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Preface

This work provides a first taste of the theory of Lie groups accessible to ad-
vanced mathematics undergraduates and beginning graduate students, provid-
ing an appetiser for a more substantial further course. Although the formal
prerequisites are kept as low level as possible, the subject matter is sophisti-
cated and contains many of the key themes of the fully developed theory. We
concentrate on matriz groups, i.e., closed subgroups of real and complex gen-
eral linear groups. One of the results proved is that every matrix group is in
fact a Lie group, the proof following that in the expository paper of Howe [12].
Indeed, the latter, together with the book of Curtis [7], influenced our choice of
goals for the present book and the course which it evolved from. As pointed out
by Howe, Lie theoretic ideas lie at the heart of much of standard undergradu-
ate linear algebra, and exposure to them can inform or motivate the study of
the latter; we frequently describe such topics in enough detail to provide the
necessary background for the benefit of readers unfamiliar with them.

Outline of the Chapters

Each chapter contains exercises designed to consolidate and deepen readers’
understanding of the material covered. We also use these to explore related
topics that may not be familiar to all readers but which should be in the
toolkit of every well-educated mathematics graduate. Here is a brief synopsis
of the chapters.

Chapter 1: The general linear groups GL,(K) for k = R (the real numbers)
and k = C (the complex numbers) are introduced and studied both as groups
and as topological spaces. Matriz groups are defined and a number of standard
examples discussed, including special linear groups SL,(k), orthogonal groups
O(n) and special orthogonal groups SO(n), unitary groups U(n) and special
unitary groups SU(n), as well as more exotic examples such as Lorentz groups
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and symplectic groups. The relation of complex to real matrix groups is also
studied. Along the way we discuss various algebraic, analytic and topologi-
cal notions including norms, metric spaces, compactness and continuous group
actions.

Chapter 2: The ezponential function for matrices is introduced and one-
parameter subgroups of matrix groups are studied. We show how these ideas
can be used in the solution of certain types of differential equations.
Chapter 3: The idea of a Lie algebra is introduced and various algebraic
properties are studied. Tangent spaces and Lie algebras of matrix groups are
defined together with the adjoint action. The important special case of SU(2)
and its relationship to SO(3) is studied in detail.

Chapters 4 and 5: Finite dimensional algebras over fields, especially R or C,
are defined and their units viewed as a source of matrix groups using the reduced
regular representation. The quaternions and more generally the real Clifford
algebras are defined and spinor groups constructed and shown to double cover
the special orthogonal groups. The guaternionic symplectic groups Sp(n) are
also defined, completing the list of compact connected classical groups and their
universal covers. Automorphism groups of algebras are also shown to provide
further examples of matrix groups.

Chapter 6: The geometry and linear algebra of Lorentz groups which are
of importance in Relativity are studied. The relationship of SLo(C) to the
Lorentz group Lor(3,1) is discussed, extending the work on SU(2) and SO(3)
in Chapter 3.

Chapter 7: The general notion of a Lie group is introduced and we show that
all matrix groups are Lie subgroups of general linear groups. Along the way
we introduce the basic ideas of differentiable manifolds and smooth maps. We
show that not every Lie group can be realised s a matrix group by considering
the simplest Heisenberg group.

Chapters 8 and 9: Homogeneous spaces of Lie groups are defined and we show
how to recognise them as orbits of smooth actions. We discuss connectivity of
Lie groups and use homogeneous spaces to prove that many familiar Lie groups
are path connected. We also describe some important families of homogeneous
spaces such as projective spaces and Grassmanrians, as well as examples related
to special factorisations of matrices such as polar form.

Chapters 10, 11 and 12: The basic theory of compact connected Lie groups
and their mazimal tori is studied and the relationship to some well-known ma-
trix diagonalisation results highlighted. We continue this theme by describing
the classification theory of compact connected simple Lie groups, showing how
the families we meet in earlier chapters provide all but a finite number of the
isomorphism types predicted. Root systems, Weyl groups and Dynkin diagrams
are defined and many examples described.



Preface vii

Some suggestions for using this book

For an advanced undergraduate course of about 30 lectures to students already
equipped with basic real and complex analysis, metric spaces, linear algebra,
group and ring theory, the material of Chapters 1, 3, 7 provide an introduction
to matrix groups, while Chapters 4, 5, 6, 8, 9 supply extra material that might
be quarried for further examples. A more ambitious course aimed at present-
ing the classical compact connected Lie groups might take in Chapters 4, §
and perhaps lead on to some of the theory of compact connected Lie groups
discussed in Chapters 10, 11, 12.

A reader (perhaps a graduate student) using the book on their own would
find it useful to follow up some of the references 6, 8, 17, 18, 26, 29] to see
more advanced approaches to the topics on differential geometry and topology
covered in Chapters 7, 8, 9 and the classification theory of Chapters 10, 11, 12,

Each chapter has a set of Exercises of varying degrees of difficulty. Hints
and solutions are provided for some of these, the more challenging questions
being indicated by the symbols A or A A with the latter intended for
readers wishing to pursue the material in greater depth.

Prerequisites and assumptions

The material in Chapters 1, 3, 7 is intended to be accessible to a well-equipped
advanced undergraduate, although many topics such as non-metric topological
spaces, normed vector spaces and rings may be unfamiliar so we have given the
relevant definitions. We do not assume much abstract algebra beyond standard
notions of homomorphisms, subobjects, kernels and images and quotients; semi-
direct products of groups are introduced, as are Lie algebras. A course on
matrix groups is a good setting to learn algebra, and there are many significant
algebraic topics in Chapters 4, 5, 11, 12. Good sources of background material
are (5, 15, 16, 22, 28]

The more advanced parts of the theory which are described in Chap-
ters 7, 8, 9, 10, 11, 12 should certainly challenge students and naturally point
to more detailed studies of Differential Geometry and Lie Theory. Occasionally
ideas from Algebraic Topology are touched upon (e.g., the fundamental group
and Lefschetz Fixed Point Theorem) and an interested reader might find it
helpful to consult an introductory book on the subject such as [9, 20, 26).
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Part 1

Basic Ideas and Examples






1

Real and Complex Matrix Groups

Throughout, k will denote a (commutative) field. Most of the time we will be
interested in the cases of the fields k = R (the real numbers) and k = C (the
complex numbers), however the general framework of this chapter is applicable
to more general fields equipped with suitable norms in place of the absolute
value. Indeed, as we will see in Chapter 4, much of it even applies to the case of
a general normed division algebra or skew field, with the guaternions providing
the most important non-commutative example.

1.1 Groups of Matrices
Let My, n(k) be the set of m x n matrices whose entries are in k. We will denote

the (i, j) entry of an m x n matrix A by A;; or a;; and also write

11 - GQGin
A= [a,j] = : ] :
Gml " Gm;mn
We will use the special notations
Mﬂ(k) = Mn'n(k), kﬂ = Mn‘l (k)-

Mm n(k) is a k-vector space with the operations of matrix addition and
scalar multiplication. The zero vector is the m x n zero matrix Oy, which we

3
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will often denote O when the size is clear from the context. The matrices E™*
withr=1,...,m,s=1,...,nand

1 ift=randj=s,
E™*)ij = b6irdjs =
(B} T {0 otherwise,

form a basis of M, n(k), hence its dimension as a k-vector space is
dimg M, n(k) = mn. (1.1)
When n = 1 we will denote the standard basis vectors of k™ = My, ; (k) by
ee.=E! (r=1,...,m).

As well as being a k-vector space of dimension n?, M, (k) is also a ring with
the usual addition and multiplication of square matrices, with zero O, = O,
and the n x n identity matrix I, as its unity; M, (k) is not commutative except
when n = 1. Later we will see that M,,(k) is also an important example of a
finite dimensional k-algebra in the sense to be introduced in Chapter 4. The
ring M, (k) acts on k™ by left multiplication, giving k™ the structure of a left
M, (k)-module.

Proposition 1.1

The determinant function det: M,(k) — k has the following properties.
i) For A, B € M, (k), det(AB) = det Adet B.

i) det I,, = 1.

iif) A € M, (k) is invertible if and only if det A # 0.

We will use the notation
GLa(k) = {A € Mp(K) : det A # 0}

for the set of invertible n x n matrices (also known as the set of units of the
ring My, (k)), and

SLn(K) = {A € Ma(k) : det A = 1} C GLn (k)

for the set of n x n unimodular matrices.

Theorem 1.2

The sets GL,(k), SLn (k) are groups under matrix multiplication. Furthermore,
SLn(K) < GLA(K), i.e., SLy(k) is a subgroup of GL, (k).
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Because of these group structures, GL, (k) is called the n x n general linear
group, while SL,(k) is called the n X n special linear or unimodular group.
When k = R or k = C we will refer to GL,(R), SL,(R) or GL,(C), SLA(C) as
real or complex general linear groups. Of course, we can also consider subgroups
of these groups, but before doing so we consider the topology of M,(R) and
M, (C) as metric spaces.

1.2 Groups of Matrices as Metric Spaces

In this section we will always assume that k = R or C. Recall that M, (k) is a
k-vector space of dimension n?. We will define a norm || || on M, (k). It is worth
remarking that we choose this particular norm mainly for the convenience of its
multiplicative properties; in fact, as explained in Section 1.8, any other vector
space norm would give an equivalent metric topology on My, (k). Other useful
norms on M, (k) are discussed in Strang [28].
(91
We begin with the usual notion of length for a vector x = | : | € k",

Zn
namely

x| = Vizi[? + -+ + |zal?.
This is an example of a norm on the vector space k™ as specified in Defini-

tion 1.51.
For A € M, (k), consider the set

_ 1A n
84-—{ ixl :0#x€k }

Then the subset
8L = {|Ax|: x € k™, |x| = 1} C 84
is actually equal to 84 since if x # 0 we have
' Ax
'___l = |Ax’|,
[x]
where x’ = (1/|x|)x has length |x’| = 1. The subset
{xek":|x|=1}Ck"

is closed and bounded and so is compact in the sense of Section 1.3, hence by
Corollary 1.23, the real-valued function

{xek":|x]=1} — R; x+~— |Ax|
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is bounded and attains its supremum
sup$, = sup 8} = max$8), = max$§,.
This means that the real number
|All = max 8,4 = max 8}

is defined. This norm function || ||: Mp(k) — R is called the operator or
sup (= supremum) norm on M, (k). For the general notion of a norm on a
k-algebra see Definition 4.31.

For a real matrix A € M,;(R) C M,(R), at first sight there appear to be
two distinct norms of this type, namely

lAlle = {|Ax] : x € R", |x] =1}, [lAllc = {|Ax|:x € C", |x| =1}.

Lemma 1.3
If A € M,(R), then {|Alic = [|Allr.

Proof

It is obvious that ||A|lr < ||A|lc. Now for a vector z € C" with |z| = 1, write
z = x + iy with x,y € R". Then |x|? + [y]* = 1 and
|Asf* < JAx]® + lidyf?
< IXPIIAIR + Iyl AR
= (Ixl? + y*)I Al
= [|Allg,

giving |Az| < ||Allr. Thus ||Allc < l|Allr and hence ||A|lr = ||Ailc. 0

Remark 1.4

There is a procedure for calculating ||A|] which is important in numerical linear
algebra. We describe this briefly; for further details see Strang (28).

All the eigenvalues of the positive hermitian matrix A*A are non-negative
real numbers, hence it has a largest non-negative real eigenvalue Apmax. Then

Al = v Amax-

In fact, for any unit eigenvector v of A® A for the eigenvalue Apax, ||Al] = |Av|.
When Aisreal, A*A = A7 4 isreal positive symmetric and there are unit length

g
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eigenvectors w € R™ C C" of A* A for the eigenvalue A for which ||A4|| = |Aw|.
In particular, this also shows that ||A|| is independent of whether A is viewed
as a real or complex matrix.

The main properties of || || are summarised in the next result and imply
that || || is a k-norm on M, (k). General k-norms are discussed in Section 4.2.

Proposition 1.5

The function || || has the following properties.

i) If t € k, A € M, (K), then |[tA|| = |t] || Al

i) If A, B € Mn(k), then [|AB|| < ||A|| I|B|I-

iii) If A, B € Mp(k), then ||A + B|| < ||All + IIBl-
iv) If A € M, (k), then ||A|| = 0 if and only if A =0.
v) lInfl=1.

The norm || || can be used to define a metric p on M, (k) by
p(A,B) = ||A- BI|

together with the associated metric topology on M, (k). Then a sequence
{Ar}r>0 of elements in M, (k) converges to a limit A € M,,(k) if ||Ar - Al| = O
as r — 0o. We may also define continuous functions M,(k) — X into a
topological space X.

For A€ Mp(k) and r > 0, let

NM.a(A;r) = {BeMn(k): ||B - Al < r},

which is the open disc of radius r in M, (k). Similarly, if Y C Ma(k)and A €Y,
we set '
Ny(A;r) ={B €Y :[|B - A]| <r} =Ny, (4;r)NY.

Then a subset V C Y is open in Y if and only if for every A € V, there is a
d > 0 such that Ny (A4;8) C V.

Definition 1.6

Let Y C M, (k) and (X, T) be a topological space. Then a function f: Y — X
is continuous or a continuous map if for every A € Y and U € 7 such that
f(A) € U, there is a § > 0 for which

B € Ny(A;6) = f(B) € U.
Equivalently, f is continuous if and only if for U € T, f~'U C Y isopenin Y.
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For a topological space (X,T), a subset W C X is closed if X —W C X
is open. For a metric space this is equivalent to requiring that whenever a
sequence in W has a limit in X, the limit is in W. Yet another alternative
formulation of the definition of continuity is that f is continuous if and only if
for every closed subset W C X, f"'W CY is closed in Y.

In particular, we may take X = k and 7 to be the natural metric space
topology associated to the standard norm on k and consider continuous func-
tions Y — k.

Proposition 1.7
For 1 < r,8 < n, the coordinate function
coord,,: Mp(k) — k; coord,,(A) = A,,

is continuous.

Proof

For the standard unit basis vectors e; (1 < i < n) of k™ we have

|Arsl € o[ Y 14cl?

i=1

n
> Aiaeil
=1
= |Ae,|
< Al

hence for A, A’ € M, (k),

lA:'s ~Ar| € "A' — A|l.

If A€ Mp(k) and € > 0, then ||A’ — A|| < € implies that |A!, — A,,| < €. This
shows that coord,, is continuous at every A € M, (k). 0

Corollary 1.8
If f: k" — kis continuous, then the associated function
F: Ma(k) — k;  F(A) = f((Aij)rgi.jgn)s

is continuous.
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Corollary 1.9

The determinant det: M,(k) — k and trace tr: M,(k) — k are continuous
functions.

Proof

The determinant is obtained by composing a continuous function M, (k) —
k™" identifying M, (k) with k™" with a polynomial function k™ — k. Similarly,

n
trA= Z Axx
k=1

defines the trace as a polynomial function. a

There is a kind of converse to these results.

Proposition 1.10
For A € M, (k),
[ZTTRS ): |4i51-

iJj=1

Proof
Let x = z1€; + - - - + Zqe, With |x| = 1. Since |zx| < 1 for each k, we have
[Ax| = |z1 A€ + - + Tpdey|
< |z1dey| 4+ - + |zpAey,|
< |Aey| + -+ + |Aey,]

n n

ZA?1+"'+ ZA?n
=]

f=1
n
<Y .

f,5=1
As this is true for all vectors x with |x| =1,
n
Al < Y 144l
i,J=1
by definition of || All- a
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Definition 1.11

A sequence {A,}r30 in Mn(k) is a Cauchy sequence if for every ¢ > 0, there is
a natural number N such that ||A, — 4,|| < € whenever r,s > N.

Theorem 1.12

For k = R or C, every Cauchy sequence {A,},>o in M, (k) has a unique limit
lim A, in M,(k). Furthermore,

r—+00

(lim A,);; = lim (A,);;. (1.2)

Proof

It is standard that if such a limit exists it is unique so we need to show existence.

By Proposition 1.7, the limit on the right-hand side of Equation (1.2) exists,

so it is sufficient to show that the required limit is the matrix A for which
A;; = lim (A,);5.

r~$00

For the sequence {A, — A},>0, a3 r — 0o we have

4 — Al € D [(Ar)s; — Aij| =+ 0,

f,j=1

80 A, = A by Proposition 1.10. O

Because of this result, the metric space (Mn(k), || |l) is said to be complete
with respect to the norm || ||.

It can be shown that the metric topologies induced by || || and the usual
norm on k" agree in the sense that they have the same open sets. Actually
this is true for any two norms on k™ ; see Section 1.8 and [21, 22] for more on
this. We summarise this as a useful criterion whose proof is left as an exercise.

Proposition 1.13

A function F: M, (k) — M, (k) is continuous with respect to the norms || || if
and only if each of the component functions F,,: M (k) — k is continuous.
In particular, a function f: M,,(k) — k is continuous with respect to the
norm || || and the usual metric on k if and only if it is continuous when viewed
as a function k™ — k.
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Next we consider the topology of some subsets of M,,(k), in particular some
groups of matrices.

Proposition 1.14

Let k =R or C. Then
i) GLn(k) € Mn(Kk) is an open subset;
ii) SLn (k) C Mg (k) is a closed subset.

Proof

We know that the function det: M, (k) — k is continuous. Then
GLn(k) = Ma(k) — det™ {0},

which is open since {0} is closed, hence (i) holds. Similarly,
SLn(k) = det™ {1} € GLa(K),

which is closed in M, (k) and GL, (k) since the singleton set {1} is closed in k,
so (ii) is true. 0

In the following we will make use of the product topology of two topological
spaces X,Y; this is the topology on X x Y in which every open set is a union
of sets of the form

UxV (UCX,VCY open).
We refer to X x Y as the product space if it has the product topology. If the
topologies on X and Y come from metrics, it is possible to define a metric
whose associated topology agrees with the product topology; this is discussed
in the Exercises.

The addition and multiplication maps

add: Ma(k) X Ma(k) — Ma(k); 2dd(X,Y) =X +Y,
mult: Mp(k) X Ma(K) — Ma(k); mult(X,Y) = XY,
are also continuous, where we take the product topology on the domain My, (k) x
. Mp(Kk). Finally, the inverse map
inv: GL,(k) — GL,(k); inv(A) = A7,
is also continuous, since each entry of A~! has the form

(polynomial in the entries Aij)
det A

and as this is a continuous function of the entries of A it is a continuous function
of A.
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Definition 1.15

Let G be a topological space and view G x G as the product space. Suppose that
G is also a group with multiplication map mult: G x G — G and inverse map
inv: G — G. Then G is a topological group if mult and inv are continuous.

The simplest examples are obtained from arbitrary groups G given discrete
topologies; in particular all finite groups can be viewed this way. Of course, the
discussion above has already established the following.

Theorem 1.16

For k = R or C, each of the groups GL,(k), SLn(k) is a topological group
with the evident multiplication and inverse maps and the subspace topologies
inherited from M, (k).

1.3 Compactness

In this section we discuss the idea of compactness for topological spaces and
explain its significance for subsets of k™ with the usual metric, where k = R
or C. Many of the most useful results for continuous functions from a com-
pact space into a metric space also apply more generally when the domain is
Hausdorff in the sense of Definition 1.24.

Definition 1.17
A subset X C k™ is compact if and only if it is closed and bounded.

Example 1.18

Identifying subsets of M, (k) with subsets of k™, we can consider compact
subsets of Mn(k). In particular, a subgroup G < GL, (k) is compact if it is
compact as a subset of GL,(k), or equivalently of M,(k).

Our next result is standard for metric spaces.

Proposition 1.19

X C Mg(k) is compact if and only if the following two conditions are satisfied:
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o there is a b € Rt such that forall A€ X, ||A]| < b;
e every sequence {Cy}n>0 in X which is convergent in M,(k) has a limit in
X, i.e., X is a closed subset of M, (k).

The following important characterisation of compact subsets of M, (k) leads
to the general definition of compact topological space.

Theorem 1.20 (Heine-Borel Theorem)

X C M, (k) is compact if and only if every open cover {U, }aea of X contains
a finite subcover {Us,,...,Ua, }-

Definition 1.21

A topological space X is compact if and only if every open cover {Uqs}aea of
X contains a finite subcover {Uq,,--.,Ua}-

Clearly our two notions of compactness coincide for a subset X C k™.

Proposition 1.22

Let X be a compact topological space and f: X — Y be a continuous func-
tion. Then the image fX CY is a compact subspace of Y.

Proof

Let {Va}oea be an open cover of fX. Then by definition of the subspace
topology, there is a collection of open subsets {V}aea for which fXNV] = V,.
For each a € ),

f-lva = f-lvc::
80 {f~'V!}aea is an open covering of X. By compactness, there is a finite
subcollection {f~1V{ ,..., f~'V/, } which also covers X, hence {V,,,...,Vqa,}
is a finite cover of fX. O

Corollary 1.23

Let X be a compact topological space and f: X — R be a continuous function.
Then the image fX C R is a bounded subset and there areelements z4,z- € X
for which

f(z4)=supfX, f(z_)=inffX.
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For later use we record some other useful results on continuous functions
out of a compact space into a Hausdorff space. Omitted proofs can be found
in books on point set topology. We start by introducing the notion of a Haus-
dorff space which provides a useful generalisation of the concept of a metric
space particularly useful when dealing with quotient constructions such as the
homogeneous spaces of Chapter 8.

Definition 1.24

A topological space X is Hausdorff if for every pair of points u,v € X with
z # y, there are open subsets U,V C X withueU,veVandUNV = 2.

Lemma 1.25

Every metric space is Hausdorff.

Proof

Let X be a metric space with metric p. If u,v € X are distinct, then p(u,v) > 0.
If r = p(u,v)/2, the open discs Nx(u;r) and Nx(v;r) satisfy the conditions
required for the open sets U and V. O

Proposition 1.26

Let X be a compact topological space. If f: X — Y is a continuous function
into a Hausdorff topological space Y, then fX C Y is a closed subset. In
particular, when j: X — Y is the inclusion function for a subspace X C Y,
we obtain that X is a closed subset of Y.

Our next definition provides a notion of equivalence of topological spaces.

Definition 1.27

A continuous bijection f: X — Y between topological spaces X and Y is a
homeomorphism if its inverse f~1: Y — X is continuous.

Proposition 1.28

Let X be a compact topological space and f: X — Y a continuous bijection
into a Hausdorff topological space Y. Then f is a homeomorphism.
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Our final result will be useful when working with compact matrix groups.

Proposition 1.29

Let (X, p) be a compact metric space and let {s,}n>1 be a sequence in X.
Then there is a convergent subsequence {,(n)}n>1.

Proof

Suppose that this is false. Then for every z € X which is not of the form z = s,,
for some n, there is an r; > 0 for which

pz,zn)2r: (n21).
Also, for each m > 1, there is an r,_ > 0 and an n,, 2> m for which
P(3m,8n) 212 (n 2 np).

The open discs Nx (z; r,) form an open cover of X, hence by compactness there
are elements z,,. .., for which

X =Nx(z1;7,) U -+UNx(zx;72,)-

But for sufficiently large n, s, cannot be in any of the discs Nx(z;;rs;), s0
this provides a contradiction. O

1.4 Matrix Groups

Definition 1.30

A subgroup G £ GLn(k) which is also a closed subspace is a matriz group
over k or a k-matriz group. In order to make the value of n explicit, we will
sometimes say that G is a matriz subgroup of GL, (k).

Before considering some examples we record some useful general properties
of matrix groups.

Proposition 1.31

Let G < GLn(k) be a matrix subgroup. Then a closed subgroup H < G is a
matrix subgroup H of GL, (k).
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Proof

Every sequence {Apn}n>0 in H with a limit in GL, (k) actually has its limit in
G since A, € H C G for every n and G is closed in GL,(k). Since H is closed
in G, this means that {An}a30 has a limit in H. So H is closed in GL,(k)
which shows that it is a matrix subgroup. O

This result suggests another definition.

Definition 1.32

A closed subgroup H < G of a matrix group G is called a matriz subgroup of
G.

Proposition 1.33

Let G be a matrix group and H < K, K < G be matrix subgroups. Then H is
a matrix subgroup of G.

Proof

This is a straightforward generalisation of Proposition 1.31. O

Example 1.34
SL, (k) €< GLn(k) is a matrix group over k.

Proof
SLn(k) is closed in M, (k) by Proposition 1.14 and SL, (k) < GLn (k). O

Example 1.35

We may consider GLy (k) as a subgroup of GLy+1 (k) by identifying the n x n
matrix A = [a;;] with

9= i
01 Gun1 '+ Gan O
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and it is easily verified that GL, (k) is closed in GL,,1(k), hence GL,(k) is a
matrix subgroup of GL.41(k). We can restrict this to an embedding of SL,, (k)
which then appears as a closed subgroup of SL, 1 (k) € GLp+1 (k). So SL, (k) is
a matrix subgroup of SLy, 1 (k). More generally, with the aid of this embedding,
any matrix subgroup of GL,(k) can also be viewed as a matrix subgroup of
GLn+l (k)

Given a matrix subgroup G < GL,(k), it is often useful to restrict the
determinant on GL,(k) to a function

detg: G — k*; detg A =det A.

We usually write this function as det when no ambiguity is likely to result. Of
course, detg is always a continuous group homomorphism.
When k = R, we set

R*={teR:t>0}, R-={teR:t<0}, R*=RYUR".

Notice that R* is a subgroup of GL; (R) = R* which is both closed and open
as a subset, while R~ is an open subset; thus Rt and R~ are clopen subsets,
i.e., both closed and open. For G < GL,(R),

detg! R* = G ndet™ GL,(R),

and also
G =detg' R* Udet;' R™.

Hence G is a digjoint union of the clopen subsets
Gt =detg' R, G~ =detg'R".

Since I, € G+ = detg! R, the component G* is never empty. Indeed, G+ is a
closed subgroup of G, hence it is a matrix subgroup of GL,(R). When G~ # @,
the space G is not connected since it is the union of two disjoint open subsets.
When G~ = @, G = G* may or may not be connected.

1.5 Some Important Examples

We now discuss some important examples of real and complex matrix groups.
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Groups of Upper Triangular Matrices

For n 2 1, an n X n matrix A = [a;;} is upper triangular if it has the form

-011 a2 Gin l
0 an Q2n
0 0
: : - 0 Gpno1n-1 Gnoan
i 0 o --- 0 0 Gnn |

i.e, a;; = 0if i < j. A matrix is unipotent if it is upper triangular and also
has all diagonal entries equal to 1, i.e., a;; =0 if i < j and a;; = 1.
The upper triangular subgroup or Borel subgroup of GL, (k) is

UTn(k) = {A € GL,(k) : A is upper triangular},
while the unipotent subgroup of GL, (k) is
SUTn(k) = {A € GL,(k) : A is unipotent}.

It is easy to verify that UT, (k) and SUT,,(k) are closed subgroups of GL, (k).
Notice also that SUT, (k) < UTn (k) and is a closed subgroup.
For the case

SUT,(K) = {[; :] € GLy(k) : t € k} < CLy(K),

the function
0: k — SUT2(k); 6(t) = [(1) ;] ,

is a continuous group homomorphism which is an isomorphism with continuous
inverse. This allows us to view k as a matrix group.

Affine Groups

The n-dimensional affine group over k is

Aff,(K) = { l‘g ;] : A € GLo(K), t € k"} < GLp1 (K).
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This is clearly a closed subgroup of GL,4;(k). If we identify x € k™ with

[’1‘] € k™*1, then as a consequence of the formula

A t]Ixi |Ax+t

[o B[
we obtain an action of Aff,(k) on k™. Transformations of k™ with the form
x — Ax+t with A invertible are called affine transformations and they preserve
lines, i.e., translates of 1-dimensional subspaces of the k-vector space k™. The
associated geometry is affine geometry and it has Aff,(k) as its symmetry
group. The vector space k" itself can be viewed as the translation subgroup of
Aff,(k),

Trans,(k) = {[’6' :] te k"} < Af,(K),

and this is a closed subgroup. There is also the closed subgroup

{[ﬁ (1)] ‘A€ GL,.(I:)} < Affn (k)

which we will identify with GL, (k). The following is a standard notion in group
theory.

Definition 1.36

Let G be a group with H < G and N aG. Then G is the semi-direct product of
H and N if G = HN and HN N = {1}; this is often denoted by G = H x N
orG=NxH.

When G = H x N, there is a group isomorphism g: G/N — H as well as
the inclusion homomorphism j: H — G and these satisfy go j = Idy. Notice
that H acts on N by conjugation since N is normal in G. The simplest kind of
semi-direct product is the direct product H x N, where the conjugation action
of H on N is trivial.

Proposition 1.37

Trans, (k) is a normal subgroup of Aff,(k) and Aff,(k) can be expressed as
the semi-direct product of Trans,(k) and GL,(k),

Affn(k) = GLn(k) x Trans, (k) = {AT : A € GL,(k), T € Trans,(k)},
with Trans, (k) N GLn(k) = {Zn41}-
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Proof
To see that Trans, (k) < Aff,(k), notice that if
A O It
4 Y eonm, [ emmmm.
then

EIE 98

which is in Trans, (k). The equality
T&'&H.Sn(k) N GLn(k) = {In+l}

follows from the fact that non-trivial translations do not fix 0 while all elements
of GLn(k) do. 0

[‘IS e ]

Orthogonal and Isometry Groups

For n 2 1, an n x n real matrix A for which ATA = I,, is called an orthogonal
matriz; here AT is the transpose of A = [ay;], whose entries are given by

(AT)ij = aji.

Such an orthogonal matrix has an inverse, namely A7, and the product of two
orthogonal matrices A, B is orthogonal since

(AB)T(AB) = BTATAB = BI,BT = BBT =1,.
Notice also that I, € O(n). So the subset
O(n) = {A € GL,(R) : ATA = I,} C M,.(R)
is a subgroup of GL,(R) and is called the n x n (real) orthogonal group. The
single matrix equation AT A = [, is equivalent to the n? equations
n

Zak.-ag,- = 055 (1.3)

k=1
for the n? real numbers a;;, where the Kronecker symbol &;; is defined by

1 ifi=j,
dij =
0 ifis#j.
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This means that O(n) is a closed subset of M,,(R) and so is a matrix subgroup
of GL,(R).

Consider the determinant function restricted to O(n), det: O(n) — RX.
For A € O(n),

(det A)2 = det AT det A = det(ATA) =det], =1,
which implies that det A = 1. Thus we have
O(n) = O(n)* UO(n)~,
where )
On)* ={A€O(n):detA=1}, O(n)~ ={A€O0O(n):det A= —1)}.

Notice that
Oo(n)*NnO(n)" =g,

80 O(n) is the disjoint union of the subsets O(n)* and O(n)~. The important
subgroup
SO(n) = O(n)* < O(n)

is the n x n special orthogonal group.

One of the main reasons for the study of the orthogonal groups O(n) and
SO(n) is their relationship with isometries, where an isometry of R" is a
distance-preserving bijection f: R® — R", i.e.,

If(x) - f) =Ix-yl (x,y €R").

If such an isometry fixes the origin 0 then it is actually a linear transformation,
often referred to as a linear isometry, and so with respect to the standard basis
it corresponds to a matrix A € GL,(R). Here is a more precise statement.

Proposition 1.38

If A € GL,(R), then the following conditions are equivalent.
e A is a linear isometry.

e Ax - Ay = x -y for all vectors x,y € R".

o ATA=1,, i.e., A is orthogonal.
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Proof

If A is a linear isometry then for every v € R", |Av| = |v|. Now for every pair
of vectors x,y € R"?,

|A(x - y)I? = (Ax — Ay) - (Ax - Ay)
= |Ax|? + |Ay}® — 24x - Ay
= x| + |y]* — 24x - Ay,

and similarly,

|A(x - ¥)I? = Ix - y|?
=(x-y)-(x-y)
=Ix)* + |yl - 2x - y.

Hence,
Ax-Ay =x-y.

For u,v € R®, u-v = u”v and (Au)- (Av) = u? AT Av. Fori,j =1,...,n,
el AT Ae; = (i, j) entry of ATA

and efe; = §;;. Thus ATA =1I,.
Finally, if ATA = I,, then for each w € R",

|Aw|? = (Aw) - (Aw)
= wl AT Aw
=wlw
= |wl?,

showing that A is a linear isometry. a
Elements of SO(n) are often called direct isometries or rotations, while

elements of O(n)~ are sometimes called indirect isometries. We can also define
the full isometry group of R,

Isom,(R) = {f: R® — R" : f is an isometry},
which clearly contains the subgroup of translations. In fact,
Isomn(m) < Aﬁn(m)

and is actually a closed subgroup, hence is a matrix subgroup. There is also a
semi-direct product decomposition

Isoma(R) = {[‘3 :] :A€On), te an}.
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Proposition 1.39

Trans,(R) is a normal subgroup of Isom,(R) and Isom,(R) can be expressed
as the semi-direct product of Trans,(R) and O(n),

Isom,(R) = O(n)  Trans.(R) = {AT : A € O(n), T € Trans,(R)},
with Trans, (R) NO(n) = {Ins1}.

Proof
This is proved in a similar fashion to Proposition 1.37. O

For later use, we record some important ideas about elements of O(n). First
we recall that a subspace H C R" of dimension dimH = (n — 1) is called a
hyperplane in R™. Associated with such a hyperplane is a linear transformation
05 : R® — R" called reflection in the hyperplane H. To define 8y, observe
that every element x € R™ can be uniquely expressed as x = xg + xp with
xy € H and y - xj; =0 for every y € H. Then

O: R* — R"; O0y(x) =xg — xy. (1.4)

Lemma 1.40

For a hyperplane H C R", the hyperplane reflection in H is in an indirect
isometry of R", 8y € O(n).

Proof

This is proved by observing that on choosing an orthonormal basis for H and
adjoining a unit vector orthogonal to H, the matrix of 8y with respect to this
basis has the block form

In O(n—l)xl] :
= diag(l,...,1,-1),
le(n-l) -1 ag( )

\

which clearly has determinant —1. O

We will refer to an element of O(n) as a hyperplane reflection if it represents

a hyperplane reflection with respect to the standard basis of R™, hence it has
the form

Pdiag(1,...,1,-1)PT
for some P € O(n).



24 Matrix Groups: An Introduction to Lie Group Theory

Proposition 1.41

Every element A € O(n) is a product of hyperplane reflections. The number of
these is even if A € SO(n) and odd if A € O(n)~.

Proof

We sketch a direct proof, noting that the result also follows from the Principal
Axis Theorem 10.13.

We proceed by induction on n. Whenn =1, A = +1 and as 1 = (=1)3, the
result is true. Now assume that it holds for all B € O(k) with k < n. Suppose
that A € O(n).

If +£1 is an eigenvalue of A with corresponding unit eigenvector u, then
taking

H={veR":v-u=0},

we find that for v € H,
(Av)-u=v-ATu=2v-u=0,
where we have used the fact that
ATu=A"'u=+u.

Using an orthonormal basis for H extended by u we see that

An O(n-
A=P [ n (n l)xl] PT
O1x(n-1) +1

for some P € O(n) and A,,—; € O(n - 1). By induction, A,_; is a product of
hyperplane reflections and so also is A.

We must still consider the case where all the eigenvalues of A have the form
et with 0 < a < =. Given a unit eigenvector v € C" for the eigenvalue
€™, ¥V is a unit eigenvector for the eigenvalue e~2¢. With respect to the usual
hermitian inner product on C", v and ¥ are orthogonal. Then

v'=L2(v+V), v":L(v—'\T)

V2 v2

are real, orthogonal unit vectors which also satisfy the equations
Av' =cosaVv' +sinav’, Av" = —sinav’ +cosav”’.
Consider the subspace

H={weR*:w-vV =0=w-v"} CR".
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An orthonormal basis of H' can be extended to one for R® by adding v/, v”.
Then with respect to this basis, the matrix of the linear transformation A has

the form
[ An-a 0(n—2)x2
O2x(n-2) HRa(a)

where

An2€0(n-2), Ry(a)= [g;‘:z —:Jr;z

] € SO(2).

So for some Q € O(n),

- o)
A= n~2 (n—2)x2] T
@ [oax(,._z, Ra(a) | @

By the inductive assumption, A,_3 is a product of hyperpiane reflections in
R"-2, so it only remains to show that the matrix R;(a) is a product of hyper-
plane reflections in R?. By direct calculation we obtain

sina
Ra(a) = sina —cos a] [ - 1]

where the first factor represents reflection in the line
cos{a/2)y = sin(a/2) z

and the second represents reflection in the z-axis, y = 0.
The other statements follow from the fact that a hyperplane reflection is an
indirect isometry. O

Generalised Orthogonal Groups

A more general situation is associated with an n x n real symmetric matrix Q.
Then there is an analogue of the orthogonal group,

Og = {A € GL,(R) : ATQA = Q).

It is easy to see that this is a closed subgroup of GL,(R), i.e., a matrix group.
Moreover, if det Q # 0, then for A € Og we have det A = +1. We can also
define

Of =det™'R*, Oz =det™' R"

and can write Oq as a disjoint union of clopen subsets Og = 04 UOg where
0F, is a subgroup.
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An important example of this occurs in relativity where n = 4 and

100 O
o010 o
Q"001 o’

0 00 -1

The Lorentz group Lor is the closed subgroup of O NSLy(R) which preserves
each of the two connected components of the hyperboloid

z¥+z§+z§—zf=-1-

We will study this example in greater detail in Chapter 6.

Symplectic Groups

Symplectic geometry has become an actively studied mathematical topic and
is the geometry associated with Hamiltonian Mechanics and therefore with
Quantum Mechanics; it is also important as an area of differential geometry
and in the study of 4-dimensional manifolds. Symplectic groups are the natural
symmetry groups for such geometries. We will discuss the related notion of a
symplectic form in Section 8.8.

Similar considerations to those in the last section apply to an n x n real
skew symmetric matrix S, i.e., one for which ST = —S. For such a matrix,

det ST = det(—S) = (-1)"det S,
giving
detS = (—1)"detS. (1.5)

The most interesting case occurs if det S # 0 when n must be even and we then
write n = 2m. The standard example of this is built up using the 2 x 2 block

01
-2
If m > 1 we have the non-degenerate skew symmetric matrix
J O --- 0O
O, J ... O
J2m = . .
O, O; ... J

The matrix group

Symp, ., (R) = {A € GLan(R) : AT L, A = Jorm} € GLan (R),
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is called the 2m x 2m (real) symplectic group.
There is an alternative version of the symplectic group defined using the
skew symmetric matrix

r Om I,
J2m - [ _In Om]

in place of Jom. For the precise relationship see the discussion preceding Corol-
lary 8.25. Then we define

Symp?,,,(R) = {A € GLzm(R) : ATJ;, A= J;,.} < GLam(R).

There is a simple relationship between Symp:, (R) and Symp,,,(R), see the
discussion at the end of Section 8.8 for further explanation.

Proposition 1.42
Let P € GLzn (R) be any matrix for which J},, = PT Jn P. Then

Symp},..(R) = P~! Symp,m(R)P = {P~ AP : A € Symp,,,(R)}.

Remark 1.43
It is straightforward to see that
Symp, (R) = Symp; (R) = SL2(R),
but in general
Sympym (R) # SLam(R), Symp,,(R) # SLam(R).

It is also easy to show that det A = £1 if A € Symp,,.(R) or A € Symp;,,,(R).
In fact the methods of Chapters 8 and 9 can be used to prove that det A = 1,
so

Symp,,,,(R) < SLzm(R), Sympg,,(R) < SLom(R).

Unitary Groups
For A = [aij) € M, (C),
A® = (AT = (A7),

is the hermitian conjugate of A, i.e., (A*)i; = @j;. The n x n unitary group is
the subgroup

U(n) = {A € GL.(C) : A°A = I} < GL,(C).



28 Matrix Groups: An Introduction to Lie Group Theory

Again the unitary condition amounts to n? equations for the n? complex num-
bers a;; (compare Equation (1.3)),

n
Zakiakj = ;. (1.6)
k=1
By taking real and imaginary parts, these equations actually give 2n? bilinear
equations in the 2n? real and imaginary parts of the g;;, although there is some
redundancy.
The n x n special unitary group is

SU(n) = {A € GL(C) : A*A =1 and det A = 1} < U(n).

Again we can specify that a matrix is special unitary by requiring that its
entries satisfy the (n2 + 1) equations

n
ariaxj = 0i; (1 <14,7 <n),
?;1 v (1.7)

detA=1.

Of course, det A is a polynomial in the entries a;;. Notice that SU(n) is a
normal subgroup of U(n), SU(n) «U(n).
The dot product on R" can be extended to C™ by setting

n
X y=x'y =Y Zg,
k=1

1 hn
wherex = | : | andy = | : |. Note that - is not C-linear but for u,v € C it

Ty n
satisfies

(ux) - (vy) = Bv(x - y).
This dot product allows us to define the length of a complex vector by

Ix] = vx-x

since x - X is 8 non-negative real number which is zero only when x = 0. Then
a matrix A € M,(C) is unitary if and only if

Ax-Ay=x-y (x,y €C").
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1.6 Complex Matrices as Real Matrices

Recall that the complex numbers can be viewed as a 2-dimensional real vector
space, with basis 1,i for example. Similarly, every n x n complex matrix Z =
[2i5} can also be viewed as a 2n x 2n real matrix using one of the following
constructions.

We identify each complex number z = z + yi with a 2 x 2 real matrix by
defining a function

p: C— M2(R); p(z +yi) = [‘; ;”] :
This can also be expressed as

plz +yi) =zl —yJ

where J = [_(1) (1)] was introduced in Section 1.5. Then p is an injective ring

homomorphism, so we can view C as a subring of M2(R) by identifying C with
its image under p,

oC = {[‘; 3] € My(R):d=a, c= —b}.
Notice that complex conjugation corresponds to transposition since

p(2) = p(2)". (1.8)

We will describe two different ways to extend this to a function M,(C) —
Mz, (R). For Z = [2,,] € M, (C) with 2., = z,4 + yr,i, We can write

Z = [Tre] +i[yrd]

where X = [z,,] and Y = [y,,] are n x n real matrices.
First we define the function

pn: Mp(C) — Mz, (R)

for which p,(Z) is the n x n matrix of 2 x 2 real blocks with p(z,,) as the one
in the (r, s) place,

p(z11) p(z12) - p(z21n)]

pn(Z) = plzn)

L.P(z.nl) B T P(z.nn).
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Then p,, is an injective ring homomorphism which is also continuous. In the
notation of Section 1.5, this gives

pn(iIn) - -Jzn.
More generally, for n x n real matrices X,Y,
pn(X + 1Y) = pu(X) = J2npn(Y) J2n,

where p,(X) and pa(Y) are 2n x 2n real matrices consisting of 2 x 2 scalar
blOCks zr.Iz md yr.lz.
Our second function is

X -Y

s Mal©) — Man®i bX+1) = [§ ] oy emam,

which is an injective ring homomorphism. g, is easily seen to be continuous.
Using the matrix J3,, of Section 1.5, we have the following identities for X,Y €
M,(R) and Z € M, (C):

(J;ﬂ.)2 = —Iaq,

(Jan)T = - ;ns
px+id) =2 O"] [Y O"] I,

pn(Z) = ph(2)".

The images of p, and pl,, pn GLA(C) < GL3n(R) and g}, GLa(C) <
GL2n(R), are clearly closed subgroups of GLg,.(lR), 0 any matnx subgroup
G < GL;(C) can be viewed as a matrix subgroup of GL2,(R) by identifying
it with either of its images p,G or p!,G. It is sometimes useful to characterise
pn GL,(C) and p, GL,(C) as in the following result.

Proposition 1.44

We have
P Mn(C) = {A € Mgp(R) : Adap = JanA}, (1.9a)
pnGLA(C) = {A € GLzn(R) : AJan = J2nA}, (1.9b)

and
PnMn(C) = {A € Mz, (R) : ATz, = J3,4), (1.9¢)

P GLA(C) = {A € GLan(R) : AJS, = J3, A). (1.94)
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Proof
We give the proof of the second pair of equations, the first pair being similar.
Writing
Ay Al2]
A=
[Azx Az

for some n x n matrices A,,, we see that AJ;, = J;, A if and only if

[Au -Au] _ [—Azx -Azz]
Ay —Ay An A’

from which we obtain

_ A -4z /
A - [Aﬂ All ] € pnMﬂ(C)v

giving the result. 0

1.7 Continuous Homomorphisms of Matrix
Groups

In studying groups, the notion of a homomorphism of groups plays a central
role. For matrix groups we need to be careful about topological properties as
well as the algebraic ones.

Definition 1.45

Let G,H be two matrix groups. A group homomorphism ¢: G — H is a
continuous homomorphism of matrix groups if it is continuous and its image
wG < H is a closed subspace of H.

Example 1.46
The function

o sUTs@® — u; o[ 1)) =l

is a continuous surjective group homomorphism, so it is a continuous homo-
morphism of matrix groups.
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To see why the closure condition on the image in the above definition is
desirable, consider the following example.

Example 1.47
Let

={[(1) '1‘] eSUT,(R);nez}.

Then G is a closed subgroup of SUT, (R), so it is a matrix group.
For any irrational number r € R — @, the function

0: G — U(1); ¢([(1) ]) [e2*rn]

is a continuous group homomorphism. But its image is a dense proper subset
of U(1). So ¢ is not a continuous homomorphism of matrix groups.

The point of this example is that ¢G has limit points in U(1) which are not
in G, whereas G is discrete as a subspace of SUT2(R).

Whenever we have a homomorphism of matrix groups ¢: G — H which
is a homeomorphism (i.e., a bijection with continuous inverse) we say that ¢ is
a continuous isomorphism of matriz groups and regard G and H as essentially
identical as matrix groups.

Proposition 1.48

Let ¢: G — H be a continuous homomorphism of matrix groups. Then
kerp < G is a closed subgroup, hence ker ¢ is a matrix group. The quotient
group G/ ker ¢ can be identified with the matrix group ¢G by the usual quo-
tient isomorphism @: G/ kerp — ¢G.

Proof

Since ¢ is continuous, whenever it makes sense in G we have
im ¢(An) = ¢ lim A,),
n—+00 n—00

which implies that a limit of elements of ker ¢ in G is also in ker p. So ker g is
a closed subset of G. By Proposition 1.31, ker ¢ < G is a matrix group. O
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Remark 1.49

G/ ker ¢ has a natural guotient topology discussed in Section 8.1; this is not
obviously a metric topology. Then @ is always a homoeomorphism.

Remark 1.50

Not every closed normal matrix subgroup N 4 G of a matrix group G gives
rise to a matrix group G/N; there are examples for which G/N is a Lie group
but not a matrix group. This is one of the most important differences between
matrix groups and Lie groups and we will see later that every matrix group
is a Lie group. One consequence is that certain important matrix groups have
quotients which are not matrix groups and therefore have no faithful finite
dimensional representations; such groups occur readily in Quantum Physics,
where their infinite dimensional representations play an important réle.

1.8 Matrix Groups for Normed Vector Spaces

Our approach to matrix groups has been in terms of R" and C", naturally
relying on coordinates and the standard notion of distance on these vector
spaces. It is often desirable to generalise this to arbitrary finite dimensional real
or complex vector spaces and also to allow a more general notion of distance
defined in terms of a norm. From now on we assume that k =R or C.

Definition 1.51

Let V be a finite dimensional k-vector space with a function v: V — R*.
Then v is called a k-norm on V if it satisfies the conditions
i) v(tv) = |tjv(v) fort ek, v e V;
il) v(vy + v7) < v(n1) + v(v2) for vy,v2 € V;
iii) for v € V, v(v) = 0 if and only if v = 0.
We denote such a normed vector space by writing (V,v).

There are many examples of such norms on k™ apart from the standard one.
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Example 1.52
Consider the function
)
T3
| h: k* — RY; x| = max{|z;|:i=1,2,...,n}, x=
In

Then | | is a k-norm on k™.

Given a finite dimensional normed k-vector space V, there is a metric p,

on V defined by
pv(z,y) = v(z - y).

We can use the associated topology to define continuous functions between V
and any other topological space, including other metric spaces. We will regard
a normed vector space as a metric space in this way.

The next result is standard and depends on the fact that R and C are
complete metric spaces.

Theorem 1.53

Let (U, ) and (V,») be two finite dimensional normed k-vector spaces of the
same dimension. Then any linear isomorphism ¢: U — V is continuous with
continuous inverse, i.e., a homeomorphism.

Corollary 1.54

If 4 and v are two k-norms on a finite dimensional k-vector space, then they
give rise to the same topology.

Proof

The identity function Idy: V — V is a linear isomorphism, which must be
continuous. This implies that every open set in the topology of » is open in
the topology of u. Similarly, every open set in the topology of u is open in the
topology of v. a

Given a finite dimensional normed k-vector space (V,v) and a linear trans-
formation a: V' — V, we define the operator norm of a with respect to v
by

lally = sup{v(a(z)) : z € V, »(z) = 1}.
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If we denote by Endx (V) the set of all linear transformations V — V/, this de-
fines a k-norm on End, (V) in the sense of Proposition 1.5. This makes End, (V)
into a finite dimensional normed k-vector space with associated topology.

Proposition 1.55

If 4 and v are two norms on finite dimensional k-vector space V, then the
topologies associated to (Endx(V), || l,) and (Endx(V), || ||,) are the same.

Proof
Apply Theorem 1.53. a

Inside of Endx (V') we have the group of linear isomorphisms, i.e., invertible
linear transformations, GLx(V) C Endi(V), the general linear group of the
k-vector space V. If v is a norm on V, GLx(V) inherits the metric and is an
open subset of Endx (V). The following is straightforward to verify.

Proposition 1.56

Let (U, 1) and (V,v) be two finite dimensional normed k-vector spaces of the
same dimension. If ¢: U — V is a linear isomorphism, then it induces a
continuous group isomorphism with continuous inverse,

@e: GLa(U) — GLi(V); @e(a) =gpoace™.

Recall that for V = k™ we can identify End, (V) with M, (k) and GLx(V)
with GL,, (k). More generally, given a finite basis for V, there is an associated k-
linear isomorphism V 2 k" for some n, a ring isomorphism Endg(V) & M, (k)
and a group isomorphism GLg(V) 2 GL, (k).

Theorem 1.57

Let (V,v) be a finite dimensional normed k-vector space (V,v) of dimen-
sion dimyV = n and let ¢: V — k" be a linear isomorphism. Then
¢@s: GLx(V) — GL, (k) is a continuous group isomorphism with continuous
inverse. Hence GLx(V) is a matrix group.

This result shows that although we could have set up a theory of matrix
groups based on finite dimensional normed vector spaces (V, v), defining matrix
groups to be closed subgroups of GLx(V), we would have obtained an essen-
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tially equivalent theory to the one we have described. The extra flexibility is
sometimes useful and many accounts are based on it.

We end this section with some useful observations about a finite dimensional
normed k-vector space (V,v) and a k-vector subspace W C V.

Proposition 1.58
Let v € V. Then there is a vector wg € W for which

v(wo —v) = inf{y(w - v) : we W}.

Proof
Since 0 € W, if we set

Aw = inf{v(w—v): w e W},
then 0 € Aw < v(v). Now consider the set
S={weW:v(w) <2}

This is a closed and bounded subset of the normed vector space (W, ) so is
compact. By Corollary 1.23, the continuous functicn

[:S—R f(w)=y(w-vV)

has values bounded below by 0 and attains its infinum. O

Proposition 1.59
The subset W C V is closed.

Proof
If v ¢ W, then Aw > 0 since otherwise
0=2Aw =v(wo - v),

which can only happen if wo = v. So the opendisc Ny(v; Aw) has trivial
intersection with W,
Ny(v;idw)NW = 2.

So the complement of W in V is open, hence W isclosed. O



1. Real and Complex Matrix Groups 37

1.9 Continuous Group Actions

In ordinary group theory, the notion of a group action is fundamental. Suitably
formulated, it amounts to the following. An action pu of a group G on a set X
is a function u: G x X — X for which we usually write u(g, ) = gz if there
is no danger of ambiguity, satisfying the following conditions for all g,h € G
and z € X and with ¢ being the identity element of G:

o (gh)x = g(hz), i.e., u(gh,z) = u(g, u(h, z));
[ A o

There are two important notions associated to such an action.
For z € X, the stabiliser of z is

Stabg(z) = {9€eG:92 =2} CG,
while the orbit of z is

Orbg(z) = {9z € X : g € G} C X.

Theorem 1.60

Let G act on X.

i) For z € X, Stabg(z) < G, i.e., Stabg(z) is a subgroup of G.
ii) For z,y € X, y € Orbg(z) if and only if Orbg(y) = Orbg(z).
For z € X, there is a bijection

¢: G/ Stabg(z) — Orbg(z); (g) = 9.
Furthermore, this is G-equivariant in the sense that for all g,h € G,
¢((hg) Stabg(z)) = hy(g Stabg(z)).
iii) If y € Orbg(z), then for any t € G with y = tz,

Stabg(y) = tStabg(z)t™!.

For a topological group there is a notion of continuous group action on a
topological space.

Definition 1.61

Let G be a topological group and X be a topological space. Then a group action
p: G x X — X is a continuous group action if the function u is continuous.
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In this definition, G X X has the product topology which is obtained from
a suitable metric when G and X are metric spaces.

If X is Hausdorff (in particular if it is a metric space) then any one-element
subset {z} C X is closed and the stabiliser of z, Stabg(z) < G, is a closed
subgroup. This provides a useful source of closed subgroups.

For us, the most important type of action for matrix groups arises when
a matrix group G has a continuous homomorphism ¢: G — GLx(V) where
(V,v) is a k-norm on the finite dimensional k-vector space V. Then the associ-
ated action

po:GxV —V; u,(g,v) =w(g)(v)

is continuous. It is worth remarking that by Proposition 1.59, any vector sub-
space W C V is closed, so the stabiliser

Stabg(W) = {9 € G: p(g)W =W} <G
is a closed subgroup, as is

[) Stabg(w) <G.
wew

See the exercises at the end of this chapter for more on this.

Definition 1.62

If o: G — GLg(V) is a continuous group homomorphism, then the associated
action u,, is called a (continuous) linear action or representation of G on V.

By choosing a basis for V' and applying the ideas discussed at the end of
Section 1.8 and Theorem 1.57, we may as well assume that V' = k™. Then a
continuous action is essentially the same thing as a continuous group homo-
morphism G — GLn (k).

Here is an example that illustrates how ubiquitous this idea is. Recall that
for indeterminates z,,...,zx, a polynomial f(zi,...,zx) € k{z1,...,zx) is
homogeneous of degree n if f(z,,...,Zx) is a linear combination of monomials
zt - - -z* with degree

Nn+---+r=n

We write k[zy,. .., Zx]n for the subset of all elements of k[z;, . . ., £x) homogen-
eous of degree n. It is easy to see that with addition and scalar multiplication
k[z:,...,zx) is a k-vector space and k[z;, ..., 2] is a finite dimensional sub-
space with a basis consisting of all monomials of degree n.
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Example 1.63

For indeterminates z,y, let V,, = k[z,y), with dim; V,, = (n + 1). There is a
k-linear action GLa(k) — GLx(V;,) given by

0 o 1@ = fes v b+ i

On a monomial this yields

[a b] Y™ T = (az + cy)"(bz + dy)" "

n—r

-y 2 (:) (" i ’) (az)"(ey)"~* (b2) (dy)" "
32 (55 () (7)) sy

giving for example,

[Z Z] 22y = a?bz® + (a%d + 2abc)z?y + (2acd + c*b)zy® + 2dy’.
Taking the basis of monomials of degree n in the order

", 2"y, ..., oy ",

this can be interpreted as a homomorphism ¢, : GL3(k) — GLp41(k).

Of course, any matrix subgroup G < GLa(k) will also act on V;, by a
continuous linear action. When k = C, the representations of SU(2) on the V,,
are particularly important, see Sternberg [27)] for an illuminating discussion of
these representations and their applications.

EXERCISES

1.1. Determine the norm ||A]| for each of the following matrices A and
real numbers t,u,v € R.

u 0 u 1 —sint cosht sinht
0 vl |0 ul’ cost sinht cosht|’

What can be said when u,v € C?
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1.2

1.3.

1.4.

1.5.

1.6.

Suppose that A € M,,(C).
a) If B € U(n), show that ||BAB~!|| = ||A]||.
b) For a general element C € GL,(C), what can be said about

IcAC—!1?

[This problem expands on Remark 1.4 and requires knowledge of the
diagonalisation of hermitian matrices.] Let A € M,(C).
a) Show that

|A||I2 = sup{x*A*Ax : x € C*, |x| = 1}
= max{x"A*Ax:x € C", |x| = 1}.

b) Show that the eigenvalues of A* A are non-negative real numbers.
Deduce that if A € R is the largest eigenvalue of A* A then ||4|| = VA
and for any unit eigenvector v € C* of A*A for the eigenvalue A,
IlAll = [Av].

If {Ar}r>0 is a sequence of matrices A, € M, (k), prove the following
version of the ratio test.

———— < 1, the series Y% _ A, converges in M, (k).
roc0 A 2 =0 4 n(k)

: "Ar-l-l" . Lo : 3
b) Ifrl_l_’lgo A > 1, the series 3", A, diverges in M, (k).

¢) Develop other convergence tests for Yo Ar.

