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Preface

This book is written by the experts in the transient wave propagation first of all for
all those who are interested in this field: graduate students, PhD candidates, pro-
fessors, scientists, researchers in various industrial and government institutes, and
engineers. The book could be considered not only as a graduate textbook, but also
as a guide for those working or interested in solving dynamic problems of Applied
Mathematics, Continuum Mechanics, Stress Analysis, Civil Engineering,
Mechanical Design, and Bridge Design resulting in the propagation of the transient
waves.

The book presents the theory of discontinuities and the theory of ray expansions
as applied to pre-stressed spatially curved thin-walled beams of open profile,
because they are extensively used as structural components in different structures
in civil, mechanical and aeronautical engineering fields. These structures have to
resist dynamic loads such as wind, traffic and earthquake loadings, so that the
understanding of the dynamic behavior of the structures becomes increasingly
important.

Moreover, the increasing use of curved thin-walled beams in highway bridges
and aircraft has resulted in considerable effort being directed toward developing
accurate methods for analyzing the dynamic behaviour of such structures. Curved
members in modern bridges and architectural structures continue to predominate
because of emphasis on aesthetics and transportation alignment restrictions in
metropolitan areas.

The reader is assumed to be familiar with the classical dynamic theory of
elasticity, and a preliminary elemental knowledge in wave surfaces of disconti-
nuity and conditions of compatibility on these surfaces is helpful. In one of the
universities, where we were delivering a presentation about the dynamic response
of thin-walled beams of open profile, we were asked if the conditions of com-
patibility adopted in our approach were the Beltrami–Michell compatibility con-
ditions in strains. We did not answer this ‘dilettante question’ last time, but further,
after some conversation, we have decided to write a book which could be a guide
in the field. That is why at the end of this book we place in Chap. 6 brief but main
data about the surfaces of strong discontinuity and the compatibility conditions.
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However, the readers, who want to study the theory of discontinuities in more
detail, are referred to the book by Thomas (1961) Plastic Flow and Fracture in
Solids, Academic Press, New York.

The second stumbling block for some readers could be the theory of thin-walled
beams of open section which abounds with such new terms as ‘flexural-torsional’
moment, ‘bimoment’, ‘warping of the cross section’, ‘sectorial area’, and others.
This theory was pioneered by Vlasov in his Thin-Walled Elastic Beams published
first in Russian in 1940 and then in English in 1961, where he explained in detail
all these new phenomena which are characteristic of thin-walled beams of open
profile as compared with simple beams. It seems likely that for a present-day
young Western reader the Vlasov theory is known after the book by Gjelsvik
(1981) Theory of Thin Walled Bars, Wiley, New York.

This book comprises six chapters. The motivation of its writing is discussed in
Introduction. Chapter 2 presents the analytical review of the existing dynamic
technical theories of thin-walled beams of open profile. The new theory dealing
with the transient wave propagation in pre-stressed spatially curved thin-walled
beams of open profile is suggested in Chap. 3. Chapter 4 treats the impact
response of this walled beams, since the proposed theory is well suited for solving
the problems of shock interactions.

The authors express their gratitude to Professor Holm Altenbach of the
Otto-von-Guericke-Universität Magdeburg and Professor Andreas Oechsner of
the Technical University of Malaysia for their suggestion and encouragement to
submit this book for publication in the Springer Brief series.

This work could not be completed and the book would not be written without
the financial support from the Russian Foundation for Basic Research and the
Russian Ministry of Science and Education (within the framework of the Ana-
lytical Institutional Aimed Programme ‘‘Development of Research Potential of
Educational Institutions 2009–2011’’), what is greatly appreciated by the authors.

Voronezh, March 2011 Yury Rossikhin
Marina Shitikova
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Chapter 1
Introduction

The Vlasov theory [1] was elaborated more than 70-years ago for static analysis of
straight thin-walled beams of open profile. However among a large body of sets of
equations, which appeared during these years and which are intended to describe
the dynamic response of thin-walled beams of open section, only a small percent
fits the following simple requirements: hyperbolicity, and physical justification. At
first glance it would seem that it is easy to match these requirements, but this is not
the case. The authors of this book have suggested a special criterion which allows
one to analyze quickly the sets of equations describing the dynamic behaviour of
thin-walled beams of open profile, as well as to reveal their merits and demerits.

The first set of equations describing the dynamic response of straight thin-
walled beams of open section was suggested by Vlasov [1]. In these equations, the
rotary inertia was taken into account in a similar way as it was done by Rayleigh
for a simple beam. However, as it would be shown below, such a set of equation
falls into contradiction with the physical meaning. Dynamic equations for thin-
walled beams proposed later consider both the rotary inertia and transverse shear
deformation. Although for the beams of solid section, as it was shown by
Timoshenko [2], the consideration for these two factors is essential for creating the
physically justified hyperbolic dynamic equations, it turns out that it is not suffi-
ciently advanced for describing the dynamic behaviour of thin-walled beams.

The third significant step on the road to developing the physically justified
hyperbolic set of equations for thin-walled beams of open section was the paper by
Gol’denveizer [3], wherein he suggested, instead of the Vlasov hypothesis about
the warping of the cross section as the first derivative in the longitudinal coordi-
nate of the rotation angle around the centroidal axis, to consider the warping as the
independent function.

As it is shown in this book, only the consideration of three enumerated
hypotheses at a time, which were proposed by four coryphaei in mechanics of
solids, namely: Rayleigh, Timoshenko, Vlasov, and Gol’denveizer, allows one to
derive the physically justified hyperbolic set of equations for thin-walled beams of

Y. A. Rossikhin and M. V. Shitikova, Dynamic Response of Pre-Stressed Spatially
Curved Thin-Walled Beams of Open Profile, SpringerBriefs in Applied Sciences
and Technology, DOI: 10.1007/978-3-642-20969-7_1, � Yury A. Rossikhin 2011
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open section. Such a set of equations was obtained in 1974 by Korbut and Lazarev
[4]. Their paper has gone astray in the Lethean streams, and nobody of present-day
researchers has cited it although some of them utilize the similar equations.

This story could be finished at this point if it were not for one circumstance.
The sets of physically justified and hyperbolic equations determine one longitu-
dinal wave propagating with the velocity of the longitudinal wave in a thin rod and
three or four transverse waves, the velocities of which depend on the geometrical
characteristics of thin-walled beams of open profile. This brings up two questions.
The first one is how determine experimentally the velocities of the transverse
waves which depend essentially on the choice of the tested beams. The second
question bears some philosophical nature: whether it is possible to develop such a
theory of dynamic behaviour of thin-walled beams which admits the propagation
only of two waves with the velocities depending only on elastic constants.

As an answer to the second question, we want the suggest to our readers a novel
theory, which is based on the three-dimensional equations of elasticity and on the
theory of discontinuities and which satisfies the three hypotheses formulated
above. To the authors’ knowledge, this theory is unique and has no analogs.

References

1. V.Z. Vlasov, Thin-walled elastic beams. (Published for the National Science Foundation,
Washington, 1961)

2. S.P. Timoshenko, Vibration problems in engineering. (Van Nostrand, New York, 1928)
3. A.L. Gol’denveizer, To the theory of thin-walled beams (in Russian). Prikl. Mat. Mekh. 13,

561–596 (1949)
4. B.A. Korbut, V.I. Lazarev, Equations of flexural-torsional waves in thin-walled bars of open

cross section. Int. Appl. Mech. 10, 640–644 (1974)
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Chapter 2
Engineering Theories of Thin-Walled
Beams of Open Section

Abstract The analytical review of the existing dynamic technical theories of thin-
walled beams of open profile is carried out, from which it follows that all papers in
the field can be divided into three groups. The papers, wherein the governing set of
equations is both hyperbolic and correct from the viewpoint of the physically
admissible magnitudes of the velocities of the transient waves resulting from these
equations, fall into the first category. The second category involves the articles
presenting hyperbolic but incorrect equations from the above mentioned view-
point, i.e. resulting in incorrect magnitudes of the transient waves. The papers
providing the governing system of equations which are not hyperbolic fall into the
third group. The simple but effective procedure for checking for the category,
within which this or that paper falls in, has been proposed and illustrated by
several examples. It has been shown that only the theories of the first group, such
as the Korbut–Lazarev theory, could be used for solving the problems dealing with
transient wave propagation, while the theories belonging to the second and third
group could be adopted for static problems only.

Keywords Thin-walled beam of open section � Vlasov theory � Gol’denveizer
approach � Korbut–Lazarev equations

2.1 Review of Dynamic Engineering Theories of Thin-Walled
Beams of Open Section

Thin-walled beams of open section are extensively used as structural components
in different structures in civil, mechanical and aeronautical engineering fields.
These structures have to resist dynamic loads such as wind, traffic and earthquake
loadings, so that the understanding of the dynamic behavior of the struc-
tures becomes increasingly important. Ship hulls are also can be modelled as

Y. A. Rossikhin and M. V. Shitikova, Dynamic Response of Pre-Stressed Spatially
Curved Thin-Walled Beams of Open Profile, SpringerBriefs in Applied Sciences
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thin-walled girders during investigation of hydroelastic response of large container
ships in waves [1].

The classical engineering theory of thin-walled uniform straight and horizontally
curved beams of open cross-section was developed by Vlasov [2] in the early 1960s
without due account for rotational inertia and transverse shear deformations [3]. The
Vlasov theory is the generalization of the Bernoulli-Navier law to the thin-walled
open section beams by including the sectorial warping of the section into account by
the law of sectorial areas, providing that the first derivative of the torsion angle with
respect to the longitudinal axis serves as a measure of the warping of the section.
Thus, this theory results in the four differential equations of free vibrations of a thin-
walled beam with an open inflexible section contour of arbitrary shape. For the case
of a straight beam, the first second-order equation determines, independently of the
other three and together with the initial and boundary conditions, the longitudinal
vibrations of the beam. The remaining three fourth-order differential equations form
a symmetrical system which, together with the initial and boundary conditions
determines the transverse flexural-torsional vibrations of the beam (see page 388 in
[2]). In the case of a curved beam, all four equations are coupled. However, as it will
be shown later on following [4], Vlasov’s equations are inappropriate for use in the
problems dealing with the transient wave propagation.

Many researchers have tried to modify the Vlasov theory for dynamic analysis
of elastic isotropic thin-walled beams with uniform cross-section by including into
consideration the rotary inertia and transverse shear deformations [5–22], and/or
by taking into consideration thin-walled beams of variable open section [23, 24],
and/or investigating composite beams [25–27], and/or considering coupled
bending–torsional vibration of axially loaded thin-walled beams [7, 14, 28, 29].

The increasing use of curved thin-walled beams in highway bridges and aircraft
has resulted in considerable effort being directed toward developing accurate
methods for analyzing the dynamic behaviour of such structures [30–36]. Curved
members in modern bridges and architectural structures continue to predominate
because of emphasis on aesthetics and transportation alignment restrictions in
metropolitan areas.

It is well known that Timoshenko [37] in order to generalize the Bernoulli–
Euler beam model has introduced two distinct functions, namely: the deflection of
the centroid of the cross-section and the rotation of the normal to the cross-section
through the centroid, i.e., he considered the transverse shear angle to be the
independent variable. This starting point was the basis for the derivation of a set of
two hyperbolic differential equations describing the dynamic behavior of a beam,
resulting in the fact that two transient waves propagate in the Timoshenko beam

with finite velocities: the longitudinal wave with the velocity equal to GL ¼
ffiffiffiffiffiffiffiffiffi

E=q
p

; and the wave of transverse shear with the velocity equal to GT ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

Kl=q
p

;

where E and l are the elastic moduli, q is the density, and K is the shear coefficient
which is weakly dependent on the geometry of the beam [38].

Many of the up-to-date technical articles involve the derivation of the equations
which, from the authors viewpoint, should describe the dynamic behavior of

4 2 Engineering Theories of Thin-Walled Beams of Open Section



thin-walled beams of the Timoshenko type [6–10, 13-15, 19, 21]. Moreover,
practically in each such paper it is written that such equations are novel, and no
analogs were available previously in scientific literature [6, 8, 9, 14, 19].

All papers in the field can be divided into three groups. The papers, wherein the
governing set of equations is both hyperbolic and correct from the viewpoint of the
physically admissible magnitudes of the velocities of the transient waves resulting from
these equations, fall into the first category, i.e. the velocity of the longitudinal wave is

GL ¼
ffiffiffiffiffiffiffiffiffi

E=q
p

;while the velocities of the three transverse shear waves, in the general
case of arbitrary cross sections of thin-walled beams with open profile, depend
essentially of the geometry of the open section beam [9, 12 , 18]. There are seven
independent unknowns in the displacement field in the general case if only primary
warping is included into consideration [12], or with additional three generalized
displacements describing the variation of the secondary warping due to non-uniform
bending and torsion [9], or with additional three variables describing a ‘‘complete
homogeneous deformation of the microstructure’’ [18]. As this takes place, different
authors obtain different magnitudes for the velocities of transverse shear waves.

The second category involves the articles presenting hyperbolic but incorrect
equations from the above mentioned viewpoint, i.e. resulting in incorrect magni-
tudes of the transient waves. This concerns, first of all, the velocity of the longi-

tudinal waves which should not deviate from GL ¼
ffiffiffiffiffiffiffiffiffi

E=q
p

; nevertheless, there are
some examples [16] where such a situation takes place. Secondly, in some papers
one can find equations looking like hyperbolic ones [7, 19, 21, 39] but from which
it is impossible to obtain the velocity, at least, of one transient wave at all. In such
papers, usually six generalized displacements are independent (for monosym-
metric cross sections they are four, and two in the case of bisymmetric profiles)
while warping is assumed to be dependent on the derivative of the torsional
rotation with respect to the beam axial coordinate [19, 21], or is neglected in the
analysis [7, 39]. In other words, there is a hybrid of two approaches: Timoshenko’s
beam theory [37] and Vlasov’s thin-walled beam theory [2], some times resulting
in a set of equations wherein some of them are hyperbolic, while others are not.
Thirdly, not all inertia terms are included into consideration.

The papers providing the governing system of equations which are not
hyperbolic belong to the third group [6, 8, 10]. In such papers, the waves of
transverse shear are the diffusion waves possessing infinitely large velocities, and
therefore, from our point of view, the dynamic equations presented in [6, 8, 10]
cannot be named as the Timoshenko type equations.

2.2 Procedure for Defining the Correctness
of Engineering Approaches

Checking for the category, within which this or that paper falls in, is carried out
rather easily if one uses the following reasoning proposed by Rossikhin and
Shitikova [4].

2.1 Review of Dynamic Engineering Theories 5



Suppose that the given governing set of equations is the hyperbolic one. Then
as a result of non-stationary excitations on a beam, transient waves in the
form of surfaces of strong or weak discontinuity are generated in this beam
(see Chap. 6 for details). We shall interpret the wave surface as a limiting layer
with the thickness h, inside of which the desired field Z changes monotonically
and continuously from the magnitude Zþ to the magnitude Z�: Now we can
differentiate the set of equations n times with respect to time t, then rewrite it
inside the layer, and change all time-derivatives by the derivatives with respect
to the axial coordinate z using the one-dimensional condition of compatibility
(see Sect. 6.2)

ð�1ÞnZ;ðnÞ ¼ Gn onZ

ozn
þ
X

n�1

m¼0

ð�1Þmþ1 n!

m!ðn� mÞ!
dn�mZ;ðmÞ

dtn�m
; ð2:1Þ

where G is the normal velocity of the limiting layer, d=dt is the Thomas
d-derivative [40], and Z;ðkÞ ¼ okZ=otk:

Integrating the resulting equations n times with respect to z, where n is the order
of the highest z-derivative, writing the net equations at z ¼ �h=2 and z ¼ h=2; and
taking their difference, we are led at h! 0 to the relationships which involve the
discontinuities in the desired field ½Z� ¼ Zþ � Z� and which are used for deter-
mining the velocities of the transient waves, i.e. the magnitude of G, what allows
one to clarify the type of the given equations.

If the values entering in the governing equations could not experience the
discontinuity during transition through the wave surface, generalized displace-
ments as an example, then in this case the governing set of equations should be
differentiated one time with respect to time in order to substitute the generalized
displacements by their velocities. Thus, after the procedure described above, the
governing equations will involve not the discontinuities in the desired values Z but
the discontinuities in their time-derivatives, i.e. ½ _Z� ¼ ðoZ=otÞþ � ðoZ=otÞ�:

Using the procedure described above, it can be shown that the correct hyper-
bolic set of equations taking shear deformation due to bending and coupled
bending torsion was suggested by Aggarwal and Cranch [5], but their theory is
strictly applied only to a channel-section beam.

It seems likely that for a straight elastic thin-walled beam with a generic open
section this problem was pioneered in 1974 by Korbut and Lazarev [12], who
generalized the Vlasov theory by adopting the assumptions proposed in 1949 by
Gol’denveizer [41] that the angles of in-plane rotation do not coincide with the
first derivatives of the lateral displacement components and, analogously, warping
does not coincide with the first derivative of the torsional rotation. It should be
emphasized that it was precisely Gol’denveizer [41] who pioneered in combining
Timoshenko’s beam theory [37] and Vlasov thin-walled beam theory [2] (note that
the first edition of Vlasov’s book was published in Moscow in 1940) and who
suggested to characterize the displacements of the thin-walled beam’s cross-
section by seven generalized displacements. It is interesting to note that the
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approach proposed by Gol’denveizer [41] for solving static problems (which has
being widely used by Russian researchers and engineers since 1949) was
re-discovered approximately 50 years later by Back and Will [42], who have
inserted it in finite element codes.

The set of seven second-order differential equations with due account for
rotational inertia and transverse shear deformations derived in [12] using the
Reissner’s variational principle really describes the dynamic behavior of a straight
beam of the Timoshenko type and has the following form:

the equations of motion

qIx _Bx �Mx;z þ Qyx ¼ 0;

qIy _By �My;z � Qxx ¼ 0;

qIx _W� B;z � Qxy ¼ 0;

qF _vz � N;z ¼ 0;

ð2:2Þ

qF _vx þ qayF _U� Qxx;z ¼ 0;

qF _vy � qaxF _U� Qyx;z ¼ 0;

qIp
_Uþ qayFx � qaxF _vy � ðQxy þ HÞ;z ¼ 0;

ð2:3Þ

the generalized Hook’s law

_Mx ¼ EIxBx;z;

_My ¼ EIyBy;z;

_B ¼ EIxW;z;

_N ¼ EFvz;z;

ð2:4Þ

lðvx;z � ByÞ ¼ ky
_Qxx þ kxy

_Qyx þ kyx
_Qxy;

lðvy;z þ BxÞ ¼ kxy
_Qxx þ kx

_Qyx þ kxx _Qxy;

lðU;z�WÞ ¼ kyx
_Qxx þ kxx

_Qyx þ kx
_Qxy;

_H ¼ lIkU;z ;

ð2:5Þ

where q is the beam’s material density, F is the cross-section area, x is the
sectorial coordinate, Ix and Iy are centroidal moments of inertia, Ix is the sectorial
moment of inertia, Ip is the polar moment of inertia about the flexure center A, Ik is
the moment of inertia due to pure torsion, ax and ay are the coordinates of the

flexural center, E and l are the Young’s and shear moduli, respectively, Bx ¼ _bx;

By ¼ _by; U ¼ _u; bx; by and u are the angles of rotation of the cross section about

x-, y- and z-axes, respectively, W ¼ _w; w is the warping function, vx; vy; vz are the
velocities of displacements of the flexural center, u, v, and w, along the central
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principal axes x and y and the longitudinal z-axis, respectively, Mx and My are the
bending moments, B is the bimoment, N is the longitudinal (membrane) force, Qxx

and Qyx are the transverse forces, H is the moment of pure torsion, Qxy is the
bending-torsional moment from the axial shear forces acting at a tangent to the
contour of the cross section about the flexural center, overdots denote the time
derivatives, and the index z after a point defines the derivative with respect to the
z-coordinate.

In (2.5), kx; ky; kx; kxx; kyx; and kxy are the cross-sectional geometrical
characteristics which take shears into consideration:

kx ¼
1
I2
x

Z

F

S2
x

d2
s

dF; ky ¼
1
I2
y

Z

F

S2
y

d2
s

dF; kx ¼
1
I2
x

Z

F

S2
x

d2
s

dF;

kxx ¼
1

IxIx

Z

F

SxSx

d2
s

dF; kyx ¼
1

IyIx

Z

F

SySx

d2
s

dF; kxy ¼
1

IxIy

Z

F

SxSy

d2
s

dF;

ð2:6Þ

where Sx; Sy; and Sx are the axial and sectorial static moments of the intercepted
part of the cross section, and ds is the width of the web of the beam.

Note that 25 years later the shear coefficients (2.6) were re-derived by means of
the Reissner principle in [10].

