w). Suppose not, and let p,q € R(w) satisfy both p < ¢
and fp(i1,12,...,4n) = fg(i1,92,...,1,). The bound given by Fine and Wilf’s
Theorem 3.1 satisfies p+q—ged(p, q) < 5+ 5 —ged(p,q) = %" —ged(p,q) <n
which implies that any full word of length n with exact periods p, ¢ will also
have ged(p, ¢) as an exact period. If we now replace in w the hole in position
i; by by, for all j, we obtain a full word w’ that has exact periods p, ¢ and thus
period ged(p, g), and so ged(p, q) is also a period of w. Thus ¢ € £(w) and
ged(p, q) € E(w)ND(q) implying that ¢ ¢ R(w) which leads to a contradiction.
Since f is one-to-one on R(w), it follows that v(w) > [|[R(w)|| and thus
v(w) = [R(w)]- 0

Considering again Figure 6.1 of the mapping f for w = abooob, ||R(w)|| =
II{2,3}]] = 2 which coincides with v(w) = 2 already calculated.
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In the sequel, given a pword w € N}, ;. (n) with no free ¢’s with respect to any
of its exact periods, the parameter v(w) will play an important role. We will
obtain words w’ € N ;(n) by replacing the ¢’s in w with the corresponding
assignments under all possible exact periods of w. Distinct w’’s in Ny x(n) can
generate the same w € N, ;(n) whenever ||R(w)| > 1. Indeed, looking again
at Figure 6.1 where w = abooob has no free ¢’s but satisfies ||R(w)|| > 1, we
see that w is a nonprimitive partial word with 3 holes obtained by replacing
3 positions with ¢’s in 2 (which equals v(w)) nonprimitive full words: wj =
(ab)® = ababab comes from 2 — (a,b,a) and wh = (abb)? = abbabb comes from
3 (b,a,b).

The following lemma relates to the computation of v(w) for nonprimitive
pwords w with one hole.

LEMMA 6.2
If w e My k(n), then v(w) = 1.

PROOF Since w is a nonprimitive partial word with one hole, it has no
free ¢’s with respect to any of its exact periods. By Lemma 6.1, we have
v(w) = ||R(w)||. Now, let p,q € R(w) satisfy p < ¢. Since p,q are exact
periods, we have p+ ¢ < 5 + § = %" < n and Theorem 3.1(2) implies that
w has ged(p, ) as period. But since g € £(w), we have that ged(p, q) € E(w).
Since ged(p,q) # ¢q and ged(p, q) divides g, we get a contradiction with the
fact that ¢ € R(w).

For nonprimitive pwords w with two holes, we have the following.

LEMMA 6.3
If w € Nag(n), then |[R(w)| = 1. As a consequence, if n is odd, then
v(w) = 1.

PROOF Theorem 3.5 for two holes gives the optimal bound for the length
of w given p,q € R(w), that is, L2, 4) = 2p + ¢ — ged(p, q) with p < ¢. Since
P, q are exact periods, we have p,q < 5.

d pr < % and q < %7 then L(2,p,q) < %Tn+g7g(7d(pa Q) - nfng(pv q) <n.
=n.

o Ifp=7Fandg= 3, then Lo n n) = %—l—%—gcd(%",%") = %"—

o3

k3
93

Thus Ly, < n and Theorem 3.5 implies that w has ged(p, ¢) as period.
Again we get a contradiction as in Lemma 6.2.

Now, if w is a nonprimitive partial word with two holes of odd length n,
then w has no free ¢’s with respect to any of its exact periods. By Lemma 6.1,
we have v(w) = |R(w)]].



170 Algorithmic Combinatorics on Partial Words

If w € Nap(n) and n is even and w has two free o’s with respect to d = %,
then w has no free o’s with respect to any of its exact periods distinct from 3.
The smallest exact period being a divisor of § by Lemma 6.3, in such case,
we also define v(w) = 1.

6.4 First counting method

In this section, we first consider all nonprimitive pwords with h holes ob-
tained by replacing h positions in nonprimitive full words with ¢’s, and then
subtract the pwords that have been doubly counted. In particular, we express
N1 x(n) and Ny ,(n) in terms of Ny i (n).

Let w = agay . .. an—1 be a full word of length n over an alphabet A of size
k. Let 0 <43 <12 < --- <1 < n and denote by w;, .. ;, the partial word
built from w by replacing positions i1, ..., i, with ¢’s. Setting

Sp(w) ={w;y,. 4 |0 <1 <idg <o+ <ip<n}

we say that w generates each element in Sp(w). For any set X of partial
words, we denote by A(X) the set of nonprimitive pwords in X, that is,

N(X) = {w | w is nonprimitive and w € X}

LEMMA 6.4
If w e Ny i(n), then Sp(w) C Ny i (n).

PROOF  Since w € Np(n), there exists a word v such that w = v* for
some ¢ > 2. If 0 <4y <.+ <4 <n,thenw;, . ; Cw= vt. Tt follows that
Sn(w) C Ny (n). 0

Denote by Wi, ,(n) the set of all nonprimitive partial words with h holes of
length n over A obtained by replacing any h positions with ¢’s in nonprimitive
full words of length n over A. The following holds:

Wiem)= | NGww)= | Sulw)

weNy, k(n) wENy k(n)

Obviously,
n

sl < () Nox(o)

The following lemma states that, given w a full primitive word, the non-
primitive partial word obtained by replacing h positions in w with ¢’s must
be in Sp(v) for some nonprimitive full word wv.
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LEMMA 6.5
If w € Py r(n), then Sp(w) C Sp(v) U Ppi(n) for some v € Ny x(n).

PROOF Let w € Pyr(n). If w4, € Sk (w) is nonprimitive, then there
exists a full word u such that w;, .. ;, Cu* for some ¢ > 2. The word v = u’
is such that w;, . ;, € Sh(v). I

We will now concentrate on the one- and two-hole cases. We will prove the
case of two holes and leave the case of one hole to the reader.

THEOREM 6.2
The equality N1 ,(n) = nNg x(n) holds.

We can deduce the following corollary.

COROLLARY 6.1
The equality Py x(n) = n(Pyr(n) + k"1 — k™) holds.

The two-hole case is stated in the next two theorems.

THEOREM 6.3
For an odd positive integer n, the following equality holds:

Nas) = () Moulr)

PROOF If u,v are distinct nonprimitive full words of length m, then
Sa(u)NS2(v) = 0. Indeed, suppose there exists a pword w € Sa(u)NS2(v) such
that u;, ,, = w and v;, ;, = w. Thus u(i) = v(i) for all 0 < i < n,i # i1, 4.
Since w € Nak(n) and n is odd, w is not an 2-repeat. It is easy to see that
in this case, there are no free ¢’s in w, that is, there exist ji,jo € D(w)
such that j; = 4; mod d and j, = is mod d for each exact period d. This
means that in the words u and v, there exists only one pair of assignments
for u(iy),u(iz) and v(i1),v(iz) respectively, since we have already shown in
Lemma 6.3 that v(w) = 1. It follows that u(i1) = v(i1) and u(iz) = v(iz)
implying that v = v which contradicts our assumption. Since the sets in the
union Uwe/\/o,k(n) Sh(w) are pairwise disjoint, we may conclude that

Nak(n) = [Wak(n)ll = (5)Nok(n)
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THEOREM 6.4
For an even positive integer n, the following equality holds:

Nastn) = () No(m) = (6 = DTia(3)

PROOF It suffices to show that a number of Tl)k(%) words are counted
k times each. Let w be a nonprimitive word of even length that generates the
partial word w; ;. Assume n > 4. If w; ; is not an F-repeat, then there are
at least three occurrences of the base of length < % It follows that there are
no free ¢’s, which means that the generator w is unique. Assume now that
w; ; has an exact period d = 5. If ¢ and j do not belong to the same class
modulo d, then again w; ; is uniquely generated since there are no free ¢’s.

Now, suppose i = j mod d and consider again the pword w; ;:

Wij = Qo Q1 ... Qj—1 © Aj41 ... Ad—1
ad Ad41 --- Aj—1 S Qj41 -.. Qp—1
Note that in this case we have a pair of free ¢’s, which means that in the initial
word w, the letter at positions ¢ and j can be any letter in the alphabet, thus
a total of k possibilities. The number of partial words u of length § with
one hole is T x(%). Note that all possible pwords of the form uu can each
be generated by k different words in Aj x(n). Removing k — 1 copies of such
words leaves us with a total of %n(n — 1)Nor(n) — (k — 1)T1 (%), which is
what we wanted.

COROLLARY 6.2
The following holds:

_ [ (O (Por(n) + k"2 — k™) if n is odd
Paplm) = { (é) (Pg,:(n) + k"2 — k") + (k= DTy e(%) ifn is even

PROOF If nis odd, then using Theorem 6.3 we have the following list of
equalities:

Py i(n) = Tox(n) — Nop(n)

=Ty x(n) — (2)N07k(n)
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The case when n is even follows from Theorem 6.4. I

We end this section with three propositions: the first holding for any number
of holes and the other two for three holes.

PROPOSITION 6.3

If w € Np, k(n) and w has no free o’s with respect to any of its exact periods,
then there exist v(w) words in No (n) that generate w.

PROOF Let i; < ig < .-+ < ip be the elements in H(w). For p €
R(w), let the h-tuple (b;,,...,b;, ) be the image of (i1,...,dy) under f, (here
bi; € A for all j). Obviously, replacing for all j the ¢ in position i; with
the corresponding letter b;; yields a full nonprimitive word that generates w.
Since we showed in Lemma 6.1 that f is bijective on R(w), it follows that
there are v(w) = ||R(w)|| full words that generate w.

PROPOSITION 6.4

If w € N3i(n) and w has three free o’s, then there exist kT j(
Nok(n) that generate w.

n .
5) words in

PROOF The pword w has three free ¢’s only if it is an 3-repeat, that is,
w C v® for some pword v € Ty (%). There also must exist some 0 < i < %
such that Bx (i) = {o}. Let v' denote the full word obtained by replacing the
o at position i in v with any letter in A. The resulting full word (v')? is a
generator for w. Since there are k choices to replace the ¢ in v with a letter, it
means that k possible full words generate w. Since the total number of words
in N3(n) that are 3-repeats is given by T1x(%), it follows that kT1 x(%)
words in Ny ,(n) generate w. I

PROPOSITION 6.5
If w € N3p(n) and w has two free o’s, then there exist k(n — 2)T1 (%) words
in Nox(n) that generate w.

PROOF If w has two free o’s, then it must be an 2-repeat, that is, w C v?
for some pword v € 71 (% ). There must exist some i, j, 0 < 4,5 < 5 such that
B (i) = {o} and Bz (j) = {o,a} for some a € A. Let v" denote a full word
obtained by replacing the ¢’s at positions ¢, + 5§ within w with any letter in
A and the ¢ at position j with the letter a. There are k choices to replace the
o’s at positions 4,7 + § with a letter. Also, note that there are (n —2)T1 (%)
words in N ;(n) that have a pair of free ¢’s since there are n — 2 positions

n

where we can place the third . Overall, there are k(n — 2)T1 (%) words in
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No.k(n) that generate w. I

6.5 Second counting method

We now count nonprimitive partial words of length n with h holes over a
k-size alphabet A through a constructive method that refines the counting
done in the previous sections.

DEFINITION 6.5 If w is a nonprimitive pword of length n with h holes
and d is the smallest integer such that there exists a pword v satisfying w C
v™ e then the proot of w is the pword w(0..d).

Example 6.6

Consider the nonprimitive partial word w = acabobab with two holes of length
8 over the binary alphabet {a,b}. The containments w C (ab)®/? and w C
(abab)®/* hold, and d = 2 is the smallest integer satisfying w C v®/¢ for some
v. Thus the proot of w is w[0..d) = w|[0..2) = ac.

Let RPp k(n,d, h') denote the set of nonprimitive pwords of length n with
h holes over an alphabet of size k with a primitive proot having length d
and containing A’ holes, and let RN}, ;x(n,d, h’)) denote a similar set except
that the proot is nonprimitive. Denote by Rp, x(n,d) the set of nonprimitive
pwords with h holes of length n over an alphabet of size k with a proot of
length d. Using the convention adopted earlier, RP}, x(n,d, h') will denote the
cardinality of RPy, x(n,d, h'). We define RNy, 1,(n, d, h’) similarly. In addition,
Ry, k(n,d) will denote the cardinality of Ry, i (n, d).

We obtain the equality

h
Rig(n,d) = > (RPyy(n,d, ') + RNy k(n, d, b)) (6.9)
h’=0

The set N, k(n) will be generated by considering all possible proots of
length d € D(n). Different cases occur: The proot belongs to P x(d) for
some b/ =0,...,h, or the proot belongs to N x(d) for some b’ =1,...,h.

REMARK 6.3 Note that, in order to avoid double counting, we will
never generate nonprimitive pwords starting with a nonprimitive full proot.
Therefore, we may always assume that RN}, x(n,d,0) = 0, hence the missing

h' =0 for Ny i (d). I
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Given a proot w[0..d) with h’ holes, we build the corresponding temporary
pword t = (w[0..d))"/®. We transform t to generate nonprimitive pwords by
replacing letters with ¢’s, or vice versa, while the proot remains unchanged.
There result pwords containing h holes and having proot w|0..d).

TABLE 6.6: Partial words in N7 2(8): “1” refers to length of
proot is 1; “2p” to length of primitive proot is 2; “2n” to length of
nonprimitive proot is 2; “4p0” (respectively, “4p1”) to length of
primitive full (respectively, one-hole) proot is 4; and “4n” to length of
nonprimitive proot is 4.

1 aaaaaaae | 4n | abacabaa | 4pl | baacbaaa | 1 bbbbbobb
1 aaaaaaca | 2p | abacabab | 4pl | baacbaab | 1 bbbbobbb
1 aaaaacaa | 4p0 | abbaabbo | 2p | babababo | 4n | bbbobbba
1 aaaacaaa | 4p0 | abbaaboa | 2p | bababaca | 1 bbbobbbb
4p0 | aaabaaas | 4p0 | abbaacba | 2p | bababoba | 4pl | bboabbaa
4p0 | aaabaacb | 4p0 | abbacbba | 2p | babacaba | 4pl | bboabbba
4p0 | aaabacab | 4p0 | abbbabbo | 4p0 | babbbabo | 4n | bbobbbab
4p0 | aaaboaab | 4p0 | abbbabob | 4p0 | babbbacb | 1 bbobbbbb
1 aaacaaaa | 4p0 | abbbacbb | 4p0 | babbbobb | 4pl | boaabaaa
4dn | aaacaaadb | 4p0 | abbbobbb | 4p0 | babboabb | 4pl | boaabbaa
4p0 | aabaaabo | 4pl | abboabba | 2p | babobaba | 4pl | boabbaab
4p0 | aabaaaca | 4pl | abboabbb | 4n | babobabb | 4pl | boabbbab
4p0 | aabaacba | 4pl | aboaabaa | 4n | bavabaaa | 2n | bobababa
4p0 | aabacaba | 4pl | aboaabba | 2p | bacababa | 4n | bobabbba
4p0 | aabbaabo | 2p | abobabab | 4pl | baobbaab | 4n | bobbbabb
4p0 | aabbaacdb | 4n | abobabbb | 4pl | bacbbabb | 1 bobbbbbb
4p0 | aabbaobb | 1 acaaaaaa | 4p0 | bbaabbao | 1 caaaaaan
4p0 | aabboabb | 4n | acaaabaa | 4p0 | bbaabboa | 4n | caaabaaa
4pl | aaboaaba | 4n | acabaaab | 4p0 | bbaaboaa | 4pl | caabaaadb
4pl | aaboaabb | 2n | acababab | 4p0 | bbaaobaa | 4pl | caabbaab
1 aacaaaaa | 4pl | adbaaaba | 4p0 | bbabbbao | 4n | cabaaaba
dn | aacaaaba | 4pl | acbaabba | 4p0 | bbabbbob | 2n | cabababa
4pl | aacbaaab | 4pl | acbbaabb | 4p0 | bbabboab | 4pl | cabbaabb
4pl | aacbaabb | 4pl | acbbabbb | 4p0 | bbabobab | 4pl | oabbbabb
4p0 | abaaabae | 4p0 | baaabaao | 4pl | bbacbbaa | 4pl | obaaabaa
4p0 | abaaaboa | 4p0 | baaabaca | 4pl | bbaobbab | 4pl | obaabbaa
4p0 | abaaacaa | 4p0 | baaaboaa | 4p0 | bbbabbbo | 2n | obababab
4p0 | abaacbaa | 4p0 | baaacaaa | 4p0 | bbbabboa | 4n | obabbbab
2p | abababao | 4p0 | baabbaac | 4p0 | bbbaboba | 4pl | obbaabba
2p | abababob | 4p0 | baabbacb | 4p0 | bbbaobba | 4pl | obbabbba
2p | ababacab | 4p0 | baabboab | 1 bbbbbbbe | 4n | obbbabbb
2p | ababobab | 4p0 | baaboaab | 1 bbbbbbob | 1 ©bbbbbbb
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Example 6.7
We illustrate the abovementioned ideas by computing Ny 2(8) where the set
of lengths of proots is {1,2,4}. We set A = {a,b} as our alphabet.

If the length of the proot is 1, then w C a® or w C b®. There are 2 x 8 =
16 ways to build such a pword of length 8 with one hole over A. The 2
representing the two distinct letters a and b and the 8 representing the length
of the strings we are counting. Thus R; 2(8,1) = 16. Examples of such strings
include aaaaaaac and bbobbbbb. They are the “1”’s in the table.

Now, if the length of the proot is 2, then w C v* for some v. Note that
since Pj 2(2) = 0, the proot cannot be a primitive partial word with one hole
and consequently RP; 2(8,2,1) = 0. Also recall that the proot cannot be a
nonprimitive full word. Therefore, we split the nonprimitive pwords with a
proot of length 2 into two sets: the ones with a proot that is a primitive full
word and the ones with a nonprimitive proot with one hole.

e If the proot is a primitive full word, then it belongs to the set {ab,ba}.
To obtain nonprimitive partial words with one hole from the temporary
words t; = abababab and to = babababa, we replace the letter in any of
the last six positions of ¢; or t5 with . Note that replacing any letter
in any of the first two positions with ¢, thus in the proot, would bring
us back to the previous case when the proot has length 1 and we would
be doubly counting. Six new nonprimitive pwords can be derived from
t1 and the same is true for to, thus RP; 2(8,2,0) = 12. They are the
“2p”’s in the table.

e If the proot is a nonprimitive partial word with one hole, then it belongs
to the 4-element set {ao,bo,oa,ob}. There is only one way to build
nonprimitive partial words with such proots. They are the “2n”’s in
the table. For example, if the proot is ¢b, then the only possibility is
obababab. Note that obbbbbbb is not a possibility since it has already
been taken into account. Thus RN;2(8,2,1) = 4.

We obtain the equality
Rl,g(& 2) = RP1’2(8, 2, 0) + RPLQ(S, 2, 1) + RNLQ(& 2, 1) =16

Last, if the length of the proot is 4, then w C v? and again, we split all
possible nonprimitive partial words with a proot of length 4 into three sets.

e If the proot is a primitive full word, then it belongs to a set of cardinality
Py2(4) = 12. To obtain nonprimitive partial words with one hole, we
may replace any of the last four positions with ¢ and RP; 2(8,4,0) = 48.
They are the “4p0”’s in the table.

e If the proot is a primitive partial word with one hole, then it belongs to
a set of cardinality P; 2(4) = 16, the “4p1”’s in the table. For example,
if the proot is ¢abb, then the temporary pword is t = ¢abboabb. In place
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of the second ¢, we can put either an a or a b thus obtaining cabbaabb
and oabbbabb, both nonprimitive partial words with one hole. Thus,
RP; 2(8,4,1) = 32.

e If the proot is a nonprimitive partial word with one hole, then it belongs
to the set

{aaao, aaoa, acaa, caaa, abao, abob, acab, obab}

unioned with the set containing the pwords obtained by switching a with
b, for a total of Ny 2(4) = 16 proots. There is only one way to build a
nonprimitive pword with one hole from such proots. If the proot is aaac,
then the only possibility is aaacaaab. Similarly, for the proot aba¢, the
only nonprimitive pword with one hole that can be built with this proot
is abacabaa. Note that the temporary pword in this case is t = abacabao,
but the second ¢ can be replaced by any letter, except the one letter
which will make the pword an 4-repeat with a proot of length 2 (this
case has already been taken into account). Thus, RNy 2(8,4,1) = 16,
they are the “4n”’s in the table.

We obtain the equality
R12(8,4) = RP; 2(8,4,0) + RP1 2(8,4,1) + RN1 2(8,4,1) = 48+32+16 = 96
The above computations lead to
Ni12(8) = R12(8,1) + R12(8,2) + R1,2(8,4) =16 + 16 + 96 = 128

agreeing with the corresponding value in the table.
Note that Rq2(8,d1) N R1,2(8,dz) is empty for any two distinct dy, do. I

The following lemma proves that we are not doubly counting any nonprim-
itive pwords.

LEMMA 6.6

Given a proot w(0..d) of length d € D(n), the nonprimitive partial words (with
one or two holes) generated from w[0..d) have their smallest exact period equal
to d.

PROOF The analysis we are about to perform is similar for the case
when we count nonprimitive pwords with two holes. Suppose that during
the process of transforming a temporary pword ¢ the resulting pword w €
M1 k(n) has an exact period d’ with d’ < d. There are four cases we need
to consider, depending on whether the proot is a primitive or nonprimitive
pword or whether d’ is a divisor of d or not. If d’ is not a divisor of d, then
let | = ged(d,d’) with | < d'.
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Case 1. w[0..d) is nonprimitive and d'|d
This case cannot occur since, we subtract the value of v(w[0..d)) =1 from
the total number of options available to replace the extra ¢’s in t.

Case 2. w[0..d) is nonprimitive and d’ Jd
Since d,d" € E(w) it follows from Theorem 3.1 that [ € £(w). We are now
back in the previous case and no double counting occurs. The reason is that,
the pwords w which we are trying to avoid when transforming ¢ have already
been avoided in the previous case.

Case 3. w[0..d) is primitive and d’|d
This case is easy to deal with simply because of the primitivity of w[0..d).
Since w is d’-periodic and d’|d, then w[0..d) must also be d’-periodic and thus
nonprimitive, which is a contradiction.

Case 4. w[0..d) is primitive and d’ fd
Since d,d’ € E(w) it follows from Theorem 3.1 that [ € £(w). Since w =
wl0..d)v for some pword v and w is d-periodic and [-periodic and [|d it follows
that w|0..d) has [ as exact period and is thus nonprimitive. This again involves
a contradiction with w[0..d) being a primitive pword.
‘We have now proved that given a proot of length d, the nonprimitive pwords
derived from it will always have their smallest exact period equal to d. I

6.5.1 The one-hole case

The following theorem gives the main result on counting nonprimitive par-
tial words with one hole of length n over A.

THEOREM 6.5
The following equality holds:

Ni(n) =kn+ > ((n—d)Pyr(d) +kPik(d) + (k — 1)N1 x(d)) (6.10)
dln, d#1,n

PROOF Let w be a nonprimitive pword of length n with one hole over
A. Let d be the smallest integer such that there exists a pword v satisfying
w C v™%. Note that d € D(n). The case when d = 1 can be easily dealt
with. There are kn ways we can build a nonprimitive pword of length n with
one hole over A, and thus R; y(n,1) = kn. Consider now the case when
d € D(n)\ {1}. We split the proof into three cases based on the nature of the
proot w(0..d), and we set t = (w][0..d))"/¢.

Case 1. First, if the proot is a primitive full word, then it belongs
to a set of Py j(d) elements. Transforming ¢ into a nonprimitive pword with
one hole requires that we place a ¢ anywhere in ¢, except in the positions
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0,...,d — 1. Since there is a total of n — d such positions, we get

RPy 1 (n,d,0) = (n — d) Py (d)

Case 2. Now, if the proot is a primitive partial word with one hole,
then it belongs to a set of P; x(d) elements. To obtain a nonprimitive pword
of length n with one hole, we need to replace in ¢ all the holes, except the first
one, with letters in A. Note that once a hole has been replaced with a letter,
all remaining holes must be replaced by the same letter. There are k ways we
can replace a hole with a letter, thus

RPLk(Tl, d, 1) = kPLk(d)

Case 3. Finally, if the proot is a nonprimitive partial word with one
hole, then it belongs to a set of Nj (d) elements. Transforming ¢ into a
nonprimitive partial word with one hole requires that all holes, except the first
one (in the proot), be replaced by a letter in A. Note that once the second
hole is replaced by a letter, all remaining holes need to be replaced by the
same letter. When replacing the holes, we have all k letters available, except
that set of letters that would lead to a nonprimitive pword with one hole and
a proot shorter than d, a case that we have already taken into account. Since
v(w[0..d)) = 1, there are k — v(w[0..d)) = k — 1 nonprimitive partial words
with one hole that can be obtained from the temporary pword ¢ above and
which have not been counted in previous cases. Since there are Ny (d) such
temporary pwords, it follows that

RNy x(n,d,1) = (k — 1)Ny (d)

Therefore, the total number of nonprimitive partial words with one hole of
length n over A with a proot of length d is

lek(n, d) = RPLk(’I’L, d, 0) + RPl,k(n; d, 1) + RNLk(n, d, 1)
= (n — d)Po’k(d) + ]{?Plﬁk(d) + (k? — 1)N1’k(d)

Denoting by N the right hand side of Equality 6.10, we want to prove that
N1 x(n) = N. Note that for a given d, the three cases above cover all possible
proots of length d. We do not consider the case of nonprimitive full roots
because this falls into the case of full primitive proots with length d’ satisfying
d’ < d. Also, once a proot is fixed, we always consider all possible ways the
temporary pword t can be transformed into a nonprimitive partial word with
one hole, provided we keep the proot unchanged. Modifying the proot by
substituting a letter for a ¢ or vice versa, would lead to a nonprimitive word
with a different proot (shorter or longer), something that has already been
accounted in a different case. We are thus covering all possible nonprimitive
partial words with one hole, which implies that N > Ny j(n).
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We must now prove that N < Ny ,(n). For a given proot of length d, it holds
that the sets RP1 x(n,d,0), RP1 x(n,d, 1) and RN x(n,d, 1) are pairwise dis-
joint. The reason is that the generating proot for each of the sets are different,
as they belong to three different pairwise disjoint sets: Py x(d), P1,x(d) and
N1 k(d). In each of the three cases, the proot is different to start with, and
recall that proots remain unchanged throughout the process of transforming
a temporary pword into a nonprimitive partial word. Thus, for all three cases,
the resulting nonprimitive partial words will be different. Let r1, 7o be proots
of length dyi, ds € D(n), with 1 < dy < d2 < n, and w,v be any pwords
such that v € Ry k(n,d1) and v € R4 x(n,d2). Using Lemma 6.6, v and v
have their smallest exact period equal to dy, respectively do. From dy # do
it follows that u # v. Since u,v were any words in R4 x(n,d;), respectively
Rik(n,ds), it follows that Rq x(n,d1) N Ry k(n,ds) = 0. Since dy,dy are any
proper divisors of n, it holds that

N Ruikln.di) =0

d;€D(n)

This proves that no double counting occurs and thus N < Ny ¢ (n). I

Example 6.8

Theorem 6.5 implies that Ny 2(8) = 128 which matches the computations of
the previous section. Indeed,

Nia(8) =16+ > ((8—d)Poa(d) + 2P 2(d) + (2 — 1)N12(d))
de{2,4}
=16+124+0+44+484+ 32416
=128

The formula of Theorem 6.5 can be further reduced.

COROLLARY 6.3
The equality N1 x(n) = nNg (n) holds.

PROOF  We prove the equality N1 x(n) = nNyx(n) by induction on n
using Theorem 6.5. For n = 1, the result trivially holds since Ny (1) =
No k(1) = 0. Assuming the equality holds for all positive integers smaller
than n, we get the following sequence of equalities for Ny j(n):
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kn + Z ((n = d)Pok(d) + kP1 x(d) + (k — 1) N1 x(d))

d|n, d#1,n
=kn+k > (Puald)+Nip(d)+ Y ((n—d)Pox(d) — Ny i(d))
d|n, d#1,n d|n,d#1,n
=kn+k >  Tixld+ > ((n—d)Pyr(d)— dNox(d))
d|n, d#1,n d|n,d#1,n
=knt+k > Tixld+n > Poxld)— D (dPx(d)+dNox(d))
d|n, d#1,n d|n,d#1,n d|n,d#1,n
—kn+k Y dk4n Y Po(d) - Y dTor(d)
d|n, d#1,n d|n,d#1,n d|n,d#1,n
=kn+ Y dk+n > Popld)- Y dk
d|n, d#1,n d|n,d#1,n d|n,d#1,n
=kn+n Y Pold)
d|ln, d#1,n
=n( Y, Pok(d)+k)
d|n, d#1,n
=n( Y Pok(d)+ Por(1) + Por(n) — Po(n))
d|n, d#1,n
=n(Y_ Pox(d) = Pox(n))

dIn
=n(k" — Pox(n))
= n(Tox(n) — Por(n))
= nNy k(n)

6.5.2 The two-hole case
The following theorem holds.

THEOREM 6.6
The number of nonprimitive partial words with two holes of length n over a
k-size alphabet, Na (n), is equal to

(g)k + de’d;ﬂ’n(RPQ’k(n, d, O) + RPg,k(TL, d, 1) + RPQ’k(n, d, 2) +
RNQ’k(n7 d, 1) + RNQ}]{;(TL, d, 2))
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e RP (n,d,0) = <” N d> Pox(d) (6.11)
RPy4(n.d,1) = {l(f(( )) k(( ) _— %ﬁg (6.12)
o= (YD ST o

RPs j(n,d,2) = k* Py 1,(d) (6.14)
S o B B AT

PROOF We give a constructive algorithm for nonprimitive pwords and
prove that, along the process of building them, no pwords are missed or double
counted.

Let w be a nonprimitive pword of length n with two holes over A, and
let d be the smallest integer such that there exists a pword v satisfying w C
v™/4. The case when d = 1 can be easily dealt with since there are (})k
ways of building such a nonprimitive pword. Consider now the case when
d € D(n) \ {1}. We split the proof into five cases based on the nature of the
proot w(0..d) = agay ...aq_1, and we set t = (w[0..d))"/¢. If w[0..d) has b’
holes, then let 0 <4y <ip <--- <4y <d be such that a;; = o. Define

Co={l|d<l<mnandl#i modd,...,l# i, modd}
Dgy(ij) ={l|d<l<nandl=i;modd} forall<j<h

Note that ||Cq|| = (5 —1)(d—h") and || Dqg(i;)|| = 5 —1. Recall that Lemma 6.6
guarantees that no double counting will occur.

Case 1. w[0..d) € Py (d)
We need to replace two positions by ¢’s anywhere in ¢, except in the proot.
There is a total of n — d such positions and thus Equality (6.11) holds.

Case 2. w[0..d) € Py x(d)

At this point, all symbols at positions from set Dy(i1) are ¢’s and all those
in Cy are letters. After transforming ¢ into a pword in N, j,(n), there must
remain only one ¢ in the last n — d positions. This can be achieved in two
ways, by placing a ¢ in position j with either j € Cy or j € Dy(i1).

Let us first consider the case where j € Cy. There are ||Cy| options where
to place the second ¢ and k choices to pick a letter to replace the positions in
D,(i1). Note that once a position from set D, (i1) has been replaced, all others
must be replaced by the same letter. This case yields a total of k(% —1)(d—1)
choices.

Let us now consider the case where j € Dg(i1). Note that this can be done
in || Dg(i1)|| ways and that all positions in Cy remain unchanged. We are now
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n/d - 1

iy
w[0..d) g
#
—7
w[0..d) ¥
”
y
w[0..d) o
P
/
w[0..d) o
Dd (lf)
FIGURE 6.2: Representation of Case 2 when j € Cjy.

left with ||Dg4(i1)]] — 1 ¢’s to be replaced with the same letter. This can be
done in k ways provided that ||Dg4(i1)|] — 1 > 0, thus a total of k| Dg(i1)||
options. If | D4(i1)|| — 1 = 0, which implies that d = n/2, then this case yields

only ||Dg(i1)| = 1 option, that is w = w[0..d)w[0..d).

w([0..d)
w[0..d)
w[0..d)

w[0..d)

<

L

¥
Dd(if)

n/d - 1

FIGURE 6.3: Representation of Case 2 when j € Dg(i1).

Thus, for d # 5 we have
7~ D(d=1)+ k(G —1))PLr(d) = k(n — d) Py r(d)

RP; j(n,d, 1) = (k(
and if d = § then

RP, (n,d,1) = (k(d — 1) + 1) Py x(d) = (k(n — d) — (k — 1)) Py x(d)

Putting the two cases together we have that Equality (6.12) holds.
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Case 3. w[0..d) € N1 (d)

The approach for this case is similar to the one for Case 2. We replace
position j in t with ©.

Let us first consider the case where j € Cy. There are ||Cy|| options where
to place the second ¢, but this time only k — v(w|0..d)) letters available to
replace the ¢’s at positions from Dgy(i1). This last restraint guarantees that
the generated pword w will not have an exact period less than d, in other
words the proot of w remains unchanged.

Let us now consider the case where j € Dy(i1). If d # %, then there are
IDq(i1)|| options to place the second ¢ and k — v(w[0..d)) letters available
to replace the remaining ©’s from positions within set Dg4(i1), thus a total
of (k —v(w[0..d)))(% — 1) options. If d = %, then there is no solution since
w = w|[0..d)w[0..d) would have a shorter proot.

Thus for d # 5, RNay(n,d,1) = ((k — v(w[0..d)))(5 — 1)(d — 1) + (k —

p(wl0.d))(E = DINLK() = (k — v(wl0.d)(n — AN x(d). T d = 2,
then RNy, k(n d,1) = (k — v(w[0..d)))(d — 1) N1 i (d). Keeping in mind that
v(w0..d)) = 1, we have that Equality (6.13) holds.

Case 4. w[0..d) € Pa(d)
We must replace all positions from the set Dy(i1) with the same letter, and

similarly for D4(i2). There are k% options to choose these two letters and thus
Equality (6.14) holds.

f; 1‘2
w[..d) & O
— /’a /Xb
w[0..d) of of -
- /)’a /)'
w[0..d) 4] of sn/d - 1
: L9 ’b
Ve Ve
w[f)..d) ¢ {

D(Rf 1) D(sz)

FIGURE 6.4: Representation of Case 4.

Case 5. w[0..d) € Ny (d)

First, let us consider the case where w[0..d) has a pair of free ¢’s. Of course,
this can happen only when w[0..d) is g—periodic. It is easy to see that the
number of pwords w[0..d) of the form w[0..d) = uu, where u is a pword with
one hole, is equal to 77 ;(d/2). We now have k options to replace the ¢’s from
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positions in set D4(i1) and only k—1 for the ¢’s from positions within Dy(i2).
The reason why these two letters cannot be the same is because the resulting
pword would have a shorter proot, that is u.

Let us now consider the case where w[0..d) does not have a pair of free ¢’s.
In this case, we need again to take into account the parameter v(w[0..d)). We
now need to replace all the ¢’s from positions in D4(i1) and Dy(iz) with letters.
In order to prevent w from having a proot shorter than d, we must allow only
k? — v(w[0..d)) options for choosing the two letters. Since v(w[0..d)) = 1, we
may now conclude that Equality (6.15) holds.

Note that if we disregard the particular case d = 5, the number of nonprim-
itive pwords with two holes generated by primitive proots can be summarized
as follows:

2
rfn— d
RPy(n,d)= > k" (2 B h,) P 1 (d)
h’'=0

The formula of Theorem 6.6 can be further reduced.

COROLLARY 6.4
For an odd positive integer n, the following equality holds:

n

Naj(n) = (2) No,k(n)

PROOF  Setting n = 2m + 1, we prove the desired equality by induction
on m. For m = 1, the result trivially holds since No (3) = (3)k = (3) No,i(3).
Assume the equality holds for all positive integers smaller than m. Note that
since n is odd, each divisor d of n is odd and so d # §. We have N x(n) =

(5)E + Xapn, agrn(("2%) Poe(d) + k(n — d)Pyi(d) + (k = 1)(n — d)N1 1 (d) +
k‘2P27k(d) =+ (k‘2 — 1)N27;€(d))
Note that
k(n —d)Pyi(d) + (k= 1)(n — d)Ny x(d)
= k(n — d)T1 x(d) — (n — d)Ny x(d)
= k(n —d) (‘f) k41 — (n — d)dNo x(d)
= (n — d)dk® — (n — d)dNy x(d)
= (n — d)dTo x(d) — (n — d)dNo x(d)
= (n — d)dPy x(d)
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6.6 Existence of primitive partial words

In this section, we discuss some fundamental properties of primitive partial
words.

First, Theorem 3.1(1) implies the following result.

PROPOSITION 6.6

Let u,v be nonempty words and let m,n be integers. If u™ and v™ have a
common prefic (respectively, suffix) of length at least |u| + |v] — ged(|ul, |v]),
then there exists a word x of length not greater than ged(|ul,|v|) such that
u=2" and v = 2! for some integers k1.

PROOF The proof is left as an exercise. I

The following two corollaries hold.

COROLLARY 6.5
Let u and v be words. If uF = v for some positive integers k,l, then there
exists a word w such that u = w™ and v =w" for some integers m,n.

Let @ be the set of all primitive words over A. Let Q1 = Q U {¢}, and for
any i > 2 let Q; = {u' | u € Q}.

COROLLARY 6.6
Let m,n be positive integers. If m # n, then Q, N Q, = 0.

REMARK 6.4 Corollary 6.5 will be extended to partial words in Chaplf|
ter 10.

We now give three propositions that are extensions of Proposition 6.6 to
partial words.

PROPOSITION 6.7

Let u,v be nonempty words, let y,z be partial words, and let w be a word
satisfying |lw| > |u|+|v|—ged(|ul, [v]). If wy C u™ and wz C v™ (respectively,
yw C u™ and zw C V™) for some integers m,n, then there exists a word x
of length not greater than ged(|ul,|v|) such that u = x* and v = 2! for some
integers k, 1.
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PROOF Sece Exercise 3.15. I

PROPOSITION 6.8

Let u,v be nonempty words, let y,z be partial words, and let w be a partial
word with one hole satisfying |w| > |u| + |v|. If wy C u™ and wz C V"
(respectively, yw C u™ and zw C v™) for some integers m,n, then there
exists a word x of length not greater than ged(|ul, [v|) such that u = 2% and
v =2zl for some integers k, 1.

PROOF The proof is left as an exercise. I

PROPOSITION 6.9

Let u,v be words satisfying 0 < |u| < |v|, let y,z be partial words, and let
w be a non (||H(w)||, lu|, |v|)-special partial word satisfying || H(w)|| > 2 and
lw] > L)l - If wy Cu™ and wz C o™ (respectively, yw C u™ and
zw C ™) for some integers m,n, then there exists a word x of length not
greater than ged(|ul, [v]) such that u = z* and v = ' for some integers k, 1.

PROOF  Let w' be the prefix of length I¢ g (w)|,|ul,|v)) of w. Both |u| and
|v| are periods of w’. By Theorem 3.1 or Theorem 3.4, ged(|ul, |v]) is also
a period of w’, and hence there exists a word = of length ged(|ul,|v|) such
that w’ is contained in a power of z. If H(w’) = (), then the result clearly
follows. Otherwise, let i € H(w’). Let r, 0 < r < |z|, be the remainder of
the division of 7 by |z|. There exists an integer ¢’ such that i + i'|2| & H(w’)
and w'(i 4+ i'|x|) = z(r). Hence for all 0 < j < |z|, we have j ¢ H(w')
and z(j) = w'(j), or j € H(w') and there exists an integer j' satisfying
j+ 7'zl ¢ Hw') and z(j) = w'(j + j'|z|). Since |z| divides both |u| and |v],
we conclude that u = 2 and v = 2! for some integers k, I. I

Second, it turns out that for two words u and v, the primitiveness of wv
implies the primitiveness of vu as stated in the following result.

PROPOSITION 6.10

Let w and v be words. If there exists a primitive word x such that uv = z"
for some positive integer n, then there exists a primitive word y such that
vu = y". In particular, if uv is primitive, then vu is primitive.

PROOF The proof is left as an exercise. I

A similar result holds for partial words.
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PROPOSITION 6.11

Let uw and v be partial words. If there exists a primitive word x such that
uv C x™ for some positive integer n, then there exists a primitive word y such
that vu C y™. Moreover, if uv is primitive, then vu is primitive.

PROOF First, assume that n = 1. Let x be a primitive word such that
wv C x. Put & = u'v" where |v/| = |u| and |v'| = |[v]. By Proposition 6.10,
since u/v’ is primitive, v’u’ is also primitive. The result follows with y = v'v/.

Now, assume that n > 1. Since uv C 2", there exist words x1,xy such
that 2 = 2129, u C (z122)*2; and v C @y (zy29)! with k+1 =n — 1. Since
T = x1T9 is primitive, xox1 is also primitive by Proposition 6.10. The result
follows since vu C (x221)™.

Now, suppose that uv is a primitive partial word. If vu is not primitive,
then there exists a word y such that vu C y™ for some m > 2. So there
exist words y1,y2 such that y = yiy2, v C (y192)*y1 and u C y2(y1y2)! with
k+1=m— 1. Hence uv C (yay1)™ and wv is not primitive, a contradiction.
Therefore, if uv is primitive, then vu is primitive.

Example 6.9

The partial words u = aoco and v = beooc illustrate Proposition 6.11. Indeed,
we have uv C (abe)?® and vu C (bea)?.

Third, Proposition 6.6 implies the following result.

PROPOSITION 6.12

Let w be a word such that ||a(u)| > 2. If a is any letter, then u or ua is
primitive.

Proposition 6.10 and Proposition 6.12 imply the following result.

COROLLARY 6.7

Let uy,ug be nonempty words such that ||a(uius)|| > 2. Then for any letter
a, Ui Or Ui1aUo 1S primitive.

The following results hold for partial words with one hole.

PROPOSITION 6.13

Let u be a partial word with one hole such that ||a(u)|| > 2. If a is any letter,
then u or ua is primitive.
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PROOF  Suppose ua C v and w C w" with v, w full words and m >
2,n > 2. Then |v| = (Ju| + 1)/m and |w| = |u|/n. Hence |v| + |w| =
|u|(1/m+1/n)+1/m < |u|+ 1. Therefore |u| > |v|+ |w|. By Proposition 6.8,
there exists a word z such that v = z* and w = 2! for some integers k, .
It follows that ua C z*™ and w C 2™, which implies that a(u) C {a}, a
contradiction.

COROLLARY 6.8
Let uy, us be nonempty partial words such that uyus has one hole and ||a(uyus)|| >
2. Then for any letter a, uius or uijaus is primitive.

PROOF By Proposition 6.13, usuy or usuia is primitive. By Propo-
sition 6.11, if wsu is primitive, then ujug is primitive, and if (us)(uia) is
primitive, then (uja)(us) is primitive. The result follows.

The following result holds for partial words with at least two holes.

PROPOSITION 6.14

Let u be a partial word with at least two holes such that ||a(u)|| > 2. Let a
be any letter and assume that ua C v"™ and v C w™ with v,w full words and
integers m > 2,n > 2. For all integers H satisfying 0 < H < |H (u)||, let ug
be the longest prefiz of u that contains exactly H holes. Then the following
hold:

1. Juo| < o] + |w] = ged([v], [w]).
2. |ur| < |v| + |wl.

3. If |v| < |w]|, then for all integers H satisfying 2 < H < ||H(u)||, uy s
(H,|v|, |w|)-special or [ur| < (s v jw])-

4. If |lw| < |v|, then for all integers H satisfying 2 < H < ||H(u)||, ug is
(H,|w|,|v|)-special or [ug| < (s, jw),jo])-

PROOF Both |v| and |w| are periods of u. Since v ends with a, put

v =xa. We get u C (za)™ 'z and u C w™. We consider the following cases:
Case 1. m=n

If m = n, then m|z|+m—1 = m|w|. The latter implies |w| = |z|+(m—1)/m,

which is impossible.

Case 2. m <n

Since n|lw| +1 = m|v| and m < n, we have |w| < |[v|. If |ug| > |v| +

|w| — ged(|v], Jw]), then by Proposition 6.6 there exists a word y such that

v = y* and w = ¢! for some integers k,I. Therefore ua C y*™ and u C y™

which is contradictory since ||a(u)|| > 2, and Statement 1 follows. If |u;| >
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|v|+|w|, then Statement 2 similarly follows using Proposition 6.8. If uz is non
(H,|wl|,|v|)-special and |urr| > (g, jw),|o|), then Statement 4 similarly follows
using Proposition 6.9.
Case 3. m >n
Since njw| + 1 = m|v| and m > n, we have |w| > |v|. If |w| > |v|, then
this case is similar to Case 2. If |w| = |v|, then m =n + 1 and |v| = 1. This
implies that v = a and ||a(u)|| < 1, a contradiction.