Suppose that A € M, (k) and ||A]| < 1.
a) Show that the series

- o]

YA =I+A+ A+ A+

r=0
converges in M, (k).
b) Show that (I — A} is invertible and find a formula for (I — 4)~1.
c) If A is nilpotent (i.e., A* = O for k large), determine (I — A4)~}
and exp(A).

a) Show that the set of all n x n real orthogonal matrices O(n) is
compact.

b) Show that the set of all n x n unitary matrices U(n) is compact.
c) Show that GL,(k) and SL,, (k) are not compact if n > 2.

d) Investigate which of the other matrix groups of Section 1.5 are
compact.
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17.

1.8.
1.9.

1.10.

1.11.

1.12.

1.13.

Recall that in a topological space X, the closure U of a subset U C X
is the smallest closed subset V C X for which U CV. Then U C X
is closed in X if and only if U = U. It is also useful to note that if
u € U, then every open set W containing u intersects U.

a) If G is a matrix group and H < G is a subgroup, show that the
closure H C G of H in G is also a subgroup.
b) Generalise (a) to an arbitrary topological group G.
c) Let

= {A € GL,(R) : det A € Q} < GL,(R).
Show that I not a closed subgroup of GL,(R) and find its closure T
in GL,(R).

Show that a compact subgroup G £ GL,(R) is a matrix group.

Let G be a compact matrix group and suppose that the matrix
subgroup H < G is discrete as a subspace of G, i.e., each singleton
subset {h} C H is open in H. Show that H is finite.

Using Example 1.35, verify each of the following for n > 1..
a) O(n) is a matrix subgroup of O(n + 1);

b) SO(n) is a matrix subgroup of SO(n + 1);

c) U(n) is a matrix subgroup of U(n + 1);

d) SU(n) is a matrix subgroup of SU(n + 1).

a) If A € Symp,,,,(R), prove that det A = +1.
b) Prove that Symp,(R) = SL(R).

Recall Section 1.6 and in particular Proposition 1.44. Verify the fol-
lowing sets of equalities:
pn U(n) = O(2n) N pp GL,(C)
= O(2n) N Symp,,(R)
= pn GLn(C) N Symp,,(R),
P\ U(n) = O(2n) N p,, GL,(C)
= 0(2n) N Symp;,,(R)
= ph GLA(C) N Symp;,(R),

Let (X1,0), (X2,p2) be two metric spaces. Consider the function
p: (X1 % X2) x (X1 x X2) — R*;
p((x1,22), (11,¥2)) = Ver(z1,m)? + p2(z2, 12)%
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1.14.

1.15.

a) Show that (X; x X3,p) is & metric space whose open sets are the

same as those of the product topology.

b) Show that a sequence {(1,r, Z3.r)}r30 converges (i.e., has a limit)
in X; x X if and only if the sequences {(Z1,r)}r20, {(Z2,r)}r30 con-
verge in X; and X respectively.

Let u: G x X — X be a continuous group action as in Defini-
tion 1.61 and assume that X is Hausdorff (for example a metric
space).

a) If z € X, show that the stabiliser

Stabg(z) = {9 € G : gz = z}

is a closed subgroup of G.
b) If W C X is a closed subset, show that

Stabg(W) ={g€ G:gW =W} <G, [ Stabg(w) <G,
weWw

are closed subgroups, where gW = {gw: w € W}.

Letk=RorC.
a) Making use of a suitable metric p on the product space M, (k) xk",
show that the product map

@: Mp(k) xk™ — k™; (A, x) = Ax,

is continuous.
b) Let G € GL,(k) be a matrix subgroup. By restricting the metric p
and product map ¢ of (a) to the subset G xk", consider the resulting
continuous group action of G on k". Show that the stabiliser of
x € k",

Stabg(x) = {4 € G : Ax = x},

is a matrix subgroup of G. More generally, if X C k" is a closed
subset, show that

Stabg(X) = {A € G : AX = X}

is a matrix subgroup of G, where AX = {Ax:x € X}.
c) For the standard basis vector e, € k™ and

X ={te,:te R} Ck",

determine Stabg(e,) and Stabg(.X) for each of the following matrix
subgroups G < GLn(R):  GL4(R), SLa(R), O(n), SO(n).
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1.16. Let n > 1. Consider the C-linear action of SU(2) on the (n + 1)-
dimensional complex vector space of V,, = C|z,y}n introduced in
Example 1.63. Let ¢, : SU(2) — GLy41(C) be the continuous ho-
momorphism obtained by working with matrices relative to the basis
of monomials in z and y ordered by increasing degree in z.

a) Determine ¢, explicitly for small values of n.

b) Determine the stabiliser of z" € V,,.

c) When n = 2, determine the stabiliser of zy € V5.
d) Show that

ker o, — {1} if n is odd,
¥n = {I,-1} if n is even.






2

Exponentials, Differential Equations and
One-parameter Subgroups

The matrix versions of the familiar real and complex exponential and logarithm
functions are fundamental for the study of many aspects of matrix group the-
ory, particularly the one-parameter subgroups. Indeed, the matriz ezponential
Junction provides the link between the Lie algebra of a matrix group and the
group itself. In the case of a compact connected matrix group, the exponential
is even surjective, allowing a parametrisation of such a group by a region in
R” for some n; see Chapter 10 for details. Just as in the theory of ordinary
differential equations, matrix exponential functions also play a central réle in
the theory of certain types of differential equations for matrix-valued functions
and these are important in many applications of Lie theory.

2.1 The Matrix Exponential and Logarithm

Throughout this section, we will assume that k = R or C. The power series

1 n (—l)n_l n
Exp(X) =) —X", Log(X)=} — —X"

n30 n31 n

have radii of convergence (r.o.c.) oo and 1 respectively. If z € C, the series
Exp(z), Log(z) converge absolutely whenever |z| < r.o.c..

45
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Let A € M, (k). The matrix-valued series
Exp(4) = ) _ ~ —A" =I+A+ =A%+ 2A%+

Sn 91 3|
(-1)n-1 1, 1,5 1

A _— —————— n: — — — — ‘ e s

Log(A) “221 ” A=A 2A +3A 4A +---,

converge whenever ||A]] < r.o.c.. So Exp(A) makes sense for every A € M,(k)
while Log(A) only exists if ||A|] < 1.

Proposition 2.1

Let A € M, (k).
i) For u,v € C, Exp((u + v)A) = Exp(uA) Exp(vA).
it) Exp(A) € GLA (k) and Exp(A)~! = Exp(—A).

Proof
(i) By expanding the first series we obtain

Exp((u + v)A) = Z —(u + v)"A"
n)O
= Z (u + v)n A An.
n20 n!
By a sequence of obvious manipulations that are justified since these series are
all absolutely convergent,

Exp(uA) Exp(vA) = (Z :—:A') (Z %:—A')
r30 20

) (z )

nz0 \r=0

-S4 (B ()

= ;o (u :;!v)" A"

= Exp((u + v)A).
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(ii) From part (i),

I = Exp(0) = Exp((1 + (1)) A) = Exp(4) Exp(-A),
so Exp(A) is invertible with inverse Exp(—A). (m]

Using these series we can define the matrix version of the ezponential func-

>
]

tion .

exp: Mn(k) — GLn(k); exp(4) = Exp(A).

Proposition 2.2
If A,B € M,,(k) commute then

exp(A + B) = exp(A) exp(B).

Proof -

Again we expand the series and perform a sequence of manipulations, all of
which are justified because these series are absolutely convergent. The result is

exp(4) xp(B) = (Z l,A) (zj 53)

r20

1 . (n
= Rl ATB"T
=4 (S(0)ee)
=Y 2 (a+By

n30
= Exp(A + B).

Of course the identity

i (:_‘) AB™" = (A+B)"

r=0

depends crucially on the fact that A and B commute. O
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We define the logarithm function by
log: Nm.a(f;1) — Ma(k); log(A) = Log(A - I).

Then for |A-Ili < 1,

~1\n-1
log(4) = 3~ S (4 -1y,

n
n2l

Proposition 2.3

The functions exp and log satisfy
i) if ||]A — I|| < 1, then exp(log(A4)) = A;
ii) if || exp(B) - I} < 1, then log(exp(B)) = B.

Proof

These results follow from the formal identities between power series

> (E 0T (x - 1)") =X,

m>20  \n2l

0 (5~ L m)
SO (5 ) -

n21 m21

which are proved by comparing coefficients. O

The functions exp and log are continuous and in fact infinitely differentiable
on their domains. By continuity of exp at O, there is a §;, > 0 such that

Num,w)(0;8) C exp™' Ngp, (15 1)
In fact we can actually take 8, = log2 since
expNm, ) (O;r) € Ny, (1" = 1).

Hence we have the following results.

Proposition 2.4

The exponential function exp is injective when restricted to the open subset
Num.x)(O;In2) C M, (k), hence it is locally a diffeomorphism at O with local
inverse log.
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It will sometimes be useful to have a formula for the derivative of exp at an
arbitrary A € M,,(k). When B € M,,(k) commutes with A,

d .1
Tihme exp(A +tB) = ll.l-% i (exp(A + hB) ~ exp(A))
= exp(A)B = Bexp(A). (2.1)
The general situation is more complicated.
For a variable X consider the series

_ | _exp(X) -1
FX) = g (k + l)!X* - X

which has infinite radius of convergence. If we have a linear operator & on
M,,(C) we can apply the convergent series of operators

—_ 1 k
F(q’)';(ku)!q’

to elements of M,(C). In particular we can consider
&(C) = AC -CA =2ad A(C),

where
a.dA.: M, (C) — M, (C); ad A(C) = AC -CA,

is viewed as a C-linear operator which acts on M,(C) by the adjoint action of
A. Then

1
F(ad 4)(C) = ) ——=(ad A)*(C).
; (k+1)!

Proposition 2.5
For A, B € M,,(C) we have

%| exp(A + tB) = F(ad A)(B) exp(4).

In particular, if A = O or more generally if AB = BA,

4 exp(A + tB) = Bexp(A).
di)eao
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Proof
We begin by observing that if D = %; and f(s) is a smooth function of tI
real variable s, then ,

POY..f6) = [ (o) de. (2

This holds since the Taylor expansion of a smooth function g satisfies

Y 55D*s(s) = gls +1) - g(),

r21
hence taking g(s) = [ f(s) d s to be an indefinite integral of f we obtain

Z N 1),D"f(s) g(s +1) — g(s).

Evaluating at s = 0 gives Equation (2.2).
The matrix-valued function

w(s) = exp(sA) B exp((1 — ) A)

satisfies

(8) = exp(sA) B exp(A) exp(~sA)
= exp(s ad A)(B exp(4))
= exp(s ad A)(B) exp(4),

since for m,n > 1,
(ad A)™(BA"™) = (ad A)™(B) A™.
So
1)k+1

k
F(D)(y(s)) = (Z (o4 Ty — ) (aa A)*) (B) exp(4)

k>0

giving

k20
= F(ad A)(B) exp(4),

F(D)(¥(8)),eo = (Z T 1),(adA)") (B) exp(A)

which is the desired formula.
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2.2 Calculating Exponentials and Jordan Form

Since exponentials of matrices occur throughout this subject matter, it is im-
portant to be able to calculate them. It is an easy exercise to show that for
A € My(C) and B € GL,(C),

exp(BAB~1) = Bexp(A)B~.

When A is diagonalisable, i.e., A = Cdiag(A1,..., \n)C ! for some C €
GLn(C), we have

exp(A) = C exp(diag(Ar, ..., An))C ™"
= C diag(e™,...,e*)C?, (2.3)

since
exp(diag(A1, ..., An)) = diag(e,...,e*).

This means that the problem of calculating the exponential of a diagonalisable
matrix is solved once an explicit diagonalisation is found. Many important
types of matrices are indeed diagonalisable, including (skew) symmetric, (skew)
hermitian, orthogonal, unitary and normal matrices. However, there are also
many non-diagonalisable matrices. The general situation is best discussed in
terms of the Jordan form, a good reference for which is Strang [28], although
many books on linear algebra contain accounts of this material. Similar results
hold over any algebraically closed field but we work over the field of complex
numbers C.

We start by recalling that for a matrix A € M,,(C), the characteristic poly-
nomial of A is the monic polynomial char4(X) € C[X] of degree n given by

charg (X) = det(X I, — A).
We will sometimes write
charg(X) = X™ + ca—1 (A) X" 4+ --- + a1 (A) X + ¢co(A),
where cx(A) € C. We recall the following important result.

Theorem 2.6 (Cayley-Hamilton Theorem)
A complex matrix A € M,,(C) satisfies its own characteristic polynomial, i.e.,

charg(A) = A™ + ca-1(A)A" ! + - - 4+ ¢1 (A)A + co(A) I, = Op..
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We also recall the minimal polynomial of A, mina(X) € C[X]. This is the
non-zero monic polynomial of minimal degree for which

ming(A) = O,.

This always exists and has the following property.

Proposition 2.7

If f(X) € C[X] satisfies f(A) = O, then mins(X) | f(X), i.e., there is a
9(X) € C[X] such that mina(X)g(X) = f(X).

Corollary 2.8
min 4(X) | char4(X), hence degmin(X) < n.
The complex roots of char4(X) are the eigenvalues of A, so every root of

min 4(X) is an eigenvalue of A. In fact the converse is also true. So if the distinct
eigenvalues of A are )\y,...,Aq and

chara(X) = (X = A )™ - (X = Ag)™
with m; 2 1, then
mina(X) = (X - ,\l)m'l (X - Ad)m;

where m; 2 mj 2 1.
For A € C and r > 1, we have the Jordan block matriz

A 1 0 - 0]
o )X 1 .- 0
Jor) =" o T T ] e Mp(C).
Do 0 X1
0 .-- 0 A

The characteristic polynomial of J(\,r) is
chary(y r)(X) = det(XI, — J(A\, 7)) = (X = )" (2.4a)
and by the Cayley -Hamilton Theorem 2.6,
(J(\r) - ML) = O,.

Notice that
(JOA 1) = AL) e, = e,



2. Exponentials, Differential Equations and One-parameter Subgroups 53

which implies that
(JA ) = AL) " £ 0,.

Hence we also have
minJ(,\,,.)(X) = (X - A)r. (24b)

The main result on Jordan form is the following.

Theorem 2.9

Let A € M,,(C). Then there is an invertible matrix P € GL,(C) for which
A = PJ(A)P~! and J(A) € M,(C) is the matrix having block form

J(A],f[) 0 O O

(0, J(A2,r o - 0

J(A) = . (.2 2) o |
(8 v SN O J(Am,rm)

This form is unique except for the order in which the Jordan blocks J(A;,r;)
occur.

Corollary 2.10
A is diagonalisable if and only if A = PJ(A)P~! where J(A) hasry = --- =

Tm = 1.

In this Jordan form for A, the A; are eigenvalues of A and in fact the
characteristic polynomial of A is

chara(X) = (X —A)™ -+ (X = Am)™. (2.5)

However the minimal polynomial is more complicated to specify. First notice
that in general the A; are not all distinct. For example, the matrix

(7) ‘7’ ‘1’ g J11) 0 0
A= =l o Jmn o

0070 0 0 JG.1)

000 5 '

has two Jordan blocks for the eigenvalue 7. In this case, the characteristic
polynomial is

charg(X) = (X - DY X - 7*(X -5) = (X - 7)*(X - 5),
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while the minimal polynomial is
mina(X) = (X = 7)*(X - 5).

Let us calculate the exponential of this matrix. We have

exp(J(7,1)) o 0
eXP(A)=[ o exp(J(7,2)) o ]

0 0 exp(J(5,1))
so it suffices to determine exp(J(7,2)). Since for k > 1

J(7,2)* = [7* k7"-1] ’

0 T*
we find

ep(J(1,2) =Y £I(7,2)*
k=0

=L+ Z k! [7‘: 7'*_1]

k=1
= diag(e”,e") + [ 2t 7"-1/ (k= 1)!]

=n+e ) o]

o
‘e[o 1]

So we have
e 0 0

0
0 € e 0
exp(d)=15 0 & o

[0 0 0 8

In the general case, for each eigenvalue ); «of A, the factor (X — Aj)"'; of
min4 (X) is determined by taking

m; = min{r; : i =.\;}. (2.6)
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2.3 Differential Equations in Matrices
Definition 2.11
A differentiable curve in M, (k) is a function

a: (a,b) — Mu(k)

for which the derivative o’(t) exists for each t € (a,b). Here a'(t) is defined as
an element of M, (k) by

v 1
a(t)-ll-rg(s—t)

(Q(S) - a(t)) ’
provided this limit exists.

Let A € M, (R). Let (a,b) C R be the open interval with endpoints a,b and
a < b; we will usually assume that a < 0 < b. We will use the notation

ad(t) = :ll_t a(t)

for the derivative of a.
Consider the first order differential equation

o' (t) = a(t)A, (2.7)

in which a: (a,b) — M, (R) is assumed to be a differentiable curve.

If n = 1 then taking A = a to be a non-zero real number we know that
the general solution is a(t) = ce®® where a(0) = c. Hence there is a unique
solution subject to this boundary condition, namely the function of ¢ given by

the power series
ca*
a(t) =) - ¢
k>0
This is indicative of the general case n > 1.

. Theorem 2.12

For A,C € M,(R) with A non-zero, and a < 0 < b, the differential equation
of (2.7) has a unique solution a: (a,b) — M,,(R) for which a(0) = C. Further-
more, if C is invertible then so is a(t) for t € (a,b), hence a: (a,b) — GLn(R).



56 Matrix Groups: An Introduction to Lie Group Theory

Proof

First we will solve the equation subject to the boundary condition a(0) = I.
By Section 2.1, for each t € (a,b), the series

1
FA" Y. E(M)k = exp(tA)
k>0 k>0

converges, so the function
a: (a,b) — M,(R); a(t) = exp(tA),

is defined and differentiable with

k-1
@)=Y (k‘ = exp(tA)A = Aexp(tA).

k>1
Hence a satisfies the above differential equation with boundary condition
a(0) = I. Notice also that whenever s,t,(s +t) € (a,b),

a(s + t) = a(s)a(t).

In particular, this shows that a(t) is always invertible with a(t)~! = a(-t).
One solution subject to a(0) = C is easily seen to be a(t) = Cexp(tA). If
B is a second such solution then ~(t) = A(t) exp(—tA) satisfies

7(#) = B'0) expl(~tA) + B(t) J; exp(~tA)

= f'(t) exp(—tA) — B(t) exp(-tA)A
= B(t)Aexp(~tA) — B(t) exp(-tA)A
= Q0.
Hence 7(t) is a constant function with y(t) = v(0) = C. Thus g(t} = C exp(tA),

and this is the unique solution subject to 8(0) = C. If C is invertible then so
is C exp(tA) for all t. O

2.4 One-parameter Subgroups in Matrix Groups

Let G € GL,(k) be a matrix group. Since G C M, (k), the next definition is an

obvious modification of Definition 2.11, in particular the derivative is defined
by

7(t) =

provided this limit exists.

.(s 5 (1(8) = 7(t) € Ma(K),
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Definition 2.13
A differentiable curve in G is a function +: (a,b) — G for which the derivative

~'(t) exists at each t € (a,d).

Since G C My (k) such a curve is also a curve in Mu(k). We will usually
assume that a < 0 < b when considering such curves.
Now suppose that € > 0 or € = o0.

Definition 2.14

A one-parameter semigroup in G is a continuous function v: (—¢,6) — G
which is differentiable at 0 and also satisfies

(s + 1) = A (®)

whenever s,t,(s +t) € (—¢,€). We will refer to the last condition as the homo-
morphism property.

If ¢ = oo then o: R — G is called a one-parameter group in G or one-
parameter subgroup of G.

Notice that for a one-parameter semigroup in G, y(0) = I.

Proposition 2.15

Let 4: (—e,6) — G be a one-parameter semigroup in G. Then for every
t € (~¢,¢€), v is differentiable at t and

7' (t) = 7' (0)x(t) = ¥(t)7'(0).

Proof
For small 4 € R,

Y(h)v(t) = v(h +t) = v(t + k) = y(t)y(h).
Hence
7(8) = lim =(y(¢ + b) — 7(2))
= lim 2(v(R) — D ()
= 7'(0)7(¢),
and similarly 9'(t) = ¥(t)~'(0). O



58 Matrix Groups: An Introduction to Lie Group Theory

Of course, part of the importance of this result is the implication that - is
a differentiable curve in G even though we only assumed it was continuous.

Proposition 2.16

Let v: (—€,€) — G be a one-parameter semigroup in G. Then there is a
unique extension to a one-parameter group 7: R — G in G, i.e., a function ¥
for which F(t) = (t) for all t € (~¢,¢€).

Proof

Let t € R. Then for a large enough natural number m, t/m € (—¢,¢),
hence y(t/m),y(t/m)™ € G. Similarly, for a second such natural number n,
(t/n),¥(t/n)" € G. Since mn 2> m and mn > n, we also have t/mn € (—¢,¢)
and therefore

Y(t/n)" = y(mt/mn)"
= y(t/mn)™"
= y(nt/mn)™
= q(t/m)™.

Thus y(t/n)" = y(t/m)™, which shows that we obtain a well-defined element
of G for every real number ¢t. This defines a function

T:R— G; F(t) =4(t/n)" for large n.

It is easy to see that ¥ is a one-parameter group in G. O

We can now determine the form of all one-parameter groups in G.

Theorem 2.17
Let 7: R — G be a one-parameter group in G. Then it has the form

¥(t) = exp(tA)
for some A € M, (k).

Proof
Let A = +/(0). By Proposition 2.15, - satisfies the differential equation
¥Y(t)y=A, ~+(0)=1I
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By Theorem 2.12, this equation has the unique solution y(t) = exp(t4). 0O

Remark 2.18

We cannot yet reverse this process and decide for which A € M, (k) the one-
parameter group
v: R — GLa(k); 7(t) = exp(tA)

actually takes values in G. The answer involves the Lie algebra of G which
will be defined in Chapter 3. Notice that we also have the curious phenomenon
that although the definition of a one-parameter group only involves first order
differentiability, the general form exp(tA) is always infinitely differentiable and
indeed analytic as a function of ¢. This is an important characteristic of much of
Lie theory, namely that conditions of first order differentiability (and sometimes
merely continuity) often lead to much stronger conclusions.

2.5 One-parameter Subgroups and Differential
Equations

In this section we show how ideas about one-parameter subgroups can be ap-
plied to solving differential equations. A good source for applications of linear
algebra is the book of Strang [28].

Consider the following differential equation for a function v: R — C"
which is assumed to be differentiable:

v'(t) = Av(t), v(0) = vo. (2.8)

Here A € M,,(C). In examples we will often find that solutions take values
in R®, however it is more convenient to work over C since eigenvalues and
eigenvectors are often involved in calculations.

If vo # 0, then we can look for a solution of the form

v(t) = aft)vo, (2.9)

where a: R — GL,,(k) is a one-parameter subgroup as discussed in Section 2.4
and satisfying
a'(t) = aft)A.

By Theorem 2.17, for t € R we have

a(t) = exp(tA),
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hence a solution of Equation (2.8) is
v(t) = exp(tA)vp. (2.10)

In fact, this is the unique solution.

Example 2.19

For a skew symmetric matrix § € M, (R) and non-zero vg € R, the differential

equation
v/(t) = Sv(t), v(0) = vo.

has a solution for which

lv(®)] =lvo| (t€ R).

Proof
By Equation (3.13), for all £ € R we have exp(tS) € SO(n), hence

[v(t)] = | exp(tS)v(0)| = |v(0)I.
Notice that since jv(t)|* = |v(0)]? is a constant,
2v(t) - v'(t) = v(t) - v'(t) + V'(t) - v(2)
= 00 Vo)
d
= al"(lf)l2
=0.

This shows that v/(t) is tangent to the sphere centred at the origin and of
radius |v(0)] at the point v(t). O

Here is an explicit example of this type.

Example 2.20
When n = 3 and

0O 10
S = —1 0 2 )
0 -2 0
the differential equation

v'(t) = Sv(t), v(0) = vo,
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has the solution

—v5sin V5t cos /5t 2+/5 sin /5t
2 -2cosv5t —-2v5siny5t 1+ 4cos 5t

v(t) =

ey et

[4+cos\/'5't V5siny/5t  2- 2cos\/'5't]
Vo.

Proof

One approach to computing exp(tS) involves determining the eigenvalues of
S and then diagonalising it over C; the details are left as an exercise for the
reader. We obtain the special orthogonal matrix

) 4+4cosvb5t  V5sinVBt 2 - 2cos Vbt
exp(tS)=-5- —v/5sin /5t cos /5t 2v/5sin /5t |,
2 —2cosv5t —2v5sinv5t 1 +4cosV5t

giving for the required solution

2+/5 sin /5t
1+ 4cos /5t

2 — 2 cos V5t
v(t) = [ ] .

) =

O

When the matrix A4 in Equation (2.8) is diagonalisable, this approach works
well, provided an explicit diagonalisation can actually be found. In particular,
symmetric, skew symmetric, hermitian and skew hermitian matrices are always
diagonalisable over C, as are matrices without multiple eigenvalues. For more
general matrices with multiple eigenvalues it may be necessary to use Jordan
forms as discussed in Section 2.2. This is illustrated in the next example.

Example 2.21
If we take
210
A= [0 2 0] , Vo#0,
0 0 2
then the differential equation

vi(t) = Av(t), v(0)=wo

ezt te2‘ 0
[0 e?t 0] Vo.

has solution

0 0 ¢
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Proof
This follows from Equation (3.6). Here we take

0t O
D = diag(2t,2t,2t), N=10 0 0},
0 00

and find that N2 = O. This gives
exp(tA) = I3 + Z —l—-(k + 1)N diag(2t, 2¢, 2t)*
& (k+1)! '

) .
= e2‘13 +N Z F dl&g(?t, 2t, 2t)k
k20

e2¢ te2t 0
=|0 e* 0] .
0 0 é

This gives the claimed solution. 0

Now suppose we have an equation of the form Equation (2.8). Write
v (t)
V(t) = ’
vn(t)

wherevy: R — C (k= 1,...,n). Since

r

d
(M) (g) =
viT(t) Ir

using the Cayley-Hamilton Theorem 2.6 we obtain

v(t) = A"v(t),

VD (E) + eamr (AWVED(E) + - +  (AIVD() + co(A)V(E) =0, (2.11a)

hence each of the coordinate functions v, satisfies the ordinary differential
equation

v () + cama (AW E) + - + 1 (AW () + co(A)ue(t) = 0. (2.11D)

Of course, there are also boundary conditions coming from the initial condition
v(0) = vo.
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Example 2.22

a
In Example 2.21, if v = [b] , then the coordinate functions of the solution

c
are

v1(t) = ae®* + bte?, vy(t) = be?, u3(t) = ce',
all of which satisfy the differential equations

oi(t) — 602 (¢) + 120{")(8) - Bu(t) =0 (k =1,2,3).

Of course the solution of a ordinary differential equation of form (2.11b)
subject to suitable boundary conditions should be familiar, the novel point
being the solution of an equivalent coupled system of first order differential
equations for the v, as a single vector differential equation solved using a one-
parameter subgroup in GL,(C).

The geometry underlying this can sometimes be indicated in a diagram,
at least in the case where everything is happening in R2. The phase portrait
shows at each point with coordinates (z,y) an arrow corresponding to the

vector A [ﬂ , while the solution through a point can also be plotted as a flow

line.

Example 2.23
The differential equation

-t

has solutions of the form

[:rg;] _ [e:)‘ 2te“l l I le Zo + 2te‘“yo
y

for arbitrary initial vectors [?] .
0

This follows from the fact that

4 2t 0 et  2tett
o ([§ &) =enren (2] of)=[7 W]

It is well known that the general solution of an ordinary differential equa-
tion of the form given in (2.11) is built up as a sum of polynomial functions
multiplied by exponential functions.
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EXERCISES

2.1. For t € R, determine each of the matrices

exp([ft oD ([t o]) ([ SD

2.2. Let k=R or C and 4 € M, (k).
a) Show that for B € GL,(k),

exp(BAB~!) = Bexp(A)B~!.

b) If D is diagonalisable with D = C diag(),;,...,An)C~! for some
C € GL,(k), show that

exp(D) = C diag(e™,...,e*)CL.

c) Use (b) to find the matrices

(% ). ()

23. Fork=R,Cand n 2 1, let N € M, (k).
a) If N is strictly upper triangular, show that exp(V) is unipotent.
b) Determine exp(N) when N is an upper triangular matrix with a
fixed number t in every entry on its main diagonal.

2.4. a) If S € M,(R) is skew symmetric, show that exp(S) is orthogonal,
i.e., exp(S)T = exp(S)~.
b) K S € M,,(C) is skew hermitian, show that exp(S) is unitary, i.e.,
exp(S)* = exp(S) 1.

2.5. a) Solve the differential equation
W S R P R B
y'(t) vy’ WO |2
by finding a solution of the form
z(t)] _ [ ]
t
o] =2
with a: R — GL2(R). Sketch the trajectory of this solution as
a curve in the zy-plane. Investigate what happens for other initial
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2.6.

2.7.

values z(0), y(0).
b) Repeat this with the equations

Fol =0 25l Gol- [l
ol =12 ol Bol Bol- Gl

If A € M,,(R) is skew symmetric, show that for a solution x: R —
R" of the differential equation

x'(t) = Ax(t),
|x(t)| is constant. In particular, if [x(0)| = 1 then for all ¢t € R,
x'(t) € Ty S™,

the tangent space to the unit sphere at x(t).

Le¢e k=RorC.

a) Let J(\,r) € M,(k) be a Jordan block matrix. Show that there
is a sequence of diagonalisable matrices {An}n3: With A, € M, (k)
and A, = J(A\,r) asn — oo. If A # 0, show that we can assume
that A4,, € GL,(k) for all n.

b) Deduce that every matrix A € M, (k) is a limit of diagonalisable
matrices in M, (k) and if A is invertible, show that it is a limit of
invertible diagonalisable matrices.






3

Tangent Spaces and Lie Algebras

In this chapter we show how to ‘linearise’ a matrix group G by considering its
tangent space at the identity, which has the algebraic structure of a Lie algebra;
the definition and basic properties of Lie algebra are introduced in Section 3.1.
Amazingly, the Lie algebra of G captures enough of the properties of G to act
as a more manageable substitute for many purposes, at least when G is simply
connected. The geometric aspects of this will be studied in Chapter 7 when we
investigate G as a Lie group.

3.1 Lie Algebras

In this section we collect together some basic concepts and results of the theory
of Lie algebras which will be required at various times. We make no attempt
at completeness, merely giving brief indications of how the algebraic theory
develops.

Definition 3.1

A k-Lie algebra or Lie algebra over k consists of a vector space a over a field
k, together with a k-bilinear map [, ]: a x a — a called the Lie bracket, such

67
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that for r,y,z € a,
[z, 4] = [y, ], (Skew symmetry)
[z, Iy, 2)) + [y, [z, 2]) + [2, [z, 4]} = O. (Jacobi identity)
Here k-bilinear means that for z),z2,z,y1,y2,¥ € a and 1y, 73,71, 81,82,8 €Kk,

[riz1 + raz2,y] = ri[z1,¥] + r2z2, ),
[z, 8131 + s232]) = s1[z, 1] + 82z, ¥2).

Example 3.2
Let k = R and a = R® and set

(x,¥y] =xxy,

the vector product or cross product of x and y. For the standard basis vectors
e;, ez, e3 we have the formula

[e1,€2] = —[ez,€1] = e,
[e2, €3] = —[e3, 2] = ¢, (3.1)
[e3te1] = _'(ehe3] =e;.
Then R? equipped with this bracket operation is an R-Lie algebra. As we will
see later, this is the Lie algebra of SO(3) and also of SU(2) in disguise.

Given two matrices 4, B € M,,(k), their commutator or Lie bracket is the

matrix
|A, B] = AB - BA.

This defines a k-bilinear function
[ . ]: Ma(k) x Ma(k) — Mn(k); (A, B)~ [A, B]
which is easily seen to satisfy the conditions of Definition 3.1.

Example 3.3
The k-vector space M, (k) with the commutator bracket [, ] is a k-Lie algebra.

Remark 3.4

Recall that A, B commute if AB = BA. Then [A, B} = O, if and only if A, B
commute. So the Lie algebra structure on M, (k) gives a measure of how pairs
of matrices fail to commute.
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For later use, in the remainder of this section we develop some of the basic
algebraic notions of Lie algebra theory. This material is analogous to the ba-
sic theory of groups or rings in that it introduces Lie subalgebras, Lie ideals,
homomorphisms, etc.

Definition 3.5

If a is a k-Lie algebra with bracket [ , ], then a k-subspace b C a is a k-Lie
subalgebra of a if it is closed under taking commutators of pairs of elements in
b, i.e., if whenever z,y € b then [z,y] € b; we write b < a.

Of course, a is a k-Lie subalgebra of itself, and {0} C a is also a Lie subal-
gebra.

A Lie algebra in which all brackets are trivial is called abelian.

Suppose that a C M,, (k) is a k-vector subspace. Recalling Definition 3.5, we
see that a is a k-Lie subalgebra of M,, (k) if it is closed under taking commutators
of pairs of elements in q, i.e., whenever A, B € q, then [A, B] € a.

Definition 3.6

If a is a k-Lie algebra with bracket [ , ], then a k-vector subspace n C a is a
Lie ideal of a if [2,z]) € n for all 2 € n and = € a; we then write naa. A Lie
ideal n < a is proper if n # a and it is non-trivial if n # {0}; the ideal {0} ¢ is
the trivial ideal.

Definition 3.7
Let a be a k-Lie algebra with bracket [, ].

e The centre of a is

z(a) ={z€a:Vz€aq, [2,z] =0}.

o The commutator or derived subalgebra a’ < a is the vector subspace spanned
by all the brackets [z,y] (z,y € a).

Proposition 3.8

z(a) and o are Lie ideals of g, i.e., 2(a) 9a and a’ < a.
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Proof
It is easy to see that z(a) is a vector subspace. For z € z(a)and z € a, [z,2]) =0
so z(a) < a.

For ', if ,y,2 € a then [z, [y, 2]] € &', s0 0’ <a. a

Here is a useful result about the derived subalgebra which is left as an
exercise.

Proposition 3.9

Let &: @ — b be a surjective homomorphism of k-Lie algebras. Then b is
abelian if and only if a’ C ker ®.

Definition 3.10
A k-Lie algebra a is simple if every proper ideal b aaq is trivial, i.e., b = {0}.

Definition 3.11
A k-Lie algebra a has trivial centre or is centreless if z(g) = {0}.

Definition 3.12

Let g, b be k-Lie algebras. A k-linear transformation ®: g —» b is a homomor-
phism of Lie algebras if for all z,y € g,

®([z,y]) = [2(2), 2(»)).

Such a homomorphism is an isomorphism of Lie algebras if it is also a k-linear
isomorphism.

For an ideal naa, the quotient vector space a/n inherits a bracket operation
defined by

[z+n,y+n]=[z,y)+n

for cosets z + n,y + n € a/n. This is easily seen to make a/n into a Lie algebra
so that the quotient linear transformation @ — a/n is a homomorphism of Lie
algebras. a/n is referred to as the quotient Lie algebra of a with respect to the
ideal n. The following result is easily verified.
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Proposition 3.13
Let ®: a — b be a homomorphism of k-Lie algebras. Then ker & oa and there
is an isomorphism of Lie algebras im ® 2 a/ ker &.

The notion of semi-direct product of Lie algebras in the next definition is
analogous to the group theoretic concept of Definition 1.36.

Definition 3.14

Let a be k-Lie algebra, b < a and naa. Then a is known as the semi-direct
product of b and n if bNn = {0} and a = b + n = {0} as k-vector spaces; we
then write a = b x n.

As in group theory, there is a notion of direct product of two Lie algebras a
and b. This is the vector space
axb={(z,y):x€a,yeb}
endowed with the bracket

[(zl yyl)! (1'2, y2)] = ([31323]1 [yls y2])-

This is a special case of the semi-direct product.
Finally, the following is a useful notation. For subspaces U,V < g of a k-Lie
algebra g, set

u.v]= {Zc,-[zj,yj] :cj€k, z; €U, y; €V} Co.
5

3.2 Curves, Tangent Spaces and Lie Algebras
Throughout this section, let G € GLn(k) be a matrix group.
- Definition 3.15

The tangent space toGat U € G is
Tv G = {7/(0) € Mn(K) : v a differentiable curve in G with y(0) = U}

Proposition 3.16
Ty G is a real vector subspace of Mn (k).



72 Matrix Groups: An Introduction to Lie Group Theory

Proof

Suppose that a, 3 are differentiable curves in G for which a(0) = 8(0) = U.

Then
4: domandomfB — G; 7(t) = a(t)UB(8),

is also a differentiable curve in G with 4(0) = U. The Product Rule gives
Y (@) =o' (OUB(t) + (U A'(2),
hence
7' (0) = &/ (0)U~' 8(0) + a(Q)U~£'(0) = o’(0) + £'(0),

which shows that Ty is closed under addition.

Similarly, if r € R and a is a differentiable curve in G with a(0) = U, then
n(t) = a(rt) defines another such curve. Since 1'(0) = ra'(0), we see that Ty G
is closed under real scalar multiplication. O

Definition 3.17

The dimension of the real matrix group G i8 dimG = dimg T;G. If G is
complex then its complez dimension is dim¢c G =dim¢ T;G.

We will use the notation g = T; G for this real vector subspace of M, (k).
In fact, g has the algebraic structure of a real Lie algebra as we now show.

Theorem 3.18

i) If G < GL,(k) ic a matrix subgroup, then g i3 an R-Lie subalgebra of M, (k).
ii) If G € GL(C) is a matrix subgroup and g is a C-subspace of M;(C), then
g is a C-Lie subalgebra.

Proof

(i) We will show that for two differentiable curves a and 8 in G which satisfy
a(0) = B(0) = I,, there is another such curve 4 with 4'(0) = [a'(0), 8'(0))-
Consider the function

F: doma xdomB — G; F(s,t) = a(s)B(t)a(s)™.

This is clearly continuous and differentiable with respect to each of the variables
s,t. For each s € doma, the function F(s, ): domB8 — G is a differentiable
curve in G with F(s,0) = I,,. On differentiating we find

d F(s,t)
dt o

= a(s)A'(0)a(s)™?,
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and so
a(s)B'(0)a(s) ™! € g.

Since g is a closed subspace of M,,(k), whenever this limit exists we also have

lim = (a(s)8 (O)a(s)™ - £'(0)) € 5.

We will use the following easily verified matrix version of the usual rule for
differentiating an inverse:

L (a™) = ~a()'a'@al) . (32)
We have
lim * (a()' O)ale) ™ ~ #(0)
= s O)als)"!

ds),eo
=a'(0)8'(0)a(0) — a(0)8'(0)a(0) o' (0)a(0) ™
[by Equation (3.2)]
=a’'(0)5'(0)a(0) — a(0)8'(0)a’(0)
=a'(0)4'(0) - A'(0)a’(0)
=[a’(0), 8'(0))-
This shows that [a’(0), #'(0)] € g, hence it must be of the form 4/(0) for some

differentiable curve.
Part (ii) is left as-an exercise. a

So for each matrix group G there is a Lie algebra g = TrG. A suitable
type of homomorphism G — H between matrix groups gives rise to a linear
transformation g — h which is a homomorphism of Lie algebras in the sense
of Definition 3.12.

Definition 3.19

Let G € GL4(k), H € GLn(k) be matrix groups and v: G — H be &
continuous map. Then ¢ is said to be a differentiable map if it satisfies the
following two conditions:

e for every differentiable curve v: (a,b) — G, the curve povy: (a,b) — H is
differentiable and has derivative

(0 o) (®) = Jyolr(®)):
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o if two differentiable curves o, 8: (a,b) — G satisfy
a(0) = 8(0), o'(0) =4A'(0),

then
(o a)'(0) = (¢ o B)(0)

A difterentiable map which is also a group homomorphism is called a differen-
tiable homomorphism. A continuous homomorphism of matrix groups that is
also a differentiable map is called a Lie homomorphism.

Later we will see that the technical restriction in this definition is unneces-
sary. For now we note that if ¢: G — H is the restriction of a differentiable
map ®: GL,(k) — GL,,(k) then ¢ is also a differentiable map.

Proposition 3.20

Let G, H, K be matrix groups with ¢: G — H and §: H — K differentiable
homomorphisms. Then the following are true.
i) For each A € G there is an R-linear transformation d: T4A G — T,y H
given by

dpa(7'(0)) = (v°7)'(0),
for every differentiable curve v: (a,b) — G with 4(0) = A.
ii) We have

df, 4 0dpa =d(@op)a.

iif) For the identity map Idg: G — G and A € G,
dldg =ldr,¢.

Proof

(i) The definition of d 4 makes sense since by the definition of differentiability,
given X € T4 G, for any curve vy with

7(0) = A, 7'(0) =X,

the derivative (¢ o 7)’(0) depends only on X and not on «. Linearity is estab-
lished using similar ideas to the proof of Proposition 3.16.
The identities of (ii) and (iii) are straightforward to verify. 0

If ¢: G — H is a differentiable homomorphism then since o(I) = I,
dyr: TiG — Ty H is a linear transformation called the derivative of
which is usually denoted dy: g — b.
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Theorem 3.21

Let G, H be matrix groups and ¢: G — H be a differentiable homomorphism.
Then the derivative dyp: g — b is a homomorphism of Lie algebras.

Proof

Following ideas and notation in the proof of Theorem 3.18, for differentiable
curves a, f# in G with a(0) = 8(0) = I, we can use the composite function po F

given by
wo F(s,t) = p(F(s,t)) = p(a(s))p(B(t))p(als)) !,
to dgduce that

d([o'(0), 6'(0)]) = [d¥(a’(0)),d (6'(0)))-

As a special case, for each A € G the conjugation map
xA:G —G; xa(U)=AUA™?

has as its derivative at I the adjoint action of A on g, namely the linear trans-

formation
Ada=dxa:g— g Ads(X)=AXAL.

This satisfies
Adap =AdsoAdp (A,B€G),

and on choosing a basis for g defines a continuous (and in fact differentiable)
group homomorphism

Ad: G — GLaimg(k); A~ Ad,.
Given a differentiable curve a: (—¢,e) — G with a(0), there is another curve
a: (—¢,€) — GLamg(k); @(t) = Adyy,
whose derivative at 0 is given by
@' (0)(X) = [a'(0), X].
This defines the adjoint action of U € g on g,
" ady: g — g; ady(X)=[U,X].
It is easy to verify that
adiy,v)(X) = ady cady(X) — adv ocady(X) (U,V,X € g).

So once a basis of g is chosen, the adjoint action gives rise to a homomorphism
of Lie algebras

ad: g — M, (k); Uwrrady.
Ad and ad are commonly referred to as the adjoint representations of G and g.
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3.3 The Lie Algebras of Some Matrix Groups

In this section we determine the Lie algebras of some important families of real
and complex matrix groups. As usual k = R or C.

General and Special Linear Groups

We will start with the real matrix group GL,(R) C M,(R). For A € M,(R)
and € > 0 there is a differentiable curve

a: (—€,6) — Mu(R); a(t) =1I+tA.

For t # 0, the roots of the equation det(t~*I+ A) = 0 are of the form t = —1/\
where ) is a non-zero eigenvalue of A. Hence if

€ < min { l—;—l : A a non-zero eigenvalue of A} .

then ima € GL,(R), so we will view a as a function a: (—¢,£) — GL,(R).
Calculating the derivative we find that a'(t) = A, hence a’(0) = A. This shows
that A € T; GL,(R). Since A € M,(R) was arbitrary, we have

{at,.(n) = T1 GLa(R) = M, (R),

dim GL,(R) = n?. (33)

Similarly,

8(n(C) = Ty GL(C) = M,(C),
dimc GL,(C) = n?, (3.4)
dim GL,(C) = 2n?.

For SL,(R) < GL,(R), suppose that a: (a,b) — SL,(R) is a curve lying
in SL,(R) and satisfying a(0) = I. For t € (a,b) we have deta(t) = 1, so

d(deta(t)) 0
dt -
Lemma 3.22
We have
ddeta®)  _ . 0(0).

dt lemo
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Proof
Recall that for A € M,,(k),
n
trA = z A“.
i=1
It is easy to verify that the operation 8 = %| on functions has the derivation
t=0

property

8(m2) = (811)72(0) + 11 (0)02. (3.5)

Put a;; = a(t)i,- and notice that when ¢ = 0, 8i; = 6.',’. Write C.‘j for the
cofactor matrix obtained from a(t) by deleting the ith row and jth column. By
expanding along the nth row we obtain

deta(t) = Y _(-1)"*an;det Cn;.

=1

Then

ddeta(t) = i(-—l)""”' ((Banj) det Cpj + anj(0det Cnj))

i=1

= 2":(—1)"'” (Oan;) det Cpj + 8det Cyp.

=1
For t = 0, det Cp; = 4y, since a(0) = I, hence
8det(a(t)) = Oa,y, + 8det Cpp.

We can repeat this calculation with the (n — 1) x (n — 1) matrix Cp,, and so
on. This yields

ddet(a(t)) = Bann + Oa(n-1)(n-1) + Odet Cin_1)(n-1)

= Oann + 80(,,_1)(,,_1) +---+ 8ayy
= tra’'(0),

giving the result. O

So we have tra’(0) = 0 and hence

80, (R) = T7 SLo(R) C kertr C M (R).
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If A € kertr C M, (R), the function

k
o: (=6,6) — Ma(R); a(t) = exp(td) = 1" &
k320

Ak,
is defined for every € > 0 and satisfies the boundary conditions

a(0) =1, o'(0)=A.

We will make use of the following lemma.

Lemma 3.23

For A € M,,(C) we have
det exp(Ad) = etT 4.

We will give two proofs here, while another appears in Section 7.5.

Proof
Approach using differential equations: Consider the curve
7: R — GLy(C) = C*; 4(t) = detexp(tA).
By applying Lemma 3.22 to the curve ¢ — det exp(tA) we obtain
7(6) = lim ~ (det expl(t + h)A) ~ detexp(tA))
= detexp(t4) lim % (detexp(hA) — 1)

= detexp(tA) tr A
=vytrA.

So a satisfies the same differential equation and initial condition as the curve

t— et** 4. Hence
a(t) = detexp(tA) = et tr4

by the uniqueness part of Theorem 2.12.

Proof
Approach using Jordan form: If § € GL,(C),

det exp(SAS™') = det (Sexp(A4)S~?)
= det S det exp(A) det !
= detexp A,

O
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and
-1
eI SAS™" _ trd
So it suffices to prove the identity for SAS™? for a suitably chosen invertible

matrix S. Using the theory of Jordan forms, described in Section 2.2, there is
a suitable choice of such an S for which

B=SAS'=D+N,

where D is diagonal, N is strictly upper triangular (i.e., N;; = 0 whenever
i > j) and with D, N commuting. Then N is nilpotent, i.e., N* = O, for k

large.
" 'We have
exp(B) = ) F(D + N)*
k>0
£ (k+1
= D* + DINk+-J
Sio St (50 )
20 W% AN
—exP(D)+§(k+1)| (FZO( j )DJN* j)' (3-6)

For each k 2 0, the matrix
k
Ny (" + I)DJ'N*-f
j=o \ 7
is strictly upper triangular, hence
exp(B) = exp(D) + N,
where N’ is strictly upper triangular. If D = diag();,...,An), by calculating
the determinant we find that
det exp(A) = det exp(B)
= det exp(D)
= det diag(e™, ..., e*")
- exi ass eAn
= ghttha

Since tr D = X; + - -+ + A, this implies that
detexp(A) = et P
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Using this lemma and the function a, we obtain

{sl,.(lk) = Ty SLn(R) = kertr C Ma(R),
(3.7)
dim SLn(R) = n? - 1.

Working over C we also have
81, (C) = TrSLn(C) = kertr C M(C),

dim¢ SLA(C) =n? -1,
dim SL,(C) = 2n? — 2.

(3.8)

Affine Groups

Recall the affine group Aff, (k) < GL,(k) which by Proposition 1.37 is the
semi-direct product GL,(k) x Trans,(k). Using similar methods to those we

used for GL, (k) we find that

aff (k) = { [‘3 ;] cAegl(k), te€ k"} = { [‘3 ;] : AEMu(K), t € k"} :

Notice that aff,, (k) is a k-vector space and indeed it is a k-Lie algebra. The Lie
algebra structure here is interesting since although the translation subgroup
Trans, (k) is abelian and hence its Lie algebra trans, (k) has trivial bracket, we

find that

A t] (A t, _ A t2] 4, ¢, _ A1A2 Ajte _ A A, Aaty

o 0J{o o 0 0 [ 0 o] | O 0 0 0
_ [[A1,42] Atz — Aqty
0 0 )
This shows in particular that trans, (k) is a k-Lie ideal in aff, (k) since it satisfies
[a,1] € trans, (k) (a € aff,(k), t € trans, (k)).
Recalling Definition 3.14, we see that aff,,(k) is the semi-direct product

affn (k) = gl,(Kk) x trans, (k).

To summarise, for k = R or C we have

affn(k) = Tr Aff,,(k) = gl,, (k) x teans, (k),
dimy Aff,,(k) = n? + n,
dim Aff,,(k) = (n? + n) dimgk.

(3.9)
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Upper Triangular and Unipotent Groups

For n > 1, recall the upper triangular and unipotent subgroups UT,(k) and
SUT, (k) of GL, (k). Let

a: (~¢,6) — UT,(R)

be a differentiable curve with a(0) = I. Then a’(t) is upper triangular. More-
over, using the argument for GL, (k) we see that given any upper triangular
matrix A € M, (k), there is a curve

a: (—€,6) — UT,(k); aft) =1+1tA,
where € > 0 has to be chosen small and ¢/(0) = A. Then we have

ut, (k) = set of upper triangular matrices in M, (k),

nt1 (3.10)

2

An upper triangular matrix A € M, (k) is strictly upper triangular if all its
diagonal entries are 0, i.e., aj; = 0. Then

dim ut,, (k) = ( ) dimg k.

sut, (k) = set of strictly upper triangular matrices in M (k),

n (3.11)

dim sut, (k) = (2) dimg, k.

Orthogonal and special orthogonal groups

Let O(n) be the n x n orthogonal group, i.e.,
O(n) = {A € GL,(R) : ATA = I} < GL.(R).
Given a curve a: (a,b) — O(n) satisfying a(0) = I we have
-g—ta(t)ra(t) =0,
and so
o' ()T a(t) + a(t)Ta'(t) = O,
mplying

a'(0)T +a'(0) = O.
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Thus we must have a’(0)7 = —-a’(0), i.e., a'(0) is skew symmetric. Thus
o(n) = T O(n) C Sk-Sym,,(R),

the set of n % n real skew symmetric matrices.
On the other hand, if A € Sk-Sym,,(R), for € > 0 we can consider the curve

a: (—€,e) — GL,(R); af(t) = exp(tA).
Then

a(t)Ta(t) = exp(tA)T exp(tA) = exp(tAT) exp(tA)
= exp(—tA) exp(tA)
=].

Hence we can view a as a curve a: (—¢,e) — O(n). Since a’(0) = A, this
shows that
Sk-Sym,,(R) C o(n) = T, O(n)

and so
o(n) = T7; O(n) = Sk-Sym,,(R).

Notice that if A € Sk-Sym,,(R) then
trA=tr AT = tr(-A4) = —tr 4,

hence tr A = 0. By Lemma 3.23, detexp(tA) = 1, so a: (—e,&) — SO(n)
where SO(n) is the n x n special orthogonal group. It is also easy to show that

dim Sk-Sym, (R) = (’;)
So we have actually shown

{so(n) = T SO(n) = o(n) = T; O(n) = Sk-Sym,(R), (3.12)

dim SO(n) = (3).
We have also shown that if A € Sk-Sym,,(R), then
exp(tA) € SO(n) (te€R). (3.13)
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Unitary and special unitary groups

Now consider the n x n unitary group
U(n) = {A € GL,(C): A°A=1)}.
For a curve a in U(n) satisfying a(0) = I , we obtain
a'(0)* +a'(0)=0
and so a'(0)* = —a’(0), i.e., a(0) is skew Rermitian. So
u(n) = T; U(n) C Sk-Herm,(C),

the set of all n x n skew hermitian matrices.
If H € Sk-Herm,,(C) then the curve

n: (—€,6) — GLA(C); n(t) = exp(tH)
satisfies

1(t)*n(t) = exp(tH)* exp(tH) = exp(tH") exp(tH)

= exp(—tH) exp(tH)
=].

Hence we can view 5 as a curve n: (—¢,6) — U(n). Since 9’(0) = H, this

shows that
Sk-Herm,, (C) C u(rn) = T;U(n).

Hence since
Sk-Herm,,(C) = n + 2(;) =n?,

we have
u(n) = T; U(n) = Sk-Herm,,(C),
dim U(n) = n2.

(3.14)

The special unitary group SU(n) can be handled in a similar way. Again we

have
: su(n) = T;SU(n) C Sk-Herm,(C).

But also if n: (a,b) — SU(n) is a curve with n(0) = I, then as in the analysis

for SL,(R), we have tr7’(0) = 0. Writing
Sk-Herm? (C) = {H € Sk-Herm,,(C) : tr H = 0},
we see that

dim Sk-Herm?(C) = dim Sk-Herm,(C) —1 =n? -1,
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and su(n) C Sk-Herm (C). On the other hand, if H € Sk-Herm®(C) then the
curve
n: (—€,6) — U(n); n(t) = exp(tH),

takes values in SU(n) by Lemma 3.23 and satisfies 5'(0) = H. Hence

{.u(n) = T; SU(n) C Sk-Herm$,(C), (3.15)

dimSU(n) = n? - 1.

3.4 Some Observations on the Exponential
Function of a Matrix Group

Later we will see that for a matrix group G < GL,(R), the following statements
are always true and are often helpful in determining Lie algebras of matrix
groups using the approaches seen in this section.

e The function

expg: 8 — GLa(R); expg(X) = exp(X),

has image contained in G, expg g C G; so we will usually writeexpg: g — G
for the exponential of G and sometimes even just exp.

e If G is compact and connected then exp; g = G.

o There is an open disc Ny(O;r) C g on which exp is injective and gives a
homeomorphism
exp: Ng(O;r) — expNg(O; 1),

where exp Ng(O;r) C G is in fact an open subset.

Here is an example which shows that the exponential map need not be
surjective for a connected matrix group.

Example 3.24
Consider the exponential expgy,(g): sl2(R) — SLz(R). Then for § > 0, the
matrix
~-(2+49) 0
[ 0 -1 ] € SL;(R)
(2+49)

is not in the image of expgy, (w)-
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Proof

Let
A€ sla(R) = {A € Ma(R): tr A =0}.

By the Cayley-Hamilton Theorem 2.6, we have
A% 4 (det A)f; = 0.
If det A = 0 then the only eigenvalue of A is 0 and for any t € R we have
exp(tA) = I + tA,

from which we obtain
trexp(tA4) =

if det A # 0, then A has two distinct non-zero eigenvalues, namely
+v/det Ai if det A > 0,
+v/—det A ifdet A<O.

In either case there would be an invertible matrix P € GL2(C) for which

diag(vdet Ai,—vdet Ai) ifdetA> 0,
diag(v—det A,~v/—det A) ifdetA <O.

P lAP = {

So for t € R we have

diag (e“‘detAi,e_tVdetAi) if det 4 > 0,

~lexp(tA)P =
diag (et" —detA  —tv —detA) if det A <O,
which yields
cos(tv/det A) I + 5'1‘(—“/5_—_—— "de;A)A if det A > 0,
exp(tA) = e
sinh(tv= det )

-d —_—————A ifdetA<0.
cosh(tv/— det A)Iz + oy i e
This in turn gives
2cos(tvaet A)l,  ifdetA> 0,
trexp(tA) = .
,_ 2cosh(ty=det A); ifdetA < 0.
Hence, whenever tr A = 0 and ¢ € R, trexp(tA4) > —2. Since

—(2+4) 0
tr 0 -1 < -2,
(2+49)

he matyix [~ +9) h A) for any real
matnx[ 0 _1/(2 +4) cannot be of the form exp(A) for any

racelesg matrix A. O
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3.5 SO(3) and SU(2)

In this section we will discuss the groups SO(3) and SU(2) and their Lie algebras
in detail. It is more usual to do this using the identification of SU(2) with the
unit quaternions which we define in Chapter 4, but here we will develop the
ideas without that interpretation. The Lie algebras so(3) and su(2) are both
3-dimensional real vector spaces, for example having the following bases:

0 -1 0 0 0 -1 00 O
s0(3): P=[l 0 0], Q=10 0 0] R= [0 0o -1,
0 0 O 1 0 O 0
1[i O 10
8!1(2): H= 5 [0 -'] s E= 5 _1 0] [ ]
The non-trivial Lie brackets amongst these are
[F,Q]=R, [QR=F, [RP|=Q, (3.16a)
[H,E|=F, [E,F]=H, [F,H)=E. (3.16b)

This implies that the R-linear isomorphism
w: su(2) — s0(3); p(zH+yE+2F)=zP+yQ+zR (z,y,z € R), (3.17)

satisfies
(U, V)) = [p(U), p(V)],

and so is an isomorphism of R-Lie algebras. Thus these Lie algebras look the
same algebraically. This suggests that there might be a close relationship be-
tween the groups themselves. Before describing this, notice also that for the
Lie algebra of Example 3.2, the R-linear transformation

6p: R® — 80(3); Oo(ze; + yes + ze3) =zP + yQ + zR,

is an isomorphism of R-Lie algebras by the equations of (3.1).
Now we will construct a Lie homomorphism SU(2) — SO(3) whose deriva-
tive is ¢. Recall the adjoint action of Ad of SU(2) on su(2) by

Ada(U) = AUA™! = AUA* (A€ SU(2), U € su(2)).