2.2.1 Velocities of Transient Waves in Thin-Walled Beams
of Open Section due to the Korbut–Lazarev Theory
and Its Generalizations

To show that the set of Eqs. 2.2–2.5 governs three transient shear waves which
propagate with the finite velocities depending on the geometrical characteristics of
the thin-walled beam (2.6), we can use the approach suggested above. If we write
(2.2)–(2.5) inside the layer and apply the condition of compatibility (2.1) at n ¼ 1;
as a result, we find [20]

�qIxG½Bx� � ½Mx� ¼ 0;

�qIyG½By� � ½My� ¼ 0;

�qIxG½W� � ½B� ¼ 0;

�qFG½vz� � ½N� ¼ 0;

ð2:7Þ

�qFG½vx� � qFGay½U� � ½Qxx� ¼ 0;

�qFG½vy� þ qFGax½U� � ½Qyx� ¼ 0;

�qIpG½U� � qFGay½vx� þ qFGax½vy� � ½Qxy� � ½H� ¼ 0;

ð2:8Þ
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�G½Mx� ¼ EIx½Bx�;
�G½My� ¼ EIy½By�;
�G½B� ¼ EIx½W�;
�G½N� ¼ EF½vz�;

ð2:9Þ

l½vx� ¼ �Gky½Qxx� � Gkxy½Qyx� � Gkyx½Qxy�;
l½vy� ¼ �Gkxy½Qxx� � Gkx½Qyx� � Gkxx½Qxy�;
l½U� ¼ �Gkyx½Qxx� � Gkxx½Qyx� � Gkx½Qxy�;
�G½H� ¼ lIk½U�:

ð2:10Þ

Eliminating the values ½Mx�; ½My�; [B] and [N] from (2.7) and (2.9), we obtain
the velocity of the longitudinal-flexural-warping wave

G4 ¼
ffiffiffiffiffiffiffiffiffiffiffi

Eq�1
p

; ð2:11Þ

on which ½Bx� 6¼ 0; ½By� 6¼ 0; ½W� 6¼ 0; and ½vz� 6¼ 0; while ½vx� ¼ ½vy� ¼ ½U� ¼ 0:
Eliminating the values ½Qxx�; ½Qyx�; ½Qxy�; and [H] from (2.8) and (2.10),

we arrive at the system of three linear homogeneous equations:

X

3

j¼1

aij½vj� ¼ 0 ði; j ¼ 1; 2; 3Þ; ð2:12Þ

where ½v1� ¼ ½vx�; ½v2� ¼ ½vy�; ½v3� ¼ ½U�;

a11 ¼ qFG2ðky þ aykyxÞ � l; a12 ¼ qFG2ðkxy � axkyxÞ;
a13 ¼ qFG2ðayky � axkxyÞ þ kyxðqIpG2 � lIkÞ;
a21 ¼ qFG2ðkxy þ aykxxÞ; a22 ¼ qFG2ðkx � axkxxÞ � l;

a23 ¼ qFG2ðaykxy � axkxÞ þ kxxðqIpG2 � lIkÞ;
a31 ¼ G2ðkyx þ aykxÞ; a32 ¼ qFG2ðkxx � axkxÞ;
a33 ¼ qFG2ðaykyx � axkxxÞ þ kxðqIpG2�kÞ � l:

Setting determinant of the set of Eq. 2.12 equal to zero

jaijj ¼ 0; ð2:13Þ

we are led to the cubic equation governing the velocities G1; G2; and G3 of
three twisting-shear waves, on which only the values ½vx�; ½vy� and ½U� are nonzero
such that

½vx� ¼ c½U�; ½vy� ¼ d½U�; ð2:14Þ
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where

c ¼ a23a12 � a13a22

a11a22 � a12a21
; d ¼ a13a21 � a23a11

a11a22 � a12a21
:

If the beam has the central symmetry, then the flexural center coincides with the
center of symmetry, i.e. ax ¼ ay ¼ 0; and the parameters kxx and kyx vanish.
In this case, the third equation from the system of Eq. 2.12 determines the velocity
of the twisting wave [20]

G1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lð1þ IkkxÞðqIpkxÞ�1
q

; ð2:15Þ

on which only the value ½U� 6¼ 0; but the first and second equations of (2.12) have
the form

a0
11½vx� þ a0

12½vy� ¼ 0;

a0
21½vx� þ a0

22½vy� ¼ 0;
ð2:16Þ

where a0
ij ¼ aijjax¼ay¼0 ði ¼ 1; 2Þ:

Setting determinant of the set of Eq. 2.16 equal to zero,

a0
11 a0

12
a0

21 a0
22

�

�

�

�

�

�

�

�

¼ 0

we are led to the biquadratic equation governing the velocities G2 and G3 of two
shear waves

G2;3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l
2qF

kx þ ky �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðkx � kyÞ2 þ 4k2
xy

q

q2
xy

v

u

u

t

; ð2:17Þ

where qxy ¼ kxky � k2
xy: On these waves only the values ½vx� and ½vy� are nonzero

such that ½vx� ¼ h½vy�; where h ¼ �a0
12=a0

11:

If the beam has the plane of symmetry containing, for example, the y-axis, then
the parameters ax; kxy and kxx vanish. In this case, the second equation from the
system of Eq. 2.12 determines the velocity of the shear wave

G3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðkxqFÞ�1
q

; ð2:18Þ

on which only the value ½vy� 6¼ 0; but the first and third equations of (2.12) have
the form

a11½vx� þ a0
13½U� ¼ 0;

a31½vx� þ a0
33½U� ¼ 0;

ð2:19Þ

where a0
13 ¼ a13jax¼0; and a0

33 ¼ a33jax¼0:
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Setting determinant of the set of Eq. 2.19 equal to zero,

a11 a0
13

a31 a0
33

�

�

�

�

�

�

�

�

¼ 0

we are led to the biquadratic equation governing the velocities G1 and G2 of two
twisting-shear waves

G1;2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l
2qFIzqyx

�

q1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q2
1 � q2

q

�

s

; ð2:20Þ

where qyx ¼ kykx � k2
yx; q1 ¼ kxIp þ IkFqyx þ Fðky þ 2aykyxÞ; q2 ¼ 4FIzð1þ

kxIkÞ; Iz ¼ Ix þ Iy: On these waves only the values ½vx� and ½U� are nonzero such
that ½vx� ¼ v½U�; where v ¼ �a0

13=a11:
For the bisymmetrical beam, the values ax; ay; kxy; kxx; and kyx vanish. In this

case, the set of (2.12) becomes the three independent equations defining the
velocities of two shear waves

G2 ¼
ffiffiffiffiffiffiffiffiffiffi

l
qFky

r

; G3 ¼
ffiffiffiffiffiffiffiffiffiffi

l
qFkx

r

; ð2:21Þ

and one twisting wave

G1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lð1þ kxIkÞ
qIpkx

s

; ð2:22Þ

on which ½vx�; ½vy�; and ½U� are nonzero, respectively.
It is strange to these authors that the Korbut and Lazarev theory [12] appeared

in 1974 is absolutely unaware to the international mechanics community, in spite
of the fact that it was published in the Soviet academic journal which is available
in English due to translation made by Springer.

The Korbut–Lazarev theory [12], which provides the physically admissible
velocities of propagation of transient waves, was generalized in [20] taking the
extension of the thin-walled beam’s middle surface into account.

Nine years later after the appearance of [12], Muller [18] suggested the theory
(which generalized the Korbut–Lazarev approach [12]), wherein the additional
deformations of two lateral contractions and the so-called effect of distortion shear
were taken into consideration. This allowed the author to receive correctly the
velocity of the longitudinal-flexural-warping wave (2.11), three velocities of the
transverse shear waves due to coupled flexural translational-torsional motions,
which strongly depend of the geometry of the beam’s cross section as in the case of
(2.13) defined by the Korbut-Lazarev theory [12], and the wave of pure shear due to

lateral distortion deformation, which propagates with the velocity GT ¼
ffiffiffiffiffiffiffiffi

l=q
p

:

One more example of the correct generalization of the Timoshenko beam model
to an open section thin-walled beam is the approach proposed in [9, 13] in the early
1990s. Once again it is the generalization of the Korbut-Lazarev theory [12],
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since three additional deformations describing the secondary warping due to non-
uniform bending and torsion are taken into account. The hyperbolic set of ten
equations presented in [13] allows one to obtain the velocity of longitudinal-
flexural-warping wave (2.11), and three velocities of the transverse shear waves
due to coupled flexural translational-torsional motions similar to (2.13). As this
takes place, the found shear constants (see relationships (45) in [9]) coincide
completely with those of (2.6).

The presence of three [9, 12, 20] or four [18] transverse shear waves, which
propagate with different velocities dependent strongly on geometric characteristics
of the thin-walled beam, severely limits the application of such theories in solving
engineering problems. As for the experimental verification of the existence of
the three shear waves in thin-walled beams of open section, then it appears to be
hampered by the fact that the velocities of these waves depend on the choice of the
beam’s cross section.

2.2.2 Velocities of Transient Waves in Thin-Walled Beams
of Open Section due to the Vlasov Theory and Its
Modifications

Note that only inclusion into consideration of three factors, namely: shear
deformations, rotary inertia, and warping deformations as the independent
field—could lead to the correct system of hyperbolic equations of the
Timoshenko type for describing the dynamic behaviour of thin bodies.
Ignoring one of the factors or its incomplete account immediately results in
an incorrect set of governing equations.

Let us consider, as an example, the dynamic equations suggested by Vlasov
(see (1.8) in page 388 in [2]) to describe the behaviour of thin-walled straight
beams of open profile:

EF
o2f
oz2
� qF

o2f
ot2
¼ 0;

EIy
o4n
oz4
� qIy

o4n
oz2ot2

þ qF
o2n
ot2
þ ayqF

o2h
2
¼ 0;

EIx
o4g
oz4
� qIx

o4g
oz2ot2

þ qF
o2g
ot2
� axqF

o2h
ot2
¼ 0;

EIx
o4h
oz4
� lIk

o2h
oz2
� qIx

o4h
2ot2
þ qIp

o2h
2
þ ayqF

o2n
ot2
� axqF

o2g
ot2
¼ 0;

ð2:23Þ

which were obtained with due account for the rotary inertia but neglecting the
shear deformations, where f; n and g are the displacements of the flexural center
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along the central principal axes x and y and the longitudinal z-axis, respectively,
and h is the angle of the rotation about the z-axis.

If we differentiate all equations in (2.23) one time with respect to time, and then
apply to them the suggested above procedure, as a result we obtain

ðqG2 � EÞ½ _f� ¼ 0;

ðqG2 � EÞ½ _n� ¼ 0;

ðqG2 � EÞ½ _g� ¼ 0;

ðqG2 � EÞ½ _h� ¼ 0:

ð2:24Þ

Reference to (2.24) shows that on the transient longitudinal wave of strong

discontinuity propagating with the velocity GL ¼
ffiffiffiffiffiffiffiffiffi

E=q
p

; not only the velocity of
longitudinal displacement f experiences discontinuity but the velocities of trans-
verse displacements n and g as well, what is characteristic for the transient
transverse shear wave of strong discontinuity. Therefore, the set of Eq. 2.23 could
not be considered as a correct hyperbolic set of equations. In other words, the
values connected with the phenomenon of shear propagate with the velocity GL;
what falls into contradiction with the physical sense, and thus the Vlasov theory is
applicable only for the static problems.

Note that for a rod of a massive cross-section the account only for the rotary
inertia was made for the first time by Lord Rayleigh in his Theory of Sound in the
form of a mixed derivative of the displacement with respect to time and coordinate.

If we exclude from (2.23) the terms responsible for the rotary inertia, i.e.

qIy
o4n

oz2ot2 ; qIx
o4g

oz2ot2 ; and qIx o4h
oz2ot2 ; then we obtain the equations describing the

dynamic behaviour of the Bernoulli-Euler beams. In such beams, the velocity of
the propagation of the transient transverse shear wave of strong discontinuity is
equal to infinity.

The second example is not mere expressive. Let us consider the set of equations
suggested by Meshcheriakov [16] for describing the straight thin-walled beam of
open bisymmetric profile

EIy
o4by

4
� qIy

o4by
2ot2
þ qF

o2by
2
þ 2ð1þ mÞ Sxx

Iy
qF

o4by

oz2ot2
¼ 0;

EIx
o4bx

oz4
� qIx

o4bx

oz2ot2
þ qF

o2bx

ot2
þ 2ð1þ mÞ Syy

Ix
qF

o4bx

oz2ot2
¼ 0;

EIx
o4w
oz4
� qIx

o4w
oz2ot2

� qIk
o2w
oz2
þ qIp

o2w
ot2
þ 2ð1þ mÞ Sxx

Ix

o4w
oz2ot2

� �

¼ 0;

ð2:25Þ

where bx and by are the angles of rotation around the main transverse axes, w is the
warping of the cross section, Sxx; Syy; and Sxx are shear coefficients [16], and m is
the Poisson’s ratio.
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If we differentiate all equations from (2.25) one time with respect to time t and
then apply to them the procedure described above, as a result we obtain

Iy E � qG2 1� 2ð1þ mÞ Sxx

I2
y

F

" #( )

½ _by� ¼ 0;

Ix E � qG2 1� 2ð1þ mÞ Syy

I2
x

F

� �� 	

½ _bx� ¼ 0;

Ix E � qG2 1� 2ð1þ mÞ Sxx

I2
x

Ip

� �� 	

½ _w� ¼ 0:

ð2:26Þ

Reference to (2.26) shows that absolutely absurd velocities of three transient
longitudinal waves of strong discontinuity

G1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Eq�1 1� 2ð1þ mÞ Sxx

I2
y

F

" #�1
v

u

u

t ;

G2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Eq�1 1� 2ð1þ mÞ Syy

I2
x

F

� ��1
s

;

G3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Eq�1 1� 2ð1þ mÞ Sxx

I2
x

Ip

� ��1
s

ð2:27Þ

are obtained.
However if the rotary inertia is considered sequentially, as it was done by

Timoshenko in Vibration Problems in Engineering [37], then the additional terms

�2ð1þ mÞ Sxx

Iy
qF qE�1 o4by

ot4
;

�2ð1þ mÞ Syy

Ix
qF qE�1 o4bx

ot4
;

�2ð1þ mÞ Sxx

Ix
qIp qE�1 o4w

ot4
;

ð2:28Þ

will enter in (2.25) as it is in [17], which could remedy all velocities of transient
longitudinal waves, since the procedure suggested in [4] and described above in
Sect. 2.2 transforms the additional terms (2.28) to the form

�2ð1þ mÞ Sxx

I2
y

qF qE�1 G4½ _by�;

�2ð1þ mÞ Syy

I2
x

qF qE�1 G4½ _bx�;

�2ð1þ mÞ Sxx

I2
x

qIp qE�1 G4½ _w�:

ð2:29Þ
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Relationships (2.29) will be added, respectively, in Eq. 2.26, and will transform
them, in their turn, to the form

ðE � qG2Þ 1þ 2ð1þ mÞ Sxx

I2
y

E�1FqG2

" #

½ _by� ¼ 0;

ðE � qG2Þ 1þ 2ð1þ mÞ Syy

I2
x

E�1FqG2

� �

½ _bx� ¼ 0;

ðE � qG2Þ 1þ 2ð1þ mÞ Sxx

I2
x

E�1IpqG2

� �

½ _w� ¼ 0;

ð2:30Þ

whence it follows that the velocity of the longitudinal wave of strong discontinuity

is equal to GL ¼
ffiffiffiffiffiffiffiffiffi

E=q
p

; what matches to the reality.
It should be noted also that a reader could even find such papers in the field

which are apparently false. Thus, the following set of equations is presented in [19]
(it is written below in the notation adopted in Sect. 2.2.1 for convenience):

EFw00 � qF€w ¼ 0;

kxlFðu00 � b0yÞ � qF€u� qayF€u ¼ 0;

kylFðv00 þ b0xÞ � qF€vþ qaxF€u ¼ 0;

EIxb
00
x � kylFðv0 þ bxÞ � qIx

€bx ¼ 0;

EIyb
00
y þ kxlFðu0 � byÞ � qIy

€by ¼ 0;

EIxu0000 � lIku
00 � qIx €u00 þ qayF€u� qaxF€vþ qIp €u ¼ 0;

ð2:31Þ

where primes denote derivatives with respect to the coordinate z, and kx and ky are
the shear correction factors in principal planes [19].

The author of [19] has declared that the system of (2.31) is responsible for
describing the transverse shear deformations and rotary inertia in a thin-walled
beam of open profile, that is to describe the dynamic response of a Timoshenko-
like beam.

But this set of equations is not even correct one, and thus it could not
describe the dynamic behaviour of the thin-walled Timoshenko-like beam.
Really, applying the procedure proposed above, we can rewrite (2.31) in terms of
discontinuities

EF½vz� � qG2F½vz� ¼ 0 ;

kxlF½vx� � qG2F½vx� � qG2ayF½U� ¼ 0;

kylF½vy� � qG2F½vy� þ qG2axF½U� ¼ 0;

EIx½Bx� � qG2Ix½Bx� ¼ 0;

EIy½By� � qG2Iy½By� ¼ 0;

EIx½U� � qG2Ix½U� ¼ 0:

ð2:32Þ
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From (2.32) it follows that when ½vz� 6¼ 0; ½Bx� 6¼ 0; and ½By� 6¼ 0; i.e. on the
longitudinal wave, the velocity G is equal to the velocity of the longitudinal wave
ffiffiffiffiffiffiffiffiffi

E=q
p

: Furthermore, on the longitudinal wave, the discontinuity ½U� is also distinct
from zero, while the value ½U� should be nonzero only on the transverse wave.
Moreover, the velocity of the transverse shear wave could not be obtained from the
second and third equations of (2.32) at all.

The contradiction obtained points to the fact that (2.31) is the incorrect system
of equations, and nobody, including the author of [19], knows what phenomenon is
described by these equations.

Thus, the examples presented above have demonstrated the effectiveness of the
procedure suggested by the authors for identifying the category of the equations of
motion and its applicability for using in dynamic problems dealing with the
propagation of the transient waves in thin-walled structures.
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Chapter 3
Transient Dynamics of Pre-Stressed
Spatially Curved Thin-Walled Beams
of Open Profile

Abstract The dynamic stability with respect to small pertubations, as well as the
local damage of geometrically nonlinear elastic spatially curved open section
beams with axial precompression have been analyzed. Transient waves, which are
the surfaces of strong discontinuity and wherein the stress and strain fields expe-
rience discontinuities, are used as small pertubations, in so doing the discontinuities
are considered to be of small values. Such waves are initiated during low-velocity
impacts upon thin-walled beams. The theory of discontinuities and the method of
ray expansions, which allow one to find the desired fields behind the fronts of the
transient waves in terms of discontinuities in time-derivatives of the values to be
found, are used as the methods of solution for short-time dynamic processes.

Keywords Pre-stressed spatially curved thin-walled beam of open section � Small
transient perturbations � Surfaces of strong discontinuity � Recurrent equations of
the ray method � Ray expansions

3.1 Theory of Thin-Walled Beams Based on 3D Equations
of the Theory of Elasticity

For investigating the dynamic behaviour of thin-walled beams of open section,
we shall proceed from three-dimensional (3D) equations of isotropic elasticity
written in the Cartesian system of coordinates x1; x2; and x3:

3.1.1 Problem Formulation and Governing Equations

Let us consider a certain unperturbed equilibrium of an elastic body characterized
by the displacement vector u0

i ; stress tensor r0
ij; and the vector of volume forces X0

i

Y. A. Rossikhin and M. V. Shitikova, Dynamic Response of Pre-Stressed Spatially
Curved Thin-Walled Beams of Open Profile, SpringerBriefs in Applied Sciences
and Technology, DOI: 10.1007/978-3-642-20969-7_3, � Yury A. Rossikhin 2011
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(surface forces are absent). The characteristics of the unperturbed equilibrium state
satisfy the following geometrically nonlinear equations and boundary conditions
on the surface [1]:

fr0
jkðdik þ u0

i;kÞg; j þ X0
i ¼ 0; ð3:1Þ

r0
jkðdik þ u0

i;kÞmj ¼ 0; ð3:2Þ

where dik is the Kronecker’s symbol, mj are the components of the unit vector
normal to the boundary surface, Latin indices take on the magnitudes 1, 2, 3,
a Latin index after comma denotes the partial derivative with respect to the cor-
responding spatial coordinate x1; x2; x3; and the summation is understood over the
repeated indices.

Let us perturb the body with some small deviations from the unperturbed
equilibrium: ui; rij; Xi ¼ �q€ui; where q is the material density, and an overdot
denotes the time-derivative. The characteristic components of the perturbed

motion eui; erij; and eXi take the form

eui ¼ u0
i þ ui; erij ¼ r0

ij þ rij; eXi ¼ �q _vi; ð3:3Þ

where vi is the displacement velocity.
The components of the perturbed state satisfy the following equations and

boundary conditions:

erikðdik þ eui;kÞ
� �

; j þ eXi ¼ 0; ð3:4Þ

erjk dik þ eui;k

� �

mj ¼ 0: ð3:5Þ

Substituting (3.3) in (3.4) and (3.5), carrying out the linearization of the
resulting equations, and taking (3.1) and (3.2) into account, we find

rjk dik þ u0
i;k

� �

þ r0
jkui;k

n o

; j
¼ q€ui; ð3:6Þ

rjk dik þ u0
i;k

� �

þ r0
jkui;k

n o

mj ¼ 0: ð3:7Þ

Suppose that the unperturbed state deviates a little from the initial undeformed
state. In the majority of engineering problems the given assumption is found to be
valid. In this case, the terms u0

i;k can be neglected, and Eqs. 3.2, 3.6 and 3.7 at

r0
ij ¼ cij; where cij ði; j ¼ 1; 2; 3Þ are certain constant values (moreover, some of

them could be vanished according to the conditions of the problem under
consideration), take the following form:

rij; j þ r0
jlui;lj ¼ q _vi; ð3:8Þ

rijmj ¼ 0; ð3:9Þ
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r0
ijmj ¼ 0: ð3:10Þ

Equations 3.8–3.10 should be considered together with the relationship

_rij ¼ kvl;ldij þ l vi; j þ vj;i

� �

; ð3:11Þ

where k and l are Lam�e constants.
Suppose that the wave surface of strong discontinuity exists in a spatially

curved thin-walled beam of open section. Then let us differentiate (3.8), (3.11) and
(3.9) k times with respect to time, write them on the both sides of the wave surface,
and take their difference. As a result we obtain

rij;ðkþ1Þ
� 	

¼ k vl;lðkÞ
� 	

dij þ l vi; jðkÞ
� 	

þ vj;iðkÞ
� 	� �

; ð3:12Þ

rij;jðkÞ
� 	

þ r0
jl eil; jðk�1Þ
� 	

¼ q vi;ðkþ1Þ
� 	

; ð3:13Þ

rij;ðkÞ
� 	

mj ¼ 0; ð3:14Þ

where eij ¼ vi;j; and Z;ðkÞ
� 	

¼ okZ=otk
� �þ� okZ=otk

� ��
:

Equation 3.13 lacks the discontinuities in the external forces, since they are
continuous on the wave surface of strong discontinuity.

For the ease of further treatment, let us introduce two sets of coordinates:
k; s; n with the unit vectors k kif g; s sif g; and n nif g; and k; x, y with the unit
vectors k; k kif g; and s sif g: The axes k; s; n are the natural axes for the curved axis
of the beam, in so doing the k-axis is the tangent to the beam’s axis, the s-axis is its
binormal, the n-axis is its main normal, s is the arc length calculated from a certain
point with the coordinate s0 along the beam axis (Fig. 3.1), while the x- and y-axes
are the main central axes of the beam’s normal section. The angle uðsÞ is the angle
between the x- and s-axes and the y- and n-axes.