Example 6.10

If u = boabbacb, then ua C v and u C w? where v = bba and w = baab.
Here |ug|] = |b] < |v| + |w| — ged(|v], |w]), |u1| = |boabbal < |v| + |w|, and
lug| = |boabbach| < 1(2,3,4). I

Fourth, the following result has several interesting consequences, proving in
some sense that there exist very many primitive words.

PROPOSITION 6.15
Let u be a word. If a and b are distinct letters, then ua or ub is primitive.

COROLLARY 6.9

1. Let u be a word. Then at most one of the words ua with a € A is not
primitive.

2. Let w1 and ug be words. Then at most one of the words uyaus with
a € A is not primitive.

COROLLARY 6.10
If the set X C A* is infinite, then there exists a € A such that X{a} contains
infinitely many primitive words.

Recall from Lemma 5.5 of Chapter 5 that if u is a partial word with one
hole which is not of the form zox for any word x and a, b are distinct letters,
then ua or ub is primitive. The exclusion of pwords of the form xox is needed
since neither zowa nor zowb is primitive since zoxa C (ra)? and zoxb C (xb)?.

We now describe a result that holds for any partial word v with at least two
holes. Let H denote ||H (u)|. Put u = ug0ugo. .. ugoug+1 where the u;’s do
not contain any holes. We define a set Sy as follows:

Do this for all 2 < m < H + 1. If there exist a word x and integers
0=1g <1 <ig <+ ++<iy_1 < H such that

Uiy +19...0U;; C @
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Uiy 419 ... U4, C T

Uiy 0410+ QU C
Uiy 14190 .. QU1 C X

then put w in the set Sg. Otherwise, do not put « in Sg.

Example 6.11
Let us describe the set S>. Here u = u;ougous where the u;’s do not contain
any holes.

m = 2: There exist a word x and integers 0 = ig < i1 < 2 such that

Uiy +19...0U;; C T

Uj;+10...0Uu3 C T

Here there are two possibilities: (1) i = 0 and ¢; = 1; and (2) i = 0 and
i1 = 2. Possibility (1) leads to u; C = and usous C x, while Possibility
(2) to ujous C x and ug C x. Consequently, the set Ss contains partial
words of the form zjaxqoox10T9 Or T10T20T 10T for words xy, xo and
letter a.

m = 3: There exist a word x and integers 0 = ig < i1 < i3 < 2 such that

Ujy+19...0U;; C T
Uiy +10 ... OUjy Cux

Ujy+10...0U3 C T

There is only one possibility here, that is, ig = 0,771 = 1 and is = 2. We
get uy C x, up C x and ug C zx resulting in partial words belonging to
Sy of the form xoxoxr for some word z.

THEOREM 6.7
Let u be a partial word with at least two holes which is not in S|ge)- If a
and b are distinct letters, then ua or ub is primitive.

PROOF  Set |[H(u)|| = H. Assume that ua C v*, ub C w' for some
primitive full words v,w and integers k,l > 2. Both |v| and |w| are periods
of u, and, since k,l > 2, |u| = kjv| — 1 = ljw| — 1 > 2max{|v],|w|} — 1 >
|v|+|w|—1. Without loss of generality, we can assume that &k > [ or |v| < |w].
Set © = u10u20 ... ugouy4+1 where the u;’s do not contain any holes. Since v
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ends with a and w with b, write v = ra and w = yb. We have u C (za)* 'z

and u C (yb)!~1y.
Case 1. k=1
Here |v| = |w| and |z| = |y|. Note that 2 < k =1 < H + 1. First, assume
that k =1 = H + 1. In this case, it is clear that u; = us = --- = ugy1 = x,
a contradiction since u € Sy. Now, assume that £ = [ < H. There exist
integers 0 = ig < i1 < iy < -+- < ix_1 < H such that

Uiy 419 - - - U, © C za and U410 . .. ou; 0 C yb,

Ujy 410 . .. OU, O C za and u;, 410 ... 0U;0 C yb,

Uiy 5419 ... 04,0 C xa and u;,_,410...0u;,_,© C yb,

Ui 1410 ---OUg+1 C x and u;,_ 410 ...OUg+1 C Y.
We get

Uiy +19 ... 0U;, C @,

Uiy +19...0U;, C @,

Uiy _5419 ... 0U;,_, C T,
Uiy +190...0Ug+1 C T,

a contradiction with the fact that u & Sg.

Case 2. k>1
Here |v| < |w| and |u| > |v| + |w| (otherwise, |u| = |v| + |w| — 1 and
k=1=2).

First, assume that |u| > L(g |y|,|w|)- Referring to Chapter 3, u is also
ged(|v|, |w|)-periodic. However, ged(|v|, |w]) divides |v| and |w|, and so u C 2™
with |z| = ged(|v], |w|). Since v ends with a and w with b, we get that z ends
with a and b, a contradiction.

Now, assume that |u| < L jo|,|w))- Set & = Ip 41 where 0 < r < I. We
consider the case where r = 0 (the case where r > 0 is left to the reader).
We have that k& = Ip. The latter and the fact that k£ > [ imply that p > 1.
Since ua C (za)® and ub C (yb)!, we can write y = x1b122bs . . cZp_1bp_12p
where |z1] = -+ = |zp| = |z| and by,...,b,1 € A. The containments
u C (za)!?~tz and u C (v1b122bs ... Tp_1bp_17pb) " a1b1 22y .. Ty 1bp_ 17,
allow us to write u = v10vV2¢ . .. v;_10v; Where

’UJC r a r a... T a X
v; C T b1 o by ... Tp—1 bp_l Tp
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forall 1 <j <[ Ifl—1= H, then v; = u; = (za)? 'z for all j, and we
obtain a contradiction with the fact that u ¢ Sy. If [ — 1 < H, then there
exist integers 0 = ig < i1 <19 < -+ < 4;—1 < H such that

Ujy419 .. . QUG O = V7,

Ui +10 ... QU O = V2,

Uiy _ 5410 ... QUG _ O = Vi1,

Uiy _1 410 ... QU1 = VL.
We get

Uiy 410 - - -ouz, C (za)P~la,

Ui, 410 - .. ous, C (za)P~la,

-1

Uiy _ 5410 - QUG C (I’a)p x,
. p—1

Uiy 419 ... Ougy1 C (xa)P e,

a contradiction with the fact that u & Sg. I

We end this chapter with the following two corollaries.
COROLLARY 6.11

1. Let u be a partial word which is not in S|g)|- Then at most one of
the pwords ua with a € A is not primitive.

2. Let uy,us be partial words such that uguy is not in SHH(u)H' Then at
most one of the pwords uiaus with a € A is not primitive.

PROOF Let us first prove Statement 1. For a given partial word u which
is not in S| g (u)|, apply Theorem 6.7 for two symbols a and b in A. If ua is
primitive, mark the symbol a, and if ub is primitive, mark the symbol b. At
least a symbol is marked in this way. Continue by considering any two un-
marked symbols. Eventually, at most one symbol remains unmarked, and this
completes the proof. For Statement 2, at most one of the partial words usuia
with a € A is not primitive. The result then follows from Proposition 6.11
since (uz)(uja) not primitive yields (uja)(uz) not primitive.
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COROLLARY 6.12

Let X C W(A) not containing any partial word w in Sy g ). If X is infinite,
then there exists a € A such that X{a} contains infinitely many primitive
partial words.

PROOF Let a and b be in A. If both X{a} and X{b} contain only
a finite number of primitive partial words, then for some integer n all the
partial words of the form wa, ub with |u| > n will be nonprimitive. However,
by Theorem 6.7, {u}A contains at most one nonprimitive partial word, a
contradiction.

Exercises

6.1 Run Algorithm Primitivity Testing on the partial word u = abcacoobe.
Is u primitive?

6.2 Repeat Exercise 6.1 on u = obacaaabb.

6.3 Describe the behaviour of Algorithm Primitivity Testing on input partial
word u = abcaooa as is done in Example 6.5.

6.4 Compute Fp 3(10) using Equality 6.6.

6.5 Using the formulas in this chapter, compute T5 3(n), Py 3(n) and N2 3(n)
for n = 15 and n = 16.

6.6 [s] Compute Ny 3(17) and Ny 3(19).

6.7 What are the periods, weak periods, and exact periods of the partial
word aboobbacbabb?

6.8 Show that v(w) is not necessarily equal to ||€(w)]|.
6.9 Show that the equality P x(n) = n(Px(n) + k"1 — k™) holds.
6.10 Prove Proposition 6.6.

6.11 Proposition 6.12 holds for partial words with at least two holes. True
or False?

6.12 Give an example to show that Proposition 6.15 does not hold for
partial words with at least two holes.
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Challenging exercises

6.13 Prove that Equality 6.4 is always true.

6.14 Deduce from Equality 6.4 that two functions ¢, ¢ from P to Z are related
by > g ¥(d) = ¢(n) if and only if 32, u(d)d() = ¥ (n).

6.15 Prove Theorem 6.2.

6.16 Do a case analysis for N 2(6) as is done for N; 2(8) in Example 6.7.
6.17 Prove Lemma 6.6 for nonprimitive pwords with two holes.

6.18 Prove Proposition 6.8.

6.19 Prove Proposition 6.10.

6.20 Describe the set Ss.

6.21 Let u be a partial word with at least two holes which is not in S|z ()|
Let a,b be distinct letters and assume that ua C v and ub C w” with
v, w full words and integers m > 2,n > 2. For all integers H satisfying
0 < H < ||H(u)||, let vy be the longest prefix of u that contains exactly
H holes. Then show that the following hold:

L Jvo| < o] + [w] — ged(Jv], |w]).

2. |ui| < || + Jwl.

3. If |u| < |w], then for all integers H satisfying 2 < H < ||H (u)l|, vy
is (H, [v|, |w|)-special or [ve| < (#,ju],|w])-

4. If jw| < |v]|, then for all integers H satisfying 2 < H < ||H (u)l|, vy
is (H,|w|,|v|)-special or [vg| < (#,jw),jv))-

6.22 Prove the case where r > 0 of Theorem 6.7.

Programming exercises

6.23 Give pseudo programming language code for the upgrade of Algorithm
Primitivity Testing when the checking of whether or not u is compatible
with Ulk..k + |u]) is done simultaneously with the checking of whether
or not u is (k,[)-special as described in the proof of Theorem 6.1.
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6.24 Obtain numerical values for Py, x(n) and N, x(n) by having a computer
generate and count all possible primitive and nonprimitive partial words
over an alphabet of size k = 4 with number of holes h € {0,1,2,3} and
length n ranging from 1 to 10.

6.25 Write a program that lists the partial words in the sets 7y, (1), Pp.x(n)
and N}, (n). Test your program on h = 1,k = 3 and n = 4.

6.26 Fill the entries in the table when h = 2 and k& = 3 for the lengths n = 18
and n = 20.

6.27 Write a program that computes the Ry r(n,d)’s of Equality 6.9. Run
your program on h =2, k=3 and n = 12.

Website
A World Wide Web server interface at

http://www.uncg.edu/mat/primitive

has been established for automated use of Algorithm Primitivity Testing.
Another at

http://wuw.uncg.edu/mat/research/primitive2

implements the formulas of Sections 6.2, 6.3, 6.4 and 6.5.
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Chapter 7

Unbordered Partial Words

In this chapter, we study wunbordered partial words which turn out to be a
particularly interesting class of primitive partial words (see Exercise 1.11).
Recall that a full word u is unbordered if none of its proper prefixes is one of
its suffixes. In the case of a partial word u, we have the following definition.

DEFINITION 7.1  We call a partial word v unbordered if no nonempty
words x,v,w exist such that u C zv and uw C wx. If such nonempty words
x,v,w exist, then we call u bordered and call x a border of u. A border x
of u is called minimal if |x| > |y| implies that y is not a border of .

Note that there are two types of borders. Writing u as x1v = wxzs where
x1 C x and x2 C @, we say that z is an owerlapping border if || > |v],
and a nonoverlapping border otherwise. Figures 7.1 and 7.2 highlight these
definitions.

Xy

|

X2

FIGURE 7.1: An overlapping border.

The following example illustrates the above concepts.

Example 7.1

The partial word u = abocoba is bordered with borders a and aba, the first
one being minimal, while the partial word aboc is unbordered. The pword acb
is bordered with overlapping border ab

199
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v

I, | ', |

W

FIGURE 7.2: A nonoverlapping border.

aob
aob
ab

Here 1 = a¢ and x9 = ©b. I

7.1 Concatenations of prefixes

We start with a definition.

DEFINITION 7.2  For partial words u,v, we write u < v if there exists
a sequence vg, . ..,v,_1 of prefizes of v such that u=vgy...v,_1.

Obviously, ¢ < u and u < u. The reader can check that if © < v and
v < w, then v < w.

THEOREM 7.1

Let u,v be full words such that u # ¢ and u < v. Then there exists a
unique sequence vy, . ..,v,—1 of nonempty unbordered prefizes of v such that
U=v99...Up—-1-

PROOF The proof is left as an exercise. I

In this section, we extend Theorem 7.1 to partial words. In order to do
this, we introduce two types of bordered partial words: the well bordered and
the badly bordered partial words.

DEFINITION 7.3 Let u be a nonempty bordered partial word. Let x be
a minimal border of uw, and set u = r1v = wxo where x1 C x and T3 C .
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We call u well bordered if x1 is unbordered. Otherwise, we call u badly
bordered.

Example 7.2

First, consider the partial word v = abe. We can factorize u as v =
(a)(bo) = (ab)(¢) = wxe where 1 C a and x5 C a. Since z; = a is unbor-
dered, u is well bordered. However, the partial word aob is badly bordered.
Indeed, aoh = z1v = (a0)(b) = (a)(ob) = wxe with 1 C ab and zo C ab. In
this case, z; is bordered.

For convenience, we will at times refer to a minimal border of a well bordered
partial word as a good border and of a badly bordered partial word as a bad
border.

As a result of x being a bad border, we have the following Lemma.

LEMMA 7.1
Let u be a monempty badly bordered partial word. Let x be a minimal border

of u, and set u = r1v = wxy where x1 C x and xo C x. Then there exists i
such that i € H(x1) and i € D(x2).

PROOF  Since x7 is bordered, x1 = 7151 = sar9 for nonempty partial
words 71,2, S1, S2 where s; C s and sy C s for some s. If no i exists such that
i € H(xq1) and ¢ € D(x2), then 2 must also be bordered. So xo = r{s] = shrh
where ] C 1, 5 C 1o, 8§ C s and sy C s, thus so T sj. This means that
there exists a border of u of length shorter that || which contradicts the fact
that z is a minimal border of u. I

Our goal is to extend Theorem 7.1 to partial words or to construct, given any
partial words u and v satisfying u < v, a sequence of nonempty unbordered
prefixes of v, vy, ...,v,_1, such that u T vy ...v,_1. We will see that if during
the construction of the sequence a badly bordered prefix is encountered, then
the desired sequence may not exist. We first prove two propositions.

PROPOSITION 7.1
If v is a partial word, then there do not exist two distinct compatible sequences
of nonempty unbordered prefizes of v.

PROOF  Suppose that vg...vp—1 T v)...0) where each v; and each

m—1
v) is a nonempty unbordered prefix of v. If there exists ¢ > 0 such that
lvo| = V4l - -, vict] = Jvi_4] and |v;| < |V}, then vg = v),...,v;m1 = V4

and v; is a prefix of v}. By simplification, v; ... vjz 1 v; where ¢ < j < n—1 and
x is a nonempty prefix of v;;1. The fact that x,v] are prefixes of v satisfying
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[vf] > |z| implies that x is a prefix of v;. In addition, x is compatible with
the suffix of length |z| of v}, and consequently v} is bordered. Similarly, there
exists no ¢ > 0 such that |vg| = [vg], ..., |vi—1| = |vi_1] and |v;] > |v]|. Clearly,
n = m and uniqueness follows.

PROPOSITION 7.2
Let u be a nonempty bordered partial word. Let x be a minimal border of u,
and set u = x1v = wxo where 1 C x and xo C x. Then the following hold:

1. The partial word x is unbordered.

2. If u is well bordered, then u = x1u'zo C xu'x for some u’'.

PROOF For Statement 1, assume that r is a border of z, that is, z C rs
and z C s'r for some nonempty partial words r, s, s’. Since u C zv and x C rs,
we have u C rsv, and similarly, since u C wz and x C s'r, we have u C ws'r.
Then r is a border of u. Since z is a minimal border of u, we have |z| < |r|
contradicting the fact that |r| < |z|. This proves (1).

For Statement 2, if |v| < |z|, then u = wtv for some ¢t. Here 21 = wt = t'w’
for some t',w’ satisfying |¢t| = |[¢/| and |w| = |w'|. Since xz1 T 2, we have
t'w’ 7 tv and by simplification, ' T ¢. The latter implies the existence of
a partial word ¢’ such that ¢/ C ¢/ and t C t’. So z1 = t'vw’ C t"w’ and
r1 = wt C wt”. Then t” is a border of x; and x; is bordered. According to
the definition of u being well bordered, x; is an unbordered partial word and
this leads to a contradiction. Hence, we have |v| > |z| and, for some u’, we
have v = v'zy and w = x1u/, and v = wry = zyuw'zy C zu'x. This proves (2).

Note that Proposition 7.2 implies that if u is a nonempty bordered full
word, then u is well bordered. In this case, u = xu’xz where z is the minimal
border of .

LEMMA 7.2

If u, v are nonempty partial words such thatu = vgy ... v,_1 wherevy,...,vp_1
is a sequence of nonempty unbordered prefizes of v, then there exists a unique
sequence vy, ..., v, 1 of nonempty unbordered prefizes of v such that u 7T
VY ...V, _q (the desired sequence is just vo,...,Un_1).

PROOF  If each prefix v; is unbordered, then the sequence vy, ..., v,_1 of
nonempty unbordered prefixes of v is such that v = vg...v,_1 T vo...Vp_1
and so the existence follows. To show uniqueness, assume v, ..., v, is

m—1
another such sequence. We get u = vg...vp—1 | 0)... 0] contradicting

m—1

Proposition 7.1. I
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The badly bordered partial words are now split into the specially bordered
and the nonspecially bordered partial words according to the following defini-
tion.

DEFINITION 7.4  Let u be a nonempty partial word that is badly bor-
dered. Let x be a minimal border of u, and set u = x1v = wxro where x1 C x
and o C x. If there exists a proper factor ' of u such that x1 ¥ ' and
2’ 1 xg, then we call u specially bordered. Otherwise, we call u nonspe-
cially bordered.

LEMMA 7.3

Let u, v be nonempty partial words such thatu = vg ... v,—1 where vy, ..., vp_1
is a sequence of nonempty prefizes of v with some v; badly bordered. Let y be
a minimal border of v;, and set v; = xw’ = wz' where x Cy and ¥’ Cy (and
thus x T a'). If there exists a sequence v(,...,v,,_, of nonempty unbordered
prefizes of v such that v; T vl ... v, _q, then |z| < |vl,_4| and v; is specially
bordered.

PROOF By Definition 7.3, x is bordered. If |z| = |v],_4], then both z
and v/, _; are prefixes of v, and thus z = v/, _;. We get that x is unbordered,
a contradiction. If |x| > |v],_]|, then set 2’ = 20’ where |v'| = |[v],,_1]. Since
both x and v}, _; are prefixes of v, we get that v/, ; is a prefix of . So
x =), 17 for some 2/, and v; = v, _;2'w’ = wzv’ with v, _; 1 v'. Thus v;
has a border of length |v),, ;| < |z| = |y| contradicting the fact that y is a
minimal border. And so |z| < |v],_4].
Since v; T v...v),_1, we have v/, ;| < |v;|. Both v; and v/, _; being
prefixes of v, it results that v}, ; is a prefix of v;. Hence, since v; = zw’ and
[vl,_1| > |x| there exists z such that zz = v}, _;. Since v; = wz’ and v}, 4
is compatible with a suffix of v;, we have v/, _; T z’a’ for some 2’. Thus, we
get that v/, | =2z 1 2'2’. Since v}, _; 1 2’2/, set v, _; = 2"a” where 2" 1 2/
and 2" T 2'. So v, = 2’2" = xzz. If ©” 7 x, then v/, _; is bordered, a
contradiction with the fact that v}, _; is unbordered. Thus z ¥z, and since

/

vl _ is a prefix of v;, we have that v; is specially bordered. I

The following example illustrates Lemma 7.3.
Example 7.3
Consider the partial words
u = aaaacaabbaaaaadbaa and v = aacaabbaaaaach

The factorization v = (a)(a)(aacaabbaaaaacd)(a)(a) shows that u can be
written as a sequence of nonempty prefixes of v. Here, the third factor is
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specially bordered and is compatible with a sequence of unbordered prefixes
of v. Indeed, the compatibility

aacaabbaaaaach 1 (aacaabb)(aacaabb)

holds. The shortest border of that factor is aab which has length shorter than
aacaabb.

LEMMA 7.4

Let u, v be nonempty partial words such that u = vy ...v,_1 where vy, ..., Vn_1
is a sequence of nonempty prefires ofv with some v; well bordered. Then there
exists a longest sequence v}, vy, ... v, 1 of nonempty preﬁxes of v such that
v T UGVy .. Uy, _q, V] s unbordered for every 1 < j <m, and vy is unbordered

or badly bordered. Moreover, the following hold:

1. If v}, is unbordered, then a sequence of nonempty unbordered prefizes of
v exists that is compatible with v;.

2. Ifv is badly bordered, then no sequence of nonempty unbordered prefizes
of v exists that is compatible with v;.

PROOF  Let y;0 be a minimal border of w;¢o = v;, and set w;o =
T ow;; = wi1x; o where z;9 C yio and x; o, C yio (and thus z;0 T 2} ,).
By Definition 7.3, ;¢ is unbordered, and

v = wi71x270 T ’wi_rlifi’o (7].)

where both w;; and ;¢ are prefixes of w;o (and hence of v). If w;; is
unbordered, then v; is compatible with a sequence of nonempty unbordered
prefixes of v.

If w; 1 is badly bordered, then no sequence vy, ..., v, _; of nonempty un-
bordered prefixes of v exists that is compatible with w; ; unless w; ; is specially
bordered and |y; 1| < |v/),_;| by Lemma 7.3 (here y; 1 is a minimal border of
w;,1). If this is the case, then w; 1 may be compatible with such a sequence of
nonempty unbordered prefixes of v, and if so replace w;; on the right hand
side of the compatibility in (1) by vy ... v, _,. If this is not the case, then no
sequence of nonempty unbordered prefixes of v exists that is compatible with
V;.

If w; 1 is well bordered, then repeat the process. Let w;o,w;1,...,w; j—1
be the longest sequence of nonempty well bordered prefixes defined in this
manner. For all 0 < k < j, let y; 1 be a minimal border of w;y, and set
Wik = T sz p1 = Wi k+1$zk where z; , C y; and xz x C ¥ix (and thus
ik T xl’k) By Definition 7.3, z;0,...,2; ;-1 are unbordered. We have
Wi 51 = wi,sz,]—l T w; ;24 j—1 and thus by induction,

Ui w’hsz g—1- ;,0 T Ws5Ts -1 Ti0 (7.2)
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where w; j,2; j—1,..., %0 are prefixes of w; o (and hence of v). Now, if w; ; is
unbordered, then v; is compatible with a sequence of nonempty unbordered
prefixes of v. If w;; is badly bordered, then proceed as in the case above
when w; ; is badly bordered.

We can thus equate v; with sequences of shorter and shorter factors that
are prefixes of v or compatible with prefixes of v and the existence of the
required sequence vy, ..., v, _; is established.

THEOREM 7.2

If u,v be nonempty partial words such that u < v, then let vg,...,vn_1 be a
sequence of nonempty prefixes of v such that u = vy ...v,_1. Then one of the
following holds:

1. There exists a sequence vy, ..., vr, 1 of nonempty unbordered prefizes of

v such that u T vf... v, 4.

2. There exists a longest sequence v), ..., vl 1 of nonempty unbordered or
badly bordered prefizes of v such that u T vj ... v;,_q with some v} badly
bordered, and no sequence of nonempty unbordered prefixes of v exists
that is compatible with u.

PROOF Given a sequence vy, . . ., v,_1 of nonempty prefixes of v such that
U =1g...U,_1, we wish to construct a sequence v{), .. ,v,’q%l of nonempty un-
bordered prefixes of v such that u T v{, ... v},_;. If each prefix v; is unbordered,
then proceed as in Lemma 7.2. If some v; is badly bordered (respectively, well
bordered), then proceed as in Lemma 7.3 (respectively, Lemma 7.4). I

Example 7.4
Consider the partial words

u = aaaacbabbaaaaacbaa and v = aacbabbaaaaacb

We have a factorization of u in terms of nonempty prefixes of v. Here, the
compatibility

u 1 (a)(a)(aacbabbaaaaach)(a)(a)

consists of unbordered and badly bordered prefixes of v and is a longest such
sequence (aacbabbaaaaacb is specially bordered and is not compatible with
any sequence of nonempty unbordered prefixes of v). We can check that no
sequence of nonempty unbordered prefixes of v exists that is compatible with
U.

We now describe an algorithm based on Theorem 7.2 that is given as input
a partial word v and a sequence of prefixes of v and that outputs (if it exists)
a sequence of unbordered prefixes of v compatible with the given sequence.
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ALGORITHM 7.1
The algorithm consists of five steps.

Step 1: Compute the length of the input partial word v denoted by n.

Step 2: Create the set S of all nonempty prefizes of v.

Step 3: Create the set S’ containing all nonempty unbordered prefizes of

v. For each prefix s in S, first compute its length which is denoted by
m. If the length of the object is one, then put this object in the set S’.
Otherwise, check the object to see if it is bordered. If none of the object’s
proper prefizes are suffizes, the enter the object into the set S’.

Step 4: Create the ordered multiset T' containing the input sequence in the

order inputted.

Step 5: For each object t in T', first denote the object’s length by l. If

the length of the object is | = 1, then the object is put into an ordered
multiset T. If I > 1, then check to see whether the object is bordered.
If there is no proper prefiz of the object that is compatible with a suffiz,
then enter the object into T'. Otherwise, let t[0..i] be the shortest prefix
for which this happens. If t[0..i] is unbordered, then replace the object t
with two shorter objects, t[0..l — i — 2] and t[0..i] (the order in which the
new objects are entered in T is important). If t[0..i] is bordered, then the
algorithm checks to see if there exists a sequence of nonempty unbordered
prefizes of v that is compatible with t. If yes, then T is updated with the
sequence. If no, then the algorithm returns “No sequence exists” and
exits. When all objects in T' have been examined, update T' with T. If
T’ is a subset of S’, then T is a set of unbordered prefizes of v and the
algorithm returns T'. Otherwise, repeat Step 5.

When all computations are done, the algorithm either returns a sequence in
T' or returns “No sequence exists.”

We illustrate the algorithm with the following two examples.

Example 7.5
First consider v = abocoba and the sequence

aboc, a, abo, abocoba, a

of prefixes of v. The following table depicts the information submitted:

partial word v abocoba

prefix sequence | (aboc, a, abo, abocoba, a)

The set S contains all nonempty prefixes of v, while the set S’ contains all
nonempty unbordered prefixes of v.
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S = {a,ab, abo, aboc, aboco, abocob, abocoba}
S’ = {a,ab, aboc}

In the first iteration, the multiset 7’ contains the input sequence. During
subsequent iterations, it is determined whether each object in T” is well or-
dered, badly bordered, or unbordered. If the object is well bordered, it is split
into two smaller objects, and T” is updated. Otherwise T” is updated and the
algorithm continues until either a badly bordered object is found or 77 C S’.

Iteration | T’
1 {aboc, a, abo, abocoba, a}
2 {aboc, a, ab, a, abocob, a, a}
3 {aboc, a, ab, a,aboc, ab, a,a}

Since T" C S’, a sequence of unbordered prefixes of v does exist that is
compatible with the original sequence:

aboc, a, ab, a, aboc, ab, a, a

Example 7.6
Now consider w = aoobacb and the sequence aco, ao, acoba of prefixes of w.
Here

S = {a, ao, aco, acob, acoba, accbac, acobach}

§' = {a}

and we get

Iteration | T’

1 {ao0, ao, acoba}
2 {av,a,a,a,ac0b,a}

The partial word aoob € T” is badly bordered (nonspecially bordered), there-
fore no sequence exists.

7.2 More results on concatenations of prefixes

We start with a definition.

DEFINITION 7.5 Ifu is a nonempty partial word, then unb(u) denotes
the longest unbordered prefiz of u.
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Example 7.7

The partial word u = abob has ¢, a, ab, abo, and abob has prefixes. The latter
two are bordered, while ab is unbordered. Therefore, the longest unbordered
prefix of u is unb(u) = ab.

It is left as an exercise to show that if u,v are full words such that u =
unb(u)v, then v < unb(u) (see Exercise 7.18). This does not extend to partial
words as u = (ab)(ob) = unb(u)v provides a counterexample. However, the
following lemma does hold.

LEMMA 7.5
Let u,v be partial words such that v # € and uw = unb(u)v. Then u < unb(u)
if and only if v < unb(u).

PROOF If v < unb(u), then obviously u <« unb(u). For the other
direction, since u < unb(u), we can write u = ugu; ... u,—1 where each u; is
a nonempty prefix of unb(u). We can suppose that v # . Then unb(u) =
ug ... ugu’ for some k < n — 1 and some prefix u’ of ugy1. Since unb(u) is
unbordered, we have that v’ = &, that k¥ = 0, and hence that unb(u) = ug. It
follows that v = uy ... u,—1 and v < unb(u).

We get the following corollary.

COROLLARY 7.1
Let u,v be partial words with v nonempty. Then the following hold:

1. If u < unb(v), then u < v.

2. If w is a partial word such that v = unb(v)w and w <K unb(v), then
u << v if and only if u < unb(v).

PROOF  Statement 1 holds trivially. For Statement 2, by Lemma 7.5,
w < unb(v) if and only if v < unb(v). Now, if u < v, then since v < unb(v),
by transitivity we get u < unb(v).

REMARK 7.1 Statement 2 of Corollary 7.1 is not true in general. Indeed,

u = ababacoaab and v = abacoaba provide a counterexample. To see this, v =
(abac)(eaba) = unb(v)w and we have u < v since u = (ab)(abacoa)(ab) where
ab and abacoa are prefixes of v. However u &« unb(v) (here w <« unb(v)).
For full words w,v, u < v if and only if © < unb(v) (see Exercise 7.19).

DEFINITION 7.6  For partial words w and v, when both u < v and
v <L U we write u T v.
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Note that the relation = is an equivalence relation. For full words u and v,
u ~ v if and only if unb(u) = unb(v) (see Exercise 7.20). For partial words,
the following holds.

PROPOSITION 7.3
For partial words uw and v, if u =~ v, then unb(u) = unb(v).

PROOF  Suppose that u ~ v. Set v = unb(v)w for some partial word w.
Since u < v, we can write u = vg . ..v,_1 where each v; is a nonempty prefix
of v. Since v < wu, there exists a sequence of nonempty prefixes of u, say
UQ, - -+, Um—1, such that v = wouy ... u,m—_1. Since unb(v) is a prefix of v, we
have unb(v) = ug ... uru’ where v’ is a prefix of ug11 and k < m — 1. Since
unb(v) is unbordered, we have v’ = ¢, k = 0, and unb(v) = ug. Therefore,
both u = unb(v)z and unb(u) = unb(v)y hold for some x,y. It follows that
unb(v) is a prefix of unb(w). Similarly, unb(u) is a prefix of unb(v). I

REMARK 7.2 The converse of Proposition 7.3 does not necessarily hold
for partial words as is seen by considering u = aba¢ and v = abob. We have
unb(u) = ab = unb(v) but u % v.

It is left as an exercise to show that if v is an unbordered word and w is
a proper prefix of v for which v < w, then uv and wv are unbordered. For
partial words, we can prove the following.

LEMMA 7.6
Let u be an unbordered partial word. Then the following hold:

1. If v € P(u) and v # u, then vu is unbordered.

2. If v e S(u) and v # u, then uv is unbordered.

PROOF Let us prove Statement 1 (the proof of Statement 2 is similar).
Set u = vz for some z. If vu = vvzx is bordered, then there exist nonempty
partial words r,s, s’ such that vvx C rs and vox C s'r. If |r| < |v], then
u = vz is bordered by r. And if |r| > |v|, then r = v’y where |[v/| = |v| and
this implies that © = vx is bordered by y. In either case, we get a contradiction
with the assumption that u is unbordered.

LEMMA 7.7
If v is an unbordered partial word and uw < v and u # v, then uv is unbordered.

PROOF  Since u < v, we can write u = vgvy ...v,_1 where each v; is
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a prefix of v. Therefore, any prefix of u is a concatenation of prefixes of v.
Assume that wov is bordered by y. If |y| > |ul, then set y = v'y’ with u C w’.
We get ¢’ a border of v contradicting the fact that v is unbordered. If |y| < |ul,
then we have the following two cases:

Case 1. y contains a prefix of vg
Here y contains a prefix of v and also a suffix of v and therefore, y is a
border of the unbordered word v.

Case 2. vy ...vv" Cy where v is a prefix of vg11
If v/ = ¢, then vg...vy C y where v, is a prefix of v. This results in a
suffix of y containing both a prefix and a suffix of v. Similarly, if v' # ¢,
then factor y as y = y132 where v’ C y2. Because v’ is a prefix of v, we can
write v = v’z C yaz. But because |y2| < |v| and we have assumed that uv is
bordered by y = y1y2, we must have that v = 2’v"” with v" C y,. Therefore
yo is a border for v. In either case, we get a contradiction with the fact that

v is unbordered.

It is left as an exercise to show that if u = xv is a nonempty unbordered word
where x is the longest unbordered proper prefix of u, then v is unbordered.
The partial word u = aboac where x = ab and v = ¢ac and the partial word
u = abacaoc where x = abac and v = acoc provide counterexamples for partial
words. However, when v is full, the following theorem does hold.

THEOREM 7.3
Let u be a nonempty unbordered partial word. Then the following hold:

1. Let x be the longest proper unbordered prefiz of u and let v be such that
uw=xv. If v is a full word, then v is unbordered.

2. Let y be the longest proper unbordered suffix of u and let w be such that
u=wy. If wis a full word, then w is unbordered.

PROOF We prove Statement 1 (Statement 2 can be proved similarly).
Assume that v is bordered. Since v is full, there exist nonempty words z, v’
such that v = zv'z where z is the minimal border of v. Then u = zzv'z,
so that xz is a proper prefix of u such that |zz| > |z|. It follows that zz
is bordered, and there exist nonempty partial words 7,71, 79, 1, S2 such that
Tz = 1181 = 8912, 1 C 7 and ro C r (here r is a minimal border). Let us
consider the following two cases.

Case 1. |r| > |7]

In this case, 7o = 2’z where z’ is a nonempty suffix of x. Since r1 T 7o,
there exist partial words z”, 2’ such that r; = 2”2’ where 2/ T 2/ and 2’ 1 2.
But then, 2”72's1 = r1s1 = 2z = sor9 = s92’2. It follows that z” is a prefix of
z and 2’ is a suffix of z that are compatible. As a result, z is bordered.
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Case 2. |r| < |z
In this case, 79 is a suffix of z and set z = sry for some s. We get u =
x2v' 2z = 11810’ sr9 C rs1v'sr, whence r is a border of the unbordered partial
word u.

A closer look at the proof of Theorem 7.3 allows us to show the following.

THEOREM 7.4
Let u be a nonempty partial word. Then the following hold:

1. Let x be the longest proper unbordered prefix of u and let v be such that
u = xv. If v is bordered, then set v = z1v1 = vozo where 21 C z,29 C 2
and where z is a minimal border of v. Then xz, has a minimal border
r such that |r| < |z|. Moreover, if v is well bordered, then |z| > |r|.

2. Let y be the longest proper unbordered suffix of u and let w be such that
uw = wy. If w is bordered, then set w = z1v1 = vozo where 21 C 2,22 C 2
and z is a minimal border of w. Then zoy has a minimal border r such
that |r| < |z|. Moreover, if w is well bordered, then |y| > |r|.

PROOF We prove Statement 1 (Statement 2 can be proved similarly).
Then u = xzyv1, so that xz; is a proper prefix of u longer than z. It follows
that xz; is bordered, and there exist nonempty partial words r,r1,72, 51, S2
such that xzy = r181 = 8979, 1 C r and r9 C r with r a minimal border. If
|r| > |z|, then 7o = a’z; where 2’ is a nonempty suffix of x. Since r1 T rq,
there exist partial words z”, 2’ such that ry = 2”2’ where "7 1 2’ and 2’ 1 2;.
But then, x”/2's1 = r1s1 = x21 = 8972 = s22’21. It follows that z” is a prefix
of x and 2’ is a suffix of z that are compatible. As a result, x is bordered,
which contradicts that z is the longest unbordered proper prefix of u. And so
|r| < |z| and s is a suffix of z1. Set z; = sry for some suffix s of 55 (59 = xs).
If we further assume that v is well bordered, then we claim that |z| > |r|. To
see this, if |z| < |r|, then set 71 = xt and 2y = ts; for some t. Since r; 1 7o,
there exist 2/, ¢’ such that ro = 2’t’ and x | 2’ and ¢ | ¢'. Since 75 is a suffix of
21, we have that ' is a suffix of z;. Consequently, ¢ is a prefix of z; and ¢’ is a
suffix of z; that are compatible. So z; is bordered and we get a contradiction
with v’s well borderedness, establishing our claim.

We now investigate the relationship between the minimal weak period of a
given partial word u and the maximum length of its unbordered factors.

DEFINITION 7.7  The maxzimum length of the unbordered factors of a
partial word u is denoted by p(u).
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PROPOSITION 7.4
For all partial words u, p(u) < p'(u).

PROOF Let w be a subword of u such that |w| > p'(u). Factor w as
w = zw; = wey where |wy| = |wz| = p'(u). We have z(i) = w(i) and
y(i) = w(i + p'(u)) whenever i,i + p'(u) € D(w). This means that whenever
x(i) # y(i), i € H(x) or i € H(y). So we can construct a word that contains
both = and y. Therefore T y and w is bordered. So we must have that

p(u) < p'(u).

REMARK 7.3 For any partial word u, Proposition 7.4 gives an upper
bound for the maximum length of the unbordered factors of u: pu(u) < p'(u).
This relationship cannot be replaced by u(u) < p’(u) as is seen by considering
u = abao with u(u) = p'(u) = 2.

For any partial words v, w, if there exists a partial word u such that u < w
and u C v, then we say that v contains a concatenation of prefixes of w.
Otherwise, we say that v contains no concatenation of prefixes of w. Similarly,
if w € P(w) and u C v, then we say that v contains a prefix of w.

PROPOSITION 7.5

Let u,v be partial words such that w = hvh where h abbreviates unb(u). If
h is not compatible with any factor of v, then vh is unbordered if one of the
following holds:

1. v is full,

2. v contains a prefiz of h or a concatenation of prefizes of h.

PROOF For Statement 1, suppose that v is full and there exist nonempty
x, w1, we such that vh C zw; and vh C wex. We must have that |z| < |v| or
else h, which is unbordered, would be bordered by a factor of z. If |h| < |z,
then there exists 2’ € S(x) such that h C 2’ and because || < |v|, there
exists v' a factor of v with v/ C 2’ and this says that v’ 1 h, contradicting
our assumption. Now, if |h| > |z|, then set v = v’ and h = h's where
[r| = |s|] = |z|. In this case, r C = and s C z, and there exist nonempty
r € P(v) and s € S(h) such that r T s. But r is full and so r T s implies that
s C r. But then, by Lemma 7.6, we have that hs is unbordered, and so hr is
an unbordered prefix of v with length greater than |h|. This contradicts the
assumption that A = unb(u), hence vh must be unbordered.

For Statement 2, first assume that v contains a prefix of h. Let v’ € P(h)
be such that v" C v. By Lemma 7.6, since h is unbordered, we have that v'h
is unbordered. Now, assume that v contains a concatenation of prefixes of h.



Unbordered Partial Words 213

Let v’ be such that v < h and v' C v. By Lemma 7.7, since h is unbordered
and v/ < h, we have that v'h is unbordered. In either case, since v C v, vh
is unbordered as well.

7.3 Critical factorizations

In this section, we investigate some of the properties of an unbordered par-
tial word of length at least two and how they relate to its critical factorizations
(if any).

DEFINITION 7.8 Let u,v be nonempty partial words. We say that u
and v overlap if there exist partial words r,s satisfying one of the following
conditions:

1. rTswithu=ru andv="1's,
2. r1s withu=u'r and v = sv’,
3. u=ru's withu' v,
4. v=rv's with v T u.
Otherwise we say that u and v do not overlap.

Figures 7.3, 7.4, 7.5 and 7.6 depict the different overlaps of Definition 7.8.

i
FIGURE 7.3: Overlap of Type 1.
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FIGURE 7.4: Overlap of Type 2.
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FIGURE 7.6: Overlap of Type 4.
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Example 7.8
The partial words u = acbco and v = baoc overlap since v = ru’ = (ao) (bc<>E|
and v = v's = (ba)(oc) with r ] s.

The following proposition helps us produce examples of partial words that
do not overlap.

PROPOSITION 7.6
Let u,v be nonempty partial words. If w = uv is unbordered, then |u| — 1 is
a critical point of w if and only if u and v do not overlap.

PROOF  Let us first suppose that u and v overlap. If we have Type 1
overlap, then w = ru/v’s and r T s for some partial words r,s,u’,v’. This
contradicts the fact that w is unbordered. If we have Type 2 overlap, then
w = u'rsv’ and there is an internal square at position |u| — 1 of length k =
|r| = |s|, so p(w,|u] — 1) < k. But because w is unbordered, p'(w) = |w.
Of course we have that k < |w| (otherwise we have Type 1 overlap), so this
contradicts that |u| — 1 is a critical point of w. If we have Type 3 overlap,
then w = ru’sv and there is a right-external square of length |u’s| at position
|u] — 1. Because v # ¢, |[u's| < |w| = p'(w) and we have that |u| — 1 cannot
be a critical point of w, a contradiction. The case for Type 4 overlap is very
similar to Type 3.

For the other direction we have that u and v do not overlap and let us
suppose that |u| — 1 is not a critical point of w. Since |u| — 1 is not a critical
point, there exist x and y defined as in Definition 4.2, with the length of x
strictly smaller than the minimal weak period of w. Let us look at all the
four cases of the definition. If we have an internal square, then according
to Definition 7.8 we have a Type 2 overlap of v and v, which contradicts
our assumption. For a left-external, respectively right-external, square we get
that either u is compatible with a factor of v, or v is compatible with a factor
of u. Both cases contradict with the fact that v and v do not overlap, giving
us a Type 4, respectively Type 3, overlap.

In the case we have a left- and right-external square we get that x = ru
and y = vs, where z T y and r,s # e. If |r| < |v|, then there exists v’ such
that |[v'| > 0 and v = rv’. Hence, since ru T rv’s we get a Type 2 overlap,
u T v's, which is a contradiction. If |r| > |v|, then there exists r’ such that
r = vr’. This implies that

lw| = fuv| < |or'ul = |rul = [z < p'(w) < wl
a contradiction. I

Example 7.9
The partial word w = abobcac is unbordered with minimal weak period
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p'(w) = 7. Here (u,v) = (abobe,ac) is a critical factorization of w. We can
check that u and v do not overlap.

We obtain the following two corollaries.

COROLLARY 7.2
Let u,v be nonempty partial words. If w = uv is unbordered and |u| — 1 is a
critical point of w, then w' = vu is unbordered as well.

PROOF This is immediately implied by Proposition 7.6 and the fact that
if w' = vu is bordered, then v and v must overlap.

Example 7.10
Returning to Example 7.9, we see that w’ = vu = acabobc is unbordered. I

COROLLARY 7.3
Let u,v be nonempty partial words. If w = uv is unbordered and |u| — 1 is a
critical point of w, then |v| — 1 is a critical point of w' = vu.

PROOF By Corollary 7.2, we have that w’ is unbordered, and so p'(w') =
|w’|. Suppose that p(w’,|v] — 1) = p < |w'| and let us show that u and
v overlap. We consider the case where x = rv and y = us with r,s,x,y
nonempty partial words satisfying = 1 y and |z| = |y| = p. Here we have
that |z| = p < |w| and rv T us. We must have that |r| < |u| and so it is
possible to write u = v/ with |r/| = |r|. Simplifying rv T us = r'u’s gives
that v T u's. We can then factor v as v = v's’ with |v/| = |u/|. Simplifying
again gives us that v/ 1 v’ and we have that u and v overlap. This contradicts
Proposition 7.6, so we must have that |v| — 1 is a critical point of w’.

Example 7.11
Returning one last time to Example 7.9, position |v| —1 = 1 is a critical point
of the factorization (v, u) = (ac, abobe) of w' = vu.

