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Preface 

This work provides a first taste of the theory of Lie groups accessible to ad­
vanced mathematics undergraduates and beginning graduate students, provid­
ing an appetiser for a more substantial further course. Although the formal 
prerequisites are kept as low level as possible, the subject matter is sophisti­
cated and contains many of the key themes of the fully developed theory. \Ve 
concentrate on matrix groups, i.e., closed subgroups of real and complex gen­
eral linear groups. One of the results proved is that every matrix group is in 
fact a Lie group, the proof following that in the expository paper of Howe [12]. 
Indeed, the latter, together with the book of Curtis [7], influenced our choice of 
goals for the present book and the course which it evolved from. As pointed out 
by Howe, Lie theoretic ideas lie at the heart of much of standard undergradu­
ate linear algebra, and exposure to them can inform or motivate the study of 
the latter; we frequently describe such topics in enough detail to provide the 
necessary background for the benefit of readers unfamiliar with them. 

Outline of the Chapters 
Each chapter contains exercises designed to consolidate and deepen readers' 
understanding of the material covered. \Ve also use these to explore related 
topics that may not be familiar to all readers but which should be in the 
toolkit of every well-educated mathematics graduate. Here is a brief synopsis 
of the chapters. 

Chapter 1: The general linear groups GLn(lk) for k = IR (the real numbers) 
and k = C (the complex numbers) are introduced and studied both as groups 
and as topological spaces. Matrix groups are defined and a number of standard 
examples discussed, including special linear groups SLn(lk), m·thogonal groups 
O(n} and special orthogonal groups SO(n), unitary groups U(n) and special 
unitary groups SV(n), as well as more exotic examples such as Lorentz gmups 

v 
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and symplectic groups. The relation of complex to real matrix groups is also 
studied. Along the way we discuss various algebraic, analytic and topologi­
cal notions including norms, metric spaces, compactness and continuous group 
actions. 
Chapter 2: The exponential function for matrices is introduced and one­
parameter subgroups of matrix groups are studied. We show how these ideas 
can be used in the solution of certain types of differential equations. 
Chapter 3: The idea of a Lie algebra is introduced and various algebraic 
properties are studied. Tangent space.s and Lie algebras of matrix groups are 
defined together with the adjoint action. The important special case of SU(2) 
and its relationship to S0(3) is studied in detail. 
Chapters 4 and 5: Finite dimensional algebras over fields, especially R or C, 
are defined and their units viewed as a source of matrix groups using the reduced 
regular representation. The quaternions and more generally the real Clifford 
algebras are defined and spinor groups constructed and shown to double cover 
the special orthogonal groups. The quaternioaic symplectic groups Sp( n) are 
also defined, completing the list of compact connected classical groups and their 
universal covers. Automorphism groups of algebras are also shown to provide 
further examples of matrix groups. 
Chapter 8: The geometry and linear algebra of Lorentz groups which are 
of importance in Relativity are studied. The relationship of SL2(C) to the 
Lorentz group Lor(3, 1) is discussed, extendin' the work on SU(2) and S0(3) 
in Chapter 3. 
Chapter 7: The general notion of a Lie group is introduced and we show that 
all matrix groups are Lie subgroups of general linear groups. Along the way 
we introduce the basic ideas of differentiable manifolds and smooth maps. We 
show that not every Lie group can be realised as a matrix group by considering 
the simplest Heisenberg group. 
Chapters 8 and 9: Homogeneous spaces of Lie groups are defined and we show 
how to recognise them as orbits of smooth actions. We discuss connectitJity of 
Lie groups and use homogeneous spaces to prove that many familiar Lie groups 
are path connected. We also describe some important families of homogeneous 
spaces such as projective spaces and Grassmannians, as well as examples related 
to special factorisations of matrices such as polar form. 
Chapters 10, 11 and 12: The basic theory of compact connected Lie groups 
and their maximal tori is studied and the relationship to some well-known ma­
trix diagonalisation results highlighted. We continue this theme by describing 
the classification theory of compact connected simple Lie groups, showing how 
the families we meet in earlier chapters provide all but a finite number of the 
isomorphism types predicted. Root systems, Weyl groups and Dynkin diagrams 
are defined and many examples described. 



Preface vii 

Some suggestions for using this book 
For an advanced undergraduate course of about 30 lectures to students already 
equipped with basic real and complex analysis, metric spaces, linear algebra, 
group and ring theory, the material of Chapters 1, 3, 7 provide an introduction 
to matrix groups, while Chapters 4, 5, 6, 8, 9 supply extra material that might 
be quarried for further examples. A more ambitious course aimed at present­
ing the classical compact connected Lie groups might take in Chapters 4, 5 
and perhaps lead on to some of the theory of compact connected Lie groups 
discussed in Chapters 10, 11, 12. 

A reader (perhaps a graduate student) using the book on their own would 
find it useful to follow up some of the references (6, 8, 17, 18, 26, 29) to see 
more advanced approaches to the topics on differential geometry and topology 
covered in Ghapters 7, 8, 9 and the classification theory of Chapters 10, 11, 12. 

Each chapter has a set of Exercises of varying degrees of difficulty. Hints 
and solutions are provided for some of these, the more challenging questions 
being indicated by the symbols £ or & & with the latter intended for 
readers wishing to pursue the material in greater depth. 

Prerequisites and assumptions 
The material in Chapters 1, 3, 7 is intended to be accessible to a well-equipped 
advanced undergraduate, although many topics such as non-metric topological 
spaces, normed vector spaces and rings may be unfamiliar so we have given the 
relevant definitions. We do not assume much abstract algebra beyond standard 
notions of homomorphisms, subobjects, kernels and images and quotients; semi­
direct products of groups are introduced, as are Lie algebras. A course on 
matrix groups is a good setting to learn algebra, and there are many significant 
algebraic topics in Chapters 4, 5, 11, 12. Good sources of background material 
are (5, 15, 16, 22, 28) 

The more advanced parts of the theory which are described in Chap­
ters 7, 8, 9, 10, 11, 12 should certainly challenge students and naturally point 
to more detailed studies of Differential Geometry and Lie Theory. Occasionally 
ideas from Algebraic Topology are touched upon (e.g., the fundamental group 
and Lefschetz Fixed Point Theorem) and an interested reader might find it 
helpful to consult an introductory book on the subject such as [9, 20, 26). 
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Part I 

Basic Ideas and Examples 





1 
Real and Complex Matrix Groups 

Throughout, k will denote a (commutative) field. Most of the time we will be 
interested in the cases of the fields k = R. (the real numbers) and k = C (the 
complex numbers), however the general framework of this chapter is applicable 
to more general fields equipped with suitable norms in place of the absolute 
value. Indeed, as we will see in Chapter 4, much of it even applies to the case of 
a general nonned divi1ion algebra or lkew field, with the quatemiom providing 
the most important non-commutative example. 

1.1 Groups of Matrices 

Let Mm,n(k) be the set of m x n matrices whose entries are in k. We will denote 
the (i,j) entry of an m x n matrix A by AiJ or eli; and also write 

[

au 

A= (CliJ) = : 
Om I 

a1n] . . . . . 
.• ~ ~n 

We will use the special notations 

M,.(k) = M,.,,.(k), k" = Mn.l {k). 

Mm,n(k) is a k-vector space with the operations of matrix addition and 
scalar multiplication. The zero vector is the m x n zero matrix Om,n which we 

3 



4 Matrix Groups: An Introduction to Lie Group Theory 

will often denote 0 when the size is clear from the context. The matrices E'"' 
with r = 1, ... , m, s = 1, ... , nand 

• { 1 if i = r and j = s, 
{E" )ij = 6ir6;, = . 

0 otherWise, 

form a basis of Mm.n(k), hence its dimension as a k-vector space is 

dimkMm,n{k) = mn. (1.1) 

When n = 1 we will denote the standard basis vectors of kn = Mn,l (k) by 

er = E"1 (r = l, ... ,m). 

As well as being a k-vector space of dimension n 2 , Mn(k) is also a ring with 
the usual addition and multiplication of square matrices, with zero On = On.n 
and then x n identity matrix In as its unity; Mn(k) is not commutative except 
when n = 1. Later we will see that Mn(k) is also an important example of a 
finite dimensional k-algebra in the sense to be introduced in Chapter 4. The 
ring Mn(k) acts on kn by left multiplication, giving k'"' the structure of a left 
Mn (k) -module. 

Proposition 1.1 

The determinant function det: Mn (k) --+ k has the following properties. 
i) For A, Be Mn(k), det(AB) = detAdetB. 
ii) det In = 1. 
iii) A E Mn(k} is invertible if and only if det A ~ 0. 

We will use the notation 

GLn(k) ={A E Mn(k): detA ~ 0} 

for the set of invertible n x n matrices (also known as the set of units of the 
ring Mn(k)), and 

SLn(k) ={A E Mn(k) : det A= 1} ~ GLn(k) 

for the set of n x n unimodular matrices. 

Theorem 1.2 

The sets GLn(k), SLn{k) are groups under matrix multiplication. Furthermore, 
SLn(k) ~ GLn(k), i.e., SLn(k) is a subgroup of GLn(k). 
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Because of these group structures, GLn(k) is called then x n general linear 
group, while SLn(k) is called the n x n 1pecial linear or unimodular group. 
When k = R. or k = C we will refer to GLn(R.),SLn(R) or GLn(C),SLn(C) as 
real or complex general linear groups. Of course, we can also consider subgroups 
of these groups, but before doing so we consider the topology of Mn(R.) and 
Mn (C) as metric spaces. 

1.2 Groups of Matrices as Metric Spaces 

In this section we will always assume that k = R. or C. Recall that Mn (k) is a 
k:vector space of dimension n 2 • We will define a norm 1111 on Mn (k). It is worth 
remarking that we choose this particular norm mainly for thP. convenience of its 
multiplicative properties; in fact, as explained in Section 1.8, any other vector 
space norm would give an equivalent metric topology on Mn(k). Other useful 
norms on Mn(k) are discussed in Strang (28). 

We begin with the usual notion of length for a vector x = [:J e kn, 

namely 

lxl = v'l:~hl2 + · · · + lznl2
• 

This is an example of a nonn on the vector space k" as specified in Defini­
tion 1.51. 

For A E Mn(k), consider the set 

SA = { ';!;;' : 0 # X E kn} . 

Then the subset 
S~ = {IAxl : x E k", lxl = 1} C SA 

is actually equal to SA since if x 1: 0 we have 

IAxl =lAx' I 
lxl ' 

where x' = (1/lxl)x has length lx'l = 1. The subset 

{ x e k" : lxl = 1} c k" 

is closed and bounded and so is compact in the sense of Section 1.3, hence by 
Corollary 1.23, the real-valued function 

{x E k": lxl = 1} --+ R; x ....-..+ IAxl 
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is bounded and attains its supremum 

sup8A =supS~= max8~ = max8A. 

This means that the real number 

IIAII =max SA = max8~ 
is defined. This norm function II II: Mn(k) --+ R is called the opero.tor or 
1up (= .!upremum) norm on Mn(k). For the general notion of a norm on a 
k-algebra see Definition 4.31. 

For a real matrix A E Mn(R.) C Mn(R), at first sight there appear to be 
two distinct norms of this type, namely 

IIAIIa = {IAxl: X e Ill", lxl = 1}' IIAIIc = {IAxl: X e en, lxl = 1}. 

lemma 1.3 

If A E Mn(R.), then IIAIIc = IIAIIR· 

Proof 

It is obvious that II Alia ~ II Aile- Now for a vector z E en with lzl = 1' write 
z = x + iy with x,y e R.". Then lxl2 + IYI2 = 1 and 

IAzl2 ~ 1Axl2 + liAyl2 

~ lxi2IIAII' + IYI2IIAII' 
= (lxl2 + IYI2)IIAII' 
= IIAII,, 

giving IAzl ~ IIAIIa· Thus IIAJic ~ IIAIIa and hence IIAIIa = IIAIIc- 0 

Remark 1.4 

There is a procedure for calculating IIAII which is important in numerical linear 
algebra. We describe this briefly; for further details see Strang [28]. 

All the eigenvalues of the positive hermitian matrix A • A are non-negative 
real numbers, hence it has a largest non-negative real eigenvalue ~max. Then 

IIAII = ~-

In fact, for any unit eigenvector v of A• A for the eigenvalue ~max, IIAII = IAvl. 
When A is real, A • A = AT A is real positive symmetric and there are unit length 

··li.i 
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eigenvectors wE R." c en of A· A for the eigenvalue,\ for which IIAII = IAwl. 
In particular, this also shows that IIAII is independent of whether A is viewed 
as a real or complex matrix. 

The main properties of II II are summarised in the next result and imply 
that 1111 is a k-nonn on Mn(k). General k-norms are discussed in Section 4.2. 

Proposition 1.5 

The function 1111 has the following properties. 
i) If t e k, A E Mn(k), then lltAII = ltiiiAII. 
ii) If A, B E M,.(k), then IIABII ~ IIAIIIIBII. 
iii) if A, BE Mn(k), then IIA + Bll ~ IIAII + IIBII. 
iv) If A E Mn(k), then IIAII = 0 if and only if A= 0. 
v) IIInll = 1. 

The norm 1111 can be used to define a metric p on M,.(k) by 

p(A, B) = IIA- Bll 

together with the associated metric topology on Mn(k). Then a sequence 
{A,. }r;to of elements in Mn(k) converges to a limit A E M,.(k) if liAr- All -+ 0 
as r -+ oo. We may also define continuous functions Mn(k) -+ X into a 
topological space X. 

For A E Mn(k) and r > 0, let 

NM .. {t)(A;r) ={BE Mn(k): liB- All < r}, 

which is the open dilc of radius r in Mn(k). Similarly, if Y C Mn (k) and A E Y, 
we set 

Ny(A; r) = {BE Y : liB- All < r} = NM .. (t)(A; r) n Y. 

Then a subset V C Y is open in Y if and only if for every A E V, there is a 
6 > 0 such that Ny(A;6) c V. 

Definition 1.6 

Let Y C Mn(k) and (X, T) be a topological space. Then a function/: Y--+ X 
is continuow or a continuow map if for every A e Y and U E T such that 
/(A) E U, there is a 6 > 0 for which 

BE Ny(A;6) ===*/(B) E U. 

Equi~ently, f is continuous if and only if for U e T, J-1u c Y is open in Y. 
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For a topological space (X, T), a subset W C X is closed if X- W C X 
is open. For a metric space this is equivalent to requiring that whenever a 
sequence in W has a limit in X, the limit is in W. Yet another alternative 
formulation of the definition of continuity is that I is continuous if and only if 
for every closed subset W c X, l-1w C Y is closed in Y. 

In particular, we may take X = k and 'J' to be the natural metric space 
topology associated to the standard norm on k and consider continuous func­
tions Y --+ k. 

Proposition 1. 7 

For 1 ~ r, B ~ n, the coordinate function 

coord,..: M,.(k) .___. k; coord,..(A) =A,.. 
is continuous. 

Proof 

For the standard unit basis vectors es (1 ~ i ~ n) of k" we have 

n 

IAr•l ~ E1At.l2 

i=l 

i=l 

hence for A, A' E Mn(k), 

lA~. - Ani ~ IIA' - All. 

If A e M,.(k) and £ > 0, then IIA' - All < £ implies that lA~. - Ar•l < £. This 
shows that coordr• is continuous at every A e M,. (k). 0 

Corollary 1.8 
2 

If I: k" .___. k is continuous, then the associated function 

is continuous. 
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Corollary 1. 9 

The determinant det: Mn(k)-+ k and trace tr: Mn(k)-+ k are continuous 
functions. 

Proof 

The determinant is obtained by composing a continuous function Mn {It) -+ 
k"

2 
identifying Mn (k) with k"

2 
with a polynomial function k"

2 
--+ k. Similarly, 

n 

trA= LAu 
•=1 

defines the trace as a polynomial function. 

There is a kind of converse to these results. 

Preposition 1.10 

For A E Mn(k), 

Proof 

n 

II All ~ E IAi; I· 
i.j=l 

Let x = :t1e1 + · · · + :tnen with lxl = 1. Since l:t•l ~ 1 for each k, we have 

IAxl = l:ttAet + · · · + :tnAenl 

~ l:ttAetl + · · · + l:tnAenl 

~ IAetl + · · · + JAe,.J 

~ ~>=~ +···+~>:~ •=1 •=1 
n 

~ E IAijl· 
'·i=l 

As this is true for all vectors x with Jxl = 1, 

n 

IIAII ~ E IAiJI 
•J=I 

by d~tion of IIAII. 

0 

D 
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Definition 1.11 

A sequence {A,. }r~o in Mn(k) is a Cauchy 1equence if for every E > 0, there is 
a natural number N such that liAr- A,ll < E whenever r,s > N. 

Theorem 1.12 

Fork= R or C, every Cauchy sequence {Ar}r~o in Mn(k) has a unique limit 
lim A,. in Mn(k). Furthermore, 

r-+oo 

(lim A,.)i; = lim (A,.)i;· 
r-+oo r-too 

(1.2) 

Proof 

It is standard that if such a limit exists it is unique so we need to show existence. 
By Proposition 1.7, the limit on the right-hand side of Equation {1.2) exists, 
so it is sufficient to show that the required limit is the matrix A for which 

Aij = lim (Ar)iJ· 
r-too 

For the sequence {A,. - A }r~o, as r -+ oo we have 

n 

liAr - All ~ E I(A,. )ij - Aij I -t 0, 
i,J=l 

so A,. -t A by Proposition 1.10. D 

Because of this result, the metric space (Mn(k), 1111) is said to be complete 
with respect to the norm 1111-

It can be shown that the metric topologies induced by II II and the usual 
norm on kn

2 
agree in the sense that they have the same open sets. Actually 

this is true for any two norms on kn
2

; see Section 1.8 and [21, 22] for more on 
this. We summarise this as a useful criterion whose proof is left as an exercise. 

Proposition 1.13 

A function F: Mm (k) --t Mn (k) is continuous with respect to the norms 1111 if 
and only if each of the component functions F,.,: Mm(k) .___. k is continuous. 
In particular, a function f: Mm(k) --t k is continuous with respect to the 
norm II II and the usual metric on k if and only if it is continuous when viewed 
as a function k"'

2 
--t k. 
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Next we consider the topology of some subsets ofMn(k). in particular some 
groups of matrices. 

Proposition 1.14 

Let k = R or C. Then 
i) GLn(k) C Mn(k) is an open subset; 
ii) SLn(k) C Mn(k) is a closed subset. 

Proof 

W~ know that the function det: Mn (k) ~ k is continuous. Then 

GLn(k) = Mn(k) - det-1 {0}, 

which is open since {0} is closed, hence (i) holds. Similarly, 

SLn(k) = det-1{1} c GLn(k). 

which is closed in Mn(t) and GLn(k) since the singleton set {1} is closed ink, 
so (ii) is true. D 

In the following we will make use of the product topol09J1 of two topological 
spaces X, Y; this is the topology on X x Y in which every open set is a union 
of sets of the form 

U x V (U C X, V c Y open). 

We refer to X x Y as the product space if it has the product topology. H the 
topologies on X and Y come from metrics, it is possible to define a metric 
whose associated topology agrees with the product topology; this is discussed 
in the Exercises. 

The addition and multiplication maps 

add: Mn(k) x Mn(k) .-. Mn(k); add(X,Y) =X+ Y, 

mult: Mn(k) x Mn(k) _. Mn(k); mult(X, Y) = XY, 

are also continuous, where we take the product topology on the domain Mn(k) x 
' Mn(k). Finally, the inverse map 

inv: GLn(k)--. GLn(k); inv(A) = A-1
, 

is also continuous. since each entry of A-1 has the form 

(polynomial in the entries Ai;) 
detA 

and as this is a continuous function of the entries of A it is a continuous function 
of A. 
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Definition 1.15 

Let G be a topological space and view G x G as the product space. Suppose that 
G is also a group with multiplication map mult: G x G ~ G and inverse map 
inv: G ~ G. Then G is a topological group if mult and inv are continuous. 

The simplest examples are obtained from arbitrary groups G given discrete 
topologies; in particular all finite groups can be viewed this way. or course, the 
discussion above has already established the following. 

Theorem 1.16 

For k = R or C, each of the groups GL,(k), SLn(k) is a topological group 
with the evident multiplication and inverse maps and the subspace topologies 
inherited from Mn (k). 

1.3 Compactness 

In this section we discuss the idea of compactness for topological spaces and 
explain its significance for subsets of k" with the usual metric, where k = R 
or C. Many of the most useful results for continuous functions from a com­
pact space into a metric space also apply more generally when the domain is 
Howdorff in the sense of Definition 1.24. 

Definition 1.17 

A subset X ~ km is compact if and only if it is closed and bounded. 

Example 1.18 

Identifying subsets of Mn(k) with subsets of k"
2

, we can consider compact 
subsets of Mn(k). In particular, a subgroup G ~ GL,(k) is compact if it is 
compact as a subset of GL,(k), or equivalently of Mn(k). 

Our next result is standard for metric spaces. 

Proposition 1.19 

X~ Mn(k) is compact if and only if the following two conditions are satisfied: 
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• there is a b E a+ such that for all A E X' II All ~ b; 

• every sequence { Cn}n~o in X which is convergent in Mn(k) has a limit in 
X 1 i.e., X is a closed subset of Mn(k). 

The following important characterisation of compact subsets of Mn(k) leads 
to the general definition of compact topological space. 

Theorem 1.20 (Heine-Borel Theorem) 

X~ Mn(k) is compact if and only if every open cover {Uo}oeA of X contains 
a finite subcover {Uo11 ••• 1 Uo. }. 

Definition 1.21 

A topological space X is compact if and only if every open cover {Uo}aeA of 
X contains a finite subcover {U011 ••• , Ua. }. 

Clearly our two notions of compactness coincide for a subset X ~ kn. 

Proposition 1.22 

Let X be a compact topological space and I: X ~ Y be a continuous func­
tion. Then the image f X C Y is a compact subspace of Y. 

Proof 

Let {Vo}aeA be an open cover of JX. Then by definition of the subspace 
topology, there is a collection of open subsets {V~}oeA for which I xnv~ = Vo. 
For each a E..>-, 

,-tva= ,-~v~, 
so {J-1 V~}aeJ\ is an open covering of X. By compactness, there is a finite 
subcollection {/-1 v~,, ... ',-l v~.} which also covers X I hence {V~, I •.• , v~.} 
is a finite cover of /X. 0 

Corollary 1.23 

Let X be a compact topological space and J: X ~ R be a continuous function. 
Then the image f X ~ Ill is a bounded subset and there are elements x+, z_ E X 
for which 

/(z+) = sup/X, f(x_) = inf JX. 
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For later use we record some other useful results on continuous functions 
out of a compact space into a Hawdorif space. Omitted proofs can be found 
in books on point set topology. We start by introducing the notion of a Haus­
dorff space which provides a useful generalisation of the concept of a metric 
space particularly useful when dealing with quotient constructions such as the 
homogeneous spaces of Chapter 8. 

Definition 1.24 

A topological space X is Hausdorff if for every pair of points u, v E X with 
x #: y, there are open subsets U, V C X with u e U, v e V and U n V = 0. 

lemma 1.25 

Every metric space is Hausdorff. 

Proof 

Let X be a metric space with metric p. If u, v e X are distinct, then p( u, v) > 0. 
If r = p( u, v) /2, the open discs N x ( u; r) and N x ( v; r) satisfy the conditions 
required for the open sets U and V. 0 

Proposition 1.26 

Let X be a compact topological space. If I: X --+ Y is a continuous function 
into a Hausdorff topological space Y, then I X C Y is a closed subset. In 
particular, when j : X --+ Y is the inclusion function for a subspace X C Y, 
we obtain that X is a closed subset of Y. 

Our next definition provides a notion of equivalence of topological spaces. 

Definition 1.27 

A continuous bijection I: X ~ Y between topological spaces X and Y is a 
homeomorphism if its inverse 1-1 : Y--+ X is continuous. 

Proposition 1.28 

Let X be a compact topological space and I: X --+ Y a continuous bijection 
into a Hausdorff topological space Y. Then I is a homeomorphism. 
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Our final result will be useful when working with compact matrix groups. 

Proposition 1.29 

Let (X,p) be a compact metric space and let {sn}n;u be a sequence in X. 
Then there is a convergent subsequence {-'a(n)}n;u· 

Proof 

Suppose that this is false. Then for every z E X which is not of the form z = -'n 
for some n, there is an r z > 0 for which 

p(z, Zn) ~ rz (n ~ 1). 

Also, for each m ~ 1, there is an r."" > 0 and an nm ~ m for which 

p(.!m, Bn) ~ rz (n ~ flm). 

The open discs Nx(z;rz) form an open cover of X, hence by compactness there 
are elements z 1 , ..• , Xi for which 

X =Nx(z,;rz1 )U···UNx(zA:;rz.). 

But for sufficiently large n, -'n cannot be in any of the discs Nx (z;; rz1), so 
this provides a contradiction. 0 

1.4 Matrix Groups 

Definition 1.30 

A subgroup G ~ GLn(k) which is also a closed subspace is a matrix group 
over k or a k-matriz group. In order to make the value of n explicit, we will 
sometimes say that G is a matrix subgroup of GLn(k). 

Before considering some examples we record some useful general properties 
of matrix groups. 

Proposition 1.31 

Let G ~ GLn(k) be a matrix subgroup. Then a closed subgroup H ~ G is a 
matrix subgroup H of GLn(k). 
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Proof 

Every sequence {An}n~o in H with a limit in GLn(k) actually has its limit in 
G since An E H ~ G for every nand G is closed in GLn(k). Since His closed 
in G, this means that {An}n~o has a limit in H. So H is closed in GLn(k) 
which shows that it is a matrix subgroup. 0 

This result suggests another definition. 

Definition 1.32 

A closed subgroup H ~ G of a matrix group G is called a matrix 1ubgroup of 
G. 

Proposition 1.33 

Let G be a matrix group and H ~ K, K ~ G be matrix subgroups. Then H is 
a matrix subgroup of G. 

Proof 

This is a straightforward generalisation of Proposition 1.31. 0 

Example 1.34 

SLn(k) ~ GLn(k) is a matrix group over k. 

Proof 

SLn(k) is closed in Mn(k) by Proposition 1.14 and SLn(k) ~ GL,(k). 0 

Example 1.35 

We may consider GLn(k) as a subgroup of GLn+l (k) by identifying the n x n 
matrix A= [Bi;] with 

au Otn 0 

Onl 
0 

«<nn 0 
0 1 
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and it is easily verified that GLn(k) is closed in GLn+1(k), hence GLn(k) is a 
matrix subgroup of GLn+l (k). We can restrict this to an embedding of SLn(k) 
which then appears as a closed subgroup of SLn+1 (k) ~ GLn+t (k). So SLn (k) is 
a matrix subgroup ofSLn+l(k). More generally, with the aid of this embedding, 
any matrix subgroup of GLn(k) can also be viewed as a matrix subgroup of 
GLn+l(k). 

Given a matrix subgroup G ~ GLn(k), it is often useful to restrict the 
determinant on GLn(k) to a function 

deta: G--+ kx; deta A= detA. 

We ':15ually write this function as det when no ambiguity is likely to result. Of 
course, detc is always a continuous group homomorphism. 

When k = R, we set 

JR.+ = {t E JR.: t > 0}, R- ={tEa: t < 0}, ax =a+ U a-. 
Notice that a+ is a subgroup of GL1 (JR.) = JR. x which is both closed and open 
as a subset, while a- is an open subset; thus a+ and·- are clopen subsets, 
i.e., both closed and open. For G ~ GLn(a), 

det01 a+= Gndet-1 GLn(a), 

and also 
G = det01 a+ u det01 a-. 

Hence G is a disjoint union of the clopen subsets 

c+ = det01 a+, c- = det01 a-. 

Since In e G+ = det01 a+, the component G+ is never empty. Indeed, G+ is a 
closed subgroup of G, hence it is a matrix subgroup of GLn(a). When c- ~ llJ, 

the space G is not connected since it is the union of two disjoint open subsets. 
When c- = 0, G = c+ may or may not be connected. 

1.5 Some Important Examples 

We now discuss some important examples of real and complex matrix groups. 
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Groups of Upper Triangular Matrices 

For n ) 1, an n x n matrix A = [eli;] is upper triangular if it has the form 

0 0 

0 On-1 n-1 an-1 n 
0 0 0 0 Onn 

i.e., Cli; = 0 if i < j. A matrix is unipotent if it is upper triangular and also 
has all diagonal entries equal to 1, i.e., eli; = 0 if i < j and Oi& = 1. 

The upper triangular subgroup or Borel subgroup of GLn(k) is 

UTn(k) ={A E GLn(k): A is upper triangular}, 

while the unipotent subgroup of GLn(k) is 

SUTn(k) ={A e GLn(k): A is unipotent}. 

It is easy to verify that UTn(k) and SUTn(k) are closed subgroups ofGLn(k). 
Notice also that SUTn(k) ~ UTn(k) and is a closed subgroup. 

For the case 

SUT2(k) = { [~ ~) E GL2{k): t E k} E; G4{k), 

the £unction 

9: k--+ SUT2(k); 9(t) = [~ :) , 

is a continuous group homomorphism which is an isomorphism with continuous 
inverse. This allows us to view k as a matrix group. 

Affine Groups 

The n-dimensional affine group over k is 

Affn(k) = { [; ~] :A e GLn(k), t e kn} ~ GLn+1(k). 
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This is clearly a closed subgroup of GLn+l (k). If we identify x E kn with 

[ ~] e kn+l, then as a consequence of the formula 

we obtain an action of Affn(k) on tn. Transformations of k" with the form 
x t-+ Ax+t with A invertible are called affine transformations and they preserve 
lines, i.e., translates of !-dimensional subspaces of the k-vector space kn. The 
associated geometry is affine geometry and it has Atrn(k) as its symmetry 
group. The vector space kn itself can be viewed as the translation subgroup of 
Affn(k), 

Tr&llBn(k} = { [; ~] : t E kn} ~ Affn(k}, 

and this is a closed subgroup. There is also the closed subgroup 

{ [! ~] :A e GL,.(k}} ~ Affn(l<) 

which we will identify with GLn(k). The following is a standard notion in group 
theory. 

Definition 1.36 

Let G be a group with H ~ G and N <1 G. Then G is the semi-direct product of 
Hand N if G = HN and H n N = {1}; this is often denoted by G = H ~ N 
or G = N >4 H. 

When G = H ~ N, there is a group isomorphism q: G / N --+ H as well as 
the inclusion homomorphism j: H -+ G and these satisfy q o j = ldH. Notice 
that H acts on N by conjugation since N is normal in G. The simplest kind of 
semi-direct product is the direct product H x N, where the conjugation action 
of H on N is trivial. 

Proposition 1.37 

Transn(k) is a normal subgroup of Affn(k) and Affn(k) can be expressed as 
the semi-direct product of Tr&nSn(k) and GLn(k), 

Affn(k) = GLn(k) ~ Tr&nSn(k) ={AT: A e GLn(k), T e Transn(k)}, 

with 'fr&nSn(k) n GLn(k) = {In+l}· 
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Proof 

To see that TrailSn (k) <J Aft' n (k), notice that if 

then 

[: ~] e GL..(k), [~ !] e Trans..(k), 

[: ~l [~ !l [: ~r = [: 

= [~ 
which is in Tran8n(k). The equality 

'fran8n(k) n GLn(k) = {In+ I} 

follows from the fact that non-trivial translations do not fix 0 while all elements 
of GLn(k) do. 0 

Orthogonal and Isometry Groups 

For n ~ 1, ann x n real matrix A for which AT A= In is called an orthogona~ 
matri%; here AT is the transpose of A= [Bi;], whose entries are given by 

(AT)ij = Oji· 

Such an orthogonal matrix has an inverse, namely AT, and the product of two 
orthogonal matrices A, B is orthogonal since 

(AB)T(AB) = BT AT AB = BlnBT = BBT =In. 

Notice also that In e O(n). So the subset 

O(n) ={A E GLn(R) :AT A= In} C Mn(R) 

is a subgroup of GLn(R) and is called then x n (real) orthogonal group. The 
single matrix equation AT A= In is equivalent to the n2 equations 

n 

E OiiOicj = 6i; 
i=l 

(1.3) 

for the n 2 real numbers Oi;, where the Kronecker symbol 6i; is defined by 

6··-{1 ifi=j, 
., - 0 if i ~ j. 
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This means that O(n) is a closed subset of Mn(R) and so is a matrix subgroup 
of GLn(llt). 

Consider the determinant function restricted to O(n), det: O(n) ~ Rx. 
For A e O(n), 

(detA)2 = detAT detA = det(AT A)= detin = 1, 

which implies that det A= :1:1. Thus we have 

O(n) = O(n)+ U O(n)-, 

where 

O(n)+ ={A e O(n): detA = 1}, O(n)- ={A e O(n): detA = -1}. 

Notice that 
O(n)+no(n)- =0, 

so O(n) is the disjoint union of the subsets O(n)+ and O(n)-. The important 
subgroup 

SO(n) = O(n)+ 'O(n} 

is the n x n 1pecial orthogonal group. 
One of the main reasons for the study of the orthogonal groups O(n) and 

SO(n) is their relationship with isometrie1, where an isometry of Rn is a 
distance-preserving bijection f: Rn -. Rn, i.e., 

1/(x) - /(y)J = lx - Yl (x, y E lltn). 

If such an isometry fixes the origin 0 then it is actually a linear transformation, 
often referred to as a linear isometry, and so with respect to the standard basis 
it corresponds to a matrix A e GLn(R). Here is a more precise statement. 

Proposition 1.38 

If A E GLn(R), then the following conditions are equivalent. 

• A is a linear isometry . 

• Ax. Ay =X. y for all vectors x,y eRn. 

• AT A= In, i.e., A is orthogonal. 



22 Matrix Groups: An Introduction to Lie Group Theory 

Proof 

If A is a linear isometry then for every v e Rn, lA vi = lvl. Now for every pair 
of vectors X, y e an 1 

and similarly, 

Hence, 

IA(x - y)l2 = (Ax - Ay) · (Ax - Ay) 

= 1Axl2 + IAyl2 - 2Ax · Ay 

= lxl2 + IYI2
- 2Ax · Ay, 

IA(x - Y)l2 = lx - Yl2 

= (x- y) · (x- y) 

= lxl2 + IYI2 - 2x · Y. 

Ax ·Ay = x·y. 

For u,v eRn, U·V = uTv and (Au)·(Av) = uT ATAv. Fori,;= l, ... ,n, 

eT AT Ae; = (i,j) entry of AT A 

and ef e; = 6i;· Thus AT A= ln. 
Finally, if AT A= In then for each w e Rn, 

1Awl2 = (Aw) · (Aw) 
=wTATAw 

=wTw 

= lwl2, 

showing that A is a linear isometry. 0 

Elements of SO(n) are often called direct isometriu or rotations, while 
elements of 0( n)- are sometimes called indirect isometries. We can also define 
the full isometry group of R", 

lsomn(R) = {/: Rn-+ lltn: /is an isometry}, 

which clearly contains the subgroup of translations. In fact, 

lsomn(R) ' Affn(R) 

and is actually a closed subgroup, hence is a matrix subgroup. There is also a 
semi·direct product decomposition 

lsomn(R) = { [: ~] :A e O(n), t E R"}. 
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Proposition 1.39 

Trans,.(R) is a normal subgroup of lsomn(llt) and lsomn(llt) can be expressed 
as the semi-direct product of 'D:ansn(R) and O(n), 

lsomn(R) = O(n) ~ Transn(llt) ={AT: A e O(n), T E Transn(R)}, 

with TraDSn(R) nO(n) = {In+l}· 

Proof 

This is proved in a similar fashion to Proposition 1.37. 0 

For later use, we record some important ideas about elements ofO(n). First 
we recall that a subspace H ~ an of dimension dimH = (n- 1} is called a 
hyperplane in Rn. Associated with such a hyperplane is a linear transformation 
8 H : Rn --+ R" called reflection in the hyperplane H. To define 8 H, observe 
that every element x E R" can be uniquely expressed as x = XH + xi, with 
xn E H and y · xR- = 0 for every y E H. Then 

(1.4) 

Lemma 1.40 

For a hyperplane H ~ R", the hyperplane reftection in H is in an indirect 
isometry of R", 8H E O(n). 

Proof 

This is proved by observing that on choosing an orthonormal basis for H and 
adjoining a unit vector orthogonal to H, the matrix of 8 H with respect to this 
basis has the block form 

[ 
ln-1 O(n-l)xl] _ d' (l 1 _ 1} 

0 1 -lag t"'t t I 

lx(n-1) -

which clearly has determinant -1. 0 

We will refer to an element of O(n) as a hyperplane reflection if it represents 
a hyperplane reflection with respect to the standard basis of IR", hence it has 
the form 

Pdiag(l, ... , 1, -l)PT 

for some P E O(n). 
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Proposition 1.41 

Every element A E 0( n) is a product of hyperplane reflections. The number of 
these is even if A E SO(n) and odd if A E O(n)-. 

Proof 

We sketch a direct proof, noting that the result also follows from the Principal 
Axis Theorem 10.13. 

We proceed by induction on n. When n = 1, A = ± 1 and as 1 = ( -1 )2 , the 
result is true. Now assume that it holds for all B E O(k) with k < n. Suppose 
that A E O(n). 

If ±1 is an eigenvalue of A with corresponding unit eigenvector u, then 
taking 

H = { v E Rn : v · u = 0}, 

we find that for v E H, 

(Av) · u = v ·AT u = ±v · u = 0, 

where we have used the fact that 

AT u = A -lu = ±u. 

Using an orthonormal basis for H extended by u we see that 

A= p [ An-1 Ocn-l)xl] pT 
Olx(n-1) ±1 

for some P E O{n) and An-I E O(n- 1). By induction, An-I is a product of 
hyperplane reflections and so also is A. 

We must still consider the case where all the eigenvalues of A have the form 
e±oi with 0 < o < 1r. Given a unit eigenvector v e en for the eigenvalue 
eoi, V is a unit eigenvector for the eigenvalue e-oi. With respect to the usual 
hermitian inner product on en, v and v are orthogonal. Then 

1 -
v' = -V2 (v + v), v" = ~(v -v) 

-V2 
are real, orthogonal unit vectors which also satisfy the equations 

Av' = coso v' + sino v", Av" = - sin a v' + cos a v". 

Consider the subspace 

H' ={wE R": w · v' = 0 = w · v"} ~Ill". 
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An orthonormal basis of H' can be extended to one for R" by adding v', v". 
Then with respect to this basis, the matrix of the linear transformation A has 
the form 

where 

An-2 E O(n- 2), R2(a) = [c~o -sin a] E S0(2). 
SIDQ COSQ 

So for some Q E O(n), 

A= Q [ An-2 O(n-2)x2] QT 
02x(n-2) R2(0) · 

By the inductive assumption, An-2 is a product of hyperplane reflections in 
an-2 , so it only remains to show that the matrix R2(o) is a product of hyper­
plane reflections in R2 • By direct calculation we obtain 

R [cos a sin a] [1 0] 
2 (a) = sina -coso 0 -1 ' 

where the first factor represents reflection in the line 

cos(a/2) 11 = sin(o/2) x 

and the second represents reflection in the x-axis, y = 0. 
The other statements follow from the fact that a hyperplane reflection is an 

indirect isometry. 0 

Generalised Orthogonal Groups 

A more general situation is associated with ann x n real symmetric matrix Q. 
Then there is an analogue of the orthogonal group, 

It, is easy to see that this is a closed subgroup of GLn (lit), i.e., a matrix group. 
Moreover, if det Q ~ 0, then for A E OQ we have det A = ± 1. We can also 
define 

0~ = det-1 R+, OQ = det-1 a-
and can write OQ as a disjoint union of clopen subsets OQ = 0~ U OQ where 
0¢ is a subgroup. 
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An important example of this occurs in relativity where n = 4 and 

Q= 

1 0 0 
0 1 0 
0 0 1 
0 0 0 

0 
0 
0 

-1 

The Lorentz group Lor is the closed subgroup of 0¢ n SL2 (R) which preserves 
each of the two connected components of the hyperboloid 

X~ + X~ + X~ - x: = -1. 

We will study this example in greater detail in Chapter 6. 

Symplectic Groups 

Symplectic geometry has become an actively studied mathematical topic and 
is the geometry associated with Hamiltonian Mechanics and therefore with 
Quantum Mechanics; it is also important as an area of differential geometry 
and in the study of 4-dimensional manifolds. Symplectic groups are the natural 
symmetry groups for such geometries. We will discuss the related notion of a 
symplectic form in Section 8.8. 

Similar considerations to those in the last section apply to an n x n real 
skew symmetric matrix S, i.e., one for which S7 ::: -S. For such a matrix, 

detST = det(-S) = {-1)"detS, 

giving 
detS = (-l)"detS. (1.5) 

The most interesting case occurs if det S '¢ 0 when n must be even and we then 
write n = 2m. The standard example of this is built up using the 2 x 2 block 

If m ~ 1 we have the non-degenerate skew symmetric matrix 

J 02 o~ 
02 J 0= 

J2m = 
02 02 J 

The matrix group 
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is called the 2m x 2m (real) symplectic group. 
There is an alternative version of the symplectic group defined using the 

skew symmetric matrix 

fom = [ -~: ~:] 
in place of J2m. For the precise relationship see the discussion preceding Corol­
lary 8.25. Then we define 

Symp~m(R) = {A E G~m(R) :AT J;mA = J~m} ' G~m(R). 
There is a simple relationship between Symp;m(R) and Symp2m(R), see the 
discussion at the end of Section 8.8 for further explanation. 

Proposition 1.42 

Let P E Gktm(R) be any matrix for which J2m = pT J2mP. Then 

Symp;m(R) = p-1 Symp2m(R)P = {P-1 AP: A E Symp2m(R)}. 

Remark 1.43 

It is straightforward to see that 

Symp2 (1lt) = Symp~(R) = S~(R), 

but in general 

Symp2m(R) ~ SL2m(R), Symp;m(R) ~ SL2m(R). 

It is also easy to show that detA = ±1 if A E Symp2m(R) or A E Symp;m(R). 
In fact the methods of Chapters 8 and 9 can be used to prove that det A = 1, 
so 

Unitary Groups 

For A= (Bi;) E Mn(C), 

is the hermitian conjugate of A, i.e., (A•),; = 4;•· Then x n unitafll group is 
the subgroup 

U(n) ={A E GL,.(C): A• A=/}' GL,.(C). 
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Again the unitary condition amounts to n2 equations for the n2 complex num­
bers ai; (compare Equation (1.3}), 

n 

L OA:iBA:j = 6ij. 

A:=l 
(1.6) 

By taking real and imaginary parts, these equations actually give 2n2 bilinear 
equations in the 2n2 real and imaginary parts of the Oi;, although there is some 
redundancy. 

The n x n special unitary group is 

SU(n) ={A E GLn(C): A• A= I and detA = 1} ~ U(n). 

Again we can specify that a matrix is special unitary by requiring that its 
entries satisfy the ( n2 + 1) equations 

{

tOA:iBA:J = 6i; (1 ~ i,j ~ n), 
A:= I 
detA = 1. 

(1.7} 

Of course, det A is a polynomial in the entries Oi;. Notice that SU(n) is a 
normal subgroup of U(n), SU(n) <1 U(n). 

The dot product on an can be extended to en by setting 

n 

X· y = x•y = LXA:JIIa 
1:=1 

where x = [;~] andy= tJ. Note that· is not Clinear but for u,v E Cit 

satisfies 
(ux) · (vy) = uv(x · y). 

This dot product allows us to define the length of a complex vector by 

lxl = VX:X 
since x · x is a non-negative real number which is zero only when x = 0. Then 
a matrix A E Mn(C) is unitary if and only if 

Ax . Ay = X • y (x, y e en). 
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1.6 Complex Matrices as Real Matrices 

Recall that the complex numbers can be viewed as a 2-dimensional real vector 
space, with basis 1, i for example. Similarly, every n x n complex matrix Z = 
[zi;) can also be viewed as a 2n x 2n real matrix using one of the following 
constructions. 

We identify each complex number z = z + yi with a 2 x 2 real matrix by 
defining a function 

p: C ---+ M2(R); p(z + yi) = [: -:] . 

This ·can also be expressed as 

p(z + yi) = zi2 -yJ 

where J = [-~ ~] was introduced in Section 1.5. Then pis an injective ring 

homomorphism, so we can view C as a subring of M2(R) by identifying C with 
its image under p, 

pC = {[: !] e M2(R): d= a, c = -b}. 

Notice that complex conjugation corresponds to transposition since 

(1.8) 

We will describe two different ways to extend this to a function Mn(C)--+ 
M2n(R). For z = (zr.] E Mn(C) with Zr• = Zr• + Yr•i, we can write 

Z = [zr.) + i(llr•J 

where X = [zn) and Y = [Yr•) are n x n real matrices. 
First we define the function 

Pn: Mn(C) -+ M2n(R) 

for which Pn(Z) is then x n matrix of 2 x 2 real blocks with p(zr.) as the one 
in the (r, s) place, 

Pn(Z) = 

p(zu) p(zt2) 

p(z21) 

p(Ztn) 
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Then Pn is an injective ring homomorphism which is also continuous. In the 
notation of Section 1.5, this gives 

Pn(iln) = -J2n· 

More generally, for n x n real matrices X, Y, 

Pn(X + iY) = Pn(X) - J2nPn(Y)J2n, 

where Pn(X) and Pn(Y) are 2n x 2n real matrices consisting of 2 x 2 scalar 
blocks Xr.I2 and J/r.I2. 

Our second function is 

p'n: Mn(C)-+ M,n(IR); A,(X + iY) = [: i] (X, Y e Mn(R)), 

which is an injective ring homomorphism. p~ is easily seen to be continuous. 
Using the matrix J2m of Section 1.5, we have the following identities for X, Y E 
Mn(R) and Z E Mn(C): 

(J~n)2 = -/2n, 

(J~n)T = -J~nt 

A,(X +iY) = [~ ~]- [%. On] J' y 2nt 

p~(~ = p~(Z)T. 
The images of Pn and p'n, Pn GLn(C) ' GL2n(R) and p~ GLn(C) ' 

G~n(R), are clearly closed subgroups of GL2n(R), so any matrix subgroup 
G ' GLn(C) can be viewed as a matrix subgroup of GL2n(R) by identifying 
it with either of its images PnG or p~G. It is sometimes useful to characterise 
Pn GLn (C) and p~ GLn (C) as in the following result. 

Proposition 1.44 

We have 

Pn Mn(C) = {A E M2n(IR) : AJ2n = J2nA}, (1.9a) 

Pn GLn(C) = {A E G~n(R) : AJ2n = J2nA}, (1.9b) 

and 

p~Mn(C) ={A E M2n(R): AJ~n = J~nA}, (1.9c) 

p~ GLn(C) = {A E GL2n(IR) : AJ2n = J2nA}. (1.9d) 
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Proof 

We give the proof of the second pair of equations, the first pair being similar. 
Writing 

A= [An A12] 
A21 A22 

for some n x n matrices Ar., we see that AJ2n = J2nA if and only if 

from which we obtain 

giving the result. 

A= [Au -A21] E p~Mn(C), 
A21 Au 

1. 7 Continuous Homomorp~isms of Matrix 
Groups 

0 

In studying groups, the notion of a homomorphism of groups plays a central 
role. For matrix groups we need to be careful about topological properties as 
well as the algebraic ones. 

Definition 1.45 

Let G, H be two matrix groups. A group homomorphism rp: G --+ H is a 
continuous homomorphism of matrix groups if it is continuous and its image 
rpG ~ H is a closed subspace of H. 

Example 1.46 

The function 

is a continuous surjective group homomorphism, so it is a continuous homo­
morphism of matrix groups. 
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To see why the closure condition on the image in the above definition is 
desirable, consider the following example. 

Example 1.47 

L€t 

G={[~ ~] ESUT,(R):nez}. 

Then G is a closed subgroup of SUT 1 (IR), so it is a matrix group. 
For any irrational number r e IR - Q, the function 

is a continuous group homomorphism. But its image is a dense proper subset 
of U ( 1). So cp is not a continuous homomorphism of matrix groups. 

The point of this example is that cpG has limit points in U{l) which are not 
in cpG, whereas G is discrete as a subspace of SUT2(1R). 

Whenever we have a homomorphism of matrix groups cp: G --+ H which 
is a homeomorphism (i.e., a bijection with continuous inverse) we say that cp is 
a continuous isomorphism of matrix groups and regard G and H as essentially 
identical as matrix groups. 

Proposition 1. 48 

Let cp: G --+ H be a continuous homomorphism of matrix groups. Then 
ker cp ~ G is a closed subgroup, hence ker cp is a matrix group. The quotient 
group G I ker cp can be identified with the matrix group .pG by the usual quo­
tient isomorphism cp: G I ker cp --+ .pG. 

Proof 

Since cp is continuous, whenever it makes sense in G we have 

lim cp(An) = cp( lim An), 
n-oo n-oo 

which implies that a limit of elements of ker cp in G is also in ker cp. So ker cp is 
a closed subset of G. By Proposition 1.31, ker cp ' G is a matrix group. 0 
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Remark 1.49 

G I ken.p has a natural quotient topology discussed in Section 8.1; this is not 
obviously a metric topology. Then <p is always a homoeomorphism. 

Remark 1.50 

~ot every closed normal matrix subgroup N <l G of a matrix group G gives 
rise to a matrix group GIN; there are examples for which GIN is a Lie group 
but not a matrix group. This is one of the most important differences between 
matrix groups and Lie groups and we will see later that every matrix group 
is a Lie group. One consequence is that certain important matrix groups have 
quotients which are not matrix groups and therefore have no faithful finite 
dimensional representations; such groups occur readily in Quantum Physics, 
where their infinite dimensional representations play an important role. 

1.8 Matrix Groups for Normed Vector Spaces 

Our approach to matrix groups has been in terms of IR" and en I naturally 
relying on coordinates and the standard notion of distance on these vector 
spaces. It is often desirable to generalise this to arbitrary finite dimensional real 
or complex vector spaces and also to allow a more general notion of distance 
defined in terms of a norm. From now on we assume that k = R or C. 

Definition 1.51 

Let V be a finite dimensional k-vector space with a function v: V --+ JR+. 
Then vis called a k-norm on V if it satisfies the conditions 
i) v(tv) = ltl v(v) for t E k 1 v E V; 
ii) v{vt + 1J2) ~ v(vi) + v(v2) for v1, v2 E V; 
iii) for v E V 1 v( v) = 0 if and only if v = 0. 

We denote such a normed vector space by writing (VI v). 

There are many examples of such norms on k" apart from the standard one. 
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Example 1.52 

Consider the function 

lxh = max{l.zil : i = 1, 2, ... , n }, x= 

Then I h is a k-norm on tn. 

Given a finite dimensional normed k-vector space V, there is a metric p11 
on V defined by 

P11(x,y) = v(x- y). 

We can use the associated topology to define continuous functions between V 
and any other topological space, including other metric spaces. We will regard 
a normed vector space as a metric space in this way. 

The next result is standard and depends on the fact that Ill and C are 
complete metric spaces. 

Theorem 1.53 

Let (U,p) and {V, 11) be two finite dimensional normed k-vector spaces of the 
same dimension. Then any linear isomorphism VJ: U ~ V is continuous with 
continuous inverse, i.e., a homeomorphism. 

Corollary 1.54 

If JJ and "are two k-norms on a finite dimensional k-vector space, then they 
give rise to the same topology. 

Proof 

The identity function ldv: V -+ V is a linear isomorphism, which must be 
continuous. This implies that every open set in the topology of 11 is open in 
the topology of IJ· Similarly, every open set in the topology of #J is open in the 
topology of 11. 0 

Given a finite dimensional normed k-vector IJpace (V, 11) and a linear trans­
formation o: V --+ V, we define the operato~ norm of o with respect to ll 
by 

lloll~~ = sup{v(o(z)) : z E V1 ll(.z) = 1}. 
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If we denote by End~c (V) the set of all linear transformations V -+ V, this de­
fines a k-norm on End~c(V) in the sense of Proposition 1.5. This makes End~c(V) 
into a finite dimensional normed k-vector space with associated topology. 

Proposition 1.55 

If 1J and 11 are two norms on finite dimensional k-vector space V, then the 
topologies associated to (End,(V), 1111,.) and (End~c(V), 1111.,) are the same. 

Proof 

Apply Theorem 1.53. 0 

Inside of End,(V) we have the group of linear isomorphisms, i.e., invertible 
linear transformations, GLt(V) C End~c(V), the genernllinear group of the 
k-vector space V. If 11 is a norm on V, Gt.(V) inherits the metric and is an 
open subset of End~c{V). The following is straightforward to verify. 

Proposition 1.56 

Let (U, IJ) and (V, 11) be two finite dimensional normed k-vedor spaces of the 
same dimension. If 'fJ: U --+ V is a linear isomorphism, then it induces a 
continuous group isomorphism with continuous inverse, 

'P•: Gt.(U) -+ G4t(V); VJ.(o) = VJ o o o VJ- 1
• 

Recall that for V = kn we can identify End~c(V) with Mn(k) and GLt(V) 
with GLn(k). More generally, given a finite basis for V, there is an associated k­
linear isomorphism V ~ kn for some n, a ring isomorphism EndA:(V) 2! Mn(k) 
and a group isomorphism Gt.(V)!:!! GLn(k). 

Theorem 1.57 

Let (V, v) be a finite dimensional normed k-vector space (V, 11) of dimen­
sion dimt V = n and let VJ: V --+ tn be a linear isomorphism. Then 
VJ•: GLt(V) -+ GLn(k) is a continuous group isomorphism with continuous 
inverse. Hence GLt(V) is a matrix group. 

This result shows that although we could have set up a theory of matrix 
groups based on finite dimensional normed vector spaces (V, 11), defining matrix 
groups to be closed subgroups of GLt(V), we would have obtained an essen-
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tially equivalent theory to the one we have described. The extra flexibility is 
sometimes useful and many accounts are based on it. 

We end this section with some useful observations about a finite dimensional 
normed k-vector space (V, v) and a k-vector subspace W C V. 

Proposition 1.58 

Let v E V. Then there is a vector woE W for which 

v(wo - v) = inf{v(w- v) :wE W}. 

Proof 

Since 0 E W, if we set 

~w = inf{v(w- v): wE W}, 

then 0' ~w 'v(v). Now consider the set 

S ={wE W: v(w) '2~M'}· 

This is a closed and bounded subset of the norme:l vector space (W, v) so is 
compact. By Corollary 1.23, the continuous functiC!Jl 

f: S--+ R; /(w) = v(w- v) 

has values bounded below by 0 and attains its infinum. 0 

Proposition 1.59 

The subset W C V is closed. 

Proof 

H v f. W, then ~w > 0 since otherwise 

0 = ~w = v(wo- v}, 

which can only happen if wo = v. So the open disc Nv(v; ~w) has trivial 
intersection with W, 

Nv(v;~w)nW = fi!J. 

So the complement of W in V is open, hence W isclosed. 0 
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1.9 Continuous Group Actions 

In ordinary group theory, the notion of a group action is fundamental. Suitably 
formulated, it amounts to the following. An action p of a group G on a set X 
is a function p: G x X---+ X for which we usually write p(g,x) = gx if there 
is no danger of ambiguity, satisfying the following conditions for all g, h e G 
and x e X and with " being the identity element of G: 

• (gh)x = g(hx), i.e., p(gh,x) = p(g,p(h,x)); 

• I.X = x. 

There are two important notions associated to such an action. 
For x e X, the stabiliser of x is 

Staba(x) = {g E G : gx = x} C G, 

while the orbit of x is 

Orba(z) = {gz E X : g e G} ~X. 

Theorem 1.60 

Let G act on X. 
i) For z e X, Staba(z) 'G, i.e., Stabc(z) is a subgroup of G. 
ii) For z,71 eX, 71 E Orbc(z) if and only if Orbo(71) = Orbc(z). 
For z E X, there is a bijection 

VJ: G/Stabo(z)---+ Orba(z); VJ(g) = gz. 

Furthermore, this is G-equivariant in the sense that for all g, h e G, 

VJ((hg) Staba(z)) = h'(J(g Staba(z)). 

iii) If J1 E Orba(z), then for any t E G with 71 = tx, 

Staba{JI) = tStaba(z)t-1
• 

For a topological group there is a notion of continuous group action on a 
topological space. 

Definition 1.61 

Let G be a topological group and X be a topological space. Then a group action 
#: G x X ---+ X is a continuous group action if the function # is continuous. 
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In this definition, G x X has the product topology which is obtained from 
a suitable metric when G and X are metric spaces. 

If X is Hausdorff (in particular if it is a metric space) then any one-element 
subset { x} c X is closed and the stabiliser of x, Staba (z) ' G, is a closed 
subgroup. This provides a useful source of closed subgroups. 

For us, the most important type of action for matrix groups arises when 
a matrix group G has a continuous homomorphism VJ: G--+ GL~~:(V) where 
(V,v) is a k-norm on the finite dimensional k-vector space V. Then the associ­
ated action 

p.'P: G x V--+ V; IJ.'(J(g, v) = VJ(g)(v) 

is continuous. It is worth remarking that by Proposition 1.59, any vector sub­
space W ~Vis closed, so the stabiliser 

Staba(W) = {g E G: VJ(g)W = W} 'G 

is a closed subgroup, as is 

n Staba(w) 'G. 
wew 

See the exercises at the end of this chapter for more on this. 

Definition 1.62 

If VJ: G-+ GLt(V) is a continuous group homomorphism, then the associated 
action p.'P is called a (continuous) linear action or representation of G on V. 

By choosing a basis for V and applying the ideas discussed at the end of 
Section 1.8 and Theorem 1.57, we may as well assume that V = kn. Then a 
continuous action is essentially the same thing as a continuous group homo­
morphism G --+ GLn(k). 

Here is an example that illustrates how ubiquitous this idea is. Recall that 
for indeterminates Z11 ... , Zt 1 a polynomial /(%1 1 ••• , Zt) E k(zlt ... , :tt) is 
homogeneous of degree n if /(z1 , ••• ,zt) is a linear combination of monomials 
x~1 

• • • x~• with degree 
r1 + · · · + rt = n. 

We write k[x1, ... , XA:)n for the subset of all elements of k(x1, ... , z,] homogen­
eous of degree n. It is easy to see that with addition and scalar multiplication 
k(:t1, ... , :tA:) is a k-vector space and k(z1, ... , :tt)n is a finite dimensional sub­
space with a basis consisting of all monomials of degree n. 
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Example 1.63 

For indeterminates x,y, let Vn = k[x,y)n with dim~c Vn = (n + 1). There is a 
k-linear action G~(k) --+ GLt(Vn) given by 

[: !] /(Z,I/) = f(az + cy, bz + dy). 

On a monomial this yields 

[: !) z•r• = (az + cy)'(b.z + dy)"-• 

= t ~ (:) ("-:- r)(az)'(cy)r-i(bx)i(dy)"-r-; 
s=O J=O 1 

= t (t m (~=;)av-•b•-•r•-•+<) z•lln-•, 

giving for example, 

[: !] z 211 = a2bz3 + (a2d + 2abc)z211 + (2ocd + c?-b)ZJI + c?-d113
• 

Taking the basis of monomials of degree n in the order 

n n-1 n-1 n 
X 1 X y, ... , Xfl , l/ , 

this can be interpreted as a homomorphism IPn: GL2(k) -+ GLn+l (k). 
Of course, any matrix subgroup G ' G~(lk) will also act on Vn by a 

continuous linear action. When k = C, the representations of SU (2) on the Vn 
are particularly important, see Sternberg (27] for an illuminating discussion of 
these representations and their applications. 

EXERCISES 

1.1. Determine the norm IJAII for each of the following matrices A and 
real numbers t, u, v E R. 

[~ ~]. [~ !] . [
cos t - sin t] 
sint cost ' 

What can be said when u, v e C? 

[
cosh t sinh t] 
sinh t cosh t · 
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1.2. Suppose that A E Mn(C). 
a) H BE U(n), show that IIBAB- 1 11 = IIAII. 
b) For a general element C E G Ln (C) 1 what can be said about 
IICAC-1 11? 

1.3. [This problem expands on Remark 1.4 and requires knowledge of the 
diagonalisation of hermitian matrices.] Let A E Mn(C). 
a) Show that 

IIAII2 = sup{x• A• Ax: x E C" 1 lxl = 1} 

= max{x• A• Ax: x E C" 1 lxl = 1}. 

b) Show that the eigenvalues of A• A are non-negative real numbers. 
Deduce that if~ E IRis the largest eigenvalue of A• A then IIAII = ..J>. 
and for any unit eigenvector v E C" of A • A for the eigenvalue ~. 

IIAII = IAvl. 

1.4. If { Ar }r;..:o is a sequence of matrices Ar E Mn(k), prove the following 
version of the ratio test. 

) If 1. IIAr+111 h . "oo A . M (k) a r~~ IIArll < 11 t e senes .l..Jr=O r converges an n . 

b) H r~~ ~~~~:HII > 1, the series E~o Ar diverges in Mn(k). 

c) Develop other convergence tests for E~o Ar. 

1.5. Suppose that A E Mn(k) and IIAII < 1. 
a) Show that the series 

00 

LAr =I+ A+ A2 + A3 + · · · 
r=O 

converges in Mn(k). 
b) Show that(/- A) is invertible and find a formula for (I- A)- 1 • 

c) If A is nilpotent (i.e., At = 0 fork large), determine (I- A)-1 

and exp(A). 