Fig. 3.1 Scheme of a
spatially curved linear elastic
beam of arbitrary open
cross-section
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Following [2], it can be shown that (for details see Appendix 1)

dsi

ds
¼ kiðK þ sÞ � �ki cos uðsÞ; ð3:15Þ

dki

ds
¼ �siðK þ sÞ þ �ki sin uðsÞ; ð3:16Þ

dki

ds
¼ �ki� sin uðsÞ þ si� cos uðsÞ; ð3:17Þ

where K ¼ du=ds; while �ðsÞ and sðsÞ are the curvature and the torsion of the
beam’s axis, respectively. Note that it is precisely these three values, K(s), �ðsÞ
and sðsÞ; that are of prime engineering interest in studying the spatially curved
thin-walled beams of open profile. Moreover, as it will be shown in the further
analysis, these values produce new features in the dynamic response of such beams
as compared with straight thin-walled beams of open cross-section.

Considering the conditions of compatibility (see Sect. 6.1)

rij; jðkÞ
� 	

¼ �G�1 rij;ðkþ1Þ
� 	

kj þ
d½rij;ðkÞ�

ds
kj þ

o rij;ðkÞ
� 	

ox
kj þ

o½rij;ðkÞ�
oy

sj; ð3:18Þ

eil; jðkÞ
� 	

¼ �G�1 eil;ðkþ1Þ
� 	

kj þ
d½eil;ðkÞ�

ds
kj þ

o eil;ðkÞ
� 	

ox
kj þ

o eil;ðkÞ
� 	

oy
sj; ð3:19Þ

eil;ðkÞ
� 	

¼ vi;lðkÞ
� 	

¼ �G�1 vi;ðkþ1Þ
� 	

kl þ
d vi;ðkÞ
� 	

ds
kl þ

o vi;ðkÞ
� 	

ox
kl þ

o vi;ðkÞ
� 	

oy
sl;

ð3:20Þ

as well as formulas (3.15)–(3.17), Eqs. 3.12 and 3.13 can be rewritten as

rij;ðkþ1Þ
� 	

¼ �G�1k½vl;ðkþ1Þ�kldij � G�1l ½vi;ðkþ1Þ�kj þ ½vj;ðkþ1Þ�ki

� �

þ k
d½vl;ðkÞ�

ds
kl þ

o½vl;ðkÞ�
ox

kl þ
o½vl;ðkÞ�

oy
sl


 �

dij

þ l
d½vi;ðkÞ�

ds
kj þ

d½vj;ðkÞ�
ds

ki þ
o½vi;ðkÞ�

ox
kj




þ
o½vj;ðkÞ�

ox
ki þ

o½vi;ðkÞ�
oy

sj þ
o½vj;ðkÞ�

oy
si

�

; ð3:21Þ

q½vi;ðkþ1Þ� ¼ �G�1½rij;ðkþ1Þ�kj þ
d½rij;ðkÞ�

ds
kj þ

o½rij;ðkÞ�
ox

kj þ
o½rij;ðkÞ�

oy
sj

þ G�2½vi;ðkþ1Þ�r0
kk � 2G�1d½vi;ðkÞ�

ds
r0

kk � 2G�1o½vi;ðk�1Þ�
ox

r0
kx

� 2G�1o½vi;ðk�1Þ�
oy

r0
ky þ

d2½vi;ðk�1Þ�
ds2

r0
kk þ 2

o

ox

d½vi;ðk�1Þ�
ds


 �

r0
kx
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þ 2
o

oy

d½vi;ðk�1Þ�
ds


 �

r0
ky þ

o½vi;ðk�1Þ�
ox

�ðK þ sÞr0
ky þ �r0

kk sin u
n o

þ
o½vi;ðk�1Þ�

oy
ðK þ sÞr0

kx � �r0
kk cos u

� �

þ G�1½vi;ðkÞ� �
d½vi;ðk�1Þ�

ds


 �

� r0
kx sin u� r0

ky cos u
� �

; ð3:22Þ

where r0
kk ¼ r0

ijkikj; r0
kx ¼ r0

ijkikj; and r0
ky ¼ r0

ijkisj:

Analysis of the influence of the preliminary shear stresses r0
kx and r0

ky and the

axial compression or tension stresses r0
kk and their different combinations on the

dynamic response of thin-walled rods of open profile is a very complicated
problem which is of great importance in civil engineering and bridge construction.

However, reference to Eq. 3.22 shows that the value r0
kk is multiplied by the

k ? 1-order jump and by the s-derivative of the k-order, i.e. it has a strong impact
both on the velocities of the surfaces of strong discontinuity and on the discon-
tinuities, in contrast to the values r0

kx and r0
ky which are multiplied only by the

k- and k - 1-order jumps, i.e. they exert weak effect only on the jumps. That is why,
below in Sect. 3.1.2 , we shall neglect r0

kx and r0
ky with respect to the value r0

kk:

3.1.2 Dynamic Response of Axially Pre-Stressed Spatially
Curved Thin-Walled Beams of Open Profile

Thus, assuming further that r0
kx ¼ r0

ky ¼ 0 and r0
kk 6¼ 0; from (3.22) we have

q½vi;ðkþ1Þ� ¼ �G�1½rij;ðkþ1Þ�kj þ
d½rij;ðkÞ�

ds
kj þ

o½rij;ðkÞ�
ox

kj þ
o½rij;ðkÞ�

oy
sj

þ G�2½vi;ðkþ1Þ� � 2G�1d½vi;ðkÞ�
ds

þ
d2½vi;ðk�1Þ�

ds2
þ �

o½vi;ðk�1Þ�
ox

sin u

 

� �
o½vi;ðk�1Þ�

oy
cos u

!

r0
kk:

ð3:23Þ

To satisfy Eq. 3.14, it is sufficient to put

rij;ðkÞ
� 	

kikj ¼ 0; ð3:24Þ

rij;ðkÞ
� 	

sisj ¼ 0; ð3:25Þ

rij;ðkÞ
� 	

sikj ¼ 0: ð3:26Þ
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Then the boundary surface will be free from the normal and tangential stresses.
Now we expand the value ½vi;ðkÞ� entering into (3.21) and (3.23)–(3.26) in terms

of three mutually orthogonal vectors k; k, s. As a result we obtain

vi;ðkÞ
� 	

¼ xðkÞki þ hðkÞki þ gðkÞsi; ð3:27Þ

where xðkÞ ¼ ½vi;ðkÞ�ki; hðkÞ ¼ ½vi;ðkÞ�ki; and gðkÞ ¼ ½vi;ðkÞ�si:

Suppose that for a thin-walled beam of open section the following velocity
fields (involving seven independent functions at each fixed k) are fulfilled [3]:

xðkÞ ¼xðkÞðs;s1Þ¼x0
ðkÞðsÞþ ex1x

ðkÞðsÞyðs1Þþ ex1y
ðkÞðsÞxðs1Þþ ewðkÞxAðs1Þ; ð3:28Þ

hðkÞ ¼ hðkÞðs; s1Þ ¼ h0
ðkÞðsÞ � x1k

ðkÞðsÞðyðs1Þ � ayÞ; ð3:29Þ

gðkÞ ¼ gðkÞðs; s1Þ ¼ g0
ðkÞðsÞ þ x1k

ðkÞðsÞðxðs1Þ � axÞ; ð3:30Þ

where s1 is the arc length measured along the cross-section profile from the point
M0; which corresponds to the arc length of s0

1; to the point M½xðs1Þ; yðs1Þ�; which
corresponds to the arc length of s1 (Fig. 3.2).

Gol’denveizer [3] proposed that the angles of in-plane rotation do not coincide
with the first derivatives of the lateral displacement components and, analo-
gously, warping does not coincide with the first derivative of the torsional
rotation. Thus Gol’denveizer [3] pioneered in combining Timoshenko’s beam
theory [4] and Vlasov thin-walled beam theory [5] and suggested to characterize
the displacements of the thin-walled beam’s cross-section by seven generalized
displacements.

In order to refine the structure of formula (3.28) in the case of a spatially curved
thin-walled beam, let us differentiate (3.27), which involves only the terms x0

ðkÞ; h0
ðkÞ;

and g0
ðkÞ; with respect to s with due account for (3.15)–(3.17). As a result we obtain

Fig. 3.2 Scheme of the cross
section of a thin-walled beam
with a generic open cross-
section
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d viðkÞ
� 	0

ds
¼

dx0
ðkÞ

ds
þ h0

ðkÞ� sin u� g0
ðkÞ� cos u

 !

ki

þ
dh0
ðkÞ

ds
� x0

ðkÞ� sin uþ g0
ðkÞðK þ sÞ

 !

ki

þ
dg0
ðkÞ

ds
þ x0

ðkÞ� cos u� h0
ðkÞðK þ sÞ

 !

si: ð3:31Þ

Moreover, we shall use the relationship for the discontinuity in the k-order
derivative with respect to time t of the angular velocity

XiðkÞ
� 	

¼ x1k
ðkÞki þ ex1x

ðkÞki þ ex1y
ðkÞsi: ð3:32Þ

Differentiating (3.32) with respect to s and considering (3.15)–(3.17) yields

d½XiðkÞ�
ds

¼
dx1k
ðkÞ

ds
þ ex1x

ðkÞ� sin u� ex1y
ðkÞ� cos u

 !

ki

þ
dex1x
ðkÞ

ds
� x1k

ðkÞ� sin uþ ex1y
ðkÞðK þ sÞ

 !

ki

þ
dex1y
ðkÞ

ds
þ x1k

ðkÞ� cos u� ex1x
ðkÞðK þ sÞ

 !

si: ð3:33Þ

If we suppose that transverse shear strains are absent, then we are led to the
following relationships, which are in compliance with the Vlasov theory:

ex1x
ðkÞ ¼ �

dg0
ðkÞ

ds
þ x0

ðkÞ� cos u� h0
ðkÞðK þ sÞ

 !

; ð3:34Þ

ex1y
ðkÞ ¼ �

dh0
ðkÞ

ds
� x0

ðkÞ� sin uþ g0
ðkÞðK þ sÞ

 !

; ð3:35Þ

ewðkÞ ¼ �
dx1k
ðkÞ

ds
þ ex1x

ðkÞ� sin u� ex1y
ðkÞ� cos u

 !

¼ �
dx1k
ðkÞ

ds
þ

dg0
ðkÞ

ds
� sin u�

dh0
ðkÞ

ds
� cos u

þ x0
ðkÞ�

2 sin u� h0
ðkÞ sin uþ g0

ðkÞ cos u
� �

�ðK þ sÞ: ð3:36Þ

If we now substitute (3.34)–(3.36) in (3.28), then we obtain a formula for
defining the k-order time-derivative in the discontinuity in the velocity of trans-
lation along the k-axis without account for transverse shear deformations.
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Following Gol’denveizer [3], in order to take the transverse shear deformations
into account, it is essential to substitute the derivatives dx1k

ðkÞ=ds; dg0
ðkÞ=ds; and

dh0
ðkÞ=ds by the independent functions wðkÞ; x1x

ðkÞ; and x1y
ðkÞ; respectively, i.e. to

rewrite Eqs. 3.34–3.36 as

ex1x
ðkÞ ¼ � x1x

ðkÞ þ x0
ðkÞ� cos u� h0

ðkÞðK þ sÞ
� �

; ð3:37Þ

ex1y
ðkÞ ¼ � x1y

ðkÞ � x0
ðkÞ� sin uþ g0

ðkÞðK þ sÞ
� �

; ð3:38Þ

ewðkÞ ¼ � wðkÞ þ ex1x
ðkÞ� sin u� ex1y

ðkÞ� cos u
� �

¼ �wðkÞ þ x1x
ðkÞ� sin u� x1y

ðkÞ� cos u

þ x0
ðkÞ�

2 sin u� h0
ðkÞ sin uþ g0

ðkÞ cos u
� �

�ðK þ sÞ: ð3:39Þ

As a result, instead of formula (3.28), we obtain

xðkÞðs; s1Þ ¼ x0
ðkÞðsÞ � x1x

ðkÞðsÞ þ x0
ðkÞ� cos u� h0

ðkÞðK þ sÞ
h i

yðs1Þ

� x1y
ðkÞðsÞ � x0

ðkÞ� sin uþ g0
ðkÞðK þ sÞ

h i

xðs1Þ

þ �wðkÞðsÞ þ x1x
ðkÞðsÞ� sin u� x1y

ðkÞðsÞ� cos uþ x0
ðkÞ�

2 sin 2u
h

� h0
ðkÞ sin uþ g0

ðkÞ cos u
� �

�ðK þ sÞ
i

xAðs1Þ: ð3:40Þ

Formulas (3.29) and (3.30) remain unchanged.
If we put K ¼ � ¼ s ¼ 0 in (3.40), then we are led to the case of a straight thin-

walled rod of open profile.
In further treatment we will use formulas (3.28)–(3.30), but in the final

relationships we will carry out the substitution of the values ewðkÞ; ex
1x
ðkÞ; and ex1y

ðkÞ
by their magnitudes defined by formulas (3.37)–(3.39).

At k ¼ 0; the values entering in (3.29), (3.30) and (3.40) have the following
physical meaning: x0

ð0ÞðsÞ; h0
ð0ÞðsÞ and g0

ð0ÞðsÞ are the discontinuities in the

velocities of translatory motion of the section as a rigid body together with the
point C (the center of gravity of the cross-section) along the k-, x- and y-axes,

respectively, x1x
ð0ÞðsÞ; x1y

ð0ÞðsÞ and x1k
ð0ÞðsÞ are the discontinuities in the angular

velocities of the cross-section’s rotation as a rigid whole around the x-, y- and
k-axes, respectively, wð0ÞðsÞ is the discontinuity in the velocity of warping of the
cross section, xAðs1Þ is twice the area of the sector AM0M; the point A is the center
of bending (Fig. 3.2) with the coordinates [5]
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ax ¼
1
Ix

Z

F

xCðs1Þyðs1ÞdF; ay ¼ �
1
Iy

Z

F

xCðs1Þxðs1ÞdF: ð3:41Þ

Since the section is referred to the main central axes, then

Ixy ¼
Z

F

xðs1Þyðs1ÞdF ¼ 0; Sy ¼
Z

F

xðs1ÞdF ¼ 0; Sx ¼
Z

F

yðs1ÞdF ¼ 0:

ð3:42Þ
Moreover, the choice of the point A with the coordinates defined by formulas
(3.41) results in the fulfillment of the following relationships:

Ixx ¼
Z

F

xðs1ÞxAðs1ÞdF ¼ 0; Ixy ¼
Z

F

yðs1ÞxAðs1ÞdF ¼ 0: ð3:43Þ

Note that the sectorial area, generally speaking, depends on two coordinates,
namely: the initial point s0

1 and the terminal point s1
1; i.e. xAðs0

1; s
1
1Þ: Let us choose

s1
1 in such a way that the relationship

xAðs0
1; s

1
1Þ ¼

1
F

Z

F

xAðs0
1; s1ÞdF ð3:44Þ

will be valid. Then, as it is shown in [5], taking the point with the coordinate s1
1 as

the origin of the arc length measuring, we obtain

Sx ¼
Z

F

xAðs1
1; s1ÞdF ¼ 0: ð3:45Þ

Let us name this point as the null sectorial point [5]. Since there may exist
several such points, the null sectorial point nearest to the point A can be named as
the main null sectorial point, and we shall take it as the initial point of reading.

Thus, using the above mentioned choice of the coordinates and the initial points
of measuring, the functions 1, xðs1Þ; yðs1Þ; and xAðs1

1; s1Þ; as formulas (3.42)–
(3.45) show, occur to be orthogonal.

If we substitute (3.21) in (3.24) and (3.25) and consider (3.27), then we are led
to the relationships

½ex;ðkÞ� ¼ ½ey;ðkÞ� ¼
k

2ðkþ lÞ G�1xðkÞ �
dxðk�1Þ

ds
þ �gðk�1Þ cos u� �hðk�1Þ sin u


 �

;

ð3:46Þ
where

½ex;ðkÞ� ¼
o ½vi;ðk�1Þ�ki

� �

ox
; ½ey;ðkÞ� ¼

o ½vi;ðk�1Þ�si

� �

oy
:

Equation 3.26, after the substitution of (3.21), (3.27), (3.29), and (3.30) in it,
is fulfilled unconditionally.

3.1 Theory of Thin-Walled Beams Based on 3D Equations 27



Multiplying (3.21) by kikj and considering (3.15)–(3.17) and (3.46) yields

rij;ðkþ1Þ
� 	

kikj ¼ �G�1Exðkþ1Þ þ E
dxðkÞ

ds
� E� gðkÞ cos u� hðkÞ sin u

� �

: ð3:47Þ

Multiplying (3.21) successively by kikj and kisj and considering (3.15)–(3.17),
we obtain

rij;ðkþ1Þ
� 	

kikj ¼ �G�1lhðkþ1Þ þ l
dhðkÞ

ds
þ l

oxðkÞ
ox
þ lðK þ sÞgðkÞ � l�xðkÞ sin u;

ð3:48Þ

rij;ðkþ1Þ
� 	

kisj ¼ �G�1lgðkþ1Þ þ l
dgðkÞ

ds
þ l

oxðkÞ
oy
� lðK þ sÞhðkÞ þ l�xðkÞ cos u:

ð3:49Þ

Multiplying (3.23) successively by ki; ki; and si and considering (3.15)–(3.17),
we find

qxðkþ1Þ ¼ �G�1½rij;ðkþ1Þ�kikj þ
dð½rij;ðkÞ�kikjÞ

ds
þ

oð½rij;ðkÞ�kikjÞ
ox

þ
oð½rij;ðkÞ�kisjÞ

oy
þ 2� ½rij;ðkÞ�kikj sin u� ½rij;ðkÞ�kisj cos u

� �

þ G�1 G�1xðkþ1Þ � 2
dxðkÞ

ds
� 2� hðkÞ sin u� gðkÞ cos u

� �

� 


r0
kk

þ fiðk�1Þkir
0
kk; ð3:50Þ

qhðkþ1Þ ¼ �G�1½rij;ðkþ1Þ�kikj þ
dð½rij;ðkÞ�kikjÞ

ds
þ ðK þ sÞ½rij;ðkÞ�kisj

þ G�1 G�1hðkþ1Þ � 2
dhðkÞ

ds
� 2 gðkÞðK þ sÞ � �xðkÞ sin u
� �

� 


r0
kk

� �½rij;ðkÞ�kikj sin uþ fiðk�1Þkir
0
kk; ð3:51Þ

qgðkþ1Þ ¼ �G�1½rij;ðkþ1Þ�kisj þ
dð½rij;ðkÞ�kisjÞ

ds
� ðK þ sÞ½rij;ðkÞ�kikj

þ G�1 G�1gðkþ1Þ � 2
dgðkÞ

ds
þ 2 hðkÞðK þ sÞ � �xðkÞ cos u
� �

� 


r0
kk

þ �½rij;ðkÞ�kikj cos uþ fiðk�1Þsir
0
kk; ð3:52Þ

where functions fiðk�1Þ are presented in Appendix 2.
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Considering (3.48), (3.49) and (3.28)–(3.30), we have

oð½rij;ðkÞ�kikjÞ
ox

¼ lðK þ sÞx1k
ðk�1Þ � l�ex1y

ðk�1Þ sin u; ð3:53Þ

oð½rij;ðkÞ�kisjÞ
oy

¼ lðK þ sÞx1k
ðk�1Þ þ l�ex1x

ðk�1Þ cos u: ð3:54Þ

Substituting (3.28)–(3.30) in (3.47)–(3.49) and integrating the final equations
over the cross-sectional area of the beam, we obtain

Nkðkþ1Þ ¼
Z

F

½rij;ðkþ1Þ�kikjdF ¼ �G�1EFx0
ðkþ1Þ þ EF

dx0
ðkÞ

ds

� EF� g0
ðkÞ cos u� h0

ðkÞ sin u
� �

þ EF� ax cos uþ ay sin u
� �

x1k
ðkÞ;

ð3:55Þ

Qkxðkþ1Þ ¼
Z

F

½rij;ðkþ1Þ�kikjdF ¼ �G�1lFh0
ðkþ1Þ þ lF

dh0
ðkÞ

ds

þ lF ex1y
ðkÞ þ lFðK þ sÞg0

ðkÞ � lF�x0
ðkÞ sin u

� G�1lFx1k
ðkþ1Þay þ lF

dx1k
ðkÞ

ds
ay � lFðK þ sÞx1k

ðkÞax; ð3:56Þ

Qkyðkþ1Þ ¼
Z

F

½rij;ðkþ1Þ�kisjdF ¼ �G�1lFg0
ðkþ1Þ þ lF

dg0
ðkÞ

ds

þ lF ex1x
ðkÞ � lFðK þ sÞh0

ðkÞ þ lF�x0
ðkÞ cos u

þ G�1lFx1k
ðkþ1Þax � lF

dx1k
ðkÞ

ds
ax � lFðK þ sÞx1k

ðkÞay: ð3:57Þ

Substituting (3.28)–(3.30) in (3.50)–(3.52) and then integrating over the cross-
sectional area, we find

qFx0
ðkþ1Þ ¼ �G�1Nkðkþ1Þ þ

dNkðkÞ
ds
þ 2�QkxðkÞ sin u� 2�QkyðkÞ cos u

þ G�1F G�1x0
ðkþ1Þ � 2

dx0
ðkÞ

ds
� 2 h0

ðkÞ� sin u� g0
ðkÞ� cos u

� �

( )

r0
kk

þ lF� ex1x
ðk�1Þ cos u� ex1y

ðk�1Þ sin u
� �

þ 2lFðK þ sÞx1k
ðk�1Þ

� 2G�1F� ay sin uþ ax cos u
� �

x1k
ðkÞr

0
kk þ Ff 0

iðk�1Þkir
0
kk; ð3:58Þ
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qFh0
ðkþ1Þ ¼�G�1Qkxðkþ1Þ þ

dQkxðkÞ
ds
þðKþsÞQkyðkÞ ��NkðkÞ sinu

þG�1F G�1h0
ðkþ1Þ �2

dh0
ðkÞ

ds
�2 g0

ðkÞðKþsÞ�x0
ðkÞ�sinu

� �

( )

r0
kk

�qFx1k
ðkþ1ÞayþG�2Fx1k

ðkþ1Þayr
0
kk�2G�1F

dx1k
ðkÞ

ds
ayr

0
kk

þ2G�1FaxðKþsÞx1k
ðkÞr

0
kkþFf 0

iðk�1Þkir
0
kk; ð3:59Þ

qFg0
ðkþ1Þ ¼ �G�1Qkyðkþ1Þ þ

dQkyðkÞ
ds

� ðK þ sÞQkxðkÞ þ �NkðkÞ cos u

þ G�1F G�1g0
ðkþ1Þ � 2

dg0
ðkÞ

ds
þ 2 h0

ðkÞðK þ sÞ � x0
ðkÞ� cos u

� �

( )

r0
kk

þ qFx1k
ðkþ1Þax � G�2Fx1k

ðkþ1Þaxr
0
kk þ 2G�1F

dx1k
ðkÞ

ds
axr

0
kk

þ 2G�1FayðK þ sÞx1k
ðkÞr

0
kk þ Ff 0

iðk�1Þsir
0
kk: ð3:60Þ

Substituting (3.55)–(3.57) in (3.58)–(3.60) with due account for (3.37)–(3.39)
yields

G�2ðqG2�qG2
1�r0

kkÞx0
ðkþ1Þ ¼�2G�1 qG2

1þr0
kk

� �

dx0
ðkÞ

ds

�G�1 qG2
1þ2qG2

2þ2r0
kk

� �

� ax cosuþay sinu
� �

x1k
ðkÞ

h

�g0
ðkÞcosuþh0

ðkÞ sinu
i

þF1ðk�1Þ; ð3:61Þ

G�2ðqG2 � qG2
2 � r0

kkÞðh
0
ðkþ1Þ þ ayx

1k
ðkþ1ÞÞ

¼ �2G�1ðqG2
2 þ r0

kkÞ

� d
ds

h0
ðkÞ þ ayx

1k
ðkÞ

� �

þ ðK þ sÞ g0
ðkÞ � axx

1k
ðkÞ

� �

� 


þ G�1 qG2
1 þ qG2

2 þ 2r0
kk

� �

�x0
ðkÞ sin u

þ G�1qG2
2 x1y

ðkÞ � x0
ðkÞ� sin /þ g0

ðkÞðK þ sÞ
n o

þ F2ðk�1Þ; ð3:62Þ
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G�2ðqG2 � qG2
2 � r0

kkÞðg0
ðkþ1Þ � axx

1k
ðkþ1ÞÞ

¼ �2G�1 qG2
2 þ r0

kk

� � d
ds

g0
ðkÞ � axx

1k
ðkÞ

� �

� ðK þ sÞ h0
ðkÞ þ ayx

1k
ðkÞ

� �

� 


� G�1 qG2
1 þ qG2

2 þ 2r0
kk

� �

�x0
ðkÞ cos u

þ G�1qG2
2 x1x

ðkÞ þ x0
ðkÞ� cos /� h0

ðkÞðK þ sÞ
n o

þ F3ðk�1Þ; ð3:63Þ

where G2
1 ¼ Eq�1; G2

2 ¼ lq�1; and functions Fjðk�1Þ ðj ¼ 1; 2; 3Þ are presented in
Appendix 2.