Then each Ad,4 is an R-linear isomorphism su(2) — su(2).
We can define a real inner product ( | ) on su(2) by

(X1Y)=-tr(XY) (X,Y € su(2)).
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The elements

—- 1[i O
H= 2H=— ol 3
Ve =7 o —']
. = 1[0 1
=vie=23:{° 1.
A 1 [0 i
#=vir=Zli o]

form an orthonormal basis {H, E, F'} of su(2) with respect to the inner product

(1), i,
(H|B)=(E|E)y=(F|F)=1, (3.18a)
(H|Ey=H|F)=(E|F)=0. (3.18b)

We can define an R-linear isomorphism

6: R® — su(2); O(ze;, + ye; + ze3) = zH + yE& + zF, (3.19)

which is also an isometry, i.e.,

0() 16(M) =x-y (x,y€R®).

Remark 3.25

It would perhaps be more natural to rescale the inner product ( | ) so that
H, E, F were all unit vectors. This would certainly make many of the formula
that follow neater as well as making the Lie bracket in SU(2) correspond exactly
with the vector product in R3. However, our choice of ( | ) agrees with the
conventional one for SU(n) defined in Chapter 11.

Proposition 3.26

(| ) is a real symmetric bilinear form on su(2) which is also positive definite.
It is invariant in the sense that

(2, X]1Y)+ (X |[2,Y]) =0 (X,Y,Z €su(2)).

Proof

The R-bilinearity is clear, as is the symmetry. For positive definiteness, notice
that for z,z',y,¥',2,z' € R,

(H+yE 4+ 2F |2 H+yE+2F) =22’ +yy' + 22



88 Matrix Groups: An Introduction to Lie Group Theory

and in particular,
(zH+yE+zF|zH +yE+zF) =2 + > + 22 > 0,

with equality precisely when z =y =2z =0.
The invariance property is checked with a straightforward calculation. O

Also, for A € SU(2) and X,Y € su(2),

(AXA* | AYA®) = —tr(AXA®AY A") = ~tr(AXY A®)
= -tr(AXYA™?)
= ~tr(XY)
=(X|Y),
hence Ad, is actually an orthogonal linear tfansformation with respect to this
inner product. Using the orthonormal basis H, E, F', we can identify su(2) with
R3 and (| ) with the usual inner product -, then each Ad4 corresponds to an

element of O(3) which we will still write as Ad4. It is then easy to see that the
function

Ad: SU(2) — O(3); Ad(A) = Ad4 € O(3),

is a continuous homomorphism of groups. In fact, SU(2) is path connected, as
is SO(3). Since Ad(I) = I, this implies that AdSU(2) C SO(3). Because of
this, it is convenient to redefine Ad by setting

Ad: SU(2) — SO(3); Ad(A) = Ad4.

Proposition 3.27
The continuous homomorphism of matrix groups
Ad: SU(2) — SO(3); Ad(A) = Adg,,

is smooth, has ker Ad = {£I} and is surjective.

Proof

The identification of the kernel is an easy exercise. The remaining statements
can be proved using ideas from Section 9.1. We will give a direct proof that

<er Ad is surjective to illustrate some important special geometric aspects of
:his example.
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We can view an element of gu(2) as a vector in R? by identifying the or-
thonormal basis vectors H, E, F with e;, e;, e3. From Equations (3.16), the
non-trivial brackets of these basis elements are as follows:

[A,E)=V2F, (B F=v2H, (£ AH)=VE. (3.20)

So apart from the factors of 1/2, this behaves exactly like tke vector product
on R3.

Lemma 3.28
ForUy =z1H + ywE+2,F, Uy = 22H + o E + 2,F € su(2),
[T, Us) =‘/§(|yl 2 0 I 2z B+ T yllﬁ,).
y2 22 2 22 2 Y2

Proof
The formula
ze; +yez + zey = (T1e; + y1€2 + 21€3) X (220 + Y22 + 22€3)

= n 2 e, — I n
y2 22 2 Y2

implies the result. O

n z
e
T2 23

€3

In a similar fashidn, we can express a product of elements of su(2) in terms
of the dot and cross products. Note however, that if Uy, U, € su(2) then in
general U U, ¢ su(2).

Lemma 3.29
If Uy, Us € su(2) with Uy = 2, H + nE + 21 F and Uz = 220 + 12E + F, then

7)

UyUs = — (122 + y12yz + zlzz)l

1 fln =)
— j:
;] (le z2
I + %[Ul.Uzl-

I, 2
)

T N
T2 Y2

E+

__U )
2

>roof

'Jalculatiop! a
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Notice that when Uy, Uz € su(2) are orthogonal with respect to (| ) in th
sense that (U, | Uz) =0, then

UUs = %[Ul,Uzl € su(2). (3.21

Next we will examine the effect of A € SU(2) acting as an R-linear transfor
mation on su(2) which we will identify with R3. Note that A can be uniquel

written as
u v
A= [_ﬁ ﬁ] (3.2
for u,v € C and |uj? + |v|? = 1. This allows us to express A in the form
A =cosbI + S,

where S is skew hermitian and Reu = cos for 8 € [0,7], so sinf > 0. /
calculation gives

5% = —((Im u)? + |v|?)] = —sin? 61, (3.23a
(S| S) = 2sin?6. (3.23b

Since A € SU(2), we have
A~ = A* = cosOI - S.
Notice that for any t € R,
Ad,(tS) = A(tS)A™! = tS.
On the other hand, if U € su(2) with (S | U) = 0, then by the above results,

AdA(U) = (cos8I + S)U(cosbI - 5)
= (cos8U + SU)(cos8I — S)
= cos® OU + cos9SU — cosOUS — SUS
= cos? QU + cosd[S,U) — SUS.

A further calculation using properties of the vector product shows that

sus = S19)y
By Equation (3.23b), whenever (S | U) = 0 we have
Ad(U) = (cos? 6 —sin? 0)U + cos[S, U]
= (cos20)U + cos (S, U]
= (cos 20)U + V2 cossin 4[5, U]
= cos20U +5in208 x U,
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l_ S is of unit length. Noting that U and § x U are orthogonal
Vv2sin6

to S, we see that the effect of Ad4 on U is to rotate it in the plane orthogonal
to S (and spanned by U and S x U) through the angle 6.

We can now see that every element R € SO(3) has the form Ad,4 for some
A € SU(2). This follows from the facts that the eigenvalues of R have modulus
1 and det R = 1. Together these show that at least one of the eigenvalues of R
must be 1 with corresponding eigenvector v say, while the other two have the
form e*%* = cos %1 sin ¢ for some . Now we can take A = cos(p/2)I+S where
S € su(2) is chosen to correspond to a multiple of v and (S | S) = 2sin®(¢/2).
If we choose —¢ in place of ¢ we obtain —A in place of A.
" This completes the proof of Proposition 3.27. a

where § =

Let B € su(2). Then starting with the curve
B: R — SU(2); B(t) = exp(tB),
we can construct another curve
B: R — SO(3); B(t) = Adp(y).

We can differentiate § at ¢ = 0 to obtain an element of so(3) given by the
formula:

d
B (0)(X) = o exp(tB)X exp(—tB)|,,
=BX - XB = [B, X).
For example, when B = H we have

[H,H]=0, [H,E)=F, [H F]=-E,

hence the matrix of H acting on su(2) relative to the basis H, E, F is

00 O
R=10 0 -1}.
01 0

[E,H] = -F, [E,E]=0, [E,F)= f{:

0 01
Q=] 0 0 0f,
-1 00

. Similarly,

giving the matrix

and
[F,H)=E, [F,E]=-H, [F,F]=0,
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0 -1 0
P=|1 o 0f.
o 0 O

The corresponding derivative map is then

giving

dAd: su(2) — so(3); dAd(zH +yE + 2F) =zR+yQ + zP.

Apart from the change in order, this is the ‘obvious’ isomorphism between these

two Lie algebras.
To summarise, we have proved the following important result.

Theorem 3.30

Ad: SU(2) — SO(3) is a surjective Lie homomorphism with kerAd = {+1}.
Furthermore, the derivative d Ad: su(2) — so(3) is an isomorphism of R-Lie
algebras.

In Chapter 5 we will meet the spinor groups and some generalisations of this
double covering. A related double covering involving SL2(C) and the Lorentz
group Lor will be discussed in Section 6.3.

3.6 The Complexification of a Real Lie Algebra

The ideas of this section are especially important in the representation theory
of Lie groups and Lie algebras (see Serre [25) for example) and for completeness
we provide a brief discussion.

Definition 3.31

Given a finite dimensional R-Lie algebra g, a C-Lie algebra g’ which contains
g as an R-Lie subalgebra and for which dim¢ g’ = dimpg g is called a complexif-
tcation of g.

Theorem 3.32

i) Every finite dimensional R-Lie algebra g has a complexification.
ii) If g’ and g” are two complexifications of g then there is an isomorphism of
C-Lie algebras g — g" which extends the identity function on g C ¢'.
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Because of the uniqueness guaranteed by part (ii) this result, we can write
gc for such a complexification of g since this is well defined up to an isomor-
phism of C-Lie algebras. Our next result gives a useful criterion for finding
complexifications.

Proposition 3.33

Let h be a finite dimensional C-Lie algebra and g C h be an R-Lie subalgebra.
If g’ C b is the smallest C-vector subspace containing g, then g’ is a complexif-
ication of g. In particular, if {u,,...,uq} is an R-basis for g which is C-linearly
independent in b, then {u,,...,uq} is a basis for g'.

Recall that dim U(n) = dimu(n) = n2. Then u(n) is an R-Lie subalgebra
of gl,,(C) = M,,(C) where dimg gl,,(C) = 2n?%. Of course, gl,(C) is also a C-Lie
algebra of dimension dimc g[,,(C) = n2.

Proposition 3.34
The following are complexifications:

8,(C) = gl (R)c = u(n)c, sl(C) = sl,(R)c = su(n)c.

Proof

It is easy to checl; that the following statements are true by explicitly exhibiting
R-bases of u(n) and su(n), then verifying that they are C-bases for gl,,(C) and
81, (C).

Let E™ be the n x n matrix for which

1 fi=randj=s
E™i =6;:6;js = ’ 3.24
" ”* {0 otherwise. (3:24)
u(n) has an R-basis consisting of the elements
D, =iE** (1<k<gn),
Pr¢ = E*t — Et* (1<t<k<n), (3.25)
Que=iE*  +iE* (1<t<k<n),

while su(n) has an R-basis consisting of the elements
Hy =iE** —{EK:-DG-1) (1< k< n~-1),

Py, = E*t — E'* (1gt<kgn), (3.26)
Qre =iE*t 4 {E* (1gt<kgn)
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O
The Lie algebras gl,,(C) and sl,(C) have the following C-bases.
Ekk 1<k <n),
81.(C): | .o ( ) (3.27)
E A<LkSn, k#8).
C): ’ 3.28
#(C) {E“ 1< k<n, k#L). (3:28)

Here is a general result on the existence of complexifications.

Proposition 3.35

Every R-Lie subalgebra g < u(n) has a complexification gc which is a C-Lie
subalgebra of gl,(C). If G < SU(n) is a Lie subgroup, then its Lie algebra
g < su(n) has a complexification g¢ < su(n)c = 8l,.(C).

We know several 3-dimensional real Lie algebras, namely so(3), su(2), slz(R)
and (up to isomorphism) a complex one

sl (C) = Slz(lk)c > su(2)c = 50(3)(:.

We know that so(3) 2 su(2) as real Lie algebras, bt have not yet considered
whether s0(3) 2 sl,(R). To do this, we need to investigate these Lie algebras
further.

Since the Lie algebra so(3) is essentially the vector space R? with the vector
cross product as its bracket, it is easy to see that given a pair of non-zero
elements X,Y € so(3) which are linearly independent, their bracket [X,Y] is
non-zero and the vectors X, Y, [X,Y] are linearly independent, and hence form
a basis for so(3). We will show that this is false for the Lie algebra sl (R), so
these Lie algebras cannot be isomorphic.

The pair of matrices

4=lo 3 2= o

s =5 o).

and the matrices A, B, [A, B] are linearly dependent.. As a consequence of this,
we can deduce some information about the corresponding matrix groups.

in slz(R) has bracket
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Proposition 3.36

The real Lie algebras so(3) and s{2(R) are not isomorphic. Hence there can be
no Lie homomorphisms of any of the forms

SL2(R) — SO(3), SLz2(R) — SU(2), SO(3) — SL2(R), SU(2) — SLa(R)

with injective derivatives.

EXERCISES

3.1

3.2.

Letk=RorC.
a) Consider the 2-dimensional k-Lie algebras

a=k? b={[; 8] :u,vek},

with the obvious brackets which make a abelian and b < Ma(k).
Show that any 2-dimensional k-Lie algebra g is isomorphic to a if it
is abelian and b otherwise.

b) Find a matrix group G < GL2(k) whose Lie algebra is b.

Let G be a matrix group and U € G.
a) Show that each of the functions

Ly: G —G; Ly(A)=UA,
Ry: G — G; Ry(A) = AU,
Cy: G — G; Cu(A) =UAU™!,

is a differentiable map and determine its derivative at I.
b) Using (a), show that there are R-linear isomorphisms

'\U: T]G-——)Tuc, pPU: T]G—-)Tuc, Xv: TIG-——)TIG,
such that for all U,V € G,

Auv = Ay oAy, puv =pvopy, Xuv =XUO°XvV.
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3.3. For each of the following matrix groups G, find the Lie algebra g.

34.
3.5.

3.6.

3.7.

Gi={AcCL®): ATQA=Q)  Qi=y o

1

0
Ga={A€CL®): A"QGA=0,  Q=[; O

1

0

0

Gs ={A€GL3(R): ATQ3A=Q3}, Q3=

Gi=Aff, (k) (n=1,2,...);
G5 = Symp2m(m) (m = 1)2) . ')'

Prove Proposition 3.9.

Let G be a matrix group with Lie algebra g and let X,Y € g. Show
that [X,Y] = 0 if and only if exp(sX)exp(tY) = exp(tY)exp(sX)
for all s,t € R.

Consider the set of all n x n real special orthogonal matrices SO(n)
and its subset

U = {A € SO(n) : det(I + A) # 0} € SO(n).
Define the function
®:U—My(R); ®(A)=(I-A)T+A).

[® is known as the real Cayley transform.)

a) Show that im & = Sk-Sym_, (R), the set of all n x n real skew sym-
metric matrices. Hence we might as well write &: U — Sk-Sym,, (R).
b) Find the inverse map &~!: Sk-Sym,(R) — U.

c) Use (b) to determine the dimension of SO(n).

Consider the set of all n x n unitary matrices U(n) and its subset
V = {A € U(n) : det(I + A) # 0} C U(n).
Define the function

©:V — M,(C); ©(A) = (I — A)(I + A)~L.

[© is known as the complez Cayley transform.)
a) Show that im © = Sk-Herm,,(C), the set of all n x n skew hermi-
tian matrices. Hence we might as well write ©: V — Sk-Herm,(C)
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3.8.

3.9.

b) Find the inverse map ©~!: Sk-Herm,(C) — V.

c) Use (b) to determine the dimension of U(n).

d) In the case n = 2, show that ©(V NSU(2)) C Sk-Herm3(C) and
©~! Sk-Herm3(C) C SU(2). Is this true for n > 2?

For n 2 1, prove the following:
a) O(n) is the semi-direct product {1, -1} x SO(n);
b) U(n) is the semi-direct product T x SU(n), where

T={z2€C:|z|=1}

is the unit circle;
c) GL,(R) is the semi-direct product R* x SL,(R);
d) GL,(C) is the semi-direct product C* & SL,(C).

Verify the formula of Lemma 3.29.






4

Algebras, Quaternions and Quaternionic
Symplectic Groups

In this chapter we begin by studying algebras over a field, with their groups
of units providing many interesting groups. In particular, we study division
algebras and their linear algebra. Then we introduce the gquaternions which
form the only non-commutative example of a real division algebra. There is
an associated family of compact connected matrix groups defined using the
quaternions, the quaternionic symplectic groups which provide another infinite
family of compact simply connected matrix groups.

4.1 Algebras

In this section k will denote any field, although our main interest will be in the
casesk=Rand k=C.

Definition 4.1

A finite dimensional (associative and unital) algebra A is a finite dimensional
k-vector space which is also an associative and unital ring such that for all
r,s€kanda,beE A,

(ra)(sb) = (rs)(ab).
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Here ra and sb are scalar products in the vector space structure, while (rs)(ab)
is the scalar product of rs € k with the ring product ab € A.

In such a k-algebra A4, if 1 € k is the unit of A, then for t € k, the element
t1 € A satisfies
(t1)a = ta = t(al) = a(tl).
If dimy A > 0, then 1 # 0, and the function
nk— A; n(t)=t1

is an injective ring homomorphism. We usually write ¢ for n(t) = t1.

If A is a commutative ring then A is a commutative k-algebra.

If every non-zero element u € A is a unit, i.e., is invertible, then A is a
k-division algebra or division algebra over k. A commutative division algebra
is a field while a non-commutative division algebra is called a skew field. In
French corps (~ field) is often used to refer to a possibly non-commutative
division algebra.

Example 4.2

For n > 1, M, (k) is a k-algebra. Here we have 7(t) = tI,. For n > 1, M, (k) is
non-commutative.

Example 4.3

The ring of complex numbers C is an R-algebra. Here we have n(t) = t. Notice
that C is a commutative division algebra.

Example 4.4

Let G be a finite group. Then for k = R or C, the group algebra k[G] has a
basis consisting of the elements g of G, while the addition and multiplication
are

O_z9) + (O we9) = Y (24 + 1),

9€G g€G g€G
(E 1‘99)(2 ynh) = E (Z 3gh-lyh) 9.
9€G heG 9€G \h€eG

The unit is 1 = 1¢, the identity element of G.
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In any k-algebra A, the set of units of A forms a group A* under mul-
tiplication, and this contains k™ as a central subgroup, k* < A*. If A is
non-commutative, we might hope to find interesting subgroups of A*. Later
we will see that the Clifford algebras provide a good illustration of this idea.

Example 4.5

For A = Mu(k), M, (k)* = GL,(k), while k* is identified with the subgroup
of invertible scalar matrices tI,, (t € k™).

Eiample 4.6

Let k[G] be the group algebra of a finite group G. Then the basis elements
g € G form a finite subgroup G < k[G]*.

Definition 4.7

Let A and B be two k-algebras. A k-linear transformation ¢: A — B that
is also a ring homomorphism is called a k-algebra homomorphism or homo-
morphism of k-algebras. A homomorphism of k-algebras which is also an iso-
morphism of rings or equivalently of k-vector spaces is called an isomorphism
of k-algebras. An isomorphism a: A — A is called an automorphism of k-
algedras.

Notice that the unit : kK — A is always a homomorphism of k-algebras.
There are obvious notions of kernel and image for such homomorphisms, and
of subalgebra.

Definition 4.8

Given two k-algebras A, B, their direct product has underlying set A x B with
sum and product

(a1,5) + (a2,b2) = (a1 + a2, b1 +b3), (a1,b1)(62,b3) = (@162, b1 da).
The zero is (0,0) while the unit is (1,1).
It is easy to see that there is an isomorphism of k-algebras A x B = B x A.

Given a k-algebra A, it is also possible to consider the ring M, (A) consisting
of m x m matrices with entries in A; this is also a k-algebra of dimension

dimy Mjn(4) = m? dimy A.



102 Matrix Groups: An Introduction to Lie Group Theory

It is often the case that a k-algebra A contains a subalgebra k; C A which
is also a field. In that case A can be viewed as a over k; in two different
ways, corresponding to left and right multiplication by elements of k;. Then
fortek;,a€ A,

t-a = ta; (Left scalar multiplication)
a-t=at. (Right scalar multiplication)

These give different k;-vector space structures unless all elements of k; com-
mute with all elements of A, in which case k; is said to be a central subfield of
A. We sometimes write x, A and Ay, to indicate which structure is being consid-
ered. k; is itself a finite dimensional commutative k-algebra of some dimension
dimg kl .

Proposition 4.9
Each of the k;-vector spaces x, A and Ay, is finite dimensional and in fact
dimk A= dimh (h A) dimk kl = dimh (Ah) dimk kl -

Example 4.10
Let k = R and A = My(R) where dimg A = 4. If
w={[% ¥:sver} cmm)

then k; & C so is a subfield of Mz(R), but it is not a central subfield. We also
have dimy, A = 2.

Example 4.11
Let k =R and A = M;3(C), so dimg A = 8. Let

K, = {[_: :] 2,y € n} C My(C).

Then k; = C so is subfield of M2(C), but it is not a central subfield. Here
dimy, A =4.

Given a k-algebra A and a subfield k; C A containing k (possibly equal to
k), an element a € A acts on A4 by left multiplication:

a-u=au (u€ A).
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This is always a k-linear transformation of A, and if we view A as the k;-vector
space Ay, , it is always a k;-linear transformation. Given a k;-basis {v,...,vm}
for Ay,, there is an m x m matrix A(a) with entries in k; defined by

Ma)v; = ) Aa)rjvy.

r=1

It is easy to check that
A: A— Mjy(ky); a— Aa)

is a homomorphism of k-algebras, called the left reqular representation of A
over k) with respect to the basis {v,...,vm}.

Lemma 4.12
A: A — Mu(k;) has trivial kernel ker A = {0}, hence it is an injection.

Proof
If a € ker A then A(a)(1) =0, givingal =0,s0a =0. O
On restricting the left regular representation to the group of units A*, we
obtain an injective group homomorphism
A*: A* — GL(ky); A*(a)(u) = ay,

where k; C A is a subfield containing k and we have chosen a k,-basis of Ay, .
Because
A* =im A* € GLm(ky1),

A* and its subgroups give groups of matrices.
Given a k-basis of A, we obtain a group homomorphism

p*: AX — GLa(K); p*(a)(u) = ua™.
We can combine A* and p* to obtain two further group homomorphisms

A* x p*: A% x AX —3 GLa(K); A* x p*(a,b)(u) = aub™?,
A: A* — GL,(k); A(a)(u) = aua™.

Notice that these homomorphisms have non-trivial kernels,
kerA* x p* = {(1,1),(-1,-1)}, kerA={1,-1}.
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Definition 4.13

A k-algebra A is simple if it has only one proper two-sided ideal, namely (0),
hence every non-trivial k-algebra homomorphism §: A — B is an injection.

Example 4.14

Let k be a field and p(z) € k(z] be an irreducible polynomial of degree d > 0.
Then the quotient ring k{z])/(p(z)) is a field and so is a simple k-algebra of
dimension dimy k{z]/(p(z)) = d.

Proposition 4.15

Let k be a field.

i) For a division algebra b over k, D is simple.

ii) For a simple k-algebra A, M,,(A) is simple. In particular, M, (k) is a simple
k-algebra.

In fact, there is a classification of all such simple k-algebras.

Theorem 4.16 (Wedderburn’s Theorem)

Let A be a finite dimensional simple algebra over k.

i) A is isomorphic to some M, (D) where D is a finite dimensional division
algebra over k, hence its dimension is dimy A = n? dim, D.

ii) If k is algebraically closed then A is isomorphic to some M, (k), hence it has
dimension dimy A = n2.

ili) Every finite dimensional division algebra D over k has dimension of the
form dimy D = d? for some natural number d.

When k = R, it turns out that there is only one non-commutative division
algebra, namely the division algebra of quaternions, H, described in Section 4.4.

Definition 4.17

Let A be a k-algebra.

e An element e € A is an idempotent if e® = e.

e An idempotent e € A is central if ae = ea for every a € A.

e A collection of idempotents e,,...,e¢ is orthogonal if e;e; = 0 when i # j.
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o An idempotent e € A is indecomposable if whenever e = e, + €3 for idempo-
tents e;,ez, thene; =0 ore; =0.

Proposition 4.18

A finite dimensional k-algebra A is a product of £ algebras if and only if there
are orthogonal central idempotents e,,..., €, such that

e +---+e =1

Proof
IfA=A; x---x A; then
€ = (0,...,0,1,0,...,0)

(with a single 1 in the kth place) is a central idempotent and ¢, +---+e, = 1;
furthermore, e;e; = 0 whenever i # j.
Conversely, if such central orthogonal idempotents exist, we can set

Ay = Aep = {aex :a € A}
and this is easily seen'to be an algebra. Then the correspondence
a «+— (ae;,...,aep)
shows that A is the product of the algebras A;. Notice that
1 ¢ (e?,...,eg) = (€1,-..,€¢)

under this identification. a

Lemma 4.19

Let A be a k-algebra and e € A be a central idempotent. Then (1 — e) is an
idempotent and the idempotents e, (1 — e) are orthogonal. Moreover, Ae is an
ideal in A which is trivial if and only if e = 0.

Proof
We have

(1-e)’=14+e*-2e=1+e—-2e=1-c¢,
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and

2—e-e=0.

e(l-e)=(l—-e)le=e—ce
If a,b € A, then we have
b(ae) = (ba)e € Ae, (ae)b = aeb = abe = (ab)e € Ae,

showing that Ae is an ideal. O

Definition 4.20
A k-algebra A is semi-simple if it is a product of simple algebras Ay,
A=A XX Ag.

Proposition 4.21

A finite dimensional k-algebra A is semi-simple if and only if there are inde-
composable orthogonal central idempotents e, , ..., e, such that

er+--+e =1

Proof

If A= A; x--- x A, with each A, simple, then each of the corresponding
central orthogonal idempotents ¢; must be indecomposable since otherwise A;
would have a proper ideal. O

Example 4.22
Consider the commutative 2-dimensional C-algebra
A = {(u,v) :u,v € C}
equipped with the obvious addition but multiplication
(u1,v1)(uz, v2) = (uyu2 — Viv2, Uav2 + V1uz).
The unit is 1 = (1,0). Notice that if we restrict attention to
Ao = {(u,v) : u,v € R},

this is isomorphic to the R-algebra of complex numbers C, using the correspon-
dence
(u,v) «— u + vs.
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However, A contains the orthogonal idempotents
e=(1/2,-i/2), 1-e=(1/2,i/2).
Hence,
A= Aex A(l —¢)
ut+vi —ut+v u—vi ut+v
—{( R ).u,vGC}x{( 5% ).u,vGC}.

Each of the factors here is isomorphic to C as an R-algebra.

Example 4.23

Let k be a field and p(z), ¢(z) € k[z] be coprime polynomials of positive degree.
Consider the k-algebra A = k{z]/(p(z)g(z)) of dimension

dimg A = deg p(z) + degg(z).
Then there are polynomials u(z), v(z) € k[z] for which
u(z)p(z) + v(z)q(z) = 1.
The polynomials v(z)q(z) and u(z)p(z) satisfy

(v(z)g(2))? = v(z)g(z)(1 — u(z)p(z))
= v(z)q(z) mod (p(z)q(z))

and similarly

(u(z)p(2))? = u(z)p(z)(1 - v(z)e(z))
= u(z)p(z) mod (p(z)q(z)),

so their residue classes

e1 = v(z)q(z) + (p(z)g(z)), ez = u(z)p(z) + (p(z)g(z))

are idempotents in A for which e, + e = 1. Thus A can be expressed as a
product

k[z])/ (p(x)g(z)) = k[z]/(p(z)) x k[z]/(g(z))-

By Example 4.14, if p(z) or g(z) is irreducible then the corresponding factor

k[z]/(p(x)) or k[z)/(g(z)) is simple. If both polynomials are irreducible then A
is semi-simple,
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Example 4.24

Let k[G] be the group algebra of a finite group G. Then for k = R or C, k[G]
is semi-simple. When k = C, indecomposable orthogonal idempotents can be
written down in terms of the irreducible complez characters of G. These are
important in the study of finite dimensional representations of G.

Example 4.25

Consider C[S;), the group algebra of S3, the symmetric group on three objects.
There are three central orthogonal idempotents here and

C[S3] - Al X A2 X A3:

where A; = A; 2 C and A3 = M;(C). These idempotents can be found using
character theory and turn out to be

e,=%[1+(123)+(132)+(12)+(13)+(23)],
e2=é[uu23)+(132)-(12)—(13)-(23)],
es=£[2-(123)-(132))

In fact this also gives a decomposition of R[S;3] since each of these idempotents
is an element of this R-algebra. We obtain

R[S3] = A,l X A’z X A’3,
where A] = A} = R but this time A} has to be one of the R-algebras M;(R)
or H (it is in fact M;(R)).

Sometimes it is useful to have methods of deciding whether a k-algebra can
be a division algebra. Here is one useful criterion that can be applied to show
that the factor A5 in Example 4.25 cannot be H.

Lemma 4.26

Let D be a k-division algebra. Suppose that a € D is a root of a polynomial
f(X) € k[X] which factorises completely into linear factors over k. Then a € k.

Proof

Let ry,...,rq4 € k be the roots of f(X) in k (with multiplicity), so that
F(X)=(X =r1)-- (X = ry).
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Then since f(a) = 0 and a commutes with elements of k,

(a-rl)---(a-r¢)=0.

For each j = 1,...,d, either a = r; or we can multiply by (e —r;)" . Ifa #r;
for all j, then we obtain 1 = 0, hence for at least one value of j we must have
a=rj- a
Remark 4.27

If a k-algebra A is a product A = A; x --- x A,, then its group of units is also
a product of groups,
A = Af x .- x Af.

So if looking for interesting groups of units in algebras, we only need to con-
sider simple algebras. It turns out that the real Clifford algebras introduced
in Section 5.1 occur as factors of finite group algebras, for example the spinor
groups could be found in this way.

Not all algebras are semi-simple as the following examples show. To under-
stand them, notice that if A = A; X --- x A¢ is a product of simple algebras
Aj, then for each k = 1,...,¢, there is a two-sided ideal Ji 9 A with quotient
algebra A/Jx 2 Ax. This provides a useful criterion for determining when an
algebra is not semi-simple.

Lemma 4.28

Let A be a finite dimensional k-algebra and suppose that A has only one proper
ideal J 4 A for which the quotient A/J is simple. If J # (0) then A is not semi-
simple.

Proof

If A is semi-simple then it must be simple, hence its only proper ideal is (0). O

A very general class of examples is furnished by the next result.

Proposition 4.29

Let p(X) € k[z] be an irreducible polynomial of positive degree. Then the
commutative k-algebra A = k[z])/(p(z)™) is

e simple if mn = 1;
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e not semi-simple if m > 1.

Proof

To see this, first notice that if m = 1, then A is actually a field, hence is a
simple k-algebra. If m > 1, then the ideal J = (p(z)) s k{z])/(p(z)™) is the
unique maximal ideal in A = k[z)/(p(z)™), where f(z) = f(z) + (p(z)™) is the
residue class of f(z) modulo (p(z)™). As A/(p(z)) = k|z}/(p(z)) is a field it is
simple, allowing us to apply Lemma 4.28.

When m > 1, the group of units can be shown to be

A% = Klz]/(p(2)™)* 2 (Klz]/(p(2)))* % (1 + (2(2))),
where
- 1+(p(2)) = {1 + f(z)p(z) € klz)/(p(z)™) : f(=) € klz]}
is a subgroup of (k{z]/(p(z)™))*. There is an isomorphism of groups
(1 + (@(2))) 2 K[z)/(p(z)™"); 1+ F(2)p(z) > f(2) + (p(x)™""),
giving rise to an isomorphism of groups
kiz)/(p(z)™)* = (k[z]/(p(x)))* x kiz]/(p(z)™"),
where k[z]/(p(z)™!) is a group under addition. O

Here is an explicit example of Proposition 4.29.

Example 4.30
Let k = R and A = R{z)/((z? + 1)?). Then

A* = (R[z)/(z® +1))* x (1 + (22 + 1))
o (R[:::]/(::2 +1))* x IIl[:c]/(:z:2 +1).

Since R{z]/(z? + 1) = C as R-algebras, we have
R[z)/((z® + 1)?)* 2 C* x C.
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4.2 Real and Complex Normed Algebras

In this section, k = R or C. For a detailed look at normed algebras, see [21, 22].

Definition 4.31

Let A be a finite dimensional k-algebra and v: A — R be a function. Then v
is a k-norm and the pair (A, v) is called a normed k-algebra, if v{(a) > 0 for all
a € A and v satisfies the conditions

i) for t € k, a € A, v(ta) = |t|v(a);

ii) for a,b € A, v(ab) < v(a)v(b);

iii) for a,b € A, v(a + b) < v(a) + v(b);

iv) for a € A, v(a) =0 if and only if a = 0;

v) »(1) = 1.

Actually, there is a certain amount of variation in the definition of a normed
algebra, with some authors using the phrase to denote an algebra with a norm
satisfying v(ab) < v(a)v(d) for all a,b € A, rather than the weaker requirement
of Definition 4.31(ii), while others do not insist on condition (v).

Example 4.32
For k = R or C, let k[G] be the group algebra of a finite group G. Define

v: k[G] — R by
Y ze9) =, Y Izl
9€G 9€G

Then it is easy to verify that v is a norm on k[G], the most interesting condition
being the submultiplicative identity of Definition 4.31(ii) which follows from the
calculation

2
v ((2 zeg)(Y w.h)) =v | 3 zn-1tm9

g€G heG 9€G

heG
=213 zgnunl’
9€G RheCG
< Y |zgn-11 ynl?
g€G
heG

=u(Y_ 20l v(Y_ wh).

9€G hec
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Notice that each u € G acts on k{G] by left multiplication preserving v:

v(u Y z,9) = () 74(ug))

9€CG 9€G

= V(Z zu"gg)

9€C

=v (Z Z99)-
9€G
Similarly the action by right multiplication preserves v. Finally, conjugation by
an element u € G preserves v and also gives a k-algebra isomorphism.

By forgetting the multiplication, a normed k-algebra (A4, v) can be viewed
as a normed vector space in the sense of Definition 1.51. There is a natural
metric p, on A for which

pl’(ai b) = u(a - b)
which allows us to introduce topological and analytic ideas when studying
(A, v). In particular, A is complete with respect to this metric, t.e., all Cauchy
sequences in A converge. In particular, for each a € A, the exponential series
o0
exp(a) = %a
k=0
converges. Other analytic constructions generalise to this setting. For example,
given a function a: (r,s) — A, where r,s € R with r < s, we define its
derivative at t € (r, s) by

k

o(t) = Jim = (a(t + ) - a(0)),

provided this limit is defined. It is straightforward to carry over the ideas of
Chapters 1 and 3 to this situation. In particular, the group of units A* C A is
an open subset and the Lie algebra is equal to A with the Lie bracket defined
by taking commutators in the algebra A, i.e.,

[z.y]=zy-yz (z,y€ A).
A closed subgroup G < A* has a Lie algebra which is an R-Lie subalgebra of
A. We leave the reader to work through the details.
If (A, v) is a normed k-algebra then we can define a version of the operator
norm || ||, on A by
llall. = sup{v(at) : u € A, v(u) =1}.

In general this does not agree with the norm v. It does provide another normed
algebra (A, || ||) with a metric defined by

p.(a,b) = lla - bl..
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Proposition 4.33

Let (A,v) be a normed k-algebra.

i) The identity map Id4: A — A is a homeomorphism of metric spaces
(A,p.) — (4,0))-

ii) The left regular representation A: A — M, (k) with respect to any k-
basis {v1,-..,un} of A gives rise to continuous injections of metric spaces
(4,0,) — (A, ]l I} and (4,0,) — (A, ]| ID.

Proof
These results follow from Theorem 1.53 and Corollary 1.54. a

4.3 Linear Algebra over a Division Algebra

Throughout this section, let D be a finite dimensional division algebra over a
field k.

Definition 4.34

A (right) D-vector space V is a right D-module, i.e., an abelian group with a
right scalar multiplication by elements of D so that for u,v € V, z,y € D,

v(zy) = (vz)y,
v(z +y) = vz + vy,
(u + v)z = uz + vz,
vl =v.

All the obvious notions of D-linear transformations, subspaces, kernels and
images make sense as do those of spanning set and linear independence over D.

Theorem 4.35

Let V be a D-vector space.

i) V has a D-basis.

ii) If V has a finite spanning set over D then it has a finite D-basis; furthermore
any two such finite bases have the same number of elements.
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Definition 4.36

A D-vector space V with a finite basis is called finite dimensional and the
number of elements in a basis is called the dimension of V over D, denoted
dimp V.

For n 2> 1, we can view D" as the set of n x 1 column vectors with entries
in D and this becomes a D-vector space with the obvious scalar multiplication

21 FALY
29 W

w=| . (z1,...,2q,w € D).
Zn ZnW

Proposition 4.37

Let V,W be two finite dimensional vector spaces over D, of dimensions
dimp V = m, dimp W = n and with bases {v;,...,vm}, {w1,...,wn}. Then a
D-linear transformation ¢: V — W is given by

o(vj) =Y weay;

r=1

for unique elements a;; € D. Hence if

" (f: v.z.) = zn:wryn

=1 =1
then
n an a2 ... G, z
Y2 a1y Q22 ... QGm z2
n Gnt Gn2 ... Qmp Tn

In particular, for V = D™ and W = D", every D-linear transformation is
obtained in this way from left multiplication by a fixed matrix.

Of course, this is analogous to what happens over a field except that we are
careful to keep the scalar action on the right and the matrix action on the left.

Our main interest is in linear transformations which we will identify with
the corresponding matrices. If 6: D* — D™ and ¢: D™ — D" are D-linear
transformations with corresponding matrices [6], [¢], then

[6)) = (6 © ). (4.1)
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Also, the identity and zero functions Id,0: D™ — D™ have [Id] = I,,, and
(0] = Onm.

Notice that given a D-linear transformation ¢: V — W, we can ‘forget’
the D-structure and just view it as a k-linear transformation. Given D-bases
{v1,---,¥m}, {w1,...,wn} and a basis {b,,...,bs} say for D, the elements

U,-bg (T'-:l,...,m,t:l,...,d),
wd, (s=1,...,n,t=1,...,d)
form k-bases for V, W as k-vector spaces.

We denote the set of al m x n matrices with entries in D by My, »(D) and
M. (D) = M,, ,(D). Then M,,(D) is a k-algebra of dimension

dimy M, (D) = n? dimy D.

The group of units M,(D)* is usually denoted GL, (D). However, for non-
commutative D there is no determinant function so we cannot define an ana-
logue of the special linear group. However, we can use the left regular repre-
sentation to circumvent this problem.

Proposition 4.38

Let A be an algebra over a field k and B C A be a finite dimensional subalgebra.
If u € B is a unit in A then u~! € B, hence u is a unit in B.

Proof

Since B is finite dimensional, the powers u* (k > 0) are linearly dependent over
k, so for some ¢, €k (r =0,...,€) with t; # 0 and £ > 1, there is a non-trivial
relation of the form .

E t.u” =0.

r=

If we choose k suitably and multiply by a non-zero scalar, then we can assume
that .

u* — Z t.u” = 0.

r=k+1
If v is the inverse of u in A, then multiplication by v*+! gives

¢
—k-1 _
v— Z t,u” =0,
r=k+41
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from which we obtain .
v = Z t,.u'—k—l € B,
r=k+1
hence u has an inverse in B. 0O

For a division algebra D, each matrix A € M, (D) acts by multiplication
on the left of B™. For any subfield k; C D containing k, A induces a (right)
k,-linear transformation,

D" — D", x+— Ax.

If we choose a k;-basis for D, A gives rise to a matrix A4 € Mpg4(k,) where
d = dimy, Dy, . It is easy to see that the function

A: Mu(D) — Mng(ki);  A(A4) = Aa,

is a ring homomorphism with ker A = 0. This allows us to identify M,,(D) with
the subring im A C M,4(k;).
Applying Proposition 4.38 we see that A is invertible in M,,(D) if and only
if A, is invertible in M, 4(k;). But the latter is true if and only if det A4 # 0.
Hence to determine invertibility of A € M,,(D), it suffices to consider det A 4
using a subfield k;. The resulting function

Rdety, : Mn(D) — k;; Rdety, (A) =det Ay,

is called the k, -reduced determinant of M,,(D) and is a group homomorphism.
It is actually true that det A4 € k, not just in k;, although we will not prove
this here.

Proposition 4.39

A € M,,(D) is invertible if and only if Rdety, (A) # 0 for some subfield k, C D
containing k.

4.4 The Quaternions

Proposition 4.40

If A is a finite dimensional commutative R-division algebra then either A =R
or there is an isomorphism of R-algebras A == C.
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Proof

Let a € A. Since A is a finite dimensional R-vector space, the powers of a must
be linearly dependent, say

to+tha+ - +tma™ =0 (4.2)

for some t; € R with m > 1 and ¢,, # 0. We can choose m to be minimal with
these properties. If ty = 0, then

6 + a+ 1302 +---+ t,,.az""l =0,
contradicting the minimality of m; so ¢y # 0. In fact, the polynomial
| pX)=to+H X +---+tnX™ € R[X]

is irreducible. To see this, suppose that p(X) = p1(X)p2(X); then as A is a
division algebra, either p;(a) = 0 or p2(a) = 0, contradicting minimality of m
if both deg p1(X) > 0 and deg pz(X) > 0.

Consider the R-subspace

k
R(a) = {Zsja’ :8; € R} C A.

j=0
Then R(a) is easily seen to be an R-subalgebra of A and the elements
l,a,...,a™! form a basis by Equation (4.2), hence dimg R(a) = m.

Let v € C be any complex root of the irreducible polynomial
to+Hh X + -+t X™ € R[X]

(such a root certainly exists by the Fundamental Theorem of Algebra). There
is an R-linear transformation which is actually an injection,

m-—1 m—1
P:R(a) = C (Y siad) =) 87
=0 =0
It is easy to see that this is actually an R-algebra homomorphism. Hence
¢R(a) C C is a subalgebra. But as dimg C = 2, this implies that m =
dimg R(a) < 2. If m = 1, then by Equation (4.2), a € R. If m = 2, then
yR(a) = C.
So either dimpA = 1 and A = R, or dimg A > 1 and we can choose an
a € A yith C = R(a). This means that we can view A as a finite dimensional

C-algehra, Now for any 8 € A there is polynomial
(X)) =up + wy X +--- + ug X € C[X]

with & > 1 and uy # 0. Again choosing ¢ to be minimal with this property,
q(X) ig jrreducible. But then since g(X) hasaroot in C, £ = 1 and 3 € C. This
shows ¢hat 4 = C whenever dimg A > 1. O
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The above proof actually shows that if A is a finite dimensional R-division
algebra, then either A = R or there is a subalgebra isomorphic to C. However,
the question of what finite dimensional R-division algebras exist is less easy
to decide. In fact, up to isomorphism there is only one other, the skew field of
guaternions (or Hamiltonians after their discoverer William Rowan Hamilton),
usually denoted H. We will construct H as a ring of 2 x 2 complex matrices.
They provide the first example of a non-commutative Clifford algebra which
we will define later in Chapter 5.
Let

H= {[_:‘U ‘;’ :z,wEC} C M,(C).

It is easy to see that H is a subring of M;(C) and is in fact an R-subalgebra
where we view M2(C) as an R-algebra of dimension 8. It also contains a copy
of C, namely the R-subalgebra

[ ovec)n

However, H is not a C-algebra since for example

R | B R P R G | M £ g |

Notice that if z,w € C, then z = 0 = w if and only if |2]? + jw|> = 0. We have

z w]|[z -w] _ [l +|w? 0
-u zZ||lw z] "~ 0 |22 + |wi?]’

hence [ ; ;’] is invertible if and only if __:'H g] # O; furthermore in that
’ . Z -w
z wl _ 2P +w? )2+ w]?
-7 ¥ - v z

1212 + (wi?  |2i? + |w]?
which is in H. So an element of H is invertible in H if and only if it is invertible
as a matrix. Notice that

SU(2)={AeH:detA=1} < H*.

It is useful to define on H a norm in the sense of Proposition 1.5:

Z w _ zZ w - 2 2
[-w 7]l_.det [_U 7] = |2|* + |w|*.
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Then
SU(2)={A€H:|A =1} <H*.

As an R-basis of H we have the matrices

=0 9= [0 k=[]

These satisfy the equations
i==k*=-1, {j=k=-ji, k=i=-kj, ki=j=-ik

This should be compared with the vector product on R? as discussed in Exam-
ple 3.2. From now on we will write quaternions in the form

g=zi+yj+zk+t1 (z,9,z,t€R).

g is a pure quaternion if and only if ¢ = 0; ¢ is a real guaternion if and only
if z = y = z = 0. We can identify the pure quaternion zi + yj + zk with the
element ze; + ye; + zez € R3. Using this identification we see that the scalar
and vector products on R® are related to quaternion multiplication as in the
following result.

Proposition 4.41
For two pure quaternions ¢, = z;i + y1j + 21k, ¢2 = z2i + y2j + 22k,
Qg2 = —(T1i+yj+21k)- (Z2i+y2j + 22K) + (z1i + 113 + z1k) X (221 + yaj + 22k).

In particular, ¢,¢2 is a pure quaternion if and only if ¢, and ¢, are orthogonal,
in which case gy ¢2 is orthogonal to each of them.

The next result describes the general solution of the equation X2 +1 =0
in H.

Proposition 4.42

The quaternion ¢ = zi + yj + zk + t1 satisfies g> + 1 = 0 if and only if t = 0
and 22+ + 22 =1.

Proof

This easily follows from Proposition 4.41. O
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There is a quaternionic analogue of complex conjugation, namely
g=zi+yj+zk+tl+—f=¢" = —zi-yj — zk +t1.

This is ‘almost’ a ring homomorphism H — H, in fact it satisfies

(+92) =7 +T; (4-32)
(0192) = %0y (4.3b)
G§=q <= qis areal quaternion; (4.3¢)
§=—-q <> qisa pure quaternion. (4.3d)

Because of Equation (4.3b) this is called an anti-homomorphism of skew rings
or ring anti-homomorphism. The inverse of a non-zero quaternion ¢ can be

written as -

a1 - T
T @ @ (44)

The real quantity ¢7 is the square of the length of the corresponding vector,
lgl = Ve = Va? + 2 + 22 + 2.

For 2z = with u,v € R, Z = ul — vi is the usual complex conjugation.
In terms of the matrix description of H, quaternionic conjugation is given
by hermitian conjugation,

2 =1 9 -F

To simplify notation, from now on we will write

1=1, i=1i, j=j, k=k

4.5 Quaternionic Matrix Groups

The above norm | | on H extends to a norm on H", viewed as a right H-vector
space. We can define a quaternionic inner product on H by

n
x-y=x'y= Zfryn
r=1
where we define the guaternionic conjugate of a vector by

I,

A
! =[§| T2 .- fn].

In
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Similarly, for any matrix [a;;] over H we can define [a;;]* = [d};].
The length of x € H" is defined to be

n
x| = Vx*x = Z |z |2.

r=1

We can also define a norm on M,,(H) by the method used in Section 1.2, i.e.,
for A € M,(H),
Ax
||A||=sup{|-ﬁ:0¢x€ ll'l"}
The analogue of Proposition 1.5 holds for || || and the norm | | on H, although
statements involving scalar multiplication need to be formulated with scalars
on the right. There is also a resulting metric on M,,(H),

(A,B) — |IA - B,
and we can use this to do analysis on M,,(H). The multiplication map
Mn(H) x Mn(H) — Mo (H)

is again continuous, and the group of invertible elements GL,,(H) C M, (H)
is actually an open subset. This can be proved using either of the reduced
determinants

Rdetg: M,(H) — R, Rdetc: M,(H) — C,
each of which is continuous. By Proposition 4.39,

GL,(H) = M,(H) — Rdetz' 0, (4.5a)
GL.(H) = M, (H) — Rdetg' 0. (4.5b)

In either case we see that GL, (H) is an open subset of M,,(H). It is also possible
to show that the two embeddings

GL,(H) — GL4n(R), GL,(H) — GL24(C),
have closed images. So GL,(H) and its closed subgroups are real and complex

matrix groups.

Definition 4.43
The n x n guaternionic symplectic group is

Sp(n) = {A € GLa(H) : A"A = I'} < GL,(H).
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Then Sp(n) is easily seen to satisfy
Sp(n) = {A € GL,(H) : Vx,y € H*, Ax- Ay =x-y}. (4.6)

Hence we have the following proposition.

Proposition 4.44
The Lie algebra of Sp(n) is

sp(n) = {Q € Ma(H) : Q° = -Q}
and this has dimension

dim Sp(n) = dimg sp(n) =2n2 + n,

Proof

The equation @Q* = —Q has solution space of dimension

n
311-!-4(2

in M,,(H). a

) =3n+2n2-n)=2m%+n

These groups Sp(n) form another infinite fanily of compact connected ma-
trix groups along with familiar examples such as SO(n), U(n), SU(n). There
are further examples, the spinor groups Spin(n) whose description involves the
real Clifford algebras Cl,,.

4.6 Automorphism Groups of Algebras

Let A be a finite dimensional k-algebra. We cin view A as a k-vector space
and consider its general linear group GLy(A)-

Definition 4.45
The group of k-algebra automorphisms of A is

Autyx(A) = {a € GLx(A) : a is an algdbra automorphism}.
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It is easy to see that Autx(A) is a group and Autx(A) < GLx(A).

If A has an algebra norm v then by Theorem 1.53, we can give GLx(A) and
hence Autx(A), the metric associated to the operator norm || ||, introduced in
Section 1.8. Using these metrics we obtain the following propositions.

Proposition 4.46
Auty(A) is a closed subgroup of GLyx(A), hence is a matrix subgroup.

Proof

Here is one approach. Choose a basis {v;,...,v,} for A and use this to identify
A with k™ and then produce an isomorphism of matrix groups GLx(A) —
GL, (k) as in Proposition 1.56.
Let p: k™ x k® — k" be the k-bilinear map corresponding to the product
A. Then for a € GL, (k), the condition that it corresponds to an element of
Auty(A) is that
po(axa)=aop,

and writing a = [a;4}, this amounts to n polynomial equations for the a;;j. By
the sort of considerations we used to identify matrix subgroups in Chapter 1,
this shows that Autg(A) < GL,.(k) is a closed subgroup. a

Example 4.47

Consider A = C as an R-algebra. Then Autg(C) = {Id¢, ( )}, where () denotes
complex conjugation.

Proof

Let a: C — C be an R-algebra automorphism. Every complex number z has
the form z = = + yi with z,y € R, hence

a(z) = a(z + yi) = a(z) + a(y)a(i) = z + ya(i).

So it suffices to determine a(i). But applying a to the equation i2 +1 =0, we
obtain
a(i)? +1=0,

50 a(i) = i. Hence either a =Idc or a = ( ). O

This example is rather simple because the algebra is commutative. Non-
;ommutative algebras have lots of automorphisms obtained using conjugation
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in the group theoretic sense. Let u € A* be a unit in the k-algebra A. The

function

Xu: A— A; xu(a) = uau™!

is clearly a k-linear isomorphism. It is also easy to check that for a,b € A and
tek,
xu(ab) = xu(a)xu(b).

Hence x. is a k-algebra automorphism of A.

Definition 4.48

An automorphism a of the k-algebra A is called an inner automorphism of A
if it has the form yx, for some unit u € A*. The inner automorphisms form a
subgroup Inng(A) < Autx(A). Automorphisms which are not inner are called
outer automorphisms.

Of course, if A is commutative, the only inner automorphism is the identity
Id 4. For the R-algebra of complex numbers, complex conjugation ( ) is an outer
automorphism. The construction of inner automorphisms defines a function

x: A* — Autg(A); ur— xu.

The proof of the next result is left as an exercise.

Proposition 4.49

Let A be a finite dimensional k-algebra.
i) The function x: A* — Auty(A) is a continuous group homomorphism, with
kernel and image

ker x = Z(A™) = the centre of A*, imyx = Innx(A) < Auty(A).

ii) The subgroup of inner automorphisms Inny(A4) < Auty(A) is a closed normal
subgroup, hence Inny(A) is a matrix group.

Definition 4.50

For a finite dimensional k-algebra A, the outer automorphism group is the
quotient group
Outy(A) = Autx(A)/ Inny(A).

This has a natural guotient topology, which we discuss in Section 8.1.
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Example 4.51
Let A = M, (k). Then
Inng(Mn(k)) = GLa(k)/{2I, : z € k*} = PGL,(k),

the n x n projective linear group.

Example 4.52
For the R-algebra of quaternions Hi,
Autg(H) = Inng(H) 2 SO(3).

Proof

Let a € Autg(H). Then by Propositions 4.41 and 4.42, a(t), a(j), a(k) are pure
quaternions satisfying

a)? = a(i)? = a(k) = -1, a(i)a(j) = afk).

In particular, viewed as elements of the real vector space R® with usual basis
e; =1, e = j and e3 = k, these vectors form an orthonormal basis, hence
there is an orthogonal matrix A € O(3) for which

a(i) = Ai, a(j)=A, a(k)= Ak
It is even true that det A = 1 gince in terms of the vector product X we have

a(i)a(i) = ali) x a(j),

and it is standard that for a pair of orthonormal vectors u,v, the triple
u,v,u X v is a left-handed orthonormal basis. Thus a is equivalent to a special
orthogonal matrix A € SO(3) acting on R® viewed as the pure quaternions.

To see that such an automorphism is actually inner, recall that in Sec-
tion 3.5 we defined a surjective group homomorphism Ad: SU(2) — SO(3).
Careful comparison of the definitions of Ad and x restricted to the subgroup
of H* consisting of unit quaternions shows that these are essentially the same
mapping. Hence a € Inng(H).

So Autg(H) = Inng(H) = SO(3) as claimed. O

Remark 4.53

Suppose that A is a finite dimensional simple k-algebra where k is actually the
centre of A, i.e.,

k={2€ A:Va€ A, az = za}.
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Then the important Noether-Skolem Theorem asserts that Autx(A) = Inny(A4),
or equivalently that Outy(A) = {1}. This is true for all division algebras and
matrix algebras over a division algebra, which gives a more theoretical explana-
tion for part of Example 4.52 and also shows that in Example 4.51 we actually
have Auty(My(k)) = PGL,(K).

EXERCISES

4.1.

4.2,

4.3.

44.

4.5.

Recall Example 4.25. Show that in R[S3], the summand
AQ = IR[83]e3 = e3R[53]

contains at least 4 elements of order 2. Deduce that A cannot be
isomorphic to H as an R-algebra.

If k=R or C, let (A,») be a normed k-algebra. Consider the set
A ={u€e A% :v(u) =1=v(u )}

a) Show that A C A is a compact subset with respect to the metric
associated with v.

b) Show that A} is a subgroup of A.

c) Find A} in each of the following cases and determine its Lie
algebra as a Lie subalgebra of A with its usual bracket: A = C,
A=H, A=M,(k).

Show that for r € R, in the real division algebra of quaternions H,
the equation z2 = r has

¢ two solutions if r > 0;

¢ infinitely many solutions if r < 0 and these are all pure quater-
nions.

A good question to consider after reading Chapter 5 is whether this
result generalises to an arbitrary Clifford algebra Cl,,.

Using the bases {1,i,5,k} of Hg over R and {1,j} of H¢ over C,
determine the reduced determinants Rdetp: GL,(H) — R* and
Rdetc: GL,(H) — C* for small values of n.

a) Verify that M,(H) is complete with respect to the norm || ||-
Use this to define an exponential function exp: M,,(H) — GL,(H)
with properties analogous to those for the exponential functions on
M, (R) and M, (C).

b) When n = 1, determine exp(g) using the decomposition ¢ = r+su
with r, s € R and u a pure quaternion of unit length ju| = 1.
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4.6.

4.7.

For each of the following matrix groups G, determine the Lie algebra
g and dimension dimG.

a) G = GL,(H).

b) G = Sp,(H).

c) G = kerRdety: GL,(H) — k*, where k = R, C and n is small.
d) G = ker Rdety: Sp(n) — k*, where k = R,C and n is small.

The group of unit quaternions
Sp(1) = {g € H:|q| =1}
has an R-linear action on H given by
¢g-z=qzq”! =qz§ (z € H).

a) By identifying H with R* using the basis {i,3,k,1}, show that
this defines a Lie homomorphism Sp(1) — SO(4).

b) Show that this action restricts to an action of Sp(1) on the space
of pure quaternions and by identifying this with R® using the ba-
gis {1, j, k}, show that this defines a surjective Lie homomorphism
a: Sp(l) — SO(3). Show that kera = {1, -1}.

48. A\ Using the surjective homomorphism a: Sp(1) — SO(3) of the

previous question, for a subgroup G < SO(3) set
G =a"'G = {g € Sp(1) : a(g) € G} < Sp(1).

From now on assume that G is finite.

a) Determine the order of G. L

b) Show that the order of the centre of G, Z(G), is even.

c) If G contains an element of order 2, show that the group homo-
morphism a: G — Gisnot split in the sense that there is no group
homomorphism 8: G — G for which a o B =Idg.

¢L-¢
hh« |
G

d) Show that Qg = {#1, +i, £, £k} is a subgroup of Sp(1) and find a
geometric interpretation as a group of symmetries for aQg < SO(3).
Generalise this by considering for each n 2 2,

Qan = {e”""/“:r=0,...,n—1}U{e2""/“j:r=0,...,n—l}.
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e) Show that the set T24 consisting of the 24 elements
%1, +i, +j, +k, l(:bl:l:i:l:j:hk),

is a subgroup of Sp(1) and find a geometric interpretation for the
group aT24 < SO(3).

f) A A\ Let Icos be a regular icosahedron in R3® centred at the
origin. The group of direct symmetries of Icos is known to be iso-
morphic to the alternating group, Symm™*(Icos) & As. Determine
a~! Symm*(Icos) < Sp(1).