1.6. a) Show that the set of all n x n real orthogonal matrices O(n) is 
compact. 
b) Show that the set of all n x n unitary matrices U(n) is compact. 
c) Show that GLn(k) and SLn(k) are not compact if n ~ 2. 
d) Investigate which of the other matrix groups of Section 1.5 are 
compact. 
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1.7. Recall that in a topological space X, the closure U of a subset U ~ X 
is the smallest closed subset V ~ X for which U ~ V. Then U ~ X 
is closed in X if and only if U = U. It is also useful to note that if 
u E U, then every open set W containing u intersects U. 

a) If G is a matrix group and H ~ G is a subgroup, show that the 
closure 1l ~ G of H in G is also a subgroup. 
b) Generalise (a) to an arbitrary topological group G. 
c) Let 

r ={A E GLn(R): detA E Q} ~ GLn(lll}. 

Show that r not a closed subgroup of GLn(lll) and find its closure r 
in GLn(R). 

1.8. Show that a compact subgroup G ~ GI..n(lll) is a matrix group. 

1.9. Let G be a compact matrix group and suppose that the matrix 
subgroup H ~ G is discrete as a subspace of G, i.e., each singleton 
subset { h} ~ H is open in H. Show that H is finite. 

1.10. Using Example 1.35, verify each of the following for n ~ 1 .. 
a) O(n) is a matrix subgroup of O(n + 1); 
b) SO(n) is a matrix subgroup of SO(n + 1); 
c) U(n) is a matrix subgroup of U(n + 1); 
d) SU(n) is a matrix subgroup of SU(n + 1). 

l.ll. a) H A E Symp2m(lll), prove that detA = ±1. 
b) Prove that Symp2(1ll) = SL2(lll). 

1.12. Recall Section 1.6 and in particular Proposition 1.44. Verify the fol­
lowing sets of equalities: 

Pn U(n) = 0(2n) n Pn GLn(C) 

= 0(2n) nSymp2n(R) 

= Pn GLn{C) n Symp2n(R), 

p~ U(n) = 0(2n) np~ GLn(C) 

= 0(2n) n Symp~,.{R) 

= p~ GL,.(C) n Symp~,.(lll), 

1.13. Let (X 1 , p1), (X 2 , P2) be two metric spaces. Consider the function 

p: (Xa x X2) x (X1 x X2) -+ Ill+; 

p((zlt x2), (Ylt Y2)) = J P1 (:tt, lft)2 + fJ2(X2, l/2)2 · 
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a) Show that (X a x X2, p) is a metric space whose open sets are the 
same as those of the product topology. 
b) Show that a sequence {(xa,r,Z2,,.)},.~o converges (i.e., has a limit) 
in X a X x2 if and only if the sequences {(xt,rHr~Ot {(z2,r)}r)O con­
verge in X 1 and X 2 respectively. 

1.14. Let p: G x X --+ X be a continuous group action as in Defini­
tion 1.61 and assume that X is Hausdorff (for example a metric 
space). 
a) If z e X, show that the stabiliser 

Stabo(z) = {g e G: gz = x} 

is a closed subgroup of G. 
b) If W C X is a closed subset, show that 

Staba(W) = {g E G: gW = W} ~ G, n Staba(w) ~ G, 
wew 

are closed subgroups, where gW = {gw: wE W}. 

1.15. Let k = IR or C. 
a) Making use of a suitable metric p on the product space Mn(k) x k", 
show that the product map 

tp: M11 (k) X k"--+ k"; tp(A,x) =Ax, 

is continuous. 
b) Let G ~ GLn(k) be a matrix subgroup. By restricting the metric p 
and product map tp of (a) to the subset G x k", consider the resulting 
continuous group action of G on k". Show that the stabiliser of 
x e k", 

Staba(x) ={A e G: Ax= x}, 

is a matrix subgroup of G. More generally, if X C k" is a closed 
subset, show that 

Stabo(X) = {A e G: AX= X} 

is a matrix subgroup of G, where AX= {Ax: x e X}. 
c) For the standard basis vector e11 e k" and 

X = {ten : t E R} C kn, 

determine Staba(en) and Stabo(X) for each of the following matrix 
subgroups G ~ GLn(R): GLn(R), SLn(R), O(n), SO(n). 
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1.16. Let n ~ 1. Consider the C-linear action of SU(2) on the (n + I)­
dimensional complex vector space of Vn = C(x, ll)n introduced in 
Example 1.63. Let f/Jn: SU(2) --+ GLn+1 (C) be the continuous ho­
momorphism obtained by working. with matrices relative to the basis 
of monomials in x and 11 ordered by increasing degree in z. 
a) Determine f/Jn explicitly for small values of n. 
b) Determine the stabiliser of zn e Vn. 
c) When n = 2, determine the stabiliser of %1J e l-'2. 
d) Show that 

ker -{{I} 
f/Jn - {/, -1} 

if n is odd, 

if n is even. 





2 
Exponentials, Differential Equations and 

One-parameter Subgroups 

c. 

The matrix versions of the familiar real and complex exponential and logarithm 
functions are fundamental for the study of many aspects of matrix group the­
ory, particularly the Qne-parameter subgroup1. Indeed, the matrix exponential 
function provides the link between the Lie algebra of a matrix group and the 
group itself. In the case of a compact connected matrix group, the exponential 
is even surjective, allowing a parametrisation of such a group by a region in 
It" for some n; see Chapter 10 for details. Just as in the theory of ordinary 
differential equations, matrix exponential functions also play a central role in 
the theory of certain types of differential equations for matrix-valued functions 
and these are important in many applications of Lie theory. 

2.1 The Matrix Exponential and Logarithm 
' 

Throughout this section, we will assume that k = It or C. The power series 

Exp(X) = L ~xn, Log(X) = L (-lln-1 xn, 
n)O n. n;.l 

have radii of convergence (r. o. c.) oo and 1 respectively. H z e C, the series 
Exp(z), Log(z) converge absolutely whenever lzl < r.o.c .. 

45 
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Let A e Mn(k). The matrix-valued series 

L 1 n 1 2 1 3 Exp(A) = -A = I+ A+ -A + -A + · · · 
n! 2! 3! ' 

n~O 

E ( -l)n-1 n 1 2 1 3 1 4 
Log(A) = A =A- -A +-A --A + ·· · 

~ n 2 3 4 ' n,pl 

converge whenever IIAII < r. o. c .. So Exp(A) makes sense for every A e Mn(k) 
while Log(A) only exists if IIAII < 1. 

Proposition 2.1 

Let A e Mn(k). 
i) For u,v e C, Exp((u + v)A) = Exp(uA) Exp(vA). 
ii) Exp(A) e GLn(k) and Exp(A)-1 = Exp(-A). 

Proof 

(i) By expanding the first series we obtain 

1 
Exp((u + v)A) = L -

1 
(u + v)n A" 

n;.o n. 

= L (u+v)n An. 
n~O n! 

By a sequence of obvious manipulations that are justified since these series are 
all absolutely convergent, 

Exp(uA) Exp(vA) = (E u; Ar) (E v; A•) 
r;.o r. •)0 s. 
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(ii) From part (i), 

. I= Exp(O) = Exp((l + (-l))A) = Exp(A)Exp(-A), 

so Exp(A) is invertible with inverse Exp( -A). 

47 

0 

Using these series we can define the matrix version of the e:z:ponential fvnc-
tion _-: 

exp: Mn(k) -+ GLn(k); exp(A) = Exp(A). 

Proposition 2.2 

If A~B E Mn(k) commute then 

exp(A +B) = exp(A) exp(B). 

Proof 

Again we expand the series and perform a sequence of manipulations, all of 
which are justified because these series are absolutely convergent. The result is 

or course the identity 

= "' ..!_(A + B)" L-, n! 
n~O 

= Exp(A+B). 

depends crucially on the fact that A and B commute. 0 
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We define the logarithm function by 

log: NM .. (k}(/; 1) ---+ Mn(k); log(A) = Log(A- 1). 

Then for IIA- Ill < 1, 

log(A) = L (-l~n-1 (A-/)". 
n~l 

Proposition 2.3 

The functions exp and log satisfy 
i} if IIA- Ill < 1, then exp(log(A)) = A; 
ii} if II exp(B) - Ill < 1, then log(exp(B)) = B. 

Proof 

These results follow from the formal identities between power series 

which are proved by comparing coefficients. 0 

The functions exp and log are continuous and in fact infinitely differentiable 
on their domains. By continuity of exp at 0, there is a 61 > 0 such that 

In fact we can actually take 61 = log 2 since 

Hence we have the following results. 

Proposition 2. 4 

The exponential function exp is injective when restricted to the open subset 
NM .. (k)(O; In 2) ~ Mn(k), hence it is locally a diffeomorphism at 0 with local 
inverse log. 
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It will sometimes be useful to have a formula for the derivative of exp at an 
arbitrary A E Mn(k). When BE Mn(k) commutes with A, 

d
d exp(A + tB) = lim hl (exp(A + hB) - exp(A)) 

flc•O h-tO 

= exp(A)B = Bexp(A). (2.1) 

The general situation is more complicated. 
For a variable X consider the series 

F(X) = ~ 1 X* = exp(X) - 1 
L-

0 
(k + 1)' X 

r~ 

which has infinite radius of convergence. If we have a linear operator + on 
I\·fn {C) we can apply the convergent series of operators 

~ 1 A: 
F(~) = L- (k + 1)!~ 

r;l!:O 

to elements of Mn(C). In particular we can consider 

+(C) = AC- CA =ad A( C), 

where 
ad A: Mn(C) --+ Mn(C); ad A( C) = AC- CA, 

is viewed as a C-linear operator which acts on Mn(C) by the adjoint action of 
A. Then 

~ 1 lc 
F(ad A)(C) = L- (k + l)! (ad A) (C). 

r~O 

Proposition 2.5 

For A, BE Mn(C) we have 

d 
-d exp(A + tB) = F(ad A)(B) exp(A). 

t le-o 

In particular, if A= 0 or more generally if AB = BA, 

d 
-d exp(A + tB) = B exp(A). 

t le-o 
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Proof 

We begin by observing that if D = : 
8 

and f ( 8) is a smooth function of tl 

real variable 8, then 

F(D)1 ... f(s) = f /(•) ds. 

This holds since the Taylor expansion of a smooth function g satisfies 

1 L k!DA:g(8) = g(8 + 1)- g(8), 
r~l 

hence taking g( 8) = J I ( 8) d s to be an indefinite integral of I we obtain 

~ 1 1: 
~ (k +I}! D 1(8) = g(8 + 1)- g(s). 

Evaluating at 8 = 0 gives Equation (2.2). 
The matrix-valued function 

satisfies 

since form, n ~ 1, 

So 

«,?(s) = exp(8A)B exp((l - 8}A) 

«P(s) = exp(sA)B exp(A) exp( -sA) 

= exp(sadA)(Bexp(A)) 

= exp(8 ad A)(B) exp(A), 

F(D)(cp(s)) = (~ ((s + ~t:\;; sl+') (adA)0
) (B)exp(A) 

giving 

F(D)(«,?{s))l ... o = (L {k! l)! (ad A}•) (B) exp(A) 
lc~O 

= F(ad A)(B) exp(A), 

which is the desired formula. 

(2. 
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2.2 Calculating Exponentials and Jordan Form 

Since exponentials of matrices occur throughout this subject matter, it is im­
portant to be able to calculate them. It is an easy exercise to show that for 
A e Mn(C) and BE GLn(C), 

exp(BAB-1 ) = B exp(A)B-1 . 

When A is diagonalisable, i.e., A = C diag( At, ... , An)C-1 for some C E 

GLn(C), we have 

since 

exp(A) = C exp(dia.g(Att ... , .\n))C-1 

= c diag(e.A•, ... 'e.A" )C-1
' 

exp(diag(.\1, ... , An)) = diag(e.A•, ... , e.A" ). 

(2.3) 

This means that the problem of calculating the exponential of a diagonalisable 
matrix is solved once an explicit diagonalisation is found. Many important 
types of matrices are indeed diagonalisable, including (skew) symmetric, (skew) 
hermitian, orthogonal, unitary and normal matrices. However, there are also 
many non-diagonalisable matrices. The general situation is best discussed in 
terms of the Jordan form, a good reference for which is Strang (28), although 
many books on lin~ algebra contain accounts of this material. Similar results 
hold over any algebraically closed field but we work over the field of complex 
numbers C. 

We start by recalling that for a matrix A E Mn(C), the characteristic poly­
nomial of A is the monic polynomial char.4(X) E C(X) of degree n given by 

char.4(X) = det(Xln- A). 

We will sometimes write 

charA(X) = xn + Cn-l(A)xn-l + ... + Ct(A)X + eo(A), 

where c~(A) e C. We recall the following important result. 

Theorem 2.6 {Cayley-Hamilton Theorem) 

A complex matrix A E Mn(C) satisfies its own characteristic polynomial, i.e., 

charA(A) =An+ Cn-t(A)An-l + ... + C1(A)A + eo(A)In =On. 
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We also recall the minimal polynomial of A, minA(X) E C(X]. This is the 
non-zero monic polynomial of minimal degree for which 

This always exists and has the following property. 

Proposition 2. 7 

If /(X) E C(X) satisfies /(A) = On then minA{X) I /(X), i.e., there is a 
g(X) e C[X) such that minA(X)g(X) = f(X). 

Corollary 2.8 

minA(X) I charA(X), hence degminA(X) ~ n. 

The complex roots of charA(X) are the eigenvalues of A, so every root of 
minA(X) is an eigenvalue of A. In fact the converse is also true. So if the dutinct 
eigenvalues of A are ..\1, ... , ..\4 and 

with m; ~ 1, then 

where m; ~ mj ~ 1. 
For ..\ E C and r ~ 1, we have the Jordan block matrix 

..\ 1 0 0 
0 ..\ 1 0 

J(..\, r) = E Mr(C). 

0 ..\ 1 
0 0 ..\ 

The characteristic polynomial of J(..\, r) is 

charJ(.\,r)(X) = det(X lr - J(..\, r)) = (X - ..\)r (2.4a) 

and by the Cayley -Hamilton Theorem 2.6, 

Notice that 
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which implies that 

Hence we also have 
minJ{.\.r)(X) =(X- ..\t. (2.4b) 

The main result on Jordan form is the following. 

Theorem 2.9 

Let A E Mn(C). Then there is an invertible matrix P E GLn(C) for which 
A = PJ(A)P- 1 and J(A) E Mn(C) is the matrix having block form 

J(A) = 
0 

0 
0 

0 
0 

This form is unique except for the order in which the Jordan blocks J(..\11 rj) 
occur. 

Corollary 2.10 

A is diagonalisable if and only if A = P J(A)P- 1 where J(A) has r 1 = · · · = 
Tm = 1. 

In this Jordan form for A, the >.i are eigenvalues of A and in fact the 
characteristic polynomial of A is 

(2.5) 

However the minimal polynomial is more complicated to specify. First notice 
that in general the ..\i are not all distinct. For example, the matrix 

[

7 o o ol 0 7 1 0 J(7, I) 0 0 
A= 0 0 7 0 = [ 0 J(7,2) 0 ] 

0 0 0 5 0 0 J(5, I) 

has two Jordan blocks for the eigenvalue 7. In this case, the characteristic 
polynomial is 
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while the minimal polynomial is 

Let us calculate the exponential of this matrbc. We have 

[

exp(J(7, I)) 0 0 ] 
exp(A) = 0 exp(J(7, 2)) 0 , 

0 0 exp(J{S, 1)) 

so it suffices to determine exp(J(7, 2)). Since fbr k ~ I 

[
7" k7lc.-ll 

J(7, 2}" = 0 7' , 

we find 

So we have 
e1 0 0 0 
0 e7 7• 0 exp(A) = e 
0 0 7' 0 e 
0 0 0 e5 

In the general case, for each eigenvalue >..J •of A, the factor (X- >..;)mj of 
minA(X} is determined by taking 

(2.6) 
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2.3 Differential Equations in Matrices 

Definition 2.11 

A differentiable curoe in Mn (k) is a function 

o: (a, b) ~ Mn{k} 

for which the derivative o'{t) exists for each t E (a, b). Here o'(t) is defined as 
an element of Mn(k) by 

o'(t) = lim ( 
1 

) (o(s) - o(t)), 
·~t 8- t 

. 
provided this limit exists. 

Let A E Mn (R). Let (a, b) C R be the open interval with endpoints a, b and 
a < b; we will usually assume that a < 0 < b. We will use the notation 

d 
o'(t) = d t o(t) 

for the derivative of o. 
Consider the first order differential equation 

o'(t} = o(t)A, (2.7) 

in which o: (a, b)~ Mn(R} is assumed to be a differentiable curve. 
If n = 1 then taking A = a to be a non-zero real number we know that 

the general solution is o(t) = ce0 t where o(O) = c. Hence there is a unique 
solution subject to this boundary condition, namely the function of t given by 
the power series 

calc 
o(t) = L kf tic. 

lc~O 

This is indicative of the general case n ~ 1 . 

. Theorem 2.12 

For A, C E Mn(R) with A non-zero, and a < 0 < b, the differential equation 
of {2.7) has a unique solution o: (a, b)~ Mn(R) for which o(O) =C. Further­
more, if Cis invertible then so is o{t) fort E {a, b), hence o: (a, b) ~ GLn(IR}. 
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Proof 

First we will solve the equation subject to the boundary condition a(O) = I. 
By Section 2.1, for each t E (a, b), the series 

t" 1 L k! A" = L k! (tA)" = exp(tA) 
lc~O lc~O 

converges, so the function 

o: (a, b)-+ Mn(R); o(t) = exp(tA), 

is defined and differentiable with 
tlc-1 

a'(t) = L (k _ 1)!Aic = exp(tA)A = Aexp(tA). 

·~· 
Hence o satisfies the above differential equation with boundary condition 
o(O) = I. Notice also that whenever s, t, (s + t) E (a, b), 

a(s + t) = o(s)o(t). 

In particular, this shows that o(t) is always invertible with o(t)-1 =a( -t). 
One solution subject to o(O) = C is easily seen to be o(t) = C exp(tA). If 

{J is a second such solution then ")'(t) = P(t) exp( -tA} satisfies 

d 
1''(t) = /3'(t) exp( -tA) + P(t) d t exp( -tA) 

= /3'(t)exp(-tA)- P(t)exp(-tA)A 

= {J(t}A exp( -tA) - P(t) exp( -tA)A 

=0. 

Hence ")'(t) is a constant function with 7(t) = 1'(0) =C. Thus P(t) = Cexp(tA}, 
and this is the unique solution subject to P(O) = C. If C is invertible then so 
is C exp(tA) for all t. 0 

2.4 One-parameter Subgroups in Matrix Groups 

Let G' GLn(k) be a matrix group. Since G C Mn(k}, the next definition is an 
obvious modification of Definition 2.11, in particular the derivative is defined 
by 

-y'(t) = lim { 
1 

t) (-y(s) - -y(t)) E Mn(k), 
•-+t 8-

provided this limit exists. 
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Definition 2.13 

A differentiable curoe in G is a function 'Y: (a, b) -. G for which the derivative 
l''(t) exists at each t E (a, b). 

Since G C Mn(k) such a curve is also a curve in Mn{k). We will usually 
assume that a< 0 < b when considering such curves. 

Now suppose that E > 0 orE= oo. 

Definition 2.14 

A one-parameter semigroup in G is a continuous function 'Y: ( -E, E) -+ G 
which is differentiable at 0 and also satisfies 

"'f(B + t) = 'Y(B)'Y(t) 

whenever s, t, {s + t) E { -e,e). We will refer to the last condition as the homo­
morphism property. 

If E = oo then 'Y: R --+ G is called a one-parameter group in G or one­
parameter subgroup of G. 

Notice that for a one-parameter semigroup in G, 'Y(O) =I. 

Proposition 2.15 

Let 'Y: { -E, e) -. G be a one-parameter semigroup in G. Then for every 
t E ( -e, e), 'Y is differentiable at t and 

'Y'(t) = -y'(O)-y(t) = "Y(t)-y'(O). 

Proof 

For small h E R, 

'Y(h)'Y(t) = -y(h + t) = -y(t +h) = 'Y(f)'Y(h). 

Hence 

-y'(t) = lim hl ('Y(t +h)- 'Y(t)) 
h-+0 

= lim hl (-y(h)- I)")'(t) 
h-+0 

= -y'(O)-y(t), 

and similarly 'Y'(t) = 'Y{t)-y'(O). 0 
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or course, part of the importance of this result is the implication that 'Y is 
a differentiable curve in G even though we only assumed it was continuous. 

Proposition 2.16 

Let 'Y: ( -E,E) --+ G be a one-parameter semigroup in G. Then there is a 
unique extension to a one-parameter group 7: IR --+ G in G, i.e., a function 7 
for which ::Y(t) = 'Y(t) for all t E ( -E,E). 

Proof 

Let t E IR. Then for a large enough natural number m, tfm E (-E,E), 
hence 'Y(t/m), -y(t/m)m E G. Similarly, for a 'iecond such natural number n, 
'Y(t/n), -y(t/n)" E G. Since mn ~ m and mn ~ n, we also have t/mn E ( -E,E) 
and therefore 

'Y(t/n)" = 'Y(mtfmn)" 

= 'Y(t/mn)mn 

= 'Y(nt/mn)m 

= 'Y(t/m)m. 

Thus 'Y(t/n)" = 'Y(t/m)m, which shows that we obtain a well-defined element 
of G for every real number t. This defines a function 

7: R--+ G; ::Y(t) = 'Y(f/n)" for large n. 

It is easy to see that ;y is a one-parameter group in G. 

We can now determine the form of all one-parameter groups in G. 

Theorem 2.17 

Let -y: R--+ G be a one-parameter group in G. Then it has the form 

'Y(t) = exp(tA) 

for some A E Mn(k). 

Proof 

Let A = 1'{0). By Proposition 2.15, 'Y satisfies the differential equation 

-y'(t) =A, -y(O) =I. 

0 
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By Theorem 2.12, this equation has the unique solution -y(t) = exp(tA). 0 

Remark 2.18 

We cannot yet reverse this process and decide for which A e Mn (k) the one-­
parameter group 

-y: R---+ GLn(k); -y(t) = exp(tA) 

actually takes values in G. The answer involves the Lie algebra of G which 
will be defined in Chapter 3. Notice that we also have the curious phenomenon 
that although the definition of a one--parameter group only involves first order 
differentiability, the general form exp(tA) is always infinitely differentiable and 
indeed analytic as a function oft. This is an important characteristic of much of 
Lie theory, namely that conditions of first order differentiability (and sometimes 
merely continuity) often lead to much stronger conclusions. 

2.5 One-parameter Subgroups and Differential 
Equations 

In this section we show how ideas about one-parameter subgroups can be ap­
plied to solving differential equations. A good source for applications of linear 
algebra is the book of Strang [28). 

Consider the following differential equation for a function v: R -+ en 
which is assumed to be differentiable: 

v'(t) = Av(t), v(O) = vo. (2.8) 

Here A E Mn(C). In examples we will often find that solutions take values 
in llln, however it is more convenient to work over C since eigenvalues and 
eigenvectors are often involved in calculations. 

If v0 ~ 0, then we can look for a solution of the form 

v(t) = o(t)vo, (2.9) 

where o: R --+ GLn (k) is a one-parameter subgroup as discussed in Section 2.4 
and satisfying 

o'(t) = o(t)A. 

By Theorem 2.17, for t e Ill we have 

o(t) = exp(tA), 
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hence a solution of Equation (2.8} is 

v(t) = exp(tA)vo. {2.10} 

In fact, this is the unique solution. 

Example 2.19 

For a skew symmetric matrix S E Mn(IR.) and non-zero v0 e Rn, the differential 
equation 

v'(t) = Sv(t), v(O) = vo. 

has a solution for which 

lv(t)l = lvol (t E R). 

Proof 

By Equation (3.13), for all t e IR we have exp(tS} e SO(n), hence 

lv(t)l = I exp(tS)v{O)I = lv(O)I. 

Notice that since lv(t)12 = lv(O)I2 is a constant, 

2v{t) · v'(t) = v(t) · v'(t) + v'{t) · v(t) 

= ~ t (v(t) · v(t)) 

= :tlv(t)l
2 

= 0. 

This shows that v' ( t) is tangent to the sphere centred at the origin and of 
radius lv(O)I at the point v(t). D 

Here is an explicit example of this type. 

Example 2.20 

When n = 3 and 

the differential equation 

[ 
0 1 0] s = -1 0 2 , 
0 -2 0 

v'(t) = Sv{t), v(O) = vo, 
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has the solution 

Proof 

1 [4+cosJSt 
v(t) = 5 -JSsin ../5t 

2- 2cosVSt 

../5 sin ../5t 2 - 2 cos JSt] 
cos v'St 2v'5 sin JSt vo. 

- 2v'5 sin ..fSt 1 + 4 cos v'St 

61 

One approach to computing exp(tS) involves determining the eigenvalues of 
S and then diagonalising it over C; the details are left as an exercise for the 
reader. We obtain the special orthogonal matrix 

1 [ 4 + cos JSt ../5 sin VSt 2 - 2 cos JSt] 
exp( tS) = 5 -JS sin JSt cos JSt 2v'S sin JSt , 

2 - 2 cos VSt - 2../5 sin JSt 1 + 4 cos JSt 
giving for the required solution 

1 [2- 2cosVSt] 
v(t) = S 2VSsin ../5t . 

1 + 4cosJSt 
0 

When the matrix A in Equation (2.8) is diagonalisable, this approach works 
well, provided an explicit diagonalisation can actually be found. In particular, 
symmetric, skew symmetric, hermitian and skew hermitian matrices are always 
diagonalisable over C, as are matrices without multiple eigenvalues. For more 
general matrices with multiple eigenvalues it may be necessary to use Jordan 
forms as discussed in Section 2.2. This is illustrated in the next example. 

Example 2.21 

If we take 

[
2 1 0] 

A = 0 2 0 , v0 "I: 0, 
0 0 2 

then the differential equation 

v'(t) = Av(t), v(O) = vo 

has solution 

~] vo. 
et 
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Proof 

This follows from Equation (3.6). Here we take 

D = diag(2t, 2t, 2t), N = [~ ~ ~] , 
and find that N 2 = 0. This gives 

exp(tA) = e2
' 13 + L (k 

1 
l)! (k + l)N diag(2t, 2t, 2t)• 

k~O + 

= e2t 13 + N L :, diag(2t, 2t, 2t)a: 
lc~O 

~] . 
e' 

This gives the claimed solution. 

Now suppose we have an equation of the form Equation (2.8). Write 

[

v1 (t)] 
v(t) = : , 

Vn(t) 

where va:: Ill~ C (k = 1, ... , n). Since 

dr 
vCr>(t) = d tr v(t) = Arv(t), 

using the Cayley-Hamilton Theorem 2.6 we obtain 

D 

v<n>(t) + Cn-J(A)v<n-l)(t) + · · · + c.(A)v<•>(t) + ~(A)v(t) = 0, {2.lla) 

hence each of the coordinate functions va: satisfies the ordinary differential 
equation 

Of course, there are also boundary conditions coming from the initial condition 
v(O) = vo. 
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Example 2.22 

In Example 2.21, if v0 = [!] , then the coordinate functions of the solution 

are 
v1 (t) = ae2t + bte2', V2(t) = be2t, v3{t) = cet, 

all of which satisfy the differential equations 

vi3) (t) - 6vi2)(t) + 12vi1>(t) - 8va:(t) = 0 (k = 1, 2, 3). 

Of course the solution of a ordinary differential equation of form (2.llb) 
subject to suitable boundary conditions should be familiar, the novel point 
being the solution of an equivalent coupled system of first order differential 
equations for the Vt as a single vector differential equation solved using a one­
parameter subgroup in GLn{C). 

The geometry underlying this can sometimes be indicated in a diagram, 
at least in the case where everything is happening in R2 • The phase portrait 
shows at each point with coordinates ( x, 11) an arrow corresponding to the 

vector A [:] , while the solution through a point can also be plotted as a f"'w 

line. 

Example 2.23 

The differential equation 

[
z'(t)] = [4x(t) + 2y(t)] 
tl(t) 4y(t) 

has solutions of the form 

~ b" .. ·a1 [zo] 10r ar atrary mata vectors 
110 

• 

This follows from the fact that 

( [
4t 2t] ) ( [0 1] ) __ [e•' 2te

4t] exp 0 4t = e"' 12 + e"' l2 2t 0 0 0 e"' . 

It is well known that the general solution of an ordinary differential equa­
tion of the form given in (2.11) is built up as a sum of polynomial functions 
multipl~ed by exponential functions. 
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EXERCISES 

2.1. For t e R, determine each of the matrices 

2.2. Let k =Ill or C and A E Mn(k). 
a) Show that for B e GLn{k), 

exp{BAB-1) = Bexp(A)B-1• 

b) If D is diagonalisable with D = C diag(~lt ... , ~n)C-1 for some 
C e GLn{k), show that 

exp(D) = C diag(e'-•, ... , eA. )C-1 • 

c) Use (b) to find the matrices 

exp ([~t ~])' exp m ~]). 
2.3. Fork= R,C and n ~ 1, let N e Mn{k). 

a) If N is strictly upper triangular, show that exp(N) is unipotent. 
b) Determine exp{N) when N is an upper triangular matrix with a 
fixed number t in every entry on its main diagonal. 

2.4. a) If S e Mn(lll) is skew symmetric, show that exp(S) is orthogonal, 
i.e., exp(S)T = exp(S)-1 . 

b) H S e Mn(C) is skew hermitian, show that exp(S) is unitary, i.e., 
exp(S)• = exp(S)-1. 

2.5. a) Solve the differential equation 

[z'(t)] = [-1 -2] [z(t)] 
y'(t) 0 1 y(t) , [z(O)] = [1] 

y(O) 2 . 

by finding a solution of the form 

[:~:n = a(t) [~] 
with a: Ill ~ G~(R). Sketch the trajectory of this solution as 
a curve in the ZJI-plane. Investigate what happens for other initial 
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values x(O), y(O). 
b) Repeat this with the equations 

[
z'(t)] [0 
y'(t) - 1 

-2] (z(t)] 
-2 y(t) , [z(O)] [0] 

y{O) - 1 ' 

[
.:z:'(t)] = [ 0 
y'(t) -1 

-11 [x(t)] 
oJ y(t) ' [z(O)] = (1] 

y(O) 1 . 

2.6. If A E Mn(R) is skew symmetric, show that for a solution x: R ~ 
llln of the difFerential equation 

x'(t) == Ax(t), 

lx(t)l is constant. In particular, if lx(O)I == 1 then for all t E Ill, 

x'{t) E Tx(t) sn-l, 

the tangent space to the unit sphere at x(t). 

2.7. Let k == R or C. 
a) Let J(.>., r) E Mr{k) be a Jordan block matrix. Show that there 
is a sequence of diagonalisable matrices {An}n~l with An E Mr(k) 
and An -+ J(.>.,r) as n -+ oo. If~ :/: 0, show that we can assume 
that An E GLr{k) for all n. 
b) Deduce that every matrix A E Mr{k) is a limit of diagonalisable 
matrices in Mr(k) and if A is invertible, show that it is a limit of 
invertible diagonalisable matrices. 





3 
Tangent Spaces and Lie Algebras 

In this chapter we show how to •Jinearise' a matrix group G by considering its 
tangent space at the identity, which has the algebraic structure of a Lie algebra; 
the definition and basic properties of Lie algebra are introduced in Section 3.1. 
Amazingly, the Lie algebra of G captures enough of the properties of G to act 
as a more manageable substitute for many purposes, at least when G is simply 
connected. The geometric aspects of this will be studied in Chapter 7 when we 
investigate G as a Lie group. 

3.1 Lie Algebras 

In this section we collect together some basic concepts and results of the theory 
of Lie algebras which will be required at various times. We make no attempt 
at completeness, merely giving brief indications of how the algebraic theory 
develops. 

Definition 3.1 

A k-Lie algebra or Lie algebra over k consists of a vector space a over a field 
k, together with a k-bilinear map [ , ] : a x a -+ a called the Lie brocket, such 

67 
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that for x, y, z E a, 

(x, y] = -(y, z), 

[z, (y, z}] + (y, [x, z)) + (z, [z, y]) = 0. 

Example 3.2 

(rtXl + T2X2,J1) = Tt(Xt,J11 + r2(X2,JI), 

(x, BtJil + 82J12) = 81 (z, Yl1 + B2(z, 7/21· 

Let k = R and a = R3 and set 

(x,y) =X X y, 

(Skew symmetry) 

(Jacobi identity) 

the tJector product or cross product of x and y. For the standard basis vectors 
e1 , e2, e3 we have the formulm 

{

(ehe21 = -[e2,e1) = ea, 
(~,e3) = -(e3,e2) = e1, 

(e3, e1) = -(ell es) = f!2. 

(3.1) 

Then R3 equipped with this bracket operation is an R-Lie algebra. As we will 
see later, this is the Lie algebra of S0(3) and also of SU(2) in disguise. 

Given two matrices A, B E Mn{k), their commutator or Lie bracket is the 
matrix 

(A, B)= AB-BA. 

This defines a k-bilinear function 

( , ) : Mn(k) x Mn(k) --+ Mn{k); (A, B) 1-+ (A, B) 

which is easily seen to satisfy the conditions of Definition 3.1. 

Example 3.3 

The k-vector space Mn(k) with the commutator bracket [, 1 is a k-Lie algebra 

Remark 3.4 

Recall that A, B commute if AB = BA. Then [A, B] = On if and only if A, B 
commute. So the Lie algebra structure on Mn(k) gives a measure of how pairs 
of matrices fail to commute. 
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For later use, in the remainder of this section we develop some of the basic 
algebraic notions of Lie algebra theory. This material is analogous to the ba-­
sic theory of groups or rings in that it introduces Lie subalgebras, Lie ideals, 
homomorphisms, etc. 

Definition 3.5 

If a is a k-Lie algebra with bracket [ , ], then a k-subspace b C a is a k-Lie 
subalgebra of a if it is closed under taking commutators of pairs of elements in 
b, i.e., if whenever :z:, y e b then [:.c, y) e b; we write b ' a. 

Of course, a is a It-Lie subalgebra of itself, and {0} C a is also a Lie subal­
gebra. 

A Lie algebra in which all brackets are trivial is called obelion. 
Suppose that a C Mn(k) is a k-vector subspace. Recalling Definition 3.5, we 

see that a is ak-Lie subalgebraofMn(k) if it is closed under taking commutators 
of pairs of elements in a, i.e., whenever A,B e a, then [A, B) ea. 

Definition 3.6 

If a is a k-Lie algebra with bracket [ , ], then a k-vector subspace n C a is a 
Lie ideal of a if [z, x] E n for all z e n and x e a; we then write n ~a. A Lie 
ideal n <1 a is proper if n #:a and it is non-trivial if n;: {0}; the ideal {0} <1 A is 
the tritJial ideal. 

Definition 3. 7 

Let a beak-Lie algebra with bracket (, ]. 

• The centre of a is 

z(a) = {z E a: Vx E a, (z,:t) = 0}. 

• The commutator or deritJed subalgebra a' ' a is the vector subspace spanned 
by all the brackets [z,y) (x,y E a). 

Proposition 3.8 

z(a) and a' are Lie ideals of a, i.e., z{a) ~a and a'~ a. 
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Proof 

It is easy to see that z(a) is a vector subspace. For z E z(a) and z E a, [x, z) = 0 
so z(a) <1 a. 

For a', if x, Jl, z e a then [z, (y, z]] e a', so a' <1 a. D 

Here is a useful result about the derived subalgebra which is left as an 
exercise. 

Proposition 3.9 

Let ~: a -+ b be a surjective homomorphism of k-Lie algebras. Then b is 
abelian if and only if a' C ker +. 

Definition 3.10 

A k-Lie algebra a is simple if every proper ideal& <1 a is trivial, i.e., b = {0}. 

Definition 3.11 

A k-Lie algebra a has trivial centre or is centreless if z(g) = {0}. 

Definition 3.12 

Let g, ~ be k-Lie algebras. A k-linear transformation +: g -+ ~ is a homomor­
phism of Lie algebras if for all x, 11 E g, 

Such a homomorphism is an isomorphism of Lie algebnu if it is also a k-linear 
isomorphism. 

For an ideal n<1a, the quotient vector space a/n inherits a bracket operation 
defined by 

[x + n,y + n) = [z,y) + n 

for cosets z + n,y + n e a/n. This is easily seen to make a/n into a Lie algebra 
so that the quotient linear transformation a --+ a/n is a homomorphism of Lie 
algebras. a/n is referred to as the quotient Lie algebra of a with respect to the 
ideal n. The following result is easily verified. 
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Proposition 3.13 

Let +: a -+ & be a homomorphism of It-Lie algebras. Then ker • ~a and there 
is an isomorphism of Lie algebras im • ~ a/ ker •· 

The notion of semi-direct product of Lie algebras in the next definition is 
analogous to the group theoretic concept of Definition 1.36. 

Definition 3.14 

Let a be k-Lie algebra, & ' a and n ~ a. Then a is known as the semi-direct 
product of & and n if b n n = {0} and a = & + n = {0} as It-vector spaces; we 
then write a = & D< n. 

As in group theory, there is a notion of direct product of two Lie algebras a 
and & • This is the vector space 

a x & = {(x, 11) : z e a, 71 e & } 

endowed with the bracket 

[(zt, y!), (x2, 112)) = ([zt, x2], [lit. 112]). 

This is a special case of the semi-direct product. 
Finally, the following is a useful notation. For subspaces U, V ' JJ of a k-Lie 

algebra g, set 

[U, VJ. = <Ec;[xJ,7Jil: c; e It, x1 e U, IIi e V} c JJ. 
i 

3.2 Curves, Tangent Spaces and Lie Algebras 

Throughout this section, let G' GLn(k) be a matrix group. 

Definition 3.15 

The tangent space to G at U e G is 

TuG= {7'(0) e Mn(k) : 7 a differentiable curve in G with 7(0) = U}. 

Proposition 3.16 

TuG is a real vector subspace of Mn(k). 
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Proof 

Suppose that a,{J are differentiable curves in G for which a{O) = P(O) = U. 
Then 

1'= doma n dom{J--+ G; -y(t) = a(t)U-1{J(t), 

is also a differentiable curve in G with 1(0) = U. The Product Rule gives 

-y'(t) = a'(t)U-1{3(t) + o(t)U-1/f(t), 

hence 
-y'(O) = a'(O)U-1 {J(O) + a(O)U-1/f(O) = a'(O) + {J'(O), 

which shows that Tu is closed under addition. 
Similarly, if r E R and a is a differentiable curve in G with a(O) = U, then 

J](t) = o(rt) defines another such curve. Since '1'(0) = ra'(O), we see that TuG 
is closed under real scalar multiplication. 0 

Definition 3.17 

The dimension of the real matrix group G is dim G = dima Tr G. H G is 
complex then its complex dimension is dime G = dime T r G. 

We will use the notation g = Tr G for this real vector subspace of Mn(k). 
In fact, g has the algebraic structure of a real Lie algebra as we now show. 

Theorem 3.18 

i) H G ~ GLn(k) i.E a matrix subgroup, then g is an R-Lie subalgebra of Mn(k). 
ii) If G ~ GLm(C) is a matrix subgroup and g is a C-subspace of Mm(C), then 
g is a C-Lie subalgebra. 

Proof 

(i) We will show that for two differentiable curves a and {3 in G which satisfy 
a(O) = {3(0) =In, there is another such curve 1' with -y'(O) = [a'(O), {J'(O)]. 

Consider the function 

F: doma x dom{J--+ G; F(s, t) = a(s){J(t)a(s)-1 • 

This is clearly continuous and differentiable with respect to each of the variables 
s,t. For each s E doma, the function F(s, ): dom{J--+ G is a differentiable 
curve in G with F(s, 0) =In. On differentiating we find 

d FJ:' t) = a(s){.f(O)a(s)-1 , 
1•-o 
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and so 
o{s){.f(O)o(s)-1 E g. 

Since g is a closed subspace of Mn(k), whenever this limit exists we also have 

lim !. (o(s){.f(O)o{s)-1 -,8'(0)) E g. 
•~08 

We will use the following easily verified matrix version of the usual rule for 
differentiating an inverse: 

(3.2) 

We have 

lim !. (o(s)P'(O)o(s)-1 -{.f(O)) 
.~o s 

= dd o{s)/f(O)a(s)-1 

Sf •• o 

=a'(O)P'(O)a(O) - a(O)/f(O)o(0)-1a'(O)a(0)-1 

(by Equation (3.2)] 

=a' (0)/f (O)a{O) - a(O)/f (O)a' {0) 

=a'(O)/f(O)- ,B'(O)a'(O) 

=(a' (0), If (0)). 

This shows that [a'(O),P'(O)] E g, hence it must be of the form ')"(0) for some 
differentiable curve. 

Part (ii) is left as· an exercise. 0 

So for each matrix group G there is a Lie algebra g = T r G. A suitable 
type of homomorphism G -+ H between matrix groups gives rise to a linear 
transformation g -+ ~ which is a homomorphism of Lie algebras in the sense 
of Definition 3.12. 

Definition 3.19 

Let G ~ GLn(k), H ~ GLm(k) be matrix groups and rp: G -+ H be a 
continuous map. Then VJ is said to be a differentiable mop if it satisfies the 
following two conditions: 

• for every differentiable curve 'Y: (a, b) --+ G, the curve rp o 'Y: {a, b) --+ H is 
differentiable and has derivative 

d 
{rp 0 'Y)'(t) = d t rp(-y{t)); 
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• if two differentiable curves a, P: (a, b) ~ G satisfy 

a(O) = P(O), a'(O) = /1(0), 

then 
(cpoa)'(O) = (cpofj)'(O). 

A differentiable map which is also a group homomorphism is called a differen­
tiable homomorphum. A continuous homomorphism of matrix groups that is 
also a differentiable map is called a Lie homomorphism. 

Later we will see that the technical restriction in this definition is unneces­
sary. For now we note that if cp: G ~ H is the restriction of a differentiable 
map~: GLn(k) ~ GLm(k) then cp is also a differentiable map. 

Proposition 3.20 

Let G, H, K be matrix groups with cp: G ~ H and 8: H ~ K differentiable 
homomorphisms. Then the following are true. 
i) For each A E G there is an R-llnear transformation dcp: TAG~ T~(A) H 
given by 

dcpA(-y'(O)) = (cp o -y)'(O), 

for every differentiable curve -y: (a, b) -+ G with -y(O) = A. 
ii) We have 

d9~(A) o dff'A = d(8 o cp)A· 

iii) For the identity map Ida: G ~ G and A E G, 

dlda = ldTAG · 

Proof 

(i) The definition of d cpA makes sense since by the definition of differentiability, 
given X ETA G, for any curve -y with 

-y(O) =A, -y'(O) =X, 

the derivative (cp o -y)'(O) depends only on X and not on 'Y· Linearity is est~ 
lished using similar ideas to the proof of Proposition 3.16. 

The identities of (ii) and (iii) are straightforward to verify. 0 

If cp: G -+ H is a differentiable homomorphism then since cp(I) = I, 
d cp 1 : T 1 G ~ T 1 H is a linear transformation called the derivative of cp 
which is usually denoted d cp: g --+ ~-
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Theorem 3.21 

Let G, H be matrix groups and 'P: G --+ H be a differentiable homomorphism. 
Then the derivative dVJ: g ~~is a homomorphism of Lie algebras. 

Proof 

Following ideas and notation in the proof of Theorem 3.18, for differentiable 
curves a,(j in G with a(O) = (j(O) =I, we can use the composite function VJOF 
given by 

'Po F(s, t) = VJ(F(s, t)) = VJ(a(s))VJ(P(t))VJ(a(s))-1
, 

to deduce that 

d VJ((a' (0), If (0)]) = (d VJ(a' (0)), d VJ(If (0))). 

As a special case, for each A E G the conjugation map 

XA: a--+ G; XA(U) = AuA-1 

D 

has as its derivative at I the adjoint action of A on g, namely the linear trans­
formation 

This satisfies 
AdAs = AdA o Ads (A, B E G), 

and on choosing a basis for 9 defines a continuous (and in fact differentiable) 
group homomorphism 

Ad: G--+ GLcumo(k); A~ AdA. 

Given a differentiable curve a: (-E,E)--+ G with a(O), there is another curve 

a: (-E,E)--+ GLctlmo(k); a(t) = Ado(t)t 

whose derivative at 0 is given by 

ii'(O)(X) = (a'(O),X). 

This defines the adjoint action of U e g on g, 

adu: g--+ g; adu(X) = [U,X]. 

It is easy to verify that 

ad[u,V)(X) = adu oadv(X)- adv oadu(X) (U, V,X e g). 

So once a basis of 8 is chosen, the adjoint action gives rise to a homomorphism 
of Lie algebras 

ad: 8--+ Mn(k); U ~ adu. 
Ad an~ ad are commonly referred to as the at:(;oint repruentotioru of G and g. 
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3.3 The Lie Algebras of Some Matrix Groups 

In this section we determine the Lie algebras of some important families of real 
and complex matrix groups. As usual k = IR or C. 

General and Special Linear Groups 

We will start with the real matrix group GLn(R) ~ Mn(R). For A E Mn(R) 
and e > 0 there is a differentiable curve 

a: (-e,e) __. Mn(R); o(t) = 1 + tA. 

Fort ::F 0, the roots of the equation det(t-11 +A) = 0 are of the form t = -1/..\ 
where..\ is a non-zero eigenvalue of A. Hence if 

E < min { 
1
!

1 
: .>. a non-zero eigenvalue of A} , 

then ima ~ GLn(R), so we will view Q as a function a: (-e,e) --+ GLn(IR). 
Calculating the derivative we find that a'(t) =A, hence a'(O) =A. This shows 
that A E T1 GLn(R). Since A E Mn(IR) was arbitrary, we have 

Similarly, 

{
gln(IR) = T, GLn(IR) = Mn(R), 

dimGLn(IR) = n2 • 

sln(C) = T, GLn(C) = Mn(C), 

dime GLn(C) = n2
, 

dim GLn (C) = 2n2 • 

(3.3) 

(3.4) 

For SLn(IR) 'GLn(R), suppose that a: (a, b) __. SLn(R) is a curve 1~ 
in SLn(R) and satisfying a(O) =I. FortE (a, b) we have deta(t) = 1, so 

d(det a(t)) _ 
0 dt - . 

lemma 3.22 

We have 

d(deta(t)) = tra'(O). 
d t le-o 
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Proof 

Recall that for A e Mn(k), 
ft 

tr A= LAii· 
i=l 

77 

It is easy to verify that the operation 8 = dd on functions has the derivation 
tl,.o 

property 
(3.5) 

Put tlii = a(t)i; and notice that when t = 0, Oij = 6ij· Write Cij for the 
cofactor matrix obtained from Q(t) by deleting the ith row and jth column. By 
expanding along the nth row we obtain 

Then 

ft 

deta(t) = E(-1)"+ianJdetCnj· 
j=l 

ft 

8detQ(t) = L(-l)"+i ((8an;)detCn; +an;(8detCn;)) 
i=l 

ft 

= L( -l)"+i (&,.;) det CnJ + 8detCnn· 
J=l 

Fort= 0, detCn; = 6;n since a(O) =I, hence 

8det(a(t)) = 8a,.n + 8detCnn· 

We can repeat this calculation with the (n - 1) x (n - 1) matrix Cnn and so 
on. This yields 

8det(a(t)) = 8ann + 8a(n-l)(n-l) + 8detC(n-l)(n-l) 

giving the result. 

= 8ann + Ba(n-l)(n-1) + · · · + 8au 
= tra'(O), 

So we have tr a' (0) = 0 and hence 

a[,.(R) = Tr SLn(R) C ker tr c Mn(R). 

D 
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If A E ker tr C Mn (R), the function 

tA: 
Q: (-E,E)-+ Mn(R); o(t) = exp(tA) = L k'AA:, 

a:;.o . 

is defined for every E > 0 and satisfies the boundary conditions 

o(O) =I, o'(O) =A. 

We will make use of the following lemma. 

lemma 3.23 

For A E Mn(C) we have 
det exp(A) = etr A. 

We will give two proofs here, while another appears in Section 7 .5. 

Proof 

Approach using differential equations: Consider the curve 

-y: IR--+ GL1(C) =ex; -y(t) = detexp(tA). 

By applying Lemma 3.22 to the curvet t-+ detexp(tA) we obtain 

-y'(t) = lim hl (detexp((t + h)A)- detexp(tA)) 
h-+0 

= detexp(tA) lim hl (detexp(hA) - 1) 
h-+0 

= detexp(tA) tr A 

= -ytr A. 

So a satisfies the same differential equation and initial condition as the curve 
t t-+ e' tr A. Hence 

a(t) = detexp(tA) = ettr A 

by the uniqueness part of Theorem 2.12. 

Proof 

Approach using Jordan form: If S E GLn(C), 

detexp(SAS-1) = det (Sexp(A)S- 1) 

= det S det exp(A) det s-1 

= detexpA, 

D 
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and 

etr sAS-1 = etr A. 

So it suffices to prove the identity for SAS-1 for a suitably chosen invertible 
matrix S. Using the theory of Jordan forms, described in Section 2.2, there is 
a suitable choice of such an S for which 

B = SAS-1 = D +N, 

where D is diagonal, N is strictly upper triangular (i.e., Ni; = 0 whenever 
i ~ j) and with D,N commuting. Then N is nilpotent, i.e., N" = On fork 
large. 

·We have 

exp(B) = L ~1 (D + N)' 
·~0 A". 

= E :,Die+ L 1 I (t (k: 1)DiNic+l-J) 
·~o . lc~o (k + 1). J=O 1 

(

It, ) - 1 k + 1 . 11-J 
- exp(D) + L (k 1)1N L ( . )[)JN . 

lc~O + . J=O 1 
(3.6) 

For each k ~ 0, the matrix 
It, 

NL (k: 1)1PN'-J 
J=O 1 

is strictly upper triangular, hence 

exp(B) = exp(D) + N', 

where N' is strictly upper triangular. If D = diag(.>-1 , ... , >-n), by calculating 
the determinant we find that 

detexp(A) = detexp(B) 

= detexp(D) 

=detdiag(el1 , ••• ,el•) 

= elt ... e>-n 

= ela+ .. ·+l •. 

Since tr D = >-t + · · · + >-n, this implies that 

det exp(A) = etr D. 

0 
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Using this lemma and the function a, we obtain 

{
sln(IR) = T,SLn(R) = kertr ~ Mn(IR), 

dimSLn(IR) = n 2 - 1. 

Working over C we also have 

!
•ln(C) = T, SLn(C) = kertr c Mn(C), 

dimcSLn(C) = n2 -1, 

dimSLn(C) = 2n2 - 2. 

Affine Groups 

(3.7) 

(3.8) 

Recall the affine group Affn(k) ~ GLn(k) which by Proposition 1.37 is the 
semi-direct product GLn(k) ll< 'Ii'an&n(k). Using similar methods to those we 
used for GLn(k) we find that 

Aff,.(k) = {[~ ~] :A E gl,.(k), tE k"} = {[~ ~] :A E M .. (k), tE k"}. 

Notice that affn(k) is a It-vector space and indeed it is a It-Lie algebra. The Lie 
algebra structure here is interesting since although the translation subgroup 
Tran5n(k) is abelian and hence its Lie algebra tran.sn(k) has trivial bracket, we 
find that 

[~' ~] [~• ~] _ [~• ~] [~' ~] = [A~A2 A~to] _ [A~A1 A~t'] 
= [(At, A2] At t2 - A2t1] 

0 0 . 

This shows in particular that tran.sn(k) is a k-Lie ideal in affn(k) since it satisfies 

(a, t) E transn(k) (a E affn(k), t E ttansn(k)). 

Recalling Definition 3.14, we see that affn(k) is the semi-direct product 

affn(k) = gln(k) ll< ttansn(k). 

To summarise, for k = Ill or C we have 

!
affn(k) = T, Affn(k) = gln(k) ll< tranan(k), 

dimt Affn(k) = n2 + n, 

dimAffn(k) = (n2 + n)dimRk. 

(3.9) 
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Upper Triangular and Unipotent Groups 

For n ~ 1, recall the upper triangular and unipotent subgroups UTn(k) and 
SUTn(k) of GLn(k). Let 

a: (-e,e)---+ UTn(R) 

be a differentiable curve with a(O) =I. Then a'(t) is upper triangular. More­
over, using the argument for GLn (k) we see that given any upper triangular 
matrix A E Mn(k), there is a curve 

a: (-e,e) ~ UTn(k); o(t) =I+ tA, 

where e > 0 has to be chosen small and a'(O) =A. Then we have 

{

utn(k) =set of(upper)triangular matrices in M,(k), (a.lO) 

dim utn(k) = n; 1 
dimR k. 

An upper triangular matrix A e Mn (k) is strictly upper triangular if all its 
diagonal entries are 0, i.e., tlii = 0. Then 

{

•utn(k) =set of strictly upper triangular matrices in Mn(k), 

( ) 

(3.11) 
dimsutn(k) =. ; dima k. 

Orthogonal and special orthogonal groups 

Let O(n) be then x n orthogonal group, i.e., 

O(n) = {A E GLn(R) :AT A=/} ~ GLn(R). 

Given a curve a: (a, b)-+ O(n) satisfying a(O) =I we have 

d 
d t o(t)T o(t) = 0, 

:1nd so 

a'(t)T a(t) + o(t)T a'(t) = 0, 

mplying 

a'(O)T + a'(O) = 0. 
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Thus we must have o'(O)T = -o'(O), i.e., o'(O) is skew symmetric. Thus 

o(n) = T1 O(n) c Sk-SYJDn(R), 

the set of n x n real skew symmetric matrices. 
On the other hand, if A E Sk-Symn (R), for E > 0 we can consider the curve 

Then 

a: (-E,E)-+ GLn(R); o(t) = exp(tA). 

o(t)T o(t) = exp(tA)T exp(tA) = exp(tAT) exp(tA) 

= exp(-tA)exp(tA) 

=I. 

Hence we can view a as a curve o: (-E,E) -+ O(n). Since a'(O) = A, this 
shows that 

Sk-Symn(R) c o(n) = T1 O(n) 

and so 
o(n) = T1 O(n) = Sk-Sy111n(R). 

Notice that if A E Sk-Sy111n (Ill) then 

trA = trAT = tr(-A) = -trA, 

hence tr A = 0. By Lemma 3.23, detexp(tA) = 1, so o: (-E,E) -+ SO(n) 
where SO(n) is then x n special orthogonal group. It is also easy to show that 

dim Sk-Sym,. (R) = ( ~). 
So we have actually shown 

{
so. (n) = T1 SOn(n) = o(n) = T1 O(n) = Sk-Symn(IR), 

d1mSO(n) = {2). 
(3.12) 

We have also shown that if A E Sk-Symn (R), then 

exp(tA) E SO(n) (t E R). (3.13) 
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Unitary and special unitary groups 

Now consider then x n unitary group 

U(n) = {A E GLn(C) : A• A= I}. 

For a curve a in U(n) satisfying a(O) =I, we obtain 

a'(o)• + a'(O) = 0 

and so a'(O)• = -a'(O), i.e., a(O) is skew hermitian. So 

u(n) = T1 U(n) C Sk-Hermn(C), 

the set of all n x n skew hermitian matrices. 
If HE Sk-Hermn(C) then the curve 

satisfies 

71: ( -E,E) -+ GLn(C); 71(t) = exp(tH) 

q(tt'1(t) = exp(tHt exp(tH) = exp(tH•) exp(tH) 

= exp(-tH) exp(tH) 

=1. 
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Hence we can view 71 as a curve 71: (-E,E) -+ U(n). Since f}'(O) = H, this 
shows that 

Hence since 

we have 

Sk-Hermn(C) ~ u(n) = Tr U(n). 

{
u(n) = T1 U(n) = Sk-Hertlln(C), 

dim U(n) = n2 • 
(3.14) 

The special unitary group SU(n) can be handled in a similar way. Again we 
have 

au(n) = Tr SU(n) C Sk-Hermn(C). 

But also if 71: (a, b) -+ SU(n) is a curve with 71(0) =/,then as in the analysis 
for SLn(R), we have tr71'(0) = 0. Writing 

Sk-He~(C) = {H E Sk-Hermn(C) : tr H = 0}, 

we see that 

dimSk-Her~(C) = dimSk-Hermn(C) -1 = n 2 -1, 
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and su(n) C Sk-He~(C). On the other hand, if H E Sk-H~(C) then the 
curve 

11= ( -E,E) ~ U(n); q(t) = exp(tH), 

takes values in SU(n) by Lemma 3.23 and satisfies '1'(0) =H. Hence 

{
su(n) = Tr SU(n) c Sk-He~(C), 
dim SU(n) = n 2 - 1. (

3
.
15

) 

3.4 Some Observations on the Exponential 
Function of a Matrix Group 

Later we will see that for a matrix group G ' GLn (Ill), the following statements 
are always true and are often helpful in determining Lie algebras of matrix 
groups using the approaches seen in this section. 

• The function 

expc: 8 --+ GLn(R); expc(X) = exp(X), 

has image contained in G, exp0 9 C G; so we will usually write exp0 : g --+ G 
for the exponential of G and sometimes even just exp. 

• If G is compact and connected then exp0 g = G. 

• There is an open disc N111(0;r) C g on which exp is injective and gives a 
homeomorphism 

exp: N111 (0; r) --+ exp N1 (0; r), 

where expN1 (0;r) C G is in fact an open subset. 

Here is an example which shows that the exponential map need not be 
surjective for a connected matrix group. 

Example 3.24 

Consider the exponential expsL:a(R): sl2(R) -+ S~(R). Then for 6 ) 0, the 
matrix 

[

-(20+ 6) 0 ] 
-1 E S~(R) 

(2+ 6) 

is not in the image of eJCPsL:a(R)· 
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Proof 

Let 
A E sl2(R) = {A E M2(R) : tr A= 0}. 

By the Cayley-Hamilton Theorem 2.6, we have 

A2 + (detA)I2 = 0. 

H det A = 0 then the only eigenvalue of A is 0 and for any t E R we have 

exp(tA) = l2 + tA, 

from which we obtain 
trexp(tA) = 2. 

If det A :/:- 0, then A has two distinct non-zero eigenvalues, namely 

{
±.J'detAi if detA > 0, 
±v- detA if detA < o. 

In either case there would be an invertible matrix P E GL2 (C) for which 

p-1 AP = {diag(VdetAi, -v'detAi) if detA > o, 
diag( J- det A, - J- det A) if det A < o. 

So for t E R we have 

if detA > 0, 
p-1 exp(tA)P = 

diag ( ehl
1 
det A i, e-tv' det A i) 

d. ( tv- detA -tv- detA) tag e ,e if detA < 0, 

which yields 

exp(tA) = 
cos(tvldetA)l2 + sin~~v'detA) A if detA > 0, 

vdetA 

---"'(t- '- d t A)l + sinh(tv'--...... de_t....,.A) A if det A< o. 
U.JCW v e 2 v- detA 

This in tum gives 

( A) {
2cos(tv'detA)J2 

trexp t = 
2 cosh( tv- det A)I2 

if detA > 0, 

if detA < 0. 

He11ce, whenever tr A= 0 and t E R, trexp(tA) ~ -2. Since 

tr [-(
2 

+ 
6
) ~1 ] < -2, 

0 
(2 + 6) 

:he matrix [ -(2 
0
+ 6) -l/(~ + 6)] cannot be of the furm exp(A) fur any real 

.raceles8 matrix A. 0 
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3.5 S0(3) and SU(2) 

In this section we will discuss the groups 50(3) and SU(2) and their Lie algebras 
in detail. It is more usual to do this using the identification of SU(2) with the 
unit quaternions which we define in Chapter 4, but here we will develop the 
ideas without that interpretation. The Lie algebras so(3) and su(2) are both 
3-dimensional real vector spaces, for example having the following bases: 

so(3) : P = [~ ~ 
1 

~] , Q = [~ ~ ~ 
1

] , R = [~ ~ 
0

0
1] , 

0 0 0 10 0 01 

au(2): H=H~ ~J E=H~l ~]. F=H~ ~]· 
The non-trivial Lie brackets amongst these are 

(P,Q) = R, [Q,R) = P, [R,P) = Q, 
[H,E] = F, [E,F) = H, (F,H] =E. 

This implies that the R-linear isomorphism 

(3.16a) 

(3.16b) 

'P= su(2)--+ so(3); 'P(xH+yE+zF) = xP+yQ+zR (x,y,z E Ill), (3.17) 

satisfies 
'P((U, V]) = ('P(U), 'P(V)], 

and so is an iJomorphum ofllt-Lie algebros. Thus these Lie algebras look the 
same algebraically. This suggests that there might be a close relationship be­
tween the groups themselves. Before describing this, notice also that for the 
Lie algebra of Example 3.2, the R-linear transformation 

8o: R3 --+ so(3); 8o(xe1 + ye2 + ze3) = xP + yQ + zR, 

is an isomorphism of R-Lie algebras by the equations of (3.1). 
Now we will construct a Lie homomorphism SU (2) --+ S0(3) whose deriva­

tive is 'I'· Recall the adjoint action of Ad of SU(2) on su(2) by 

AdA(U) =AU A-1 =AU A• (A e SU(2), U e su(2)). 

Then each AdA is an R-linear isomorphism su(2)-+ su(2). 
We can define a real inner product ( I ) on su(2) by 

(X I Y) = - tr(XY) (X, Y e su(2)). 
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The elements 

.. rn 1 [i 0] H=v2H=..J2 O -i, 

A rn 1 [ 0 1] E=v2E= ,f2 -l O , 

F = .12F = ~ [~ ~] , 
form an orthonormal basis { H, E, F} of su(2) with respect to the inner product 
( I ) , i.e., 

(H I H) = (E I E) = (F I F) = 1, 

(iiI E) = (HI F) = (E I F) = o. 
We can define an It-linear isomorphism 

(3.18a) 

(3.18b) 

6: IR3 --+ su(2); 6(ze1 + Yt!2 + ze3) = xii + yE + zF, (3.19) 

which is also an isometry, i.e., 

(6(x) l6(y)) = x · y (x, y E 113 ). 