Let us substitute formulas (3.28)–(3.30) in (3.47)–(3.49), then multiply (3.47)
successively by x, y, and xA; and (3.48) by ðy� ayÞ and (3.49) by ðx� axÞ; and
integrate the obtained equations over the cross-sectional area of the beam. As a
result we obtain

Mxðkþ1Þ ¼
Z

F

½rij;ðkþ1Þ�kikjydF ¼ �G�1qG2
1Ix ex

1x
ðkþ1Þ

þ qG2
1Ix

dex1x
ðkÞ

ds
� �IxqG2

1x
1k
ðkÞ sin u; ð3:64Þ

Myðkþ1Þ ¼
Z

F

½rij;ðkþ1Þ�kikjxdF ¼ �G�1qG2
1Iy ex

1y
ðkþ1Þ

þ qG2
1Iy

dex1y
ðkÞ

ds
� �qG2

1Iyx
1k
ðkÞ cos u; ð3:65Þ

Bðkþ1Þ ¼
Z

F

½rij;ðkþ1Þ�kikjxAdF ¼ �G�1qG2
1Ixewðkþ1Þ þ qG2

1Ix
dewðkÞ

ds
; ð3:66Þ

MAðkþ1Þ ¼
Z

F

½rij;ðkþ1Þ�kisjðx� axÞdF �
Z

F

½rij;ðkþ1Þ�kikjðy� ayÞdF

¼
Z

F

½rij;ðkþ1Þ�kisjxdF �
Z

F

½rij;ðkþ1Þ�kikjydF � ax

Z

F

½rij;ðkþ1Þ�kisjdF

þ ay

Z

F

½rij;ðkþ1Þ�kikjdF ¼ MCðkþ1Þ � axQkyðkþ1Þ þ ayQkxðkþ1Þ

¼ �G�1qG2
2IA

p x1k
ðkþ1Þ þ qG2

2IA
p

dx1k
ðkÞ

ds
� qG2

2F�x0
ðkÞ ax cos uþ ay sin u
� �
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þ axFqG2
2 G�1g0

ðkþ1Þ �
dg0
ðkÞ

ds
þ ðK þ sÞh0

ðkÞ

( )

þ ayFqG2
2 �G�1h0

ðkþ1Þ þ
dh0
ðkÞ

ds
þ ðK þ sÞg0

ðkÞ

( )

þ qG2
2� ex1y

ðkÞIy cos uþ ex1x
ðkÞIx sin u

� �

þ qG2
2F ay ex

1y
ðkÞ � ax ex

1x
ðkÞ

� �

; ð3:67Þ

where Mxðkþ1Þ and Myðkþ1Þ are the discontinuities in the derivatives of the bending
moments with respect to the x- and y-axes, Bðkþ1Þ are the discontinuities in the
derivatives of the bimoment, MAðkþ1Þ are the discontinuities in the derivatives of

the bending-torsional moment, and IA
p ¼ Ix þ Iy þ ða2

x þ a2
yÞF:

Now we substitute formulas (3.28)–(3.30) in (3.50)–(3.52), then multiply (3.50)
by x, y, and xA; while (3.51) and (3.52) by ðy� ayÞ and ðx� axÞ; respectively,
and integrate the obtained equations over the cross section of the beam. As a result,
we obtain

qex1y
ðkþ1Þ ¼ � G�1I�1

y Myðkþ1Þ þ I�1
y

dMyðkÞ
ds
þ 2� sin ulðK þ sÞx1k

ðk�1Þ

þ 2� cos ul G�1x1k
ðkÞ �

dx1k
ðk�1Þ
ds

 !

� 2�2lex1y
ðk�1Þ

þ r0
kk G�2

ex1y
ðkþ1Þ � 2G�1

dex1y
ðkÞ

ds
þ 2G�1� cos ux1k

ðkÞ

 !

þ I�1
y r0

kk

Z

F

fiðk�1ÞkixdF; ð3:68Þ

qex1x
ðkþ1Þ ¼ � G�1I�1

x Mxðkþ1Þ þ I�1
x

dMxðkÞ
ds
� 2� cos ulðK þ sÞx1k

ðk�1Þ

þ 2� sin ul G�1x1k
ðkÞ �

dx1k
ðk�1Þ
ds

 !

� 2�2lex1x
ðk�1Þ

þ r0
kk G�2

ex1x
ðkþ1Þ � 2G�1

dex1x
ðkÞ

ds
þ 2G�1� sin ux1k

ðkÞ

 !

þ I�1
x r0

kk

Z

F

fiðk�1ÞkiydF; ð3:69Þ

qewðkþ1Þ ¼ �G�1I�1
x Bðkþ1Þ þ I�1

x

dBðkÞ
ds
� 2�2lewðk�1Þ

þ r0
kk G�2

ewðkþ1Þ � 2G�1
dewðkÞ

ds

 !

þ I�1
x r0

kk

Z

F

fiðk�1ÞkixAdF; ð3:70Þ
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qx1k
ðkþ1ÞI

A
p �qg0

ðkþ1ÞaxFþqh0
ðkþ1ÞayF

¼�G�1MAðkþ1Þ þ
dMAðkÞ

ds
þ�cosuMyðkÞ þ�sinuMxðkÞ

�� ax cosuþay sinu
� �

NkðkÞ �ðKþsÞl
(

G�1F axh
0
ðkÞ þayg

0
ðkÞ

� �

�axF ex1y
ðk�1Þ þ

dh0
ðk�1Þ
ds

 !

�ayF ex1x
ðk�1Þ þ

dg0
ðk�1Þ
ds

 !

þðKþsÞ �axFg0
ðk�1Þ þayFh0

ðk�1Þ þ IA
p x1k
ðk�1Þ

� �

þ�sinu axFx0
ðk�1Þ � Iy ex

1y
ðk�1Þ

� �

þ�cosu �ayFx0
ðk�1Þ þ Ix ex

1x
ðk�1Þ

� �

)

þr0
kkG�2 �axFg0

ðkþ1Þ þayFh0
ðkþ1Þ þ IA

p x1k
ðkþ1Þ

� �

�2r0
kkG�1 �axF

dg0
ðkÞ

ds
þayF

dh0
ðkÞ

ds
þ IA

p

dx1k
ðkÞ

ds

(

þðKþsÞF axh
0
ðkÞ þayg

0
ðkÞ

� �

þ�cosu �axFx0
ðkÞ þ Iy ex

1y
ðkÞ

� �

þ�sinu �ayFx0
ðkÞ þ Ix ex

1x
ðkÞ

� �

)

þr0
kk

Z

F

fiðk�1Þsiðx�axÞ� fiðk�1Þkiðy�ayÞ
� 	

dF: ð3:71Þ

Substituting (3.64)–(3.67) and (3.37)–(3.39) in (3.68)–(3.71) yields

�G�2ðqG2 � qG2
1 � r0

kkÞ x1x
ðkþ1Þ þ x0

ðkþ1Þ� cos u� h0
ðkþ1ÞðK þ sÞ

h i

¼ 2G�1 qG2
1 þ r0

kk

� � d
ds

x1x
ðkÞ þ x0

ðkÞ� cos u� h0
ðkÞðK þ sÞ

h i

þ � qG2
1 þ 2qG2

2 þ 2r0
kk

� �

G�1x1k
ðkÞ sin uþ F4ðk�1Þ; ð3:72Þ

�G�2ðqG2 � qG2
1 � r0

kkÞ x1y
ðkþ1Þ � x0

ðkþ1Þ� sin uþ g0
ðkþ1ÞðK þ sÞ

h i

¼ 2G�1 qG2
1 þ r0

kk

� � d
ds

x1y
ðkÞ � x0

ðkÞ� sin uþ g0
ðkÞðK þ sÞ

h i

þ � qG2
1 þ 2qG2

2 þ 2r0
kk

� �

G�1x1k
kð Þ cos uþ F5 k�1ð Þ; ð3:73Þ
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� G�2ðqG2 � qG2
1 � r0

kkÞ wðkþ1Þ � x1x
ðkþ1Þ� sin uþ x1y

ðkþ1Þ� cos u
h

� x0
ðkþ1Þ�

2 sin 2uþ h0
ðkþ1Þ sin uþ g0

ðkþ1Þ cos u
� �

�ðK þ sÞ
i

¼ 2G�1 qG2
1 þ r0

kk

� � d
ds

wðkÞ � x1x
ðkÞ� sin uþ x1y

ðkÞ� cos u
h

� x0
ðkÞ�

2 sin 2uþ h0
ðkÞ sin uþ g0

ðkÞ cos u
� �

�ðK þ sÞ
i

þ F6ðk�1Þ; ð3:74Þ

G�2ðqG2 � qG2
2 � r0

kkÞ IA
Px1k

kþ1ð Þ þ ayFh0
kþ1ð Þ � axFg0

kþ1ð Þ

� �

¼ �2G�1 qG2
2 þ r0

kk

� �

� d
ds

IA
Px1k

kð Þ þ ayFh0
kð Þ � axFg0

kð Þ

� �

þ FðK þ sÞ axh
0
ðkÞ þ ayg

0
ðkÞ

� �

� 


þG�1 qG2
2ayF þ�Iy cos u qG2

1 þ qG2
2 þ 2r0

kk

� �� 	

� x1y
ðkÞ �x0

ðkÞ� sin uþ g0
ðkÞðK þ sÞ

h i

þG�1 �qG2
2axF þ�Ix sin u qG2

1 þ qG2
2 þ 2r0

kk

� �� 	

� x1x
ðkÞ þx0

ðkÞ� cos u� h0
ðkÞðK þ sÞ

h i

þG�1�F qG2
1 þ qG2

2 þ 2r0
kk

� �

� ax cos uþ ay sin u
� �

x0
ðkÞ þ F7ðk�1Þ; ð3:75Þ

where functions Fjðk�1Þ ðj ¼ 4; 5; 6; 7Þ are presented in Appendix 2.
The system of seven equations, (3.61)–(3.63) and (3.72)–(3.75), involves seven

unknown values: x0
ðkÞ; h0

ðkÞ; g0
ðkÞ; x1x

ðkÞ; x1y
ðkÞ; x1k

ðkÞ; and wðkÞ; which are defined

uniquely from this set of equations.
To find these values on the quasi-longitudinal shock wave and on the quasi-

transverse shock wave, we should put in all equations G ¼ GI ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

G2
1 þ q�1r0

kk

q

and G ¼ GII ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

G2
2 þ q�1r0

kk

q

; respectively.

3.1.2.1 Solution on the Quasi-Longitudinal Wave

To define the velocity field on the quasi-longitudinal wave, first we put in all

equations from (3.61)–(3.63) and (3.72)–(3.75) G ¼ GI ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

G2
1 þ q�1r0

kk

q

; i.e. we

write this system on the quasi-longitudinal shock wave. As a result we obtain
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2G�1
I ðqG2

1þr0
kkÞ

dx0
ðkÞ

ds
¼�G�1

I qG2
1þ2qG2

2þ2r0
kk

� �

�

� h0
ðkÞþayx

1k
ðkÞ

� �

sinu� g0
ðkÞ�axx

1k
ðkÞ

� �

cosu
h i

þF1ðk�1Þ G¼GIj ; ð3:76Þ

2G�1
I ðqG2

1 þ r0
kkÞ

d
ds

x1x
ðkÞ þ x0

ðkÞ� cos u� h0
ðkÞðK þ sÞ

h i

¼ �G�1
I ðqG2

1 þ 2qG2
2 þ 2r0

kkÞ�x1k
ðkÞ sin u� F4ðk�1ÞjG¼GI ; ð3:77Þ

2G�1
I ðqG2

1 þ r0
kkÞ

d
ds

x1y
ðkÞ � x0

ðkÞ� sin uþ g0
ðkÞðK þ sÞ

h i

¼ �G�1
I ðqG2

1 þ 2qG2
2 þ 2r0

kkÞ�x1k
ðkÞ cos u� F5ðk�1ÞjG¼GI ; ð3:78Þ

2G�1
I ðqG2

1 þ r0
kkÞ

d
ds

wðkÞ � x1x
ðkÞ� sin uþ x1y

ðkÞ� cos u� x0
ðkÞ�

2 sin 2u
h

þ h0
ðkÞ sin uþ g0

ðkÞ cos u
� �

�ðK þ sÞ
i

¼ �F6ðk�1ÞjG¼GI ; ð3:79Þ

G�2
I ðqG2

1 � qG2
2Þ h0

ðkÞ þ ayx
1k
ðkÞ

� �

¼ �2G�1
I ðqG2

2 þ r0
kkÞ
(

d
ds

h0
ðk�1Þ þ ayx

1k
ðk�1Þ

� �

þ ðK þ sÞ g0
ðk�1Þ � axx

1k
ðk�1Þ

� �

)

þ G�1
I ðqG2

1 þ qG2
2 þ 2r0

kkÞ�x0
ðk�1Þ sin u

þ G�1
I qG2

2

(

x1y
ðk�1Þ � x0

ðk�1Þ� sin /þ g0
ðk�1ÞðK þ sÞ

)

þ F2ðk�2ÞjG¼GI ; ð3:80Þ

G�2
I ðqG2

1 � qG2
2Þ g0

ðkÞ � axx
1k
ðkÞ

� �

¼ �2G�1
I ðqG2

2 þ r0
kkÞ
(

d
ds

g0
ðk�1Þ � axx

1k
ðk�1Þ

� �

� ðK þ sÞ h0
ðk�1Þ þ ayx

1k
ðk�1Þ

� �

)

� G�1
I ðqG2

1 þ qG2
2 þ 2r0

kkÞ�x0
ðk�1Þ cos u

þ G�1
I qG2

2

(

x1x
ðk�1Þ þ x0

ðk�1Þ� cos /� h0
ðk�1ÞðK þ sÞ

)

þ F3ðk�2ÞjG¼GI ; ð3:81Þ
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G�2
I ðqG2

1 � qG2
2Þ IA

Px1k
ðkÞ þ ayFh0

ðkÞ � axFg0
ðkÞ

� �

¼� 2G�1
I qG2

2 þ r0
kk

� � d
ds

IA
Px1k

k�1ð Þ þ ayFh0
ðk�1Þ � axFg0

ðk�1Þ

� �

� 2G�1
I qG2

2 þ 2r0
kk

� �

FðK þ sÞ axh
0
ðk�1Þ þ ayg

0
ðk�1Þ

� �

þ G�1
I qG2

2ayF þ �Iy cos u qG2
1 þ qG2

2 þ 2r0
kk

� �� 	

� x1y
ðk�1Þ � x0

ðk�1Þ� sin uþ g0
ðk�1ÞðK þ sÞ

h i

þ G�1
I �qG2

2axF þ �Ix sin u qG2
1 þ qG2

2 þ 2r0
kk

� �� 	

� x1x
ðk�1Þ þ x0

ðk�1Þ� cos u� h0
ðk�1ÞðK þ sÞ

h i

þ G�1
I �F qG2

1 þ qG2
2 þ 2r0

kk

� �

ax cos uþ ay sin u
� �

x0
ðk�1Þ

þ F7ðk�2ÞjG¼GI : ð3:82Þ

Reference to Eqs. 3.76–3.82 shows that on the quasi-longitudinal wave the dis-

continuities x0
ðkÞ; x1x

ðkÞ; x1y
ðkÞ; and wðkÞ are defined from the differential Eqs. 3.76–3.79

within the accuracy of arbitrary constants, while the discontinuities h0
ðkÞ; g0

ðkÞ;

and x1k
ðkÞ are found from the algebraic Eqs. 3.80–3.82, in so doing the discontinuities

h0
ðkÞ; g0

ðkÞ; and x1k
ðkÞ have the higher order than the discontinuities x0

ðkÞ; x1x
ðkÞ; x1y

ðkÞ;

and wðkÞ:
For arbitrary magnitudes of k, the set of Eqs. 3.76–3.79 can be rewritten in

the form
dx0
ðkÞ

ds
¼ A0ðkÞðsÞ; ð3:83Þ

d
ds

x1x
ðkÞ þ x0

ðkÞ� cos u
� �

¼ A1ðkÞðsÞ; ð3:84Þ

d
ds

x1y
ðkÞ � x0

ðkÞ� sin u
� �

¼ A2ðkÞðsÞ; ð3:85Þ

d
ds

wðkÞ � x1x
ðkÞ� sin uþ x1y

ðkÞ� cos u� x0
ðkÞ�

2 sin 2u
� �

¼ A3ðkÞðsÞ; ð3:86Þ

where functions AiðkÞðsÞ ði ¼ 0; 1; 2; 3Þ are presented in Appendix 3.
Integrating (3.83)–(3.86) yields

x0
ðkÞ ¼

Z

s

s0

A0ðkÞðsÞdsþ c0ðkÞ; ð3:87Þ
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x1x
ðkÞ ¼ �x0

ðkÞ� cos uþ c1ðkÞ þ
Z

s

s0

A1ðkÞðsÞds; ð3:88Þ

x1y
ðkÞ ¼ x0

ðkÞ� sin uþ c2ðkÞ þ
Z

s

s0

A2ðkÞðsÞds; ð3:89Þ

wðkÞ ¼ c1ðkÞ þ
Z

s

s0

A1ðkÞðsÞds

0

@

1

A� sin u

� c2ðkÞ þ
Z

s

s0

A2ðkÞðsÞds

0

@

1

A� cos uþ c3ðkÞ þ
Z

s

s0

A3ðkÞðsÞds; ð3:90Þ

where c0ðkÞ; c1ðkÞ; c2ðkÞ; and c3ðkÞ are arbitrary constants to be determined from the
initial conditions.

Reference to Eqs. 3.87–3.90 shows that the main values on the quasi-longitu-

dinal wave, which define the type of this wave, i.e. x0
ðkÞ; x1x

ðkÞ; x1y
ðkÞ; and wðkÞ; are

interconnected with each other, since they are expressed in terms of x0
ðkÞ:

This coupling is governed by the curvature � and the angle u between the ref-
erence systems x - y and s� n locating in the plane of the strong discontinuity.