[This requires a good way to view the icosahedron relative to the
z,y, z-axes. The resulting subgroup of Sp(1) is called the binary
icosahedral group since it provides a double covering of the symme-
try group Symm™* (Icos). It also provides a non-split double covering
Ks — Ag of the simple group Ag.}

49. A A a) Show that for eachn > 1,

dim Sp(n) = Symp,, (R).

b) Notice that there are embeddings Symp,,.(R) < GL3,(C) and

Sp(n) < GLz2n(C), hence sp(n)c < gha(C) and symp,,(R)c <
8l2,(C). Show that as C-Lie algebras

sp(n)c & symp,,(R)c.

4.10. Prove Proposition 4.49.
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Clifford Algebras and Spinor Groups

In this chapter, we generalise the quaternions by studying the real Clifford
algebras, and our account of these is heavily influenced by the classic paper
of Atiyah, Bott & Shapiro [3]; Porteous [23, 24] also provides an accessible
description, as does Curtis [7] but there are some errors and omissions in that
account. Lawson & Michelsohn [19) provides a more sophisticated introduction
which shows how central Clifford algebras have become to modern geometry
and topology; they also appear in Quantum Theory in connection with the
Dirac operator. There is also a theory of Clifford Analysis in which the field
of complex numbers is replaced by a Clifford algebra and a suitable class of
Clifford analytic functions generalising complex analytic functions is studied;
motivation for this is provided by the above applications. The groups of units
in Clifford algebras contain the spinor groups which we define and also show
how they provide double coverings of the special orthogonal groups.

We restrict attention to real Clifford algebras associated to positive definite
inner products on R™. There are also complex and indefinite Clifford algebras
discussed in (3, 19, 23, 24].

129
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5.1 Real Clifford Algebras

The sequence of real division algebras R, C, H can be extended by introducing
the (real) Clifford algebras Cl,, for n 2> 0, where the first few satisfy

Cho=R, Ch=C, Clh=H,

as R-algebras.
We begin by describing Cl,, as an R-vector space and define the product in
terms of a particular basis. There are elements e;,e,,...,e, € Cl, for which

{e.er = -e.e’- if 8 # 1‘,

5.1
ez = -1. (5.1)

Moreover, Cl,, has an R-basis consisting of the elements e; e;, - --€;, corre-
sponding to increasing sequences 1 <1; < i3 <---<i, <nwith0 < r < n.
Thus

dimg Cl,, = 2". (5.2)

When r = 0, the element e;, e;, - - - €;, is taken to be 1.
Doing calculations with these basis elements is easy as the following example
illustrates.

Example 5.1
Let 1, j, k, £ be distinct numbers in the range 1 to n. Then

€{€;€xCe = €x€r€;€;.

Proof
Repeatedly using the relations of (5.1) we obtain

€i€;jCrCy = —€iCr€j ;€ = €x€;€;€p = —Er€i€ee; = €x€r€5€;.

Proposition 5.2

There are isomorphisms of R-algebras

Chh=C, Cl;=H.
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Proof
For Cl;, the function
Ch —-C;, z+yey—z+yi (z,y€R),

is an R-linear ring isomorphism.
Similarly, for Clz, the function

Cl, —H;, tl+ze1+yez+zee2—tl+zi+yj+z2k (L,2,y,z€R),
is an R-linear ring isomorphism. O
We can order the basis monomials in the e, by declaring e;, e;, - - - €;_ to be

numbered
14207 4ot 4.4 20T

which should be interpreted as 1 when r = 0. Every integer k for which 1 <
k < 2" has a unique binary expansion
k=ko+2ki+---+2kj+--- +2"k,,

where each k; = 0, 1. This provides a one to one correspondence between such
numbers k and the basis monomials of Cl,,. Here are the orderings of the bases
for the first few Clifford algebras.

Cll 1) el
Cl; 1,e1,€2,€1€2
Cl; | 1,e1,€3,e1€2,€3,€ €3, €263, €1€2€3

Using the left regular representation over R associated with this basis of
Cl,,, we can realise Cl,, as a subalgebra of M2~ (R).

Example 5.3
For Cl; we have the basis {1,e;} and find that

p(1) = I, ;r>(¢ex)=[(lJ _(1)].

while the general formula is

p(z +yer) = [: —:] (z,y € R).
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Applying p to the basis {1,e;,e2,e1e2} we obtain the following elements in
M, (R):

0 -1 0 0]
1 o0 o
p(1)=14, p(el)_ 0 0 0 _1 )
o 01 o
o 0 -1 0 0 0 0 -1]
o 0 01 loo -1 o
plez)= 1|, o o of- e =10 1 o o
o -1 00 1 0 0 0

In all cases the matrices p(e; e;, - - - €;,) are generalised permutation matrices
all of whose entries are 0, 1 and exactly one non-zero entry in each row and
column. These are always orthogonal matrices of determinant 1.

The Clifford algebras Cl,, are characterised by an important universal prop-
erty. First notice that there is an R-linear transformation

n n
Jn: R®* — Cl,; jn (Z z,e,.) = erer,

r=1 r=1

for which 2

n
S Zre,

r=1

(5.3)

n 2 n
Jn (Z 2:1'91') = ‘sz =-
r=1

r=1

Theorem 5.4 (Universal property of a Clifford algebra)

Let A be an R-algebra. If f: R — A is an R-linear transformation for which
f(x)? = -x’'1 (xeR"),

then there is a unique homomorphism of R-algebras F': Cl, — A for which

Fojn=f,ie., foral x € R?, F(ju(x)) = f(x).

This can be indicated in the following commutative diagram

Rﬂ
"N

in which ‘3! F” stands for ‘there exists a unique F’ and the dotted arrow

indicates a function F which solves the following equation amongst functions,
Fojn=/f.
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Proof

The homomorphism F': Cl, — A is defined by setting F(e,) = f(e,) and
showing that it extends it to a ring homomorphism given on basis monomials

by

Flesy ---€:i,) = flei,) - f(es,).
The details are left as an exercise. 0O
Corollary 5.5

Let U be an R-algebra and j: R®* — U be an R-linear transformation for
which
i(x)* = —[x|*1 (x€R").
Suppose that U and j have the universal property enjoyed by Cl,,.
If A is an R-algebra and h: R™ — A is an R-linear transformation for which

h(x)* = —|x[’1 (x € R"),

then there is a unique homomorphism of R-algebras H: U — A satisfying
Hoj=f,ie, for all x € R*, H(j(x)) = h(x).

Then there is a unique R-algebra isomorphism &: Cl,, — U which satisfies
®ojn=17j.

Proof

The algebra homomorphism &: Cl, — U is constructed using the universal
property Cl, applied to the linear transformation j: R® — U. On the other
hand, applying the universal property of U to jn: R® — Cl,, we obtain
an algebra homomorphism @: U — Cl,,. These homomorphisms satisfy the
equations
®ojn=j, ©0j=jn.
Notice that the following equations also hold:
‘ ©0®0j,=00j=3j,, ®¥0B0j=®0j,=3].

By the uniqueness part of the universality of Cl,, applied to the linear trans-
formation j,: R — Cl,, together with the identity Idc), 0jn = jn, we have
©0& = Idc;, . Similarly, combining the uniqueness part of the universality of U
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applied to the linear transformation j: R® — U with the identity Idy oj = j,
we obtain & 0 © = Idy.

Rﬂ

TN

Cl,, Bli.’_U 3O

n

Idcy,,

Hence & is an algebra isomorphism with inverse ®—! = ©. O

This uniqueness up to isomorphism is an important characteristic of objects
satisfying such universal properties. Another example we discuss is that of the
quotient topology, see Proposition 8.3 and Corollary 8.4.

Example 5.6

There is an R-linear transformation
ag: R* — Cl,;;  ap(x) = —Fn(x) = Jn(—x).
Then in Cl,,,
ao(x)? = ju(-x)? = —|x|?,

80 by Theorem 5.4 there is a unique algebra homomorphism a: Cl, — Cl,
for which

a(jn(x)) = ao(x).
Since jn(e,) = e, this implies that
afe,) = —e,.

Notice that for 1 i) < iz <--- < ix <7,

e, 6, --e if kiseven
ale; e, e, ) = (-1)*ei.e;. - -¢; 1 * ’
(C 2 WD =(-1) 1C43 .{-eileiz"'ei. if k is odd.
It is easy to see that a is an isomorphism and hence an automorphism, often
called the canonical automorphism of Cl,,.

We record the explicit forms of the next few Clifford algebras. Consider the
R-algebra M;(H) of dimension 16. There is an R-linear transformation

04: R' — MQ(H),

z1i + x27 + 23k
b4(z1€) + Z2€2 + T3€3 + 24€4) = [ 12+ 27 + 23 zek ] .

T4k T1i + 22 — z3k
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Direct calculation shows that 84 satisfies the condition of Theorem 5.4, hence
there is a unique R-algebra homomorphism 6,: Cl; — My(H) for which 6,0
j4 = 04. It can be shown that this is an isomorphism of R-algebras, so

Cly = My (H).
Since R C R? C R® C R*, we obtain compatible injective homomorphisms
©,: Cli — My(H), ©;:Cly — My(H), ©5: Cly — Ma(H),
which turn out to have images

im61 = {ZIQ:ZGC},
im©; = {¢l2: ¢ € H},

Imos = {[901 q02] :q1,q2 € H}.

This shows that there is an isomorphism of R-algebras
Cl3 > H x H,

where the latter is the direct product of Definition 4.8. By direct calculation,
we also obtain

Cls = My(C), Cls =Ms(R), Cly = Mg(R) x Mg(R).

These results are summarised in Table 5.1, whose last column gives their di-
mensions.

Clp R 1
ClL C 2
Cly H 4
013 HxH 8
Cl Ma(H) 16
Clg M4(C) 32
Clg Ms(R) 64
. Cly | Ms(R) x Ms(R) | 128
Cls M,¢(R) 256

Table 5.1 The first 8 Clifford algebras

To go beyond this we use the following periodicity result, in which Mm(Cln)
znotes the ring of m x m matrices with entries in Cly,.
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Theorem 5.7
For n 2 0,
Cln+s 2 M;6(Clp).

We will not give the proof but note that it involves the useful observation
that for a unital ring R, there is an isomorphism of rings

Mm(Mn(R)) = Mma(R), (5-4)

obtained by expressing each m x m matrix of n X n matrices as an mn x mn
matrix. Thus we obtain for example

Clio = M, ¢(H),
Cl1z2 & M;6(M2(H)) = M;2(H),
Cli4 = M;6(Ms(R)) = Mj26(R).

In the next section | we will make use of some more structure in Cl,,. First
there is a conjugation ( ): Cl, — Cl,, defined by

&t 6y = (1) e, e
whenever 1 € ) < 13 < -+ < i < n, and satisfying

z+y=I+9,
tztT,

for z,y € Cl, and t € R. Notice that if n > 1, ( ) is not a ring homomorphism
since whenever r < s,

Er8y = €s8r = —€y€y = —E; €, F €16,
However, it is a ring anti-homomorphism in the sense that for all z,y € Cl,,
Z=9Z (z,y €Clyn). (5.5)

When n = 1 or 2, ( ) agrees with the conjugations already defined in C and H.
Second there is the canonical automorphism a: Cl, — Cl,, defined in
Example 5.6. We can use a to define a £-grading on Cl,:

Cl} ={u€eCly:au) =u}, Cl; ={ueCl,:alu)=-u}.
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Proposition 5.8

i) Every element v € Cl,, can be uniquely expressed as v = v+ + v~ with
vt € CI} and v~ € Cl;. Hence Cl,, = CI} & Cl,; as an R-vector space.
ii) This decomposition is multiplicative in the sense that

uv € CI} if u,v € CI¥ or u,v € Cl,
uv,vu € CI} ifu€ Cl} and v € Cl;.

Proof
(i) The elements
+_1 -_1
vt = +a), vT=5(v-a), (5.6)
satisfy a(vt) = v+, a(v™) = —v~ and v = vt + v~ hence v+ € CI} and

v~ € Cl;;. On the other hand, if v = v’ + v" with ¢' € CI} and v” € Cl, then
a(v) = v' — v" and so

%(v +a(v)) =1, %(v - a(v)) = v".

So this expression is the only one with such properties and therefore defines
the stated vector space direct sum decomposition.
(ii) This is easily checked using the fact that a is a ring homomorphism. O

Notice that for bases of CI¥ we have the monomials

{ e.fl"'e.i:mECl: (1<j1<"'<j2m<"), (5.7)

€1 * " Cjrmyy € le-t (1 €h < < Jame1 € n).

For later use, it is useful to record the following identity which holds for all
u € Cl,:
a(f) = a(u). (5.8)

This is verified by checking that it holds on the monomial basis in the e;.

Remark 5.9

It is worth noting that the composite of a and () (in either order) is another

anti-homomorphism of Cl,;; then Id, a, { } and @ = a o ( ) form a finite group
of order 4 which is not cyclic since the square of every element is the identity.
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Finally, we introduce an inner product - and a norm | | on Cl,, by defining
the distinct monomials e;, e, ---€;, with 1 i) <3 <-:- <ip < n tobean
orthonormal basis, i.e.,

1 if¢=kandi, =j, forallr,

i, Cig - €i,) - (€565, --€ =
(€, €55 - - €iy) (i 42 je) {0 otherwise,

and

izl = vz - 2.

We leave it to the reader to check that | | is a norm. Perhaps a more illuminating
way to define the inner product - is by using the formula

%-v= %R;e(ﬁv+ﬁu), (5.9)

where for w € Cl,, we define its real part Rew to be the coeflicient of 1 when
w is expanded as an R-linear combination of the basis monomials e;, - -- ;.. It
is easily verified that for any u,v € Cl,, and w € j,R",

(wu) - (wv) = [wf (u-v). (5.10)

In particular, when |w| = 1 left multiplication by w defines an R-linear trans-
formation on Cl,, which is an isometry. The norm | | gives rise to a metric on
Cl,, which makes the group of units Cl into a topological group and the above
embeddings of Cl, into matrix rings are then continuous, so ClL; is a matrix
group. Unfortunately, these embeddings are not norm preserving in general.
For example, 2 + ejeze3 € Cls has |2 + e;ezes| = /5, but the corresponding
matrix in Mg(R) has norm /3. However, by defining for each w € Cl,

llw]| = sup {lwz| : z € Cl,, |z| = 1} = max {jwz| : z € Cl,,, |z| = 1},

we obtain another equivalent norm on Cl, for which the above embedding
Cl,, — M3-(R) does preserve norms. For w € j,R™ we do have |jw|| = |w| and
more generally, for wy,...,w; € j,R",

flwy « - -wall = fwy - - -wa| = |wy|-- - Jul.

For z,y € Cl,,
llzyll < lizll [l

without equality in general.
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5.2 Clifford Groups

Using the injective linear transformation j,: R® — Cl,, we can identify R"
with a subspace of Cl,,, i.e.,

n n n
ere, — j,,(z z.e,) = Zz,.e...

r=l1 r=1 r=1

From now on we do this without further comment, writing elements as z € R"
rather than x.
Notice that R™ C Cl, so for z € R, u € CI} and v € Cl,,

zu,uz € Cl;, zv,vz€CL.. (5.11)

Definition 5.10
For n 2 1, the Clifford group T',, is the subgroup
[p = {u€Cl:VzeR", a(u)zu™! € R"} < CL.

Notice that R* < I, is a normal subgroup and is the centre of I',,. Also for
any non-zero u € R™ and z € R" it is easily seen that a(u)zu~! € R", hence
u €I,

Proposition 5.11
I is a closed subgroup of CL.

Proof
There is a continuous action
CLX xCl, — Clp;  (u,v) = a(u)vu~l.
Notice that for each u € Cl,, the function
1

Cl, — Cl,; v+— a(u)vu™’,

is a linear isomorphism. Since R"® C Cl,, is an R-subspace, it is closed and so
by Section 1.9, its stabiliser

Stabgix (R") < Cl
is a closed subgroup of C1}. But this stabiliser is clearly I'y,. a
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Since we already know that Cl is a matrix group we have the following
corollary.

Corollary 5.12

For n 2 1, T, is a matrix group.

Proposition 5.13
For u € 'y, a(u) and ¥ are also in [y,

Proof
For u € T, and z € R", a(z) = —z = T € R". By Equations (5.8) and (5.5)
together with the fact that a o a = Id, we have
a(a(u))za(u) ™! = a(e(u))a(-z)a(u)™
= a(a(u)(—-z)u~!) € R",

and
a(@®)zi ! = a(@(-z)u-T
= a(u) (-z)u~!
= u~1(-z)a(u)
= a(a(u—!)a(-z)u) € R",
since R™ is closed under a, () and pa(y-1)- 0O

For each u € Cl);, we can restrict the function Cl, —+ Cl,, of this proof to

pu: R" = R, p,(v) = a(u)vu~l.

Proposition 5.14

For each u € Iy, the function p,: R® — R" is an R-linear isometry.
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Proof
For any z € R",
'pu(-":)l2 = -Pu(z)2
= —((~uzu”)?
= —(—u)zu~ ! (~u)zu™!
= —uz?u~!
= ulz[?u~!
= |z]3.
Hence |pu(z)| = |z] for all z € R™. (]

This means that for u € I'y,, if we express p,, in terms of the standard basis
{e1,--..,€en}, then we have p, € O(n). Hence there is a group homomorphism

p:Tn — O(n); p(u) = pu.
In fact, p is also continuous. We also need to identify the kernel of p.

Proposition 5.15
kerp=R* = {t1: t€ R, t #0}.

Proof

Suppose that u € ker p. Then for every z € R", a(u)zu™! =z, i.c., a(u)z = zu.
Writing u = u* + u~ with u* € CI¥, we have

utz = zut, (5.12a)

—-u"z=1zu". (5.12b)
For each r = 1,...,n, we can write

+

ut =at +eb;, u” =a; +e.bt,

where aX,b%¥ € CI¥ do not involve e, in their expansions in terms of the
monomial bases of Equation (5.7).

On taking z = e,,, by Equation (5.12a) together with the identities

ecal =ate,, b =-ble,,
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we obtain

ate, + b7 =ate, - b.

Now by comparing the parts involving or not involving e, we find that b7 = 0.
Similarly, Equation (5.12b) gives

—a; e, + b} = —a;e, - b},

from which we obtain b} = 0. So we have u* = a} and u~ = a, showing that
neither of these involves e,. But as this is true for all values of r, we must have
u~ =0 and u* = t1 for some t € R, hence u = t1. a

Proposition 5.16

For u € 'y, ut € R* and tu = ut. If v € T',, as well, then

uv U = utvt.

Proof

For u € [y, uti € I',; by Proposition 5.13. We will show that u@ € ker p.
Let z € R™. Then using the notation @ = ao{ ) = ( ) o a of Remark 5.9 we
have

puu(z) = a(ut)z(ul)™
1

= a(u)a(‘ﬁ)zt-;:—lu'
= a(u) (a(ﬁ)z;——l) u-!
= a(u)a (ﬁ!!.'a(u_-f)) ul,
since a(Z) = z. Hence
puu(z) = a(u)a (a—(uT)zu-) u=1
= a(u)a (—a(u?)zu) u~!
(since V=-y for y € Rn)
= a(u) (a(u™")zu) u™?

(since a(y) = —y for y € R™)

= a(uu™)z(uu"?) = z.
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Thus puu(z) = z. We also have

Ty = v~ lutiu = vGu "'y

since uu € R*, hence “u = ut.

Ifvel,, then
uv Ul = uwvv't = uuvy,
since vU € R* and so commutes with every element of Cl,,. D

Proposition 5.17

The function
v:In — R*; v(u)=uT

is a continuous group homomorphism.

Proof
Notice that if u € T'y,,

|u}* = Re(%u) = Re(u®) = uli = v(u),

hence v is continuous and always takes positive values. Proposition 5.16 implies
that it is a group homomorphism. 0O

We will study the kernel of v more thoroughly in the next section.

5.3 Pinor and Spinor Groups

In this section we will describe for each n > 1, the compact connected spinor
group Spin(n) which is a group of units in the Clifford algebra Cl,,. Moreover,
there is a surjective Lie homomorphism Spin(n) — SO(n) whose kernel has
two elements. We will first introduce the pinor group Pin(n) which has two
connected components, one of them being Spin(n).

Definition 5.18

For n > 1, the pinor group Pin(n) is the kernel of v: ', — R*.

Notice that Pin(n) is a closed subgroup of 'y, C Cl,, and is a bounded subset
with respect to the metric induced from the norm | |, hence it is compact.
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Definition 5.19
For n > 1, the spinor group Spin(n) is
Spin(n) = Pin(n) N CI} < Pin(n).

The restriction of a to a function a: Pin(n) — Pin(n) is a continuous
group homomorphism for which

{u € Pin(n) : a(u) = u} = Pin(n) NCL},

hence Spin(n) < Pin(n) is a closed subgroup. Later we will see that it is also a
normal subgroup.

Our principal goal in this section is to show that the restricted homomor-
phism p: Pin(n) — O(n) is surjective and Spin(n) = p~! SO(n). We will do
this by showing that Pin(n) is generated by certain elements u € R™ for which
pu is a reflection.

Within R™ C Cl, is the unit sphere

S"l={xeR":|z]=1}= {Eu:z,e,:zn:za =1}.

r=1 r=1

Lemma 5.20

Let u € S"~! C Cl,.. Then u is a unit in Cl,, i.e., u € C1, and u~! € S*~1.

Proof
Since u € R",
(—wu = u(-v) = —u? = —(-jul?) = 1,
so —u is the inverse of u. Of course —u € S"~1. O
More generally, for u;,...,ux € S$"-1 we have
(ur-ug)™t = (D) g - uy =T (5.13)

Recall that in a group G, the subgroup generated by the subset S C G is
the smallest subgroup of G containing S, often denoted (S) < G. A typical
element of (S) is a product of elements of the form s or s~! where s € S, i.e,,

sp' -8t (e1,....6x = 1)

Furthermore, if H < G and S C H then (S) < H.
We will show that §"~! C Pin(n) and therefore (S"~!) < Pin(n). We begir
with the following useful result.
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Lemma 5.21
Let u,v € R® C Cl,,. If u-v =0, then vu = —uv.

Proof
Writingu=Y_,_, zre, and v = }_,_, ¥s€, With z.,y, € R, we obtain
n

n n
Eylzreaer = Zyrzre?- + Z(xsyr — Tyls)eres

U =
=1 r=1 r=1 r<s
n
= - Zyr-’rr - Z(xr% — ZeYr)eres
r=1 r<s
= —u.v-— Z(z,y, - Z,yr)ere,
r<s
= - E(zr!h — Z,Yr)ere,
r<s
=v.u- Z(z.-y. - zayr)erel
r<e
n n
= - Z Z :L',-y.e,-e.
r=1 s=1
= —uv.
O
Notice that for u € $"~! and z € R®, by Equation (5.13),
a(u)zu~! = (~u)z(-u) = uzu. (5.14)
If u-z =0, then Lemma 5.21 implies that
a(u)zu™! = —u?r = —(-1)z =z, (5.15a)
since u2 = —|uj? = —1. On the other hand, if z = tu for some ¢t € R, then
a(u)zu™! = tu® = —tu. (5.15b)

So in particular a(u)z~! € R™ which yields the following result.

Proposition 5.22

The subgroup of Cl? generated by S*~! is contained in Pin(n), (S"~!) <
Pin(n).
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Remark 5.23

By Lemma 5.20, every element of (S"~') is a product of elements of $"~!.

Next we will investigate the restriction of the homomorphism p: Pin(r) —
O(n) to p: {(S™"~!') — O(n). For each u € S"~!, we have an R-linear isometry

pu:R® — R*;  pu(z) = a(u)zu~! = uzu.

More generally, for u € (S™~!), suppose that u = u; ---u, for u1,...,u, €
S$"-1, Then

pu(z) = aluy - -uy)2(uy - - -up) ™"
= ((=1) 1+ u)2((=1) U -0
= UL " "UeTUp-- - U] (5.16)

Proposition 5.24

For u € S"~1, p,: R® — R" is reflection in the hyperplane orthogonal to u.

Proof
Recalling the defining equation (1.4) of a hyperplane reflection, Equations (5.15)

show that
(z) = z fu-z=0,
Py —z if z = tu for some t € R.

So pu: R® — R" is indeed reflection in the hyperplane orthogonal tou. 0O

Proposition 5.25

i) p: (8"~1) — O(n) is surjective and kerp = {1, -1}.
it) p: Pin(n) — O(n) is surjective with kerp = {1, -1}.
iii) (S8"~!) = Pin(n).

Proof

(i) The observation in the proof of Proposition 5.24 shows that reflection in
the hyperplane orthogonal to u € S"~! has the form p,. Surjectivity is a
consequence of Proposition 1.41.

(ii) If t € kerp = Pin(n) "R, then |t| = 1 then |t|? = ¢t = t?,s0 t = 1. On
the other hand, +1 € kerp.
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(iii) Suppose that v € Pin(n). Then p, € O(n) can be expressed as a product of
hyperplane reflections, each of which has the form p,, for some vector w € 8"-1!,
Hence py = pu,...w, for suitable w,,...,w; € S*~1. But then

(-1)*vwy - --uy € kerp = {£1}.
Thus v = Fw, ---wx € (S"7!). O

At this point we have a great deal of information about elements of Pin(n)
which we collect into a theorem.

Theorem 5.26
i) Pin(n) is the disjoint union of open subsets
Pin(n) = Pin(n) N CI} U Pin(n) N Cl;; = Spin(n) U Pin(n) N CI;.

ii) Spin(n) is a normal subgroup of Pin(n) and every element v € Spin(n) can
be expressed as an even-length product v = v, - - - uz; where vy,..., v € S*1.
iii) For any w € S*~1,

Pin(n) N Cl; = wSpin(n),

and every element v € Pin(n) N Cl, can be expressed as an odd-length product
V=01 U241 where vy,...,U2¢41 € S§n-1,

Proof

(i) Since Pin(n) = (S™~1), every element u € Pin(n) can be expressed as
u = u, - - - uy for some u;,...,ux € S*1. Since

aluy -+ ux) = (=1)*uy - ug,
we find that u € Pin(n) N C1} if k is even, while u € Pin(n) N Cl; if k is odd.
The function
@: Pin(n) — {+1,-1}; &(u) = a(u)u™?,
is continuous and
a {1} = Pin(n)nCl}, & '{-1} =Pin(n)nCl;,

showing that these are disjoint open subsets.
(ii) If u € Spin(n) = Pin(n) N Cl} and v € Pin(n), then writing u = u; - - -uz
and v = vy - - - Vagst with U, vj € S"-1 we find

-1 - .
VUV = —u) - Ugee1Ug - UgkVagsl - - -1 € Pin(n) NCIY.
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iii) If « € Pin(n) N CI_ then for each w € S*~! we have
(iii) n

w™ 'y = (~w)u € Pin(n) N CI}.

From now on we will make use of the notation
Pin(n)* = Spin(n) = Pin(n) N Cl:, Pin(n)™ = Pin(n) NCl,.

We can also characterise Spin(n) and Pin(n)~ using the surjective homomor-
phism p: Pin(n) ~— O(n). If uy,...,ux € S*~1, then

det py,...u, = detpy, ---detpy, = (_l)k»
since each p,_ is a hyperplane reflection for which det p, = —1. Since

SO(n) =0O(n)* = {A € O(n) :det A =1},
O(n)~ = {A€ O(n) : det A = -1},

this means that for u € Pin(n),

u € Spin(n) &> p, € SO(n),
u € Pin(n)~ <= p, €0(n)".

Theorem 5.27
The continuous homomorphism p: Pin(n) — O(n) is surjective and
p~' SO(n) = Spin(n), p~* O(n)~ = Pin(n)~.

Hence the restriction of p to p*: Spin(n) — SO(n) is also surjective and the
kernels of these homomorphisms are kerp = p* = {+1,-1}.

We can also say more about the topology of Spin(n) and Pin(n).

Theorem 5.28

Spin(n) is a compact, path connected, closed normal subgroup of Pin(n). Fur-
thermore, if n > 3 the fundamental group of Spin(n) is trivial, m Spin(n) = {1}.
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Proof

We only discuss connectivity. Recall that the sphere S"~! C R™ C Cl,, is path
connected. Choose a base point up € S™~1. Now for an element u = u;y - - - u; €
Spin(n) with u,,...,ux € S*~!, as noted in the proof of Proposition 5.25, we
must have k even, say k¥ = 2m. In fact, we might as well take m to be even
since u = u(—w)w for any w € S"~!. Then there are continuous paths

pr:[0,1] =81 (r=1,...,2m),
for which p.(0) = uo and p,(1) = u,. Then
p:{0,1] = S"Y p(t) =pi(t) - Pam(2)
is a continuous path in Pin(n) with
pO) =uwg™ = (-)" =1, p(1)=u.

But ¢ — p(p(t)) is a continuous path in O(n) with p(p(0)) € SO(n), hence
p(p(t)) € SO(n) for all t. This shows that p is a path in Spin(n). So every
element u € Spin(n) can be connected to 1 and therefore Spin(n) is path
connected.

The final statement involves homotopy theory and is not proved here. It
should be compared with the fact that for n > 3, m, SO(n) = {1,—1} and in
fact the map is an example of a universal covering. O

The double covering maps p: Spin(n) — SO(n) generalise the case of
SU(2) — SO(3) discussed in Section 3.5. In fact, around each element u €
there i3 an open neighbourhood N, C Spin(n) for which p: Ny, — pN, is a
homeomorphism, and actually a difffomorphism. This implies the following.

Proposition 5.29

The derivative d p: spin(n) — so(n) is an isomorphism of R-Lie algebras and

dim Spin(r) = dim SO(n) = (;‘)

. The Lie algebra of Spin(n) can be described as a Lie subalgebra of Cl,.

Proposition 5.30
For n > 2, the Lie algebra of Spin(n) is

spin(n) = { z tijeie; : tis € R} C Cl,.

1gi<ign
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Proof

For1 i< j<nandte€R, consider
oo 4r
exp(teie;) = ) _ —(eie;)",
r=0

which converges to an element of C1>. Notice that

4

1 if r =0 mod 4,
-1 if r =2 mod 4,
eiej if r=1mod4,
| —€i€;j if r =3 mod 4.

(eie;)" = (-1)(;)613; = {

Hence we have

exp(te;e;) = cost + sint e;e;. (5.17)
We also obtain
ei(eie;)" = (—eie;)"e;,
ej(eie;)” = (—eie;) e,
and if k #£1,7,

ex(eie;)” = (eie;) ex.-
Then since (ese;)? = -1,

a(exp(teie;))e; exp(tese;) ! = exp(te;e;)e; exp(—te;e;)
= (cost + sint eje;)es(cost — sint e;e;)
= (cost + sint e;e;)%e;
= (cos 2t + sin 2t e;e;)e;
= cos2te; + sin 2t ey,
a(exp(tese;))e; exp(teie;) ™ = (cost + sint e;e;)e;(cost — sinte;e;)
= (cost + sint e;e;)%e;
= (cos2t + sin 2t eje;)e;
= cos2te; — sin2te;,

and if k #1, 3,

o(exp(te;e;))ex exp(te;e,-)‘l = exp(teie;) exp(teiej)‘le.=
= €k-
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Since the e, form a basis of R™, this shows that exp(te;e;) € I', NCl. But also

exp(te;e;)exp(te;e;) = exp(teie;) exp((—1)>teje;)
= exp(teie;) exp(—te;e;)
=1,

hence exp(te;e;) € Spin(n).
Taking the derivative at 0 of the curve

aij: R — Spin(n);  a;(t) = exp(te;e;),

we obtain e;e;, 50 eje; € spin(n). As these ;

independent, by Proposition 5.29 they must form a basis.

elements e;e; are clearly linearly

With the aid of the calculations in this proof, the action of the derivative
d p: spin(n) — so(n) on the basis elements e;e; can be determined, namely

d p(eie;) = 2E7 — 2EY, (5.18a)

where we use the basis for M,(R) provided by Equation (3.24). Similarly, the
effect of the homomorphism p: Spin(n) — SO(n) on exp(te;e;) is

plexp(te;e;)) = cos2t I, + sin 2t (E¥* — EY), (5.18b)

5.4 The Centres of Spinor Groups

Recall that for a group G the centre of G is
Z(G) = {c€ G : Vg € G, gc = cg}.

Then Z(G) 4 G. The centres of the special orthogonal groups are easily found
and described.

. Proposition 5.31

Forn > 3,

Z(SO(n)) = {tln : t =1, t" =1} = {2:1} } i:: i: :3:.

Before stating our main result on the centres of spinor groups, we note that
Spin(1) and Spin(2) are both abelian.
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Proposition 5.32

For n 2 3,
({£1) if n is odd,
Z(Spin(n)) = 4 {£l,te;---e,} if n=2mod4,
\{:tl,:tel ---e,} ifn=0mod4
'Z/2 if n is odd,
%’JZM if n = 2 mod 4,
\2/2 xZf2 ifn=0mod4.
Proof

If ¢ € Z(Spin(n)), then since p: Spin(n) — SO(n), p(g) € Z(SO(n)). As
+1 € Z(Spin(n)), this gives | Z{Spin(n))| = 2| Z(SO(n))| and indeed

Z(Spin(n)) = p~! Z(SO(n)).

For n even,
(ter---en)’ =er1---eqe1- ey
= (—1)(3)ef €2
= (-1)BHn = (T,
Since

(n+1)_(n+l)n_ 1mod2 ifn=2mod4,
2 ) 2 Omod 2 if n=0mod 4,
this implies that

-1 if n=2mod4,

:te---en2=
(rer-en) {1 if n = 0 mod 4.

So for n even, the multiplicative order of +e; - - - e, is 2 or 4 depending on the
congruence class of n modulo 4. This gives the stated groups. O

5.5 Finite Subgroups of Spinor Groups

Each orthogonal group O(n) and SO(n) contains finite subgroups. For example,
when n = 2,3, these correspond to symmetry groups of compact plane figures
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and solids. The case of n = 3 was explored in the exercises of Chapter 4. Here
we make some remarks about the symmetric and alternating groups.

Recall that for each n > 1 the symmetric group S, is the group of all permu-
tations of the set n = {1,...,n}. The corresponding alternating group A, < S,
is the subgroup consisting of all even permutations, i.e., the elements o € S,
for which sgn{c) = 1 where sgn: S, — {+1} is the sign homomorphism.

For a field k, we can make S,, act on k™ by linear transformations:

I) To-1(1)

T2 To-1(2)
c-| .| =

ITn Lo—1(n)

Notice that o(e;) = e,(,}. The matrix [o] of the linear transformation induced
by o with respect to the basis of e;’s has all its entries 0 or 1, with exactly one
1 in each row and column. For example, when n = 3,

00 1 00 1
[(123)]=11 0 o], [13)]=]0 1 0©
010 100

When k = R each of these matrices is orthogonal, while when k = C it is
unitary. For a given n we can view S,, as the subgroup of O(n) or U(n) consisting
of all such matrices which are usually called permutation matrices.

Proposition 5.33

For each o € S, we have sgn(c) = det([o]). Hence

_[som)nS, ifk=R,
" |SU@)NS, ifk=C.

Recall that if n > 5, A,, is a simple group.

As p: Pin(n) — O(n) is onto, there are finite subgroups S, = p 1S, <
Pin(n) and A, = p YA, < Spin(n) for which there are surjective homomor-
phisms p: §n — S, and p: K,, — A, whose kernels contain the elements
+1. Note that |S,| = 2 n!, while |A,| = n!. However, for n 3> 4, there are no
homomorphisms 7: S,, — §n, T A, — K,, for which por =1Id.

Sn — §n A,

-7 Kn

\ 1,, \ 1,,
1ds,, Ida,,

An

Sn
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Similar considerations apply to other finite subgroups of O(n).
In C1); we have a subgroup E, consisting of all the elements

xe;,---e;, (1€H1<---<i,<n,0<7).

™

The order of this group is |E,| = 2"*! and as it contains +1, its image under
p: Pin(n) — O(n) is E,, = pE,, of order |E,,| = 2". In fact, {*1} = Z(E,)
is also the commutator subgroup since e;eje; ‘e:,-‘l = —1 and so E,, is abelian.
Every non-trivial element in E,, has order 2 since e? = —1, hence E, < O(n)
is an elementary 2-group, i.e., it is isomorphic to (Z/2)". Each element p(e,) €
O(n) is a generalised permutation matrix with all its non-zero entries on the
main diagonal. There is also a subgroup E?‘ = pE? £ SO(n) of order 2!,
where
E? = E, N Spin(n).

In fact E?, is isomorphic to (Z/2)"~'. These groups E, and E? are non-abelian
and fit into exact sequences of the form

192Z/2— E,—(Z/2)">1, 13Z/2—E2— (Z/2)" 51,

in which each kernel Z/2 is equal to the centre of the corresponding group E,
or E9. This means they are examples of eztraspecial 2-groups.

EXERCISES

5.1. In the Clifford algebra Cl,, let u,v € R" C Cl,,.
a) If [u| = 1, by expressing v as a sum v; + va with v, = tu and
u-v; =0, find a general formula for uvu.
b) Let {u,,...,u,} be an orthonormal basis for R™. Show that

-1 if j =1,
Ujui = ep - .
—u;u; if j#1.
Deduce that if 1, j, k, £ are distinct numbers in the range 1 to n then
UjUj UpUs = UpUgUily.

c) Show that each element A € O(n) induces an automorphism
A.: Cl, — Cl, for which A,z = Az if z € R". Determine
A.(er--en).
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5.2.

5.3.

54.

Use the Universal Property of Theorem 5.4 in the following.
a) Show that the natural embedding

I
T

iR — R ||
Tn
0

induces an R-algebra homomorphism i.,: Cl, — Cl,41 for which
i, (z) = i,(z) whenever z € R™. Show that i/, is injective and deter-
mine its image i,,Cl,, C Cl,,41.

b) Show that the R-linear transformation

ZTn

kn: R® — Clypy1;  kn(z) = zn41,

induces an R-algebra homomorphism kI, : Cl, — Cl, 4, for which
kl,(z) = kn(z) whenever z € R™. Show that k], is injective with
image k/,Cl, = Cl},,.

Let n > 1 and n = 3 mod 4. In the Clifford algebra Cl,,, consider
the element w, =¢€; ---e,.

a) Show that w, is central in Cl,.

b) Show that in Cl,, the elements

1 1
Q4 = -2-(1 +wy), fNI_= 5(1 — wn),

are central orthogonal idempotents for which 2, + 1_ = 1.

c) Decompose Cl, as a product Cl,, = A4 x A_.

d) Use the decomposition of (¢) to show that Cls = H x H and
Cl; = Ms(R) x Mg(R).

For n > 1, define the finite Clifford group CIGp,, to be generated
by (n + 1) elements ¢3,...,£,,7 with v central and subject to the
relations

£¥="'=€:=7) e.'e""—_‘ye.’Ei if‘.#j, 72=1-

a) Show that the order of CIGp,, is 2"*!, hence the real group algebra
R[CIGp,] has dimension 2"+!.

b) Show that CIGp,, is isomorphic to a subgroup of Cl.

c) Find an R-algebra homomorphism ¢: R[CIGp,] — Cl,, which is
surjective.

d) Show that the R-algebra R[CIGp, ] is the product algebra

R[{CIGp,,] = A x B,
where B = ker¢ and A == Cl,,.
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5.5. A Let S = [s:;] be a 2m x 2m real skew symmetric matrix. Working

5.6.

in the Clifford algebra Cls,,, consider the element

1
8= Z 8ije;e; = 5 E 8i;€i¢€;.

1€i<€2m 1<ig&m
= %4

a) Expressing the element s™ in terms of the basis of monomials
€i, - - - €;,, show that the coefficient of e;e3 - - - €3,, i8 the real number

cs =m! Z SgN 0 84(1)e(2) ' "~ So(2m—1)a(2m)»
og€ll(2m)
where II(2m) consists of all permutations o of {1,2,...,2m]} satis-
fying the conditions

eo(2r-1)<o(28-1)ifl1<r<sm;
eo(2t—1)<o(2t)if 1Lt < m.

Determine cg for a few small values of m.
Omn Inm
el
c) If Lo, € My, (R) is the subspace of all non-singular skew sym-
metric matrices, deduce that the function

b) Determine cs when S =

.. ©s
pf: E2m — R*; pf([sy]) = )

is continuous. This function pf is known as a Pfaffian.

d) Show that pf takes both positive and negative values and in fact
is surjective.

e) Let P = [p;;] € GL2m(R). Using the well-known formula

am

detP = Z sgno Hpkv(k)v
0€Sam k=1

show that
pf (PTSP) = pf(S) det P.

a) Verify Proposition 5.31.
b) For n > 2, determine Z(O(n)).
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Lorentz Groups

We met the Lorentz group Lor in Section 1.5. In this chapter, we will consider
this kind of group in greater generality. We merely sketch some of the details,
leaving the reader to fill in the more obvious gaps. The most important example
is that for which n = 3 as this provides the geometric setting for Special
Relativity. However, many of the main features can be seen in the casesn = 1, 2.

6.1 Lorentz Groups

For n 2 1, consider the non-singular symmetric matrix

Qn,l = diag( 1,... , 1, —1) € M“+1 (R),

which defines an inner product on R*+! given by

(x,y) = xTQﬂ.ly =Z1y1 + -+ TaYn — Tns1Ynet- (6.1)

This is the Lorentz inner product on R™*! and it is standard to denote this
inner product space by R™!. Actually, physicists often adopt different sign
conventions and use one of the following formulge in place of Equation (6.1):

—1gn t+ -+ ZToyn + Tnp1¥nel,
(X,¥) =< —z1pn + - — ZpYn + Tne1¥nsly
iy + - = ZTal¥n — TniYntl-

157
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This affects the signs in the following definitions. We will also use ¢ in place of
Zn41 since in Relativity, this coordinate is related to the time measurements
while the others are related to spatial ones.

We will often write elements of R™! in the form

X = [’t‘] (x€R", teR).

Then
(X1,X3) = x; - x3 — tyt2.

Definition 6.1

A non-zero vector X € R™! is called

e spacelike if (X, X) > 0 or equivalently |x|? > #2;

o timelike if (X, X) < 0 or equivalently |x|? < t?;

e a null vector if (X, X) = 0 or equivalently |x|* = ¢2.

We can view R™ as sitting inside R™! as the subset of all spacelike vectors

T

and we usually identify x € R™ with the element X = [ ] R™1. Of course

we then have (X, X) = x-x, so this embedding of R™ into R™! is an isometry.

If we represent R™! by the (z,t)-plane with R™ as the z-axis, then the
t-axis is timelike, while the null vectors correspond to the points lying on the
line z = t. In fact, the null vectors in R™! lie in the set

Hoa1(0)={XeR™ : X #0, (X,X)=x-x—t? =0}.
For n > 1, H,, 1(0) has two path connected components,
5{,",’.1(0) ={X €Hn1(0):t>0}, X, (0)={X€Hn1(0):¢t<0}.

These are often referred to as the positive or future pointing light cone and
the negative or past pointing light cone respectively since in Relativity these
represent points moving at the speed of light.

For each positive real number r, the hyperboloid

Hup(r) ={X e R™ : (X,X) =x-x—t? = —r}
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has two path connected components
Hy (r) ={X €Hpu(r):t >0}, Hoa(r) = {X € Hnu(r) : t <0}

For later use we extend the Lorentz inner product to an R-bilinear inner
product on C**! by setting

(U,V)=UQ 1. V=u'v-Tv=u-v—-1uv

for each pair of vectors
U=[“],V=["] € C™.
u v

We will denote the C-vector space C**+! with this inner product by C™!. Then
(, ) has all the properties of a hermitian inner product except that the real
number (U, U) is not necessarily non-negative. In particular, for z,w € C,

(zU,wV) = 2w (U, V). (6.2)

We will refer to a non-zero U € C™! as spacelike, timelike or null according to
whether (U,U) > 0, (U, U) < 0 or (U, U) =0 as we do for vectors in R,
We will make repeated use of the following result.

Proposition 6.2
Let U = [:] and X = [’t‘] € C™! be non-zero vectors with (U, X) = 0.

i) If U is timelike then (X, X) > 0.
ii) If U is null and X is not a complex multiple of U, then (X, X) > 0.

Proof

When (i) holds, then |uf? — ju[? < 0, 50 u # 0; when (ii) holds then U # 0 and
Jul® = Jul?, also giving u # 0. Since

u-x-uat=0, (6.3)

in either case we have

u - x?

— 2 _ 412 — .
(x1 x) - Ix' Itl le IuP

In case (i), this gives

u-x|?
(x,X)>|xl’—'—|u|T'>o,
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since |u - x| < |u||x]. In case (ii),

lu-x?
T

with equality if and only if ju - x| = |ulix|, i.e., x = zu for some z € C with
|z| = 1. In the latter case, from Equation (6.3) we would have

(X,X) = |x]> - >0,

tT = z|u|? = 2uT,

80 t = zu, in turn giving X = zU and so (X, X) = 0. 0

We can consider the closed subgroup
O(n, 1)= {A € GLn41(R) : ATQn.lA = Qn,l} € GLa+1(R).

Note that A € O(n,1) if and only if for all x,y € R™!, (Ax, Ay) = (x,y),
so O(n,1) consists of all the Lorentzian isometries of R" 1. Notice that for
A € O(n,1) we have (det A)2 = 1, so det A = £1. Also A € O(n, 1) preserves
each of the sets of spacelike, timelike and null vectors; it also either preserves
or interchanges the positive and negative light cones. It is standard to set

SO(n,1) = {A € O(n,1) : det A =1} = O(n,1) N SLp41(R) < O(n, 1).

However, SO(n, 1) is not connected since its elements can interchange the sets
!Hf ,(r) for r > 0. We define the Lorentz group of R™? to be the closed subgroup
of SO(n, 1) preserving each of the connected sets H* (D),

Lor(n, 1) = {A € SO(n, 1) : A%, (1) = 3%, (1)} < SO(n, 1).

Proposition 6.3
Forr >0,

Lor(n,1) = {A € SO(n,1) : Aﬂff,l(r) 1(r)} SO(n,1).

Proof
It is easy to verify this for r > 0. For r = 0, notice that every null vector
U= [:] can be expressed as a limit

U= lim V;
k—00
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with each V. timelike. We can even arrange that for every k, V, = :"]
k

with uvg > 0 (or uvx < 0). Since the action of each A € Lor(n,1) on R™! ig
continuous,
AU = lim AV,,
k—oo

from which we see that A preserves each of the sets 33, (0).

On the other hand, suppose that A € SO(n, 1) preserves each of the con-
nected sets X, (0). If A fails to preserve one (and hence all) of the sets 3} , (s)
for s > 0, then as any U € 3(},(0) is a limit

U-‘-‘- lim Vk

k=00

with Vi € 3} (s) for sx > 0, we have
AU = lim AV,
k=00

where AV, € X, ,(s}) for s} > 0. This implies that AU € ¥} ,(0), contra-
dicting the original assumption on A. O

Notice that A* = AT if A € Lor(n,1), so if U,V € C™!, we have
(AU, AV) = U*A*Q, 1AV =UQ,,V = (U, V). (6.4)
When n = 3, Lor(3,1) = Lor in the notation of Section 1.5.

Example 6.4
We have
Lor(1,1) = { :ﬂ: :;“sﬁ:] ‘s€ R},
SO(1,1) = Lor(1, 1) U [‘; _‘1’] Lor(1, 1),
1 0
0(1,1) = SO(1, 1) U [0 -1] sO(1, 1).
Proof

If A€ O(1,1) has det A = —1 then

[(1) _‘1’] A €50(1,1),
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so it suffices to determine SO(1, 1). Similarly, if B € SO(1,1) with B3}, (0) =
37, (0) then

-1 0
[ 0 —1] B € Lor(1,1),

so it suffices to determine Lor(1, 1).
Let [‘: s] € Lor(1,1). Since

a b 0] _|®
c dj 1] " 4}’
we must have d > 0. Also, the simultaneous equations

y

a® -c? =1,
‘d° - =1,
cd —ab=0,
lad-bc=1,

are satisfied. Putting d = coshs and b = sinh s for suitable s € R, we easily
obtain ¢ = coshs, ¢ = sinhs. Hence every element of Lor(1,1) has the form

c?shs sinh 5 for some s € R. O
sinhs coshs

Remark 6.5
The Lie algebra of Lor(1, 1) is easily determined to be

for(1,1) = {[2 8] :t€ R}

with trivial Lie bracket. The exponential map exp: lor(1,1) — Lor(1,1) is
surjective since for s € R,

exp([g :’])= :::: 2‘;2:] (6.5)

As we will eventually see, the exponential map for Lor(n, 1) is actually surjec-
tive for everyn > 1.

For future use we record the following explicit form for elements of Lor(n, 1),
whose proof is a direct consequence of the definition of the Lorentz group.
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Proposition 6.6
A matrix
P=[U; --- Up41] € GLoa(R)
is in Lor(n, 1) if and only if its column vectors U = [:’] satisfy the orthonor-
2
mality equations

0 ifj#k,
(U;, Up) = 1 ifj=k<gn,
-1 fj=k=n.

In particular U,,..., U, are spacelike and U,, is timelike with u,,; > 0.

Theorem 6.7
For n > 1, Lor(n, 1) is path connected.

Proof

We will show that Lor(n, 1) has a connected subgroup H for which the homo-
geneous space Lor(n,1)/H is connected. Together with Proposition 9.10, this
implies that Lor(n, 1) is connected.

Consider the continuous action of Lor(n, 1) on R™! by left multiplication.
The stabiliser of the timelike vector e, is

Stabyor(n,1)(€n+1) = {[ 0:.-1 0"1'“] A€ SO(n)} < Lor(n,1)

which is a closed subgroup obviously isomorphic to SO(n), hence connected by
Example 9.14. Next we need to identify the orbit of e, ;.
Suppose that U = [:] € 3} ,(1), so [uf® — u? = -1 and u > 0. We will

show that

u

[u] € Orbroc(n,1)(@n+1)-
Consider the equation

u-x—-ut=0

for the pair x € R™ and t € R. The solution set is an n-dimensional vector
subspace of R™!; furthermore, by Proposition 6.2 its non-zero vectors are all
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spacelike. Choosing a basis of this spacelike subspace, then applying the Gram-
Schmidt process, we can produce a basis consisting of vectors

]3]

Wi W; = 8:8; =6.'j (i,j:l,...,n),
u-wi—us; =0 (k=1,...,n).

for which

The resulting matrix
P lwl cev W u]

8 - S U

is in Lor(n, 1) and satisfies
u
P €nyl = [u] .

So
Orbpor(na)(€ns1) = HF,(1).

This also shows that Orbyee(n,1)(€n+1) is path connected since we already know
that 3 ,(1) is. Thus taking H = Stabpq(n,1)(€ns1) = SO(n) we see that
Lor(n, 1) is path connected. 0O

This identification of the homogeneous space Lor(n,1)/ SO(n) can also be
used to calculate the dimension of Lor(n, 1).

Proposition 6.8
The dimension of the Lorentz group Lor(n, 1) is

dim Lor(n,1) = (n -2.- 1).

Proof
Using the Implicit Function Theorem 7.11, it is easy to see that
dim Lor(n, 1)/ SO(n) = dim )} (1) = n.
Also from Section 3.3 we know that
dimSO(n) = (’2‘)

Combining these we obtain the result. O
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6.2 A Principal Axis Theorem for Lorentz
Groups

We will make use of the Principal Axis Theorem for special orthogonal groups
which will be discussed later as part of Theorem 10.13. This says that every
matrix A € SO(m) has the form

4 PRz,(61,...,6,)PT  if m = 2nis even,
" | PRapsa(6y,...,0,)PT if m=2n+1isodd,

where for 8,,...,6,,60 € R,

rR(al) (0 ces  see  ses o .
Ran(6,...,0,) = O R.(az) O ’
L 0 eas sea aan O R(gn)-
R(6;) O - cer eee e 0"
(0] R(ez) (9] .. "
Rana@of)= | 1 e 1
: O R@,) O
L 0 oo 1
. 0 —sind
Ran41(6) = chi@na c:;na ]

The following result leads to the analogue for Lorentz groups.

Theorem 6.9
For n > 1, every Lorentz matrix A € Lor(n, 1) has one of the forms
[ B On-—2.2
A=P|, cosht sinht| P!, M
|“27~2  sinht cosht
— [ C On.l -1 II
A =P _Ol,n 1 ] P ’ ( )

where B € SO(n — 1), C € SO(n), t € R and P € Lor(n, 1).
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Proof

We will prove this by induction on n 2> 1. The initial case n = 1 is dealt with
in Example 6.4. So we suppose that the result holds for Lor(k,1) whenever
1<kg<n-1.

We begin by analysing the eigenvalues and eigenvectors of A. Suppose that
) € C is an eigenvalue for A € Lor(n, 1) with eigenvector U € C™!. If U is not
a null vector, we have

IM? (U, U) = (AU, AU)
= (AU, AU)
= (U,U),
hence |A] = 1. On the other hand, if U is a null vector then |A} is potentially

unrestricted.

Next suppose that A and u are distinct eigenvalues for A with eigenvectors
U and V. Then

Ap(U,V) = (AU, pV)
= (AU, AV)
=(U,V),
hence either (U, V) =0orpu= 3 .In particular, if |A] = 1 we must also have

X' = X# p, yielding (U, V) =0.
Next we will investigate in more detail the situation when A has a null

eigenvector U = [:] for an eigenvalue ). Since |u]? = |u|? # 0, we can multiply
by a suitable complex scalar to ensure that u = 1, so we might as well assume
that U = [‘1‘] Notice that

a u u
ali] = («[) =[]
showing that X is also an eigenvalue with eigenvector U = [11!] . Also,

(T,U) = (AT, AU)
= (R0, \0)

= 2 (0,U).

As U is a null vector, Proposition 6.2 implies that either U = U or A2 = 1.
Each of these possibilities means that ) is real and in fact positive, since A
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preserves the positive light cone. So for a null eigenvector, the corresponding
eigenvalue has to be a positive real number.
Continuing with this situation, consider the solution set of the linear equa-
tion
(U,X) =0. (6.6)

This forms a vector subspace of R™! of dimension n, containing the subspace
of real multiples of U as well as the (n — 1)-dimensional subspace of spacelike
elements together with zero. In fact, the spacelike elements are all the vectors
of the form

[’(;] (x € R*, u-x =0).
Thus the general solution of Equation (6.6) is

X =

x-{;zu] (xeR", u-x=0, z€R).

Then there is a unique null vector U e R™ possessing the two properties

. (i‘l, x) = 0 for all spacelike solutions of Equation (6.6),

e (U0) =2

This vector is easily seen to be U = [—lu] Clearly the spacelike solutions of

Equation (6.6) are preserved by A, and indeed A acts as an isometry on this
space 80 relative to a basis it is given by an orthogonal matrix. Also

(U,A(Aﬁ)) =) <A“U,fJ>
=x{(x"y,0)
=a~! (U,ﬁ)
= -2.
Using the above characterisation of U, we see that
" AT = 210,

i.e., U is an eigenvector of A for the eigenvalue A=,
The vectors

U’=%(U-—f5), U"=%(U+ﬁ).
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satisfy
v = Qg B2,
2 3
-1 -1
AUn = (A 2A )UI + (A +2A )U",

and setting s = In A, we have

AU' = coshs U’ + sinhs U”,
AU" =sinh s U’ + coshs U”.

Also
(u,u’)y=o0, (U, U)=1, (U",U")=-1,
so U’ is a unit spacelike vector, while U” is timelike and these are orthogonal
vectors with respect to the Lorentzian inner product.
Together with an orthonormal basis {U,,..., U,_;} of the spacelike solu-
tions of Equation (6.6), we see that R™! has a basis

{Ul!" '»Un—l:U':U”}
which provides the columns of a Lorentz matrix
P= [Ul cer Upy U Un]

for which

B On—2.2

A=P 0 cosht sinht| P’

3m=2 sinht cosht

with B € O(n — 1); in fact det B = 1 since det A = 1 and also

det :;'::: :21111:] = cosh?t — sinh?t = 1.
Hence A has the form (I} whenever it has a null vector for an eigenvector.
Now we consider the situation where A has a timelike eigenvector U for the
eigenvalue A. Using similar arguments to those for a null eigenvector, we find
that A = 1 and U € R™. Moreover, A acts as an isometry on the solution set
of
(Uv x) =0,

which is an n-dimensional subspace of R™! with timelike non-zero vectors.
Hence A has the form (II).
The remaining case to deal with is that where there are no null or time-

like eigenvectors. So suppose that U = [:] is a spacelike eigenvector of unit
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length with eigenvalue X of unit modulus. By multiplying by a suitable complex
number we can assume that 4 € R and u > 0.

When U e R™!, wehave A =%l and det A =1.

If A =1 then the solutions of the equation

(U,X) =

form a subspace of R™! closed under the action of A and indeed, on choosing
a basis for this subspace we find that it is isomorphic to R*~1:! and the action
of A is given by an element of Lor(n — 1,1). Hence there is a Q € Lor(n,1) and
B € Lor(n - 1,1) for which

A=Q [ O""] Q.

By the induction hypothesis, B has one of the forms (I) or (II), from which we
deduce that A does too.