Remark 3.25 

It would perhaps )>e more natural to rescale the inner product ( I ) so that 
H, E, F were all unit vectors. This would certainly make many of the formulce 
that follow neater as well as making the Lie bracket in SU(2) correspond exactly 
with the vector product in R3 • However, our choice of ( I ) agrees with the 
conventional one for SU(n) defined in Chapter 11. 

Proposition 3.26 

( I ) is a real symmetric bilinear form on su(2) which is also positive definite. 
It is invariant in the sense that 

([Z,X) I Y) +(X I [Z, Y)) = 0 (X, Y, Z E su(2)). 

Proof 

The R-bilinearity is clear, as is the symmetry. For positive definiteness, notice 
that for x, x', y, y', z, z' E IR, 

(xfl + yE + zF I x' H + y' E + z' F) = xx' + yy' + zz' 
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and in particular, 

(xH + yE + zF I xil + yE + zF) = x2 + y2 + z2 ~ 0, 

with equality precisely when x = y = z = 0. 
The invariance property is checked with a straightforward calculation. 0 

Also, for A E SU(2) and X, Y E su(2), 

(AX A• I AY A•) = - tr(AX A• AY A•) = - tr(AXY A•) 

= -tr(AXYA-1 ) 

= -tr(XY) 

=(X I Y), 

hence AdA is actually an orthogonal linear transformation with respect to this 
inner product. Using the orthonormal basis il, E, F, we can identify su(2) with 
R3 and ( J ) with the usual inner product ·,then each AdA corresponds to an 
element of 0(3) which we will still write as AdA. It is then easy to see that the 
function 

Ad: SU(2) ---+ 0(3); Ad(A) =AdA E 0(3), 

is a continuous homomorphism of groups. In fact, SU(2) is path connected, as 
is 50(3). Since Ad(/) = I, this implies that AdSU(2) ~ S0(3). Because of 
this, it is convenient to redefine Ad by setting 

Ad: SU(2) --+ S0(3); Ad( A) = AdA . 

Proposition 3.27 

The continuous homomorphism of matrix groups 

Ad: SU(2)---+ S0(3); Ad(A) =AdA, 

is smooth, has ker Ad = { ±J} and is surjective. 

Proof 

The identification of the kernel is an easy exercise. The remaining statements 
::an be proved using ideas from Section 9.1. We will give a direct proof that 
:<:er Ad is surjective to illustrate some important special geometric aspects of 
~his example. 



3. Tangent Spaces and Lie Algebras 89 

We can view an element of au(2) as a vector in R3 by i~entifying the or­
thonormal basis vectors ii, E, F with e 1 , ~, e3 . From Equations (3.16), the 
non-trivial brackets of these basis elements are as follows: 

[H,E) = .J2P, [.E,Fj = v'2il, [i',ii] = V!,.E. (3.20) 

So apart from the factors of ...!2, this behaves exactly like tle vector product 
on IR3 . 

Lemma 3.28 

For u. = Xtil +'litE+ ZtF, u2 = X2il + Y2E + Z2F E su(2), 

(U., U2] = V2 (IYl ZJI ii -lXI Ztl E + lXI YI! .t) . 
~ ~ Z2 ~ Z2 t/2~ 

Proof 

The formula 

xe1 + ye2 + ze3 = (x1e1 + 111e2 + z1e3) X (x2e1 + 112ez + z2e3) 

implies the result. 0 

In a similar fashion, we can express a product of elements of su(2) in terms 
of the dot and cross products. Note however, that if U1 , U2 E au(2) then in 
general U1U2 f su(2). 

Lemma 3.29 

[f UJ, u2 E su(2) with Ut = Ztif + JltE + ZtF and u2 = X2H + J12E + F, then 

U TT - (XJX2 + J/It/2 + ZIZ2) I 
1V2 --

2 

+ 72 (1:: 
__ (Ut I U2) I !tu U ] 
- 2 +2 .. 2 " 

jaiculation! 0 
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Notice that when U1 , U2 E su(2) are orthogonal with respect to { I ) in th 
sense that (Ut I U2) = 0, then 

1 
Ut U2 = 2[Ut, U2] E su(2). (3.21 

Next we will examine the effect of A E SU(2) acting as an R-linear transfo1 
mation on su(2) which we will identify with R3 • Note that A can be uniquel: 
written as 

A=[u v] -u u 

for u, v E C and lul2 + lvl2 = 1. This allows us to express A in the form 

A= cos81 +S, 

(3.22 

where S is skew hermitian and Reu = cos8 for 8 E [0, 1r}, so sin8 ) 0. J 
calculation gives 

52 = -((Im u)2 + lvl2
)/ = - sin2 81, 

(SIS)= 2sin2 8. 

Since A E SU(2), we have 

A-1 = A• = cos81- S. 

Notice that for any t E Ill, 

AdA(tS) = A(tS)A-1 = tS. 

(3.23a 

(3.23b. 

On the other hand, if U E su(2) with (S I U) = 0, then by the above results, 

AdA(U) = (cos81 + S)U(cos81- S) 

= (cos8U + SU)(cos81- S) 

= cos2 8U + cos8SU- cos8US- SUS 

= cos2 8U + cos8(S,U)- SUS. 

A further calculation using properties of the vector product shows that 

SUS= (S I S>u. 
2 

By Equation (3.23b), whenever (S I U) = 0 we have 

AdA(U) = (cos2 8- sin2 8)U + cos8(S, U) 

= (cos28)U + cos8[S, U) 

= (cos 28)U + V2 cos 8 sin 8[S, U) 

= cos28U + sin28S xU, 
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where S = ../2 1. Sis of unit length. Noting that U and S XU are orthogonal 
2sm9 

to S, we see that the effect of AdA on U is to rotate it in the plane orthogonal 
to S (and spanned by U and S X U) through the angle 9. 

We can now see that every element R e S0(3) has the form AdA for some 
A E SU(2). This follows from the facts that the eigenvalues of R have modulus 
1 and det R = 1. Together these show that at least one of the eigenvalues of R 
must be 1 with corresponding eigenvector v say, while the other two have the 
form e±V>i = cos ±i sin VJ for some v>- Now we can take A = cos( v> /2)1 + S where 
S E su(2) is chosen to correspond to a multiple of v and (SIS)= 2sin2(VJ/2). 
If we choose -v> in place of v> we obtain -A in place of A. 
· This completes the proof of Proposition 3.27. 0 

Let BE su(2). Then starting with the curve 

{J: R---+ SU(2); /3(t) = exp(tB), 

we can construct another curve 

{J: R-+ S0(3); {J(t) = Adp(t)· 

We can differentiate {J at t = 0 to obtain an element of so(3) given by the 
formula: 

7f (O)(X) = : t exp(tB)X exp( -tB)I •• o 

= BX- XB = (B,X). 

For example, when B = H we have 

[H, H) = 0, (H, E) = F, [H, F) = -E, 

hence the matrix of H acting on su(2) relative to the basis H, E, F is 

[
0 0 0] 

R = 0 0 -1 . 
0 1 0 

. Similarly, 
(E,H) = -F, [E,E) = 0, (E,F) =if, 

giving the matrix 

[ 
0 0 1] 

Q= 0 0 0 , 
-1 0 0 

and 
(F,H) = E, (F,E] = -H, [F,FJ = 0, 



92 Matrix Groups: An ntroduction to lie Group Th~ 
------------------~ 
giving 

P= ~ -~ ~]. 
The corresponding derivative map is then 

dAd: su(2) --+ so(3); d Ad(zH + yE + zF) = xR + yQ + zP. 

Apart from the change in order, this is the 'obvious' isomorphism between thesE 
two Lie algebras. 

To summarise, we have proved the following important result: 

Theorem 3.30 

Ad: SU(2) --+ S0(3) is a surjective Lie homomorphism with ker Ad = { ±/}. 
Furthermore, the derivative dAd: su(2) --+ so(3) is an isomorphism of IR-Lie 
algebras. 

In Chapter 5 we will meet the spinor groups and some generalisations of this 
double covering. A related double covering involving S~ (C) and the Lorentz 
group Lor will be discussed in Section 6.3. 

3.6 The Complexiftcation of a Real Lie Algebra 

The ideas of this section are especially important in the representation theory 
of Lie groups and Lie algebras (see Serre (25) for example) and for completeness 
we provide a brief discussion. 

Definition 3.31 

Given a finite dimensional R-Lie algebra lJ, a C-Lie algebra g' which contains 
g as an R-Lie subalgebra and for which dime g' = dima 1J is called a compluif­
ication of g. 

Theorem 3.32 

i) Every finite dimensional R-Lie algebra g has a complexification. 
ii) If g' and g" are two complexifications of g then there is an isomorphism of 
C-Lie algebras g' ---+ g" which extends the identity function on g C g'. 



3. Tanaent Spaces and lie Algebras 93 

Because of the uniqueness guaranteed by part {ii) this result, we can write 
gc for such a complexification of g since this is well defined up to an isomor­
phism of C-Lie algebras. Our next result gives a useful criterion for finding 
complexifications. 

Proposition 3.33 

Let ~ be a finite dimensional C-Lie algebra and g C ~be an R-Lie subalgebra. 
If g' C ~is the smallest C-vector subspace containing g, then g' is a complexif­
ication of g. In particular, if { u1, ••• , uc~} is an IR-basis for g which is C-linearly 
independent in 1), then { u1, ••• , Uct} is a basis for g'. 

Recall that dim U(n) = dim u(n) = n2 . Then u(n) is an R-Lie subalgebra 
of gln(C) = Mn(C) where dimasln(C) = 2n2• Of course, gln(C) is also a C-Lie 
algebra of dimension dime gln(C) = n2• 

Proposition 3.34 

The following are complexifications: 

gln(C) = gln(IR)c = u(n)c, •ln(C) = •ln(R)c = su(n)c. 

Proof 

It is easy to check that the following statements are true by explicitly exhibiting 
R-bases of u(n) and su(n), then verifying that they are C-hases for gln(C) and 
•ln(C). 

Let E"• be then x n matrix for which 

Er• . _ 6_ 6 . _ { 1 if i = r and j = s, 
'' - ar 1• - 0 h . ot erwlSe. 

u(n) has an R-basis consisting of the elements 

(1 'k 'n), 

(1 't < k' n), 

(1 't < k 'n), 

while su(n) has an R-basis consisting of the elements 

!
Hie = iE"" - iE(Ic-t) (le-t) 

P~ct = Ea:t- E'" 
Qtt = iE"t + iE1" 

(1 ~ k' n -1), 

(I' t < k 'n), 

(1 't < k' n). 

(3.24) 

(3.25) 

(3.26) 
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0 

The Lie algebras gln(C) and sln(C) have the foDiowing C-hases. 

gln(C): {Eic lc 
Elct (1 't,k 'n, k :F t). 

(1 'k 'n), (3.27) 

{
Eiclc _ £(A:-t)(lc-1) (2 ~ k ~ n) 

sln(C): 
1 

~ ~ ' 

E" (1 ' t, k ' n, k :F t). 
(3.28) 

Here is a general result on the existence of complexifications. 

Proposition 3.35 

Every R-Lie subalgebra g ' u(n) has a complexifircation sc which is a CLie 
subalgebra of gln(C). If G ' SU(n) is a Lie subgroup, then its Lie algebra 
g ~ su(n) has a complexification sc ~ su(n)c = sln~·(C). 

We know several3-dimensional real Lie algebras,. namely so(3), su(2), si2(R) 
and (up to isomorphism) a complex one 

We know that so(3) ~ su(2) as real Lie algebras, biUt have not yet considered 
whether so(3) ~ s12 (R). To do this, we need to invrestigate these Lie algebras 
further. 

Since the Lie algebra so(3) is essentially the vector space R3 with the vector 
cross product as its bracket, it is easy to see that given a pair of non-zero 
elements X, Y E so(3) which are linearly independent, their bracket [X, Y) is 
non-zero and the vectors X, Y, [X, Y) are linearly independent, and hence form 
a basis for so(3). We will show that this is false for the Lie algebra s12 (R), so 
these Lie algebras cannot be isomorphic. 

The pair of matrices 

in si2(R) has bracket 

[A,B) = [~ ~] , 
and the matrices A, B, [A, B) are linearly dependent_ As a consequence of this, 
we can deduce some information about the corresponding matrix groups. 
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Proposition 3.36 

The real Lie algebras so(3) and sl2(R) are not isomorphic. Hence there can be 
no Lie homomorphisms of any of the forms 

SL2(R) --+ S0(3), SL2(R) --+ SU(2), S0(3) ----. SL2(1R), SU(2) --+ SL2(1R) 

with injective derivatives. 

EXERCISES 

3.1. Let k = R or C. 
a) Consider the 2-dimensional k-Lie algebras 

a=k2
, b={[~ ~] :u,uek}, 

with the obvious brackets which make a abelian and & ' M2(t). 
Show that any 2-dimensional k-Lie algebra g is isomorphic to a if it 
is abelian and b otherwise. 
b) Find a matrix group G' G~(k) whose Lie algebra is &. 

3.2. Let G be a matrix group and U E G. 
a) Show that each of the functions 

Lu: G--+ G; Lu(A) = UA, 

Ru: G ----. Gi Ru(A} = AU, 

Cu: G ----. G; Cu(A) = U AU-1
, 

is a differentiable map and determine its derivative at I. 
b) Using (a), show that there are IR-linear isomorphisms 

Au: T1G--+TuG, pu: TIG---.TuG, xu= TJG--+TJG, 

such that for all U, V e G, 

Auv = Au o Av, Puv = Pv o Pu, xuv = xu o xv · 
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3.3. For each of the following matrix groups G, find the Lie algebra g. 

G4 = Affn(k) (n = 1, 2, ... ); 

Gs = Symp2m(R) {m = 1,2, ... ). 

3.4. Prove Proposition 3.9. 

Q, = [~ ~]; 

Q. = [~ ~~]; 

Q. = [~ ~ j]; 

3.5. Let G be a matrix group with Lie algebra g and let X, Y E g. Show 
that [X, Y) = 0 if and only if exp(sX) exp(tY) = exp(tY) exp(sX) 
for all s, t E IR. 

3.6. Consider the set of all n x n real special orthogonal matrices SO(n) 
and its subset 

U = {A E SO(n) : det(I +A) ~ 0} C SO(n). 

Define the function 

~: U --+ Mn(R); ~(A) = (I- A){I + A)-1
• 

[ ~ is known as the real Cayley transform.] 
a) Show that im ~ = Sk-Symn (R), the set of all n x n real skew sym­
metric matrices. Hence we might as well write~: U -+ Sk-Symn(R). 
b) Find the inverse map ~-l: Sk-Sy~(IR)--+ U. 
c) Use (b) to determine the dimension of SO(n). 

3.7. Consider the set of all n x n unitary matrices U(n) and its subset 

V = {A E U(n) : det(I +A) ~ 0} C U(n). 

Define the function 

9: V --+ Mn(C); 9(A) = (I- A)(I + A)-1
• 

(9 is known as the complex Ca'llle'll transform.) 
a) Show that im9 = Sk-Hermn(C), the set of all n x n skew hermi•. 
tian matrices. Hence we might as well write 9: V --+ Sk-Hertnn(C). 
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b) Find the inverse map e-1 : Sk-Hermn(C) --+ V. 
c) Use (b) to determine the dimension of U(n). 
d) In the case n = 2, show that 9(V n SU(2)) C Sk-Herm~(C) and 
e-1 Sk-Her~(C) C SU(2). Is this true for n > 2? 

3.8. For n ~ 1, prove the following: 
a) O(n) is the semi-direct product {1, -1} 0< SO(n); 
b) U(n} is the semi-direct product T 0< SU(n), where 

T={zeC:Izl=l} 

is the unit circle; 
c) GLn(R) is the semi-direct product Rx 0< SLn(R); 
d) GLn(C} is the semi-direct product ex 0< SLn(C). 

3.9. Verify the formula of Lemma 3.29. 





4 
Algebras, Quaternions and Quaternionic 

Symplectic Groups 

In this chapter we begin by studying algebras over a field, with their groups 
of units providing many interesting groups. In particular, we study division 
algebras and their linear algebra. Then we introduce the quatemiom which 
form the only non-commutative example of a real division algebra. There is 
an associated family of compact connected matrix groups defined using the 
quatemions, the quaternionic IJ!fflplectic groups which provide another infinite 
family of compact simply connected matrix groups. 

4.1 Algebras 

In this section k will denote any field, although our main interest will be in the 
cases k = R and k = C. 

Definition 4.1 

A finite dimen.tional ( tUsociative and unital) algebra A is a finite dimensional 
k-vector space which is also an associative and unital ring such that for all 
r, s E k and a, b E A, 

(ra)(sb) = (rs)(ab). 
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Here ra and ab are scalar products in the vector space structure, while (rs)(ab) 
is the scalar product of r s e k with the ring product ab E A. 

In such a k-algebra A, if 1 E k is the unit of A, then fortE k, the element 
tl E A satisfies 

(tl)a = ta = t(al) = a(tl). 

If dim11 A > 0, then 1 ¢ 0, and the function 

17: k-+ A; q(t) = t1 

is an injective ring homomorphism. We usually write t for f](t) = tl. 
If A is a commutative ring then A is a commutative k-algebra. 
If every non-zero element u E A is a unit, i.e., is invertible, then A is a 

k-division algebra or division algebra over k. A commutative division algebra 
is a field while a non-commutative division algebra is called a skew field. In 
French corps (- field) is often used to refer to a possibly non-commutative 
division algebra. 

Example 4.2 

For n ~ 1, Mn(k) is a k-algebra. Here we have f](t) =tin. For n > 1, Mn(k) is 
non-commutative. 

Example 4.3 

The ring of complex numbers Cis an R-algebra. Here we have 7](t) = t. Notice 
that Cis a commutative division algebra. 

Example 4.4 

Let G be a finite group. Then fork= R or C, the group algebra k(G] has a 
basis consisting of the elements g of G, while the addition and multiplication 
are 

<2: x,g> + <Ey,g) = E<x, + y,)g, 
gEG gEG gEG 

(L x,g)(L l/hh) = L (2: x9h-tl/h) g. 
gEG hEG gEG hEG 

The unit is 1 = lo, the identity element of G. 
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In any k-algebra A, the set of units of A forms a group A)( under mul­
tiplication, and this contains k)( as a central subgroup, k)( ~ A)(. H A is 
non-commutative, we might hope to find interesting subgroups of A)( . Later 
we will see that the Clift'ord algebras provide a good illustration of this idea. 

Example 4.5 

For A= Mn{k), Mn(k))( = GLn(k), while k)( is identified with the subgroup 
of invertible scalar matrices tin (t e k)(). 

Example 4.6 

Let k(G) be the group algebra of a finite group G. Then the basis elements 
g E G form a finite subgroup G ~ k(G))(. 

Definition 4. 7 

Let A and B be two k-algebras. A k-linear transformation V': A ~ B that 
is also a ring homomorphism is called a k-algebrn homomorphism or homo­
morphism of k-algebrw. A homomorphism of k-algebras which is also an iso­
morphism of rings 6r equivalently of k-vector spaces is called an i8omorphism 
of k-olgebrw. An isomorphism o: A ~ A is called an automorphism of k­
algebrw. 

Notice that the unit '7: k --+ A is always a homomorphism of k-algebras. 
There are obvious notions of kernel and image for such homomorphisms, and 
of subalgebra. 

Definition 4.8 

Given two k-algebras A, B, their direct product has underlying set A x B with 
sum and product 

(at,bt) + (a2,~) = (a1 + a2,b1 + ~), (a1,b1)(a2,~) = (ata2,bt~). 
The zero is (0,0} while the unit is (1, 1). 

It is easy to see that there is an isomorphism of k-algebras A x B 2! B x A. 
Given a k-algebra A, it is also possible to consider the ring Mn(A) consisting 

of m x m matrices with entries in A; this is also a k-algebra of dimension 
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It is often the case that a k-algebra A contains a subalgebra k1 C A which 
is also a field. In that case A can be viewed as a over kt in two different 
ways, corresponding to left and right multiplication by elements of k,. Then 
for t E k 1 , a E A, 

t ·a= ta; 

a· t =at. 

(Left scalar multiplication) 

(rught scalar multiplication) 

These give different k1-vector space structures unless all elements of k1 com­
mute with all elements of A, in which case kt is said to be a central subjield of 
A. We sometimes write t 1 A and At, to indicate which structure is being consid­
ered. k1 is itself a finite dimensional commutative k-algebra of some dimension 
dimt kt. 

Proposition 4.9 

Each of the k 1-vector spaces t 1A and At:, is finite dimensional and in fact 

dimt A = dimt1 (t1 A) dimt k, = dimt1 (A~~:,) dimt kt. 

Example 4.10 

Let k = R and A = M2(R) where dima A = 4. If 

k, = H-: :] : Z,l/ E R} c M2(R), 

then k1 ~ C so is a subfield of M2(R), but it is not a central subfield. We also 
have dimt1 A = 2. 

Example 4.11 

Let k = R and A = M2(C), so dima A = 8. Let 

k, = { [_: :] : Z,l/ E R} C M2(C). 

Then k, ~ C so is subfield of M2 (C), but it is not a central subfield. Here 
dillll!, A = 4. 

Given a k-algebra A and a subfield k1 C A containing k (possibly equal to 
k), an element a e A acts on A by left multiplication: 

a· u = au (u e A). 
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This is always a k-linear transformation of A, and if we view A as the k1-vector 
space At1 , it is always a kt-linear transformation. Given a k1-basis { v1 , ••• , vm} 
for A.t1 , there is an m x m matrix .>t(a) with entries in k1 defined by 

m 

~(a)v; = L .>t(a)r;Vr· 
r=l 

It is easy to check that 

is a ~omomorphism of k-algebras, called the left regular repre1entation of A 
over k1 with respect to the basis { Vt, ... , Vm}. 

Lemma 4.12 

.>-: A--t Mm(k1) has trivial kernel ker .,\ = {0}, hence it is an injection. 

Proof 

If a E ker .,\ then .,\(a)(l) = 0, giving a1 = 0, so a = 0. D 

On restricting the left regular representation to the group of units A)( , we 
obtain an injective group homomorphism 

~)(:A)( --+ GLm(kt); l)((a)(u) =au, 

where k1 C A is a subfield containing k and we have chosen a k 1-basis of A.t1 • 

Because 
A)( e!im..\)( 'GLm(kt), 

A)( and its subgroups give groups of matrices. 
Given a k-basis of A, we obtain a group homomorphism 

p)(: A)( --+ GLn(k); px (a)(u) = ua-1 • 

We can combine ~ )( and px to obtain two further group homomorphisms 

.>-)( xpx:A)( xA)( --+GLn(k); .>-)( xpx(a,b)(u)=aub-1, 

~:A)( --+ GL,(k); A(a)(u) = aua-1. 

Notice that these homomorphisms have non-trivial kernels, 

ker.\)( x p)( = {(1,1),(-1,-1)}, ker6 = {1,-1}. 
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Definition 4.13 

A k-algebra A is simple if it has only one proper two-sided ideal, namely (0), 
hence every non-trivial k-algebra homomorphism 8: A ~ B is an injection. 

Example 4.14 

Let k be a field and p(.z) e k(z] be an irreducible polynomial of degree d > 0. 
Then the quotient ring k[z)/(p(z)) is a field and so is a simple k-algebra of 
dimension di~Dat k[z]/(p(z)) =d. 

Proposition 4.15 

Let k be a field. 
i) For a division algebra Dover k, Dis simple. 
ii) For a simple k-algebra A, Mn(A) is simple. In particular, Mn(k) is a simple 
k-algebra. 

In fact, there is a classification of all such simple k-algebras. 

Theorem 4.16 (Wedderburn's Theorem) 

Let A be a finite dimensional simple algebra over k. 
i) A is isomorphic to some Mn(D) where D is a finite dimensional division 
algebra over k, hence its dimension is dimt A = n2 dimt D. 
ii) H k is algebraically closed then A is isomorphic to some Mn(k), hence it has 
dimension di~Dat A = n2 • 

iii) Every finite dimensional division algebra II) over k has dimension of the 
form dimt D = tF for some natural number d. 

When k = R, it turns out that there is only one non-commutative division 
algebra, namely the division algebra of quaternions, H, described in Section 4.4. 

Definition 4.17 

Let A be a k-algebra. 

• An element e e A is an idempotent if e2 = e. 

• An idempotent e e A is central if ae = ea for every a e A. 

• A collection of idempotent& e1 , ... , e1 is orthogonal if e,e; = 0 when i ~ j. 
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• An idempotent e E A is indecomposable if whenever e = e1 + e2 for idempo­
tents e1, e2, then e1 = 0 or e2 = 0. 

Proposition 4.18 

A finite dimensional k-algebra A is a product of t algebras if and only if there 
are orthogonal central idempotent& e1 , ••• , et such that 

e1 + · · · + et = 1. 

Proof 

If A = A1 x · · · x At then 

e, = (0, ... , 0, 1, 0, ... , 0) 

(with a single 1 in the kth place) is a central idempotent and e1 + · · · + et = 1; 
furthermore, eie; = 0 whenever i '#= j. 

Conversely, if such central orthogonal idempotents exist, we can ~ 

A, = Ae.a: = { ae.~: : a e A} 

and this is easily seen· to be an algebra. Then the correspondence 

a 4---+ (ae1, ... , aet) 

shows that A is the product of the algebras A~:. Notice that 

1 +-+ (e~, ... ,e~) = (e1t ... ,et) 

under this identification. 

Lemma 4.19 

D 

Let A beak-algebra and e e A be a central idempotent. Then (1- e) is an 
idempotent and the idempotents e, (1- e) are orthogonal. Moreover, Ae is an 
ideal in A which is trivial if and only if e = 0. 

Proof 

We have 

(1 - e)2 = 1 + e2 
- 2e = 1 + e- 2e = 1 - e, 
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and 

e(l -e) = (1- e)e = e- e2 = e- e = 0. 

If a, b E A, then we have 

b(ae) = (ba)e E Ae, (ae)b = aeb =abe= (ab)e E Ae, 

showing that Ae is an ideal. D 

Definition 4.20 

A k-algebra A is 1emi-simple if it is a product of simple algebras AA, 

A= At X ••• X At. 

Proposition 4.21 

A finite dimensional k-algebra A is semi-simple if and only if there are inde­
composable orthogonal central idempotents e1 , .•• , et such that 

e1 + · · · + et = 1. 

Proof 

If A = A 1 x · · · x At with each A, simple, then each of the corresponding 
central orthogonal idempotents e1 must be indecomposable since otherwise Ai 
would have a proper ideal. D 

Example 4.22 

Consider the commutative 2-dimensional Calgebra 

A= {(u,v): u,v e C} 

equipped with the obvious addition but multiplication 

(ut,va)(u2,t'2) = (uau2- Vtt12,UtV2 + VtU2)· 

The unit is 1 = (1, 0). Notice that if we restrict attention to 

Ao = {( u, v) : u, v e R}, 

this is isomorphic to the R-algebra of complex numbers C, using the correspon­
dence 

(u, v) +---+ u +vi. 



4. Alr;ebras. Quaternions and Quaternionic Symplectic Groups 107 

However, A contains the orthogonal idempotents 

e = (1/2, -i/2), 1 - e = (1/2, i/2). 

Hence, 

A = Ae x A(l -e) 

{ ( 
u + vi -ui + v) } { (u -vi ui + v) } = 

2 
, 

2 
: u, v e c x 

2 
, 

2 
: u, v e c . 

Each of the factors here is isomorphic to C as an R-algebra. 

Example 4.23 

Let k be a field and p(x), q(z) E k[z] be coprime polynomials of positive degree. 
Consider the k-algebra A= k(z)/{p(z)q(z)) of dimension 

dimt A= degp(z) + degq(z). 

Then there are polynomials u(z), v(z) e k(z] for which 

u(z)p(z) + v(z)q(z) = 1. 

The polynomials v(z)q(z) and u(z)p(z) satisfy 

(v(z)q(z))2 = v(z)q(z)(l - u(x)p(z)) 

= v(z)q(z) mod (p(z)q(z)) 

and similarly 

(u(z)p{z))2 = u(z)p(z)(l - v(z)q(z)) 

= u(z)p(z) mod (p(z)q(z)), 

so their residue classes 

e1 = v(z)q(z) + (p{z)q(z)), e2 = u(z)p(z) + (p(z)q(z)) 

are idempotents in A for which e1 + e2 = 1. Thus A can be expressed as a 
product 

k(z)/(p{z)q(z)) = k[z)/{p(z)) x k(zJ/(q(z)). 

By Example 4.14, if p(z) or q(x) is irreducible then the corresponding factor 
k[z]/{p(z)) or k[z)/(q(z)) is simple. H both polynomials are irreducible then A 
is semi-simple. 
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Example 4.24 

Let k(G) be the group algebra of a finite group G. Then fork= R or C, k(G) 
is semi-simple. When k = C, indecomposable orthogonal idempotents can be 
written down in terms of the irreducible complex characters of G. These are 
important in the study of finite dimensional representations of G. 

Example 4.25 

Consider C[S3], the group algebra of S3 , the symmetric group on three objects. 
There are three central orthogonal idempotents here and 

C(S3) = A1 x A2 x Aa, 

where A1 D~ A2 ~ C and A3 ~ M2(C). These idempotents can be found using 
character theory and turn out to be 

1 
e1 = 6( 1 + (1 2 3) + (1 3 2) + (1 2) + (1 3) + (2 3) ], 

1 
e2 = 6[ 1 + (1 2 3) + (13 2)- (1 2)- (I 3) - (2 3) ), 

1 
e3 = 6[ 2- (1 2 3) - (1 3 2) ]. 

In fact this also gives a decomposition of JR[S3) since each of these idempotents 
is an element of this Ill-algebra. We obtain 

R[S3) =A~ X A2 X A;, 

where A~ ~ A~ ~ 1R but this time A3 has to be one of the Ill-algebras M2 (1R) 
or nn (it is in fact M2(R)). 

Sometimes it is useful to have methods of deciding whether a k-algebra can 
be a division algebra. Here is one useful criterion that can be applied to show 
that the factor A3 in Example 4.25 cannot be H. 

lemma 4.26 

Let D be a k-division algebra. Suppose that a e D is a root of a polynomial 
/(X) E k(X) which factorises completely into linear factors over k. Then a E k. 

Proof 

Let r~, ... , rd E k be the roots of /(X) ink (with multiplicity), so that 

/(X)= (X- ra) ···(X- rd)· 
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Then since /(a)= 0 and a commutes with elements of k, 

(a- ra) ···(a- rd) = 0. 

For each j = 1, ... , d, either a= rj or we can multiply by (a- ri)-1• If a f; ri 
for all j, then we obtain 1 = 0, hence for at least one value of j we must have 
a=~· 0 

Remark 4.27 

If a k-algebra A is a product A= A1 x · · · x At, then its group of units is also 
a product of groups, 

Ax = Ar x ... x A;. 

So if looking for interesting groups of units in algebras, we only need to con­
sider simple algebras. It turns out that the real Clifford algebras introduced 
in Section 5.1 occur as factors of finite group algebras, for example the spinor 
groups could be found in this way. 

~ot all algebras are semi-simple as the following examples show. To under­
stand them, notice· that if A = A1 x · · · x At is a product of simple algebras 
Ai, then for each k = 1, ... , l, there is a two-sided ideal J" ~A with quotient 
algebra A/ J1c ~ A~c. This provides a useful criterion for determining when an 
algebra is not semi-simple. 

Lemma 4.28 

Let A be a finite dimensional k-algebra and suppose that A has only one proper 
ideal J <1 A for which the quotient A/ J is simple. If J -:/; (0) then A is not semi­
simple. 

Proof 

If A is semi-simple then it must be simple, hence its only proper ideal is (0). 0 

A very general class of examples is furnished by the next result. 

Proposition 4.29 

Let p(X) E k{x] be an irreducible polynomial of positive degree. Then the 
commutative k-algebra A= k[x]/{p(x)m) is 

• simple if rn = 1; 
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• not semi-simple if m > 1. 

Proof 

To see this, first notice that if m = 1, then A is actually a field, hence is a 
simple k-algebra. H m > 1, then the ideal J = {p(x)) <1 k(x)/{p(x)m) is the 
unique maximal ideal in A = k[x)/(p(x)m), where /(x) = /(z) + (p{z)m) is the 
residue class of f(x) modulo (p(x)m). As Aj(p(x)) ~ t[x)/(p(x)) is a field it is 
simple, allowing us to apply Lemma 4.28. 

When m > 1, the group of units can be shown to be 

Ax = k(x)/(p(x)m)x ~ (k[x)/(p{x)))x x (1 + (p(x))), 

where 
1 + (p(x)) = {1 + f(z)p{x) E k(x)/(p(x)m) : f(x) E k(x]} 

is a subgroup of (k(x)/{p(x)m))x. There is an isomorphism of groups 

(1 + (p(x))) ~ k(x]/(p(x)m-l ); 1 + f(x)p(z) +-+ f(x) + (p(z)m-l ), 

giving rise to an isomorphism of groups 

where k(x)/(p(z)m-l) is a group under addition. 

Here is an explicit example of Proposition 4.29. 

Example 4.30 

Let It= IR and A= lll(z]/((x2 + 1)2). Then 

Ax ~ (R(z)/(x2 + 1})x x (1 + (z2 + 1}) 

~ (R(x)/(x2 + 1))x x lll(x)/(x2 + 1). 

Since IR(z)/(z2 + 1) ~Cas R-algebras, we have 

R(x]/((z2 + 1)2))( ~ex X c. 

0 
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4.2 Real and Complex Normed Algebras 

In this section, k = R or C. For a detailed look at normed algebras, see (21, 22). 

Definition 4.31 

Let A be a finite dimensional k-algebra and 11: A ~ R be a function. Then 11 
is a k-nonn and the pair (A, 11) is called a normed k-algebra, if v(a) ~ 0 for all 
a E A and 11 satisfies the conditions 
i) for t E k, a E A, v(ta) = ltl11(a); 
ii) for a, bE A, v(ab) ~ v(a)v(b); 
iii) for a, bE A, 11(a +b) ~ 11(a) + v{b); 
iv) for a E A, 11(a) = 0 if and only if a= 0; 
v) !!(l) = 1. 

Actually, there is a certain amount of variation in the definition of a normed 
algebra, with some authors using the phrase to denote an algebra with a norm 
satisfying 11(ab) ~ 11(a)11(b) for all a, bE A, rather than the weaker requirement 
of Definition 4.31(ii), while others do not insist on condition (v). 

Example 4.32 

For k = R or C, let k[G] be the group algebra of a finite group G. Define 
II : lk(G) ---+' R by 

11(L x9 g) = 
gEG 

Them it is easy to verify that v is a norm on k[G), the most interesting condition 
beir:.1g the submultiplicative identity of Definition 4.3l{ii) which follows from the 
calc~ulation 

"(<:E x9 g)(L 1/hh)) 
2 

= 11 (L x9A-tYh9) 
2 

gEG hEG gEG 
hEG 

= L I L x,A-1JIAI2 

gEG hEG 

' L lx,A-•I2 IYAI2 

gEG 
hEG 

= v(L x9 g)2 v(LYhh)2
• 

gEG hEG 
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Notice that each u e G acts on k(G) by left multiplication preserving 11: 

11(u L x9 g) = 11(L :t9 (ug)) 
gEG gEG 

= 11(L Xu-a 9g) 
gEG 

= 11(L x9g). 
gEG 

Similarly the action by right multiplication preserves 11. Finally, conjugation by 
an element u E G preserves 11 and also gives a k-algebra isomorphism. 

By forgetting the multiplication, a normed k-algebra (A, 11) can be viewed 
as a normed vector space in the sense of Definition 1.51. There is a natural 
metric p, on A for which 

p,(a, b) = 11(a- b) 

which allows us to introduce topological and analytic ideas when studying 
(A, 11). In particular, A is complete with respect to this metric, i.e., all Cauchy 
sequences in A converge. In particular, for each a e A, the exponential series 

00 1 
exp(a) = L k!aA: 

A:=O 

converges. Other analytic constructions generalise to this setting. For example, 
given a function a: (r, s) -+ A, where r, s E R with r < s, we define its 
derivative at t e (r, s) by 

a'(t) = lim hl (a(t +h)- a(t)), 
h~O 

provided this limit is defined. It is straightforward to carry over the ideas of 
Chapters 1 and 3 to this situation. In particular, the group of units A>< C A is 
an open subset and the Lie algebra is equal to A with the Lie bracket defined 
by taking commutators in the algebra A, i.e., 

[z,y] = xy- yx (x,y E A). 

A closed subgroup G ' A>< has a Lie algebra which is an R-Lie subalgebra of 
A. We leave the reader to work through the details. 

If (A, 11) is a normed k-algebra then we can define a version of the operator 
norm 1111 ... on A by 

llall., = sup{11(au): u E A, 11(u) = 1}. 

In general this does not agree with the norm 11. It does provide another normed 
algebra (A, 1111 ... ) with a metric defined by 

p~(a, b) = lla- bll.,. 
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Proposition 4.33 

Let (A, 11) be a normed k-algebra. 
i) The identity map IdA: A --+ A is a homeomorphism of metric spaces 
(A,p.,) --+ (A,p~). 
ii) The left regular representation l: A --+ Mn(k) with respect to any k­
basis { v1 , .•. , Vn} of A gives rise to continuous injections of metric spaces 
(A,p.,)--. (A,IJII) and (A,p~)--. (A,IIIJ). 

Proof 

These results follow from Theorem 1.53 and Corollary 1.54. D 

4.3 Linear Algebra over a Division Algebra 

Throughout this section, let D be a finite dimensional division algebra over a 
field k. 

Definition 4.34 

A (right) D-vector sp4ce Vis a right D-module, i.e., an abelian group with a 
right scalar multiplication by elements of D so that for u, v E V, z, y e D, 

v(xy) = (vx)y, 

v(z + y) = vz + vy, 

(u+v)z = uz+vz, 

vl = v. 

All the obvious notions of D-linear transformations, subspaces, kernels and 
images make sense as do those of spanning set and linear independence over D. 

Theorem 4.35 

Let V beaD-vector space. 
i) V has a D-basis. 
ii) If V has a finite spanning set over D then it has a finite D-basis; furthermore 
any two such finite bases have the same number of elements. 
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Definition 4.36 

A D-vector space V with a finite basis is called finite dimensional and the 
number of elements in a basis is called the dimension of V over D, denoted 
dimo V. 

For n ~ 1, we can view on as the set of n x 1 column vectors with entries 
in D and this becomes a D-vector space with the obvious scalar multiplication 

Zn ZnW 

Proposition 4.37 

Let V, W be two finite dimensional vector spaces over D, of dimensions 
dimo V = m, dimo W =nand with bases {v1, ... , Vm}, {w,, ... , wn}· Then a 
I).. linear transformation <p: V --+ W is given by 

n 

tp(v;) = L Wra,.; 
r=l 

for unique elements a,; E D. Hence if 

then 
1/l 

1/2 

n ~1 On2 

In particular, for V = nm and W = D", every D-linear transformation is 
obtained in this way from left multiplication by a fixed matrix. 

Of course, this is analogous to what happens over a field except that we are 
careful to keep the scalar action on the right and the matrix action on the left. 

Our main interest is in linear transformations which we will identify with 
the corresponding matrices. If 9: :Di --+ om and tp: om --+ D" are D-linear 
transformations with corresponding matrices (9), [VJ], then 

[9)[cp) = [9 0 <p). (4.1) 
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Also, the identity and zero functions ld, 0: om --+ om have [Id) = Im and 
(0) =Om-

Notice that given aD-linear transformation tp: V --+ W, we can 'forget' 
the D-structure and just view it as a k-linear transformation. Given D-bases 
{ VIJ ••• , Vm}, { Wt , ••• , Wn} and a basis { b11 ••• , bd} say for D, the elements 

v,.bt ( r = 1 , ... , m, t = 1, ... , d), 

w.bt (s = 1, ... , n, t = 1, ... , d) 

form k-bases for V, W as k-vector spaces. 
We denote the set of al m x n matrices with entries in D by Mm,n(D) and 

Mn(D) = Mn,n(D). Then Mn(D) is a k-algebra of dimension 

dimt Mn(D) = n2 dim~~; D. 

The group of units Mn(D)x is usually denoted GLn(D). However, for non­
commutative II) there is no determinant function so we cannot define an ana­
logue of the special linear group. However, we can use the left regular repre­
sentation to circumvent this problem. 

Proposition 4.38 

Let A be an algebra over a field k and B C A be a finite dimensional subalgebra. 
HuE B is a unit in A then u-1 E B, hence u is a unit in B. 

Proof 

Since B is finite dimensional, the powers ulc (k ~ 0) are linearly dependent over 
k, so for some tr E k (r = 0, ... , l) with tt ~ 0 and l ~ 1, there is a non-trivial 
relation of the form 

t 
Etru,. = 0. 
r=O 

If we choose k suitably and multiply by a non-zero scalar, then we can assume 
that 

t 

u" - L t,.u,. = 0. 
r=l;+l 

If vis the inverse of u in A, then multiplication by v"+1 gives 

t 
v - L t,.ur-1;-l = 0, 

r=lc+l 
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from which we obtain 
t 

V = L trur-1:-l E B, 
r=lc+l 

hence u has an inverse in B. 0 

For a division algebra D, each matrix A E Mn(D) acts by multiplication 
on the left of D". For any subfield k1 s; D containing k, A induces a (right) 
k1-linear transformation, 

D" --+ D"; x ~---+ Ax. 

If we choose a k 1-basis for D, A gives rise to a matrix AA E Mnd(k1) where 
d = dimt1 Dit1 • It is easy to see that the function 

is a ring homomorphism with ker A= 0. This allows us to identify Mn(D) with 
the subring imA ~ Mnd(kt). 

Applying Proposition 4.38 we see that A is invertible in Mn(D) if and only 
if AA is invertible in Mnd(k1). But the latter is true if and only if detAA ~ 0. 

Hence to determine invertibility of A E Mn(llll), it suffices to consider det AA 
using a subfield k1• The resulting function 

Rdett1 : Mn(D)--+ k1; Rdett1 (A) = detAA, 

is called the k 1-reduced determinant of Mn(D) and is a group homomorphism. 
It is actually true that det AA E k, not just in k1, although we will not prove 
this here. 

Proposition 4.39 

A E Mn(D) is invertible if and only if Rdett1 (A) :F 0 for some subfield k1 CD 
containing k. 

4.4 The Quaternions 

Proposition 4.40 

If A is a finite dimensional commutative Ill-division algebra then either A= R 
or there is an isomorphism of Ill-algebras A ~ C. 
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Proof 

Let a E A. Since A is a finite dimensional R-vector space, the powers of a must 
be linearly dependent, say 

to + t1 a + · · · + tmom = 0 ( 4.2) 

for some t; E IK with m ~ 1 and tm :F 0. We can choose m to be minimal with 
these properties. H to = 0, then 

t1 + t2a + t3a2 + · · · + tmam-l = 0, 

contradicting the minimality of m; so to '#; 0. In fact, the polynomial 

p(X) =to+ t1X + · · · + tmXm E R(X] 

is irreducible. To see this, suppose that p(X) = P1 (X)P2(X); then as A is a 
division algebra, either p1 (a) = 0 or P2(a) = 0, contradicting minimality of m 
if both degp1(X) > 0 and degpz(X) > 0. 

Consider the R-subspace 

• 
R(a) = {L s;eti : s; E R} £ A. 

j=O 

Then R(a) is easily seen to be an R-subalgebra of A and the elements 
1, a, ... , am-I form a basis by Equation (4.2), hence dimR R(a) = m. 

L~t ')' E C be any complex root of the irreducible polynomial 

to+ ttX + · · · + tmXm E R(X) 

(such a root certainly exists by the FUndamental Theorem of Algebra). There 
is an R-linear transformation which is actually an injection, 

m-1 m-1 

cp: R(a) --+ C; cp( L s;~) = L s;~ · 
j=O i=O 

It is ~asy to see that this is actually an R-algebra homomorphism. Hence 
cpiR( o) ~ C is a subalgebra. But as dimR C = 2, this implies that m = 
dima t(a) ' 2. If m = 1, then by Equation (4.2), a E R. If m == 2, then 
.piR(a~ =c. 

So either dimR A = 1 and A = R, or dima A > 1 and we can choose an 
a E A with C ~ R( a). This means that we can view A as a finite dimensional 
C-alg£-!bra. Now for any /3 E A there is polynomial 

q(X) = Uo + u 1X + · · · + utXt E C(X) 

with b ~ 1 and Ut '# 0. Again choosing t to be minimal with this property, 
q(X) is irreducible. But then since q(X) has a root inC, t = 1 and /3 E C. This 
shows that A = C whenever dimR A > 1. 0 
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The above proof actually shows that if A is a finite dimensional R-division 
algebra, then either A = JR. or there is a subalgebra isomorphic to C. However, 
the question of what finite dimensional B.-division algebras exist is less easy 
to decide. In fact, up to isomorphism there is only one other, the skew field of 
quatemion.s (or Hamiltonians after their discoverer William Rowan Hamilton), 
usually denoted H. We will construct Ill as a ring of 2 x 2 complex matrices. 
They provide the first example of a non-commutative Clifford algebra which 
we will define later in Chapter 5. 

Let 

Ill={(_; ;] : z,w E C} C M2(C). 

It is easy to see that His a subring of M2(C) and is in fact an IR.-subalgebra 
where we view M2(C) as an B.-algebra of dimension 8. It also contains a copy 
of C, namely the IR.-subalgebra 

{ [ ~ ~] : z E C} C &1. 

However, H is not a Calgebra since for example 

[
i o] [ o 1] [o i] [ o 1] r i o] [ o 1] r i o] 
0 -i -1 0 = i 0 = - -1 0 l 0 -i ~ -1 0 l 0 -i . 

Notice that if z, w e C, then z = 0 = w if and only if lzl2 + lwl2 = 0. We have 

hence [ -~ ; ] is invertible if and only if [ _: ; ] jl! 0; furthermore in that 

case, 

[ 
z w] -l = [lzl2

: lwl2 

-w '% ur 
lzl2 + lwl2 

which is in Ill. So an element of H is invertible in Ill if and only if it is invertible 
as a matrix. Notice that 

SU(2) ={A E Ill: detA = 1} 'ux. 

It is useful to define on H a norm in the sense of Proposition 1.5: 

I [ 2. w] = det [ z ~] = lzl2 + lwl2
• -w z -iiT z 
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Then 
SU(2) = {A E ID : IAI = 1} ' ax. 

As an R-basis of IHI we have the matrices 

1 =I, . [i ·-- 0 

These satisfy the equations 

i 2 = j 2 = k 2 = -1, ij = k = -ji, k = i = -JY, ki = j = -ik. 

This .should be compared with the vector product on R3 as discussed in Exam­
ple 3.2. From now on we will write quaternions in the form 

q =xi+ yj + zk + tl (x,y,z,t e Ill). 

q is a pure quatemion if and only if t = 0; q is a real quatemion if and only 
if x = y = z = 0. We can identify the pure quaternion xi+ yj + zk with the 
element xe1 + ye2 + ze3 E R3 • Using this identification we see that the scalar 
and vector products on IR.3 are related to quatemion multiplication as in the 
following result. 

Proposition 4.41 

In particular, q1 q2 is a pure quaternion if and only if q1 and q2 are orthogonal, 
in which case q1112 is orthogonal to each of them. 

The next result describes the general solution of the equation X 2 + 1 = 0 
in IHI. 

Proposition 4.42 

The quaternion q =xi+ yj + zk + tl satisfies q2 + 1 = 0 if and only if t = 0 
and z 2 + y2 + z 2 = 1. 

Proof 

This easily follows from Proposition 4.41. 0 
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There is a quaternionic analogue of complex conjugation, namely 

q = zi + yj + zk + tl ......-+ q = q• = -zi - yj - zk + tl. 
This is 'almost' a ring homomorphism ID --+ H, in fact it satisfies 

(ql + q2) = ql + q2; 

(qlq2) = q2ql; 
1j = q <==> 

q = -q <===> 
q is a real quaternion; 

q is a pure quaternion. 

{4.3a) 

(4.3b) 

(4.3c) 

(4.3d) 

Because of Equation ( 4.3b) this is called an anti-homomorphism of skew rings 
or ring anti-homomorphism. The inverse of a non-zero quatemion q can be 
written as 

-1 1 q 
q = (qq) q = (qq)" (4.4) 

The real quantity qq is the square of the length of the corresponding vector, 

lql =,fiji= Jx2 + y2 + z2 + t2. 

For z = with u, v E Ill, z = ul - vi is the usual complex conjugation. 
In terms of the matrix description of H, quaternionic conjugation is given 

by hermitian conjugation, 

To simplify notation, from now on we will write 

1 1 
. . . . 

= ' I =I, J = J, k=k. 

4.5 Quaternionic Matrix Groups 

The above norm I I on H extends to a norm on H", viewed as a right H-vector 
space. We can define a quaternionic inner product on IHI by 

n . ~-
X · y = X y = L- XrYr, 

r=l 

where we define the quaternionic conjugate of a vector by 

• 

= [zt ~2 · • • Xn] . 
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Similarly, for any matrix (ai;) over &I we can define [ai;]• = (a;i]. 
The length of x e H" is defined to be 

n 

lxl = ,;x;x = L lzrl2
• 

r=l 

We can also define a norm on Mn(ID) by the method used in Section 1.2, i.e., 
for A E Mn(ID), 

IIAII = sup { 
1~1 : o # x e or} 

The analogue of Proposition 1.5 holds for II II and the norm I I on &1, although 
statements involving scalar multiplication need to be formulated with scalars 
on the right. There is also a resulting metric on Mn (ID), 

(A, B) t------+ IIA- Bll, 

and we can use this to do analysis on Mn(ID). The multiplication map 

Mn(H) X Mn(H)--+ Mn(ID) 

is again continuous, and the group of invertible elements GLn(ID) C Mn(ID) 
is actually an open subset. This can be proved using either of the reduced 
determinants 

Rdeta: Mn(H) ---+ R, Rdetc: Mn(ID) --+ C, 

each of which is continuous. By Proposition 4.39, 

GLn(ID) = Mn(H) - Rdet;1 0, 

GLn(H) = Mn(H) - Rdetc1 0. 

(4.5a) 

(4.5b) 

In either case we see that GLn(ID) is an open subset of Mn(ID). It is also possible 
to show that the two embeddings 

bave closed images. So GLn(ID) and its closed subgroups are real and complex 
matrix groups. 

Definition 4.43 

The n x n quatemionic symplectic group is 

Sp(n) = {A e GLn(ID} : A• A= I} ~ GLn(ID). 
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Then Sp{ n) is easily seen to satisfy 

Sp(n) ={A E GLn(lll): Vx,y E II", Ax· Ay = x · y}. (4.6) 

Hence we have the following proposition. 

Proposition 4.44 

The Lie algebra of Sp(n) is 

sp(n) = {a E Mn{H) :a·= -a} 
and this has dimension 

dimSp(n) = dimasp(n) = 2n2 + n. 

Proof 

The equation a· = -a has solution space of dinension 

in Mn(H). 0 

These groups Sp(n) form another infinite fanily of compact connected ma­
trix groups along with familiar examples such as SO(n), U(n), SU(n). There 
are further examples, the spinor groups Spin(n) whose description involves the 
real Clifford algebras Cln. 

4.6 Automorphism Groups of Algebras 

Let A be a finite dimensional k-algebra. We CUl view A as a k-vector space 
and consider its general linear group G~(A). 

Definition 4.45 

The group of k-algebra automorphisrru of A is 

Autk{A) = {Q E GLt{A) :a is an alg«bra automorphism}. 
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It is easy to see that Aut.(A) is a group and Autt(A) ~ GLt(A). 
If A has an algebra norm v then by Theorem 1.53, we can give GLtr(A) and 

hence Aut.(A), the metric associated to the operator norm 1111., introduced in 
Section 1.8. Using these metrics we obtain the following propositions. 

Proposition 4.46 

Autk(A) is a closed subgroup of G4t(A), hence is a matrix subgroup. 

Proof 

Here is one approach. Choose a basis { v1, .•• , 1Jn} for A and use this to identify 
A with kn and then produce an isomorphism of matrix groups GLt(A) --+ 
GLn(k) as in Proposition 1.56. 

Let p: kn x kn --+ kn be the k-bilinear map corresponding to the product 
A. Then for a E GLn(k), the condition that it corresponds to an element of 
Aut.(A) is that 

IJ o (a x a) = a o p, 

and writing a= [Bi;], this amounts ton polynomial equations for the eli;- By 
the sort of considerations we used to identify matrix subgroups in Chapter 1, 
this shows that Aut~~:( A) ' GLn(k) is a closed subgroup. D 

Example 4.47 

Consider A = Cas an R-algebra. Then Auta(C) = {Ide,()), where() denotes 
complex conjugation. 

Proof 

Let a: C --+ C be an R-algebra automorphism. Every complex number z has 
the form z = z + yi with z, y E R, hence 

a(z) = a(z + yi) = o(z) + o(y)a(i) = z + ya(i). 

So it suffices to determine a(i). But applying a to the equation i 2 + 1 = 0, we 
obtain 

a(i)2 + 1 = 0, 

so o(i) = ±i. Hence either a= Ide or a= (1. 0 

This example is rather simple because the algebra is commutative. Non­
:ommutative algebras have lots of automorphisms obtained using conjugation 



124 Matrix Groups: An Introduction to lie Group Theory 

in the group theoretic sense. Let u e Ax be a unit in the k-algebra A. The 
function 

Xu: A--+ A; Xu(a) = uau-1 

is clearly a k-linear isomorphism. It is also easy to check that for a, b E A and 
t E k, 

Xu(ab) = Xu(a)xu(b). 

Hence Xu is a k-algebra automorphism of A. 

Definition 4.48 

An automorphism o of the k-algebra A is called an inner automorphism of A 
if it has the form Xu for some unit u E Ax. The inner automorphisms form a 
subgroup lnnt(A) ~ Aut.(A). Automorphisms which are not inner are called 
outer automorphisms. 

Of course, if A is commutative, the only inner automorphism is the identity 
IdA. For the R-algebra of complex numbers, complex conjugation ()is an outer 
automorphism. The construction of inner automorphisms defines a function 

x: Ax --+ Aut~~;(A); u .......-+Xu· 

The proof of the next result is left as an exercise. 

Proposition 4.49 

Let A be a finite dimensional k-algebra. 
i) The function x: Ax --+ Aut~~:(A) is a continuous group homomorphism, with 
kernel and image 

kerx = Z(Ax) =the centre of Ax, imx = lnot(A) 'Autt(A). 

ii) The subgroup of inner automorphisms Inn.(A) ~ Autt(A) is a closed normal 
subgroup, hence Inn~r;(A) is a matrix group. 

Definition 4.50 

For a finite dimensional k-algebra A, the outer automorphism group is the 
quotient group 

Out.(A) = Aut~r;(A)/ Innk(A). 

This has a natural quotient topology, which we discuss in Section 8.1. 
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Example 4.51 

Let A= Mn(k). Then 

lnnt(Mn(k)) = GLn(k)/{zln: z E kx} = PGLn(k), 

the n x n projective linear group. 

Example 4.52 

For the R-algebra of quaternions H, 

Auta(H) = Inna(H) ~ S0(3). 

Proof 

Let a E Auta(H). Then by Propositions 4.41 and 4.42, a(i),a(j),a(k) are pure 
quaternions satisfying 

a(i)2 = a(j)2 = a(k)2 = -1, a(i)a(j) = a(k). 

In particular, viewed as elements of the real vector space IR3 with usual basis 
e1 = i, ~ = j and ea = k, these vectors form an orthonormal basis, hence 
there is an orthogonal matrix A e 0(3) for which 

o(i) = Ai, a(j) =A, a(k) = Ak. 

It is even true that det A = 1 since in terms of the vector product X we have 

a(i)a(j) = a(i) x a(j), 

and it is standard that for a pair of orthonormal vectors u, v, the triple 
u, v, u x v is a left-handed orthonormal basis. Thus a is equivalent to a special 
orthogonal matrix A e S0(3) acting on IR3 viewed as the pure quaternions. 

To see that such an automorphism is actually inner, recall that in Sec­
tion 3.5 we defined a surjective group homomorphism Ad: SU(2) -+ S0(3). 
Careful comparison of the definitions of Ad and x restricted to the subgroup 
of H)( consisting of unit quaternions shows that these are essentially the same 
mapping. Hence o E lnna(lll). 

So Auta(H) = Inna(DI) ~ 80(3) as claimed. D 

Remark 4.53 

Suppose that A is a finite dimensional simple k-algebra where k is actually the 
centre of A, i.e., 

k = {z E A : Va E A, az = za}. 
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Then the important Noether-Skolem Theorem asserts that Autt;(A) = lnnt(A), 
or equivalently that Outt(A) = {1}. This is true for all division algebras and 
matrix algebras over a division algebra, which gives a more theoretical explana­
tion for part of Example 4.52 and also shows that in Example 4.51 we actually 
have Autt(Mn(k)) ~ PGLn(k). 

EXERCISES 

4.1. Recall Example 4.25. Show that in IR(S3), the summand 

A;= IR(Ss]es = e3R(Ss] 

contains at least 4 elements of order 2. Deduce that A~ cannot be 
isomorphic to H as an R-algebra. 

4.2. H k = IR or C, let (A, v) be a normed k-algebra. Consider the set 

A: = {u E Ax : v(u) = 1 = v(u-1 )}. 

a) Show that A~ C A is a compact subset with respect to the metric 
associated with 11. 

b) Show that A: is a subgroup of Ax. 
c) Find A: in each of the following cases and determine its Lie 
algebra as a Lie subalgebra of A with its usual bracket: A = C, 
A= Ill, A= Mn(k). 

4.3. Show that for r E R, in the real division algebra of quaternions Ill, 
the equation x2 = r has 

• two solutions if r > 0; 

• infinitely many solutions if r < 0 and these are all pure quater­
mons. 

A good question to consider after reading Chapter 5 is whether this 
result generalises to an arbitrary Clifford algebra Cln· 

4.4. Using the bases {1, i,j, k} of lila over IR and {l,j} of He over C, 
determine the reduced determinants Rdeta: GLn (H) --+ R x and 
Rdetc: GLn(H) --+ ex for small values of n. 

4.5. a) Verify that Mn(lll) is complete with respect to the norm II 11-
Use this to define an exponential function exp: Mn(H) --+ GLn(B) 
with properties analogous to those for the exponential functions on 
Mn(R) and Mn(C). 
b) When n = 1, determine exp(q) using the decomposition q = r+stt 
with r, s E Rand u a pure quaternion of unit length lui= 1. 
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4.6. For each of the following matrix groups G, determine the Lie algebra 
g and dimension dim G. 
a) G = GLn(H). 
b) G = Spn(H). 
c) G = ker Rdett: GLn(H) --t kx, where k = R, C and n is small. 
d) G = kerRdett: Sp(n) --t kx, where k = R,C and n is small. 

4. 7. The group of unit quaternions 

Sp( 1) = { q e H : lql = 1} 

has an IR-linear action on H given by 

q · :t = qxq-1 = q:tq (:t E H). 

a) By identifying Ill with R4 using the basis {i,j,k,1}, show that 
this defines a Lie homomorphism Sp(l)--+ 80(4). 
b) Show that this action restricts to an action of Sp(l) on the space 
of pure quatemions and by identifying this with R3 using the ba­
sis {i,j, k}, show that this defines a surjective Lie homomorphism 
Q: Sp(l)--+ S0(3). Show that kera = {1, -1}. 

4.8. & Using the surjective homomorphism Q: Sp(1)--+ S0(3) of the 
previous question, for a subgroup G' 50(3) set 

G = Q-lc = {g E Sp(l): a(g) E G} ~ Sp(1). 

From now on assume that G is finite. 
a) Determine the order of G. 
b) Show that the order of the centre of G, Z(G), is even. 
c) If G contains an element of order 2, show that the group homo­
morphism a: G --+ G is not split in the sense that there is no group 
homomorphism {3: G --+ G for which Q o {3 = Ida. 

G IJ G 

~Ja 
G 

d) Show that Q8 = {±1, ±i, ±j, ±k} is a subgroup ofSp(l) and find a 
geometric interpretation as a group of symmetries for aQs ~ S0(3). 
Generalise this by considering for each n ~ 2, 

Q2n = { e2•ir/n : r = 0, ... , n- 1} U { e27rl.r/nj : r = 0, ... , n- 1}. 
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e) Show that the set T 24 consisting of the 24 elements 

±1, ±i, ±j, ±k, ~(±1 ± i ± j ± k), 

is a subgroup of Sp(l) and find a geometric interpretation for the 
group aT24 ' S0(3). 
f) Lh Lh Let Ieos be a regular icosahedron in R3 centred at the 
origin. The group of direct symmetries of Ieos is known to be iso­
morphic to the alternating group, Symm+(leos) ~ A5 . Determine 
o-1 Symm+(lcos) ~ Sp(l). 

(This requires a good way to view the icosahedron relative to the 
x, y, z-axes. The resulting subgroup of Sp(l) is called the binarJJ 
icosahedral group since it provides a double covering of the symme­
try group Symm+(leos). It also provides a non-split double covering 
As~ A5 of the simple group A5.) 

4.9. Lh& a) Show that for each n ~ 1, 

dimSp(n) = Symp2n(R). 

b) Notice that there are embeddings Symp2n(R) ~ GL2n(C) and 
Sp(n) ~ Gkn(C), hence sp(n)c ~ 8~n(C) and ll)mp2n(R)c ' 
g~n(C). Show that as C-Lie algebras 

sp(n)c e! lt}mp2n(R)c. 