7.4 Conjugates

Referring to Exercise 1.13, we call a word u a conjugate of v, and we write
u ~ v, if u = zy while v = yx for some = and y. Equivalently, v and v are
conjugate if and only if there exists a word z such that uz = zv. Indeed, if
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u and v are conjugate, then z = x satisfies the equation uz = zv. For the
converse, we can use Lemma 2.1. In Exercise 1.13, the reader was asked to
show that ~ is an equivalence relation. The reader now can check that for two
words u and v, (v/u)™ ~ (y/v)™ if and only if both m = n and /u ~ /v (see
Exercise 1.1 for the definition of \/) Thus, every conjugate of a nonprimitive
nonempty word is bordered. This however does not hold for primitive words
as the following shows.

THEOREM 7.5

If u is a word such that u = /u and a € a(u), then there exists an unbordered
conjugate av of u. In other words, if u is such that v = /u and a € a(u),
then there exist x,y such that u = xzay and v = ayx is unbordered.

PROOF The proof is left as an exercise. I

Example 7.12
If u = aba, then = ab and y = € work for the letter a € a(u). I

We now give a version of Theorem 7.5 for partial words. Referring again to
Exercise 1.13, u and v are conjugate if there exist partial words x and y such
that v C zy and v C yz. Again, we denote u is a conjugate of v by u ~ v.
Here, the relation ~ is not an equivalence relation: it is both reflexive and
symmetric, but not transitive. Note that the conjugates acb, oba and ba¢ of
u = aob are bordered. However, the following result holds.

THEOREM 7.6

Let u be a primitive partial word. Let a be any letter in A appearing in the
spelling of w. Then there is an unbordered full conjugate v = ax of u.

PROOF Let u be a primitive partial word and let a € A be a letter that
appears in the spelling of . Let u’ be a full word such that u C «’. Since u is
primitive, u’ is primitive as well. The latter and the fact that a € a(u’) imply
the existence of words ¥, z such that v’ = yaz and v = azy is unbordered.
But v is also a conjugate of u since v C (y)(az) and v C (az)(y). I

Exercises

7.1 Prove that if u is unbordered and u C v/, then v’ is unbordered as well.
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7.2

7.3

7.4
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Give all borders of u = acooach.
Give an example of a partial word having at least two minimal borders.
Classify the following partial words as well bordered or badly bordered:

® a¢
e aocba
o qoob

e aoab

7.5 We call a bordered pword u simply bordered if a minimal border x

7.6

7.7

exists satisfying |u| > 2|x|. Show that a bordered full word is always
simply bordered.

Prove that every bordered full word of length n has a unique minimal
border . Moreover, z is unbordered and |z| < [ % ].

Show that for partial words u,v and w, if © < v and v < w, then
u << w.

7.8 Consider the words u = abaaabaabaaaca and v = abaaacc. Does

u < v hold?

7.9 Run Algorithm 7.1 on input v = abocbaccabba and sequence

7.10

7.11

7.12

7.13

7.14

aboo, ab, aboobao, a, aboobacoa

of prefixes of v. Display your output as in Example 7.5 or Example 7.6.

Repeat Exercise 7.9 for input v = aobabca and sequence
a, adba, acbabe

Do u = abooaba and v = bbacooobab overlap? Why or why not?

Consider the unbordered partial word w = aabcobe. Produce a criti-
cal factorization (u,v) of w such that w’ = vu is unbordered. What can
be said about position |v] — 1 of w’?

Handle the case of Type 4 overlap in the proof of Proposition 7.6.

Let u,v be nonempty partial words such that w = wwv is unbordered.
Show that |u|—1 is a critical point of w if and only if the minimal square
at position |u| — 1 is a left- and right-external square of length p'(w).
Check this with Example 7.9.
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Challenging exercises

7.15

7.16

7.17
7.18

7.19
7.20
7.21

7.22

7.23

7.24

7.25

7.26

Show that the problem of enumerating all unbordered full words of
length n over a k-letter alphabet yields to a conceptually simple and
elegant recursive formula Uy (n): Ui (0) = 1, Ux(1) = k, and for n > 0,

Uk(2n + 1) = kUk(2n)

Using the formulas of Exercise 7.15 and Proposition 7.2, obtain a
formula for counting bordered full words.

Prove Theorem 7.1.

Prove that if u,v are full words such that v = unb(u)v, then v <
unb(u).

Prove that for full words v and v, v < v if and only if v < unb(v).
Prove that for full words u and v, u &~ v if and only if unb(u) = unb(v).

Show that if v is an unbordered word and w is a proper prefix of v for
which uv <« w, then uv and wv are unbordered.

Show that if w = zv is a nonempty unbordered word where z is the
longest unbordered proper prefix of u, then v is unbordered.

If the following assumptions hold:

1. w is well bordered,

2. a,b are letters, with a # b,

3. au’ = unb(au),

4. au is a prefix of w and bu’ is a suffix of w,

then show that au is contained in a proper prefix of any minimal border
of w.

Let u = hvh be a partial word with |h| = p(u). If h is unbordered
and v is full, then u has the form u = h(h/)*=2h for some k > 2 and
h' > h and p'(u) = pu(u). Show that the equality u = h(h')*~2h cannot
be replaced by u = h*.

Prove that for two words u and v, (y/u)™ ~ (y/v)"” if and only if
both m = n and /u ~ /v. Thus, every conjugate of a nonprimitive
nonempty word is bordered.

Prove Theorem 7.5.
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Programming exercises

7.27

7.28

7.29

7.30

7.31

Design an applet that takes as input a nonempty partial word u, and
that outputs unb(u), the longest unbordered prefix of u.

Give pseudo code for an algorithm that computes the maximum length
w(u) of the unbordered factors of a given partial word w.

Write a program to find out if two partial words w and v satisfy the
following relationships:

o U~V
o UL

o UV

Write a program that when given two nonempty partial words v and v
determines whether or not u and v overlap. Run your program on the
following pair of partial words:

u = abooaba and v = bbaoooocbab

Referring to Exercises 7.5 and 7.15, let S}, (n) be the number of pwords
with A holes, of length n, over a k-letter alphabet that are not simply
bordered. If h = 0, then Sy (n) = Ui(n) since a non simply bordered
full word is an unbordered full word. It is easy to see that S; ,(0) = 0,
S1£(1) =1, 51 ,%(2) =0, and for b > 1 that Sj, (1) = 0 and Sj x(2) = 0.
Now, for i > 0, the following formula holds for odd integers n = 2m+1:

S’h’k(Qm + 1) = k’Sh,k(Qm) + Sh—l,k(Qm)

Run computer experiments to approximate Sp ;(2m) for even integers
n = 2m.

Website
A World Wide Web server interface at

http://www.uncg.edu/mat/border

has been established for automated use of Algorithm 7.1. Another website
related to unbordered partial words is

http://www.uncg.edu/cmp/research/bordercorrelation
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Chapter 8

Pcodes of Partial Words

Codes play an important role in the study of the combinatorics on words. In
this chapter, we discuss pcodes that play a role in the study of the combina-
torics on partial words. While a code of words X does not allow two distinct
decipherings of some word in X, a pcode of partial words Y does not allow
two distinct compatible decipherings in Y *. In Sections 8.1 to 8.6, the defini-
tions and some important general properties of pcodes and the monoids they
generate are presented. There, we describe various ways of defining and ana-
lyzing pcodes. In particular, many pcodes can be obtained as antichains with
respect to certain partial orderings. We investigate in particular the Defect
Theorem for partial words. In Section 8.7, we introduce the circular pcodes
which take into account, in a natural way, the conjugacy operation that was
discussed in Chapter 2. The main feature of these pcodes is that they define
a unique factorization of partial words written on a circle. Throughout the
chapter proofs will be sometimes omitted. They are left as exercises for the
reader.

8.1 Binary relations

We assume that the cardinality of the finite alphabet A is at least two
(unless it is stated otherwise).

A binary relation p defined on an arbitrary set S C W(A) is a subset of
S x S. Instead of denoting (u,v) € p, we often write upv. The relation p
is called reflexive if upu for all u € S; symmetric if upv implies vpu for all
u,v € S; antisymmetric if upv and vpu imply w = v for all w,v € S; transitive
if upv and vpw imply upw for all u,v,w € S, and positive if epu for all u € S.
It is called strict if it satisfies the following conditions for all u,v € S:

upu,
upv implies |u| < |v],
upv and |u| = |v| imply v C w.

A strict binary relation is reflexive and antisymmetric, but not necessarily
transitive. A reflexive, antisymmetric, and transitive relation p defined on S

225
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is called a partial ordering , and (S, p) is called a partially ordered set or poset.
A partial ordering p on S is called right (respectively, left) compatible if upv
implies wwpvw (respectively, upv implies wupwv) for all u,v,w € S. It is
called compatible if it is both right and left compatible. For any two binary
relations p; and py on S, we denote by (p1) C (p2) if upiv implies upsv for
all u,v € S (or the subset inclusion), and by (p1) T (p2) if (p1) C (p2) but
(p1) # (p2).

An important notion on binary relations is that of an antichain. A nonempty
subset X of S is called an antichain with respect to a particular binary re-
lation p on S (or an p-antichain) if for all distinct u,v € X, (u,v) € p and
(v,u) € p. The class of all p-antichains of S is denoted by A(p). For every
partial word w of S, {u} is in A(p).

PROPOSITION 8.1
Let p1, p2 be two binary relations defined on W(A). Then

1. If p1 C p2, then A(p2) C A(p1).

2. If p1, p2 are strict and A(p2) C A(p1), then p1 C pa.

PROOF For Statement 1, let X € A(p2). If X is a singleton set, then
X € A(p1). Now suppose that X is not a singleton set and let u,v € X be
such that v # v and upyv. Then upsv by assumption. Since X is an antichain
with respect to ps, we have u = v, a contradiction. Thus X € A(p;) and
A(p2) € A(p1) holds.

For Statement 2, suppose that there exist partial words u, v such that u # v,
upyv, and (u,v) & pe. Suppose that vpau. Since upiv, we have |u| < |v|, and
since vpau, we have |v| < |u|. Hence |u| = |v|, both upiv and |u| = |v| imply
v C u, and both vpsu and |v| = |u| imply w C v. We deduce that u = v, a
contradiction. So {u,v} € A(p2). As A(p2) C A(p1), we have {u,v} € .A(p1E|
which implies that (u,v) & p1, a contradiction.

We first define the d-relations. Note that all positive powers of a nonempty
word have the same root. For u,v € AT, uv = vu is equivalent to /u = \/v.
For a nonempty partial word u, let P(u) denote the set of primitive words
v € A" such that u C v™ for some positive integer n. For u € AT, we have
P(u') = P(u) = {\/u}, and for each partial word u, we have P(u) C P(u?)
for all positive powers of wu.

For every positive integers i, j and nonempty partial words u, v, define the
relation &; ; by ud; jv if P(u’) N P(v?) # 0. In the sequel, 6,1 is often abbre-
viated by 0. Note that if u C v, then P(v) C P(u) and so udv.

The reader can check the following properties of the d-relations.
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LEMMA 8.1
Let v, 7 be positive integers.

1. If |A|l > 2, then (8) C (8;;). Moreover, if (i,7) # (1,1), then () C
(0i5)-
2 If Al = 1, then (5) = (5,).
LEMMA 8.2
Let v, 7 be positive integers, and let u,v be nonempty partial words.
1. If ué; jv, then uiv? T viut,

2. If u'v? 1T viu' and u'v? is mon {|u’], |v?|}-special, then ud; jv.

We now define the p-relations which are useful binary relations on W(A).

DEFINITION 8.1 Let u,v be partial words.

e Embedding relation: upgv if there exists an integer n > 0, partial
words uy,. .., Uy, and full words xq,...,x, such that

U=UrU2...Un and v C ToULT1UD . . . UnRdp

e Length relation: upv if |u] < |v| or v C u.

o Prefix relation: up,v if there exists x € A* such that v C ux.

e Suffix relation: upsv if there exvists x € A* such that v C zu.

e Factor relation: upsv if there exvist x,y € A* such that v C zuy.

e Border relation: up,v if there exist x,y € A* such that v C ux and
v C yu.

e Commutative relation: wup.v if there exists x € A* such that v C
Tu,v C ux.

e Exponent relation: up.v if there exists an integer n > 1 such that

v Cu™.

LEMMA 8.3

o The relations pq, p1, Pp, Ps, Pf, and p, are strict positive partial orderings

on W(A).

e The relation p. is a strict partial ordering on W(A).
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e The relation p. is a strict positive binary relation on W (A).

e The relation p. is a partial ordering on any pairwise nonspecial subset

of W(A).

PROOF We show the result for the relation p.. The relation p. is trivially
strict and positive on W. Now, let X be a pairwise nonspecial subset of W (A).
To show that p, is transitive, let u,v,w € X be such that v # v and v # w. If
up:v and vp.w, then let us show that up.w. If u = e, then trivially ep.w, and
if v = ¢, then u = . So we assume that u,v are nonempty. For some words
z and y, we have v C zu,v C ux and w C vy, w C yv. If x = ¢, then v C w.
We get w C vy C uy and w C yv C yu, and so up.w. If y = ¢, then w C v.
We get w C zu and w C ux, and so up.w. So we may assume that x,y are
nonempty. Let v’ be a full word satisfying u C u/. We get v C zu’,v C v'z
and thus by Lemma 2.5, zu’ = u’z. There exists a primitive word z (we can
choose z = y/z) and positive integers k,[ such that u’ = 2z and z = 2!/, We
have v C u'z C 2F. We get w C ¥y, w C yz**!. Thus by Lemma 2.5,
2k Hly = y2#+! Using the fact that z is primitive, we get that y is a power of
2z, say y = 2™ for some integer m. It follows that w C vy C uzy C uz!t™ and
also w C yv C yzu C 27, and so up.w. I

LEMMA 8.4

o A > 2, then (p.)  (po)-
o If||A] > 1, then

(pe) T (pe) € (po) € (pp) T (pr) T (pa) T (1), and
(Po) T (ps) T (py)-

o If Al =1, then (pc) = (po)-

PROOF 1If A ={a}, then (u,v) € p. and up.v with v = aa and v = aca,
(u,v) & po and up,v with u = o and v = aa, (u,v) & pp and upsv with u = o
and v = aca, (u,v) & py and upgv with u = oo and v = <ao, (u,v) & pg and
upv with v = ¢ and v = aa, (u,v) € p, and upsv with u = ¢ and v = ao, and
(u,v) & ps and upyv with © = o and v = aca.

Note that if we restrict ourselves to Wi(A) and ||Al| = 1, then we have
(ps) = (pa)-

PROPOSITION 8.2
The embedding relation pq s the smallest positive compatible partial ordering
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on W(A) satisfying apgo for all a € A. That is, if p is a positive compatible
partial ordering on W(A) satisfying apo for all a € A, then (pg) C (p).

PROOF The embedding partial ordering pg is clearly compatible on
W(A). Now, let p be a positive compatible partial ordering on W(A) and
let u,v be partial words such that upqv. By induction on |u| + |v|, we show
that upv. If |u| + |v| = 0, then epye and epe since pg and p are positive. If
|ul + |v] > 0 and u = &, then epgv and epv since pg and p are positive. If
|u] + Jv| > 0 and u # €, then put v = au’ and v = bv’ where a,b € AU {o}.
If @ = b, then u'pgv’, and using the inductive hypothesis, we get u'pv’. Since
p is compatible, we have au’pav’ and so upv. If a # b and b # ¢, then upqv’,
and thus by the inductive hypothesis, upv’. Since p is positive, we have £pb
and since p is compatible, we have v/pbv’ and so v'pv. Since p is transitive,
we get upv as desired. On the other hand, if a # b and b = ¢, then v/ pgv’,
and thus by the inductive hypothesis, u/pv’. Since apo and p is compatible,
we have av’pov’. Since u/pv’ and p is compatible, we have au’pav’. Since p is
transitive, we get au’pov’ or upv as desired.

8.2 Pcodes

In this section, we discuss pcodes of partial words. We start with the full
case.

DEFINITION 8.2 Let X be a nonempty subset of AT. Then X is called a
code over A if for all integersm > 1,n > 1 and words uy, ..., Upm,V1,..., Uy €
X, the equality

ULUQ . .. Uy = V1V2...VUp
is trivial, that is, both m =n and u; = v; fori=1,...,m.

The set X = {a, abbbbba, babab, bbbb} is not a code as is seen in Figure 8.1.
The word abbbbbabababbbbba can be factorized in two different ways using code
words.

TN TN T

FIGURE 8.1: Two distinct factorizations.
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In the case of partial words, we define a pcode as follows.

DEFINITION 8.3 Let X be a nonempty subset of W(A)\ {e}. Then X
is called a pcode over A if for all integers m > 1,n > 1 and partial words
ULy e v ey Um, V1, ..., Uy € X, the compatibility relation

ULUQ ... Um, T V1V2 ...Un

is trivial, that is, both m =n and u; = v; fori=1,...,m.
Example 8.1
Consider the set X = {aobba, accba} and let x; = aobba and xo = accba. It is
clear that 27 ¥ x5. This is not sufficient in determining whether or not X is a
pcode. However, we can easily check that no nontrivial compatibility relation
exists since |z1| = |z2|, and consequently X is a pcode over {a,b, c}.

Now, the set Y = {aob, aabobb,ob, ba} is not a pcode. Let y1 = aob,ys =

aabobb, y3 = ob and y, = ba. As seen in Figure 8.2, a nontrivial compatibility
relation does exist among the four elements

Y1Y3Y3yays | Y2ysy1

TOF0BTbEATh

FIGURE 8.2: A nontrivial compatibility relation.

Definition 8.3 has immediate consequences that should be emphasized.

REMARK 8.1
e A nonempty subset of AT is a code if and only if it is a pcode.

e A pcode with at least two elements never contains a partial word of the
form o" for any integer n.

e Any nonempty subset of a pcode is a pcode.

e A pcode is always a pairwise noncompatible set, but the converse is false.
Here a set X is called pairwise noncompatible if v } v for all distinct
u,v € X.
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e If X is a pcode over A, then X, = {u, | u € X} is a code over AU {o}.
But the converse does not hold. Consider, for instance, the code X, =
{aca,cac} over {a,o}. The underlying set X is not a pcode over {a}
since its elements are compatible. This fact is important, since it justifies
the study of pcodes.

The following propositions are natural extensions of the pcode definition.

PROPOSITION 8.3

Let X be a nonempty subset of W(A)\ {e}. Then X is a pcode if and only
if for every integer n > 1 and partial words uy,...,un,v1,...,v, € X, the
condition

ULUS .« .. Uy | V1V ... Uy
implies u; = v; fori=1,... n.
PROOF If X is a pcode, then clearly the condition holds. Conversely,
assume that X satisfies the condition stated in the proposition. Suppose

ULUD . . . Uy, | V12 ...V, for some integers m > 1,n > 1 and partial words
ULy e eny U, V..., Uy € X. Then

ULUL « .« Uy V1V . . . Uy | V1V« o VpULUS - - - Uy

by multiplication. If m < n, then uy = v1,..., %y = vy and € T Vg1 - - Un,
which is a contradiction. Similarly, n < m cannot hold. Hence m = n and
therefore the condition implies that X is a pcode. I

PROPOSITION 8.4

Let X be a nonempty subset of W(A) \ {e}. For every u € X, let z, be a
nonempty partial word such that u C x,, and let Y be the set {x, | u € X}.
If X is a pcode, then Y is a pcode.

PROOF Let n be a positive integer and let z1,...,Zn,y1,...,Yn €Y be
such that

T1T2 ... Tn T Y1Y2 -+ YUn

For every integer 1 <i <mn, let u; € X be such that x,, = z;, and let v; € X
be such that x,, = y;. Then we have

ULUS ... Uy | V1V ... Uy
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since u1uUs ... Uy C T1T2 ... Ty C w and V103 ...V, C Y192 ... Y, C w for some
w. But since X is a pcode, by Proposition 8.3, u; = v; for i = 1,...,n. This
implies z; = @, = 2y, =y; for i =1,...,n showing that Y is a pcode. I

The converse of Proposition 8.4 is not true. For example, let X = {u, v}
where u = a and v = aoa. The set Y = {a,aba} is a pcode, but X is not a
pcode since u® T v.

We end this section by introducing some classes of pcodes and their basic
properties: the prefiz pcodes, suffix pcodes, biprefix pcodes, uniform pcodes,
and mazimal pcodes.

DEFINITION 8.4 Let X be a nonempty subset of W(A)\ {e}. Then X
is called a prefix pcode if for all u,v € X,

uzx T v for some partial word x implies u = v

Note that any singleton set is a prefix pcode. Note also that any subset of
a prefix pcode is a prefix pcode and hence any intersection of prefix pcodes is
also a prefix pcode.

Example 8.2
The set X = {aob,ao} is not a prefix pcode. In this example setting v =
ao,v = aob and x = b, we have ux T v. Since X is a pcode, we deduce that a
pcode is not necessarily a prefix pcode.

Now, consider Y = {aob,ba} and let y; = acb, and yo = ba. This set is a
prefix pcode. No z exists such that yox T y1.

DEFINITION 8.5 A set of partial words X is a suffix pcode if rev(X)
is a prefix pcode. A biprefix pcode is a pcode that is both prefix and suffix.

DEFINITION 8.6 If n is a positive integer, then a largest pairwise
noncompatible set X satisfying X C (AU {o})™ is a biprefiz pcode called a
uniform pcode of partial words of length n. By largest we mean that if u is
a partial word of length n over A, then there exists v € X such that u T v.

DEFINITION 8.7 A pcode is called a maximal pcode over A if it is
not a proper subset of any other pcode over A.

It is left as an exercise to show that uniform pcodes over A are maximal
over A (see Exercise 8.16). The following proposition holds.
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PROPOSITION 8.5
Any pcode X over A is contained in some mazximal pcode over A.

8.2.1 The class F

We now consider the following class of binary relations on W (A) partially
ordered by inclusion:

F ={p]| p is a strict binary relation on W (A) such that every pcode is an
antichain with respect to p}

The class F is easily seen to be closed under union and intersection. The
following proposition gives some closure properties for F.

PROPOSITION 8.6
Let v be a strict binary relation on W(A) and let p € F. Then the following
conditions hold:

1. If (v) C (p), then v € F.

2. The membership vy N p € F holds.

PROOF Statement 1 follows immediately from Proposition 8.1. For State-
ment 2, since (yN p) C (p) and v N p is strict, then v N p € F follows from
Statement 1. I

The next proposition implies that (J; ; N p) € F for all positive integers i, j
and every strict binary relation p on W(A).

PROPOSITION 8.7

Let p be a strict binary relation on W(A), let X be a nonempty subset of
W (A)\ {e}, and let i,j be positive integers. If X is a pcode, then X is an
(0:,5 N p)-antichain.

PROOF Let X be a pcode. The case where X contains only one partial
word is trivial. So let u,v € X be such that u # v and u(d; ; N p)v. The latter
yields ud; jv and by Lemma 8.2(1), u‘v’ T v/u’ contradicting the fact that X
is a pcode. I

The next proposition implies that p., p. € F.

PROPOSITION 8.8
Let X be a nonempty subset of W(A)\ {e}. If X is a pcode, then X is an
pe-antichain (respectively, pe-antichain).
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PROOF Let X be a pcode. The case where X contains only one partial
word is trivial. Using Proposition 8.1 and Lemma 8.4, it is enough to show the
result for p.. Let u,v € X be such that v # v and up.v. Then v C uz,v C zu
for some x € A*. If x = ¢, then v C u. This gives v T u and hence uv T vu.
If ¢ # ¢, then wv C uzru,vu C uru and so uv T vu. In either case we get a
contradiction with the fact that X is a pcode. Hence X is an antichain with
respect to pc.

The above proposition does not hold for p, since X = {ab?, ba, ab, b*a} is
an py-antichain but not a pcode because (ab?)(ba) = (ab)(b%a).

The next two propositions relate two-element pcodes with the relation
Upe]: p-

PROPOSITION 8.9

Let u,v be nonempty partial words such that [u| < |v]. Then ulJ,czpv if
and only if {u,v} is not a pcode.

PROOF The condition is obviously necessary. To see that the condition
is sufficient, suppose that {u,v} is not a pcode and let (u,v) & Upe}‘ p. Let

v ={(u,0)} UU, ez p- Then J,crp C v and v € F, a contradiction.

PROPOSITION 8.10

Let X C W(A)\ {e} be pairwise noncompatible. Then X is an |J,cx p-
antichain if and only if for all u,v € X such that u # v, {u,v} is a pcode.

PROOF First, suppose that X is an Upef p-antichain. Let u,v € X be
such that v # v. Without loss of generality, we can assume that |u| < |v|.
Since X is an (J ¢z p-antichain, we have (u,v) & U ez p. If [u| < |v], then
{u,v} is a pcode by Proposition 8.9. If |u| = |v|, then u } v since X is pairwise
noncompatible. Certainly, in this case, {u,v} is a pcode.

Conversely, suppose to the contrary that there exist u,v € X such that
u # v and (u,v) € U,crp. The set {u,v} is a pcode by our assumption.
Since U, ez p is strict, we have [u| < [v[. If [u| < [v], then {u,v} is not a
pcode by Proposition 8.9, a contradiction. If |u| = |v|, then v T u since
U, er p is strict. So u T v contradicting the fact that {u, v} is a pcode. So X

is an (J ¢ p-antichain. I

8.2.2 The class G

We now consider the following class of binary relations on W (A) partially
ordered by inclusion:
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G ={p| p is a strict binary relation on W(A) such that every antichain with
respect to p is a pcode}

The following proposition gives a closure property for G and immediately
implies that G is closed under union.

PROPOSITION 8.11
Let v be a strict binary relation on W(A) and let p € G. If (p) C (), then
v EQG.

PROPOSITION 8.12
Let u e At v € W(A)\ {e} be such that |u| < |v|. If {u,v} is an antichain
with respect to p, (respectively, pp, ps, pf, pd, pi), then {u,v} is a pcode.

PROOF By Proposition 8.1 and Lemma 8.4, it is enough to show the
result for p,. Suppose to the contrary that {u,v} is not a pcode. Then there
exist an integer n > 1 and partial words wuy, ..., un,v1,...,v, € {u,v} such
that

ULUSL - - - Uy, T V1V ... Uy,

and with |ujus...u,| as small as possible contradicting Proposition 8.3. We
hence have u; # vy and u,, # v,. If n =1, then v T v. Since u is full, we get
v C u and so up,v, which is a contradiction. So we may assume that n > 2.
There are four possibilities: u; = u, = u,v1 = v, = V; U] = Uy = U, V] =
Up = V; U = Uy =V, V1 = Up = u; and up = u, = v,v; = v, = u. In all cases,
put ug...up—1 =2 and vs...v,—1 = y. These possibilities can be rewritten
as

1) uzu T vyv

(1)

(2) uav T vyu
(3) vau T uyv
(4) vav T uyu

If |u| = |v], for any of the possibilities (1)—(4) we have u T v which leads to
a contradiction. If |u| < |v|, for any of the possibilities (1)—(4) there exist
nonempty partial words w,w’, z, 2z’ such that v = wz = 2w, w T u, and
w’ 1 u. The latter two relations give w C u and w’ C u since u is full. There
exist 21,29 € A* such that 2 C 2z; and 2’ C 2. We get v = wz C uz C
uzi,v = 2'w’ C 2'u C 29u and so up,v, which is a contradiction. I

The converse of the above proposition is not true. For example, the set
X = {a,aba} is a pcode, but ap,aba. The above proposition is not true if u
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has a hole. The set {u,v} where u = a¢ and v = ¢a is an p;-antichain, but
{u,v} is not a pcode. This latter example shows that pe, pc, po, Pp; Ps, P> Pd;
and p; are not in G.

8.3 Pcodes and monoids

In this section, definitions and some properties of pcodes’ generating monoids
are given.

For a monoid M, we call a morphism ¢ : M — W(A) pinjective if for all
m,m’ € M, o(m) 1 ¢(m’) implies m = m/. The definition of a pcode can be
rephrased according to the following proposition.

PROPOSITION 8.13
If a subset X of W(A) is a pcode over A, then a morphism ¢ : B* — W(A)
which induces a bijection of some alphabet B onto X is pinjective. Conversely,
if there exists a pinjective morphism ¢ : B* — W/(A) such that X = ¢(B),
then X is a pcode over A.

For an alphabet B, a morphism ¢ : B* — W/(A) which is pinjective and
satisfies X = ¢(B) is called a pcoding morphism for X. For any pcode
X C W(A), the existence of a pcoding morphism for X is straightforward: it
suffices to take any bijection of a set B onto X and to extend it to a morphism
from B* into W(A).

We can prove that a set X is a pcode by knowing the submonoid X* of
W(A) it generates. In particular, X is a pcode (respectively, prefix pcode,
suffix pcode, biprefix pcode) if and only if X* is a pfree monoid (respectively,
right unitary monoid, left unitary monoid, biunitary monoid).

PROPOSITION 8.14

If M is a submonoid of W(A), then the set X = (M \ {e}) \ (M \ {e})? is
the unique minimal set that generates M.

We call a submonoid M of W(A) pfree if there exists a morphism ¢ : B* —
M of a free monoid B* onto M that satisfies

@(x) T p(y) implies = =y

For instance, for any nonempty partial word u, the submonoid generated by
u is pfree.
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PROPOSITION 8.15

If M is a pfree submonoid of W(A), then its minimal generating set is a
pcode. Conversely, if X C W(A) is a pcode, then the submonoid X* of W(A)
is pfree and X is its minimal generating set.

We call the pcode X which generates a pfree submonoid M of W(A) the
base of M.

Let us give some examples of our definitions.

Example 8.3

The set X = {a,ob, aob} is not a pcode over {a, b} since it is not the minimal
generating set of X*.

The set Y = {x,y} where x = obb and y = abbo is the minimal generating

set of Y*, yet Y is not a pcode over {a,b} because zy 1 yx is a nontrivial
compatibility relation over Y. Here Y* is not pfree.

Proposition 8.16 gives a characterization of a pfree submonoid of W(A)
that does not depend on its base. This proposition can be used to show that
a submonoid is pfree (and consequently that its base is a pcode) without
knowing its base. We call a submonoid M of W(A) stable (in W(A)) if for
all partial words w,u',v,w with v T o', the conditions w,v'w,v € M and
wv € C(M) imply v = v’ and w € M.

-

FIGURE 8.3: Representation of stability.

PROPOSITION 8.16
A submonoid M of W(A) is stable if and only if it is pfree.

Note that although the monoid A* is stable, the monoid W (A) is not stable
(and hence not pfree).
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Example 8.4

Returning to Example 8.3, the set Y* = {z,y}* where x = obb and y = abbo
is not pfree, which can be seen by using Proposition 8.16. Indeed, Y* is not
stable by setting u = obb, v’ = abb, v = ¢, and w = oobb in the definition of
stability.

Let M be a submonoid of W (A). Then we call M right unitary (in W(A))
if for all partial words u,u',v with v 7 @/, the conditions u,u’v € M imply
u=1u"and v € M. Symmetrically, we call M left unitary (in W(A)) if for all
partial words u,u’,v with w 1 v/, the conditions u,vu’ € M imply © = v’ and
v € M. The submonoid M is biunitary if it is both left and right unitary.

PROPOSITION 8.17

Let M be a submonoid of W(A) and let X be its minimal generating set.
Then M is right unitary (respectively, left unitary, biunitary) if and only if X
is a prefic (respectively, suffix, biprefix) pcode. In particular, a right unitary
(left unitary, biunitary) submonoid of W (A) is pfree.

PROPOSITION 8.18
An intersection of pfree submonoids of W(A) is a pfree submonoid of W (A).

If X is a subset of W(A), the set M(X) of pfree submonoids of W(A) con-
taining X may be empty. If M(X) = (), then X is pairwise noncompatible.
If M(X) is not empty, then we call the intersection of all elements of M(X),
which is the smallest pfree submonoid of W(A) containing X by Proposi-
tion 8.18, the pfree hull of X. If X* is a pfree submonoid of W(A), then X*
coincides with its pfree hull.

PROPOSITION 8.19

Let X € W(A) be such that M(X) # 0. LetY be the base of the pfree hull
of X. Then

Y C{u|uy e X for someyeY*}n{u|yue X for somey € Y*}

PROOF We show that Y C {u | yu € X for some y € Y*}. Sup-
pose there exists v € Y such that v & {u | yu € X for some y € Y*}.
Then X C {e} UY*(Y \ {v}). Let Z be defined by v*(Y \ {v}). We have
ZT =Y*(Y \ {v}), and thus X C Z*. Now Z is a pcode. Indeed, a compat-
ibility relation wjus ..., T vivs...v, where m,n are positive integers and
ULy Um, V1, ..,V € Z can be rewritten as

2 l

vklylvkzyg .. .vkmym Tohizvt2zy . vtz
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with u; = vPiy;, v; = vlizj, g, € Y\ {0}, 2; € Y\ {v}, ki >0, 1; > 0 for
i=1,....mand j = 1,...,n. Since Y is a pcode, we get k1 = l1,y; =
21, ko = lg,yg = 29,..., and finally m = n and u; = v; for i = 1,...,m.
Thus, the set Z* is a pfree submonoid of W(A) containing X. But we have
Z* C Y*, which contradicts the minimality of the pfree submonoid Y*. We
similarly show that Y C {u | uy € X for some y € Y*}. I

The following result extends the well-known Defect Theorem on words to
partial words.

THEOREM 8.1
Let X be a finite subset of W(A) such that M(X) # 0. Let Y be the base of
the pfree hull of X. If X is not a pcode, then |Y] < || X||.

8.4 Prefix and suffix orderings

In this section, we discuss the prefix and the suffix orderings which we
denote by <, and < instead of p, and p;.

A subset X of AT is an antichain with respect to <, if and only if X is
a prefiz code, or if for any u € X, ux € X for all z € AT. We show that
with partial words, the antichains with respect to <, are the anti-prefiz sets
defined as follows.

DEFINITION 8.8 Let X C W(A)\ {e}. Then X is anti-prefix if for
any u € X, the following conditions hold:

o I[fvCu, thenv ¢ X.

e Ifv Cuzx for somex € AT, thenv & X.

It is immediate that a singleton set is anti-prefix and any nonempty subset
of an anti-prefix set is anti-prefix. Hence any nonempty intersection of anti-
prefix sets is anti-prefix.

PROPOSITION 8.20
Let X C W(A)\{e}. Then X is an antichain with respect to =<, if and only
if X is anti-prefiz.

PROOF  Assume that X is an antichain with respect to <,. Let u € X,
and suppose to the contrary that X is not anti-prefix. So either there exists
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v € X with v C u, or there exist v € X and z € A" such that v C ux. In either
case, we have u,v € X, u # v, and u =<, v contradicting our assumption. On
the other hand, if X is anti-prefix, then suppose to the contrary that there
exist u,v € X with u # v and v <, v. Then v C u or there exists € At
such that v C ux. In either case, v ¢ X a contradiction. I

COROLLARY 8.1
Let w € AT,v € W(A)\ {e} be such that |u| < |v|. If {u,v} is anti-prefiz,
then {u,v} is a pcode.

PROOF  The result follows from Propositions 8.12 and 8.20. I

A subset X of AT is an antichain with respect to <, if and only if X is a
suffix code, or if for any v € X, xu ¢ X for all x € AT,

The family of anti-suffix sets coincides with the family of antichains with
respect to =;.

DEFINITION 8.9 Let X C W(A)\ {e}. Then X is anti-suffix if for
any u € X, the following conditions hold:

o I[fvCu, thenv ¢ X.

o Ifv Cau for somex € AT, thenv & X.

PROPOSITION 8.21

Let X ¢ W(A)\ {e}. Then X is an antichain with respect to =< if and only
if X is anti-suffiz.

PROOF The proof is similar to that of Proposition 8.20. I

COROLLARY 8.2
Let w € At,v € W(A) \ {e} be such that |u| < |v]. If {u,v} is anti-suffiz,
then {u,v} is a peode.

PROOF The result follows from Propositions 8.12 and 8.21. I

We end this section by noticing that there exist anti-prefix (or anti-suffix)
sets that are not pcodes. For example, the set {u,v} where u = acb and
v = abbaab is both anti-prefix and anti-suffix, but {u, v} is not a pcode since

2
u” T .
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8.5 Border ordering

In this section, we discuss the border ordering which we denote by =,
instead of p,. Let v be a nonempty partial word. By definition, ¢ <, v and
v ¢ g, and let N(v) be the number of partial words u satisfying u <, v and
v ¢ u. For any integer ¢ > 0, define O; as follows:

O() = {E}
and for ¢ > 1,
O, ={v|veW(A)\{e} and N(v) =1}

We are particularly interested in the partial words in O;. A nonempty partial
word v is called unbordered if u <, v for some nonempty partial word v implies
v C u. Clearly, v is unbordered if v C ux and v C yu imply £ =y = ¢ or
u = €. The fact that v is unbordered means that there exist no nonempty
partial words u, x, y satisfying v C uz and v C yu. Note that O, is the set of all
nonempty unbordered partial words, which is a subset of the primitive partial
words (see Chapter 1). From the point of view of the partial order <,, we call
the partial words in Oy o-primitive. It is easy to see that W (A) = |, O;
Wlthozﬂojzwle#] -

PROPOSITION 8.22
Let u be a nonempty partial word such that 0 ¢ H(u). If |Al| > 2, then there
exists v € A* such that uwv is unbordered.

PROOF Let a be the first letter of u, and let b € A\ {a}. We claim that
the partial word w = uab*! is unbordered. To see this, suppose there exist
nonempty partial words z,y, z satisfying w C xzy,w C zz. Since w C zy, the
nonempty word x starts with the letter a. Since w C zz, we have |z| > |ul.
But then we have z = 2/ab/l for some pword 2/, and also z = u’abl®’! for
some pword u' satisfying |u'| = |u|. Thus |2'| = |u|, and hence w C z, a
contradiction.

Let X be a subset of W(A). A partial word u over A is completable in X
if there exist pwords z,y such that zuy € C(X). It is equivalent to saying
that W(A)uW (A) N C(X) # 0, or, in other words, that u € F(C(X)). The
set X is dense if all elements of W (A) are completable in X, or equivalently
F(C(X)) = W(A). Clearly, each superset of a dense set is dense. The set X
is complete if X* is dense. Every dense set is also complete.

The proof that a maximal pcode is complete is based on Proposition 8.23
which describes a method for embedding any pcode in a complete pcode.



242 Algorithmic Combinatorics on Partial Words

PROPOSITION 8.23

Let X ¢ W(A)\{e} be a pcode, let u be an unbordered word over A such that
u & F(C(X™*)), let U be a largest pairwise noncompatible subset of W(A) \
C(W(A)uW (A)) containing X*, and let Y = U \ X*. Then the set

Z =XU{uypu...ypu | y1,...,yn € Y and n > 0}

is a complete pcode.

PROOF  First, let us show that the set V = Uw is a prefix pcode. To
see this, suppose that vux 1 v'u for two partial words v,v’ € U and some
pword z. If |vu| > [v/], then vu T v’y with u = yz for some y, 2. We deduce
that yz 1 2’y for some 2’. If z = ¢, then vu 7 vu and v 1 v'. Since U
is pairwise noncompatible, we have v = v'. If 2z # &, then since y is full,
by Lemma 2.1, there exist words z’,9’ such that 2’ C z'y/, z C y'2/, and
y C (2'y")"z’ for some integer n > 0. But then u C (2'y")" 12/, and since u is
unbordered, ' = . If n > 0, u is bordered, and if n = 0, we get y = € and so
vu T o', This leads to v' € C(W(A)uW (A)), which is a contradiction. Hence
|vu| < |v'], and vuy T v for some y. But then again v’ is in C(W(A)uW (A)),
a contradiction.

Next, we show that Z is a pcode. Assume the contrary and consider a
relation

ULUL .« . . Uy, | V1V ... Uny

with w1,...,Um,v1,...,0, € Z, and u; # v;. The set X being a pcode,
one of these partial words must be in Z \ X. Assume that one of uy,...,un
is in Z \ X, and let i be the smallest index such that u; matches u(Yu)*.
Since W (A)uW (A) N C(X*) = 0, it follows that W (A)u;W(A) N C(X*) =
(. Consequently one of v1,...,v, matches u(Yu)*. Let j be the smallest
index such that v; matches u(Yuw)*. Then ui ... u;—qu,v1...v;_1u € V, and
UL ...Ui—1 = V1...Vj—1 since V is a prefix pcode. The set X being a pcode,
thus from wy # vy it follows that i = j = 1. Put

UL = UYLU . . . UYRU
U1 = wyiu. .. uyju

with y1,..., ¥k, ¥4, ...,y € Y. If Jus| = |v1], then wy 7 vy. Since X is a
pcode, we get u; = vy, a contradiction. So assume that |ui| < |v1|. Since V
is a prefix pcode, the set V* is right unitary. Since Y C U, each y;u, ylu is
in V. Consequently y1 = yi,...,yr = yj,. Put w =y, u... uyju. We have
Ug ... Um | WU...v, with w € V*. The word u is a factor of w, and thus
occurs also in us . .. u,,. This shows that one of us, ..., U, say u,, matches
u(Y'u)*. Suppose r is chosen minimal. Then uy ... u,_ju € V and y; ,u € V,
and with the set V' being a prefix pcode, we have y; ,, = u...u,—1. Thus
Y41 € X*, a contradiction with the fact that y;  , € Y.

Last, let us show that Z is complete. Let w be a partial word such that
w € C(W(A)uW (A)). Then
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W T ULUULY . . . Uy 1 Uy

for some positive integer n and some partial words uq,...,u, € U. If w ¢
C(W(A)uW(A)), then w € U or w € C(U), and the abovementioned com-
patibility relation holds. In any case, uwu € C(Z*) and so w € F(C(Z*)).
To see this, let w;,, wi,, ..., u;, be those u;’s in X*. Then uwu is compatible
with

(uug . .. w1 U)W, (UG 41U - Uy — 1 U) Uiy - - - Uy, (W 11U - . UUP )

The parenthesized partial words are in Z and the result follows. I

PROPOSITION 8.24
Let X ¢ W(A)\ {e} be a pcode. If u € A* is an unbordered word such that
u & F(C(X™)), then the set Y = X U {u} is a pcode.

PROOF Let U = W\ C(WuW). Then by assumption X* C U. Let
us first observe the following property of the set V' = Uu: For all v,v’ € U,
v'u T vux for some x implies v T v'. To see this, suppose that v'u T vuzx for
two partial words v and v’ in U and some z. If |vu| > [v/|, then vu T v’y with
u = yz for some y,z. We deduce that yz 1 2’y for some 2’. If z = ¢, then
vu T v'u and v T v'. If 2 # ¢, then since y is full, there exist words 2/, %’ such
that 2’ C 2'y’, z C y'2’, and y C (2'y’)"a’ for some integer n > 0. But then
u C (2'y")" 12/, and since u is unbordered, 2’ = ¢. If n > 0, u is bordered,
and if n = 0, we get y = ¢ and so vu T v’. This leads to v' € C(WuW), which
is a contradiction. Hence |vu| < |v/|, and vuy T v’ for some y. But then again
v' is in C(WuW), a contradiction.

Now we show that Y is a pcode. Assume the contrary and consider a
relation

UTUL « . . Uy, | V1V ... Uy

with w1,..., Um,v1,...,0, € Y, and uy # v1. The set X being a pcode, one
of these partial words must be u. Assume that one of uq, ..., u,, is u, and let
i be the smallest index such that u; = u. Since WuW NC(X*) = 0, it follows
that Wu;W N C(X*) = 0. Consequently one of vy,...,v, is u. Let j be the
smallest index such that v; = v. Then uy...u;—1u,v;...v;_1u € V whence
Uj...%i—1 T v1...vj—1 by the abovementioned property of V. The set X is a
pcode, thus from uy # vy it follows that i = j = 1 leading to a contradiction.

I

THEOREM 8.2
Let X ¢ W(A)\ {e}. If X is a mazimal pcode, then X is complete.

PROOF Let X C W(A) \ {e} be a maximal pcode that is not complete.
If ||A|| = 1, then X = @ and X is not maximal. If ||A]| > 2, consider a partial
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word w such that v ¢ F(C(X*)). We may choose u in A*. According to
Proposition 8.22, there exists a word v € A* such that uv is unbordered. We
have uv € F(C(X™*)), and it then follows from Proposition 8.23 that X U {uvﬁ
is a pcode. Thus X is not maximal, a contradiction.

8.6 Commutative ordering

In this section, we discuss the commutative ordering that we denote by <.
instead of p..