If A = ~1, this is an eigenvalue of multiplicity at least 2 since non-real com-
plex eigenvalues come in complex conjugate pairs. With the aid of the Gram-
Schmidt process we may produce a second eigenvector V for this eigenvalue
of unit length and orthogonal to U. The solutions of the pair of simultaneous
equations

(U,X) =0=(V,X)

form a subspace of R™! closed under the action of A. On choosing a basis
for this subspace we find that it is isomorphic to R”~2:! and the action of A
is given by an element of Lor(n ~ 2,1). Hence there is a Q € Lor(n,1) and
B' € Lor(n — 2,1) for which

O?,n-—l -1
A= Q [on—l 2 ] Q

Again the induction hypothesis implies that B’ has one of the forms (I) or (II),
and therefore A does too.

When U ¢ R™!, U = [E] is also a spacelike eigenvector of unit length for
the eigenvalue . The vectors
U = %(U +0), U= %(U -0),
are orthonormal and satisfy the equations

AU’ = cos8U’ +5infU", AU” = -s5in§U’ +cos8U",
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where A = €. As in the previous case, the set of solutions of the pair of
simultaneous equations

(U',X) =0= (U": X)

forms a Lorentzian subspace which can be identified with Lor(n — 2,1) after
choosing a basis, and A acts on it as an element of Lor(n — 2,1). Again there
is a Q € Lor(n,1) and B” € Lor(n — 2, 1) for which

—_ R(o) o2,n—1 -1

A= Q On—l,2 B" ] Q .
By the induction hypothesis, B” has one of the forms (I) or (II), from which
we deduce that A does too. D

Combining this result with the Principle Axis Theorem 10.13 for SO(k), we
obtain the following,.

Theorem 6.10 (Principle Axis Theorem for the Lorentz group)
For n > 1, each matrix A € Lor(n, 1) has one of the forms

Rﬂ—l (01 TR ,ol) 00—2,2
A=Q 0 cosht sinht| Q7!, 19
dn—3 sinht cosht
am [ ) Onil g (n")

where t € R, Q € Lor(n,1) and in case (I'), n =2+ 1 or n = 2{ + 2, while in
case (II"), n=2morn=2m+ 1.

We can also deduce information on the exponential for Lorentz groups.

Theorem 6.11
For n 2 1, the exponential map exp: for(n,1) — Lor(n, 1) is surjective.

Proof

When n = 1, we know from Remark 6.5 that every element of Lor(1, 1) has the
form given in (I). Also, by Theorem 10.16, exp: so(k) — SO(k) is surjective
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for k > 1. Let A € Lor(n,1) for n > 2. When A has the form (I),

exp(S) On-2,2 S  On-22
A=P 0 ¢ Pl=exp|P o ¢t |P?
()

O2,n-3 ¢ 0

for some S € so(n — 1). On the other hand, when A has the form (II),

- exp(S) Oni| p-1 _ S  Onal ;4
A=P Ovn 1 ]P _exp(P Orn O ]P

for some S € so(n). In either case, A € explot(n, 1). O

6.3 SL2(C) and the Lorentz Group Lor(3,1)

Let us now consider the Lie algebra SL;(C), slz(C). By Equation (3.8),
sl2(C) = kertr C M2(C)
and so dimg slz(C) = 3. The following matrices form a C-basis for slz(C):

{ 1 0 — 0 1 ' 0 0
w=lp 8] m=[5 o #=[i o
The elements H',iH', E' iE',F',iF’ form an R-basis and dim sl3(C) = 6. No-
tice also that su(2) C sl3(C) and the elements H, E, F € su(2) form a C-basis
of si2(C), so H,iH,E,iE, F,iF form an R-basis. The Lie brackets of H', E', F'
are determined by

[H',E')=2F, [H' F)=-2F, [E,F]=H.

Notice that the subspaces spanned by each of the pairs H', E' and H', F' are
C-Lie subalgebras. In fact, H’, E' span the Lie algebra ut3(C) of the group of
upper triangular complex matrices of determinant 1, while H’, F’ span the Lie
algebra of the group of lower triangular complex matrices of determinant 1.

Given the existence of the double covering homomorphism Ad: SU(2) —
SO(3) of Section 3.5, it seems reasonable to ask if a similar homomorphism
exists for SL2(C). It does, but we need to use the Lorentz group Lor(3,1)
and obtain an important double covering homomorphism SL;(C) — Lor(3,1)
which appears in Physics in connection with spinors and twistors.

Next we will describe the R-Lie algebra lor(3, 1) of Lor(3,1) < SL4(R). Let
a: (—€,€) — Lor(3,1) be a differentiable curve with a(0) = I. By definition,
for t € (—¢,¢€) we have

a(t)Qa(t)” = Q,
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where
1 00
01 0 O
Q= 0 01 0|’
0 0 0 -1

Differentiating and setting t = 0 we obtain
o'(0)Q + Q' (0)” =0,
giving

(0 a'(0h2 o'(0h3 —a'(0)14
a'(0)aa a'(0)22 a'(0)2s —a'(0)as
a(0)a o'(0)sz2 a’(0)sz —a'(0)se
a'(0)a a'(0)2 o'(0)g3 —a'(0)as

a0 a0 d0)an a'(0)a
a0z a'(0)z a'(0)sz2 o'(0)a2
a’(0)1s a'(0)2s a'(0)ss  o'(0)as
-a'(0)14 —a'(0)z —a’(0)ss —0'(0)4s

+

= 0.

So we have

0 a'(0)12  a'(0)1s a'(0)r4
a, (0) = —a’(ﬂ)u 0 a'(0)23 a’(0)34
-a'(0)13s —a'(0)2s 0 a'(0)se]|
a0  a(0)2« a'(0)s4 0

Notice that the trace of such a matrix is zero. In fact, every matrix of the form

0 612 G13 O
A= |02 0 azs G
—a;3 —a3 0 a3

G4 G4 a3 O

or equivalently satisfying
AQ 4+ QAT = O (and hence tr A = 0)
is in loe(3,1). To see this, consider the curve
a: R — GL4(R); aft) = exp(tA),
for which o’(0) = A. Since QAT = —AQ, we have

exp(tA)Q exp(tA)T = exp(tA)Q exp(tAT) = exp(tA) exp(—tA)Q = Q,
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By Lemma 3.23,
det exp(tA) = etr(td) — .

Finally, for each ¢ € R, a(t) preserves each of the components 33, (1) of the
hyperboloid
4z +23 -2 = -1

All of this shows that exp(tA) € Lor(3,1) so we might as well redefine
a: R — Lor(3,1); «aft) = exp(tA).
We also have A € lor(3,1). So we have
lor(3,1) = {A € My(R) : AQ + QAT =0}
0 a12 aG13 G4

- 0 a23 Qa4
={AeM(R): A= |72 6.7
1(R) —-ai3 —as 0 a3 (6.7)

614 au a3 O

and therefore
dim Lor(3, 1) = dim lox(3,1) = 6. (6.8)
An R-basis for lor(3, 1) consists of the elements
0 -1 0 O] 0 0 -1 0 0 0 0 1
1 0 00 00 0 O _loooo
P"‘o000’P‘3"1000’P“‘oooo’
0 0 0 0 00 0 O 1 0 0 O
0 0 0 O] 0 0 0 O 0 0 0 O]
00 -1 0 0001 0 00O
Pa=101 0 of P=looool® ™=Jooo 1|
0 0 0 O 01 00 0 0 1 0]

The non-trivial brackets for these are

(P2, Pis) = Pa3, [Pi2,Pia] = P, [Pi2, Pas) = —Pis, [Pi2, Pad] = —Pia,
[Pi2,Psa] =0, [Pi3,Pis)=Psi, [Pi3,Pas]=Pa2, [P3,Pa] =0,
(P13, P34] =0,  [Pi4, Pas] =0, [Pig, Pad) = —P12, [Pi4, P3d) = — P13,
[Pas, Pay) = P34, [Pas, Pss) = —Pa4y  [Paa, P34) = —Pas.

We will now define the homomorphism SL3(C) — Lor(3,1). To do this we

will identify the 2 x 2 skew hermitian matrices Sk-Hermy(C) with R* using the
correspondence

(t+2z)i y+azi

+—) .
—y +zi (t _ z)i] ze; + yez + zeg + tey
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Define an R-bilinear inner product on Sk-Herm;(C) by the formula
(S1182) = F(det(S, + ;) — det(Sy - S3). (6.92)
When S; = S; = S we have
(SIS) = %(det 25 — det 0) = det S. (6.9b)

It is easy to check that

-tz (4 —z1)i] ' |—ys + 228 (t2 —z3)8
= Z122 + 1Yz + 2122 — tita, (6.10)

< (B +z)8 p+=zi ] (tz + z2)i  yz2 + 228 ])

which is the Lorentzian inner product on R%! = R* given by

1 0 0 O] [z

010 0
TiZatnmtan-—thtz=[n n 2 b 001 O lz':

0 0 0 -1] |t

Now observe that for A € SL;(C) and S € Sk-Hermz(C),
(ASA.). = AS*A* = __ASA-’

80 ASA® € Sk-Hermz(C). By Equation (6.9a), for S, Sz € Sk-Herm;(C), and
the fact that det A = 1 = det A°,

(AS, A°|AS; A") = %(det A(S: + 53)A° — det A(S; — S3)A")
= %(det Adet(S, + S3) det A* — det Adet(S; — S,) det 4°)
= 7(det(S +5;) — det(S; ~ 52))
= ($:IS3) -
Hence the function
Sk-Herma(C) — Sk-Herma(C); S+ ASA®,

is an R-linear transformation preserving the inner product ( | ). We can iden-
tify this with an R-linear transformation Ad4: R3%! — R3! which preserves
the Lorentzian inner product. In fact, det AT&,, = 1 and KZ!A preserves the
components of the hyperboloid 22 + y? + z2 — t3 = —1. Let

Ad: SL;(C) — Lor(3,1); Ad(A) = Ad..
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Then Ad is a homomorphism since
Ad.p(S) = AB(S)(AB)* = AB(S)B* A° = Ad4(Adp(S)) = Ad4Ads(S).

It is clearly continuous. Also, A € ker Ad if and only if ASA* = § for all
S € Sk-Hermz(C), and it is easy to see that this occurs exactly when A = £1.
Thus we have ker Ad = {+I}.

Theorem 6.12

i) The derivative d Ad: slz(C) — lot(3,1) is an isomorphism of R-Lie algebras.
ii) Ad: SLz(C) — Lor(3,1) is a continuous surjective Lie homomorphism for
which ker Ad = {+[I}, hence

SLy(C)/{+1} = Lor(3,1).

Proof

(i) As in the case of SU(2) and SO(3), we can determine the derivative dAd
by considering for each C € siz(C), the curve

v: R — SL,(C); v(t) = exp(tC),
which gives rise to the curve
7: R — Lor(3,1); F(t) = Ady(.

Using as an R-basis for Sk-Herm3(C) the vectors

wely gowe 2 we e )

we can determine the action of rd,,(,) on Sk-Hermz(C) and interpret it as an
element of Lor(3,1). Differentiating at ¢ = 0, we obtain the action of C' as an
element of lor(3, 1) and so d Ad(C). For X € Sk-Hermz(C) we have

Ad, () (X) = exp(tC) X exp(tC)* = exp(tC) X exp(tC*),

hence

:—tﬂ‘am,(xm =0=CX + XC".

So for the R-basis H,iH,E,{E, F,iF of sl3(C), we have

H(z)Wi + 22V + 2315 +2V)+ (21 Vi +z2Va+23Va + 24 Vi )H® = z9V3 — z3V2,
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00 00O
v 00 -10
dAd(H) = 01 o0 ol
00 0O

Here is the complete list written in terms of the matrices P, which we know
form an R-basis of Lor(3, 1):

00 0 0 F0 0 0 -If
dAd(H) = g 7 g =Ps, dAdGH)=| ¢ g g o = =Pu,
0 0 0 0 -1 00 o
0 0 1 0 0 00 O
akipy=| Y 0 0 ) =-Rs, dKaGE)=|0 O 0 Tof =-Pu
| 00 0 o 0 -1 0 o
0 -1 0 O 00 0 O
dAd(F) = (1) g g g =Pa, dAd(iF)= g g g _‘1’ = —Ps,.
o o0 o o 0 0 -1 o0

This shows that dxa(C) maps a basis for Sk-Hermz(C) to one for lor(3,1),
thus it is an isomorphism of Lie algebras.

(ii) The surjectivity of Ad follows immediately from the surjectivity of the
derivative in (i) together with Theorem 6.11. O

EXERCISES

6.1. a) For t € R, show that the matrix

cosht 0O 0 —sinht
A = 0 cost -—sint 0
0 sint cost 0
—sinht O 0 cosht

is in Lor(3,1).

b) Express A; in one of the forms predicted by Theorem 6.10.
c) Express A; in the form exp(tU) for some U € lox(3,1).

d) Find a differential equation satisfied by the function

a: R — Lor(3,1); a(t) = A,
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6.2. In this question, we freely use the notation of Section 6.3.
a) Consider the differential equation

a'(t) = (Pay + Ps4)a(t),

where a: R — GL¢(R). Solve this to obtain a one-parameter sub-
group a in GL((R) and show that a(t) € Lor(3,1) for all t € R.
b) Consider the differential equation

&(t) = —i(E + F)a(t),

where a: R — GL2(C). Solve this to obtain a one-parameter sub-
group in GL;(C) and show that a(t) € SL»(C) for all ¢t € R.
c) Explain the relationship between these two curves.

6.3. A A Forn >1,let R* ! be R" equipped with the Lorentz inner
product (, ). Define a Lorentz Clifford algebra Cl,_;,; in a similar
fashion to the way Cl,, was defined in Section 5.1, except that the
algebra generators ey, ..., en_, e, satisfy the relations

€46y = —€,€, ifs#r,
e? = -1 ifl<tg<n~1,
e =1

Let j: R*!! — Cl,—1,; be the R-linear transformation embed-
ding R*~!:! into Cl,-1,1-

a) Show that there is an analogue for Cl,—;,) of the Universal Prop-
erty of Theorem 5.4.

b) For n > 2, define f,_;,1: R*1? — M3(Cl,-3) by

Y e +a, —@n-1

foor, a.e,) = |1€€n-2

n—1 l(lgz,%n r) Gn1 - Z ase, — G,
1€r<n~2

Using the Universal Property of (a), show that f,_;; induces an

isomorphism of R-algebras

Fp-11: Clpo1,1 — M2(Cl,-2)

for which Fi,_,1 © jn-1,1 = fn-1.1-
c) Discuss the analogue Spin(n —1,1) < Cl);_, ; of the spinor group
Spin(n) < CLX. In particular, deduce that there is a connected sub-
group Spin®(n — 1,1) < Spin(n — 1,1) and a double covering homo-
morphism

Spin°(n — 1,1) — Lor(n —1,1).
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64 AA a) Using the previous question in the case where n = 4,

deduce that there is an isomorphism of R-algebras
013.1 —_— Mz(H)

Using the regular representation Mz(H) — M(C), this provides an
action of Clg; by C-linear transformations on the C-vector space C*.
Identifying SL2(C) with Spin®(3, 1), this gives a continuous C-linear
action of SL;(C) on C*.

b) Let : R3! —3 C* be a smooth function with

® = (P1,92,¥5,¢4)-
Show that the D’Alembertian operator O? given by

8¢y |, 8y By B

D% = +
v 821 2 022

can be expressed as

2
o = ("‘ agl +82822 “’aia + "‘%) ’

where the terms inside the brackets are to be thought of as differ-
ential operators with coefficients in Cl3; which act on C* via the
matrix representation defined in (a).

[This was originally observed by the physicist Dirac, who used it to
factorise a relativistic version of the Schrodinger equation in order
to study the electron. The connection with Clifford algebras seems

to have been observed by Atiyah, Bott & Shapiro in their work on
Index Theory [3].}
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Matrix Groups as Lie Groups






4

Lie Groups

In this chapter we will introduce some of the basic ideas of smooth manifolds
and then define Lie groups. Full details can be found in books on Differential
Geometry such as [6, 8, 29) while [7, 23] contain briefer introductions. One
of our main aims is to prove that every matrix subgroup of GL,(R) is a Lie
subgroup and we follow the proof of this result described in Howe [12]. We will
also show that not every Lie group is a matrix group by exhibiting the simplest
counterexample. In fact every compact Lie group is a matrix group, but the
proof of this requires the theory of Haar measure on a Lie group; we will discuss
compact Lie groups in Chapter 10.

7.1 Smooth Manifolds

The concept of a smooth manifold is fundamental in much of Mathematics and
Physics and provides a natural setting for many geometric concepts, suitable
for calculus and analysis involving global topological aspects.

Definition 7.1

A continuous map g: V; — V, where each Vi C R™* is open is smooth if it is
infinitely differentiable. A smooth bijection g is a diffeomorphism if its inverse
g~ ': Vo — W is also smooth.

181
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We will require the following topological notion.

Definition 7.2
A topological space X is separable if it has a countable open covering, i.e., an
open covering of the form {U;}32, = {U1,U2,Us, .. .}.

Every compact topological space is separable, as is any subspace of R™ or
C" for n > 1, so all matrix groups are separable. A guotient space (in the sense
to be introduced in Section 8.1) of a separable space is also separable.

From now on, let M be a separable Hausdorff topological space.

Definition 7.3

If U C M and V C R" are open subsets, a homeomorphism f: U — V is
called an n-chart for U.

If U = {Uqa : a € A} is an open covering of M and F = {fo: Ua — Vo } is
a collection of charts, then ¥ is called an atlas for M if, whenever U, NUp # @,

foo f;1: Joa(Ua N Uﬁ) — fe(Ua N UB)
is a diffeomorphism.
UaNUp (7.1)

fa(Uu n Uﬂ) bt fﬁ(Ua n Uﬁ)

Jeof?

Sometimes we will denote an atlas by (M, U, F) and refer to it as a smooth
manifold of dimension n or smooth n-manifold.

Definition 7.4

Let (M,U,%) and (M’',U',F') be atlases on topological spaces M and M'. A
smooth map h: (M,U,¥F) — (M',UW,F') is a continuous map h: M — M’
such that for each pair a,a’ with h(U,) N U, # @, the composite

f:,t (] ho f;l: fa(h—lU‘I’,) — V‘;l
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is smooth. :
foiohofs ,
fa(h'UL) >V (7.2)
!:‘l l Pt
R-1UL, — h(Us) N U,

7.2 Tangent Spaces and Derivatives

Let (M,U,3) be a smooth n-manifold and p € M. Let v: (a,b) — M be a
continuous curve with a < 0 < b.

Definition 7.5

« is differentiable at t € (a,d) if for every chart f: U — V with «(t) € U, the
curve f o y: (a,b) — V is differentiable at t € (a,b), i.e., (f o)'(t) exists. y
is smooth at t € (a,d) if all the derivatives of f oy exist at ¢.

The curve 7 is differentiable if it is differentiable at all points in (a,b).
Similarly -y is smooth if it is smooth at all points in (a, b).

From now on we will often write fg = fog for the composition of functions
f and g when no confusion seems likely to result.

Lemma 7.6
Let fo: Up — Vo be a chart with y(t) € Up and suppose that
foor: (@,B)Nf5'Vo — Vo

is differentiable (respectively smooth) at t. Then for any chart f: U — V
with 7(t) € U,
foy:(a,d)Nflv—V

is differentiable (respectively smooth) at ¢.

Proof

This follows using the ideas of Definition 7.3. The composition f o vy is defined
on a subinterval of (a,b) containing ¢ and is smooth. There is the usual chain
rule or function of a function rule for the derivative

() (t) = Jacy p-1 (for (1)) (for) (2). (7.3)
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Here, for a differentiable function

hi(x)
h: Wl S Wz; h(X) =

hem, (x)
where W; C R™ and W, C R™? are open subsets, x € W, and

_ | Ok
is the Jacobian matriz of h at x. a

If v(0) = p and « is differentiable at 0, then for any (and hence every) chart
fo: Uo — Vp with 4(0) € Uy, there is a derivative vector vo = (fv)'(0) € R™.
In passing to another chart f: U — V with 4(0) € U by Equation (7.3) we
have

() (0) = Jac, s (for(O) for) (0).

In order to define the notion of the tangent space Tp M to the manifold M at
p, we consider all pairs of the form

((FY(©),f: U —V)
where 7(0) = p € U, and then impose an equivalence relation ~ under which

((A7)'0), fi: h — W) ~ ((£27)'(0), f2: Uz — V2).

Since
(£27)'(0) = Jacy, ;- (iN(O) (f17)'(0),
we can also write this as
(V, .fl : Uy — Vl) ~ (Jachjl“(fl(p))vv fﬂ: U; — ‘/2)1
whenever there is a curve a in M for which
70)=p, (A7) (0)=v.

The set of equivalence classes is T, M and we will sometimes denote the equiv-
alence class of (v, f: U —» V) by {v, f: U — V).

Proposition 7.7

For pe M, T, M is an R-vector space of dimension n.
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Proof

For any chart f: U — V with p € U, we can identify the elements of T, M
with objects of the form (v, f: U — V). Every vector v € R™ arises as the
derivative of a curve %: (—¢,€) — V for which 7(0) = f(p). For example, for
small enough €, we could take

F(t) = f(p) + tv.
There is an associated curve in M,
7: (-g,6) — M;  A(t) = £77(2),
for which 9(0) = p. So using such a chart we can identify T, M with R" by
[v,f: U — V] e—v.
The same argument as used to prove Proposition 3.16 shows that T, M is a

vector space and that the above correspondence is a linear isomorphism. O

Let h: (M,U,F) — (M',U',F") be a smooth map between manifolds of
dimensions n,n’. We will use the notation of Definition 7.4. For p € M, con-
sider a pair of charts as in Diagram (7.2) with p € U, and h(p) € U,.. Since
ha'.a = foy o ho f31 is differentiable, the Jacobian matrix Jacs_, _(fa(p)) has
an associated R-linear transformation

dhyo: B* — R™;  dhg q(x) = Jacs, _ (fo(p))x.

It can be verified that this passes to equivalence classes to give a well-defined
R-linear transformation

dhp: T,,M — Th(,) M.

The following result summarises the properties of the derivative and should be
compared with Proposition 3.20.

Proposition 7.8

Let h: (M,U,5) — (M',U,5') and g: (M", U, F') — (M",U",F") be
smooth maps between manifolds M, M', M"” of dimensions n,n’,n"”. Then for
each p € M we have

i) dgn)odh, =d(goh)p;
ii) dId, =Idt, ps, where Id: M — M is the identity map.
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Definition 7.9

Let (M, U, F) be a manifold of dimension n. A subset N C M is a submanifold
of dimension k if for every p € N there is an open neighbourhood U C M of p
and an n-chart f: U — V such that

pefW(VNARY) =NNU.

For such an N we can form k-charts of the form
fo: NNU — VNR*; fo(z) = f(2).
We will denote this manifold by (N, Uy, F~). The following result is immediate.

Proposition 7.10
For a submanifold N C M of dimension k, the inclusion function incl: N — M
is smooth and for every p € N, dincl,: T, N — T, M is an injection.

The next result allows us to recognise submanifolds as inverse images of
points under smooth mappings.

Theorem 7.11 (Implicit Function Theorem for manifolds)

Let h: (M,U,5) — (M',U',3") be a smooth map between manifolds of di-
mensions n,n’. Suppose that for some g € M’, dhy: Tp M — Ty,) M' is
surjective for every p € N = h~1q. Then N C M is submanifold of dimension
n - n' and the tangent space at p € N is given by T, N = kerd h,.

Proof
This follows from the Implicit Function Theorem of Calculus. O

Another important application of the Implicit Function Theorem is to the
following version of the Inverse Function Theorem.

Theorem 7.12 (Inverse Function Theorem for manifolds)

Let h: (M,U,3) — (M',U',F') be a smooth map between manifolds of di-
mensions n,n’'. Suppose that for some p € M, dh,: Tp M — Ty M' is
an isomorphism. Then there is an open neighbourhood U C M of p and an
open neighbourhood V' C M’ of h(p) such that AU = V and the restriction of
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h to the map hy: U — V is a diffeomorphism. In particular, the derivative
dhy: Tp — Tp(p) is an R-linear isomorphism and n = n'.

When this occurs we say that h is locally a diffeomorphism at p.

Example 7.13

Consider the exponential function exp: M,(R) — GL,(R). Then by Propo-
sition 2.5, d expg(X) = X. Hence exp is locally a diffeomorphism at O.

7.3 Lie Groups

The following should be compared with Definition 1.15.

Definition 7.14

Let G be a smooth manifold which is also a topological group with multiplica-
tion map mult: G x G — G and inverse map inv: G — G and view G x G
as the product manifold. Then G is a Lie group if mult,inv are smooth maps.

Definition 7.15

Let G be a Lie group. A closed subgroup H < G that is also a submanifold is
called a Lie subgroup of G. It is then automatic that the restrictions to H of
the multiplication and inverse maps on G are smooth, hence H is also a Lie

group.

For a Lie group G, and an element g € G there is a tangent space T, G
and when G is a matrix group this agrees with the tangent space defined
in Chapter 3. We will use the notation g = T; G for the tangent space at
the identity of G. A smooth homomorphism of Lie groups G — H has the
properties of a Lie homomorphism in the sense of Definition 3.19.

For a Lie group G, let g € G. The following three functions are of particular
importance:

Ly: G — G; Ly(z) = gz, (Left multiplication)
Ry: G — G; Ry(z) = zg, (Right multiplication)
Xg: G — G; xy(z) =gzg™". (Conjugation)
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Proposition 7.16
For each g € G, the maps Ly, Ry, x, are diffeomorphisms with inverses

L' =L, RJ'=Ryr, x5! =xp.

Proof
Charts for G x G have the form

prxp: Uy xUs — W x Vs,

where ;. : Uy —* Vi are charts for G. Now suppose that uUy x U CW C G
where there is a chart §: W — Z. By assumption, the composition

Bopo(p x )™ =Bopo(pi xv7)): VixVy — Z
is smooth. Then L,y (z) = (g, z), s0 if g € Uy and z € U3, we have
Ly(z) =67 o (8oLy0p;") 0 pa(2).

But then it is clear that
Ooga;l: Vo— 2

is smooth since it is obtained from 8 o u o (p; X 2)~!, but treating the first
variable as a constant. A similar argument deals with R,.
For x,, notice that
Xg =LgoRy =R, oLy,

and a composite of smooth maps is smooth. O

The derivatives of these maps at the identity 1 € G are worth studying.
Since Ly and R, are diffeomorphisms with inverses L,-: and Ry-1, the deriva-
tives

d(Loh, dRoh:g=T1G — T,G
are R-linear isomorphisms. We can use this to identify every tangent space of G
with g. The conjugation map x, fixes 1, so it induces an R-linear isomorphism

Adg =d(xgh: 8 — 8-

This is the adjoint action of g € G on g. For G a matrix group this agrees with
the adjoint action defined in Chapter 3. There is also a natural Lie bracket [, ]
defined on g, making it into an R-Lie algebra. The construction follows that
for matrix groups. The following Lie group analogue of Theorem 3.21 is true.
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Theorem 7.17

Let G, H be Lie groups and ¢: G — H be a Lie homomorphism. Then the
derivative is a homomorphism of Lie algebras. In particular, if G < H is a Lie
subgroup, the inclusion map incl: G —» H induces an injection of Lie algebras
dincl: g — h.

7.4 Some Examples of Lie Groups

Example 7.18
When k = R or C, GL, (k) is a Lie group.

Proof

This follows from Proposition 1.14(i) which implies that GL,,(k) C M,(k) is
an open subset, where as usual we identify M, (k) with k™. For charts we take
the open sets U C GL, (k) and the identity function Id: U — U. The tangent
space at each point A € GL, (k) is just M, (k). So the notions of tangent space
and dimension of Sections 7.1, 7.2 and Chapter 3 agree here. The multiplication
and inverse maps are obviously smooth as they are defined by polynomial and
rational functions between open subsets of M, (k). O

Example 7.19
For k = R or C, SL,(k) < GL,(k) is a Lie subgroup.

Proof

Following Proposition 1.14(ii), we have
SL,(k) = det™!1 < GL,(k),

where det: GL,(k) — k is smooth. k is a smooth manifold of dimension
dimpg k with tangent space the k-vector space T, k = k at each r € k. In order to
apply Theorem 7.11, first we must show that the derivative ddet4: M,(k) —
k is surjective for every A € GL,(k). To do this, consider a smooth curve
a: (—€,&) — GL, (k) with a(0) = A. The derivative ddet4 applied to o' (0)
can be found using the formula

d det at)

ddeta(@'(0) = =g .
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The modified curve
ag: (—€,6) — GL.(K); ap(t) = A la(t)

satisfies ag(0) = I and Lemma 3.22 implies that

ddet ag(t)

ddetr(ch(0)) = ——g;==, = trah(0).
Hence
ddet.o(a(0)) = ddet(:tao(t)) _=de Ad_ditg't*’_ﬁlh_o — det A tr a(0).

So ddet 4 is the k-linear transformation
ddets: Mp(k) — k; ddety(X) = (det A)tr{A™1 X).

The kernel of ddet, is kerddet4 = Asl, (k) and it is also surjective since tr is.
In particular this is true for A € SL,,(k). By Theorem 7.11, SL,(k) — GL,(k)
is a submanifold and so is a Lie subgroup. Again the two notions of tangent
space and dimension agree. O

There are some useful general principles behind this last proof. Although
we state the following two results for matrix groups, it is worth noting that
they also apply when GL,(R) is replaced by an arbitrary Lie group.

Proposition 7.20 (Left Translation Trick)

Let F: GL,(R) — M be a smooth function into a smooth manifold M and
suppose that B € GL,(R) satisfies F(BC) = F(C) for all C € GL,(R). Let
A € GL,4(R) with d F4 surjective. Then d Fg4 is surjective.

Proof

Left multiplication by B € G, Lg: GL,(R) — GL,(R), is a diffeomorphism
and its derivative at A € GL,(R) is

d(Ls): M,(R) — M,(R); dLg(X)=BX.
By assumption, F o Lg = F as a function on GL,(R). Then
dFpa(X) = d Fpa(B(B~' X))
=d Fpa od(Lp)a(B~' X)
= d(F oLg)a(B~'X)
= dFa(B~1X).
Since left multiplication by B~! on M, (R) is surjective, the result follows. []
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Proposition 7.21 (ldentity Check Trick)

Let G £ GL,(R) be a matrix subgroup and M be a smooth manifold. Let
F: GL,(R) — M be a smooth function with F~!¢q = G for some ¢ € M.
Suppose that for every B € G, F(BC) = F(C) for all C € GL,(R). If d F} is
surjective then d F is surjective for all A € G and kerd F4 = Ag.

Example 7.22
O(n) is a Lie subgroup of GL,(R).

Proof

Recall from Chapter 3 that we can specify O(n) C GL,(R) as the solution
set of a family of polynomial equations in n? variables arising from the matrix
equation ATA = I. In fact, the following equations in the entries of the matrix
A = [a;;] are sufficient:

n n
):air—l=0 (1<r<n), deram=0 (1€r<sgn).
k=1 k=1

~(3)=(7)

of these equations. We can combine thetleft-ha.nd sides of these in some order
to give a function F: GL,(R) — Rr("2 ), for example

[ 22:1 azl -1

Notice that there are

E'E:':l “?m -1
Flag) = | 2= 2%

n
Eggl Gx1Gkn

.E:=1 Gx(n—1)Gkn

We need to investigate the derivative d Fy: M, (R) — R("1"),
By the Identity Check Trick 7.21, to show that d F4 is surjective for all
A € O(n), it is sufficient to check the case A = I. The Jacobian matrix of F at
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A = [a;;] =1 is the (n;— 1) x n? matrix

2 00 0 --- 00

0 00 O 0 2

011 O 00
dF; =

010 - 0 10O

0 00 --- 1 1 0

where in the top block of n rows, the rth row has a 2 corresponding to the
variable @, and in the bottom block, each row has a 1 in each column cor-
responding to one of the pair ar,,a, with r < s. The rank of this matrix is

n+ (;) = ("; l) , 80 d Fy is surjective. It is also true that

kerd Fy = Sk-Sym,,(R) = o(n).

Hence O(n) < GL,(R) is a Lie subgroup and at each element, the tangent space
and dimension agree with those obtained using the definitions of Chapter 3. O

This example is typical of what happens for any matrix group that is a Lie
subgroup of GL,(R). We summarise the situation in the following theorem,
whose proof involves a careful comparison between the ideas introduced in
Chapter 3 and the definitions involving manifolds.

Theorem 7.23

Let G < GL,(R) be a matrix group which is also a submanifold, hence a Lie
subgroup. Then the tangent space to G at I agrees with the Lie algebra g and
the dimension of the smooth manifold G is dim G; more generally, T4 G = Ag.

In the following sections, our goal will be to prove an important result.

Theorem 7.24
Let G < GLn(R) be a matrix subgroup. Then G is a Lie subgroup of GL,(R)-

In fact a more general result also holds but we will not give a proof.
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Theorem 7.25

Let G € H be a closed subgroup of a Lie group H. Then G is a Lie subgroup

of H.

7.5 Some Useful Formulz in Matrix Groups

Let G € GLA(R) be a closed matrix subgroup. Applying Proposition 2.4, we
may choose r € R so that 0 < r € 1/2 and if A,B € Ny, (»)(O;r) then
exp(A) exp(B) € exp(Num, (r)(O; 1/2)). Since exp is injective on Ny, (r)(O; ),

there is a unique C € M,(R) for which
exp(A) exp(B) = exp(C).

We also set ]
S=C-A—B—-2-[A,B]eMn(R).

For X € Mp(R) we have
exp(X) =1+ X + Ry(X),

where the remainder term R, (X) is given by

1
Ri(X)=)_ ka‘
k<2
Hence,

1 -
IR (O < IXIE D L

k<2
and therefore if || X|| <1,

IR GOl < IXI° (Z %) = IXIP(e - 2) < IXIP.
k<2

AY

Since [|C]| < % we obtain

IR.(O)M < lICIP.
Similar considerations lead to

exp(C) = exp(A)exp(B) =I + A+ B+ Ri(A, B),

(7.4)

(7.5)

(7.6)
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where

RAB) =Y & (i( ) Aer-r) .

k22 r=0

This gives

IR\(A, B)Il < 2 o (i( )||A||r"B||h-r)

k22
Al + I|Bil)*
_Z(ll I II i)
k>2
(Al + I1BlI)*-?
= (Al + I BI)?
< (1Al + I1BII)®

since ||All + {|1B]l < 1.
Combining the two ways of writing exp(C) from above, we have

C=A+B+Ri(A,B)- R (C) (7.7)
and so

ICI < AN + 1Bl + §Ra (A, B)l} + [|RA (CO)
< Al + IBI + (AN + IBIY? + lICIi?

1
< 2(llAl + 1BI) + SHCI?,

ot

since ||All, [|BIl, lIC|l < 3. Finally this gives

N

ICII < 4(llAll + 11 BI)-
Equation (7.7) also gives
lC ~ A - B|| < IR (A, B)|l + IR, (C)|

(1Al + BBID? + (4dlAll + IBID)

N N

giving
iC — A - B|| < 17(|All + liBI)>. (7.8)
Now we will refine these estimates further. Write

exp(C) =I+C + %c’ + Ry(C)
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where

1
Ry(C) = 2 'k—lck
k23
which satisfies the estimate

IRa(C)I < 3lICI°
since ||C|| < 1. With the aid of Equation (7.5) we obtain
exp(C)=I+A+B+ %[A,B] +5+ %c’ +Ry(C)
=I+A+B+ %[A,B]+ %(A+ B?+T
=I+A+B+%(A2+2AB+B’)+T, (7.9)
where
T=S+ %(C’ ~ (A + B)?) + Ry(C). (7.10)
Also,
exp(A)exp(B) = I+ A+ B + %(A’ +2AB+B%) + Ry(A,B)  (7.11)

where

k
1 k rpk-r
Ry(A,B) = ZH (Z (r)A B ) .
k33 r=0
which satisfies 1
IR2(A, B)ll < 3(ll4ll + Bl

since ||All + || Bl < 1.

Comparing Equations (7.9) and (7.11) and using (7.4) we see that

S = Ry(A, B) + %((A +B)? - C?) - Ry(C).
Taking norms we have

Sl < [IR2(A, B)I| + %II(A +B)(A+B-C) - (A+B-C)C| + |[R:(O)ll

\ 1 1 1
< z (1Al +11BY)® + (4l + Bl + ICIHIA + B ~ Cll + §||C||3

Wi W

< z (4l + 1B + ;(IIAII + [|BJl) - 17(||All + |BI)* + %(4"-4" +1B())®
< 65(1l4)f + IBII)®,

which yields the estimate

IS1 < 65(liAll + [1Bl))°. (7.12)
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"heorem 7.26
or U,V € M,(R) we have the following formulz.

Yotter Product Formula:
xp(U + V) = lim (exp((1/r)U)exp((1/r)V))".
“ommutator Formula:

exp(([U, V]) = lim (exp(1/r)U)exp((1/r)V) exp(~(1/r)U) exp(~(1/r)V))" .

>roof

‘or large r we may take A = (1/r)U and B = (1/r)V and apply Equation (7.5)
o give
exp((1/r)U) exp((1/r)V) = exp(Cy)

vith 2
17U+ VI

rz

G — (/YU + VIl <
\s r = 00,
fIrCr — (U +V)||=

2
VI

ience rC, = (U + V). Since exp(rC,) = exp(C,)", the Trotter formula follows
)y continuity of exp.
We also have 1 1
Cr = ;(U +V)+ F[U’ V]+ S,

vhere
15,1 < 654

{Ull + Vi)
r3 )

similarly, replacing U, V with —U, —V we obtain
exp((—1/r)U) exp((—1/r)V) = exp(C3),

vhere ) 1
C,==U+V)+ F[U,V] + S,

r

wnd

, Ul +1IviD3
||S,,||s65(" I ,.3" ll)_
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Combining these we obtain
exp((1/r)U) exp((1/r)V) exp((—1/r)U) exp((—1/r)V)
= exp(C) exp(C;) = exp(E\),
where

E.=C.+C + %[c,,c;] +T

1 1 ,
=S +35[CrCl+5+5, +T.. (7.13)

Here T, is defined from Equation (7.5) by setting C, = A,C. =B and T, = S.
Another tedious computation shows that

(Cr Gl = [0 +7) + 5UV] + 5, U +V) + 351UV + 1]
= W+ VUV + LU + V.5, + 5]

+ ;?[[U, V], S:. - Sr] + [Srys:']'

By the estimate of (7.12), all four of these terms has norm bounded by an
expression of the form (constant)/r3, so the same is true of [C,,C!]- Esti-
mate (7.12) also implies that S,, S, 7, have similarly bounded norms. Setting

Qr = rzEr - [U) V]s

we obtain

(const.a.nt)

Q- = =0

o ]

as r — 00, 80

exp(E,)" = exp([U, V] + Q,) = exp([U, V).

The commutator formula now follows using continuity of exp. a

Proof (Another proof of Lemma 3.23)

As an application of the Trotter formula, we will reprove the formula of
Lemma 3.23:

det exp(A) = exp(tr A).

The case n =1 is immediate, so assume that n > 1.
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If U,V € M,(C) then by the Trotter formula together with the fact that
det is continuous and multiplicative,

detexp(U + V) = det ( lim (exp((1/r)U) exp((1/r)V))")
= lim det (exp((1/r)U) exp((1/r)V))"
= lim detexp((1/r)U)" detexp((1/r)V)"
= lim det (exp((1/r)U)") det (exp((1/r)V)")
= lim detexp(U) detexp(V)
= det exp(U) det exp(V).
More generally, given U, ..., Ui € M,(C) we have
detexp(Uy + -+ - + Ui) = detexp(U,) - - - det exp(Us). (7.14)
So if A= Ay + -+ + Ax where the A; satisfy
detexp(4;) =exp(tr4;) (i=1,...,k),
we have
detexp(A) = detexp(A; +--- + A;)
= exp(tr A;) - - - exp(tr Ax)
= exp(tr Ay + .-+ + tr A;)
= exp(tr A).
So it suffices to show that every matrix A has this form.
Recall that A = [a,;] can be expressed as

A= Z ar.Efl,
1gren,
1gegn
where E™* is the matrix having 1 in the (r, 8) place and 0 everywhere else, i.e.,
E"{, = 6{,-6,,.

For z € C,
k30

detexp(zE"™®) = det (Z %(Zk(E")h)

_ | det((e* -1)E™ + 1) ifr=s,
"~ | detI, ifr#s

_ et ifr=s,
1 ifr#s.
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On the other hand,
tr 2E™ = {z ifr=s,

0 ifr#s.
Thus ;
o _ J€ ifr=s,
exp(tr 2E” )"{1 if r # 3,
S0 we obtain
detexp(zE™*) = exp(trzE™),
which is the desired equation. a

7.6 Matrix Groups are Lie Groups

Our aim in this section is to prove Theorem 7.24. Let G < GL,(R) be a matrix
subgroup. Recall that the Lie algebra g = T;G is an R-Lie subalgebra of
ol (R) = Mn(R). Let

8 = {A € M,(R) : Vt € R, exp(tA) € G}.

Theorem 7.27
g is an R-Lie subalgebra of M, (R).

Proof

By definition g is closed under multiplication by real scalars. If U,V € g and
r 2 1, then the following are in G:

(exp((1/r)V) exp((1/r)V)), (exp((1/r)U) exp((1/r)V))",
(exp((1/r)U) exp((1/r)V) exp(~(1/r)U) exp(~(1/r)V))"",
(exp((1/r)U) exp((1/r)V) exp(—(1/r)U) exp(~(1/r)V))" .
By Theorem 7.26, for t € R, we have
exp(tU +tV) = lim (exp((1/r)tU) exp((1/r)tV))",

and

exp(t[U, V]) = exp([tU, V])
= lim (exp((1/r)tU) exp((1/r)V) exp(—(1/r)tV) exp(—(1/r)V))"" .
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As these are both limits of elements of the closed subgroup G € GL,(R) they
are also in G. This shows that g is a Lie subalgebra of gl ,(R) = M,(R). O

Proposition 7.28
For a matrix subgroup G € GL.(R), g is an R-Lie subalgebra of g.

Proof
Let U € g. Then the curve

7:R—G; 7(t) = exp(tV),
has y(0) = I and 4'(0) = U, hence U € g. D

Remark 7.29
Eventually we will see that g = g.

We will require a technical result.

Lemma 7.30

Let {A, € exp~! G}n31 and {8, € R},31 be sequences for which ||An|| = 0
and s,A, + A € M,(R) asn — 00. Then A € g.

Proof
Let t € R. For each n, choose an integer m,, € Z so that |ts,, — m,| < 1. Then

lImnAn — tA|} < |(mn — t8,) An|| + litsnAn — tA||
= |mp — tan| |Anll + ItsnAn — tA||
< HAnll + lItsnAn — tAl = 0

as n — oo, showing that m,A,, — tA. Since
exp(mn4,) = exp(4,)™ € G,
and G is closed in GL,(R), we have
exp(tA) = nll'ngo exp(mnA,) € G.

Thus every rea! scalar multiple tA is in exp—! G, showing that Aeg. (O
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Choose a complementary R-subspace v to g in gl (R) = M,(R), i.e., any
vector subspace such that

g +w = M,(R),
dimg g + dimp i = dimg M,.(R) = n2.

The second of these conditions is equivalent to
gN=0.

This gives a direct sum decomposition of M, (R), so every element X € M, (R)
has a unique expression of the form

X=U+V (Ueg, Vemn).
Consider the map
&: Ma(R) — GLa(R); &(U + V) =exp(U)exp(V) (U €8, V € w).

& is a smooth function which maps 0 to I. Notice that the factor exp(U) is in
G. Consider the derivative at O,

d®o: Mn(R) — gl,(R) = Mn(R).

To determine d ®o(A + B), where A € g and B € v, we differentiate the curve
t = $(¢(A+ B)) at t = 0. Assuming that A, B are small enough and using the
notation of Equations (7.4) and (7.5) for small ¢ € R, there is a unique C(t)
depending on ¢ for which

$(t(A + B)) = exp(C(1).
Estimate (7.12) gives
2
IC(e) - tA — tB) - {4, Blll < 65{e*(l4ll + IBI)*.
From this we obtain
2
IC(t) - tA - tBIl < SIIl4, Bl + 65t (Al + I BI)®

= g (L4, B]Il + 130fe(llAll + I1BI1)®)

and so d d
d—t-Q(t(A + B))jt=0 = I exp(C(t))je=0 = A+ B.

By linearity of the derivative, for small A, B,
d®o(A+B)=A+ B,
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so d ®o is the identity function on M,(R). By the Inverse Function Theo-
rem 7.12, ® is a diffeomorphism onto its image when restricted to a small
open neighbourhood of O, and we might as well take this to be an open disc
N, (x) (O; 6) for some § > 0. Thus the restriction of & to

®1: NM. (1)(0;8) — Ny, (1)(0: 6)

is a diffeomorphism.

Now we must show that ¢ maps some open subset (which we could assume
to be an open disc) of Nm, x)(O0;8) N g containing O onto an open neighbour-
hood of I in G. Suppose not; then there is a sequence of elements U,, € G with
Un & I a3 n = oo but U, ¢ &g. For large enough n, Un € Ny, (x)(0;6),
hence there are unique elements A, € g and B, € o with ®(A, + B,) = Un.
Notice that B, # O since otherwise U, € &g. As &, is a diffeomorphism,
A, + Bn = O and this implies that A, & O and B,, =& O. By definition of &,

exp(B,) = exP(An)-IUn €G,

hence B, € exp~! G. Consider the elements B, = (1/||Bn||) By of unit norm.
Each B, is in the unit sphere in M,(R), which is compact hence there is a
convergent subsequence of {B,}. By renumbering this subsequence, we can
assume that B, — B as n = oo, where ||B|| = 1. Applying Lemma 7.30 to the
sequences {B,} and {1/||Bn||} we find that B € g. But each B, (and hence
B,) is in w, so B must be too. Thus B € gNrv, which contradicts the fact that
B # 0.
So there must be an open disc

Ng(0;8) = Nu, m)(0;6) NG

which is mapped by & onto an open neighbourhood of I in G. So the restriction
of ® to this open disc is a local diffeomorphism at O. The inverse map gives
a chart for GL,(R) at I and moreover N3(0;4,) is then a submanifold of
Nm.w)(0; 81).

We can use left translation to move this chart to a new chart at any other
point U € G, by considering Ly ¢ ®. The details are left as an exercise.

So we have shown that G < GL,(R) is a Lie subgroup, proving Theo-
rem 7.24. This is a fundamental result that can be usefully reformulated as
follows. The proof of the second part is similar to our proof of the first with
minor adjustments required for the general case.

Theorem 7.31

A subgroup of GL,(R) is a closed Lie subgroup if and only if it is a matrix
subgroup, i.e., a closed subgroup. More generally, a subgroup of an arbitrary
Lie group G is a closed Lie subgroup if and only if it is a closed subgroup.
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Notice that the dimension of a matrix group G as a manifold is dimpg.
By Proposition 7.28, g C g and dimgg < dimgg. By Theorem 7.23, these
dimensions are in fact equal, giving

-~

g=g. (7.15)
Combined with Proposition 2.4, this gives the following theorem.

Theorem 7.32

For a matrix group G € GLn(R), the exponential map exp: g — M,(R) has
image in G, imexp < G. Moreover, exp is a local diffeomorphism at O, mapping
some open neighbourhood of O onto an open neighbourhood of I in G.

7.7 Not All Lie Groups are Matrix Groups

For completeness we describe the simplest example of a Lie group which is
not a matrix group. In fact there are infinitely many related examples of such
Heisenbery groups Heis,, and the example Heiss that we will discuss in detail
is particularly important in Quantum Physics.

For n > 3, the Heisenberg group Heis,, is defined as follows. Recall the group
of n x n real unipotent matrices SUT, (R), whose elements have the form

1 a2 - --- a1, |
0 1 ays asn
(N '
Do 1 ap—2n-1 ’
: . 0 1 Gn—1n
o o .- 0 0 1 |

with a;; € R. Then SUT,, is a matrix subgroup of GL,(R) whose Lie algebra
sut, (R) consists of the matrices of the form

0 29 -+ --- tin
0 0 t3 . tan
0 0 '
Dol th—2n-1

0 0 th-1n

0 o 0 0 0




204 Matrix Groups: An Introduction to Lie Group Theory

with £;; € R, hence dimSUT,, = (;) It is a nice exercise to show that the

following hold in general.

Proposition 7.33

For n 2 3, the centre Z(SUT,) of SUT, consists of all the matrices [a;;] € Heis,,
with a;; = 0 except when i = 1 and j = n. Furthermore, Z(SUT,) is contained
in the commutator subgroup of SUT,,.

Notice that there is an isomorphism of Lie groups R & Z(SUT,) under
which the subgroup of integers Z C R corresponds to the matrices witha;, € Z
and these form a discrete normal (in fact central) subgroup Z,, «SUT,,. We can
form the quotient group

Heis,, = SUT,, /Zy,.

Heis,, has the quotient space topology and since Z, is a discrete subgroup, the
quotient map g: SUT,, — Heis,, is a local homeomorphism. This can be used
to show that Heis,, is also a Lie group since charts for SUT,, defined on small
open sets will give rise to charts for Heis,,. The Lie algebra of Heis,, is the same
as that of SUT,, beis,, = sut,.

Proposition 7.34

For n > 3, the centre Z(Heis,) of Heis, consists of the image under ¢ of

Z(SUT,). Furthermore, Z(Heis, ) is contained in the commutator subgroup of

Heis,,.

We note that Z(Heis,) = Z(SUT,,)/Zy, is isomorphic to the circle group

T={z€C:|z| =1},

with the correspondence coming from the map
R—T, t— Mt

When n = 3, there is a surjective Lie homomorphism

1 =z ¢
p: SUT; —R%; |0 1 y|»~ [z]
001 y

whose kernel is ker p = Z(SUT3). Since Z3 < ker p, there is an induced surjective
Lie homomorphism P: Heis3 — R? satisfying Po ¢ = p. In this case the
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isomorphism Z(Heis,,) = T is given by

1 0 ¢ ]

0 1 025 e e2™L,
0 01

From now on we will denote the coset

1 z ¢
0 1 y| Zs € Heiss

0 01

by (z,y,€?**]. Thus a general element of Heisy has the form [z,y, 2] for z,y € R
and z € T; the identity element is 1 = [0, 0, 1). Similarly, the element

1 =z ¢

01 Y[ € b¢“3
0 01

will be denoted (z, y,t)-

Proposition 7.35
Multiplication, inverses and commutators in Heiss are given by

[x1, 01, 21)(Z2, ¥2, 22) =21 + 72,31 + ¥2, 212282"“'"’],
[3, ¥, .“!]-l =[—z’ -y, z-le2wizy]
[z1, 11, 21)[Z2, ¥2, 22)[Z1, 11, 21) 222, 2, 22) 1 =[0,0, e27(F1¥2-072)]

The Lie bracket in heis; is given by
[(z1,¥1, 1), (2,2, t2)] = (0,0, Z1y2 — y122)-

The Lie algebra heis, is often called a Heisenberg (Lie) algebra and occurs
throughout Quantum Physics. It is essentially the same as the Lie algebra of
operators on differentiable functions f: R — R spanned by the three operators
1, p, q defined by

1) = f@), pf@)=TE, qf(a) = 2f(2).

The non-trivial commutator involving these three operators is given by the
canonical commutation relation

[P,al =pPq—-qp=1.

In beis; the elements (1,0,0),(1,0,0),(0,0,1) form a basis with the only non-
trivial commutator
[(lioi 0)) (1’0) 0)] = (0,0, l).
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Theorem 7.36

There are no continuous homomorphisms ¢: Heisy — GL,(C) with trivial
kernel keryp = 1.

Proof

Suppose that ¢: Heiss — GL,,(C) is a continuous homomorphism with trivial
kernel and suppose that n is minimal with this property. For each g € Heiss,
the matrix ¢(g) acts on vectors in C".

We will identify Z(Heiss) with the circle T as above. Then T has a topological
generator z; this is an element whose powers form a cyclic subgroup (29) < T
which has closure T. Proposition 10.7 will provide a more general version of this
phenomenon. For now we point out that for any irrational number r € R, the
following is true: for any real number s € R and any € > 0, there are integers
p,q € Z such that

|6 —pr — gl <.

This implies that e2**" is a topological generator of T since its powers are dense.
Let ) be an eigenvalue for the matrix ¢(zp), with eigenvector v. If necessary
replacing zo with z; !, we may assume that A > 1. If ||A|| > 1, then
@(z5)v = p(20)*v = A*v
and so

ll(zo)l = NS,

Thus ||(z§)|| = oo as k = oo, which implies that T is unbounded. But ¢ is
continuous and T is compact hence T is bounded. So in fact ||A|| = 1.
Since ¢ is a homomorphism and zg € Z(Heiss), for any g € Heis3 we have
¥(20)0(9)V = w(209)v = p(920)v = ¥(9)w(20)v = Mp(g)v,

which shows that ¢(g) is another eigenvector of (2,) for the eigenvalue A. If
we set
Va={veC":3k>1s.t. (p(z0) — AlL)*v = 0},

then V), C C" is a vector subspace which is also closed under the actions of all
the matrices ¢(g) with g € Heiss. Choose kg > 1 to be the largest number for
which there is a vector vy € V), satisfying

(9(20) = M )*vo =0, (p(20) — Aln)* " vo # 0.

If ko > 1, there are vectors u, v € V), for which

p(zo)u =Au+v, ¢(z)v =Av.
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Then
P(zb)u = p(zo)*u = Mu + kxt-1v

and since |A\| =1,
lle(z8)l = llw(20)*Il > IAu + kv] - oo

as k — oo. This also contradicts the fact that T is bounded. So ko = 1 and V),
is just the eigenspace for the eigenvalue A. This argument actually proves the
following important general result, which in particular applies to finite groups
viewed as zero-dimensional compact Lie groups.

Proposition 7.37

Let G be a compact Lie group and p: G — GL,(C) be a continuous homo-
morphism. Then for any g € G, p(g) is diagonalisable.

Having chosen a basis for V), we obtain a continuous homomorphism
#: Heiss — GL4(C) for which 6(2) = Als. By continuity, every element
of T also has the form (scalar)ly. The minimality of n implies that we must
have d = n and so we can assume that ¢(2p) = Al,.

By the equation for commutators given in Proposition 7.35, each element
z € T < Heis; is a commutator 2 = ghg~'h~! in Heiss. Since det and ¢ are
homomorphisms,

det o(z) = p(ghg™'h™") = 1.

Thus there is a continuous function u: T — C* such that for every 2z € T,
o(2) = p(2)ly, p(2)%=1.

As T is path connected, u(z) = 1 for every z € T. Therefore for each z € T,
the only eigenvalue of ©(z) is 1. This shows that T < ker, contradicting the
assumption that ker ¢ is trivial. O

The argument used in this proof can be modified to show that none of the
| Heisenberg groups Heis,, with n > 3 can be realised as a matrix group.
EXERCISES

7.1. a) Show that the subset
M = {(A,b) e Ma(R) x R:bdet A =1} C Ma(R) x R
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7.2

7.3.

7.4.

7.5.

is a closed submanifold of M,,(R) x R and determine T44) M for
(A,b) e M.
b) Show that M has the structure of a Lie group with multiplication
4 given by

”((Al ’ bl)! (Am bz)) = (A1A21 blbz)'

To which standard matrix group is M isomorphic?
c) Repeat this with R replaced by C.

Work through the details of the calculation in Example 7.22 for the
cases n = 2,3.

a) Modify the details of Example 7.22 to show that U(n) < GL,(C)
is a Lie subgroup. It might be helpful to work through the cases
n=1,2,3 first.

b) Show that SU(n) < U(n) is a Lie subgroup by using the determi-
nant function

det: Un) - T={z€C:|2]=1}
together with the Identity Check Trick 7.21.

Let G be a matrix group. Use Theorem 7.24 to show that each of
the following subgroups of G is a Lie subgroup. In each case, try to
find a proof that works when G is an arbitrary Lie group.

a) For g € G, the centraliser of g, Zg(9) = {z € G : z9z~! = g}.

b) The centre of G, Z(G) = ,¢q Za(9)-

c) For a closed subgroup H < G, the normaliser of H,

NGg(H) = {z € G:zHz™! = H}.

d) The kernel of p, ker p, where p: G — H is a continuous homo-
morphism into a matrix group H.

Let G be a matrix group and M be a smooth manifold. Suppose
that u: G x M — M is a continuous group action as defined in
Section 1.9 and investigated in the exercises for Chapter 1. Also
suppose that u is smooth, i.e., is a smooth group action.

a) Show that for each z € M, Stabg(z) < G is a Lie subgroup.

b) If X C M is a closed subset, show that its stabiliser

Stabg(X)={g€G:9X =X} <G

is a Lie subgroup.
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7.6.

7.7.

7.8.

7.9.

7.10.

For a Lie group G and a closed subgroup H < G, show that the
cosets gH and Hg and the conjugate gHg™! are submanifolds of
G. In each case, identify the tangent space at a point in terms of a
suitable tangent space to H.

Let G and H be Lie groups and o: G —+ H be a Lie homomorphism.
Show that ker ¢ < G is a Lie subgroup and identify the tangent space
Ty keryp at g € ker .