4.10. Prove Proposition 4.49. 



5 
Clifford Algebras and Spinor Groups 

In this chapter, we generalise the quaternions by studying the real Clifford 
algebras, and our account of these is heavily influenced by the classic paper 
of Atiyah, Bott & Shapiro [3]; Porteous (23, 24) also provides an accessible 
description, as does Curtis [1) but there are some errors and omissions in that 
account. Lawson & Michelsohn (19] provides a more sophisticated introduction 
which shows how central Clifford algebras have become to modern geometry 
and topology; they also appear in Quantum Theory in connection with the 
Dirac operator. There is also a theory of Clifford Analysis in which the field 
of complex numbers is replaced by a Clifford algebra and a suitable class of 
Clifford analytic functions generalising complex analytic functions is studied; 
motivation for this is provided by the above applications. The groups of units 
in Clifford algebras contain the spinor groups which we define and also show 
how they provide double coverings of the special orthogonal groups. 

We restrict attention to real Clifford algebras associated to positive definite 
inner products on an. There are also complex and indefinite Clifford algebras 
discussed in [3, 19, 23, 24). 

129 
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5.1 Real Clifford Algebras 

The sequence of real division algebras R, C, H can be extended by introducing 
the (real) Clifford algebra~ Cln for n ~ 0, where the first few satisfy 

Clo = R, Cl1 ~ C, CI2 ~Ill, 

as R-algebras. 
We begin by describing Cln as an R-vector space and define the product in 

terms of a particular basis. There are elements e1, e2 , ••• , en E Cln for which 

{
e,er = -e,e,. 

e2- -1 r- . 

ifs-:J;r, 
(5.1) 

Moreover, Cln has an IR-basis consisting of the elements ei1 ei2 • • • e4 corre­
sponding to increasing sequences 1 ~ i 1 < i 2 < · · · < i,. ~ n with 0 ~ r ' n. 
Thus 

(5.2) 

When r = 0, the element ei1 ei2 • • • ei. is taken to be 1. 
Doing calculations with these basis elements is easy as the following example 

illustrates. 

Example 5.1 

Let i,j, k, t be distinct numbers in the range 1 ton. Then 

Proof 

Repeatedly using the relations of (5.1) we obtain 

D 

Proposition 5.2 

There are isomorphisms of R-algebras 

Ch e! C, Cl2 ~ H. 
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Proof 

For Ch, the function 

Cia --+ C; x + ye1 ~ x + yi (x,y E R), 

is an R-linear ring isomorphism. 
Similarly, for Cl2, the function 

Ch --+ B; tl + xea + ye2 + zeae2 ~---+ tl + zi + yj + zk (t, z, y, z E R), 

is an R-linear ring isomorphism. 0 

We can order the basis monomials in the er by declaring ei1 ei2 • • • fi,. to be 
numbered 

1 + 2i·-· + 2i2-l + ... + 24-1' 

which should be interpreted as 1 when r = 0. Every integer k for which 1 ' 
k ~ 2n has a unique binary e2:pamion 

where each k; = 0, 1. This provides a one to one correspondence between such 
numbers k and the basis monomials of Cln. Here are the orderings of the bases 
for the first few Clifford algebras. 

Ch l,e1 
Cl2 l,e.,e2,e1e2 
Cl3 1,e.,e2,ete2,e3,eae3,e2e3,eae2e3 

Using the left regular representation over R associated with this basis of 
Cln, we can realise Cln as a subalgebra of M2• (R). 

Example 5.3 

For Cia we have the basis { 1, e1 } and find that 

[
0 -11 

p(l) = 12, p(et) = 1 oj ' 

while the general formula is 

(x,y E R). 
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Applying p to the basis {l,e~,e2,e1e2} we obtain the following elements in 

M4(R): 

0 -1 0 0 

p(l) = 14, p(e1) = 1 0 0 0 
0 0 0 -1 

, 

0 0 1 0 

0 0 -1 0 0 0 0 -1 

p(e2) = 0 0 0 1 
p(e1e2) = 0 0 -1 0 

1 0 0 0 ' 0 1 0 0 
. 

0 -1 0 0 1 0 0 0 

In all cases the matrices p( e;. ei2 • • • ea,.) are generalued permutation matrices 
all of whose entries are 0, ± 1 and exactly one non-zero entry in each row and 
column. These are always orthogonal matrices of determinant 1. 

The Clifford algebras Cln are characterised by an important universal prop­
erty. First notice that there is an R-linear transformation 

in: R"-+ Cln; in (txrer) = txrer, 
r=l r=l 

for which 

(5.3) 

Theorem 5.4 (Universal property of a Clifford algebra) 

Let A be an R-algebra. If I: R" -+ A is an R-linear transformation for which 

/(x)2 = -lxl21 (x e an), 

then there is a unique homomorphism of R-algebras F: Cln ~ A for which 
F o in= f, i.e., for all x E R", F(jn(x)) = /(x). 

This can be indicated in the following commutative diagram 

an 

:/"Z. 
Cln ·············3!·:;:.············,.. A 

in which '3! F' stands for 'there exists a unique F' and the dotted arrow 
indicates a function F which solves the following equation amongst functions, 
Fojn =f. 
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Proof 

The homomorphism F: Cln ~ A is defined by setting F(er) = f(e,.) and 
showing that it extends it to a ring homomorphism given on basis monomials 
by 

F(e,, · · · e4) = /(ei1 ) • • • f(ei,.)· 

The details are left as an exercise. 

Corollary 5.5 

0 

Let U be an R-algebra and j: R" ~ U be an R-linear transformation for 
which 

j(x)2 = -lxl21 (x e R"). 

Suppose that U and j have the universal property enjoyed by Cln. 

If Au an R-algebra and h: IR" ~Au an R-linear trumfornaationfor which 

then there u a unique homomorphism o/IR-algebms H: U ~ A stJtUJying 
H 0; = f, i.e., for all X e R", HU(x)) = h(x). 

Then there is a unique IR-algebra isomorphism • : Cln ~ U which satisfies 
iRojn=j. 

Proof 

The algebra homomorphism •: Cln ~ U is constructed using the universal 
property Cln applied to the linear transformation j: R" ~ U. On the other 
hand, applying the uni~sal property of U to j,.: R" ~ Cln, we obtain 
an algebra homomorphism 9: U ~ Cln. These homomorphisms satisfy the 
equations 

• 0 in = j, a 0 j = in· 
Notice that the following equations also hold: 

a 0. 0 in = e 0 i = in, • 0 9 0; = • 0 in = ;. 

By the uniqueness part of the universality of Cln applied to the linear trans­
formation in : an ~ Cln together with the identity Idea .. o in = in, we have 
9o. =Idea ... Similarly, combining the uniqueness part of the universality of U 
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applied to the linear transformation j : llln -+ U with the identity Idu o j = j, 
we obtain~ o e = ldu. 

an 

<: v:~ 
Cln ;,:,::: .. -... ~ U ........... * Cln 

Idc1,. 

Hence~ is an algebra isomorphism with inverse ~-1 =a. 0 

This uniqueness up to isomorphism is an important characteristic of objects 
satisfying such universal properties. Another example we discuss is that of the 
quotient topology, see Proposition 8.3 and Corollary 8.4. 

Example 5.6 

There is an R-linear transformation 

oo: Rn-----. Cln; oo(x} = -in(x) =in(-x). 

Then in Cln, 
ao(x)2 =in( -x)2 = -lxl2

, 

so by Theorem 5.4 there is a unique algebra homomorphism o: Cln ______. Cln 
for which 

aUn(x)) = oo(x}. 

Since in ( er) = er, this implies that 

o(er) = -er. 

Notice that for 1 ~ i 1 < i2 < · · · < i, 'n, 

( ) ( 
, { ei1 e;2 • • • ei. if k is even, 

o ei1 ei2 • • • ei. = -1) ei1 e;2 • • • ei• 
-ei1 ei2 • • • ei. if k is odd. 

It is easy to see that a is an isomorphism and hence an automorphism, often 
called the canonical automorphism of Cln. 

We record the explicit forms of the next few Clifford algebras. Consider the 
R-algebra M2(H) of dimension 16. There is an R-linear transformation 

B.a: R" -+ M2(H}; 

6 ( } [
xli+z2j+x31c x4k ] 

.a z1e1 + x2e2 + z3e3 + x.ae.c = ..... L ...... ~ x1i+x2j-z3k · 
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Direct calculation shows that 9.c satisfies the condition of Theorem 5.4, hence 
there is a unique R-algebra homomorphism e4 : Cl4 --+ M2(H) for which e4 o 

j 4 = 94 • It can be shown that this is an isomorphism of R-algebras, so 

Since R C llt.2 C R3 c Jll4, we obtain compatible injective homomorphisms 

which turn out to have images 

ime1 = {zl2: z E C}, 

ime2 = {ql2: q E H}, 

im 9s = {[~ !] : 0.0 E H} . 
This shows that there is an isomorphism of R-a.lgebras 

Cl3~HxH, 

where the latter is the direct product of Definition 4.8. By direct calculation, 
we also obtain 

Cis ~ M.c(C}, Cla e! Ma(R), CiT~ Ms(R) x Ms(R). 

These results are summarised in Table 5.1, whose last column gives their di­
mensions. 

Clo Ill 1 
Ch c 2 
Cl2 H 4 
Cl3 HxH 8 
Ct. M2(1«) 16 
Cis Mt(C) 32 
Cis Ma(R) 64 
CIT Ma (R) x Ma (Jll) 128 
Cla M1e(R) 256 

Table 5.1 The first 8 Clifford algebras 

To go beyond this we use the following periodicity result, in which Mm ( Cln) 
:motes the ring of m x m matrices with entries in Cln. 
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Theorem 5.7 

For n ~ 0, 
Cln+B ~ Mus(Cln)· 

We will not give the proof but note that it involves the useful observation 
that for a unital ring R, there is an isomorphism of rings 

Mm(Mn(R)) ~ Mmn(R), (5.4} 

obtained by expressing each m x m matrix of n x n matrices as an mn x mn 
matrix. Thus we obtain for example 

Cho ~ Mus(H), 

Cl12 ~ M1e(M2(B)) ~ M32(H), 

Ch.c ~ Mus(Ms(R)) ~ Mns(R). 

In the next section we will make use of some more structure in Cln. First 
there is a conjugation (): Cln -+ Cln defined by 

whenever 1 ' i 1 < i 2 < · · · < i, ~ n, and satisfying 

z + 11 = ~ + fi, 
tztx, 

for z, y e Cln and t e II. Notice that if n > 1, [) is not a ring homomorphism 
since whenever r < s, 

However, it is a ring anti-homomorphism in the sense that for all z, y E Cln, 

!Ji = fi~ (z, II E Cln)· (5.5) 

When n = 1 or 2, f) agrees with the conjugations already defined in C and H. 
Second there is the canonical automorphism a: Cln -+ Cln defined in 

Example 5.6. We can use a to define a ±-grading on Cln: 

Cl! = {u e Cln: a(u) = u}, CI; = {u e Cln: a(u) = -u}. 
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Proposition 5.8 

i) Every element v E Cln can be uniquely expressed as v = v+ + v- with 
v+ E Cl! and v- E CJ;. Hence Cln = Cl! E9 Cl; as an R-vector space. 
ii) This decomposition is multiplicative in the sense that 

{
uv e Cl! if u, v E Cl! or u, v E Cl;, 

uv, vu E Cl! if u E Cl! and v E Cl;. 

Proof 

(i) The elements 

v+ = ~(v + a(v)), v- = ~(v- a(v)), (5.6) 

satisfy o(v+) = v+, a(v-) = -v- and v = v+ + v-, hence v+ e CI! and 
v- e Cl;. On the other hand, if v = v' + v" with v' E Cl! and v" E CI;, then 
a(v) = v'- v" and so 

1 
2cv + a(v}) = v', 1 

2cv- a(v)) = v". 

So this expression is the only one with such properties and therefore defines 
the stated vector space direct sum decomposition. 
(ii) This is easily checked using the fact that a is a ring homomorphism. D 

Notice that for bases of Cl! we have the monomials 

{ 
eJ, · · · ej2 .. E CJ! (1 'it < .. · < hm ' n), (S.7) 

ej, · · · ei2m+• E CI; (1 'i1 < · · · < i2m+l ' n). 

For later use, it is useful to record the following identity which holds for all 
U E Cln: 

a(ti) = a(u). (5.8) 

This is verified by checking that it holds on the monomial basis in the ei. 

Remark 5.9 

It is worth noting that the composite of a and 0 (in either order) is another 

anti-homomorphism of Cln; then Id, a, (} and li' = a on form a finite group 
of order 4 which is not cyclic since the square of every element is the identity. 
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Finally, we introduce an inner product · and a norm I I on Cln by defining 
the distinct monomials ei, e,2 • • • e,. with 1 ~ i1 < i2 < · · · < i• ~ n to be an 
orthonormal basis, i.e., 

{ 
1 if t = k and iT = jT for all r, 

(e· e· ·· ·e· ) · (eJ ei · ··ei) = 
•• '2 •• • 2 ' 0 otherwise, 

and 
lzl = ..fZ7Z. 

We leave it to the reader to check that II is a norm. Perhaps a more illuminating 
way to define the inner product · is by using the formula 

1 
U·V = 2Re(tiv+Uu), (5.9} 

where for w e Cln we define its real part Re w to be the coefficient of 1 when 
w is expanded as an R-linear combination of the basis monomials e,. · · · e,,.. It 
is easily verified that for any u, v e Cln and w e inRn, 

(wu) · (wv) = Jwl2 (u ·v). (5.10) 

In particular, when (wl = 1 left multiplication by w defines an R-linear trans­
formation on Cln which is an isometry. The norm II gives rise to a metric on 
Cln which makes the group of units Cl~ into a topological group and the above 
embeddings of Cln into matrix rings are then continuous, so Cl~ is a matrix 
group. Unfortunately, these embeddings are not norm preserving in general. 
For example, 2 + e1e2e3 e Cl3 has 12 + e1e2e3( = VS, but the corresponding 
matrix in M8 (R) has norm ../3. However, by defining for each w E Cln 

llwll =sup {lwzl: z E Cln, lzl = 1} =max {lwzl: z E Cln, lzl = 1}, 

we obtain another equivalent norm on Cln for which the above embedding 
Cln _. M2• (R) does preserve norms. For w E inR" we do have llwll = lwl and 
more generally, for Wl' .•• 'Wi e inRn' 

For z, y e Cln, 

without equality in general. 
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5.2 Clifford Groups 

Using the injective linear transformation in : R" ~ Clra we can identify II" 
with a subspace of Cln, i.e., 

n n n 
LXrer +-+ in(LXrer) = LXrer. 
r=l r=l r=l 

From now on we do this without further comment, writing elements as x E R" 
rather than x. 

Notice that R" C Cl;, so for x E IR", u E CI! and v E Cl;, 

xu, ux E CI;, n, vx e CI!. (5.11) 

Definition 5.10 

For n ~ 1, the Clifford group r n is the subgroup 

r n = {u e Cl~ : Vz e lin, o(u)zu-1 e R"} 'C~. 

Notice that RX ~ r n is a normal subgroup and is the centre of r n• Also for 
any non-zero u e R" and x e R" it is easily seen that o(u)zu-1 e R", hence 
u Ern. 

Proposition 5.11 

r n is a closed subgroup of c~. 

Proof 

There is a continuous action 

c~ X Cln ~ Cln; (u, v) = o(u)vu-1• 

Notice that for each u e Cl~ , the function 
\ 

Cln ~ Cln; v t---+ o(u)vu-1
, 

is a linear isomorphism. Since R" C Cln is an R-subspace, it is closed and so 
by Section 1.9, its stabiliser 

is a closed subgroup of Cl~. But this stabiliser is clearly r n. 0 
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Since we already know that Cl~ is a matrix group we have the following 
corollary. 

Corollary 5.12 

For n ~ 1, r n is a matrix group. 

Proposition 5.13 

For u E r "' o(u) and tl are also in r n· 

Proof 

For u E r n and x E R", a(z) = -x = z E R". By Equations (5.8) and (5.5) 
together with the fact that a o a = ld, we have 

and 

a(o(u))za(u)-1 = a(a(u))o( -z)a(u)-1 

= a(a(u)(-z)u-1) e R", 

a(ti)zu1 = a(ti)( -z) u-1 

= O(U)Fx)? 
= u-1(-z)o(u) 

= o(o(u-1)o(-x)u) E R", 

since R" is closed under o, 0 and Po(u·•)· D 

For each u E C~ , we can restrict the function Cln --+ Cln of this proof to 

Pu: II" --+ IR"; Pu(v) = a(u)vu-1 . 

Proposition 5.14 

For each u E r "'the function Pu: II" --+ IR" is an R-linear isometry. 
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Proof 

For any z e Ill", 

1Pu(z)l2 = -pu(z)2 

= -(( -u)zu-1 )2 

= -(-u)zu-1(-u).zu-1 

= -uz2u-1 

= ulzl2u-1 

= lz12. 

Hence IPu(z)l = lzl for all z e Ill". 
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This means that for u E r n, if we express Pu in terms of the standard basis 
{ e1, ••• , en}, then we have Pu e O(n ). Hence there is a group homomorphism 

p: r n --+ O(n); p(u) = Pu· 

In fact, p is also continuous. We also need to identify the kernel of p. 

Proposition 5.15 

ker p = R x = { tl : t E Ill, t # 0}. 

Proof 

Suppose that u e leer p. Then for every X e Ill", o(u)zu-1 = x, i.e., o(u)z =xu. 
Writing u = u+ + u- with u:l: e Cl!, we have 

u+z = zu+, 

-u-z =xu-. 

For each r = 1, ... , n, we can write 

+ + + b-u =a,. e,.,., - - + b+ u =a,. e,.,., 

(5.12&) 

(5.12b) 

where a~, b~ e Cl! do not involve e,. in their expansions in terms of the 
monomial bases of Equation (5. 7). 

On taking z = e,., by Equation (5.12a) together with the identities 
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we obtain 

Now by comparing the parts involving or not involving er we find that b; = 0. 
Similarly, Equation (5.12b) gives 

-a-e + b+ - -a-e - b+ r r ,. - r r rt 

from which we obtain b-: = 0. So we have u+ = a-: and u- = a;, showing that 
neither of these involves er· But as this is true for all values of r, we must have 
u- = 0 and u+ = tl for some t e R, hence u = tl. 0 

Proposition 5.16 

For u E r "'uti E Rx and iiu =uti. If vErn as well, then 

uv mJ = uuW. 

Proof 

For u E r "' uu Ern by Proposition 5.13. We will show that uti' e ker p. 

Let z e R". Then using the notation a= a o IT = f) o a of Remark 5.9 we 
have 

since a(~) = z. Hence 

Puv(z) = a(uu)z(uu)-1 

=a(u)a(u)zu-1u-1 

= a(u) { a(u)zu-1) u-1 

= a(u)a {ti~a(u-1)) u-1, 

Puv(z) = a(u)a {a(u-1)zu) u-1 

= a(u)a ( -a(u-1)zu) u-1 

(since y = -y for 11 E Rn) 

= a(u) (a(u-1)zu) u-1 

(since O(JI) = -y for II e R") 

= a(uu-1 )z{uu-1) = z. 
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Thus Puu(z) = z. We also have 

since uu e R. )( , hence uu = uti. 
If v e r "'then 

uviW = uvUu = uuvu, 

since vU e R. )( and so commutes with every element of Cln. 

Proposition 5.17 

The function 
II: f n --+ R.)(; 11(u) =Uti 

is a continuous group homomorphism. 

Proof 

Notice that if u e r "' 
lul2 = Re(iiu) = Re(uu) = uu = 11(u), 
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hence 11 is continuous and always takes positive values. Proposition 5.16 implies 
that it is a group homomorphism. D 

We will study the kernel of 11 more thoroughly in the next section. 

5.3 Pinor and Spinor Groups 

In this section we will describe for each n ~ 1, the compact connected apinor 
group Spin(n) which is a group of units in the Clifford algebra Cln. Moreover, 
there is a surjective Lie homomorphism Spin(n) -+ SO(n) whose kernel has 
two elements. We will first introduce the pinor group Pin(n) which has two 
connected components, one of them being Spin(n). 

Definition 5.18 

For n ~ 1, the pinor group Pin{n) is the kernel of II: r n --+ R. X • 

Notice that Pin{n) is a closed subgroup of r n ~ Cln and is a bounded subset 
with r~pect to the metric induced from the norm II, hence it is compact. 
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Definition 5.19 

For n ~ 1, the spinor group Spin(n) is 

Spin(n) = Pin(n) n CI! ~ Pin(n). 

The restriction of a to a function a: Pin( n) -+ Pin( n) is a continuous 
group homomorphism for which 

{u e Pin(n): a(u) = u} = Pin(n) n CI!, 

hence Spin(n) ~ Pin(n) is a closed subgroup. Later we will see that it is also a 
normal subgroup. 

Our principal goal in this section is to show that the restricted homomor­
phism p: Pin(n) -+ O(n) is surjective and Spin(n) = p- 1 SO(n). We will do 
this by showing that Pin(n) is generated by certain elements u E R" for which 
Pu is a reflection. 

Within IR." ~ Cln is the unit aphere 

n n 

sn-1 = {x E IR.": lxl = 1} = {LZrer: Lz: = 1}. 
r=1 r=l 

lemma 5.20 

Let u e sn-1 ~ Cln. Then u is a unit in Cln, i.e., u e Cl~, and u-1 e sn-1• 

Proof 

Since u E R.", 
(-u)u = u(-u) = -u2 = -(-lul2

) = 1, 

so -u is the inverse of u. Of course -u E sn-t. 

More generally, for U!, •••• UA: E sn-i we have 

(u1 • • • UA:)- 1 = ( -l)A:UA: .. • U1 = U1 • • • UA:. 

0 

(5.13) 

Recall that in a group G, the subgroup generated by the subset S C G is 
the smallest subgroup of G containing S, often denoted (S) ~ G. A typical 
element of (S) is a product of elements of the forms or s- 1 where s E S, i.e., 

s~ 1 
• • • s~• (e1, ... ,EA: = ±1). 

Furthermore, if H ' G and S ~ H then (S) ' H. 
We will show that S"- 1 ~ Pin(n) and therefore (S"-1 ) ~ Pin(n). We begir 

with the following useful result. 
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lemma 5.21 

Let u, v E R" C Cln. If u · v = 0, then vu = -uv. 

Proof 

Writing u = E~=l Zrer and v = E~=1 y.e. with Zr, 11• E It, we obtain 

n n n 

VU = LL'II•Zre•er = LllrZre~ + L(Z•Jir- Zr'l/•)ere• 
•=1 r=1 r=1 r<• 

n 

=- LJir:Z:r- L(Zr'l/•- Z•Jir)ere• 
r=l r<• 

= -u.v- L(ZrJ/•- Z•Jir)ere• 

n n 

= - ~ ~ ZrJI•ere• 
r=1 •=1 

= -uv. 

Notice that for u E S"-1 and z E R", by Equation (5.13), 

a(u)zu-1 = ( -u).z( -u) = uxu. 

If u · z = 0, then Lemma 5.21 implies that 

a(u)zu-1 = -u2z = -( -l)z = z, 
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(5.14) 

(5.15a) 

since u2 = -lul2 = -1. On the other hand, if z = tu for some t E It, then 

a(u):z:u- 1 = tu3 = -tu. (5.15b) 

So in particular a(u):z:-1 E It" which yields the following result. 

Proposition 5.22 

The subgroup of Cl~ generated by S"-1 is contained in Pin(n), (sn-t) ~ 
Pin(n). 
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Remark 5.23 

By Lemma 5.20, every element of (sn-l) is a product of elements of sn-l. 

Next we will investigate the restriction of the homomorphism p: Pin(n) --+ 
O(n) to p: (sn- 1) --+ O(n). For each u e sn-l, we have an R-linear isometry 

Pu: an--+ an; Pu(z) = a(u)zu-1 = uzu. 

More generally, for u E (sn-l ), suppose that u = u1 · · • u,. for u1, •.• , u,. E 

S"-1• Then 

Pu(z) = a(ut · · ·u,.)z(ul · · ·u,.)-1 

= ((-l)"u1· · ·u,.)z((-1)ru,. · · ·ul) 

(5.16) 

Proposition 5.24 

For u E S"-1, Pu: IR" --+ IR" is reflection in the hyperplane orthogonal to u. 

Proof 

Recalling the defining equation (1.4) of a hyperplane reftection, Equations ( 5.15) 
show that 

( ) { 
z if u . z = 0, 

Pu Z = 
-z if z = tu for some t e a. 

So Pu : It" --+ an is indeed reflection in the hyperplane orthogonal to u. D 

Proposition 5.25 

i) p: (sn-l) --+ O(n) is surjective and -ker p = {1, -1}. 
ii) p: Pin(n)--+ O(n) is surjective with kerp = {1, -1}. 
iii) (S"- 1) = Pin(n). 

Proof 

(i) The observation in the proof of Proposition 5.24 shows that reflection in 
the hyperplane orthogonal to u e sn-l has the form Pu· Surjectivity is a 
consequence of Proposition 1.41. 
(ii) H t E ker p = Pin(n) n R><, then ltl = 1 then lt12 = tl = t 2 , so t = ::i:l. On 
the other hand, ::i: 1 E ker p. 
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(iii) Suppose that t1 E Pin(n). Then p11 E O(n) can be expressed as a product of 
hyperplane reflections, each of which has the form p., for some vect.or w E sn-1 . 

Hence Pll = Pwl···W· for suitable w1, ...• WJ: E sn-1. But then 

(-1)1:t1WA: · • ·w1 E kerp = {±1}. 

Thus t1 = ±w1 · · · w~: E (sn-1 ). D 

At this point we have a great deal of information about elements of Pin( n) 
which we collect into a theorem. 

Theorem 5.26 

i) Pin(n) is the disjoint union of open subsets 

Pin(n) = Pin(n) n Cl! u Pin(n) n Cl; = Spin(n) u Pin(n) n CI;. 

ii) Spin(n) is a normal subgroup of Pin(n) and every element t1 E Spin(n) can 
be expressed as an even-length product V = t11 · · · '-'2l where V1, ••• , t12t E sn-l. 
iii) For any w E sn-l, 

Pin(n) n CI; = w Spin(n), 

and every element v e Pin(n)nCI; can be expressed as an odd-length product 
tl = V1 · • • '-'21+1 where VI, ••• , t12t+l E sn-l. 

Proof 

(i) Since Pin(n) = (S"-1 ), every element u e Pin(n) can be expressed as 
u = U( •.• '-'1: for some U1' ...• '-'1: E sn-l. Since 

a(u1 .. ·u~:) = (-1)1:ul· .. u~:, 

we find that u e Pin(n) n Cl! if k is even, while u e Pin(n) n CI; if k is odd. 
The function 

Ci: Pin(n)-+ {+1, -1}; Ci{u) = a(u)u-1, 

is continuous and 

Ci-1 {1} = Pin(n) n CI!, Ci-1 { -1} = Pin(n) n CI;, 

showing that these are disjoint open subsets. 
(ii) H u E Spin(n) = Pin{n) n Cl! and v E Pin(n), then writing u = u1 · · · uu 
and t1 = t11 · · •!J2t+l with Ui, tlj E sn-l we find 

vuv-l = -til ..• U2t+l Ul ... U21:112t+l ... Vl E Pin(n) n CI!. 
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(iii) If u E Pin(n) n Cl;; then for each wE sn-l we have 

w-1u = (-w)u E Pin(n) n Cl!. 

From now on we wlll make use of the notation 

Pin(n)+ = Spin(n) = Pin(n) n CI!, Pin(n)- = Pin(n) n CI;. 

0 

We can also characterise Spin(n) and Pin(n)- using the surjective homomor­
phism p: Pin(n) --+ O(n). If U1, •.•• UA: E sn-1, then 

detpu1 ·-·u• = detpu1 • ··detpu• = (-1)', 

since each p .. is a hyperplane reflection for which det p .. = -1. Since 

SO(n) = O(n)+ ={A E O(n): detA = 1}, 

O(n)- ={A E O(n): detA = -1}, 

this means that for u E Pin( n), 

u E Spin(n) <==> Pu E SO(n), 

u E Pin(n)- <==> Pu E O(n)-. 

Theorem 5.27 

The continuous homomorphism p: Pin(n)-+ O(n) is surjective and 

p-1 SO(n) = Spin(n), p-1 O(n)- = Pin(n)-. 

Hence the restriction of p top+: Spin(n) --+ SO(n) is also surjective and the 
kernels of these homomorphisms are ker p = p+ = { + 1, -1}. 

We can also say more about the topology of Spin(n) and Pin(n). 

Theorem 5.28 

Spin(n) is a compact, path connected, closed normal subgroup of Pin(n). Fur­
thermore, if n ~ 3 the fundamental group of Spin( n) is trivial, w1 Spin(n) = { 1}. 
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Proof 

W~ only discuss connectivity. Recall that the sphere sn-1 c R" c Cln is path 
connected. Choose a base point Uo e sn-1 • Now for an element u = U1 ••• UA: e 
Spin(n) with Ult ••• 'UA: e sn-1 , as noted in the proof of Proposition 5.25, we 
must have k even, say k = 2m. In fact, we might as well take m to be even 
since u = u( -w)w for any w E S"-1• Then there are continuous paths 

Pr: (0, 1) ~ gn-1 (r = 1, ... , 2m), 

for which Pr(O) = Uo and Pr(1) = Ur· Then 

p: (0, 1] ~ sn-1 ; p(t) = Pl (t) ... P2m(t) 

is a continuous path in Pin(n) with 

p(O) = u~"' = (-l)m = 1, p(1) = u. 

But t t-+ p(p(t)) is a continuous path in O(n) with p(p{O)) e SO(n), hence 
p(p{t)) E SO(n) for all t. This shows that p is a path in Spin(n). So every 
element u e Spin(n) can be connected to 1 and therefore Spin(n) is path 
connected. 

The final statement involves homotopy theory and is not proved here. It 
should be compared with the fact that for n ~ 3, 71'1 SO(n) ~ {1, -1} and in 
fact the map is an example of a univer1al c011ering. D 

The double covering maps p: Spin(n) ~ SO(n) generalise the case of 
SU(2) ~ S0(3) discussed in Section 3.5. In fact, around each element u e 
there is an open neighbourhood Nu C Spin(n) for which p: Nu ~ pNu is a 
homeomorphism, and actually a diffeomorphism. This implies the following. 

Proposition 5.29 

The derivative dp: spin(n) ~ so(n) is an isomorphism of R-Lie algebras and 

dimSpin(n) = dimSO{n) = (;). 

, The Lie algebra of Spin(n) can be described as a Lie subalgebra of Cln· 

Proposition 5.30 

For n ~ 2, the Lie algebra of Spin(n) is 

apin(n) = { L tt.;eie;: ti; e a} c Cln. 
l~i<J~n 
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Proof 

For 1 ~ i < i ~ n and t E IR, consider 

oo tr 
exp(teie;) = L r! (eie;)r, 

r=O 

which converges to an element of Cl= . Notice that 

Hence we have 

We also obtain 

and if k :F i,j, 

Then since (e,e1)2 = -1, 

1 ifr=.Omod4, 

-1 if r = 2 mod 4, 

~e; if r = 1 mod 4, 

-e,e1 if r = 3 mod 4. 

ei(eie;)r = (-eie;)r~, 

e;(eie;)r = ( -~e;)r e;, 

o(exp(teie;))ei exp(te,e;)-1 = exp(~e;)~ exp( -teieJ) 

(5.17) 

=(cost+ sinteie;)e,(cost- sinteie;) 

=(cost+ sinte.e;)2ei 

= (cos 2t + sin 2t eie; )e, 

= cos 2t ~ + sin 2t e;, 

o(exp(te,e;))e; exp(te1e;)-1 = (cost+ sinteie;)e;(cos t- sin te.e;) 

=(cost +sinteie;)2e; 

= (cos 2t + sin 2t eie; )e; 

= cos2te;- sin2tei, 

and if k ~ i,j, 

o(exp(te,e;))ea; exp(te,e;)-1 = exp(teie;) exp(te,eJ)-1e, 

= e,. 
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Since the et form a basis of Rn, this shows that exp( teie;) e r n n CI!. But also 

exp(te;e;)exp(teie;) = exp(te;e;) exp(( -1)2te,;ei) 

= exp(teie;) exp( -te;e;) 

= 1, 

hence exp(te;e;) E Spin(n). 
Taking the derivative at 0 of the curve 

o,;: IR ---+ Spin(n); ai;(t) = exp(t~e;), 

we obtain e;e;, so e;e; E spin(n). As these (;) elements e;e; are clearly linearly 

independent, by Proposition 5.29 they must form a basis. D 

With the aid of the calculations in this proof, the action of the derivative 
dp: spin(n) ---+ so(n) on the basis elements e;e; can be determined, namely 

(5.18a) 

where we use the basis for Mn(R) provided by Equation (3.24). Similarly, the 
effect of the homomorphism p: Spin(n) ---+ SO(n) on exp(teie;) is 

p(exp(te;e;)) =cos2tin+sin2t(Eii- _Eii). (5.18b) 

5.4 The Centres of Spinor Groups 

Recall that for a group G the centre of G is 

Z(G) = {c E G: Vg E G, gc = cg}. 

Then Z(G) <1 G. The centres of the special orthogonal groups are easily found 
and described. 

, Proposition 5.31 

For n ~ 3, 

Z(SO(n)) ={tin : t = :1:1, tn = 1} = {{In} 
{:I:In} 

if n is odd, 

if n is even. 

Before stating our main result on the centres of spinor groups, we note that 
Spin(1) and Spin(2) are both abelian. 
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Proposition 5.32 

For n ~ 3, 

Proof 

{±1} if n is odd, 

Z(Spin(n)) = { ±1, ±e1 ···en} if n = 2 mod 4, 

{±1, ±e1 ···en} if n- 0 mod 4. 

!
71../2 if n is odd, 

::- Z/4 if n _ 2 mod 4, 

Z/2 x Z/2 if n = 0 mod 4. 

If g E Z(Spin(n)), then since p: Spin(n) ~ SO(n), p(g) E Z(SO(n)). As 
±1 E Z(Spin(n)), this gives I Z(Spin{n))l = 21 Z(SO(n))l and indeed 

For n even, 

Since 

Z(Spin(n)) = p-1 Z(SO(n)). 

{±e1 · · · en)2 = e1 · · · enel ···en 

(n) 2 2 = ( -1) 2 el ... en 

= ( -l)(~)+n = ( -l)C"tl). 

(
n + 1) = (n + l)n _ {1 mod 2 if n = 2 mod 4, 

2 2 0 mod 2 if n = 0 mod 4, 

this implies that 

( 
2 { -1 if n = 2 mod 4, 

±e1 ···en) = 
1 if n = 0 mod 4. 

So for n even, the multiplicative order of ±e1 • • ·en is 2 or 4 depending on the 
congruence class of n modulo 4. This gives the stated groups. 0 

5.5 Finite Subgroups of Spinor Groups 

Each orthogonal group O(n) and SO(n) contains finite subgroups. For example, 
when n = 2, 3, these correspond to symmetry groups of compact plane figures 



5. Clifford Algebras and Spinor Groups 153 

and solids. The case of n = 3 was explored in the exercises of Chapter 4. Here 
we make some remarks about the symmetric and alternating groups. 

Recall that for each n ~ 1 the symmetric group Sn is the group of all permu­
tations of the set n = { 1, ... , n}. The corresponding alternating group An ~ Sn 
is the subgroup consisting of all even permutations, i.e., the elements ri E Sn 
for which sgn(a) = 1 where sgn: Sn-----+ {±1} is the sign homomorphism. 

For a field k, we can make Sn act on lkn by linear transformations: 

a· 

Notice that a(er) = eu(r}· The matrix [u) of the linear transformation induced 
by u with respect to the basis of er 's has all its entries 0 or 1, with exactly one 
1 in each row and column. For example, when n = 3, 

[
0 0 1] 

[(1 2 3)] = 1 0 0 ' 
0 1 0 

[(1 3)] = [~ 0 1] 
1 0 . 
0 0 

\\Then k = 1R each of these matrices is orthogonal, while when k = C it is 
unitary. For a given n we can view Sn as the subgroup of 0( n) or U ( n) consisting 
of all such matrices which are usually called permutation matrices. 

Proposition 5.33 

For each u E Sn we have sgn(a) = det([u]). Hence 

An = {SO(n) n Sn if lk = IR, 
SU(n) n Sn if lk =<C. 

Recall that if n ~ 5, An is a simple group. 
As p: Pin(n) ---+ O(n) is onto, there are finite subgroups Sn = p-1Sn ~ 

Pin(n) and_ An = p- 1 An ~ S£in(n) for which there are surjective homomor­
phisms p: Sn ---+ Sn and p: An ---+- An whose kernels contain the elements 
±I. Note that ISnl = 2 · n!, while IAnl = n!. However, for n ~ 4, there are no 
homomorphisms T: Sn --+ Sn, T: An --+ An for which poT = ld. 
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Similar considerations apply to other finite subgroups of O(n). 
In Cl~ we have a subgroup En consisting of all the elements 

The order of this group is IEnl = 2n+1 and as it contains ±1, its image under 
p: Pin(n) --+ O(n) is En =pEn of order IEnl = 2n. In fact, {±1} = Z(En) 
is also the commutator subgroup since eie;ei1ej1 = -1 and so "'£n. is abelian. 
Every non-trivial element in ~n has order 2 since ef = -1, hence ~n 'O(n) 
is an elementary 2-group, i.e., it is isomorphic to (Z/2)n. Each element p(e,.) E 
O(n) is a generalised permutation matrix with all its non-zero entries on the 

main diagonal. There is also a subgroup ~ = p~ ' SO(n) of order 2n-1
, 

where 
~ = En n Spin(n). 

In fact~ is isomorphic to (Z/2)n-1• These groups En and ~ are non-abelian 
and fit into exact sequences of the form 

1 -+ Z/2--+ En --t (Z/2)n-+ 1, 1 -+ Z/2--+ ~ --t (Z/2)n.-1 -+ 1, 

in which each kernel Z/2 is equal to the centre of the corresponding group En 
or~- This means they are examples of emwpecia12-groups. 

EXERCISES 

5.1. In the Clifford algebra Cln, let u, v E Rn C Cln. 
a) If lui = 1, by expressing v as a sum v1 + v2 with v1 = tu and 
u ·1J2 = 0, find a general formula for uvu. 
b) Let { u1 , •.• , Un} be an orthonormal basis for an. Show that 

UjUi = {
-1 if j = i, 
-UiUj if j ~ i. 

Deduce that if i, j, k, l are distinct numbers in the range 1 to n then 

c) Show that each element A e O(n) induces an automorphism 
A. : Cln __. Cln for which A.x = Ax if X e Rn. Determine 
A.(e1 .. ·en)· 
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5.2. Use the Universal Property of Theorem 5.4 in the following. 
a) Show that the natural embedding 

[::~] ~ :nl in: an --t an+l; ~.. ~ 6 

0 
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induces an R-algebra homomorphism i~: Cln -+ Cln+1 for which 
i~(z) = in(z) whenever z E R". Show that i~ is injective and deter­
mine its image i~Cln C Cln+l· 
b) Show that the R-linear transformation 

kn: R" -t Cln+l; kn(z) = zen+b 

induces an R-algebra homomorphism k'n: Cln -+ Cln+l for which 
k~(z) = kn(z) whenever x E R". Show that k~ is injective with 

image ~ Cln = CI!+l· 

5.3. Let n ~ 1 and n = 3 mod 4. In the Clifford algebra Cln, consider 
the element Wn = e1 · · ·en. 
a) Show that Wn is central in Cln. 
b) Show that in Cln, the elements 

1 1 
0+ = 2(1 + w,.), 0_ = 2(1 - Wn), 

are central orthogonal idempotent& for which n+ + n_ = 1. 
c) Decompose Cln as a product Cln =A+ x A_. 
d) Use the decomposition of (c) to show that c~ ~ B X Rand 
Cl1 ~ Ms(R) x Ms(R). 

5.4. For n ~ 1, define the finite Clifford group CIGpn to be generated 
by (n + 1) elements El, .•. ,En,'Y with-y central and subject to the 
relations 

E~ = · · · = e! = -y, EiEj = "(EjEi if i '# j, {l = 1. 

a) Show that the order of ClGpn is 2"+1, hence the real group algebra 
R(ClGpn) has dimension 2"+1. 
b) Show that CIGpn is isomorphic to a subgroup of c1:. 
c) Find an R-algebra homomorphism f{J: lll(CIGpnJ -t Cln which is 
surjective. 
d) Show that the R-algebra R[CIGpn) is the product algebra 

R(ClGpnJ = A x B, 

where B = kercp and A~ Cln. 
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5.5. & Let S = [s,il be a 2m x 2m real skew symmetric matrix. Working 
in the Clifford algebra Cl2m, consider the element 

s = E Bijeie; = ~ L Biieiei. 
l~i<j,2m l'i,j'm 

~~ 

a) Expressing the element sm in terms of the basis of monomials 
ei1 · • • e4, show that the coefficient of e1 e2 • • • e2m is the real number 

cs = m! 'L sgn u 8cr(l)cr(2) •• · 8cr(2m-l)cr(2m). 

creD(2m) 

where fl(2m) consists of all permutations u of {1, 2, ... , 2m} satis­
fying the conditions 

• u(2r- 1) < u(2s- 1) if 1 'r < s 'm; 

• u(2t- 1) < u{2t) if 1 ' t ' m. 

Determine cs for a few small values of m. 

b) Determine cs when s = [ -~= ~:]· 
c) If E2m C M2m(R) is the subspace of all non-singular skew sym­
metric matrices, deduce that the function 

1 cs 
pf: E2m -+ l.x; pf((su ) = - 1 m. 

is continuous. This function pf is known as a PfaJjion. 
d) Show that pf takes both positive and negative values and in fact 
is surjective. 
e) Let P =(pi;] E GL2m(R). Using the well-known formula 

2m 

detP = L sgnu lJPa:cr(A:), 
creS,... A:=l 

show that 
pf(PT SP) = pf(S) det P. 

5.6. a) Verify Proposition 5.31. 
b) For n ~ 2, determine Z(O(n)). 
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Lorentz Groups 

We met the Lorentz group Lor in Section 1.5. In this chapter, we will consider 
this kind of group in greater generality. We merely sketch some of the details, 
leaving the reader to fill in the more obvious gaps. The most important example 
is that for which n = 3 as this provides the geometric setting for Special 
Relativity. However, many of the main features can be seen in the cases n = 1, 2. 

6.1 Lorentz Groups 

For n ~ 1, consider the non-singular symmetric matrix 

Qn,l = diagl1, ... , ~~ -1) e Mn+l (R), 
¥ 

n 

which defines an inner product on an+l given by 

(x,y) = XTQn,lY = XtJil + · · · + Xn1/n- Zn+llln+l· (6.1} 

This is the Lorentz inner product on R"+1 and it is standard to denote this 
inner product space by R"·1 . Actually, physicists often adopt different sign 
conventions and use one of the following formula! in place of Equation (6.1}: 

{ 

-ZJ!/1 + • · · + ZnJin + Zn+llln+l, 

(x,y) = -Zll/1 + ·· ·- ZnJin +zn+llln+lt 

Ztlll + · · · - Znl/n - Zn+llln+l• 

157 
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This affects the signs in the following definitions. We will also use tin place of 
Xn+t since in Relativity, this coordinate is related to the time measurements 
while the others are related to spatial ones. 

We will often write elements of IRn,l in the form 

X=[~) (xeRn,teR). 

Then 

Definition 6.1 

A non-zero vector X E IRn,l is called 

• spacelike if (X, X) > 0 or equivalently lxl2 > t2; 

• timelike if (X, X) < 0 or equivalently l:xl2 < t2 ; 

• a null vector if (X, X) = 0 or equivalently lxl2 = t2 • 

We can view an as sitting inside Rn,t as the subset of all spacelike vectors 
of the form 

X=[~]= Zn 

0 

and we usually identify X e RR with the element X = [ ~] e an,l. Of course 

we then have (X, X) = X • x, so this embedding of an into an,l is an ilometry. 
If we represent Rn,t by the (x, t)-plane with an as the x-axis, then the 

t-axis is timelike, while the null vectors correspond to the points lying on the 
line x = t. In fact, the null vectors in an,l lie in the set 

~n.t(O) ={X e an,l :X 1: 0, (X, X)= X. X- t2 = 0}. 

For n > 1, ~n.1 (0) has two path connected components, 

!K!,t (0) = {X E !Kn,t(O) : t > 0}, !K;-,1 (0) = {X e ~n.t(O) : t < 0}. 

These are often referred to as the positive or future pointing light cone and 
the negative or past pointing light cone respectively since in Relativity these 
represent points moving at the speed of light. 

For each positive real number r, the hyperboloid 

!Kn,t(r) ={X e Rn,l :(X, X)= X. X- t 2 = -r} 
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bas two path connected components 

~:.1 (r) ={X e ~n,1(r): t > 0}, ~;.1 (r) ={X e ~n,1(r): t < 0}. 

For later use we extend the Lorentz inner product to an Dl-bilinear inner 
product on cn+l by setting 

(U, V) = u·Qn,l v = u•v- Uti= u. v- Uti 

for each pair of vectors 

u = [:) , v = [:) e en·'. 

We will denote the C-vector space cn+l with this inner product by cn•1. Then 
( , ) has all the properties of a hermitian inner product except that the real 
number (U, U) is not necessarily non-negative. In particular, for z, w e C, 

(zU,wV} = :!w(U,V). (6.2) 

We will refer to a non-zero U e cn,l as spacelike, timelike or null according to 
whether (U, U) > 0, (U, U) < 0 or (U, U) = 0 as we do for vectors in IRn,l. 

We will make repeated use of the following result. 

Proposition 6.2 

Let U = [:) and X= [:) e 0"•1 be non-zero vectors with (U,X) = 0. 

i) If U is timelike then (X, X) > 0. 
ii) If U is null and X is not a complex multiple of U, then (X, X) > 0. 

Proof 

When (i) holds, then luf2 -luf2 < 0, so u :# 0; when (ii) holds then U :# 0 and 
lul2 = lul2 , also giving u :# 0. Since 

u·x-Ut = 0, (6.3) 

