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Preface

The main purpose of nonlinear functional analysis is to develop abstract
topological and variational methods to study nonlinear phenomena arising in
applications. Although this is a rather recent field, initiated about one hundred
years ago, remarkable advances have been made and there are now many res-
ults that are well established. The fundamental tools of the Leray—Schauder
topological degree, local and global bifurcation and critical point theory, can be
considered topics that any graduate student in mathematics and physics should
know.

This book discusses a selection of the most basic results dealing with the
aforementioned topics. The material is presented as simply as possible, in order
to highlight the main ideas. In many cases we prefer to state results under slightly
stronger assumptions, when this makes the exposition much more clear and
avoids some unnecessary technicalities.

The abstract tools are discussed taking into account their applications to
semilinear elliptic problems. In some sense, elliptic equations become like a
guiding thread, along which the reader will recognize how one method is more
suitable than another one, according to the specific feature of the nonlinearity.
This is the reason why we discuss both topological methods and variational
tools.

After a first chapter containing preliminary material, the book is divided
into four parts. The first part is devoted to topological methods and bifurcation
theory. Chapter 2 deals with the Lyapunov—Schmidt reduction method and the
bifurcation from a simple eigenvalue and connects with the previous book
A Primer of Nonlinear Analysis [20], of which the present book is a follow
up. Chapter 3 deals with the topological degree. First, we define the degree
in finite dimension using an analytical approach, which allows us to avoid
several technical and cumbersome tools. Next, the Leray—Schauder degree is
discussed together with some applications to elliptic boundary value problems.

iX
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Among the applications, we also prove the celebrated theorem by Krasnoselski
dealing with the bifurcation from an odd eigenvalue for operators of the type
identity-compact. In Chapter 4 global properties of the degree are discussed.
In particular, the global bifurcation result due to Rabinowitz is proved. Special
attention is also given to the existence of positive solutions of asymptotically
linear boundary value problems.

Parts [T and I 1T are devoted to variational methods, namely to critical point
theory. After some introductory material presented in Chapters 5 and 6, we
discuss in Chapter 7 the main deformation lemmas and the Palais—Smale con-
dition. Chapter 8 deals with the mountain pass and linking theorems. The
Lusternik—Schnirelman theory and, in particular, the cases of even functionals
on symmetric manifolds are discussed in Chapters 9 and 10, respectively.

Further results on elliptic boundary value problems are presented in
Chapter 11, including the pioneering Brezis—Nirenberg result dealing with
semilinear equations with critical nonlinearities.

An account of Morse theory is given in Chapter 12 which also contains
applications to bifurcation for potential operators and to evaluation of the Morse
index of a mountain pass critical point.

Part IV collects anumber of appendices which deal with interesting problems
that have been left out in the preceding parts because they are more specific
in nature, or more complicated, or else because they are objects of current
research and therefore are still in evolution. Here our main purpose is to bring
the interested reader to the core of contemporary research. In many cases, we
are somewhat sketchy, referring to original papers for more details.

Appendix | deals with the celebrated Gidas—Ni—Nirenberg symmetry res-
ult and with other qualitative results, such as the Liouville type theorem of
Gidas and Spruck. Appendix 2 is concerned with the concentration-compactness
method introduced by P. L. Lions and includes applications to problems with
lack of compactness. Appendix 3 is related to bifurcation theory and deals with
bifurcation problems in the absence of compactness, including bifurcation from
the essential spectrum. Appendix 4, deals with the classical problem of vortex
rings in an ideal fluid. In Appendix 5 we discuss some abstract perturbation
methods in critical point theory with their applications to elliptic problems on
R", to nonlinear Schrédinger equations and to singular perturbation problems.
Finally, in Appendix 6 we discuss some problems arising in differential geo-
metry, from the classical Yamabe problem to more recent problems, dealing
with fourth order invariants such as the Paneitz curvature.

The book is based on many sources. The first is the material taught in several
courses given in past years at SISSA. Some of this material is based on previous
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lectures delivered by by Giovanni Prodi at the Scuola Normale of Pisa in the
1970s. Very special thanks are due to this great mathematician and friend.

The second source is the papers that we have written on nonlinear analysis.
Most of them are works in collaboration with other people: we would like to
thank all of them warmly (see the authors of joint papers with A. A. or A. M.
listed in the references).

Another input has been discussions with many other friends, including
V. Coti Zelati, 1. Ekeland, M. Girardi, M. Matzeu and C. Stuart.

A A & A M.






1

Preliminaries

In this chapter we will discuss some preliminary material we will use throughout
the book.

1.1 Differential calculus

Let us begin with an outline, without proofs, of differential calculus in Banach
spaces. For proofs and more details we refer to [20], Chapters | and 2.

The Fréchét derivative. Let X, Y be Banach spaces and let L(X, Y) denote the
space of linear continuous maps from X to Y. For A € L(X,Y) we will often
write Ax or A[x] instead of A(x). Endowed with the norm

[AllLx,yy = sup{llAx|ly : llxllx =1}, A€ L(X,Y),

L(X,Y) is a Banach space. If U C X is an open set, C(U, Y) denotes the space
of continuous mapsf : U — Y.

Definition 1.1 We say thatf : U +— Y is (Fréchét) differentiable at u € U with
derivative df (u) € L(X,Y) if

fu+h) =fw +df @h]+o(lhl), ash— 0.

f is said differentiable on U if it is differentiable at every point u € U.

From the definition it follows that if f is differentiable at u € U then f is
continuous at u.
In order to find the derivative of a map f one can evaluate, for all 1 € X, the
limit
fu+eh) —fW)  der

lim—— = A,h
e—0 &

IfA, € L(X,Y) and if the map u — A, is continuous from U to L(X, Y), then f
is differentiable at u and df (u) = A,. We will often use f”(u) instead of df ().
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Letf : X x Y — Z, and consider the map f,, : u — f(u,v), respectively
fu 1 v f(u,v). The partial derivative of f with respect to u, respectively v, at
(u,v) € X xYisdefined by 9, f (u,v) = df, (u), respectively d,f (u,v) = df,(v).
In particular, d,f(u,v) € L(X,Z) and 9,f(u,v) € L(Y,Z). It is easy to
see that if f : X x Y +— Z is differentiable at (u,v), then f is partially
differentiable and 0, f(u,v)[h] = df,(w)[h] = df(u,v)[h,0], respectively
ayf (u,v)[k] = df,(v)[k] = df (u,v)[0, k]. Furthermore, the following result
holds.

Proposition 1.2 [ff possesses the partial derivative with respect tou and v in a
neighbourhood N of (u,v) and the maps u — 9, f andv > 0,f are continuous
in N, then f is differentiable at (u,v) and

df (u, v)[h, k] = 0, f (u, v)[h] + 9,f (u, v)[k].

In the sequel, if no confusion arises, we will write fu/, fv/ instead of 9, f, o,f,
respectively.

Higher order derivatives. Let f be differentiable on U and the map X +—
L(X,Y), u — df(u), be differentiable at u € U. The derivative of such a map
at u is a second derivative: d*f(u) € L(X,L(X,Y)). From the canonical iso-
morphism between L(X, L(X, Y)) and L, (X, Y), the space of bilinear maps from
X to Y, we can and will consider d?f (1) belonging to L, (X, Y). By induction
on k we can define the kth derivative dkf (u) € Ly(X,Y), the space of k-linear
maps from E into R. If f is k times differentiable at every point of U, we say
that f is k times differentiable on U.

We will use the following notation.

o CFmaps. If f is k times differentiable on U and the application
U L X,Y), u— dkf(u), is continuous, we say that f € ckU,Y).
o C¥ maps. If f € C(U, Y) satisfies

[Ilf(u) —fWlly
up | ————

- :u,veU,u;évi|<+oo,
lu—viy

for some « € (0, 1], we say that f € CO’“(U, Y). If ¢ < 1, respectively
o = 1, these maps are nothing but the Holder continuous maps,
respectively Lipschitz maps.
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o C maps. If f € CK(U,Y) and d¥f (u) € CO¥(U, Ly (X, Y)), we say that
f e ch(U,Y).

Let f € CK(U,Y) and suppose that u,h € U be such that u + th € U for all
t € [0, 1]. Since one has

r

d
— fu+th)y =d"f(u+ h)[h], [A]" =[h,...,hl, r=1,...,k,
dr" ———
r times
the Taylor formula for ¢ — f(u + th) yields

1
fluth) =@ +df A+ + 5 d¥ @) [h1* + o(IhI%).

Local inversion and implicit function theorems. Let f € C(U,Y), u* € U
and v* = f(u*) € Y. We say that f is locally invertible at u* if there exist
neighbourhoods U* of u* and V* of v* and a map g € C(V*, U*) such that

gfw) =u, YueU*,  f(g)=v, VveV™.
The map g will be denoted by f~!.
Theorem 1.3 (Local inversion theorem) Suppose that f € C'(U,Y) and that

df (u*) is invertible (as a linear map in L(X,Y)). Then f is locally invertible at
w*, f~Vis of class C' and

dfF ') = @)™, VYveV*, whereu=f"1().

Furthermore, if f € CX(U,Y) then f =" is of class CX, as well.
Let T, X be Banach spaces, A C T, U C X be open subsets.

Theorem 1.4 (Implicit function theorem) Let f € ck (A x U,Y), k=1,
and let (A*,u*) € A x U be such that f (\*,u*) = 0. If f,(A*,u*) € L(X,Y)
is invertible, then there exist neighbourhoods N* of A*, U* of u* and a map
g € CX(A*, X) such that

f(,u) =0, Au) e A" x U & u=g).
Moreover one has that

g0 =~ ofl(p), wherep = (A, g(1), A € A*.
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1.2 Function spaces

We will deal with bounded domains 2 contained in the Euclidean n-dimensional
space R". We will mainly work in the following spaces of functions u : 2 — R:

LP(R2), Lebesgue spaces with norm || - ||zr;

Hk’p(Q), Sobolev spaces with norm || - || gkp;

C3°(R2), the space of functions u € C*°(2) with compact support in £2;
H} (), the closure of C5°(2) in H'*(R).

For functions in H& (R2) the Poincaré inequality holds:

/|u|2dx5c/ VulPdx,
Q Q

where ¢ = ¢(£2) is a constant (possibly depending on €2 but independent of u).
As a consequence of the Poincaré inequality it follows that

1/2
lull = (/ |W|2dx>
Q

is a norm equivalent to the standard one ||ul| 1.
0

Theorem 1.5 (Sobolev embedding theorem) Ler Q2 be a bounded domain in
R”™ with Lipschitz boundary 92 and letk > 1, 1 < p < oo.

(i) Ifkp < n, then H*?(Q2) — L1(Q) forall 1 < g < np/(n — kp); the
embedding is compact provided 1 < g < np/(n — kp).
(ii) If kp = n, then H*(Q) < L4(R) for all 1 < g < 00, and the
embedding is compact.
(iii) If kp > n, then H*(Q) < CO*(Q), where

_Jk=n/p ifk—n/p<1
““h if k—n/p>1.

Ifk —n/p = 1, the embedding holds for every o € [0, 1).

When we deal with H& (£2) the requirement that d<2 is Lipschitz can be elimin-
ated. For future references let us state explicitely what Theorem 1.5 becomes
in such a case. We set

o 2n/(n—2) if n>2
400 if n=2.
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Theorem 1.6 Let Q2 be a bounded domain in R". Then

(i) ifn > 2, then Hé(Q) — L9(Q) forall 1 < q < 2*; the embedding is
compact provided 1 < g < 2%;
(ii) ifn =2, then Hé(Q) — L1(Q) forall 1 < g < o0;
(iii) ifn < 2, then Hé’p(Q) — CO(Q), wherea = 1 — n/2.

1.3 Nemitski operators

Letf : 2 xR — R.Ifu: Q — R is a measurable real valued function, we
can consider the map u +— f(u), where f (u) is the real valued function defined
on 2 by setting

J)(x) = f(x, u(x)).
Such a map is called the Nemitski operator associated to f and will be denoted
with the same symbol f. For a discussion of the continuity and differentiability
properties of Nemitski operators we refer to [20], Chapter 1, Section 2. Here
we want to recall the following result.

Theorem 1.7 Let a, f > 1. Suppose thatf : Q@ x R — R satisfies

(f.0) f(x,t) is measurable with respect to x € Q2 for all t € R and is
continuous with respect t € R for a.e. x € Q,

and that there exists a; € LP(Q) and ap > 0 such that
fEwl <a@ +aul®’ VewexR, (@pz=D. (LD
Then the Nemitski operator f is continuous from L*(R2) to LB(S).
Condition (f.0) is also called the Caratheodory condition and a function
f(x, 1) satisfying (f.0) is usually called a Caratheodory function. In most of the

concrete applications we will deal with the functional space H! = Hé (). In
such a case, we shall suppose that f satisfies

(f.1) there exists a; € L2 (Q) and a» > 0 such that
|, w)| < ar(x) +azlul’  V(x,u) € 2 xR, (1.2)

where p < 2% — 1.
In some cases we will weaken (f.1) requiring

(f.1) f satisfies (1.2) with p < 2* — 1.
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The class of functions f which are locally Holder continuous and satisfy (f.1)
or (f.1'), will be denoted by F,.

Let us point out that, in many cases, we could deal with functions that satisfy
(f.0), instead of being locally Holder continuous; see, for example, Remark 1.9
below. The advantage of working with the class IF,, is that we get classical
solutions of elliptic equations we deal with, not merely weak solutions.

Moreover, in the sequel we also take n > 2. If n = 1,2 one uses the stronger
forms of the Sobolev embedding theorem and the arguments below require
minor changes.

If (f.1") holds then, according to Theorem 1.7, one has that

f e, L+, (1.3)

Moreover, setting

u
F(x,u):/ f(x,s)ds,
0
it follows that
IF(x,u)| < ailul + ax|ul*,

with p + 1 < 2* Since H(} <> L? then F(-,u(-)) € L! provided u € H& and it
makes sense to consider the map ® : Hé — R defined by

O(u) = / F(x,u)dx. (1.4)
Q
One can show, see Theorem 2.9 of [20], that @ is of class C! on H(; and
do(w)v] = /f(x, u)vdx.
Q

Let us point out that, as remarked before, f(x,u) € L2/ (D) while v € Hé C
L% ; hence f(x,u)v € L! so that the right hand side of the preceding formula
makes sense.

Next, suppose that f € F, with 1 < p < (n+2)/(n — 2), and let u, — u,
weakly in Hé. Since p+ 1 < 2%, the embedding of Hé < [P*!is compact and
thus, up to a subsequence, u, — u strongly in L”*!. This immediately implies
that

@ (up) — P (u),

and shows that ® is weakly continuous. Similarly, from Theorem 1.7 we infer
that f () — f(u) in L*(2), with @ = (p + 1)/p. Using the Holder inequality
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we get
Ve 1/(p+1)
|dCI>(un)[V]—dCI>(u)[v]| < |:/ lf(x’ Mn)_f(x, u)|adx:| |:/ IV|p+1dxi|
§ Q
= IIf (un) = F @)l VIl p1-

Since p+ 1 < 2* we deduce that ||v||; p+1 < ¢ ||v||H(;, where ¢ > 01is a constant
independent of v. In conclusion, we infer that

1[dP () —dP @ < cllf up) — f@llze,

and this shows that d® is a compact operator. Let us collect the above results
in the following.

Theorem 1.8 Suppose thatf € F, with1 <p < (n+2)/(n— 2) and let ® be
defined on H} () by (1.4). Then ® € C'(H],R).

Furthermore, if f € F, with 1 < p < (n+ 2)/(n — 2), then ® is weakly
continuous and d® is a compact operator.

Remark 1.9 The first (respectively second) statement holds true if we suppose
that f satisfies (f.0) and (f.1’), respectively (f.0) and (f.1). Furthermore, if f is
Lipschitz, respectively of class C¥, with respect to u then it is easy to see that
® is of class C1'!, respectively CK+1, on Hé. ]

1.4 Elliptic equations

Consider the linear Dirichlet boundary value problem (BVP in short)

—Aulx) =h(x) xeQ
{u(x) =0 x €0 (1.5)

where & is a given function on Q. If 1 € L*(€2), a weak solution of (1.5) is a
function u € H(; (2) such that

/ Vu-Vyvdx = f hvdx, Vv e Cy°(Q).
Q Q
Hereafter ¢ denotes a possibly different constant independent of u.

Theorem 1.10 Let 2 C R” be a bounded domain.

(i) Ifh € LP (), 1 < p < 400, then (1.5) has a unique weak solution
u € HY(Q) N H*P(Q) such that

lullg2p < clinlir.
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(ii) (Schauder estimates) If 2 is of class C*® and h € C%*(Q) then
u € C>*(Q) is a classical solution of (1.5) and

lull c2e = cllhll coe.

The statement (i) of the preceding theorem allows us to define a linear selfadjoint
operator K : LX(Q) — Hé (), h — K(h) = u, where u denotes the unique
solution of (1.5). K is the Green operator of —A on H(} (£2). Since the embedding
of H(I)(Q) into L2(Q) is compact, it follows that K is compact as a map from
L%(Q) in itself. Similarly, we can consider K as an operator in X = COe(Q).
From (ii) of Theorem 1.10 it follows that K(X) C {u € C>*() : upo = 0}
and Ascoli’s theorem implies that K is still compact.

Remark 1.11

(i) We point out that, here and always in the sequel, we can substitute —A
with any uniformly elliptic second order operator with smooth
coefficients and in divergence form.

(i) The Schauder estimates stated before hold true when — A is replaced by
any second order uniformly elliptic operator such as

2y

a
ax,’ax]'

ou
—Lu=-Yay + Y i)t e,
u Za,,(x) Z A (x) o c()u
where a;j, b;, ¢ are of class C!(Q), ¢ < 0in @ and I« > 0 such that
Y aij()EE = k&2, Vx € Q, £ e R u

1.4.1 Eigenvalues of linear Dirichlet boundary value problems

Consider the linear eigenvalue problem

(1.6)

—Aulx) =u(x) xe
ux) =0 x € 0Q2.

From the preceding discussion, it follows that (1.6) is equivalent to u = AK (1),
ue L*(Q)oru e CO*(Q).

It is convenient to recall the main general properties of operators A € L(X)
of the type identity-compact, according to the Riesz—Fredholm theory.

(RF;) Ker(A) is finite dimensional, Range(A) is closed and has finite
codimension;

(RF,) Range(A) = [Ker(A*)][- ={ueX: (Yy,u) =0, Vi € Ker(A*)};

(RF3) 3m > 1 such that Ker(4%) = Ker(A**!), Vk > m. Moreover, Vk > m
one has that Range(AF*1) = Range(4%), X = Ker(A”) @ Range(4™)
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and the restriction of A to Range(A™) is a linear homeomorphism of
Range(A™) onto itself;
(RFy4) Ker(A) = {0} «<= Range(A4) = X.
The preceding results apply to A, = I — AK, where K is the Green operator of
— A with zero Dirichlet boundary conditions.

Definition 1.12 A real number A such that Ker(A,) # {0} is an eigenvalue
of (1.6). The integer m such that (RF3) holds (with A, = A) is called the
multiplicity of .. When the multiplicity is equal to 1 we say that the eigenvalue
is simple.

The following result holds.

Theorem 1.13
(i) Equation (1.6) has a sequence of eigenvalues Ay such that

O<Ai<i<A3<..., A " +oo0.

(Here we use the convention that multiple eigenvalues are repeated
according to their multiplicity.) The first eigenvalue A1 is simple and the
corresponding eigenfunctions do not change sign in Q2. Moreover, L1 is
the only eigenvalue with this property.

We will denote by ¢ the eigenfunction corresponding to A1, such that
@1(x) > 0and ||@1||;2 = 1. We will also denote by ¢; the eigenfunctions
corresponding to \; such that

1 ifh=k
dx =
fg"”"""x {0 ifh £ k.
(ii) There holds
klzmin{/ |Vul?dx : u € H} (), / uzdle}.
Q Q

(iii) Letting Wy = {u € H&(Q) : fQ Vu-Vepdx =0} forh=1,...,k—1,
one has that

Akzmin{/ |Vu|2dx: ueWk,/u2dx=1}.
Q Q

Properties (ii) and (iii) are the variational characterizations of eigenvalues, see
also Section 5.5. Let us also remark that from (ii) above we can deduce a more
precise form of the Poincaré inequality:

M/ u2dx§/ |Vul*dx. (1.7)
Q Q
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Concerning the nonhomogeneous problem

{_Au(x) = hu(x) + h(x) xeQ (1.8)

ux) =0 x € 012,

we can use the properties (RF,)—(RF4) to deduce the following.

Theorem 1.14

(i) If A # Ay for all integer k > 1, then (1.8) has a unique solution for any
h e L3(9).

(ii) Let Ay be an eigenvalue of (1.6) and let Vi denote the corresponding

kernel. Then, given any h € L*(R2), (1.8) has a unique solution if and only
if [ohvdx =0, forallv € V.

Remark 1.15 If we work in Holder spaces, the results stated in Theorems 1.13
and 1.14 hold with L?(2) substituted by C%* (). [ |

Leta € L°°(2) be such that a(x) > 0 and a(x) > 0 in a set of positive measure
in Q. We will denote by A¢[a] the eigenvalues of

—Aulx) = dax)u(x) x e Q
ux) =0 x € 092.

There exist infinitely many eigenvalues 0 < Ai[a] < Az2[a] < A3[a] < ...
satisfying properties similar to those listed in Theorem 1.13. In addition, the
following properties hold.

(EP-1) (Monotonicity property) If a < b then Ay[a] > A [b], for all k > 1;
moreover, if a < b in a subset Q' C  with positive measure, then
Mlal > Ag[b], forall k > 1.

(EP-2) (Continuity property) If a,, — a in L”/z(Q), then Agla,,] — Arlal,
forall k > 1.

1.4.2 Regularity

It is a general fact that weak solutions of the Dirichlet BVP

{—Au(x) =f(xux) xeQ (1.9)

ux) =0 x € 092

are indeed classical solutions provided f € F, with1 < p < (n+2)/(n — 2).
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Theorem 1.16 Let 02 be smooth and suppose that f € Fp, with 1 < p <
n+2)/(n—2).
Then everyu € H& () which is a weak solution of (1.9) is a C*-solution of (1.9).

Proof. We first use the so-called bootstrap argument to show that u is Holder
continuous on Q. Let n > 2 and set k p = (n + 2)/(n — 2). Notice that k > 1.

Step 1. By the Sobolev embedding theorem it follows that u € L>"/("=2)

Step 2. Using (1.3) with ¢ = 2* we infer that f(x,u) € L? with 8 = 2*/p =
Kk 2n/(n+2).

Step 3. Since —Au = f(x,u), Theorem 1.10(i) yields u H*B.
If 28 > nthen u € C%%(Q). Otherwise, we can repeat steps 1-3:
(i) by the Sobolev embedding theorem 1.5(i) one has that u € qu, with
, nf 2n

T=0 "2 =2

(ii) from (1.3) it follows that f(x, u) € LP (Q) with B’ = ¢'/p > «P;
(iii) Theorem 1.10(i) implies that u € H-F".

In any case, after a finite number of times, one finds thatu € H 2¥ with y >n/2.
Then the Sobolev embedding theorem 1.5(iii) yields H>Y ¢ % (Q) with
a<1.

At this point we can apply point (ii) of Theorem 1.10. Actually, letting h(x) =
f(x,u(x)), uis a weak solution of —Au = h with h € CO%v(Q) for some v < 1.
Hence u € C>"($2) and is a classical solution of (1.9). |

Remark 1.17 From a result of Brezis and Kato [62] it follows that the same
regularity is true if p = (n 4+ 2)/(n — 2). |

In the sequel we will always deal with classical solutions.

1.4.3 Positive solutions

Dealing with equations like (1.9), one can use the maximum principle to obtain
positive solutions.
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Maximum Principle. Let Q C R" be a bounded domain with smooth
boundary and let A < \y. Suppose that u € C*(2) U C(Q) satisfies

—Au>iu inS,
u=>0 on 0%2.
Then u > 0 in Q. Moreover, either u > Qin Qoru=0in Q.

In order to apply the maximum principle to obtain a positive solution of (1.9)
one can substitute f with its positive part £ (x, u) := max{f(x, u), 0)}. If

—Aux) =fT(xuX), xeQ,
u(x) =0, X € 0%,

has a nontrivial solution u*, namely such that u*(x) # 0, then ¥* > 0 in Q.
Therefore £+ (x, u* (x)) = f(x, u*(x)) and u* is a positive solution of (1.9).



PART 1

Topological methods






2

A primer on bifurcation theory

A specific feature of many nonlinear problems is the existence of multiple
solutions and often it is useful to introduce a parameter A to detect when new
solutions arise. From the mathematical point of view, one is led to consider a
functional equation S(A,u) = 0, depending on a parameter A, and such that
S(A,0) = 0. Bifurcation theory deals with the existence of values A* at which
nontrivial solutions branch off from the trivial one, u = 0. A very interesting
survey on bifurcation theory is contained in the paper [145] by G. Prodi, which
also contains applications to elasticity and fluid dynamics.

In this chapter we will address the simplest situation, the bifurcation from a
simple eigenvalue. The material discussed in this chapter is closely related to
that contained in [20], Chapter 5.

2.1 Bifurcation: definition and necessary conditions
Let X, Y be Banach spaces. We will deal with an equation like
S(Au)=0 (2.1
where § : R x X — Y is such that
S(x,0) =0, VaeR.
The solution u = 0 will be called the trivial solution of (2.1). The set
Ys={(Au) e RxX:u#0, S(A,u) =0}

will be called the set of nontrivial solutions of (2.1). When no confusion is
possible, we will omit the subscript S.

Many problems arising in applications can be modelled in this way. For
example, let us consider an elastic beam, with one hinged endpoint and length ¢,
which is compressed at the free edge by a force of intensity proportional to

15
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A > 0. The corresponding equation is given by

u’(s) +Asin u(s) =0 s € [0,£]
{u/(O) =u)=0

where s is the arc length, the prime denotes the derivative with respect to s
and u is the angle between the horizontal line and the tangent to the beam.
To frame such an equation in a form like (2.1), we set X = {u € C?(0,0) :
W) = ') =0}, Y = C@0,¢) and S(A,u) = u”(s) + Asin u(s). Let us
point out that the choice of the function spaces is made taking into account
the boundary conditions in (2.2). Clearly, u(s) = 0 is a solution of (2.2) for
any A € R, corresponding to the unbended position of the beam. This is a
stable equilibrium if A remains small and corresponds to the trivial solution of
our problem. When X exceeds a certain critical threshold, the beam bends and
this corresponds to a nontrivial solution. The trivial solution, which still exists,
becomes unstable while the new solution is the stable one. Such a threshold is
a bifurcation point of (2.2).

Coming back to (2.1), let us give the precise definition of bifurcation point.

2.2)

Definition 2.1 A bifurcation point for (2.1) is a number A* € R such that
(A*,0) belongs to the closure of Z. In other words, A* is a bifurcation point if
there exist sequences A, € R, u, € X \ {0} such that

(i) Sy, uy) =0,
(it) (Apsun) — (A%,0).

The main purpose of the theory of bifurcation is to estabilish conditions for
finding bifurcation points and, in general, to study the structure of X.

If S € C'(R x X, Y) a necessary condition for A* to be a bifurcation point
can be immediately deduced from the implicit function theorem.

Proposition 2.2 If 1* is a bifurcation point of (2.1) then S, (1*,0) € L(X,Y)
is not invertible.

Inparticular, if S(A,u) = Au—T (u), then any bifurcation point of (2.1) belongs
to the spectrum of T'(0).

Proof. If S;,(A*,0) is invertible, the implicit function theorem implies that,
locally near (1*, 0), the unique solution of S(A,u) = 0is u = 0.

IfS(A, u) = 2u—T (u),then S/, (A*,0) : v > A*v—T'(0)vandhence S/,(1*, 0)
is not invertible if and only if A* is in the spectrum of the linear map 77(0). W

In the case of the beam equation (2.2), one has that

S,(A0) vV + 2y, veX.
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0 iy Jy I 2

Figure 2.1 Bifurcation diagram of (2.2).

Thus the values of A such that S/,(%, 0) is not invertible are the eigenvalues of
the linear problem

u’(s) + du(s) =0, se€][0,£]
W) =u'(¢) =0.

which are given by Ay = kznz/ﬁz, k = 1,2,.... Hence these A are the only
possible bifurcation points of (2.2). In this specific case, an elementary phase
plane analysis shows that each Ay is in fact a bifurcation point.

However, in general, one cannot expect that every value A such that S}, is not
invertible, is a bifurcation point. Actually, the following example shows that,
in general, the converse of Proposition 2.2 is not true.

Example 2.3 LetX = Y = R2andlet S(A, u) = Au— T (u), where u = (x1,x2)
and T : X — Y is defined by setting

T(x1,x2) = (x1 + X3, x2 — x}).

The solutions of S(A,u) = Au — T(u) = O are the pairs u = (x1,x2) € R?
such that

AXo = X2 —xf’.

{Axl =x1 +x3
From this it follows that xf + x‘z‘ = 0 and hence the only solution of Au = T'(u)
is (x1,x2) = (0,0). In other words, f = 0 has the trivial solution only and
there is no bifurcation point. On the other hand, the derivative 7/(0) is the
identity matrix in R? and hence A* = 1 is an eigenvalue of 77(0), indeed the
only one. |
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2.2 The Lyapunov-Schmidt reduction

In this section we will discuss an abstract procedure which turns out to be very
useful in many cases.
LetS € C2(R x X, Y) and let * € R be such that

L =5,0*,0)

is not invertible. We will focus on the case in which this is due to the presence
of a nontrivial kernel. Let V = Ker(L) and let R denote the range of L. We
suppose

(V) V has a topological complement W in X.
(R) Ris closed and has a topological complement Z in Y.

Remark 2.4 Any linear Fredholm operator L satisfies (V) and (R). Actually, in
this case, V is finite dimensional, R is closed and the dimension of Z is finite.
More precisely, if L is Fredholm with index zero, then dim(V) = dim(Z). W

If (V) and (R) hold then (W and Z are closedand) X = V@ W, Y =Z dR.
In particular, for any u € X there exist unique v € V and w € W such that
u = v + w. Similarly, we can define conjugate projections P, Q on Y onto Z
and R, respectively.

Setting u = v 4+ w and applying P and Q to (2.1) we obtain the following
equivalent system:

PS(A,v+w) =0, (2.3)

OS(A,v+w) =0. (2.4)

The latter is called the auxiliary equation.

S(4,-)

Figure 2.2
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Lemma 2.5 The auxiliary equation (2.4) is uniquely solvable in W, locally near
(A*,0). Precisely, there exist neighbourhoods N* of A*, Vo of v=0inV, Wy
ofw=0in W, and a mapw = w(A,v) € C2(A* x Vo, W), such that

oS, v+w) =0, Mv,w) € A" x Vo x Wy = w=w,v).
Furthermore, one has that
w(x,0) =0, VaieA¥ (2.5)
w,(A*,0) = 0. (2.6)

Proof. Set ¢(A,v,w) = OS(L,v + w). One has that ¢ € C'(R x V x W,R)
and 9,,¢ (A%, 0, 0) is the linear map from W to R given by

w > 08, (A*,0)[w] = QLw = (since Lw € R) = Lw.

In other words, 9,,¢ (A*, 0, 0) is the restriction of L to W, and thus it is obviously
injective and surjective (as a map from W to R). Since R is closed, it follows
that d,,¢ (A*, 0, 0) is invertible and a straight application of the implicit function
theorem yields the result. |

We can now substitute w = w(, v) into (2.3) yielding the bifurcation equation
PS(A,v+w(,v)) =0. 2.7

Suppose that there exists a sequence of solutions of (2.7), (A,, v,) — (A*,0),
with v, # 0. From the preceding discussion it follows that, setting u, = v, +
w(An, Vi), one has that S(A,, u,) = 0. Moreover, according to (2.5), one has
that w(A,, v,) — 0. Finally, if v, # 0 then u,, = v, + w(Ay,v;) 7 0 and hence
(A, 1) 1s a nontrivial solution of (2.1).

Summarizing, we have shown the following.

Theorem 2.6 Let S € C'(R x X,Y) satisfy (V) and (R). Suppose that the
bifurcation equation (2.7) possesses a sequence of solutions (A, v,;) — (A*,0),
with v, # 0. Then, setting u, = v, + w(kyn,vy), one has that (A,,u,) € Xg,
u, — 0 and thus \* is a bifurcation point of (2.1).

2.3 Bifurcation from the simple eigenvalue

According to Theorem 2.6, we need to impose conditions in such a way that
the bifurcation equation (2.7) is solvable. The first case that we are going to
discuss is when V is one dimensional and the codimension of R is also one. For
this reason, this is called the case of the simple eigenvalue.
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Precisely, we will assume that (V) and (R) hold and

(V-1) there exists u™ € X, u™ # 0, such that V = span{u*};
(R-1) there exists ¢ € Y*, ¢ £ 0,suchthatR ={y € Y : (¢,y) = 0}.

Remark 2.7 Inthe specific case in whichX = Yand S(A, u) = u— Au—T (u),
with T smooth and such that 7(0) = 0, 7/(0) = 0, and A € L(X, X) is compact,
one has that L = I — A*A, where I denotes the identity in X. Suppose that A* is
a simple characteristic value of A, in the sense that Ker(/ — A*A) # {0}. Then

(i) Ker[I — A*A] is one dimensional,
(ii) the codimension of Range[l — A*A] is one, and
Ker[/ — A*A] N Range[/ — A*A] = {0}.

Then (i) and (ii) are obviously equivalent to (V-1) and (R-1), see also
Remark 2.4. |

Using the same notation as in the previous sections, we have that v = fu*,
t € R, and hence the solution of the auxiliary equation has the form w(A,v) =
w(A, tu®). Moreover, one has that

PSSO, v+ w(h,v)) = PSS, tu™ +wr, tu™)).

Then, according to assumption (R-1), the bifurcation equation PS = 0 becomes

BOuD) E (SOt + win, ) = 0. 2.8)

From property (2.5) of w we deduce:
B(,0) = (¥, S, w(A,0))) = (¥,S(4,0)).
Since S(A,0) = 0 we infer
B(A,0) =0. (2.9)
Next, let us evaluate the partial derivative ; of B with respect to :
Bi(A 1) = (W, S, (hy tu™ + w(k, ™)) [u* + w, (&, tu™)u*]). (2.10)
For t = 0 we get
Bi(1,0) = (¥, S, (1, O)[u” + w|(1, 0)u"]). 2.11)
In particular, for A = A*, (2.6) yields

Bi(A*,0) = (¥, S, (A", 0)[u"]) = (Y, Lu*) = 0. (2.12)
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Furthermore, from (2.11) we deduce that the second mixed derivative g,
satisfies

Bl (AF,0) = (¥, Sy, (W, 0) [ + wy, (A, 0)]u*)
+ (¥, S, (A", 0)[wy; (A", 0)u*])
= (¥, S, 05, 0)[w*]) + (¥, LIwy, (A%, 0)u™]).
Since L[w;fA (A*,0)u*] € R, then (w,L[wZA (A*,0)u*]) = 0 and thus we find
Bl (A*,0) = (¥, S, , (A%, 0)[u*]). (2.13)

We are now in a position to state the main result of this section.

Theorem 2.8 Let (V-1) and (R-1) hold and suppose that
S'Z,)\()\.*, 0)[u*] € R. (2.14)

Then A* is a bifurcation point for S.

Proof. Define
B(A, 1)
h(r, 1) = !
B/(A,0) ift=0.

ift 0

Clearly, A is of class C! in a neighbourhood of (A*,0) € R2. From (2.12) it
follows that 2(1*,0) = 0. Moreover, from (2.13) one infers that

B, (05,00 = B (A%,0) = (v, Si, (A%, 0)[u*]).

Then assumption (2.14) yields that 7} (A*,0) # 0. Applying the implicit func-
tion theorem to & we find A = A(t), defined in an e-neighbourhood of t = 0,
such that

A0) = A%, h(L(),t) =0, V —eg<t<e.

Now, if A(A(f),1) = 0, t # 0, then B(A(7),7) = 0 and thus the pair (A(?), u(¢))
with u(r) = tw* + w(r(z),t) is a solution of the bifurcation equation PS = 0
such that (A(z), u(t)) — (A*,0) as t — 0. Let us point out that u(z) # 0 when
t # 0. Then we deduce that A* is a bifurcation point for S. |

Remark 2.9
(a) The set of nontrivial solutions Xg is a smooth curve which has a Cartesian
representation on the kernel V of L.
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(b) We can describe ¥ in a more precise fashion. Actually, we have:

H,(0*,0

V(o) = D)
n;, (3*,0)

We already know that

1, 04,0) = (v, S, 6, 0[]y ©F

In addition, one easily finds that

(0,0 = 187,(1*,0) def ),

With straight calculations one deduces
b= (.S, (5, 0)u]).
Hence, if b # 0 we get

b
A =1 ——t+0(), ast — 0.
a

This implies that there are nontrivial solutions branching off from (1*, 0)
both for A > A* and for A < A* (transcritical bifurcation). If b = 0 the
structure of ¥ depends on the higher order u-derivatives of S. For
example, if S is odd with respect to u, one gets

1
2"(0) = —gw,sm O, 0)[u* ),

U

and thus, if ”(0) # 0 one finds

)\1_ * 1/2
u::l:( 5 ) 00—, %),
C

Then, if ¢ > 0 the nontrivial solutions branch off on the right of A*
(supercritical bifurcation), while if ¢ < 0 the branching is on the left of
A* (subcritical bifurcation). [ |

b#0 b=0,c>0 b=0,c<0

Figure 2.3
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For future reference, it is convenient to state explicitly the result in the case
introduced in Remark 2.7. Let X = Y and suppose that S has the form S(&, u) =
u — Mu — T (u), where A € L(X,X). In this case Theorem 2.8 becomes the
following.

Theorem 2.10 Let T € C3(X,X) be such that T(0) = 0 and T'(0) = 0.
Moreover, let A be compact. Then any simple characteristic value \* of A is a
bifurcation point for S(A,u) : u — AMu — T (1) = 0.

Proof. As anticipated in Remark 2.7, for any simple characteristic value of A the
assumptions (V-1) and (R-1) hold true. Moreover, one has that V = Ker[/ —A*A]
verifies V N R = {0}. Since

S O, 0)[v] = A,

assumption (2.14) follows immediately, too. |

Applications to nonlinear eigenvalue problems

As a first application of the preceding results, let us consider the beam
equation (2.2). We have already seen that the problem can be handled by
means of bifurcation theory, setting X = {u € C?(0,0) : u(0) = u(t) = 0},
Y = C(0,€), S(A,u) = u” + Asin u, and S, (%,0) : v > v 4 Av. The eigen-
values Ay = k?w2/€2, k = 1,2,...0of v/ +1v = 0, v € X, are all simple and
thus, according to Theorem 2.8, are bifurcation points. Similar results hold true
for nonlinear Sturm-Liouville eigenvalue problems like

—(p@)u') + qx)u = ru+f(x,u) x € [a,b]
u(a) = u(b) =0,
where p, g and f are smooth, p, g > 0 in [a, b] and f (x, 0) = 0. For example, if
fr(x,0) = 0 then all the eigenvalues of
—(p@u) +gx)u=2ru x € [a,b]
u(a) = u(b) =0,
are bifurcation points.

Next, we will study the bifurcation for semilinear elliptic eigenvalue
problems like

{_Au:Aquf(x,u) xeQ (Dy)

u=~0 x € 0Q.

Here  is a smooth bounded domain in RY and f € C%(£2 x R). We introduce
the Holder spaces X = {u € C>(Q) : upo =0}and Y = % (), and define

S, u) = Au+ ru—+f(x,u).
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If (A, u) € R x X is a solution of S(A, u) = 0 then u solves (D).
Suppose that f (x,0) = f,(x,0) = 0. Then S(1,0) = 0 and

S, (A, 0) 1 vi> Av+ Av.

Let us take A* = Ay, an eigenvalue of the linear boundary value problem

{—Au:ku xeQ (2.15)

u=20 x € 08.

Then L = Ly : v — Au + Aiu has a nontrivial kernel V = Vj. Assumption
(V-1) requires that Vi is one dimensional, namely that A; is simple. Let ¢y,
with fQ (p,% dx = 1, be an eigenfunction corresponding to A;. Then u™ = ¢; and
Vi = span{gy}. Moreover, according to Theorem 1.14, see also Remark 1.15,
one has that the range Ry of L; has codimension one and is given by

sz{ueY:/mpkdx=0}.
Q

In other words, here Ry = Ker(y) where ¢ is defined by setting (V,u) =
[ ugy dx. Finally, Sy, (A&, 0) 1 v i—> v and hence S} ; (At, 0)[¢x] = ¢k & Ry In
conclusion, Theorem 2.8 applies and ensures that every simple eigenvalue of
(2.15) is a bifurcation point for S, namely for the semilinear Dirichlet boundary
value problem (D).

Remark 2.11 We could also use a slightly different approach that leads to an
equation in the form considered in Theorem 2.10. Let us set X = Cg’a (RQ) =
{u e CO*(Q) : ux) = 0, Vx € 9Q}, let K denote the Green operator of
—A on X, see the discussion after Theorem 1.10, and let f be the Nemitski
operator associated to f (x, u). Let us recall that K € L(X) is compact. With this
notation, (D, ) is equivalent to the equation u = AK (u) — K(f («)), which is in
the form addressed in Theorem 2.10, with A = K and T = K o f. Of course,
the characteristic values of K are nothing but the eigenvalues of (2.15). |

Completing the above discussion we can establish whether the bifurcation is
transcritical, supercritical or subcritical. One has:

a=(¥,e) =/Q¢,%dx= L,

b=, S, O)lexl?) = 3 fQ f1(x, 0)gf dx.

Furthermore, if b = 0 and f is odd with respect to u, then

c=—1 /Q fl (e, 0)gy dx.
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Example 2.12 Consider the problem

—Au=rutullu xeQ
u=20 x €082,

where p > 2. Let us consider the case A* = A1, the first eigenvalue of (2.15).
We can take ¢ > 0.

(1) Ifp=2thenb = fQ <p13 dx > 0 and the bifurcation is transcritical.
(i1) If p = 3 then b = 0, while the sign of ¢ depends on whether the
nonlinearity is +u> or —u>. In the former case we have that

c=—/<p‘1‘dx<0,
Q

while in the latter

c=/(pfdx>0.
Q

Therefore the bifurcation is subcritical if the nonlinearity is +u>, and supercrit-

ical if the nonlinearity is —u°. |

Remark 2.13 Let us point out that the solutions branching off from X; are
small in C>* and hence the behaviour of f(x, u) as |u| — oo does not play any
role. In other words, bifurcation takes place whatever the exponent is and the
restriction | f(x, u)| < c; +c2|ulP, withl <p < (n+2)/(n—2) (n > 2)is not
required here. |
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Topological degree, I

The topological degree (in short, degree) of a map is a classical tool which is
very useful for solving functional equations. It was introduced by L. Brouwer for
finite dimension and extended by J. Leray and J. Schauder to infinite dimension.
There is a very broad literature dealing with degree. We limit ourselves to citing
the books [4, 68, 87, 95, 148, 160] which are most closely related to the topics
discussed here.

We divide the material into Chapters 3 and 4. The former is organized as
follows. First we give an account of the degree in a somewhat axiomatic way,
listing its main properties. The Brouwer fixed point theorem is discussed in
Section 3.2. In Section 3.3 we carry out the construction of the degree. The
Leray—Schauder degree is discussed in Section 3.4. Applications include the
Leray—Schauder fixed point theorem (Section 3.5), the Krasnoselski bifurcation
theorem (Section 3.7) as well as examples in which the degree is used to solve
elliptic differential equations (Section 3.6). Further theoretical tools, global
in nature, and their applications to bifurcation theory and elliptic BVP are
discussed in Chapter 4.

3.1 Brouwer degree and its properties
Let us assume that:

(a) Q2 is an open bounded set in R”, with boundary 9€2;

(b) f is a continuous map from 2 to R"; the components of f will be
denoted by f;

(c) pisapointin R” such that p & f(9D).

To each triple (f,<2,p) satisfying (a)-(c), one can associate an integer
deg(f, @, p), called the degree of f (with respect to Q2 and p), with the following
basic properties.

26
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(P.1) Normalization: if Ig» denotes the identity map in R", then

deg(lnn. 2.) 1 if peQ

€ ny ] =

BRSSPI =00 i pea

(P.2) Solution property: if deg(f, €2, p) # 0 then there exists z € 2 such that

f@ =p.
(P'3) deg(fa Q’p) = deg(f — P> Qa O)
(P.4) Decomposition: if Q1 N Q2 = @ then
deg(f, 21 U 2, p) = deg(f, Q1,p) + deg(f, €22, p).

Below we will give an outline of the procedure usually followed to define
the degree, omitting the consistency of the definition and the verification of
(P.1-P.4). The complete construction, with proofs, will be carried out in Section
3.3. For details about the standard construction, see the references given at the
beginning of the chapter. First one considers a C' map f and a regular value
p. Let us recall that, by definition, p is said to be a regular value for f, if the
Jacobian Jy (x) is different from zero for every x € f ~1(p). The Jacobian is the
determinant of the matrix f’(x) with entries

dfi
J
If p is a regular value then the set f ~! (p) is finite and one can define the degree
by setting

deg(f,p) = Y senl/r(v)], 3.1)
xef~1(p)
where, for b € R\ {0}, we set
(] 1 if b>20
sgn =
£ -1 if b<O.

It is immediate to verify that the degree defined above satisfies the properties
(P.DH)—(P.5).

In order to extend the preceding definition to any continuous function f and
any point p, one uses an approximation procedure. First, in order to approximate
p with regular values py one applies the Sard theorem.

Theorem 3.1 (Sard theorem) Let f € C'(Q,R") and set S ={xeQ:
Jr(x) = 0}. Then f(Sy) is a set of zero measure.

For a proof, see [95, Lemma 1.4]. The set S is called the set of singular points
of f. Any u such that f(«) = p is called a nonsingular solution of the equation
f =p,provided u ¢ Sy.
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According to the Sard theorem, there exists a sequence py & Sf, such that
pr — p. When py is sufficiently close to p, py verifies (c) and hence it makes
sense to consider the deg(f, €2, px), given by (3.1). Moreover, one can show that,
fork > 1,deg(f, 2, pr) is a constant which is independent of the approximating
sequence pi. Hence one can define the degree of f € C L@, R N C(Q,RY)
at any p by setting deg(f, 2,p) = limg deg(f, 2, px). Similarly, given f €
C(Q,R"), let fi, € C1(Q,R") N C(L,R") be such that f, — f uniformly on .
If k > 1, then any (f, 2, p) satisfies (a)—(c) and one can consider the degree
deg(fx, €2, pr). Once more, one can show that lim deg(fy, €2, p) does not depend
upon the choice of the sequence f; and thus one can define the degree of f by
setting deg(f, 2, p) = limy deg(fi, 2, p).

An important property of the degree defined above is the invariance by homo-
topy. An homotopy is a map & = h(X,x) such that 1 € C([0, 1] x Q,R").
An homotopy is admissible (with respect to 2 and p), if h(A,x) # p for all
(A, x) €[0,1] x 9%2.

One can prove that the degree defined before satisfies

(P.5) Homotopy invariance: if 4 is an admissible homotopy, then
deg(h(2,-), 2, p) is constant with respect to A € [0, 1]. In particular, if
f(x) = h(0,x) and g(x) = h(1,x) then deg(f, 2, p) = deg(g, 2,p).

As an immediate consequence of the homotopy invariance, we can deduce the
following.

Theorem 3.2 (Dependence on the boundary values) Ler f,g € C(Q2,R")
be such that f(x) = g(x) for all x € 9Q and let p & f(02) = g(02). Then

deg(f, 2, p) = deg(g, 2, p).
Proof. Consider the homotopy

h(x,x) = Ag(x) + (1 = Mf (x).
For all x € 92 one has that f (x) = g(x) and hence h(A,x) = f(x) # p. Thus h
is admissible and the homotopy invariance yields:

deg(f, 2, p) = deg(h(-,0), R2,p) = deg(h(-, 1), 2, p) = deg(g, 2, p),
proving the result. ]

Let us list below (without proofs) some further properties of the degree.

(P.6) Continuity: if f — f uniformly in , then deg(f;, 2, p) — deg(f, 2, p).
Moreover, deg(f, €2, p) is continuous with respect to p.

(P.7) Excision property: let 29 C 2 be an open set such that f(x) # p, for all
x € Q\ Qp. Then deg(f, 2, p) = deg(f, 0, p).
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The excision property allows us to define the index of an isolated solution
of f(x) = p. Let xo € Q2 be such that f(xg) = p and suppose that there exists
r > 0 such that f(x) # p for all x € B,(xp) \ {xo}. Using the excision property,
with Q@ = B,.(xp) and Q¢ = B, (xp), p € (0,r), we deduce that

deg(fsBp(-x())sp) = deg(var(XO)sp)s Vp € (Os V).

This common value is, by definition, the index of f with respect to xg:

i(f,x0) = ;i—% deg(f, By (x0),p), p=f(xo).

Moreover, iff_l(p) = {x1,..., %}, x; € Q, then

k
(P.8) deg(f..p) = Y _ i(f.x).
1
To see this, it suffices to take o > 0 such that B, (x;) N B, (x;) for all i # j.
Letting Q0 = B, (x1) U - - - U B, (x¢), using the excision property (P.7) and the
decomposition property (P.4), we find

k k
deg(f,Q,p) = deg(f, Qo,p) = »_ deg(f, B,(x).p) = Y _ i(f,x)),

1 1
proving (P.8).
Letf € C! andlet p be aregular value of f (i.e. Jr (xo) # 0 forall xo € f~1(p)).
As already pointed out before, if p is a regular value of f then the set f~!(p)
is discrete. In particular, any solution xo of f(x) = p is isolated and it makes
sense to consider the index i(f, xp).

Lemma 3.3 Suppose that f € C'(Q,R") N C(,R") and let xo € Q be such
that p = f(xo) is a regular value of f. Then

i(f, x0) = (=P,

where B is the sum of the algebraic multiplicities of all the negative eigenvalues

of f'(x0).

Proof. Let r > 0 be such that the only solution of f(x) = p in B, = B,(xp)
is xo. Then i(f,x0) = deg(f,B,,p) and (3.1) yields i(f,xo) = sgn[Jr(xo)].
Using the Jordan normal form, we know that the Jacobian determinant J; (xo) is
given by

Jr(x0) = Ap -+ A,
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where A; are the eigenvalues of f’(xo) repeated according to their algebraic
multiplicity. Now, let us remark that:

e cach A, is different from zero, because xo is a regular value;
o if an eigenvalue is complex, say equal to a + ib, then its complex conjugate
a — ib is also an eigenvalue of f/(xp), and their product is a2+ b > 0.

From this it follows that sgn[Jy(xo)] = (=DA, completing the proof. |

Remark 3.4 Ithas been shown in [7] that the topological degree deg(f, 2, p) €
Z is uniquely determined by properties (P.1), (P.4) and (P.5). |

3.2 Application: the Brouwer fixed point theorem

In this section we will assume that a degree deg(f, 2, p) satisfying the properties
listed in the previous section has been defined, and we will show how it can
be used to obtain the classical Brouwer fixed point theorem. We start with a
preliminary result.

Let By = {x € R" : |x| < 1} denote the unit ball in R".

Theorem 3.5 The unit sphere 9B is not a ‘retract’ of the unit ball By. Namely,
there is no continuous map f : By — 0B such that f (x) = x, for all x € 9B.

Proof. Assuming the contrary, Theorem 3.2, with g(x) = x, implies
deg(f, ©2,0) = deg(g, ©2,0) = 1.

Using the solution property we infer that there exists x € Bj such that f(x) = 0
and this is in contradiction with the assumption that f (B;) € 9B;. |

Remark 3.6 More in general, it is easy to see that, if Q2 is any bounded open
convex set, or else if Q is a bounded domain homeomorphic to a convex set,
then it is not possible to retract 2 onto its boundary 9€2. ]

We are now ready to prove the Brouwer fixed point theorem.

Theorem 3.7 If f is a continuous map from the a bounded closed convex set
C C R" into itself, then there exists z € C such that f(z) = z.

Proof. First, let C be the closure of the unit ball By in R™. If f(x) # x for all
x € By, we can define a mapf B — 3B by lettmgf(x) be the intersection
of dB1 with the half-line starting from f'(x) and crossing x, see Figure 3.1.
Itis easy to see thatf is continuous. Moreover,f(x) = x forall x € 9By, and
hence 9B is a deformation retract of By, a contradiction to Theorem 3.5. The
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f@

0B,

Figure 3.1

case in which C is a bounded closed convex set, follows similarly, by using
Remark 3.6. u

Remark 3.8

(a) According to Remark 3.6, one can extend the Brouwer fixed point theorem
proving that if €2 is a bounded domain homeomorphic to a convex set then
any continuous map from € into itself has at least a fixed point z € .

(b) Another proof of Theorem 3.7 can be carried out using the homotopy
invariance of the degree. Roughly, one shows that the homotopy
(A, x) — x — Af(x) is admissible and thus
deg(I —f,B1,0) = deg(l, B1,0) = 1. Using the solution property, one
deduces that there exists zero of x — f(x), namely a fixed point of f.
For details, see the proof of Theorem 3.21 in the sequel. [ |

It is worth mentioning that there are several further topological results that
can be proved using the finite dimensional degree, see [95, Chapter 3]. Here
we limit ourselves to stating a result that we will need in the sequel, see
Theorem 10.5.

Theorem 3.9 (Borsuk-Ulam theorem) Ler Q@ C R" be bounded, open, sym-
metric (namely x € Q2 & —x € Q) and such that 0 ¢ 2. Suppose that
f € C(QR" is an odd map such that 0 & f(3K). Then deg(f,2,0) = 1
(mod 2).

3.3 An analytic definition of the degree

In this section we give a complete account of the topological degree and of
its properties. The definition we will give below is not the one sketched in
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Section 3.1. Instead, we prefer to follow a more analytical approach due to E.
Heinz [105] which is slightly simpler from the technical point of view.

3.3.1 Degree for C> maps

We begin with the case of C? maps. It is always understood that the preceding
conditions (a)—(c) are verified. Let f € C2(Q,R") and let Jr(x) denote the
Jacobian of f. From (c) one has that min{|f' (x) — p| : x € 92} > 0 and we can
choose o > 0 such that

o < min |[f(x) — pl.
xei2
Consider a real valued continuous function ¢ defined on [0, c0) and such that
() supple] C10,af,
(ii) ij,, o(Jx)dx = 1.
Definition 3.10 Forf € C'(Q,R") we set
deg(F.Q.p) = /Q P @) — py () dx.

Remark 3.11 Obviously, one has that deg(f, €2, p) = deg(f —p, 2, 0), namely
property (P.3) holds. |

We shall justify the definition by showing that it is independent of the choice of
o and ¢ satisfying (i) and (ii) above. Precisely, let us show that if @1, @1, a2, 92
satisfy (i) and (ii), then

/le(lf(x)—PI)Jf(X)dx=/prz(lf(x)—PI)Jf(X)dX- (3.2

We can take p = 0. Setting @ = @1 — @2, (3.2) becomes

/Szﬁ(lf(x)l)lf'(X) dx = 0.

From (ii) we infer

o0
/ 1% dr = 0. (3.3)
0
Moreover, if supple;] C10, o;[, (i = 1,2), then
suppl¢] C10, al, (3.4)

where o = max{a,ar}. We set

N s13(s)ds if r>0
vin = {0 if r=0.
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From (3.3) and (3.4) it follows that for » > « one has that

o0

v =r" /rs”“&(s) ds = r‘"/ " 1@(s)ds = 0.
0

0
Thus supp[¥/] C]0, «[. Moreover, i is of class C!and

gy =ry'(r) +nr (r).

Let A;; denote the cofactor of a;; = 9f;/0x; in the Jacobian J; and consider the
vector field V € C!(22, R") with components

Vi) = Y Ai(0) ¥ (If ) ().

Jj=1
Taking into account the following property of the cofactors A;;

n

8Ajl' .
E — =0, Vj=1,...,n,
= Oxi

a straight calculation yields
v,
pt 0x;
Jr U @Y (F @D +nyr (D) = SUF ) DIr (x).

Integrating on 2 we find

div(V(x))

/@(U'(x)l)lf(x)dX=/ Vx)-vdo, (3.5)
Q k1

where v denotes the unit outer normal at 0$2. Now, let us remark that forx € 9Q2
one has that |f (x)| > min{|f(x)| : x € 0} > « and thus

Vix) =0, VxeodQ. (3.6)
Using (3.6), we infer that the last integral in (3.5) is zero and hence
/95(lf(X)I)Jf(X) dx =0.

This proves that (3.2) holds true.
We end this subsection by evaluating the degree in some specific cases.

Example 3.12 Letf = A € L(R") with A nonsingular. Then

deg(A,Q.p) = /Q o (1Ax — pI)Ja(r) dx

/ ¢(JAx — p|) det(A) dx = / @(ly — pl) sgn[det(A)] dy.
Q A(Q)
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We can take @ < minygq |[Ax — p| such that B,(p) C A(Q) if p € A(RQ),
respectively B, (p) N Q if p & A(RQ). Since the support of ¢ (- — p) is contained
in the ball B, (p), then one gets

sgn[det(A)] if p € A(RQ)

deg(A, Q,p) = {O if p&AQ).

In particular, we find

1 ifpeQ

deg(IRn, Q,p) = {0 i » ¢ Q

namely (P.1) holds. u
As a second example, we consider the case in which p is a regular value of f.

Example 3.13 Let D be an open subset of R”, consider f € C 2(D, R™) and let
xo € D be such that p = f(xg) is a regular value of f. We know that f induces
a diffeomorphism between a ball B;(xp), € > 0 small enough, and its image
Ue = f(B:(x0)). We can also assume that J; has constant sign in B (xo). Let
us evaluate the degree deg(f, B¢ (xo), p). With arguments similar to those used
in the preceding example, we get

deg(f’ B€ (x())’p)

f @(|f (x) — pDJr(x) dx
Be (x0)

Sgn[Jf(xo)]/ @(If (x) = pD Iy ()] dx
B: (x)

sgn[Jr(xo)] /U o(ly —p dy.

In the definition of the degree we can take o such that By (p) C U,. Since
o(ly — pl) = 0for |y — p| > «, then

/(p(ly—pl)dyzf e(ly—phdy =1,
Us ]Rn

and hence
deg(f, B¢ (x0), p) = sgn[Jr(xo)]. ]

In the above examples the degree is an integer. In general, we will show that the
degree, as defined in Definition 3.10, is always an integer. Moreover, at the end
of the section we will recover formula (3.1) for C' maps and regular values,
see Corollary 3.15.
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3.3.2 Degree for continuous maps

We are now going to define the degree for any continuous f verifying the
conditions (a)—(c) stated at the beginning of Section 3.1. For this purpose, we
need the following lemma.

Lemma 3.14 Fori= 1,2, letf; € C*(Q,R") be such that
lfix) —pl > >0, VxeaQ.
Given ¢ €]0, «/6[, we suppose that
o) —fik)] <&, VYxeQ.
Then deg(f1, 2, p) = deg(f2, 2, p).

Proof. According to Remark 3.11 we can take p = 0. Let x € C'(0,00) be a
nondecreasing function such that

(r) = 1 if 0<r<2e
XT7=00 if r > 36,

and define f; € C'(Q,R") N C($2, R") by setting
) =0 = x (LD + x (L) DAK).
From the definition of x we infer:
fO) = filk), YVxeQ:|fix)]|>3e, (3.7)
[ =0, YxeQ:lfi()| <2e. (3.8)

In particular, since |f](x)| > «, for all x € 992, and @ > 6¢, then |[3(x)| =
Ifi ()| > o for all x € 9. Furthermore, for all x € © one has that

) =i = x(fix)D - F2(x) = fi(x)),
[ =L = A= x(ACD) - fikx) — LK),
and therefore, fori = 1,2
() —fi(x)| <e, VxeQ. (3.9)

Choose two functions ¢; € C(0, co) with the following properties:

/ pi(lxpdx=1, i=12,
Rn

supple1] Cl4e, 5S¢,
supple2] CJO, ¢[.
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According to Definition 3.10, the functions ¢; and ¢; can be used to evaluate
the degree of f;, i = 1,2, 3. In particular, one has

deg(f3, 2,0) = [o p1 (13D (x) dx,
deg(fi, 2,0) = [o o1 (i ()5 (x) dx.

Now, since supp[g1] Cl4e, Se[ we get:
o1(GE) #0 < 4de < |f3(x)] < 3s.

Using (3.9), we deduce that 3¢ < |fj(x)| < 6¢ provided 4¢ < |f3(x)| < 5¢ and
then (3.7) yields f3(x) = fi(x) for all x € Q such that 4¢ < 3(x)] < Se.In
other words,

(3.10)

P1([F) DI ) = er1 (i) DI (x), VxeQ

and this, jointly with (3.10), implies that deg(f3, ©2,0) = deg(fi,<2,0).
Similarly, we see that

2[5 NDI; () = @[ DI (), YxeQ

and we deduce that deg(f3,2,0) = deg(f2, 2,0). In conclusion, one has
deg(f1, 2,0) = deg(f3, 2,0) = deg(f2, 2,0), proving the lemma. |

We are now in a position to define the degree for any continuous map f : Q2
R" such that f(x) # p for all x € Q2. By density, there exists a sequence of
functions f; € C2(Q2, R")NC(Q,R") converging to f uniformly on Q. Clearly,
for k > 1 we have that f; (x) # p on 92 and hence the degree deg(f, €2, p) is
well defined. Moreover, Lemma 3.14 implies that deg(fy, €2, p) is constant for
k sufficiently large. This allows us to define the degree of f with respect to 2
and p, by setting

deg(f, 2, p) = lim deg(fi, 2, p). (3.11)
k—o00

3.3.3 Properties of the degree

In this subsection we will show that properties (P.1)—(P.7) hold. We have already
checked that (P.1) and (P.3) are verified. According to the definition and to
Lemma 3.14, it suffices to carry out the proofs under the additional assumption
that f € C2. Let us point out that p ¢ f(9Q) implies that p & f(9Q) for
k> 1,as well as g & f(0K2) for all ¢ near p, so that it makes sense to consider
deg(fx, 2, p) and deg(f, €2, q@).

Proof of (P.2). If f(x) # p for all x € , then f(x) # p on all the compact
set © and hence 38 > 0, § < «, such that [f(x) — p| > &, forall x € Q.
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Choose ¢ such that fRn ¢(|x|)dx = 1 and supp[¢] C]O, §[. From this and the
fact that |f(x) — p| > § in 2, we infer that ¢ (|f (x) — p|) = 0 in Q and one finds

deg(f,2,p) = /Qw(lf(X) —pDJr(x) dx = 0.

This is in contradiction with our assumptions. ]

Proof of (P4). Since 21 N Q22 = ¥ one has
| etrw =y = [ oo - pha ds
QUQy Q

+/ o(|f (x) — pDJr(x) dx.
1973

Then (P.4) immediately follows from Definition 3.10. |

Proof of (P.5). For any ¢ > 0 small, we can find §(¢) > 0 such that [2(x, 1) —
h(x,12)| < & for all x € Q provided [A; — A2| < 8. Using Lemma 3.14 we
infer

ng(h(, )"1)7 Q’l)) = deg(h(a )"2)7 Q7p)

Covering the interval [0, 1] with a finite number of subintervals with length
smaller than &, and applying the preceding equation, the result follows. |

Proof of (P.6). This follows immediately from Lemma 3.14. Since
deg(f,2,p) = deg(f — p,2,0) we also deduce the continuity of the degree
with respect to p. |

Proof of (P.7). Sincef(x) # p,Vx € Q\ Qo, thenf(x) # p, on the compact set
Q\ Qo, and there exists oy > 0 such that |[f (x) —p| > a1, Vx € Q\ Q. In the
definition of the degree, let us choose ¢ in such a way that supp[¢] C]0, o1 [.
Then ¢(|f (x) —p|) = 0on 2\ Q9 and this yields

/Q«?(lf(X)—PI)Jf()C)dx:/Q o(If (x) = pDJy (x) dx.
0

Since, by definition, the former integral equals deg(f, €2, p) while the latter
equals deg(f, 20, p), we conclude that deg(f, 2, p) = deg(f, Q0,p). |

Let us point out that the definition and properties of the index depend
on (P.1)-(P.7) only. In particular, (P.8) holds. Moreover, arguing as in
Example 3.13, we immediately deduce the following corollary, which is noth-
ing but the definition of the degree for regular values and C' functions, given
in (3.1).
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Corollary 3.15 Ifp is a regular value of f € C'(Q,R") N C(Q,R"), then

deg(f.Q.p)= > senlJr(x)l.
xef~1(p)

We end this section by showing that deg(f, €2, p) defined in Definition 3.10,
is always an integer. As usual, it suffices to consider C! maps. If p is a regular
value, the claim follows from the corollary above. Otherwise, let Sf denote the
set of points x € € such that Jy(x) = 0. The Sard theorem ensures that f(Sy)
has zero Lebesgue measure. Hence, there exists a sequence of regular values
pr with py — p. Since deg(f, €2, px) is an integer then, by continuity, we infer
that deg(f, €2, p) is an integer too.

3.4 The Leray-Schauder degree

In this section we will define the Leray—Schauder degree, namely the degree for
maps f € C(X,X), where X is a Banach space and f is a compact perturbation
of the identity / = Ix. This extension is particularly important for applications
to differential equations.