For n 2> 1, consider the subset
Czn = {J € GL2p(R) : J? = —I5,,} C GL2,(R).

a) Show that €;, C GL;,(R) is a closed subset.
b) Show that there is a continuous action of GL3,(R) on €3, given
by

A-J=AJAT?! (A€ GL3(R)).

By considering the eigenvalues of elements of C;,, show that this
action has only one orbit.

c) Find the stabilisers of the matrices J2,, and Jj,, of Section 1.6.
d) A A Show that €;, € GLan(R) is a submanifold and find its
tangent space at a point J € Czp.

[An element J € GL;,(R) satisfying J? = —I, is often called a
complez structure on R?® and €3, can be interpreted as the space
of all complex structures on R?" )

Modify the previous exercise by replacing GL3,(R) with O(2r) and
€2, with

€, = {J € 0(2n) : J? = —L,,} C O(2n).

In particular show that €, C O(2n) is a submanifold and find its
dimension. Also show that €3, C SO(2n).

Determine the Lie bracket [ , ] of the Lie algebra heis, of the Heis-
enberg group Heis,.
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Homogeneous Spaces

Homogeneous spaces are as important in connection with Lie groups and their
applications as sets of cosets are in ordinary group theory. Indeed, in the
Kleinian view, a geometry consists of a homogeneous space with the group
acting as its symmetry group. For detailed discussions of homogeneous spaces
and the related notion of symmetric space see [6, 11]. We describe the basic
ideas although we omit the proof that a homogeneous space is actually a smooth
manifold since that would require somewhat more differential geometry than
we have developed. Instead we focus on homogeneous spaces arising as orbits
for smooth group actions and these can be studied as submanifolds.

We give a number of examples based on standard constructions in linear al-
gebra, such as the Gram-Schmidt process and the transformation theory of real
quadratic forms. In Chapter 9 we will use homogeneous spaces to investigate
connectivity of various families of matrix groups.

-8.1 Homogeneous Spaces as Manifolds

Let G be a Lie group of dimension dim G = n and H < G be a closed subgroup,
which is therefore a Lie subgroup of dimension dim H = k. The set of left cosets

G/H = {gH : g € G}
has an associated quotient map
G — G/H; =(g)=gH.

211
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We give G/H a topology by requiring that a subset W C G/H is open if and
only if #~'W C G is open; this is called the quotient topology on G/H.

Remark 8.1

This idea can be generalised to the case of an arbitrary surjectiong: X — Y
where X is a topological space and Y is a set. The resulting topology on Y
is also called the quotient topology with respect to g. A particular case of this
occurs when Y is the set of equivalence classes of an equivalence relation ~ on
X and g(z) is the equivalence class of 2 € X.

Lemma 8.2

The projection map n: G — G/H is an open mapping and G/H is a topo-
logical space which is separable and Hausdorff.

Proof
For U C G,
(=)= | U,
heH
where

Uh={uheG:ueU}CG.

If U C G is open, then each Uh (h € H) is open, implying that #U C G is also
open.

G/ H is separable since a countable basis of G is mapped by = to a countable
collection of open subsets of G/H that is also a basis.

To see that G/H is Hausdorff, consider the continuous map

6:GxG—G; 8(z,y) =z"1y.

Then
67'H = {(z,y) € G x G : zH = yH},

and this is a closed subset since H C G is closed. Hence,
{(z,y)) eGxG:zH=yH}CGxG

is open. By definition of the product topology, this means that whenever z,y €
G satisfy zH # yH, there are open subsets U,V C G withz € U,y € V,
U#V and s?UN#V = @. Since #U, 7V C G/H are open, this shows that
G/H is Hausdorf. O
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The quotient map 7: G — G/H is characterised by a universal property
which is similar in spirit to that of Theorem 5.4.

Proposition 8.3 (Universal property of the quotient topology)

Let X be a topological space and f: G — X be a continuous function for
which f(gh) = f(g) whenever ¢ € G and h € H. Then there is a unique
continuous function f: G/H — X for which for = f.

P
3 f continuous

The following consequence characterises the topological space G/H up to
homeomorphism and is proved in a similar fashion to Corollary 5.5.

Corollary 8.4

Let Q be a topological space and ¢: G — Q be a continuous function for
which g(gh) = g(g) whenever g € G and h € H, and suppose that it has the
following universal property:

Let X be a topological space and f: G —» X be a continuous function for
which f(gh) = f(g) whenever g € G and h € H. Then there is a unique
continuous function f: Q — X for which foq = f.

Then there is a unique homeomorphism §: G/H — Q satisfying gon =gq.

We would like to make G/H into a smooth manifold so that r: G — G/H
is smooth. The explicit construction of an atlas is rather complicated so we
merely state a result on this and then consider some examples where the smooth
structure comes from an existing manifold which is diffeomorphic to a quotient.

The reader is referred to (6, 29] for further details.

Ti1eorem 8.5
G/H can be given the unique structure of a smooth manifold of dimension
dimG/H =dimG - dim H
so that the projection map n: G — G/H is smooth and at each g € G,
ker(dn: Ty G — Ton G/H) = dL,h,



214 Matrix Groups: An Introduction to Lie Group Theory

and there is an atlas for G/H consisting of charts of the form §: W — 6W C
R™—k for which there is a diffeomorphism ©: W x H — #n~'W sgatisfying the
conditions

O(w,hhy) = O(w,h)h2, m(O(w,h))=w (w €W, h,h,h; € H).

W x H L 1

S

The projection # looks like proj,: #~!W — W, the projection onto W,
when restricted to #~!W. For such a chart, the map © is said to provide a
local trivialisation of ® over W. An atlas consisting of such charts and local
trivialisations (8: W — 0W, ©) provides a local trivalisation of ». This is
related to the important notion of a principal H-bundle over G/H.

Notice that given such an atlas, an atlas for G can be obtained by taking
each pair (0: W — 8W, 8) and combining the map § with a chart ¢: U —
YU C R* for H to obtain a chart

(@x¢)oO~1: O(W xU) — W x U CR™* x R* = R".

Such a manifold G/H is called a homogeneous space since each left translation
map L, on G gives rise to a diffeomorphism

L,: G/H — G/H; Y,(zH)=gzH,

for which moL, =L, o x.

G-ﬁ—)G

-] d!
G/H X, ¢/H

So each point gH has a neighbourhood diffeomorphic under E;l to a neigh- -
bourhood of 1H; so locally G/H is unchanged as gH is varied. This is the
basic insight in Felix Klein's view of a Geometry which is characterised as a
homogeneous space G/H for some group of transformations G and subgroup
H <G.
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8.2 Homogeneous Spaces as Orbits

Just as in ordinary group theory, group actions have orbits equivalent to sets of
cosets G/H, so homogeneous spaces also arise as orbits associated to smooth
groups actions of G on a manifolds.

Theorem 8.6

Suppose that a Lie group G acts smoothly on a manifold M. If the element
z € M has stabiliser Stabg(z) < G and the orbit Orbg(z) C M is a closed
submanifold, then the function

f: G/ Stabg(z) — Orbg(z); f(9Stabg(z)) = gz

is a diffeomorphism.

Example 8.7

For n > 1, O(n) acts smoothly on R™ by matrix multiplication. For any non-zero
vector v € R”, the orbit Orbg(n)(v) C R" is diffeomorphic to O(n)/ O(n —1).

Proof

First observe that when v is the standard basis vector e,, for A € O(n),
Ae, = e, if and only if e,, is the last column of A, while all the other columns
of A are orthogonal to e,,. Since the columns of A must be an orthonormal set
of vectors, this means that each of the first (n — 1) columns of A has the form

- -

a)k
G2k
Qnk
[ 0 ]
where the matrix
a1 a2 te a1 n-1
az1 Q22 s a2n-1

Gpn—-11 CGp-12 °*** Ga-in-1
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is orthogonal and hence in O(n - 1). We identify O(n ~ 1) with the subset of
O(n) consisting of matrices of the form

[ any @12 -+ Gpy 0]

a2 @2 -+ Ggp-1 O
Gn-11 Gp-12 °** Gp_gp-y 0O
| 0 0 .e- 0 lJ

and then have Stabg(n)(en) = O(n—1). The orbit of e, is the whole unit sphere
S”—1 C R" since given a unit vector u we can extend it to an orthonormal basis
uj,...,Un—1, Up = u whose vectors form the columns of an orthogonal matrix
U € O(n) for which Ue,, = u. Then there is a diffeomorphism

O(n)/ Stabo(n)(en) = O(n)/ O(n — 1) — Orbo(s)(en) = 8™

Now for a general non-zero vector v notice that Stabo(,)(v) = Stabg(a)(V)
where v = (1/|v|)v and

Orbo(n) (V) = S™~(|v)),
the sphere of radius |v|. If we choose any P € O(n) with v = Pe,,, we have
St&bo(n) (v)=P Stabo(n) (en)P -1
and so the map
Orbo(my(v) — O(n)/P O(n — 1)P~ X225 O(n)/ O(n - 1)

is a diffeomorphism. O

A similar result holds for SO(n)/SO(n — 1) as a homogeneous space of
SO(n). We can also obtain the homogeneous spaces U(n)/U(n — 1) and
SU(n)/ SU(n — 1) of the unitary and special unitary groups as orbits of non-
zero vectors in C™ on which these groups act by matrix multiplication; these are

diffeomorphic to 82"~1. The action of the quaternionic symplectic group Sp(n) ’

on H" leads to orbits of non-zero vectors diffeomorphic to Sp(n)/ Sp(n—1) and |
Sdn-l .
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8.3 Projective Spaces

More exotic orbit spaces are obtained as follows. Let k = R, C or H and
d = dimg k. Consider k™*! as a right k-vector space. There is an action of the
group of units k* on the subset of non-zero vectors kj*! = k"+! — {0}, given

by

z-x=xz"1,

The set of orbits is denoted kP™ and is called n-dimensional k-projective space.
An element of kP™ is a subset of kj*! of the form

[x) = {xz7!: z € k¥}).

Clearly [x] = [y] if and only if there is a z € k* for which y = x2™1.

Remark 8.8

Because of this we can identify elements kP™ with k-lines in k™*!, j.e., 1-
dimensional k-vector subspaces. kP™ is often taken to be the set of all such
lines, particularly in the subject of Projective Geometry.

Associated to the map
Gn: k3+1 — kP";  gn(x) = [x],

is a quotient topology on kP" (see Remark 8.1) which is Hausdorff and sepa-
rable.

Proposition 8.9

kP" is a smooth manifold of dimension dimkP™ = ndimg k. Moreover, the

quotient map g, : kj+t! — kP" is smooth with surjective derivative at every
point in kj*'.

Proof 2

As usual, for x € k"*! writex=| : |.Nowforeachr=1,2,...,n, set

ZTn+1

kP" = {x] : z, # 0} C kP™.
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Then kP C kP" is open and there is a function

217! .

-1
2,--12,.

R n n. —
Oy : kP,- — k ’ al'([x]) - zr+lz:l

_zn+lz;l_

which is a continuous bijection that is actually a homeomorphism. Whenever
r # 8, the induced map

o, oa,: o] 'kP? NkP? — o, 'kP? NPT

is given by ] ]
i
o;loo,.(x) = Ya—1
Vs+1
| Yn+1
where

yi = zjz;! i j#r,s,
T lzt fj=r

These (n+ 1) charts form the standard atlas for n-dimensional projective space
over k. a

An alternative description of kP™ is obtained by considering the action of
the subgroup

k'={z€ek”:|z}=1} <k*

on the unit sphere $(n+1)d4-1 c K2+ Notice that every element {x] € kP"
contains elements of S("*+1)4-1_ Algo, if x,y € k" have unit length |x| =
lyl = 1, then [x] = [y] if and only if y = x2~! for some z € k;‘. This means we
can also view kP™ as the orbit space of this action of k) on $(n+1)4—1 and we
also write the quotient map as g, : S(*+1)4-1 _; kP™; this map is also smooth.

Proposition 8.10

The quotient space associated to the map g, : S(*+14-1 — kP™ is compact.
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Proof
This follows from the standard fact that the image of a compact space under
a continuous mapping is compact. Of course kP" is also Hausdorff. Q

Consider the action of O(n + 1) on the unit sphere S* C R™**!. Then for
A€eO(n+1), z= =1 and x € S*, we have

A(xz™1) = (Ax)z~1.
Hence there is an induced action of O(n + 1) on RP" given by
A [x] = [Ax].

This action is transitive and also the matrices +1,,,, fix every point of RP".
There is also an action of SO(n 4 1) on RP™; notice that —1I,,, € SO(n + 1)
only if n is odd.

Similarly, U(n + 1) and SU(n + 1) act on CP™ with scalar matrices wl, 4,
(w € CY) fixing every element. Notice that if wl,,; € SU(n+1) then w™*+! =1,
so there are exactly (n + 1) such values.

Finally, Sp(n + 1) acts on HP™ and the matrices +I,,, fix every element.

There are some important new quotient Lie groups associated to these ac-
tions, the projective unitary, special unitary and gquaternionic symplectic groups

PUn+1)=U(n+1)/{wlh;1 : we C},
PSU(n + 1) = SU(n + 1)/{wlpp1 : vt =1},
PSp(n +1) = Sp(n + 1)/{£Inn1 }.
Each of these is a subgroup of one of the three projective linear groups

PGL,(R), PGL,(C) and PGL,(H) where the first two were mentioned in Sec-
tion 4.6, while the last is defined by

PGL,(H) = PGL.(H)/{tI, : t € R*}.

Projective spaces are themselves homogeneous spaces. Consider the sub-
group of O(n + 1) consisting of elements of the form

@1y G12 "c Gip—1g 0]
an ., '.- '.. 0

an-11 0

| 0 o --- 0 +1;
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We denote this subgroup of O(n + 1) by O(n) x O(1). There is a subgroup
O(n) € SO(n + 1) whose elements have the form

where

det

-

a11 a13 a1 n-1
G21
Gn-11 . T
| 0 o --. 0
" a6 012 Crlpn—1 |
[ D31
[Gn-11 Gn-1n-1.
[ ann a1 Gin-1 |
aan
[ Gn-11 Gn—-1in-1.

o

0

w

€ O(n),

Similarly, there is a subgroup U(n) x U(1) < U(n + 1) whose elements have the

form

and U(n) < SU(n + 1) with elements

a a2 a1 n—1
a1

Gn-11 ‘- Gp-in-1

| 0 o --- 0

[ a3 a3 Gl n-1
Q21

Gn-11 T Gn-1n-1
0 0 0

oq
0
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where
[ 6n @12 't Gip-y ]
a321
€ U(n),
1 Gn—11 T, ‘v Gp-1n-1]
- - =1
a31 a2 - Gi1n-1
821 . . .
det ] . . . = w.
[Gn—11 T ‘e Cp-y n—lj

Finally we have Sp(n) x Sp(1) € Sp(n + 1) consisting of matrices of the form

[ @117 412 -+ @Gip-1 O]

Q21 .'. .'. .'. 0
Gn-11 "+ - Gpogp-1 O
) 0 0 w

Proposition 8.11

There are diffeomorphisms

RP" — O(n + 1)/ O(n) x O(1), RP™ —s SO(n + 1)/0(n);
CP™ — U(n + 1)/ U(n) x U(1), CP" — SU(n + 1)/U(n);

HP™ — Sp(n + 1)/ Sp(n) x Sp(1).

There are similar homogeneous spaces of the general and special linear
groups also diffeomorphic to these projective spaces. We illustrate this with
one example.

The special linear group SL2(C) contains the matrix subgroup P consisting
of its lower triangular matrices

[: 3] € SLa(C).

P is often referred to as a parabolic subgroup of SL2(C).
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Proposition 8.12
SL2(C)/P is diffeomorphic to CP!.

Proof

There is smooth map

¥: SLy(C) — CPY;  y(4) = [Aea].

Notice that for B = [u 0] €P,
w v

M THEIN]
so [(AB)e;y) = [Aey] for any A € SL2(C). This means that /(A) only depends

on the coset AP € SL.(C)/P. It is easy to see that is onto and that the induced
map SL(C)/P — CP! is injective. O

8.4 Grassmannians

There are some important families of homogeneous spaces directly generalising
projective spaces. These are the real, complex and quaternionic Grassmannians,
which we now define.

Let O(k) x O(n — k) < O(n) be the closed subgroup whose elements have
the form

A Ok n—
[on—k_k kB k] (A € O(k), B € O(n — k)).

Similarly there are closed subgroups U(k) x U(n — k) € U(n) and Sp(k) x
Sp(n — k) < Sp(n) with elements

U(K) x Uln— k) : [ oni k 0*5-*] (A€ U(k), B€Uln-—k);
Sp(k) x Sp(n — k) : On—k . 0*;"‘] (A € Sp(k), B € Sp(n — k)).

The associated homogeneous spaces are the Grassmannians
Grx n(R) = O(n)/ O(k) x O(n — k);
Grg n(C) = U(n)/ U(k) x U(n - k);
Gry,n (H) = Sp(n)/ Sp(k) x Sp(n — k).
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Proposition 8.13

For k = R,C,H, the Grassmannian Gry ,,(k) can be viewed as the set of all
k-dimensional k-vector subspaces in k".

Proof

We describe the real case k = R, the others being analogous.

Associated to element W € O(n) is the subspace spanned by the first k
columns of W, say wy, ..., w;; we will denote this subspace by (w;,...,w,). As
the columns of W are an orthonormal set, they are linearly independent, hence
dimg (wj,...,w) = k. Notice that the remaining (n — k) columns give rise to
another subspace (Wg41,...,Ws) of dimension dimg (Wg41,...,Wpn) =n—k.
In fact these are mutually orthogonal in the sense that

(Whgly:r, Wpn) = (w;,...,wk)'L
={xeR*:x-w,.=0,r=1,...,k},
(wl:---awk) = (wk+1)'-'1wn)-L

={XER"ZX'W,- =O’r=k+1,...,ﬂ}-

For a matrix

A Oh,n—k —
[On_m B ] € O(k) x O(n — k),

the columns in the product

' _ A Ok.n-k
W=w [On—k.k B ]

span subspaces (w},...,w}) and (w},,...,w,). Note that w},...,w} areor-
thonormal and also linear combinations of wy, . . ., wy; similarly, w} ,,..., Wy,
are linear combinations of wg41,..., Wn. Hence

(WiyooesWh) = (W1, , W), (Whins-o-s Wh) = (Wag1,-0 0, Wi
So there is a well-defined function
O(n)/ O(k) x O(n — k) — k-dimensional vector subpaces of R"
which sends the coset of W to the subspace (wi,...,ws). This is actually a
bijection.
Notice also that there is another bijection

O(n)/ O(k) x O(n — k) — (n — k)-dimensional vector subpaces of R"
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which sends the coset of W to the subspace (wg41,--.,Wy). This corresponds
to a diffeomorphism Gry n(R) — Gr,,_x »(R) which in turn corresponds to
the obvious isomorphism O(k) x O(n — k) — O(n — k) x O(k) induced by
conjugation by a suitable element P € O(n). a

8.5 The Gram—Schmidt Process

The Gram-Schmidt process provides a useful algorithm which allows an arbi-
trary basis of R™ to be replaced by an orthonormal basis. First we recall this
and then explain how it gives rise to a homogeneous space of GL,, (R).

Let {uy,...,u,} be a basis of R". Writing u§°) = u;, we construct a new
sequence of vectors ugu yeuns ul) by

1 0 0 :
u{t) = |uZO)|“(1 ), uf) =0l - (@ u™f® (i=2,...,n).
1

It is clear that these form a basis of R™ for which

W=1, - u?=0 (i=2,...,n).

If U is the matrix whose columns are the u{”, then the matrix U!) whose

columns are the u?) is obtained as

1 _ugx) ] u§°’ . __ugl) ) us‘o)-
0 1 o -- 0
Uszm&%(—%qk”J)f 0 1 O 0
|ul | : ., ., .. :

_0 0 1 |

= yOTM,

where TV is upper triangular and has positive diagonal entries.
This construction can be iterated by defining for each k = 1,...,n, a se
quence u&*), . ut®) with

(Y fi=1,.. k-1,

1 (k-1) op
ol = { I

k
uSk-l) _ E(ugz) . usk—l))us_k) ifi=k+1,...,n.

L r=1
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It is straightforward to check that these vectors form a basis satisfying

m®=1 @(=1,..,k),

u.u® =0 @=1,..,ki=1,..,n)
In particular, the basis {“(1")’ . us.")} is orthonormal,
P I=1 (i=1,...,n),
u'(") - ug-") =0 (i,j=1,...,n).
At each stage of the iteration the matrix U/(*) whose ith column is the vector
usk) given by
y®) = yk-npk)

where T(*} is upper triangular with positive diagonal entries.
From all of this we can deduce that

™ =y

where T = T{!}... T(" js upper triangular. Since U(™ is orthogonal and 7"~}
is upper triangular with positive diagonal entries, we obtain

U© = y™7-1 € O(n) UT,(R).

If PDUT,(R) < UT,(R) is the matrix subgroup consisting of all upper trian-
gular matrices with positive diagonal entries, then

PDUT,(R) N O(n) = {I},

hence we have shown the following.

Proposition 8.14

Every matrix A € has a unique factorisation A = UT with U € O(n) and
T € PDUT,(R).

Corollary 8.15
There is a diffeomorphism GL,(R)/ PDUT,(R) — O(n).
By conjugating and considering the matrix subgroup PDLT,,(R) < GLn(R)

of lower triangular matrices with positive diagonal entries, we also obtain the
following.
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Corollary 8.16
There is a diffeomorphism GL,(R)/ O(n) — PDLT,(R).

Here the space PDLT,(R) is contractible, hence so is the homogeneous
space GL,(R)/ O(n).

A similar construction works for a C-basis of C*, using the standard her-
mitian inner product.

8.6 Reduced Echelon Form

The basic theory of systems of linear equations makes use of Gaussian elimi-
nation to produce the reduced echelon form of a matrix. For example, starting
with an invertible matrix A € M,,(k) where k = R or C, a sequence of elemen-
tary column operations will convert A into a lower triangular matrix. If A is
invertible, A € GL,(k), this lower triangular matrix is the identity matrix I,;.
If we only use elementary column operations which involve adding a multiple of
column j to column § where j < t, then the best result will be a lower triangular
matrix with non-zero diagonal terms; but even this may not be possible. To
ensure that we obtain a lower triangular matrix we may also need to permute
columns. This leads to the LPU-decomposition of A, see [28].

Proposition 8.17

Let A € GL,(k). Then there are matrices L, P,U € GLn(k) where L is lower
triangular, P is a permutation matrix, U is upper triangular and A = LPU.
Moreover, P is unique and if we require that the diagonal entries of L are all
1, then so are L and U. Therefore the homogeneous space GL,(k)/ UT,(k) is
diffeomorphic to the manifold

k(-:‘) x Sym,,,

where Sym_, is the symmetric group on n elements.

This is a closely related to the important concept of a Bruhat decomposition.
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8.7 Real Inner Products

Reccall that an inner product on the real vector space R™ is an R-bilinear map
f: IR™ x R* — R which satisfies
B(x,y) = By, x)

andl 8o is symmetric. 8 is non-degenerate if for every non-zero x € R there is
ay € R" for which 8(x,y) # 0.

(Given the standard basis {e;,...,e,} of R*, 8 is determined by the n x n
matirix Bg = [b;;] for which

bij = B(es, e5) = bj;.
Hemce Bg is a symmetric matrix and
B(x,y) = xT Bgy.
If wre express an arbitrary vector x € R” a8 x = zye; +--- + z,e, for z; € R,

them

ﬁ(x,x) = Z b;,-:r:;z,-

i,j=1

= Zb.'il'? +2 2 b.','zizj
i=1 1€i<jn
= Qﬁ(x),

which is a real symmetric guadratic form. The following is a well-known result
on real inner products and quadratic forms.

Theorem 8.18

Given an inner product 8 on R, there is a matrix P € GL4(R) for which

PT)'BgP! = diag(y,...,1,0,...,0,~1,...,~1
ry ro

P

with r, 1's, rq 0's and r— —1's. Moreover, the numbers r,, ro and r_ are
independent of the matrix P,

We will say that two inner products §; and f; on R™ (or equivalently the

symmetric matrices Bg, and Bg,) are related and write 5; = 8; (or Bg, = Bpg,)
if

Bg, = (PT)™'Bg, P!
for some P € GL,(R).
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Corollary 8.19
B is non-degenerate if and only if det B # 0, or equivalently if ro # 0.

Certain combinations of the numbers occurring here are given special names:

the enkof f=rankf=n=r,  +rp+r-,
the indez or signature of f =signf =r, —r_,
the nullity of § = null g = ry.

These three numbers determine the diagonal matrix (PT)~!BgP. We can also
sensibly refer to rank B, sign B and null B for a real symmetric matrix.
The n x n real symmetric matrices form a subspace Sym,(R) C M,(R) of

dimension (;) . We introduce a continuous action of GL,(R) on Sym, (R) by

GL.(R) x Sym,(R) — Sym,(R); P-B=(PT)'BP.

Notice that for each P € GL,(R), P acts as a linear transformation on
Sym,, (R).

We can of course consider the stabiliser and orbit of an element B €
Sym,,(R). For example, if B = I,, then

Stabgy,, @) (In) = {P € GL;(R) : (PT)—IIRP-l = I} = O(n},
Orbgr,r)(In) = {B € Sym,(R) : sign B = n}.
Hence we see that the homogenous space of O(n) is
GL,(R)/ O(n) = {B € Sym,,(R) : sign B = n},

which can also be interpreted as the set of all positive definite inner products.’
More generally, following the ideas of Section 1.5, considering any n x n real
symmetric matrix Q, we find that its stabiliser is 2

Stabgr.®)(Q) = Og = {P € GL,(R) : PTQP = Q},

the generalised orthogonal group associated with Q. In particular, when
= diag(1,...,1,0,...,0,-1,...,-1),
Ty ro o

the homogeneous space GL,(R)/ Og can be interpreted as the space of all inner
products with rank n, signature (ry — r~) and nullity ro.
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8.8 Symplectic Forms
Definition 8.20

A symplectic form on R™ is a bilinear form
w:R*"xR" — R
which is skew symmetric, i.e., for all x,y € R™,
w(y,x) = ~w(x,y),
and non-degenerate, i.e., for every non-zero vector u € R", there is a vector
v € R" for which w(u,v) #0.
Suppose that v = {v;,...,v,} is a basis for R®. Then associated with a
skew symmetric bilinear form w on R is a matrix S, v = [si;] given by
8ij = w(vi,vy).

It is easy to see that S, , is skew symmetric. Conversely, a skew symmetric
matrix S = [s;;] gives rise to a skew symmetric bilinear form w for which

8;j = w(vy, ;).
An alternative way to see this connection is using the formula
w(x,y) =xTS,vy (x,y € R™). (8.1)
Notice that for any vector x € R",
w(x,x) = —w(x, x),

hence w(x,x) = 0.

Lemma 8.21

i) A skew symmetric bilinear form w on R" is a symplectic form if and only if
the associated matrix S, y is non-singular, i.e., det S, v # 0.
il) If w is a symplectic form on R”, then n must be even.

Proof

(i) Suppose that w is a symplectic form. If S,, v is singular, there is a non-zero
vector u for which S, yu = 0. If v € R” is any vector for which w(u,v) # 0,
then

w(u,v) = —w(v,u) = VTSw.vu =0,
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which contradicts the assumption on v.
If S, v is non-singular, then for any non-zero vector u € R", S, yu # 0,
hence there must be some vector v € R™ for which

vr (Sw.vu) #0.

But then we have w(v, u) # 0. So w is non-degenerate.
(ii) If det S, v # 0 then n must be even by Equation (1.5). 0O

Theorem 8.22 (Darboux’s Theorem)

Let w be a symplectic form on R3™, Then there is a basis wy, ..., Wz, of R2™
for which

U(W‘,WJ) =0 if (i _J) # +1,
w(wax, War41) = 0,
w(Wag—1,Wa) = 1.

Proof

Start with any basis v = {v;,...,vam} of R*™. Taking w; = v, notice that
since w is non-degenerate, at least one of the v; with j # 1 must satisfy

w(wy,vy) # 0.

By reordering the vectors v; if necessary, we can assume that j = 2. Setting

1

W3 = ————V3
U(V2,W1) ’

we have w(w;,w3) = 1. Notice that

{wl,WQ,Va, vee sv2m}

is a basis. Replace each of the vectors vs,...,va, by

v; = Vi —w(v;, wa)wy +w(vj, wi)ws.
It is easy to see that
{w1,w2,vg,...,van}
is a basis for which
w(w.-,v;) =0.

We can keep repeating this process to replace this basis by another of the
form

’ "
{W[,Wﬁ,Wg,W‘, ceayW3h—_1,W2i, v'2k cee3V2m
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for which

w(wi, wy) =0 if (i — 7) # 1,
U("Rn W2r+l) =0,
w(war_1,Wa,) =1,

w(wy, vy) =0.
Continuing with this we obtain a basis
{w1, w2, w3, Wy,..., Wom_1,Wam}

with w(w;, w;) with properties as above. O

Corollary 8.23
If w is & symplectic form on R?™, there is a basis
W= {thz.ws.wts X sw2m—lsw2m}

fOI' WhiCh. Sw.' = sz.

Corollary 8.24

Let S be a non-singular 2m x 2m skew symmetric matrix. Then there is a
matrix P € GLan(R) for which S = PTJ;,, P.

It is sometimes useful to reorder such a basis w with S, w = Ja, to give
another basis

W= {Wl.“’a,- oy Wam-1,W2,Wy,... swﬂm}
for which
S - Oﬂl Iﬂ —_ ’
“’lﬁ _Iﬂ Om 2m*

This leads to another canonical form for a skew symmetric matrix.

Corollary 8.25

Let S be a non-singular 2m x 2m skew symmetric matrix. Then there is a
matrix Q € GLg,n(R) for which S = QTJ;,.Q.
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Let £2m C M2am(R) be the subspace of all 2m x 2m non-singular real skew
symmetric matrices. There is a continuous action of GLam(R) on 3, given by

P.-S=(P1)Tsp-l

Then using Corollary 8.24, the homogeneous space GLam(R)/ Sympa,, (R) can
be identified with £,,,. A similar result is true for GLy,,, (R)/ Symp3,, (R) and
Proposition 1.42 can be viewed as a special case of part (iii) of Theorem 1.60.
The details are left as an exercise.

We end by giving another interpretation of the Pfaffian function introduced
in the exercises of Chapter 5.

Proposition 8.26

There is a continuous function

pf: GLyp,(R)/ Symp,,,(R) — R*; pf(PSymp,,,(R)) = det P.

Proof

The point is that the coset P Symp,,,,(R) € GL3,,(R)/ Symp,,, (R) corresponds
to a skew symmetric matrix PTJ,,, P and then

pE(PSymp,,,(R)) = pf(PT JamP).
We leave the reader to work out the details. O

EXERCISES

8.1. Let k=R or C and n > 1. From the proof of Proposition 8.9, recall
that the projective space kP™ contains an open subset

n+1 = {[X] : x # 0, Zny1 # 0}
with a diffeomorphism o = 04, : kPy; —* k™, where as usual we

write
I

Tn+l
Also recall the affine group Aff,(k) < GL,41(k).
a) Show that the action of Aff,(k) on kj+* gives rise to a continuous
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8.2.

8.3.

action of Aff,(k) on kP™.
b) Show that the action of (a) restricts to an action of Aff, (k) on
n
n+l-
c) Using o, obtain an action of Aff,(k) on k™. Explain how this
action is related to that of Section 1.5.

d) How much of this would make sense with k = H, the skew field
of quaternions?

For n 2 1, consider the matrix group Sp(n) x Sp(1) and its quotient,
the guasi-symplectic group

Sp(n)x Sp(1) = Sp(n) x Sp(1)/{(Zn, 1), (~In, ~1)}.

a) Show that the Lie algebra of Sp(n)x Sp(1) is the direct product
of two Lie ideals of dimensions (2n? + n) and 3. Is the Lie group
Sp(n)X Sp(1) a semi-direct product of groups of those dimensions?
b) Show that HIP"~! is a homogeneous space of Sp(n)x Sp(1).

In the exercises for Chapter 7 we saw that the set of complex struc-
tures on R3" is a submanifold

€2n = {J € GL2a(R) : J? = —I3,} C GL2n(R)

and that GL;,(R) acts smoothly on €,,, with a single orbit. Use this
result to identify the homogeneous spaces GL3n(R)/pn GL2n(C) and
GL3n(R)/p!, GL2n(C) of Section 1.6.
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Connectivity of Matrix Groups

9.1 Connectivity of Manifolds

Definition 9.1
Let X be a topological space.
e X is connected if whenever X =UUV with U,V #2,thenUNV # 2.

e X is path connected if whenever z,y € X, there is a continuous path
p: [0,1] — X with p(0) = z and p(1) = y.

o X is locally path connected if every point is contained in a path connected
open neighbourhood.

The following is a fundamental result of Real Analysis.
Proposition 9.2
Every interval [a, 8}, [a, }), (a, ), (a,4) C R is path connected and connected. In
particular, R is path connected and connected.

Proposition 9.3
If X is a path connected topological space then X is connected.

235



236 Matrix Groups: An Introduction to Lie Group Theory

Proof

Suppose X is not connected. Then X = U UV where U,V C X are non-
empty and UNV = @. Let z € U and y € V. By path connectedness of
X, there is a continuous map p: [0,1] — X with p(0) = z and p(1) = y.
Then [0,1] = p~1U Up~!V expresses [0, 1} as a union of open subsets with no
common elements. But this contradicts the connectivity of [0, 1]. So X must be
connected. O

Proposition 9.4

Let X be a connected topological space which is locally path connected. Then
X is path connected.

Proof
Let z € X, and set

X: ={y € X :3p: [0,1] — X continuous with p(0) = z and p(1) = y}.

Then for each y € X, there is a path connected open neighbourhood Uj. But
for each point z € Uy there is a continuous path from z to z via y, hence
Uy € X,. This shows that

X.=|JUucx
vEXa

is open in X. Similarly, if w € X — X,, then X, C X — X, and this is also
open. But then so is
X-x.= |J X
weEX—-X.

Hence X = X, U (X — X_), and so by connectivity, X; = @ or X — X, = 2.
Hence X is path connected. O

Proposition 9.5

If the topological spaces X and Y are path connected then their product X xY |
is path connected.

Corollary 9.6
For n 2 1, R" is path connected and connected.
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We also record the following standard results.

Proposition 9.7

i) Let n > 2. The unit sphere S"~! C R” is path connected. In 8° = {#1} CR,
the subsets {1} and {—1} are path connected. The set of non-zero vectors
R3 C R" is path connected.

ii) For n 2 1, the sets of non-zero complex and quaternionic vectors C§ C C*
and Hij C H" are path connected.

Proposition 9.8

Every manifold is locally path connected. Hence every connected manifold is
path connected.

Proof

Every point is contained in an open neighbourhood homeomorphic to some
open subset of R™ which can be taken to be an open disc which is path con-
nected. The second statement now follows from Proposition 9.4. O

Theorem 9.9

Let M be a connected manifold and NV C M be a non-empty submanifold
which is also a closed subset. If dim N = dim M then N = M.

Proof

Since N C M is closed, M — N C M is open. But N C M is also open
since every element is contained in an open subset of M contained in /N; hence
M — N C M is closed. Since M is connected, M — N = 2. O

Proposition 9.10

Let G be a Lie group and H < G be a closed subgroup. If H and G/H are
connected, then so is G.

Proof

First we remark on the following: for any g € G, the left translation map
sg: H — gH provides a homeomorphism between these spaces, hence gH is
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connected since H is.

Suppose that G is not connected, and let U,V C G be non-empty open
subsets for which UNV = @ and UU V = G. By Lemma 8.2, the projection
#: G — G/H is a surjective open mapping, so U, 7V C G/H are open
subsets for which #U UxV = G/H. As G/H is connected, there is an element
gH say in xU NxV. In G we have

gH = (gHNU)U (gHNV),

where (gHNU),(gHNV) C gH are open subsets in the subspace topology on
gH since U,V are open in G. By connectivity of gH, this can only happen if
gHNU = 2 or gHNV = 2, since these are subsets of U,V which have no
common elements. As

x~'gH = {gh: h € H},

this is false, so (JHNU)N (gH N V) # @ which implies that U NV # &. This
contradicts the original assumption on U, V. 0O

Propositions 9.8 and 9.10 provide a useful criterion for path connectedness
of a Lie group which may need to be applied repeatedly to show a particular
example is path connected. Recall that a closed subgroup of a Lie group is a
submanifold by Theorem 7.31.

Proposition 9.11

Let G be a Lie group and H < G be a closed subgroup. If H and G/H are
connected, then G is path connected.

9.2 Examples of Path Connected Matrix Groups

In this section we apply Proposition 9.11 to show that many familiar matrix
groups are path connected.

Example 9.12
For n > 1, SL,(R) is path connected.

Proof
For the real case, we proceed by induction on n. Notice that SL;(R) = {1}
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which is certainly connected. Now suppose that SL,_; (R) is path connected
for some n 2> 2.

Recall that SL,,(R) acts continuously on R® by matrix multiplication. Con-
sider the continuous function

f: SL,(R) — R*; f(A) = Ae,.

The image of f is im f = R} = R" — {0} since every vector v € R can be
extended to a basis

Vijee ey Vo1,V =V

of R", and we can multiply v; by a suitable scalar to ensure that the matrix
A, with these vectors as its columns has determinant 1. Then Ave, = v.
Notice that Pe, = e, if and only if

p=¢ °],

w 1

where Q is (n — 1) x (n — 1) with detQ = 1, is the (n — 1) x 1 zero vector
and w is an arbitrary 1 x (n — 1) vector. The set of all such matrices is the
stabiliser of e,, Stabgsy, ()(€s), Which is a closed subgroup of SL,(R). More
generally, Ae,, = v if and only if A = A, P for some P € Stabgy, (r)(en)- So
the homogeneous space SL,(R)/ Stabgy,_(m)(en) is homeomorphic to R3.

Since n 2 2, it is well known that RF is path connected, hence it is con-
nected. This implies that SL,(R)/ Stabgy,, (r)(en) is connected.

The subgroup SL,~;1(R) < Stabgy, (r)(en) is closed and the well-defined
map

St'a'bSL.. (n) (en)/ SL,,_1 (R) - R"-l; [3 (1’ SLn—l (R) —) (WQ-I)T

is a homeomorphism so the homogeneous space Stabgy,, (r)(€n)/ SLa—1(R) is
homeomorphic to R"~!. Hence by Corollary 9.6 together with the inductive
assumption, Stabg;, (r)(en) is path connected. We can combine this with the
connectivity of R§ to deduce that SL,(R) is path connected, thus demonstrat-
ing the inductive step. 0O

\

Example 9.13
For n > 1, GL} (R) is path connected.
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Proof

Since SL,(R) < GL}(R), it suffices to show that GL}(R)/SL.(R) is path
connected. But for this we can use the determinant to define a continuous map

det: GL}(R) — R* = (0, 0),

which is surjective onto a path connected space. Then the homogeneous space
GL}(R)/SL.(R) is diffomorphic to R* and hence is path connected. So
GL} (R) is path connected. O

This result implies that
GLA(R) = GL;; (R) UGL, (R)

is the decomposition of GL,(R) into two path connected components.

Example 9.14
For n 2 1, SO(n) is path connected. Hence
O(n) =SO(n) L O(n)~

is the decomposition of O(n) into two path connected components.

Proof

For n = 1, S0(1) = {1}. So we will assume that n > 2 and proceed by induction
on n. So assume that SO(n — 1) is path connected.

Consider the continuous action of SO(n) on R™ by left multiplication. The
stabiliser of e, is SO(n — 1) € SO(n) thought of as the closed subgroup of
matrices of the form

P 0
v

with P € SO(n — 1) and O the (n — 1) x 1 zero matrix. The orbit of e, is
the unit sphere S”~! which is path connected. Since the orbit space is also
diffeomorphic to SO(n)/SO(n — 1) we have the inductive step. 0

Example 9.15
For n 2 1, U(n) and SU(n) are path connected.
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Proof

For n = 1, U(1) is the unit circle in C while SU(1) = {1}, so both of these are
path connected. Assume that U(n ~ 1) and SU(n — 1) are path connected for
some n > 2.

Then U(n) and SU(n) act on C" by matrix multiplication and by arguments
of Chapter 8,

StabU(n) (en) =U(n - 1), Sta'bSU(n) (en) =SU(n —-1).

We also have
Orby(n)(en) = Orbsy(n)(en) = $*" %,
where §2"-1 C C" & R2" denotes the unit sphere consisting of unit vectors.

Since $2"-! is path connected, we can deduce that U(n) and SU(n) are too,
which gives the inductive step. O

9.3 The Path Components of a Lie Group

Let G be a Lie group. We say that two elements z,y € G are connected by
a path in G if there is a continuous path p: [0,1] — G with p(0) = z and
p(1) = y; we will then write zy-

Lemma 9.16

p is an equivalence relation on G.

For g € G, we can consider the equivalence class of g, the path component
of gin G,
Gyo={z€G: zz:g}.

Proposition 9.17

i) The path component of the identity is a clopen normal subgroup of G, G1 <G;
hence it is a closed Lie subgroup of dimension dimG.

ii) The path component G, agrees with the coset of g with respect to Gy,
Gy = 9G, = G1g and is a closed submanifold of G.
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Proof

By Proposition 9.8, G, contains an open neighlourhood of g in G. This shows
that every component is actually a submanifoll of G with dimension equal to
dim G. The argument used in the proof of Projosition 9.4 shows that each G,
is actually clopen in G.
Let z,y € G). Then there are continuow: paths p,q: [0,1] — G with

p(0) = 1 = ¢(0), p(0) = z and ¢(0) = y. The ppduct path

r:[0,1] = G; r(t) =p(t)q(t)
has r(0) = 1 and r(1) = zy. So G1 £ G. For g= G, the path

8:10,11 — G; s(t) =gp(t)g™"

has 8(0) = 1 and s(1) = gzg™!; hence G, 1 G. If z € gG1 = G4, then
9~'z € G, and so there is a continuous path &k [0,1] — G with A(0) = 1 and
h(1) = g~'z. Then the path

gh: [0,1] — G;  gh(t)= g(h(t))

has gh(0) = g and gh(1) = z. So each coset gG is path connected, and gG, C
G,. To show equality, suppose that g is connetted by a path k: [0,1] — G in
G to w € G,. Then the path g~k connects 1to g~ w, so g~'w € G, giving
w € gGy. This shows that G, C ¢G;.

The remaining details are left to the reade: a

The quotient group G/G, is the group of path components of G, which is
denoted by noG.

Example 9.18
We have the following groups of path comporents:

79 SO(n) = 79 SLa(R) = m SU(n) = 7 U(n) = 79 SLn(C) = 7o GLn(C) = {1)
70 O(n) = 7o GL,(R) & {£1}.

Example 9.19

Let
cos® —sind 0
T={[sin9 cosf 0] :06R}$SO(3)
0 0 1

and let G = Ngp(s)(T) € SO(3) be the normaliser of T. Then T and G are Li
subgroups of SO(3) and moG = {+1}.
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Proof
A straightforward computation shows that

—cos@ sinf 0
Nso)(T)=TU sin@ cosf@ 0]:0€eR)=TU2ZT,

0 0 -1

-1 0 O
01 0f.
0 0 -1

Notice that T is isomorphic to the unit circle,

cosf —sind 0 _
T=T; |sind cosf 0 « .

where

Z

0 0 1
This implies that T is path connected and abelian since T is. The function

v: G — R*; ¢([ai}) = ass

is continuous and
e IRY =T, ¢ 'R~ =2T,

hence these are clopen subsets. This shows that the path components of G are
Gy =T and ZT, so noG = {£1).

Notice that Ngo(3)(T') acts by conjugation on T and every element of T ¢
Nso(s)(T) acts trivially since T is abelian. Then oG acts on T with the action
of the non-trivial coset arising from conjugation by the matrix Z, i.e.,

cos® —sgin® O cos® sin® 0 cosd —sind 0]
Z|sin®@ cos® 0| Z'=|-sin® cos® O| =|sind@ cosf® O

0 0 1 0 0 1 0 0 1
which agrees with the inverse homomorphism on the unit circle T = T. O

Example 9.20

Let
T={zl+yi:z,y €R, 22 +y* =1} < Sp(1),

the group of unit quaternions and let G = Ngp1)(T) < Sp(1) be its normaliser.
Then T and G are Lie subgroups of Sp(1) and 7oG = {x1}.
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Proof
By a straightforward calculation,
G=TuU{zj—yk:z,yeR, 22 +¢y* =1} =T UjT.
T is isomorphic to the unit circle so is path connected and abelian. The function
6:G—R; 0(tl +zi+yj+ zk) = y* + 22,
is continuous and
67'0=T, 67'1=;T.

Hence the path components of G are T, 5T, while the group of path components
is

710G = G/T = {x1}.
Under the conjugation action of G on T, every element of T acts trivially, so
719G acts on T. The action of the non-trivial coset is given by conjugation with

I

j(z1 +yi)j~! = 21 —yi,

corresponding to the inversion map on the unit circle T = 7. a

The significance of such examples will become clearer when we discuss max-
imal tori and their normalisers in Chapter 10.

9.4 Another Connectivity Result

The following result will be used in Chapter 10.

Proposition 9.21

Let G be a connected Lie group and H < G be a subgroup which contains an
open neighbourhood of 1 in G. Then H = G. '

Proof

Let U C H be an open neighbourhood of 1 in G. Since the inverse map
inv: G — G is a homeomorphism and maps H into itself, by replacing U
with U Ninv U if necessary, we may assume that inv maps the open neighbour-
hood into itself, i.e., invU = U.
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For k 2 1, consider

U={u---ux€G:u; e U} C H.

Notice that inv U* = U*. Also, U* C G is open since for u;,...,u; € U,

where

Up---Ux € Lu.---u,._IU - U*

Lul...u._IU = L_l )-]U

(ur--up-1

is an open subset of G. Then

v=|JUu*tcH
k21

satisfies invV = V.
V is closed in G since given ¢ € G-V , for the open set gV C G, ifz € gV NV
there are u;,...,%,,0; ...,Y, € U such that

g1 Ur UL,

implying that g = v; ---v,ur! -+ 4! € V, contradicting the assumption on g.
So V is a non-empty clopen subset of G, which is connected. Hence G-V =

@, and therefore V = G, which also implies that H = G. O
EXERCISES
9.1. Let G be a Lie group.

9.2.

9.3.

a) Using the fact that a manifold is separable, show that oG is a
countable group.
b) If G is compact, show that nG is a finite group.

Let SL,,(R) act smoothly on R™ by matrix multiplication.

a) Find Stabs[,n(g) (en) and Orbgy, »(R) (en)-

b) Identify the homogeneous space SL,(R)/ Stabst (r)(en) and show
that it is path connected if n > 2. Use this to give another proof that
GL,(R) has two path components.

Let SL,,(C) act smoothly on C* by matrix multiplication.

a) Find Stabsy, (c)(en) and Orbgy, (c)(en)-

b) Identify the homogeneous space SL, (C)/ Stabsy,. (c)(en) and show
that it is path connected. Use this to prove that SL,(C) is path
connected.

¢) By making use of the determinant det: GL,(C) — C*, deduce

that GL,(C) is path connected.
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94.

9.5.

9.6.

9.7.

9.8.

Let A € GL,(R).

a) Show that the symmetric matrix § = AAT is positive definite,
i.e., its eigenvalues are all positive real numbers. Deduce that S has
a positive definite real symmetric square root, i.e., there is a positive
definite real symmetric matrix S; satisfying S? = S.

b) Show that S; ' A is orthogonal.

c) If PR = QS where P,Q are positive definite real symmetric and
R, S € O(n), show that P? = Q2.

d) Let Sz be a positive definite real symmetric matrix for which
S3 = diag(Ay,. .., An)- Show that S; = diag(v/y, .-, vVAn)-

e) Show that A can be uniquely expressed as A = PR where P is
positive definite real symmetric and R € O(n). If det A > 0, show
that R € SO(n).

f) Show that the homogeneous space GL} (R)/SO(n) is path con-
nected. Using Example 9.14, deduce that GL} (R) is path connected.
g) Let B € GL,(C). By suitably modifying the details of the real
case, show that B can be uniquely expressed as B = QT with Q
positive definite hermitian and T € U(n). Using Example 9.15, de-
duce that GL,(C) is path connected.

[Such factorisations are called polar decompositions of A and B}

For k = R,C and n > 1, the affine group Aff,,(k) acts on k" as
explained in Chapter 1.

a) Find Stab,g o (K) (0) and Orbag (k) (0).

b) Show that the affine group Aff,,(R) has two path components,
while Aff,,(C) is path connected.

a) If n > 1, use the Gram-Schmidt orthogonalisation process to
show that every matrix A € GL,(R) can be expressed in the form
A = QR, where Q € O(n) and R € UT,(R) < GL,(R) the subgroup
of upper triangular matrices. Deduce that the homogeneous space
GL,(R)/ UT,(R) is compact. Is it connected?

b) If A € SL,(R), show that we can take Q € SO(n) and det R = 1.
Deduce that the homogeneous space SL,(R)/(UT,(R) N SL,(R)) is
compact. Is it connected?

c) What is the relationship between these two homogeneous spaces?

Work through the analogue of the previous question for GL,(C) after
first showing that a matrix A € GL,(C) can be expressed in the form
A = QR, where Q € U(n) and R € UT,(C). Discuss the compact-
ness and connectedness of the homogeneous spaces GL,,(C)/ UTn(C)
and SLn(C)/(UTa(C) N SLa(C)).

a) Let m > 1. Using Corollary 8.24, show how to identify the hom-



9. Connectivity of Matrix Groups 247

ogeneous spaces GLzm (R)/ Symp,,, (R) and GLzp(R)/ Symp},, (R)
with the subspace X2,m C Mzm(R) of all 2m x 2m non-singular real
skew symmetric matrices. Use these identifications to prove Propo-
sition 1.42.

b) Use the Pfaffian function pf: ¥,,, — R* to prove that X, is
not connected.

c) Fill in the details of Remark 1.43, in particular verify the inclu-
gions Symp,,,(R) € SLym(R) and Symp;,, (R) < SLym(R).

9.9. A Since Symp,(R) = SL;(R), this is a connected group. The

9.10.

9.11.

aim of this exercise is to prove that Symp,, (R) is connected for
all n > 1. Let w be the standard symplectic form on R?", hence
w(x,y) = xTJany where J,,, is defined in Section 1.5.
a) For n 2> 1, show that

¥2n = {(u,v) € R*" x R?" : w(u,v) =1} C R*® x R?"

is a closed subset.
b) Show that the function
w: Symp?n(n) — Y2p; ¢([‘l:- .. sazn]) = (agn-1,825)

is continuous and surjective, hence identify the homogeneous space

Symp,,, (R)/ Symp,,,_»(R) with ¥3,,.
c) Show that Symp,,(R) acts continuously on ¥3, by

c d

Show that this action has only one orbit. Deduce that ¥,,, is con-
nected.
d) Prove by induction on n that Symp,,(R) is connected.

Let

[a o, (u,v) = (au + bv, cu + dv).

T = {diag(u,v) : |u| = |v| =1} < U(2).
Find the normaliser Ny(3)(T") < U(2) and the group of path compo-
nents mp Ny(a)(T).

Let

G= { OA 0’-2] : A,B € U(2), det A = det B} < SU(4),
22 B
T, = { diag(u, v) 02'2

Oz,  diag(w,uv®) "“'=|°|=le=1} <G.

Find the normaliser Ng(7T’) € G and the group of path components
mo Na(T").






Part III

Compact Connected Lie Groups and their
Classification






10

Maximal Tori in Compact Connected Lie
Groups

In this chapter we will describe some results on the structure of compact con-
nected Lie groups, focusing on the important notion of a mazimal torus which
turns out to be central to the classification of simple compact connected Lie
groups. From Chapter 9 we know that many familiar examples of compact
matrix groups are path connected.

Although we state results for arbitrary Lie groups we will often give proofs
for matrix groups. However, there is no loss of generality in assuming this
because of the following important result whose proof requires Haar measure
and integration on compact Lie groups.

Theorem 10.1

Let G be a compact Lie group. Then for some m,n > 1, there are injective Lie
homomorphisms G — O(m) and G — U(n), hence G is a matrix group.

10.1 Tori

The familiar cércle group
T={z€C:|z|=1} <C*

251
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is a matrix group since C* = GL,(C); its Lie algebra is the 1-dimensional real
abelian subalgebra
{tieC:teR} <C.

Notice that T is a closed and bounded subset of C, hence it is compact; it is
also path connected and abelian.

Definition 10.2
Foreachr 2 1,
T" = {diag(z1,...,2¢) : |21| = :-- = |2¢] = 1} € GL,(C)
is the standard torus of rank r. More generally, a torus of rank r is any Lie
group isomorphic to T".
We will often view elements of T" as sequences of complex numbers
(z1,-..,2¢) with 23| = --- = |z,| = 1, this corresponds to an identification

T"=Tx---x T (C*).
)
r factors

T is an abelian Lie group of dimension r whose Lie algebra is the abelian Lie
algebra
{diag(tai,...,t,8) : t1,...,t, € R}

which can also be identified with
{(tli,. . ,tri) : Vk, t* € R}

Proposition 10.3
Let T be a torus. Then T is a compact, path connected and abelian Lie group.

Proof

Since the circle T is compact and abelian the same is true for T™ and hence for
any torus.
If (21,...,2,) € T", set z; = e%%. Then there is a continuous path

p: [0,1] = T7;  p(t) = (%, ),

with p(0) = (1,...,1) and p(1) = (21,...,2,). So T" is path connected and
therefore every torus is path connected. O
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Our next result characterises which compact Lie groups are tori.

Theorem 10.4

Let H be a compact Lie group. Then H is a torus if and only if it is connected
and abelian.

Proof

We know that H is a compact Lie group. Every torus is path connected and
abelian by Proposition 10.3. So we need to show that when H is connected and
abelian it is a torus since by Proposition 9.8 it would be path connected.

Suppose that dim H = r and let h be the Lie algebra of H; then dimh = r.
Let X,Y € b. From the definition of the Lie bracket in the proof of Theo-
rem 3.18,

(X.,Y]= %I.-o g;h-o exp(sX)exp(tY)exp(—sX) =0

since exp(8X),exp(tY’) € H. Because H is abelian, this gives

exp(sX) exp(tY') exp(—sX) = exp(tY),

showing that all Lie brackets in h are zero.

Now consider the exponential map exp: h — H. Propositions 2.2 and 2.1
imply that for all X,Y € b,

exp(X) exp(Y) = exp(X +Y), exp(—X) = exp(X)™".

So exph = imexp C H is a subgroup. By Proposition 2.4, exp § also contains
a neighbourhood of the identity so by Proposition 9.21 we have exph = H.
As exp is a continuous homomorphism, its kernel X = kerexp must be
discrete since otherwise dimexp(h) < r. This means that K C b is a free
abelian subgroup with basis {v,,...,v,} for some s < r. Extending this to an
R-basis {vy,...,%,,Vs41,--.,vr} of h we obtain isomorphisms of Lie groups

exp(h) = h/K = R*/Z* x R"™*.

The right-hand term is only compact if 8 = r, therefore K contains a basis of
h and

R™/Z" > h/K = H.
Since T == R/Z, this shows that H is a torus. a

In this proof we made use of the essential idea contained in the next result.
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Proposition 10.5

Let T be a torus of rank r. Then the exponential map exp:t — T is a
surjective homomorphism of Lie groups whose kernel is a discrete subgroup
isomorphic to Z". Hence there is an isomorphism of Lie groups R"/Z" & T

In the proof Theorem 7.36, we met the idea of a topological generator of
the circle group. It turns out that all tori have such generators.

Definition 10.6

Let G be a Lie group. Then an element g € G is called a topological generator
or just a generator of G if the cyclic subgroup (g9) < G is dense in G, i.e.,
(9)=G.

Proposition 10.7
Every torus T has a generator.

Proof

Without loss of generality we can assume that T = R"/Z" and will write

elements in the form [z,,...,z,] = (z1,...,2,) + Z". The group operation is

then addition. Let U),Us,Us, - .. be a countable base for the topology on T'.
A cube of side € > 0 in T is a subset of the form

C(lu,...,ur),€) = {[z1,-- ., 2¢) € T : |22 — ua| < €/2 VEk},

for some (u;,...,u,] € T. Such a cube is the image of a cube in R" under the
quotient map R™ — 7.

Let Co C T be a cube of side € > 0. Suppose that we have a decreasing
sequence of cubes Cj of side ¢,

Co2C12::-2Cm,

where for each 0 € k € m, there is an integer N, satisfying Npe; > 1 and
N Cy C U,. Now choose an integer Np4) large enough to guarantee that
Nm41Cm = T. Now choose a small cube Cpyy C C,, of side €4y 80 that
Nm+1Cm+1 Q Um+1. Then if z = [z;,...,z,.] € nk)l Ck, we have Nkl € Cx
for each k, hence the powers of z are dense in T, so 2 is a generator of 7. [
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10.2 Maximal Tori in Compact Lie Groups

Definition 10.8

Let G be a Lie group and T < G be a closed subgroup which is a torus. Then T
is mazrimal or a mazimal torus in G if the only torus ¥ < G for which T' < T
is T".

Remark 10.9

It is easy to see that every torus T < G is contained in a maximal torus T < G
where dimT € dim7T € dimG. Later we will also see that if G is connected
then every element g € G is contained in a maximal torus.