LEMMA 8.5

Let u,v be nonempty partial words such that v is non {|u|, |v] — |u|}-special.
Then u <. v if and only if there exists a primitive word z and integers m,n
such that uw C 2™ and v C uz™ C 2™V, v C 2"u C 2™,

PROOF Let u,v be nonempty partial words such that v is non {|u|, |v| —
|u|}-special. If u <. v, then for some full word z, we have v C zu,v C ux.
Let ¢/ be a full word such that v C v/. If z = ¢, then v C u C v and there
exists a primitive word z and a positive integer m such that ' = 2. Hence
uC 2™, v Cu’ C 20 v C 2Pu C 2™0 and the result follows. So we may
assume that x is nonempty. We get v C zu/,v C v/z and thus by Lemma 2.5,
zu’ = u'z. There exists a primitive word z and positive integers m,n such
that ' = 2™ and = 2™ (2 = /). This in turn implies that u C v/ C 2™
and v C ur = uz" C 2™, v C zu = 2"u C 2",

REMARK 8.2 A subset X of A" is an antichain with respect to <, if
and only if X is anti-commutative, or if for all u,v € X satisfying u # v, we
have uv # vu (see Exercise 8.25).

The remark above leads to the following definition.

DEFINITION 8.10 We call a subset X of W(A)\{e} anti-commutative
if for all u,v € X satisfying u # v, we have uv Y vu.

Certainly, every pcode is anti-commutative.

PROPOSITION 8.25
Let X € W(A)\ {e} be pairwise nonspecial. If X is anti-commutative, then
X s an antichain with respect to <.
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PROOF If X is anti-commutative, then let us show that X is an antichain

with respect to =<.. Suppose to the contrary that there exist u,v € X with
u # v and u <. v. The latter implies that |u| < |v|. By assumption, v is
non {|ul, |v| — |u|}-special, and by Lemma 8.5, there exists a primitive word
z and integers m,n such that v C z™ and v C 2™™". But then uv | vu
contradicting the fact that X is anti-commutative.

PROPOSITION 8.26

Let X ¢ W(A)\ {e}. Let u,v € X be such that u is full, uw # v, and uv is
non {|u|, |v|}-special. If X is an antichain with respect to <., then uv ¥ vu.

PROOF  Suppose to the contrary that uv T vu. There exists a full word
z such that uv C z and vu C z. Put z = zy where v C z and v C y. We
have uv C xy, and by Exercise 8.26 we also have uv C yz. Lemma 2.5 implies
xy = yx, and so z,y are powers of a common word. Say x = w™ and y = w"
for some word w and integers m, n. Since v is full, we have u = w™. If m = n,
then v C y = w"™ = w™ = u, and so u =<, v. For the case m < n, we have
v Cy=w"=uw" " u and thus v <. v. Similarly, we can show
that if m > n, then v <. u. In all cases, we obtain a contradiction.

— wnfm

REMARK 8.3 In Proposition 8.26, both the assumptions that u is full
and uv is non {|ul,|v|}-special are needed. Indeed, if we put X = {u,v}
where u = aob and v = aaboab, we get that X is an antichain with respect
to <. and that uv T vu. This example is such that u is nonfull and wv is non
{]ul, |v|}-special. Now, if we put X = {u, v} where u = abbaab and v = 0000,
we get that X is an antichain with respect to <. and that uv T vu. This
example is such that w is full and wv is {|ul|, |v|}-special.

DEFINITION 8.11 Let u',z,y € AT,v' € W(A)\ {e} be such that
|x] = |y| and |uw'z| = |v'|. Then the set {u,v} where u = v’z and v = v'y
(respectively, uw = zu' and v = yv') is said to be of Type 1 (respectively,
Type 2) if v is not {|u|, |x|}-special.

PROPOSITION 8.27

Let u,v be nonempty partial words such that {u,v} is of Type 1 or Type 2.
Then uv Yvu if and only if {u,v} is a pcode.

PROOF We prove the result for Type 1 (Type 2 is similar). If {u,v}
is a pcode, then clearly uwv ¥ vu. Conversely, assume that {u,v} is not a
pcode and wv ¥ vu. Then there exist an integer n > 1 and partial words
Ulyeony U, U1y ..., Uy € {u,v} such that
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ULUD - - - Uy, | V1V2 ... Uy

and with |ujug ... u,| as small as possible contradicting Proposition 8.3. We
hence have u; # v1 and w, # v,, and we may assume that n > 2. There are
the four possibilities (1)—(4) as in Proposition 8.12. Since {u, v} is of Type
1, there exist nonempty full words v, z1, zo and a nonempty partial word v’
such that |z1| = |22], [u'z1] = |V, u = /21, v = V29, and v is not {|ul,|2z1]}-
special. Any possibility gives v’ T u. Substituting u by w'z; and v by v'z5 in
(1), (2), (3) and (4) we get

(5

u'zizu'z1 T v 20y 29

6) u'z12v 29 1 V' 2oyu’ 21

)
(6) u
(7) v'zozu’z1 T w2190 29
(8) v 2ozt 20 T W 21y’ 2

Any possibility implies z1 T z2, and hence z; = 25 since both z1 and z9 are full.
So v = v’'z1, and hence both © and v end with z;, and the same is true for both
z and y. We deduce that v 7 zyu, and so v'z; | z1u and hence v'z; C zju.
The fact that v’ 1 w implies v'z;1 C uz;. By Lemma 2.5, we get uz; = z1u
since v is not {|ul, |21|}-special, and v and z; are powers of a common word.
So v = v’z C wuz; is contained in a power of that same common word. But
then uv T vu, a contradiction.

Example 8.5

Consider the set {abb, aboa}. To determine if the set is of Type 1 or Type 2, at
least one word in the set, u, must be full. Let u = abb and v = aboa. For the
factorization of v, since y € AT, v' = abo and y = a. Since |z| = |y| = 1, the
factorization of w = abb is (v, z) = (ab,b). The word v is not {3, 1}-special
since ||H(v)|| < 2, and thus {u,v} is of Type 1. Since the example set is of
Type 1 and uv ¥ vu,

aboaabb ¥ abbaboa

this set is a pcode. I

REMARK 8.4 It should be noted that the above proposition is not true
in general. Consider the set {u,v} where u = aob and v = aababb. The set is
not of Type 1 or Type 2, but uv Y vu,

acbaababb ¥ aababbacb

However, this set is not a pcode since a nontrivial compatibility relation does
exist,

acbacbaababb T aababbacbacb
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or u?v 1 vu?, or simply u2 T v. I

We now extend the above proposition further. We assume that {u,v} is a
set of partial words over an alphabet of size at least two. Otherwise, sets of
at least two partial words are obviously nonpcodes.

PROPOSITION 8.28
Let k be an integer satisfying k > 1. Let u,v be nonempty partial words
such that |v| = klu| and |H(v)|| = 0. Then {u,v} is a pcode if and only if

uFv Y ouk.

PROOF  If {u,v} is a pcode, then clearly u*v } vu®. Conversely, assume
that {u,v} is not a pcode and u*v ¥ vu*. Then there exist n > 1 and
Upye ooy Up, V1, .., Uy € {u,v} such that

ULUS . .. Up | VIV ... Uy (8.1)

and with |ujus...u,| as small as possible contradicting Proposition 8.3. We
hence have u; # v; and u, # v,, and we may assume that n > 2. There
are the four possibilities (1)—(4) of Proposition 8.27. Since |v| = k|u|, for any
of the possibilities (1)—(4), there exist nonempty pwords wi,ws, ..., wy such
that v = wyws ... wg, |w1| = |wa| =+ = |wg| = |ul, w1 T, and wg T u. The
latter two relations give v C w1 and u C wy since v is full.

Let us consider the case where u; = u and v; = v (the other cases are
handled similarly).

Case 1. u1 = Uy =+ = Up_1 = U
In this case w1 T u, wa T u, ..., wr T u, and by multiplication, v*v T vuF,
contradicting our assumption.
Case 2. There exists 1 < j < k such that u; =us =--- =u;_1 = v and
Uj =7
Note that each element in {w;,ws,...,w;j_1} is compatible with u. Here,
k = m(] — 1)+T with 1 < r < 7. We get Wk—j+2 = Wk—2j43 = **° =
element in the set {wi,wa,..., wj_1}, Wp—j43 = Wg_2j44 = --- = element
in the set {wy,wa,...,wj_1}, ..., and wy = wg_;41 = --- = element in the
set {wy,wa,...,wj_1}. Thus, wq T u, we T u, ..., wy T u. Hence ufv T vut,
contradicting our assumption. I
Example 8.6
Let u = aoba and v = aabaaabaaabaabba so that |v| = 4|u| and ||H (v)|| = 0.

A nontrivial compatibility relation does exist, utv T vu?,

acbaacbaacbaacbaaabaaabaaabaabba T aabaaabaaabaabbaacbaadbaadbaadba

thus this set is not a pcode.
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Now, let © = abeab and v = baababbbabababb so that |v|] = 3|u| and
|H(v)|| = 0. In this case, u3v Y vu?,

aboababoababoabbaababbbabababb Y baababbbabababbaboababoababoab

thus this set is a pcode. I

We end this section with the following proposition.

PROPOSITION 8.29

Let k be an integer satisfying k > 1. Let u,v, w1, ws,...,wg be nonempty
partial words such that v = wiws ... wg, |wi| = |wa| = -+ = |Jwg| = |u],
|Hw)| =0, and ||H(v)|| = ||H(w;)|| for some 1 <i < k. Then {u,v} is a
peode if and only if uv Y vu.

PROOF  We refer the reader to the proof of Proposition 8.28. Any of the
possibilities (1)—(4) imply w; T w and wy T u. The latter two relations give
w1 C u and wy C u since u is full. Let us consider the case where u; = uw and
v1 = v (the other cases are handled similarly).

Case 1. u1=uUgy = =Up, = U
In this case w1 T u, wa T u, ..., wg T u, and thus uv T vu contradicting our
assumption.
Case 2. There exists 1 < j < n such that u; =us =--- =u;_1 = v and
Uj =
Here we consider the cases where j > k and j < k. Note that each element
in the set {w1,ws,...,wj_1} is compatible with w. If j > k, then wi 1 u,
wo T U, ..., wi T u, and thus uv T vu contradicting our assumption. Now,

ifj<k,thenk=m(j—1)+randi=m'(j—1)+r with1 <r < j and
1<r" <j. We get

W; C Wi—j41 = Wi—2j42 =+ = Wy (82)
We also get
W; C Wigj1 = Wi2j—2 = *+* = Wk—jf1—rtr/ (8.3)
if 7/ > r, and
W; C Wigj_1 = Wig2j—2 =+ = Wg—_yfp/ (8.4)

if v < r. Moreover, if 1 <4 < k and ¢/ # r’ mod j — 1, then w;yy = u. We
consider the following three cases.
Case 2.1. j<i<k—j+1

In this case, the compatibility relation 8.1 yields w; = wp = -+ = w;_1 =

U = Wg_jy2 = -+ = Wr—1 = wy. The relations 8.2, 8.3 and 8.4 imply that

v =u"" w;uF "t with w; C u. Hence uv 1 vu, contradicting our assumption.
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Case 2.2. 1 <i<j
Here i = 7’ and w; C u. Consider the case where ' > r (the case where
r’ < r is handled similarly). Referring to relations 8.1, 8.2 and 8.3, we have
Wh—jt1—r+r | WOr Wg—jt1—ryr T ws where s # 7/ mod j — 1. In either case,
Wk—j+1—r+r | © and since u is full, we get wr—j11—p4p C u. Again uv T vu,
contradicting our assumption.
Case 2.3. k—j+2<i<k
This case is symmetric to Case 2.2. I

8.7 Circular pcodes

In this section, we start by defining the circular codes and then extending
them to the circular pcodes.

DEFINITION 8.12 Let X be a nonempty subset of AT. Then X is called
a circular code if for all integersm > 1,n > 1, words w1, ..., Up, V1, ..., Uy €
X, andr € A* and s € A", the conditions

SUQ ... UMT = V1V2...Un
Uy =7rs

mplym=mn,r=c¢, and u; =v; fori=1,...,m.

DEFINITION 8.13 Let X be a subset of W(A)\ {e}. Then X is called
a circular pcode over A if for all integers m > 1,n > 1, partial words
Uty ooy U, V1, ..., 0 € X, andr € W(A) and s € W(A)\{e}, the conditions

SULUZ . . . Uy T V1V ... Uy
u; C rs

mplym=mn,r=c¢, and u; =v; fori=1,...,m.

Figure 8.4 depicts the circular pcode concept.

It is clear from the definition that a subset X of AT is a circular code if
and only if it is a circular pcode. A circular pcode is a pcode, and any subset
of a circular pcode is also a circular pcode.

Circular pcodes turn out to have numerous interesting properties. We start
by two propositions.

PROPOSITION 8.30
Let X c W(A)\ {e}. If X is a circular pcode, then X does not contain two
distinct conjugate partial words.
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FIGURE 8.4: A circular pcode.

PROPOSITION 8.31
Let X C W(A)\ {e} be a circular pcode. If u € X, then u is primitive.

We will characterize in various ways the submonoids generated by circular
pcodes.

DEFINITION 8.14

o A submonoid M of W(A) is called pure if for each partial word u and
integer n > 1, the conditions uy...u, € M and u; C w for all i =
L,...,nimplyu; =us =+ =u, andu; € M foralli=1,...,n.

o A submonoid M of W(A) is called very pure if for all partial words
u,v,u’, v satisfying |v'| = |v| and |u'| = |u], the conditions vu T v'u/,
uv € M, and v'v' € M imply u =u' and u,v € M.

Note that a very pure monoid is pure.

PROPOSITION 8.32
A submonoid M of W(A) is very pure if and only if its minimal generating
set is a circular pcode.
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PROOF Let M be a very pure submonoid of W(A). Let w,u,v,w
be partial words with u T o/, u,v'w,v € M, and wv € C(M). We have
(v )w = v(v'w) € M and w(vu') = (wv)u' € C(M). This implies u = o’
and w € M. Thus M is stable, hence M is pfree by Proposition 8.16. Let
X be its base. Assume that there exist positive integers m, n, partial words
Uty ooy U, V1, ...,0n € X, and r € W(A) and s € W(A) \ {e} such that

SUSLUS - . . U T V1V ... Uy
up Crs

Put uy = 1's’ where |r'| = |r| and |s'| = |s|. Put w = s’ and v = ug ... upr'.

Then vu € M and by weakening uwv € C(M). Since M is very pure, u,v €
M. Since ug ... Upm,us ... upr’, s’ 7's’ € M, the stability of M implies that
r’ € M. From r's’ € X, it follows that v’ = ¢ (and r = ¢). By weakening,
ULUD - . . Uy | V102 ...V, Since X is a pcode by Proposition 8.15, this implies
m=nand u; =v; fori=1,...,m.

Conversely, let X be the minimal generating set for M and assume that X
is a circular pcode (here M = X*). To show that M is very pure, consider
partial words w, v such that uv € M and vu € C(M). The latter implies that
vu T v'u’ with o/, 0" satisfying v'v' € M, |v'| = |[v|, and |v/| = |u|. If u =€ or
v=c¢, then u = v’ and u,v € M. If u # ¢ and v # ¢, then put

UV = U1Ug ... Um
vu T vy ... Uy

with wy,..., Up,v1,...,v, € X. There exists an integer i, 1 < ¢ < m, such
that

U=uu...U;—17
UV = SUij4+1 .. -Um

where u; = rs, r € W(A), and s € W(A) \ {e}. Then
SUigd - - UpULUS - .. Uj— 1T T V1V ... Uy

Since X is a circular pcode, this implies m = n, r = ¢, and u; = v1, U1 =
V2y vy Um = Un—itl, Ul = Up_i42,U2 = Up_i43,...,Ui—1 = Up. Thus u
ULUD -« - Uj—] = Up—_jtoUn_is3 ...V = u' and u,v € M, showing that M is
very pure.

We now give a characterization of circular pcodes in terms of the conjugacy
operation that was defined in Chapter 2. We start with a definition.

DEFINITION 8.15 Let X C W(A)\ {e} be a pcode. Two partial words
u,v € X* are called X-conjugate if there exist z,y € X* such that u =
TY,v = yI.

Two partial words in X* which are X—conjugate are obviously conjugate.
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PROPOSITION 8.33
Let X ¢ W(A)\ {e} be a pcode. The following conditions are equivalent:

1. The set X is a circular pcode.

2. The monoid X* is pure, and any two partial words in X* which are
conjugate are also X -conjugate.

PROOF  We first show that Condition 1 implies Condition 2. Since X*
is very pure, it is pure. Next, let u,v € X* be conjugate partial words. Then
u C zy,v C yx for some pwords z,y. Put u = z'y’ where |2/| = |z| and
|y'| = |y|. Also, put v = y"z” where |y”’| = |y| and |z”| = |z|. Since 2’ C x
and ¥y C y, we get y'2’ C yx. The latter and the fact that ¢’z C yx imply
that 'z’ T y”2”. We get the two conditions 2y’ € X* and y'a’ € C(X™).
Since X* is very pure, 2’ = z” and z’,3’ € X*. With a similar reasoning, we
can deduce that ¢y’ = y”. So u = 2'y’,v = y/2’ with 2/, y’ € X*, showing that
u,v are X-conjugate.

Now, we show that Condition 2 implies Condition 1. Let u,v be partial
words such that uv € X* and vu € C(X*). The latter implies that vu T v'u’
with «/, v’ satisfying v'v’ € X*, |v/| = |[v| and |u/| = |u|. If uw =&, then u =’
and u,v € X*. If u # ¢ and v = ¢, then u,v',v € X* and u 1 v'. Since X is a
pcode, this yields u = u’. If u # ¢ and v # ¢, then by definition, there exists
a primitive word z and a positive integer n such that vu C ™ and v'v’ C z™.
We get words 7, s and integers p, ¢ such that x = rs, u C sx?, v C zPr, and
p+q+1=n. Put y = sr (z being primitive, y is primitive as well). Since
v'u’ C 2™ and wv C y", write v’ = 2129 ...2, and uv = Y195 ...y, where
|z1| = |x2] = - = |@al, ly1] = |y2| = -+ = |yn|- Since X* is pure, we have
Ty = T2 = " = Tn, Y1 = Y2 = = Yn, and Tlyee oy Ty YlyeooyYn € X*.
Thus v'u' = (z')" and wv = (y')™ with ’,y’ € X*. Since 2’ C x C rs,y’ C
y C sr, we get that 2/, 9y’ are conjugate and thus X-conjugate. So there exist
r’,s’ € X* such that 2’ = +'s’ and y' = ¢'r’. Thus u = §'(2')9, v = §'(2')9,
and v = (2/)Pr’ showing that v =« and u,v € X*.

The reader is invited to prove the following result which is an analogue of
Theorem 9.2.

PROPOSITION 8.34

Let X ¢ W(A)\{e} be a circular pcode. If X is mazimal as a circular pcode,
then X is complete.
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Exercises

8.1 Prove Lemma 8.1.

8.2

8.3

8.4

8.5

8.6

8.7

8.8

8.9

8.10

8.11

8.12

8.13

8.14

8.15

Prove Lemma 8.2.
Complete the proof of Lemma 8.3.
Show that the set Y = {aob, ob, baba} is not a pcode.

Give a necessary and sufficient condition for a nonempty set X satisfying
X C {a,o}* to be a pcode over {a}.

Is X = {aob,ocb} a pcode? Why or why not?

Let u,v be nonempty partial words such that |u| = |v|. Prove that
wv Y ou if and only if {u,v} is a pcode (actually w ¥ v if and only if
{u,v} is a pcode).

Is the pcode X = {acb, abbab} over {a,b} complete?

Prove that a prefix pcode is a pcode.

Consider the two-element set {aob, aababbaababb}. Show that it is
not a pcode by using Proposition 8.28.

Let k,l be integers satisfying 1 < k < [. Let u,v,w,ws,...,wg be
nonempty partial words such that v = wiws ... wg, v = w!, and |w,| =
|wg| = <++ = |wg| = |w|. Prove that {u,v} is a pcode if and only if
uv Y ou.

Let u, v be nonempty partial words such that |u| = 2|v| and ||H (v)|| =
0. Prove that wv Y vu if and only if {u,v} is a pcode. Are the following

sets pcodes?

e {aba,aoccbab}
o {boabbo, bba}

Let X and Y be pcodes over A. Prove that if X* =Y™*, then X =Y.
Prove Proposition 8.30.

Prove Proposition 8.31.
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Challenging exercises
8.16 Show that a uniform pcode X over A is maximal over A.
8.17 Prove Proposition 8.13 and deduce the following corollaries:

1. Let ¢ : W(A) — W(C) be a pinjective morphism. If X is a pcode
over A, then ¢(X) is a pcode over C. Similarly, if ¢ : A* — W(C)
is a pinjective morphism and X is a code over A, then ¢(X) is a
pcode over C.

2. If X C W(A) is a pcode over A, then X™ is a pcode over A for all
positive integers n.

8.18 Prove Proposition 8.14.
8.19 Prove Proposition 8.15.
8.20 Prove Proposition 8.16.
8.21 Prove Proposition 8.17.
8.22 Prove Proposition 8.18.
8.23 Prove Theorem 8.1.

8.24 Let w,v be nonempty partial words such that |v] = 2Ju|. Prove
that u?v ¥ vu? if and only if {u,v} is a pcode. Illustrate this with the
following three sets {u,v} where:

1. u = babo and v = baaoobab
2. u = aob and v = aacabb
3. u = abo and v = oboabb
8.25 Prove that a subset X of A1 is an antichain with respect to <. if and

only if X is anti-commutative, or if for all u,v € X satisfying u # v, we
have uv # vu.

8.26 Prove Proposition 8.34.

Programming exercises

8.27 Write a program to find out whether or not a two-element set {u,v} is
of Type 1 or Type 2.

8.28 Design an applet that takes as input a two-element set {u, v} and com-
putes the compatibility relations u*v T vu® for suitably bounded k.
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Website
A World Wide Web server interface at

http://www.uncg.edu/mat/pcode

has been established for automated use of a program that discovers if a
nonempty finite set of partial words is or is not a pcode (the algorithm will
be discussed in Chapter 9). The program also discovers a nontrivial compati-
bility relation in case the set is not a pcode. In addition, in such cases where
the given set X is a two-element nonpcode, the program outputs whether or
not X is of Type 1 or Type 2.
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shortest common supersequence problem which is known to be NP-complete
[129].

Proposition 8.22, Proposition 8.23 and Theorem 8.2 extend results of [12]
to partial words.

Exercise 8.25 is from [94].






Chapter 9

Deciding the Pcode Property

In Section 9.1, we give an analog of the Sardinas and Patterson algorithm
for testing whether or not a given finite set of partial words is a pcode. In
Section 9.2, we adapt a technique of Head and Weber related to dominoes to
show that the pcode property is decidable.

9.1 First algorithm

In this section, we describe a first algorithm for deciding the pcode property.
A subset X of W(A)\ {e} containing two distinct compatible partial words is
obviously not a pcode. Recall that X is pairwise noncompatible if no distinct
partial words u,v € X satisfy u T v.

We build a sequence of sets as follows: Let U; be the set

o {x |z # ¢ and there exist v € X and v’z € X such that v T u'}
and for ¢ > 1, let U;;+1 be the union of the two sets
o {x | there exist v € X and v’z € U; such that u 1 v’}

o {z | there exist u € U; and v/z € X such that u 1 u'}

REMARK 9.1 To obtain the U;-set, compare each element in the set X
with every longer element in X to determine if x exists. For any given u,v
in X satisfying |u| < |v|, if v = v’z with v T o/, then « € U;. This can be
pictured as follows:

u €X

1
wxeX

To obtain the U;;1-sets where ¢ > 1: First, compare each element in the
set X with every nonshorter element in the set U; to determine if z exists.
For any given v € X and v € U; satisfying |u| < |vl, if v = vz with v T o/,
then z € U;41. This can be pictured as follows:

257
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u €X
T

vz el

Second, compare each element in the set U; with every nonshorter element in
the set X to determine if = exists. For any given u € U; and v € X satisfying
lul < |v|, if v = v/ with w T o/, then & € U;;1. This can be pictured as
follows:

U e U;

T
wzxeX

LEMMA 9.1
Let X ¢ W(A)\ {e}. Foralln>1 and k € {1,...,n}, we have € € U,, if

and only if there exist a partial word x € Uy and integers i, j > 0 such that
rX'NOX)#Dandi+j+k=n.

PROOF  We prove the statement for all n by descending induction on k.
Assume first that kK = n. If € € U, then the condition is satisfied with x = ¢
and i = j = 0. Conversely, if the condition is satisfied, then i = j = 0 and
r=¢and e € U,.

Now, let n > k > 1, and suppose that the equivalence holds for n,n —
1,...,k+1. If e € U, then by the inductive hypothesis, there exist a partial
word z € U1 and integers i,j > 0 such that XN C(X7) # 0 and i + j +
(k+1) = n. Thus there exist partial words uy,...,u;,v1,...,v; € X such
that

UL ..U T UL

Now z € Uy41, and there are two cases: Either there exists v € C(X) such
that uz € Uy, or there exists y € Uy and a partial word 3’ such that y 1 3/
and y'z € X. In the first case, we have u T u’ for some v’ € X and

uzuy ...u; T u'vr. . g

Consequently, there exist a partial word uz € U and integers i,j +1 > 0
such that ux XN C(X7T!) # 0 and i + (j + 1) + k = n, and the condition is
satisfied. In the second case, we have

/
yarup .. u; Tyvr ... o4

Consequently, there exist a partial word y € Uy and integers j,i + 1 > 0 such
that y X/ NC (X 1) # ( and j+ (i+1) +k = n, and the condition is satisfied.

Conversely, assume that there exist a partial word x € U and integers
i,j > 0 such that XN C(X7) # 0 and i + j + k = n. Then
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rur .. U T UL

for some u1,...,u;v1,...,v; € X. If 7 =0, theni=0and k =n. If j > 0,
then we consider two cases:
Case 1. |z| > |v1]

If © = vjy for some pword y and some v} satisfying v} 1 v1, then y € Ug11
and yuj...u; T ve...v;. Thus yX' N C(X771) # 0 and by the inductive
hypothesis € € U,,.

Case 2. |z| < |v1]

If v; = x'y for some nonempty pword y and some z’ satisfying = T z’, then
y € Ugyr and uy...u; T yva...vj. Thus yX77' N C(X") # 0 and by the
inductive hypothesis € € U,,.

Note that if X is a finite set, then {U,, | n > 1} is finite (this is because each
U,, contains only suffixes of partial words in X). The next theorem provides
an algorithm for testing whether or not a finite set is a pcode.

THEOREM 9.1
Let X ¢ W(A)\ {e} be pairwise noncompatible. The set X is a pcode if and
only if none of the sets U, contains the empty word.

PROOF If X is not a pcode, then there exists a compatibility relation
UTUL « .« . Uy, | V1V ... Uy

where m,n are positive integers, uy # v1, and uq,...,Um,V1,...,0, € X.
Assume first that |uy| = |v1|. Then u; T vy, a contradiction since X is pairwise
noncompatible. Now assume that |ui| > |v1]. Then u; = vix for some pword
x and some v} satisfying v] T v1. But then z € Uy and 2 X™ INC(X"~1) #£ 0.
By Lemma 9.1, € € Upygpn—1-

If X is a pcode and € € U,, then put £ = 1 in Lemma 9.1. There exist
x € Uy and integers 4,j > 0 such that i + j = n — 1 and 2X* N C(X7) # 0.
Since x € Uy, we have v = ux for some u € C(X),v € X. Furthermore, u # v
since x # e. Since u € C(X), there exists ' € X such that u T «’. It follows
from ur X? NuC(X7) # 0 that vX* N C(uw' X7) # B, showing that X is not a
pcode.

Example 9.1
Consider the pairwise noncompatible set Y = {acb, ¢a, abba, bba}. The com-
putations that follow will show that

Ul = {a'u b}a
Us = {ob, a, ba, bba},
Us = {e,ob,a, b, ba,bba},
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Uy = {e,¢a, b, a, acb, abba, b, ba, bba},

Since € € Us, this set is not a pcode.

e For U;: First, consider u = aob. In this case, acb T abba and therefore
x = a. Now, consider u = oa. Here, oa | acb and therefore x = b. No
other choices of u are successful and U; = {a, b}.

e For Us: The first set is empty since every u € Y is greater in length than

every word in U;. However, comparing U; with Y produces a nonempty
set. First, comparing u = a generates the following;:

alach <ob
aloa a
a T abba bba

Now, comparing u = b generates the following:

bloa a
b1 bba ba

e For Us: First, compare the set Y with Us:

bba 1T bba &
oaTba ¢

Now, compare Us with Y:

obTach b
ob 1 abba ba
obTbba a
alach ob
alca a

a | abba bba
ba T oa €
bba T bba ¢

e For Uy: First, compare the set Y with Us:

oaTba ¢
bba T bba €

Now, compare Us with Y:
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elTach  aob

eToa oa

e T abba  abba
e T bba bba
obTach b
ob T abba ba
obTbba a
alach ob
aloa a

a | abba bba
b1 oa a

b 1 bba ba
ba T oa €
bba T bba ¢

Since € € Us, the algorithm may stop at this point since it is determined
that Y is not a pcode. The set U, was computed as an exercise to further
the example.

I

‘We now discuss how to use the algorithm to discover some nontrivial com-
patibility relations for nonpcodes.

Example 9.2
Consider the set Z = {uy, us, u3, us} where uy = ob, uy = aob, uz = aacbba,
and uq = ba. The generated sets are as follows:

Uy = {b,bba},

Uz = {a, b},

Us = {ob, a, aobba, b},

Uy = {e, b, a, acbba, b, ba, bba},

Us = {g,0b, a, acbba, b, ba, bba, ach, aacbba} = Ug = - - -.

Since € € Uy, the set Z is not a pcode.
The following list of compatibilities are derived from the sets generated by
the algorithm:

ugbba T us
uguia | ug
uguiur T usb
uguiu1a T ugug
ugu1UI U2 | UzU40D
UgU U U2 | USULUT
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Thus, a nontrivial compatibility relation for the set Z is usuijuijus T uzuguq,
or acbobobacob T aacbbabaob.

The discovery of the nontrivial compatibility relation in the above example
requires a more detailed explanation. In fact, deriving the U;-sets with the
algorithm, several possible nontrivial compatibility relations emerge.

In obtaining Uy, since ©b | aob, b € U;. This relation may be translated as
follows. Since u; = ©b and us = aob, the original relation may be rewritten
as u1b T us. Note that the additional b € U; is concatenated to u; to make a
word compatible with a¢b. In the same manner, the relation acb T aacbba is
rewritten as usbba T us.

When comparing the elements of the set Z with the elements of the set
U, the set U yields the relation b T bba, or u; T bba. Due to this relation,
a € Uy. The compatibility relation from the previous set U; that generated
bba € Uj is ugbba T uz. In this case, u; = ob replaces the bb of bba which
leaves only the extraneous a € Us. Therefore, the new relation is usuia T us.

Comparing the elements of the set U; with the elements of the set Z requires
alternate handling. The relation b T ¢b generates b € Us. The compatibility
relation from the previous set U; that generated b is u1b T ug. In this case,
u1 = ob replaces the b on the left side of the relation. However, the extraneous
b € Us is concatenated to the right side of the relation. Therefore, the new
relation is ujuq T ugb. In the same manner, the relation b T ba where a € Us
is translated as ujug T uga since uy = ba.

The following lists illustrate the compatibility relations that unfold as the
set Us is determined by the algorithm. For clarity, relations generating the
same partial word that becomes an element of Us are grouped together. Note
that multiple possibilities may exist for a single relation as derived from the
algorithm. The original relation from the algorithm is on the left, and the
respective translation is on the right.

The following relations allow b € Us:

alTob usuiur T usb
alob urUsb T usuq

The following relations allow ©b € Us:

alacb  usuius T uzob
alaod  uiugsob T usus

The following relations allow aobba € Us:

a T aaobba usuiuz | uzacbba
a T aaobba  uiugacbba T usus

The following relation allows a € Us:

bTba wuia T usuy
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The relations from Uy are presented in a similar manner. Observe that once
e € Uy two different nontrivial compatibility relations emerge, usujus T usuq
and ujuquy T usus, thus proving the example set Z is not a pcode.

The following relations allow ¢ € Uy:

ob T obe  uguius T usug
ob T obe  ujugquy T ugus

The following relations allow bba € Uy:

ob T acbba usuiug | usuibba
ob T aobba  wujugquibba T usus

The following relation allows aobba € Uy:
a T aadbba  uiuiuz T usugsacbba
The following relations allow ba € Uy:

aob T acbba usuruz T ususba
aob T aobba  ujugusba T usus

The following relations allow b € Uy:

alob uiuruy T uougb
b T <>b uQululb T usuy
b T <>b U1U4UL T u2u1b

The following relation allows b € Uy:
alacd  uiuius T usugob
The following relations allow a € Uy:

bTba wouiuia T ugug
b1 ba ULU4Ug T UULG

Due to € € Uy, the algorithm may stop at this point. However, to demon-
strate additional possible nontrivial compatibility relations satisfied by Z, the
sets Us and Uy will be briefly examined. With each additional iteration of the
algorithm, new nontrivial compatibility relations emerge.

All relations generating the set Us will not be delved into, instead only
the relations pertaining to the elements € and ©b will be apprised. Observe
that since € € Uy another nontrivial compatibility relation emerges, ujuius T
usuquy, thus furthering the fact that the example set X is not a pcode.

The following relation allows ¢ € Us:

ob T obe  wjuius T ugugty

The following relations allow ob € Us:
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al acb  uguiuius T uzugob
alacb  uiugusob T usuiug

Subsequent sets generated by the algorithm are equivalent to the set Us.
However, additional nontrivial compatibility relations become apparent.
The following relations allow ¢ € Us:

ob T <>b§ U2UT UL UL T uUszU4U
ob T obe  ujuququy T usuius

Therefore, since ¢ € Ug, two additional nontrivial compatibility relations
are derived, usuiuius T usuquy and ujuququy T usuqusg, thus furthering the
fact that the example set Z is not a pcode.

9.2 Second algorithm

In this section, we describe a second algorithm for deciding the pcode prop-
erty. It is based on a domino technique that we start investigating for full
words and then extending it to include partial words.

9.2.1 Domino technique on words

Let X be a nonempty finite subset of AT. For «, 3 € X* satisfying o = 3,

put @ = ayag...Qy, B = 0102...0, for some aq,...,qm,01,...,0n € X.
The relation « = ( is trivial if m = n and a3 = G1,...,a;m = Bm, and
the relation o = 3 is factorizable if there exist o/, a”,3’,3” € Xt such that
a = a/a//7 ﬁ — ﬁ/ﬁ//, a/ — 6/7 and a// — ﬁ//.

Example 9.3
Consider the set

Y = {u,ug, us, us}
over {a,b} where

u1 = a, ug = abbbbba, uz = babab, and us = bbbb

Setting
a = (a)(bbbb)(babab)(abbbbba) = u1 uyg us usg
B = (abbbbba)(babab)(bbbdb)(a) = us us uy uy
the relation @ = § is seen to be nontrivial and nonfactorizable. I

In order to study the relations satisfied by the set X, we define the simplified
domino graph and the domino function of X.
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DEFINITION 9.1 Let X be a nonempty finite subset of A™. Let G =
(V, E) be the directed graph with vertex set
V = {open, close, (*), () | u € P(X)\ {e}},

and with edge set E = F1 U Es U E3 U Ey where
E, = {(open, (i)) |ue X},
Ey ={((¥),close) | u e X},

By ={((2), () (C): (2) v e XD,

Ey = {((2), G (G () [ ww € X}

The simplified domino graph associated with X, denoted by G(X),
is the directed graph G' = (V' E") where V' consists of open, close and those
vertices v in V such that there exists a path from open to close that goes
through v, and E' consists of those edges e in E such that there exists a path
from open to close going through e.

The domino function associated with X is the mapping d from E to
{(¥), () | uwe X} defined on

Eq by (open, (1)) = (1),

by ((2), close) = (7)),
By by ((2): (7)) = () and (), (5,)) = ()
Eq by ((2). () = () and ((): () = ()

The domino associated with an edge e of E is defined as d(e) = (Z;Eg)

where dyi(e) denotes the top component and da(e) the bottom one.

Example 9.4
Returning to the set Y of Example 9.3, we see that there are fifteen elements
in P(Y) \ {e} which are:

a, ab, abb, abbb, abbbb, abbbbb, abbbbba, b, ba, bab, baba, babab, bb, bbb, bbbb

The set of vertices V' includes open, close and thirty other elements such as
(‘;) and (be)' The set of edges E consists of several edges split into the four
sets Fq, Fo, B3 and Fy:

e The set E; has four edges including e; = (open, (Z)) sincea=u; €Y.

The domino function d associated with Y maps e; to d(e;) = (*') where
dl(el) = Uz and dg(el) =¢&.

e The set F has four edges including e; = ((bazab), close) since babab =
uz € Y. This edge is mapped to (**).
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e The set F3 has several edges including e3 = ((%), (abbbb)). Here, both

€ €

a and abbbb belong to P(Y) \ {e}, and bbbb = uy € Y. The edge e3 is
mapped to (E

Uq

e The set Ej has several edges including es = ((**"), (5,))- Here, both bab
and ab belong to P(Y) \ {€}, and (bab)(ab) = uz € Y. The edge ey is
mapped to (“?).

€

The simplified domino graph and the domino function associated with Y are
as in Figure 9.1 where the domino d(e) associated with an edge e is represented
as the label of e. Note that, for instance, the vertex v = (bsb) is not in G(Y)

()G

@@ @ w@ -6

FIGURE 9.1: Simplified domino graph and function of
Y = {u1,us,us, us} where u; = a,us = abbbbba,us = babab, and us = bbbb.

since there is no path from open to close going through v, and the edge
e = (open, (,1,)) is not in G(Y) since there is no path from open to close

going through e. I

The function d induces mappings d; and dp from E to X U {e} also called
domino functions. If p = ejes...e; is a path in G, then d(e;)d(ez)...d(e;)
(respectively, dq(e1)di(ez2) ... di(e;), da(e1)da(es) ... da(e;)) is denoted by d(p)
(respectively, di(p), d2(p)).

There are many paths starting at open and ending at close in Figure 9.1.
They include the path

q = open, (2)’ (abibb)’ (bsa)’ (bzb)v (asb)v (abbsbbb)> (abbgbba)vdose

with associated domino sequence

d(g) = () () () () () () () (%) = ()
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If we look at the two sequences built by d(q), d1(¢) = urususus and do(q) =
usuzuguy, then we see that di(q) = da(q) is the nontrivial nonfactorizable
relation over Y that was discussed in Example 9.3.

A path p in G from open to some vertex (V) (respectively, (£)) is trying to
find two decodings of the same message over X into codewords beginning with
distinct codewords. The decodings obtained so far are di(p) and da(p). The
word u in A* denotes the backlog of the first (respectively, second) decoding
as against the second (respectively, first) one. In the example of Figure 9.1,
the path

r = open, (5), (wims)- (%)

from open to (baa) is such that

di(r)=abbbd
do(r)=abbbbba

and we notice that ba is the backlog of d;(r) as against da(r).

The next proposition illustrates how the paths from open to close in G(X)
correspond to nontrivial nonfactorizable relations satisfied by X. It is stated
without proof as we will prove a more general result in the next section.

PROPOSITION 9.1
Let X be a nonempty finite subset of A*. Fora, 3 € X*, a = 3 is a nontrivial

nonfactorizable relation if and only if there exists a path p in G(X) from open

to close such that d(p) = (g) ord(p) = (Z)

Whether or not X is a code can be determined by looking at its simplified
domino graph G(X). More specifically, the following result holds.

THEOREM 9.2
Let X be a nonempty finite subset of AT. Then X is a code if and only if
there is no path in G(X) from open to close.

We have already noted that there exist paths from open to close in the
simplified domino graph G(Y") of Figure 9.1, showing that Y is not a code.

9.2.2 Domino technique on partial words

Let X be a nonempty finite subset of W(A) \ {e}. For a, 5 € X* satisfying
a1 3, put

a=qaq1Qz...Qy and = (102...0,

for some a4, ..., m, B1,-..,0n € X. Therelation « T f is trivial if m = n and
a1 = f1,...,Qn = Bm, and that it is factorizable if there exist o/, o, 5", 3" €
XT such that o = o/a”’, B =38", o' 1 3, and " T 5".
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Example 9.5
Consider the set

Z = {uy,uz,u3, uq}
over {a,b} where

u; = aob, us = aabobb, uz = ob, and uy = ba

Setting
a = (aob)(ob)(ob)(ba)(ob) = w1 us ug ug ug
B = (aabobb)(ob)(aoh) = ug us uy
the relation « T 3 is seen to be nontrivial and nonfactorizable. f

In order to study the compatibility relations

ajag...am T B1B2... By

where aq,...,qm, B1,..., 0, € X, we extend the domino technique on words
of Section 9.2.1.

DEFINITION 9.2 Let X be a nonempty finite subset of W(A)\{e}. Let
G = (V, E) be the directed graph with vertex set

V = {open, close, (%), (5) | u € C(P(X))\ {c}},
and with edge set E = By U E> U E3 U By where

By = {(open, (;)) | v € X},

By = {((2), close), ((3), close) | u € C(X)},

By ={((2), (). ((5): (0) v e X3,

Ey={((2), ) ((C). () |w=v'v,ulu' we X}.

The simplified domino graph associated with X, denoted by G(X),
is the directed graph G' = (V' E’) where V' consists of open, close and those
vertices v in V such that there exists a path from open to close that goes
through v, and E' consists of those edges e in E such that there exists a path
from open to close going through e.

The domino function associated with X is the mapping d from E to
the set of nonempty subsets of {(¥), (5) | u € X} defined on

Ey by (open, () — {(¥)},

Es by (1), close) — {(Y) |uTv and v e X} and ((3),close) — {() |uTv
and v € X},
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B3 by ((2), (") =)} and (7). () = {()},
E4by()() ()|w—u'vuTu',andweX}and((i),(g))H
{(C) |lw=vv,ulv, andw e X}.

The domino set associated with an edge e of E is the set d(e).

Example 9.6
Returning to the set Z of Example 9.5, we see that there are twelve elements
in P(Z)\ {e} which are:

a, ao, aob, aa, aab, aabo, aabob, aabobb, o, b, b, ba

and many more elements in C(P(Z)) \ {e} that include oo, ¢a,.... The set
of vertices V includes open, close and several other elements such as (?) and

(a o <>). The set of edges E consists of several edges split into the four sets

E17 EQ,Eg and E4I

e The set F; has four edges including e; = (open, (5,)) since ach = uy €
Z. The domino function d associated with Z maps e; to d(e1) = {(*"})}.

e The set Ep has several edges including ez = ((°°), close) since oo T ug
and thus oo € C(Z). This edge is mapped to {("?), (“4)}.

€

e The set E3 has several edges including ez = ((sz) (QQbOb)) Here, both
oob and oobob belong to C(P(Z)) \ {e}, and b = ug € Z. The edge e3
is mapped to {(ui)}

e The set Fy has several edges including es = ((°?*),(,5,)). Here, both
u = oob and v = obb belong to C(P(Z)) \ {e}. Setting v’ = aab, we
get w = (aab)(obb) = vw'v with v T v’ and w = uy € Z. The edge ¢4 is

mapped to {(“?)}.

Parts of the simplified domino graph and the domino function associated
with Z are displayed in Figures 9.2, 9.3 and 9.4 where the domino set d(e)
associated with an edge e is represented as the label of e. Since the domino
sets in G(Z) are all singletons, the domino set { (")} say has been abbreviated
by (“51) The reader is invited to complete the graph and discover that, for
instance, the vertex v = (agb) is not in G(Z) since there is no path from open
to close going through v, and the edge e = (open, (,5,,)) is not in G(Z) since
there is no path from open to close going through e.

If p=-ejes...e; is a path in G, the set

d(er)d(e2) ...d(e;) = {x122...2; | 21 € d(e1),x2 € d(e2),...,x; € d(e;)}
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£
abih

FIGURE 9.2: Neighborhood of vertex open in G(Z) where
Z = {uq,uz,ug, ug } with ug = aob, uz = aabobb, uz = ob, and uys = ba.

)

FIGURE 9.3: Neighborhood of vertex (*) in G(Z).
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() (i) (%)
| | |
T e aono

0
9

FIGURE 9.4: Neighborhood of vertex close in G(Z

is denoted by d(p). For x = (Zi) (g’;‘) .. (ZZ”) in d(p), we abbreviate y1y> ... y;
above(m))

by above(z) and z123...% by below(xz). We will also write z = (below(;c) .

Note that above(x), below(x) are in X*.

There are many paths of length at least three starting at open and ending
at close in G(Z). Such a path, which appears in Figure 9.5, shows how a
domino sequence x associated with its edges leads to a nontrivial nonfactor-
izable compatibility relation of the form above(z) T below(x). The sequence
of labels

()(2) () (2) () (D (2) ()

is in d(q) and note that ujugususus 1 ususuy is a nontrivial nonfactorizable
compatibility relation over Z which was already discussed in Example 9.5.