Thus, for example, at k = 0 the values h0
ð0Þ; g0

ð0Þ; and x1k
ð0Þ defined by the

algebraic Eqs. 3.80–3.82 vanish to zero, while according to (3.87)–(3.90) the

values x0
ð0Þ; x1x

ð0Þ; x1y
ð0Þ; and wð0Þ take the form

x0
ð0Þ ¼ const ¼ c0ð0Þ; ð3:91Þ

x1x
ð0Þ ¼ �x0

ð0Þ� cos uþ c1ð0Þ; ð3:92Þ

x1y
ð0Þ ¼ x0

ð0Þ� sin uþ c2ð0Þ; ð3:93Þ

wð0Þ ¼ c1ð0Þ� sin u� c2ð0Þ� cos uþ c3ð0Þ

¼ x1x
ð0Þ� sin u� x1y

ð0Þ� cos uþ x0
ð0Þ�

2 sin 2uþ c3ð0Þ; ð3:94Þ

where c0ð0Þ; c1ð0Þ; c2ð0Þ; and c3ð0Þ are arbitrary constants to be determined from the
initial conditions.
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3.1.2.2 Solution on the Quasi-Transverse Shear Wave

Now we put G ¼ GII ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

G2
2 þ q�1r0

kk

q

in all Eqs. 3.61–3.63 and 3.72–3.75, i.e.

write them on the quasi-transverse wave. As a result we obtain

2G�1
II ðqG2

2 þ r0
kkÞ

d
ds

h0
ðkÞ þ ayx

1k
ðkÞ

� �

þ ðK þ sÞ g0
ðkÞ � axx

1k
ðkÞ

� �

� �

¼ G�1
II � qG2

1 þ qG2
2 þ 2r0

kk

� �

x0
ðkÞ sin u

þ G�1
II qG2

2

(

x1y
ðkÞ � x0

ðkÞ� sin uþ ðK þ sÞg0
ðkÞ

)

þ F2ðk�1Þ G¼GIIj ; ð3:95Þ

2G�1
II ðqG2

2 þ r0
kkÞ

d
ds

g0
ðkÞ � axx

1k
ðkÞ

� �

� ðK þ sÞ h0
ðkÞ þ ayx

1k
ðkÞ

� �

� �

¼ �G�1
II � qG2

1 þ qG2
2 þ 2r0

kk

� �

x0
ðkÞ cos u

þ G�1
II qG2

2

(

x1x
ðkÞ þ x0

ðkÞ� cos u� ðK þ sÞh0
ðkÞ

)

þ F3ðk�1Þ G¼GIIj ; ð3:96Þ

2G�1
II ðqG2

2þr0
kkÞ
(

d
ds

IA
p x1k
ðkÞ �Faxg

0
ðkÞ þFayh

0
ðkÞ

� �

þFðKþ sÞ ayg
0
kð Þ þ axh

0
ðkÞ

� �

)

¼G�1
II � qG2

1þqG2
2þ 2r0

kk

� �

(

x0
kð ÞF ax cosuþ ay sinu
� �

þx1x
ðkÞIx sinu

þx1y
ðkÞIy cosuþ 1

2
x0
ðkÞ�ðIx� IyÞ sin2u�ðKþ sÞ h0

ðkÞIx sinu� g0
ðkÞIy cosu

� �

)

þG�1
II qG2

2F

(

ayx
1y
ðkÞ � axx

1x
ðkÞ �x0

ðkÞ� ax cosuþ ay sinu
� �

þðKþ sÞ ayg
0
ðkÞ þ axh

0
ðkÞ

� �

)

þF7ðk�1Þ G¼GII ;j ð3:97Þ

G�2
II qðG2

2 �G2
1Þx0

ðkÞ ¼ �2G�1
II qG2

1 þ r0
kk

� �

dx0
ðk�1Þ
ds

�G�1
II � qG2

1 þ 2qG2
2 þ 2r0

kk

� �

� ax cos uþ ay sin u
� �

x1k
ðk�1Þ

n

� g0
ðk�1Þ cos uþ h0

ðk�1Þ sin u
o

þ F1ðk�2Þ G¼GIIj ; ð3:98Þ
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�G�2
II qðG2

2 � G2
1Þ x1x

ðkÞ þ x0
ðkÞ� cos u� h0

ðkÞðK þ sÞ
n o

¼ 2G�1
II qG2

1 þ r0
kk

� � d
ds

x1x
ðk�1Þ þ x0

ðk�1Þ� cos u� h0
ðk�1ÞðK þ sÞ

n o

þ � qG2
1 þ 2qG2

2 þ 2r0
kk

� �

G�1
II x1k

ðk�1Þ sin uþ F4ðk�2Þ G¼GIIj ; ð3:99Þ

�G�2
II qðG2

2 � G2
1Þ x1y

ðkÞ � x0
ðkÞ� sin uþ g0

ðkÞðK þ sÞ
n o

¼ 2G�1
II qG2

1 þ r0
kk

� � d
ds

x1y
ðk�1Þ � x0

ðk�1Þ� sin uþ g0
ðk�1ÞðK þ sÞ

n o

þ � qG2
1 þ 2qG2

2 þ 2r0
kk

� �

G�1
II x1k

ðk�1Þ cos uþ F5ðk�2Þ G¼GIIj ; ð3:100Þ

�G�2
II qðG2

2 � G2
1Þ wðkÞ � x1x

ðkÞ� sin uþ x1y
ðkÞ� cos u

n

� x0
ðkÞ�

2 sin 2uþ � h0
ðkÞ sin uþ g0

ðkÞ cos u
� �

ðK þ sÞ
o

¼ 2G�1
II qG2

1 þ r0
kk

� � d
ds

wðk�1Þ � x1x
ðk�1Þ� sin uþ x1y

ðk�1Þ� cos u
n

� x0
ðk�1Þ�

2 sin 2uþ � h0
ðk�1Þ sin uþ g0

ðk�1Þ cos u
� �

ðK þ sÞ
o

þ F6ðk�2Þ G¼GIIj : ð3:101Þ

From (3.95)–(3.101) it is seen that on the quasi-transverse wave, in contradis-
tinction to the quasi-longitudinal wave, the discontinuities h0

ðkÞ; g0
ðkÞ; and x1k

ðkÞ are

determined by the differential Eqs. 3.95–3.97 within the accuracy of arbitrary con-

stants, while the discontinuities x0
ðkÞ; x1x

ðkÞ; x1y
ðkÞ; and wðkÞ are defined from the the

algebraic Eqs. 3.98–3.101, in so doing the discontinuities x0
ðkÞ and wðkÞ according to

(3.98) and (3.101), respectively, have the higher order than the discontinuities

h0
ðkÞ; g0

ðkÞ; and x1k
ðkÞ; while the discontinuities x1x

ðkÞ and x1y
ðkÞ; as it follows from (3.99)

and (3.100), have the same order as the primarily components on this wave.
For arbitrary magnitudes of k, the set of Eqs. 3.95–3.97, 3.99 and 3.100 can be

rewritten as

x1x
ðkÞ ¼ h0

ðkÞðK þ sÞ þ B1ðk�1Þ; ð3:102Þ

x1y
ðkÞ ¼ �g0

ðkÞðK þ sÞ þ B2ðk�1Þ; ð3:103Þ

dh0
ðkÞ

ds
þ ðK þ sÞg0

ðkÞ ¼ ðK þ sÞaxx
1k
ðkÞ � ay

dx1k
ðkÞ

ds
þ B3ðkÞ; ð3:104Þ

dg0
ðkÞ

ds
� ðK þ sÞh0

ðkÞ ¼ ðK þ sÞayx
1k
ðkÞ þ ax

dx1k
ðkÞ

ds
þ B4ðkÞ; ð3:105Þ

3.1 Theory of Thin-Walled Beams Based on 3D Equations 39



IC
p

dx1k
ðkÞ

ds
¼ B5ðkÞ þ F axB4ðkÞ � ayB3ðkÞ

� �

; ð3:106Þ

where IC
p ¼ Ix þ Iy; and functions BjðkÞðsÞ ði ¼ 1; 2; 3; 4; 5Þ are presented in

Appendix 3.
The general solution of (3.104)–(3.106) has the form

h0
ðkÞ ¼ g0

ðkÞ sin vþ h0
ðkÞ cos v� ayx

1k
ðkÞ þ sin v

Z

s

s0

B3ðkÞ sin v
�

þ B4ðkÞ cos v
�

dsþ cos v
Z

s

s0

B3ðkÞ cos v� B4ðkÞ sin v
� �

ds; ð3:107Þ

g0
ðkÞ ¼ g0

ðkÞ cos v� h0
ðkÞ sin vþ axx

1k
ðkÞ þ cos v

Z

s

s0

B3ðkÞ sin v
�

þ B4ðkÞ cos v
�

ds� sin v
Z

s

s0

B3ðkÞ cos v� B4ðkÞ sin v
� �

ds;

ð3:108Þ

x1k
ðkÞ ¼ ðIC

p Þ
�1
Z

s

s0

B5ðkÞ þ F axB4ðkÞ � ayB3ðkÞ
� �� 	

dsþ k0
ðkÞ; ð3:109Þ

where h0
ðkÞ; g0

ðkÞ; and k0
ðkÞ are arbitrary constants, and

v ¼ �
Z

s

s0

ðK þ sÞds:

Reference to Eqs. 3.107–3.109 shows that the main values on the
quasi-transverse wave, which define the type of this wave, i.e. h0

ðkÞ; g0
ðkÞ; and x1k

ðkÞ;

are interconnected with each other, since they are expressed in terms of x1k
ðkÞ via

the shear center coordinates which, in the general case of the beam’s cross-section,

are different from those of the center of gravity. The values x1x
ðkÞ and x1y

ðkÞ;

according to (3.102) and (3.103), ultimately depend on the value x1k
ðkÞ as well, and

this coupling is supported by the torsion s; the value K ¼ du=ds; and by the angle
v: In other words, in the case of a spatially twisted thin-walled beam of open
section, on the twisting-shear wave there occur flexural motions of the same order
as the discontinuities in the velocities of the transverse translatory motions and in
the angular velocity of rotation of the cross-section.
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At k = 0, for example, the values x0
ð0Þ and wð0Þ vanish to zero, while the values

h0
ð0Þ; g0

ð0Þ; x1k
ð0Þ; x1x

ð0Þ; and x1y
ð0Þ take the form

x1k
ð0Þ ¼ const; ð3:110Þ

h0
ð0Þ ¼ g0

ð0Þ sin vþ h0
ð0Þ cos v� ayx

1k
ð0Þ; ð3:111Þ

g0
ð0Þ ¼ g0

ð0Þ cos v� h0
ð0Þ sin vþ axx

1k
ð0Þ; ð3:112Þ

x1x
ð0Þ ¼ h0

ð0ÞðK þ sÞ; ð3:113Þ

x1y
ð0Þ ¼ �g0

ð0ÞðK þ sÞ; ð3:114Þ

where g0
ð0Þ and h0

ð0Þ are arbitrary constants.

Let us introduce into consideration two mutually orthogonal vectors:

bð0Þ �ayx1k
ð0Þ; axx1k

ð0Þ

n o

and a ax; ay

� �

; and construct the vector dð0Þ ¼ Vð0Þ � bð0Þ
� �

h0
ð0Þ þ ayx1k

ð0Þ; g
0
ð0Þ � axx1k

ð0Þ

n o

;where the vector Vð0Þ h0
ð0Þ; g

0
ð0Þ

n o

is the vector of the

transverse wave polarization. The vector dð0Þ has the constant modulus

dð0Þ
�

�

�

� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g0
ð0Þ

� �2
þ h0

ð0Þ

� �2
r

¼ const;

and its angle of inclination to the x-axis is defined by the formula

tgað0Þ ¼
g0
ð0Þ � axx1k

ð0Þ

h0
ð0Þ þ ayx1k

ð0Þ
¼

g0
ð0Þ cos v� h0

ð0Þ sin v

g0
ð0Þ sin vþ h0

ð0Þ cos v
¼ tg Uð0Þ � v

� �

;

that is

að0Þ ¼ Uð0Þ � v;

and

_að0Þ ¼ � _v ¼ K þ sð Þ_s ¼ K þ sð ÞGII ;

where tgUð0Þ ¼ g0
ð0Þ h0

ð0Þ

� ��1
:
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In other words, on the wave surface, the vector dð0Þ remaining constant in
magnitude on the wave front rotates around the point Bð0Þ with the angular velocity
K þ sð ÞGII ; in so doing the polarization vector during its rotation around the point

C changes both in magnitude and in the direction (Fig. 3.3). We shall name the
point Bð0Þ as the center of rotation.

Note that for curvilinear beams of solid section the center of rotation coincides
with the center of gravity of the beam’s cross section.

If the cross section of the open section beam possesses two axes of symmetry,
then ax ¼ ay ¼ 0; and the center of rotation coincides with the center of gravity.

From the comparison of Eqs. 2.14 and 3.110–3.114 it follows that three values
h0
ðkÞ; g0

ðkÞ and x1k
ðkÞ are related to each other both in the technical theory of thin-

walled beams of open section [6] and in the theory developed here. However, in
contrast to the technical theory, where these values are interrelated on three
transverse waves which propagate with the velocities depending on the geomet-
rical characteristics of the thin-walled beams of open section, in the present theory
this coupling takes place only on one wave propagating with the natural velocity

GII ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

qG2
2 þ q�1r0

kk

q

independent of the thin-walled beam geometry.

3.1.3 Particular Case of a Straight Thin-Walled Beam
of Open Section

In the case of a straight thin-walled beam of open section, the governing equations
are considerably simplified since � ¼ K ¼ s ¼ 0 and s = z. Thus, for the quasi-
longitudinal wave from (3.76)–(3.82) we have

Fig. 3.3 Scheme of the
location of the polarization
vector of the quasi-transverse
wave
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2G�1
I

dx0
ðkÞ

dz
¼

d2x0
ðk�1Þ

dz2
; ð3:115Þ

2G�1
I

dx1x
ðkÞ

dz
¼

d2x1x
ðk�1Þ

dz2
; ð3:116Þ

2G�1
I

dx1y
kð Þ

dz
¼

d2x1y
ðk�1Þ

dz2
; ð3:117Þ

2G�1
I

dw kð Þ
dz
¼

d2wðk�1Þ
dz2

; ð3:118Þ

G�2
I q G2

1 � G2
2

� �

h0
kð Þ þ ayx

1k
kð Þ

� �

¼ �2GI qG2
2 þ r0

kk

� � d
dz

h0
k�1ð Þ þ ayx

1k
k�1ð Þ

� �

þ G�1
I qG2

2x
1y
k�1ð Þ þ qG2

2 þ r0
kk

� � d2

dz2
h0

k�2ð Þ þ ayx
1k
k�2ð Þ

� �

� qG2
2

dx1y
ðk�2Þ
dz

;

ð3:119Þ

G�2
I q G2

1 � G2
2

� �

g0
kð Þ � axx

1k
kð Þ

� �

¼ �2G�1
I qG2

2 þ r0
kk

� � d
dz

g0
k�1ð Þ � axx

1k
k�1ð Þ

� �

þ G�1
I qG2

2x
1x
k�1ð Þ þ qG2

2 þ r0
kk

� � d2

dz2
g0

k�2ð Þ � axx
1k
ðk�2Þ

� �

� qG2
2

dx1x
ðk�2Þ
dz

;

ð3:120Þ

G�2
I q G2

1 � G2
2

� �

IA
Px1k

kð Þ þ ayFh0
kð Þ � axFg0

kð Þ

� �

¼ �2G�1
I qG2

2 þ r0
kk

� � d
dz

IA
Px1k

k�1ð Þ � Faxg
0
ðk�1Þ þ Fayh

0
ðk�1Þ

� �

þ G�1
I qG2

2F ayx
1y
ðk�1Þ � axx

1x
ðk�1Þ

� �

þ qG2
2 þ r0

kk

� � d2

dz2
IA
Px1k

k�2ð Þ � Faxg
0
ðk�2Þ þ Fayh

0
ðk�2Þ

� �

� qG2
2F

d
dz

ayx
1y
ðk�2Þ � axx

1x
ðk�2Þ

� �

: ð3:121Þ

For the quasi-transverse wave, from Eqs. 3.95–3.101 we have

2G�1
II qG2

2 þ r0
kk

� � d
dz

h0
ðkÞ þ ayx

1k
ðkÞ

� �

¼ G�1
II qG2

2x
1y
kð Þ

þ qG2
2 þ r0

kk

� �
d2h0
ðk�1Þ

dz2
� qG2

2
d
dz

x1y
ðk�1Þ �

dx1k
ðk�1Þ
dz

ay

( )

; ð3:122Þ
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2G�1
II qG2

2 þ r0
kk

� � d
dz

g0
ðkÞ � axx

1k
ðkÞ

� �

¼ G�1
II qG2

2x
1x
ðkÞ

þ qG2
2 þ r0

kk

� �

d2g0
ðk�1Þ

dz2
� qG2

2
d
dz

x1x
ðk�1Þ þ

dx1k
ðk�1Þ
dz

ax

( )

; ð3:123Þ

2G�1
II qG2

2 þ r0
kk

� � d
dz

IA
p x1k
ðkÞ � Faxg

0
ðkÞ þ Fayh

0
ðkÞ

� �

¼ G�1
II qG2

2F ayx
1y
ðkÞ � axx

1x
ðkÞ

� �

þ qG2
2 þ r0

kk

� � d2

dz2
IA
p x1k
ðk�1Þ � Faxg

0
ðk�1Þ þ Fayh

0
ðk�1Þ

n o

þ qG2
2F

d
dz

axx
1x
ðk�1Þ � ayx

1y
ðk�1Þ

� �

; ð3:124Þ

G�2
II q G2

2 � G2
1

� �

x0
kð Þ ¼ �2G�1

II qG2
1 þ r0

kk

� �

dx0
k�1ð Þ

dz

þ qG2
1 þ r0

kk

� �

d2x0
k�2ð Þ

dz2
; ð3:125Þ

G�2
II q G2

2 � G2
1

� �

x1x
ðkÞ ¼ �2G�1

II qG2
1 þ r0

kk

� �

dx1x
ðk�1Þ
dz

þ qG2
1 þ r0

kk

� �

d2x1x
ðk�2Þ

dz2
; ð3:126Þ

G�2
II q G2

2 � G2
1

� �

x1y
kð Þ ¼ �2G�1

II qG2
1 þ r0

kk

� �

dx1y
ðk�1Þ
dz

þ qG2
1 þ r0

kk

� �

d2x1y
ðk�2Þ

dz2
; ð3:127Þ

G�2
II q G2

2 � G2
1

� �

wðkÞ ¼ �2G�1
II qG2

1 þ r0
kk

� �dwðk�1Þ
dz

þ qG2
1 þ r0

kk

� �d2wðk�2Þ
dz2

: ð3:128Þ

From Eqs. 3.115–3.118 it follows that on the quasi-longitudinal wave for k� 0

x0
ðkÞ ¼ c0

ðkÞ ¼ const; x1x
ðkÞ ¼ c1x

ðkÞ ¼ const;

x1y
ðkÞ ¼ c1y

ðkÞ ¼ const; wðkÞ ¼ cw
ðkÞ ¼ const; ð3:129Þ
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h0
ðkÞ þ ayx

1k
ðkÞ ¼

GIG2
2

G2
1 � G2

2

c1y
ðk�1Þ; g0

ðkÞ � axx
1k
ðkÞ ¼

GIG2
2

G2
1 � G2

2

c1x
ðk�1Þ;

IA
Px1k

kð Þ þ ayFh0
kð Þ � axFg0

kð Þ ¼
GIG2

2

G2
1 � G2

2

ayc1y
ðk�1Þ � axc1x

ðk�1Þ

� �

: ð3:130Þ

Solving the set of Eqs. 3.130 yields

x1k
ðkÞ ¼ 0; h0

ðkÞ ¼
GIG2

2

G2
1 � G2

2

c1y
ðk�1Þ; g0

ðkÞ ¼
GIG2

2

G2
1 � G2

2

c1x
ðk�1Þ: ð3:131Þ

From Eqs. 3.122–3.128 it follows that on the quasi-transverse wave for k� 0

x0
ðkÞ ¼ x1x

ðkÞ ¼ x1y
ðkÞ ¼ wðkÞ ¼ 0; ð3:132Þ

h0
ðkÞ þ ayx

1k
ðkÞ ¼ s1

ðkÞ ¼ const;

g0
ðkÞ � axx

1k
ðkÞ ¼ s2

ðkÞ ¼ const; ð3:133Þ

IA
Px1k

kð Þ þ ayFh0
kð Þ � axFg0

kð Þ ¼ s3
ðkÞ ¼ const:

Solving (3.133) we have

x1k
ðkÞ ¼ s3

ðkÞ þ s2
ðkÞax � s1

ðkÞay

� �

IC
p

� ��1
¼ c1k

ðkÞ ¼ const;

h0
ðkÞ ¼ s1

ðkÞ � ay s3
ðkÞ þ s2

ðkÞax � s1
ðkÞay

� �

IC
p

� ��1
¼ ch

ðkÞ ¼ const; ð3:134Þ

g0
ðkÞ ¼ s2

ðkÞ þ ax s3
ðkÞ þ s2

ðkÞax � s1
ðkÞay

� �

IC
p

� ��1
¼ cg

ðkÞ ¼ const:

Thus, for the particular case of a straight untwisted thin-walled beam of
open profile, it has been found that the transient transverse wave is a pure shear-
torsional mode as it follows from Eq. 3.132, while on the quasi-longitudinal wave
the ‘admixed’ components of secondary shear occur of the higher order than the
main values what is verified by Eq. 3.131.

If we put ax ¼ ay ¼ 0 in Eqs. 3.115–3.134 and neglect warping motions, then
we could also obtain, as a particular case, the solution for a straight untwisted rod
of a massive cross-section, which coincides with that resulting for a straight rod
from Eqs. 3.43–3.48 in Rossikhin and Shitikova [2], when � ¼ K ¼ s ¼ 0:
This result verifies the validity of the solution obtained for a thin-walled beam of
open section.

As for the technical theory by Korbut and Lazarev [7], then there is no tran-
sition from the solution for a thin-walled beam to that for a straight beam with a
massive cross-section, i.e. to the Timoshenko beam. It is well known that the
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Timoshenko beam equations produce only two transient waves, longitudinal and

transverse, propagating, respectively, with the velocities GL ¼
ffiffiffiffiffiffiffiffiffi

E=q
p

and GT ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

Kl=q
p

: From the results presented in Sect. 2.2.1 it is evident that neglecting
warping motions for a bisymmetrical beam, as it is seen from Eqs. 2.7 and 2.12,
yields three transient waves: one longitudinal, which velocity (2.11) coincides with
GL; and two shear waves propagating with different velocities defined by (2.21),
the magnitudes of which depend essentially on the geometry of the beams’s cross-
section.

3.2 Construction of the Desired Wave Fields in Terms
of the Ray Series

Following the previous two papers by Rossikhin and Shitikova [8, 2] devoted to
the dynamic behaviour of thin elastic bodies, where thin plates and shells have
been considered in [8], and spatially curved and twisted slender rod-like solids
have been studied in [2], as a method applicable for solving dynamic problems
resulting in propagation of wave surfaces of strong and weak discontinuity we will
use the method of ray expansions [9]. This method is one of the methods of
perturbation technique, where time is used as a small parameter. The review of the
papers devoted the ray method application in dynamic problems of solids and
structures can be found in [8, 10].

Thus, knowing the discontinuities of the desired stress and velocity fields
determined above within an accuracy of arbitrary constants on the two waves of
strong discontinuity, quasi-longitudinal and quasi-transverse, propagating in the
thin-walled beam of open profile, we could construct the fields of the desired
functions also with an accuracy of the arbitrary constants utilizing the ray series
[9], which are the power series with variable coefficients and which allow one to
construct the solution behind the wave fronts of strong discontinuity [2, 8]:

Zðt; sÞ ¼
X

a¼I; II

X

1

k¼0

1
k!
½Za
;ðkÞ�ðsÞ t � s

Ga


 �k

H t � s

Ga


 �

; ð3:135Þ

where Z is the desired value, Hðt � s=GaÞ is the unit Heaviside function, and
the index a ¼ I; II labels the ordinal number of the wave propagating with the
velocity Ga:

The arbitrary constants entering into the ray expansions are determined from
the initial and boundary conditions.