3.4.1 Defining the Leray-Schauder degree

Let D be an open bounded subset of the Banach space X. We will deal with
compact perturbations of the identity, namely with operators S € C(D, X) such
that S =1 — T, where T is compact.

Letp ¢ S(dD). It is easy to check that S(dD) is closed and hence

r = dist(p, S(3D)) > 0.

It is known, see [60, VI.1], that there exists a sequence T € C (D, X) such that
Ty — T uniformly in D and

Te(D) C Ex C X,  withdim(Ey) < oo. (3.12)

We shall define the degree of I — T as the limit of the degrees of I — T, which
we are going to introduce. First, some preliminaries are in order.

Let us consider a map ¢ € C(§, R™), where Q C R" and m < n. We will
identify R as the subset of R” whose points have the last n — m components
equal to zero: R” = {x € R" : x;41 = -+ = x,, = 0}. The above function ¢
can be considered as a map with values on R” by understanding that the last
n — m components are zero: ¢, +1 = --- = ¢, = 0. Let g(x) = x — ¢ (x) and
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let g, € C(Q NR™,R™) denote the restriction of g to 2 N R™. Let us show
that if p € R™ \ g(9€2) then

deg(g, 2,p) = deg(gm, QN R™, p). (3.13)

Letx € Qbesuchthat g(x) = p. This means thatx = ¢ (x)+p. Thusx € QNR™
and so g, (x) = g(x) = p. This shows that g~ ! (p) C g,;l (p). Since the converse
is trivially true, it follows that

g0 =g, . (3.14)
We can suppose that 2 N R™ # @, otherwise, g,;l(p) = () and by (3.14),
g~ '(p) = 9. As usual, we can suppose that ¢ is of class C! and, moreover, that
p is a regular value of g,,. Then, according to (3.1), we get

deg(g.2.p) = Y sgnlg(x)l.
xeg~Hp)

Now the Jacobian matrix g’(x) is in triangular form

g
O ]Rnfm ’

and hence sgn[J, (x)] = sgn[Jg,, (x)]. From this and (3.14) we infer

deg(g.2.p) = Y sgnl/;]= Y sgnllg, (1)] = deg(gm. QOR",p),
xeg~l(p) xegm' (p)

proving (3.13), provided p is a regular value. In the general case, we use the
Sard Lemma and argue as at the end of the previous section. This completes
the proof of (3.13).

The preceding discussion allows us to define the degree for a map g such that
g(x) = x — ¢ (x), where ¢ (D) is contained in a finite dimensional subspace E
of X.Letp € X, p ¢ g(D). Let E; be a subspace of X containing E and p. We
set g1 = &png, and define

deg(g, D,p) = deg(g1,D N Ey,p). (3.15)

Let us show that the preceding definition is independent of E;. Let E> be another
subspace of X suchthat E C E; andp € E». ThenE C E{NEy andp € E1NE;.
Applying (3.13) we infer:

deg(gi, DN E;,p) = deg(g\ﬁﬂElﬁEz’D NEINEyp), i=1,2.

This justifies the defintion given in (3.15).
Now, let us come back to the map S =7 — T, with T compact. Let T, — T
satisfy (3.12) and set S = I — T. Taking k such that
sup [|T(x) — Tk () || < r/2, (3.16)

xeD
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we infer that p ¢ Si(D) and hence it makes sense to consider the degree
deg(Sk, D, p) defined as in (3.15).

Definition 3.16 Let p & S(0D), where S =1 — T with T compact. We set
deg(SstP) = deg(l - Tk»D,P),

for any Ty, satisfying (3.12) and (3.16).

Once more, we have to justify the definition, by showing that the degree
does not depend on the approximation 7T}. To prove this claim, let T, i = 1, 2,
be such that (3.12)—(3.16) hold. Let E; be finite dimensional spaces such that
T:(D) C E;.If E is the space spanned by E| and E,, we use the definition (3.15)
to get

deg(Si. D, p) = deg((Si) png. D N E.p), i=12. (3.17)

Consider the homotopy
h( ) = ASD g + (1= 1) (82 prg-
It is easy to check that £ is admissible on D N E and thus

deg((S1)png- D N E.p) = deg((S2) s D N E.p).

This together with (3.17) proves that Definition 3.16 is justified.

The Leray—Schauder degree has the same properties (P.1)—(P.8) as the
finite dimensional degree (with 2 substitued by D). Precisely, as far as the
homotopy invariance (P.5) is concerned, one has to deal with homotopies
h(h,x) € C([0,1] x l_),X) such that, for every A € [0, 1], h(%, ) is a compact
perturbation of the identity.

Of course, one can also extend the notion of index of an isolated solution x
of S(x) =x — T (x) = p by setting

i(S.x0) = lim deg(S. By (x0).p).  p = S(x0).
Br(xo) ={x € X : [x —xoll <r}.

We end this subsection by proving the counterpart of Lemma 3.3. First some
preliminaries are in order. Recall that © # 0 is a characteristic value of a
linear map A if and only if ! is an eigenvalue of A. Moreover, if 1 is not a
characteristic value of T’ (x), then S’ (x) is invertible. We will refer to these
solutions as nonsingular solutions of S = 0. In particular, the local inversion
theorem applies and hence xj is an isolated solution of x — 7'(x) = p.
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Lemma 3.17 Let T € C(X,X) be compact and differentiable at xy. Then
T'(xo) is a linear compact operator, hence there are only a finite number
of characteristic values of T'(xo) contained in 10,1[ and each has finite
multiplicity.

Proof. Setting for0 <t < 1

T (xo + tx) — T(xp)
t 9

R/(x) =

one has that R, is compact and T’ (xo)[x] = lim,— ¢ R, (x). It follows that the set
T’ (xp)[B,(x0)] is precompact, for all r > 0. | |

Lemma 3.18 Let T € C' (D, X) be compact and suppose that 1 is not a char-
acteristic value of T'(0). Set S(x) = x — T(x) and, let xo € X be such that
S(x0) = p. Then one has

i(S9x0) = deg(sl(xo)»Br(xo),P), r << 1

Proof. To simplify the notation we take xp = 0 and p = 0. We have S(x) =
S"(0)[x] + R(x) = x — T'(0)[x] + R(x), where R(x) = o(||x]|) as ||x|| — O.
Consider the homotopy

h(r,x) =x — T'(0)[x] + AR(x).

From Lemma 3.17 it follows immediately that 4(A, -) is a compact perturbation
of the identity. Let us check that there exists » > 0 small enough such that £ is
admissible on D = B,(0). Otherwise, there exist x; — 0 and A; € [0, 1] such
that 2(x;, A;) = 0, namely x; — T7(0)[x;] + A;R(x;) = 0. Setting z; = ||x,-||’1x,-,
z; satisfies
zi=T'(0)[z] — X Iﬂ
[lxi [
Without relabelling the indices, we can assume that z; — z*, weakly in X, and
Ai — A* € [0, 1]. Since R(x) = o(]|x||) and using the fact that 77(0) and R are
compact, we infer that z; — z* strongly and there holds ||z*|| = 1 as well as
7* = T’(0)[z*]. This is in contradiction with the assumption that . = 1 is not
a characteristic value of 77(0).
Using the homotopy invariance we get

deg(S,D,0) = deg(h(l1,-),D,0) = deg(h(0,-),D,0) = deg(S'(0), D,0),

and the lemma follows. |
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Lemma 3.19 Let L be a linear, compact map in X and suppose that 1 is not a
characteristic value of L, Then

deg(I — L, B,(0),0) = (=), r>0,

where B is the sum of the algebraic multiplicities of all the characteristic values
of L contained in 10, 1[.

Proof. For each characteristic value u; of L, let us set

o0
Ni = Kerl( = l)™].

m=1
We also denote by ¢; = dim[N;] the algebraic multiplicity of u;. Letting u;,
1 < i < k denote the characteristic values of L contained in ]0, 1[, and setting
N = EB,filN,-, we have that dim[N] = g1 + --- + qx = B (if there are no
characteristic values in ]0, 1[, we take N = ¢J; in such a case 8 = 0). Let W
be such that X = N @& W and let P, Q denote the projections on N and W,
respectively. Consider now the homotopy

h(\,x) = x — L[Px] — AL[Qx].

Clearly, for each A, & is a compact perturbation of the identity. Moreover, if
there exist » > 0 and (X, x) such that

x — L[Px] — AL[QOx] = O, A e[0,1], x|l =r,

one finds Px—L[Px] = AL[Qx]—Qx.Then Px—L[Px] € N,AL[Qx]-0Ox € W
and N N W = ¢, imply

Px = L[Px]
Ox = A L[Qx].

Since 1 is not a characteristic value of L, from Px = L[Px] it follows that
Px = 0. Then x = Qx and the second equation yields x = AL[x]. Obviously,
A cannot be 0 nor 1, hence 0 < A < 1. But, in such a case, A must coincide
with one of the u; €]0,1[ and thus x € N, a contradiction to the fact that
x=0xeW.

Using the homotopy invariance, we infer that

deg(I — L, B,(0),0) = deg(I — LP, B,(0),0).

The latter is a finite dimensional perturbation of the identity and we can use
Lemma 3.3 to deduce that deg(I — LP, B,(0),0) = (—1)~. [ ]

We are now ready to prove the following.
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Theorem 3.20 Let T € C'(D, X) be compact and such that 1 is not a charac-
teristic value of T'(xg), for some xy € D. Then, setting S(x) = x — T(x) and
S(x0) = p, one has that xy is an isolated solution of S(x) = p and there holds

i(S,x0) = (=1,
where B is the sum of the algebraic multiplicities of all the characteristic values

of T' (xo) contained in 10, 1[.

Proof. Tt suffices to use Lemmas 3.18 and 3.19. |

3.5 The Schauder fixed point theorem

Before giving applications to differential equations, let us show how the degree
allows us to obtain a classical result on the existence of fixed points of a
compact map.

Theorem 3.21 Let D be a bounded, open convex subset of the Banach space
X such that 0 € D and let T € C(D,X) be compact and such that T(D) C D.
Then T has a fixed point in D, namely there exists x € D such that T (x) = x.

Proof. Without loss of generality, we can assume that

T(x) # x, VxeadD, (3.18)

otherwise we are done. Thus, we can define the degree deg(/ — T, D, 0) and we
will prove the theorem by showing that deg(/ — T, D, 0) # 0. Define

h(x,x) =x — AT (x), rel0,1], xeD.

For each A € [0, 1] the map x +— h(X,x) is a compact perturbation of the
identity in X. We claim that

h(x,x) # 0, vV (A,x) €[0,1] x aD. (3.19)

Otherwise, there exist x* € dD and A* € [0, 1] such that A(1*, x*) = 0, namely
x* = A*T(x*). From (3.18) it follows that A* < 1. Since T(D) C D, one has
that 7(x*) € D. Then A* < 1 and the convexity of D imply that A*T(x*) € D,
a contradiction with the fact that A*T'(x*) = x* € dD. Since (3.19) holds, we
can use the homotopy invariance of the degree to find

deg(I — T,D,0) = deg(I,D,0) = 1,

because 0 € D. Using the solution property, we infer that there exists x € D
such that x — T'(x) = 0. |
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Of course, if X = R" Theorem 3.21 is nothing but the Brouwer fixed point
theorem.

3.6 Some applications of the Leray—Schauder degree to
elliptic equations

In this section we will discuss some first applications of the Leray—Schauder
degree to nonlinear elliptic boundary value problems such as

:—Au(x) = fux) xeQ (3.20)

ux) =0 x € 0%

The general strategy will be the following:

(1) to choose a Banach space X and convert the boundary value problem into
a functional equation like u = T (), u € X in such a way that T is
compact;

(2) to use the homotopy invariance of the degree to show that u = T'(u) has a
solution. Usually, one takes the homotopy A(A, u) = u — AT (u) and shows
that there exists R > 0 such that u # AT (u) for all (A,u) € [0, 1] x X with
ull = R

Dealing with (3.20), we can take X = LZ(Q) and denote by K the inverse of
—A on Hé (£2). According to the discussion after Theorem 1.10 in Section 1.4,
K, as a map from X into itself, is compact.

Remark 3.22 The Laplace operator —A could be substituted by any second
order uniformly elliptic operator such as

—Lu = Zalj(x) + Zb (x)— + c(x)u,

with smooth coefficients satisfying the same assumptions listed in
Remark 1.11(ii). If £ is not variational, it is convenient to work in the Holder
space C%¥(Q). The arguments used below require minor changes and make
use of the Schauder estimates, see Theorem 1.10(ii) and Remark 1.11(ii). H

The results one can obtain mainly depend upon the asymptotic behaviour of f.
We first consider the easy case in which f is sublinear at infinity.
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3.6.1 Sublinear problems

Theorem 3.23 Suppose thatf : Q2 x R +— R is locally Holder continuous and
satisfies
lim L&)
im =

|s|—o00 N

0, (3.21)

uniformly with respect to x € Q2. Then (3.20) has a (classical) solution.

Proof. From (3.21) it follows that, for all ¢ > 0, there exists C; > 0 such that
If (x,9)| < Ce + &ls]. (3.22)

Then, according to Theorem 1.7, f induces a Nemitski operator on X = LZ(Q),
still denoted by f. Setting T(#) = Kf(u), T € C(X, X) is compact and (3.20)
can be written in the form u = T (u), u € X. Let us show that there exists R > 0
such that the homotopy h(t,u) = u — tT(u) is admissible in Bg = {# € X :
lull < R}. Otherwise, there exist u; € X, with |lu;|| — o0, and #; € [0, 1] such
that u; = ;T (u;). This is equivalent to —Awu; = t; f(x,u;), with u; € Hé (2).
Taking u; as test function, using (3.22) and the fact thatz; < 1, we get

/|Vuj|2dx§tj/ [f(x,uj)uj|dx§Cg/ |uj|dx+8/ |uj|2dx.
Q Q Q Q

Then, using the Holder and Poincaré inequality (1.7), we deduce
12 12 ) 2
allg ]2, 5/ Vi > dx < Cellugll 2 + ellus .
Q

If we take € such that ¢ < Ay, this equation implies that [|u;|;> < C, for some
C > 0, a contradiction. Thus the homotopy &(t,u) = u — T (u) is admissible
on the ball Bg. Using the homotopy invariance (P.5), it follows that deg(l —
T,Bg,0) = deg(I,Bg,0) = 1 and hence, by the solution property (P.2), there
exists u € Bg such that u = T'(u), giving rise to a solution of (3.20). |

Remark 3.24 Tt is clear that the same existence result holds when the equation
in (3.20) isreplaced by —Au = Bu+f(x,u), where f < A1, the first eigenvalue
of —A on Q with zero Dirichlet boundary conditions. We first note that the
linear elliptic operator —A — S is invertible on H(% (£2), with inverse Kz which
is compact in X. Next, one repeats the preceding proof, with K substituted
by Kg. |

It is worth recalling that, dealing with sublinear problems, one can also find
a solution by using variational methods or else by sub- and super-solutions.
Regarding the former, we refer to Section 5.4, see, in particular Theorem 5.9
and Remark 5.10. For the latter, we will outline the method below.
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Consider the equation

(3.23)

—Au(x) = f(x,u(x)) xeQ
ux) =0 x € 9.

We say that u € C2(€2) N C'(Q) is a sub-solution of (3.23) if

—Au(x) < fr,ux)) xeQ
ux) <0 x € dQ.

A super-solution u is defined by reversing the above inequalities’. Tt is well

known that if (3.23) has a sub-solution u and a super-solution # such that

u(x) < u(x)in €2, then it has a solution u with u(x) < u(x) < u(x). This solution

can be found by using a monotone iteration scheme, see [154], Theorem 2.3.1.
Let us show how one argues in the specific case of the problem

—Au=ul,xeQ, u=0,x€dR, 0O0<gqg<l. (3.24)

The general case is left to the reader as an exercise. Taking u, = &¢1, one
finds that —Au, = ei1¢1 while ul = e9¢!. For all & < A}/(”_l)||<p1||gol one
has el < sq(p;’ and thus u, is a sub-solution. On the other hand, let ¥
be such that —Ay = 1in Q and ¥ = 0 on Q. If M7 > ||y ||& then
uy = M satisfies —Auy > ﬁqM and thus is a super-solution of (3.24).
Choosing & possibly smaller, one has that u, < ) in £ and therefore (3.24)
has a (positive) solution u such that u, < u < uy. It is also possible to prove
that such a u is unique. For other results on sublinear problems, see Section 11.4
in Chapter 11.

3.6.2 Problems at resonance

In this subsection we will deal with a class of elliptic problems at resonance.
By a problem at resonance we mean an equation like

{—Au(x) = Mu@) +fx,ux) —hx) xeQ (3.25)

M()C) = O X € 89,

where f is a bounded function and A* is an eigenvalue of — A with zero Dirich-
let boundary conditions. In contrast with the cases discussed in the preceding
subsection, problem (3.25) might have no solution at all. Actually, if u is a

! We consider smooth sub- and super-solutions, but it would be possible to deal with
weak (say H') sub- and super-solutions.
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(classical) solution of (3.25), letting V* = {v € H(l) (R) : —Av = A*v} (the
eigenspace associated to 1*), one has that

—/ Auvdx:k*/ uvdx~|—/f(x,u)vdx—/ hvdx, YveV*
Q Q Q Q

Integrating by parts, we find a necessary condition for the existence of solutions
of (3.25):

/f(x,u)vdx:/hvdx, Vve V™
Q Q

For example, if A < f < B, if A = Xt is simple and if ¢; denotes a
corresponding eigenfunction, the above condition becomes

A/ <pkdx+B/ gokdx</h(pkdx<B/ gokdx+A/ @i dx.
@r>0 or<0 Q or>0 or<0
(3.26)

Problems at resonance have been broadly studied, beginning with the pioneering
paper by E. A. Landesman and A. C. Lazer [112].
We will show the following result.

Theorem 3.25 Suppose that f is bounded, locally Hélder continuous and
AM > 0 such that |f,,(x,u)| < M. Moreover, suppose that f possesses limits at
400 and there holds

f-x) = uEIPoof xw, frx) = uljgloof (x, u).

Then (3.25) has a solution provided

/hvdx </ f+vdx+/ fovdx, VYveV* |v|=1L1 (3.27)
Q v>0 v<0

Proof. The proof will be carried out in two steps. First we use a Lyapunov—
Schmidt reduction and solve the auxiliary equation by means of the global
inversion theorem. Afterwards, we use the degree to solve the bifurcation
equation.

As usual, we denote by {A;};>1 the eigenvalues of —A with zero Dirichlet
boundary conditions and by ¢; a corresponding orthonormal set of eigenfunc-
tions. For the sake of simplicity, we will further assume that

{(i) Jei,00>0 ¢ S A +fulu) <ca, Vxu) € Q2 xR, (3.28)

(ii) the interval [cy, c2] does not contain any A; # A™.

At the end of the proof we will indicate how one can handle the general case.
Let V = Ker[—A — A*], let W denote the L?-orthogonal complement of V
inE = Hé (2) and let P, Q denote the corresponding orthogonal projections.
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Setting Pu = v and Qu = w, we have that u = v + w and (3.25) is equivalent
to the Lyapunov—Schmidt system

—Aw=Aw+QO0f(v+w)— Qh
{0 =Pf(v+w)—

Using the global inversion theorem (see [20], Chapter 3, Theorem 1.8) it is
easy to check that the auxiliary equation has a unique solution w = w(v) and
lw| < constant. Actually, the map F(w) = —Aw —A*w — Qf (v+w) is proper
and (3.28) implies that F'(w) : w — —Aw — Ayw — Q f,(v+ w)w is invertible.
In order to solve the bifurcation equation we set ®(v) = Pf (v + w(v)). Let us
show that if (3.27) holds, then 3R > 0 such that

deg(® — Ph,Bg,0) #£0, where Bg ={veV:|v| <R} (3.29)

Clearly, if (3.29) holds, then the solution property of the degree implies that the
bifurcation equation ®(v) = Ph has a solution v, yielding a solution v + w(v)
of (3.25).

In order to prove (3.29), we consider the homotopy

h(v,s) =s(®() —Ph)+ (1 —-s)v, veV,sel01]

If there is R > 0 such that & is admissible on B = {v € V : ||v| < R},
then deg(® — Ph, Bg,0) = deg(ly, Br,0) = 1 and (3.29) follows. Arguing by
contradiction, let v; € V, with ||v;|| — +o00, and 5; — s € [0, 1], be such that

5i(®(vj) — Ph) + (1 — 5j)v; = 0.

Remark that s; # 0. Setting z; = ||vj||"v]-, we can assume (recall that V is
finite dimensional) that z; — z, where z € V and ||z|| = 1. From the preceding
equation it follows that

Y |:/ S +wpzidx — / hz; dx] =—(1- Sj)f vizidx <0,  (3.30)
Q Q Q

where w; = w(v;). Since [|wj|l < ¢, we can assume that, up to a subsequence,
w; — wa.e.in . Then, for almostevery x € {z > 0}, respectively x € {z < 0},
one has that v;(x) + w;(x) — +o0, respectively v;(x) + w;(x) — —o0. Then,
using Fatou’s lemma we get

lim inf / f(V/ + w))z; dx

> lim 1nf/ S i +wj)zjdx + lim mf/ S i+ wp)zdx

/f+zdx+/ f-zdx.
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This and (3.30) yield

/hzdxz/ f+zdx+/ f-zdx,
Q 7>0 z<0

a contradiction to the assumption (3.27).
In the general case that (3.28) does not hold, we argue as follows. Let m > 1
be such that

M Afule,u) 2 < Apyt,  Y(xu) € Q xR,

and set V* = (¢1,...,¢n,). Letting P* denote the projection of V* on V and
letting L : V* — V* be defined by setting Lv = —Av — A*v, one still performs
a Lyapunov—Schmidt reduction and solves uniquely the auxiliary equation. To
prove that the bifurcation equation has a solution, one makes an homotopy
between ® — Ph and L — P*. The details are left to the reader. |

Remark 3.26 If f_(x) < f(x,u) < fy(x) for all (x,u) € Q x R, then
(3.26) shows that (3.27) is also a necessary condition for the existence of a
solution. ]

3.6.3 Exact multiplicity results

In our next application we will show how the degree can be used to find precise
multiplicity results. We consider the problem

331
u(x) =0 x € 9%, G-3D

{—Au(x) = fux)) xe€Q
under the following assumptions on f € C>(R):
(@) fO)=0, uf"(u)>0, Yuz0,
() limy— too f (W) = f, (3.32)

(©)  Ax—1 <f/(0) < Ak < fr < Ai41-

Theorem 3.27 If (3.32) holds, then (3.31) has exactly three solutions: the
trivial solution u = 0 and two nontrivial ones.

Using the same notation as in the preceding theorem, we will look for solu-
tions of S(u) = 0, u € X, withS =1 —T and T = Kf. We need first some
lemmas.
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Lemma 3.28 Any u* € X such that S(u*) = 0 is a nonsingular solution,
namely S'(u*) is invertible. Moreover there holds

(=D if u*=0

(S, ) =
iS,u) (—=DF if wt £0.

Proof. The equation S’ (u*)[v] = 0 is equivalent to the linearized problem
—Av =f'(u)v, vaq = 0.

Denote by uj[a] the jth eigenvalue of Aa = pav with zero Dirichlet bound-
ary conditions. By the assumptions it follows that f'(u) < Axy1 and thus the
monotonicity property of the eigenvalues (EP-1), see Section 1.4.1, yields

P I )] > i1 [Aeg1] = 1. (3.33)

Let us set f (1) = uyr (u). From (3.32) it follows that ¥ is bounded and satisfies

{(a) Y <f'w, Yu#o, (3.34)

®)  A—1 < Y W) < Mgt
If u* # 0, from —Au* = 1 (u™)u*™ we infer that there exists an integer j > 0
such that p;[y (u*)] = 1. Then (3.34)(b) implies
w1 [y @] < w11l =1, e[ @] > il = 1,

and thus ;[ (u*)] = pi[¥ (u*)] = 1. Furthermore, from (3.34)(a) it follows
that wi[f’*)] < ur[y¥ @*)] = 1. This and (3.33) yield ui[f'@*)] < 1 <
i1 [f' (*)], which proves that u* is nonsingular and i (S, u*) = (—DF. If u* =
0, the linearized equation S’(0)[v] = 0 becomes —Av = f/(0)v = 0. Repeating
the previous arguments and using the assumption that A1 < f/(0) < Ag,
see (3.32)(c), we immediately deduce that u* = 0 is also nonsingular and
i(S,0) = (=¥ 1, [ ]

Lemma 3.29 There exists R > 0 such that deg(S, Bg,0) = (— Dk

Proof. Let us first show that 3R > 0 such that
S(u) #0, YuelX, |lul =R (3.35)

Arguing by contradiction, there exist {u;}; with ||u;|| — oo, such that S(x;) =0,
namely
—Au; = Y (ui)ui, in 2, u; =0, on 9.

Setting z; = ||u;||~'u;, one finds

—Azi = Y (ui)z. (3.36)
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Since ||z;|| = 1, then z; — z* weakly (up to a subsequence). Using (3.36) and
the fact that ¥ is bounded, elliptic regularity implies that z; — z* strongly in
X and uniformly in Q2. Taken any a €] g, Ax+1[, let us set

fr if Z%(x) >0
i) =4{f if 2*(x) <0
a if Z%(x) =0.

Taking into account that u;(x) = z;(x)|lu;] and that |u;]] — oo, it follows
that v (u;(x))z;(x) converges to ¥*(x)z*(x), a.e. in Q. From (3.36) we get
Jo Vzi- Ve dx = [o ¥ (u;)zie dx for all test function ¢ € C§°(£2) and, passing
to the limit, we find

/ V¥ - Vedx = / Y7 p dx, Ve C(RQ).
Q Q

This implies that z* is a solution of —Az* = ¥*z* in Q, z* = 0 on 9Q2 and
thus A;[¢*] = 1 for some integer j > 1. On the other hand, by the definition
of ¥* and from assumption (3.32)(c), it follows that Ay < ¥* < Agy;. Using
the monotonicity property of the eigenvalues, see (EP-1) in Section 1.4.1, this
implies that A¢[v¥*], 1 < Ar11[¥*], a contradiction. This proves (3.35).

We can now use the homotopy invariance of the degree. Let us set

h(h,u) = (1 = 2)Sw) + A(u — K*u)),

where v = K(Y*u) <= —Av = {*u. Arguing as in the previous proof of
(3.35), one readily shows that % is admissible in Bg and thus deg(S, Bg,0) =
deg(I — Kyr*, Bg,0) = (= DF. u
We are now ready to prove Theorem 3.27.

Proof of Theorem 3.27. S is a compact perturbation of the identity and thus it
is a proper map. Since every solution of S = 0 is nonsingular by Lemma 3.28,
the solution set S~!(0) is finite. Let m denote the number of nontrivial solutions

of § = 0. Using Lemmas 3.28 and 3.29 jointly with the property (P.8) of the
degree, we infer

(—1F = deg(S, Bg,0) = Z i(S,u™) = m(—D* + (=D,
w*eS=1(0)
and this implies m = 2. |

The same arguments carried out before can be used to study the problem

{_Au(x) = u—gu) xeQ (3.37)

ux) =0 x € 0Q2.
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Theorem 3.30 Suppose that g € C%(R) is such that g(0) = 0, g/(0) = 0,
g (u) — +oo, respectively —oo, if u — +00, respectively —oo, and ug” (u) >
0 for all u # 0. Then for all . €]r1, [, problem (3.37) has precisely two
nontrivial solutions.

For some further results on (3.37), see also the exercises at the end of the chapter.

3.7 The Krasnoselski bifurcation theorem

In this section we will prove a remarkable bifurcation result due to
M. A. Krasnoselski [110].

Theorem 3.31 Let X be a Banach space and let T € C L(X,X) be a com-
pact operator such that T(0) = 0 and T'(0) = 0. Moreover, let A € L(X)
also be compact. Then every characteristic value 1* of A with odd (algebraic)
multiplicity is a bifurcation point for u = Mu + T (u).

Proof. Setting S) (u) = u— AAu— T (u), let us suppose by contradiction that A*
is not a bifurcation point. Then there exist &g > 0 such that for all r € (0, &9)
and ¢ € (0, gg) one has

S, ) £0,  VAieF—ert+el, Vul=r (3.38)

We can also choose gq in such a way that the interval [A* — g9, A* + gg] does
not contain other characteristic values of A but A*. Notice that S, is a compact

A¥—¢ A te

Figure 3.2 The line in bold is the solution set {(A,u) € [A* — e,A* +¢] x B, :
S;.(w) = 0}.
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perturbation of the identity. Then, taking into account also that (3.38) holds, it
follows that it makes sense to consider the Leray—Schauder topological degree
deg(Sy, By, 0) of S) ontheball B, = {u € X : |lu|]| < r}. By the property of the
invariance by homotopy, one has that

deg(Sye—¢, By, 0) = deg(Sys 1, By, 0). (3.39)

On the other hand, taking e possibly smaller, deg(S;, By, 0) equals the Leray—
Schauder index i(S;,0), which can be evaluated using Theorem 3.20. If B
denotes the sum of the algebraic multiplicities of the characteristic values & of
A such that u > A* — ¢, then Theorem 3.20 yields

deg(Syr—e. By, 0) = i(Sp—, 0) = (—D)F.

Similarly, if 8’ denotes the sum of the algebraic multiplicities of the character-
istic values u of A such that u > A* + &, we have

deg(Syses By, 0) = i(Syr e, 0) = (=1

Since [A* —g, A*+¢] contains only the eigenvalue A*, it follows that 8 = B'+v*,
where v* denotes the algebraic multiplicity of 1*. As a consequence we get

deg(Sxe—e. Br,0) = (=P ™" = (=1)"" deg(Sy+4e. B 0).
Since v* is an odd integer we infer
deg(Sy—e, By, 0) = —deg(Sy++e, Br, 0),
in contradiction to (3.39). |

Theorem 3.31 applies to the nonlinear eigenvalue problem

{—Lu:ku+f@M% xeQ (Dy)

l/l:O XGBQ,

where L is the elliptic operator introduced in Remark 3.22. Using the notation
introduced in Remark 2.11, we set

o X =CYYQ),

e K=(—L)"'onX,

o f, the Nemitski operator associated to f (x, u),
e T=Kof,

o S)(w) =u— AKu — T(u).

Then (D) is equivalent to the equation Sy () = 0. Since K is compact, then
also T is. A straight application of Theorem 3.31 with A = K yields that every
characteristic value of A with odd (algebraic) multiplicity is a bifurcation point
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for S, . Finally, since the characteristic values of A coincide with the eigenvalues
of —Lu = Au, u € X, we have the following.

Corollary 3.32 Every eigenvalue with odd multiplicity of —L with Dirichlet
boundary conditions on 2 is a bifurcation point for (D)).

We anticipate that, using variational tools, it is possible to show that when
L is variational, say £ = A, every eigenvalue of —£ with Dirichlet bound-
ary condition, is indeed a bifurcation point for (D). See Theorem 12.20 in
Chapter 12.

3.8 Exercises

(1) Letf € C(R",R") and suppose that 3R > 0 such that (f (x) | x) > O for
all x € R", |x| = R. Show that deg(f, Bg,0) = 1.

(ii) As in the preceding exercise, but suppose that 3R > 0 such that
(f(x) | x) < Oforall x € R", |x| = R. Show that deg(f, Br,0) = (—1)".

(iii) Prove the Shaeffer fixed point theorem. Let T be a compact operator in
X and suppose that 37 > O such that u = AT (), u € X, A € [0,1] =
llul| < r.Then T has a fixed point in B, (0).

(iv) Let T be a compact operator in X such that 7(dB,(0)) C B,(0), for
some r > 0. Then T has a fixed point in B,(0).

(v) Consider the problem at resonance (3.25) and assume that f and f;, are
bounded, and that (3.28) holds. Furthermore, let f— = f; = 0 and
suppose that lim,|— oo uf (x,u) = u > 0. Show that there exists € > 0
such that

(a) (3.25) has at least one solution, provided || Ph| < ¢,
(b) if 0 < ||Ph|| < &, then (3.25) has at least two solutions.
(vi) Give an alternative proof of (3.29) showing that (®(v) | v) > (Ph | v)
on vl =R> L
(vii) Prove Theorem 3.30.
(viii) Consider (3.37) with g as in Theorem 3.30.

(a) Show that it has only the trivial solution for A < Aj.

(b) Extend Theorem 3.30 by proving that (3.37) has exactly two
nontrivial solutions for A = A, too.

(c) Suppose that X, is simple and prove that there is & > 0 such that
(3.37) has exactly four nontrivial solutions for all A €]Ap, Ao + ¢[.
[Hint: use the behaviour of the branch bifurcating from X,.]
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Topological degree, II: global properties

In this chapter we will exploit the global properties of the Leray—Schauder
topological degree to discuss the nonlocal structure of the solutions set of several
classes of elliptic equations and to prove the Rabinowitz global bifurcation
theorem.

As recalled before, another important bifurcation result dealing with the case
of variational operators will be discussed in Section 12.3.

4.1 Improving the homotopy invariance

The main purpose of this section is to prove a more general version of the
homotopy invariance property (P.5). This will be useful in several applications
later on.

Let X be a Banach space, U C [a,b] x X be open and bounded. We set
U, = {x € X : (A,x) € U}, whose boundary is denoted by dU,..

Let us remark that one has to distinguish d U, from (dU),: in general, one has
that U, C (dU);, see Figure ??.

Consider a map h(A,x) = x — k(Xx,x) such that k(%, -) is compact and 0 ¢
h(dU). Such a map & will also be called an admissible homotopy on U. If h is
an admissible homotopy, for every A € [a, b] and every x € dU,, one has that
h) (x) := h(A,x) # 0 and it makes sense to evaluate deg(h;, U;, 0).

Theorem 4.1 If h is an admissible homotopy on U C [a,b] x X, then
deg(hy, Uy, 0) is constant for all A € [a, b].

Proof. For fixed A €la, b, let H), denote the set {x € U, : h(A,x) = 0}. H, is
compact and H, N 3d(U,) = ¥ and thus there exists an open neighbourhood O;,
of H) and ¢ > 0 such that

[A—e,A+e]lx0O, CU.

55
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>

-

[ I S e

??
Figure 4.1 Points marked with bold circles are points of dU; . The point marked

with an open circle belongs to (dU),/ but not to dU,;.

Let us show that, if ¢ is sufficiently small, there holds
{l,x):h(l,x) =0, A—e <l <At+e}CA—e,Ar+e]lx0O,. &1
Otherwise, there exist &; | 0, £; € [a, b], x; € R" such that
|6 = Al <&, h(li,x) =0, (i,x;) &[r—eih+e]x Oy

By compactness, we can also assume that, up to a subsequence, (¢;,x;) —
(A, x*). By continuity, 2(£,x*) = limh({;,x;) = 0 and hence x* € H,. On
the other hand, this is not possible because one also has that x* ¢ O,, and
H) C O,. Equation (4.1) shows that % is an admissible homotopy on [A —
&, A+¢]xO,, and hence we can use the (standard) homotopy invariance (P.5) to
deduce

deg(he, O,,0) = constant, V¢ € [A—e,A+ €]
Finally, since H; C O,, the excision property implies
deg(he, Ug,0) = deg(he, Oy, 0), Vee[r—e r+el

Small modifications allow us to handle the cases A = a and . = b. The
preceding arguments show thatdeg(h;,, Uy, 0) is locally constant on [a, b]. Since
the degree is an integer, the conclusion follows. |
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Figure 4.2 H ={(A,x) e U : hj(x) =0}; Aegp = [A — e, A+ €] x O;.

4.2 An application to a boundary value problem with
sub- and super-solutions

As a first application of Theorem 4.1 we will study a problem with sub- and
super-solutions. The definition of sub- and super-solution has been given in
Section 3.6.1 in the preceding chapter, where we also recalled that if

{—Au(x) =f(rux) xeQ

u(x) =0 x € 0%, 4.2)

has a sub-solution u and a super-solution u such that u(x) < u(x) in €2, then it
has a solution u with u(x) < u(x) < u(x). We will show that when f = Aju+g
with g bounded, the assumption that u(x) < u(x) is no longer necessary.

Theorem 4.2 Suppose that f(x,u) = Au + g(x,u) where Ay is the first
eigenvalue of —A on Q2 with zero boundary conditions and g is bounded and
locally Holder continuous. Then (4.2) has a solution provided it possesses a
sub-solution and a super-solution.

Proof. Setting, as above, X = Lz(Q), equation (4.2) with f = Aju + g, can
be written in the form Lu = g(u), where L is the densely defined operator
given by Lu = —Au — Aju. Let V denote the kernel of L: V is nothing but
the one-dimensional space spanned by the function ¢; > 0 satisfying —A¢; =
A1 in @, ¢ = 0on 9Q2.
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We will solve this equation by using the Lyapunov—Schmidt reduction, see
Section 2.2. Let W denote the orthogonal complement of V in X, so that X =
V@ W. Letting P, Q denote the orthogonal projections on V and W, respectively,
one has that any # € X can be written in the formu = v +w, withv =Pu e V
and w = Qu € W. With this notation, our equation becomes Lw = g(v + w).
Now, L is invertible on W, with compact inverse L1 and, setting T = L’lg,
we get w = T'(v + w) which is equivalent to the Lyapunov—Schmidt system

w=0Tv+w),
0=PT(v+w).

We will use the degree to solve the auxiliary equation, finding a connected set
of solutions. Putting v = 7¢y, let us consider the following set of solutions of
the auxiliary equation

Y ={(t,w) eRxW:w=0T(tg; +w)}.

We need a preliminary lemma. If A C R x W, we say that ¢ € projgrA if and
only if (t,w) € A for somew € W. |

Lemma 4.3 For all o > 0 there exists X, C X which is connected and such
that projp Xy 2 [—a, a].

Proof. Since gisbounded, then there exists 7 > Osuchthat |QT (t¢; + w)| < r
and thus ¥ C R x B,. We introduce the following notation: K = X N
([—a,a] X E,) and Ky = X N ({:l:a} X E,). Suppose, by contradiction, that
there is no connected subset of K which joins K_ and K. . Then there are two
closed sets C+ 2 K4 such that

C_.NCy=0, K=C_UC,.

In addition, we can find an open set U C ([—a, @] x B,) such that C_ C U
while C;NU = ¢.Since C_UCy =K = EN([—a,a] x B;)and X C RxB,,
thenw # QT (t¢1+w)on (0U), forall t € [—w, a]. Thus we can use the general
invariance property of homotopy, see Theorem 4.1, to get (here the homotopy
parameter is t € [—«, «a])

deg(l — QT (—agp1 + ), U_q,0) = deg(l — OT (ag1 + -), Uy, 0).
Since U, = ¥ we deduce

deg(I — QT (—ap + ), U—_y,0) = 0. (4.3)
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e i, el

Figure 43 K=C_UC,C_NCy =0.

On the other hand, using the homotopy (i, w) +— I — uQT (—a¢1 +w) on B,
one easily finds that

deg(I — QT (—a¢; + -),B;,0) = 1.
Then, by the excision property, we find
deg(l — QT (—ag1 + ), U—q,0) = deg(I — QT (—ag1 + ), B, 0) = 1,
a contradiction to (4.3). |

Setting

G(t,w) = / g(te1 +w)e dx,
Q

the bifurcation equation QT (t¢; + w) = 0 can be written in the form
G(t,w) = 0.

Claim 4.4 If (r,w) € X and G(¢t,w) > 0, (respectively < 0), then ¢ +wisa
sub-solution (respectively super-solution) of (4.2).
To prove this claim it suffices to remark that 191 +w = 0 on €2 and

—A(tor +w) =thio1 — Aw = th101 + Liw + Qg(tgr +w)
= M (tg1 +w) + g1 +w) = G1, w)gr.
If G(¢,w) > 0, then the preceding equation implies that

—A(tor +w) < Ai(ter +w) + gltgr +w), in ,
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and thus 7@ + w is a sub-solution. Similarly, if G(¢,w) > 0 then t¢; + wis a
super-solution.

Proof of Theorem 4.2 completed. We have already pointed out that the solutions
of the auxiliary equation are bounded: ||w| < r. Moreover, by regularity, w is
also bounded in the C' norm. Then there is 7 > 0 such that for every solution
w of the auxiliary equation there holds

—To1(x) < wx) < T91(x), Vxe Q.

Let u and u denote a pair of sub- and super-solution, respectively, of (4.2). Take
o > t such that

(@ —1Dp1(x) Zulx) VxeQ
—(¢ —1)p1(x) <ulx) VxeQ.

Then one has (for every w solving the auxiliary equation)

—ap1(x¥) +wkx) < —(0 — D1 (x) <ulkx), Vxeq, 4.4)
ap1(x) +wkx) > (¢ —1)e1(x) > ulx), VxeQ. 4.5)

For fixed « as above, let X, be the connected set given by Lemma 4.3. Consider
G restricted on X,. If G(t,w) > 0O for all (r,w) € X, then, according to
Claim 4.2, all t¢; + w are sub-solutions. In particular, for all w € W such
that (—a, w) € X, the function —ap; + w is a sub-solution of (4.2). By (4.4),
—a@1 +w < uand hence there exists a solution u such that —a¢1 +w < u < u.
Similarly, if G(t,w) < O for all (t,w) € X, then a¢; + w is a super-solution
such that u < ¢ +w and there exists a solution # such thatu < u < @] +w.
It remains to consider the case in which G changes sign on %,. Since X,
is connected and G is continuous, then there exists (fp, wg) € X, such that
G(tg, wo) = 0. Then top1 + wo is a solution of (4.2). [ |

Remark 4.5 An example shows that, in general, (4.2) can have no solution at
all if we do not assume that u < u. See [5]. [ |

4.3 The Rabinowitz global bifurcation theorem

Throughout this section, X is a Banach space, A € L(X) is compact and T €
Cl(X,X) is compact and such that 7(0) = 0 and 7'(0) = 0. We also set
S, (u) = u — AMu — T (1) and denote by X the set

Y={xu) eRxX,u#0:S,(u) =0}
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If (A\*,0) € X then A* is a bifurcation point for S; = 0. A connected com-
ponent of ¥ is a closed connected set C C X which is maximal with respect
to the inclusion. According to the Krasnoselski bifurcation theorem 3.31, if
A* is an odd characteristic value of A, then 1* is a bifurcation point, namely
(1*,0) € X. Let C be the connected component of X containing (A*,0). We are
going to discuss a celebrated paper [147] by P. Rabinowitz, which improves the
Krasnoselski result by showing that C is either unbounded in R x X or meets
another bifurcation point of S; = 0. The set of characteristic values of A will
be denoted by r(A).
We first need a topological lemma. See Figure 4.4.

Lemma 4.6 Let C be the connected component of ¥ containing (\*,0) and
suppose that C is bounded and does not contain any point (A, 0) with A € r(A),
A % A*. Then there exists an open bounded set © C R x X such that

(i) CcCoO,
(ii) 0I0ONXE =40,
(iii) ON R x {0}) =IA* — &, A* + ¢[, with & > 0 and smaller than §, the
distance from C and (r(A) \ {A*}) x {0},
(iv) a > 0 such that if (A,u) € O with |» — \*| > g, then |u| > «.

The proof of the lemma will make use of the following result in point set
topology. For a proof see for example [87], Lemma 29.1.

Lemma 4.7 Let C1, C; be closed disjoint subsets of the metric compact space
IC. If there are no connected components of IC with nonempty intersection with
C1,Cy, then K = K1 UKy with K1, K> closed, KiNKy = 0, C1 C Ky, C2 C K.

Proofof Lemma4.6.Lete < §,andlet U, be an e-neighbourhood of C. Sucha U,
satisfies (i) and (iii), but (ii) could possibly fail. To overcome this problem, we
will use the preceding lemma. We set C; = C, C; = dU,NT and K = U, NX.
Since C is bounded and A, T are compact, then Cy,C, and K are compact
and the preceding lemma applies. Let d = min{dist[K, K>], dist[K, dU,]}
and let Ug be an e-neighbourhood of Ki, with ¢ < d/2. Let us check that
U} satisfies (ii). This follows from the fact that C; = 39U, N T C K,
C; = C C K; and K N K| = ¢. Taking ¢ possibly smaller, (i) and (iii)
hold true as well. As for the property (iv), we remark that the distance d’
between K and the set (R\]JA* — &, A* + ¢[) x {0} is positive because U, does
not contain any characteristic value of A, but A*. Then, taking « < d’ and
setting O = U, \ [(R\]A* — &, 1" + ¢[) x Be]1, one readily verifies that O
satisfies (iv), too. |
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0 \ A*—g \ J¥4e / P
\ /

Figure 4.4

We are now in a position to prove the Rabinowitz global bifurcation theorem.

Theorem 4.8 Let A € L(X) be compact and let T € C LX, X) be compact and
such that T(0) = 0 and T'(0) = 0. Suppose that \* is a characteristic value

of A with odd multiplicity. Let C be the connected component of ¥ containing
(A*,0). Then either

(a) C is unbounded in R x X, or
(b) I € p(A) \ {A*} such that (A,0) € C.

Proof. The proof will be carried out by contradiction. If neither (a) nor (b)
holds, then Lemma 4.6 yields a bounded open set O satisfying (i-iv). We are
going to use the general homotopy invariance (see Theorem 4.1), applied to the
homotopy S). We will split the arguments into several steps.

Step 1. Letus take 8 such that Og = ¥ and consider the interval J = [A*+2¢, B].
Taking & possibly smaller, we can assume that no points of r(A) belong to
¥, A* 4 2¢]. Using property (iv) of Lemma 4.6 one has that O, N B, = ¥, for
all A € J. This and the other properties of O stated in Lemma 4.6 imply that
Sy(u) # Oforallu € 90, and all & € J. Hence by the homotopy invariance we
deduce that deg (S, Oy, 0) is constant for all A € J. In particular, since Og =
we find

deg(Srt2¢, Ort2¢,0) = 0. (4.6)

Step 2. Take &’ €]0, e[ and setJ' = [A* + &', A* +2¢]. Since J' does not contain
any pointin r(A), and CN(J’ x X) is compact, there exists pg > 0 (with pg < &)
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AEve JF4e AE+2g

Figure 4.5

such that ¥ N (J/ x Ep) =P forall 0 < p < pp. Thus S, is admissible on the
set O' = ON(J’ x (X \ B,)) and there holds

deg(Syyers Oy o, 0) = deg(Sir 426, Ojx 40, 0).

This, the fact that O}, , , = Oy \ B, and s e = Orrge, jointly with
(4.6) imply

deg(Spyer, Orrrer \Bp.0) =0, Vp € (0. pol,
and thus
deg(Sysers Oprrer, 0) = deg(Spere. Bp,0),  Vp e Opol. (47
By a quite similar argument we find
deg(Sys—er, Ops—e, 0) = deg(Sy=—¢, B, 0), VpeOpl (4.8

Step 3. We use once more the homotopy invariance of S; on the set O N ([A* —
g/, * + €'l x X) to infer

deg(Spx—e, Opx—, 0) = deg(Sixter, Opryer, 0), Vp e pol (49
Step 4. Putting together (4.7), (4.8) and (4.9) we deduce
deg(Syxyer, Bp,0) = deg(Six—¢, By, 0), Vo e (0,pol

This means that the index i(S)*4.,0) is equal to the index i(Sy+_.,0), and,
as we have seen in the proof of the Krasnoselski theorem, this cannot be true,
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because [A* — &/, A% + &1 N r(A) = {A*} and A* has odd multiplicity. The
contradiction proves the theorem. ]

Remark 4.9 When applying Theorem 4.8 to differential equations it is import-
ant to rule out one of the two alternatives (a) and (b). Although often the
connected component containing (A*, 0) turns out to be unbounded, elementary
examples show that the alternative (b) of Theorem 4.8 can arise as well. See
Exercise 4.5(1). See also [79] for an elliptic problem where case (b) arises. W

Theorem 4.8 has many applications. Here we limit ourselves to citing a paper
by M. Crandall and P. Rabinowitz [83] dealing with nonlinear Sturm—Liouville
problems, of the form

—u" = xu+f(x,u,u’), xe(0,m),
(4.10)
u(0) = u(w) =0,

where f is Lipschitz and f(x,u, &) = o(/u? + |£|?) as (u,€) — (0,0), uni-
formly with respect to x € [0,7]. We already know (see the example in
Section 2.3 after Theorem 2.10) that the numbers k% k € N, are simple eigen-
values of the linearized problem —u” = Au, u(0) = u(w) = 0 and hence
are bifurcation points for (4.10). As an application of Theorem 4.8 we want
to show the following result, which is a particular case of a more general
one in [83].

Theorem 4.10 From each k*, k € N, bifurcates an unbounded connected
component C,y C X of nontrivial solutions of (4.10). Moreover C;y N C; = ¥

ifk # .

Proof. Under the preceding simplifying assumptions, the proof is not too com-
plicated and we will give an outline of the arguments, leaving the details as
an exercise. One works on E = {u € C'(0,7) : u(0) = u(w) = 0} endowed
with the standard norm. First one shows that there exists a neighbourhood
Ui of (k2,0) € R x E such that if (A,u) € = N Uy, then u has exactly
k — 1 simple zeros in (0,7). Moreover, by the uniqueness of the Cauchy
problem it follows that the nontrivial solutions of (4.10) have only simple
zeros in (0,7). These two properties, together with the fact that the branch
Cr C X emanating from (k2, 0) is connected, allow us to rule out the altern-
ative (b) of Theorem 4.8 and to show that C;y N C; = @ if k # j, proving the
theorem. |

Finally, it is worth mentioning that the arguments carried out in Sections 4.2 and
4.3 can be adapted to prove a classical global result by Leray and Schauder [ 115].
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Theorem 4.11 Consider the equation u = AT (u), where T € C(X,X) is
compact, let & = {(A,u) € Rx X : u = AT (u)} and let C denote the connected
component of ¥ containing (0,0). Then C = CT U C~ where C* C R* x X
and CT NC~ = {(0,0)}. Moreover, C* are unbounded in R* x X.

4.4 Bifurcation from infinity and positive solutions of
asymptotically linear elliptic problems

In this section we will discuss, following [16], the existence of positive solutions
of a class of asymptotically linear elliptic boundary value problems like
—Au=Ar(u) xe

4.11)
u=>~0 x €09,

where f € C(R*,R) is asymptotically linear. We will see that it is possible to
study in arather precise way the global behaviour of the set of solutions of (4.11)
and this will allow us to obtain existence and multiplicity results. In carrying
out this analysis, a fundamental role will be played by suitable applications of
Theorem 4.8.

Let us start with an abstract setting. Let X be a Banach space and consider a
map S(A,u) = u— AT (u), with T € C(X,X) compact. We set £ = {(A,u) €
R x (X \ {0}) : S(A,u) = 0}. To investigate the asymptotic behaviour of X, it
is convenient to give the following definition.

Definition 4.12 We say that Ao € R is a bifurcation from infinity for S = 0 if
there exist Aj — Aoo and uj € X, such that ||lu;j|| — oo and (Aj,u;) € Z.

Let us now assume that T = A + G, with A linear and G bounded on bounded
sets. Let us set z = ||u||~'u, and

2 — AlzZIRT (L> ifz£0

2112

0 ifz=0.

V(x,z2) = (4.12)

For z # 0 one has that

Z
W(A,z) =z — Az — )»||Z||2G (W) ,
Z

and hence W is continuous at z = 0. Moreover, setting

F={(Az):2#0, ¥(A,z) =0},
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there holds
Ru e <— (A7 el. (4.13)

In addition, |lu;|| — oo if and only if ||z;|| = ||uj||’1 — 0. This and (4.13)
immediately imply the following.

Lemma 4.13 A is a bifurcation from infinity for S = 0 if and only if A is a
bifurcation from the trivial solution for ¥ = 0. In such a case we will say that
X bifurcates from (Axo, 00).

Dealing with the bifurcation from the trivial solution for W, one has to be careful
because W (A, -) is not differentiable at z = 0. See Remark 4.17 later on.
We will suppose that

f(w)=mu+gwm), m=>0, geCO’“(R+,R), |g(u)| <constant, g(0)>0.
(4.14)

It is convenient to consider a fugctionf e C%¥(R) defined by setting f(u) =
]:(u) for u > 0, such that 0 < f(u) < C; for all u < 0. We will also write
f(u) = mu+¢(u). Of course, g(u) = g(u) for all u > 0. Consider the problem

—Au=Arf(u), inQ u=0,indQ. (4.15)

Letting X = L*(Q), (4.15) be equivalent to the functional equation S(A, u) =
u — MAu + G(u)), where Au = K(mu), G = Kg(u), and K is the inverse
of —A with zero Dirichlet boundary conditions. For some A > 0, let u be a
non-trivial solution of (4 15) and let x* €  be such that u(x*) = man u(x). If
u(x*) < 0, then, smcef(u) > Oforu < 0, we have —Au(x*) = Af(u(x*)) > 0,
a contradiction. This shows that # > 0 in €2, and hence is a solution of (4.11).
Furthermore, from (4.14) it follows that there exists § > 0 such that f (u) +du >
0 for all u > 0. Since —Au + Adu = A(f(u) + Su), the maximum principle
implies that u > 0 in .

As usual, we let A; denote the first eigenvalue of —A with zero Dirichlet
boundary conditions. The corresponding positive (normalized) eigenfunction
will be indicated by ¢;.

Theorem 4.14 Let (4.14) hold. Then Ao, := A1/m is a bifurcation from infinity
for S, and the only one. More precisely, there exists a connected component X,
of X bifurcating from (Ao, 00) Which corresponds to an unbounded connected
component I'sy C T bifurcating from the trivial solution of V(u) = 0 at

(Ao, 0).
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According to the preceding discussion, we will show that A, is a bifurcation
from z = 0 for ¥ (X, z) = 0, and the only one. In the sequel we use the notation
W, (1) to indicate the map W (A, u) defined in (4.12). We need some preliminary
lemmas.

Lemma 4.15 LetJ C R be any compact interval such that hoo ¢ J. Then

(a) 3r > O such that S (u) #0, Vi e J, V|u|| >,
(b) \oo is the only possible bifurcation from infinity,
(c) i(Wy,0) =1 forall . < Aeo.

Proof. (a) Assuming the contrary, there are sequences A; — L € J and
lujll — oo, such that u; = A;(Au; + G(u;)). Setting v; = ||uj||_1uj, we find
vj = Aj(Av; + G(v})), by compactness, v; — v strongly in X, and by elliptic
regularity v; — v in C?. Since vj satisfy

fw)
—AN =M
]

andf(u) < O for u < 0, it follows that v; > 0. Thus, passing to the limit in the
preceding equation, one finds
—AV = Amy, v>0, |v]l=1L.

This implies that v = ¢ and = A, namely X = Aoo. This is a contradiction,
because A € J, while J does not contain As.. This proves (a). Statement (b)
follows immediately from (a). Regarding (c), fix any A < Ay and take J =
[0, A]. For ¢ € [0, 1], the parameter A belongs to J and from (a) it follows that
u # tAT (u) for all |u|| > r. This implies that W(¢A,z) # 0 for all ||z]| < 1/r.
Consider the homotopy Aa(t,u) = W (tA, u). Using the homotopy invariance, we
get deg(h(1,-), By/r,0) = deg(h(0, -), By/r,0), namely

deg(W¥y, B1yr,0) = deg(l, By/r,0) = 1,

proving (c). |

Lemma 4.16 Let . > Aoo. Then

(a) 3r > O such that S)(u) # 1o, VT =0, V|ul| >r,

(b) i(Vy,0) =0forall A > Aoo.

Proof. (a) By contradiction, there exist 7; > 0 and ||| — oo such that
Sy (uj) = tj¢1, namely

—Auj = A () + A @1
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Since tjA191 > 0, and?(u) > 0 for u < 0, it follows as before that #; > 0 and
thus f(uj) = f (uj). Let us write u; = sj¢1 + wj, with s; = [, ujp1 dx > 0 and
Jo wje1 dx = 0. The function w; satisfies

—Awj + sih91 = Af () + i1 (4.16)

We first claim that 5; — +o00. Otherwise, |[w;| — oo and setting v; =
||wj||_1wj~, from (4.16) we get

SiA1Q1
Vj"‘ A1¢

J(w)) ‘L'j)»]ﬂ

= A .
[[will

Wil Wil

From this equation we easily deduce that v; — v* strongly in X (and in
C?). In particular, ||v*|| = 1. Moreover, from fQ vigrdx = 0 it follows that
fQ v¥@1 dx = 0. On the other hand, u; > 0 implies that v; > ||wj||_lsjg01 and,
passing to the limit, v* > 0, which, jointly with |[v*|| = 1, gives a contradiction
that proves the claim.

Next, we use (4.16) again to infer

Sjih] = )»/f(uj)fﬂldx-f- Tk > kff(uj)¢1dx-
Q Q

Since f(u) = mu + g(u), we get

sikp = A |:/ muj@y dx +/ g(uj)p1 dxj| = Ams; +/ g(uj)er dx.
Q Q Q
Thus
Al > Am—}-/ si_lg(uj)wldx.
Q

Since g is bounded and s; — oo (by the claim), passing to the limit we find
A1 > Am, while A has been chosen strictly greater than Ao, = A1/m. This
contradiction proves (a).

(b) Take 7 = ¢t]|u||?, with 7 € [0, 1]. By (a) it follows that S; (1) # tllull?er
for all ||u|| > r. This implies

1
V(@) #tg1, VO <z| < = Vi e[0,1]. 4.17)
Using the homotopy h(z,z) = W, (2) — t¢1 on the ball By, we find
deg(Wy, By, 0) = deg(W; — ¢1,B1/r,0).

The latter degree is zero because (4.17), with t = 1, implies that ¥, (z) = ¢
has no solution on By ,. This proves (b). |
Remark 4.17 The fact that the index i(\W¥;,0) is zero for A > A, makes it
clear that W, is not differentiable at z = 0. Compare with Lemma 3.19. |
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Proof of Theorem 4.14. We cannot apply directly the Rabinowitz Theorem 4.8
with S;, = W, and A* = Ao, because W, is not differentiable at z = 0. However,
an inspection of the proof shows that such an assumption is used only to evaluate
the index of the map S when A crosses 1* proving that i(Sy_¢, 0) #~ i(S)+e,0).
In our case, the index has been evaluated in Lemmas 4.15 and 4.16 and it has
been shown that i(W;,0) = 1 for A < Ay, while i(V¥;,0) = 0 for A > Aso.
Since the two indices are different, one can repeat the arguments carried out
in the proof of Theorem 4.8, yielding the existence of a connected component
I'so C I, bifurcating from (Ao, 0). As a consequence of Lemma 4.15(b), there
are no other bifurcation points (from the trivial solution) for ¥;, but (A, 0)
and thus ' is unbounded. This I's, corresponds to a connected component
Yoo C X emanating from (A, 00). |

Using similar arguments one can study the bifurcation from the trivial
solution for S, = 0, to obtain the following theorem.

Theorem 4.18 Let (4.14) hold.

(a) Iff(0) > O there exists an unbounded connected component £o C %, with
o C10,00) x X, such that (0,0) € Zg. Moreover, (1,0) € ¢ = A = 0.

(b) Iff(0) = 0 and the right-derivative f’ _L (0) exists and is positive, then
letting

A
Py p———
Q)
there exists an unbounded connected component £y C X such that
(*0,0) € To and (1,0) € Tg = A = Ao.

Remark 4.19 Since the components X, and X are connected and for A = 0
the equation (4.14) has only the trivial solution, it follows that both ¥, and
¥ are contained in ]0,00) x X and hence correspond to positive solutions
of (4.14). |

The next theorem studies the relationships between X, and X.

Theorem 4.20 Suppose that the same assumptions made in Theorems 4.14 and
4.18 hold.

(a) If 3o > 0 such that f (u) > au, Yu > 0, then setting A = ,{ /o one has
that o CJ0, A]. As a consequence, Ly = Xeo.

(b) If 3so > 0 such that f (sg) < 0, then S, (1) # 0 for all u € X with
lulloo = S0. As a consequence, o N Lo = .
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Proof. (a) If (A,u) € ¥, with A > 0, then —Au = Af(u) > Acu. Multiplying
by ¢ and integrating, we find

Alf ugoldxzka/ ugpidx.
Q Q

Since u# > 0 it follows that A < A;/a = A. Moreover, when A = 0 equation
(4.14) has only the trivial solution and this implies that there exists c(A) > 0
such that A > ¢(}) > 0O for all (A,u) € X. Let us remark that c(1) — 0 as
A — 04, while the fact that A is the only bifurcation from infinity for S
yields the existence of cp > 0 such that c(1) > ¢¢ for all A bounded away from
Zero.

(b) Let (A,u) € X, with A > 0 and ||u||cc = so. Then 0 < u < 50 in Q. Let
m > 0 be such that f () + mu is monotone increasing for u € [0, so]. From

—Au + Amu = A(f (u) + mu)
and the fact that Amsy > A(f (s9) + msp), we get
(=A + xam)(so —u) > Alf(so) + mso —f(u) —mu] >0, x¢€,

as well as sp — u > 0 on 92. By the maximum principle, we deduce that
so —u > 0 in . This implies ||u|lcc < S0, a contradiction, proving that
Sy (u) # 0 for all u € X with ||ul|oc = so0. Now, let us point out that both X
and X, are connected, X contains a sequence (A;, u;) with ||#i]loc — 0 and
Yoo contains a sequence (A;, ;) with ||u;|lcc — 00. If 9N o # ¥ then they
contain a point (A, u) with ||u|l« = so, a contradiction. [ |

Finally, it is possible to give conditions that allow us to describe in a precise way
the behaviour of the branch bifurcating from infinity. They are the counterparts
of the conditions that provide a subcritical or a supercritical bifurcation from
the trivial solution, see Remark 2.9(b) in Chapter 2.

Lemma 4.21 Suppose that either

y' :=liminf g(u) > 0, (4.18)
u——+00
or
y” :=limsupg(u) < 0. (4.19)
U——+00

Then X bifurcates to the left, respectively to the right, of (,oo, 00).

Proof. We will show that if (4.18) holds, then we can sharpen the statement (a)
of Lemma4.15 by taking J = [Ao, b] With b > A (the new feature here is that
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0 A=12

Figure 4.6 Bifurcation diagram in case of Theorem 4.21 (a), with f(0) > 0 and
hoo = A.

Figure 4.7 Bifurcation diagram in case of Theorem 4.21(b), with f(0) > 0. The
interval [A, B] is such that f(u) < 0if and only if u € [A, B].

now we allow A to be the left end side of the compact interval J). Otherwise,
there exists A; | Aco and |luj|| — oo such that S(A;,u;) = 0. Repeating the
arguments carried out in Lemma 4.15, we would find a sequence v; = u;||u;|| -1
which converges strongly to some v such that

— AV = hooiV = AV, v>0, [vl=1

This now implies v = ag; for some a > 0. Hence v > 0 in € and u;(x) =
lujllvi(x) — +oo, for all x € 2. Writing again u; = sj¢1 + wj, one has
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0 A oo A

Figure 4.8 Bifurcation diagram when f(0) > 0 and y” < 0.

that sjA 11 — Aw; = A;(mu;j + g(u;)) and therefore (we take ¢ such that
Jopidr=1)

siki = Ajm + /Q g(uj(x)) g1 (x) dx.
Since A; > Ao then it follows that
/Q g(uj(x))p1(x) dx < 0.
Since uj(x) — +00 on 2, using the Fatou lemma we infer
y' /;2 @1 dx < lim inf/;zg(uj(x))gol (x)dx < 0.

This is in contradiction to the assumption (4.18). In the case that (4.19) holds,
we take J = [0, o] and repeat the preceding arguments. |

Remark 4.22 The preceding results have been extended in great generality by
D. Arcoya and J. Gamez [32], where the relationships between the bifurcation
from infinity and the anti-maximum principle are also investigated. |



4.5 Exercises 73

4.5 Exercises

(i) Let X = R2, and consider the system

X1 = AX] —xg,
X2 = 2Axp +x%.

Show that in this case the alternative (b) of the Rabinowitz global
bifurcation theorem holds true.
(i) Consider the problem

—u = au+hx)u® xe0,m)
u(0) = u(mw) =0,

where 4 is Lipschitz such that A(x) > 0, respectively h(x) < 0, in [0, 7],
and let Cy be the unbounded connected components bifurcating from
A = k2 (see Theorem 4.12).

(a) Prove that if (A, u) € C, A > 0, then A < k2, respectively A > k2.

(b) Prove that the projection on R of C;y C R x E is (—oo, k2,
respectively (k2, +00).

(c) Draw the bifurcation diagrams and evaluate the number of nontrivial
solutions of the equations —u” = u + h(x)u’ in (0, ),
u(0) = u(mw) = 0 in both the cases 2 > 0 and & < 0. [Hint: find the
intersections of C; with {1} x E C R x E.]

(iii)) Consider the problem

—Au=ru—h@x)u’ xeQ
ux) =20 x €08,

where A is Lipschitz, 2 > 0 in €2, and suppose that there exists an open set
Qo C 2 such that h(x) = 0 if and only if x € Q¢. Prove that there is a
connected component of positive solutions ¥ such that (11,0) € o
with the property that

(@) To C [A1, A1(0)[XL*(2), where A1 (€20) denotes the first
eigenvalue of —A on €2 with zero Dirichlet boundary conditions;

(b) X bifurcates from (11 (), 00). [Hint: show that if (A;, ;) € £ and
lluj|l — oo, then A; T A1(£20)].