A path p in G(X) from open to some vertex (Z) is trying to find a non-
trivial compatibility relation over X. The factorizations obtained so far
for a particular z € d(p) are above(z) and below(z). More precisely, if
above(r) = ajas...q, and below(x) = [102...0,, then ay # (1 and
a1 . ..ot T 6102 ... 0B, and u is a suffix of 8155 ... 3,. The partial word u
denotes the backlog of the first factorization as against the second one. Sim-
ilarly, if p is from open to some vertex (2), then a; # 07 and aas...qp T
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()
@ @O

(%)

FIGURE 9.5: A path g of length at least three from open to close in
G(Z).

B1Ps2...0,u and u is a suffix of ayas...a,,. In this case, u denotes the
backlog of the second factorization as against the first one.

In the sequel, in order to simplify the notation, we identify both open and
close with (i)

LEMMA 9.2
Let X be a nonempty finite subset of W(A) \ {e}.

1. If u € C(P(X)) and there exists a path p in G(X) from open to ()

(respectively, (£)), then d(p) consists of elements of the form (Bo‘u) (re-

spectively, (aﬁ“)) for some a, B € W(A) satisfying o T 3.

2. If there exists a path p in G(X) from open to close such that (g) € d(p),
then o T B is a monfactorizable compatibility relation satisfied by X.
Moreover, if p is of length at least 3, then o T [ is nontrivial.

PROOF First, Statement 1 follows by induction. The only path of length
1 from open is an Fj-edge of the form (open, (7)) for some v € X. Here,
d(p) = {(%)} and the result follows with o = 3 = e. Now, consider the path
q = pe where p is a path from open to (7;) and e is an edge from (g) By
the inductive hypothesis, d(p) consists of elements of the form ( ﬁo‘u) for some
o, 8 € W(A) satisfying o T 8. For e = ((¥),close) € E3, d(pe) = d(p)d(e)
consists of elements of the form (gau) (Z) = (gs) = (g:) where u 1 v and
v € X. Fore= ((%),(")) € Es, d(pe) consists of elements of the form

g g

(ﬁo‘u) (f}) = (Bzv) = (ﬁ?;v) where v € X. Finally, for e = ((Z), (f})) € Ey,
d(pe) consists of elements of the form (g, ) (%) = (5.) = (ag;”) = (";3,,”) where
w = uv, u v, and w € X. In any case, the result follows with some
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o/, 3 € W(A) satisfying o 1 3. The result follows similarly when p is a path
from open to (%) and e is an edge from (£).

Second, let us show that Statement 2 holds. If there exists a path p from
open to close such that ( ) € d(p), then by Statement 1, « 1 3 since close =

(z) But by the definition of d(p), we have o, 3 € X* and thus a T 3 is a
compatibility relation satisfied by X. I

The next lemma shows how to obtain the path corresponding to a nontrivial
nonfactorizable compatibility relation. First, we need some definitions.

For two partial words a, 8 € W(A), we write o = § if a € C(P(5)) where
P(p) is the set of all prefixes of 5, and « < fif « < f and o ¥ 5.

Let o, € X*, and put « = ajas ..., and 0 = B102...05,. We say

that (g) has a proper prefiz compatibility relation if there exist o/, 8 € X+
such that o is a prefix of «, (' is a prefix of 3, (g) #* (g:), and o T (3 is
a compatibility relation. Note that a nonfactorizable compatibility relation
a 1 (B is such that (a) has no proper prefix compatibility relation. We say

that ( ) has the nppcr property if the following three conditions hold:

(1) a < B and the suffix v of § satisfying 5 1 a7 belongs to C(P(X)), or
0 = a and the suffix v of « satisfying o T 87 belongs to C'(P(X)).

(i) (g) has no proper prefix compatiblity relation.

(#4¢) If n > 0, then m > 0 and |a1| < |G1].

LEMMA 9.3
Let X be a nonempty finite subset of W(A) \ {e}.

1. Let o, 8 € X* be such that there exists a path p in G(X) from open to
vy € V with (g) € d(p).

(a) If vi = () and v € X is such that wv € C(P(X)), then there exist
vo € V and a path q from open to vo such that (ﬁau) € d(q).

(b) If vy = (*) and w = u'v € X is such that u 1 v and v € C(P(X)),

g
then there exist vo € V and a path q from open to vs such that

(aﬁw) € d(q).
(c) Ifvi = (%) and v € X is such that uv € C(P(X)), then there exist
vg € V and a path q from open to vs such that ( ) € d(q).

(d) If v = () and w =v'v € X is such that u T v’ and v € C(P(X)),
then there exist vo € V' and a path q from open to vy such that

(ﬁw) € d( )

2. Let a, 8 € X* be such that (g) has the nppcr property. Then there exist
v €V and a path p in G(X) from open to v such that (g) € d(p).
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3. Let a,B € X* be such that o T B is a nontrivial nonfactorizable compat-
ibility relation. Then there exists a path p in G(X) from open to close
such that (g) € d(p) or (2) € d(p).

PROOF Cases (a) and (c) of Statement 1 lead to edges in E3, and Cases
(b) and (d) lead to edges in E3 or Ey depending on whether v = ¢ or v # «.
Let us consider Case (b) (the other cases are left as exercises for the reader).

If v # €, then put vo = (%) and e = ((¥), (5)) € E4. Here, (g) (¥) = (D‘ﬁw) €
d(p)d(e) = d(q). On the other hand, if v = €, then v/ = w and take vo = close
and e = ((¥), close) € E5. Here, (g) (V) = (o‘ﬁw) € d(p)d(e) = d(q).

For Statement 2, the proof is by induction on m +n where o = ajas ... auy,
and 0= (102 ...0,. If m+n =1, then by the nppcr property, we must have
m=1and n=0. Thus, « = oy and B =¢. Let v = (asl) and p be the path
consisting of the edge e = (open,v) € E;. Then (g) = () e d(e) =d(p).

If m+n > 1, then m > 0 by the nppcr property. So let o/ = a1 ... 1,
and whenever n > 0, let 5’ = 3102...8,_1. Note that when a < 3, we have
n > 0 and 3’ is defined. Moreover, by the nppcr property, we have a ¥ 8 and
o' ¥ 3. So we consider the following cases:

e If « < 8 and a < 3, then use the inductive hypothesis on (;‘/) and
Statement 1(a).

e If < 8 and ' < «, then use the inductive hypothesis on (g,) and
Statement 1(d).

e If 3 < o and o/ < 3, then use the inductive hypothesis on (%/) and
Statement 1(b).

e If 3 <X o and 8 < «’, then use the inductive hypothesis on (0/‘3’) and
Statement 1(c).

Let us consider the third case (the other cases are similar). If § < « and
o' < @, then put w = au,. Since o/ < (3, let u be the suffix of § such
that 8 1 o/u. The latter and the fact that 8 < « imply that w = v'v € X
with v T «/. Since 8 = a, the suffix v of «a satisfying a 1 SBv belongs to
C(P(X)). We have u € C(P(X)), and so (O[‘;) has the nppcr property. By the
inductive hypothesis, there exist v; € V and a path ¢ from open to vy such
that (0[‘;) € d(g). By Lemma 9.2(1), v; = (¥). So by Statement (1)(b), there

exist v9 € V and a path p from open to vy such that (g) = (o‘;;““) € d(p).

For Statement 3, we first note that if o, are distinct compatible ele-
ments of X, then the path p = ejes in G(X) where e; = (open, (7)) and
ey = ((Z),close) is such that (g) € d(p). Otherwise, since o T 8 is a com-
patibility relation satisfied by X, Condition (i) of nppcr is satisfied. Since
it is nonfactorizable, Condition (ii) is satisfied. Finally, since it is nontrivial
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and nonfactorizable, one of (g) and (5 ), say the first, satisfies Condition (iii).
Hence () has the nppcr property. By Statement 2, there exist v € V and a
path p from open to v such that (g) € d(p). By Lemma 9.2(1), we must have

v = close. I

Whether or not a pairwise noncompatible set X is a pcode can be deter-
mined by looking at its simplified domino graph G(X) as stated in the next
theorem.

THEOREM 9.3
Let X be a nonempty finite subset of W(A)\{e} that is pairwise noncompatible.
Then X is a pcode if and only if there is no path of length at least 3 in G(X)
from open to close.

PROOF The above two lemmas illustrate how the paths of length at
least 3 from open to close in G(X) correspond to nontrivial nonfactorizable
compatibility relations satisfied by X. Indeed, for a,0 € X*, a T B is a
nontrivial nonfactorizable compatibility relation if and only if there exists a
path p of length at least 3 in G(X) from open to close such that (5) € d(p)

or (g) € d(p).

We have already noted that there exist paths of length at least three from
open to close in G(Z) (see Figure 9.5), showing that Z is not a pcode.

Exercises

9.1 Is X = {acb, bbb, oab} pairwise noncompatible?

9.2 Consider the set X = {acob, obaaa, abba}. Carry the computations of
the U;-sets on X as is done in Example 9.1. Is X a pcode?

9.3 Repeat Exercise 9.2 for X = {ac, aab, bob}.

9.4 What can be said about X if U; = 0 for some ¢ > 1?7 What is U; 14
then?

9.5 Show that if X is a finite set, then {U,, | n > 1} is finite.
9.6 Show that the first algorithm ends immediately for prefix pcodes.

9.7 Build the simplified domino graph and its associated domino function
for the set X = {aaabba, abb, ba,bb}. Is X a code or not?
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9.8 Build the simplified domino graph of the set X = {a¢b, ac}. Conclude
that X is a pcode over {a,b}.

9.9 Classify the edges in Figure 9.1 as E1-, Ea-, E3- or E4-edges.
9.10 Explain why FE1-, Fs-, and Es-edges cannot be bidirectional.

Challenging exercises

9.11 Use the first algorithm to discover some nontrivial compatibility relation
for the set Z = {a, abbbbba, babab, bbbb} as was done in Example 9.2.

9.12 Classify the following sets as pcodes or nonpcodes:

X1 = {bba, beo}

X5 = {aabboo, bao, bboc}
X3 = {aco, bb}

X4 = {ob, ach, aacbba}
X5 = {abo, abbo, abbbo}

9.13 Give the neighborhood of the vertex open in G(X) when
X = {ob, acb, aacbba, ba}

9.14 Repeat Exercise 9.13 for the vertex close.

9.15 If e is an F4-edge, then what is a necessary condition in order for e to
be bidirectional?

9.16 Build the simplified domino graph of X = {acb,ob,baba}. What can
you conclude?

9.17 Build the simplified domino graph and the domino function associated
with X = {aob, ca, abba, bba}. Then

1. Give an example of a path p of length at least three from open to
close with its associated domino sequence.

2. From the path p of your answer to 1, extract a nontrivial nonfac-
torizable relation.

9.18 Build the simplified domino graph of X = {a¢b, aabobb, ob,ba} that
was started in Figures 9.2, 9.3 and 9.4.

9.19 Prove Case (d) of Statement 1 of Lemma 9.3.

9.20 Prove the first case of Statement 2 of Lemma 9.3.
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Programming exercises

9.21 Implement the algorithm of Section 9.1 for full words. Run your program
on the set Y of Example 9.3.

9.22 Design an applet that receives as input a nonempty finite subset X C A+
and an element u € P(X) \ {e¢}, and outputs all the E;-, F2-, F5- and
Ej4-edges leaving () in the graph G = (V, E) of Definition 9.1.

9.23 Repeat Exercise 9.22 for an input defined as a nonempty finite subset
X Cc W(A)\ {e} and an element v € C(P(X)) \ {¢}, and an output
defined as all the E;-, Fs-, E3- and E4-edges leaving ('E‘) in the graph
G = (V, E) of Definition 9.2.

9.24 Write a program that when given as input a nonempty finite subset
X C AT computes the simplifed domino graph of X, G(X). Run your
program on the set of Example 9.3.

9.25 Repeat Exercise 9.24 for an input defined as a nonempty finite subset
X Cc W(A)\ {e}. Run your program on the set of Example 9.5.

Website
A World Wide Web server interface at

http://www.uncg.edu/mat/pcode

has been established for automated use of programs related to the first algo-
rithm discussed in Section 9.1.

Bibliographic notes

Sardinas and Patterson developed an algorithm to test whether or not a set
of full words is a code [127]. The partial word adaptation from Section 9.1 of
their algorithm is from Blanchet-Sadri and Moorefield [39].

The domino technique on full words from Section 9.2.1 is from Head and
Weber [92]. In order to study the relations satisfied by X, Guzmén suggested
to look at the simplified domino graph and the domino function of X [85].
Proposition 9.1 is from Guzmén [85]. That approach was further considered
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Head and Weber’s domino graph of X defined in [92].

The domino technique on partial words from Section 9.2.2 is from Blanchet-
Sadri [16].
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Chapter 10

Equations on Partial Words

As we saw in Chapter 2, some of the most basic properties of words, like
the conjugacy and the commutativity, can be expressed as solutions of word
equations. Recall that two words « and y are conjugate if there exist words u
and v such that x = uv and y = vu. The latter is equivalent to the existence
of a word z satisfying xz = zy in which case there exist words w, v such that
r = uv, y = vu, and 2z = (uv)*u for some nonnegative integer k. And two
words x and y commute, namely xy = yz, if and only if z and y are powers
of the same word, that is, there exists a word z such that z = z* and y = 2/
for some integers k and I.

Another equation of interest is ™ = y™. It turns out that if x and y are
words, then ™ = y™ for some positive integers m, n if and only if there exists
a word z such that z = z* and y = 2! for some integers k and I. Yet, another
interesting equation is 2"y™ = 2P which has only periodic solutions in a free
monoid, that is, if zy"™ = 2P holds with integers m,n,p > 2, then there
exists a word w such that z,y and z are powers of w.

In this chapter, we pursue our investigation of equations on partial words.
In Section 10.1, we give a result that gives the structure of partial words
satisfying the equation z™ 1 y", which provides the conditions for when x
and y are contained in powers of a common word. In Section 10.2, we solve
the equation z2 T y™z. This result is a first step for solving the equation
z™y™ T zP in Section 10.3.

10.1 The equation =™ 7 y™

In this section, we investigate the equation 2™ 1 y™ on partial words. When
dealing with partial words x and y, if there exists a pword z such that z C 2*
and y C z' for some integers k,[, then ™ 1 y" for some positive integers
m,n. Indeed, by the multiplication rule, 2! C z* and y* C 2¥, showing that
2! T y*. For the converse, it is beneficial to define the following manipulation
of a partial word z. For a positive integer p and an integer 0 < i < p, define

xm = z(i)x(i + p)z(i 4+ 2p) ... z(i + jp)

281
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where j is the largest nonnegative integer such that i+ jp < |z|. We shall call
this the ith residual word of x modulo p.

The following two lemmas provide equivalent conditions for periodicity and
weak periodicity.

LEMMA 10.1 .
A partial word x is p-periodic if and only zfx{;] is 1-periodic for all0 <1 < p.

LEMMA 10.2 .
A partial word x is weakly p-periodic if and only if x{;] is weakly 1-periodic
for all0 <i<p.

Using the multiplication and the simplification rules, we can demonstrate
the following lemma. Consequently, if z™ 1 y™ and ged(m',n’) # 1, then

2™ 1 y™ where m = m’/ged(m’/,n’) and n = n’/ged(m’,n’). And therefore
the assumption that ged(m,n) = 1 may be made without losing generality.

LEMMA 10.3
Let x,y be partial words and let m,n and p be positive integers. Then x™ T y™
if and only if x™P T y™P.

LEMMA 10.4
Let x,y be partial words and let m,n be positive integers such that x™ T y™
with ged(m,n) = 1. Call |z|/n = |y|/m = p. If there exists an integer i such

that 0 < i < p and x[;] s not 1-periodic, then D(yLﬂ) is empty.

PROOF  Assume that there is an integer ¢ such that 0 < i < p and x{;]

is not 1-periodic. Then for some j and k such that ¢ + jp and ¢ + kp are in
the domain of x,

(i +jp) # 2(i + kp)
Now assume that D(y[;)} ) is not empty, that is, there is a constant [ such that

y(i+ (I +4)p) = (i + jp)

and hence
y(i + (L +5)p) T (i + jp +U'ly]) mod |z|)
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for all I’. Now we make the claim that there exists an I’ such that
(i +jp +U'lyl) = (i + kp) mod |z] (10.1)
Since |y| = mp and |z| = np, (10.1) becomes
(j +1U'm)p = kp mod np
which may be reduced to
k—j=Ummodn

Since ged(m,n) = 1, such an I’ exists that satisfies our claim. Therefore

(i +kp) = 2((i + jp + U'ly[) mod |z[) T y(i + (I + j)p) = z(i + jp) (10.2)

but we assumed earlier that x(i 4+ jp) # x(i + kp) and that i + jp and i + kp
were both in the domain of z. Therefore the compatibility relation in (10.2E|
is a contradiction.

LEMMA 10.5
Let x be a partial word, let m,p be positive integers, and let i be an integer
such that 0 < i < p. Then the relation

xmm _ x[p] x[@ =l mod p] x[@' = (m = el mod p]
holds.

PROOF  The proof is by induction on m. Consider the case of m = 2.

Note that

for some partial word y. Let k be the largest nonnegative integer such that
i+ kp < |z|. Then
y(0) = z(j)
where j = (i + (k + 1)p) mod |z|. Therefore i — j + (k + 1)p = |z| by the
definition of k and so
j = (i—|z[) mod p

I

Hence

p

and the basis follows. Assume the relation holds for m < n. Then :c"“[}j is

equal to
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xnm x[(i - n|x]|0) mod p}

which in turn equals

o] ofti e mods] _ Jii @V mod] [l mod 7

p b p p

The result follows. I

The following concept of a “good pair” of partial words is basic in this
section.

DEFINITION 10.1 Let x,y be partial words and let m,n be positive
integers such that ™ 1 y™ with gcd(m,n) = 1. If for all i € H(x) the word

|| =@ tel) ook = D)

is 1-periodic and for all i € H(y) the word

o] =@ ek = )
is 1-periodic, then the pair (z,y) is called a good pair.

Let us illustrate the concept of good pair with a few examples.

Example 10.1
Consider = = acbabbacbabbaco of length |z| = 15 and y = aboaob of length
ly| = 6 that satisfy 2% T y°. For all i € H(z), the word

Y (0)y° (i + |xl)

is 1-periodic since for ¢ = 1, we get bo; for ¢ = 7, we get bo; for ¢ = 13, we get
bo; and for i = 14, we get ob. Similarly, for all ¢ € H(y), the word

w?(D)a? (i + [yl)2 (i + 2ly[)a? (i + 3y|)2* (i + 4ly])

is 1-periodic since for i = 2, we get bbobb and for i = 4, we get bbooo. Thus
(z,y) qualifies as a good pair.

Now, consider z = aob of length |z| = 3 and y = acbadb of length |y| = 6
which satisfy 22 T y'. Here (x,y) is not a good pair since y*(1)y'(1 + |z|) =
y(1)y(4) = cd is not 1-periodic.

—

We now state the “good pair” theorem.
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THEOREM 10.1

Let x,y be partial words and let m,n be positive integers such that x™ T y™
with ged(m,n) = 1. If (x,y) is a good pair, then there exists a partial word z
such that x C 2 and y C 2' for some integers k,1.

. - . . le|
PROOF  Since ged(m,n) = 1, there exists an integer p such that - =

m

bl — p. Now assume there exists an integer ¢ such that 0 < ¢ < p and x{;]

is not 1-periodic. Then by Lemma 10.4, i + jp € H(y) for 0 < j < m which

by the assumption that (z,y) is a good pair implies that =™ ! —‘Z/‘( Pl must be
1-periodic for any choice of j. Note that |y| = mp and similarly || = np.

Therefore by Lemma 10.5, mm[i ;;p } is equal to
x[% + jp] x[(i + jp — |z|) mod mp] - x[(i +jp — (m — 1)|z|) mod mp}
mp mp mp
When [ is chosen so that 0 <[ < m, we have
i+jp—lla| =i+ (j — In)p
For 0 < j < 'm, we claim that
{—Im)modm |0<I<m}={0,1,...,m—1}
Indeed, assuming there exist 0 < I; < ls < m such that
(j —lin) = (j — len) mod m

we get that m divides (I3 — l2)n, and since ged(m,n) = 1, that m divides
(l1 — l2), whence l; = ls. So there exist jo, ji, .- ., Jm—1 such that jo = j and
{jo,jl,...,jmfl} = {O,l,...,m— 1} and

xm{z + Jp] _ x[Z + Jop] x[z + le} o x[l + Jm—lp]

mp mp mp mp

Since xm[Z ;;p} is 1-periodic, there exists a letter a such that for all 0 < k <

m,

x|:l+jkp:| C a™ik
mp

for some integer mj,. This contradicts our assumption that there is an ¢ for

which :ch is not 1-periodic (here xLﬂ =z()z(i+p)...z(i+(n—1)p) C a™).

Therefore x[}j is 1-periodic for all 0 < ¢ < p. By the equivalent condition for
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periodicity, this implies that z is p-periodic. The same argument holds for y,
and since " T y™, the result that there exists a word z of length p such that
x C 2™ and y C 2™ is proven.

We illustrate Theorem 10.1 with the following example.

Example 10.2

Given & = aobabbaobabbaco of length |x| = 15 and y = aboaob of length
ly| = 6, the alignment of 22 and y° may be observed with the depiction in
Figure 10.1.1 We can check that z? T 3° and we saw in Example 10.1 that
(x,7) is a good pair. Here  C 2° and y C 22 with z = abb.

X = a*“b abb a*b abb a™™ a"b abb a"b abb a™™
T ¥ ? = ab™ a™b ab™ a™b ab™ a™b ab™ a"b ab™ a™b
FIGURE 10.1: An example of the good pair equation.

REMARK 10.1 The compatibility relation 22 = (aob)? T (acbadb)! =
y! shows that the assumption of (z,y) being a good pair is necessary in
Theorem 10.1. It was noticed in Example 10.1 that (z,y) is not a good pair,
and we can check that there exists no partial word z as desired.

COROLLARY 10.1
Let x and y be primitive partial words such that (z,y) is a good pair. If
™ T y™ for some positive integers m and n, then x T y.

PROOF  Suppose to the contrary that = Jy. Since (z,y) is a good pair,
there exists a word z such that  C z¥ and y C 2! for some integers k, [. Since
x ¥y, we get k # [. But then x or y is not primitive, a contradiction. I

REMARK 10.2 Note that if both x and y are full words such that
2™ = y" for some positive integers m and n, then (z,y) is a good pair.
Corollary 10.1 hence implies that if z,y are primitive full words satisfying
™ = y™ for some positive integers m and n, then z = y.

We conclude this section by further investigating the equation z? T y™ on
partial words where m is a positive integer. The proof is left as an exercise

IThis graphic and the other that follows were generated using a C++ applet on one of the
author’s websites, mentioned in the Website Section at the end of this chapter.
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for the reader.

PROPOSITION 10.1
Let x,y be partial words. Then % T y™ for some positive integer m if and
only if there exist u,v,ug, Vg, ..., Um—_1,Vm—_1 Such that y = uv,

Tr = ('UJOWO) ce (un—lvn—l)un = Un(”n—&-l"’n-{-l) ce (um—lvm—l)

where 0 <n <m, uTu; andv T v; for all 0 < i < m, and where one of the
following holds:

e m=2nand u=c.

e m=2n+1 and |u| = |v].

10.2 The equation z% 1 y™z

In this section, we investigate the equation 2 T y™z on partial words where
it is assumed that m is a positive integer and z is a prefix of y. The equation
22 1 y™z will play a crucial role in the solution of the equation z™y™ 1 2P
discussed in the next section.

Consider the compatibility relation

(ao0a)? 1 (aab)?aa

where z = aoca, y = aab and z = aa. We say that the triple (z,y,2) is a
“nontrivial” solution of the equation z? T y?z. More formally, we have the
following definition.

DEFINITION 10.2 Let m be a positive integer. A triple (z,y,z) satis-
fying 2% T y™z with z a prefiz of y is called a trivial solution if z,y,z are
contained in powers of a common word (or there exists a word w such that
r Cwh,y Cwh?, and z C wk for some integers ki, ko, ks3).

Obviously, if z,y, z are contained in powers of a common word, then the
equation 22 T y™z may have a solution for some m. In order to characterize
all other solutions, we need the concept of a “good triple” of partial words.

DEFINITION 10.3 Let x,y,z be partial words such that z is a proper
prefiz of y. Then (z,y,z) is a good triple if for some positive integer m
there exist partial words u, v, Ug, Vg, - - -, Um—1, Um—1, 2z Such that u # €, v # ¢,
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Yy =uv,

x = (uovg) - . . (Un—1Vp—1)un (10.3)

= U (Un+1Vn41) -« - (Um—1Vm—1)2z (10.4)

where 0 <n <m,uTu; andv T v; for all0 <1i<m, z7 z;, and where one
of the following holds:

e m = 2n, |u|] < |v|, and there exist partial words u’,u], such that z, =
Wiy, z=uu,, ul v and u, 1 ul,.

o m =2n+1, |u| > |v|, and there exist partial words v}, and z), such that
. — a0/ !/ ! /
Uy = Von 2z, U = V5,20, Von | Vs, and z4 T 25.

Let us give an example before we characterize all solutions of the equation
2 m
= Tymz.

Example 10.3

Let x = abcaccoabea, y = abcaacc and z = a. Here z is a proper prefix of
y. Set m = 3. We can decompose x into a factor of length |y| = 7 with a
remaining factor of length 4:

x = (abcaoveo)abea

Then we split the factor of length 7 into a first factor of length 4 and a second
factor of length 3:

(abca)(oco)(abca) = ugvouy

Here n = 1, and so m = 2n + 1. Decomposing z starting with a block of
length 3 instead leads to

(abe)(aoco)(abe)(a) = viugvazy

Note that all the u’s have length 4 and all the v’s have length 3. The pword
y can then be split into a 4-length piece followed by a 3-length piece: y =
(abca)(aoc) = uv. We can check that v T u; and v T v; for all 0 < 4 < 3
and that z 1 z,. Moreover, setting v = abc and z,, = a, we have u; = vaz,,
u = vhz!, v T vh and z, 1 z.. Thus the triple (z,y,2) qualifies as a good
triple.

We now state the “good triple” theorem.

THEOREM 10.2
Let x,y, z be partial words such that z is a proper prefix of y. Then z2 T y™z
for some positive integer m if and only if (x,y,z) is a good triple.
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PROOF Note that if the conditions hold, then trivially 2 1 y™z for
some positive integer m. If 22 T y™z for some positive integer m, then there
exist partial words u, v and an integer n such that y = wv,z 1 (uv)"u and
@ T v(uo)™ "z Thus |z = n(lul+v]) +]ul = (m—n—1)(|Jul+]v]) + |v]+]2|
which clearly shows

|z| = (2n — m + 2)|u] + (2n — m)|v| (10.5)

This determines a relationship between m and n. There are two cases to
consider which correspond to assumptions on |u| and |v|. Under the assump-
tion |u| = |v| we see that z must be either empty or equal to y which is a
contradiction. If we assume |u| < |v|, then (10.5) shows |z| = 2|u|, and if we
assume |u| > |v], then |z| = |u| — |v|. Now note that z? may be factored in
the following way:

xZ = (UOUO) cee (un—lvn—l)(unvn)(un-i-lvn—i-l) cee (um—lv’m—l)zx

Here u; T w and v; T v and z, 1 2. From this it is clear that (10.3) and (10.4)
are satisfied.

Note that u # ¢ (otherwise |u| < |v|, in which case |z| = 2|u| = 0), and
also v # ¢ (otherwise, |u| > |v|, in which case |z| = |u| — |v] = |y|). First
assume |u| < |v|, equivalently |z| = 2|u| and m = 2n. Note that the suffix of
length |u| of z, must be u, and therefore is compatible with w. The prefix
of length |u| of z must be w itself since z is a prefix of y. Thus z, = v'u,
and z = uu), where u 7 v’ and w, T w], which is one of our assertions. Now
assume |u| > |v|, that is |z| = |u| — |v] and m = 2n + 1. Note by cancellation
that u, = vonz,. Since u, T u, we can rewrite u as vh,, 2, where vy, T v4,, and
zz T 2, which is our other assertion.

Example 10.4

Returning to Example 10.3 where x = abcaocoabea, y = abcaaoc and z = a,
we can check that 22 T y32z. Figure 10.2 shows the decomposition of z,y, and
z according to Definition 10.3.

abca®“c™abcaabca”™c™abca
abcaa”“cabcaa”“cabcaa™ca

FIGURE 10.2: An example of the good triple equation.

We end this section with two corollaries.

COROLLARY 10.2
Let x,y be partial words such that |z| > |y| > 0 and let z be a prefix of y.
Assume that 2% T y™z for some positive integer m.
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Referring to the notation of Theorem 10.2 (when z # € and z # y) or
referring to the notation of Proposition 10.1 (otherwise), both w T uwv and
w T vu hold where w denotes the prefic of length |y| of x.

Moreover, u and v are contained in powers of a common word if (z =& and
m=2n) or (z=y and m+1=2n). This is also true if any of the following
siz conditions hold with uw # ¢ and v # &:

1. y is full and w has at most one hole.

2. y is full and w is not {|ul, |v|}-special.
3. w is full and y has at most one hole.
4

. w is full, and either (Ju] < |v| and uv is not (|ul, |v|)-special) or (jv| < |u|
and vu s not (|v], |u|)-special).

o

uv T vu and y has at most one hole.

6. uwv T vu, and either (Ju| < |v] and uv is not (|ul, |v|)-special) or (Jv| < |u|
and vu s not (|v], |u|)-special).

PROOF We show the result when z is a proper prefix of y (or when 2z # ¢
and z # y). This part of the proof refers to the notation of Theorem 10.2. If
m > n + 1, then from the fact that y = wv and = T y"u and o T vy™ "'z,
we get w T wv and w | vu. If on the other hand m = n + 1, then x T yu and
x 1 vz. It follows that |u| < |z| and we also get w T wv and w 1 vu.

For Statement 1, since u,v are full, we get w C wv and w C vu and by
Lemma 10.5, uv = vu and u, v are powers of a common word.

For Statement 2, the result follows similarly since uv = vu by Lemma 2.4.

For Statement 3, we get uv T vu. By Theorem 2.5, u and v are contained
in powers of a common word.

Statement 4 follows similarly as Statement 3 using Theorem 2.6. Statement
5 follows similarly as Statement 3, and Statement 6 as Statement 4.

COROLLARY 10.3
Let x,y,z be words such that z is a prefiz of y. If x,y are primitive and
2% = y™z for some integer m > 2, then = y.

10.3 The equation z™y"™ 7 2P

Certainly, if there exist a word w such that

x Cw"™ and y C w™ and z C w?™"



FEquations on Partial Words 291

then

xmym C ,w2mnp
P C w2mnp
and the equation x™y” T zP has a “trivial” solution.

However, there may be “nontrivial” solutions as is seen with the compati-
bility relation

(aob)?(boa)? T (abba)?

There is no common word w such that all aob, boa and abba are contained in
powers of w.

In this section, we give the structure of all the solutions of the equation
zmy" T 2P when m > 2,n > 2 and p > 4. We will reduce the number of cases
in proving the main Theorem 10.3 by using the following lemma.

LEMMA 10.6
Let x,y, z be partial words and let m,n,p be positive integers. If x™y™ T zP,
then (rev(y))™(rev(z))™ 1 (rev(z))P.

We start by defining two types of solutions.

DEFINITION 10.4 There exists a partial word w such that x,y,z are
contained in powers of w. We call such solutions the trivial or Type 1
solutions.

DEFINITION 10.5 The partial words x,y,z satisfy x | z andy T z. We
call such solutions the Type 2 solutions.

It is an easy exercise to check that if z is full, then Type 2 solutions are
Type 1 solutions.

THEOREM 10.3
Let x,y, z be primitive partial words such that (x, z) and (y, z) are good pairs.
Let m,n,p be integers such that m > 2,n > 2 and p > 4. Then the equation

x™y™ 1 2P has only solutions of Type 1 or Type 2 unless one of the following
holds:

o 221 2k for some integer k > 2 and nonempty prefix 2’ of .
o 221 2la’ for some integer 1 > 2 and nonempty prefix ' of x.

PROOF By Lemma 10.6, we need only examine the case when |z™| > |y™].
Now assume zy™ T zP has some solution that is not of Type 1 or Type 2.
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Our assumption on the lengths of ™ and y" implies that |z™| > |22| and
therefore either |22| > [22| or |22| < |22|. If |22 > |22, then 2% T 2F2/ for
some integer k > 2 and prefix 2’ of z. And if |22| < |22|, then 22 T 2!z’ for
some integer | > 2 and prefix z’ of x.

Consider the case where z’ = ¢ (the case 2’ = ¢ is similar). Corollary 10.1
implies that = T z. From 2™y™ T 2P and « | z, using the simplification rule,
we get y™ T 2P~ Using Corollary 10.1 again, we have y T z. Hence this case
forms Type 2 solutions.

In the case of full words, there only exist the Type 1 solutions.

COROLLARY 10.4
Let x,y,z be words and let m,n,p be integers such that m > 2,n > 2 and
p > 4. Then the equation x™y™ = 2P has no nontrivial solutions.

PROOF  We prove the result when z,y, z are primitive (the nonprimitive
case is left to the reader). As in the proof of Theorem 10.3, we need only
examine the case when |z™| > |y"|. This assumption leads to either 2 = 2*2/
for some integer k > 2 and prefix 2’ of z, or 22 = z'z’ for some integer [ > 2
and prefix ' of z. In the first case, we have x = z by Corollary 10.3, and
from the equation x™y"™ = 2P, we get y™ = zP~™. The latter implies that y
and z are powers of a common word, and the solution is trivial. The second
case is analogous.

Exercises

10.1 Show that for any partial word = and positive integers m,p such that
|| is divisible by p,

where 0 <7 < p.

10.2 Give the decompositions of x = obbabo and y = aob that satisfy
Proposition 10.1.

10.3 Is (aobaocoobbooabb, abooa, abo) a good triple?

10.4 Let x = obbobo, y = aboob and z = ab. Display the alignment of 22 and
y™z for some m. What can you conclude about the triple (z,y, 2)?
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10.5 Show that (acbacoobbooobb, abooa, abo) is a good triple according to
Definition 10.3. Highlight the factorizations of z,y and z as is done in
Example 10.3.

10.6 Prove Lemma 10.6.

10.7 Show that if z is full, then Type 2 solutions of the equation x™y"™ 1 2P
are also Type 1 solutions.

10.8 Prove the nonprimitive case of Corollary 10.4.

10.9 Let x,y be full words. Prove that ™ = y™ for some positive integers
m, n if and only if there exists a word z such that z = 2* and y = 2 for
some integers k and .

10.10 Check that the following are solutions of the equation z™y™ T 2P for
some suitable values of m,n and p:

e 2 = abc, y = abd and z = abo is a solution of x2y? T 24,

e 2 = abo, y = aoc and z = obcabe is a solution of zty* T 24

Which type of solutions are they?
10.11 Find integers m,n and p for which

x = abcaocoabea, y = beoaac and z = abcaaoc
is a solution of z™y™ T zP. Repeat for

T = abcaooc, y = a and z = abeobeoobea

Challenging exercises
10.12 Prove Proposition 10.1.

10.13 What does it mean for a triple of full words (x,y,z) to be a good
triple?

10.14 Show that Corollary 10.3 does not hold when m = 1.
10.15 Prove Corollary 10.3.
10.16 Show Corollary 10.2 when z = ¢ or z = y.

10.17 Let z,y,z be partial words such that z is a prefix of y. Assume
that z,y are primitive and that 22 1 y™z for some integer m > 2. Show
that if = has at most one hole and y is full, then x T y.
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10.18 Show that Exercise 10.17 does not hold when m = 1.

10.19 Prove that Exercise 10.17 does not hold when z is full and y has
one hole.

10.20 Find a nontrivial solution to the equation z2y? 1 z3.

10.21 Show the case of 2’ = € in the proof of Theorem 10.3.

Programming exercises

10.22 Write a program that takes as input two partial words z, y and outputs
two positive integers m,n such that ™ T y” whenever they exist, in
which case your program should create an alignment of 2™ and y™.

10.23 Write a program to check whether or not a pair (z,y) of partial words
is a good pair. Run you program on the pairs

e (acbadb, aob)

o (aboaod, acbabbacbabbaoo)

10.24 Design an applet that when given a good pair (z,y) as input, outputs
a pword z and integers k, [ such that z C 2F and y C 2.

10.25 Design an algorithm that discovers the decomposition of a pair of par-
tial words z,y according to Proposition 10.1 in case 22 T y™ for some
positive integer m.

10.26 Implement the decomposition of z,y and z as described in Defini-
tion 10.3 in case (z,y, z) is a good triple. Run your program on

o (acbaoocbbooobb, abooa, abo)

o (aobaocoobbooabb, abooa, abo)

Website
A World Wide Web server interface at

http://www.uncg.edu/mat/research/equations
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has been established for automated use of programs related to the equations
discussed in this chapter. In particular, one of the programs takes as input
a good pair (x,y) of partial words according to Definition 10.1, and outputs
a partial word z and integers k,l such that z C z¥ and y C 2! (this program
implements the good pair Theorem 10.1.) Another program takes as input a
triple (z,y, z) of partial words such that z is a proper prefix of y, and outputs
an integer m such that z2 T y™z, if such m exists, and shows the decomposi-
tion of z,y and z according to Definition 10.3 (this program implements the
good triple Theorem 10.2).

Bibliographic notes

An important topic in algorithmic combinatorics on words is the satisfia-
bility problem for equations on words, that is, the problem to decide whether
or not a given equation on the free monoid has a solution. The problem
was proposed in 1954 by Markov [113] and remained open until 1977 when
Makanin answered it positively [110]. However, Makanin’s algorithm is one
of the most complicated algorithms ever presented and has at least expo-
nential space complexity [107]. Rather recently, Plandowski showed, with a
completely new algorithm, that the problem is actually in polynomial space
[120] and [121]. However, the structure of the solutions cannot be found us-
ing Makanin’s algorithm. Even for rather short instances of equations, for
which the existence of solutions may be easily established, the structure of
the solutions may be very difficult to describe.

For integers m > 2,n > 2 and p > 2, the equation z™y"™ = zP possesses a
solution in a free group only when z,y and z are each a power of a common
element. This result, which received a lot of attention, was first proved by
Lyndon and Schiitzenberger for free groups [109]. Their proof implied the case
for free monoids since every free monoid can be embedded in a free group.
Direct proofs for free monoids appear in [51, 52, 89]. Corollaries 10.3 and 10.4
are from Chu and Town [52].

The results on partial words of Sections 10.1, 10.2 and 10.3 are from Blanchet-
Sadri, Blair and Lewis [20].






Chapter 11

Correlations of Partial Words

In this chapter, we study the combinatorics of possible sets of periods and weak
periods of partial words. In Section 11.1, we introduce the notions of binary
and ternary correlations, which are binary and ternary vectors indicating the
periods and weak periods of partial words. In Section 11.2, we characterize
precisely which of these vectors represent the period and weak period sets
of partial words and prove that all valid correlations may be taken over the
binary alphabet. In Section 11.3, we show that the sets of all such vectors of a
given length form distributive lattices under suitably defined partial orderings.
In Section 11.4, we show that there is a well defined minimal set of generators,
which we call an irreducible set of periods, for any binary correlation of length
n and demonstrate in Section 11.5 that these generating sets are the so-called
primitive subsets of {1,2,...,n — 1}. Finally, we investigate the number of
partial word correlations of length n.

11.1 Binary and ternary correlations

The leading concept in this chapter is that of “correlation” which we first
define for full words.

DEFINITION 11.1  Let u be a (full) word and let v be the binary vector
of length |u| for which vo =1 and

Ui::{1 if ieP(u) 1)

0 otherwise

We call v the correlation of u.

Example 11.1
The word abbababbab has periods 5 and 8 (and 10) and thus has correlation
1000010010. 0

This representation gives a useful and concise way of representing period

297
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sets of strings of a given length over a finite alphabet.

Among the possible 2™ binary vectors of length n, only a proper subset are
valid correlations. Indeed, the vector 100001001000 is not the correlation of
any word, a fact implied by Theorem 3.1 because any word having periods 5
and 8 and length at least 5 4+ 8 — ged(5, 8) has also ged(5,8) = 1 as period.
Valid correlations will also be called full word correlations.

When p € P’(u) \ P(u) we say that the partial word u has a strictly weak
period of p. We now extend the definition of a “correlation” of a full word to
incorporate the difference between strictly weak periods and strong periods,
a difference which does not occur in the case of full words.

DEFINITION 11.2

e The binary correlation of a partial word u satisfying P'(u) = P(u) is
the binary vector v of length |u| such that vo =1 and

. {1 if ieP(u) 112)

0 otherwise

e The ternary correlation of a partial word u is the ternary vector v of
length |u| such that vo =1 and

1 if i eP(u)
vi =42 if ieP'(u)\ P (11.3)

0 otherwise

We will say that a ternary vector v of length n is a valid ternary correlation
provided that there exists a partial word u of length n over an alphabet A
such that v is the ternary correlation of u. We define

Pw)={i|0<i<nand v, =1}U{n}
and
P'(v)={i|0<i<nandwv; >0}U{n}

as the period set and the weak period set of v respectively. Valid binary
correlations and related terminology are defined similarly. Valid binary or
ternary correlations will also be called partial word correlations. When 7 €
P(v) \ {n}, we say that i is a nontrivial period of v. Similarly, when i €
P'(v) \ {n}, we say that i is a nontrivial weak period of v.

Example 11.2

The partial word abcaocadca has periods 9 (and 10) and strictly weak period
3. Thus its binary correlation vector is 1000000001 and its ternary correlation
vector is 1002000001.
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11.2 Characterizations of correlations

We now state one of the results that motivates this chapter. It gives a
complete characterization of the possible period sets of full words of arbitrary
length. We first need a couple of definitions.

DEFINITION 11.3 A binary vector v of length n is said to satisfy
the forward propagation rule provided that for all 0 < p < g < n such
that v, = vy = 1 we have that vy iq—py = 1 for all integers i satisfying
2<i< =

DEFINITION 11.4 A binary vector v of length n is said to satisfy the

backward propagation rule provided that for all 0 < p < q < min(n, 2p)

such that v, = vy = 1 and vyp—q = 0 we have that v,_iq—p) = 0 for all
p

integers i satisfying 2 <4 < min(| ], [72=F]).

Example 11.3
The vector v = 100001001000 of length n = 12 does not satisfy the forward

propagation rule since p = 5 and q = 8 satisfy v, = vy = 1 but vy i4—p) =
v11 # 1 when i = 2.

THEOREM 11.1

For correlation v of length n the following are equivalent:
1. There exists a word over the binary alphabet with correlation v.
2. There exists a word over some alphabet with correlation v.

3. The correlation v satisfies the forward and backward propagation rules.

REMARK 11.1 As a corollary, we obtain that for any word w over an
alphabet A, there exists a binary word v of length |u| such that P(v) = P(u),
a result that was stated in Chapter 5 (see Theorem 5.1). I

Referring to Example 11.3, notice that if a twelve-letter word has periods
5 and 8, then it must also have period 11. Some periods are implied by other
periods because of the forward propagation rule.

We begin the process of characterizing the partial word correlations by
recording the next lemma which formalizes the relationship between partial
words and the words that are compatible with them.
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LEMMA 11.1
Let u be a partial word over an alphabet A. Then

Pw= |J Pw)

weC (u)NA*

PROOF Consider first a period p of u. This implies that for each 0 < i < p

the partial word u; , = w(i)u(i+p)u(i+2p) ... is 1-periodic, say with letter ¢; €
A (if u;,, is a string of ©’s, then ¢; can be chosen as any letter in A). Letting
|ul = mp + 1 for 0 <r < p, we see that u C (coc1 -+ - cp—1)™coC1 -+ Cro1 = W.
The full word w has period p and is compatible with u.

In the other direction, let w be a full word with period p that is compatible
with w. Then w(i) = u(i) for all ¢ € D(u). If 0 < 4,7 < |u| with ¢ = j mod p,
we have that w(i) = w(j) by the definition of periodicity. But then if ,j €
D(u) with i = j mod p, we have that u(i) = w(i) = w(j) = u(j) and thus p is
a period of u. I

Example 11.4

Consider the partial word u = abcaocabea over the alphabet A = {a,b,c}.
Then P(u) = {3,6,9,10} = P(w1) UP(w2) U P(ws) where wy = abcaacabea,
wq = abcabcabca, wz = abcaccabea are the words w satisfying w € C'(u) N A*.

The characterization of partial word correlations relies on the following
concept.