in either case we have 

(X, X) = 1><12 
- ltl2 = 1><12 

- ~~~;I' . 
In case (i), this gives 

2 fu · xl2 

(X, X) > lxl - lul2 ~ 0, 
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since Ju · xl ~ Jullxf. In case (ii), 

2 Ju. xJ2 
(X, X) = lxl - ful2 ~ 0, 

with equality if and only if lu · xl = lullxl, i.e., x = zu for some z e C with 
Jzl = 1. In the latter case, from Equation (6.3) we would have 

tu = zlul2 = zuu, 

so t = zu, in turn giving X = z U and so (X, X) = 0. 0 

We can consider the closed subgroup 

O(n, 1) ={A E GLn+l(IR): ATQn,lA = On,l} 'GLn+l(R). 

Note that A E O(n,1) if and only if for all x,y E Rn·1 , (Ax,Ay) = (x,y), 
so O(n,1) consists of all the Lorentzian isometries of Rn·1 • Notice that for 
A e O(n, 1) we have (det A)2 = 1, so det A = ±1. Also A e O(n, 1) preserves 
each of the sets of spacelike, timelike and null vectors; it also either preserves 
or interchanges the positive and negative light cones. It is standard to set 

SO(n, 1) ={A e O(n, 1}: detA = 1} = O(n, 1) n SL,.+1 (R) ~ O(n, 1}. 

However, SO(n, 1) is not connected since its elements can interchange the sets 
~!.1 ( r) for r ~ 0. We define the Lorentz group of IRn,l to be the closed subgroup 
of SO(n, 1) preserving each of the connected sets ~;.1 (1), 

Lor(n, 1) = {A e SO(n, 1) : M<!,1 (1) = ~;.1 (1)} ~ SO(n, 1). 

Proposition 6.3 

For r ~ 0, 

Lor(n, 1) = {A e SO(n, 1) : A~.1 (r) = ~!.1 (r)} ~ SO(n, 1). 

Proof 

It is easy to verify this for r > 0. For r = 0, notice that every null vector 

U = [:) can be expressed as a limit 

U= lim v~ 
i-+oo 
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with each v. timelike. We can even arrange that for every k, v. = [::] 
with uv~: > 0 (or UVA: < 0). Since the action of each A E Lor(n, 1) on Rn,l is 
continuous, 

AU = lim AV let 
A:~oo 

from which we see that A preserves each of the sets !1!!,1 (0). 
On the other hand, suppose that A E SO(n, 1) preserves each of the con­

nected sets !1!!,1 (0). If A fails to preserve one (and hence all) of the sets 1f!,1 (s) 
for s > 0, then as any U E ~.1 (0) is a limit 

U = lim VA: 
A:~oo 

with VA: E !1!!".1 (sA:) for SA: > 0, we have 

AU= lim AV~: 
A:~oo 

where AVA: E !1!;;,1 (s~) for s~ > 0. This implies that AU E 1<;,1(0), contra­
dicting the original assumption on A. 0 

Notice that A• =AT if A E Lor(n, 1), so if U, V E cn,t, we have 

When n = 3, Lor(3, 1) = Lor in the notation of Section 1.5. 

Example 6.4 

We have 

Proof 

{ [
cosh s sinh s] } 

Lor(l, 1) = sinhs coshs : 3 E R , 

[-1 0] SO(l, 1) = Lor{1, 1) U 
0 

_
1 

Lor(1, 1), 

0(1,1) = S0(1,1) u [~ -~] S0(1,1). 

If A e 0(1, 1} has detA = -1 then 

[~ _ ~] A e SO(l, 1), 



162 Matrix Groups: An Introduction to Lie Group Theory 

so it suffices to determine S0(1, 1). Similarly, if B E S0(1, 1) with B!K!',1 (0) = 
!K;-,1 (O) then 

[-1 0] O _
1 

BE Lor(1, 1), 

so it suffices to determine Lor(1, 1). 

Let [: :] E Lor(l,l). Since 

[: :] [~] = [:] . 
we must have d > 0. Also, the simultaneous equations 

a2 - c2 = 1, 

tfl- tr = 1, 

cd- ab = 0, 

ad- be= 1, 

are satisfied. Putting d = cosh s and b = sinh s for suitable s e R, we easily 
obtain a = cosh s, c = sinh 8. Hence every element of Lor(l, 1) has the form 

[
cosh s sinh s] . h h forsomese R. 0 sm 8 cos s 

Remark 6.5 

The Lie algebra of Lor(1, 1) is easily determined to be 

lot(l,l) = {[~ ~]:tea} 
with trivial Lie bracket. The exponential map exp: lor(1, 1) --+ Lor(l, 1) is 
surjective since for s e R, 

([0 81) [coshs sinh8] 
exp s oj = sinhs coshs . (6.5) 

As we will eventually see, the exponential map for Lor(n, 1) is actually surjec­
tive for every n ~ 1. 

For future use we record the following explicit form for elements of Lor( n, 1), 
whose proof is a direct consequence of the definition of the Lorentz group. 
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Proposition 6.6 

A matrix 
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P = (U 1 · · · Un+d E GLn+t (R) 

is in Lor(n, 1) if and only if its column vectors U 1o = [ ::] satisfy the orthonor­

mality equations 
0 if j;! k, 

(U;, U &: ) = 1 if j = k ~ n, 

-1 if j = k = n. 

In particular u 1, ... , u n are spacelike and u n+ 1 is timelike with Un+1 > o. 

Theorem 6.7 

For n ~ 1, Lor(n, 1) is path connected. 

Proof 

We will show that Lor(n, 1) has a connected subgroup H for which the homo­
geneous space Lor(n, 1)/ H is connected. Together with Proposition 9.10, this 
implies that Lor(n, 1} is connected. 

Consider the continuous action of Lor(n, 1) on llt"•1 by left multiplication. 
The stabiliser of the timelike vector en+l is 

StabJ,..<..,,l( e,+I) = {[ 0,~_1 On}1
'
1
] : A E SO(n)} :>; Lor(n,1) 

which is a closed subgroup obviously isomorphic to SO(n), hence connected by 
Example 9.14. Next we need to identify the orbit of en+1• 

Suppose that U = [:] E 1<!,1(1), so lul2 - u2 = -1 and u > 0. We will 

show that 

Consider the equation 
u·x-ut=O 

for the pair x e Bl" and t e R. The solution set is an n-dimensional vector 
subspace of R"•1 ; furthermore, by Proposition 6.2 its non-zero vectors are all 
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spacelike. Choosing a basis of this spacelike subspace, then applying the Gram­
Schmidt process, we can produce a basis consisting of vectors 

[::] ..... [::] 
for which 

{

Wi • Wj - SjSj = 6ij 

U • WA: - USJ: = 0 

The resulting matrix 

[
w1 • • • P= 
81 ••• 

is in Lor(n, 1) and satisfies 

(i,j=l, ... ,n), 

(k=l, ... ,n). 

:: :] 

PenH=[:]. 
So 

OrbLor(n.1)(e,.+l) = !K!,t (1). 

This also shows that Or~or(n,1)(1!n+t) is path connected since we already know 
that !1!!,1(1) is. Thus taking H = StabLor{n,l)(e,.+J) ~ SO(n) we see that 
Lor(n, 1) is path connected. 0 

This identification of the homogeneous space Lor(n, 1)/ SO(n) can also be 
used to calculate the dimension of Lor(n, 1). 

Proposition 6.8 

The dimension of the Lorentz group Lor( n, 1) is 

dim Lor(n,l} = ( n ; 
1
} 

Proof 

Using the Implicit FUnction Theorem 7.11, it is easy to see that 

dim Lor(n, 1)/ SO(n) = dim!1!! 1 (1) = n . 
• 

Also from Section 3.3 we know that 

dimSO(n) = (;). 

Combining these we obtain the result. 0 



6. Lorentz Groups 

6.2 A Principal Axis Theorem for Lorentz 
Groups 

U55 

We will make use of the Principal Axis Theorem for special orthogonal groups 
which will be discussed later as part of Theorem 10.13. This says that every 
matrix A e SO(m) has the form 

A_ {PR2n(Bt 1 • •• ,Bn)PT if m = 2n is even, 

- PR2n+t(BI, ... ,Bn)PT if m = 2n + 1 is odd, 

where for 81 , ••• ,Bn,B e R, 

R(Bt) 0 0 

R2n(81, ... , Bn) = 0 R(82) 0 

0 0 R(Bn) 

R(Bt) 0 0 

0 R(82) 0 

R2n+l (Bt 1 • • • , 9n) = , 

0 R(Bn) 0 
0 0 1 

[ a.B R2n+t(B) = . B 
SID 

-sin1 cos8 · 

The following result leads to the analogue for Lorentz groups. 

Theorem 6.9 

For n ~ 1, every Lorentz matrix A e Lor(n, 1) has one of the forms 

[ 

B On-2,2 ] 
A= P 

0 
cosht sinht p-•, 

2·n-2 sinh t cosh t 
(I) 

A = p [ C On,t] p-t, 
Ot,n 1 

(ll) 

where Be SO(n- 1), C e SO(n), t e Rand P E Lor(n, 1). 
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Proof 

We will prove this by induction on n ~ 1. The initial case n = 1 is dealt with 
in Example 6.4. So we suppose that the result holds for Lor(k, 1) whenever 
1 ~ k ~ n-1. 

We begin by analysing the eigenvalues and eigenvectors of A. Suppose that 
"E Cis an eigenvalue for A E Lor(n, 1) with eigenvector U E Cn•1 • If U is not 
a null vector, we have 

1"12 (U, U) = (~U,.\U) 
= (AU,AU) 

= (U, U), 

hence 1"1 = 1. On the other hand, if U is a null vector then 1"1 is potentially 
unrestricted. 

Next suppose that A and p are distinct eigenvalues for A with eigenvectors 
U and V. Then 

~p(U, V) = (~U,pV) 
= (AU,AV) 

= (U, V), 

hence either (U, V) = 0 or p = A 1
• In particular, if 1"1 = 1 we must also have 

r 1 
= " ~ p, yielding (U, V) = 0. 

Next we will investigate in more detail the situation when A has a null 

eigenvector U = [:] for an eigenvalue .l.. Since lul2 = lul2 ,P 0, we can multiply 

by a suitable complex scalar to ensure that u = 1, so we might as well assume 

that U = [ ~] . Notice that 

A [~] = (A [ ~]) = X [~] , 

showing that>. is also an eigenvalue with eigenvector U = [~].Also, 

(U, U) = (AU,AU) 

= ("U,AU) 
= ~2 (U, U). 

As U is a null vector, Proposition 6.2 implies that either U = U or A2 = 1. 
Each of these possibilities means that " is real and in fact positive, since A 
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preserves the positive light cone. So for a null eigenvector, the corresponding 
eigenvalue has to be a positive real number. 

Continuing with this situation, consider the solution set of the linear equa-
tion 

(U,X) = O. (6.6) 

This forms a vector subspace of R"•1 of dimension n, containing the subspace 
of real multiples of U as well as the ( n - 1 )-dimensional subspace of spacelike 
elements together with zero. In fact, the spacelike elements are all the vectors 
of the form 

[xo] (x e R", u · x = 0). 

Thus the general solution of Equation (6.6) is 

X __ [x+zzu] (x e R", u · x = 0, z e R). 

Then there is a unique null vector ii e R"•1 possessing the two properties 

• ( U, X) = 0 for all spacelike solutions of Equation (6.6), 

• (u, ii) = -2. 

This vector is easily seen to be fi = [ -lu l Clearly the spacelike solutions of 

Equation (6.6) are preserved by A, and indeed A acts as an isometry on this 
space so relative to a basis it is given by an orthogonal matrix. Also 

(u,A(AU)) =A ( A-1u, ii) 
= "("-1u, u) 
= ""-l (u, u) 
= -2. 

Using the above characterisation of U, we see that 

AU= ,\-1fi, 

i.e., ii is an eigenvector of A for the eigenvalue A-1• 

The vectors 
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satisfy 

and setting s = In )., we have 

Also 

AU' = cosh s U' +sinh s U", 

AU" =sinh s U' +cosh s U". 

(U', U") = 0, (U', U') = 1, (U", U") = -1, 

so U' is a unit spacellke vector, while U" is timelike and these are orthogonal 
vectors with respect to the Lorentzian inner product. 

Together with an orthonormal basis {U1, ... , Un-1} of the spacelike solu­
tions of Equation (6.6), we see that R"•1 has a basis 

{U 1 , •.. , U n-1 , U', U"} 

which provides the columns of a Lorentz matrix 

P = [U1 · · · Un-1 U' U") 

for which 
On-2 2 ] 

cosht ~inht p-1 

sinht cosht 

with B e O(n - 1); in fact det B = 1 since det A = 1 and also 

[
cosh t sinh t] 2 • 2 

det sinh t cosh t = cosh t - :sinh t = 1. 

Hence A has the form (I) whenever it has a null vector for an eigenvector. 
Now we consider the situation where A has a timelike eigenvector U for the 

eigenvalue )., Using similar arguments to those for a null eigenvector, we find 
that ). = 1 and U E R"·1• Moreover, A acts as an isometry on the solution set 
of 

(U,X) = 0, 

which is an n-dimensional 8ubspace of llt"·1 with timelike non-zero vectors. 
Hence A has the form (ll). 

The remaining case to deal with is that where there are no null or time-

like eigenvecton. So suppose that U = [:] is a spacelike eigenvector of unit 
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length with eigenvalue ). of unit modulus. By multiplying by a suitable complex 
number we can assume that u E R and u ~ 0. 

When U e R"•1 , we have l = ±1 and det A = 1. 
If l = 1 then the solutions of the equation 

(U,X) = 0 

form a subspace of R"·1 closed under the action of A and indeed, on choosing 
a basis for this subspace we find that it is isomorphic to an-l,l and the action 
of A is given by an element of Lor(n -1, 1). Hence there is a Q e Lor(n, 1) and 
B E Lor(n- 1, 1) for which 

A = Q [ 1 01,n] o-•. 
On,l B 

By the induction hypothesis, B has one of the forms (I) or (ll), from which we 
deduce that A does too. 

If ). = -1, this is an eigenvalue of multiplicity at least 2 since non-real com­
plex eigenvalues come in complex conjugate pairs. With the aid of the Gram­
Schmidt process we may produce a second eigenvector V for this eigenvalue 
of unit length and orthogonal to U. The solutions of the pair of simultaneous 
equations 

(U,X) = 0 = (V,X) 

form a subspace of R"·1 closed under the action of A. On choosing a basis 
for this subspace we find that it is isomorphic to R"-2•1 and the action of A 
is given by an element of Lor(n - 2, 1}. Hence there is a Q E Lor(n, 1} and 
B' E Lor(n- 2, 1) for which 

A = o [ -/2 o2.~-·J o-•. 
On-1,2 B 

Again the induction hypothesis implies that B' has one of the forms (I) or (ll), 
and therefore A does too. 

When U ~ IRn,l, U = [:] is also a space1ike eigenvector of unit length for 

the eigenvalue l. The vectors 

1 
U' = 

2
(U + U), u" = !cu- U), 

2 

are orthonormal and satisfy the equations 

AU'= cosBU' + sinBU", AU"= -sinBU' + cosBU", 
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where " = e". As in the previous case, the set of solutions of the pair of 
simultaneous equations 

(U',X) = 0 = (U" ,X) 

forms a Lorentzian subspace which can be identified with Lor(n- 2, 1) after 
choosing a basis, and A acts on it as an element of Lor(n- 2, 1). Again there 
is a Q E Lor(n, 1) and B" E Lor(n - 2, 1) for which 

A = Q [ R(B) ~·~;1] Q-1. 
On-1,2 B 

By the induction hypothesis, B" has one of the forms {I) or (ll), &om which 
we deduce that A does too. D 

Combining this result with the Principle Axis Theorem 10.13 for SO(k), we 
obtain the following. 

Theorem 6.10 (Principle Axis Theorem for the lorentz group) 

For n ~ 1, each matrix A E Lor(n, 1} has one of the forms 

[

Rn-1 (81, ... , Bt) On-2,2 ] 
A= Q 

0 
cosht sinht Q-1 , 

2
·"-

2 sinh t cosh t 

A= Q [.Rn(B~t ... ,Bm) On,1] Q-1, 
01,n 1 

(I') 

(ll") 

where t E R, Q E Lor(n, 1) and in case (1'), n = 2l + 1 or n = 2l + 2, while in 
case (II"), n =2m or n =2m+ 1. 

We can also deduce information on the exponential for Lorentz groups. 

Theorem 6.11 

For n ~ 1, the exponential map exp: lot(n, 1)--+ Lor(n, 1) is surjective. 

Proof 

When n = 1, we know from Remark 6.5 that every element of Lor( I, 1} has the 
form given in (I). Also, by Theorem 10.16, exp: ao(k) --+ SO(k) is surjective 
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for k ~ 1. Let A e Lor(n, 1) for n ~ 2. When A has the form (1), 

[

exp(S) Dn-2,2 ] ( [ S 
A - P 0 t p-1 

- exp P 
- 02,n-2 exp ([t oD - Ch,n-2 

On-2,2] ) 
0 t p-1 

t 0 

for someS e 1o(n- 1). On the other hand, when A has the form (II), 

A = p [exp(S) On,1] p-1 = exp (p [ S 0
0
n,l] p-t) 

Ot,n 1 01,n 

for some S e •o(n). In either case, A e exp lot(n, 1). 

6.3 SL2(C) and the Lorentz Group Lor(3, 1) 

Let us now consider the Lie algebra S~(C)1 1I2(C). By Equation (3.8), 

1I2(C) = kertr C M2(C) 

and so dimc1l2(C) = 3. The following matrices form a C-basis for al2(C): 

H' = [~ ~~]. E' = [~ ~]. r = [~ ~]. 

D 

The elements H' 1 iH', E', iE', F' 1 iF' form an II-basis and dim 1l2(C) = 6. No­
tice also that •u(2) C 1l2(C) and the elements H,E,F e •u(2) form a Cbasis 
of al2(C) 1 soH, iH, E, iE, F, iF form an R-basis. The Lie brackets of H', E' 1 F' 
are determined by 

[H',E') = 2~, [H',F'] = -2F', [E',F'] = H'. 

Notice that the subspaces spanned by each of the pairs H', E' and H', F' are 
C-Lie subalgebras. In fact, H',E' span the Lie algebra u~(C) of the group of 
upper triangulGr complex matrices of determinant 11 while H', F' span the Lie 
algebra of the group of lower triangular complex matrices of determinant 1. 

Given the existence of the double covering homomorphism Ad: SU(2) ~ 
S0(3) of Section 3.5, it seems reasonable to ask if a similar homomorphism 
exists for SL2(C). It does, but we need to use the Lorentz group Lor(3, 1) 
and obtain an important double covering homomorphism S~(C) --+ Lor(3, 1) 
which appears in Physics in connection with spinors and twistors. 

Next we will describe the R-Lie algebra lot(31 1) of Lor(3, 1) ~ S~(ll). Let 
et: ( -£,£) --+ Lor(3, 1) be a differentiable curve with o(O) =I. By definition, 
forte(-£,£) we have 

et(t)~o(t)~ = ~. 
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where 

Q= 

1 0 0 
0 1 0 
0 0 1 
0 0 0 

~­
-~J 

Differentiating and setting t = 0 we obtain 

giving 

a'(O)u a'(Oh2 
a'(0)21 a'(0)22 
a'(0)31 a'(0)32 
a'(O)u a'(0)42 

So we have 

a'(O) = 

a'(O)Q + Qa'(O)T = 0, 

a'(0)13 -a'(Oh4 
a'(0)23 -a'(0)24 

+ a'(0)33 -a'(O)s.c 
a'(O),a -a'(0)4.t 

a'(O)u a'(0)21 cr'(O)sl a'(O)n 
a'(Oh2 a'(0)22 a'(Oh2 a'(O).t2 
a'(0)13 a'(0)23 a'(0)33 a'(O).t3 

-a'(O)u -a'(0)42 -a'(O)s.c -a'(0)44 

0 
-a'(0)12 

a'(Oh2 
0 

-a' (Oh3 -a' (0)23 

a'(0)13 
a'(0)23 

0 
a'(O)s.t 

a'(Oh4 
a'(0)24 
a'(O)s. 

a'(O)l4 a'(0)24 0 

=0. 

Notice that the trace of such a matrix is zero. In fact, every matrix of the form 

0 012 013 0}4 

A= 
-012 0 023 024 
-013 -023 0 034 

014 au 034 0 

or equivalently satisfying 

AQ +QAT = 0 (and hence tr A = 0) 

is in lot(3, 1). To see this, consider the curve 

a: II ~ GL4(11); a(t) = exp(tA), 

for which a'(O) =A. Since QAT= -AQ, we have 

exp(tA)Qexp(tA)T = exp(tA)Qexp(tAT) = exp(tA)exp(-tA)Q = Q, 
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By Lemma 3.23, 
detexp(tA) = etr(tA) = 1. 

Finally, for each t e II, a(t) preserves each of the components 1fi1 (1) of the 
hyperboloid 

~ +z~ +~ -z~ = -1. 

All of this shows that exp(tA) e Lor(3, 1) so we might as well redefine 

a: R ---t Lor(3, 1); a(t) = exp(tA). 

We also have A e lot(3, 1). So we have 

lot(3, 1) = {A e M4(R) : AQ +QAT= 0} 

0 ou 

A e M4(ll) :A= -012 0 - -013 -023 
014 024 

and therefore 

013 014 
023 024 
0 034 
034 0 

(6.7) 

dim Lor(3, 1) =dim lot(3, 1) = 6. (6.8) 

An II-basis for lo~3, 1) consists of the elements 

0 -1 0 
1 0 0 

p12 = 0 0 0 

0 0 0 

0 0 0 
0 0 -1 

P23 = 0 1 0 

0 0 0 

0 0 
0 0 
O , P13 = 1 
0 0 

o -1 ol 0 0 0 
0 0 0 , 
0 0 0 

0 
0 

0 0 0 0 

0 ' ~4 = 
0 0 0 1 
0 0 0 0 , 

0 0 1 0 0 

The non-trivial brackets for these are 

0 0 0 
0 0 0 

Pt4 = 0 0 0 

1 
0 
0 , 

0 1 0 0 

0 0 0 0 
0 0 
0 1 
1 0 

0 0 
0 0 
0 0 

(P12, Pt3] = P2a, 

[P12, Pa4] = 0, 

.(Pu, Pad = 0, 

[P12, Pt4] = Pl4, 

(Pt3,P14] = P34, 

(Pt4,P2a] = 0, 

[P12,P23) =-Pta, [P12,P24) = -P, .. , 

[Pta,P23] = P12, [Pt3,P24] = 0, 

[P14, P24) = -Pt2, [Pt4, Pa<~] = -Pu, 

[P24, P34) = - P23. 

We will now define the homomorphism S~(C) ---t Lor(3, 1). To do this we 
will identify the 2 x 2 skew hermitian matrices Sk-Herm2 (C) with R4 using the 
correspondence 

[
(t + z)i Jf + zi ] 

+ . (t )' ~ ze1 + Jft!2 + zea + te4. -y Zl -%I 
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Define an R-bilinear inner product on Sk-Herm2(C) by the formula 

1 
(S1IS2) = i(det(St + S2)- det(St - S2)). 

When S1 = S2 = S we have 

1 
(SIS)= i(det2S- detO) = detS. 

It is easy to check that 

( [
(t1 + Z1)~ Yt + Z1i .] I [<t2 + Z2)~ 112 + Z2i ] ) 
-111 + Ztl (tt - Z1)1 -112 + Z21 (t2- %2)i 

(6.9a) 

(6.9b) 

= Zt%2 + f/1112 + Z1Z2 - t1t2, (6.10) 

which is the Lorentzian inner product on R8•1 = R' given by 

1 0 0 0 
0 1 0 0 

X1Z2 + J/1112 + Z1Z2- t1t2 = [z1 1/1 Zt t1] O O 1 O 

0 0 0 -1 

Now observe that for A e S~(C) and S e Sk-Herm2(C), 

(ASA•)• =AS* A• = -ASA•, 

so ASA• e Sk-Herm2(C). By Equation (6.9a), for S1, S2 e Sk-Herm2(C), and 
the fact that detA = 1 = detA•, 

{AStA*IAS2A•) = i(detA(St + S,)A•- detA(St- S2)A•) 

1 = 
4 

{detAdet(St + S2)detA•- detAdet(St- S2) detA•) 

1 = 4( det(S1 + S2) - det(St - S2)) 

= {S1IS2). 

Hence the function 

Sk-Hermz(C) --+ Sk-Herm2(C); S t-+ ASA•, 

is an 11-linear transformation preserving the inner product { I ). We can iden­
tify this with an R-linear transformation AdA : R3•1 --+ R3•1 which preserves 
the Lorentzian inner product. In fact, det AdA = 1 and AdA preserves the 
components of the hyperboloid z2 + y2 + z2 - t2 = -1. Let 

Ad: S~(C) --+ Lor(3, 1); Ad(A) =AdA· 



6. Lorentz Groups 175 

-Then Ad is a homomorphism since 

AdAs(S) = AB(S)(AB)• = AB(S)B• A• = AdA(Ads(S)) = AdAAds(S). 

It is clearly continuous. Also, A e ker Ad if and only if ASA• = S for all 
S e Sk-Herm2(C), and it is easy to see that this occurs exactly when A= ±1. 
Thus we have ker Ad = { ±1}. 

Theorem 6.12 

i) The derivative dAd: a12(C) -+ lo~(3, 1) is an isomorphism of 11-Lie algebras. 

ii) Ad: SL2(C) -+ Lor(3, 1) is a continuous surjective Lie homomorphism for 
which ker Ad = { ±/}, hence 

S~(C)/ {±I} ~ Lor(3, 1). 

Proof 
-(i) As in the case of SU(2) and S0(3), we can determine the derivative dAd 

by considering for each C e al2 (C), the curve 

-y: II--+ SL2(C); -y(t) = exp(tC), 

which gives rise to the curve 

--y: R--+ Lor(3, 1); 'Y(t) = Ad,(t)· 

Using as an R-basis for Sk-Herm2(C) the vectors 

v. = [~ -~1 . v. = [ -~ ~] • v, = [~ ~] • v, = [~ ~] . 
we can determine the action of Ad,(t) on Sk-Herm2(C) and interpret it as an 
element of Lor(3, 1). Differentiating at t = 0, we obtain the action of Cas an 
element of [or(3, 1) and so d Ad(C). For X e Sk-Herm2(C) we have 

A<tr(t) (X) = exp(tC)X exp(tC)• = exp(tC)X exp(tC•), 

hence 
d-
dtAd,.<e>(X)It = o =ex+ xc•. 

So for theIR-basis H,iH,E,iE,F,iF of a[2(C), we have 

H(xl vl +x2V2 +xsVs +x .. ll.t)+(xl Vt +x2V2 +x3\t3 +x .. Yt)H. = X2V3- Zs\12, 
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so 
0 0 0 0 

- 0 0 -1 0 
dAd(H) = 

0 1 0 0 
. 

0 0 0 0 

Here is the complete list written in terms of the matrices Pra which we know 
form an R-basis of Lor( 3, 1): 

0 0 0 0 0 0 0 -1 

- 0 0 -1 0 - 0 0 0 0 
dAd(H) = 

0 1 0 0 
= p23t dAd(iH) = 

0 0 0 0 
= -P14, 

0 0 0 0 -1 0 0 0 

0 0 1 0 0 0 0 0 
- 0 0 0 0 

dAd(iE) = 0 0 0 -1 
dAd(E) = 

-1 0 0 0 
= -Pl3, 

0 0 0 0 
= -P24, 

0 0 0 0 0 -1 0 0 

0 -1 0 0 

dAd(i~ = [! 0 0 0 
- 1 0 0 0 0 0 0 dAd(F) = 

0 0 0 0 
= pl2t 

0 0 -1 = -Pa4· 

0 0 0 0 0 -1 0 

-This shows that dAd(C) maps a basis for Sk-Herm2(C) to one for [ot(3, 1), 
thus it is an isomorphism _2f Lie algebras. 
(ii) The surjectivity of Ad follows immediately from the surjectivity of the 
derivative in (i) together with Theorem 6.11. D 

EXERCISES 

6.1. a) FortE II, show that the matrix 

cosht 0 0 -sinht 

A,= 0 cost -sint 0 
0 sint cost 0 

- sinht 0 0 cosht 

is in Lor(3, 1). 
b) Express A, in one of the forms predicted by Theorem 6.10. 
c) Express A, in the form exp(tU) for some U E lot(3, 1). 
d) Find a differential equation satisfied by the function 

o: R--+ Lor(3, 1); o(t) =A,. 
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6.2. In this question, we freely use the notation of Section 6.3. 
a) Consider the differential equation 

a-'(t) = (P24 + ~ .. )a-(t), 

177 

where cr: R --+ GL4 (R). Solve this to obtain a one-parameter sub­
group a- in GL4(R) and show that a-(t) E Lor(3, 1) for all t E R. 
b) Consider the differential equation 

ii'(t) = -i(E + F)ii(t), 

where ii: IR--+ G~(C). Solve this to obtain a one-parameter sub­
group in G~(C) and show that ii(t) E S~(C) for all t E R. 
c) Explain the relationship between these two curves. 

6.3. && For n ~ 1, let an-1•1 be JRR equipped with the Lorentz inner 
product {, ). Define a Lorentz Clifford algebra Cln-1,1 in a similar 
fashion to the way Cln was defined in Section 5.1, except that the 
algebra generators e1, ... , en-1, en satisfy the relations 

e.er = -e.er 

e: = -1 

e~ = 1. 

if B ~ r, 

if 1 ~ t ~ n- 1, 

Let j: an-1•1 --+ Cln-1,1 be the It-linear transformation embed­
ding 11n-1•1 into Cln-1,1· 
a) Show that there is an analogue for Cln-1,1 of the Universal Prop­
erty of Theorem 5.4. 
b) For n ~ 2, define /n-1.1: an-1•1 --+ M2(Cln-2) by 

-On-1 

fn-1,1( L Orer) = 
1!!itr:t;;n 

1!!itr!!itn-2 
a,.er- On 

Using the Universal Property of (a), show that fn-1,1 induces an 
isomorphism of IR-algebras 

Fn-1,1: Cln-1,1 --+ M2(Cln-2) 

for which Fn-1,1 o in-1,1 = fn-1,1· 
c) Discuss the analogue Spin(n -1, 1) ~ Cl~- 1 .1 of the spinor group 
Spin(n) ~ Cl~. In particular, deduce that there is a connected sub­
group Spin°(n - 1, 1) ~ Spin(n - 1, 1) and a double covering homo­
morphism 

Spin°(n- 1, 1) --+ Lor(n- 1, 1). 
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6.4. £ & a) Using the previous question in the case where n = 4, 
deduce that there is an isomorphism of IR-algebras 

Cl3,1 --+ M2(1D). 

Using the regular representation M2 (H)--+ M,(C), this provides an 
action of Cl3,1 by Clinear transformations on the C-vector space ct. 
Identifying S~(C) with Spin°(3, 1), this gives a continuous Clinear 
action of S~(C) on C'. 
b) Let 'P: R3•1 --+ ct be a smooth function with 

"' = ('Ph \02, rpa, cp,). 

Show that the D 'Alembertian operator 0 2 given by 

02 - 82
'1'1 82\02 tP'/)3 82cp, 

'/) - -8 2 + "'Q:"'1"8 + ~8 - 8t2 
Z1 Z2 Z3 

can be expressed as 

2 ( 8 8 8 8 )
2 

0 = e1 8z1 + e2 8z2 + e3 8z3 + e, 8t ' 

where the terms inside the brackets are to be thought of as differ­
ential operators with coefficients in Cia.1 which act on C' via the 
matrix representation defined in (a). 
(This was originally observed by the physicist Dirac, who used it to 
factorise a relativistic version of the SchrOdinger equation in order 
to study the electron. The connection with Clifford algebras seems 
to have been observed by Atiyah, Bott & Shapiro in their work on 
Index Theory (3).) 
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7 
Lie Groups 

In this chapter we will introduce some of the basic ideas of smooth manifolds 
and then define Lie groups. FUll details can be found in books on Differential 
Geometry such as [6, 8, 29) while [7, 23) contain briefer introductions. One 
of our main aims is to prove that every matrix subgroup of GLn(R) is a Lie 
subgroup and we follow the proof of this result described in Howe [12). We will 
also show that not every Lie group is a matrix group by exhibiting the simplest 
counterexample. In fact every compact Lie group is a matrix group, but the 
proof of this requires the theory of Haar measu~ on a Lie group; we will discuss 
compact Lie groups in Chapter 10. 

7.1 Smooth Manifolds 

The concept of a smooth manifold is fundamental in much of Mathematics and 
Physics and provides a natural setting for many geometric concepts, suitable 
for calculus and analysis involving global topological aspects. 

Definition 7.1 

A continuous map g: Vi --+ V2 where each v, c Rm., is open is smooth if it is 
infinitely differentiable. A smooth bijection g is a diffeomorphism if its inverse 
g-l : v2 --+ Vi is also smooth. 

181 
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We will require the following topological notion. 

Definition 7.2 

A topological space X is separobk if it has a countable open covering, i.e., an 
open covering of the form {U; }~1 = {Ut, U2, Us, ... }. 

Every compact topological s~ is separable, as is any subspace of Rn or 
en for n ~ 1, so all matrix groups are separable. A quotient apace (in the sense 
to be introduced in Section 8.1) of a separable space is also separable. 

From now on, let M be a separable Hausdorff topological space. 

Definition 7.3 

If U C M and V C Rn are open subsets, a homeomorphism I: U --+ V is 
called an n-chart for U. 

If U = {Ua :a E A} is an open covering of M and~= {/a: Ua __. Va} is 
a collection of charts, then !1 is called an atlas for M if, whenever Ua n U a ~ I2J, 

fp o /;1
: lo(Ua n Up) --.jp(Ua n Up) 

is a diffeomorphism. 

(7.1) 

Sometimes we will denote an atlas by (M, U, ~ and refer to it as a m&ooth 
manifold of dimension n or smooth n-manifold. 

Definition 7.4 

Let (M, U, ~ and (M', U', ~) be atlases on topological spaces M and M'. A 
smooth map h: (M, U,91--+ (M', U',~) is a continuous map h: M --+ M' 
such that for each pair a, a' with h(Ua) n U~, ~ lii!J, the composite 

f~, o h o /;1
: la(h- 1 U~.) --+ V~, 
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is smooth. 

(7.2) 

7.2 Tangent Spaces and Derivatives 

Let {M, U, ~ be a smooth n-manifold and p E M. Let "1: (a, b) __. M be a 
continuous curve with a < 0 < b. 

Definition 7.5 

"1 is differentiable at t E (a, b) if for every chart I : U --+ V with "/( t) E U, the 
curve I o "f: (a, b) --. V is differentiable at t e (a, b), i.e., (I o 'Y)'(t) exists. "1 
is 1mooth at t e (a, b) if all the derivatives of I o "f exist at t. 

The curve "1 is differentiable if it is differentiable at all points in (a, b). 
Similarly "1 is smooth if it is smooth at all points in (a, b). 

From now on we will often write I g = I o g for the composition of functions 
I and g when no confusion seems likely to result. 

lemma 7.6 

Let fo: U0 --+ Vo be a chart with 'Y(t) e Uo and suppose that 

lo o 7: (a, b) n I0 1Vo--+ Vo 

is differentiable (respectively smooth) at t. Then for any chart I: U --+ V 
with 7(t) e U, 

lo'Y: (a,b)nj-1V--+ V 

is differentiable (respectively smooth) at t. 
\ 

Proof 

This follows using the ideas of Definition 7 .3. The composition f o "1 is defined 
on a subinterval of {a, b) containing t and is smooth. There is the usual chain 
rule or function of a function rule for the derivative 

(/1')'(t) = Jac11;• (/o1'(t))(/o1')'(t). (7.3) 
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Here, for a differentiable function 

Jach(x) = [ =~ (x)] E M...,,m, (R) 

is the Jacobian matrix of h at x. 0 

If 1'(0) = p and 1' is differentiable at 0, then for any (and hence every) chart 
fo: Uo --+ Vo with 1'(0) E U0 , there is a derivative vector v0 = (/1')'(0) E Rn. 
In passing to another chart f: U --+ V with 1'(0) E U by Equation (7 .3) we 
have 

(/1')'(0) = Jac11;• (/o'Y(O))(/o'Y)'(O). 

In order to define the notion of the tangent space T P M to the manifold M at 
p, we consider all pairs of the form 

((f-r)'(O),J: U--+ V) 

where 1'(0) = p E U, and then impose an equivalence relation,..., under which 

Since 
(h'Y)'(O) = Jac121;-~ (It 1'(0))(/t 1')'(0), 

we can also write this as 

(v,/1: ul--+ Vi),..., (Jac/2/)l(ft(p))v,/2: u2--+ 112), 

whenever there is a curve o in M for which 

1'(0) = p, (It -y)' (0) = v. 

The set of equivalence classes is T, M and we will sometimes denote the equiv­
alence class of (v,J: U--+ V) by [v,J: U--+ V). 

Proposition 7. 7 

For p e M, T 11 M is an R-vector space of dimension n. 
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Proof 

For any chart f: U --+ V with p E U, we can identify the elements of T, M 
with objects of the form (v,/: U --+ V). Every vector v E Rn arises as the 
derivative of a curve "Y= (-e,e)-+ V for which "Y(O) = f(p). For example, for 
small enough e, we could take 

"Y(t) = J(p) +tv. 

There is an associated curve in M, 

"Y= (-E,E)--+ M; -y{t) = ,-1'f(t), 

for which -y(O) = p. So using such a chart we can identify T, M with Rn by 

[v,J: U-+ V] +---tv. 

The same argument as used to prove Proposition 3.16 shows that T, M is a 
vector space and that the above correspondence is a linear isomorphism. 0 

Let h: (M,U,:t)--+ (M',U',~) be a smooth map between manifolds of 
dimensions n,n'. We will use the notation of Definition 7.4. For p E M, con­
sider a pair of charts as in Diagram (7.2) with p E U0 and h{p) E U~,. Since 
h01•,01 = f~· o h o /;1 is differentiable, the Jacobian matrix Jac,.a'.a (/o{p)) has 
an associated R-linear transformation 

I 

dhOt' 01 : Rn--+ R"; dh01•,01 (x) = Jac~a. , (/o{p))x. 
I Q: •• 

It can be verified that this passes to equivalence classes to give a well-defined 
R-linear transformation 

d h,: T, M --+ T~a.(p) M'. 

The following result summarises the properties of the derivative and should be 
compared with Proposition 3.20. 

Proposition 7.8 

Let h: {M, U, !1) --+ (M', U', T) and g: (M', U', T) --+ (M", U", T') be 
smooth maps between manifolds M, M', M" of dimensions n, n', n". Then for 
each p E M we have 
i) dgh(p) 0 dhp = d(g 0 h),; 
ii) did,= ldT,.M, where ld: M--+ M is the identity map. 
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Definition 7.9 

Let (M, U, ~ be a manifold of dimension n. A subset N C M is a sulnnanifold 
of dimension k if for every p E N there is an open neighbourhood U C M of p 
and an n-chart I: U --+ V such that 

P e /-1(V n R•) = N n u. 

For such an N we can form k-charts of the form 

fo: NnU--+ VnRA:; / 0 (x) = /(x). 

We will denote this manifold by (N, UN, '.1 N). The following result is immediate. 

Proposition 7.10 

For a submanifold N C M of dimension k, the inclusion function incl: N --+ M 
is smooth and for every p E N, d incl.,: T., N --+ T., M is an injection. 

The next result allows us to recognise submanifolds as inverse images of 
points under smooth mappings. 

Theorem 7.11 (Implicit Function Theorem for manifolds) 

Let h: (M, U, 9") -+ (M', U', :1') be a smooth map between manifolds of di­
mensions n, n'. Suppose that for some q E M', d h.,: T, M --+ T h(p) M' is 
surjective for every pEN= h-1q. Then N ~ M is submanifold of dimension 
n- n' and the tangent space at pEN is given by T, N = kerdh,. 

Proof 

This follows from the Implicit Function Theorem of Calculus. D 

Another important application of the Implicit FUnction Theorem is to the 
following version of the Inverse Function Theorem. 

Theorem 7.12 (Inverse Function Theorem for manifolds) 

Let h: (M, U, 9') -+ ( M', U', '.1') be a smooth map between manifolds of di­
mensions n, n'. Suppose that for some p E M, d h,: T, M -+ T A(p) M' is 
an isomorphism. Then there is an open neighbourhood U c M of p and an 
open neighbourhood V ~ M' of h(p) such that hU = V and the restriction of 
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h to the map ht : U --+ V is a diffeomorphism. In particular, the derivative 
dhp: T.,--+ Th(p) is an R-linear isomorphism and n = n'. 

When this occurs we say that h is locall11 o diffeomorphism at p. 

Example 7.13 

Consider the exponential function exp: Mn(R) --+ GLn(R). Then by Propo­
sition 2.5, d exp0 (X) = X. Hence exp is locally a diffeomorphism at 0. 

7.3 Lie Groups 

The following should be compared with Definition 1.15. 

Definition 7.14 

Let G be a smooth manifold which is also a topological group with multiplica­
tion map mult: G x G -+ G and inverse map inv: G --+ G and view G x G 
as the product manifold. Then G is a Lie group if mult, inv are smooth maps. 

Definition 7.15 

Let G be a Lie group. A closed subgroup H ~ G that is also a submanifold is 
called a Lie subgroup of G. It is then automatic that the restrictions to H of 
the multiplication and inverse maps on G are smooth, hence His also a Lie 
group. 

For a Lie group G, and an element g e G there is a tangent space T, G 
and when G is a matrix group this agrees with the tangent space defined 
in Chapter 3. We will use the notation s = T 1 G for the tangent space at 
the identity of G. A smooth homomorphism of Lie groups G --+ H has the 
properties of a Lie homomorphism in the sense of Definition 3.19. 

For a Lie group G, let g E G. The following three functions are of particular 
importance: 

L1 : G -+ G; L1 (x) = gx, 

R,: G --+ G; R1 (x) = xg, 

x,: G-+ G; x,(z) = gzg-1• 

(Left multiplication) 

(Right multiplication) 

(C01ijugation) 
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Proposition 7.16 

For each g E G, the maps L9 , R1 , x9 are diffeomorphisms with inverses 

L-1 L a-1 R -t , = ,-1, , = ,-1, x, = x,-1. 

Proof 

Charts for G x G have the form 

where f/Jk: ulc --+ Vt are charts for G. Now suppose that pUt X u2 c w ~ G 
where there is a chart 8: W --+ Z. By assumption, the composition 

8 o "'o (VJ1 x 'P2)-1 = 8 o "'o (VJ11 x VJ21
): Vt x v2 --+ z 

is smooth. Then L1 (z) = p.(g, z), so if g E U1 and z e U2, we have 

L1 (z) = s-t o (8 o L, o VJ21
) o tp2 (z). 

But then it is clear that 
8 o VJ21 

: v2 --+ z 
is smooth since it is obtained from 8 o p o (tp1 x 'P2)-1 , but treating the first 
variable as a constant. A similar argument deals with R,. 

For x,, notice that 
x1 = L9 o R, = R, o L,, 

and a composite of smooth maps is smooth. D 

The derivatives of these maps at the identity 1 E G are worth studying. 
Since L9 and R, are diffeomorphisms with inverses L1 -1 and R1-1 , the deriva­
tives 

d(L1)t, d(R,)t: g = Tt G-+ T, G 

are R-linear isomorphisms. We can use this to identify every tangent space of G 
with g. The conjugation map x, fixes 1, so it induces an R-linear isomorphism 

Ad,= d(x,h: g-+ g. 

This is the adjoint actio" of g E G on g. For G a matrix group this agrees with 
the adjoint action defined in Chapter 3. There is also a natural Lie bracket [ , ] 
defined on g, making it into an R-Lie algebra. The construction follows that 
for matrix groups. The following Lie group analogue of Theorem 3.21 is true. 
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Theorem 7.17 

Let G, H be Lie groups and fP: G ~ H be a Lie homomorphism. Then the 
derivative is a homomorphism of Lie algebras. In particular, if G ~ H is a Lie 
subgroup, the inclusion map incl: G ~ H induces an injection of Lie algebras 
dincl: g--+ ~-

7.4 Some Examples of Lie Groups 

Example 7.18 

When k = R or C, GLn(k) is a Lie group. 

Proof 

This follows from Proposition 1.14(i) which implies that GLn(k) C Mn(k) is 
an open subset, where as usual we identify Mn(k) with kn

2
• For charts we take 

the open sets U C GLn(k) and the identity function Id: U ~ U. The tangent 
space at each point A E GLn(k) is just Mn(k). So the notions of tangent space 
and dimension of Sections 7.1, 7.2 and Chapter 3 agree here. The multiplication 
and inverse maps are obviously smooth as they are defined by polynomial and 
rational functions between open subsets of Mn(k). 0 

Example 7.19 

Fork= R or C, SLn(k) ~ GLn(k) is a Lie subgroup. 

Proof 

Following Proposition 1.14(ii), we have 

SLn(k) = det-1 1 ~ GLn(k), 

where det: GLn(k) --+ k is smooth. k is a smooth manifold of dimension 
dimR k with tangent space the k-vector space T r k = k at each r E k. In order to 
apply Theorem 7.11, first we must show that the derivative d detA: Mn(k) --+ 
k is surjective for every A E GLn(k). To do this, consider a smooth curve 
o: (-E,E) --+ GLn(k) with a(O) =A. The derivative ddetA applied to a'(O) 
can be found using the formula 

ddetA(o'(O)) = ddeto(t) 
dt I••O 
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The modified curve 

Oo: ( -E, E) --+ GLn(k); ao(t) = A-1a(t) 

satisfies ao(O) = I and Lemma 3.22 implies that 

ddeti(a(,(O)) = dd~ao(t) = tra(,(O). 
t 1•-o 

Hence 

d detA (a' (0)) = d det<:;o(t)) = det Ad det(ao(t)) = det A tr a~(O). 
lr•O d t 1•-o 

So ddetA is the k-linear transformation 

ddetA: M,.(k)--+ k; ddetA(X) = (detA)tr(A-1 X). 

The kernel of ddetA is kerddetA = Alln(k) and it is also surjective since tr is. 
In particular this is true for A E SL,.(k). By Theorem 7.11, SLn(k) --+ GLn(k) 
is a submanifold and so is a Lie subgroup. Again the two notions of tangent 
space and dimension agree. D 

There are some useful general principles behind this last proof. Although 
we state the following two results for matrix groups, it is worth noting that 
they also apply when GLn(R) is replaced by an arbitrary Lie group. 

Proposition 7.20 (Left Translation Trick) 

Let F: GL,.{R) --+ M be a smooth function into a smooth manifold M and 
suppose that B E GL,.(R) satisfies F(BC) = F(C) for all C e GLn(R). Let 
A E GLn(R) with d FA surjective. Then dFsA is surjective. 

Proof 

Left multiplication by BEG, Ls: GL,.(R) --+ GLn(R), is a diffeomorphism 
and its derivative at A E GLn(R) is 

d(Ls): Mn(R)--+ Mn(R); dLs{X) = BX. 

By assumption, F o Ls = F as a function on GLn(R). Then 

dFsA(X) = dFsA(B(B-1 X)) 

= d FsA o d(Ls)A(B-1 X) 

= d(F o Ls)A(B-1X) 

= dFA(B-1 X). 

Since left multiplication by B-1 on Mn(R) is surjective, the result follows. 0 
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Proposition 7.21 (Identity Check Trick) 

Let G ' GLn(R) be a matrix subgroup and M be a smooth manifold. Let 
F: GLn(R) --+ M be a smooth function with F-1q = G for some q e M. 
Suppose that for every B e G, F(BC) = F(C) for all C e GLn{R). H d F1 is 
surjective then d FA is surjective for all A e G and ker d FA = Ag. 

Example 7.22 

O{n) is a Lie subgroup of GLn(R). 

Proof 

Recall from Chapter 3 that we can specify O(n) C GLn(lll) as the solution 
set of a family of polynomial equations in n2 variables arising from the matrix 
equation AT A = I. In fact, the following equations in the entries of the matrix 
A= [Oi;] are sufficient: 

n 

L a:r - 1 = 0 (1 ' r ' n), 
1:=1 

Notice that there are 

n 

LBI:rBI:• = 0 (1 'r < B 'n). 
1:=1 

of these equations. We can combine the left-hand sides of these in some order 
to give a function F: GLn(lll) --+ R("t'), for example 

F((tli;]) = 

E:=• a:l -1 

E:=l aln -1 
E:=l Bi:l Bl:2 

E:=l BJ:(n-l)BI:n 

We need to investigate the derivative dFA: Mn(R) --+ R("t'). 
By the Identity Check Trick 7.21, to show that d FA is surjective for all 

A e O(n), it is sufficient to check the case A = I. The Jacobian matrix ofF at 
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A= (ai;] =I is the (n; 1) x n2 matrix 

2 0 0 0 0 0 

0 0 0 0 0 2 
0 1 1 0 0 0 

dFr = 
0 1 0 0 1 0 

0 0 0 1 1 0 

where in the top block of n rows, the rth row has a 2 corresponding to the 
variable tlrr and in the bottom block, each row has a 1 in each column cor­
responding to one of the pair ar•,an with r < s. The rank of this matrix is 

n + (;) = ( n ; 
1
) , so d F1 is surjective. It is also true that 

kerdFr = Sk-Symn(lll) = o(n). 

Hence O(n) ' GLn(R) is a Lie subgroup and at each element, the tangent space 
and dimension agree with those obtained using the definitions of Chapter 3. 0 

This example is typical of what happens for any matrix group that is a Lie 
subgroup of GLn(R). We summarise the situation in the following theorem, 
whose proof involves a careful comparison between the ideas introduced in 
Chapter 3 and the definitions involving manifolds. 

Theorem 7.23 

Let G' GLn(lll) be a matrix group which is also a submanifold, hence a Lie 
subgroup. Then the tangent space toG at I agrees with the Lie algebra g and 
the dimension of the smooth manifold G is dimG; more generally, TAG= Ag. 

In the following sections, our goal will be to prove an important result. 

Theorem 7.24 

Let G ' GLn(R) be a matrix subgroup. Then G is a Lie subgroup of GLn(R). 

In fact a more general result also holds but we will not give a proof. 
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Theorem 7.25 

Let G ' H be a closed subgroup of a Lie group H. Then G is a Lie subgroup 
of H. 

7.5 Some Useful Formulm in Matrix Groups 

Let G' GLn{R) be a closed matrix subgroup. Applying Proposition 2.4, we 
may choose r E Ill so that 0 < r ' 1/2 and if A, B E NM .. (R)(O; r) then 
exp(A) exp(B) E exp(NM .. (R)(O; 1/2)). Since exp is injective on NM .. (R)(O; r), 
there is a unique C E Mn(R) for which 

exp(A) exp(B) = exp(C). 

We also set 
1 

S = C - A - B - 2(A, B) e Mn(R). 

For X E Mn(lll) we have 

exp(X) = I +X + Rt (X), 

where the remainder term R1(X) is given by 

Hence, 

IIRt {X) II ' IIXII2 E ~! nxn'-2
' 

t'2 

and therefore if IIXII ' 1, 

IIRt (X) II ' IIXII2 (E ~~) = IIXII2
(e- 2) < IIXII2

• 
lc~2 

\ 

Since IICII < ~ we obtain 

IIRt (C) II < IICII2 • 

Similar considerations lead to 

exp(C) = exp(A)exp(B) =I+ A+ B + Rt{A,B), 

(7.4) 

(7.5) 

(7.6) 



194 Matrix Groups: An Introduction to Lie Group Theory 

where 

Rt(A,B) = L ~ (t (k)Ars~e-r). 
1e~2 k. r=o r 

This gives 

since IIAII + IIBII < 1. 
Combining the two ways of writing exp(C) from above, we have 

and so 

C =A+ B + Rt(A,B)- Rt(C) 

IICII' IIAII + IIBII + IIRt(A,B)II + IIRt(C)II 

< UAII + IIBII + (IIAII + IIBII)2 + IICII2 

' 2(11AII + IIBII) + ~IICII2 I 

since IIAII, IIBII, ncn ' ~· Finally this gives 

IICII ' 4(11AII + IIBII). 

Equation (7. 7) also gives 

IIC- A - Bll ' IIRt (A, B) II + IIRt (0)11 

' (IIAII + IIBII)2 + (4(IIAII + IIBII))
2 

' 

giving 

IIC - A - Bll ' 17(11AII + IIBII)2
• 

Now we will refine these estimates further. Write 

1 
exp(C) =I+ C + 2o2 + R2(C) 

(7.7) 

(7.8) 
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where 

which satisfies the estimate 

IIR2(C)II ' jncns 

since IICII' 1. With the aid of Equation (7.5) we obtain 

1 1 
exp(C) =I+ A+ B + '2[A,B) + S + 202 + R2(C) 

1 1 
= I+ A+ B + '2[A, B) + '2(A + B)2 + T 

1 = I+ A + B + 2(A2 + 2AB + B 2
) + T, (7.9) 

where 

Also, 

1 
exp(A) exp(B) =I+ A+ B + '2(A2 + 2AB + B2) + R2(A, B) (7.11) 

where 

R2(A,B) = E :, (t (!)A·sA-·) I 

i~S r=O 

which satisfies 

IIR2(A, B) II ' i<IIAII + IIBII)s 

since IIAII + IIBII ' 1. 
Comparing Equations (7.9) and (7.11) and using (7.4) we see that 

1 
S = R2(A,B) + 2((A + B)2 

- ~)- R2(C). 

Taking norms we have 

IISII' IIR2(A,B)II + iii(A + B)(A + B- C)- (A+ B- C)CIJ + IIR2(C)II 

' i<IIAJI + IIBII)3 + ~(IIAII + IIBII + ncn>IIA +s-en+ incus 

' i<IIAII + IIBII)s + : (IIAII + IIBII). 17(11AII + IIBII)2 + i<4IIAII + IIBII)s 

' 65(IIAII + IIBII)s, 

which yields the estimate 

IISII ' 65(IIAII + IIBII)3
• (7.12) 
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-heorem 7. 26 

'or U, V E Mn(R) we have the following formul~. 

}otter Product Formula: 

xp(U + V) = lim (exp((l/r)U) exp{(1/r)V))r. 
r-+oo 

~ommutator Formula: 

exp([U, V]) = lim {exp((l/r)U) exp{{l/r)V) exp( -(1/r)U) exp( -{1/r)V))r
2 

• 
r-+oo 

,roof 

:Or larger we may take A= (1/r)U and B = (1/r)V and apply Equation (7.5) 
o give 

exp((1/r)U) exp{(1/r)V) = exp(Cr) 

vith 

IICr - (1/r)(U + V)ll ' 17(IIUII ~ IIVII)2. 
r 

ls r-+ oo, 

llrCr - (U + V)ll = 17(IIUII + IIVII)2 -+ 0, 
r 

1ence rCr -+ (U + V). Since exp(rCr) = exp(Cr)r, the Trotter formula follows 
•Y continuity of exp. 

We also have 
1 1 

Cr = -(U + V) + -
2 2 (U, V) + Sr 

r r 
vhere 

IISrll ' 65 (IIUII +311VII)s. 
r 

;imilarly, replacing U, V with -U, - V we obtain 

exp((-1/r)U)exp((-1/r)V) = exp(C~), 
vhere 

c~ = !cu + v> + 
2

\ (u, v) + s~ 
r r 

Llld 
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Combining these we obtain 

exp((l/r)U) exp((1/r)V) exp(( -1/r)U) exp(( -1/r)V) 

= exp(Cr) exp(C~) = exp(Er), 

where 

Er = Cr + c: + ~(Cr,C~] + Tr 

= r~ + ~(Cr, c:J + Sr + S~ + Tr. (7.13) 

Here Tr is defined from Equation (7.5) by setting Cr =A, c: =Band Tr = S. 
Another tedious computation shows that 

[C.,C:.J = [;(U + V) + ~2 [U, V) + S., rl (U + V) + 2~ [U, V) + ~1 

= ~ [U + V, [U, V)] + !ru + V, S,. + S~] 
r r 

+ 2!2 [(U, V], s: -Sr) + (Sr, s:). 

By the estimate of (7.12), all four of these terms has norm bounded by an 
expression of the form (constant)/r3 

I so the same is true of [C,., c:J. Esti­
mate (7.12) also implies that Sr, s:, Tr have similarly bounded norms. Setting 

Qr = r 2Er- (U, V], 

we obtain 

II 
1 I (constant) IIQrll = Er - r 2 [U, V) ' rS -+ 0 

as r-+ oo, so 
2 

exp(ErY = exp((U, V) + Q,.)-+ exp([U, V]). 

The commutator formula now follows using continuity of exp. D 

Prpof (Another proof of lemma 3.23) 

As an application of the Trotter formula, we will reprove the formula of 
Lemma 3.23: 

det exp(A) = exp(tr A). 

rhe case n = 1 is immediate, so assume that n > 1. 
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If U, V e M .. (C) then by the Trotter formula together with the fact that 
det is continuous and multiplicative, 

detexp(U + V) = det {lim (exp((l/r)U) exp((l/r)V))r) 
r~oo 

= lim det (exp((l/r)U) exp((l/r)V))r 
r~oo 

= lim detexp((l/r)U)r detexp((l/r)vr 
r~oo 

= lim det (exp((l/r)U)r) det (exp((l/r)V)") 
r~oo 

= lim det exp(U) det exp(V) 
r~oo 

= detexp(U) detexp(V). 

More generally, given U1, ... , U, E Mn(C) we have 

detexp(U1 + · · · + U~e) = detexp(U1) • • · detexp(U,). (7.14) 

So if A = At + · · · + A, where the A; satisfy 

we have 

detexp(A;) = exp(tr A;) (j = 1, ... , k}, 

detexp(A) = detexp(At +···+A~:) 

= exp(tr A1) · · · exp(tr A~:) 

= exp(tr At+···+ tr A,) 

= exp(trA). 

So it suffices to show that every matrix A has this form. 
Recall that A = (Oi;] can be expressed as 

A = E a,.,E"' I 
t,r,n. 1,., .. 

where Er• is the matrix having 1 in the (r, a) place and 0 everywhere else, i.e., 

For z E C, 

E"' ij = 6ir6;,. 

det exp(zE"') = det (L ~(z'(E"')') 
i;>O k. 

= {det((e• - l}E"' + I,.) 
detl,. 

{
e• if r =a, 

= 1 ifr ~ s. 

if r =a, 
ifr~B 
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On the other hand, 

E r• {z ifr = s, trz = 
0 if r;: s. 

Thus 

( J::tr•) {ez if r = s, exp tr z~:~ = 
1 if r "F s, 

so we obtain 
detexp(z.E"•) = exp(tr z.E"•), 

which is the desired equation. 

7.6 Matrix Groups are Lie Groups 

199 

0 

Our aim in this section is to prove Theorem 7.24. Let G' GLn(lll) be a matrix 
subgroup. Recall that the Lie algebra g = T 1 G is an IR-Lie subalgebra of 
gln (IR) = Mn(IR). Let 

j = {A E Mn(R) : Vt E R, exp(tA) E G}. 

Theorem 7.27 

i is an R-Lie subalgebra of Mn(lll). 

Proof 

By definition j is closed under multiplication by real scalars. If U, V e i and 
r ;;::: 1, then the following are in G: 

(exp((1/r)U) exp((1/r)V)), (exp({1/r)U) exp((1/r)V))r, 
2 

(exp((1/r)U) exp((1/r)V) exp( -(1/r)U) exp( -(1/r)V))r , 
2 

(exp((1/r)U) exp((1/r)V) exp( -(1/r)U) exp( -(1/r)V))r . 

By Theorem 7.26, for t e R, we have 

exp(tU +tV) = lim (exp((l/r)tU) exp((1/r)tV)t, 
r~oo 

and 

exp(t[U, V]) = exp((tU, V)) 

= lim (exp((l/r)tU) exp((1/r)V) exp( -(1/r)tU) exp( -(1/r)V))r
2 

• 
r~oo 
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As these are both limits of elements of the closed subgroup G 'GL,.(IR) they 
are also in G. This shows that i is a Lie subalgebra of gl,.(lll) = Mn(R). 0 

Proposition 1.28 

For a matrix subgxoup G' GLn(R), i is an Ill-Lie subalgebra of g. 

Proof 

Let U E j. Then the curve 

'Y: IR --+ G; -y(t) = exp(tU), 

has -y(O) = I and 7' (0) = U, hence U e g. 

Remark 7.29 

Eventually we will see that i = g. 

We will require a technical result. 

Lemma 7.30 

0 

Let {An E exp-1 G}n)l and {3n E IR}n)l be sequences for which IIAnll ~ 0 
and snAn ~A E M,.(IR) as n ~ oo. Then A E j. 

Proof 

Let t E JR. For each n, choose an integer mn E Z so that ltsn - m,.l ' 1. Then 

llmnAn - tAll ' ll(mn - tsn)Anll + lltsnAn - tAll 

= lmn - ts,.IIIAnll + lltsnAn - tAll 

' IIAnll + lltsnAn - tAll ~ 0 

as n ~ oo, showing that m..An ~ tA. Since 

exp(mnAn) = exp(A,.)m" e G, 

and G is closed in GLn(R), we have 

exp(tA) = lim exp(mnAn) e G. 
n~oo 

Thus every real scalar multiple tA is in exp-1 G, showing that A e g. 0 
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Choose a complementary R-subspace tu to i in gl11 (R) = M11{R), i.e., any 
vector subspace such that 

i + tu = Mn(R), 

dima i + dima tu = dima Mn(R) = n2
. 

The second of these conditions is equivalent to 

inav = o. 
This gives a direct sum decomposition of M11(R), so every element X E M11(R) 
has a unique expression of the form 

X= U + V (U E j, V E tu). 

Consider the map 

cJ: Mn(R) ---+ GLn(R); <t(U + V) = exp(U) exp(V) (U E j, V E tu). 

cJ is a smooth function which maps 0 to I. Notice that the factor exp(U) is in 
G. Consider the derivative at 0, 

d<to: Mn(R)---+ gl11 (R) = Mn(R). 

To determine d +o(A +B), where A e i and B e tu, we differentiate the curve 
t .-..+ <t(t(A +B)) at t = 0. Assuming that A, Bare small enough and using the 
notation of Equations (7.4) and (7.5) for small t e R, there is a unique C(t) 
depending on t for which 

<t(t(A +B)) = exp(C(t)). 

Estimate (7.12) gives 

II(C(t) - tA- tB) - t: [A, BJII '65lti3 (IIAII + IIBII)3
• 

From this we obtain 

II(C(t)- tA- tBII ' ~ II(A, B]IJ + 651ti3(IIAII + IIBII>3 

= ; (lf(A, B)IJ + 130iti<IIAII + IIBII)3
) 

and so 
d d 
d t cJ(t(A + B))lt=o = d t exp(C(t))lt=O =A+ B. 

By linearity of the derivative, for small A, B, 

d<to(A +B)= A+ B, 
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so d +o is the identity function on Mn(R). By the Inverse Function Theo­
rem 7.12, + is a diffeomorphism onto its image when restricted to a small 
open neighbourhood of 0, and we might as well take this to be an open disc 
N M .. <•> ( 0; 6) for some 6 > 0. Thus the restriction of + to 

+1: NM.(Ir:)(0;6)-+ +NM .. (t){0;6) 

is a diffeomorphism. 
Now we must show that • maps some open subset (which we could assume 

to be an open disc) of NM .. {t)(0;6) nj containing 0 onto an open neighbour­
hood of I in G. Suppose not; then there is a sequence of elements Un E G with 
Un -+ I as n -+ oo but Un '/. +i. For large enough n, Un E +NM .. (k)(O; 6), 
hence there are unique elements An E i and Bn E tu with +(An + Bn) = Un. 
Notice that Bn '/; 0 since otherwise Un e +i. As +1 is a difteomorphism, 
An + Bn -+ 0 and this implies that An -+ 0 and Bn -+ 0. By definition of +, 

exp(Bn) = exp(An)-1Un E G, 

hence Bn E exp-1 G. Consider the elements 11n = (1/IIBnii)Bn of unit norm. 
Each 11n is in the unit sphere in Mn(R), which is compact hence there is a 
convergent subsequence of {Jln}· By renumbering this subsequence, we can 
assume that 11n-+ Bas n-+ oo, where IIBII = 1. Applying Lemma 7.30 to the 
sequences { Bn} and {1/IIBnll} we find that B E j. But each Bn (and hence 
11n) is in tu, soB must be too. Thus Be jnav, which contradicts the fact that 
B '/; 0. 

So there must be an open disc 

Nj(O;cJt) = NM .. (R)(0;6t) nj 

which is mapped by + onto an open neighbourhood of I in G. So the restriction 
of + to this open disc is a local diffeomorphism at 0. The inverse map gives 
a chart for GLn(R) at I and moreover Nj{O; 61) is then a submanifold of 
NM .. (R)(O; eSt). 

We can use left translation to move this chart to a new chart at any other 
point U e G, by considering Lu o •. The details are left as an exercise. 

So we have shown that G ' GLn(R) is a Lie subgroup, proving Theo-­
rem 7 .24. This is a fundamental result that can be usefully reformulated as 
follows. The proof of the second part is similar to our proof of the first with 
minor adjustments required for the general case. 

Theorem 7.31 

A subgroup of GLn(R) is a closed Lie subgroup if and only if it is a matrix 
subgroup, i.e., a closed subgroup. More generally, a subgroup of an arbitrary 
Lie group G is a closed Lie subgroup if and only if it is a doeed subgroup. 
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Notice that the dimension of a matrix group G as a manifold is dima j. 
By Proposition 7.28, i C g and dima i ' dima g. By Theorem 7.23, these 
dimensions are in fact equal, giving 

-g =g. (7.15) 

Combined with Proposition 2.4, this gives the following theorem. 

Theorem 7.32 

For a matrix group G' GL,.(R), the exponential map exp: 8--+ Mn(R) has 
image in G, im. exp ' G. Moreover, exp is a local diffeomorphism at 0, mapping 
some open neighbourhood of 0 onto an open neighbourhood of I in G. 

7.7 Not All Lie Groups are Matrix Groups 

For completeness we describe the simplest example of a Lie group which is 
not a matrix group. In fact there are infinitely many related examples of such 
HNenberg group1 Heisn and the example Heisa that we will discuss in detail 
is particularly important in Quantum Physics. 

For n ~ 3, the Heisenberg group Heisn is defined as follows. Recall the group 
of n >< n real unipotent matrices SUT n (R), whose elements have the form 

1 0(2 4tn 

0 1 423 42n 

0 0 

1 On-2n-l 

0 1 On-In 
0 0 0 0 1 

with Gij E R. Then SUTn is a matrix subgroup of GLn(R) whose Lie algebra 
eut,. (R) consists of the matrices of the form 

0 t12 ttn 

0 0 t23 t2n 

0 0 

0 tn-2n-l 

0 0 tn-ln 
0 0 0 0 0 
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with tts e R, hence dimSUTn = (;).It is a nice exercise to show that the 

following hold in general. 

Proposition 7.33 

For n ~ 3, the centre Z(SUT n) of SUT n consists of all the matrices [4iJ] e Heisn 
with Oij = 0 except when i = 1 and j = n. Furthermore, Z(SUT n) is contained 
in the commutator subgroup of SUT n· 

Notice that there is an isomorphism of Lie groups R ~ Z(SUT n) under 
which the subgroup of integers Z C R corresponds to the matrices with a1 n e Z 