(iv) Extend Lemma 4.21 to the case in which g = g(x, u),
y'(x) =liminf,_, ;o g(x,u), y”(x) = limsup,_, , o, g(x, u), assuming
that [, ¥'(x)¢1(x) dx > 0, or that [, ¥’ (x)¢1(x) dx < 0.
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(v) Letut = u A 0. Consider the problem

—Au=w—-2" inQ
u=20 onas2,
where A € R. The set of solutions (A, u) with u 0 is denoted by X.

Prove that there exists an unbounded component ¥* C X such that
0,0) e ="
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Critical points: extrema

In this chapter we will discuss the existence of maxima and minima for a
functional on a Hilbert or Banach space.

5.1 Functionals and critical points

Let E be a Banach space. A functional on E is a continuous real valued map
J:E—R.

More in general, one could consider functionals defined on open subsets
of E. But, for the sake of simplicity, in the sequel we will always deal with
functionals defined on all of E, unless explicitly remarked.

Let J be (Fréchet) differentiable at u € E with derivative dJ(u) € L(E,R).
Recall that (see Section 1.1):

e if J is differentiable on E, namely at every point u € E and the map
E — L(E,R), u — dJ(u), is continuous, we say that J € C'(E,R);

e if J is k times differentiable on E with kth derivative d*J (u) € Ly(E,R)
(the space of k-linear maps from E to R) and the application E — L (E,R),
U ko(u), is continuous, we say that J € Ck(E, R).

Definition 5.1 A critical, or stationary, point of J : E — Risaz € E suchthat
J is differentiable at z and dJ(z) = 0. A critical level of J is a number ¢ € R
such that there exists a critical point z € E with J(z) = c. The set of critical
points of J will be denoted by Z, while Z. will indicate the set of critical points
atlevelc: Z, ={z € Z:J(z) =c}.

According to the definition, a critical point z satisfies
dJ(@)[v]=0, VveeE.

We will see that, in the applications, critical points turn out to be weak solutions
of differential equations. Let us illustrate this claim immediately with a rather
elementary example.

77
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Let E = Hy*(0,1) = {u € H"(0,1) : u(0) = u(l) = 0} and define the
functional J : E — R by setting
1
1, 1, 1, . du
J(u) = —i? 4 — —u|dr, = —.
(u) /0 [214 + 2u 4ui| 7] ”
One has that J € C*°(E, R) and there holds

1
dJ(w)[v] = / [i0 + uv — u’v]dr.
0

Then a critical point of J on E is an element z € E such that

1
/0 [20+2v—2vldt =0,  YveH)*0,1)

and this means that z is a weak (and by regularity, see Theorem 1.16, classical)
solution of the two point problem

ii—u+ud=0, u(0) = u(1) = 0. (5.1

Let us remark that the boundary conditions z(0) = z(1) = 0 are automatically
satisfied because z € Hé’z (0,1). If we take E = H"2(0, 1), respectively E =
{u e HY2R) : u(t + 1) = u(r), YVt € R}, then a critical point z of J on
E satisfies 7 — z + z° = 0 together with the Neumann boundary conditions
z(0) = z(1) = 0, respectively z is a 1-periodic solution of it — u + w = 0.
Of course, the choice of Sobolev spaces like H 1.2 is also related to the fact that
(5.1) is a second order equation and the term % f % dr makes sense.

The preceding example is a model of problems we will discuss later on.
Roughly, we will look for solutions of boundary value problems consisting of
a differential equation together with some boundary conditions. These equa-
tions will have a variational structure, namely they will be the Euler—Lagrange
equation of a functional J on a suitable space of functions E, chosen depending
on the boundary conditions, and the critical points of J on E will give rise to
solutions of these boundary value problems.

5.2 Gradients
LetJ € C! (E,R). If E is a Hilbert space, by the Riesz theorem there exists a
unique J'(u) € E such that
') |v)y=dJw[v], VveE.

J' (u) is called the gradient of J at u (in some cases we will also use the notation
VJ (1) to denote the gradient of J'(u)). With this notation, a critical point of J
is a solution of the equation J'(u) = 0.
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In a quite similar way, dealing with the second derivative d2J (u) (which is
a symmetric bilinear map : E x E — R), we can define the operator J” (u) :
E — E by setting
J"wv | w) = d*Jw)lv,w], VYv,weE.

Example 5.2
) IfJw = %(Au | u), where A € L(E) is symmetric, then one has
dJ(u)[v] = (Au | v). Moreover, from
(J'(w) | v) = (Au|v), VveE,
we deduce that J/ = A. In particular, if J (u) = %||u||2 then J'(u) = u.
Similarly, from d>J (u)[v,w] = (Av | w) we infer that J” (i) : v — Av.
(i) Let 2 be a bounded domain in R” with smooth boundary 9€2 and set

E = L2(Q). Given h € E, consider the linear functional
J(u) = [ hudx. Of course, J € C*(E,R) and

dJ(w)[v] = / hvdx.
Q
In this case the gradient J'(u) verifies
J () | v) =/ hvdx.
Q

Hence J' (1) = h.

(iii) Consider, as before, the same linear functional J(u) = fQ hu dx, but let
us now take the Sobolev space E = H& (©2) endowed with the scalar
product and norm, respectively,

(ulv) = [qVu-Vvdyx,
lul®> = fq IVul*dx.

In the present case w = J'(u) verifies
w|v) = / hvdx, VveeE,
Q
namely

/VW-Vde:/hvdx, Vv eE.
Q Q

This means that, in contrast with the case discussed in point (ii) above, w
is not equal to 4 but is the weak solution of the Dirichlet boundary value
problem (BVP in short)

—Awx) =h(x) xeQ
wx) =0 x € 0Q2.
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In other words, letting K denote the Green operator of —Awu in H(} (),
one has that J'(u) = K(h).

(iv) We use the notation introduced before as well as in Sections 1.2 and
1.3. Suppose that f € IF, with 1 < p < (n+2)/(n — 2), and let ® denote
the functional defined on E = H(} (R2) by setting @ (u) = fQ F(x,u)dx,
where 0,F = f. According to Theorem 1.8, ® € C 1 (E,R) and

dow)[v] = / f(x,u)vdx.
Q
Here the gradient @' becomes K o f and satisfies

(D' (u) | v) = /f(x, u)v dx.
Q
Moreover, the functional
Ju) = 3 lull® — &)

is of class C'(E, R) and there holds
dJw)vl=(u|v) — /;zf(x, u)vdx.
Therefore the critical points z of J satisfy
/S;[Vz Vv —f(x,z)vldx =0, VveeE,

and hence are nothing but the weak solutions of the semilinear
Dirichlet BVP

—Aulx) =f(x,u(x)) xeQ
ux) =0 x € 9.

As for the gradient, one finds J' (1) = u — Kf (u). If f is of class C! with
respect to u, then ® € C2(E,R) and one finds J” (1) : v — v — Kf'(u)v.
In particular, the kernel of J” (1) consists of the solutions of the linear
Dirichlet problem —Av = f,,(x, u)v, v € H& (2). |

5.3 Existence of extrema

We say that z € E is a local minimum, respectively maximum of the functional
J € C(E,R) if there exists a neighbourhood N of z such that

J(z) < J(u), respectively J(z) > J(u), Yue N\ {z}. (5.2)
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If the above inequalities are strict we say that z is a strict local minimum
(maximum). If (5.2) holds for every u € E, not merely on A\ {z}, z is a
global minimum (maximum). It is immediate to check that if z € E is a local
minimum (maximum) and if J is differentiable at z, then z is a stationary point
of J, namely dJ(z) = O orelse J'(z) = 0.

Next, we state some results dealing with the existence of minima or maxima.
We begin with a classical result dealing with functionals which are coercive and
weakly lower semi-continuous (w.l.s.c. in short). Let us recall that J € C(E,R)
is coercive if

lim J(u) = +o0.

||u]| =400

J is w.Ls.c. if for every sequence u,, € E such that u,, — u one has that

J(u) < liminf J(u,).

Lemma 5.3 Let E be a reflexive Banach space and let J : E — R be coercive
and w.l.s.c.

Then J is bounded from below on E, namely there exists a € R such that
J(u) > aforallu € E.

Proof. Arguing by contradiction, let u, € E be such that J(u,) — —oo. Since
J is coercive it follows there is R > 0 such that ||u,|| < R. Hence there exists
u € E such that (without relabelling) u,, — u. Since J is w.l.s.c. we infer that

J(u) < liminf J(u,) = —o0,
a contradiciton, proving the lemma. |

Remark 5.4 The same arguments show that a w.l.s.c. functional is bounded
from below on any ball B, = {u € E : |ju| <r}. |

Theorem 5.5 Let E be a reflexive Banach space and let J : E — R be coercive
and w.Ls.c.

Then J has a global minimum, namely there is z € E such that J(z) =
min{J(u) : u € E}. If J is differentiable at z, then dJ(z) = O.

Proof. From the preceding lemma it follows that m = inf{J(u) : u € E} is
finite. Let u,, be a minimizing sequence, namely such that J(u,) — m. Again,
the coercivity of J implies that ||u,|| < R’, and u,, — z for some z € E. Since
J is w.Ls.c. it follows that

J(z) < liminf J(u,) = m.
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Of course, J(z) cannot be strictly smaller than m and thus J achieves its infimum
atz: J(z) = m. |

Remark 5.6 Since z is a maximum for J if and only if it is a minimum for
—J, a similar result holds for the existence of maxima, provided —J is coercive
and w.Ls.c. |

Remark 5.7 Let E be a Hilbert space. Using Remark 5.4 and repeating the pre-
ceding arguments one shows that any w.Ls.c. functional J achieves its minimum
on the ball B, . It is worth pointing out that if / € C!(E,R) and if the minimum
m is achieved at a point z on the boundary S, = 9B, of the ball, then z is not
necessarily a stationary point of J but there exists A < O such thatJ'(z) = Az.In
fact, z is a constrained critical point of J on dB,. Since j(t) := J(tz), t € [0, 1],
has a minimum at ¢t = 1, then

J() =012 =0,

and from A = (J/(2) | z) it follows that A < 0. The same argument holds for the
maximum of —J. In particular, if J is weakly continuous both the maximum
and the minimum are achieved. [ |

The easiest example of w.l.s.c. functional is the map u — llu||2. Conditions
that imply the w.L.s. continuity of functionals are of great importance and have
been broadly studied, beginning with the pioneering works of L. Tonelli. But
this question is beyond the scope of this book and will not be discussed here.
The interested reader is referred for example to [84, 102].

5.4 Some applications

Here we show some applications of the preceding results. First of all, let us
consider the case that E is a Hilbert space and

Jw) = gllul® = ). (53)
Theorem 5.8 Let J be of the form (5.3) and suppose ® € C'(E,R) is weakly
continuous (namely u, — u = ®(u,) — ®(u)) and satisfies

|® ()] < a1 + az|lul®,

with ay,a; > 0and a < 2.
Then J achieves its global minimum at some z € E and there holds J'(z) = 0,
namely ®'(7) = z.



5.4 Some applications 83

Proof. One has
J(W) > Hull* —ay — az||ull®

and hence J is coercive, because & < 2. Since u > |[u||? is w.l.s.c. and ® is
weakly continuous, then J is w.l.s.c. and Theorem 5.5 yields the existence of a
global minimum z of J satisfying J'(z) = 0, namely z — ®'(z) = 0. [ |

Theorem 5.8 can be used, for example, to handle Dirichlet boundary value
problems, see Section 1.4 to which we refer for notation,

{ — Au(x) =f(x,ulx)) xe

ux) =0 x € 012, D)

with f : © x R — R sublinear at infinity. Precisely, we assume that f is locally
Hélder continuous and that there exists a; € L*(2), a» > 0and 0 < ¢ < 1
such that

If (x,w)| < aj(x) + azlul?, V(x,t) e 2 xR. (5.4)

We set E = Hé (), with norm [Ju||? = fQ |Vu|? dx. Taking into account that
E is compactly embedded in L?(2) and repeating the arguments carried out in
Theorem 1.8, one readily finds that

u
d(u) = / F(x,u)dx, where F(x,u) = / f(x,s)ds
Q 0
is CL(E) and is weakly continuous. We will show the following.

Theorem 5.9 Letf be locally Holder continuous and suppose that (5.4) holds.
Then (D) has a solution.

Proof. Consider the functional J € C 1 (E,R),

Jw) = ull* — o) = %/Q|Vu|2dx—/QF(x,u>dx,

whose critical points are the solutions of (D). Using (5.4), we find constants
a; > 0 such that

q+1

@G| < asllull 2 + agllull 4

1
< as|lull + agllul "

Since ¢ < 1 one infers that J is coercive on E. Furthermore, ® is weakly
continuous and thus Theorem 5.8 applies yielding aminimum z such that J'(z) =
7z — ®'(z) = 0, which gives rise to a solution of (D). |
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Remark 5.10 Small modifications of the preceding arguments allow us to
prove the existence of a solution of (D) provided that f is locally Holder con-
tinuous and such that f(x,s)/s — 0 as [s|] — oo, uniformly with respect
tox € Q. |

Theorem 5.9 applies to the following example.

Example 5.11 Consider the BVP

{—Au(x):)»u—f(u) xeQ (5.5)

ux) =0 x € 012,

where A is a given real parameter (notice the difference with the eigenvalue
problems, where A is an unknown) and f : [0, +00) +— R is locally Holder
continuous and such that

lim M:O, lim @=+oo
u—0+ U u—>+00 U

We want to show that (5.5) has a positive solution whenever A > A1, where
A1 is the first eigenvalue of the Laplace operator with zero Dirichlet boundary
conditions.

From the assumption on f it follows that there exists & = &, > 0 such that
A =f(&)and Au —f(u) > Oforall0 < u < &. Let g : R — R denote the
function

0 ifu<0O
G =qru—fw ifO<u<g
0 ifu>E&.
8 (u)
0 & u
Au—f(u)

Figure 5.1 Graph of g, (in bold) versus the graph of Au — f(u).
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Consider the auxiliary boundary value problem

{—Au(x) =g xeQ D)

ulx) =0 x € 092.

By the maximum principle, any non-trivial solution u of (D) is positive.
Moreover, repeating the arguments of Theorem 4.19 (b), one finds that 0 <
u(x) < §&,, for all x € 2, and hence is a positive solution of (5.5). Since g, is
locally Holder continuous and bounded, Theorem 5.9 applies to

Tw) = g llull* — )»/QGA(M) dx, G(u) = /0 8x(s) ds.

If A > A1 we claim that min J, < 0. Actually, let ¢; € E be such that ¢; > 0
in € and

—AGI) =g (), xe, /(plzdle.
Q

For ¢t > 0 small, one has that g, (t¢1) = At — f(t¢1). Since f (1) = o(u), we
easily deduce that

L) =Ly =LA + o).

Then, if A < A1, it follows that J, (t¢1) < 0 for ¢ > 0 small. This proves that
ming J; < 0 and that (5.5) has a positive solution. |

Remark 5.12 If f is defined on all R and lim,of(m)/u = O,
lim|— 400 f () /u = 400, we can also find, in addition to the preceding pos-
itive solution, a negative solution. It suffices to consider the negative part of
Au — f(u) and argue as before. |

As a further application let us consider the nonlinear eigenvalue problem

{—x Au(x) =f(x,u) x€Q (EPy)

ux) =0 X € 012,

wheref € F, with1 < p < (n+2)/(n—2), see Section 1.3, f is locally Holder
continuous and satisfies the growth condition

If (x, u)| < aj(x) + axlul?, Vx,u) e 2 xR, (5.6)

where | <p < mn+2)/(n—2).
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Proposition 5.13 Letf € F), 1 <p < (n+2)/(n — 2), satisfy
f(x,0) =0, uf (x,u) > 0, Yu#0. 5.7

Then the nonlinear eigenvalue problem (EP)) has a nontrivial solution z > 0,
with ||z]|* = [ |Vz>dx = Land A = [, f(x,2)zdx > 0.

Proof. As usual, we set F'(x,u) = fé‘f(x, s) ds and
D) = / F(x,u(x))dx.
Q

Letus apply Remark 5.7, with E = Hé (2) and J (1) = @ (u). Since @ is weakly
continuous, see Theorem 1.8 in Section 1.3, the supremum m = sup{J(u) :
u € El} is achieved at some z € Bj, see also Remark 5.7. Moreover m is
positive because uf (x,u) > 0 for any u # 0. If ||z]] < 1 then ®'(z) = 0,
namely fo(x,z)v dx = 0 for all v € E and, in view of (5.7), this implies
z = 0. Hence m = ®(z) = ®(0) = 0, a contradiction. Thus the maximum is
achieved on the unit sphere dB1, so z is a constrained maximum of ® on 0B
and J'(z) = Az. It follows that z € 9B, gives rise to a solution of (EP;) with
r=rlzl? = fo(x, z)zdx > 0, because z € dB;. Finally, using the maximum
principle, it is easy to see that z > 0 in €. |

5.5 Linear eigenvalues
Here we discuss the specific case of the linear eigenvalue problem
Au = nu, uek, ne R, (5.8)

where E is a Hilbert space and A € L(E) is symmetric. Let us define the
quadratic functional

Jw) = 5 (Au | w),
whose gradient is given by J' = A, see Section 5.1.
Lemma 5.14 Suppose that A is compact and positive definite, namely
(Au | u) > 0 for all u # 0.

Then J achieves its maximum on the unit ball By = {u € E : |lu| < 1} ata
point z such that ||z|| = 1 and satisfying (5.8) with

w=max{(Au | u) : u€ B} = (Az|z) > 0.
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Proof. 1t suffices to repeat, with obvious changes, the arguments carried out
in the proof of Proposition 5.13, taking into account that J (1) = %(Au | u) is
weakly continuous because A is compact. ]

Remark 5.15 From the fact that © = max{(Au | v) : u € B} it immedi-
ately follows that u is the largest eigenvalue of A. u is called the principal
eigenvalue of A. |

Taking £ = H(; (2), with scalar product (1 | v) = fQ(Vu - Vv) dx and norm
lull> = (u | u), A = K, the Green operator of —A with zero Dirichlet boundary
conditions, see Section 5.1, and J (1) = %(Ku | u) = %fg lu|? dx, the preceding
lemma yields the existence of £1 > Oandz = ¢ € E, with ||¢;| = 1, such that

K(p1) = nig1.
Setting A1 = 1/u1, we find that

{—Awl(X) =Arp1(x) xeQ

p1(x) =0 x € 0%, (-9

namely that A; is an eigenvalue of —A on Hé (£2), with eigenfunction ¢j.
Actually, from Remark 5.15 it follows that A is the smallest eigenvalue of —A
on Hé (€2). Let us recall, see Theorem 1.13 in Section 1.4, that Ay is a simple
eigenvalue, namely the geometric and the algebraic multiplicity of 1| is one.
Furthermore, the eigenfunctions of —A on Hé (£2) do not change sign in 2 and
hence we can choose ¢ to be positive in 2.

Let us conclude this subsection with some further remarks.

Remark 5.16
(1) A direct application of the regularity results discussed in Theorem 1.10
yields that the eigenfunctions ¢ of (5.9) are smooth (C°°).
(i) By homogeneity one has that

Jo u? dx

o ab@voy lul?

and hence one infers
2 1 2 1
u"dx < — | |Vul|”dx, Yu e Hy(RQ),
Q A Ja

which is nothing but the Poincaré inequality.

(iii) In the preceding application to (5.9) we can consider the equation
—Au(x) = da(x)u(x) with a € L*°(2) and a(x) > 0 in Q2. The case
that a changes sign has also been studied in [127].
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(iv) In all the preceding examples, the differential operator —A can be
substituted by any second order uniformly elliptic operator in a
divergence form with smooth coefficients, see Section 1.4. |

5.6 Exercises

(1) Let A € L(E) be symmetric and positive definite. For A € R, consider a
smooth functional J; : E > R such that J (1) = |[u]|*> + C(u) — A(Au | u),
where C : E — E is compact, positive and satisfies C(t u) = *C(u), for
all u € E, for all t € R. Prove that J; has a minimum u;,_ # 0 provided

!, where p denotes the principal eigenvalue of A.

(i) Prove the result claimed in Remark 5.10.

(iii) Consider the problem (see Example 5.11)

A> U

—Au(x) = ru—ud, xe,
ulx) = 0, x € 09,

and prove that it has exactly one positive and one negative solutions for all
Al < A < XAy. [Hint: show that any nontrivial solution which does not
change sign in 2 has Leray- Schauder index equal to 1.] Extend the result
to A = Ao
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Constrained critical points

In this chapter we introduce the notion of critical points of a functional
constrained on a manifold.

6.1 Differentiable manifolds, an outline

This preliminary section is devoted to give an outline on differentiable man-
ifolds. The reader will find a more complete treatment of this topic in, for
example, [113, 160].

Let X be a Hilbert space and 7 a set of indices. A topological space M is a
Ck Hilbert manifold modelled on X, if there exist an open covering {U;};c1 of
M and a family v; : U; — X of mappings such that the following conditions
hold:

e Vi = 1;(U;) is open in X and v; is a homeomorphism from U; onto V;;
o Yoy 1Y (UiNU;) — (U N Uj) s of class CK.

Each pair (U;, ¥;) is called a chart. If p € U;, (U;, ;) is a chart at p. The
maps ¥; o wi_l are the changes of charts. The pair (V;, wl._l) is called a local
parametrization of M. If X = R" we say that M is n-dimensional.

If, in the preceding definition, X is a Banach space, we will say that M is a
Banach manifold modelled on X. Moreover, in more general situations, each
map v; could map U; in a possibly different Hilbert space X;. However, on any
connected component of M, each X; will be isomorphic to a given Hilbert space
X and we will still say that M is modelled on X.

For the applications we will discuss in the rest of this book, it suffices to
consider the very specific case in which M is a subset of a Hilbert space E and
is modelled on a Hilbert subspace X C E. We will limit ourselves to giving an
outline of this case, referring for more details to [113], p. 23 and following.

89
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e ———

Figure 6.1

We will suppose that for any point p € M there are

e an open set U CE, withp € U,
e anopensetV C E,
e a Ck diffeomorphism ¢ : V > U,

such that, setting V = VNX,U:=UNM and denoting by ¢ the restriction of
@ to V, one has that x := ¢~ !(p) € V and ¢(V) = U. Clearly, the pair (V, )
is a local parametrization of M.

Definition 6.1 The tangent space T,M to M at p is defined as the image of X
through the linear map d@(x) € L(X,E):

T,M = dF(x)[X]. (6.1)

In order to justify the preceding definition, let us show that (6.1) does not depend
on the choice of the local parametrization. Actually, let (V;, ¢;),i = 1,2, be two



6.1 Differentiable manifolds, an outline 91

local parametrizations and consider the commutative diagram

MCE ~ MCE
121 1%
@, o ~
V1 cCE —— Vo CE.
Recall that ¢, I'o @1 is a diffeomorphism. Taking the derivatives, one
immediately finds that dg;[X] = d@,[X].

From the definition itimmediately follows that 7,,M is a Hilbert space homeo-
morphic to X. We anticipate that 7,M coincides with the space of ‘tangent
vectors’ at p to the smooth curves on M (see below for a precise statement).
Moreover, when M = G~!(c) with G € C'(E,R), and G’ (u) # Oforallu € M
(see Section 6.3 later on), then

M=1{veE:(Gp)|v) =0.

Let M; C E;, i = 1,2, be two C! Hilbert manifolds modelled on X; C E;.
We want to define the differential of a map f : My — M>. Once more, we will
consider a special situation that suffices for our purposes. Precisely, we will
assume that there exist

e an open set Uy C E; containing M1,
o adifferentiable map f : U; — Ej,

such that f = 70n M.

Let p € M;. Itis easy to see that if f is any other differentiable map which
coincides with f on M1, then df ] = df (p)[v] forallv € T,M;. This allows
us to give the following definition.

Definition 6.2 The differential of f : My — M at p is the restriction to T,M;
of the linear map df (p) € L(E1, E»).

We use the notation day, f (p) to denote the differential of f at p. When there is no
possible misunderstanding, we will omit the subscript M writing simply df (p)
instead of dy,f (p). We say that f : My — M> is differentiable (on M) if it is
differentiable at any point of M and we say thatf € C!' (M1, M) iff is differen-
tiable on M1 and the map df : My — L(T,M1, E) is continuous. Similarly, if M;
are C¥ Hilbert manifolds, k > 1, we can define higher differentials and ck maps.

For example, let us consider a smooth local parametrization (V, ¢) of M at p.
Here, ¢ is the restriction to V C X of a smooth map ¢ : V> E, where V C E,
and we are in the preceding situation, with £} = E) = E, M| =X, M, =M
and f = ¢. Let x € V be such that p = ¢(x). Then de(x) is the restriction of
d@(x) to X, and hence dg(x) € T,M.
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More in general, let ¢ = f(p) and let ; and V; C X;, i = 1,2, be local
parametrizations with ¢1(x;) = p and ¢2(x) = ¢. Consider the following
commutative diagram

f
MiCEyE, —— MCE

T‘/)l T(Pz

8
Vi X SN Vo C Xy

where g = ¢, Io f o ¢1. Taking the differentials we find the commutative
diagram

dle(p)
T,M, _ E>
wal (x1) waz (x2)
dg(x;)
X — X2

and this makes it clear that dy, f (p) is a linear map from 7,M into T,M>, with
g =fP): du,f (p) € L(Tp,My, Ty M>).

As an important example, consider a smooth functional J : E — R (or else
defined on an open subset of E containing M). In this case dy;J (p) is the linear
map from 7,M to R defined as the restriction to T,M of dJ(p) € L(E,R).
Similar to Section 5.2, dy/J(p) defines the constrained gradient of J at p by
setting

(VuJ(p) | v) =duJ(P)lv], YveT,M.

Let us emphasize that the relationship between the free gradient J' and the
constrained gradient V,J is given by

(VuJ@) Iv)=UJ'(p) I v), VveT,M.

Hence V), J (p) is nothing but the projection of J'(p) on T,M.

A final remark concerning the tangent space is in order. Consider a smooth
curve y : [a,b] — M, witha < 0 < b, and let y(0) = p. According to
the preceding discussion, dy () is a linear map from R to the tangent space
Ty M. As usual, we will identify L(R, T\, ;,M) with T, ;M and write y’ (1)
for dy (¢)[1]. The vector y'(r) is called the tangent vector to the curve y at y (7).
In particular, for any smooth curve y on M, the tangent vector 3’ (0) at p belongs
to T,M. Conversely, let us show that for every v € T,,M there is a smooth curve
y such that y'(0) = v. For this, let (V,¢) be a local parametrization of M
at p with, say, ¢~ '(p) = 0, and let w = d@ ' (p)[v] (we are using the same
notation employed before). Consider the straight line ¢ + fw and the curve
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y(t) = @(tw). This y is a smooth curve, y (0) = p and
y/(0) = d@(O)[w] = dgldg~' (p)[v]] = v.

In conclusion, we can say that 7,M is nothing but the space of the tangent
vectors to the smooth curves on M.

Remark 6.3 It is worth pointing out explicitly that E induces on M a natural
Riemannian structure. More precisely, let v; € T,M, i = 1,2 and set

(vi | v2)p = (v1 | v2)E,

where (- | -)g denotes the scalar product in E. Obviously, (- | -), is a symmetric,
positive definite, bilinear form on 7, M which defines a topology equivalent to
the one induced on T,M by the norm || - ||g. Furthermore, given any smooth
curve y : [a,b] — M, we define the length of y by
b
1/2
ty) = f '@ 1y @) dr.
a

If M is arcwise connected, for every p, g € M there is a smooth curve y joining
p and g and we can define a distance on M by setting

d(p,q) = inf £(y),

where the infimum is taken on the set of all the smooth curves y joining p and
q. We will always assume that M is arcwise connected and complete under the
metric d defined above. |

6.2 Constrained critical points

Let J : E — R be a differentiable functional and let M C E be a smooth
Hilbert manifold. A constrained critical point of J on M is a point z € M such
that dysJ (z) = 0, namely

I =0, YveT.M.

Using the constrained gradient, we can say that a constrained critical point z of
J on M satisfies
(VuJ (@) | v) =0, VveTM.

Since (Vi J(2) | v) = (J'(z) | v), for all v € T;M, one finds that z is a
constrained critical point of J on M whenever (J/'(z) | v) = 0, forall v € T, M,
namely whenever J'(7) is orthogonal to T, M.

We will use the notation Z to denote the set of critical points of J constrained
onM;wealsoputZ. = {z € Z : J(z) = c}. Once more, using the same notation
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Figure 6.2

for critical points of J on M and stationary points of J (with no constraints, see
the definition in Section 5.1) should not cause any misunderstanding.

Remark 6.4 Let y : [—a,a] — M, a > 0, be any smooth curve such that
¥ (0) = z and consider the real valued function ¢ (#) = J(y (¢)). One has that

¢'(0) =J' @Iy O],

where 3’ (0) belongs to the tangent space T, M. Hence, if z is a critical point of
J constrained on M, t = 0 is a critical point of ¢ () = J(y (¢)), for any curve
y on M. Conversely, let ¢ be a local parametrization of M such that ¢(0) = z
and let v € T;M. Then there exists w € X such that v = de(0)w and, setting

y () = p(tw), ¢(t) = J(y (1)), one has
¢'(0) =J' @y (0] =T @)W

Thus, if t = 0 is a critical point for the real valued function ¢ (r) = J(y(¢)) for
every curve y on M then J'(z)[v] = 0 for all v € T,M. This implies that z is a
critical point of J on M. n

Examples of constrained critical points are local constrained minima, respect-
ively maxima. Let M C E be a smooth manifold modelled on the Hilbert space
X C EandletJ € C(E,R). We say that z € M is alocal constrained minimum,
resp. maximum, of J on M if there exists a neighbourhood V of z such that

J(2) <Jw), respectively J(z) > J(u), YueVNM. (6.2)

Let ¢ be a local parametrization of M with ¢(0) = z. The above definition
is equivalent to saying that there exists a neighbourhood N' C X of 0 € X
such that

J(@) =J () = J(p$)), respectively J(z) = J(¢(0)) = J(¢(£)),
VEeN.
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Inother words, z € M isalocal constrained minimum, respectively maximum, if
andonly if 0 € X isalocal minimum, respectively maximum, of Jog : A/ > R.
It follows that 0 € X is a stationary point of J o ¢, namely d(J o ¢)(0)[§] =0
for every £ € X, or else:

dJ(2)[de0)[s]]1=0, VEeX.

Taking into account the definition of tangent space T M, it follows that
dJ(2)[v]l = 0, for all v € T,M, namely that 7z is a constrained critical point
of Jon M.

6.3 Manifolds of codimension one

If the manifold M C E is modelled on a subspace of codimension one in E, we
say that M is a manifold of codimension one in E. For our purposes, the case
M = G~'(0) where G € C'(E,R), E is a Hilbert space and G’ (1) # 0 for all
u € M, is particularly interesting. For example, if G(u) = ||u||2 —r? then M
turns out to be the sphere S, = {||u|| = r} in E.

Let p € M and consider the linear subspace

X, ={veE:(Gp)|v) =0}

Setting w = ||G'(p)||~2G’ (p), one has that E = X, ® (w). Let us define the map
Y : E— Eby

V) =u—p— (G Q) |lu—pw+Guw.

It is easy to check that
(G'(p) | W) = G
and hence
Y eX, << ueM.

Moreover, ¥ (p) = 0, ¥ € C' and dy/(p) = Id. It follows that v is locally
invertible at p and that it induces a diffeomorphism between a neighbourhood
U of p and a neighbourhood V of 0. Moreover, its inverse @ = ¥~ ! maps the
neighbourhood V = VﬂX,, of 0 onto the neighbourhood U = UNM of p. Thus,
letting ¢ denote the restriction of @ to V, it follows that M is a C! manifold
with local parametrization at p given by (V, @), with V C X,,. Let us remark
that all the X, are isomorphic to a fixed subspace X C E of codimension one
(i.e. E = X @& (w*), for some w* € E \ {0}). Let us also point out that since
d@(0) = (dy (p))~! = Id, then the tangent space T,M is nothing but

T,M = dF(0)[X,] = X,,.
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Let J be a C! functional on E. Since T,M ={veE:(Gp|lv)=0a
constrained critical point is an element z € M such that

(J'(2) |v) =0, VvekEsuchthat (G'(z)|v) =0,
and thus there exists A € R such that
J'(z) = MG (2).

This is nothing but the extension to the infinite dimensional case of the classical
Lagrange multiplier rule.
The constrained gradient (is the projection of J'(u) on X,, and hence) has the
form
(J'(w) | G'(w)
IG' (w)||?
So, if z € M is a constrained critical point of J, from VyJ(z) = 0 it follows
that J'(z) = AG'(z) with

Vud W) =J' (u) — G ().

- (V'@ G@)
IG' @112

The following examples highlight that, in applications, constrained critical
points correspond to solutions of eigenvalue problems.

Example 6.5
(i) If J € CY(E,R) and M is the unit sphere in the Hilbert space E, then a
critical point of J on M is a solution of the eigenvalue problem

J'(u) =, lull = 1.

If z is such a critical point, there holds A = (J'(z) | z). In particular, if
J(u) = %(Au | u), where A is a symmetric linear operator, constrained
critical points on the Hilbert sphere become solutions of the linear
eigenvalue problem Au = Au.

(i) Setting E = H(} (£2) with scalar product (4 | v) = fQ Vu - Vvdx, norm
lul®> = [ |Vul?dxand M =S = {u € E : |Jul| = 1}, let
J(u) = %(K (u) | u), where, as usual, K denotes the Green operator of
—A on E. The solutions z of J' (1) = Au satisfy K(z) = Az, namely
—AAz =z, with ||z]| = 1 and A = fQ z2 > 0.Then 1/A is an eigenvalue
with corresponding eigenfunction z of the Laplacian with zero Dirichlet
boundary conditions.

(iii) Setting again £ = Hé QQQandM =S ={uekE:|u|| =1}, let d(u) be
the functional defined in Example 5.2(iv), see also Section 1.3. A critical
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point of ® constrained on S is a point z € S such that ®’(z) = Az, namely
(®'(z) | v) = Az | v) or else

A/Vqudx:/f(x,z)vdx, Vv eE.
Q Q

Thus z is a solution of the nonlinear eigenvalue problem
—AAu(x) = f(x,u(x)) xeQ
ux) =0 x € 0%2.
Let us remark that if z is a solution of the preceding eigenvalue problem and

f(x,-) is p-homogeneous (p > 1), then the function v(x) = A/ e=Dz(x) solves
the BVP

—Av(x) =f(x,v(x)) xeQ
vix) =0 x € 0.

6.4 Natural constraints

Let E be a Hilbert space and J € C!(E,R). A manifold M is called a natural
constraint for J if there exists a functional J € C! (E,R) with the property that
every constrained critical point of 7 on M is indeed a stationary point of J,
namely

Vudw) =0, ueM < J'(u)=0.

The last remark in the previous section shows that the unit sphere in £ = Hé (RQ)
is an example of natural constraint forJ : E — R, J(u) = %||u||2 —(I/(p+1))
Jo lulPtt dx.

Remark 6.6 When infgJ = —oo and supg J = +00, it might be convenient
to look for critical points of J on a natural constraint M, because it could happen
that J is bounded on M, see Example 6.8 below. In such a case, one can try to
find stationary points of J as minima (or maxima) of J constrainedon M. W

Another example of a natural constraint is the so-called Nehari manifold'
M = {u € E\{0};(J' () | u) = O}.
Precisely, let us show the following.
Proposition 6.7 Let J € C*(E,R) and let M = {u € E \ {0} : (J'(u)|u) = 0}
be non-empty. Moreover, let us assume [formulas (6.3) and (6.4)]. Then
I3r>0:B.NM =0, (6.3)

! The name comes from Z. Nehari who first introduced this manifold.



98 Constrained critical points

and that
" Wu|u)#£0, YueM. (6.4)
={u e E\{0} : (J/(w) | u) = 0} is non empty. Then M is a natural

constraint for J.

Proof. We will take J =J and prove that the critical points of J constrained
on M are indeed stationary points of J. Set G(«) = (J'(u) | u), in such a way
that M = G~1(0) \ {0}. Clearly, G € C'(E,R) and for u € M one has

(G'w) | u) = (" wu | uw)+ '@ | w) =" @u | u) #0. (6.5)

Thus G’ (1) # 0 for all u # 0 and this, jointly with (6.3), implies that M is a
C'! manifold of codimension one. If z is a critical point of J on M there holds

J'(z) = MG (2).
Taking the scalar product with z we find
V'@ 12 =MG @) | 2).

One has that (J'(z) | z) = G(z) = 0, while (G'(z) | z) # 0 by (6.5). Then
it follows that A = 0 and hence that J'(z) = 0. Conversely, it is obvious that
every stationary point # 7 0 of J belongs to M. |

Example 6.8 Let E = H} () with norm ||u|> = [, |Vu|> dx and
1
T = P - —f P! dx

with 1 < p+ 1 < 2*. Here G(u) = ||ul|> — [, lulP*! dx and

M= {u e E\ {0} : |lul* = / luPH! dx}.
Q

It is easy to check that (6.3) holds. Moreover, (G'(u) | u) = 2|\ull? — P+
Jq lulP*! dx and hence for u € M one has (G'(w) | u) = (1 — p)|ul* < 0.
Finally, J)y becomes J(u) = (% — (1/p + D) |lul/. Let us point out that, if
2 <p+1 < 2% thenJjy > 0, while inf g J = —o0 (it suffices to fix v € E'\ {0}
and to remark that lim,_, 4o J (V) = —00). |

6.5 Exercises

(1) LetJ, denote the Euler functional corresponding the problem (see
Exercise (iii))

AU — |u|1’_1u, x € Q,

0, x € 0%,

{—Au(x)

u(x)
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where 1 < p < (n+ 2)/(n — 2), and consider its Nehari manifold
M, = {u € Hj () \ {0} : (J{ () | u) = 0}.
(a) Show that M, = (@ if and only if A < A;.
(b) Show that M, is a natural constraint.
(c) Extend the discussion to the case in which |u|?~'u is replaced by a
general function f () ~ |u|’~'u. Under which assumptions on f, is
M, a natural constraint?
(i) LetJ(w) = 3 [o IVul>dx + (1/a) [o lul* dx — (1/B) [, ul? dx, where
ue Hé () and 2 < o < B < 2*. Find a natural constraint for J.
(iii) Consider the BVP

—Au(x) = Mulf  u+ufPu, xeQ,
ulx) = 0, x €082,

n+2
where 1 < g <2 < p < 75 and set

M, = {u e HY(@)\ {0} : lu]® = x/ 7+ +/ |u|p+l}.
Q Q

Show that there exists Aqg such that for 0 < A < Ag there holds

(a) M,, is a natural constraint and there exists p; > 0 such that
ueM, = |lull = pa.
(b) M, is the union of two disjoint manifolds.
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Deformations and the Palais—Smale condition

The existence of constrained critical points is closely related to the deformation
of sublevels. On the other hand, to carry out deformations one needs some
compactness condition, like the Palais—Smale condition. These two basic tools
will be discussed in the present chapter.

7.1 Deformations of sublevels

In this section we will deal with some preliminary results that will be used
extensively in the rest of the book.
LetJ: M C E+— Randleta € R. The set

M={ueM:Ju) <al,

is a sublevel of J on M. The main goal is to carry out deformations of sublevels.
By deformation, we mean the following.

Definition 7.1 A deformation of A C M in M is a map n € C(A, M) which is
homotopic to the identity: there exists H € C([0, 1] x A, M) such that

HO,u) =u, H(l,u) =n(u), YueM.

Roughly, if A can be deformed in A’, then A and A’ have the same topological
properties. We will see that if the interval [a, b] does not contain any critical
point of J on M and M is compact, then M” can be deformed into M“. On the
other hand, the presence of critical levels in [a, b] might prevent the possibility
of deforming M" into M“. Before proving these statements, let us consider a
couple of elementary examples.

Let M be a compact hyper-surface in R” and suppose that b is not a critical
level for J on M. Then the level set {p € M : J(p) = b} is a smooth submanifold
Np of M and at any point of N, the vector —Vy,J (p) is different from zero. By
compactness, minyey, |VaJ(p)| > 0 and hence, by means of these gradient
vectors, M? is ‘deformed’ into the level M?~¢, for some ¢ > 0. We can repeat

100
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J(p) 4

Figure 7.1

this procedure a finite number of times until we find a critical level and so, if
the interval [a, b] contains no critical levels, the sublevel M b can be ‘deformed’
into M?. As a consequence, the topological properties of the sublevels M¢ do
not change when a does not cross a critical level. On the other hand, if p* € M
is the minimum of J on M, with a* = J(p™*), we have that M? # @ if a > a*,
while M? = ( if a < a* so that they cannot be deformed one into the other.
As a second example, let M be a two dimensional torus in R3 and let
J(x,y,2) = z. The critical points of J on M are the four points p; where the
gradient of J, namely the vector (0, 0, 1), is orthogonal to M.
For example, all the sublevels M” are diffeomorphic to a cylinder S! x [0, 1]
provided that b € (c2, c3). On the other hand, if a € (cy, cz) then M? is dif-
feomorphic to the unit ball B; C R?. Hence M” cannot be deformed into M.
Actually, M" contains closed curves that cannot be contracted in a point on the
torus, while M¢ does not.

7.2 The steepest descent flow

To extend the preceding procedure to the general case, we will use flows
of differential equations, in particular the steepest descent flow. First some
preliminaries are in order.
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Figure 7.2

Givenamap W € COY(E,E), let a(f) = a(t,u) denote the solution of the
Cauchy problem

{o/(t) = W(a(®)), (7.1)

a(0) =u c E.

Since W e C%!, a standard application of the contraction mapping theorem
shows that (7.1) has a unique solution « (¢, u), defined for 7 in a neighbourhood
of + = 0 and depending continuously on # on the compact subsets of R. We
will denote by (#, ,#}) the maximal interval of existence of &; namely, 7= are
such that there are no solutions of (7.1) defined on an interval which contains
strictly (7,7, 1,).

For what follows it is important that the solutions of (7.1) are globally
defined for positive ¢, namely that t+ = +oco. Let us begin with a well known
result.

Lemma 7.2 If tf < +oo (respectively t; > —o0) then «(t,u) has no limit
points as t 1 t; (respectively t |, 1, ).
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Proof. If not, let v € E be such that v = lim;y,+ a(#, u) and let 8 denote the
solution of the Cauchy problem

B'(1) = W(B(1),
Bt =veE,

defined in a neighbourhood (t* —e¢, t* +¢) (the dependence on u is understood).

The function

F(tu) = a(t,u) forte (t,tT)
YW=V fort e[t +e)

is a solution of (7.1) defined in the interval (+—,¢" + ¢€), a contradiction. The
same argument holds for 7. |

Furthermore, one has the following result.

Lemma 7.3 Let A C E be closed and suppose there exists C > 0 such that
[W)|| < Cforallu € A. Letu € A be such that a(t,u) € Aforallt € [0,1;).
Then 1} = 4o0.

Proof. Suppose that 1™ < 4o00. For all #;, #; € [0,77) there holds
ti d ti
a(t,u) —a(tj,u) = / Ea(s, u)ds = / W (a(s,u))ds.
5 i

Since ||W| is bounded on A and « (s, u) € A for all s € [0, 1), it follows that

L4
(i u) — a(fj, w)|| < / [W(a(s,wlds < Clt; — 1.

ij
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Therefore, as t; 1 T, a(ti,u) is a Cauchy sequence that converges to some
point in A, in contradiction with the preceding lemma. ]

We will now investigate more closely the specific case in which W(u) =
—VuJ (u). Precisely, let us suppose that there exists G € C LI(E,R) such that

M=G'0), with Gu) #0,Y ueM. M)
Let J € CH(E, R) and consider the function

(' | G'(w)

w =—|J —
“ [ N TETPE

G’(u)} ,
which is well defined in a neighbourhood of M, is of class C%! and coincides
with —Vjy,J (u) forallu e M.

The corresponding solution o (¢, u) of (7.1) will be called the steepest descent
flow of J. Let us point out explicitly that o () = (¢, u) € M forallt € (¢, tj),
whenever u € M. Actually, one has that

d
g, G = (G (@) | (1) = (G (@®) | W(®)

V' (a®) | G'a®)
IG' (@)1

= —(G'(a@®) | /' (a@)) +
x (G'(a(0) | G'(a(1)))
=0.
It follows that G(«(t)) is constant:
G(a() = G(0) =G(u), Vte (t;,tj).

Then, G(x(t)) = 0if and only if G(#) = 0, namely «(#) € M wheneveru € M.

Lemma 7.4 Suppose that (M) holds and that J € C"'(E,R). Then the steepest
descent flow of J verifies:

(i) the function t — J(a(t,u)), t € [0,1,}), is nonincreasing;
(ii) forT,t € [0,1]) there holds

t
J(a(t,u)) — J(a(r,u) = —/ V] (et (s, ) || ds; (7.2)
T
(iii) if J is bounded from below on M, then t;} = +o0, for allu € M.
Proof. One has (the dependence on u is understood):

d
7, /(@) = ' (@®) | ') = = (@®) | Vi (@(0))).
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Since VyJ () is the projection of J'(a) on T, M, then
U (@®) | Vard ((®))) = | Vard (@)

and (i) and (ii) follow immediately.
As for (iii), we argue by contradiction. Let u € M be such that ;7 < +o0.
Using (7.2) with T = 0 we infer

t
J(@(t)) — J(uw) = — /0 1V (@(s))]2 ds.

Since J is bounded from below on M and «(t) € M, this implies that there
exists a > 0 such that

t
/ Vard (ae(s))[|* ds < a < +oo. (7.3)
0
Lett; 1 t7. As in the proof of Lemma 7.3 we have
t
(i) — @)l < / Vg (e ()] ds.
1

'

Using the Holder inequality and (7.3) we deduce

1/2
14
(i, u) — a,w)|l < |t — ]2 - {/ IV (e (s, w) || ds}
1

j
172
< JValt — 4",
Thus «(#;, u) is a Cauchy sequence, contrary to Lemma 7.2. |

Remark 7.5 We anticipate that the condition / € C!! can be weakened by
requiring that J € C'(E,R), only. For this, one uses the pseudo gradient vector
fields. This topic will be discussed in Section 8.1, see in particular the proof of
Lemma 8.4 and Section 8.1.1. |

7.3 Deformations and compactness

In this section it is understood that M = G~'(0), where (M) holds, and that
J € CHY(E, R), unless a different assumption is explicitly made.

The following lemma shows how the steepest descent flow allows us to
deform sublevels.

Lemma 7.6 Suppose there are § > 0 and ¢ € R such that

IV )| =6, Yu e M for which |J(u) — c| <. (7.4)
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Then there exists a deformation 1 in M such that

nMt®y c M8, (7.5)

Proof. Let us first suppose that J is bounded from below on M, Lemma 7.4(iii)
implies that the steepest descent flow « is globally defined on [0, 4-00) for all
ueM.LetT = 2/§ and consider the deformation n(«) := « (7, u). We claim
thatJ(n(u)) < c—4éforallu € M3 Otherwise, J («(T, U)) > ¢ — 8 for some
u € M3 Since J(«(s)) is not increasing, see Lemma 7.4(i), it follows that

c—68 <J(a(s,u)) <c+48, Vsel0T].
Therefore (7.4) implies that
1V (e(s,u)ll =68, Viel0,T]. (7.6)

Using (7.2) with t = T and © = 0 we infer

T
Jwamnﬁmo=—ﬂnwwwmww%&

From (7.6) and the choice of T = 2/§ it follows that
J@(T,u) < Jw) — 8T = J(u) — 26. (7.7)

Since J(u) < ¢+ wefindthatJ(a(T,u)) < c+8—28 = ¢— 4, acontradiction.
If J is not bounded from below, we substitute J with a truncated functional

J(u) = h(J (w)),

where & € C*° (R, R) is strictly increasing, bounded from below and such that
h(s) = sif s > ¢ — d. Since 7 is bounded from below and J = J(u) on
{u e M :J(u) > c— 5}, we can repeat the preceding arguments and the result
follows. |

When M is compact and c is not a critical level for J on M then (7.4) holds and
hence the preceding lemma allows us to deform M*% into M¢~%. On the other
hand, if M is not compact this might not be possible. For example, in Figure 7.4,
M =R, Mt = (—o00, BlU [y, +00) is disconnected while M8 = (—o0,a]
is connected and hence the former cannot be deformed into the latter.
When M is not compact we need to make some further assumption that allows
us to perform deformations, avoiding situations like that shown in Figure 7.4.
The following compactness condition was first introduced by Palais and
Smale.
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fx)

Figure 74 M = R, M™% = (=00, a], M*® = (=00, B] U [y, +00).

7.4 The Palais—Smale condition

A sequence u, € M is called a Palais—Smale sequence on M (PS in short) if
J(uy) is bounded and VyrJ(u,) — 0. If J(u,) — c the PS-sequence will be
called a PS.-sequence.

Definition 7.7 We say that J satisfies the (PS), respectively (PS)., condi-
tion on M, if every PS-sequence, respectively PS.-sequence, has a converging
subsequence.

Remark 7.8

(a)

(b)

If J satisfies (PS). then every PS.-sequence converges (up to a
subsequence) to some ™ and, by continuity, one has that J (u*) = ¢ and
Vi J (*) = 0. In other words, u* is a critical point of J on M and c is a
critical level of J. In particular, the set of critical points at level c,
{zeM:J(@) =c, VyJ(z) =0} is compact.

If J € C'(R",R) is bounded from below and coercive, then (PS) holds.
Actually, from J(u;) — c it follows that |u;| < constant and the
Bolzano—Weierstrass theorem implies that u; converges, up to a
subsequence. On the other hand, if J € C 1 (E,R) and E is infinite
dimensional, J might be bounded from below and coercive without
satisfying the (PS) condition. For example, letting g : R™ — R denote a
smooth function such that g(s) = 0if s € [0,2] and g(s) = s if s > 3, the
functional J (1) = g(||u]|) is bounded from below and coercive but (PS),
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does not hold at level ¢ = 0. To see this, notice that any sequence u; € E
with [lu;]] = 1 is such that J(«;) = 0 and J'(j) = 0. If (PS)0 holds then
the unit sphere in £ would be compact.

(c) Itis possible to show thatif J € C 1(E, R) is bounded from below, satisfies
the (PS) condition and the set of its critical points is bounded, then J is
coercive, see [116].

(d) The fact that in order to verify the (PS) condition one has to consider
sequences uj which satisfy both J(u;) — c as well as J'(uj) — 0 turns out
to be an important advantage when one deals with elliptic BVP. See also
Remark 8.12 in the next chapter. u

The next lemma shows that if ¢ is not a critical level, the (PS). condition
provides a uniform bound from below for the gradient of J, avoiding a situation
like that in Figure 7.4.

Lemma 7.9 Suppose that ¢ € R is not a critical level for J € C'(E,R) and
that (PS). holds. Then there exist § > 0 such that |VyJ ()| = 8 forallu e M
with |J(u) — c| < 4.

Proof. Arguing by contradiction, there exists a sequence u, € M such that
J(u,) — c and VyJ(u,) — 0. Since J satisfies (PS). then (up to a sub-
sequence) u, converges to a critical point u* of J with J(u*) = ¢, namely c is
a critical level of J, contrary to the assumption. |

We are now ready to prove the deformation lemmas we were looking for. The
first one is the counterpart of Lemma 7.6.

Lemma 7.10 Suppose that ¢ € R is not a critical level for J on M and that
(PS)c holds. Then there exists 5 > 0 and a deformation n in M such that
n(Mc+6) c Mcfé'

Proof. 1t suffices to apply Lemma 7.6 taking into account that if ¢ is not a
critical level for J and (PS). holds, then (7.4) follows from Lemma 7.9. |
Similarly, we also get the following result.

Lemma 7.11 Leta, b € R, b > a, be such that J has no critical levels in the

interval [a, b] and satisfies (PS) for all ¢ € [a, b]. Then there is a deformation
n in M such that n(M?) c M.

Proof. We can either apply the previous lemma a finite number of times or else
we can argue directly as in Lemma 7.6. It suffices to notice that the fact that
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(PS). holds for all ¢ € [a,b] and that J has no critical level in [a, b], imply
there exists § > 0 such that ||V J(u)|| = 6 forall u € M witha < J(u) < b.
Then using the steepest descent flow o (7', u) with T = (b — a) /82, we deduce
as in (7.7) that J (a(T, u)) < J(u) — 8*T < b — §*T = a. [ ]

7.5 Existence of constrained minima

We are now in a position to state a result concerning the existence of constrained
extrema. Actually, the preceding discussion allows us to prove the following
abstract result.

Theorem 7.12 Let J € CHY(E,R), and let (M) hold. Moreover, suppose that
J is bounded from below on M and satisfies (PS),, where

m := inf J(u) > —oo.
ueM

Then the infimum m is achieved. Precisely, there exists 7 € M suchthatJ(z) = m
and VyJ(z) = 0.

Proof. Letu; € M be a minimizing sequence: J(1;) — m. We can assume that
IVaJ (u;)|| — 0, otherwise an application of Lemma 7.6 would yield a positive
8 and a deformation 7 in M such that n(M™+%) ¢ M™% acontradiction because
M™% is empty while M9 is not. Therefore u; is a (PS),, sequence and (up to
a subsequence) u; converges to some z € M. Obviously one has that J(z) =m
and VyJ(z) = 0. [ ]

Remark 7.13 Completing Remark 7.5, we point out that the assumption that J
isofclass C!-! can be weakend and one can handle functionals J € C!(E, R), see
also Remark 10.11. Moreover, the preceding proof shows thatif J € C11(M, R)
is bounded from below on M then there exists a minimizing sequence u; € M
such that || VysJ (4;)|| — 0. These sequences, even if J is not smooth, have been
studied by I. Ekeland [92]. |

7.6 An application to a superlinear Dirichlet problem

Following [9], we will apply the preceding theorem to prove the existence of a
positive solution of a class of superlinear Dirichlet boundary value problem:

{—Au(x) =fux) xeQ

ux) =0 x € 0Q2. D)
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Here €2 is a bounded domain in R” and f € C2(R,R) satisfies the following
assumptions: there exist aj,a; > 0 and p € (1, (n + 2)/(n — 2)), such that

f )| < a1 +azlul’, (7.8)
uf )| < a1 + azlul?, WP W)| < a1 + azlul”. (7.9)
Moreover, assume that f (1) = uh(u), where

(h1) his convex,

(h2) ulh'(u) >0, Yu#D0,

(h3) h(0) =0,

(h4) lim,_, ;  h(u) = +o0.

For example, h(u) = P~ 1 < p < (n+2)/(n —2) satisfies (h1)-(h4).
Remark that in such a case a nontrivial solution of (D) can be found, after
rescaling, looking for the min fQ |u|P*! dx on the sphere {u € H& (2) : lull =
1}, see Example 6.5(iii). The following theorem shows that this result can
be extended to handle (possibly nonhomogeneous) nonlinearities like u/(u)
satisfying the preceding assumptions.

Theorem 7.14 Suppose that f € C>(R,R) satisfies (7.8), (7.9) and (h1)-(h4).
Then (D) has a positive solution.

The proof will make use of the method of the natural constraint. First, some
notation is in order. We take £ = H(} (£2) with scalar product (u | v) = fQ Vu-
Vv dx and norm |Ju||? = (u | u). Furthermore, we set

u 1
F(u):/ f(s)ds:/ f(suwuds,
0 0
1
CD(u):f F(u(x)) dx:/ ds/ u(x)f (su(x)) dx,
Q 0 Q

wm=@WHw=wammmx

Since f satisfies (7.8) and (7.9), Theorem 1.8 implies that ® € C3(E,R) and
W e C%(E,R). Moreover, ® and ¥ are weakly continuous, while &’ and ¥’
are compact.

The solutions of (D) are the critical points of

J(w) = Hull* — ®w).

Let us set
Gu) = (J'(w) | u) = ||lul* — W (u)
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and
M = {ueE\{0}: ul® = W)

Our first goal is to show that M is a natural constraint for J, namely that there
exists a (smooth) functional J such that

Vird (u) = 0, ueM < J(u) =0.

Once this is proved, we will check that 7 achieves a minimum on M, giving
rise to a solution of (D).
First of all, the following lemma holds.

Lemma 7.15 G € C%(E,R). Moreover,

(i) M #9,
(i) 3 p > 0 such that ||u|| > p, forallu € M,
(iii) (G'(w) | u) <O, forallu € M.

Proof. The regularity of G immediately follows from fact that ¥ € C?(E, R).
To prove (i) we take any u € E with u > 0, ||u|]| = 1 and evaluate

G(tu) =1> — 1* / u?h(tu) dx.
Q

Using (h3) and (h4) we find

. G(w) . G(w)
lim =1, lim 5 =
t—0 t t—>4o00 f

Hence there exists f = 7(«) > 0 such that fu € M.
From (h3) it follows that

(GO | v) =2|v||* — /Qf’(O)v2 dx = 2||v|1%,

and this implies that (ii) holds.
For u € M one finds

(G'(w) | u) = 2l|ull> — (') | ) = 2W(w) — (V' () | w). (7.10)

One also has

2W () — (W' () | u) = 2/ uf (u) dx — |:/ uf (u) dx +/ uzf/(u) dx]
Q Q Q
= [ u?h(u) dx — / W (h(u) + ul (u)) dx
Q Q

= —/ Wh (u) dx.
Q

Since 0 ¢ M, using (h2) we infer that (iii) holds true. |
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Let us remark explicitly that from (iii) it follows that M is a C? submanifold of
codimension one in E.
Next, let us now introduce the functional J/ € C 2(E ,R), defined by setting

Jw) = 20w — o).

Let us point out that, since W (u) = ||u||2 on / M, it follows that J(u) J (u) for
all u € M. But it is more convenient to use 7 instead of J because J shares the
same properties as W and @, namely Tis weakly continuous and J T'is compact.

Lemma 7.16 If z € M is a constrained critical point of J on M, then 7 is a
nontrivial critical point of J.

Proof. 1f z € M is a constrained critical point of J on M, then z # 0 and there
exists & € R such that
J' ) = MG (2).

Taking the scalar product with z we get
JT@ 12 =MG @ | 2. 7.11)

On the other hand, we have (J'(z) | z) = %(\I/’(z) |2)— (D' (2) | 2) = %(‘V(Z) |
z) — W(z) and hence, using (7.10) we deduce

J@ 2 =-1G@ 2.

From this and (7.11) we infer that — é(G/ @ |2 = k(G/ () | 2) and since
(G/ (z) | 20 < 0O, see Lemma 7.15(iii), then A = —5 Flnally, we have that
J(@) = 1LIJ (2) — ®'(2), and G'(z) = 2z — V' (2). Thus the equation J'(z) =

— %G’ (2) becomes

W@ - @) =—z+ 1V (@.
Therefore z = ®'(z), namely J'(z) = 0. m

It remains to show that J achieves the minimum on M. In view of this, let us
first prove that J is bounded from below on M.

Lemma 7.17 For all u € M one has that j(u) > %||u||2.

Proof. With easy calculations we get

J(u) / uf (u) dx — / ds/ u(x)f (su(x)) dx

=/ ds/ [suf () —uf(su)]dx:f ds/ suz[h(u) — h(su)] dx.
0 Q 0 Q
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Since A is convex, then h(u) — h(su) > (1 — s)h(u), 0 < s < 1, and hence

~ fl / 2 1/ 2 L2
J(u) > ds | s —s)u“h(u)dx = = | u"h(u)dx = —||u|". |
0 Q 6 Ja 6

In order to prove that (PS). holds for every ¢ > 0, we collect some properties
of (PS). sequences for J on M.

Lemma 7.18 Let u; € M be a (PS). sequence f0r7 on M. Then

(i) |luill is bounded and there exists u # 0 such that, up to a subsequence,
up =~ u;
(ii) there exists k > O (depending on c), such that ||J' (u;)|| > k.

Proof. Since 7(14,-) — ¢ > 0and u; € M, Lemma 7.17 implies that ||u;|| <
constant and, up to a subsequence, u; — u. Moreover, one has that [|u;||> =
W (u;). Using Lemma 7.15(i1), we get ¥ (u;) > ,o > (. Passing to the limit we
find W (u) > ,o > 0 and thus u # 0, provmg ).

Argumg by contradiction, suppose that J' (u;) — 0. Since 7 is compact, we
infer that J/ (u) = limJ J (u;) = 0. This implies

~ 1
0=J'@ |u) = —(\I/’(ﬁ) | ) — V() = —/ wh (@) dx > 0,
2 2 Ja
a contradiction, and (ii) follows. [ |
Lemma 7.19 The functional J satisfies (PS). on M, for every ¢ > 0.

Proof. We have to show that any sequence u; € M, for which

(a) 7(u,~) —c >0,
(b) VmJ i) — 0,
has a converging subsequence. By Lemma 7.18(1) we infer that, up to a
subsequence u#; — u. One has that
v ') | G' )
Vi (i) = J' (u;) — ;G (u;), here =
mJ (u;) (i) — a;G (u;) wher: (6% ”G,(ul)Hz

Since ||G'(;)|| < constant and |7/ (;)|| > k > 0, see Lemma 7.18(ii), we
deduce that there exists «* > 0 such that |o;| > o™ for i > 1. Then we can
write, for i large,

1 ~ ~
G'(u;) = OT[J/(MI') = ViuJ ()],
1
namely

1 ~ ~
2u; = V(1) + ;[J/(ui) — Vi J (u;)].
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Since W/, @’ are compact, VMj(u,-) — 0 (see (b) above) and |o;| > a*, we
deduce that, up to a subsequence, u; converges strongly. ]

Proof of Theorem 7.14. Since 7 is bounded from below on M and satisfies the
(PS). condition for all ¢ > 0, we can apply Theorem 7.12 yielding az € M
such that VMj(Z) = 0. By Lemma 7.16 such a z is a nontrivial solution of
(D). To find a positive solution, it suffices to substitute f with its positive part
fT.Itis easy to check that all the preceding arguments can be carried out with
small modifications, yielding a z € E, z # 0, such that —Az = fT(z). By the
maximum principle, z > 0. |

Remark 7.20 Since Jjyy = Jjp, and J(z) = miny J, then J(z) < J(u) for
any # € M. In particular, since all the possible nontrivial critical points of J
belong to M, we infer that J(z) < J(Z'), for all nontrivial critical points z’ of J.
Moreover, the solution z found above is not a local minimum of J. Actually,

@Mz 2] = llzll* — /Q fl(7% dx

= / [f @)z —f'(2)7*1dx = —/ 20 (z)dx < 0. ]

Q Q
For other results that use the Nehari manifold, see for example [81].

7.7 Exercises

(i) Prove the result claimed in Remark 5.10.
(i1) (See Exercise 4.5(iv) in Chapter 4.) Consider the problem

—Au(x) =ru—ud xeQ
ux) =0 x € 092,

and prove that it has exactly three solutions for all A} < A < A,. [Hint:
show that any nontrivial solution which does not change sign in €2 has
Leray—Schauder index equal to 1.]

(iii) We use the notation introduced in Section 7.2. Suppose that J is bounded
below on M and that (PS) holds. Let (¢, u) denote the steepest descent
flow of J on M. Prove that lim,_, 4 o (?, 1) exists and is a critical point
of J on M. Show an example in which this is not true when the (PS) fails.

(iv) Same notation as in the preceding exercise. In addition, suppose that J is
even and M is symmetric, namely u € M <= —u € M. Prove that
u +— a(t,u) is odd.

(v) More in general, suppose there is a group G acting on E through
isometries such that J(gu) = J(u) for all g € G and u € E. Moreover, let
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M be such that gu € M for all g € G and u € E. Prove that the steepest
descent flow « satisfies a(f, gu) = g (t,u) forallg € Gandu € E.
(vi) Completing Exercise 6-(i), prove that for A > A1, J, has a minimum on
the natural constraint M,. Compare this result with the one discussed in
Example 5.10.
(vii) Let E = W'2(R) and define J : E > R by setting
Jw) =% [o(? + u)dx — 1 [ u*dx. Show that (PS) does not hold.
[Hint: take, for example, the level ¢ = 4/3.]



8

Saddle points and min-max methods

In this chapter we will discuss the existence of stationary points of a functional J
on a Hilbert space E different from minima or maxima, which are found
by means of appropriate min-max procedures. The results are particularly
important for functionals that are not bounded from below, nor from above.

Notation 8.1 In this and in the subsequent Chapters 9 and 10, the Sobolev space
E = Hé (€2) will be endowed with the scalar product (u | v) = fQ(Vu -Vv)dx
and norm [[ul®> = [, |Vul*dx.

8.1 The mountain pass theorem

We have seen in the preceding chapter that the Dirichlet BVP

{—Au =f(x,u), xeQ

u=0, x €08, D)

has a positive solution z provided f ~ |ulP~'u, 1 < p < (n+2)/(n — 2). We
have already seen that this is the case when f = |u|P~u (see Example 6.5(iii)) or
when f (1) = uh(u) and h satisfies suitable assumptions, including a convexity
condition (see Theorem 7.14). A natural question is to establish whether a
solution exists making only assumptions on the behaviour of f(u) at u = 0
and at infinity. For this purpose, it is convenient to consider the corresponding
functional

J(u)=%||u||2—/QF(u)dx, F(u):/ouf(x,s)ds ueE =H)(Q).