DEFINITION 11.5 Let u and v be partial words of equal length. The
greatest lower bound of u and v is the partial word u A v, where

(uAv) Cu and (uAv) Co, and
if w Cu and w Cwv, then w C (uAv)

Example 11.5
If u = abocde foogh and v = acbede fo fhh, then we can use the following table
to calculate u A v:
u =abocdefoogh
v =acbecdefofhh
uANv=aoocde foooh

That is, whenever the partial words differ, we put a ©. Whenever they are the
same, we put their common symbol.

One property we notice immediately about the greatest lower bound and
which we leave as an exercise for the reader is the following.
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LEMMA 11.2
If u,v are partial words of equal length over an alphabet A, then P(u)UP(v) C
P(uAv) and P'(u) UP' (v) C P'(uAwv).

We are now ready to state the first part of the characterization theorem.

THEOREM 11.2

Let n be a positive integer. Then for any finite collection uy,us, ..., ur of full
words of length n over an alphabet A, there exists a partial word w of length
n over the binary alphabet with P(w) = P'(w) = P(u1) UP(uz)U---UP(u).

PROOF The case k = 1 follows from Theorem 5.1 and so we assume that
k> 2.

For all integers p > 0, define (p),, to be the set of positive integers less than
n which are multiples of p. Then

k

UPw)\{n} = ®n

j=1 peEP
for some P C {1,...,n —1}. Thus for all 1 < j < k, we assume that
P(uj) = (pj)n U {n} for some 0 < p; < n.

With these assumptions, we move on to the case when & = 2. For notational
clarity we set u = uy, v = ug, P(u) \ {n} = (p)n and P(v) \ {n} = (¢)» for
some 0 < p < g < n. Define

—1\ym pr—1
oy — {(ab”_l) ab %f r>0 (11.4)
(abP=H)™ ifr=20
where n = mp + r with 0 < r < p. Similarly define w,. Obviously P(w,) =
(P)n U {n} and P(wg) = (¢)n U {n}. Then we claim that P(w, A wg) =
P(wp) UP(wg).

By Lemma 11.2 we have P(w,)UP(wy) C P(wpAwg). In the other direction,
consider £ € P(wp Awy). Assume that { ¢ P(wp) UP(wy). Then by definition
we have that neither p nor ¢ divides {£. Now the first letter of w, A w, is a
as both w, and w, begin with a. Then for all ¢ divisible by { we have that
(wp A wgq) (i) is either a or o. But both the symbols a and ¢ can appear only
where a appears in either w, or w,. These occur precisely at the positions
j where p|j or ¢|j respectively. As neither p nor ¢ divides £ we have that
(wp A wg)(§) = b, a contradiction.

Moreover, we see that w, A wg has no strictly weak periods. Assume the
contrary and let § € P’(wpAwy)\P(wpAwg). Then there exist ¢, j € D(wpAwg)
such that ¢ = j mod & and (wp A wg) (@) = a and (wp A wg)(j) = b, and for all
0 <1 < n such that | = ¢ mod ¢ and [ is strictly between 7 and j we have
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l € H(wp Awg). Let [ be such that |¢ — | is minimized, that is, if ¢ < j then [
is minimal and if ¢ > j then [ is maximal:
(]
=900

oo 1

Ji
This minimal distance is obviously £. Then p and ¢ divide 7 and at least one
of them divides . But we see that only one of p and ¢ divides [, for if both
did then (wp A wg)(l) = a # o. Without loss of generality let p|l. But as p|i
and p|l, we have p divides |¢ — | = & Then since w, is p-periodic, we have
that w,(i') = wp(i) = a for all ¢/ = i mod p. But j = i mod § and p|, so
j =i mod p. Therefore, w,(j) = a and thus (w, Aw,)(j) # b, a contradiction.

Now let k > 2 and let {p1,...,px} C {1,...,n—1} be the periods such that

P(uj) = (pj)nU{n}. We claim that P(wp, A+ Awp, ) = P(wp, )U- - -UP(wp, ).
But we see the same proof applies. Specifically, wy,(0) = a for all 1 < j < k.
Moreover, we see that (wp, A--- Awpy,)(€) is a or ¢ if and only if w,, () = a
for some 1 < j < k. But wp,(§) = a if and only if p;[{. Thus, if £ €
P(wp, A+ Awp, )\ {n} then p;|¢ for some j, that is, £ € (pj)n = P(wp,) \ {n}
for some j. The proof of the nonexistence of strictly weak periods translates
easily as well.

Theorem 11.2 tells us that every union of the period sets of full words over
any alphabet is the period set of a binary partial word. But Lemma 11.1 tells
us that the period set of any partial word u over an alphabet A (including
the binary alphabet) is the union of the period sets of all full words over A
compatible with u. Thus, we have a bijection between these sets which we
record as the following corollary.

COROLLARY 11.1

The set of binary correlations of partial words of length n over the binary
alphabet is precisely the set of unions of correlations of full words of length n
over all nonempty alphabets.

In light of Lemma 11.1, the following corollary is essentially a rephrasing
of the previous one:

u is a partial word over A
J Lemma 11.1

P(u) =Plur) UP(ug) U---UP(ug)
where uq,...,u; are the full words over A compatible with u
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J Theorem 11.2

There exists a partial word v over {a,b} with
Pw) =P (v) =P(u1) UP(uz) U---UP(u) = P(u)

COROLLARY 11.2

The set of binary correlations of partial words over an alphabet A with || A|| >
2 is the same as the set of binary correlations of partial words over the binary
alphabet. Phrased differently, if u is a partial word over an alphabet A, then
there exists a binary partial word v of length |u| such that P(v) = P(u).

Theorem 11.2 and Corollaries 11.1 and 11.2 give us characterizations of
binary correlations of partial words over an arbitrary alphabet. They do
not mention at all, though, the effect of strictly weak periods. The second
part of the characterization theorem completely characterizes the partial word
ternary correlations.

THEOREM 11.3

A ternary vector v of length n is the ternary correlation of a partial word
of length n over an alphabet A if and only if vg = 1 and the following two
conditions hold:

1. If vp =1, then vip =1 for all 0 <@ < 7.

2. If v, =2, then vy = 0 for some 2 <4 < 2.

PROOF  Corollaries 11.1 and 11.2 imply the result for the case when
P'(v) \ P(v) = 0. For the opposite case, let v satisfy the above conditions
along with the assumption that n is at least 3 since the cases of one-letter
and two-letter partial words are trivial by simple enumeration considering all
possible renamings of letters. So we may now define

u=( /\ wp) A ( /\ Vp) (11.5)

p>0[vp=1 plvp=2
where w,, is as in Equality 11.4 and
Yy = ab? o P! (11.6)

with distinct letters a,b. We claim that u is a partial word with correlation
.

Set P={p|p>0andwv,=1}U{n} and Q = {p| v, = 2}. By the proof
of Theorem 11.2, P C P(u). We show the reverse inclusion by contradiction.
Let p be a period of w that is not in P. Since u(0) = a, by the definition of
periodicity, u(ip) = a or u(ip) = o for all positive integers i. But u(ip) # a
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since 14(j) # a for all ¢ € @ and j > 0. So u(ip) = o for all positive i.
Specifically, u(p) = ¢ and so p is either in P or @, but we assumed that
p ¢ P. Then v, = 2 and by our assumptions, there exists an integer 7 such
that 2 <i < % and vy, =0 (or ip ¢ P UQ). But this means by construction
that u(ip) = b, a contradiction.

Since this gives that P = P(u) and we have that PUQ C P’(u) it suffices to
show that if p € P’(u)\'P(u) then p € Q. So assume that p € P’(u)\P(u). We
have that some u; = u(é)u(i + p)u(i + 2p) ... contains both a and b. But the
only possible location of a is 0, so we may write this as u(0) = a, u(jp) = ,
and u(kp) = b for some k > 2 and 0 < j < k. But notice then that u does not
have period p, and so p ¢ P. Thus, since u(p) = ¢, we have that p € @ and
have thus completed this direction of the proof.

Now consider the other direction, that is, if we are given a partial word u
with correlation v, then v satisfies the conditions. By Lemma 11.1 we have
that Condition 1 must be met. So it suffices to show that Condition 2 holds.

If v, = 2, then there must exist some 0 < ¢ < p such that two distinct letters
a,b appear in u;. Assume without loss of generality that a appears before b.
Let k be a position with letter a in u; and k’ be a position with letter b in u;,
that is, u(i + kp) = a and u(i + k'p) = b. Then w is neither (K’ — k)p-periodic
nor (k" — k)p-strictly weak periodic, or in other words, v(x'_g), = 0. Thus v
satisfies Condition 2 and the result follows. I

Example 11.6

The ternary vector vy = 102000101 is a valid ternary correlation since it
satisfies both Conditions 1 and 2 of Theorem 11.3. However, the vector vy =
102010101 violates Condition 2 and therefore is not a valid ternary correlation.

To emphasize the algorithm described in the proof of Theorem 11.3, we
record it as follows.

ALGORITHM 11.1
Forn>3 and 0 <p<mn, letn=mp+r where 0 <r < p. Then define

o = (abP—1)m ifr=0
P (@b Ymab™t ifr >0

Yy = ab? Lo P

Then given a valid ternary correlation v of length n, the partial word

AN R WARRY

p>0|vp=1 plvp=2
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has ternary correlation v.

Example 11.7
Given v = 1020000101, then abobbbbobe has correlation v as is seen by the
following computations:

wr=abbbbbbabd
wg=abbbbbbbba
Yo=abobbbbbbb

abobbbbobo

In analogy to Corollary 11.2, we record the following.

COROLLARY 11.3

The set of ternary correlations of partial words over an alphabet A with
Al > 2 is the same as the set of ternary correlations of partial words over
the binary alphabet. Phrased differently, if u is a partial word over an alphabet

A, then there exists a binary partial word v of length |u| such that P(v) = P(u)
and P'(v) =P’ (u).

We end this section with the following two remarks.

REMARK 11.2 Note that this corollary was shown true in the case of
one hole in Chapter 5 (see Theorem 5.3).

REMARK 11.3 Note that this corollary stipulates that the alphabet A
must contain at least two letters. Otherwise, the only possible correlation of
length n is 1™.

11.3 Distributive lattices

Having completely characterized the set of full word correlations of length
n as well as the sets of binary and ternary partial word correlations of length
n and having shown that all such correlations may be taken as over the binary
alphabet, we give these sets names.

We will denote by I'), the set of all correlations of full words of length n.
We will also denote by A,, (respectively, Al ) the set of all partial word binary
(respectively, ternary) correlations of length n.
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In this section, we study some structural properties of the above mentioned
sets. We show that ', A, and Al are all lattices under inclusion (suitably
defined in the case of Al)). Moreover both A, and A/, are distributive. We
start by defining the “distributive lattice” concept.

Let p be a binary relation defined on an arbitrary set S, that is, p C .S x S.
We recall from Chapter 8, that instead of denoting (u,v) € p, we often write
upv. There, a reflexive, antisymmetric, and transitive relation p defined on S
was called a partial ordering, and (S, p) was called a partially ordered set or
poset.

Some examples of posets include the following.

Example 11.8

e Given a set S, the pair (2, C), where 2° = {X | X C S} is the power
set of S and C is standard inclusion, is a poset.

o Let A7 be the set of partial words of length n over the alphabet A
where A, = A U {o}. Then the pair (A2, C), where C denotes the
“containment,” is a poset.

If p is a partial ordering on a finite set S, we can construct a “Hasse dia-
gram” for p on S by drawing a line segment from u up to v if u,v € S with upv
and, most importantly, if there is no other element w € S such that upw and
wpv (so there is nothing “in between” u and v). If we adopt the convention
of reading the diagram from bottom to top, then it is not necessary to direct
any edges.

DEFINITION 11.6 If (S, p) is a poset, then an element u € S is called a
maximal element of S if for allw € S, w # u implies (u, w) & p. Similarly,
an element u € S is called a minimal element of S if for allw € S, w # u
implies (w,u) € p. An element u € S is called a null element if upw for all
w € S. Finally, an element u € S is called a universal element if wpu for
allw e S.

DEFINITION 11.7

e A join semilattice is a poset (S, p) such that for all u,v € S, there
exists an element (u V v)e S, called the join of w and v, such that
up(u Vo) and vp(u V v) and for all w with upw and vpw we have that
(u Vv)pw.

e A meet semilattice is a poset (S, p) such that for all u,v € S, there
exists an element (u A v)€ S, called the meet of w and v, such that
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(u Av)pu and (uw A v)pv and for all w with wpu and wpv we have that
wp(u A v).

o A lattice is a poset (S, p) that is both a join and a meet semilattice.

We give some examples.

Example 11.9

e The poset (2%, C) is a lattice where the join V is set union U and the
meet A is set intersection N. It has a null element, @), and a universal
element, S.

e The poset (A2, C) is a meet semilattice. Recall from Definition 11.5
that for any two partial words u,v over A of length n we have that
u A v, the greatest lower bound of u and v, is the maximal word which
is contained in both u and v. It is represented in Figure 11.1 for n = 3
and A = {a,b}.

aaa  aab  aba  abbh  baa  hab  bba bbb

FIGURE 11.1: Meet semilattice (A3, C) where A = {a,b}.

DEFINITION 11.8 A lattice (S,p) is called distributive if for all
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u,v,w € S, the following two equalities hold:

<
<
<
>
\%\_/
|
/EA
<
S/\_/
>
/Ez—\
<
\%\_/

Example 11.10
The lattice (29, C) is distributive since the familiar distributive laws of sets
hold:

XN(YuzZ)=(XnY)u(XnZ2)
XUu(YNnZ)=(XUuY)n(Xuz)

for all subsets X,Y, Z of S. I

We now state the Jordan-Dedekind condition.

DEFINITION 11.9 Let (S,p) be a poset. A nonempty subset X of S is
called a chain if for all distinct u,v € X we have that either upv or vpu. The
length of a chain is its number of elements minus one. A chain X is called
maximal provided that for all u,v € X with upv and w € S, if upw and
wpv then w € X. The poset (S, p) is said to satisfy the Jordan-Dedekind
condition if all mazimal chains between two elements of S are of equal length.

Returning to the poset (A2, C) of Figure 11.1, it is easy to check that it
satisfies the Jordan-Dedekind condition. For instance, all maximal chains
between ¢o¢ and abb have length 3. They are

X1 = {000, 00b, ach, abb}
Xo = {000, aco, abo, abb}
X3 = {000, obo, obb, abb}

REMARK 11.4 If a poset violates the Jordan-Dedekind condition then
the poset is not distributive.

In the next two sections, we will give partial word counterparts to the
following theorem which is left as an exercise. For u,v € I';,, define u C v if

P(u) C P(v).!

THEOREM 11.4
The pair (T, C) is a lattice which does not satisfy the Jordan-Dedekind
condition.

1Do not confuse “correlation w is contained in correlation v” as defined here with “partial
word wu is contained in partial word v” as defined in Chapter 1.
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11.3.1 A, is a distributive lattice
For u,v € A,,, define u C v if P(u) C P(v), and p € u if p € P(u).

THEOREM 11.5
The pair (A, C) is a lattice.

e The meet of u and v, uNw, is the unique vector in A,, such that P(un

v) = P(u) N P(v).

e The join of u and v, uUv, is the unique vector in A,, such that P(ulv) =

P(u) UP(v).
o The null element is 1071,

o The universal element is 1™.

PROOF We leave it to the reader to show that the pair (A, C) is a poset

with null element 10"~! and universal element 1. First, if u,v € A, then
(unwv) € A,. To see this, notice that if p € (uNv) then p € v and p € v.
Thus (p), C P(u) and (p), C P(v). So (p),, C P(uNv) and by Theorem 11.3
we have that u N v is a valid binary correlation. Second, if u,v € A,, then
(uUv) € A,. Indeed, if p € u then (p), C P(u). Similarly if p € v then
(p)n C P(v). Thus, if p € (uUv) then (p), C P(uUv). Thus, by Theorem 11.3
we have that u U v is a valid binary correlation.

Figure 11.2 depicts Ag, the set of partial word binary correlations of length
6, as a lattice and Figure 11.3 its associated nontrivial period sets.

Since the meet and the join of binary correlations are the set intersection
and set union of the correlations, we have the following theorem.

THEOREM 11.6
The lattice (A, C) is distributive.

11.3.2 A/ is a distributive lattice

We now expand our considerations to A/, the set of ternary correlations of
partial words of length n, and show that Al is a lattice again with respect to
inclusion, which we define suitably.

For u,v € Al,, define u C v if P(u) C P(v) and P’(u) C P'(v). Equiva-
lently, ©v C v provided that whenever uw; > 0 we have that u; > v; > 0. Or
more explicitly, u C v if the following two conditions hold:

e If u; =1, then v; = 1.

e If u; =2, then v; =1 or v; = 2.
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11111

101111

101110 100111

101010 100101

100010 100001

100000
FIGURE 11.2: A representation of the lattice Ag.

{1,2,3.4.5}

{2,345}

FIGURE 11.3: The associated nontrivial period sets of Figure 11.2.
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Under these definitions, we have the following lemma.

LEMMA 11.3
The pair (AL, C) is a poset. Its null element is 10"~ and its universal element
s 1™,

PROOF If u € Al, then u C u and so reflexivity holds.

For antisymmetry, consider u,v € A! such that v C v and v C u. Then
whenever u; = 0 we have that v; = 0 since v C u. Moreover, whenever u; = 1
we must have that v; = 1 since v C v. Finally, whenever u; = 2 we have that
v; = 1 or v; = 2 since v C v and that v; # 1 since v C u. Thus, v; = 2.
Therefore, u = v.

For transitivity, let u,v,w € Al satisfy v C v and v C w. When u; =1
we have that v; = 1, and so w; = 1. And when u; = 2 we have that v; = 1
or v; = 2. In the first case we have that w; = 1 and in the second case we
have that w; = 1 or w; = 2. Thus, in either case, u; > w; > 0. The inclusion
u C w follows. I

Consider ternary correlations u,v € Al. We define the intersection of u
and v as the ternary vector u N v such that P(unNv) = P(u) N P(v) and
P'(unv) =P'(u) NP'(v). Equivalently,

0 if either u; =0orv; =0
(uNw); =<1 ifu=v;=1 (11.7)
2 otherwise

LEMMA 11.4
The set Al is closed under intersection.

PROOF Let u,v € Al,. If p € P(unw) then u, = v, = 1, and so
Ujp = Vjp = 1 and equivalently (uNv);, = 1 for all multiples ip of p. Moreover,
if p € P'(unv)\P(unv) then u, or v, is 2. Without loss of generality, assume
that u, = 2. Then Theorem 11.3 implies that for some multiple ip of p we
have that u;, = 0. But this means that (v Nv);, = 0 and so Theorem 11.3
implies that (uNwv) € Al. I

We may define the union in the analogous way. Specifically, for u,v € Al,
PuUwv) =Pu) UP(w) and P'(uUwv) =P’ (u) UP'(v). Equivalently, u U v is
the ternary vector satisfying

0 ifu;=v;,=0
(uUwv); =<1 ifeitheru;=1orv;=1 (11.8)
2 otherwise
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However A! is not closed under union. Indeed, the union of the two cor-
relations v = 102000101 and v = 100010001 is (v U v) = 102010101, which
violates the second condition of Theorem 11.3. Indeed, there is no ¢ > 2 such
that (uUw);2 = 0. On the other hand, we can modify the union slightly such
that we obtain the join constructively. If we simply change (uUv)s from 2 to
1, then we have created the valid ternary correlation 101010101. Calling this
vector u V v, we see that u C (u V v) and that v C (u V v).

THEOREM 11.7
The poset (A!,, C) is a lattice.

o The meet of u and v, u A v, is the unique vector in Al defined by
Equality 11.7.

e The join of u and v, u Vv, is the unique vector in A!, defined by
P'(uVv)="P(u)UP(v)
and
P(uVv)="Pu)UP)UBuUv)

where B(u U v) is the set of all 0 < p < n such that (uUv), = 2 and
there exists no i > 2 satisfying (u U v);, = 0.

PROOF The proof is analogous to the proof of Theorem 11.5 except this
time we do not have the union of the two correlations to explicitly define the
join. One method of proving that the join exists is to notice that the join
of u,v € A, is the intersection of all elements of A/, which contain v and v.
This intersection is guaranteed to be nonempty since A/, contains a universal
element. Note that B(uUw) is the set of positions in «wUv which do not satisfy
the second condition of Theorem 11.3.

We claim that w V v is the unique join of w and v (and thus justify the
use of the traditional notation V for the binary operation). Notice first that
since P(uUwv) = P(u) UP(v) and P'(uUv) = P'(u) UP'(v), we have that
(uUwv) C (uVwv). Thus we have that v C (v Uwv) C (uV v) and that
v C (uUw) C (uVwv). We also see that (u Vv) € Al,. This follows from the
fact that if p € P(u V v) then either p € P(u) UP(v) or for all i > 1 we have
that ip € P'(u) UP'(v), and if p € P’ (uV v) \ P(uVv) then (vUwv), =2 and
(wUv);p =0 for some 7 > 2, and so (u V v);, = 0 for some 7 > 2. In the first
case where p € P(u) U P(v), we have that (p), C P(u) UP(v) C P(uV v).
In the second case where for all ¢ > 1 we have that ip € P’'(u) UP’(v), by
the definition of u V v and the fact that the multiples of all multiples of p are
again multiples of p, we must have that (p), C P(uV v). Thus, using the
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V operator instead of the U operator resolves all conflicts with Theorem 11.3
and so (uV v) € Al. From here it suffices to show that (u V v) is minimal.

Let w € A], such that w C w and v C w and w C (u V v). We must show
that w = (u V v). Note first that if u; = v; = 0 then (v V v); = 0, and so
w; = 0. Moreover, if u; =1 or v; = 1 then (u V v); = 1 by construction, and
also w; = 1 by the definition of inclusion. Finally, we must consider the case
when at least one of u; and v; is 2 while the other is either 0 or 2. In this
case we have by the definition of inclusion that w; = 1 or w; = 2. If w; = 2,
then there must be some k > 2 such that wg; = 0, and thus ug; = vg; = 0.
Therefore, (v V v)k; = 0 and (v V v); = 2. On the other hand, if w; = 1, then
(uVwv); =1since w C (uVwv). Thus, w = (uVv).

Figure 11.4 depicts Af, the set of valid ternary correlations of length 5, as a
lattice and Figure 11.5 its associated nontrivial period and weak period sets.

11111

10111

!

12011

%

10000
FIGURE 11.4: A representation of the lattice Af.

Strangely, even though the join operation of Al is more complicated than
the join operation of A,,, we still have that A/, is distributive and thus satisfies
the Jordan-Dedekind condition. This is stated in the following theorem.

THEOREM 11.8
The lattice (A, C) is distributive.
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{1,234} {1,23.4}

12,3,4142,3.4} 13:41{1,3.4}

{131
7 3%]
FIGURE 11.5: The associated nontrivial period and weak period sets of
Figure 11.4.

PROOF By definition, we must show the following two equalities:

AwVw)=(uAv)V (uAw) (11.9)
uV (vAw)=(uV)A(uVw) (11.10)

for all u,v,w € Al. We recall first that the archetypal distributive lattice
is a subset of a power set closed under set theoretic union and intersection.
Since the sets of weak periods of the meet and join of two ternary correlations
are defined as the intersection and union of the weak period sets of the two
correlations, we need not worry about showing the definition of equality for
the sets of weak periods. That is, the only difference in either equality between
the left and right hand sides could be in the sets of periods.

Consider first Equality 11.9. We must show that p € P(uA(vVw)) = P(u)N
P(vVw) if and only if p € P((uAv)V(uAw)). We note that p € P(u)NP(vVw)
if and only if p € P(u) and p € P(vV w). But p € P(vV w) if and only if
either p € P(v) U P(w) or for all i > 1 we have that ip € P'(v) UP'(w). In
the first case, p is in one of P(u A v) and P(u A w) and is thus in the union.
In the second case, we see that since p € P(u) that (p), C P(u) C P'(u).
Therefore, for all i > 1 we have that ip € P’(u) NP’ (v) or ip € P'(u) NP (w),
and ip € P'(u A v) UP'(u A w). Thus, by the definition of V, we have that
p € P((uAv)V (uAw)). But all these assertions are bidirectional implications,
and therefore we have the equality we seek.

Next consider Equality 11.10. We must show that p € P(u V (v A w)) if
and only if p € P((u Vo)A (uVw)) =PuVe)NPluVw). Assume that
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p € PluV@wAw)). Iifpe Plu)orpePlvAw)=Pv)NPw) then we
are done. Otherwise, for all ¢ > 1 we have that ip € P'(u) UP'(v A w) =
P (w)U(P'(v)NP(w)) = (P (w)UP'(v))N(P'(u) UP'(w)). But then we have

ip € P'(u) UP'(v) and ip € P'(u) U P (w)

for all 4 > 1, thus p € P(uV v) N P(uV w). The proof in the other direction
is the same and thus Equality 11.10 holds.

So unlike the lattice of correlations of full words which does not even sat-
isfy the Jordan-Dedekind condition, the lattices of both binary and ternary
correlations of partial words are distributive.

11.4 Irreducible period sets

We notice that in the case of full words, some periods are implied by other
periods because of the forward propagation rule (see Definition 11.3). For
instance, if a twelve-letter word has periods 7 and 9, then it must also have
period 11 because 11 = 7 + 2(9 — 7). The period set {7,9,11} can then be
reduced to the set {7,9}, while the latter is irreducible.

We will denote by A,, the set of these irreducible period sets of full words
of length n. We invite the reader to prove the following proposition (we will
prove its partial word counterpart later in this section).

PROPOSITION 11.1
The pair (A, C) is not a lattice but does satisfy the Jordan-Dedekind condi-
tion as a poset.

The forward propagation rule does not hold in the case of partial words.
For example, abbbbbbobobb has periods 7 and 9 but does not have period 11.
Thus, {7,9,11} is irreducible in the sense of partial words, but not in the
sense of full words.

This leads us to the notion of generating set.

DEFINITION 11.10 A set P C {1,...,n—1} generates the correlation
v € A, provided that for each 0 < i < n we have that v; = 1 if and only if
there exists p € P and 0 < k < % such that i = kp.

One such P is P(v) \ {n}. But in general there are strictly smaller P which
have this property. For example, if v = 1001001101 then

{3,6,7,9}
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{3,6,7}
{3,7,9}
(3,7}

generate v. The set {3,7} is the minimal generating set of v.
For every v € A,,, there is a well defined minimal generating set for v as
stated in the next lemma.

LEMMA 11.5

For every v € A, there exists a unique set P that generates v and is such
that for all sets P’ that generate v we have that P C P’. Namely, P is the
set of all p € P(v) \ {n} such that for all ¢ € P(v) \ {n} with ¢ # p we have
that q does not divide p.

PROOF  If there exists ¢ distinct from p such that ¢ divides p, then
(PYn C (@)n. Moreover, since there are no divisors of the elements of P in
P(v)\ {n} the only p € P(v)\ {n} which can generate r € P is r itself. Thus
we have achieved minimality.

We call the unique minimal generating set P of Lemma 11.5 the irreducible
period set of v and denote it by R(v). In the example above where v =
1001001101, R(v) = {3,7} and {3, 7} is the irreducible period set of v.

We will denote by ®,, the set of irreducible period sets of partial words
of length n. There is an obvious one-to-one correspondence (or bijection)
between A,, and ®,, given by

R:A,— @,
v +— R(v)

E:®, — A,
‘P = Up€P<p>’n

For instance, the correspondence between Ag and ®g is as depicted in Fig-
ure 11.6 (to make it easier to read, we have deleted the trivial period 6 from
the period sets).

For n > 3, we see immediately that the poset (®,,,C) is not a join semi-
lattice since the sets {1} and {2} do not have a join because {1} is maximal.
On the other hand, the following holds.

PROPOSITION 11.2

The pair (®,,C) is a meet semilattice that satisfies the Jordan-Dedekind
condition. Here the null element is (), and the meet of two elements is simply
their intersection.
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100000

ooy f
\ /
| |

100011
100100
100101
100110
100111
101010

101011 ’
101110 / \

101111 >
111111 / \

1|

FIGURE 11.6: Bijective correspondence between Ag and ®g.

PROOF The proof is left as an exercise for the reader. I

Figure 11.7 depicts ®g as a meet semilattice.

123,50 3:4.5]

2.3}

{1}

FIGURE 11.7: A representation of the meet semilattice ®¢.
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11.5 Counting correlations

In this section we look at the number of partial word correlations of a given
length. In the case of binary correlations, we give bounds and link the problem
to one in number theory, and in the case of ternary correlations we give an
exact count.

To begin, we recall the definition of a primitive set of integers from number
theory.

DEFINITION 11.11 Let S be a subset of N ={1,2,...}. We say that
S is primitive if for any two distinct elements s,s’ € S we have that neither
s divides s’ nor s’ divides s.

Example 11.11
The sets (), {1} and {p | p is prime} are examples of primitive sets. I

The amazing thing is that the irreducible period sets of correlations v € A,
are precisely the finite primitive subsets of {1,2,...,n—1}. So if we can count
the number of finite primitive sets of integers less than n then we can count
the number of partial word binary correlations of length n. We present some
results on approximating this number.

THEOREM 11.9
Let S be a finite primitive set of size k with elements less than n. Then
k< {%J Moreover, this bound is sharp.

PROOF We show this by induction. First note that the basis when n = 2

is obvious since the only such (nonempty) set is {1}. So consider n > 2. Then
the inductive hypothesis is that the maximum size of a finite primitive set
with elements less than n — 1 is | 251 |. This tells us that for any primitive
set with elements less than n, the subset of elements less than n — 1 can have
a maximum size of L%J Thus, the whole set can have maximum length
L%J + 1. When n is even, L"T_lJ +1= {%J and we are done.

So consider the case when n is odd. We show that given a primitive set of
size L%J with elements less than n — 1 that n — 1 cannot be added to this
set. First notice that this statement is true for n = 3. So taking n > 5, we see
that if S is a maximal primitive set with elements less than n — 1 then 1 ¢ S
since 1 divides all integers and the set {2,3} is primitive and of size greater
than the set {1}. We claim that if 25 is prime then 2> € S. We show this
by demonstrating that neither a divisor nor a multiple of "T_l can lie in S.

Indeed, the only proper divisor of "T_l is 1 and we have shown that 1 ¢ S.
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Moreover, the least proper multiple of 5= Lis n — 1 itself. Thus, if O L¢g
then we may add it to S and obtain a Strlctly larger set than S.

If "_1 is not prime and ”gl € S, then n — 1 cannot be added to S. If
"T_l is not prime and 2 1 ¢ S, then some proper divisor of 7= L must be in
S. For if not we could agaln increase the size of the set whlle maintaining
primitivity simply by adding 25 since the least multiple of 251 is n—1. But
every divisor of "5= L is again a divisor of n — 1, so n — 1 cannot be added to S.
Thus the mductlve step is proven and first statement of the lemma follows.

For the sharpness of the bound consider the set of integers which are greater
than or equal to L"'HJ and which are less than n. All multiples of each element

of this set are at least n. Therefore, this is a primitive set of the desired size.

This bound shows that the number of partial word binary correlations of
length n is at most the number of subsets of {1,2,...,n — 1} of size at most
L%J This number is

3] 2"’2—%1"_11 if n is odd
T ot

—~ i 2”2+(L 1J) if n is even

Moreover, the sharpness of the bound derived in Theorem 11.9 gives us that
1A > 212

Thus

1 [|An]|
n

2k <In2
The bounds we give show explicitly that In ||A,| € ©(n). 2

Several values of this sequence are listed in Table 11.1. The time and space
needed to continue this sequence farther is very great and so the problem does
not lend itself to much empirical observation.

We now show that the set of partial word ternary correlations is actually
much more tractible to count than the set of partial word binary correlations.
Specifically, we show that ||A] | = 2771,

To this end we first note an interesting consequence of Theorem 11.3.

LEMMA 11.6
Let u be a partial word of length n and let p € P'(u). Then p € P(u) if and

only if ip € P'(u) for all 0 < i < L;J. That is, a weak period is a strong
period if and only if all of its multiples are also weak periods.

2For f,g: Zt — R, we say that f is “big theta of g,” and write f € ©(g), if there exist
k1,ks € RT and a positive integer N such that k1|g(n)| < |f(n)] < kz2|g(n)| for all integers
n > N.
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TABLE 11.1: Number of primitive sets of
integers less than n.

1 | Number | n | Number | nn Number
1 1 15 733 29 355729
2 2 16 1133 30 711457
3 3 17 1529 31 879937
4 5 18 3057 32 1759873
5 7 19 3897 33 2360641
6 13 20 7793 34| 3908545
7 17 21 10241 35 5858113
8 33 22 16513 36 | 10534337
9 45 23 24593 37| 12701537
10 73 24 49185 38 | 25403073
11 103 25 59265 39 | 38090337
12 205 26 | 109297 | 40 | 63299265
13 253 27 | 163369 | 41 | 81044097
14 505 28 | 262489 | 42 | 162088193

PROOF If p € P'(u) and all of its multiples are also in P’(u), then we
have by Theorem 11.3 that p ¢ P’(u) \ P(w). Thus, p € P(u). On the other
hand, if p € P(u) then we have again by Theorem 11.3 that all of its multiples
are in P(u) C P'(u). Therefore, the lemma follows.

This lemma leads us to the following.

LEMMA 11.7

If S c {1,2,...,n — 1}, then there is a unique ternary correlation v € Al
such that P'(v) \ {n} = S.

PROOF For each p € S, let v, = 1 provided that all of the multiples of
p are in S and let v, = 2 provided that there is some multiple of p which is
not in S. For all other 0 < p < n, let v, = 0. Notice that v satisfies the
conditions of Theorem 11.3 to belong to A!. Moreover, it is obvious that
these are the conditions forced on the ternary vector by Theorem 11.3. Thus,
this correlation is unique.

We note that Lemma 11.7 agrees with the definition of the join forced
upon us in Section 11.3. Considering all periods as weak periods and then
determining which ones are actually strong periods is how we defined that
operation.

So the cardinality of the set of partial word ternary correlations is the same
as the cardinality of the power set of {1,2,...,n —1}.
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PROPOSITION 11.3
The equality || ALl = 2"~ holds.

Table 11.2 lists all the 32 partial word ternary correlations of Aj.

TABLE 11.2: The partial word
ternary correlations of Ag.

100000 | 101010 | 111111 | 120111
100001 | 101011 | 120000 | 121010
100010 | 101110 | 120001 | 121011
100011 | 101111 | 120010 | 121110
100100 | 102000 | 120011 | 122000
100101 | 102001 | 120100 | 122001
100110 | 102100 | 120101 | 122100
100111 | 102101 | 120110 | 122101

Exercises

11.1

11.2

11.3

11.4

11.5

11.6

11.7

11.8

11.9

What is the binary correlation of the partial word u = aabacbaboaca?
What is the ternary correlation of u?

Does the vector v = 100001001000 satisfy the backward propagation
rule?

Is the ternary vector v = 1002000001 a valid ternary correlation?

Give an example of a nonvalid binary correlation and an example of a
nonvalid ternary correlation.

What is the population size of the correlation 102100 over the al-
phabet {a, b}, that is, what is the number of partial words over {a, b}
sharing the correlation 1021007

Prove Lemma 11.2.
Run Algorithm 11.1 on the valid ternary correlation v = 122211011.

Show that the pair (A,,C) is a poset with null element 10"~! and
universal element 17.

Show that if (S, p) is a poset with a null element, then it is unique.
Show a similar statement if (S, p) has a universal element.
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11.10 Is the poset (A, C) a join semilattice with « V v defined as the least
upper bound of v and v?

11.11 Show that if v € Al,, then v, # 2 for all p > [ 251 ].

11.12 List all the correlations in A/, and their corresponding nontrivial
period and weak period sets.

11.13 Draw A as a lattice.

Challenging exercises

11.14 Represent the lattice I'g in a Hasse diagram. Show two maximal
chains of different lengths between 10% and 1°.

11.15 Prove that if a poset violates the Jordan-Dedekind condition, then the
poset is not distributive.

11.16 Prove Theorem 11.4.
11.17 Show that Equality 11.11 holds.

11.18 While there is a natural bijection between the lattice Ag and the
meet semilattice P given by the maps R and E, show that these maps
are not morphisms.

11.19 Define ¢ : A, — AL by

V /\ wp | A /\ Up

pEP(v)\{n} pEP'(v)\P(v)

The proof of Theorem 11.3 shows that ¢ is a lattice morphism from
the join semilattice A/, to the meet semilattice AZ. Verify that for all
v,w € Al we have that p(vV w) = ¢((v) A p(w).

11.20 Prove Proposition 11.1.

11.21 Show that for any v € T',,, based on forward propagation an irreducible
period set associated with v exists and is unique.

11.22 Prove Proposition 11.2.

11.23 Referring to Table 11.1, find a function f that approximates the
number of primitive sets of integers less than n.
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Programming exercises

11.24 Design an applet that provides an implementation of Algorithm 11.1,
that is, given as input a valid ternary correlation v of length n, the
applet outputs the partial word u in Equality 11.5 with correlation v.

11.25 Design an applet that when given as input a partial word u over an
alphabet A, outputs the ternary correlation of w.

11.26 Write a program that counts the number of partial words over the
alphabet {a,b} sharing a given ternary correlation. Run your program
on correlation 10200101.

11.27 Write a program that lists all the valid ternary correlations of a given
length. Run your program on length 7.

11.28 In Chapter 5, we showed that given a partial word u with one hole,
we can compute a partial word v over the binary alphabet such that
P(v) = P(u), P'(v) = P'(u), and H(v) C H(u). This last condition
cannot be satisfied in the two-hole case. Write a program to check that
the pword abacacoacaba has no such binary reduction.

Website
A World Wide Web server interface at
http://www.uncg.edu/mat/research/correlations

has been established for automated use of a program that when given a partial
word u over an alphabet A, computes a binary partial word v of length |u| such
that P(v) = P(u) and P’(v) = P’(u). Another website related to correlations
of partial words is

http://www.uncg.edu/cmp/research/correlations2

Bibliographic notes
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possible 2™ binary vectors, only a small subset are valid correlations. There,
they provided characterizations of correlations (Theorem 11.1), asymptotic
bounds on their number, and a recurrence for the population size of a corre-
lation, that is, the number of full words sharing a given correlation.

In [125], Rivals and Rahmann showed that there is redundancy in period
sets and introduced the notion of an irreducible period set based on the for-
ward propagation rule (Proposition 11.1). They proved that I',,, the set of
all correlations of full words of length n, is a lattice under set inclusion and
does not satisfy the Jordan-Dedekind condition (Theorem 11.4). They pro-
posed the first efficient enumeration algorithm for I';, and improved upon the
previously known asymptotic lower bounds on the cardinality of I',,. Finally,
they provided a new recurrence to compute the number of full words sharing
a given period set, and exhibited an algorithm to sample uniformly period
sets through irreducible period sets.

In [31], Blanchet-Sadri, Gafni and Wilson introduced partial word binary
and ternary correlations and all results on such correlations discussed in this
chapter are from there. The bound on the size of primitive sets with elements
less than n (Theorem 11.9) is due to Erdoés [76].



Chapter 12

Unavoidable Sets of Partial Words

The notion of an unavoidable set of words appears frequently in the fields
of mathematics and theoretical computer science, in particular with its con-
nection to the study of combinatorics on words. The theory of unavoidable
sets has seen extensive study over the past twenty years. An unavoidable set
of words X over an alphabet A is a set for which any sufficiently long word
over A will have a factor in X. It is clear from the definition that from each
unavoidable set we can extract a finite unavoidable subset, so the study can
be reduced to finite unavoidable sets.

In this chapter, we introduce unavoidable sets of partial words. In Sec-
tion 12.1, we recall the definition of unavoidable sets of words and some use-
ful elementary properties. There, we present a definition for unavoidable sets
of partial words and introduce the problem of classifying such sets of small
cardinality and in particular those with two elements. In Section 12.2, we
show that the problem of classifying unavoidable sets of size two reduces to
the problem of classifying unavoidable sets of the form

{ao™qa...a0™ka,bo™b...bo"b}

where mq,...,mg,n1,...,n; are nonnegative integers and a,b are distinct
letters. In Section 12.3, we give an elegant characterization of the particular
case of this problem when £k = 1 and [ = 1. In Section 12.4, we propose a
conjecture characterizing the case where £k = 1 and [ = 2. There, we prove
one direction of the conjecture. We then give partial results towards the
other direction and in particular prove that the conjecture is easy to verify in
a large number of cases. Finally in Section 12.5, we prove that verifying this
conjecture is sufficient for solving the problem for larger values of k and .

12.1 TUnavoidable sets

We begin this section with the following basic terms and definitions.

Let Z denote the set of integers. A two-sided infinite word w is a function
w:Z — A. A finite word u is a factor of w if u is a finite subsequence of w,
that is, there exists some integer ¢ such that u = w()w(i+1)... w(i+|u|—1).
The empty word ¢ is trivially a factor of w.

325
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For a positive integer p, we say that a two-sided infinite word w has period
p, or that w is p-periodic, if w(i) = w(i + p) for all integers i. If w has period
p for some p, then we call w periodic.

If v is a finite word, then we denote by v% the unique two-sided infinite
word w with period |v| and such that w(0)...w(jv| — 1) = v.

If X is a set of partial words, then we use X to denote the set of all full
words compatible with a member of X. In other words,

X =C(X)nA*

For example, if A = {a,b} and X = {oa,bo}, then X = {aa, ba, bb}.
The concept relevant to this chapter is that of an unavoidable set of partial
words. We start with the full word concept and some relevant properties.

DEFINITION 12.1 Let X C A*.
e A two-sided infinite word w avoids X if no factor of w is in X.

e The set X is unavoidable if no two-sided infinite word avoids X, that
is, X s unavoidable if every two-sided infinite word has a factor in X.

Example 12.1
Let A ={a,b}. Then

e The set X; = {e} is unavoidable since ¢ is a factor of every two-sided
infinite word.

e The set X3 = {a,bbb} is unavoidable. Indeed, if a two-sided infinite
word w does not have a as a factor, then w = b* and w has bbb as a
factor.

0

Following are two useful lemmas giving alternative characterizations of un-
avoidable sets of full words.

LEMMA 12.1
Let X C A*. Then X is unavoidable if and only if there are only finitely
many words in A* with no member of X as a factor.

LEMMA 12.2
Let X C A* be finite. Then X is unavoidable if and only if no periodic
two-sided infinite word avoids X .

We now give our extension of the definition of unavoidable sets of words to
unavoidable sets of partial words.
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DEFINITION 12.2 Let X C W(A).
o A two-sided infinite word w avoids X if no factor of w is in X.

e The set X is unavoidable if no two-sided infinite word avoids X, that
is, X is unavoidable if every two-sided infinite word has a factor in X.

We first explore some trivial examples (some less trivial examples will come
soon).

Example 12.2
Let A ={a,b}. Then

e For any nonnegative integer n, the set Y7 = {¢"} is unavoidable as well
as any set containing Y7 as a subset. Let us call such sets the trivial
unavoidable sets.

e The set Y2 = {aa,bob} is unavoidable. Clearly b% does not avoid Ya.
Thus if there were a two-sided infinite word w avoiding Y5 it would have
an ¢ as a factor. Without loss of generality w(0) = a. Then since w
avoids aa, w(—1) = w(1) = b. Then bab € Y3 is a factor of w.

I

Clearly if every member of X is full, then the concept of unavoidable set in
Definition 12.2 is equivalent to the one in Definition 12.1. There is another
simple connection between sets of partial words and sets of full words that is
worth noting.

REMARK 12.1 By the definition of X, a two-sided infinite word w has
a factor in X if and only if that factor is compatible with a member of X.
Thus the two-sided infinite words which avoid X C W(A) are exactly those
which avoid X C A*, and

X C W(A) is unavoidable if and only if X C A* is unavoidable

I

Thus with regards to unavoidability, a set of partial words serves as a rep-
resentation of a set of full words. The set

X = {aooca, bob}

represents the set of full words over {a,b} with two a’s separated by three
letters and two b’s separated by one letter, or the set

X = {aaaaa, aaaba, aabaa, aabba, abaaa, ababa, abbaa, abbba, bab, bbb}
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It is natural to begin investigating the unavoidable sets of partial words
with small cardinality. Of course, every two-sided infinite word avoids the
empty set and thus, there are no unavoidable sets of size 0.

It is clear that unless the alphabet is unary, the only unavoidable sets of size
1 are trivial. If the alphabet is unary, then every nonempty set is unavoidable
and in that case there is only one two-sided infinite word. Thus the unary
alphabet is not interesting and we will not consider it further. Classifying the
unavoidable sets of size 2 is the focus of the next section.

12.2 Classifying unavoidable sets of size two

In this section, we restrict ourselves to two-element sets. If X is an unavoid-
able set, then every two-sided infinite unary word has a factor compatible with
a member of X. In particular, X cannot have fewer elements than the alpha-
bet. Thus since X has size 2, the alphabet is unary or binary. We hence
assume that the alphabet A is binary say with distinct letters a and b. So
one element of X is compatible with a factor of ¢ and the other element is
compatible with a factor of b%, since this is the only way to guarantee that
both @ and b% will not avoid X. Thus we may restrict ourselves to nontrivial
unavoidable sets of size 2 of the form

Xt roomelng,em = 100™a. . ao™ra, bo™b. . bo"b}

for some nonnegative integers msq,...,my and nq,...,n;. The question we
ask is:
For which m1,...,my and n1,...,n; is the set Xy, ing,ony
unavoidable?