and these form a discrete normal (in fact central) subgroup Zn <~SUTn. We can 
form the quotient group 

Heisn = SUT n /Zn. 

Heisn has the quotient space topology and since Zn is a discrete subgroup, the 
quotient map q: SUT n ----. Heisn is a local homeomorphism. This can be used 
to show that Heisn is also a Lie group since charts for SUT n defined on small 
open sets will give rise to charts for Heisn. The Lie algebra of Hei&n is the same 
as that of SUT n• ~rian = sut,.. 

Proposition 7.34 

For n ~ 3, the centre Z(Heisn) of HeiSn consists of the image under q of 
Z(SUTn). Furthermore, Z{Heisn) is contained in the commutator subgroup of 
Heisn. 

We note that Z(Heisn) = Z(SUTn)/Zn is isomorphic to the circle group 

T = { z E C : lzl = 1}, 

with the correspondence coming from the map 

R ---+ T; t ..._.... e21rit. 

When n = 3, there is a surjective Lie homomorphism 

p: SUTs-+ R
2

; [~ ~ i] ~ [:] 
whose kernel is kerp = Z(SUTs). Since~ 'kerp, there is an induced surjective 
Lie homomorphism JJ: Heis3 --+ R2 satisfying JJ o q = p. In this case the 
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isomorphism Z(Heisn) ~Tis given by 

[~ ~ ~] z3 .,_.._. e27fit. 

0 0 1 

From now on we will denote the coset 

[~ ~ :] Zs E Heiss 
0 0 1 

by [x, y, e2"i']. Thus a general element of Heiss has the form [x, y, z) for z, 'IJ e IR 
and z e T; the identity element is 1 = (0, 0, 1). Similarly, the element 

[

1 z t] 
0 1 'IJ E ~cil3 
0 0 1 

will be denoted (x, y, t). 

Proposition 7.35 

Multiplication, inverses and commutators in Heiss are given by 

(Xt t 1/1, Z1](X2, J/2, %2) =(zt + X2, 1/1 + 1/2 1 Zt Z2e2
"iz1r2

) 1 

[z, y, z]-1 =[-x, -y, z-le2•i:rr] 

(Xt t 1/1 t Zt](X2, 'IJ2t z2](X1, J/1, Zt]-l (x2, J/2t Z2)-l =(0, 0, e2"i(zun-Jtt*2 )). 

The Lie bracket in ~ci13 is given by 

[(xlt 1/lt t1), (x2, 1/2, t2)] = (0, 0, Xtf/2 -y1z2)-

The Lie algebra ~cia3 is often called a Heisenberg (Lie) algebra and occurs 
throughout Quantum Physics. It is essentially the same as the Lie algebra of 
operators on difFerentiable functions f: R --+ R spanned by the three operators 
1, p, q defined by 

d/(x) 
1/(z) = /(x), pf(x) = dx , qf(x) = xf(x). 

The non-trivial commutator involving these three operators is given by the 
canonical commutation relation 

(p, q] = pq - qp = 1. 

In l)ri13 the elements (1, 0, 0), (1, 0, 0), (0, 0, 1) form a basis with the only non­
trivial commutator 

((1,0,0), (1,0,0)) = (0,0, 1). 
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Theorem 7.36 

There are no continuous homomorphisms tp: Heis3 --+ GLn(e) with trivial 
kernel ker V' = 1. 

Proof 

Suppose that tp: Heis3--+ GLn(e) is a continuous homomorphism with trivial 
kernel and suppose that n is minimal with this property. For each 9 e Heisa, 
the matrix '1'(9) acts on vectors in en. 

We will identify Z(Heisa) with the circle T as above. Then T has a topologiml 

generator zo; this is an element whose powers form a cyclic subgroup (Zo) ' T 
which has closure T. Proposition 10.7 will provide a more general version of this 
phenomenon. For now we point out that for any irrational number r e R, the 
following is true: for any real number 3 e R and any £ > 0, there are integers 
p, q e Z such that 

13 - pr - ql < £, 

This implies that e2"'ir is a topological generator ofT since its powers are dense. 
Let ~ be an eigenvalue for the matrix VJ(ZO ), with eigenvector v. If necessary 

replacing zo with z01
, we may assume that ~ ~ 1. If 11~11 > 1, then 

VJ(zt)v = VJ(Zo)l:v = ll:v 

and so 
IIVJCZ:>II ~ IIlii'. 

Thus IIVJ(Z:)II-+ oo ask-+ oo, which implies that tpT is unbounded. But VJ is 
continuous and Tis compact hence tpT is bounded. So in fact IIlii = 1. 

Since VJ is a homomorphism and Zo e Z(Heisa ), for any 9 e Heisa we have 

VJ(Zo)V'(9)v = VJ(Zo9)v = tp(g.zo)v = VJ(9)VJ(Zo)v = ~VJ(g)v, 
which shows that VJ(g) is another eigenvector of VJ(Zo) for the eigenvalue>... If 
we set 

V,. = {v E en : 3k ~ 1 s.t. (VJ(Zo) - lln)•v = 0}, 

then v,. c en is a vector subspace which is also closed under the actions of all 
the matrices tp{g) with g e Heisa. Choose ko ~ 1 to be the largest number for 
which there is a vector vo e V,. satisfying 

(VJ(Zo)- Mn).tovo = 0, (VJ(Zo)- >..In)'to-lvo ~ 0. 

U ko > 1, there are vecton u, v e v,. for which 

VJ(zo)u = lu + v, tp{zo)v = .\v. 
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Then 

and since IAI = 1, 

llrp(z:>ll = IIV'(Zo)a: II ~ IAu + kvl -+ oo 

as k -+ oo. This also contradicts the fact that rpT is bounded. So ko = 1 and v,. 
is just the eigenspace for the eigenvalue A. This argument actually proves the 
following important general result, which in particular applies to finite groups 
viewed as zero-dimensional compact Lie groups. 

Proposition 7.37 

Let G be a compact Lie group and p: G--+ GL,.(C) be a continuous homo­
morphism. Then for any g e G, p(g) is diagonaJisable. 

Having chosen a basis for v,., we obtain a continuous homomorphism -
6: Heis3 --+ GL.,(C) for which B(Zo) = >Jd. By continuity, every element 
ofT also has the form (scalar)Jd. The minimality of n implies that we must 
have d = n and so we can assume that cp(Zo) = >.In. 

By the equation for commutators given in Proposition 7 .35, each element 
z e T ' Heiss is a commutator z = ghg-1h-1 in Heiss. Since det and cp are 
homomorphisms, 

detcp(z) = rp(ghg-1h-1) = 1. 

Thus there is a continuous function p: T --+ ex such that for every z e T I 

rp(z) = p(z)Id, p(z)d = 1. 

As Tis path connected, p(z) = 1 for every z e T. Therefore for each z e T, 
the only eigenvalue of rp(z) is 1. This shows that T' kercp, contradicting the 
assumption that ker rp is trivial. D 

The argument used in this proof can be modified to show that none of the 
Heisenberg groups Heisn with n ~ 3 can be realised as a matrix group. 

EXERCISES 

7.1. a) Show that the subset 

M ={(A, b) e Mn(R) X R: bdetA = 1} ~ Mn(R) X R 
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is a closed submanifold of Mn(R) x Rand determine TcA,6) M for 
(A,b)eM. 
b) Show that M has the structure of a Lie group with multiplication 
IJ given by 

IJ((At I bl), {A2, ~)) = (AtA2, bl~)­

To which standard matrix group is M isomorphic? 
c) Repeat this with R replaced by C. 

7.2. Work through the details of the calculation in Example 7.22 for the 
cases n = 2, 3. 

7.3. a) Modify the details of Example 7.22 to show that U(n) ~ GLn(C) 
is a Lie subgroup. It might be helpful to work through the cases 
n = 1, 2, 3 first. 
b) Show that SU(n) ~ U(n) is a Lie subgroup by using the determi­
nant function 

det: U(n)---+ T = {z E C: lzl = 1} 

together with the Identity Check Trick 7.21. 

7.4. Let G be a matrix group. Use Theorem 7.24 to show that each of 
the following subgroups of G is a Lie subgroup. In each case, try to 
find a proof that works when G is an arbitrary Lie group. 
a) ForgE G, the centraliser of g, Zo(g) = {z e G: zgz-1 = g}. 
b) The centre of G, Z(G) = ngeG Zo(g). 
c) For a closed subgroup H' G, the normaliser of H, 

No(H) = {z e G: zHz-1 = H}. 

d) The kernel of tp, kertp, where tp: G--+ His a continuous homo­
morphism into a matrix group H. 

7.5. Let G be a matrix group and M be a smooth manifold. Suppose 
that 1J: G x M ---+ M is a continuous group action as defined in 
Section 1.9 and investigated in the exercises for Chapter 1. Also 
suppose that IJ is smooth, i.e., is a smooth group action. 
a) Show that for each z e M, Stabo(z) ~ G is a Lie subgroup. 
b) H X C M is a closed subset, show that its stabiliser 

Stabo(X) = {g E G: gX =X} ~ G 

is a Lie subgroup. 
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7.6. For a Lie group G and a closed subgroup H ~ G, show that the 
cosets gH and Hg and the conjugate gHg-1 are submanifolds of 
G. In each case, identify the tangent space at a point in terms of a 
suitable tangent space to H. 

7. 7. Let G and H be Lie groups and VJ: G --+ H be a Lie homomorphism. 
Show that ker VJ :e;; G is a Lie subgroup and identify the tangent space 
T 9 ker VJ at g E ker 'P· 

7 .8. For n ~ 1, consider the subset 

e2n = {J e G~n(R) : J2 = -12n} C G~n(R). 

a) Show that f2n C G~n(R) is a closed subset. 
b) Show that there is a continuous action of GL2n(R) on f2n given 
by 

A· J = AJA-1 (A e G~n(R)). 

By considering the eigenvalues of elements of f2n, show that this 
action has only one orbit. 
c) Find the stabilisers of the matrices J2n and J~n of Section 1.6. 
d) ££ Show that f2n C G~n(R) is a submanifold and find its 
tangent space at a point J e e2n· 
(An element J e G~n(R) satisfying J2 = -I2n is often called a 
complex strocture on R2" and e2n can be interpreted as the space 
of all complex structures on R2" .) 

7.9. Modify the previous exercise by replacing G~n(R) with 0(2n) and 
e2n with 

f2n = {J E 0(2n) : J 2 = -I2n} C 0(2n). 

In particular show that f2n ~ 0(2n) is a submanifold and find its 
dimension. Also show that f2n ~ S0(2n). 

7.10. Determine the Lie bracket [, ] of the Lie algebra (Jris~ of the Heis­
enberg group Heis4. 





8 
Homogeneous Spaces 

Homogeneous spaces are as important in connection with Lie groups and their 
applications as sets of cosets are in ordinary group theory. Indeed, in the 
Kleinian view, a geometry consists of a homogeneous space with the group 
acting as its symmetry group. For detailed discussions of homogeneous spaces 
and the related notion of symmetric space see (6, 11). We describe the basic 
ideas although we omit the proof that a homogeneous space is actually a smooth 
manifold since that would require somewhat more differential geometry than 
we have developed. Instead we focus on homogeneous spaces arising as orbits 
for smooth group actions and these can be studied as submanifolds. 

We give a number of examples based on standard constructions in linear al­
gebra, such as the Gram-Schmidt process and the transformation theory of real 
quadratic forms. In Chapter 9 we will use homogeneous spaces to investigate 
connectivity of various families of matrix groups. 

· 8.1 Homogeneous Spaces as Manifolds 

Let G be a Lie group of dimension dim G = n and H :E; G be a closed subgroup, 
which is therefore a Lie subgroup of dimension dim H = k. The set of left cosets 

G I H = {gH : g e G} 

has an associated quotient map 

w: G--+ G/H; w(g) = gH. 

211 
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We give G I H a topology by requiring that a subset W C G I H is open if and 
only if 71'-1 W C G is open; this is called the quotient topology on G I H. 

Remark 8.1 

This idea can be generalised to the case of an arbitrary surjection q: X --+ Y 
where X is a topological space and Y is a set. The resulting topology on Y 
is also called the quotient topol09J1 with respect to q. A particular case of this 
occurs when Y is the set of equivalence classes of an equivalence relation - on 
X and q(z) is the equivalence class of x e X. 

lemma 8.2 

The projection map 7f': G --+ G I H is an open mapping and G I H is a topo­
logical space which is separable and Hausdorff. 

Proof 

For U ~ G, 

where 

1r-1(1rU) = U Uh, 
lt.EH 

U h = { uh E G : u E U} C G. 

If U C G is open, then each Uh {he H) is open, implying that 1rU C G is also 
open. 

G I H is separable since a countable basis of G is mapped by 7f' to a countable 
collection of open subsets of G I H that is also a basis. 

To see that G I H is Hausdorff, consider the continuous map 

8: G x G--+ G; B(x,y) = z-1y. 

Then 
8-1H = {(x,y) E G x G: xH = yH}, 

and this is a closed subset since H ~ G is closed. Hence, 

{(z, 11) E G x G : xH = 11H} ~ G x G 

is open. By definition of the product topology, this means that whenever x, 11 E 
G satisfy xH ~ yH, there are open subsets U, V ~ G with x e U, y E V, 
U :/: V and 1rU n 1rV = li?J. Since 1rU,wV C GIH are open, this shows that 
G I H is Hausdorff. 0 
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The quotient map 11": G --+ G I H is characterised by a universal property 
which is similar in spirit to that of Theorem 5.4. 

Proposition 8.3 (Universal property of the quotient topology) 

Let X be a topological space and I: G --+ X be a continuous function for 
which f(gh) = /(g) whenever g e G and h e H. Then there is a unique 
continuous function ] : G I H --t X for which f o 11" = f. 

G 

;/ "'\_· 
GIH ............................. ,..X 

3! I continuoua 

The following consequence characterises the topological space G I H up to 
homeomorphism and is proved in a similar fashion to Corollary 5.5. 

Corollary 8.4 

Let Q be a topological space and q: G --t Q be a continuous function for 
which q(gh) = q(g) whenever g e G and he H, and suppose that it has the 
following universal property: 

Let X be a topological space and f: G --+ X be a continuous function for 
which f(gh) = f(g)_ whenever g e G and_ h E H. Then there i8 a unique 
continuous junction /: Q --. X for which / o q = f. 

Then there is a unique homeomorphism q: G I H --+ Q satisfying q o 1r = q. 

We would like to make G I H into a smooth manifold so that 7r: G --. G I H 
is smooth. The explicit construction of an atlas is rather complicated so we 
merely state a result on this and then consider some examples where the smooth 
structure comes from an existing manifold which is diffeomorphic to a quotient. 
The reader is referred to (6, 29] for further details. 

Theorem 8.5 

G I H can be given the unique structure of a smooth manifold of dimension 

dimGIH = dimG- dimH 

so that the projection map 7r: G--. GIH is smooth and at each g E G, 

ker{dw: T1 G--+ T1HGIH) = dL1 1), 
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and there is an atlas for G I H consisting of charts of the form 8: W --+ 8W C 
an-A: for which there is a diffeomorphism e: w X H -+ 7r-l w satisfying the 
conditions 

9(w, h1h2) = 9(w, ht)~, 1r(8(w, h)) = w (wE W, h,h,,~ E H). 

e w x H 11'-lw 

~/ 
w 

The projection 7r looks like proj1 : 7r-1w --+ W, the projection onto W, 
when restricted to 1r-1W. For such a chart, the map 9 is said to provide a 
local trivialisation o/11' over W. An atlas consisting of such charts and local 
trivialisations (8: W --+ 8W, 9) provides a local trivalisation o/11'. This is 
related to the important notion of a principlll H -bundle over G I H. 

Notice that given such an atlas, an atlas for G can be obtained by taking 
each pair (8: W --+ 8W, 9) and combining the map 8 with a chart 1/J: U --+ 
1/JU C a' for H to obtain a chart 

(8 X 1/J) 0 e-t: 9(W X U) --+ 8W X 1/JU can-A: X Rl: = Dl". 

Such a manifold G I H is called a homogeneou~ IJHlCe since each left translation 
map L, on G gives rise to a diffeomorphism 

[ 1 : GIH--+ GIH; t",(xH) = gxH, 

for which 7r o L, = [ 1 o 1r. 

·1 ·1 
GIH r. , GIH 

So each point gH has a neighbourhood diffeomorphic under L, 1 
to a neigh- · 

bourhood of lH; so locally G I H is unchanged as gH is varied. This is the 
basic insight in Felix Klein's view of a Geometry which is characterised as a 
homogeneous space G I H for some group of transformations G and subgroup 
H ,G. 
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8.2 Homogeneous Spaces as Orbits 

Just as in ordinary group theory, group actions have orbits equivalent to sets of 
cosets G / H, so homogeneous spaces also arise as orbits associated to smooth 
groups actions of G on a manifolds. 

Theorem 8.6 

Suppose that a Lie group G acts smoothly on a manifold M. H the element 
x E M has stabiliser Stabo(x) ' G and the orbit Orba(x) C M is a closed 
submanifold, then the function 

/: G/ Staba(x) --+ Orba(x); J(gStaba(x)) = gx 

is a diffeomorphism. 

Example 8.7 

For n ~ 1, 0( n) acts smoothly on R" by matrix multiplication. For any non-zero 
vector v E IR", the orbit Orbo(n)(v) ~ IR" is diffeomorphic to O(n)/ O(n -1). 

Proof 

First observe that when v is the standard basis vector en, for A E O(n), 
Aen = en if and only if en is the last column of A, while all the other columns 
of A are orthogonal to en· Since the columns of A must be an orthonormal set 
of vectors, this means that each of the first (n -1) columns of A has the form 

where the matrix 

tln-11 tln-12 

4nA: 
0 

tln-ln-1 
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is orthogonal and hence in O(n- 1). We identify O(n -1) with the subset of 
0( n) consisting of matrices of the form 

OJn-1 

02n-1 0 

On-11 On-12 On-1n-1 0 
0 0 0 1 

and then have Stabo(n)(en) = O(n-1). The orbit of en is the whole unit sphere 
sn-1 c Rn since given a unit vector u we can extend it to an orthonormal basis 
U~t ... , Un-1, Un = u whose vectors form the columns of an orthogonal matrix 
U E O(n) for which Uen = u. Then there is a diffeomorphism 

O(n)/ Stabo(n)(en) = O(n)/ O(n- 1) --+ Orbo(n)(en) = sn-1
. 

Now for a general non-zero vector v notice that Stabo(n)(v) = Stabo(n)(v) 
where v = (1/lvl)v and 

Orbocn>(v) = sn-1(1vl), 

the sphere of radius lvl. H we choose any P E O(n) with v = Pen, we have 

Stabo(n)(v) = PStabo(n)(en)P-1 

and so the map 

Orbo(n)(v)--+ O(n)/PO(n -l)P-1 Xp-t, O(n)/ O(n -1) 

is a diffeomorphism. 0 

A similar result holds for SO(n)/ SO(n - 1} as a homogeneous space of 
SO(n). We can also obtain the homogeneous spaces U(n)/ U(n - 1) and 
SU(n)/ SU(n- 1) of the unitary and special unitary groups as orbits of non­
zero vectors in en on which these groups act by matrix multiplication; these are 
diffeomorphic to S2n-1 • The action of the quaternionic symplectic group Sp(n} 
on Inn leads to orbits of non-zero vectors diffeomorphic to Sp( n) / Sp( n -1) and : 
s4n-1. 
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8.3 Projective Spaces 

More exotic orbit spaces are obtained as follows. Let k = R, C or H and 
d = dima k. Consider k"+ 1 as a right k-vector space. There is an action of the 
group of units kx on the subset of non-zero vectors k0+1 = k"+1 - {0}, given 
by 

z · x = xz-1
• 

The set of orbits is denoted kP" and is called n-dimen.tionol k-projective space. 
An element of kP" is a subset of ~+l of the form 

(x) = {xz-1 : z E kx}. 

Clearly (x] = (y) if and only if there is a z e kx for which y = xz-1• 

Remark 8.8 

Because of this we can identify elements kP" with k-linu in tn+l, i.e., !­
dimensional k-vector subspaces. kP" is often taken to be the set of all such 
lines, particularly in the subject of Projective Geometry. 

Associated to the map 

qn ·. 1rn+1 ____.. kP"·, q (x) - (x] -o ---r n - ' 

is a quotient topology on kP" (see Remark 8.1) which is Hausdorff and sepa­
rable. 

Proposition 8.9 

kP" is a smooth manifold of dimension dim kP" = n dima k. Moreover, the 
quotient map 9n: ~+t ~ kP" is smooth with surjective derivative at every 
point in kO+ 1• 

P._roof [ x1 ] 

As usual, for x e k"+1 write x = : . Now for each r = 1, 2, ... , n, set 

Zn+l 

kP~ = {[x): Zr ~ 0} C kP". 
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Then kP~ C kPn is open and there is a function 

crr((x)) = 

which is a continuous bijection that is actually a homeomorphism. Whenever 
r "# s, the induced map 

-l -lkPn n kPn - 1kP" n kPn cr. OUr: O"r r • ~ (1• r • 

is given by 

where 

Ill 

lin+ I 

if j ~ r, s, 

if j = r. 

These (n+ 1) charts form the standard atlas for n-dimensional projective space 
over k. 0 

An alternative description of kPn is obtained by considering the action of 
the subgroup 

k~ = {z E kx : lzl = 1} 'kx 

on the unit sphere s<n+l)d-l C ~+1 • Notice that every element [x] E kPn 
contains elements of s<n+l)d-1• Also, if X, y E ~+l have unit length lxl = 
IYI = 1, then (x] = [y) if and only if y = xz-1 for some z e tr. This means we 
can also view kPn as the orbit space of this action of k: on s<n+l)d-1 , and we 
also write the quotient map as qn: s<n+l)d-l ~ kPn; this map is also smooth. 

Proposition 8.10 

The quotient space associated to the map qn: s<n+l)d-1 --+ kP" is compact. 
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Proof 

This follows from the standard fact that the image of a compact space under 
a continuous mapping is compact. Of course kPn is also Hausdorff. 0 

Consider the action of O(n + 1) on the unit sphere sn ~ an+t. Then for 
A e O(n+ 1), z = ::1::1 and X e sn, we have 

A(xz-1) = (Ax)z-1. 

Hence there is an induced action of O(n + 1) on RPn given by 

A · (x] = [Ax). 

This action is transitive and also the matrices ±In+ I fix every point of RPn. 
There is also an action of SO(n + 1) on RPn; notice that -In+l e SO(n + 1) 
only if n is odd. 

Similarly, U(n + 1) and SU(n + 1) act on cpn with scalar matrices wln+t 
(we Cf) fixing every element. Noticethatifwln+t E SU(n+1) then wn+t = 1, 
so there are exactly (n + 1} such values. 

Finally, Sp(n + 1) acts on ypn and the matrices ±ln+l fix every element. 
There are some important new quotient Lie groups associated to these ac­

tions, the projective unitary, apecicl unitary and quatemionic symplectic groups 

PU(n + 1} = U(n + 1}/{win+l :wE c: }, 
PSU(n + 1) = SU(n + 1)/{wln+l : wn+l = 1}, 

PSp(n + 1) = Sp(n + 1)/{±In+t}· 

Each of these is a subgroup of one of the three projective linear groups 
PGLn(R), PGLn(C) and PGL,.(H) where the first two were mentioned in Sec­
tion 4.6, while the last is defined by 

PGL,.(B) = PGLn(H)/{tln: e e a><}. 

Projective spaces are themselves homogeneous spaces. Consider the sub­
group of O(n + 1} consisting of elements of the form 

021 

Bn-11 

0 0 0 

0 

0 
±1 
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We denote this subgroup of O(n + 1) by O(n) x 0(1). There is a subgroup -O(n) 'SO(n + 1) whose elements have the form 

~I 0 

4n-11 0 
0 0 0 w 

where 

au a12 a1n-1 

a21 
E O(n), 

an-11 . «<n-1n-1 

au a12 a1n-1 

a21 
det =w. 

«<n-11 . «<n-ln-1 

Similarly, there is a subgroup U(n) x U(1) 'U(n+ 1) whose elements have the 
form 

4n-11 

0 0 

and U(n) ' SU(n + 1) with elements 

«<n-11 

0 0 

a1n-1 0 

0 

· «<n-ln-1 0 
0 w 

a1n-1 0 

0 

4n-1n-1 0 
0 w 
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where 

E U(n), 

On-11 • On-1 n-1 

-1 
au a12 a1 n-1 

021 
det =w. 

On-11 • Bn-1n-1 

Finally we have Sp(n) x Sp(1) E Sp(n + 1) consisting of matrices of the form 

au 012 

Gn-11 

0 0 

Proposition 8.11 

There are diff'eomorphisms 

Gtn-1 0 

0 

• On-ln-1 0 
0 w 

-RPn ---+ O(n + 1)/ O(n) x 0(1), 

cpn---+ U(n + 1)/ U(n) x U(1), 

HPn ---+ Sp(n + 1)/ Sp(n) x Sp(l). 

RPn ---+ SO(n + 1)/0(n); -cpn ---+ SU(n + 1)/U(n); 

There are similar homogeneous spaces of the general and special linear 
groups also diffeomorphic to these projective spaces. We illustrate this with 
one example. 

The special linear group SL2(C) contains the matrix subgroup P consisting 
of its lower triangular matrices 

[: ~] E SL2(C). 

Pis often referred to as a porobolic &ubgroup of SL.z(C). 
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Proposition 8.12 

SL2 (C) /P is diffeomorphic to CP1 . 

Proof 

There is smooth map 

t/1: SL.,(C) --+ CP1
; t/I(A) = (Ae2]. 

Notice that forB= [: ~] E P, 

[: ~] [~] = [~] ' 
so [(AB)lt2] = [Att2) for any A e S~(C). This means that t/I(A) only depends 
on the coset APe SL.z(C)/P.It is easy to see that is onto and that the induced 
map S~(C)/P--+ CP1 is injective. D 

8.4 Grassmannians 

There are some important families of homogeneous spaces directly generalising 
projective spaces. These are the real, complex and quaternionic Grru1monnions, 
which we now define. 

Let O(k) x O(n - k) ' O(n) be the closed subgroup whose elements have 
the form 

[ A 011·"-11] (A e O(k), B e O(n- k)). 
On-1:,1: B 

Similarly there are closed subgroups U(k) x U(n- k) ' U(n) and Sp(k) x 
Sp(n - k) ' Sp(n) with elements 

U(k) x U(n- k) : [ 
A O~:B,n-111 

On-1:,1: 
(A E U(k), B e U(n- k)); 

Sp(k) x Sp(n- k) : [ 
A o,

8
,n-ll] 

On-11,11 
(A e Sp(k), B e Sp(n - k)). 

The associated homogeneous spaces are the Grassmannians 

Gr~:,n(R) = O(n)/ O(k) x O(n - k); 

Gr~:,n(C) = U(n)/ U(k) x U(n - k); 

Gr~:,n(H) = Sp{n)/ Sp(k) x Sp(n- k). 
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Proposition 8.13 

For k = R, C, H, the Grassmannian Gr~:,n(k) can be viewed as the set of all 
k-dimensional k-vector subspaces in kn. 

Proof 

We describe the real case k =Ill, the others being analogous. 
Associated to element W e 0( n) is the subspace spanned by the first k 

columns ofW, sayw1, ... , w,; we will denote this subspace by (w1, ... , w,). As 
the columns of W are an orthonormal set, they are linearly independent, hence 
dima (w1 , •.• , wt) = k. Notice that the remaining (n- k) columns give rise to 
another subspace (wt+l, ... , wn) of dimension dima (wt+l, ... , wn) = n - k. 
In fact these are mutually orthogonal in the sense that 

(wt+l' ... 'wn) = (wl' ... , w~:)..L 
= {x ERn :X· Wr = 0, r = 1, ... , lc}, 

(wl,···,wl:) = (wt+lt···twn)..L 

= {x ERn: X·Wr =O,r = k+ l, ... ,n}. 

For a matrix 

[ A O,B,n-1:] E O(lc) x O(n - lc), 
On-1:,1: 

the columns in the product 

W' = W [ A o,B,n-•] 
On-l:,t 

span subspaces (w~, ... , w',) and (~+l, ... , w'"). Note that~, ... ,~ are or­
thonormal and also linear combinations of w1, ... , Wti similarly, wl+•, ... , w'n 
are linear combinations of wa:+l, ... , Wn· Hence 

(~, ... , w~) = (w1, ... , w,), (w~+l•· .. , w~) = (wt+l•·. ·, Wn) · 

So there is a well-defined function 

O(n)/ O(lc} x O(n- k)--+ lc-dim.ensional vector subpaces of Rn 

which sends the coset of W to the subspace (w1, ... , w~:). This is actually a 
bijection. 

Notice also that there is another bijection 

O(n)/ O(k) X O(n - lc) --+ (n - lc)-dimensional vector subpaces of an 
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which sends the coset of W to the subspace (wa:+1, ... , wn)· This corresponds 
to a diffeomorphism Gra:,n(R) ~ Grn-l:,n(R) which in turn corresponds to 
the obvious isomorphism O(k) x O(n - k) ~ O(n - k) x O(k) induced by 
conjugation by a suitable element P E O(n). D 

8.5 The Gram-Schmidt Process 

The Gram-Schmidt process provides a useful algorithm which allows an arbi­
trary basis of R" to be replaced by an orthonormal basis. First we recall this 
and then explain how it gives rise to a homogeneous space of GLn (R). 

Let {u1, ... , Un} be a basis of R". Writing u!0> = Ui, we construct a new 
sequence of vectors ui1>, ... , u~1) by 

U
(l) _ 1 

0
(o) 

0
(1) _ 

0
(0) (u(l) 11~0))u(O) 1 - lu~o)l 1 , i - i - 1 • -; 1 (i = 2, ... , n). 

It is clear that these form a basis of R" for which 

lu~1>1 = 1, ui1> · u~1 ) = 0 (i = 2, ... , n). 

If u<0> is the matrix whose columns are the u~0), then the matrix uu> whOSE 
columns are the ~1) is obtained as 

0 

= U(O)TU>, 

0 

1 

0 

where T<1> is upper triangular and has positive diagonal entries. 

1 

This construction can be iterated by defining for each k = 11 ••• 1 n, a se 
(1:) (1:) . h quence u 1 , ••• , Un Wlt 

11~1:- 1) if -a • i = 1, • • • 1 k- 1, 
1 (1:-l) 

u~l:) = lu~l:-1)1 ul: if i = "~ 
lc 

u!l:-1
)- E<u!.l:) · u!l:-l))u!,•> if i = k + 1, ... ,n. 

r=l 
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It is straightforward to check that these vectors form a basis satisfying 

r~•> I = 1 (i = 1, ... , k), 

~1:) • u~l:) = 0 (i = 1, ... , k, j = 1, ... , n). 

In particular, the basis {u1n), ... , u~n)} is orthonormal, 

lu!n)l = 1 (i = 1, ... , n), 

U~n) . u~n) = 0 (. . 1 ) , 1 1, 1 = , ... , n . 

225 

At each stage of the iteration the matrix U(lc) whose ith column is the vector 
u~k) given by 

where T(l:) is upper triangular with positive diagonal entries. 
From all of this we can deduce that 

u<n> = uco>T 

where T = TU) · · • T(n) is upper triangular. Since uCn) is orthogonal and T-1 

is upper triangular with positive diagonal entries, we obtain 

uCo) = u<n>T-1 E O(n) UT n(R). 

If PDUTn(R) ~ UTn(R) is the matrix subgroup consisting of all upper trian­
gular matrices with positive diagonal entries, then 

PDUTn(lll) n O(n) = {1}, 

hence we have shown the following. 

Proposition 8.14 

Every matrix A E has a unique factorisation A = UT with U E O(n) and 
T E PDUTn(R). 

Corollary 8.15 

There is a diffeomorphism GLn(R)/ PDUTn(lll) ~ O(n). 

By conjugating and considering the matrix subgroup PDLTn(R) ~ GLn(R) 
of lower triangular matrices with positive diagonal entries, we also obtain the 
following. 
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Corollary 8.16 

There is a diffeomorphism GLn(R)/ O(n) --+ PDLTn(lll). 

Here the space PDLTn(R) is contractible, hence so is the homogeneous 
space GLn(R)/ O(n). 

A similar construction works for a C-basis of C", using the standard her­
mitian inner product. 

8.6 Reduced Echelon Form 

The basic theory of systems of linear equations makes use of Gauli4n elimi­
nation to produce the reduced echelon form of a matrix. For example, starting 
with an invertible matrix A E Mn(k) where k =Ill or C, a sequence of elemen­
tary column operations will convert A into a lower triangular matrix. If A is 
invertible, A E GLn(k), this lower triangular matrix is the identity matrix In· 
If we only use elementary column operations which involve adding a multiple of 
column j to column i where j < i, then the best result will be a lower triangular 
matrix with non-zero diagonal terms; but even this may not be possible. To 
ensure that we obtain a lower triangular matrix we may also need to permute 
columns. This leads to the LPU -decompolition of A, see [28]. 

Proposition 8.17 

Let A E GLn(k). Then there are matrices L, P, U E GL,.(k) where L is lower 
triangular, P is a permutation matrix, U is upper triangular and A = LPU. 
Moreover, P is unique and if we require that the diagonal entries of L are all 
1, then so are Land U. Therefore the homogeneous space GLn(k)/UTn(k) is 
diffeomorphic to the manifold 

(•+I) k 2 X SYJ11n, 

where Symn is the symmetric group on n elements. 

This is a closely related to the important concept of a Bruhat decompolition. 
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8.71 Real Inner Products 

~ that an inner product on the real vector space llln is an R-bilinear map 
p: an X an --+ a which satisfies 

P(x,y) = {j(y,x) 

andl 80 is qmmetric. {J is non-degenerate if for every non-zero X E an there is 
a y· e an for which {J(x,y) ~ 0. 

CGiven the standard basis { el' ... 'en} of an' p is determined by the n X n 
mattrix Bp = [bv] for which 

bi; = P(ei,eJ) = b;i· 

Heruce Bp is a symmetric matrix and 

{J(x,y) = xTBpy. 

If W1e express an arbitrary vector X e an 88 X= Xt81 + ... + Xn8n for Xi e R, 
them 

n 

{J(x,x) = L biix,x; 
•• j=l 

n n 

= L biix: + 2 E bi;XiXj 

i=l l'"i<J'n 
= Qp(x), 

whitt is a real symmetric quodrcatic form. The following is a well-known result 
on real inner products and quadratic forms. 

Theorem 8.18 

Given an inner product fj on an, there is a matrix P e GLn(R) for which 

(PT)-1 BpP-1 = diagQ, ... , ~.~, ... ,~.;-1, ... , -1) 
... ... twt 

ro 

with r + 1 's, ro O's and r _ -1 's. Moreover, the numbers r +, ro and r- are 
independent of the matrix P. 

We will say that two inner products (J1 and fJ2 on an (or equivalently the 
symmetric matrices Bp1 and Bp2 ) are related and write P1 ~ fJ2 (or Bp, ~ Bp2 ) 

if 

for some P E GLn(R). 
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Corollary 8.19 

{3 is non-degenerate if and only if det B :F 0, or equivalently if ro f. 0. 

Certain combinations of the numbers occurring here are given special names: 

the rank of {3 = rank {3 = n = r + + ro + r-, 

the indez or signature of {J = sign {3 = r + - r _, 

the nullity of {J = null {3 = ro. 

These three numbers determine the diagonal matrix (PT)-1 BpP. We can also 
sensibly refer to rankB, signB and nullB for a real symmetric matrix. 

Then x n real symmetric matrices form a subspace Sym,.(R) C Mn(R) of 

dimension (;). We introduce a continuous action of GL,.(R) on Sym,. (R) by 

GLn(R) x Symn(R) --+ Symn(IR); P · B == (PT)-1 BP-1• 

Notice that for each P E GLn(R), P acts as a linear transformation on 
Symn(lll). 

We can of course consider the stabiliser and orbit of an element B E 
Symn(R). For example, if B = In, then 

StaboLn(R)(In) = {P E GLn(R) : (PT)-1InP-1 =In} = O(n), 

OrboLn(R)(In) ={BE Symn(R.): signB = n}. 

Hence we see that the homogenous space of O(n) is 

GLn(R)/O(n) ={Be SYffin(R): signB = n}, 

which can also be interpreted as the set of all positiue definite inner products.: 
More generally, following the ideas of Section 1.5, considering any n x n real 

symmetric matrix Q, we find that its stabiliser is · 

the generalised orthogonal group associated with Q. In particular, when 

the homogeneous space GLn(R)/ OQ can be interpreted as the space of all innel: 
products with rank n, signature (r + - r-) and nullity r0 • 
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8.8 Symplectic Forms 

Definition 8.20 

A symplectic form on an is a bilinear form 

W: Rn X Rn --+ IR 

which is skew lymmetric, i.e., for all x, y E Rn, 

w(y,x) = -w(x,y), 

and non-degenerate, i.e., for every non-zero vector u E llln, there is a vector 
v E llln for which w(u, v) f. 0. 

Suppose that v = { v1 , ••• , v n} is a basis for Rn. Then associated with a 
skew symmetric bilinear form won JRn is a matrix Sw,v = [si,;] given by 

lij = w(vi, VJ)· 

It is easy to see that Sw,v is skew symmetric. Conversely, a skew symmetric 
matrix S = (si;] gives rise to a skew symmetric bilinear form w for which 

&ij = w(v,, v,;). 

An alternative way to see this connection is using the formula 

w(x,y) = xTSw,vY (x,y E an). (8.1) 

Notice that for any vector X E an, 

w(x,x) = -w(x,x), 

hence w(x, x) = 0. 

lemma 8.21 

i) A skew symmetric bilinear form w on an is a symplectic form if and only if 
the associated matrix Sw,v is non-singular, i.e., det Sw,v f. 0. 
ii) If w is a symplectic form on IRn, then n must be even. 

Proof 

(i) Suppose that w is a symplectic form. If Sw,v is singular, there is a non-zero 
vector u for which Sw,vU = 0. If v E an is any vector for which w(u, v) f. 0, 
then 

w(u, v) = -w(v, u) = vTSw,vU = 0, 
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which contradicts the assumption on v. 
H sfJ.V is non-singular' then for any non-zero vector u e Rn, SfJ,V u f. 0, 

hence there must be some vector v E Rn for which 

vT (Sw,vu) f. 0. 

But then we have w(v, u) :F 0. Sow is non-degenerate. 
(ii) H det SJJ,v f. 0 then n must be even by Equation (1.5). 0 

Theorem 8.22 (Darboux's Theorem) 

Let w be a symplectic form on R2"'. Then there is a basis w1, ... , w2m of lll2"' 
for which 

Proof 

w(w,, wJ) = 0 if (i- j) :F ±1, 

w(wu, W21:+1) = 0, 

w(w21:-1, w21:) = 1. 

Start with any basis v = { v1, ... , V2m} of R2"'. Taking w1 = V~t notice that 
since w is non-degenerate, at least one of the v j with j :F 1 must satisfy 

w(w1, vJ) f. 0. 

By reordering the vectors v; if necessary, we can assume that j = 2. Setting 

1 
w2 = v2, 

w(v2,w1) 

we have w(w1, w2) = 1. Notice that 

is a basis. Replace each of the vectors v,, ... , V2m by 

vj = v;- w(v1, w2)w1 +w(vJ, w1)w2. 

It is easy to see that 

is a basis for which 
w(wi, vj) = 0. 

We can keep repeating this process to replace this basis by another of the 
form 
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for which 

w(w,, WJ} = 0 if (i- j) :/; ±1, 

w(w2rt W2r+l) = 0, 

w(w2r-lt W2r) = 1, 

w(w,, vj) = 0. 

Continuing with this we obtain a basis 

with w(wi, wJ) with properties as above. 

Corollary 8.23 

If w is a symplectic form on R2m, there is a basis 

for which Sw,w = J2m· 

Corollary 8.24 

231 

0 

Let S be a non-singular 2m x 2m skew symmetric matrix. Then there is a 
matrix P E G~m(R) for which S = pT J2mP. 

It is sometimes useful to reorder such a basis w with Sw,w = J2m to give 
another basis 

for which 

S [ 
Om I.,. l J.' 

w,w = -1,. Om = 2m• 

This leads to another canonical form for a skew symmetric matrix. 

Corollary 8.25 

Let S be a non-singular 2m x 2m skew symmetric matrix. Then there is a 
matrix Q e G~m(R) for which S = QT J~mQ. 
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Let I:2m C M2m{ll) be the subspace of all 2m x 2m non-singular real skew 
symmetric matrices. There is a continuous action of G~m(R) on I:2m given by 

p. S = (P-l)Tsp-1. 

Then using Corollary 8.24, the homogeneous space G~m(R)/ Symp2m(11) can 
be identified with E2m· A similar result is true for GL2m(R)/ Symp;m(R) and 
Proposition 1.42 can be viewed as a special case of part (iii) of Theorem 1.60. 
The details are left as an exercise. 

We end by giving another interpretation of the Pfo.lfio.n function introduced 
in the exercises of Chapter 5. 

Proposition 8.26 

There is a continuous function 

Proof 

The point is that the coset PSymp2m(R) E G~m(R)/ Symp2m(R) corresponds 
to a skew symmetric matrix pT J2mP and then 

Pf(PSymJ>2m(R)) = pf(PT J2mP). 

We leave the reader to work out the details. 0 

EXERCISES 

8.1. Let k = R or C and n ~ 1. From the proof of Proposition 8.9, recall 
that the projective space kPn contains an open subset 

kP:+l = {[x) : X #: 0, Zn+l #: 0} 

with a diffeomorphism u = un+l : tP:+1 --+ kn, where as usual we 
write 

X= [ ~1 ] • 

Zn+l 

Also recall the affine group Affn{k)-' G~+t(k). 

a) Show that the action of Affn(k) on k0+1 gives rise to a continuous 
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action of Affn(k) on kP". 
b) Show that the action of (a) restricts to an action of Aff .. (k) on 

kP:+l' 
c) Using u, obtain an action of Aff .. (k) on k". Explain how this 
action is related to that of Section 1.5. 
d) How much of this would make sense with k = H, the skew field 
of quaternions? 

8.2. For n ~ 1, consider the matrix group Sp(n) x Sp(1) and its quotient, 
the quasi-SJifflplectic group 

Sp(n)x Sp{1) = Sp(n) x Sp(l)/{{I .. , 1), (-I .. ,-1)}. 

a) Show that the Lie algebra of Sp(n)x Sp(1) is the direct product 
of two Lie ideals of dimensions (2n2 + n) and 3. Is the Lie group 
Sp(n) x Sp(1) a semi-direct product of groups of those dimensions? 
b) Show that HP"-1 is a homogeneous space of Sp(n)x Sp(1). 

8.3. In the exercises for Chapter 7 we saw that the set of complex struc­
tures on R2" is a submanifold 

e2R = { J e GL2n(ll) : J2 = -12n} ~ G~n(R) 

and that G~ .. (R) acts smoothly on e2n with a single orbit. Use this 
result to identify the homogeneous spaces G~n(II)/Pn G~n(C) and 
G~n(R)/ p~ G~n(C) of Section 1.6. 





9 
Connectivity of Matrix Groups 

9.1 Connectivity of Manifolds 

Definition 9.1 

Let X be a topological space. 

• X is connected if whenever X = U U V with U, V #- 0, then U n V #- 0. 

• X is path connected if whenever z, 11 e X, there is a continuous path 
p: [0, 1) --+X with p(O) = z and p(l) =II· 

• X is locally path connected if every point is contained in a path connected 
open neighbourhood. 

The following is a fundamental result of Real Analysis. 

Proposition 9.2 

Every interval (a, 6), [a, 6), (a, 6), (a, b) C R is path connected and connected. In 
particular, R is path connected and connected. 

Proposition 9.3 

H X is a path connected topological space then X is connected. 

235 
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Proof 

Suppose X is not connected. Then X = U U V where U, V C X are non­
empty and U n V = 0. Let x e U and y e V. By path connectedness of 
X, there is a continuous map p: [0, 1) --+ X with p(O) = x and p(l) = y. 
Then [0, 1] = p-1u u p-1 V expresses [0, 1] as a union of open subsets with no 
common elements. But this contradicts the connectivity of (0, 1]. So X must be 
connected. 0 

Proposition 9.4 

Let X be a connected topological space which is locally path connected. Then 
X is path connected. 

Proof 

Let x eX, and set 

Xz = {y eX: 3p: (0,1]--+ X continuous with p(O) = x and p(l) = y}. 

Then for each y e Xz, there is a path connected open neighbourhood u,. But 
for each point z E U11 there is a continuous path from x to z via y, hence 
U" C Xz. This shows that 

is open in X. Similarly, if w e X - Xz, then X. ~ X - Xz and this is also 
open. But then so is 

.ex-x. 
Hence X = Xz U (X- Xz), and so by connectivity, Xz = flJ or X- Xz = (l}. 
Hence X is path connected. 0 

Proposition 9.5 

H the topological spaces X and Y are path connected then their product X x Y 
is path connected. 

Corollary 9.6 

For n ;?: 1, an is path connected and connected. 
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We also record the following standard results. 

Proposition 9.7 

i) Let n ~ 2. The unit sphere sn-l ~ 11n is path connected. In 8° = {±1} c R, 
the subsets { 1} and { -1} are path connected. The set of non-zero vectors 
IR8 ~an is path connected. 
ii) For n ~ 1, the sets of non-zero complex and quaternionic vectors C8 ~ en 
and 110 ~ II" are path connected. 

Proposition 9.8 

Every manifold is locally path connected. Hence every connected manifold is 
path connected. 

Proof 

Every point is contained in an open neighbourhood homeomorphic to some 
open subset of an which can be taken to be an open disc which is path con­
nected. The second statement now follows from Proposition 9.4. D 

Theorem 9.9 

Let M be a connected manifold and N ~ M be a non-empty submanifold 
which is also a closed subset. H dimN = dimM then N = M. 

Proof 

Since N ~ M is closed, M - N c M is open. But N C M is also open 
since every element is contained in an open subset of M contained in N; hence 
M - N ~ M is closed. Since M is connected, M - N = 0. 0 

Prpposition 9.10 

Let G be a Lie group and H =e;; G be a closed subgroup. H H and G I H are 
~nnected, then so is G. 

Proof 

?'irst we remark on the following: for any g e G, the left translation map 
~g: H ~ gH provides a homeomorphism between these spaces, hence gH is 



238 Matrix Groups: An Introduction to Lie Group Theory 

connected since H is. 
Suppose that G is not connected, and let U, V C G be non-empty open 

subsets for which U n V = flJ and U U V =G. By Lemma 8.2, the projection 
1r: G ---+ G / H is a surjective open mapping, so wU, wV C G / H are open 
subsets for which wU u wV = G I H. Aa G I H is connected, there is an element 
gH say in wU n wV. In G we have 

gH = (gH n U) u (gH n V}, 

where (gH n U}, (gH n V) c gH are open subsets in the subspace topology on 
gH since U, V are open in G. By connectivity of gH, this can only happen if 
gH n U = 0 or gH n V = 0, since these are subsets of U, V which have no 
common elements. As 

w-1gH = {gh: h e H}, 

this is false, so (gH n U) n (gH n V) ~ (lJ which implies that u n v ~ (l}. This 
contradicts the original assumption on U, V. 0 

Propositions 9.8 and 9.10 provide a useful aiterion for path connectedness 
of a Lie group which may need to be applied repeatedly to show a particular 
example is path connected. Recall that a closed subgroup of a Lie group is a 
submanifold by Theorem 7.31. 

Proposition 9.11 

Let G be a Lie group and H ' G be a closed subgroup. If H and G I H are 
connected, then G is path connected. 

9.2 Examples of Path Connected Matrix Groups 

In this section we apply Proposition 9.11 to show that many famiJiar matrix 
groups are path connected. 

Example 9.12 

For n ~ 1, SL,.(R) is path connected. 

Proof 

For the real case, we proceed by induction on n. Notice that SLt(R) = {1}: 
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which is certainly connected. Now suppose that SLn-l(R) is path connected 
for some n ~ 2. 

Recall that SLn(R) acts continuously on an by matrix multiplication. Con­
sider the continuous function 

The image of I is im J = 118 = an - {0} since every vector v e 118 can be 
extended to a basis 

of an, and we can multiply v1 by a suitable scalar to ensure that the matrix 
Av with these vectors as its columns has determinant 1. Then A, a,. = v. 

Notice that Pen= en if and only if 

P=[Q 0] 
'W 1 I 

where Q is (n- 1) x (n- 1} with detQ = 1, is the (n- 1) x 1 zero vector 
and w is an arbitrary 1 x (n- 1) vector. The set of all such matrices is the 
stabiliser of en, StabsL .. (R)(e,.), which is a closed subgroup of SLn(R). More 
generally, Aen = v if and only if A= AvP for some P E StabsL..(R)(e,.). So 
the homogeneous space SLn(R)/StabsL.(R)(8n) is homeomorphic to 88-

Since n ~ 2, it is well known that 118 is path connected, hence it is con­
nected. This implies that SL,.(R)/ StabsL .. (R)(en) is connected. 

The subgroup SLn-1 (11) ~ StabsL.(R)(8n) is closed and the well-defined 
map 

StabSL.(RJ(en)/SL..-t(R) --+an-t; [~ ~] SL..-t(R) ..._..... (wQ-1
)
7 

is a homeomorphism so the homogeneous space StabsL..(R)(en)/ SLn-l(R) is 
homeomorphic to Rn-l. Hence by Corollary 9.6 together with the inductive 
assumption, StabsL .. (R)(en) is path connected. We can combine this with the 
connectivity of JRO to deduce that SLn(R) is path connected, thus demonstrat­
ing the inductive step. 0 

Example 9.13 

For n ~ 1, GL!(R) is path connected. 
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Proof 

Since SLn(R) ~ GL!(R), it suffices to show that GL!(R)/SLn(R) is path 
connected. But for this we can use the determinant to define a continuous map 

det: GL!(R)--+ R+ = (O,oo), 

which is surjective onto a path connected space. Then the homogeneous space 
GL!(R)/ SLn(R) is diffeomorphic to a+ and hence is path connected. So 
GL!(R) is path connected. 0 

This result implies that 

GLn(R) = GL!(R) U GL~(R) 

is the decomposition of GLn(R) into two path connected components. 

Example 9.14 

For n ~ 1, SO(n) is path connected. Hence 

O(n) = SO(n) u O(n)-

is the decomposition of O(n) into two path connected components. 

Proof 

For n = 1, SO(l) = {1}. So we will assume that n) 2 and proceed by induction 
on n. So assume that SO(n -1) is path connected. 

Consider the continuous action of SO(n) on Rn by left multiplication. The 
stabiliser of en is SO(n- 1) =e;; SO(n) thought of as the closed subgroup of 
matrices of the form 

with P e SO(n- 1) and 0 the (n - 1) x 1 zero matrix. The orbit of e,. is 
the unit sphere sn-t which is path connected. Since the orbit space is also 
diffeomorphic to SO(n)/SO(n -1) we have the inductive step. 0 

Example 9.15 

For n ~ 1, U(n) and SU(n) are path connected. 
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Proof 

For n = 1, U(1) is the unit circle inC while SU(1) = {1}, so both of these are 
path connected. Assume that U(n- 1) and SU(n- 1) are path connected for 
some n ~ 2. 

Then U(n) and SU(n) act on C" by matrix multiplication and by arguments 
of Chapter 8, 

Stabu(n)(en) = U(n- 1), Stabsu(n)(en) = SU(n- 1). 

We also have 
Orbu(n)(en) = Orbsu(n)(en) = 82

"-
1

, 

where 82"-1 c C" !:!! R2" denotes the unit sphere consisting of unit vectors. 
Since S2"-1 is path connected, we can deduce that U(n) and SU(n) are too, 
which gives the inductive step. 0 

9.3 The Path Components of a Lie Group 

Let G be a Lie group. We say that two elements z, 11 e G are connected bJJ 
a path in G if there is a continuous path p: (0, 1] ~ G with p(O) = z and 
p(1) = y; we will then write z~. 

G 

lemma 9.16 

0 is an equivalence relation on G. 

ForgE G, we can consider the equivalence class of g, the path component 
of gin G, 

G1 = {z E G: z-g}. 
G 

~roposition 9.17 

i) The path component of the identity is a clopen normal subgroup of G, G1 ~G; 
hence it is a closed Lie subgroup of dimension dim G. 
ii) The path component G1 agrees with the coset of g with respect to G~t 
G, = gGt = Gtg and is a closed submanifold of G. 
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Proof 

By Proposition 9.8, G, contains an open neigblourhood of g in G. This shows 
that every component is actually a submanifoll of G with dimension equal to 
dim G. The argument used in the proof of Pro1osition 9.4 shows that each G, 
is actually clopen in G. 

Let X,JI E G1. Then there are continuow paths p,q: [0, 1) --+ G with 
p(O) = 1 = q(O}, p{O) = z and q{O) = y. The pnduct path 

r: [0, 1] --+ G; r(t) p{t)q(t) 

has r(O) = 1 and r(l) = ZJI. So G1 'G. For g;: G, the path 

s: [0, 1] -+ G; s(t) =.qp(t)g-1 

has s(O) = 1 and s(l) = gxg-1; hence G1 .t G. If z e gG1 = G1g, then 
g-1 z e G1 and so there is a continuous path h [0, 1] --+ G with h(O) = 1 and 
h(l} = g-1z. Then the path 

gh: (0, 1] -+ G; gh(t)= g(h(t)) 

has gh(O) = g and gh(l) = z. So each coset gGt is path connected, and gGa ~ 
G,. To show equality, suppose that g is connected by a path k: [0, 1]-+ Gin 
G tow E G,. Then the path g- 1k connects Ito g-1w, so g-1w e Glt giving 
wE gG •. This shows that G, C gG1• 

The remaining details are left to the reade:. D 

The quotient group G/Gt is the group of path components of G, which is 
denoted by woG. 

Example 9.18 

We have the following groups of path componmts: 

wo SO(n) = wo SLn(IR) = wo SU(n) = wo U(n)::: 1ro SLn(C) = 1ro GLn(C} = {1) 

wo O(n) 9!! wo GLn(R) ~ {±1}. 

Example 9.19 

Let 

T= {[~: -;: ~] :leR} ,80(3) 

and let G = Nso(3)(T) '80(3) be the normaliser or T. Then T and G are Li 
subgroups of 80(3) and woG ~ {:1:1}. 
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Proof 

A straightforward computation shows that 

where 

z = [-~ ~ ~]. 
0 0 -1 

Notice that Tis isomorphic to the unit circle, 

T ~ T; [=: -:: ~] +--+ eiJi. 
0 0 1 

This implies that T is path connected and abelian since T is. The function 

VJ: G-+ Rx; VJ((tli;]) = aa a 

is continuous and 
V'-1a+ = T, VJ-aa- = ZT, 

hence these are clopen subsets. This shows that the path components of G are 
G, = T and ZT, so woG ~ {±1}. 

Notice that Nso(a)(T) acta by conjugation on T and every element ofT <G 

Nsoc3>(T) acta trivially since Tis abelian. Then woG acta on T with the action 
of the non-trivial coset arising from conjugation by the matrix Z, i.e., 

z [:: -:: ~1 z-1 = [-:! :: ~] = [:! -:: ~] -1 

0 0 ~J 0 0 1 0 0 1 

which agrees with the inverse homomorphism on the unit circle T 2! T. 0 

Example 9.20 

Let 
T = {z1 +yi: z,y E R, z2 +112 = 1} 'Sp(l), 

the group of unit quaternions and let G = Nsp(l}(T) ~ Sp(1) be its nonnaliser. 
Then T and G are Lie subgroups of Sp(l) and 1roG ~ {:1:1}. 
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Proof 

By a straightforward calculation, 

G = T U { xj - 71k : x, 71 E R, x2 + 712 = 1} = T U jT. 

T is isomorphic to the unit circle so is path connected and abelian. The function 

6: G ---4 R; 8(tl + zi + 71i + zk) = 712 + z2
, 

is continuous and 
8-10 = T, 8-11 = jT. 

Hence the path components of G are T, jT, while the group of path components 
is 

waG= G/T!:!! {:1:1}. 

Under the conjugation action of G on T, every element ofT acts trivially, so 
1roG acts on T. The action of the non-trivial coset is given by conjugation with 
j, 

j(x1 + 71i)j-1 = zl -71i, 

corresponding to the inversion map on the unit circle T ~ T. 0 

The significance of such examples will become clearer when we discuss max­
imal tori and their normalisers in Chapter 10. 

9.4 Another Connectivity Result 

The following result will be used in Chapter 10. 

Proposition 9.21 

Let G be a connected Lie group and H ' G be a subgroup which contains an 
open neighbourhood of 1 in G. Then H = G. 

Proof 

Let U ~ H be an open neighbourhood of 1 in G. Since the inverse map 
inv: G ---4 G is a homeomorphism and maps H into itself, by replacing U 
with U n inv U if necessary, we may assume that inv maps the open neighbour· 
hood into itself, i.e., inv U = U. 
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Fork~ 1, consider 

u" = {ul .• ·U~c E G: Uj E U} c H. 

Notice that inv U" = ulc. Also, U" ~ G is open since for ul, .•• 'Ulc E u' 

Ut ••• Ulc E Lua···U·-· u ~ u" 
where 

Lua···u• .U=L(-t )-lU - ua .. ·u•-• 
is an open subset of G. Then 

satisfies inv V = V. 
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V is closed in G since given g E G-V, for the open set g V ~ G, if z e gV n V 
there are u1, ... , u,., v1 ••• , v, E U such that 

9Ut "" •U,. = V1 • · ·V,, 

implying that g = v1 · • • v,u}1 
• • • u;1 E V, contradicting the assumption on g. 

So V is a non-empty clopen subset of G, which is connected. Hence G-V = 
0, and therefore V = G, which also implies that H = G. 0 

EXERCISES 

9.1. Let G be a Lie group. 
a) Using the fact that a manifold is separable, show that 1roG is a 
countable group. 
b) If G is compact, show that 1roG is a finite group. 

9.2. Let SLn(R) act smoothly on IRn by matrix multiplication. 
a) Find StabsL,.(R)(f!n) and OrbsL,.(R)(en). 
b) Identify the homogeneous space SLn(IR)/ StabsL,.(R)(en) and show 
that it is path connected if n ~ 2. Use this to give another proof that 
GLn(R) has two path components. 

9.3. Let SLn(C) act smoothly on en by matrix multiplication. 
a) Find StabsL,.(C)(en) and OrbsL,.(C)(en)· 
b) Identify the homogeneous space SLn(C)/ StabsL,.(C)(en) and show 
that it is path connected. Use this to prove that SLn(C) is path 
connected. 
c) By making use of the determinant det: GLn(C) --. ex, deduce 
that GLn(C) is path connected. 
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9.4. Let A e G~(R). 
a) Show that the symmetric matrix 5 = AAT is positive definite, 
i.e., its eigenvalues are all positive real numbers. Deduce that S has 
a positive definite real symmetric square root, i.e., there is a positive 
definite real symmetric matrix 51 satisfying ~ = 5. 
b) Show that 511 A is orthogonal. 
c) If PR = Q5 where P,Q are positive definite real symmetric and 
R, S E O(n), show that P 2 = Q2 • 

d) Let 52 be a positive definite real symmetric matrix for which 
S: = diag("'J, ... , "'n)· Show that 52 = diag( ~~ ... , JX:). 
e) Show that A can be uniquely expressed as A= PR where Pis 
positive definite real symmetric andRE O(n). If detA > 0, show 
that R e SO(n). 
f) Show that the homogeneous space GL!(R)/ SO(n) is path con­
nected. Using Example 9.14, deduce that GL! (R) is path connected. 
g) Let B E GLn(C). By suitably modifying the details of the real 
case, show that B can be uniquely expressed as B = QT with Q 
positive definite hermitian and T E U(n). Using Example 9.15, de­
duce that G~(C) is path connected. 
[Such factorisations are called polar decompositions of A and B.) 

9.5. For k = IR, C and n ~ 1, the affine group Affn(k) acts on kn as 
explained in Chapter 1. 
a) Find StabAtr,.(t)(O) and OrbAtr,_(t)(O). 
b) Show that the affine group Affn(R) has two path components, 
while Affn(C) is path connecW. 

9.6. a) If n ~ 1, use the Gram-8chmidt orthogonalisation process to 
show that every matrix A e G~(R) can be expressed in the form 
A= QR, where Q E O(n) andRE UTn(R) 'GLn(ll) the subgroup 
of upper triangular matrices. Deduce that the homogeneous space 
GLn(R)/UTn(R) is compact. Is it connected? 
b) If A E S~(R), show that we can take Q e SO(n) and detR = 1. 
Deduce that the homogeneous space SLn(R)/(UTn(R) nS~(R)) is 
compact. Is it connected? 
c) What is the relationship between these two homogeneous spaces? 

9. 7. Work through the analogue of the previous question for G~(C} after 
first showing that a matrix A e G~ (C) can be expressed in the form 
A = QR, where Q E U(n) and R E UTn(C). Discuss the compact­
ness and connectedness of the homogeneous spaces GLn(C)/ UTn(C} 
and SL,.(C)/(UTn(C) n SLn(C)). 

9.8. a) Let m ~ 1. Using Corollary 8.24, show how to identify the hom-
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ogeneous spaces G~m(R)/SymP2m(R) and GL2m(R)/Symp;m(R) 
with the subspace I:2m C M2m (R) of all 2m x 2m non-singular real 
skew symmetric matrices. Use these identifications to prove Propo­
sition 1.42. 
b) Use the Pfaffian function pf: :E2m -+ IR x to prove that :E2m is 
not connected. 
c) Fill in the details of Remark 1.43, in particular verify the inclu­
sions SymP2m(R) 'S~m(R) and Symp;m(R) 'S~m(R). 