The geometry of this functional is easily understood. If f/(0) = 0 then (J”(0)v |
v) = ||v||? and hence J has a proper local minimum at # = 0. Moreover, taking
afixed # € E \ {0} and assuming that F () ~ |ulP*! (1 <p < (n+2)/(n—2))
as |u| — +oo, one readily finds that

2

. N SR _
Jdim () = lim [3 lull —fQF(tu) dx:| = —o0.

116
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A
J(tu)

t

M u

Figure 8.1 Behaviour of J(fu), t > 0.

In particular, J is not bounded from below on E. Let us also remark that supg J =
+o00. Actually, one can easily find a sequence u; such that ||u;|| — +oo while
| [q F(u;) dx| < constant, so that J (;) — +00.

Let us make some more comments on the critical level J(z). Consider the
model case in which f (1) = |u|’~'u, with 1 < p < (n+ 2)/(n — 2). For each
u € E\ {0} we have that

1 1
J(tu) = = 2lu))? — —— |eP ! f |ulP ! dx.
2 p+1 Q

Therefore, the real valued map ¢ — J(fu) achieves its maximum at a unique
t = t, > 0. Let us remark that this 7, is such that t,u € M, where M =
{u € E\{0} : (J'(w) | u) = 0} denotes the natural constraint introduced in
Section 7.6. Since J(z) = miny, J, see Remark 7.20, then
J(z) = min maxJ(tu).
ueE\{0} reR

The preceding discussion suggests a min-max procedure that will allow us to
find critical points of a wide class of functionals J, which can be found at a level
of mountain pass, namely the lowest level among all the paths leaving the well
around a local minimum. In the sequel, to fix the notation, we will suppose that
this local minimum arises at # = 0 and that J(0) = 0.

More precisely, we consider a class of functionals with the following
geometric features:

(MP-1) J € C'(E,R) J(0) = 0 and 3r, p > 0 such that J () > p for all

ueS, ={uek:|ul|=r}h
(MP-2) Je € E with |le|| > r such that J(e) < 0.
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It is worth pointing out that J might be unbounded from below (this actually is
the case in most of the applications): what we require is only that it is bounded
below on S,.

Let I' denote the class of all paths joining u = 0 and u = e,

I'={y e C([0,1LE) : y(0) =0, y(1) = e}. 8.1
Of course, I' # @ because y (t) = te belongs to I'. We set

= inf J(y(2)). 8.2
¢ = Inf max (v () (8.2)
Roughly, the level c is just the minimal level one has to reach to get out from
the well around u = 0. Precisely, since any path y € T crosses S, then (MP-1)
implies

c>minJ(u) > p > 0. (8.3)

ues,

However, elementary examples in finite dimension (see Remark 8.6 later on)
show that the level ¢ might not be critical for J because, roughly speaking, the
points where the maxima in (8.2) are achieved are not necessarily bounded. To
overcome this problem, we will use the Palais—Smale compactness condition
(PS) introduced in Section 7.4.

Theorem 8.2 (Mountain pass) [21] Suppose that J € CYE,R) satisfies
(MP-1) and (MP-2). Let c be defined as in (8.2) and suppose that (PS). holds.
Then c is a positive critical level for J, namely there exists z € E such that
J(z) = cand J' (z) = 0. In particular, z # 0, e.

The level ¢ given by (8.3) is called the mountain pass (MP in short) critical
level. Points on Z, = {z € E : J'(z) = 0, J(z) = c} will be called mountain
pass (MP in short) critical points.

Remark 8.3 For future reference, let us point out that the assumptions (MP-1)
and (MP-2) can be substituted by

(MP-1) J(0) =0and 3r, p > 0 such that J(u) > 0 for all u € B, \ {0}, and
J(u) = pforallu € S,;
(MP-2) de € E such that J(e) < 0. |

For the proof we need a deformation lemma which is slightly different from
Lemma 7.10. We denote by J* = {u € E : J(u) < a}, the sublevel of J on E.

Lemma 8.4 Let J € CY(E,R). Suppose ¢ € R is not a critical level of J,
namely that Z, = @, and that (PS). holds.
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Then there exists § > 0, with ¢ — 28 > 0, and a deformation n in E such that
(l) n(Jc+5) C JC*(S’.
(ii) n(u) = u for all u such that J(u) < c — 2.

Proof. We will divide the proof into two parts. In the former we will assume
that J € C1(E,R). In the latter we will drop this restriction by introducing a
pseudogradient vector field.

Step 1. The case J € CH1(E,R). Since Z. = ¥ and (PS), holds then Lemma 7.9
yields the existence of § > 0 such that

I W)l >68, VYuekE:|J(u) —c|<S8.

Without loss of generality we can assume that ¢ — 2§ > 0 (recall that ¢ > 0,
see (8.3)). Let b € CO (R, RY) satisfy

b)) =1, for & € [0, 1],

b)) =171, for all &£ > 1.
Moreover, we set
A={uecE:c—8§<Ju) <c+54},
B={ueceE:Ju) <c—25}U{u:Ju) > c+ 268},
and define ¢ € C»!(E, R) by setting
B dist(u, B)
dist(u, B) + dist(u,A)
Let us remark that 0 < g(u) < 1 and

g(u)

) = 0 YueB
W= vuea

Define W(u) = —h(u)J'(u), where h(u) = g(u)b(||J'(u)|) > 0, and consider
the steepest descent flow «, see Section 7.1. From the definition of g and b it
follows that | W (u)|| < 1 and hence we can use Lemma 7.3 to infer that «(, u)
is globally defined for all # > 0. Take 7 = 2/6 and set n(«) = « (T, u). Property
(1) immediately follows as in Lemma 7.10. For the reader’s convenience, let
us repeat the outline of the argument. Let u € J <+ If J(n(u)) > ¢ — &, then
J(a(t,u)) € (c — 8,c+ 8] and hence h(a(t,u)) = b(||J' (a(z,u))|). Then

T
J(w) —J(u) = —/0 b (e, ) D1 (e (2, w) | .
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Since ||J/(a(t,u)| > & and b(£)E2 > 82, we infer
J(w) <J@w) — T8 <c—38.

Finally property (ii) follows directly because g(u) = 0, and hence W(u) = 0
on {u € E : J(u) < c — 28}. This completes the proof of step 1.

Step 2. The case J € C'(E,R). In this case we cannot use directly the steep-
est descent flow of J'. Following R. Palais [141], we introduce the notion of
pseudogradient vector field (PGVF in short). Let Eg = {u € E : J'(u) # 0}. A
PGVF for J on Ep isamap X € CUM(Ey, E) such that

IX@ll < 21" @ll, Y u e Ey, (8.4)

@ Xw) = IV @l*  Yue E. (8.5)

It is possible to show thatif J € C L(E, R) then there exists a PGVF for J on Ej.
The proof of this result is technical and is postponed to the end of this section.
Let us show how we can use the PGVF to find a deformation 7 satisfying (i) and
(i1). Let X be the PGVF on Ej and set W(u) = —gW)b(||J" (u)|)X (u). Since
Eo contains the set £ \ B and g(u) = 0 for u € B, we can assume that W is
defined on E. Of course W e C°! (E,E). Consider the flow « defined as the
solution of the Cauchy problem o’ = VNV(oz), o (0) = u. Since W =0on B, and
(from (8.4))

W@ < b7 @IDIX @) < 26(17 @IDIJ @l <2, YueE\B,

we infer that « (¢, u) is globally defined for all ¢+ > 0, as before. Moreover, one
has that

d
EJ(Ot(t, w) = (J'(a(t,w) | o (t,u))

= —g(a(t,w)b(IJ (a(t,w) NI (et w) | X(a(t,u))) <0,

by (8.5). This shows that t — J(«(#,u)) is nonincreasing. Finally, take once
more 7 = 2/§ and set n(u) = «o(T,u). As before, if J(n(u)) > ¢ — § one
has that

T
J(w) —J () = —/0 b(II" (et w) DI (e (t,w)) | X (a2, u))) .
Using (8.5), we get
T
J(n(u) —J(u) < —/0 b (ec(t,u)) DI (e (2, w)) |1 dit,

and the conclusion follows as in step 1. This completes the proof of the
lemma. u
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Remark 8.5 For future reference let us point out that the preceding proof
provides a deformation 7 satisfying (i) for some § > 0 and

(ii") n(u) = u for all u such that J (u) < B, for any 8 < c.
Of course, we will take § such that c — 26 > B. ||

Proof of Theorem 8.1. By contradiction, let ¢ be a noncritical level and let n be
the deformation found in the preceding lemma. According to the definition of
c there exists ¥ € I" such that

JF@) < 5.
2%3,)1‘] @) <c+

We claim that
(%) noyel', VyeTl.

Actually, one has that n o y € C([0, 1], E). Moreover, since both 0,e € J 0 and
n(u) = uon JO (see (ii) above) then

e« n0y(0) =n(0) =0,
e noy(l)=nle) =e.

This proves (). On the other hand, from (i) it follows that

max J y(t) <c—28.
ze[o,)f] moy(®) <c

This is in contradiction with the fact that ¢ is the infimum on ' of
maxse[o,11J (¥ (¢)). The proof of the theorem is complete. |

Remark 8.6 The following elementary example (due to Brezis and Nirenberg)
shows that the geometric assumptions (MP-1) and (MP-2) alone (i.e. without
any compactness condition) do not suffice for the existence of a MP critical
point. Consider E = R? and J(x,y) = x> 4 (1 — x)3y?. The graph of the level

curves of J is reported in Figure 8.2.
1

A straight calculation shows that (MP-1) holds with r = 5 and p = i;
moreover, taking e = (2,2) one has that J(e) = 0 and hence (MP-2) holds. But
the only critical point of J is (0, 0). See also Exercise 8.5(iv). |

In order to apply Theorem 8.2 one has to check that J satisfies

e a geometric property, namely the assumptions (MP-1) and (MP-2),
o the (PS) condition at level c.

Fortunately, both are quite general conditions and so the MP theorem applies
to a large variety of equations. Actually, many variational problems fit in the
abstract frame of the MP theorem.
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0 1 2 3

Figure 8.2 Level curves of the function J(x, y) = x> + (1 — x)3y2.

Remark 8.7

(a) Itis clear that in order to prove the mountain pass theorem (as well as
Theorem 7.12) it suffices to show that if #; € E is such that J(#;) — ¢ and
J'(uj) — 0, then Z. # @.

(b) A different proof of the MP theorem and some generalizations, using the
Ekeland e-variational principle, can be found in [93, Chapter 1V,
Section 1]. |

8.1.1 Existence of pseudogradients

Here we prove the existence of a PGVF for J on Ey. Given u € Ey, from
J'(u) # 0 and the definition of [|J'(w)[| = supy, =, (J'(w) | v), it follows that
there exists w = w(u) € E such that

Iwll =1, '@ | w) > 317 @l (8.6)
Set )~((u) = %||J/(u) |lw(u). Then, using again the fact that u € Ey, one finds
IX@l = 317" @l < 207 @ll.
Moreover, using (8.6),
) | X)) = 317l ' @) | w) > 17 @]

Since J’ is continuous, there exists a ball B, (1) with radius r = r(u) > 0
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such that
IX@| <21 @l,  Vze B, (8.7)
J @) | Xw) > I @], V z € By (u). (8.8)

Of course, U,ecg, B () 2 Ep and we can take a locally finite covering U; :=
By, (u;). For u € Eg we set d;(u) = dist(u, E \ U;), X; = X(u;) and

B di(u) ~
X0 = 5 G

One has that X is of class C!!. Moreover, using (8.7) and (8.8), a direct
calculation shows that X verifies (8.4) and (8.5) and hence it is a PGVF for
J on Ey.

8.2 Applications

The MP theorem is well suited to semilinear elliptic boundary value problems.
We will show below a couple of such examples.

Our first application of the MP theorem is to find positive solutions of the
following superlinear BVP

{—Au:f(x,u) xeQ

u=20 x € 08, D)

where f : 2 x R — R behaves like Au + u” as u \( 0 and as u — +o0. Since
we are interested in positive solutions of (D), we can assume without loss of
generality that f(x,u) = 0 for all u < 0. We will suppose that f € F, with
1 <p<(m+2)/(n—2),and that:

11m f(x w)/u=»x=>0, fora.e. x € Q; (8.9)

u—0

3r>0,0¢€ (O,%) 0 < F(x,u) <Ouf(x,u) VxeQ u>r. (8.10)
Here, as usual, F(x, u) = fouf(x, s) ds.

Remark 8.8 If f(u) = u”, orelse if f(u) = v’ 4+ --- + uPk with 1 < p; <
(n+2)/(n—2)foralli =1,...,k, condition (8.10) is obviously satisfied with
0 =1/(p+ 1), respectively & = 1/(min p; + 1). In general, integrating (8.10)
it follows that

Je>Osuchthat Fw) > c-u'? Yu>r. (8.11)

In this sense we say that f is superlinear. |
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Asusual, we take E = H& (R2) and set ® (1) = fQ F (x, u) dx. With this notation,
solutions of (D) are the critical points of the functional

L2
J) = Zull” = @@W).
We first prove that J has the MP geometry.

Lemma 8.9 If (8.9) holds with A < A1, then J satisfies (MP-1).

Proof. Fix ¢ = % (A1 — A). Using (8.9) and the fact that f € F),, there exists
A € L*(Q) suchthat |F(x,u)| < § (A+&) u?+AlulP!. From this it follows that

mw§§a+@/mﬁm+waﬁﬁx
Q Q

Take r and s = r/(r — 1) such that r > 2 and s(p 4+ 1) < 2*. Then the Holder
inequality implies

1/r 1/s
/1AWW+1dx§ (/“A’d%) </‘WP@+Ddx>
Q Q Q
1/s
<cp (/ |u[*PHD dx) )
Q

Using this, the Poincaré inequality and the Sobolev embedding theorem we find

A+e
D) < leel® + ealafP*,
which implies
1 A Al —A
J@z(;—;f)wﬁwmw“z%arwW—mwwk

This immediately shows that (MP-1) holds provided A < A;. |
Lemma 8.10 Under the above assumptions, J satisfies (MP-2).
Proof. Fix any e € E with e(x) > 0 in 2. From (8.11) it follows that

H@:%ﬁWW—AmeNx

<3P el - [ 1o - a
Q
Since 1/0 > 2 we infer that lim;_, 1 J(te) = —o0. |

It remains to show that (PS). holds (actually, we will show that, more in general,
(PS) holds). For this, we first prove that
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(%) every (PS) sequence is bounded.

Let u,, be a (PS) sequence. From (8.10) we deduce

D (uy) = / F(x,u)dx +/ F(x,u)dx
u(x)<r u(x)>r
<as +9/ fx,u)udx
u(x)>r

<ag+6 /S;f(x, u)udx. (8.12)
Since J (1) < a7 it follows that
lia|* < 2a7 + 2 (1)
and hence (8.12) implies
il < as +20 [ Forud (8.13)
From

=1 ) | un)| < 1Y @) |

) — / £, wyudx
Q
it follows that
f FC,wudx < Jlull® + 17 ) |14 - (8.14)
Q
Combining (8.13) and (8.14) we have
lunll* < as + 260 lull* + 20117 ) | s -

Since 26 < 1 this implies ||u,|| < constant, proving (x). It is now standard to
prove that (PS) holds: up to subsequences, u, — u as well as @' (u,) — ®'(u)
and from J' (u,) = u, — @' (uy) it follows that u, = J'(u,) + @’ (u,,) converges
strongly to @' (u).

From the MP Theorem it follows that (D) has a non-trivial solution u. Since
f) = 0 foru < 0 it follows that # > 0 in €2. Finally, the assumptions made
on f allow us to find § > O such that f(u) + Su > 0O for all ¥ > 0. Then the
maximum principle applied to —Au + du = f(u) + Su implies that u > 0 in 2.

In conclusion we have the following theorem.

Theorem 8.11 Letf € Fy with 1 < p < (n+2)/(n — 2), satisfy (8.9) with
A < At and (8.10). Then (D) has a positive solution.
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Remark 8.12 The preceding proof highlights why the (PS) condition is quite
appropriate for applications to semilinear BVP in the case in which there is no a
priori bound. The reason is that in the (PS) condition we do not limit ourselves
to consider sequences such that J'(u,) — 0, but we also require that J(u,) is
bounded. It is just the combination of the two properties that allows us to show
that the sequence u, is bounded. For example, J (1) = %||u,,||2 — fQ lu|* dx,
ue H& (£2), has an unbounded sequence of critical points u,,, see Theorem 10.23
and Remark 10.24, such that J (i,,) — —400. On the other hand, the (PS) holds,
as we have seen before. |

Remark 8.13 As we will see in Remark A1.11 one can give another proof of
Theorem 8.11 (under slightly different assumptions on f) by using bifurcation
arguments jointly with some a priori estimates for positive solutions. |

Let us recall that in [2] the existence of positive solutions of BVP such as

{—Au:ku+b@VW) inQ C R (8.15)

u=>0 on 0€2,

when b has a nontrivial positive and a negative part, has been studied. Roughly,
suppose that

2
fu) ~ ul? "ty asu — 0, 1<q<n+
n—2
2
f@w) ~ |ulP~tu as|ul > o0, l<p< n
n—2
If wyu — pF ()] < cilul® + c> where F'(u) = f (u),
and
/bmﬂ”mM<Q (8.16)
Q

where ¢ denotes the positive, normalized eigenfunction associated to A1. Then
there exists A > A such that (see Figure 8.3)

(a) forall A € (A1, A), (8.15) has at least two positive solutions;
(b) for A < Ajand A = A, (8.15) has at least a positive solution;
(c) for L > A, (8.15) has no positive solution.

The reader should notice that condition (8.16) implies that the branch C
bifurcating from A is supercritical (see Remark 2.9 (b)).
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v

|
|
|
4
0 I A J
Figure 8.3 Bifurcation diagram in the case of problem (8.15).
We conclude this section by discussing an application to the following model

problem:

—Au=plu*—u’] xeQ
u>0 x e Q (8.17)
u:() XGBQ,

with 1 < s < p. As in Example 5.11, we consider

0 ifu<O0
fx,u)=3u* —u” if0<u<l1 (8.18)
0 if u>1.

By the maximum principle, it follows that solutions of

—Au = u]?(x, u) xe
(8.19)
u=~0 x €09,

satisfy 0 < u(x) < 1 and hence solve (8.17). Solutions of (8.17) are critical
points of

Ju() = % lull* — M/;Zf(x, u) dx, ueE=H)(Q), (8.20)

where F(x,u) = [y f(x,s)ds. Since f(u)/u — 0 as u — 0+, it follows
that J,, satisfies (MP-1). It is also easy to check that J, is bounded from
below and coercive and the latter property readily implies that (PS) holds.
Moreover, fixing any smooth e € E, e(x) > 0, from fe(x) < 1 for t < 1,
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J/,(u)

N g — —

<N
=
v

Figure 8.4 Behaviour of J,, for u > u.

we get
Jute) = 2 2le? = [# Pl — — et } :
2 s +1 Lst+1 p +1 Lr+!

Since (1 <) s < p we infer that there exists r* > 0 sufficiently small and u > 0
such that J,(r*e) < O for all © > . As a first consequence, we infer that
minJ;, < 0for u > p and hence a first solution z > 0 with J,(z) < 0 can be
found by taking the minimum of J,, on E. Moreover, for u > /L we can also
apply the mountain pass theorem yielding a second positive solution zZ such that
Ju@) > 0.

The preceding arguments can be carried out in greater generality to prove
the following.

Theorem 8.14 Suppose that f : Q x RT — R is locally Hélder continuous,
f(x,0) =0, and that f satisfies:

(a1) lim,_, o4 f(x,u)/u = O, uniformly with respect to x € L,
(az) f(x,u) > 0 foru > 0in a deleted neighbourhood of u = 0,
(a3) there existsu > 0 such that f (x, 1) < 0 for all x € Q.

Then there exists n > 0 such that

{—Au: uf,u) xeQ

u=20 x € 0%, ®.21)

has a pair of positive solutions z,Z.

The details are left to the reader.
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h(N)

Figure 8.5

8.3 Linking theorems

The MP theorem turns out to be a particular case of a more general result.
Roughly, suppose that J € C'(E,R) and let C be a class of subsets of A C E
such that

o C # 10,

o ¢ = infgec sup, 4 J () is finite,

o if 7 denotes a deformation obtained through the steepest descent flow of J
(or a PGVF of J), then n(A) € C forall A € C.

Then c is a critical level of J, provided (PS). holds.
To construct such a class, let us give the following definition. Let

e N be a manifold with boundary dN,
e C be asubset of E,
e H={he C(N,E) : h(u) =u, Vu € dN}.

Definition 8.15 We say that 0N and C link if

CNh(N)£0, YheH

In other words, N and C link if C meets every continuous surface spanned by
dN, see Figure 8.5. To illustrate the preceding definition some examples are in
order.

Example 8.16 The case covered by the MP theorem fits in this setting. Actually,
let C be the sphere S, = {u € E : |u]| = r} and let N = {0, e}, with e € E.
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(b)

Figure 8.6

Here the manifold N can be taken as the segment [0,e] = {u =t¢ : 0 <t < 1}
and H = {h € C([0,e],E) : h(0) = 0, h(e) = e} is nothing but the class
of paths I' introduced in the preceding section. It is clear that N and C link
whenever |le|| > r. See Figure 8.6(a). |

Example 8.17 More in general, let C be amanifold of codimension one in E and
suppose that ug,u; are points of E \ C belonging to two distinct connec-
ted components of E \ C. Taking 0N = {ug,u1}, N = [ug,u1] and letting
‘H be the class of paths joining uo and u;, one has that N and C link. See
Figure 8.6(b). |

Example 8.18 Let E =V @& W, where V, W are orthogonal closed subspaces
and dim(V) = k < 400. Given ¢ € W and R > 0 we consider the k + 1
dimensional manifold with boundary

N={u=v+se:veV, |v| <R, sel0,1]}

Let C = {w € W : ||w|| = r} be the sphere of radius r on W, see Figure 8.7.
We claim that dN and C link provided |le| > r.

To prove this fact we will use the topological degree. We have to show that,
for every map i € C(N, E) such that h(u) = u for every u € 9N, there exists
u* € N such that |h(u™)|| = r. Let us identify N with the set {u = (v,s) €
Vx[0,1]: |lv]| < R}andletP : N — V denote the projection onto V. Consider
the map hecC (N,V x R) defined by setting

Z(v, s) = (Ph(u), ||h(u) — Ph(u)|| — r).
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Figure 8.7

Since for (v, s) € IN we have that h(u) = u and Ph(u) = v, then

z(v, s) = (v, s|le|| —r), VY (v,s) € ON.

Since |e]| > r, it follows that ;;(v, s) # (0,0), V (v,s) € dN. In particular,
it makes sense to consider the topological degree deg(z, No,0), where Ny is
the interior of N and 0 := (0,0) is the origin in V x R . Moreover, by
the properties of the degree, see Theorem 3.2, deg(z, No, 0) is equal to the
degree of any continuous g € C(N,V x R) which coincides with T on ON.
Taking, for example, g(v,s) = (v,s|le|| — r) and using again the fact that
lle] > r, we infer that deg(%,No,O) = deg(g,N,0) = 1. By the solu-
tion property of the degree, there exists u* € N such that Z(u*) = (0,0),

namely
Ph(u®) =0,
IA(u*) — PR(u*)|| = r.
Thus one finds that ||2(u™)| = r, as required. |

Example 8.19 As before suppose that E = V @ W, where V, W are closed
subspaces and dim(V) =k < +oo. Let C=Wand daN ={v e V : |v|| = r},
see Figure 8.8. Here N is the ball of radius » in V and the sets h(N), h € H, are
the k& dimensional surfaces spanned by dN, the sphere of radius r in V. Using
arguments similar to those of Example 8.18, one can show that /N and C link.
The details are left to the reader. |
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Figure 8.8

8.3.1 Linking and critical points

Let J € C1(E,R) and let N, C be two subsets of E such that 9N and C link.
We will assume that

(L-1) J is bounded from below on C
p = inf J(u) > —oo,
ueC
(L-2) p > B :=sup,yy J ().

Remark 8.20 In the case discussed in Example 8.16 related to the MP theorem,
(L-1) and (L-2) are nothing but the assumptions (MP-1) and (MP-2) of the

preceding section (where sup,y J(u) = 0). |
Let us set
¢ = inf supJ(h(u)). (8.22)
heH yeN

The level c is called the linking level of J (corresponding to N and C).
Lemma 8.21 [f 9N and C link and (L-1) holds then ¢ > p.

Proof. By the definition of linking one has that C N A(N) # @ for all h € 'H.
Then it follows that

sup J (h(u)) = énfl(N)J(u) 2 inf J(u) = p.

ueN ueCn

Since this is true for any & € H, the lemma follows. |
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Theorem 8.22 Let N and C link and let J € C'(E,R) satisfy (L-1) and (L-2).
Furthermore, letting ¢ be defined as in (8.22), suppose that (PS). holds. Then
¢ > pis a critical level of J.

Proof. First of all, let us remark that from Lemma 8.21 and (L-2) it fol-
lows that ¢ > p > B. Suppose by contradiction that Z, = (. We can use
Lemma 8.4 and Remark 8.5 to get a deformation 7 satisfying (i) and (ii’) therein,
namely

(i) nU) cJ?,
(ii") n(u) = u for all u such that J(u) < B.

In particular from the latter property it follows that n o h € H for all h € H.
Actually, if u € N one has that J («) < 8 and hence (ii’) implies 1 o h(u) = u.
Let i € 'H be such that

supJ(h(w)) <c+34.
ueN

From (i) we infer that

supJ(noh(u)) <c-—=24.
ueN

Since n o h € H, this is in contradiction with the definition of the linking level
¢ and the proof is complete. |

The preceding theorem is a general result that contains as particular cases sev-
eral others, including the MP theorem (for the latter, see Example 8.16 and
Remark 8.20).

Below, we state some specific existence results following Examples 8.17-8.19.
The level c is the linking level.

Theorem 8.23 Let C be a manifold of codimension one in E and suppose that
ugp, u1 are points of E \ C belonging to two distinct connected components of
E\C. LetJ € CY(E,R) satisfy

(L-3) inf¢J(u) > max{J(up),J (u1)}

and (PS)..
Then J has a critical point z at level c. In particular 7 # ug, u;.

The following result is due to P. Rabinowitz [150, 151].
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Theorem 8.24 Let E = V & W, where V, W are closed subspaces and
dim(V) = k < 4o00. Suppose J € C(E, R) satisfies

(L-4) there exist r, p > 0 such that
Jw) > p, YweW, w|| =r,

(L-5) there exist R > 0 and e € W, with |le|| > r such that, letting
N={u=v+te:veV,|v| <R, tel0,1]}, one has that

J(u) <0, VYueodN.
Moreover, suppose that (PS). holds.

Then J has a critical point z at level ¢ > 0. In particular z # O.

Remark 8.25 The two preceding results improve the MP theorem. If in the
former we take C = S, up = 0 and u; = e we just obtain the MP theorem. The
latter corresponds to the case that u = 0 is not a local minimum but a saddle
point with finite Morse index. If V = {0} we find the MP theorem. |

Remark 8.26 A result like Theorem 8.24, in which V can be infinite dimen-
sional, has been proved by V. Benci and P. Rabinowitz [52]. For further related
results, see for example [48, 51]. |

Theorem 8.27 Let E =V & W, where V, W are closed subspaces and 0 <
dim(V) = k < 4o00. Suppose J € CHE,R) satisfies

(L-6) there exist p > 0 such that
Jw) > p, YweW,
(L-7) there existr > 0,8 < p such that
Jv)y<B, VYueV, vl =r.

Moreover, suppose that (PS). holds.
Then J has a critical point 7 at level c.

As a straight application of Theorem 8.24 we will improve Theorem 8.11. The
following result is essentially due to Ahmad, Lazer and Paul [1].

Theorem 8.28 Letf € F, with 1 < p < (n+ 2)/(n — 2), and suppose f
satisfies (8.9) for any ) € R, and (8.10). Then (D) has a nontrivial solution.

Remark 8.29 The new feature of the preceding result is that we do not require
A < A1. On the other hand, we will no longer find a positive solution. |
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Proof of Theorem 8.28. For simplicity, we will carry out the proof in the case
of the model problem

_ — p—1
{ Au=Xtu+uP~'u xeQ (8.23)

u=~0 x € 0Q2.

The general case requires only minor changes.
Using the same notation as in Section 8.2, let E = Hé (2) and

1 1 1
J(u)=—||u||2——A/ u2dx——/ luPT! dx.
2 2 Ja p+1Jg

If X < A1 we have seen in Section 8.2 that J can be handled by the MP theorem.
Now we want to show that if Ay < A < Ar41 we can apply Theorem 8.24
with V = span{¢1,...,¢r} and W = VL, the L? complement of V. Indeed, if
w=Y "1 aip; € Wand |w]| — 0, one finds:

Jwm=3 Y a (1 - %) Folwi) = 5 (1 - ﬁ) Il + 0wl

i=k+1

and this shows that (L 4) holds. To _prove (L-5) we first take any finite
dimensional subspace V of E. ForV e V VIl = 1 one has

1 1
B 5 2.0~ +1~p+1
J(RY) = ER — AR iy TR M

Since p > 1 and V is finite dimensional it follows that there exists R > 0 such
that J(RV) < 0, for all ¥ € V with |[¥] = 1. In particular, we can find R > r
and e € W, with |le|]| = R, such that J(v + fe) < 0 provided ||v + fe| > R.
Then on the three sides of N given by {u = v+te : |v|| = R} U {u = v+ Re}
one has that J(u) < 0. On the other hand for v = Zlf a;p; € V we also have
|v|L2 = Zlf Ai_laiz > A;l [v||I? and thus

1 A\, o
J(V)<—||V|| ——?LIVILz_E 1_>»_k vl

This shows that (L-5) holds. The proof of (PS). is the same as in the application
discussed in Section 8.2. In conclusion we can apply Theorem 8.24 obtaining
a solution of (8.23) for all A € R. |

8.4 The Pohozaev identity

This last section is devoted to proving a celebrated identity due to S. Pohozaev
[143], see also a remarkable extension due to P. Pucci and J. Serrin [146],
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dealing with solutions of nonlinear Dirichlet boundary value problems like

{—Au =f(u) xe

u=20 x € 082 D)

Let F(u) = fouf(s) ds.
Theorem 8.30 Ler 2 be a bounded domain in R" and let v denote the unit
outer normal at 3. If u is any classical solution (u € H*(Q2) N H(l) (2) would

suffice see [54]) of (D) then the following identity holds

n—2 1 2
n/ F(u)dx—if uf (u)dx = 7/ u,(x-v)do, @P)
Q 2 Ja 2 Jya

where u,, = ou/ov.

Proof. Setting ©(x) = (x - Vu(x))Vu(x), one has
d ou
dive = A \% —
iv u(x - Vu) + Z o 8xk (Zx, 8x,~)
ou ou 9%u
= Au(x-V — —X————
u(x - Vu) + Z <8xk> + Z Bxkxl 0X; 0xy
= Au(x - Vu) + |Vu> + = Zx,—|Vu|
Then an application of the divergence theorem yields
/Au(x Vu)dx+/ |Vul>dx 4+ = /le | Vul* dx

= / x-Vuy(Vu -v)do.
aQ

As for the boundary term, since u = 0 on d<2 one has that Vu(x) = u, v and
thus the preceding equation becomes

/Au(x Vu)dx+/ [Vul> dx + = /Zx’a_x,W”' dx—/im(xm)ulz)da.
(8.24)

Next, let © (x) = 5| Vu/|?x. Since

n 1 B
div ©; = = |Vu|* + = — | Vul?,
iv © 2| u| +2Xi:xla)q| u|
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another application of the divergence theorem yields
/ |Vul> dx + = / Zx’a_x,W”' dx = /Bg(x vuldo.  (825)
Substituting (8.25) into (8.24) we find
/ Au(x - Vuydx + (1 —2) / |Vul*dx = § / (x-vutdo.  (8.26)
Q Q a0
As for the first integral in (8.26), using the fact that u solves (D), we find

du
_/QAM(X.Vu)dx:/Qf(u)(X'Vu)dxz./Szf(”)zi:xia_,cidx

BF(u)
/ZXl 0x;

Integrating by parts, we get

/ Zx,aF(u) = —n/ F(u)dx
ax; Q

and thus
/ Au(x-Vu)dx = n/ F(u)dx. (8.27)
Q Q

Finally, from (D) one infers that

/|Vu|2dx=/ uf (u) dx.
Q Q

Substituting this and (8.27) into (8.26) we find (P). |

As a consequence, we will find that, in general, the growth restriction p <
(n+2)/(n — 2) cannot be eliminated, if we want to find nontrivial solutions of

_ — p—1
{ Au P~y xeQ (8.28)

u = 0 x € 9Q.

Actually the following corollary holds.
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Corollary 8.31 If Q2 is star shaped with respect to the origin 0 € R", i.e. if
x - v > 0on 3%, then any smooth solution of (8.28) satisfies

n—2
n/F(u)dx——/ uf (u)dx > 0.
Q 2 Ja

In particular, if f (u) = |u|P~'u, then we find

2
( T3 >/|M|p+]dx>0’
p o

and hence u # 0 implies thatp < (n +2)/(n — 2).

The previous considerations highlight that the exponent (n 4 2)/(n — 2) is
critical not only from the point of view of Sobolev’s embedding, but also from
that of the existence of nontrivial solutions to (D).

Remark 8.32 In contrast with Corollary 8.31, we will show that the equation
—Au = hu + D/ =2 Hé (£2), might have a positive solution for
any bounded domain 2 C R", for suitable values of 1 > 0, see Section 11.2
later on. |

8.5 Exercises

(i) Let ® € C2(E,R) be such that ®(tu) = r*®(u), Vu € E,Vt € R. Show
that J(u) = %||u||2 — ®(u) satisfies (MP-1) and (MP-2). Denoting by ¢
the MP level (8.2), prove that ¢ = inf; J, where
M = {ueE\{0}: ||lul|®> = (®'(u) | u)} (the Nehari manifold).

(ii) Let k > 0 and consider the BVP (%) —Au =A(u — k)T, u H(l) (2),
where A € R and v = max{v(x), 0}. Prove that if A > A; then (x) has a
positive solution whose maximum is greater than k, by showing:

(a) if A > A1, then the Euler functional J) corresponding to (x) has the
MP geometry;

(b) if u; is any (PS) sequence, then, ||u;|| is bounded [hint: letting
7= uj||uj||_1 one has that z; — z* strongly in Hé (£2); hence, using
also the maximum principle it follows that z* > 0 and satisfies
—Az* = A(z*), a contradiction];

(c) (PS) holds.

(iii) Let1 <p < (n+2)/(n — 2) and let B denote the conjugate exponent of
p + 1. Consider in X = LA (2) the functional
L) = /g [v| dx — % Jo vArv dx, where A is not an eigenvalue of —A
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with zero Dirichlet boundary conditions on €2, and A, is defined by
setting Ayv = u if and only if u € Hg’ﬂ(Q) satisfies —Au — Au = v.

(a) Show that the MP theorem applies to J.

(b) Letv € X be a critical point of J,. Show that u = A, v is a solution of

—Au = u+ |ul*%u, ue Hé(Q).
(iv) Consider the function J(x,y) = x% + (1 — x)3y%, (x,y) € R? introduced

in Remark 8.6. Show that the MP level is ¢ = 1 and that (PS) fails at
that level.
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Lusternik—Schnirelman theory

In this chapter we discuss an elegant theory, introduced by Lusternik and
Schnirelman, that allows us to find critical points of a functional J on a manifold
M, in connection with the topological properties of M. In particular, this theory
enables us to obtain multiplicity results.

General remark 9.1 In the sequel we will always understand that

M =G '(0), where Ge C"(E,R), and G'(u) #0,YueM. (M)

9.1 The Lusternik—Schnirelman category

The main ingredient of the Lusternik—Schnirelman (L-S, for short) theory is a
topological tool, the L-S category, that we are going to define.

Let M be a topological space. A subset A of M is contractible in M if the
inclusion i : A — M is homotopic to a constant p € M, namely if there exists
H e C([0,1] x A,M) such that H(0,u) = u and H(1,u) = p.

Definition 9.2 The (L-S) category of A with respect to M (or simply the category
of A with respect to M), denoted by cat(A, M), is the least integer k such that
ACAIU...UA, withA; (i = 1,...,k) closed and contractible in M. We
set cat(h, M) = 0 and cat(A, M) = +o0 if there are no integers with the above
property. We will use the notation cat(M) for cat(M, M).

Remark 9.3 From the definition it follows that cat(A,M) = cat(A, M).
Moreover, it is also clear that cat(A, M) > cat(A,Y) providledACM CY. B

Example 9.4
(i) Let S~ ! = {x € R™ : |x| = 1} denote the unit sphere in the Euclidean m
dimensional space. Since $”~! is not contractible in itself but can be
covered by two closed hemispheres, then cat(S”~!) = 2. Remark that,
obviously, cat(s”~ !, R™) = 1.

143
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(i)

(iii)

(iv)

Lusternik—Schnirelman theory

2

Figure 9.1

If S is the unit sphere in an infinite dimensional Hilbert space E then one
has that cat(S) = 1. Actually, S is contractible in itself, see [90].

If 72 = S! x §' denotes the two-dimensional torus in R3 then

cat(Tz) = 3. Actually, it is easy to see that cat(TZ) < 3 because

T2 C A UAU A3z, each A; being closed and contractible in T2, see
Figure 9.1 (the set A; is nothing but a closed neighbourhood of the

point P).

It is possible to show (but it requires more work) that 72 cannot be
covered by two closed subsets of 7% contractible in 72. Thus

cat(T?) = 3.1In general, for the k dimensional torus T* = R¥/7Z¥ one has
cat(T¥) = k + 1. See also (9.2) at the end of this section.

Suppose that there is a topological group G which acts on E through
isometries g. We say that A C E, respectively J : E — R, is G-invariant
if gu € A, respectively J(gu) = J(u), for all u € A, g € G; amap

n : E — E is said to be G-equivariant if n(gu) = gn(u), forallu € A,

g € G.If M and J are G-invariant we can consider J as defined on M /G.
Usually, M /G has category greater than M since, roughly, the
contractible sets in M /G are much fewer than those contractible in M.
Actually, if A C M, the corresponding invariant set A/G might not be
contractible in M /G even though A is contractible in M. The reason is
that, working on M /G we can use G-equivariant deformations, only. In
the next chapter we will investigate in detail the specific case M = §
(the unit sphere in E) and G = Z, =~ {Idg, —Idg}. In such a case, an
invariant set is a set A C S such that u € A if and only if —u € A; J is
invariant if and only if J(—u) = J(u) and n : E — E is equivariant if
and only if n(—u) = —n(u). In other words A is symmetric, J is even and
n is odd. In particular, we anticipate that, letting P"" = S /Z,, then
cat(P™) = m + 1. See Theorem 10.7 later on. Similarly, if E is infinite
dimensional and P> = §/Z,, then cat(P*°) = +oc0. |
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Remark 9.5 Fournier and Willem introduced the definition of relative category.
IfA,Y C M are closed caty y (A) is the least integer k such that A C AgUA; U
-~ UAg, withA; (i = 0,...,k) closed, Ay,...,A; contractible in M and Ag
satisfies the following property: there exists 7 € C([0, 1] x A, M) such that
h(O,u) =u,h(l,u) e Y,YueAand h(t,Y) C Y,V € [0,1]. When Y = J we
get catys g(A) = cat(A, M). For the properties of the relative category and its
application to critical point theory, we refer to [171] which also contains several
further references. Some properties of the relative category are also listed in
Exercise 9.3(iv). |

Let us now prove the main properties of the category.

Lemma 9.6 LetA,B C M.

(i) If A C B then cat(A,M) < cat(B,M);
(ii) cat(AUB,M) < cat(A,M) + cat(B,M);
(iii) suppose that A is closed and let n € C(A, M) be a deformation, then

cat(A, M) < cat(n(A), M). 9.1)

Proof. The first two statements follow in a straightforward manner from the
definition: (i) if A C B, any covering of B is a covering of A; (ii) if A C Ui‘Ai
and B C U’fBi (if one of them is infinite, the result is trivial) then A U B C
(UA;) U (U5B)). For (iii), let cat(n(A)) = k (again, if it is infinite, there is
nothing to prove). Then n(A) C CyU- - -UCy, where C; is closed and contractible
in M. We set

Ai=nN(C) ={xeA:nk) e C).

Each A; is closed in A and hence in M because A is closed. Moreover, each A;
is contractible in M because C; = 1(4;) is. Since, obviously,A C A1 U---UAg
it follows, by definition, that cat(A, M) < k(= cat(n(A), M)). |

Remark 9.7 An example in which the strict inequality in (9.1) holds is the
following: M = S! (the unit circle in R?), A = S} : {e? € S' : 0 € [0, 7]}
and n(e'’) = H(1,0) where H(t,0) = &tV ¢ ¢ [0,1]. Moreover, the
assumption that A is closed can be eliminated in (iii) provided we sup-
pose that the deformation 7 is defined on all M (the reader can give the
proof for an exercise). Otherwise, if A is not closed and 7 is defined on
A only, the claim can be false: it suffices to take M = S!, p e S! and
A=S"\ {p). [ |
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In the next lemma we require that M satisfies the extension property:

o for any metric space Y, any closed subset S of Y and any map f € C(S,M),
there is a neighbourhood A of S and a map f € C(N, M) which is an
extension of f: f(u) = f(u) forallu € S.

Let us point out that, as a consequence of the extension property, any point
p € M has a neighbourhood which is contractible in M. It is possible to see that
the Hilbert manifolds M we deal with have the above properties.

Lemma 9.8 Suppose that (M) holds or, more in general, that M has the
extension property and let A C M be compact. Then

(i) cat(A,M) < +o0,
(ii) there is a neighbourhood Uy of A such that cat(Ua, M) = cat(A, M).

Proof. Let us suppose that cat(A, M) = 1. Then there exist p € M and an
homotopy H € C([0, 1] x A, M) such that H(0,u) = u and H(1,u) = p for all
u € A. First, we extend H to a map, still denoted by H, defined on

S = ({0} x M) U ([0,1] x A) U ({1} x M)

by setting
u if t=0, ueM
H(t,u)=sH(@t,u) if te[0,1], ueA
p if t=1, ueM.

The set S is a closed subset of ¥ = [0,1] x M and H € C(S,M). By the
extension property there exist a neighbourhood N of S in Y and HecC N, M)
such that ﬁ(t, u) = H(t,u) forall (t,u) € S. Since the set [0, 1] x A is compact
and has empty intersection with the closed set Y \ V, then the distance between
these two sets is positive and thus we can find a neighbourhood Uy in M such
that [0, 1] x Uy is contained in AV, see Figure 9.2.

Since H(O,u) = HO,u) = u and H(l,u) = H(l,p) = p then Uy, is
contractible in M and hence cat(Us, M) = 1.

In particular, from the preceding proof it follows that any ¢ € M has a
contractible neighbourhood U,, hence cat(ﬁq,M) = 1. Since A is compact,
there is a finite number of points g1, ...,qr € A such that A C ﬁql U---uU qu
and this implies that cat(A, M) < k < 400, proving (i).

To prove (ii) let cat(A, M) = k. Then A C U’l‘Ai, with A; closed and contract-
ible. Substituting A; with A N A;, we can assume that the A; are compact. For
each A; we find neighbourhoods U; of A; such that U; is contractible. Let
Uy = U’fU,-. Then Uy C U’l‘ﬁi and hence cat(Ua, M) < k = cat(A, M).
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Figure 9.2

Conversely, from A C Uy it follows (see Lemma lem:catprop(i)) that
cat(A, M) < cat(Uy, M) and the proof is complete. |

Remark 9.9 Inthe preceding proof ithas been shown that if M has the extension
property then every homotopy defined on a closed subset A of M can be extended
to a neighbourhood of A. |

Finally, it is worth mentioning an interesting lower bound of the category by
means of the cup length. The cup length of M is defined by

cup length(M) = sup{k e N: Joy,...,0 € f]*(M) \ 1, U---Uay # 0}

If no such class exists, we set cup length(M) = 0. Here H* (M) is the Alexander
cohomology of M with real coefficients and U denotes the cup product. It is
possible to show, see for example [160], Theorem 5.14, that

cat(M) > cup length(M) + 1. 9.2)

For example, if M is the two dimensional torus 77 it is easy to see that
cup length(Tz) = 2 and then cat(T?) > 3. This, together with the discussion
in Example 9.4(iii), proves that cat(T?) = 3.

We will not enter into more details, since these topics are beyond the scope
of this book.

9.2 Lusternik—Schnirelman theorems

Let us reconsider the two dimensional torus M = T2 in R3 and the functional
J(x,y,z7) = z, see Section 7.1. The sublevels M* = {p € M : J(p) < a}
are indicated in Figure 9.3. If a < c¢; then M* = ¢ and cat(M*,M) = 0.
If a = a; € [c1,c2), then M is a spherical cap which is contractible in M
and hence cat(M*,M) = 1. If a = ay € [c3,c4), then M is not contractible
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Figure 9.3
M M2 M3
Figure 9.4

in M but can be covered by two contractible sets. Therefore, in this case one
has cat(M“, M) = 2. Finally, if a > ¢4 then M* = M and so cat(M*, M) =
cat(M) = 3. Summarizing, one has:

if a<c

if ci<a<c
cat(M*, M) = . I= 2
if co<a<cy

W N = O

if ¢4 <a.
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Consider any closed subset A of M such that cat(A, M) > 2. For example, any
sublevel M with a > ¢, belongs to this class. Indeed, one has that

= min{mazc](u) scat(A,M) > 2}, (9.3)
ue

because if maxy J < ¢, for some A, then there is a < ¢ such that A € M“ and
hence cat(A, M) < cat(M“%, M) = 1. In a similar way, ¢; = min{max,c4 J (1) :
cat(A,M) > 1} and c4 = min{max,es J (1) : cat(A,M) > 3}. Actually, in the
former case any point can be taken as A and ¢; = miny, J; in the latter the only
admissible set A is M itself and one finds that c4 = maxys J. Let us point out
that one can find c3 by reversing the procedure and taking max-min instead of
min-max in (9.3). In general, there are functionals which possess exactly three
critical points on the torus: the maximum, the minimum and one saddle point.

The preceding example is actually a particular case of a general fact: the L-S
category allows us to define min-max levels which are critical. Let (M) hold
and set

caty (M) = supf{cat(A,M) : A C M A compact}.

The notion of cat; was introduced by F. Browder in [67]. Obviously, if M is
compact then caty (M) = cat(M). Moreover, this is also the case in all the applic-
ations we will deal with. Some specific properties of caty (M) are discussed in
Exercise 9.3(ii) at the end of the chapter.

Next, let us consider the class

Cn ={A C M : Aiscompact and cat(A, M) > m}.

In the preceding definition, and always in the sequel, m is a positive integer
such that m < caty (M), if caty (M) < +o0; otherwise, m can be any positive
integer.

Obviously one has that C,,, # ¢ for all such m. If J € C(M,R) we set:

Cm = Alélcfm I;leaj( J(u). 9.4)

The following properties are immediate consequences of the definition:
(1) ¢y =infy J;
(i) c1<c=<---<cpy_1=<cy=<---(because Cy, C Cp_1);
(iii)) ¢y < 400, Vm <caty(M); 9.5)
(iv) ifinfp J > —oo then any ¢y, is finite: —oo0 < ¢1 < ¢, < +00.

Moreover, the following property will be frequently used in the sequel. Let
n be a deformation in M. Then from Lemma 9.6(iii) it follows that

cat(n(A),M) > cat(A,M) > m
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and hence (remark that 1(A) is compact because A is)
n(A) € Cp, VAe€Cy,. 9.6)

In Theorem 7.12, Section 7.5, we have shown that ¢ is a critical level of J
provided (PS) holds. Let us recall the notation introduced before. Z denotes the
set of critical pointsof Jon M: Z ={ze M : VyJ(z) =0}and Z. = {z € Z :
J(z) = c}. Moreover ¢ € R is a critical level of J on M if Z, is not empty. Let
us also point out that if (PS), holds, then Z, is compact.

Next, we are going to show that all the finite ¢, are critical levels of J. In
addition, if two of them coincide, then J has a continuum of critical points at
that level.

Theorem 9.10 Let (M) hold and let J € CY'(E,R) be bounded from below
on M and let J satisfy (PS).
Then J has at least caty (M) critical points on M. More precisely,

(i) any cy, is a critical level of J,
(ii) let cpy = Cmy1 = - -+ = Cmyq for some integer q > 1 and let ¢ denote this
common value, then cat(Z.,,M) > g + 1.

Remark 9.11

(i) Since a discrete set has obviously category (with respect to M) equal to 1,
statement (ii) implies that J has infinitely many critical points at level c.

(i1) Using slightly different arguments it has been proved by F. Browder [67]
that J has at least caty (M) critical points on M, provided J is bounded
from below on M and (PS) holds. |

Proof of Theorem 9.10. We will prove separately the two statements. Actually,
(i) would also follow from (ii) with ¢ = 0. Let us recall that ¢, is finite for all
m = 1,2,...because J is bounded from below on M, see Equation (9.5)(iv).
(i) Let us suppose, by contradiction, that Z.,, = #. Since infy; J > —oo and
(PS) holds, we can apply Lemma 7.10: there exists § > 0 and a deformation n
such that
Mty c men3, 9.7)

According to the definition of ¢, there exists A € C,, suchthatmaxy J < ¢;, 496,
namely A C M cm+d From (9.7) it follows that n(A) C M em=3 3 contradiction
because 1n(A) € Cy, see (9.6).

(i) We need to sharpen the deformation Lemma 7.10. Let (¢, #) denote the
steepest descent flow corresponding to the Vector field W (u) = —VJ(u).
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Lemma 9.12 For every neighbourhood U of Z. there exists § > 0 and a
deformation n in M such that

nMTN\U) c M. 9.8)

Proof. First let us show
(%) for every neighbourhood U of Z, there exists 6 > 0 such that:
ugU, Jw) —cl=é = [VJ(a(,u)] =25, Viel01]

Arguing by contradiction, we can find sequences #; € [0, 1] and ux ¢ U such
that

1
|J(ug) —c| < Z 9.9)
IVJ (x (2, ur))|| = O. (9.10)

Without relabelling, we can assume that #;, — 7. Consider the sequence vy =
o (g, ur). From (9.9) and (9.10) it follows that

1
Jvp) <J(ug) < c+ % and VJ(v) — 0.

Hence vy is a PS sequence and therefore vy — z (up to a subsequence). Obvi-
ously VJ(z) = lim VJ(v;) = 0 and thus the solution of the Cauchy problem
that defines the steepest descent flow satisfies «(f,z) = z. Furthermore, one
has u; = a(—1;,vy) and hence u; — «(z,z) = z. As a consequence we infer
J(z) = limJ(ux) = c. In other words, z € Z., a contradiction to the fact
that uy — z and ux ¢ U, proving the claim. Now (x) allows us to repeat
the arguments of Lemma 7.6 yielding a deformation n(x) = «(1, ) such that
n(u) € M€~ provided u € M9\ U. [ ]

Remark 9.13 The preceding proof makes it clear thatif M = E, we can weaken
the regularity assumption on J by requiring that J € C'(E,R). It suffices to
replace —VJ(u) with a pseudogradient vector field, see Section 8.1.1, and to
define the deformation n by using the corresponding flow. The proof requires
changes similar to those made in the proof of Lemma 8.4. |

Proof of Theorem 9.10 completed. First of all, let us complete the proof of
(ii). Suppose by contradiction that cat(Z., M) < g. As remarked before, Z. is
compact and hence, by Lemma 9.8(ii), there exists a neighbourhood U of Z,.
such that

cat(U, M) = cat(Z.,M) < q. 9.11)

In correspondence to U we use Lemma 9.12 to find 6 > 0 and a deformation
n satisfying (9.8). By the definition of ¢ = ¢4 there is A € Cy, 4 such that
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A C M+, Setting A’ = A \ U, the subadditivity property of the category, see
Lemma 9.6(ii), yields

cat(A’, M) > cat(A,M) —cat(U,M) > m+q —q=m,

namely A’ € C,,. Then from (9.6) it follows that n(A”") € C,, while (9.8) yields
that n(A") C M ¢=8_These two facts are in contradiction to the definition of ¢,.
The proof of (ii) is completed. |

Remark 9.14

®

(ii)

(iii)

(iv)

The proof of Theorem 9.10 highlights that we can weaken the
assumption that J satisfies (PS). If ¢, < b for any m, it suffices that J
satisfies (PS). for all ¢ < b. Indeed, to prove (i) one can merely suppose
that (PS).,, holds. See Theorem 10.12 below for a case when this
weakening is essential.

The fact that ¢, is a critical level is a particular case of a more general
statement. Let G denote a class of subsets of M with the property that
o(t,G) € Gforall G € G and all ¢+ > 0. Consider

bty e
suppose that b is finite and that (PS); holds. Then b is a critical level of
J. Each C,, defined above through the L-S category is a particular case of
the class G. Another example can be given considering a topological
space T and a homotopy class [A] of maps from T into M. Then
G = {h(T) : h € [h]} is a class which can be used for defining a min-max
critical level. Let us point out that the main advantage one has using the
classes Cy, is that one can handle the degenerate case ¢, = Cppq-
Another approach to find a multiplicity result like Theorem 9.10 is to
consider the class

5,,, ={A C M : Aisclosed and cat(A, M) > m}

instead of C,,. Statements (i) and (ii) can be proved in a quite similar
manner. In addition, one could show that if ¢,, = +o00 for some m € N,
then sup, J = 400 and hence J has infinitely many critical points on M.
In this way one proves that J possesses on M at least cat(M) critical
points, see [159].

The critical points at level c,, can possibly be degenerate. For example, if
M is the two dimensional torus, then any J € C 1 (M, R) has at least three
critical points. An example of a functional that has precisely three critical
points on the torus is reported in Figure 9.5. The minimum of J is
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P3 p

Figure 9.5 The dashed area represents the set where J(p) < J(p3). The grey area
represents the set where J(p) > J(p3).

achieved at the point p; and the maximum at p,. Moreover, J has a
saddle point at p3, which is degenerate. The degeneracy of p3 is a general
fact. Actually, if J has only non degenerate critical points z, namely J” (z)
has a trivial kernel, then Morse theory ensures that J has four critical
points, see Chapter 12. We anticipate that, in general, Morse theory
requires that the critical points are nondegenerate but gives rise to results
more precise than those found by the L-S construction. Unfortunately,
this a-priori assumption is not very appropriate for applications to
differential equations. The fact that we do not need to assume any
nondegeneracy hypothesis makes the L-S theory more suitable for
applications to analysis.

(v) Using the relative category, see Remark 9.5, one can prove that the
strip M? \ M? contains at least cat b ypa (M by critical points of J
constrained on M, provided that (M) holds, J € C LI(E,R) is bounded
from below on M and (PS). is satisfied for all ¢ € [a, b]. See [171],
Theorem 5.19. |

We end this section with a result that highlights a relationship between the
category and the (PS) condition.

Theorem 9.15 Let (M) hold and let J € C“'(E,R) be bounded from below
on M. Furthermore, suppose there exists a € R such that (PS). holds for all
¢ < a. Then cat(M?) < +o0.

Proof. Step 1. From the assumptions it follows that Z* = Z N
M*® is compact and there exists a neighbourhood U of Z* such that
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Figure 9.6 The dashed line represents the steepest descent flow entering in V.

cat(U, M%) = cat(Z*, M%) < +o00. By continuity, we can also assume that
IVJw)|| <1, Yuel. (9.12)

Step 2. We can also find a second neighbourhood V of Z* such that V C U and
d = dist(V,dU) > 0. Let us show that the steepest descent flow entering in V
can exit out of U only after a time greater than or equal to d. Precisely, one has

vev, a(t,v) ¢U = 1 >d. (9.13)
Actually, let 7 = sup{t > 0 : a(s,v) € U, Vs € [0,¢]}. Then (9.12) implies

3
dr < / IVJ ()| dt < 7.
0

d
—a
ds

7
d < NlaGo) — ul 5/
0

Since T > 17, (9.13) follows.
Step 3. Since (PS). holds for all ¢ < a then there exists § > 0 such that

IVI@) =8, VYueM\V. (9.14)

Letad = a—infy J, T > a'/8% and fix an arbitrary p € M®. If a(t, p) never
enters in V then (9.14) yields

J@(T,u) <Jw)—T-8*><a—d = inf J,
a contradiction that shows:
VpeM*3Ire[0,1]: a(t,p) € V. (9.15)

Step 4. Letty = 0 <t < --- < t, = T be such that |t; — t;—1| < d/2.
From (9.15) there exists 7 € [0, T] such that «(z,p) € V. Taken f; such that
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|t; — 7| < d/2 and using (9.13) with v = «(f,u) and T = t;, we infer that
a(ti,p) € U.Setting A; = {p € M : a(t;,p) € U}, we have shown that

MY C U A,

0<i<n
and hence
n
cat(M?) < " cat(A;, M°). (9.16)
1

On the other hand, each A; can be deformed into U, so that cat(A;, M%) <
cat(U, M%) < 4o0. This and (9.16) prove the theorem. |

If supy, J < 400 we can take a > sup,, J. Hence M* = M and Theorem 9.15
immediately yields the following corollary.

Corollary 9.16 IfJ is also bounded from above on M, then cat(M) < 4o00.
Furthermore, we can also deduce the following.

Corollary 9.17 Let J be bounded from below on M and suppose that cat(M) =
+o00 and that (PS), holds for all a < supy, J.

Then c,, — supy, J and hence J has infinitely many critical points z,, such that
J(zm) — supy J.

Proof. Foranya < sup,, J one has thatcat(M“, M) < cat(M?) < +o0. Taking
m > cat(M?, M) one finds ¢, > a. |

9.3 Exercises

(i) Prove thatif AN B = @ then cat(A U B, M) < max{cat(A, M), cat(B,M)}.
Moreover, if M has the extension property and A N B is compact, show
that cat(A U B, M) < max{cat(A, M), cat(B,M)} + cat(A N B, M).

(i) Let X be a topological space. Recall that caty (X) is the
sup{cat(K,X) : K C X, K compact}. Show that cat (X) satisfies the
following properties.

(a) Let X; be an increasing sequence of open subsets of X. If X = UX;
then caty (X) < liminf catg (X;).

(b) If X = X; U Xom, with X; closed in X, then
cat(X) < catg(X1) + catg (X2).
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(c) Let Y € X and let n € C(X, X) be homotopic to the identity and
such that n(X) = Y. Then cat;(X) = caty(Y).

(iii) Let M C R” be smooth and compact. Suppose that J € CI!(R”, R) has
only isolated critical points on M. For a € R we set
Jo={ueM:Ju) =al.

(a) Let ¢ be an (isolated) critical level of J on M. Prove that
cat(Je—e, M) — 1 < cat(Jeqe, M) < cat(Je—e, M) + 1.

(b) Using (a) prove that if the interval [a, b] contains exactly one critical
level, then cat(Mf,M) < cat(J,,M) + 1, where
Mg:{ueM:agJ(u)Sb}.

(c) Take a finite sequence of noncritical levels ap < a; < --- < a,, such
that ap < miny, J, a,, > maxy; J and [a, b] contains exactly one
critical level of J on M. Prove that

cat(M) < cat (U Jal.,M) cat( Msfit;_S,M)’

provided ¢ > 0 is small enough, such that [a¢; — ¢, a; + €] does not
contain any critical level.

(d) Prove that there exists a noncritical level a such that
cat(Jg, M) > 3(cat(M) — 1). [Hint: use (c).]

(iv) Prove the following properties of the relative category, defined in

Remark 9.5:

(a) catyy(¥Y) =0;

(b) catyy(AUB) < caty,y(A) + cat(B,M);

(c) if Y € AN B and there exists & € C([0, 1] x A, M) such that
hO,u) =u,h(l,u) e B,YuecAand h(t,Y) C Y,Vt € [0, 1], then
CatM,y(A) < CatM,y(B).
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Critical points of even functionals on symmetric
manifolds

In this chapter we will investigate the case that J is an even functional and M is
a symmetric set. The abstract results will apply to a class of nonlinear elliptic
problems with odd nonlinearities.

10.1 The Krasnoselski genus

Theorem 9.10 does not give any new result when M = S is the unit sphere
in a infinite dimensional Hilbert space E because cat(S) = 1 in such a case.
On the other hand, if A is a linear compact positive operator, the quadratic
functional J (1) = (Au | «) has infinitely many critical points zx, corresponding
to the solutions of the linear eigenvalue problem Au = Au. We will show that,
more in general, any even functional on an infinite dimensional Hilbert sphere,
satisfying the (PS) condition on S and bounded from below on §, possesses
infinitely many critical points on S. In order to obtain such a result one could
consider the projective space P = S/Z, (see Example 9.4(iv)) and use the
L-S theory. On the contrary, we will use a topological tool, the genus, which will
substitute the category in the case of Z, symmetry. The genus was introduced
by M. A. Krasnoselski [110]; we will follow [149].

Let A denote the class of all closed subsets A of E \ {0} which are symmetric,
namely u € A =— —u € A.

Definition 10.1 Let A € A. The genus y (A) of A is defined as the least integer
n such that there exists ¢ € C(E,R") such that ¢ is odd and ¢ (x) # O for all
x € A. We set y(A) = 400 if there are no integers with the above property and

y(@) =0.

Remark 10.2 Anequivalent way to define y (A) is to take the minimal integer n
such that there exists an odd map ¢ € C(A,R" \ {0}). Actually, such a ¢ can

157
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be extended by the Dugundij theorem [90], to a map $ € C(E,R"). If ¢* is the
odd part of qg, namely ¢*(u) = %((ﬁ(u) — @(—u)), ¢* satisfies the properties
required in the above definition. |

Example 10.3 Given any closed A C E\ {0} weset —A ={u € E: —u € A}.
If AN (—A) = @ then there exists an odd ¢ € C(E,R) such that ¢ (u) =
a # 0 for all u € A. Then ¢(u) # 0 for all u € A U (—A) and hence
y(AU (=A)) = 1. |

The following lemma shows that the genus verifies properties similar to those
proved in Lemmas 9.6 and 9.8 for the category.

Lemma 10.4 LetA,A> € A.

(i) If A1 C Az then y (A1) < y(A);
(ii) y(A1 UAz) <y (A1) +y(A2);
(iii) if n € C(A,E) is odd then y (A) < y(n(A));
(iv) if A is compact then y (A) < 400 and there exists a symmetric
neighbourhood Uy of A such that y (Ua) = y (A).

Proof. Step 1. (i) is trivial.
Step 2. Let Y (A1) = n and y (A2) = m. Then there exist ¢ € C(E,R"), ¢ €
C(E,R™) odd and such that ¢;(x) # O forall x € A;. Define ¢ : E — R" x R”
by setting

P (x) = (¢1(x), P2(x)).

Since ¥ is odd and ¥ (x) # O for all x € A; UAj3, then y (A UA2) < n+m,
proving (ii).

Step 3. If y(n(A)) = n then there exists an odd ¢ € C(E,R") such that
¢ (x) # 0 for all x € n(A). Consider the composite map ¢’ = ¢ o7

A s @
pon. Lo
R”\ {0}.

Since ¢(x) # 0 for all x € n(A) then ¢’ € C(A,R" \ {0}). Moreover, the
map ¢’ is odd because 1 and ¢ are. This suffices (see Remark 10.2) to say that
y(A) < n = y(n(A)) proving (iii).

Step 4. For all x € A let ¢ > 0 be such that B.(x) N B¢(—x) = @. Then
Cy = B:(x) U Bo(—x) is such that y(Cy) = 1, see Example 10.3. If A is
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compact we can find a finite set {x,...,x;} such that A C UII‘ C,;. Then, using
(1) above we get

k
y(A4) <Y y(Cy) =k
1

Furthermore, if ¢ (A) = k there exists an odd ¢ € C(E, R¥ ) such that ¢ (x) # O
forall x € A. By continuity, there is ¢ > 0 such that ¢ (x) # O forall x € N.(A),
the closed ¢ neighbourhood of A. Then y (N;(A)) < k. On the other hand
A C N, (A) implies by (i) that y (A) < y(Ng(A)), proving (iv). |

An important property of the genus is that y (S”~!) = m (recall the notation
§™=1 which stands for the unit sphere in R™).

Theorem 10.5 Let E = R"™ and let 92 denote the boundary of Q@ C R™, an
open bounded symmetric neighbourhood of x = 0. Then y (02) = m.

Proof. Since the identity map can be used in the definition of y then y (0€2) < m.
Suppose, by contradiction, that y(d2) = k < m. Then there exists ¢ €
C(R™,R¥) which is odd and such that ¢(x) # 0 for all x € 9Q. We can
suppose that ¢ is a map from R into R by taking the last m — k components
of ¢(x) equal to 0. Obviously, this extended map has still the property that
¢ (x) # 0 for all x € 92 and hence the topological degree deg(¢, £2,0) is well
defined. Since ¢ is odd, the Borsuk—Ulam theorem (see Theorem 3.9) applies
and yields that deg(¢, ©2,0) = 1 (mod 2). By the continuity of deg(¢, 2, ) it
follows that there is ¢ > 0 such that

deg(¢7 Q,Y) = ] (mOd 2) v)’ € BS

where B, = {y € R™ : |y| < ¢}. This means that ¢(x) = y has a solution in
for all y € B, namely that B, C ¢ (£2), while ¢ (2) C R*, with k < m. This
contradiction proves the theorem. |

Corollary 10.6 y(S™~') = m. As a consequence, if E is infinite dimensional
and separable and S denotes the unit sphere in E, then y (S) = +o0.