The following lemma shows that we need only answer the question for cases
where my +1,...,mr +1,n1 +1,...,n; + 1 are relatively prime, or

ged(my +1,...omeg+1,ng+1,...,ny+1) =1

LEMMA 12.3
If p is a nonnegative integer, then set

X=X

my,...,mg|n,...,ng

and Y = Xpm,4+1)—1,....p(mie+1)=1|p(ni+1)=1,....p(mi+1)—1- Lhen X is unavoid-
able if and only if Y is unavoidable.
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PROOF In terms of notation, it will be helpful to define
J
Mj =Y (m;+1)
i=1
Suppose that a two-sided infinite word w avoids X, and set

v = .. (w(=1)P(w(0))P(w(1))P...

We claim that v avoids Y. Suppose otherwise. Then v has a factor compatible
with some x € Y. Without loss of generality say that

x = qoPmitl)=1q  qeplmitl)—1g

Then to say that v has a factor compatible with x is equivalent to saying that
there exists some integer i for which

v(i) =v(i+pMy) = - =v(i +pMy) =a
But if we set h = L%J, then this implies that
wh) =wh+M)=-=wh+ M) =a

contradicting the fact that w avoids X.
We prove the other direction analogously. Suppose that a two-sided infinite
word w avoids Y, and set

v=...w(—p)w(0)w(p)...

We claim that v avoids X. Otherwise v has a factor compatible with some
x € X which we may suppose without loss of generality is ac™'a...ao"*a.
Then there exists some integer ¢ for which

v(i) =v(i+ M) =---=v(i+M)=a
but this implies that
w(pi) = w(pi +pMy) =--- =w(pi + pMy) =a
which contradicts the fact that w avoids Y. I

Two simple facts of symmetry are worth noting.

REMARK 12.2 Say that w avoids X = X,,,,  mu|n1,....n,- Lhe reverse
word ... w(1)w(0)w(—1)... avoids Y = Xy, mijni,....n,» and the word ob-
tained from w by swapping the a’s and b’s avoids Z = X, nijmy,....my.-
Hence one of the sets X,Y and Z is unavoidable precisely when all three of
them are.

In order to solve the problem of identifying when X, ., jn.,....n, is un-
avoidable, we start with small values of k and [. Of course, the set
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{a,bo™b...bo™b}

is unavoidable for if w is a two-sided infinite word which does not have a as a
factor, then w = b%. This handles the case where k = 0 (and symmetrically
the case where [ = 0).

12.3 The case where k=1 and1=1

We now consider the case where £ = 1 and [ = 1, that is, we consider the
set

Xomjn = {a0™a, bo™b}

In this case, we can give an elegant characterization of which integers m,n
make this set avoidable: X,,|,, is avoidable if and only if the greatest powers
of 2 dividing m + 1 and n + 1 are equal.

THEOREM 12.1
Write m +1 = 257 and n + 1 = 2'r; where ro,71 are odd. Then KXonjn 18
avoidable if and only if s =t.

PROOF Let w be a two-sided infinite word avoiding X,,|,,. Then w also
avoids bo™b. Otherwise for some integer ¢, w(i) = b and w(i+m+1) = b. Since
w avoids bo™b we must have that w(i+n+1) = a and w(i+m+1+n+1) = a,
which contradicts the fact that w avoids ao™a. A symmetrical argument
shows that w avoids ao™a.

For ease of notation, define @ = b and b = a. If p is a nonnegative integer,
then we call a two-sided infinite word w p-alternating if for all integers i,
w(i) = w(i 4+ p). By our previous observation, it is easy to see that w avoids
Xonjn if and only if w is m + 1- and n + l-alternating. Notice that if w is
p-alternating, then it has period 2p: for every integer i,

w(i) = w(i + p) = w(i + 2p) = w(i + 2p)

Set p=m+ 1 and g = n + 1. Thus to prove the theorem it is sufficient to
show that a two-sided infinite word exists which is both p- and g¢-alternating
if and only if the greatest power of 2 dividing p is equal to the greatest power
of 2 dividing ¢g. Write p = 2°rg and ¢ = 27 with r¢ and r; odd.

Suppose that s # t. Without loss of generality say s < t. Then s+ 1 < t.
Let [ be the least common multiple of p and ¢q. The prime factorization of
[ must have no greater power of 2 than the prime factorization of ¢q. Thus
there exists an odd number &k such that kq is a multiple of 2p. If there were a



Unavoidable Sets of Partial Words 331

two-sided infinite word w which was p-alternating and g-alternating, then we
would have w(0) = w(2p) = w(kq) since w is 2p-periodic. But since k is odd
and w is g-alternating, we also have w(0) = w(kq). This is a contradiction.
We have half of the necessary implication.

We now prove the other half. Suppose that s = ¢, and so p = 2°r¢ and ¢ =
2°r1. We only need to prove that there exists some w which is p-alternating
and g-alternating and we do this by induction on s.

If s = 0, then p and ¢ are odd, and the word (ab)Z is p-alternating
and g¢-alternating. This handles our basis. Now say w is 2°rgp- and 2°r;-
alternating. Then v = ... w(—1)w(=1)w(0)w(0)w(1)w(1)... is 2°Tlro- and
25+ 1y alternating. This finishes the induction and the result follows.

12.4 The case where k=1 and | = 2
We next consider the case where k = 1 and | = 2, that is, sets of the form
Xomni,ne = 100™a, bo™bo™2b}

On the one hand, we have identified a large number of avoidable sets of the
form {ao™a, bo"b}. For X,,n, n, to be avoidable it is sufficient that one of
the sets

{ao™a,bo™ b} or {ac™a,bo"2b} or {ac™a, bom+n2t1p)

be avoidable. Thus by first identifying the avoidable sets for smaller values of
k and [, our job has gotten a little easier. On the other hand, the structure
of words avoiding {ao™a,bo™ bo™2b} is not nearly as nice as those avoiding
{ao™a, bo™b}. Thus a simple characterization seems unlikely, unless perhaps
there are no unavoidable sets of this form at all.

But there are. We check that the set

{ao"a, bobo®b}

is unavoidable. Seeing that it is provides a nice example of the techniques we
use.

Example 12.3

The set {aoa,bobo3b} is unavoidable. Suppose instead that there exists a
two-sided infinite word w which avoids it. We know from Theorem 12.1 that
{ao"a, bob} is unavoidable, thus w must have a factor compatible with bob. Say
without loss of generality that w(0) = w(2) = b. This implies that w(6) = a,
which in turn implies that w(—2) = b. Then we have that w(—2) = w(0) = b,
forcing w(4) = a. This propagation continues: w(—4) = w(—2) = b and so
w(2) = a, a contradiction.
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This example is part of a more general phenomenon. Notice how in this
example as the patterns reoccur, we have a sequence of a’s traveling to the
left toward the b at w(0). There is a symmetric situation in which the b’s
travel to the right towards the a at w(ny + 1).

In proving that a set of the form X,,,, , is unavoidable our strategy is to
derive a contradiction using structural properties that any potential two-sided
infinite word w avoiding X would have. These properties take the form of
certain rules involving the occurrences of letters in w. For example, whenever
w(i) = w(i+mny+1) = b in w, we must have that w(i +ni +ns+2) = a. The
presence of an a also has implications: if w(i) = a then w(i —m —1) = b and
w(i+m+1) = b. Often particular values of m,n; and ns have a relationship
that cause these patterns to reoccur and perpetuate themselves, making a
contradiction easy to find. In order for this to happen we also need a starting
point for the perpetuation. For this Theorem 12.1 is a very handy tool.

Both scenarios are covered by the following proposition.

PROPOSITION 12.1
Suppose either m = 2ny +no +2 or m = no —ny — 1, and ny + 1 divides
nz + 1. Then Xy, n, s unavoidable if and only if X, n, is unavoidable.

PROOF If a two-sided infinite word w avoids {ac™a, bo™ b}, then it also
avoids X in, n,-

Now we suppose instead that {a¢™a,bo™ b} is unavoidable. We will just
consider the case m = 2n; + ny + 2 (the case where m = ny —n; — 1 is
similar and is left as an exercise). Suppose for contradiction that the two-
sided infinite word w avoids X,(n, n,. Since {ao™a,bo™ b} is unavoidable
and w avoids ao™a, w must have a factor compatible with bo™b. Suppose
without loss of generality that w(0) = w(n; + 1) = b. We must have that
w(ny + ng + 2) = a which immediately gives us

wny+ns+2—-m—-1)=wn+n2+1—-2n; —ny—2)=w(-n; —1)=>

Since w(—ny — 1) = w(0) = b, we must have w(ny + 1) = a. By induction
we can verify that this process continues, and we ultimately find that

a=wne+1)=whe+1—(n1+1)=wna+1-2(n1+1))=...

Since ny + 1 divides ng + 1 we find that w(0) = a, a contradiction. I

One notable consequence of Proposition 12.1 is that if m is odd, then both
{ao™a, bbo™ b} and {ao™a, bbo™2b} are unavoidable.

The next theorem takes advantage of the perpetuating pattern phenomenon
in a more complicated context. Proposition 12.1 held because each a forced
a b into the next position of an occurence of w(i) = w(i + ny + 1) = b, which
in turn forced a new a in w. This created a single traveling sequence of a’s
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and b’s, causing an a to overlap with the b at w(0), yielding a contradiction.
In the next argument, we take notice of the fact that each a occurring in w
may contribute to two occurrences of w(i) = w(i+nq + 1) = b simultaneously
so that a contradiction will occur after many traveling sequences of letters
appear and overlap.

THEOREM 12.2

Say that m = ng —ny — 1 or m = 2n1 + ne + 2, and that the highest power
of 2 dividing ny1 + 1 is less than the highest power of 2 dividing m + 1. Then
Xmni,me 8 unavoidable.

PROOF Since the highest power of 2 dividing n; + 1 is different than the

highest power of 2 dividing m + 1, we have that the set Y = {a¢™a, bo™ b}
is unavoidable. Consider the case where m = ny — n; — 1 and suppose for
contradiction that there exists a two-sided infinite word w that avoids X =
D, ST Then w has no factor compatible with a©™a, and so since Y is
unavoidable it must have a factor compatible with bo™b. Assume without
loss of generality that w(0) = b and w(ng +1) = b.

We now generate an infinite table of facts about w. Two horizontally adja-
cent entries in the table will represent positions in w which are n; + 1 letters
apart. Two vertically adjacent entries in the table will represent positions in
w which are m + 1 = ny — ny letters apart. The two upper left entries of our
table are w(0) = b and w(ny + 1) = b, two facts we have already assumed.
Since w avoids X we have more information relevant to the table: two hori-
zontally adjacent b entries force an a entry diagonally down and to the right
from them as seen in Figure 12.1. And an a entry forces a b entry in the

iy M2
positions positions
1 2n; + 2 2ny s+ 3
b b

FIGURE 12.1: Horizontal arrows.

vertically adjacent positions as seen in Figure 12.2.

From these rules we can build the table of Figure 12.3, labeling the columns
Co,C1,. ...

For a nonnegative integer i, we shall define v; to be the factor of w repre-
sented by C;. If i is odd then C; has i entries, and if ¢ is even then C; has
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n_y—n;—] n_a—n,—]
positions positions
———————. A ——————
2ny + 2 ny T 2 2ny+ 2
a

FIGURE 12.2: Vertical arrows.
953 [ [

win, + ) =h —— (3, + N =h———w{du; + H=H

t t t
win, +n+ 2} —a\‘u‘(_’n; + o+ 3)‘*‘11'(3:3; +tuitdi—a

+ + +
Wt N=h ——ufi, t 2t d=hb—— w2t 2 s ) =4
*
\‘w{n, +t3at+ =4
+
widn+4) b

FIGURE 12.3: The table.

i+ 1 entries. Thus we define

_ Jw(ing +dw(ing +i+41) ... w(ing + 1) if 7 even
YT\ wling + d)wling +i+1)...w(ng + (i — 1)ng +14) if i odd

Two adjacent entries in C; represent a distance of m + 1 positions between
letters in v;. Thus for 7 even we have that |v;| = im + 1 and for i odd we
have that |v;| = (i — 1)m + 1. We can also use the table to get some partial
information about the positions of a’s and b’s in v;. For a nonnegative integer
J,vi(j) =bif =0mod 2m + 2, and v;(j) = a if j =m + 1 mod 2m + 2.

Because the highest power of 2 dividing n1 +1 is no greater than the highest
power of 2 dividing m—+1, there exists some k for which k(n;+1) = m + 1 mod
2m + 2. Take i sufficiently large so that Columns C; and C4 overlap, or in
other words |v;| > kny + k. Because of how k was chosen, we have that
v;i(kn1 + k) = a. However examining the table we see that

w((i+k)ny +i+ k) =vi(kny + k) = v;41(0) = b

a contradiction. This handles the situation where m = ny — n; — 1. The
reader can check that the case where m = 2n; + no + 2 is similar, the only
difference being that the table will represent increasingly negative positions
of w, rather than increasingly positive ones.

REMARK 12.3 Take m = 1 in Theorem 12.2. Let us see for which
nonnegative integers n; the hypotheses of the theorem hold to make X5, .,
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unavoidable. The highest power of 2 dividing n; 4+ 1 should be less than the
highest power of 2 dividing m 4+ 1 = 2. Thus n; + 1 must be odd, n; is even.
Since m = 1 we cannot have m = 2n1 +ny + 2. Say we have m = no —n; — 1.
Then ny = ny + 2. So we have that for any even ny, the set {aca, bo™bo"2b}
is unavoidable. We will prove that this is a complete characterization of
unavoidability of X, ,,, n, for m = 1.

Propositions 12.2 and 12.3 are other results for k =1 and [ = 2.
The next proposition identifies another large class of unavoidable sets using
a modification of the strategies discussed so far.

PROPOSITION 12.2
If n1 < mg, 2m = ny + ng and m — ny divides m + 1, then X5, n, 18
unavoidable.

By taking ny = m — 1 and ny = m + 1, Proposition 12.2 yields a nice fact:
the set {ao™a, bo™ b o™+ b} is unavoidable for all m > 0.

We believe that together Proposition 12.1, Proposition 12.2, and Theorem
12.2 nearly give a complete characterization of when X,,,|,,, , is unavoidable.
The case m = 6,n; = 1 and ny = 3 is what we believe to be the only exception.

PROPOSITION 12.3
The set Xq)1.3 = {ao%a, bobo3b} is unavoidable.

Extensive experimentation suggests that these results, and their symmetric
equivalents, give a complete characterization of when X,,|,,, n, is unavoidable.
Using Lemma 12.3, we may assume without loss of generality that m+1,n; +
1,n9 + 1 are relatively prime.

Conjecture 1 Let m,ny,ne be nonnegative integers satisfying n1 < no and
ged(m+1,n14+1,n241) = 1. The set Xy jn, n, 05 unavoidable precisely when
the hypotheses of at least one of Proposition 12.1, Proposition 12.2, Proposi-
tion 12.3 or Theorem 12.2 hold. In other words, X n, n, 5 unavoidable if
and only if one of the following cases (or symmetric equivalents) holds:

o The case where Xy |n, 18 unavoidable, m = 2ny +ng +2 orm = ng —
ny — 1, and ny + 1 divides no + 1.

e The case where m =no —niy —1 or m = 2nq + noe + 2, and the highest
power of 2 dividing ny + 1 is less than the highest power of 2 dividing
m+ 1.

e The case where ny < ng, 2m = nyi + ny and m — ny divides m + 1.

e The case where m =6, n; =1 and ny = 3.
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The reader may verify that for any fixed m the only one of the above cases
that contributes infinitely many unavoidable sets to X, |, n, is Theorem 12.2,
and that this theorem never applies to even m. Thus the conjecture states
that there are only finitely many values of m,n1,ns with m fixed and even
and X, |, n, unavoidable. We will prove that this is indeed the case.

An important consequence of the conjecture is that in order for X, |5, n,
to be unavoidable it is necessary that either m = 6 and {n,n2} = {1,3}, or
that one of the following equations holds:

m=2n1 +ng +2 (12.1)
m=2ns +n1 +2 (12.2)
m=mn; —ng —1 (12.3)
m=mng —ny —1 (12.4)

2m =ny + ne (12.5)

In order to prove Conjecture 1, only one direction remains. We must show
that if none of the aforementioned cases hold, then X, », is avoidable. We
now give partial results towards this goal.

We have found that in general identifying sets of the form X,,,, », as
avoidable tends to be a more difficult task than identifying them as unavoid-
able. In the case of unavoidability we needed only consider a single word
then derive a contradiction from its necessary structural properties. To find a
class of avoidable sets we must invent some general procedure for producing
a two-sided infinite word which avoids each such set. This is precisely what
we move towards in the following propositions in which we verify that the
conjecture holds for certain values of m and n;.

It is easy to see that none of Equations 12.1, 12.2, 12.3, 12.4 or 12.5 are
satisfied when max(ni,ns) < m < nj + ng + 2. Thus the conjecture for such
values is that X,,|,, n, i avoidable. The following fact verifies that this is
indeed the case.

PROPOSITION 12.4
If max(ny,ne) <m < ny+ng + 2, then Xoyn, n, is avoidable.

The next proposition gives an easy way of verifying the conjecture for even
values of m.

PROPOSITION 12.5
Assume that m is even and 2m < min(ni,nz). Then X, n, n, is avoidable.

PROOF If either ny or nsy is even, then either
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{ao™a,bo™ b} or {ac™a,bo™2b}

is avoidable by Theorem 12.1. Both situations imply that X, ,, ,, is avoid-
able. Thus we only need to prove that X,,,, », is avoidable for ni,no odd.
Say without loss of generality that n; < ns.

Let v = b™, and let u = baba...ab with |u] = ng + 2. We claim that
w = (uv)? avoids Xynjn, n,- Clearly w avoids {ao™a}. Because of periodicity,
it is enough to prove that for any i € {0,...,na+2+m—1}ifw(i—n;—1)=b
and w(i) = b then w(i+n2+ 1) = a. We claim that such an ¢ must be greater
than m. Suppose for contradiction that ¢ < m. Then —|uv| = —ngy —2—m <
i—mn1—1< —m=—|v|. Thus w(i —n; — 1) occurs in the repetition of u at
w(—ng —1—m)...w(—m — 1), and so since i — n; — 1 is an even number,
w(i —ny — 1) = a which is a contradiction.

Since ¢ > m we have that

luv| = na+24+m < i+ng+1 < ng+24+m—14n9+2 = 2no+m+3 = |uv|+|u|—-1

Thus w(i + na + 1) occurs in the second repetition of uw at w(ng + 2 +
m) ... w(2ny+m+3), and so since i+ny+1 is an even number, w(i+ng+1) = a.

Thus for any fixed even m we only need to verify the conjecture for finitely
many values of ny and nsy, which is generally easy. The reader may verify that
this is consistent with the conjecture. Similarly the conjecture for m = 2 is
that Xy, n, is avoidable except for n; = 1,n2 =3 or ng = 3,n1 = 1. It is
easy to find avoiding two-sided infinite words for other values of n; and no
less than 5 when m = 2. By Proposition 12.5 this is all that is necessary to
confirm the conjecture for m = 2. In this way we have been able to verify the
conjecture for all even m up to very large values.

The following proposition shows that the conjecture is true for m = 1.

PROPOSITION 12.6
The conjecture holds for m = 1, that is, Xy, n, 5 unavoidable if and only
if n1 and ng are even numbers with |n; — na| = 2.

PROOF That Xy, , is unavoidable for n; and ny even with |[n; —nso| = 2

is a direct consequence of Theorem 12.2 and was explained in Section 12.3.
Thus we only need to prove that the set is avoidable for other values of n; and
nz. We divide these values of n; and ny into cases and prove that X, », is
avoidable in each case. By symmetry we may assume that ni < no through-
out.

Claim 1. For ny or nz odd, X, », is avoidable. If both n; and ng are
odd then m+1,nq1 4+ 1,no + 1 are all divisible by 2. Thus by applying Lemma
12.3 with Proposition 12.5, we find that X, , is avoidable. If either n; or
nz is equivalent to 1 mod 4, then X, ,, is avoidable by Theorem 12.1. The
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last case to consider is when n; or ng is equivalent to 3 mod 4. By symmetry
we may suppose that n; = 3 mod 4 and ns is even. Thus we divide into two
further cases.

First say no = 0 mod 4 and write ny = 4k. Let v = (aabb)¥abb. We prove
that w = v% avoids X1jny,no- Certainly it avoids aca. By periodicity we may
assume without loss of generality that ¢ € {0,...,|v]|—1} and w(i+mny +1) =
w(i+ny +ng+2) =b. We then only need to prove that w(i) = a. Since w is
|v| = 4k+ 3-periodic, we have that w(i+mn; +n2+2) = w(i+ny+ng+2—ng—
3) = w(i+ny —1). Examining v we see that w(i+mn; —1) =w(i+n,1+1) =0
can only occur if i+n1+1 = 4k+1. It is easy to see that since n;+1 = 0 mod 4
and ny; < ng that w(i+n; +1—ny — 1) = a, and so w(i) = a.

For the second case say no = 2 mod 4 and write no = 4k + 2. The reader
may verify using a similar argument that ((aabb)*aabbb)? avoids X1jnyng i
this case and the claim is proved.

Claim 2. If n1 < ny — 2 and either n; = 0 mod 4 and ny, = 2 mod 4,
or n1 = 2mod 4 and ny = 0 mod 4, then Xy, ,, is avoidable. Take the first
case, n; = 0 mod 4 and ny = 2 mod 4. Write ny = 4k + 2, with £ > 1 which
is valid since we have assumed n; < no — 2. Let v = (aabb)*~aabbb. Our
argument is similar to those used for the last claim. In particular we show
that w = v” avoids Xijny,no- Certainly it avoids aca. By periodicity we may
assume without loss of generality that ¢ € {0,...,|v]—1} and w(i+ng +1) =
w(i+ny +ny+2) =b. We then only need to prove that w(i) = a. Since w is
|v| = 4k + 1-periodic, we have that w(i+ny+ns+2) = w(i+n; +no+2—ns+
1) = w(i+mn1 +3). Examining v we see that w(i+ny+1) =w(i+n1+3)=0b

can only occur for w(i +ny + 1) = 4k — 2. It is easy to see that since
n1+1=1mod4 and ny < ng — 2 that w(i +n1+1—n1 — 1) = a, and so
w(i) = a.

For the second case, where n; = 2 mod 4 and ny = 0 mod 4, write ny = 4k.
Then ((aabb)*~'abb) avoids Xi,, ,, and the claim is proved.

The only possible values of ni and ns left to consider are where ni,ny =
0 mod 4 or ny,ny = 2 mod 4.

Claim 8. If n1 < no—2 and either n1,n2 = 0 mod 4 or ny,ne = 2 mod 4
then X, n, is avoidable. First say ni,nz = 0 mod 4 and write ny = 4k. In
this case (aabb)*abb avoids X1|ni,ne- Second suppose ny,ng = 2 mod 4 and
write ny = 4k + 2. In this case (aabb)*aabbb avoids Xijny,na- I

The other odd values of m seem to be much more difficult and will most
likely require more sophisticated techniques.

The following proposition intuitively says that if m and n; are close enough
in value, then X, ,,, n, is avoidable for large enough ns.

PROPOSITION 12.7
Let s be a nonnegative integer satisfying s < m — 2. Then for n > 2(m +
)2 +m—1, Xonjmts,n = {a0™a,bo™T°bo"b} is avoidable.
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12.5 Larger values of & and I

We end this chapter with the following proposition which implies that if
Conjecture 1 is true, then X, . ., jn,,....n, is avoidable for all k = 1,1 > 3,
and for k > 2,1 > 2: avoidable sets of the form X, . .. |n,....n, for small
values of k£ and [ translate directly to avoidable sets for larger values of k
and [. If indeed Conjecture 1 is true, then we have completely classified the
unavoidable sets of size two.

PROPOSITION 12.8
If Conjecture 1 is true, then Xp,,  myiny,...n, %5 avoidable for allk = 1,1 > 3,
and for k > 2,1 > 2.

PROOF  Assume Conjecture 1 holds. To prove the proposition it is suf-
ficient to prove that both X, 1,in, ne a0d Xiyjn, noon, are avoidable for all
mi,ma, N1, N2.

First let us consider X, imon;,n,- Assume without loss of generality that
mi, Mo, N1, N are relatively prime. In order for this set to be unavoid-
able, it is necessary that the sets {ao™'a,bo™bo™b}, {ao™2a,bo2bo™2b},
{ao™ ao™2a, bo™ b} and {ac™!ao™2a, bo™2b} be unavoidable as well. For each
of these sets, Conjecture 1 gives a necessary condition: either m = 6 and
ny = 1,ny = 3 (or symmetrically n; = 3,n9 = 1) or one of Equations 12.1,
12.2, 12.3, 12.4 or 12.5 must hold. Consider the following tables:

m1:2n1+n2—|—2
mi = 2ns +nq + 2
mlznl—ng—l
mlzng—nl—l
m1:6,n1=1,n2:3
m1:6,n2:1,n1:3
2m1:n1+n2

m2:2n1+n2—|—2
mo = 2no +nq + 2
mgznl—TLQ—l
mgzng—nl—l
m2:6,n1:1,n2=3
m2:6,n2:1,n1:3
2m2:n1+n2

n1:2m1+m2—|—2
ny =2msg+mq +2
nlzml—mzfl
n1:m2—m1—1
n1:6,m1:1,m2=3
n1:6,m2:1,m1:3
2n1 = mq + no

n2:2m1+m2+2
no = 2mg +mq + 2
ngzmlfmg—l
TLQZTI’LQ—ml—].
n2=6,m1=1,m2=3
n2:6,m2:1,m1:3
2n9 = mq + mo
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In order for X,,, ma|n,,n, t0 be unavoidable it is necessary that at least one
equation from each column be satisfied. It is easy to verify using a computer
algebra system that this is impossible except in the case where the last equa-
tion in each column is satisfied. However in this case mi; = mg = n1 = no
and so by Theorem 12.1, the set is avoidable.

Now let us consider X, |, n,n,- In order for this set to be unavoidable, it is
necessary that {ao™a, bo™bo"2b}, {ac™a, bo"2bo"3b}, {ac™a, bomr T2 ponsp)
and {ao™a, bo™bo2 T3 H1pl be unavoidable as well. Again, for each of these
sets Conjecture 1 gives a necessary condition: either m =6 andn; = 1,n, =3
(or n; = 3,ny = 1) or one of Equations 12.1, 12.2, 12.3, 12.4 or 12.5 must
hold. Consider now the following tables:

m=2n1 +no+2 m = 2n9 +ng + 2

m=2ny+n1+2 m=2ns +ng + 2
m=mn; —ng—1 m=ng —ng—1
m=mng—nj —1 m=mn3—nyg —1
2m = nji + ng 2m = ng + n3

m=6n =1,n=3|m=6n=1,n3=3
m=6n,=1n=3|m=6,n3=1,n,=3

m=2(n; +ns+1)+ng+2 m=2n1 +ns+n3+3
m=2ng+(n1+n2+1)4+2 | m=2(n2+ns+1)+n; +2
m=(Mm+n2+1)—ng—1 m=n; —(na+ng+1)—1
m=nzg—(ni+n+2+1)—-1| m=(Mmay+ng+1)—n; —1
2m = (n1+n2+1)+ns 2m =n3 + (ne +ns + 1)
m=6n+n+1=1n3=3 | m=6n=1,n+n3+1=3
m=06,n3=1,n1+ne =3 m=06,ny+ng=1n, =3

Again unavoidability of X,,n, n,n, requires that one equation from each
column be satisfied. It is easy to verify that no such system of equations has
a nonnegative solution.

Conjecture 1 has been tested in numerous cases via computer, and verified
for m = 1 and a large number of even values of m.

Exercises

12.1 Let n be a nonnegative integer. Is the set A", or the set of all words of
length n, avoidable?

12.2 If A = {a, b}, then show that X = {ao,ob} is unavoidable.
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12.3 Show that the set X = {aoooa, bob} is unavoidable.

12.4 [s] Let A = {a,b}. Characterize the two-sided infinite words that avoid
X = {ao™b, bo™a} where n is a nonnegative integer.

12.5 Setting A = {a, b}, is the set {ac%a, bobo®b} unavoidable?

12.6 No nontrivial unavoidable set can have fewer elements than the alpha-
bet. True or false?

12.7 Show that the set Xyj5 3 is avoidable by giving a word v such that v?
avoids it.

12.8 Repeat Exercise 12.7 for the set X5 3.

12.9 Show that the set {ac™a, bbb} is avoidable.

12.10 Describe C5 of Figure 12.3.

12.11 Classify the sets X434 and Xy 35 as avoidable or unavoidable.
12.12 Prove Proposition 12.2.

12.13 Verify that the conjecture for m = 0 is that Xg),, », is always avoid-
able, which is given by Proposition 12.5.

Challenging exercises

12.14 Prove Lemma 12.1.

12.15 Prove Lemma 12.2.

12.16 Prove the case where m = no — n; — 1 of Proposition 12.1.
12.17 Check the case where m = 2nq + ng + 2 of Theorem 12.2.
12.18 Prove Proposition 12.3.

12.19 Prove Proposition 12.4.

12.20 Prove Proposition 12.7.
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Programming exercises

12.21 Referring to the first two tables in the proof of Proposition 12.8, verify
using a computer algebra system that it is impossible that at least one
equation from each column be satisfied except in the case where the last
equation in each column is satisfied.

12.22 Referring to the last two tables in the proof of Proposition 12.8, verify
for each column that no such system of equations has a nonnegative
solution.

Website
A World Wide Web server interface at
http://www.uncg.edu/mat/research/unavoidablesets

has been established for automated use of a program that classifies a set of
partial words X, iy jn,,...,n, Of size two as avoidable or unavoidable. If the
set is avoidable, then the program gives a word v such that vZ avoids the set.

Another related website is
http://www.uncg.edu/cmp/research/unavoidablesets2

for classifying sets of size three.

Bibliographic notes

The concept of an avoidable set of full words was explicitly introduced in
1983 in connection with an attempt to characterize the rational languages
among the context-free ones [73]. Since then it has been consistently studied
by researchers in both mathematics and theoretical computer science. Test-
ing the unavoidability of a finite set X can be done in different ways [51]:
Check whether there is a loop in the finite automaton of Aho and Corasick [1]
recognizing A*\ A* X A*, or simplify X as much as possible. These same algo-
rithms can be used to decide if a finite set of partial words X is unavoidable by
determining the unavoidability of X. However this incurs a dramatic loss in
efficiency, as each pword u in X can contribute as many as || A||# Wl elements
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to X. We refer the reader to [50, 126] for more information on unavoidable
sets.

Unavoidable sets of partial words were introduced by Blanchet-Sadri, Brown-
stein and Palumbo [22]. The results in this chapter are from there. In terms
of unavoidability, sets of partial words serve as efficient representations of sets
of full words. This is strongly analogous to the study of unavoidable patterns,
in which sets of patterns are used to represent infinite sets of full words [107].






Solutions to Selected Exercises

CHAPTER 1
1.2

1. {9,10}
2. {3,9,10}
3. 0010010110

1.4 If |Ja(u)]] < 1, then there exists a letter a € A such that v C aP with
p > 2. Conversely, if u is not primitive, then there exists a word v such
that u C v™ with n > 2. But then n divides |u| = p, and since p is prime
we get n = p. We conclude that |v] = 1 and so [|a(u)|] < 1.

1.10 We prove the first statement (the second one is similar). We use Figure 1
to illustrate our ideas. If |u| > |v|, then set w = wz with |v| = |w|. Then

u
FIGURE 1: Picture for Lemma 1.2.

wzx = ux | vy and the simplification rule gives the result.

1.11 First, assume that u is unbordered. Suppose to the contrary that
p(u) < |u|. Then u C v"™w for some word v satisfying |v| = p(u), some
prefix w of v distinct from v, and some positive integer n. If w = ¢, then
n>2and u Cvv" ! and u C v" lu. If w # ¢, then put v = wy for
some nonempty word y. In this case, u C wyv" 'w and v C v"w. In
either case, we get a contradiction with the fact that w is unbordered.

Second, let u be an unbordered partial word and assume that u is not
primitive. Then u C z* for some word z and integer & > 2. But then
|z| is a period of u smaller than |ul.

345
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1.13 Conjugacy on full words is reflexive (u = ue and u = eu) and trivially
symmetric. It is also transitive. To see this, if u and v are conjugate
and v and w are conjugate, then there exist words x1,¥y1, 2,y such
that u = z1y1, v = Y121 = x2y2 and w = ysxo. We first assume that

Yi RY]

N

N

L ——

L) = 1

FIGURE 2: Conjugacy on full words is transitive.

lyi| > |z2| (the case where |y1| < |z2| is handled similarly). There
exists z such that y; = x2z and yo = 221, and © = z1y1 = 1222 and
w = Yoky = zw1xe. Therefore, u and w are conjugate (see Figure 2).

Conjugacy on partial words is reflexive (u C ue and u C eu) and trivially
symmetric. However, conjugacy on partial words is not transitive as the
following example shows. Consider, u = acbabboa, v = obocaaco, and
w = baobbbaa. By setting x = aob and y = abboa, we get u C zy
and v C yx showing that u and v are conjugate. Similarly, by setting
2’ = obbbaa and y' = ba, we get v C z’y’ and w C y'z’ showing that v
and w are conjugate. But we can see that v and w are not conjugate.

1.16 The partial word zox where x € {0,1}* is as desired.

1.17 Write u as v1vz ... vgr where |v1]| = |vg| = -+ =|vg| =pand 0 < |r| <
p, and v, as st where |s| = |r|. Set 1 = vy ...vp_15 and 23 = va ... VET.

1.18 The conclusion is immediate for the base case |u| = 1. Now suppose
the statement is true for partial words whose length is smaller than |u.
If w is primitive, then let v be any word such that v C v. Then v is
primitive as well and the result follows in this case. If u is not primitive,
then u C o™ for some word v and integer n > 2. Since |v| < |u|, by
the inductive hypothesis, there exists a primitive word w and a positive
integer m such that v C w™. We have then u C w™".

Uniqueness does not hold for partial words. The partial word u = ¢a
serves as a counterexample (u C a? and u C ba for distinct letters a, b).
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1.19 If 2 T y, then  C (x Vy) and y C (z Vy). Thus 2y C (z V y)? and
yz C (xVy)?. Therefore (xyVyx) C (xVy)?. The reverse containment
is true.

1.21 Assume that p(u) = |ul. If |v| = |z|, then put u = ujus where |ui| = |z|.
So u C zx and |z is a period of u smaller than p(u), a contradiction. If
|v] > |x|, then put v = vivy where |ve| = |z|. So u C zvix and |z| is a
period of u smaller than p(u), a contradiction.
The statement does not necessarily hold when |v| < |z| as the partial

word u = abaobabb shows. Here u is bordered since v C (ababb)(abb)
and v C (aba)(ababb) but p(u) = |u|.

CHAPTER 2

2.5 If k = 4 and | = 10, then u = acbaaboaabaacs is (4,10)-special since
sedy 19(0) contains the positions 6, 12 which are in H(u) = {1, 6,12, 13}
while

w(0)u(4)u(8)u(12)u(2)u(6)u(10)u(0) = aaacboaa

is not 1-periodic. However, the partial word v = obababobababob is not
(4,10)-special.

2.10 If k = 3 and [ = 6, then the partial word w = aboobeobe is {3, 6}-special
since seqs 4(0) = (0,3,6,0) contains the consecutive positions 3 and 6
which are in H(w) = {2,3,6} (but w is not (3, 6)-special).

2.11 If £ = 3 and | = 6, then the partial word w = aboobeobe is {3,6}-
special since seqs (0) = (0,3,6,0) contains the consecutive positions 3
and 6 which are in H(w) = {2,3,6} (but w is not (3,6)-special). Here,
by letting v = abc and v = abcbbe, we have w C wv and w C vu and
uv # vu. Our answer does not contradict Lemma 2.5.

2.17 Assume that uz 1 zv with ||H(z)|| = 1 (the case where z is full comes
from Corollary 2.1). Let m be such that m|u| > |z| > (m — 1)|u|. Put
u = z1y1 and v = yoxs where 21| = |$2| = |Z| (m Dul and [y1| = |y2|
(here |u| = |[v]). Put z = 2 yjzbhyh ... al, 1ym 120, where |z}| =
@ 1| = [@h,] = |21] = [z2] and |y1| = -+ = |y 1] = || = |y2l. Since
uz T zv, we get

TLYL T YL T Yoo Tz Y2 Tt Y1 T
7

! ! / ! ! / ! ! !
L1 Y1 L2 Y223 Y3 - Tip1 Ym—1 LTy Y2 22
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If the hole is in #},, then y1 =y} = yb = -+ = yh,_1 = Y2, T, C
xo, and z,, C ), | = --- = 2} = x1. Here, u = 141, v = Y122,
z = (z1y1)™ tal,. Now, if the hole is in 2} for some 1 < i < m,

then gy =9y = o =+ = Y1 = Y2, T, C Ty = -+ = T}, = Ty,
and ¢, C 1 = -+ = 2] = x1. Here, u = z111, v = Y122, z =
(z1y1) r2lys (z2y1)™ Loy and Statement 1 holds.

If the hole is in y; for some 1 <i < m, thenx; =2} =ab=--- =21}, =
T2, Yy C Yy = = Y1 = Y2, and yf Cyi_y = --- =y} = y1. Here,
U= z1Y1, v = Y21, 2 = (1y1)" 21yl (2192)™ "Lz and Statement 2

holds.

2.18 By weakening, uz T zv. If Statement 1 of Exercise 2.17 holds, then

there exist partial words x,y, x1, s such that v = z1y, v = yxs, x C 21,
x C x9, and z = (x1y)"x(yx2)™ for some integers m,n > 0. Since u,v
are full, we have y, x1, zo full and thus, |H(z)|| = 1. Since z 1 2/, there
exists a word &’ such that x C 2’ and 2’ = (z1y)™2'(yx2)™. Now, uz |
2'v implies (z1y)™ 2 (yas)™ T (21y)™2' (y2o)" ! and by simplification,
z1yx | 2'yxe. Thus, 1 T 2’. The latter along with the fact that both
1 and z’ are full lead to 2’ = z;, and Statement 1 holds in this case.
If Statement 2 of Exercise 2.17 holds, then Statement 2 follows.

2.21 True. Indeed, a word w is primitive if and only if u is not a proper factor

of uu, that is, uu = zuy implies z = € or y = . To see this, assume
that v is primitive and that uu = xuy for some nonempty partial words
x,y. Since |z| < |u|, by Lemma 1.2, there exist nonempty partial words
z,v such that u = zv, z = z, and vu = uy. Then zvzv = zzvy yields
vz = zv by simplification. By Theorem 2.5, v and z are powers of a
common word, a contradiction with the fact that u is primitive.

Now, assume that uu = xuy for some partial words z,y implies z = ¢
or y = &. Suppose to the contrary that w is not primitive. Then there
exists a nonempty word v and an integer n > 2 such that v = v™. But
then uu = v" 'uv, and using our assumption we get v~ ! = ¢ or v = ¢,
a contradiction.

2.22 Put ¢ =1+ j where 0 < j < k. Since xy C uw and yz C u, we have

z(j) C u(j) and y(j) C u(j),

y(j) Cu(j + k) and y(j + k) C u(j + k),

y(j + k) Cu(j+ 2k) and y(j + 2k) C u(j + 2k),
y(j +2k) C u(j + 3k) and y(j + 3k) C u(j + 3k),

y(j+(m—2)k) Cu(f+(m—1)k) and y(j+(m—1)k) C u(j+(m—1)k),
y(j + (m — 1)k) C u(j +mk) and z(j) C u(j + mk).
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Put z(5)y(j)y(G + k)...y(G7 + (m — Dk)x(j) = v;. As in Case 1, the
partial word v; is 1-periodic, say with letter a; in AU {¢}. By letting
zZ=apay-..ax—1, we get x C z and y C 2" as desired.

CHAPTER 3

3.3 By Theorem 3.1(2), ged(p'(u), q) is a period of u since |u| > p'(u) + ¢.
Since p(u) is the minimal period of v and p’(u) is the minimal weak
period of u, we get p'(u) < p(u) < ged(p'(u),q). We conclude that
p'(u) = ged(p'(u), ¢) and so p’(u) divides q.

3.4 The bound is optimal here as can be seen with abaabae of length 7 which
is 3-periodic and 5-periodic but not 1-periodic.

3.7

1. Using Definition 3.2, H(u) = {5,6,7,11, 14} 1-isolates S = {0, 2,4, 9}.

Left If i € Sand ¢ > g, theni—qg € S or i —q € H(u).
Fori=9,wehavei—q=9—-5=4€¢S.

Right If i € S, then i +q € Sor i+ q € H(u).

For ¢ =0, we have i +¢=0+4+5=>5 € H(u);
fori=2i+q=2+5=7¢ H(u);
fori=4,i+q=4+5=9€ S,
fori=9,i+q=9+5=14 € H(u).

Above Ifie Sandi>p,theni—pe Sori—pe H(u).
For i =2, we havei —p=2-2=0¢€ S,
fori=4,i—p=4—-2=2¢€9;
fori=9,i—p=9-2=7¢€ H(u).

Below If i € S, theni+p e Sori+pe H(u).
Fori=0,wehaveit+p=0+2=2¢€ S
fori=2i+p=2+2=4¢€S5,
fori=4,i+p=4+2=6¢ H(u);
fori=9,i+p=94+2=11¢€ H(u).

2. Using Definition 3.3, H(v) = {7,9,10,16,17,19} 2-isolates S =
{12,14}.
3. Using Definition 3.4, H(w) = {14, 17,20, 21} 3-isolates S = {19, 22}.
3.9 Although G(47)(u) is disconnected, the partial word w is not (2,4,7)-
special by using Definition 3.1. The undirected graph G4 7)(u) is shown
in Figure 3.
3.13 The proof is divided into two cases.

First, if p =1 and ¢ > 1, then by Definition 3.1(2)(d), i —p,i+p,i+q €
H(v,) with i = 1.
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FIGURE 3: The disconnected graph G4 7)(u).

Second, if p > 1, then by Definition 3.1(1)(b), i + p,i + ¢ € H(v,,) with
i = 1. The weakly p- and weakly g-periodicity can be seen in Figure 4.

p columns g columns
—— ——
Cab..b Cab..bOb. b
bob... bOb..

FIGURE 4: A (3,p, q)-special binary partial word.

3.16 The sequence (abP~tob? P~ Lo =1pn) 4 satisfies the desired properties.

3.20 Sec Reference [14].

CHAPTER 4

4.3 Let z, y, s be nonempty partial words satisfying y C z, u = rz and y = vs
for some pword r. Here w = uv = rzwv, and since v is the maximal suffix
with respect to =,, we get zv <, v. Since y C x, we get yv =<, v.
Replacing y by vs in the latter inequality yields vsv <,. v, leading to a
contradiction.

4.9 The minimal local periods are: 3, 3, 1, 1, 3 and 3. The maximum among
all minimal local periods is 3. Since p'(w) = 3, w has four critical
factorizations.
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4.10 The statement is true. The partial word w = aobc serves as an example.
Note that if @ <; b <; ¢, then w is special according to Definition 4.4(1).
Here (aob)(c) = wv = w = w'v' = (¢)(aobe) and |v| < |v'|. We have
p(w,|ul —1)=2<3=u| and r = a & C(S(u)).

4.11 Here v = ccboaboba and v/ = aboba are the maximal suffixes of w
with respect to <; and =, respectively. We have |v'| < |v| and w =
u'v' = (ecbo)(aboba). Since p(w, |u'| — 1) = p(w,3) =1 < 4 = |v/| and
r=cchb ¢ C(S(u)), w is special.

4.12 The result being trivial for v € A", assume that ||[H(v)| = 1. If
u € P(v), then both u <; v and u =<, v. Conversely, if both u <; v and
u <, v, then either u is a prefix of v, or u = pre(u, v)ax,v = pre(u, v)by
with a,b € AU {o} satisfying a <; b and a <, b. The latter possibility
leads to a = ¢, contradicting the fact that u is full.