We will now describe some important examples of maximal tori in compact
connected matrix groups. For 8 € {0, 2r), let

R(6) = ;’:’:: ‘c:;“: € SO(2).
More generally, for eachn > 1, and 6; € [0,27) (i =1,...,n), let
RG;) O - -+ - O]
Ran(s,....00=| O R O .
I o o. R(.ﬂn)_
R(@) O - o e e O]
O R@) O S
Rany1(61,-..,6,) = - 1>
: . O R@,) O
) Y 1]

where each entry marked O is an appropriately sized block so that these
are matrices of sizes 2n x 2n and (2n + 1) x (2n + 1) respectively. Then
Ran(6h,-..,0,) € SO(2n) and Rany1(6y,.--,0,) € SO(2n + 1).

It is obvious that T = U(1) as Lie groups. After first identifying C with
R? as real vector spaces using the bases {1,i} and {e;, ez}, we also obtain an
isomorphism of Lie groups

T — SO(2); €% — R;(6).

The maximal tori listed in the next result are usually regarded as the standard
mazimal tori for the corresponding groups.
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Proposition 10.10
Each of the following is a maximal torus in the stated group:

{R3n(6:,...,6n) : Vk 6, € [0,27)} < SO(2n),
{R2n+1(01, ,0n) :Vk 6; € [0 21!')} SO(2n + 1),
{diag(z, .. zn) Vkjze| =1} € U(n)
{diag(21,...,2,) : Vk |2k| =1, 23 - -2, = 1} < SU(n),
{diag(z1,...,2n) : Vk 2, € C, |2 = 1} < Sp(n),

We now begin to study the structure of compact Lie groups in terms of their
maximal tori. Throughout the rest of the section, let G be a compact connected
Lie group and T £ G be a maximal torus. The next result is fundamental to
understanding the relationship between the different maximal tori in G.

Theorem 10.11

If g € G, there is an z € G such that g € zTz7}, i.e., g is conjugate to an
element of T'. Equivalently,

G= U zTz !
zed

Proof

The proof this depends on the powerful and important Lefschetz Fized Point .
Theorem from Algebraic Topology and we only give a sketch indicating it is
used. For details on this result, the interested reader might usefully consult an
introductory book on Algebraic Topology such as [9, 20]. -

The quotient space G/T is a compact space and each element g € G gives
rise to a continuous map

py: G/T — G[T; py(zT) = (92)T = gaT.
Since G is path connected, there is a continuous map
p:[0,1] x G/T — G/T;

for which p(0,zT) = 2T and p(1,2T) = gz2T, i.e., p is a homotopy Idg/r = py-

The Lefschetz Fized Point Theorem asserts that u, has a fixed point pro-
vided that the Euler characteristic x(G/T) is non-zero. It can indeed be shown
that x(G/T) # 0, so this tells us that there is an z € G such that g2T = 27T,
or equivalently g € zTz~!. O
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Theorem 10.12

If T,T' £ G are maximal tori then they are conjugate in G, i.e., there is a
y€G such that 7' = yTy~1.

Proof

By Proposition 10.7, T has a generator ¢ say. By Theorem 10.11, there is a
y € G such that T' € yTy~!. As T is a maximal torus and yT'y~! is a torus,
we must have TV = yTy~". a

Our next result gives some important special cases related to the examples
of Proposition 10.10. Notice that if A € SO(m), A~! = AT, while if B € U(m),
-1 =B,

Theorem 10.13 (Principle Axis Theorem)

In each of the following matrix groups every element is conjugate to one of the
stated form.

SO(2n): Ran(6y,-..,60n), Vk 6; € [0,27);
SO(2n+1): Rznp1(61,...,6,), VEkB8: €[0,2n);
U(n): diag(z1,...,2n), Vk 2z €C, |zi| = 1;
SU(n): diag(z1,..-,2n), Vkzr €C, |zx|=1,2y-- 2p = 1;
Sp(n): diag(z1,...,2n), Vk 2z €C, || = 1.

There are related results on the Lie algebra g of such a compact, connected
matrix group G. Recall that for each g € G, there is a linear transformation

Ady: G — g; Ady(t) = gtg™ .

Proposition 10.14

Suppose that g € G and H, K G are Lie subgroups with Lie algebras b, ¢
If gHg~! = K, then Adgh =

Proof

By definition, for each = € I there is a curve 7: (—¢,6) — H with y(0) = 1
and v'(0) = z. Since t ~» gv(t)g~? is a curve in K,

Ady(2) = Sor(t)gl, €t
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so Ady b < L. Since Ad, is injective and dimh = ¢, we must have Adgh=¢. O

If z,y € g and y = Ady(z) we will sometimes say that z is conjugate to y
with respect to G. Being conjugate in this sense gives an equivalence relation
on g.

Fort € R, let
R’(t):[(t) -;l
and
R@E) O o e e O
mn(tla “-e ,tn) = O Rt(‘?) .0 . . ,
0 o i 0 R,
-R'(tl) 0 O
O R() O . .
Roppi(ts,--- ta) = . . .
: 0O R(t.) O
- 0 “se 0 l_

Then Ry, (t1,..-,tn) € 80(2n) and R, (ts,...,ts) € 50(2n + 1).

Theorem 10.15 (Principle Axis Theorem for Lie algebras)

For each of the following Lie algebras g, every element z € g is conjugate in G
to one of the stated form.

so(2n): R, (ti,...,tn), Vk 6 € [0,27x);
so(2n+1): Ry, (t,....th), Vk 6, € [0, 2x);
u(n): diag(tii,..., ), Vk t, € R;
su(n): diag(ti,...,tai), Vktr€R, t1 +---+t,=1;
sp(n): diag(tyi,...,tai), vk t. € R.

We can now give an important result which we have already seen is true for
many familiar examples.

Theorem 10.16

For a compact connected Lie group G, the exponential map exp: g — G is
surjective.
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Proof

Let T € G be a maximal torus. By Theorem 10.11, every element g € G is
conjugate to an element zgz~! € T. By Proposition 10.5, zgz~! = exp(t) for
some t € t, hence

9 = 27" exp(t)z = exp(Ad.(t)),

where Ad;(t) € g. So g € expg. Therefore expg = G. O

10.3 The Normaliser and Weyl Group of a
Maximal Torus

Given Theorem 10.11, we can continue to develop the general theory for a
compact connected Lie group G.

Proposition 10.17

Let A € G be a compact abelian Lie group and suppose that A, < A is the
connected component of the identity element. If A/A, is cyclic then A has a
generator and hence A is contained in a torus in G.

Proof

Let d = |A/A,|- As A, is connected and abelian, it is a torus by Theorem 10.4,
hence it has a generator ap by Proposition 10.7. Let g € A be an element of
A for which the coset gA, generates A/A,. Notice that g¢ € A; and therefore
aog~® € A;. Now choose b € A, so that apg~? = b%. Then ag = (gb)?, so the
powers (gb)*? are dense in A,. More generally, the powers of the form (gb)*d+"
are dense in the coset g" A;. Hence the powers of gb are dense in A, which shows
that this element is a generator of A.

Let T < G be a maximal torus. By Theorem 10.11, any generator u of A is
contained in a maximal torus 27'z~! conjugate to T". Hence (u) and its closure
A are contained in zTz~! which completes the proof. O

Proposition 10.18

Let A € G be a connected abelian subgroup and let g € G commute with
all the elements of A. Then there is a torus T € G containing the subgroup
(A, g) € G generated by A and g.
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Proof

By replacing A by its closure which is also connected, we can assume that A
is closed in G, hence compact and so a torus, by Theorem 10.4. Now consider
the abelian subgroup (A, g) < G generated by A and g, whose closure B £ G
is again compact and abelian. If the connected component of the identity is
B, < B then B, has finitely many cosets by compactness, and these are of
the form ¢"B, (r =0,1,...,d — 1) for some d. By Proposition 10.17, (4, g) is
contained in a torus. a

Theorem 10.19

Let T €< G be a maximal torus and let T € A < G where A is abelian. Then
A =T. Equivalently, every maximal torus is a maximal abelian subgroup.

Proof

For each element g € A, Proposition 10.18 implies that there is a torus contain-
ing (T, g), but by the maximality of 7" this must equal 7. Hence A=7. 0O

We have now established that every maximal torus is also a maximal abelian
subgroup, and that any two maximal tori are conjugate in G. Next we focus
on the relationship of a maximal torus T < G to the rest of G.

Recall that for a subgroup H < G, the normaliser of H in G is the smallest
subgroup of G in which H is normal,

Ng(H)={9€ G:gHg™" = H}.

Then N¢g(H) € G is a closed subgroup of G and so is also compact. It also
contains H and its closure in G as normal subgroups. There is a continuous
left action of Ng(H) on H by conjugation, i.e., for g € Ng(H) and h € H, the
action is given by
g-h=ghg™.

If H = T is a maximal torus in G, the quotient group W¢(T') = Ng(T)/T is
known as the Weyl group of T in G. Notice that the connected component of
the identity in Ng(T') contains T'; in fact it agrees with T as we will soon see.

Lemma 10.20

Let T € G be a torus and let Q < Ng(T') be a connected subgroup acting on
T by conjugation. Then Q acts trivially, i.e., forg€e Qandz € T,

9-z=gz9" ' =1z.
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Proof

Recall that T = R"/Z" as Lie groups. By Proposition 10.5, the exponential map
is a surjective group homomorphism exp: t — T whose kernel is a discrete
subgroup. In fact, there is a commutative diagram

kerexp —— t —— T

z » R" — R7/Z7
in which all the maps are the evident ones.

Now a Lie group automorphism a: T' — T lifts to homomorphism &: t —
t restricting to an isomorphism ag: kerexp — kerexp. Indeed, since each
element of kerexp = Z" is uniquely divisible in t 2 R", continuity implies that
Gg determines & on t. But the automorphism group Aut(kerexp) = Aut(Z") of
kerexp = Z" is a discrete group.

From this we see that the action of Q on T by conjugation is determined
by its restriction to the action on kerexp. As @ is connected, every element of
Q gives rise to the identity automorphism of the discrete group Aut(kerexp).
Hence the action of Q on T is trivial. O

This result shows that Ng(T');, the connected component of the identity in
Ng(T), acts trivially on the torus T. In fact, if g € Ng(T) acts trivially on T
then it commutes with all the elements of T, so by Theorem 10.19 g is in T'.
Thus T consists of all the elements of G with this property, i.e.,

T={9€G:g9z9g"' =zVz €T} (10.1)

In particular, we have Ng(T), = T. We can now state an important omnibus
result on the Weyl group.

Theorem 10.21

Let T € G be a maximal torus.
i) The Weyl group W¢(T) is isomorphic to the group of components of the
normaliser,
Wa(T) = No(T)/T = m No(T).
Hence W¢g(T) is finite.
ii) Wg(T') acts on T by conjugation,

gT -z = gzg~ L.

This action on T is faithful, i.e., the coset gT € Ng(T)/T acts trivially on T
ifandonlyifge T.
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Proof

i) Ng(T') has finitely many cosets of T since it is closed, hence compact, so
each coset is clopen.
i) The faithfulness of the action follows from Equation (10.1). a

Proposition 10.22

Let T < G be a maximal torus and z,y € T. If z,y are conjugate in G then
they are conjugate in Ng(T'), hence there is an element w € Wg(T) for which
y=w-z.

Proof

Suppose that y = gzg~!. Then the centraliser Zg(y) € G of y is a closed
subgroup containing T'. It also contains the maximal torus gT'¢~! since every
element of this commutes with y. Let H = Zg(y):, the connected component of
the identity in Zg(y); this is a closed subgroup of G since it is closed in Zg(y).
Then as T, gT g~} are connected subgroups of Zg(y) they are both contained
in H. So T,gTg™! are tori in H and must be maximal since a torus in H
containing one of these would be a torus in G where they are already maximal.

By Theorem 10.11 applied to the compact connected Lie group H, gTg~!
is conjugate to T in H, so for some h € H we have gT'g~! = ATh~? which
gives

(h~'9)T(h~'g)™' =T.

Thus h~1g € Ng(T') and
(h7'g)z(h~*9)™ =h~'yh =y.

Now setting w = h~'gT € Wg(T') we obtain the desired result. a

10.4 The Centre of a Compact Connected Lie
Group

Recall that the centre of G is the closed normal subgroup
Z(G)={ge(G:Vz €@, gz = 29} «G.
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Theorem 10.23

The centre of G is the intersection of all the maximal tori in G,

Z(G) = N T.

TG
& maximal torus

Proof
If ¢ € Z(G) then ¢ € T for some maximal torus T < G. So for g € G,

c=gcg™' € gTg™!,

c€ ﬂ T.

TG
& maximal torus

and by Theorem 10.12,

Hence
Z(G) < N T.
TG
s maximal torus
Conversely, if

cE N T,

TG
& maximal torus

then for any z € G, £ € T' for some maximal torus TV < G, hence ¢,z are
both elements of the abelian group T”. So ¢ and z commute. This shows that

¢ € Z(@G).

a

Theorem 10.23 often proves useful when finding the centre of a compact
connected Lie group. For example, the centres of SO(2n) and SO(2n + 1) lie
in the maximal tori of Proposition 10.10, and it is easy to find which elements
of these are central in the whole groups. We illustrate this by determining the

centre of SO(4).
Consider the element
cosf, ~sinf, 0 0
_ sin 01 co8 01 0 0

0 0 sinf; coséy
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0100
. 1 000 .
For R4(6;,63) to commute with 000 1 we must have sin6; = 0 =
0010
sin @, so cos8; = £1 and cosfa = +1. Hence
_ +L, O,
R‘(elaez) - O2 :!:Iz] .

forces Ry(6:1,62) = +I;. This also illus-

0 001
.. . 1000
Commutativity with 0100

0010
trates the case n = 4 of Proposition 5.31.

EXERCISES

10.1. Show that there are exactly two Lie isomorphisms T — T, but
infinitely many Lie isomorphisms TT — T" when r > 2.

10.2. Prove that in a Lie group G every torus T < G is contained in a
maximal torus in G, thus verifying the first part of Remark 10.9.
Explain why the second part of this remark is false when G is not
connected, s.e., not every element of G is contained in a torus.

10.3. a) Show that the subgroup T < U(2) consisting of all the diago-
nal matrices is a maximal torus of U(2). Determine the normaliser
Ny(2)(T), its group of components mo Ny(3)(T") and its action by
conjugation on T
b) Show that the subgroup of diagonal matrices in SU(3) is a max-
imal torus and determine its normaliser and group of path compo-
nents and describe the conjugation action of the latter on this torus.
c) Let

Tz = {diag(u,v) € Sp(2) : u,v € C} < Sp(2).

Show that T; is a maximal torus of Sp(2). Making use of Exam-
ple 9.20, determine Ngp(5)(73) and #g Ngp(3)(73) and describe its
conjugation action on T3.

10.4. Show that the group

A = {(cos8, + sinb, e e2)(cosh; + sinbreseq)
+++(co8 by + sinfnezn—1€3n) : 01,...,0, € [0,27)}
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10.5.

is a maximal torus in each of the spinor groups Spin(2n) and
Spin(2n + 1).

For small values of n, determine the normalisers and Weyl groups of
A in Spin(2n) and Spin(2n + 1). Find the conjugation action of each
Weyl group on A.

How are these maximal tori related under the double covering maps
p: Spin(n) — SO(m) of Section 5.3 to the maximal tori of SO(2n)
and SO(2n + 1) given by Proposition 10.10?

a) For n > 1, show that

{diag(ey,...,&n) 1 €1,...,6n = 1} < O(n)

is a maximal abelian subgroup of O(n).
b) Let T3, < SO(2n) and Ton41 < SO(2n + 1) be the maximal tori
of Proposition 10.10 and

Tﬁln = T?nv T2'n+l = T2n+l U dlag(lv R l: “l)T2n+l-

Show that T3, < O(2n) and T3,,,, < O(2n+ 1) are maximal abelian
subgroups.
¢) Explain why these results are compatible with those of Chapter 10.
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Semi-simple Factorisation

In this chapter we begin our discussion of the classification theory of compact
connected Lie groups. Our aim is to introduce the main ideas involved and
eventually to describe the outcome of this classification in terms of root sys-
tems and Dynkin diagrams. The reader interested in seeing more details might
usefully consult some of the books (1, 2, 4, 7, 13, 14, 25] which focus on various
aspects of this theory.

Assumption 11.1

Throughout this chapter, unless otherwise specified, G will denote a compact
connected Lie group with Lie algebra g. By Theorem 10.1 we may assume that
G € U(n) for some n and g < u(n) is a Lie subalgebra. This allows us to give
proofs valid for matrix subgroups of unitary groups.

11.1 An Invariant Inner Product

In order to discuss the semi-simple decomposition of a compact connected Lie
group and later of its adjoint representation, we first need to introduce an R-
bilinear inner product on its Lie algebra. We do this by first defining such an
inner product on the real Lie algebra u(n) = Sk-Herm,,, then restricting it to
a subalgebra.

267
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We define (| ) by
(X1Y)=-tr(XY)=tr(X*Y) e C (X,Y € u(n)). (11.1)

Then ( | ) is symmetric since tr(Y X) = tr(XY'). Using standard properties of
the trace together with the definition of the hermitian conjugate ( )*, we find
that

(XY) =tr(XY) =tr(XY)
=tr(X V)T
=—tr(Y*X*)
= —tr(Y X)
= (Y | X)
=(X 1Y),

hence (X | Y) is real. Finally,
(X | X) = —tr(X?) = tr(X* X),

and the latter is the sum of the eigenvalues of the positive definite hermitian
matrix X*X. Since these eigenvalues are real and non-negative, ( | ) is real
and positive definite. This is still true for the restriction of ( | ) to an R-Lie
subalgebra of u(n), in particular to the Lie subalgebra of a Lie subgroup of
U(n). In the case SU(2) < U(2), (| ) agrees with the inner product introduced
in Section 3.5.

For A € U(n),
(AXA™'|AYA™Y) =tr(AXA"1AY A™Y)
=tr(AXYA™1)
= tr(XY),
giving
(Ada(X) | Ada(Y)) = (X | Y). (11.2)

This shows that Ad4: u(n) — u(n) is a linear isometry with respect to the
inner product ( | ). If we choose an orthonormal basis for u(n) then the adjoint
representation becomes a homomorphism Ad: U(n) — SO(dim U(n)) since
U(n) is connected.

When A = exp(tH) with t € R and H € u(n),

d - i, d i,
TAXAT | AYATY,, = T t(AXY AT,

=tr(HXY - XYH)
= tr([H, X]Y + X[H,Y))
= ([H,X]|Y)+ (X | [H,Y)),
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and so

(adu(X) 1Y) + (X | adu(Y)) = 0. (11.3)
Because of Equations (11.2) and (11.3), the inner product ( | ) is said to be
invariant with respect to Ad, ad or the Lie bracket [ , ]. On choosing an or-
thonormal basis for u(n) with respect to the inner product ( | ), each associated
matrix Ady € GLgimu(n)(R) is special orthogonal and ady € Myimu(n)(R) is
skew-symmetric, hence the adjoint representation becomes a homomorphism
of Lie algebras

ad: u(n) — so(dim U(n)) = Sk-Symy;r, y(n) (R)-

Here is the more general result obtained by restricting the inner product
(] ) to the subspace g.

Theorem 11.2

Let G < U(n) be a compact connected Lie subgroup. On choosing an or-
thonormal R-basis for g with respect to the inner product ( | ), the adjoint
representations of G and g take the form

Ad: G — SO(dimG), ad:g — so(dimG),
which are homomorphisms of groups and Lie algebras respectively.
Recall from Definition 3.31 the notion of complexification of a Lie algebra.
We can extend the inner product ( | ) to a C-bilinear inner product on the

complexification u(n)c = g[,(C). The adjoint action of U(n) on u(n) extends
to a C-linear action on u(n)c and this extension is Ad-invariant.

Proposition 11.3

Let g < u(n). Then there is a unique extension of ( | ) on g to a C-bilinear
inner product ( | )¢ on the complexification gc. Furthermore, ( | )c is both
Ad-invariant and ad-invariant.

Proof

Let {U,...,Uq4} be an R-basis of g, which is also a C-basis of g¢. Taking as
the definition

Q- zUi| ) wili)e =D ) zaw;(U: | Uy),
i J L |

it is easily seen that ( | )¢ is indeed the unique C-bilinear extension of ( | ) to
the complex vector space gc. The invariance is straightforward to check. 0O
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Example 11.4
For n > 1, the C-basis of u(n)c = gl,(C) of Equation (3.27) satisfies

(E*‘ I E'.) = "‘Jkralu
while for su(n)¢ = sl,(C),

(E** - EG-D (-1 | Eroy — ifr#a, (11.4a)
(EX* — E*-DG-1) ) prr _ plr-1)(r-1)) = -2 ifr =k (11.4b)
1 ifjr—-kl=1.

11.2 The Centre and its Lie Algebra

In Section 10.4 we described the centre Z(G) of G in terms of the maximal tori
of G. We can determine the dimension of Z(G) by considering its Lie algebra.

Theorem 11.5

Let G be a compact connected Lie group and let 3 be the Lie algebra of its
centre Z(G). Then 3 = z(g) and so dim Z(G) = dim z(g).

Proof

Let v: (—€,€) — Z(G) be a smooth curve with 4(0) = I. By Theorem 7.32,
for all z € g and s € R, exp(sz) € G and so for all t € R,

7(t) exp(sz)y(t) ! = exp(sz).
Then we have
O)2] = Srev ™,

_ “—7(:) (“— (520 ) 7(0)”

(‘Y(t) exp(sz)y(t)~!) lomoemo

(“p(az))l.-olc-o

3~glaals

=0,

H
i
(-]
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so 7'(0) € z(g). This shows that 3 C 2(g).

Conversely, let z € z(g) and t € R. Then by Theorem 10.16, every element
g € G has the form g = exp(z) for some z € g, therefore making use of
Proposition 2.2 we have

exp(tz)gexp(tz) " = exp(tz) exp(z) exp(tz) !
= exp(tz + z) exp(—tz)
= exp(tz + z — t2)
= exp(z),
which shows that exp(tz) € Z(G) and hence z € 3 by Equation (7.15). So

2(g) € -
Combining these two inclusions we obtain z(g) = 3 and so

dim Z(G) = dim 3 = dim z(g)-

Corollary 11.6
dim Z(G) = 0 if and only if g is centreless.

A Lie group G for which Corollary 11.6 holds can still have non-trivial
centre; this is illustrated in Propositions 5.31 and 5.32. Here is a more general
observation in this vein.

Proposition 11.7

Let G be a compact Lie group and H < G be a closed subgroup. Then dim H =
0, if and only if H is a finite subgroup.

More generally, H has finitely many path components, each of which is
compact.

Proof

When dim H = 0, H is a discrete subgroup of the compact group G so it must
be finite as shown in the exercises for Chapter 1.

If H € G is a closed subset then it is compact by Proposition 1.26. The
path components form an open cover of H by disjoint sets, and this must be
finite by compactness. a

Now we can give another description of the centre of G.
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Proposition 11.8

The adjoint action of G on g gives a Lie homomorphism
Ad: G — SO(dimG); ¢+ Ad,,

with compact connected image and kernel ker Ad = Z(G).

Proof

Let g € Z(G)- Then if z € g and t € R, gexp(tz)g~! = exp(tz) and differenti-
ating with respect to t at 0 gives gzg~! = z. Hence g € ker Ad.

Conversely, if g € ker Ad then for z € g, gzg~! = z and by applying the
exponential we obtain

gexp(z)g~" = exp(gzg~") = exp(z).
Since every element of G has the form exp(z), we have g € Z(G). 0O

11.3 Lie Ideals and the Adjoint Action

We would like to generalise Theorem 11.5 to arbitrary closed normal subgroups.
We will make use of ideas and notation introduced in Section 1.8. First we need
to investigate the adjoint action further and in particular its behaviour with
respect to Lie ideals in the Lie algebra g.

Proposition 11.9

Let G be a compact connected Lie group and n C g be an R-subspace. Then
n a g if and only if the adjoint action of G on g restricts to an action on n,

Adg:n—vn; Ad,(z) = gzg™'.

Proof
Let nag. Then for every u € g,
ady(z) =[u,z) €n (z €n).

This shows that the adjoint action of g on n assigns to each u € g a linear
transformation ad,, € Endg(n). Now consider the differential equation

#'(t) = o(t) adu, (11.5)
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where ¢: R — GLg(n) is supposed to be a smooth function and (t) ad,,
means the composition of these elements Endgr(n). By the general theory of
such equations given in Theorem 2.12, this has a unique solution. To see this
solution explicitly, for each t € R consider the function

Adexp(tu): 8 —86; Adexp(tu)(z) = exp(t“)z exp("'tu)
On differentiating with respect to t we find

g-t exp(tu)z exp(—tu) = exp(tu)[u, z] exp(-tu)
= Adexp(tu)(adu(2)),

hence this satisfies Equation (11.5) and so its unique solution is the function ¢
for which

p(t) = Adm(h‘) n—n.

Since G is compact and connected, by Theorem 10.16, every element g € G has
the form g = exp(u) for some u € g, hence Ad, restricts to a map Adg: n — n.
This means that n is indeed closed under the action of each Ad,, i.e., Ad; €
GLg(n).

Conversely, suppose that n C g is closed under the action of Ad, for every
g € G, then for u € g, z € n and ¢ € R, Adexp(te)(7) € n and differentiating at
t = 0 gives [u,z] € n. Hence nag. 0

Now suppose that there is a connected normal Lie subgroup N 4G with Lie
algebra n € g. For each z € n and u € g we have Adexp(tu) exp(sz) € G for all
s,t € R. Differentiating with respect to s at 0, we obtain

g_ﬂ Adup(‘u) exp(’z)lo-o = Adcxp(tu) (Z) €En.

Differentiating this with respect to ¢ at 0, now gives [u,z] € n. Hence the Lie
algebra n of a normal subgroup of G is a Lie ideal, nag.

Proposition 11.10

Let G be a compact connected Lie group. Let N 4G be a closed normal subgroup
with Lie subalgebra n < g. Then nag and the adjoint action of G on g restricts
to an action on n,

Adg:n—n; Ady(z) = gzg~".
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Corollary 11.11

Let G be a compact connected Lie group. If g is simple then G has no closed
normal subgroups of dimension greater than 0.

Definition 11.12
A compact connected Lie group with a simple Lie algebra is called simple.

Remark 11.13

This terminology conflicts with the usual usage in group theory; however, it
does make sense in that much of the structure of a compact connected Lie group
is captured by its Lie algebra. For example, as we will see, the classification of
simple compact connected Lie groups is essentially accomplished by first clas-
sifying their Lie algebras up to isomorphism, then determining their associated
groups which differ by surjective Lie homomorphisms with finite kernels, i.e.,
finite covering homomorphisms.

The following converse result is true, but we will not give a proof.

Proposition 11.14

Let G be a compact connected Lie group. If G has no closed normal subgroups
of dimension greater than 0, then the Lie algebra g is simple.

Recall the orthogonal complement of n in g,

nl={zeg:vyen, (z|y) =0}

Clearly n' is a vector subspace of g and by standard arguments of linear algebra

g=n+nt, (11.6a)
nnnt = {0}, (11.6b)
(nt)t =n. (11.6¢)

Proposition 11.15

Let g be a finite dimensional R-Lie algebra with a real positive definite ad-
invariant inner product ( | ). Let n 9 g be any Lie ideal.
i) The orthogonal complement nt of n in g is a Lie ideal, nt ag which satisfies
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the Equation (11.6).
ii) There is an isomorphism of Lie algebras n' = g/n.

Proof
(i) ¥z en! andy € nand z € g, then

([z:2) ly) = ~(z | {z,3)) = 0,

by Equation (11.3) and the fact that n is an ideal.
(ii) The quotient homomorphism g — g/n restricts to a homomorphism of Lie
algebras nt —» g/n which is injective since n Nnt = {0}. Since

dimn! = dimg/n = dimg — dimn,
it is also surjective. a

Here are some further results of this type.

Proposition 11.16

Let g be a finite dimensional R-Lie algebra equipped with a real positive definite
ad-invariant inner product ( | ).
i) g’ and z(g) are mutually orthogonal, i.e.,

([z,0]12) =0 (z,y € 5,2 € 2(g)).

Hence ¢’ C z(g)*,
ii) There is an isomorphism of Lie algebras gt = g/ z(g).
iii) The centre of g/ z(g) is trivial.

Proof
(i) If z,y € g and z € z(g), then by Equation (11.3),
(=]l 2)=-(Ilz,2])) =0,

since [z, z] = 0. So g’ and z(g) are indeed mutually orthogonal.
(ii) This is a special case of Proposition 11.15(ii).

(iii) The isomorphism
2(g/ 2(g)) = z(g") = {0}

and the identity
2(gt) = z(g) N g* = {0}
give this result. O
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11.4 Semi-simple Decompositions

Let G be a compact connected Lie group. The centre Z(G) of G is a compact
normal subgroup, which need not be connected. By Theorem 11.5, the centre of
the Lie algebra g is an ideal z(g) «g. By Proposition 11.8, the quotient G/ Z(G)
is a compact connected Lie subgroup of SO(dim &) and the quotient homo-
morphism G — G/ Z(G) is a Lie homomorphism whose derivative coincides
with the quotient homomorphism of Lie algebras g — g/ z(g). This suggests
that we should study G through G/ Z(G) and its Lie algebra. In particular, by
Proposition 11.16(iii), dim Z(G/ Z(G)) = 0 and Z(G/ Z(G)) is a finite group.
In fact the centre of G/ Z(G) is trivial as the next result shows.

Proposition 11.17

Let G be a compact connected Lie group. Then the quotient group G/ Z(G)
has trivial centre, i.e., Z(G/ Z(G)) = {1}.

Proof

This follows from Proposition 11.8 together with Proposition 11.16(ii) and the
factorisation of the adjoint map Ad as

Ad: G — G/ Z2(G) 13 s0(dim G),

from which it follows that ker Ad agrees with the kernel of the induced action
of G on g* 2 g/ z(g). This in turn agrees with the inverse image of Z(G/ Z(G))
under the quotient homomorphism G — G/ Z(G). O

Assumption 11.18

Because of Proposition 11.17, we may as well replace G by G/ Z(G), so from
now on in this section, we will assume that Z(G) = {1}. Such a Lie group is
called semi-simple.

The adjoint action of G on g gives rise to an orthogonal decomposition of
g into Lie ideals. The proof of this requires Haar measure on G and is closely
related to Theorem 10.1. For readers familiar with the representation theory
of finite groups, we remark that this kind of result is analogous to Maschke’s
Theorem.

Recall from Proposition 11.9 that a Lie ideal of g is essentially the same
thing as an Ad-closed R-subspace of g.
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Theorem 11.19

There are simple ideals g;9g (i = 1,...,r) which decompose g as an orthogonal
direct sum,
8=010 - ®g,, 0Co; ifi#j.

For eachi=1,...,r, the ideal

900) =019 OG- 1P g1 D---Dgr ag

is the orthogonal complement of g;, i.e.,

8(i) = gi"-

Notice that if i # j, € g; and y € g;, then since [z,y] € g: Ng; = {0}, we
must have [z,y] = 0.
The adjoint action of G on g restricts to an action on g(i). Let

Gi={g€qG: Ad, = Idg(s): g(f) — g(é)}.

Then G; is clearly a closed subgroup of G and so is a compact Lie subgroup.
If z € g; then for y € g(i), [z,y] = 0. Hence for all t € R,

Adexp(ez)(¥) = ¥-

This shows that exp g; C Gi.
On the other hand, if z € g is in the Lie subalgebra of G;, then for every
t € R, exp(tz) € G; so then for every y € g(i),

exp(tz)y exp(—tz) = y.

On differentiating at ¢ = 0 we see that [z,y] = 0. Writing z = z; + 2} with z; €
g: and z € g(i) we find that [z},y] = O for every y € g(3), 8o z} € z(g) = {0}.
Therefore z € g; which shows that the Lie algebra of G; is g;.

It easy to verify that G; 4G and in fact every pair of elements g; € G; and
9; € G; commutes ifi # j. This implies that Z(G;) < Z(G), giving Z(G;) = {1}.

Theorem 11.20

For eachi=1,...,r there is a closed normal subgroup G; 4 G with Lie subal-
gebra g; ag. Moreover, there is a direct product decomposition

G=Gy x---xGy.
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So to understand the structure of an arbitrary compact connected Lie group
G, we first factor out its centre Z(G) to form G/ Z(G), which is semi-simple, so
is a product of simple groups. This naturally leads us to consider the structure
of simple compact connected Lie groups. In order to do this and to explain the
classification of such simple groups we need to study the adjoint representation
in greater detail since this provides the key ingredients.

11.5 The Structure of the Adjoint
Representation

Now let G be a compact connected Lie group of dimension d = dimG and
T < G be a maximal torus. We will use the notation d = 2m if d is even and
d=2m+1ifdis odd.

By Theorem 10.1, we may assume that G is a subgroup of some unitary
group, say G < U(n). Also, by Proposition 10.7, T has a topological generator
go and on choosing an orthonormal basis for g, the adjoint action of go gives
a linear transformation Ad,,: g —* g which is equivalent to a matrix Ad,, €
SO(d); this matrix determines the adjoint action of T on g. The Principle Axis
Theorem 10.13 implies that Ad,, is conjugate in SO(d) to a matrix of the form
R4(61,...,0m). The eigenvalues of Ad,, (with repetitions) must then be of the

form

el g~ | efmi o0l 1 ifdis odd.

If we view SO(d) as a subgroup of U(d), then Ad,, is conjugate in U(d) to the
diagonal matrix

{e"‘,e"", ceo,emi e=0mi  if d s even,

diag(e®f, e~ ... e~ e %)  ifdis even,
diag(e®!, e, ... e =% 1) ifdis odd.
These matrices give the action of Ady, on the complexification g¢ relative to -

the chosen basis of g thought of as a C-basis for g¢.
For a power gj (r € Z), Adg; = (Ady,)" is conjugate to

Rdlma(fel yecvy rom) in SO(d),
diag(e™®t e—"0i | erOmi e~ "fmi) in U(d) if d is even, (11.7)
diag(e™®i, et .. emmi e—70mi 1) in U(d) if d is odd.
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This implies that there is an orthonormal R-basis B = {v1,...,va} of g for
which

Adgr(var-1) =  cos(rfr)var—y + sin(ri)vas,
Ad,; (vax) = —sin(r6i)vax—1 + cos(r6y)vas,

whenever k < m; if d is odd we also have
Adgr(vg) = vg.
So for k = 1,...,m, there are continuous homomorphisms
3:T —SO@) =T, Fulgf) = R(ra).
For each 7;, the inverse map given by
e ' (95) = R(rf) ™" = R(-—r8s)

corresponds to replacing the pair of basis vectors (vax—i,vq:) by the pair
(—v2x-1,v2:). The homomorphisms F, 55} (k = 1,...,m) are called the roots
of the maximal torus 7" in G, the non-constant ones being called the non-trivial
roots.

Notice that for z € t C g, Ad,,(z) = 0, since this comes from the adjoint
action of the abelian group T'. Hence if we first choose an orthonormal basis for
{, we can extend it to one for g so that it has the properties above. From now
on we will assume that B has been chosen in this way so that vy,...,Vaim 7 i8
an orthonormal basis for t.

For each root ¥#: T — T we take its derivative and by identifying the Lie
algebra of T with R this gives an R-linear transformation : ¢ — R which is
also known as a root.

In general, if v: t — R is a non-trivial root, we define g(+-y) C g to be the
maximal subspace for which there is a basis {uj,...,u3:} such that for z € t
andj=1,...,k,

Aderp(z)(u2j-1) = c087(Z) uzs-1 + sin y(z) uz;, (11.8a)
Adgxp(z)(u25) = —siny(z) uz;-1 + cosy(z) ua;. (11.8b)

This is called the rvot space associated to the root pair ++ and by definition
it is non-trivial. When + is non-trivial we have dim g(+v) = 2m..,, for some
natural number my.., > 1 called the multiplicity of the root pair +vy. We also
set

9(0) ={z€g:Vg€eT, Ady(z) =z},

which is the null root space. Then t C g(0), so g(0) # {0} if dimG > 0; the
number mp = dim g(0) is the multiplicity of the trivial root.
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For practical purposes it is often more useful to work entirely with the
Lie algebra and replace Equation (11.8) by the following equations which are
obtained by differentiating the Ad-action at the identity,

adz(uzj-1) = 7(z) uzj, (11.9a)
ad, (uz_,-) = —‘7(2) U2j-1- (119‘))

Theorem 11.21

There is an R-linear direct sum decomposition which is orthogonal with respect
to the invariant inner product ( | ),

5= @ sEN=s0e P o).

%+ a root pair %7 8 non-trivial
root pair
Proof
This follows easily from the orthogonality of the eigenspaces associated with
distinct conjugate pairs of eigenvalues of an orthogonal matrix. (.

The decomposition in this result is called the root space decomposition of g
with respect to the maximal torus T'. There is a complex version of this also
called a root space decomposition or Cartan decomposition of the complexifica-
tion gc. The adjoint action of T extends to a C-linear action on g¢c and each of
the complexified root spaces g(++y)c for non-trivial -« splits into a direct sum
of two C-subspaces

G(i'Y)C = 9‘7 $ g-'h

where

8y = {VE gc:Vz € t, Adexp(r)(v) = e7(z)iv}
= {v € g¢c : Vz € ¢, ad,(v) = y(z)iv}.

We also set go = g(0)c. When 4 is non-trivial, dim¢ g, = m...,, so we usually
denote this by m,.

Theorem 11.22

There is a C-linear direct sum decomposition,

gc=00® P s
4 a non-trivial
coot
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Such root space decompositions contain all the essential information re-
quired to classify simple compact connected Lie groups. In order to explain
the result of this classification we will need to investigate the geometry of root
systems and their Weyl groups and we do this in Chapter 12. To finish this
introduction we explain how the Weyl group acts on roots and then give some
examples which are elucidated further in Section 12.3.

For a maximal torus T' £ G, we know that the Weyl group Wq(T) =
Ng(T)/T acts by conjugation on the Lie algebra t of T'. There is an associated
contragredient action on the dual vector space t* consisting of all R-linear
transformations t — R. This action is specified by taking 97 = gT -~ to be

Tyt = R, 9T9(z) = v(Ady-1(2)) = ¥(Ad;* (z)).

It is easy to see that if - is a root, then so is 7, and this leads to the following
result.

Proposition 11.23
Under the action of Wg(T') on t°, the roots of G with respect to T are permuted.

Roots also have the properties given in the following result whose proof can
be found in [13, 25).

Proposition 11.24

Let a, 8 be roots of G with respect to the maximal torus T.

i) For non-trivial a and w € W¢g(T'), the multiplicities of “Ya and a agree, i.e.,
Mwo = M,; in fact these multiplicities are 1.

ii) For non-trivial a, the only roots which are non-zero multiples of « are +a.
iii) [ga,@g) = {0} unless a + B is a root, and then

[909 Gﬁ] = fa+8
if a + B is non-trivial, while

{0} # [8a, 8-} < Bo-

By Theorems 10.23 and 11.5, we have z(g) < t. It is clear that for any root
a we have z(g) C kera; in fact this can be strengthened.
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Proposition 11.25
Let T be a maximal torus of G. Then

2(g) = [ kere,

a & root

where the intersection is taken over roots of G with respect to T'.
The roots of G with respect to T are best thought of as lying in the subspace
2(g)" = {y € t: z(g) Ckery} C ¢".
Recall that for 8 € R,

R() = cosf — sina]

sin 6 cosf|’

Example 11.26
SO(3) has the maximal torus

T= { g&"’: O;J] fe n} <S0(3),

and the lie algebras of SO(3) and T are

( 0 —u —v] }
80(3) =4 |vu 0 —w|:u,v,wekR),
Llv w O
0 —t 0
t={ |t O 0]:t€l}<so(3).
{0 0 0O

The elements

0 -1 0 00 - 00 O
vU=fj1 oo, V=i0 0 0|, W=|0 0 -1],
0O 0O 1 0 O 01 O

form a basis of s0(3) with U € t. Then for ¢t € R,

==l 7]



11. Semi-simple Factorisation 283

and

exp(tU)U exp(tU) ! = U,
exp(tU)V exp(tU) ! = costV +sint W,
exp(tU)W exp(tU)™! = ~sintV + cost W.

In terms of the ad-action we have
[U,Ul=0, [UV]=W, [UW]=-V.

So there are two non-trivial roots 8, where

B(tP)=t (teR).

From Example 9.19, the normaliser of T in SO(3) is
~cosf sinf O
Nsos)(T) =TU { sinf cosé 0] :0 € R} =TUZT,
0 0o -
where Z = diag(—1,1,—1). The Weyl group
We(T) = {IT, 2T} = {1}

acts on the roots by 7
(£B) = ¥B.

Example 11.27
SU(2) has the maximal torus
T = {diag(z,%) : |z| = 1} < SU(2),
which has Lie algebra
t = {diag(ti, —ti) : t € R} < su(2).
Starting with the orthonormal basis {H, E, F) of su(2) for which
w-al A el o] el
we find that for t € R,

exp(tH) = diag(e",e™)
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and

exp(tH)H exp(tH)™ = H,
exp(tH )E exp(tf! )~! = cos 2tE + sin 2uF,
exp(tH)Fexp(tH)™ = - sin 2tE + cos 2tF.

In terms of the ad-action we have
(A,A]=0, [H,E)=2F [H F]=-2E.
So here there are two non-trivial roots +a; where
oy (diag(ti, —t)) = a1 (tH) =2t (t € R).
The normaliser of T in SU(2) is

Nsu@y(T) = TU { [2 'z] 2| = 1} =TUJT,

’=[(1) -O]‘

Wsy)(T) = {IT,JT} = {1}

where

The Weyl group

acts on the roots by
IT(+ay) = Fay.

Example 11.28
U(2) has the maximal torus
T = {diag(z,w) : |z| = 1 = Jw]} < U(2),
which has Lie algebra
t = {diag(si, ti) : 8,¢t € R} < u(2).
We have the orthonormal basis {H;, H2, £, F} of u(2) for which

s 8 0] 4 _[00 _1[01] 5_ 110
Then for s,t € R, ) )
exp(sHy + tH3) = diag(e“,e“).
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Then

exp(sHy + tH)(zH, + yH,) exp(sFy + tH,) ™! = (zH +yH,),
exp(sHy + tHy)E exp(sHy + tH;)™! = cos(s — t)E +sin(s — t) ',
exp(sHy + tH,)F exp(sH; + tH,)™! = —sin(s — t)E + cos(s — t) F.
In terms of the ad-action we have
[sfl; +tH,,zH, + yflz] =0,
[sH, + tH,E) = (s ~ )F, [sH; + tH;, F] = —(s - t)E.
So there are two non-trivial roots +a where
a(sHy +tH;) =s—t (st €R).

Notice that
kera = {s(H, + H) : s € R} = z(u(2)).

The normaliser of T in U(2) is
0 -z
Nu(z)(T) =TuU { [z 0] : IZI = 1} = TUJT,
with J as in Example 11.27; the Wey! group

Wy(a)(T) = {IT,JT} = {+1}

acts on the roots by

IT(+a) = Fa,
as indicated in Figure 11.1.
Example 11.29
SU(3) has maximal torus
T = {diag(z,w,%W) : |2| = |w| = 1} < SUQ),
with Lie algebra

t = {diag(si, ti, —si — ti) : 5,2 € R}.
[n the Lie algebra su(2)c we have

i 00 00 O
H=|0 -i 0], H2=|0 i 0] €4,

0 0 0 0 0 -—i
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V = 2(u(2)* 2(4(2))"

Figure 11.1 The roots of U(2) in u(2)*

and
0 1 O] 0 0 1 0 0 O]
E2=1|0 0 o}, E¥ =10 0 o], E®=10 0 1,
0 0 O 0 0 0 0 0 0
[0 0 0] 0 0 O] 0 0 0]
E*=11 0 o}, E*=10 0 o], E2 =10 0 o0f.
0 0 0 1 0 O 0 1 0

These six elements form a C-basis of su(2)c and with respect to the invariant
inner product ( | ) we have

(Hy | Hh) = (H; | H2) =2, (Hi|H)=-1.

For the ad-action we have

[sHy + tH;,E'?] = (25 — t)iE",  [sH, + tH3, E*'] = —(2s — t)iE"?,

[sHy + tHz, E'3] = (s + t)iE'?, [sHh +tHp, B¥] = —(s + t)iE"?,

[sHy + tH,, E®) = (—s + 2t)}iE®, [sH) + tH3, E®?] = —(—s + 2t)iE*,
showing that there are six non-trivial roots +a, £8, £+, where

a(sHy +tHy) =28 — ¢, B(sHy +tHy)=8+t, ~(sH,+tH;)=—-s+2t.
Using the inner product we can identify these as elements of t = t*,
Hy ¢+——a H +Hz+— 8, H;+> 1.

The Wey! group Wgy(s)(T') consists of 6 elements which act on the roots as
the symmetries of the regular hexagon whose edges are indicated with dotted
lines in Figure 11.2.
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Figure 11.2 The roots of SU(3) in su(3)*

EXERCISES

11.1.

11.2.
11.3.

11.4.

11.5.

For n > 2, consider the unitary group U(n) and its Lie algebra u(n)
with its standard invariant inner product ( ] ).
a) Find the orthogonal complement of the centre of u(n),

2(u(n))* = (X € uln) : VZ € z(u(n)) (X | Z) = 0)

b) Show that there is a Lie homomorphism ¢: U(n) — Z(U(n))/Z
whose kernel ker ¢aU(n) has Lie algebra z(u(n))* < u(n) and where
Z aZ(U(n)) is a finite normal subgroup.

c) Deduce that there is a surjective Lie homomorphism with finite
kernel,

Z(U(n)) x kerp — U(n).
Derive Equations (11.9) from Equations (11.8).

Verify that the Weyl group of Example 11.29 acts on the roots as
claimed.

Determine the roots of each of the groups Sp(2), and SO(4) for the
standard maximal torus. In each case, find the action of the Weyl
group on the roots.

a) Find a maximal torus T; for the group

G = { A 0"’] : A,B € U(2), det Adet B = 1} < SU(4).
02.2 B

Determine the roots of Gy with respect to Ti. Find the normaliser
of T} in G and the action of the Weyl group on the roots.
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b) Do the same for the group

_J| A Oaa], _
G; = { Ors B ] : A,B € U(2), det A = detB} < U(4).



12

Roots Systems, Weyl Groups and Dynkin
Diagrams

In this chapter we discuss the theory of root systems and their Weyl groups
and outline the classification of the irreducible ones. We indicate how these are
associated with families of compact connected simple Lie groups. Accessible
introductions to this material can be found in many books, e.g., 4, 25, 10]; [14]
contains a technical account of the study of Lie algebras from the perspective of
root systems, including certain important infinite dimensional examples known
as K#c Moody algebras. We merely sketch the highlights without giving proofs.

12.1 Inner Products and Duality

In this section we recall some standard facts about inner products and duality.
Throughout, let V be an ¢-dimensional R-vector space.

The R-linear dual of V is the R-vector space V* consisting of all R-linear
transformations V — R. Given a basis {v;,...,v¢} for V, define elements
vy €Vefori=1,...,L by

v; (vj) = bij.

Proposition 12.1

If {vy,...,v} is a basis of V, then {v{,...,v}]} is a basis of V*.

289
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{v1,...,v;} is called the dual basis determined by {vi,...,ve}.

Suppose that {, ) is a positive definite (but not necessarily symmetric)
inner product on V. As usual, the length of a vector a € V is defined to be
loj = y/{a,a). There is an R-linear transformation

v:V—=aV*% vu)=(y,),

where
v(u)(v) = (y,v) (vevV).

The following result is standard.

Proposition 12.2
The R-linear transformation v: V — V* is an isomorphism.
V* inherits an inner product, which we will also write ( | ), defined by

(alB)= (v '(a) |v'(B)).
This is a positive definite inner product on V*.

Proposition 12.3

Let {v,...,v¢} be a basis for V and
A= [(U.' | v,-)] € M (R).
Then the matrix A = [(v] | v})] associated with the inner product on { | ) on

V* is given by
A= (A7)

Proof
This is a standard piece of linear algebra. Since

¢
v(w) =Y (vi | v)e},
r=1
on setting B = [bi;] = A™?, we obtain

[ 4
V-l(vi) = Z birvr,

r=1
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which yields

e ¢
@ 19) = 07 @) 17 ) = 3% birbsa (e | 02)

r=] =1

[
= Z Jl'lbjl

=1

- bj".
This implies the matrix identity
[(vi | v})] = (AT)?
which is the desired result. O

12.2 Roots systems and their Weyl groups

Let V be an {-dimensional real vector space with a positive definite (but not
necessarily symmetric) inner product {, ); as usual, the length of a vector
a € V is defined to be |a| = /{a, a).

If u € V — {0}, there is an associated R-linear transformation s,,: V — V
for which

su(z) = -z ifz =1ty
Tl z if (u,z) =0.
It is easy to see that for z € V,
2(u,z)
=g ——'yu, 12.1
3.,(3‘) z (u, u) u ( )

Geometrically, s, is a hyperplane reflection in the hyperplane
Hl ={z€V:(uz)=0}CV.

Proposition 12.4
If u,v € V ~ {0}, the following identities are satisfied:

sﬁ = 8, o 8y, = Idy,

8y = 8y if v=1tu for somet € R,
8y # 8y otherwise.
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Definition 12.5
A subset ® C V is a (reduced) root system if it has the following properties:
e & spans V and 0 ¢ 9;
e if u € ¥ then —u € ® and no other multiples of u are in &;
o if u,v € & then 2(u,z) / (u,u) € Z and s,(v) € &.
An element of @ is called a root.
The final condition is equivalent to the requirement that for u,v € ® and

some k € Z,
8u(V) ~ v = ku.

Each s, acts on ¢ as a permutation and it can be viewed as an element of the
group of all permutations of @, Ss.

Definition 12.6
The Weyl group of @ is the subgroup W(®) < Ss generated by the s, (u € $).

Remark 12.7
By definition W(®) is finite with order | W(®)| dividing |®|!.

Definition 12.8

A subset I C @ is a set of fundamental or simple roots if it satisfies

e Il is an R-basis of V;
e every u € ¢ can be uniquely expressed in the form

u= Zc.,,w

well
where ¢,, € Z either all satisfy ¢,, > 0 or all satisfy ¢, <O0.

The choice of such a fundamental system is not unique, however given Il
there is a partition & = &* U ®&~, where

Q+={zcww:cw;0}, Q":{zcww:c,.,QO}.
well well
Notice that

—Q"’:{-u:ué@"’}:@*, —Q"':{—u:u&{)"}=Q+.
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The elements of II are called (positive) simple roots, while the elements of &+
or &~ are called positive or negative roots.

Remark 12.9
It is easy to see that W(®) is generated by the reflections s,, (u € IT).

12.3 Some Examples of Root Systems

We begin with an already familiar example from Section 11.5.

Example 12.10 (The root system of U(2))

This builds on Example 11.28. Consider t* with orthonormal basis {¢;,£2} dual
to the orthonormal basis {H, Az} of t = ¢**. Here we take V = z(u(2))* C t*.
The root @ = €3 — €2 € V has length |a] = V2. If 8 = €, + €2 € ¢, then
a-f =0, and R{B8} = z(u(2))". So for this root system we have

N={a}, &={-a,a},

with Weyl group W(®) = Sg = Sz. The generator JT of the Weyl group acts
on t* by reflection in the line z(u(2))* as indicated in Figure 11.1.

In the remaining examples, R and its subspaces have the usual positive
definite inner product (x | y) = x-y. In the diagrams, the solid arrows indicate
a choice of positive simple roots, while dashed arrows indicate the remaining
roots.

Example 12.11 (The root system A,)

Let V =R and
II= {01}, $ = {"01.01})

where a; € R is non-zero. This root system has Weyl group W(®) = Sp = S;.

4] 231

[

B >

Figure 12.1 The roots of A;
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Example 12.12 (The root system A,)
Let V = R? and

={a1,02}, ®={a1,—x,az, —az,a; +a2,—y — a3},
where a), a3 are two vectors for which

_laal|aa|

5
This root system has the hyperplane reflections s,,, 804, 80, +a, and Weyl group
Se == S;.

la| =laz|, a1-a3 =

- - az’ ‘—aa

Figure 12.2 The roots of Az

The preceding examples generalise to give the root systems A,,.

Example 12.13 (The root system A, for n > 1)

Consider
V={ze€ R"+1 :Z-(e14+---+eny1) =0} QR"'H,
and ax = €; — ex4y for 1 < k < n. Then V is a vector space of dimension n
with basis {a,,...,a,}. Notice that
2 ifi=3,
a.--a,- = -1 ifli—j|= l,
0 otherwise.
Taking
I={a,...,an},
d={t(a,+ars1+--+a,):1<r<s<n}
= {*(e, —es+1): 1 ST <8< n},
we obtain a root system with Weyl group S¢ & Sn.
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Example 12.14 (The root system B, for n > 2)
Take V=R",a;=¢€;—¢€;41 (i=1,...,n—1) and a, = e,. Then if
n —4 {01,...,0,;},
d={t(a,+:--+a,):1<r<sgn}
U{:h(ar+"'+a.-1+2a.+"'+2an)'1 r<8$ﬂ}
={te, :1 Lr <n}U{t(er +e,).t(e,—€):1<r<sgn}),

this is a root system whose Weyl group is the group of n x n generalised
permutation matrices, which has order | W(®)| = n! 2.

Figure 12.3 The roots of B,

Example 12.15 (The root system C,, for n 2> 2)
TakeV:R",a,-:e,-—e.-H (t=1,...,n—l)anda,.=2e,..lf
n={al»---,an},
®={x(ar+---+a,):1<r<s<n}
U{:t(a,-+---+a.-1+20.+---+2a,._1+a,,):1<r<s<n}
U{x(2a, +--+2an_1+an):1 <r <n}
={£2e,: 1 <r<n}uU{x(e, +¢,),2(e. —€,):1<r <s<n},

this is a root system whose Weyl group is again the group of n x n generalised
permutation matrices, which has order | W(®)| = n!2".

A careful examination of the roots for B and C; shows that apart form
the actual lengths of the root vectors and the way they are named, these are
essentially the same root systems.
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A2

Qai

[ S S

Figure 12.4 The roots of C,

Example 12.16 (The root system D, for n > 4)
Take V=R", a; =¢; —€i4+1 (i=1,...,n-1) and a, = e, + e,. Then if

I ={e,... ,a,.},

®={x(a,+ - +a,):1<r<s<n}
U{:h(a,+---+a,._z+a,.):1srsn—2}

U{x(a, + -+ a1 +20,+---+20p2+an_1 +an:1<r<s<n-2}

={x(e; +e,),2(er —¢,): 1 <r <8< N},

this is a root system whose Weyl group is the group of n x n generalised
permutation matrices with an even number of sign changes, and this has order
| W(®)} =nt2n-1,
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12.4 The Dynkin Diagram of a Root System

Let II be a fundamental system of the root system ¢ C V. Choosing an ordering
ai, ..., o for the elements of II, there are integers

, = 2{enay)

j = {aq, ) 1<i,5<0-

The € x £ matrix [a;;] with integer entries is called the Cartan matriz of the
root system ®.

Defining the angle 8;; € [0, 7] by

— -1 (al'lai)
%= oyl
we have
o _ 2oyl
27 eyl
and so
GijQ4¢ = 40082 0.'_,'. (12.2)

Because a;;,a;; are integers and 0 < cos? 6;; < 1, the expression 4 cos? 6;; has
to take one of the values 0,1,2,3,4, where the final case only occurs when
cosf;; = +1 and so j = i. In the situation where j # i, the following seven
outcomes are the only ones possible.

T

a;; =0, aji =0, Yy = 9’ |as| = el
T

ay=1, ap=1, wy=3, laj|=]al
2n

aj=-1, aug=-1, ¢y=7, loyl=v2ail
T

a;=1, @;=2, 5= 7 las| = V2lexl-
3

a5 =-1, a;=-2 o¢y=-r loj|= V2|ail.
T

a;=1  ax=3, i;= 5 las| = v3laul-
L1g

e =-1, aji=-3, @yg= s la;] = V3lasl.

Notice that except for the first case where p;; = 7/2, the value of ¢;; determines
the (unordered) set of numbers

(20}

laj|’ |ol



298 Matrix Groups: An Introduction to Lie Group Theory

We will now show how to associate to a root system I C & a Dynkin
diagram. The diagram has one vertex for each simple root labelled by the root,
with some bonds joining pairs of them. For distinct simple roots a;,a; € II,
there are d;; bonds between the corresponding vertices, where

(0 if pi5 = er"
. T 2
1 if PYi; = 5) ?ﬂ',
dij = 1 . T 3
2 ify;= rove
. x 5w
3 ifpy = 56

In the cases where d;; = 2,3, an inequality sign > is added indicating which of
the roots is larger. Here are the possible connections between nodes that can
occur.

Labels: oy a;
di; =0 o o
dij =1 o—o0
dij =2 lai| < |ayl O<=—0
diyj =3 lail < |aj} o o)

The whole Dynkin diagram is obtained by filling in the bonds between the
vertices for all the simple roots. Such a diagram is srreducible or connected if
it has only one path component.