The example of using the ray expansions (3.135) for analyzing the impact
response of spatially curved thin-walled beams of open cross-section will be
demonstrated below in Sect. 4.2 by solving the problem about the normal impact
of an elastic spherically-headed rod upon an elastic arch, representing itself a
channel-beam curved along an arc of the circumference.
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3.3 Conclusion

The theory presented in this chapter is distinct from other dynamical theories of
thin-walled beams of open profile by its simplicity and physical clarity of the
results obtained. The pre-stressed state in the beam has been investigated by virtue
of transient waves of strong but small discontinuity. The strong or weak discon-
tinuity of the k-order is defined by whether the value itself is discontinuous, or its
k-order derivatives are discontinuous under the condition that the value itself and
its k - 1-order derivatives inclusive remain to be continuous fields.

The theory proposed admits the propagation of only two transient waves in
spatially curved thin-walled beams of open section, quasi-longitudinal and quasi-
transverse waves which travel with the velocities of elastic waves. We shall name
the quasi-longitudinal wave as the longitudinal-flexural-warping wave, while the
quasi-transverse wave will be called as torsional-shear wave. The prefix ‘quasi-’
points to the fact that on the longitudinal-flexural-warping wave the main values
enumerated in its name experience the strong discontinuities, while the values
characteristic of the quasi-transverse wave possess the weak discontinuities, and
vice versa for the torsional-shear wave.

Application of any loads at the fixed instant of the time always results in the
generation of transient waves (surfaces of strong or weak discontinuity). That is
why the theory proposed is the general approach for solving many dynamic
problems, in particular, the problems connected with impact, fracture, dynamic
stability, and so on. For example, waves of small discontinuity are generated
during the low-velocity impact by a falling mass. With the increase of the lon-
gitudinal compression load, which falls as the pre-stress in the expressions for
defining the velocities of the waves of strong discontinuity, these velocities begin
to decrease. Moreover, at a certain critical magnitude of the pre-stress the velocity
of the quasi-transverse wave vanishes. In other words, the quasi-transverse wave
‘locks’ within the domain of the shock interaction. This leads to the fact that all its
energy is concentrated in a small domain, what could result in the local damage
within the contact zone.

This is the main conclusion which could be deduced from the given approach.

Appendix 1

From Fig. 3.1 it follows that the components of the vectors s sif g; n nif g; and
k kif g; s sif g are connected with each other by the relationships

si ¼ ki cos uþ si sin u; ð3:136Þ

ni ¼ �ki sin uþ si cos u: ð3:137Þ
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Substituting (3.136) and (3.137) into Frenet formulas

dsi

ds
¼ �sn;: ð3:138Þ

dni

ds
¼ ssi � �ki; ð3:139Þ

dki

ds
¼ �ni; ð3:140Þ

we obtain

�dki

ds
sin uþ dsi

ds
cos u ¼ ðK þ sÞki cos uþ ðK þ sÞsi sin u� �ki; ð3:141Þ

dki

ds
cos uþ dsi

ds
sin u ¼ ðK þ sÞki sin u� ðK þ sÞsi cos u; ð3:142Þ

dki

ds
¼ �ki� sin uþ si� cos u: ð3:143Þ

Multiplying (3.141) and (3.142) by cos u and sin u; respectively, and adding
the resulting equations yields

dsi

ds
¼ ðK þ sÞki � �ki cos u: ð3:144Þ

Multiplying further Eqs. 3.141 and 3.142 by � sin u and cos u; respectively,
and adding the resulting equations yields

dki

ds
¼ �ðK þ sÞsi þ �ki sin u: ð3:145Þ

Formulas (3.144), (3.145) and (3.143) coincide, respectively, with
Eqs. 3.15–3.17.

Appendix 2

fiðk�1Þki ¼
d2xðk�1Þ

ds2
� d

ds

�

�gðk�1Þ cos u� �hðk�1Þ sin u
�

þ � sin u
dhðk�1Þ

ds
þ gðk�1ÞðK þ sÞ � xðk�1Þ� sin u

� 
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� � cos u
dgðk�1Þ

ds
� hðk�1ÞðK þ sÞ þ xðk�1Þ� cos u

� 


þ ex1y
ðkÞ� sin u� ex1y

ðkÞ� cos u; ð3:146Þ

fiðk�1Þki ¼
d2hðk�1Þ

ds2
þ ðK þ sÞ

dgðk�1Þ
ds

� hðk�1ÞðK þ sÞ þxðk�1Þ� cos u

� 


�� sin u
dxðk�1Þ

ds
þ hðk�1Þ� sin u� gðk�1Þ� cos u

� 


� d
ds

�

xðk�1Þ� sin u� gðk�1ÞðK þ sÞ
�

þx1k
ðk�1Þ� cos u; ð3:147Þ

fiðk�1Þsi ¼
d2gðk�1Þ

ds2
� ðK þ sÞ

dhðk�1Þ
ds

þ gðk�1ÞðK þ sÞ � xðk�1Þ� sin u

� 


þ � cos u
dxðk�1Þ

ds
þ hðk�1Þ� sin u� gðk�1Þ� cos u

� 


� d
ds

�

hðk�1ÞðK þ sÞ � xðk�1Þ� cos u
�

þ x1k
ðk�1Þ� sin u; ð3:148Þ

F1ðk�1Þ¼qG2
1

d
ds

(

dx0
ðk�1Þ
ds

�� g0
ðk�1Þcosu�h0

ðk�1Þsinu
� �

þ� axcosuþaysinu
� �

x1k
ðk�1Þ

)

þ2�qG2
2

(

axcosuþaysinu
� �

dx1k
ðk�1Þ
ds

þðKþsÞ aycosu�axsinu
� �

x1k
ðk�1Þ

)

þ2qG2
2ðKþsÞx1k

ðk�1Þ

þ2�qG2
2 cosu x1x

ðk�1Þ�
dg0
ðk�1Þ
ds

 !

�sinu x1y
ðk�1Þ�

dh0
ðk�1Þ
ds

 !( )

þqG2
2�

(

�x1x
ðk�1Þcosuþx1y

ðk�1Þsinu��x0
ðk�1Þ

þðKþsÞ h0
ðk�1Þcosuþg0

ðk�1Þsinu
� �

)

þf 0
iðk�1Þkir

0
kk; ð3:149Þ

F2ðk�1Þ ¼ qG2
2

d
ds

dh0
ðk�1Þ
ds

� x1y
ðk�1Þ þ

dx1k
ðk�1Þ
ds

ay � ðK þ sÞaxx
1k
ðk�1Þ

( )

þ qG2
2ðK þ sÞ

dg0
ðk�1Þ
ds

� x1x
ðk�1Þ �

dx1k
ðk�1Þ
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ax � ðK þ sÞayx
1k
ðk�1Þ

( )
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� qG2
1�

dx0
ðk�1Þ
ds

� � g0
ðk�1Þ cos u� h0

ðk�1Þ sin u
� �

(

þ � ax cos uþ ay sin u
� �

x1k
ðk�1Þ
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Chapter 4
Impact Response of Thin-Walled Beams
of Open Profile

Abstract The dynamic theory of thin-walled beams of generic open section with
a spatially curved and twisted longitudinal axes proposed in the previous chapter
with due account for the axial precompression is utilized here for the analysis of
the impact response, since the derived hyperbolic system of recurrent equations
together with the ray expansions allow one to describe the short-time processes,
in particular, the processes of shock interaction, because the convergence of the
ray series essentially depends on the rapidity of the duration of the process under
consideration. Examples of using the ray expansions for analyzing the impact
response of spatially curved thin-walled beams of open cross-section are dem-
onstrated by solving the problem about the normal impact of a steel rod with a
rounded end upon a steel arch, representing itself a channel-beam curved along an
arc of the circumference. The time-dependence of the contact force is found and
analyzed graphically at different levels of the axial compression force.

Keywords Impact � Shock interaction � Linear contact force � Hertz’s contact law
� Axial compression force

4.1 Introduction

During the past two decades foreign object impact damage to structures has
received a great deal of attention, since thin-walled structures are known to be
susceptible to damage resulting from accidental impact by foreign objects. Impact
on aircraft structures or civil engineering structures, for instance, from dropped
tools, hail, and debris thrown up from the runway, poses a problem of great
concern to designers. Since the impact response is not purely a function of
material’s properties and depends also on the dynamic structural behaviour of a

Y. A. Rossikhin and M. V. Shitikova, Dynamic Response of Pre-Stressed Spatially
Curved Thin-Walled Beams of Open Profile, SpringerBriefs in Applied Sciences
and Technology, DOI: 10.1007/978-3-642-20969-7_4, � Yury A. Rossikhin 2011
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target, it is important to have a basic understanding of the structural response and
how it is affected by different parameters [1]. From this point of view, analytical
models are useful as they allow systematic parametric investigation and provide a
foundation for prediction of impact damage.

An impact response analysis requires a good estimate of contact force
throughout the impact duration. Low velocity impact problems, which also took
the local indentation into account, have been solved by many authors. Reference to
the state-of-the-art paper [1] shows that in most studies it was assumed that the
impacted structure was free of any initial stresses. But this does not adequately
reflect the real multidirectional complex loading states that the materials experi-
ence during their service life. In practice, the composite facing of a structure may
be under a preload, e.g. a sandwich structure with laminate facing under bending
loads, jet engine fan blades subjected to centrifugal forces. Even when stationary
on the runway a composite airframe is under pre-stress. The other example of great
practical interest is the analysis of impact response of pipes pressurized for hydro-
tests subjected to dropped tools.

To the authors knowledge, the first attempts to investigate the dynamic response
of straight thin-walled beams of bisymmetric and monosymmetric open profile
impacted by an elastic sphere were made in [2] and [3], respectively. The technical
theory by Korbut and Lazarev [4], which takes the rotary inertia and transverse
shear deformations into account, was adopted to describe the dynamic behaviour
of thin-walled beams, and the local bearing of the material in the place of contact
was considered according to the Hertz’s contact theory. One-term ray expansions
[1] were used to construct the desired stress and velocity fields what allowed the
authors to find an analytical solution for the maximal contact force and to estimate
the duration of contact. Later this theory was generalized by Rossikhin and
Shitikova [5] taking the extension of the thin-walled beam’s middle surface into
account, and the dynamic response of a Timoshenko-type thin-walled beam of
general open cross-section to the impact of a sphere was investigated in [5] using
the wave approach [1]. But, as it has been demonstrated in Introduction, the main
disadvantage of all technical theories of thin-walled beams, among which is the
theory by Korbut and Lazarev [4] and its generalization [5], is that they produce
three or even four transient shear-torsional waves propagating with the velocities
dependent on the geometrical parameters of the beam. Thus, it has been shown that
all existing technical theories of thin-walled beams could not capture the general
relationships of the transient shear-torsional waves, since each thin-walled beam
possesses its own velocities, and thus, each time it is needed to study a concrete
object with its concrete dimensions (some examples could be found in [5]).

Except papers cited above, i.e. [2, 3] and [5], these authors have found in
literature only one paper by Taiwanese researchers Lin et al. [6] suggesting a
numerical approach to determining the transient response of straight nonrectan-
gular bars subjected to transverse elastic impact. To our great surprise, this paper is
free from any formulas, although it is devoted to ‘transverse impact response’ of
straight thin-walled beams with channel and tee profiles. The results obtained in
[6] via finite element method (but it is impossible to understand what theory was
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adopted during solution, as well as what numerical algorithms were implemented)
were compared graphically via numerous figures with experimental data obtained
by the same authors themselves. As this takes place, only longitudinal waves were
taken into account. But numerous data on impact analysis of structures [1] shows
that during transverse impact the transverse forces and, thus, the shear waves
predominate in the wave phenomena. That is why, despite the fact that the authors
of the cited paper [6] declared the good agreement between their numerical and
experimental investigations, it is hard to believe in such perfect matching.

Below in order to analyze the impact response of spatially curved thin-walled
beams of open profile we shall implement the theoretical results which have
already been described in Chap. 3, since the derived hyperbolic system of recurrent
equations together with the ray expansions allow one to describe the short-time
processes, in particular, the processes of shock interaction. The theory suggested in
Sect. 3.1 is free from new additional constants such as the shear coefficients in
Timoshenko-like theories, and it involves only elastic moduli and Poisson’s
coefficient, resulting in the fact that only two transient waves, quasi-longitudinal
and quasi-transverse, propagate in the thin-walled beam. Besides, the velocity of
the transient shear wave coincides with that of the transverse wave in three-
dimensional elastic media, in contrast to the Timoshenko-like theories, according
to which several transverse waves propagate, as a rule, with the velocities
dependent on the geometrical parameters of the beam. As for the longitudinal
wave, then in both theories it propagates with the velocity of the longitudinal wave
in a thin elastic rod.

The problems of shock interaction fully conform to the requirements of the
theory presented in Chap. 3, wherein the convergence of the ray series essentially
depends on the rapidity of the duration of the process under consideration.

4.2 Impact of a Hemispherical-Nosed Rod Against
a Thin-Walled Beam of Open Profile

Below utilizing the theory developed in Chap. 3 and using one-term and multiple-
term ray expansions, the normal impact of an elastic thin spherically-headed rod of
circular cross-section against a lateral surface of the initially stressed thin-walled
beam of generic open section will be investigated.

4.2.1 The Wave Theory of Impact with Due Account
for One-Term Ray Expansions

Let us consider the normal impact of an elastic thin rod of circular cross section
upon a lateral surface of a thin-walled elastic beam of open section (Fig. 4.1). At
the moment of impact, which occurs at the point n = 0, the velocity of the
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impacting rod is equal to V0; and the longitudinal shock wave begins to propagate

along the rod with the velocity G0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi

E0q�1
0

p

; where E0 is its elastic modulus, and
q0 is its density.

The interacting bodies are considered to be of rather long extent in order to
ignore reflected waves, since they arrive at the place of contact after the rebounce
of the impactor from the target.

Behind the wave front the stress r� and velocity v� fields can be represented
using the ray series [1]

r� ¼ �
X

1

k¼0

1
k!

okr
otk

� �

t � n

G0

� �k

; ð4:1Þ

v� ¼ V0 �
X

1

k¼0

1
k!

okv

otk

� �

t � n

G0

� �k

; ð4:2Þ

where n is the coordinate directed along the rod’s axis with the origin in the place
of contact.

Considering that the discontinuities in the elastic rod remain constant during the
process of the wave propagation and utilizing the condition of compatibility,
we have

okþ1u

onotk

� �

¼ �G�1
0

okþ1u

otkþ1

� �

¼ �G�1
0

okv

otk

� �

; ð4:3Þ

where u is the displacement.
With due account of (4.3) the Hook’s law on the wave surface can be

rewritten as

okr
otk

� �

¼ �q0G0
okv

otk

� �

: ð4:4Þ

Fig. 4.1 Scheme of shock
interaction
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Substituting (4.4) in (4.1) yields

r� ¼ q0G0

X

1

k¼0

1
k!

okv

otk
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t � n

G0

� �k

: ð4:5Þ

Comparison of relationships (4.5) and (4.2) gives

r� ¼ qG0 V0 � v�ð Þ: ð4:6Þ

When n ¼ 0; (4.6) takes the form

rcont ¼ qG0 V0 � vnð Þ; ð4:7Þ

where rcont ¼ r� n¼0j is the contact stress, and vn ¼ v� n¼0j is the normal velocity
of the beam’s points within the contact domain.

Formula (4.7) allows one to find the contact force

P ¼ pr2
0q0G0 V0 � vnð Þ; ð4:8Þ

where r0 is the radius of the rod’s cross section.
However, the contact force can be determined not only via Eq. 4.8, but using

the Hertz’s law as well [1, 7]

P ¼ ka3=2; ð4:9Þ

where a is the value governing the local bearing of the target’s material during the
process of its contact interaction with the impactor, and k is the contact stiffness
coefficient depending on the geometry of colliding bodies, as well as on their
elastic constants

k ¼ 4
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1
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: ð4:10Þ

Here, r0 is the radius of the rod’s rounded end (Fig. 4.1), Rt is the radius of
curvature of the target in the place of impact, and E0; m0 and Et; mt are the elastic
modulus and the Poisson’s ratio of the indenter and the target, respectively.

Eliminating the force P from (4.8) and (4.9), we are led to the equation for
determining the value aðtÞ

vn þ
k

pr2
0q0G0

a3=2 ¼ V0: ð4:11Þ

In order to express the velocity vn in terms of a

vn ¼ _aþ h0
ð0Þ sin bðs1Þ þ g0

ð0Þ cos bðs1Þ þ eðs1Þx1k
ð0Þ; ð4:12Þ

let us analyze the wave processes occurring in the thin-walled beam of open
section.

4.2 Impact of a Hemispherical-Nosed Rod 59



Since the contours of the beam’s cross sections remain rigid during the process
of impact, then all sections involving by the contact domain form a layer which
moves as rigid whole. Let us name it as a contact layer (Fig. 4.1). If we neglect the
inertia forces due to the smallness of this layer, then the equations describing its
motion take the form

2Qkx þ P sin b s1ð Þ ¼ 0; ð4:13Þ

2Qky þ P cos b s1ð Þ ¼ 0; ð4:14Þ

2MA þ Peðs1Þ ¼ 0; ð4:15Þ

where bðs1Þ is the angle between the x-axis and the tangent to the contour at the
point M with the s1coordinate, and eðs1Þ is the length of the perpendicular erected
from the flexural center to the rod’s axis (Fig. 4.1).

The values Qkx; Qky and MA entering in (4.13)–(4.15) are calculated as follows:
behind the wave fronts of the quasi-longitudinal and quasi-transverse waves upto
the boundary planes of the contact layer, the ray series (3.135) are written on the
unknown moving boundary a(t) of the contact domain with due account for the
effect of ‘retardation’ [8] implying in the fact that the transient waves detach from
the boundary of the contact domain not immediately at the moment of impact
t = 0, but after some time duration t ¼ t� ¼ r0V0=2G2

II elapsed from the moment
of impact [9]. Thus as a result we obtain
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; ð4:16Þ

where s ¼ a� is the location of the contact region boundary at t ¼ t�;

a ¼ a� þ a0ðt � t�Þ þ a1ðt � t�Þ2 þ � � �; ð4:17Þ

t � t� � ða� a�ÞG�1
a ¼ ð1� a0G�1

a Þðt � t�Þ � a1G�1
a ðt � t�Þ2 þ � � �; ð4:18Þ

and a0; a1; ... are yet unknown constant values, and a� ¼ r0V0G�1
II :

The series (4.16)–(4.18) can be employed due to the smallness of the duration
of contact of the rod with the beam. If we restrict ourselves only by the first terms
of the series, then it is possible to find them from (3.56), (3.57) and (3.67) at k ¼ 0:
As a result, we obtain the following expressions for the values Qkx ¼ Qkxð0Þ; Qky ¼
Qkyð0Þ and MA ¼ MAð0Þ:

Qkxð0Þ ¼ �G�1
II qG2

2Fh0
ð0Þ; ð4:19Þ

Qkyð0Þ ¼ �G�1
II qG2

2Fg0
ð0Þ; ð4:20Þ

MAð0Þ ¼ �G�1
II qG2

2IA
p x1k
ð0Þ: ð4:21Þ
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Substituting (4.19)–(4.21) in (4.13)–(4.15) with due account for (4.9), we have

h0
ð0Þ ¼

1
2

GIIðqG2
2Þ
�1F�1ka3=2 sin b; ð4:22Þ

g0
ð0Þ ¼

1
2

GIIðqG2
2Þ
�1F�1ka3=2 cos b; ð4:23Þ

x1k
ð0Þ ¼

1
2

GIIðqG2
2Þ
�1ðIA

p Þ
�1eka3=2: ð4:24Þ

Considering (4.22)–(4.24), we can rewrite (4.12) as

vn ¼ _aþ 1
2

GIIðqG2
2Þ
�1ka3=2 F�1 þ ðIA

p Þ
�1e2

n o

: ð4:25Þ

Substituting (4.25) in (4.11), we obtain the equation for defining a

_aþ ja3=2 ¼ V0; ð4:26Þ

where

j ¼ k
1

pr2
0q0G0

þ 1
2

GII

qG2
2

F�1 þ ðIA
p Þ
�1e2

h i

� �

:

An approximate solution of (4.26) can be written as

a � V0t 1� 2
5

V1=2
0 jt3=2

� �

; ð4:27Þ

whence it follows the contact duration

tcont ¼
5
2

V�1=2
0 j�1

� �2=3

: ð4:28Þ

The maximum deformation amax is reached at _a ¼ 0 and, due to (4.26),
is equal to

amax ¼
V0

j

� �2=3

: ð4:29Þ

From (4.29) it follows that

Pmax ¼ ka3=2
max ¼ kV0j

�1: ð4:30Þ

If a thin-walled open section beam is subjected to the initial extension stress
r0

kk [ 0; then the velocity GII increases with the increase in r0
kk; and hence amax

and Pmax decrease. If the initial pre-stress r0
kk is compressional, then with the

increase in r0
kk

	

	

	

	 the velocity GII decreases, and hence amax and Pmax increase.

4.2 Impact of a Hemispherical-Nosed Rod 61



The values amax and Pmax attain their maximal magnitudes at GII ¼ 0 r0
kk ¼ qG2

2


 �

and have the form

amax ¼
pr2

0q0G0V0

k

� �2=3

; ð4:31Þ

Pmax ¼ pr2
0q0G0V0: ð4:32Þ

4.2.2 Wave Theory of Impact with Due Account
for Multiple-Term Ray Expansions

Let us now consider the problem stated in Sect. 4.2.1, but instead of one-term ray
expansions for the desired values we shall use two- and three-term ray expansions
(3.135) and (4.16)–(4.18). Besides, here we shall take the inertia of the contact
domain into account.

For simplicity, we shall suppose that the thin-walled beam has the constant
curvature � ¼ R�1

t ¼ R�1; while the torsion s ¼ 0: Moreover, the beam possesses
one axis of symmetry, along which the impactor moves. At the point of impact,
the value bðs1Þ ¼ 0 (Fig. 4.2).