4.19 Below are tables for the nonempty suffixes of the partial word w =
aocbba and its reversal rev(w) = abbcoa. These suffixes are ordered in
two different ways: The first ordering is on the left and is an <;-ordering
according to the order ¢ < a < b < ¢, and the second is on the right
and is an <,-ordering where ¢ < ¢ < b < a. The tables also contain the
indices used by the algorithm, ko, lg, k1,11, and the local periods that
needed to be calculated in order to compute the critical factorization
(aoc,bba). The minimal weak period of w turns out to be equal to 5.

ko | Po,ko | Vo,ke | Yoy, | Poys | Lo
5 ocbba | ocbba 5
4 a cbba 4
3 aocbba | bba 3
2 ba ba 2
1 bba a 1
0 1 cbba aocbba 0
ki | pig, |V, |1y, [P |
5 oa oa 5
4 a coa 4
3 abbcoa | beoa 3
2 bbcoa | bbeoa 2
1 beoa a 1
0 |5 coa abbcoa 0

Algorithm 4.3 starts with
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(v0,0,vp,9) = (cbba, aocbba) and (v1,0,v] ) = (coa, abbcoa)

and selects the shortest component of each pair, that is, vgo and v .
In Step 2, mwp is set to 0. In Step 7, pgo and p1,p are calculated to
be 1 and 5 respectively. In Step 10, the value of mwp is updated to be
pio = 5. In Part 3 of Step 10, the critical factorization is output as
(aoc, bba).

4.21

Case 2. pok, < |Uoko| and po.ky > [V0.k|
Here Definition 4.2(3) is satisfied and there exist partial words
x,y,7, 8,7y such that |x] = pores 7 T Vokes Yok = TT = TS,
and y = vg,,5. Note that if kg = 0 and v 5, C v, then y C x and
we get a contradiction with Lemma 4.3. If » ¢ C'(S(uo,k,)), then
w is ((ko, lo))-special by Definition 4.4(1). If r € C(S(uo,k,)), then
there exists 2’ such that z'r 1 rz. The result follows as in Case 2.

Case 8. pok, < |Uoko| and po.k, < |vo.ko
Here Definition 4.2(1) is satisfied and there exist partial words
x,y,r,s such that |z| = pox,, ¢ T Y, Uok, = 7T, and v r, = YS.
Note that if kg = 0 and y C z, then we get a contradiction with
Lemma 4.2. Here w is ((ko,lo))-special by Definition 4.4 unless
r € C(S(uok,)) and s € C(P(vok,)). If the two conditions hold,
then z'r 1 rz and ys T sy’ for some z’,y’. The result follows as in
Case 3.

Case 4. pok, > 1o,k | and po ky < [v0 ko
Here Definition 4.2(2) is satisfied and there exist partial words
x,y,7r, s such that |x| = pok,, ¢ Ty, & = rugr, and vog, = Ys.
Note that if kg = 0 and r = € and y C x, then we get a contradiction
with Lemma 4.2. Here w is ((ko,lp))-special by Definition 4.4(2)
unless s € C(P(vok,)). If s € C(P(vo,r,)), then ys T sy’ for some
y' and the result follows as in Case 4.

5.1

CHAPTER 5

e Find the minimal period p(u) of w.

e Find integers m and r such that |u| = mp(u) + r where 0 < r <
p(u).
— Ifr =0, then v =¢, w =u(0)...u(p(u) — 1) and k = m.
— If r #0, then v = w(0)...u(r — 1), w = u(r)...u(p(u) — 1)
and k =m.
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e Output u = (vw)*v.
5.3 The partial word 0000 has a period of 1 but u does not; 0001 has a
period of 2 but u does not; 0010 has a period of 3 but u does not; and
0011 has a weak period of 1 but u does not.

5.10 If u = (adabc)(d)(edabe)(d)(adabe) = viwvawvs, then
Bin(vywv;) = 01111101111

and T'(u) = [01111161111101111,a,a]. Both u and Bin'(u) have only
the periods 6, 12, 17 and the weak periods 6, 12, 17. This example
illustrates Item 2(b)(iii).

5.12 On input u = (abedabedabed) (abodabedabed)(abedabedabed), the algo-
rithm proceeds as follows:

e The partial words found satisfy Lemma 5.7 with 1 < i < k and
a # b. Indeed,

u = (abedabedabed) (abodabedabed) (abedabedabed) = wywaws,
where v =¢, k =3, i =2, x = ab, y = dabedabcd and c # e.
e And T'(vw;v) = [Bin’(vw;v), o, B] is such that (o = O and 3 = O)

or (8 # 0O and = # €). Indeed, T(w2) = [011111110111,0,] is
such that B =c# 0O and = # €.

In this case,

1. Compute Bin'(vw;v) = v'w'v’ where [v'| = |v| and |[w'| = |w;].

Here Bin'(ws) = (0111)(1111)(0111).

2. Compute ' = h— (i —1)p'(u) or M = h— (2 —1)p'(u) = 14 —
(2 —1)12 = 2, and compute d € {0,1} as follows: Since o =
O, 8 # O, z # ¢, the “a” value is equal to 8 and |z| < |y|,
we have d = Bin'(vw;v)(h' + p'(vw;v)) = Bin'(we)(2 + p'(we)) =
(011111110111)(10) = 1.

3. Output T'(u) =
[(("w") (', )" (v'w") (B, o) (v'w') (I, d)* "0, a,b] =
=[(011111110111)(010111110111)(010111110111), ¢, €]

Both u and Bin'(u) have only the periods 32, 36 and the weak
periods 12, 32, 36.

5.13 Statement 3 is impossible.

5.17 For any 0 < j < |u| — ¢ = p(u) + |v| — r, we have u(j) = (vwv)(y)
and u(j + ¢) = (vwv)(j + ). Hence u(j) = u(j + ¢) if and only if
(vwv)(j) = (vwv)(j + r). The latter implies that ¢ € P(u) if and only
if r € P(vwv), as claimed.
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5.19 Let us first consider finding the minimal period of a word. A linear pat-
tern matching algorithm can be easily adapted to compute the minimal
period of a given word u. Given words v and w, the algorithm finds the
leftmost occurrence, if any, of v as a factor of w. The comparisons done

by the algorithm are of the type a z b, for letters a and b. We consider

a new letter (wild card) # which passes the test # L 4 for any letter
a. Put u = au’, where a is a letter. Then we run the algorithm on the
inputs u,uw'#*. Clearly, an integer p, 1 < p < |u, is a period of u if
and only if u is a factor starting at position p — 1 of w/#/%!. Therefore,
the leftmost occurrence of u as a factor of u/#!"l (which always exists)
gives the minimal period of u. Consequently, the computing of p(u) can
be performed in linear time. Finding a positive integer k£ and words v, w
satisfying Lemma 5.3 is performed in linear time, since we know that
p(u) = |ow| from computing the minimal period as described above.
Step 2(2) is obviously performed in linear time. At Step 2(1), we have
to test which of the words Bin(v)1"I=10 or Bin(v)1!"I=11 is primitive.
Primitivity can be tested in linear time for full words as will be shown
in Chapter 6. Indeed, a word u is primitive if and only if u? = zuy
implies that either x = ¢ or y = ¢.

The algorithm is recursive, so let us compute the complexity of a single
call of the procedure Bin, say f(n), where n is the length of the current
word for this call, say u. Consequently, we have shown so far that a
single call of Bin requires f(n) = O(n) time. More precisely, there is a
constant ¢ such that f(n) < c¢n, for any n > 0.

To calculate the time required for the whole algorithm on an input
of length n, we first determine how fast the length of the current word
decreases from a call to the next call. Consider u; and wus the current
words for two consecutive calls of Bin on wu, respectively. We have that
either u; = (vw)*v and uy = vwv with k > 2 (if Bin(usg) is called at
Step 2(2) in Bin(u1)), or u; = vwv and us = v (if Bin(usg) is called
at Step 2(1) in Bin(uq)). In either case, |uz| < 2/3|u;|. Therefore, the
time required by the algorithm to compute Bin(u) is at most

Yis0f((2/3)'n) < Xi>0c(2/3)in < 3en

hence it is linear, as claimed. Finally, it is clear that the algorithm is
optimal, as the problem requires at least linear time.

5.20 Let u be a nonempty partial word over A with minimal weak pe-
riod p'(u). Then |u| = kp'(u) + r where 0 < r < p/(u). Put u =

VW VW3 . . . VgWE VL1 Where |[vjwi| = |vgws| = -+ = |vgwg| = p'(u)
and |v1| = |va] = -+ = Jog| = |vks1] = r. If w; is empty, then
r = |vkg1| = |vk] = p'(u), a contradiction. If k = 0, then v = vj41

and u has weak period |vg+1| < p’(u) contradicting the fact that p’(w)
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is the minimal weak period of u. Since p’(u) is the minimal weak period
of u, we get v;w; T vip1wiqq for all 1 < i < k and vg T vgy1. The result
follows.

5.24 There exists ¢ such that Bin(vy)1*I=1¢ is primitive by Lemma 5.1. The
equality P’ (u) = P(u) holds since every weak period of u is greater than
or equal to p’(u), and the equality P’'(u') = P(u’) holds trivially.

To see that P(u) C P(u'), first note that P(Bin(ve)) = P(vs2), and all
periods ¢ of u satisfy ¢ > p/(u). If ¢ = p’(u), then ¢ is a period of v'. If
q > p'(u), put ¢ = p’(u) + r where r > 0. Then r is a weak period of
v1. Since f =0, h+7r > h+ p'(v1) > |v1| where H(v1) = {h}. In this
case, r is a period of vo and hence of Bin(vs), and so ¢ € P(u).

Assume then that there exists ¢ € P(u)\P(u) and also that ¢ is minimal
with this property. Either ¢ < |Bin(v2)| or |Bin(ve)|+|w|—1 < ¢ < |ul,
since Bin(vg) does not begin with 1. If ¢ < |Bin(vg)|, then, by the
minimality of ¢, ¢ is the minimal period of u’, and Lemma 5.2 implies
that p/(u) is a multiple of ¢, and so Bin(vy)1/"/=1¢ is not primitive, a
contradiction. If ¢ = |Bin(v2)| + |w| — 1, then ¢ = 0. In this case, if
|w| > 1, we get Bin(v2)1 = 0Bin(vz), which is impossible, and if |w| = 1,
we get that Bin(vy) consists of 0’s only and therefore Bin(vy)11*~1c =
Bin(v2)0 is not primitive. Hence g > |Bin(vg)| + |w| — 1, and ¢ > p'(u)
since p'(u) € P(v') \ P(u). By putting ¢ = p’(u) + r where r > 0, we
get that r is a period of Bin(vz) and hence of ve. Therefore ¢ € P(u).

5.25 See Reference [23].

CHAPTER 6

6.1 Here u = abcaooobe where D(u) = {0,1,2,3,7,8} and H(u) = {4,5,6}.
The algorithm proceeds as follows:
k =1,1 = 8: Compatibility of v with U[1..10) is nonsuccessful.
k =2,1=7: Compatibility of u with U[2..11) is nonsuccessful.
k = 3,1 = 6: Compatibility of u with U[3..12) is successful.

abcaooobecabecaooobe
abcacoobe

The partial word u is not (3,6)-special and is thus nonprimitive
(u C (abe)?).

6.6 The values are 408 and 513.
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6.9 The result follows from the following list of equalities:

Plﬁk(n) = TL]C(’IL) — NLk(n)

= T1k(n) —n(Tox(n) — Pox(n))
=nk" ! — nk™ + nPyx(n)
=n(Pyr(n) + k- k™)

6.12 Consider for example the partial word u = bobob. Neither ua nor ub is

primitive since ua C (ba)® and ub C (bb)3.

6.18 Let w’ be the prefix of length |u|+ |v| of w. Both |u| and |v| are periods

of w'. By Theorem 3.1, ged(|ul, |v]) is also a period of w’, and hence
there exists a word z of length ged(Jul, |v|) such that w’ is contained in a
power of z. If H(w’) = ), then the result clearly follows. Otherwise, put
H(w") = {i} where 0 < i < |w'|. Let r, 0 < r < |z|, be the remainder of
the division of ¢ by |z|. If i < |z|, then i = r and w'(i + |z|) = z(r), and
if i > |x|, then w’(i—|x|) = z(r). Hence for all 0 < j < |z| and j # r, we
have x(j) = w'(j), and we have z(r) = w'(i + |z|) or z(r) = w'(i — |z]).
Since |z| divides both |u| and |v|, we conclude that u = z* and v = 2!
for some integers k, [.

6.19 First, assume that n = 1. Let x be a primitive word such that uv = x.

By Proposition 6.10, since uv is primitive, vu is also primitive. The
result follows with y = vu.

Now, assume that n > 1. Since uv = 2™, there exist words x1, z2 such
that z = z129, u = (z122)Fz1 and v = pa(zy29)! With k+1 = n — 1.
Since z = zixo is primitive, zox is also primitive by Proposition 6.10.
The result follows since vu = (xax1)™.

Now, suppose that uv is a primitive partial word. If vu is not primitive,
then there exists a word y such that vu = y™ for some m > 2. So there
exist words y1,y2 such that y = y1y2, v = (Y192)* 11 and u = ya(y172)’
with £ +1 = m — 1. Hence uv = (y2y1)™ and wuv is not primitive, a
contradiction. Therefore, if uv is primitive, then vu is primitive.

6.20 Put u = ujougousous where the u;’s do not contain any holes.

m = 2: There exist a word x and integers 0 = 7y < 71 < 3 such that

Uiy +1© ... 0U;; C @
Ui 419 ...0U4 C T

m = 3: There exist a word x and integers 0 = 19 < i1 < i3 < 3 such
that
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Uiy +1© ... QUj; C
Uiy +19...0U;, C X
Uiy +10...0U4 C T

m = 4: There exist a word z and integers 0 = 79 < i1 < 12 < i3 < 3
such that

Uiy +1© ... OU;; C @
Ui 419 .. . QU C T
Uiy +19 ... OUj, C X
Ujs4+1Q...0U4 C T

Consequently, the set S3 consists of the partial words of the form
L1aX2bT30L10x20X3 O L10T20T30X1aT2bLs3

for words 1, 2, x3 and letters a, b; or x10x90x30x4 for words x1, T2, T3, T4
and letters a, b satisfying xiaxe = x3bxy; or

T10T20X1AT20X1ATo O T1AX20L10T20X1AT2 O T1AX20L1AX20L1OT2

for words x1, x2 and letter a; or zoxoxox for a word x.

CHAPTER 7

7.5 Note that Proposition 7.9 implies that if « is a full bordered word, then
x1 = x is unbordered. In this case, © = xu’x where z is the minimal
border of u. Hence a bordered full word is always simply bordered.

7.8 Yes. Here u = (abaa)(aba)(abaaac)(a) where abaa,aba,abaaac, and a
are prefixes of v = abaaacc.

7.9 The following table depicts the information submitted:

partial word v aboobaooabba
prefix sequence | (aboo, ab, aboobao, a, aboobacoa)

The set S contains all nonempty prefixes of v, while the set S’ contains
all nonempty unbordered prefixes of v. The set S consists of the elements

a, ab, abo, aboo, aboob, abooba, aboobao, aboobaco,
aboobaooa, aboobaooab, aboobacoabb, aboobacoabba
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and the set S’ of
a,ab

In the first iteration, the multiset 7 contains the input sequence. During
subsequent iterations, it is determined whether each object in T” is well
ordered, badly bordered, or unbordered. If the object is well bordered,
it is split into two smaller objects, and T’ is updated. Otherwise T"
is updated and the algorithm continues until either a badly bordered
object is found or 7" C S".

Iteration | T

{aboo, ab, aboobao, a, aboobacoa}

{abo, a, ab, abooba, a, a, aboobaoo, a}

{ab, a,a,ab, aboob, a, a, a, aboobao, a, a}

{ab, a, a, ab, abo, ab, a, a, a, abooba, a, a, a}
{ab,a,a,ab,ab,a,ab,a,a,a,aboob, a,a,a,a}
{ab,a,a,ab,ab,a,ad,a,a,a,abo,ab,a,a,a,a}l
{ab, a,a,ab,ab, a,ab,a,a,a,ab,a,adb,a,a,a,a}t

N O Ol Wi+~

Since T" C S’, a sequence of unbordered prefixes of v does exist that is
compatible with the original sequence:

ab,a,a,ab,ab,a,ab,a,a,a,ab,a,ab,a,a,a,a

7.12 The factorization (u,v) = (aa,bcobe) of w is critical and w’ = vu =

beobeaa is unbordered. The position |v| — 1 = 4 is a critical point of w'.

7.15 These equalities can be seen from the fact that if a word has odd length

2n—+1 then it is unbordered if and only if it is unbordered after removing
the middle letter. If a word has even length 2n then it is unbordered
if and only if it is obtained from an unbordered word of length 2n — 1
by adding a letter next to the middle position unless doing so creates a
word that is a perfect square.

7.16 Let Bj(j,n) be the number of full words of length n over a k-letter

alphabet that have a minimal border of length j:
By (j,n) = Uk(j)k" =%

If we let Bg(n) be the number of full words of length n over a k-letter
alphabet with a border of any length, then we have that

L5

]
Bi(n) =Y Bilj.n)
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7.23 Let x be a minimal border of w. Because w is well bordered, we
can write w = zjw'ze with 1 C = and o C = and x; unbordered.
Suppose first that au’ = au. If |z| = |au| = |av’|, then we have that
w = au'w; C zw; and we also have that w = wybu’ C wyz. But because
au’ C x and bu’ C z this leads us to conclude that a = b, contradicting
(2). If |z| < |au|, then z; is a prefix of au = au’ and x4 is a suffix of
u’ so au’ is bordered by z, which contradicts (3). So we must have that
|z| > |au|, and the conclusion follows. If au’ is a proper prefix of au,
then we have three cases similar to the above:

Case 1. |z] < |au/|
Then we conclude, as above, that au’ is bordered. This contradicts (3).
Case 2. |z| = |av/|

Then, as above, we conclude that au’ C z and bu’ C = and a = b which
contradicts (2).

Case 3. |av'| < |z| < |au]

Here x; is a longer unbordered prefix of au than au’. This contradicts
(3) and so we must have that |z| > |au|, and au must be contained in a
proper prefix of x.

7.24 Suppose there exists w a factor of u with w = hv'h such that h is not
compatible with any factor of v’. The equality h = unb(hv’h) holds.
If v is a full word, then v’ is full and the conditions of Proposition 7.5
are met for hv'h and we have that v'h is unbordered. So |v'h| < u(u)
but this only holds if v = . So we must have u = h(h')k¥~2h for some
integer k > 2 and word h’ satisfying h C h’. So u is |h|-periodic and thus
weakly |h|-periodic and we have that p’(u) < |h| = u(u). Proposition 7.4
states that p’(u) > p(u) so we must have that p’(u) = u(u).

The equality v = h(h')*~2h cannot be replaced by u = h* as is seen by
considering u = aobcabbcabbcacbe. We have u = hvh where h = aobc is
unbordered and v = abbcabbc is full.

CHAPTER 8

8.1 The inclusion C in Statement 1 follows from the fact that P(u) C P(u")
for all u, k. To see that the inclusion C holds in case (4,7) # (1,1), we
argue as follows: if i > 1, then we consider u = ¢ and v = a’~'b which
satisfy (u,v) € § and ud; jv; and if j > 1, then we consider u = a/~'b
and v = ¢ which satisfy (u,v) ¢ 6 and ud; ju. Statement 2 follows from
the fact that P(u) = A for all u.

8.8 No since bbb € W(A) \ F(C(X™)).
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8.10 Let u = aob and v = aababbaababb so that |v| = 4|u| and ||H(v)|| = 0.

A nontrivial compatibility relation does exist, u?v T vu?,

acbacbaababbaababb T aababbaababbacbacb

thus this set is not a pcode. Note that this set yields a nontrivial com-
patibility relation prior to the upper bound of k = 4.

8.12 If {u,v} is a pcode, then clearly uv ¥ vu. Conversely, assume that

{u,v} is not a pcode and uv ¥ vu. Then there exist an integer n > 1
and partial words uq,usg, ..., Up, V1, V2, ..., v, € {u,v} such that

ULUD -« - Uy | V1V2 ... Uy

and with |ujus . .. u,| as small as possible contradicting Proposition 8.4.
We hence have u; # v; and u, # v,, and we may assume that n > 2.
There are four possibilities: w1 = u, = w,v1 = v, = vV; U = Vv, =
UyV] = Up = U U] = Uy = U,0] = Up = u; and w1 = U, = v,0] =
v, = u. In all cases, put us...u,_1 = x and vy...v,_1 = y. These
possibilities can be rewritten as

(1) uzu T oyv (2) uzv T vyu (3) veu T uyv (4) vev | uyu

Since |u| > |v|, for any of the possibilities (1)-(4), there exist nonempty
pwords w,w’, z, 2" such that u = wz = z’w’,w 1 v, and v’ T v. The
latter two relations give w C v and w’ C v since v is full. Since |w| =

|z], we get u = ww' C v} uv C v30ou C v3, and thus uwv T vu, a
contradiction.

First, consider the set {aba,acobab}. Let u = aoocbab and v = aba so
that |u| = 2|v| and |H (v)|| = 0. In this case, uv ¥ vu,

aoobababa Y abaaoobab

and thus this set is a pcode.

Second, consider the set {boabbo,bba}. Let u = boabbe and v = bba so
that |u| = 2|v| and ||H (v)|| = 0. A nontrivial compatibility relation does
exist, uv T vu,

boabbobba T bbaboabbo

and thus this set is not a pcode.

8.14 Suppose that there exist two distinct conjugate partial words u and v

in X, and let =,y be partial words such that u C zy,v C yx. If x = ¢
or y = ¢, then u T v, contradicting the fact that X is a pcode. So we
may assume that z # € and y # ¢. Since X is a circular pcode, the two
conditions yux T vv and u C zy imply x = €, a contradiction.
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8.16 To see this, suppose the contrary. Then there exists a partial word
u ¢ X such that Y = X U {u} is a pcode. Since |u"| is a multiple of n,
the partial word u™ can be written as ujus ... uj, where |u;| = n for all
i=1,...,|ul. Thus u" belongs to Y*, and there exist v1, vz, ..., v, € X
such that uy T v1,...,upy T v}y showing that u™ also belongs to C'(X™).
We get the nontrivial compatibility relation

ULUZ - - - Uy T V1V2 . . . U}y

and so Y is not a pcode and X is maximal.

8.17 Let ¢ : B* — W(A) be a morphism such that ¢ is a bijection of B onto
X. Let u,v € B* be words such that p(u) T ¢(v). If u =€, then v = e.
To see this, p(b) # e for each letter b € B since p(b) € X and X does
not contain . If uw # ¢ and v # €, put w = by ...by, and v = b ... 0,
with positive integers m,n and by,..., by, 0, ..., b, € B. Since ¢ is a
morphism, we have

@(b1) .. @(bm) T o(by) ... (b))

But X is a pcode and ¢(b;), ¢(b;) € X. Thus m =n and ¢(b;) = (b;)
fori=1,...,m. Now ¢ is injective on B. Thus b; = b} fori =1,...,m,
and u = v. This shows that ¢ is pinjective.

Conversely, let ¢ : B* — W(A) be a pinjective morphism such that
X = o(B). If

ULUS .« . Uy T V1V ... Uy

for some positive integers m,n, and uq,...,Up,v1,...,v, € X, then
consider the elements b;,b’; € B such that ¢(b;) = u;, ¢(b;) = v; for
i=1,...,m,j=1,...,n. Since @ is pinjective, the above compatibility
relation implies that by ...by, = b} ...0,,. Thus m = n and b; = b} for
i=1,...,m. Whence u; =v; fori=1,...,m.

For Corollary 1, let ¢ : B* — W(A) be a pcoding morphism for X.
Then ¢(1(B)) = ¢(X), and since p o : B* — W(C') is a pinjective
morphism, Proposition 8.13 shows that ¢(X) is a pcode over C.

For Corollary 2, let ¢ : B* — W(A) be a pcoding morphism for X.

Then X™ = ¢(B™). But B" is a code over B. Thus the conclusion
follows from Corollary 1.

8.18 Put N = M \ {e}. First, we prove that X generates M. Since X C M,
we have X* C M. To show the other inclusion, we use induction on the
length of partial words. Clearly, ¢ € X*. If m € N \ N2, then m € X.
If m € N2, then put m = mimso where m; and ms are elements of N
shorter than m. Therefore my, mo belong to X* and m € X*.
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Now, we prove that X is contained in any set Y C W(A) generating M.
We may assume that ¢ € Y. Then each x € X is in Y* and therefore
can be written as © = y1ys ...y, where y1,y2,...,y, € Y and n > 0.
The facts that x # ¢ and x ¢ N? imply n = 1 and « € Y. This shows
that X C Y and thus X is a minimal generating set. The uniqueness of
such a minimal set follows.

8.20 Assume first that M is stable. Put X = (M \ {e}) \ (M \ {e})2. To

8.24 If {u,v} is a pcode, then clearly u?v ¥ vu

prove that X is a pcode, suppose the contrary. Then there exist positive
integers m,n and partial words uy,...,Um,v1,...,v, € X such that

ULUS .+« Uy T V1V ... Uy

and with |ujus ... um| as small as possible contradicting the definition
of a pcode. We hence have u; # vi. We may suppose |ui| < |vg|. If
|ui] = |v1], then uq T v1. Since M is stable, we deduce that u; = vq, a
contradiction. If Jui| < |v1], then vy = ujw for some partial words uf, w
satisfying uy 7 v} and w # €. It follows that uy, ujw, vy ... v, are all in
M, and wvsy...v, € C(M). Since M is stable, u1 = v} and w € M.
Consequently, v; = vjw ¢ X, which yields a contradiction. Thus X is
a pcode.

Conversely, assume that M is pfree and let X be its base. Let u, v/, v, w
be partial words with v 7 ', u,uw'w,v € M and wv € C(M). Put u =
Up oo Uy WO T Ug] v Uy, Ww = v1...0;, and v = vyyq...0, where
ULy oy U, V1,...,0, € X. The compatibility relation wug4q ... um T
u'wv implies

UL« YUkt ] -« - Uy, T V1 - o VU] - - Upy

Thus m = n and u; = v; for i = 1,...,m since X is a pcode. Moreover,
[ > k because |[v'w| > |ul, showing that

l
UW=UL.. UkUk4+1 - U = UUK4+1 ..U

Hence u = v and w = ug41...u; € M. Thus M is stable.

2. Conversely, assume that

{u,v} is not a pcode and u?v J vu?. Then there exist an integer n > 1
and partial words wuy, ug, ..., Uy, V1,02, ..., 0, € {u,v} such that

ULUS ... Uy | V1V ... Uy

and with |ujus...u,| as small as possible contradicting Proposition
8.11. We hence have u; # v; and u, # v,, and we may assume
that n > 2. There are four possibilities: ©y = u, = u,v; = v, = v;
UL = VUp = Uy V] = Uy = U} U] = Uy = U,0] = Up = u; and u; = u, =
v,v1 = ¥, = u. In all cases, put us...up_1 = x and vy...v_1 = Y.
These possibilities can be rewritten as
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(1) uzu T oyv (2) uzv Toyu (3) veu T uyv (4) vev T uyu

Since |u| < |v|, for any of the possibilities (1)-(4), there exist nonempty
pwords w,w’, z, 2z’ such that v = wz = 2z’w’,w 7 u, and w’ 7 u. Con-
sidering |v| = 2|u|, it is clear that |w| = |2| and so v = ww’. Since
u T w and v T w’, by multiplication ww’ T uu. Therefore v T u? and
consequently u?v T vu?, a contradiction.

It should be noted that in the case where w | w’, it is apparent that the
power of u? is not necessary in determining the potential of a nontrivial
compatibility relation. In this case, uv ¥ vu if and only if {u,v} is a
pcode.

First, consider the set {babo, baacobab}. Let u = babo and v = baacobab
so that |v| = 2|u|. In this case, u?v ¥ vu?,

babobabobaaoobab Y baaoobabbabobabo

and thus this set is a pcode.

Second, consider the set {aob, aacabb}. Let u = aob and v = aacabdb
so that |v| = 2|u|. In this case, a nontrivial compatibility relation does
exist, u?v T vu?,

acbaobaacabb T aacabbacbach

and thus this set is not a pcode.

Third, consider the set {oboabb, abo}. Let u = abo and v = oboabb so
that |v| = 2|u|. Factor the partial word v such that v = ww’ where w =
obo and w’ = abb. In this case, w T w’, ©bo T abb, so the compatibility
of uv T vu will suffice to determine if this set is a pcode. A nontrivial
compatibility relation does exist, uv T vu,

abooboabb T oboabbabo

and thus this set is not a pcode.

CHAPTER 9
9.2 The set X is pairwise noncompatible. Here
U1 = {a}
Us = {ob, baaa, bba}
Us = {aa, aaa,b,ba}
Uy = {b,baaa}
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Us = {baaa}
Us =0

and X is a pcode because ¢ & U; for any ¢ > 1.

e The set U; is obtained by the following. Consider u = aob. In this
case, aob T abba and therefore © = a. No other choices of u are
successful and thus U; = {a}.

e In obtaining Uy, the first set is empty since every u € X is greater
in length than every word in U;. However, comparing U; with X
produces a nonempty set:

1. a T aob and thus x = ©b
2. a T obaaa and thus x = baaa
3. a T abba and thus z = bba

e For Ujs, comparing X with Us produces the empty set since each
of the elements of X is either greater in length or equal in length
and not compatible with the elements of Us. However, comparing
U, with X produces the following:

1. ob T aob and thus z = b
2. ob T obaaa and thus x = aaa
3. ©ob ] abba and thus x = ba

4. bba T obaaa and thus x = aa
e Similarly, the set Uy is computed:

1. aa 7T acb and thus x = b

2. b 1 obaaa and thus x = baaa

e The set Uy is generated with the single comparison of b T ¢baaa.
The set Us is equal to the empty set since no comparisons between
Us and X produce any results. Therefore, it is evident that € ¢ U;
for any ¢« > 1 and thus X is a pcode.

9.6 This is because U; = () for such sets.

9.10 By definition, Ei-edges only originate at the open node and do not

terminate there. Hence, an Fj-edge cannot be bidirectional. A similar
statement holds for Fs-edges.

Let e be an Ez-edge. Then e is of the form ((¥), (**)) (or symmetrically,

€

((5), () for some u € C(P(X))\ {e} and v € X. By definition, v

u uv
is nonempty, and so |u| < |uv|. If e were bidirectional, then ((*7), (%))
would be an edge, implying v = uvv’ for some nonempty pword v’ € X.
Thus, |u] < Juv| < |uvy’| = |u|, which is impossible. Thus an Es-edge

cannot be bidirectional.
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9.12 Here X, X5, X3 and X5 are pcodes since Uy = Uy = Uz = --- = ()
in each case and so none of the U;-sets contain . But X4 is not a
pcode since by setting u; = ¢ob,us = aob and uz = aacbba we get

U2U1 U2 T usuq .-

9.18 See Reference [16].

CHAPTER 10

10.2 Here 22 T y* and so m = 2n = 4 and u = . We have
(€)(obb)(g)(abo)(g) = upvouivius = T = vausvz = (obb)(e)(abo)

and y = uv = (g)(aob).

10.8 Set z = (u1)*', y = (ug)* and z = (u3)** for some primitive words
u1, Uz, u3 and some positive integers k1, ko, k3.

10.11 Integers for the first triple are m = 2,n =1 and p = 4.

10.12 Note that if the conditions hold, then trivially 22 1 y™ for some
positive integer m. If 22 1 y™ for some positive integer m, then we
consider the cases where m is even or odd. If m = 2n 4+ 1 for some
integer n, then there exist partial words u, v such that y = wv,xz T
(uv)"u and z T v(uv)™ = (vu)™v. From this, we deduce that |u| = |v].
Now note that = may be factored as x = (upvo) ... (Up—1Vp—1)t, =
U (Unt1Vn41) -« - (Um—1Um—1) where u; T u and v; T v for all 0 < i < m,
If m = 2n for some n, then x T y™ and set u = € in the above.

10.17 We show that z = € and m = 2 (the result will then follow by sim-
plification). Suppose to the contrary that z # € or m > 2. In either
case, we have |z| > |y| > 0. By Corollary 10.2, v and v are contained in
powers of a common word, say u C t* and v C t! for some word ¢ and
nonnegative integers k, [. Indeed, this is trivially true when either u = ¢
or v = &. When both u # ¢ and v # ¢, Condition 1 of Corollary 10.2
is satisfied. Since y = wv and y is primitive, we have (k=0 and [ = 1)
or (k=1and ! =0). In the former case, u = € and in the latter case,
v = €. By Theorem 10.2, z = cor z = y. If 2z = ¢, then m > 2. If
m is even, then by Proposition 10.1, m = 2n and u = . Therefore,
T =1v...vp—1 wWithn > 1, and x C v" leading to a contradiction with
the fact that = is primitive. If m is odd, then m = 2n + 1 by Proposi-
tion 10.1 and |u| = |v| = 0 leading to a contradiction with the fact that
ly| = |uv| > 0. Now, if z = y, then 2% T y™+L. If m + 1 = 2n, then
u=candn > 1, and if m+ 1 = 2n+ 1, then |u| = |v| = 0. In either
case, we get a contradiction as above.
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10.19 Set x = abaabb, y = abo and z = ¢.

10.20 A nontrivial solution is z = a¢b, y = boa and z = abba.

CHAPTER 11

11.5 The population size is 8. The strings are as follows (up to a renaming
of letters): aaocoab, aboobb, bacocaa and bbooba.

11.11 If v, = 2, then there must exist some 7 > 1 such that vy, = 0. But if
D> V’T_lj then p > L%‘HJ and thus 2p > n. So for all © > 2 we have
that ¢p > n and thus p violates the second condition of Theorem 11.3.

11.12 There are 8 of them.
11.14 See Reference [125].

11.18 Cousider the nontrivial period sets {1,2,3,4,5} and {2,4}. Then
R({1,2,3,4,5}) = {1} and R({2,4}) = {2}, and so R({1,2,3,4,5}) N
R({2,4}) = {1} n{2} =0 # {2} = R({1,2,3,4,5} N {2,4}).

11.22 Let S = {p1,p2,...,pr} and T = SU {q1,¢2,...,q} be elements of
®,,. Moreover, let SCC; C Cy C --- C Cp, C T be a maximal chain
from S to T. We claim that for all 1 < i < m, ||C;|| = ||Cixall — 1.
For if Cij11 \ C; D {qi,, i, } were of order at least 2, then both the sets
C; U{q, } and C; U{¢;,} would both lie in ®,, since C;4+; C T and no
element of T divides any other so all subsets of T' lie in ®,,. Moreover,
we see that C;U{q;, } and C;U{q;, } both lie strictly between C; and C; 1
in the poset ®,,. Thus the chain is not maximal and we have produced
a contradiction. This shows that m = [ and therefore, ®,, must satisfy
the Jordan-Dedekind condition and for any two distinct S,T € ®,, we
have that the maximal chain length is |7\ S| + 1.

11.23 The number of primitive sets of integers less than n seems to be
between 1.55"~! and 1.60"!.

CHAPTER 12

12.4 Let w be a two-sided infinite word that avoids X. Whenever w(i+mn+
1) = b, because w avoids a¢™b we have that w(i) = b. Similarly whenever
w(i+n + 1) = a, we have that w(i) = a. Thus we can characterize the
words avoiding X as exactly those with period n + 1.

12.8 The word v = aabb is such that v” avoids Xs)1,3-
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12.11 Both are avoidable by (ab)%.

12.12 Say that the two-sided infinite word w avoids X,,|n, n,.- An a occurs
in w, say without loss of generality that w(0) = a. Then w(—m — 1) =
w(m+1) =b. We have ny +1+mns+ 1 = 2m+ 2, and so since w avoids
bo™ bo™ b we necessarily have w(—m — 1+ n; + 1) = w(ny — m) = a.
Repeating this argument,

w(2(ny —m)) =w@Bn—m))=---=a
But since ny — m divides m + 1, w(—m — 1) = a, a contradiction.
12.15 See Reference [107].

12.18 We first claim that any two-sided infinite word which avoids Xg|; 3
must also avoid {bobob}. Suppose otherwise. Then w avoids Xg|; 3 but
has a factor compatible with bobob. Without loss of generality say that
w(0) = w(2) = w(4) = b. Then we have w(6) = w(8) = a, which in turn
implies that w(—1) = w(1) = b. This implies that w(5) = a, which tells
us that w(—2) = b. Since w(—2) = w(0) = b, w(4) = a, a contradiction.

Now suppose for contradiction that the two-sided infinite word w avoids
Xegj1,3- It must avoid ac®a, and since {ao%a,bob} is unavoidable it
has a factor compatible with bob. Say without loss of generality that
w(0) = w(2) = b. The reader may verify that this ultimately leads to a
contradiction, using the fact that w avoids Xg|; 3 and {bobob}.

12.19 Let v = a™b™t! and w = vZ. We claim that w avoids D ST
Clearly it avoids ao™a. Let i be an integer. If w(i) = w(i+ny1+1) = b,
then the gap in bo™'b cannot straddle a block of a’s, since n; < m
and these blocks come in sequences m letters long. Thus we must have
w(i)...w(i+ng+1) = bm+2. Similarly if w(i) = w(i+ng+1) = b since
ng < m we have w(i)... w(i + ng + 1) = b"272. Hence if there were an
integer ¢ with w(i) = w(i +n1 +1) = w(i + ny + n2 + 2) = b, we would
have w(i) ... w(i + ny + ng + 2) = b™T72+3 which is impossible since
m+1<ng+ng+3.

12.20 For any nonnegative integer p, all integers greater than p? can be
written as pg+ (p+1)r for some nonnegative integer ¢, 7. This is because

,(p—p+p+1L,(p-2)p+2(p+1),....p+(p-1(p+1)

is a sequence of consecutive integers with p members.

Now let C' = {pymHlgm+L pm+2qm+1Y There exists u € C* with |u| =
n —m — 2. We claim that w = u” avoids Xin|m+s,n- 1t certainly avoids
ao™a. We need to verify that whenever w(i—m—s—1) =band w(i) = b
that w(i + n + 1) = a. Examining C' we see that the only i’s for which
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this is possible are those for which w(7) is part of an initial segment of
s b’s in a sequence of b’s. Say without loss of generality that

w(0)w(l)...w(s)...wim) =b" and wim+1) =a

Since w is n —m — 2-periodic, w(s+n+1) = w(s+m+3), s+ m+3 <
m—2+m+3=2m+1sow(s+n+1)=a. Similarly w(0+n+1) =
w(m +3) = a. Thus w has no factor compatible with bo™*ho™b and w
avoids X, |ms,n-
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O(n) (big-O notation), 158

P(X) (set of all prefixes of el-
ements in X), 34

P(u) (set of all prefixes of par-
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itive words over a given
alphabet), 187

R(v) (irreducible period set of
partial word binary corre-
lation v), 316

RN}, i (n,d, k') (number of non-
primitive pwords of length
n with h holes over an al-
phabet of size k with a
nonprimitive proot having
length d and containing A’
holes), 174

RPy, i (n,d, ') (number of non-
primitive pwords of length
n with h holes over an al-
phabet of size k with a

primitive proot having length

d and containing k' holes),
174

Ry, i (n,d) (number of nonprim-
itive pwords of length n
with h holes over an al-
phabet of size k with a
proot of length d), 174

S(X) (set of all suffixes of el-
ements in X), 34

S(u) (set of all suffixes of par-
tial word u), 34

Th . (n) (number of partial words
with h holes of length n
over an alphabet of size
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k), 162

W (A) (set of all partial words
over alphabet A), 29

Wi (A) (set of all partial words
over alphabet A with at
most ¢ holes), 29

XY (product or concatenation
of sets X and Y'), 33

X* (submonoid of W(A) gen-
erated by set X), 33

X (subsemigroup of W(A) gen-
erated by set X), 33

X% (i-power of set X), 33

Bin'(u) (binary equivalent of
partial word w), 124

Bin(u) (binary equivalent of word
u), 119

A (set of partial word ternary
correlations of length n),
305

A, (set of partial word binary
correlations of length n),
305

I',, (set of correlations of full
words of length n), 305

A, (set of irreducible period
sets of full words of length
n), 315

®,, (set of irreducible period
sets of partial words of length
n), 316

a(u) (set of distinct letters in
partial word ), 25, 29

o (hole), 29

() (empty set), 25

ged(p, q) (greatest common di-
visor of integers p and ¢),
63

X (set of all words compatible
with a member of set X),
326

€ (element), 25

(p)n, (set of positive integers
less than n which are mul-
tiples of p), 301
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Z (set of integers), 325

E(w) (set of exact periods of
partial word w), 167

N,k (n) (set of nonprimitive par-
tial words with h holes of
length n over an alphabet
of size k), 162

Ph.i(n) (set of primitive par-
tial words with h holes of
length n over an alphabet
of size k), 162

RN 1k (n,d, 1) (set of nonprim-
itive pwords of length n
with h holes over an al-
phabet of size k with a
nonprimitive proot having
length d and containing b’/
holes), 174

RPhi(n,d,h') (set of nonprim
itive pwords of length n
with A holes over an al-
phabet of size k with a
primitive proot having length
d and containing b’ holes),
174

R(w) (reduced set of exact pe-
riods of partial word w),
167

R,k (n,d) (set of nonprimitive
pwords of length n with
h holes over an alphabet
of size k with a proot of
length d), 174

Thi(n) (set of partial words
with h holes of length n
over an alphabet of size
k), 162

1 (Mobius function), 163

w(u) (maximum length of the
unbordered factors of par-
tial word u), 211

pre(u, v) (maximal common pre-
fix of partial words u and
v), 34

= (commutative ordering), 244
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rev(X) (reversal of set X), 35

rev(u) (reversal of partial word
u), 35

pe (commutative relation), 227

pa (embedding relation), 227

pe (exponent relation), 227

py (factor relation), 227

pi (length relation), 227

po (border relation), 227

pp (prefix relation), 227

ps (suffix relation), 227

sedy, ;(7) (sequence of i relative
to k,1), 50

\ (set minus), 26

Vu (root of full word u), 39

C (proper subset), 33

C (subset), 33

unb(u) (longest unbordered pre-
fix of partial word u), 207

¢ (empty word), 25

a (letter), 25

l(Hp,q (critical length for H
holes and weak periods p
and q), 77

p’(u) (minimal weak period of
partial word u), 31

p(u) (minimal period of par-
tial word u), 31

u = v (partial words u and v
are equal), 36

u = v (partial words u and v
satisfy u < v and v < u),
208

u < v (there exists a sequence
0, - -+, Up_1 Of prefixes of
vsuchthat u =vg...v,-1),
200

u ~ v (partial word u is con-
jugate of partial word v),
217

u C v (partial word w is prop-
erly contained in partial
word v), 36

u C v (partial word u is con-
tained in partial word v),

Index

36

u 1 v (partial word wu is com-
patible with partial word
v), 37

u Vv (join of v and v), 306

u V v (least upper bound of
partial words u and v), 38

u A v (greatest lower bound of
partial words v and v), 300

u A v (meet of u and v), 306

u[0..7) (prefix of partial word
u of length i), 34

uli..j) (factor of partial word
u starting at position ¢ and
ending at position j — 1),
34

u® (i-power of partial word u),
30

U(H,p,q) (optimal binary par-
tial word with H holes and
weak periods p and ¢), 80

ue (companion of partial word
u), 29

U(H,p,q) (Optimal binary partial

word with H holes and strong

periods p and ¢), 85
D(n) (set of divisors of n dis-
tinct from n), 167
P’(u) (set of all weak periods
of partial word u), 31
P(u) (set of all periods of par-
tial word u), 31

x ;] (ith residual word of z

modulo p), 281

total function, 27

total ordering, 94

trivial, 229

trivial solution, 287, 291
trivial unavoidable set, 327
two-sided infinite word, 325
Type 1 set, 245

Type 1 solution, 291

Type 2 set, 245
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Type 2 solution, 291

unavoidable set, 325, 326
unbordered, 40, 199, 241
uniform pcode, 232
universal element, 306

very pure submonoid, 250

weak period, 31
minimal, 31
nontrivial, 298

weakening, 39

weakly periodic, 31

well bordered, 200

word, 25
conjugate, 216
full, 28
partial, 28
primitive, 26, 187
unbordered, 199

385



	Title
	Copyright
	Dedication
	Contents
	List of Tables
	List of Figures
	Preface
	Part I: BASICS
	Chapter 1: Preliminaries on Partial Words
	Chapter 2: Combinatorial Properties of Partial Words

	Part II: PERIODICITY
	Chapter 3: Fine and Wilf ’s Theorem
	Chapter 4: Critical Factorization Theorem
	Chapter 5: Guibas and Odlyzko’s Theorem

	Part III: PRIMITIVITY
	Chapter 6: Primitive Partial Words
	Chapter 7: Unbordered Partial Words

	Part IV: CODING
	Chapter 8: Pcodes of Partial Words
	Chapter 9: Deciding the Pcode Property

	Part V: FURTHER TOPICS
	Chapter 10: Equations on Partial Words
	Chapter 11: Correlations of Partial Words
	Chapter 12: Unavoidable Sets of Partial Words

	Solutions to Selected Exercises
	References
	Index