We conclude this section with a result that links the genus and the L-S category
in projective spaces, anticipated in Example 9.4(iv). If E is a Hilbert space,
S=Sg={uekE:|ul| =1}, wesetPS =S§/Z,, where Z, >~ {Idg, —Idg}. If
E = R™! we find PS = P™, while if E is an infinite dimensional space then
PS = IP*°. Moreover, if A C S, we set A* = A/Zo,.
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Theorem 10.7 Let A C S be (symmetric and) such that y(A) < +o00. Then
y(A) = cat(A*,PS).

As a consequence, we find that cat(P"”, PS) = y (S8™) = m+ 1 (more precisely,
one can show that cat(P") = y(5§”) = m + 1), and when E is infinite dimen-
sional and separable, this implies that cat(P*°) = +oo. For more details and
proofs, we refer to [148], Theorem 3.7.

10.2 Existence of critical points

The genus can be used to prove existence results of critical points similar to
Theorem 9.10, provided J is even and M € A. More precisely, we set

(M) = sup{y(K) : K C M, K € A and is compact}
and define, for all m < y (M)
An={ACM:Ac A, Aiscompactand y(A) > m}

and
o, = inf maxJ(u). (10.1)

Ac A, ueA

As for the critical levels defined through the category, here m is a positive
integer such that m < yp(M), if y(M) < 4o00; otherwise, m can be any
positive integer. This will always be understood in the sequel.

Let us explicitly remark that ¢, < +00 and 0,,, < 0y,+1. Moreover, if J is
bounded from below on M, then o1 > —oo and hence any oy, is finite.

If we deal with problems without constraints, namely if we are looking for
stationary points of J € C!(E,R) on E, we understand that A = {A € E \ {0} :
A is symmetric}, that

A =1{A C A, Aiscompactand y(A) > m}

and that o, is defined as before.
One can easily show the following general result which holds both in the
case of critical points of J constrained on M and in the case without constraints.

Proposition 10.8 Each finite 0,, is a critical level for J € C'(E,R) (or a
critical level for J on M) provided (PS)s, holds. Moreover, if o 1= o, =
Omt1 = -+ = Opyq € R for some integer g > 1, then y(Zs) > g + 1.

Proof. 1t suffices to take into account the following facts:

o the genus verifies properties similar to those of category; in particular
compare Lemma 10.4 to Lemmas 9.6 and 9.10
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o if J is even and M is symmetric then the steepest descent flow gives rise to
odd deformations. Actually, in the present case the vector field —VJ (u) is
odd, or the pseudogradient vector field can be taken to be odd. Then
—a(t,u) solves the Cauchy problem

y =-VJ(@©), y0)=—u
and thus —o(t, u) = a(t, —u), namely « is odd in u.
In particular, the latter remark allows us to use Lemma 10.4(iii). |

An application of Proposition 10.8 will be given in Section 10.4 below.
More in general, taking into account the preceding observations, one can
repeat all the arguments used in Section 9.2 to prove the following.

Theorem 10.9 Ler (M) hold and let J € C“'(E,R) be bounded from below
on M and satisfy (PS). Furthermore, suppose that J is even and that M € A.
Then J has at least yi (M) critical points on M. More precisely, one has

(i) om is a critical level of J;
(ii) let 0y = Opy1 = - -+ = Opyq for some integer g > 1 and let o denote
this common value, then y (Zs) > q + 1;
(iii) if there is b such that o, < b for any m, then it suffices to assume that J
satisfies (PS). for every ¢ < b.

As a direct application of Theorem 10.9 we can find a classical result due to
Lusternik and Schnirelman: any even functional J € C LI(R™ R) has at least
m pairs of critical points on the sphere §”~! = {x € R” : |x| = 1}. Actually,
("1 = y(§™~1) = m, according to Corollary 10.6.

Furthermore, we can prove results similar to Theorem 9.15 and Corollaries
9.16 and 9.17.

Theorem 10.10 Let (M) hold, with M € A and letJ € C(E,R) be bounded
from below on M and even. Then

(i) if (PS). holds for all ¢ < a then y (M%) < +00;
(ii) if J is also bounded from above on M, then y (M) < +4o00;
(iii) if y(M) = 400 and (PS), holds for all a < sup,, J, then J (has infinitely
many critical points and) 0, — sup J.

Remark 10.11 Using pseudogradient vector fields one can extend the above
results to cover the case in which J € C'(E,R) and M is a C!*! Hilbert (or
Banach) manifold. Furthermore, it is worth mentioning that A. Szulkin [168]
proved some L-S theorems for even C! functionals on a C! manifold. |
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Theorems 10.9 and 10.10 together with Remark 10.11, apply to the nonlinear
eigenvalue problem

J'(u) = Au. (10.2)
On the functional J € C!(E,R) we assume the following conditions:

(a) J(0) =0and J(u) < 0, respectively J(u) > 0, for all u # 0O;
(b) J is weakly continuous and J’ is compact;
(¢c) J'(u) # 0 for all u # 0.

Theorem 10.12 Let E be a separable infinite dimensional Hilbert space and
suppose that J € C'(E, R) satisfies (a)—(c) and is even.

Then (10.2) has infinitely many solutions (., zx) with ||zxll = 1 and ur /7 0,
respectively [t \ O.

Proof. We will carry out the proof in the case that / < 0 (in the case that
J(u) > 0 we take —J). We apply the preceding results with M = S. For this,
we will show

(i) J is bounded from below on §,
(i1) condition (PS). holds, for every ¢ < 0.

If inf g J = —oo0 there exists a sequence uy € S such that J(ux) — —oo. Up to
a subsequence, u;y — u weakly in E. Since J is weakly continuous, it follows
that J(u) < liminf J(u;) = —o0, a contradiction that proves (i).

To prove (ii), let ux € S be (PS). sequence, with ¢ < 0. Again we can assume
that ur — u weakly in E. From the weak continuity, one has that J(u) = c.
Since ¢ < 0 then u # 0. For brevity we write VJ to indicate the gradient of J
on S. From

VI () =J ) — (' () | k) g, (10.3)

we infer
(VIwe) | ) = |7 @) l* = (' () | )
Recall thatJ’ is compact and that | V.J (u) || — Obecause iy is a (PS). sequence.
Then taking the limit as k — oo we get
0= @I* = ('@ | w?

This and (c) imply (J'(u) | u) # 0. Then for n large we have that (J'(uy) |
ur) # 0 and hence from (10.3) we obtain

1

=—|J - VJ .
U= T | Mk)[ (uk) (ui)]
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Passing to the limit we finally find
1
-
(' (u) | u)
This proves that (PS). holds.

Since yx(S) = y(S) = 400 we find infinitely many critical points z; that
give rise to solutions of (10.2). Furthermore, one obviously has that supgJ = 0
and hence, applying Theorem 10.10 (iii) (if J € C LI(E,R), otherwise we use
Remark 10.11) we find that J(zx) ' 0. Since J is weakly continuous, this
implies that zz — 0 weakly and hence wuy = (J'(zx) | zx) ' 0. |

Uy ' (w) — VJIw)].

Remark 10.13 Let us emphasize that we have used the statement (iii) of
Theorem 10.9. Actually, the (PS). condition does not hold at the level ¢ = 0;
otherwise, Theorem 10.10 would imply that y (S) < +o00, a contradiction. W

Theorem 10.12 applies to the nonlinear eigenvalue problem discussed in
Proposition 5.13
—Au=f(x,u) xeQ
ux) =0 x €09,
where f(x,u) € F,, 1 <p < (n+2)/(n—2), and f is odd with respect to u.
Take J(u) = ®(u) = [ F(x,u) dx, where F(x,u) = [y f(x,s) ds and remark
that:

(EP))

e foddinu = disevenon E = Hé(Q);
o uf(x,u) < 0, respectively > 0,Vx € Q,Vu #0 — (J.1.1) holds.

A straight application of Theorem 10.12 yields zx € S and px /0, respectively
i N\ 0 such that ®(z;) = pgzx. This proves the following theorem.

Theorem 10.14 Suppose that f € F,, 1 < p < (n+2)/(n —2), and that f
is odd with respect to u. Moreover, let uf (x,u) < 0, respectively > 0, Vx € €,

u # 0.
Then (EP ) has infinitely many solutions (jik, zx) with ||zx|| = 1 and ur /0,
respectively (i ~\ 0.

The above theorem is the extension of Proposition 5.13 to odd nonlinearities.

Example 10.15 Let f = |ul’~'u with 1 < p < (n+2)/(n — 2). Then the
nonlinear eigenvalue problem

—AAu=uP luxeQ), u=0(xeiQ),

has infinitely many solutions (ug,zx) € R x H&(Q) such that ||zx|| = 1 and
i\ 0. By scaling, we also find infinitely many solutions of —Au = |u|’~'u,
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u e H& (R2), see Section 10.3. When p = 1 the preceding equation becomes
the linear problem —AAu = u, u € H(l) () and px = (A)~ ! are characteristic
values of —A with Dirichlet boundary conditions on d2. Actually, it is possible
to show that the characteristic values found using the genus coincide with those
found by the classical Courant—Fisher min-max procedure, see [82]. The reader
can fill in the details as an exercise. |

10.3 Multiple critical points of even unbounded functionals

The genus can be used to find multiple critical points of functionals which are
even and satisfy the assumptions of the mountain pass or linking theorem. First,
we will discuss an extension of the MP Theorem 8.2. In the sequel, the Hilbert
space E is assumed to be separable.

Let J € CY(E,R) be even and set E, ={u € E : J(u) > 0}. We suppose
that

(MP-1) J(O) =0and 3 r, p > 0 such that
(1) J(w) > 0VYueB,\{0}and
(i) J(u) = pVues,;
(MP-2') for any m dimensional subspace E™ C E, E™ N E4 is bounded.

Let us remark that (MP-2) is nothing but the natural extension of (MP-2). As
for (MP-1), see also Remark 8.3.

Let H* denote the class of maps & € C(E, E) which are odd homeomorphisms
and such that 7(By) C Ey. H* is not empty because the map 4, : u — ru
belongs to H*.

We set

I, ={A C A:Aiscompact,and y (ANA(S)) > m, Vh € H*}

where, as usual, S = 9B}, A = {A C E\ {0} : A isclosed and symmetric}
and y denotes the genus, see Section 10.1. The following lemma describes the
properties of I',.

Lemma 10.16 LetJ € C'(E,R) be even and satisfy (MP-1) and (MP-2'). Then

(i) Ty # @ forall m;
(ii) T C T -
(iii) if Ac Tyyand U € A, with y(U) < g <m, then A\ U € I'y,_y;
(iv) if n is an odd homeomorphism in E such that n~'(E,) C E., then
n(A) € T, provided A € Ty,.
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Proof. (i) By (MP-2) there exists R > 0 such that
E"NE. C BRNE™.

We will show that BY := BR N E™ € T,,. For any h € H* one has that
h(B1) C E4 and then E™ N h(By) C E™ N E, C BY. This readily implies
that E™ N h(S) C BE N A(S). Since, obviously, one also has that By N i(S) C
E™ N h(S), we infer

BE NA(S) = E" NA(S). (10.4)

Since & is an odd homeomorphism, then £ N A(By) is a symmetric neighbour-
hood 2 of 0. It is also easy to check that 92 = 9(E™ N h(By)) is contained in
E™ N h(S). Then Theorem 10.5 implies that

y (BR Nh(S)) =y (E" Nh(S)) = y(32) = m.

This shows that By € I'y,.
(i) This is a trivial consequence of the monotonicity property of the genus.
(iii) Obviously, A \ U € A and is compact. Furthermore one has

[ANUINA(ES) =[ANK(S)]\U.
Then Lemma 10.4(ii) yields
Y(IANUINAES) = y(ANKSI\U) = yANh(S) —y(U) = m—q,

whence A\ U e Cin—yg.

(iv) The set A’ = n(A) is compact and belongs to A because 7 is an odd
homeomorphism. To prove that A’ € T',,, we have to show that y (A'NA(S)) > m
for any & € H*. There holds

A O h(S) = n[A N~ ()] (10.5)

Moreover, if 7 satisfies the condition n ' (E;) C E, then n~! o h € H* for all
h € ‘H*. Thus, if A € T',, one has

y ANy (h(S))) = m. (10.6)
Since 7 is odd, Lemma 10.4(iii) jointly with (10.5) and (10.6) imply
YA Oh(S) =y IAN 7~ RSN = y ANy~ (r(S)) = m,
and hence A’ = n(A) € T'),. [ |

Remark 10.17 The condition required in (iv) is equivalent to asking that n(u) €
E, — u € E,, namely

Jnw) >0 = Jw) > 0.
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In particular, if 5 is a steepest descent flow, then J(n(x)) < J(u) and hence
J(u) > 0 provided J(n(u)) > 0. |

The preceding properties of I';, allow us to define min-max levels of J by setting

by, = inf max{J(u) : u € A}. 10.7)

erl}l
Let us point out that each b,, is finite because the sets A € I',, are compact.
Moreover one has

Theorem 10.18 Ler J € CY(E,R) be even and satisfy (MP-1) and (MP-2').
Then

(i) for every positive integer m one has by, 1 > by, > p > 0;
(ii) each by, is a critical level of J, provided (PS)y,, holds;
(iii) if b = by = byt1 = - -+ = byg, then y(Zp) > q + 1, provided (PS);
holds.

As a consequence if, in addition to the preceding assumptions, J satisfies (PS)
for every ¢ > 0, J possesses infinitely many critical points.

Proof. Recalling that h, € H* and h,.(B1) = S, then A N S, # @ for any
A € T'),. Therefore

by =inf{J(w):uesS}>p=>0.

Moreover, Lemma 10.16(ii) implies that b,, < b;,+1 and (i) follows.

Next, it suffices to prove the stronger statement (iii). By contradiction, sup-
pose that y (Z,) < g. Using Lemma 10.4(iv) there is a neighbourhood U of Z,
such that U € A and

y(U) =y(Z) <q.
Applying the deformation Lemma 9.12, jointly with Remark 9.13 to take into
account that J € C! (E,R), we find a homeomorphism 7 and a positive § such
that (see Remark 10.17)
n '(Ey) C Ey (10.8)

and
Jw) <b—6, YueJT\U. (10.9)

Moreover 7 is odd because J is even. By the definition of b = b, there
exists A € I'y 44 such that A C Jb+3 By Lemma 10.4(ii) it follows that A :=
A\ U € I'y,. In view of (10.8), Lemma 10.16(iv) applies yielding n(A) € I'y,.
Finally (10.9) implies

) cJ"’,
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a contradiction with the definition of b = b,,. |

We will now deal with the case in which J is even and has the geometry of the
linking theorem 8.24. We assume that E = V @ W, with d = dimV < +o0,
W =Vt andletJ € C'(E,R) satisfy (MP-2') and
(L-4) J(0) =0and 3 r, p > 0 such that

@ Jw) >0, Vue(B-\{0})NW,and

@) Jw) = p, YueS. NW.
Let us define the counterparts of H* and I',, by setting

= {h € C(E,E) : his an odd homeomorphism, and 4(B;) C E, UB,}

and

T, ={A C A:Aiscompact, and y (A NA(S)) > mVh e H}.
As before, 'I‘~[ # () because h, € ﬁ

Lemma 10.19 IfJ is even and satisfies (L-4') and (MP-2') then

(i) T # 9 for all m;
(ii) Tt C Lo
(iii) ifA € Fm and U € A, with y(U) < g < m, then A\ U € Fm @
(iv) if n is an odd homeomorphism in E such that n(u) = u for all u with
J(u) <0andn 1(E_,_) C E4, then n(A) € F provided A € F

Proof. (i) Asin Lemma 10.16, there exists R > 0, such that By := BrNE™ >
E4 N E™. Taking R possibly larger, one also has that

BY > (E+ UB,) NE™.
Then, according to the definition of 7?( one has
Bl D h(B)NE", VheH.

The rest of the proof is the same as that carried out in Lemma 10.16(1).

(i1)—(iii) These properties also follow reasoning as for the corresponding
claims in Lemma 10.16.

(iv) Let us show that n 1o h(Bl) Cc E+ U B,. For any u € By let v be
such that n(v) = h(u). Since h € H it follows that n(v) = h(u) € EL UB,.
Either (v) € E, and then v € E because n~'(E;) C E4 or n(v) = v. In
any case one has that v = n~! o h(u) € E; UB,. Since n~! o h is an odd
homeomorphism, it follows that ' o / € ﬁ, whenever i € H. Repeating the
arguments used to prove Lemma 10.16(iv), the result follows. |
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Let us define

Zm = inf {J(u):u€A}.
Ael'y

Theorem 10.20 Let J € C'(E,R) be even and satisfy (L-4') and (MP-2').
Then, for all m > d, one has:

(i) b1 = by = p > 0;
(ii) each by, is a critical level for J, provided (PS)’,;m holds;
(iii) sz = Zm == Zm+q, then y(Zz) = q + 1, provided (PS)3; holds.

As a consequence, if, in addition to the preceding assumptions, J satisfies (PS).
for every ¢ > 0, J possesses infinitely many critical points.

Proof. LetA € T, with m > d. Then, taking h = h, we find
YANhS) =yANS,) >m> d. (10.10)

This implies that
ANS)NW #3. (10.11)

To see this, we can argue by contradiction: if (A N S,) N W = @, then, denoted
by P the canonical projection onto V, one has that

P(AN3B,) C V\ {0}

Thus, such a P is an odd continuous map from A N 9B, to V, that does not
vanish on A N dB,. Since dimV = d, then the definition of genus implies that
y(ANS,) <d, acontradiction to (10.10).

From (10.11) and (L-4") it follows that

b > max{J(u) :u€ANS,} > p > 0.

The rest of the theorem is proved as Theorem 10.18, noticing that Lemma
10.19(iv) applies because the map 1 given by the deformation lemma can
obviously be taken to satisfy n(«) = u for all u such that J (1) < 0. [ |

The next result deals, roughly, with a functional J which has a strict local

minimum at 0, is bounded from below and has a negative global minimum.

According to the mountain pass theorem, such an f possesses a second, non-

trivial critical point at a positive level. We will show that if f is even and

{u: f(u) < 0} has genus d, then f has 2d pairs of nontrivial critical points.
Precisely, let us substitute (MP-2") with the following statement.

(MP-2") There exist a subspace V of E with dim(V) = d and a compact,
symmetric set /C C V such that J < 0 on K and 0 lies in a bounded
component in Vof V — K.
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J(u)

Figure 10.1 Behaviour of J satisfying (MP-2"). Notice that this is the symmetric
counterpart of Figure 8.2.

Theorem 10.21 Let J € C! (E,R) be even and satisfy (MP-1), (MP- 2"y and
(PS). Then each bm, 1<m< d, isa positive critical level for J, and J possesses
at least dpalrs of nontrivial critical points Lu,,, with J(Lu,,) > 0.

If, in addition, J is bounded below on E, then J possesses at least other d pairs
of nontrivial critical points v, 1 <k < E with J(£v;) < O.

Proof. To prove the first statement, let us remark that the only role played
by (MP-2') was to show that T',, # . We shall prove that this is still the
case for 1 < m < d, whenever (MP-2") holds. Let again A = Bg N E™. For
Rlargeand 1 < n < E, (MP-2") implies that A D K N E™. Therefore the
component Q of E4 N E™ containing 0 lies in A. Thus, for all # € H* one has
that AN h(0B;) D Q@ N h(dB;) and hence

Y(ANhK@©By)) = y(LNA(DB)) = m.

The last inequality is due to the fact that O N (9 B}) contains the boundary of a
symmetric, bounded, neighbourhood of 0 in E. Then, repeating the arguments
of Theorem 10.18, the result follows.

Let J be, in addition, bounded from below on E and consider the inf-sup
level

Cr = inf max[J(u) : u € Al.
y(A)=k

Since K contains the boundary of a symmetric, bounded neighbourhood of 0
in V, then y (K) = d and there holds
¢ <max[J(w) :ueK] <0

As a consequence, forall 1 < k < d one has Cr <¢; < 0and each ¢y carries a
pair of nontrivial critical points. This completes the proof of the theorem. W
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10.4 Applications to Dirichlet boundary value problems

In this final section, we will apply the preceding abstract results to find mul-
tiple solutions of semilinear Dirichlet BVPs with odd nonlinearities. To avoid
technicalities we will focus on model problems, only.

We first consider the sublinear problem

—Au = hu — |uP~!
{Au au—uPlu xeQ (10.12)

where p > 1. We have shown, see Example 5.11, that (10.12) possesses at
least a (positive) solution for all A > X, A being the first eigenvalue of —A
on E. We want to improve this result in the case of an odd nonlinearity. As in
Example 5.11, we perform a truncation, by setting

A— ulP 'y if AV <y < A V0D
0 otherwise,

f(w) = {
and consider the auxiliary boundary value problem

{—Au(x) =filu) xeQ (10.13)

ux) =0 x € 0Q2.

The same arguments used in Example 5.11 show that any solution « of (10.13)
satisfies [u(x)| < AY/@=D for all x € ©, and hence is a solution of (5.5). For
u€E=H}(Q),let

1 u
J(u) = §||u||2— / F; () dx, Fi(u) = / f(s) ds.
Q 0

Obviously, J; is even and of class C!. Moreover, we know that J; is bounded
from below on E, is coercive and that every (PS) sequence is bounded. This
immediately implies that (PS) holds. As in (10.1), we set

onm = 1inf supJy(u), Ae A
y(A)zm e

We claim that if A > XAy, where Ay is the kth eigenvalue of —A on E, then

onx < 0. Actually, let ¢; denote an eigenfunction corresponding to A;, with

llill =1 and (¢; | ;) = 0fori # j, and let us consider the k — 1 dimensional

sphere

k k
Ske =1V = Zalxpi : Za,-z =82}.
1

1
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J;,
Sk,( Sk.(
t t >
\\/ \/ V=P
Figure 10.2 Behaviour of J, (1) withu € V = (¢1,...,¢r) and & > .

From Corollary 10.6 one infers that y (S ) = k. Furthermore, for v € Sy . and
& small, one has that F; (v) = $a? — 1/(p + D|v/P*! and hence

B = AZ P o o)

——8 — AZazk 1+0(€2)

12 1 X +o(ed).
=& 8 o(e
2 2)\.k

Thus if A > A, we deduce for ¢ < 1

sup Jy(v) <0,

VESkYS
and this implies that o)y < O provided A > A;. A straight application of
Proposition 10.8 yields that J; has at least k pairs of nontrivial critical points
which give rise to k nontrivial solutions of (10.12). More in general one can
show

Theorem 10.22 Consider the problem

{—Au:ku—f(u) xeQ ;)

u:o XEBQ,
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J;
R R 1V
E V= <[/)l’ ---’(’Dm>
|
|
|
:
J;(rv)
Figure 10.3 Behaviour of J, (u) withu € V = (¢1,...,¢m).
where f is locally Holder continuous, odd and satisfies:
u u
lim & =0, lim & = 400, (10.14)
u—0 U |lu|>+0c0 U

uniformly with respect to x € Q. Then (D, ) has at least k pairs of nontrivial
solutions, provided ). > .

Next, let us consider the model problem

{—Au =tu+uP'u xeQ

u=20 X € 0%, (10.15)

where 1 < p < (n+2)/(n—2). This is a superlinear problem like those
discussed in Theorems 8.11 and 8.28.
Now the corresponding functional J;, is defined on E by

1 1 1
() = E||u||2— 5/\/ lu? dx — ?f luPt! dx.
Q P Q

As before, J), is even. Moreover J;, satisfies (PS), for every ¢ > 0 and (MP-1),
respectively (L-4"), if A < Aj, respectively A > A1.

We claim that J; satisfies the assumption (MP-2). If this is true, then
Theorem 10.18, respectively Theorem 10.20, applies and hence (10.15) has
infinitely many solutions for every A € R. To show that (MP-2') holds, it suf-
fices to take any v € span{¢i,..., @y} (We use the same notation employed
before, when we discussed the problem (10.12)), v = Y"1 ajg;, with [|v] = 1
and consider J, (rv), r > 0. It is clear that

p+1y,, P!
et 1 R

1 1
Avw=§ﬂ—iuﬂw;—
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This immediately implies that there exists R > 0 such that J, (rv) < O for every
r > R, proving that (MP-2') holds.
More in general, quite similar arguments lead to the following theorem.

Theorem 10.23 Consider the problem

—Au= u+fx,u) xeQ
u:o xeaQ,

where f € F,, 1 < p < (n+2)/(n—2), is odd and satisfies (8.9)—(8.10),
namely

(D7)

i &0 _
1m =

u—0t u

dr >0, 96(0,%) : F(x,u) <0uf(x,u), VYxe, lul>r.

L eR, fora.e. x € Q;

Then, for every A € R, (D;f) has infinitely many pairs of (nontrivial) solutions.
The above theorem is the counterpart, for odd nonlinearities, of Theorem 7.14
(if X < Ay) or Theorem 8.28 (if L > A}).

Remark 10.24 (i) It is possible to show that the min-max critical levels b,,,
defined in (10.7), or the corresponding b, when A > A,, diverge at 400 as
m — +00. Moreover, from the equation it follows that

it = /Q [, +F (5, t) it ] dx.

This and (8.10) imply

J(um) = /Q I:%f(x, Up)um — F(x, um):l dx < Cl||um||2 + 2,

and hence ||u,|| — oo.

(i1) A similar result can be proved for problems where the nonlinearity
is odd and satisfies the same assumptions as the nonlinearity discussed in
Theorem 7.14. |

Our last application deals with problems like

{—Au =p(ulu—up~u) xeQ

. ¥ e 30, (10.16)

with 1 < s < p. Suppose first that p < (n+ 2)/(n — 2). The solutions of
(10.16) are critical points of

1, 1 1
T = —lull2— Pt — —— Pt da, €E=H\(Q).
(1) 2||u|| M/QLHIMI erlIul X, U 0(£2)
(10.17)
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Let us show that Theorem 10.21 applies. Actually, u = 0 is a strict local
minimum of J,, because 1 < s < p and thus (MP-1) holds. Take once more
any v = Y ' a;@;, with [[v|| = 1. Itis easy to check that there exists 7 > 0 such
that taking 0 < r < 7, one has that

1 1
/ [?mr“ - ?mv’“} dx > 0.
QLS p

Then there exists u,, > 0 large enough such that for all & > p,, one has
that J,, (rv) < 0. This implies that (MP-2") holds with V= span{@i,...,on}
and K = {u = rY {"aip; : 0 < r < 7}. Finally, it is easy to check as for
(Dy), that J, is bounded from below on E and that (PS) holds. In conclusion,
an application of Theorem 10.21 yields, for any integer m > 0, the existence
of w;, > 0 such that (10.16) possesses at least 2m pairs of nontrivial solu-
tions provided u > . lif p > (n+2)/(n — 2), we perform a truncation by
setting

Py — |uP~tu ifjul <1

otherwise,

|u

f(u)={0

and consider the auxiliary functional

~ 1 ~ ~ U,
Jﬂ(u)Zzllullz—M/QF(u)dx, F(M)Z/O f(s)ds.

Repeating the preceding arguments one shows that there exists p,, > 0 such
that ju possesses at least 2m pairs of critical points provided u > u,, which
give rise to solutions of —Au = ,uf(u), u € E. By the maximum principle,
these solutions satisfy (10.16).

More in general, one can use similar arguments to handle a problem such as

{—Au: wflx,u) xeQ

u=20 x € 0Q. (10.18)

Let F(x,u) = [y f(x,7)dr and set

1
Ju<u>=Enunz—u/QF(x,u)dx, uek.

Theorem 10.25 Suppose that f is locally Holder continuous, is odd and
satisfies:

(a1) limy—of(x,u)/u = 0, uniformly with respect to x € <,
(a2) f(x,u) > 0in a deleted neighbourhood of u = 0,
(a3) there exists u > 0 such that f (x,v) < O, forall x € Q.
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Then for any integer m > 0 there exists L, > 0 such that for all & > [y,
(10.18) has at least 2m distinct pairs of solutions tu;, +u; with Ju(y)) <
0 < J, (Fu).

Of course, the preceding theorem is the counterpart of Theorem 8.14 for odd
functionals.

We conclude this section by summarizing, with some bifurcation diagrams, the
results found above. As usual, the figures are intended only to be suggestive.

Au—f(x, u)

|
1 Zki(‘
I

0 u 0 1 -
|
|
I
I

behaviour of the nonlinearity in (D7) bifurcation diagram of (D7)

z

Figure 10.4 Nonlinearity and solutions of (D; ). The bold line denotes the branch
of positive solutions.

Au+f(x, u)

behaviour of the nonlinearity in (D) bifurcation diagram of (D })

Figure 10.5 Nonlinearity and solutions of (D;r). The bold line denotes the branch
of positive solutions.
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SO u)

(i)

(iii)

behaviour of the nonlinearity in (10.18) bifurcation diagram of (10.18)

Figure 10.6 Nonlinearity and solutions of (10.18). The bold line denotes the branch
of positive solutions.

10.5 Exercises

Consider the superlinear BVP (D) discussed in Section 7.6 and suppose
that, in addition to the assumptions of Theorem 7.14, f is odd. Prove that
(D) has infinitely many pairs of solutions.
Consider a functional J/ € C'(E, R) which satisfies the assumptions
(a)—(c) stated before Theorem 10.12 and let M be the unit sphere S in E.
Let S C S denote the m dimensional unit sphere and set
Xm ={ACS:A=¢1l"), ¢ € C(§",S), ¢ odd}. Define
Om = inf maxJ(u).

AeA,, UueA
(a) Show that &, is a critical level for J on S.
(b) Show that ,, 1 0. [Hint: prove that 6;,, > o0y, where oy, is defined

in (10.1).]

Let E,, C E be an m-dimensional subspace and suppose that A € A be
such that y (A) > m. Prove that A N E,;, # @. (See the first part of the
proof of Theorem 10.20).
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Further results on elliptic Dirichlet problems

In this chapter we collect some further results on elliptic Dirichlet BVPs.
Section 1.1 is devoted to the existence of solitary waves. Section 11.2 deals
with an elliptic problem with critical nonlinearity, following a celebrated paper
by H. Brezis and L. Nirenberg [64]. In Section 11.3 equations with discon-
tinuous nonlinearities are studied and the final Section 11.4 is concerned with
problems with concave-convex nonlinearities.

11.1 Radial solutions of semilinear elliptic equation on R"

In this section we will deal with the following semilinear elliptic equation in R”
~Autu=u, u>0, ueW R, (11.1)

wheren > 3and 1 < p < (n+2)/(n — 2). Similar results can be proved when
n = 2 and p > 1. Equation (11.1) arises, for example, when we look for a
solitary wave of the nonlinear Klein—Gordon equation

3%y
K2
Above, (t,x) € R x R" and ¥ = ¥ (¢, x) is a complex valued function. Making
the Ansatz ¥ (t,x) = ey (x) with 0 < @ < a, we find for u an equation
like (11.1) (to simplify the notation, we set a> — w> = 1), where the condition
u € WH2(R™) is required to obtain solutions with physical interest. We will
look for radial solutions of (11.1).
Let W2 denote the Sobolev space W' (R") endowed with scalar product

—AY +ay =yl Y, (@>0). (11.2)

(u|v) =/ [Vu-Vu+ uv]dx
Rn
and consider the functional J € CZ(W]’Z, R),

1 1
Jw) = ~lul* — —— [ |uPt!dx.
2 p+1 Rn

177
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Let us point out that the last integral makes sense because W2 ¢ LP+1(R™), for
1 < p < (n+2)/(n—2). We shall show thatJ has a MP critical point which gives
rise to a radial solution of (11.1). Since it is clear that J has the MP geometry,
the main difficulty relies in the PS condition because, in general, W2 is not
compactly embedded in LPTIR") evenif 1 < p < (n+2)/(n — 2) (to check
this lack of compactness it suffices to take any function u € W'2, any sequence
& € R" such that |&| — 00, and consider the translates u; (x) = u(x + &)).
This problem will be bypassed working with radial functions. Let W,1 2 denote
the space of functions in W12 which are radial. If u € er’2 then u(x) = u(|x|)
for some % : Ry +— R. In the sequel, to simplify the notation, we will identify
u with u, using the symbol u(r) for functions belonging to er 2,

Below we collect some results dealing with properties of er 2 which are
interesting in themselves. We first prove the following lemma.

Lemma 11.1 Let n > 3. There exists ¢, > 0, depending only on n, such that
forallu e W,l’2 there holds

()| < e ull,  Vr>1 (11.3)

Proof. By density, we can suppose that u € C{°(R"). If the prime symbol
denotes the derivative with respect to r, we have ("~ 'u?)’ = 2" lu’ + (n —
1)r"2u?, whence (X"~ 'u?) > 2"~ luu/'. Integrating over [r, 00) we find

oo
Nl () < —2/ Pl dr < cllul?,

r

where ¢ depends on 7, only, proving (11.3). |

We can now state the key result for proving the PS condition.

Theorem 11.2 [164] The embedding of er 2 in L4 (R™), n > 3, is compact for
all2 < g < 2*.
Proof. Let uy € W% be such that ux — 0. From (11.3) it follows that

()] < CorI= 2 | < G772,

Since g > 2 we deduce that, given ¢ > 0, there exists C3 > 0 and R > 0such
that |ug (r)|7 < Cze |ug(r)|?, for all » > R. This implies

/ w07 dx < C3e / @) dx < Cye llwe])> < Cae. (11.4)
| |

X|>R x|=R



11.1 Radial solutions of semilinear elliptic equation on R" 179

Moreover, from the standard Sobolev embedding theorem, we have that u;, —
0, strongly in L9(Bg), forevery 2 < g < 2*. Thus there exists kg > 0 such that
for all k > k¢ one has

/ @) dx <.
|

x| <R

This and (11.4) imply that fR” lup(x)|9dx < Cse for k > ko, proving that
ur — 0, strongly in L4(R"), for every 2 < g < 2*. |

Following W. Strauss [164], we are now in a position to prove the following
theorem.

Theorem 113 If 1 < p < (n+ 2)/(n — 2), (11.1) has a classical radial
solution.

Proof. We will work in er ’2. Let ¢ > O denote the MP level of J on er ’2.
Using Theorem 11.2 it is easy to check that c is a critical level which carries
a critical point u € er,z such that J' (1) L er 2 Let us show that u indeed
satisfies J'(u) = 0. Let o € O(n) denote a generic rotation in R” and define, for
allv € W2, v, (x) := v(o~'x). One immediately verifies (that J(vy) = J(v)
and) that J'(vy) = (J'(v))s. Since u is radial, then u = u, and hence J' (1) =
(J' (1))y, namely J'(u) € W2, Since one also has J'(u) L W2, we infer that
J'(u) = 0. By elliptic regularity, u € C? and then the usual argument implies
that # > 0 on R". This completes the proof. |

Remark 11.4

(a) The fact, proved above, that u is radial is a particular case of a more
general abstract result. More precisely, suppose that the topological group
G acts on the Hilbert space E through isometries and let J € C!(E,R) be
G-invariant. Then any critical point of J on Fix(G) = {u € E : gu = u,
V g € G} is a critical point of J on E. This is called the symmetric
criticality principle by R. Palais [142].

(b) Tt is possible to show that any C? radial solution u of (11.1) has an
exponential decay at infinity: namely there are C,§ > 0 such that

lu(r)] < Cr=m/2e=r 1.

We will be sketchy, leaving the details to the reader. Since u verifies

— (" '') = "~ luP then, setting w(r) = r"~'u?(r), one finds that

W > (14 br=2 —uP~Hw, where b = (n — 1)(n — 2)/2. Using (11.3),
it follows that w” > mw, for some m > 0, for all » > 1. From this, an
elementary argument implies that w < Ce=Vmr
u(r)| < Crd=m/2e=vmr/2,

, whence
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(c) For further results dealing with more general equations like
—Au+ u = f(u), we refer to [53]. [ |

11.2 Boundary value problems with critical exponent
In this section we will study the BVP with critical exponent
—Au=hu+u"DOD 50, ueHY, (11.5)

where, as usual, n > 3,  is a bounded domain in R” with smooth boundary
3Q and H) = H} () is endowed with the norm [|u||? = [, |Vu|? dx.
Solutions of (11.5) are critical points of J; € C* (Hé ,R),

I, 1 1 x
() = zllull - Eklulz - ;Iulz*,
where |u|, denotes the norm in L”(£2). Let us make a couple of remarks.

Remark 11.5

(a) For A < Ap (the first the eigenvalue of —A on H&) the functional J;,
satisfies (MP-1). Moreover, for any fixed z € E \ {0}, one has that
J)(fu) - —oo att — oo and then (MP-2) holds with, say, e = fu, t > 1.
As a consequence, if A < A1, then J, has the MP geometry.

(b) On the other hand, if €2 is star shaped, (11.5) has no solution for A < 0 (by
the Pohozaev identity). |

From these two remarks we deduce that J; does not satisfy the (PS) condition
for A < 0. Of course, the failure of the (PS) condition is related to the fact that
the embedding of L () into H& (£2) is not compact. We want to investigate
what happens for A > 0. The main result we are going to discuss is the following
one, contained in the aforementioned paper by Brezis and Nirenberg.

Theorem 11.6 Ifn > 4 problem (11.5) has a solution for all ). €10, ,1[.
If n = 3 there exists A* € [0, L[ such that (11.5) has a solution if and only if
A €A Al

Remark 11.7 It might happen that A* > 0. For example, if € is the unit ball
and n = 3, then one can show that A* = A;/4, see the paper by Brezis and
Nirenberg [64]. |

Remark 11.8 Let A* = 0 and let us consider solutions u; of (11.5) corres-
ponding to a sequence A | 0. If €2 is star shaped, one has that |lux| — +oc.



11.2 Boundary value problems with critical exponent 181

>

A

Figure 11.1 Bifurcation diagram of positive solutions of (11.5) when A* = 0 and
Q2 is star shaped (solid curve). The dashed line represents the branch of positive
solutions of the subcritical equation —Au = Au + u’, u € Hé Q),1 <p <
n+2)/(n—2).

Otherwise one finds that, up to a subsequence, u; — ug, which is a solution of
(11.5) with A = 0, in contradiction with the Pohozaev identity. |

Roughly, we will show two facts:
(i) the (PS). condition holds for ¢ smaller than a certain threshold involving
the best Sobolev constant, see below;

(ii) the MP critical level of J,, lies below such a threshold, provided
A €10, A1[, if n > 4, respectively A €]A*, [, if n = 3.

To carry out this program, we first need some preliminaries. We denote by S
the best Sobolev constant for the embedding of H& (2) into L*(£2), namely

S =inf{|ul®> : ueHy, lulx =1).

Recall that S does not depend on €2 and is never achieved, unless Q& = R”
(otherwise there would be a positive solution u € H& of —Au = Sy"+2)/(n=2),
in contradiction with the Pohozaev identity). If & = R” the best constant S is
achieved by the function

U(x) ¢ = (n(n—2)"=2/4

c
BRIk
that satisfies

—AU =S UyrD/=2 xR,
Since this problem is dilation invariant, it turns out that also

Up(x) := e~ "22U(x/e), &>0
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as well as the translated U, (x — &), & € R”, satisfy —AU, = § UE("H)/("_Z)
(x € R") (actually it is possible to show that they are the only regular positive
solutions of this equation). Moreover, one has that

U € L R"), VU, € L*(R"), and | U |* = |U; |3 = $"/2.
As anticipated in the items (i) and (ii) before, we shall prove:

o J, satisfies the (PS), condition for all ¢ < %S"/ 2,
e if ¢, denotes the MP critical level, one has that ¢; < %S”/ 2 provided
A €]0, A1[ (respectively A €]A*, A1[) if n > 4 (respectively if n = 3).

Let us begin with the (PS) condition. First we show a lemma, due to Brezis
and Lieb [63]. Let us point out explicitly that in this lemma €2 is any domain,
possibly unbounded, in R”.

Lemma 11.9 Lef u,, € LP(R2), 1 < p < 0o be such that

(a) lum|p < constant
(b) uy, — ua.e. in Q.

Then

lim |u,, — u|I’; = lim |Mm|Z - |u|1’;. (11.6)
Remark 11.10
(a) If, in addition to (a) and (b), one has also that |u;,|, — |u|, then u,,

converges to u strongly in L” (2).
(b) If we replace LP with any Hilbert space, one has that

ity = ull® = NI + llull> = 2. (11.7)
Hence if u,, converges weakly to u then (11.6) holds. |
Proof of the lemma. By the Fatou lemma,
lulp < lirrlri)iélof |ttm|p < constant

and this implies that u € LP(€2). Now we use the following inequality: for all
& > 0 there exists c(¢) > 0 such that

lla+bIP — |al’ — |bIP| < elal’ +c(e)|bl”, a,beR (11.8)
which, in turn, follows easily from

e P =P -1
lim =
t—+oo |t|l’
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Using (11.8) with a = u,, — u, and b = u we get

| — Tum — ul” — |ul’| < &lup — ul” + c(&)|ul”,

Vim

namely
il — &lum —ul? < c(e)ul’.
By the dominated convergence theorem we infer

im | (vl = &ltm —ul?) = 0. (11.9)

m— 00 Q

Moreover, from

il < (vl — &lum — ulP) + &luy, — ulP

/lvmli/ (Ivm|—8lum—ulp)+8/|Mm—ulp~
Q Q Q

Using (11.9) it follows that

we get

/ vl < o(1) +cre, ¢1 = sup luy, — ul) < oco.
Q m
In conclusion, we find

/|Vn1|:/ ||um|p_|”m_u|p_|u|p|_>0,
Q Q

proving the lemma.
We can now prove the next lemma.

Lemma 11.11 J, satisfies the (PS). condition for all ¢ < %S"/z.

Proof. LetJ, (uy,) — candJ i (un,) — 0. As in the subcritical case one has that
[l | is bounded and hence we can assume that u,, — u in H} and in L> (),
Uy — uin L2(Q) and u,, — u a.e. in Q. From Ji (u) — 0 it follows that

5 () 9) = () — A f U@ — / ltm|* “2ump = o(1), Vo € H.
Then

(u|g0)—)\/u<p—/|u|2*72u<p =0, Vo eH&.
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This means that u is a weak solution of (11.5). Taking ¢ = u we find

lul® = Aul3 = |uf3. (= 0) (11.10)
and hence
L e B2 B T
Ji(w) = §||M|| - §A|M|2 - ;lub* =5 ul3 = ;|M|2*- (11.11)

After these preliminaries we can now prove that w,, := u,, — u converges to 0
strongly in Hé. Using (11.7) we infer:

W l? + llull® + o(1); (11.12)
luml3 = |wml3 + [ul3 +o(1) = |ul3 + o(1). (11.13)

2
N[t |

Furthermore, using the Brezis—Lieb lemma we find
ltm|3e = W3+ + lul3e + o(1). (11.14)
From (11.12), (11.13), (11.14) it follows that

1 1 *
T () = 5||um||2 - 5x|um|% — 2—*|um|%*

=75 () + %Ilwmllz— 2—1*|wm|§ii +o(1). (11.15)
Moreover, (J; ()|u,) — 0 implies

e * = Metm|3 — |uml32 = o(1).
Then, using again (11.12), (11.13), (11.14) we find

Il + = 21 = (1w 32+ i3 ) = o(1)
and hence
w2 = winl3e = = (el = 24l = 13" + o(1) = o(D),

because ||ul|?> — Alul? — [ul3. = 0, see (11.10). It follows that

lim [y, )? = lim w3 (= ). (11.16)

< |lwm||* and hence

By the Sobolev embeddings we know that S |w,, |%*
Sa? < «.

If « = 0 we are done. If ¢ # O then o > $"/2 Tn such a case, from I (uy) — ¢
and using (11.15) and (11.16) we get

| T, 11
¢ =)+ Swnl” = S Walye +o(l) = L) + | 5 = 5 e+ o(D).
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Since Jy (1) > 0, see (11.11),
1 1 12
c>—-a+o(l) = -5 +o(l),
n n

a contradiction, because ¢ < % NEES by our assumption. So o = 0. ||

To complete the proof of Theorem 11.6 it remains to show that the MP level c;,
is smaller than ,I—IS”/2 for A €]0, 1 [ if n > 4, respectively A €]A*, A [ ifn = 3.
We will prove this fact in the former case, only. The case n = 3 requires some
more technicalities and we refer to the original paper by Brezis and Nirenberg.

Without loss of generality, we assume that 0 € Q. Letg € Cgo (), px) =1
in the ball |x| < p. We set

ug (x) = @) Ug (x).

Lemma 11.12 For ¢ — 0 one has that ||ug||*> — )»|u8|% < S|u8|%*.

Proof. We claim:

luell> = /|VU5|2+0(8"*2)=s"/2+0(e"*2); (11.17)
]Rn

us 13 = fU§*+0(a"—2)=S”/2+0(s"); (11.18)
constant 2| log ¢| + O(g?) ifn=4

e} = 2' g ¢l 2( ) . (11.19)
constant &= 4+ O(e"~*) ifn > 5.

If the claim holds true, then forn > 5,

luell® = Auel3 "% — e + O("2)

_ Q¢ _ 2 n—2
B O oy TR O <

provided |e| is small enough. Similarly, for n = 4,

2 2

ugl|© — Alu
M :S—A82|10g8| +0(82) <§ ase—>0,
|ue |5
and the lemma follows. It remains to prove the claim.

Proof of (11.17). Since, up to a constant,

—(n=2)/2
) = 900 e (&2 aP) T
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we find
8(n_2)/2V(p(X) S(n—Z)/Zx(p(x)

- T _(n - e
(82 + lez)("_z)/2 (e2+ |x|2)"/2

Since p(x) = 1 on |x| < p, it follows that

Vue(x) =

2
lluee |

(n— 2)28"’2/ —|x|2 + 0("?)
Q (e2+x2)"

2.n-2 x| n—2
= (n—2)%¢ ———— + 0(").
R (2 + |x]?)

Performing the change of variable x = ey we get

Re &2 (14 yP2)"

_ _ 2 2 |y|2 0 n—2
= (n—2) ) —(1 n |y|2)" + 0" ).

Now, the constant in the definition of U is such that

(n —2)? _bP VU ?
R (1+ 12" Jre W

In conclusion we find:

2
lluee |

e |? = /R VUM + 0(6"2) = S 4+ 0" ),

proving (11.17).

Proof of (11.18). There holds

|u8|%i = g”/ ﬂ
Q (e + x2)"

2*
n 4 (x) —1 n/ 1
= —+ e
° /§2(82+|x|2)n ’ Q (e2+x2)"

1
= i + 0™ = S+ 0.
/Rn D (") (")

Proof of (11.19). One has

1
lug|3 = sH/ — 40" (11.20)
el o (82 + |x|2)n—2
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Consider first the case n > 5: one finds that

1 1
S ——— —— 4+ 0(1)
/Q (82 + |x|2)"_2 /I;" (82 + |x|2)"_2
- 84*"f _ — +0(1) = 1" + 0(1).
@ (1+1y?)

Substituting into (11.20) we find
lue|3 = c16* + 0(e"2).

If n = 4 we get

1
|ute |3 =82/ — 0.
Q (e2 + x2)°

We can choose R; < R» such that

1 / 1 / 1
< < . —
/x<R1 (2 +1x2)° ~ Ja (2 4+ 1x12) T i<y (2 + xP2)°

Since (below w denotes the measure of the unit sphere in RY)

[ ! /R rdr lloge| + O(1)
- —w ——— =w]|loge ,
i<k (62 + |x2)’ 0 (2+12)

we get
|u5|% = constant.82| loge| + 0(82).
This completes the proof of the lemma. |

We can finally complete the proof of Theorem 11.6 by showing the following.

Lemma 11.13 [f ¢, denotes the MP critical level, one has that c) < %S"/z
provided A €10, L[ (respectively A € ]\*, A1[) if n > 4 (respectively if n = 3).

Proof. First, let us take in Remark 11.5(a) # = u,, with a fixed ¢ > 0 such that
Lemma 11.12 holds. Taking the half-line {fu. : ¢t > 0} as test curve for the MP
level, we have that

¢) < maxJ (tug).
>0
Since

1 I 5 *
D) = 5 6% (Il = 2 3) = 5 2 s
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then max;>o J, (fu.) is achieved at

(n—2)/4
llue 1> — Alug|3
T = —2* N
|ute |2*

/2
1 uel? — Muel2\"
h@%)=;<ndl |sb> '

.
[T

and

Then, using also Lemma 11.12, we find
/2
1 uell® = Aug 2\ 1
< max Ty () = Iy (cu) = — (L=l ) L g,
>0 n [tte |5 n
and this completes the proof. |

Remark 11.14 It is easy to see that ¢ < % §"/2 is equivalent to the condition
Sy < S, where S; = inf{||ug||> — Alug|3 : u € H), uglo+ = 1}. [ ]

11.3 Discontinuous nonlinearities

Here we consider the case in which the nonlinearity f has a discontinuity
with respect to u. Problems with this feature arise, for example, in plasma
physics.

11.3.1 A general result

Following [12], let us consider the following Dirichlet boundary value problem

{—Au=f(u)+h(x) xeQ (11.21)

u=>~0 x €09,
where i € L*(2) and f satisfies:

(a) thereisa € Rsuchthatf € C(R\ {a},R) and f(a—) = limy,—,— f (1),
f(a+) = limy_, 44+ f (1) exists and f(a—) < f(a+). Moreover f(a) € T,,
where T, = [f(a—),f(a+H)];

(b) liminf,— 4o f(u) > —oo and limsup,,_, _, f (1) < +00;

(c) there is m > 0 such that u — mu + f(u) is strictly increasing.

Remark 11.15 To avoid technicalities, we assumed that f has a discontinuity
at a single point a. More in general, the arguments that we will carry out can
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Figure 11.2 The functions f and g.

be easily extended to cover the case in which f € C(R \ A, R), where A is a set
with no accumulation points. |

We use the same symbol f to denote the multivalued map which is equal to f (1)
for u # a and such that f (@) = T,. With this notation, by solution of (11.21)
we mean a function u € Hé (Q) N H%%(K2) such that

—Au(x) — h(x) € f(ux)), a.e.in Q.
Of course, defining
Qu(u) ={x e Q:ulx) =a},

if |2,(u)] = 0 (JA| stands for the measure of the set A C R") then u satisfies
—Au(x) = f(u(x)) + h(x), for a.e. x € Q.

In order to find solutions of (11.21) we will transform such an equation in
an equivalent problem, involving a C! functional.

From (b) and (c) it follows that there exists M > 0 such that u — Mu + f (1)
is strictly increasing and such that Mu + f(u) — £00 as u — Zoo. Then the
function g defined by setting g(#) = u if and only if r € Mu + f (1), namely

o a if t—MaeT,
81) = .
u suchthat Mu+f(u) =1t if t —Ma & T,,

is defined on all of R, is continuous and G(1) = fot g(s)ds is of class C!. Let
E =L*(Q),letK : E — E be defined by

u=K@v) <= —Aut+Mu=v, uecH\Q),
andsetJ : E — R,

J) = f (G = 1vk () = vK () | dx.
Q

The following theorem shows the links between J and (11.21).
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Theorem 11.16 Let h € L>(2) and let f satisfy (a) and (b).

(i) J € CYE,R); moreover, if /(W) = 0 then z = K(w + h) is a solution of
(11.21), in the sense specified above.

(ii) If either —h(x) & T, a.e. in Qg4 or if w is a local minimum of J, then
|2,(2)| = 0 and thus z satisfies (11.21) a.e. in Q2.

Proof. From (b) it follows that there is ¢ > 0 such that |Mu+f(u)| > M |u| —c.
Setting t = Mu +f (1) we get immediately that |g(¢)| < %|t| +crand |G(B)| <
ct® + c3. Using Theorem 1.7, it follows that J € CYE,R).

Let w € E be such that J/(w) = 0 and set z = K(w + h). Then z €
H} (@) N H**(Q) and G'(w) = K(w) + K (h). This implies g(w) = z or else

w—Mz € f(2). (11.22)

On the other hand, from z = K (w + h) it also follows that —Az + Mz = w+ h.
This and (11.22) imply that —Az — h € f(z), a.e. in L2, proving (i).

Next, a theorem by Stampacchia yields —Az(x) = 0 a.e. on 2, and thus
—h(x) € T, a.e. on ,4(z). This implies that |2,(z)| = 0 provided —h & T,.
Finally, suppose that (—h € T, a.e. on ©,(z), and) w is a local minimum of J
and set

T; =[f(a-). 3(fa—) +f@H)), T, =T\T",
Qf ={xeQ: —h(x) e TH).
Define

1 xeQt
XX =9-1 xeQ
0 xeQ\Q.

For ¢ > 0 small enough one has that
—h(x) +exx) e T, a.e.on 2. (11.23)
There holds
%J(w-l—ex) = /Qg(w—i-sx)x dx—e/ng(x)dx—/QxK(w—i-h)dx.

Fromw + h = — Az + Mz it follows that w + h = Ma a.e. on Q,(z). This and
the definition of x imply

/g(w—i—ex)xdx:/ g(w—i—sx)xdx:/ gMa —h—+¢ex)yxdx.
Q Q4(2) Q4(2)
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Sett = Ma — h + ex. Using (11.23) we infer that t — Ma € T, and therefore,
by the definition of g we have g(¢) = a. This and the preceding equation yield

fg(w+ax)xdx=a/ X dx.
Q Q4(2)

One also has

/XK(w+h)dx=/)(zdx=/ dex:a/ X dx.
Q Q Q4 (2) Qa4 (2)

Moreover, setting K(x) = n, we find —An + Mn = x and hence

/XK(X)dXZ/(IVn|2+Mn2)dx.
Q Q

Putting together these calculations we deduce

d
—Jw+ex) = —sf xK(x)dx = —e/ (V> + MnHdx. (11.24)
de Q Q

Since w is a local minimum of J, then n = 0, which implies that x = 0. This

is equivalent to say that [Q2,(z)| = 0, and the proof is complete. |

Remark 11.17 The arguments above are inspired by Clarke’s dual vari-
ational principle [80], see also the book by Ekeland [93] for applications
to hamiltonian systems. The smoothing effect of this principle was first
highlighted in [12]. ]

Let us indicate a simple case in which J has indeed a minimum on E and
Theorem 11.16 applies. Suppose that f satisfies

If ()| < alu| +k, a <X, k>0 (11.25)

Lemma 11.18 [f, in addition to (a)—(c), (11.25) holds, then J is bounded from
below and coercive.

Proof. If (11.25) holds, then repeating the previous argument, one finds

G(t) > l £ —colt].
2 a+M
This yields
/ GOYdx = = —— vl2s =1 vl (11.26)
Q a+M L

On the other hand, the definition of K easily implies

1
K(v)dx < 2
/Qv O AL
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and we find
FJ g iy 4 S Sy N
“2a+M P 2 x+M L L
Since o < A it follows that J is bounded below and coercive. |

Next, we prove the following form of the (PS) condition (see Remark 8.7)

Lemma 11.19 J satisfies (JE’TS’)C for all ¢ € R, namely if vj € E is such that
J(vj) = cand J'(vj) — O, then there exists v* € E such that J(v*) = ¢ and
J (v =0.

Proof. Here to simplify the notation we put M = O and 4 = 0. From J (vj) — ¢
it follows that ||v;||;2 is bounded and hence v; — v* (up to a subsequence). Set
u* = K(v*). From J'(v;) — 0 and the compactness of K, we infer that

gv) = KO =u", strongly in E and a.e. in €. (11.27)

Let us first prove that v; — v* strongly in L*(Q), where Q' = Q\ Qq(u*).
Since u*(x) # a in ' and since f is continuous out of u = a, we get from
(11.27)

vi = f(u"), ae.in Q. (11.28)

From (11.25) it follows that [v;| < c1|g(v;)| + ¢2 and this, jointly with (11.27),
implies that there exists ¢ € L*($2) such that [vi|] < ¢. Therefore, using also
(11.28), we find that v; — f(u*) in L%(Q). Since v; = v*, we deduce

vj = V¥, strongly in L>(Q'). (11.29)

Since g is asymptotically linear, it follows that
g(v)) = gOv*), inL*(Q)), / G(vj)dx — / G(v*dx. (11.30)
@ o

To complete the proof, it is necessary to analyse separately the cases 0 € T,
and 0 € T,.
First we claim that

0¢ T, = |Q")|=0. (11.31)

To prove the claim, let T,, = [by, ba] withb; > 0 (if T, C (—o00, 0[ the argument
is quite similar), and let x, denote the characteristic function of Q,(u*). Since
vi = v* we find

/ vidx = / VjXa dx — u* dx.
Qq(u*) Q Q2 (u*)
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As remarked before, one has that v¥ = —Au* = 0 a.e. in Q,(u™), and thus

/ vjdx — 0. (11.32)
Qu ()

We can also use (11.27) to find that g(v;(x)) — a for a.e. x € Q,(u*). Since g
is continuous and increasing, it follows that lim inf v;(x) > b;. Recalling that
vil < ¢ € LZ(Q), we use Fatou’s lemma and (11.32) to get

b1|Qa(u™)] < liminf/ vidx =0,
Qq (u*)
proving the claim.
We are now ready to complete the proof of the lemma. If 0 ¢ T,, then
[€2,(u*)| = 0 and this together with (11.30) immediately implies that g(v;) —
g(v*) in L*(S2) as well as fQ G(vj) dx — fQ G(v*). Therefore

IO = f [G0%) = vk ] dx

Q
lim f (G0 = Suk | dx =lims ) =,
J Q J
and
J ) =g —KOG*) = li]m [gv) — K] = lijr_nJ’(vj) =0.
If 0 € T, then g(v*(x)) = g(0) = a = v*(x) for a.e. x € Q,(u*) and once

more J'(v¥) = 0. Moreover, G(t) = at for t € T, and one readily finds
|G(vj) — avjl — 0a.e.in Q,(u*). Thus

/ |G(vj) — avj|dx — 0.
Qu () '

This, (11.30) and (11.32) imply

/ G(vj)dx = / G(vj) dx + / G(vj) dx — / G(v*)dx.
Q o Qu () o

Finally, v* = 0in Q,(«*) and G(0) = Oyield [, G(v*) dx = [, G(v*) dx, and
one finds that J(v*) = ¢, as before. |

As pointed out in Remark 8.7 the condition (f’TS’)C can replace the usual (PS),
condition to find a critical point of a functional which is coercive and bounded
from below. Therefore we conclude with the following theorem.

Theorem 11.20 Suppose that, in addition to (a)—(c), f verifes (11.25). Then J
has a minimum on E which corresponds, through Theorem 11.16, to a function
z € H(Q) NH**(Q), satisfying (11.21) a.e. in Q.
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Remark 11.21 Dealing with other specific nonlinearities, it could be conveni-
ent to work on a different space E. For example, if f (1) ~ |ulP~u as |u| tends to
0 and to oo, with 1 < p < (n+2)/(n —2), it is convenient to take E = L# (),
where f is the conjugate exponent of p + 1. Actually, here G(r) ~ |¢|f and

J) ~ IIIf, — /QVK(V) dx.

Note that 8 < 2 and thus J has the mountain-pass geometry. For some fur-
ther examples in which Theorem 11.16 applies, we refer to [12]. See also
Exercises 8.5(iii) and 11.5(1). |

11.3.2 A problem with multiple solutions

Following [23], we now consider the problem

{—Au = h(u—a)fo(u) xe€Q (11.33)

1,{:0 xe@Q,

where a > 0, fy is continuous and satisfies appropriate conditions at infinity
and £ is the Heaviside function

o) 0 t<0
1 ot>o0.

The choice of this specific nonlinearity is motivated by applications arising
in plasma physics in which one deals with quantities v that satisfy —Av = 0
below a threshold a, and —Av = ¢(v) for v > a. Setting u = v — ujpq and
So(w) = ¢ (u+ upg), we get exactly (11.33).

We assume that fj satisfies

@) fo € C(R), fo(u) > 0, and is nondecreasing;
) fow)| < alu] + k, witha < Aj and k > 0.

Note that (b’) is nothing but (11.25). We set f (1) = h(u—a)fp(u) and b = fy(a):
b =limy 4 f (u) is the size of the jump of f(u) at u = a.

Using the same arguments carried out in the preceding subsection, we take
m > 0, so that f,,(u) := mu + f(u) is strictly increasing. As before, f,,, also
denotes the multivalued function obtained by filling up the jump at u = a.
Define g, and G,,(t) by

t
gnt) =u <= 1€ fpu), Gm(t)=fgm(8)d&
0
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Figure 11.3 The function g,,.

Note that, from (a’) and (b’) it follows that

L [t < Gp(2) < & (11.34)
— —¢ — .

2 a+m Ot = rmit) = 2m

Finally, let E = L?(R2) and let K, : E > E be such that

Kn(W)=u <= —Autmu=v, ucH(QNH?Q).

According to Theorems 11.16 and 11.20, the functional J : E — R,
1
Ju) = / Gonit) dx — + / o (1) dx
Q 2 Ja

is of class C! and if u is a critical point of J then v = K,,(u) is a solution of
(11.33). Moreover, from (11.34) it follows that J is bounded from below and
coercive. As in Lemma 11.19, it is also easy to see that J satisfies the (FS)C
condition, for all ¢ € R.

We are going to show that, for suitable values of the parameter a, b, J has
the same geometry as the functional studied in Theorem 8.14, see Figure 11.4,
and hence it possesses two nontrivial critical points: one minimum wj with
J(wy) < 0 and a MP w» such that J(wp) > 0. Let

0=l il

where ¢ is such that —Ag; = A1¢; in @, ¢ = 0 on 92, and is normalized by
taking ||¢1]lcc = 1. Let us point out that, in general, 6 depends upon £2.

Lemma 11.22

(i) If bja > 2110, then for allm < 1, J(e) < 0, with e = by;.

(ii) There are r,p > 0, r < |e|\;2, such that, for allm < 1, J(v) > p for all
iz =r.
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Figure 11.4 Behaviour of J for b/a > 2116.

Proof. (1) From 0 < bg; < b it follows that g(bg;) < a. Then

J(bg1) ab / @ dx — 1b? f @1 Km(g1) dx
Q Q

abllgyllr — 562 (A +m) g ll 2,

=

IA

proving (i).

we get

(ii) Take ¢ = 2n/(n 4+ 2) < 2, and let r be its conjugate exponent. Using
the Holder inequality, the Sobolev embedding theorem and elliptic regularity,

/ VK (v) dx < KOz IVllze < e1llKm ) | g2a IVl < c2llv]iZ.
Q

(11.35)
Let us point out that the constants c1, ¢ can be chosen independent of m, for
m small. Next we can choose 8 > 0 such that, for m small,
gv) Zmin{%,ﬂqqu}, Vv>0.
Then

/ G(v)dx > /
Q

e [BI7 — ym] dx,

where ¢, > 0 is the solution of t/m = Bqt?~! and y,, — 0 as m — 0. Since
em — 0asm — 0, we can find y,, — 0 as m — 0 such that

/Q GO dx = BIvllY, — ..
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This and (11.35) imply

J) = BIvIT, = v — c2lvlify.

Since ¢ < 2 and y,, — 0, (ii) follows. |

Theorem 11.23 Suppose that (a')~(b') hold and that bj/a > 2110. Then J has
two nontrivial critical points wi,wy. The former is a minimum of J and the
latter is a MP critical point. The functions z; = K,,w; are positive solutions of
(11.33) such that ||zillco > a. Moreover, |2,(z1)| = 0.

Proof. The existence of w; follows immediately from the properties of J lis-
ted before and from Lemma 11.22. By the maximum principle it follows
that w; exceed a in Q. The property that [Q,(z1)] = 0, has been proved in
Theorem 11.16(i1). |

Remark 11.24 It is possible to prove that, if 2 is a ball, wy, w, are radially
symmetric and for the corresponding z; there holds

9z ,

a <0, Vr>0, i=1,2. (11.36)
Let us give an outline of the proof. If €2 is a ball, the Schwarz symmetrization
ofv e LZ(S'Z), v > 0, is the radially symmetric, radially nonincreasing function

v* such that
meas{x €  : v*(x) > s} = meas{x € Q : v*(x) > s}, Vs >0.

There holds, see for example [45],
/ G,(v)dx = / G, (v¥) dx, / vK,,(v) dx < / VK, (v") dx.
Q Q Q Q

From these inequalities it readily follows that the minimum is symmetric. As
for the MP critical point w,, one can use the fact that the map v — v* is
continuous in L?(), to substitute any path in the MP min-max scheme by
a path constituted by symmetric functions. This leads to a proof that J has a
symmetric MP critical point. Property (11.36) follows by applying a weak form
of the maximum principle ([101], Theorem 8.19) to dz;/dr.

Similar arguments can be carried out if Q2 is for example convex and sym-
metric with respect to the plane x; = 0, for some j = 1,. .., n. In this case one
has that 9z;/dx; < 0.

From (11.36) it follows that |©2,(z2)] = 0. We have seen before, see
Theorem 11.23(ii), that |2,(z1)| = 0, for any domain 2. We do not know
whether, in this generality, such a property holds for z; as well. |

Another problem with a discontinuous nonlinearity arising in fluiddynamics
will be discussed in Appendix .
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11.4 Problems with concave-convex nonlinearities

Even though, for expository reasons, we have discussed elliptic problems either
with topological theoretic methods or by means of variational tools, there are
circumstances in which it is convenient to study a specific problem using both
the abstract settings. For example, we have seen that, using topological methods,
a Dirichlet problem like

—Au =, ue H\(Q),

has a unique positive solution for all A > O provided that 0 < g < 1, see
Section 3.6.1. On the other hand, we also know that a superlinear problem like

—Au =uP, u € Hy(Q),

can be handled by variational methods, yielding a positive solution for all
1l <p<(m+2)/(n—2),see Theorems 7.14 and 8.11. Below, we treat a case
involving a nonlinearity which is the sum of a concave term and a convex one.
We will see how combining topological and variational tools, it is possible to
prove existence and multiplicity results for such a class of equations. For sim-
plicity, we deal with the existence of solutions of the following model problem

—Au=xul+u’ xeQ
u>0 x e Q (Dy)
u=20 x € 092,

where )0 < g < 1 < p.
We first prove a result in which the concave term plays the main role.