9.9. & Since Symp2(R) = S~(R), this is a connected group. The 
aim of this exercise is to prove that Symp2n (R) is connected for 
all n ~ 1. Let w be the standard symplectic form on R2n, hence 
w(x,y) = xT J2nY where J2n is defined in Section 1.5. 
a) For n ~ 1, show that 

-q;2n = {(u, v) e R2
" x R2

" : w(u, v) = 1} ~ R2
" x R2

" 

is a closed subset. 
b) Show that the function 

cp: SymJ>2n(R)-+ 'l2n; cp([alt ... ,a2n]) = (a2n-1,&2n) 

is continuous and surjective, hence identify the homogeneous space 
Symp2n(R)/ SymP2n-2(1R) with '+2n• 
c) Show that Symp2n(R) acts continuously on 92n by 

[: !] · (u,v) = (au+bv,cu+dv). 

Show that this action has only one orbit. Deduce that 'l2n is con­
nected. 
d) Prove by induction on n that SymJ>2n(R) is connected. 

9.10. Let 
T = { diag(u, t.t) : lui = lvl = 1} ' U(2). 

Find the normaliser Nu(2)(T) 'U(2) and the group of path compo­
nents n-o Nu(2)(T). 

9.ll. Let 

G = { [~.• ~·] : A,B e U(2), detA = detB} .s;; SU(4), 

T' = { [diag(u,t.t) . 02
'2 

_] :lui= lvl = lwl = 1} ~G. 
02,2 d1ag(w, uvw) 

Find the normaliser No(T') ~ G and the group of path components 
1ro No(T'). 





Part III 

Compact Connected Lie Groups and their 
Classification 





10 
Maximal Tori in Compact Connected Lie 

Groups 

In this chapter we will describe some results on the structure of compact con­
nected Lie groups, focusing on the important notion of a maim41 torw which 
turns out to be central to the classification of simple compact connected Lie 
groups. From Chapter 9 we know that many familiar examples of compact 
matrix groups are path connected. 

Although we state results for arbitrary Lie groups we will often give proofs 
for matrix groups. However, there is no loss of generality in assuming this 
because of the following important result whose proof requires Haor measure 
and integration on compact Lie groups. 

Theorem 10.1 

Let G be a compact Lie group. Then for some m, n ~ 1, there are injective Lie 
homomorphisms G-+ O(m) and G-+ U(n), hence G is a matrix group. 

10.1 Tori 

The familiar circle group 

T = {z e C: lzl = 1} E; ex 

251 
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is a. matrix group since ex = GL1 (C); its Lie algebra is the I -dimensional real 
abelian subalgebra 

{ ti E C : t E R} ~ C. 

Notice that T is a closed and bounded subset of C, hence it is compact; it is 
also path connected and abelian. 

Definition 10.2 

For each r ~ 1, 

is the standard torn~ of rank r. More generally, a torn~ of rank r is any Lie 
group isomorphic to T". 

We will often view elements of T" as sequences of complex numbers 
(zt,· .. ,zr) with lztl = · · · = lzrl = 1, this corresponds to an identification 

1'r ~ T X··· X T E; (Cx)r. 
.. .... t' 

r factors 

T" is an abelian Lie group of dimension r whose Lie algebra is the abelian Lie 
algebra 

{diag(fti1 ••• 1 tri) :ft. ... , tr E R} 

which can also be identified with 

Proposition 10.3 

Let T be a torus. Then T is a compact, path connected and abelian Lie group. 

Proof 

Since the circle 1' is compact and abelian the same is true for 1"' and hence for 
any torus. 

If ( za, ... , Zr) E 1"". set z~c = e1" i. Then there is a continuous path 

p: [0,1]--+ Tr; p(t) = (etlti, ... ,etlri), 

with p(O) = (1, ... , 1) and p(l) = (za, ... , zr)· So r is path connected and 
therefore every torus is path connected. 0 
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Our next result characterises which compact Lie groups are tori. 

Theorem 10.4 

Let H be a compact Lie group. Then H is a torus if and only if it is connected 
and abelian. 

Proof 

We know that H is a compact Lie group. Every torus is path connected and 
abelian by Proposition 10.3. So we need to show that when H is connected and 
abelian it is a torus since by Proposition 9.8 it would be path connected. 

Suppose that dim H = r and let ~ be the Lie algebra of H; then dim ~ = r. 
Let X, Y e ~- From the definition of the Lie bracket in the proof of Theo­
rem 3.18, 

d d 
(X,Y) = -d -d exp(sX)exp(tY)exp(-sX) = 0 

Bl •• o tl•-o 

since exp(sX},exp(tY) e H. Because His abelian, this gives 

exp(sX)exp(tY)exp(-sX) = exp(tY}, 

showing that all Lie brackets in ~ are zero. 
Now consider the exponential map exp: ~--+H. Propositions 2.2 and 2.1 

imply that for all X, Y e ~. 

exp(X) exp(Y) = exp(X + Y}, exp( -X) = exp(X)-1
. 

So exp ~ = imexp C H is a subgroup. By Proposition 2.4, exp ~ also contains 
a neighbourhood of the identity so by Proposition 9.21 we have exp ~ = H. 

As exp is a continuous homomorphism, its kernel K = kerexp must be 
discrete since otherwise dimexp(~) < r. This means that K C ~ is a free 
abelian subgroup with basis { v1 , ••• , v.} for some s E; r. Extending this to an 
R-basis { v1 , ••• , v •, v•+ 1 , ..• , Vr} of ~ we obtain isomorphisms of Lie groups 

The right-hand term is only compact if s = r, therefore K contains a basis of 
~and 

R'"/Z'" ~ ~/K ~H. 

Since 1' ~ R./Z, this shows that H is a torus. 0 

In this proof we made use of the essential idea contained in the next result. 
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Proposition 10.5 

Let T be a torus of rank r. Then the exponential map exp: t ~ T is a 
surjective homomorphism of Lie groups whose kernel is a discrete subgroup 
isomorphic to zr. Hence there is an isomorphism of Lie groups ar /Zr ~ T. 

In the proof Theorem 7.36, we met the idea of a topological generator of 
the circle group. It turns out that all tori have such generators. 

Definition 10.6 

Let G be a Lie group. Then an element g e G is called a topological generntor 
or just a generator of G if the cyclic subgroup {g) ' G is dense in G, i.e., 
(g)= G. 

Proposition 10.7 

Every torus T has a generator. 

Proof 

Without loss of generality we can assume that T = ar /Zr and will write 
elements in the form [zl, ... 'Zr 1 = (zl, ... , Zr) + zr. The group operation is 
then addition. Let U1, U2, U3, ... be a countable base for the topology on T. 

A cube of side £ > 0 in T is a subset of the form 

for some (u1, •.• , Ur] e T. Such a cube is the image of a cube in ar under the 
quotient map ar --+ T. 

Let Co C T be a cube of side £ > 0. Suppose that we have a decreasing 
sequence of cubes C~c of side £~c, 

Co ;2 C1 ::> • • • ::> Cw-. 

where for each 0 ' k ' m, there is an integer N~c satisfying Nt£t > 1 and 
N~eCt ~ U~e. Now choose an integer Nm+l large enough to guarantee that 
Nm+l Cm = T. Now choose a small cube Cm+l C Cm of side Em+t 80 that 
Nm+lCm+l C Um+l· Then if z = [z1, ... ,.z,.] e n,;.1 C~c, we have N~cz E Ct 
for each k, hence the powers of z are dense in T, 80 z is a generator of T. D 
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10.2 Maximal Tori in Compact Lie Groups 

Definition 10.8 

Let G be a Lie group and T ' G be a closed subgroup which is a torus. Then T 
is maimal or a mazimal tonu in G if the only torus T' ' G for which T ' T' 
is T. 

Remark 10.9 

It is easy to see that every torus T ' G is contained in a maximal torus T ' G 
where dim T ' dim T ' dim G. Later we will also see that if G is connected 
then every element g e G is contained in a maximal torus. 

We will now describe some important examples of maximal tori in compact 
connected matrix groups. For 8 e (0, 2w), let 

R(8) = (~' - sinBJ e S0(2). 
smB cosB 

More generally, for each n ~ 1, and 8i e (0, 2w') (i = 1, ... , n), let 

R(61) 

~n(Bl, ... , Bn) = 0 

0 

R(81) 

0 

R2n+l (61, ·. · , Bn) = 

0 

0 

R(62) 0 

0 

R(62) 0 

0 

0 R(Bn) 

0 

0 R(Bn) 0 
0 1 

where each entry marked 0 is an appropriately sized block so that these 
are matrices of sizes 2n x 2n and (2n + 1) x (2n + 1) respectively. Then 
R2n(81, ... ,Bn) e S0(2n) and ~n+l(B~t ... ,Bn) e S0(2n + 1). 

It is obvious that T ~ U(l) 88 Lie groups. After first identifying C with 
R2 88 real vector spaces using the bases {l,i} and {e1,e2 }, we also obtain an 
isomorphism of Lie groups 

T ~ S0(2); e" t---+ ~(8). 

The maximal tori listed in the next result are usually regarded as the stt.andord 
muim4l tori for the corresponding groups. 
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Proposition 10.10 

Each of the following is a maximal torus in the stated group: 

{ R2n(81, ... , Bn) : Vk 81c E [0, 271')} ' S0(2n), 

{ R2n+l (81, ... , Bn) : Vk 8, e (0, 2w)} ' S0(2n + 1}, 

{ diag(z1, ... , Zn) : Vk lz~:l = 1} ' U(n), 

{ diag(zt, ... , Zn) : Vk lz~:l = 1, Zt · · · Zn = 1} ' SU(n}, 

{diag(zlt ... , Zn): Vk ZA: E C, lz~:l = 1} 'Sp(n), 

We now begin to study the structure of compact Lie groups in terms of their 
maximal tori. Throughout the rest of the section, let G be a compact connected 
Lie group and T' G be a maximal torus. The next result is fundamental to 
understanding the relationship between the different maximal tori in G. 

Theorem 10.11 

H g e G, there is an z e G such that g e zTz-1 , i.e., g is conjugate to an 
element of T. Equivalently, 

Proof 

G= U zTz-1
• 

zeG 

The proof this depends on the powerful and important Lefschetz Fixed Point . 
Theorem from Algebraic Topology and we only give a sketch indicating it is 
used. For details on this result, the interested reader might usefully consult an _ 
introductory book on Algebraic Topology such as [9, 20]. -, 

The quotient space G /T is a compact space and each element g e G gives 
rise to a continuous map 

p1 : G/T--+ G/T; p1 (zT) = (gz)T = gzT. 

Since G is path connected, there is a continuous map 

p: [0, 1] x G/T--+ G/T; 

for which p(O,zT) = zT and p(1,zT) = gzT, i.e., pis a homotopy ldotT ~ P1 • 

The Lefschetz Fized Point Theorem asserts that p1 bas a fixed point pro-­
vided that the Euler cluJmctemtic x( G /T) is non-zero. It can indeed be shown 
that x( G /T) ~ 0, so this tells us that there is an z e G such that gzT = zT, 
or equivalently g e zTz-1 • 0 
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Theorem 10.12 

If T, T' ' G are maximal tori then they are conjugate in G, i.e., there is a 
y E G such that T' = yTy-1• 

Proof 

By Proposition 10.7, T' has a generator t say. By Theorem 10.11, there is a 
y E G such that T' 'yTy- 1• As T' is a maximal torus and yTy-1 is a torus, 
we must have T' = yTy-1• 0 

Our next result gives some important special cases related to the examples 
of Proposition 10.10. Notice that if A e SO(m}, A-1 = AT, while if BE U(m), 
B-1 = s·. 

Theorem 10.13 (Principle Axis Theorem) 

In each of the following matrix groups every element is conjugate to one of the 
stated form. 

S0(2n}: 

S0(2n + 1}: 

U(n}: 

SU(n}: 

Sp(n): 

R2n((J., · · ·, Bn}, 

R2n+l (Ba, · · ·, Bn), 

diag(za, ... , Zn}, 

diag(z1, ... , Zn), 

diag(z1, ... , Zn}, 

Vk 8, E (0, 211'); 

Vk B~c E (0, 21r); 

Vk Zlc E C, lz~cl = 1; 

Vk Zlc e c, lz~cl = 1, Zl'' ·Zn = 1; 

Vk z, e C, lz~:l = 1. 

There are related results on the Lie algebra g of such a compact, connected 
matrix group G. Recall that for each g e G, there is a linear transformation 

Ad1 : G ~ g; Ad1 (t) = gtg-1
• 

Proposition 10.14 

Suppose that g E G and H, K ' G are Lie subgroups with Lie algebras ~. t ' g. 
If gHg-1 = K, then Ad,~= t. 

Proof 

By definition, for each z e ~there is a curve 7: (-e,e) ~ H with -y(O) = 1 
and -y'(O) = z. Since t too+ g-y(t)g-1 is a curve inK, 

Ad1 (z) = : tg-y(t}g~~o E t, 
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so Ad1 ~ ' t. Since Ad, is injective and dim ~ = !, we must have Ad9 I) = t. D 

If z,, E 8 and 11 = Ad1(z) we will sometimes say that z is conjugate to 11 
with respect to G. Being conjugate in this sense gives an equivalence relation 
on g. 

FortE R, let 

and 

0 

0 

0 0 R'(tn) 

lf(t.) 0 0 

0 lf(t2) 0 

0 
0 R'(tn) 0 

0 1 

Theorem 10.15 (Principle Axis Theorem for lie algebras) 

For each of the following Lie algebras g, every element z E g is conjugate in G 
to one of the stated form. 

to(2n): ~n(th · · ·, tn), Vk 6, E [0, 211'); 

•o(2n+ 1): Jl2n+1 {t1, • • • 'fn), VIc 6~c E (0, 21r); 

u(n): diag(t1i, ... , tni), VIc t, E R; 

n(n): diag(t1i, ... , tni), Vk t~c E R, t1 + · · · + tn = 1; 
tp(n): diag(t1i, ... , tni), VIc t~c E R. 

We can now give an important result which we have already seen is true for 
many familiar examples. 

Theorem 10.16 

For a compact connected Lie group G, the exponential map exp: g ---+ G is 
surjective. 
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Proof 

LetT 'G be a maximal torus. By Theorem 10.11, every element g e G is 
conjugate to an element zgz-1 e T. By Proposition 10.5, zgz-1 = exp(t) for 
some t e t, hence 

g = z-1 exp(t)z = exp(Adz(t)), 

where Adz(t) E g. So g e expg. Therefore expg =G. 

10.3 The Normaliser and Weyl Group of a 
Maximal Torus 

D 

Given Theorem 10.11, we can continue to develop the general theory for a 
compact connected Lie group G. 

Proposition 10.17 

Let A' G be a compact abelian Lie group and suppose that A1 'A is the 
connected component of the identity element. If A/ A1 is cyclic then A has a 
generator and hence A is contained in a torus in G. 

Proof 

Let d = IA/A1 1. As A1 is connected and abelian, it is a torus by Theorem 10.4, 
hence it has a generator ao by Proposition 10.7. Let g e A be an element of 
A for which the coset gA1 generates A/A1 • Notice that gd e A1 and therefore 
aog-tt e A1. Now choose b e A1 so that aog-d = bd. Then ao = (gb)d, so the 
powers (gb)"d are dense in A1 • More generally, the powers of the form (gb)A:d+r 
are dense in the coset gr A1 . Hence the powers of gb are dense in A, which shows 
that this element is a generator of A. 

LetT' G be a maximal torus. By Theorem 10.11, any generator u of A is 
contained in a maximal torus zTz-1 conjugate toT. Hence (u) and its closure 
A are contained in zTz-1 which completes the proof. D 

Proposition 10.18 

Let A ' G be a connected abelian subgroup and let g e G commute with 
all the elements of A. Then there is a torus T ' G containing the subgroup 
(A, g) ' G generated by A and g. 
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Proof 

By replacing A by its closure which is also connected, we can assume that A 
is closed in G, hence compact and so a torus, by Theorem 10.4. Now consider 
the abelian subgroup (A, g) ' G generated by A and g, whose closure B ' G 
is again compact and abelian. If the connected component of the identity is 
B1 ' B then B1 has finitely many cosets by compactness, and these are of 
the form gr B1 (r = 0, 1, ... ,d- 1) for some d. By Proposition 10.17, (A, g) is 
contained in a torus. 0 

Theorem 10.19 

LetT' G be a maximal torus and letT' A~ G where A is abelian. Then 
A= T. Equivalently, every maximal torus is a maximal abelian subgroup. 

Proof 

For each element g E A, Proposition 10.18 implies that there is a torus contain­
ing (T,g), but by the maximality ofT this must equal T. Hence A= T. D 

We have now established that every maximal torus is also a maximal abelian 
subgroup, and that any two maximal tori are conjugate in G. Next we focus 
on the relationship of a maximal torus T ~ G to the rest of G. 

Recall that for a subgroup H ' G, the nonnaliser of H in G is the smallest 
subgroup of G in which H is normal, 

No(H) = {g e G: gHg-1 = H}. 

Then No(H) ' G is a closed subgroup of G and so is also compact. It also 
contains H and its closure in G as normal subgroups. There is a continuous 
left action of Na(H) on H by conjugation, i.e., forge No(H) and he H, the 
action is given by 

g·h =ghg-1• 

If H = T is a maximal torus in G, the quotient group W o(T) = No(T)/T is 
known as the Weyl group ofT in G. Notice that the connected component of 
the identity in No(T} contains T; in fact it agrees with T as we will soon see. 

lemma 10.20 

LetT' G be a torus and let Q 'Nc(T) be a connected subgroup acting on 
T by conjugation. Then Q acts trivially, i.e., forge Q and x E T, 

g · x = gxg-1 = x. 
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Proof 

Recall that T ~ ar /Zr as Lie groups. By Proposition 10.5, the exponential map 
is a surjective group homomorphism exp: t --+ T whose kernel is a discrete 
subgroup. In fact, there is a commutative diagram 

kerexp t T 

zr 
in which all the maps are the evident ones. 

Now a Lie group automorphism a: T --+ T lifts to homomorphism Ci: t --+ 
t restricting to an isomorphism ao : ker exp --+ ker exp. Indeed, since each 
element of kerexp ~ zr is uniquely divisible in t ~ ar, continuity implies that 
iio determines ii on t. But the automorphism group Aut(ker exp) ~ Aut(Zr) of 
kerexp ~ zr is a discrete group. 

From this we see that the action of Q on T by conjugation is determined 
by its restriction to the action on ker exp. As Q is connected, every element of 
Q gives rise to the identity automorphism of the discrete group Aut(kerexp). 
Hence the action of Q on T is trivial. D 

This result shows that No(T)1, the connected component of the identity in 
Na(T}, acts trivially on the torus T. In fact, if g e No(T) acts trivially on T 
then it commutes with all the elements ofT, so by Theorem 10.19 g is in T. 
Thus T consists of all the elements of G with this property, i.e., 

T = {g e G: gxg-1 = z Vz e T}. (10.1) 

In particular, we have No(T)1 = T. We can now state an important omnibus 
result on the Weyl group. 

Theorem 10.21 

Let T ~ G be a maximal torus. 
i) The Weyl group Wo(T) is isomorphic to the group of components of the 
normaliser, 

W a(T) = No(T)/T ~ 1ro No(T). 

Hence Wc(T) is finite. 
ii) Wc(T) acts on T by conjugation, 

gT · z = gxg-1 • 

This ~tion on Tis faithful, i.e., the coset gT e Na(T)/T acts trivially on T 
if and only if geT. 
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Proof 

i) N0 (T) has finitely many cosets ofT since it is closed, hence compact, so 
each coset is clopen. 
ii) The faithfulness of the action follows from Equation (10.1). 0 

Proposition 10.22 

Let T ' G be a maximal torus and z, JJ e T. If z, JJ are conjugate in G then 
they are conjugate in N a (T), hence there is an element w e W a (T) for which 
JJ = w. :z:. 

Proof 

Suppose that y = g:z:g-1• Then the centraliser Za(JI) ' G of JJ is a closed 
subgroup containing T. It also contains the maximal torus gTg-1 since every 
element of this commutes with J1. Let H = Za (JJ )1, the connected component of 
the identity in Zo (y) i this is a closed subgroup of G since it is closed in Za (y). 
Then as T,gTg- 1 are connected subgroups of Za(Y) they are both contained 
in H. So T,gTg-1 are tori in H and must be maximal since a torus in H 
containing one of these would be a torus in G where they are already maximal. 

By Theorem 10.11 applied to the compact connected Lie group H, gTg-1 

is conjugate to T in H, so for some h e H we have gTg-1 = hTh-1 which 
gives 

Thus h-1g E Na(T) and 

(h-1g)z(h-lg)-1 = h-lyh = rl· 
Now setting w = h-1gT e W a(T) we obtain the desired result. 

10.4 The Centre of a Compact Connected Lie 
Group 

Recall that the centre of G is the closed normal subgroup 

Z(G) = {g e G: Vz e G, g:z: = :z:g} <4G. 

0 
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Theorem 10.23 

The centre of G is the intersection of all the maximal tori in G 1 

Z(G) = n T. 

Proof 

If c e Z( G) then c e T for some maximal torus T E; G. So for g e G, 

c = gcg-1 e gTg-1
1 

and by Theorem 10.12, 

Hence 

Conversely, if 

ce n 
T'O 

amaxlmal&orut 

T. 

Z(G) E; n T. 
T,o 

a maximal &orua 

ce n T, 
T'O 

a maximal &orua 

263 

then for any z e G 1 z e T' for some maximal torus T' ' G, hence c, z are 
both elements of the abelian group T'. So c and z commute. This shows that 
c e Z(G). 0 

Theorem 10.23 often proves useful when finding the centre of a compact 
connected Lie group. For example, the centres of S0(2n) and S0(2n + 1) lie 
in the maximal tori of Proposition 10.10, and it is easy to find which elements 
of these are central in the whole groups. We illustrate this by determining the 
centre of 80(4). 

Consider the element 

-sinlh 
coe81 

0 
0 

~ ~ l e Z(S0(4)). - sm1112 
cos82 
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0 1 0 0 

For ~(6.,82) to commute with 
1 0 0 0 

we must have sin 61 = 0 = 
0 0 0 1 
0 0 1 0 

sin62, so cos81 = ±1 and cos62 = ±1. Hence 

R.(II.,B,) = [~ 

0 0 0 1 

Commutativity with ~ ~ ~ ~ forces R.(61,82) = ±14 • This also illus-

0 0 1 0 
trates the case n == 4 of Proposition 5.31. 

EXERCISES 

10.1. Show that there are exactly two Lie isomorphisms 1' --+ 1', but 
infinitely many Lie isomorphisms Tr --+ T" when r ~ 2. 

10.2. Prove that in a Lie group G every torus T ' G is contained in a 
maximal torus in G, thus verifying the first part of Remark 10.9. 
Explain why the second part of this remark is false when G is not 
connected, i.e., not every element of G is contained in a torus. 

10.3. a) Show that the subgroup T ' U(2) consisting of all the diag~ 
nal matrices is a maximal torus of U (2). Determine the normaliser 
Nu(2)(T), its group of components 1ro Nu(2)(T) and its action by 
conjugation on T. 
b) Show that the subgroup of diagonal matrices in SU(3) is a max­
imal torus and determine its normaliser and group of path com~ 
nents and describe the conjugation action of the latter on this torus. 
c) Let 

T2 = { diag(u, v) E Sp(2) : u, v e C} ' Sp(2). 

Show that T2 is a maximal torus of Sp(2). Making use of Exam­
ple 9.20, determine Nsp(2)(T2) and wo Nsp(2)(T2) and describe its 
conjugation action on T2. 

10.4. Show that the group 

A= {(cos81 + sin81e1e2)(cos62 + sin62ese4) 

· ··(cos 6n +sin 6ne2n-le2n) : 81, · · ·, Bn E (0, 2w)} 
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is a maximal torus in each of the spinor groups Spin(2n) and 
Spin(2n + 1). 
For small values of n, determine the normalisers and Weyl groups of 
A in Spin{2n) and Spin(2n + 1). Find the conjugation action of each 
Weyl group on A. 
How are these maximal tori related under the double covering maps 
p: Spin(n) -+ SO(m) of Section 5.3 to the maximal tori of S0(2n) 
and S0(2n + 1) given by Proposition 10.10? 

10.5. a) For n ~ 1, show that 

{diag(Elt .. ·,En): E~t ... ,En= ±1} 'O(n) 

is a maximal abelian subgroup of O(n). 
b) Let T2n' S0(2n) and T2n+l =s;;; S0(2n + 1) be the maximal tori 
of Proposition 10.10 and 

Show that T2n '0(2n) and 7;n+l '0(2n+ 1) are maximal abelian 
subgroups. 
c) Explain why these results are compatible with those of Chapter 10. 





11 
Semi-simple Factorisation 

In this chapter we begin our discussion of the classification theory of compact 
connected Lie groups. Our aim is to introduce the main ideas involved and 
eventually to describe the outcome of this classification in terms of root sys­
tems and Dynkin diagrams. The reader interested in seeing more details might 
usefully consult some of the books [1, 2, 4, 7, 13, 14, 25) which focus on various 
aspects of this theory. 

Assumption 11.1 

Throughout this chapter, unless otherwise specified, G will denote a compact 
connected Lie group with Lie algebra I· By Theorem 10.1 we may assume that 
G E; U(n) for some nand 1 ~ u(n) is a Lie subalgebra. This allows us to give 
proofs valid for matrix subgroups of unitary groups. 

11.1 An Invariant Inner Product 

In order to discuss the semi-simple decomposition of a compact connected Lie 
group and later of its adjoint representation, we first need to introduce an R­
bilinear inner product on its Lie algebra. We do this by first defining such an 
inner product on the real Lie algebra u(n) = Sk-Herm,., then restricting it to 
a subalgebra. 

267 
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We define ( I ) by 

(X I Y) = - tr(XY) = tr(X.Y) e C (X, Y E u(n)). (11.1} 

Then (I) is symmetric since tr(Y X)= tr(XY). Using standard properties of 
the trace together with the definition of the hermitian conjugate ( ) •, we find 
that 

(X I Y) = tr(XY) = tr(XY} 

= tr(XY)T 

hence (X I Y) is real. Finally, 

= -tr(Y• x•) 
= -tr(YX) 

= (Y I X) 

=(X I Y), 

(X 1 X) = - tr(X2
) = tr(x· X), 

and the latter is the sum of the eigenvalues of the positive definite hermitian 
matrix x• X. Since these eigenvalues are real and non-negative, ( I ) is real 
and positive definite. This is still true for the restriction of ( I ) to an R-Lie 
subalgebra of u( n), in particular to the Lie subalgebra of a Lie subgroup of 
U(n). In the case SU(2) ' U(2), ( I ) agrees with the inner product introduced 
in Section 3.5. 

For A e U(n}, 

giving 

(AXA-1 I AYA-1) = tr(AXA-1 AYA-1 ) 

= tr(AXYA-1
) 

=_tr(XY), 

(AdA(X) I AdA(Y)) =(X I Y). {11.2) 

This shows that AdA: u(n) --+ u(n) is a linear isometry with respect to the 
inner product (I ). If we choose an orthonormal basis for u(n) then the adjoint 
representation becomes a homomorphism Ad: U ( n) --+ SO( dim U ( n)) since 
U(n) is connected. 

When A = exp(tH) with t e R and H e u(n}, 

:t(AXA-1 I AY A-1)1•-o = :t tr(AXY A-1)j..o 

= tr(HXY- XYH) 

= tr((H, X]Y + X(H, Y)) 
= ([H,X] I Y) +(X I [H, Y]), 
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and so 
(adH(X) I Y) + (X I adH(Y)) = o. (11.3) 

Because of Equations (11.2) and (11.3), the inner product ( I ) is said to be 
invanant with respect to Ad, ad or the Lie bracket [ , ). On choosing an or­
thonormal basis for u( n) with respect to the inner product ( I ) , each associated 
matrix AdH e GLdimU(n)(IR) is special orthogonal and adH e MctimU(n)(R) is 
skew-symmetric, hence the adjoint representation becomes a homomorphism 
of Lie algebras 

ad: u(n) ~ to(dim U(n)) = Sk-SymdimU(n)(IR). 

Here is the more general result obtained by restricting the inner product 
( I ) to the subspace g. 

Theorem 11.2 

Let G ' U(n) be a compact connected Lie subgroup. On choosing an or­
thonormal IR-basis for g with respect to the inner product ( I ), the adjoint 
representations of G and g take the form 

Ad: G ~ SO(dimG}, ad: g ~ to{dimG), 

which are homomorphisms of groups and Lie algebras respectively. 

Recall from Definition 3.31 the notion of complexification of a Lie algebra. 
We can extend the inner product ( I ) to a C-bilinear inner product on the 
complexification u(n)c = g[n(C). The adjoint action of U(n) on u(n) extends 
to a C-linear action on u(n)c and this extension is Ad-invariant. 

Proposition 11.3 

Let g ' u( n). Then there is a unique extension of ( I ) on g to a C-bilinear 
inner product ( I )c on the complexification Sc· Furthermore, ( I )c is both 
Ad-invariant and ad-invariant. 

Proof 

Let {U~, ... , U4 } be an IR-basis of g, which is also a Cbasis of gc. Taking as 
the definition 

<EziUi I Ew;U;)c = EEziw;(Ui I U;), 
i J i J 

it is easily seen that ( I )c is indeed the unique Cbilinear extension of ( I ) to 
the complex vector space sc. The invariance is straightforward to check. 0 
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Example 11.4 

For n ~ 1, the Cbasia of u(n)c = g"'(C) of Equation (3.27) satisfies 

(E' 1 I E"•) = -6,r6t., 

while for .eu(n)c = •ln(C), 

CE"' _ ,E<t-1) c•-1) I E"•) = 0 if r;: s, (11.4&) 

(E"" - ,E(i-1)(i-1) I E"r- E(r-1)(r-1)) = {-21 if r = k, (11.4b) 
if lr- kl = 1. 

11.2 The Centre and its Lie Algebra 

In Section 10.4 we described the centre Z( G) of G in terms of the maximal tori 
of G. We can determine the dimension of Z( G) by considering its Lie algebra. 

Theorem 11.5 

Let G be a compact connected Lie group and let J be the Lie algebra of its 
centre Z(G). Then J = z(g) and so dim Z(G) =dim z(g). 

Proof 

Let -y: (-£,£) --+ Z(G) be a smooth curve with 7(0) =I. By Theorem 7.32, 
for all z e g and • e R, exp(sz) e G and so for all t e R, 

Then we have 

-y(t) exp(sz)-y(t)-1 = exp(sz). 

[7'(0), z] = : t -y(t)z-y(t)-1
1 •• 0 

= : t -y(t) (h exp(sz)l.-o) -y(t)-1 

1•-o 

= : t h ( -y(t) exp(sz)"Y(t)-
1

) 1·-ol•-o 

d d 
= dtda (exp(sz))l.-ol•-o 

d = d t ZJ,.o = 0, 
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so 7'(0) E z(g). This shows that J c z(g). 
Conversely, let z e z(g) and t e R. Then by Theorem 10.16, every element 

g E G has the form g = exp(z) for some z e g, therefore making use of 
Proposition 2.2 we have 

exp(tz)gexp(tz)-1 = exp(tz) exp(z) exp(tz)-1 

= exp(tz + z) exp( -tz) 

= exp(tz + z - tz) 

= exp(z), 

which shows that exp(tz) E Z(G) and hence z e J by Equation (7.15). So 
z(g) C J. 

Combining these two inclusions we obtain z(g) = J and so 

dimZ(G) = dimJ = dimz(g). 

0 

Corollary 11.6 

dim Z(G) = 0 if and only if g is centreless. 

A Lie group G for which Corollary 11.6 holds can still have non-trivial 
centre; this is illustrated in Propositions 5.31 and 5.32. Here is a more general 
observation in this vein. 

Proposition 11.7 

Let G be a compact Lie group and H ' G be a closed subgroup. Then dim H = 
0, if and only if H is a finite subgroup. 

More generally, H has finitely many path components, each of which is 
compact. 

Proof 

When dim H = 0, H is a discrete subgroup of the compact group G so it must 
be finite as shown in the exercises for Chapter 1. 

If H E; G is a closed subset then it is compact by Proposition 1.26. The 
path components form an open cover of H by disjoint seta, and this must be 
finite by compactness. 0 

Now we can give another description of the centre of G. 
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Proposition 11.8 

The adjoint action of G on g gives a Lie homomorphism 

Ad: G--+ SO(dimG); g t-----t Ad9 , 

with compact connected image and kernel ker Ad = Z(G). 

Proof 

Let g e Z(G). Then if z e g and t e R, gexp(tz)g-1 = exp(tz) and differenti­
ating with respect to t at 0 gives gzg-1 = z. Hence g e ker Ad. 

Conversely, if g e ker Ad then for z e g, gzg-1 = z and by applying the 
exponential we obtain 

gexp(z)g-1 = exp(gzg-1) = exp(z). 

Since every element of G has the form exp(z), we have g e Z(G). 0 

11.3 Lie Ideals and the Adjoint Action 

We would like to generalise Theorem 11.5 to arbitrary closed normal subgroups. 
We will make use of ideas and notation introduced in Section 1.8. First we need 
to investigate the adjoint action further and in particular its behaviour with 
respect to Lie ideals in the Lie algebra g. 

Proposition 11.9 

Let G be a compact connected Lie group and n C g be an R-subspace. Then 
n <3 g if and only if the adjoint action of G on g restricts to an action on n, 

Ad9 : n--+ n; Ad9 (z) = gzg-1
• 

Proof 

Let n <3 g. Then for every u e g, 

adu(z) = (u,z] en (z e n). 

This shows that the adjoint action of g on n assigns to each u e g a linear 
transformation ad" E Enda(n). Now consider the differential equation 

rp'(t) = tp(t) ad., (11.5) 
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where VJ: R --+ GLa ( n) is supposed to be a smooth function and rp( t) adu 
means the composition of these elements Enda(n). By the general theory of 
such equations given in Theorem 2.12, this has a unique solution. To see this 
solution explicitly, for each t e R consider the function 

Ad.xp(tu): g--+ g; Ad.xp(tu)(z) = exp(tu)zexp(-tu). 

On differentiating with respect to t we find 

d 
dt exp(tu)zexp(-tu) = exp(tu)[u,z]exp(-tu) 

= Adexp(tu)(adu(z)), 

hence this satisfies Equation (11.5) and so its unique solution is the function VJ 
for which 

cp(t) = Adexp(eu) : n --+ n. 

Since G is compact and connected, by Theorem 10.16, every element g e G has 
the form g = exp(u) for some u e g, hence Ad, restricts to a map Ad9 : n --+ n. 
This means that n is indeed closed under the action of each Ad,, i.e., Ad, e 
GLa(n). 

Conversely, suppose that n C g is closed under the action of Ad, for every 
g e G, then for u e g, zen and t e R, Adexp(cu)(z) en and differentiating at 
t = 0 gives [u, z] e n. Hence n <G g. 0 

Now suppose that there is a connected normal Lie subgroup N <G G with Lie 
algebra n ' g. For each z e n and u E g we have A~(tu) exp(Bz) E G for all 
s, t e R. Differentiating with respect to B at 0, we obtain 

d 
(i8 Adexp(cu) exp(Bz)l.-o = Aci.xp(cu)(z) En. 

Differentiating this with respect to t at 0, now gives [u, z] e n. Hence the Lie 
algebra n of a normal subgroup of G is a Lie ideal, n <G g. 

Proposition 11.10 

Let G be a compact connected Lie group. Let N-aG be a closed normal subgroup 
with Lie subalgebra n E; g. Then n <3 g and the adjoint action of G on g restricts 
to an action on n, 

Ad,: n--+ n; Ad1 (z) = gzg-1
• 
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Corollary 11.11 

Let G be a compact connected Lie group. If 9 is simple then G has no closed 
normal subgroups of dimension greater than 0. 

Definition 11.12 

A compact connected Lie group with a simple Lie algebra is called simple. 

Remark 11.13 

This terminology conflicts with the usual usage in group theory; however, it 
does make sense in that much of the structure of a compact connected Lie group 
is captured by its Lie algebra. For example, as we will see, the classification of 
simple compact connected Lie groups is essentially accomplished by first clas­
sifying their Lie algebras up to isomorphism, then determining their associated 
groups which differ by surjective Lie homomorphisms with finite kernels, i.e., 
finite covering homomorphimu. 

The following converse result is true, but we will not give a proof. 

Proposition 11.14 

Let G be a compact connected Lie group. If G has no closed normal subgroups 
of dimension greater than 0, then the Lie algebra g is simple. 

Recall the orthogonal complement of n in g, 

n .l = { z E g : Vy E n, ( z I J1) = 0}. 

Clearly n.l is a vector subspace of g and by standard arguments of linear algebra 

Proposition 11.15 

8 = n+ n.L, 

nnn.l = {0}, 

(n.L).l = n. 

(11.6a) 

(11.6b) 

(11.6e) 

Let g be a finite dimensional R-Lie algebra with a real positive definite ~ 
invariant inner product ( I ) . Let n <J g be any Lie ideal. 
i) The orthogonal complement n.L of n in g is a Lie ideal, n.L <Jg which satisfies 



11. Semi-simple Factorisation 

the Equation (11.6). 
ii) There is an isomorphism of Lie algebras n.l 2! gfn. 

Proof 

(i) If z e n.l and y E n and z e 9, then 

((z,z] I y) = -(z I [z,y]) = 0, 

by Equation (11.3) and the fact that n is an ideal. 
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(ii) The quotient homomorphism 8 --+ gfn restricts to a homomorphism of Lie 
algebras n.l --+ 9/n which is injective since n n nl. = {0}. Since 

dim n.l = dim 9/n = dim 8 - dim n, 

it is also surjective. D 

Here are some further results of this type. 

Proposition 11.16 

Let 8 be a finite dimensional R-Lie algebra equipped with a real positive definite 
ad-invariant inner product ( I ). 
i) If and z(9) are mutually orthogonal, i.e., 

([z,y) I z) = 0 (z,y E 9,z E z(g)). 

Hence 9' C z(9).l, 
ii) There is an isomorphism of Lie algebras 9.1 2! 8/ z(9). 
iii) The centre of 8/ z(9) is trivial. 

Proof 

(i) H z,y e 8 and z e z(9), then by Equation (11.3), 

((z, y) I z) = -(y I (z, z]) = 0, 

since [z, z] = 0. So 9' and z(9) are indeed mutually orthogonal. 
(ii) This is a special case of Proposition 11.15(ii). 
(iii) The isomorphism 

z(8/ z(9)) ~ z(g.l) = {0} 

and the identity 
z(g.l) = z{g) n gJ. = {0} 

give this result. 0 
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11.4 Semi-simple Decompositions 

Let G be a compact connected Lie group. The centre Z(G) of G is a compact 
normal subgroup, which need not be connected. By Theorem 11.5, the centre of 
the Lie algebra g is an ideal z(g) <3 g. By Proposition 11.8, the quotient G I Z( G) 
is a compact connected Lie subgroup of SO(dimG) and the quotient homo-­
morphism G--+ GIZ(G) is a Lie homomorphism whose derivative coincides 
with the quotient homomorphism of Lie algebras g --+ ul z(g). This suggests 
that we should study G through Gl Z(G) and its Lie algebra. In particular, by 
Proposition 11.16(iii), dim Z( G / Z( G)) = 0 and Z( G I Z( G)) is a finite group. 
In fact the centre of Gl Z(G) is trivial as the next result shows. 

Proposition 11.17 

Let G be a compact connected Lie group. Then the quotient group G I Z(G) 
has trivial centre, i.e., Z(GI Z(G)) = {1}. 

Proof 

This follows from Proposition 11.8 together with Proposition 11.16(ii) and the 
factorisation of the adjoint map Ad as 

Ad: G--+ Gl Z(G) B. SO( dim G), 

from which it follows that ker Ad agrees with the kernel of the induced action 
of G on g.l ~ sl z(g). This in tum agrees with the inverse image of Z(G I Z(G)) 
under the quotient homomorphism G ----+ G I Z( G). 0 

Assumption 11.18 

Because of Proposition 11.17, we may as well replace G by G I Z( G), so from 
now on in this section, we will assume that Z( G) = { 1}. Such a Lie group is 
called semi-simple. 

The adjoint action of G on g gives rise to an orthogonal decomposition of 
g into Lie ideals. The proof of this requires Haar measure on G and is closely 
related to Theorem 10.1. For readers familiar with the representation theory 
of finite groups, we remark that this kind of result is analogous to Maschke's 
Theorem. 

Recall from Proposition 11.9 that a Lie ideal of g is essentially the same 
thing as an Ad-closed R-subspace of g. 



11. Semi-simple Factorisation 

Theorem 11.19 

There are simple ideals g, <3g (i = 1, ... , r) which decompose g as an orthogonal 
direct sum, 

For each i = 1, ... , r, the ideal 

is the orthogonal complement of Si, i.e., 

s(i) = et. 
Notice that if i 1: j, z E Si andy e 8;, then since (z,y) e g, n s; = {0}, we 
must have [z, y) = 0. 

The adjoint action of Gong restricts to an action on g(i). Let 

G, = {g e G: Ad, = Ida<•>: g(i} --+ g(i)}. 

Then Gt is clearly a closed subgroup of G and so is a compact Lie subgroup. 
If z E &i then for 11 E g(i), (z,11) = 0. Hence for all t E R, 

A<iexp(ez)(ll) =II· 

This shows that exp g, C G,. 
On the other hand, if z e g is in the Lie subalgebra of G,, then for every 

t E R, exp{tz) e G, so then for every y E g(i), 

exp{tz)yexp( -tz) =II· 

On differentiating at t = 0 we see that [z, 111 = 0. Writing z = Zi + z~ with Zi e 
8i and~ E g(i) we find that [z~,11] = 0 for every y E g(i), so zi E z(g) = {0}. 
Therefore z e Si which shows that the Lie algebra of G, is g,. 

It easy to verify that Gi <1 G and in fact every pair of elements g, E G, and 
9; e Gj commutes ifi :j: j. This implies that Z(Gi) 'Z(G), givingZ(Gi) = {1}. 

Theorem 11.20 

For each i = 1, ... , r there is a closed normal subgroup G, <3 G with Lie subal­
gebra g, <1 g. Moreover, there is a direct product decomposition 

G = G1 X" • X Gr. 
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So to understand the structure of an arbitrary compact connected Lie group 
G, we first factor out its centre Z( G) to form G / Z( G), which is semi-simple, so 
is a product of simple groups. This naturally leads us to consider the structure 
of simple compact connected Lie groups. In order to do this and to explain the 
classification of such simple groups we need to study the adjoint representation 
in greater detail since this provides the key ingredients. 

11.5 The Structure of the Adjoint 
Representation 

Now let G be a compact connected Lie group of dimension d = dimG and 
T ' G be a maximal torus. We will use the notation d = 2m if d is even and 
d = 2m + 1 if d is odd. 

By Theorem 10.11 we may assume that G is a subgroup of some unitary 
group, say G ' U(n). Also, by Proposition 10. 7, T has a topological generator 
9o and on choosing an orthonormal basis for g, the adjoint action of 90 gives 
a linear transformation Ad10 : g --+ g which is equivalent to a matrix Ad10 e 
SO(d); this matrix determines the adjoint action ofT on g. The Principle Axis 
Theorem 10.13 implies that Ad10 is conjugate in SO( d) to a matrix of the form 
8.,(61, ... , Bm)· The eigenvalues of Ad10 (with repetitions) must then be of the 
form 

{
e'•', e-'•', ... , e'"'', e-l,..i if dis even, 

e'•', e-'•', ... , e'·' 1 e-• ... •, 1 if dis odd. 

If we view SO( d) as a subgroup of U(d), then Ad10 is conjugate in U(d) to the 
diagonal matrix 

{
diag(e'•',e-'•', ... ,e'"'i 1e-'"'') if dis even, 

diag(e'•' 1 e-'•', ... , e'"'' 1 e-• ... •, 1) if dis odd. 

These matrices give the action of Ad10 on the complexification gc relative to · 
the chosen basis of g thought of as a C-basis for gc. 

For a power g0 (r e Z), Ad10 = (Ad10)r is conjugate to 

{

RctlmG(r61, ... , r8m) in SO( d), 
diag(er'•', e-rt,i, ... , ert.,.,, e-r'"'') in U(d) if d is even, 

diag(erlai, e-rlai' ... 1 erl"'i' e-rt,..t., 1) in U(d) if dis odd. 

(11.7) 
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This implies that there is an orthonormal R-basis ~ = { t11, ••• , tiel} of g for 
which 

Ad10(t12t-I) = cos(r6t)t12t-l + sin(r6~t)t12~t, 
Ad10 (t12t) =- sin(r8~t)t12t-1 + cos(r8t)t12~t, 

whenever k 'm; if dis odd we also have 

Ad10 (vc~) = t~c~. 

So fork= 1, ... ,m, there are continuous homomorphisms 

7~t: T--+ S0(2) ~ T; 7t(90) = R(r8t)· 

For each 7t, the inverse map given by 

7i1 (go) = R(rBt)-1 = R( -r8t) 

corresponds to replacing the pair of basis vectors (t12t-lt t12t) by the pair 
( -t12t-1, t12t). The homomorphisms =tt, =t;1 (k = 1, ... , m) are called the rootl 
of the maximal torus T in G, the non-constant ones being called the non-trivitll 
roots. 

Notice that for z e t ~ g, Ad10(z) = 0, since this comes from the adjoint 
action of the abelian group T. Hence if we first choose an orthonormal basis for 
t, we can extend it to one for g so that it has the properties above. From now 
on we will assume that ~ bas been chosen in this way so that t11, ••• , tldim T is 
an orthonormal basis for t. 

For each root =j: T -+ T we take its derivative and by identifying the Lie 
algebra of 'l with R this gives an R-linear transformation 1: t --+ R which is 
also known as a root. 

In general, if")': t-+ R is a non-trivial root, we define g(±7) C g to be the 
maximal subspace for which there is a basis {u1, ••• ,u21 } such that for z e t 
and j = 1, ... , k, 

Ad.xp(~)(u2;-1) = COS"Y(z)u2J-l +sin"Y(z)u2;, 

Ad.x.,(~)(U2J) =- Sin"Y(Z) U2J-l + COS")'(Z) U2J· 

(11.8a) 

(ll.Sb) 

This is called the root apace associated to the root poir ±"Y and by definition 
it is non-trivial. When "Y is non-trivial we have dimg(±"Y) = 2m:t.,. for some 
natural number m:t.,. ;;, 1 called the multiplicity of the root pair ±"Y. We also 
set 

g(O) = {z E g: Vg E T, Ad1 (z) = z}, 

which is the null root lfHJU. Then t C g(O), so g(O) :F {0} if dimG > 0; the 
number mo = dim g(O) is the multiplicity of the trivial root. 
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For practical purposes it is often more useful to work entirely with the 
Lie algebra and replace Equation (11.8) by the following equations which are 
obtained by differentiating the Ad-action at the identity, 

Theorem 11.21 

adz(U2;-t) = -y(x) u2;, 

adz(U2;) = --y(z)u2;-1· 

(11.9a) 

(11.9b) 

There is an R-linear direct sum decomposition which is orthogonal with respect 
to the invariant inner product ( I ), 

g= 
::1:')' a root pair 

Proof 

g(±-y) = g(O) EB 
::1:')' a non-trivial 

root pair 

g(±-y). 

This follows easily from the orthogonality of the eigenspace& associated with 
distinct conjugate pairs of eigenvalues of an orthogonal matrix. 0 

The decomposition in this result is called the root apace decompoaition of g 
with respect to the maximal torus T. There is a complex version of this also 
called a root apace decompoaition or Cartan decompoaition of the complexifica­
tion gc. The adjoint action ofT extends to a C-linear action on sc and each of 
the complexified root spaces g(±-y)c for non-trivial-y splits into a direct sum 
of two C-subspaces 

where 

g(±-y)c = g,. E9 s-,., 

g,. = {v ESc: 'Vz E t, Adexp(z)(v) = e1'(z)iv} 

= {v E sc : Vz E t, adz(v) = "Y(z)iv }. 

We also set lJo = g(O)c. When 1' is non-trivial, dime g,. = m::~:,., so we usually 
denote this by m,.. 

Theorem 11.22 

There is a Clinear direct sum decomposition, 

Sc =Do EB 
')' a non-trivial 

root 

g,.. 
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Such root space decompositions contain all the essential information re­
quired to classify simple compact connected Lie groups. In order to explain 
the result of this classification we will need to investigate the geometry of root 
systems and their Weyl groups and we do this in Chapter 12. To finish this 
introduction we explain how the Weyl group acts on roots and then give some 
examples which are elucidated further in Section 12.3. 

For a maximal torus T ~ G, we know that the Weyl group Wa(T) = 
N a(T) /T acts by conjugation on the Lie algebra t of T. There is an associated 
contragredient action on the dual vector space t• consisting of all R-linear 
transformations t --+ IR. This action is specified by taking sT 'Y = gT · 'Y to be 

gT 'Y: t--+ R; gT 'Y(z) = 'Y(Ad1-t (z)) = 'Y(Ad;1(z)). 

It is easy to see that if 'Y is a root, then so is gT 'Y, and this leads to the following 
result. 

Proposition 11.23 

Under the action ofWc(T) on t•, the roots ofG with respect toT are permuted. 

Roots also have the properties given in the following result whose proof can 
be found in (13, 25). 

Proposition 11.24 

Let a, {J be roots of G with respect to the maximal torus T. 
i) For non-trivial a and we Wc(T), the multiplicities of wa and a agree, i.e., 
m .. o = m 0 ; in fact these multiplicities are 1. 
ii) For non-trivial a, the only roots which are non-zero multiples of a are ±a. 
iii) [ga,GtJ] = {0} unless a+ {J is a root, and then 

(go, gp) = 8o+8 

if a+ {J is non-trivial, while 

By Theorems 10.23 and 11.5, we have z(g) ~ t. It is clear that for any root 
a we have z(g) C ker a; in fact this can be strengthened. 
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Proposition 11.25 

Let T be a maximal torus of G. Then 

z(g) = n kera, 
a a root 

where the intersection is taken over roots of G with respect to T. 

The roots of G with respect to T are best thought of as lying in the subspace 

z(g)J.. ={"Yet: z(g) c ker"Y} c t•. 

Recall that for B e R, 

R(fl) = [:: -::]. 

Example 11.26 

80(3) has the maxjmal torus 

T = {[~~~~ ~·'] :11 e a}' S0(3}, 

and the lie algebras of 80(3) and T are 

•(3) = u: -u -v] } ~ -~ : u, v, w e R , 

t= {[~ -t 0] } 
~ ~ : t e R ~ aa(3). 

The elements 

u = [! -~ ~]' v = [~ ~ -~]' w = [~ ~ -~' 
form a basis of to(3) with U e t. Then forte R, 

exp(tU) = [R(t) 02,1] 
01,2 1 
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and 

exp(tU)U exp(tU)-1 = U, 

exp(tU)Vexp(tu)-1 = costV +sintW, 

exp(tU)Wexp(tU)-1 =-sin tV+ costW. 

In terms of the ad-action we have 

(U,U) = 0, (U, V) = W, (U, W) = -V. 

So there are two non-trivial roots ±.{J, where 

{J(tP) = t (t e R). 

From Example 9.19, the normaliser ofT in 80(3) is 

Nso(s)(T) = TU {[-;: ~: -~] :8 E It}= TUZT, 

where Z = diag(-1, 1,-1). The Weyl group 

Wc(T) = {IT,ZT} ~ {±.1} 

acts on the roots by 

Example 11.27 

SU(2) has the maximal torus 

T = {diag(z, '!) : lzl = 1} ~ SU(2), 

which has Lie algebra 

t = {diag(ti, -ti): t e R} ~ .u(2). 

Starting with the orthonormal basis {H,E,F] of.u(2) for which 

ii = ~ [~ ~1 , E = ~ [ -~ ~1 ' F = ~ [~ ~1 ' 
we find that for t e R, 
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exp(th)h exp(t.H)-1 = .H, 
exp(tk)E exp{tk)-1 = cos 2tE +sin 2t.F, 

exp(tb)Fexp(t.H)-1 = -sin2t.E + cos2tF. 

In terms of the ad-action we have 

[b,.H] = o, [b,E] = 2i', [b,F] = -2.E. 

So here there are two non-trivial roots ±a1 where 

a1 {diag(ti, -ti)) = a1 (til) = 2t (t e R). 

The normaliser ofT in SU(2) is 

Nsu(2J(T) = TU { [~ -!] : lzl = 1} = TU JT, 

where 

[
0 -11 

J = 1 oj · 

The Weyl group 
Wsu(2)(T) = {IT,JT} ~ {±1} 

acts on the roots by 
JT(±at) = =FOt· 

Example 11.28 

U(2) has the maximal torus 

T = {diag(z,w): lzl = 1 = lwl} ~ U(2), 

which has Lie algebra 

t = {diag(Bi, ti) : 8, t e R} ~ u(2). 

We have the orthonormal basis {H1,H2,E,F} ofu(2) for which 

H, = [~ ~J, H.=[~ ~J, E = ~ [-~ ~J, F = ~ [~ ~J. 
I'hen for 8, t e R, 
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Then 

exp(sH1 + tH2)(zil1 + 71H2) exp{sH1 + tH2)-1 = (zH1 + 71H2), 

exp(sH1 + til2)Eexp(sH1 + til2)-1 = cos(s- t)E + sin(s- t)F, 

exp(afl1 + tH2)Fexp(ail1 + til2)-1 = - sin(s- t)E +cos( a- t)F. 

In terms of the ad-action we have 

[sil1 + tH2, zil1 + 11il2] = 0, 

[silt + tk2,EJ = (s- t)F, [sH1 + tH2, F] = -(s- t)E. 

So there are two non-trivial roots :::l:a where 

Notice that 
kera = {a(il1 + H2) : s e R} = z(u(2)). 

The normaliser ofT in U(2) is 

Nuc•I(T) = TU {[~ -~] : l.zl = 1} = TU JT, 

with J as in Example 11.27; the Weyl group 

Wu(2)(T) ={IT, JT} 9! {:::1:1} 

acts on the roots by 

as indicated in Figure 11.1. 

Example 11.29 

SU (3) has maximal torus 

T = {diag(z,w,!W): lzl = Jwl = 1} ~ SU(3), 

with Lie algebra 
t = { diag(n, ti, -Bi - ti) : s, t e R}. 

[n the Lie algebra n(2)c we have 

[
i 0 0] [0 0 0] 

Ht = 0 -i 0 , H2 = 0 i 0 e t, 
0 0 0 0 0 -· 
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V = z(u.(2))J. ·. ..... :~~(2))" 
.-

.• .· 
.· 

A .· .. . · ... ·· .. 
JT ···~ 

.· 
.·· .·· · .. . · 

Figure 11.1 The roots of U(2) in u(2)• 

and 

E'" = [~ 
1 

~]' E'3 = [~ 
0 

~]' E"= [~ 
0 !] ' 0 0 0 

0 0 0 

~· = [~ 
0 

~]' ~· = [~ 
0 

~] ' ~·= [~ 
0 

~] . 0 0 0 
0 0 1 

These six elements form a Cbasis of .eu(2)c and with respect to the invariant 
inner product ( I ) we have 

(Ht I Ht) = (H2 I H2) = 2, (Ht I H2) = -1. 

For the ad-action we have 

(sH1 + tH2, E 12] = (2s- t)i£12
, 

(sH1 + tH2, E 13) = (s + t)i£12 , 

(8H 1 + tH2, E 23) = ( -s + 2t)iE23 , 

(sH, + tH2,E21] = -(28- t)iE12, 

(sH, +tH2,E31) = -(s+t)i£12, 

(8Ht + tH2,E32] = -(-8 + 2t)iE32, 

showing that there are six non-trivial roots ±o, ±{J, ±7, where 

o(8Ht + tH2) = 2s- t, {J(8Ht + tH2) = s + t, 1'(8Ht + tH2) = -s + 2t. 

Using the inner product we can identify these as elements oft E!! t•, 

H, +-+ o, Ht + H2 +-+ {J, H2 +--+ 1'· 

The Weyl group W su(3) (T) consists of 6 elements which act on the roots as 
the symmetries of the regular hexagon whose edges are indicated with dotted 
lines in Figure 11.2. 
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EXERCISES 

. · 
'1'········· 

Figure 11.2 

.......... /J. ...................... . 

... -····· 
.·· 

····•··· .............. ~···;;· 

The roots of SU(3) in .eu(3)• 
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11.1. For n ~ 2, consider the unitary group U(n) and its Lie algebra u(n) 
with its standard invariant inner product ( I ). 
a) Find the orthogonal complement of the centre of u( n), 

z{u(n))J. = {X e u(n) : VZ e z(u(n)) (X I Z) = 0} 

b) Show that there is a Lie homomorphism cp: U(n)--+ Z(U(n))/Z 
whose kernel kercp<JU(n) has Lie algebra z(u(n))J. 'u(n) and where 
Z <J Z(U(n)) is a finite normal subgroup. 
c) Deduce that there is a surjective Lie homomorphism with finite 
kernel, 

Z(U(n)) x kercp-+ U(n). 

11.2. Derive Equations (11.9) from Equations (11.8). 

11.3. Verify that the Weyl group of Example 11.29 acts on the roots as 
claimed. 

11.4. Determine the roots of each of the groups Sp(2), and S0(4) for the 
standard maximal torus. In each case, find the action of the Weyl 
group on the roots. 

11.5. a) Find a maximal torus T1 for the group 

G, = { [~2 D_;;•] : A,B E U(2}, detAdetB = 1} :It SU(4). 

Determine the roots of G 1 with respect to T1• Find the normaliser 
of T1 in G 1 and the action of the Weyl group on the roots. 
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b) Do the same for the group 

{ [ 
A 02,2] } G2 = 

02
•
2 

B : A,B e U(2), detA = detB ~ U{4). 



12 
Roots Systems, Weyl Groups and Dynkin 

Diagrams 

In this chapter we discuss the theory of root systems and their Weyl groups 
and outline the classification of the irreducible ones. We indicate how these are 
associated with families of compact connected simple Lie groups. Accessible 
introductions to this material can be found in many books, e.g., (4, 25, 10]; [14] 
contains a technical account of the study of Lie algebras from the perspective of 
root systems, including certain important infinite dimensional examples known 
as Klc Moody algebras. We merely sketch the highlights without giving proofs. 

12.1 Inner Products and Duality 

In this section we recall some standard facts about inner products and duality. 
Throughout, let V be an l-dimensional R-vector space. 

The R-linear dual of V is the R-vector space v• consisting of all R-linear 
transformations V ~ R. Given a basis { v1, ••. , Vt} for V, define elements 
v; E v• for i = 1, ... , l by 

Proposition 12.1 

If { v1 ~ ... , vt} is a basis of V 1 then {vi, ... 1 v;} is a basis of v•. 
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{vi , ... , v;} is called the dual ba.ris determined by { v1 , ••• , vt}. 
Suppose that ( , ) is a positive definite (but not necessarily symmetric) 

inner product on V. As usual, the length of a vector a e V is defined to be 
lal = J (a, a). There is an Ill-linear transformation 

11: V ~ v•; II(U.) = (u, ) , 

where 
v(u)(v) = (u, v) (v e V). 

The following result is standard. 

Proposition 12.2 

The Ill-linear transformation v: V ~ v· is an isomorphism. 

v· inherits an inner product, which we will also write < 1 ) , defined by 

(a I {J) = (v-1(a) lv-1 (/J)). 

This is a positive definite inner product on v•. 

Proposition 12.3 

Let { va, ... , vt} be a basis for V and 

A= [(v; I v;)] e Mt(R). 

Then the matrix A= [(v; I vj)l associated with the inner product on (I) on 
v· is given by 

Proof 

This is a standard piece of linear algebra. Since 

l 

v(vi) = L(v; I Vr)v;, 
r=l 

on setting B = (b1;] = A -l, we obtain 

l 

v-1(vi) = L birt.lr, 

r=l 
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which yields 

t t 
(v; I vj) = (11-1(v,t l11-1(vj)) = L L b,rbJ,(Vr I v,) 

This impli~ the matrix identity 

which is the d~ired result. 

r=l•=l 
t 

= E6i,bj, 
•=1 

= bji· 

12.2 Roots systems and their Weyl groups 
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0 

Let V be an l-dimensional real vector space with a positive definite (but not 
necessarily symmetric) inner product ( , ); as usual, the length of a vector 
a e V is defined to be Ia I = J (a, a). 

If u e V- {0}, there is an associated R-linea.r transformation 8v: V --+ V 
for which 

{
-z ifz=tu, 

8u(z) = ,.. 
., if (u,z) = 0. 

It is easy to see that for z E V, 

2 (u,z) 
8u(z) = z- ( ) u. u,u 

Geometrically, 8u is a hwerplane reflection in the hyperplane 

H~ = {z E V: (u,z) = 0} C V. 

Proposition 12.4 

If u, v e V - {0}, the following identiti~ are satisfied: 

8~ = 8u 08u = ldv, 

{

8., = 8u 

8v #: 8u 

if v = tu for some t E R, 

otherwise. 

(12.1) 
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Definition 12.5 

A subset i) C V is a (reduced) root By.ttem if it has the following properties: 

• i) spans V and 0 f/. iJ; 

• if u e iJ then -u e i) and no other multiples of u are in iJ; 

• if u, v E i) then 2 (u, z) / (u, u) E Z and Bu(v) E +. 
An element of i) is called a root 

The final condition is equivalent to the requirement that for u, v E i) and 
some k e Z, 

Su(v) - v = ku. 

Each Bu acts on iJ as a permutation and it can be viewed as an element of the 
group of all permutations of • , s~. 

Definition 12.6 

The Weyl group of i) is the subgroup W(iJ) ' s. generated by the su (u E iJ). 

Remark 12.7 

By definition W(iJ) is finite with order I W(iJ)I dividing liJI!. 

Definition 12.8 

A subset n C iJ is a set of fundamental or simple roots if it satisfies 

• n is an R-basis of V; 

• every u E i) can be uniquely expressed in the form 

u= I:eww 
wen 

where Cw E Z either all satisfy c.., ~ 0 or all satisfy c.., ~ 0. 

The choice of such a fundamental system is not unique, however given 11 
there is a partition i) = i)+ U •-, where 

•+ = < E eww = ew ~ o}, .- = < E eww = ew ~ o}. 