12.5 Irreducible Dynkin Diagrams

The connected srreducible Dynkin diagrams are given in Tables 12.1 and 12.2.
Each of the four classical series A,,, By, C,. and D,, consists of infinitely many
distinct examples, while there are finitely many exceptional ones Eg, E7, Es,
F4, Gz (the root system of G; is shown in Figure 12.5). The classical Dynkin
diagrams are related to familiar matrix groups, where the entries at the bottom
of Table 12.1 are consequences of certain special isomorphisms. Lie groups
associated with the exceptional Dynkin diagrams are constructed in Adams [2].
The subscript n is the rank of the associated Lie group, and also the number
of nodes in the Dynkin diagram.
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Root system Matrix group Dynkin diagram
Ap(n21) SU(n) O——O— "+ —0—0
B, (n>2) { Spin(2n+1),S0(2n+1) | 0——O0—------ —O==30
Cn (n 3 3) Sp(n) O—O0—----- —O&==0
D, (n > 4) Spin(2n), SO(2n) O—-C0—: """ ‘<

A SU(2) 2 Spin(3), SO(3) o
B: =Cg Sp(2) = Spin(5), SO(5) O—>0 ~ O&0

Table 12.1 Classical Dynkin diagrams and associated matrix groups

Root system Dynkin diagram
Es o O I o——o0
Eq o, O I O O O

EscoIocco

Fq Oo—-O&=——00—0
Ga (03—

Table 12.2 Exceptional Dynkin diagrams

12.6 From Root Systems to Lie Algebras

Now assume that I1 = {a;,...,a.} i8 a set of simple roots for a root system
® C t*, the linear dual of an R-vector space ¢ of dimension ¢, equipped with a
positive definite inner product ( | ). Using the duality isomorphism v: t — ¢°,
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v—=3a1 — 2a;

Figure 12.5 The roots of G,

we can define elements

&=

(aTa)v"(a) €t (ax€P).

These are called the coroots. We have the formula

a(f) = @%(v-‘(a) PRl
2

=@ae!? 423)

We write
$={d:a€9), fi={a:aec,

for the sets of all coroots and simple coroots respectively. For each coroot & € $,
define syt by the formula analogous to Equation (12.1).
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Proposition 12.17

$ C tis a root system with IT a set of simple roots.

The root system I C & is called the dual root system to IT C &.
Recall that for a finite dimensional vector space, V = V** and given a pos-
itive definite inner product such an isomorphism is obtained as the composite

VoL oy,
where 1/: V* — V** is obtained using the above inner product on V*. It is
easy to verify that given a root system in & C V**, for each a € &',

& =v1(V)"Ya). (12.4)

This means that we can start with a root system in V or in V* and pass back
and forth by taking coroots.

The following important result is proved in [14]. We will illustrate it with
the examples provided by the root systems A,,.

Theorem 12.18

Given a root system ® C t* with simple roots I1 = {ay,...,a}, there is a
C-Lie algebra g associated to ® for which

e tc C g is a maximal abelian C-Lie subalgebra;
e for each root a € ®, there are elements e,, f, € g satisfying
lea, fo] = bijék,  [t,ea) = alt)ea, [t fo] = —a(t)fa,
for all ¢ € tc;
o The elements a),...,Q¢,€a,, f815- - - €ac, Jo, form a basis of g.

If g’ is a second such Lie algebra, there is a unique isomorphism of Lie algebras
g — g’ which extends the identity function tc — tc C ¢'.

Because of the essential uniqueness provided by this result, we will write
g(®) for the Lie algebra associated with a root system &.

Example 12.19

Consider the root system A, of Example 12.13. Then the complexification of
su(n + 1) is sl 4, (C). We take

t= {dia.g(tli, ceeytngrt) i tx € R} ,
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and
& = EFE — EREN D (p 1 ),

Then the coroots are the matrices of the form

n

&= cxdr (cx =0,%1),
k=1

satisfying the inner product formulze of Equation (11.4). The dual roots a
satisfy

alor) = (a| ax) = (& | da).

For each root a, we take
n n
ea = Y _c(EX*HY), fo =Y cp (BN,
k=1 k=1

Then there is an isomorphism of C-Lie algebras g(An) = sl,,4+1(C).

EXERCISES

12.1. Verify Remark 12.9.

12.2. Let ®p, and ¥, be the sets of roots for Bz and Cz. Find a bijection
f: &p, — ¥, which preserves angles but not lengths.

123. A A Using the ideas of Section 11.5, verify as many as you can
of the identifications of root systems of Table 12.1.

124. A A For n > 3, determine the roots of U(n) with respect to the
standard maximal torus

T, = {diag(z1,---,2n) : |21l = - - = ]za] =1} L U(n).

Find the normaliser of T, in U(n) and the action of the Weyl group
on the roots.
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Chapter 1
1.1. Using the formula of Remark 1.4 we obtain

L 0 w 1 V2R 1+ AREFT
N IR ——

72
cost —sint¢ cosht sinht||l _ ¢ -t
[sint cost ] [sinht cosh t] || = max{e’,e”"}.

1.2. (a) From the definition of the matrix norm,

-1
IBAB~Y| = ma.x{EA—B—xl :x;eo} =max{% : x;eo}

|x|

= max{l"l» I”I}»

=1,

[Ax]|

=mu{_:x¢o} = 1Al

||
(b) The inequality [|CAC™"|| < IICIIAIlIC~ || always holds.
1.3 (a) We have |x|* = x"x by definition, so
IlA|I* = sup{|Ax|* : x € C", |x| = 1}.

Since the unit sphere {x € C" : |x| = 1} is closed and bounded, the continuous
function x — |Ax|? defined on it attains its supremum, hence

IAII? = max{|Ax]* : x € C", |x| = 1}.
(b) The matrix A°A is hermitian and for any x € C", x"A"Ax = |Ax|?, which
1s real and non-negative; it also vanishes precisely when Ax = 0. By the general
theqry of hermitian matrices, there is an orthonormal basis {ui,...,u,} consisting
of eigenvalues A,..., A, which are all real. For each j,

II;-A.AU,' = Aju;uj = 1\_,‘

303
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since uju; = 1; hence A; > 0. If A # O there must be at least one non-2zero eigenvalue

of A*A since otherwise |Ax|* would always vanish; so in this case we have a largest
positive eigenvalue A which we might as well assume is A = \,. Now if |x| = 1 we can
write X = tyu; + - -+ + taun, where ¢; € C and |t;)% + - - - + [ta]* = 1. Then

x*A°Ax = x"(Mt1ug + - + Antatn) = M2 +--- + Anltal?
s A[ltlla + -4 Alltnlz = Al;

hence [JA]l> € M1 and in fact we have equality since uj A* Au; = ;.

1.4. (a) Let
1 : IIA,.HII)
== (l + lim =———= 1< 1.
2 r—o0 || A

For large enough m we have
NAm + - + Amarll € JAmll +--- + | Am4ll

= || Aml| (l + lAm4 ] + | Am+1llll Am+2ll
[ Amll

<Anl (14 2+8 +--- +87") = || Anl|

P ||A,,.+,||---||A,,.+|,||)
HAm |l Am+1 i I Aml- - - lAm+a-sll
(1-#4) -, IAnl
-6 " 1-¢
Am|l
lAm-1ll

as k = oo.

Also, if my is large enough, then for m > myo, <{ s0

Anll--- A -
Anl = ol Womesthyg < emomeppa gl 50 28— oo

Combining these we see that the partial sums of the series form a Cauchy sequence
and hence the series converges.

(b) Here ||Am|| = oo as m — oo and the series diverges.

(c) Any of the usual tests based on absolute convergence works.

1.5. (a) Form,n 21,

m<+$n

DA

r=m

| = |A™ + A™ b AT AN + (AL -+ ATt

m (1= A"
(1 - 1141

So the sequence of partial sums is a Cauchy sequence. This can also be done using
the ratio test of Exercise 1.4.
(b) For any n > 1,

T-AT+A+ A2+ +A") =T A" =T+ A+ A2+ + AN - A),

= ||Al| —+0 asm,n - oo.

SO
NI-AT+A+ A2+ + A -I =A< A" =0 asn— oo,
and similarly for ||(f + A + A% +--- + A")(I — A) — I||- Hence I — A has inverse

(I-4)"'= iA'.
r=0
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(c) If A* =0, then

k-1 k-1 1
(I-4'=) 4, exp(A)=ZFA'.

r=0 r=0

1.6. (a) The subset
O(n) = {A€ Ma(R): ATA - I =0} C Ma(R)

is bounded since for A € O(n), ||A|| = 1. It is also closed since if a sequence A, € O(n)
converges to A € M, (R) then

ATA—I= lim (ATA, - = lim 0=0.
F-p OO r=— o0

Therefore O(n) is compact.
(b) The subset

U(n) = {A € Ma(C): A°A—I = 0} C Ma(C)

is compact by a similar argument to (a).
(c) Consider the n x n diagonal matrices

A, = diag(k,1/k,1,...,1) (k32 1).

Then det Ax = 1 s0 A, € SLn(k) < GLa(K). But ||Ax|l = k = oo as k = o0, so this
sequence is unbounded.

1.7. () If A, B € H then there are sequences A,, B, in H with A, -+ Aand B, & B
as r = 0o. Hence A,B, — AB and so AB € H since each A, B, € H. Similarly,
A;' - A7! showing that A~ € H.

(b) Here is an alternative proof in terms of open sets which applies to any topological
group.

Let u,v € H and consider uv. If uv ¢ H, the open set G — H contains uv; notice
that G — H is the biggest open subset of G which does not intersect H. Since the
product map mult is continuous, there is an open set of the form U xV C G x G
contained in the open set mult™'(G — H) with u € U and v € V. Notice that
UNH = @ = VNH by the above remark. Now take ' € UNH and v' € VNH and note
that u'v’ = mult(y/,v') € H and also mult(v’,v') € G—H, giving a contradiction. So
uv € H. Also, if w € H, suppose that w™' € G~ H. Then inv™}(G—H) C G is open,
where inv is the inverse map. But as w € inv™!(G — H), there must be an element
he€ HNinv~!(G — H) and so A~* € G — H which is impossible. Hence H < G.

(c) Consider any sequence of diagonal matrices

A, = diag(asx,1,...,1) (k21)

where a; < 1 and a; — V2 as k = o0 (V2 could be replaced by any other irrational
number greater than 1). Then Ay — diag(v/2,1,...,1) ¢ I'. We must have I' =

GL, (R) since for every B = [bi;] € GL.(R) we can find sequences bg-') € Q satisfying
b5 — byj as k — oco.
1.8. By Proposition 1.26, G C M,(k) is a closed subset of GL,(R).

1.9. Suppose that G < GL.(R) € M,(R) for some n. Then H C M, (R) is closed and
bounded since G is compact. For each k € H the set {h} C H is open and these form
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an open cover of H by disjoint open sets. By the Heine-Borel Theorem 1.20 there
must be finitely many of these sets that cover H, so H is itself finite.

1.10. In each case, we have subgroups Gn+1 € GLn41(k) (where k = R or C) and
Gn € GLn(k) where Gn41 is closed in GLp41(k) and Gn = Gn41 N GLa(K). As
GLn(Kk) is closed in GLn41(K), Gn is closed in Gn41-

1.11. (a) If A € Symp,,.(R), then ATJ2mA = Joyn and as det Jom = 1, we have
det A2 =1, so det A = +1.

(b) Let A= [‘; g] € Symp,(R). By definition,

a c|| 0 1]|a b&] _ 0 ad-bc] _[ 0 1
b d||-1 0] |c d]  |-ad+bc 0 -1 o}’
so A € Symp,(R) if and only if det A = 1; hence Symp,(R) < SL3(R).
1.12. Clearly p, U(n) < pn GLA(C). If Z = [2,] € M,(C) where 274 = Zr, + yrof With

Trs,Yre € R, then

pn(2°) = pa({zar} = Iysri]) = pn(2)".
Hence Z € U(n) if and only if pa(Z) € O(2n). If A € O(2n), then A € Symp,, (R) if
and only if AJs, = J2nA and by Proposition 1.44 this is equivalent to A € p, U(n).
This shows that p, U(n) = O(2n)NSymp,, (R). If B € Symp,, (R) then BJ2n = J2n B
if and only if BT = B. This shows that pn GLA{C)NSymp,, (R) = O(2n)NSymp,, (R).
The second collection of equalities is proved in a similar way.

1.13. (a) The triangle inequality for p follows from the following sequence of inequal-
ities valid for any (x.1,z2), (#1,¥2), (21, 22) € X1 x X3,

2((z1,22), (2, 22)) =V/p1(z1, 21)? + pa(z3, 22)?
<V(pr(z1, 1) + p1(y, 21))? + (pa(22,12) + p2(1a, 22))?

[by the triangle inequalities for p) and p;)

SV (pr(z1, 1) + pa(z2, 1) + Vo1 (11, 21)? + pa(y2, 22)?
[by the usual triangle inequality for R?]

=p((z1,22), (11, ¥2)) + p((11, 32), (21, 22))-

The other properties required for p to be a metric are straightforward to check.
KU xUz C X) x X; with Uy C X, and Uz C X2 open, then for each z; € U1
and z; € U; there are open discs Nx, 5, (z1;71) C Uy and Nx,,,,(z2;r2) C Us; for
r = min{ri,ra}, we have Nx, x x;..((z1,72);7) C U1 x Ua, 80 Uy x U; is open with
respect to p. Conversely, for an open disc Nx, x x;.,((Z1, Z2); r) we have

Nx1.1 (-‘51;"/\/5) x Nxa.n(-‘fa;"/\/i) C Nix, xx3.5((x1,22); 7).

Hence every subset of X; x X; open with respect to p is a union of products of open
discs in X, and X3. So the topology associated with p has the same open sets as the
product topology.

(b) If (z1,r, z2.r) = (z1,x2) say, then fori = 1,2,

pi(Zi.r, i) € p((z1,r, T2ir ) (%1, 232)),
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80 Z;,, — Z; as r — 0o. Conversely, if z; , = z; and z2,, = z32 then

P(z1,r, Z2.0), (21,22)) = VPr (210, 21)? + p2(22,r, 72)? = 0,
80 (Z1,r, Z2,+) = (x1,22) as r — 00.

1.14. (a) If g ¢ Stabg(z) then gz € X — {z}. Since X — {z} is an open subset of X,
p~ (X - {z}) C G x X is open, so there are open sets U C G, V C X with g € U,
z€Vand U xV C u~!(X — {z}). But then for h € U we must have hz # z, hence
U C G - Stabg(x). This shows that G — Stabg(z) is open in G.

(b) If g ¢ Stabg(W) then gW € W or g-'W ¢ W. If gW ¢ W then for some
w € W, gw # w. Now a similar argument to (a) shows that there is an open set
U C G — Stabg(W) containing g. If g”'W ¢ W then we find an open set U’ C
G - Stabg(W) containing ¢g~'; applying the inverse map inv we obtain an open set
invU' C G —Stabg(W) containing g. Finally, since each stabiliser Stabg(w) is closed
the intersection of any collection of such stabilisers is also closed.

1.15. (a) Taking ps to be the norm metric on M, (k) and pa to be the usual metric
on k", define p as in Exercise 1.13., i.e., set

p(A,x) = VIIA|2 + x>
If A,B € M.(k) and x,y € k™, then
|Ax — By| = |(Ax — Bx) + (Bx ~ By)| < l|A - B|||x| + || B|| |x — yl|.

A routine £-§ argument now establishes continuity of the product map at each (4, x).
(b) These are consequences of results in the previous exercise which show that these

stabiliser subgroups are closed.
(c) We have
Stabgr, m)(es) = { Fg 0";‘-‘4 : A€ GLn-i(R), B€ Mx,n-1(R)} ,
Stabgyr, m)(X) = { 'g 0";"" : A€ GLn1(R), BEM1n-1(R), t € R} ,
Stabsc, @y(en) = { A 0";'»'1 : A€ SLaci(R), B€ M,.,.-x(k)},
Stabsy. @)(X) = { 'g ‘12:23'] . A€ GLn_1(R), B € M.,.._.(R)} ,
Stabo(n)(en) = { oA 0-;:.11 ;A€ O(n-1), }
Stabogn) (X) = { ’o.,A.._. 0";'-" .A€O(n—1), t= 11},
Stabgo(n)(€n) = { 'Onf._, On;m- : A€ SO(n— 1).} ,
Stabsom) (X) = { ro.,A.._. 0";"" :A€O(n—1), t = det A} :

1.16. (b) We have
| [: :] z" = (az +cy)",
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80
Stabgu(z)(zn) = {[3 .g.] (u" = 1} .
(c) We have
[: 3] zy = (6z + cy)(bz + dy) = abz® + (ad + bc)zy + cdy®,
so

satmonten = {3 9 sw=1}u{[% 3 ow=1).

(d) If A € kerpn, then A € Stabgy(z)(z"), so by (b),
A= [‘6 2] with 4" =1.
u
Also, foreachr=1,...,n,

Az' n—r (uz)r(ﬁy)n-r — u2r nxryn L zryn—r

so this can only happen if u?* =1 for all such r; hence u? = 1. If n is odd, this gives
u = 1, while if n is even u = 1.

Chapter 2

2.1. For n 2 0 we have

Sd e [T e[ ),

hence
(VR Y )
0o t]\ _ ,.z_;, (2n)! z (2n+1)! | [ cost sint
exP([_t 0])_ ( 1)n+lt2n+l ( 1)"t3" ~ | —sint COSt].
Z (2n +1)! Z T @n)
Similarly, o 11 o g o 1
L o B £
hence
00 t?n 00 2ﬂ+l
Z:(271)' §(2n+1)' _ [cosht sinht
exp([t 0]) gan+l ool gin = |sinht COBht].

Z(z,..n)- 2 Gy

Finally, by an easy induction on n,

[z o = &
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hence

0 e 0 .
°"P 2 t]) l :::,.tn- i% = -22% e‘]=[-e2c‘ eo‘]

r=0
2.2. (a) Each partial sum has the form

Z 1 -f\r = 1 r -1
zoﬁ(BAB h =B(§;TA)B i

(b) Take A = D and B = C in (a) to obtain
exp(D) = Cexp(diag(A1, - .., An))C ™! = C diag(e, ..., e*)C7 .

(c) The eigenvalues of [_2 (t)] are Xt and the matrix C = [: _:] satisfies

[_2 (‘)] = C diag(ti, —ti)C~".
Now using the identities cost = (e + e~*)/2 and sint = (e* — e~*%)/2i we obtain

0t . i iy t sint
ex1’([—: 0]) = C diag(e",e™")C™" = [—:?:t :::t]'
Similarly,
0 = Cdiag(t,~t)C""
t of =% 8% :
where C = [i —F . Using the identities cosht = (ef + ¢~*)/2 and sinht = (e* —

o

e”*)/2 we obtain
[0 ¢ -ty -1 o cosht sinht
“P(L: o]) Cdiag(e,e™)0™" = |inn¢ coshe]"
2.3. (a) Every positive power of N is strictly upper triangular and N is nilpotent, say
= 0. So exp(N) is upper triangular with 1's down its main diagonal.

(b) Write N = ¢I + U, where t € k and U is strictly upper triangular. Then U is
nilpotent, say U for some ¢ > 0. So for m > 1 we have

"=+ U)" = f‘_ (T)t’""U'.

r=0
For m 2> £ this becomes
-1
m _ ml m—r
=5 ()
Thus

=5 175 (M) =5 (S L (7))o

m-O r=0
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2.4. (a) The operation of transposition is a continuous function on Mn(R) so it com-
mutes with taking limits of sequences. Alternatively, the partial sums of exp(S) satisfy

5 1 k T A 1 Tk - 1 k -1
75 ) =X 6" =§,E('S) = exp(—S) = exp(S) !,

r=0 r=0

hence exp(S)7 = exp(S)~'.
(b) Similarly, the hermitian conjugate of the exponential satisfies exp(S)* = exp(S)~?.

2.5. (a) Start by solving the differential equation

o (t) = alt) [‘(1) 'f] a(0) = I.

The solution is —t - ¢
aft) = [eo 2(e e‘- e )] _
The desired solution is

o)=L b= ™)

(b) The solutions are

z(t)] _[ -2 ‘sint z(t)] _ [e~*

[y(t)] - [e"(cost -sint)] ’ [y(t)] - [e"'] '
2.6. A solution has the form x(t) = exp(tA)x(0) for t € R. Since A®* = —A we have
exp(tA)T = exp(—tA) = exp(tA)~*, hence exp(tA) is orthogonal. So

(O = x(2) - x(t) = (exp(tA)x(0)) - (exp(tA)x(0)) = x(0) - x(0) = |x(0)[*.

We also have

x(t) X'(8) = 3 (O =0,

showing that x(t) and x’(¢) are orthogonal.

2.7. (a) Choose any sequence of matrices

FAl.n 1 0 . 07
0 Aa'n 1 .
An = " . . .
v .o 0 Ar—l.” 1

[0 ... ... 0 Al

in which the r diagonal A's in J(A,r) have been replaced by r sequences of non-zero
tel‘ms Al'”' aany Ar.n that S&tiSfy

Ain #F Ain if1#7, Ajjn = A asn— oo

Then each matrix A, has r distinct eigenvalues 80 is diagonalisable and A, — J(A,r)
as n — 0o.
(b) This follows from (a) together with Theorem 2.9.
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Chapter 3

3.1. (a) Any abelian Lie algebras of the same dimension are isomorphic since they are
isomorphic as vector spaces. So let g be any 2-dimensional k-Lie algebra which is not
abelian. Then there are elements x,y € g for which {z,y] # 0; these elements cannot
be linearly dependent so they form a basis of the k-vector space g. If [z,y] = rz + sy
with r,s € k, we can interchange z,y if necessary to ensure that r # 0, and then
replace z by (r~!)z to ensure that [z,y] = z + sy. Finally, since [z + sy, y) = z + sy,
we can replace z by z + sy to ensure that [z,y] = z. Notice that in b we have the

elements 0 1 0
— _ 11
v=[s o v=[7 q:

which have the bracket [U,V] = U. Then there is an obvious isomorphism of Lie
algebras g —» b under whichz «— U andy¢— V.

(b) Take
G= {[; ‘{’]} < GLa(K).

3.2. (a) If 4: (a,b) — G is a differentiable curve then so are the curves defined by
UT)(E) = Ur(®), (UXE) = 1)U, (UaU™)t) = Un()U ™,
and these have derivatives
(U7)'(&) = U~ (®), QUY(®) =7 @)U, (UU~Y (@) =Ux (U

(b) Use the derivative maps at I, i.e., Ay = dLy, pv = dRy and xv = dCy. The
required properties follow easily.

3.3. Follow the approach of Section 3.3.
The Lie algebra of G is

m={[;‘, S] :u,v,wek}.

Theelement.sU=[(l) g,V=[g (1) andW=[(1) g] form a basis with the two

non-trivial brackets [U, W] = -W and [V, W] =W.

The Lie algebra of G; is
92={[2 (t)] tER},
r
gs=q| v
-u

] i1, 8,tu,0,we€E R} .
The Lie algebra of G4 is

w={[8 & 4em. tex},

with Lie bracket given by

(5 5t -1+

and this is abelian.
The Lie algebra of Gs is

Q6L O
~g e
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Consider the 2m x 2m real matrix

An Az - Am

An An - -
A= . .

Ami o+ o Amm

where each A,, € Ma(R). Then A7 Jomm + J2mA = O if and only if the equations
ALJ+JA=0 (r,s=1,...,m)
are satisfied and these are equivalent to

-43; =JAyJ (r,s=1,...,m).

If we write A,, = [‘; 3':] then

Ggr = "‘drn ber = brn Car = Crg, Gor = —Gr,-
_ . e — |Grr b,
If s = r, this gives A,, = [c" -a,,] .

3.4. We have b = a/ker ®. Then b is abelian if and only if for every commutator
[z,y]) in a, [z,y] + ker ® = 0 + ker @, i.e., [z,y] € ®. Hence b is abelian if and only if
a C ker .

3.5. If exp(sX) exp(tY) = exp(tY) exp(sX) for all s, € R, then

4 4
d"J-O dt lemo

Conversely, if [X,Y] = 0 then for each s € R, consider the function

X.Y]= (exp(sX) exp(tY) — exp(tY) exp(s X)) = 0.

7: R—G; 7(t) = exp(sX) exp(tY) exp(—sX).
Then (0) = I and
7' (t) = exp(sX)Y exp(tY) exp(—sX) = exp(s X) exp(tY) exp(-sX)Y = (t)Y
since exp(sX)Y exp(—sX) = Y by definition of the exponential function. But the
differential equation
() =1}, +0)=1I

has the unique solution y(t) = exp(tY’), so for all s, we have

exp(sX) exp{tY') exp(—sX) = exp(tY)

and therefore
exp(sX) exp(tY) = exp(tY’) exp(s X).
3.6.(a) If A€ U then

AT =(U-ATYT+ AT ' =(I-A"YHYI +A™H?
=(A-I)A+ n-'= —&(A),
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so $(A) € Sk-Sym,, (R). Conversely, if B € Sk-Sym_(R) then

S(I-B)I+B)y ) =(I-(I-BYI+B) (U +(I-B)I+B)™)""
=(I-U-BYI+B)y ) (I+(I-B)I+B))"
=(I+B)-(I-B)((I+B)+(I-B))™"
=(2B)(2I)"! = B,

and
(U-BYI+B)y ) (I-B)I+B)y = -B")I+B")"'(I-B)I+B)™
=(I+B)Y(I-B)'I-B){I+B)"'=1I

Hence (I — B)(I + B)~! € O(n) and &((X — B)(I + B)™!) = B. In fact, there is a
path [0, 1] — O(n) given by

t— (I -tB)(I +tB)"!,
hence det(I —tB)(I+tB)~! = 1since detC = 1 if C € O(n). So (I-B)(I+B)™ ' ¢
SO(n) and therefore im $ = Sk-Sym_ (R)
()

(b) By the calculation in (a), #~1(B) = (I - B)(I + B)"".
(c) We have

dimSO(n) = dimSk-Sym (R)=142+4---+(n-1)= (;)

3.7. Parts (a)-(c) are very similar to the previous question and we obtain
©~(B) = (I - B)I + B)"! (B € Sk-Herm;(C)),
and

dim U(n) = Sk-Herma(C) = n + 2 (;) =n?,

(d) Inthecasen=2,if Ae VN SU(2), then the eigenvalues of A must have the
form A, A € C where |A| = 1. Then the eigenvalues of ©(A) are (1-X)/(1+ ) and
(1 =X)/(1 + ), hence

0.

1-2 1-X 1-X A=t
A e v TS Sk v Sl v

Conversely, if B € Sk-Herm3(C) then B has imaginary eigenvalues *ti for somet € R,
so ©~(B) has eigenvalues (1 — ti)/(1 + i) and (1 + #i)/(1 — ti). Thus we have

(1—t¢) (14 8i) 1
A+t)(1-t)
Examples show that this can be false when n > 2.

3.8. (a) The surjection det: O(n) — {1, —1} has kernel SO(n). The diagonal matrix
diag(l,...,1,—1) € O(n) generates a subgroup C = {I,diag(1,...,1,—1)} of order 2

for which
O(n) =CS0O(n), CNSO(n) = {I}.

det®~'(B) =
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(b) Let
T = {diag(l,...,1,z) € U(n) : |z| = 1} € U(n).
Then
U(n) =T SU(n), T NSU(n) = {I}.
(c) Let
D = {diag(1,...,1,t) € GL,(R) : t € R} < GLA(R).
Then
GLa(R) = DSLa(R), DnNSL.(R) = {I}.
(d) Let
D' = {diag(1,...,1,2) € GL,(C) : t € C} < GLA(C).
Then
GLA(C) = D'SL.(C), D' NSL.(C) = {I}.
Chapter 4

4.1. Some elements of order 2 in A} are —1 and
es(12) = £[2(12)- (13) - (23) ),
es(13) = £[2013) - (23) - (12)),
ea(23) = %[ 2(23) - (12) - (13)].

As H has only the element —1 of order 2 these algebras cannot be isomorphic.
4.2. (a) The subset A} C A is closed and bounded, so compact.
(b) Let u,v € A]‘. Then we have the inequalities
v(w) Sv(ujr(v) =1,

v((wo) ™) = v(v ') So(o () 1,

1 = (1) = v(uv(uv) ") Sv(w)r((w) ) <1,
hence v(uv) = v((uv)~!) = 1. So AF < A™.
(c) Cy is the unit circle with abelian Lie algebra {ti: t € R} < C.

H ={u+vj:uveC, ju>+p* =1},

with Lie algebra

{ri+sj+tk:u,ve€C, rsteR)su(2).
Fork=Ror C, let A = M, (k);. Suppose that |Au] < |u| for some u € k*; then
lu| _ |A~'(Au)| < A~ (Au)]

1=—=

< -1

contradicting the fact that |JA~!|| = 1. This shows that for every x € k", |Ax| = |x].
By Proposition 1.38 and the analogous result for unitary groups, this shows that
A € O(n) if k = R and A € U(n) if k = C, while the corresponding Lie algebras are
o(n) < Ma(R) and u(n) < Ma(C).
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4.3. For the case r > 0, let ¢ € H satisfy ¢° = r. Using notation from the proof of
Proposition 4.40, we find that R(q) is a field, so the number of roots of z2 —r is at

most 2 and these are the real numbers ++/r. The case where r < 0 can be dealt with
using Proposition 4.42.

4.4. Here is what happens when n = 1. For Hx, A: H — M4(R) takes the values
A1) = I and

-1 0 0 0 -1 0 0 -1
~_ |1 oo o ~_lo o 01 oo -1 o
AB}=1g o0 0 <1 M)=|1 o oo/ 2M=[0 1 0o o|"
0 01 0 0 -1 0 0 1 0 0 0
and so
a —-b —c -
. ; b a —d c
A(al + bt + ¢j + dk) = c d a -bl"
d -c b a

The reduced determinant Rdetg: H* — R* takes the value
Rdetg(al + bi + ¢cj + dk) = det A(al + bi + ¢cj + dk)
= a* + 2a28° + 2d%a? + 2c%a? + b* + 2d%b% + 2¢°0 + ¢* + 2c%d% + d°.
For H¢, A: H — M3(C) has the effect

a=n A=) 7.

. a -b
A(a + bj) = [—5 '6] .
When n = 1, the reduced determinant Rdetc: H* —» C* takes the value
Rdetc(al + bj) = det A(al + bj) = la|* + 5.
4.5. (b) We have
exp(r + su) = exp(r) exp(su) = " (cos s 1 + sin s u).
4.6. (a) g = M,(H). (b) g= {A € Ma(H): A* = —A}. o
(c) When n = 1, taking k = R and using Exercise 4.4, we have al + bi+cj +dk € G
with a,b,¢,d € R if and only if
a* + 247 + 2d%a® + 2c%a® + b* + 24°07 4+ 2c%8% + ' + 2% + 4t =1,
80
g=(rit+sj+tk:r s teR}
For k = C, ul +vj € G with u,v € C if and only if |u|2 + lvl2 =1, giving

g={ri+zj:reR, z€C}.
(d) When n=1,

© Sp(1) = {al +bi+cj+dk:a,b,c,d€R, a®> +b* +* +d* =1},
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so again using Exercise 4.4, for k = R or C we obtain

g={ri+zj:reR, z€C}.

Chapter 5

5.1. (a) First writeu =r1e1 +--- +rne, withrp € Rand v 4 --- + 12 = 1. Then
u’=rfe§+---+r,’.ef.=-l.

Also, if w € R" with w-u = 0, then writing w = 8,6, + - - - + sne, with sx € R, we
have

wu = (r1s1€] + - +rasiel) + z (ris; — risi)eie;

1€i<jgn
= --(u -w) + Z (r.-a,- - r,-a.-)e.-e,- = Z (r.-a_,- —r,-aa)e.-e,-.
1€i<jgn 1€i<jgn
A similar calculation shows that
uw = 2 (r,-a,- - r.-a,-)e.-e_,- = —wu.

1€i<jign
So we have wu = uw whenever w - u = 0. Using this we obtain
UvY = uN U + utu = v - uu.

(c) The elements Ae,,..., Ae, form an orthonormal basis of R" C Cl,, so using
the universal property of Theorem 5.4, the function R” — Cl, sending } |, Zie;

to 30, ziAe; induces a homomorphism A.: Cln — Cla. The inverse A~1 = AT
induces (A~').: Cl, — Cl,, which is actually the inverse of A.. A straightforward
calculation shows that A.(e1-:-€a) = (det A)e, - - - en.

5.2. (a) The image of ¢, : Cl, — Cln4, is spanned by the monomials e;, - - - e;, with
iw=1,...,n
(b) Since z-en41 =0,

(zen+1)? = Zens1Z€ns1 = =z ey = —(—lz*)(~1) = —|z}?,

so the universal property gives the desired homomorphism. Also notice that zen,4+1 €
Cl} and it is easy to see that every monomial e;, - - - €5, Of even length with ix =
1,...,n+1is in the image.

53. (a) Foranyk=1,...,n,

exwn =exe1--en = (—1)""Ter---er1€iersr - en(—1)*e1 - - er—16041 - €n,
while
waek = €1 enex = (—1)" "1 exrehersr - en(—1)""*Fey . - er_1€k41 - n.

Since n—k+1 = k mod 2, exwn = wnex. From this it follows that for every monomial
in the ey,
ei] crr@i,Wp = Wn€iy “°° €Ciy -
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(b) We have

Wizerenersen = (=1) 23 (B o 13,

But (n + 1) = 0 mod 4, so ("}') = 0 mod 2 and therefore w? = 1. Now

QL= %(1 + 2 +w3) = 41(212‘.,,.) - Qs

so these are idempotents which are central and satisfy Q4 +02- =1.
(d) By Exercise 5.2, Clf =Cl = H and Cl¥ = Clg = Mg(R). In each case multiplica-

tion by Q* maps the simple algebra Cl;} onto A4 and therefore gives an isomorphism
ci

5.4. (c) Send1to—1 and ¢; to e;.
(d) The elements (1/2)(1 + 7) € R[Cle,,] are central idempotents. Put

A = (1/2)(1 + 7)R[CIGp,], B = (1/2)(1 —7)R[CIGp,].
5.6. (b) Z(O(n)) = Z(SO(n)).
Chapter 6
6.1. (b) For some Q € Lor(3,1),
cost —sint 0 0
int t 0 0 -
A=Q 813 coso cosh(—t) sinh(—t) Q.
0 0 sinh(—t) cosh(~¢)
(c) With the same Q as in (b), take
-1 0 0
1 0 0 0| A~
U=Q|p o o —1|9"
0 0 -1 0

(d) A suitable equation is
o' (t) =at)U, of0)=1.
6.2. (a) We have

0 0 0 0 O 0 0 0
0 01 0 0 0O 0 0 0 1
P"+P"=oooo+0001 000 1
010 0 0 0 1 0110
and
"1 0 0 0 -
coshv2t+2 coshv2t—2 sinhv/2t
0 2 2 V2
olt) =exp(t(Pu+Pu)) = | coshv2t—2 coshvZt+2 sinhv2t
2 2 V2
0 sinh v/2¢ sinh v/2¢ cosh V2t
i V2 2 2
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(b) We have .
_i{E+F)= [1 0 E(l - l)]
5(1 +1) 0

and

com(t/vy)  ERMUVD,

75
%ﬁm(l +i)  cosh(t/V2)

a(t) = exp(—ti(E + F)) =

(c¢) The homomorphism Ad: SL;(C) — Lor(3,1) relates these two curves through
the equation a = Adoa.

Chapter 7
7.1. (a) Define the function

F: Ma(R) xR — R; F(A,b) =bdetA—1.

This is smooth and M = F~'0 C M.(R) x R is a closed subset. The derivative
mapping d = d(a,) at a point (A,b) € F~'0 has the form

d(X,v) = (det A)v + ddeta(X),

where we make the natural identifications T4 5) Ma(R) xR = Ma(R) xRand TR =
Rfor any t € R. Since det A # 0, d is surjective at such a point. Hence M C M.(R) xR
is a smooth submanifold of dimension equal to dim M (R) = n?. We also have

Teany M = {(X, (det A)~* ddets(X)) : X € Ma(R)}.
(b) We have M = GL.(R).

7.4. In each case we have to show that the subgroup is closed in G. In (a—c) we also
use the continuous action (as introduced in Section 1.9, see the Exercises of Chapter 1

for details),
1

p:GxG—G; plz,y)=zyz" .
(a) Zc(g) agrees with the stabiliser of g, Stabg(g) which is a closed subgroup of G.
(b) Z(G) is the intersection of all the closed sets Zg(g) for g € G and so is closed.
(c) Ng(g) is identical with the generalised stabiliser Stabs(H) < G, which is a closed
subgroup.
(d) Let z € G — kery. Then ¢(z) # 1, so there is an open subset U C H containing
¢(z) but not 1, Then U C G is open since ¢ is continuous. Clearly ker Ny~ U =
@ and z € ¢~ 1U. This shows that G — ker y is open in G, hence ker ¢ is closed.

7.5. This is similar to the previous exercise.

7.6. Use the smooth maps Ly, R, and x, of Proposition 7.16. The tangent spaces are
the images of the derivatives at g applied to the tangent space of H.

7.7. By Exercise 7.4(d), ker ¢ < G is closed. For g € ker ¢ we have T, ker ¢ = kerd ;.
7.8. (a) Use the continuous function

F: GL3a(R) — Mp(R); F(X)=X’+ 5
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for which €z, = F~!0.

(b) The eigenvalues of an element J € €3, are +i. Since the minimal polynomial of
J over C is clearly X? + 1, which has no repeated roots, J is diagonalisable over C,
and over R has the form

"l O - - O]
o L O : 0 —1
J=B|. . . . : B!, whereBeGLG(R)ansz=[l _0]
S Ao
o - . 0 &

(c) These stabilisers are the subgroups pn GL.(C) and p}, GL.(C).
(d) For techniques useful for showing that €, is a submanifold, see Chapter 8. The
tangent space to €3, at J can be identified with

kerd Fy = {X € Mza(R) : XJ + JX = O}.

Chapter 8

8.2. (a) The obvious quotient homomorphism Sp(n) x Sp(1}) —» Sp(n)x Sp(1) has the
discrete subgroup {(Ia,1),(—7n,—1)} as its kernel, so the derivative homomorphism
is an isomorphism of Lie algebras; the Lie algebra of the domain is the direct product
sp(n) x sp(1). _ -

(b) We can identify HP"~! with (Sp(n)x Sp(1)}/(Sp(n — 1)x Sp(1)).

Chapter 9

9.1. (a) For each connected component U of G, choose an element u € U. G has a
countable open covering {Uh, Uz, . ..}, hence for each u as above there is an open set
Uj. C U containing u. This means that the components form a countable set.

(b) The components form an open covering of G. By the Heine-Borel Theorem 1.20, a
finite subcollection also covers G. As these sets are disjoint there must be only finitely
many of them.

9.2. (a) We have

Stabsr, )(en) = {[g 0";"'] : A€ SLa-s(R), B € M,,,.-,(n)}.

Orbst, m)(ea) =R" — {0}.

(b) This homogeneous space can be identified with Orbsx,.i.'?(en) = R" — {0} and
this is path connected since every pair of vectors u,v € — {0} which are not
parallel can be joined by a path of form

t—rtu+(1-t)v (te€[o,1)).
Now use induction on n as in Example 9.14 to show that SL.(R) is path connected.
9.3. (a) We have

Sbs,(en) = {[§ O] 4 €5Laar(0) BeMa(©)},
’ Orbsx,‘ (©) (Qn) =C" - {0}



320 Matrix Groups: An Introduction to Lie Group Theory

(b) This is similar to part (b) of the previous exercise.
(c) Since GLn(C)/SLA(C) is identified with C* using the determinant, Proposi-
tion 9.11 shows that GL,(C) is path connected.

9.4. (a) If x € R", then xT AATx = |ATx|? > 0, and this vanishes only when ATx = 0,
which happens only when x = 0 since AT is invertible. The eigenvalues of S are then
positive real numbers and § is diagonalisable, say S = P diag(\1, - - -, An)P7 for some
P € O(n) and A; > 0. Then we take S; = Pdiag(vy,- .-, VAn)PT.
(b) We have
(ST A)T(ST'A) = AT(ST)'ST'A=ATs"'A
= AT(AAT) "A=AT(AT) A7 'A=1

(c) Since RRT = I = SST, we have
Q* = QSSTQT = QS(QS)T = PR(PR)T = PRRTPT = P2,
(d) S2 must have the same eigenvalues as diag(v/1, ..., vVX,) and indeed
Sz = Udiag(VAy,...,VA)UT
for some U € O(n). So
U diag(A1, ..., Aa)UT =diag(A1,...,An)

and hence

U diag(A1, . -, M) = diag(As, - .. , An)U.

By comparing entries we find that this is only possible if either A; = A; for all 1,7 or
U is diagonal, in which case S; = diag(Vy, ..., VAn)-

(e) Use (c) and (d).

(f) First show that the set of positive definite symmetric matrices is a path con-
nected subset of GL.(R) by finding a path from every such matrix of the form
V diag(A1,..., M)V 7T with V € O(n) to 1.

9.5. (a) We have

Stabas, @)(0) = {[‘g ‘1’] A€ GL..(I:)} . Orbag.x(0) = k™

Notice that Stabag, x)(0) can be identified with GLn (k).
(b) This follows from the corresponding facts for GL,, (k).

9.6. See Section 8.5 for background on this. The spaces in (a) and (b) are connected
and actually diffeomorphic.

9.7. This is similar to the previous exercise; the homogeneous spaces are diffeomorphic
and connected.

9.8. (b) The Pfaffian function pf: Zam — R* is surjective, s0 a2 has at least
two path components. In fact it has exactly two components since the diffeomorphic
homogeneous space GL2m (R)/ Symp,,, (R) has at most two components; this implies
that Symp,,, (R) < SLam(R).
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9.10. By straightforward calculation we find that

Nuar() =Tu{[3 5] =i = 1} <.

This has two path components,
0
{{> 8 :w1=wi=1},
and o Nu(z)(T) o {1, —1}.

9.11. Using the previous exercise, we obtain

Na(T') = { 01:.2 05’2 :PQE€ Ny@e)(T), detP = detQ} ,

which has 4 path components each of which contains one of the matrices

I Ja 02 2 Oz 2 Oz 2
Y 1022 02 2 Ja

where J; = [‘])_ _(l)] Then 7o Ne(T”) 2= {1,-1} x {1,~1}.

Chapter 10

10.1. Given a Lie homomorphism ¢: T — T, the curve v: R — T given by «(t) =
@(e*"**) is a one-parameter subgroup satisfying 7'(s + t) = y(s)7/(¢) for all 5,2 € R.
By our general results on such curves we have 7(t) = e**** for some ¢ € R. But

whenever n € Z, y(n) = (1) = 1, so ¢ € Z. For ¢ to be an isomorphism we must
have c = £1.

For r 2> 1, for each integer matrix A = [a;;] € M+(Z), there is a Lie homomorphism
AT DT palanez) = (0 o2, a7 2)

with derivative d = A acting in the obvious  way on t = Ri x --- x Ri. Isomorphisms
come from those A with integer inverse A™! € M, (Z).

10.2. If Tp = T is not maximal, then it is contained in another T} of greater dimension.
Repeatmg this, for dimensional reasons eventually we obtain a sequence of tori Ty <
T\ € - € Ti € G where there is no torus in G which properly contains 7.

10.3. (a) We have

Nu@(T) =TU { [3 3] Jul = o] = 1} =Tu [‘1’ (1,] T, 0Ny (T) = {1,-1}.

The conjugation action is given by

'1) (1)] T - diag(z, w) = diag(w, 2).

(b) and (c) are discussed in Chapters 11 and 12.
10.4. See Chapters 11 and 12.
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10.5. (c) O(n) is not connected.

Chapter 11

11.1. (a) By Theorem 11.5, z(u(n)) consists of all scalar hermitian matrices til, with
¢t € R. Using the defining Equation (11.1), we have X € z(u(n))* if and only if
tr(2sX) = 0 for all t € R. Since tr(tiX) = ti tr(X), this gives

z(u(n))* = {X € u(n) : tr X = 0} = su(n).

(b) Compose the determinant det: U(n) — T = Z(U(n)) with the projection
Z(U(n)) — Z(U(n))/Z for Z = {zIn : 2" =1}.
(c) Define this homomorphism by (4, B) — AB.

11.4. See Chapter 12 for details.

11.5. (a) Take
T1 = {diag(u, v, w,T00) : |u] = |v] = |w]| = 1}.
Then

Ng,(Th) = { o‘: 0}3-’ : A, B € Ny(2)(T), det Adet B = 1},

where Ny(2)(T) € U(2) is the normaliser of the maximal torus used in Exercise 10.3.
Ng, (T1) has 4 components and the Weyl group Wg, (T1) = Ng,(T1)/T1 consists of
the cosets of the matrices

In 02.2] Wa = Ja Oz

— 0,2
L, Wi= 022 J2 ]

022 ] Ws = [Oz 2 J2

where J; = [(1, _(1)]; then Wg, (T1) = {1,-1} x {1,-1}. Wg,(T1) acts on T} by

WATh - diag(u, v, w, 57W0) = diag(u, v, 400, w),
WaT, - diag(u, v, w, 5ow0) = diag(v, u, w, GOW),
WsT - diag(u, v, w, Gow) = diag(v, u, GO0, w).

The Lie algebra of T} is
t1 = {diag(ri, si,ti,—(r + s+ 1)i) : r,s,t ER},
and there are 4 non-trivial roots o, a2, where
ay(ri,si,ti,—(r+s+t)i)=r—s, aa(ri,siti,~(r+s+t))=r+s+2t,

for r,s,t € R. Wg, (T}) acts on the roots by

WiTh-a1= o, WaTh -an = —a, WiTh -y = —an,
WiTi - a2 = —ay, WoTh-a2 = a3, WsTh -az = —a3.
(b) This is similar to (a), see also Exercise 9.11.
Chapter 12

12.2. Rotate and rescale Figure 12.3 into Figure 12.4.
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k-matrix group, 15
k-norm, 7, 33, 111
k-projective space, 217
#-grading, 136
n-manifold, 182

abelian Lie algebra, 69
action

- adjoint, 49, 75, 86, 188
- continuous, 37

- group, 37

- linear, 38

- smooth, 208

adjoint

- action, 49, 75, 86, 188
— representation, 75
affine

- geometry, 19

- group, 18

- transformation, 19
algebra, 99

- automorphism, 101

-~ automorphisms

-~ group of, 122

- Clifford, 130

- commutative, 100

- division, 100

~ finite dimensional, 4, 99
- group, 100

— homomorphism, 101
~ isomorphism, 101

- Lie, 59, 67

- Lorentz Clifford, 177
- norm, 111

- normed, 111

- real Clifford, 130

- semi-simple, 106

- simple, 104
alternating group, 153
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anti-homomorphism of skew rings, 120

atlas, 182
automorphism

- canonical, 134
- inner, 124

- of algebras, 101
- outer, 124

basis

- dual, 290

binary expansion, 131
Borel subgroup, 18
bracket

- Lie, 68

Bruhat decomposition, 226

canonical

- automorphism, 134
- commutation relation, 205
Cartan

- decomposition, 280
- matrix, 297
Cauchy sequence, 10
central

- idempotent, 104

- subfield, 102
centre, 69, 151

~ of a Lie algebra, 69
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- trivial, 70 ~ simple, 300

sentreless, 70 covering

:haracter - finite, 274

- irreducible cross product, 68

-~ complex, 108 curve

‘haracteristic polynomial, 51
shart, 182

sircle group, 251
Clifford

- algebra, 130

-- Lorentz, 177

- - real, 130

- — universal property of, 132
- group, 139

- - finite, 155

:lopen, 17

closed subset, 8
closure, 41
commutative algebra, 100
commutator, 68

- subalgebra, 69
commute, 68

compact, 12, 13

- topological space, 13
complement

- orthogonal, 274
complete, 10

- norm, 10

complex

- dimension, 72

- matrix group, 29

- structure, 209
complexification, 92
component

- path, 241

conjugate, 258

- bhermitian, 27

~ quaternionic, 120
conjugation

- map, 187

- quaternionic, 120
connected, 235

- by a path, 241

- Dynkin diagram, 298
- path, 235
continuous

- group action, 37

- homomorphism, 31
- isomorphism

——- of matrix groups, 32
- map, 7

coordinate function, 8
coroot, 300

- differentiable, 55, 57, 183
-~ smooth, 183

derivation property, 77
derivative, 74

derived subalgebra, 69
determinant

- reduced, 116
diagonalisable, 51
diffeomorphism, 181
differeatiable, 183

- curve, 55, 57, 183

~ homomorphism, 74
- map, 73
Differential Geometry, 181
dimension, 72

- complex, 72

direct

- isometry, 22

- product, 19, 71, 101
disc

- open, 7

disjoint union, 21
division algebra, 100
dual

- basis, 290

- linear, 289

- root

- - gystem, 301
Dynkin diagram, 298
- connected, 298

~ irreducible, 298

elementary 2-group, 154
Euler characteristic, 256
exponential function, 47
extraspecial 2-group, 154

field

- skew, 100

finite

- Clifford group, 155
- covering, 274

- dimensional algebra, 4, 99
flow line, 63

form

- skew symmetric, 229
- symplectic, 26, 229
function
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- coordinate, 8

- exponential, 47

- logarithm, 48

fundamental root, 292

future pointing light cone, 158

Gaussian elimination, 226
general linear group, 5, 35

generalised permutation matrix, 132

generated by a subset, 144
generator, 254

- topological, 254
geometry

- affine, 19

- symplectic, 26
Grassmannian, 222

group

- k-matrix, 15

- action, 37

- - continuous, 37

—- smooth, 208

- affine, 18

- algebra, 100

- alternating, 153

- circle, 251

- Clifford, 139

- finite Clifford, 155
general linear, 5, 35
Heisenberg, 203

- inner automorphism, 124
- isometry, 22

- Lie, 187

- Lorentz, 26

- matrix, 15

- of algebra automorphisms, 122
~ of path components, 242
~ one-parameter, 57
orthogonal, 20

- outer automorphism, 124
pinor, 143

- projective

- - linear, 125, 219
quasi-symplectic, 233

- quaternionic symplectic, 121
- special linear, 5

special orthogonal, 21
special unitary, 28
spinor, 144

- symmetric, 153

- symplectic, 27

- topological, 12

— unimedular, 5

- unitary, 27

- Weyl, 260, 292

Hamiltonian, 118
Hausdorff space, 14
Heisenberg

- algebra, 205

- group, 203

- Lie algebra, 205
hermitian

- conjugate, 27

- gkew, 83
homeomorphism, 14
homogeneous

- polynomial, 38

- space, 214
homomorphism

~ algebra, 101

- continuous, 31

~ differentiable, 74
- Lie, 74

- of algebras, 101
- of Lie algebras, 70
— property, 57
hyperplane, 23

- reflection, 23, 291

ideal

- Lie, 69

idempotent, 104

- central, 104

-~ indecomposable, 105
- orthogonal, 104
indecomposable idempotent, 105
indirect isometry, 22
inner

- automorphism, 124
—— group, 124

- product, 227

- - invariant, 269

-- Lorentz, 157

- - non-degenerate, 227
- - positive definite, 228
— - real, 86

- products, related, 227
invariant, 87

- inner product, 269
irreducible

- complex character, 108
- Dynkin diagram, 298
isometry, 21, 158

- direct, 22

- group, 22

- indirect, 22

- lipear, 21
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isomorphism manifold, 182
- continuous - smooth, 181
- — of matrix groups, 32 map
— of algebras, 101 - conjugation, 187
- of Lie algebras, 70, 86 - differentiable, 73
- left multiplication, 187
Jacobi identity, 68 - right multiplication, 187
Jacobian matrix, 184 - smooth, 181, 182
Jordan matrix
- block matrix, 52 — Cartan, 297
- form, 51, 53, 79 - diagonalisable, 51
- generalised permutation, 132
Kronecker symbol, 20 - group, 15
-- complex, 29
: : - Jacobian, 184
lLefscheft etz Fixed Point Theorem, 256 ~ Jordan block, 52
- multiplication map, 187 - :;:f%mgg?’- 171
Li:egulu representation, 103 _ permutation, 153
- algebra, 59, 67 - sul?group, 15, 16
—— abelian, 69 - unfmodular, 4
- - Heisenberg, 205 ~ unipotent, 18
- - homomorphism, 70 - upper triangular, 18, 171
- - isomorphism, 70, 86 maximal, 255
- - quotient, 70 - torus, 251 .
- - simple, 70 minimal polynomial, 52
- bracket, 67, 68 ]
- group, 187 negative
- - semi-simple, 276 - light cone, 158
—- simple, 274 - root, 293
- homomorphism, 74 non-degenerate inner product, 227
- ideal, 69 non-trivial root, 279
-~ proper, 69 norm, 5-7, 33, 111
- subalgebra, 69 - complete, 10
- subgroup, 187 - operator, 6, 34
light cone, 158 - supremum, 6
-~ future pointing, 158 normaliser, 260
- negative, 158 normed algebra, 111
- past pointing, 158 null
- positive, 158 - root space, 279
linear - vector, 158
- action, 38
= dual, 289 one-parameter
- isometry, 21 - group, 57
local trivialisation, 214 - semigroup, 57
locally path connected, 235 ~ subgroup, 57
logarithm function, 48 open disc, 7
Lorentz operator norm, 6, 34
- Clifford algebra, 177 orbit, 37
— group, 26 orthogonal; 90
~ inner product, 157 - complement, 274
lower triangular - group, 20

- matrix, 171 — - special, 21
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-~ idempotent, 104

- matrix, 20

outer

- automorphism, 124
—- group, 124

parabolic subgroup, 221
past pointing light cone, 158
path

- component, 241

- connected, 235

- - locally, 235
permutation matrix, 153
- generalised, 132
Pfaffian, 156, 232

phase portrait, 63

pinor group, 143
polynomial

- homogeneous, 38

- minimal, 52

positive

- definite, 87

- - inner product, 228

- light cone, 158

- root, 293

principal bundle, 214
product

- cross, 68

direct, 19, 71, 101
inner, 227

- semi-direct, 19, 71
topology, 11

- vector, 68

projective

- linear group, 125, 219
- quaternionic symplectic group, 219
- space, 217

- special unitary group, 219
- unitary group, 219
proper Lie ideal, 69
pure quaternion, 119

quadratic form, 227
quasi-symplectic group, 233
quaternion

- pure, 119

- real, 119
quaternionic

- conjugate, 120

- conjugation, 120

- symplectic group, 121
- - projective, 219
quaternions

- skew field of, 118

quotient

~ Lie algebra, 70

- topology, 33, 212

- - universal property of, 213

real

~ Clifford algebra, 130
- inner product, 86

- part, 138

~ quaternion, 119

- symmetric bilinear form, 87
- symplectic group, 27
reduced

- determinant, 116

- echelon form, 226

- root gsystem, 292
reflection

- hyperplane, 291

- in a hyperplane, 23
related

~ inner products, 227
- symmetric

- - matrices, 227
representation, 38

- adjoint, 75

— left regular, 103
right multiplication map, 187
ring anti-homomorphism, 120
root, 279, 292

- fundamental, 292
negative, 293
non-trivial, 279
positive, 293

simple, 292, 293

- space, 279

- - decomposition, 280
-- null, 279

- system, 292

—- dual, 301

- - reduced, 292
rotation, 22

semi-direct product
- of groups, 19

- of Lie algebras, 71
semi-simple

~ algebra, 106

- Lie group, 276
semigroup

- one-parameter, 57
separable, 182
simple, 70

- algebra, 104
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- coroot, 300

- Lie

- — group, 274

- Lie algebra, 70

- root, 292, 293
skew

- field, 100

- hermitian, 83

- symmetric, 26

-— form, 229
smooth

- action, 208

- curve, 183

- manifold, 181, 182
- map, 181, 182
space

- Hausdorff, 14

- homogeneous, 214
~ projective, 217
spacelike vector, 158
special

~ linear group, 5

- orthogonal group, 21
- unitary group, 28
-~ projective, 219
sphere

- unit, 144

spinor group, 144
stabiliser, 37
standard torus, 252
strictly upper triangular, 81
subalgebra

- commutator, 69

- derived, 69

- Lie, 69

subfield

- central, 102
subgroup

- Borel, 18

~ generated by a subset, 144
- Lie, 187

- matrix, 15, 16

- one-parameter, 57
- translation, 19
unipotent, 18

- upper triangular, 18
submanifold, 186
subset

- clopen, 17

- closed, 8
supremum norm, 6
symmetric

- group, 153

- matrices, related, 227

- real bilinear form, 87

- skew, 26

symplectic

- form, 26, 229

- geometry, 26

~ group, 27, 121

- group, quaternionic, 121
- group, real, 27

tangent space, 71, 184
timelike vector, 158
topological

~ generator, 206, 254
- group, 12

- Space

-- compact, 13
topology

- product, 11

- quotient, 33, 212
torus

- maximal, 251, 255
-~ of rank r, 252

- standard, 252
translation subgroup, 19
transpose, 20

trivial centre, 70

unimodular, 4
~ group, §

- matrix, 4
union

- disjoint, 21
unipotent

- matrix, 18

- subgroup, 18
unit sphere, 144
unitary

- group, 27

- - projective, 219
universal property, 132
- of a Clifford algebra, 132

~ of the quotient topology, 213

upper triangular
-~ matrix, 18, 171
- strictly, 81

- subgroup, 18

vector product, 68

Weyl group, 260, 292