Theorem 11.25 Let 0 < g < 1 < p. Then there exists A > 0 such that:

(i) forall A €10, Al, (D)) has a solution;
(ii) for A = A, (D)) has at least a weak solution;
(iii) for all . > A, (D)) has no solutions.

Proof. The proof is based on the method of sub- and super-solutions, see
Section 3.6.1. We will be sketchy. The details are easy and left to the reader. By
simple modifications of the arguments carried out to solve (3.24), one shows
that:

(a) for all ¢ > 0 small, ¢ is a sub-solution of (D)) for all A > 0;

(b) if —AY¥ = 11in Q and ¥ = 0 on 92, then there exists M > 0 such that
M1 is a super-solution of (D) for all » > 0 small enough;

(c) ep1 < My provided ¢ < 1.
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From (a)—(c) it follows that for all > > 0 small enough, (D)) has a solution u
such that e¢; < u < M. Then, letting

A = sup{A > 0: (D)) has a solution},

it follows that A > 0. Next, let 0 < A < A. Then there exists @, with A <
w < A, such that (D,) has a solution u,,, which is a super-solution for (D))
for all A < u. Taking ¢ such that eg; < u,, we find a solution of (D) ). This
proves (i). Statement (ii) follows immediately by a limiting procedure. Finally,
let & > O be such that A7? + 7 > Ayt, forall t > 0 and all A > A. Then (D)
has no solution for A > A, otherwise if A > A we get

)q/ugoldxz—/anudx:/ (Auq+up)¢1dx>A1/u¢1dx,
Q Q Q Q

a contradiction. This implies that A < A, proving (iii). |

Remark 11.26 Theorem 11.25 is a particular case of a more general result
proved in [24], where we also refer for more details. In particular, it is shown
that for all A € (0, A), (D)) possesses a minimal solution u,. Moreover, this
minimal solution is increasing with respect to A, in the sense that

O<i <t <A = wy Zuy,, U, & u,.
This will be used in Theorem 11.27 below. |

Next, we prove the existence of a second solution. Here the main role is played
by the convex term u”.

Theorem 11.27 LetO < g <1 <p < (n+2)/(n—2). Then forall . €10, A[
(Dy) has at least two positive solutions.

‘We shall use variational tools. Set

0 ifu<0

Ad +uP ifu>0

ﬁ@z{ &wzﬁﬁmm

and denote by J, the functional on E = Hé (£2) defined by

AM=HW—AHMM

OnehasthatJ, € C!(E,R) and its critical points are solutions of (D). Roughly,
we will first show that the minimal solution u;, found before (see Remark 11.26)
is a local minimum of J; ; next, we will apply the MP theorem to find a second
solution.

We need a preliminary result.



200 Further results on elliptic Dirichlet problems

Lemma 11.28 Forall0 < ) < A, J;, has a local minimum in the C' topology.

Proof. According to Theorem 11.25(i) and Remark 11.26,if 0 < A1 < A <
A2 < A (D) has minimal solutions u; = uy, (i = 1,2) such that u; < u and
uy # uz. Moreover,

—AGr —up) > M@ —u) + (y — i), xeq,

and thus the Hopf maximum principle yields u#; < wuy in Q and
d(u1 —up)/dv < 0 on 92 (v denotes the unit outer normal at 9€2). We set

filwy) ifu <uw
?A(“) =1{fi(w) ifu <u<u

filup) ifu> uy,

Fow) = [ fi(s)ds and o) = Lul® — [, Fr(u) dx. It is clear that J;
achieves the global minimum on E at some u satisfying —Au = f; (u). Using
again the Hopf maximum principle, we get that u; < u < up in 2, as well as

0 ad
—wu—u;)<0, —@wm—uy)>0, xeai.
av av

Iflv—ullct <ethenu; <v < up. Sincej;\(v) = J, (v), theresult follows. W

For fixed A €]0, A[, we look for a second solution in the form u = u + v, where
v > 0 and u = u, is the solution found in the preceding lemma. A straight
calculation shows that v satisfies

—Av =A@+ =1+ @+ v — i

Denote by g, (v) the right hand side of the preceding equation (with g, (z) =0
for z < 0) and set

1 v
Jv) = EIIVII2 —/ Gy (v) dx, Gr(v) :/ g1(s) ds.
Q 0
Lemma 11.29 v = 0 is a local minimum of J,, in E.

Proof. If vt denotes the positive part of v, a straight calculation yields
T @) = 3712+ Juit + v = L@@ = DG+ v — i),

This and Lemma 11.28 imply that J; (v) > 0, provided ||v||c1 is sufficiently
small. We shall now prove that 7, (v) > 0, provided ||v||g < 1. We will use an
argument by Brezis and Nirenberg [65]. By contradiction, let us suppose that
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there exists a sequence w, — 0 in E such that 7, (we) < J,(0) = 0. Without
loss of generality, we can take w; to be such that

T(wg) = HIv?IIiEe T (w).

It follows that there exists i, < 0 such that J; (ws) = pew,. This readily

implies that w, € E is a weak solution of

1
—Aw, = & (wy), with 0 < < 1.

1 — pe 1 — pe
Since the right hand side converges weakly to O in E, by elliptic regularity it
follows that w — 0 in C' and this is not possible since we have shown that
v = 0 is a local minimum of 7;, in the C' topology. |

Proof of Theorem 11.27. For fixed vi € E, vi > 0, one easily checks that
T (tvy)) — —oo ast — 4o00. Thus J, has the MP geometry. It remains to
prove the (PS) condition. If p < (n+2)/(n — 2) one uses standard arguments.
Let us consider the case p = (n + 2)/(n — 2). As before, one shows that (PS),
holds for all ¢ < %S”/ 2. Let us prove that the MP level ¢; of J, is smaller
than %S”/ 2 We will modify the arguments used in Section 11.2, where we refer
for more details and notation. We evaluate 7, on t¢ U,. Let n > 4. From
(a+Db) > a’ + b’ +aa’"'b (a,b > 0), we deduce that g (v) > v’ 4+ avit’ L.
This implies

GL() = s e,
and hence
Ti(tpUs) < 3821 9Uell* — g™t / QU dx — jar? / @~ U7 dx.

Q Q

Since on the support of pU,, u > constant > 0 we find

TultpUy) < L IgULI? — St / (U dx — Larcy? / PV dx,
Q Q

for some ¢; > 0. We can now repeat the arguments carried out in Section 11.2
proving that for the MP level c;, there holds ¢; < %S”/ 2. In the case n = 3 we
argue as follows. We use that (a + by >a +b + 5ab* to infer, for some
constant ¢cp > 0,

TiltoUs) < 3% @Us|> — L6 / (9Ue)® dx — et / (9 U)° dx,
Q Q
From
A = lloUe|> = 832 4 0(e)
Be i= [ (pUs)° dx = 72 + O(e?)
Ce := 102 [o(@Us)d dx = ke!/2 + 0(e%/%), k>0,
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Figure 11.5 Bifurcation diagram of positive solutions of (D)). The bold,
respectively dashed, line represents the subcritical case 1 < p < (n+2)/(n — 2),
respectively critical case p = (n 4 2)/(n — 2). The lower part of the branch exists
forall0 <g <1 <p.

we deduce that max,o J, (t@U,) is achieved at t = #(¢) such that A = Bt* +
cr. Taking into account the values of A, B, C we find that r = #(¢) satisfies

32 4 0(e) = (32 + 0(e%)) + P (ke 2 + 0(7/)).

From this it readily follows that

te)=1-— &2 1+ o(e!/?).

4832

A straight calculation shows that

max J; (tpUs) = T, (1(e)pUs) = 352 = fgke' " + o),

and this implies ¢, < maxy~oJp(tU,) < %53/2, provided ¢ > is
sufficiently small. Finally, an application of the MP theorem yields a second
solution of (D)). [ |

Remark 11.30 In [24] the problem

—Au=AMul" Yu+ uPlu xeQ
u = 0 X € 39,

is also considered. Taking advantage of the oddness of the nonlinearity, one can
show that 31* > 0 such that for all A € (0, A*) one has:

(1) if0 <g <1 <p=<(n+2)/(n—2) the preceding problem has infinitely
many solutions with negative energy;

(i) if0 <g <1 <p < (n+2)/(n — 2) the preceding problem has infinitely
many solutions with positive energy. |
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11.5 Exercises

(i) Prove that the problem
—Au = sgn(w)|ul?, xe, u=0, xe€dQ, 0<gqg<l,

has infinitely many solutions. [Hint: use the preceding method to deal
with a C! functional on a suitable L"(2), and apply the
Lusternik—Schnirelman theory.]

(ii) Consider the problem

—Au=0 ifu<$§
—Au=ou ifu>34
u=d on 0%2,

and prove that there exists ¢* > 0 such that the problem has two
nontrivial solutions for all 0 < § — d < a*. [Hint: perform the change of
variable u +— u — d and apply Theorem 11.23 witha = 3§ — d.]
If z1, 22 denote the solutions corresponding to the minimum and the MP,
respectively, show that as a — 0+, zo — 0 while z; — z* in H(; (2),
where z* denotes the positive solution of —Au = a(u +d) in Q, u =0
on d$2. Moreover, prove that for § > d + a (A — a)" there are no
nontrivial solutions.

(iii) Referring to Remark 11.30inthecase | <g <p < (n+2)/(n—2),
prove the following facts:

(a) J, has infinitely many critical points with negative energy, provided
A > 0 is sufficiently small. [Hint: Show that there is a ball B, C E
where J, < 0 and is bounded from below and apply Theorem 10.10
with M = B,.]

(b) J, has infinitely many critical points with positive energy, provided
A > 0 is sufficiently small. [Hint: Apply Theorem 10.20.]

(c) Give another proof of the same results by using the natural constraint
M. = {u € Hy(2) \ {0} « [lul® = & fq lu™! + [o lulP*')
introduced in the Exercise 6 — (iii). [Hint: Use the fact that M, is the
disjoint union of two manifolds.]
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Morse theory

This chapter is devoted to the basic theory developed by M. Morse, which
relates the structure of the critical points of a regular function on a manifold to
its topology.

12.1 A short review of basic facts in algebraic topology

In this section we recall some basic notions and results in algebraic topology.
To keep the presentation short, we will introduce the concepts in an axiomatic
way, referring the interested reader to more complete treatments, like the books
[131, 162]. Then we will review briefly the explicit construction of the singular
homology theory, omitting most of the proofs.

12.1.1 The axiomatic construction

Definition 12.1 Let (G;); be a sequence of Abelian groups, and let (¢;); be a
sequence of homomorphisms

Yi Pit1
..._)Gi_[)GH_ll_)GH_z_)...

We say that the sequence is exact if for every i there holds im(p;) = ker(@;41).

Example 12.2 (i) Let G1, G» be Abelian groups, and consider the following
part of a sequence

0— G -5 6, —o0.

Then we have exactness if and only if ¢ is an isomorphism.
(i1) Let Gy, G2, Gz be Abelian groups, and suppose the following part of the
sequence is exact

0—>G1ﬂ>Gzﬂ>G3—>0.

204
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Then from the exactness it follows that ¢ is injective, and that the image of
@1 (which is isomorphic to Gy) is equal to the kernel of ¢,. Still from exact-
ness, we have that ¢, is surjective. Therefore, by the fundamental theorem of
the homomorphism, we derive that G, is isomorphic to ker(¢;) @ im(¢2) =~
G & Gs. ||

Definition 12.3 A pair of spaces (X, A) is a topological space X together with
a subset A C X. We will write that (X,A) C (Y,B) if X C Y and if A C B.
A map of pairs (X,A), (Y,B) is a continuous map f from X into Y such that
f(A) C B. Two maps of pairs fy,f1 : (X,A) — (Y, B) are homotopic if there
existsamap h : [0,1] x (X,A) — (Y, B) such that h(0,-) = fo and h(1,-) = fi.

The homology groups. (a) To every relative integer ¢ € Z and for every pair
(X, A) is associated a group H,(X,A), denoted by H,(X) if A = .

(b) To every map of pairs f : (X,A) — (Y, B) is associated a homomorphism
fx 1Hy(X,A) — Hy(Y,B).

(c) To every ¢ € Z and every pair (X,A) is associated a homomorphism
0:Hy(X,A) — Hy_1(A).
The following axioms are required.

Axiom 1 If f = Id|x, then f, = Id|H,,(X,A)-

Axiom 2 Iff : (X,A) — (Y,B) and g : (Y,B) — (Z,C) are maps of pairs,
then (g o f)x = g« o fi.

Axiom 3 Iff : (X,A) — (Y, B) is a map of pairs, then d o f, = (f]4)« o 0.

Axiom 4 Leti : A - X andj : (X,0) — (X,A) be inclusions, then the
following sequence is exact

LN H,(A) N H,(X) LN H,(X,A) BN Hy—1(A) — - .
Axiom 5 If f,g : (X,A) — (Y, B) are homotopic maps of pairs, then f, = g..

Axiom 6 (Excision) If U is an open set of X with U C int(A), and if i :
X\ U,A\U) - (X,A) denotes the inclusion, then i, is an isomorphism

Axiom 7 If X consists of a single point p, then

zZ
Hy(ph) = {0 if g # 0.
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We list next some of the basic properties which can be derived from the above
axioms.

Property 1 If (X,A) = Uf.‘zl(Xi,Ai) with (X;); closed and disjoint, then
Hy(X,A) = &' | Hy (X, Ap).

Property 2 (Mayer—Vietoris sequence) Let X = X; U X, with X1, X> open
sets, and let A} € X1,A> € X5 also be open sets. Then, if X1 N X, # @, letting
A = Aj UAj and denoting by i : (X1,A1) = (X,A),j : (X2,42) — (X,A),
[: (X1 NX, Al NAY) — (X1,A1), k : X1 NX2,A| NAp) — (Xp,Ap) the
natural inclusions, there exists an exact sequence

> Hy(X1,A1) © Hy(X2,A2)

2 H,(XA) S H, (X1 N X2,A; NAY)

@
— Hy1(X1,A1) @ Hy—1(X2,A2) —> -+,

where ¥ = i, — j, and ® = (ky, ).
Property 3 If H,(X) = H,(A) forevery g, then H,(X,A) = O forevery g € Z.

Property 4 IfAisadeformation retract of X (namely if there exists 2 : [0, 1]xX
such that #(0,-) = Id|x, A(l,-) € A and h(t,-)|a = Id|4 for every t), then
H,(X,A) =0 forevery g € Z.

Property 5 Suppose that A” € A C X, and that A’ is a deformation retract of
A.Then H,(X,A) is isomorphic to Hq(X,A’) for every g € Z.

Property 6 If X is arcwise connected, then Hy(X) is isomorphic to Z.

Property 7 Suppose that X1,X, C X, and that (X, X1, X») are a proper triad,
namely that the inclusions k1 : (X1,X1 N X)) - (X1 U X5, X5), k1 (X2, X1 N
X5) — (X1 U X3,X1) induce an isomorphism between the relative homology
groups in any dimension. Then the sequence of the triad

- — H,(X1,X1 NX3) — Hy(X,X3) — Hy(X, X1 UXp)
—3> H, 1(X1,X1NX3) — ---

is exact.
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Property 8 (Generalized excision property) Suppose that A € X and that
U,V are open sets with V C U C A and that (X\U,A\U) is a deformation
retract of (X\V,A\V). Then the inclusion (X\U,A\U) — (X,A) induces an
isomorphism between the relative homology groups in any dimension.

We treat next some basic examples of computations of homology (and relative
homology) groups of simple sets.

Example 12.4 Homology of S". We consider first the case n = 0, for which
the sphere consists of two points, denoted by p; and p>. Using Property 1 and
Axiom 7 we find immediately that

7> forqg=0
Hy(8%) ~ 12.1
457 {0 for g # 0. ( )
We are going to prove next, by induction on the dimension 7, that
Z forqg=0,n
H, (") ~ ’ 12.2
a(") {O otherwise. (12.2)

To show this, we embed S” into R"t! as §" = {1, o x4 Z;’:‘ll xl.2 =1}
and use the Mayer—Vietoris sequence with X = §",X; = §" \ {Py} and X, =
S"\{Ps},where Py = (0,...,0,1)and Ps = (0,...,0, —1) denote respectively
the north and the south poles of the sphere. Clearly X, X, are open in X and
X1 UX> = X, so we have the exactness of the following sequence

C—  Hy(X)) ® Hy(X2) — Hy(X)

9
— Hy (X1 NX3) — Hy—1(X1) @ Hyg—1(X2) —> -+ .

We notice at this point that X1 N X> can be deformed to the equator of S, namely
S" N {xy41 = 0} = §"~1 and that both X; and X, are contractible to a point.
Therefore by Property 4 the above exact sequence becomes

-—>  Hy({ph ® Hy(Iph) —> Hy(S™)
> Hy (8" — Hy i (o) @ Hy 1 (ph) —> -+
For g = 1, we have that H,;({p}) = H;—1({p}) = 0 so we get the exactness of
0 —> Hy(s") 5 H, (8" — 0,
which implies
Hy(S") =~ Hy—1(S"7h, n>1,q> 1 (12.3)

On the other hand, for ¢ = 1 we have the exactness of

0 —> H;(S") - Hy(s"1) 2% 72, (12.4)
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from which we get that
H{(S™) ~ ker(®g), n>1. (12.5)

Taking n = 1 in (12.4), we have from (12.5) that H;(S1) ~ ker(®g). By
construction, ®g (a1, @2) = (o] +aa, o) +a2), where (a1, 2) € Hy(8%) ~ Z2.
Therefore we deduce that H;(S') ~ Z. On the other hand, from (12.3) and
Axiom 7 it follows that H,(S') ~ H,_1(5°) = 0 for ¢ > 2.

Proceeding by induction, let us assume that (12.2) holds, and let us prove the
analogous formula for §"*1. For ¢ > 1 we can apply (12.3) to get

7Z ifg—1=n

H,(S"t) ~ H,_{(S") ~
57 g-1(5) {0 otherwise.

For ¢ = 1 and n > 1, we notice that §” is arcwise connected, and hence the
action of @ is Pp() = («,a), for « € Hyo(S") >~ Z. Hence by (12.5) we
finally get that H'($"*!) ~ 0. This concludes the proof. |

Example 12.5 Relative homology of Euclidean balls relative to their boundary.
Let B" = {x € R" : |x| < 1}, and let us denote by §"~! the boundary of
B", by Si_l the sets {x € $""! : +x, > 0}, and by §"2 the equator
{xes™ ! : x,=0}.

We observe first that B”, Si_l and (B", Si_l) have trivial homology groups.
In fact, all the three sets are contractible to a point. To prove this fact for the
pair, it is sufficient to use Property 3 above.

We claim next that the triad (B", Sﬁ’r_l, Sf_l) is proper. To see this, we con-
sider for example the inclusion k; : (Si_l, sy — (sn 1 S'l_l) and show
that it induces an isomorphism between the corresponding relative homology
groups. The same will hold true for the other inclusion k; : (s" 1 sn2)
(S"’I,Si_l). This fact indeed follows from Property 8, taking X = sn—1,
A=s"NUu=5""\8"2andV ={xes" " : x, <1}

We are now in a position to compute the relative groups H,(B", s™1. By
the first observation we have that H,(B", §"=1) = 0 for all ¢. From the claim
and Property 7, taking X = B",X| = Si‘l and X; = §"~!, we then deduce the
exactness of the sequence

- —>  Hy(B",S"') — H,(B",S"™") — H,_1(8"',5"2)
—  He(BTLSTH —
from which we find that H, (B", ") 2~ H,_; (""", $"~2). On the other hand,

the pair (S'}:l,S"’z) is homeomorphic to (B"~!,§"72), so one has the iso-
morphism of the relative homology groups H, (B",S"~ ') ~ H,_(B"~!,5"72).
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Iterating this procedure we find that

7Z forqg=n

n on—1y ~ 0 ~
H,(B",S )_Hq_n(B,@)_{O for o 2 =

12.1.2 Singular homology groups

Singular homology groups provide an explicit and intuitive construction of a
homology theory. This is based on the notion of singular simplex, singular
chain and the boundary operator.

Definition 12.6 For r non-negative integer, we define the simplex s, € R" ! as
r
sr=toeo+ et =0, fi=1¢,
i=0

where g = (1,0,...,0),...,e, = (0,...,0,1). A singular r-simplex of a
topological space X is a continuous map o, : sy — X.

We also denote by C,(X) the Abelian group generated by formal linear com-
binations (with relative integer coefficients) of singular r-simplexes of X. The
elements of C,(X) are called singular r dimensional chains of X.

On C,(X) is defined naturally a boundary operator 9, which is a linear map
into C,—1(X). Given a singular r-simplex o, : s, — X, we define the jth face
of o, by o{_l = O'r|xj , namely the restriction of o, to the set

r—1

i_lz{toe0+-~-+treresr : =0}

Then 9, is defined through the linear extension on the singular r-chains of
the map

8,0, =y (—1Yo!_,. (12.6)
j=0

As one can easily verify, the boundary operator satisfies
dr—100, =0. 12.7)

The latter property turns out to be very important, indeed in this way the singular
chains form a homological complex

Or+1 b 01 do
S A e NN, NN o ML Ny, NN )

in the sense that every map is a homomorphism, and that the composition of
two consecutive maps is the trivial one.
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The elements of the subgroup Z,(X) = ker(d,) € C; are called cycles, while
those of the subgroup B,(X) = im(9d,41) are called boundaries. By (12.7), we
have clearly that B,(X) C Z.(X). The rth singular homology group of X is
defined as the quotient

H,(X) = Z,(X)/B,(X).

The whole sequence (H, (X)), is denoted by H,(X), and is usually extended to
be zero for r < 0.

Example 12.7 We consider the simple case in which X consists of a single
point. For ¢ > 0 there exists a unique simplex o, : s, — X, which is a
constant map. For ¢ even, using (12.6), we get that 9,04, = 0,1 and hence
Z; = ker(dy) = 0, from which we find H;(X) = 0. For ¢ > 3 odd, and for
a singular g-simplex o, we have from the previous case that 0; = 9,4 10441.
Therefore o, € im(dy41) and hence Z,(X) = B4(X), so Hy(X) =~ 0. Finally,
for ¢ = 1 we still have 9101 = 0, so Bp(X) =~ 0. It then follows that
Ho(X) ~ Z. ]

Let us now consider the case of a continuous map f from a topological space X
into a second space Y. Then f induces naturally a homomorphismf; : C.(X) —
C,(Y) via the composition f o o,-. One can check that the map f,, commutes with
the boundary operator, and therefore f;.(Z,(X)) C Z.(Y), with also f,. (B, (X)) €
B, (Y). Passing to quotients, it follows that f induces also a homomorphism,
still denoted by f;, from H,(X) into H,(Y).

We list now some of the properties of this class of homomorphisms. If f :
X — Yand g:Y — Z are continuous, then (gof)s = g« ofi. If f = Id on X,
then also f; is the identity on H,(X). If two maps f and g are homotopic, then
f« = g« Moreover if two spaces X, Y are homotopically equivalent, namely
if there exist f : X — Y and g : ¥ — X for which g o f is homotopically
equivalent to Id|y and f o g is homotopically equivalent to Id|y, then H,(X) is
isomorphic to H,(Y) for every r. This applies in particular to the case in which
Y is a deformation retract of X.

12.1.3 Singular relative homology groups

Let X be a topological space and A a subset of X. The inclusioni : A — X
induces a homomorphism i, : C4(A) — C,4(X) which is clearly injective.
Therefore we can consider the quotient group

C,(X,A) = C,(X)/Cy(A).
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Since i, commutes with 9, then we have an induced homomorphism, still
denoted by 9, from Cy (X, A) into Cy—1(X,A). Then, letting Z, (X, A) = ker(d,)
denote the relative cycles and B,(X,A) = im(d,y1) denote the relative
boundaries, we define the relative homology group

Hy(X,A) = Z,(X,A)/B, (X, A).

Using the equivalence classes in Cy(X), arelative cycle is a family of elements
of the form (z + w)wec, ), With z such that 9z € C4—1 (A). Arelative boundary
is a class (u + W)wqu(A) with u = 8q+1s, NS Cq_H(X).

Example 12.8 Consider a torus X ~ T2 embedded in R3 as in Figure 12.1
and letA = {x3 < %} N X. The singular 1-simplex z depicted on the right is an
element of Z; (X, A) since its boundary lies in Co(A). The 1-cycle C depicted on
the left is homologous to zero because it is the relative boundary of a 2-chain
in X. In fact, considering a chain b with image X N {xp > 0}, we easily see that
0b = c + ¢y, where c1 € Ci(A). |

Consider a homology class of X, namely an element of H,(X). This can be
represented as (z + au)uquH(X), where z € Cy(X) is such that dz = 0. This is
indeed also a relative homology class, if A C X, induced by the inclusion j :
(X,¥) — (X,A). Letus apply the operator 9 to a class of H,(X, A), represented
as (z+ du + W)wec,,(A)- Then

3(z + du + whwec, ) = (02 + IW)wec, @)-
Since 90z = 0, using representatives of the type Z,_1(X) + C4—1(A) in
H,_1(X,A), we can assume 90z € Z;_1(A) and ow € Cy_1(A). Therefore

(Bz—i-aw)wecq (4) isahomology classin H,_1(A), and we have a homomorphism
(still denoted by 9)

3 : Hy(X,A) — Hy_1(A).

In this way, considering this operator and the natural inclusions i : A — X,
Jj:(X,0) - (X,A) we obtain a sequence of homomorphisms

s Hy(A) —5 Hy(X) L5 Hy(X,A) =5 Hy_y(A) —> -

which turns out to be exact. Moreover, with these definitions of homology and
relative homology, all the above axioms are verified.
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X3

X

X1

Figure 12.1

12.2 The Morse inequalities

We are now in a position to introduce the Morse inequalities, and we will
mainly follow the approach in [132]. We consider a smooth compact finite
dimensional manifold M (modelled on R" according to the definition of Sec-
tion 6.1). It is well known (see for example [163]) that using a partition of unity
it is possible to construct on every such manifold a Riemannian metric, namely
a smooth positive-definite symmetric bilinear form on tangent vectors. This
clearly induces a scalar product on T,M for every p € M, and hence by duality
also an identification between tangent vector fields and linear one-forms on M.
Below, we will simply use the notation (-, -) to denote the scalar product of two
tangent vectors at a given point of M.

As we have seen in Section 5.2, the differential of a regular function f on
M generates the gradient vector field V£ on M, and if f is of class C? then the
negative gradient —Vf gives rise to a one-parameter family of diffeomorphisms
¢; on M for which the value of f decreases as ¢ increases. For a € R, we let
M*={peM : f(p) <a}. We have then the following result.

Proposition 12.9 Let M be a compact finite dimensional manifold, and let f :
M — Rbeafunction of class C2?. Leta,b € Rwitha < b, and assume that {a <
f < b} contains no critical points of f. Then M is a deformation retract of M.

Proof. Let us define the following vector field ¥ on the closure of M \ M

_ Vi)
Yo = IVFp)II2
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Indeed, since we are assuming that f has no critical points in {a < f < b},
this vector field is well defined, of class C!, and admits a C! extension to a
neighbourhood of its domain. Let us now consider the initial value problem

o _ Y(p®))
dr ’ (12.8)

p(0) = po € MP\ M“.

By the regularity of Y, problem (12.8) possesses a local solution ¢(z, pg) and,
as long as this is defined, by the definition of gradient we have that

df (¢(t, po))

T =df (pM)[Y (p(1)] =

1
TR PR — -1
NroE P, VO

If the maximal interval of definition of (12.8) contains [0, T'), then integrating
the last equality one finds

F@p) = f(e(T.po)) =T, (12.9)

and hence if pg € M? \ M then (1, po) is defined for 7 € [0, f(p) — a]. We can
consider now the homotopy

{w(t(f(p) —a),p) forpe M\ M
P

h(t.p) = forp € M“.

As one can easily check, this is a continuous map and a deformation retract of
M? onto M®. This concludes the proof. |

We deal next with critical points of f. We recall that a critical point p of a
function f of class C? is said to be nondegenerate if the second differential has
no kernel. Working in a local coordinate system (xi,...,x,) for which, say,
x(p) = 0, then the nondegeneracy condition is equivalent to the invertibility
of the Hessian matrix ((3f/ 0x;0x;)(0));;. As one can easily see, this condition
is independent of the choice of coordinates, since we have vanishing of all the
first partial derivatives at x = 0. The number of negative eigenvalues of the
Hessian matrix, which is well-defined by the above comments, is called the
Morse index of f at p." In the next lemma we show that near a nondegenerate
critical point, every function assumes a simple and standard form.

Lemma 12.10 (Morse lemma) Let f : M — R be of class C2, and let p be a
nondegenerate critical point of f. Then there exists a local system of coordinates

' This definition clearly extends to the infinite-dimensional case as well, with obvious
modifications.
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1, .. .,Yyn) near p such that, in these coordinates one has

FO)Y=fP) =y = = yE i+ R (12.10)

where )\ denotes the Morse index of f at p.

Proof. First of all, we show that if f has the form in (12.10), then A must
coincide with the Morse index of f. This is indeed rather easy to see, since the
Hessian of f at 0 is

-2

3°f -2
0) = .
8y,-8yj 2

where the upper-left block has dimension A, so the claim follows immediately.

Next, we claim that given a C! function f for which f (0) = 0, one can write
that f (x) = 27:1 X;gi(x1, ..., x,) for some continuous functions (g;); such that
gj(0) = 9f/0dx;(0). In fact, it is sufficient to notice that in a neighbourhood of
0 there holds

f@ fl 9 ar /12 af(r ) dt
X) = —f(tx)dt = —(tx) dt,
o dr 0 = ax]‘
so the claim is valid with g; = fo 8f /0x;j(tx) dt. We can apply this formula to
both f — f(p) and 9f /dx;, so that we deduce

1 9%
2 0x;0x;

n
FO =fp)+ Y xixphy(x), hij(0) = (0).
ij=1
Let us now prove the statement by induction on 7, assuming that in some
coordinates u = (uy,...,u,) we have

f =fp)£ud£ud-- £u* | + Z wiiHy(uy, . . . ouy),  (12.11)
ij>r
for some continuous functions H;; = Hj;. After a linear change of variables in
(Uy, . ..,uy), we can assume that H,,(0) = 0. Therefore near zero we have a
well defined and continuous function g(u) = H,lr/ 2(u). Now consider the new
coordinates

vi=uw, i v (u) = g(u) [ur +y MH"((:))}

i>r
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At the origin we have dv,/du, = g(0), and hence it turns out that

—1

(0= * 2(0) % ,

and therefore the transformation u +— v is locally invertible near the origin.
Moreover, collecting the indices in (12.11) which are strictly greater than r and
noticing that

2
2 2 uH; (1) uH;, (1)
e = e (; H,,(u)> ““QZ; Hy ()

we find immediately

fO) =fp)£vi v} v+ > Hw)v;,

ij>r

for some smooth functions Hl’] This concludes the proof. |

Proposition 12.11 (Handle body decomposition) Suppose p is a
nondegenerate critical point of f with Morse index A, and suppose there exists
& > 0 such that f has no critical points with values between ¢ — ¢ and ¢ + ¢
except for p, where we have set ¢ = f(p). Then M*¢ has the homotopy type of
M€~ with a A dimensional cell attached.

Regarding the terminology, a topological space X with a A-cell attached is a
topological space X with an equivalence relation ~ . The space X is the union
of X and the closed A-cell ET. We also define a continuous map 4 : GFT into X,
which is a homeomorphism onto its image. The equivalence relation~identifies
every pointy € 85)1\ with its image through the map h.

Proof. By the Morse lemma, we can choose a coordinate system ¢ : U — R”,
q +— (uy,...,u), near p such that

fu) =c—uf—u5 = =5 5+t
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R A

Figure 12.2

in a neighbourhood of 0. Now choose ¢ so small that the assumption holds for
this value of ¢ and such that the image of ¢ contains the ball Be = {(u1, ... uy) :
Y ul2 < 2¢}. Now let e;, denote the set

e=1lgeU : ul(@)+ - +iul(q) < e, (q) + - +ulg) =0},
(12.12)

which is homeomorphic to the A dimensional Euclidean ball. Clearly, see

Figure 12.2, ¢;, N M™% is the boundary of e; and e, is attached to M“~¢

according to the definition above.
We now construct a new function F : M — R defined in the following way.

First we choose a smooth cutoff function 1 : R4 — R which satisfies

w(r) =0 forr > 2e
Z’(é)(i)jo (12.13)

—1 < u/(r) <0 foreveryr.
Let F coincide with f outside U, while
F=f—p@i+ - +u +2ui  +2u))  inU.
It is convenient to define &, : U — [0, +00) by

2 2 2 2
§=uj+--+u, M=+t iy,
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so in this way we can write that

f@=c=§(@+n(q, F@=c=&@+n(@—nE@+2n(qg), qeU.

We now proceed with some different steps.

Step 1. F~1((—00, ¢+ ¢]) coincides withf_1 ((—o00, ¢+ ¢€]). To prove this fact,
we notice that when (& + 2n) = 0, then F coincides with f, and this is true in
particular if £ 4+ 25 > 2¢. On the other hand, when & + 25 < 2¢, we have

1
F§f=c—§+r}§c+zé+n§c+8,

which proves the claim.

Step 2. The critical points of F’ coincide with those of f'. To see this, it is sufficient
to restrict our attention to the set U, namely to show that in U the only critical
point of F is p. In U indeed we have

oF
0
Since we have dF = 8F/d& d& + oF /ondny, dé = 234, wdu; and dn =
23 i 41 uidu;, then dF = 0 implies u = 0, so also step 2 is proved.
Step 3. F~1((—o00, c —¢)) is a deformation retract of M+¢. By step 1 and by the
factthat F' < f,itfollows thatF’l([c—s,c—i—s]) gf’l([c—e,c—}—e]).Therefore,
since F and f coincide outside U, in F’ ~I([c =&, c+¢]) there is no critical point
of F except for p. On the other hand we have that F(p) = c — u(0) < c — ¢,
so F~1([c — &, ¢ + €]) contains no critical points, and step 3 is proved.
We now write F~!((—o0,c — ¢]) = M€ U H, where H is the closure of
F~1((—00,c — €]) \ M~%. We claim next that if e;, is defined in (12.12), then
e, € H.In fact, since 0F/0& < Othen F(q) < F(p) < c — ¢ foranyq € e,
but also f(¢q) < ¢ — ¢. Hence the claim follows.
Step 4. F~1((—00, ¢ — ¢)) is a deformation retract of M¢T¢.

We have to prove that there exists a continuous map r : [0, 1] x (M“"*UH) —
M¢~¢ Ue, such that r(0, -) is the identity on M“~* U H, such that r(z, -) yye—ey,,
is the identity for every ¢ and such that r(1,-) has values in M“7¢ U ¢;. We
divide the proof into three cases.

/ aF /
=—1-uE+2n) <0, 3—n=1—2u($+2n)21.

Case 1. £ < e. We can use the coordinates given by the Morse lemma and
define r; by

rf(u17-~"un) = (M]’~'-au)u,tu}»+]’~'~tul’l)'

Since 0F /dn > 0, we deduce that ; maps F~ (=00, ¢ — £]) into itself.
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n—7,
R

Figure 12.3

Case 2. B, N{e < & < n + &}. We can still use the above coordinates and
we set

£ 1/2

(Ul oo Un) = U1y e ooy Uy StUAFTs - - - 5 Stln), s;=t+ (1 —1) [T] .
We notice that r| maps this region into f ~l(¢ — ¢) and is a continuous map.
Case3.{&E>n+el UM\ B,). In this case we just take r; to be the identity
for every t € [0, 1].

It is easy to check that r; is continuous through the three different regions,
and that it satisfies the required properties, so step 4 is also complete.
The conclusion of the proposition follows from the above four steps and the
deformation lemma. ]

Corollary 12.12 Let p be a nondegenerate critical point of f with Morse
index M. let c = f(p) and assume that Z. = {p}. Then for ¢ sufficiently small
we have that

HyMeHe, me—ey ~ |2 fora =2

0 forg# A\
Remark 12.13 If aregular functionf : M — R possesses only a finite number
of critical points z1, . . ., z;; at the level ¢, and if all of them are nondegenerate
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and of Morse indices respectively A, . . ., A, then M¢T¢ has the homotopy type

of M“~¢ with k cells attached, of dimension respectively Ay, . . ., A,,. Moreover,
for e sufficiently small H, (M, M¢~¢) ~ Zia where i, is the number of points
in {z1, ..., zn} with Morse index equal to q. ]

We introduce next some inequalities concerning the relative homologies of
pairs, beginning with a couple of definitions.

Definition 12.14 The rank of an Abelian group G is the maximal number k for
which Zle nigi = 0with (n;); C Z and (gi); € G implies g; = 0 for every i.

For example, if G = ZP @ Z, for some integers p and g, then rank G = p.

Definition 12.15 Given a pair of spaces (B,A) and an integer q we set

B,(B,A) = rank H,(B,A), X(B.A) = " (—=1)1B,(B.A).

Here we are assuming that all the ranks are finite, and for the second definition
that B, is nonzero except for a finite number of q. The number B,(B, A) is called
the q-th Betti number of (B,A), while x4(B,A) is called the Euler-Poincaré
characteristic of (B,A).

Lemma 12.16 IfA C B C C and if q is an integer, then we have

Bq(C,A) = B4(C,B) + B4(B,A).

Proof. Let us recall that, given a homomorphism ¢ : G — H between two
Abelian groups, by the fundamental theorem of homomorphism then G =~
ker(¢) @ im(p), and therefore rank G = rank ker(¢) + rank im(¢).

Let us now consider the exact sequence

041

0,
I H,B,) 2 Hycn) L BB s

where ¢, and ¥, are induced by natural inclusions. By the above observation
we have thatrank H,(C,A) = rank ker(y,)-+rank im(3,), so by the exactness
of the sequence of the triple (C, B, A) it follows that

B4(C,A) = rank im(g,) + rank im(v,), (12.14)
from which we immediately deduce

rank im(v,) < rankH,(C,B) = B,(C,B). (12.15)
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Moreover, applying the above reasoning to G = Hy(B,A) and to ¢ = ¢, we
obtain that

rank im(g,) < rank H,(B,A) = B,(B,A). (12.16)

Therefore, from (12.14)—(12.16) we find B.(C,A) < B,(C, B)+B4(B,A), which
concludes the proof. |

Lemma 12.17 Let A, B, C be as in Lemma 12.16. Then one has

x(C,A) = x(C,B) + x(B,A).

Proof. Let us consider the exact sequence

0, 0,
2 Hy(B.A) 25 H(CLA) Y, H,(C,B) —> H, \(B,A) —> ---

Then, recalling (12.14) we find
B4(C, B) = rank im(3/,) + rank im(d,),
By(B,A) = rank im(9,+1) + rank im(dg+1),
By(C,A) = rank im(¢p,) + rank im(v,),
and hence
By(C.A) = B4(C,B) + B4(B,A) — rank im(d,) — rank im(9g+1).
Taking the sum in g with alternate signs we obtain

X(C,A) =) (=11 (C,A) = Y (=1)By(C.B) + Y _(—=1)?By(B,A)
q q q

— Z rank im(9,) — Z rank im(9g41).
q q

Summing over g, one easily checks that the last two terms cancel, and therefore
the last formula becomes

X(C,A) =Y (~1)B,(C.B) + Y (1B, (B.A) = x(C.B) + x(B.A),
q q

so the proof is concluded. |

‘We have next an extension of Lemma 12.16.

Lemma 12.18 Given a pair of spaces (B, A), we set

By(B,A) = Bg(B,A) — Bg—1(B,A) + - - £ fo(B,A).
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Then, if A C B C C, we have the inequality
By(C.A) < By(C.B) + By(B.A).

Proof. Given an exact sequence

Pg+1 Pq @1 %0
o —> Gy —> Gy — - —> G — 0,

by the fundamental theorem of homomorphism we find
rank im(gg41) = rank G, — rank im(gp,)
= rank G, — [rank G, — rank im(¢g,—1)]
= rank G, —rank G;_| + rank im(gq—1).
Continuing in this way from the last formula we deduce
rank im(¢y+1) = rank G, —rank G,_1 + - - - £ rank Gy, (12.17)

so clearly the right hand side is non-negative.
Applying this argument to the exact sequence of the triple (C, B,A)

3qul

- —> Hy(B,A) — Hy;(C,A) — Hy;(C,B) —> ---,
taking @g 11 = 0441 We get
Bq(B,A) — By(C,A) + B4(C,B) — B4—1(B,A) +--- = 0.

Collecting the terms involving the pairs (B, A), (C,A) and (C, B) we obtain the
conclusion. |

Corollary 12.19 Suppose that we have the inclusion of spaces Xo C
X1 C---CX,,. Then

By (X, Xo) < Zﬂq(Xi,Xi—l), By (X, Xo) < ZBq(Xi,Xi—l),

i=1 i=1

XX Xo) = D x (X, Xi-1).

i=1

Proof. The proof follows immediately using Lemmas 12.16, 12.17, 12.18 and
an induction procedure on 7. |

We can now state the main result of this chapter.
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Theorem 12.20 Suppose M is a compact finite dimensional manifold, and that
f : M — Risafunction of class C* whose critical points are all nondegenerate.
Then for any non-negative integer q we have the following relations

Cy(M) > By;(M) (Weak Morse inequalities;)

Z(—l)q_iCi(M) > Z(—l)q_iﬂ,-(M) (Strong Morse inequalities;)

i>0 i=0

D o(=DICiM) = x (b, (12.18)
i>0
In these formulas, C;(M) denotes the number of critical points of f with Morse
index equal to i.

Proof. Let c; < c¢3--- < ¢ denote the critical levels of f, which are
only finitely many according to our assumptions. Now choose real numbers
ap, A1, . ..,ar suchthata; < ci41 < aj41 foreveryi =0,...,k— 1. In particu-
lar we have that M0 = ¢} and that M% = M. By Proposition 12.9 we have that,
for any integers i, g and any small & > 0 H, (M ¢, M“~%) >~ H,(M%, M“-").
Then it is sufficient to apply Remark 12.13 and Corollary 12.19. |

Remark 12.21 (i) By subtraction the strong Morse inequalities immediately
imply the weak ones.

(@ii) If a, b, with a < b are two regular values of f, then the Morse relations
still hold if we replace B,(M) with B,(a,b) := rank Hq(Mb,M“) and count
only the critical points with values between a and b.

(iii) Under suitable assumptions on the function f, it is possible to cover also
the case of manifolds with boundary, see [ 134]. Precisely, a functionf € C 2 (1\_4),
where M is a manifold with boundary, is said to satisfy the general boundary
conditions on M if both f and its restriction to M are Morse functions, and
if it has no critical point on dM. In this case, at every critical point of f|yas
the gradient of f is always nonzero and points either inward on M or outward.
Then, in the Morse relations, C, (M) has to be substituted with C,(M) + ¢, (M),
where ¢, (M) represents the number of critical points of /|3y with Morse index
q and for which the gradient points inward. Results of this type, but in the
framework of the Lusternik—Schnirelman category, have been obtained by
P. Majer [121]. |

Example 12.22 (1) If Bo(a,b) = 1 and B,(a, b) = 0 for every g > 0, then we
have C1 > Cp — 1. In particular if f has two nondegenerate minima then there
exists at least a saddle point.
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(2) If C4y1 = O then clearly 8,11 = 0. Using the strong inequalities with
index g + 1 we find that

_Cq+Cq—1+"‘iCOZ_ﬂq+ﬁq—1+"‘iﬂO-

Similarly, the strong inequalities with index g imply the reversed inequality and
hence we get

Co—Coi1+---£Co=8;—Bg—1+--- % Bo.
Analogously, if C; | = 0 we have ;| = 0 and as before we find
Cog—2—Cyg3+--£Co=Bg—2—PBg-3+ £ po.
It follows that, if both Cyy 1 and Cy_1 vanish then C; = B,. n

We mention next some extensions of Theorem 12.20, which allow us to cover
both the infinite dimensional case, and the presence of degenerate (but still isol-
ated) critical points. We refer the reader to [72], where some further extensions
and several applications are given.

We consider now the case of a Banach (or Hilbert) manifold M, see
Section 6.1, and of a function f : M — R of class C!. Let also p € M be
an isolated critical point of f. Then, if r is so small that B,(p) contains no
critical points of f except for p, one can define the critical groups of f at p by

Cq(f.p) = Hqy(M® N Be(p), (M \ {p} N B:(p))), q=0, (12.19)

where ¢ = f(p). By the excision property of the relative homology groups, we
see that this definition is independent of r (taking this sufficiently small). If f
is of class C? (on a Hilbert manifold) and p is a nondegenerate critical point
of f with Morse index A, the Morse lemma still holds, and in suitable local
coordinates u (with u(p) = 0) one has f(u) = ¢ — |[u_||*> + |lu|?, where
u=u_~+uy withuy € Ex and Ey @ E_ >~ T,M. This allows us to prove that
in this case: >
cfpy~ 12 4=* (12.20)
,D) =~ .
1 0 g#Ax

In particular, if the index A is infinite, then all the critical groups vanish.

Using pseudogradient vector fields and the Palais—Smale condition, one can
employ the deformation lemma to deal with noncritical levels, and the critical
groups for the critical ones. Then the following general result can be proved.

% In finite dimension this follows from the construction in the proof of Proposition 12.11.
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Theorem 12.23 Let M be a Banach manifold and let f € C'(M) satisfy
the (PS). condition for every ¢ € la,bl, where a,b are regular values of f
with a < b. Assume that the critical points of f in M® \ M? are only finitely
many, denoted by {z1,...,z}. Then, letting My(a,b) = Zle rank Cy(f,z)
and By(a,b) = rank Hq(Mb, M%), for every integer q one has

q q
D (=D4Ma,b) = Y (=147 By(a.b),

j=0 Jj=0
Y _(~1YMj(a.b) = (~1Ypj(a.b).
Jj=0 Jj=0

Here we are assuming that all the numbers M, (a, b), B, (a, b) are finite and that
the series converge.

12.3 An application: bifurcation for variational operators

In this section we apply Morse theory to prove a bifurcation theorem due to
Krasnoselski [110] and improved by R. Bohme [59] and A. Marino [128]. We
follow the proof given in [129].

We consider an equation of the form

au—T(u) =0, (12.21)

where u belongs to a Hilbert space X, A is a real parameter and 7 is an operator
from a neighbourhood of zero in X with values in X and such that 7(0) = 0.
Our main goal is to prove the following result.

Theorem 12.24 Let U C X be a neighbourhood of 0, and let a : U — X be a
function of class C? with a(0) = 0. Letting T = Va, assume T is compact and
that T(0) = 0. Then every nonzero eigenvalue of T'(0) is a bifurcation point
SJor (12.21).

Before beginning the proof, we need some preliminary notation and lemmas.
We set

A
by (u) = §||M|| —a(u),

so that Vb, = Ald — T. Therefore the solutions of (12.21) are critical points of
b;.. Without loss of generality we can assume that 7 has a positive eigenvalue
Ap. Let us also introduce the following subsets of R x U:

Q={u) e Rx(U\{0}) : by(u) =0}
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Qy, ={u) : do—y =A=A+y,uecU\{0},bp(u) =0}
Letting P denote the natural projection of R x X onto X, we also set
P(S2)) =M,,
and one can easily check that M, is relatively closed in U \ {0}. We next define

U ={ucU : byu) <0},  Bs=DBs0).

Lemma 12.25 [n the above assumptions, suppose that \g is not a bifurcation
value for (12.21). Then there exist two positive numbers y , 8 such that in M,y NBj
the operator T satisfies

IT @)1 llull* — (T (u)|u)* > 0, (12.22)

namely there is no point u € Bs \ {0} with by (u) = 0, with |. — Ao| < y and
with T (u) parallel to u.

Proof. Suppose by contradiction that there exist three sequences (u,), <
U\ {0}, A)ns (n)n € R such that

)\.n 2
Matty — T (uy) =0, ?””n” —a(uy) =0,

lim u, =0, lim A, = Ao.
n—o0 n—o0

Taking the scalar product of the first equation with u, we get p(u,) = Wn,

where p (1) is defined as

_ (T @]u)
p(u) = W

Since (A, u,) € Qandsince lim,,_, oo (Ay, u,) = (X0, 0), from the Cz—continuity
of a we find that

Tl (@ Ounlug) + o)

n — n - n ’
2a(uy) (a@” (0)up|un) + o(||un[|?)
so that lim,,_, o i, = A¢. This is clearly in contradiction to the assumption that
o is not a bifurcation value. |

In the next lemma we obtain a uniform positive lower bound of the left hand
side of (12.22) in terms of ||u]|.

Lemma 12.26 In the above assumptions (taking Ay > 0), there exist two pos-
itive numbers y,§ (with Bg C U) and a real function o : (0,8] — R which
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is positive, continuous monotone, with o (t) — 0 as t — 0 and such that in
M, N Bs we have

IT @) 1 ull® — (T (u), u)? > o (||ul).

Proof. Let us take two small positive numbers y,§ such that we have the
condition (12.22) in M, N Bs, by Lemma 12.25. By the C?-continuity of a we
can also assume that p (1) > Ag/2 in this set.

At this point, we first prove that u +— T (u) — p (u)u maps the closed sets of
M, N By into closed sets of X. Indeed, let (u,), be a sequence of points in a
closed set K of M, N Bs such that the image sequence y, = T (u,) — p (uy)up
converges to some point y,. By compactness, we can extract a sequence, still
denoted by (u,), such that both T (u,) and p(u,) converge. Then we have

Up = (T (up) — yn).

o (un)
Since p(u,) > ro/2, we deduce that u,, converges to some u, € K such that
T (uy) — p(us)uyx = yi. This proves our claim.

Therefore, the set M,, N Bs is mapped onto a closed set which, by (12.22),
does not contain the origin and therefore has a positive distance & (y) from it.
The function ¢ satisfies all the required properties in the statement except for
the continuity. But it is easy to construct a continuous function o < ¢ which
also satisfies the last requirement. |

Let us now fix the numbers y and § from Lemma 12.26. Let 0 < ¢ < /2 and
let & : R — R be a smooth function supported in (—y /2,y /2) and which is
identically equal to 1 in the interval [—¢, ¢]. Let us define
o a(u)
= ( 2 ||u||2> ’
Let us observe that if 0 < |lu|| < § and w(u) # 0, then —y /2 < Xo/2 —
a(u)/||ull*> < y/2, and hence there exists A € (Ao — ¥, Ao + ) such that
A/2 — a(u)/||lul|*> = 0, namely u € M,, N By.
Let us now consider the operator D : U — X defined as

D(u)

ue U\ {0

Null>T ) — (T @) |wu  |ul?
w(u)

2 2 2
- T = o 2~ o lPIT@IP = T@h? £ 0

otherwise.

One easily checks that D is of class C! in an open set U containing Bs \ {0}.
Moreover one immediately verifies that

WD) =0 Vu, (TW|Dwm) =1 Yu#O. (12.23)
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Lemma 12.27 In the above notation, consider the following ordinary differ-
ential equation

9 _ b in U (12.24)
0, = D, inU. .

Then, for any choice of A and of i € Bs \ {0} problem (12.24) has a unique
solution n(\, u) with initial condition n(\,u) = u. This solution is defined on
the whole real line and verifies

In Wl = |lull for any i.

If in addition one has by (1) = 0 for some A € [ho — &, o + €], then also
by (n(A,u)) = 0 in the whole interval [Lo — €, Ao + €].

Proof. Since D is of class C LinU , we have local existence and uniqueness of
solutions. On the other hand, using the first of (12.23), we have that

dn(x,u)
da

Itfollows that every solution has constant norm and hence the set {1 (1, %) }, when
A varies in the interval of definition, has closure contained in U. Moreover, since
w(n(A,u)) # 0 only when n(A,u) € M, N Bs, we deduce from Lemma 12.26
and from the expression of D that D(n(X,u)) stays bounded, so the solution is
indeed globally defined.

Let us now prove the second statement. Let b5(#) = 0, namely a2 —
a(@)/||u||> = 0. From the definition of  we have that w (1) = 0((Ag — 1)/2) =
1 since we are assuming |Ao — Xl < &. Moreover, since the argument of  does
not exceed €/2 in absolute value, there is a neighbourhood of # in which w is
identically equal to 1. Therefore, in a neighbourhood of A, the first definition
of D can be applied, with w(u#) = 1. It follows that

d
(1—)L||77()»,ﬁ)||2 =2 <77(/\,ﬁ)l > =2 A, w)|[D(n(x,u))) = 0.

d
abx(n(k,ﬁ)) = (Vbr(n) | D(m) = 1(n | D)) — (T'(n) | D()).

Using (12.23) we get d/dAby (n(x,u)) = 0, namely that A — by (n(x,u)) is
constant in [Ag — &, Ao + €]. This proves the lemma. |

Lemma 12.28 Under the above assumptions, suppose that Aq is not a bifurca-
tion point for (12.21). Then, for sufficiently small € and 6, the spaces U, o—eMBs
and U sote (VBs are homeomorphic, and the homeomorphism maps the origin
into itself.

&

Proof. We let ¢ : R? x By — Bj be such that if [|u|| > 0, then ¥ (A, A, 1) =
n(x,u) (where n(A,u), as above, denotes the solution of (12.24) with initial
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condition u(X) = u), while W(X, X, 0) = 0 for every 2, A. Next, one can easily
show that v (X, A, -) is continuous for # # 0, but since || (A, A, w)|| = |lu| we
have continuity also at the origin. By Lemma 12.27, when A e [ro—e, ro+el
Y preserves the sign of b, in the whole interval [Ag — &, A9 + ¢]: then the
map u — ¥ (ho — &, Ao + &, u) admits the function u +— (Ao + &, A0 — &, U)
as inverse, and it gives the desired homeomorphism from U, _, N Bs onto

U;O_,'_sﬁBg. |

We are now in a position to prove the main theorem.

Proof of Theorem 12.24. Let Ay > 0 be an eigenvalue of 7'(0), and sup-
pose by contradiction that A¢ is not a bifurcation value for (12.21). Then by
Lemma 12.28 if ¢ and § are chosen small enough, then we have a sequence of
isomorphisms

Hq(U)L_O_S I’WB(;,U}L_O_‘,3

N Bs\ {0}) ~ Hy(Us, ,, N Bs. Uy, N Bs \ {0).

ro+e
On the other hand, if A¢ is an eigenvalue of 77(0), the Morse index of b; at
u = 0 changes when A crosses X¢. Thus, by (12.19) and (12.20), the preceding
isomorphism between homology groups cannot hold for every q. |

Remark 12.29 Under some further nondegeneracy conditions, it is possible to
show that the bifurcation set is (locally) a branch, see [11]. However, in general,
this might not be the case, see [59]. |

Remark 12.30 Following [145], we can reformulate the preceding arguments
in the following suggestive way. The stationary point # = 0 of b, can be
associated, for any fixed A, to a multi-index ¢ := [mo, mb, ... omd, .. .], where
m9 denote the Betti numbers of the homology groups H, (U, NBs, U, NBs\{0}).
According to the previous calculation, if O is nondegenerate, one finds that
m? = §;, where § is the Kronecker symbol and s is the number of eigenvalues
of T7(0) greater that A, counted with their multiplicity. Now, letting Ao be an
isolated eigenvalue of 77(0), the multi-index £, changes as A crosses Ag. On
the other hand, if A¢ is not a bifurcation point, then Lemma 12.28 implies that
lyo—e = Lirg+¢ provided & > 0 is small enough, getting a contradiction. It is
worth pointing out the difference between the multi-index ¢, and the Leray—
Schauder index. The former changes when crossing any eigenvalue of 77(0),
including those with even multiplicity. The latter, which equals (—1)* (see
Theorem 3.20), changes only when crossing an odd eigenvalue. |
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12.4 Morse index of mountain pass critical points

In this section we want to evaluate the Morse index of critical points found
using the MP theorem.

12.4.1 An abstract result

Let us consider a functional J € C!(E, R) which has the mountain pass (MP,
in short) geometry, namely that satisfies the assumptions (MP-1) and (MP-2)
introduced in Section 8.1. With the same notation used there, let us set

I'={y e C([0,1LE) : y(0) =0, y(1) = e},
and

c= ;réfr ,g}g}f]f(ﬂ”)-
According to the MP theorem 8.2, we know that if (MP-1) and (MP-2) and
(PS)¢ hold, then ¢ > 0 is a critical level of J, namely there exists z € Z, =
(ueE:Ju) =c, J(u)=0)}.
The min-max characterization of the MP critical level ¢ allows us to establish
some further properties of the MP critical points. Let us introduce some notation.
If J € C2(E,R) and z is a critical point of J, we set

e E%z) = KerJ"(2),
e E-(z2)={veE: (" @v|v) <0},
e Et()={veE:"@v]|v) > 0.

We say that z is nondegenerate if E°(z) = {0} and we denote the Morse index
by m(z).

Theorem 12.31 In addition to the assumptions of the MP theorem, let J €
C? (E,R) and suppose that Z. is discrete. Then there exists 7 € Z. such that
m(z) < 1. Furthermore, if Z, = {z} and 7 is nondegenerate, then m(z) = 1.

Let us give an outline of the proof in the case in which Z. = {z} and z is
nondegenerate. We follow [10]. For simplicity of notation, we take z = 0 and
write E* instead of E*(z).

Arguing by contradiction, let E = E~ @ E* with dim(E~) > 2. By the
Morse lemma, up to a smooth change of coordinates, we have that

Jw) =c— llu” |* + u"|%,
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where u = u~ + ut, ut € E*. Given B > a > 0, let Uyg denote the
neighbourhood of z = 0

Upp={u=u"+u" : u"ll <a, [u*] < B}
For any u € Ug g with [[u™ || = B, one finds that
Jw) > ¢ —a? +,32.
Thus, given d > c, there exists ¢ > 0 such thatif ¢ < 8 < € one has
inf(J(u) :u € Uqp, |utll=p}=>d.
Taking o, B possibly smaller, we can also suppose that
inf{J(u) : u € Uy} > 0.

Let us point out that, in particular, this and the fact that J(0) = 0and J(¢) <0
imply 0,e & Uy g. Let § €10,d — c[. By the definition of the MP critical level
¢ we can find y € I" such that

sup{J(y (1)) : t € [0,1]} < c + 6.

According to the deformation Lemma 9.12 and Remark 9.13, we can find a
deformation 7 such that

(@) noy €T,
(b) N(ET\ Uyp) C ES.

Figure 12.4 The modified part of y, namely the path 71 U o U 73, is in bold.
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If y(t) N Uyp =¥Vt €[0,1], then we get a contradiction directly from (a)
and (b) above. Then, let us suppose that y intersects Uy g. Since y (0) = 0 and
y(1) =eand 0,e & U, g (see before) we infer that there exist t1 < o ¢]0, 1]
such thatv; := y(#;),i = 1,2, belong to dUy g, while y (t) & ﬁa,ﬂ forallt < #
and ¢t > . Since

Jv) <c+8<d<inflJw) :uecUyp, |utll=p}

it follows that ||v;"|| = o and ||vi+|| < B,i=1,2. Letw; C dUy g denote the
segments joining v; and v; . Since dim(E~) > 2 we can connect v, and v,
with an arc o contained in dUq g N E™. Finally, consider the path y defined as
follows

~ 40 ifr €[0,n]U[n,1]
y(@) = ,
mUo Umy ift €lf, il
Remark that y € G. Since for v € Uy g N E~ one has that |[v~|| = o and

vl = 0, then
J(v):c—ocz, VvedUypgNE™.
Therefore, one has that

supJ(u) < c.
o

Moreover, one readily checks that sup,,. J(u) < ¢ + §. In conclusion, the path
y € T is such that

supJ(u) <c+3, yOyNU =y, Vtel0,1].
%

Using (a) and (b) we infer thatnoy € T and sup{J (noy'(¢)) : t € [0, 1]} < ¢—34.
This is in contradiction to the definition of ¢, and proves that m(z) < 1. To rule
out that m(u) = 0 it suffices to remark that in such a case u is a local strict
minimum for J and E = ET. Now one can take Uq g such thatinf{J(v) : v €
0Uq,g} = d > c. Repeating the previous arguments one readily reaches again
a contradiction. [ |

Remark 12.32 The case of a degenerate MP critical point is investigated in
[97, 106]. The Morse index of a linking critical point has been studied in [114].
In this framework, we also recall a result by H. Amann [6] which asserts that
the Leray—Schauder index of a local minimum is 1. |



232 Morse theory

12.4.2 Some applications

Theorem 12.31 can be used to prove multiplicity results. We will explicitly
discuss a couple of examples. The first one deals with the coercive Dirichlet
boundary value problem
—Au=cu—h(u) xeQ
D,
{u =0 x € 0L, D)
with h(u) ~ |u|”_1, p > 1, see also Theorem 10.22. Below Ar, k = 1,2,...,
denote, as usual, the kth eigenvalue of —A on E = Hé (2).

Theorem 12.33 Suppose that h is Holder continuous, such that h(0) = 0 and
h(u) — +o00 as |u| — oo. Then for every A > Az, (D, ) has at least three
nontrivial solutions.

Proof. (Sketch) We will prove this claim under the additional assumption that
= h(u) > fi(u), Yu#o0. (12.25)

The general case requires some more work and a Lyapunov—Schmidt reduction
(see [17]). By this assumption, there exist two positive numbers My, M such
that Au — h(u) is negative (respectively positive) for u > M (respectively
for u < —M>) and positive in (0, M) (respectively negative in (—M>,0)).
Therefore, if we define the function fx :R— Ras

Au—h(u) foru e [—M>, M]

fulu) = {() for u € (=00, —M>] U [M}, +00),

then it is easy to check that the solutions of (D;) are the critical points of

1 u
h@=ﬂW—LﬂMM, HM=AA®M

Hereafter, it is understood that we have carried out the same truncation made
in Section 10.4 dealing with (10.12), which is indeed a specific case of (D, ).

Let us first prove that, for A > A1, J) has two minima which give rise to a
positive and to a negative solution of (D, ). As in Example 5.11, let us consider
the positive partf;r of f;.. Since h(u) — +00 as |u| — oo thenf)\+ is bounded.
Then the functional

1 u_
U@zﬂW—A#wm, ﬁmzﬁﬁmm

has a global minimum u;f Since

limM =A> Al
u—0 U



12.4 Morse index of mountain pass critical points 233

itfollows that uj\' # 0 and by the maximum principle one infers that u;ﬁ' > 0. Let
us now prove that uj{ is indeed a local minimum for J;, too. Since ur satisfies
(D;) and uj{ # 0, it follows that 1 is an eigenvalue of the linear problem

—Au;r = ax(x)u;r, where a;(x) = A — h(uf(x)).

In other words, using the notation introduced in Section 1.4.1, there exists k > 1
such that Ai[a)] = 1. Furthermore, since u;f > 0 we have that Aq[a)] = 1,
see Theorem 1.13(i). Using the monotonicity property of the eigenvalues (see

(EP-1) in Section 1.4.1), it follows that
ML @) > rlan] = 1.

This implies that uj\L is a strict minimum of J; and that it is nondegenerate with
Morse index m(uf) = 0. Similarly, substituting f;r with its negative part, one
finds that for A > A1, (D) possesses a negative solution u, < 0 which is also
a nondegenerate minimum of J,. Applying the MP theorem, we find a third
critical point u}, different from uit If the MP critical point u; coincides with
0 € E and J, has no other critical point than uf and 0, then Theorem 12.31
applies yielding that m(0) < 1. On the other hand, if A > A; then the Morse
index of 0 is greater than or equal to 2, a contradiction. This completes the
proof. |

Remark 12.34 The last result (assuming in particular no upper bound on p)
can be extended to some cases in which the function % also depends on x. For
example, if there exists# > O suchthatforeveryx € Qonehas Au—h(x,u) < 0,
Yu > u (and a similar condition for negative u), then the solutions of the
problem with truncated right hand side also solve the original problem, and the
multiplicity result will hold unchanged. |

As a second application, we consider a Dirichlet problem with a jumping
nonlinearity. By this we mean a boundary value problem like

—Au=But —au” +gu)+tp; xe€Q Dy
u=~0 x €09, !
wheret € R, ¢ < A1 < 8, g : R — R is smooth and such that
lim & =0. (12.26)
|s| 00§

Above ut = max{u,0},u” = uT —uand ¢; > Oissuchthat Ap; = A1 in L,
@1 = 0 on 9R2. The name ‘jumping nonlinearity’ is due to the fact that the limits
as u — =oo of the nonlinearity in (D;) are different and the interval («, 8)
contains an eigenvalue of the Laplacian. For some results on these problems
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we refer to [20, Chapter 4, Section 2]. In particular, it is proved that there exists
T € R such that

(i) ift < T, (Dy) has at least two solutions,
@i1) if t < T, (Dy) has at least one solution,
@iii) if t > T, (Dy) has no solution.

We shall prove the following.