With the assumptions made, the motion of the contact domain is described by
one equation

Fig. 4.2 Scheme of shock
interaction
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M _g0 ¼ 2Qky þ P ; ð4:33Þ

where M ¼ 2qFaðt � t�Þ and 2aðt � t�Þ are the mass and the width of the contact
spot, respectively, while the value a is connected with the value a according to the
Hertz’s theory by the following relationship:

a ¼ R0�1a2; ð4:34Þ

in so doing in view of (4.34). Equation 4.11 takes the form

_aþ g0 þ k

pq0G0R0
a1=2 ¼ V0: ð4:35Þ

Equation 4.9, the initial condition
_a ¼ V0; ð4:36Þ

which may be written at t ¼ t� due the smallness of the time t�; as well as the
boundary conditions

h0 ¼ x1y ¼ x1k ¼ w ¼ 0; ð4:37Þ

x1x ¼ � _aR�1; ð4:38Þ

x0 ¼ _a ð4:39Þ

should be added to Eqs. 4.33–4.35.
Representing the value a in terms of a series

a ¼ a� þ a1ðt � t�Þ þ a2ðt � t�Þ2 þ a3ðt � t�Þ3 þ � � �; ð4:40Þ

where a� � 2V0t� ¼ r0V2
0 G�2

II ; and a1; a2; a3; . . . are yet unknown constants, and
substituting (4.17) and (4.40) in (4.34), we find with due account for the initial
condition (4.36)

a1 ¼ V0 ; a� ¼ a�R0ð Þ1=2
; a0 ¼

1
2

V0a
��1=2R01=2

;

a1 ¼
1
2

a�1=2R01=2 a2a
��1 � 1

4
V2

0 a��2
� �

;

a2 ¼
1
2

a�1=2R01=2 a3a
��1 � 1

2
a1a

��1 a2a
��1 � 1

4
V2

0 a��2
� �� �

:

ð4:41Þ

Since the solution behind the wave fronts upto the contact domain is con-
structed in terms of the ray series (4.16), then we should first determine the ray
series coefficients for the desired values. Thus, putting k = 0 and 1 in (3.80)–(3.82)
and (3.83)–(3.86) with due account for K ¼ s ¼ 0; � ¼ R�1; and u ¼ v ¼ 0
(Fig. 4.2), we obtain for the quasi-longitudinal wave
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x0
ð0ÞI ¼ c0ð0Þ; x1x

ð0ÞI ¼ c1ð0Þ �
1
R

x0
ð0ÞI ¼ c1ð0Þ �

1
R

c0ð0Þ; ð4:42Þ

x1y
ð0ÞI ¼ c2ð0Þ; wð0ÞI ¼ c3ð0Þ �

1
R

x1y
ð0ÞI ¼ c3ð0Þ �

1
R

c2ð0Þ;

g0
ð0ÞI ¼ h0

ð0ÞI ¼ x1k
ð0ÞI ¼ 0;

x0
ð1ÞI ¼ c0ð1Þ þ

G2
2

2RGI

G2
I þ G2

II þ G2
2

G2
I � G2

II

c1ð0Þ �
G2

I þ G2
II

RG2
2

c0ð0Þ

� �

� c1ð0Þ

� �

s;

g0
ð1ÞI ¼

GIG2
2

G2
I � G2

II

c1ð0Þ �
G2

I þ G2
II

G2
2R

c0ð0Þ �
axIx

IC
p

c2ð0Þ

 !" #

;

h0
ð1ÞI ¼

GIG2
2

G2
I � G2

II

1� ðG
2
I þ G2

IIÞ
G2

2

ayIx

RIC
p

" #

x1y
ð0ÞI ; x1k

ð1ÞI ¼
GIðG2

I þ G2
IIÞ

G2
I � G2

II

Ix

RIC
p

x1y
ð0ÞI ;

x1x
ð1ÞI ¼ c1ð1Þ �

1
R

x0
ð1ÞI þ

G2
2

R2GI
c1ð0Þ s;

x1y
ð1ÞI ¼ c2ð1Þ þ

G2
2

R2GI
1� ðG

2
I þ G2

II þ G2
2ÞðG2

I þ G2
IIÞ

2ðG2
I � G2

IIÞG2
2

Ix

IC
p

( )

c2ð0Þ s;

wð1ÞI ¼ c3ð1Þ �
1
R

x1y
ð1ÞI þ

3
2

G2
2

R2GI
c3ð0Þ s;

g0
ð2ÞI ¼

GIG2
2

G2
I � G2

II

x1x
ð1ÞI þ

1
R

x0
ð1ÞI �

G2
I þ G2

II

RG2
2

x0
ð1ÞI �

axIx

IC
p

x1y
ð1ÞI

 !( )

;

h0
ð2ÞI ¼

GIG2
2

G2
I � G2

II

1� ðG
2
I þ G2

IIÞ
G2

2

ayIx

RIC
p

" #

x1y
ð1ÞI ; x1k

ð2ÞI ¼
GIðG2

I þ G2
IIÞ

G2
I � G2

II

Ix

RIC
p

x1y
ð1ÞI ;

x0
ð2ÞI ¼ c0ð2Þ þ

G2
2

2RGI

"

G2
I þ G2

II þ G2
2

G2
I � G2

II

c1ð1Þ �
G2

I þ G2
II

RG2
2

c0ð1Þ

� �

� c1ð1Þ

#

s

þ G4
2

2R3G2
I

(

G2
I þ G2

II þ G2
2

G2
I � G2

II

"

c1ð0Þ �
G2

I þ G2
II

2G2
2

 

G2
I þ G2

II þ G2
2

G2
I � G2

II

�
�

c1ð0Þ �
G2

I þ G2
II

RG2
2

c0ð0Þ




� c1ð0Þ

! #

� c1ð0Þ

)

s2

2
;

x1x
ð2ÞI ¼ c1ð2Þ �

1
R

x0
ð2ÞI þ

G2
2

R2GI
c1ð1Þ sþ G4

2

R4G2
I

c1ð0Þ
s2

2
;

64 4 Impact Response of Thin-Walled Beams of Open Profile



x1y
ð2ÞI ¼ c2ð2Þ þ

G2
2

R2GI
1� ðG

2
I þ G2

II þ G2
2ÞðG2

I þ G2
IIÞ

2ðG2
I � G2

IIÞG2
2

Ix

IC
p

 !

c2ð1Þ s

þ G4
2

R4G2
I

1� ðG
2
I þ G2

II þ G2
2ÞðG2

I þ G2
IIÞ

2ðG2
I � G2

IIÞG2
2

Ix

IC
p

 !2

c2ð0Þ
s2

2
;

wð2ÞI ¼ c3ð2Þ �
1
R

x1y
ð2ÞI þ

G2
2

R2GI

3
2

c3ð1Þ � G2
2c1ð0Þ

� �

sþ 9
4

G4
2

R4G2
I

c3ð0Þ
s2

2

þ G2
2

2RGI

G2
I þ G2

II þ G2
2

G2
I � G2

II

c1ð0Þ �
G2

I þ G2
II

RG2
2

c0ð0Þ

� �

� c1ð0Þ

� �

s

� G2
2ðG2

I þ G2
IIÞ

R3GI
1� ðG

2
I þ G2

II þ G2
2ÞðG2

I þ G2
IIÞ

2ðG2
I � G2

IIÞG2
2

Ix

IC
p

 !

axIx

IC
p

c2ð0Þ s;

and for the quasi-transverse wave

x1k
ð0ÞII ¼ k0

ð0Þ; x1x
ð0ÞII ¼ x1y

ð0ÞII ¼ x0
ð0ÞII ¼ wð0ÞII ¼ 0; ð4:43Þ

h0
ð0ÞII ¼ h0

ð0Þ � ayx
1k
ð0ÞII ¼ h0

ð0Þ � ayk0
ð0Þ; g0

ð0ÞII ¼ g0
ð0Þ þ axx

1k
ð0ÞII ¼ g0

ð0Þ þ axk0
ð0Þ;

x0
ð1ÞII ¼

GIIðG2
I þ G2

II þ G2
2Þ

RðG2
2 � G2

1Þ
g0
ð0Þ; wð1ÞII ¼

GIIðG2
I þ G2

II þ G2
2Þ

R2ðG2
2 � G2

1Þ
k0
ð0Þ;

x1x
ð1ÞII ¼ �

GIIðG2
I þ G2

II þ G2
2Þ

R2ðG2
2 � G2

1Þ
g0
ð0Þ; x1y

ð1ÞII ¼ �
GIIðG2

I þ G2
II þ G2

2Þ
RðG2

2 � G2
1Þ

k0
ð0Þ;

x1k
ð1ÞII ¼ k0

ð1Þ þ
1

2R2GIIIC
p

G2
1 a2

xF � Ix


 �

k0
ð0Þ �

r0
kk

q
Iy þ 2ayRF þ a2

xF

 �

k0
ð0Þ

�

� G2
1axFg0

ð0Þ �
ðG2

I þ G2
IIÞðG2

I þ G2
II þ G2

2Þ
G2

2 � G2
1

Ixkð0Þ

�

s;

h0
ð1ÞII ¼ h0

ð1Þ � ayx
1k
ð1ÞII �

1
2RGII

G2
2ðG2

I þ G2
II þ G2

2Þ
G2

2 � G2
1

� r0
kk

q

� �

k0
ð0Þ s;

g0
ð1ÞII ¼ g0

ð1Þ þ axx
1k
ð1ÞII �

1
2R2GII

ðG2
I þ G2

IIÞðG2
I þ G2

II þ G2
2Þ

G2
2 � G2

1

g0
ð0Þ

�

þ G2
1g0
ð0Þþ

r0
kk

q
g0
ð0Þ þ axk0

ð0Þ

� 


�

s;

x0
ð2ÞII ¼ �

GIIðG2
I þ G2

II þ G2
2Þ

RðG2
2 � G2

1Þ
axx

1k
ð1ÞII � g0

ð1ÞII

� 


; x1x
ð2ÞII ¼ �

1
R

x0
ð2ÞII ;
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x1y
ð2ÞII ¼ �

GIIðG2
I þ G2

II þ G2
2Þ

RðG2
2 � G2

1Þ
x1k
ð1ÞII ; wð2ÞII ¼ �

1
R

x1y
ð2ÞII ;

x1k
ð2ÞII ¼ k0

ð2Þ þ
1

2R2GIIIC
p

G2
1 a2

xF � Ix


 �

k0
ð1Þ �

r0
kk

q
Iy þ 2ayRF þ a2

xF

 �

k0
ð1Þ

�

� G2
1axFg0

ð1Þ �
ðG2

I þ G2
IIÞðG2

I þ G2
II þ G2

2Þ
G2

2 � G2
1

Ixk0
ð1Þ

�

s

þ 1

2R2GIIIC
p

� 
2 G2
1 a2

xF � Ix


 �

� r0
kk

q
Iy þ 2ayRF þ a2

xF

 �

��

� ðG
2
I þ G2

IIÞðG2
I þ G2

II þ G2
2Þ

G2
2 � G2

1

Ix

�2

k0
ð0Þ � G2

1axF

�

G2
1 a2

xF � Ix


 �

� r0
kk

q
Iy þ 2ayRF þ a2

xF

 �

�ðG
2
I þ G2

IIÞðG2
I þ G2

II þ G2
2Þ

G2
2 � G2

1

Ix

�

g0
ð0Þ

�

s2

2

þ G2
1axF

4R4G2
II I

C
p

ðG2
I þ G2

IIÞðG2
I þ G2

II þ G2
2Þ

G2
2 � G2

1

g0
ð0Þ þ G2

1g0
ð0Þ

�

þ r0
kk

q
g0
ð0Þ þ axk0

ð0Þ

� 


�

s2

2
;

h0
ð2ÞII ¼ h0

ð2Þ � ayx
1k
ð2ÞII �

1
2RGII

G2
2ðG2

I þ G2
II þ G2

2Þ
G2

2 � G2
1

� r0
kk

q

� �

k0
ð1Þ s

� 1
4R3G2

II I
C
p

G2
2ðG2

I þ G2
II þ G2

2Þ
G2

2 � G2
1

� r0
kk

q

� ��

G2
1 a2

xF � Ix


 �

k0
ð0Þ � G2

1axFg0
ð0Þ

� r0
kk

q
Iy þ 2ayRF þ a2

xF

 �

k0
ð0Þ �

ðG2
I þ G2

IIÞðG2
I þ G2

II þ G2
2Þ

G2
2 � G2

1

Ixk0
ð0Þ

�

s2

2
;

g0
ð2ÞII ¼ g0

ð2Þ þ axx
1k
ð2ÞII �

1
2R2GII

ðG2
I þ G2

IIÞðG2
I þ G2

II þ G2
2Þ

G2
2 � G2

1

g0
ð1Þ þ G2

1g0
ð1Þ

�

þ r0
kk

q
g0
ð1Þ þ axk0

ð1Þ

� 


�

s� 1
4R4G2

II

ðG2
I þ G2

IIÞðG2
I þ G2

II þ G2
2Þ

G2
2 � G2

1

þ G2
1

� �2

g0
ð0Þ

(

� r0
kk

q

� �2

g0
ð0Þ þ axk0

ð0Þ

� 


þ ax
ðG2

I þ G2
IIÞðG2

I þ G2
II þ G2

2Þ
G2

2 � G2
1

þ G2
1

� �

k0
ð0Þ

)

s2

2
:
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Substituting the found ray series coefficients (4.42) and (4.43) in (4.16), we can
write the three-term ray expansions for the desired fields

x0 ¼ x0
ð0ÞI þ 1� a0

GI

� �

x0
ð1ÞI þ 1� a0

GII

� �

x0
ð1ÞII

� �

t � t�ð Þ

þ 1
2

1� a0

GI

� �2

x0
ð2ÞI þ

1
2

1� a0

GII

� �2

x0
ð2ÞII

(

� a1

GI
x0
ð1ÞI �

a1

GII
x0
ð1ÞII

)

t � t�ð Þ2; ð4:44Þ

x1x ¼ x1x
ð0ÞI þ 1� a0

GI

� �

x1x
ð1ÞI þ 1� a0

GII

� �

x1x
ð1ÞII

� �

t � t�ð Þ

þ 1
2

1� a0

GI

� �2

x1x
ð2ÞI þ

1
2

1� a0

GII

� �2

x1x
ð2ÞII

(

� a1

GI
x1x
ð1ÞI �

a1

GII
x1x
ð1ÞII

)

t � t�ð Þ2; ð4:45Þ

x1y ¼ x1y
ð0ÞI þ 1� a0

GI

� �

x1y
ð1ÞI þ 1� a0

GII

� �

x1y
ð1ÞII

� �

t � t�ð Þ

þ 1
2

1� a0

GI

� �2

x1y
ð2ÞI þ

1
2

1� a0

GII

� �2

x1y
ð2ÞII

(

� a1

GI
x1y
ð1ÞI �

a1

GII
x1y
ð1ÞII

)

t � t�ð Þ2; ð4:46Þ

w ¼ wð0ÞI þ 1� a0

GI

� �

wð1ÞI þ 1� a0

GII

� �

wð1ÞII

� �

t � t�ð Þ

þ 1
2

1� a0

GI

� �2

wð2ÞI þ
1
2

1� a0

GII

� �2

wð2ÞII

(

� a1

GI
wð1ÞI �

a1

GII
wð1ÞII

)

t � t�ð Þ2; ð4:47Þ

g0 ¼ g0
ð0ÞII þ 1� a0

GI

� �

g0
ð1ÞI þ 1� a0

GII

� �

g0
ð1ÞII

� �

t � t�ð Þ

þ 1
2

1� a0

GI

� �2

g0
ð2ÞI þ

1
2

1� a0

GII

� �2

g0
ð2ÞII

(

� a1

GI
g0
ð1ÞI �

a1

GII
g0
ð1ÞII

)

t � t�ð Þ2; ð4:48Þ
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h0 ¼ h0
ð0ÞII þ 1� a0

GI

� �

h0
ð1ÞI þ 1� a0

GII

� �

h0
ð1ÞII

� �

t � t�ð Þ

þ 1
2

1� a0

GI

� �2

h0
ð2ÞI þ

1
2

1� a0

GII

� �2

h0
ð2ÞII

(

� a1

GI
h0
ð1ÞI �

a1

GII
h0
ð1ÞII

)

t � t�ð Þ2; ð4:49Þ

x1k ¼ x1k
ð0ÞII þ 1� a0

GI

� �

x1k
ð1ÞI þ 1� a0

GII

� �

x1k
ð1ÞII

� �

t � t�ð Þ

þ 1
2

1� a0

GI

� �2

x1k
ð2ÞI þ

1
2

1� a0

GII

� �2

x1k
ð2ÞII

(

� a1

GI
x1k
ð1ÞI �

a1

GII
x1k
ð1ÞII

)

t � t�ð Þ2; ð4:50Þ

where the discontinuities of all values are taken at s ¼ a� a�:
Substituting relationship for QykðkÞ defined by (3.57), as well as (4.9), (4.10) and

(4.44)–(4.50) with due account for (4.17), (4.18) and (4.40)–(4.43) in Eqs. 4.33,
4.35 and 4.37–4.39, and equating the coefficients at equal powers of t � t� yields

k0
ð0Þ ¼ h0

ð0Þ ¼ c1ð0Þ ¼ c2ð0Þ ¼ c3ð0Þ ¼ 0; ð4:51Þ

c0ð0Þ ¼
1
2

V0R01=2a��1=2 ; g0
ð0Þ ¼ �

ka�1=2

pq0G0R0
;

2a2 ¼ �
1
2

k

pq0R0a�1=2

V0

G0
þ pq0R01=2a�3=2

qF
þ 2G2

2a
�1=2

G0GIIR0
1=2

 !

\0;

k0
ð1Þ ¼ h0

ð1Þ ¼ c1ð1Þ ¼ c2ð1Þ ¼ c3ð1Þ ¼ 0;

c0ð1Þ ¼ 1� a0

GII

� �

1� a0

GI

� ��1GIIðG2
I þ G2

II þ G2
2Þ

RðG2
I � G2

IIÞ
g0
ð0Þ

þ R01=2a�1=2 a2a
��1 � 1

4
V2

0 a��2
� �

1� a0

GI

� ��1

;

g0
ð1Þ ¼ 1� a0

GI

� �

1� a0

GII

� ��1GIðG2
I þ G2

IIÞ
RðG2

I � G2
IIÞ

c0ð0Þ

þ k
a�

2qFR01=2
þ G2

2

pq0G0GIIR0
3=2

 !

1� a0

GII

� ��1

;
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3a3 ¼ �
1
4

k

pq0G0R0a�1=2
2a2 �

V2
0

2a�

� �

þ 1
4

kV0

R01=2

G2
2

pq0G0GIIR0a�
� 1

qF

� �

þ 1
2

kG2
2a
�1=2

GIIR0
G2

2

pq0G0GIIR0a�
þ 1

qF

� �

þ 1
4

V0G2
2

a�
1� a0

GI

� �

GI

GII
� 1

� �

G2
I þ G2

II

RðG2
I � G2

IIÞ
:

Substituting the found arbitrary constants (4.51) in the ray series (4.44)–(4.49),
we obtain the final expressions for the desired fields. Thus, for example, knowing
the values a2 and a3 (4.51), it is possible to determine aðtÞ (4.40) and a(t) (4.17),
and therefore to obtain the typical time-dependence of the contact force (4.9)

within an accuracy of ðt � t�Þ3; since a2 is a negative value:

Pðt � t�Þ � P� ¼ k V0ðt � t�Þ þ a2ðt � t�Þ2 þ a3ðt � t�Þ3
n o3=2

; ð4:52Þ

where P� ¼ Pjt¼t� ¼ ka�3=2:
Equating to zero the expression for the contact force (4.52), we obtain the

approximate formula for the duration of contact of the impacting rod with the thin-
walled beam of open section.

Note that the solution for a particular case of a straight thin-walled beam of
open profile could be obtained by putting Rt ¼ R!1 and R0 ¼ r0; as it follows
from (4.10), in Eqs. 4.42–4.52.

4.2.3 Numerical Example

As an example, let us consider the impact of a steel rod with a rounded end
upon a steel arch with a constant radius of curvature and zero torsion, the cross

section of which represents a channel (Fig. 4.2). The dimensionless time ~t �~t� ¼
ðt � t�Þ 2

5


 �2=3
V1=3

0 k2=3 pr2
0qG0


 ��2=3
dependence of the dimensionless contact force

eP � eP� ¼ ðP� P�Þ pr2
0qG0V0


 ��1
is presented in Fig. 4.3 for different levels of

the initial axial compression erkk ¼ r0
kkðqG2

2Þ
�1: Reference to Fig. 4.3 shows that

the increase in the initial axial compression results in the increase of both the
maximal magnitude of the contact force and the duration of contact.

The curve of the erkk-dependence of the dimensionless initial velocity of impact
eV0 ¼ V0G�1

0 ; resulting in the local damage of the thin-walled open-section beam
in the place of contact is shown in Fig. 4.4 at the given magnitude of the

dimensionless yield limit ery ¼ ryðq0G2
0Þ
�1: From Fig. 4.4 it is evident that with

the increase in the initial axial compression the initial velocity of impact, which
may lead to the local damage of the structure, decreases.
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Fig. 4.3 The dimensionless
time-dependence of the
dimensionless contact force

Fig. 4.4 The erkk-
dependence of the
dimensionless initial velocity
of impact in the case when
the contact stress is equal to
the yield limit
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Appendix

Numerical Example of the Application
of the Korbut-Lazarev Technical Theory

As an example of the application of the Korbut-Lazarev technical theory, let us
consider the impact of a steel thin cylindrical rod of radius r0 ¼ 0:5 cm with one
rounded end of the same radius upon steel thin-walled beams of open profile with
different cross-section: I-beam (Fig. 4.5a), Z-shape beam (Fig. 4.5b), and channel
beam (Fig. 4.5c), but with the equal cross-section area and with the following
dimensions: d = 20 cm, and ds ¼ d ¼ 2 cm:

The following characteristics of the material have been adopted:
q ¼ 7950 kg/m3; E ¼ 210 GPa, l ¼ E=2:6; and m ¼ 0:3: The impact occurs at the
distance e = 4 cm from the flexural center of the thin-walled beam with different
initial velocities.

To determine the geometrical characteristics of the beam cross section with the
cross-section area F ¼ 2dd ¼ 0:008 m2; we should construct the epures of

Fig. 4.5 The scheme of the
shock interaction of a thin rod
with a thin-walled beam of
open profile: a I-beam,
b Z-shape beam, and
c channel beam
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the following values: the x and y principal coordinates of the points possessed by
the medial line and the main sectorial coordinate x; which are presented in
Fig. 4.6a–c for an I-beam, a channel, and a Z-shaped beam, respectively.