wen wen 

Notice that 

-iJ+ = { -u: u E iJ+} = ·-, -·- = { -u: u E +-} = ++. 
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The elements of n are called (po1itive) simple roots, while the elements of i)+ 

or •- are called positive or negative roots. 

Remark 12.9 

It is easy to see that W(iJ) is generated by the reflections Su (u E D). 

12.3 Some Examples of Root Systems 

We begin with an already familiar example from Section 11.5. 

Example 12.10 (The root system of U(2)) 

This builds on Example 11.28. Consider t• with orthonormal basis {e1,e2} dual 

to the orthonormal basis {H1,H2 } oft~ t••. Here we take V = z(u(2))J. C t•. 
The root a = Et - E2 E V has length Ia I = ,;2. If fJ = £1 + £2 E t•, then 
a· fJ = 0, and R{fJ} = z(u(2))•. So for this root system we have 

n = {o}, • = { -a,o}, 

with Weyl group W(t)) = s. ~52 • The generator JT of the Weyl group acts 
on t• by re8ection in the line z(u(2))• as indicated in Figure 11.1. 

In the remaining examples, R1 and its subspaces have the usual positive 
definite inner product (x I y) = x · y. In the diagrams, the solid arrows indicate 
a choice of positive simple roots, while dashed arrows indicate the remaining 
roots. 

Example 12.11 (The root system A1) 

Let V =Rand 
n = {al}, • = {-al.al}, 

where a 1 E IRis non-zero. This root system has Weyl group W(iJ) = s. ~ 82. 

Figure 12.1 The roots of A1 
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Example 12.12 (The root system A2) 

~tV= R2 and 

n = {alta2}, • = {al,-Q1J02,-02,01 +a2,-Q1 -a2}, 

where a 1, a2 are two vectors for which 

This root system has the hyperplane reflections s01 , s02 , Bo1 +o2 and Weyl group 
s. ~ s3. 

-at 
I 

I 

I 

..,. ____ ....,.. ___ ...,. 

I 

Figure 12.2 

I \ 
I \ 

The roots of A2 

The preceding examples generalise to give the root systems An. 

Example 12.13 (The root system An for n ~ 1) 

Consider 
V = {z E an+t : z · (et + · · · + en+t) = 0} C R"+1

, 

and a~r; = e~: - e1r:+ 1 for 1 ~ k ' n. Then V is a vector space of dimension n 
with basis {alt ... ,an}· Notice that 

Taking 

2 ifi=j, 

ai·a;= -1 ifli-jl=l, 

0 otherwise. 

n = { Qlt ... ' On} I 

i) ={±{or+ Or+l +···+a.): 1 'r 'B ~ n} 
= {±{er- e•+l) : 1 'r < s E; n}, 

we obtain a root system with Weyl group s. 5!! Sn-
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Example 12.14 (The root system Bn for n ~ 2) 

Take v = ant Qi = e, - ei+l ( i = 1, ... , n - 1) and On = en. Then if 

n = {ah ... ,an}, 

i) = {±(ar +···+a,): 1 'r ~ 8 'n} 
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U {±(or+···+ a,_l + 2a, + · · · + 2an): 1 'r < 8 'n} 
= { ±er : 1 ~ r ~ n} U { ±( er + e, ), ±( er - e,) : 1 ~ r < 8 ~ n}, 

this is a root system whose Weyl group is the group of n x n generalised 
permutation matrices, which has order I W( i)) I = n! 2n . 

' ' ' ' -a1-a2 ' ..,. ___ _ 

Figure 12.3 

/ 
/ 

/ 

/ 

., 
/ a1 + 2a2 

/ 

/ 01 + 02 
----~ 

The roots of B2 

Example 12.15 (The root system Cn for n ~ 2) 

Take v = an' a, = e, - ei+l ( i = 1, ... t n - 1) and On = 2en. If 

n ={a., ... ,an}, 

+={±(or+ .. ·+ a,): 1 'r '8 'n} 
U {±(or+···+ 0 1 -t + 2a, + · · · + 2an-1 +On): 1 'r < 8 < n} 

U {±(2ar + · · · + 2an-1 +On) : 1 ~ T < n} 

= {±2e,.: 1 'r 'n}U {±(er +e,),±(er- e,): 1 ~ r < s 'n}, 

this is a root system whose Weyl group is again the group of n x n generalised 
permutation matrices, which has order I W ( i)) I = n! 2n. 

A careful examination of the roots for B2 and C2 shows that apart form 
the actual lengths of the root vectors and the way they are named, these are 
essentially the same root systems. 
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" -Ql ' 
' ' ' ' ' -2at-a2 ' 

~----------
/ I 

/ 
/ I 

/ I 
/ 

/ I 
-a1 -a2 / 

1- I 

Figure 12.4 

/ 
/ 

/ 

/ 

., 
/ Ot + 02 

/ 

/ 2at +a2 __________ .,. 

The roots of C2 

Example 12.16 (The root system Dn for n ~ 4) 

Take V = IRn, a,= e,- ei+l (i = 1, ... ,n -1) and an= en-1 +en. Then if 

n ={a., ... ,an}, 

~={±(or+···+ a.) : 1 'r ~ s' n} 

U {±(ar + .. · + On-2 +On): 1 'r 'n- 2} 

U{ ±(Or + ' • • + Q•-1 + 2a. + · · · + 20n-2 + On-1 + an : 1 ' r < S ~ n- 2} 

={±(er +e.), ±(er-e.): 1 ~ r < s 'n}, 

this is a root system whose Weyl group is the group of n x n generalised 
pennutation matrices with an even number of sign changes, and this has order 
I W(~)l = n! 2n-l. 
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12.4 The Dynkin Diagram of a Root System 

Let n be a fundamental system of the root system iJ C V. Choosing an ordering 
Q} t ••• , Ql for the elements of n, there are integers 

2 (o1,o;) ( . . } 
tlij = ( ) 1 ~ I, :J ' l . a., a, 

The t x t matrix [BiJ] with integer entries is called the Cat1Gn matrU: of the 
root system •. 

Defining the angle 8,1 e (0, 71'] by 

8 - cos-1 (a,, a;) 
ij - I 

lo,llo;l 

we have 

and so 
{12.2) 

Because Clij, a;, are integers and 0 ~ cos2 81; ' 1, the expression 4coa2 8,1 has 
to take one of the values 0, 1, 2, 3, 4, where the final case only occurs when 
cos fh; = ± 1 and so j = i. In the situation where j 1: i, the following seven 
outcomes are the only ones possible. 

Clij = 0, Oji = 0, 
71' 

laJI = la•l· f/Jij = 2 t 

a;1 = 1, 
7r 

Ja;l = la•l· ~J = 1, f/Jij = 3, 

tli; = -1, Oji = -1, 
2w Ja;l = ~Ja,J. V'ij = -, 3 

Gij = 1, Oji = 2, 
7r Ia;) = ~laal· f/Jij = 4, 

tllj = -1, Oji = -2, 
311' 

la;l = V'ila•l· V'ii = 4' 
~i = 1, Oji = 3, 

7r 
laJI = ~la•l· f/Jij = 6' 

0&; = -1, Oji = -3, 
511' 

la;l = ~IOil· f/Jij = 6' 

Notice that except for the first case where VJiJ = w /2, the value of f/Jii determines 
the (unordered) set of numbers 
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We will now show how to associate to a root system n C i) a Dynkin 
diagram. The diagram has one vertex for each simple root labelled by the root, 
with some bonds joining pairs of them. For distinct simple roots a 1, a; E n, 
there are diJ bonds between the corresponding vertices, where 

0 if 'Pij = ~~ 
2 

1 'f 7r 2w 
I 'Pij = 3' 3' 

2 if 7r 3w 
(/Jij = 4' 4' 

~i = 

3 if 'Pi; = ; , s;. 
In the cases where ~i = 2, 3, an inequality sign > is added indicating which of 
the roots is larger. Here are the possible connections between nodes that can 

occur. 

~j =0 

~i = 1 

~j =2 

~j =3 

laal < la;l 

la•l < la;l 

Labels: a, a; 

0 0 

o.s::==:o) 

The whole Dynkin diagram is obtained by filling in the bonds between the 
vertices for all the simple roots. Such a diagram is irTeducible or connected if 
it has only one path component. 

12.5 Irreducible Dynkin Diagrams 

The connected irreducible Dynkin diagrams are given in Tables 12.1 and 12.2. 
Each of the four classical series An, Bn, Cn and Dn consists of infinitely many 
distinct examples, while there are finitely many exceptional ones Ee, E,, Es, 
F4, G2 (the root system of G2 is shown in Figure 12.5). The classical Dynkin 
diagrams are related to familiar matrix groups, where the entries at the bottom 
of Table 12.1 are consequences of certain special isomorphisms. Lie groups 
associated with the exceptional Dynkin diagrams are constructed in Adams (2]. 
The subscript n is the rank of the associated Lie group, and also the number 
of nodes in the Dynkin diagram. 
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Root system Matrix group Dynkin diagram 

An (n ~ 1) SU(n) o---o- ...... --o----o 

Bn (n ~ 2) Spin(2n + 1), S0(2n + 1) o---o-······~ 

Cn (n ~ 3) Sp(n) 
Q---0-······~ 

Dn (n ~ 4) Spin(2n), S0(2n) Q---0-······-< 
At SU(2) ~ Spin(3), S0(3) 0 

B2 = c2 Sp(2) ~ Spin(5), 50(5) 0===>0 - C»=== 

Table 12.1 Classical Dynkin diagrams and associated matrix groups 

Root system Dynkin diagram 

Ee 0 0 

I 
0 0 

Er 0 0 

I 
0 0 0 

Ea 0 0 

I 
0 0 0 0 

F4 0 oc 0 0 

G2 o: ::> 

Table 12.2 Exceptional Dynkin diagrams 

12.6 From Root Systems to Lie Algebras 

Now assume that n = { a 1 , ••. , at} is a set of simple roots for a root system 
~ C t•, the linear dual of an R-vector space t of dimension t, equipped with a 
positive definite inner product ( I). Using the duality isomorphism 11: t ~ t•, 
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a2 
Ql + a2 "", 1~2al + a2 

' I ,. 
I 

,. 
' ,. 

' I 
,. ,. 

I ,. ,. 
I ,. 

al -a1 ,. ..,. _______ 
..... 

' ..... ,. ..... ,. 
' ..... ,. 

I ' 
..... ,. ..... ,. 

I ' 
..... ,. ..... ,. 

I \ ..... ,. ,. I \ -3al -02 ,. 
~ 

-2a1- a2,_ 
~ -a1-a2 

Figure 12.5 The roots of~ 

we can define elements 

a= (a~ a)v-
1
(a) E t (a E.). 

These are called the coroot... We have the formula 

a(P) = (13 ~ IJ)(v-1(a) lv-1(.8)) 

2 
- (IJ Ill> (a I ~). 

We write 

I = {a : a e •}, fi = {a : a e n}, 

~ 
,. ,. 3al + a2 ,. 

..... 
..... ..... -a2 

~ 

(12.3) 

for the sets of all coroots and simple corootl respectively. For each coroot Ci e I, 
define sat by the formula analogous to Equation (12.1). 
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Proposition 12.17 

I C t is a root system with it a set of simple roots. 

The root system fi C I is called the dual root system to n C +. 
Recall that for a finite dimensional vector space, v ~ v·· and given a pos­

itive definite inner product such an isomorphism is obtained as the composite 
I 

v~v·~v·· , 

where v : v· --+ v.. is obtained using the above inner product on v·. It is 
easy to verify that given a root system in +' C V .. , for each a e +', 

(12.4) 

This means that we can start with a root system in V or in v• and pass back 
and forth by taking coroots. 

The following important result is proved in (14). We will illustrate it with 
the examples provided by the root systems A,. 

Theorem 12.18 

Given a root system + C t• with simple roots n = {a1, ..• ,at}, there is a 
C·Lie algebra g associated to • for which 

• tc C g is a m&Yimal abelian CLie subalgebra; 

• for each root a e +, there are elements eo, I o e s satisfying 

(e0 , /p) = 6i;a, [t, eo) = a(t)eo, (t, /o] = -o(t)/o, 

for all t e tc; 

• The elements a., ... , Ot, eo11 fPu ... , eo0 /p, form a basis of g. 

If g' is a second such Lie algebra, there is a unique isomorphism of Lie algebras 
9 --+ g' which extends the identity function tc --+ tc C g'. 

Because of the essential uniqueness provided by this result, we will write 
g( +) for the Lie algebra associated with a root system •. 

Example 12.19 

Consider the root system A, of Example 12.13. Then the complexifi.cation of 
su(n + 1) is •1,+1 (C). We take 

t = {diag(tti, ... , tn+li) : t~; E R}, 
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and 
at= iE""- iE<"+•H~t+•> (k = 1, ... ,n). 

Then the coroots are the matrices of the form 
n 

a = L c~ca~c (c~c = 0, ±1), 
l:=l 

satisfying the inner product formul~ of Equation (11.4). The dual roots o 
satisfy 

For each root o, we take 

n n 

e0 = L c~c(Et (A:+l>), fa= Z::c~~:(E(k+l)lt). 
lt=l lt=l 

Then there is an isomorphism of C-Lie algebras g(An) ~ sln+l (C). 

EXERCISES 

12.1. Verify Remark 12.9. 

12.2. Let ~82 and ~c2 be the sets of roots for B2 and C2. Find a bijection 
f: ~B2 --+ ~c2 which preserves angles but not lengths. 

12.3. && Using the ideas of Section ll.5, verify as many as you can 
of the identifications of root systems of Table 12.1. 

12.4. & & For n ~ 3, determine the roots of U(n) with respect to the 
standard maximal torus 

Tn = { diag(z., ... , Zn) : lzd = · · · = lznl = 1} ' U(n). 

Find the normaliser of Tn in U(n) and the action of the Weyl group 
on the roots. 
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Chapter 1 
1.1. Using the formula of Remark 1.4 we obtain 

II[~ ~]II = max{lul, lvl}, 

II [c?S t - sin '] II = 1 sm t cost ' 

H~ !]II= J21ul' +I~ J41ul' +I, 

11[~::: ~!:t~] II= max{e' ,e-'}. 

1.2. (a) From the definition of the matrix norm, 

IIBAB- 1
11 =max { IBAI!~

1

xl : x #= 0} =max { :~:~ : x ~ 0} 
=max { IAxl :X#= o} = IIAII. 

lxl 

(b) The inequality IIC AC- 1 11 ~ IICIIIIAIIIIC- 1 11 always holds. 

1.3 (a) We have lx12 = x·x by definition, so 

IIAII 2 = sup{IAxl2 
: x E C", lxl = 1}. 

Since the unit sphere { x E C" : lxl = 1} is closed and bounded, the continuous 
function x--+ 1Axl2 defined on it attains its supremum, hence 

IIAII 2 = max{IAxl 2
: x E C", lxl = 1}. 

(b) The matrix A• A is hermitian and for any x e C", x• A• Ax = 1Axl2 , which 
is real and non-negative; it also vanishes precisely when Ax = 0. By the general 
theory of hermitian matrices, there is an orthonormal basis { u1 , ... , Un} consisting 
of eigenvalues >.t, ... , >.n which are all real. For each j, 

uj A• Au; = .).iu;ui = >.i 

303 
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since uj u; = 1; hence >..; ;?: 0. If A + 0 there must be at least one non-zero eigenvalue 
of A • A since otherwise 1Axl2 would always vanish; so in this case we have a largest 
positive eigenvalue >.. which we might as well assume is >.. = >.. •. Now if lxl = 1 we can 
write X= taua + .. ·.+ tnUn, where t; e c and lhl2 + ... + ltnl2 = 1. Then 

x• A• Ax= x·P·1hU1 + · · · + >..ntnun) = >..alhl2 + · · · + >..nltnl2 

'>..alt•l
2 + · · · + >..altnl

2 = >..1, 

hence IIAII2 '>..a and in fact we have equality since uiA• Aua = >..1. 

1.4. (a) Let 

For large enough m we have 

IIArn + · · · + Arn+kll ' IIArnll + · · · + IIAm+kll 

= IIAmll (1 + IIAm+lll + 11Am+lii11Am+211 + ... + IIAm+lll· · ·IIAm+•ll) 
IIAmll IIAmiiiiAm+lll IIAmll· · ·IIAm+•-•11 

< UAmll ( 1 + t + t2 + ... + r-•) = UAmll <t
1
-_ t~ -+ 1r:: 88 1c:-+ oo. 

Also, if mo is large enough, then form> mo, ~~~~':,~II < t, so 

IIAmll = IIAmll·. ·IIAmo+liiiiAmoll < r-moiiAmoll-+ 0 
llAm-a II·· ·IIAmo II 

88 m-+ oo. 

Combining these we see that the partial sums of the series form a Cauchy sequence 
and hence the series converges. 
(b) Here IIAmll-+ oo as m-+ oo and the series diverges. 
(c) Any of the usual tests based on absolute convergence works. 

1.5. (a) For m,n ~ 1, 

llmr"'=+mn Ar L- = IIA'" + Am+l + ... + Am+nll ~ IIAII'" + IIAII'"+l + ... + IIAIIm+n 

= IIAII'" (1 - UAIIn+l) -+ 0 as m n -+ oo. 
(1 -IIAII) I 

So the sequence of partial sums is a Cauchy sequence. This can also be done using 
the ratio test of Exercise 1.4. 
{b) For any n ~ 1, 

(1- A)(I +A+ A2 +···+An)= I- An+• = (I+ A+ A2 + · · · + An)(I- A), 

so 

II(I- A)(I +A+ A2 +···+An) -Ill= IIAn+lll ~ IIAIIn+l -+ 0 as n-+ oo, 

and similarly for 11(1 +A+ A2 + · · · + An)(l- A) -Ill. Hence I -A has inverse 
00 

(I- A)-1 =EAr. 
r.O 
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(c) If AI: = 0, then 

1:-1 1:-l 

(I-A)-1 = LAr, exp(A) = L ~Ar. 
r-=0 r•O r. 

1.6. (a) The subset 

O(n) ={A E Mn(R): AT A -I= 0} ~ Mn(R) 

is bounded since for A e O(n), IIAII = 1. It is also closed since if a sequence Ar e O(n) 
converges to A e Mn (R) then 

AT A- I = lim (A; Ar - J) = lim 0 = 0. 

Therefore O(n) is compact. 
(b) The subset 

r .... oo r .... oo 

U(n) = {Ae Mn(C): A· A-I= 0} ~ Mn(C) 

is compact by a similar argument to (a). 
(c) Consider the n x n diagonal matrices 

A~: = diag(k, 1/k, 1, ... , 1) (k ~ 1). 

Then detA~: = 1 so A~: e SLn(k) 'GLn(k). But IIA~:II = k-+ oo ask-+ oo, so this 
sequence is unbounded. 

1.7. (a) If A, B e 11 then there are sequences Ar, Br in H with Ar -+ A and Br -+ B 
as r -+ oo. Hence ArBr -+ AB and so AB e H since each Ar Br e H. Similarly, 
A;1 -+ A- 1 , showing that A- 1 e H. 
(b) Here is an alterna.tive proof in terms of open sets which applies to any topological 
group. 
Let u, t1 e Hand consider uti. If Uti '1. 11, the open set G- 11 contains uv; notice 
that G -11 is the biggest open subset of G which does not intersect H. Since the 
product map mult is continuous, there is an open set of the form U x V ~ G x G 
contained in the open set mult - 1 

( G - H) with u e U and v e V. Notice that 
UnH = 0 = VnH by the above remark. Now take u' e UnHand t~' e VnH and note 
that u' t~' = mult{ u', t~') e H and also mult( u', t11

) e G - H, giving a contradiction. So 
uv e H. Also, iftu e 11, suppose that w-• e G-H. Then inv- 1(G-H) ~ G is open, 
where inv is the inverse map. But as we inv- 1(G -11}, there must be an element 
he Hninv- 1(G- H) and so h-1 e G- H which is impossible. Hence H' G. 
(c) Consider any sequence of diagonal matrices 

A~: = diag(a~:, 1, ... , 1) {A:~ 1) 

where a~: ~ 1 and a~: -+ ...12 as k -+ oo ( ...12 could be replaced by any other irrational 
number greater than 1). Then A~: -+ diag{v'2, 1, ... , 1) fl. r. We must haver = 
GLn(R) since for every B = (b;;] e GLn(R) we can find sequences b~:> e Q satisfying 

b~:> -+ biJ as k -+ oo. 

1.8. By Proposition 1.26, G ~ Mn(k) is a closed subset of GLn(R). 

1.9. Suppose that G ~ GLn(R) ~ Mn(R) for some n. Then H ~ Mn(R) is closed and 
bounded since G is compact. For each he H the set {h} ~His open and these form 
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an open cover of H by disjoint open sets. By the Heine-Borel Theorem 1.20 there 
must be finitely many of these sets that cover H, 80 H is itself finite. 

1.10. In each case, we have subgroups G"+l ' GLn+J(k) (where k = R or C) and 
G" ~ GL"(k) where Gn+l is closed in GLn+t(k) and Gn = Gn+t n GLn(k). As 
GLn(k) is closed in GLn+t(k), Gn is closed in Gn+l· 

1.11. (a) If A e Symp2m(R), then AT J2mA = 12m and as detJ2m = 1, we have 
detA2 = 1, so detA = :tl. 
(b) Let A= [: ~] e Symp2(R). By definition, 

[: ~] [-~ ~] [: ~] = [-ad
0
+bc 4d o be]=[-~ ~]' 

so A E Symp2(R) if and only if det A= 1; hence SymP2(R) ' SL2(R). 

1.12. Clearly Pn U(n) ~ Pn GLn(C). If Z = (.zr.) e M"(C) where z,.. = z,.. +y,..i with 
x,.., y,.. e R, then 

Pn(Z•) = p"((z.,.)- (y.,.i)} = Pn(Z)T. 

Hence Z e U(n) if and only if Pn(Z) e 0(2n). If A E 0(2n), then A e Symp2n(R) if 
and only if AJ2n = J2nA and by Proposition 1.44 this is equivalent to A E Pn U(n). 
This shows that Pn U(n) = 0(2n)nSymp2n(R). If BE Symp2n(R) then BJ2" = J2nB 
if and only if BT =B. This shows that Pn GLn(C)nSymp2n(R) = 0(2n)nSymp2n(R). 
The second collection of equalities is proved in a similar way. 

1.13. (a) The triangle inequality for p follows from the following sequence of inequal­
ities valid for any (2:1, Z2), (y~, J/2), (z., Z2) e Xt )( X2, 

p((zt, Z2), (z,, .z2)) =J Pt(z1, .z1)2 + P2Cx2, z2)2 

,J(pt(Zt,l/1) + Pl(Jil,Zt))2 + (P2(Z2,J/2) + P2(J/2,Z2))2 

(by the triangle inequalities for p1 and P2] 

,y'(p1(X1, 1/1)2 + P2(Z2, y,)2 + J P1(Jit,Z1)2 + P2(J12, Z2)2 

(by the usual triangle inequality for R2) 

=p((zt, 2:2), (y1, y,)) + p((y., 112), (.z., z2)). 

The other properties required for p to be a metric are straightforward to check. 
I£ u1 X u2 s; Xa X x2 with u1 s; x. and u2 s; x2 open, then for each Zl e Ut 
and z2 E U2 there are open discs Nx1 .p1 (za;rt) s; Ua and Nx2 ,P:a(z2;r2) ~ U2; for 
r = min{r1,r2}, we have Nx1 xx2 ,p((x1,:t2};r) s; Ut x U2, 80 Ut x U2 is open with 
respect to p. Conversely, for an open disc Nx1 xX:hP((z~, z2); r) we have 

Nx1 ,p1 (zt;r/v'2) x Nx2,P:a(z2;r/~) ~ Nx1 xx2 ,p((:t~,:t2};r). 
Hence every subset of X1 x X2 open with respect top is a union of products of open 
discs in x1 and x2. So the topology associated with p has the same open sets as the 
product topology. 
(b) If (zt,r,Z2.r)-. (zt,X2) say, then fori= 1, 2, 

Pi(Xa,r, Zi) ~ p((za,,., Z2,r ), (x., :1:2)), 
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so z,,,.-. Zi 88 r-. oo. Conversely, if za,,. -. Z1 and Z2,r -. Z2 then 

p((Zl,r,Z2,r),(z.,z2)) = VP•(Zl.r,ZI)2 +P2(Z2,r,Z2)2 -. 0, 

so (z1,,.,z2,r)-. (zl,Z2) 88 r-. oo. 
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1.14. (a) If 9 ~ Stabo(z) then 9% EX- {z}. Since X- {z} is an open subset of X, ,-•ex- {z}) ~ G x X is open, so there are open sets U ~ G, V ~X with 9 e U, 
z e V and U x V ~ ,..,-•ex- {z}). But then for he U we must have hz -:F z, hence 
U ~ G- Stabo(z). This shows that G- Staba(z) is open in G. 
(b) If 9 ~ Stabo(W) then 9W tJ: W or 9-•w '1: W. If 9W tJ: W then for some 
w e W, gw f:. w. Now a similar argument to (a) shows that there is an open set 
U ~ G - Stabc(W) containing 9· If 9- 1 W tJ: W then we find an open set U' ~ 
G - Staba (W) containing 9 -l; applying the inverse map inv we obtain an open set 
invU' ~ G -Stabc(W) containing 9· Finally, since each stabiliser Stabo(w) is closed 
the intersection of any collection of such stabilisers is also closed. 

1.15. (a) Taking Pl to be the norm metric on Mn(k) and P2 to be the usual metric 
on kn, define p as in Exercise 1.13., i.e., set 

p(A,x) = J'IIA112 + lxl2. 

If A,B e Mn(k) and x,y e kn, then 

lAx- Byl = I(Ax- Bx) + (Bx- By)l ' IIA- Blllxl + IIBIIIx- Yl· 

A routine e-6 argument now establishes continuity of the product map at each (A, x). 
(b) These are consequences of results in the previous exercise which show that these 
stabiliser subgroups are closed. 
(c) We have 

Stabot...ca>(en) = { [: On} 1
'
1] :A e GLn-•(R), Be M1,n-1(R)}, 

Stabax...<•>(X) = { [~ Ont 1
'
1

] :A e GLn-•(R), BE Ma,n-I(R), t E R}, 

StabsL,.(a)(en) = { [ ~ Onl1'1] :A e SLn-l(R), BE M1,n-1 (R)}, 

Stabst...ca>(X) = { [~ f~1:1a] :A e GLn-l(R), Be M1,n-1 (R)}, 
Stabocn>(en) = { [o.~-• Oni

1
'
1
] :A e O(n -1},}, 

Stabocn>(X) = { [o.~-• Ont
1

'
1
] :A e O(n- 1), t = ::1:1}, 

Stabsocn>(en) = { [oa~-• On1
1
'
1

] :A e SO(n- 1),}, 

Stabsocn>(X) = { [o.~-• Ont·•] :A e O(n -1), t = detA}. 

1.16. (b) We have 

[: :] zn = (az+cy)n, 
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so 

{c) We have 

[: ~] %11 = (4% + cy)(bx + dy) = ab%2 +(ad+ bc)xy + cdy
2

, 

so 

Stabsu(2){:r:y) = { [~ ~] :lui= 1} U { [~v ~] : lvl = 1}. 

(d) If A e kercpn, then A e Stabsu(2)(:r:"), so by (b), 

A= [~ ~] with u" = 1. 

Also, for each r = 1, ... , n, 

A:r:'"yn-r = (u:r:)'"(liy)"-r = "2r-nXrJin-r = x'"y"-'", 

so this can only happen if u2
'" = 1 for all such r; hence u2 = 1. If n is odd, this gives 

u = 1, while if n is even u = ::t:l. 

Chapter 2 
2.1. For n ~ 0 we have 

hence 

exp ([ -~ ~]) = 

Similarly, 

[01 1] 2n 
0 = 12, 

hence 

exp ((~ ~]) = 

Finally, by an easy induction on n, 

oo ( -l)"t2n+l 

L (2n+ 1)! 
n•O 

00 ( -1)"t2" 

~ (2n)! 

00 t2n+l 

[
cost sint] = -sint cost · 

L (2n+1)! 
n=O 

00 t2" 

~ {2n)! 

_ [cosh t sinh t] 
- sinht cosh t · 

[ t 0] " [ t" 0] 
-2 t = -2n t" ' 
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hence 

exp ([-~ ~]) = 

00 t" 
Ln! 
n=O -2E ntn-1 

0 
n! 

n= 

0 

00 t" 

~n! 
2.2. {a) Each partial sum has the form 

t :,(BAB-1)r = B (t :,Ar) B- 1
• 

r•O r=O 

(b) Take A= D and B = C in (a) to obtain 

exp(D) = C exp{diag(A1, ... , An))c-• = C diag(e"•, ... , e.\" )C-1. 

(c) The eigenvalues of [ -~ ~] are ±ti and the matrix C = [! 
[ -~ ~] = c diag(ti, -ti)c-•. 

~1 satisfies -I 
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Now using the identities cost= (eu + e-ti)/2 and aint = (eu- e-")/2i we obtain 

exp ([ -~ ~]) = Cdiag(eu,e-u)c-• = [ -~:: ::!]. 
Simila.rly, 

[~ ~] = c diag(t, -t>c-•, 

where C = [~ -~]·Using the identities cosht = (e' + e-')/2 and sinht = (e'­

e-t)/2 we obtain 

( ro t]) _ Cdi ( t -e)c-• _ [cosht sinht] 
exp Lt 0 - age ,e - sinht cosht · 

2.3. (a) Every positive power of N is strictly upper triangular and N is nilpotent, say 
Nlc = 0. So exp(N) is upper triangular with l's down its main diagonal. 
(b) Write N = t1 + U, where t e k and U is strictly upper triangular. Then U is 
nilpotent, say U1 for some t > 0. So form~ 1 we have 

For m ~ t this becomes 

Thus 
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2.4. (a} The operatiOn of transposition is a continuous function on Mn(R) so it com­
mutes with taking limits of sequences. Alternatively, the partial sums of exp(S) satisfy 

hence exp( S) T = exp(S) -I. 
(b) Similarly, the hermitian conjugate ofthe exponential satisfies exp(St = exp(S)- 1

. 

2.5. (a) Start by solving the differential equation 

o'(t) = o(t) (-~ -~], o(O) =I. 

The solution is 

The desired solution is 

[
x(t)] _ [e-r 2(e-t- e')] [1] _ [3e-t- 2e'] 
y(t) - 0 e' 2 - 2e' · 

(b) The solutions are 

[
x(t)] _ [ -2e-'sint ] 
y(t) - e-'(cost-aint) ' [

x(t)] - r e-'] 
y(t) - Le-e . 

2.6. A solution has the form x(t) = exp(tA)x(O) for t E R. Since A• = -A we have 
exp(tA)T = exp( -tA) = exp(tA) -I, hence exp(tA) is orthogonal. So 

lx(t)l2 = x(t) · x(t) = (exp(tA)x(O)) · (exp(tA)x(O)) = x(O) · x(O) = lx(O)I2
• 

We also have 

x(t) · x' (t) = ~: t lx(t)1
2 = 0, 

showing that x(t) and x'(t) are orthogonal. 

2.7. (a) Choose any sequence of matrices 

>.1,n 1 0 

An= 

0 

0 >.r-l,n 1 
0 0 .\r,n 

in which the r diagonal >.'s in J(.\, r) have been replaced by r sequences of non-zero 
terms .\l,n' ... , .\r,n that satisfy 

>.,,,. 'ri .\;,n if i ¢ j, >.;,n -. .\ as n -+ oo. 

Then each matrix An has r distinct eigenvalues so is diagonalisable and A,.-. J(>., r) 
as n-+ oo. 
(b) This follows &om (a) together with Theorem 2.9. 
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Chapter 3 
3.1. (a) Any abelian Lie algebras of the same dimension are isomorphic since they are 
isomorphic as vector spaces. So let 8 be any 2-dimensional k-Lie algebra which is not 
abelian. Then there are elements z, y e 8 for which [z, y) :f.: 0; these elements cannot 
be linearly dependent so they form a basis o£ the k-vector space g. If [z, y) = rz + sy 
with r, s E k, we can interchange z, y if necessary to ell8Ure that r :f.: 0, and then 
replace z by (r-1)z to ensure that [z1 y) = z + sy. Finally, since [z + at/ 1 11'] = z + sy, 
we can replace z by z + 'JI to ensure that [z, y) = z. Notice that in & we have the 
elements 

[0 1] [-1 Ol u = 0 0 I v = 0 OJ I 

which have the bracket (U, V) = U. Then there is an obvious isomorphism o£ Lie 
algebras g --+ & under which z 4-+ U and y 4-+ V. 
(b) Take 

3.2. (a) If 'Y= (a1 b)--+ G is a differentiable curve then so are the curves defined by 

(U,.)(t) = U-y(t), ('YU)(t) = -r(t)U~ (u,.u- 1)(t) = u-r(t)U- 1
, 

and these have derivatives 

(U-r)'(t) = U-y'(t), ('YU)'(t) = -r'(t)U, cu,.u- 1)'(t) = u,.'(t)U-1
. 

{b) Use the derivative maps at I, i.£., ~u = dLu 1 pu = dRu and xu= dCu. The 
required properties follow easily. 

3.3. Follow the approach of Section 3.3. 
The Lie algebra o£ G1 is 

The elements U = [~ ~], V = [g ~] and W = [~ g] form a basis with the two 

non-trivial brackets (U, W) = -W and (V, W) = W. 
The Lie algebra of G2 is 

and this is abelian. 
The Lie algebra of Gs is 

aa = {[ _: ~ ~] : r,•,t.~v. we R}. 
The Lie algebra of G4 is 

84 = { [ ~ ~] : A E Mn (k), t e kn} , 

with Lie bracket given by 

[[ !1 ~] 
1 
[!2 ~ ]] = [(A10 A2) A1t2 O A2t1] . 
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Consider the 2m x 2m real matrix 

where each Ara E M2(R). Then AT J2m + J2mA = 0 if and only if the equations 

A!',.J + JA,.. = 0 (r,a = 11 ••• ,m) 

are satisfied and these are equivalent to 

A;,.= JA,..J {r,a = 1, ... , m). 

If we write A,.. = ["r• dbra] then 
Cra ra 

If h. . A [Grr b,.,. ] 
8 = r, t IS giVes rr = .., · 

Crr - ... ,.,. 

3.4. We have b ~ a/ ker +. Then & is abelian if and only if for every commutator 
[z,y) in a.(z,JI] + kert- = 0 + kert-. i.£., (z.JI) E 1-. Hence & is abelian if and only if 
a~ ker+. 

3.5. If exp(aX) exp(tY) = exp(tY) exp(sX) for all '• t E R, then 

d d 
(X, Y) = -d dt (exp(sX)exp(tY) -exp(tY)exp(aX)) = 0. 

81.-o le-o 

Conversely, if (X, Y) = 0 then for each • E R, consider the function 

7: R-+ Gi 'Y(t) = exp(aX)exp(tY)exp(-sX). 

Then ')'(0) = I and 

-y' {t) = exp(aX)Y exp(tY) exp( -aX) = exp(sX) exp(tY) exp{ -aX)Y = 7(t)Y 

since exp(sX)Y exp(-aX) = Y by definition o£ the exponential function. But the 
differential equation 

7'(t) = ,.(t)Y, 'Y(O) =I 
has the unique solution 7(t) = exp(tY), so for all a, t we have 

exp(sX) exp{tY) exp( -1X) = exp(tY) 

and therefore 
exp(aX) exp(tY) = exp(tY) exp(aX). 

3.6. (a) If A E U then 

1-(A)T =(I- AT)(I + AT)- 1 =(I- A-1)(1 + A- 1)-1 

=(A -I)(A + 1)-1 =-+(A), 
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so I'(A) E Sk-SYJlln(R). Conversely, if BE Sk-S~(R) then 

and 

+((1- B)(I + B)-1
) =(I- (I- B)(I + B}-1

) (I+ (1- B)(1 + B)-1)-
1 

=(I- (I- B}(I + B)-1
) (I+ (I- B}(I + B)-1

) -
1 

=((I+ B)- (I- B)) ((I+ B)+ (1- B)}- 1 

= (2B} (21)-1 = B, 
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((I- B)(1 + B)-1)T (1- B)(I + B)-1 =(I- BT)(I + BT)- 1(1- B)(l + B)-1 

=(I+ B)(I- B}-1(1- B)(I + B}- 1 =I. 

Hence (I- B}(I + B}-1 E O(n) and +((I- B)(I + B)- 1) =B. In fact, there is a 
path (0, 1) --+ O(n) given by 

t t--+ (I- tB)(I + tB)- 1
, 

hence det(1-tB)(I +tB)-1 = 1 since detC = ±1 if C E O(n). So (1-B)(I +B)-1 E 
SO(n) and therefore iml' = Sk-S~(R). 
(b) By the calculation in {a}, •-a(B) =(I- B)(I + B)-1

. 

(c) We have 

dimSO(n) = dimSk-Sym,.(R) = 1 + 2 + · · · + (n- 1) = (;). 

3.7. Parts (a)-(c) are very similar to the previous question and we obtain 

e-1(B) = (1- B)(I + B)-1 (BE Sk-Herm2(C)), 

and 

dimU(n) = Sk-Herm,.(C) = n+ 2(;) = n2
• 

(d) In the case n = 2, if A E V n SU(2), then the eigenvalues of A must have the 
form .A, .A E c where I.AI = 1. Then the eigenvalues of e(A) are (1 - .A)/(1 + .A) and 
(1 - .A)/(1 +X), hence 

1-A 1-X 1-A .A-1 
tre(A)= 1+A + 1+.A = 1+A + .A+1 =O. 

Conversely, if BE Sk-Henn~(C) then B has imaginary eigenvalues ±ti for some t E R, 
so e-1(B) has eigenvalues (1- ti)/(1 + ti} and (1 + ti)/(1- ti). Thus we have 

-I (1 - ti) (1 + ti) 
dete (B)= (1 + ti) (1- ti) = 1. 

Examples show that this can be false when n > 2. 

3.8. (a) The surjection det: O(n}--+ {1, -1} has kernel SO(n). The diagonal matrix 
diag(1, ... ,1, -1} e O(n) generates a subgroup C = {I,diag{1, ... ,1, -1)} of order 2 
for which 

O(n) = C SO(n}, C n SO(n} = {I}. 
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(b) Let 
T' = {diag(1, ... , 1, .z) E U(n) : l.zl = 1} :E;; U(n). 

Then 
U(n) = T' SU(n), T' n SU(n) = {I}. 

(c) Let 
D = {diag(1, ... , 1, t) E GLn(R): t E R} :E;; GLn(R). 

Then 
GLn(R} = DSLn(R), D n SLn(R) = {1}. 

(d) Let 
D' = { diag(1, ... , 1, .z) e GL,.(C) : t E C} :E;; GLn(C). 

Then 
GLn(C) = D' SLn(C), D' n SLn{C) = {1}. 

Chapter 4 
4.1. Some elements of order 2 in A~ are -1 and 

1 
es(1 2) = 6[ 2(1 2} - {1 3) - (2 3) ), 

1 
es(1 3) = 6[ 2(1 3} - (2 3) - {1 2) ), 

1 
ea(2 3) = 6[ 2(2 3) - (1 2) - (1 3) ). 

AB B has only the element -1 of order 2 these algebras cannot be isomorphic. 

4.2. (a) The subset Af ~A is closed and bounded, so compact. 
(b) Let u, v e Af. Then we have the inequalities 

v(u11) :E;;v(u)11(11) = 1, 

v((ull}-1 ) = 11(11-lu-1 ) E:;11(11- 1)v(u-1 ) :E;; 1, 

1 = v(l) = v(u11(u11)- 1
} :E;;v(u11)v((u11}-1) :E;; 1, 

hence v(u11) = v((ull)-1) = 1. So Af :E;; Ax. 
(c) c: is the unit circle with abelian Lie algebra {ti: t e R} E:; C. 

a: = {u + 11j: u, II E C, lul2 + l11l2 = 1}, 
with Lie algebra 

{ ri + aj + tk : u, 11 E C, r, a, t E R} ~ m(2). 

Fork= R or C, let A= Mn(k}:. Suppose that IAul <lui for some u E k"; then 

1 = lui = IA-
1
(Au}l < IA-1(Au)l t>:: IIA-1II 

lui lui IAul ....: ' 

contradicting the fact that IIA-1 11 = 1. This shows that for every x E k", IAxl = lxl. 
By Proposition 1.38 and the analogous result for unitary groupe, this shows that 
A E O(n) if k = Rand A E U(n) if k = C, while the corresponding Lie algebras are 
o(n) :E;; Mn(R) and u(n) :E;; Mn(C). 
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4.3. For the case r > 0, let q E H satisfy q2 = r. Using notation &om the proof of 
Proposition 4.40, we find that R(q) is a field, so the number of roots of z 2

- r is at 
most 2 and these are the real numbers ±,;;. The case where r < 0 can be dealt with 
using Proposition 4.42. 

4.4. Here is what happens when n = 1. For lla, A: H ---. M4(R} takes the values 
A(1) = 14 and 

A(i} = ~ 
-1 0 

-~'AU)= u 0 

-1 ~ ~ 
0 0 

-~] 0 0 0 0 1 0 0 -1 
0 0 0 0 0 I A(k) = 0 1 0 0 ' 
0 1 -1 0 0 1 0 0 0 

and so 

A(al + bi + c;+ dk} = [i -b -c 

=~· a -d 
d a 

-c 6 

The reduced determinant Rdeta: Hx ---. Rx takes the value 

Rdeta(a1 + bi + cj + dk) = detA(a1 + bi + cj + dk) 
= a4 + 2a262 + 2d2a2 + 2c20 2 + 64 + 2d2b2 + 2c2b2 + c4 + 2c2d2 + tf. 

For He. A: H ---. M2(C) has the effect 

[
0 -1] A(1) = 12, A(j) = 1 0 I 

so 

A(a+6j) = [i -:]. 
When n = 1, the reduced determinant Rdetc: ax ---.ex takes the value 

Rdetc{al + 6j) = det A{a1 + 6j) = lal2 + 1612
• 

4.5. {b) We have 

exp{r +au)= exp(r)exp(au) = er(cosa1 +sin au). 

4.6. (a) g = Mn(H). {b) g = {A E Mn(H): A• =-A}. 
(c) When n = 1, taking k = R and using Exercise 4.4, we have a1 + bi + cj + dk E G 
with a, b, c, d e R if and only if 

a4 + 2a2b2 + 2d2a2 + 2c20 2 + 64 + 2d2b2 + 2c262 + c4 + 2c2d2 + tf = 1, 

so 
g = {ri + aj + tk : r, B, t E R}. 

For k = C, ul + vj E G with u, v e C if and only if lul2 + lvl2 = 1, giving 

8 = {ri + zj : r E R, z e C}. 

(d) When n = 1, 

· Sp{l) ={at+ bi + cj + dk: a,b,c,d E R, a 2 + b2 + c2 + tf = 1}, 
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so again using Exerc4;e 4.4, fork= R or C we obtain 

g = {ri + zj: r E R, z E C}. 

Chapter 5 
5.1. (a) First write u = raea + · · · + rnen with r~: E Rand r~ + · · · + r! = 1. Then 

Also, if wE R" with w." = 0, then writing w = Baea + ... + Bnen with Blc e R1 we 
have 

wu = (raaae~ + · · · + rna!e!) + L (raBJ - r;••)eae; 
l'i<j'n 

= -(u · w) + L (r&BJ - r;Bi)eae; = L (riB;- r;a,)eie;. 
l'i<j'n l'i<j'n 

A similar calculation shows that 

uw = L (r;••- riB;)eie; = -wu. 
l'i<j'n 

So we have wu = uw whenever w · u = 0. Using this we obtain 

UVU = Utll U + Ut/211 = til - Uti2U. 

(c) The elements Aea, ... 1 Aen form an orthonormal basis of an C Cln, so using 
the universal property of Theorem 5.4, the function an --+ Cln sending E~=l Ziea 

to E:=a ZiAe, induces a homomorphism A.: Cln --+ Cln. The inverse A- 1 = AT 
induces (A- 1

).: Cln --+ Cln which is actually the inverse of A •. A straightforward 
calculation shows that A. ( e a · · · en) = ( det A )e a • • • en. 

5.2. (a) The image of i~: Cln --+ Cln+l is spanned by the monomials ea1 ···ea., with 
i1r = 1, ... , n. 
(b) Since%· en+J = 0, 

(zen+1)2 = zen+aZen+l = -z2e!+1 = -(-lzl2)(-1) = -lzl2
, 

so the universal property gives the desired homomorphism. Also notice that zen+l E 
Cl! and it is easy to see that every monomial e,1 • · • ea::.a. of even length with i• = 
1, ... , n + 1 is in the image. 

5.3. (a) For any k = 1, ... 1 n, 

ea:wn = e~cea .. ·en = ( -1)1c-lea · · · e~:-ae:elc+l ···en( -l)•ea .. · e~r-aelc+l ···en, 

while 

Since n- k + 1 5 k mod 21 e~:wn = wne•. From this it follows that for every monomial 
in the e~c, 
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(b) We have 

w! = ea·· ·enea· ··en= (-1)(n-l)+···+le~ ·· ·e! = (-1)(;)+n = (-1}('•:•>. 

But (n + 1) = 0 mod 4. 80 (";
1
) = 0 mod 2 and therefore w! = 1. Now 

n2 1( 2 1 
U:t: = 4 1:1: 2wn +wn) = 4(2 ± 2wn) = fl:t:. 

80 these are idempotents which are central and satisfy n+ + n_ = 1. 
(c) Set O+A+ = Cl" and fl-A- = Cln. 
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(d) By Exercise 5.2, Clt = Cl2 =Hand Cit = Cle = Me(R). In each case multiplica­
tion by fl:t: maps the simple algebra CI! onto A:t: and therefore gives an isomorphism 
Cit 2! A:t:. 

5.4. (c) Send 7 to -1 and£; toe;. 
(d) The elements (1/2)(1 :1: 7) E R(CIGp") are central idempotent&. Put 

A = (1/2)(1 + -y)R(ClGpnJ• B = (1/2)(1 - -y)R(ClGp"]. 

5.6. (b) Z(O(n)) = Z(SO(n)). 

Chapter 6 
6.1. (b) For some Q E Lor(3,1), 

[

cost -sint 

A _ Q sint cost 
t- 0 0 

0 0 

0 0 ] o o 0 -a 
cosh( -t) sinh( -t) · 
sinh( -t) cosh( -t) 

(c) With the same Q as in (b), take 

U=Q~ 
(d) A suitable equation is 

Q' (t) = Q(t)U, Q(O) = 1. 

6.2. (a) We have 

1\•+P••= ~ 
0 

~ u + ~ 
0 0 

!] = ~ 
0 0 

~ 0 0 0 0 0 
0 0 0 0 0 0 0 0 
1 0 0 0 0 1 1 1 

and 

1 0 0 0 

0 
cosh ,flt + 2 coshv'2t- 2 sinbv'2t 

2 2 .J2 
Q(t) = exp(t(P24 + Ps4)) = 

0 
cosh v'2t- 2 coshv'2t + 2 sinhv'2t 

2 2 ../2 
0 

sinhV'2t sinhV2t coabv'2t 
-./2 -./2 2 
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(b) We have 

[ 

0 !(1- i)] 
-i(E+ F)= 1 2 

2(1 + i) 0 

and 

[ 

coah(t/V2) 

O(t) = exp( -li{E + F)) = sinh~,/2) {l + i) 

sinh(t/J2) (l _ i}] 
.J2 . 

cosh(t/V2) 

(c) The homomorphism Ad: SL2(C) --+ Lor(3,1) relates these two curves through 
the equation o = Ado a. 

Chapter 7 
7 .1. (a) Define the function 

F: Mn(R) x R--+ R; F(A,b) = bdetA- 1. 

This is smooth and M = F-10 ~ Mn{R) x R is a closed subset. The derivative 
mapping d = d(A,r.) at a point (A, b) E F-10 has the form 

d(X, 11) = (det A}v + ddetA(X), 

where we make the natural identifications T(A,6) Mn(R) x R = Mn(R) x Rand TaR= 
R for any t E R. Since det A ~ 0, d is surjective at such a point. Hence M ~ Mn (R) x R 
is a smooth submanifold of dimension equal to dim.Mn(R) = n 2. We also have 

T(A.b) M ={(X, (det A)- 1 ddetA{X)): X E Mn(R)}. 

(b) We have M ~ GLn(R). 

7.4. In each case we have to show that the subgroup is closed in G. In (a~) we also 
use the continuous action (as introduced in Section 1.9, see the Exercises of Chapter 1 
for details}, 

,.. : G X G--+ G; 'p(Z,JI) = %11%-
1. 

{a) Za(g) agrees with the stabiliser of g, Stabo(g) which is a closed subgroup of G. 
{b) Z(G} is the intersection of all the closed sets Zo(g} forgE G and so is closed. 
(c) No(g) is identical with the generalised stabiliser Stabo(H) =e;; G, which is a closed 
subgroup. 
(d) Let z e G- kercp. Then cp(z} ~ 1, so there is an open subset U ~ H containing 
cp(z) but not 1. Then rp- 1u ~ G is open since VJ is continuous. Clearly kercpncp- 1U = 
0 and z e rp- 1 U. This shows that G - ker VJ is open in G, hence ker VJ is closed. 

7.5. This is similar to the previous exercise. 

7.6. Use the smooth maps L1 , R, and .x, of Proposition 7.16. The tangent spaces are 
the imases of the derivatives at 9 applied to the tangent space of H. 

7.7. By Exercise 7.4(d), kerrp E:; G is closed. Forge kercpwe have T, kerrp = kerdrp,. 

7.8. (a) Uee the continuous function 

F: GL2n(R)--+ Mn(R); F{X) = X 2 + I2n 
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for which e2" = F- 10. 
(b) The eigenvalues o£ an element J E e2" are ±i. Since the minimal polynomial of 
J over Cis clearly X 2 + 1, which has no repeated roots, J is diagonalisable over C, 
and over R has the form 

(c) These stabilisers are the subgroups Pn. GLn(C) and p~ GLn.(C). 
(d) For techniques useful for showing that e2" is a submanifold, see Chapter 8. The 
tangent space to e2n at J can be identified with 

kerdFJ ={X E M2n.(R): XJ + JX = 0}. 

Chapter 8 
8.2. (a) The obvious quotient homomorphism Sp(n) x Sp(1) ---. Sp(n) x Sp(l) has the 
discrete subgroup {(ln., 1), ( -ln,-1)} as its kernel, so the derivative homomorphism 
is an isomorphism of Lie algebrasi the Lie algebra of the domain is the direct _product 
sp(n) x ap(l). 
(b) We can identify IIP"-1 with (Sp(n)x Sp(1))/(Sp(n- 1)x Sp(l)). 

Chapter 9 
9.1. (a) For each connected component U o£ G, choose an element u E U. G has a 
countable open covering {Ua,U2, ... },hence for each u as above there is an open set 
Ui .. ~ U containing u. This meau that the components form a countable set. 
(b) The components form an open covering of G. By the Heine-Borel Theorem 1.20, a 
finite subcollection also covers G. As these sets are disjoint there must be only finitely 
many of them. 

9.2. (a) We have 

Stabst.,.(a)(en) = { [~ 0 "11
'
1

] :A e SLn.-l(R), BE Ma,n-l(R)}, 

Orbst.,.(a)(t!n) = R"- {0}. 

(b) This homogeneous space can be identified with OrbsL..(~(en.) = R"- {0} and 
this is path connected since every pair o£ vectors u, v E R - { 0} which are not 
parallel can be joined by a path of form 

t t--+ tu + (1 - t)v (t E [0, 1]). 

Now use induction on n as in Example 9.14 to show that SLn(R) is path connected. 

9.3. (a) We have 

StabsL,.(C)(en) = { [: 0 "11'1] : A E SLn-1 (C), B E Ma,n-1 (C)} 1 

· OrbsL..(c)(en) = C"- {0}. 
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(b) This is simiiBI' to part (b) of the previous exercise. 
(c) Since GLn(C)/ SLn(C) is identified with ex using the determinant, Proposi­
tion 9.11 shows that GLn(C) is path connected. 

9.4. (a) Ifx e R" I then XT AAT X= IAT xl2 ~ o. and this vanishes only when AT X= o. 
which happens only when x = 0 since AT is invertible. The eigenvalues of S Bl'e then 
positive real numbers and 5 is diagonalisable, say 5 = Pdiag(.A1, ... , .An)PT for some 
P E O(n) and Ai > 0. Then we take S1 = Pdiag(..tA;, ... , ~PT. 
(b) We have 

(511 A)T(SI 1 A)= AT(S[)- 1 Si1 A= AT 5-1 A 

= AT(AAT)-1 A= AT(AT)-1 A- 1A =I. 

(c) Since RRT =I= 5SI', we have 

Q2 = QS5TQT = QS(QS)T = PR(PR)T = PRRTPT = P 2. 

{d) 52 must have the same eigenvalues as diag(..tA;, ... , ,;A;) and indeed 

52= u diag(~ •... ,..JJ;;.)ur 

for some U E O(n). So 

U diag(.Aa, ... , .An)Ur = diag(Aa. ... , An) 

and hence 

U diag(.A,, ... , An) = diag(Aa, ... , -An)U. 

By comparing entries we find that this is only possible if either ..\j = AJ for all i,j or 
U is diagonal, in which case 52 = diag( ..Ira, ...• ,.f):;). 
(e) Use (c) and (d). 
(f) First show that the set of positive definite symmetric matrices is a path con­
nected subset of GLn {R) by finding a path &om every such matrix of the form 
V diag(.Aa, ... , An)VT with V E O(n) to I. 

9.5. (a) We have 

StabAtr.(lk)(O) = { [ ~ ~] : A e GLn(k)} I OrbA&.(II){O) = kn. 

Notice that StabA« ... (Ik)(O) can be identified with GL..(k). 
(b) This follows from the corresponding facts for GLn(k). 

9.6. See Section 8.5 for background on this. The spaces in (a) and (b) are connected 
and actually diffeomorphic. 

9. 7. This is similar to the previous exercise; the homogeneous spaces are diffeomorphic 
and connected. 

9.8. (b) The Pfaftian function pf: I:2m --+ Rx is surjective, so E2m has at least 
two path components. In fact it has exactly two components since the diffeomorphic 
homoseneous space GL2m(R)/ Symp2"'(R) has at most two components; this implies 
that Symp2m(R) ~ SL2m(R). 
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9.10. By straightforward calculation we find that 

Nu(2)(T) = T U { [~ ~] : lui = lvl = 1} ~ U(2). 

This has two path components, 

and 2roNu(2)(T) 9! {1, -1}. 

9.11. Using the previous exerciset we obtain 

No(T') = { [~2 OQ2
] : P,Q E Nu<2>(T), detP = detQ} t 

which has 4 path components each of which contains one of the matrices 

[0 -1] where J2 = 1 0 . Then 7rO No(T') 5!!! {It -1} x {1, -1}. 

Chapter 10 
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10.1. Given a Lie homomorphism VJ: T-+ T, the curve 7: R-+ T given by 7(t) = 
VJ(e21r'') is a one-parameter subgroup satisfying 7'(s + t) = 7(s)7'(t) for all Bt t E R. 
By our general results on such curves we have 7(t) = e2

wcie for aome c e R. But 
whenever n E Zt 7(n) = VJ(1) = 1, soc E Z. For VJ to be an isomorphism we must 
have c = :::1:1. 
For r ~It for each integer matrix A= (o;j) e M,.(Z)t there is a Lie homomorphism 

. T'" T'". ( ) - ( ... Alp ••1 ···> VJA. -+ t VJA Z1 t ... , z,. - z1 • • • z1 t ... , z1 • • • z1 

with derivative d = A acting in the obvious way on t = Ri x · · · x Ri. Isomorphisms 
come from those A with integer inverse A-1 e M,.(Z). 

10.2. If To = T is not maYimal., then it is contained in another T1 of greater dimension. 
Repeating this, for dimensional reasons eventually we obtain a sequence of tori To ~ 
T1 ~ · · · ~ T.t. ~ G where there is no torus in G which properly contains T•. 

10.3. (a) We have 

Nu(2)(T) = TU { [~ ~] :lui= lvl = 1} = TU [~ ~] T, 2ro Nu(2)(T) = {1t -1}. 

The conjugation action is given by 

[~ ~] T · diag(zt tu) = diag(wtz). 

(b) and (c) are discussed in Chapters 11 and 12. 

10.4. See Chapters 11 and 12. 
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10.5. (c) O(n) is not connected. 

Chapter 11 
11.1. (a) By Theorem 11.5t z(u(n)) coDBists of all scalar hermitian matrices tiin with 
t e R. Using the defining Equation (11.1)t we have X e z(u(n))J. if and only if 
tr(tiX) = 0 for all t e R. Since tr(tiX) = ti tr(X)t this gives 

z(u(n))J. ={X E u(n) : tr X = 0} = n(n). 

(b) Compose the determinant det: U(n) --+ T e! Z(U(n)) with the projection 
Z(U(n)}--+ Z(U(n))/Z for Z = {zlN : z" = 1}. 
(c) Define this homomorphism by (A, B) .........,. AB. 

11.4. See Chapter 12 for details. 

11.5. (a) Take 

Then 

No1 (T1) = { [ 0:.2 °)i2] : At B e Nu{2) (T)t det A det B = 1} , 

where Nu{2)(T) ' U(2) is the normaliser of the maximal torus used in Exercise 10.3. 
No1 (T1) has 4 components and the Weyl group W o 1 (T1) = No1 (T1)/T1 consists of 
the coeets of the matrices 

W1Ta·diag(u,v,wtuum) =diag(utv,uvw,w), 

W2T1 · diag(ut v, wt uvw) = diag(v, ut wt mmi), 
WaT1 · diag(u, v, w, uttW) = diag(vt ut mm1, w). 

The Lie algebra of T1 is 

t1 = {diag(rit ai, ti, -(r + B + t)i) : r, s, t E R}t 

and there are 4 non-trivial roots :::l:o1, :::1:02, where 

01 (ri, ait ti, -(r + B + t)i) = r - s, 02(rit ai, ti, -(r + B + t)i) = r + • + 2tt 

for rts,t e R. Wo1 (T1) acts on the roots by 

W1T1. 01 = Olt 

W1T1 · 02 = -o2, 

W2T1 · 01 = -a1, 

W2T1 · a2 = o2t 

(b) Thia is similar to (a), see also Exercise 9.11. 

Chapter 12 
12.2. Rotate aad reecale Figure 12.3 into Figure 12.4. 

WaT• • a1 =-a., 

WaT1 · 02 = -o2. 
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LPU-decompositiont 226 
k-Lie algebr~ 67 
k-line in k"+ , 217 
k-matrix groupt 15 
k-normt 7, 33t 111 
k-projective spacet 217 
:::1:-gradingt 136 
n-manifold, 182 

abelian Lie algebra, 69 
action 
- adjointt 49, 75t 86t 188 
- continuoust 37 
- groupt 37 
- lineart 38 
- smooth, 208 
adjoint 
- action, 49, 75t 86, 188 
- representation, 75 
affine 
- geometry, 19 
- group, 18 
- transformation, 19 
algebra, 99 
- automorphism, 101 
- automorphisms 
-- group of, 122 
- Clifford, 130 
- commutative. 100 
- division. 100 
- finite dimensional, 4, 99 
- groupt 100 
-homomorphism. 101 
- isomorphismt 101 
- Lie, ·59t 67 

Index 

- Lorentz Cliffordt 177 
-norm, 111 
- normed. 111 
- real Cliffordt 130 
- semi-simple, 106 
- simplet 104 
alternating groupt 153 
anti-homomorphism of skew ringst 120 
atlast 182 
automorphism 
- canonicalt 134 
- innert 124 
- of algebras, 101 
-outer, 124 

basis 
- dualt 290 
binary expansion, 131 
Borel subgroup, 18 
bracket 
- Lie. 68 
Bruhat decomposition, 226 

canonical 
- automorphismt 134 
- commutation relationt 205 
Cartan 
- decomposition. 280 
- matrixt 297 
Cauchy sequence. 10 
central 
- idempotent. 104 
- subfield, 102 
centret 69t 151 
- of a Lie algebra. 69 
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- trivial. 70 
:entreless, 70 
:haracter 
- irreducible 
-- complex. 108 
:haracteristic polynomial. 51 
:hart. 182 
:ircle group. 251 
:Jlliford 
- algebra, 130 
-- Lorentz, 177 
-- real. 130 
- - universal property of, 132 
- group. 139 
-- finite. 155 
:lopen, 17 
:losed subset, 8 
:loeure. 41 
t::ommutative algebra, 100 
commutator, 68 
- subalgebra, 69 
commute. 68 
compact. 12, 13 
- topological space, 13 
complement 
- orthogonal. 274 
complete. 10 
- norm, 10 
complex 
- dimension, 72 
- matrix group. 29 
- structure, 209 
complexification. 92 
component 
- path. 241 
conjugate, 258 
- hermitian. 27 
- quatemionic. 120 
conjugation 
-map. 187 
- quaternionic, 120 
connected. 235 
- by a path. 241 
- Dynkin diagram. 298 
- path, 235 
continuous 
- group action, 37 
- homomorphism, 31 
- iaomorphism 
-- of matrix groups, 32 
- map. 7 
coordinate function, 8 
coroot, 300 
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- simple, 300 
covering 
- finite, 274 
cross product. 68 
curve 
- differentiable. 55, 57. 183 
- smooth. 183 

derivation property, 77 
derivative. 7 4 
derived subalgebra, 69 
determinant 
- reduced. 116 
diagonalisable, 51 
diffeomorphism. 181 
differentiable, 183 
- curve, 55, 67, 183 
- homomorphUnn. 74 
-map, 73 
Differential Geometry, 181 
dimension. 72 
- complex, 72 
direct 
- isometry. 22 
- product. 19, 71. 101 
disc 
-open. 7 
disjoint union, 21 
division algebra, 100 
dual 
- basis, 290 
- linear, 289 
-root 
-- system, 301 
Dynkin diagram. 298 
- connected, 298 
- irreducible, 298 

elementary 2-group. 154 
Euler characteristic, 256 
exponential function, 47 
extraspecial 2-group, 154 

field 
-skew, 100 
finite 
- Clift'ord group, 155 
- covering, 27 4 
- dimensional algebra, 4. 99 
flow line, 63 
form 
- skew symmetric, 229 
- symplectic, 26, 229 
function 



Index 

- coordinate, 8 
- exponential, 4 7 
- logarithm, 48 
fundamental root, 292 
future pointing light cone, 158 

Gaussian elimination, 226 
general linear group, 5, 35 
generalised permutation matrix, 132 
generated by a subset, 144 
generator, 254 
- topological, 254 
geometry 
- affine, 19 
- symplectic, 26 
Grassmannian, 222 
group 
- k-matrix, 15 
- action, 37 
-- continuous, 37 
-- smooth, 208 
- affine, 18 
- algebra, 100 
- alternating, 153 
- circle, 261 
- Clift'ord, 139 
- finite Clifford, 155 
- general linear, 5, 35 
- Heisenberg, 203 
- inner automorphism, 124 
- isometry, 22 
- Lie, 187 
- Lorentz, 26 
- matrix, 15 
- of algebra automorphisms, 122 
- of path components, 242 
- one-parameter, 57 
- orthogonal, 20 
- outer automorphism, 124 
- pinor, 143 
- projective 
-- linear, 125, 219 
- quasi-symplectic, 233 
- quaternionic symplectic, 121 
- special linear, 5 
- special orthogonal, 21 
- special unitary, 28 
- spinor, 144 
- symmetric, 153 
- symplectic, 27 
- topological, 12 
- unim~ulu,5 
- unitary, 27 

- Weyl, 260, 292 

Hamiltonian, 118 
Hausdorff space, 14 
Heisenberg 
- algebra, 205 
-group, 203 
- Lie algebra, 205 
hermitian 
- conjugate, 27 
-skew,83 
homeomorphism, 14 
homogeneous 
- polynomial, 38 
-space, 214 
homomorphism 
- algebra, 101 
- continuous, 31 
- dift'erentiable, 7 4 
- Lie, 74 
- of algebras, 101 
- of Lie algebras, 70 
- property, 57 
hyperplane, 23 
- reSection, 23, 291 

ideal 
- Lie, 69 
idempotent, 104 
- central, 104 
- indecomposable, 105 
- orthogonal, 104 
indecomposable idempotent, 105 
indirect isometry, 22 
inner 
- automorphism, 124 
-- group, 124 
- product, 227 
- - invariant, 269 
-- Lorentz, 157 
-- non-degenerate, 227 
-- positive definite, 228 
-- real, 86 
- products, related, 227 
invariant, 87 
- inner product, 269 
irreducible 
- complex character, 108 
- Dynkin diagram, 298 
isometry, 21, 158 
-direct, 22 
-group, 22 
- indirect, 22 
- linear, 21 
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isomorphism 
- continuous 
-- of matrix groups. 32 
- of algebras. 101 
- of Lie algebru, 70. 86 

Jacobi identity, 68 
Jacobian matrix. 184 
Jordan 
- block matrix. 52 
- form. 51, 53, 79 

Kronecker symbol, 20 

Lefschetz Fixed Point Theorem. 256 
left 
- multiplication map. 187 
- regular representation, 103 
Lie 
- algebra, 59. 67 
-- abelian. 69 
-- Heisenberg, 205 
-- homomorphism, 70 
-- isomorphism. 70, 86 
- - quotient, 70 
-- simple. 70 
- bracket. 67, 68 
- group, 187 
-- semi-simple, 276 
-- simple. 274. 
- homomorphism. 74 
- ideal. 69 
-- proper. 69 
- subalgebra, 69 
- subgroup. 187 
light cone. 158 
- future pointing, 158 
- negative. 158 
- put pointing. 158 
- positive. 158 
linear 
- action. 38 
- dual. 289 
- isometry. 21 
local trivia.lisation. 214 
locally path connected. 235 
logarithm function, 48 
Lorentz 
- Clifford algebra, 177 
-group. 26 
- inner product, 157 
lower triangular 
- matrix. 171 

manifold. 182 
- smooth. 181 
map 
- conjugation, 187 
- differentiable, 73 
- left multiplication, 187 
- right multiplication. 187 
- smooth, 181, 182 
matrix 
- Cartan. 297 
- diagonalisable. 51 
- generalised permutation. 132 
- group, 15 
-- complex. 29 
- Jacobian, 184 
- Jordan block, 52 
- lower triangular, 171 
- orthogonal. 20 
- permutation, 153 
- subgroup, 15. 16 
- unimodular. 4 
- unipotent. 18 
- upper triangular, 18, 171 
maximal, 255 
- torus. 251 
minimal polynomial, 52 

negative 
- light cone. 158 
- root. 293 
non-degenerate inner product. 227 
non-trivial root. 279 
norm. 5-7. 33, 111 
- complete, 10 
- operator, 6. 34 
- supremum. 6 
normaliser, 260 
normed algebra, 111 
null 
- root space, 279 
- vector, 158 

one-parameter 
- group. 57 
- semigroup, 57 
- subgroup, 57 
open disc, 7 
operator norm. 6, 34 
orbit, 37 
orthogonal. 90 
- complement, 274 
- 81'0Up1 20 
-- special, 21 



Index 

- idempotentt 104 
- matrixt 20 
outer 
- auto~nOtphUttnt 124 
-- groupt 124 

parabolic subgroupt 221 
past pointing light conet 158 
path 
- component, 241 
- connected, 235 
-- locally, 235 
permutation matrixt 153 
- generalisedt 132 
Pfaffian, 156, 232 
phase portrait, 63 
pinor groupt 143 
polynomial 
- homogeneous, 38 
- minimal, 52 
positive 
- definite, 87 
-- inner productt 228 
- light conet 158 
- root, 293 
principal bundle, 214 
product 
- crosst 68 
- direct, 19, 71, 101 
- innert 227 
- semi-directt 19, 71 
- topology, 11 
- vectort 68 
projective 
- linear group, 125t 219 
- quaternionic symplectic group, 219 
- spacet 217 
- special unitary groupt 219 
- unitary group, 219 
proper Lie idealt 69 
pure quaterniont 119 

quadratic forn1t 227 
quasi-symplectic groupt 233 
quaternion 
- pure, 119 
- real, 119 
quaternionic 
- cof\jugate, 120 
- conjugationt 120 
- symplectic group, 121 
-- projective, 219 
quaternions 
- skew field of, 118 

quotient 
- Lie algebra, 70 
- topology, 33t 212 
-- universal property oft 213 

real 
- Clifford algebra, 130 
- inner product, 86 
- partt 138 
- quaternion, 119 
- symmetric bilinear fonn 87 
- symplectic groupt 27 t 
reduced 
- d~tt 116 
- echelon formt 226 
- root system, 292 
reflection 
- hyperplane, 291 
- in a hyperpluet 23 
related 
- inner productst 227 
- sym~netric 
-- matricest 227 
representation, 38 
- adjoint, 75 
- left regular t 103 
r!ght multiplication mapt 187 
rang uti-homomorphismt 120 
root, 279, 292 
- fUndamDental, 292 
- negativet 293 
- non-trivial, 279 
- poeitivet 293 
- simple, 292t 293 
-space, 279 
-- decompoeitiout 280 
-- nullt 279 
- systemt 292 
--dual, 301 
-- reducedt 292 
rotationt 22 

semi-direct product 
- of groupst 19 
- of Lie algebras, 71 
Benli-simple 
- algebra, 106 
- Lie groupt 276 
semigroup 
- one-parameter, 57 
separable, 182 
simple, 70 
- algebra, 104 

329 



330 

- coroot, 300 
-Lie 
-- group, 274 
- Lie algebra, 70 
- root, 292, 293 
skew 
- field, 100 
- hermitian, 83 
- symmetric, 26 
--form, 229 
smooth 
- action, 208 
- curve, 183 
- manifold, 181, 182 
- map, 181, 182 
space 
- Hausdorff, 14 
- homogeneous, 214 
- projective, 217 
spacelike vector, 158 
special 
- linear group, 5 
- orthogonal group, 21 
- unitary group, 28 
-- projective, 219 
sphere 
- unit, 144 
spinor group, 144 
stabiliser, 37 
standard torus, 252 
strictly upper triangular, 81 
subalgebra 
- commutator, 69 
- derived, 69 
- Lie, 69 
subfield 
- central, 102 
subgroup 
- Borel, 18 
- generated by a subset, 144 
- Lie, 187 
- matrix, 15, 16 
- one-parameter, 57 
- translation, 19 
- unipotent, 18 
- upper triangular, 18 
submanifold, 186 
subset 
- clopen, 17 
- closed, 8 
supremum norm, 6 
symmetric 
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- group, 153 
- matrices, related, 227 
- real bilinear form, 87 
- skew, 26 
symplectic 
- form, 26, 229 
- geometry, 26 
- group, 27, 121 
- group, quatemionic, 121 
- group, real, 27 

tangent space, 71, 184 
timelike vector, 158 
topological 
- generator, 206, 254 
- group, 12 
-space 
-- compact, 13 
topology 
- product, 11 
- quotient, 33, 212 
torus 
- m~, 251, 255 
- of rank r, 252 
- standard, 252 
tr&DSlation subgroup, 19 
tr&DSpose, 20 
trivial centre, 70 

unimodular, 4 
-group, 5 
-matrix, 4 
union 
- disjoint, 21 
unipotent 
- matrix, 18 
- subgroup, 18 
unit sphere, 144 
unitary 

·- group, 27 
-- projective, 219 
unive~ pro~ty, 132 
- of a Clifford algebra, 132 
- of the quotient topology, 213 
upper triangular 
- matrix, 18, 171 
- strictly, 81 
- subgroup, 18 

vector product, 68 

Weyl group, 260, 292 