Theorem 12.35 Suppose that « < A < Ay < B < Ay for some k > 2.
Then, there exists T* € R such that if t < T*, (Dy) has at least three solutions.

The proof is based on the following lemma. Below we set f(x,u) = fu™ —
oau~ + g(u).

Lemma 12.36 There exists T* € R such that:

(i) ift < T1, (Dy) has a positive solution u; > 0 and a negative solution
Ve < 0,'
(ii) Mlfu)l > 1, while A[fu(u)] < 1 < Aggrlfu(ue)].

Proof. Consider the problem

{—Au:ﬂu—i—g(u)—i—t(p] xeQ

u=20 x € 0Q. (12.27)

Since B # A; for all j > 1, and g is sublinear, it follows from Theorem 3.23
and Remark 3.24 that (12.27) has a solution ;. Setting
t

A= B
one checks that ¥, solves —Avy; = By, + g(u;). By elliptic regularity, one has
that |||l -1 < c, for some constant ¢ > 0 independent of ¢. It follows that there
exists 1 < 0 such that #; > 0 provided ¢ < #; and therefore u, is a solution of
(Dy). In a similar way, considering the problem (12.27) with 8 substituted by «,
one shows that (D;) possesses a negative solution v;, provided 7 is the smaller
of some #, < 0. This proves that (i) holds, provided ¢ < min{#{,#}.

To prove (ii) we argue as follows. Since u; = v + /(A1 — B)¢1 and
IV lct < ¢, we infer that f,(u;) — B in L°(Q), as t — —oo. We can
now use the continuity property of eigenvalues, see (EP-2) in Section 1.4.1, to
find that

Y =uy @1,

Mlfuu)] = Ml =M1 < 1 (t > —00),
M1 @)l = M [Bl = M1 87> 1 (1 = —o0).
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Similarly, f;,(v;) — o in L*°(R2), as t — —oo and thus A1 [f;,(v;)] = Ae] =
Ata~! > 1. Thus there exists 3 < 0 such that (i) holds provided ¢ < t3. Taking
T* = min{ty, 1, t3}, the lemma follows. [ |

Proof of Theorem 12.35. Let J; denote the Euler functional of (D;) in E =
Hé (R2). From Lemma 12.36(i) it follows that if ¢ < T*, J, has two critical
points u; and v,. Furthermore, statement (ii) of the same lemma implies that u,
and v, are nondegenerate and the Morse index of u;, vy, is k, respectively 0. In
particular, v; is a strict local minimum of J;. Evaluating J; on the half-line r¢;
one finds

1
j,(npl)zzrz/ |V<p1|2dx—/ F(re))dx —rt
Q Q

< %rz)q — %rz,B —rt.
Since B > A it follows that J,(r¢) — —oo as r — +00. Hence J; satisfies
the geometric conditions of the MP theorem. Moreover, it is straight forward
to check that the (PS) condition holds. Thus J; has a MP critical point u; # v;.
If the only critical points of J; are u; and vy, then uj = u,. Therefore, it is
nondegenerate and its Morse index is k. If k > 2, this is in contradiction with
Theorem 12.31. u

12.5 Exercises

(1) (a) Similarly to the proof of (12.2), use the exactness of the
Mayer-Vietoris sequence to show that H,(T") ~ Z%a forn > 0 and

q=20,...,n, where
n
dyg =
" <61>

stand for the binomial coefficients.

(b) Using Theorem 12.20, find the Euler characteristic of the two-
dimensional torus T = S! x S!, the sphere $"~1 — R” and the
projective space RP? = S2/{—Id, Id}. Using the result in (i), show
that every Morse function on T” possesses at least 2" critical points.

(ii) The Morse inequalities can also be found when f € C2(R”, R) has

critical manifolds. See e.g. R. BOTT, Annals of Math. 60 (1954),

248-261. We say that N C R" is a non-degenerate critical manifold for f

if every x € N is a non-degenerate critical point for the restriction of f to
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the subspace orthogonal to 7,N. The Morse index of x as a critical point
of f (which is independent of x € N) is, by definition, the Morse index of
N. If U, denotes an e-neighborhood of N, and N has Morse index k, it is
possible to prove that the critical homology groups verify, for ¢ <« 1,
HyM*NUg,M® N Ug \ N) > Hy (N). Taking into account these facts,
prove the following statements, under the assumption that f has only
non-degenerate critical manifolds and N = S'.

(@) H{M N U, M“ N U \N) =Zif g =k, k + 1, otherwise is 0.
(b) BgM) = Cq(M) + Cqg—1 (M).
(c) CgM) = 27:0(_1)q_jﬁj(M)-

(iii) (the VON KARMAN equations for a clamped plate) Let 2 C R? be
bounded, let E denote the closure of C;°(£2) in W22() with respect to

u | v)E :/ uv—l—ZDuDv—i— Z D*uD%v | dx
Q

llor|=2

and define [f, g] = fix &y + fyy&xx — 2fxy&xy. Consider the non-linear
eigenvalue problem

Ay = —%[v, v], x € 2,
Ay = AAv]+ [, v], x €, (VK)
u,v € E,

where A? denotes the bi-harmonic operator.

(a) Define the operator C : E — E by setting
Cu,v) | wg=— fQ[u, v]wdx. Prove that C is compact, such that
C(tu,tv) = t>C(u,v) and that the form (C(u, v) | w)g is symmetric.
(b) Deduce that Lu := C(h, u) is selfadjoint and compact.
(c) Show that the weak solutions of (VK) are solutions of
Si(u) :=u — ALu + $C(u, C(u,u)) = 0, u € E.
(d) Show that S, is the gradient of the functional

(R | 1 5
D) = Sllullp — 5 Au | we + I Cu Wl

(e) Apply Theorem 12.24 to deduce that any characteristic value of L is a
bifurcation point for (VK).

(f) Carry out a global study of the critical point of J, in dependence of
the parameter A.

(iv) We consider the example introduced by Bshme in [59]. Let ¢ : R> — R
be a smooth function which is 2 -periodic in both its variables, with
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2z f--------"=--=----- 1

Figure 12.5

zero average on [0, 2] x [0, 2] and for which the positivity and
negativity are depicted as in Figure 12.5.
Consider the map ® : R — R defined by

D(t,5) = fsfﬁ(t,z)dz, t,s € R.
0

Then @ is also smooth and 27 -periodic in both the variables. In polar
coordinates (r, ), define the function f : R> — R by

-2
_ ) e ifr >0,
f(x,y)_ { 0 1fr=0
Show that A = 0 is a bifurcation value for the equation
Vf(x,y) + Alx,y) =0, (12.28)

but that there is no continuous curve of solutions to (12.28) branching
from A = 0.
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Qualitative results

In this appendix we discuss some results concerning symmetry, classification
and a priori estimates for solutions of some elliptic equations.

A1l.1 The Gidas-Ni-Nirenberg symmetry result

We present here a result by Gidas, Ni and Nirenberg [99], concerning symmetry
of solutions to some elliptic equations on balls of R”. The arguments rely on a
procedure called the moving plane method which goes back to Alexandrov [3]
and Serrin [161]. For simplicity we will treat only a simple example, omitting
further extensions in order to avoid technicalities. The result we want to discuss
is the following.

Theorem Al.1 Let Q = Bg(0) C R, and let u € C*(Q2) be a solution of

—Au=fu) inQ
u=20 on Q2 (Al.1)
u>0 in S,

where f : [0, 4+00) — R is of class C'. Then u is radially symmetric in Q and
moreover, letting r = |x|, one has (du/dr)(r) < 0 forr € (0,R).

To prove this result, we need some preliminary lemmas. The first is a variant
of the classical Hopf lemma, where no restriction on the sign of the coefficient
c(x) is assumed.

Lemma A1.2 Let Q2 be an open set of R", and let u € CZ(Q), u=>0bea
solution of the differential inequality

L(u) = Z a,](x) + Zb (x)— +e@u<0 in Q,

ij=1

241
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where the coefficients of L are uniformly bounded, and L is uniformly elliptic, in
the sense that there exists co > 0 suchthat ZZ}'=1 a;i&i& > colé |? forall& € R™.
Suppose there exists a ball B,(Q) contained in 2, and let P € 0B,(Q) N 0L2.
Suppose u is continuous in Q U P, and that u(P) = 0. Then, ifu # 0 in B, and
if v is a unit outward normal to Q at P, then one has (du/dv)(P) < 0.

Proof. Without loss of generality, we can assume that v = (1,0,...,0).
Consider the function v(x) = e~ *“"1u(x), for some o > 0. Then one has

0> L(u) = e L' (v) + vL(e*),

where L' is a suitable elliptic operator with no zero-order term. Hence,
computing L(e**!) we find that

0>L()+ (allocz + b + c)v.

For « sufficiently large, the coefficient ajja® 4 by + c is positive and hence,
since v > 0, we have L'(v) < 0. Hence, by the classical Hopf lemma we have
that (0v/dx1)(P) < 0, so the conclusion follows from the fact that du/dx; =
e (dv/axy). |

Lemma A1.3 Let Q, f, u be as in Theorem Al.1, let P € 92, and assume that
v1(P) > 0, where v{(P) is the first component of the outward unit normal v to
02 at P. Then there exists § > 0 such that du/dx; < 0in QN {|x — P| < §}.

Proof. Sinceu > 0in 2, we have clearly du/dv < 0atthe whole 92, and hence
du/dx; < 0in aneighbourhood of P in d€2. Assuming by contradiction that the
conclusion of the lemma is false, there would be a sequence (P,), C 2, with
P, — P such that (du/dx)(P,) > 0. We write P, = (P,1,P,) € R x R*~1.
For n sufficiently large there exists a unique P, € 32 such that P, = P/ with
13,1 — Pasn — +o0. Since (Bu/axl)(f’n) < 0, by Lagrange’s theorem there
exists 13n belonging to the segment [P,,,P,,] such that (du/ 8x1)(ﬁn) = 0, see
Figure A1.1, and it also must be (azu/axf)(ﬁ,,) <0.

Then, since (Isn)n also converges to P as n — 400, we have that
(du/dx1)(P) = (3%u/dx7)(P) = 0.

Suppose now that f(0) > 0. Then u satisfies Au+ f(u) —f(0) < 0, so using
Lagrange’s theorem with f we find that

Au+ci(x)u <0 (A1.2)

for some bounded function c(x). Then, applying Lemma A1.2 we find that
(du/dx1)(P) < 0, which is a contradiction to our assumptions.
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Figure Al.1

Suppose now that f(0) < 0. Still by our contradiction assumption we have
that (du/dx1)(P) = 0, and since u is constant on 92 it follows that Vu(P) = 0.
Let ¢ (x) = dist(x, 9€2): notice that, defining v(x) = u(x)/¢ (x), one easily finds
thatv € C!(Q2) and that v is of class C? inside 2, at the points where the distance
from the boundary is smooth (and in particular near the boundary). By the
assumptions on u, with some elementary computations one finds that v(P) = 0
and that (Bzu/ 0x;0x;)(P) = v;v;é for some constant §. It is indeed possible
to determine this constant by noticing that —f(0) = Au(P) = 8|v|2 = 4.
Therefore we also find that (8214/ Bx%)(P) = —f (0)1)12 > 0, which is again a
contradiction. This concludes the proof of the lemma. |

Before stating the next result, we introduce some notation. For A > 0 we let
T) = {x1 = A} Tr={xeQ : x1>A},
and we also define
X= QA —X1,X2,...,X,), X E Iy =1{n : xe Ty,

see Figure A1.2. Notice that x; and X] are nothing but the reflections of the
point x and the set X through the plane 7).

Lemma A1.4 Let 2, f, u be as in Theorem Al.l, and suppose that for some
X € (0,R) there holds

;l(x) <0, u(x;) <ux), xin% u(-) # u(-p) in Xy,
X1

Then u(-) < u(-,) in ) and du/ox; < 0in QLN T).
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Figure A1.2

Proof. In E;\ define the function v(x) = u(x;) (notice that x, € X,). Clearly v
satisfies Av 4 f(v) = 0 and dv/dx; > 0. Subtracting the equation satisfied by
u we find that

AV—uw)+f0) —fw) =0  inX.

Using Lagrange’s theorem we find that w = v —u satisfies Aw(x) +c(x)w(x) >
0 for some bounded function c¢(x). Moreover we have that w < 0, w # 0.
Since w = 0 on Tj N 2, from the maximum principle and Lemma A1.2 it
follows that w < 0 in 2,’\ and that 9w/dx; > O on T, N Q. But on 7; we have
ow/dxy = (dv/dx1)—(du/dx;) = —2(du/0x1), so the conclusion follows. M

Proof of Theorem Al.1. We consider the following conditions

d
Rl <0, ulx) <ulx) in X,. (A,)
0x]

From Lemma A 1.3 we know that (A;) holds for A € (0, R) sufficiently close to
R. Let us now define
w=inf{i € (0,R) : (A;)holds for A € (A,R)}.

Our aim is to show that © = 0. Suppose by contradiction that © > 0. By
continuity we have that

M0 uwsuw) iz

— , u(x) <ux inX,.

axy — * "

For any point xo € 0%, \ T, (€ 9d£2) we have that (xo),, € €2, because we are
assuming p > 0. Since u(xp) = 0 and u((xp),) > 0, it follows that u # u(-3)
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in X,. Then we can apply Lemma A1.4 to obtain

0
u(x) <u(x,) inX, and a_u <0 in T, N Q.
X1
Therefore (A,,) also holds. Since du/dx; < 0 on T, N €2, from Lemma A1.3

we see that there exists ¢ > 0 such that

% <0 inQN{x; >u—el (A1.3)
oxq
On the other hand, from our definition of w then there exists a sequence
Aj /" and a sequence (x;); with x; € £ () and u(xj) > u((xj);;). We can
assume that, passing to a subsequence, x; — x € TM) Then also (x;) A= X
and u(x) > u(x,). Since (A,,) holds, it mustbe x € 9%,,. If x does not belong to
the plane T),, then x,, € €2, and hence 0 = u(x) < u(x,), which is impossible.
Therefore x € T), and x = x;.. On the other hand, for j sufficiently large the
segment [(x})y;, x;] is contained in €2 and by Lagrange’s theorem there exists y;
in this segment such that du/dx; > 0. Since y; — x, we obtain a contradiction
to (A1.3). Therefore we have that u = 0, so (A;) holds for every A € (0, R).
We claim next that if du/dx; = 0 at some point of T N €2, then u must be
symmetric with respect to the plane 7y. In fact, from Lemma A1.4 it follows
that u(x) = u(xp) for any x € X(0), which is equivalent to our claim.
The conclusion of the theorem follows from the last result, since the above
arguments can be repeated reflecting through planes perpendicular to any
direction v. |

Remark A1.5
(i) The above result can be extended to some nonautonomous case as well,
when f = f(r,u), assuming f, f /du continuous and f nonincreasing
in r. A dependence on Vu is also allowed, provided f stays monotone
when we reflect u with respect to a plane.

(ii) There is a version of Theorem A 1.1 concerning solutions defined on the
whole R", see Theorem 2 in [100]. For example, this result applies to
positive solutions of —Au + u = u” in R" for any p > 1, assuming that u
tends to zero at infinity.

(iii) The moving plane method can also be applied to more general domains,
assuming that the reflection X} of ¥, stays inside the domain. In
particular, for convex domains, it is possible to consider reflections near
the boundary.

(iv) For other symmetry results using different methods, see for example
[140] and references therein. |
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A1.2 A Liouville type theorem by Gidas and Spruck

We next present a classification result due to Gidas and Spruck [98], following
the arguments of Chen and Li [78], which use crucially the moving plane
method.
Theorem A1.6 Consider the equation

—Au=u in R". (Al.4)
Supposen > 3, p < (n+2)/(n — 2) and that u € CZRM isa non-negative
solution of (A1.4). Then u = 0 on R".

For proving the theorem, we need some preliminaries. We let & denote the
Kelvin transform of u, namely the function defined by

- 1 X
(x) = ——u (—) x € R\ {0}.
Then u satisfies

Adl + Wﬁp =0 inR™\ {0}. (ALS)

As in the previous section, for A > 0 we define
Yo={xeR" : x> A}, T, =0,
and again we set
X = QA —X1,X2,...,X) ifx = (x1,x0,...,x,).

Define the functions ity (x) = u(x;), wy(x) = i (x) — u(x), and w; (x) =
wi (x)/g(x), where g(x) = log(—x; + 3). Since u has a singularity at the origin,
w;, is singular at the point x* = (21,0,...,0). Therefore, we consider wy,
defined on the set & = =, \ {x*}.

Lemma A1.7 For A sufficiently large, if inf 5, W < 0, then the infimum is
achieved. Moreover, there exists Ry > 0 (independent of \) such that, if xy is a
minimum point of W, on f]A with w; (xo) < 0and if A > 0, then |xg| < Rp.

Proof. Let us prove the first assertion. Since #(x) > 0 for x # 0 and since
A < 0, in B1(0) we have (compare for example u to mingg, () —y/|x|"~2 for
y > 0 arbitrarily small)

X > min u :=¢gg > 0.
9B1(0)
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Since # tends to zero at infinity, we can find A sufficiently large such that
it(x) < go for every x € By (x"). For such values of A, we have clearly w; > 0
on Bj (x*)\x*. Hence, if inf 5. W) < 0, then the infimum s attained in %, \ B (x;)
since w), tends to zero at infinity and since wy = 0 on T}.

To prove the second statement we notice that i satisfies

Au(x) + wx) <0 forxe X, and A>0.

|x|n+2—p(n—2)
It follows from Lagrange’s theorem and some elementary computations that
Awy (x) + c(x)wy(x) <0, and

2 A
AW, + Vg - Vv, + (c(x) 4 —g(x)> W, <0, (A1.6)
g g

where c(x) = (p/|x|"T2P"=2)y (x)?~!, for some function ¥ (x) between ii(x)
and u(x;). Since u(x) is asymptotic to |x|2" for |x| — o0 (and the same
holds for ,,), it follows also that ¥ has the same asymptotics, and hence c(x) is
asymptotic to |x|~*. This implies that c(x) + (Ag/g)(x) < O for x large. Hence
the conclusion follows from (A 1.6). |

Proof of Theorem A1.6. By Lemma A 1.7 we know that for X sufficiently large
we have w) > 0 in ik. Let u denote the infimum of the non-negative A such
that this property holds.

If w > 0, we show that w, = 0 in iu- Indeed, applying the maximum
principle to Aw; (x) + c(x)wy(x) < 0, we obtain w,, > 0 in iﬂ. Let now
Ak \( 1 be such that w;, < 0 somewhere in ) - To reach a contradiction, by
the second part of Lemma A 1.7 it is sufficient to show that inf i W), can be
achieved at some point x, and that the x; stay bounded from the singularities
x** of wy, . But we notice that there exist ¢ > 0 and § > 0 such that

(a) Wy > ein Bs(x") \ {x"}
(b) limy_, infB(;(x}‘) Wy, > inf gy Wy, > €.

The second claim is trivial while, reasoning as before, we obtain (a) from the
fact that w,, > 0in ¥, and Aw,, < 0. Therefore w,, = 0.

If we have instead u = 0, then we can repeat the above argument for A near
—oo0. If the procedure stops before reaching zero, we get symmetry of i in x|
by the last argument. If we again reach zero, we have both # > gy and u < i,
so the symmetry in x; follows again.

Since we can repeat the procedure for any direction, it follows that iz must be
symmetric around some point of R”. From (A1.5), we see that either u = 0, or
u must be symmetric around the origin, which means that also u is symmetric
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with respect to the origin. But since we can choose the origin arbitrarily, it must
beu = 0. ]

Remark A1.8 The above proof can also be applied to the case p =
n+ 2/n — 2, and yields a classification of the solutions of (A1.4) as functions
of the form

(n(n — 2))\2)(1172)/4
ulx) =
2+ x = xg) P2

for some A > 0 and some xy € R”". [ |

A1.3 An application

We apply the previous results to obtain existence and a priori estimates for some
nonlinear elliptic equation which is not variational.

Theorem A1.9 Let @ C R" be a convex, smooth bounded domain, and let
p e (l,(n+2)/(n—2)). Consider the following problem

—Au=ul +f(u,|Vu|) inQ
u=0 on Q2 (A1.7)
u>0 in Q.

Assume f is smooth in Q x [0,00] x R", bounded with bounded derivatives,
and that £(0,0) > 0 for every x € Q. Then problem (A1.7) admits a solution.

Remark A1.10 We notice that, since the problem is not variational and since
the right hand side is unbounded (and also superlinear), neither the above min-
max methods nor a direct fixed point argument can be applied.

We also refer the interested reader to the paper [94] where some techniques
different from those we discuss are presented. |

Proof of Theorem A1.9. First of all, we claim that there exists § > 0 depending
only on 2 such that for every solution of (A1.7)

u(x) = mg%x u = dist(x, 0L2) > 6. (A1.8)

To see this, we notice that Lemma A 1.3 and the reflection method apply also to
our case (near d€2), see Remark A1.5 (i) and (ii). In particular, we obtain that
any solution of (A1.7) is strictly decreasing (while approaching the boundary)
in a suitable neighbourhood of 9€2. It follows that the maximum of any solution
to (A1.7) is attained at a distance greater than § from the boundary.
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We want to show now that the solutions of (A1.7) satisfy an a priori bound
which depends only on €2, p and f. In fact, assume by contradiction that there
exists a sequence of solutions (u,), for which M,, := supg u, — 4o0. For
any integer n, let x, denote a point where the maximum of u, is attained. Let
Yy =0/2)(p—1),let Q, := M} (2 — x,), and let v, : 2, — R be defined by

Uy (x) = MnVn(My}: (X + xp)).

We notice that v,(0) = 1 for every n, and that v,(x) € [0, 1] for every x.
Moreover, since dist(x,, 9€2) > §, we have that 2, invades the whole R”. Also,
by the definition of y, the functions v, satisfy the equation

n

1
—Av, =W + Wf(vn,M,1+V|vVn|) in Q,.
n

Since f is bounded, by elliptic regularity results, see [101], one can check that
v, converges locally in R” to an entire non-negative solution of Av + v/ = 0,
so by Theorem A 1.6 we obtain a contradiction.

We want to prove next also a bound from below on the solutions to (A1.7).
We claim that there exists a small constant o > 0, depending only on €2, p
and f such that every solution of (A1.7) is greater or equal to o ¢, where
@1 > 0 stands for the first eigenfunction of —A in € (with Dirichlet boundary
conditions). In fact, assuming the contrary, suppose that there exists a sequence
(un)n of solutions to (A1.7) such that supq(u,/¢1) — 0 asn — 4o00. Let
0, = maxg(u,/@1) — 0. Then at a maximum point x,, of this ratio (which
might also lie on 0€2), we have u,, = o,¢1, Vu, = 0,Ve1, and Au, > 0,A¢q,
which implies

F0001(x0), 04V @1]) = —Auy(xy) — un(xn)p < —0,A@1 — Ofﬁal(xn)p

= oph191(xn) — Uylffﬂl(xn)po
Since we are assuming o,, — 0 as n — 400, we get a contradiction since
f(0,0) > 0. Therefore we also have an a priori bound from below on the

solutions to (A1.7).
We consider a smooth cutoff function y : R — [0, co) for which

x(®) =0 forr <0
x(@®) =1 fort > 1
x (@) €[0,1] forevery t.

Fix a large M € R, and for s € [0, 1], consider the family of problems
—Au=xu—MM + (1 — x@—M), +fi(x,u,Vu) inQ
u=>~0 on 9%2,
Py, $)
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where
fs(u, Vu) = sf(u, Vu) + (1 — s), s € [0,1].

From elliptic regularity estimates, we have that for any fixed value of My > 0,
the positive solutions to (Pys,1) with M < My are uniformly bounded from
above by a constant depending only on My, p and 2. Moreover, by the above
a priori estimates, if we choose My sufficiently large, all the positive solutions
to (Pyy, 1) with M > M coincide with those of (A1.7).

Setting X = C2(Q), problem (Pjs,s) can be written in the following
abstract form

u = Ky su, uelX,

where Kjs; is the solution operator of the Laplace equation with Dirichlet
boundary data and with right hand side equal to that in (Pjy, s).
We fix now the set Ac, defined as

Aco ={ueX : |ullpxg) < C,u>opi}.

From the above estimates, we know that Id — Ky, 1 # 0 on the boundary of
Ac s if we choose C sufficiently large and o sufficiently small.
We now consider the following homotopy, for ¢ € [0, 1]

u = KiMo+1)+(—2),14, ueX.

From the comments after the definition of f;, and with a similar reasoning
concerning the a priori lower bounds on positive solutions, we have that also
Id — Kymy+1)+@—2),1 # 0 on the boundary of Ac, for all # € [0, 1], and in
particular for = 0. Similarly, we can obtain a priori bounds, both from above
and from below, for positive solutions of u = K_5 su when s varies from 1 to 0,
so that also Id — K_5 ¢ # 0 on the boundary of Ac, for all s € [0, 1]. From the
homotopy invariance of the Leray—Schauder degree it then follows that

deg(Id — K,1,AC0,0) = deg(dd — K_20,Ac,0).

Notice that the operator Id — K_5 ¢ is affine (with K_» o compact in X, indeed
constant) and corresponds to the problem

—Au=1 in,
u=>0 on 092,

so if C is sufficiently large and o sufficiently small it follows that the last
equation has a (unique) solution in Ac,. Therefore we can apply Lemma
3.19 to find that deg(Id — Ku,,1,Ac,0,0) = 1, and hence problem (A1.7) is
solvable. |



Al.3 An application 251

Remark A1.11 L a priori bounds similar to the preceding ones, jointly
with degree theoretic arguments or global bifurcation results, can be used to
find positive solutions of superlinear equations. Consider a boundary value
problem like

{—Au:ku+f(u) in Q2 CcR” (A1.9)

u=20 on 0€2,

where Q2 is a bounded domain and, roughly, f is smooth, f(u) ~ |u|p_1u,
Il < p < (n+2)/ (n—2). Using the arguments of Section 4 it is possible
to show that from A; bifurcates an unbounded branch Cy of positive solutions
of (A1.9) such that Cy C (—o0, A1) x C%*(£2). Moreover, arguing as before,
one can find L a priori bounds for these positive solutions, for all A in any
compact interval of R. This implies that Cy has a projection on R which covers
all (—oo, A1), namely that (A1.9) has a positive solution for all A < A;. In
particular, Cp has to intersect the axis A = 0, yielding a positive solution to the
problem —Au = f(u) in 2. For results of such a type, we refer for example to
[66] and [94]. |
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The concentration compactness principle

In this appendix we discuss a celebrated result by P.-L. Lions, see [118] which
is useful in several contexts where some lack of compactness occurs. Below, we
recall the abstract result and then we discuss applications to semilinear elliptic
problems in R”.

A2.1 The abstract result

We state now the main result reported in this appendix.

Theorem A2.1 Suppose (u;); is a sequence of non-negative probability
(Radon) measures on R". Then, passing to a subsequence, one of the following
three alternatives holds.

(i) Compactness: for any € > 0 there exists R > 0 and (x;); C R" such that

/ du; < e.
R™\Bg (x1)

(ii) Vanishing: for any R > 0 there holds

lim sup/ dm) =0.
=400 \xeRr J B (x)

(iii) Dichotomy: there exists A € (0, 1) such that the following property holds:
for any ¢ > 0 there exists R > 0 and (x;); € R”" such that, given any
R > R, there exist two non-negative measures W1, W2 such that pyy is

supported in Br(x;), (2 is supported in R" \ Bg(x)), w1 + 2 < wy
and such that

lim (’/ dura —A' + ’/ duip — (1 —)L)D <é&.
[—o00 R» R~

Roughly speaking, the theorem asserts that either the measures (u;); stay con-
centrated near the points (x;);, or that they do not concentrate near any point

252
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of R”, or that some fraction A € (0, 1) concentrates near some (x;); and that the
remaining part spreads away from these points.

Proof. Consider the functions M; : [0, +00) — [0, 1] defined by
Mo =sw [ aur=120
By (x)

xeR”

We notice that the functions M; are nondecreasing in r and that, since every
W is a probability measure, there holds lim,_, -, M;(r) = 1 for every I. It
follows that the M; are locally bounded in BV ([0, +00)) and hence, passing
to a subsequence, they converge almost everywhere on [0, +00) to a function
M (r) which is bounded (with values in [0, 1]), non-negative and nondecreasing.
Since M is nondecreasing, we can assume that it is continuous from the left, so
we have

M(r) < liminf M;(r) for every r € [0, +00). (A2.1)
[—+o00
We then set

A= lim M) €[0,1].
r— 400

We consider now three different cases.

Case 1: . = 1. We prove that in this case we have concentration. In fact, let
¢ > 0 be given, and let R be such that M (R) > 1 — ¢/4. This and (A2.1) imply
that for / sufficiently large one has M;(R) > 1 — ¢/2. By the definition of M;,
then there exists a point x; of R” such that |, Br(x)) du; > 1—e¢. Since the integral
of u; over R” is equal to 1 we obtain compactness.

Case 2: A = 0. By (A2.1) we have liminf;_, | oo fBR(x) du; = 0forany R > 0,
which immediately implies the vanishing alternative.

Case 3: A € (0,1). Given any ¢ > 0, we choose R > 0 such that M(R) >
A — &/4, so for [ large enough we have that there exists x; € R” for which

/ dpy > A — ¢ (A22)
Br(x) 4

Let now R > R. Then, since M; converges to M almost everywhere and since
M(r) /'+— +o00 A, we can find R; — +o00 such that

M;(R) < Mj(R)) < A+ 2 for [ sufficiently large. (A2.3)

Now we define ;1 = i Br(x) and w2 = e (R"\ Bg, (x7)). Clearly w1 and
12 are non-negative measures supported respectively in Bg(x;), R" \ Br(x;)
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for [ large, and satisfy w1 + w2 < p;. Moreover by (A2.2) and (A2.3) we

have
/\mu—ﬂ+v\mu—a—m}=/ dm—ﬂ+/' du—|<e.
R» R” BR(x;) B, (x1)
This concludes the proof. |

A2.2 Semilinear elliptic equations on R"

We provide here some applications of Theorem A2.1 to classes of semilinear
elliptic equations on R". Consider the following problem

_ — P n
{ Au+u=ax)u” inR (A2.4)

u(x) - 0 as |x| — +o0.

We assume that p € (1, (n + 2)/(n — 2)), and that a is positive, smooth and
such that
lim a(x) = 1. (@0)
[x]—+o00
We analyse two model cases, namely situations in which a satisfies one of the
following two properties

alx) > 1 for every x € R", (al)

alx) <1 for every x € R". (a2)

Solutions of (A2.4) can be found as critical points of the functional J, : E — R,
E = HY(R"), defined as
daw =5 [l i) = [ ol
2 JRre p+1Jgn

Since the embedding H' (R”) — LPT!(R") is not compact, the Palais—Smale
condition fails in general. In fact, if o denotes a positive (radial) ground state
constructed in Theorem 11.3 (corresponding to a(x) = 1), and if |x,| — 400,
then the sequence u,, = up(- — x;) is a Palais—Smale sequence which does not
admit any (strongly) convergent subsequence. To see this we notice that, by
(a0) there holds clearly

1 +1
hmﬁdmnu—i/a—mmmw = To),
p+1 Jrn
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where || - || stands for the standard norm of H'(R"), and where J = J,—, as
in Chapter 11. Moreover, given any v € E, using some computations we have
that

IJ;(un)[V]|=‘/ (a(x) — Duypy
]Rn

= vl (@ 4+ xp) — Duollz2ny =0 (D [IVII.

However, one can hope that still some specific Palais—Smale sequence might
admit converging subsequences. We are going to consider the two cases (al)
and (a2) separately.

A2.2.1 An existence result under assumption (al)

Throughout this subsection we assume that the coefficient a(x) satisfies (al),
in addition to (0). We are going to prove the following result.

Theorem A2.2 Suppose p € (1,(n+2)/(n — 2)), and let a : R* — R be
smooth and satisfy (a0), (al). Then problem (A2.4) admits a positive solution.

Proof. We will look for solutions as constrained maxima of some functional
over the manifold S = {u € E : |u|| = 1}, the unit sphere of E. We let
J. © S — R denote

Jau) = f a)|uPtt.
Rn

Then, as in Example 6.5(iii), one finds that a constrained critical point of 7u on
S, after a suitable rescaling, gives rise to a solution of (A2.4).

By the Sobolev embedding E < LP*!(R") and by the boundedness of a,
the functional L is bounded from above and from below on S. Indeed, letting
Sy denote the best Sobolev constant for which

lullpp+1 Ry < Spalluell,
by (a0) (which implies ||a||sc < 00) we have that

T.(u) < <n]}§x a) Sf,’fgl forevery u € S. (A2.5)

Furthermore, using as test in Jo a function which realizes the optimal Sobolev
inequality we also find

supJy > SO (A2.6)
S
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We let u,, be a maximizing sequence, and we introduce the following sequence
of probability measures on R"

PG T A
n — —_— .
Jen @)t PHT

We can apply Theorem A2. 1, and we will show that the concentration alternative
occurs.

Suppose by contradiction that A # 1, and let us begin by considering the case
A = 0, namely assuming that vanishing holds. We let § be an arbitrary small
number, and we let R be such that |a(x) — 1| < § for [x| > R. By the vanishing
assumption we have that f Br a(x)|u, Pt — 0asn — +oo, and hence by our
choice of R we deduce that

Ja(tt) = / a(o)u, P + / a(x)|u, P+
B RH\BR

> (1 =88t +o(1) asn— +oo.

Since (u,), is a maximizing sequence, by the arbitrarity of 6, we reach a
contradiction to (A2.5).

We now consider the case A € (0,1). We choose a small ¢ > 0, and we
let R, (x;); be given by the dichotomy condition. We also choose R such that
la(x) — 1| < € for |x| > R/4. Then we have that either Bg(x;) C R” \BE/4’
or R" \ Bp(x;)) € R"\ By /4 Assume the former holds (the other alternative
requires only obvious changes): then we have that

/ a@)|uaPT' < (1 +¢) [ PHL (A2.7)
Br(x;) Br(x;)

‘We consider now a new sequence of functions u, defined as

Up(x) = xn(X)tn (x),

where y,(x) is given by

0 for |x — x| <R
X — X, — R _

Xn(x): % fOI'RS |X—Xn| SR
1 for |x — x| > R.

Hence, since V, tends to zero as R — R tends to infinity, it is easy to see that

lunll> = lxnttnll* + 111 = X)unll* + 05 (D llun

= T + lltn — @ ll> + 05_g(D),
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since u, € S. Furthermore, by the dichotomy assumption we have that

/ a(x)|u, P+ < 2e,
Bﬁ(xn)\BR (Xn)

and also

J@y) = AsupJ+0(e)+o(1), Ty —tin) = (1 — A) supJ +O0(e) + o(1),
S S

T(un) = T (@) + T (ty — i) + O(e),

where o(1) — 0 as n - +o00. We now define u, = (1, — u,) /||y — Unll € S.
We notice that, since A € (0, 1), for ¢ sufficiently small we have J (4, —u,,) # 0,
so by the Sobolev embedding also u,, — u, # 0, so i, is well defined.

Then, by the homogeneity of 7 and the above formulas we have that

Ty < L =) _ ) —T@n) + O
n ”Mn — ﬁn” (”un”2 _ ”ﬁn||2)(l7+1)/2

_ (1=n)sup,J + 0(e) + o(1)
(1 = [l#al2 + og_p (1)

By (A2.7), the Sobolev embedding and the dichotomy assumption it
follows that
(1 =) sup, J 4 O(e) + o(1)
(1= 22@+D 4 op (1) + 0(e)) "H1/?
a-»

- supJ + og_g(1) + O(2) + o(1).
(1 — 22/+0)PHD2 up r—r(D + 0(e) + o(1)

(i) >

If we choose & small, R — R and n large, we reach a contradiction because
the coefficient in front of supsj is greater than 1. Therefore we have the
compactness alternative.

We prove next that, given any ¢ > 0 sufficiently small, if R and (x;); are
given by Theorem A2.1 then (x;); stays bounded. In fact, by («0), if it were
|x;| = 400 up to a subsequence, then by the Sobolev embedding theorem we
would have

Tiu) = / 4P + 0(E) < Sy + 0(1) + O(e),
BR(xn)

and this contradicts the fact that supg J> Sﬁ;] .
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Finally, letting u denote the weak limit of the u,, since concentration holds
we have that

/ a)luy ! Z/ a(@)|ua " + OCe)
R Br(x)

_ / a@ @+ + 0(e) + o(1),
Br(x))

by the compactness of the Sobolev embedding on bounded sets. Since ¢ is
arbitrary, by the Brezis—Lieb lemma we obtain that u, — u strongly in E. Since
all the u, can be taken to be non-negative (replacing u;, by |u,| if necessary),
u also is non-negative, and hence positive by the maximum principle. This
concludes the proof. ]

A2.2.2 An existence result under assumption (a2)

We give now another application of the concentration compactness theorem,
considering the case in which a(x) satisfies the assumption (¢2). We discuss a
particular case of a result by D. Cao [69].

Theorem A2.3 Suppose p € (1,(n+ 2)/(n — 2)), and let a : R" — R be
smooth, satisfy (a0), (a2), and also the following condition

a(x) > 2-@w=b/2 for every x € R". (A2.8)

Then problem (A2.4) admits a positive solution.

Proof. To prove this result we apply a reversed linking argument. We work
again on the constraint S = {u € E : |u| = 1}. First of all, we characterize
the maximizing sequences for 7, proving that compactness holds, but that their
weak limit is zero. We notice first that, by (¢0) and by (a2), supg J= Sg;l.

Let (u,), be a maximizing sequence for 7, and let us apply Theorem A2.1 to
the sequence of measures

a(x)up !

= 0 dax.
T e @)y P

Let us suppose that dichotomy holds, let ¢ > 0 be a small number, let R, (x;,),
be given by Theorem A2.1, and let R > R. Then, if x,, @, and i, are as in the
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proof of Theorem A2.2, we can repeat the above arguments to find

a-=»
(1- Az/@+1))@+1)/2

T (i) > supJ + 0z_p(1) + O(e) + o(1) > supJ
S S

if we choose & small, and R — R, n sufficiently large.

Assume now that vanishing holds. Then we can decompose R” into a
sequence of disjoint unit cubes (Q;); centred at the points with (relative) integer
coordinates. Then, by the Sobolev embedding (which holds with the same
constant C, , for every Q;) and by the normalization on the u, we get

1
1= / (IVinl? +22) = — ( Jun !
Xi: Qi " Cpn i Qi

By the vanishing assumption, and since a(x) is bounded from above and from
below by positive constants, we have that each integral |, 0; |u, [P tends to zero
as n tends to infinity uniformly with respect to the index i. Therefore from this
fact and the last formula we find

+1 +1 +1 2D
lun | = / lun P = o(1) (/ luan|” ) ) =o(D),
—/R" Z Qi (Z Qi

i

)2/(p+1)

contradicting the fact that (u,), is a maximizing sequence for J.

It follows that (u,), satisfies the compactness alternative. Letting (x,),
denote the sequence given by Theorem A2.1, we want to show that |x,,| — +o00.
In fact, if x,, stays bounded, we can reason as in the proof of Theorem A2.2 to
show that u,, converges strongly in E to some function % (with unit norm). On
the other hand, we have that a(x) < 1 for any x € R”, which implies

T (un) = nsyoo J@ < SH1,
contradicting the facts that (u,), is maximizing and that supg J= Sf,’;l.

Applying the Brezis—Lieb lemma, as for the end of the proof of Theorem A2.2,
one can show that, from the concentration alternative, u, (- — x;,) converges
strongly in E to some function i, which must be a maximizer of the Sobolev
quotient ||u||;p+1/|lullg, and hence a ground state of (11.1) (which must be
positive and radial up to a translation). By a result of Kwong [111] we know
that u is unique, and we call this solution ug.

Consider now the following function 8 : E — R” defined as

ﬂ(u)=f |u|p+liarctan(|x|)dx.
R x|
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Since the coefficient of |u[Pt! in the last integral is bounded, the function
B is well defined on E. Furthermore, by the above discussion and from the
exponential decay of ug, we deduce that

(u,,) maximizing for J= un (- — x,) = ug in E and B(u,) # O for n large.
(A2.9)

We now fix L > 0 and define
N ={uo(- —y) : y € BL(0)}, C={ues : Bu =0}
As L — +00 one has that

Bluo(- — y)) = %sgy'y—' tor(1)  foreveryy e dBL(0),
ly
where or (1) tends to zero as L tends to infinity uniformly in y € 9B (0).
Then, letting Hy = {h € C(N1,S) : h(u) = u,Vu € dNL}, using the solution
property of the degree it follows that dN; and C link.
Then we define the max-min value

pr = sup inf J(h(y)).
hE'HLyeNL

Since a(x) tends to 1 at infinity, with easy computations one finds that

inf J(u) — Sﬁ,”n'l as L — +oo0.
UEIN, ’

Furthermore, from supg J= S,’;j;l and (A2.9), since C and d Ny link we have that
pr. < infyean, 7(u) < ng,] for L sufficiently large. Moreover, using the map
h: y = ug(- —y) and the assumption (A2.8) we find that p; > 2’(1””/255;1.
Then the arguments of Chapter 8 yield the existence of a Palais—Smale sequence
(vp)y, for 7 at level OL-

It is a standard fact, see for example [42] and references therein, that v, can
be written as v, = wy/||wy|l, with

k
wa =wo+ Y uo(- = xin) + o(1), (A2.10)
i=1
where o(1) — 0 1in E as n — 400, where k is some non-negative integer,
where |x;,|, |xin — xju| — +ooasnfori,j=1,...,k, i # j, and where wy
is the weak limit of the w,, and solves (A2.4). Furthermore, by the Brezis—Lieb
lemma one has that

T = T (7(w0) +RSEE + 0(1)) , (A2.11)
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with o(1) — 0 as n — 400, and also

lwall> = llwoll> + klluo|I* + o(1). (A2.12)
Multiplying (11.1) by up and integrating by parts, we have that ug satisfies
luol> = SbA luo P+, which implies [lugl = S, 7"/ ?~" Furthermore,

multiplying (A2.4) by wo and integrating by parts, we also find that ||w0||2 =
J(wo).

Then, from the fact that p;, > 2’(”’1)/2511,’;21 and from (A2.11), (A2.12) we
obtain

- )\ @tD/2 ~ -
asit! <||WO||2+kSn,[%(p+l)/(p 1)) < Iwoll? + kS, 204D/,

Using again (A2.4), the Sobolev inequality and the fact that a(x) < 1, we find
also that |wo|?> < S‘Z;] [wollP+!. From the last formula we then deduce that
either wy = 0 and

KPED/2 _ 20=D/2

or that wo # 0 and

(1 + kP02 <« 2=D/2,

In the former case, we would have k = 1 and by (A2.10) also J(vp) — SZ:;I,

contradicting the fact that p; < Sg;:l. On the other hand in the second case, by
the last formula it has to be k = 0, so by (A2.10) we have strong convergence
of w, to wo # 0, a solution of (A2.4). Since in all this construction we can
work in the subset of non-negative functions without affecting the min-max
value, wy turns out to be non-negative, and hence strictly positive by the strong
maximum principle. This concludes the proof. |

Bibliographical remarks We mention here other results related to problem
(A2.4). In [42], the authors prove the existence of solutions to (A2.4) under
assumption (a0) and requiring that a(x) > 1 — Ce~ @I for |x| large, where
C and § are two positive constants. The method is still based on a linking
argument, as in Theorem A2.3, but using a different scheme.

In [44], an improvement of this result is given, replacing the last condition
with a(x) > 1 — Ce™?"l near infinity. The proof is based on the method of
critical points at infinity developed by Bahri and Coron, see for example [38]
and [41].

For results concerning problems with the critical exponent, see for
example [49].
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Bifurcation for problems on R”

In this appendix we will discuss some bifurcation problems on R” that cannot
be handled by the theory developed in Chapters 2 and 4, because the linear part
has an essential spectrum. In Section A3.1 we will deal with a problem that
still possesses a principal eigenvalue; in Section A3.2 we will be concerned
with a case in which there are no eigenvalues and the bifurcation occurs from
the bottom of the essential spectrum. We anticipate that we will focus on some
specific problems which, however, highlight the main features of the theory.
The interested reader can find a broad discussion on these topics in the survey
paper [167] which also contains a wide list of references.

A3.1 Bifurcation for problems on R” in the
presence of eigenvalues

Let us consider the following elliptic problem on R”
— Au+qg@)u = ru—uP, ue WHRY), (P)
where p > 1, g € L>(R") and
liminf g(x) = 0.

|x|—00

It is well known [54] that the spectrum of the linear problem
—Au+qgu=ru,  ue W-R"Y, (L)

contains eigenvalues if and only if
A :=inf {f (Vul® + qu®)dx : u € WE2RY), |ul;2 = 1} <0. (A3.D)

Moreover, if A < 0 then A is the lowest eigenvalue of (L).
Problem (P) will be approximated by problems on balls Bg, = {x € R" :
x| < Ry,

— Au~+qgxX)u = ru — u?, ue Wol’Z(BRk), Ry — o0. (Pr)

262
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In the sequel it is understood that the solutions uy of (Py) are extended to all
of R" by setting ux(x) = 0 for |x| > Ri. Let Ag, denote the first (lowest)
eigenvalues of

—Au+qu=ru,  ue W, (Br),

given by
. 2 2 1,2
AR, = inf {/ UVul” +quldx : u € Wy " (Bg,), llullpz2=1¢.
BRk

Let us remark that Ag, | A as Ry — oo. In particular, if (A3.1) holds, one has
that Ag, < O provided Ry > 1.

Equation (Pj) can be written in the form u = ATy (u), u € X = Lz(BRk),
with T} compact. Let >k denote the set of (A, u) with A > 0 and u > 0 such
that u = ATy (u).

Equation (P) can be faced by means of the Rabinowitz global bifurcation
theorem, see Theorem 4.8. Here, since we are dealing with positive solutions, the
arguments used in Section 4.4 allow us to say that the branch emanating from
(AR, ,0) is unbounded. In other words, there exists an unbounded connected

component 216 C ¥* such that (AR, 0) € flé. Furthermore, the fact that the
nonlinearity has the specific form Au — u” allows us to say that the bifurcation
is supercritical, see Example 2.12, and that (A,u) € V implies that A > Ag,,
namely that the branch emanating from (Ag,, 0) lies on the right of Ag, , see also
Fig. A3.1.

In order to consider the limit of ¥ as k — oo, we will use a topological
result by G. T. Whyburn [170]. First, some definitions are in order. Let ¥ be a
metric space and let Yy be a sequence of subsets of Y. We define lim inf Y} as the
setof y € Y such that every neighbourhood of y has nonempty intersection with
all but a finite number of Y. On the other hand, lim sup Y% is the setof y € Y
such that every neighbourhood of y has nonempty intersection with infinitely
many of the Yy.

Lemma A3.1 Suppose that Yy, are connected and such that

(i) U Yy is precompact,
(ii) liminf Y; # 0.

Then lim sup Yy is precompact and connected.

In order to use this lemma, we take E = W12 (R™), endowed with the standard
norm

) = fRnnvmuuZ]dx.
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Figure A3.1

Fix b < 0,let Y = [A,b] x E and let Y be the connected component of
{(hu) € T¢ ¢ & € [A,b]} such that (Ag,.0) € Tp.

We also let IT : R x E be defined by setting IT(A,u) = A. It is not difficult
to check that T1(Zj) = [Ag,,+00). Since (z,.0) € g and Ag, — A, then
(A,0) € liminf Y; and thus Lemma A3.1(ii) holds. Moreover, one has that
b e H(fl(;) for all k£ > 1. In order to prove that | J ¥ is precompact, we need
a preliminary lemma.

Lemma A3.2 Let (A3.1) hold. For all b < 0 there exists W = W, € L*>(R™) N
L®[@R"), W > 0, such that u < V for all (A, u) € Yy, forall k > 1.

Proof. We will indicate the main ideas of the argument.

Step 1. Fix a with b < a < 0. Since liminf ;.0 ¢(x) = 0 and a < 0, the
support of (g(x) —a)~ (the negative part of g —a) is compact and is contained in
the ball B, for some p > 0. We define a piecewise linear continuous function
Vo (1), t € R, such that
—o t=<p
Yo () =

“ { 0 t>p+1.

Let

Ue = inf {/}R (Vul> + yo (IXDu*1dx s u € E, |lull;2 = 1}.
Since y, < 0, it follows that py < inf{fRn |Vul*>dx : u € E, lull;2 =1} =0.

Furthermore, consider a smooth function ¢ € E with support contained in B,
and such that ||¢|;2 = 1. Then

MaS/ V> + vad*ldx = | |Vo|*dx —a,
B, B,
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and thus there exists «* > 0 such that iy < 0 for all > «*. This implies that
for @ > a*, uy is the principal eigenvalue of

—Au+ Yo (|xDu = uu, uek.

We denote by ¢, > 0 the (normalized) eigenfunction corresponding to iy < 0.
In addition, we notice that x, depends continuously upon «.

Step 2. From the preceding step it follows that we can find «p > 0 such that
Mo i= g, Verifies b —a < pup < 0. We define a function ¢ € C?(RM)NE by
setting ¥ (x) = @q,(x) for all |x| > p + 1; in the ball B,  is arbitrary, but
positive. One shows that there exists C > 0 such that C is a super-solution
of (Py) forall k > 1 and all A > b. Roughly, it is easy to check that for C > 0
sufficiently large one has that —A(C¥) + g(C¥) > A(Cyr) — (Cyr)P for all
|x] < p+ 1. For [x| > p + 1, one remarks that y, = 0, so —AvY¥ = oy and
one finds —AvY + g = (uo + q)¥. The definition of p implies that g > a for
all |x| > p and thus —AY + g > (o + a)¥ > biyr. Then for A < b we get
—AY + gy > Ay — P for all |x| > p + 1, and the claim follows.

Step 3. One proves that ¥ = C1 is such that u < W for all (A,u) € Y} with
k large. For A < b, setﬂ(u) := Au — qu — u” and take M > 0 such thatﬁ is
strictly increasing for u € [0, max W]. Let v; be the solution of

—Avg +Mvi = (W) + MV |x| < Ry
Vi = O |)C| = Rk.

a solution. Since ﬁ(\ll) + MY > O then vy € Px, where Pr denotes the
interior of the positive cone in C(l) (Bg, ). From the preceding step we know that
—AV > bV — gV — WP = f,(W). From this one easily infers

We want to show that for all A < b, v is a super-solution of (Py) but not

AW — ) F MW —v) >0 |x] <Ry
U —y >0 |x| = Ry,

and the maximum principle yields
W(x) > v (x), Y |x| < Ry. (A3.2)

Since]a + M is strictly increasing, it follows thatﬁ(\I’) +MY > ]7,\ (vk) +Mvy.
This and the fact that f;, > f; provided A < b, imply

—Avg = f(¥) + MY — Myg > £ () + MY — My, > fi(v), x| < Re.

This proves our claim.

Finally, let us prove that u < v, for all (A, u) € Y. Consider the set )~’k =
{(A,vi —u) : (A, u) € Yy} Since (Ag,,0) € Yy then (Ag,,vk) € )~’k, and thus
)7k N ([A, b] x Pr) # @. Let us check that 17k C [A, b] x Py. Otherwise, there



266 Appendix 3

exists (A*, u*) € Y such that vy — u* € dP%. Since vy, is not a solution of (Py)
it follows thatvy > u but vk # u* in Bg, . This implies — A (vy —u*) +M (v —

u*) > f,\ (vk) + My, — f,\ (u*) + Mu* > 0. By the maximum principle we infer
that vy > u*, namely vy — u* € Py, while vy — u* € 9Py. This proves that
u < v and thus, using (A3.2) we get u < vy < W for all [x| < Ry, and the
proof is completed. |

Let us point out that we do not know whether u < W for all (A, u) € k. with
A € [A, b]. The proof only works for (A, u) € Yy.
The preceding lemma allows us to show the following.

Lemma A3.3 | Yy is precompact.

Proof. Let (Aj,u;) € \J Y& We can assume that Aj — A, forsome A € [A,b].
From Lemma A3.2 it follows there is ¢; > 0 such that

lujll 2 < ci, V.

From (P}) we also get

/ |Vuj|2dx+/ qu? dx = 2, f u} dx — uj.’“dx. (A3.3)
Rn n n Rll

Let us remark that, without loss of generality, we can suppose that p + 1 < 2%,
otherwise we can use (A3.2) jointly with a truncation argument. From (A3.3)
it follows that 3¢, > 0 such that ;|| < c> and hence, up to a subsequence,
uj — uin E. One immediately verifies that u satisfies

/Vu-qudx—i—/ quq&dx:)»/ u¢ dx — Wedx, V¢ e CTMR".
n n ]Rn

R»

(A3.4)
Set G (u) = Au — qu — uP. From (A3.3) we get
||uj||2 = / uj2 dx + / Gy, (uj)uj dx. (A3.5)
R~ R~
Moreover, by density, we can set ¢ = u; in (A3.4) yielding
/ Vu; - Vudx = / Gy (w)u; dx. (A3.6)
n ]Rn

Similarly, letting ¢ = u, we get [p, |Vul2udx = Jgn G ()u dx and hence

ul® = / Gy (wyudx + / 2 d, (A37)
Rn Rn
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Using (A3.5), (A3.6) and (A3.7), we infer

llu; — u||2 = ||uj||2 + ||I/t||2 — 2fR" Vu; - Vudx — 2/n uju dx

:/ ufdx+/ G)Lj(u,')u,'dx—i—/ G,\(u)udx—i—/ u? dx
n Rn o R» Rn

— 2/ Gy (wu; dx — 2/ uju dx
Rn ]Rn
= A‘{ [le.(uj) — G (u)]u; dx + A‘Q G (u)[u — uj]dx

+/ ulu — u;j]dx +f uj[u; — uldx.
Rn Rn

Since u; < W € L*>(R") we find

||uj—u||25/]R |ij(uj>—cx<u>|x1/dx+/R |G () e — 1] dx

+/ |u||u—uj|dx+/ Wlu;j — u|dx.
R» R»

Since
|Gy, () — Gr)| < [Aj — Al luj — ul + |q| |uj — ul + qu —u’|,

also taking into account that u; — u in E, it readily follows that all the integrals
in the right hand side of the preceding equation tend to zero. Thus ||u; —u|| 250,
proving that u; — u strongly in E. |

We are now ready to prove the main result of this section.

Theorem A3.4 [f (A3.1) holds, then there exists a connected set oy = {(A,u) €
R x E} such that

(a) u is a positive solution of (P),
(b) (A,0) € Tgand [TZ( D [A,O0).

Proof. We set ¥y = limsup Yx \ {(A,0)}. According to Lemma A3.1, Xy
is connected and it is easy to check that any (A,u) € X is a non-negative
solution of (P). To prove (a) we need to show that u > 0. We have already
remarked that for each k > 1, (A, u) € Xy implies that A > Ag,, and this yields
that (A,u) € X9 = A > A. Suppose that there exist (Aj,u;) € ij such
that (Aj,u;)) — (1,0) as k; — oo. Since Ag | A as R — o0, given § > 0
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A
N L

Figure A3.2 Notation: E(’) refers to the case r < n/(n — 2); E(; refers to the case
r>n/(n—2).

there exists £ € N such that )"Rkj < A+8 < A, forall k; > €. Then u; is a
super-solution of

—Au+qu=(A+8u—u’,  ue W, Bg,). (A3.8)

One can also find ¢; < 1 such that ;¢ is a sub-solution of (A3.8) such
that gj¢1 < u; in Bg, and thus there exists a positive solution ﬁj of (A3.8).
Since u; — 0, then also 'ﬁj — 0 and therefore A + § is a bifurcation point of
positive solutions of (A3.8). This is not possible, since the unique bifurcation
point of positive solutions of (A3.8)is Ag, < A + 8. This contradiction proves
that u > 0.

Since (A,0) € limsup Yy it follows immediately that (A,0) € 0. As
already remarked before, b € l'[(fg) forallk > landallb € (A,0). Repeating
the arguments carried out in Lemma A3.3, it follows that b € I1 (fo). Finally,
from the fact that X is connected one deduces that [A,0) C [1(Zy). [ |

Remark A3.5 It is possible to complete the statement of Theorem A3.4 by
showing that as A 1 O the solutions u; such that (A, u)) € X satisfy:

() llupllrr < constantif r > n/(n — 2),
(i) lupllyr — ooif r < n/(n —2). -

By similar arguments one can handle sublinear problems on R".
Theorem A3.6 Let p € L™, and suppose that 3U € L N L? such that
—AU = p inR"™. Then, for all 0 < q < 1 the problem

—Au = rAp(x)ul, ue WhH2R"Y),

possesses a branch X of positive solutions bifurcating from (0, 0) and such that
M(X) = [0, +00).
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N

Figure A3.3 Bifurcation diagram of —u” = Au + |ulP~u.

Theorem A3.4 is a particular case of results dealing with a more general class
of equations, see [15], where we refer to for more details and further results.
See also [91]. Theorem A3.6 is a particular case of a result by H. Brezis and
S. Kamin [61].

A3.2 Bifurcation from the essential spectrum
Consider the problem
—Au~+ V@)u = ru+ h@)ulP~u, ue WhH2RMY), (A3.9)
where p > 1, V is bounded and i > 0. If we assume

VeL™, V(x) >0, lim V(x) =0, (A3.10)

|x|—o00

then the spectrum of the linearized problem
—Av+ V@ =2y,  ve WHRY

is the whole half-line [0, 00) and coincides with its essential spectrum, which is
the set of all points of the spectrum that are not isolated, jointly with the eigen-
values of infinite multiplicity. Clearly, none of the bifurcation results proved so
far apply to (A3.9). In order to have an idea of the results we can expect, let us
consider the elementary case in one dimension when V =0and 7 = 1:

—u = u+ ulfP " u, ue WHRAR),

which can be studied in a straightforward way by a phase-plane analysis.

It follows that from A = 0, the bottom of the essential spectrum of —v" =
v, v € WH(R), bifurcates a family of solutions (A, u;), A < 0, of —u” =
A+ |ulP~u, with (A, u;) — (0,0) as A 1 0.
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In order to prove a similar result for (A3.9) with V and & possibly depending
on x, we will follow [167] and use variational tools. Let V satisfy (A3.10) and
suppose that & verifies

hel®,  hx) >0, lxlli_r)noo h(x) = 0. (A3.11)
Letl <p < (n+2)/(n—2)andset E=WL2(R"),
llul? = /R”[IWIZ + V(@)u? — Al dx, uekE.
Consider the functional J : E — R,
O %nuni — lﬁ /R hluP*! dx.

Clearly, J;, is of class C? and its critical points give rise to (weak and, by
regularity results, strong) solutions of (A3.9) such that limy_ o u(x) = 0.
Moreover, for each fixed . < 0, || - ||x is @ norm equivalent to the usual one
in w2 (R™). To find critical points of J, we can use, for example, the method
of the ‘natural constraint’, discussed in section 6.4 and used in section 7.6 to
prove the existence of solutions of a class of superlinear BVPs on a bounded
domain, see Theorem 7.14. Using the notation introduced there, we set

1
CI>(u)=—/ hlulP*! dx, \Il(u)=/ hlulP*! dx,
p+1 Rn n

M; = {u e W @R\ {0} lull? = W),

and ) {
~ p— 1
J = -V —du) = —— hlulPT dx.
20 = 3V = &) = |l dx
It is easy to check that, as for Theorem 7.14, M, # ¢ is a smooth manifold
of codimension one in E and the critical points of J, constrained on M) also

satisfy J; = 0. One has the following result.
Lemma A3.7 If (A3.11) holds, then ® is weakly continuous and ®' is compact.

Proof. Letu, — uin E. Given ¢ > 0, from (A3.11) it follows that there exists
R > 0 such that

R(lug P! — JufP ™ dx < e.
[x|=R

Since W12(Bg) is compactly embedded in L7+ (Bg), we get

/ Bl — [P dx < e,
|x|<R
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provided k > 1. Putting together the two preceding inequalities, it follows that
® is weakly continuous. The proof that ®’ is compact is similar and will be
omitted. ]

The preceding lemma allows us to repeat the arguments carried out in the proof
of Theorem 7.14 yielding that

m(\) = min{Jy(«) : u € My}

is achieved.
In order to estimate m(X) we strengthen assumptions (A3.10) by requiring

x>V (x) € L®, V(x) > 0. (A3.12)

Moreover, we suppose that 4 verifies (A3.11)and 3K > 0, y € R”?, 7 € [0,2[
such that

h(x) > Klx|™%, VxeC={x:t>1, |x—y| <1} (A3.13)

Fix the function ¢ (x) = |x|e_|"| and set 1y (x) = ¢ (ax). There holds
IVuall7, = a*"Ar, Ap = fR |Vo|* dx,

2 - 2
luall;, = "A2, Ax= | ¢°dx,
R»

/ Vué dx < a®> A3, A3 =c / Ix|%¢? dx,
where ¢; is such that |x|? |V (x)| < ¢;. Then one finds
lua |} < Are®™ + Aza®™" — 2Ara ™"
Putting A = —a’ we get

lugl? < Aza®™", —1<i<0, A=—a

for some A4 > 0. Moreover, using (A3.13) we deduce

o) = K/ el g [P e > Kaf—"f 17T Ip )1 dé,
C

a

where C, = {£ : &/a € C}. Since C C Cy if 0 < o < 1, it follows that there
exists As > 0 such that

W(uy) > a' "As, 0<a<l.
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There holds
m(\) = Sw) —V(u) : uce MA}

i\Il(u):ueMl}

5 7+ /(=1)
;l\ll(u) Nelly cueE\{0}
p+1 W (u) '

) r+1>/(p—1>

2 [nmu
p+1 W (ug)

1 1 2 /(p—
|(p+ )/ (b= )(\Ij(ua)) 2/(p=1)

|| Ue |

Then, using the precedmg calculation, we infer that, for some Ag > 0,
0 < m(h) < AgaC~METD/ =) (=2G—n)/(p—1)

= Ag |)\|((2—n)(p+l)—2(f—n))/2(17—1)'

Thus,if 1 < p < 1+ 2(2—1:)/n we find that m(A)/|A] — 0 as A —
0~. Let u), € M, be such that J;L(u;L) = m(A). Since 0 < J;L(u;L) =
@-D/(p+ l)||u||)L < m(A), it follows that ||u, ||, — Oas A — 0. In
conclusion, we can state the following theorem.

Theorem A3.8 Suppose that (A3.10), (A3.11) and (A3.12) hold. If 1 < p <
14-2(2 — t)/n, then the bottom of the essential spectrum, . = 0, is a bifurcation
point for (A3.9). Precisely, for all . < O there is a family of nontrivial solutions
uy, of (A3.9) such that ||uy|l;, > Oasr — 0.

The next result we are going to survey, deals with the problem

—u" = du+ h(x)ulP " u, ue W2R). (A3.14)
We will assume that p > 1 and £ satisfies
(h.1) 3b>0: h—beL'(R), and Jg(h —b)dx #0.

In order to prove that A = 0 is a bifurcation point for (A3.14), we will transform
this problem into a new one, which can be solved with the perturbation methods
discussed in Appendix 5.

Let us set

v(x) = e 2/P=Dy (g)

A= —¢2
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Then equation (A3.14) becomes
' by =h (f) WP, v e WIRR). (A3.15)
e

If (A3.15) has for all |¢| small a family of solutions v, 7# 0, then the corres-
ponding u; is a family of nontrivial solutions of (A3.14) branching off from
A = 0. Moreover, since A, = —¢2, the bifurcation is on the left of A = 0, the
infimum of the essential spectrum.

In view of the assumption (h.1), it is convenient to rewrite (A3.15) in the
following form

by =P+ [h (g) - b] WP, v e WRR).

Itis possible to show that (h.1) implies that (x/e) — b tends to zero in a suitable
sense as ¢ — 0, and hence (A3.15) can be viewed as a perturbation problem,
the unperturbed problem being

- +bv=pP N, ueWR®R).

Using a modified version of Proposition A5.3 in Appendix 5, one can prove the
following.

Theorem A3.9 Let (h.1) hold. Then (A3.14) has a family of solutions (A, uy)
such that A — 0~ and u;, — 0 as A — 07 in the C(R) topology. Moreover,

limy - 2, = 01 < p <'5.

It is worth pointing out that condition (h.1) can be weakened. Moreover the
partial differential equation analogue of (A3.14) can be studied. For these and
further bifurcation results concerning problem (A3.14), we refer to [13, 36] or
to Chapter 3 of [19] and references therein.
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Vortex rings in an ideal fluid

A4.1 Formulation of the problem

We consider a fluid filling all of R and we suppose it is cylindrically symmetric.
If the fluid is perfect, namely inviscid and with uniform density, denoting by q
its velocity, the continuity equation div q = 0 leads to the existence of a stream
Sfunction V(r,z) defined in the half-plane IT = {(r,z) : r > 0, z € R} such
that, in cylindrical coordinates,

r r

1
LY =r (- w) +w,,
r

Moreover, letting

r

one has that curl q = (0, w, 0) where w (7, z), the vorticity function, is given by
1
w=—-LWV.
r

The momentum equations require that w/r is constant on any surface W =
constant, and hence there is a vorticity function f such that

w(r,z) =rf(¥(r,z)).

A vortex is a toroidal region R, such that w # 0 if and only if (r,z) € R. Thus
if A, the vortex core, denotes the cross section of the vortex R, we are led to
the equation

2 .
_Llp:{rf(lll) ind
0 in T\ A.