With the help of these diagrams one can construct the epures of the axial static
moments Sx and Sy and the sectorial static moment Sx

Sx ¼
Z

F

ydF; Sy ¼
Z

F

xdF; Sx ¼
Z

F

xdF;

which are presented in Fig. 4.7a–c for an I-beam, a channel, and a Z-shaped beam,
respectively, as well as one can calculate the centroidal moments of inertia

Fig. 4.6 Epures of the principal coordinates of the points lying along the medial line for
a I-beam, b Z-shape beam, and c channel beam
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Ix ¼
Z

F

y2dF; Iy ¼
Z

F

x2dF;

the polar moment of inertia

Ip ¼ Iz þ Fða2
x þ a2

yÞ;

Fig. 4.7 Diagrams of the axial and sectorial static moments for a I-beam, b Z-shape beam, and
c channel beam
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the sectorial moment of inertia

Ix ¼
Z

F

x2dF;

and the moment of inertia due to pure torsion

Ik ¼
1
3

d3d þ 2
d

2
d3

� �

:

By virtue of the diagrams for the values Sx; Sy; and Sx (Fig. 4.7) we calculate
the magnitudes of the coefficients which take into consideration shears by the
formulas (2.6). Now knowing all geometrical cross-sectional characteristics, we
calculate the speeds of the waves propagating in the thin-walled beam by formulas
(2.15)–(2.22). The geometrical characteristics for the beams under consideration
and the wave speed data are presented in Table 4.1.

From the above example it is seen that in order to obtain the wave speed data
according to the Korbut–Lazarev technical theory of thin-walled beams of open
section, it is necessary to carry out rather cumbersome constructions of epures for
calculating the corresponding shear coefficients (2.6), while the theory suggested
by the authors in Chap. 3 is free from this disadvantage.

The curves describing the initial velocity of impact V0 dependence of the
contact duration are given in Fig. 4.8. Reference to Fig. 4.8 shows that the
duration of contact decreases with increase in the initial velocity of impact. As it
takes place, the duration of contact for the I-beam is greater than that for the
Z-shaped beam, but the latter, in its turn, is greater than that for the channel beam
at common magnitudes of the initial velocity of impact.

Fig. 4.8 The initial velocity
dependence of the contact
duration
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Since the impact occurs with an eccentricity with respect to the flexural center
in all considered cases, then the twisting motions dominate for the sections con-
tacting with a striker. The inertia of area at the twisting motions is determined by
the polar moment of inertia, which magnitudes for the three types of thin-walled
beams are presented in Table 4.1. Reference to Table 4.1 shows that the channel
beam and the I-beam have the largest and the smallest magnitudes of the polar
moment of inertia, respectively, and the Z-shaped beam is sandwiched between
them. It is obvious that during the impact of a sphere upon the channel beam the
duration of contact will be the smallest, since this type of the section possesses
the largest inertia under twisting, but the duration of contact of the striker with the
I-beam will be the largest, since the I-beam has the smallest moment of inertia. In
other words, the greater the magnitude of polar moment of inertia, the smaller the
duration of contact at the same magnitude of the initial velocity of impact.
However, the magnitude of the contact duration may not exceed the value cal-
culated by the Hertz’s contact theory for a semi-infinite medium at the same initial
velocity of impact. Such a conclusion is supported by the experimental investi-
gations reported in [7] and [10] for beams of continuous cross section. When
V0\ 5 m=s; the duration of contact practically coincides for all three thin-walled
systems, since for small velocities the duration of contact is governed by the
quasistatic process, which is common for all thin-walled systems under
consideration.

Table 4.1 Geometrical characteristics and wave velocities

Geometrical characteristics
and wave velocities

The type of the thin-walled beam cross section

I-beam Z-shape beam Channel beam

F, m2 0.008 0.008 0.008
ax; m 0 0 0
ay; m 0 0 -0.0665

Ix; m4 5:33� 10�5 6:16� 10�5 8:33� 10�6

Iy; m4 3:33� 10�6 5:06� 10�6 5:33� 10�5

Ip; m4 5:667� 10�5 6:667� 10�5 9:292� 10�5

Ix; m6 3:33� 10�8 8:33� 10�8 5:833� 10�8

Ik; m4 1:067� 10�6 1:067� 10�6 1:067� 10�6

kx; m�2 265.0 263.0 408.0

ky; m�2 300.0 257.5 300.0

kx; m�4 3:0� 104 4:08� 104 3:184� 104

kxx; m�3 0 0 0

kyx; m�3 0 0 964.25

kxy; m�2 0 196.925 0

G1; m/s 2559.23 1974.24 1873.13
G2; m/s 2057.48 4478.94 2674.24
G3; m/s 2189.14 1666.66 1764.27
G4; m/s 5139.56 5139.56 5139.56
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Chapter 5
Conclusion

Starting from the three-dimensional dynamic theory of linear elasticity and the
Vlasov and Gol’denveizer theories, the dynamic theory of thin-walled beams of
open section has been proposed with due account for the axial precompression.
As this takes place, the derived hyperbolic system of recurrent equations together
with the ray expansions allow one to describe the short-time processes, in par-
ticular, the processes of shock interaction.

The theory suggested in this book is free from new additional constants such as
the shear coefficients in Timoshenko-like theories, which are dependent on the
geometry of a beam, but it involves only elastic moduli and Poisson’s coefficient,
resulting in the fact that the velocity of the transient shear wave coincides with that
of the transverse wave in a three-dimensional elastic media, in contrast to the
Timoshenko-like theories, according to which several transverse waves propagate,
as a rule, with the velocities dependent on the geometrical parameters of the beam.
As for the longitudinal wave, then in both theories it propagates with the velocity
of the longitudinal wave in a thin elastic rod.

The new theory proposed is of great engineering importance, since precisely
curved members in modern bridges and architectural structures continue to pre-
dominate over the straight ones because of emphasis on aesthetics and transpor-
tation alignment restrictions in metropolitan areas. Thus, the increasing use of
curved thin-walled beams in highway bridges, civil engineering and aircraft has
resulted in considerable effort that should be directed toward developing accurate
methods for analyzing the dynamic behaviour of such structures.

The analytical method for investigating the transient wave propagation in
spatially curved thin-walled beams of generic open profile, which has been utilized
in this paper, possesses unique features, because it allows one to show more
emphatically and more informatively the whole process of wave propagation.
It has been shown that all existing technical theories of thin-walled beams could
not capture the general relationships of the transient shear-torsional waves, since
each thin-walled beam possesses its own velocities, and thus, each time it is

Y. A. Rossikhin and M. V. Shitikova, Dynamic Response of Pre-Stressed Spatially
Curved Thin-Walled Beams of Open Profile, SpringerBriefs in Applied Sciences
and Technology, DOI: 10.1007/978-3-642-20969-7_5, � Yury A. Rossikhin 2011
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needed to study a concrete object with its concrete dimensions. As for numerical
approaches, then neither of existing numerical methods enables one to understand
the whole dynamics of transient wave propagation in such a complex mechanical
structure as a thin-walled beam of general open profile which is spatially curved
and twisted, and neither of numerical procedures could reveal new effects that
have been discovered by the proposed analytical treatment.

The dynamic stability with respect to small perturbations, as well as the local
damage of geometrically nonlinear elastic spatially curved open section beams
with axial precompression have been analyzed. Transient waves, which are the
surfaces of strong discontinuity and wherein the stress and strain fields experience
discontinuities, have been used as small perturbations, in so doing the disconti-
nuities have been considered to be of small values. Such waves could be initiated
during low-velocity impacts upon thin-walled beams.

Thus, the following new results have been found. On the quasi-longitudinal-
flexural-warping wave, all primary values which define the type of this wave are
interconnected with each other, and they are expressed in terms of the different-
order discontinuities in the longitudinal component of the velocity. This coupling
is due to the presence of the rod’s curvature and of the angle between two
reference systems locating in the plane of the strong discontinuity for the case
when the natural axes, the main normal and binormal, of the thin-walled beam
with a spatially curved and twisted longitudinal axis do not coincide with the main
central axes of its cross-section. To the authors’ knowledge, the influence of this
angle on the character of the quasi-longitudinal-flexural-warping wave has been
studied for the first time. Moreover, it has been found that on this wave there exist
‘admixed’ secondary shear-torsional components of higher order than the primary
longitudinal-flexural-warping components.

On the quasi-shear-torsional wave, the main values which define the type of this
wave, are interconnected with each other, and they are expressed in terms of the
different-order discontinuities in the angular velocity of rotational motion around
spatially curved and twisted longitudinal axis of the thin-walled beam via the shear
center coordinates which, in the general case of the beam’s cross-section, are
different from those of the center of gravity. It has been discovered that on this
wave there also occur ‘admixed’ secondary flexural motions of the same order as
the primarily motions, as well as secondary longitudinal and warping motions of
the higher order than the primarily components. It has been shown that this
coupling is supported by the characteristics of the thin-walled beam’s longitudinal
axis: its torsion, curvature and the angle between two reference systems in the case
when the natural axes, the main normal and binormal, of the thin-walled beam
with a spatially curved and twisted longitudinal axis do not coincide with the main
central axes of its cross-section.

It is reported that after finding the discontinuities of the desired stress and
velocity fields determined within an accuracy of arbitrary constants on the two
waves of strong discontinuity, quasi-longitudinal and quasi-transverse, propagating
in the thin-walled beam of open profile, the fields of the desired functions could be
constructed also with an accuracy of the arbitrary constants utilizing the ray series,
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which are the power series with variable coefficients and which allow one to obtain
the analytical solution behind the wave fronts of strong discontinuity.

The approach proposed permits to solve analytically for the first time, to the
authors’ knowledge, the problem of normal impact of a rod against an elastic thin-
walled beam of open section making allowance for the beam’s translatory and
rotational motions, warping, rotary inertia, shear deformation, the local bearing
due to the Hertz’s theory, and the initial axial compression of the beam. The
method of expansion along the rays behind the wave front is valid for short times
after the wave front has passed. That is why it is well suited for solving the
problems of shock interactions, since the duration of contact is very short, and thus
a small number of terms in ray expansions is sufficient to achieve reasonable
accuracy of the solution.

The example of using the ray expansions for analyzing the impact response of
spatially curved thin-walled beams of open cross-section is demonstrated by
solving the problem about the normal impact of an elastic hemispherical-nosed rod
upon an elastic arch, representing itself a channel-beam curved along an arc of the
circumference.

The theory constructed allows one to investigate the influence of the initial
stresses on the dynamic fields and to answer a set of major questions, among them:
(1) What magnitude should the initial velocity of impact take on at the given axial
precompression of the thin-walled open section beam in order to produce its local
damage at the place of shock interaction between the target and the impactor?
(2) How does the level of the initial axial compression influence the maximal
contact force and the duration of contact? The graphs presented in Figs. 4.3 and
4.4 are the answers to the above questions.
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Chapter 6
Peculiarities of Transient Wave
Propagation in Thin-Walled
Beams of Open Section

We will interpret a transient wave (a surface of strong discontinuity) in a thin-
walled beam of open section as a plane wave taking a pattern of the beam’s profile
and propagating perpendicular to its cetroidal axis. Such a wave could be named as
a ‘beam-like wave’. During the transition through the wave surface the displace-
ment fields remain continuous, while the fields of stresses, deformations and
velocities of particle’s displacements are discontinuous across this surface.

For the fields, which experience the discontinuities, there exist the geometrical,
kinematic and dynamic conditions of compatibility [1].

6.1 Conditions of Compatibility

On the wave surface of strong discontinuity, the following conditions of com-
patibility for the desired values could be written according to Thomas [1]: the
kinematic condition of compatibility

d½f �
dt
¼ of

ot

� �

þ df

dn

� �

G; ð6:1Þ

and the geometric condition of compatibility

of

oxj

� �

¼ df

dn

� �

kj þ ½f �;agabxj;b; ð6:2Þ

where ½f � ¼ fþ � f� is the jump of the value f, the signs ‘‘+’’ and ‘‘-’’ refer to the
magnitudes of f calculated ahead and behind of the wave front, respectively, d=dt
is the Thomas d-derivative, d=dn is the derivative with respect to the normal to the
wave surface, G is the normal velocity of the wave surface, kj are the components
of the unit vector normal to the wave surface, ga;b ¼ xi;axi;b are the covariant
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components of the metric tensor of the wave surface, xi;a ¼ oxi=oua; ua a ¼ 1; 2
are the coordinates on the wave surface, gab are the contravariant components of
the metric tensor of the wave surface, in so doing gacgbc ¼ da

b; where da
b is the

Kroneker’s symbol, and ½f �;a is the covariant derivative of the discontinuity in the
desired function with respect to the surface coordinates ua:

Formula (6.1) is the definition of the Thomas d-derivative written in jumps.
The validity of (6.2) can be shown by sequential multiplication of its right- and
left-hand sides by kj and xj;c at a time and considering that kjxj;c ¼ 0:

Excluding the value ½df=dn� from (6.1) and (6.2) yields

of

oxj

� �

¼ � of

ot

� �

kjG
�1 þ d½f �

dt
kjG

�1 þ ½f �;agabxj;b: ð6:3Þ

Let us chose as the surface coordinates u1 and u2; respectively, x and y
(the main central axes of the cross section, see Fig. 3.1), and consider that g11 ¼
g22 ¼ 1 and

d½f �
dt
¼ d½f �

ds

ds

dt
¼ d½f �

ds
G;

where s is the arc length measured along the ray.
Considering the above said, let us rewrite formula (6.3) in the form

of

oxj

� �

¼ � of

ot

� �

kjG
�1 þ d½f �

ds
kj þ

o½f �
ox

kj þ
o½f �
oy

sj: ð6:4Þ

Substituting the function f in (6.4) by the k-order time-derivative of the desired
function, we obtain the required conditions of compatibility.

6.2 Conditions of Compatibility for Engineering Theories

Let us prove the validity of formula (2.1) by the method of mathematical induc-
tion. At n ¼ 1; the known formula is obtained, which is the basis for the definition
of the Thomas d-derivative [1],

G
oZ

oz
¼ �Z;ð1Þ þ

dZ

dt
: ð6:5Þ

Note that the kinematic condition of compatibility (6.5) is valid both before and
after the wave front, that is why it is written without jumps.

Now we suppose that formula (2.1) is valid for n� 1; i.e.

Gn�1o
n�1Z

ozn�1
¼
X

n�1

m¼0

ð�1Þm ðn� 1Þ!
m!ðn� 1� mÞ!

dn�1�mZ;ðmÞ
dtn�1�m

: ð6:6Þ
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To prove the validity of (2.1), let us multiply (6.6) by G, differentiate over z,
and apply formula (6.5). As a result we obtain

Gno
nZ

ozn
¼
X

n�1

m¼0

ð�1Þmþ1 ðn� 1Þ!
m!ðn� 1� mÞ!

dn�1�mZ;ðmþ1Þ
dtn�1�m

þ
X

n�1

m¼0

ð�1Þm ðn� 1Þ!
m!ðn� 1� mÞ!

dn�mZ;ðmÞ
dtn�m

: ð6:7Þ

In the first sum of (6.7), we substitute mþ 1 by m, in so doing its low limit
becomes equal to unit, while the upper limit is equal to n.

Let us separate out the term at m ¼ n in the newly obtained sum and the term at
m ¼ 0 in the second sum of (6.7), and add together all remained sums. As a result,
we obtain

Gno
nZ

ozn
¼ ð�1ÞnZ;ðnÞ þ

dnZ

dtn

þ
X

n�1

m¼1

ð�1Þm ðn� 1Þ!
ðn� mÞ!ðm� 1Þ!þ

ðn� 1Þ!
ðn� 1� mÞ!m!

� �

dn�mZ;ðmÞ
dtn�m

;

or

Gno
nZ

ozn
¼ ð�1ÞnZ;ðnÞ þ

dnZ

dtn
þ
X

n�1

m¼1

ð�1Þm n!

m!ðn� mÞ!
dn�mZ;ðmÞ

dtn�m
: ð6:8Þ

If we include the second term standing in the right-hand side of (6.8) into the
sum, and express the value ð�1ÞnZ;ðnÞ; then we are led to relationship (2.1).

6.3 The Main Kinematic and Dynamic Characteristics
of the Wave Surface

Now choosing the function ui as the function f in formula (6.4) we have

½ui;j� ¼ �G�1½vi�kj þ
oðuikjÞ

ox

� �

þ oðuisjÞ
oy

� �

; ð6:9Þ

where ui are the displacement vector components, ½ui;j� ¼ ½oui=oxj�; xj are the
spatial rectangular Cartesian coordinates, x- and y- are the main axes of the cross
section of the beam (Fig. 3.1), ½ui;ðkÞ� ¼ ½okui=otk�; t is the time, vi ¼ ui;ð1Þ; ki; ki;

and si are the components of the unit vectors of the tangential to the centroid
axis, and directed along the main axes, respectively, and Latin indices take on the
values 1, 2, 3.

6.2 Conditions of Compatibility for Engineering Theories 83

http://dx.doi.org/10.1007/978-3-642-20969-7_2
http://dx.doi.org/10.1007/978-3-642-20969-7_2
http://dx.doi.org/10.1007/978-3-642-20969-7_3#Fig1


Writing the Hook’s law for a three-dimensional medium in terms of disconti-
nuities and using the condition of compatibility (6.9), we find

½rij� ¼ �G�1k½vk�dij � G�1l ½vi�kj þ ½vj�ki

� �

þ k ½ux; x� þ ½uy; y�
� �

dij

þ l
oðuikjÞ

ox

� �

þ oðujkiÞ
ox

� �

þ oðuisjÞ
oy

� �

þ oðujsiÞ
oy

� �� �

; ð6:10Þ

where ½vk� ¼ ½vi�ki;

½ux; x� ¼
oðuikiÞ

ox

� �

¼ oux

ox

� �

¼ ½ex�; ½uy; y� ¼
oðuisiÞ

oy

� �

¼ ouy

oy

� �

¼ ½ey�;

k and l are Lame constants, and dij is the Kroneker’s symbol.
Multiplying relationship (6.10) from the right and from the left by kikj and sisj

and considering equations

½rxx� ¼ ½rij�kikj ¼ 0; ½ryy� ¼ ½rij�sisj ¼ 0;

what corresponds to the assumption that the normal stresses on the cross-sections
parallel to the middle surface could be neglected with respect to other stresses,
we obtain

½rxx� ¼ �G�1k½vk� þ k ½ux; x� þ ½uy; y�
� �

þ 2l½ux; x� ¼ 0;

½ryy� ¼ �G�1k½vk� þ k ½ux; x� þ ½uy; y�
� �

þ 2l½uy; y� ¼ 0;

whence it follows that

½ux; x� ¼ ½uy; y� ¼
k

2Gðkþ lÞ ½vk�;

or

½ux; x� ¼ ½uy; y� ¼ mG�1½vk�; ð6:11Þ

since m ¼ k
2ðkþlÞ is the Poisson’s ratio.

Multiplying relationship (6.10) from the right and from the left by kikj; we are
led to the equation

½rkk� ¼ ½rij�kikj ¼ �G�1ðkþ 2lÞ½vk� þ 2k½ux; x�: ð6:12Þ

Substituting (6.11) in (6.12) and considering that E ¼ ð3kþ2lÞl
kþl yields

½rkk� ¼ �G�1E½vk�; ð6:13Þ

where E is the elastic modulus.
Alternatively, multiplying the dynamic condition of compatibility, i.e. the

equations of motion rewritten in jumps,
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½rij�kj ¼ �qG½vi�; ð6:14Þ

by ki, we obtain

½rkk� ¼ �qG½vk�; ð6:15Þ

where q is the density of the beam’s material.
Eliminating the value ½rkk� from (6.13) and (6.15), we find the velocity of the

quasi-longitudinal wave propagating in the thin-walled beam of open section

G1 ¼
ffiffiffiffi

E

q

s

: ð6:16Þ

Relationship (6.13) with due account for (6.16) takes the form

½rkk� ¼ �qG1½vk�: ð6:17Þ

Now multiplying (6.9) by kikj and considering that on the quasi-longitudinal
wave G ¼ G1; we obtain

½vk� ¼ �G1½uk; k�: ð6:18Þ

Substituting (6.18) in (6.11), we are led to the following equations valid on the
quasi-longitudinal wave:

½ux; x� ¼ ½uy; y� ¼ �m½uk; k�: ð6:19Þ

Note that in the three-dimensional medium only one value, i.e. ½uk; k�; is
nonzero on the quasi-longitudinal wave, while in the one-dimensional
medium, where the ‘beam-wave’ propagates, on the quasi-longitudinal wave
there are two nonvanishing values, namely, ½ux; x� and ½uy; y�; resulting to the
fact that, as distinct to the statics of the thin-walled beams of open section
where the contour of the cross-section remains to be rigid during the process
of its deformation, in the dynamic problems this contour experiences the
deformation on the quasi-longitudinal wave.

It is interesting to emphasize that relationships (6.19), which are valid only on
the front of the quasi-longitudinal wave propagating in the thin-walled beam of
open profile, coincide by their form with the well-known formulas for simple
beams of solid cross-section being under simple tension-compression, i.e.

ux; x ¼ uy; y ¼ �muz; z;

which are valid for all cross sections of the simple beam with the longitudinal
z-axis.
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Multiplying (6.10) by kikj and by kisj and (6.14) by ki and by si; respectively,
we have

½rkx� ¼ ½rij�kikj ¼ �lG�1½vx�; ½rky� ¼ ½rij�kisj ¼ �lG�1½vy�; ð6:20Þ

and

½rkx� ¼ �qG½vx�; ½rky� ¼ �qG½vy�; ð6:21Þ

where ½vx� ¼ ½vi�ki and ½vy� ¼ ½vi�si.
Eliminating the values ½rkx� and ½rky� from (6.20) and (6.21), we find the

velocity of the quasi-transverse wave

G2 ¼
ffiffiffi

l
q

r

: ð6:22Þ

Considering (6.22), relationships (6.20) take the form

½rkx� ¼ �qG2½vx�; ½rky� ¼ �qG2½vy�: ð6:23Þ

Thus, we have just prove that the dynamic theory of thin-walled beams of open
profile proposed in this book admits only two transient waves, quasi-longitudinal
and quasi-transverse, propagating with the velocities (6.16) and (6.22), in so doing
the velocity of the quasi-longitudinal wave is equal to that of longitudinal wave in
a thin elastic rod of solid cross section, while the velocity of the quasi-transverse
wave coincides with the velocity of the shear wave propagating in a three-
dimensional elastic medium.
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