The preceding equation is completed by suitable boundary conditions. The first
one prescribes the amount of fluid flowing between the stream surfaces r = 0
and 0A. This leads to the requirement that

V(0,z) = —k, VzeR, and Y(r,z) =0, V(r,z) € 04,

274
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for some flux parameter k > 0. The second boundary condition demands
that W approaches at infinity the uniform stream —%Wr2 — k for some given
propagation speed W > 0, and so

q— (0,0,—-W), as > + 72 — 400.

Putting together the preceding equations we get the following elliptic prob-
lem on I1

—LW =7 (W) (rn2)€ed, LY =0 (rz) ell\A,
v =—k onr=0, =0 onoA,

W—)—%Wrz—k as r2 4+ z2 — 400
v,./r—0 as r2 4+ 72 — 400
W, /r—0 as r? + 72 > +oo.

It is worth pointing out that this is actually a free boundary problem, in the
sense that the vortex core A is unknown and must be determined together with
the function W. To circumvent this difficulty, it is convenient to introduce, as
in Section 11.3.2, the Heaviside function A(7),

0 r<0

h(t) = -
® 1 t>0.

Setting g(¢) = h(t)f (¢) and
Y(r,2) = W(r,2) + sWr* +k,
the preceding problem becomes

—Ly =rlg(y — Wi —k) (r,z) ell
Y =0 onr =0
v —0 as r* + z2 — 400
V| /r — 0 as > + z2 — +o00.

(Ad.1)

By a solution of (A4.1) we mean a function ¥ of class CI(IT) N C%(IT \ 9A)
which solves (A4.1) almost everywhere. The requirement that v is C! across
the boundary of the vortex core is a consequence of the fact that q has to be
continuous. Problem (A4.1) has the trivial solution ¢ = 0, corresponding to
the uniform stream ¥ = —%Wr2 — k and to an empty vortex core, A = J, and
the aim is to find nontrivial solutions of (A4.1). On the other hand, if ¥ is a
nontrivial solution of (A4.1), the maximum principle implies that ¥ (r,z) > O,
with nonempty vortex core:

A={(r,0) el: Y (r,20) > sWrP +k} = {(r,2) € 1 : W(r,2) > 0} # 0.
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When g = h, the Heaviside function, and k = 0, Hill discovered an explicit
solution to (A4.1). Letting p2=r*+ 72 and

2a> = 15W,
the Hill solution is given by
1 ,(5 3p?
— = <
2 <2 24 =pr=4a
Yu(r,z) = 3
s a
EW” 3 0= a,

whose corresponding vortex is the solid ball p < a. Actually, it has been proved
that v is the unique solution of (A4.1) fork =0and g = h.

To cast the problem in a suitable functional setting, it is convenient to perform
a further change of variable, introduced by W.-M. Ni [136]. Consider in R’
cylindrical coordinates (r, z), with

r2:‘/x12+---+xi, 7 = X5,

and set Y (r,z) = rzu(r, z). Then we have
1
Ly =r (; Vr)r + Yoo = rQCu+ruy)r + rzuzz
= r2up + 3ru, + rlug.
Thus
2 3 2
Ly =r (urr+;ur+uzz) =r"Au,

where A denotes the Laplacian in cylindrical coordinates in R>. Therefore, the
new unknown u satisfies —Au = g(u — %Wr2 — k) in R3. Moreover, we will
find solutions # which are bounded and have a decay at infinity of the order
of |x|73. Then ¥ (r,z) = r?u(r,z) is such that ¥ (0,z) = 0 and satisfies the
conditions at infinity in (A4.1) provided u — 0 as x| — oo. In conclusion, the
problem (A4.1) is equivalent to

{—Au = g(riu— %Wr2 —k) inR?

A4.2
u—0 as |x| — +oo. ( )

A4.2 Global existence results

In this section we will outline the main results of [22], where we refer for more
details.
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Assuming that g is bounded and nondecreasing, we will prove that, for given
parameters W and k, (A4.2) has a solution u € W12(R3) which is cylindrically
symmetric (namely it depends only on r and z) and such that the corresponding
vortex core is bounded and not empty, see Theorem A4.2 later on. Roughly, the
proof of this existence result is divided into three steps.

(1) (A4.2) is approximated by problems (Pg) on balls Bg C R> which have a
pair of symmetric solutions vg and ug. The former is a local minimum of
the corresponding Euler functional, the latter is a mountain pass critical
point. This result is similar in nature to that discussed in Section 11.3.2.

(2) Uniform bounds for ug, and for the corresponding vortex core, are
provided.

(3) Passing to the limit as R — oo, one shows that ug converges to a solution
u of (A4.2) with the properties listed before.

It is worth mentioning that vg ‘blows up’ as R — oo: the approximating
solutions which are stable for the convergence are the MP solutions, not the
minima.

To carry out this program, we begin by considering the problem on the ball
Br = {x € R’ : x| <R} (to simplify notation, we take hereafter W = 2)

{—Au:g(rzu—rz—k) x € Bg Pr)
R

u—0 X € dBg.
We assume that

(g) g(t) = h(t)f(t), where f € C(R), f > 0 and is not decreasing and
bounded,

and set
u
G(r,u) = / g(rzs — - k) ds.
0

We will work in the Sobolev space Er = Hé (Bg) with scalar product and norm
given by

(u|vr= / Vu - Vvdx, lullz = (] wr.
Bg
Define the functional Jr : E — R by setting

Jr(w) = Slulz —/ G(r,u) dx.

Br

Remark that the functional Jg is Lipschitz continuous, but not C I This difficulty
is bypassed by using the dual variational principle, like in Section 11.3, or else
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by using critical point theory for Lipschitz functionals, see [72]. However,
as anticipated before, (Pg) shares the same properties as Equation (11.33).
Actually, assumption (g) implies that (a") and (b") in Section 11.3.2 hold for all
R > 0. As for the latter, one has to remark that here A1 (R), the first eigenvalue
of —A on Ep, tends to zero as R — o0; neverthless, since g is bounded, we can
take @« = 0 in (b’) and hence o < A (R) holds true for every R > 0, as well.

Essentially the same arguments used to prove Theorem 11.23 lead to show
that the following facts hold:

(i) forall R > 0, Jg is bounded from below, coercive and satisfies the (PS)
condition;

(ii) there exists Rg > 0 such that for all R > Ry, Jg has the mountain pass
geometry.

This last property follows from (i) of Lemma 11.22 by taking Ry such that
b/a > 2A1(Rp)0, see the notation in Section 11.3.2. Or else, directly, by taking
a fixed ¢ € Er with R = 1 such that fBl G(r,¢)dx > 0 and evaluating Jg on
the rescaled ¢r(x) = ¢ (x/R) € Eg:

Tr(@r) = Ldrl3 - fB G, $r(x)) dx

= %R3||¢||%—R5/ G(Rr, $).

By

For R > 1 the monotonicity of g implies that G(Rr, ¢) > G(r, ¢) and hence

Jr(@r) < SR DI — R / G(r.§) > —00. R—oco.  (Ad3)

By

According to Theorem 11.23, it follows that for all R > 1, Jg has a local
minimum vg > 0 and a MP critical point ug > 0.

Furthermore, as in Remark 11.24, one can show that vg, ug are cylindrically
symmetric and

dug 0VR
— <0, — <0, Vz>0. (Ad4)
0z 0z
From (A4.4) we deduce that the boundary of the approximated vortex cores
{ug = 14+ k/r*} and {vg = 1+ k/r*} have zero measure and thus ug, vg solve
(Pr) almost everywhere. This concludes the first step.
In view of (A4.3), one has that Jg(vg) — —oo and thus we focus on the MP
solutions ur. We shall show the following result.
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I
(O<R <« 1)

(R>1)
Figure A4.1 Behaviour of Jg.

Lemma A4.1

(i) There exist c* > 0, a sequence R,, — 00 and a sequence of symmetric
solutions up, of (Pgr,,) such that ||uy||r, < c*.

(ii) Let A, = {(r,z) € Bg,, t um(r,z) =1+ k/r?}. There exists R* > 0 such
that A, C B+ for allm € N.

Proof. (Sketch) To avoid technicalities, we will suppose that Jg is C ! The case

of nonsmooth functional requires some changes, but the idea of the proof is the
same. For R > Ry, let ¢(R) denote the MP critical level of Jg:

R) = inf J 1)),
c(R) ylgrkzg%gﬁ] rR(y (D))

I'r ={y € C([0, 1], Eg) : y(0) = 0,Jr(y (1)) < O}.

For R’ < R we can extend any u € Ep by settingu = 0 forR' < |x| < R.Asa

consequence, we have Epr C Eg as well as T'(R') C T'(R). It follows that c¢(R)
is a nonincreasing function of R and hence c(R) is a.e. differentiable. Since

oo
/ Ic/(R)| dR < ¢(Rp) — liminf ¢(R) < +o0,
RO R— o0

then there is a sequence R,, — oo such that

lim R, c (Ry,) =0. (A4.5)
m— o0
We will use the min-max characterization of c(R,,) to find a sequence satisfying

(). Let us begin by showing that, if c(R) is differentiable at a given R, there
exists a (PS)¢(r) sequence uy € Eg such that

lullz < ci, (A4.6)

279
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with ¢; > 0 independent of R. This implies that there exists a MP solution g
such thattig < ca, with ¢z independent of R, and (i) follows by taking u,, = ug,,.
One proves (A4.6) by contradiction. Set, for § > 0,

Us={uckEg:|uls<ci+38, |Jrw)—cRI <S8}

and suppose that for some §* > 0 and any u € U« there holds ||/ (u)[|r = 5*.
Then there exists ¢ < 1 and a deformation n : Eg + Epg such that n(u) = u if
|Jr(u) — c¢(R)| = ¢(R) and

Jr(n(m)) < c(R) — ¢, Yue Us<,Jr(u) < c(R) + &. (A4.7)

For u € Eg, set ug(x) = u(x/s) € Esg. It is possible to show that for s < 1,
s ~ 1, there holds ¢(sR) = inf, cr, max,e), Esg(us). Therefore, we can find
y € g such that

max Jur(uy) < c(sR) + (1= 7). (A4.8)

Without loss of generality we can assume that
Jr(w) = c(R) — (1 =57, (A4.9)

for all u € y. We claim that u € Us+, for any such u € y and s ~ 1. It
is clear that if the claim is true, then applying the deformation 1 we find a
contradiction, yielding (A4.6) and (i). To prove the claim, we have to show that
Yu € y satisfying (A4.8) and (A4.9) there holds

lullg < c1, (A4.10)
and
Jr(u) < c(R) +&. (A4.11)

We will be sketchy, referring for the precise estimates to Proposition 3.2 in the
aforementioned paper. First, (A4.8) and (A4.9) imply

Jr ) — Jr(u) < c(sR) — c(R) + 2e(1 — ). (A4.12)

Since ||ug||%, = s ||ul|% and, roughly, Jp, Glus) ~ 5% [, Gu), we get

Jer(us) — Jrw) ~ 5(s* = Dllulf + (1 = %) i Gu).

Substituting into (A4.7), dividing by (1 — s°) and letting s 1 1 we deduce

— 3 llull% +/ G(u) < R|c'(R)| + 2.
Br
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Then

Lulg = Jr@) — lulz +/B G(u) < Jr(u) + RIc'(R)| + 2.
R

Since, roughly, Jr(u) ~ Jsg(us) ~ c(sR) ~ ¢(R) + R'(R) as s ~ 1, we

finally find

lulld < 5[c(R) +2RIc'(R)| + 3¢] .

It is clear that this, the monotonicity of c¢(R) and (A4.5) yield a constant ¢; > 0,
independent of R, such that (A4.10) holds, and (i) follows.

As for (i1), we first evaluate the measure of the set Ay = {z : uy, (r0,2) > 1/2},
where ro > 0is fixed and u,, is extended to all R> by setting u,, = Oon |x| > R,,,.
One has (C stands for possibly different constants, independent of m and ry)

+oo
Aol < C / W (r0,2) dz < € / WS (r0.2) dz
Ao —00
+00 9 +00
< c/ dr —/ ub3(r,z) dz
o Ir J oo

+o00 +o00
< C/ f Vit | w))? drdz
ro —0oQ

o0 ptoo
=< Cro_3 / / [V, u;/3r3 drdz
0 —00

-3 5/3 3 8/3
= Cro ”um“Rm”um“Lm/}(BR ) = Cro ||um||Rm .
m

Using (i) we find a constant C > 0, independent of ry, such that
meas{z : um(ro,2) > 1/2} < Cry°,  Vm. (A4.13)

Let r,, be such that for all the points (r,z) in the vortex core A,, there holds
r < ry. Then u,, (r,,0) > 1. Since |Au,,| < sup g < constant, uniformly with
respect to m, it follows from elliptic regularity that u,,(- + x,,) is equibounded
in CllOC (RS) for any x,,,. In particular, this implies that u,, (r,,, z0) > % for some
z0 independent of m. Then we use (A4.13) with ry = r, to infer that zo < Cr,, 3
which implies the uniform bound for 7, r, < Cz/”. Similarly, if z,, is the
maximum of z such that (r,z) € A,, for some r, there exists ro > O such that
Um(r,z) > 1/2 for all |r — 1| < ro and (A4.13) yields z,, < Cr(;3 for all
m. This proves that A,, are uniformly bounded and completes the proof of the
lemma. |
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Figure A4.2 The bold line is the boundary of the vortex core A of the solution .
A, is the core of the approximating mountain-pass solutions u,,. The dashed line
is the boundary of the core of the approximating minimal solutions vg,,.

We are now in a position to carry out step 3, passing to the limit on u,,. From
the uniform bound |Au,| < sup g < constant it follows that there exists # such
that u,, — u in CIIOJC“’ (RS) and u solves (A4.2). Such a u is strictly positive,
otherwise u,, < 1 for m > 1. This implies that r2u, < r? 4+ k% and thus
from (Pg) it follows that u,, = 0, a contradiction. Since u > 0, the vortex core
A={(r,z) € R’ : u, > 1+ k*/r?} is not empty. By Lemma A4.1 A C Bg-.
Moreover, one can show that u is symmetric and du/dz < 0. From all these
remarks it follows that ¥ = r2u is a solution of (A4.2) in the sense indicated
before. In conclusion, we can state the following existence result.

Theorem A4.2 Let (g) hold. Then there exists a symmetric u € WL2(RY)
such that

(i) ¥ = rPu e C2(IT) N C'(IT \ 9A) solves (A4.1) a.e.,
(ii) Y (r,2) =¥ (r,—2), 0¥ /dz < 0 forz > 0,
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(iii) the corresponding vortex core A = {(r,z) € T1 : Y (r,z) > r* + k*} is
nonempty and bounded.

Remark A4.3
(i) The solution u is found as limit of the MP solutions i,,. As for the
minima vg of (Pg), the properties of g imply that G(r,u) < cu?,
whence
2
| G < clivals
R
From
/ G(vr) = %Il — JR(VR) = —Jr(vR),
Br
and using the fact that limg_, o JR(Vg) = —00, see (A4.3), we get

VRl gy = —IROR) = 400, R — oo,

(i1) The existence of a solution of (A4.2) can also be determined when f is
increasing and superlinear. In this case the approximating problems still
have the MP solution ug. Moreover, the proof of the a priori estimates of
ug can be obtained in a more direct way.

(iii) Theorem A4.2 holds for k = 0, too. In such a case the vortex is a solid
ball. Morover, if g = h, the Heaviside function, our solution u coincides
with the Hill solution, in view of the uniqueness results mentioned
before. [ |

A4.3 Other results

Here we briefly outline some further results on vortex theory.

A4.3.1 A result by Fraenkel and Berger

L. E. Fraenkel and M. Berger in a remarkable paper [96], addressed problem
(A4.1), but introducing a further vortex strength parameter A € R. They proved
the following theorem.

Theorem A4.4 Letf : R > R be alocally Lipschitz, nondecreasing function
such that 3p > 0, and c1,¢c3 > 0,0 < f(u) < c1 + c2|ul? forall u > 0.
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Then there exist A > 0 and ¥ € C*(IT) N C (I \ 9A) such that

(i) ¥(r,2) = ¢(r,—2), 3y /9z < 0 forz > 0,
(ii) there holds

—Ly = Ar’g(y — IWrt —k),  ae.inTl,

together with the boundary conditions as in (A4.1),
(iii) the corresponding vortex core A is nonempty and bounded.

The proof is also based on an approximating procedure with problems on balls
Bg. Moreover, the fact that g is not continuous is surmounted by approximating
g with a continuous piecewise linear function gs, with Lipschitz primitive Gs.
Looking for

max {/ Gs(rPu—r*> — k) : u € Eg, ||“||%e = n} ,
Bg

one finds a upgs, where the maximum is achieved, satisfying —Au =
ARS8S (r2u — r? — k%), for some Lagrange multiplier Az s € R. Using the fact
that ug s has been found as a maximum, one shows that ug s is symmetric and
satisfies dug s/0z < O for z > 0. Furthermore, these properties and ||u||%e =1
allow one to show that the approximated vortex core is uniformly bounded, like
in Lemma A4.1(ii). Then one can still pass to the limit as § — 0 and R — oo,
yielding a pair (A, u) satisfying (i)—(iii) of the theorem.

A4.3.2 Bifurcation from the Hill spherical vortex

Another interesting question is to see whether for k£ small there exists a vortex
ring that bifurcates from the Hill spherical one. Here, the constants A and W are
supposed to be fixed and & plays the role of bifurcation parameter. Assuming that
g = h, the Heaviside function, local bifurcation has been proved for example
in [138], while the following global bifurcation result was established in [31].
Let = denote the set of (k, ) € R x C2(IT) N C1(IT \ dA) such that ¥ is a
positive solution of (A4.1).

Theorem A4.5 There exists an unbounded, connected component X9 C X
bifurcating from the Hill solution: (0, ¥y) € Xo. Moreover, \ satisfies (ii) and
(iii) of Theorem A4.2.

The proof relies once more on an approximation of (A4.2) with problems on
balls Bg. We put W = 2 and A = 1. Let Hg denote the completion with respect



A4.3 Other results 285

to the norm induced by

(u,v) = Vu(x) - Vv(x) dx,

272 Jp
of u € C§°(Br) which are cylindrically symmetric and even in z. Then an
u € Hp satisfying (Pg) is sought as a solution of

1

33 h(rPu —r* —k*)vdx, Vv e Hg.
T Br

(u,v) =
To transform this integral equation into a fixed point problem in Hp, it suffices to
define the nonlinear operator N(R, k; -) : Hgr +— Hg by setting N(R,k : u) = w,
where w € Hp is the unique solution of

(w,v) = h(rzu — = kz)vdx, Vv € Hpg.
R

272 Jy
With this notation, (Pg) is equivalent to the functional equation u = N (R, k; u).
As in Theorem A4.4, one needs a further approximation of 4 with smooth
nonlinearities /s, yielding an equation of the form u — N(R, k, §; u) = 0, with
N compact and of class C'. Taking advantage of the fact that the nonlinearity
is exactly the Heaviside function, one finds that for k = 0, the equation u —
N(R,0,8;u) = 0 has a solution ug s such that its local degree is —1. Then
the global properties of the topological degree yield, like in the Rabinowitz
global bifurcation theorem, a global branch X 5 of nontrivial solutions of u =
N(R, k,$;u) emanating from k = 0 and u = ug 5. Finally, one can pass to the
limit by using, as in Section A3.1, the Whyburn topological Lemma A3.1. This
limiting procedure can be carried out because one proves that the solutions on
the approximating branches X s possess properties similar to those established
in Lemma A4.1.

Remark A4.6 Although the branch Xy is proved to be unbounded, it is not
known what is its behaviour. It is conjectured that ¥ is unbounded in the k
direction so that one could find a solution of (A4.1) for all k > 0. Another
open problem is to extend Theorem A4.5 to any nondecreasing nonlinearity g,
possibly different from the Heaviside function. |
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Perturbation methods

In this appendix we discuss a general perturbation method which is useful
for treating problems of different natures. This relies on a combination of the
Lyapunov—Schmidt reduction together with variational techniques. In order to
keep the appendix short, we sketch only the main ideas of the construction,
and treat only a few examples. We refer the interested reader to the recent
monograph by the authors [ 19], where the subject is investigated in more detail
and several references are given.

AS5.1 An abstract result

Given a Hilbert space E, we consider a class of functionals of the type
Lo (u) = Io(u) + eG(u), (A5.1)

where Iy € C?(E,R) is considered the unperturbed functional and G €
C?(E,R) the perturbation. Typically, we assume that the critical points of I
correspond to solutions of some autonomous problem in R” which possesses
some group of invariance, for example given by the translations in space or
sometimes also by dilation. For this reason critical points of Iy usually arise in
manifolds, and the present goal is to understand the effect of the perturbation
&G on the structure of such manifolds, and in particular the persistence of some
critical points.

We assume that there exists a d dimensional smooth manifold Z, with 0 <
d = dim(Z) < oo, such that every z € Z is a critical point of /y. The set Z is
called a critical manifold for 1.

Let T,Z denote the tangent space to Z at z. If Z is a critical manifold for Iy,
then for every z € Z one has I)(z) = 0. Differentiating this identity along Z,
we also get

I @) =0, VveT,Z, Vo E€E,
and this shows immediately that 7.Z C Ker[/](z)]. In particular, /] (z) has a
nontrivial kernel (whose dimension is at least d) and hence every z € Z is a

286
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degenerate critical point of Io. We shall require that the dimension of Ker[/(z)]
is exactly d. Precisely we will assume the following condition

T.Z = Ker[lj(z)], VzeZ. (ND)
In addition to (ND) we will assume that

forall z € Z, I/ (z) is a Fredholm map'of index 0. (Fr)

Definition A5.1 A critical manifold Z will be called nondegenerate, ND in
short, if (ND) and (Fr) hold.

In the spirit of Chapter 2, and in particular Section 2.2, solutions of I, = 0
will be found through a reduction to a finite dimensional problem. Let us define
W= (TZZ)J- and let (g;)1<i<q be an orthonormal set which spans 7;Z. Below,
we will assume understood that Z admits a local C2 parametrization z = zg,
& € R?. Furthermore, we also suppose that ¢; = 0g;2¢ / 1 9g;ze |l

We look for critical points of I, in the form u = z + w with z € Z and
we W.If P: E — W denotes the orthogonal projection onto W, the equation
I’(z +w) = 01is equivalent to the following system

, . . .
{PIS (z+w) =0 (auxiliary equation) (A5.2)

QIl(z+w) =0 (bifurcation equation)

where Q = (Id — P). We show next that the auxiliary equation is solvable under
the above assumption.

Lemma AS5.2 Let (ND) and (Fr) hold. Given any compact subset Z. of Z there
exists g > 0 such that: for all |e| < &g, for all 7 € Z,, the auxiliary equation
in (A5.2) has a unique solution w = w¢(z) such that:

(i) we(2) belongs to W = (TZZ)J‘ and is of class C! with respect to z € Z,
and wg(z) — 0 as |e| — 0, uniformly with respect to 7 € Z,, together
with its derivative with respect to z, w;

(ii) more precisley one has that |we(2)|| = O(¢) ase¢ — 0, forall z € Z..

Proof. LetF : R x Z x W — W be defined by setting
F(e,z,w) = Ply(z + w) + PG (z + w).

Clearly F is of class C I and one has F (0,z,0) = 0 for every z € Z. Moreover,
letting D,,F (0, z, 0) denote the partial derivative with respect to w evaluated at

' Alinear map A € L(H,H) is Fredholm if the kernel is finite dimensional and the image
is closed and has finite codimension. The index of A is dim(Ker[A]) — codim(Im[A])
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(0,z,0), from (ND) and (Fr) one easily finds that D,,F (0, z, 0) is invertible as
a map from W into itself.

Then, by the implicit function theorem for all z € Z. we get a solution
we = we(z) € W satisfying (i). Let us point out explicitly that w, (the derivative
of we with respect to &) for ¢ = 0 is zero. Actually w, satisfies

PIj(z + we)lg + wi] + ePG" (z 4+ we)lg + w,] = 0,

where g = Z?:l «;q; € T;Z. Then for ¢ = 0 we get PIj(z)[q +w;] = 0. Since
q € T.Z < Ker[I](2)], then PI[(z)[g] = 0, and this implies w;, = 0.

Let us now show (ii). Setting W, = ¢~ 'w,(z) we have to prove that ||, || <
constant for |¢| small. Recall that w satisfies PI/(z + we) = 0; using a Taylor
expansion we find

I (z 4+ we) = Ip(z + we) + G (2 + we)
= 1)(2) + I (2)[we] + £G'(2) + G (2)[we] + o(llwe D).

Since I(z) = Owe get I (z+we) = I§ (2)[wel+eG'(2)+eG" () [wel+o([we ),
and the equation PI/(z + w,) = 0 becomes

PI§(2)[we] + ePG'(2) + ePG" (2)[wel + o(llwel) = 0. (A5.3)

Dividing by & we infer that W, verifies PI](z)[We] + PG'(z) + PG” (z)[we] +
e lo(llwel) = 0. Since e~ o(llwel)) = o(lliell) we deduce PIj(2)[W.] =
—PG'(z) — PG (2)[we] + o(||We]). Recalling that we, — 0 as |¢| — 0, we get

PIj (2)[We] > —PG'(2), as e — 0,
and this implies (ii). [ |

We next give a criterion for the solvability of the bifurcation equation in (A5.2).
If we(2) is the function constructed in Lemma A5.2, we reduce the existence
of critical points of I, to a finite dimensional problem by defining the reduced
functional ®, : Z, — R as

@, (2) = Is(z + we(2). (A5.4)

Proposition A5.3 Let Iy, G € C*(E,R) and suppose that Iy has a smooth crit-
ical manifold Z which is nondegenerate, in the sense that (ND) and (Fr) hold.
Given a compact subset Z. of Z, let us assume that ®. has, for |e| sufficiently
small, a critical point zo € Z.. Then u, = zc + we(z¢) is a critical point of
I, =1y + ¢G.

Proof. We use the preceding notation and, to be short, we write below D; for
Dg,, etc. Let & be such that z; = z¢,, and set g; = 0z/9&;|,. Without loss of
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generality we can assume that zz — z* € Z. as ¢ — 0. From Lemma A5.2 we
infer that there exists g9 > 0 such that Lemma A5.2 holds. In particular, from
statement (i) of Lemma A5.2 and by continuity, one has

lim (Diwe(z6) [¢)) =0, ij=1,....d.
le]—=0

Let us consider the matrix B® = (bg )ij, where
b5 = (Diwe(ze) | 4))-
From the above arguments we can choose 0 < €1 < &g, such that
|det(B®)] < 1, V|| < e1. (AS.5)
Fix ¢ > 0 such that |¢| < min{eg, £1}. Since z, is a critical point of &, we get
(I1(ze + we (@) 1 gf + Diwe(ze)) =0, i=1,....d.
From PI}(z + we(z¢)) = 0 we deduce that I} (ze + we(2¢)) = > Ajcq¢, where

Aje = (I;(Zs + We(2e)) |11,8)
Then we find

(ZA./ES CI; lq; +D1W5(Zg)> =0, i=1,....d,
J
namely

Aie+ Y Ajeq | Diwe(ze) = Aie + Y _Ajebf; =0, i=1,....d.

(A5.6)

Equation (A5.6) is a (d x d) linear system whose coefficient matrix Idgs + B®
has entries §;; + b;, where §;; is the Kronecker symbol and b;; are defined above
and satisfy (AS5. 5) Then, for |¢| < &1, the matrix Idgs + Bg is invertible. Thus
(A5.6) has the trivial solution only: A; = Oforalli = 1,...,d. Since the A; .
are the components of ®.(z.), the conclusion follows. |

Some sufficient conditions for finding critical points of ®, are given in the next
proposition.

Proposition A5.4 Suppose I, is as in (A5.1), and that Iy, G, Z, Z., we(z) are as
in Proposition A5.3. Define the functional I : Z — Ras I'(z) = G(z) for every
z € Z. Suppose 7 is a local strict maximum or minimum in the interior of Z., or
that there exists an open set S in the interior of Z, such that deg(I'’, Q,0) # 0.
Then . possesses a critical point in Z,.
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Proof. We have clearly ®.(z) = Io(z + w:(2)) + €G(z + w,(2)): evaluating
each term separately, for the first we have
Io(z +we(2)) = Io(2) + (I5(2) [ we () + oW ().
Since 1)(z) = 0 we get
Io(z + we(2)) = co + o([we (D)), (A5.7)
where cg = Ip|z. Similarly, one has
G(z+w:(2) = G(2) + (G'(2) | we(2)) + o(lwe (D)D)
= G(2) + O(llwe (D)1)- (A5.8)
Putting together (A5.7) and (A5.8) we infer that
@, (2) = co +e[G(2) + O(we () D] + o(llwe (2)1D-
Since ||we(2)|| = O(e), see Lemma A5.2(ii), we deduce that
D (z2) =co +€G(z) +o(e), where cy = Ip(2). (A5.9)
Reasoning in a similar way, one can also prove that
Ve®,(2) = eVeG(2) + 0(e), (A5.10)

where, we recall, the variables & are a local parameterization of Z near z. Then
the conclusion of the lemma follows immediately from (A5.9) and (A5.10), by
the stability properties of strict local maxima (or minima) and of the degree. W

Remark A5.5

(a) Suppose that the functional I" possesses multiple strict maxima or
minima z;, or that there are different sets €2; for which the degrees
deg(T", ©2;,0) # 0. Then ®,, and hence I, possesses multiple critical
points, localized near the z; or near the €2;.

(b) If the critical point 7 is an isolated local extremum of ', or if the index
i(T',7) # 0, since we can use formulas (A5.9), (A5.10) on arbitrarily small
neighbourhoods of Z, the corresponding critical points of &, or of I,
converge to 7 as ¢ tends to zero. [ |

In the next sections we consider applications of the abstract method to some
elliptic problems in R” or in a bounded domain with a nonlinear term which is
a subcritical power. These are only some examples of the possible applications
of this method, which is very versatile and allows us to treat a wide class of
problems, including cases where a dilation-invariance is present, for example
when the critical exponent appears or when the equations arise in a geometric
context.
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AS.2 Elliptic equations on R"

We apply in this section the abstract method just derived to study some semi-
linear elliptic equations on R". As we shall see, these problems are of the form
of those considered in Appendix 2. Although the method applies only to some
special cases (namely those for which the corresponding functionals are as in
(A5.1)), the arguments are quite simple and there is no need of the Palais—Smale
condition. Furthermore, one can use a unified approach to find critical points
which might have different Morse indices, which is in striking contrast with
the methods discussed in the above appendix.
We will consider the elliptic problem

(Pe)

—Au+u=(1+ch(x))uP,
u € WH2(Rm), u=>0,

wheren > 3,1 < p < (n+2)/(n—2) and & is a continuous function on R”
tending to zero at infinity. Let E = W1L2(R"): solutions of (P, ) are the critical
points of the Euler functional I, : E +— R, I, = Iy 4+ ¢G, where

| B 1 / +1 1 / +1
Io(u) = = ju||” — —— B dx, Gu) = ——— h(x) b dx.
o) =l == | i ==y | B,
The unperturbed problem Ij(u) = 0 is equivalent to the elliptic equation

—Au+u=1u, uek, (A5.11)

which admits a positive radial solution ug, see Chapter 11. Since (A5.11) is
translation invariant, it follows that, for any & € R", z¢ (x) 1= ug(x — &) is also
a solution of (A5.11). In other words, Iy has a (noncompact) critical manifold
given by

Z={z(x):& eR"}~R"

It can be shown, see for example Chapter 4 in [19], that the properties () and
(ND) hold in this particular case, so in order to find critical points of I, we can
apply Propositions A5.3 and A5.4. Therefore, we are reduced to studying the
properties of the functional I', which is given by

_ _ 1 +1, "
') =G(ze) = Py /R’l h)ufy " (x — &) dx, £ e R

We first show the following result.

Lemma AS5.6 Assume h is continuous on R" and that it tends to zero at infinity.
Then limg| o0 I'(§) = 0.
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Proof. Given p > 0 we set

(&) = f h@uf ™ (=€) dx, THE) = f h(ouy ™ (x — £) dx,
[x|<p |x|>p
insuchawaythatI'(§) = —1/(p + DI, (§) + F;;(“g‘)]. Since ug tends to zero
atinfinity, it follows immediately that I", (§) tends to zero as |£ | tends to infinity.
Furthermore, since also % tends to zero at infinity, we have that F; (&) = 0,(1),
where 0, (1) tends to zero as p tends to infinity. By the arbitrarity of p we obtain
immediately the conclusion. |

The previous lemma allows us to prove the existence of solutions of (P.),
provided I' # 0.

Theorem A5.7 Leth € Co(R"), and suppose that [, h(x)uo(x—&)PT1(x) # 0
for some & € R". Then (P,) has a solution for |e| small enough.

Proof. From Lemma A5.6 it follows immediately that I possesses either a
global maximum or minimum on R", so the conclusion follows immediately
from Proposition A5.4. ]

Remark AS.8

(a) A condition which implies I" # 0 is that / has constant sign in R”, in
accordance with Theorems A2.2 and A2.3.
(b) There are cases in which (P.) has multiple solutions. For example, if

/h(x)u’(;“(x):o, /Dih(x)ug+l(x)7é0, for somei = 1,2,....n,
]Rn Rn

then I'(0) = 0 while D;T"(0) # 0. Thus I" possesses both a positive
maximum and a negative minimum, which give rise to a pair of distinct
solutions of (P.), for |¢| small, see Remark A5.5(a). |

We state next a generalization of Theorem AS5.7, where indeed no assumptions
on I are required.

Theorem AS5.9 Leth € Co(R"). Then (P.) has a solution for |e| small enough.

We do not discuss here the proof of this result, which requires some technicalit-
ies, but we limit ourselves to discussing the main ideas. First of all, in the proof
of Lemma A5.2 one can substitute the implicit function theorem by a fixed point
argument. The advantage is that under the assumption of Theorem A5.9 this can
be worked out uniformly in & € R” (for & small), so we do not need to restrict
our attention to a fixed compact set of Z. Furthermore, this method also gives
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some quantitative estimates on w,(z), which now is globally defined on Z. It
is possible to prove that, for a fixed small €, the norm of w,(z¢) tends to zero
uniformly for |§] — +00. As a consequence, one can prove that ®.(§) — co
as |&€| — +oo, where ¢y = Ip|z. This implies that ®, is either constant on R",
or it must possess a global maximum or minimum, so we can apply Proposition
A5.3 to deduce the existence of a critical point of /. The peculiarity of this
approach is that one uses the full strength of Proposition A5.3, bypassing the
expansions of @, in terms of T".

AS.3 Semiclassical states of nonlinear Schrodinger equations

We consider now the following equation

_g2 —u’ inR"
{8Au+V(x)u W inR (A5.12)

u>0 u € WHE(RM),

where p > 11is subcritical and V is a smooth bounded function. Problem (A5.12)
arises in the study of the nonlinear Schrodinger equation

. EW 2 7 —1 . n

1h¥ =AY+ V@)Y —|¥P 'y inRY,
where ¥ : R x R" — C is the wave function, V :R" — R is the potential
and h is the Planck constant. Looking for standing wave solutions, namely
solutions of the form ¥ (¢,x) = e it/ hu(x), the function u is easily seen to
satisfy (A5.12), with V = V —wand ¢ = h. Since ¢ = his very small, one is
interested is the asymptotic behaviour of solutions in the limit ¢ — 0, the so-
called semiclassical limit. Typically, in this limit solutions concentrate at some
points of R”, which turn out to be stationary for V, mimicking the behaviour of
classical particles at equilibria of the potential. Below, we assume the following
conditions on the potential V:

(V1) V e C3(R"), and ||V || c2gny < +00;
(V2) A3 =infgs V > 0.

We say that a solution v, of (A5.12) concentrates at xo (as ¢ — 0) provided
V>0, Jeg>0,R>0 :v.(x) <6, V|x —x0] = eR, € < gp.
(AS5.13)

The main purpose of this section is to describe the following result. Again, we
only sketch the main ideas, referring to Chapter 8 in [19] for details and further
results.
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Theorem A5.10 Let (V1) and (V2) hold, and suppose xg is a nondegenerate
critical point of V, namely for which V" (xq) is nonsingular. Then there exists a
solution v, of (A5.12) which concentrates at xy as € — 0.

To simplify the notation (and without losing generality) we will suppose that
xo = 0 and that V(0) = 1. To frame (A5.12) in the abstract setting, we first
make the change of variable x — ex and rewrite equation (A5.12) as

—Au+V(ex)u =u” inR"
u>0 ue WhH (R,

If u. (x) is a solution of (A5.14) then vy (x) := uc(x/e) solves (A5.14). We set
again £ = W12(R") and consider the functional I, € C*(E,R),

(A5.14)

1 1
I (u) = —/ (Vul> + Veu?) — —— | |uP™. (A5.15)
2 JRrn p+1 Jrn

As usual, we endow E with the norm
Jull? = f IVl + V) dx.
Rn

With this notation, for ¢ = 0 the functional /, takes the form

1 1
Io@w) = ~llul®* — —— [ |ulP*.
2 P + l Rn

Let us highlight that Iy plays the role of the unperturbed functional by writing
1
o) = lo@) + 5 / (V(ex) — Du? dx = Ip(u) + G(e, u).
R»

Obviously, for any fixed u € E, we have G(¢,u) — 0 as & — 0 and hence we
can still view /, as a perturbation of .

We define ug and Z as in the previous section. However, the abstract method
described before cannot be applied in a straightforward way. Notice that, in
general, G” (¢, u) does not tend to zero as ¢ — 0. To see this, let us consider a
sequence v; € E with compact support contained in {x € R" : [x| > 1/j}. If,
for example, the potential V is such that V(x) — 1 = ¢ > O for all |x| > 1, then
evaluating G” (s, u)[vj]2 for ¢ = 1/j we find

G (e, w)v;* = f (V(ex) — v dx = c|lv||>.
Rll

However, the first part of the abstract procedure can still be carried out. Denoting
by P the orthogonal projection onto W = (7,Z)*, we look for solutions u =
ze +w, withzg € Z and w € W, of the system

{Plé(zg +w) =0,
(I - P)I(z¢ +w) =0,
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which is clearly equivalent to I}(z¢ + w) = 0. At this point, instead of
invoking the implicit function theorem, we write PI/(z¢ + w) = PI[(z¢) +
PD?I, (ze)Iw] + R(zg, w), where R(zg, w) = o([lw|]), uniformly with respect to
z¢ € Z for bounded |£|. Next, using (Fr) and (ND) one can show that PI/ (zz)
is uniformly invertible for £ belonging to a fixed bounded set of R". Setting
Agg = —(PI/(z¢))~!, the equation PI/(z¢ +w) = 0 can be written in the form

w = Ag g (PI(z¢) + R(ze, w)) := Neg ().

It is also possible to show that N ¢ is a contraction in some ball of W provided
¢ is sufficiently small. This allows us to solve the auxiliary equation finding
a solution wg(z¢) which is of class C ! with respect to &. Furthermore, since
V/(0) = 0, one finds that we(zz) = 0(&?), uniformly with respect to £ in a
bounded set. At this point we can repeat the expansion of &, obtaining again

D (€) = co+ 2 T () + o(e2),

where ¢y = Ip(U) and
N@=1/<Wmmwwa—@m.
2 Jre

A straight calculation yields

1
I'¢) = 5/RH<V”(0)(y+$),(y+€))U2(Y) dy

1 1
= 5/ (V" 0y, Y U*() dy+§/ (V"(0)&,£) U (y) dy
R" R”

=c1 4+ c2(V"(0)&,§),

where

o 1 " 2 — 1 2
co=z [ (VOy»nU()dy, =z [ U'®dx
Rn n

Then & = Oisanondegenerate critical point of I" and therefore, from the general
theory, it follows that for ¢ < 1, I, has a critical point u, = zg, +w¢(2¢,), with
& — 0Oase — 0.Inconclusion, coming back to the solutions v, of (A5.12), we
find that this equation has a solution v, (x) ~ U((x — &;)/e) that concentrates
at x = 0, proving Theorem A5.10.

Theorem AS5.10 admits several extensions. For example, with a generalization
of the previous abstract method, one can construct solutions concentrating at
multiple points of R”. We do not give a precise definition concerning concen-
tration at multiple points, which can be stated with obvious modifications of
(AS5.13).
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Theorem AS5.11 [139] Let (V1) and (V2) hold, and suppose V possesses k
distinct nondegenerate critical points X1, . . . , xi. Then there exists a solution v
of (A5.12) which concentrates at {x1} U - - - U {x;} when ¢ — 0.

We conclude this section by mentioning a short list of other results in this
direction, which can be proved with suitable adaptations of the above method.
For example, one can treat the case of degenerate critical points of the potential,
or even when the critical points of V arise in manifolds, see for example [26].
Working in a class of weighed spaces, it is indeed also possible to treat the
case of potentials tending to zero at infinity: we refer for example to [30] (see
also [29]). Other results include more general nonlinearities f(u), for which
condition (ND) might fail. In this case, under some mild assumptions on f,
one can use penalization techniques and find solutions concentrating at local
minima of V, see [88]. Recently, new types of solutions have been produced,
which concentrate at sets of positive dimensions, like spheres or curves. When
some symmetry is present, the abstract method can still be adapted to this case,
see for example [27, 35, 46, 50], but in general totally different techniques are
required. We refer the interested reader to the paper [89] and to the comments
at the end of the next section.

AS5.4 Singularly perturbed Neumann problems

In this section we consider the following singularly perturbed Neumann
problem
—&?Aut+u=uv" inQ

0

g _ on IQ (Ne)
ov

u>0 in €,

where €2 is a smooth bounded domain of R", p > 1 is subcritical and v denotes
the outer unit normal at d<2. A problem like (N,) arises in the study of some
reaction-diffusion systems with chemical or biological motivation. Referring
to for example [136] for more details we simply mention that, according to the
so-called Turing instability, systems with different diffusivities may produce
stable nontrivial patterns. For example, the stationary Gierer—Meinhardt system
(consisting of two coupled equations) can be reduced in some circumstances
to (N.) when one of the diffusivity coefficients is very large and the other very
small.

Problems (N.) and (A5.12) share some common features, in the sense that
also (N ) admits solutions, called spike layers, concentrating at one or multiple
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points of the closure of the domain. We want to describe below the proof of the
following result.

Theorem A5.12 Suppose Q@ C R", n > 2, is a smooth bounded domain, and
that l <p < (m+2)/(n—2)(1 <p < +ooifn = 2). Suppose xo € 02 is
a local strict maximum or minimum, or a nondegenerate critical point of the
mean curvature H of 9S2. Then for ¢ > 0 sufficiently small problem (N ;) admits
a solution concentrating at xo.

Using a change of variables, problem (N, ) can be reduced to the following

—Au+u=u" inQ;

P -
M _9 on 082, Ne)
av

u>0 in Qg,

where Q, = 1/, or equivalently to finding the existence of critical points of
the functional

1 2 2 1 / 1
I.(u) = = Vul* +u’) — —— e
(i) Z/QE(I | )T Q&,"

defined on E = W'2(Q,). The functional I, is not of the form (A5.1), and in
particular there is not a standard critical manifold Z. However, it is possible
to modify the above abstract approach in the following way. For ¢ small, one
defines the set

Ze = {zx :=up(- —x) : x € 082},

which is a manifold in E diffeomorphic to 92;. Z, turns out to be a pseudocrit-
ical manifold for I, in the sense that ||} (z) || is small for every z € Z,. Indeed,
all elements of Z, satisfy the first equation in (IV ¢), but not the boundary condi-
tion, and hence some term in the expression of I(z) appears when integrating
by parts. One has indeed the following result.

Lemma AS5.13 For ¢ sufficiently small there exists a constant C > 0 such that
I1[(2)|l < Ce for every z € Z,.

As in the proof of Lemma A5.2 (but using the contraction mapping theorem
instead of the implicit function theorem), denoting W, = (T,Z)*, one can
show that PI/(z) : W, — W is uniformly invertible, yielding the existence of
a function w (z) such that I (z + we(z)) € T,Z.. Therefore one also finds the
following result.

Lemma AS.14 For ¢ sufficiently small, let . : Z, — R be defined by .(z) =
I (z4+we(2)). Then if z, is critical for g, 7o +we(2¢) is a stationary point of I.
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The behaviour of @, is determined by the geometry of 2: in fact, one can prove
the following expansion
@ (z0) = 5¢0 — c1eH(ex) + o(e), (A5.16)

where ¢ is as in Section A5.2, ¢ is a positive constant and H (y) stands for the
mean curvature of 92 at the point y. Then Theorem A5.12 follows reasoning
as in the proof of Proposition A5.4.
As for the nonlinear Shrodinger equation, there exist solutions of types different
from those discussed in Theorem A5.12. For example there are solutions which
concentrate at the interior of €2, and their location is determined by the distance
function from the boundary. It is well known that problem (N.) also admits
multipeak solutions, which concentrate at multiple points of Q. For example,
in [103] the authors prove the existence of solutions which have an arbitrarily
large number of peaks, both at the interior and at the boundary of the domain.
Solutions concentrating at higher dimensional sets exist for problem (V) as
well, and some of them are known to concentrate at the whole 02 or at some
minimal k dimensional submanifold of 9€2, see the papers [120, 123, 124, 125].
When some symmetry is present, it is possible to construct solutions which
have the profile of interior spikes, and which concentrate at some k dimensional
manifolds approaching the boundary when ¢ tends to zero. For these and related
questions (like the analogous problem with Dirichlet boundary conditions) see
for example the papers [28, 86, 126, 133]. These results suggest the possible
presence of these (and maybe other) types of solutions also in nonsymmetric
contexts.

A5.5 Perturbation of even functionals

The case of the perturbation of even functionals does not fit into the preceding
set-up but requires a different approach. In this section we will outline some
results on this interesting question.

In Theorem 10.12 we have shown that any even functional J satisfying (a)
J € CYE,R),J(0) = 0and J(u) < 0, forallu # 0, (b) J is weakly continuous
and J' is compact, and (c) J'(u) # 0 for all u # 0, possesses infinitely many
critical points zx on unit sphere S of a separable Hilbert space E. A natural
problem is to see what happens if J is perturbed by a functional which is not
even. The first answer to this question has been given by Krasnoselski.

Theorem AS.15 [110], Theorem 4.6, Chapter VL. Suppose that (a)—(c) hold
and let J € C'(E,R) be such that
sup |J(u)| + sup ||J'(u)|| < constant.

lull<1 lull<1
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Then for any m € N there exists €, > 0 such that for |e| < &, the pertubed
functional J, = J + eJ1 has at least m critical points on S.

The proof of Theorem A5.15 relies on the construction of critical levels of J on
S which are suitable for perturbation. Roughly, we consider the class

Ay ={ACS:A=¢(™, e CS™,S), odd},
where $” C S denotes the m dimensional sphere, and define

Om = inf maxJ(u).
Ac A, UeA
It is easy to check that o, is a critical level for J on S. Moreover, since y (A) >
y(8™) = m + 1 for all A € A,,, it follows that 5,,, > 0,41 (the levels o,
have been defined in (10.1)). Therefore, using the fact that o,,, 1 0, we infer
that 5, 1 0 as well. Next, given a < 0, there exists m = m(a) € N such that
gm(a) <a< ’5,,1(“)_,_1. Let
My ={T CM:T=yx(A),A€c Apa. x € CQA,S), supJ < al,
x(A)

and define a new critical level of J on S by setting

d(a) = inf J(u).
@ = i, na I

It is worth pointing out that the new feature here is that we do not require that
the maps x in the definition of M, are odd. For this reason, each level d(a) can
be perturbed. Moreover, one can prove that d(a) 1 0 as a 1 0 and this allows
us to find m critical points of J, provided |e| < &,.
Theorem A5.15 applies to nonlinear eigenvalue problems like
{—}\.AM = |ulP~ u+eh(x,u) xeQ

=0 x € 0%, (A5.17)

A result similar in nature to Theorem AS5.15 can be proved for a functional like
the one studied in Section 7.6. Moreover, Morse theory has been used in [130]
to prove perturbation results in the above spirit. As a remarkable application, it
has been proved in [130] that the eigenvalue problem

“AAZu=u+h(x,u) xeQcCR?

u=>0 x € o
du
— =0 x €08,
ov

has infinitely many solutions in H?(2) with unit norm, provided / is smooth
and such that
[hCe,w)| < klul”, y >3, k>0.
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Here, one works on the unit sphere of H 2 and the role of the unperturbed
functional is played by the quadratic functional [ u?. Its critical levels are
nothing but the (linear) eigenvalues A,, of “AAZu=u,u=0, odu/ov = 0 on
9K and it is known that A,, ~ m~2. This asymptotic behaviour and the growth
restriction on & allow us to show that near a sequence of those A, m > 1,
there are critical levels of the functional [, u® + [, dx [y h(x,s)ds. This is
the reason why the application deals with the bi-Laplacian A” in @ c R?. To
find infinitely many solutions of a more general class of nonlinear eigenvalue
problems is an open problem.

The interest of the preceding multiplicity result also relies on the fact that
there are examples of perturbed functionals J, which have only a finite num-
ber of critical points on the unit sphere. The following example is due to

Krasnoselski. Let
o

1
Jwy ==3 —ulen)?,
m=1
where e, is an orthonormal system in E, whose critical levels on S are given
by —1/m?. For any ¢ > 0 we can take k(g) € N such that the functional

k

1
Ty @) == — (] em)?,

m=1

satisfies sup <1 [/ () —=Jke) ()| 4supy, <1 ||J/(u)—J,’c(g)(u)|| < &.Obviously,
the perturbed functional Ji (¢ has a only a finite number of critical points.

There are other specific, but important, classes of perturbed functionals which
possess infinitely many critical points. The model problem is given by the
functional J : H}(Q) — R,

1
J(u) = —||u|| — —/ |u|'”+1 dx — / h(x)udx, he L2(Q),
Q
whose critical points are solutions of the superlinear Dirichlet BVP

(A5.18)

—Au=uflu+hx) xeQ
u=>0 x € 092.

The following result is due to A. Bahri [37].

Theorem AS5.16 Let 1 < p < (n+2)/(n — 2). Then (A5.18) has infinitely
many solutions for a residual set of h in H=1 ().

On the other hand, if one wants to have a result which is not generic, arestriction
on p is in order.
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Theorem A5.17 If 1 < p < n/(n—2) then (A5.18) has infinitely many
solutions.

Theorem A5.17 is a particular case of a more general one due to Bahri and
Lions [43] and improves some previous results [39, 152, 165]. It is not known
whether the bound n/(n — 2) is optimal. It is worth pointing out that, though
the proofs rely on pertubation arguments, /4 is not required to be small. This is
due, roughly, to the fact that the critical levels o, of the unperturbed functional
(namely when 2 = 0) tend to infinity and the gaps between them increase
as m — oo. It is also natural to ask whether some perturbation result can be
obtained for coercive problems like

—Au=ru—[uflu+eh(x) xeQ _
{ | | (Dx,s)

u=~0 x €08,

where 1 < p < (n+2)/(n—2). When ¢ = 0 the nonlinearity is odd and
Theorem 10.22 yields the existence of at least k pairs of nontrivial solutions to
(D;’O), provided A > Aj (A denotes the kth eigenvalue of —A on H(% (2)). The
question is whether these solutions persist under perturbation. The situation
here is very different from the superlinear problems (A5.18) or the nonlinear
eigenvalue problems (A5.17), and none of the preceding perturbation arguments
can be used to handle (Di o). The difference relies on the fact that the Euler
functional related to (D;’O) has a finite number of critical levels and two or
more of them could also coincide. This degeneracy allows Dancer [85] to show
that the result valid for ¢ = 0 cannot be extended in such a generality to the
case ¢ # 0. A possible conjecture is to show that, given any k € N, there exists
A(k) > 0 and e(k) > 0 such that (D, ) has at least 2k solutions provided
A > A(k) and || < e(k).
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Some problems arising in differential geometry

We treat here some problems motivated by differential geometry, which amount
to solving nonlinear elliptic equations involving the critical Sobolev exponent.
This is deeply related to one of the main features of these equations, namely
the lack of compactness. The latter is typical of geometric problems, since they
are usually characterized by some (at least asymptotically) scaling invariance.

A6.1 The Yamabe problem

We begin this section with a short list of notions in Riemannian geometry,
referring for example to [34] for detailed derivations of the geometric quantities,
their motivation and (more) applications.

Let (M, g) be a compact n dimensional manifold, endowed with a metric g.
Let (U,n), U € M, n : U — R", be a local coordinate system and let g;;
denote the components of the metric g. We also denote with g¥ the elements of
the inverse matrix (g~ )ij» and with dV the volume element, which is given by

dV, = {/det gdx. (A6.1)

The Christoffel symbols are defined by Ffj = %[D;gkj + Djgii — Dkgl;/]gkl (Dj

stands for the derivative with respect to x;) while the Riemann curvature tensor,

the Ricci tensor and the Scalar curvature are given respectively by

[ ! I l l [ kj
Rkij = D,‘ij — D'y + Fiml“]’.’,j — ijF;Z, Ryj = Rklj’ R, = Rkjgj.

(A6.2)

Hereafter, we use the standard convention that repeated (upper and lower)

indices are summed over all their range (usually between 1 and n). For n > 3,
the Weyl tensor Wij is then defined as

1
Wikt = Riji — m(Rikgjl — Rigjk + Rjgir — Rjxgir)

R
+ m(gjlgik — gjk&il)-

302
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For a smooth function u the components of its gradient V,u are
(Vou)' = g'Dju. (A6.3)

The Laplace—Beltrami operator, applied to a C? function u : M — R, is given
by the following expression

) 1
Agut = g (D — T% Dy = v P (|dVg|gmkau> . (A6.4)
8

We say that two metrics g and g on M are conformally equivalent if there is a
smooth function p(x) > 0 such that g = p g. If n > 3, using the (convenient)
notation g = u*/ "= g, the scalar curvature Rz of (M, g) is related to R, by the
following formula

(n—1)
(n—2)
For n = 2, the scalar curvature coincides with the Gauss curvature K, and if
one sets g = e* g, we have the analogous transformation rule

—2¢4 Mgt + Rgu = Rgu"2/(=2 ¢, =2 (A6.5)

—Agu+ Ky = Kz e, (A6.6)

In the spirit of the uniformization theorem for the two dimensional case (a clas-
sical result of Poincaré in which conformal metrics of constant Gauss curvature
are found), for n > 3 the Yamabe problem consists in finding a conformal metric
g with constant scalar curvature R on M. By (A6.5), the problem amounts to
looking for positive solutions of

—2¢,Agt + Rgu = Ru"+2/ (=2 onM. (A6.7)

The structure of equation (A6.5) is variational, and the presence of the exponent
(n+2)/(n—2) makes the study of (A6.7) a noncompact problem. This implies
in particular that the associated Palais—Smale sequences do not converge in
general, so the analytic study of (A6.5) is rather difficult.

One can try to find solutions of (A6.7) as minima of the Sobolev-type quotient

 JuUVeul + (1/2¢,)Ry u?) AV,
Ong ) = (1272 :

ue Wh2( \ {0).
(A6.8)

Defining jip,¢ to be the infimum of the above quotient over all (nonzero) func-
tions u, one can check from (A6.5) that py, is a conformal invariant called
the Yamabe invariant, and is usually denoted by Y (M, [g]), where [g] stands
for the conformal class of g. A compact manifold is called of positive (respect-
ively of null, or of negative) type depending on whether Y (M, [g]) is positive
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(respectively null, or negative). One can easily check that if the Yamabe prob-
lem is solvable, then the constant R in (A6.7) necessarily has the same sign as
Y(M,[gD.

Trudinger [169] showed that one always has Y (M, [g]) < Y (5", [go]), where
go stands for the standard metric of S”. Indeed, since the sphere (with one point
removed) is conformally equivalent to R” through the stereographic projection,
it is possible to prove that Y (S", [go]) coincides with the best Sobolev constant
S for the embedding of W'2(R") into L2 (R"). Furthermore, if Y (M, [g]) < S
the infimum is attained, similarly to arguments of Section 11.2. In particular,
when Y (M, [g]) < 0, solutions can be found rather easily.

A first result concerning manifolds of positive type was given by Th. Aubin
[33] for the case of dimension n greater than or equal to 6 and when M is
not locally conformally flat. In these dimensions (actually for n > 4), for the
latter condition to hold it is necessary and sufficient that W, # 0. To verify
the condition Y (M, [g]) < S, Aubin used test functions u, highly concentrated
near a point xo of M where W, (xo) # 0, and which are similar to those used in
Section 11.2. He proved the following estimates

S — a,,e;"4|W[’,()co)|2 + o(e®) forn > 6

A6.
S—an84|10g8||Wg(X0)|2+0(8410g8) forn = 6, (46.9)

QM,g(us) = {

where a,, is a dimensional constant. From the last formula, taking ¢ sufficiently
small, it follows immediately that Y (M, [g]) < S and therefore the minimizing
sequences for Owm ¢ stay compact.

The complementary cases in the positive Yamabe class were considered by
R. Schoen in [155]. The proof is in the same spirit, except that the test functions
u: have to take care of the global geometry of the manifold, and not only of
its local nature near the concentration point xo. Schoen’s test functions glue
together U, (the notation is still from Section 11.2) and the Green function of
the conformal Laplacian, which is defined by —2¢, A, + Rg. Choosing some
(in fact, special) coordinates near xo, the Green function Gy 4(y, xo) with pole
Xo writes as

1 1

n—2wp—1 ly— x0|n_2

Gy g(y,x0) = + Ay, +O(y —x0l), y #xo

where w,_; = Vol(§"~1), and Ay, is a suitable constant. It is a consequence
of the positive mass theorem by Schoen and Yau, see [157], that Ay, > 0 if
Y(M,[g]) > 0. Using this result, Schoen proved that

Omg(us) =S — ae" 2 + o(e" ), (A6.10)

where a is a positive constant, obtaining again that Y (M, [g]) < S, and hence
existence of a solution to the Yamabe problem.
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We also mention that in dimensions 3, 4 and 5 there is an alternative proof
of existence due to Bahri and Brezis [40] which bypasses the positive mass
theorem and uses instead the theory of critical points at infinity developed by
Bahri and Coron. Solutions found with this method in general are not minimizers
for the Sobolev type quotient. Furthermore, some multiplicity results are also
available, see for example [19, 55, 144, 156].

A6.2 The scalar curvature problem

The prescribed scalar curvature problem consists in deforming conformally the
standard metric go on the sphere S” so that the new scalar curvature becomes a
given function f. By equation (A6.5), since the scalar curvature of the standard
sphere is n(n — 1), the problem amounts to finding a positive solution to the
equation

—2¢, Mgyt +n(n — Du = fu®™P/@=D on g", (A6.11)

As one can easily see using integration by parts, a necessary condition for the
solvability is that f should be positive somewhere. But a more subtle obstruction
is present. Indeed, with a slightly more involved integration by parts (which is
similar to that in the proof of Theorem 8.30) Kazdan and Warner [107] proved
that any solution of (A6.11) satisfies the identity

/<vg0f,vg0xi>dvg0=o, i=1,...n41, (KW)
Sn

where x; stands for the ith coordinate function of R"*! restricted to S". For
example, this rules out the possibility of existence for functions f of the form
f =2+ x;, which are positive everywhere on the sphere.

Concerning existence of solutions there are several results, and due to the
substantial dependence of the solvability on the datum f, they all require rather
sophisticated techniques. We are going to discuss briefly the following theorem
proved by Bahri and Coron [41].

Theorem A6.1 Suppose n = 3, and that f : S> — R is a positive Morse
Sfunction for which Agf(p) # 0 at every critical point p of f. Then, if the
following formula holds

> (=1)ind0P) £ 1, (A6.12)
(P 1 Vo (9)=0,Ag,f (p) <0}
problem (A6.11) is solvable.
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We present here a proof by Chang, Gursky and Yang [77], since it is easier for
us to describe it using the contents of the previous chapters (and the previous
sections in the appendix).

One first constructs a homotopy f; between the function f and the constant
n(n — 1), simply defined by

=@ +A-0nmn—-1), xeS,tel01],
and considers the one-parameter family of problems
—2epAgott + n(n — Du = fuT2/1=2) on S”. (A6.13)

Solutions of (A6.13) can be found as critical points of the functional /; :
Wh2(s") — R defined by

—1 | .
nn =D [ gy, - —/ > dvy,,
2 Sn 2* Sn

b = 6 [ 19 dV, +
Sﬂ
where dV,, stands for the volume element of $", so /; has the form /; = Ip +1G,
with

1) 1) .
Io(u)_cnf |Vgoul* dvgo+ / Zdvgo——* ul* dVy,,
S)l

Gl = 5 /S @ = (= Dl dvy,.

When ¢ is small, this functional fits in the abstract framework described in
Appendix 5. We will describe next what the unperturbed manifold Z is in this
case, and we will evaluate the effect of the perturbation G. To do this, we
introduce some preliminary notation.

For P € S" and for ¢ € [1, +00) we define the point p € B'f+1 (the unit ball of
R+ byp = ((t—1)/1)P. Welet rp : S" — R”" denote the stereographic pro-
jection through the point —P, and in stereographic coordinates on S” (induced
by 7p) we define the map

op () =1y, yeR"

We then consider the metric gp;, = (¢p)*go, where (pp,)* stands for the
pull-back of go through ¢p; (see for example [34] for the notation). Since
@p, is conformal, there exists a positive function zp, : S — R such that

Z;{ t(n_z)go = (pps)*go. We then define the manifold

Z={zpy : PeS"1€[0,+00)}.

Using the (one-to-one) correspondence (P,t) +— (t — 1/t)P, we easily see
that Z is homeomorphic to B'i‘“, and indeed diffeomorphic. It turns out that
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the properties (Fr) and (ND) are satisfied, so we can apply Propositions A5.3
and A5.4.

Therefore, we analyse next the behaviour of G|z, especially near the boundary
of B;11+1 (through the above identification). It can be shown that [, |zp,|* is
independent of (P, ¢) (in particular equal to |S"| since zp,o = 1), and that |zp |2*
converges weakly in the sense of measures to |S"| times the Dirac delta at P
when ¢ tends to +-00. As a consequence one finds that

| ”I

G(ZP,I) —

~(f(P)—n(n—1))  ast— foo.

A more detailed analysis shows that

n

Gerp = DG —nn— 1 + LD (}2) ast > oo,
where c; is a positive constant depending only on n. Using this expansion
one can check that, letting By = sB'lH'l, the gradient of I' := G|z is never
zero on 0By if s € (0, 1) is sufficiently close to 1. In fact, the component of
VT tangent to dB; is (asymptotically) proportional to the gradient of f, while
the component normal to dB; has the sign of Ay, (f). By the assumptions of
Theorem A6.1, Vg f and Ag.f can never be zero simultaneously. This allows
us to define deg(I", By, 0) for s close to 1, and it is possible to show that

deg(T", By, 0) = > (—1)"EP 41,
P 1 Veof (0)=0.Ag,f (p) <0}

so under the assumption (A6.12) the degree is nonzero, and we can apply
Proposition A5.4 to obtain a solution of (A6.13) for ¢ sufficiently small.

For a € (0,1), let now Ly, : C>¥(S™) — C%(S") denote the operator
—2cyAgy + n(n — 1). Then solutions of (A6.13) can also be found as fixed
points of the operator u +— Lg_o1 (fu"+t2/(=2)) By the results in [77] it turns
out that for t = 7y sufficiently small there exists a constant C(#y) such that

1
deg (u — Ly ("), {W <v< C<ro>} ) = —deg(T". B, 0).

Furthermore, under the assumption that f is Morse, there exists another constant,
which we still denote by C;, such that for ¢ € [#o, 1] every (positive) solution
v of (A6.13) satisfies 1/C;y < v < Cy,. It follows that for ¢ € [y, 1], u —
L; (f,u 2/ =2y i5 different from zero on the boundary of {1/Cy, < v < Cy,}.
Hence, from the homotopy property of the degree, from (A6.12) and the last
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formulas, we have also

d B G VGNP
o <” w U "¢

As a conclusion, problem (A6.11) is solvable.

Some comments are in order. First of all, Theorem A6.1 has been extended
by Schoen and Zhang in [158], where the authors use the Morse inequalities
instead of the degree, so that more general conditions for solvability are given.

In general, the requirements for the existence of solutions strongly depend
not only on the datum f, but also on the dimension . For example, still under
the assumption that f is Morse, for n = 4 there is another index formula of the
form (A6.12), but in which each summand involves multiple points at a time,
see [47] and the second part of [117]. If one wants to keep a formula similar to
(A6.12), the function f needs to be suitably flar near its critical points: naively,
for any critical point p; of f, the main term in the expansion f (p) — f (p;) should
be a homogeneous function of order § in p — p;, with 8 € (n — 2,n), see the
first part of [117]. We also refer to the papers [74, 75] (which actually came
first) for the case n = 2, where the Gauss curvature on the sphere is prescribed,
solving equation (A6.6).

Also, there are other kinds of results which are based on different methods
and ideas. For example, in [56] (see also [57]) a suitable min-max scheme is
used, and the assumptions involve only critical points lying in certain levels
of f. Other contributions exploit some symmetry of the datum [58, 70, 104],
or the perturbative nature of the problem when f is close to a constant, see for
example [18, 25, 76].

Finally, we mention that there are several other problems arising from con-
formal geometry, which involve operators of higher order or fully nonlinear
equations. We refer to the recent monograph [73] for further details and recent
results.

<v< C(to)},O) # 0.
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